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Zusammenfassung

Wir untersuchen die Quantenstatistische Physik eines mikroskopischen Glas-
modells in verschiedenen Nidherungen und finden Beziehungen zwischen bekan-
nten Arten der Beschreibung glasartigen Verhaltens bei tiefen und hohen
Temperaturen. Dabei verwenden wir die Replica-Methode zur Berechnung
der freien Energie und implementieren die sich ergebenden Selbstkonsistenz-
gleichungen in einer Entwicklung nach zweiteilchen-irreduziblen Vakuum-
graphen. In der einfachsten variationellen Néherung ergibt sich ein zur
quasiklassischen Version des Modells analoges Bild. In dieser Nihreung
zeigen wir die Aquivalenz des Problems mit dem eines Ensembles von har-
monischen Oszillatoren, die an ein Warmebad gekoppelt sind. In der néch-
sten Ordnung der Entwicklung ergibt sich eine Analogie zu einem Spinglas-
modell mit 2- und 4-Spin Wechselwirkungen. Der Glasiibergang kann durch
Quantenfluktuationen zu einem Phaseniibergang erster Ordnung werden.
Schlieflich untersuchen wir eine nichtperturbative Niherung zum gleichen
Modell, in der sich die Phinomenologie wieder vereinfacht.

Abstract

We investigate the quantum statistical physics of a microscopic glass model
in different kinds of approximation schemes and develop relations between
known pictures describing glassy behavior at low and high temperatures.
We employ the replica method for the determination of the free energy, and
implement the resulting self-consistency equations in an expansion in terms
of two particle irreducible vacuum graphs. Within the simple variational
approximation we find strong analogies to the quasi-classical version of the
model. We show that the problem is equivalent to the problem of an ensemble
of harmonic oscillators coupled to a heat bath. We find similarities to a
spin-glass model with 2- and 4-spin interactions at the next order of the
perturbation expansion. We show that the glass transition can be driven
from second to first order by quantum fluctuations. Finally, we investigate
a non perturbative approximation to the same model, displaying a much
simpler phenomenology again.
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Chapter 1

Introduction

Ever since the first experiments have unveiled the low-temperature anomalies
in structural glasses [1] 30 years ago, there was vivid interest in the origin
of these rather universal phenomena present in most structurally disordered
systems [2, 3]. Almost right from the hour of birth of this field of research it
became clear that the low temperature anomalies in glasses have to be in a
close relation to the existence of tunneling centers in this type of material.
At very low energies, these localized systems give rise an excess density of
states as compared to the crystal. Therefore, they dominate the behavior of
the probe at temperatures below or of the order of 1K.

The commonly accepted microscopic picture of these tunneling systems
is the one of some collective coordinate of a group of atoms, possessing two
almost degenerate equilibrium positions separated by an energy barrier. The
latter can be penetrated due to quantum tunneling if neither the mass corre-
sponding to the collective coordinate we are looking at is too large nor is the
barrier too high nor the energy asymmetry between the minima too large.

In the case of degenerate minima of the energy landscape, the degen-
eracy is lifted by the process of quantum tunneling — the tunnel splitting.
This tunnel splitting gives rise to localized excitations at very low energies
accounting for the excess density of states mentioned above.

At very low temperatures, the only states contributing to the dynamical
properties of the glass are these pairs of tunneling states. This means that
effectively, the relevant Hilbert space becomes two dimensional and the pro-
jection of the Hamiltonian can be mapped onto a spin-1/2-system. Now it is
an easy task to determine the distribution of ’fields’ the ensemble of ’spins’ is
subject to from the experimentally observed power laws in the temperature
dependence of the specific heat and of the various types of susceptibilities.
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Figure 1.1: Commonly accepted microscopic picture for tunneling centers in
glasses. A group of atoms may penetrate an energy barrier separating two al-
most degenerate classical equilibrium positions of the system. The tunnel spitting
gives rise to localized excitations of very low energy on top of the long-wavelength
phonons present in the ordered crystalline counterpart of the system.

This has been done by Anderson, Halperin and Varma [4] and Phillips [5]
and their result has become the 'Standard Tunneling Model’ (STM).

In fact, all this would not be very surprising, were the behavior observed
in the low-temperature region not very universal — qualitatively and quantita-
tively. The russian school [6] was able to map the characteristic distribution
of ’fields’ in the spin-1/2 picture of the STM onto an ensemble of particles
in quartic potentials with randomly distributed parameters. The potentials
used in this type of approach can be viewed as resulting from a Born-von-
Karman expansion around unknown reference positions. This expansion is
truncated at quartic order in deviations from these reference positions. This
type of model will be referred to as the ’soft potential model’ (SPM) through-
out this work. However, there is an ambiguity in the choice of the reference
positions, such that not all coefficients in the expansion can be independent.
For every stable quartic potential one can always find a reference position
such that either the prefactor of the linear- or of the cubic term vanishes. It
seems sufficient to assume the linear and the quadratic terms of the effective
potentials to be widely distributed. The quartic coefficient can be set to 1
by choosing an appropriate length scale for every degree of freedom under
consideration. At very low temperatures, only those potentials giving rise to
an observable tunnel splitting are relevant, i.e. the tunneling must take place
on a time scale smaller than the experimental one. This requirement projects
out a tiny region in the wide space of parameters of the effective potentials.
In this region, the probability density of the parameter-distribution can be
safely assumed to be constant. It is this fact that is at the origin of a major



part of the universality of the low temperature anomalies in glasses [7].

However, the question of the microscopic nature of the tunneling systems
is still unsolved to a large extent. Especially the fact that the observed
tunneling systems are independent is at least puzzle and sometimes even
been called paradox [8]. The argument is that no matter what the precise
microscopic picture of the localized tunneling systems may be, they should
be interacting with a force proportional to 1/r3, where r is the distance
between a pair of tunneling systems. The reason is the distortion of the
whole lattice due to the change in the local configuration corresponding to
the tunneling process. However, such an interaction seems to be absent or
at least very weak experimentally.

In recent times, new light was shed on this problem by the works of
Horstmann and Kiihn (HK) [9]. They were able to show that starting from
a model with infinite range interactions and site-independent local potential,
the model can be mapped onto an ensemble of independent particles moving
in effective potentials with parameters distributed similar to the SPM. The
mean-field nature of the model allows the authors to describe the effective
double-well potentials as being of collective origin. The long-range nature of
elastic interactions in real, 3-dimensional glasses gives some confidence, that
this mean-field description captures the essentials of the collective origin of
tunneling systems in glasses.

Nevertheless, there are severe doubts, concerning the procedure to in-
clude quantum tunneling applied by HK: the authors apply classical statis-
tics in order to calculate the energy landscape. Only then they quantize the
motion of particles within this classical effective energy landscape. If taken
into account from the onset, quantum fluctuations could not only modify
the ensemble of effective potentials, they could even render the description
in terms of potentials impossible due to the emergence of memory-terms in
the effective action.

These doubts became even more serious when Hunklinger, Strehlow [10,
11] and coworkers experimentally found evidence for a phase transition at
a temperature as low as 5.84mK by observing a slight kink in the dielectric
constant vs. temperature curve. The mere smallness of the transition tem-
perature made the authors speculate on having found a transition to some
kind of coherent quantum state. Moreover, magnetic field effects have been
observed in a variety of experiments [12]. Perhaps the most striking ones
have been seen in experiments probing the influence of magnetic fields on di-
electric echoes of the tunneling systems in glasses [13]|. As these phenomena
appear on the same temperature scale as the phase transition, there are good
reasons to guess that both phenomena share a common ground. Therefore,
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it was deemed necessary to carry out a fully quantum statistical version of
the HK-model in order not to lose informations on collective quantum exci-
tations and to search for an eventual collective quantum state in glasses at
low temperatures. The preliminary results of this project are presented in
this work.

In a first part, we will introduce the microscopic mean-field model to be
investigated in this work. The derivation presented here is very qualitative.
The focus is put on convincing the reader that there are good reasons to
believe that the model should capture qualitative features of real glasses
rather than rigorously deriving the model as an approximation to some exact
microscopic theory — which is not at hand anyway.

The second part is dedicated to the derivations of the mean-field equa-
tions for the thermal correlation functions using the replica trick. Further-
more, we will argue that the imaginary time dependence of correlations be-
tween different copies is bound to be trivial due to the symmetries of the
system. This will be at the origin of the weak influence of quantum fluctua-
tions on the wltra-metric structure of the system’s phase space.

Afterwards, we investigate a variational or Hartree approximation to
the model. Despite its simplicity, the variational approximation presents
many interesting features, such as the transition to a glassy state and a low-
temperature behavior that approaches the one observed in HK as T' — 0 in
the sense that the physics can be described in terms of a distribution of local
potentials. The variational equations can be solved analytically to a large
extent. This allows us to study the analytical continuation of the imaginary-
time correlation function to real times and to get information on dynamic
quantities by this means. Furthermore, we will show that the effective action
found in the variational approach is precisely the one of a quite interesting
system plus bath Hamiltonian.

In order to go beyond the variational approximation, we will apply a self-
consistent perturbation expansion scheme in terms of two-particle irreducible
(2PI) vacuum graphs. This approximation scheme results in calculating an
effective action obtained by a double Legendre transform of the free energy
and is equivalent to expanding the self-energy in terms of skeleton graphs.
The application of this method for self-consistency problems as the ones we
will encounter in this work is the main methodological point of this work
and results in a major simplification of the perturbative expansion for mi-
croscopic mean-filed glass models. It is this method that will allow us to
obtain trustworthy non perturbative results.

The glassy phase observed in the variational approximation is not really
glassy in the complexity sense, the solution being symmetric in the replica



indices. This symmetry will be spontaneously broken when we include higher
order terms in the loop expansion of the 2PI effective action of the model.
Already at 3-loop, we will find an enormous richness of the model: we will
see first order and second order phase transitions, a crossover between the
latter and a transition from a phase characterized by one order parameter
(1-RSB) to one characterized by an order-parameter function (C-RSB). Even
though the 3-loop approximation is not stable all over the parameter space,
it is of considerable interest by its own because it can be almost identically
mapped onto a spherical spin glass model 2-spin and 4-spin interactions.
The latter model is considered a good one for glassy behavior by the glassy-
dynamics community and its derivation presented here will shed new light
on the relations between p-spin models and structural glasses.

Finally, we will present a non perturbative approach to the model by
summing a series of diagrams. Even though it is hard to prove systemati-
cally that we are doing better than 4-loop, the equations resulting from this
approximation have the enormous advantage of possessing solutions through-
out the parameter space of our original model. Surprisingly, we recover the
replica symmetry in this non perturbative approach.

The first two appendices are dedicated to deriving the effective action
formalism applied in this work. They are followed by appendices on technical
details.
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Chapter 2

The Model

2.1 General Picture

In this chapter we will develop the microscopic model we put forward for
glasses and formulate the Hamiltonian of the simple model we want to in-
vestigate throughout the major part of this work. We argue that the model
presented in this chapter should capture the essential features of glasses in
the high- as well as in the low-temerature regime.

As already mentioned in the introduction, we think of the degrees of
freedom in amorphous solids as of continouous changes in the local config-
uration in the amorphous network. These changes in local configuration
mainly take place along a line of minimal action in the a priori high dimen-
sional configuration space. The actual position on this line will be labeled
z; . There is one ambiguous value of z; being set to zero and called the ref-
erence position. In general, the reference position will be chosen such that
it corresponds to a minimum of the configuration energy or will be at least
very close to one such minimum. In this case, z; would be the projection
onto the lowest eigenvector of the Hessian matrix corresponding to minimum
number 4. In more complicated cases where there are two close minima, x;
would correspond to some point on the path with least action connecting
the two minima in configuration space. In order to find a good description
of the low-temperature properties of an amorphous material, we concentrate
only on the softest modes of changes in configuration space and among these
especially on those giving rise to tunneling excitations.

As can be concluded from experiments and can be seen from computer
Simulations of binary Lennard-Jones mixtures [14, 15|, these soft modes are
localized objects in a sense that most of the weight of the soft eigenvectors

7
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Figure 2.1: Simplified picture of the degrees of freedom in an amorphous solid.
Typically, we deal with changes in local configurations leading to long range dis-
tortions of the host network. These distortions give rise to interactions.

of the Hessian is concentrated on a small number (of order 10) of atomic
coordinates. These coordinates will be subsequently called relevant. The
feature of localization will be one of the essential starting points for this
work.

Consider the localized group of atoms whose coordinates have most of
the weight of the ’soft mode’ ¢, the relevant atoms. The projection of the
movement corresponding to mode ¢ onto the space spanned by the relevant
coordinates will describe a change in configuration which is not an eigen-
mode of the system as a whole, but approximates such a mode quite well.
The important point is that these projections — we will call them x; — are
independent degrees of freedom because there are rarely any atoms partici-
pating in more than one mode as a consequence of the localization discussed
above. We will denote the configuration energy corresponding to the value
x; of the projection of the mode i on its relevant coordinates as V;(z;). Of
course, these potentials are not known in general.

From a kinetic point of view, there will be an effective mass m; associated
with the degree of freedom concerned, such that the total Hamiltonian of the
system will be approximately given by a sum of ’single-site’ Hamiltonians
corresponding to the different relevant degrees of freedom

H= Z

)] . (2.1)
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While projecting onto the relevant coordinates, we have neglected the long-
range distortions of the host network caused by the localized changes in
configuration. Alternatively, these interactions can be seen as the conse-
quence of the overlap of the soft modes. Microscopically, they are mediated
by atomic coordinates participating in more than one of the quasi-localized
excitations. From a macroscopic point of view they correspond to strain
fields. Due to their long-range nature, these interactions can be described
in terms of elasticity theory. Typically, there will be an elastic long-range
interaction with a force proportional to 1/r3 due to distortions of the host
network. Accounting for these interactions to leading order in the deviations
from reference positions x;, we would find an interaction of type

Vint = Z JijTix; (2.2)
1<j
where the J;; are determined by the distances and elastic momenta of the
modes. As we do not know anything about the positions of the modes, nor
of their microscopic structure, we do not know the distances nor the elastic
momenta. Nevertheless, we know that the interaction is long-range, such
that every mode interacts with every other mode and that there is a lot of
randomness in the distances as well as in the elastic momenta.
We end up with a kind of 'Theory of Everything’ for amorphous solids,
determined by the Hamiltonian

N
=y
=1

where the dots at the end denote higher order terms in the interaction.

Until now we have stated almost nothing except that the problem is
very complex. Of course there is no general way of solving (2.3) for an
arbitrary choice of parameters {m;, V;, J;;} such that we necessarily have to
do approximations.

N
+ Z Ji,jxixj —+ - (2.3)

2
QPL + Vi(zi)
mi i<j

2.2 Approximations

In order to simplify (2.3), we have to consult our phenomenological un-
derstanding. First of all, we do not know the distribution of the coupling
constants J;;, but we know that there are different sources of randomness
and their effects sum up to the final distribution of the J;;. The best (and
perhaps only) thing we can do is to assume the coupling strength to be un-
correlated Gaussian random variables with J;; = Jj;, where the assumption
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that the variables are uncorrelated is perhaps more crucial and less realist
than the assumption of a Gaussian distribution.

When coming to the point of approximating the on-site-parameters V;
and m;, we have even less physical insights. However, there is experimental
[16] and theoretical [7] evidence that the precise choice of the microscopic
single-site parameters might be irrelevant - at least for the low-temperature
properties. The universality of the latter indicates, that the ’effective theory’
at low temperatures is strongly renormalized due to collective effects, largely
removing the influence of the microscopic parameters. To put it another way:
we expect the distribution of single-site parameters to be strongly material
(and probe ?7) dependent. The low temperature properties are not. Therefore
we hope to capture the essential features of the low-temperature universal-
ity in glasses when taking the most simple assumptions for the single-site
potentials Vj(z;) and masses m;.

Having this in mind, we propose to assume V; and m; to be site-independent
Vi(z;) = V(z;), m; = m, and symmetric V(—z) = V(z) and truncate its
Taylor expansion at quartic order. We want z; = 0 to be an equilibrium
position in absence of interactions and the whole Hamiltonian to be stable
for all choices of J;;.

Finally, we end up with the Hamiltonian

2
) pi 1 g )
H = : ﬁ + imw%? + El‘f + : -Jijxixj. (2.4)
7 1<)

We stress that we do not explicitly exclude starting with double-well poten-
tials corresponding to w? < 0. This means that we take w? rather than w to
be a real-number input parameter.

This model is closely related to the quantum spherical p-spin glass for
p=2, the only difference being, that the stability is enforced through the
quartic term instead of a spherical constraint. The interaction strengths J;;
are taken from a Gaussian distribution with zero mean and variance

(Jij)? = — . (2.5)

Here and everywhere in the subsequent text, N is the number of relevant co-
ordinates considered. The scaling of the variance of the Interaction constants
J;j with N is necessary in order to obtain a non trivial thermodynamic limit.
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2.3 Possible Extensions of the Model

The most obvious extension of (2.4) is immediate from the analogy with
spherical p-spin glasses — it consists in accounting for interactions between
3 and more modes using terms like

Hint = Z Jijkxixjxk . (2.6)
1<j<k

For spherical p-spin glasses such 3-spin interactions bring in some interesting
new features. For example the ergodicity is broken at low temperatures
and the transition to the glass phase becomes first order in some restricted
sense. This will be discussed in a later chapter. However, we will see, that
effective interactions just like (2.6) are generated collectively in course of the
perturbative expansion of (2.4).

A more sophisticated extension was proposed by Reimer Kiihn [14]. If we
think of it, the separation between the amorphous network and the localized
"defects’ described by the relevant coordinates is somewhat ambiguous. We
will show in this work how the soft modes we are considering are dynamically
created by the collective properties of the material such that we could think
of the Hamiltonian (2.4) as an effective Hamiltonian at some intermediate
level of renormalization, the original 'bare’ Hamiltonian describing a system
of single particles or molecules with a two-body interaction. However, there
is a common feature in all possible types of ’bare’ models that should be
conserved under the flow of renormalization: the translational invariance.
The translation of the whole system should evidently cost no energy. This
would mean that everything should depend only on translationally invariant
quantities such as (z; — x;). Taking this into account we arrive at a modified
version of (2.4):

2

>

H=3. 2p;n + o 2 Gl = 2) + D Ty — 25)° (27)
i 1<J 1<j

where the effective two-point potential G(z) is assumed to be symmetric
and the Taylor expansion is truncated at quartic order. This translationally
invariant version of the model is known to produce much more ’glassy’ results
than (2.4) when doing a quasiclassical approximation to it. However, the
translational invariance does not lend itself to the parturbative approach
pursued in this work.
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Chapter 3

Replica Calculation

As we want to study the thermodynamics of this model, we compute the free
energy per particle, f, by using the replica identity [17]

1 — 1 VA
Bf = —ﬁan = —— lim . (3.1)

n—0 n

The partition function of the model is given by
Z = Tre PH (3.2)

and H is the Hamiltonian (2.4).

Concerning the details of the replica trick, we refer to the extensive litera-
ture [17] on this topic. At this point, only some calming words are indicated.
Even if the quantity Z™ can be calculated only for integer n and even if the
limit n — 0 is far from being unique [18], the spin glass community has devel-
oped a catalog of prescriptions to render the replica limit unique and - even
more important - make the results coincide with experimental and numerical
results and with alternative ways to calculate dynamic and thermodynamic
quantities such as the super-symmetric method or the Thouless-Anderson-
Palmer (TAP) [19] approach.

The replicated partition function, Z™, can be written as a functional
integral over periodic functions using the Trotter formula, a procedure which
is also called the Matsurbara formalism and can be found in every standard
textbook on quantum statistical mechanics (see e.g. [20, 21, 22|). As the
n replica of the partition function are identical, the quantity Z™ becomes
the product of n path integrals over periodic paths z,(7,) and the origins
of the n imaginary time arguments 7, can be chosen independently. This
symmetry will have important consequences for the general structure of the
self-consistency equations derived below.

13
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The explicit formulation of the replicated partition function in terms of
path integrals reads

o /H Ay -

z<]

N T T 2
e ()] = 234 / . [M%mw%zﬂm i ifra)

,az
alzl 4!

[=S[zi}, {Jij H]

N 1—1

+ szl]h/d7a$at Ta xag(Ta) (3.3)

i=i j=1

Now the integral over the disorder J;; can be calculated and we find

7n = / D{z4;} exp [~ S[{z:}]

" X1 T [mei()) L a9
Sltal] = 331 [an [P 4 Lt )+ Bt
a=11= 0

4' a,?
2 N Bh  Bh
— 2—712Z/dTb/dTaIa’i(Ta)fEa’j(Ta)xb’i(T(,)fEb’j(Tb) (3.4)
1<j

Admitting an error of the relative order %, we can replace the sum >, ; by
IvN N
3 Xi=1 2j=1-

As the classical analogs of the above model, it will turn out that the mean-
field approximation is to this model is exact. Indeed, the last term in (3.4)
can be expressed in terms of the fields Qg (74, ) = % Z;V:l Tai(Ta)®p,j(Th)-
In order to decouple the sites and to express the action in terms of these
fields, we follow the procedure analog to the mean mean-field decoupling in
classical models and introduce in Z” the identity

L~ [ DQSNQun(r. ) = () - 50())
/DQ/D)\eXp /dT/ dT' Xap (T, V(N Qup (7, 7") — To(T) - Tp(7))]

where #, is the N-vector with the components z,;, « = 1..N. The above
expression can be understood by thinking of A as of a purely imaginary
matrix and of [ DX as of a path integral over the space of matrices of this
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type. The averaged replicated partition function can now be recast as

__ 1
70 — / DEDQDAexp(~+5[Q, A, 3] (3.5)
where S[Q, A, z] evaluates to
1 1
_ﬁS[QaAax] = - Z /dT [ To (T 2+ 2mw2xa i(T 2) + %«7711,1'(7')4

- ﬁzb; / dr / dr'To (1) A (7, 7) B (') (3.6)
+ %Z/dT/dT,Qab(Ta ) Xab (7, 7")
+ J2NZ/dT/dTQab (1,7)

The function Q*2(,7') is the square of the matriz element rather than the
matrix power. It is important to note that this effective action is manifestly
nonlocal in imaginary time and can not be mapped onto an effective ensemble
of single-site potentials as in the non-quantum version of the same model [9].
Moreover, the average over disorder generates interactions between different
replica of the system just as in the non-quantum version of the model.

3.1 Saddle point equations

Taking the saddle point of (3.6) with respect to Ay (7, 7') yields the self-
consistency condition

Qab(Ta T,) =< Ia(T)Ib(TI) > Seogr (37)

where we have used step that the expectation values are identical for each
site ¢. The angular brackets in the last expression denote the average taken
with respect to the effective single-site action

1 1
~% oA = ——Z/dT—xa 24 2mw2:1:a(72) + %IQ(T)4

_Ti%/dT/dT,xa(T)Aab(Ta )z (1) - (3.8)

The saddle point with respect to Qu(7,7') is
J2
Aap(7, 7)) = —anb(T, ') (3.9)
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such that we can eliminate Ag(7,7') from the action, provided we are in-
terested only in the saddle point only and that we keep the self-consistency
condition (3.7) as a constraint. Using (3.9), we can write the self-consistent
effective single-site action as

_%S[Q] = _%;/dT%ja(7)2+ %mWQII?a(TQ) +%l‘a(7)4
T2 Y / /
t o [ [artrameatn a0

However, we will take a slightly different route throughout this work.
Using the fact that the N degrees of freedom are subject to identical single-
site actions we will decompose the effective action (3.6) in three parts: we
write

/DQDADx exp {—%S[Q, A, x]} =

| DQDAexp (-NISIQI+ QA + ST . (B11)
The three parts of the single-site action are given by
J2 ! * !
$10) = 3 [ar [arQuine) (312
SN = 23 [ar [arQumrpatns)  (313)
h ab
(3.14)
and finally
S\ = In [ / Da exp (—seﬁ[x])] (3.15)

with the effective action Seg[A] taken from (3.8).

We note that S3[A] is formally the same as the generating functional
for two-point functions for a single particle in the original bare potential
V(z) = gmw?z?+ Lz, and Ay, (7, 7') plays the role of a source field. In this
work we will mainly treat approximations for the last term, S3[A]. Using
the analogy of this part of the effective action with generating functionals
we will dispose of a variety of tools imported form quantum field theory in
order to construct such approximations. Nevertheless, there is an important
difference: in order to obtain the physical two-point function Qg (7,7"), we
do not have to set the source term Ay, to zero at the end of the calculation
but have to set lambda to its self-consistent value (3.9).
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3.2 Fixing of Notations and Orders of Magnitude

In this section we will discuss the convenient choice of the relevant scales of
the problem. This will be an important feature for the comparison of the
different degrees of approximation with the results for the so-called spherical
p-spin models well-known in the field of spin-glasses. Furthermore, we will
fix notations and Conventions for the Fourier transforms in the imaginary
time domain. Finally, we will give estimations for the orders of magnitude
of the parameters in the model.
Consider the action

ﬁh T
Sa = X [ arC [ 4 utato)] + fatio

on / ! !
- W%/o dT/O d7'z4(7)Qab (T, ') (T') (3.16)

as it has been derived in the previous section .

Given an elementary length scale [y, we would like to measure the energy
in terms of the disorder energy scale E; = JIZ and the time in units of
to = h/Ey. Introducing &(7) = z(7)/lp and Qu(7,7) = %Qab(T, 7') and

finally 7 = 7/ty the effective action can be expressed as

BE; G
S = 352 [ d%(m[<d Dy g w2z o) + L2

- —Z/ﬁEJ /ﬂEJ 7)Qab (7, 7)70(7) . (3.17)

We can still choose the length scale Iy at our convenience. This is most
conveniently done by setting the disorder energy to one, E; = 1,i.el3 = 1/J.
We want to define the quantum parameter

J
r=n?= (3.18)
m

and the parameters @? = mT‘”Z and g = % and end up with the effective

action in its final form:

— = —Z/ d7( [11“ dx“ )) + @&l (7) +%:7:§(%)

!We have inserted the self-consistent value of (3.9) X for simplicity.
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1 R
- 1%/0 dT/O A7 (7)Qab (T, 7) T (7') - (3.19)

The previous considerations allow us to always set J =1, m = 1 and
h = 1 for numerical purposes by an appropriate choice of the energy-, length-
and time-scale. Furthermore, we will frequently encounter the dimensionless
quantities vy = ?,—Z and p = %, defining different temperature scales. At high
temperatures we have v > 1 and the particle is subject to large thermal fluc-
tuations such that the energy is essentially determined by the quartic part
of the local potentials. In the opposite limit, the influence of the quartic
part is small as compared to the disorder- and harmonic contributions. The
parameter y will determine the strength of quantum effects. For small values
of p, the thermal energy is much smaller than the quantum energy scale I’
and we expect quantum fluctuations to be stronger than thermal fluctua-
tions. In the following chapters we will freely switch between the original
and dimensionless versions of the quantities. Whenever there is no danger
of confusion we will suppress the tildes for the sake of simplicity.

Even if we will always choose the energy scale such that J = 1 we will
make the J-dependence explicit in order to keep track of the influence of
disorder. Powers of m and h can be always reconstructed by dimensional
considerations.

Conventions for the Fourier Transforms

In accordance with the literature on spherical quantum p-spin models [23,
24], we have decided to use the following conventions for Fourier transforms
with respect to imaginary time.

For single-time quantities z,(7) we define

1 ,8 —iwkT

rolwr) = /0 a(T)e 7 dr (3.20)
1 Wy

z(t) = —\/B;x(wk)e (3.21)

whereas for two-time quantities Qq (7, 7') we will always assume time-translational
invariance Qup(7,7') = Qup(7 — 7') and define

B .
Qul(wr) = /0 Qup(7)e 7 dr (3.22)
Qu(1) = T Qap(wi)e™™ (3.23)
k
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This convention may seem somewhat strange but has its advantages because
when dealing with correlation functions Qup(7 — 7') =< z4(7)zp(7") > we
have Qup(wk) =< z(wi) 3y 7(—w;) >=< |z(wg)|? with no additional factors
B. The obvious drawback is that in the classical limit, where the correla-
tion functions do not depend on imaginary time, we have Qu(7) = Qup =
TQap(wp) — the matrices differ by a factor T. Whenever there is no danger
of confusion we will skip the tildes.

We note that combining the definition of the Fourier transform with the
scaling discussed in the previous subsection we find for the kinetic part of
the effective action

m— —_— @
or? r N '

p

Effectively we are setting h — 1 and introduce an effective inverse mass I'.

Orders of Magnitude

We assume the motions of the relevant degrees of freedom to take place on
atomic length scales of about 10A and the energies to be of the order of
typical weak binding energies ~ 10~2eV. This translates into

J x (10A)% ~ mw? x (10A)% ~ g x (10A)* ~ 0.1eV (3.24)
It will turn out that the glass transition temperature is approximately

2J
Ty ~ —kp(2J — w?) ~ 10°K (3.25)
g
which is not too bad as an estimate of the order of magnitude.
We find J ~ 18'8¢V/m? and assume the clusters of atoms under consid-
eration to consist of some ten atoms weighing some ten times the weight of
a nucleon. This gives m ~ 103GeV/c? and we find for the quantum energy

scale
[ J
VT =1 — ~ 10kgK. (3.26)

Therefore we expect quantum fluctuations to play a decisive role below 10K
and to be almost irrelevant above. This coincides with the experimental
findings and with their interpretation in terms of the STM, were quantum
tunneling dominates the behavior at temperatures below this scale.
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Chapter 4

Variational or Hartree
Approximation

4.1 Derivation of the Saddle Point Equations

The first and most simple thing to do is to treat our microscopic glass-
model in a variational approximation. We will show in appendix B that the
Gaussian variational theory is equivalent to the 2-loop result from the 2PI
effective action. The variational approach will lead to equations formally
equivalent to a spherical p-spin model with 2-spin interactions that is known
not to display a genuine glass transition at low temperatures [25]. The phase
transition occurring in this model is of the type ferromagnetic-paramagnetic
in the sense that there are two (disordered) ground states being transformed
into one another under operation of inverting every ’spin’ degree of freedom.

We start with a rather general effective action with general generating
field for two-point functions Ag(7,7"). The identification, Ay, = g—;Qab has
to be done in the end, as discussed in the previous chapter.

The replicated action reads

%Seg = ;/dr <%x3(7) + % %waZ(T) + %xi(ﬂ)

1
-5 ZI;/dT/dT'xa(T)Aab(T, m)ay(T) - (4.1)
For the test action we choose the ansatz
1 1 1
75 = ;/dT (5553(7) + §w2x2(7)>

21
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1 ' /
— 5%/(17/(17 2o (T)oap (T, T )2p(T) . (4.2)

We restrict ourselves to the space of time-translational invariant correlation
functions Qup(7a, ) = Qabr(7a — 7) and do the same for o,. The exact
propagator for the test action can then be given in Fourier space:

Q% wn) = (? + w1 -5) (4.3)
ab
which is equivalent to &(w;) = (w? + w?)1 — (Q7)~".

We note that in most of the works on quantum spin glasses (e.g. [26,
23|) the independent time translational invariance of the imaginary times
of different replications is taken for granted. This has the consequence,
that the off-diagonal elements Qg (74, 7) for a # b must be independent of
their time arguments. Sometimes [23|, this ansatz has even been called a
theorem. Of course we admit that this symmetry holds for every integer
number of replicas and any given realization of disorder. Therefore it is
plausible to assume that it holds in the limit n — 0 as well. However, there
is another symmetry that is exact for integer n and is spontaneously broken
in the n — 0 limit: the permutational symmetry of the replicas. It is well
established [27], that the breaking of this symmetry, the 'replica symmetry
breaking’ is related to the breaking of ergodicity which is at the very heart
of glassy low-temperature physics. Therefore we will allow for a restricted
time dependence of the off-diagonal elements of the correlation function. We
only requre invariance under uniform translations of all times and show that
the ansatz Qup(7,7') = Qup for a # b is exact at least in the variational
approximation (where, however, the replica symmetry turns out to be exact
as well).

Using the convexity of the exponential function we can apply Jensen’s
inequality in order to find an upper bound for the free energy. The result is
the variational expression for the free energy:

Flo] = % < Sef — Sy > —T'ln </ Dxe—%50> : (4.4)

Using (4.3) we can express the expectation value above as

]' ]' ! / / /

— < Sef — Sy > = ~3 < Z/dT/dT 2o(7) [Aap (1, 7") — oap (1, 7')] 2p(7") >
ab

h
+ % < Z/deEa(T)4 >,
a
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= ——TZZQab wi)[Aab Wk)—5ab(wk+w) 1]

T 39T222Qza(wk>czza(—wz> . (4.5)

I
4! kK a

The subscript at the angular brackets means that the latter denote the ex-
pectation value with respect to S,.

Using the Gaussian nature of the variational test action, the last term in
the variational free energy (4.4) can be written as

In </ Dxe%5‘7> = —%T‘rln(@”) . (4.6)
Variation with respect to @ yields:
OF7 (0)+1
W—+— = - wg) — Agh(w
55ng(wk) Qup (Wk) = Aap(wp)

b G2+ w?) 4 G ZQ . @)

In the case of our mean-field equations we have to use A (7, 7') = J2Qup (7, 7')
where Q = Q) by virtue of (3.7). Furthermore, we find that Qu =
G + D,y = G, where G, is the connected two point function because
the mean values ®, =< x, > vanish. A non vanishing value of &, would
correspond to a ferromagnetic order which we do not expect for our model
because of the immanent disorder of the system.

Using 2 =T Y} Qua(wi) = Qua(7 = 0) eqn. (4.7) reads

z
Q™ (wp) = =12 Q(wn) + (W} +w? + L)1 (48)
Eqn. (4.8) represents a complete set of equations for the components of
@ and will be solved in the next section.
For completeness we state the minimal ¢ which can be read off easily by
comparing eqn. (4.8) and (4.3):

o (70, 1) = J2Qab (Tar ) — Sapd (T4 — Té)g 2. (TayTa) (4.9)

and in Fourier space

z
o™ (Wr)ab = T Qub(wr) — %%b . (4.10)
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From eqn.(4.3) we can read off that o is related to the self-energy in the
variational approximation. This allows a diagrammatical discussion of (4.9).
The first term in (4.9) represents scattering with the ‘spin-bath’ due to the
interaction J and is nonlocal in the replica indices and in imaginary time.
Thinking of the propagator as a transfer rate of excitation energy we find
that the energy may be transferred from one replica of the system to another
with a rate J independent of the time-arguments. The system a does not
know about the proper time of system b. Using dashes for the quadratic
part of the bare propagator Qal(wk) = (w? 4 w?)dap, a plain line for the full
propagator Qgp(wg), crosses for elastic disorder scattering associated with a
factor J and and a dot for the quartic vertex, (4.7) can be written as

(—— )= (-=--- )L X—X+

self-consistent quadratic part self-energy

For a = b, the equations have to be read differently: the process described
by the first term in (4.9) is the transfer of the excitation to some other
replication of the system and the return to the original system at a later
time. This gives rise to an effective ’dressed’ propagator ggl = Gal - J%Q
described by the first two terms of the rhs. of the diagrammatic equation
above. The last term in (4.9) can be read as the self-consistent Hartree
correction to this propagator, summing up all tadpole contributions.

When evaluating the free energy, we have to keep in mind that the
variational expression (4.4) is only the contribution corresponding to the
single-site part S3[A] (3.15) of the free energy. The terms S1[Q] and S2[@, ]
contribute an additional term

tiy 7 3 Qi)

ab k

to the free energy per particle. The total free energy per particle at its
minimum value reads

Bflomin] = lim — { JQZZQab wk) + Trln(Q 1 (4.11)

n—0n

§ nfBgz?
%ZZ [(uﬂ + w})Qaalwy) — 1] — J? ZZ Q2(wy) + 55 } _
koo k ab

Introducing the renormalized frequency Q2 = w? 4+ 2%, and using the partial
cancellation in expression (4.11) we have

n—0n

Bflomn] = lim = {——ﬂzz *2 (wp) +%Tr1n(Q*1)



4.1. DERIVATION OF THE SADDLE POINT EQUATIONS 25

n 22
+ %ZZ [(QQ + wl%)Qaa(wk) - 1] - 1889 } . (4'12)
k a

where again Q*Z is the square of the matrix element rather than the matrix
power. This expression will be of use for calculating the thermodynamic
quantities such as the Entropy and specific heat of the model. But let us
first solve equations (4.8).
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4.2 High-Temperature Solution

In this section we want to solve the above equations in the high temperature
phase. In this regime, the correlation function is expected to be of diagonal
form in the replica indices: Qup(wk) = qq(wk)dqp. This enables us to write
4.8 as

ga(wr) {(wf +u?+ Eyn- J2qd(wk)] 1 (4.13)

where we have introduced z = T'Y ;. qq(wk). Given z, there is a simple
quadratic equation to solve for each mode k. The solutions are

2 2 gz 1
Mi_\/(wg+w2+%)2_4ﬁ. (4.14)

We always have to choose the negative sign corresponding to the minimum
of the free energy. This solution ceases to be real if w? + 2 < 2J. It exists
for all temperatures if w? > 2.J. For w? < 2.J, there is a temperature below
which the paramagnetic solution does not exist anymore.

The parameter z has to be determined self-consistently by virtue of the
equation

2=f(2) =T qalwr) (4.15)
k

where the gg(wy) are given by 4.14 and depend on z. It turns out that f(z) is
a decreasing function of z having its maximum value at the minimum value
of z. In the interesting regime w? < 2.J the minimal value z. of z, below
which the zero - mode becomes unstable is given by

2

Ze = —(2J — w?) . (4.16)
g
For this value of z we have )
qa(wo) = 7 (4.17)
and
2 wl% 1 Wi 2
0 (wp) = o5 + 5 — o5 \/wi +4J (4.18)

2J2 T 2J?

note that at this point the dependence on w? and g has vanished. It will turn
out that the criterion z = 2, determines the phase transition of the model in
the variational approximation.

Now we may solve (4.15) for z = 2z, numerically and thereby determine
the transition temperature. In this section we will discuss two limiting cases
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analytically. First of all, we consider the case of vanishing quantum fluctu-
ations I' — 0. In this limit, the function f(z) is dominated by the first term
in (4.15) and we have

2 T, 2.7
;(2J—w2) = 70 — T, = ?(2J—w2). (4.19)

It is worthwhile to note that result coincides with the result obtained by HK
[9]-

The critical Temperature T, becomes negative when w? > 2.J and no
phase transition will ever occur. The physical interpretation of this is easily
given in terms of random matrix theory. The interaction matrix J;; can
be diagonalized and one will find a semicircular density of states, the so-
called Wigner semi-circle, with the radius 2.J. If w? > 2.J, the Hessian of the
potential at the origin will have positive eigenvalues only and no saddle points
or maxima may occur in the energy landscape. However, the requirement
for a symmetry breaking is the existence of configurations of double - well
type with an unstable equilibrium position at the origin. This happens if
w? < 2.J, when the Wigner semicircle, with a center shifted by .J, overlaps
with the negative real axis.

The opposite limit, where quantum fluctuations dominate the behavior of

the system, (4.15) can be approximately solved as follows: as vy = #22 —

27T)
00, the sum in (4.15) can be approximated by an integral. Using w? = k? /vy

we find
Flz) ~ —- /oodk {(k2+27,]—k\/k2+47,]]
¢ 2vJ2 Jo

4T 2h 2 /T
- =2 jy__ e 2V (4.20)
3 J 3rvmJ 3 J

with the quantum energy scale T = h\/% defined in section (3.2). This
expression must be equal to z. at the phase transition and hence, the T'=0
phase - diagram is determined by

gh/T

2
Y.
We 3nJ

(4.21)

The second term on the rhs. can be interpreted as an additional stabilization
of the symmetric equilibrium position due to quantum fluctuations probing
the quartic contribution to the potential.
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Quantum Phase Diagram
(Energies in Units of J)

Figure 4.1: T = 0 - phase diagram of the model
in the variational approximation. For w? smaller
than w? we have a RS ground state, else a para-
magnetic one.

4.3 Replica Symmetric (RS) Spin Glass Solution

In the case w? < 2J, the paramagnetic solution ceases to exist below a

certain critical Temperature. At this point we have to be very careful when
taking the n — 0 - limit of the equations 4.7. Using a replica symmetric
(RS) ansatz Qup(wo) = ¢ + (g4 — ¢)0ap and Qup(wk) = qa(wi)dap for k # 0,
we find for the zero - mode
1 _ q — L(J2 + % _ JZQd
aa—q (9a—9)? 2
1
(g4 — q)?

= J%q. (4.22)

The second equation allows for the solution ¢ = 0 discussed above. For ¢ # 0
we may divide by ¢ and find an additional solution g4 = % + ¢. Eliminating
q in the equation for gg gives

J=w?+Z2 . (4.23)

This means that in this phase, z becomes independent of temperature
and takes the constant value z = 2. throughout the whole low-temperature
phase.
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The equations for the higher modes k£ # 0 remain unchanged due to the
constancy of z and we find the solution (4.18) for all T < T¢.

It is interesting to note that this function depends only on T'/T, where
T = #’Z;)Q = JT)%B where \gp is the thermal de-Broglie - wavelength.

Furthermore, all of the explicit dependence on w and ¢ has vanished.
These parameters merely determine the energy scale via the transition tem-
perature (4.19) and the length scale by defining the value of z at its freezing
point. This could be taken as an argument in favor of the insensitivity of
the low - temperature phase to the parameters of the microscopic on-site

potential.
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4.4 Thermodynamic Quantities

In order to calculate entropy and specific heat in the quantum regime, we
need to express the free energy (4.12) in terms of the solutions we found.
Using the expressions from appendix C for the term Trln(Q ') we end up
with

BF 1 gq 1

= = —— — —In(qq — _1 n
pf=— = Yu—q 5 n(ga —a) 2};)1 (Q(w))

2’2
" %; (@ + D) —1] - p25

2
+ JZ (fﬁ —*+ ) QZ(wk)) : (4.24)

k#0

The most dangerous term is of course the sum over the logarithms because
it diverges. However, the divergence is the same as for a usual harmonic
oscillator because Q(wy) is proportional to 1/w? asymptotically. In order to
control the divergences we add and subtract the free energy of an harmonic
oscillator with frequency w = v/2J and inverse propagator Qo 1 - w,% + 2J.
The free energy of the latter is given by

BV2TT
2

Bfo = %Zm(@gl(wk)) = Insinh(2 ) (4.25)
k

up to a divergent but temperature independent constant which results from
an discretization error in the formulation of the path integral. This error can
be cured by taking the Trotter-limit more carefully [28].

We switch to the dimensionless quantities introduced in section 3.2 where
w? = @2 /T, T = #*ZL and @), = 2nk/B. Furthermore, we are mainly inter-
ested in the spin-glass phase where Q? = 2.J. We introduce the variables

~ ) gi—q for k=0
Ga(wg) = { qa(wr) else

Using J2G%(wi) = Qp ' (wi)da(wr) — 1 and Gg(wp) = 1/J, the free energy in
the spin-glass phase can now be written after some algebra as

51 = —3 3 a0 Qs @) - 5 Q5 @n)dwn) - 1)
k

2 V2r
/Bg; + Jg+In(2 sinh(ﬁ 5 J

)) . (4.26)
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For the first term we may write

- %Zln(qd(wmal(wm -

= Zln < (22 + 1) — (22 + 1)/ (2] + 1)2 — 1) (4.27)

where 77 = w?/(2I'J) = o?k? and o? = & ) . This is a perfectly convergent
series.
The second term can be expressed by the function

Q

1 . _ 1 1
I = Y ldalwon) @ @)-1) = 5 S (@F+1?~(eF+1)y /o] + 12 = 1-3).

k k

(4.28)
The third relevant parameter determines ¢ and reads
. T
2 =T Galws) = 5 @i +1—/(z2+1)2-1). (4.29)
k k

In the paramagnetic phase we have 2’ = z, whereas in the spin-glass regime
q is determined by

Jq = pJz—13 (4.30)
JZ
Iy = ij(xi +1—\/(z2+1)2-1) = T (4.31)

and z is frozen at its critical value z, = %(2] —w?).
Finally we find

Bf = I, + 31, — (2sinh(BVTJT/2)) . (4.32)

Bgz*
8

Obviously, the behavior of the system in the spin glass phase depends
only on the value of the parameter . Large a corresponds to gh — 0 and
we recover the quasi-classical limit. Small values of a correspond to strong
quantum fluctuations. We will discuss the two regimes separately.

4.4.1 Quasi-Classical Regime

If > 1 we have z; > 1 for all £ > 0 and we find
1 In2 1

I ~ 1n2-|- L L D2 1e) s
Sar 2k>0 (B2 +1ja2)? 2 '8
1
I ~ — = 4.34
2 160422 k2+1/a 167 (®) (4:34)

k:>0
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where

Cl{2

am 2
fla) = Y + Tcotanh(ﬂ'/a) + chch2(7r/a) . (4.35)

As a@ > 1 in the quasi-classical regime we may use a Laurent series
expansion for the hyperbolic functions and find

2
f(a)”m

For the parameter 2’ we find in the same approximation

+0(1/a") . (4.36)

T Tn T T s
T —— h(=)~=(14+—)—0(1/a"). 4.
z 2J—|—2Jacotan (a) J( +6a) O(1/a”) (4.37)
Because ¢ = 5(z — 2’) we have
1 us
q_ﬁzc_j_ﬁj—a-l_“' . (438)

As a byproduct, we can determine the first quantum correction to the tran-
sition temperature by requiring ¢ = 0. The result is

Wi

T.=T) - —=. 4.39

T 8ym (4.39)
The free energy reads in the approximations done above

g2? LT
Bf = —Il+31—2—5?+Jq+ln(2smh(a)) (4.40)
In2 28, , wt T 2 . T
= ——-14+—(J"——)— —+ ———= +In(2sinh(—)) .
g 1T T) " %a T 76 900z T M2sinh(D))

In the end,we find that for a > 1 the system behaves just as an harmonic
oscillator of frequency 2.J because the free energy is dominated by the last
term in (4.40) in this limit. The reasons for this behavior will be discussed
in the next section.

4.4.2 Quantum Regime

At very low temperatures we find a < 1 and the frequency sums may be
approximated by an integral. However, we have to take care of the correc-
tions of order a and a? because they will eventually give rise to a linear
contribution to the specific heat.
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To this end, we reverse the extended Simpson’s rule [29]:

[T 1@ = algp s+ ) + fa) +--

b fano) + o fona) + s flan)] + Oa®) (441

where z; = xg + «ai. Inverting this formula gives

N 1 [ew 7 1
> flz) = 5/ f(r)derE(f(:vo)+f(xzv))——(f(x1)+f(xzv—1))+0(a3) :
i=1 o

12
(4.42)

As we are interested in improper integrals over functions vanishing faster
than 1/z22, we can neglect the corrections at the endpoints. Furthermore, we
write

2
F(21) = Flwo) + af (o) + - f"(w0) +--- (4.43)
and end up with

N 1 [y 1 « a2
S ) = [ @t o)~ {5 o) 5 (o) +O(a?) . (144
i=1 o

Using this expression for the functions I, Iy and I3 we find

1 [o¢]
n o= 2—/ don |2(1 + 2%)(1 + 22 — (1—1—1:2)2—1)]
a Jo
In2 2 2
L 2 V2 o
4 24 24
1 n2 V2a a?
= — |2 42 X 44
30 7 [+ T +% m (4.45)
and with the same approximation
1 o0
L, = —/ dzx [(1+:1:2)(1+:1:2— (1+x2)2—1)—1/2}
2a Jp
n 1 n o o?
8  12v2 12
1 23/2 1 2
- @ ¢ (4.46)

215 T8 1ava 12
The last function can finally be approximated by

23/2 1 V2a a2
Lp=—" 442 _ =2 4.4
353, T2 2 T 1o (4.47)



34 CHAPTER 4. VARIATIONAL OR HARTREE APPROXIMATION

Collecting all terms, we find

1 7w 16v/2. 2In2+1 5

Bf = ——(5 - =)

2 (T
-5 T + In(2 sinh(

-5 D). (4s)

For small «, the last term cancels the first one. Note that the terms linear

in « cancel. Writing o = apT', where oy = WT\F/?I’ we find for the entropy

1+ In(2 5
S = +Tn() + 2ajT? (4.49)
and for the specific heat
oS b5

This is not the result one would have wished to find, because linear specific
heat is one of the hallmark features of structural glasses. However, the
absence of linear specific heat is due to the cancellation of the terms linear
in « contributing to (4.48). For the comparison with experiments however,
one may doubt in the validity of the assumption of thermal equilibrium
implicit in the above calculations. In the next section we will show that
a non vanishing value of ¢ is related to frozen strain fields in the sample.
These will probably not equilibrate on experimental time scales. Therefore
one could identify the experimentally observed specific heat with the specific
heat being derived from (4.32) for given ¢q. If we do so we have to neglect
the corresponding term in the free energy we would end up with a linear
contribution to the ’experimental’ specific heat

c _\/iag_ 2w
P 6 6JVT

This is of course a result derived using hand-waving arguments and has to
be confirmed by dynamics calculations for the same model.

Even if one may doubt in the validity of the variational approximation at
very low temperatures, we think that it is interesting by itself. The constant
contribution to the entropy indicates a degenerate ground state as one might
have expected for a glassy system, whereas the linear specific heat is one of
the most distinguished features of the low-temperature anomalies in glasses.
Furthermore, the variable a depends only very weakly on the parameters
J and m and not at all on the parameters ¢ and w? describing the bare
potentials. This leads to a qualitative and almost quantitative universality
of the low-temperature properties of our model.

T. (4.51)
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—r— 1 Figure 4.2: Susceptibility as a
— 95 4 function of T'/T,, where T}, is the
- o classical transition temperature.

: | The parameters are J = 1, w? =
1J,9=0.01 andI' = 0.110.

I
10

Formally, the ‘experimental’ linear specific heat has its origin in the
terms O(a?) we have derived above as ’discretization corrections’ in the
low-temperature regime. Consequently, it has nothing to do with quantum
tunneling because there are no double-well terms in our entirely harmonic
variational test action. This has to be confronted with the fact that is well
known from the quasi-classical treatment of the model [9], that the linear
specific heat has its origin in tunneling excitations. The variational approx-
imation mimics the quantum tunneling contribution to the free energy by
another process that will be discussed in 4.5.2.

4.5 Interpretation of the Results

4.5.1 Analytic Continuation

In order to calculate the linear response quantities of the system, we have to
do the analytical continuation [30, 20] of (4.18) to imaginary frequencies. As
we are mainly interested in the thermodynamics of this model we will only
briefly outline this continuation because it will help us in the interpretation
of the physics contained in the variational approximation. Let

qa(wr) = Aliwy) = %}2 [21“,1 — (iwp)? £ 1/ (iwg)? (/AT — (iwk)Q] .
(4.52)

A(z) = 2; = [2117 — 2+ V2VATT — z2] . (4.53)
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There are several possibilities for analytical continuations differing in the
choices of the . /—-function. However, the continuation is unique [31] if one
requires that

e A(z) is analytic off the real axis

e A(z) goes to zero as z approaches infinity along any straight line in
the upper or lower half -plane.

We will choose the . /—function with V22 = z in the upper half plane.
This function has a cut along the positive real axis. Whenever we write a
\/_Jr in this section, we refer to this definition. Close to the real axis we
have

Vrtie = +y/|z| for x>0
Vrtie = i |z| for = <O0.

In order to get the right values at the points z = iwy, we have to define

T — 22+ iva2 AT T — 22

1
A(z) = T for Im(z) >0.

The Fourier modes of the retarded and advanced Green’s functions are
given by

Dp(w) = —iA(w + in) D (w) = iA(w —in) (4.54)
1 w?

Dr(w) = e [|w| 2- 5 i(w? — 1)] (4.55)

Ds(w) = Dg(w)*. (4.56)

The spectral function p(w) is given by

1
p(w) = —i(Dp(w) — Da(w)) = ﬁ9(4FJ — WH)|w|VATT —w? . (4.57)
We recognize a 'deformed’ Wigner semi-circle law.

From the spectral function, we immediately get the Fourier transform of
the retarded correlator at finite temperature

) (4.58)
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From this, the time-dependent correlation function at finite temperature

follows as o g
G_(t) =i / W vt _PW) (4.59)

Lo 27 1 —efw

Due to the branch cut in the correlation function we obtain an algebraic
long-time decay. Indeed, for ¢t > 1/w only the lowest modes contribute to
the integral and we can approximate p(w) ~ |w| and extend the integration
to infinity.

For T' = 0, the real-time correlation function (4.59) can be expressed
in a closed form and one finds in a combination of Bessel- and Digamma-
functions. As we are mainly concerned with thermodynamics we refer to
[33, 34] for details.

G(t)/G(0)
1

0.75
0.5
0.25

> a6 8 10 1z 1a /T
~0.25

-0.5
-0.75

Figure 4.3: Correlation in time as a function to t /T where

T = % for different temperatures. At high temperatures

(red curves) the correlation shows damped oscillations. for
lower temperatures (bluer curves) we find an algebraic
long-time behavior.

4.5.2 Physical Content of the Variational Solution

In this section we will show that the variational effective action we found is
equivalent to an ensemble of harmonic oscillators, each coupled to a super-
ohmic heat bath. The variational effective action in its minimized form reads

1 z
Sar = 3 X3 |b/T +0? + & = P aalwn) - ab)] lza(wr)]
Lk a

A (4.60)
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We insert the solutions for z and ¢4(wy) the spin-glass phase and find

1
Swrsc = 5.3 |wh/T+27]
k a
1
- 12X
k a

50 wa(wn)? (4.61)

WP/T +2J — \J (@[T +27)2 — 472)| 24 (wp)’

The first part of the effective action is just the one of an harmonic oscillator
with frequency v/2.J. For the second term we write

1, ; T 1 VT WAVAT = W?

However, this is just the the form self energy contribution we would have
if the oscillator was coupled to a bath of harmonic oscillators with spectral

function ; ;
4 _
J(w) = VA Zw (4.63)
™

This is a super-ohmic bath [32]. For an exact solution of this model see [33].
The last term in (4.61) can be decoupled with a Gauss-Hubbard trans-
formation using

3122, 2a(0)? _ / d_gexp —€2/24+€7/4 Y, [ droa(r) (4.64)
V 4T

The integration over the £ can be taken out of the replica limit such that we
finally end up with the ensemble free energy

pF= [

The integration over £ can be interpreted as an average over non interacting
degrees of freedom with an action

e | [ DaD () exp (<S(o k€] . (@6)

S(:l?, {yz}a S) = SSystem + Stnteraction + SBath
1 1
= 3 / dr |:§I2(T) + Jz2(1) + J\/ﬁfx(T)}

+ %XZ: / drz(7)y(T) (4.66)

+ %Z/dT [yZ(T) -I-wiy?(T)] .
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The y; are the bath oscillators and assumed to be distributed such that the
spectral function is given by (4.63). We find that the action (4.66) is just the
action of an harmonic oscillator in a field £.J,/q coupled to a bath of harmonic
oscillators. The Gaussian distributed external fields can be interpreted as
frozen strain fields and because ¢ and thereby their strength depends on
temperature. As we have shown above, assuming them not to take part
in the dynamics on experimental time scales immediately leads to a linear
specific heat.

4.5.3 Zero Temperature Limit

Because we started with an harmonic test action, we will never be able to
encounter double well potential types of configurations within the variational
approach. Nevertheless, there is another way to obtain a physical interpre-
tation of the results of this chapter. One may simply use the solution found
here to approximate the nonlocal term in (3.10). We note that the solution
for the modes gg4(wy) is such that gq(wy,) & + for wi < J and gq(wg) ~ w,§—41-2J
for w? > J. As w? ~ T? we conclude that %in}) ¢q(wg) = 1/J and therefore
—
Qub(1) = $6(7)dup + q . Inserting this into the time dependent version of
(3.10) we find

Set(T — 0) Z/ 2 4 (mas? — T2 —T(Z/dmm)a
(4.67)
The last term can be decoupled using a Gauss transformation just as in
the previous section. We will end up with an ensemble average over particles
with a completely local action corresponding to particles moving in potentials

V(z; &) = Jé/qr + < (mw — J)z? +Z (4.68)

4!
where again ¢ is a Gaussian random variable with unit variance and zero
mean. Note that this is formally the ensemble of potentials found by Kiihn
and Horstmann [9] in the quasi-classical approach. However, the quantity
q does not coincide with the quasi-classical approach as it is renormalized
due to quantum fluctuations. The interpretation in the light of the results
of the previous subsection would be that at low temperatures all the ’bath’
harmonic oscillators are in the ground state and cannot give rise to memory
terms anymore. Therefore the effective single-site action must become local.

The parameter J2q describes the variance of the random field and there-
fore of the asymmetry distribution. The ’experimental’ specific heat would
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therefore be the specific heat measured for a fixed distribution of the micro-
scopic soft potentials.

4.6 Stability of The RS Solution

In this section we will study the stability of the solution presented above with
respect to breaking of the replica symmetry and with respect to replica syn-
chronization, i.e. an imaginary time dependence of the Edwards -Anderson
order parameter q. In order to do so, we will solve the equations with a 1-
step replica symmetry breaking (1-RSB) ansatz and with an ansatz allowing
for an RS structure in the matrix Qqp(wy) for k # 0.

4.6.1 1-RSB solution

The 1RSB ansatz consists in assuming

Qab(wo) = (qa — q)0ap + qegy (4.69)
where
1 when o) — b

The Gauss brackets |-] denote the largest integer smaller than the argument
in the brackets. The correlators Qup(wy) for k # 0 are assumed to be diagonal
in the replica indices.

The algebra of matrices of this type is well known in the field of spin-glass
physics [27, 17] and the derivations are relegated to appendix C.

The resulting saddle-point equations for the variational approximation
come from requiring the variational free energy to be stationary with respect
to the parameters q4,q and m and read

1 q L o
i—a (-t m=-19 T3 J qq (4.71)
q — 2
(ga —a)(ga+ (m —1)q) T7a (4.72)
q 1 qd —_ q . _J_2 .
m(qa + (m —1)q) Tz (m) = -5 . (473

Equation (4.72) has the solution ¢ = 0 corresponding to the paramagnetic
phase. We add twice (4.73) to g times (4.72) in order to eliminate the
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J-dependence and introduce y = i and © = % and find an equation

1
depending on x alone:

z? 2x
—2In(1 =0. 4.74

This equation has the unique solution z = 0. In the SG phase, where ¢
is different from zero, this necessitates m = 0 and we are back at the RS
solution.

However, the situation is not as clear as one might think from the above
statement. This is because the system is marginally stable with respect to
higher order breaking of the replica symmetry. As we will derive in chapter
5, the stability of the 1RSB solution with respect to higher order breaking is
determined by the sign of the so-called replicon eigenvalue A = W —J?
[35] which is identically zero within the variational solution as stated by
(4.72) together with m = 0. This means that the structure of the off-
diagonal part of the matrix Qg is in reality undetermined within the above
solution and that we have to go beyond the variational ansatz in order find
the manifestations of real glassiness in the RSB structure of the correlator.

4.6.2 Replica Synchronization

As we have already discussed in the first section of this chapter, there is
a very fundamental symmetry of the quantum-statistical description of the
model, the time-translational invariance of the partition function. Especially,
the effective action is invariant under independent time translations of the
replicated times 7,. However, we have seen that averaging out the disorder
generates interactions not only between different replications of the system
but also between different times. In this section we will allow for a spon-
taneous breaking of this symmetry, just as we have done for a breaking of
the permutational symmetry between replicas in the previous section. Nev-
ertheless we will keep the global time translational invariance 7, — 7, + h
simultaneously for all @ € {1---n}.
This translates into Qu(7,7') = [qa(T — 7') — q(7 — 7')] dap + q(7 — 7').
The saddle-point equations can be translated into Fourier space and we find
1 q(wr) 2 2, 9% 2
(dalon) —a@)  (aalen) —a(? ¢ TRy Tl
q(w)
(qa(wi) — qwy))?

= J2q(wr) (4.75)
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where z is still given by z = T'Y";, g4(wk). For every mode k, equation 4.75
has the solutions q(wy) = 0 and ¢(wy) = ga(wy) — +. If we choose the second
solution for some k, we can put it into the first of the above equations and
find

%5:2J—w2—w§ (4.76)

This equation can obviously hold for one value of k& at most. Assume 4.76
to hold for some kg # 0. Then the equation for the zero mode would read

=2J —w? — J?q4(wo) . 4.77
qd(wo) ko Qd( 0) ( )

This equation has real and negative solutions only if w? > 4.J and no positive
solution at all! This is a contradiction because g4(wo) =< [ dr2?(7) > must
be positive by virtue of the self-consistency condition.

We conclude that within the variational approximation, neither the per-
mutational symmetry nor the invariance under independent translations of
the time-arguments is broken.



Chapter 5

The Model at its 3-Loop
Approximation

In this chapter we want to go one step further in the loop expansion of the
generating functional S3[A] (3.15). However, the simplest way of doing this
is not obvious. A standard loop expansion would be in terms of vacuum dia-
grams with lines corresponding to the quadratic part of (3.8) with Ay (7, 7)
set to its self-consistent value (3.9). This quadratic part would correspond
to the ’bare’ inverse propagator Qp(wg) = (w? + wi — J?Q(wk)) !, some-
times called the ‘Weiss field’ in the framework of the dynamical mean-field
theory [40, 41]. Because this propagator depends already on the fully renor-
malized propagator Qg (7,7’) in a non trivial way, the resulting equations
e.g. for the self-energy would become functional self-consistency equations
of a rather involved structure. Therefore we face a problem where the loop
expansion in terms of the bare propagator is very complicated and a con-
siderable simplification arises when we formulate the self-energy in terms of
the full propagator immediately. Such expansion schemes are well known as
expansions of the self-energy in terms of skeleton graphs [43, 44] or on the
level of the generating functional as the expansion in terms of two-particle
irreducible (2PI) vacuum graphs [45].

For the sake of compactness, we have relegated the derivation of the
formalism to appendix B. As we will see, the replica symmetric ansatz
is no longer stable at this level of approximation and we will encounter a
close relationship of our model to a spherical spin glass with 2-spin and 4-
spin interaction. Just as the latter, our model undergoes a phase transition
from 1-RSB to an C-RSB solution at very low temperatures. We will argue
that this phase transition could eventually be what has been found in the

43
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experiments on the low-temperature dielectric constant in structural glasses
by Strehlow, Hunklinger and Enss [10]. It will turn out that the 3-loop
approximation suffers from spurious instabilities. Therefore we will propose
a ‘toy’ approximation consisting in keeping only those terms giving rise to
corrections to the replicon eigenvalue. This approximation can be motivated
by adding an additional stabilizing term to the full action.

5.1 The Equations of Motion

The 3-loop approximation consists in taking the first two 2PI graphs for the
self energy into account. We find the 2PI effective action

1

1)
where

2

Qo' (T = 7"))ap = w? + %5@5(7’ — 7 = JPQu(r — ') (5.2)

1 2 ,
D= TrinQ 4+ Q5 Q)+ > / arQ2, (- zb / dr / dr'Qly(r, 7
(5.1

)

is the self-consistent quadratic part of the effective potential if time-translational

invariance is assumed.

When looking for the saddle points we have to assume fized QQp and do
not account for the implicit dependence of 0y on (Q because the identification
(5.2) has to be done in the end. The extrema of the effective action obey

2
Q=] = @l =) + 5 Qua(0)dud(r — ') = Q7 — )
(5.3)
which, transformed into Fourier space, reads

Q)] , = w2+w,%—J2Qab(—wk)+g > Qualwi)das— =5 (@r) - (5.4)
k

The function %) (wy) is the 2-loop contribution to the self-energy. The latter
is given by

2 .
= (wpay = & [ dre=Qhy(r) (55)
The full self energy is given by 3 = M+ where () sums up all tadpole

contributions and £ finds its field-theoretic analog in pair production.
Diagramatically we can write for the self energy

5= {0 1<
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We remind that the full lines represent the full propagator. The two terms
are derived from the two- and three-loop vacuum diagrams contributing to
the 2PI part I's of the effective action. These can be written as

r, = 8 +@

Due to the invariance under independent time-translations in different
replicas, it is natural to assume again that the off-diagonal elements of the
correlator are independent of time : Qgu(7) = Qqp for a # b. This means
that Qup(wg) is diagonal for wy, # 0 as in the variational approximation.

Furthermore, we will assume a 1-RSB structure for the wg-components
of the correlation function, such that Qup(wk) = qq(wk)dap for £ # 0 and
Qab(wo) = €qyqrA + (¢2 — qrA)dap Where €} =1 when | ] = [;+|. We note
that this is not a full 1-RSB ansatz because in principle one could allow for
Qab = qo for €} = 0. However, due to the strong analogies with the p-spin
model investigated in the next section, we will always find ¢y = 0 in absence
of external fields and we will suppress this additional parameter for the sake
of simplicity.

With this structure, the Schwinger-Dyson equations for a = b and for wq
read

1 grA . ,
B = Q% — 2 - 2P (w 5.6
gi — qea (g4 — qua)(ga+ (m — 1)gra) d (Wo)aa (5-6)
where Q% = w? + % S qa(w)-
For a and b different but in the same block we find
2T2

dEA g
G o - (5.7)

= J%qeA +
(qa — qra)(gq + (m — 1)gra) quA

This equation allows for the solution gga = 0 corresponding to the param-
agnetic phase and for solutions gga # 0 obeying
1

Pl (g4 — qra)(ga + (m — 1)gra) (5.8)

with jQ(qEA) =J? + EqEA. Using this, we can express ¢q as a function

6
of qea:

maea 1 m2qg s
qd(qEA) = qEA — + \/ = + (5.9)
2 J%(qrA) 4

where we have to choose the upper sign in order to have a stable solution
(non negative eigenvalues of Q) with gz > gpa.
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Inserting (5.7) and (5.9) into (5.6) gives

1 2 2 92T2 3
———— =" = J(q4 — qra) — (£(0)aa — qEA) - (5.10)
qd — qEA 6

Unfortunately, it turns out that (5.10) has no paramagnetic solution with
gea = 0 in a large and interesting region of the parameter space. The reason
is that the effective action has a contribution scaling as —qé, coming from the
3-loop term. Therefore, the minimum we find is at most metastable and it
turns out that there is no minimum at all in a large region of the parameter
space. This is clearly unphysical: the quartic term in the bare single-site
potentials of our model should always confine the degrees of freedom z; and
therefore g4 should remain finite. The problem could be cured by going to
4-loop in the effective action or by adding a term proportional to g3q3 to it.
This would formally not make any difference because we would still be exact
to order g2.

Concerning the break point m, there are two different approaches. First
one could try minimizing the effective action with respect to m. This leads
to the so-called equilibrium solution. Second, one could require the replicon
eigenvalue to vanish. This is called the marginally stable solution|[35, 36, 23].
It is well known in the field that the phase diagram of the marginally stable
solution reproduces the dynamical phase diagram and the breakpoint m
then corresponds to the factor X describing the violation of the fluctuation
dissipation theorem (FDT).

But let us state state the equations for the non-zero modes gq(wg):

1
qa(wr)

= 0% — JPqa(—wi) + 5% (wr) (5.11)

where we have assumed gg(—wg) = qq(wg) because of time inversion invari-
ance. It turns out that these equations depend on ¢4 alone and do not
explicitly depend on the parameters ¢ and m describing the off- diagonal
structure of the correlation matrix. In the same vein, the equations for the
off-diagonal elements do not depend on gg(wy) for k # 0 explicitly. Given
qq(wp), all other parameters could be found.

In order to elucidate the relations between our model in a 3-loop approxi-
mation and an equivalent quantum spherical p-spin model, we will undertake
a short excursion in the next section. We will newly meet (5.11) and (5.7) to-
gether with one of the two possible conditions for the breakpoint parameter
m. These equations have to be solved given g4 in the context of a spherical
model.
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5.2 Excursion: The Equivalent P-Spin Model

In this section we want to undertake a brief excursion to the field of spherical
p-spin models and emphasize the striking similarity between our model in its
3-loop approximation and an equivalent p-spin model. We will find indeed
that the equations for the correlation matrix are exactly identical to ours,
except that the equation obtained from deriving the free energy with respect
to g4 has to be interpreted as an equation that determines z for p-spin models
whereas it determines g4 for our model.

Consider an spin-glass Hamiltonian with 2-spin and 4-spin interaction as
follows:

2
H=Y" % D Jgmimg Y Jmis o (5.12)
; i<j i<j<k<l

The variables x; are assumed to be continuous and subject to the spherical
constraint 3, z7 = [3N, where [y is the length of the spin. The couplings
are Gaussian distributed random variables with zero mean and variance

_ J?
%:F (5.13)
and
6.J7
(T = 55 (5.14)

where J;; = Jj; and ijkl is symmetric under permutations of the indices.
The variance of general p-spin interaction constants is given by

(p— 1)!J3

/4 2
(J ) - prl

11++lp (515)
for the conventions used here. This type of model has been investigated by
numerous authors. We will follow the notations and conventions of [37].

The partition function can easily be calculated using the replica trick.
The spherical constraint will be implemented in the different replicas using
Lagrange parameters z, and the saddle - point may be taken. Once the
saddle point has been taken in the quantum partition function, the direct
translation of the spherical constraint reads < [ 72,(7)z,(7) >= I3 and one
will be facing a completely harmonic effective action. Introducing

1 1
flq) = §J2q2 + Zﬁff (5.16)
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we find for the effective action of the corresponding single-site problem

lTfn Z(W]% + 2a)0ap Q (Wi
k

rQl = STrnQ 4

- S [ [ a1 Qutn . (517

This leads to the Schwinger - Dyson - equation

2
Qu (7—7') = (oL 207 =) PP Quy(r—7') = Qi (r ') (5.19)

Note that this equation exactly coincides with the equations for our model
in its 3 - loop approximation if only we replace

e = Q2 =w? + gQ(T =0) (5.19)

and
J? = ¢%/6 . (5.20)

This means that the at the 3-loop level the local anharmonicity in our model
is indistinguishable from terms generated by a random 4-spin interaction.

However, in the spherical Jy - Jy - p- spin model, the Lagrange - pa-
rameter is determined such that the spherical constraint is fulfilled whereas
in our model it is fixed by the mere minimization of the free - energy func-
tional. However, if we had defined our model such that w? was temperature -
dependent, and determined such that the spherical constraint is fulfilled, the
two models would be completely equivalent. Discussing the phase - diagram
of our model in terms of w? would correspond to the unnatural way of dis-
cussing the equivalent p-spin model in terms of the actual value the Lagrange
multiplier takes. However, as long as there is a unique relation between the
Lagrange parameter and one other order parameter, there exists a mapping
between the two models.

5.2.1 The Classical Limit

The p-spin model with p = 2 and p = 4 interaction has already been studied
by Th. M. Nieuwenhizen [37], whom we will follow in this subsection, in the
classical case and for bosonic spherical quantum spins in a coherent - state -
path-integral formulation. In this section we will briefly describe the results
presented in that letter. In the classical limit the time - dependence of all
quantities will vanish and we find for the replicated free energy

28F, = =0 f(qap) — TralnQ —n . (5.21)
ab
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Expanding in the off - diagonal elements ¢4 one obtains

28F, = —n{1+1nqd+52f(qd)} (5.22)
- 52J2 — anb — Z QabTbelea — 4 > o+
d a#b a;éb;éc a#b

It is worthwhile to note that this is exactly the relevant part of the free energy
of the SK - model. Our model will thus belong to the same universality class
and display full RSB for an appropriate choice of J and Jj.

5.2.2 The 1-RSB Solution

If Jy < J*(Jy) the system will have a low-temperature phase characterized
by one-step replica symmetry breaking (1-RSB) which we want to discuss in
zero external field H = 0. This approximation consists in assuming Qq, =
(gd — qua)dap + gracly. The free energy functional can be written as

-1
log(qq — qrA)
— Bflqa) — (m = 1) fqea) + 2(qa — 13) - (5.23)

1
lim F[Qda‘]EAam] = - log(gq + (m — 1)gea) —

n—0n

The saddle point equations with respect to the parameters z, ¢4, qea and m
read

9a =15 (5.24)

(qq — 3Ed AJ;((;:J: (quAl)qE N B> f'(qa) (5.25)

e e e = ) (5.26)

% In(1 + q;n_qEq‘;A) T (quA_ Do) = B f (qua) (5.27)

where equation (5.25) merely defines z for the spherical model. In our orig-
inal model however, z is a function of gg and of the higher quantum modes
qqa(wk) and equation (5.25) determines qq. The important point to note is
that given qg4, equations (5.26) and (5.27) are identical to the ones we find
for our model in its 3-loop approximation. This has the consequence that
the structure of the correlations in replica space is identical in both models.
As one could always work with a length scale where ¢ = 1 we could equally
well say that both models are identical up to some temperature dependent
scale transformation.
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Figure 5.1: The equilibrium phase - diagram of
the j - ja - spin glass in the static approximation.
The phases are labeled PM for paramagnetic, C-
RSB for continuous breaking of the replica sym-
metry and 1-RSB for one - step breaking.

In the case of a pure spherical model, f is a monomial and it is possible
to multiply (5.27) by pgra, subtract it form (5.26) and find an equation that
is independent of the disorder and the temperature. It turns out that the
ratio x, = % with y = gra/qq depends on p alone and takes e.g for p = 3
the value z3 = 1.81696 [23].

This is not possible in our case, when two nonzero couplings are present.
Nevertheless we can use a similar strategy in order to obtain equations in-
dependent of J and .J;. We define z = q?ngA, multiply (5.27) with 2 and 4

respectively, and subtract from gga times ?5.26) from these. We find

T x2 it

4n(l +2) - (1%!- ) (12-I- ) - _mQ(ﬂ"ij-izlr)‘1 (5.28)
T x2 2

4n(l + ) - (1413:) BT :mQW (5.29)

which have to be solved for m and z. We have introduced the dimensionless
parameters jg = B2JZq§ and j = ,82J2q3.

We find an 1-RSB solution to the above equations if the disorder is strong
enough. There is one solution if j > 1 and j4 < 7{(j) = 4. If the four point
interaction is strong, j4 > j{(j) we have to choose between two solutions
for 7 < 1 and three solutions for 7 > 1 but smaller than some other critical
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value. We always choose the solution with the largest absolute value as it
mazximizes the free energy. When crossing the critical line at a value j < 1,
the Edwards-Anderson order parameter jumps from zero to some value < gy
and the breakpoint m is equal to one at the phase transition. Because of the
jump of g, this transition is often referred to as first order, even if it is not first
order in a thermodynamical sense because only the product (m — 1)q enters
thermodynamic quantities. This product varies continuously. Crossing the
critical line at j = 1, ¢ increases continuously and does not jump. Therefore
this transition is of second order in any sense. However, we will see in that
the 1-RSB solution is not stable in this region of parameter space.

5.2.3 Stability of the 1-RSB - Solution

In order to study the stability of the 1-RSB - phase, we have to calculate
the second derivative of the free energy functional with respect to the off
- diagonal elements g4, and evaluate the resulting Hessian at the 1RSB -
solution. The variation is required to be orthogonal to any 1-RSB - matrix
because we are looking for the transverse, 'replicon’ - eigenvalue [38], i.e.

(eém - 0Q)ap =0 (5.30)
and
(1 - eab)éQab =0. (531)
We find for the second variation
280°F, = Tr(Q™'6Q)* = B2 " (4ab)6Qab0Quas - (5.32)
ab

The inverse of () can be written as

_ 1 qQEA
I _ 1-— e = Al — Be . 5.33
@ qa—qea (g4 — qra)(ga + (m — 1)gra) (5:33)

This means that we are looking for an eigenvalue A7 determined by the
equation

A?0Qu + AB[(0Q - €)ap + (- 6Q)4b)]
+B%(c-6Q - €)ab — B " (qBA)€abdQab = AT Qap - (5.34)

This gives the result

1

20712 2 2
— — B(J+ 3 . 9.35
(qd — qEA)2 IB ( 4qEA) ( )

Ap = A% — B2 f"(qea) =
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In terms of our dimensionless parameters one may write

2 ;2 oA

9 T jx 3j4x
Ap=— — — . 5.36
qQEA AT 2 ($ )2 ($ )4 ( )

In order to find the critical line in the j, j4 - plane, we have to solve Ap =0
in (5.36) together with (5.28) and (5.29).

5.2.4 The Marginally Stable Spin-Glass Solution

It has become clear in the studies of the dynamics of p-spin models [38], that
the system gets trapped within configurations corresponding to saddle points
of the Energy landscape in coordination space rather than ever reaching its
equilibrium state in finite time. This situation can be mimicked within our
thermodynamical formalism by requiring the replicon eigenvalue discussed
above to always be zero [23, 36]. The breakpoint m will be determined by
this requirement and we do not extremalize the free energy with respect to
m. The new set of equations to solve is

1

20 72 2 2
— =p0°(J"+3J 2.37
(qd — QEA)2 /6 ( 4qEA) ( )

1
(qa — qea)(qq + (m — 1)qraA)

We note that these equations are identical to the ones that can be derived
from a dynamics calculation [42]. The breakpoint parameter m is replaced by
the Factor X describing the violation of the fluctuation dissipation theorem
[36].

Subtracting (5.37) form (5.38) gives

= B%(J* + Jiaga) - (5.38)

m

= 26%J? — 2 5.39
Py B Jiqea(qa — qra) (5.39)

and subtracting 3 times (5.38) from (5.37) gives

maea — 2(qa — qrA)
(qa + (m — 1)gra)

=282J%(qq — qua)? . (5.40)

Dividing the last two equations gives

_ 2qrA(94 — qra)

(5.41)
‘I%A - J2/JZ
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As (5.37) is independent of the breakpoint m, it can be solved for gga and
(5.41) would then give us m. Moreover, this equation determines a lower
bound g, for gga because m may not be larger than 1. We find

J2 2
QCz%—i_ 3J2+3- (5.42)

The upper bound for ¢gga is given by g4. The bounds meet when

J2

Gq = 7 (5.43)

Next, we discuss( 5.37). It has no solution for gga in the interval [0, ¢4] if
Ja < ji(J) = 4 and has two such solutions if j; > ji. One of these solutions
can always be discarded because it violates the lower bound derived above.
The line j4 = ji(j) marks the dynamical phase transition for transitions
from the paramagnetic to the 1-RSB spin-glass phase. The transitions may
be first or second order just as in the equilibrium calculation. However, the
dynamical first order transition occurs at a smaller value of j4, and there-
fore at a higher temperature, than the corresponding equilibrium transition.
This means that already at a temperature above the thermodynamical phase
transition, the dynamics freezes and the system will not be able to reach the
equilibrium state in any finite time. It gets trapped on the saddle points we
have picked out of the phase space by requiring the replicon eigenvalue to
vanish.

5.2.5 The C-RSB Solution

When J is smaller than some threshold value J*(.Jy), the physics will be dom-
inated by the Jy - interaction and the system will display one - step RSB.
The more interesting case is J > J*(J;) where the system will be charac-
terized by a full Parisi RSB-scheme displaying continuous replica symmetry
breaking (C-RSB). We will assume this to be the case. Again we will follow
[37].

We express qqp in terms of the Parisi function ¢(z) and use well known
expressions from 'replica - algebra’ (see e.g. the appendix of [38]). It takes
a plateau value qpa for z1 < £ < 1. The explicit expression for the classical
free energy reads

26F = —f? /0 e (£ (q0) — Flala)} — / TN gy — qea) — 1 (5.44)
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8:]4

6 1-RSB

4 e e —
2 PM C-RSB

Figure 5.2: The full phase - diagram
of the j - ja. The green line marks
the dynamical phase transition of the
model that can be found using the cri-
terion of marginal stability.

with
qEA

I(q) = g4 — qra +/q z(q')dq" . (5.45)

The saddle-point equation reads

(5.46)

In the region where ¢'(z) # 0 one has 82f"(q) = I(¢)~2. It follows that z(q)
has an universal shape for all T

Ly M@ _ 67k
29 = TS )i = 2072 1 3. 22

(5.47)

which gives ¢(z,T) = q(Bz) after inversion. The Edwards-Anderson order
parameter gpa follows from

T T
A =Qd — —Fmm——==q4 — —F———--— . (5.48)

qa
f"(gra) I+ 30262,

Now we have to discuss the solutions of (5.48) alone. It is worthwhile
to note that (5.48) actually coincides with the equation determining the
Edwards-Anderson parameter within the marginally stable spin - glass so-
lution and therefore with the dynamics calculation. The reason is that the
Parisi solution is marginally stable intrinsically.
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For large values of j > 1, equation (5.48) uniquely determines gga for
all values of j4. For 1 > j > 0.9 however, there are three solutions to
the equation, the one in the middle corresponding to a minimum of the free
energy. By increasing j, for given j and temperature, there is a discontinuous
phase transition where gga jumps to a nonzero value. For 7 < 1.0, we
have no solution to (5.48) in the interval [0, 1] unless Jy > Jf, where two
solutions appear at some nonzero value of qga. In the for values Jy < Jf the
paramagnetic solution is the only one that exists.

In order to determine the transition between the C-RSB and the 1-RSB -
solution within the ’dynamical’ (i.e. marginally stable) framework, we have
to refer to a stability criterion of the C-RSB solution. Requiring x(gq) to
be monotonously increasing for all values of ¢ < gga gives us the condition
2'(gea) = 0 with gga determined by (5.48). Translated to our function f,
the criterion reads

£ (asa) " (ass) — 5 (7" (ae0))? > 0 (549)

and in terms of the dimensionless parameters the critical line is given by

o 452

J4 =2V (5.50)
This expression is relevant only for the transition between C-RSB and the
1-RSB phase. For js above this value we find an 1-RSB scheme. However,
a word of caution is in order: In principle, we have used an equilibrium
framework in order to determine the C-RSB solution. Therefore we con
only talk about the equilibrium phase diagram and the transition between
equilibrium 1RSB and C-RSB phase. As we have seen above, the equilibrium
1-RSB state will never be reached by the system because the first order
phase transition is preceded by the dynamical phase transition at higher
temperatures. We are not aware of a method to calculate the marginally
stable C-RSB solution, such that the equivalence between static and dynamic
calculations could be continued to the regime of infinite step RSB.

The full phase diagram of the model including the dynamic, static and

1-RSB — C-RSB transition lines is sown in figure 5.2.
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5.3 A Toy Approximation

We have seen in the previous section that the equations of our microscopic
glass model at its 3-loop approximation differs from the former only by the
fact that we have to determine the zero mode of the diagonal part of the cor-
relation matrix q4(wp) self-consistently by minimizing the effective action. In
contrast to the spherical models, where ¢ is fixed by the spherical constraint,
a soft version of the constraint is implemented in our model thanks to the
quartic term in the potential. If we knew ¢4 as a function of temperature,
given the other parameters J, g and w?, it would be very simple to map the
models onto each other. In the variational approximation, we could deter-
mine gg4, but we have seen that the replicon eigenvalue was identically zero
in the low-temperature phase and consequently the replica symmetry was
exact. Small additional terms would break this marginally stable symmetry
as we have seen in the previous section.

However, the full 3-loop approximation, obeying the equations of motion
derived in the first section of this chapter, is unstable throughout the most
interesting range of the parameter space. This is because the 3-loop vacuum
diagram contributes a term proportional to —Q* to the effective action that
destabilizes its minimum and leads to diverging paths in the path integral.
However, we know that this instability is a spurious product of the 3-loop
approximation and is therefore unphysical. In reality, the quartic term in
the potential confines the particle irrespective of the quadratic and disorder
part of the Hamiltonian. We will see in the next chapter, that in a higher
order loop expansion the term arising from the 3-loop vacuum diagram is
indeed in a certain sense overcompensated by higher order diagrams.

Therefore, we propose a ‘toy’ approximation in this section, that may
seem rather unsystematic at first sight: we will truncate the equations for
the diagonal part of the self-energy at 1-loop order and go to 3-loop order
in the equations for the off-diagonal part, thereby keeping terms that are
small as compared to the terms we neglected in the diagonal part. However,
it is important and well justified to keep small terms breaking the replica
symmetry and contribute to the replicon eigenvalue because they have to be
compared to zero rather than to the contributions to g4. It will turn out
that this approximation captures very interesting physics.

In diagrammatical language we will apply the following approximations
for the self-energy:

21aa = Q (551)
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and
Sarh = Q +€< . (5.52)

The first term in the last equation vanishes because the quartic vertex is
diagonal in the replica indices and consequently the tadpole diagram is pro-
portional to d4p.

5.3.1 Microscopic Action

We note that the toy approximation can be alternatively understood as fol-
lows: as the 3-loop expression displays spurious instabilities we add a stabi-
lizing term Sgiap to the microscopic action (3.3). The minimal choice for the
stabilization is

9 4
Sstab = ﬁ ;/dT/dT, (Z xa,i(T)a:a,i(Tl)) (5'53)

which is of order z® and therefore does not touch our microscopic picture
as the latter has been derived as a Born-von-Karman expansion truncated
at the order z*. Equivalently, (5.53) can be seen as a soft version of the

constraint usually imposed on p-spin models. The term (5.53) contributes a

term
Sstab 4' 2712 Z/dT/dTQ

to 3.6. Therefore, the saddle point value of the Lagrange parameter field
Aap (7, 7") is modified and we find

2
dalri7) = =T Qu(r ) + QR . (550)

This term cancels the diagonal part of the 2-loop contribution to the self-
energy exactly.
5.3.2 Schwinger-Dyson Equations

The saddle-point resulting from the expressions (5.51) and (5.52) for the
self-energy read

QDo) = &+~ I Qua (5.55)
22

(Q Vap(wo) = J?Qup(wo) + . 3.(wo) for a#b  (5.56)

G(we)™ = W+l +Z - Payw) for k#£0 (557

4
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where we have used shorthand

z = Tqu(wk) = Qua(T =0) (5.58)
k

as in the previous chapter.
In the paramagnetic phase, the equations are identical to the variational
ones (by construction) and we have

qq(wg) = % {wQ—i—wz—i—% —\/(wQ—I—w,%—l—%)Q —4.J2 (5.59)
where z has to be determined self-consistently using (5.58). In the spin-glass
phase, (5.59) still holds for & # 0.

New features appear in the spin-glass phase, where we choose an 1-RSB
ansatz, that is Qgp(wo) = (ga — q)dap + gely, for the zero mode of the cor-
relation matrix first. The above equations have to be supplemented by an
equation for the breakpoint parameter m. We use the condition of marginal
stability instead of the equilibrium condition as discussed in the previous
section. Taking the formulas from appendix C, the full set of equations
reads

1 q 2, 9% 2
- = w'4+=—-—J% 5.60
w—4 -+ m=-1g g~ (350)
22
q 2 g T” 4
(94 — @)(qq + (m — 1)q) 6 (561)
1 2 g°T? ,

supplemented by equation (5.58) for z. Using 5.61 in 5.60 gives
1 2, 9% g°T* 3 2
=w'+ =+ q° —J(qq — q) - 5.63
—— P E L (41— (5.63)
One has to find the zeros of a second order polynomial to solve 5.62 for
22
qa(q). Introducing f"(q) = J? + %qQ, equation (5.60) can be written as

" _ 2 gz g2T2 3 J2
V) =wt+ 5+ 5 (5.64)

This can be solved numerically for ¢(z). Multiplying with 1/ f"”(q) and taking
the square gives

2
z
er+ 17 =+ 1) [P+ £+ 1) (565)
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with v = ¢>T2. There will be either no solution or two solutions with positive
q. We choose the larger solution because we infer its stability by virtue of
the analogy to the equivalent spherical model.

The breakpoint parameter can then be found from 5.61 as a function of
qq and g. We find

1
mzl—@-l— — .
¢ (qqa—q)(J?q+ 1)

The criterion for the stability of the 1-RSB solution with respect to C-RSB
can be taken from the considerations in the previous section. We find that
the critical line is determined by

(5.66)

J? =3vq¢” . (5.67)

5.3.3 The Equilibrium Spin-Glass Solution

For the equilibrium spin-glass solution we have

1 q 2 gz 2
w1 (Dt m -1 2 (5.68)
q 2 ’)’2 3

= Jq+ —q 5.69
(94 — q¢)(ga + (m — 1)q) 6 (5.69)

q 1 mq 1 oo 72y
— —log(1 + = 22— 4 (570
m(qa+ (m—1)g m?2 8 qa — q) 27 T 7 g1 (5.70)

which we have to solve for m, ¢ and ¢4 given z. The latter has to be de-
termined self-consistently. Using the second equation in the first, we get a
relation between ¢4 and ¢ that does not depend on the breakpoint parame-
ter m. This can be solved for g4(q) or q(gq) as one likes. We decide to take
A = g4 — g as an independent variable and find

@) = 575 |90 £ /220?02 (.11)

2 _ 2, 9% 7 3
We choose the solution with the negative sign because we expect A(q) — 0
for ¢ — oo.
Equations 5.69 and 5.70 are most conveniently written in terms of A =

_ — _mg
94— ¢, T =g —; and ¢. We find

where

(5.72)
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1 _ J2A2+7_2A22 (5.73)
l+z 6 1 .
1 2
T les(l4e) = S PPN - TSNP (5T

Now ¢ can be eliminated from the last equation using the first. This allows
us to get = as a function of A, solving

(1 + fz)

1
— log(1 = __J2N% % .
Tz og(l + x) 4J T (5.75)

Besides the trivial solution x = 0 corresponding to the paramagnetic phase,

this equation has a nonzero solution only for J?A? < 1, signaling the phase

transition. The maximum value of =, £max = 4.115.. is found when JA = 0.
Given z(A) we can easily determine

6 1
q(A) = \/,),QAz <(1 +z(A)) - J2A2> (5.76)

and insert it into 5.68. This means that we have a single real positive solution
forall A < 1/J.

5.3.4 The Marginally Stable Spin-Glass Solution

For the marginally stable spin-glass solution we have to replace 5.70 with

1 _ 712 7_2 2 7
P Pt =) (5.77)
This means 1
A(g) = ——. (5.78)
J(q)

The expression for the breakpoint 5.66 remains unaltered and ¢ can be de-
termined by solving A(q) = A(g) with A(q) taken from 5.71.

5.3.5 Discussion of the Phase Diagram

The numerical solution shows different behavior depending on the quadratic
part w? of the bare single-site potentials. For w? > 0, there is a second order
phase transition, whereas for w? < 0 there is a first order phase transition.
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If w? < 0, that is if we start with double-well potentials, there is a first
order phase transition occurring with a value m = 1 of the breakpoint pa-
rameter and a nonzero value of the Edwards-Anderson parameter. However,
there is an important difference to the spherical p-spin models. In both
cases, the internal energy depends on g4 and the product (m —1)g alone. As
in the spherical models, g4 is held fixed, a jump of the Edwards-Anderson
parameter does not produce latent heat as long as m = 1. This means that
the phase transition is not first order in the Ehrenfest sense. In our model,
the jump in ¢ induces a jump in ¢4 as well as both of the parameters depend
on each other. This produces latent heat even if m = 1 at the transition.

Behavior of the
Edwards-Anderson order parame-
ter and the breakpoint m in the
case of a first order (blue, w?
—.J) and second order (red, w?
- J) phase transition. The parame-
1 ter w? is the quadratic part of the
bare potential.

— | R Figure 5.3:

— m(’=1)
—- q@=])

== gg@=1)

0.01

— m@=1)

0.1

T/T
g

0.05

F Para F SG

-0.05

T/Tq

Figure 5.4: The difference between
the paramagnetic and spin-glass free
energy for different strengths of quan-
tum fluctuations ' and w? = —1 as a
function of T/T,. For T' = 0 we re-
cover a second order phase transition,
whereas for nonzero I' it is weakly
first order.

It has been shown [24] that in spherical models, the quantum fluctuations

can drive the transition from second to first order by producing a phase
transition where the breakpoint parameter m jumps to a value different from
one. This may occur in our model as well, if only the quantum fluctuations
are strong enough. However, there will be no qualitative change in the
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behavior because the phase transition is first order for any finite value of h.
Only in the limit # — 0 the transition becomes second order.

— - Dynamic
— Static

1 RSB - C- RSB Transition
— Equilibrium Transition

—— First Order — — Dynamical Transition
— First Mode Instability
: Paramagnetic | e
1 g C-RSB
0s 1RSB : o 05F E
0 J 0 E
-0.5 — -0.5 %
. &
Iy - | . . A S bt P P |
10 0.01 0.1 1
T/ T
Figure 5.5: 1-RSB phase diagram of Figure 5.6: 1-RSB phase diagram of
the toy approximation for g = 1.0 and the toy approximation for g = 0.1 and
I' = 0.1 within a equilibrium 1RSB I' — 0.01 extended to lower tempera-
ansatz and the marginally stable solu- tures. The blue line determines the
tion corresponding to the dynamical temperature where the toy approxi-
phase diagram. mation breaks down because the first

Matsurbara mode becomes unstable.
The dash-dotted line indicates a tran-
sition form 1-RSB to C-RSB.

\ ‘ Figure 5.7: Susceptibilities calcu-

— e @=1) lated within the ‘toy’ approximation

- xy.pc«f:*l) i for w? = —1 and w? = 1, where in the

L e latter case the phase transition is of
ZFC T T

‘\I\ | second order. We remind that w? is
X L |

| ] the quadratic part of the bare poten-
} tial and that we are not calculating

05 | frequency dependent susceptibilities.
|

As expected from the spherical p-spin models, the dynamical phase tran-
sition occurs at a higher temperature than the first-order phase transition
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and the transition lines are identical in the case of a second order phase tran-
sition. Interestingly, the free energies of the paramagnetic and the marginally
stable spin-glass solution are identical within our numerical precision in the
temperature range where they coexist.

Formally, the spin-glass solution can be continued into the paramagnetic
phase and the paramagnetic solution can be continued into the spin-glass
phase. However, the breakpoint parameter m becomes bigger than 1 for
the continuation of the spin-glass solution into the paramagnetic phase such
that there is no clear physical meaning to this continuation. This has the
consequence that one would expect an hysteresis cycle for the zero field cooled
susceptibility [17, 37]

XZFC = /dTQd(T) — qEA (5.79)

living entirely in the low temperature phase. The authors of [24] state that
the quantum spherical p-spin model has a hysteretic behavior of the field
cooled susceptibility

XFC = /qud(T) + (m — 1)gga (5.80)

on both sides of the phase transition. We do not observe this in our approx-
imation.

The spin-glass phase is divided into two regions, one with a 1-RSB
scheme, and one with a continuous replica symmetry breaking. The toy
approximation displays unphysical reentrant behavior for 0 < w? < 1. We
think that this is an artifact of our approximation. We note that this tran-
sition is an equilibrium transition between two equilibrium states and occurs
at a temperature much lower than the dynamical transition temperature.
Indeed, the dynamical calculation reveals another criterion than the one we
applied [42].

For very small temperatures, the solution presented above no longer ex-
ists and a new type of solution to our toy approximation appears. It is
worthwhile to comment on this. At the critical temperature, the first mode
Q(w1) becomes unstable and reaches a critical value 1/J. This means that
below this temperature there is a spin-glass solution with nonzero off- diago-
nal elements ¢; = Q(w1)qp with a # b. If taken seriously, this would indicate
an instability with respect to replica synchronization transition as discussed
in section 4.6.2. If such a phase transition would happen to exist in more
serious spin-glass models, it would surely be a candidate for an explanation
of the low temperature phase transition in structural glasses observed by
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Strehlow and collaborators [10] as it is manifestly a quantum phase with
transition temperature scaling with 7.



Chapter 6

Non Perturbative Approach

In this section, we want to develop a resummed perturbation theory for the
model. We will sum a series of ring’ type 2PI diagrams and finally will find
an approximation that is closely related to the random-phase approximation
known form strongly correlated electron systems.

6.1 Summation of Ring Diagrams

First, we will consider the 2- and 3-loop contributions to the two-particle
irreducible part of the free energy I's:

n=4S [ar@(nr) = (6.1)
and to order g?:

2
Iy = Z—S %//deT’Qib(T, ) = . (6.2)

Concerning higher order terms, we content ourselves with the series of
ring - diagrams represented in (6.3). The diagram to order n of this series can
be transformed into itself by 2n symmetry operations consisting in rotations
and combined rotations and reflexions of the whole figure and additional 2"
symmetry operations corresponding to exchanges of the double lines between

65
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the neighboring vertices. That is, the overall symmetry factor of the n’th
order diagram is given by W

I'r =

=

16 48

The above series is summed by the function

FR:%Tnmﬂ+gQg (6.4)

with the double - line propagator defined as

(Q2)a(7,7') = Qo (7, 7') (6.5)

where the trace is understood to be taken over replica and time indices and
the logarithm is taken in the sense of its Taylor expansion. The products
in this expansion are convolutions with respect to time and matrix products
with respect to replica indices. We have introduced 1 = §4,0(7 — 7').

Comparing the symmetry factors appearing for the diagram to order g2
in (6.5) with (6.1) and(6.2), we find that the prefactors arising from the
series expansion of the logarithm overestimate the order g and g2 - contri-
bution. This is due to the additional symmetries of (6.2) under exchanges of
lines which have not been taken into account in the above derivation of the
symmetry factors for the ring-type diagrams. This has to be compensated
by subtracting a term g%Qfl(T =0) = ﬁgSz2 and adding a term %Tr@% to
(6.5).

Finally, the 2PI - part of the free energy given by

Bgz* g% o 2
_ I 02 =Tp + 2T, . 6.6
g to=Tr+3l (6.6)

1 R
[Ring = ZTfln(lH‘ %QQ)

6.2 The Paramagnetic Phase

In the paramagnetic phase, we assume Qup(wk) = qa(wg)dap = A and the

J?
2PT effective action is given by
1 1 22
D= o Y naan) + 5 (R + e?)aaln) — 1) - 22
k k
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1 92 1 A4 !
- 52%(%))\(1(—%) +57 dT/dT Qq(r —T')
P

+ %Zln (1 + % > aqa(w)qa(wy, — wz)> : (6.7)
k I

The Schwinger-Dyson equations we have to solve in the paramagnetic
phase can be obtained by deriving (6.7) with respect to gq4(wy) and setting
A to its saddle point value afterwards. We find

qd(t)k) = o+ Wi = JPqa(wr) - %
2
+ DS guengatom)aton — o - wn) (6:5)

I,m

1
+ 9T qalwy — wy)
1

1+ L5 qa(wm)ga(w — wm)

The above equations can be solved numerically in a straightforward way. It
is worthwhile to note that the last and next to last terms include the Fourier
components of gg(7)? and g4(7)? respectively. These contributions can be
evaluated much faster numerically by Fourier transforming to imaginary time
and back again.

The strategy for the numerics is thus as follows: start with some initial
guess for the g4(wy) and calculate ¢4(7) by Fourier transforming. From this
calculate g4(7)? and ¢4(7)? and Fourier transform them in order to find their
Fourier modes Q%(wy) and Q3(wy). Knowing this, we can easily calculate the
gradient of I' which we will follow using some minimization algorithm. This
is numerically more convenient than solving the Schwinger-Dyson equations,
because it is simpler to find a minimum in multi-dimensions than solving
a large number of coupled nonlinear equations simultaneously, especially
because we have gradient information from the Schwinger-Dyson equations
at our disposal.

6.3 The RS Solution

Assuming an RS structure for the zero mode of the propagator and using the
notation ¢ = Qup(wp) for a # b and gg = Qua(wo), the full effective action
can be expressed as a function of q4, q4(wi) for k # 0 and of q. We derive
the saddle-point equations

92T2

! 1 3 Q3(wo)

2 2
— = w' —J%qy+
@a—q (qa—q)?
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+ 9T > Qwi)I(—wy) (6.9)
k
q _ 1
et J2q+ ¢*T%*¢* (I, — g) : (6.10)
Here
I, - ! (6.11)
T (14 4(Qa(wo) — Tg?))? '
1+ 5(Qa(wr) — 2¢°0(wp))
) = T3 8Qu(on) — () (642
and n .
Qi(wg) = / q‘li(T)e_“"”dT (6.13)
0

is the Fourier transform of the I'th power of Q(7). Equation (6.10) can be
solved numerically for ¢ for fixed values ¢ and Q2(wp). These parameters
have to obey Q2(wy) >= Tq> due to a simple Schwartz inequality. besides
the zero solution we find a nonzero solution as soon as ¢g > 1/.J, just as in the
variational approximation. This solution can be taken into the full effective
action which is then a function of ¢ and Q(wyg), k # 0, alone and can be
minimized numerically using gradient methods. Because ¢ is a continuous
function of ¢4, there will be no first order phase transition and the phase
diagram as well as the critical behavior is very similar to the behavior we
found in the variational approximation.

6.4 Stability of the RS solution

It turns out that m = 0 is the only solution to the Schwinger-Dyson equations
within an 1-RSB ansatz. The derivation of this result is relegated to appendix
D. This result is surprising because one would not expect a symmetry to be
restored in a higher order loop expansion once it is broken at some finite loop
level. However, we are not dealing with any finite loop order. In appendix
D we propose to include a vertex renormalization into the effective acton in
order to find replica symmetry breaking solutions.

Concerning the rich phase space structure of the 3-loop toy approxima-
tion we have to admit that the appearence of the first-order transition and
the transition from 1-RSB to C-RSB is probably an artifact of the approx-
imations done. This could have been anticipated anyway because we would
expect to recover the Sherrington-Kirkpatrick (SK) model in the limit of
deep double wells w? < 0.
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Paramagnet

|
1

Figure 6.2: Phase diagram of the RS
dence of the parameters in the RS solu- - solution for J_: _1 a.nd I= 0'1_ and
tion here shown for w® = J — 1 and g = 0.1. The solid line is a smooth inter-
I — 0.1. Note the definition of the polation to the transition points found
P numerically.

Figure 6.1: The temperatures depen-

Fourier transform for the factors 3.

The toy approximation remains interesting by itself because it reveils a
close relationship between the equivalent p-spin model and our microscopic
glass model and finally it is exact for a microscopic action different from the
oringinal one of our model.

6.4.1 Replica Synchronization

At very low temperatures, the solution newly becomes instable because the
first mode g4(wi) reaches a the critical value 1/J. This means that the
off-diagonal elements Qu(7,7') become time dependent. As the effective
action mixes all modes it is numerically hard to determine the precise time
- dependence and we will merely state here that there is a replica synchro-
nized low -temperature phase, the critical temperature being determined by
gi(w1) = 1/J. The investigation of the physical properties of this phase
will be left to future studies. This transition is probably the one we would
have expected least to survive from the toy approximation. The fact that
we still find it within this elaborate version of perturbation theory justifies
some optimism. If this transition would happen to take place in real glasses,
we would have found a new type of coherent quantum state in glasses. How-
ever, there will be a lot of work to do on the intepretational side before we
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will be able to have a physical understanding of what an imaginary time de-
pendence of the Edwards-Anderson order parameter could stand for in the
non-replicated world.



Chapter 7

Conclusions

We have presented several approximations to one simple microscopic spin
glass model and have found a profound relationship between models dealing
with low-temperature properties, being of soft-potential type and models
known to be very good close to the glass transition, such as p-spin models.

The variational approximation investigated in the first part has the major
advantage of being solvable analytically to a large extent. We find an exact
correspondence to a system consisting of an ensemble harmonic oscillators in
a random field coupled to a super-ohmic bath of oscillators with a spectral
function that can be determined exactly. Due to its solubility, we were
able to analytically continue the imaginary time correlation function of the
model to real times for this approximation. We find the well known features
of dissipative quantum systems such as damping and an algebraic decay.
Furthermore, assuming the random field to be static on experimental time
scales, we find a linear component in the specific heat even though there is no
real tunneling involved in the variational Hamiltonian. At zero temperature,
the nonlocal effective single-site action can be interpreted as an average over
independent particles in quartic potentials subject to random external fields.
This justifies a posteriori the quasi-classical approach applied to the same
model [9]. In the variational approximation, the permutation symmetry of
replicas is exact and marginally stable. The temperature of the transition to
the RS phase is lowered by quantum fluctuations and can become zero at a
critical strength of the quantum fluctuations depending on the ratio between
disorder energy and the harmonic part of the stabilizing potential.

The main methodological point in this work is the introduction of the
two-particle irreducible effective action formalism into the field of quantum
spin-glass theory. It provides a very simple and elegant way of dealing with
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functional self-consistency problems. We stress that the applicability of this
method is not restricted to the model investigated in this work but applies
to virtually all mean-field spin-glass models.

The 3-loop approximation introduces a term breaking the replica symme-
try. We have shown that for fized diagonal part g of the correlation matrix,
we recover a equations identical to those of a spherical p- spin model with 2-
spin and 4-spin interactions showing a 1-RSB or C-RSB phase depending on
the dimensionless coupling constants. In our model however, ¢4 is tempera-
ture dependent and the situation is slightly more involved. At 3-loop level,
there is no stable solution for g4 in the most interesting part of the parameter
space. However, this instability is a spurious product of the approximation
as we know that the initial model must have a solution everywhere.

In order to have a stable solution, we present an approximation extending
the variational approach by the term breaking the replica symmetry and
neglecting the term giving rise to the instability of the 3-loop approximation.
This approximation is partially justified a posteriori in the discussion of the
higher order loop expansions. The ‘toy’ approximation has very interesting
features by itself. It shows a phase diagram similar to the equivalent p-
spin model, with a second order phase transition if the ’'bare’ potentials
in our initial model are of single-well type and a first order phase transition
precessed by a dynamical phase transition if the bare potentials are of double-
well type. At very low temperatures, there is a second order transition from
1-RSB to C-RSB just as in the case of discontinuous spherical p-spin models
[39]. Concerning the influence of quantum fluctuations on the first order
line, we find that quantum fluctuations drive the phase transition first order
in the Ehrenfest sense, as weak as they may be. Only for 2 = 0, the phase
transition becomes second order in the thermodynamical sense. This is to
be contrasted with the results of pure quantum spherical p - spin models
[24] where the quantum fluctuations drive the phase transition to first order
only if they exceed a critical strength.

The non perturbative approach, originally devised to substantiate the
toy approximation, surprisingly shows a much simpler critical behavior again.
The thermodynamical phase transition is of second order throughout the crit-
ical line and the glass phase is of RS type. However, collective features occur
at very low temperatures and we argue that we are facing a phase transition
involving the loss of independence of the replicas concerning translations in
time. The detailed investigation of this replica synchronization transition,
and of its physical meaning is left to further studies.



Appendix A

1 PI Effective Action
Formalism

A.1 General Formalism

Going back to 3.1 we see that we have to evaluate functional integrals of the
form

Z, = /D:z:exp{—S[:z:]} (A1)

with S[z] given in (3.6) and = a n- component vector. The disorder desta-
bilizes the minimum of the effective action at z,(7) = 0 such that below a
critical temperature the inverse propagator in the variational approach gets
negative eigenvalues. This means that there are is a new path ®(7) # 0
minimizing the effective action. Clearly, ®(7) =< z(7) >. Consequently, we
will have do set up a variational theory by expanding around this path.

In order to do so, we write the Generating functional

ZnlE] = /Dxexp{ S[x] — /dmca Vo (T (A.2)

and define the 1 PI effective action as the Legendre Transform of Z,[¢] with
respect to the generating field £(7). We find

I[®] = —In(Z Z / dréo (1) Do (A.3)

This gives
exp {~T[®]} — /m exp {—sm _ Z/df(%(f) - @a(T))ga(T)} (A.4)
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Shifting the integration variable z, — z, + ®, gives

exp {—T[®]} = /m exp {—S[a: + 3] - Z/dma(f)ga(f)} (A.5)

and we are left with a ’'shifted’ effective action

Sz +®) = % [mG_l(Q)x +2G7H(Q)D + dGTH(Q)z + <I>G_1(Q)<I>]
+ % [ + 4270 + 62702 + 4207 + (A.6)

where we have used shorthand

_ 0? ~1
G (Q) = (55 +)ud(r — ) +w? — 27P2QY Uz, )
and suppressed all sums and integrals for matrix multiplications. We note
that we can partially integrate the ®G~'(Q)z-term twice to make it equal
to zG~1(Q)®. Now we arrange the different terms according to their power
in . We find

Sz +8] = % [x(Gl(Q) +28%)] + Lot 4 Ot
4 x[Gl(Q)d)-l-%(I)?’] . (A7)

It is now obvious that we can cancel all terms linear in z if only we choose
for @ a solution of the equation

G Q)P + %@3 = ¢ (A.8)
such that the linear term in (A.7) cancels the source term!

In the end, we are always interested in the case of a vanishing source
term & = 0. Then there is always a solution ® = 0 to the above equation. If
this solution does not exist anymore, we would assume ® = const for a first
try. This gives

W, —2p0° S QLD (0)a, + %@Z ~0. (A.9)
b
This sheds a new light on the instability we encountered in the previous

section. In the high-temperature phase Qu, = Qd. and we have the the
only solution ® = 0 that becomes unstable whenever pJ2Q®~1(0) > w?. In
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the case pJ?QP~1(0) > w? we find an additional solution corresponding to
a macroscopic polarization of the system.

P2 = g [2p72Q"7(0) - ] (A.10)

if @ was still diagonal in this case. Assuming a replica symmetric structure
Q(0) = (Q —q)dap +q for the zero mode of the connected correlation function
Q gives forn — 0

P2 = g 2p7%(Q — )"V = ?] . (A.11)

If there are higher modes for which w? + w? — Q(wy) becomes negative, the
situation becomes considerably more involved because one mode different
from zero would create nonzero values of the other modes as well.

It turns out to be convenient to translate the above equations to equations
for ® and the connected correlation function G = QQ — ®®. In the case p = 2
we find

g
w?d, — 4.J? ;(Gabcbb) - ®, zb: 7| + 6@2 =0 (A.12)
———
o(n)

such that we could have been using the connected correlation function di-
rectly in order to determine ®.

At this point it is important to note that there are, besides of the obvi-
ous replica symmetric solution ®, = ® other solutions as well [46]. Now the
disconnected two-point function Q4 depends on the ® such that a non sym-
metric structure of the vector ® would manifest in a breaking of the replica
symmetry of the correlation function as well. However, () is defined as the
average correlation function such that an ansatz with a replica symmetric ()
and more than one non replica symmetric vectors ® distributed in a globally
replica symmetric way is no contradiction.
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Appendix B

The 2P1 Effective Action
Formalism

B.1 General Framework

In order to go beyond the variational approach, we have to devise new ap-
proximation methods. The 2PI effective action formalism will be shown to
be a very powerful tool for the treatment of disordered systems in general
and for the microscopic glass model treated in this work in special. The
ideas presented here have been introduced for fermion systems by Martin
and DeDominicis [44] long time ago footing on ideas of Luttinger and Ward
[43]. We want to follow a generalized notation for general quantum fields
introduced by Cornwall et. al. [45] .

We translate the 2PI-effective action formalism known from field theory
into the language of quantum statistical physics and show that it is especially
well suited for the treatment of disordered systems.

We consider the partition function

~WILE] (B.1)

Z[J, R] e
= [pee{- sl + [ e@i@) 15 [ ewnEew)||

where the integrals in the exponent are meant to be over the whole n(d +
1)-dimensional configuration space: [, = 3, [dz, foﬁ " dr. The quantum
statistical problems investigated in this work correspond to d = 0.

We obviously have W = —1In(Z) and W[0,0] = SF where F is the free
energy. As in statistical mechanics, we can generate expectation values from
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the function W:

TR < pta) >1= 21) 2
and
% = % < p(z)ply) >= %(@(x)@(y) + G(z,y)) . (B.3)

We proceed stepwise: first we take the Legendre transform with respect
to J:

R3] — W[J, R] — / () J(x) . (B.4)

This is nothing but the ’standard’ 1PI effective action for a theory with
action .
Spl = Slpl+ 5 | p@) R y)ey) . (B.5)
zy
In deriving the properties of this effective action, we have to take care of the
fact that the relation between ® and J is now R- dependent: J = JZ[®)].
Calculating the properties of I' we find:

STR®]  §WI[J,R] SWILR] 8J(2) / 3(2) §J(2)
———
=P(z2)
_ OWI[J,R] 1

and in complete analogy to the 1PI effective action

ST R [®]

o) —J(x) . (B.7)
We now want to decompose I'*[®] into two parts:

o] = s7[@] + I'F[@] (B.8)

where
rfe] = reo] - stel

— WI[J,R] - / () J(x) — ST[]

= ([ Doern{~ sl + [ e@ @) + 5 [ ownEew)|)
—1In </D<pe:1:p {/I O(x)J(z) + SR(Q)}> . (B.9)
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After a shift ¢ — ¢ + @ in the first integral we find:

rie] = —ln(/Dgoe:cp{— {SR[CP + o] — SE[®] —i—/ztp(x)J(a:)] }) .
(B.10)
In this expression we insert J(z) = —?;f;] = —5(%12([934;] — ?@{{(g] to find
R
@] = —In (/D(pexp{— [SR[q) + ] — SE[@] - / @(x)d(%(g]
I (*)
R
90(:1:)551;3(5;1;]] }) :
(B.11)

Now we expand the difference S[p + ®] — SE[®] in a Taylor series

R R §SE[®] 1 .
ST p+@]-S7[P] = W(f)m +§‘P($)[Go (z,y)+R(x,y)](y)+Sint [P, ¢]
—————

cancels with ()
(B.12)

where G 1is the quadratic part of the bare action S and Sjn; contains cubic
and higher order terms in ¢(x).
For a theory with interaction ~ % [ o(z)* we would simply find

Silirol = [ 20(@)p(@) + Jols)’ (B.13)
and
e T T e R ). (B
" dp(@iely) T o 6 v B

As usual in field theory, we write the full (R-dependent) inverse Propagator
in Terms of a Schwinger-Dyson equation which, in our case defines the proper
self-energy L7

52T F[®]

3B(2)00(y) G (z,y) + R(z,y) — 2" (z,4; D) . (B.15)

The proper self-energy defined in this way clearly contains only one particle
irreducible (1PI) diagrams.
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In order to complete the derivation, we take the Legendre transform with
respect to R in order to get the full 2PT effective action:

R
oG] = 1ol [ R
= I‘R[Q)]—/I’y % R(z,y) (B.16)
N——_——

=3(2(
1 1
= 1%~ 5 [ @Ry -5 / R(9)G(r.v)
Tr

(RG)

= rfa]+ 570 5 [ S@)RE.e0) -3 THRG)

2)®(y)+G(2,y))

~

S[®]

= TR[®]+ 5[®] - %Tr(RG) :

The derivatives of I'[®, G] are easily found:

oT[®,G]
o~ '@ —/yR(x,y)@(y) (B.17)

ore,Gl 1
0G(z,y) —3fizy) - (B.18)

In most physical applications, the external fields J(z) and R(x,y) are zero
and the above equations state that the full propagator G and the ’classical’
field ® are saddle points of the 2PI effective action I'[®, G].

We motivate the common way of writing the 2PI effective action by
considering the 1-loop result first. In order to do so, we denote with S (2)
the part bilinear in the fluctuating fields of the action. Taking only the ’tree
level’ and the quadratic bilinear part of the action into account we find

I, G0-on) — S[] + %Trln[S(Q)] + %TrRG (B.19)

denoting S?) =g = Gal — R and consequently R = Gal — G~ we find
the following expression for the one-loop effective action:

T[®, G)(1—low) — 53] + %Trln (G—l) + %Tr (Go—l(; - 1) . (B.20)
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Using this result we decompose the 2PI effective action into one part which
is of the form of the one-loop expression and into another part I's which
contains all the rest.

1 1
[[®,G] = S[®] + -Tr(InG ') + = Tr(Gy 'G — 1)+ Ty[®,G] . (B.21)
N 2 2 _ S——
D all the rest

one-loop expression

The first terms are reminiscent of the one-loop result and I'y[®, G] stands
for all the rest. A simple comparison with the definition of the proper self-

energy B.15 reveals that from gg({;’g)] = —%R(:z:, y) one immediately gets the
identity
oL [®, G

as we know that X(z,y; ®), being a proper self-energy, contains only one
particle irreducible diagrams we immediately know that I'y can only contain
two-particle irreducible diagrams. Else, the derivative with respect to G
-namely ¥ - would contain a one-particle reducible diagram.

This is all the importance of the 2PI effective action, because the re-
striction to only 2PI diagrams diminishes the number of diagrams one has
to calculate at a given order enormously. We finally restate this important
result:

['s[®, G is given by all two particle irreducible Graphs with propagator
lines set equal to G; the 2PI Graphs are constructed from S[® + ¢|. Terms
cubic and quartic in ® give the vertices:

S(z,y; @, G) = S (z,y; D) (B.23)

We note that setting R =0 and J = 0 we find I'[®, G] = W[0,0] = SF.
This means that finding the Extrema of the effective action is equivalent to
finding the extrema of the free energy.

The generalization to the case of non vanishing source fields Ry, = Agp
as it is required in our case is obvoius. Either one solves the saddle point
equations for finite R, or one includes the bilinear and nonlocal part of the
action in the quadratic part of the action, the bare inverse porpagator G|, L
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B.2 Loop Expansion of the 2PI Effective Action

B.2.1 Feynman Rules for Quantum statistical Mechanics

The Generation Functional Z(3,7) can be written as

B
Z(B,j) = Nexp{—Z/O dTV(&jj(T))}

The Feynman rules derived from this are identical to those for 7' = 0, pro-
vided one takes the Matsurbara propagator G, to represent the lines. Be-
cause of the periodicity in imaginary time it is most convenient to work
with Matsurbara Frequencies wy. The energy conservation will be given by
a BO(Y}, w;) at each vertex, where w; are the frequencies of the incoming
lines.

We will now give the Feynman Rules for a quartic potential with ’inter-
action Vr = £zt

1. Draw all topologically inequivalent diagrams to a given order of per-

turbation theory.

2. Assign a replica index a and a factor —gB8(3_; w;) to every vertex
of the diagram.

3. Assign a factor Gg(wg) to every line of the diagram, where a and b
are the replica indices of the endpoints of the line.

4. Sum over the frequencies of every internal and line with the measure

T,
5. Sum over the replica indices of the vertices.

6. Multiply by the symmetry factor.

B.2.2 Loop Expansion of the Quartic Model

In this section we want to discuss the loop expansion of the 2PI effective
action in quantum statistical problems.

The contributions corresponding to the different Feynman graphs given
in Figs. (a)- (d) are as follows:
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! @@%9

re[®,Gq] = / drG2(r, 7 (B.25)

rb[®,G] = _ﬁ dT ; dT 'G3(r, 7B (1) B(7) (B.26)
2

re.G = -4 /0 dr /0 ar' G (r, 7 (B.27)

Fd[q) G] _ i 'Bd ’Bd / Bd //G2( /)G2( / //)G( ”)(I)( )@( //)

5[®, A T, T T, T 7,7 )®(T)P(T

(B.28)

At the 2-loop level in the symmetric phase, (® = 0), we have to consider
graph (a) only. The resulting expression for the 2P1T effective action reads

1 1 g
1—12—100p _ —iTrln(G) + §TI‘(G61G _ 1) + %/ dTGQ(T,T) (B29)
0

which gives us just the expression for the free energy we had found in the
variational approach.
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Appendix C

1-RSB Formulary

In this appendix we want to derive the relevant expressions for the logarithm
and the inverse of ultrametric matrices with 1-RSB structure described by
the ansatz:

Qab = (94 — q1)0ap + (@1 — qo)egy, + Q0 (C.1)
where
1 when o)=L
€ab = { 0 else bl = Ll (C.2)

and |-] denotes the largest integer smaller than the argument of the brackets
(Gauss brackets or floor function).
The above matrix has the following eigenvalues:

As = qg+(m—1)g + (n—m)q with 1- fold degeneracy (C.3)
Aoy, = qa+ (m—1)g1 —mqo with = — 1 fold degeneracy (C.4)
Aoy = (ga—q1) with (m — 1)+ fold degeneracy (C.5)

where the eigenvectors are common eigenvectors of €” with eigenvalue m,m
and 0 respectively and of 1,,, the n X n - matrix with all elements equal to
1 and with eigenvalues n,0 and 0 respectively.

We construct the projectors on the eigenspaces in terms of €, , 1, and
1 and write the inverse matrix as

1 Qo = qd — 91 1
_ D g 1 .
@ VST WS W W (€6)

Note that Ay — Aq, for n — 0.

85



86 APPENDIX C. 1-RSB FORMULARY

The Trace of the logarithm of the matrix is just the sum of the logarithms
of the eigenvalues multiplied with their degeneracy and we find:

— I 4o
Tring =1 <1+m(Q1_QO)+(Qd_Q1)>
+ % In (1 + %) +nln(gq — q1). (C.7)

In absence of external fields we always have the solution gg = 0. Now the
derivatives with respect to the remaining parameters read:

5Tr1nQ: qa+ (m —2)q1 (C.8)
dqq (9a — q1) [(gd — q1) + maq1] '
Trl 1-—
0TrIn @ _ ( m)qi (C.9)
dq1 (qa — q1) [(qa — q1) + ma1]
0Trin@ _ %ln [ 94 — Q1 } 1 il . (C.10)
om m qq — q1 +maq mqq — q1 +mq

We note that for m = 0 we recover the RS ansatz.



Appendix D

Stability of the RS solution

In this appendix we want to investigate the stability of the replica symmetric
solution to the resummed perturbation theory presented in chapter 6. We
will find that the replica symmetric solution is exact and outline an additional
2PI -vertex correction that presumably has to be taken into account in order
to break this spurious symmetry.

Assuming a 1-RSB structure for the correlation function ) immediately
leads to a 1-RSB structure of the argument of the logarithm in (6.6), such
that the trace over the replica indices can be taken using the well known
eigenvectors of ultra-metric matrices.

Doing this, we end up with

1 1.1 g,
STr = 3Tr| o ln(l+ 5(Q4 + (m — 1)gka)) (D.1)
m—1 g
b (4 Q% - )|
1 [1 g mq]%A
= —Tr|—In(l1+= ~ )
2 |m 21+ 5(Q7 — gga)

+ In(1+2(QF - ¢tn)) (D2)

Note that whenever correlation functions appear in the denominator of
a fraction, this has to be interpreted as the inverse in the matrix sense.
Moreover, the logarithms are functional ones and 1 = §(7 — 7). In the
expression (D.1), the trace is over the time - arguments only. The second
formulation of I'g in (D.1) points out that in the limit of vanishing Edwards-
Anderson - Order - Parameter qga — 0, I'g becomes independent of m and
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equal to its paramagnetic expression:

1
R = STrin(1+ 2Q7(r, ™)) (D.3)

D.1 1-RSB Saddle Point Equations

In the end, we are interested in the extrema of the 2PI effective action and
we have to take the derivatives of I'p with respect to its parameters. We
find

1 Ig 9qa(t, ') ,
- — I D4
n dgq(T, ') 2 d(7,7') (D.4)
1 0r 203 -1
100k _ gdsalm —1) )[q (D.5)
n OqrA 4
10Tg 1 9GEA 1
—RE - Tyln(l4+ mZEAY
n Om 2m? n(ll+m 2 )
9qha gz ]
TIEA . D.
+ im (|1U+m 5 ] ) (D.6)

Here we have introduced the functions

Iy(r, 7)) = /dT"dT'"

2
U(r,7") + (m — 1)—9‘1;*‘]

-1

x [U(T",T"')er@ [, )~ (D.7)
Ulr,') = o(r =)+ 5(a3(r, ™) — ata) (D-8)

5 71-1
I, = /deT'dT" lU(T, ') -I—m—gq;A] [, 7] " . (D.9)

In order to get rid of the excessive convolutions, it is again convenient
to pass to Fourier space. As always, assume time translational invariance
in time for all time dependent quantities: Q(7,7") = Q(7 — 7') and use the
following conventions of the previous chapters for the Fourier transform. We
find

@) = 1+ 2w —a) - Sigas)  (D.10)
k
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where gga = [qra is the Fourier transform of gga. The convolutions in
equations (D.4)-(D.9) become simple products in Fourier space and we find

U () + g 5 k)

Ty(wg) = 5 (D.11)
Uwr) (U (wr) + 5525 (k))
1 9T ,
= —0(k)— I D.12
Ty 30 G akall (D.12)
1
I, = T (D.13)
(U(wo) + ==54)U(wo)
10r 1 Tq? Tq? 1
1oTr  _ n |14 79 A | 9T 2
n Om 2m 2U (wp) 4m Ulwo) + mgT;qEA
51—12 gQTQ
»? = 2 = m)Q(—wi — wy) . (D.14
(wr) Q) 3 %Q(wz)Q(w )Q(—wi — wp) . (D.14)
Using these expressions and the shorthand z = 8- and y = ";g}gz%, we

can write the full set of saddle- point equations for the zero modes:

1 B dEA = w2 J2Qd _9z
qd — qEA (g4 — qeA)(gq + (m — 1)gra) 2
+ 9T > Qw)a(—wy) + 5P (wo) (D.15)

l

and for the off-diagonal elements:

2m2 3
A T 1
B = JPqpa + L 2EA QqEA (I - 3) (D-16)

(g4 — qeA) (g4 + (m — 1)gra)

or
2 %2 m2¢>Tq
—~ = J*m?qg, — ———2A D.17
1+z 14y " deA 6 ( )
The saddle point equation with respect to m can be written as
1 ¢’T? 1 y 1
—ZJ242 I A = —— |In(1 —} —[11
o7 AT 5 A g2 M)+ | g U a)

(D.18)

where the last equation holds at equilibrium only and has to be replaced by
a condition of marginal stability for the ’"dynamic’ calculation.
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Using A = g4 — qea as in the toy approximation we can relate x, y and
A by an equation independent of m and of the temperature:
1 2

vz 31+2

y y?
—J2$2A2: — m‘l‘ 1+y +1n(1+y)

+ +In(1 + z)

(D.19)

It turns out that the equations (D.16) and (D.19) have only one solution
corresponding to m = 0, i.e. the replica symmetric solution. The solution
m = 0 corresponds to x = y = 0 and is obvious from (D.19) We must
conclude that the replica symmetry is not broken in the non perturbative
approach presented in this section and that therefore the replica symmetry
is exact in thermal equilibrium at this level of approximation.

This is surprising because one would expect the solution presented above
to be fairly good because we have summed a large class of diagrams. In
the classical limit however, our model should become equivalent to the
Sherrington-Kirkpatrick (SK) model in the limit of deep double wells, when
w? is negative and large in absolute value. The SK-model however is well
known to display full replica symmetry breaking. At the level of approx-
imation presented here, we have not included an order parameter ¢y (c.f.
appendix C) in the 1-RSB ansatz. It is possible that including such a pa-
rameter would allow for an 1-RSB solution. However, most probally we have
to include a vertix renormalization of the type presented in the next sec-
tion in order to find replica symmetry breaking for the effective field theory
presented in this work.

D.2 The First 2PI vertex correction

The first vacuum diagram we have not taken into account in the non per-
turbative approach is of order ¢* and is sometimes called the ‘eye’ diagram
for obvious reasons. It reads

Feye = (D.QO)

This term gives rise to the first two-particle irreducible vertex correction:

= + . (D.21)
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We suppose that this diagram would contribute to the replicon eigenvalue
and thereby break the replica symmetry just as the three loop term did on
top of the variational approximation. However, (D.21) generates vertices
Jaabh With a # b and a systematic self-consistent treatment of this vertex
renormalization scheme is very involved and beyond the scope of this work.
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