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Zusammenfassung

Wir untersu
hen die Quantenstatistis
he Physik eines mikroskopis
hen Glas-

modells in vers
hiedenen Näherungen und �nden Beziehungen zwis
hen bekan-

nten Arten der Bes
hreibung glasartigen Verhaltens bei tiefen und hohen

Temperaturen. Dabei verwenden wir die Repli
a-Methode zur Bere
hnung

der freien Energie und implementieren die si
h ergebenden Selbstkonsistenz-

glei
hungen in einer Entwi
klung na
h zweiteil
hen-irreduziblen Vakuum-

graphen. In der einfa
hsten variationellen Näherung ergibt si
h ein zur

quasiklassis
hen Version des Modells analoges Bild. In dieser Nähreung

zeigen wir die Äquivalenz des Problems mit dem eines Ensembles von har-

monis
hen Oszillatoren, die an ein Wärmebad gekoppelt sind. In der nä
h-

sten Ordnung der Entwi
klung ergibt si
h eine Analogie zu einem Spinglas-

modell mit 2- und 4-Spin We
hselwirkungen. Der Glasübergang kann dur
h

Quanten�uktuationen zu einem Phasenübergang erster Ordnung werden.

S
hlieÿli
h untersu
hen wir eine ni
htperturbative Näherung zum glei
hen

Modell, in der si
h die Phänomenologie wieder vereinfa
ht.

Abstra
t

We investigate the quantum statisti
al physi
s of a mi
ros
opi
 glass model

in di�erent kinds of approximation s
hemes and develop relations between

known pi
tures des
ribing glassy behavior at low and high temperatures.

We employ the repli
a method for the determination of the free energy, and

implement the resulting self-
onsisten
y equations in an expansion in terms

of two parti
le irredu
ible va
uum graphs. Within the simple variational

approximation we �nd strong analogies to the quasi-
lassi
al version of the

model. We show that the problem is equivalent to the problem of an ensemble

of harmoni
 os
illators 
oupled to a heat bath. We �nd similarities to a

spin-glass model with 2- and 4-spin intera
tions at the next order of the

perturbation expansion. We show that the glass transition 
an be driven

from se
ond to �rst order by quantum �u
tuations. Finally, we investigate

a non perturbative approximation to the same model, displaying a mu
h

simpler phenomenology again.
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Chapter 1

Introdu
tion

Ever sin
e the �rst experiments have unveiled the low-temperature anomalies

in stru
tural glasses [1℄ 30 years ago, there was vivid interest in the origin

of these rather universal phenomena present in most stru
turally disordered

systems [2, 3℄. Almost right from the hour of birth of this �eld of resear
h it

be
ame 
lear that the low temperature anomalies in glasses have to be in a


lose relation to the existen
e of tunneling 
enters in this type of material.

At very low energies, these lo
alized systems give rise an ex
ess density of

states as 
ompared to the 
rystal. Therefore, they dominate the behavior of

the probe at temperatures below or of the order of 1K.

The 
ommonly a

epted mi
ros
opi
 pi
ture of these tunneling systems

is the one of some 
olle
tive 
oordinate of a group of atoms, possessing two

almost degenerate equilibrium positions separated by an energy barrier. The

latter 
an be penetrated due to quantum tunneling if neither the mass 
orre-

sponding to the 
olle
tive 
oordinate we are looking at is too large nor is the

barrier too high nor the energy asymmetry between the minima too large.

In the 
ase of degenerate minima of the energy lands
ape, the degen-

era
y is lifted by the pro
ess of quantum tunneling � the tunnel splitting.

This tunnel splitting gives rise to lo
alized ex
itations at very low energies

a

ounting for the ex
ess density of states mentioned above.

At very low temperatures, the only states 
ontributing to the dynami
al

properties of the glass are these pairs of tunneling states. This means that

e�e
tively, the relevant Hilbert spa
e be
omes two dimensional and the pro-

je
tion of the Hamiltonian 
an be mapped onto a spin-1/2-system. Now it is

an easy task to determine the distribution of '�elds' the ensemble of 'spins' is

subje
t to from the experimentally observed power laws in the temperature

dependen
e of the spe
i�
 heat and of the various types of sus
eptibilities.

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Commonly a

epted mi
ros
opi
 pi
ture for tunneling 
enters in

glasses. A group of atoms may penetrate an energy barrier separating two al-

most degenerate 
lassi
al equilibrium positions of the system. The tunnel spitting

gives rise to lo
alized ex
itations of very low energy on top of the long-wavelength

phonons present in the ordered 
rystalline 
ounterpart of the system.

This has been done by Anderson, Halperin and Varma [4℄ and Phillips [5℄

and their result has be
ome the 'Standard Tunneling Model' (STM).

In fa
t, all this would not be very surprising, were the behavior observed

in the low-temperature region not very universal � qualitatively and quantita-

tively. The russian s
hool [6℄ was able to map the 
hara
teristi
 distribution

of '�elds' in the spin-1/2 pi
ture of the STM onto an ensemble of parti
les

in quarti
 potentials with randomly distributed parameters. The potentials

used in this type of approa
h 
an be viewed as resulting from a Born-von-

Karman expansion around unknown referen
e positions. This expansion is

trun
ated at quarti
 order in deviations from these referen
e positions. This

type of model will be referred to as the 'soft potential model' (SPM) through-

out this work. However, there is an ambiguity in the 
hoi
e of the referen
e

positions, su
h that not all 
oe�
ients in the expansion 
an be independent.

For every stable quarti
 potential one 
an always �nd a referen
e position

su
h that either the prefa
tor of the linear- or of the 
ubi
 term vanishes. It

seems su�
ient to assume the linear and the quadrati
 terms of the e�e
tive

potentials to be widely distributed. The quarti
 
oe�
ient 
an be set to 1

by 
hoosing an appropriate length s
ale for every degree of freedom under


onsideration. At very low temperatures, only those potentials giving rise to

an observable tunnel splitting are relevant, i.e. the tunneling must take pla
e

on a time s
ale smaller than the experimental one. This requirement proje
ts

out a tiny region in the wide spa
e of parameters of the e�e
tive potentials.

In this region, the probability density of the parameter-distribution 
an be

safely assumed to be 
onstant. It is this fa
t that is at the origin of a major
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part of the universality of the low temperature anomalies in glasses [7℄.

However, the question of the mi
ros
opi
 nature of the tunneling systems

is still unsolved to a large extent. Espe
ially the fa
t that the observed

tunneling systems are independent is at least puzzle and sometimes even

been 
alled paradox [8℄. The argument is that no matter what the pre
ise

mi
ros
opi
 pi
ture of the lo
alized tunneling systems may be, they should

be intera
ting with a for
e proportional to 1=r

3

, where r is the distan
e

between a pair of tunneling systems. The reason is the distortion of the

whole latti
e due to the 
hange in the lo
al 
on�guration 
orresponding to

the tunneling pro
ess. However, su
h an intera
tion seems to be absent or

at least very weak experimentally.

In re
ent times, new light was shed on this problem by the works of

Horstmann and Kühn (HK) [9℄. They were able to show that starting from

a model with in�nite range intera
tions and site-independent lo
al potential,

the model 
an be mapped onto an ensemble of independent parti
les moving

in e�e
tive potentials with parameters distributed similar to the SPM. The

mean-�eld nature of the model allows the authors to des
ribe the e�e
tive

double-well potentials as being of 
olle
tive origin. The long-range nature of

elasti
 intera
tions in real, 3-dimensional glasses gives some 
on�den
e, that

this mean-�eld des
ription 
aptures the essentials of the 
olle
tive origin of

tunneling systems in glasses.

Nevertheless, there are severe doubts, 
on
erning the pro
edure to in-


lude quantum tunneling applied by HK: the authors apply 
lassi
al statis-

ti
s in order to 
al
ulate the energy lands
ape. Only then they quantize the

motion of parti
les within this 
lassi
al e�e
tive energy lands
ape. If taken

into a

ount from the onset, quantum �u
tuations 
ould not only modify

the ensemble of e�e
tive potentials, they 
ould even render the des
ription

in terms of potentials impossible due to the emergen
e of memory-terms in

the e�e
tive a
tion.

These doubts be
ame even more serious when Hunklinger, Strehlow [10,

11℄ and 
oworkers experimentally found eviden
e for a phase transition at

a temperature as low as 5:84mK by observing a slight kink in the diele
tri



onstant vs. temperature 
urve. The mere smallness of the transition tem-

perature made the authors spe
ulate on having found a transition to some

kind of 
oherent quantum state. Moreover, magneti
 �eld e�e
ts have been

observed in a variety of experiments [12℄. Perhaps the most striking ones

have been seen in experiments probing the in�uen
e of magneti
 �elds on di-

ele
tri
 e
hoes of the tunneling systems in glasses [13℄. As these phenomena

appear on the same temperature s
ale as the phase transition, there are good

reasons to guess that both phenomena share a 
ommon ground. Therefore,
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it was deemed ne
essary to 
arry out a fully quantum statisti
al version of

the HK-model in order not to lose informations on 
olle
tive quantum ex
i-

tations and to sear
h for an eventual 
olle
tive quantum state in glasses at

low temperatures. The preliminary results of this proje
t are presented in

this work.

In a �rst part, we will introdu
e the mi
ros
opi
 mean-�eld model to be

investigated in this work. The derivation presented here is very qualitative.

The fo
us is put on 
onvin
ing the reader that there are good reasons to

believe that the model should 
apture qualitative features of real glasses

rather than rigorously deriving the model as an approximation to some exa
t

mi
ros
opi
 theory � whi
h is not at hand anyway.

The se
ond part is dedi
ated to the derivations of the mean-�eld equa-

tions for the thermal 
orrelation fun
tions using the repli
a tri
k. Further-

more, we will argue that the imaginary time dependen
e of 
orrelations be-

tween di�erent 
opies is bound to be trivial due to the symmetries of the

system. This will be at the origin of the weak in�uen
e of quantum �u
tua-

tions on the ultra-metri
 stru
ture of the system's phase spa
e.

Afterwards, we investigate a variational or Hartree approximation to

the model. Despite its simpli
ity, the variational approximation presents

many interesting features, su
h as the transition to a glassy state and a low-

temperature behavior that approa
hes the one observed in HK as T ! 0 in

the sense that the physi
s 
an be des
ribed in terms of a distribution of lo
al

potentials. The variational equations 
an be solved analyti
ally to a large

extent. This allows us to study the analyti
al 
ontinuation of the imaginary-

time 
orrelation fun
tion to real times and to get information on dynami


quantities by this means. Furthermore, we will show that the e�e
tive a
tion

found in the variational approa
h is pre
isely the one of a quite interesting

system plus bath Hamiltonian.

In order to go beyond the variational approximation, we will apply a self-


onsistent perturbation expansion s
heme in terms of two-parti
le irredu
ible

(2PI) va
uum graphs. This approximation s
heme results in 
al
ulating an

e�e
tive a
tion obtained by a double Legendre transform of the free energy

and is equivalent to expanding the self-energy in terms of skeleton graphs.

The appli
ation of this method for self-
onsisten
y problems as the ones we

will en
ounter in this work is the main methodologi
al point of this work

and results in a major simpli�
ation of the perturbative expansion for mi-


ros
opi
 mean-�led glass models. It is this method that will allow us to

obtain trustworthy non perturbative results.

The glassy phase observed in the variational approximation is not really

glassy in the 
omplexity sense, the solution being symmetri
 in the repli
a
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indi
es. This symmetry will be spontaneously broken when we in
lude higher

order terms in the loop expansion of the 2PI e�e
tive a
tion of the model.

Already at 3-loop, we will �nd an enormous ri
hness of the model: we will

see �rst order and se
ond order phase transitions, a 
rossover between the

latter and a transition from a phase 
hara
terized by one order parameter

(1-RSB) to one 
hara
terized by an order-parameter fun
tion (C-RSB). Even

though the 3-loop approximation is not stable all over the parameter spa
e,

it is of 
onsiderable interest by its own be
ause it 
an be almost identi
ally

mapped onto a spheri
al spin glass model 2-spin and 4-spin intera
tions.

The latter model is 
onsidered a good one for glassy behavior by the glassy-

dynami
s 
ommunity and its derivation presented here will shed new light

on the relations between p-spin models and stru
tural glasses.

Finally, we will present a non perturbative approa
h to the model by

summing a series of diagrams. Even though it is hard to prove systemati-


ally that we are doing better than 4-loop, the equations resulting from this

approximation have the enormous advantage of possessing solutions through-

out the parameter spa
e of our original model. Surprisingly, we re
over the

repli
a symmetry in this non perturbative approa
h.

The �rst two appendi
es are dedi
ated to deriving the e�e
tive a
tion

formalism applied in this work. They are followed by appendi
es on te
hni
al

details.
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Chapter 2

The Model

2.1 General Pi
ture

In this 
hapter we will develop the mi
ros
opi
 model we put forward for

glasses and formulate the Hamiltonian of the simple model we want to in-

vestigate throughout the major part of this work. We argue that the model

presented in this 
hapter should 
apture the essential features of glasses in

the high- as well as in the low-temerature regime.

As already mentioned in the introdu
tion, we think of the degrees of

freedom in amorphous solids as of 
ontinouous 
hanges in the lo
al 
on�g-

uration in the amorphous network. These 
hanges in lo
al 
on�guration

mainly take pla
e along a line of minimal a
tion in the a priori high dimen-

sional 
on�guration spa
e. The a
tual position on this line will be labeled

x

i

. There is one ambiguous value of x

i

being set to zero and 
alled the ref-

eren
e position. In general, the referen
e position will be 
hosen su
h that

it 
orresponds to a minimum of the 
on�guration energy or will be at least

very 
lose to one su
h minimum. In this 
ase, x

i

would be the proje
tion

onto the lowest eigenve
tor of the Hessian matrix 
orresponding to minimum

number i. In more 
ompli
ated 
ases where there are two 
lose minima, x

i

would 
orrespond to some point on the path with least a
tion 
onne
ting

the two minima in 
on�guration spa
e. In order to �nd a good des
ription

of the low-temperature properties of an amorphous material, we 
on
entrate

only on the softest modes of 
hanges in 
on�guration spa
e and among these

espe
ially on those giving rise to tunneling ex
itations.

As 
an be 
on
luded from experiments and 
an be seen from 
omputer

Simulations of binary Lennard-Jones mixtures [14, 15℄, these soft modes are

lo
alized obje
ts in a sense that most of the weight of the soft eigenve
tors

7
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Figure 2.1: Simpli�ed pi
ture of the degrees of freedom in an amorphous solid.

Typi
ally, we deal with 
hanges in lo
al 
on�gurations leading to long range dis-

tortions of the host network. These distortions give rise to intera
tions.

of the Hessian is 
on
entrated on a small number (of order 10) of atomi



oordinates. These 
oordinates will be subsequently 
alled relevant. The

feature of lo
alization will be one of the essential starting points for this

work.

Consider the lo
alized group of atoms whose 
oordinates have most of

the weight of the 'soft mode' i, the relevant atoms. The proje
tion of the

movement 
orresponding to mode i onto the spa
e spanned by the relevant


oordinates will des
ribe a 
hange in 
on�guration whi
h is not an eigen-

mode of the system as a whole, but approximates su
h a mode quite well.

The important point is that these proje
tions � we will 
all them x

i

� are

independent degrees of freedom be
ause there are rarely any atoms parti
i-

pating in more than one mode as a 
onsequen
e of the lo
alization dis
ussed

above. We will denote the 
on�guration energy 
orresponding to the value

x

i

of the proje
tion of the mode i on its relevant 
oordinates as V

i

(x

i

). Of


ourse, these potentials are not known in general.

From a kineti
 point of view, there will be an e�e
tive massm

i

asso
iated

with the degree of freedom 
on
erned, su
h that the total Hamiltonian of the

system will be approximately given by a sum of 'single-site' Hamiltonians


orresponding to the di�erent relevant degrees of freedom

H =

X

i

"

p

2

i

2m

i

+ V

i

(x

i

)

#

: (2.1)
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While proje
ting onto the relevant 
oordinates, we have negle
ted the long-

range distortions of the host network 
aused by the lo
alized 
hanges in


on�guration. Alternatively, these intera
tions 
an be seen as the 
onse-

quen
e of the overlap of the soft modes. Mi
ros
opi
ally, they are mediated

by atomi
 
oordinates parti
ipating in more than one of the quasi-lo
alized

ex
itations. From a ma
ros
opi
 point of view they 
orrespond to strain

�elds. Due to their long-range nature, these intera
tions 
an be des
ribed

in terms of elasti
ity theory. Typi
ally, there will be an elasti
 long-range

intera
tion with a for
e proportional to 1=r

3

due to distortions of the host

network. A

ounting for these intera
tions to leading order in the deviations

from referen
e positions x

i

, we would �nd an intera
tion of type

V

int

=

X

i<j

J

ij

x

i

x

j

(2.2)

where the J

ij

are determined by the distan
es and elasti
 momenta of the

modes. As we do not know anything about the positions of the modes, nor

of their mi
ros
opi
 stru
ture, we do not know the distan
es nor the elasti


momenta. Nevertheless, we know that the intera
tion is long-range, su
h

that every mode intera
ts with every other mode and that there is a lot of

randomness in the distan
es as well as in the elasti
 momenta.

We end up with a kind of 'Theory of Everything' for amorphous solids,

determined by the Hamiltonian

H =

N

X

i=1

"

p

2

i

2m

i

+ V

i

(x

i

)

#

+

N

X

i<j

J

i;j

x

i

x

j

+ � � � (2.3)

where the dots at the end denote higher order terms in the intera
tion.

Until now we have stated almost nothing ex
ept that the problem is

very 
omplex. Of 
ourse there is no general way of solving (2.3) for an

arbitrary 
hoi
e of parameters fm

i

; V

i

; J

ij

g su
h that we ne
essarily have to

do approximations.

2.2 Approximations

In order to simplify (2.3), we have to 
onsult our phenomenologi
al un-

derstanding. First of all, we do not know the distribution of the 
oupling


onstants J

ij

, but we know that there are di�erent sour
es of randomness

and their e�e
ts sum up to the �nal distribution of the J

ij

. The best (and

perhaps only) thing we 
an do is to assume the 
oupling strength to be un-


orrelated Gaussian random variables with J

ij

= J

ji

, where the assumption
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that the variables are un
orrelated is perhaps more 
ru
ial and less realist

than the assumption of a Gaussian distribution.

When 
oming to the point of approximating the on-site-parameters V

i

and m

i

, we have even less physi
al insights. However, there is experimental

[16℄ and theoreti
al [7℄ eviden
e that the pre
ise 
hoi
e of the mi
ros
opi


single-site parameters might be irrelevant - at least for the low-temperature

properties. The universality of the latter indi
ates, that the 'e�e
tive theory'

at low temperatures is strongly renormalized due to 
olle
tive e�e
ts, largely

removing the in�uen
e of the mi
ros
opi
 parameters. To put it another way:

we expe
t the distribution of single-site parameters to be strongly material

(and probe ?) dependent. The low temperature properties are not. Therefore

we hope to 
apture the essential features of the low-temperature universal-

ity in glasses when taking the most simple assumptions for the single-site

potentials V

i

(x

i

) and masses m

i

.

Having this in mind, we propose to assume V

i

andm

i

to be site-independent

V

i

(x

i

) = V (x

i

), m

i

= m, and symmetri
 V (�x) = V (x) and trun
ate its

Taylor expansion at quarti
 order. We want x

i

= 0 to be an equilibrium

position in absen
e of intera
tions and the whole Hamiltonian to be stable

for all 
hoi
es of J

ij

.

Finally, we end up with the Hamiltonian

H =

X

i

"

p

2

i

2m

+

1

2

m!

2

x

2

i

+

g

4!

x

4

i

#

+

X

i<j

J

ij

x

i

x

j

: (2.4)

We stress that we do not expli
itly ex
lude starting with double-well poten-

tials 
orresponding to !

2

< 0. This means that we take !

2

rather than ! to

be a real-number input parameter.

This model is 
losely related to the quantum spheri
al p-spin glass for

p=2, the only di�eren
e being, that the stability is enfor
ed through the

quarti
 term instead of a spheri
al 
onstraint. The intera
tion strengths J

ij

are taken from a Gaussian distribution with zero mean and varian
e

(J

ij

)

2

=

J

2

N

: (2.5)

Here and everywhere in the subsequent text, N is the number of relevant 
o-

ordinates 
onsidered. The s
aling of the varian
e of the Intera
tion 
onstants

J

ij

with N is ne
essary in order to obtain a non trivial thermodynami
 limit.
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2.3 Possible Extensions of the Model

The most obvious extension of (2.4) is immediate from the analogy with

spheri
al p-spin glasses � it 
onsists in a

ounting for intera
tions between

3 and more modes using terms like

H

int

=

X

i<j<k

J

ijk

x

i

x

j

x

k

: (2.6)

For spheri
al p-spin glasses su
h 3-spin intera
tions bring in some interesting

new features. For example the ergodi
ity is broken at low temperatures

and the transition to the glass phase be
omes �rst order in some restri
ted

sense. This will be dis
ussed in a later 
hapter. However, we will see, that

e�e
tive intera
tions just like (2.6) are generated 
olle
tively in 
ourse of the

perturbative expansion of (2.4).

A more sophisti
ated extension was proposed by Reimer Kühn [14℄. If we

think of it, the separation between the amorphous network and the lo
alized

'defe
ts' des
ribed by the relevant 
oordinates is somewhat ambiguous. We

will show in this work how the soft modes we are 
onsidering are dynami
ally


reated by the 
olle
tive properties of the material su
h that we 
ould think

of the Hamiltonian (2.4) as an e�e
tive Hamiltonian at some intermediate

level of renormalization, the original 'bare' Hamiltonian des
ribing a system

of single parti
les or mole
ules with a two-body intera
tion. However, there

is a 
ommon feature in all possible types of 'bare' models that should be


onserved under the �ow of renormalization: the translational invarian
e.

The translation of the whole system should evidently 
ost no energy. This

would mean that everything should depend only on translationally invariant

quantities su
h as (x

i

�x

j

). Taking this into a

ount we arrive at a modi�ed

version of (2.4):

H =

X

i

p

2

i

2m

+

1

N

X

i<j

G(x

i

� x

j

) +

X

i<j

J

ij

(x

i

� x

j

)

2

(2.7)

where the e�e
tive two-point potential G(x) is assumed to be symmetri


and the Taylor expansion is trun
ated at quarti
 order. This translationally

invariant version of the model is known to produ
e mu
h more 'glassy' results

than (2.4) when doing a quasi
lassi
al approximation to it. However, the

translational invarian
e does not lend itself to the parturbative approa
h

pursued in this work.
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Chapter 3

Repli
a Cal
ulation

As we want to study the thermodynami
s of this model, we 
ompute the free

energy per parti
le, f , by using the repli
a identity [17℄

�f = �

1

N

lnZ = �

1

N

lim

n!0

Z

n

� 1

n

: (3.1)

The partition fun
tion of the model is given by

Z = Tre

��H

(3.2)

and H is the Hamiltonian (2.4).

Con
erning the details of the repli
a tri
k, we refer to the extensive litera-

ture [17℄ on this topi
. At this point, only some 
alming words are indi
ated.

Even if the quantity Z

n


an be 
al
ulated only for integer n and even if the

limit n! 0 is far from being unique [18℄, the spin glass 
ommunity has devel-

oped a 
atalog of pres
riptions to render the repli
a limit unique and - even

more important - make the results 
oin
ide with experimental and numeri
al

results and with alternative ways to 
al
ulate dynami
 and thermodynami


quantities su
h as the super-symmetri
 method or the Thouless-Anderson-

Palmer (TAP) [19℄ approa
h.

The repli
ated partition fun
tion, Z

n

, 
an be written as a fun
tional

integral over periodi
 fun
tions using the Trotter formula, a pro
edure whi
h

is also 
alled the Matsurbara formalism and 
an be found in every standard

textbook on quantum statisti
al me
hani
s (see e.g. [20, 21, 22℄). As the

n repli
a of the partition fun
tion are identi
al, the quantity Z

n

be
omes

the produ
t of n path integrals over periodi
 paths x

a

(�

a

) and the origins

of the n imaginary time arguments �

a


an be 
hosen independently. This

symmetry will have important 
onsequen
es for the general stru
ture of the

self-
onsisten
y equations derived below.

13
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The expli
it formulation of the repli
ated partition fun
tion in terms of

path integrals reads

Z

n

=

Z

Y

i<j

dJ

ij

p

2�

e

�

NJ

2

ij

2J

2

Z

Dfx

a;i

g exp [�S[fx

i

g; fJ

ij

g℄℄

S[fx

i

g; fJ

ij

g℄ =

n

X

a=1

N

X

i=1

1

�h

��h

Z

0

d�

a

"

m( _x

a;i

(�

a

)

2

)

2

+

1

2

m!

2

x

2

a;i

(�

a

) +

g

4!

x

4

a;i

(�

a

)

#

+

N

X

i=i

i�1

X

j=1

J

ij

1

�h

��h

Z

0

d�

a

x

a;i

(�

a

)x

a;j

(�

a

) (3.3)

Now the integral over the disorder J

ij


an be 
al
ulated and we �nd

Z

n

=

Z

Dfx

a;i

g exp [�S[fx

i

g℄℄

S[fx

i

g℄ =

n

X

a=1

N

X

i=1

1

�h

��h

Z

0

d�

a

"

m( _x

a;i

(�

a

)

2

)

2

+

1

2

m!

2

x

2

a;i

(�

a

) +

g

4!

x

4

a;i

(�

a

)

#

�

J

2

2�h

2

N

X

i<j

��h

Z

0

d�

b

��h

Z

0

d�

a

x

a;i

(�

a

)x

a;j

(�

a

)x

b;i

(�

b

)x

b;j

(�

b

) (3.4)

Admitting an error of the relative order

1

N

, we 
an repla
e the sum

P

i<j

by

1

2

P

N

i=1

P

N

j=1

.

As the 
lassi
al analogs of the above model, it will turn out that the mean-

�eld approximation is to this model is exa
t. Indeed, the last term in (3.4)


an be expressed in terms of the �elds Q

ab

(�

a

; �

b

) =

1

N

P

N

j=1

x

a;j

(�

a

)x

b;j

(�

b

).

In order to de
ouple the sites and to express the a
tion in terms of these

�elds, we follow the pro
edure analog to the mean mean-�eld de
oupling in


lassi
al models and introdu
e in Z

n

the identity

1 �

Z

DQÆ(NQ

ab

(�; �

0

)� ~x

a

(�) � ~x

b

(�

0

))

�

Z

DQ

Z

D� exp[

1

2�h

X

ab

Z

d�

Z

d�

0

�

ab

(�; �

0

)(NQ

ab

(�; �

0

)� ~x

a

(�) � ~x

b

(�

0

))℄

where ~x

a

is the N -ve
tor with the 
omponents x

a;i

, i = 1::N . The above

expression 
an be understood by thinking of � as of a purely imaginary

matrix and of

R

D� as of a path integral over the spa
e of matri
es of this
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type. The averaged repli
ated partition fun
tion 
an now be re
ast as

Z

n

=

Z

D~xDQD� exp(�

1

�h

S[Q;�; x℄ (3.5)

where S[Q;�; x℄ evaluates to

�

1

�h

S[Q;�; x℄ = �

X

a;i

1

�h

Z

d�

�

m

2

_x

a;i

(�)

2

+

1

2

m!

2

x

a;i

(�

2

) +

g

4!

x

a;i

(�)

4

�

�

1

2�h

X

ab

Z

d�

Z

d�

0

~x

a

(�)�

ab

(�; �

0

)~x

b

(�

0

) (3.6)

+

N

2�h

X

ab

Z

d�

Z

d�

0

Q

ab

(�; �

0

)�

ab

(�; �

0

)

+

J

2

N

4�h

2

X

ab

Z

d�

Z

d�

0

Q

�2

ab

(�; �

0

) :

The fun
tion Q

�2

ab

(�; �

0

) is the square of the matrix element rather than the

matrix power. It is important to note that this e�e
tive a
tion is manifestly

nonlo
al in imaginary time and 
an not be mapped onto an e�e
tive ensemble

of single-site potentials as in the non-quantum version of the same model [9℄.

Moreover, the average over disorder generates intera
tions between di�erent

repli
a of the system just as in the non-quantum version of the model.

3.1 Saddle point equations

Taking the saddle point of (3.6) with respe
t to �

ab

(�; �

0

) yields the self-


onsisten
y 
ondition

Q

ab

(�; �

0

) =< x

a

(�)x

b

(�

0

) >

S

e�

(3.7)

where we have used step that the expe
tation values are identi
al for ea
h

site i. The angular bra
kets in the last expression denote the average taken

with respe
t to the e�e
tive single-site a
tion

�

1

�h

S

e�

[�℄ = �

1

�h

X

a

Z

d�

m

2

_x

a

(�)

2

+

1

2

m!

2

x

a

(�

2

) +

g

4!

x

a

(�)

4

�

1

2�h

X

ab

Z

d�

Z

d�

0

x

a

(�)�

ab

(�; �

0

)x

b

(�

0

) : (3.8)

The saddle point with respe
t to Q

ab

(�; �

0

) is

�

ab

(�; �

0

) = �

J

2

�h

Q

ab

(�; �

0

) (3.9)
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su
h that we 
an eliminate �

ab

(�; �

0

) from the a
tion, provided we are in-

terested only in the saddle point only and that we keep the self-
onsisten
y


ondition (3.7) as a 
onstraint. Using (3.9), we 
an write the self-
onsistent

e�e
tive single-site a
tion as

�

1

�h

S[Q℄ = �

1

�h

X

a

Z

d�

m

2

_x

a

(�)

2

+

1

2

m!

2

x

a

(�

2

) +

g

4!

x

a

(�)

4

+

J

2

2�h

2

X

ab

Z

d�

Z

d�

0

x

a

(�)Qab(�; �

0

)x

b

(�

0

) : (3.10)

However, we will take a slightly di�erent route throughout this work.

Using the fa
t that the N degrees of freedom are subje
t to identi
al single-

site a
tions we will de
ompose the e�e
tive a
tion (3.6) in three parts: we

write

Z

DQD�Dx exp

�

�

1

�h

S[Q;�; x℄

�

=

Z

DQD� exp f�N [S

1

[Q℄ + S

2

[Q;�℄ + S

3

[�℄℄g : (3.11)

The three parts of the single-site a
tion are given by

S

1

[Q℄ = �

J

2

4�h

2

X

ab

Z

d�

Z

d�

0

Q

�

ab

(�; �

0

) (3.12)

S

2

[Q;�℄ = �

i

�h

X

ab

Z

d�

Z

d�

0

Q

ab

(�; �

0

)�

ab

(�; �

0

) (3.13)

(3.14)

and �nally

S

3

[�℄ = ln

�

Z

Dx exp (�S

e�

[�℄)

�

(3.15)

with the e�e
tive a
tion S

e�

[�℄ taken from (3.8).

We note that S

3

[�℄ is formally the same as the generating fun
tional

for two-point fun
tions for a single parti
le in the original bare potential

V (x) =

1

2

m!

2

x

2

+

g

4!

x

4

, and �

ab

(�; �

0

) plays the role of a sour
e �eld. In this

work we will mainly treat approximations for the last term, S

3

[�℄. Using

the analogy of this part of the e�e
tive a
tion with generating fun
tionals

we will dispose of a variety of tools imported form quantum �eld theory in

order to 
onstru
t su
h approximations. Nevertheless, there is an important

di�eren
e: in order to obtain the physi
al two-point fun
tion Q

ab

(�; �

0

), we

do not have to set the sour
e term �

ab

to zero at the end of the 
al
ulation

but have to set lambda to its self-
onsistent value (3.9).
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3.2 Fixing of Notations and Orders of Magnitude

In this se
tion we will dis
uss the 
onvenient 
hoi
e of the relevant s
ales of

the problem. This will be an important feature for the 
omparison of the

di�erent degrees of approximation with the results for the so-
alled spheri
al

p-spin models well-known in the �eld of spin-glasses. Furthermore, we will

�x notations and Conventions for the Fourier transforms in the imaginary

time domain. Finally, we will give estimations for the orders of magnitude

of the parameters in the model.

Consider the a
tion

S

e�

=

1

�h

X

a

Z

��h

0

d�(

m

2

�

(

dx

a

(�)

d�

)

2

+ !

2

x

2

a

(�)

�

+

g

4!

x

4

a

(�)

�

J

2

4�h

2

X

ab

Z

��h

0

d�

Z

��h

0

d�

0

x

a

(�)Q

ab

(�; �

0

)x

b

(�

0

) (3.16)

as it has been derived in the previous se
tion

1

.

Given an elementary length s
ale l

0

, we would like to measure the energy

in terms of the disorder energy s
ale E

J

= Jl

2

0

and the time in units of

t

0

= �h=E

J

. Introdu
ing ~x(~� ) = x(�)=l

0

and

~

Q

ab

(~� ; ~�

0

) =

1

l

2

0

Q

ab

(�; �

0

) and

�nally ~� = �=t

0

the e�e
tive a
tion 
an be expressed as

S

e�

=

1

2J

X

a

Z

�E

J

0

d~� (m

�

(

d~x

a

(~� )

t

0

d~�

)

2

+ !

2

~x

2

a

(~�)

�

+

gE

J

4!J

~x

4

a

(~�)

�

1

4

X

ab

Z

�E

J

0

d~�

Z

�E

J

0

d~�

0

~x

a

(~�)

~

Q

ab

(~� ; ~�

0

)~x

b

(~�

0

) : (3.17)

We 
an still 
hoose the length s
ale l

0

at our 
onvenien
e. This is most


onveniently done by setting the disorder energy to one, E

J

= 1, i.e l

2

0

= 1=J .

We want to de�ne the quantum parameter

� = �h

2

J

m

(3.18)

and the parameters ~!

2

=

m!

2

J

and ~g =

g

J

2

and end up with the e�e
tive

a
tion in its �nal form:

�S

e�

=

1

2

X

a

Z

�

0

d~�(

�

1

�

(

d~x

a

(~�)

d~�

)

2

+ ~!

2

~x

2

a

(~�)

�

+

~g

4!

~x

4

a

(~�)

1

We have inserted the self-
onsistent value of (3.9) � for simpli
ity.
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�

1

4

X

ab

Z

�

0

d~�

Z

�

0

d~�

0

~x

a

(~�)

~

Q

ab

(~� ; ~�

0

)~x

b

(~�

0

) : (3.19)

The previous 
onsiderations allow us to always set J = 1 , m = 1 and

�h = 1 for numeri
al purposes by an appropriate 
hoi
e of the energy-, length-

and time-s
ale. Furthermore, we will frequently en
ounter the dimensionless

quantities 
 �

gT

J

2

and � =

T

�

, de�ning di�erent temperature s
ales. At high

temperatures we have 
 � 1 and the parti
le is subje
t to large thermal �u
-

tuations su
h that the energy is essentially determined by the quarti
 part

of the lo
al potentials. In the opposite limit, the in�uen
e of the quarti


part is small as 
ompared to the disorder- and harmoni
 
ontributions. The

parameter � will determine the strength of quantum e�e
ts. For small values

of �, the thermal energy is mu
h smaller than the quantum energy s
ale �

and we expe
t quantum �u
tuations to be stronger than thermal �u
tua-

tions. In the following 
hapters we will freely swit
h between the original

and dimensionless versions of the quantities. Whenever there is no danger

of 
onfusion we will suppress the tildes for the sake of simpli
ity.

Even if we will always 
hoose the energy s
ale su
h that J = 1 we will

make the J -dependen
e expli
it in order to keep tra
k of the in�uen
e of

disorder. Powers of m and �h 
an be always re
onstru
ted by dimensional


onsiderations.

Conventions for the Fourier Transforms

In a

ordan
e with the literature on spheri
al quantum p-spin models [23,

24℄, we have de
ided to use the following 
onventions for Fourier transforms

with respe
t to imaginary time.

For single-time quantities x

a

(�) we de�ne

x

a

(!

k

) =

1

p

�

Z

�

0

x

a

(�)e

�i!

k

�

d� (3.20)

x(�) =

1

p

�

X

k

x(!

k

)e

i!

k

(3.21)

whereas for two-time quantitiesQ

ab

(�; �

0

) we will always assume time-translational

invarian
e Q

ab

(�; �

0

) � Q

ab

(� � �

0

) and de�ne

Q

ab

(!

k

) =

Z

�

0

Q

ab

(�)e

�i!

k

�

d� (3.22)

Q

ab

(�) = T

X

k

Q

ab

(!

k

)e

i!

k

(3.23)
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This 
onvention may seem somewhat strange but has its advantages be
ause

when dealing with 
orrelation fun
tions Q

ab

(� � �

0

) =< x

a

(�)x

b

(�

0

) > we

have Q

ab

(!

k

) =< x(!

k

)

P

l

x(�!

l

) >=< jx(!

k

)j

2

with no additional fa
tors

�. The obvious drawba
k is that in the 
lassi
al limit, where the 
orrela-

tion fun
tions do not depend on imaginary time, we have Q

ab

(�) = Q

ab

=

TQ

ab

(!

0

) � the matri
es di�er by a fa
tor T . Whenever there is no danger

of 
onfusion we will skip the tildes.

We note that 
ombining the de�nition of the Fourier transform with the

s
aling dis
ussed in the previous subse
tion we �nd for the kineti
 part of

the e�e
tive a
tion

m

�

2

��

2

!

1

�

~!

2

k

where ~!

k

=

2�k

�

:

E�e
tively we are setting �h! 1 and introdu
e an e�e
tive inverse mass �.

Orders of Magnitude

We assume the motions of the relevant degrees of freedom to take pla
e on

atomi
 length s
ales of about 10Å and the energies to be of the order of

typi
al weak binding energies � 10

�2

eV . This translates into

J � (10Å)

2

� m!

2

� (10Å)

2

� g � (10Å)

4

� 0:1eV (3.24)

It will turn out that the glass transition temperature is approximately

T

g

�

2J

g

k

B

(2J � !

2

) � 10

4

K (3.25)

whi
h is not too bad as an estimate of the order of magnitude.

We �nd J � 18

18

eV=m

2

and assume the 
lusters of atoms under 
onsid-

eration to 
onsist of some ten atoms weighing some ten times the weight of

a nu
leon. This gives m � 10

3

GeV=


2

and we �nd for the quantum energy

s
ale

p

� = �h

s

J

m

� 10k

B

K: (3.26)

Therefore we expe
t quantum �u
tuations to play a de
isive role below 10K

and to be almost irrelevant above. This 
oin
ides with the experimental

�ndings and with their interpretation in terms of the STM, were quantum

tunneling dominates the behavior at temperatures below this s
ale.
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Chapter 4

Variational or Hartree

Approximation

4.1 Derivation of the Saddle Point Equations

The �rst and most simple thing to do is to treat our mi
ros
opi
 glass-

model in a variational approximation. We will show in appendix B that the

Gaussian variational theory is equivalent to the 2-loop result from the 2PI

e�e
tive a
tion. The variational approa
h will lead to equations formally

equivalent to a spheri
al p-spin model with 2-spin intera
tions that is known

not to display a genuine glass transition at low temperatures [25℄. The phase

transition o

urring in this model is of the type ferromagneti
-paramagneti


in the sense that there are two (disordered) ground states being transformed

into one another under operation of inverting every 'spin' degree of freedom.

We start with a rather general e�e
tive a
tion with general generating

�eld for two-point fun
tions �

ab

(�; �

0

). The identi�
ation, �

ab

=

J

2

�h

2

Q

ab

has

to be done in the end, as dis
ussed in the previous 
hapter.

The repli
ated a
tion reads

1

�h

S

e�

=

X

a

Z

d�

 

1

2

_x

2

a

(�) +

1

2

X

ab

!

2

x

2

(�) +

g

4!

x

4

a

(�)

!

�

1

2

X

ab

Z

d�

Z

d�

0

x

a

(�)�

ab

(�; �

0

)x

b

(�) : (4.1)

For the test a
tion we 
hoose the ansatz

1

�h

S

�

=

X

a

Z

d�

�

1

2

_x

2

a

(�) +

1

2

!

2

x

2

(�)

�

21
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�

1

2

X

ab

Z

d�

Z

d�

0

x

a

(�)�

ab

(�; �

0

)x

b

(�) : (4.2)

We restri
t ourselves to the spa
e of time-translational invariant 
orrelation

fun
tions Q

ab

(�

a

; �

b

) = Q

ab

(�

a

� �

b

) and do the same for �

ab

. The exa
t

propagator for the test a
tion 
an then be given in Fourier spa
e:

Q

�

ab

(!

l

) =

�

(!

2

l

+ !

2

)1l� �̂

�

�1

ab

(4.3)

whi
h is equivalent to �̂(!

l

) = (!

2

l

+ !

2

)1l� (

^

Q

�

)

�1

.

We note that in most of the works on quantum spin glasses (e.g. [26,

23℄) the independent time translational invarian
e of the imaginary times

of di�erent repli
ations is taken for granted. This has the 
onsequen
e,

that the o�-diagonal elements Q

ab

(�

a

; �

b

) for a 6= b must be independent of

their time arguments. Sometimes [23℄, this ansatz has even been 
alled a

theorem. Of 
ourse we admit that this symmetry holds for every integer

number of repli
as and any given realization of disorder. Therefore it is

plausible to assume that it holds in the limit n! 0 as well. However, there

is another symmetry that is exa
t for integer n and is spontaneously broken

in the n ! 0 limit: the permutational symmetry of the repli
as. It is well

established [27℄, that the breaking of this symmetry, the 'repli
a symmetry

breaking' is related to the breaking of ergodi
ity whi
h is at the very heart

of glassy low-temperature physi
s. Therefore we will allow for a restri
ted

time dependen
e of the o�-diagonal elements of the 
orrelation fun
tion. We

only requre invarian
e under uniform translations of all times and show that

the ansatz Q

ab

(�; �

0

) = Q

ab

for a 6= b is exa
t at least in the variational

approximation (where, however, the repli
a symmetry turns out to be exa
t

as well).

Using the 
onvexity of the exponential fun
tion we 
an apply Jensen's

inequality in order to �nd an upper bound for the free energy. The result is

the variational expression for the free energy:

F [�℄ =

1

�h

< S

e�

� S

�

> �T ln

�

Z

Dxe

�

1

�h

S

�

�

: (4.4)

Using (4.3) we 
an express the expe
tation value above as

1

�h

< S

e�

� S

�

> = �

1

2

<

X

ab

Z

d�

Z

d�

0

x

a

(�)

�

�

ab

(�; �

0

)� �

ab

(�; �

0

)

�

x

b

(�

0

) >

+

g

4

!

<

X

a

Z

d�x

a

(�)

4

>

S

�
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= �

1

2

T

X

k

X

ab

Q

�

ab

(!

k

)[�

ab

(!

k

)� Æ

ab

(!

2

k

+ !

2

)� 1℄

+

3g

4!

T

2

X

k;k

0

X

a

Q

�

aa

(!

k

)Q

�

aa

(�!

0

k

) : (4.5)

The subs
ript at the angular bra
kets means that the latter denote the ex-

pe
tation value with respe
t to S

�

.

Using the Gaussian nature of the variational test a
tion, the last term in

the variational free energy (4.4) 
an be written as

ln

�

Z

Dxe

�

1

�h

S

�

�

= �

1

2

Tr ln(

^

Q

�

) : (4.6)

Variation with respe
t to Q yields:

2�

ÆF

�

ÆQ

�

ab

(!

k

)

= �Q

(�)+1

ab

(!

k

)� �

ab

(!

k

)

+ Æ

ab

(!

2

k

+ !

2

) + Æ

ab

gT

2

X

k

0

Q

�

aa

(!

0

k

) = 0 : (4.7)

In the 
ase of our mean-�eld equations we have to use �

ab

(�; �

0

) = J

2

Q

ab

(�; �

0

)

where Q = Q

(�)

by virtue of (3.7). Furthermore, we �nd that Q

ab

�

G

ab

+ �

a

�

b

= G

ab

where G

ab

is the 
onne
ted two point fun
tion be
ause

the mean values �

a

=< x

a

> vanish. A non vanishing value of �

a

would


orrespond to a ferromagneti
 order whi
h we do not expe
t for our model

be
ause of the immanent disorder of the system.

Using z = T

P

k

Q

aa

(!

k

) � Q

aa

(� = 0) eqn. (4.7) reads

Q

(�)�1

(!

k

) = �J

2

Q(!

k

) + (!

2

k

+ !

2

+

gz

2

)1l : (4.8)

Eqn. (4.8) represents a 
omplete set of equations for the 
omponents of

Q and will be solved in the next se
tion.

For 
ompleteness we state the minimal � whi
h 
an be read o� easily by


omparing eqn. (4.8) and (4.3):

�

min

ab

(�

a

; �

b

) = J

2

Q

ab

(�

a

; �

b

)� Æ

ab

Æ(�

a

� �

0

a

)

g

2

Q

�

min

aa

(�

a

; �

a

) (4.9)

and in Fourier spa
e

�

min

(!

k

)

ab

= J

2

Q

ab

(!

k

)�

gz

2

Æ

ab

: (4.10)
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From eqn.(4.3) we 
an read o� that � is related to the self-energy in the

variational approximation. This allows a diagrammati
al dis
ussion of (4.9).

The �rst term in (4.9) represents s
attering with the `spin-bath' due to the

intera
tion J and is nonlo
al in the repli
a indi
es and in imaginary time.

Thinking of the propagator as a transfer rate of ex
itation energy we �nd

that the energy may be transferred from one repli
a of the system to another

with a rate J independent of the time-arguments. The system a does not

know about the proper time of system b. Using dashes for the quadrati


part of the bare propagator Q

�1

0

(!

k

) = (!

2

+ !

2

k

)Æ

ab

, a plain line for the full

propagator Q

ab

(!

k

), 
rosses for elasti
 disorder s
attering asso
iated with a

fa
tor J and and a dot for the quarti
 vertex, (4.7) 
an be written as

( )

�1

= ( )

�1

�

| {z }

self-
onsistent quadrati
 part

+

| {z }

self-energy

:

For a = b, the equations have to be read di�erently: the pro
ess des
ribed

by the �rst term in (4.9) is the transfer of the ex
itation to some other

repli
ation of the system and the return to the original system at a later

time. This gives rise to an e�e
tive 'dressed' propagator G

�1

0

= G

�1

0

� J

2

Q

des
ribed by the �rst two terms of the rhs. of the diagrammati
 equation

above. The last term in (4.9) 
an be read as the self-
onsistent Hartree


orre
tion to this propagator, summing up all tadpole 
ontributions.

When evaluating the free energy, we have to keep in mind that the

variational expression (4.4) is only the 
ontribution 
orresponding to the

single-site part S

3

[�℄ (3.15) of the free energy. The terms S

1

[Q℄ and S

2

[Q;�℄


ontribute an additional term

lim

n!0

J

2

4

X

ab

X

k

Q

�

ab

(!

k

)

to the free energy per parti
le. The total free energy per parti
le at its

minimum value reads

�f [�

min

℄ = lim

n!0

1

n

(

1

4

J

2

X

k

X

ab

Q

�2

ab

(!

k

) +

1

2

Tr ln(Q

�1

) (4.11)

+

1

2

X

k

X

a

h

(!

2

+ !

2

k

)Q

aa

(!

k

)� 1

i

�

J

2

2

X

k

X

ab

Q

�2

ab

(!

k

) +

n�gz

2

8

)

:

Introdu
ing the renormalized frequen
y 


2

= !

2

+

gz

2

, and using the partial


an
ellation in expression (4.11) we have

�f [�

min

℄ = lim

n!0

1

n

(

�

1

4

J

2

X

k

X

ab

Q

�2

ab

(!

k

) +

1

2

Tr ln(Q

�1

)



4.1. DERIVATION OF THE SADDLE POINT EQUATIONS 25

+

1

2

X

k

X

a

h

(


2

+ !

2

k

)Q

aa

(!

k

)� 1

i

�

n�gz

2

8

)

: (4.12)

where again Q

�2

ab

is the square of the matrix element rather than the matrix

power. This expression will be of use for 
al
ulating the thermodynami


quantities su
h as the Entropy and spe
i�
 heat of the model. But let us

�rst solve equations (4.8).
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4.2 High-Temperature Solution

In this se
tion we want to solve the above equations in the high temperature

phase. In this regime, the 
orrelation fun
tion is expe
ted to be of diagonal

form in the repli
a indi
es: Q

ab

(!

k

) = q

d

(!

k

)Æ

ab

. This enables us to write

4.8 as

q

d

(!

k

)

�

(!

2

l

+ !

2

+

gz

2

)1l� J

2

q

d

(!

k

)

�

= 1 (4.13)

where we have introdu
ed z = T

P

k

q

d

(!

k

). Given z, there is a simple

quadrati
 equation to solve for ea
h mode k. The solutions are

q

d

(!

l

) =

(!

2

l

+ !

2

+

gz

2

)

2J

2

�

1

2J

2

r

(!

2

l

+ !

2

+

gz

2

)

2

� 4J

2

: (4.14)

We always have to 
hoose the negative sign 
orresponding to the minimum

of the free energy. This solution 
eases to be real if !

2

+

gz

2

� 2J . It exists

for all temperatures if !

2

� 2J . For !

2

� 2J , there is a temperature below

whi
h the paramagneti
 solution does not exist anymore.

The parameter z has to be determined self-
onsistently by virtue of the

equation

z = f(z) � T

X

k

q

d

(!

k

) (4.15)

where the q

d

(!

k

) are given by 4.14 and depend on z. It turns out that f(z) is

a de
reasing fun
tion of z having its maximum value at the minimum value

of z. In the interesting regime !

2

� 2J the minimal value z




of z, below

whi
h the zero - mode be
omes unstable is given by

z




=

2

g

(2J � !

2

) : (4.16)

For this value of z we have

q

d

(!

0

) =

1

J

(4.17)

and

q

z




d

(!

k

) =

!

2

k

2J

2

+

1

J

�

!

k

2J

2

q

!

2

k

+ 4J (4.18)

note that at this point the dependen
e on !

2

and g has vanished. It will turn

out that the 
riterion z = z




determines the phase transition of the model in

the variational approximation.

Now we may solve (4.15) for z = z




numeri
ally and thereby determine

the transition temperature. In this se
tion we will dis
uss two limiting 
ases
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analyti
ally. First of all, we 
onsider the 
ase of vanishing quantum �u
tu-

ations �! 0. In this limit, the fun
tion f(z) is dominated by the �rst term

in (4.15) and we have

2

g

(2J � !

2

) =

T




J

=) T




=

2J

g

(2J � !

2

) : (4.19)

It is worthwhile to note that result 
oin
ides with the result obtained by HK

[9℄.

The 
riti
al Temperature T




be
omes negative when !

2

> 2J and no

phase transition will ever o

ur. The physi
al interpretation of this is easily

given in terms of random matrix theory. The intera
tion matrix J

ij


an

be diagonalized and one will �nd a semi
ir
ular density of states, the so-


alled Wigner semi-
ir
le, with the radius 2J . If !

2

> 2J , the Hessian of the

potential at the origin will have positive eigenvalues only and no saddle points

or maxima may o

ur in the energy lands
ape. However, the requirement

for a symmetry breaking is the existen
e of 
on�gurations of double - well

type with an unstable equilibrium position at the origin. This happens if

!

2

< 2J , when the Wigner semi
ir
le, with a 
enter shifted by J , overlaps

with the negative real axis.

The opposite limit, where quantum �u
tuations dominate the behavior of

the system, (4.15) 
an be approximately solved as follows: as 
 �

�h

2

m(2�T )

2

!

1, the sum in (4.15) 
an be approximated by an integral. Using !

2

k

= k

2

=


we �nd

f(z




) �

T

2
J

2

Z

1

0

dk

�

(k

2

+ 2
J � k

q

k

2

+ 4
J

�

=

4T

3

r




J

=

2�h

3�

p

mJ

=

2

3�

p

�

J

(4.20)

with the quantum energy s
ale

p

� = �h

q

J

m

de�ned in se
tion (3.2). This

expression must be equal to z




at the phase transition and hen
e, the T = 0

phase - diagram is determined by

!

2




= 2J �

g�h

p

�

3�J

: (4.21)

The se
ond term on the rhs. 
an be interpreted as an additional stabilization

of the symmetri
 equilibrium position due to quantum �u
tuations probing

the quarti
 
ontribution to the potential.
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Figure 4.1: T = 0 - phase diagram of the model

in the variational approximation. For !

2

smaller

than !

2




we have a RS ground state, else a para-

magneti
 one.

4.3 Repli
a Symmetri
 (RS) Spin Glass Solution

In the 
ase !

2

< 2J , the paramagneti
 solution 
eases to exist below a


ertain 
riti
al Temperature. At this point we have to be very 
areful when

taking the n ! 0 - limit of the equations 4.7. Using a repli
a symmetri


(RS) ansatz Q

ab

(!

0

) = q + (q

d

� q)Æ

ab

and Q

ab

(!

k

) = q

d

(!

k

)Æ

ab

for k 6= 0,

we �nd for the zero - mode

1

q

d

� q

�

q

(q

d

� q)

2

= !

2

+

gz

2

� J

2

q

d

q

(q

d

� q)

2

= J

2

q : (4.22)

The se
ond equation allows for the solution q = 0 dis
ussed above. For q 6= 0

we may divide by q and �nd an additional solution q

d

=

1

J

+ q. Eliminating

q in the equation for q

d

gives

J = !

2

+

gz

2

: (4.23)

This means that in this phase, z be
omes independent of temperature

and takes the 
onstant value z = z




throughout the whole low-temperature

phase.
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The equations for the higher modes k 6= 0 remain un
hanged due to the


onstan
y of z and we �nd the solution (4.18) for all T < T




.

It is interesting to note that this fun
tion depends only on T=T

0

where

T

2

0

=

J�h

2

m(�k

B

)

2

= JT�

2

dB

where �

dB

is the thermal de-Broglie - wavelength.

Furthermore, all of the expli
it dependen
e on ! and g has vanished.

These parameters merely determine the energy s
ale via the transition tem-

perature (4.19) and the length s
ale by de�ning the value of z at its freezing

point. This 
ould be taken as an argument in favor of the insensitivity of

the low - temperature phase to the parameters of the mi
ros
opi
 on-site

potential.
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4.4 Thermodynami
 Quantities

In order to 
al
ulate entropy and spe
i�
 heat in the quantum regime, we

need to express the free energy (4.12) in terms of the solutions we found.

Using the expressions from appendix C for the term Tr ln(Q

�1

) we end up

with

�f �

�F

N

= �

1

2

q

q

d

� q

�

1

2

ln(q

d

� q)�

1

2

X

k 6=0

ln(Q(!

k

))

+

1

2

X

k

h

(


2

+ !

2

k

)Q(!

k

)� 1

i

� �

gz

2

8

+

J

2

4

0

�

q

2

d

� q

2

+

X

k 6=0

Q

2

(!

k

)

1

A

: (4.24)

The most dangerous term is of 
ourse the sum over the logarithms be
ause

it diverges. However, the divergen
e is the same as for a usual harmoni


os
illator be
ause Q(!

k

) is proportional to 1=!

2

k

asymptoti
ally. In order to


ontrol the divergen
es we add and subtra
t the free energy of an harmoni


os
illator with frequen
y ! =

p

2J and inverse propagator Q

�1

0

= !

2

k

+ 2J .

The free energy of the latter is given by

�f

0

�

1

2

X

k

ln(Q

�1

0

(!

k

)) = ln sinh(2

�

p

2�J

2

) (4.25)

up to a divergent but temperature independent 
onstant whi
h results from

an dis
retization error in the formulation of the path integral. This error 
an

be 
ured by taking the Trotter-limit more 
arefully [28℄.

We swit
h to the dimensionless quantities introdu
ed in se
tion 3.2 where

!

2

k

= ~!

2

k

=�, � = �h

2
J

m

and ~!

k

= 2�k=�. Furthermore, we are mainly inter-

ested in the spin-glass phase where 


2

= 2J . We introdu
e the variables

~q

d

(!

k

) =

(

q

d

� q for k = 0

q

d

(!

k

) else

Using J

2

~q

2

d

(!

k

) = Q

�1

0

(!

k

)~q

d

(!

k

) � 1 and ~q

d

(!

0

) = 1=J , the free energy in

the spin-glass phase 
an now be written after some algebra as

�f = �

1

2

X

k

�

ln(~q

d

(!

k

)Q

�1

0

(!

k

))�

3

2

(Q

�1

0

(!

k

)~q

d

(!

k

)� 1)

�

�

�gz

2

8

+ Jq + ln(2 sinh(

�

p

2�J

2

)) : (4.26)
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For the �rst term we may write

I

1

=

1

2

X

k

ln(~q

d

(!

k

)Q

�1

0

(!

k

)) =

1

2

X

k
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�

2((x

2

k

+ 1)

2

� (x

2

k

+ 1)

q

(x

2

k

+ 1)

2

� 1

�

(4.27)

where x

2

k

= !

2

k

=(2�J) � �

2

k

2

and �

2

�

(2�)

2

�

2

�J

. This is a perfe
tly 
onvergent

series.

The se
ond term 
an be expressed by the fun
tion

I

2

=

1

4

X

k

(~q

d

(!

k

)Q

�1

0

(!

k

)�1) =

1

2

X

k

((x

2

k

+1)

2

�(x

2

k

+1)

q

(x

2

k

+ 1)

2

� 1�

1

2

) :

(4.28)

The third relevant parameter determines q and reads

z

0

� T

X

k

~q

d

(!

k

) =

T

J

X

k

(x

2

k

+ 1�

q

(x

2

k

+ 1)

2

� 1) : (4.29)

In the paramagneti
 phase we have z

0

= z, whereas in the spin-glass regime

q is determined by

Jq = �Jz � I

3

(4.30)

I

3

=

X

k

(x

2

k

+ 1�

q

(x

2

k

+ 1)

2

� 1) =

Jz

0

T

(4.31)

and z is frozen at its 
riti
al value z




=

2

g

(2J � !

2

).

Finally we �nd

�f = �I

1

+ 3I

2

� I

3

+ �Jz �

�gz

2

8

+ ln(2 sinh(�

p

�J=2)) : (4.32)

Obviously, the behavior of the system in the spin glass phase depends

only on the value of the parameter �. Large � 
orresponds to ��h ! 0 and

we re
over the quasi-
lassi
al limit. Small values of � 
orrespond to strong

quantum �u
tuations. We will dis
uss the two regimes separately.

4.4.1 Quasi-Classi
al Regime

If �� 1 we have x

k

� 1 for all k > 0 and we �nd

I

1

�

1

2

ln 2 +

1

8�

2

X

k>0

1

(k

2

+ 1=�

2

)

2

=

ln2

2

+

1

8

f(�) (4.33)

I

2

�

1

16�

2

X

k>0

1

(k

2

+ 1=�

2

)

2

=

1

16

f(�) (4.34)
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where

f(�) = �

�

2

2

+

��

4


otanh(�=�) +

�

2

4


s
h

2

(�=�) : (4.35)

As � � 1 in the quasi-
lassi
al regime we may use a Laurent series

expansion for the hyperboli
 fun
tions and �nd

f(�) �

�

2

90�

2

+O(1=�

4

) : (4.36)

For the parameter z

0

we �nd in the same approximation

z

0

=

T

2J

+

T�

2J�


otanh(

�

�

) �

T

J

(1 +

�

6�

)�O(1=�

4

) : (4.37)

Be
ause q = �(z � z

0

) we have

q = �z




�

1

J

�

�

6J�

+ � � � : (4.38)

As a byprodu
t, we 
an determine the �rst quantum 
orre
tion to the tran-

sition temperature by requiring q = 0. The result is

T




= T

0




�

�h

p

J

8

p

m

: (4.39)

The free energy reads in the approximations done above

�f = �I

1

+ 3I

2

� �

gz

2

8

+ Jq + ln(2 sinh(

�

�

)) (4.40)

= �

ln 2

2

� 1 +

2�

g

(J

2

�

!

4

4

)�

�

6�

+

�

2

16 � 90�

2

+ ln(2 sinh(

�

�

)) :

In the end,we �nd that for � � 1 the system behaves just as an harmoni


os
illator of frequen
y 2J be
ause the free energy is dominated by the last

term in (4.40) in this limit. The reasons for this behavior will be dis
ussed

in the next se
tion.

4.4.2 Quantum Regime

At very low temperatures we �nd � � 1 and the frequen
y sums may be

approximated by an integral. However, we have to take 
are of the 
orre
-

tions of order � and �

2

be
ause they will eventually give rise to a linear


ontribution to the spe
i�
 heat.
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To this end, we reverse the extended Simpson's rule [29℄:

Z

x

N

x

0

f(x) = �[

5

12

f(x
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) +

13

12

f(x
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N�2
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f(x

N�1
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5

12

f(x

N

)℄ +O(�

3

) (4.41)

where x

i

= x

0

+ �i. Inverting this formula gives

N
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N�1

))+O(�

3
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(4.42)

As we are interested in improper integrals over fun
tions vanishing faster

than 1=x

2

, we 
an negle
t the 
orre
tions at the endpoints. Furthermore, we

write

f(x

1

) = f(x

0

) + �f

0

(x

0

) +

�

2

2

f

00

(x

0

) + � � � (4.43)

and end up with
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) : (4.44)

Using this expression for the fun
tions I

1

, I

2

and I

3

we �nd
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(4.45)

and with the same approximation
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: (4.46)

The last fun
tion 
an �nally be approximated by

I

3

=

2

3=2

3�

+

1

2

+

p

2�

12

�

�

2

12

: (4.47)
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Colle
ting all terms, we �nd

�f = �

1

�

(

�

2

�

16

p

2

15

)�

2 ln 2 + 1

8

�

5

24

�

2

+ ln(2 sinh(

�

�

) : (4.48)

For small �, the last term 
an
els the �rst one. Note that the terms linear

in � 
an
el. Writing � = �

0

T , where �

0

=

�

p

2

p

�J

, we �nd for the entropy

S =

1 + ln(2)

4

+

5

8

�

2

0

T

2

(4.49)

and for the spe
i�
 heat

C = T

�S

�T

=

5

4

T

2

: (4.50)

This is not the result one would have wished to �nd, be
ause linear spe
i�


heat is one of the hallmark features of stru
tural glasses. However, the

absen
e of linear spe
i�
 heat is due to the 
an
ellation of the terms linear

in � 
ontributing to (4.48). For the 
omparison with experiments however,

one may doubt in the validity of the assumption of thermal equilibrium

impli
it in the above 
al
ulations. In the next se
tion we will show that

a non vanishing value of q is related to frozen strain �elds in the sample.

These will probably not equilibrate on experimental time s
ales. Therefore

one 
ould identify the experimentally observed spe
i�
 heat with the spe
i�


heat being derived from (4.32) for given q. If we do so we have to negle
t

the 
orresponding term in the free energy we would end up with a linear


ontribution to the 'experimental' spe
i�
 heat

C

exp

=

p

2�

0

6

=

2�

6J

p

�

T : (4.51)

This is of 
ourse a result derived using hand-waving arguments and has to

be 
on�rmed by dynami
s 
al
ulations for the same model.

Even if one may doubt in the validity of the variational approximation at

very low temperatures, we think that it is interesting by itself. The 
onstant


ontribution to the entropy indi
ates a degenerate ground state as one might

have expe
ted for a glassy system, whereas the linear spe
i�
 heat is one of

the most distinguished features of the low-temperature anomalies in glasses.

Furthermore, the variable � depends only very weakly on the parameters

J and m and not at all on the parameters g and !

2

des
ribing the bare

potentials. This leads to a qualitative and almost quantitative universality

of the low-temperature properties of our model.
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Figure 4.2: Sus
eptibility as a

fun
tion of T=T

g

, where T

g

is the


lassi
al transition temperature.

The parameters are J = 1, !

2

=

J , g = 0:01 and � = 0:110.

Formally, the `experimental' linear spe
i�
 heat has its origin in the

terms O(�

2

) we have derived above as 'dis
retization 
orre
tions' in the

low-temperature regime. Consequently, it has nothing to do with quantum

tunneling be
ause there are no double-well terms in our entirely harmoni


variational test a
tion. This has to be 
onfronted with the fa
t that is well

known from the quasi-
lassi
al treatment of the model [9℄, that the linear

spe
i�
 heat has its origin in tunneling ex
itations. The variational approx-

imation mimi
s the quantum tunneling 
ontribution to the free energy by

another pro
ess that will be dis
ussed in 4.5.2.

4.5 Interpretation of the Results

4.5.1 Analyti
 Continuation

In order to 
al
ulate the linear response quantities of the system, we have to

do the analyti
al 
ontinuation [30, 20℄ of (4.18) to imaginary frequen
ies. As

we are mainly interested in the thermodynami
s of this model we will only

brie�y outline this 
ontinuation be
ause it will help us in the interpretation

of the physi
s 
ontained in the variational approximation. Let

q

d

(!

k

) � �(i!

k

) =

1

2�J

2

�

2�J � (i!

k

)

2
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(i!

k

)

2

q

4�J � (i!

k

)

2

�

:

(4.52)

�(z) =
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2�J

2

h

2�J � z

2

�

p

z

2

p

4�J � z

2

i

: (4.53)
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There are several possibilities for analyti
al 
ontinuations di�ering in the


hoi
es of the

p

-fun
tion. However, the 
ontinuation is unique [31℄ if one

requires that

� �(z) is analyti
 o� the real axis

� �(z) goes to zero as z approa
hes in�nity along any straight line in

the upper or lower half -plane.

We will 
hoose the

p

-fun
tion with

p

z

2

= z in the upper half plane.

This fun
tion has a 
ut along the positive real axis. Whenever we write a

p

+

in this se
tion, we refer to this de�nition. Close to the real axis we

have

p

x� i�

+

= �

q

jxj for x > 0

p

x� i�

+

= i

q

jxj for x < 0 :

In order to get the right values at the points z = i!

k

, we have to de�ne

�(z) =

1

2�J

2

�

2�J � z

2

+ i

p

z

2

+

p

4�J � z

2

+

�

for Im(z) > 0 :

The Fourier modes of the retarded and advan
ed Green's fun
tions are

given by

D

R

(!) = �i�(! + i�) D

A

(!) = i�(! � i�) (4.54)
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(4.55)

D

A

(!) = D

R

(!)

�

: (4.56)

The spe
tral fun
tion �(!) is given by

�(!) = �i(D

R

(!)�D

A

(!)) =

1

2�J

2

�(4�J � !

2

)j!j

p

4�J � !

2

: (4.57)

We re
ognize a 'deformed' Wigner semi-
ir
le law.

From the spe
tral fun
tion, we immediately get the Fourier transform of

the retarded 
orrelator at �nite temperature

G

<

(!) = i

�(!)

1� e

�!

: (4.58)
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From this, the time-dependent 
orrelation fun
tion at �nite temperature

follows as

G

<

(t) = i

Z

1

�1

d!

2�

e

�i!t

�(!)

1� e

�!

: (4.59)

Due to the bran
h 
ut in the 
orrelation fun
tion we obtain an algebrai


long-time de
ay. Indeed, for t � 1=! only the lowest modes 
ontribute to

the integral and we 
an approximate �(!) � j!j and extend the integration

to in�nity.

For T = 0, the real-time 
orrelation fun
tion (4.59) 
an be expressed

in a 
losed form and one �nds in a 
ombination of Bessel- and Digamma-

fun
tions. As we are mainly 
on
erned with thermodynami
s we refer to

[33, 34℄ for details.
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Figure 4.3: Correlation in time as a fun
tion to t=� where

� =

�h

2J

for di�erent temperatures. At high temperatures

(red 
urves) the 
orrelation shows damped os
illations. for

lower temperatures (bluer 
urves) we �nd an algebrai


long-time behavior.

4.5.2 Physi
al Content of the Variational Solution

In this se
tion we will show that the variational e�e
tive a
tion we found is

equivalent to an ensemble of harmoni
 os
illators, ea
h 
oupled to a super-

ohmi
 heat bath. The variational e�e
tive a
tion in its minimized form reads

S
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X
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X
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: (4.60)
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We insert the solutions for z and q

d

(!

k

) the spin-glass phase and �nd
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: (4.61)

The �rst part of the e�e
tive a
tion is just the one of an harmoni
 os
illator

with frequen
y

p

2J . For the se
ond term we write

1

2

�

!

2

k

=� + 2J �

q

(!

2
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2
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: (4.62)

However, this is just the the form self energy 
ontribution we would have

if the os
illator was 
oupled to a bath of harmoni
 os
illators with spe
tral

fun
tion

J(!) =

!

3

p

4J � !

2

�

: (4.63)

This is a super-ohmi
 bath [32℄. For an exa
t solution of this model see [33℄.

The last term in (4.61) 
an be de
oupled with a Gauss-Hubbard trans-

formation using

e
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: (4.64)

The integration over the � 
an be taken out of the repli
a limit su
h that we

�nally end up with the ensemble free energy

�F =
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d�
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e
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ln
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g exp (�S(x; fy
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: (4.65)

The integration over � 
an be interpreted as an average over non intera
ting

degrees of freedom with an a
tion

S(x; fy

i

g; �) = S
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+ S
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:
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The y

i

are the bath os
illators and assumed to be distributed su
h that the

spe
tral fun
tion is given by (4.63). We �nd that the a
tion (4.66) is just the

a
tion of an harmoni
 os
illator in a �eld �J

p

q 
oupled to a bath of harmoni


os
illators. The Gaussian distributed external �elds 
an be interpreted as

frozen strain �elds and be
ause q and thereby their strength depends on

temperature. As we have shown above, assuming them not to take part

in the dynami
s on experimental time s
ales immediately leads to a linear

spe
i�
 heat.

4.5.3 Zero Temperature Limit

Be
ause we started with an harmoni
 test a
tion, we will never be able to

en
ounter double well potential types of 
on�gurations within the variational

approa
h. Nevertheless, there is another way to obtain a physi
al interpre-

tation of the results of this 
hapter. One may simply use the solution found

here to approximate the nonlo
al term in (3.10). We note that the solution

for the modes q
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) is su
h that q
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2
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� J and q
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� J . As !
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2

we 
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lude that lim

T!0

q

d
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) = 1=J and therefore

Q
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1

J

Æ(�)Æ
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+ q . Inserting this into the time dependent version of

(3.10) we �nd

S

e�

(T ! 0) =

1

2

X

a

Z

�

h

m( _x

a

(�))

2

+ (m!

2

� J)x

2

a

(�)

i

�

qJ

2

2

(

X

a

Z

d�x

a

(�))

2

:

(4.67)

The last term 
an be de
oupled using a Gauss transformation just as in

the previous se
tion. We will end up with an ensemble average over parti
les

with a 
ompletely lo
al a
tion 
orresponding to parti
les moving in potentials

V (x; �) = J�

p

qx+

1

2

(m!

2

� J)x

2

+

g

4!

x

4

(4.68)

where again � is a Gaussian random variable with unit varian
e and zero

mean. Note that this is formally the ensemble of potentials found by Kühn

and Horstmann [9℄ in the quasi-
lassi
al approa
h. However, the quantity

q does not 
oin
ide with the quasi-
lassi
al approa
h as it is renormalized

due to quantum �u
tuations. The interpretation in the light of the results

of the previous subse
tion would be that at low temperatures all the 'bath'

harmoni
 os
illators are in the ground state and 
annot give rise to memory

terms anymore. Therefore the e�e
tive single-site a
tion must be
ome lo
al.

The parameter J

2

q des
ribes the varian
e of the random �eld and there-

fore of the asymmetry distribution. The 'experimental' spe
i�
 heat would



40 CHAPTER 4. VARIATIONAL OR HARTREE APPROXIMATION

therefore be the spe
i�
 heat measured for a �xed distribution of the mi
ro-

s
opi
 soft potentials.

4.6 Stability of The RS Solution

In this se
tion we will study the stability of the solution presented above with

respe
t to breaking of the repli
a symmetry and with respe
t to repli
a syn-


hronization, i.e. an imaginary time dependen
e of the Edwards -Anderson

order parameter q. In order to do so, we will solve the equations with a 1-

step repli
a symmetry breaking (1-RSB) ansatz and with an ansatz allowing

for an RS stru
ture in the matrix Q

ab

(!

k

) for k 6= 0.

4.6.1 1-RSB solution

The 1RSB ansatz 
onsists in assuming

Q

ab

(!

0

) = (q

d

� q)Æ

ab

+ q�

m

ab

(4.69)

where

�

m

ab

=

(

1 when b

a

m


 = b

b

m




0 else

: (4.70)

The Gauss bra
kets b�
 denote the largest integer smaller than the argument

in the bra
kets. The 
orrelators Q

ab

(!

k

) for k 6= 0 are assumed to be diagonal

in the repli
a indi
es.

The algebra of matri
es of this type is well known in the �eld of spin-glass

physi
s [27, 17℄ and the derivations are relegated to appendix C.

The resulting saddle-point equations for the variational approximation


ome from requiring the variational free energy to be stationary with respe
t

to the parameters q

d

; q and m and read

1

q

d

� q

�

q

(q

d

� q)(q

d

+ (m� 1)q)

= !

2

+

gz

2

� J

2

q

d

(4.71)

q

(q

d

� q)(q

d

+ (m� 1)q)

= J

2

q (4.72)

q

m(q

d

+ (m� 1)q)

+

1

m

2

ln

�

q

d

� q

q

d

+ (m� 1)q

�

= �

J

2

2

q

2

: (4.73)

Equation (4.72) has the solution q = 0 
orresponding to the paramagneti


phase. We add twi
e (4.73) to q times (4.72) in order to eliminate the
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J -dependen
e and introdu
e y =

q

q

d

and x =

my

1�y

and �nd an equation

depending on x alone:

x

2

1 + x

+

2x

(1 + x)

� 2 ln(1 + x) = 0 : (4.74)

This equation has the unique solution x = 0. In the SG phase, where q

is di�erent from zero, this ne
essitates m = 0 and we are ba
k at the RS

solution.

However, the situation is not as 
lear as one might think from the above

statement. This is be
ause the system is marginally stable with respe
t to

higher order breaking of the repli
a symmetry. As we will derive in 
hapter

5, the stability of the 1RSB solution with respe
t to higher order breaking is

determined by the sign of the so-
alled repli
on eigenvalue � =

1

(q

d

�q)

2

� J

2

[35℄ whi
h is identi
ally zero within the variational solution as stated by

(4.72) together with m = 0. This means that the stru
ture of the o�-

diagonal part of the matrix Q

ab

is in reality undetermined within the above

solution and that we have to go beyond the variational ansatz in order �nd

the manifestations of real glassiness in the RSB stru
ture of the 
orrelator.

4.6.2 Repli
a Syn
hronization

As we have already dis
ussed in the �rst se
tion of this 
hapter, there is

a very fundamental symmetry of the quantum-statisti
al des
ription of the

model, the time-translational invarian
e of the partition fun
tion. Espe
ially,

the e�e
tive a
tion is invariant under independent time translations of the

repli
ated times �

a

. However, we have seen that averaging out the disorder

generates intera
tions not only between di�erent repli
ations of the system

but also between di�erent times. In this se
tion we will allow for a spon-

taneous breaking of this symmetry, just as we have done for a breaking of

the permutational symmetry between repli
as in the previous se
tion. Nev-

ertheless we will keep the global time translational invarian
e �

a

! �

a

+ h

simultaneously for all a 2 f1 � � � ng.

This translates into Q

ab

(�; �

0

) = [q

d

(� � �

0

)� q(� � �

0

)℄ Æ

ab

+ q(� � �

0

).

The saddle-point equations 
an be translated into Fourier spa
e and we �nd

1

(q

d

(!

k

)� q(!

k

))

�

q(!

k

)

(q

d

(!

k

)� q(!

k

)

2

= !

2

+ !

2

k

+

gz

2

� J

2

q

d

(!

k

)

q(!

k

)

(q

d

(!

k

)� q(!

k

))

2

= J

2

q(!

k

) (4.75)
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where z is still given by z = T

P

k

q

d

(!

k

). For every mode k, equation 4.75

has the solutions q(!

k

) = 0 and q(!

k

) = q

d

(!

k

)�

1

J

. If we 
hoose the se
ond

solution for some k, we 
an put it into the �rst of the above equations and

�nd

gz

2

= 2J � !

2

� !

2

k

: (4.76)

This equation 
an obviously hold for one value of k at most. Assume 4.76

to hold for some k

0

6= 0. Then the equation for the zero mode would read

1

q

d

(!

0

)

= 2J � !

2

k

0

� J

2

q

d

(!

0

) : (4.77)

This equation has real and negative solutions only if !

2

!

> 4J and no positive

solution at all! This is a 
ontradi
tion be
ause q

d

(!

0

) =<

R

d�x

2

(�) > must

be positive by virtue of the self-
onsisten
y 
ondition.

We 
on
lude that within the variational approximation, neither the per-

mutational symmetry nor the invarian
e under independent translations of

the time-arguments is broken.



Chapter 5

The Model at its 3-Loop

Approximation

In this 
hapter we want to go one step further in the loop expansion of the

generating fun
tional S

3

[�℄ (3.15). However, the simplest way of doing this

is not obvious. A standard loop expansion would be in terms of va
uum dia-

grams with lines 
orresponding to the quadrati
 part of (3.8) with �

ab

(�; �

0

)

set to its self-
onsistent value (3.9). This quadrati
 part would 
orrespond

to the 'bare' inverse propagator Q

0

(!

k

) = (!

2

+ !

2

k

� J

2

Q(!

k

))

�1

, some-

times 
alled the `Weiss �eld' in the framework of the dynami
al mean-�eld

theory [40, 41℄. Be
ause this propagator depends already on the fully renor-

malized propagator Q

ab

(�; �

0

) in a non trivial way, the resulting equations

e.g. for the self-energy would be
ome fun
tional self-
onsisten
y equations

of a rather involved stru
ture. Therefore we fa
e a problem where the loop

expansion in terms of the bare propagator is very 
ompli
ated and a 
on-

siderable simpli�
ation arises when we formulate the self-energy in terms of

the full propagator immediately. Su
h expansion s
hemes are well known as

expansions of the self-energy in terms of skeleton graphs [43, 44℄ or on the

level of the generating fun
tional as the expansion in terms of two-parti
le

irredu
ible (2PI) va
uum graphs [45℄.

For the sake of 
ompa
tness, we have relegated the derivation of the

formalism to appendix B. As we will see, the repli
a symmetri
 ansatz

is no longer stable at this level of approximation and we will en
ounter a


lose relationship of our model to a spheri
al spin glass with 2-spin and 4-

spin intera
tion. Just as the latter, our model undergoes a phase transition

from 1-RSB to an C-RSB solution at very low temperatures. We will argue

that this phase transition 
ould eventually be what has been found in the

43
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experiments on the low-temperature diele
tri
 
onstant in stru
tural glasses

by Strehlow, Hunklinger and Enss [10℄. It will turn out that the 3-loop

approximation su�ers from spurious instabilities. Therefore we will propose

a `toy' approximation 
onsisting in keeping only those terms giving rise to


orre
tions to the repli
on eigenvalue. This approximation 
an be motivated

by adding an additional stabilizing term to the full a
tion.

5.1 The Equations of Motion

The 3-loop approximation 
onsists in taking the �rst two 2PI graphs for the

self energy into a

ount. We �nd the 2PI e�e
tive a
tion

� =

1

2

Tr lnQ

�1

+

1

2

Tr(Q

�1

0

Q)+

g

8

X

a

Z

d�Q

2

aa

(�; �)�

g

2

48

X

ab

Z

d�

Z

d�

0

Q

4

ab

(�; �

0

)

(5.1)

where

(Q

�1

0

(� � �

0

))

ab

= !

2

+

�

2

��

2

Æ

ab

Æ(� � �

0

)� J

2

Q

ab

(� � �

0

) (5.2)

is the self-
onsistent quadrati
 part of the e�e
tive potential if time-translational

invarian
e is assumed.

When looking for the saddle points we have to assume �xed Q

0

and do

not a

ount for the impli
it dependen
e of Q

0

on Q be
ause the identi�
ation

(5.2) has to be done in the end. The extrema of the e�e
tive a
tion obey

h

Q

�1

(� � �

0

)

i

ab

= (Q

�1

0

)

ab

(� � �

0

) +

g

2

Q

aa

(0)Æ

ab

Æ(� � �

0

)�

g

2

6

Q

3

ab

(� � �

0

)

(5.3)

whi
h, transformed into Fourier spa
e, reads

h

Q

�1

(!

k

)

i

ab

= !

2

+!

2

k

�J

2

Q

ab

(�!

k

)+

gT

2

X

k

Q

aa

(!

k

)Æ

ab

��

(2)

ab

(!

k

) : (5.4)

The fun
tion �

(2)

(!

k

) is the 2-loop 
ontribution to the self-energy. The latter

is given by

�

(2)

(!

k

)

ab

=

g

2

6

Z

d�e

�i!

k

�

Q

3

ab

(�) : (5.5)

The full self energy is given by � = �

(1)

+�

(2)

where �

(1)

sums up all tadpole


ontributions and �

(2)

�nds its �eld-theoreti
 analog in pair produ
tion.

Diagramati
ally we 
an write for the self energy

� = + :
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We remind that the full lines represent the full propagator. The two terms

are derived from the two- and three-loop va
uum diagrams 
ontributing to

the 2PI part �

2

of the e�e
tive a
tion. These 
an be written as

�

2

= + :

Due to the invarian
e under independent time-translations in di�erent

repli
as, it is natural to assume again that the o�-diagonal elements of the


orrelator are independent of time : Q

ab

(�) = Q

ab

for a 6= b. This means

that Q

ab

(!

k

) is diagonal for !

k

6= 0 as in the variational approximation.

Furthermore, we will assume a 1-RSB stru
ture for the !

0

-
omponents

of the 
orrelation fun
tion, su
h that Q

ab

(!

k

) = q

d

(!

k

)Æ

ab

for k 6= 0 and

Q

ab

(!

0

) = �

m

a;b

q

EA

+ (q

d

� q

EA

)Æ

ab

where �

m

ab

= 1 when b

a

m


 = b

a

m


. We note

that this is not a full 1-RSB ansatz be
ause in prin
iple one 
ould allow for

Q

ab

= q

0

for �

m

ab

= 0. However, due to the strong analogies with the p-spin

model investigated in the next se
tion, we will always �nd q

0

= 0 in absen
e

of external �elds and we will suppress this additional parameter for the sake

of simpli
ity.

With this stru
ture, the S
hwinger-Dyson equations for a = b and for !

0

read

1

q

d

� q

EA

�

q

EA

(q

d

� q

EA

)(q

d

+ (m� 1)q

EA

)

= 


2

� J

2

q

d

��

(2)

(!

0

)

aa

(5.6)

where 


2

= !

2

+

gT

2

P

k

q

d

(!

k

).

For a and b di�erent but in the same blo
k we �nd

q

EA

(q

d

� q

EA

)(q

d

+ (m� 1)q

EA

)

= J

2

q

EA

+

g

2

T

2

6

q

3

EA

: (5.7)

This equation allows for the solution q

EA

= 0 
orresponding to the param-

agneti
 phase and for solutions q

EA

6= 0 obeying

1

~

J

2

(q

EA

)

= (q

d

� q

EA

)(q

d

+ (m� 1)q

EA

) (5.8)

with

~

J

2

(q

EA

) � J

2

+

g

2

T

2

6

q

2

EA

. Using this, we 
an express q

d

as a fun
tion

of q

EA

:

q

d

(q

EA

) = q

EA

�

mq

EA

2

�

s

1

~

J

2

(q

EA

)

+

m

2

q

2

EA

4

(5.9)

where we have to 
hoose the upper sign in order to have a stable solution

(non negative eigenvalues of Q) with q

d

> q

EA

.
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Inserting (5.7) and (5.9) into (5.6) gives

1

q

d

� q

EA

= 


2

� J

2

(q

d

� q

EA

)� (�(0)

aa

�

g

2

T

2

6

q

3

EA

) : (5.10)

Unfortunately, it turns out that (5.10) has no paramagneti
 solution with

q

EA

= 0 in a large and interesting region of the parameter spa
e. The reason

is that the e�e
tive a
tion has a 
ontribution s
aling as �q

4

d

, 
oming from the

3-loop term. Therefore, the minimum we �nd is at most metastable and it

turns out that there is no minimum at all in a large region of the parameter

spa
e. This is 
learly unphysi
al: the quarti
 term in the bare single-site

potentials of our model should always 
on�ne the degrees of freedom x

i

and

therefore q

d

should remain �nite. The problem 
ould be 
ured by going to

4-loop in the e�e
tive a
tion or by adding a term proportional to g

3

q

6

d

to it.

This would formally not make any di�eren
e be
ause we would still be exa
t

to order g

2

.

Con
erning the break point m, there are two di�erent approa
hes. First

one 
ould try minimizing the e�e
tive a
tion with respe
t to m. This leads

to the so-
alled equilibrium solution. Se
ond, one 
ould require the repli
on

eigenvalue to vanish. This is 
alled the marginally stable solution[35, 36, 23℄.

It is well known in the �eld that the phase diagram of the marginally stable

solution reprodu
es the dynami
al phase diagram and the breakpoint m

then 
orresponds to the fa
tor X des
ribing the violation of the �u
tuation

dissipation theorem (FDT).

But let us state state the equations for the non-zero modes q

d

(!

k

):

1

q

d

(!

k

)

= 


2

� J

2

q

d

(�!

k

) + �

2

(!

k

) (5.11)

where we have assumed q

d

(�!

k

) = q

d

(!

k

) be
ause of time inversion invari-

an
e. It turns out that these equations depend on q

d

alone and do not

expli
itly depend on the parameters q and m des
ribing the o�- diagonal

stru
ture of the 
orrelation matrix. In the same vein, the equations for the

o�-diagonal elements do not depend on q

d

(!

k

) for k 6= 0 expli
itly. Given

q

d

(!

0

), all other parameters 
ould be found.

In order to elu
idate the relations between our model in a 3-loop approxi-

mation and an equivalent quantum spheri
al p-spin model, we will undertake

a short ex
ursion in the next se
tion. We will newly meet (5.11) and (5.7) to-

gether with one of the two possible 
onditions for the breakpoint parameter

m. These equations have to be solved given q

d

in the 
ontext of a spheri
al

model.
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5.2 Ex
ursion: The Equivalent P-Spin Model

In this se
tion we want to undertake a brief ex
ursion to the �eld of spheri
al

p-spin models and emphasize the striking similarity between our model in its

3-loop approximation and an equivalent p-spin model. We will �nd indeed

that the equations for the 
orrelation matrix are exa
tly identi
al to ours,

ex
ept that the equation obtained from deriving the free energy with respe
t

to q

d

has to be interpreted as an equation that determines z for p-spin models

whereas it determines q

d

for our model.

Consider an spin-glass Hamiltonian with 2-spin and 4-spin intera
tion as

follows:

H =

X

i

p

2

i

2

+

X

i<j

J

ij

x

i

x

j

+

X

i<j<k<l

J

4

ijkl

x

i

x

j

x

k

x

l

: (5.12)

The variables x

i

are assumed to be 
ontinuous and subje
t to the spheri
al


onstraint

P

i

x

2

i

= l

2

0

N , where l

0

is the length of the spin. The 
ouplings

are Gaussian distributed random variables with zero mean and varian
e

J

2

ij

=

J

2

N

(5.13)

and

(J

4

ijkl

)

2

=

6J

2

4

N

3

(5.14)

where J

ij

= J

ji

and J

4

ijkl

is symmetri
 under permutations of the indi
es.

The varian
e of general p-spin intera
tion 
onstants is given by

(J

p

i

1

���i

p

)

2

=

(p� 1)!J

2

p

N

p�1

(5.15)

for the 
onventions used here. This type of model has been investigated by

numerous authors. We will follow the notations and 
onventions of [37℄.

The partition fun
tion 
an easily be 
al
ulated using the repli
a tri
k.

The spheri
al 
onstraint will be implemented in the di�erent repli
as using

Lagrange parameters z

a

and the saddle - point may be taken. On
e the

saddle point has been taken in the quantum partition fun
tion, the dire
t

translation of the spheri
al 
onstraint reads <

R

�x

a

(�)x

a

(�) >= l

2

0

and one

will be fa
ing a 
ompletely harmoni
 e�e
tive a
tion. Introdu
ing

f(q) =

1

2

J

2

q

2

+

1

4

J

2

4

q

4

(5.16)
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we �nd for the e�e
tive a
tion of the 
orresponding single-site problem

�[Q℄ =

1

2

Tr lnQ

�1

+

1

2

Tr

n

X

k

(!

2

k

+ z

a

)Æ

ab

Q(!

k

)

�

X

ab

Z

d�

Z

d�

0

f(Q

ab

(�; �

0

)) : (5.17)

This leads to the S
hwinger - Dyson - equation

Q

�1

ab

(���

0

) = (

�

��

2

+z

a

)Æ

ab

Æ(���

0

)�J

2

Q

ab

(���

0

)�

J

2

4

6

Q

3

ab

(���

0

) : (5.18)

Note that this equation exa
tly 
oin
ides with the equations for our model

in its 3 - loop approximation if only we repla
e

z

a

! 


2

� !

2

+

g

2

Q(� = 0) (5.19)

and

J

2

4

! g

2

=6 : (5.20)

This means that the at the 3-loop level the lo
al anharmoni
ity in our model

is indistinguishable from terms generated by a random 4-spin intera
tion.

However, in the spheri
al J

2

- J

4

- p- spin model, the Lagrange - pa-

rameter is determined su
h that the spheri
al 
onstraint is ful�lled whereas

in our model it is �xed by the mere minimization of the free - energy fun
-

tional. However, if we had de�ned our model su
h that !

2

was temperature -

dependent, and determined su
h that the spheri
al 
onstraint is ful�lled, the

two models would be 
ompletely equivalent. Dis
ussing the phase - diagram

of our model in terms of !

2

would 
orrespond to the unnatural way of dis-


ussing the equivalent p-spin model in terms of the a
tual value the Lagrange

multiplier takes. However, as long as there is a unique relation between the

Lagrange parameter and one other order parameter, there exists a mapping

between the two models.

5.2.1 The Classi
al Limit

The p-spin model with p = 2 and p = 4 intera
tion has already been studied

by Th. M. Nieuwenhizen [37℄, whom we will follow in this subse
tion, in the


lassi
al 
ase and for bosoni
 spheri
al quantum spins in a 
oherent - state -

path-integral formulation. In this se
tion we will brie�y des
ribe the results

presented in that letter. In the 
lassi
al limit the time - dependen
e of all

quantities will vanish and we �nd for the repli
ated free energy

2�F

n

= ��

2

X

ab

f(q

ab

)�Tr

n

lnQ� n : (5.21)
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Expanding in the o� - diagonal elements q

ab

one obtains

2�F

n

= �n

n

1 + ln q

d

+ �

2

f(q

d

)

o

(5.22)

�

1

2

(�

2

J

2

2

�

1

q

2

d

)

X

a6=b

q

2

ab

�

1

3

X

a6=b6=


q

ab

q

b


q


a

�

�

2

J

2

4

4

X

a6=b

q

4

ab

+ � � � :

It is worthwhile to note that this is exa
tly the relevant part of the free energy

of the SK - model. Our model will thus belong to the same universality 
lass

and display full RSB for an appropriate 
hoi
e of J and J

4

.

5.2.2 The 1-RSB Solution

If J

2

< J

�

(J

4

) the system will have a low-temperature phase 
hara
terized

by one-step repli
a symmetry breaking (1-RSB) whi
h we want to dis
uss in

zero external �eld H = 0. This approximation 
onsists in assuming Q

ab

=

(q

d

� q

EA

)Æ

ab

+ q

EA

�

m

ab

. The free energy fun
tional 
an be written as

lim

n!0

2

n

�[q

d

; q

EA

;m℄ = �

1

m

log(q

d

+ (m� 1)q

EA

)�

m� 1

m

log(q

d

� q

EA

)

� �

2

f(q

d

)� (m� 1)�

2

f(q

EA

) + z(q

d

� l

2

0

) : (5.23)

The saddle point equations with respe
t to the parameters z; q

d

; q

EA

and m

read

q

d

= l

2

0

(5.24)

q

d

+ (m� 2)q

EA

(q

d

� q

EA

)(q

d

+ (m� 1)q

EA

)

= z � �

2

f

0

(q

d

) (5.25)

q

EA

(q

d

� q

EA

)(q

d

+ (m� 1)q

EA

)

= �

2

f

0

(q

EA

) (5.26)

1

m

2

ln(1 +

mq

EA

q

d

� q

EA

)�

q

EA

m(q

d

+ (m� 1)q

EA

)

= �

2

f(q

EA

) (5.27)

where equation (5.25) merely de�nes z for the spheri
al model. In our orig-

inal model however, z is a fun
tion of q

d

and of the higher quantum modes

q

d

(!

k

) and equation (5.25) determines q

d

. The important point to note is

that given q

d

, equations (5.26) and (5.27) are identi
al to the ones we �nd

for our model in its 3-loop approximation. This has the 
onsequen
e that

the stru
ture of the 
orrelations in repli
a spa
e is identi
al in both models.

As one 
ould always work with a length s
ale where q

d

= 1 we 
ould equally

well say that both models are identi
al up to some temperature dependent

s
ale transformation.
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Figure 5.1: The equilibrium phase - diagram of

the j - j

4

- spin glass in the stati
 approximation.

The phases are labeled PM for paramagneti
, C-

RSB for 
ontinuous breaking of the repli
a sym-

metry and 1-RSB for one - step breaking.

In the 
ase of a pure spheri
al model, f is a monomial and it is possible

to multiply (5.27) by pq

EA

, subtra
t it form (5.26) and �nd an equation that

is independent of the disorder and the temperature. It turns out that the

ratio x

p

=

my

1�y

with y = q

EA

=q

d

depends on p alone and takes e.g for p = 3

the value x

3

= 1:81696 [23℄.

This is not possible in our 
ase, when two nonzero 
ouplings are present.

Nevertheless we 
an use a similar strategy in order to obtain equations in-

dependent of J and J

4

. We de�ne x =

mq

EA

q

d

�q

EA

, multiply (5.27) with 2 and 4

respe
tively, and subtra
t from q

EA

times (5.26) from these. We �nd

4 ln(1 + x)�

4x

(1 + x)

�

2x

2

(1 + x)

= �m

2

j

4

x

4

(m+ x)

4

(5.28)

4 ln(1 + x)�

4x

(1 + x)

�

x

2

(1 + x)

= m

2

jx

2

(m+ x)

2

(5.29)

whi
h have to be solved for m and x. We have introdu
ed the dimensionless

parameters j

4

= �

2

J

2

4

q

4

d

and j = �

2

J

2

q

2

d

.

We �nd an 1-RSB solution to the above equations if the disorder is strong

enough. There is one solution if j > 1 and j

4

< j




4

(j) � 4. If the four point

intera
tion is strong, j

4

> j




4

(j) we have to 
hoose between two solutions

for j < 1 and three solutions for j > 1 but smaller than some other 
riti
al
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value. We always 
hoose the solution with the largest absolute value as it

maximizes the free energy. When 
rossing the 
riti
al line at a value j < 1,

the Edwards-Anderson order parameter jumps from zero to some value < q

d

and the breakpoint m is equal to one at the phase transition. Be
ause of the

jump of q, this transition is often referred to as �rst order, even if it is not �rst

order in a thermodynami
al sense be
ause only the produ
t (m� 1)q enters

thermodynami
 quantities. This produ
t varies 
ontinuously. Crossing the


riti
al line at j = 1, q in
reases 
ontinuously and does not jump. Therefore

this transition is of se
ond order in any sense. However, we will see in that

the 1-RSB solution is not stable in this region of parameter spa
e.

5.2.3 Stability of the 1-RSB - Solution

In order to study the stability of the 1-RSB - phase, we have to 
al
ulate

the se
ond derivative of the free energy fun
tional with respe
t to the o�

- diagonal elements q

ab

and evaluate the resulting Hessian at the 1RSB -

solution. The variation is required to be orthogonal to any 1-RSB - matrix

be
ause we are looking for the transverse, 'repli
on' - eigenvalue [38℄, i.e.

(�

m

� ÆQ)

ab

= 0 (5.30)

and

(1� �

ab

)ÆQ

ab

= 0 : (5.31)

We �nd for the se
ond variation

2�Æ

2

F

n

= Tr(Q

�1

ÆQ)

2

� �

2

X

ab

f

00

(q

ab

)ÆQ

ab

ÆQ

ab

: (5.32)

The inverse of Q 
an be written as

Q

�1

=

1

q

d

� q

EA

1l�

q

EA

(q

d

� q

EA

)(q

d

+ (m� 1)q

EA

)

� � A1l�B� : (5.33)

This means that we are looking for an eigenvalue �

T

determined by the

equation

A

2

ÆQ

ab

+AB [(ÆQ � �)

ab

+ (� � ÆQ)

a

b)℄

+B

2

(� � ÆQ � �)

ab

� �

2

f

00

(q

EA

)�

ab

ÆQ

ab

= �

T

ÆQ

ab

: (5.34)

This gives the result

�

T

= A

2

� �

2

f

00

(q

EA

) �

1

(q

d

� q

EA

)

2

� �

2

(J

2

+ 3J

2

4

q

2

EA

) : (5.35)
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In terms of our dimensionless parameters one may write

q

2

EA

�

T

=

x

2

m

2

�

jx

2

(x+m)

2

�

3j

4

x

4

(x+m)

4

: (5.36)

In order to �nd the 
riti
al line in the j; j

4

- plane, we have to solve �

T

= 0

in (5.36) together with (5.28) and (5.29).

5.2.4 The Marginally Stable Spin-Glass Solution

It has be
ome 
lear in the studies of the dynami
s of p-spin models [38℄, that

the system gets trapped within 
on�gurations 
orresponding to saddle points

of the Energy lands
ape in 
oordination spa
e rather than ever rea
hing its

equilibrium state in �nite time. This situation 
an be mimi
ked within our

thermodynami
al formalism by requiring the repli
on eigenvalue dis
ussed

above to always be zero [23, 36℄. The breakpoint m will be determined by

this requirement and we do not extremalize the free energy with respe
t to

m. The new set of equations to solve is

1

(q

d

� q

EA

)

2

= �

2

(J

2

+ 3J

2

4

q

2

EA

) (5.37)

1

(q

d

� q

EA

)(q

d

+ (m� 1)q

EA

)

= �

2

(J

2

+ J

2

4

q

2

EA

) : (5.38)

We note that these equations are identi
al to the ones that 
an be derived

from a dynami
s 
al
ulation [42℄. The breakpoint parameter m is repla
ed by

the Fa
tor X des
ribing the violation of the �u
tuation dissipation theorem

[36℄.

Subtra
ting (5.37) form (5.38) gives

m

q

d

+ (m� 1)q

EA

= 2�

2

J

2

4

q

EA

(q

d

� q

EA

)

2

(5.39)

and subtra
ting 3 times (5.38) from (5.37) gives

mq

EA

� 2(q

d

� q

EA

)

(q

d

+ (m� 1)q

EA

)

= 2�

2

J

2

(q

d

� q

EA

)

2

: (5.40)

Dividing the last two equations gives

m =

2q

EA

(q

d

� q

EA

)

q

2

EA

� J

2

=J

2

4

: (5.41)
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As (5.37) is independent of the breakpoint m, it 
an be solved for q

EA

and

(5.41) would then give us m. Moreover, this equation determines a lower

bound q




for q

EA

be
ause m may not be larger than 1. We �nd

q




=

q

d

3

+

s

J

2

3J

2

4

+

q

2

d

9

: (5.42)

The upper bound for q

EA

is given by q

d

. The bounds meet when

q

2

d

=

J

2

J

2

4

: (5.43)

Next, we dis
uss( 5.37). It has no solution for q

EA

in the interval [0; q

d

℄ if

j

4

< j

�

4

(J) � 4 and has two su
h solutions if j

4

> j

�

4

. One of these solutions


an always be dis
arded be
ause it violates the lower bound derived above.

The line j

4

= j

�

4

(j) marks the dynami
al phase transition for transitions

from the paramagneti
 to the 1-RSB spin-glass phase. The transitions may

be �rst or se
ond order just as in the equilibrium 
al
ulation. However, the

dynami
al �rst order transition o

urs at a smaller value of j

4

, and there-

fore at a higher temperature, than the 
orresponding equilibrium transition.

This means that already at a temperature above the thermodynami
al phase

transition, the dynami
s freezes and the system will not be able to rea
h the

equilibrium state in any �nite time. It gets trapped on the saddle points we

have pi
ked out of the phase spa
e by requiring the repli
on eigenvalue to

vanish.

5.2.5 The C-RSB Solution

When J is smaller than some threshold value J

�

(J

4

), the physi
s will be dom-

inated by the J

4

- intera
tion and the system will display one - step RSB.

The more interesting 
ase is J > J

�

(J

4

) where the system will be 
hara
-

terized by a full Parisi RSB-s
heme displaying 
ontinuous repli
a symmetry

breaking (C-RSB). We will assume this to be the 
ase. Again we will follow

[37℄.

We express q

ab

in terms of the Parisi fun
tion q(x) and use well known

expressions from 'repli
a - algebra' (see e.g. the appendix of [38℄). It takes

a plateau value q

EA

for x

1

< x < 1. The expli
it expression for the 
lassi
al

free energy reads

2�F = ��

2

Z

1

0

dx ff(q

d

)� f(q(x)g �

Z

q

EA

0

dq

I(q)

� ln(q

d

� q

EA

)� 1 (5.44)
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Figure 5.2: The full phase - diagram

of the j - j

4

. The green line marks

the dynami
al phase transition of the

model that 
an be found using the 
ri-

terion of marginal stability.

with

I(q) = q

d

� q

EA

+

Z

q

EA

q

x(q

0

)dq

0

: (5.45)

The saddle-point equation reads

�

2

f

0

(q(x)) =

Z

q(x)

0

dq

0

I(q

02

)

: (5.46)

In the region where q

0

(x) 6= 0 one has �

2

f

00

(q) = I(q)

�2

. It follows that x(q)

has an universal shape for all T

x(q) = T

f

000

(q)

2(f

00

(q))

3=2

�

6J

2

4

q

2(J

2

+ 3J

2

4

q

2

)

3=2

(5.47)

whi
h gives q(x; T ) = q(�x) after inversion. The Edwards-Anderson order

parameter q

EA

follows from

q

EA

= q

d

�

T

p

f

00

(q

EA

)

= q

d

�

T

q

J

2

+ 3J

2

4

q

2

EA

: (5.48)

Now we have to dis
uss the solutions of (5.48) alone. It is worthwhile

to note that (5.48) a
tually 
oin
ides with the equation determining the

Edwards-Anderson parameter within the marginally stable spin - glass so-

lution and therefore with the dynami
s 
al
ulation. The reason is that the

Parisi solution is marginally stable intrinsi
ally.
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For large values of j > 1, equation (5.48) uniquely determines q

EA

for

all values of j

4

. For 1 > j > 0:9 however, there are three solutions to

the equation, the one in the middle 
orresponding to a minimum of the free

energy. By in
reasing j

4

for given j and temperature, there is a dis
ontinuous

phase transition where q

EA

jumps to a nonzero value. For j < 1:0, we

have no solution to (5.48) in the interval [0; 1℄ unless J

4

> J




4

, where two

solutions appear at some nonzero value of q

EA

. In the for values J

4

< J




4

the

paramagneti
 solution is the only one that exists.

In order to determine the transition between the C-RSB and the 1-RSB -

solution within the 'dynami
al' (i.e. marginally stable) framework, we have

to refer to a stability 
riterion of the C-RSB solution. Requiring x(q) to

be monotonously in
reasing for all values of q < q

EA

gives us the 
ondition

x

0

(q

EA

) = 0 with q

EA

determined by (5.48). Translated to our fun
tion f ,

the 
riterion reads

f

0000

(q

EA

)f

00

(q

EA

)�

3

2

(f

000

(q

EA

))

2

> 0 (5.49)

and in terms of the dimensionless parameters the 
riti
al line is given by

j




4

=

4j

2

(1� 2

p

j)

2

: (5.50)

This expression is relevant only for the transition between C-RSB and the

1-RSB phase. For j

4

above this value we �nd an 1-RSB s
heme. However,

a word of 
aution is in order: In prin
iple, we have used an equilibrium

framework in order to determine the C-RSB solution. Therefore we 
on

only talk about the equilibrium phase diagram and the transition between

equilibrium 1RSB and C-RSB phase. As we have seen above, the equilibrium

1-RSB state will never be rea
hed by the system be
ause the �rst order

phase transition is pre
eded by the dynami
al phase transition at higher

temperatures. We are not aware of a method to 
al
ulate the marginally

stable C-RSB solution, su
h that the equivalen
e between stati
 and dynami



al
ulations 
ould be 
ontinued to the regime of in�nite step RSB.

The full phase diagram of the model in
luding the dynami
, stati
 and

1-RSB � C-RSB transition lines is sown in �gure 5.2.



56 CHAPTER 5. THE MODEL AT ITS 3-LOOP APPROXIMATION

5.3 A Toy Approximation

We have seen in the previous se
tion that the equations of our mi
ros
opi


glass model at its 3-loop approximation di�ers from the former only by the

fa
t that we have to determine the zero mode of the diagonal part of the 
or-

relation matrix q

d

(!

0

) self-
onsistently by minimizing the e�e
tive a
tion. In


ontrast to the spheri
al models, where q

d

is �xed by the spheri
al 
onstraint,

a soft version of the 
onstraint is implemented in our model thanks to the

quarti
 term in the potential. If we knew q

d

as a fun
tion of temperature,

given the other parameters J; g and !

2

, it would be very simple to map the

models onto ea
h other. In the variational approximation, we 
ould deter-

mine q

d

, but we have seen that the repli
on eigenvalue was identi
ally zero

in the low-temperature phase and 
onsequently the repli
a symmetry was

exa
t. Small additional terms would break this marginally stable symmetry

as we have seen in the previous se
tion.

However, the full 3-loop approximation, obeying the equations of motion

derived in the �rst se
tion of this 
hapter, is unstable throughout the most

interesting range of the parameter spa
e. This is be
ause the 3-loop va
uum

diagram 
ontributes a term proportional to �Q

4

to the e�e
tive a
tion that

destabilizes its minimum and leads to diverging paths in the path integral.

However, we know that this instability is a spurious produ
t of the 3-loop

approximation and is therefore unphysi
al. In reality, the quarti
 term in

the potential 
on�nes the parti
le irrespe
tive of the quadrati
 and disorder

part of the Hamiltonian. We will see in the next 
hapter, that in a higher

order loop expansion the term arising from the 3-loop va
uum diagram is

indeed in a 
ertain sense over
ompensated by higher order diagrams.

Therefore, we propose a `toy' approximation in this se
tion, that may

seem rather unsystemati
 at �rst sight: we will trun
ate the equations for

the diagonal part of the self-energy at 1-loop order and go to 3-loop order

in the equations for the o�-diagonal part, thereby keeping terms that are

small as 
ompared to the terms we negle
ted in the diagonal part. However,

it is important and well justi�ed to keep small terms breaking the repli
a

symmetry and 
ontribute to the repli
on eigenvalue be
ause they have to be


ompared to zero rather than to the 
ontributions to q

d

. It will turn out

that this approximation 
aptures very interesting physi
s.

In diagrammati
al language we will apply the following approximations

for the self-energy:

�

aa

= (5.51)
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and

�

a6=b

= + : (5.52)

The �rst term in the last equation vanishes be
ause the quarti
 vertex is

diagonal in the repli
a indi
es and 
onsequently the tadpole diagram is pro-

portional to Æ

ab

.

5.3.1 Mi
ros
opi
 A
tion

We note that the toy approximation 
an be alternatively understood as fol-

lows: as the 3-loop expression displays spurious instabilities we add a stabi-

lizing term S

stab

to the mi
ros
opi
 a
tion (3.3). The minimal 
hoi
e for the

stabilization is

S

stab

=

g

2

48�h

2

X

a

Z

d�

Z

d�

0

 

X

i

x

a;i

(�)x

a;i

(�

0

)

!

4

(5.53)

whi
h is of order x

8

and therefore does not tou
h our mi
ros
opi
 pi
ture

as the latter has been derived as a Born-von-Karman expansion trun
ated

at the order x

4

. Equivalently, (5.53) 
an be seen as a soft version of the


onstraint usually imposed on p-spin models. The term (5.53) 
ontributes a

term

S

stab

[Q℄ =

3g

2

(4!)

2

�h

2

X

a

Z

d�

Z

d�

0

Q

4

aa

(�; �

0

)

to 3.6. Therefore, the saddle point value of the Lagrange parameter �eld

�

ab

(�; �

0

) is modi�ed and we �nd

�

ab

(�; �

0

) = �

J

2

�h

Q

ab

(�; �

0

) +

g

2

24�h

Q

3

aa

(�; �

0

)Æ

ab

: (5.54)

This term 
an
els the diagonal part of the 2-loop 
ontribution to the self-

energy exa
tly.

5.3.2 S
hwinger-Dyson Equations

The saddle-point resulting from the expressions (5.51) and (5.52) for the

self-energy read

(Q

�1

)

aa

(!

0

) = !

2

+

gz

2

� J

2

Q

aa

(5.55)

(Q

�1

)

ab

(!

0

) = J

2

Q

ab

(!

0

) +

g

2

T

2

6

Q

3

ab

(!

0

) for a 6= b (5.56)

q

d

(!

k

)

�1

= !

2

+ !

2

k

+

gz

4

� J

2

q

d

(!

k

) for k 6= 0 (5.57)
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where we have used shorthand

z = T

X

k

q

d

(!

k

) � Q

aa

(� = 0) (5.58)

as in the previous 
hapter.

In the paramagneti
 phase, the equations are identi
al to the variational

ones (by 
onstru
tion) and we have

q

d

(!

k

) =

1

2J

2

�

!

2

+ !

2

k

+

gz

2

�

r

(!

2

+ !

2

k

+

gz

2

)

2

� 4J

2

�

(5.59)

where z has to be determined self-
onsistently using (5.58). In the spin-glass

phase, (5.59) still holds for k 6= 0.

New features appear in the spin-glass phase, where we 
hoose an 1-RSB

ansatz, that is Q

ab

(!

0

) = (q

d

� q)Æ

ab

+ q�

m

ab

, for the zero mode of the 
or-

relation matrix �rst. The above equations have to be supplemented by an

equation for the breakpoint parameter m. We use the 
ondition of marginal

stability instead of the equilibrium 
ondition as dis
ussed in the previous

se
tion. Taking the formulas from appendix C, the full set of equations

reads

1

q

d

� q

�

q

(q

d

� q)(q

d

+ (m� 1)q)

= !

2

+

gz

2

� J

2

q

d

(5.60)

q

(q

d

� q)(q

d

+ (m� 1)q)

= J

2

q +

g

2

T

2

6

q

3

(5.61)
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� q)

2

= J

2

+ 3

g

2

T

2

6

q

2

(5.62)

supplemented by equation (5.58) for z. Using 5.61 in 5.60 gives

1

q
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� q
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2
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2

6

q

3

� J
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(q

d

� q) : (5.63)

One has to �nd the zeros of a se
ond order polynomial to solve 5.62 for

q

d

(q). Introdu
ing f

00

(q) = J

2

+

g

2

T

2

2

q

2

, equation (5.60) 
an be written as

q

f

00

(q) = !

2

+

gz

2

+

g

2

T

2

6

q

3

�

J

2

p

f

00

(q)

: (5.64)

This 
an be solved numeri
ally for q(z). Multiplying with

p

f

00

(q) and taking

the square gives

(2J

2

+




2
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2

)

2

= (J

2

+
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2

)
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6
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3

�

2

(5.65)
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with 
 = g

2

T

2

. There will be either no solution or two solutions with positive

q. We 
hoose the larger solution be
ause we infer its stability by virtue of

the analogy to the equivalent spheri
al model.

The breakpoint parameter 
an then be found from 5.61 as a fun
tion of

q

d

and q. We �nd

m = 1�

q

d

q

+

1

(q

d

� q)(J

2

q +


q

3

6

)

: (5.66)

The 
riterion for the stability of the 1-RSB solution with respe
t to C-RSB


an be taken from the 
onsiderations in the previous se
tion. We �nd that

the 
riti
al line is determined by

J

2

= 3
q

2

: (5.67)

5.3.3 The Equilibrium Spin-Glass Solution

For the equilibrium spin-glass solution we have

1

q
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+ (m� 1)q)
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(5.68)
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(5.70)

whi
h we have to solve for m, q and q

d

given z. The latter has to be de-

termined self-
onsistently. Using the se
ond equation in the �rst, we get a

relation between q

d

and q that does not depend on the breakpoint parame-

ter m. This 
an be solved for q

d

(q) or q(q

d

) as one likes. We de
ide to take

� = q

d

� q as an independent variable and �nd

�(q) =

1

2J

2

�




2

(q)�

q




2

(q)

2

� 4J

2

�

; (5.71)

where




2

(q) � !

2

+

gz

2

+




2

6

q

3

: (5.72)

We 
hoose the solution with the negative sign be
ause we expe
t �(q)! 0

for q !1.

Equations 5.69 and 5.70 are most 
onveniently written in terms of � =

q

d

� q, x �

mq

q

d

�q

and q. We �nd
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1

1 + x
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(5.73)
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: (5.74)

Now q 
an be eliminated from the last equation using the �rst. This allows

us to get x as a fun
tion of �, solving

x(1 +

1

4

x)

1 + x

� log(1 + x) = �

1

4

J

2

�

2

x

2

: (5.75)

Besides the trivial solution x = 0 
orresponding to the paramagneti
 phase,

this equation has a nonzero solution only for J

2

�

2

< 1, signaling the phase

transition. The maximum value of x, x

max

= 4:115:: is found when J� = 0.

Given x(�) we 
an easily determine

q(�) =

s

6




2

�

2

�

1

(1 + x(�))

� J

2

�

2

�

(5.76)

and insert it into 5.68. This means that we have a single real positive solution

for all � < 1=J .

5.3.4 The Marginally Stable Spin-Glass Solution

For the marginally stable spin-glass solution we have to repla
e 5.70 with

1

(q

d

� q)

2

= J

2

+




2

2

q

2

�

~

J(q) : (5.77)

This means

~

�(q) =

1

q

~

J(q)

: (5.78)

The expression for the breakpoint 5.66 remains unaltered and q 
an be de-

termined by solving

~

�(q) = �(q) with �(q) taken from 5.71.

5.3.5 Dis
ussion of the Phase Diagram

The numeri
al solution shows di�erent behavior depending on the quadrati


part !

2

of the bare single-site potentials. For !

2

> 0, there is a se
ond order

phase transition, whereas for !

2

< 0 there is a �rst order phase transition.
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If !

2

< 0, that is if we start with double-well potentials, there is a �rst

order phase transition o

urring with a value m = 1 of the breakpoint pa-

rameter and a nonzero value of the Edwards-Anderson parameter. However,

there is an important di�eren
e to the spheri
al p-spin models. In both


ases, the internal energy depends on q

d

and the produ
t (m�1)q alone. As

in the spheri
al models, q

d

is held �xed, a jump of the Edwards-Anderson

parameter does not produ
e latent heat as long as m = 1. This means that

the phase transition is not �rst order in the Ehrenfest sense. In our model,

the jump in q indu
es a jump in q

d

as well as both of the parameters depend

on ea
h other. This produ
es latent heat even if m = 1 at the transition.
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Figure 5.3: Behavior of the

Edwards-Anderson order parame-

ter and the breakpoint m in the


ase of a �rst order (blue, !

2

=

�J) and se
ond order (red, !

2

=

J) phase transition. The parame-

ter !

2

is the quadrati
 part of the

bare potential.
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Figure 5.4: The di�eren
e between

the paramagneti
 and spin-glass free

energy for di�erent strengths of quan-

tum �u
tuations � and !

2

= �1 as a

fun
tion of T=T

g

. For � = 0 we re-


over a se
ond order phase transition,

whereas for nonzero � it is weakly

�rst order.

It has been shown [24℄ that in spheri
al models, the quantum �u
tuations


an drive the transition from se
ond to �rst order by produ
ing a phase

transition where the breakpoint parameter m jumps to a value di�erent from

one. This may o

ur in our model as well, if only the quantum �u
tuations

are strong enough. However, there will be no qualitative 
hange in the
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behavior be
ause the phase transition is �rst order for any �nite value of �h.

Only in the limit �h! 0 the transition be
omes se
ond order.
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Figure 5.5: 1-RSB phase diagram of

the toy approximation for g = 1:0 and

� = 0:1 within a equilibrium 1RSB

ansatz and the marginally stable solu-

tion 
orresponding to the dynami
al

phase diagram.
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Figure 5.6: 1-RSB phase diagram of

the toy approximation for g = 0:1 and

� � 0:01 extended to lower tempera-

tures. The blue line determines the

temperature where the toy approxi-

mation breaks down be
ause the �rst

Matsurbara mode be
omes unstable.

The dash-dotted line indi
ates a tran-

sition form 1-RSB to C-RSB.
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Figure 5.7: Sus
eptibilities 
al
u-

lated within the `toy' approximation

for !

2

= �1 and !

2

= 1, where in the

latter 
ase the phase transition is of

se
ond order. We remind that !

2

is

the quadrati
 part of the bare poten-

tial and that we are not 
al
ulating

frequen
y dependent sus
eptibilities.

As expe
ted from the spheri
al p-spin models, the dynami
al phase tran-

sition o

urs at a higher temperature than the �rst-order phase transition
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and the transition lines are identi
al in the 
ase of a se
ond order phase tran-

sition. Interestingly, the free energies of the paramagneti
 and the marginally

stable spin-glass solution are identi
al within our numeri
al pre
ision in the

temperature range where they 
oexist.

Formally, the spin-glass solution 
an be 
ontinued into the paramagneti


phase and the paramagneti
 solution 
an be 
ontinued into the spin-glass

phase. However, the breakpoint parameter m be
omes bigger than 1 for

the 
ontinuation of the spin-glass solution into the paramagneti
 phase su
h

that there is no 
lear physi
al meaning to this 
ontinuation. This has the


onsequen
e that one would expe
t an hysteresis 
y
le for the zero �eld 
ooled

sus
eptibility [17, 37℄

�

ZFC

�

Z

d�q

d

(�)� q

EA

(5.79)

living entirely in the low temperature phase. The authors of [24℄ state that

the quantum spheri
al p-spin model has a hystereti
 behavior of the �eld


ooled sus
eptibility

�

FC

=

Z

d�q

d

(�) + (m� 1)q

EA

(5.80)

on both sides of the phase transition. We do not observe this in our approx-

imation.

The spin-glass phase is divided into two regions, one with a 1-RSB

s
heme, and one with a 
ontinuous repli
a symmetry breaking. The toy

approximation displays unphysi
al reentrant behavior for 0 � !

2

� 1. We

think that this is an artifa
t of our approximation. We note that this tran-

sition is an equilibrium transition between two equilibrium states and o

urs

at a temperature mu
h lower than the dynami
al transition temperature.

Indeed, the dynami
al 
al
ulation reveals another 
riterion than the one we

applied [42℄.

For very small temperatures, the solution presented above no longer ex-

ists and a new type of solution to our toy approximation appears. It is

worthwhile to 
omment on this. At the 
riti
al temperature, the �rst mode

Q(!

1

) be
omes unstable and rea
hes a 
riti
al value 1=J . This means that

below this temperature there is a spin-glass solution with nonzero o�- diago-

nal elements q

1

= Q(!

1

)

ab

with a 6= b. If taken seriously, this would indi
ate

an instability with respe
t to repli
a syn
hronization transition as dis
ussed

in se
tion 4.6.2. If su
h a phase transition would happen to exist in more

serious spin-glass models, it would surely be a 
andidate for an explanation

of the low temperature phase transition in stru
tural glasses observed by
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Strehlow and 
ollaborators [10℄ as it is manifestly a quantum phase with

transition temperature s
aling with �h.



Chapter 6

Non Perturbative Approa
h

In this se
tion, we want to develop a resummed perturbation theory for the

model. We will sum a series of 'ring' type 2PI diagrams and �nally will �nd

an approximation that is 
losely related to the random-phase approximation

known form strongly 
orrelated ele
tron systems.

6.1 Summation of Ring Diagrams

First, we will 
onsider the 2- and 3-loop 
ontributions to the two-parti
le

irredu
ible part of the free energy �

2

:
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g

8

X
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d�Q
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(�; �) = (6.1)

and to order g

2

:
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=

g

2

48

X

ab

Z Z

d�d�

0

Q

4

ab

(�; �

0

) = : (6.2)

Con
erning higher order terms, we 
ontent ourselves with the series of

ring - diagrams represented in (6.3). The diagram to order n of this series 
an

be transformed into itself by 2n symmetry operations 
onsisting in rotations

and 
ombined rotations and re�exions of the whole �gure and additional 2

n

symmetry operations 
orresponding to ex
hanges of the double lines between

65
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the neighboring verti
es. That is, the overall symmetry fa
tor of the n'th

order diagram is given by

1

(2n)2

n

.

�

R

=

1

4

�

1

16

+

1

48

+ � � � : (6.3)

The above series is summed by the fun
tion

�

R

=

1

2

Tr ln(1l +

g

2

^

Q

2

) (6.4)

with the double - line propagator de�ned as

(

^

Q

2

)

ab

(�; �
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) = Q

2

ab

(�; �

0

) (6.5)

where the tra
e is understood to be taken over repli
a and time indi
es and

the logarithm is taken in the sense of its Taylor expansion. The produ
ts

in this expansion are 
onvolutions with respe
t to time and matrix produ
ts

with respe
t to repli
a indi
es. We have introdu
ed 1l � Æ

ab

Æ(� � �

0

).

Comparing the symmetry fa
tors appearing for the diagram to order g

2

in (6.5) with (6.1) and(6.2), we �nd that the prefa
tors arising from the

series expansion of the logarithm overestimate the order g and g

2

- 
ontri-

bution. This is due to the additional symmetries of (6.2) under ex
hanges of

lines whi
h have not been taken into a

ount in the above derivation of the

symmetry fa
tors for the ring-type diagrams. This has to be 
ompensated

by subtra
ting a term

g�

2

8

Q

2

d

(� = 0) �

�gz

2

8

and adding a term
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24
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2
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(6.5).

Finally, the 2PI - part of the free energy given by
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: (6.6)

6.2 The Paramagneti
 Phase

In the paramagneti
 phase, we assume Q

ab

(!

k

) = q

d

(!

k

)Æ

ab

=

�

d

J

2

and the

2PI e�e
tive a
tion is given by
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�

1

2

X

k

q

d

(!

k

)�

d

(�!

k

) +

g

2

24

Z

d�

Z

d�

0

Q

4

d

(� � �

0

)

+

1

2

X

k

ln

 

1 +

gT

2

X

l

q

d

(!

l

)q

d

(!

k

� !

l

)

!

: (6.7)

The S
hwinger-Dyson equations we have to solve in the paramagneti


phase 
an be obtained by deriving (6.7) with respe
t to q

d

(!

k

) and setting

� to its saddle point value afterwards. We �nd

1
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d
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+ gT

X

l

q

d

(!
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l

)

1
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gT

2

P

m

q

d

(!

m

)q

d

(!

l

� !

m

)

:

The above equations 
an be solved numeri
ally in a straightforward way. It

is worthwhile to note that the last and next to last terms in
lude the Fourier


omponents of q

d

(�)

2

and q

d

(�)

3

respe
tively. These 
ontributions 
an be

evaluated mu
h faster numeri
ally by Fourier transforming to imaginary time

and ba
k again.

The strategy for the numeri
s is thus as follows: start with some initial

guess for the q

d

(!

k

) and 
al
ulate q

d

(�) by Fourier transforming. From this


al
ulate q

d

(�)

2

and q

d

(�)

3

and Fourier transform them in order to �nd their

Fourier modes Q

2

d

(!

k

) and Q

3

d

(!

k

). Knowing this, we 
an easily 
al
ulate the

gradient of � whi
h we will follow using some minimization algorithm. This

is numeri
ally more 
onvenient than solving the S
hwinger-Dyson equations,

be
ause it is simpler to �nd a minimum in multi-dimensions than solving

a large number of 
oupled nonlinear equations simultaneously, espe
ially

be
ause we have gradient information from the S
hwinger-Dyson equations

at our disposal.

6.3 The RS Solution

Assuming an RS stru
ture for the zero mode of the propagator and using the

notation q = Q

ab

(!

0

) for a 6= b and q

d

= Q

aa

(!

0

), the full e�e
tive a
tion


an be expressed as a fun
tion of q

d

, q

d

(!

k

) for k 6= 0 and of q. We derive

the saddle-point equations
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� q
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+ gT
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Here
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and

Q
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Z

��h

0

q
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d

(�)e

�i!

k

�

d� (6.13)

is the Fourier transform of the l'th power of Q(�). Equation (6.10) 
an be

solved numeri
ally for q for �xed values q

d

and Q

2

(!

0

). These parameters

have to obey Q

2

(!

0

) >= Tq

2

d

due to a simple S
hwartz inequality. besides

the zero solution we �nd a nonzero solution as soon as q

d

> 1=J , just as in the

variational approximation. This solution 
an be taken into the full e�e
tive

a
tion whi
h is then a fun
tion of q

d

and Q(!

k

), k 6= 0, alone and 
an be

minimized numeri
ally using gradient methods. Be
ause q is a 
ontinuous

fun
tion of q

d

, there will be no �rst order phase transition and the phase

diagram as well as the 
riti
al behavior is very similar to the behavior we

found in the variational approximation.

6.4 Stability of the RS solution

It turns out thatm = 0 is the only solution to the S
hwinger-Dyson equations

within an 1-RSB ansatz. The derivation of this result is relegated to appendix

D. This result is surprising be
ause one would not expe
t a symmetry to be

restored in a higher order loop expansion on
e it is broken at some �nite loop

level. However, we are not dealing with any �nite loop order. In appendix

D we propose to in
lude a vertex renormalization into the e�e
tive a
ton in

order to �nd repli
a symmetry breaking solutions.

Con
erning the ri
h phase spa
e stru
ture of the 3-loop toy approxima-

tion we have to admit that the appearen
e of the �rst-order transition and

the transition from 1-RSB to C-RSB is probably an artifa
t of the approx-

imations done. This 
ould have been anti
ipated anyway be
ause we would

expe
t to re
over the Sherrington-Kirkpatri
k (SK) model in the limit of

deep double wells !

2

� 0.
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Figure 6.1: The temperatures depen-

den
e of the parameters in the RS solu-

tion here shown for !

2

= J = 1 and

� = 0:1. Note the de�nition of the

Fourier transform for the fa
tors �.

1 10
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Figure 6.2: Phase diagram of the RS

- solution for J = 1 and � = 0:1 and

g = 0:1. The solid line is a smooth inter-

polation to the transition points found

numeri
ally.

The toy approximation remains interesting by itself be
ause it reveils a


lose relationship between the equivalent p-spin model and our mi
ros
opi


glass model and �nally it is exa
t for a mi
ros
opi
 a
tion di�erent from the

oringinal one of our model.

6.4.1 Repli
a Syn
hronization

At very low temperatures, the solution newly be
omes instable be
ause the

�rst mode q

d

(!

1

) rea
hes a the 
riti
al value 1=J . This means that the

o�-diagonal elements Q

ab

(�; �

0

) be
ome time dependent. As the e�e
tive

a
tion mixes all modes it is numeri
ally hard to determine the pre
ise time

- dependen
e and we will merely state here that there is a repli
a syn
hro-

nized low -temperature phase, the 
riti
al temperature being determined by

q

d

(!

1

) = 1=J . The investigation of the physi
al properties of this phase

will be left to future studies. This transition is probably the one we would

have expe
ted least to survive from the toy approximation. The fa
t that

we still �nd it within this elaborate version of perturbation theory justi�es

some optimism. If this transition would happen to take pla
e in real glasses,

we would have found a new type of 
oherent quantum state in glasses. How-

ever, there will be a lot of work to do on the intepretational side before we
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will be able to have a physi
al understanding of what an imaginary time de-

penden
e of the Edwards-Anderson order parameter 
ould stand for in the

non-repli
ated world.



Chapter 7

Con
lusions

We have presented several approximations to one simple mi
ros
opi
 spin

glass model and have found a profound relationship between models dealing

with low-temperature properties, being of soft-potential type and models

known to be very good 
lose to the glass transition, su
h as p-spin models.

The variational approximation investigated in the �rst part has the major

advantage of being solvable analyti
ally to a large extent. We �nd an exa
t


orresponden
e to a system 
onsisting of an ensemble harmoni
 os
illators in

a random �eld 
oupled to a super-ohmi
 bath of os
illators with a spe
tral

fun
tion that 
an be determined exa
tly. Due to its solubility, we were

able to analyti
ally 
ontinue the imaginary time 
orrelation fun
tion of the

model to real times for this approximation. We �nd the well known features

of dissipative quantum systems su
h as damping and an algebrai
 de
ay.

Furthermore, assuming the random �eld to be stati
 on experimental time

s
ales, we �nd a linear 
omponent in the spe
i�
 heat even though there is no

real tunneling involved in the variational Hamiltonian. At zero temperature,

the nonlo
al e�e
tive single-site a
tion 
an be interpreted as an average over

independent parti
les in quarti
 potentials subje
t to random external �elds.

This justi�es a posteriori the quasi-
lassi
al approa
h applied to the same

model [9℄. In the variational approximation, the permutation symmetry of

repli
as is exa
t and marginally stable. The temperature of the transition to

the RS phase is lowered by quantum �u
tuations and 
an be
ome zero at a


riti
al strength of the quantum �u
tuations depending on the ratio between

disorder energy and the harmoni
 part of the stabilizing potential.

The main methodologi
al point in this work is the introdu
tion of the

two-parti
le irredu
ible e�e
tive a
tion formalism into the �eld of quantum

spin-glass theory. It provides a very simple and elegant way of dealing with

71
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fun
tional self-
onsisten
y problems. We stress that the appli
ability of this

method is not restri
ted to the model investigated in this work but applies

to virtually all mean-�eld spin-glass models.

The 3-loop approximation introdu
es a term breaking the repli
a symme-

try. We have shown that for �xed diagonal part q

d

of the 
orrelation matrix,

we re
over a equations identi
al to those of a spheri
al p- spin model with 2-

spin and 4-spin intera
tions showing a 1-RSB or C-RSB phase depending on

the dimensionless 
oupling 
onstants. In our model however, q

d

is tempera-

ture dependent and the situation is slightly more involved. At 3-loop level,

there is no stable solution for q

d

in the most interesting part of the parameter

spa
e. However, this instability is a spurious produ
t of the approximation

as we know that the initial model must have a solution everywhere.

In order to have a stable solution, we present an approximation extending

the variational approa
h by the term breaking the repli
a symmetry and

negle
ting the term giving rise to the instability of the 3-loop approximation.

This approximation is partially justi�ed a posteriori in the dis
ussion of the

higher order loop expansions. The `toy' approximation has very interesting

features by itself. It shows a phase diagram similar to the equivalent p-

spin model, with a se
ond order phase transition if the 'bare' potentials

in our initial model are of single-well type and a �rst order phase transition

pre
essed by a dynami
al phase transition if the bare potentials are of double-

well type. At very low temperatures, there is a se
ond order transition from

1-RSB to C-RSB just as in the 
ase of dis
ontinuous spheri
al p-spin models

[39℄. Con
erning the in�uen
e of quantum �u
tuations on the �rst order

line, we �nd that quantum �u
tuations drive the phase transition �rst order

in the Ehrenfest sense, as weak as they may be. Only for �h = 0, the phase

transition be
omes se
ond order in the thermodynami
al sense. This is to

be 
ontrasted with the results of pure quantum spheri
al p - spin models

[24℄ where the quantum �u
tuations drive the phase transition to �rst order

only if they ex
eed a 
riti
al strength.

The non perturbative approa
h, originally devised to substantiate the

toy approximation, surprisingly shows a mu
h simpler 
riti
al behavior again.

The thermodynami
al phase transition is of se
ond order throughout the 
rit-

i
al line and the glass phase is of RS type. However, 
olle
tive features o

ur

at very low temperatures and we argue that we are fa
ing a phase transition

involving the loss of independen
e of the repli
as 
on
erning translations in

time. The detailed investigation of this repli
a syn
hronization transition,

and of its physi
al meaning is left to further studies.



Appendix A

1 PI E�e
tive A
tion

Formalism

A.1 General Formalism

Going ba
k to 3.1 we see that we have to evaluate fun
tional integrals of the

form

Z

n

=

Z

Dx expf�S[x℄g (A.1)

with S[x℄ given in (3.6) and x a n- 
omponent ve
tor. The disorder desta-

bilizes the minimum of the e�e
tive a
tion at x

a

(�) � 0 su
h that below a


riti
al temperature the inverse propagator in the variational approa
h gets

negative eigenvalues. This means that there are is a new path �(�) 6= 0

minimizing the e�e
tive a
tion. Clearly, �(�) �< x(�) >. Consequently, we

will have do set up a variational theory by expanding around this path.

In order to do so, we write the Generating fun
tional

Z

n

[�℄ =

Z

Dx expf�S[x℄�

X

a

Z

d�x

a

(�)�

a

(�)g (A.2)

and de�ne the 1 PI e�e
tive a
tion as the Legendre Transform of Z

n

[�℄ with

respe
t to the generating �eld �(�). We �nd

�[�℄ = � ln (Z

n

[�℄)�

X

a

Z

d��

a

(�)�

a

(�) (A.3)

This gives

exp f��[�℄g =

Z

Dx exp

(

�S[x℄�

X

a

Z

d�(x

a

(�)� �

a

(�))�

a

(�)

)

(A.4)
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Shifting the integration variable x

a

! x

a

+�

a

gives

exp f��[�℄g =

Z

Dx exp

(

�S[x+�℄�

X

a

Z

d�x

a

(�)�

a

(�)

)

(A.5)

and we are left with a 'shifted' e�e
tive a
tion

S[x+�℄ =

1

2

h

xG

�1

(Q)x+ xG

�1

(Q)� + �G

�1

(Q)x+�G

�1

(Q)�

i

+

g

4!

h

x

4

+ 4x

3

�+ 6x

2

�

2

+ 4x�

3

+�

4

i

(A.6)

where we have used shorthand

G

�1

ab

(Q) = (

�

2

��

2

+ !

2

)Æ

ab

Æ(� � �

0

) + !

2

� 2JP

2

Q

(p�1)

ab

(�; �

0

)

and suppressed all sums and integrals for matrix multipli
ations. We note

that we 
an partially integrate the �G

�1

(Q)x-term twi
e to make it equal

to xG

�1

(Q)�. Now we arrange the di�erent terms a

ording to their power

in x. We �nd

S[x+�℄ =

1

2

�

x(G

�1

(Q) +

g

2

�

2

)x

�

+

g

3!

�x

3

+

g

4!

x

4

+ x

�

G

�1

(Q)� +

g

6

�

3

�

: (A.7)

It is now obvious that we 
an 
an
el all terms linear in x if only we 
hoose

for � a solution of the equation

G

�1

(Q)� +

g

6

�

3

= �� (A.8)

su
h that the linear term in (A.7) 
an
els the sour
e term!

In the end, we are always interested in the 
ase of a vanishing sour
e

term � = 0. Then there is always a solution � � 0 to the above equation. If

this solution does not exist anymore, we would assume � = 
onst for a �rst

try. This gives

!

2

�

a

� 2pJ

2

X

b

Q

(p�1)

ab

(0)�

b

+

g

6

�

3

a

= 0 : (A.9)

This sheds a new light on the instability we en
ountered in the previous

se
tion. In the high-temperature phase Q

ab

� QÆ

ab

and we have the the

only solution � = 0 that be
omes unstable whenever pJ

2

Q

(p�1)

(0) � !

2

. In
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the 
ase pJ

2

Q

(p�1)

(0) � !

2

we �nd an additional solution 
orresponding to

a ma
ros
opi
 polarization of the system.

�

2

=

6

g

h

2pJ

2

Q

(p�1)

(0)� !

2

i

(A.10)

if Q was still diagonal in this 
ase. Assuming a repli
a symmetri
 stru
ture

Q(0) = (Q�q)Æ

ab

+q for the zero mode of the 
onne
ted 
orrelation fun
tion

Q gives for n! 0

�

2

=

6

g

h

2pJ

2

(Q� q)

(p�1)

� !

2

i

: (A.11)

If there are higher modes for whi
h !

2

+ !

2

k

�Q(!

k

) be
omes negative, the

situation be
omes 
onsiderably more involved be
ause one mode di�erent

from zero would 
reate nonzero values of the other modes as well.

It turns out to be 
onvenient to translate the above equations to equations

for � and the 
onne
ted 
orrelation fun
tion G = Q���. In the 
ase p = 2

we �nd

!

2

�

a

� 4J

2

2

6

6

6

6

6

4

X

b

(G

ab

�

b

)� �

a

X

b

�

2

b

| {z }

O(n)

3

7

7

7

7

7

5

+

g

6

�

3

a

= 0 (A.12)

su
h that we 
ould have been using the 
onne
ted 
orrelation fun
tion di-

re
tly in order to determine �.

At this point it is important to note that there are, besides of the obvi-

ous repli
a symmetri
 solution �

a

� � other solutions as well [46℄. Now the

dis
onne
ted two-point fun
tion Q

ab

depends on the � su
h that a non sym-

metri
 stru
ture of the ve
tor � would manifest in a breaking of the repli
a

symmetry of the 
orrelation fun
tion as well. However, Q is de�ned as the

average 
orrelation fun
tion su
h that an ansatz with a repli
a symmetri
 Q

and more than one non repli
a symmetri
 ve
tors � distributed in a globally

repli
a symmetri
 way is no 
ontradi
tion.
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Appendix B

The 2PI E�e
tive A
tion

Formalism

B.1 General Framework

In order to go beyond the variational approa
h, we have to devise new ap-

proximation methods. The 2PI e�e
tive a
tion formalism will be shown to

be a very powerful tool for the treatment of disordered systems in general

and for the mi
ros
opi
 glass model treated in this work in spe
ial. The

ideas presented here have been introdu
ed for fermion systems by Martin

and DeDomini
is [44℄ long time ago footing on ideas of Luttinger and Ward

[43℄. We want to follow a generalized notation for general quantum �elds

introdu
ed by Cornwall et. al. [45℄ .

We translate the 2PI-e�e
tive a
tion formalism known from �eld theory

into the language of quantum statisti
al physi
s and show that it is espe
ially

well suited for the treatment of disordered systems.

We 
onsider the partition fun
tion

Z[J;R℄ � e

�W [J;R℄

(B.1)

=

Z

D' exp

�

�

�

S['℄ +

Z

x

'(x)J(x) +

1

2

Z

xy

'(x)R(x; y)'(y)

��

where the integrals in the exponent are meant to be over the whole n(d +

1)-dimensional 
on�guration spa
e:

R

x

�

P

a

R

d

d

x

a

R

��h

0

d� . The quantum

statisti
al problems investigated in this work 
orrespond to d = 0.

We obviously have W = � ln(Z) and W [0; 0℄ = �F where F is the free

energy. As in statisti
al me
hani
s, we 
an generate expe
tation values from

77
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the fun
tion W :

ÆW [J;R℄

ÆJ(x)

=< '(x) >

J;R

� �(x) (B.2)

and

ÆW [J;R℄

ÆR(x; y)

=

1

2

< '(x)'(y) >�

1

2

(�(x)�(y) +G(x; y)) : (B.3)

We pro
eed stepwise: �rst we take the Legendre transform with respe
t

to J :

�

R

[�℄ =W [J;R℄�

Z

x

�(x)J(x) : (B.4)

This is nothing but the 'standard' 1PI e�e
tive a
tion for a theory with

a
tion

S

R

['℄ = S['℄ +

1

2

Z

xy

'(x)R(x; y)'(y) : (B.5)

In deriving the properties of this e�e
tive a
tion, we have to take 
are of the

fa
t that the relation between � and J is now R- dependent: J = J

R

[�℄.

Cal
ulating the properties of �

R

we �nd:

Æ�

R

[�℄

ÆR(x; y)

=

ÆW [J;R℄

ÆR(x; y)

+

Z

z

ÆW [J;R℄

ÆJ(z)

| {z }

��(z)

ÆJ(z)

ÆR(x; y)

�

Z

z

�(z)

ÆJ(z)

ÆR(x; y)

=

ÆW [J;R℄

ÆR(x; y)

=

1

2

(�(x)�(y) +G(x; y)) (B.6)

and in 
omplete analogy to the 1PI e�e
tive a
tion

Æ�

R

[�℄

Æ�(x)

= �J(x) : (B.7)

We now want to de
ompose �

R

[�℄ into two parts:

�

R

[�℄ = S

R

[�℄ + �

R

1

[�℄ (B.8)

where

�

R

1

[�℄ = �

R

[�℄� S

R

[�℄

= W [J;R℄�

Z

x

�(x)J(x)� S

R

[�℄

= � ln

�

Z

D'exp

�

�

�

S['℄ +

Z

x

'(x)J(x) +

1

2

Z

xy

'(x)R(x; y)'(y)

���

� ln

�

Z

D'exp

�

Z

x

�(x)J(x) + S

R

(�)

��

: (B.9)
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After a shift '! '+� in the �rst integral we �nd:

�

R

1

[�℄ = � ln(

Z

D'exp

�

�

�

S

R

[� + '℄� S

R

[�℄ +

Z

x

'(x)J(x)

��

) :

(B.10)

In this expression we insert J(x) = �

Æ�

R

[�℄

Æ�(x)

= �

ÆS

R

[�℄

Æ�(x)

�

Æ�

R

1

[�℄

Æ�(x)

to �nd

�

R

1

[�℄ = � ln

�

Z

D'exp

n

�

h

S

R

[� + '℄ � S

R

[�℄�

Z

x

'(x)

ÆS

R

[�℄

Æ�(x)

| {z }

(�)

+ '(x)

Æ�

R

1

[�℄

Æ�(x)

#)!

:

(B.11)

Now we expand the di�eren
e S

R

['+�℄� S

R

[�℄ in a Taylor series

S

R

['+�℄�S

R

[�℄ = '(x)

ÆS

R

[�℄

Æ�(x)

| {z }


an
els with (�)

+

1

2

'(x)[G

�1

0

(x; y)+R(x; y)℄'(y)+S

int

[�; '℄

(B.12)

where G

�1

0

is the quadrati
 part of the bare a
tion S and S

int


ontains 
ubi


and higher order terms in '(x).

For a theory with intera
tion �

�

4!

R

x

'(x)

4

we would simply �nd

S

int

[';'℄ =

Z

x

�

6

�(x)'(x)

3

+

�

4!

'(x)

4

(B.13)

and

G

�1

0

=

Æ

2

S

Æ'(x)Æ'(y)

j

'=�

= (m

�

2

��

2

+m!

2

+

�

6

�(x

2

))Æ(x � y) : (B.14)

As usual in �eld theory, we write the full (R-dependent) inverse Propagator

in Terms of a S
hwinger-Dyson equation whi
h, in our 
ase de�nes the proper

self-energy �

R

:

Æ

2

�

R

[�℄

Æ�(x)Æ�(y)

= G

�1

(x; y) +R(x; y)��

R

(x; y; �) : (B.15)

The proper self-energy de�ned in this way 
learly 
ontains only one parti
le

irredu
ible (1PI) diagrams.
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In order to 
omplete the derivation, we take the Legendre transform with

respe
t to R in order to get the full 2PI e�e
tive a
tion:

�[�; G℄ = �

R

[�℄�

Z

x;y

Æ�

R

[�℄

ÆR(x; y)

R(x; y)

= �

R

[�℄�

Z

x;y

ÆW [J;R℄

ÆR(x; y)

| {z }

=

1

2

(�(x)�(y)+G(x;y))

R(x; y) (B.16)

= �

R

[�℄�

1

2

Z

xy

�(x)R(x; y)�(y)�

1

2

Z

xy

R(x; y)G(x; y)

| {z }

Tr(RG)

= �

R

1

[�℄ + S

R

[�℄�

1

2

Z

xy

�(x)R(x; y)�(y)

| {z }

S[�℄

�

1

2

Tr(RG)

= �

R

1

[�℄ + S[�℄�

1

2

Tr(RG) :

The derivatives of �[�; G℄ are easily found:

Æ�[�; G℄

Æ�(x)

= �J(x)�

Z

y

R(x; y)�(y) (B.17)

Æ�[�; G℄

ÆG(x; y)

= �

1

2

R(x; y) : (B.18)

In most physi
al appli
ations, the external �elds J(x) and R(x; y) are zero

and the above equations state that the full propagator G and the '
lassi
al'

�eld � are saddle points of the 2PI e�e
tive a
tion �[�; G℄.

We motivate the 
ommon way of writing the 2PI e�e
tive a
tion by


onsidering the 1-loop result �rst. In order to do so, we denote with S

(2)

the part bilinear in the �u
tuating �elds of the a
tion. Taking only the 'tree

level' and the quadrati
 bilinear part of the a
tion into a

ount we �nd

�[�; G℄

(1�loop)

= S[�℄ +

1

2

Tr ln[S

(2)

℄ +

1

2

TrRG (B.19)

denoting S

(2)

= G

�1

= G

�1

0

�R and 
onsequently R = G

�1

0

�G

�1

we �nd

the following expression for the one-loop e�e
tive a
tion:

�[�; G℄

(1�loop)

= S[�℄ +

1

2

Tr ln

�

G

�1

�

+

1

2

Tr

�

G

�1

0

G� 1

�

: (B.20)
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Using this result we de
ompose the 2PI e�e
tive a
tion into one part whi
h

is of the form of the one-loop expression and into another part �

2

whi
h


ontains all the rest.

�[�; G℄ = S[�℄ +

1

2

Tr(lnG

�1

) +

1

2

Tr(G

�1

0

G� 1)

| {z }

one-loop expression

+ �

2

[�; G℄

| {z }

all the rest

: (B.21)

The �rst terms are reminis
ent of the one-loop result and �

2

[�; G℄ stands

for all the rest. A simple 
omparison with the de�nition of the proper self-

energy B.15 reveals that from

Æ�[�;G℄

ÆG(x;y)

= �

1

2

R(x; y) one immediately gets the

identity

�(x; y; �) = 2

Æ�

2

[�; G℄

ÆG(x; y)

(B.22)

as we know that �(x; y; �), being a proper self-energy, 
ontains only one

parti
le irredu
ible diagrams we immediately know that �

2


an only 
ontain

two-parti
le irredu
ible diagrams. Else, the derivative with respe
t to G

-namely � - would 
ontain a one-parti
le redu
ible diagram.

This is all the importan
e of the 2PI e�e
tive a
tion, be
ause the re-

stri
tion to only 2PI diagrams diminishes the number of diagrams one has

to 
al
ulate at a given order enormously. We �nally restate this important

result:

�

2

[�; G℄ is given by all two parti
le irredu
ible Graphs with propagator

lines set equal to G; the 2PI Graphs are 
onstru
ted from S[� + '℄. Terms


ubi
 and quarti
 in � give the verti
es:

�(x; y; �; G) = �

R

(x; y; �) (B.23)

We note that setting R = 0 and J = 0 we �nd �[�; G℄ = W [0; 0℄ = �F .

This means that �nding the Extrema of the e�e
tive a
tion is equivalent to

�nding the extrema of the free energy.

The generalization to the 
ase of non vanishing sour
e �elds R

ab

= �

ab

as it is required in our 
ase is obvoius. Either one solves the saddle point

equations for �nite R

ab

or one in
ludes the bilinear and nonlo
al part of the

a
tion in the quadrati
 part of the a
tion, the bare inverse porpagator G

�1

0

.
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B.2 Loop Expansion of the 2PI E�e
tive A
tion

B.2.1 Feynman Rules for Quantum statisti
al Me
hani
s

The Generation Fun
tional Z(�; j) 
an be written as

Z(�; j) = N exp

(

�

X

a

Z

�

0

d�V(

Æ

Æj

a

(�)

)

)

� exp

(

1

2

X

ab

Z

d�d�

0

j

a

(�)G

ab

(�; �

0

)j

b

(�

0

)

)

(B.24)

The Feynman rules derived from this are identi
al to those for T = 0, pro-

vided one takes the Matsurbara propagator G

ab

to represent the lines. Be-


ause of the periodi
ity in imaginary time it is most 
onvenient to work

with Matsurbara Frequen
ies !

k

. The energy 
onservation will be given by

a �Æ(

P

4

i=1

!

i

) at ea
h vertex, where !

i

are the frequen
ies of the in
oming

lines.

We will now give the Feynman Rules for a quarti
 potential with 'inter-

a
tion Vx =

g

4!

x

4

.

1. Draw all topologi
ally inequivalent diagrams to a given order of per-

turbation theory.

2. Assign a repli
a index a and a fa
tor �g�Æ(

P

4

i=1

!

i

) to every vertex

of the diagram.

3. Assign a fa
tor G

ab

(!

k

) to every line of the diagram, where a and b

are the repli
a indi
es of the endpoints of the line.

4. Sum over the frequen
ies of every internal and line with the measure

T

P

n

.

5. Sum over the repli
a indi
es of the verti
es.

6. Multiply by the symmetry fa
tor.

B.2.2 Loop Expansion of the Quarti
 Model

In this se
tion we want to dis
uss the loop expansion of the 2PI e�e
tive

a
tion in quantum statisti
al problems.

The 
ontributions 
orresponding to the di�erent Feynman graphs given

in Figs. (a)- (d) are as follows:
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(a) (b) (
) (d)

�

a

2

[�; G℄ =

g

8

Z

�

0

d�G

2

(�; �) (B.25)

�

b

2

[�; G℄ = �

g

2

12

Z

�

0

d�

Z

�

0

d�

0

G

3

(�; �

0

)�(�)�(�

0

) (B.26)

�




2

[�; G℄ = �

g

2

48

Z

�

0

d�

Z

�

0

d�

0

G

4

(�; �

0

) (B.27)

�

d

2

[�; G℄ =

g

3

8

Z

�

0

d�

Z

�

0

d�

0

Z

�

0

d�

00

G

2

(�; �

0

)G

2

(�

0

; �

00

)G(�; �

00

)�(�)�(�

00

)

(B.28)

At the 2-loop level in the symmetri
 phase, (� = 0), we have to 
onsider

graph (a) only. The resulting expression for the 2PI e�e
tive a
tion reads

�

2�loop

= �

1

2

Tr ln(G) +

1

2

Tr(G

�1

0

G� 1) +

g

8

Z

�

0

d�G

2

(�; �) (B.29)

whi
h gives us just the expression for the free energy we had found in the

variational approa
h.
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Appendix C

1-RSB Formulary

In this appendix we want to derive the relevant expressions for the logarithm

and the inverse of ultrametri
 matri
es with 1-RSB stru
ture des
ribed by

the ansatz:

Q

ab

= (q

d

� q

1

)Æ

ab

+ (q

1

� q

0

)�

m

ab

+ q

0

(C.1)

where

�

m

ab

=

(

1 when b

a

m


 = b

b

m




0 else

(C.2)

and b�
 denotes the largest integer smaller than the argument of the bra
kets

(Gauss bra
kets or �oor fun
tion).

The above matrix has the following eigenvalues:

�

s

= q

d

+ (m� 1)q

1

+ (n�m)q

0

with 1- fold degenera
y(C.3)

�

a

1

= q

d

+ (m� 1)q

1

�mq

0

with

n

m

� 1 fold degenera
y (C.4)

�

a

2

= (q

d

� q

1

) with (m� 1)

n

m

fold degenera
y (C.5)

where the eigenve
tors are 
ommon eigenve
tors of �

m

with eigenvalue m;m

and 0 respe
tively and of

~

1

n

, the n � n - matrix with all elements equal to

1 and with eigenvalues n; 0 and 0 respe
tively.

We 
onstru
t the proje
tors on the eigenspa
es in terms of �

m

,

~

1

n

and

1l and write the inverse matrix as

Q

�1

= �

q

0

�

s

�

a

1

~

1

n

�

q

d

� q

1

�

a

1

�

a

2

�

m

+

1

�

a

2

1l: (C.6)

Note that �

s

! �

a

1

for n! 0.
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The Tra
e of the logarithm of the matrix is just the sum of the logarithms

of the eigenvalues multiplied with their degenera
y and we �nd:

Tr lnQ = ln

�

1 +

nq

0

m(q

1

� q

0

) + (q

d

� q

1

)

�

+

n

m

ln

�

1 +

m(q

1

� q

0

)

(q

d

� q

1

)

�

+ n ln(q

d

� q

1

): (C.7)

In absen
e of external �elds we always have the solution q

0

= 0. Now the

derivatives with respe
t to the remaining parameters read:

ÆTr lnQ

Æq

d

=

q

d

+ (m� 2)q

1

(q

d

� q

1

) [(q

d

� q

1

) +mq

1

℄

(C.8)

ÆTr lnQ

Æq

1

=

(1�m)q

1

(q

d

� q

1

) [(q

d

� q

1

) +mq

1

℄

(C.9)

ÆTr lnQ

Æm

=

1

m

2

ln

�

q

d

� q

1

q

d

� q

1

+mq

1

�

�

1

m

q

1

q

d

� q

1

+mq

1

: (C.10)

We note that for m = 0 we re
over the RS ansatz.



Appendix D

Stability of the RS solution

In this appendix we want to investigate the stability of the repli
a symmetri


solution to the resummed perturbation theory presented in 
hapter 6. We

will �nd that the repli
a symmetri
 solution is exa
t and outline an additional

2PI -vertex 
orre
tion that presumably has to be taken into a

ount in order

to break this spurious symmetry.

Assuming a 1-RSB stru
ture for the 
orrelation fun
tion Q immediately

leads to a 1-RSB stru
ture of the argument of the logarithm in (6.6), su
h

that the tra
e over the repli
a indi
es 
an be taken using the well known

eigenve
tors of ultra-metri
 matri
es.

Doing this, we end up with

1

n

�

R

=

1

2

Tr

�

1

m

ln(1l +

g

2

(

^

Q

2

d

+ (m� 1)q

2

EA

)) (D.1)

+

m� 1

m

ln(1l +

g

2

(

^

Q

2

d

� q

2

EA

))

�

=

1

2

Tr

"

1

m

ln(1l +

g

2

mq

2

EA

1 +

g

2

(

^

Q

2

d

� q

2

EA

)

)

+ ln(1l +

g

2

(

^

Q

2

d

� q

2

EA

))

�

(D.2)

Note that whenever 
orrelation fun
tions appear in the denominator of

a fra
tion, this has to be interpreted as the inverse in the matrix sense.

Moreover, the logarithms are fun
tional ones and 1l = Æ(� � �

0

). In the

expression (D.1), the tra
e is over the time - arguments only. The se
ond

formulation of �

R

in (D.1) points out that in the limit of vanishing Edwards-

Anderson - Order - Parameter q

EA

! 0, �

R

be
omes independent of m and
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equal to its paramagneti
 expression:

�

para

R

=

1

2

Tr ln(1l +

g

2

Q

2

(�; �

0

)) (D.3)

D.1 1-RSB Saddle Point Equations

In the end, we are interested in the extrema of the 2PI e�e
tive a
tion and

we have to take the derivatives of �

R

with respe
t to its parameters. We

�nd

1

n

��

R

�q

d

(�; �

0

)

=

gq

d

(�; �

0

)

2

I

d

(�; �

0

) (D.4)

1

n

��

R

�q

EA

= �

g

2

q

3

EA

(m� 1)

4

I

q

(D.5)

1

n

��

R

�m

= �

1

2m

2

Tr ln(1l +m

gq

2

EA

2

U

�1

)

+

gq

2

EA

4m

Tr(

"

U +m

gq

2

EA

2

#

�1

) : (D.6)

Here we have introdu
ed the fun
tions

I

d

(�; �

0

) =

Z

d�

00

d�

000

"

U(�; �

00

) + (m� 1)

gq

2

EA

2

#

�

"

U(�

00

; �

000

) +m

gq

2

EA

2

#

�1

�

U(�

000

; �

0

)

�

�1

(D.7)

U(�; �

0

) = Æ(� � �

0

) +

g

2

(q

2

d

(�; �

0

)� q

2

EA

) (D.8)

I

q

=

Z

d�d�

0

d�

00

"

U(�; �

0

) +m

gq

2

EA

2

#

�1

�

U(�

0

; �

00

)

�

�1

: (D.9)

In order to get rid of the ex
essive 
onvolutions, it is again 
onvenient

to pass to Fourier spa
e. As always, assume time translational invarian
e

in time for all time dependent quantities: Q(�; �

0

) = Q(� � �

0

) and use the

following 
onventions of the previous 
hapters for the Fourier transform. We

�nd

U(!

l

) = 1 +

gT

2

X

k

q

d

(!

k

)q

d

(!

l

� !

k

)�

gT

2

~q

2

EA

Æ(!

l

) (D.10)
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where ~q

EA

� �q

EA

is the Fourier transform of q

EA

. The 
onvolutions in

equations (D.4)-(D.9) be
ome simple produ
ts in Fourier spa
e and we �nd

I

d

(!

k

) =

U(!

k

) +

(m�1)gTq

2

EA

2

Æ(k)

U(!

k

)(U(!

k

) +

mgTq

2

EA

2

Æ(k))

(D.11)

=

1

U(!

k

)

� Æ(k)

gT

2

q

2

EA

I

q

(D.12)

I

q

=

1

(U(!

0

) +

mgTq

2

EA

2

)U(!

0

)

(D.13)

1

n

��

R

�m

= �

1

2m

2

ln

"

1 +

mgTq

2

EA

2U(!

0

)

#

+

gTq

2

EA

4m

1

U(!

0

) +

mgTq

2

EA

2

�

2

(!

k

) � 2

Æ�

2

nÆQ(!

k

)

=

g

2

T

2

3

X

lm

Q(!

l

)Q(!

m

)Q(�!

l

� !

m

) : (D.14)

Using these expressions and the shorthand x =

mq

EA

q

d

�q

EA

and y =

mgTq

2

EA

2U(!

0

)

, we


an write the full set of saddle- point equations for the zero modes:

1

q

d

� q

EA

�

q

EA

(q

d

� q

EA

)(q

d

+ (m� 1)q

EA

)

= !

2

� J

2

q

d

�

gz

2

+ gT

X

l

Q(!

l

)I

d

(�!

l

) + �

(2)

(!

0

) (D.15)

and for the o�-diagonal elements:

q

EA

(q

d

� q

EA

)(q

d

+ (m� 1)q

EA

)

= J

2

q

EA

+

g

2

T

2

q

3

EA

2

(I

q

�

1

3

) (D.16)

or

x

2

1 + x

�

2y

2

1 + y

= J

2

m

2

q

2

EA

�

m

2

g

2

T

2

q

4

EA

6

: (D.17)

The saddle point equation with respe
t to m 
an be written as

�

1

2

J

2

q

2

EA

+

g

2

T

2

24

q

4

EA

= �

1

2m

2

�

ln(1 + y) +

y

1 + y

�

+

1

2m

2

�

ln(1 + x) +

x

1 + x

�

(D.18)

where the last equation holds at equilibrium only and has to be repla
ed by

a 
ondition of marginal stability for the 'dynami
' 
al
ulation.
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Using � � q

d

� q

EA

as in the toy approximation we 
an relate x, y and

� by an equation independent of m and of the temperature:

�J

2

x

2

�

2

= �

"

y

1 + y

+

y

2

1 + y

+ ln(1 + y)

#

+

"

x

1 + x

+

1

2

x

2

1 + x

+ ln(1 + x)

#

:

(D.19)

It turns out that the equations (D.16) and (D.19) have only one solution


orresponding to m = 0, i.e. the repli
a symmetri
 solution. The solution

m = 0 
orresponds to x = y = 0 and is obvious from (D.19) We must


on
lude that the repli
a symmetry is not broken in the non perturbative

approa
h presented in this se
tion and that therefore the repli
a symmetry

is exa
t in thermal equilibrium at this level of approximation.

This is surprising be
ause one would expe
t the solution presented above

to be fairly good be
ause we have summed a large 
lass of diagrams. In

the 
lassi
al limit however, our model should be
ome equivalent to the

Sherrington-Kirkpatri
k (SK) model in the limit of deep double wells, when

!

2

is negative and large in absolute value. The SK-model however is well

known to display full repli
a symmetry breaking. At the level of approx-

imation presented here, we have not in
luded an order parameter q

0

(
.f.

appendix C) in the 1-RSB ansatz. It is possible that in
luding su
h a pa-

rameter would allow for an 1-RSB solution. However, most probally we have

to in
lude a vertix renormalization of the type presented in the next se
-

tion in order to �nd repli
a symmetry breaking for the e�e
tive �eld theory

presented in this work.

D.2 The First 2PI vertex 
orre
tion

The �rst va
uum diagram we have not taken into a

ount in the non per-

turbative approa
h is of order g

4

and is sometimes 
alled the `eye' diagram

for obvious reasons. It reads

�

eye

= (D.20)

This term gives rise to the �rst two-parti
le irredu
ible vertex 
orre
tion:

= + : (D.21)
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We suppose that this diagram would 
ontribute to the repli
on eigenvalue

and thereby break the repli
a symmetry just as the three loop term did on

top of the variational approximation. However, (D.21) generates verti
es

g

aabb

with a 6= b and a systemati
 self-
onsistent treatment of this vertex

renormalization s
heme is very involved and beyond the s
ope of this work.
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