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“I believe that, so far as geometry is concerned, we

need still another analysis which is distinctly

geometrical or linear and which will express

situation directly as algebra expresses magnitude

directly”

— Leibniz, Gottfried, Letter to Christian Huygens.
8 September 1679, |[Loemker and Leibniz, [1975]

“Theories of the known, which are described by
different physical ideas, may be equivalent in all
their predictions and are hence scientifically
indistinguishable. However, they are not
psychologically identical when trying to move from
that base into the unknown. For different views
suggest different kinds of modifications which might
be made and hence are not equivalent in the
hypotheses one generates from them in one’s
attempt to understand what is not yet understood.”

— Richard Feynman, Nobel Lecture.
December 11, 1965






Abstract

Abstract (English)

In this thesis, I develop a novel framework for General Relativity (GR)
by combining tetrads with Geometric Algebra (GA), addressing some of the
limitations present in traditional formalisms. GR is an inherently geometric
theory, yet its conceptual clarity is often obscured by complicated notation
and formalism. Tensor calculus, for instance, focuses on component-wise
calculations rather than the abstract geometric structure of objects, while
differential forms suffer from cumbersome notation and insufficient geomet-
rical interpretation.

The motivation behind this novel approach stems from the success GA
has shown in other areas of physics, combined with the underutilized use
of tetrads in place of traditional coordinate frames. The reliance on coor-
dinate frames unnecessarily complicates expressions and obscures physical
insights. By leveraging tetrads within GA, I introduce a more intuitive and
powerful approach to GR, offering clearer interpretations and computational
advantages. These benefits are demonstrated through applications to FRW
spacetimes, the Raychaudhuri equation, and precessing gyroscopes around
black holes.

This new formalism captures the underlying geometry of physical objects
in a more compact, intuitive, and computationally efficient manner. A key
advantage lies in the geometric product, which naturally generalizes com-
plex numbers to spaces of arbitrary dimension and signature. This greatly
simplifies the treatment of Lorentz transformations, as exemplified in the
case of gyroscopic precession. Here, the novel approach reduces the problem
from solving a set of four coupled partial differential equations to a single,
trivial differential equation in flat spacetime.

This thesis lays the groundwork for further exploration of GA in GR,
offering new tools that could enhance both theoretical understanding and
practical computations in the field.
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Zusammenfassung (Deutsch)

In dieser Arbeit entwickele ich einen neuartigen formalismus fiir die All-
gemeine Relativitétstheorie (GR), indem ich Tetraden mit Geometrischer
Algebra (GA) kombiniere, um einige der in dem konventionellen Formal-
ismus vorhandene Einschrankungen zu iiberwinden. Von Natur aus ist
GR eine geometrische Theorie, deren konzeptionelle Klarheit jedoch oft
durch komplizierte Notationen und Formalismen verdeckt wird. Das Tensor-
Kalkiil konzentriert sich beispielsweise auf komponentenweise Berechnungen,
anstatt die abstrakte geometrische Struktur von Objekten zu beriicksichti-
gen, wahrend Differentialformen unter umsténdlicher Notation und einer
unzureichenden geometrischen Interpretation leiden.

Die Motivation fiir diesen neuen Ansatz ergibt sich aus dem Erfolg, den
GA in anderen Bereichen der Physik gezeigt hat, und der untergenutzten
Verwendung von Tetraden anstelle traditioneller Koordinatensysteme. Die
Abhéngigkeit von Koordinatensystemen verkompliziert unnétig die mathe-
matischen Ausdriicke und verschleiert physikalische Einsichten. Durch den
Einsatz von Tetraden in Kombination mit GA préasentiere ich einen intuitiv-
eren und leistungsstérkeren Ansatz fiir GR, der eine klarere physikalische In-
terpretation und rechnerische Vorteile bietet. Diese Vorteile werden anhand
von Anwendungen auf FRW-Raumzeiten, die Raychaudhuri-Gleichung und
prazedierende Kreisel in Orbits um Schwarze Locher veranschaulicht.

Dieser neue Formalismus erfasst die zugrunde liegende Geometrie physikalis-
cher Objekte in einer kompakteren, intuitiveren und rechnerisch effizientere
Weise. Ein wesentlicher Vorteil liegt im geometrischen Produkt, das kom-
plexe Zahlen auf natiirliche Weise auf Raume beliebiger Dimension und
Signatur verallgemeinert. Dies vereinfacht die Behandlung von Lorentz-
Transformationen erheblich, wie am Beispiel der Prézession von Kreiseln
gezeigt wird. Hier reduziert der neue Ansatz das Problem von der Losungeines
Systems aus vier gekoppelten partiellen Differentialgleichungen auf eine einzige,
trivial zu losende Differentialgleichung in einem flachen Raum.
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Introduction

Geometric Algebra (GA) is a powerful language capable of describing a
wide range of physical phenomena |[Doran and Lasenby, [2013, Doran, (1994,
Lasenby et al., Lasenby and Doran, 2009} Hestenes, |2003b, |1986a]. Beyond
its unifying capacity, GA can simplify descriptions and improve physical
insights compared to conventional approaches. Traditional mathematical
tools in General Relativity (GR), such as tensor calculus, often lead to cum-
bersome calculations and lack a direct geometric interpretation of physical
quantities. GA offers an alternative with its compact, coordinate-free for-
malism, making it a promising tool for GR. Significant progress has already
been achieved with GA in fields such as electromagnetism |Dressel et al.
2015], quantum mechanics [Doran et al., 1996|, and quasicrystals [Hestenes
and Holt, 2007], while its applications to GR remain relatively underex-
plored.

The initial attempts to apply GA to GR were made by |Hestenes [2015|
§21], who sought a direct translation of conventional GR formalism into GA,
and by Lasenby et al. [1998], who developed a Gauge Theory of GravityE]
within this framework. Hestenes’ approach laid the groundwork by refor-
mulating GR concepts using GA, while Lasenby’s work took this further by
describing gravity as a gauge field, which has implications for understand-
ing GR through a new lens. Since then, however, limited progress has been
made.

In this context, the aim of this work is to expand and deepen these initial
efforts, using the tools of GA to improve our description of GR and extend
the range of differential geometry tools available. In particular, this thesis
focuses on practical applications and the physical interpretation of quantities
within GA, while maintaining the GR framework. The formalism I present,
which T term tetrad-GA, represents a natural integration of tetrads with

'Such theory has been criticized by [Ferndndez and Rodrigues| [2010, Appendix F] for
containing a fundamental error in its formulation originating in a confusion between holo-
nomic and non-holonomic indices, which makes it non compatible with GR.
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GA, resulting in a framework particularly effective for describing GR. The
specific contributions of this work are twofold: developing the tetrad-GA
formalism and demonstrating its utility through applications to well-known
physical systems, showcasing its advantages over conventional techniques.

Several reasons justify the use of tetrad-GA in GR. Among them, the
following are particularly noteworthy:

e Efficiency and simplification: GA offers a compact mathemati-
cal formalism, where objects inherently reflect physical and geometric
meanings, simplifying both notation and calculation. The unification
of differential operators and the introduction of the geometric product
result in shorter, more transparent calculations.

e Coordinate-free expressions and covariant formulation: Unlike
tensor calculus, GA represents objects in contracted, “abstract” forms
rather than component-wise expressions, e.g., representing a vector as
a = a*g, instead of merely its components a*. This feature facilitates
a formulation of physical laws that connects physical objects directly,
without reliance on specific coordinate systems.

e Enhanced geometric interpretation: The above points lead to a
formalism that provides clearer geometric interpretations of equations
than tensor calculus or differential forms, aiding in the understanding
of physical phenomena.

e Unified framework: Working within a single mathematical frame-
work enables the integration of diverse fields, such as electromagnetism
and quantum mechanics, into a coherent structure.

e Decoupling of frame and coordinate choices: The use of tetrads
allows meaningful interpretations of objects by working with orthonor-
mal frames, which correspond to the frames of inertial observer. This
approach separates the degrees of freedom associated with frame se-
lection from those related to coordinate choice, revealing the intrinsic
dependencies of objects and facilitating their analysis.

To explore this topic, this thesis is divided into six chapters. Chapter
presents the basics of GA and applies them to Minkowski spacetime and the
description of electromagnetic phenomena. The goal here is not an exhaus-
tive introduction to GA but rather to lay the groundwork and provide the
essential tools necessary for understanding the subsequent chapters. Chap-
ter [2 introduces the use of tetrads in GR and combines them with the GA
of Minkowski spacetime established in the previous chapter. This chapter
aims to rigorously present the mathematical foundation of the tetrad-GA
formalism.

Chapter [3| serves as a bridge chapter, comparing GA with differential
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forms by highlighting their similarities and differences. Both frameworks
employ the exterior algebra of Minkowski spacetime and share commonal-
ities, yet GA introduces the geometric product, which allows for enhanced
treatment of rotations and boosts, compact expressions, and improved ge-
ometric interpretation of objects. Differential forms, on the other hand,
are particularly suitable for pre-metric geometry and benefit from extensive
literature, which is a key challenge when dealing with advanced topics in
GA.

In Chapter [4] I present the first practical application of our formalism
by analyzing FRW spacetimes from various perspectives. Testing new tools
on well-known systems allows us to evaluate their capabilities in comparison
with traditional methods. This chapter begins with a metric-based anal-
ysis and progresses to exploring the relationship of FRW spacetimes with
the Raychaudhuri equation, as well as their conformal properties and sym-
metries via the Lie derivative. The chapter concludes with an analysis of
quintessence inflationary models.

In Chapter [5] I utilize GA’s generalization of complex numbers to refor-
mulate the Fermi-Walker transport equation in terms of rotors, yielding a
powerful technique where the dynamics of a transported frame relate to the
local frame via Lorentz transformations encoded in a rotor. The rotor-based
analysis is simpler and more geometrically intuitive than component-based
analysis. I illustrate these techniques with an example of a spaceship moving
along an accelerated path near a wormhole’s throat.

Finally, Chapter [f] investigates another application of the rotor-based
techniques: the precession of gyroscopes around black holes. Beginning
with the Schwarzschild case and extending to the Kerr-Newman black hole, I
demonstrate how rotor-based calculations provide a straightforward method
for determining the precession angle of gyroscopes. This approach involves
solving a single first-order differential equation rather than a set of cou-
pled partial differential equations, yielding equivalent results with clearer
geometric insights.

In summary, this thesis aims to not only develop the mathematical tools
of the tetrad-GA formalism but also to demonstrate its advantages and
potential applications. Through specific examples, I show that this formal-
ism is valuable for students and researchers alike, offering multiple benefits
and a compelling alternative to conventional methods in GR and related
fields. By highlighting its practical applications, I hope this work establishes
tetrad-GA as a viable and valuable tool for advancing our understanding of
gravitational phenomena and beyond.
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Chapter 1

The (GGeometric Algebra of
spacetime

In this chapter, I present an elementary construction of the Geometric Alge-
bra (GA) of spacetime, along with several illustrative examples and common
manipulations. For readers who are entirely new to the topic of GA, I recom-
mend beginning with the series of pedagogical articles by Hestenes| [2003bla]
and the more rigorous introduction by Macdonald| [2010]. Conversely, read-
ers who are already familiar with GA can explore more advanced discussions
in [Macdonald, [2012} Doran and Lasenbyl [2013|, Hestenes and Sobczyk, 1987,
Snygg, 2012, |[Kanatani, 2015, depending on their specific interests and pre-
ferred learning style.

Section will present the constituting elements of the GA, which con-
stitute the bases of this work. Then, in Section I will use those tools
to present the GA description of spacetime called Space-Time Algebra. I
conclude the chapter with Section in which I use electrodynamic theory
as an example of a relativistic theory elegantly described by GA.

1.1 Introduction to GA

We denote the GA of a vector space V with dimension n and signature (p, q),
where p + ¢ = n, as G(p, q), and construct it as a direct sum of its exterior
k-spaces for k =0,1,...,n:

n k

G(p,q) = V). (1.1.1)

k=0
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This algebra is equipped with a bilinear form g between two vectors u,v € V,

defined as
g(u,v) =u-wv, (1.1.2)

which is known as the inner product of the space.

The dimension of G(p,q) is Y ;_, (Z) = 2", and its elements are referred
to as multivectors. A multivector M is a linear combination of k-vectors,
which are elements of the k-th exterior power of V, denoted as A*(V):

. 1 . 1 .
M =a+ Be; + Ev”ei Nej+ ...+ —'6”“'”@ NejN...Nep, (1.1.3)
! n!

where {a, 8%,7%,...} € R.

FEach k-vector represents an oriented geometric object in the space. There-
fore, G(p, q) can be understood as the space comprising all possible geometric
elements of V.

The number of k-vectors in a GA of dimension n is given by the binomial
coefficient (Z), which can be visually represented using Pascal’s triangle, as
shown in Figure

4
@OQ)
%,
Gy ) \;z,&
C?f‘ (‘oC:b} <
\>O
g(0) 1 ’ & &
e
g(1) 1 1 S
S &E
G(2) 1 2 1] & s
Gg(3) 1 3 3 1 & s
W &
Q
Gg(4) 1 4 6 4 1 e
G(») 1 5 10 10 5 1

Figure 1.1: The number of k-vectors in a GA, G(p,q), of dimension n =
p+ q is given by the binomial coefficient (Z) The element with the highest
dimensionality in each space is called the pseudoscalar.

Because multivectors are composed of elements of different grades, cer-
tain equalities might initially appear confusing or incorrect. For instance,
expressions like e;e; = 1 or e;ejejer, = e;ep may seem to equate elements
of different grades. This confusion is resolved by recognizing that these
equalities represent equivalence relations between multivectors, where null
components are omitted.
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The algebra G(p, q) is endowed with a bilinear operation, indicated by
the absence of a symbol between vectors w,v,w € V, which satisfies the
following properties:

e Associativity: (uwv)w = u(vw).

e Left-distributivity: u(v + w) = uv + vw.

e Right-distributivity: (v + w)u = vu + wu.

¢ Relation to the inner product: u? = g(u,u).

This operation is known as the geometric product and can be expressed as
the sum of the inner and outer products of two vectors u, v € A'(V):

wi=u-v+ulAv. (1.1.4)

Various aspects of this expression are noteworthy. First, v-v and u A v
have different grades, 0 and 2, respectively. Second, the inner product and
the outer product correspond to the symmetric and antisymmetric parts of
the geometric product:

1

u-v = g(uv—i—vu) (1.1.5)
1

uAv= §(uv—vu). (1.1.6)

Third, the geometric product is neither commutative nor anticommutative.
If the vectors are parallel (u o v), the geometric product reduces to the
inner product and becomes commutative. Conversely, if the vectors are
orthogonal (u - v = 0), the geometric product reduces to the outer product
and becomes antisymmetric. In general, the geometric product does not
possess a defined symmetry.

It is important to note that the geometric product is initially defined
by its action on vectors. Although generalizing this product to multivectors
is non-trivial, it is possible; see [Macdonald), [2002] for details. However, in
practice, this is often unnecessary because the associativity of the geometric
product allows us to convert outer products into geometric products and
then apply the associative property.

An essential characteristic of the geometric product, which is not shared
by the inner or outer product, is its potential invertibility. For a non-null
vector a € A'(V), where a2 = a-a # 0, we can define the inverse a ™! = a/a2
such that aa~! = 1. The key properties enabling the existence of a~! are the
associativity of the geometric product and the possibility of adding elements
of different grades in a multivector structure.

From a geometric standpoint, the inability to define an inverse using
the inner or outer product arises because knowing solely the projection or
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area that two vectors span is insufficient to determine one, given the other.
In contrast, Equation (|1.1.4)) encapsulates both element, thereby containing
complete geometric information about their relative positions.

1.1.1 Conventions

To simplify expressions by removing unnecessary parentheses, I will adopt
the common convention in GA of performing inner and outer products before
geometric products. For instance, the following expressions are significantly
simplified:

(a-b)c=a-be, (aNb)I=aAbl. (1.1.7)

I will also use angle brackets to denote the projection into a specific
grade, indicated by a subscript:

aNb= (aAbyy = (ab)a, a-b= (ab)y= (ab). (1.1.8)

The scalar projection will be written without a subscript.

This notation sometimes offers the additional benefit of simplifying ex-
pressions by converting inner or outer products into geometric products,
allowing us to utilize the associative property within the grade operation.

1.1.2 Complex numbers and rotor techniques

The use of the geometric product as the foundation of GA may initially
appear to be a mere formal exercise. However, it significantly enhances
the power of the formalism. Two notable examples are its application to
complex numbers and rotations.

Let us begin with the GA of the Euclidean space E?, denoted by G(2).
Consider an orthonormal basis {e;}, from which we construct the k-vector
basis {1, e1, e2,e1 Aea}. We now calculate the square of the bivector ej A es:

(e1 A 62)2 = ejege1eg = —(egeq)(ege2) = —1. (1.1.9)

Here, we used the orthonormality of the basis to replace the outer product
by a geometric product, reordered the expression, and then applied the
associativity property to convert the geometric products into inner products.
Next, we can construct a general element of the even subalgebra of G(2),

called G(2)T, as
z = a+ Pejes, (1.1.10)

where a, 8 € R. Given Equation ((1.1.9) and the choice of notation, it is
evident that z is isomorphic to the complex number o + S3i.
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Furthermore, the bivector ejes can be used as a generator of rotations
in the ejes-plane. For example, right multiplication by ejes results in the
expected 7/2-rotations, analogous to multiplication by the complex unit:

ei(eres) = ea, ea(eres) = —ey. (1.1.11)

A rotation by an angle different that 7/2 is achieved with an exponential
function. We can define the exponential of a bivector using its series expan-
sion, and construct an object called a rotor [Hestenes, [2003b]:

1
R(0) = exp <—2961 A 62) = cosg —e1Ney sing. (1.1.12)

Because |e; A ea] = 1, the rotor R is normalized, meaning
RR' = 1. (1.1.13)

Where the dagger symbol denotes the reversion operation, which reverses
the order of all geometric products. Thus, Rf(f) = exp (—%062 A el) =
exp (%961 A 62) .

The double-sided action of R and R on a multivector M € G(V) gener-
ates a rotation of an angle # in the e A eo-plane:

M' = R(O)MR'(6). (1.1.14)

Note that we have not imposed any restrictions on the dimension or
signature of the space. Therefore, Equations are valid in
spaces of any dimension and signature.

Moving to a higher dimension, we observe another remarkable isomor-
phism when examining the squares and permutation properties of the bivec-
tor basis generated by an orthonormal basis of E3:

et Nes<>i, eaNegrj, ezNhel < —k. (1.1.15)

Apart from a sign difference in k,ﬂ the (oriented) planes of E? are isomorphic
to the quaternions. This is a special case of a more general phenomenon in
which the even subalgebra of a space provides a proper generalization of
complex numbers.

The even subalgebras of GA provides a geometric interpretation that
imaginary numbers inherently lack. Moreover, GA allows for the extension

LThis sign discrepancy, originating from Hamilton’s original left-handed basis, has
caused considerable confusion.
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of complex numbers and complex calculus theory to spaces of any dimen-
sion and signature [Hestenes and Sobcezyk, |1987], granting access to powerful
integral theorems that were previously achievable only through the complex-
ification of spaces. This establishes a profound connection between complex
numbers and geometry. We will further explore these topics in Sections|1.2.4]

and and chapter [0

1.1.3 Pseudoscalar and duality

A k-vector with a grade equal to the dimension of the space, n, is called a
pseudoscalar and we denote it by

e= M en (1.1.16)
k=1

As the highest-grade element in the space, it is unique up to a sign and
scaling, meaning that any n-volume V can be expressed as V = ae, where
aeR.

Since the pseudoscalar is constructed from the coordinate basis, it is gen-
erally position-dependent, denoted as e(x), and non-unitary, e # 1. How-
ever, in orientable spaces, it is always possible to define a unit pseudoscalar

I such that .

= I? = +1. (1.1.17)

The pseudoscalar is of particular importance in GA because it deter-
mines the handedness of the space and enables the definition of the duality
operation, which is performed in GA by right or left multiplication with the
unit pseudoscalar I = A;_, é, where é;, represents an orthonormal set of
basis vectors.

The duality operation is equivalent to the Hodge dual of differential
forms up to a sign, as explained in Section [3.2.1

The commutation properties of the pseudoscalar depend on both the
dimension of the other object and the dimension of the space: I commutes
with odd k-vectors in spaces of odd dimension and anticommutes with them
in spaces of even dimension. However, I always commutes with even k-
vectors.

1.2 Space-Time Algebra

The GA of Minkowski spacetime was developed by Hestenes [2015], who
coined the term Space-Time Algebra (STA). It has the metric n,, = diag(+, —, —, —)
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and basis vectors {fyu}ﬂ These vectors satisfy the relationship:

Yu " Vv = TNuv- (121)

The basis vectors are combined to construct the basis elements of G(1,3),
as shown in Table [T}

Scalars 1

4 Vectors Y0 Y1 Y2 V3

6 Bivectors Y10 | Y20 | Y30 | Y23 | V31 | 712
4 Trivectors Y123 | Y230 | Y310 | Y120

1 Pseudoscalar | vg123

Table 1.1: Basis elements of G(1,3). The notation v,, = v, A v, is used.
Notice the dual relationship between scalars and pseudoscalars, vectors and
trivectors, and between the first three bivectors and the last three bivectors.

The reciprocal basis, {7}, is defined by the relationship:
Yy~ =6, (1.2.2)

Due to the orthonormality of the basis vectors, the reciprocal basis coincides
with the coordinate basis, differing only in the signature:

=0 (1.2.3)

It is noteworthy to remark here that the reciprocal and coordinate bases
span the same space. See Figure for an example with non-orthonormal
basis vectors.

In G(1, 3), multivectors have 2* = 16 components, and their general form
is given by:

1 1
M = o+ o'y, + 53‘“’7# Ay + ET“(IW#) + PI, (1.2.4)

where I = ~v9 A v1 A v2 A 3 is the pseudoscalar. The sixteen elements
correspond to one scalar, four vectors, six bivectors, four trivectors, and one
pseudoscalar. The duality operation, explained in Section [1.1.3] is used to
conveniently represent the trivector elements.

2This choice of notation for the basis vectors of the STA is non-standard. However,
it is particularly suitable when considering the reformulation of Dirac theory developed
by Hestenes| 1975, {1997 |2003c|, where the Dirac gamma matrices are isomorphic to the
basis vectors of spacetime, and the pseudoscalar plays the role of 7s.
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1.2.1 Bivectors and rotations

Due to the mixed signature of the space, G(1,3) contains two types of basis
bivectors: spatial bivectors, which have negative squares, (v;;)2 = —1, and
spacetime bivectors, which have positive squares, (70;)?> = +1. The notation
Yuv = Yu Ny is introduced here, and is valid only for orthogonal frames.

The bivectors of a space are the generators of its Lorentz group. In the
STA case, with spatial bivectors generating spatial rotations and spacetime
bivectors producing boosts.

To perform a Lorentz transformation on a multivector M, we consider
the relevant bivector 7,, and apply the rotor techniques presented in Sec-
tion|1.1.2l By sandwiching M between the corresponding rotor R we obtain
the rotated multivector M’, as illustrated in Figure

M’ = RMR! = e~ 87 Me5wn, (1.2.5)

where 6 is the parameter of the transformation, and R is given by:

0 0
R=e 3" = cos 3~ T sin 7

For example, a boost along the 7 axis with velocity ¥ € R? in the
direction of ~y; is calculated as follows:

(1.2.6)

’Yi _ 6*70104/2,}/16’70104/2 (1 9 7)
— 6—7010671 = cosh ay; + sinh a v, o

where a = tanh™!(|7]/c), and we have used the anticommutativity of 7,
with Yo1-

The exponential treatment of boosts and rotations is analogous to quater-
nionic rotations in E3, providing simpler operational rules when compared
to the 4 x 4 matrices from conventional tensor treatment, especially when
dealing with their composition.

Note that the decomposition of the geometric product into scalar and
bivector parts is the key element in the construction of rotors. This property
distinguishes GA from other formalisms, such as differential forms, and is a
major source of its powerful capabilities.

1.2.2 Time-Split

A remarkable feature of STA is the nested structure of subalgebras it gen-
eratesﬂ, see Table The even subalgebra of G(1,3), denoted as G(1,3)",

3In most GA literature, the signature (4, —, —, —) is used to define STA. This choice is
motivated by the natural emergence of nested subalgebra structures under this signature
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Figure 1.2: The rotation of the multivector M with the bivector u A v is
performed by reflecting M with respect to the plane perpendicular to u and
then reflecting the resulting vector with respect to the plane perpendicular
to v (Equation ) This construction easily demonstrates that two
reflections are equivalent to a rotation. See [Hestenes, |2003b] for details.

is isomorphic to G(3) by identifying the spacetime bivectors of G(1,3) with
the basis vectors of G(3):
o =% N\ 0. (1.2.8)

This identification enables the so-called time-split of a vector p. Consider
an observer moving with a 4-velocity given by the time-like basis vector ~p.
By right-multiplying the abstract vector p by the observer’s 4-velocity, we
obtain the projection of p into the observer’s frame:

Do =p+pviAy=p+D. (1.2.9)

Where we used the arrow to denote the 3-dimensional components of p,
p=po;.

The identification of the observer’s frame {o;} with the bivectors {7;Av0}
explicitly shows a dependence on the 4-velocity of the observer, which is not
present in conventional tensor calculus.

[Dressel et all |2015]. However, |Wu| [2022] has shown that a similar structure can be
obtained for the opposite signature by making a different isomorphism between the even
subalgebra G(3,1)" and G(3).
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Cliz | Space-Time Algebra
Clso | Relative 3-Space (E3)

Clo,2 Quaternions
Cloa Complex Numbers
Cloo Real Numbers

Table 1.2: Clifford Ladder. Each algebra is isomorphic to a subalgebra of
the higher algebra.

1.2.3 Vector derivative operator

The calculus tools based on GA are known as Geometric Calculus (GC)
and were developed by |Hestenes and Sobczyk [1987]. In this section, I will
review the main derivative operations, and in the next, I will present the
primary integral theorems.

The fundamental derivative operator in G(1,3) is the vector dem’vativeﬁ
denoted by V. It is defined in terms of the reciprocal basis {7*} and the
directional derivatives 0, = 0/0x" as

V =, (1.2.10)

A crucial feature of V is that it possesses the algebraic properties of a
vector, allowing it to be treated as such in operations. This implies that the
algebraic rules governing interactions between vectors and multivectors also
apply to V, resulting in a wide range of differential properties.

For example, we can derive familiar differential operations by applying
it with the inner and outer products to a vector field v = v(z) = v (z)yu:

e Geometric derivative: Vo=V v+ V Aw.

e Divergence: V -v = g, v".

e Curl/Exterior derivative:

V Av = 0,09 A,
e Laplace-Beltrami Operator:
V% =V (Vv) = V- Vv = 9"0,0"y,.

For more algebraic differential identities and their corresponding counter-
parts in vector calculus and differential forms, see Tables [3.1] to

4This notation is chosen due to its correspondence with Dirac theory, where it is referred
to as the Dirac operator.
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Two particularly noteworthy aspects of these expressions are the con-
structions of the curl and the Laplace-Beltrami operator. In the case of the
curl, the use of the outer product enables a consistent definition in spaces
of any dimension. For the Laplace-Beltrami operator, the associativity of
the geometric product allows V to act on itself, forming a scalar operator
capable of acting on any multivector field:

V(VM) = (V)’M = (V-V)M
o (1.2.11)
= 0"0,a + (00,8 e + 5(8”(%7 NeiNej+ ...

Here, V AV = 0 due to the commutativity of partial derivatives.

The ability to derive all differential operators from a single one is unique
to Geometric Calculus. It greatly simplifies calculations, enhances the ge-
ometric interpretation of equations, and unifies algebraic and differential
identities. For more details, see [Hestenes and Sobczykl, 1987, Ch. 2].

Finally, it is worth mentioning that V has an inverse operator in the form
of a first-order Green’s function, analogous to the inverse of a vector. This
property is fundamentally tied to the geometric product. Because it will
not be necessary for the remainder of this work I will note expand further,
but the interested reader can find the mathematical details in [Hestenes and
Sobczyk, |1987, §7-3], and an elegant application to Dirac’s and Maxwell’s
equations in [Gull et al., [1993].

1.2.4 Fundamental theorem of Geometric Calculus

Integration in GC offers two primary advantages over traditional vector cal-
culus: directed integration and compact expressions. The first, directed
integration, is a feature shared with differential forms, allowing significant
simplification when dealing with geometric, oriented elements. The second
advantage, unique to GC, is the use of the geometric product to combine
multiple integral theorems into a single expression called Fundamental the-
orem of Geometric Calculus.

The fundamental theorem of geometric calculus is stated as follows by
Macdonald|[2012] and Hestenes| [2015]: Consider a closed p-dimensional sur-
faceﬂ Q, bounded by the (p — 1)-dimensional surface OQ2. We can represent
a differential oriented element of Q by the p-vector dxp, and the differen-
tial oriented element of the boundary by dz,—1 (see Figure . If M is a

5Non-necessarily simply-connected.
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Figure 1.3: Depiction of a p-dimensional surface €2 with oriented differential
element dz,, bounded by the (p — 1)-dimensional surface 02 with oriented
differential element dz;,_;.

differentiable multivector function on §2, then we can write
/ dz, - VM = dz,—1 M. (1.2.12)
Q onN

Notice that dz), is a p-vector, which can be decomposed as the outer
product of differential vectors dz(® = dzé;:

dxp:dx(l) A Adz® =dat . daP TP, (1.2.13)

where 1) = &, A ... A ép is the unitary pseudoscalar of the surface €2, and
da’ are the scalar integration elements. The same decomposition applies for
dl'p_l.

In Equation , v=>r, é€'0; is the vector derivative in Q. It is
important to note that dz, A V = 0 because dx, has the same dimension
as €1, and therefore dz, - V = dz;,V. The inner product with the vector V
lowers the grade of dz,, by one, making dx, - V of the same grade as dz,_1,
which is essential for Equation to hold.

The fundamental theorem of geometric calculus applies to manifolds of
any dimension, admits the presence of holes, and applies to non-scalar geo-
metric objects. For more details, see [Macdonald, 2012, Part IV].

In Chapter (3| I will provide a detailed comparison between differential
forms and GC. However, it is worth noting here the key differences between
Equation and the generalized Stokes’ theorem of differential forms:

e In Equation , the product between dz, -V and M is a geo-

metric product, which decomposes in two parts corresponding to the
generalized Stokes’ theorem and its dual.

e M is not restricted to being a scalar-valued function, as in differential

forms. It is a general map from multivectors to multivectors. This
allows Equation to incorporate Cauchy’s integral theorem.
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The simplicity of Equation (1.2.12)) may obscure its power. To illustrate
it, we will apply it to various manifolds to derive the fundamental theo-
rem of calculus, the Divergence theorem, Curl theorem, Green’s theorem,

and Cauchy’s integral theorems of complex analysis, as demonstrated by
Macdonald| 2012, Part IV].

Fundamental Theorem of Calculus Ifp =1, Qis aline and dw — d§is
a vector. M is a scalar function, 0f2 represents the endpoints of the segment,
and integration over them consists of multiplying by 1 or —1, depending on
the orientation of the segment. Thus, Equation reduces to the
standard fundamental theorem of calculus:

/m d5- M = M(ws) — M(z1). (1.2.14)

1

Divergence Theorem Let M be a vector field v on a bounded p-dimensional
manifold €2 in RP. Setting do = 71id,—1z, Equation ([1.2.12]) becomes:

/V-vdpxzyg v-do. (1.2.15)
Q o0

In a 3, this corresponds to Gauss’ theorem. However, this only covers the
inner product part of Equation ((1.2.12)). The outer product part, along with
the dual operation, relates outer and cross products in E3, yielding:

///‘/vadV:#gdaxv. (1.2.16)

Curl Theorem Let M be a (p — 1)-vector valued field on an oriented,
bounded p-dimensional manifold 2 € R™, where p < n. Then, Equa-

tion (1.2.12) is:
/ dpz - (Vp A M) :35 dp—12 - M. (1.2.17)
Q o0

In a 3-dimensional manifold, with a 2-dimensional surface €2, differential
area element do, boundary 02 as the enclosing curve, and M as a vector
field v, this becomes the Curl theorem, commonly known as Stokes’ theorem:

//S (V xv)-do = yﬁcv - ds. (1.2.18)
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Green’s Theorem Let R be a region in the zy-plane with boundary C
oriented counterclockwise. Let M be a vector field P(z,y)Z + Q(z,y)y on
R. Then:

//R(a”"Q_ayP) dA = ﬂgc(PdwﬂLQdy). (1.2.19)

Cauchy’s Theorem The concept of analytic functions in the complex
plane can be generalized in GC to multivector fields M that satisfy the
condition:

VM = 0. (1.2.20)
For such analytic functions, Equation (|1.2.12]) simplifies to:

§£ dz, 1M =0, (1.2.21)
o0

which is called the Generalized Cauchy’s Theorem.

As shown by Hestenes|[1986a], GC also encompasses the residue theorem:
If M is analytic except at a pole 2’ with residue ¢ in the 2-dimensional surface
A, then VM = 27qd(x — x'), and substituting into Equation yields:

%dxM = 27rq/ e1 A ea|dA(z)|6(z — 2') = 2mey A eaq. (1.2.22)
A

Note how ej A e2 plays the role of the imaginary unit .

Details on the derivation of Cauchy’s theorem for integral functions can
be found in [Dressel et al., 2015, §4], [Doran and Lasenbyl, 2013, Ch. 4], and
[Hestenes and Sobczyk, (1987, §7.3]. However, we would like to highlight
three key points about this result:

e The theorem is derived without introducing complex numbers, as the

complex plane is isomorphic to G(2).

e The result is applicable to spaces of arbitrary dimension.

e The theorem has a clear geometric interpretation.

e GC unifies the theory of poles and residues with that of Green’s and

delta functions.

The unifying power of the fundamental theorem of geometric calculus is
unique to GC, providing a clear geometric interpretation of most integral
theorems.

1.3 Electrodynamics

Geometric calculus offers a powerful framework for describing the laws of
electromagnetism, as shown by Dressel et al. [2015]. In GA, the electro-
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magnetic field is represented by the bivector field F'(z) = F, which can be
expressed in components as follows:

F=FMy,,

(1.3.1)
= E'y10 + E*y20 + E*y30 + (B 10 + B*20 + B*y30) 1.

The components F*¥ correspond to the entries of the Faraday electromag-
netic tensor F*¥, and I used the duality operation to express spatial bivec-
tors as duals of spacetime bivectors. This formulation relates the spacetime
components of the electromagnetic bivector to the electric field F© « E°
and the spatial components to the magnetic field F <+ B'. By encoding
the electromagnetic field in a bivector field, we can immediately identify its
tracelessness and antisymmetric nature.

The time-split of F' into the observer’s frameﬁ with 4-velocity g produces
the E and B fields as measured in the local frame {o;}:

F = Elo'l + E20'2 + E3O'3 + (Blo'l + 320'2 + 330'3) I = E + EI. (1.3.2)

In this 3-dimensional subspace, the electromagnetic bivector F' decom-
poses into a vectorial electric field and the dual of the magnetic field. This
vector-bivector representation of the electric and magnetic fields explains
their different behavior under parity transformations and clarifies the clas-
sical distinction between axial and polar vectors.

Furthermore, noting that I? = —1 in Minkowski spacetime, we rec-
ognize that Equation is precisely the Riemann-Silberstein vector,
E +iB. This complex vector form of the electromagnetic field simplifies the
treatment of certain electromagnetic systems and aids in the formulation
and interpretation of quantum electrodynamics (QED) [Silberstein) 1907,
Bialynicki-Birula and Bialynicka-Birulay [2013]. This underlying “complex”
structure is not apparent when using the tensor components F** or the
Faraday two-form F.

We now proceed to derive Maxwell’s equations in GA as the simplest
differential equation for a bivector field:

VF =, (1.3.3)

where 7 is a multivector composed of grades 1 and 3, resulting from the
geometric product between a “vector” and a bivector.

SSince F is a bivector, it does not need to be right-multiplied by ~o to decompose it
into the observer’s frame.
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To show that Equation (1.3.3]) is equivalent to the standard Maxwell
equations, let’s expand its left-hand side using the time-split of the vec-
tor derivative V = ~y(dp + V) and the time-split of F', as given in Equa-
tion (|1.3.2)):

VF =~(0y + V)(E + BI)
= {ﬁ-ﬁ%—aoﬁ—ﬁxé} (1.3.4)
+ 70 [ﬁ-§+80§+€><1ﬂ I.
Where x means the usual cross-product which we obtained by using the
algebraic property between vectors in E3: a x b = —I(a A'b). Therefore
V x B is the 3-dimensional curl of B.

For the right-hand side of Equation ([1.3.3)), we write 7 as the sum of a
vector field j. and a trivector field 7,,,1:

VE =V -F4+VAF =3+ ml. (1.3.5)
The vector fields j. and 7, can be decomposed into the observer’s frame as:

Je = cpeo + Jivi = (cpe + Jo)70,

: . (1.3.6)
Jm = cpmo + I Yi = (¢pm + Jm)Y0-

The time component of j. and j,, represents the electric and magnetic
charges, respectively, while the spatial components correspond to their cur-
rents. If we set 3, = 0, thereby assuming no magnetic monopoles, and
match terms by their grade between Equation and Equation
we obtain the non-homogeneous Maxwell equations in the local observer’s
frame:

6"ET:p(h

aoE_:—ﬁxB?: _;,
. (1.3.7)
V-B =0,

805 =+ 6 X E = 0.
The constants in SI units can be recovered by setting:
Ewr /o E,
B~ B/\/o,
(,Oe, j;) = VHo (pea j;) s
(pm7 jm) =/ MO/C (pm7 jm) .

(1.3.8)
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Equation is not just an aesthetic exercise. The invertibility of
V allows us to directly obtain the fields from the sources without involving
second-order derivatives, providing an expression where Huygens’ principle
of re-radiation is directly applicable and evident, and without ambiguities
for the obliquity factor; see Gull et al. [1993] and |Doran and Lasenby [2013]
§7.5] for details.

The correct expressions for the interaction between charged particles and
the field emerge naturally by contracting the bivector field F' with the 4-
current of a particle 3 = qu, where ¢ is the charge of the particle and wu is
its 4-velocity:

dp

=F.
dr ) ) (1.3.9)
=(E-Dn+ [qEJriX B} Yo

Here, p = £7y9 + p'y; is the 4-momentum of the particle, and 7 = ¢ is its
3-velocity. The first term, (E - 7)70, represents the power of the interaction,
i.e., the rate at which energy is transferred from the electromagnetic field to
the particle, and the second term is the Lorentz force

This compact and elegant formulation extends to other aspects of elec-
tromagnetism, such as potentials and the Poynting flux among others. A
comprehensive and precise exposition of electromagnetism using GA can
be found in |Dressel et al., 2015]. The first pages provide an impressive
list of 33 characteristic advantages of using geometric calculus to describe
electromagnetism.

Finally, it’s worth mentioning that Gull et al.| [1993] also showed that
the GA formulation of Maxwell’s equations can be mathematically solved
as a particular case of Dirac’s equation. This is the case because in the
Dirac-Hestenes formulation of Dirac’s theory, a spinor is described as an
even element of G(1,3), composed by one scalar, six bivectors and one
pseudoscalar, and the Dirac-Hestenes equation is mathematically similar to
Equation —illustrating the benefits of having a unified formalism for
physics, where the same mathematical techniques can be applied to study
different phenomena.

1.4 Conclusions

In this chapter, I introduced the basics of GA for a vector space. We explored
its key features, such as the geometric product, the geometric interpretation
of k-vectors, their generalization of complex numbers, and their simplified
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approach to handling rotations. For the sake of brevity and focus, I only
covered those elements essential for the subsequent chapters of this work.
However, GA encompasses many other fascinating and relevant aspects, and
interested readers are encouraged to consult the referenced literature for a
more comprehensive understanding.

I specifically focused on the GA of Minkowski spacetime, known as STA,
where bivectors serve as generators for rotations and boosts, and the time-
split operation plays a crucial role.

I then provided an overview of GC, including derivative and integral
techniques that stem from GA. The vector derivative operator is central
to these techniques, and many integral theorems traditionally seen in the
literature are elegantly unified under the fundamental theorem of geometric
calculus.

Lastly, I demonstrated the power of STA by reviewing the classical for-
mulation of the laws of electromagnetism within the GA framework.

In the next chapter, I will extend these techniques to the tangent space of
manifolds, developing a local STA that will enable us to apply the mathemat-
ical methods discussed here to a broader range of geometrical and physical
problems.
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Chapter 2

Space-time Algebra in
curved space times

The extension of the techniques from Chapter [l| to curved manifolds is
achieved by constructing a STA at every tangent space T, M. The basis vec-
tors for T, M are typically the generally non-orthonormal coordinate basis
vectors. Although GA can handle these non-orthonormal bases effectively,
introducing orthonormal frames (tetrads) to describe manifolds is particu-
larly advantageous. It simplifies expressions and calculations, enhances the
interpretation of quantities, and, as we will demonstrate, aligns seamlessly
with GA techniques.

Therefore, I dedicate Section [2.1]to introduce tetrads, and integrate them
in Section with the GA formalism. Once the basic construction has been
set up, I proceed by deriving the essential elements of differential geometry,
such as the covariant vector operator, Section the Riemann, Ricci and
energy-moementum tensors, Section Forming what I refer to as the
tetrad-GA formalism. I conclude in Section 2.5 with a formulation of Ein-
stein’s equations in GA. The results in this chapter were originally presented
in [Pérez and DeKieviet|, 2024a).

2.1 The Lorentzian Spacetime

From this point forward, we will consider M to be a 4-dimensional, real-
valued, differentiable manifold, with its tangent space at each point p de-
noted by 7, M. The elements of T, M are called vectors, and the union of
all tangent spaces forms the tangent vector bundle TM = UpeM T,M. The
sections of T'M are referred to as vector fields.
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We denote by ATM = EB?:O A’ TM the direct sum of exterior algebras
over the tangent spaces, which we call the bundle of multivector fields.

It is useful to note that A°T,M = R, A\'T,M = T,M, and that
the dimension of each exterior algebra of the tangent space is given by
dim \' T,M = (5).

We equip M with a Lorentzian metric g, which is a bilinear map g :
TyM x T, M — R with signature (1, 3), and we refer to the pair (M, g) as
a Lorentzian manifold.

We extend this Lorentzian manifold to a Lorentzian spacetime by adding
the following structures to the pair (M, g): a linear connection D satisfying
Dg = 0 (the metric compatibility condition), an oriented volume element
I € sec /\4 TM, and an oriented time direction 1. Altogether, these define
the Lorentzian spacetime, denoted by the pentuple (M, g, D,1,7), within
which we will work.

We will also assume that the torsion of the connection D vanishes, align-
ing our framework with GR rather than the Einstein-Cartan theory.

2.1.1 Coordinates and coordinate frames

As it is customary, we consider (U, ¢) to be a coordinate chart of the maximal
atlas A of M, where U is an open set of M, and ¢ is a differentiable mapping
from U to an open set of R*. We denote the coordinate functions of (U, )
by z# : U — R, with £ =0,1,2,3 (Figure.

Figure 2.1: Two-dimensional depiction of a manifold M with an open subset
U and a coordinate map {U, p}. Each point p € U maps to a point ¢(p) €
o(U) C R2.

From the coordinate chart, we obtain a particularly important type of
vector field, which forms a basis of the subbundle TU C T'M, called the
coordinate basis vector. A set {g,} € secTU, with = 0,1,2,3, is called a
coordinate basis vector of TU if there exists a coordinate chart (U, ) and
coordinate functions z* such that, for each differentiable function f : M —
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R,
0 -1 Of(x)
gu(f)’p = 9u- Vf’p = O (fo 2 ) o) = Tozh (2-1-1)

It is common practice to identify g, with J,, but to maintain a clear dis-
tinction between vectors and operators, we will avoid this identification.

From the coordinate basis vector, we can uniquely define a frame called
the reciprocal coordinate frame (Figure 2.2)), which we denote by {g"} €
secTU. It is defined by the relationship:

99" =9(gu,9") = 0y (2.1.2)
€2
a?
e? p O
g
a ’,' 1
I, 1
A el
—— [ >
I,’, a
aq "l
61

Figure 2.2: A non-orthonormal basis of R?, denoted by {e;}, and its recipro-
cal basis, denoted by {e'}, are depicted in black and red, respectively. Both
bases are related by an orthonormality condition e; - e/ = &, A vector a
is shown in blue, with components a’ in the {e;} basis, and components a;
in the reciprocal {e’} basis. Note that both bases span the same physical
space.

At this point, one could introduce the dual space, dual basis, and their
corresponding reciprocal frame, as done in other works such as [Rodrigues
and de Oliveira, 2007]. However, since the presence of the metric induces
a musical isomorphism relating the dual and tangent spaces, we can forgo
this distinction and focus solely on the coordinate and reciprocal coordinate
bases without losing generality or limiting the formalism. This decision
follows the principle of parsimony in the construction of this framework.

The coordinate basis vectors {g,} are generally non-orthonormal, and
their inner product gives the components of the metric ¢g in the particular
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coordinate chart we are using:

9 9ol = 909 90|, = Guw (). (2.1.3)

Similar considerations apply to the reciprocal basis, producing the compo-
nents of the inverse metric:

9" 9", = 9(g". "), = ¢"(2). (2.1.4)
For simplicity, we will omit the z-dependence of the metric in our notation.

It is straightforward to show that the components of the metric and the
inverse metric satisfy the condition:

g9’ = 6. (2.1.5)

2.1.2 Tetrads

From the coordinate basis vectors {g,}, it is possible to perform an orthonor-
malization procedureEﬂ to obtain an orthonormal frame {v,,} € sec TU, with
m = 0,1,2,3, called a tetrad. Physically, a tetrad represents the frame of
reference of a local, inertial (free-falling) observer at point p, as shown in
Figure

The choice of tetrad is not uniquely determined by the coordinate frame,
as there are infinitely many tetrads at each point p, related by local Lorentz
transformations. In this work, I will restrict myself to right-handed tetrads
with a positive time-orientation, all related by proper orthochronous Lorentz
transformations. This choice ensures consistency in the orientation and time
direction of the spacetime across different observers.

It is worth noting that in the gravitational literature, there exists a set
of tetrads that do not satisfy these requirements. These are used in the
Newman-Penrose formalism and are characterized by having a null “time”
component (other null components are also possible). Such frames are very
useful for describing gravitational radiation, but they will not be considered
in this work see [Newman and Penrose, (1962, Hamilton, [2020] for details.

!The extension of the Gram-Schmidt procedure to pseudo-Riemannian spaces depends
on the existence of a non-degenerate basis for the vector space. See |Lee for comments on
his book [Lee, 2019, p.30].

ZHestenes and Sobczykl [1987, §1-3] presents the Gram-Schmidt orthonormalization
procedure in GA. However, due to the simplicity of the cases presented in this work, it is
not necessary to resort to the general procedure to obtain an orthonormal basis.
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90

Y0
g1

Figure 2.3: Manifold mapped with coordinates (x!,2?) and two bases for
the tangent space at each point: in red, the coordinate tangent vectors {g, };
in black, an orthonormal set of basis vectors {~,,}, forming a tetrad.

Each choice of tetrad allows inertial observers to define four local coordi-

nate maps x"*, forming an adapted coordinate system, such that for a given
differentiable function f(z): M — R,

0
Vm - Vf(x) = oxm (). (2.1.6)
The components of the metric in the adapted coordinate system are
given by
Ym *Tn = hmn> (217>

where 7., = diag(+1,—1,—1,—1) is the Minkowski metric. For tetrads
representing the frame of inertial observers, Equation implies that
in a sufficiently small neighborhood, the perceived spacetime of an inertial
observer is always flat.

Analogous to the reciprocal coordinate frame {g*}, we can define the
reciprocal tetrad frame {7} € secTU by the relationship

Ym oY =0 (2.1.8)

Since the tetrad frame is orthonormal, the components of the inverse metric
in the reciprocal tetrad frame are also given by n™" = diag (+1, —1,—1,—1):

eyt =" (2.1.9)
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In the preceding discussion, I have adopted the convention, common
in tetrad literature, of using middle Latin indices, {m,n,l,...}, to refer to
tetrad components, ranging from 0 to 3. Greek indices {u, v, A, ...} will refer
to coordinate indices, also ranging from 0 to 3, while other Latin indices,
{i,J,k, ...}, will be used for spatial coordinate indices, running from 1 to 3.
In cases where we refer to specific coordinate directions, such as {t,r,0, ¢},
a hat will denote the corresponding tetrad components {Z, #, é, qg} See Ap-
pendix [A] for a more detailed explanation of our notation choices.

The tetrad and coordinate frames are related by a transformation called
the vierbein, denoted by ™ :

Iu = € Ym- (2.1.10)

The components of the vierbein are determined by the metric g, and the
chosen tetrad. Often, when a “natural” choice of tetrad is available, the
components of the vierbein can be read directly from the line element when
written in an appropriate form:

ds? = g, datda” = Nmne"™ e, dztdx”. (2.1.11)

In practical terms, the vierbein can be considered as the “positive square
root” of the metric, as its elements correspond to the square roots of the
metric components in diagonal metrics with the tetrad frame aligned with
the coordinate frame.

The vierbein contains 16 degrees of freedom: 10 corresponding to the
choice of coordinates, encapsulated in the metric, and 6 corresponding to
the choice of tetrad. Therefore, in general, the vierbein does not possess
symmetric or antisymmetric properties.

Using the reciprocal coordinate frame, we can define the inverse vierbein,
em!" in components. The vierbein and inverse vierbein satisfy the following

relationships:

ement =0y, el el =4, (2.1.12)

We will use the inverse vierbein to relate the reciprocal coordinate and tetrad
bases:

gt =e 'y, (2.1.13)
as well as to invert the relationship in Equation (2.1.10)):
Ym = €l G- (2.1.14)

The choice of which transformations define the vierbein and which define

the inverse vierbein, as in Equation (2.1.10)) or Equation (2.1.14)), is a matter

of convention and may vary among different authors.
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Compared to the traditional coordinate approach to GR, the use of the
tetrad formalism offers the following advantages:

Separation of coordinate and frame-related degrees of free-
dom: The tetrad formalism clearly distinguishes between coordinates,
coordinate frames, and inertial frames. This separation helps isolate
the degrees of freedom associated with coordinate choice from those
related to frame choice, which is particularly useful in, for example,
differentiating between physical and non-physical perturbations. For a
comprehensive treatment of perturbations using the tetrad formalism,
see [Hamilton) 2020, Ch. 26-30].

Local Lorentz invariance: Tetrads provide a local description of
spacetime geometry in terms of inertial frames at each point, making
the local Lorentz invariance of spacetime explicit. This simplifies the
analysis of physical quantities in different frames.

Treatment of spinors: The tetrad formalism is essential for handling
spinors in curved spacetimes, as spinors cannot be directly described
in the coordinate basis.

Simplification of certain calculations: In the tetrad frame, many
tensors take on simpler forms, or even become trivial. This is because
tensor components in the coordinate frame must compensate for the
local variation of the coordinate basis vectors, leading to apparent,
non-physical variations in tensor components.

Numerical relativity: Tetrads are fundamental in some numerical
approaches to GR, such as the ADM formalism, where they facilitate
the separation of spatial and temporal components.

Extensions of GR: Tetrads are crucial in various reformulations and
extensions of GR, such as teleparallel gravity, the Einstein-Cartan the-
ory, and some approaches to Quantum Gravity.

A more comprehensive treatment of the tetrad formalism in GR can be
found in several texts, like [Misner et al. |1973| §6.4] or [Carroll et al., 2004,
Appendix J].

2.2

Tetrads with GA

The tetrad formalism is further enhanced by promoting the local vector
space T,M to a GA, similar to the process described in Chapter [I] for
Minkowski spacetime. This promotion of the tangent space T,M to a GA
is referred to as the geometric tangent space at p, denoted by GT,M =
G(TpM). We define the Clifford bundle as the collection of geometric al-
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gebras GI M = UpG m GTyM. Locally, GT, M is isomorphic to the exte-
rior algebra \TpM = @izo AFT,M, where \* T, M represents the (:)—
dimensional space of k-vectors (also known as k-blades). The sections of
GT M are called multivector fields.

We can use the outer product of the tetrad field {~,,} to construct the
basis of k-vector fields of /\k T M, which locally correspond to those pre-
sented in Table [L.1l

The extension of the geometric product between two vector fields a,b €
secT' M, as defined in Equation , is achieved by interpreting the scalar
product as the metric product, a - b = g(a,b):

ab = g(a,b) +aAb, (2.2.1)

where the position-dependence is implied.
The term g(a,b) can be calculated in the coordinate basis frame {g,} as

g(a,b) =a-b=ad"g, Vg, = gua"t’, (2.2.2)

or in the tetrad frame as
a-b=nm,a™b", (2.2.3)

where 7, = diag(+1, —1,—1,—1), and a™, b"™ are the components of a and
b in the tetrad frame {v,}.

2.2.1 Connection bivectors

When we parallel transport a tetrad frame {7,,} from point p to point ¢, the
relationship between the local tetrad at ¢, {77(73)}, and the transported tetrad
{V;Eﬂ)} is necessarily a restricted Lorentz transformation. As described in
Section [1.2] a Lorentz transformation in GA is performed by sandwiching
vectors with the corresponding rotor R(z):

~D = R(z)7DR(z). (2.2.4)

If the generator of the transformation is the bivector wy(z) = w, and
the transformation is infinitesimal with a parameter e, we can express the
rotor R as

1
R(z) = exp (%w“> ~1+ 5 (2.2.5)

and expand Equation (2.2.4) to first order as
€

(q) — ~(q)

[wu,%(gq , (2.2.6)
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where the brackets denote the commutator between multivectors, [A, B] =
AB — BAF

We can use this result to express the action of the directional covariant
derivative on a vector field a € sec /\1 TM. Typically, such a covariant di-
rectional derivative accounts for the variation of both the field components
and the local basis. However, by decomposing the vector field in the tetrad
frame, a = a™~,,, the infinitesimal variation of the tetrad from point to
point is a restricted Lorentz transformation, which can be expressed as the
commutator of the tetrad basis vectors with the generator of the transfor-
mation—the bivector field w, € sec N> TM:

D,a = (D,a"™)ym + a™Dyym

m m 1
= (O#a )’}/m +a 5 [wua'Ym] (2.2.7)

1
= O0ua + 3 [wy,al .

In the last line, it is understood that 0, acts only on the components of
a, not on the basis vectors v,,. This definition of the directional covariant
derivative applies similarly if a is a multivector field because the directional
covariant derivative D, is a scalar differential operator, meaning it does not
alter the grade of the object it acts uponE|

The field w,, which we call the bivector connection, is the result of ap-
plying the map w to the coordinate vector field g,. This map is linear and
defined as:

1 2
w : sec /\ TM — sec /\ TM, w:gy—w(gy) = wy. (2.2.8)

The bivector w,, is determined by solving the equation Dy, = w, - Ym, and
it depends entirely on the metric and the choice of tetrad field:

1
=3 <g>‘ AVgur + ga A aﬂg“) , (2.2.9)

where V = ¢g#0,, is the flat spacetime vector derivative operator, and the last
term is computed as 9,9% = 7"0,e,,“. The derivation of Equation
is provided in Appendix

In the case of a diagonal metric, where the coordinate basis vectors
are orthogonal, Equation simplifies considerably if we choose the

3The commutator [A, B] is not the Lie bracket, which is often denoted with the same
symbol.

41t is easily shown that the commutator of any multivector with a bivector is a grade-
preserving operation.
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tetrad frame to be aligned with the coordinate framel’| In this case, e,," =
diag(|gool =2, [g11] =2, |ga2| =2, |g33|~'/?), making the second term in Equa-
tion vanish, and the computation of the first term consists of a maxi-
mum of 12 derivatives—three for each coordinate direction of spacetime—to
obtain all necessary connection coefficients

Physically, the map w represents the Lorentz transformation experienced
by an inertial frame when parallel transported along the integral lines of
the p-coordinate. This means that a free-falling observer moving along a
worldline ¢(\) with tangent vector field K = 9dc(X\)/OA will experience a
rotation (or boost) of the frame attached to it, generated by the connection
bivector w(K).

Compared to the Christoffel symbols, Equation is more straight-
forward to apply and, compared to the guess-and-check method used with
differential forms [Misner et al., 1973|, §14.6], they are systematic and clearer.

The decoupling of coordinate and frame-related degrees of freedom brought
by the use of tetrads also has significant consequences in the number of con-
nection coefficients at our disposal. In a torsion-free space, the Christoffel
symbols have 40 degrees of freedom, whereas the bivector connections, map-
ping vectors to bivectors, have a maximum of only 4 x 6 = 24 coefficients,
corresponding to the 3 proper Lorentz transformations and 3 rotations in
each of the 4 possible directions of displacement. If the metric is diagonal
and the tetrad is aligned with the coordinate axes, the maximum number
of connection bivectors reduces to 12.

From the 24 degrees of freedom in the bivector connection, the remaining
16 needed to account for all 40 degrees of freedom in the Christoffel symbols
are encoded in the vierbein e;,”. These additional degrees of freedom relate
to changes in the norm and relative position of the coordinate basis vectors,
an issue not present in the tetrad formalism.

To connect with the tetrad literature, we can expand w, in the tetrad
basis and identify its components as the spin connection coefficients:

1
wy = iwmnu’ym AN (2.2.10)
Since w), is a bivector field, its components are automatically antisymmetric
in their first two indices, Wyny = —Wnmy, which is the expected symmetry
for the generator of a Lorentz transformation.

®Some sources, such as |[Hestenes and Sobczyk, {1987, p.235] and |[Hestenes, [1986b],
claim that this simplification occurs for any orthogonal coordinate frame. However, this
is incorrect; the alignment of the tetrad with the coordinate frame is also necessary.
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Finally, to relate the connection bivectors w, with the Christoffel symbols
I, in the coordinate approach to GR, we note that the Christoffel symbols
are not tensors and therefore are not directly related to the components wy,n,

through a simple change of basis using the vierbein e;,":

eknem“wkmy = W # L (2.2.11)
The relationship between these quantities is more complex and involves
derivatives of the vierbein:

re,= el"ayelu +e™ e W (2.2.12)

o mn

Detailed calculations are provided in Appendix [C]

2.3 Covariant vector derivative operator

Analogous to the vector derivative in flat spacetime, V, we deﬁneﬁ the co-
variant derivative operator acting on multivector fields in sec GT' M as:

D =g"D,. (2.3.1)

Being {g"} the reciprocal coordinate frame, and D,, the covariant directional
derivative defined in Equation . The covariant derivative operator, D,
behaves algebraically as a vector, allowing us to apply the same techniques
presented in Section [I.2]for the vector derivative operator to obtain a variety
of first-order covariant differential operators. Consider the vector fields a, b €
sec N'TM:

e Covariant directional derivative in the a-direction: It is given
abstractly by a - D, and it is a scalar operator, meaning that it does
not change the grade of the objects that it acts upon. Its action over
a multivector M € sec GT'M is given by:

1

a'DM:a‘VM—i—i[w(a),M]. (2.3.2)

S An alternative route at this point is to avoid introducing the covariant derivative and
instead apply the chain rule of the directional derivative V to the components and basis
of objects. This procedure is permissible due to the abstract representation of the objects
we are using and naturally and consistently yields all necessary tensors of differential
geometry. This approach is explored in more detail in Appendix

The reason I have chosen to use the covariant derivative in the remainder of this text is
primarily to maintain consistency with the conventions of the broader general relativity
literature.
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Decomposing a - D and M in different frames yields various forms of
the covariant directional derivative found in the literature. Consider
the vector fields a,b € sec A\' TM:

— (Plain) Covariant directional derivative: Obtained when
D =g4¢"D,, a = atg,, and b = bt'g, are decomposed in the coor-
dinate frame. The connection is given by the Christoffel symbols,
and it is not possible to form any geometric structure over the
connection. In this case, the components of the covariant direc-
tional derivative of a vector field b in the direction of the vector

field a are:
a-Db=a" (6#b0‘ n Faﬂub5> Ja (2.3.3)

— Fock-Ivanenko derivative: Obtained when D = ¢*D, and
a = a’g, are decomposed in the coordinate frame, and b = b",,
is decomposed in the tetrad frame. Then, w, is defined by Equa-
tion (2.2.9), and the components of the covariant directional
derivative of a vector field b in the direction of the vector field a
are:

a-Db=a" <6ﬂb + %[w#, b]> . (2.3.4)

— Tetrad covariant derivative: Obtained when D = ~™D,,,
a = a™y,, and b = bly; are decomposed in the tetrad frame.
Then w, — wpy, = %wmmvl A", winm are called the Ricci rota-
tion coeflicients, and the components of the covariant directional
derivative of a vector field b in the direction of the vector field a
are:

1
a-Db=a" <8mb + §[wm, b]> . (2.3.5)

Being O, = e 0y and winm = e winy,.
e Covariant divergence: Obtained as the inner product between the
covariant derivative operator and a vector field a. It is a scalar and
independent of the frame in which it is calculated:

D -a= Dya" = Dya™. (2.3.6)

e Covariant curl: Obtained as the outer product between the covariant
derivative operator and a vector field a:

1
D ANa=Dya,g" Ng" = 3 (Duay, — Dyay) g A g". (2.3.7)

An equivalent expression can be derived in the tetrad frame.
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In practice, I have found that decomposing D into the coordinate frame
{9,} and expressing the objects it acts on in the tetrad frame {v,,} is the
most insightful combination. This approach clearly represents that the man-
ifold is mapped by coordinates along which the geometric objects of G'T), M
are displaced, while the transported objects are expressed in an orthonormal
frame, eliminating non-physical variations due to changes in the coordinate
frame.

The action of D on k-vector fields M € sec /\k T M is straightforwardly
obtained by decomposing M into its corresponding basis and applying the
commutation rules of GA. For brevity, I will only explicitly provide the
expressions for the covariant divergence and curl of M in the coordinate

frame, where
k elements

1
M = EM)\MWV DAGL N NGy (2.3.8)

e The covariant divergence of a k-vector M € sec /\]C TM, is denoted as
D-M € sec /\k*1 TM, and it is expressed in the coordinate frame as:

1
D M= Wg” Ao Ng"D MMy, . (2.3.9)

e The covariant curl of a k-vector M € sec /\k TM, is denoted as D A
M € sec /\kJrl TM, and it is expressed in the coordinate frame as:

_ 1 K A o v
The extension to multivector fields is straightforward by applying the
distributive property of D over the individual k-vectors.
The covariant directional derivative in GA provides a compact and in-
tuitive way of expressing the parallel transport equation of a vector a along

: — de(V).
a curve ¢(\) with tangent vector t = <55
(t-D)a = 0. (2.3.11)

The geodesic equation is then given by:
(t-D)t=0. (2.3.12)

Squaring the covariant derivative operator yields two second-order dif-
ferential operators:
D*=D-D+DAD. (2.3.13)



32 SPACE-TIME ALGEBRA IN CURVED SPACE TIMES

The first term, which we denote by D - D = A, is a scalar operator that
does not change the grade of the objects it acts on. It is equivalent to
the Laplace-de Rham operator of differential forms, which we can see by
expanding it in the coordinate frame to obtain the familiar form:

A = D"D, — ¢"T%,,D,. (2.3.14)

The second term of Equation , DAD, is a second-order diferential
bivector operator, whose behavior is more interesting because it has no direct
analog in differential forms or other formalisms. It is sometimes referred to
as the Ricci operator |Rodrigues and Gomes de Souzal, 2005], and expanding
it in the coordinate frame, we can express it as the commutator of covariant
directional derivatives:

DAD = g"ANg"[D,,D,]. (2.3.15)

Expansion of D A D into the tetrad frame would introduce a term —f. D,
where f! = are the structure coefficients, due to the anholonomy of the frame.
Such term can be interpreted as a non-physical torsion originated in the non-
closure of parallelograms formed by the adapted coordinates.

When acting on a vector field a, it is easy to show that D A D yields the
Ricci tensor acting on a, justifying its name:

D A Da=g"Ag”(D,D, — D,D,)a™
9" Ng" (DD = DyDy)a™ v (2.3.16)
= g"Rppua™ = R(a).

In GA, the Ricci tensor is a map from vector fields to vector fields:

R : sec /\1 TM — sec /\1 TM, a— R(a), (2.3.17)

where R(a) = R,,a"g" and R, are the usual components of the Ricci
tensor, as in the tensor formalism.

The geometric interpretation of the Ricci tensor emerges when consid-
ering its effect on a congruence of geodesics and its relation to the Ray-
chaudhuri equations, as shown in Section In brief, just as the geodesic
deviation is governed by the Riemann tensor, the Ricci vector R(a) quanti-
fies the variation due to curvature of a small volume when displaced along
the lines of the vector field a. The detailed proof can be found in |Loveridge,
2004, although I have not yet converted it into a simpler proof using GA.
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2.4 Riemann map and Ricci scalar

2.4.1 The Riemann map

Applying the operator D A D to a multivector field M, we obtain the action
of the Riemann tensor in GA as follows:

DANDM = g" A g"[Dy, D,IM = g" A g"[R(gu A gv), M]. (2.4.1)

Here, we have defined the Riemann bivector map R(g, A g,) in terms of the
connection bivectors as:

R(g. N gv) =Ry = 0wy — Opwy + [wp, wy ). (2.4.2)

The Riemann bivector in GA is a map from bivector fields to bivector
fields, defined as:

R : sec /\2 TM — sec /\2 TM, B~ R(B), (2.4.3)

with R(B) = B*Ruumny™ A"

Since bivectors represent areas and serve as the generators of rotations,
the geometric meaning of the Riemann tensor becomes clear: it relates a
differential area to the rotation experienced by a vector when parallel trans-
ported along its contour, as illustrated in Figure

We can expand the Riemann bivector in either the coordinate or tetrad
basis, obtaining the usual tensorial expression of the Riemann tensor, R4,
or a mixed-index expression, R,mn:

R(gu.Ng) =Ry = %Rwa/ggo‘ A gﬁ = %menym A" (2.4.4)

When expressed in the mixed-index form R,,mn, the Riemann tensor
reveals some of its symmetries immediately:

1. The first two indices, related to the coordinate area, must be antisym-

metric.

2. The second pair of indices, representing the basis expansion of the

bivector, must also be antisymmetric.

The calculation of its degrees of freedom is also simplified. Since R
maps bivectors to bivectors, in a 4-dimensional space it can have at most
6 x 6 = 36 degrees of freedom. This number is reduced by considering the
protractionless property of the Riemann tensor:

da AR(a A b) =0. (2.4.5)
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‘ R(a AD)

Figure 2.4: Representation of the effect of transporting a vector v to the
same point through two different paths. When transported through the red
path, a — b, the resulting vector is vy. When transported through the
blue path, b — a, the resulting vector is vp,. The vectors vy, and vy, are
related by a rotation that depends on the area spanned between the paths,
A = a A b. This rotation is described by the Riemann tensor.

Equation imposes a restriction on the function that maps vector
fields b to trivector fields, resulting in a total of 4 x 4 = 16 equations, which
reduce the number of degrees of freedom of the Riemann tensor from 36
to 20. The protractionless properties of the Riemann are explored in more
detail in |Hestenes and Sobczyk, (1987, §3.9 and §5.1].

Equation is equivalent to stating that R is symmetric under the
pairwise interchange of indices and satisfies the algebraic Bianchi identity:

R(aAb)-c+R(cha)-b+R(bAc)-a=0. (2.4.6)
The differential Bianchi identity can be compactly written as:
DAR(aAD) = g" (D, R(aAD) —R(D,(a AD))), (2.4.7)

where 1 used the accent to denote the action of the covariant derivative
operator on the Riemann tensor, but not on its arguments |Hestenes and
Sobczyk, 1987, §5.1]. Although the presence of the accent can be confusing,
it is necessary because the vector nature of the derivative operator prevents
it from generally commuting with multivectors.

The components of the Ricci tensor are obtained from the Riemann
tensor by contraction, which reduces the grade of the object it acts upon by
1. In our formalism, this is performed using the inner product:

R, =g" Ry (2.4.8)
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The contraction and protraction properties of a tensor can be combined
into the traction operation, defined as:

OaR(a Ab) =y - R(aAD) + 0u AR(a A D) = R(b) +0. (2.4.9)

As demonstrated with the Riemann tensor, many symmetries and alge-
braic properties of tensors can be derived from their traction operations.

2.4.2 The Ricci scalar

The Ricci scalar R € sec /\0 TM is a scalar field that provides a measure of
the curvature of the manifold M at a point p. It has a geometric interpre-
tation analogous to the Gaussian curvature in two-dimensional surfaces but
generalized to four-dimensional spacetime. The Ricci scalar can be obtained
by contracting either the Ricci vector or the Riemann tensor as follows:

R=g" Ry=(9"Ng") R (2.4.10)

This contraction can be performed in any desired frame, but it is often
much simpler to compute in the tetrad frame, where the basis vectors are
orthonormal.

2.5 Einstein’s equations

Like the Ricci tensor, the Einstein tensor is a map from vector fields to
vector fields:

G : sec /\1 TM — sec /\1 TM, aw~ G(a). (2.5.1)

Here, G(a) is defined as the combination:
1
G(a) = R(a) — §a7€, (2.5.2)

where R(a) represents the Ricci vector, and R is the Ricci scalar. The
physical interpretation of the Einstein tensor is that it encodes the curvature
of the various 3-dimensional subspaces of the manifold |Loveridge, [2004].
However, I have not found significant advantages in using its GA description
for obtaining this interpretation.

The distribution of energy and momentum in spacetime is described by
the energy-momentum tensor 7'(a), which, similar to the Einstein tensor, is
a map from vector fields to vector fields:

T : sec /\1 TM — sec /\1 TM, a— T(a). (2.5.3)
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The physical interpretation of T'(a) € /\1 TM is that it represents the flux
of 4-momentum passing through a hypersurface perpendicular to a [Doran
and Lasenbyl, [2013], §7.2.3].

Using the Einstein tensor and the energy-momentum tensor, Einstein’s
Field Equations can be formulated in GA as:

G(a) = kT (a) + al, (2.5.4)

where x is the Einstein gravitational constant, and A is the cosmological
constant. The trace-reversed form of these equations is given by:

R(a) =D ADa=k (T(a) — ;aTr(T)> + Aa, (2.5.5)

with Tr(T') = 0, - T'(a) being the trace of the energy-momentum tensor.

2.6 Conclusions

In this chapter, I presented the tetrad-GA formalism of GR. I started by pre-
senting the usual tetrad formalism and continue by generalizing the tangent
space at point p, T, M to a GA and form a bundle called GT'M. This con-
struction properly generalizes the tools and objects presented in Chapter
to curved manifolds.

In deriving the most common objects of GR with GA, I found out that
many of them emerge rather naturally when considering the different actions
of the covariant vector D over vector and multivector fields. In the next
chapters we will see that their explicit form gets also considerably simplified
for the use of tetrads.

In this discussion, bivectors were particularly useful. Because of their
role as generators of rotations, they allowed us to express the connection
coefficients in as geometric objects, and interpret their action as restricted
Lorentz transformations between observers.

The geometric interpretation of the Riemann tensor was also consid-
erably enhanced by describing it as a map between bivector fields which
relates areas to rotations. However, I found limited benefits in describing
the Ricci and Einstein tensors, which I expected to reveal their geometric
content more clearly in the tetrad-GA formalism.

The tools developed in this chapter lay the foundation for the subsequent
chapters. However, since differential forms share many features with GA,
and are widely used to describe GR, in the next chapter I will compare both
formalisms as a bridge for the reader before delving into the applications of
the tetrad-GA formalism.
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Chapter 3

Differential Forms and
Geometric Algebra

Differential forms are one of the most popular geometric formalism in physics,
with applications spanning from electrodynamics to GR. Its framework ex-
tends vector calculus, providing a richer structure, simplified calculations
and powerful integral theorems, particularly when dealing with fields on
manifolds. They also allow for a formulation of physical laws relating ab-
stract objects, instead of their components in a particular frame, and the
properties of the exterior derivative provides a compact and natural way of
dealing with gauge transformations.

Building on the discussion of GA in previous chapters, in this chapter I
aim to bridge the gap between GA and differential forms. In Section [3.1] I
will start with a brief historical note regarding the foundations and evolution
of vector calculus, differential forms and GA, and in Section [3.2]T present a
side-by-side comparison between differential forms and GA. On it, we will
look at differential identities, integration theorems, and algebraic structures.
Afterwards, in Section I will use electrodynamics, already described in
Section [I.3] in GA, as an example of application of both formalisms in flat
spacetime. Finally, in Section [3.4] T will compare the tools introduced in
Chapter [2| with those offered by differential forms in the context of GR,
highlighting their respective strengths and weaknesses. The results in this
chapter were originally presented in [Pérez and DeKieviet, [2024D).
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3.1 Historical context

In 1870, William Kingdon |Clifford, [1878| laid the foundations of GA, build-
ing on the work of Hermann Grassmann . Clifford introduced the geometric
product, correctly identified the geometrical nature of the algebra’s elements,
and incorporated quaternions and rotors. However, his early death in 1879,
at the age of 33, kept his work from reaching a wider scientific community,
which only gained wider recognition in the late 20th century, thanks to the
revival by Hestenes| [2002], Hestenes and Sobczyk [1987] and the Cambridge
group led by Anthony and Joan Lasenby, Chris Doran, and others [Doran
and Lasenbyl 2013]. While GA and GC are rooted in Clifford’s work, they
have evolved by incorporating ideas from other mathematical frameworks,
as illustrated in Figure |3.1

Meanwhile, O.|Heaviside|[1893] and J. W.|Gibbs and Wilson|[1901] devel-
oped and popularized Vector Calculus, which was based on the quaternions
developed by [Hamilton| [1844], and it became the most widespread math-
ematical formalism for expressing physical laws for over a century. The
success of Vector Calculus was not only due to its suitable description of the
three-dimensional space, the early death of Clifford combined with the pop-
ularity of Gibbs seems to have played a crucial role in its diffusion [Chappell
et al., 2016].

At the same time, Elie |Cartan [1899] developed the formalism known
as differential forms, a geometrically sophisticated framework that proved
to be especially effective for field theory on manifolds. Differential forms
provided coordinate-independent descriptions, simplifying the formulation
of physical laws such as Maxwell’s equations and addressing some of the
limitations inherent in vector and tensor calculus.

Because the connection between Vector Calculus and Differential forms
is well known, see for example the didactic, though somewhat outdated,
comparison made by |Schleifer| [1983], in this chapter I will focus on the
comparison between GA and differential forms, a topic which has already
been touched in literature |[Hestenes, 1993], [Hestenes and Sobczyk, (1987,
§6-4], |[Francis and Kosowsky, [2003], although not always in a comprehensive
or practical manner.

3.2 Differential Forms in Geometric Calculus

The correspondence between differential forms and geometric calculus can
be confusing because differential forms are used in literature in two distinct
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Figure 3.1: Diagram of the various mathematical frameworks that are part

of Geometric Calculus

ways: As elements of the cotangent space and as differential elements for
integration. Because the treatment in this chapter is not restricted to curved
Riemanninan (1 + 3)-dimensional manifolds, I will use {e;} to refer to a
general base of a given space with dimension n and é; to denote a general
orthonormal base of such space.

In the case, where a differential form is used to express a geometric
element of the cotangent space, we can identify it with a k-vector expressed
in the reciprocal frame. Then, a k-form represents a geometric object of
dimension k:

e zero-form <> Scalar.

e one-form < Vector a = a’e; = a;é*

e two-form < Bivector A = A%e; A €j.

The basis of the cotangent space in differential forms is {dz‘} and it acts
over the basis of the tangent space {0;} as

da'(9;) = &% (3.2.1)

This definition is equivalent to Equation (2.1.2)), which we used to define the
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reciprocal base {e’} in terms of the base {e;}. Therefore, we identify
dz’ < ¢ (3.2.2)

when {dz’} is used as basis for forms.

Note that the presence of a metric is a necessary requirement to define
a GA, and therefore in GA there is always a musical isomorphism between
the tangent and cotangent elements. If this requirement is not fulfilled, we
cannot define a GA and Equation is not valid. In this sense, differ-
ential forms provide more general framework because they do not strictly
require the presence of a metric. Nonetheless, in such case they are also
limited in their power, since many of their applications and theorems rely
on the Hodge star operator which is a metric-dependent operation.

The second use of differential forms is as directed integration elements,
in this case we identify them with differential multivectors representing dif-
ferential oriented geometric elements,

e zero-form < Scalar.

e one-form <« Differential vector dz = da’e;

e two-form < Differential of area dA = dz™ A dz® = dzldaZe; A es.
Where dz are the scalar coordinate differentials, and dz(® are differential
vectors in the i-direction.

E.g., In spherical coordinates, the differential of the r¢-area is given
by the outer product of the differential vectors dz(") = dre, and dz(®) =

d¢€¢ = d¢Té¢,

dz™ Adz'? =drdge, Neg= drdpé, Arég=rdrdpé, Aég. (3.2.3)

Geometric interpretation Differential one-forms are typically depicted
as surfaces that are pierced by vectors, as illustrated in Figure while two-
forms are often interpreted as “tubes” resulting from the intersections of two
one-forms [Misner et al., 1973} §2.5 and Ch. 4]. Although this description is
often regarded as intuitive in the literature, in my opinion, it is challenging
to visualize and even more difficult to attribute a physical interpretation
to it. This difficulty only increases with higher-dimensional forms, which
become even harder to conceptualize.

Moreover, this description is vague and lacks the precision required for
purely geometrical calculations, as the distance between surfaces is not de-
termined, nor is there a clear way to account for how vectors pierce the
surfaces. Thus, even though one can become accustomed to thinking about
forms in this way with sufficient practice, this interpretation remains neither
intuitive nor quantifiable.
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In contrast, geometric calculus offers a direct and quantifiable geometric
interpretation of objects and operations. Vectors are directed lines, bivectors
represent directed planes, and trivectors correspond to oriented volumes, as
shown in Figure The outer product is a direct geometric combination
of these elements, while the inner product represents the projection of one
object onto another. Based on the experience in our group teaching GA,
this approach is generally more intuitive and easier to grasp than differential
forms. Students who have received minimal exposure to geometric algebra
can often quickly explain the geometric meaning of various elements and op-
erations, which is rarely the case with differential forms and their associated
operations.

Positive sense of w

Figure 3.2: Depiction of a one-form w pierced by the vector v. The resulting
scalar, w(v), is "equivalent” to the number of surfaces that v intersects.

Consider the inner product of a vector a = é; + é3 with a bivector
B = é; A ég, both expressed in the general orthonormal basis {é;}. This
operation can be carried out algebraically as:

a-B=(é1+¢é3) €1 Néy=éy, (3.2.4)
UAVAW
Figure 3.3: Geometrical elements of G(3). From top to bottom: scalars,

vectors, bivectors, and trivectors (volumes). Note that k-vectors contain
information only about the “area/volume” and its orientation, not the shape.
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or geometrically, by projecting a onto the plane defined by B, and rotating
it by 7/2 in the direction defined by B, as shown in Figure While the
rotation might be surprising, recall that bivectors also serve as generators
of rotations, which implies they contain orientation. Note that the resulting
vector, a - B, lies in the plane defined by B and is always orthogonal to a.

Figure 3.4: In red: the inner product of the vector a = é; + é3 with the
bivector B = €1 A és.

The equivalent operation in differential forms cannot be visualized, as
the piercing analogy of one-forms and vectors is limited to scalar quantities.

3.2.1 Operations

In this section, we will explore several common operations in differential
forms and their counterparts in GC.

Duality operation The duality operation in differential forms is per-
formed using the Hodge star operator. In GC, the dual of an object is
obtained by multiplying it by the pseudoscalar I. Depending on the grade
of the object and the side on which I is multiplied, a minus sign may be
involved according to the commutation rule for the pseudoscalar with a k-
vector Ay in an n-dimensional space given by

TAy = (1) =k A, 1. (3.2.5)

For instance, in E3:

e The dual of a zero-form: «f = fdz' Adz? Ada® < If = fel Aé2 néd.

e The dual of a one-form: xda! = da? Ada? « Tet = el = é2 A é3.

e The dual of a two-form: x(dz! A dz?) = da? <> Te' AN é2 = el N2 =
—é3.
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It is important to emphasize that both the Hodge dual and the duality
in GC are metric-dependent operations. In GC, this is evident since the
inner product is needed to contract with the pseudoscalar. Similarly, in
differential forms, where the metric is an explicit part of the definition of
the Hodge dual:

a A (xB) = {a, B)(er A+ Aen), (3.2.6)

where a and § are k-forms.

Outer product: The outer product in differential forms is equivalent to
the outer product in GC. Both are superior to the cross-product in conven-
tional vector calculus, as they are defined for spaces of any dimension. This
allows the definition of the curl/exterior derivative in spaces with dimen-
sions greater than one, and in GC, it is also the basis for its treatment of
rotations.

For a pair of one-forms ¢ and w, and their corresponding vectors a and
b, the outer product is given by

o Aw = (o1wy — oawr )da! A da?

+ (oows — 0’3w2>d$2 Adz?

+ (o3w1 — oyws)dz® A dzt

) (3.2.7)
a Ab= (ajby — agby)é! A &2

+ (aghs — agbo)é? A &3

+ (azby — a1bs)éd A él.

In three dimensions, the relationship with the cross-product in vector
calculus involves a duality operation:

axbe x(aNb) < —I(aNbd). (3.2.8)
Inner product The inner product in differential forms is identical to the

inner product in G(fT}

(o,w) = o1w1 + Towg + o3w3

@ (3.2.9)
a-b=aiby + asbs + asbs.

'In older texts on differential forms, the inner product was not incorporated directly,
and the equivalent expression x(o A xw) was used.
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In differential forms, sometimes it is important to distinguish between
the inner product and the interior product. The interior product, defined
as the action of a one-form on a vector, is metric-independent, whereas the
inner product is the usual metric-based product between two vectors. In a
metric space, where there is an isomorphism between vectors and one-forms,
both products are equivalent.

From the perspective of GC, the difference between the inner and interior
products lies in the frame in which vectors are expressed. For example, given
a = a'e; = a;e:

a-b=a't(ei-ej) =atgj=ab(e-ej)= aibjéé =a'b;. (3.2.10)

Differential operations

In this section, I will demonstrate how the main differential operations in
differential forms relate to their counterparts in GA. The fundamental differ-
ential operator in GA is the vector derivative, and various differential opera-
tions arise by performing different products or applying algebraic identities,
as discussed in Section [[.2

Exterior derivative: The exterior derivative of a k-form corresponds to
the curl of a k-vector in GA. Consider a one-form w = w;dz’ € /\1 (E3) and
its corresponding vector field a = a;é* € /\1 (E3) Their exterior derivative
and curl are given by:

dw = (O1wa — 82w1)dx1 A daz?
+ (Oows — O3ws)da? A dz?
+ (O3w1 — Orws)dz® A dat
T (3.2.11)
V Aa = (01ag — Ogay)ét A é
+ (Ora3 — Dza2)é? A é3
+ (83a1 — Draz)é A&l
The identity d? = 0 in differential forms is equivalent to VAV = 0
in GA. Both identities reflect the commutativity of coordinate directional

derivatives, indicating the absence of torsion.
In three dimensions, the curl as defined in vector calculus is obtained

using the dual operation over Equation (3.2.11)),
V xas —I(VAa) < +dw. (3.2.12)
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Codifferential: The definition of divergence in differential forms is some-
what intricate, and has its roots in the original construction of the inner
product in differential formdl. This operation, known as the codifferential,
is denoted by 4. Its action on a k-form a € A" (V), where V is a space of
dimension n is defined as

Sov = (—1)"F=DH 5 (d * @), (3.2.13)

The equivalent operation in GA is the inner product of the vector deriva-
tive, which we call divergence. For the a vector field a = a’e; it reads

Vea=> 8, (3.2.14)

and in the case of a k-vector field M, applying the commutation properties
of the basis vectors we obtain:

V-M= Z 1)1 Ml')"]"' e Aejmt Aejpr A Aeg. (3.2.15)

Therefore, the codifferential equals the divergence in GA up to a sign
which depends on the dimension of the space and the power, or grade, of
the form.

Gradient: The gradient of a scalar function, or zero-form, f, corresponds
to its exterior derivative and to its curl in GA:

df = 0, fda! + 9y fda? + O3 fda?
() (3.2.16)
Vf=VAf=(0uf)e" +(0f) e+ (0sf) €’

Laplacian: In differential forms, the Laplace-de Rham operator is ex-
pressed as a combination of the codifferential and exterior derivative. In
GA, it is derived by acting twice with V and applying the associativity
property of the geometric product:

3

(d6+6d)f = 0} f

=1
T (3.2.17)

3
Vf=(V-V)f=) 8

=1
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Where we used the property VAV = 0.

It is worth noting the consistency in treating V as a vector. The outer
product of a vector with itself vanishes, while its inner product produces a
scalar, i.e. the squared norm. Indeed, the Laplacian is a scalar operator in
that it does not change the grade of the element it acts upon.

V? correctly reproduces the Laplacian, d’Alembertian, or Laplace-de
Rham operator, depending on the signature of the space in question.

3.2.2 Identities

This section lists a series of algebraic identities and their respective formula-
tions in vector calculus, differential forms, and geometric calculus (GC). In
cases where the cross-product appears in vector calculus, I will omit the dual
operation in GC to produce algebraic relationships valid in any dimension.

Let f and g be scalar functions, ¢ and w be differential one-forms, and
a and b be vector fields. The symbol V will represent the vector differen-
tial operator in vector calculus, while V will denote the vector derivative
operator in GC.

Vector calculus

) _V(f9) = (VHg+ f(Vg)

) V(0= et SV -a)

) V~£a><b):b-£V><a)—a;(V><b)
g Vx(fa)=Vfxa+ f(Vxa)
)
)

a-(bxec)=c-(axb)=b-(cxa)
ax (bxe)=bla-c)—cla-b)
(axb)-(exd)y=(a-¢)b-d)—(a-d)(b-c)

Table 3.1: Some algebraic identities in vector calculus. Corresponding iden-
tities in differential forms are shown in Table @ and in GC in Table @

From these identities, we can observe that geometric calculus serves as
a language that combines the best aspects of both vector calculus and dif-
ferential forms. From vector calculus, it borrows geometric intuition and
clarity. From differential forms, it incorporates the power of exterior alge-
bra, computational efficiency, and directed integration. However, this fusion
goes beyond a simple addition of features: the unification in GC enhances
computational power and provides deeper insights into geometric structures.
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Differential forms

(1) dfg = (df)g+ f(dg)

(2) *(d* (fw)) =*(df Aw) + f*(d*w)
(3) *(d*xx(0c Aw)) = *(w Ado) —x(c A dw)
54; *(d(fw)) = *x(df Aw) + [ * (dw)
(6)
(7)

*(01 ANoa Aoz) =*(o2 Aoz Aoy) =x(o3 Aoy A oa)
*(01 A*(g2 A 03)) = o9 % (01 A *x03) — 03 % (01 A\ *02)
*(x(01 AN o2) A k(o3 A og)) = (01 Aog) * (02 Aoyg) —*(01 A oa) * (02 A 03)

Table 3.2: Some algebraic identities in differential forms. Corresponding
identities in vector calculus are shown in Table and in GC in Table

Geometric calculus

(1) V(fg)=(Vf)g+ f(Vg)

2) V- (fa) = (Vf)-a+ fV-a

(3) V-(aAnb)=(V-a)b—a(V-Db)

(4) VA (fa)= (V) Na+ f(VAa)

(5) aNbANec=bANcAha=cANalb

(6) Same as (3): a-(bAc)=a-bc—a-ch

(7) (aAb)-(ecAb)=(a-(b-(cAb))=(a-d)b-c)—(a-c)(b-d)

Table 3.3: Some algebraic identities in geometric calculus. Corresponding
identities in vector calculus are shown in Table and in differential forms

in Table

3.2.3 Theorems

In this section I will present some common theorems in differential forms
and how do they relate to their corresponding versions in GC.

Poincaré Lemma: If a k-form w satisfies dw = 0 = 3 a (k — 1)-form «
such that da = w.

In GC: If a k-vector field E has null curl, VA E =0, then 3 a (k — 1)-
vector field, ¢ such that Vo =V A ¢ = E.

Poincaré Lemma for the codifferential: If a k-form w satisfies dw = 0,
then 3 a (k + 1)-form [ such that w = 64.

In GC: If a k-vector field B has null divergence, V- B = 0. Then 3 a
(k + 1)-vector field A such that V- A = B.
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Decomposition theorem: For any p-form w € AP (V), 3 a € /\pi1 V),
Be APTH(V) and v € AP (V) with (d§ 4 dd)y = 0, such that

w=da+8+~ (3.2.18)

In GC |Roberts, 2022, Robson, 2023|: For any k-vector Ay, 3 By_1,
Cly1, Dy, with V2Dj, = 0 such that

Ay =V ABr1+V-Cki1+ Dy (3.2.19)

Generalized Stokes Theorems: In the language of differential forms,
the main integral theorems can be elegantly expressed using the generalized
Stokes theorem and the Hodge star operator as follows:

/de:/aDw (3.2.20)

/D d(xw) = /M g (3.2.21)

In geometric calculus (GC), Gauss’s and Stokes’s theorems correspond
to two parts of the fundamental theorem of calculus Equation (|1.2.12]) when
applied to scalar-valued functions. We obtain Equation by con-
sidering the outer product, (dz,-V) A M, in the geometric product of
Equation , and Equation by considering the inner product,
(dzp - V) - M.

A key distinction between Equations and Equation
lies in their respective scopes of applicability. The generalized Stokes the-
orem in differential forms applies exclusively to scalar-valued differential
forms, whereas the fundamental theorem of geometric calculus applies to
multivector-valued fields, encompassing scalars, vectors, bivectors, and higher
k-vectors. Thus, Equation extends the applicability of the general-
ized Stokes theorem by allowing it to address a broader range of geometric
entities, rendering it a more versatile tool in contexts where multivector
fields naturally arise.

It is worth noting that both theorems hold in manifolds of any dimension
and signature. However, while the applications of the generalized Stokes
theorem to gravitational theories is a topic thoroughly investigated, the
application of the fundamental theorem of geometric calculus to geometric
problems in gravitational theories, to the best of my knowledge, has not
been extensively explored, and it could open up intriguing possibilities. In
particular, it could yield relevant insights in the study of gravitational waves,
black hole spacetimes, and highly geometrical models beyond GR.
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3.3 Electrodynamics

In Section we briefly reviewed the description of electromagnetism with
GC. We recall that, in this framework, the electric field is described by space-
time bivectors, while the magnetic field is described by space-space bivectors,
accounting for their different behaviors under spatial parity transformations.
These are the components of the electromagnetic bivector field F', whose
geometric derivative produces Maxwell’s equations, Equation . The
time-split of F' naturally takes the form of the Riemann-Silberstein vector,
Equation , without the need for complex numbers. Altogether, this
provides an intuitive, elegant, and geometric description of electromagnetic
phenomena.

To compare this description with that of differential forrnsﬂ we begin
by considering the Faraday two-form F = F,,, dz* A dz¥, which is evidently
equivalent to the electromagnetic bivector field F' = F},,g* A g”. The formu-
lation of Maxwell’s equations for F is not as straightforward as for F', but
ultimately they reduce to a pair of equations which are directly relatable to
the decomposition into trivector and vector part of Equation (|1.3.3)):

dF =0 VAF =0,

(3.3.1)
*d*F=J& V. F=y,

where J = —J, x (dz") is a 3-form representing the currents and charges,
which is the dual of the vector je.

As mentioned in Section[1.3] a key advantage of the unification provided
by GC is the possibility of a direct inversion of V, enabling the calculation
of I’ from the potentials without second-order derivatives.

While the introduction of the Lorentz force in GC is simple and straight-
forward, Equation , its formulation in differential forms is somewhat
cumbersome. To properly define it, we need to introduce the interior prod-
uct tx (not to be confused with the inner product), where X is a vector field.

2There has been a debate about the need to introduce twisted forms, also called impair
forms, to properly describe EM, as twisted differential forms are necessary for integrations
in non-orientable manifolds. If this would be the case, the GA description of electromag-
netism would be incomplete, as defining a Clifford algebra on a non-orientable manifold
presents challenges.

The debate is divided into two camps: one led by Itin, Obukhov, and Hehl, arguing for
the necessity of twisted forms and the incompleteness of the GA description, and another
led by Roldao da Rocha and Waldyr A. Rodrigues Jr., defending the non-necessity of
twisted forms (since we live in an oriented universe) and the validity of GA. The debate
is outlined in the following articles |[da Rocha and Rodrigues Jr., 2010, [Itin et al.l 2010,
da Rocha and Rodrigues Jr} [2010].
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The interior product is a map that transforms a p-form w into a (p—1)-form,
txw, such that

w(X,Xl,...,Xp_l) = (wa) (Xla"'7Xp—1) (332)

for any vector fields Xy,..., X, _1.
In tensor notation, it is written as

(LXw)ﬁ_,,u = waﬂ...an- (333)

In a metric space, we can define a musical isomorphism, making the
interior and inner product equivalent. Since we always work within a metric
space when dealing with GAs, both operations are equivalent to the inner
product - that we have been using so far. The complexity of defining the
inner and interior product arises from working in tangent and cotangent
spaces in a metric-free manner.

Once the interior product is defined, the Lorentz force can be expressed
in the differential forms formalism in a manner similar to Equation :

j—i = q.,F, (3.3.4)
where u is the 4-velocity of the particle.

To conclude this section, we’ll examine the different geometric interpre-
tations of the electromagnetic field in both formalisms. In GA, the elec-
tromagnetic bivector field follows the same geometric principles that we
discussed previously: it is composed of two types of bivectors—spacetime
for F and space-space for B, see Figure Such interpretation allows to
resolve geometrically electromagnetic phenomena, such as the interaction of
a charged particle with the field.

In the differential forms formalism, the electromagnetic 2-form F is vi-
sualized as tubes formed by the intersection of two planes, see Figure [3.6
The “area” of these tubes is associated with the sense of rotation of the
2-form. This depiction arises from the sometimes-confusing description of
1-forms as surfaces. More importantly, and beyond the lack of intuition it
offers, this approach fails to provide a geometrically quantifiable method for
determining interactions with other phenomena.

In summary, description of electromagnetic phenomena by GC is clearly
superior to that of differential forms in several respects including computa-
tional power and physical and geometric intuition.



3.4. GENERAL RELATIVITY AND CARTAN’S FORMALISM 51

0 3

T

Figure 3.5: Depiction of the electric and magnetic field as interpreted by the
Geometric Algebra formalisms. The electric field is a time-space bivector,
while the magnetic field is a space-space bivector.

< ‘

Figure 3.6: Depiction of the electromagnetic field as interpreted by the
differential forms formalisms.

3.4 General Relativity and Cartan’s formalism

Another domain where differential forms are widely used is GR. There, and
in comparison to tensor formalism, it is undeniable that differential forms,
together with Cartan’s structure equations, provide an efficient way to de-
scribe the dynamics of curved manifoldas. But how does differential forms
compare to the tetrad-GA formalism presented in Chapter That is the
aim of this section.

3.4.1 Frames

In both formalisms, the use of orthonormal frames is prevalent. These are
denoted as {0} in differential forms and {7,,} in the tetrad-GA formalism.
They relate to the coordinate frame, denoted as {0, } in differential forms
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and {g,} in tetrad-GA, via the vierbein e™, as follows:

gu=¢€"ym & Ou= efl#e&, (3.4.1)
with the inverse vierbein relating the reciprocal frames:
g =e " o dat = e o (3.4.2)

and allowing for the inverse transformations, from the tetrad back to the
coordinate frame. The coordinate one-forms are denoted as {dz*} in the
differential forms formalism, while in GA they are denoted by g*.

Non-holonomic frames and differential forms are sometimes used in the
set up of the ADM formalism, so we will briefly explain its relation to our
tetrad-GA formalism. The ADM formalism assumes that spacetime is foli-
ated into a family of spacelike hypersurfaces ¥; with induced metric g;;. So
we can write the spacetime metric as

1 0
Suv = + <0 gij) . (343)

The spatial metric g;; together with the conjugate momenta 7' constitute
the variables of the theory.

The spatial metric g;; is generally not orthonormal, however one of the
most common choices is

8ij = 0 -1 0 > (3.4.4)

which corresponds to the same tetrad choice of inertial observers that we
use in the tetrad-GA formalism. However, note that there is no restriction
on choosing a different g;; in the ADM formalism, or selecting a different
local metric in the tetrad-GA formalism.

3.4.2 Connection elements

Given an arbitrary basis for vector fields {e,} and for one-forms {6°}, the
connection one-forms w?, are defined in terms of the covariant directional
derivative in the u-direction, D,,, as

Dyeq = P, (u)ey, (3.4.5)

where w?, (1) € R, and thus w’, € A, with no a priori symmetry properties.
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For the tetrad-GA formalism we defined the connection bivectors w(u)
similarly in Equation . The relationship between both objects is sim-
ple: the components of w(y;) = %wmnl’ym A~™ in the tetrad basis {y™} are
the same as the components of the connection one-forms in the orthonormal
frame of the cotangent space {6%}, with w&l; = w&i)éﬁé.

W2, = Wmnl- (3.4.6)

abe

In terms of interpretation, the bivectorial nature of the connection bivec-
tor w(u) provides a clearer geometric picture. As seen in Section when
expressed in the orthonormal frame of an inertial observer, w(g,) serves as
the generator of the Lorentz transformation that such a frame experiences
when parallel transported in the p-direction. A similar geometric direct
interpretation is missing for the connection one-forms.

For practical calculations, in torsion-free spaces, connection one-forms
are typically obtained using Cartan’s first structure equation:

de® = —wb, A6, (3.4.7)

often through a guess and check method, as described in [Misner et al., 1973
§14.6].

In the tetrad-GA formalism, we obtain the connection bivectors using
Equation . Which, in comparison to the guess and check method, has
the advantage of being systematic, while providing a considerable reduction
in calculation effort when compared with the Christoffel formula.

3.4.3 Curvature two-form

In differential forms, the curvature of the manifold is characterized by the
curvature two-form Q¢ given by

Qab = dwab + UL)aC A (}Jcb. (348)
It relates to the components of the Riemann tensor in the tetrad frame as

1

Qab = §Rabcdwc AN wd. (349)

This curvature two-form is completely equivalent to the Riemann tensor
bivector discussed in Section [2.4]

The difference between these objects only lies in their interpretation. In

the tetrad-GA formalism, the Riemann tensor is a linear map connectiong
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a coordinate area A = g, A g, to a bivector generator of the rotation ex-
perienced by a frame when transported around A. This interpretation is
not feasible with differential forms, as only with the geometric product we
can formulate a generalized version of complex numbers, which allows us
to exponentiate bivectors and use them as generators of rotations. Thus,
while the two objects are mathematically equivalent, only the tetrad-GA
formalism provides a clear physical interpretation of it.

The description of the Ricci tensor R and energy-momentum tensor T’
illustrate a problem concerning both formalism, which is symmetric tensors.
In GA we circumvent the problem by defining linear maps which satisfy the
condition

R(a)-b=R(b) - a. (3.4.10)

And we obtain the Ricci tensor by contracting the Riemann, Equation (2.4.8)).
Differential forms has an equivalent expression using the inner product
to define the Ricci one-form

Ricy = 1a0Q%, (3.4.11)

while other texts simply restore to component tensor calculations when hav-
ing to deal with symmetric tensors.

To conclude this section we can say that the treatment of differential
geometry in differential forms and tetrad-GA is very similar. The main
differences lying in their geometric interpretation and calculation methods,
with the latter offering a clearer physical meaning and simpler calculation
procedure. However, both formalisms can become a bit cumbersome when
dealing with symmetric tensors.

3.5 Conclusion

In this chapter, we presented the fundamental elements of differential forms
and their connections to their counterparts in GA and GC. The identification
of differential forms with elements of GA depends on their application, as
they can correspond either to the basis elements of the reciprocal space or
to differential k-vectors.

While differential forms and GA share many similarities and both offer
substantial improvements over traditional vector or tensor calculus, GA and
GC provide several distinct advantages:

1. GA offers a more intuitive interpretation of quantities and operations.
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2. The unification of the inner and outer products into the geometric
product leads to more compact and cohesive expressions and integral
theorems.

3. Integral theorems in GC are more general, containing more informa-
tion than the generalized Stokes’ theorem in differential forms.

4. An isomorphism between even subalgebras and complex numbers in
any dimension extends the theory of analytic functions to spaces of
arbitrary dimensions.

5. The unification of Cauchy’s theorem from complex analysis with other
integral theorems, along with its clear geometric interpretation, is
unique to GC.

6. GC significantly simplifies the treatment of rotations and spinors com-
pared to differential forms.

On the other hand, differential forms benefit from a well-established
formalism with extensive literature, including numerous applications and
textbooks. This maturity makes it accessible and widely used. In contrast,
GA and GC suffer from a lack of comprehensive didactic materials, which
can lead to a steeper learning curve for beginners.

As a concrete example, we compared the fundamental equations of elec-
trodynamics in both formalisms. In differential forms, Maxwell’s equations
reduce to a pair of differential equations involving the Faraday two-form.
In GC, however, Maxwell’s equations achieve a higher level of unification,
combining into a single differential equation that can be directly solved with-
out requiring second-order derivatives (see |Gull et al.| [1993] and |Doran and
Lasenby| [2013, §7.5] for details). An interesting connection, which is not
present in differential forms, emerges when projecting the electromagnetic
bivector in GC into the observer’s frame: it takes the form of the Riemann-
Silberstein vector, offering a neat geometric explanation and interpretation.

Furthermore, we found that relativistic electromagnetic fields are more
intuitively understood through GC’s interpretation of lines and planes, as
opposed to the surfaces and tubes pierced by vectors in the differential forms
formalism.

We also connected Cartan’s formalism of GR with our tetrad-GA for-
malism, reaching conclusions similar to those in the electrodynamics case.
While both formalisms can effectively describe GR, the tetrad-GA formalism
better captures the symmetries of the involved objects and offers a clearer
geometric understanding of physical processes.

However, both formalisms face challenges when dealing with symmetric
tensors, particularly compared to the flexibility of tensor calculus. Tensor
calculus, by working directly with coordinates without imposing constraints,
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is more adaptable but at the cost of cumbersome notation and a lack of clear
geometric or physical interpretation.

This raises an important question: What should we expect from a for-
malism? From my perspective, more flexibility is not always the answer.
Beyond accurately describing physical phenomena, a good formalism should
provide a robust set of tools that minimize the need for external input.
Ideally, a mathematical framework should handle the physical content auto-
matically, deriving consequences with minimal ambiguity and computation.
Additionally, a formalism should guide us towards meaningful and signifi-
cant modifications of a theory, while restricting unhelpful ones.

In this light, T believe GC offers the best of all possible options. As
noted in |Gu, 2018], “Clifford algebra faithfully and exactly reflects intrinsic
symmetry of spacetime and fields with no more or less content, and auto-
matically classifies the parameters in field equations by grade, which is a
definite guidance to set up dynamical equations and compatible constraints
of fields.” Conversely, tensor calculus provides maximum flexibility, though
often at the expense of clarity and comprehension. Differential forms oc-
cupy a middle ground: their exterior algebra simplifies calculations, but
their geometric interpretation of quantities is less transparent, which can
present a barrier to newcomers and hinder a deep physical understanding of
phenomena.
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Chapter 4

The FLRW and
Raychaudhuri Equations

As a first application of the tetrad-GA formalism, it might be a good idea to
apply it to a well-studied system. This serves two purposes: to compare our
formalism with traditional methods and to explore lesser-known aspects of
the tetrad-GA formalism in a familiar context. With this scope in mind, I de-
cided to investigate its description of Friedmann-Robertson-Walker (FRW)
spacetimes and their relation with Raychaudhuri equations.

While the underlying theory remains unchanged, the GA approach offers
a clear comparison with the standard Riemannian formulation, particularly
highlighting the transparent geometric properties of FRW spacetimes as
symmetric and solvable solutions in relativity.

In Section I reiterate the standard approach to FRW spacetimes
within GA, using comoving coordinates to derive Friedmann’s equations and
compare GA with tensor and differential form approaches. In Section [1.2]1
employ the Raychaudhuri equations to derive Friedmann’s second equation.
Because the Raychaudhuri equations are naturally geometric, GA offers for
each quantity a clear physical interpretation. Then, motivated by their im-
portant relationship to FRW-spacetimes, in Section [4.3] I explore conformal
transformations in GA, with insights similar to those in Riemannian geom-
etry regarding the Weyl tensor and spatial flatness.

Section discusses spacetime symmetries and conservation laws, ex-
pressing Lie derivatives and Killing vectors in GA, noting that a general
definition of Lie derivatives is problematic except for Killing fields. Lastly,
Section addresses scalar field dynamics in FRW backgrounds, showing
how quintessence models can be easily expressed in GA and provide an alter-
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native method to derive the slow-roll conditions for accelerated expansion.

The content of this chapter was originally published in [Pérez et all
2024).

4.1 Friedmann’s Equations with Coordinate Intu-
ition
4.1.1 Choice of frame

We start with the FRW metric expressed in hyperspherical (or curvature-
normalised) coordinates obtained under the assumptions of homogeneity and
isotropy of the universe,

dr?

2 _ 2 2
ds® = dt* — a*(t) T

+ r2dQ?| . (4.1.1)

Our hyperspherical coordinates are (¢,r,0,¢), and k is the usual constant
quantifying the curvature of the universe, with the three cases k = +1
(open), k =0 (flat) and k = —1 (closed).

Suggested by the line element, Equation , the usual choice of basis
for the tangent space T,M is the coordinate basis {g,, }. This choice of basis
has the problem of not being orthonormal, as it can be seen by projecting
them into each other, Equation ([2.1.3)).

To highlight the Minkowskian geometry of the tangent space T, M, sim-
plify contractions and get a clear distinction in the dependence of objects
on coordinates or on vector basis, which remains a problem frequently en-
countered in GR literature, we make a change of basis in T, M to a tetrad,
orthonormal, basis.

We recall from Chapter [2, that the transformation relating the coordi-
nate and tetrad basis of T, M is called the vierbein and is determined by
Equation ([2.1.10)).

In the FRW case, the coordinate basis vectors are already orthogonal,
so we simply need to normalize them to obtain the tetrad base. The matrix
form of the vierbein for our FRW spacetime is

1 0 0 0
0 a 0 0
mo] _— V1—kr2 4.1.2
("] 0 0 ar 0 ( )
0 0

0 arsiné
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From the conditions in Equation (2.1.12)) we can obtain the inverse vierbein

1 0 0 0
N
e, =" Ta 0 0 . (4.1.3)
0 0 (ar) 0
0 0 0 (arsin )1

All this considered, the tetrad frame {7} can be obtained in terms of
the coordinate base as

9u " 9v —Mguu vtzgt
g'gy = ) AT = a g
)
Tm - Yn = Nhmn = 0 ! Hkr (4.1.4)
=ar

I Y g‘

om 7? = arsin fg®
gM =€ H’Ym

The tetrad basis vectors {v,, }, and their reciprocals, {7}, are related by
the Minkowski metric 7, = diag(+1, -1, -1, -1), in our choice of signature,

Tm = NmnY"-

4.1.2 Connection bivectors

The next element needed to obtain Friedman’s equations are the connection
bivectors, which we will obtain by direct application of Equation (2.2.9)

1
wy==g" N g*Ohgu =0

2

1 a
wy = §9T A G ONGrr = 7W’Yt A"

1 ) 4.1.
wy = 599 A g Orgoo = V1 — kr2y" A4 + aryt A 40 (4.1.5)

1
We = §g¢ A g)‘a)\g¢¢

= rsin(f)ay’ Av® +sin(0)v'1 — kr2y" A% + cos(6)7? A ~2.

The overdot here represents a derivative with respect coordinate time a =
oia.

In an FRW universe in GA, we have 3 connection bivectors, with a
total of 6 coefficients. A noticeable reduction in comparison with the 13
Christoffel symbols of tensor calculus.
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Ye(q) ()

Figure 4.1: Picture to illustrate the transformation of a frame when parallel-
displaced in the r direction. At point p we have an inertial frame {v,(p)}.
The relationship between the local frame at ¢, {7,(¢)} and the parallel-
displaced frame {7, (p)} in grey, is a Lorentz transformation with rapid-

ity a = J:W’ which is generated by the connection coefficient w, =
e A

As an example of the geometric interpretation of the connection bivectors
let’s consider the parallel transport of a tetrad frame along the r-coordinate.
The infinitesimal transformation that it will experience when moving from
a point p to the neighbor point ¢ is given by the w, bivector. Since w;
only has 4* A" components, the transformation will be solely a boost with
rapidity Jlfw, see Figure [4.1] Notice that w; = 0, meaning that frames
parallel-displaced in the ¢ direction will experience no rotation or boost.

4.1.3 Riemann curvature, Ricci vector, Ricci scalar and Ein-
stein tensor

From the connection bivectors we can directly use Equation (2.4.2)) to obtain
the components of the Riemann, R, .
In the case of the FRW universe, the components of the Riemann take

a particularly compact form in the tetrad basis. Which we obtain with
R,.. = em“en”RW

R, = — A Ay m=7,0.9
a
. 4.1.6
(CL2—|—]€) m n ~ N 2 ( )
Rmn:_ 2 Y /\’Y ) mvn:r797¢
a

We now obtain the components of the Ricci map by contracting Equa-
tion (4.1.6]), as shown in Equation (2.4.8]). This task can be performed easily
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in the tetrad frame due to its orthonormality

RfZZV"'Rm£::—3%7t
(ai+2(a® + k))

a2

(4.1.7)

A~
m

Rm:’}/anm: v m:f,é,qﬁ.

To obtain the Ricci scalar, we can perform either a second contraction
of the Ricci vector or a direct bivector contraction with the Riemann, Equa-
tion (2.4.10)). Just as before, contraction in the tetrad frame is easier

R=0""AY") Roypn = _6W (4.1.8)
which recovers the correct result obtained from tensor calculus. Notice that,
because the products in GA are non-commutative in general, one should be
careful and perform the contractions in the right order, (v A4™) - Ry =
- (’Ym N Vn) ' Rmn-

We are now in disposition to calculate the Einstein vector using Equa-

tion ([2.5.2)), for which we obtain

k+ a?
sz 3( a2 )7t
., (4.1.9)
(2ad + a? + k) oA
Gp=—"——"""9", m=r7,0,¢

2
a
Remember from Section that the Einstein tensor gives the different 3-

dimensional subspaces of the manifold. In the FRW case, it means that the
3-space has curvature given by

; A k+ a?
Q%f%:G@?M~WW0:Gg%:3(a2X (4.1.10)

The fact that G(g;) - g only depends on ¢, means that, for a given time slice,
the curvature of the 3-space is constant in all directions.

4.1.4 Gravitational field equations

As defined by Doran and Lasenby| [2013 §12.4.2], the expression for the
energy-momentum tensor of a perfect-fluid in GA is

T(a) = (p+p)a-uu — pa. (4.1.11)

Where p is the energy density, p the pressure, and w is the 4-velocity of the
fluid. We can make a particular choice of a frame where the fluid is at rest
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and therefore © = 4'. From the time component of Einstein’s equations,
Equation (2.5.4), we get the first of Friedmann’s equations

N 2 L\ 2
a k a 8 kA
3(2) 438 ) Ay =8rpt= (&) =28, 202 4112
%( <a> + CLQ) Ve = 8mpy é<a> Pty | )

And taking any spatial component of Einstein’s equations
a .
<2a + a2 (k‘ + a2)> v — Ny, = —8mpry;, (4.1.13)

we get the second of Friedmann’s equation

. . 2

k

2 4 (a> + = —8mp+ A (4.1.14)
a a a

4.2 Friedmann’s equations from Raychaudhuri con-
gruences

An alternative and geometrically intuitive way of obtaining Friedmann’s
equations is from Raychaudhuri’s equation, which describes the evolution
of a congruence of geodesics by quantifying the evolution of their enclosed
volume. We would like to point out that the Raychaudhuri-equation is
simply a statement about the motion of a bundle of test particles through
spacetime. How they will actually evolve and be accelerated relative to each
other will be determined by the geometrical properties of the spacetime,
which in turn are determined by the field equations.

In the FRW-case, the Raychaudhuri congruence has an intersection point
as a — 0 in the finite past, and given the current values of the densities and
equations of state of the cosmological fluids, no further intersection point
in the future. In an FRW-universe, shear and vorticity vanish due to the
cosmological symmetries, as these terms effectively introduce anisotropies.
Writing Raychaudhuri’s equation as the evolution of the volume 0 = V ,u#
with proper time 7 leads to:

dé 62 p v y u

w3 Ry vt v 4+ V(v V,ut), (4.2.1)
where in FRW-spacetimes proper time is equal to the coordinate or cosmic
time ¢.
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In Raychaudhuri’s equation, the decomposition of the Riemann curva-
ture into the Ricci- and Weyl-tensors has a particular intuitive interpreta-
tion, as only the Ricci curvature can change the enclosed volume. Weyl-
curvature, which is absent in FRW spacetimes, would be responsible for a
change in the shape of the enclosed volume, in violation of the cosmological
symmetries. The Hubble expansion causes volumes to change proportion-
ally to a®(r) = a®(t), where a(t) as a function depends on the densities
and the equations of states of the cosmological fluids as encapsulated by
the energy-momentum tensor, and by virtue of the field equation, by the
Einstein-tensor, which reflects only Ricci-curvature.

4.2.1 Raychaudhuri congruences
The direct reformulation of Equation (4.2.1]) in terms of GA is

df 6>
=5 R(g)) g1+ D - (u- Du), (4.2.2)
T 3

with u being a vector field tangent to a geodesic congruence. The divergence
of the vector field u is denoted by 6

0 =D u=Dyu™ = D,u"

1 6(\/mu“) 7uu31n\/m:dln\/ﬁ (4.2.3)

Vgl OzH Dk dr 7’

where \/@ is the square root of the determinant of the metric.

In GA, the covolume \/@ can be derived by considering the two relevant
frames: the coordinate frame {g,}, and the orthonormal tetrad frame {v,, }
so that the unity pseudoscalar can be constructed with the tetrad vectors
as

I =~ ANy Ay Avys, |I| =1. (424)

Because there is only one pseudoscalar element in a space, the volume ele-
ment of any coordinate basis vectors, denoted by e, must be a scalar multi-
plication of I, and its value will be |e].

e=giNg1NgaNgs=lell, le|=]|gs A g1 AgaAgsl. (4.2.5)

We can explicitly obtain |e| using Equation (2.1.10)), and obtaining +/|g| =
le| [Hamilton, [2020], which is consistent with the view of the vierbein as the

“square root of the metric”. Thus, we can write Equation (4.2.3)) as

dln +/ 1d !
gzniuziﬂ:ﬂ. (4.2.6)
dr le|] dr |e]
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paving the way to interpreting 6 as the relative variation of the volume
element of the coordinate basis with respect to the proper time. In this
way, one arrives at the geometric interpretation of the left-hand side of
Raychaudhuri’s equation as

9 d [1d 1 d? 1 (dle\* 1
d6 4 (Ldiely _ Lddel L (dlelN®_ Ldlel o5 g
dr  dr \|e| dr le| dr2  le|? \ dr le| dr?

The derivative of § with respect to the proper time is composed of two
terms, the first one is the relative acceleration in the change of the volume
element, and the second one is the square of the relative variation of the
volume element. With these geometric elements at hand, one can substitute
Equations into Equation and re-write Raychaudhuri’s
equation in a manner that fully reflects its geometric content and turns to
be highly similar to the second Friedmann equation, Equation (4.1.14)).

el _ 2 ('e’/>2 R(gt) - g:+ D~ (u- Du) (4.2.8)

Tr=2\1tr) —R@)-g+D (u Du 2.
e[ 3\ el

with |e|" = dle|/d7 the derivative of the covolume with respect to the proper

time.

4.2.2 Friedmann’s second equation as a particular case

In an FRW-universe, the last term in Equation vanishes due to ho-
mogeneity. In fact, the Euler-equation for the motion of the cosmological
fluids is trivially fulfilled as there are no pressure gradients on spatial hyper-
surfaces. As a consequence, all fluid elements need to follow geodesics, which
are defined through the autoparallelity condition u- Du = 0, v*V,u* = 0 in
tensor notation, producing

lel” 2 (lel"\?
Tel =3 \el — R(gt) - gt (4.2.9)

which requires the determination of |e| and R(g:) - g;. For obtaining |e|,
one can consider for simplicity the vierbein of a FRW-spacetime in FRW-
coordinates with a tetrad field aligned with the coordinate frame,

[e™,] = (4.2.10)

S O O
o o2 O
o Q@ OO
Q O O O
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and the determinant |e| can be derived immediately from Equation ,
giving

le| = a® (4.2.11)
such that volumes increase proportionally to a® in the Hubble-expansion, as
intuitively expected. Furthermore, FRW-spacetimes possess the peculiarity
that proper time and coordinate time are equal, 7 = t: The evolution of the
volume element |e| solely depends on time, and one can change the deriva-
tives with respect to proper time time in Equation by derivatives
with coordinate time, |e]' — |e|, resulting in

i
3a = —R(gt) - 91 (4.2.12)

with the curvature term, R(g;)-g¢, given from Equations (2.5.2} [2.5.4]) applied
to ¢¢, and projecting into the observer’s 4-velocity g,

R
R(ge) - g¢ = £T(gt) - g0 + A+, (4.2.13)

where we used ¢; - g: = g+ = +1. For continuing, one requires explicit ex-
pressions for T'(g;) - g+ and R. The former term, T'(g;) - g, results directly
from the expression of the energy-momentum tensor of a perfect fluid, Equa-
tion . For an FRW-universe in comoving coordinates, the fluid is at
rest with respect to the observer’s frame, which means v = g;. Therefore,
one immediately arrives at

T(gt) - gt = p- (4.2.14)

The latter term, R, requires the calculation of the trace of Einstein’s field
equations, which in GA is computed as

R
gt - (R(gu) — 5= kT(g,) + Agu> — —R=rtr(T)+4A (4.2.15)

relating, as expected, the Ricci-scalar with the trace of the energy-momentum
tensor. This trace in particular reads as

tr(T) = g" - T'(g9u) = 9" ((p + )t - 99t — PIy)

. (4.2.16)
=(p+p)—p+(-pg'gi) =p—3p.

Combining both results implies for the Ricci scalar the well-known result

R =—ktr(T) —4A = —k(p — 3p) — 4A. (4.2.17)
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The projection R(g:) - g+ in Equation (4.2.13) can be obtained using Equa-
tions (4.2.14} |4.2.17)) and Equation (4.2.13) as

R(g) -9t = kp + % (—k(p—3p) —4A) + A = g(p +3p)— A, (4.2.18)

Combining all these results in Equation (4.2.9) produces exactly second’s
Friedmann’s equation, with the substitution of a from Equation (4.1.12)), as
a particular case of Raychaudhuri’s equation:

a 4G A
- 3p) + —. 4.2.19
" 3 (p+3p) + 3 ( )

4.2.3 Varying the Friedmann action

A third method to obtain Friedmann’s equations is by performing variations
on the gravitational action, which is already symmetry reduced according to
the cosmological principle. Interchanging variation and symmetry reduction
is permissible under certain assumptions, the most notable being a compact
symmetry group, but this condition is only necessary and not sufficient [Fels
and Torre, 2002, Torre, [2011]. The action of a FRW-spacetime is given by
the Ricci-scalar Equation with a term called lapse function V.

1 3k 3a2
— (4) _ il
S — /d T [N <A a2> + Na3] (4.2.20)

so that variation with respect to a and N as degrees of freedom recovers the
Friedmann equations.

The purpose of the lapse function is to introduce the freedom to choose
the time parameterization, and it is put in place as the gy-term of the
metric. At first sight, Equation looks the same as in conventional
tensor formalism. However, notice the absence of \/m . This is because
d@z is an oriented differential, which means that we can decompose it as

AWz = go A g1 A ga A g3 dzPdatda?da® = |e|I d*a. (4.2.21)

Where gg A g1 A g2 A g3 is the pseudoscalar construced from of the coordi-
nates frame and d*z are the coordinate differentials used to perform the
integration. From Section we recall that the scale factor is the volume
element encased by our coordinate basis vectors |e| = |go A g1 A g2 A g3|, ac-
cording to Equation (4.2.5). In FRW-coordinates |e| = a® and in conformal

coordinates |e| = a’.
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Because [ is constant, it can be pulled out of the integral and we are left
with the same scalar integral as in the usual treatment whose variation to
recover Friedmann’s equation we will note repeat here but can be found in
[Dull, |2020].

4.3 Conformal flatness of FRW-spacetimes

FRW-spacetimes are conformally flat, meaning that their metric g,, result
from the Minkowski metric 7, by scaling with a position dependent, strictly
positive factor o?(z),

G = 2 (T) - (4.3.1)

This implies that, due to the symmetries of the problem, the tetrads can
be derived as a scaling from a particular set of coordinates. This is not a
general result, and usually an orthonormal frame needs to be defined locally
as a transformation of the coordinate frame.

In particular, null-geodesics, characterised by a vanishing line element
ds? = 0, are invariant under conformal transformations, and conformally flat
spacetimes allow a coordinate choice with manifestly Lorentzian light cones:
The FRW-line element is commonly expressed in comoving coordinates and
physical (or cosmic) time, as it measures the length of the world lines of
comoving observers, as

ds? = dt* — a?(t) [dr* 4+ r*dQ?] . (4.3.2)
Introducing conformal time dn through

at
a(t)’

the line element is reduced to that of Minkowski-spacetime. Here, in spher-
ical coordinates,

dn = (4.3.3)

ds* = a®*(n) [dn* — dr? + r?dQ? (4.3.4)

with the scale factor a(n) playing the role of the conformal factor a(x), which
only depends on time in this case. This reduction can be done in curved
FRW spacetimes as well; spatial flatness is not a necessity for conformal
flatness.

4.3.1 Weyl curvature

Conformal transformations leave the Weyl curvature invariant, and confor-
mal flatness implies a vanishing Weyl curvature. These two properties have
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particular relevance to FRW-spacetimes, as the symmetries of the cosmolog-
ical principle, spatial homogeneity and isotropy, require the Weyl tensor to
vanish. Because the dynamics with the scale factor a(t) is a mere conformal
transformation, the Weyl-tensor remains zero in time evolution. This is just
another way of expressing the fact that the Hubble expansion maintains
the FRW symmetries, commonly formulated in the way that the cosmolog-
ical fluids remain at rest in the comoving frame. The condition for spatial
flatness, i.e. that the densities of the fluids add up to 3H(t)?/87G, is in-
dependent of the cosmological symmetries, so it is no surprise that spatial
flatness and conformal flatness are two independent concepts.

In GA, the Weyl tensor is derived from algebraic arguments |Todoroft,
Lasenby et al., [1998]. A possible starting point is considering the following
property of the Ricci tensor:

9o - (R(a) AB) = 8y - R(a)b—b- 8, R(a) = Rb — R(b), (4.3.5)

with 9, being the derivative with respect to the vector a, not to be confused
with a - D, which is the directional derivative in the a direction. J, is
mathematically equivalent to V, but with the argument where it acts upon
made explicit.

Because the Riemann tensor is a function of aAb such that 9,-R(aAb) =
R(b), one term must be R(a) A b, and to satisfy the anti-symmetry of the
argument, it must have also a term a A R(b). Applying J,- to this term one
gets

Da - (R(a) Ab+a AR(b)) = 2R(b) + bR. (4.3.6)
Furthermore, noting that
Dala A b) = 4b— b = 3b, (4.3.7)
one arrives at
D - [%(R(a) Ab+a A R(b) — %Ra A = R(b) = 0, -R(aAb). (4.3.8)

Therefore, it is possible to rewrite the Riemann tensor as
1 1
R(aNb) = i(R(a) Ab+aAR(b)) — éRa Ab+C(aNbd), (4.3.9)

where C(a A b) is an arbitrary traceless, d, - C(a A b) = 0, function called
the Weyl tensor. Then we can proceed by isolating this particular tensor,

Clanb)=R(aAb) — % <R(a) Ab+an R(b) — éa A bR> . (43.10)
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and, as it is shown in [Hestenes and Sobczyk, 1987, §5-5], its traceless and
protractionless properties can be expressed as

0.C(aAb) =8y ClaAb)+ 0y AC(aAb) = 0. (4.3.11)

Its application to the coordinate bivector g, A g, and its decomposition
into a coordinate base provides the conventional components of the Weyl
tensor in tensorial formalism

1
5Cuwap g* A gP. (4.3.12)

Unfortunately, there does not seem to be a computational advantage over
conventional Riemannian geometry to prove that the Weyl-tensor is zero for
FRW-spacetimes, nor to show its invariance under conformal transforma-
tions.

C(g,u A 91/) = C;w =

4.3.2 Conformal transformations in GA and conformal flat-
ness

There is a notational advantage in GA with respect to conformal transfor-
mations, though: The relative change of the coordinate basis vectors {g,}
due to curvature can be easily written as

v = Gu - Gv, (4.3.13)

where each of the basis vectors is obtained by applying the directional deriva-
tive on the coordinate function x,

ox

In = Foa = O (4.3.14)

such that we can obtain their reciprocal frame by applying the vector deriva-
tive V = g0, to each of the inverse scalar mappings z* = z#(x)

g = Vat. (4.3.15)
Therefore, the line element is the product of two differential vectors,
ds® = g, datde” = dzM - dz® | with dz® = (dx“)(i)gfj) (4.3.16)

where dz(? is a differential vector with scalar components dz#. Conformal
transformations of the metric with a conformal factor a?(x) are now equiva-
lent to transformation of the coordinate differential da as a GA-vector with
a single power of a(z):

/

x— ' implies g}, =z’ = a(x)g, (4.3.17)
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for any a(z) € R. Then, we can write the new metric as a scalar multipli-
cation of the old one,

G = 9y, 9 = () G- (4.3.18)

We can also straightforwardly obtain the change in the volume element
after a conformal transformation. As explained in Section the coordi-
nate volume element \/@ is equivalent to the determinant of the vierbein
le]. After a conformal transformation, the new volume element €’ is given
by the outer product of the new coordinate basis vectors, and we can write
it in terms of the old coordiante basis volume element e as

e =gy NgiNghNgs=a(x)goAgiAgeAgs=ax)e. (4.3.19)

Where we can see that a conformal transformation changes the volume ele-

ment as /|¢'| = a(z)*\/]g].

In the FRW universe, the volume element e¢ in FRW-coordinates was
obtained in Section with determinant |e(t)| = a®(t). Under the con-
formal transformation Equation , the new volume element will be

' (n)] = a(n)*. (4.3.20)

In both cases, we can see that the volume element only depends on the time
parameter, reflecting the isotropy and homogeneity assumptions.

4.4 Spacetime symmetries and conservation laws

FRW spacetimes are highly symmetric due to the shift- and rotation in-
variance required by the cosmological principle. There are different possible
interpretations of how these symmetries are maintained in the course of
the time evolution, or equivalently, how the Hubble expansion is the only
dynamical evolution of FRW-spacetime that is compatible with the cosmo-
logical symmetries: From a geometric point of view one could argue that the
scale factor introduces a conformal scaling of the metric leaving the Weyl-
curvature invariant and in fact zero, making sure that the FRW-spacetime
pertains only Ricci-curvature in agreement with the cosmological principle.
From the point of view of fluid mechanics, diluting the cosmological fluids
with the scale factor would lead to the only admissible continuity equation
that would not change the spatial uniformity of the fluids, ensured by a
trivially fulfilled Euler-equation.



4.4. SPACETIME SYMMETRIES AND CONSERVATION LAWS 71

4.4.1 Energy-momentum conservation, continuity and Euler
equations

Conservation of energy and momentum can be expressed in terms of a con-
tinuity equation, which in GA takes on the form

D-T(a)=0. (4.4.1)

Because T'(a) is a symmetric tensor, T'(a) and its adjoint T'(a), are identi-
ca By using the identity, T'(a) - b = T'(b) - a = T(b) - a one can rewrite
Equation (4.4.1)) as

D T(a)=a-T(D)=0= T(D) = 0. (4.4.2)

Specifying for the energy-momentum tensor of a perfect fluid, Equation (4.1.11]),
and making D act left and right, we obtain

(- D)(p+plu+ (p+pu(D-d)+ (p+p)(u-D)i—Dp=0  (44.3)

Where we used the tilde to denote over which terms D acts. Notice that all
terms are vectors, including last term which is the gradient of p.

We can reduce this expression by making the following considerations:
third term vanishes due to geodesic equation (u-D)u = 0, expanding the co-
variant divergence in second term, with Equation , choosing in FRW-
coordinates with |e| = a3, being u = ~; a 4-velocity and considering that
the gradient of p reduces to its time derivative due to isotropy. Then, we
obtain the continuity equation for FRW

p’+3g (p+p) =0. (4.4.4)

4.4.2 Lie derivatives

The point of whether spacetime exhibits certain symmetries is independent
of the coordinate choice, which might or might not be adapted to the symme-
tries at hand. In either case, due to the diffeomorphism invariance, general
relativity is perfectly capable to determine the geometric and dynamical
properties of spacetime. It is possible, though, to find directions in which a
geometric object like the metric is shift-invariant, and this invariance corre-
sponds exactly to a vanishing Lie derivative.

!See |[Hestenes and Sobczykl [1987, §2.1] for details about the adjoint map defined in
GA.



72 THE FLRW AND RAYCHAUDHURI EQUATIONS

Because the Lie derivative is a pre-metric construction and Clifford bun-
dles depend on the metric to be defined, defining Lie derivatives on a Clifford
bundle in general is a subtle issue. The reason is that varying the metric
modifies the inherent structure of the Clifford bundle, which depends funda-
mentally on the metric. Another important point to consider is that when
working with a pre-metric structure, one must differentiate between tangent
and cotangent spaces, as the musical isomorphism also relies on the met-
ric. Consequently, different Lie derivatives must be defined for multivector
and co-multivector fields(or forms). For more details, see [Rodrigues and
de Oliveira, 2007, §4.1 and 9.5], |Leao et al., [2017], and [Heisler}, §4.6].

All problems that arise from defining the Lie derivative for general multi-
vector fields vanish if we restrict ourselves to derivatives along Killing vector
fields, in the direction of which the metric remains invariant. In this setting,
we define the Lie derivative of a vector field a, in the direction of the Killing
vector &£, as

Lea=E-Va—a-VE, (4.4.5)

where £-V, understood as an interior (not inner) product between the vector
field £ and the vector operator V = 0, is equivalent to the directional
derivative in the &-direction.

If the spacetime is torsion-free and metric-compatible, one can choose the
Levi-Civita connection and write the Lie derivative in terms of the covariant
derivative D

Lea=E-Da—a- DE. (4.4.6)

This definition can be generalised to obtain the Lie derivative of multivector
fields, which we will need to find the Lie derivative of the metric [Wilson),
2022,

LeA=E-DA—EN(D-A). (4.4.7)

Because, in general, the Lie derivative does not commute with the metric,
it does not follow the Leibnitz rule either with the inner or the geometric
product. However, it does so with the outer product because it is a metric-
independent operation.

L(ANB) = (LeA)AB+ AN (LeB). (4.4.8)

We can use the Lie derivative of a multivector to define its action on a
tensor field T'(a, b) as

£§T(a, b) = ﬁgT(a, b) = ﬁg [T(a, b)] — T(L‘ga, b) — T(a, L‘gb) (4.4.9)
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where £,[T'(a,b)] means evaluating the derivative as a tensor function — that
is, deriving also the arguments.

An interesting application of the Lie derivative is that of the metric
tensor g(a,b) along with the killing vector &

Leg(a,b) =& - D(a-b) — g(Lea,b) — g(a, Lcb)
= (- Da)-b+a-(&-Db)
—b-(¢-Da—a-DE) —a-(¢-Db—1b- D)
=a-(b-D&) +b-(a-DE).

(4.4.10)

Spacetime symmetries would now correspond to directions along which
the metric does not change. Observing Equation (4.4.10), we see that
Leg(a,b) = 0 if and only if £ satisfies

a-(b-DE) +b-(a-DE) =0, (4.4.11)

which is known as Killing equation. The usual form of it can be obtained
replacing (a,5) — (g,9.)

9 (9 - DE) 4+ gu - (gu-DE) =0 = (0 + (0u6)y =0,  (44.12)

As such, the Killing equation is an eigenvalue equation. This allows us to
isolate the symmetries of spacetime in terms of the Killing vectors. Then,
we can use that knowledge to choose a coordinate system where one of the
killing vectors is a coordinate basis. In that coordinate system, the metric
would not depend on that particular coordinate.

4.4.3 Killing vectors

From the GA framework, we can obtain some of the properties of Killing
vectors fields immediately. First, Equation means that a - D is
antisymmetric. Therefore, D¢ is completely determined by its protraction,
resulting in the bivector {2,

DE=DAE =20 (4.4.13)

By recalling that bivectors are the generators of the Lorentz group, it follows
that the the bivectors 2 are the generators of the symmetries associated with
£.
Equation (4.4.13)) automatically means that Killing vectors are divergence-
free,
D-£=0. (4.4.14)



74 THE FLRW AND RAYCHAUDHURI EQUATIONS

This reflects that Killing vector fields are the associated with of a one-
parameter family of curves, the trajectories of the isometry, along which the
geometry is invariant. If the Killing vector field would not be divergence-free,
the trajectories of the isometry may converge or expand, and thus would not
keep lengths invariant.

This can be seen by exploring the Lie Derivative of the pseudoscalar I
along a vector field v. By applying Equation we obtain

L,]=—ID-v. (4.4.15)

Meaning that the variation in the pseudoscalar I along the direction of v is
governed by the divergence of the vector field v.

From Equation (4.4.13) we see that Killing’s equation is equivalent to
the requirement of ¢ to satisfy

a-DE=a-Q. (4.4.16)

This can easily be checked by expanding in coordinates,

1 v
0= 5 (DMEV - Dugu) gM ANg
(4.4.17)

1 v v
Go 0= 5 (DQ§V - Dyga)g = Da{l/g = Da§

in the last step, we used Killing’s equation Equation .

As a note, |Sobczyk| [1986] used Equation to define the Killing
vector fields in GA, which is a different route to the one taken here of deriving
them from the requirement of vanishing Lie derivative of the metric.

Killing vectors of FRW-spacetimes

Solving Killing’s equation for a given spacetime is in general a difficult task.
However, we can use the known symmetries of the spacetime to try to guess
its Killing vectors. For FRW this is an easy task. Due to the cosmological
assumptions of isotropy and homogeneity, we know that the 3-dimensional
time slices are maximally symmetric. Therefore, we can use the Killing
vectors of the Euclidean space E2, which are easily obtained in cartesian
coordinates, and transform them to spherical coordinates |[Deruelle et al.
2018].

The FRW universe exhibits 6 Killing vectors, corresponding to 3 trans-
lations and 3 rotations in each time slice. Any linear combination of Killing
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vectors is a Killing vector, so we can express the general Killing vectors of
FRW as

3 3
£=Y 0+ g (4.4.18)
i=1 j=1

where ¢ are the Killing vectors related to translations and £U) are related
to rotations.

For the flat FRW universe, the components of the general Killing vector
£ are

ft =0
= agcos(f) + sin(0) (az sin()
+coS( )(c + 2837 cos(0)))
(cos(@)(ch cos(¢) + azsin(¢)) — assin(0) (4.4.19)
+527" sin(¢) + Bsr cos(20) cos(@))
€ = —1_ (—sin(6)(an + Bar cos(6)) + cos()(az + Bor cos(8))

rsin 6
+/517sin(f)) .

Notice that there is no time-like Killing vector, reflecting the fact that
the FRW universe is curved in the time direction.

As an example, we show the case for a1 = 1,a;41 = ; = 0, which
corresponds to a constant translation in the cartesian z-direction,

€D =sin(6) cos(¢)g, + COS(G):OS(@ go — csc(@)rsin(@ 9o- (4.4.20)

And we obtain the corresponding bivector by rising the indices of € and
using Equation ((4.4.13))
QW = aasin(f) cos(d)gt A g"
+ aar cos(0) cos(d)gt A ¢’ (4.4.21)
— adrsin(f) sin(p)gt A g?.

Conserved quantities

By Noether’s theorem, we know that any continuous symmetry is associated
with a conserved quantity. For an isometry of the metric, the conserved
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quantity associated with it is the projection of the Killing vector along a
geodesic with tangent vector v,

v-Dw-&) =(v-Dv)-£+v-(v-D&) =v-(v-Q)=(vAv)-Q=0. (4.4.22)

where (v - Dv) - £ vanishes due to auto-parallelity expressed by the geodesic
equation, v - Dv = 0. The last term vanishes too because v A v = 0.

The prior example provides an illustrative case. If we express £ in
cartesian coordinates (¢,x,y, z), 5(1) = ¢g,. For a geodesic with tangent
vector v

v-Dw-§) =v-D(vy) =0. (4.4.23)
Meaning that the v, component is conserved along the geodesic. If we
take into account that free-falling bodies follow geodesics, Equation (4.4.23))
means that the momentum in the z-direction is conserved.

Repeating the argument for the general Killing vector £ in Equation
we find that linear and angular momentum are conserved for each time slice
of the FRW universe.

Another conserved quantity along Killing vector fields was obtained in
Equation , where we saw that by taking into account that Killing
vector fields are divergence-less we obtain

Ll =—ID-€=0. (4.4.24)

Meaning that, along Killing vector fields, the spacetime geometry is invariant
and therefore the pseudoscalar is conserved.

Tensor symmetries

Another important consequence of the existence of Killing vector fields is
the restriction that they impose on the degrees of freedom of the Riemann
tensor. Consider the following equation relating covariant derivatives and
the Riemann tensor,

R(aAb)-c=b-D(a-Dc)—a-D(b-Dc)— (Lyb) - Dc = c,qp — Cipq. (4.4.25)

Where we have introduced the common notation, a - Dc = c,4.
If choose ¢ to be a Killing vector £, we obtain

R(anb)-¢€ =b-D(a-DE)—a-D(b-DE) = b-D(a-Q) —a-D(b-Q). (4.4.26)
Dotting with a general vector ¢ and using R(A) - B = R(B) - A we arrive at
R(anb)-(ENnc)=(anb)-R(ENCS)=a-(Qp)-c—b- () -c. (4.4.27)

)
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By taking derivatives with respect to a, followed by derivatives with respect
to b and then using

DADANE=0 < Qu+ A (Qyp-a) =0, (4.4.28)
we find
R(C VAN f) =—0p A\ (Q;b . C) = —(81, A Q;b) -C+ Q;c =c- D). (4.4.29)

From this relation, it is straightforward to recover the known equation re-
lating the second directional covariant derivative of Killing vectors and the
Riemann tensor

R(ENC)-a=Eqe=c-D(a-DE). (4.4.30)

Another useful equation relating the Ricci tensor and the Laplacian of
Killing vector fields can be obtained by contracting Equation (4.4.29)

R(¢) =D -Q =D = D*. (4.4.31)

The last proof that we present here is that the Lie derivative of a Killing
vector is also a Killing vector,

§3=Le & =& D& — & D& =& - Qo — & - Q1. (4.4.32)
Calculating now the directional derivative of s,

a~D§3=(a-Ql)-QQ—(G-Q2)+51-Ql;a—fg-Qg;a
=a- (Ql X QQ) + & -R(a/\é’z) —EQ-R(a/\&) (4.4.33)
:a-(Ql XQQ)+a-2R(§1/\§2):a-Qg,

one sees that &3 is a Killing vector with bivector Q3 = (01 x Q)+ 2R(£1AE2).

4.5 Quintessence Lagrange density

The formalism of GA is foremost a tool for geometric objects with inter-
nal degrees of freedom and has limited additional power over conventional
methods when dealing with scalar quantities. Nevertheless, because of the
importance of scalar fields in cosmology, in particular at early times driv-
ing cosmic inflation and at late times in the context of quintessence dark
energy, we revisit their fundamental constructions [Wetterichl, |1988|, |Peebles
and Ratral |1988, Ratra and Peebles, 1988, |[Peebles and Ratra, 2003| from
the point of view of GA.



78 THE FLRW AND RAYCHAUDHURI EQUATIONS

4.5.1 Quintessence equation of motion

The field equation of a scalar field ¢ is given by
1 9(le[(Dg)")

N o V3V _ Ly
O¢ = D¢ = D(D¢) = D Ll e

(4.5.1)

Where one can write D?¢ = D - v because D A D¢ = 0, which is equivalent
to chosing the torsion-free condition D A g* = 0, and requiring integrability
condition for scalar fields [Hestenes| 2020]:

DAD¢=DAg'dud=g"Ag'0,0,6 =0 — 0,0,0=0,0,6 (45.2)

For the particular case of FRW spacetimes in FRW-coordinates, one has
le| = a® and the homogeneity assumption only allows time derivatives, Oy —
Oy, such that one can write Equation (4.5.1]) as

1 ) 1 ) . e

D2p = —0, (a3¢) - (3aa2¢ n a3<;5> —3% 4+ 4, (4.5.3)
a3 a3 a

where the dot represents derivatives with respect to cosmic time, 0;.

As shown by Lasenby et al. [1993], the Euler-Lagrange equations for
multivector fields v are

dyL — (OpypL)D =0, (4.5.4)
which, in the case of scalar fields ¢, reduces to the familiar result
0L — D (OpeL) = 0. (4.5.5)

Then, for a standard Lagrangian defining the dynamics of the scalar field ¢

£=£(6,D6) = 3 (Dg)? ~ V(9) (45.6)

with V(¢) being a potential. Evaluation of the Euler-Lagrange Equation (4.5.5))
yields

oL V(e oL
90~y M 505 ~ D¢. (4.5.7)

Which immediately suggests that the equation of motion for ¢ is,

<23+3%</3 = —d‘g;@. (4.5.8)
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4.5.2 Slow-roll conditions

Accelerated expansion takes place if the equation of state of the dominating
cosmological fluid is sufficiently negative, w = p/p < —1/3, and for solving
the flatness problem one needs this accelerated expansion to be maintained
for a sufficiently long time. Both conditions can be formulated in terms of
derivatives of the quintessence potential V' (¢), which becomes quite apparent
in the Raychaudhuri equation, which relates the acceleration in the change
of the volume element |e| to the Ricci-curvature

dd  d%In|e] 62
= =—— - - G- 4.5.
oo a4 5~ Bge) - gt (4.5.9)

As the Ricci-curvature is determined by the energy-momentum tensor, one
can use Equation to obtain constraints on ¢: Specifically, rewriting
the energy-momentum tensor of the field ¢ = ¢(¢) in the language of GA
yields

T%(a) = Dg(a - D)¢ — al. (4.5.10)

From this expression, one can recover the usual tensorial components as

T, = 9u-T%(90) = (9 - D)d(gy - D) — g - gu L. (4.5.11)

By component-wise comparison of Equation (4.5.10)) with the energy-momentum
tensor of a perfect fluid, Equation (4.1.11]), it is possible to identify the en-
ergy density and pressure associated with the scalar field ¢,

p= 00 T(g1) = (000 — S (DOP +V(8) = 57+ V() (45120)
1

p=r(T?) = 2" T9(g)) = 3¢~ V(6. (4.5.12D)

Where, in the particular case of a spatially homogeneous scalar field ¢, it can

only depend on time. Combining Equation (4.2.13]) with Equation (4.5.12al)
and Equation (4.2.17)) yields an expression for the Ricci-curvature that di-

rectly depends on the scalar field ¢ and its derivative &,
R = k(¢% — 4V (¢)) — 4A, (4.5.13)

and similarly, one can obtain the Ricci vector over g; as

R(g:) - g = KT(gs) - g + % + A = r(¢2—V(e)) — A (4.5.14)
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Therefore, the evolution of the volume element as given by Equation (4.5.9))
results in

d?In e 62 ‘9
=——— — A 4.5.1
= = — s = V(0) + A, (45.15)
with accelerated expansion taking place under the condition that A>0
or that the kinetic energy ¢? of the quintessence field is smaller than its

potential energy V(¢),

P < V(e), (4.5.16)
for obtaining the right sign in equation Equation (4.5.15]).

4.6 Conclusions

In this chapter we presented the description of Friedmann-Robertson-Walker
spacetimes in the language of geometric algebra. GA simplifies many calcu-
lations and allows for a clear interpretation of the physical situation. We did
not aim for finding unknown physical properties of FRW-spacetimes, which
would be a surprise given that they are well-known and well-investigated.
Rather, our intention was to apply the formalism of GA to a simple, physi-
cally well-defined system in order to demonstrate the power of the formalism
and its geometric concepts.

This is particularly true for the Raychaudhuri-equation for the evolution
of congruences, i.e. of spacetime volumes bounded by geodesics. Within
GA the velocity divergence § = V u* turns out to be the relative expansion
of the spacetime volume element, as influenced by the presence of Ricci-
curvature, while vorticity and shear are absent in FRW-spacetimes. It is
possible to recast the Raychaudhuri-equation into a form highly similar to
the second Friedmann’s equation, with the interpretation of volume evolu-
tion as a consequence of the Hubble-expansion.

The cosmological principle imposes a very high level of symmetry onto
FRW-spacetimes and renders them conformally flat. Unfortunately, there
does not seem to be a computational advantage to using GA in terms of
conformal invariance of the Weyl-tensor. However, the discussion showed
that the square root of the determinat of the metric, \/@ , is simply the value
of the coordinate volume element within GA. Given the highly symmetric
nature of FRW-spacetimes, the role of Lie-derivatives and Killing-vectors
should be clarified: One can not define a general Lie derivative due to the
necessity of having to fix the metric prior in order to define a Clifford space.
In Clifford spaces, the Lie derivative can be properly defined only for Killing
fields. Effects of repulsive gravity caused by scalar, self-interacting fields in a
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state of slow roll can easily be described in GA. In particular, in combination
with Raychaudhuri’s equations, the slow-roll conditions are recovered.

In summary, GA proved to be an excellent coordinate-free formalism to
deal with the geometry and dynamics of FRW-spacetimes. It is concise and
helps could help both students and researchers to develop better intuition for
the topic. In the next chapter we will explore another well-known system, the
Morris-Thorne wormhole and use it to explore the Fermi transport equations

in GA.
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Chapter 5

Fermi-Walker transport and
frame rotations

Among the various advantages of the tetrad-GA formalism discussed in
Chapter [I, one of the most distinct and powerful features is its handling
of rotations and Lorentz transformations using bivectors and rotors. In this
chapter, we will further explore these techniques, starting with an exami-
nation of the Fermi-Walker equations within the tetrad-GA framework in
Section We will then apply these concepts to determine the acceleration
required to keep a spaceship in orbit around the throat of a wormhole, as
detailed in Sections [(£.2] and [5.3

We will demonstrate that the bivector formulation of the tetrad-GA for-
malism is particularly effective in describing non-geodesic motion by intro-
ducing a general bivector term into the geodesic equation, which naturally
accounts for external rotations or boosts experienced by the transported
frame.

This chapter will establish the foundation and set the stage for calculat-
ing the frame precession of an observer as it orbits a Schwarzschild and a
Kerr black hole in the following chapter.

5.1 Rotor techniques and Fermi-Walker transport

The method for describing the transport of frames along curves using rotors
was originally developed by |Hestenes and Sobcezyk [1987, §6-3], and we will
follow their derivation. We begin by considering a time-like curve ¢ = z(7)
with tangent vector w = dz/d7, where u?> > 0. By the chain rule, the
directional covariant derivative along the curve is equivalent to the total
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Figure 5.1: Orthonormal frame {e} along the curve ¢, aligned such that
eo X u=¢=dx/dr.

derivative with respect to the affine parameter 7,

dx d
-D=—gy-9"D, = —. 5.1.1
u dr go-g m dr ( )
Now, suppose we have an orthonormal frame {ex} with one of its axes

aligned with the tangent vector of the curve,

dz
T
See Figure We aim to transport this frame along the curve such that
the vector eg remains tangent to the curve.

We write this condition as the directional covariant derivative of the
frame {e;} along c¢(7). To maintain the orthonormality of the frame, the
variation of the frame must correspond to a proper, orthochronous Lorentz
transformation. Following the approach used to derive connection bivectors,
we can express this variation as the inner product of the frame with a general
bivector 2 = Q(7), which we seek to determine:

e =u= (5.1.2)

d
(u-D)e, = 6= ér = - eg. (5.1.3)
Solving for (2 is straightforward by right-multiplying by e¥ and using the
property ege? - M, = rM, (where M, is a blade of grade ),

1 1

Since our curve is time-like, u represents the 4-velocity of the particle
describing the curve, and thus éy = @. This allows us to expand €2 to include
both time and space components:

Q=uAu+ B, (5.1.5)
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g du
u—l

c=xz(T)

Figure 5.2: A time-like curve ¢(7) with its corresponding tangent vector
U= %. The angular acceleration required to keep eg tangent to ¢ = x(7) is
given by the bivector 2 = u A .

where B = ¢é;Aé’ is a general spatial bivector satisfying B-u = 0, representing
the spatial rotation of the frame.

A key physical element of this approach is the normalization of the 4-
velocity. With this normalization, the 4-acceleration is always orthogonal
to the 4-velocity, enabling us to represent it as a rotor that changes the
direction of the tangent vector to the worldline of the particle; see Figure|5.2
Techniques for handling non-constant 4-velocities remain to be developed.

In the case where B = 0, meaning transport without any additional
spatial rotation, the bivector 2 = % A u acts as the generator of the trans-
formation along the curve and represents the angular velocity necessary to
keep eg tangent to the curve. When this condition is met, we say that {ey}
is Fermi- Walker transported along the curve, and Equation becomes
the Fermi-Walker transport equation in GA.

If we describe our spacetime using local orthonormal frames (tetrads)
{7k}, we can relate the transported frame {ej} to the local tetrad at each
point by another Lorentz transformation, given by

ex = R(T)vR(T)T. (5.1.6)

It is important to note that this is a local equation, valid at each point of
the trajectory, but not globally.

Therefore, the dynamics of {ej} are entirely contained in the rotor R(7),
allowing us to focus on the dynamics of R(7) rather than analyzing the
evolution of each axis individually. This significantly simplifies calculations.

To begin, we express the variation of {e;} along the curve z(7) as a
covariant directional derivative and as a rotation with the bivector §2:

1
u - Dey, :3u6k+§[w(u),ek] = Q- ey, (5.1.7)

where 0, = u -V = u#0, is the partial derivative in the u-direction.



86 FERMI-WALKER TRANSPORT AND FRAME ROTATIONS

We obtain an expression for d,ey, by differentiating Equation (5.1.6) with
respect to the proper time 7 and substituting the result into Equation (5.1.7)),
yielding a differential equation for the rotor R(7):

R(t) = % (Q — w(u)) R(1). (5.1.8)

This is the central equation we need to solve in the following sections. For-
tunately, because 0,7, = 0 by definition, the techniques for solving this
equation locally are identical to those used on a flat manifold, which further
simplifies the calculations. Furthermore, as we will see in the following sec-
tions, it is often the case that w(u) and  are independent of 7, making the
solution to Equation straightforward.

The advantages of this approach become evident when compared to the
conventional formalism of tensor or differential forms, where considerable
index manipulation is required to describe frame precession. These com-
plexities arise not only from component-based descriptions but also from
the use of cross products and the representation of rotations and angular
velocities as vectors, rather than bivectors.

To circumvent these difficulties, conventional methods project into three-
dimensional subspaces, introduce pseudovector notation, and use the cross
product. These approaches hinder a fully covariant treatment and obscure
the geometric and physical significance of the equations.

A particularly illuminating example is the calculation of the Lense-
Thirring effect. In [Straumann, 2013, p. 57|, for example, the one-form
representing the spin rotation in a stationary field is given by

1x (K AdK)

Q= §W, (5.1.9)
where K = 9/0t (or g; in our notation) is a Killing vector field, and K =
goo dt + goidz® is the corresponding differential form. The derivation of
Equation is lengthy and involves several pages of differential form
manipulations.

For instance, consider the long-distance approximation of a stationary
field:

g~ g~ =6, %&(—L (5.1.10)

In the tensor or differential form formalism with adapted coordinatesﬂ Equa-
tion ([5.1.9)) reduces to
1.
2~ VX3 (5.1.11)

!These are local coordinates induced by the local tetrad.
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the curl of the three-dimensional gravitational field in vector notation.

The same calculation becomes significantly simpler using the GA tech-
niques. First we note that in adapted coordinates, the orbiting body only
moves in the g;-direction, so the only relevant connection coefficient is w(g¢) =
wy, describing frame rotation when displaced along the t-direction.

To obtain w;, we observe that because the metric is static, the second

term of Equation (2.2.9) vanishes:
1/, i 0
we =5 (9" AVigw) +g A gy ) (5.1.12)

The remaining term simplifies to a curl that matches Equation (5.1.11)):

1
wi = 59” AV (gw)
1 0 i 1 %
=5 (9 7 o + 9" A V(gu)) ~ 5V A (g gu) (5.1.13)

1 0 LN 1o
—Q(gtM +VA9)—2VA9-

In the third step, we pushed ¢’ inside the derivative because the Lens-
Thirring metric is asymptotically flat in the long-distance regime and there-
fore the coordinate basis vectors are approximately constant. Also, we de-
fined 7 := g'gy with 4 = 1,2,3 and used V= g'0;.

We can obtain the rotor responsible for the frame rotation with respect
to the local tetrad by integrating Equation . Since nothing depends
on t, the integration is straightforward:

R(r) = exp (—;W> . (5.1.14)

Equation allows us to determine the orientation of the orbiting frame
at any point along its trajectory.

To visualize the field’s curl as experienced by a local orbiting frame see
the following figures: Figure illustrates the far field approximation of
the Lens-Thirring while Figure [5.3b|shows only the angular component.Then
Figure illustrates the angular part in adapted coordinates and arbitrary
units obtained by substracting the angular velocity of the orbiting particle
to the angular component of the field. Evidently, the field obtained by such
operation is only valid in the neighborhood of the orbit, which is showed in
Figure [5.4b] and from where we can see that the orbiting body experiences
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VAT
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.

(a) Full field. (b) Angular part of the field.

Figure 5.3: Graphical depiction of the distant gravitational field generated
by a slowly rotating massive source. The solid line, represents the orbit and
the dashed line the boundary of the source of the field.
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(a) Angular part of the field with the (b) Local field as experienced by the
angular velocity of at the orbit sub- orbiting particle
stracted.

Figure 5.4: Graphical depiction of the angular part of the distant field gen-
erated by a slowly rotating massive source in adapted coordinates as expe-
rienced by an orbiting particle. The solid line, represents the orbit and the
dashed line the boundary of the source of the field.
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a local field with a non-zero curl due to the radial gradient of the field’s
angular component.

As an example of the application of these techniques, in the following
sections, I will examine the acceleration necessary to maintain a spaceship’s
orbit around a wormbhole.

5.2 Traversable wormhole

In the following two sections, I draw inspiration from the influential pa-
per Wormholes in Spacetime and Their Use for Interstellar Travel: A Tool
for Teaching General Relativity [Morris and Thorne, [1988]. Michael Morris
and Kip Thorne’s 1987 article is a pedagogical gem that employs wormhole
metrics to teach basic GR concepts interactively and intuitively. The sim-
plicity of their models facilitates physical intuition in GR, and their rigorous
yet intuitive presentation mirrors the style of their classic book Gravitation
[Misner et al., [1973|. Their use of tetrads, while not standard in initial GR
expositions, effectively illustrates physical effects and simplifies the treat-
ment of spacetime by decoupling coordinate from frame degrees of freedom.
Building on these pedagogical strengths, I apply the tetrad-GA formalism
to their wormhole models, aiming to recreate a compelling and educational
resource for teaching and familiarizing students and researchers with this
formalism.

Utilizing the tools introduced in Chapter 2], I derive the connection bivec-
tors, Riemann tensor, Ricci tensor, Ricci scalar, and Einstein tensor for a
general wormholes solution and arrive at the same set of scalar equations
governing the wormhole characteristics. Then, I specify our calculations
for a particularly simple and analytical case which I use to illustrate the
Fermi-Walker transport techniques that I presented before. This section
benefited greatly from the contributions of Cheyenne Leize, as part of her
bachelor thesis [Leize, 2022]. Her exceptional work, especially given her ini-
tial lack of experience in GA and GR, highlights both her capabilities and
the pedagogical effectiveness of our approach.

As it was originally explained in [Morris and Thorne, [1988|, we require
the following characteristics to the metric for it to describe the geometry a
traversable wormhole:

e To simplify calculations, we require the metric should be spherically

symmetric and static.

e The solution must have a throat connecting two flat regions of space-

time.
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throat of
wormhole

other
universe

Figure 5.5: Diagram of a toy model wormhole with metric corresponding to
Equation in the text. Notice that the system is spherically symmetric,
even though the depiction is cylindrical. Image retrieved from [Morris and
Thorne, 1988].

e There should be no horizon, since the presence of one would impede
two-way traveling.

e The experienced tidal gravitational forces must be bearable for hu-
mans.

e A trip through the wormhole should be of the order of a year both for
the traveler and outside observers.

e The energy-momentum tensor generating the desired geometry should
have a positive energy-density, as measured by any observer.

e The solution must be perturbatively stable.

e The creation of the wormhole must be relatively feasible. That is,
it must requires less energy and mass than that in the universe, and
should take less time than the age of the universe.

By requiring the solution to be spherically symmetric, we can write the

metric as
dr?
1-0b/r

Where & = &(r), called the redshift function, and b = b(r), called the shape
function, are two functions of r, whose properties need to be determined.
The coordinates here, {t,r,0, ¢}, correspond to the usual spherical coordi-
nates, except for the radial coordinate r, which in our case is non-monotonic
ranging from —oo to a minimum value ry and then increases again to +oo.
r is the radial coordinate in a diagram like the one presented in Figure [5.5)

Because the chosen coordinates naturally produce an orthogonal coor-
dinate frame {g,}, the natural choice of tetrad frame is the one resulting

ds? = 2®dt? — — r2(d6? + sin 0d¢?). (5.2.1)
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from a simple normalisation procedure of the coordinate frames. Resulting
in a frame with local Minkowski metric 7,,, = diag(+1,—1,—1,—1) and
axes aligned with the coordinate frame. Because the metric is diagonal, we
can immediately obtain the vierbein relating both frames (and its inverse)
as the square-root (and its inverse) of the metric elements

e 0 0 0
0 1 0 0
"] = Vi=b/r , (5.2.2)
0 0o r 0
0 0 0 rsin(6)
e ® 0 0 0
0 1-b/r 0 0
" =
[ 0 0 1 0 : (5.2.3)
0 0 0 rlsin(@)!

With Equation (2.2.9)) we obtain the connection coefficients,

b
wp = —ePy /1 — ~ @'y A,
T

[an}

w?"
b (5.2.4)
wo =A\/1==7 N

T

b .
we =4/1— . sin(0)vr A e + cos(8)ve A Vg

Where the primed quantities represent derivatives with respect to r, ®' =
0,® and V' = 0,b.

Observing the connection bivectors, we notice that spacetime is curved
in the time direction, as evidenced by the non-null bivector w;, which is a
function of the redshift function ®. However, it is “flat” along the radial
coordinate, contrary to what we might naively expect from observing Fig-
ure 5.5} This implies that an observer traveling along the radial direction,
while also displacing in the ¢ dimension, would experience a boost in the
radial direction governed by the ® function.

The displacement in the angular directions is governed by the bivectors
{ws,we} and it has components both from the spherical coordinates and the
shape function b.

From the connection bivectors we obtain the Riemann tensor for the
spacetime with Equation , which we will express in the tetrad frame
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for simplicity.

O (=1t 4 2r(r — b)®" +b) + 2r(r — b)d®”

r—b)®’ A2
Rf,m:( 2) YA VYm, m=10,¢
" (5.2.5)
b—rb

b
Ré@s = —773’)/9 A Y-

To obtain the Ricci vector we contract the components of the Riemann
tensor in the tetrad frame, Equation (2.4.8]),

O (=1t + 2r(r — b)®" — 3b+4r) + 2r(r — b)®”

Ry = 272 i
1 / / I 12 /
P=——= (— 2+ rd —2r®” — 2rd ) 2
R; 2r3( b (2+r®") + b (r (—2r r®"” + @) + 2) (5.2.6)
_|_27,3 ((I)” + (1)12)) o
b +2r(b—r)® +b A
Rm:_r +2r(b—r) —i-%m m=0.4.
2r3
A second contraction provides us withe to the Ricci scalar
bV (r® +2) + (47 — 3b)®' + 2r(r — b) (®” + &
R Ur®H2)F U 12 rr=b) ). (5.2.7)
Finally the calculation of Einstein’s tensor produces
b/
G = 2
G — 2r(b—g)<1>'—|—b )
r
1+7®) (rb + 2r(b — r)®' —b) + 2r*(b — r)®” -
Gm:(—i-r ) (rd" + 2r(b 27;)3 b) +2r3(b—r) = 0.0
(5.2.8)

The resulting components of the Riemann, Ricci and Einstein tensor
might look complicated, but nonetheless they are considerable simpler than
in the coordinate frame.

5.2.1 Energy-momentum vector

By virtue of Birkhoff’s theorem, we know that any exterior vacuum solution
of Einstein’s equations must be given by the Schwarzschild metric. This
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solution corresponds to what is called a Schwarzschild wormhole, which is
non-traversable [Morris and Thorne, (1988, §1-B]. Therefore, it follows that
a traversable wormhole must be created by a non-zero energy-momentum
tensor.

Because Einstein’s equations relate the geometry to the energy-momentum
tensor, we can use the Einstein tensor to impose constraints on the energy-
momentum tensor of the matter required to create a wormhole. Since all
quantities are expressed in the tetrad frame, and they have simple interpre-
tations as the energy density p(r), radial tension 7(r), and lateral pressure
p(r) that a local observer would experience, and therefore we hat following
the tetrad convention. Thus, we can write the energy-momentum tensor of
a spherically symmetric system as

T(a) = p(r)ye + 7(r)ve +5(r) (30 + 70)- (5.2.9)

By using Einstein’s equations, Equation ([2.5.4)), we immediately obtain
the following relationships:

/
8rGp(r) = b—Q, (5.2.10a)
r
. /
S7GH(r) = 27’(6;}@”, (5.2.10D)
1+ 7®) (1t +2r(b —r)® — 2r2(b — r)®"
snGp(r) = ST ¥+ 2r(b 2’% 2= 55 100

First order differential equations for b and ® are obtained directly:
v = 8rGp(r)r?, (5.2.11a)

o — 8rGF(r)r3 — b

2r(b—r)
while a first-order differential equation for 7/(r) requires additional work.
First, we derive Equation . To eliminate ®”, we perform a second
derivative of Equation (5.2.11b)), and substitute ¥’ from Equation ([5.2.11al)
and b from Equation . After a considerable amount of algebra, the
result simplifies to

(5.2.11b)

A~/

= (=)= 2(p+ 7). (5.2.12)

o

Given that we have three equations for five functions, we need to decide
which to fix and which to derive. Following the original paper, we fix the
geometry of the system by choosing the redshift & and shape function b in
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advance, and derive from them the characteristics of the matter {p,7,p}.

With this approach in mind, we rearrange Equations (5.2.11}(5.2.12)) as

b/
H = 2.1
p 87TG7’27 (5 33’)
~ b/r—=2(r—0b)d
- 2.1
T S Cir? , (5.2.13b)
p= g (52— #)® — #) — 7. (5.2.13¢)

From here, what remains is to choose our ®(r) and b(r) functions and
study their effect on the components of the energy-momentum tensor and
on the travelers. Because such analysis only involves scalar quantities, our
formalism provides no further advantage in either the computational or geo-
metrical aspects. Therefore, I refer the reader to [Morris and Thornel [1988|,
§4 and onward] for the analysis and various reasonable choices for ®(r) and

b(r).

5.3 Wormbhole - Toy model

To illustrate the methods used to describe Fermi-Walker transport presented
in Section [5.1} let’s consider the following choice of the redshift and shape
functions:

_ %
-

O(r) =0, b(r) "

(5.3.1)

where by is a constant, and perform a radial coordinate change r — [ with
=713, (5.3.2)

such that —oo < I < oo, with positive values corresponding to the upper
universe, and negative values to the lower universe.
Under these assumptions, Equation (5.2.1)) reads

ds? = dt? — dI* — (b2 4 1?)(d6? + sin” 6 dp?). (5.3.3)

This metric corresponds to a simplified model of a wormhole presented in
Box 2 of the original paper and it is known as the Morris-Thorne wormbhole.

Equation describes a static and spherically symmetric system.
Here, t is the coordinate time, 6 and ¢ are the usual spherical coordinates,
and [ serves as the radial coordinate. The spacetime is asymptotically flat
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as | — oo and has a throat with radius by (in the original radial coordinate
r) at | = 0; see Figure[5.5

We obtain the vierbein and the inverse vierbein transformations, which
correspond to a change from coordinate to the stationary tetrad frame
aligned with the coordinate vectors, directly from Equations :

1 0 0 0
me o1 o0 0 -
U =1e 0 v 0 ’ (5:34)
00 0 Vb3 + 12 sin(0)
1 0 0 0
01 0 0
ny 1
[e,f]=10 0 T (5.3.5)
0 0 0 csc(6)

For this choice of functions, the expression for the connection bivectors
in Equation (j5.2.4]) simplifies to

Wt = 07
wp = 07
l
Wy = W Y A\ Yo, (536)

[ sin(6
We = _Lsin(6) M A g+ cos(B) o A V.
Vb3 + 12

Observing the new form of the connection bivectors, we see that an ob-
server parallel-displaced in the ¢ or [ directions would experience no rotation
or boost. However, an inertial frame parallel-transported in the 6 direction
would rotate in the [ — 6 plane at a rate of [/1/b3 + [? with respect to the lo-
cal tetrads. Similarly, in the ¢ direction, parallel-transported frames would
rotate in the [ — ¢ and 6 — ¢ planes.

This presents an interesting view of spacetime with metric Equation ([5.3.3]).
As in the general case, the radial coordinate is “flat”, but now the time co-
ordinate is also flat. This implies that observers traveling in the radial
direction would not “fall” through the wormhole, as there is no force pulling
them in; they would move as in a perfectly Minkowskian spacetime. This
result is counterintuitive when considering the embedded depiction of the
metric in Figure [5.5]
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The components of the Riemann tensor Ry, are also considerably sim-
plified, and we can express them in the tetrad frame as

b2
R = 702 Y AN Yn, m,n=10,¢, m#n. (5.3.7)
(bF +12)
To obtain the Ricci vector, we simplify Equation (5.2.6) or contract
Equation (5.3.7)), producing only one non-zero term:

203
j= . (5.3.8)
BCEROL

Further contraction yields the Ricci scalar R = 4™ - Ry,

R = (192%312)2 (5.3.9)
+
0

And finally, the Einstein vector reduces to

v R

G = _W’Y’WH m=t,0,0,
b

)"

(5.3.10)

i:

5.3.1 Energy-momentum tensor

Because the redshift and shape functions are so simple, we can immediately
obtain expressions for the components of the energy-momentum as measured
by local observers:

b6

p)=-——""—"3
81G (b2 + 12)°
20 S (5.3.11)
7(l) = 3.
81 G (b2 + 12)°

b2

- 0

3G (1 + 12)?

One immediate element that should get our attention is that to create this
particular geometry we would need matter with negative energy-density,
therefore making it an non-viable possibility to create a wormhole. And as
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a second observation we notice that the radial tension is positive, meaning
that an observer would feel a stretch in the radial direction. Such radial
tension vanishes as [ — +oo, but it would mean that even though there is
no “in-falling” for radial observers, their experience would not be completely
equivalent to a flat spacetime. Third, the lateral pressure is also positive,
representing the curvature in the angular dimensions, meaning that com-
pressive forces are experienced by the observer. Those forces tend also to
zero the further we are from the center, in the asymptotically flat region.

5.3.2 Free-falling observers

Because of the flatness of the time and radial dimensions, free-falling ob-
servers maintain their original velocity. To investigate the experience of
such observers, we perform a Lorentz transformation from stationary to
free-falling frames. This transformation is generated by the bivector v; A 4

and has ¢ = tanh™! |v| as the rapidity parameter. Therefore, we can imme-
diately construct the rotor R(§) = —exp (gw A %> and obtain the compo-

nents of the free-falling frame {7/, } in terms of the resting frame {~,,} using

Equation (1.2.5).
fy;n - e—%wmvwmegvmw
= e_g’n/\%fym (5312)
= (cosh& — v Ay sinh &) v,
Taking into account the permutation properties of {7, }, this results in
v = cosh &y, — sinh &y = vy — |vy,
7 = cosh &y — sinh &y = vy — [v|y e,

7& =0,
Vo = Vo

(5.3.13)

where v = cosh £, denotes the Lorentz factor of the transformation.
To obtain the forces that the free-falling observer experiences, we use
the geodesic deviation equation, which in GA reads
d27] /
@:U'D(U‘DT])ZR(UAH)'U, (5.3.14)
where 7 is the separation vector between two geodesics, and R/ is the Rie-
mann tensor experienced by the free-falling observer. We could obtain
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its components by inverting Equation (5.3.13)) and substituting into Equa-

tion (5.3.7). However, we can also exploit the fact that Equation (1.2.5))
applies to any multivector to express the transformation as

R/, = e SWNIR,,,e8NN, (5.3.15)
This yields
: b3 / N
Rip = W (v + [vlvz) A,
RE¢ = (19(2):)—(2)[2)2 (’Y’Yl/ + ’U\’Y%) A VQN (5.3.16)
Rg¢ = Rgy-

Specifying Equation (5.3.14) for v = v/, corresponding to radial in-fall,
we obtain

d’n
2 =R (iAn) -
=Ry, - (5.3.17)
|U|2 b(z) /

e @ e T

This means that, in the free-falling observer’s local frame, the only nonzero
tide-producing components of the Riemann tensor are Rj, and R & Thus,
the observer would experience compressive forces only in the spatial direc-
tions perpendicular to the direction of travel. These forces vanish when
the observer is far enough from the wormhole and reach their maximum
when traveling through the throat at [ = bg. The forces also tend to zero
as the velocity decreases, indicating that one could always travel through
the wormhole regardless of the throat size by, provided the journey is slow
enough.

5.3.3 Accelerated observers

The trajectory of non-inertial observers (meaning those not in free-fall) is
not determined by the parallel transport equation; instead, it is governed by
the Fermi- Walker transport, Equation . In this section, I will use the
Morris-Thorne metric to illustrate the techniques presented in Section [5.1
and calculate the acceleration needed to maintain a spaceship circling the
throat of a wormhole.

The reason I chose the Morris-Thorne metric, Equation , as an
example is that it does not have any stable circular orbit. The only possible
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circular orbit is unstable and located at | = 0, right at the throat [Miiller]
2008|. Therefore, if an observer wants to circle around the wormhole at [ # 0
with a constant angular velocity, to obtain information about it without
crossing the throat, they would need to constantly accelerate to correct
their direction.

Because the 4-velocity is normalized, the acceleration a = # is orthogonal
to it, and we can construct the 4-acceleration bivector with Equation
as

Q=uAa. (5.3.18)

where we consider, for simplicity, that no extra spatial rotation takes place
and thus we set B = 0.

The desired trajectory is a circular motion determined by the constraints
7 =1 = 0, and we choose § = 5 for simplicity. If we parametrize the
curve with the coordinate time, we can describe it using the function ¢(t).
Therefore, the 4-velocity vector tangent to the trajectory is

uw=ulg + u¢g¢ =u(g + Q294), (5.3.19)

where we have defined the angular velocity of the orbit as Q, = u®/u’ =
d¢/dt, which is a free constant. With the help of the normalization condition
of the 4-velocity, we obtain u' as a function of I and Q,:

¢ 1
V1-92 (13 +1)

To obtain the 4-acceleration a, we calculate the directional covariant
derivative of u in the wu-direction,

u (5.3.20)

a=u-Du= (utDt + U¢D¢> (u'ge + u®gy)
= (utDt + ’LL¢D¢) ut (gt + Qog¢)

= (ut)Q (Dt + QquS) (715 + Qoe¢¢7¢>

£\ 2
U 0 0 0
= (2) (W a'yt] + QOM + Qoe¢¢ (W a'yqﬁ] + €, [w¢7’7¢]>>
= — ut)2ﬂie¢¢'n
02

IO PY (PR

(5.3.21)
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where we have used the fact that uf, Q,, and e? o are independent of ¢ and
¢ to pull them out of the derivatives, and that 9,,v, = 0.

As we would expect, a is negative and oriented in the radial direction
and it vanishes for [ — 0, corresponding to the middle of the throat. This
is expected because, in that case, the observer would be in an orbit and no
acceleration would be needed to maintain the movement.

We can now construct the 4-acceleration bivector €2 using the outer prod-

uct between Equation (5.3.19)) and Equation ([5.3.21]):

_ _ 27l /b2 4 12
Q,0) =uNa= R 12))3/2 A (’yt + Qo4 /b5 + 1 7¢> , (5.3.22)

where we can see that the 4-acceleration bivector 2 depends solely on the
free parameters: radial distance ! and angular velocity €2,.

The second term in Equation , corresponding to the non-accelerated
transport of the frame, w(u), is easily obtained because the connection bivec-
tors are a linear map:

w(u) = ulw; + u¢w¢ = ut90w¢
D
_ WA Y. (5.3.23)
JBB (-2 3+ )
And because neither  nor w(u) depend on ¢, the integration of Equa-

tion (5.1.8) is straightforward, allowing us to obtain an expression for the
rotor R(t) as a simple exponential:

R(t:1,Q0) = exp (-2 QL Q) — w(u))) , (5.3.24)

which relates the local tetrad {7x} frame with the traveling frame {e} via
Equation , and has a contribution due to the accelerated motion and
another due to the local rotation of tetrads.

Comparing the usual 4-acceleration approach with the GA approach,
the bivector ) provides more geometrical information, as it directly gives
the planes of rotation of u, and, by observing their coefficients, the angular
velocity on each plane independently.

Note that because R(t) is a normalized bivector, it only modifies the
direction of u, which is convenient in the relativistic treatment of problems
where the 4-velocity is normalized. However, in cases involving a system
with tangential acceleration, the approach needs to be modified by dropping
the normalization condition on R, which would lead to both rotation and
scaling of the velocity.
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5.4 Conclusions

In this chapter, I presented the formulation of the Fermi-Walker transport
equation within the tetrad-GA formalism and explored its application to
a wormhole model. The description of non-geodesic motion with this for-
malism is particularly insightful because, due to the normalization of the
4-velocity, the 4-acceleration can be expressed as a bivector. This allows us
to gather all the dynamic properties of the system in a rotor relating the
tetrad and transported frames.

As an application of these techniques, I investigated the 4-acceleration
required to maintain a spaceship in orbit around a wormhole described by
the Morris-Thorne metric. While the calculations were not significantly sim-
plified relative to the conventional tensor approach, the bivector description
of the 4-acceleration provides geometrical insights into the planes of rotation
and their angular velocities.

In the next chapter, I will apply the same techniques to calculate the
angular precession of a gyroscope around various black hole models. In this
case, the calculations are significantly simplified, and we gain substantial
geometrical insights.
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Chapter 6

Gyroscopic precession

In this chapter, I apply the Fermi-Walker techniques developed in Section|5.]]
to obtain the precession angle of a gyroscope orbiting various black hole
models.

In Section I begin with the simple and well-known Schwarzschild
black hole and present the procedure to obtain the precession angle using
both the conventional tensor formalism and the tetrad-GA formalism. As
we will see, the ability to encode the dynamics into a rotor greatly simplifies
the calculations, reducing the set of four coupled differential equations of
the tensor formalism to a single, first-order differential equation.

In Section I apply the same techniques to the Kerr-Newman black
hole, where we can easily obtain an expression for the precession angle. The
result is remarkably simple given the complexity of the system and provides
a clear example of how the tetrad-GA formalism simplifies the calculations
and offers numerous geometric insights.

6.1 The Schwarzschild black hole

The metric describing a Scharwzschild black hole in Schwarzschild coordi-
nates, (¢,7,0,¢) is

—1
ds? = (1 _ ’"7) ar? — (1 - %) dr? — r2d60% — 2 sin?(0)d¢?  (6.1.1)

where ry = 2GM is the Schwarschild radius corresponding to the position
of the horizon in Schwarzschild coordinates.
Choosing a tetrad frame aligned with the coordinate frame, we read the
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elements of vierbein directly from the metric, Equation (2.1.11]),

0 1w (1 T\
datt = (1= 22) Cat (6.1.2a)
Lo (1 Ts\ T2
e ,dz (1 " ) dr (6.1.2b)
ezudx“ =rdf (6.1.2¢)
eBde“ = rsinfde¢. (6.1.2d)

And we can write the vierbein in matrix form as

(1—1)"? 0 0 0
m_ 0 (1-=)"" 0 o | 6.1.3
") 0 0 r 0 (6.1.3)
0 0 0 rsinf

The inverse vierbein follows immediately, and in matrix form reads,

(1— =)' 0 0 0
_ 0 (1-1)"* o 0
en'] = T . 6.1.4
'] 0 0 r1 0 (6.1.4)
0 0 0 (rsing)!

Such a tetrad choice naturally emerges from Schwarzschild coordinates.
Nonetheless, other interesting orthonormal frame choices exist. One no-
table option is to select orthonormal frames that are free-falling at each
point with a velocity corresponding to an observer who would begin trav-
eling from infinity with zero initial velocity. These observers are known as
“Gullstrand-Painlevé fishes” because they are the natural choice of tetrad
for the Gullstrand-Painlevé metric. The term fishes emerges from the anal-
ogy of the Gullstrand-Painlevé coordinates with a river, which flows into the
black hole with velocity dependent on the radius and reaches the speed of
light at the black hole horizon. At that point, free-falling observers, which
“swim” through the space-time river, cannot resist the inflow of spacetime
anymore and are no longer able to escape the gravitational pull.

Remarkably, and contrary to what one might expect, the relationship
between static tetrads (as chosen here) and the Gullstrand-Painlevé tetrads
is not a Lorentz transformation but a Galilean one, which leaves the time
component invariant. Thus, the Gullstrand-Painlevé metric can be under-
stood as a Galilean river of space flowing into the black hole, with observers
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moving in the river according to the rules of special relativity. See [Hamilton
and Lisle, 2008| for more details.

Because the metric is diagonal, the application of Equation (2.2.9) is
particularly simple and we obtain the connection bivectors:

r
Wy = _ﬁ%ﬁ A Y (6.1.5&)
wr =0 (6.1.5b)
[ 1
Wy = 177&'}% A Yo (615C)
T

wg = cos(0)yp A vy + sin(0) Yr A Yo (6.1.5d)

r

The calculation of the Riemann, Ricci and Einstein tensor follow the
same procedure than in the previous cases. Because they are not relevant
to the current discussions I will leave their result to Appendix [E]

6.1.1 The parallel transport of the angular momentum

The conventional approach to obtain the precession of a gyroscope around a
Schwarzschild black hole consists of representing the angular velocity of the
gyroscope by a 3D vector §, which we then promote to a 4-vector to parallel
transport along the orbit. The result is a set of four coupled differential
equations, one for each component of the angular momentum, which we
must solve.

The same result in the tetrad-GA approach can be obtained in two dif-
ferent ways: one by following the parallel-transport steps and the other by
using rotors. To compare both methods side by side, I present the former
here and, in Section the latter.

The resolution of this problem using the conventional tensor formalism,
without tetrads, can be found in [Hobson et al., 2006} §10.5].

We start by considering a test particle orbiting a Schwarzschild black
hole. The test particle has negligible mass and angular momentum compared
to the mass of the black hole. Therefore, it can be treated as a small
gyroscope whose movement does not affect the metric under consideration.

For the purpose, of parallel transporting the angular momentum 4-vector
s along the trajectory we use Equation . For simplicity, we will
choose a circular orbit in the equatorial plane, § = 7/2. The path of this
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orbit is a spiral with tangent vector u = u’g; + u¢g¢, with components

dt 3rs\ M2 d¢ T
ut = E = (1 - 27‘) ) u¢ - tho - ut (dt) = ut\/;7 (616)

where Q, = r,/2r3 is the orbital angular velocity of the gyroscope [Hobson
et al. 2006, §9.8 and §10.5].

Specifying Equation ([2.3.11]) to our case and expanding in components,
we obtain

(u- D)s = (u' Dy + u? Dy)(s™ 1)
t ¢ (6.1.7)
u u
= (u'0y + u¢8¢)s + 5[%’ s] + ?[wqb, s] =0.

Since our path is a geodesic curve, u is a 4-velocity, and we can also express
the left-hand side as a total derivative with respect to proper time, u - D =
d/dr. By separating the components of the angular momentum 4-vector in
Equation (6.1.7]), we obtain the system of four coupled differential equations:

St

as L ter s

Iy +u's 52 0, (6.1.8a)

d " S S

di +ulst QT —wts 1=, (6.1.8b)
T T T

d (7

o, (6.1.8¢)
dr

ds® r
— 4uls" J1- =2 =0. 6.1.8d
P +u’s . ( )

This system of differential equations is similar to the one obtained by
tensor calculus and should be solved using standard techniques. If we assume
initial conditions with the angular momentum oriented in the r-direction,
s(0) = s"(0)y,, the solution to the system of equations is:

st(t) = ———5  5"(0)sin Qt, (6.1.9a)
2¢/% (r— )

s"(t) = s"(0) cos Qt, (6.1.9b)

s7(t) = s%(0), (6.1.9¢)

sP(t) = — /1 — %%ST(O) sin Qt, (6.1.9d)
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where Q = (/5% (r - 3§S) is the precession angular velocity of the angular

momentum with respect to the coordinate frame.

To obtain the precession angle a after one orbit, we first note that one
orbit takes a coordinate time

27 2r3
= — =27

t .
Q, Ts

(6.1.10)

During this time interval, the angular momentum will have precessed by an
angle 27 + «. Equating time expressions, we obtain « as a function of the
orbital radius:

2 2m+« Q 1 3rs

Notably, o acquires an imaginary component if r < 3r;/2, as 3GM is the
radius below which no stable circular orbits exist.

6.1.2 Schwarzschild precession in GA

An alternative procedure to obtain the precession angle «, which does not
involve solving Equation , is to exploit the techniques from Section
The key element is identifying that the precession of the angular momentum
vector is equivalent to the precession of the gyroscopic frame. Thus, we can
relate the gyroscopic frame at each point of the orbit {eg(7)} with the local
tetrad {7y, } by a Lorentz transformation. This Lorentz transformation is
determined by a rotor satisfying Equation . By changing variables
from proper time to coordinate time and considering that the gyroscope is
in free-fall & = 0, the resulting rotor equation reads

ut LRty = —%w(u)R(t). (6.1.12)

With w(u) being the connection bivector along the trajectory, which we can
expand by linearity as

w(u) = ulwy + ulwg = u (wp + Qows) , (6.1.13)

where w; = w(g;) and wy = w(gy) are given by Equation (6.1.5]).
Because neither wy, wg, u!, nor u® depend on t, the integral in Equa-

tion (6.1.12)) is straightforward, and the rotor governing the frame’s preces-
sion along the orbit is

R(t) = exp <—1w(“) t) . (6.1.14)

2 ut
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To obtain the total rotation after one orbit, we start by calculating the
magnitudeﬂ of w(u) as

()| =1/ () 2o + ()2,

:ut\/(Qo)2 jwg|? = |t [, (6.1.15)

| Ts 3rs
=uty == (r— 2 ).
2r4 2
Thus, we can identify |w(u)|/ul as the angular velocity of the parallel
transported angular momentum, which in Equation (6.1.9) we called €.

From this, the precession angle follows immediately by the same consid-
erations as before:

a5:27r<“(780/7“‘t—1>:27r< i<r—?’;s>—1>. (6.1.16)

With this approach, we replicated the previous result while only needing
to solve a single, first-order differential equation in flat spacetime, Equa-
tion , instead of a system of four coupled differential equations,
Equation . As in the previous example in Section this procedure
also directly provides geometric information about the involved planes of
rotation and their corresponding angular velocities, which would be difficult
to recover directly from Equation .

In the following section, we will apply this same technique to the general
case of a Kerr-Newman black hole.

6.2 The Kerr-Newman black hole

To further investigate the capabilities of this method, I used it to explore
the precession around the most general asymptotically flat and stationary
solution of Einstein’s equations: the Kerr-Newman metric, which describes
the dynamics of a charged, rotating black hole. We will express the metric
of this system using the Boyer-Lindquist coordinates. The reasons being
that they adapt properly to the geometry of the system, making expressions
relatively simple, and that they easily reduce to Schwarzschild coordinates

!Because in spacetime the square of bivectors can be positive or negative, the magnitude
of a bivector B is defined as |B| = vV BB, with the dagger representing the reversion
operation defined in Section
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when a — 0 and Q — 0, allowing for simple checks of our results. The
Kerr-Newman metric in Boyer-Lindquist coordinates reads

R?A 2 p?
2 .2
= e (dt — asin qub) ~

ds dr?

R*sin? 6 a 2 (62.1)
2392 AUSILU o a
p“do 3 (dgb Rth) .

Where a = J/M is a constant parameter representing specific angular mo-
mentum of the system, and we have employed the following definitions

2Mr  Q?

R* =1 +d?, ,02:7"2—|—a2c059, Azl—?jLﬁ.

(6.2.2)
We also employed the convention ¢ = G = 1, and we should remark that
the coordinates {r, 0, ¢} correspond to oblate-spheroidal, and not spherical,
coordinates.

From the condition A = 0, we obtain the position of the horizons

re =M+ M?2—a?— Q3 (6.2.3)

With r4 and r_ representing the radius of the outer and inner horizons. The
horizons are only real if M? > a® + Q2. If M? < a? + @2, A has no zeros
meaning that there are no horizons. In this case, the spacetime corresponds
to a naked ring singularity located at

2 + a”cos* = 0. (6.2.4)

More details about the Kerr-Newman metric in Boyer-Lindquist coordinates
can be found in [Misner et all 1973| §33.2] and [Straumann| 2013} §7.3].
With the metric written in the form of Equation , and by choosing
a Minkowskian metric to conform our tetrad frame, ,,, = diag(+1, —1, —1,
we can immediately obtain the elements of the vierbein by using the equation

Equation (2.1.11)):

.2
0 oyt — R\/Zdt— a sin GR\/quﬁ,
g p p
1 P
e dxt = ——dr,
a RVA (6.2.5)
eQ#d:c“ = pdd,

sin @

e’ dat = (—adt + R*dg).

-1,
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Which we can express in matrix form as

RVA 0 0 —¢ sin? §RVA
p p
0 —L_ 0 0
[e™,] = RVA (6.2.6)
0 0 0
asinf R2%sin@
—esin0 o Hsin
With the inverse vierbein being determined by Equation (5.2.3),
R a
) VA 0 0 z/&
e =1| 0 BVA O 0| (6.2.7)
P 0 0 1 0
. 1
asin @ 0 0 s

Similarly to the previous case, where we discussed two relevant tetrad
choices for Schwarzschild geometry, in the Kerr-Newman spacetime there are
also two primary tetrad options. The one we selected here, which naturally
emerges from Equation , is commonly referred to in the literature as
a static tetrad. This choice corresponds to the frames of static observers as
perceived by distant observers. These observers remain stationary relative to
the Boyer-Lindquist coordinates, implying that they must constantly apply
force to counteract the rotational frame-dragging effect induced by the Kerr-
Newman black hole.

An alternative and physically significant tetrad choice was introduced by
Bardeen et al. [1972], representing observers who co-rotate with the black
hole at the precise angular velocity of the surrounding spacetime. These
frames are known as locally non-rotating frames and are particularly well-
suited for examining energy-extraction processes, accretion disk dynamics,
and similar phenomena.

In this study, we choose the static tetrad to facilitate direct comparison
with the Schwarzschild case.

From the vierbein, the connection coefficients can be directly calculated
using Equation (2.2.9)). While the calculations for previous examples were
manageable by hand, this is not feasible with the Kerr-Newman metric due
to its complexity. Consequently, I developed a code based on the Mathe-
matica package BasicClifford |[Aragon-Camarasa et al.,[2018] to facilitate
GA calculations in curved spacetimes. The code is publicly accessible in
[Pérez|.

Because the complete expressions for the connection bivectors are alge-
braically convoluted and we will be considering a gyroscope orbiting in the
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equatorial plane, I will only give the result of the connection bivectors for
the case of 6 = 7/2:

wt|9=ﬂ'/2 = _W’Yt AYr (6.2.8a)
W?“‘g:,r/z = ﬁ% AV (6.2.8b)
w9|9:7r/2 = R\T/K% A Yo (6.2.8¢)
Wilgmnsy = r +7{\34) -9 %A Y+ R‘T/K% A (6.2.8d)

The Riemann, Ricci tensor, Ricci scalar and Einstein tensors, also present
a particularly simple form when expressed in the static tetrad, however they
play no role in the following derivation and thus I leave their expression to
Appendix

6.2.1 Orbiting angular velocity

Our goal in the following sections is to obtain precession angular velocity of
the transported frame with respect to the static tetrads. Fortunately, the
derivation in Section |6.1.2] is independent of the metric, and the necessary
expression is given by

= \/(90)2 |we|? — |wel?. (6.2.9)

Once we have the connection bivectors, the next element needed is the
coordinate orbital angular velocity of the gyroscope, defined as 2, = d¢/dt.
To obtain it, we will analyze the potential experienced by the orbiting par-
ticle and identify the locations of its minima. This process will yield the
energy and angular momentum of a particle orbiting at a particular radius,
from which we will obtain an expression for the orbital angular velocity for
both co- and counter-rotating cases.

The procedure is significantly simplified by a series of transformations
presented in [Ulbricht and Meinel, |2015]: First, we cast the metric into a di-
mensionless form by dividing by M, and then, we reduce it to the equatorial
plane by setting § = m/2. The resulting metric is:

ds’ = gr1da? + g33d¢? + 2g34dodt’ + gaudt’?, (6.2.10)
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where z = /M, t' =t/M, ds’ = ds/M, and the metric coefficients are given
by

g = 22 — 22+ a2 + ¢?’
2 — 2 a/2
PR . 0 i /L
@ (6.2.11)
a
gsa = — (22 — ¢%) ot
r? — 27+ ¢?

Here, ¢ = Q/M and o’ = a/M. The values of ¢ and a' are constrained to
the parameter space {(a’,q)|a”? +¢*> <1 and a,q > 0} to keep A real and
prevent naked singularities.

Since the metric is independent of ¢’ and ¢, we can define the conserved
quantities E and L, associated with the specific energy and angular momen-
tum of the orbiting particle, as

E = —gut — gud, L =gssd+ gal’, (6.2.12)

where dotting denotes differentiation with respect to proper time.

For circular orbits, we analyze the potential V (x) and its derivative V' ()
to locate values of the reduced radius x that minimize V' (z). Substituting
those results into Equation (6.2.12]), we obtain algebraically complex expres-
sions for F and L. These, however, can be compactly expressed in terms of
€ = 2 — ¢° to obtain polynomials of \/&:

¢' +¢*(26 1) + & — 26 £ aVE
€+ )Vt + (26 — 1) + 6~ 3¢ £2a\¢
2
VE+VE(E+ ) Fa 26+ )
(€+0) Vo' + (26— 1) + 6 — 3¢ £2a¢
Here, the upper sign corresponds to co-rotating orbits, while the lower sign
corresponds to counter-rotating orbits.
We can now obtain the coordinate orbital angular velocity as a function

of E and L by solving Equation (6.2.12)) for ¢ and /, and applying the chain

rule:

E*(,a,9) =
(6.2.13)

L*(¢a,q) =

pd L E
¢ _d0_ gul+gulb (6.2.14)

tdt 933E + g34 L
Finally, by substituting the values for ¥ and L from Equation (6.2.13) we
obtain a surprisingly simple expression for the coordinate orbital angular



6.2. THE KERR-NEWMAN BLACK HOLE 113

velocity as a function of the orbital radius and the parameters of the space-

time
\/g .
(¢ + &) £ a'VE

OX(¢,d,q) ==+ (6.2.15)

6.2.2 Kerr-Newman precession

At this point, it is convenient to define the reduced version of the connection
coefficients from Equation (6.2.8)):

2
¢ —x
wézth:(x?))')’t/\'Ym ( )
6.2.16
d (z(z+1) — ¢?) (22 + a?)VA
We = 23 Ve Ny T+ s Yr N\ Y-

The square magnitudes of these are

26
oz —2)+q¢* a? 2\ (.2 2 (6217
5 () (¢ -2 (2 +1)).

Now, we can calculate the magnitude of the precession angular velocity
from Equation (6.2.9) in terms of the reduced quantities {z, q,a’}:

|w'™ (w)]

ut

— \(0F) w2 + e ?
z—q°

(;Ca)x (6.2.18)

a4 (¢? + (z — 2)z) — a’q(q — ) (¢® — 2(2z + 1))

(o) (22 07— @)

Once we have the orbital and precession angular velocities of the gyro-
scope, we can obtain the precession angle around a Kerr-Newman black hole

as:
1+ t
axy =21 ('”g‘i)'/“ - 1) . (6.2.19)

And since all quantities are in their reduced, dimensionless form, we can
plot the precession angle ax  as a function of the reduced radius for various

values of a’ and ¢: Figures to

+ -1
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Figure 6.1: Frame precession around a Kerr-Newman black hole with
a/M = 0 (Reissner-Nordstrom solution), for various values of ¢ =
{0,0.2,0.4,0.6,0.8,1}. The upper branch corresponds to particles rotat-
ing counter-clock, and the lower branch to particles rotating clock-wise in
the equatorial plane. The r/M axis starts at 2.
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Figure 6.2: Frame precession around a Kerr-Newman black hole with @@ = 0
(Kerr solution), and various values of a/M = {0,0.2,0.4,0.6,0.8,1}. The
upper branch corresponds to particles co-rotating with the black hole, and
the lower branch to particles counter-rotating in the equatorial plane. The
r/M axis starts at 2.
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Figure 6.3: Frame precession around a Kerr-Newman black hole with
a = 0.8, and various values of ¢ = {0,0.2,0.4,0.6}. The values of ¢ are
constrained to avoid a naked singularity, so ¢ € {0,v1 —a?}. The upper
branch corresponds to particles co-rotating with the black hole, and the
lower branch to particles counter-rotating in the equatorial plane. The r/M
axis starts at 2.

As expected, increasing the angular momentum of the black hole, a,
increases the asymmetry between co- and counter-rotating orbits, resulting
in different precession angles at the same radius. For a given a and 7, the
counter-rotating orbit will accumulate a greater precession angle than the
co-rotating one. This phenomena can be understood by noting that the
counter-rotating orbit travels through “more spacetime” before returning to
its original position.

The electric charge parameter ¢ has a distinctly different effect, creating
an isotropic distortion that equally affects the precession angle of both the
co-rotating and counter-rotating orbits. As the electric charge increases,
both orbits shift closer to the origin. However, they never reach the outer
event horizon 7.

This leads to another observation: the orbits cease to exist well be-
fore reaching the outer event horizon r;. This feature is analogous to the
Schwarzschild case, where orbits exist only for r > 3ry/2, and are stable
only if r > 3rs. In the Kerr-Newman case, [Liu et al.| [2017] showed that the
location of the last stable orbit varies from r = M to r = 9M, depending
on a, ¢, and the orbit’s direction.

Two important limits are worth noting: First, both the counter- and co-
rotating solutions converge to the Schwarzschild solution when both charge



116 GYROSCOPIC PRECESSION

and angular momentum vanish:

3rs
q/:% =27 < 1-— 5 1> . (6.2.20)
a' =

Second, at distances sufficiently far from the black hole, the co-rotating
solution tends to zero, while the counter-rotating solution approaches 4,
indicating that, far from the black hole, there is no frame precession, reflect-
ing the fact that the Kerr-Newman spacetime is asymptotically flat.

OKN

As in the previous case, the rotor method presented here not only pro-
vides the frame precession but also directly gives the planes of rotation
involved in the motion, 4 A7, and 4" A7, as well as the angular velocities
within these planes, |w;| and wy.

6.3 Conclusions

In this chapter, we obtained the precession angle of a gyroscope orbiting both
Schwarzschild and Kerr-Newman black holes along their equatorial planes.
As a novel approach, we performed these calculations using the tetrad-GA
formalism, where, through a wise choice of tetrads and the application of
rotor techniques, we were able to considerably simplify the computations.

To connect with the conventional approach, we examined the precession
around a Schwarzschild black hole using two methods. First, we solved the
parallel-transport equation within our formalism, obtaining a set of four cou-
pled differential equations analogous to those derived using standard tensor
calculus. Second, in a more geometric approach, we related the gyroscope
frame to the local tetrad frame via rotor transformation, and then solved
the governing rotor’s single differential equation.

Because the tetrad is a locally defined orthonormal frame, the integration
of the relevant differential equation could be carried out as if it were in
flat space, considering that the solution applies only locally. Additionally,
since the rotor depends solely on the coordinate time, and the system is
t-independent, the integration was straightforward.

We then applied the same technique to calculate the gyroscopic pre-
cession around a Kerr-Newman black hole. Due to similar symmetries as
in the Schwarzschild case, the rotor differential equation remained equally
solvable. The primary challenge here arose from the inherently lengthy alge-
braic expressions for the connection bivectors and the complexity involved
in determining the orbital angular velocity.
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Overall, this new approach was shown to significantly simplify the cal-
culation of orbital precession around massive objects, while also providing
more geometric insight into the rotational planes of the transported frame.
In summary, the tetrad-GA formalism offers powerful tools for addressing
systems involving rotations or Lorentz transformations. This is because it
exploits the system symmetries, decouples coordinate degrees of freedom
from those of the frames, and directly reveals geometric behavior, thereby
enabling a powerful relativistic treatment of rotations.
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Chapter 7

Conclusions and outlook

In this dissertation, I presented the basics of the tetrad-GA formalism and
applied it to GR. Compared to the usual approach that employs coordi-
nate frames, using tetrads removes undesired degrees of freedom from the
local decomposition of objects. These orthonormal frames represent local
observers, meaning that the decomposition of quantities corresponds to the
results of local measurements. The definition of tetrad frames from the co-
ordinate frame is not unique, with different tetrads being related by Lorentz
transformations—a feature that we thoroughly exploited throughout this
work.

The use of GA, on the other hand, provides a powerful set of mathemat-
ical tools for describing geometrical objects. Among the multiple benefits of
GA, its description of rotations and Lorentz transformations through rotors,
rather than 4 x 4-matrices, stands out. The efficiency of GA directly results
from the geometric product, which immediately extends tools that were pre-
viously limited to the complex plane to spaces of arbitrary dimension and
signature.

Besides this advantage, GA’s compact notation tends to simplify cal-
culations and offers greater geometrical insights than either tensor calculus
or differential forms. However, this concise description can sometimes be
challenging to understand and relate to other formalisms, especially given
the limited literature on the field.

This work began by defining GA, presenting some of its properties and
providing some introductory examples in Chapter [I| We then extended its
application to curved manifolds in Chapter [2, demonstrating that it aligns
particularly well with the tetrad description of GR. In this new framework,
the various differential operations in GR are condensed into a single operator
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that possesses the algebraic properties of a vector. This approach allowed us
to derive the connection elements as bivectors, which generate the Lorentz
transformations of frames moving through the manifold, and naturally ob-
tain other objects like the Ricci vector or the Riemann tensor, which got
reinterpreted as a map from bivectors to bivectors—providing a direct con-
nection between areas and rotations and revealing some of its symmetries
in a particularly clear way.

To clarify its similarities and differences with another popular formalism,
differential forms, and to provide a bridge for new readers, I compared both
formalisms side-by-side in Chapter [3] I found that although GA and differ-
ential forms share many tools, the geometric product provides GA with a
clear computational advantage. Furthermore, GA also tends to offer a more
intuitive geometric interpretation of objects.

Moving to applications of the tetrad-GA formalism, in Chapter [4 I ex-
plored its use in the well-known FRW spacetimes. We derived Friedmann’s
equations in two ways: from the metric and from Raychaudhuri’s equation.
The latter took on a particularly suggestive form in the tetrad-GA formal-
ism, directly relating the relative acceleration of the volume element to the
Ricci tensor in a form highly similar to the second Friedmann equation. We
also examined the conformal properties of the spacetime, finding no mean-
ingful advantage over tensor calculus or differential forms. Subsequently,
we analyzed the spacetime symmetries via the Lie derivative and Killing’s
equation. Here, in agreement with other literature, we found that defining
the Lie derivative for general vector fields within a Clifford bundle is prob-
lematic due to its dependence on the metric. However, the Lie derivative can
be defined properly for Killing vector fields, along which the metric remains
invariant. Finally, we discussed scalar inflationary models, finding no major
differences from the conventional treatment, as GA is most advantageous in
describing higher-dimensional fields. Nonetheless, the covariant description
proved to be both elegant and concise.

In Chapter I examined the formulation of Fermi-Walker transport
within the tetrad-GA formalism. Since in GR, 4-acceleration is always or-
thogonal to the 4-velocity, its effects can be encoded in a rotor that modifies
the direction of the 4-velocity. And given that orthonormal frames are re-
lated by Lorentz transformations, we can use the rotor constructed from the
4-acceleration to encapsulate the dynamics of non-geodesic motion, simpli-
fying the analysis of certain problems.

To assess the efficacy of this approach, I applied it to describe the 4-
acceleration needed for a spaceship to orbit a Morris-Thorne wormhole. In
comparison to the conventional description, the tetrad-GA treatment proved
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to be powerful, concise and particularly insightful by separating contribu-
tions to the rotation of the frame originating from the accelerating motion
from those coming from spacetime curvature.

Finally, in Chapter[6] I used similar techniques to describe the precession
angle of a gyroscope around a black hole. I began with the Schwarzschild
solution and then explored the more general Kerr-Newman case. In both
cases, the problem reduced to a single differential equation, which could
be solved immediately and analytically due to the system’s symmetries.
Compared to the tensor formalism approach, the tetrad-GA method was
shown to be simpler, more manageable, and more insightful geometrically.

From the perspective provided by this work, I can confidently assert that
the tetrad-GA formalism is significantly easier to handle than tensor calcu-
lus, it provides a clearer geometric interpretation than differential forms,
it effectively decouples the degrees of freedom corresponding to coordinate
choice from those corresponding to frame choice, and provides a robust set
of tools for differential geometry.

Nonetheless, it is essential to highlight some of GA’s limitations. Pri-
marily, GA has a steep learning curve due to the limited literature and
worked examples available. This is especially relevant for advanced topics
in physics. Those interested in applications not present in the GA literature
could benefit from exploring the more abstract and mathematical field of
Clifford Algebras.

Other challenges to GA include the high level of abstraction within the
formalism, which can make it difficult to directly relate to practical ap-
plications. Additionally, there is the scarcity of computational programs
specifically designed for handling multivectors and geometric products, and
the rapidly growth of the dimensionality of the algebra with the dimension
of the space.

Potential applications of the tools presented here are as vast as physics
itself. However, I believe that fields of particular interest include theoreti-
cal work with substantial geometric content, as well as fields where tensor
calculus and differential forms already play a fundamental role.

In gravitation, specifically, the extension of complex numbers that GA
provides to spaces of arbitrary dimension is a tool whose full potential re-
mains largely untapped. This is particularly promising for applications in-
volving integral theorems, such as those on the boundaries of black holes.
Another interesting avenue, given GA’s elegant description of electromag-
netism, would be extending its description to curved spacetimes with the
tetrad-GA formalism.

Beyond GR, there are many theories that could benefit from these tools,
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including modifications of the kind similar to Scalar—Tensor—Vector models
or others like Loop Quantum Gravity.

Finally, I would like to stress that while the physical content of a theory
remains unchanged when written in GA, the endeavor can still offer an
improved description and enhanced geometric insights, even in already well-
known fields. Whether these insights could deepen the understanding of a
field and inspire further theoretical expansions is an intriguing possibility
that should not be dismissed.
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Appendix A

Notation

Using the appropriate notation can be as important as using the proper
formalism. The notation that we use in this thesis has been carefully selected
and crafted to be as meaningful, simple and intuitive as possible. We also
tried to use a common notation with other fields where GA has been applied
to make the connection between fields as seamless and intuitive as possible.
In this section, we will argue our choice of notation and briefly connect with
other fields.

e Our choice of notation for the inner, outer and geometric product
follows the usual convention in GA [Doran and Lasenby, 2013].

e For the coordinate frame we chose {g,} because their inner product
produces the components of the metric, g, - g, = guv-

e For the tetrad frame we chose {v,,} because the most common tetrad
frame is Minkowskian and because it establishes a nice correspon-
dence between Greek and Latin letters to change between coordinate
and tetrad quantities. The choice of {7,,} as the basis frame for the
Minkowski space-time might seem arbitrary until one realizes that the
basis vectors of flat space-time can be identified with the Dirac ma-
trices and that allows for a neat interpretation of Dirac theory with-
out complex numbers|Hestenes, (1975, Doran et all 1996]. In the GR
context, this choice of notation creates a nice correspondence with the
treatment of spinors in curved backgrounds, which necessitates tetrads
to be properly included.

This notation is also in line with other work treating electromagnetism
with GA[Dressel et al.l 2015] and facilitates the treatment of electro-
magnetism in curved space-times

e The indices follow the opposite correspondence than the gammas,
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NOTATION

Latin middle indices {m,n,l, ...} refer to tetrad indices while their
Greek counterparts, {u, v, A, ...} refer to coordinate indices. This is in
line with the conventional treatment of GR and some of the literature
on tetrads.

A problem in notation arises when an index takes a particular value.
For these situations, we hat the tetrad indices, a”, and leave un-hatted
the coordinate ones, a”.

The choice of w(g,) = w, for the connection bivectors follow two pur-
poses. One, to distinguish them from the Christoffel symbols, denoted
by I', and two, to reflect the fact that they are the generators of ro-
tations and their value corresponds to the angular velocity of rotation
of a frame displaced in the g, direction.

The choice of D = g D,, for the covariant vector derivative might seem
strange, but it follows when considering that V is used ubiquitously
in the GA literature as the vector derivative in flat space-time. The
reason for this choice being that V can be identified with the Dirac
operator and it neatly matches our current notations for gradient,
divergence and curl: ﬁ(ﬁ, V-a,V Aa.

The use of three different fonts to describe the Riemann, Ricci vector
and Ricci scalar, is necessary because, in the treatment that I present,
confusion can arise when referring to them in their abstract form where
indices are not present.
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Appendix B

Derivation of connection
coeflicients

As far as I am aware of, the first appearance of the following derivation was
by [Snygg [2012]. The following is a slight modification of his steps.

To obtain an expression to calculate directly the connection coefficients
we’ll start with a tetrad basis frame expressed in the basis of our coordinate
frame

Ym = €t gu- (B.0.1)
We perform a covariant directional derivative in the g, direction,
Dovm = €,/ Dagu + (0aep,”) 9u- (B.0.2)

Where we wrote 0, when D, acts over a scalar.

We can write on the left-hand side as 1/2[wq, Ym] = Wa *Ym, by definition
of wq, Equation . And, on the right-hand side, D,g,, = Fﬁagg, from
the Christoffel symbols definition.

Now we need to left multiply by 7™ to isolate w,

V"o Y =" Th o098 + 7™ (ap’) gu- (B.0.3)

We use the GA identity 4" (v, - 4,) = rA,, being A, a multivector
of grade r, to simplify the left-hand side, and, on the right-hand side, we
expand the Christoffel symbols into the derivatives of the metric.

8
—2wy = em"’ym% (Ougax + Oagur — OrGau) 98 + Oa (€,,/'Y™) gu  (B.0.4)

Because 4™ is constant we pulled it inside of the derivative in the last

term, and now we can identify the terms e,,'y™ = g*. And, considering that
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wq is a bivector, we discard terms of grade other than 2 on the right-hand
side, and write the geometric products as outer products to get

1
*25‘-}04 = 59# A gA (8uga>\ + 8049/0\ - 8)\901#) + (aag#) A Gu- (BOS)

The only remaining step is to realize that the 0,9, cancels with g A gH
due to symmetry. And the remaining term (0ugax — Oxgayu) can be written
as the vector operator acting on the metric. All in all we obtain:

1
Wo = 5 (g)‘ AVgax +gu N 8ag“> (B.0.6)

This is our final expression to obtain the connection coefficients from the
metric and the vierbein, which is hidden in the last term as 9,9 = Y™ 0nem!,
and where V = ¢¥0, is the flat spacetime vector derivative operator.

In the case of having a diagonal metric, where the coordinate basis vec-
tors are orthogonal, Equation (B.0.6)) simplifies considerably if we choose
the tetrad frame to be aligned with the coordinate frameﬂ

In this case

em“ = diag(|900|_1/27 |gll|_1/2? |g22|_1/2’ |g33|_1/2)a (BO7)

making the second term in Equation (B.0.6]) vanish

In = |9ulvm = g A Oag" =D |gul (Palgul ™) 0™ Ym A ym = 0. (B.0.8)
m

In this case the first term also gets simplified, because g* A g* = 0, and
its computation reduces to a maximum of 12 derivatives—three for each
coordinate direction of spacetime.

In an abuse of notation, we can write the vierbein as e, = diag((g,m)l/ 2)
and its inverse as en’ = diag((g"*)'/?) = diag((guu)~"/?). Then, Equa-

tion (B.0.6]) reduces to

1 1
Wo = 590‘ AVgaa = igo‘ A 9" 0ugaa, (B.0.9)
where « is not a summed index.
Equation (B.0.9) contains a maximum of 12 derivatives and is, by far,
the fastest way of computing the connection coeflicients that I am are aware
of.

!Some sources, such as |Hestenes and Sobczykl (1987, p.235] and |[Hestenes, [1986b],
claim that this simplification occurs for any orthogonal coordinate frame. However, this
is incorrect; the alignment of the tetrad with the coordinate frame is also necessary.
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Appendix C

Relation between Ricci
rotation coefficients,
Christoffel symbols and spin
rotation coefficients.

Because the Christoffel symbols I', ,, are not tensors, it is not possible to
change their indices using the vierbein e,," to relate them with the connec-
tion coefficients wy,

me 7é eknempwkmu- (COl)

To obtain their relationship, we start with the definition of the Christoffel
symbols and expand in the tetrad frame

109k = Ougp = 0,€" Ym
= (811 emu)fym + emuay’ym
l
= (61/6 u)’yl + em,uwmnl/’yn (002)
= (61,61“)% + e wn"en g

= |e0, € +e™ e " wn" | g

Thus, we obtain the relationship between the Christoffel symbols and the
rotation coefficients as:

K _ K l m K n
I, =¢ (“),,eu—i—e uCn Wiy -

(C.0.3)
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We can invert Equation (C.0.3) with the inverse vierbein to obtain the
connection coefficients in terms of the Christoffel symbols:

", =ele, T, — e “el”ayelu. (C.04)

w xEm

m

The relationship between the spin rotation coefficients wy,, and the
Ricci connection coefficients wgnm, corresponding to the covariant direc-
tional derivative in the tetrad frame

Dpyyn = wm - Yn = (6muwu) *Ym (C.0.5)
and it is a direct transformation with the vierbein:

Wknp = eumwknm- (006)
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Appendix D

On the necessity of covariant
derivatives

When working with non-flat manifolds, or non-cartesian coordinates in flat
manifolds, it is customary to introduce the covariant derivative operator D
to account for the local variation in basis vectors, which the conventional
directional derivative does not address. However, as I will show in this
appendix, this step can be bypassed by using contracted, abstract objects
rather than their component forms. Although this approach is rarely dis-
cussed in existing literature, it warrants consideration for its simplicity and
coherence.

In Section I defined the covariant derivative D and applied the rule
that partial derivatives 9, do not act on basis vectors. Instead, one could
avoid introducing a distinct covariant derivative operator and use V, as
defined in Section [I.2] applying partial derivatives to both components and
basis vectors directly.

This raises the question: why introduce the covariant derivative at all?
The answer lies in the component-based formalisms of tensor calculus, where
the covariant derivative becomes necessary because basis vectors are omitted
from expressions. This omission precludes deriving connection coefficients
from basis vector variations, thus requiring the covariant derivative opera-
tor. This approach, still prevalent even in modern texts, underscores the
traditional view that treats objects and components interchangeably. See
for example |Carroll et al 2004, p. 484]: “In accord with our usual practice
of blurring the distinction between objects and their components...”

Although the concept of a connection is standard in mathematics, it
remains a source of confusion in many physics texts. For clarity, this section
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demonstrates how various covariant operators and tensors naturally emerge
from different applications of V, offering a unified perspective that applies
to both flat and curved spacetimes. This method enhances consistency,
provides correct ordering in expressions involving second-order derivatives,
and inherently satisfies covariance requirements without additional checks.
In the following, V is defined as in Equation .

D.1 First order derivative operators

We begin by examining various forms of the directional derivative, a scalar
operator, and how multiple covariant derivatives arise from selecting differ-
ent decomposition bases for the vector derivative and the object upon which
it acts:
e Covariant derivative The standard covariant derivative, 6#7 is ob-
tained by projecting the vector derivative V and decomposing the
vector a in the coordinate basis {g,}:

gu-Va=0,(a"gy) = 0u(a”)gy +a" 0,9, = (8Ma”+a)TK#)gV. (D.1.1)

The connection coefficients I}, are called the Christoffel symbols.

e Fock-Ivanenko covariant derivative The Fock-Ivanenko covariant
derivative is introduced to define a covariant derivative for spinors
[Capozziello et al., 2022, |Aldrovandi and Pereiral [2012].

The Fock-Ivanenko derivative is obtained by projecting the vector
derivative V into the coordinate frame and expanding the vector a
in the tetrad basis {vm}:

G- Va = 0u(a"vm) = (0,0 )ym + a0y ym

D.1.2
= (Opa™ + a"wmnu)ym. ( )

These connection coefficients are called the spin connection coefficients
m

W™

e Tetrad covariant derivative The tetrad covariant derivative is less
common and corresponds to projecting the vector derivative in the -

direction and expanding a in the tetrad basis {7, }:
-Va = 0/(a"vm) = 0 (a™)¥m +a™0
N I m'ym)n mz( )ym I Ym (D.13)
= (O1a™ + a"wp))ym-

These connection coefficients are called the Ricci rotation coefficients
w™,;, and are given by 9;v, = w,,;""¥m. They are related to the spin
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connection coefficients by the vierbein:
wmnl = eAlwmnA. (D14)

In some texts, such as |Capozziello et al., 2022|, these three objects
are treated as distinct operators, whose equivalence is asserted only by the
tetrad principle. This equivalence principle is unnecessary and ambiguous
and has been criticized in [Rodrigues and Gomes de Souza, 2005]. In his text,
W.A. Rodrigues rigorously presents several misconceptions and ambiguities
regarding the definition and treatment of tetrads in the literature.

We proceed with differential operators resulting from different operations
involving V:

e Exterior derivative The exterior derivative of differential forms, d,

is equivalent to the curl of the vector derivative VA in flat space.
When acting on a scalar field ¢, it produces the gradient:

dé = Oubg" =V A= Vo = g"0,0, (D.1.5)

and when acting on a vector field, in the reciprocal coordinate basis
a = a,g", equivalent to a 1-form, it produces the curl of a:

da = d,a,9" Ng"' =V Aa. (D.1.6)

The condition d? = 0 is equivalent to VAV = 0 for torsion-free spaces.

e Exterior covariant derivative The exterior covariant derivative D
is also equivalent to VA in non-flat spaces, where we also derive the
coordinate basis {g,}:

V Aa=(0,a,)9" A g" +aug” A (0,g")

= Oyaug” N g" + a, I\ g" A g (D.1.7)
= (&/a,u, + a)\Fi\u)gV A g,u.

e Covariant Divergence The operator V produces the correct diver-
gence in both flat and non-flat spaces when applied with the inner
product. If a = a”g, is a vector field in a curved manifold, its covari-
ant divergence is:

V-a=V-ad’g,
=g"0y - (a"gy) = g" - Ou(a”gy)
= g" - (Oua” + a*T¥%,) gy (D.1.8)

= 5(Oua” + a’T%,,)

_ Iz AT M
= 0ya" +a F/\u'
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e Covariant Curl The operator V produces the correct curl in both
flat and non-flat spaces when applied with the outer product. This
operation is equivalent to the covariant exterior derivative. If a = a”g,
is a vector field in a curved manifold, its covariant curl is:

VAa=V Adg,
=g"0u N (a"gy) = g" N Ou(a”gy) (D.1.9)
= (Oua” + aAPKu)g“ A gy

From this perspective we conclude that the only relevant, first-order,
physically meaningful derivative operations are:

e Directional derivative in the direction of the vector field b, b-V = 0p.

e Geometric derivative resulting from applying the geometric product

of V, which decomposes into divergence, V-, and curl, VA.

The gradient is obtained if V acts over is a scalar field ¢, in which case
its divergence is zero and the application of the geometric derivative reduces
to the curl, Vo = V A ¢.

D.2 Derivative of linear functions

To describe the derivative of multilinear maps, or tensors, we introduce a
notational tool called the overdot convention[l Since the vector derivative
operator is algebraically a vector, it does not generally commute with geo-
metric objects. Therefore, we need a method to denote the derivative of an
object that is not immediately adjacent to it. This is achieved by using the
overdot notation:

V(AB) = (VA)B + VAB. (D.2.1)

This indicates that one must permute the basis vectors of V across the basis
vectors of A to obtain the desired result.

VAB =AY A%y, Ay ... OB e Ay . .. (D.2.2)

With this tool, we can express the derivative of a linear function 7'(A)
as:
VT(A) = VT(A) — e*T(9, A). (D.2.3)

Here, the term VT'(A) represents the derivative applied to the geometric
object T'(A) (without differentiating the argument). Thus, VT'(A) only

'In the main text, an accent is used to avoid confusion with time derivatives. However,
the overdot notation is more common in GA texts.
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differentiates the positional dependence within the function and not within
the argument [Doran and Lasenby, 2013| §6.1.3].

As an example, consider the directional derivative of T, where T is a
linear map from vector fields to vector fields, such that T'(a) = T", a®g,:

3MT(9<1) = au(Ta)\gA) — T'(9uga)
= (OuT2)9r + T2 0ugx — T(0pga)
= (OT2)gx + TATX,.90 — T(Ta,92)
= (0,18 + TT%, — TXT3,) 9,

(D.2.4)

As demonstrated, we recover the usual rule of contracting with the connec-
tions: using a “+” sign for each contravariant index and a “—” sign for each
covariant index. Although this procedure may seem intricate, it is equiva-
lent to the tensor formalism. The complexities arise from the fact that the
general procedure for representing tensors in GA is not straightforward, and
its theory of linear functions, while powerful, is not trivial.

D.2.1 Second order derivatives

In this section, I will demonstrate how various tensors, such as the tor-
sion, Riemann, and Ricci tensors, naturally emerge from the commutation
properties of second-order derivatives.

Consider M to be a multivector field in GT, M. Due to the associativity
of the geometric product, we can express its second derivative as:

V(VM)=V?’M = (V-V+VAV)M. (D.2.5)

In this form, we can independently analyze the actions of the scalar and
bivector operators. To proceed in the most general manner, let us consider
a general basis of T, M, {e,}, that satisfies the symmetric relationship:

€a € = Gab- (D.2.6)

To distinguish these indices from the coordinate indices (represented
with Greek symbols) and the tetrad indices (represented with middle Latin
indices), we use early Latin indices for the general coordinates {a,b,c,...},
running from 0 to 3.

In this basis, the directional derivatives in the e, direction are denoted
as 0, = e, - V. The basis has the connection coefficients T such that:

Oner = T €c. (D.2.7)



134 ON THE NECESSITY OF COVARIANT DERIVATIVES

We assume no symmetry in T¢ , aside from the condition relating to
the derivative of the reciprocal basis:

Dae? = =710 e, (D.2.8)

ca
which arises from the usual procedure of considering the derivatives of the

reciprocal basis e, constructed such that e® - e; = d7.

D.2.2 The scalar operator

Starting with the scalar term of Equation (D.2.5), V - V, we can observe
that it corresponds to the Laplace-de Rham operator:

V~V=(“3)-(b3b)

e | (Due @+ea@]
= ¢ [ @+&a@] (D.2.9)
— (070 - Awra)
= A.
In the coordinate basis e, — g, and Tg, — I'7,,, we have:
A =0"9, — ¢g"'T7},0,. (D.2.10)

It is noteworthy that due to the associativity of the geometric product
we obtain the Laplace-de Rham operator, which acts on multivector fields,
rather than the Laplace-Beltrami operator, which is defined solely on twice-
differentiable real-valued functions.

D.2.3 The Ricci operator

The bivector term of our second-order derivative operator, VAV, represents
the curl of the vector derivative, and as we will see it is related to the
commutation of directional derivatives. When applied to a scalar field, we
obtain the torsion tensor, while the Ricci tensor appears when it is applied
to a vector, hence its name its name. And the Riemann tensor only arises
when applied to a multivector.
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To analyze this, we expand V in the general basis {e,}:

VAV = (e ("0p)

0a) N
—e A[ae ab+ebaab}
(D.2.11)
= e /\[ 8b+€aab]

=e"Ne (&ﬁb — Y, 0c) -
Because e A e? is antisymmetric, we can rewrite Equation (D.2.11)) as
VAV =e"Ae ([0a, D] + (Y — Y5,) 0e), (D.2.12)

where [0y, 0p] = 040y — Op0, is the commutator of directional derivatives,
and we proceed to analyze each term separately.

The commutator of directional derivatives, [0y, 0p], can be expanded in
terms of the coordinate frame and the vierbein, g, = €%,e,, along with
similar relations, to obtain the commutator of coordinate derivatives and

the coefficients of anholonomy:

[0a, O] = le,/* O, €70,
= e, (0uey”)0, + el 'e,” 0,0,
— ey (0ve,)Ou — €7 e, 0,0,
= e ' (Ouey”)e’, 0. — ebl’(&,ea”)ecuﬁc (D.2.13)
+e.l'e) (0,0, — 0,0,)
— e ey (00, — 0u6)0c + e, [0, )]
— 1500+ ee, [0, D).

The coefficients of anholonomy, or structure coefficients, féb, represent the
non-closure of a circuit using steps the size of the basis {e,}, while [0,,0,]
denotes the commutator of coordinate directional derivatives.

In GR we set torsion to zero, consequently the Christoffel symbols of
second kind are symmetric in their lower indices and the commutator of di-
rectional derivatives, when acting over scalar fields, is zero. This is carelessly
extended to the rule that coordinate directional derivatives commute.

The approach presented here is more consistent: When setting torsion
to zero, directional derivatives only commute when acting over scalar fields
because those contain no basis vectors,

[0,1,8,]¢ = 0. (D.2.14)
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But when acting over vector or multivector fields there is a dependence on
the path taken and coordinate derivatives do not commute. In fact, by
following the chain rule and expanding such operation we obtain the Ricci
and Riemann tensors.

[0y, 0v]a = (0,0, — 0,0,,)a™ Yim

+am7n(8 W) — @ ’Yn(auw H) (D.2.15)

l
+wmy 'n,p,a ’n_wmy nya i

= a" Y (Ouwry) — @ (Opwyy,,,)

+ W Wi ™ Y — Wi 10"

= (aliw?m/ - a'/wg@,u + wim/wlz - winuwlnu) a™
= anuuam’}/’n - [R;w; a] = R;w - a.

Here, R",,,, are the components of the Riemann tensor in mixed coordi-
nates, and Ry, denotes the Riemann tensor as defined in Section 2.4 The
final step holds only for a being a vector field. Following the same steps for

a multivector field M, we obtain:
Oy, 0y |M = [R(gu A gv), M]. (D.2.16)

Meaning that the commutator of coordinate directional derivatives is equiv-
alent to the commutator of the Riemann map, acting over the coordinate
bivector g, A g, with the multivector M.

Notice, however, that in Equation , [0, 0,] appears contracted
with ¢g"* A g”. This contraction further simplifies Equation by the
first Bianchi identity, Equation , and the definition of the Ricci vector,

Equation ([2.4.8]), as follows:

9" N g"R,,0" 9o = R%3,,0" (" N g" - ga + 9" N g" N ga)

0
= R’ + R’y hgt O

= Rﬁﬂaﬁg“ = R(a).

Thus, we obtain the action of the Ricci tensor on the vector field a.
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By decomposing the commutator of directional derivatives into the com-
mutator of coordinate directional derivatives plus the structure coefficients,

we can rewrite Equation (D.2.11) as:
VAV =eAel (el ey [0, 0] + (£ + TS — T5,) 0c) . (D.2.18)

Examining the second term on the right-hand side, we can directly iden-
tify it with the torsion tensor:

( ((z:b + Tgb - ga) Oc = (f((z:b + Tgb - ga) ec- V= Sab V. (D219)

In GA, the torsion tensor is a map from bivectors to vectors, such that
it takes an bivector area a A b and returns the corresponding non-closure
vector S(a Ab) =S, =S, ec:

S:A? € GTyM — A' € GTyM. (D.2.20)

This construction of torsion gives immediately its antisymmetric character
in its bottom two indices.
We can express the torsion tensor in components as:

S=g"Ng" AgaS?,, . (D.2.21)

The torsion tensor acts as a first-order differential operator. Therefore,
the variation due to torsion of a vector field a, as a result of transporting it
around a coordinate area g, A gy, is given by:

S - Va=8%,,0.a= 5%, (0. +a'T' )gs. (D.2.22)

The torsion tensor quantifies the non-closure of parallelograms, as illus-
trated in Figure From Equation , we see that this dislocation,
which is analogous to the Burgers vector in solid-state physics, can have two
distinct origins.

First, torsion may arise from the choice of an anholonomic basis, in which
case f, # 0. This type of torsion is not physical, as evident from its appear-
ance in flat spaces when constructing an orthonormal tetrad in cylindrical
coordinates and transporting a vector around a loop taking normalized steps
along the coordinate grid.

Second, torsion, like in solid-state physics, can originate from “defects”
in spacetime, which impede loops from “closing” everywhere. This type
of torsion is physically meaningful. In the Einstein-Cartan theory of grav-
itation, spin generates this torsion in the same way that mass generates
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Figure D.1: Representation of torsion. Given two vector fields a and b that
coexist at point p, we can parallel-transport one along the other to obtain
a,|q| and bu. The failure of the transported vectors to close is quantified by
the torsion vector S(ap, A bp).

curvature. In such cases, it is impossible to globally close parallelograms by
changing the choice of frame, just as curvature effects cannot be globally
removed by changing coordinates.

In GR, we axiomatically set torsion to zero. Gravitational theories
that include both curvature and torsion are called Einstein-Cartan theo-
ries. As they are currently developed, such theories predict torsion to be
non-propagating outside of sources, making it either non-measurable or ir-
relevant for current gravitational calculations.

Finally, we can elegantly express the action of the second derivative of a
vector field as:

V2a = Aa + R(a) + Sy - Va, (D.2.23)

where Sy, = S(b A ¢) is the torsion tensor applied to the corresponding

bivector, as defined in Equation (D.2.19)).

D.2.4 Einstein Equations

Under these considerations, we can recast the Einstein tensor to highlight
its second-order nature. To do so, we introduce the following notation for
the derivative with respect to a vector:

0

— gt
o) =9 D

(D.2.24)

This operator is analogous to V, with the difference that V = 8“8% per-
forms derivatives with respect to coordinates, while 0,y operates with re-
spect to the components of a vector.
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Using this, we can remove the a dependence from the Ricci vector in a
contraction operation:

G(Q) -R(a) = 8(@ -(VAVa) =R, (D.2.25)

to obtain the Ricci scalar.
Thus, we can express the Einstein tensor as:

1 1
G(a) = R(a) — §a72: V AVa— §a8(b) (VA VD). (D.2.26)

This form of the Einstein tensor makes its second-order nature explicit and
shows its relationship to the circulation of vector fields.
Einstein’s equations then take the form:

1
V AVa— iaa(a) (VAVa)=T(a), (D.2.27)

where T'(a) denotes the energy-momentum tensor of the system as defined
in Section 2.5

D.3 Conclusions

Based on these calculations, we conclude that when physical laws are ex-
pressed in their abstract, contracted form, they do not require alteration for
application to curved manifolds. The systematic application of the chain rule
to directional derivatives acting on the components and corresponding basis
vectors of objects naturally produces all necessary connection terms. There-
fore, the minimal coupling principle can be viewed as a non-fundamental rule
that does not need to be imposed, but rather arises from using an inadequate
formalism.

An illustrative example of this is the expansion of Maxwell’s equations,
Equation , into components using these rules. Following this ap-
proach, it yields all the correct terms for its generalization to curved man-
ifolds. Moreover, all connection terms emerge without ambiguity in their
order, unlike with the minimal coupling procedure.

Even if this presentation may seem trivial, it is noteworthy how smoothly
the results are obtained. I believe we should adhere to the principle of
parsimony when selecting formalisms, introducing new operators and rules
only when strictly necessary. In this regard, the approach developed here
proves to be remarkably simple and consistent.
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Appendix E

Schwarzschild and
Kerr-Newman tensors

In this appendix, I present the Riemann tensor for the Schwarzschild and
Kerr-Newman black holes as calculated using the tetrad-geometric algebra
(GA) formalism presented in Chapter

Since we are dealing with multiple bases, and the mixture of indices and
abstract notation can be confusing, it is helpful to clarify the components
of the Riemann tensor explicitly.

The Riemann tensor is a multilinear function between bivectors, meaning
it acts on a bivector and returns another bivector. We can express its action
over the bivectors a A b € A> GT,M as:

R(a Ab) = a"b (R(gu A gu)™ ea A eg. (E.0.1)

Where we decomposed a Ab in the coordinate base and expressed R.(g, A gy)
in the general base {e,}.

We usually denote the bivector resulting of making the Riemann act
over the coordinate bivectors as R(g, A g,) = Ry, and its expansion in the
coordinate base,

R, = (R,uu)aﬁ ge A 967 (E.0.2)

gives back the components (R, ) B corresponding to the expression of the
Riemann tensor in conventional tensor calculus R, qg3-

In this context, confusion can arise when discussing a change of basis,
as it is possible to change either the bivector on which the Riemann tensor
acts or the basis in which it is expanded.

Another common choice is, R(ymAYn) = Rin, representing the bivectors
resulting of making the Riemann map act over the tetrad bivectors. The
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decomposition of this bivectors in the tetrad frame is what is refer to in
literature as the Riemann tensor in the tetrad frame R,,;,qp-

E.1 Schwarzschild black hole

By working in Schwarzschild coordinates and choosing a tetrad with a
minkowski metric whose axes are aligned with the coordinate axes we obtain
the following expressions

The Riemann tensor over the coordinate bivectors, R,, = R(g, A gu),
as expressed in the tetrad and the coordinate frame is

2GM 2GM
Ry = — r3 YNV = — 3 gt N\ gr (E.1.1)
GM 2GM GM
Ry =—5-\1- YAV = —39t N\ ge (E.1.2)
T 'S r
G M sin(0 2GM GM
R = 2 ©) 1 - T NYg = 3 9 N 9gg (E.1.3)
GM 1 GM
Rrg=—3 Y ANV = —-9r N\ G (E.1.4)
r 1— 2GM r
T
G M sin(0) 1 GM
Ry = Ao = —zgr A E.15
ré 72 1— 2GM Tr A 3 r N G¢ ( )
T
2G' M sin(60 2GM
Rog = _r()’w Ao =——390"N9s (E.1.6)

The Riemann tensor over the tetrad bivectors, Ry, = R(vm A7) as
expressed in the tetrad frame are

Ry = —2(534% A Y (E.1.7)
R;,, = CjTM% AYm, m=06¢ (E.1.8)
Ry = 6;7]3\4% ANYm, m=20,¢ (E.1.9)
Ry = —26;5\479 A (E.1.10)

Note that the components of the Riemann acting over the coordinate
bivectors expressed in the coordinate frame has the same components than
the Riemann acting over the tetrad components expressed in the tetrad
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basis. This is a consequence of the high degree of symmetry of the system
and it is not a general result.

Because the Schwarzschild metric is a vacuum solution of Einstein’s equa-
tions, the Ricci vector, Ricci scalar and Einstein tensor are identically zero.

E.2 Kerr-Newman

For simplicity I will only present the components of the Riemann tensor
for the equatorial plane § = 7/2 as calculated from the Boyer-Lindquist
coordinates, Equation . As explained in Section we choose tetrads
which are static with respect to the background stars as observed by distant
observers. This is known in literature as static tetrads.

The Riemann over the coordinate bivectors, R,, = R(gu A gv), as ex-
pressed in the tetrad frame and coordinate frame is

_3Q2—2Mr a(Mr—QQ)
Rir = —a NYr + W% N (E.2.1)
a® (4Q% — 3Mr) +r? (3Q? — 2Mr
e )+ ) ina
a(3Mr—4Q2)
16
Mr— Q%) RVA 2_2M
Rw:( s ?4) ’Yt/\’Ye‘FCW"Y@/\’Y(b (E.2.2)
a? 3M7‘—2Q2 + 72 ]\47‘—@2
= ( 16 ( )Qt/\ge
a(2Q? — 3Mr
( 6 )gequs
Mr— Q%) RVA Mr—Q?
= ( ) YNV = 707474625%/\% (E.2.3)
_MerQ A _Mer2 A
- 7"2R\/Z ’YT 79_ 7"4 gT 99
a (3@2 — 2M7“) (Mr — QZ) R
= - WA+ e A (E.2.5)
a(a® +r?) (4Q* — 3Mr
= ( )56 )gt/\gr
L @ (3Mr —4Q%) + 1* (M7 - @?)
6

gr N\ G¢

(E.2.4)

gr N\ G¢
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a(Mr—Q?) RVA R?(Q?% —2Mr
Ry = ( o ) e N Yo + ( " )’)/9/\’Y¢ (E.2.6)
a(a®+r?) (3Mr —2Q?
oA,
a® (2Q2—3Mr)+r2 (Q2—2Mr)

76

+ go N\ 94

The Riemann acting over the tetrad bivectors, Ry, = R(ym A7) as
expressed in the tetrad frame is

Rj; = ?)QQ;QMT% AYr (E.2.7)
Ry, = M e m= b (E.2.8)
Rim = MTTZQQ% ANYms, m=10,¢ (E.2.9)
Rgg = QZ;EMTW AV (E.2.10)

The expressions in the tetrad base are more compact and observing the
) — ¢ symmetry in the R;,, and Ry, we can see that they also reflect better
the spherical symmetry of the system.
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