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Abstract

In the Standard Model of particle physics, the masses of fermions and gauge bosons are
generated by the Higgs mechanism at the classical level. The Higgs boson is an ele-
mentary scalar field and its mass is not protected against quantum correction from new
scales thereby giving rise to the hierarchy problem. In this thesis, we explore classical
scale invariance as a potential solution to the hierarchy problem. Our main result is the
proposal of Custodial Naturalness, which is based on a combination of classical scale
invariance and an enhanced custodial symmetry in the scalar sector, imposed at some
high scale. Both symmetries are radiatively broken, and dimensional transmutation
generates an intermediate scale that spontaneously breaks the enhanced custodial sym-
metry. The Standard Model Higgs boson arises as a pseudo-Nambu-Goldstone-boson
associated with this breaking. We present several models in which Custodial Natural-
ness is realized. The number of free parameters in the minimal model is the same as in
the Standard Model, and extensions can populate the neutrino portal or introduce dark
matter candidates. Further, we also discuss outer automorphisms. The transformations
of fields under outer automorphisms are not symmetries of the Lagrangian. We show
that they can be thought of as symmetries of the beta functions. Further, we explore
connections to naturalness and discuss scale transformations as outer automorphisms.

Zusammenfassung

Im Standardmodell der Teilchenphysik werden die Massen von Fermionen und Eichboso-
nen auf der klassischen Ebene durch den Higgs-Mechanismus erzeugt. Das Higgs-Boson
ist ein elementares skalares Feld und seine Masse ist nicht beschiitzt gegen Quantenkor-
rekturen von neuen Skalen. Dies fiihrt zu dem Hierarchieproblem. In dieser Arbeit unter-
suchen wir die klassische Skaleninvarianz als mogliche Losung fiir das Hierarchieproblem.
Das Hauptergebnis dieser Arbeit ist der Vorschlag von Custodial Naturalness, welcher
auf einer Kombination der klassischen Skaleninvarianz und einer Erweiterung der cus-
todialen Symmetrie im skalaren Sektor beruht, welche bei einer hohen Skala realisiert
werden. Beide Symmetrien werden durch Quantenkorrekturen gebrochen, und dimen-
sionale Transmutation erzeugt eine Zwischenskala, welche spontan die erweiterte custo-
diale Symmetrie bricht. Das Higgs-Boson des Standardmodells ist ein Pseudo-Nambu-
Goldstone-Boson, welches mit dieser Brechung assoziiert ist. Wir prasentieren mehrere
Modelle, in denen Custodial Naturalness realisiert ist. Die Anzahl der freien Parame-
ter im minimalen Modell ist die gleiche wie im Standardmodell wahrend Erweiterungen
das Neutrinoportal erzeugen oder Kandidaten fiir dunkle Materie einfiihren konnen. In
dieser Arbeit diskutieren wir zudem &uflere Automorphismen. Die Transformationen
von Feldern unter dufleren Automorphismen sind keine Symmetrien der Lagrangedichte.
Wir zeigen, dass diese als Symmetrien der Beta-Funktionen betrachtet werden kénnen.
AuBerdem untersuchen wir Verbindungen zu Naturalness und diskutieren Skalentrans-
formationen als duflere Automorphismen.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics is remarkably successful in de-
scribing the known particles and their interactions. Central for the description
of interactions are gauge symmetries. The gauge group of the SM is given by
SU(3)e x SU(2)r, x U(1)y. The electroweak sector is spontaneously broken to elec-
tromagnetism as SU(2)p, x U(1)y — U(1)em by the Higgs mechanism [5-7]. The
discovery of the Higgs boson with a mass of 125 GeV confirmed this final piece
of the SM [8,9]. The value of 125 GeV for the Higgs mass allows for the SM to
be valid up to the Planck scale fulfilling constraints from triviality [10] and vac-
uum stability [11-13]. It turns out that the Higgs potential is metastable and the
quartic coupling is close to zero at the Planck scale [14-16].

In the SM, the Higgs boson stands out as it is the only elementary scalar
field. While gauge bosons are required to be massless due to unitarity and fermion
masses are protected by chiral symmetry, the mass terms of elementary scalar
fields are not protected by any internal symmetry. If there was a new mass scale
A, then there would be loop corrections to the Higgs mass oc A2, Naively, one
expects that the Higgs mass is close to A unless there is a very precise cancellation
of the different contributions to the Higgs mass. This is known as the hierarchy
problem.

The classical action of the SM has only one dimensionful coupling which is
the Higgs mass parameter. All other couplings are marginal. It turns out that
an action with only dimensionless couplings is scale invariant.! In case of the

In this thesis, we often use the terms scale invariance and conformal for classical scale
invariance. Occasionally, we also discuss the case where these symmetries hold at the quantum
level. It should be clear from context, whether we refer to the symmetry of the classical action
or the symmetry that holds at the quantum level.



SM, this scale invariance is explicitly broken by the Higgs mass parameter. In
the context of Quantum Field Theory (QFT), there is a second source of explicit
breaking of scale invariance given by the scale anomaly. Quantum corrections
generate a scale dependence of the couplings which manifests in the non-vanishing
beta functions. In Ref. [17], Bardeen argued that, if there is no mass scale other
than the electroweak (EW) scale, then the anomalous breaking of scale invariance
will not give divergent contributions to the Higgs mass parameter and the SM does
not have a hierarchy problem. The hierarchy problem manifests itself when new
physics and therefore additional scales are introduced.

A natural step is to consider scenarios where the approximate scale invariance
of the SM is promoted to an exact symmetry of the classical action.? Coleman and
Weinberg showed that in classically scale invariant theories, dimensional transmu-
tation in the weak coupling regime can generate a scale [22]. The simplest incarna-
tion, i.e. the SM without a Higgs mass term, is excluded as it requires a light top
quark and a Higgs mass below 10 GeV [22-24]. In models with additional scalar
fields, symmetry breaking via the Coleman-Weinberg mechanism can successfully
be realized, for example in minimal realizations [25-34], including dark matter
(DM) [35-42] and B — L gauge symmetry [43-47]. Left-right symmetric models
have been considered in Ref. [48] and the generation of neutrino masses in scale
invariant models is realized in Refs. [19-54].

In these scale invariant extensions of the SM, a large separation between the
EW scale and the Planck scale is naturally achieved by dimensional transmutation.
The classical action has only dimensionless couplings which have a logarithmic
dependence on the renormalization scale. Due to this logarithmic running, it
typically takes many orders of magnitude for the couplings to reach the critical
values where spontaneous symmetry breaking occurs and an intermediate scale is
generated. The Higgs doublet obtains a mass term via the scalar portal coupling.
Typically, new particles gain masses of order of the intermediate scale and, due to
experimental constraints, these new particles are required to be heavy giving rise
to the little hierarchy problem.

The little hierarchy problem is often addressed by the idea that the Higgs
boson might be a pseudo Nambu Goldstone boson (pNGB) of a spontaneously
broken global symmetry. It can be realized for example in composite Higgs mod-
els [55-58], little Higgs models [59-64] and twin Higgs models [65-67]. Goldstones
theorem [68-70] implies that for any global continuous symmetry which is sponta-

2Scale invariance can be imposed as a symmetry of the classical action. It might also originate,
for example, via the resurgence mechanism [18-21] in the context of asymptotic safety.



neously broken, there is a massless scalar field. This so called Goldstone boson 7
has shift symmetry, i.e. the action is invariant under w(x) — 7(z) + 6 where 6 is
a constant. Shift symmetry requires that the Goldstone boson has only derivative
interactions while mass terms and quartic interactions of the Goldstone boson vi-
olate shift symmetry. If the global symmetry is approximate, then we will expect
contributions to the mass of the pNGB proportional to the amount of explicit
symmetry violation and the scale of spontaneous symmetry breaking. In the SM,
shift symmetry of the Higgs boson is badly violated by the top Yukawa interaction
and, to a lesser extent, by the electroweak gauge interactions and the scalar quar-
tic term in the potential. Naively, one expects the scale where the approximate
global symmetry is spontaneously broken, to be close to the EW scale. Alterna-
tively, there could be a top partner which, together with the SM top quark, forms
a multiplet under the global symmetry. Regardless one expects new physics at
~ 1TeV.

One of the main results of this thesis is the concept called Custodial Natu-
ralness [1,2]. This concept combines classical scale invariance with an enhanced
custodial symmetry in the scalar sector. The Higgs boson is assumed to be the
pNGB associated with the spontaneous breaking of the enhanced custodial sym-
metry. The Higgs field is a fundamental scalar field and the top Yukawa coupling
is a marginal coupling, just as in the SM. By similar reasoning to Bardeen’s argu-
ment, there are no large contributions to the Higgs mass from the top quark loop.
This is in contrast to strongly coupled models where the top Yukawa interaction is
generated at the intermediate scale. In models realizing Custodial Naturalness the
top Yukawa interaction violates the global symmetry explicitly and no top partner
is introduced. However, it can be shown that the contributions to the Higgs mass
associated with this explicit symmetry violation are small due to the nature of
the top Yukawa coupling as a marginal coupling. Previous work on an elementary
Goldstone Higgs boson [71,72] also finds that a top partner is not necessary.

Custodial Naturalness is based on the combination of conformal and enhanced
custodial symmetry. The scalar sector consists of the Higgs doublet and an ad-
ditional complex scalar field. At some high scale such as the Planck scale, the
potential has a SO(6) custodial symmetry and is scale invariant. Both symme-
tries are radiatively broken and at an intermediate scale the Coleman-Weinberg
potential has a non trivial minimum such that SO(6) custodial symmetry is spon-
taneously broken. The Higgs boson is much lighter than the intermediate scale
as it is a pNGB associated with this spontaneous breaking of SO(6) custodial
symmetry. The charge assignment and particle content of the minimal realization



of Custodial Naturalness are very similar to the conformal version [43,44] of the
minimal B — L model [73-79].

Solutions to the hierarchy problem where the Higgs boson is a pNGB rely on
symmetries which are explicitly broken. Explicitly broken symmetries are closely
connected to t'Hoofts understanding of naturalness [80] which states that dimen-
sionless parameters will be naturally small if, by setting them to zero, the symme-
try of the model is enhanced. This concept of naturalness relies on the behaviour
of the beta functions under the symmetry transformations of the explicitly broken
symmetry. It turns out that such explicitly broken symmetries are often con-
nected to so called outer automorphisms. Mathematically, outer automorphisms
are maps from the symmetry group to itself. We can define how fields transform
under outer automorphisms. These transformations are not symmetries but they
can be absorbed into the couplings of the theory. Outer automorphisms can play
an important role in understanding features of a model. For example they map
redundant parts of the parameter space onto each other. Some aspects of outer
automorphisms in particle physics have been studied for example in Refs. [81-91].
In this work we show that outer automorphism transformations can be understood
as symmetries of the beta functions, i.e. the beta functions transform covariantly.
This then implies the underlying argument of t’Hooft naturalness, i.e. the beta
function of a small coupling is small if by setting this coupling to zero a symmetry
in enhanced. Scale transformations (dilations) are an outer automorphism of the
Poincare group. Due to the scale anomaly, dilations serve as an important example
to understand anomalies of outer automorphisms.

This thesis is structured as follows: In Chapter 2 we introduce scale symmetry
and discuss the scale anomaly and in Chapter 3 we review die hierarchy prob-
lem and various approaches that address the hierarchy problem. The effective
potential, which is essential to understand the vacuum structure of scale invari-
ant models, is introduced in Chapter. 4. Chapter 5 discusses the relation of the
effective potential to the beta functions and we present calculations that illus-
trate how a pNGB obtains a mass in scale invariant settings. In Chapter 6 we
introduce the concept of Custodial Naturalness. We also discuss different models
that realize Custodial Naturalness and the experimental signatures. Chapter 7
introduces outer automorphisms and we discuss the transformation properties of
beta functions. We also provide several examples. In Chapter 8 we draw our
conclusions.



Chapter 2

Scale invariance and scale
anomaly

In this chapter we introduce scale transformations and discuss how fields and the
action transform. The Noether current for scale transformations can be expressed
in terms of the modified energy momentum tensor. Scale invariance of the clas-
sical action does not imply scale invariance at the quantum level. In QFT, scale
symmetry is typically anomalous and we discuss the origin and consequences of

the anomaly.

2.1 Scale transformations in classical field theory

2.1.1 Scale transformations

Scale transformations (also called dilations) are space-time transformations that
act on a space-time point x,, as

T, — ), = ey, (2.1)
where o is a real number. The fields transform as
o(x) = ¢'(x) = (e ), (2.2)
where d = 1 for bosons and d = % for fermions. For infinitesimal o, we have
¢'(x) = o(x) + o(d+ 2"0,) (). (2.3)

5



The transformation of the action is found by
Si6) = [ d'a £16/(@). 0,6/ ()
= [ @ Lo, 0,00+
oL oL
+o ((5¢ (d+ 270,)o(x) + 58H¢(d +1+ x”@,,)@(ﬁ(x))

=siel+a [ (0. (0) + d55000) + (A4 V5 =0,000) — 4L )
(2.4)

The action will be symmetric under dilations if S[¢'] = S[¢p]. This requires that
the integrand vanishes up to total derivatives and therefore scale invariance implies

oL oL

A550(0) + (d+ )55 550,0() -

Since d is equal to the mass dimension of the field ¢, for any dimension four opera-

AL = 0. (2.5)

tor the contributions cancel. Thus Eq. (2.5) implies that there are no dimensionful
couplings in the Lagrangian.
For a scale invariant action, we find that the Lagrangian transforms as

5L = d,(z"L), (2.6)

and the Noether current [92] for scale transformations is given by

oL

P = 58.0u@)

(d+ 2"0,)pq(x) — at L. (2.7)

2.1.2 Modified energy momentum tensor

The Noether currents for space-time translations and Lorentz transformations can
all be expressed in terms of the energy momentum tensor, which is given by

L
© i
T = 55,5000 — 9L (2.8)

For example, translation invariance implies

8,T" = 0. (2.9)



Ref. [93] showed that it is possible to define a new energy momentum tensor as

OM = TH 4 G5, (2.10)
where YA = —¥*E_ One can easily check that, due to translation invariance,
0,0 = 0. (2.11)

Ref. [93] showed that this modified energy momentum tensor is connected to the
Noether current of scale transformations (see Eq. (2.7)) via

D! = x, 01 (2.12)
and therefore scale invariance implies
0,D" =0t =0. (2.13)

For illustration, consider a real scalar field ¢ with the following Lagrangian

A

1 1
— w242 7
L =50.00" — 5m’¢” — 4

Pt (2.14)
The modified energy momentum tensor is given by [93]
O =Ty — é (0,0, — 9,0 0%) 67, (2.15)
and the equations of motion imply that
9, D" = O, = m?¢?, (2.16)

which is in line with the observation in Eq. (2.5) that dimensionful couplings violate
scale invariance.

2.1.3 Conformal symmetry

Scale invariance is closely related to conformal symmetry. The conformal group is
generated by Lorentz transformations, translations, dilations (see Eq. (2.1)) and
by the so called special conformal transformations. The latter act in space-time

points as
B plge2
S —be Tz szxz =at +2(b- x)at — ba?, (2.17)




where we expanded for infinitesimal transformations in the second step. In four
space-time dimension, the conformal group is isomorphic to SO(4,2) and has 15
generators. By definition, conformal invariance implies scale invariance.

Under specific circumstances, the converse is also true. For example, consider
a classical field theory in four dimensions, which is Poincare invariant, and has
renormalizable interactions. Then scale invariance implies conformal invariance of
the classical action [93-95] (see also Refs. [96,97]).!

In QFT the analogue question is more involved. Whether a theory, which is
invariant under dilations even at the quantum level, is also conformally invariant
is not conclusively answered. In two space-time dimensions there is a proof that
scale invariant QFTs necessarily posses conformal invariance. In four space-time
dimensions, there is no such proof. Under certain assumptions (such as unitary
and causality) there is a perturbative proof of the enhancement of scale invariance
to conformal invariance [97,99].

2.2 Scale anomaly

Scale invariance of the classical action does not imply scale invariance of the corre-
sponding QFT. Quantum effects generate the running of couplings which violates
scale symmetry explicitly. In the path integral formulation of QFT, the anomaly
must come from the transformation of the path integral measure since the classical
action is assumed to be invariant.

2.2.1 Scale anomaly from path integral measure

Consider the generating functional

Z1J] = / D¢ exp <z’S[q§] + i / d'z J(a:)qb(x))

:/D(lﬁ/ exp (iS[(Jﬁ'] +i/d4x J(x)qﬁ/(x)) | (2.18)

IThere are examples where scale invariance does not imply conformal invariance of the classical
action. For example, the free Maxwell theory in d # 4 is scale invariant but not conformal
invariant [98].



where in the second equality we substitute the integration variable. In order to
express the measure D¢’ in terms of D¢ we use the Fujikawa trick [100] by writing
¢ =Y, an®y for some orthogonal basis ¢,. Then we have

D¢ = [ [ da.. (2.19)

The transformed measure D¢’ can be written as
D¢’ = Hda; = Hdan det(J) = Hdan etrloe] — pg eMrlos s, (2.20)
where J,,,,, = gsi is the Jacobian matrix. For an infinitesimal transformation

¢ (z) = ¢(z) + 0¢(x), we have
a, = a, + /d4x dp(x)pn (), (2.21)
and therefore

D¢’ = [ [ dan (1 + Tr / d'z %(M(an(x)) . (2.22)

If we expand Eq. (2.18) for infinitesimal transformations and set the source J(x) =
0, we will find

9, . .
0= /D¢ (Tr/d4x %(M(:L’)@L(x) +6S) e =: /m) (A+489)e™. (2.23)
For the scale transformation d¢ = (d + 70, )¢, we have
0
A=Tr / d'z %&b(x)gbn(x) = Tr/d4x On(2)(d+ 270,) P (). (2.24)

We might try to use partial integration and calculate
A=(d- 2)Tr/d4x Gn(2)bm(x) = (d = 2)Tx Oy = (d = 2) Y Gpn,  (2.25)

where we used that ¢, is an orthogonal basis. This expression diverges and there-
fore we need to use a regulator.

As an example, we sketch this calculation for the massless ¢* theory (i.e.
Eq. (2.14) with m? = 0) following Ref. [101]. We introduce a regulator function
f(XL/M?) as

A=Tr / 0 () (1 + 270,) f (A2/M?) bua(), (2.26)

9



where )\, are the eigenvalues defined by the equation (8u8“ + %¢2) On = A\, and
A2 1
() .
v TG

Ref. [101] explicitly calculates the anomaly A and the result is given by?

A= /d% (%d)Z) = /d% %&. (2.28)

Therefore the scale anomaly is simply given by the non-vanishing beta function.
Eq. (2.23) suggests that

1
3272

A= 68, (2.29)

which justifies the statement that, under scale transformations, the couplings
transform as A — A — o f3,.

2.2.2 Scale anomaly from loop calculations

We have shown how the scale anomaly can be derived from the transformation
of the path integral measure. This is not the only way to see that an anomaly is
present. The violation of the symmetry by quantum effects also shows up in the
calculation of loop diagrams. The following argument does hold for any anomalous
symmetry.

The Feynman rules are obtained from the classical Lagrangian which is invari-
ant under the symmetry. Therefore, in any Feynman diagram, every vertex and
every propagator transforms covariantly. Superficially it seems that there is no
way that the symmetry is broken. However, in loop diagrams we need to regular-
ize the divergences in order to make predictions. If there is an anomaly present,
the regulator will break the symmetry. One needs to be careful since the converse
statement is not correct. For example, in QED with cutoff regularization, the
cutoff breaks gauge invariance, however gauge invariance is not anomalous.® In
different regularisation schemes, such as dimensional regularization, gauge invari-
ance is never broken. We should make the more precise statement: If a symmetry
is anomalous, then every regulator will break the symmetry.

2There are some subtleties in this calculation. There is an infinity which occurs even for the
free theory known to be scale invariant. Therefore this infinity needs to be subtracted. There
is also the usual quadratic divergence which is canceled by the counterterm. Further ¢, are
obtained by assuming fluctuations around a saddle point truncated at leading order. The beta
function found by this procedure only includes the one-loop contribution.

3Gauge symmetries are required to be anomaly free, as otherwise unitarity is violated.

10



Scale symmetry is anomalous, unless the beta functions vanish, i.e. the theory
lives at a fixed point. In cutoff regularization, the cutoff scale A breaks scale
invariance. In dimensional regularization, the scale p is introduced to keep the
marginal couplings dimensionless. This scale then breaks scale invariance.

At this point we comment on an idea to regularize the divergence without
breaking scale invariance [102] (see also [103-107]). Suppose in dimensional regu-

<179 where w is a dynamical field

larization, the scale y is replaced by p?¢ — (w?)
with non-zero expectation value. Since w transforms covariantly under scale trans-
formations, the regularization process does not break scale invariance and there is
no scale anomaly. In the broken phase, where we expand around the VEV of w,
this regularization scheme gives very similar results to traditional regularization
schemes. However new interactions involving w are present. In the unbroken phase

(wQ)E/(lfe) and

the theory is non-renormalizable due to the interactions involving
it is unclear whether this is a well defined theory. It should also be noted that
scale invariant renormalization is not simply a new regularization scheme. It does
introduce new interactions and therefore the theory is altered compared to other

regularization schemes.

11



Chapter 3

Hierarchy problem

The particle content of the SM includes an elementary scalar field given by the
Higgs boson. The masses of scalar fields are sensitive to new scales giving rise to
the hierarchy problem [108-112]. In case of a single scale system, the quadratic
divergences are an artifact of renormalization and such a system does not have a
hierarchy problem. The hierarchy problem manifests if there are two or more mass
scales present. In this chapter, we discuss the different aspects of the hierarchy
problem and present some popular approaches to address the hierarchy problem.

To some degree, the hierarchy problem is connected to the understanding of
renormalization. However, the discussion in this chapter should no be seen as
a review of renormalization. We only mention those aspects of renormalization
relevant to understanding the hierarchy problem and do not provide any more
details on renormalization than necessary.

3.1 Quadratic divergence

Consider a toy model which consists of a single real scalar field ¢ with a Lagrangian
given by
1 m? A
L=—-¢0¢— —¢* — =¢" 3.1
So06— T-6? = S0 (3.1)
Now, we consider the two-point functions in order to figure out how the mass term
is renormalized. The two-point function is given by the geometric series

TP ()

(3.2)

12



where Y is given by the sum of all 1PI graphs, i.e.

—.— —iS(p?). (3:3)

In the previous equation, we dropped the in- and outgoing propagators. It is
important to realize that the mass of ¢ is not simply given by the bare mass m.
The parameter m? should be thought of as a parameter in the Lagrangian which
needs to be fixed by a measurement. Typically a measurement fixes the pole mass
mp of ¢. The pole of the propagator in Eq. (3.2) is given at

(p* —m* + 2(p%)) =0. (3.4)

p27mp

This condition can be used to fix the mass parameter m?2.!
The leading order contribution to X is given by

/ T ‘ (3.5)

This integral is quadratically divergent. Wick rotating and evaluating the integral
over the angular coordinates gives

ix [ d'k i i [ k3
— == dkp——2—. 3.6
2 / (2m)* k2?2 — m? 1672 /0 Ek% +m? (36)
Introducing a cutoff A, we find
ix ot k3, iN m?
- == A? In | —— ) |- :
167r2/0 R e ( m n(m2+A2)) (37)
From Eq. (3.4) we find the one-loop result
A m?
2 _ 2 2 2

2 =m?% +0,,, where 6, is formally at one-loop order,

A 2 2 mp

!There is a second renormalization condition connected to the residue of the pole. We do not

Introducing a counterterm m
gives

discuss this further as in this section we only consider scalar diagrams at one-loop level where
the wave function renormalization is trivial.

13



Sometimes the hierarchy problem is formulated as follows: Why is there an almost
exact cancellation between the bare mass term m? and A?? This formulation of
the hierarchy problem fails to fully capture the essence of the hierarchy problem.
The reason is that A is just an unphysical regulator introduced, to allow us to
deal with the divergence of the loop integral. We can just a well choose a different
regularisation scheme. For example in dimensional regularisation we find

iN [ Ak i VT A
_— % J—
2 ) (2m)* k% —m? 2 (2m)? k2 — m?

_ it N d
©2(4m)d/2 \m? 2]’

where p is the usual renormalization scale and I' is the Gamma function, i.e. the

(3.10)

analytical continuation of the factorial. Expanding for d = 4 — € we find

Q__-n m? (_2 14 (ML)) , (3.11)

- 3272 € 24meE

where vg is the FEuler-Mascheroni constant. Using the on-shell renormalization
condition Eq. (3.4) and introducing a counterterm as m? = m% + d,,, we find

Ay 2 m

In dimensional regularisation, there still is a divergence that is canceled by the

counterterm. In four dimensions this divergence is no worse than the divergence
for marginal couplings and there is no reason to assume that there is anything
wrong with with a small mass term in this toy model.?

We have seen that the appearance of the quadratic divergence depends on
the renormalization scheme (more precisely the regularization scheme). Should
we therefore conclude that the quadratic divergence is unphysical? In QFT, we
do not expect any renormalization scheme to be “better” than any other.®> All
physical predictions should be scheme independent. Therefore, we conclude that
the quadratic divergence is unphysical. For a discussion of scheme dependence in
the Wilsonian approach to renormalization, we refer to Refs. [113,114].

2To be precise, in dimensional regularisation we cannot even say if the mass term is small as
there is no other scale, to which we can compare.

31t is however conceivable that at some UV scale, QFT is embedded, for example into string
theory, in which case the UV completion might determine the “correct” renormalization scheme.
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3.2 Scale symmetry and Bardeen argument

We have calculated the loop integral Eq. (3.5) in cutoff regularisation and dimen-
sion regularisation. The difference between the two result is even more profound,
if we take the limit m? — 0. We find

g 2 _ { 0 in dimensional regularisation, (3.13)

— A A2 in cutoff regularisation.
327

In dimensional regularisation, we can safely set the mass m? to zero. It will
not be introduced by loop corrections. In cutoff regularisation, for m? = 0 the
counterterm d,, is still required to cancel the quadratic divergence.

The theory described by the Lagrangian in Eq. (3.1) with m? = 0 is invari-
ant under scale transformations (z — Az). For non-zero A this scale symmetry
is anomalous, i.e. broken by quantum corrections in form of non-vanishing beta
functions (see Chap. 2). Since scale symmetry is anomalous, the regularisation
procedure always violates scale invariance. A crucial difference between cutoff
regularization and dimensional regularisation lies in the way scale symmetry is
broken. In cutoff regularisation the cutoff A breaks scale symmetry, and in the
limit A — oo scale symmetry violation is maximized. In contrast, in dimensional
regularization, the only source of scale symmetry violation is p*~¢. This scale u
only show up in logarithms and p should not be taken to infinity. Even though
dimensional regularisation also explicitly breaks scale symmetry, it does so in a
minimal way and m? is protected from loop corrections by scale invariance.

The idea that scale symmetry protects the scalar mass term has been proposed
in Ref. [17]. This so called Bardeen’s argument has originally been formulated for
the SM and also holds for any other single scale system such as our toy model
Eq. (3.1). In the following we sketch the arguments formulated for the SM Higgs
boson.

The Lagrangian of the SM is approximately scale invariant and the Higgs mass
term m? explicitly breaks scale invariance. This explicit symmetry breaking can
be seen from Noether current of dilations D*. Similar to our discussion in Chap. 2,
we have 9,D* = 2m?% H'H. The Dilation current is related to the modified energy
momentum tensor ©/,, and we have 9, D" = ©,. Therefore

C =2m%4 H'H. (3.14)

classical
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At one-loop, we have the additional anomalous contributions

I
one-loop

o =2Amy H'H + ) $,,0;, (3.15)

where O, are dimension four operators and f3,, are the corresponding beta func-
tions. The second term reflects the anomalous breaking of scale symmetry via the
running of couplings. The term 2Am?2, H'H describes the corrections to the Higgs
mass with Am?, oc m?, and not oc A%. The quadratic divergences oc A? explicitly
violate scale invariance and are not consistent with the Ward identities Eqs. (3.14)
and (3.15).

The findings in this section can be summarized in the simple statement: The
SM does not have a hierarchy problem. Or more general: Any model with a single
mass scale does not have a hierarchy problem.

3.3 Hierarchy problem

The hierarchy problem manifests itself, if there are two physical scales present. In
order to see this, we consider a simple toy model consisting of two real scalar fields
¢ and ® with a Lagrangian given by

M? m?

A A
L:——®D<I>——¢Dgz5——®2 > hd

A
2 P 52 42 ¢ 4
2ot — P2 — 2t 3.16
i RS S R R
The hierarchy problem occurs, if two physical scale are widely separated, so we
assume m? < M?2. We now compute the contribution to the two point function

of ¢ with ® running in the loop. The one-loop contribution to X is given by

__&/(d“k 7

é o 2 21)4 k2 — M?2
;227);5 M? <_ —1+1n <WQW>> in dimensional reg.
B g;)r\g (A2 +M?In <M2+A2)> in cutoff reg.

(3.17)

For cutoff regularization there is the same quadratic divergence as in the single
scalar system. However, in the two scalar system in dimensional regularization,

there is also a large correction to m? given by ~ M?. The appearance of

322
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these quadratic corrections to the mass of the light scalar is quite generic. For any
new physics with a heavy scale Axp that has interactions with the light scalar ¢,
there are correction to m? given by Am? oc A%p.* The hierarchy problem is then:
Why do the different contributions to the mass of the light scalar field cancel very
precisely. This is a problem of fine tuning between the bare mass and the loop
corrections.

The situation in Eq. (3.16) is qualitative very different to the situation in
Eq. (3.1). Scale invariance is badly violated by the large mass term M? and
therefore the limit m? — 0 does not restore scale invariance. There is no symmetry
protecting the mass term m? from large corrections.

An important insight is that the hierarchy problem does not make a theory
inconsistent. Fore example, using the on-shell subtraction scheme, we find with

2 _ 2
m® =mp + O,

222 <_% —1+In (%)) in dimensional reg.

3272
Oy = N , , P ' (3.18)
3907 (A + M*1In <M2—+A2>) in cutoff reg.

Nothing is wrong with fixing our bare mass parameter is such a way that the pole
mass is small (i.e. m% < M?) as long as we accept the tuning. The hierarchy
problem is not observable.’

Up to this point we encountered the hierarchy problem as a fine tuning problem
where the bare mass and loop corrections to the scalar mass cancel very precisely.
Under certain circumstances, the hierarchy problem already occurs at tree level.
In the following we present a simple example where tree level contributions to the
scalar mass are generated. In this case it is very obvious why there must be a fine
tuning and there are no subtleties from the different renormalization schemes.

4There is some controversy, whether the quadratic corrections discussed in this section are
physical. Refs. [115-118] present a renormalization scheme where the quadratic correction to
scalar mass terms from physical scales are absent. If correct, this would imply that these correc-
tions are scheme dependent and therefore unphysical, and there would be no hierarchy problem.
There is however no consensus on the validity of this result. For example Ref. [119] claims that
divergences are implicitly subtracted and this renormalization scheme is equivalent to the usual
procedure.

SRef. [120] claims that the hierarchy problem is unphysical since it is not observable. However,
this interpretation does not explain the tuning of the parameters in the Lagrangian.
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Consider Eq. (3.16) with a negative mass term for @, i.e. M? < 0. ® obtains a

VEV given by (@) = _?\f 2 and expanding around as ® = (®) + & gives for the
scalar potential
| A
V =—-M?&?+ 5 (m2 - 3)\_ng) ¢* + interaction terms. (3.19)
®

In order for ¢ to have a small mass term, we require m? — Si—iM lk %fz. Unless

Ay < 1,9 there needs to be a very precise cancellation of m? and 3%M 2 which is
again a question of fine tuning.

3.4 Solutions to the hierarchy problem

There are a number of different approaches that address the hierarchy problem.
In this section, we briefly introduce some of these approaches and sketch how the
hierarchy problem is solved. We first discuss approaches that explain why the
Higgs boson does not receive quadratic correction from new physics between the
EW and the Planck scale. These approaches often come with new physics at the
O(TeV) scale. The increasingly stringent collider bounds push the scale of the new
physics higher, which typically gives a new tuning problem of the Higgs mass. This
is known as the little hierarchy problem. We first discuss approaches that allow
for large scale separations such as the separation of the EW scale and the Planck
scale in Sec. 3.4.1. We then discuss approaches to the little Hierarchy problem in
Sec. 3.4.2.

3.4.1 Separation of EW and Planck scale
Supersymmetry

Supersymmetry is a classic solution to the hierarchy problem. Space-time symme-
try is extended by fermionic operators [123] which transform bosons into fermions
and vice versa. For a review of supersymmetry we refer to Ref. [124].

6Small values of the portal coupling can be technically natural, if Ap = 0 leads to a double
Poincaré symmetry [121,122].
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In order to illustrate how supersymmetry addresses the hierarchy problem, we
consider a simple supersymmetric Lagrangian, the Wess-Zumino model [125]. The
Lagrangian is given by

L =07 Oyt — 5 () + $1) + |00 — m?|gf*
—y(¢ve + he) —ym (¢*¢" + h.c.) =y,

where v is a Weyl spinor with a Majorana mass term and ¢ is a complex scalar

(3.20)

field. y is assumed to be real. We now calculate the one-loop corrections to the
Higgs mass term. Ignoring external momenta’ and evaluating the trace over the
gamma matrices, we find

/‘ ‘\
| \
\ dk 1
\‘ 2
e L — — S 21
y/(27r)4/f2—mQ7 (3:21)
d*k Trlo, k"G, k"] d*k k2
- —»— = — 2 H ud == - 2
*‘Q ( ”y/ P —mP ”y/ (2m)* [k — m2]2”
(3.22)
/’\ 4
’ d*k 1
- ] \ —m?2y?
>\ /F‘» m-y / (2m) [k2 — m?]2 (3.23)

The fermion loop has an additional factor of (—1) due to the different spin-
statistics. Summing all three contributions simply gives zero and therefore the
mass of ¢ does not receive corrections.

Exact supersymmetry predicts that for every SM field there is a mass degen-
erate superpartner with the same quantum numbers. None of these superpartner
have been observed and supersymmetry needs to be broken. In order for supersym-
metry to remain a solution to the hierarchy problem, the supersymmetry breaking
scale, cannot be too large. The largest contribution to the Higgs mass stems from
the top quark loop which is canceled by the superpartner of the top quark, the
stop. With no experimental evidence, the limits on the stop mass require some
fine tuning in supersymmetric models. For a review of the current status of fine
tuning we refer to Ref. [126].

"Momentum dependence is only important for the wave function renormalization.
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Dimensional transmutation

EWSB is not the only mechanism of scale generation in the SM. The QCD scale
is generated by a mechanism called dimensional transmutation. At the classical
level, the QCD Lagrangian is scale invariant. The scale anomaly induces a scale
dependence which manifests in the running of couplings. Along the RG flow,
the QCD gauge coupling g3 reaches a critical value at which perturbation theory
breaks down. This leads to a formation of quark and gluon condensates and chiral
symmetry is spontaneously broken. Large scale separations can occur naturally
since the logarithmic running usually spans many orders of magnitude before the
critical value is reached.

Technicolor is based on the idea that electroweak symmetry is broken in a sim-
ilar fashion to QCD [108,111,127-129]. The electroweak gauge group is embedded
into a larger group G as a weakly gauged subgroup. “Technifermions” with elec-
troweak charges form a condensate similar to QCD and this condensate breaks
electroweak symmetry. Technicolor models suffer from a number of shortcomings.
They typically lead to large corrections to EW precision observables [130-133]
and it is hard to include fermion masses [130, 131]. Further and maybe most im-
portantly, technicolor models do not explain the presence of the 125 GeV Higgs
boson. The idea of EWSB by a strongly coupled sector is revived in compos-
ite Higgs models where confinement scale is larger than EW scale and vacuum
misalignment breaks the electroweak gauge symmetry. We will discuss composite
Higgs models in the next section. For a review on technicolor models, we refer to
Ref. [134].

Dimensional transmutation can also occur in the weak coupling regime. In
Ref. [22], Coleman and Weinberg showed that in scalar massless electrodynamics,
the scalar field obtains a VEV and the scale of spontaneous symmetry breaking is
roughly given by the scale where the scalar quartic coupling turns negative. Such
classically scale invariant Coleman-Weinberg type models are the main topic of
this thesis. The original setup is discussed in more detail in Chap. 4. Chapters 5
and 6 also cover classically scale invariant models.

Extra dimensions

Originally, extra dimensions were introduced in an attempts to unify electromag-
netism and gravity [135,136]. In such Kaluza-Klein (KK) models, a 5th space-time
dimension, which is compact, is introduced. Fields propagate in all 5 dimensions
and excitations in the 5th dimension lead to a tower of 4d particles with masses
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~ n/R, where n is an integer number and R is the radius of the extra dimension.
The gravitational coupling in five dimensions My =: M, which is the 5d analogue
of the Planck mass, is connected to the 4d Planck mass by

M3, = 2n RM?. (3.24)

On large distances the extra dimension is inaccessible and in four dimensions we
get the usual predictions for gravity. In KK models one typically has M, ~ Mp,
and not much is gained for the hierarchy problem.

Lowering the Planck scale is more successfully realized in models with large
extra dimensions. Suppose the SM fields are trapped in a (3 + 1)-dimensional
subspace of a higher dimensional space-time [137]. This subspace is usually called
the brane. Gravity is assumed to propagate in all d dimension (often said to
“live in the bulk”). The extra dimensions are compact, however their size can be
larger than the weak scale [138]. The coupling constant of gravity in d dimensions
My =: M, is then the fundamental scale. It is related to the Planck scale by

M3 = M2V, 4 ~ MI2RT, (3.25)

where V;_, is the volume of the extra dimension and R is the size of the extra
dimension. There is no hierarchy problem if M, ~ O(TeV). From Eq. (3.25)
we find for M, ~ O(TeV) that R ~ 10%2/(¢=9 TeV~! and for d = 5, we find
R ~ 10% cm. At scales smaller than R, the gravitational coupling is modified
as gravity propagates in d dimensions rather than four dimensions. The case
d = 5 is quickly excluded and Cavendish experiments pose constraints on the
d = 6 case [139]. At first glace, it seems that with M, ~ O(TeV) and d > 6,
the hierarchy problem is solved. However, in practice we swapped the hierarchy
problem to a problem called radius stabilization. M, and 1/R are vastly different
without a good reason.

The Randall-Sundrum model [140] for a warped extra dimension is an inter-
esting possibility to address the hierarchy problem. In this model, we have a
5-dimensional space-time with an anti-de Sitter metric

R
ds® = (—) (Nudztdz” — dz?). (3.26)

z
The SM lives in the IR brane localized at z = R’ > R and the Higgs VEV is
warped down from its natural value v ~ % to 1;{—],% ~ %. The Planck scale is not

warped down and Mp ~ +.
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Other approaches

In models of cosmological relaxation [141], the quadratic correction to the Higgs
mass are not suppressed and the mass parameter of the Higgs boson m? close to
the cutoff. During inflation in the early universe, a new field ¢ will scan many dif-
ferent field values. A portal term g|H|?¢, with a dimensionful coupling g, induces
corrections to the Higgs mass which depend on the field value of ¢. ¢ naturally
settles at a value where m?% and g¢ cancel and the Higgs mass is small.

Historical solutions such as Nnaturalness introduce many copies of the SM [142].
For N ~ A?/m?, copies, where A is the cutoff, we expect that by chance one copy
has a light Higgs boson. A difficulty in this approach is that one needs to ensure
that reheating only reheats the lightest sector.

A large number (N ~ 10%?) of new fields might also lower the scale where
gravity becomes strong down to M, = Mp;/v/N [143,144]. This essentially lowers
the cutoff down to ~ TeV scales.

There also are anthropic arguments worth pointing out. For example, Ref. [145]
argues that the closeness of the QCD scale and the EW scale is required as other-
wise baryons are unstable or complex elements would not exist.

3.4.2 Little hierarchy problem
Composite Higgs

Composite Higgs models [55-58] introduce the Higgs boson as a composite scalar
field originating from a strongly coupled sector. This can be used to address the
issues of technicolor models. The strongly coupled sector generates a scale f > vgw
via dimensional transformations which spontaneously breaks a global symmetry
of the Lagrangian. In the minimal composite Higgs model, the breaking pattern
is given by SO(5) — SO(4) [146]. The SU(2). gauge group is embedded into the
SO(4) group and the Higgs boson is a pNGB associated with the breaking SO(5) —
SO(4). Electroweak symmetry is broken by the misalignment mechanism [56, 58],
where the direction of the VEV is shifted away from the EW preserving value
effectively introducing a VEV for the (composite) Higgs doublet. Generating the
Higgs couplings, especially the top Yukawa coupling, inevitably breaks the shift
symmetry which protects the Higgs boson from quadratic corrections and typically
some tuning is required in these models.
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Little Higgs

Similar to composite Higgs models, little Higgs models realize the idea of the
Higgs boson as a pNGB of a spontaneously broken global symmetry. The global
symmetry is explicitly broken, however only collectively [59-64] which allows for an
additional protection of the Higgs mass. Collective symmetry breaking means that
the symmetry is explicitly broken only if two or more couplings in the Lagrangian
are non-zero. If only only one coupling of these couplings is non-zero, then the
Higgs boson is a massless Goldstone boson.

Twin Higgs

Twin Higgs models [65—67,147—152] assume that there is a copy of the SM. The
SM Higgs H and the Higgs boson from the copy H' have a potential that has an
approximate SU(4) symmetry. A parity symmetry, i.e. the exchange symmetry of
the SM and the copied SM, ensures that the quantum corrections to the scalar
mass terms are always symmetric under the global SU(4) symmetry. Corrections
to the quartic couplings are not SU(4) symmetric, however these corrections are
only logarithmically divergent. The parity (exchange) symmetry is spontaneously
broken together with the SU(4) symmetry and the mirror sector obtains a mass.
The Higgs field is the pNGB associated with this spontaneous breaking and there-
fore the Higgs mass is suppressed compared to the parity breaking scale. Due to
light new degrees of freedom in the hidden sector, twin Higgs models often suffer
from cosmological constraints [153-156].
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Chapter 4

Effective Potential

Scale invariant theories are on the boundary between the symmetry preserving and
the symmetry breaking phase. Small perturbations in form of loop corrections
decide whether the vacuum of the theory breaks the symmetry. The effective
potential takes these loop corrections to the potential into account. In this chapter
we sketch the derivation of the effective action and the effective potential. We then
discuss the Coleman-Weinberg potential which serves as an example of spontaneous
symmetry breaking in a scale invariant theory.

4.1 Effective action

We start by introducing the effective action, where we somewhat follow the deriva-
tion given in Ref. [157]. Many steps of the derivation are also found in the original
Coleman-Weinberg paper [22].

A QFT can be studied using the canonical quantization approach or the path
integral formulation. For the derivation of effective potentials the latter is most
convenient. The generating functional is defined by

Z[J] = /Dgf) 6iS[¢]+ifd4xJ(r)¢(w)7 (4.1)

where S[¢] is the classical action and D¢ should be understood as integrating
over all possible field configurations. This generating functional contains all the
information about the QFT. For example time-ordered products are obtained by

[0] 6.7 (21)-0.] (2n) |,y (4.2)
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We can define the functional W[.J] = —iln Z[J]. As a consequence, W[J] generates
the connected Feynman diagrams, i.e.

. MWL)
) 0J (1) 0 (wn) |,y

<Q|T{¢($1)"'¢(xn)}|Q>Connected = (—l (43)

We define the classical field ¢, as the weighted average over all possible field
configurations of the field ¢ in the presence of the source J. It is obtained from
the generating functional by

W]

va(r) = (J|¢(x)]]) = 5I@) (4.4)

The effective action I'[py] is then defined as the Legendre transform of W/[.J],
explicitly

Plpal = W[J,] - / 02 T, () pal), (4.5)

where J,, is obtained by solving Eq. (4.4) at J = J,.

The effective action is a powerful object. It allows us to find the vacuum config-
urations and directly gives the one-particle irreducible (1PI) n-point functions by
taking derivatives of the effective action. The first derivative of I'[¢] is evaluated

to ST (oul]
Pel
= —J, (7). 4.6
Sy = ) (4.6
The field configuration ¢y is defined by J,, = 0. Thus we simply have
5F[90c1]

= 0. (4.7)

This equation is the analogue to the equations of motion in classical field theory,
obtained from g—g = 0. The field ¢( fulfills the classical equations of motion with
the classical action replaced by the effective action. In Eq. (4.4), we defined ¢q
as the expectation value in the presences of the source J and therefore ¢q is the
expectation value for ¢ at the true vacuum of the theory.

The second derivative of I'[p¢] turns out to be the inverse propagator

52F[‘Pcl]
dpa(2)0pa(y)

= ZG(QZ', y>_1 = 7:|:<Q|T{¢(Qf)¢(y)}|Q>connected . (48)

Pcl=%0

Any higher derivative yields the 1PI n-point function, i.e. for n > 3 we have

0"l [‘Pcl]

dpe1(z1)...00c (1) = —i(Qo(1)..p(xn) D) 1p1. (4.9)

Pcl=%0
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4.2 Omne-loop approximation

Apart from very simple settings, it is not possible to calculate the effective action
exactly. Often one resorts to the so called loop expansion which is equivalent to
an expansion in powers of A. The zero loop effects are captured at tree level and
the one-loop effect are of O(h). There are several ways of obtaining the one-loop
approximation for the effective action. In the following, we sketch an approach
based on functional methods. This was originally derived in Ref. [158].

The tree level effects are captured by the stationary-phase evaluation of the
generating functional. Eq. (4.1) is dominated by the field configurations ¢(®) that
fulfill the classical equations of motion in presence of the source, i.e.

5S
p(x)

= —J(x). (4.10)
=4(®)

At leading order, the generating functional is then given by
Z[J] ~ exp {z’S[gzﬁ(O)] +i / d*z J(x)¢(0>(x)} : (4.11)
and Eq. (4.5) implies

Iea] & Sleal. (4.12)

The tree level (or zero loop) approximation of the effective action is simply given
by the classical action.
Now we include fluctuations around ¢ by expanding ¢ = ¢© + qg The

) 5)
=0

4o 1 629
+ [y i <6¢<x>6¢<y>
=5(0] — [ ate st + [ dtedly 36 iD @ )i) + OF)
(4.13)

classical action is then expanded as

16 + 8 =169 + [ d's ( e

$=¢(®

) d(y) + 0(6”)

where we used Eq. (4.10) in the second equality and defined D=1 as the inverse
propagator (at tree level) in the shifted theory. The truncation at quadratic order
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implicitly keeps terms up to O(h) and therefore corresponds to the one-loop ex-
pansion [157]. This approximation reduces the path integral to a Gaussian integral
which can be evaluated as

Z[J] =exp {i5[¢(0)] 4 / d*z J(x)¢(0)(x)} X
X / D¢ exp {z / d'z d'y %&(x) iﬁl(x,y)qg(y)} (4.14)
— exp {iS[gb(O)] +i / d*z J(2)0O (z) — %m det <if)_1(a:, y)) } .

The logarithm of this expression gives us W[J]. In order to obtain the effective
action, we need to perform the Legendre transform. We find

Plpal = W[J,] - / &' T, (2)pa(z)

= S[p0] + / d'z J(z) (69 (x) — pa(z)) + z% In det (zf)_l(x, y)>

(4éO)S[¢(O)] —|—/d4x (5;51;)

1 LA
:S[(pcl] -+ ZE lndet <2D 1($7y)> )

0 1 -1
¢:¢(0>> (god(x)—gb( )(ZE)) + ziln det (zD (x,y))
(4.15)

where in the last equality we used the Taylor expansion
Sleal = 167 + [ dta J(a) (99(0) - gule)) +OF).  (416)

D! is defined as the second functional derivative of the action evaluated at ¢ =
#®. We might as well evaluate it at o since difference in the effective action is
of O(h?).

To summarize, the one-loop effective action is given by

[lea) = S[pd] —i—i%lndet (%L_ > : (4.17)

For general functions ¢ (z), it is not possible to evaluate the functional determi-
nant. If we employ the derivative expansion, we can obtain explicit results. This
leads to the definition of the effective potential.

27



4.3 Effective potential

In this work, we are mainly concerned with the vacuum expectation values (VEVs)
of scalar fields which can be obtained by using Eq. (4.7). We will now assume
translation invariance for ¢ (or equivalently keep the Oth order of the derivative
expansion). From now on, we denote these constant background fields for scalar
fields as ¢,. Then we define the effective potential as

[gy] = —/d4$ Vet [dp]- (4.18)

The condition for the true vacuum value (¢) of the background field ¢, follows
from Eq. (4.7) and is given by

O Vert[n]
Oy

=0. (4.19)
Po=(¢)

With the assumption of constant background fields, we can now explicitly calculate
the one-loop contributions to the effective potential.

Consider the case where ¢ is a real scalar field. Then the inverse propagator is
given by

iD™V = —0O— m2(ey), (4.20)

2 5 ‘/tree
where mgg = 524 o

functional determinant we write

In det (zﬁ-l) —Trln (ib—l) - / d*z(z|In (~0 — m2(é)) |z)

d k’ (k) (k| In (=00 — m2a() K {H])

:/d4:1:/ d4 ~In (kQ_mgff(¢b))

/d4 / (—=k* 4+ m2g(dy)) + i const.

for the tree level potential Vi,ce. In order to evaluate the

d4

(4.21)

The constant, which originates from the minus sign in the logarithm, is field inde-
pendent and can be dropped. Now the momentum integral can be evaluated, for
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example, in dimensional regularization. This is done using a trick, where we Wick
rotate and then introduce a dummy variable o [159]. We find

dk dk
p [ gt (< mita(on)) = i~ [ S 0+ i)

— 4 4—d£/ d'ke !
- 5a (2m) (kE + mZg(ds))"

a=0

a=0

— 1-a 9 1 TI'(a—9) 1
T T (i)

r(—4 2
= —ip'" (42)112/2 (mgﬁ(%))d/ ;

(4.22)

where p is the usual RG scale. In the last equality we used that I'(a) — 1/«
as o — 0 following Ref. [159]. Expanding around the standard 4-dimensional
space-time d = 4 — € gives

4 —YE ;,2
(m2a(en) " = _imgg—fi”) E +In (%) + ;} . (4.23)

Combining this result with Eqgs. (4.15) and (4.18) and absorbing the appropriate

MS counterterms gives

Vi) = Vil + 280 [y (20} 3] (4

The first term is the tree level potential Vi,.. which comes from the classical action
and the second term is the one-loop contribution to the effective potential.

Next we consider how fermion loops contribute to the effective potential. We
assume that only scalar fields obtain a non zero expectation value. In the expansion
of the action as in Eq. (4.14) there will be an additional term given by

B 529 _ R
deatyite) 500 ] v = [[atedy i) (i07) viw)
/ SY(2)Y(Y) | y= g, =0 ( >
(4.25)
For fermions the Gaussian path integral is evaluated (analogously to Eq. (4.14))
as

/D@Dw exp {z’/d% d*y(x)iD ™ (x, y)w(y)} = exp {ln det <zﬁ_1(x,y)21}26>
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Note the relative minus sign compared to the contribution from scalar fields. For
Dirac fermions the inverse propagator can be written as

iD= (i) — ma), (4.27)
and, assuming real effective masses, the contribution to Eq. (4.15) is given
i det [~ (id) — mer)] =il \/det [~ (it} — meg) (i) — meg)]
=iln\/det [~ (—id) — meg) (id) — mer)] (4.28)

:zé Indet [—0 — m& ,

where we used that i@ — meg has the same eigenvalues as —i@ — meg in the second
equality. The determinant can then be evaluated similarly to the scalar field case.
The only difference is that there are still spinor indices and the trace will give
an additional total factor of 4. For Weyl fermions this factor would be 2. The
contribution to the effective potential is then given by

o) () 9]y

Vetlgo) 6472 12 2

Dirac fermion

Gauge boson contributions are simplest calculated in Landau gauge. After
applying the condition 0,A* = 0, the additional term in Eq. (4.14) is given by

528
/d% Ay A(2) (5/1“(95)14”@) L:(pb,m:o) A1) (4.30)
=: /d4:c d*y A" (z) (zf);yl) At (y).
The inverse propagator is given by
(zD-l)“” = " (0 + m2y) — 90" (4.31)
Using the Weinstein—-Aronszajn identity (Sylvester’s determinant theorem)
det (M, + AB) = \" ' (A + BA), (4.32)

where A is a number, A and B are n x 1 and 1 X n matrices respectively and I,
is the n X n identity matrix, we evaluate the determinant over the Lorentz indices
det,, and obtain in d dimensions

d—1

det,, (zf)_1>w/ = det,, (¢" (04 mZg) — 0"9") = —mlg (O 4 m2g) (4.33)
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The contribution to Eq. (4.14) is then
imamgm@45+méﬁ*):iﬂh(_m;aj+mgy*), (4.34)

where the determinant and trace do not run over the Lorentz indices. Using the
same steps as in Eq. (4.21)

4
¢ Trln (—mzﬁ (D + mzﬂ)dﬂ) = /d%/ dk In (mzﬁ(—k‘z + mzﬂ)d_l) + ¢ const.

(27)
(4.35)
and the momentum integral is evaluated similarly to Eq. (4.22) as
_ dk _ 4 dk g _
[ o a2 ) =t [ R 4+ )
4g O / dkp 1
= —1u a a
O ) (2m)® (mg(kE + mig) ") | g
:_w4fd£ 1 F((d—l)a—%) 1
da \ (4m)a2  T((d—1)a) (mgﬂ)(dq)afd/zm o
F(=5) ( 2y
_ _;,Ad 2 2 \d/2
=—qu~%d—-1) (dm)i/2 (mZs)™".
(4.36)

Expanding for d = 4 — € gives

r(-4 & [2 dre™Ep\ 5
—i,u4_d(d . 1) ( ) (mzﬂ)d/Q _ _2‘3% |:_ +1In (u) + 6:| . (437)

(47r)d/2 3272 | e m2e

[\

Again combining this result with Eqgs. (4.15) and (4.18) and absorbing the appro-
priate MS terms gives the gauge boson contribution to the effective potential

_ 3merl%) {m <mﬂ_<¢b>) - 5} . (438)

Vergs) 6472 12 6

gauge

The contributions to the one-loop effective potential and generalized to multiple
fields scalar background fields, described as a vector ¢, can be summarized as

Ver [54 = Viree [(Eb} + Z %}Tgmmgﬁf (5};) In mgﬂu—g(bb)
5

6
and fermions), (—1)%*" = )1 for bosons (fermions) and n; is the number of degrees

—C;| (4.39)

where the sum runs over all effective masses. C; = 2(3) for vector bosons (scalars
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of freedom. The number of degrees of freedom are found by multiplying the internal
degrees of freedom with the space-time degrees of freedom which are given by

( real scalar fields

complex scalar fields
Weyl fermions . (4.40)
Dirac fermions

= 3

|space-time

W NN

gauge bosons

The effective masses are given by

625
m? = for real scalar fields, 441
( H)ab 5¢a5¢b b=¢p,AH=0,1p=0 ( )
2
(mZ) = S for vector bosons, (4.42)
ab 5/4551467# b=y, Ah=0,1)=0
52
(Meft) yy = == S for fermions. (4.43)
0ha 0 =y, Ar=0,=0

The effective masses are, in general, matrices and in Eq. (4.39) the eigenvalues
should be used. Alternatively one can use the full matrices, in which case the
logarithm should be interpreted as the matrix logarithm (i.e. the inverse function
of the matrix exponential).

It turns out that the effective potential depends on the choice of gauge [158].
In our previous calculation, we worked in Landau gauge and a different gauge
would lead to a different effective potential. This gauge dependence is in principle
unproblematic as the effective potential itself is not directly observable. Crucially
the minimum of the effective potential is gauge independent. In this thesis we
will always use Landau gauge and for a discussion of the subtleties of the gauge
dependence of the effective potential, we refer to Ref. [160].

The effective potential is defined by a Legendre transform of the generating
functional. Therefore we expect the effective potential to be convex. However,
in many examples calculated from Eq. (4.39) it is not [161-163]. The issue of
non-convex potential is related to the issue of imaginary parts in the effective
potential. For example, if we have an effective mass given by m2e = —m? + 3\¢?,
for ¢? < m? the argument of the logarithm is negative and the effective potential
is complex. A discussion of this issue is beyond the scope of this thesis and we
refer to Refs. [13,164]. For the practical purpose of determining the VEVs, one
should use the absolute value of the effective potential.
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4.4 Massless scalar electrodynamics

In their original work [22], Coleman and Weinberg discuss the massless ¢* model,
and also massless scalar electrodynamics. For the first model, the potential simply
has a minimum at ¢, = 0 and no spontaneous symmetry breaking occurs. Massless
scalar electrodynamics turns out to be more interesting.

Consider a single scalar field ¢ and a gauged U(1) symmetry under which the
scalar field has charge @, = 1. The potential can be written as'

V;ree = >‘|¢|4 (444)

At one-loop, the beta function for A is given by

Ba (69" +20A% — 12g°)) | (4.45)

1672
where ¢ is the U(1) gauge coupling. For g # 0, this beta function is strictly
positive. Therefore A will turn negative along the RG flow towards the IR for any
positive (perturbative) initial value for A\. Negative values for A are problematic as
the tree level potential becomes unbounded. Coleman and Weinberg showed that
massless scalar electrodynamics is not ill-defined and this apparent instability is
naturally evaded. This can be easily seen by considering the effective potential.
We choose the RG scale i close to the scale where the tree level potential turns
unstable and therefore A < 1. We can use global U(1) transformations to ensure
that the background field ¢, is real. The effective potential, where we only include
gauge boson loops?, follows from Eq. (4.39) and is given by

B N

Vet = Ay + 5

6472

which has a minimum at ¢, = (¢) with

2 2
In (%) - —127;4A —In (2¢%) + % (4.47)

Massless scalar electrodynamics does not have a vacuum instability. The true
minimum of the scalar potential is not at the origin and electrodynamics is spon-
taneously broken. Expanding around the minimum yields the mass for the vector
boson

m? = 26%(6)2. (4.48)

'We use a different normalization of fields and couplings compared to Ref. [22].
2Scalar loops come with A? and can be neglected.
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The field corresponding to the radial excitation of the scalar field is often called
dilaton and its mass is given by

~ = ()2 (4.49)

The dilaton mass is suppressed with respect to the symmetry breaking VEV (¢)
by the beta function (). This can be understood by the observation that scale
symmetry is spontaneously broken and the dilaton is the Goldstone boson asso-
ciated with this breaking. Since scale symmetry is also explicitly broken by the
anomaly i.e. the beta functions, the dilaton mass is proportional to this explicit
breaking.

The Coleman-Weinberg mechanism is an example of dimensional transmutation
in the weak coupling regime. Initially the Lagrangian has no explicit scale and
due to the running of couplings, A reaches a critical value and ¢ obtains a VEV,
generating a scale. This happens for small values of the couplings and which allows
us to use perturbation theory methods.

4.5 (Gildener Weinberg approximation

In the previous section we discussed scalar electrodynamics, where we could solve
the minimum equation of the single scalar field analytically. In case of multiple
scalar fields this is in general not possible. Gildener and Weinberg proposed a
widely used approximation scheme for the multi scalar case [24,165]. This ap-
proximation estimates the alignment of the VEV from the tree level potential.
We present the general procedure following Ref. [24] and then give an example
calculation in a case with two scalar fields.
Any scale invariant tree level potential can be written as

_ Jijki
Viveo = Z S0P, (4.50)
ijkl
where ®; denotes the components of the scalar fields written in terms of real fields.

The indices i, j, k, [ run over all real scalar degrees of freedom. The scalar couplings
are defined as

84
‘/trem
ID;00,;00,00,

which guarantees that f;;,; is symmetric under exchange of two indices. Assuming

fijk = (4.51)

1> fir > g* where g denotes other couplings in the model, the potential is
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dominated by the tree level contributions. This also requires all scalar couplings
to be positive which guarantees that the minimum of the tree level potential is
at the origin. Now we assume that along the RG flow, the tree level potential
develops a flat direction. We denote the scale where this happens as pugw. This
condition can be written as

HJ{;H (fzgk:lNzNijNl) =0 at U= UGW, (452)

iNVi=1

where /V; is a unit vector. Calling the solution to this equation N; = n;, then the
flat direction is along the ray ®; = n;¢, where ¢ is the distance from the origin.
In order to find n;, we need to solve

fijmingngn, = 0, fijanjngng = 0, fijrwiungn, > 0, (4.53)

for any vector u;. This procedure gives a tree level estimate for the direction of
the VEV. In order to determine the distance from the origin ¢, one needs to find
the minimum of the effective potential along the ray ®; = n;¢, i.e. solve

%Veff (ni¢) = 0. (4.54)

As an example, consider a model with two scalar fields H and ®* and a tree
level potential given by

Viee = M| H[* 4+ 20, | H|?|®|* + \a|®|*. (4.55)
Solving Eq. (4.53), we find the following solutions

® = ¢, H =0, Ao = 0, A, >0,  (4.56)
o= Am =0, A, >0, (4.57)

o =0,
Y Y A
b=,/——m H=,—2— Ao = —2 A, < 0. 4.58

The conditions on the couplings, i.e. A\ =0, Ay =0 or \g = /\;2;/)\1{ are not fine
tuning. There exists a RG scale where one of these conditions is true [13]. Along
the flat direction, loop corrections generate a non-trivial minimum.

3® should not be confused with ®;.
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4.6 Renormalization group equation for the ef-
fective potential

The effective action is independent of the choice of the artificial RG scale p. This
can be expressed as [22]

d o
r c a a d —| T cl] — 07
'LLdM [SOI +Zﬂ)‘ +Z’7 / fL’gOd )5(;0C1(-r)] [QO 1]
(4.59)
where ), is the beta function for the generic coupling \; defined as
O\
= 4.60
and vy, is the anomalous dimension for the field ¢% given by
04
W08 = u—<. 4.61
Yo = 1 (4.61)
With the definition of the effective potential Eq. (4.18), we find
e c 0. 4.62
Visltn] = gz | Vel = 0. (462

A solution to Eq. (4.62) is called the RG improved effective potential. However
finding such a solution is difficult and not always possible. For practical application
one typically chooses the RG scale u close to the physical scales and then one can
safely use the effective potential in the fixed order loop expansion. If there are two
or more physical scales, the situation is more involved. A number of approaches
have been suggested, for example in Refs. [166-174].
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Chapter 5

Effective potential and RGEs

The effective potential obeys the Callan-Symanzik equation Eq. (4.62). In very
simple cases this equation can be integrated and the effective potential can be
written in term of the beta functions. In this Chapter, we review how this can
be done in the case of a single massless scalar field. We then discuss how the
effective potential of two massless scalar fields is connected to the beta functions
and investigate how the mass of a pNGB is generated in such a setting. We restrict
ourselves to the one-loop effective potential.

We start by expanding the effective potential formally in terms of A which is
equivalent to the loop expansion. Up to O(h) we write!

Vest[@] = Viree[Pn] + Vi[1], (5.1)
with the tree level potential Vi and the one-loop contribution (see Eq. (4.39))

(—1)%*in; mgﬂ",z’
Vi = Z Wmeﬂ“,z In MQ - CZ . (52)

Now we apply the renormalization group equation of the effective potential Eq. (4.62).
Equating terms of O(h) yields [13]

(Z 5)\ + Z ’YaQSb a¢a> ‘/tree[gbb] = _:uaa ‘/1[¢b] (53)

One immediate use of this equation is that it gives a way to calculate the one-loop
beta functions. Combining Eqs. (5.2) and (5.3) yields

281
(Z ﬁ)\ + Z Va(ﬁb a¢a> Vvtree (bb 2 Z 64 an miff,i? (54>

!This approach is found in Ref. [13]
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and the beta functions are found by comparing coefficients (assuming the anoma-
lous dimensions are known). In some cases, Eq. (5.3) can be used to write the
effective potential in terms of beta functions (and anomalous dimensions). In the
next section we will show how this can be done in the single scalar model.

5.1 Single scalar field potential

Consider the tree level potential of a single massless real scalar field ¢, given by

A

V;ree = Z

ot (5.5)

Then Eq. (5.3) reads

0 s
_H%Vl = (Br+4v) e

Before integrating this equation, we need to clarify some points. The beta function

(5.6)

and anomalous dimensions are of O(h) and since we are working at O(h), they
can be considered to be constant. Next we need to specify the initial condition.
At pu = ¢y there is only one dimensionful quantity present and Vi /¢y =: D/4! is
dimensionless and therefore field independent.? With this in mind, we integrate

V1:<D—/Md7ﬁf/(5A+47))%:(D+Mln<i—§)>4—?. (5.7)

The one-loop effective potential is then given by

_A+D . Bty 0%
Vet = o oy + >l ¢y In 02) (5.8)

A similar result has been obtained in Ref. [13]. We stress that this procedure
crucially depends on the fact that there is only one physical scale present in this
model.

5.2 Two scalar fields potential

In case of several scalar fields, we cannot simply integrate Eq. (5.3). In the single
scalar case, the argument of the logarithm is fixed by the fact that there is only one
physical scale present. This does not work in the two scalar case. If there are two

2Note that this only holds in the case of a single scalar field.
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scalar fields whose VEVs are similar in size, there is no way around analyzing the
full one-loop effective potential. In many physical settings one is interested in the
case with a hierarchy between the VEVs of the scalar fields. In the following, we
show how the effective potential is related to the beta functions in the hierarchical
setting.

We focus on a scale invariant potential with two scalar fields ® and H, and
assume that the symmetries of our model lead to a scalar potential which can be
written as

‘/tree :/\<I>|(I)|4+)\H‘H|4+2)\p|q)|2|H|2 (59)

Further we assume that, at some scale p, both Ag and A, turn small simultaneously
and the potential develops a flat direction. (The Gildener Weinberg approximation
for this potential is discussed in Chap. 4.) The field ® obtains a VEV given by
(®) and the portal coupling generates a small (positive or negative) mass term
for H. We will study the effective potential in the region where H, < &), ~ ().
We also assume that for each field only one real component will obtain a non-zero
expectation value. In Chap. 6 we will have such a setup, where H is the SM Higgs
doublet and @ is a complex scalar singlet charged under an U(1) symmetry. By
assumption, A\e and A, are small and we will not include them in the calculation of
the effective masses. In Chap. 6 we will include A, however the numerical difference
is small.

The symmetry that enforces the shape of the potential in Eq. (5.9) also ensures
that the effective masses only depend on the scalar fields squared, i.e. m2(®3, HZ).
Expanding Eq. (5.2) for H, < &, yields

Vi =Dg®; + Dy H;f + 2D, ®; H}
CA@ 4 CD% CA H2 CA 4 (I)z 2172 <I>§
Plln | -2 )+—=ZH!In —LH In(—=|+C\ ®/H;In | —
HE

HY HS  (H? P?
+)\6(I)2 +C,\6q) ln(,u ) C>\6(I) IH(MZ +,

(5.10)

for some model dependent coefficients D;, C; and C;. If we plug this into Eq. (5.3)
and compare the coefficients of powers of ®, and H,, we find

Chre =Brs — 4Aa7a, Chy + Cry =By — 4y, (5.11)
Ch, =B, = 2X(ya + 71), Chrg = — O (5.12)
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The beta function will always occur together with the anomalous dimensions, so
we define

Bra = Brg — 4hoa, Bag = Bon — v, By, = B, — 20(Ye + Vm)-

5.13
Further, B)\H is split up into /é)\H = Bf\zH + Bé\H by defining | )
ph =Chyy B, = Oy (5.14)

With the final definition
Ao =Xo+Ds, Ag=Adg+Du, A =2X+D,, (5.15)

the expanded one-loop effective potential can be written as

Vig =\o®f + A\ Hyf + 20,02 H}

P2\ - P2
5“@41 ( ) BAHHbl ( ) 5AHHb1 (—§>+BA,,<I>§H51H (—g)
2 p? 2 p? 2 1 1

HS HS [ H?
+>\6<D2 + gz In (ng) T

(5.16)

This equation shows how the effective potential is related to the beta function in
case of two scalar fields. When studying the effective potential, one is typically
interested in the VEVs of the scalar fields. For this purpose, the above equation is
not particularly helpful. We discuss an approach to understand the VEVs of the
two scalar system in the following section.

5.2.1 Minimum of the two scalar effective potential
The minimum of the effective potential is found by solving

OVesr _0 OVt
0Py o0y, my=ar) OPb |, (@), 11, = (1)

=0, (5.17)

These equations can usually only be solved numerically which is not very insightful.
In the following we propose an analytic way of studying the minimum structure
of the effective potential. Our procedure resembles the functional approach to
Effective Field Theories (EFTs) (see e.g. Ref. [175]). However, we are working
with effective potentials which are functions of the background fields and our
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procedure can be understood purely as expanding the effective potential in the
region of interest.

We start by solving the minimum condition for &, while allowing for general
values of Hy,. This defines ®(H,) via

OVesr
Oy | g, i,

— 0. (5.18)

Note that ®(H, = (H)) = (®). Now we define a new potential for Hj as

VEFT(Hb) = %ﬁ“(Hb,q)(Hb)). (519)

One can easily check that this new potential has a minimum at H, = (H) since
the first derivative vanishes, i.e.

OVepr _ Ve OVeg OD

=0, 5.20
OHy |y_y  OH, = Oy OH, (5.20)

Hy=(H),&,=(®)

which simply follows from the definition Eq. (5.19) and the fact that (®) and (H)
fulfill the minimum conditions Eq. (5.17).

Before approximating Vg, we first want to know about the values of &, near
the minimum. We expand

~ HQ H4
O(H,) = o (1 + 5(13273 + 5<I>4M—Z + ) , (5.21)

and solve Eq. (5.18) order by order in H,. We find at leading order

dy=e " May, (5.22)

which agrees with the usual result of dimensional transmutation. To O (HZ) we
find

~ 5‘p+5~)\p (l_}_(I)) HQ
B(H,) = Do | 1— - L =+
Ao 0

(5.23)
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indicating that the VEV of ® is well approximated by (®) ~ @, if :\p is small.
We now expand Eq. (5.19) in powers of H;/®, and we find up to O(H})?

B/Mp 4 By 2 1 5‘<I> 2172
=— "0 2 — -+ — o H
VerT 1 2o +2 A — By, 1 + B 011}
. . N2
s 1 e
- 1 e ) - (% (z——~ )+Ap>
+ = (22 B, -2 g o (5.24)
4 B, Bre
- )
H
y D gy (—b> .
2 12

The shape of this expression is quite similar to the expression found for the effective
potential of a single scalar field (see Eq. (5.8)). In fact the effective potential for
a singe massive scalar field H can be written as

- H2
Veg =m*HE + \H,} + %Hf In <N—;’) + contributions from scalar loops,

(5.25)

where A ~ A+ #(g4 In g2+ ...) and g stands for the gauge and Yukawa couplings.
Scalar loops play a special role, since the scalar effective masses contain a sum of
m? and AH? and therefore the logarithm cannot be written as In(H?/u?). In the
case with two scalar fields we ignored the portal coupling A, for the calculation
of the effective masses m?; and therefore no such terms occur in Eq. (5.24). In
Chap. 6 we will treat the portal coupling consistently while in this chapter we
ignore scalar loops.

We also provide the expression for Vg up to O(HY). In order to simplify the
expression, we give the result for u = ®y. Then we have

. N2
BA 4 I 2772 Y (2)\p+ﬁ’\p> 4 2 4 H?
Vi =2 2\, P2 H Ay ——— 2| H —E H%In | —
T N R R

<25\p + B)\p) (2 (Bf\p + XoB, — 25\?,) — 3BA¢BhAH) 6

+ |26 + _ =
63, o
HS H?
+ C)\GE h’l (33) .
(5.26)

31 and @ are not independent, but connected by Eq. (5.22).
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The form of Eq. (5.24) suggests that BIAH is related to the beta function of Ay
in the effective field theory, i.e. the model obtained by integrating out the fields
that obtain a mass of O((®)). We show in the following example that BQH actually
is the beta function calculated only using degrees of freedom that do not obtain a
mass from VEV of ®.

5.2.2 Example

Consider a toy model with two scalar fields ® and H and a gauge group given
by U(1)a x U(1). The charges of the scalar fields are given by H ~ (3,0) and

P ~ (%, %) The effective mass matrix for the gauge boson is given by

_ (et upep 5.27
my = M(I)2 92]3 (H2 i (1)2) ) ( . )
2 b b b

2

where g4 and gp are the U(1)4 and U(1)p gauge couplings respectively. The
effective potential is obtained from Eq. (4.39). For simplicity, we do not include
scalar loops. We now expand the potential similarly to Eq. (5.16) and obtain

3(93 + 93)? ga+gp) 5 - 3(9% +93)° d;
Vig = 4 A ] _ 2l b
! { TR S N 6] [ ¥ " 2s6m2 2
2
A

39?3 g +9123 1 2772 393 2 l%
2\ — | Y®2H? + 2B _F? OyIn | —
+{ d 1287?2{11( 2 3| v T gt 12
gag
3¢% gy 5 S0bt20hdh Haghin () )\
256 2 ) 6 2(g% + 93)°
39?3 2 2 4 (PQ
25672 (g, +g%>2 (29AQB +QB) HyIn 2
2 (2 VA A G
25672 (95 + 93) 1z
(5.28)
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By comparing coefficients with Eq. (5.16), we can now read of \; and B,\i. Eq. (5.24)
at u = Py reads explicitly

3 2 2\2 3 4 2 2 1
VEFT:_ (gA+gB) ®3+{2)\p+ dB |:h,l <gA+gB> __:|}®3Hb2

51272 12872 2 3
4 2 2 4 9gAgB
Y S 395 |y, <gji + gg> 5 395+ 29a9p 4941 (ﬁgA+gB)
256 2 6 2(g4 + 93)°
4 2 2 2
(b n(38) ),

- 2 Hb

23(9124+9123)

12872

2 (2 2)277b 2 )
25672 (g3 + 93) M
(5.29)

The VEV of ® breaks the gauge group as U(1)4 x U(1)p — U(1) where the
unbroken U(1) has a gauge coupling g related to the original gauge couplings by

L _t.,1 (5.30)
7?9 '

With this definition, we find for Bé\H

R .1 _ 39
T 9802 (2 4 g2)° 12802

(5.31)

which demonstrates that Bf\H is (at least in this example) the beta function for Ay
in the phase where the heavy fields with masses proportional to (®) are integrated
out.

We show the running of couplings for a benchmark point in Fig. 5.1 (left). The
VEV of ® is roughly given by the scale where A\¢ ~ (35, and therefore also close
to the scale where \g crosses zero. At the scale of symmetry breaking, A\, needs
to be small in order to insure a hierarchy between (®) and the mass term for H.

5.3 Goldstone boson calculation

From Eq. (5.26), we can tell that there is a hierarchy between ®; and H only if
Ap is small at u = ®;. An often used mechanism to explain hierarchies in scalar
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Figure 5.1: The running of the scalar quartic couplings in the toy model (left) and
the effective potential in the direction of @, (with H, = 0). The couplings at u = 1
are chosen as g4 = 0.7, gg = 0.5, Ay = 0.01 and A, = 10%. Ag is chosen in such
a way that p = ®y and is numerically given by \p = 8.6 - 1074

masses, is to have the light scalar field as a Goldstone boson of a spontaneously
broken global symmetry. In this section we show that our calculation is explicitly
consistent with Goldstones theorem [68-70]. If the global symmetry is explicitly
broken, we expect the mass of the pNGB to have a mass proportional to the scale of
symmetry breaking multiplied by the amount of explicit symmetry breaking. We
also demonstrate that this intuition is not quite correct as the explicit symmetry
breaking might only contribute to the mass of the pNGB at subleading level.

5.3.1 Exact symmetry

Consider the case where we have an exact global symmetry of rotations between
® and H. In this case, the one-loop potential is given by

. 3 ®? 4 H}
Vi = X (@ + H)" + 2 (@ 4 )" In (#) | (5.32)
1
VerT, i.e. Eq. (5.24) is then given by
Verr = —%(bé. (5.33)

This results agrees with the expectation that Goldstone bosons have only derivative
interactions and the potential is flat. We have checked that this result also holds
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for higher order terms. The derivative interactions of a Goldstone boson do not
show up in our calculations, as we calculate the effective potential for constant
background fields.

5.3.2 Approximate symmetry

Now consider the case where the global symmetry is explicitly broken, however
the interactions that violate the symmetry only involve H and do not involve ®.
In this case the effective potential is approximated by

2 2
Vo o (74 1) 2 (o (1)

H2
+ (A — Ay + %Hﬂbl (M) BMHHI,I (M )

where (Ag — A), BZAH and BZA)\H explicitly violate the global symmetry. The po-

(5.34)

tential Vgpr is then given by

2h ) 2l 2
4\ H
Vepr ~ —% ((AH -\ - Phr Br > H,y + P, H, In (—b) . (5.35)

4 B 2 I

and H is massless. In realistic models, higher order corrections will generate a mass
term for H which is however loop suppressed compared to the naive expectation
for a mass term of a pNGB.

5.3.3 Non-conformal case

Qualitatively similar results are found in the case where tree level mass terms are
present. We first consider a potential with global symmetry of rotations between
® and H given by

V= —m?([H? + ) + A (|H]> + |)°. (5.36)
For m? > 0, the potential has a minimum at |®|? 4+ |H|* = m?/(2)). Integrating

out the massive radial excitation at tree level gives a flat potential

m4

o (5.37)

VeFT = —
as one expects from Goldstones theorem.
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If we now consider a slight variation of the potential given by
V= —m?(|H? +[®]) + A (|HP + |22)° + (A — N)|H|*. (5.38)

For Ay > A, the minimum is given by (H) = 0 and (®) = y/m?/(2)). Integrating
out the heavy radial excitation at tree level yields

m4

Verr = ot (Mg — A) [H|*. (5.39)
The difference (Ag — A) explicitly breaks the global symmetry of rotations. At
leading order this breaking does not contribute to the mass term of the pNGB.
However a quartic interaction for the pNGB H is generated. Higher order correc-
tions will introduce a mass term which is suppressed by loop factors.
Generally, if we have an explicitly broken global continuous symmetry, where
the symmetry violating interactions only involve the pNGB, then the mass term
for the pNGB is only generated at subleading order.
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Chapter 6

Custodial Naturalness

In this chapter, we propose a mechanism called Custodial Naturalness which ex-
plains the separation of the EW scale and potential UV completions of the SM.

Custodial Naturalness is based on a combination of classical scale invariance
and enlarged custodial symmetry. Both symmetries are explicitly broken by quan-
tum effects and spontaneously broken by the Coleman-Weinberg mechanism. We
realize Custodial Naturalness in models where the scalar sector consists of the SM
Higgs doublet H and a complex scalar field ® which is a singlet under the SM
gauge group. Both scalar fields have the identical charge under a new gauged
U(1) group. After spontaneous symmetry breaking, the pNGB associated with
the breaking of the enlarged custodial symmetry is given by the SM Higgs boson.

The results presented in this chapter are published in Refs. [1,2] in collaboration
with Manfred Lindner and Andreas Trautner.

6.1 General Idea
Consider a potential which is symmetric under a SO(6) custodial symmetry®
V=A(H]?+2P). (6.1)

A VEV in the H — ® system breaks the enlarged custodial symmetry as SO(6) —
SO(5) giving rise to five Goldstone bosons and the radial mode, which is the
dilaton. Such a VEV also breaks the gauge group SU(2)r, x U(1l)y x U(1)x to

IThis symmetry is a symmetry of the scalar potential, explicitly broken by gauge and Yukawa
interactions and we call this symmetry “custodial symmetry”. The SM SO(4) custodial symmetry
is a subgroup of this SO(6) group.
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Figure 6.1: The running of the scalar quartic couplings for a typical parameter
point. At the high scale Apign = Mpj, we have A\¢ = A, = Ay and SO(6) custodial
symmetry is realized. Ay crosses zero and |Ay| is shown by the dashed line. A, and
A¢ remain close to each other due to custodial symmetry. This figure is published

in Ref. [1].

electromagnetism U(1)ey, and four of the Goldstone modes are absorbed into the
longitudinal degrees of freedom of the massive gauge bosons. The final Goldstone
boson takes the role of the SM Higgs boson. The dilaton is the also a pNGB
namely the pNGB associated spontaneous breaking of scale symmetry.

SO(6) custodial symmetry is not an exact symmetry. It is broken by gauge
and Yukawa interactions. We need to specify the scale where we impose custodial
symmetry. In this work we always take this scale to be the Planck scale Mp;. To
be precise, Eq. (6.1) is now understood as

Viee = A (IH]” +[®P)"  at p= Mg (6.2)
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Figure 6.2: An illustration for the alignment of the VEV in the ® — H plane.
The dilaton hg is given by the radial excitation and the orthogonal excitation
corresponds to the Higgs boson h. This figure is published in Ref. [2].

The RG flow radiatively breaks SO(6) custodial symmetry and the scalar potential
takes the more general form

Vicee = M| H|* 4+ 20, |H|?|®|* + \a|®|*. (6.3)

Fig. 6.1 shows the running of the couplings for a typical parameter point illustrating
how Mgy runs to large positive values while )\, and A¢ stay close to each other.
Custodial symmetry protects the difference A\, — A\p. At some intermediate scale
Ae becomes small and A, turns negative, and the tree level potential develops a
flat direction. This happens typically around ~ 10° GeV. In order to understand
the orientation of the VEV, one can use the Gildener Weinberg approximation.
We discuss this approximation for the same potential as Eq. (6.3) in Sec. 4.5. At
the scale pgw, where the potential develops the flat direction, we have A, < 0 and
the Gildener Weinberg approximation yields

H? ),
P2 Ny’

Ay

Y

Ao at 1 = pew. (6.4)

The orientation of the VEV in the H — ® plane is visualized in Fig. 6.2. The VEV
is close to the boundary between the phase of unbroken and broken EW symmetry
realizing the multi-phase criticality scenario [176-178].

6.1.1 Particle content and charge assignment

Custodial Naturalness can be realized in minimal extensions of the SM. We restrict
ourselves to family-universal charges under the gauge group. The particle content
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includes the SM (with 3 right-handed neutrinos), the complex scalar singlet ®
and a new gauge group U(1)x. We also consider models with additional vector-
like fermions. Gauge anomaly cancellation requires that the U(1)x charges are a
linear combination of hypercharge and B — L. We give the charges of all fields in
Tab. 6.1. One can freely choose the basis of the two U(1) gauge groups. For our
purposes, it is most convenient to choose the basis in such a way that the Higgs
boson and ® both have U(1)x charge of 1. This relates the U(1)x charge of a
general field Q™ to its hypercharge Q) and its B — L charge QB by

1
QW =20% + —Q"™, (6.5)

where ¢ is the B — L charge of ®.

Adding a single set of new vector-like fermions can couple the new sector via
the neutrino portal. With the charges given in Tab. 6.1 (middle), we have the
following Yukawa interaction

Ly D y3vr®Tvg +he, (6.6)

which is the minimal possibility to introduce a Yukawa interaction involving .
We refer to this model as the neutrino portal model. We also discuss a model with
two additional fermions (Tab 6.1 (bottom)). In principle, « is a free parameter and
for any choice that prohibits Yukawa interactions to the right-handed neutrinos,
the new fermions are stable and therefore DM candidates. In this case the new
Yukawa interactions are given by

Lyuk D ywlﬁL‘wa + ywﬂ/j/L‘bw;z +h.c. (6.7)

6.1.2 Custodial symmetry violation

Gauge and Yukawa interactions explicitly break SO(6) custodial symmetry. In
Fig. 6.1, A\, and A¢ remain close to each other while Ay runs to large positive
values driven by the top Yukawa coupling. This is an important feature of our
model. We show in Sec. 6.1.3 that the hierarchy between the intermediate scale and
the EW scale is, to leading order, given by the splitting A\, — Ag. This dependence
might also be guessed from Eq. (6.4). This section is devoted to a discussion of
the different contributions to By, — B,-
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Table 6.1: The particle content and charge assignments for the models realizing
Custodial Naturalness. The “minimal particle content”, i.e. the SM fields and ®, is
present in every model. Also shown are the additional fermions which populate the
neutrino portal or might make up DM. The U(1)x charges are a linear combination
of hypercharge and B — L.

Name Generations SU(3). x SU(2), x U(1l)y x U(1)x | U(1)p_r,
Minimal particle content
3 (3,2,+5)  +5+a +3
L 3 (1,2,-1) - -1
Up 3 (3, 1,+3) 45+ +3
Ir 3 (31-3) St +3
eR 3 (1,1,-1) -2 -1
Vg 3 (1,1, 0) —q%{) -1
H 1 (1,2,43) +1 0
i 1 (1,1, 0) +1 4o
Minimal set of additional fermions
v 1 110 = (F+1) | ~(+aw
VR 1 (1,1,0) - <q%+1> —(1+qs)
Additional fermions that allow for DM
(07 1 (1,1,0) - !
Ur 1 (1,1,0) 241 a+ ge
: 1 (1,1,0) 241 a+ ge
(N 1 (1,1,0) - a
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SM contributions

The SM gauge and Yukawa interactions, especially the O(1) top Yukawa coupling,
break SO(6) custodial symmetry. All of these interactions only couple to H and
not to ®. Therefore, they drive Ay away from the symmetric point while the effect
on A\, — Ag is much smaller. The difference in beta functions induced by the SM
interactions is given by

Br, — Bre

1 9 3
~ W)\p [—§Qi - 5912/ + 122y + GyE] , (6.8)
SM

where g7, and gy are the SU(2);, and hypercharge gauge couplings respectively and
Yy is the top Yukawa coupling. Since Ag reaches critical values around pgw, typical

4
values for the custodially symmetric coupling A\ are given by A =~ fgg In % :

For gx = 0.1 we find A ~ 10~* and therefore A S 10~%. The contribution from
Eq. (6.8) is negative for 10" GeV < p < Mp; and positive for p < 10 GeV.
The integrated effect gives A\, — A > 0. Therefore, if there were no additional

sources of custodial symmetry violation, the Higgs doublet would not obtain a
VEV (see Eq. (6.4)). Additional custodial symmetry violation needs to contribute
with opposite sign. Alternatively, we could to lower the scale at which we impose
custodial symmetry to Apign ~ 101 GeV.

Contributions from the new gauge sector

The new U(1) gauge group also contributes to custodial symmetry violation, how-
ever the explicit form depends on the basis of U(1) charges. If ® and H have
different U(1) charges, then this charge difference contributes to 3y, — 8,. The
U(1)x basis is defined in a way that there is no charge difference. Since we have
two U(1) gauge groups, we also need to consider gauge kinetic mixing,? which also
violates custodial symmetry. When rotating to the (symmetric) U(1)x basis, the
contribution of the charge difference to 3y, — B, is shifted into the gauge kinetic
mixing parameter. The covariant derivative in the B — L basis is given by

9, +1(QW),QED) (QY g > AR
1% ) O ngL A}(LX)

2Terms such as eF‘“’F/’w and off-diagonal gauge couplings do not violate gauge invariance and

need to be included [179,180]. All these terms can be absorbed into a single off-diagonal entry
in the gauge coupling matrix [181].

0, (6.9)
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where g is the gauge kinetic mixing parameter, gg_1, is the B — L gauge coupling,
and AELY) and ALX) are the U(1) gauge fields. ¢ denotes a generic field. With
the definition of the charges in the U(1)x basis in Eq. (6.5), we can rewrite the
covariant derivative as

O +1(QM), Q) (gy f"z%gB—L) AT,
' ’ 0 da9B-1L AELX) 6.10
— o _i_i(Q(Y) Q(X)) <9Y 912) A,SY) p .
. o Y 0 gX AI(LX) 5

where we defined g12 as the gauge kinetic mixing parameter in the U(1)x basis
and gx as the corresponding gauge coupling. In the U(1)x basis the charges of
H and & are identical and therefore only gauge kinetic mixing contributes to the
differential running of A\, and A\g. The contribution is given by

B = Pra 1672 2

1 3
~— {69129§< + —9%2934} - (6.11)

g12

In order for the difference A\, — Ap to remain small, gi» needs to be small.® We
cannot simply set gi5 to zero since it will be generated at loop level. We need to
construct our models in such a way, that g;» can be small for all scales. For the
value qp = —%, gauge kinetic mixing will not be generated at one-loop if set to
zero at some scale. This value was independently found in Refs. [182-184] and
aligns with the “charge orthogonality condition” [185]. We estimate that values of
lge| € [%, %} allow for small gauge kinetic mixing g;5 and in this work we explicitly
consider qp = —% and g = —g. The flow of g5 for these two values of g¢ is shown
in Fig. 6.3. At one-loop, g1» flows towards the line given by g5 = %gx for qp = —%
and towards the line given by g2 = %gx for g¢ = —2. In the minimal model

8
we will often impose the boundary condition of glg| Moy = 0. Such a trajectory is

highlighted in Fig. 6.3 (left).

Without loss of generality, we can assume gx > 0. Typically |g12| < gx and
the first term in Eq. (6.11) dominates. If gi5 is positive, the contributions from
gauge kinetic mixing counteract the SM contributions to 3y, — 3y, which can lead
to A\, < Ag and therefore the Higgs field will obtain a VEV. It is also possible that
g12 flips the sign along the RG flow and the integrated effect should be considered.

31n principle we could also require gx to be small which would lead to a new sector which
has only small couplings to the SM.
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Figure 6.3: The one-loop RG flow from the UV to the IR in the gx —g12 plane. The
lines with g = %gx for qp = —% and g1o = %QX for qp = —% are highlighted
in red and a typical trajectory for the minimal model is marked in blue. The
hypercharge gauge coupling is set to gy = 0.48. This figure is published in Ref. [2].

Contributions from the new Yukawa sector

New fermions introduce Yukawa interactions involving ® (see Egs. (6.6) and (6.7)).
Since these interactions only involve @, they drive A and ), away from each other.
Assuming real Yukawa couplings, the contribution is given by

- Zk 23/3%

B = ra| 2

(6.12)

Yy

Here, and in this entire chapter, the sum over k should be understood as follows:
VY5Y
and in the DM model, the sum runs over y,, and y;. The contributions of the new
Yukawa interactions lead to A\, < A¢ therefore leading to EWSB.

In the neutrino portal model, the sum runs over the single value gy, =

6.1.3 Effective potential

We derive the one-loop effective potential in Chap. 4. In our model, the effective
potential is a function of the background fields ®, and H, and the minimum is
(®) and H, =

n; -1 283 mzze
V= Vot 32 it [ (55 - .

given by @, = (H). The formula for the effective potential is given

by
(6.13)



where the sum runs over the effective masses of all fields. n; is the number of
degrees of freedom, (—1)'* is *1 for bosons (fermions). In MS, C; = 2 for scalar
fields and fermions and C; = % for vector bosons. For the neutral gauge bosons
the effective masses are given by the eigenvalues of

2
9y 172 gy gL 12 (29x+912)9y 172
My = _9vaL 2 9L Fp2 _ Qox+g12)g1 2 (6.14)
v 2 b 2 b 22 b ) .
(29x+g12)9y 172 (29x+912)9L 172 29x+g12 2 2 2

and for the charged gauge bosons we have mj,. = g7 /2HZ. gy is the hypercharge
gauge coupling and g, is the SU(2), gauge coupling. For the top quark with
Yukawa coupling 1;, we have an effective mass of m; = y,H, and we ignore all
other SM Yukawa interactions. From the tree level potential, we find the effective
mass matrix for the neutral CP even scalar fields to be

(2A,,H§+6Aq>q>g AN, H, D, ) (6.15)

ANH,®y  2),®2 + 6 H?

The other scalar degrees of freedom contribute with effective masses given by
(20, @7 + 2X\ g HE, 20, @7 + 2\ HE 20, @3 + 20 HE 20, HE + 20 ®7}). In the neu-
trino portal model we also include the effective mass m?p = ygygq)g = yji@z and in
the DM model we have two additional effective masses given by my = y,®; and
mw/ = yw@b-

In order to analyze the effective potential, we use techniques very similar to

those developed in Chap. 5. We define ®(H,) via

OVerr

=0, (6.16)
0Py D= (Hy)

for general values of H, and use the solution to define

VEFT(Hb) = Veﬁf(Hb, (I)(Hb))- (6'17)
As shown in Chap. 5,
OVepr _ Vet Ve 0P -0 (6.18)
Oty Hy=(H) OH,y 0%y OHy Hy=(H),2,=(®)
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which follows from the fact that (H) and (®) fulfill the minimum conditions of V.
From the Gildener Weinberg approximation (Eq. (6.4)), we expect that (H) < ().
We can approximate (®) = ®((H)) ~ ®(0) =: ®;. Analytically we obtain

o (@2) _ 1672\
w2 (3gk +AN2— Syl )
{95 3In(29%) — 1] +4A2 [In (2),) — 1] = 37, [yy, (Inyg, —1)]}
- (3g% +4X2 = >, v, ’
(6.19)

which is the usual Coleman-Weinberg result of dimensional transmutation. We
now expand Vgpr for Hy, < ®3. At quadratic order we find

3 + gi2 2 9 2
Verr D2 [)\p— (ox ) Ix ( <1>+Z{ Vi 5 (%)] })] 3 H;
Vi

(6.20)

39% +4N2 =y 1672
Al
1%7?2 [...] 2 HE,

where we dropped terms proportional to the A\,Ay/(167%) factor. For small g2
and small y,, this is approximated by & 2()\, — A\e)P3H?. Custodial symmetry
ensures that A\, — A\g remains small. Crucially, the custodial symmetry violation
from SM interactions (EW gauge couplings and top Yukawa coupling) does not
show up in Eq. (6.20). Despite the O(1) top Yukawa coupling, the Higgs mass is
protected by the pNGB nature.

Eq. (6.20) is obtained without assuming a specific value for the RG scale pu.
The only requirement is, that p should be close to the physical scales (for example
®y). It turns out, that Vgpr takes a particularly convenient form if we choose
1= po = V2gxPoe~ /6. With this choice, the quadratic term in Vigpr is given by

[4\, + 6)p] [m (”f ) . ]
Verr D 20,8 1+ o ° HZ®. (6.21)
At = Mo,
St () - 4] - 24 [ (Gr) - 3]
Ix
Aol = o3 : (6.22)

and therefore |A\g| < |Ap|. The mass term of the Higgs field is well approximated
by 2X,®2 at jg.
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The expansion H, < ®q implicitly treats 2),PZ as large. This is not necessarily
in issue. In the following, we propose a slightly different expansion that takes into
account that 2\,®3 is roughly of order of the EW scale. This new expansion
scheme will allow us to make a precise connection to the SM effective potential.

Instead of expanding in powers of H,/®q, we introduce an artificial expansion
parameter € defined as

4y, |

Do Dy’
This definition is similar to the 't Hooft-Veneziano limit [186, 187] with e — 0
corresponding to

Ay — €N, (6.23)

Po

7. % X — 0, A\®2 = AgH; (fixed). (6.24)
b

An

This limit also aligns with the flat direction of the Gildener Weinberg approxima-
tion given by
ApH? = =)\, 0% (6.25)

Now we expand Vgpr in powers of € and at up to O(e?), we find at p = g
_3931( + 2 yik
3272

i —1 2si mze 3 42 + : 4

mi,eff
6472 u2 1672 (395 — s yfbk)

VepT = o+ 20, P HE + A\ Hy

(6.26)

where the sum over ¢ runs over the gauge bosons in the SM, and the top quark
effective mass. The sum also includes scalar mass terms given by {2),®3 +
6N HE 20, P2 + 2\ HE 20, P2 + 2\ HE 20, P2 + 2\ H?}. These are the effective
masses one obtains from a tree level potential given by Viyee = 20, P2 H|*+ A | H[*.
Essentially, we find that Eq. (6.26) is the one-loop effective potential of the SM
[188] up to the last term. This term gives a small corrections to the Higgs quartic
coupling. We checked that the difference of the expansion in powers of € compared
to powers of H,/®y is small. Explicitly, the terms quadratic in H, differ by terms
o A2HZ®F and for the quartic terms by terms oc A\, Hj.

6.1.4 Vector boson masses

The VEVs of H and ® spontaneously break the gauge symmetry and give rise to
the masses of the gauge bosons. The mass matrix for the neutral gauge bosons
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is given by Eq. (6.14) evaluated at ®, = (®) and H, = (H). This matrix is
diagonalized by two rotations, explicitly U” My U with

U=1|s o —cs]|, (6.27)

where ¢ = cosfy, s = sinfy and ¢ = cos€', s’ = sinf'. Oy is the weak mixing

angle given by 0y = arctan (?X) and

tan(26') == — 2(g12 + 29x) v/ 92% + g7 (H)* . (6.28)
[9% + gy — (912 + 29x) ] (H)? — 4 g5(P)*
The eigenvalues of the vector boson mass matrix i.e. the masses of the neutral
gauge bosons Z and Z' are given by

m?, :%(gi + g3 )(H)? - o2 1 29;(;_%((% ) H>>2 o g;‘*) (6:29)
my =295 (P)* + %(912 +2gx)*(H)? + (912 ¥ 29)8(9)X<9 ) <<16LI>I> o <<<Z>>4> 7
(6.30)

while the third eigenvalue vanishes and the photon does not obtain a mass. The
mass of the Z boson slightly different compared to the SM prediction. The new
U(1)x gauge group explicitly breaks the SO(4) custodial symmetry of the SM
(similar to hypercharge), therefore modifying the predictions for my, /my. Keeping
all SM couplings fixed, the shift in the Z mass remains in the 20 range [189], if
(®) = 18 TeV. Direct Z' searches typically constrain (®) to be larger than this
limit.

6.1.5 Scalar masses

The scalar masses are obtained from the curvature of the effective potential at the
minimum, i.e. m2, = 9,,0,, Ve evaluated at H, = (H) = and &, = (®). The
full expression for the mass matrix is quite unwieldy, however an approximate
expression can be found. We checked numerically that these expressions give a
somewhat reasonable approximation. For the Higgs boson we find

3 (gx +42)" g% y 242
m; & | =\, + Ap + R e ()2
h P 3gk +4X2 — >k Y Z 1672 Yr,
(6.31)
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Approximating for small g2 and small y,, this simplifies to
e (=) + M) (@), (6.32)

illustrating the nature of the Higgs boson as a pNGB associated with spontaneous
breaking of SO(6) custodial symmetry. The radial excitation, i.e. the dilaton
obtains a mass given by

39% — Doy Y, + 4N
mi .~ 4’; P (D)? a2y, ()2, (6.33)

This relation illustrates the suppression of the dilaton mass by the beta functions,
i.e. the scale anomaly. This is understood since the dilaton is the pNGB associated
with spontaneous breaking of scale symmetry. The mixing angle ¢ between the
dilaton and the Higgs boson is approximated by

e ()] we

2
3(9x+%2) ok v
P‘P IRET RV ES S Ao + Zk 16

tan @ ~ 5 5
m;: —m
(orar) b he (6.34)
3(gx+42) g3
[— } (@) (H)
_|_
my —mj.

The value of this mixing angle is proportional to custodial symmetry violation and
typically tand < 1072,

6.2 Models realizing Custodial Naturalness

6.2.1 Minimal model

The particle content of the minimal model that realizes Custodial Naturalness is
given in Tab. 6.1 (top). No new fermions apart from the right-handed neutrinos are
introduced. The parameter g¢ is set to g = —%. Along the RG flow towards the
IR, the gauge kinetic mixing parameter g;5 runs towards g,o = % gx at one-loop. In
Sec. 6.1.2 we find that small positive values of g5 are required for EWSB. We will
see below that, in the minimal model, the boundary condition 912‘ Moy = 0 leads
to EWSB since g2 runs towards small positive values. Such a boundary condition
is justified since it enhances custodial symmetry at the high scale. The scalar
sector of the minimal model has only one free parameter, the SO(6) custodially
symmetric coupling A\. In the new gauge sector we have another new parameter
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gx. If we do not impose 912‘MP1 = 0, the model is slightly less minimal and g
becomes a free parameter. In summary, we trade the two parameters of the SM
Higgs potential (m3M, A3M) for X\ and gy and the minimal model has the same
number of parameters as the SM.

Since the minimal model is as predictive as the SM, in principle one should
perform a fit of the model parameters to the experimental measurements. In this
work we restrict ourselves to a parameter scan. Below we will see, that due to
experimental uncertainties (mostly on the top pole mass), we are not able to give
a single value as prediction for the Z’ mass and the dilaton mass.

For our parameter scan, we will do the following: We randomly select input
values at the low scale and these couplings are then run up to Mp;. At Mp, we
impose SO(6) custodial symmetry. Then we use these values that now obey SO(6)
custodial symmetry as a reasonable starting point at Mp; and run the couplings
down to the intermediate scale where we calculate the effective potential and match
to the SM.

In more detail, we start by choosing a random value for the top pole mass M,
in the 30 range M; € [170.4,174.6] GeV. Using the formulas in Ref. [16], we obtain
the values for the SM gauge and Yukawa couplings in MS. We fix A3M and m3M, i.e.
the parameters of the SM Higgs potential by requiring that the one-loop effective
potential of the SM at y = M; has a minimum at 246.22 GeV and the Higgs mass
obtained from second derivative matches the central value of the measured Higgs
mass. Using the two-loop SM RGEs, we run these couplings up to iy which is
randomly chosen in the range fip € [500,10% GeV. Next we randomly choose
gx‘ﬁo € [0,0.20]. We now use jig = v2gx®oe~ /6 where @, is given by Eq. (6.19)
to determine )\q>|ﬂo (A, can safely be neglected in Eq. (6.19)). For Ay and A, the
precise values will be fixed by custodial symmetry and we use A H|g0 = )\%M|ﬁ0 and
)\p‘ﬂo = /\q;.‘,ao as reasonable estimates. This set of couplings is then run up to Mp,
using the two-loop RGEs of the minimal model found using PyROTE [190]. At Mp;
we impose SO(6) custodial symmetry. This is done by defining A := )\q:.‘ My This
implicitly sets Ay, Ap| Mp, = A. For the minimal setup, we then impose 912’ Mo, = 0
We also consider a scenario where we choose random values for g1 in the range
g12|MP1 € [-0.1,0.1] 'gX}MPI. Now all parameters at the high scale are fixed. Using
the two-loop RGEs, we run this set of parameters down to o which is determined
by iteratively using the definition g = v2gx®oe /¢ and Eq. (6.19). At o we
determine the VEVs (®), (H), and scalar masses my, and mj; numerically from
the full one-loop effective potential. In order to match to the SM, we choose AM ‘#0
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Figure 6.4: Parameter points in the minimal model that yield the correct EW scale
in the mz — gx plane. The left plot shows the amount of custodial symmetry
violation given by g2/ gX| Mo, and the right plot shows the amount of fine tuning.
These figures are published in Ref. [2].

and m$M o in such a way that the SM one-loop effective potential gives the same
Higgs VEV and Higgs mass as the full effective potential Eq. (6.13), where both
effective potentials are evaluated at py. We then run the SM couplings down to
M; using the two-loop RGEs of the SM where we obtain the Higgs VEV and Higgs
mass from the SM one-loop effective potential (at = M;). From the inverted
formulas in Ref. [16], we obtain the top pole mass. In our plots we show points for
which the Higgs VEV lies within the £0.1 GeV interval of the experimental value.
Unless stated otherwise, no constraint on the Higgs mass is used. We checked that
the points with correct Higgs mass have a similar distribution in the scatter area
as points with arbitrary Higgs mass. The numerical routine agrees with the one
used in Refs. [1,2] and also the same datasets are used.

Figure 6.4 shows the results of our parameter scan. For 912‘ Mp, = 0 (red
stars) there is a clear relation between my and gx. If we allow for glz} My # 0,
the parameter space opens up and the hierarchy between the EW scale and the
intermediate scale is determined by the value of g12| Moy Positive values lead to
more custodial symmetry violation and therefore to a larger separation of A, and
Ao and a smaller hierarchy between the intermediate scale and the EW scale. For
912|Mp1 < —0.075- gX‘MPl’ Ap > g at = pp and therefore EWSB does not occur.

Custodial Naturalness is a mechanism to solve the hierarchy problem, which is a
problem of fine tuning. Fine tuning is often quantified using the Barbieri-Giudice
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measure [191]. This measure does not actually measure fine tuning, but rather
sensitivity on small changes in the parameters (see Ref. [192] for a discussion).
Dimensional transmutation is exponentially sensitive to changes in the parameters
but still not considered fine tuning. For our purpose, we use a fine tuning measure
which is a modification of the original Barbieri-Giudice measure. We quantify fine
tuning of the hierarchy between the intermediate scale and the EW scale with

9 9 .

g 9@ gi O(H) gi 0(®)

A= - - . 6.35
T e HL?X‘<H> By (®) By, (6.35)

Defined in this way, the sensitivity from dimensional transmutation is automati-
cally subtracted and the tuning required for the little hierarchy, i.e. the separation
between the intermediate scale and the EW scale, is quantified. In practice, we
calculated A by using small variation of the parameters at the high scale and then
evaluate the changes of the VEVs at the low scale. We show the tuning required
for our parameter points in Fig. 6.4 (right). For most of our parameter space the
tuning A is well below 10? and these point are not fine tuned at all. For large
values of my, A takes larger values since for these points, tuning between the
SM contributions to A\, — Ag and the contributions from g9 is required. Further
there seems to be a minimum (valley of minimal fine tuning) present. The physical
meaning of this valley is unclear. At this valley, A ~ O(1) while outside of the
minimum, A is roughly around 10, which is still not considered fine tuned. We
also checked that this minimum is not present if, in Eq. (6.35), we replace (H) by
my,. The order of magnitude for A outside of the valley does not change.

The strongest direct constraints on our model come from direct Z’ searches. We
calculate the Z’ production cross section times branching ratio into dileptons (e*e™
and 1 7) using MadGraph5_aMC@NLO [196]. The UFO file [197] was generated using
FeynRules [198]. We show the fiducial cross section times branching ratio for our
parameter points and the comparison to the current limits for dilepton searches at
ATLAS [193] and CMS [194] in Fig. 6.5 (left). We use the same fiducial cuts as
in Ref. [193]. We also calculate the fiducial cross section times branching ratio for
different values of myz and gx (see Fig. 6.5 (right)). This allows us to recast the
limits from Ref. [193] by finding the value of my for which the line with constant
gx intersects the 95% C.L. exclusion limit from ATLAS. If there a two intersections
of these lines, we take the lower value. Interpolating then yields the limits in the
mz — gx plane.

The minimal setup with gqo ’ My = 0 has the same number of parameters as the
SM. In principle this allows us to fix all the parameters by the measurements of
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Figure 6.5: Left: Production cross section times branching ratio (2’ — [TI~ for
[ = e, ) for the parameter points of the minimal model with correct Higgs mass
and the limits from dilepton searches at ATLAS [193] and CMS [194] at 95% C.L.
Also shown are expected limits at HL-LHC at 14 TeV [195]. Right: Production

1

cross section times branching ratio for different values of my and gx for qp = -3

The same cuts as in Ref. [193] are used. These figures are published in Ref. [2].

the masses and interactions of the SM fields, and the Z’ mass and dilaton mass
are predictions. However, in practice a large range of values for these two masses
is possible. This is mainly due to the experimental uncertainty on the top mass.
The top Yukawa coupling gives a large contribution in the running of Ay. The
uncertainty is magnified by the running over orders of magnitude and manifests as
an uncertainty in the prediction of the Higgs mass. We show the relation between
the Higgs mass and the top quark mass in Fig. 6.6 (top left) for all points not
excluded by direct Z" searches. In the minimal setup, there is an approximately
linear relation and the measurement of the Higgs mass constrains the top pole
mass to lie at the lower end of the 1o range of the current measurement. In order
to fix the Z’ mass, the top quark mass needs to be measured with permille level
accuracy. For glg‘ Mey # 0, most points still obey the same linear relation as in the
minimal setup while a few points reach to larger values of M; and there are no
points with correct Higgs mass and M; < 171.5 GeV.

The mass of the dilaton, given by Eq. (6.33), is suppressed by (), compared
to the intermediate scale. We show the numerical results for my, in Fig. 6.6 (top
right). The points with g2 My = 0 (red stars) give a dilaton mass of ~ 70 GeV
and therefore, in the minimal scenario, the dilaton is always lighter than the Higgs
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Figure 6.6: The top pole mass vs the Higgs mass for parameter points not excluded
by dilepton searches in the minimal model (top left). White bordered stars indicate
points with glg‘ Moy = 0. Parameter points of the minimal model in the mz —mp,
plane (top right) and the mixing angle 6 vs the dilaton mass my, (bottom). The
points marked with orange crosses have a Higgs mass outside of the 30 range and
the black squares indicate points excluded by dilepton searches. These figures are

published in Ref. [2].

65



boson. With gu’ Mey # 0, the dilaton mass varies between 40 GeV and a few
100 GeV.

The Higgs dilaton mixing angle, given by Eq. (6.34), is suppressed by (H) /(®)
and typically sin?# < 107° for viable points (see Fig. 6.6). Experimental con-
straints on the Higgs-scalar mixing angle [199-201] are therefore avoided. If
my, & My, the mixing angle is much larger reaching values up to sin®6 ~ O(1).

6.2.2 Neutrino portal model

The minimal fermionic extension is given in Tab. 6.1 (middle). The charges of 1,
and Y are chosen in such a way that there is a Yukawa interaction involving ®
(see Eq. (6.6)). This Yukawa interaction automatically involves the right-handed

neutrinos. We further choose g3 = —%. For this choice, along the RG flow towards
10
123

loop. If g5 is set to zero at Planck scale, the contributions of gauge kinetic

the IR, the gauge kinetic mixing parameter g;5 runs towards g;o = —5=gx at one-
mixing to A, — A¢ are too small to overcome the SM contributions. We need
to introduce additional sources of custodial symmetry violation in order to obtain
EWSB. This is achieved by considering non vanishing Yukawa interaction involving
®, i.e. yy # 0 or simply taking 912|Mp1 > 0.

The VEVs of the scalar field generate Dirac mass terms for the neutral fermions
given by

»Cmass 2 y35<H>ﬁ%V§ + yg<@>ELy}€ + h.c.

e Ty (WOUH) O (g .
=L i) <y5<<1>> 0) (@/}R) Fhe (6.36)
= (V¢ ) My (Zg) + h.c.

After symmetry breaking there remains an accidental global lepton number sym-
metry and Majorana mass terms are not generated. ©¥r does not have a Yukawa
interaction and therefore 1) remains a massless Weyl spinor due to unbroken chi-
ral symmetry. This implies that there also will be a massless left handed Weyl
spinor. We can obtain the masses of the neutral fermions by the eigenvalues of

SOl H) P () H><q)>> . (6.37)

P )
Moy = <y3<yi>ﬁa/<ﬂ><<b> e
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The lower left entry of this matrix dominates and the mass of the heavy eigenstate
is, assuming real Yukawa couplings, given by m, ~ 4 /yiyi(@) = 7y(P). The
Dirac spinor corresponding to this heavy eigenstate can be written as

- (eos(am 4 sm<a¢>uL) | .

/
VR

for a linear combination of the right-handed neutrinos vj. The mixing angle
oy between vy, and the active neutrinos is approximately given by sin(ay) ~
v, (H)/(®) where y, denotes a typical entry of the neutrino Yukawa matrix y®°.
The two light but massive eigenstates have a mass of approximately y,(H) and
therefore y, ~ 107''. This implies that sin(ay) < 107!, Since the matrix
Eq. (6.37) has rank three, the remaining state is a massless Weyl spinor given
by an active left handed neutrino. While the addition of the minimal set of new
fermions populates the neutrino portal, we do not explain the smallness of neutrino
masses.

We study the parameter space of the neutrino portal model using a parameter
scan with the same setup as in the minimal model. We perform two scans, one
where we randomly sample 7, = 0 and glg} M € [0,0.2] - gX} Mo and one with
g¢‘ﬂ0 € [0,0.9] - gX|ﬂo and g1z, = 0 while all other parameters are sampled
in the same range as in the minimal model. The same dataset has been used in
Ref. [2].

As discussed earlier, in models with ¢ = —3

-3
symmetry violation are required to overcome the SM contributions to A, — A\ and

ensure that the Higgs field obtains a VEV. In Fig. 6.7 (top) we illustrate how
this can be achieved by glz‘ My 0 and by 7, # 0. For large values of gi5 or
Uy, custodial symmetry violation is large and the hierarchy between the EW and

additional sources of custodial

the intermediate scale is small. We also show the fine tuning required for each
parameter point in Fig. 6.7 (bottom).

We also recast the Z’ limits from dilepton searches for models with ge = —%.
We use the same setup as for the minimal model and we do not include the effects
of the new fermions as final states. This does affect the width of the Z’ boson,
however, we checked that the effect on our results is negligible. The fiducial cross
section times branching ratio for different values of my and gx are shown in
Fig. 6.8. The recast limits obtained for g = —%’ are very similar to the limits
obtained for gp = —% and in all plots in this chapter, points excluded by these

limits are again marked by black squares.
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Figure 6.7: Parameter points in the neutrino portal model that yield the correct
EW scale. The top plots show the custodial symmetry violation and the bottom
plots show the amount of fine tuning. The plots on the left have y; = 0 and
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Figure 6.8: Production cross section times branching ratio for different values of
mz and gx for o = —32 and the 95% C.L. limits from ATLAS [193] and CMS [194].
The same cuts as in Ref. [193] are used.

The top pole mass and the Higgs mass have a similar linear relation as in the
minimal model while a few points with correct Higgs mass reach the upper end
of the 30 range for the top mass uncertainty (see Fig. 6.9 (top)). For g, # 0 the
dilaton mass can reach small values if 3g% ~ 7, (see Eq. (6.33)). The numerical
results for the dilaton mass are shown Fig. 6.9 (middle). For g, # 0 the dilaton
mass is limited by the scan range of 4, and for gy = 0, g12 | Mpy # ( the dilaton mass
takes similar values as in the minimal model with glg‘ Moy # 0. Also shown are
the values for the Higgs dilaton mixing angle for our parameter points in Fig. 6.9
(bottom).

6.2.3 Dark matter model

In the DM model we introduce two vector like fermions that do not interact with
the neutrino sector. The charges are chosen in such a way that Yukawa interactions
involving ® are possible (see Eq. (6.7)). The charges of these new fermions are
found in Tab. 6.1 (bottom). The parameter « is only constrained by the require-
ment that the Yukawa interaction involving right-handed neutrinos is forbidden.
For our parameter scans, we choose o = % Similar to the neutrino portal model,
we choose g = —% which necessitates additional sources of custodial symmetry
violation for realistic EWSB.
The VEV of ® generates mass terms for the new fermions given by

Linass D Yu(@)rtbr + yy (PYU' 0 + hec. =t mytbpbr + my )’ 1P, + he. (6.39)
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Figure 6.9: The top pole mass vs the Higgs mass for parameter points not excluded
by dilepton searches in the neutrino portal model (top). Parameter points of the

neutrino portal model in the myz — my, plane (middle) and the mixing angle 6

vs the dilaton mass my, (bottom). The points marked with orange crosses have a

Higgs mass outside of the 30 range and the black squares indicate points excluded
by dilepton searches. The plots on the left have g = 0 and 912‘ Moy # 0 and the

plots on the right have g # 0, 912| My = 0. These figures are published in Ref. [2].
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Figure 6.10: Feynman diagrams for the DM annihilation via the Z’ channel (left)
and the Feynman diagram for the spin independent DM nucleon scattering (right).
These are the dominant diagrams for the respective process.

and we denote the two massive Dirac fermions as ¢ and 1'. After symmetry
breaking the Lagrangian is symmetric under two global accidental U(1) symmetries
under which only ¢ and ¢’ transform. This guarantees that 1 and ¢’ are stable
and therefore they constitute two-component DM candidates.

In this section, we assume that 1) and )’ are in thermal equilibrium in the early
universe. This assumption is only correct, if the reheating temperature after the
phase transition to the U(1)x breaking vacuum is high enough. In this case ¢ and
" are produced via Z' decays. The thermal history of the Universe for models
similar to ours in discussed in Sec. 6.3. We note that, if the reheating temperature
is not high enough, then ¢ and v’ do not reach thermal equilibrium and the DM
relic density needs to be reevaluated. Naively, we expect that in this case the relic
is smaller compared to the results presented in this section, which in turn opens
up the allowed parameter space [202].

The DM candidates ¥ and ¢’ form two-component DM and the total DM relic
density is given by

Qh? = (Qh?)y + (QR)y, (6.40)

where (Qh?), and (Qh?), denote the relic density of ¢ and ¢’ respectively.
and v’ separately freeze out and the dominant DM annihilation channel is given
in Fig. 6.10 (left) with SM fermions in the final state.

To study the allowed parameter space for the DM model, we conduct a param-
eter scan. We use the same basic setup as in the previous sections. We conduct
two scans, one where we choose glg}Mpl = 0 and one with 912’Mp1 =—-0.1- gX’Mm'
For simplicity, we set vy, = yy and randomly choose y, € [0,0.8] - gX‘ﬂo‘ Similar
to the neutrino portal model, non-zero values for y,, and y, are required to cancel
the SM contributions to A\, — Ag and lead to successful EWSB. For the scan with
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glg| Moy = —0.1- gX| My the Yukawa interaction also need to cancel the contribu-
tions from gauge kinetic mixing. The results of our parameter scan are shown in
Fig. 6.11. Similar to the previous sections, the hierarchy between the intermediate
and EW scale is smaller, if custodial symmetry violation in form of y,, = v, is larger
(Fig. 6.11 (top)). The scan with glg‘MPI =—0.1 -gX|MPl allows for larger values of
my at fixed my compared to the scan with glg‘ Moy = 0. We also show the amount
of fine tuning calculated from Eq. (6.35) in Fig. 6.11 (middle). For the scan with
J12 |Mp1 =—0.1-gx }MPN the cancellation of the contributions to A\, — A\ from gauge
kinetic mixing and the Yukawa couplings need to cancel and therefore the tuning
is larger compared to the scan with g12| My = 0. Assuming thermal equilibrium for
1 and 1" we calculate the relic density via the freeze out process using micrOMEGAs
6.0.5 [203]. The model files are generated with SARAH-4.15.2 [204]. The results
for the relic density is shown in Fig. 6.11 (bottom). Near the Z’ resonance for DM
annihilation (i.e. my & my &~ $my), the relic density turns out to be close to and
below the observed value of Qh? = 0.12 [205] while in the rest of the parameter
space the relic density is too large. For our parameter scan we used yy, = yy. It
turns out that this needs to hold up to deviations of a few percent, in order for
my and my to be close to the Z' resonance simultaneously. The relation v, = yy
can be imposed by a parity-like symmetry that exchanges vy, <> ¥}, and ¢} < ¢r.
In Fig. 6.11, all points that overproduce DM are marked with gray bordered plus
symbols. For the scan with g;- My = 0, only few points are not excluded by AT-
LAS and yield Qh? < 0.12. For the scan 912|Mp1 = —0.1- gX‘MPl the parameter
space opens up since for fixed my the ratio my/my is larger. Thus points with
My R My R %mzf have larger values of my where ATLAS is less sensitive.

The scattering cross section for DM scattering off nucleons can be calculated
using micrOMEGAs 6.0.5. The dominant contribution to WIMP nucleon scat-
tering is given by the t-channel Z’ exchange (see Fig. 6.10 (right)). Assuming
my = My, the spin independent scattering cross section ogr for both ¢ and ¢’ is
identical (og1 = og1(¢)) = os1(¢')). We show the spin independent scattering cross
section for our parameter points in Fig. 6.12. The ATLAS limits on the Z’ boson
already exclude all points accessible by XENONnT. The sensitivity of the DAR-
WIN experiment will reach the neutrino floor and probe parts of our parameter
space [208]. Fermionic DM with a heavy Z’ mediator have been widely studied in
the literature, see e.g. Refs. [209-214].

We show the relation between the top pole mass and the Higgs mass in Fig. 6.13
(top). The results are very similar to the behavior found in the previous sections.
The points for which DM is not overproduced seem to be evenly distributed in
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Figure 6.11: Parameter points in the DM model that yield the correct EW scale.
Shown are the amount of custodial symmetry violation (top) and the amount of fine
tuning (middle) and the DM relic density (bottom) for the scans with gis| g, = 0
(left) and glg‘MPI = —0.1- gX}MPl (right). All plots assume vy, = yu. Points
excluded by ATLAS searches are marked with black squares and point for which
DM is overproduced are marked with gray plus symbols while the remaining points
are marked by a bright green border. These figures are published in Ref. [2].
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Figure 6.12: Spin independent DM nucleon scattering cross section for the DM
model. Also shown are the XENONnT limits [206] (black line) and neutrino
floor [207] (black dashed line). Points excluded by ATLAS are marked with black
squares, points where the Higgs mass is outside of its 30 range are marked by
orange crosses and the cyan “tri-down” points are used to indicate points which
yield a relic density QA% > 0.12. The green points are not excluded. These figures
are published in Ref. [2].

the scatter area. We also show the dilaton mass as a function of my in Fig. 6.13
(middle) and the Higgs dilation mixing angle in Fig. 6.13 (bottom). The results
agree with those for the neutrino model with g, # 0.

6.3 Experimental signatures

The massive Z’ boson in our models has couplings to all SM fermions and can be
searched for at colliders. We already discussed the current limits from dilepton
searches [193,194] which exclude mz < 4TeV. The reach to higher masses is
limited since at LHC, a heavy on-shell Z’-boson can only be produced from the high
momentum tail of the parton distribution function. We show the limits recast from
ATLAS and projections for proposed future colliders in Fig. 6.14. The projections,
taken from Ref. [215, Fig. 8.3], assume hypercharge-universal couplings of the Z’
boson. The couplings of the Z’ boson in our models differ by an O(1) factor
compared to the hypercharge-universal Z’ boson. Large parts of our parameter
space can be probed by these proposed future colliders. In the DM model, all
viable points found in our scans can be tested by HE-LHC, FCC-hh/ee/eh or a
10 TeV muon collider.
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Figure 6.13: The relation of the top pole mass and the Higgs mass for points not
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are published in Ref. [2].
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The dilaton typically has a mass roughly in the 40—400 GeV range and a mixing
angle with the Higgs boson sin?6 < 107°. The Higgs-dilaton mixing induces a
coupling of the dilaton to the SM fields given by O, = sinf x O, = where
O,Slf,w are the SM operators involving the Higgs boson h where h is replaced
by the dilaton hg. Further interactions of the dilaton could originate from the
trace anomaly [216-218]. These interaction involve pairs of gauge boson and are
suppressed by he/ve and therefore easily avoided [219,220].

Dilaton production at colliders is possible through the Higgs mixing with an
estimated efficiency of one dilaton per 10° Higgs bosons assuming sin? # ~ O(107°).
With smaller mixing angles, the production is further suppressed. However for
such small mixing angles, the dilaton becomes long lived. For example, with
sin? @ ~ O(1077) we expect one dilaton with a lifetime of 73,, su ~ O(107%°s) per
107 Higgs bosons. This opens up the possibility for displaced vertex searches at
Higgs factories [221-223].

The three-scalar vertices in the limit (g1 < 1, y < 1 and A\¢ — A\, < 1) are
approximated by

PV,
(%;f ~ 6AgV2(H), (6.41)
PVog 1
h20ha ~ (mi@ — mi) \/§<<I>>7 (6.42)
a3Veff 2 2 <H>
8h8h?{) ~ (Bmhq) — mh) W (643)

If 2my,, < my, the Higgs decay to two dilatons is kinematically allowed, however
strongly suppressed with a branching ratio of roughly 'y pgne/Thtor ~ O(1078).
The dilaton emission from a virtual Higgs h — hhe is also highly suppressed.

6.4 Finite temperature effects

In the cosmological evolution of the Universe one needs to include temperature cor-
rections to the effective potential. It turns out that models with Coleman-Weinberg
symmetry breaking generically have a first order phase transition (FOPT) [23,224,
225).

The models discussed in this chapter are very similar to the classically confor-
mal B — L model. In particular, the minimal model that realizes Custodial Nat-
uralness has the same particle content as the classically conformal B — L model.
The differences are that in the minimal model ® has a charge of g = —% in the
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B — L basis compared to the value g3 = 2 in the classically conformal B — L
model and that we impose SO(6) custodial symmetry. Refs. [226-230] investigate
the thermal history of the Universe in the classically conformal B — L model. We
note that Ref. [228] considers different values for the gauge kinetic mixing param-
eter showing that the qualitative results are fairly independent of this parameter.
Therefore, we expect the cosmological evolution of the Universe in our models to
closely resemble the evolution in the classically conformal B — L model. The differ-
ent values of gg can be largely compensated by rescaling of the gauge coupling. In
this section we briefly summarize the main findings of Refs. [226-230]. A detailed
analysis of the finite temperature potential and the phase transitions should be
conducted in future work.

For a sufficiently high temperature 7', the effective potential has a minimum
at ® = 0 and H = 0. During the expansion of the Universe, the temperature
drops and the potential develops a second minimum. At a critical temperature
T, ~ my, this second minimum becomes the global minimum however the fields
® and H remain trapped at (®, H) = (0,0) due to a thermal barrier which does
not disappear at low temperatures. The fields can tunnel to the global minimum
which leads to the formation of bubbles. In the classically conformal B — L model,
the percolation temperature 7T}, i.e. the temperature where the formation and ex-
pansion of bubbles becomes efficient, is T}, < T¢. Since the fields are trapped in
the false vacuum, this leads to a period of thermal inflation with N ~ 10 [228]
where N is the number of e-folds. For large parts of the parameter space, perco-
lation is inefficient for temperatures down to the QCD scale. Ref. [227] finds that
this happens if gg_, < 0.2 at u = my. Taking into account the different charge
of ® in the B — L model compared to the models discussed in this chapter, we
rescale this bound and find that for gx < 0.4 percolation remains inefficient. With
Ny = 6 massless quarks, QCD undergoes a FOPT with a critical temperature
of TRCP =~ 85MeV [231,232] and no strong supercooling. After the QCD phase
transition, a linear term in the Higgs potential is generated from the top quark
condensate which in turn induces a Higgs VEV of [227,230]

1/3
viaep = |y (V2Xg)(t)| ~ 100 MeV. (6.44)

For the parameters space relevant in our model, Ref. [227] finds that the fields are
trapped at (®, H) = (0,vi.qcp/V2) followed by an FOPT to the realistic B — L
breaking vacuum. In contrast, Ref. [230] finds that QCD induces a tachyonic
instability and the transition to the B — L breaking vacuum happens without
a FOPT. We stress that in both cases, the QCD phase transition is first order.
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Gravitational wave signals originating from bubble collisions can be probed by
future gravitational wave observatories [226-230, 233-237].

The decay he — hh can reheat the SM thermal bath if m;, > 2m; and
the reheating temperature 7y, is found to be roughly of ~ O(TeV) [230]. For
Mmp, < 2my, scalar mixing might provide a reheating mechanism [238]. A more
detailed analysis of the reheating process is required to find out whether QCD and
EW symmetry is restored after reheating and, in case of our DM model, whether
the DM candidates are in thermal equilibrium after reheating.

Our model introduces new light degrees of freedom given by the right-handed
components of the Dirac neutrinos. If these new light degrees of freedom are
produced after the period of thermal inflation, they contribute to AN.g and this
contribution can potentially be detected in future CMB measurements [239-241].

6.5 Future directions

The models constructed in this chapter assume family universal U(1)x charges
and therefore the new charges are required to be a linear combination of the
B — L charge and hypercharge. Non-universal U(1) charge assignments such as
U(1)r, -1, can potentially connect “Custodial Naturalness” to flavor anomalies for
example the muon anomalous magnetic moment [242-247]. One can also consider
B — L charge assignments where the right-handed neutrinos have the charges
vg ~ (—4,—4,5). For such a charge assignment, gauge anomalies cancel and the
Yukawa interaction of the lepton doublet with the right-handed neutrinos and the
Higgs doublet is forbidden. This setup is often used to explain the smallness of
neutrino masses [248-251].
In order for A\g to reach critical values, bosonic loops need to contribute to S, .
In the models presented in this chapter, these contribution come from the U(1)x
gauge group. One can also consider the case where these contributions come from
an additional scalar field .S which is a singlet under enhanced custodial symmetry.
In this case ® and S can be real fields and, at the high scale, the potential is given
by
2

V=2 (]H]Q + %¢2> - % (|H!2 - %¢2> S? 4 %54 at p = Mp. (6.45)
This potential has a SO(5) symmetry where ® and the real components of H form
a 5-plet. If we include right-handed neutrinos vg, then the Yukawa interaction

ﬁyuk D) yjo\}ﬁq)ﬂgyg, (646)
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can contribute as additional custodial symmetry violation, similar to the Yukawa
interactions discussed in Sec. 6.1.2. After spontaneous symmetry breaking where
® obtains a VEV, a Majorana mass for vy is generated and the low-scale type I see-
saw scenario is realized. The scalar field S is odd under an accidental unbroken Z,
symmetry and therefore a stable DM candidate. A setup with similar particle con-
tent but without enhanced custodial symmetry has been considered in Ref. [178].
In this reference the DM relic density has been calculated using the freeze out
scenario. Ref. [252] discusses Coleman-Weinberg symmetry breaking induced by
scalar loops and finds that the reheating temperature ranges from ~ 10 —10* GeV.
This suggests that for parts of the parameter space, S is not thermalized after the
phase transition and the relic density is lower then expected from the freeze out
mechanism [253]. A detailed study of this realization of Custodial Naturalness is
currently ongoing in collaboration with Manfred Lindner and Andreas Trautner.
A publication is planned in Ref. [3].

In this chapter, SO(6) custodial symmetry is imposed at the Planck scale. In
Sec. 6.1.2 we discuss that the SM contributions to 3y, — 8, change sign around
10 GeV. If the scale where custodial symmetry is restored is lowered, then the
integrated effect of the SM contribution to A, — Ag can be sufficient to trigger
EWSB. In this case no additional sources of custodial symmetry breaking are re-
quired. In such a setting, the charge assignment g = —% seems particularly
interesting, since gi» remains zero at one-loop and thus only contributes to custo-
dial symmetry violation at two-loop. Such a charge assignment and the lower scale
of custodial symmetry might originate from a grand unified theory (GUT). Similar
to the way the SM custodial symmetry is embedded in Pati-Salam unification [254]
(SO(4) € SO(10)), SO(6) custodial symmetry is expected to be embedded in the
GUT group.

Future work should also consider the inclusion of baryo- or leptogenesis [202,
235,236, 255-260] or include different DM production mechanisms [202,261]. One
should also investigate the possibility for inflation where ® takes the role of the
inflaton [238,262,263].
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Chapter 7

Symmetries of beta functions

Outer automorphisms can be understood as the non-trivial symmetries of a sym-
metry group. Acting as transformation of the fields, these outer automorphisms
are not symmetries, but the transformation can be absorbed into the couplings [36].
For example the CP transformation in the SM is an outer automorphism [81,82]
which maps the couplings to their complex conjugate.

In this chapter, we derive how the beta function functions transform under
outer automorphisms. We show that the beta functions, seen as a set of partial
differential equation, have a symmetry given by the transformations of couplings
under the outer automorphism.! This allows us to derive general constraints on the
form of the beta functions. The transformation of beta functions under the outer
automorphisms can be used to validate the argument on which t’Hooft naturalness
is based. We also briefly discuss scale transformation as an outer automorphism
of the Poincare group.

The results presented in this chapter are part of ongoing work in collaboration
with Andreas Trautner and a publication is planned in Ref. [4].

7.1 Outer automorphism

Say we have a symmetry group GG. Automorphisms are bijective homomorphisms
from the group to itself, i.e. u : G — G where u preserves the group structure. The
maps u form a group, namely the automorphism group Aut(G). Some elements

!By symmetry we mean a transformation g, and for any for any solution x(¢) to a differential
equation & = F(z), g(x(t)) is also a solution. This agrees with the definition given for example
in Ref. [264, Definition 2.23].
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u € Aut(G) can be written as multiplication with group elements, i.e. there exist
a group element h € G such that u(g) = h-g-h™! for all g € G. These auto-
morphisms are called inner. Any automorphism which is not inner, is an outer
automorphism.?

The symmetry transformations under a group element ¢ € G act on a field ¢(")
in the r representation as

¢ = pr(g)e™, (7.1)
where p,(g) is the matrix representation of the group element g. The action is
symmetric, if

g [¢(T)} -9 [pr(g)(b(r)} . (7.2)
In this chapter, we consider more general transformations given by
o) 5 o) = F(o17) = U™, (73)

where the field ¢(") in the 7; representation is mapped to a field ¢("?) in the r
representation. The matrix U is defined as a solution to

pri(u(g)) = Upr (9)U . (7.4)

In Ref [87] (see also Refs. [83,84,86,265]) it is shown that a solution to Eq. (7.4)
exists if and only if u is an automorphism. The solutions to Eq. (7.4) are not
unique. For example for any solution U, ¢**U for some phase « is also a solution.
For each solution to Eq. (7.4), we have a corresponding transformation acting on
the fields via Eq. (7.3). Sometimes one refers to the transformation in Eq. (7.3) as
the transformation under the (outer) automorphism. All possible transformations
that fulfill Eq. (7.4) form a group which we denote by H. Since U = p,.(h) for
any h € G is a solution to Eq. (7.4), the symmetry group G is a subgroup of H.
Further, H contains the automorphism group Aut(G) and the phase rotations of
U as subgroups.

The transformation in Eq. (7.3) is not a symmetry of the action, however, the
following statement is true:

Finding 1 If for every field ¢, also "9 is part of the particle content® then
followning relation holds:

S[6, Ma] = S, fa(N)]; (7.5)

2We clarify that the outer automorphism group is defined differently. In this chapter, we are
only concerned with outer automorphism in the sense that they are not inner.

3This is equivalent to demanding that the particle content of the model can be written in
representations of the group H (or more precisely of the subgroup generated by U). If this is
not the case, the “possible” symmetry is maximally broken by the particle content.
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for some function f,(\) determined by the transformation in Eq. (7.3) i.e. the
outer automorphisms transformation.

This statement has been shown in Ref. [86] and we repeat the arguments below.
We write the Lagrangian in terms of operators O, [¢]

Lo, M) = X044, (7.6)

where each operator is invariant under the symmetry transformations Eq. (7.1) and
An are independent couplings. This sum must include every independent operator
consistent with all symmetries, as expected from renormalizability. Now we write

L16. 0] = LIF (). 0] = £10.2a = 3 o) D413, (7.7)

where we decomposed £ in a similar way as we decomposed £. Under the sym-
metry transformation Eq. (7.1), (") transforms as

0" = U™ = Up ()6 = pr, (u(9)) U™ = pr,(u(g))0™,  (7.8)

i.e. (") transforms in the pr, representations (of a different group element). As the
operator decomposition Eq. (7.6) includes all operators invariant under symmetry
transformations, there exists an operator O, such that?

On,, [¢] = Om[9]. (7.9)

Therefore we have

E[an )‘n] :Z J?k(/\m)@k[ﬁg] :Z fk()‘m)onm [@5] 522 fn(/\m>on[9g] :‘C[an fn(/\m)]7
' ' ' (7.10)
which implies Eq. (7.5).

Observation 1 If the operators in Eq. (7.6) are monomials in the fields, then
Eq. (7.5) is given by
S[¢, Al = Sl UA], (7.11)

for some matriz U determined by the transformation in Eq. (7.3). Since the trans-
formation in Eq. (7.8) form the group H, the matrices U also form a group, which
we denote as H. The couplings A, transform under representations of H.

4Technically this might be a linear combination, however the argument still holds.
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If the operators O,, are monomials in the fields, then we can write

MO [6] = AT Gutp.., (7.12)

where the indices a, b, ... run over all fields and 77 is some tensor. Eq. (7.6) acts
on ¢, as a matrix multiplication ¢, — U aa! ¢q . Then we have

M T0 Gatpr. = ATh U U by ... = M(T) datbp... (7.13)

Since we have a complete set of operators O[¢]|, (1T")" is simply a linear com-
bination of 7™ and therefore the transformation of A, is described by a matrix
multiplication.

Observation 2 Say the couplings fulfill f,(\) = \,. Then the transformation
¢ — ¢ leaves the Lagrangian invariant. u is then part of the symmetry group.

Finding 2 If the outer automorphism transformation (Eq. (7.3)) leaves the path
integral measure invariant, then S[o, \,] and S|¢, fn(N\)] lead to the same physical
predictions. Therefore these parts of the parameter space are redundant.

Consider the generating functional

Z\J) = / Do exp (z / d*z Lo, \,] + J¢) . (7.14)

By field redefinition invariance, we know that

Z'[J] = / D exp (z / d*z L, ] + J&) : (7.15)

gives the same predictions as Z[J].> Using Eq. (7.5) we can rewrite this to
2131 = [ Dowxo (i [ e 216,001+ 73

— / Déb det lé]-"&;[ﬁbq exp (@ / d*z L[, fo(N)] + qu) (7.16)

_ / Do exp (z / &'z Lo, fu( V)] + ng) .

where we assumed det [5};_(;@] = 1 in the final equality.® As Eq. (7.14) and

Eq. (7.16) give the same predictions, the function f, maps redundant parts of

the parameter space to one another.

By same predictions, we mean same S-matrix elements [266,267]. A modern derivation of
field redefinition invariance is given in Ref. [268].
6This is the same requirement as anomaly freedom.
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Finding 3 The redundancy in parameter space also manifests itself in the struc-
ture of the RGEs. If we consider the beta functions as functions with the couplings
as arguments (i.e. By, (. )) then

_0f)

B, (fr(N)) Or

B, (Ak)- (7.17)
Therefore the transformation A — f(\) is a symmetry of the beta functions.
The generating functionals in Eq. (7.14) and Eq. (7.16) have the same functional

form and therefore the beta functions we calculate with these two theories have
the same functional form, i.e.

g =P () (7.18)
) 381, () = B (RO (7.19)

Eq. (7.17) follows from the chain rule.

Observation 3 With the assumption of the operators O, being monomials, the
couplings transform under representations of H (see Observation 1). Eq. (7.17)
implies that the beta functions transform under the same representations as the
couplings. We write the couplings transforming in the r; representation as Ay, .
Then expanding the beta function as a power series, we find

B)‘Ti - chk [)\7-]. X )\Tk:|"'i -+ chkl [)\7-]. X )\T'k & )\Tl]ri + ... (720)
i,k

3okl

where [)\rj ® )\"'k:| is the tensor product of A, and A, projected onto ;.

;
A similar to approach is used for the two Higgs doublet model (2HDM) in Refs. [269—
271] where the tensor structure of the couplings under basis transformations is used

to constrain the all-loop beta functions. For a discussion of the outer automor-

phisms in the 2HDM we refer to Ref. [91]. The tensor structure of the couplings

is also used in high loop calculations as for example in Ref. [272].

Observation 4 t’Hooft naturalness: The notion of t’Hooft naturalness states
that a set of couplings can be naturally small, if and only if the symmetries of
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the model are enhanced by setting this set of couplings to zero. If the (approxi-
mate) symmetry transformation is an outer automorphism, i.e. can be written as
Eq. (7.3), then Observation 3 implies t’Hooft naturalness.”

Any coupling that preserves the symmetry, transforms trivially under f,(X). For
couplings that violate the symmetry explicitly, Eq. (7.20) implies that the beta
function transforms covariantly and therefore the beta function of symmetry vio-
lating couplings must be proportional to symmetry violating couplings.

7.2 Example I: Cyclic group of order three

As a first example, we consider a model with the symmetry group Zs = {(a|a® = e).

This group has three irreducible representations all of which are one-dimensional.

They are given by the trivial representation, p.(a) = w and pr(a) = w? with
27 .. . .

w = e'3. The group Zs3 has a non-trivial outer automorphism given by the Zs

group that exchanges a and a?. For this outer automorphism u, we evaluate

Eq. (7.4) and find

pr(u(a)) = pr(a®) = w* = pr(a). (7.21)

Thus u maps the representation r to the conjugate representation 7. We start by
considering the case U = 1. Now consider a single scalar field ¢ which transforms
in the r representation. The most general renormalizable potential is given by

V = m?[¢? + (k¢® + h.c.) + Alo[*. (7.22)

The conjugate field ¢* transforms in the conjugate representation 7 and the outer
automorphism maps ¢ — ¢*. Therefore the outer automorphism is the CP-
transformation. However all couplings in Eq. (7.22) are real up to unphysical
phases. Thus CP is already a symmetry of the theory and nothing is gained by
the outer automorphism.
Another solution to Eq. (7.4) is the phase rotation U = ¢'*. The couplings
transform as
m? — m?, Kk — 3%, A= A, (7.23)

and x = 0 enhances the symmetry to a global U(1).

"Ref. [80] assumes, without proof, that the beta function for a coupling a is proportional to
a, if @ = 0 enhances a symmetry. To our knowledge, our argument here gives the first strict
derivation of this proportionality.
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At this point, we could use Eq. (7.17) to constrain the form of the beta func-
tions. However due to the different mass dimensions of the couplings, the beta
functions are already tightly constrained and no new insight is gained. We now
consider another example where we can constrain the form of the beta functions.

7.3 Example II: Dihedral group of order eight

Consider the dihedral group of order eight, Dg = (a,bla’® = b* = abab = e).
It turns out to be more convenient to choose s = b and ¢t = ab as generating
elements which implies Dg = (s, t|s? = t? = (st)* = ¢). There are five irreducible
representations of Dg. The representations map the generating elements as follows

I s t
1.1 1 1
1, |1 1 -1
1.1 -1 1
1__ (1 -1 -1
2 1 o3 o4

where o; are the Pauli matrices. Dg has an outer automorphism given by the
Z5 operation which exchanges s <+ t. Consequently this exchanges the 1, <«
1_, representations while it leaves the other representations invariant. For the
one-dimensional representation, Eq. (7.4) is solved by U = +1,% while for the 2
representation, we find

11
Uy = (VE V2 ) . (7.24)
Vi V2

Now consider a real field in the 2 representation

= (Z;) . (7.25)

The most general renomalizable potential is given by

Vi=m? (1 + 63) + A (61 + 63) + 200765, (7.26)

8A complex phase is only allowed if we consider complex fields.
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Figure 7.1: RG flow for Example II in the A-A, plane. The red line corresponds
to the enhanced outer automorphism symmetry. Green lines correspond to decou-
pling limits. Mapping of parameter points under the outer automorphism is shown
(blue points and arrows). Trajectories through these points are highlighted.

and the action of the outer automorphism ® — Us® maps the couplings to

AN
2

m*=m* X ;A= (7.27)
At the point of enhanced symmetry, A = A, the theory has a Dy symmetry (which
turns out to be an accidental O(2) symmetry). In Fig. 7.1, we show the RG flow
and the symmetry enhanced line with A\, = A. We also show how different parts
of the parameter space are mapped onto each other by the outer automorphism.
These parts of the parameter space are redundant.

The transformation in Eq. (7.27) is a Z, transformations. We can write the

couplings in terms of irreducible representations as
A1 =3+ A, A=A =, (7.28)
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These couplings transform under the Zs transformation as
)\1 — )\1, )\1/ — —)\1/. (729)
Observation 3 then implies that the one-loop beta functions are given by

By, =C1A] + MY, (7.30)
By, =csAAr. (7.31)

Non-zero values of \y/ explicitly break the Zs, outer automorphism. We explicitly
see that 5>\’1 o Ay and therefore A\;/ can be naturally small.
In terms of A and \,, the beta functions are given by

1 1 1

N :Z(gcl + ¢34 3c3) A\ + Z(6c1 —2¢9 — 2c3) A\, + Z(Cl +co— 03))\12), (7.32)
1 1 1

6)\10 :Z(gcl +cp — 963))\2 + 4_1(601 —2cy + 603))\)\p + Z<Cl + Cco + ?)Cg)/\?7 (733)

Setting A, = 0 leads to the decoupling of ¢; and ¢, and the beta function [,
should reflect that. Therefore c3 = ¢; + %CQ and

1 5 2
ﬁ)\ 25(901 + Cg)/\2 + (C1 - §C2) )\/\p + 502)\2, (734)
1 1 9
6)\1) = 301 — 502 )\Ap + |+ 502 /\p’ (735)
An explicit calculation of the beta functions yields
5 9
C1 = W7 Cy = H (736)

7.4 Example III: Pauli Group

Consider the Pauli Group G¢,op,, i.e. the group generated by the Pauli matrices

01,09,03. The field
¢1>
b = , 7.37
(¢2 (7:37)

transforms in the 2 representation. Then the most general renomalizable potential
is given by

V =m? (’¢1|2 + |¢2‘2) + A (|<Z51‘2 + |¢2|2)2
0, (611" = 411 loal” + 0al") + Aoy (91067 + (01)%03)  (738)
+ Mg, (6] + ¢3) + hec. + Ay, 703 + hec.
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Now consider the following transformations on the fields

o (2) =0 ()
~ Lz G —11) (il) ’

The first three transformations are outer automorphism with the fourth one is the
trivial automorphism with a phase. The couplings transform (i.e. A — f(\)) as
follows under these outer automorphisms

(I) : )\22 — —>\22, )\42 — —)\427
1 1
(II) : )\21 — 5 (/\22 — /\21) , )\22 — 5 (3)\21 + /\22> ,

1 1 1
Agy — (5)\41 + 1/\42> ;o Agy (3)\41 - §>\42> : (7.40)

(III) : )\41 — )\Zl’ /\42 — )\22,
(IV) : )\41 — —i)\41, )\42 — —i)\42,

These coupling transformations generate the group D, X S3 and the couplings
transform under the following irreducible representations:

A1 1, trivial representation,
) 2 lifted from Ss,

(7.41)
4 faithful.
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The beta functions at one-loop are then given by

1
]_6 P (Cl1 [1 & 1] -+ C1, [2 X 2]1 + C14 [4 X 4]1) y (742)
1
(2%):1M2@%u®2b+gﬂz®m2+@J4®qg, (7.43)
22
Ora) Z 1 104 2®4 7.44
2
or explicitly
B = e e (02 + 52 ) ben (a4 =2 (7.45)
)\1 167_(_2 | 1.1 12 2, 3 29 13 41 12 42 ) ‘
B 1 T A1 g, )\21—1)\22 A, 2 — S04 |?
( o) = 16w 1 e ) T2 (Zong ) T 1’; ’)\* 12‘A*4A‘ ’
/8)\22 167T 1125 2 21 N\29 2( 41 \4, + 44 42)
(7.46)
B)ul 1 [ Al)\41 A21 >\41 + %A22 >\42
1) = ) 7.47
(5A42 1672 _041 A1, e 2X2, 4, — A2 Mg, ( )

There are three interesting decoupling limits: We can decouple the two sectors
consisting of ¢ and ¢, by setting

1
Aoy = SA Az =0, Ay, =0, (7.48)

By setting
1 1
)\22 = 5)\1 - )\217 R‘e()\41) = 6 ()\1 + )\21) ’
(7.49)

1
Re()\42) = 5)\1 — )\21, Im()\41) = III]()\42) = 0,

the sectors containing {Re(¢1), Re(¢2)} and {Im(¢;),Im(¢s)} decouple. We can
also decouple a singe real field (e.g. Re(¢y)) by setting

do = 2 Re(ha) = thu An, =0, In(h) =0, Ay =0 (750)
The RG flow should respect the decoupling limits. This constrains
1 1 1
C2, = C1, + §C12 32013, Co, = 1_1012 16613’ Coy = 5013, (751)
1 1 3 1 '
Cq4; = C1; — §C12 + 320137 Cay = 1012 16013,

leaving three coefficients that need to be determined. An explicit calculation of
the one-loop beta functions gives

C1, = 24, C1, = 24, C13 = 96. (752)
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7.5 Four scalar fields without symmetries

We have seen how the outer automorphisms constrain the shape of the beta func-
tions. If the group of outer automorphisms is large, we will find many constraints
on the shape of the beta functions. For a model with no symmetry, all fields trans-
form under the trivial representation p, = p,» = I and Eq. (7.4) is solved by any
invertible matrix U. Taking into account that the kinetic terms should remain in-
variant, for N real scalar fields, the group of outer automorphism transformations
H is given by O(N). We will now discuss a model with four reals scalar fields and
no symmetry imposed. The most general potential can be written as

V = mi0ib; + Kikdidjor + Nijridididrbu, (7.53)

with 1 <1 <7 <k <[ < 4. Since we can reorder the fields in each operator
(for example ¢1¢o = Pohy), there are 10 independent mass parameters, 20 cubic
couplings and 35 quartic couplings. As there is no symmetry present, the group
of outer automorphism transformations H is given by O(4). We will focus on
SO(4) = SU(2) x SU(2) and the four reals scalar fields transform under the ¢ ~
(2,2) representation of SU(2) x SU(2). The couplings can be decomposed into

irreducible representations as’

m?® ~ (L) ®(3,3) = (1 1yt m%3 3) (7.54)
~(2,2)®(4,4) = K2 + Kaa), (7.55)
A~(1 1)@ (3,3) ®(5,5) = A1) + A\3,3) + A\5,5)- (7.56)

In this section we focus on the quartic couplings. Similar calculations can be done
for the cubic couplings and masses. Since beta functions transform in a covariant
way, we again write them in terms of tensor products. At quadratic order in
couplings (one-loop) we find

Pran = [)‘(1 1) ® A }(1,1)4' 0(2) [/\(373) ® )‘(3,3)] anTt 0(13) [)\(575) ® /\(5,5)} 11)
(7.57)
Bra.s) =’ [)\(1 1) ® A@33 }(3 g+ Y [)\ ) ® A3.3)] 5.3)
5 [)‘(5 5) ® As.5)] 33 ci P\(s 3 @ A\s5)) (3.3) (7.58)
ﬁ)‘<5,5) :C5 [)‘(1 1) ® A5 5)} (5,5) + C5 P\(s,s) ® )\(3,3)} (5.5)
+ [)\(5 5 ® A\55 }(575) 4+ [Az3) @ As5)] 5.5)" (7.59)
% Antisymmetric tensor products such as [¢2,2) ® d(2,2)] (3.1) Vanish.
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We know that the decoupling limit exists and is stable under the RG flow. All
the possible decoupling limits (decoupling one scalar field or decoupling into two
sectors each with two real scalar fields) constrains the coefficients as

5} 2 1
(3) — 200(1 ) + 150(1 ), cg,,l) = gc(ll), cg) §C( ) + 10(12),
45 25 15
=150+ B, o B B (7.0
1 21 3
W @t @ o He e w3 e
4 4 2
This leaves only two free coefficients in the one-loop beta functions,
_ .1 (2)
Bran =01 Mo ® Aap] qq)ta e @ Aes]q,,
+ (=206 +15¢2) o) @ M) 0. (7.61)
b 2 oD 1 @
Brom =31 Pan @Asa] ey + (30 + 70 | Pes @ Aes] s
W, 45 (9
-+ —1501 + ZCI [)\(5’5) & )\(5,5)] (3,3) (762)
25 1y 15 (o
+ <_§C:(l - ?C:(L )) [/\(3:3) ® )‘(5:5)] (3,3)°
1 L (2
Brss =1 Aan) © A s T ;10(1 e @A) (5.5)
21
+ (—70(11) —+ ZC(IZ)) [)\(575) ® )\(5’5):| (5.5) (763)

3 ¢
+ <_C:(ll)+2cl ) [}\(33)@)\55} 55)-

Note how this are fewer free coefficients as in Sec. 7.4. Since we started with the
general case, the group of potential symmetries is larger compared to the Pauli
group example and therefore we have more constraints on the beta functions. Note
that, if we now impose symmetries, the coefficients c(1 ,cl) do not change. With
the structure of the beta function known in the general case, we could now impose
the same symmetry as in Sec. 7.4 and obtain the beta functions for the Pauli group
model.

We now impose decoupling of ¢3 and ¢, together with parity and exchange
symmetry. Then the potential for ¢; and ¢5 can be written as

V =\ (1 + ¢3) + 2\, ¢1¢5. (7.64)

93



In this case the beta functions are given by

1 1 3 2 5 1 1 1 1 1 2

1 ! L (7.65)
1
B, :50(1))\>\p+ ( G A4 20 ))\2
and comparing to the known beta function we find
(1 96 2) 160
R (e (7.66)

which fixes all the one-loop beta functions for the four scalar system.

7.6 Dilations

One of the main topics of this thesis are models with classical scale invariance.
It turns out that scale transformations are outer automorphisms the of Poincare
group [82]. At the level of the classical action, scale transformations simply trans-
form the dimensionful couplings (see Eq. (7.5)). For example consider the following
action
2 .. A 4
Sto. (m* M) = [ @t 30,0(000"6(0) - Jmiola) - o) (767

For the scale transformation we have ¢'(x) = e?¢(e’x) and for the action we then
find

Sto, A = [ e 50,0(0)0%0(z) - ;mwx) - 26
:/d4 / 8’¢(x’)8’“<b(a:’) 2¢2( ) 2¢4<I/)

:/d4x et |:€_ZU% L P(e7x o (e’ x) — %m%z(e"x) — %¢4(e"x)
= [ @ 30,60 (a) - e a) - 1 (o)
=S[¢, {e**m?, \}].

(7.68)

In the derivation of Finding 3, we assumed that the functional measure transforms
trivially, i.e. the outer automorphism transformation is anomaly free. As discussed

94



in Chap. 2, this does not hold for dilations. Scale transformations map the marginal
couplings A — X\ 4+ o(,. Repeating the calculation of the scale anomaly, we find
that for the ¢? model, Eq. (7.16) should read

Z'[J] :/m exp {z’S lqb, { [1—1—0 (2+16A7T2>} m?, {)\—l—af(;z] H +/d4:c chb}

_/Dgzﬁ exp {iS [gzﬁ, {m2 + 0o (2m2 + Bmz) A+ Uﬁ,\}] + /d4x Jqﬁ} ,
(7.69)

where we assumed infinitesimal scale transformations and generalized the anomaly
calculation in Chap. 2 to include the mass term. This is a remarkable result. De-
spite the non-invariance of the measure, the outer automorphism transformations
can be absorbed into couplings. However the transformation of the couplings
differs from the classical result. Similar to the arguments in Finding 2, Z[J]
and Z'[J] have the same functional form and the parameter points {m? A} and
{m? + o (2m?* + B,2) , A + 0B\} are physically redundant. A simple calculation
shows that Eq. (7.17) trivially holds.

7.7 Outlook

In the previous section, we discussed an outer automorphism where the transfor-
mation does not leave the path integral measure invariant. We speculate that the
findings of this example should generalize. The general argument should look as
follows:

Consider the case where the symmetry G is anomaly free. Then the quantum
effective action is symmetric, i.e. T[¢(™] = ['[p,(g)¢™]. It is typically assumed
that the effective action contains all operators consistent with the symmetries of
the action. Since the set of operators is complete, the arguments given for the
classical action S in Finding 1 should also apply for the effective action I".!° Then
we would have, similar to Eq. (7.5),

L[, Al =Tg, fO(N)]. (7.70)

It should be noted that this f)()\) in general differs from the f(\) found from
the classical action. If the outer automorphism transformation is anomalous, i.e.

10SQubtleties might arise, since the couplings multiplying the operators are not necessarily
independent.
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the path integral measure is not invariant, then f) and f are expected to be
different. We already saw this for dilations where classically

FO) = A, (7.71)
while the anomaly leads to
BN =X+ 08 (7.72)

Future work should also investigate whether our results can be used to constrain
the all-loop beta functions similar to Refs. [270,271]. In Refs. [270,271] the tensor
structure of the beta functions in the 2HDM is fixed by arguments using the
Cayley-Hamilton theorem. In our case, one should be able to derive similar all-
loop beta functions by using syzygies, i.e. a generalization of the Cayley-Hamilton
theorem.

The arguments in this chapter are based on symmetries and outer automor-
phisms. They hold to all orders in perturbation theory. While we have presented
the arguments for QF'T, in principle they should generalize to other theories where
the renormalization group is used.
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Chapter 8

Conclusion and Outlook

In the SM, the fermions and gauge bosons obtain their masses via the Higgs mech-
anism and, at the classical level, Higgs mass parameter is the only dimensionful
quantity. This mass parameter is not protected against corrections from potential
UV completions of the SM giving rise to the hierarchy problem.

Scale transformations are space-time transformations that rescale each space-
time point. Classically, fields transform according to their mass dimension and
scale symmetry is realized if there are no dimensionful couplings. Scale invari-
ance of the classical action does not imply scale invariance at the quantum level.
The scale anomaly manifests itself as the non vanishing beta functions and scale
symmetry is explicitly broken.

Scale invariance plays a crucial role in understanding the hierarchy problem.
Bardeen argued that, in the absence of new scales, the Higgs mass term is protected
against large corrections by scale invariance. The anomalous breaking of scale
invariance does not lead to large corrections to the Higgs mass and the SM does
not have a hierarchy problem. Once new physics, that comes with a new scale,
is introduced, the Higgs mass receives corrections proportional to this new scale.
This then leads to the hierarchy problem.

In classically scale invariant settings, the explicit breaking of scale invariance
by the scale anomaly can be translated to a physical scale via dimensional trans-
mutation. Coleman and Weinberg showed that, in the weak coupling regime, the
gauge group of massless scalar electrodynamics is spontaneously broken. In order
to obtain the VEV, one needs to consider loop contributions to the potential which
is done by using the effective potential.

The effective potential is independent of the RG scale and therefore follows a
Callan-Symanzik type equation. We used this Callan-Symanzik equation to write
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the effective potential in terms of beta functions. In the case of a single massless
scalar field at one-loop, this can be done by integrating the RG equation. In case of
multiple scalar fields, writing the effective potential in terms of beta functions is not
so straightforward. We focused on the case with two massless scalar fields where
the VEVs are hierarchical. In this setup, we wrote the effective potential in terms
of beta functions and developed a procedure to approximate the effective potential
of the light scalar field. We applied this procedure to models with an approximate
symmetry of rotation between to two scalar fields. After spontaneous breaking of
this approximate symmetry, we expect a pNGB and our procedure allowed us to
identify which sources of symmetry breaking contribute to the mass of the pNGB
at leading order.

The main result of this thesis is the concept of Custodial Naturalness which
addresses the hierarchy problem. The idea is based on a combination of classical
scale invariance together with a scalar sector which has an enhanced custodial
symmetry at some high scale. Both symmetries are radiatively broken. At an
intermediate scale, the enlarged custodial symmetry is spontaneously broken via
the Coleman-Weinberg mechanism and the SM Higgs boson is a pNGB associated
with this spontaneous breaking.

We realized Custodial Naturalness in models where the scalar sector consists
of the SM Higgs doublet and an additional complex scalar field which is a singlet
under the SM gauge group. At the Planck scale the scalar potential is symmet-
ric under a SO(6) custodial symmetry. Both scalar fields have an identical charge
under a new U(1) x gauge group, which is a linear combination of B — L and hyper-
charge. The contributions of the new gauge boson to the beta function of the scalar
quartic couplings drive these couplings to critical values and the new scalar field
obtains a VEV. This VEV spontaneously breaks the U(1) x gauge group giving rise
to a heavy Z’ boson which typically has a mass of ~ 4 — 100 TeV. Simultaneously,
SO(6) custodial symmetry is broken and the Higgs boson is the pNGB associated
with this breaking. The VEV of the new scalar field also spontaneously breaks
classical scale invariance giving rise to a dilaton with a mass typically in the range

of 30 — 1000 GeV.

The minimal realization, consisting of the SM fields including right-handed
neutrinos, the new scalar field and the U(1) x gauge boson, has the same number of
parameters as the SM. Further, we showed that Custodial Naturalness can address
the hierarchy problem even if the high scale boundary conditions are varied and
additional sources of custodial symmetry violation are included. We presented
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models with additional fermions that populate the neutrino portal or are DM
candidates.

Our models predict a thermal history of the Universe that includes a period
of strong supercooling followed by a FOPT. Details of the cosmological evolution
and potential gravitational wave signals should be explored in more detail in future
work.

Another promising realization of Custodial Naturalness based on SO(5) cus-
todial symmetry was briefly sketched. This realization introduces scalar DM and
neutrino mass generation by a low-scale type I seesaw mechanism. This model and
potential connections to leptogenesis should be studied in future work.

We have introduced outer automorphisms and showed how fields transform
under these outer automorphisms. These transformations are not symmetries of
the action but can be undone by a transformation of the couplings. We showed
that the beta functions transform covariantly under these coupling transforma-
tions and illustrated how this constrains the structure of the beta functions in
several examples. Connections to t’Hooft naturalness and scale transformations
were discussed. Scale transformations served as an example to demonstrate how
our results might generalize to the case where the outer automorphism transforma-
tion does not leave the path integral measure invariant. In case of anomalous outer
automorphism transformations there should also exist a coupling transformation
similar to the classical case. We presented some arguments why this should be
the case, and the details need to be worked out in future work. Further investiga-
tion should also determine how outer automorphisms can fix the structure of the
all-loop beta functions.

In summary, this thesis introduced the concept of Custodial Naturalness which
is based on conformal symmetry combined with an enhanced custodial symmetry.
The enhanced custodial symmetry is spontaneously broken via dimensional trans-
mutation and the Higgs boson emerges as a pNGB, offering an explanation of both
the little hierarchy and the separation of the EW and the Planck scale. Custodial
Naturalness can be realized in minimal extensions of the SM and can be tested at

future colliders and through by gravitational wave signatures originating from a
FOPT.
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This thesis is based on several published papers or planned publications. In par-
ticular, Chapter 6 is based on work in collaboration with Manfred Lindner and
Andreas Trautner published in

[1] T. de Boer, M. Lindner, and A. Trautner, “Electroweak hierarchy from
conformal and custodial symmetry,” Phys. Lett. B 861 (2025) 139241,
arXiv:2407.15920 [hep-ph]

[2] T. de Boer, M. Lindner, and A. Trautner, “Custodial Naturalness,” accepted
for publication in JHEP (2025) , arXiv:2502.09699 [hep-ph]

Further the main idea of ongoing work in collaboration with Manfred Lindner and
Andreas Trautner is sketched in Chapter 6. A publication is planned in

[3] T. de Boer, M. Lindner, and A. Trautner, “Hidden Sector Custodial Natu-
ralness,” in preparation (2025)

Chapter 7 is part of ongoing research together with Andreas Trautner and the
results will be published in

[4] T. de Boer and A. Trautner, “RG flow constraints from outer automor-
phisms,” in preparation (2025)
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