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Zusammenfassung

Die vorliegende Arbeit beschiftigt sich mit der nichtparametrischen statistischen Inferenz in
Faltungsmodellen, in welchen die Dichte von Summen oder Produkten unabhingiger Zufallsva-
riablen, also der additiven bzw. multiplikativen Faltung der einzelnen Dichten, betrachtet wird.
Faltungstheoreme liefern, dass sich die zugehorigen Fourier- bzw. Mellin-Transformationen mul-
tiplizieren. Diese Eigenschaft kann dazu verwendet werden, statistische Methoden herzuleiten. In
dieser Arbeit betrachten wir nichtparametrische Inferenz in zwei verschiedene Faltungsmodellen.
Einerseits wird der Fall behandelt, dass die zu schitzende Funktion dem Bild von Dichten unter
Faltungen entspricht. Andererseits untersuchen wir das Schitzen quadratischer Funktionale und
das Testen von Hypothesen einer unbekannten Dichte bei Vorliegen eines multiplikativen Fehlers.
Die Arbeit beginnt mit einer Einleitung und einer Zusammenfassung fundamentaler Methoden
im ersten Kapitel und ist anschlieffend in drei weitere Kapitel geteilt.

Das zweite Kapitel behandelt die Schitzung der p-fachen additiven Faltung der Dichten von p un-
abhingigen Zufallsvektoren. Zwei nichtparametrische Schitzmethoden werden untersucht: ein
Kerndichteschitzer und ein Projektionsschitzer. Das punktweise und integrierte quadratische Ri-
siko wird betrachtet. Mit Hilfe von Fourier-Analysis wird die Varianz beschrinkt und klassische
Regularititsklassen erlauben, den Bias zu kontrollieren. Damit werden Konvergenzraten herge-
leitet. Die erreichbaren Konvergenzraten hiingen von einer optimalen Wahl der Bandweite des
Kerndichteschitzers bzw. der Dimension des Projektionsschitzers ab, die in der Praxis nicht be-
kannt sind. Deshalb stellen wir eine Methode zur Wahl der Bandweite fiir den Kerndichteschitzer
vor und untersuchen Modellwahl fiir den Projektionsschitzer. Das theoretisch erwartete Verhalten
der Schitzer wird in einer Monte-Carlo-Simulationsstudie veranschaulicht.

Das dritte Kapitel der Arbeit thematisiert die Schitzung eines gewichteten quadratischen Funk-
tionals ausgewertet in der Dichte einer strikt positiven Zufallsvariable basierend auf Beobachtun-
gen, die durch einen multiplikativen Fehler verrauscht sind. Wir konstruieren einen Schitzer
mit vollstindig datengetriebener Wahl des Glittungsparameters basierend auf der Methode von
Goldenshluger-Lepski. Anschliefend betrachten wir Bedingungen, sodass der Schitzer mit daten-
getriebener Parameterwahl bis auf logarithmische Faktoren Orakelungleichungen erfiillt. Konver-
genzraten werden unter klassischen Regularititsannahmen hergeleitet. Wir illustrieren die theo-
retischen Resultate mittels Monte-Carlo-Simulationsstudien.

Das vierte Kapitel adressiert Anpassungstests in multiplikativen Fehlermodellen. Der Abstand, der
durch das quadratische Funktional aus Kapitel 3 induziert wird, wird verwendet, um zwischen
der Hypothese und der Alternative zu unterscheiden. Wir stellen eine vollstindig datengetriebene
Teststatistik vor, zeigen obere Schranken fiir Separationsradien und diskutieren Konvergenzraten
unter klassischen Regularititsannahmen. Die Ergebnisse werden ebenfalls durch Monte-Carlo-
Simulationsstudien veranschaulicht.

Die Arbeit schliefit mit einem Ausblick.






Abstract

In this thesis, we deal with nonparametric inference for convolution models, which consider the
density of the sum or product of real-valued random variables, that is, the additive or multiplica-
tive convolution of the respective densities. Then, convolution theorems yield the multiplication
of their corresponding Fourier transforms or Mellin transforms, respectively. These properties
are exploited for nonparametric inference. In this thesis, we investigate two types of convolution
models. Firstly, we estimate a function which is an image under convolutions. Secondly, we look
at the estimation of a quadratic functional and hypothesis testing for an unknown density under
multiplicative measurement errors.

After an introduction and a review of fundamental methodologies in the first chapter, the thesis is
structured in three further chapters.

The second chapter is concerned with estimating the p-fold additive convolution of the densities of
p independent random vectors. Two nonparametric estimators are proposed, a kernel and a projec-
tion estimator. Both their pointwise and integrated quadratic risk are investigated. We use Fourier
analysis to bound the variance and classical smoothness assumptions to handle the bias, in order
to derive rates of convergence. The convergence rates are only attainable if the bandwidth of the
kernel estimator or the dimension of the projection estimator, respectively, is optimally selected,
which is infeasible in practice. Therefore, we propose a bandwidth selection method for the kernel
estimator and study model selection for the projection estimator. The behavior of the estimators is
illustrated through Monte-Carlo simulations.

The third chapter deals with the estimation of a weighted quadratic functional evaluated at the
density of a strictly positive random variable based on observations corrupted by an independent
multiplicative error. We construct a fully-data driven estimator using spectral cut-off regulariza-
tion. The main theoretical challenge is to establish a data-driven choice of the cut-oft parameter
using a Goldenshluger-Lepski-method. Conditions under which the fully data-driven estimator
attains oracle-inequalities up to logarithmic deteriorations are discussed. We compute convergence
rates under classical smoothness assumptions. The results are illustrated using Monte-Carlo simu-
lations.

In the fourth chapter, we cover goodness-of-fit testing in multiplicative measurement error models.
The distance induced by the quadratic functional from in the third chapter, is used to distinguish
between the null hypothesis and the alternative. We propose a fully-data driven test statistic, show
upper bounds for its radius of testing and discuss convergence rates under classical smoothness as-
sumptions. The results are again illustrated through Monte-Carlo simulations.

Perspectives conclude the thesis.
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Introduction

Due to today’s technological advancements, we are now able to collect and store large-scale data
sets whose complex structures can be modeled in terms of randomness. Consequently, one of the
challenges of recent scientific research is to handle such data, which has made statistical learning
theory increasingly popular. More precisely, there is a need for the development of elaborate sta-
tistical methods which are, on the one hand, dealing with the complexity of data structures and, on
the other hand, coping with evolved statistical problems. The aim of this introduction is to moti-
vate the different approaches in the literature for treating these topics and to outline the questions
we are addressing in this thesis.

When collecting data, observations are often assumed to be driven by an underlying data gener-
ating process unknown to the practitioner and, thus, statistical experiments provide an often widely
accepted mathematical formalization. In this thesis, we consider the cases that observations either
take values on the real line R, on the positive real line R or are real-valued vectors of some dimen-
sion d in the natural numbers IN. More precisely, we generally assume to observe a random variable
X admitting a probability distribution with density f with respect to the Lebesgue measure A, in
short X ~ f. Further, we assume that the density f belongs to some class of functions .7.

For example, a typical assumption is that X is normally distributed with unknown mean 1 € R
and fixed variance equal to one. In this case, each density in .# can be identified with its mean
value i, which is just a real number. If the class of functions .7 is restricted in such a way, inference
of f, which translates to inference of the unknown real-valued parameter 4, is called parametric.
An example of parametric inference is estimating the real-valued parameter y itself, which is also
called point estimation. Then, a mathematical statistician is interested in deriving optimal estimates.
There exist multiple concepts of optimality, e.g., minimax and Bayes optimality. A standard ref-
erence for point estimation in parametric inference is given by Lehmann and Casella (1998). An
alternative objective of statistical inference is hypothesis testing. For an introduction to parametric
hypothesis testing, we refer to Lehmann and Romano (2005).

Conversely, inference is called nonparametric if the elements of the class of functions .# cannot
be identified with elements of a finite dimensional space. Instead of a parametric form as in the
above example, regularity and smoothness assumptions are formulated for the elements of .. In
this thesis, classes of interest are Holder, Nikolski, Sobolev or Mellin-Sobolev spaces which will
be introduced at a later point in more detail. For an introduction to nonparametric inference, we
refer to Efromovich (1999) or Wasserman (2006), to name but a few.

In nonparametric statistics, estimation and hypothesis testing are possible objectives of inference
as well. More precisely, one goal is to derive an estimator f of the density f itself based on observa-



tions of copies of the random variable X admitting the density f. We refer to the next chapter for
a formal definition of an estimator. Then, considering for example densities on R, one is interested
in the distance between the estimator f and the unknown density f, also called risk or error of
estimation. Since, in general, the estimator f depends on the observations, which are random, the
estimator f is in turn random. Thus, a reasonable distance is the expected L!-distance. Devroye
and Gyorfi (1985) present a detailed definition and discussion of this case, even allowing densities
to take values in R%.

Because of the standard decomposition of the expected quadratic distance into the squared bias
and the variance, it provides a more natural distance in statistical inference. At this point let us
remark that, since the density f as well as its estimator f are functions, there are two ways to
evaluate the distance between them: either, at a fixed point, or globally, integrated over the support.
One also refers to these cases as point-wise and integrated risks and we refer to Tsybakov (2008)and
Comte (2017) for point-wise and global density estimation. For the construction of estimators f of
the density f, multiple approaches are proposed in the literature. For example, Hirdle et al. (1998)
discusses inference using wavelets. However, in this thesis, we focus on Kernel and projection
approaches.

There exist different notions of optimality in nonparametric inference, out of which minimax
optimality is extensively studied in the literature, see Tsybakov (2008). The aim is to derive upper
and lower bounds of the risk of an estimator for a given amount n € IN of independent observations
of X, also called sample size. For a fixed sample size n, inference is also called nonasymptotic. An
alternative is to consider inference letting the sample size n converge to infinity. We refer to this
case as asymptotic statistics and a detailed introduction can be found in van der Vaart and Wellner
(1996) or van derVaart (2000).

Until now, we discussed the case of estimation of the density f € .%. Another topic of nonpara-
metric inference vastly examined in the literature is statistical hypothesis testing. Here, we again
distinguish between asymptotic and nonasymptotic approaches. For a general, comprehensive in-
troduction to hypothesis testing, we refer to Ingster (1993a,b,c). Ermakov (1994, 1990) covers
nonparametric hypothesis testing specifically for densities. A typical null hypothesis is to answer
the question whether the distribution of the observed data follows a given fixed density fj, i.e.,
Hy : fo = f, also called goodness-of-fit testing task. To derive test statistics for the goodness-of-fit
testing task, a standard method is based on estimating a quadratic distance between the densities f
and f,. Consequently, it is of additional interest to examine the estimation problem of such func-
tionals. For literature on quadratic functional estimation we refer to Bickel and Ritov (1988) and
Birgé and Massart (1995). In the case of quadratic functional estimation, we do not make inference
for the density f itself but for a quadratic transformation 6(f) of f. An example for such a trans-
formation is its L?-norm, i.e., O(f) = | f||r2. Then, inference for 6(f) is still called nonparametric,
even if 0(f) might be real-valued, since its characterization depends on the underlying space .7
describing the data-generating density f, which is nonparametric. Other examples of such trans-
formations are linear functionals, e.g., the estimation of the density evaluated at a specific point.
There exists extensive literature on linear functional estimation for different models, to name only
a few: Lepski and Levit (1998); Butucea (2001); Butucea and Comte (2009); Mabon (2016); Pen-
sky (2017); Brenner Miguel et al. (2023). Moreover, another challenge of inference is when the
transformation 6(f) of the density is again a density or a function belonging to some other func-
tion space. An example of such a transformation is the p-fold additive convolution of the density
O(f) := f = ---= f. This object appears when considering inference for the distribution of a sum



Figure 1: Examples of transformations 6( f) given by the additive convolution f; * f> (light green)
and f1 = fo * f3 (dark green) of marginal densities of f = (f1, fo, f3) (grey lines).

of p independent copies of the random variable X.

Another way to introduce complexity into the statistical model is in form of the observation
scheme. If we assume to observe a random variable X admitting an unknown density f and then
making inference for some transformation 60(f), we loosely call this direct inference. However,
in practice, we are often not able to observe X directly but only a transformation, e.g., a random
variable admitting a density g = T'(f) for some transformation T'. Making inference for the den-
sity f based on Y is also called indirect or (statistical) inverse problem. This is connected to inverse
problems, as introduced by Hadamard (1902), see Schluttenhofer (2020) for more details on the
connection. Examples for the transformation 7" are the additive or multiplicative convolution with
an error density. Efromovich (1997) and Meister (2009) give an introduction to inference for the
additive convolution and Belomestny and Goldenshluger (2020) and Brenner Miguel (2023) for
multiplicative convolution. We will discuss such a transformation in more detail in Chapter 1. Let
us mention that other transformations are also possible. Tomography, focusing on computerized
tomography (CT) and positron emission tomography (PET), is a particular statistical inverse prob-
lem that has been studied in recent decades and is related to the Radon transform, see Cavalier
(2000, 2001), Korostelev and Tsybakov (1993) and Bissantz et al. (2014).

In the next paragraph we give an outline of the contribution and structure of this thesis.

Contribution and structure of the thesis

The thesis is structured in four chapters: Chapter 1 presents a general review of the underlying
mathematical concepts and objects, most importantly the Fourier and Mellin transform, and intro-
duces the statistical models. Chapters 2 to 4 present the statistical results of this thesis.

Roughly speaking, we address two types of complexity of statistical inference. Firstly, in Chap-
ter 2 we consider the estimation of a transformation 6(f) of f given by the convolution of its
marginal densities based on observing independent and identically distributed (i.i.d.) copies of a



Figure 2: Example of transformation g = T'(f) (green line) of the density f by a multiplicative
convolution with error density ¢ (grey lines).

real-valued random vector X ~ f. For some density f = (f1, f2, f3), Figure 1 depicts the marginal
densities f1, fo and f3 and the corresponding parameters 0(f) = fi * fo and 0(f) = f1 * fo * f3
resulting from the additive convolution of two or three of the marginal densities, respectively.
We refer to Chapter 1 for the definition of the additive convolution. In this case, complexity is
introduced in form of the transformation 6.

Secondly, in Chapters 3 and 4, complexity is introduced via the transformation 7" of the density
of the data. More precisely, we consider the case of multiplicative convolution with a known error
density ¢ and assume to observe i.i.d. copies of Y ~ g with g = T'(f) = f ® ¢. The definition of
the multiplicative convolution will be given in Chapter 1. An example of densities f and ¢ and the
resulting multiplicative convolution g is depicted in Figure 2. For this model, we consider quadratic
functional estimation and the goodness-of-fit testing task.

In general, all chapters start with a summary of proposed results, further references regard-
ing respective models and inference tasks in related literature paragraphs, putting contributions
of this thesis into more detailed context. Within sections, main results and necessary definitions
are displayed and discussed. Most proofs are presented within the sections, allowing for a deeper
understanding of the topic. However, more technical proofs and auxiliary results are postponed
to the end of each chapter. Each of the chapters Chapters 2 to 4 end with a simulation study to
illustrate the results. Let us summarize the main results of each chapter.

Chapter 2: Estimation for the additive convolution of several multivariate den-
sities Based on i.i.d. observations of independent real-valued random vectors X, ... X
admitting densities fi,.. ., fp, respectively, this chapter is concerned with the problem of estimat-
ing the p-fold additive convolution §(f1, ..., fp) = fi*: - - f, for some p € IN. Two nonparametric
estimators are proposed, a kernel and a projection estimator, and their quadratic risk is studied.



For the kernel estimator in Section 2.1, we first show a link between convolution of kernel
estimators in the spirit of a plug-in approach and the Fourier formulation. We contribute to the
existing literature by extending this estimator to the case of possibly different densities in d dimen-
sions and showing upper bounds of the point-wise and integrated quadratic risk. For both, we
discuss suitable regularity assumptions and resulting convergence rates.

In Section 2.2, we contribute to the existing literature the following way: We propose a gen-
eral projection estimator and prove an upper bound on the integrated quadratic risk. Relying on
the Hermite basis, we also build an adaptive estimator using the selection method leading to a
parsimonious development in the basis.

— The results of this chapter have been published independently in the preprint Comte and
Neubert (2025).

Chapter 3: Quadratic functional estimation in the multiplicative measurement
error model This chapter deals with nonparametric estimation of the value of a weighted
quadratic functional evaluated at the density f ofa strictly positive random variable based on obser-
vations Y ~ g = f ® ¢ corrupted by an independent multiplicative error ¢. Quadratic functionals
of the density covered are the L2-norm of the density, of its derivatives or of the survival function.
The contribution to the existing literature can be summarized in the following way. We construct
an estimator when the error density is known in Section 3.1 for a fixed cut-off parameter and
show upper bounds for its mean squared error in Section 3.2. The main theoretical challenge is the
data-driven choice of the cut-off parameter using a Goldenshluger-Lepski-method in Section 3.4.
We discuss conditions under which the fully data-driven estimator attains oracle-rates up to loga-
rithmic deteriorations. We compute convergence rates under classical smoothness assumptions.

— The results of this chapter have been published independently in Comte, Johannes and Neubert
(2025).

Chapter 4: Adaptive hypothesis testing in the multiplicative measurement error
model In this chapter we consider the nonparametric goodness-of-fit testing task for a strictly
positive density f based on observations Y ~ g = f®¢ corrupted by an independent multiplicative
error . To distinguish between the null hypothesis and the alternative, we consider the distance
induced by a weighted norm that is introduced in Chapter 3. We summarize now the contribution
to the existing literature. We propose a test statistic in Section 4.1. First, we derive bounds for its
quantiles in Section 4.2. Then, we show upper bounds for the radius of testing in Section 4.3.
Secondly, we propose a data-driven test statistic using the Bonferroni method and show upper
bounds for the radius of testing in Section 4.4. We discuss convergence rates for different collections
of cut-off parameters under classical smoothness assumptions.






CHAPTER 1

Methodology

In this chapter, we review for this thesis fundamental methodologies. As we have explained in
the introduction, we are interested, on the one hand, in the statistical analysis of a parameter 6(f)
resulting from a p-fold additive convolution of marginal densities, and, on the other hand, in in-
ference based on transformed data with density T'(f) resulting from a multiplicative convolution.
The analytical tools for both cases are convolution theorems for the additive and multiplicative
convolution, respectively. To be able to state these theorems, we introduce the Fourier and Mellin
transform. We start by introducing the transforms in Section 1.1 and Section 1.2, respectively. For
the Fourier transform we follow the lines of Werner (2018) and Meister (2009). For the Mellin
transform we refer to Brenner Miguel (2023).

Afterwards, we review basic notions of nonparametric inference in Section 1.3. This section
builds upon results which can be found, for example, in Comte (2017) or Tsybakov (2008) for non-
parametric estimation in Section 1.3.1 and Ingster and Suslina (2012) for nonparametric goodness-
of-fit testing in Section 1.3.2. In Section 1.4 we introduce the convolution models considered in
this thesis.

However, let us first introduce some notation used throughout this thesis.

Notation For some natural number d € IN, let (R%, %%, A\?) denote the Lebesgue measure space
of all d-dimensional real numbers R equipped with the Lebesgue measure A% on the Borel o-field
%, For d = 1, we omit the index d and write (R, %, \). Analogously, let (R4, %, \.) denote
the Lebesgue measure space of strictly positive real numbers R equipped with the restriction A,
of the Lebesgue measure on the Borel o-field %,.. In contrast, denote by R~ the positive real line.

Given a density function v defined on R, that is, a Borel-measurable nonnegative function
v: Ry — Rs, let vA. denote the o-finite measure on (R4, %) which is A, absolutely con-
tinuous and admits the Radon-Nikodym derivative v with respect to A.. For p € [1,00] let
L% (v) := LP(R4, P+, v\:) denote the usual complex Banach-space of all (equivalence classes of)
LP-integrable complex-valued function with respect to the measure v\,. Further, for p € [1,00)
we define the weighted LY (v)-norm of any measurable complex-valued function h: Ry — C by



the term
A1y 0y = [ WPV (1.1)
+ ]R+

and denote by ||[|2¢() the essential supremum of the function 1 with respect to vA.. For p = 2

and hy, he € L2 (v) denote the corresponding scalar product by

(i 1= [ W@ a@v(@)in o)

Ry

If v = 1, ie., v is mapping constantly to one, we write Lf := L¥ (1). Analogously, we use the
notation L (v) := LP(R¢, %%, vA9) for a density function v defined on R and define the L% (v)-
norm and L%(v)-scalar product correspondingly. Again, we set LY := Lf(1). In addition, for
d = 1, we omit the subscript, i.e., we use the notation L?(v) := LY(v) .

At this point we shall remark, that we have used and will further use the terminology density
whenever we are meaning a probability density function (such as f) and on the other hand side
density function, whenever we are meaning a Radon-Nikodym derivative (such as v).

We use the shorthand notation [n] := [1,n]NIN for any n € IN. Denote by Ny = INU{0} the set
of natural numbers including zero. Further, we use multi-index notation relying on bold letters for
variables in RY, that is, x = (21,...,24) € R4 Forx = (21,...,24),y = (y1,...,vq) € R? when
using standard computations for R, they are to be interpreted component-wise. For example, we
write

zy = (T1Y1, - .., Tayd)
and
z <y < (v <y, Vk € [d]).

Taking the sum over j € [m] for m € IN? is to be understood as the sum over jj € [my] for all
k € [d]. Further, we denote the scalar product on R? for z,y € R¢ by (z, y).

The additive and multiplicative convolution theorem, which will be given below in Prop-
erty 1.1.2 and Property 1.2.2, respectively, relate the convolution of densities to the product of

their Fourier transform and Mellin transform, respectively. Consequently, we give a short review
of both transformations, starting with the Fourier transform.

1.1 Fourier transform

The Fourier transform is defined for 4 € L} and extended to L3. Subsequently, we state properties
that are essential for the statistical analysis in Chapter 2, following Werner (2018).

The Fourier transform F[h] of h € L} is defined as

FIh)(t) := /R ) B2 p(x)d\ (x), te R, (1.2)



for i € C the imaginary unit. Clearly, F[h] is well-defined. There are alternative definitions
with respect to the sign of the argument and the scaling factors 1/v/27 and 1/(2), which may be
included in the Fourier transform. All results of this thesis can be adapted accordingly leading to
modified constants.

The extension of the Fourier transform to L2 is called Fourier-Plancherel-transform and is an
isometric isomorphism. Note that for b € L3 the integral in Equation (1.2) may not exist. However,
its Fourier-Plancherel-transformation can be written as an || || 2 -limit, integrating over a compact

set, we refer to Werner (2018) Theorem V.2.9 for details. If additionally h € L}, the integral in
Equation (1.2) exists and is almost everywhere equal to Fourier-Plancherel-transformation of h.
Consequently, in the following, the Fourier-Plancherel-transformation will be identified with the
operator F and we use the terminology Fourier transform for both operators.

First, let us note that Plancherel and Parseval’s identity hold for the Fourier transform on L.

Property 1.1.1:
Let hi, ho € L2. It holds the Plancherel equality

1
(2m)¢

(h1, ho)r2 = (Flhal, Flho])ra-

In particular, the Fourier transform satisfies Parseval’s identity for all h € L3, i.e.,

1
(2

2 2
1912 = g IR

Most importantly, the Fourier transform satisfies a convolution theorem for the additive con-
volution. For hy € L2 N LY and hy € L2 the additive convolution is defined as

(hy % h)(y) == /Rd hi(x)ho(y — x)d\(x), ye R (1.3)

Property 1.1.2 (Additive convolution theorem):
Let hy € L2 N 1L} and hy € L2. We have that

.F[hl * hg] = f[hq] . .F[hg]

In this thesis, we mostly consider the Fourier transform of densities or kernel functions on RY,
which are by definition in L}.
Recall that in Chapter 2 we will consider the estimation of §(f) = fi*- - - f, for the additive p-

fold convolution of densities f1, . .., f, on R For some p € IN, the p-fold convolution of functions
hi, ..., hy is defined by repetitively taking the convolution, i.e., we have for y € R that
hy -« % hy(y)
= / : / hi(x — @9 — ... — xp)ha(2) ... hy(,)dN (x2) . .. AN ().
R4 R4

The main argument for the construction of the analysis of an estimator in Chapter 2 will be to
recursively apply Property 1.1.2. More precisely, we use the resulting equality

Flfix-x fp] = Flfa] - Flfpl-



We also have the following properties, which will be used repeatedly in Chapter 2.

Property 1.1.3:
The following properties hold.

(i) Let h € L2 N LY, The Fourier transform F|[h] of h is given by
FIN(E) = / i) ()Nl (z), te RY,
Ra

and its inverse FT[h] is defined as

FHR](t) = Flh)(~t) = /}R ) e X2 p(x)d\(x), te R

(i) Young’s inequality states for 1 < p,q,r < oo with }D u % =14 1and hy € L], hy € LY thatit
holds k1 * he € L% and

11 * ol < [lhallus [[hallLg -

(iif) We have boundedness: For h € IL7 N Ly, it holds that || F[h]||Le < [l
(iv) If h € L2 N L} is R%-valued, then F[h](—t) = F[h](t) for all t € R,

Proofs of Properties 1.1.1 to 1.1.3 can be found in Werner (2018). In particular, we will often be
interested in the Fourier transforms of densities on R?. For a density f on R? Property 1.1.3 (iv)
can always be applied. In this case, we have by definition that f € L} is satisfied. Consequently,
assuming additionally f € L2 is sufficient to have the representations of its Fourier transform F/|f]
and inverse given F1[f] in (i). Further, for densities, (iii) yields that their Fourier transforms are

bounded by one.

While the Fourier transform connects the additive convolution of functions to the product of
their Fourier transform, the Mellin transform satisfies an analogous property for the multiplicative
convolution. Thus, in the next section, we introduce the Mellin transform and the multiplicative
convolution and state important properties.

1.2 Mellin transform

For ¢ € R we introduce the density function x“: Ry — Ry given by « — x°(z) := 2°. The
Mellin transform is defined for h € L} (x*71) and extended to L% (x*7!) in a similar way the
Fourier transform is extended from L} to LZ. We refer to Brenner Miguel (2023) for more de-
tails. Here, we define the Mellin transform for square integrable functions following Section 2.3
of Brenner Miguel (2023). Subsequently, we state properties that are essential for the statistical
analysis in Chapters 3 and 4.

For ¢ € R the Mellin transform M, is the unique linear and bounded operator between the
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spaces L2 (x2¢71) and L2, which for each h € L} (x*71) N L2 (x**~1) and ¢ € R satisfies
M.[R](t) = / h(x)z 12N (), (1.4)
R+

where i € C denotes the imaginary unit. Similar to the Fourier transform, there are alternative
definitions with respect to the argument and scaling factors and subsequent results can be adapted
accordingly. Note that the Mellin transform is defined for functions on the positive real line being
integrable with respect to a weighted measure, see Equation (1.1) for the definition.

Analogously to the Fourier transform, the Mellin transform M, is unitary, i.e., we have the
following property.

Property 1.2.1:
Let ¢ € R and hy, hy € L2 (x2¢71). It holds a Plancherel-type equality

(h1, ha)r2 (ze-1) = (Me[ha], Mc[ha])p2.
In particular, it satisfies a Parseval-type identity, i.e., for all h € L2 (x>*~1) we have that

191125 (ezemry = MR-

For hy € L} (x*71) N1L2 (x*¢71) and hy € L2 (x%¢7Y) the multiplicative convolution is defined for
y € Ry as

(h1 ® ha)(y) ;:/}R hi(z)ho(y/z)ztdA (z). (1.5)

Most importantly, the Mellin transform satisfies a convolution theorem for the multiplicative con-
volution.

Property 1.2.2 (Multiplicative convolution theorem):
Letc € R, hy € LL (x*71) NL2 (x2¢71) and hy € L2 (x**1). We have that

Mc[hl ® hQ] = Mc[hl] . Mc[hg].

Recall that in Chapters 3 and 4, we are interested in inference based on transformed data g = T'(f)
where T is a multiplicative convolution with a known error density ¢. We will use Property 1.2.2
to relate the Mellin transform of the data generating density g with the Mellin transforms of density
[ and error density ¢.

Now, we give a set of Properties and Lemmatas which will be used repeatedly in the statistical
analysis of Chapters 3 and 4.
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Property 1.2.3:
Let ¢ € R. The following properties hold.

(i) The Mellin transform’s adjoined and inverse M : 1.2 — 1.2 (x2¢~1) fulfills for H € L' N L2
and z € R, that

MI[H](z) = /R e (1) dA ().

(ii) If b € LY (x*71) N2 (x®*71) is real-valued, it holds that
Mc[h] (t) = Mc[h](_t)v t € R,

and, analogously, for H € L! N L? real-valued it holds

MU[H](@) = MIH(-)](), =€ R4
(iii) Let hy, he € L (x?*=2). Then, hy ® hy € L1 (x**~2) with

[P1 ® hallpt 2e-2) < [halluy (xee-2) llhallLy (xee-2)-

(iv) Let hy, ho € L (x71) and hy € L2 (x?71). Then, hy ® ho € L} (x¢71) N L2 (x?*~1) with
1h1 ® hallpz pee-1y < lhalluy (xe-1) 1h2llLz 2e-1y-

For proofs of the results stated in Properties 1.2.1 to 1.2.3 we refer to Brenner Miguel (2023). As we
will again mostly consider Mellin transforms of densities, let us make a few remarks. First, densities
are real valued and (ii) can be applied. Further, if in (iii) k1, ho are additionally densities, equality
holds. To be able to use the Mellin transform and the formula of its inverse given in (i), we assume
throughout Chapters 3 and 4 that considered densities belong to L1 (x¢~1) N L2 (x?*~1) for some
ceR.

Next, we proof an additional norm inequality for the multiplicative convolution.

Lemma 1.2.4:

Let hy, hy € L(x%*71) and hy € LL (x2¢72) for ¢ € R. Then, hy ® hy € L (x%°71) and it holds
that

[[71 ® halLee x2e-1) < [lhallige eze-1)ll2llLs (x2e-2)-
Lemma 1.2.4. We see that

||h1 ® hal|Lee(x2¢e—1) = sup
+ (x ) yER

< / sup |y2~ by (y/z)ha(z)z " dA ()
R

+ YyER4

g2l /R ha (y/2)ha ()~ dA (x)

- /R ha(@)|e sup [ b (y/2)]dM ().

yeR4
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By change of variables, we further get

th ® hQH]L‘f(XQC*l) S / |h2(aj‘)’x71x2071 sup \y2071h1(y)|d)\+($)

R yER4

= [[hallLt pze-2)llhallse p2e-1y-
This concludes the proof. O

Recall that in Chapters 3 and 4, we assume that for some error density ¢, we observe some
random variable Y ~ g = f ® ¢. Denoting by E, the expectation with respect to g, we relate the
L! (x?*71) norm of g to the corresponding moment of Y. More precisely, it holds that

B = [ ot g @) = gl ooy
+

Further, g = f®¢pisequivalentto Y = X -U in distribution, for Ry -valued random variable U ~ ¢
admitting density ¢ independent of X. Combining both properties, we relate the L} (x?*~!)-norm
of g to the corresponding norms of f and ¢, that is, it holds

lgllLt ey = By [Y271] = B X*TE[U* 7Y = | £l ety - 10l ooy (1.6)

We use these computations repeatedly in Chapters 3 and 4. We further deduce the following
properties.

Lemma 1.2.5: (i) Let g € L (x**71), then it holds for 1;_j, ;yh € LL? that

E

g

k
‘/ Yc—l+27’rith(t)d)\(t)
—k

2
] < HQHJLf(x%l)Hﬂ[—k,k]hH]Qm-

(ii) For g € L (x%¢71) and h € L2 (g) we have that
c— s 2
[ 1B e )] ax® < ol o B

(iv) If f € LL(x2¢72) and p € L (x?**7!) N L1 (x2“~2) are densities. Then, for g := f ® ¢ we
have that

HSOHL;O(X%%)

Hg”L‘f(x%*l) < Hf”]LiL(x%*z)||90H]Li°(x26*1) = HQH]L}F(X?C*Q)'

1Pl (x2e-2)

Proof of Lemma 1.2.5. For (i) we first see that

2
] = / g(y)y*yt
R+

< HQHLf(x%l)/ y'
R+

= llgllizs e IMI_e [k hllIF2 (azey-

2

IE, ‘ / ’ Yy eIty () d(t) / * YT IR dN ()| dA(y)
—k —k

1 2
M1 hl(w)| drw)
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Finally, with the Parseval-type identity, see Property 1.2.1, it follows

k
]Eg ‘/ Yc—1+27rith(t)d)\(t)
—k

2
] < ”g”]Lio(x%*l)”]l[—k,k]hH%?‘
For (ii), we again apply the Parseval-type identity given in Property 1.2.1 and get that
c— Ly 2
[ Y] axe) = Melahls = lgblus oo

= [ PO < gl B
+

For (iii), apply Property 1.2.3 (iv), Equation (1.6) and Lemma 1.2.4. This completes the proof of
Lemma 1.2.5. ]

This concludes the review of the Fourier and Mellin transform. We continue by summarizing basic
notions of nonparametric inference in the next section.

1.3 Nonparametric inference

In this section, we review general notions of nonparametric inference which will be considered in
this thesis. We start with nonparametric estimation in Section 1.3.1 and continue with hypothesis
testing in Section 1.3.2. Let us first introduce some notation.

We assume to observe a random variable X in some measure space (X, A, 1) and write shortly
X € X. As already mentioned in the introduction, in this thesis, we consider the two measure
spaces (X, A, ) = (R4, % \?) for some d € N and (X, A, u) = (R, B4, \:). We consider the
space of probability measures on (X, A, 1) admitting a density with respect to o and denote by &
the set of these densities. That is, we assume X to admit a density f € .#. We write X ~ f and
denote by B its probability distribution and denote by E; the corresponding expectation.

Further, for a set (X;) e[, of independent and identically distributed (i.i.d.) copies of X, also
called sample of size n € IN, we denote the corresponding product space, measure and expectation
by X", B" and Ef, respectively.

As already mentioned, we will make inference for different types of transformations §: .% — ©
applied to the density f. We consider different image sets © depending on the example. For the
p-fold convolution of densities on RY, the image space is again a function space, e.g., © C L2
or © C L. When considering quadratic functionals, it holds © C R and for goodness-of-fit
testing, we test for the density itself, i.e., © C .Z. The specific transformations will be defined later.
Let us first outline the main objectives of inference discussed in this thesis.

1.3.1 Nonparametric estimation

One topic of interest in nonparametric inference is parameter estimation, which we consider in
Chapters 2 and 3. This section follows Tsybakov (2008) and Comte (2017).

Any measurable function §: X" — © is called estimator of §(f). For a sample (Xj)jen) of
X ~ f we write shortly 0, := 0(X1,...,X,). A standard measure of accuracy of an estimator is
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its risk. More precisely, for some measurable distance function §: © x © — R>(, we define the
risk of estimator 6 of 0(f) for f € .F as

R(0,6(£)) = E/[6(6,,6(1)))-

Further, one often is interested in the behavior of the estimator uniformly over the class .# . That
is, one considers its maximal risk, defined as

Ru(0, F) = sup E; [6(6n, 0(1))].

Depending on the parameter of interest, in this thesis, we consider different distance functions for

the risk.

(i) In Chapter 2, the image set of the parameter of interest © consists of the densities on R¢
satisfying certain integrability assumptions. We look at two different risks: the integrated
quadratic risk and the point-wise quadratic risk. The integrated quadratic risk is defined as the
risk with loss function

§(hi,hy) = ||h1 — h2||i§, hi,he € L2.

The point-wise quadratic risk is defined as the risk with the loss function given for € Re by

5(h1, hg) = |h1(:13) — hg(m)‘2, hl, ho € L3,

(i) In Chapter 3, the parameter of interest it a quadratic functional, i.e., : .# — R>o, given by
0(f) = || f||* for some norm specified later. We consider the mean squared error, i.e, the risk
with respect to the loss function

5(-1'71/) = ‘J} - y‘Qa T,y € ]RZO'

Let (¢n)nen be a sequence of values in R such that ¢, — 0 as n — oo. We say that an estimator
admits a convergence rate (b, )new over regularity class .# if for some C' > 0 it holds

Ru(0,7) _

lim

n—oo

C.

n

In nonparametric estimation, the estimator 6 often depends on a tuning parameter k € K for some
index set K. Consequently, we have a family of estimators

{01,k € K.

Usually, £ is interpreted as a smoothing parameter, for example the dimension in projection esti-
mation, the bandwidth in kernel estimation or the spectral cut-off parameter in inverse problems.
An optimal choice of the tuning parameter is given by

E*(n,0(f)) = arger’?in R0, 0(f)).

Since this parameter usually depends on the regularity of f, which is unknown in practice, the
estimator - resulting from this choice of tuning parameter is called oracle for IC with respect to
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the risk R,. The following question arises: Can we construct an estimator 6, that mimics the
behavior of the oracle 6+ in the sense that

A X 1
’Rn(ﬂ*, H(f)) < Rn(gk*’ Q(f)) + E
for a wide range of functions f? In this case, the estimator 0, is called data-driven. We discuss
different data-driven approaches in Chapters 2 and 3. Let us now turn to nonparametric hypothesis
testing. More precisely, we consider goodness-of-fit testing.

1.3.2 Nonparametric goodness-of-fit testing

In Chapter 4, we consider goodness-of-fit testing. Let us briefly recapitulate some elementary
concepts, as introduced in Ingster (1993a,b,c).

Let % be a subset of .# which is non-empty and not equal to .Z. A goodness-of-fit testing task
considers the null hypothesis

Hy: f € Zy.

In this thesis, we study a simple hypothesis. That is, the set Zy := {f,} consists of one element for
some f, € #. The goal is then to construct a decision rule based on observations (X}),cpnj on
sample space X™ following distribution B. A decision rule has values zero and one. Here, a value
of zero means that the null hypothesis is accepted. A value of one signifies that the null hypothesis
is rejected. More precisely, a decision rule is defined as a measurable map A, : X" — {0, 1} also
called rest. To evaluate the performance of a test, we consider two types of errors. The type I error
probability is defined as the probability to reject the null hypothesis whenever it is true, i.e.,

Ian(An = 1)-

A natural alternative is given by H;: f € % = .Z \ {f,}. In contrast, the type II error probability
is defined as the probability of accepting the null hypothesis whenever it does not hold, that is, for
[ € 1 by the probability

A typical problem is that the alternative set .# \ {f,} contains points too close to the point f, to
significantly differentiate between null hypothesis and alternative, roughly speaking. As solution
to this problem one removes some neighborhood of the point of f, from the alternative. More
precisely, we look for some distance function 6: .Z x # — R>¢ and p € R at an alternative of
the form

<ghl,,o:{f€<g.:(S(f,fo)Zp}‘

The question arises how small the radius p > 0 can be chosen to obtain a good quality of testing,
i.e., such that both of the above defined errors are small. Consequently, we measure the accuracy
of a test A, with its maximal risk defined by

R(An‘gl,p) = En (Ap=1)+ sup En (Ap, =0).

f€T1,p
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That is, we consider the sum of the type I error probability and the maximal type II probability
over the alternative. Let (p,)nen be a sequence of values in Ry such that p, — 0asn — oo.
Then, a test statistic A,, is said to attain the radius of testing (pn)nen if for all v € (0,1) there exists
a constant A, € R, such that for all A > A, it holds

R (An|F1,4p,) < o

Roughly speaking, this condition states that if we separate the null hypothesis and the alternative
further than A,p,, the maximal risk is smaller than . There exists other notions of separation
radii. We refer to Schluttenhofer (2020) for an overview.

Preferably, proposed tests perform optimally over a wide range of regularity classes simultane-
ously without prior knowledge of the underlying structure. Thus, in nonparametric hypothesis
testing, adaptation is approached by multiple testing procedures. In this thesis we consider the
Bonferroni method. Thus, we outline the main ideas of this method.

Let £ C IN be a finite collection of dimension parameters. For a collection (Aj)iex of tests of
level a/|K| € (0,1), we consider the max-test

AlC,oz = ]l{C/c,a>U} with ClC,a = rl?ealé( Ay,

i.e., the test rejects the null hypothesis as soon as one of the tests in the collection does. Under
the null hypothesis, we bound the type I error probability of the max-test by the sum of the error
probabilities of the individual tests

B (Aka=1) =R (Cka > 0) < Y R (A qu .

kel kel

Hence, Ak q is a level-a-test. Under the alternative the type Il error probability is bounded by the
minimum of the error probabilities of the individual tests, i.e.

B} (Aka =0) =E; ({ka <0) < gg,glﬁ (Ap = 0).
Therefore, Ak o has the maximal power achievable by a test in the collection. The bounds have
opposing effects on the choice of the collection K. On the one hand, it should be as small as
possible to keep the type I error probability small. On the other hand, it must be large enough to
approximate an optimal dimension parameter for a wide range of regularity assumptions that we
want to adapt to.
Let us now introduce the specific statistical experiments considered in this thesis.

1.4 Convolution models

In this thesis, we consider two different convolution models. In Chapter 2 we consider the estima-
tion of a transformation 6(f) of density f given by the additive convolution of marginal densities
for direct observations. Consequently, the convolution is part of the parameter of interest. Con-
versely, in Chapters 3 and 4 we consider the case that observations are given from a transformation
of the data T'(f) given by a multiplicative convolution with an error density. Let us introduce both
models in this section.
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1.4.1 Estimation of the p-fold additive convolution under direct
observations

For p € NN, we assume that X(1),... X® are independent random variables in (R?, %, \9)
admitting densities fi, ..., fp, respectively. Let .7 denote the set of densities (f1,..., fp) where
each component defines a density on (R?, %%, \?) additionally belonging to L2. Then, we consider
the transformation 0: .% — L3, given for f = (fi,..., f,) € Z by the additive convolution

Q(f) ::fl*"'*fp-

We denote the parameter in the following by g™ := 6(f). Recall that the p-fold additive convolu-
tion of the component densities is well-defined and given for z € R by

Foseon fol@) = /Rd ] e m) o) Fol@p)dAY(@s) . .. AN ().

In Chapter 2 we consider the estimation of g based on an independent set of i.i.d. samples
(X j(k)) je[ny] for possibly different sample sizes ny, € INand k € [p]. That is, we assume to have
direct observations and the challenge lies in the parameter of interested given by the transformation
6. Recall that, applying recursively the additive convolution theorem given in Property 1.1.2, it
follows that

Flg™] = Flfil--- Flf,

where F[¢g™] denotes the Fourier transform of ¢ introduced in Section 1.1. In Chapter 2, we
use this property to build two types of estimators, a kernel and a projection estimator, and analyze
their behavior. Note that g defines the density of the sum of components, i.e.,

XU g xP) g,

Consequently, g can be interpreted as the density of aggregated data, which appears in many
applications such as financial sciences. We give a more detailed motivation for this model in the
literature review of Chapter 2.

1.4.2 Quadratic functional estimation and goodness-of-fit testing in the
multiplicative measurement error model

For the multiplicative measurement error model, we consider the measure space (R4, %4, \). Let
F CL2(x* " NLL(x*7!) and assume X ~ f € .#. We assume to have access to observations
Y admitting a density g given by a transformation T'(f) of f. More precisely, we consider the
case that T'(f) is given by a the multiplicative convolution of f with some error density ¢, i.e., for
y e Ry

o) =T(H(w) = (f ® &)y /f o(y/z)a dA (). (1.7)

Further, let U be a random variable independent of X admitting density ¢. Then, we also describe
the multiplicative measurement error model by

Y=X.U.
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Assuming that the error density ¢ is known, we have access to an i.i.d. sample (Y}) e[,) drawn from
Y. As the name already suggests, this model is motivated by the fact that in practice observations
might be contaminated by some measurement error. For a more detailed motivation, we refer to
the literature review of Chapters 3 and 4.

Assuming throughout this work that the error density ¢ is known, we have access to an i.i.d.
sample (V) e,y drawn from Y. Applying the multiplicative convolution theorem given in Prop-
erty 1.2.2, we obtain

Mc[g] = Mc[f] ) MC[SO]‘

This property plays a crucial role in the statistical analysis of Chapters 3 and 4. To specify the
inference tasks of those chapters, we first define the following quadratic functional for functions
feL?(x*"1)NLL (x¢7!) for fixed value ¢ € R. Given an arbitrary measurable symmetric density
function w: R — R>( we define

ﬂn:wamﬁwzéwumwwwwm (1.5)

where M_[f] denotes the Mellin transform of f introduced in Section 1.4.2.

In Chapter 3, we consider the estimation of parameter 6(f) = ¢*(f) given by the quadratic
functional defined in Equation (1.8).

In Chapter 4, for a given density f, € .# we consider the goodness-of-fit testing task introduced
in Section 1.3.2. That is, we consider the null hypothesis

Ho: f = fo-

The performance of a test is measured by how well it is able to distinguish between the null hy-
pothesis in terms of the distance induced by the norm defined in Equation (1.8).
The following examples illustrate the range of quadratic functionals included in the definition

of ¢(f).

1.4.3 Examples of quadratic functionals

Depending on the explicit choice of the density function w and the value ¢, the general quadratic
functional ¢*(f) defined in Equation (1.8) includes the following possible functionals of interest.

Example 1.4.1 (Quadratic functional of the density):
If w = 1, using the Parseval-type identity given in Property 1.2.1, we get that

fm—wum&ﬂw@@g—ALwWﬂ%ww~

Consequently, we cover a quadratic functional evaluated at the function f itself. Note that, in the

special case of ¢ = 4, it holds that ¢*(f) = ||f||2. and the quadratic functional is equal to the
+

L2 -norm of density f.
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Example 1.4.2 (Quadratic functional of the survival function):
If w(t) = m for all t € R, the parameter ¢*(f) equals the value of a quadratic functional

evaluated at the survival function Sy of X. More precisely, for any density A, its survival function
is given by

Sh: Ry — Rso,y / h(@)dA ().
)

Further, for any ¢ > 0 it holds that S, € L1 (x°72) if and only if h € L} (x*71). For any t € R it
holds

M[R](t) = (¢ — 1 + 2mit) Mc—1[Sh](2).

Thus, for ¢ > 0 and f € L} (x71) with M.[f] € L2(w?) it follows that

_ M. [ 1(t) |M— 1 \ ]c—l—l—2mt|2

= H-/Vlcfl[‘S(f]H]L2 = HSfH]Li(X%—S)v

|t

using in the last step the Parseval-type identity given in Property 1.2.1. In the special case of ¢ =
the L7 -norm ||S¢||2, of the survival function Sy is considered. For more details and proofs for th
T

o N

mentioned properties of the survival functions see Brenner Miguel and Phandoidaen (2022).

Example 1.4.3 (Quadratic functional of derivatives of the density of interest):
Let f € C°(R4), i.e., f is continuous with compact support in R such that for any g € IN the
derivatives D[f] := f exist. By Proposition 2.10, Brenner Miguel (2023) we have for c € R

_p_T(c+2mit)
I'(c+ B + 2mit)

M[fI(#) = (=1) Me1sIDP[£11().

In addition, for w?(t) = Hle((c + B — §)? + 472t2) for B € N we have that
B
= [ MA@ [T+ 8 = 5 + 4a%2)axe)
j=1

c + 2mt
Moy 5| DP[f
/ ‘ c+ﬁ+2mt) o+l

2

8
)| JJ e+ B8 —45)+4ant*)dA(t)

j=1

= [|Me+s[D°[fllIE2 = I1DP[f1llL2 pereerar-1y,

% = Hle(c + B — j + 2mit) and the Parseval-type identity given in Prop-

erty 1.2.1. In the special case ¢ = 3 — 3 the L3 -norm || D”] f]Hii of the derivative DA[f] is

using that

considered.

This concludes this section. In the next chapter, we consider nonparametric estimation for the
model introduced in Section 1.4.1.
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CHAPTER 2

Estimation for the additive convolution of several multivariate
densities

In this chapter, we consider the nonparametric estimation for the additive convolution of several
multivariate densities.

More precisely, for p € IN we assume that XV, ..., X () are independent random vectors in
(R?, 2%, \9). Further, for j € [p] let component X ) admit a density f;: RY — R with respect
to the Lebesgue measure A% belonging to 2. We consider the problem of estimating the density
g of the sum of components, that is,

3 X0 g,

J€lpl

In this case, the density g is equal to the the p-fold additive convolution of the densities f;; in
other words, we study the estimation of g®: RY — R defined for z € R¢ by

g (x) = f1 %% f(x)
_ /}Rd | R@—ms— o —m) fo@a) . foly)dN (@) . AN (xy).  (2.1)

R4
That is, the challenge of this chapter is the estimation of a transformation (f1, ..., f,) = fi*- % fp
of the densities.
For the estimation, we assume to have access to p € IN many i.i.d. samples of independent
vectors X ) ~ f; with possibly different sample sizes n; € IN for all j € [p], i.e., we have access to
observations

X = (X xR ke lngle )

Throughout this chapter, we write shortly convolution referring to the additive convolution.
The sum of independent random variables play a role in many fields. For example, in actuarial
sciences the distribution of aggregate claims or ruin probabilities are of interest, see Panjer and
Willmot (1992). For an extensive overview of further fields of application see Midhu et al. (2023).

21



Furthermore, in the estimation of compound Poisson processes, it is possible to relate its density
to the convolution of the density of increments. In this context, estimators for convolutions of
densities are then of interest; see Duval (2013). Comte et al. (2014) precisely plug in estimates of
convolutions of any order of a density in order to build their specific Poisson-density estimator.

Related literature For certain families of distributions, the convolution of densities results in a
change of parameters. For example, the sum of independent normally distributed random variables
is again normally distributed. Other examples include the Gamma distribution (Hu et al. (2019))
and, in particular, exponentially distributed random variables, which are of interest in insurance
risk theory (Willmot and Woo (2007)). Consequently, when estimating the density of the sum of
independent variables merely leads to the estimation of adjusted parameters. In the case when the
convolution of densities can not be derived analytically or the assumptions on the densities are not
in a parametric form, a nonparametric estimator is useful.

For nonparametric estimation, one approach is to consider the special case of observing one
real-valued random variable X ~ f and estimating the p-fold convolution of f based on i.i.d.
observations (X;);efn) of X, n € IN. This special case of the observation scheme discussed in this
chapter has been considered in literature, however, for the estimation of a more general functional
and nonparametric estimators of kernel type were proposed. More precisely, Frees (1994) considers
the problem of estimating the density of functional a ¢(X, ..., X,,). The work was motivated by
the measure of the degree of spatial randomness in a point pattern with ¢(z1,z2) = |21 — z2| but
the results hold for a broader class of functions ¢, including the sum of observations. The proposed
estimator of the density evaluated at a fixed point is based on a U-statistic and is proven to be
point-wise y/n-consistent. This estimator has also been extensively studied as random functions,
see e.g. Ahmad and Mugdadi (2003) and Bandyopadhyay (2012). Giné and Mason (2007a,b) prove
functional central limit theorems in various function spaces and provide a law of iterated logarithm
for the density estimator. Ahmad and Fan (2001) deal with practical aspects of the choice of optimal
bandwidths. Prakasa Rao (2004) derives moment inequalities for the deviation of the estimator from
the true density. Further results on convergence in law for this estimator are given in a series of
works by Schick and Wefelmeyer (2004b, 2008, 2009a,b, 2012).

As an alternative to Frees (1994), Saavedra and Cao (2000) consider for the special case of
q(X1,X2) = X1 + aXs a plug-in kernel estimator for its density, which can be written as the
convolution of two densities; they obtain \/n-consistency and an expression for mean squared
and integrated mean squared error. Further, they extend their estimator to 3~ ;) a;X; which
may also cover the estimation of an m-fold convolution of a density. The estimator introduced in
Saavedra and Cao (2000) has also been extensively studied, e.g., Schick and Wefelmeyer (2004a)
prove asymptotic normality and efficiency. In Schick and Wefelmeyer (2007) it is shown that the
estimators proposed by Saavedra and Cao (2000) and Frees (1994) are asymptotically equivalent,
consequently, a series of results hold for both estimators.

Specifically for the m-fold convolution of a density, Chesneau et al. (2013) consider estimation
relying on Fourier methods, they propose an adaptive estimator based on kernel methods and prove
that bandwidth selection by Lepski method offers a general squared bias-variance compromise.
Nickl (2007) obtains as a by-product of general results on nonparametric MLE estimators the /n-
convergence in law of the convolution of two such estimators; see further Nickl (2009). Although
previous work focused on a density on R, these results can also be applied to the estimation of the
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convolution of two densities on R

An alternative to kernel estimation is to rely on projection methods. This was considered by
Guo et al. (2018) for the m-fold convolution of a density; an estimate is defined as the m-fold
convolution of a wavelet density estimator, and LP-consistency is shown.

We would like to mention that Midhu et al. (2023) consider the case of independent random
variables possibly not identically distributed. They approximate the distribution function of the
sum of two independent nonnegative random variables using quantile-based representation. In
addition, in the case of dependent variables, there is no formula equivalent to Equation (2.1) for the
density of the sum of variables, and very different tools are required; e.g. Cherubini et al. (2011)
use the concept of Copula-based convolution.

Our focus lies on estimating the density of the sum of independent but not necessarily identically
distributed random variables taking values in R¢.

Contribution In this work, we study two approaches for the estimation of the density of the
sum of p different d-dimensional independent random variables.

First, we show the link between the convolution of kernel estimators in the spirit of the plug-in
approach of Saavedra and Cao (2000) and the Fourier formulation used in Chesneau et al. (2013).
Then, we extend this estimator to the case of possibly different densities in d-dimensions. We show
upper bounds of the point-wise and integrated quadratic risk and discuss the resulting convergence
rates.

Second, we propose a general projection estimator and prove an upper bound on the integrated
quadratic. Relying on the Hermite basis as described in Belomestny et al. (2019), we also build an
adaptive estimator leading to a parsimonious development in the basis. This is the first time general
results for projection estimators in terms of risk, rates and model selection are proved, as far as we
know.

Outline of this chapter The chapter is structured as follows. In Section 2.1 we consider the
kernel estimator, starting with the case of the convolution of two independent univariate variables
in Section 2.1.1 and extending the estimator and results to the convolution of the densities of p
independent multivariate variables in Section 2.1.2. In addition, we discuss the convergence rates
in Sections 2.1.3 and 2.1.4 and propose an adaptive procedure in Section 2.1.5. Then, we turn to
the projection estimator in Section 2.2. We first consider the case of two independent univariate
variables in Section 2.2.1 and then introduce the Hermite basis in Section 2.2.2 to give the gener-
alization in Section 2.2.3. In Section 2.2.4, we propose an adaptive procedure and show an upper
bound for its integrated quadratic risk. Finally, Section 2.3 illustrates the results through a simu-
lation study. Auxiliary results can be found in Section 2.4. Let us first recapitulate some notation
used throughout this chapter.

Notation We use multi-index notation relying on bold letters for variables in R for d € N, that
is, x = (z1,...,24) € R% Operations on vectors = (z1,...,24),Y = (Y1,--.,Yd) € R4 are to
be interpreted component-wise. For example,

xy = (2191, . ., Tqya);
and

x<y< (xp <y Vk e [d]).
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Taking the sum over j € [m] for m € IN¢ is to be understood as the sum over jj € [my] for all
k € [d]. Further, for z, y € R¢ we denote by

<ﬂ3,y> = Z TkYk

ke[d]

the scalar product on R%. Let hy, ho: R — R be two functions. We define the additive convolution
hi  ha, as soon as it is well-defined, e.g., for h; and hs integrable on R, for x € RY by

hy * ho(x) = y hi(x — y)ha(y)dX (y).

The Fourier transform of an integrable function h: R — R is, for t € RY, given by

FIh)(t) := /IR ) B p (@) d\ (x).

See Section 1.1 for more details and properties of the Fourier transform. For p € [1,0), the
LY -norm of a function h; € LY is denoted by

Y RN
d R4
In addition, the essential supremum of a bounded function & is denoted by

[hflge == S;gd{/\d({y € R?: [(y)| > x}) > 0}.

We omit the index d in the case of d = 1, e.g., write L? := LY. Throughout this chapter we denote
the expectation and probability measure with respect to any random variable X with P and E,
respectively, omitting any indices.

2.1 Kernel estimator

In this section, we propose a kernel estimator for the estimation of the convolution of two one-
dimensional densities in a first step in Section 2.1.1, and several multivariate densities in a second
step in Section 2.1.2. To extend the study to the case of the m-fold convolution, we will give
another equivalent formula for the estimator and use Fourier strategies. We show upper bounds
for its quadratic risk, consider convergence rates and propose a bandwidth estimator.

2.1.1 Convolution of the densities of two independent univariate
variables

First, we consider the case of two independent one-dimensional variables to explain the estimation
problem of interest and the proposed estimation method. In this case, we do not use the Fourier
transform to derive an upper bound for the quadratic risks.

Throughout this section, let X (1) and X2 be independent real-valued random variables admit-
ting Lebesgue densities f and fa, respectively. Then, the sum X + X(2) also admits a Lebesgue
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density which we denote in this section by g. First note that g: R — R is equal to the (additive)
convolution of the densities f; and fo, that is, for z € R

o(x) = fi * fola /f1 Vol — y)dA(y).

Given two sets of independent i.i.d. observations (X (1)) kepg of XM and (X )) kepn) of X2 for
a common sample size n € I, the goal of this subsection is to propose a Kernel estimate of g. A
natural proposal to estimate g = f1 * f2 is a plug-in estimator f1 5, * fo,, where fl n and fg p are

kernel estimators for f1 and f5 given observations (X ,g ) ke[n] and (X kz)) ke[n]» respectively. More
precisely, given an even kernel function K and a bandwidth h € R, we set for j € {1,2}

Fin(e ZK( D ) z € R.

kE Inl

Definition 2.1.1:
A function K: R — R is called kernel if it satisfies K € L' with [ K(¢)dA(t) = 1. If in addition
it holds K (—t) = K (t) for all t € R, K is said to be even.

Letting L(z) := K * K(z) for # € R, the plug-in estimator f, j, * fa;, can be rewritten for all
r € Ras

—(r — x@
Fin* fop(@ ey > Z/ ( y)>K< k2h y)d)\(y)

k1€ [[n]] ko€ ﬂn]]

x® _
Z Y X [K ( ‘“+ . —u>K(U)dA(u)

k’l € [[n]] ko€ ﬂn]]

(1) 2
I (X s ) 2.2)

k‘1 € [[n]] ko€ [[n]]

First, we show that L is again an even kernel.

Lemma 2.1.2:
The convolution of an even kernel K with itself L := K « K is again an even kernel.

Proof of Lemma 2.1.2. We have for all z € R that

/ L(2)|dA(z

d\(x)

/K 2 — u)K (w)d\(u)
< /R K| [ 1K@ =) lax@)ixw
< ' i K@)ldr@)|

< 00.
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Consequently, L € L!. Moreover, it holds that

/ //K 2 — ) K (u)dA(u)dA(z)
_/ /Kx—u)d)\( JaA(w)
/K JAA(u /K JAA(y

This shows that L is indeed a kernel function. Further, it holds for z € R that
_ / Kz — u)K (u)d\(u) = / K (=2 + u)K (u)d\(u)
/ K(—z —u) / K(—z —u)K(u)d\(u) = L(—z),

which shows that L is even and completes the proof. O

Consequently, the representation Equation (2.2) can be understood as a kernel estimator and we
propose an estimator, where L is not necessarily a convolution of kernels but any arbitrary even
kernel. More precisely, for an even kernel L, h € R denote

Ln(x) := (1/h)L(z/h)

and define for z € R the estimator

- 1
gn(z) == — Z Lh(X]Ei) + X]SZ) —x), (2.3)
1€[n] k2€[n]

. . . . (1) (2) ;
This estimator can be seen as a kernel estimator from observations (X, * + X}’ )k, e[n] k2 e[n] With
kernel L, however, its summands are not independent. Let us remark some properties of this
estimator. First, denoting g, := Ly, * g it holds for any = € R that

Elgi(z)] = E[Ly(X\) + X2 — )]
= /]R Lp(y — 2)g(y)dA(y) = gn(z). (2.4)

Assuming f1, fo € L?, it follows that g € L2. Moreover, if Lj, € L2, we also have g;, € L? and, in
particular, g, € L2, Thus, the integrated quadratic risk of the estimator is well defined. Relying
only on representation Equation (2.3), we prove the following result.

Proposition 2.1.3 (Bound on the integrated quadratic risk):
If f1, fo € L? and L € L? is an even kernel, then the estimator g, of g defined by (2.3) satisfies

112, 1£1l122 + 1721122
E [[Igh — lZ2] < llgn — gliZe + —z + LI ———,

where g, := Ly, * g.

Before giving a proof of Proposition 2.1.3, we shortly discuss the result and prove an auxiliary
result central to its proof.
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Remark 2.1.4:

Proposition 2.1.3 provides a squared-bias variance decomposition: the upper bound consists of the
squared bias ||g, — g||2. and a variance term of order 1/(n?h) + 1/n. The first part of the variance
term results from the variance when summands are independent. The second term arises since
the summands in the estimator are not independent, but does not depend on the bandwidth A and
therefore has the role of a residual. If we had considered the n sample (X ,gl) +X 22) )ken]> We would
have preserved the independence between summands and would have directly applied the standard
kernel estimation result, see Comte (2017), chap.3; however, this way, we get a variance bound of

order 1/(nh) instead of 1/(nh) + 1/n.

To bound the variance of the estimator Equation (2.3) for the convolution of two densities, we
need to calculate the variance of a double sum. The next Lemma provides a decomposition of the
variance, which will be also used for subsequent results.

We first give the Lemma and its proof before continuing with the proof of Proposition 2.1.3.

Lemma 2.1.5:
For F € L2 we have that

1
var (ﬁ 3 FxM X,f))) T+ T+ T,
jE€n] k€n]
with
Ty = " cov (P + X, FXD + X)),
n n
1n—1
T i= =2 cov (F(x{" + x{7), F(x{" + (7)),
n n
1
Tyi= = var(F(XY + x@y).

Proof of Lemma 2.1.5. Considering the variance, we split the sums to get

var (% Z Z F(Xj(»l) +X,g2)))

j€n] keln]

1 (1) 2) (1) (2)
=D DD DR (F(le +x2), (x4 x2 )).
J1,j2€[n] k1,k2€[n]

Due to the independence assumption on the observations, we have that

S 0% cov (F(X](-ll) +x), F(x + X,g))) — 0.
J1,g2€[n] k1,k2€[n]
J1#je  ki#ke
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Splitting the sums appropriately we further get that

var <% Z Z F(X](I) +X,E,2)))

j€lnl keln]

( Z Z cov (F () +Xl£1)) F(XJ(1)+X,$)))
j€ln] kl};’ffk [[271]]

+ 30> eov (P 4 XP), PXS + X))

ke[n] ji,52€[n]
J1#j2

+ Z Z var(F 1 —|—X( )))>

j€n] ke[n]

Further, due to the i.i.d. assumption on the observations,for each line summands are equal and the
result follows

ar (% Z Z F(Xj(l) —I—X]gz))) :T1+T2+T3.

j€[n] k€n]
This concludes the proof. O

We return to the proof of Proposition 2.1.3 applying the last Lemma with an appropriate choice
of F.

Proof of Proposition 2.1.3. Since for any z € R it holds that E[g,(x)] = gn(z), see Equation (2.4),
with the standard decomposition it holds that

E (g — 91| = lon — 912 + B [1gi — gnll?2] -

It remains to upper bound the second term. Applying Fubini’s theorem, we have that

2
E[Hg/;z_gh”i?} = { = > > Ly (X + X~ )—Lh*g(x) d)\(x)]
kle[[n]] ka€[n]
:/Rvar (nlz o> Ly <X’$)—|—X’gz)x>> dA(z). (2.5)

k1€ [[n]] ko€ [[nﬂ

Choosing F'(y) = Lj(y — =) we use Lemma 2.1.5, to decompose the variance and, therefore, the
integral in three terms. First, note that L € L? by assumption and, thus, F € L? for any = € R, as
well. We consider first T5. For € R we have that
1 1 2
Ty =— var(Lp(X\V + X — 1)).

The corresponding term of the integral Equation (2.5) can be upper bounded by

[ vertax(? + X@—x»dws# / / g<y>\L(y;:”> 2

_ 1
= L(x)|*d\(z . 2.6
=37 |90 [ 1@ (2:6)

dA(y)dA(z)
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Considering 77, we first see that for 2 € R

n2

i = cov (Lax? + X = @), La(x(Y + X — )

n J—
2
= [+ X )+ x —)]  [Lax Y X )]
=B [Lh(Xfl) + X3P — a)Lp(xiV + x P - fc)] .

Recall that X and X#, X{? are independent. Further, X\* and X{* are independent and
identically distributed. It follows that

E|Ly(x{" + X - a)Lu(x{Y + X - o)
_ / B [La(ut+ X - o) a(u+ X — )] fiw)an(w)
R

— / E [Lh(u + X£2) — 1:)}2 fl(u)d)\d(u)
Rd

- /}R (/}R Lp(u+v— x)fg(v)d)\(v)>2 Ji(w)dA(u)

It follows that the term corresponding to T} of the integral in Equation (2.5) is upper bounded by

n—1

2/ cov (Lh(Xfl) + X£2) - at),Lh(Xfl) + X§2) — x)) d\(z)

n R
2
< 1/ / (/ Lyp(u+v— x)h(v)dk(v)) fi(w)dA(u)dA(z) (2.7)
nJrJR \/R
Young’s inequality, see Property 1.1.3 (ii), for L;, and f5 yields

ILn * follf2 < ILallEall f2]1E2.

Using additionally the definition of the convolution and that f; is a density, it follows that

% /R /]R (/R Lp(u+v— x)fg(v)d/\(v)>2 Ji(w)dA(u)dA(z)
- /R fi) [ (L fole = w)? dAz)aAw

R(
:% /]R f1(u) /}R (Lp, * fa(z))? dX(@)dA(u)
1 1
< ﬁlthllilllleliz = EIILHilIIsziz- (2.8)

Due to the symmetry of 7} and T, we get for the integral term of Equation (2.5) corresponding
to Ty the upper bound

1
EHLH?U 1217 (2.9)
Finally, combining Equations (2.6), (2.8) and (2.9) to upper bound Equation (2.5) yields

LIz, 110122 + 12013
-~ 2 L 2 L L
B [llgh = gnlZ2| <~ + LI —————,

which concludes the proof. O
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We note that a bounded density f also belongs to L3 since

/ FOPAAE) < ||l / SO = || flli < oo
R R

Consequently, if f1, fo € L it follows fi, fo € L? and, thus, g = f1 * fo € L2. Additionally,
it follows that the Fourier transform F[g] of g is in L'. More precisely, with Cauchy-Schwarz
inequality it follows

/ Flol(@)ldA(x) = / FLAI (@) FLfa) ()] dA(2)
R R

<(/ f[fﬂ(m)!QdA(rc))l/z (f \f[fl](x)\QdA(w)>l/2

= [l Aullzll f2lle < oo
Finally, it also follows that g € > since for any x € R
1
2m

< 57 [ 1Flaax® = 51 Flall <.

l9(x)| = |F[Flgll(z)| =

/ emﬂgw)dA(t)\

Consequently, in this case, point evaluation of g is well-defined and we also provide a point-wise

risk bound.

Proposition 2.1.6 (Bound on the point-wise quadratic risk):
If f1, fo € L® and L € L? is an even kernel, then the estimator g, of g defined by (2.3) satisfies for
x € R that

w CiILIE
E [(g/;z(fﬂ) —g(x))Q] < (gh(m) —g(ac))2 + HLH]%,I HgH]L i f” ”]L

n2h n

where Cy == || fillL | f2llfz + [l fallee [l f1]]F2-

Remark 2.1.7:

The upper bound on the point-wise quadratic risk consists of the squared bias (gi(z) — g(z))?
and and a variance term of order 1/(n?h) + 1/n. The first part of the variance term results from
the variance when summands are independent. The second term arises since the summands in the
estimator are not independent, but does not depend on the bandwidth % and therefore has the role
of a residual. Proposition 2.1.6 improves the bound of Proposition 1 in Chesneau et al. (2013) for
the case m = 2, who obtain a variance term of order 1/(n?h?) instead of 1/(n?h) here. To get two
independent samples, as are considered in their work, given an i.i.d. (Xy)gc[,) sample one could
split the sample in two and consequently get two independent samples of size of n/2 each. The
point of Remark 2.1.4 also holds for the point-wise risk.

Proof of Proposition 2.1.6. Since for any = € R it holds E[gy(z)] = gn(x), see Equation (2.4), we
have the standard decomposition

E [(gn(2) = 9(2))?] = E [(@n(2) — gn(2))’] + (gn(2) — g(x)).
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Analogously to Equation (2.5) in the proof of Proposition 2.1.3 it holds that
~ 1
E [(Qh(ﬂf) - Qh(x))2] = var (712 Z Z Ly, (X,i? + X,gi) - x)) .
ki1€[n] k2€[n]

Therefore, we use again Lemma 2.1.5 with F(y) = Ly(y — ) and split the variance into three
terms. By assumption L € L? and, thus, F € L? for any z € R. We get for T5 that

2
1 2
dA(y) < T%HQHLMHLHM-

1 (1) (2) 1 y—x
15 = Evar(Lh(Xl + X7 —x)) < 3,2 Rg(y) L A

For T} with the calculations in Equation (2.7) and using that Ly, is an even kernel, we get

T :"T;l cov (Lh(X{” +x® ) Ly x4 xP - a:))
2
<2 [ ([ st v-2p@aw) Awaw)

1 2
< 2l [ ([ 2t o= e ) aw)
n R \/R
1 2
=2l [ ([ 2= 02200000)) drw
n R \/R
Applying again Young’s inequality, see Property 1.1.3 (ii), for Ly, and f5 yields

1 1
T < ﬁ”leILoolth % follf2 < ﬁ”leLwHL”%}HfQ”i?

Analogously, 75 can be upper bounded by 1| fa|L || L||?, || f1]|? . Consequently, combing all three
bounds, it holds that

gl | L2 1 fillLee 1222 + L f2llee | f1 172

. 9 2

E [(Gn(z) — gn(x))?] < e + | ZIL "

which concludes the proof. O

2.1.2 Convolution of the densities of p-many independent multivariate
variables

In this section we generalize the results from Section 2.1.1 to the convolution of multiple mul-
tivariate densities. Now, the goal is to estimate g : R — R defined by Equation (2.1) from
independent vector observations which are all d-dimensional but with possibly different sample
sizes, i.e., for j € [p], we observe X,E,j) = (X,Ej%, ... ,X,gjg)l) e R4, with X,gj) ~ fj iid., for
k € [n;] and independent for j € [p]. 7 7

To propose a generalized kernel estimator, let us extend Definition 2.1.1 of an even function.

Definition 2.1.8:
A function L: R? — R is called even if L(—t) = L(t) holds for all t € R®.
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Since in this section we use different analytical tools based on the Fourier transform, we no further
need to assume L € L. That is, L is not assumed to be a kernel function in the sense of Defini-
tion 2.1.1. However, the general form of the estimator is the same and we still refer to the method
as a kernel estimator. Further, to apply properties of the Fourier transform additional assumptions
are need, which we specify below in Assumption 2.1.10.

For L: R? = Rand h = (hi,...,hg) € RL we denote

1 T1 Td
Ln(z) = —— (% Zd). 2.1
n(z) hy .. hy (hl’ ’hd> (2.10)

Then, for an even function L: R? — R, bandwidth b = (hy,...,hq) € RY and sample size

n = (ny,...,n,) € IN? the estimator g(”) of g™ at & € R? is defined as
1
) _ (1) (p)
9P (x ).WZLh(Xkl—i-...—i—ka—a:). (2.11)
ken]

This extends the estimator from Equation (2.3) on the one hand to the convolution of p different
densities and on the other hand to the d-dimensional case using independent samples of different
sizes. Nevertheless, our direct computations to prove Proposition 2.1.3 would be tedious to extend.
More precisely, dealing with the decomposition of the variance is complicated for products of more
than two elements. Thus, we use Fourier methods and, to that aim, we rewrite the estimator in
the Fourier domain. Recall that for j € [p] we denote by F|f;] the Fourier transform of density
f; as introduced in Section 1.1, and define its empirical counterpart by

FUsl®) = .- S X e R (2.12)
ken;]

Then, g“” ' defined by Equation (2.11) can also be written in terms of the Fourier transform.
Lemma 2.1.9:

If L € L3 is an even function and with integrable Fourier transform F[L] € L}, it holds for the
estimator defined in Equation (2.11) that for = € R¢

) — 1 i(t,x) d
g (z) = @) /Rd F[L](ht) Jl—[[[pﬂffj t)dA(t). (2.13)

Proof of Lemma 2.1.9. Since L € L%, we rewrite Equation (2.11) taking the Fourier inverse of its
Fourier transform, i.e.,

o~

_ 67i<u,w> (p) d
=g [, waw)

1 —i(u i(u (1) (p) d d
— y )
e )d/de E / X X y) dA\"(y) d\(u).

JG[[n]]
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By change of variables and the definition of the empirical Fourier transform of each density .}{[E
defined in Equation (2.12) it further follows that

o (@)
. m ()

:161/62 Z/ w Xy et X mh) 3 d () A (w)

(2m)¢ Jr Je[[n]]

1

:d/ e P FlL)(hu) [] FIfi)(w) dX4(uw).

(27m)¢ Jga J€[pl

This completes the proof. O

—

Let us relate the estimator g;”’ to the estimator proposed in Chesneau et al. (2013) for the case of
dimension d = 1. If we start from the formula given in Equation (2.13) and take L as the sinus

cardinal kernel, i.e., for z € R,

L(x) := (2.14)
we have that L admits a Fourier transform given by

FIL)(hu) = 1_p x(hu) = L _r /. x/n) (0)

and the estimator writes

g;Lp)( ) 217r/[ —zua: H ]:f] )

J€[p]

:*\=|
:\:\

This shows that Equation (2.13) extends the estimator (7) of Chesneau et al. (2013) in three direc-
tions: first, to the case of differing densities; second, for a general function L; third, to multivariate
densities. Note that we use both kernel methods to analyze the estimator using Equation (2.11)
and Fourier analysis using Equation (2.13). The assumptions required on L may differ, but with
no main drawback, as it is user-chosen.

—

To proof upper bounds for the integrated and point-wise quadratic risk of estimator g;”’, we

consider the following assumptions.
Assumption 2.1.10: (i) L is an even function which belongs to L2.
(ii) For the Fourier transform of L it holds F[L] € L} N1L$°.

Note that from L € LZ it follows F[L] € L3. Let us remark that for L and h € R% the Fourier
transform of Ly, defined in Equation (2.10), satisfies

F[Lp)(z) = /R ) @8 Ly, (£)dA(t) = /]R ) @R L)AL (t) = FIL](hx).

Under Assumption 2.1.10, we define

1 -
g () = Lp + g7 (x) = ) /R e T FL) () ]g[{)ﬂ}" £i1(t) dx4(t). (2.15)
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For the estimator defined in Equation (2.11) it holds that for all z € R¢
] (55—
= /Rd Lh(y ) (p)( )d)\d( ) Lp, * g(p)( ) _ g;f)( ) (2.16)

In the following sections, we consider first the integrated quadratic risk for the proposed estima-
tor and derive convergence rates in Section 2.1.3. Afterwards, we consider its point-wise quadratic
risk and also derive convergence rates in Section 2.1.4.

2.1.3 Integrated quadratic risk

For the integrated quadratic risk, we show the following upper bound.

Proposition 2.1.11 (Bound on the integrated quadratic risk):

Let L satisfy Assumption 2.1.10 and f; € L3 for all j € [p]. Then, the estimator g ) of ¢ defined
in Equation (2.13) satisfies

) _ )12 ) _ 0|12 2HL”12L3 1
P P < p P C —,
B {10 - 51| <o =971 + o O

with C':= 2p320=2)|| FL]|[E e maxjep [1£5117-

Remark 2.1.12;

The upper bound on the integrated quadratic risk consists of the squared bias ||g}”

_ g(mHig’ an
extended variance of order h; - - - hgny - - - ny and a residual term of order max ¢,y 1/n; which does
not depend on the bandwidth.

Note that if for some j € [p] the sample size n; is small the residual term causes the order
residual term behaves correspondingly. If all sample sizes are of the same order n; = a;n for some
n € IN and constants «j, j € [p], then, the variance term is simplified to order 1/(hy - - - hqn?)
and the residual term of order 1/n. In addition, we see that this result is indeed a generalization of
Proposition 2.1.3 in the sense that got setting p = 2 and d = 1 we obtain the same result.

Furthermore, if L(z) = []cpq Le(wk), then FIL)(t) = [lxeqqp F[Lr](k), and all Ly can be
taken as the sinus cardinal kernel defined in Equation (2.14). In this case, writing for the Cartesian
product of intervals H := Xj.cqgp[—7 /by, why], it holds

Hg;f) _ g(p)H]%Z — / |.7:[g(p)](t)’2d)\d(t).
& RA\H
Thus, the bias term converges to zero if maxycq) hr — 0 by dominated convergence.

Proof of Proposition 2.1.11. First, due to Equation (2.16), it holds that [ (z )} = g,”(x) for

all z € R? and we decompose the risk as usual

|:Hg(p> (p)”iij| — ||g;f) (p)HlL +E |:||g(p) (p)||L2:| '
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Having representation Equation (2.13) in mind, Parseval’s identity, see Property 1.1.1, gives for
the variance term

2
1
[Hgﬁf)—gﬁf)ﬂm]zwm / FlLiw) TT FIRe - T Fie)] axie >]
R4 iclpl i€l
2
@i /|J—" |(ht)|’E H]—"fj — 11 7l }d)\d(t).
™) J€lP] J€lP]
(2.17)

For fixed t € R? we apply Lemma 2.4.1, given below in Section 2.4, for the term inside the expec-
tation. First, note that for all j € [p] it holds F[f;](t), F[f;](t) € C with |F[f;](¢)], | F[f;](t)] < 1.

Consequently, we apply Lemma 2.4.1 with u; = }{[E](t) and v; = F[f;|(t) for j € [p]. We
obtain

< 1 175 - Fire)
j€lp]

+ 37 3 2F1) - FU®)IF L))

J€lpl

Hffj — I 7@

J€P] J€P]

with the notation that F[f,11] = F|[f1]. Next, we take the expectation of the square of each side.
Using the definition of the empirical Fourier transform, see Equation (2.12), and the independence
between the random variables X1 ..., X®) we get for ¢ € R that

> X - FIf)

" keln,]

D DRGSR (0

7 kelny]

[T Finio - ] Firio

J€[pl J€lpl

]<2HE

J€[pl

2
J€lpl ]

+2p - 32072 N | Fl () PE !

For expectations, we see for t € R? and j € [p] that

2
E = 1 var (ei<t’Xi(vj)>)
n n;

=3 e - A

J kGII?’Lj]]
<1p [|ei<tvxzi”>|} <1 (2.18)
on; - nj' )
With this follows
2
1 i(t,x ) 2 2(p—2) | FLfj41) ()]
- < (p— W HRE)T
|11 (£ 5 o) - o] | < 2o - P
J€lpl ken;] J€lpl J€lpl
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Plugging the last inequality into Equation (2.17), we get

Bl - o] < g [ 100 (2 gt 3 PO gy

e Y
= (271r)dn12/ | FIL)(ht)[dA(t)
2(p—2)
+ 2p(23 / J(Rt) [ F[fi1](8)PdA (). (2.20)

JE[[IJ]]

For the integral of the first summand we use Parseval’s identity, see Property 1.1.1, and see that

1 (2m)d
/R PR PN (E) = = 1 FIE g = 5=l

For the integral of the second summand we use again Parseval’s identity and get for any j € [p]
that

/}Rd | FILI(ht) F[f;](#)PdA(t) < IIf[L]Iligon[fj]llﬁg < (27T)d||LHE;Hfjlli3
< 2m) Y FIL || oo max | f5]17-
JElp] d

Consequently, inserting the last two bounds into Equation (2.20) we obtain the result

2|| Ll

® _ () < d =
Bl - 1) < o 4O
JE[[P]]

with C' := 2p32(=2)|| F[L] Hizo max,epy] || 5|32 - This shows the result and concludes the proof. [
d

Convergence rates

Let us consider convergence rates for the kernel estimator defined in Equation (2.13) based on
its integrated quadratic risk. More precisely, we discuss the order of the upper bound given in
Proposition 2.1.11. For this, we consider the case of anisotropic Sobolev spaces with an additional
boundedness assumption generalizing the one proposed in Chesneau et al. (2013) and the case of
Nikolski classes. We state the results by imposing the regularity on g First, we give a definition
of both classes for d € IN dimensions. Subsequently, we give a link between the regularity of ¢
and its component densities f;, j € [p].

Definition 2.1.13 (Anisotropic Sobolev space):
A function h: R? — Ry belongs to Sobolev space S(v, R) for « € R% and R € R if h € L2 and
for its Fourier transform F[h] it holds that

Z / 1+t2 )k | F[h](t )|2d)\d(t) <R’ and max sup(1+tk,)”‘k|}"[ 1(t)]> < R%
reld] keld] ¢eRre

To be able to control the bias for anisotropic Sobolev classes, we need to ensure that the Fourier

transform of L is a real-valued function. Further, we consider the following assumptions extending
the assumptions introduced by Taupin (2001) for dimension d = 1.
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Assumption 2.1.14:
The Fourier transform of L satisfies F[L](t) = 1 for any ¢ € [—1,1]%

For dimension d = 1, the sinus cardinal kernel defined in Equation (2.14) satisfies Assumption 2.1.10
and Assumption 2.1.14, see Taupin (2001) Remark 2.2. Taupin (2001) points out that the de La
Vallée-Poussin kernel V for z € R defined by

Vi) = cos(z) — gos(Qw)

™

also satisfies Assumption 2.1.10 and Assumption 2.1.14. Next, we give a definition of Nikolski
classes for functions on R? as in Comte and Lacour (2013). For a € R>¢ we denote by |a] its
integer part. For a function h: R? — R that is differentiable of order I € IN in the k-th argument

. ! o .
Tk, We write ¢ 8890;}:)1 for the i-th derivative of h in argument .

Definition 2.1.15 (Nikolski class):
We say that h: R? — R belongs to Nikolski space M(a, R) for o = (as,...,aq) € R and
R € Ry, if f is up to order |y | times differentiable in z, for all £ € [d] and

. Lag]

(i) ”&%H@ < Rforall k € [d];

(ii) For all k € [d] for all y € R it holds that

Jo

< R’y’ak_LakJ'

1/2
oloxlp oloxlp

A Naol - d
(axk)l_akj (.’131, ro 0y Th—1, Tk + Yy Thy1y--- 7$d) (8xk)|_akj (:B) d\ (33')

As is standard in density estimation, see Comte (2017), for f € N (a, R) we need the additional
assumption of the kernel L to be of a given order to handle the bias.

Definition 2.1.16:
An even kernel function L: R? — R is of order o € IN¥ if

Vke[d] :V1<I<a: / zb L(z)d\(x) = 0,
Rd

vk € [] : /Rdu + lok]) | L ()| dA () < oo.

Moreover, to control the bias for Nikolski classes, we need the additional assumption of L to be a
kernel function, analogously to Definition 2.1.1.

Assumption 2.1.17:
Let L € L} with [pq L(£)dX%(t) = 1.

First, we determine the bias for both function classes.
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Lemma 2.1.18:
Let Assumption 2.1.10 be satisfied, @ € RZ and R € R;. If in addition one of the following
conditions is satisfied:

(i) Assumption 2.1.14 holds and ¢» € S(a, R),
(i) Assumption 2.1.17 holds and L is of order (|a1|,.. ., a4]) and ¢® € N (e, R),

then, there exists a constant C' € R such that for h = (hy,...,hy) € RY and g;” defined in
Equation (2.15) it holds that

2
lof? — 975 < OO 4.+ ).

Proof of Lemma 2.1.18. The following computations are standard, see for example Tsybakov
(2008). We give the proofs for the sake of completeness. First, consider (i). Define the set

1 1 1 1

H:= [—a,a]x"‘ X[_hid’hid

].

On H we have by Assumption 2.1.14 that 1 — F[L](ht) = 0. Using additionally Parseval’s identity,
see Property 1.1.1, and the definition of the Sobolev space we get

ok =91 = [ 11— UL F ) Pax'e)

_ / 11— FIL)(ht) | Flg™)(£) 2d\" (t)
RI\H
2 4 2] FIL2

R / (14 £2)% (1 + £2)~ % Flg®] (8) Pare(e).
d keld] RAH

Note that on R? \ it holds that (1 + 7)~% < h2**. It follows
2.+ 2| FIL] 2

2
g’ —g™lIEy < —————— (0" + ...+ hg™) Y /

(1+ 1) Flg™](#)PdX’(t)
keld] R

2 2IFE
< - *

< y (h3% 4 ...+ h209).

Consider (ii). Using that L integrates to one and is even, we get for € R? that
g g g

g (®) — g7 (x) = Lp * g™ (x) — g¥(2) = /R L Ln(t —2)g” (H)dX(t) — g (@)

_ / L(w)g® (hu + 2)d\ () — / L(w) g (x)dA (w)
R4 R4

_ /R L) (g (s + ) — g ())aN" (w). (2.21)
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Since ¢@ € N (a, R) we apply Taylor-expansion component-wise and write for u € R?

g(p)(h’u, + :L') _ g(;v)(m)

Lol -1
= Z Z ( Jkl ) (a(j)k) (xla...,$j,uj+1hj+1+$j+1,...,udhd—|—xd)
jeld] k=1 ' J

Ujhj LajJ 1 i l—
T, 0
ol (gw)
" (9aj)leu]

Using that L is a kernel of oder (1], ... [aq]) we get for j € [d] and k < o] that

wihs ak (p)
O:/Rd L(U)( Jk'J) ﬁ(l’l""’xj’uj"‘lhj"‘l+xj+1""7udhd+$d)d)\d(u)
: J

With the last two calculations, it follows that

/]Rd L(u)(g<P)(hu+w) <p)( ))d)\d( )
laj |
:/ Z - La”/ 7yleil-1
2 {la,] - 1)
aLaJJg@)
. W(Zﬁl,...,iﬂjflaTUjhj+$jauj+1hj+1+:Ej+1,...,udhd_|_$d)
J
oleil g

—7.(1'1, -y X, Uj+1hj+1 + ZTjt1,--- ,udhd + :L‘d) d)\(T) d)\d(u)
(O Lo

With this we get for the integrated quadratic risk that

lgr” — 9'II%

/ !/ Z L(u)u™ /01(1—7)L%J—1

je [[d]]

8Lajjg(7’>
N Foa @ mon Tuhy 4 g wia b + T, udha + 2a)
(D) Lol

oleil g
(O]

2
(:Cl, s X, Uj+1hj+1 + Tjt1,. .. s ughg + iL'd)> d)\(T) d)\d(u) ] d)\d(ac

(1'1, ceey X1, T’LLjhj +zj, Uj+1hj+1 + T, .. s ughg + :L'd)d)\(T)) .

).
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Further, it follows

() _ g<p)Hii

th
2o
12 ((Laljj 7 U ! / i

Jeld]

gleilg® ) 2 )

_W Tj,wip1hjr1 +xjq1, .., ughg + xq) | dX(T) dX(uw) | dX*(x)
J

<
s ughg + xq)

Tj1, Tujhj + i, wjprhje + 40,

Consequently, applying the Generalized Minkowski inequality, see Lemma 2.4.6, two times and

using that ¢ € N (a, R) we get that
2

lgr” — 9117
)Ll =Yy h 0l g () drd(u)

2y

- dje%ﬂ ((La};j—l)')z [RN/ Laﬂ’/
2 hy @) 7yd

SRdZ W(/}Rd|L( Ju;? [dA (w ))

Jjeld]
1
SRQmaX</ | L(w)us’ [dA (u ) d h
seld] \ ((La;] = 1))? Jpa ];M
O

This concludes the proof.

Next, we discuss the convergence rates for the quadratic integrated risk. For this, we denote by

b
@ the harmonic mean of the regularity components o, i.e
(2.22)

Combining the last result for the bias, Lemma 2.1.18, with the upper bound of Proposition 2.1.11
(p)

we obtain the following rates of convergence for the estimator g;!
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Proposition 2.1.19:

Let Assumption 2.1.10 be satisfied. Assume that all n; are of the same order n € IN, thatis, n; = ¢;n
for ¢; constants independent of n, for all j € [p]. In addition, assume that one the following
conditions is satisfied for &« € R% and R € R

(i) Assumption 2.1.14 holds and ¢» € S(a, R),
(i) Assumption 2.1.17 holds and L is of order (|a1 ], ..., |aq]) and ¢® € N(a, R).

___ap
Then, with b,y € RE defined via by opt :=n @+ for k € [d]], there exists a constant C' € R
P + ;0P +
such that

=1

— n lf a >

E Hg(p) _g<p>H22 <C ;ap 2(p my*
hopt La| = n”2atd, otherwise.

Proof of Proposition 2.1.19. First, due to Lemma 2.1.18, we have for both cases (i) and (ii) for some
constant C' € R and bandwidth h € R? that

g = g% 172 < C(hT™ + ...+ B3, (2.23)

With Proposition 2.1.11, we obtain for some constant C € R, € R4

1 1
0 _ g2, <C(h2M 4 4 R2M 4~ ).
[Hg g H]Lg}— <1 Tt hy +h1---hdn}’+n

Plugging the definition of hoypy into the first summand yields

Qakap 25
>t = 3w g
ke[d] keld]
For the second summand we first note that
ap
Y S L
vl ap(2a+d) 20&—|—dk T
—p(2a+d)+pd  2ap
a 2a+d - 2a+d
With this we obtain
1 _2ap
=nP n&k(2a+d) —n 2a+d,
hl,opt T hd,optnp kl_[[lz:i]]

Finally, this yields that there exists a constant C' € R such that

_2ap

[Hgm g(p)”?v] < C'max (n s=td n 1)
d

hopt
-1
n-1, if &> 7
== C { 2ap (p )

n 2a+d, otherwise.

This concludes the proof. O
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Remark 2.1.20:
So far, we have considered the amount of components p € IN to be fixed. If p,, — oo grows with
the sample size n, it holds @ > (7 for n large enough and the rate is of order n='. However,

the factor p?32(P=2) =: O, is included in the constant of Proposition 2.1.11. Thus, p, < log(n)
needs to grow logarithmically in n or slower so that we still obtain Cj,, n=* — 0.

We have also assumed the dimension d € IN is fixed. Consider the case that d,, — co grows with
the sample size and assume that the regularity is the same for all dimensions, i.e., ak = o for all
k € [d,] and n € IN. Then, @ = « does not depend on d and it follows @ < 2( for n large

2ap
enough. Moreover, we obtain the rate n~ Z@r+dn , which gets slower for increasing d Again d is

included in the constant C. However, the dependence on d is not as obvious as the dependence on
the parameter p.

Next, we deduce the regularity of ¢ from the regularities of the densities f;, j € [p] for both
Sobolev and Nikolski spaces. That is, we show for both spaces, that if all densities f; for j € [p]
belong to one regularity class, their convolution is also element of that regularity class. We first
give the link ofr the Sobolev space.

Lemma 2.1.21:
If fj € S((ajn,...,a54),R;) for j € [p], that is each component density belongs to a Sobolev
space, then the convoluted density ¢ also belongs to a Sobolev space. More precisely, it holds

g(p) c S((Z]G[[pﬂ aj,].? 5000 Z]E[[p]] aj,d)? H]G[[p]] R]).

Proof of Lemma 2.1.21. The result follows analogously to the case d = 1 for fi = ... = f,, derived
in Chesneau et al. (2013). First note that it holds g € L2 due to repetitively applying Young’s
inequality, see Property 1.1.3 (ii), and since f; € L) N L2 for all j € [p]. More precisely,

l9@lez < Mol TT 1150y < oo
Jj€lp—1]

Further, note that, if f; € S((aj1, ..., a;q), R;) for j € [p], it follows for any u € R, [ € [d] and
J € [p] it holds

(1+ ) | FLf)(w)[* < max sup (1 + )%+ | F[f;](¢)]* < R}.
keld] tcR4

This yields for any ¢ € R¢ and k € [d] that

(1+ ) Ziem®x TT 1FIHI@)P < a+ ) | FLI@P T R
j€lp] Je[[p 1]
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With this, we get

S [ R Flg) @) P

ke[d] 7 B
=% [ e T A0

ke[d] J€lp]
[1 7|3 [ asdmirmimpate
j€lp—1] ke[d]
< II &
j€lp]

Finally, it holds that

max sup (1 + £3)2=iclel % | Flg®)( H max sup (1 + t3)%* | F[f;](#)]> < H R3.

kG[[d]] tGRd E[[p]] ke[[d]] tE]Rd ]GHP]]
Thus, g% € S((X gy Vit - -+ 2ojep] ¥id)s L jegp) Bi)> which completes the proof. O
Remark 2.1.22:

Consequently, in the case of anisotropic Sobolev spaces, the regularity parameter in the conver-
gence rates is the harmonic mean of the directional regularities of the function ¢, i.e.

1 1
ey PRERLIL

ol =

Furthermore, if all directions and all components are of the same regularity a € R, thatisaj; = a
for all j € [p],k € [d], the parameter simplifies to @ = pa. In this case, the result of Proposi-
tion 2.1.19 yields: for a > ( 1y we obtain the rate n~!; otherwise the corresponding rate is of

2ap2
order n~ 2ap+d,

Let us turn next to the link between the regularity of ¢ and its components for Nikolski
classes.

Lemma 2.1.23:
If f; e N((ej1,- .-, 4), Rj) for j € [p] , that is, each component density belongs to a Nikolski

class, and (La)% integrable for all £ € [d] and j € [p], then the convoluted density ¢ also

belongs to a Nikolski class. More precisely,there exists R > 0 such that ¢ € N(d, R) with
Ok = D jeppr k] + maxjeppy(asr — logk]) for k € [d].

Proof of Lemma 2.1.23. Fix k € [d]. First, note that for all j € [p] the function f; admits deriva-
tives with respect to xj, up to order | ]. Then,

lovkl _ plowslf, _ 8Zje[[pﬂlajvﬂg<p>'
(D) Lorr) (D) Lot (8xk)zi€m Lot ]
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Thus, g admits derivatives with respect to ), up to order 3=, 1| k] = [dx]. Define
2
R? = max(Rjz-) max / dx)v1| .
Jelpl keld] jelp] \/R
Note that by Young’s inequality, see Property 1.1.3 (ii), it holds
azjeupu,mj,ng@) ) 32?:2 Laj,kjfz ¥k fp o fl
(8xk)2je[[p]] Lo k) ”LZ - (8 )Zﬁl o lajk) H]LlH( k)tamj HLZ

604
2 2
Hn LMJHL <R

Assume without loss of generality that max g,y (o x — |@jx]) = a1x — [a1x]. Then, it holds that
O — L(SkJ =01k — LaLkJ. Setting for y€eR

aLOéj,kaj

@zl

olevrl £

fl,y(m) = W(ﬂﬁb

<y Lk—1,Tk +Z/7$k+17 v ,l’d),

splitting the convolution, it follows that

2
92=jelpl Lkl o) 92ietp Lkl o)
/ ( g (xla""xj—lvxj+y7xj+17"'7xd)_ g (m) d)‘d(m)

(amk)zje[[pﬂ Lovs k) (&Ck)zje[[p]] Lo k)
olovkl f olevwl g
= /Rd (/Rd(W((fﬂl,---’le,xk + Y Thg1s -5 Tg) — W) — m(w —u))

825-):2 lajik) (f2 % fp) d ? d
T (Ozp) i=lou] (w)dd"(w) | dX%(z)
o) 2i=2 L%

8[@1,k]f1 82?:2 Laj,k] (fak % fp) 1o
(8[1’,'k)|_0¢1,kj * ((9:(%)25:2 Lo‘j,kJ H]LZ .

= H(fl,y -

Applying again Young’s inequality, see Property 1.1.3 (ii), it holds
alovkl £ . oXi=2lokl (fy 5ok ) 2
(O ) Lev1.r] (8xk)2§=2 Lo, L2

Xl (fyx o x fy) 15 A
(D1, o logk] (0 xk)@q k] LG

[(fry —

<

I lfr =

and using f; € N((oj1,...,aj4), Rj) for j € [p] we conclude

B oLkl £ . 92—zl k) (fosx - % fp) 2
(8l'k)|~al’kJ (a,nk)z:f:g \_Otj,kJ ]Li

@5,k

p
ol 21, 12(e1 k= |a1,k]) 2(6k— L‘SkJ)
S Urmion; )La o7 IE Bl tod < Ry

Consequently, g € N (8, R). This completes the proof. O
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2.1.4 Point-wise quadratic risk

In this section, we discuss the point-wise quadratic risk generalizing Proposition 2.1.6 and derive
convergence rates for Holder classes.

Analogously to the case of p, d = 1 discussed in Section 2.1.1, note that if a density f is bounded,
it is also in L2 since

[ 5@PaN ) < 17l [ 700N = 7l < oc.
R4 R

Consequently, if f1,..., f, € L5 it follows that fi,..., f, € L% and, thus, g® € L3. Additionally,
it follows that the Fourier transform of their convolution F[g®] is in L}. More precisely, since
| F[fi](z)] < 1forallz € R% and j € [p], see Property 1.1.3 (iii), it holds that

I 7ifil@

|1 @) = [ I
< ([ Fmeraie) ([ 1Fmeroie)

= ”f1H1L3Hf2||1L§ < 0.

)| dX(z)

Finally, it also follows that g® € L since for any = € R we have

7@ = 1@ = | g [ eSO F g maxi)

1
< Gyt L, 1Pl 0lax @) =

|9y < oo.

1
(2m)d
Consequently, point evaluation of g is well-defined and we also provide a point-wise risk bound.

Proposition 2.1.24 (Bound of the point-wise quadratic risk):
Let Assumption 2.1.10 be satisfied and p > 3. If f; € L3 for all j € [p], then, for z € R? the

estimator g,(f)( ) of ¢ (z) defined in Equation (2.11) satisfies that there exist Cy, C2 > 0 such that

Y 1 1
E (p) _ 4 2| « (4P _ 4 2 .
[(gh () — g (x)) } = (gh () — g (x))* + C1 R —— + Cy E o
J€[p]
Remark 2.1.25:

For the case p = 2, analogously to the proof of Proposition 2.1.6, it can be shown that: If it holds

fi, fo € L and L € L} N 12 is an even function, then, the estimator g;” of g defined by (2.11)
satisfies for € R? that

— 19 llLge 11
@) () _ 5@ 2| <« (g@D(g) — g@ 2 — 4 =
E [(6f)(@) - (@))"] < (65(@) — 9 (@))* + | Lllg i + Gy ILIE <n+n)

where Cy = | fulluge I f2lR5 + I falle 1712,
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Proof of Proposition 2.1.24. Forallz € R? we have that E [ (z )} ;" (z), see Equation (2.16).
Thus, we get the standard decomposition for z € R4

B [(g) (@) — 97 (2))°] = (9 (@) — g (@))* + B [ (g} () — g5 (2))*]

For the variance we get

jelp) 7 k=1 j€lpl

> X [ ] iFmenFmms)

ki1€[na],..., i€lnals,...,
kp€lnp]  Ip€lny]

: 1) (10) (1) (p)
(61<t,Xk1 + X H f f] ) ( i(s, X "+ +X H J__.[fj](s)>]
j€lp] j€lp]

dX(t) dX4(s). (2.24)

- K@i)d e enF (H Soetxt) ] f[m(t)) dwo) ]
1
n}

=
1

The expectation is equal to zero if k;j # I; for all j € [p]. Consequently, we consider the case that
for some p € [p] it holds that p-many index-couples are the same. For this, we start by considering
the case that the first indices are the same, i.e.,

ey =11, ks =15,
kg1 # Loty by 2 1.

Before considering Equation (2.24), let us first note that due to independence between and within
samples and using that the first 5 indices are the same it follows for s,t € R? that

E [e< X0t X)) ife X[ X[ )>]

[ ] e o) e o)
<> (a> S e
HE|: t+SX :| H E|: :|E|:e<s,le >:|
J€lp] Jjelp+1]
p
= [ 7lrls+t) [[ FIHIFLL]E).
J€lp] J=p+1
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Further, we have that

. (1) ( ) (1) { )
E [(6Z(t,xk1 ot X H Flf(¢ ) ( s Xy et Xy H ]:[fj](s))]
J€lpl i€lpl

. (1) )\ (1) (p)
—E [ez@,xkl ot X0 ) it X, ot Xy )] _ H FIf1(8)FLf1(0)

J€lpl
p
= [[ Flris+v) [ Flfils — T FIAHIs)FIFI®).
Jelpl Jj=p+1 J€lpl

Inserting this calculation into Equation (2.24), it follows that

/ FIL)(ht) FIL)(hs)
R4 JRE

. (1) ( ) (1> { )
B |:(ez<t,Xkl +.4+X,7 H It ) ( e Xy, et Xy H -F[fj](s))]
j€lpl Jete]

dX4(t) d\4(s)

< / \FILI(ht) FIL) ()| | [T FL1s+8) T[] FLAHIS)FLLIR)] dX4(E) dri(s)
e JElp] Gj=p+1
d d(s) =: .
+/]Rd Rd’f” ]g,ﬂffj ()| d\(t) AN () =: T1 + Ty

For the second summand 75, with Cauchy-Schwarz inequality and boundedness of the Fourier
transform, see Property 1.1.3 (iii), | F[f;](¢)| < 1 for all j € [p] and t € R we get that

2
Ty < | FILIR

[ 1Finl@F )] axls)

< IFIL)Eg j’kgﬁ%#kHﬂfj]l!igllﬂfd!!ii =: Co.

For T, we consider different cases depending on p, recalling that we assume p > 3.

Case j € [p —2]. In this case we apply again Cauchy-Schwarz inequality and get

2
Ty < | FILIR

|1 I@F 0l

<WFLLE e IFIANE IFIAIE, = O

Case p = p — 1. Applying Lemma 2.4.3 given in Section 2.4 with hy(t) = F[L](ht)F|f,](t)
and ho(t) = [[;ep—1y FLf](#) for t € R and, subsequently, Cauchy-Schwarz inequality for the
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first summand it follows

ti= [ [ FLe A OF LR FLE)| T Flles+ 0| de) i)
ReRe JE[[;D 1
< [ Fnwozigiorads [ | T Fnle| ot
Jj€lp—1]

< NFIENE e IF LA ez IF LAz I F 2] e
2 . . .
< [IFIL L SN Il IF U5l [ F Ll =: Co.

Case p = p. In this case, with change of variables and again Cauchy-Schwarz inequality we get

le//pr ht)F[L](hs
R4 JRd

LT FLf1(s + )| dr¥(t) dx’(s)

J€Elp]
< | FIL e / FIL)(ht) / [£2)(8)|dA%(s) AN (t)
< (L e Iy k%x#Hf[fJ]HLsz[fk]lle
1 -
= h1~--hd03'

Recall that for simplicity, we assumed that the first indices are the same. Due to symmetry, similar
calculations hold for any p-many index-couples being the same, adjusting the index sets accord-
ingly. In addition, since the bounds do not depend on p or the ordering of the indices, we use the
bound from one of the cases for each summand in Equation (2.24). It remains to determine the
amount of summands that appear for each case.

The amount of summands Equation (2.24) corresponding to Case 3, i.e., with k; = [; for all
j € [p] is equal to [ ] cp,; ;- Further, the amount of summands corresponding either to Case 1 or
2 can be upper bounded by (p — 1)p!(TTje 73) 2 e n%-’ see Lemma 2.4.4.

Plugging all calculations into Equation (2.24) we finally get

E[(g/(h;)( ) — g (x ))]
< (273)% (H 7112) ((Co-i- hcs H n; + (Co+Cr+ Ca)(p — Dp!( H n?) Z 1)

) ; n;
Jjelp] 7 Jj€lpl JE[[p]] j€lp]
_ CN':), 1 Cl + CQ
©(2m)2d by hgny oy 2d 1_[[[;0]] n; (2m) 2d EZ:[[p}] n;
1 1

< C'1 + CZ )

hy--hgny---ny j;[;]] n;

with C1 = (2 2d and Cy C°+(Cl(';c)v2)(p —UP! This completes the result. O
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Convergence rates

Let us derive convergence rates for the kernel estimator defined in Equation (2.13) based on its
point-wise quadratic risk. More precisely, we discuss the order of the upper bound given in Propo-
sition 2.1.24. For this, we consider the case of Holder classes. We state the results by imposing the
regularity on ¢ and give a link to the regularity of the component densities at the end of this
section. First, we give a definition of Hlder classes for d dimensions.

Definition 2.1.26 (Hélder class):

A function h: R? — R belongs to Holder class ©(ax, R) for R € Ry and a0 = (o, ..., aq) € RY if
f admits derivatives with respect to x, up to order |y | for k € [d] andifforany x = (z1,...,24) €
R and 2}, € R it holds that

olexlp , olowlpy ,
T _ - " _ o ok |ag]
@) or] (T1y e ey Tty Ty Tt 1s - - - 5 Tdl) @) o] (x)| < R|x), — x| .

Analogously to the integrated quadratic risk, we show for the squared bias the following result.
We need the same assumptions on L as for Nikolski classes.

Lemma 2.1.27:

Let Assumption 2.1.10 and Assumption 2.1.17 be satisfied, @ € R4 and R € R. If L is of order
(laa], .-+, [aql), g € 3(a, R) and , then, it holds for the bias that there exists a constant C' € R
such that for € R¢

(6 (@) — g (@))? < O(H2 + ...+ hZ4).

Proof of Lemma 2.1.27. The following computations are standard, see for example Tsybakov
(2008), and we give the proofs for the sake of completeness. Using Equation (2.21) we have that
for x € RY

g (®) — g7 (x) = /Rd L(u)(g” (hu + @) — g (2))d\" (u).

Analogously to the proof of Lemma 2.1.18, the idea is to apply component-wise Taylor’s Lagrange
formula on each summand. More precisely, for u € R? it holds that

gr (uh +x) — g ()

LO‘J’J_I k ak
ujh;)® 0% g™
= Z Z ( Jklj) (8a;qj)k($1,...,$j7uj+1hj+1+$j+1,...,udhd+xd)
Jjeld] k=1 )

(ujhj)loil oleilg®
a1 (@ay)leod 0

T, ujh; +xj,...,udhd+wd)> .

Since L is an even function of order (|aq],...,|aq])) and ¢ € X(a, R) satistying Assump-
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tion 2.1.17 it follows

/ L(w) (g (wh + @) — ¢ (@))d\(u)

JJ 8LaJJg<ZD)
jeld] J j

oleil g
-~ (Ozj)le]
RhS

Laj]J!/Rd\L(u)u?j\d/\d(u) <y L(Z!/}Rd Ly | N () 3 B,

jeldl jeld]

(w1, 2j, ujp1hjer + 2jq1, ..o ughg + xd)) A (u)

5>

jeld]

With the last inequality we get the result, i.e.,

(91 (@) — g (@) < 20 3 B3,

JEld]
with C:= 3" u-%w S | L(w)u? [dAY (w). O

Analogously to the integrated quadratic risk, the following result for the rate of convergence can
be shown. We omit the proof here.

Proposition 2.1.28:
Let Assumption 2.1.10 and Assumption 2.1.17 be satisfied. Assume that all n; are of the same order
n € I, that is, nj = ¢;n for ¢; a constant independent of n, j € [p], L is of order ([a1 ], ..., |aa))

and ¢¥) € X(ev, R). Then, with hp defined via by oy =1 T 1D for k € [d] and some C' € R+
the resulting rate is

n_la lf o >
E |(9%),, (@) — ¢ ())?] sc{ e Zrl

n~ 2atd, otherwise.

Here, @ denotes the harmonic mean as given in Equation (2.22).

Finally, we deduce the regularity of ¢ from the regularities of the densities f; for Holder spaces.

Lemma 2.1.29:
Iff; € E((a] L ., @jq), R;) for j € [p], that is, each component density belongs to a Hélder

ale fJ
(90 )L“ K
also belongs to a Holder space. More precisely, there exists R € R such that ¢® € X(8, R) with

Ok = > jegpp L k] + maxjep (ke — Layx)) for k € [d].

space, and is integrable for all £ € [d] and j € [p], then the convoluted density g

Proof of Lemma 2.1.29. Fix k € [d]. First, note that for all j € [p] the function f; admits deriva-
tives with respect to z, up to order |« ;). It follows

lovkl _ plowslf, _ 8Zje[[pﬂlajvﬂg<p>'
(D) Lorr) (D) Lot (8xk)zi€m Lot ]
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Thus, g® admits derivatives with respect to x up to order 3= 1| k] = [dx]. Assume without
loss of generality that

max(a;r — [ok]) = ok — Lo k).
J€[pl

Then, it holds that 6, — [6x] = a1, — |a1x] and it follows for * = (x1,...,24) € R? and

I _ / d
' = (z1,..., 061, 2}, Tk, ..., 2q) € R that

H2=jelpl Lozj,ngm (@) - H2=selp] Laj,kjg@) @
(O, ) =ietm Lok (Oy,)2=setpr L5k
alovkl £ oloaly OXi=2 L5kl (fy 5k )
———(x—u) - ————— (2 — u) 5
(D) Lo (Daxy, ) Lok (axk)zj':2 Laj k)

92 =21 k) (fox - fp)
(O, ) 5= 1o k]

@ikl f
< Rylwy — af )% o] H ||ﬁ||n@l

(w)dX(u)

/ — .
< Ry|xy — x| "0k Lon.i]
R4

(w)| d\%(u)

To get a constant not depending on dimension k&, we upper bound by the corresponding terms by
the maximum over all £ € [d], i.e.,

623'6[[;;]] Lo, g(p) 821'6[1)]] Lo‘j,ng(p) ,
(Ozy,) Zsetpr Lok *) = (Ozy,)2=aetsl L5ok] ¥

< R. 65— 0] V1
_(%Ep}lﬁ Dk — o Ircrel?ﬁ il H( )La kj ||1L

= Ry, — | %19k

where R := (max;cp,) Rj) maxeq H]Ew <]%||L1 \Y% 1) Consequently, ¢® € (4, R).

This concludes the proof. O

2.1.5 Bandwidth selection with the PCO-method

The optimal choice of the bandwidth parameter hop for the Kernel estimator (2.11) depends for
both the integrated and point-wise quadratic risk, see Proposition 2.1.28 and Proposition 2.1.19, on
the regularity parameter of the density ¢ which is unknown in practice. A natural next question
is to find a data-driven approach to select these parameters. From now on in this chapter, we focus
on the integrated quadratic risk.

We propose to use the approach presented in Lacour et al. (2017), called Penalized Compar-
ison to Overfitting (PCO) method. However, theoretical results are lengthy and since our small
simulation study (see Section 2.3 for more details) suggests that the performance of the model se-
lection method for projection estimation proposed in Section 2.2.4 is slightly better, we show upper
bounds for the integrated squared risk only for the model selection. We outline the PCO-method
adapted to the setting of this chapter for d = 1. Recall that we have the standard bias-variance

51



decomposition

E [l ~ o212 = B[lo}” 2] +1l9i” — 9”22 = vs + b

It is natural to propose a criterion of the form Crit(h) = by, + 0. We have that

2IILHL2
< - 2p 2) §
Vh = hn1 03

J€[pl "

where C' := 47|| F[L]||} o max;cpy || f5]|72. Consequently, the second summand does not depend
on the bandwidth parameter i and we also use that

AL wILnlEs

=
nl-..np nl..-np

with tuning parameter . We choose x = 1 due to the oracle inequality and the remark following
in Lacour et al. (2017). Let H denote a suitable grid of bandwidths. For the estimation of the bias,

assume that Apin, the minimum of the bandwidths in the grid #, is very small. Plugging g(”> and

g}f’ " in the bias term by, for gi”’ and g, respectively, introduces an additional bias. Consequently,

a corrected term is proposed, i.e.,

~ Z))\ /(;) 2 ||Lhmin - LhHiQ
h ~ thmin — Yp ||1L2 - LT .

This finally yields the criterion

. 2<Lh7 ‘Lhmin>]L2
Crit(h) = Hgﬁi,),m (p)H]L2 L ——
10Ny

and the estimator h = argmingey Crit(h) for the bandwidth. A data-driven estimator of g is

given by g(p )
This concludes the theoretical discussion of the kernel estimator. In the next section, we consider
an alternative approach for the estimation of the convolution g™, namely, a projection method.

2.2 Projection estimator

We propose now a projection strategy for the estimation of the convolution, first of two one-
dimensional densities in Section 2.2.1. For the generalization, we introduce the Hermite basis in
Section 2.2.2 and give important properties. Subsequently, we extend the method to the case of
several multivariate densities in Section 2.2.3. We show upper bounds on the integrated quadratic
risks. Finally, we study a model selection method in Section 2.2.4.

2.2.1 Convolution of the densities of two independent univariate
variables

Let us explain the estimation method in the case of two independent one-dimensional random

variables, given i.i.d. observations (X,gl))ke[[nﬂ of XM ~ f1 and (X, )ke[[n] of X® ~ f,. The
goal of this section, thus, is the estimation of g := ¢®® = f; * fo.
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Assume that g € L%, Given an orthonormal basis (¢;),> of L? we write

9= arpr, ar=1{g, )12
>0

Further, note that since the basis functions are assumed to be orthonormal it holds

HgH]?P = Z afl%/ L5} (t)@(t)d)‘(t) = Z ‘af‘Q' (2'25)

£120,£2>0 R £>0

That is, the L2 norm of g is equal to the sum of the squared coefhicients of its development in the
given basis. This property will be used repeatedly throughout this chapter. We define

m—1
B(m) :=sup Y _ |’ (2).
zeR —0

This term depends on the specific choice of basis and is discussed below in Remark 2.2.3 in more
detail. In addition, let g,,, denote the orthogonal projection of g on S, := vect{epo, ..., om—1} the
linear space spanned by the first m € IN basis functions, i.e.,

m—1
9m = Z Appy.
=0

To build an estimator of g, we estimate the first coefficients of its development in the basis and get,
for m € IN the proposal

m—1

_— ~ ~ 1 .

Jm = E appy, Qp:i= s g gpg(X,S) + Xg)). (2.26)
/=0 k1€[[n]] k’QE[[TL]]

As Elay] = (g, pe)r2 = au, this provides an unbiased estimator of g,,. Note that this estimator is
different from the convolution of two projection density estimators. However, analogously to the
corresponding projection estimator for density estimation, the estimator given in Equation (2.26)
is equal to the corresponding minimum contrast estimator which is motivated by minimizing the
term ||gm — hl||Z2 over S,,. More precisely, for the contrast defined for h € Sy, by

2 —
alh) = hl2a = =5 D7 7 g+ X2,
klé[[n]] k‘QE[[n]]

the minimum contrast estimator is defined as

gm = arg min "y, (h). (2.27)
heSm

Lemma 2.2.1:
The projection estimator g, given in Equation (2.26) and the minimum contrast estimator g,
given in Equation (2.27) are equivalent.
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Proof of Lemma 2.2.1. The calculations are standard, see for example Comte (2017), and we give
them for the sake of completeness. Indeed, since h € S, we write h = 37" asp, and identify
the function with its coefficients (a¢)o<¢<m—1. We rewrite the contrast using Equation (2.25) as

m—1 m—
2 (1 2
(@0, ama) = D Jadl® - 5 Sa Y Y wd - x)
/=0 =0 ki1€[n] k2€[n]
Taking the derivative with respect to one coeflicient ay,, £y € {0,...,m — 1} we get

OVn 2 o 2
Bag, (ag, ... am—1) = 2a4, — 2 Z Z Q%(Xlgl) + X]gg)).

k1€[n] k2€[n]

Further, the function (ag, ..., am—1) — Yn(ao,.-.,am—1) has Hessian matrix 21d,,, where Id,,
denotes the (m x m)-identity matrix. 21d,, is clearly positive definite. Consequently, the function
admits a unique minimum at

= > > @(X,g) +X,$)) = ay.
k1€[[n]] kQElITL]]

It follows that g,,, = gy, which concludes the proof. O

Recall that from f1, fo € L? it follows that g € L>, see Section 2.1.1. We obtain the following
bound for the quadratic integrated risk of the projection estimator g,,.

Proposition 2.2.2:
If f1, fo € L2, it holds for the estimator g,,, defined in Equation (2.26) that

2 2
_ B(m) Am|glle  I1fillfz +[1f2ll72
E [Ilgm - gl!iz} < llgm — gllf= + v + :

n

Remark 2.2.3:

Proposition 2.2.2 holds for any orthonormal basis of L?. However, if g € L?(1 4) for A C R, results
can be adapted for corresponding orthonormal bases. The impact of the choice is reflected in the
term B(m). For example, the trigonometric basis satisfies B(m) = m (Comte (2017), Remark 1.4,
Chap. 2), for the Legendre polynomial basis B(m) ~ m? (Cohen et al. (2013), p. 831) and for
the Hermite basis, it holds B(m) ~ v/m (Comte and Lacour (2023), Lemma 1 and Section 2.2.2).
Consequently, for the Hermite the order of the variance term improves to v/m/n?. This is coher-
ent with the influence of the dimension of the Hermite space on the order of the bias term (see
Belomestny et al. (2019)).

Similarly to the kernel estimator, we cannot apply standard methods for the variance since the
n? variables involved in the definition of a; are not independent but direct computation is still

possible, using again Lemma 2.1.5.

Proof of Proposition 2.2.2. Using the squared bias variance decomposition it remains to show an
upper bound for the variance. First, we have using Equation (2.25) that

—

m—

m—1
_ ~ 1 (1 2
E |[|gm —gmez} = Elldy - al’] = > var e} >, W(XJ(' X7
=0

=0 j€[n] ke[n]
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Consequently, using Lemma 2.1.5 with F' = 3 € L2, we have that
E (|57 — g2 |
n—1 . _
S " (eov (X 4 X, 76+ x()

+eov (r(x{” + X1). ma(x{” + X))

L ) @
+— D var(@(Xy + X17) =Ty + Th + Ts.
/=0
For the third summand, using that the basis is orthonormal and that g is a density, it holds that

1 & (2) 9 1 = 2 i
1< LS B+ x®p = LS [ lenta)Pg(a)dr) < - (Blm) A lglm).
=0 =0 ]

For the first summand, we see that

cov(go (X()+X()) (X(1)+X§)))

= [ ([ 7+ nawiixe) ([ oda+)000)) flaire)
‘/ 9012 2
-/ \ / @<u>f2<u—x>dA<u>2

Denoting by IIg,, the orthogonal projection on S,,, we get that

2

fi(@)dA(z) —

Pu(x)g(x)dA(x)
R

m—1

nT) < Z cov (gpg(Xfl) + sz)),@(Xil) + X§2)))

T ‘/ Pe(x) fo(u — z)dA(u)

- / Z Ei@aAa) = [ s, ol = 2)|Eei(2)dN)

/Hf2 — )2 fa(@)dA(a /f2 ixe) [ f@ae) = [ e

Analogously, one can bound

f1( JdA(z)

m—1

n7? < 3" cor (@ + X, 76" + X)) < [ i
(=0

With this, it follows that

T1+T2<(/f2 YA (v /fl )dA(v >

which concludes the proof.



2.2.2 Hermite basis

To extend the definition of the projection estimator to the convolution of more than two vari-
ables, it is convenient to rely on a basis admitting a regular Fourier transform. This is why we
develop extensions relying on the Hermite basis, and, thus, start by giving its definition and useful
properties.

We start with the orthonormal Hermite basis for A = R, and then build a basis for R? by
tensorization. The Hermite basis (¢7)¢>0 is a basis on L? defined from the Hermite polynomials
(Hg)gzo, given by

¢ 9, O 2
Hy(x) = (=1) exp(x®) —— exp(—x).
)= (1) expl) s ex(s?)

Then, for ¢ > 0, the elements of the Hermite basis are defined by
po(z) := coHy(z) exp(=a?/2), g = 2°0/m) 712 (2.28)

The Hermite basis has the following two properties which will be used in the proofs. Firstly, the
Fourier transform of each basis function verifies for £ > 0

Fled) = V2ri‘ey. (2.29)

Consequently, the Fourier transform is equal to the basis function itself up to a constant. Secondly,
we have according to Askey and Wainger (1965) that there exist numerical constants &, k., € R
such that for all £ € INg it holds

|oe(@)] < Kpexp(—=€2®),  |a| > V20 + 1. (2.30)

The last property we use to control the L}j-norm of the basis functions. More precisely, we use the
following lemma.

Lemma 2.2.4:
Form € Nand ¢ € {0,...,my} it holds that

[ Jedjasy < 2B 2 ) -
with ¢ and k., from Equation (2.30) and
< I dA<t>)2 < 6vIm ¥ 2.32)
Proof of Lemma 2.2.4. First note that for A > 1 it holds that
/AOO exp(—cz”)dA(z) = /AOOxeXP(_Cl’Q)id)\(x) < % Aooxexp(—cx2)d)\(x) = w

Together with Equation (2.30), it follows for £ € {0,...,m — 1} that

I\ _e2\d /i@exp(—f(Qm—i—l)).
/t|>¢mm(t)‘ (t)gﬁbmﬂwem( N B
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In addition, we have that

2
( [ leolaxty / fedlar + [ ee®)] dA®)
[t|<v2m+1 [t|>v2m+1

9 2exp(—2£(2m + 1))
<2 ([ ey @) [ ledoP axy ) + 22REEEE
_o(avam i1y SPEXHCmA D) 6 s
2m + 1 - '
This concludes the proof. O

We refer to Sacko (2020) for more details on density estimation with the Hermite basis. Using the
Hermite basis on L2, we build a basis on 2. That is, for £ = (¢1,...,£;) € IN&, define

be(T) = by 0y(T) = (1, @ @ pe)(x) = e, (¥1) -+ - Py (Ta)- (2.33)

Note that due to Equation (2.29) we have for the Hermite basis on L2 for the Fourier transform
for all ¢ € IN¢ it holds

Fléd(@) = Flén,..e)@) = Floa] (1) - Floe,)(@a) = (V2540 (1) - oy, (a)
— (Vam) Oy, (@) = (VRO g (a).  (234)

Further, for the Hermite basis, it holds for all t € R¢ and £ € INg that ¢,(t) € R, and thus, complex
conjugation is omitted when applied to these functions.

2.2.3 Convolution of the densities of p independent multivariate
variables

We now extend the projection estimator proposed in Section 2.2.1 to the multivariate multiple
density case. Recall, the goal is to estimate ¢ : R? — R defined by Equation (2.1) from indepen-
dent vector observations which are all d-dimensional but with possibly different sample sizes, i.e.,
for j € [p], we observe X,ij) = (X,gjl), . ,X,gjc)l) € R4, with X,ij) ~ f; iid., for k € [n;] and
independent for j € [p]. 7 7

Assume that ¢ € 2. Given the Hermite orthonormal basis (¢;) >IN of L2 introduced in the
previous section, we write

g» = ZWKN = Z E Z agy ... 0, P01, 04

£>0 06>0  £,>0
with ag = ag,,...¢, = (9%, $us,....4,)L2 - Moreover, for m = (my, ..., mq) € INd let
m—1 mi—1 mq
gR = asbe =Y > an. 0,b0. 0,
£=0 £1=0 £4=0

denote the orthogonal projection of ¢ on

Sm = vect{pg : Vk € [d] : b, < my, —1}.
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For m = (my,...,mq) € N¢ and n = (n1,...,n,) € N4 this motivates analogously to Equa-
tion (2.26) the estimator

m—1

g =) ey (2.35)

£O

Gp=——— D Y X "+ X)), (2.36)

" kel ka[[np]]

Note that we rewrite the coefficients using that ¢, = F[F[¢y]] for all £ € INZ. More precisely, we
have that

)

= (2711.)51 /]Rd - 1 Z Z —i( uX(1)+ +X(p)>]:[¢£](u)d)\d(’u,)

Ty
ki€[n1] kpenpl

_ (;{)d /}Rd nlln S Y . Xt X ) ()

Prielm]  kpelnyl

]_ — -
= —— [ T[] Flfol(w) Floel (w)dr®(w)
(2m) /]Rd jelpl

1 — —

= (QW)d<F[f1]f[fp]ﬂf[¢l]>]l.37

where F[f,], j € [p], denotes the empirical transform, as introduced in Equation (2.12). Further,
ap are unbiased estimators of a, for all £ € IN¢. That is, using that the Hermite basis elements are
real-valued it holds

IE [ag] :E[qﬁe(Xg)Jr...jLX](j;))] :/Rd 0 (1) g (w) N (0)

= (9P, de)L2 = aq.

—

From this follows that for all 2 € R¢ the estimator g% (x) defines an unbiased estimator of g% ().

In addition, analogously to the previous case, one can extend the contrast Equation (2.27) to the
multivariate case with multiple densities: For t € Sy, define

2 (1) ()
e DX+ X)),

(t) = [l
P keln]

One can show that the given projection estimator minimizes the contrast on Sy,, analogously to
Lemma 2.2.1.

To be able to control the integrated quadratic risk of the proposed estimator, it is necessary that
all basis elements ¢p, £ € INd satisfy Fge] € Li NL2. This is indeed that case since ¢, € L} N L2
and with Equation (2.34) the Fourier transform F|[¢,] is equal to ¢, up to constants.
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Proposition 2.2.5 (Bound on the integrated quadratic risk):
For some Cj € R4 let m € IN? satisfy

[ V2my + 1
—log | | nj | <mg, Vk € [d] and held] ‘ < Cy. (2.37)
j
2¢ [, n;
j€lp] S

If F[f;] € LiNL2 for all j € [p], then, the estimator g/(\rﬁ) of g defined in (2.35) with ¢ as in
(2.28)-(2.33), satisfies

Irega) v2rmx +1
[”g(m (p)”ig] < |lg®) — (zo>HI2Lg +C 61[[_[J] Oy Z el
elp1 ™ n;’
J j€lp]
with €} = © )d and Cp = 4p3%?=2) (2m)d max;c[, ||f]H]L2 %, with k, and ¢ defined

in Equation (2.30).

Remark 2.2.6:

Condition (2.37) is composed of two bounds on m which are rather weak. The upper bound
part ensures the boundedness of the variance and of cross terms. The lower bound part on the
my’s imposes minimal values more that log of the sample sizes and is not a strong restriction; in
particular, it would allow for the optimal choice of m, see Remark 2.2.7.

—

Proof of Proposition 2.2.5. First, since E[gyh (2)] = gin (x) for all z € RY, we see with the standard

decomposition that

B I - o123 | =l - o 5 + B I - 923

Further, it holds that
E [lo% - g2I2] = E[ifww

- MX)[) FIR) = FUAL - FUt) Flod)us

]
Recall that the Hermite basis is real-valued and consequently it holds that its complex conjugation is

equal to the function itself, i.e., for all £ € R it holds ¢¢(t) = ¢e(t). Further, from Equation (2.34)
it holds that for all t € R? it holds Fl¢g](t) = (vV2m)%i 1T Hagy(x)de(t), and, thus, we obtain

N
|

L/(Hfh - I 7l ) (B)ar'(t)

J€lpl J€lpl

-1

3

1
®) _ @ 2} <
E [Jlgh gmu_%%w

Eﬂﬁﬁmmﬁm—ﬂm~fm¢mm

L I

= B
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Denote

AFIA@) = TT Firlw — T Firie.
J€lpl J€lpl

We split the integral on the set |¢| < v/2m + 1 (understood component wise) and its complement

and bound each summand separately. More precisely, we have that

E 1% - 913 ] < oga T + T2
with
m—1 2
— AT d

L E| /| < ey (BTIIO) eeax'®) ]
m—1 r - 2

Ty:=Y E ‘/ LySheld]:ta] >/ 2mnFT} (A [f](t)) de(t)dA(t) ] :
=0 LI/B

For T} we see first see that

m—1

£=0

— — 2
< B ||AFTL ey I =B | [ 57O e mmino).

With Equation (2.19) it follows that

—

AF[fI()

neel)
L

.np

- 22 [Theqa V2mx + 1 .

+ 2p - 32(0=2) Z [Ff@®)
jelp] '

2 d P 2 J
Lz 0] = [ B ||SF70] ] e mmman

Uz

) Ly« ymmrnydN'(8)

- 32(P=2) max 1112, i .
e ™ 2p - 377 max | 713l jEZM " (2.38)
For Ty, denote
(m]>1 (t) = H (}{[E](t) - ]:[fj](t)) (2,39)
J€lp]
(A/F]L () = (AFIT) (1) - (A/m)l (t) (2.40)

and use this to further split 75. That is,

m—1
Ty <2 Z E
£=0

m—1 /\ 2
+2) E ‘/ L srefa):fen)>v/2mnFT) (Af[f](t))stz(t)d)\d(t) ] -
=0 R

60

/Rd Lianerdp el > vamity (Af [/] (t)) De(t)AN"(2)

—
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We further upper bound

m—1
TQSQdZ ZE

R L1 vmmrm (A/}'W](t)%’ |pe(t)dN’(t) 2]
keld] £=0
+oE [/R ’(A}' ) ’ dX4(t) ]
=Ty +T59.

With Remark 2.4.2 we get that

Tyo < 2p32(P2) maxuf £l ||IL Z —. (2.41)
J€E kel ng

Consider T5 1. Applying Cauchy-Schwarz inequality it holds

Ty <24y TillE [/]Rd]lﬂtwm} ‘(Af ) ‘ |de(t)|dA(2)

ke[d] €=0

./IRd ]1{|tk|>\/m}’¢e(t)|d)\d(t)]

=2d Z/ el > vamem B “(@](t»lﬂ [92(£)ldX"(2)

keld] £=0

‘/Rd 1{|tk|>m}’¢i(t)|dAd(t).

With Equation (2.18), we get due to the independence of samples that
1
o|[(377),[| = TL e {|7e - #toief | < T o
Jelp] Jj€lp i
From this follows for T ; that
2
Ty < 2d< 11 ) > Z (/ ]l{tk|>\/m}|¢g(t)\d)\d(t)> . (2.42)
jelpl " ke[d] £=0
Recall that we have defined for ¢ € IN¢ the Hermite basis element ¢, on R as a product of basis ele-

ments of the Hermite basis on R, i.e., ¢o(x) = ¢y, (1) - - -, (24) for € R, see Equation (2.33).
With this we rewrite the integral in the last inequality for k € [d] and ¢ € INd as

| Mo e 6e®1ax'®) = [ Lo pmmmlen@lar) T1 | letlire),
R R ke[d],k#k R
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Using this equality and with Equation (2.31) and Equation (2.32) of Lemma 2.2.4 we obtain

2
</Rd ﬂ{tkl>m}!¢e(t)\dv(t)>

2
- (/ 1{|tk|>m}!wk(tk)!dk(tk)> (/ |07 () |d/\(tk))
& ke[d],k#£k
K exp(—2€(2my, + 1)) .
< @M 1) IT 6v2m;+1

ke[d],k#£k

k2691 exp(—4&my,)
©
< 52 H \% 2mk

ke[d]

Inserting this calculation into Equation (2.42) we get that

m—1 d—
r <2 [ 1) 3 S ORI T g

jelrl 77 keld) e=0 keld]

Consequently, with m satisfying Equation (2.37) with Cy € Ry it follows

246915 er[[d]] W Z exp<_2log( H ny))

Tr1 <

& HJEM T keld] j€lp]
002d26d 1 2
S —a H (2.43)
JE[[p]]

Putting the bounds Equations (2.38), (2.41) and (2.43) together, it follows that

2
[”g(p) (p)”]L ] S (Qﬂ)d(ﬂ + T +Th1)

2 4 lega vV2ru +1
- (27T)d(

1
32(1” 2) maXH]:[f]]H]L2 Z n;
e s H st

1 002d26d 1 2

- 4{?
nj f H

2932(r—2) FI?
+ 2307 max | FI12 D

Sl =
N——

Jj€lpl JE[[p]]
er[[d]] V2my +1 Z
C, il
ng[[p]] i€lp] n;’
with Cy = ( @ and Cy = 4p32(P—2) (2774 max;e(y| HfJ”J]ﬂ Cﬂdfig which proves the result.

O
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Remark 2.2.7:

Analogously to the discussion of convergence rates in Section 2.1.3, it is also possible to consider
d-dimensional Hermite-Sobolev spaces as an extension of such one-dimensional spaces defined and
studied in Bongioanni and Torrea (2006), introducing a condition on the coefficient leading to

||g(p) (p)Hig < C(m;al 4.+ m;ad)‘

As for Proposition 2.2.5, choosing mope Via /Mg opt = by, Opt for k € [d], we get the same rates
as in Section 2.1.3. However, the link between the behavior of the coefficients and functional
regularity is not proven in the multivariate setting.

2.2.4 Model selection

Since the optimal parameter for the dimension 1y, see Remark 2.2.7, depends on the regularity
of g, which is in general unknown, we consider a method to select the parameter only based on
data in this section. For simplicity, we consider the case where all sample sizes are the same, i.e.,
n1 =...=mny, =n € IN. The results of this section can be extended to the case that sample sizes are
of the same order leading only to changes in the constants. In addition, we keep using the Hermite

basis (¢¢)¢>0 of L2 and the estimator g(” ) given by (2.35). Let us motivate the estimation approach.
The idea is to look for a value of m € IN? such that

lg® — g&12 = 19 — o125 + o2 — o212 (2.44)

is as small as possible. Note that

m—1
(97, gLz = Z > azlaez/ b0, () e, (D)X (E) = Y |ael* = [l g2 |1*.
=0

=04£2>0

Consequently, it holds that

9 — 612, = g 125 — 20029z + 92125 = g 125 — g 15

and minimizing ||g® — g7, || 2, over m is equivalent to minimizing
d

o — o122 — a2 (245)

To estimate the first term, we use the order of its expectation derived in Proposition 2.2.5. This
term we call penalty and denote the sequence (pen(m)),,,ca. It is given for some x € R by

K/er[[d]] vV ka + 1 logd(n)

nd

pen(m) =

Note that in comparison to the bound for the variance in Proposition 2.2.5 an additional factor
log?(n) is needed, as can be seen in the proof. Further, the factor # is a numerical constant which
does not depend on the data and is given in the next result. However, in practice smaller values
work better. The value « is calibrated once for all, through intensive simulation experiments or with
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specific methods (Comte (2017) and Baudry et al. (2012)). In our small simulation experiments, see
Section 2.3 for more details, K = 3 seems to work. The theoretical value ry is likely to be too large
in practice.

For the second term in Equation (2.45), recall that g<p ) minimizes the contrast given for t € Sy,

by

2
() =l - — > HXY + .+ X)),

Consequently, we estimate —Hg@)H]L2 by — Hg(”)H]L2 = ’yn(gﬁ’f) mingesg,,, ¥n(t). Finally, define
d

m = arg min{v,(g (p)) + pen(m)} (2.46)
meMy,

where M,, C IN?. We take M,, as the collection of models such that, for ¢y := (d? — p +1)/(2¢) ,

M, :={meN?:Vk e [d], mg > ¢olog(n) and H V2m +1<n?}. (2.47)
ke[d]

Note the similarity of the collection to the assumption made on the dimension parameter in Equa-
tion (2.37) and see the comments herewith. It is slightly reinforced taking in account that the
sample sizes are assumed to be equal in this section.

Theorem 2.2.8: ~
Assume that F[f;] € Li N L2 for all j € [p], and consider the estimator g ) of g defined by
(2.35)-(2.46) with ¢ as in (2.28)-(2.33). Then, there exists r such that for any x > ko,

—

C

(p) : (p)
B|19%) - 01| < inf, (9ElIo% - 9I25] + 2penim) ) + <.

2"’(4(pd )P

where kg = 11 suits, and C'is a constant depending on p, d, §, k,, and || f; 2. 3 € [pl.

Remark 2.2.9:

Proposition 2.2.5 gives an upper bound for E[|| g(p ) _ g I72]. Therefore, Theorem 2.2.8 shows
d

that, up to a multiplicative constant, the risk of the final estimator minimizes over all m’s in the

collection, the squared-bias || g — g |2, plus the penalty which has the order of the variance up
d

to a log?(n) term. However, this log-loss does not change the rates.

Proof of Theorem 2.2.8. We consider a nesting space, i.e., a space Sps such that, for all m € M,,,
Sm C Sy, M = (M, ..., Mg). As our worst case assumption for the spaces Sy, is \/W < nd
in case m = (mq,...,mq) € M, is such that all my, are equal to 1 except m;, we set M; =
|(n?d —1)/2] for all j € [p], where | x| denotes the integer part of z € R. The remaining part of
the proof is structured in five steps, first splitting the expectation to bound in multiple summands
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and then upper bounding them separately.
Step 1. It holds for all m € M,, that

—

B (1% - 0”12 | < 38 [Iof - 012, | + 6F |10 ~ o2, ] + 2penim)

+11B | (1) - 12, — Fppentim)) |

See the proof of Theorem 2 in Brenner Miguel (2022) for detailed calculations. The proof relies
on the fact that there exits a nesting space Sps and uses resulting norm inequalities. Let us set

_ 2 _
B = [(1G7 - a2, - Zpen()) |.
Jr
which is the term that remains to be bounded. We will show E¢ < n~! which then yields the result.

Step 2. Decomposition of E. It holds that

m—1 m—1

19 = g 12s = 3" (@ - ae)* = Y v2(60)
£=0 £=0
where )
— 1) (p)
()= 3 (XY e+ X = (1P
ke[[p]]vjke[[n]]
Note, that for any ¢ € Sy, it holds that there exist coefhicients by such that ¢ = anal bee. Further,

if HtHi3 = 1, if follows >"7*5' b7 = 1 and, consequently, with Cauchy-Schwarz inequality we get

2
m—1 m—1
va(t) = (nlp > (Z bege( X)) + -+ X7~ (Y beqﬁe,g(p))Lg))
=0

kelpl.jreln] \ £=0

2
m—1
( b Y (¢Z<X§3>+---+X§5>><¢bg<p>>mgl))

£=0 kelpl.jreln]

Therefore we need to bound

2 .
Eo=E ( sup vA(t) — — pen(m))
€S |t 2 =1 1 +

We rewrite v, (t), namely,

1 1 (XD 4y x®) g )
”"(t):@w)d/m (np D 4 )]<as>) Flt)(~)dx ()

kelpl.jr€ln]

Flt](~z)dA" ().

| FR)@ - T il

J€lpl J€lpl
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We define for some 7 € Ry, which will be chosen later the set

Q) = [ (), Qj(w)={\f[\m(w)—f[fj](w)léf log(”)}. (2.48)

n
J€lpl

Then we consider the decomposition (where u < v is to be understood component-wise if w and
v are vectors)

Vn(t) = Vn,l(t) =+ Vn,?(t) + Vn,3(t) + Vn,4(t)

with
1 —
)= G /mg e 1L FIAl@) - FL)@) | Fl(-2)ta@d (@),
1 —
) = G /W e 1L Fifl@) - Flf)@)| Fl(-2)to@edX (@),
1% = e Flf; x) — i|(x —z)d\(x
nalt) = g /3 - mru[pﬂ FIFl(@) = FLf)@)] Fiil(-2)ax @)
and
i) = s [ AF (@) Pl (-2 ().
(AFI)), = [ Fid = I1 71| - 11 |70 - 71
Jjelpl Jjelpl Jjelpl
We get
1 4
Ey < 2E sup v (t) — — pen(m) +6)» E sup v (1)
€St 2 =1 11 i [reSmilll =1

=:2E; + 6(E2 + E3 + E4),
and we successively study the four terms.

Step 3. The bound on the main term E; is straightforward. Indeed, using first the Cauchy-
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Schwarz inequality, and then taking the definition of Q(x) into account, we get

2 d
sup yn,l(t) < 2 2d/ |~F | dA ( )
tesﬁzv”tHLg =1 tES"/Y\L Ht”]LQ 1 7T

2

[1 (Fifl@) ~ Fif)@)| Lowdr'@)
lz|<v2m+1 |jE[p]
2
1 log(n) d(y
= 27’[’)d /w<m n dX ( )

j€lp]

H 2\/7log

ke[d]

/\

Now, if & is such that the above quantity is less than (1/11) pen(m), that is,

we obtain that E; < 0 and therefore E; = 0.

Step 4. The bound on E; relies on Lemma 1 p.12 in Ammous et al. (2024), which states that for
anyTE]R+,as€Rd,d2 1,

P (Q;(x)°) < 4n~ /4,

Therefore, P((z)¢) < 4pn~""/%. Due to the boundedness of the Fourier transform by one, note
that
2

[1 [Flifl@ - Firl@)]

J€lp]

< 2%,

Additionally, applying Cauchy-Schwarz inequality, for ¢t € Sz; with 1tz = (2m) =9 F[t] Iz =1

we get that
2
V2 alt) = (( ST - il FlRl@) - Flf)@)] f[t]<w>ng<w>chd<w>)
2
< ((2}7)0[ /mg p— 1‘[[[]] [Fifl@) - Flf)@) ngwdxd(m))
(27? [ rti-epaia)
< @ /Mmz?png( yed A% ()
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and
2p+2d

92p ( H T i

e 2
(2m)? Jial<vanrrt weial

Using that per definition /2Mj, + 1 < n¢ for all k € [d], we have Ey < n®=7/4, Thus By < n~!
for

P(Q(x))dX(x) <

72 > 4(d* - 1).

Step 5. The study of E3 follows the line of the study of 75 ; in the proof of Proposition 2.2.5. For
t € Sg, ||tllpz =1 writing t = S 70" aedy it follows for its Fourier transform that

Fifj= 3 aeFlodl.
£=0

Additionally, applying Cauchy-Schwarz inequality twice, we get that

E sup 1/373(75)
tGSm,Htlngzl

1
= E sup ag 2
2m)4 | iess,. Itll.2 =1 (Z lae

m—1
£=0

U

[T [Flil@) - Flf)@)] sel@)int(a)

/ﬂz S| >v2m+

! jelr]
and using also that HtHL2 = Z o lae? = 1 it follows
E sup 1/,%3(15)
t€Sm [tz =1
d
<2 ) E Z/ ]1{m|>m}’(Aﬂ ) ) |be()|dX"(x)
ke[d] £=0

' /Rd ﬂ{$k|>m}|¢f(m)|d>\d(m):| .

Now we use that 7y, > ¢glog(n) and [Tiepq V20 +1 < n? as m € M,, given by (2.47) and we
get with £, defined in (2.30)

2d262d 1) Qer[[d]]\/T

2d262(d-1 k2
©
E; < e .

& n’

Z exp (—2&cplog(n)) =

ke[d]

due to the definition of ¢g. This ensures that E3 < 1/n.
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Step 6. The study of E4 is also rather straightforward. Indeed, by Cauchy-Schwarz Inequality

1
E, <E sup —
teSm iz =1 (27)*

i [ Fil@P@) [ (GF @@
R4 R4

< oo | [, BT @ine)|.

Now using Remark 2.4.2 (revisited), we get

p32(p2 _ 1
paF: + [ 1Pl Paxt(e) < 0 max(1£ 1) 1

as we assumed that all n; are equal to n. This concludes the proof.

2.3 Simulation study

We illustrate the results of Section 2.1 and Section 2.2 in a Monte Carlo simulation study. Our
simulation experiments deal with the cases where d = 1 and p = 2 or p = 3. First, we consider
examples for which we analytically derive the convolution to be able to evaluate the procedures.

(i) Two independent Gaussian distributed random variables.

(ii) Two independent Claw distributed random variables. The Claw distribution is defined as a
specific sum of Gaussian random variables. More precisely, for a standard Gaussian distributed
random variable X and Gaussian random variables Z; ~ N'(1/2 — 1,1/4) for [ € IN, a Claw
distributed random variable W satisfies W = 0.5X + 3"}, Z; in distribution.

(iii) Two independent random variables uniformly distributed on the interval [—1, 1], denoted by
Unif[1, 1].

(iv) Three independent Unif[—1, 1] distributed random variables.

Examples (i)-(iii) are the examples given in Chesneau et al. (2013). For all cases we consider the
Kernel estimator defined in Equation (2.11) and the projection estimator defined in Equation (2.35).
As kernel we consider a kernel of order 5 given by L(z) = 3n;(z) — 3na(z) + n3(z). Here, n;
denotes the density of a centered Gaussian random variable with variance j € IN. Note that,
similarly, one can build kernels of higher order; see Comte and Marie (2020) for details. For the
projection method, we use the Hermite basis throughout the simulations.

Figure 2.1 below shows the behavior of kernel estimators. In the left column of Figure 2.1,
kernel estimators corresponding to the bandwidth i € H are depicted, where H denotes the set of
20 equidistant points starting from 0.005 and ending with 1.25. It visualizes the necessity of a data-
driven choice of the parameter h to obtain a trade-off between over-fitting (dark green lines) and
a too rough estimator (light green lines). In the right column of Figure 2.1, the curve represents
the MISE computed over 50 Monte Carlo simulations as a function of h. One can see that in the
given examples, there seem to be intervals of appropriate choices for h of different sizes depending
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Figure 2.1: Kernel estimator with n = 200 for examples (i)-(iii) and n = 60 for (iv); Left column:

70

Plot of g, for h € H (green lines) and true function g (black line); Right column:
Estimated MISE (black line) using M = 50 Monte Carlo simulations and estimated
values h using the PCO-method (green histograms).
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Figure 2.2: Projection estimator with n = 200 for examples (i)-(iii) and n = 60 for (iv); Left
column: Plot of g, for m € [20], [50] and [150], respectively (green lines) and true
function g (black line); Right column: Estimated MISE plot with M = 50 Monte Carlo
simulations and estimated values 7 using the selection method (green histograms).
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Figure 2.3: Plots of ¢ using the PCO-method (green lines, first row) and gz, using selection
method (second line) for M = 50 Monte Carlo simulations and n = 200 for Exam-
ples (i)-(iii) and n = 60 for (iv).
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Figure 2.4: Estimated integrated squared error choosing h with PCO-Method for the kernel es-
timator and m with the selection method for the projection estimator with Hermite
basis for M = 50 Monte Carlo simulations; n = 200 for examples (i)-(iii) and n = 60
for example (iv).

on the example; furthermore, the theory suggests choosing the smallest bandwidth & = 1/n, but
this choice is revealed to be too small in these examples. For instance, in the first three examples
this corresponds to 0.005 which is the first element of the considered interval, i.e., the first point of
each black line in the plots. The histograms depict the choices for h made with the PCO-method
described in Section 2.1.5. They show that the data-driven method performs quite well on these
examples. Values of bandwidth outside the optimal interval occur only for the Claw-distribution
example, and only for two out of 50 Monte Carlo iterations.

Figure 2.2 depicts similar results for the projection estimator and the model selection method
proposed in Section 2.2.4. Here, apart from finding a sufhciently good estimator, the goal is to
find a parsimonious decomposition of g, i.e., a small number m of coefhicients for estimating the
function ¢ appropriately well. For examples (i), (ii) and (iv), this goal seems to be achieved.

Figure 2.3 and Figure 2.4 compare the performance of the projection and the kernel method.
Slightly better results over all examples and the significantly shorter computation time motivated
the focus of the theoretical consideration on the selection method in Section 2.2.4.
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(i) Gauss + Gauss | (ii) Claw + Claw | (iii) Unif + Unif
n K P A K P A K P A
50 | 4.04 0.18 0.05 | 4.15 036 0.27 | 456 0.24 2.01
100 | 0.45 0.07 0.01 | 0.48 0.23 0.08 | 0.62 0.15 1.98
200 | 0.08 0.04 0.00 | 0.15 0.08 0.02 | 0.13 0.05 1.98

Gam + Gam Exp + Exp

n K P A K P A
50 | 10.37 235 492|477 6.53 0.24
100 | 6.21 1.82 4.78 | 0.83 5.85 0.10
200 | 553 154 4.72]0.21 5.68 0.06

Table 2.1: Errors for Examples (i)—(iii), a Gamma(2, 1) and a Gamma(1, 1) distributed random vari-
able (Gam + Gam) T = [0, 20] and two Exp(1) distributed random variables (Exp + Exp)
T = [0,10]; using kernel (K), projection (P), and numerical approximation (A) methods.

(iv) Unif]—1, 1] Exp(1)

n K p Al K P A
10 [ 232 0.48 23.13 | 1.76 3.95 4.11
301078 0.11 1.83 | 0.58 2.56 0.84
60 | 0.34 0.04 0.43]0.33 223 0.0
90 | 0.26 0.02 0.19 | 0.22 2.15 0.45

Table 2.2: Errors for three Unif[—1, 1]-distributed random variables estimated on 7 = [—5, 5] and
three Exp(1) distributed random variables in 7 = [0, 10]; using kernel (K), projection
(P), and numerical approximation (A) methods with sample sizes n = 10, 30, 60, 90.

In Table 2.1 and Table 2.2 the performance of the kernel (K) and projection method (P) is
compared to the numerical approximation (A) for different choices of sample size n and different
densities. Here, for function f evaluated at points ¢1, ..., ¢ty with interval steps A; approximating
function f we consider the error

N . 2
100 % Z Ay (f(ti) — f(tz‘)> )
i1

where we scale by 100 for better readability. For all examples, we chose N =100 and {¢1,...,tn}
as the set of equidistant points on 7~ depending on the example. For examples (i), (i) and (iv) we
set T = [—5,5] and for (iii) we set 7 = [—2.5,2.5]. When considering estimation, we additionally
take the mean over 50 Monte Carlo simulations. For the numerical approximation (A), the Fast
Fourier Transform was used (in R implemented with the function fft) with n evaluation points.
As expected, increasing the sample size n reduces the error. However, there is not one method
outperforming the others over all examples. The numerical approximation has smaller errors, e.g.,
for two exponentially distributed random variables. On the other hand, for the case of three ex-
ponentially distributed random variables, the kernel method performs best. Conversely, for two
uniform distributed random variables the projection method appears to be most fitting. In addi-
tion, the relationships might change with increasing n. For instance, for three uniform distributed
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random variables, the kernel methods seems better than the numerical approximation for small n.
But for large values the roles switch.

Unif + Gaussian | Unif + Claw
n K P K P
50 4.38 0.26 | 4.86 0.25
100 | 0.49 0.13 | 0.77 0.18
200 | 0.17 0.11 | 0.19 0.13

Table 2.3: Errors for estimating the distribution of the sum of a Unif[—1, 1] distributed variable and
either a standard Gaussian or a Claw-distributed random variable. For both examples,
the function was estimated on 7 = [—5, 5] and for the error FFT was used as the ground
truth.

Lastly, in Table 2.3 the results are given for two examples where the analytical derivation of the
convolution is not straightforward. To evaluate the methods, we compare the estimates with FFT
taken as ground truth. Again, the results indicate a better performance of the projection method.

This concludes the simulation study and, with this, the discussion of the estimation of the addi-
tive convolution of multiple densities. Below we give auxiliary results used in this chapter.

2.4 Auxiliary results

The following result is an extension of Lemma 1 in Chesneau et al. (2013) and is used in several
proofs.

Lemma 2.4.1:
Let (u,v) € CP x CP such that |u;], [vj| < 1forall j € [p]. Then, for any integer p > 1, we have

IT w— 1T v < T1 lws =il + > CFlus —vjllvjl

J€lpl J€lpl J€[pl J€lpl

setting vp11 := vi, where C} = 0, C} = C2 = 1 and for p > 2 we define C;’H := 3C7 for
jelp—1], C2t .= CP +2r~1 and Cf)’ill := 1+ 2C%. In addition, for p > 2 and j € [p] it holds
that C¥ < 3°72,

Remark 2.4.2;
Similarly one shows that

T wi— I o= T (ws—vp)| < D Clluy —vsllvsal-

J€lpl J€[pl J€lp] J€lpl

Proof of Lemma 2.4.1. 'We proof both assertions simultaneously by induction.
Base case. For p = 1 this is obviously satisfied with C} = 0. For p = 2 we see for (u,v) € €? x C?
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that it holds

urug — v1v2 = (up — v1)(uz2 — v2) + Vaug + Vouy — 20102
= (U1 — ’Ul)(’LLQ — Ug) + Ug(’u,l — ’Ul) + ’Ul(UQ — ’UQ).
Consequently, by the triangle inequality, the inequality holds for C? = C3 = 1. Further C? =
02 <30 = 322,
Induction step p — p + 1. Assume that the inequality holds for p > 2. Let (u,v) € CPT! x €PT!
with |u;], |v;] < 1forall j € [p+ 1]. First, note that

H uj = H Vj = Upy1 H“j—H”j +(Up+1—vp+1)H”1

j€lp+1] jelp+1] J€lp] j€lpl j€lp]
= (up+1 — Up+1) H uj — H Vi | + Upt1 H Uj — H v | + (up+1 — Q}p+1> H vj.
Jelp] J€lp] J€lp] Jelp] J€lpl

Taking the absolute we obtain with the triangle inequality

IT w- II v

Jjelp+1] J€lp+1]
< |ups1 — vpt] H uj — H | + |vp41] H uj — H j| + |upt1 — vp41 H |vj]
j€lp] j€lp] Jj€lp] j€lp] Jj€lp]
It follows using the inequality for p on (u1, ..., up,v1,...,vp)
w1 v
j€lp+1] j€lp+1]

< Jupt1 — vp1| H |uj — vyl + Z C;'D‘uj — vjllvjal
Jj€lp] j€lp]

Floppal | T lus = vl + D Clluy = villvsal | + lupsr = vpsa| ] logl.
J€[p] Jjelr] Jj€lpl

Further, using that |v;|, |u;| <1 for all j € [p+ 1] and reordering the terms leads to

Il w- 11 v

j€lp+1] j€lp+1]

< II lwy—vil+2 Y CPluy—vjllvje] + 208 fuper — vpralfon]
Je€lp+1] j€lp—1]
+ 2P Hop [[up — vp| + Z Cf‘uj = vjl[vj41] + CPlvpsallup — vy

j€lp—1]
+ [upt1 — vpya||v1]
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Finally, we get

T w- 11 v

j€lp+1] Jj€p+1]
= JI lw—wl+ D 3CThy; —vjllojral + (CF +2°71) Jup — vpl|vpsa
j€lp+1] j€lp—1]

+(1+ 205) |tps1 — Upga[vi]

+1
= I lw—vl+ D CFuy —vjllojal,
jelp+1] j€lp+1]

where Cfﬂ = 3C} for j € [p—1], Chtl = CF 4 2r-1 and Cgill = 1+ 2C}. For the second
assertion, assume that Cf < 3P~2 for p. Then it follows that

Cr = 3CP <3302 = 30HD2 for j e [(p+1) 1],

1
Ccptl — op 4 op—1 < gp=2 4 op—1 _ 3(p+1)-2 1 + 2 g < gp+1)—2
p P = 3 3 =
CPil =1+2C0 <1+42.3072 < 3pth=2 <3—P+1 + ;) < 32,
This concludes the proof. O
Lemma 2.4.3:

For h; € L2 and hy € L} it holds that
/ / oy () ()o@ + 9)|AN (@) N y) < a2 [l
R2 JRE d d

Proof of Lemma 2.4.3. Splitting the integral with respect to the variable and applying Cauchy-
Schwarz inequality we get

/ / oy () () s+ )| () AN )
IRd Rd

—/ !hl(y)l/ |h1()||ha (@ + y)|"* | ha(@ + y) /2N (y)dN ().
R4 R4
1/2

< [ ([ e rviav@)” ([ e s min@raie) o)

By change of variables and applying again Cauchy-Schwarz inequality holds that

Lo JoIm@minate + piaxt @
1/2
< HhQH;J/; /]Rd \h1(y)! (/]Rd ‘hg(a} + y)th(CB)’zd)\d(m)) d/\d(y>,

1/2
<lnalfimnliy ([ ] 1t +wlin (@R @ad)

76



Finally, by rewriting the last line we get

[ [ @@ + i@
R2 JRE

1/2 1/2
< Igllg* 1l Na g Rells® = HAn Iy sy

This gives the result and concludes the proof. O

Lemma 2.4.4:
Let

A= {((khll),---,(kp’lp)) € Xjep(Ing] x [ng]) : D (ks = 1) 15} :
pelp—1] Jj€lp]
There exists a constant C, > 0 such that
1
|A] < (p—1)p! (H 7%2) Z e
iclel /) jelpl
Proof. Denote
Aj = {((kuh),u-,(kp,lp)) € Xiep(Ing] x [ng]) = D 1k = 1) ﬁ} :
j€lp]

We first determine | Aj| for fixed p € [p]. Note that for any index couple the amount of options of
them being the same is

[{(kj, 1) € [nj] x [ng] = kj = Ui} = ny,

and for them to be different is

[{(kj, 1) € [nj] x [nj] = kj # 1} = nj(n; —1).

Consequently, for a fixed p € [p — 1] for kj, = I;,,...,kj, = ;, and the rest to be unequal for
fixed indices ji, ..., jp, there exist

(H njm) ( I1 njm(njml)) ' ( I1 ”jm)
me[p] m=p+1 jelpl m=p+1

p
_ n? M L
jg[[!)l] ’ (mrﬁlﬂ "J) (mle_llﬁl] ”jm)
11 ni (2.49)

IN
—
S

IN
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many possibilities. Note that the bound does not depend anymore on the choice of indices. Further,
there are (Z) < p! many possibilities to choose indices ji, .. ., j, in this way. It follows that

1
|Ap| < p! (H n?) Z ot
j€lp) jelpl

Finally, we get

A= > 145 < (p - Dp! (H n?) i

ks 4 . 1
pE(pl J€[pl J€[pl
which completes the proof. O

The following result is presented in Tsybakov (2008).

Lemma 2.4.5 (Generalized Minkowski inequality):
For any Borel function g: R? — R we have

/R (/R g(u,x)dA(u)>2d)\(x) < [/R (/R QZ(U,x)d)\(x)>1/2 d}\(u)r.

The multivariate version of the inequality results from repetitively applying the first inequality, a
proof is omitted.

Lemma 2.4.6 (Generalized Minkowski inequality - Multivariate):
For d € IN any and any Borel function g: R?? — R we have

/]Rd </Rd o mﬁud(u)) ECE [/Rd (/Rd g% (u, m)dAd(m)> " dAd(u)] |
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CHAPTER 3

Quadratic functional estimation under multiplicative measurement
errors

In this chapter, we consider inference for observations contaminated by some error. More pre-
cisely, we look at a multiplicative measurement error model. That is, we have access to an inde-
pendent and identically distributed (i.i.d.) sample (V) e[, of size n € N from

Y = XU, (3.1)

where X and U are strictly positive independent random variables. We assume that both random
variables, X and U, admit a density with respect to the Lebesgue measure on R. We denote the
unknown density of X by f. Throughout this chapter, we assume that U admits a known density
denoted by ¢. Then, it follows that Y also admits a Lebesgue density g given by the multiplicative
convolution of f and ¢, i.e.

o) = (f ® 0)(y /f o(y/z)a dA(x).

Consequently, inference is based on observations of Y generated by a transformation g = T'(f)
of the density f given by a multiplicative convolution with the error density ¢. Throughout
this chapter, we will use the terminology convolution to refer to the multiplicative convolution.
The goal of this chapter is to consider for the multiplicative measurement error model quadratic
functional estimation. That is, we want to estimate a quadratic transformation 6(f) of the density
f. More precisely, we define the following quadratic functional for functions f: Ry — R>o on
the positive real line satisfying f € L2 (x*71) N L} (x*~1) with fixed ¢ € R given an arbitrary
measurable symmetric density function w: R — R>( we define

) = WMy = [ 1M w000, 52)

where M_[f] denotes the Mellin transform of f, see Section 1.2 for the definition and basic prop-
erties. We propose an estimator of the quadratic functional 6(f) = ¢(f) given in Equation (3.2)
of the density f based on the multiplicative convolution theorem, see Property 1.2.2, which yields

Mc[g] = Mc[f] ) MC[SO]'
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Further, we derive upper bounds for the quadratic risk of this estimator. One motivation for esti-
mating quadratic functionals comes from testing theory: A quadratic functional of the difference
between unknown density and null hypothesis provides an intuitive test statistic, which is consid-
ered in the subsequent chapter. It should also be mentioned that the test problem yields a lower
bound for the estimation problem.

Related literature For the additive error model, Butucea (2007) and Schluttenhofer and Jo-
hannes (2020b,a) discuss extensively the link between testing theory and quadratic functional esti-
mation. Quadratic functional estimation has received great attention in the past. In the case of direct
observations, Bickel and Ritov (1988) are the first to discover a typical phenomenon in quadratic
functional estimation in the density context: the so-called elbow effect. It refers to a sudden change
in the behavior of the rates, as soon as the smoothness parameter crosses a critical threshold. Birgé
and Massart (1995) look at minimax lower bounds concerning smooth functionals of the density.
Donoho and Nussbaum (1990) discover a similar behavior in the Gaussian sequence space model,
the smoothness assumptions being in this context replaced by geometric assumptions. Laurent
(1996) shows minimax rates, where also more details on the density framework and alternative
estimators can be found. Adaptive nonparametric quadratic functional estimation is considered in
a Gaussian sequence model by Laurent and Massart (2000) and in a density context by Laurent
(2005). In the case of indirect observations, quadratic functional estimation in an inverse Gaussian
sequence space model is treated by Butucea and Meziani (2011) for a known operator and in Kroll
(2019) for partially unknown operators. For the additive measurement error model on the real line,
quadratic functional estimation is considered, for example, by Chesneau (2011), Meister (2009) and
Butucea (2007). Circular observations are studied in Schluttenhofer and Johannes (2020b,a).

In this work we extend quadratic functional estimation to the multiplicative measurement er-
ror model. Multiplicative censoring, which corresponds to the multiplicative measurement error
model with U being uniformly distributed on [0, 1], has been introduced and studied by Vardi
(1989) and Vardi and Zhang (1992). van Es et al. (2000) explain and motivate the use of multi-
plicative censoring models in survival analysis. Concerning inference in this model, there has been
extensive work on estimation of the unknown density f. To name a few: Andersen and Hansen
(2001) consider series expansion methods treating the model as an inverse problem, Brunel et al.
(2016) use a kernel estimator for density estimation in the multiplicative censoring model, Comte
and Dion (2016) consider a projection density estimator with respect to the Laguerre basis, Be-
lomestny et al. (2016) study a Beta-distributed error. The multiplicative measurement error model
covers all of these cases of multiplicative censoring. Nonparametric density estimation in the mul-
tiplicative measurement error model has been considered by Brenner Miguel et al. (2021) using
a spectral cut-off regularization. Brenner Miguel (2022) considers an estimation procedure us-
ing an anisotropic spectral cut-off. Brenner Miguel et al. (2023) look at the estimation of a linear
functional of the unknown density and Belomestny and Goldenshluger (2020) examine point-wise
density estimation in the multiplicative measurement error model.

Contribution We now turn to the nonparametric estimation of the value of a weighted quadratic
functional evaluated at the Mellin transform of the unknown density in a multiplicative mea-
surement error model. Thereby, our work extends the results of the estimation of the value of
a quadratic functional evaluated at the density to the multiplicative measurement error model and,
further, its generalized formulation covers not only the estimation the (possibly weighted) L2-norm
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of the density but also the L?-norm of its derivatives or the L2-norm of its survival function. More
precisely, by applying a Plancherel type identity those examples can be written as the value of a
weighted quadratic functional evaluated at the Mellin transform of the unknown density. Follow-
ing the estimation strategy in Brenner Miguel et al. (2021) we define a spectral cut-off estimator of
the unknown density f which we plug-in the quadratic functional. The accuracy of the estimator
is measured by its mean squared error and it depends crucially on the cut-off parameter. Our aim is
to establish a fully data-driven estimation procedure inspired by Goldenshluger and Lepski (2011)
and to derive upper bounds for its mean squared error as well as convergence rates.

Outline of this chapter This chapter is organized as follows. We start in Section 3.1 by
presenting the estimation strategy. In Section 3.2 we first decompose the estimation error of the
plug-in estimator appropriately and then derive an upper bound of its mean squared error. In-
troducing Mellin-Sobolev spaces we derive convergence rates resulting from the upper bound in
Section 3.3. Furthermore, we introduce a data-driven procedure based on the Goldenshluger-
Lepski method, show an upper bound for its mean squared error and calculate convergence rates
in Section 3.4. Finally, we illustrate our results by a short simulation study in Section 3.5.

3.1 Estimation strategy

We aim to estimate the value of the quadratic functional ¢* := ¢?(f) defined in Equation (3.2) of the
density f in the multiplicative measurement error model. All needed properties for the estimation
problem and the below proposed estimator to be well-defined are summarized in the following
assumption.

Assumption 3.1.1:
Consider the multiplicative measurement error model Equation (3.1), an arbitrary measurable sym-
metric density function w: R — R>¢ and ¢ € R. In addition, let

(i
(ii

(iii

) faSD c [[42 2(:—1)’
) Mllf] € L),
) Mcle](t) #0forall t € Rand 1j_ 5/ Me[gp] € L°(w) for all k € R.
(iv) f,p € Li(x*72)and ¢ € L (x?1).
Let us discuss the given assumptions in detail. With Assumption 3.1.1 (i) the existence of the
Mellin transform of f and ¢ is ensured. Note that since g = f ® ¢ it follows g € L2 (x2¢71), see
Property 1.2.3, and its Mellin transform exists as well. Under Assumption 3.1.1 (ii) the parameter ¢
of interest is well-defined, see Equation (3.2). With additionally Assumption 3.1.1 (iii) the estimator
G2 proposed below in Equation (3.4) is well-defined, too.

Further, it follows that 1_j, ;;/M.[p] € L?(w?) NL*(w") since by Cauchy-Schwarz inequality
it holds that

k 1 1/2 k 1
(L, g 000) < @0 ([ ot o)
< (Qk)l/QH]l[—k,k}/Mc[SO]Hﬁtoo(w) < 0.

1/4
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Moreover, it holds for all t € R
E,[U] = E,[JUT2)] > [IMc[p](1)].

It follows [[M.[]L[_g 4 lIF> < 2k(E,[U¢1])? and, hence,

1k i 1 2wy < It pg /Ml 0 () (2R (EL [T ).

Consequently, Assumption 3.1.1 (iii) also ensures that 1_; 4 € L*(w?). If in (jii) the condition
M.[p](t) # 0 is not satisfied, one could consider a different value of the development point ¢ € R.
Changing the development point is similar in spirit to the approach presented in Belomestny and
Goldenshluger (2021), where the estimation procedure within the additive deconvolution problem
on the real line is analyzed on a strip as a subset of the complex plane C. Under Assumption 3.1.1
(iv), it follows that g € L! (x?*72) N L°(x%*7!) and ¢ € L (x“7!), hence, with (i) it is possible
to apply the multiplicative convolution theorem Property 1.2.2. Note that square integrability is
a common assumption in additive deconvolution, which might be here seen as the particular case
¢ = 3 and w = 1, see Example 1.4.1. However, allowing for different values ¢ € R makes the
dependence on the assumptions visible.

For the construction of the estimator, we intend to plug-in an estimator of the Mellin trans-
form of the unknown density f into the norm expression given in Equation (3.2). We follow the
approach of Brenner Miguel et al. (2021) for density estimation in the multiplicative measure-
ment error model. Using the multiplicative convolution theorem Property 1.2.2, we have that
M_[f] = Mc[g]/ M.[p]. Recall that the error density is assumed to be known. Consequently, to
get an estimator of ¢? one would be tempted to plug in Equation (3.2) an estimator for the unknown
Mellin transform M_[g|. A natural choice is the empirical Mellin transform

— 1 4
M. (t) == - >y e,

J
J€[n]

Observe that M\C is a point-wise unbiased estimator of M,[g], i.e., by the definition of the Mellin
transform, see Equation (1.4), it holds for any ¢ € R that

E; [M(t)] = E, [V~ = M_[g](t).

Consequently, we have for the point-wise scaled variance of M., that for each t € R using the
independence of observations (Y}) e[y that
o 1 c— i c—1-2mi
nE [|Me(t) = M[g](t)]*] = - > BT - Mc[gl(0)) (Y TP — Me[g](—t)]
Lj€ln]
— Eg[,ylcfl+27rit _ Mc[g] (t)|2] — Var(yvlcflJerrit)

and, thus, it follows
Iy [ Me(t) — Mlg)(t)|?] = var(Y 127ty <R[y t+2mit 2]

=E,[Y7 %] = A 9(m)y* 2 dN(y) = llgllLt (x2e-2). (3.3)
+
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However, M./M.][g] is in general not square integrable. A frequently used technique in inverse
problems is the so called spectral cut-off method, see for example Engl et al. (1996). Applying this
method to the estimator and plugging it into Equation (3.2) results for some k € R in the term

2

el oy
L2(w?)
Correcting for the bias finally yields the estimator
c—142mity c—1—2rit
G = 2D Z /k o, O w2(t)dA(t). (3.4)
7, lG[[n]]
Using the independence of (Y;) [, and Property 1.2.3 (ii), namely M.[g](t) = M.[g](—t) for all

t € R, and the convolution theorem Property 1.2.2, we have that

c—14273 c—1-271
ey - [ BB
K [Me[e](t)]

_ [F ML OP o 2
- /k Mg@E ™ DM = / IMFP (A,

w2 (t)dA(t) (3.5)

3.2 Upper bound for the quadratic risk

In this section, we derive an upper bound for the mean squared error of the spectral cut-off esti-
mator §; defined in Equation (3.4). For this, we first introduce some notation. Define for k € R

k
_ [ MA0P
Af\«ﬂ(k) T /—k |Mc[g0](t)|2 (t)d)‘(t) (3'7)

For x,y € R denote z V y := max{x,y} and x A y := min{x, y}. Further define
Vi = (I9llLs pee-0y V1) and ;= ([lplluge pze-1)/llepllLs o2y V 1), (3.8)
which are finite under Assumption 3.1.1. Moreover, by Lemma 1.2.5 (ii), it holds

H‘PHLf(x?C*l)

[9]lLze (x2e-1) < 191l -1y < Vi G, (3.9)

@l (x2e-2)
and, thus,
HgHL_‘f(xzc_l)HgHL_l‘_(XQC—Q) < Csovf%\w' (310)

Both inequalities will be used in the proofs of this chapter. We get the following result for the
quadratic risk.
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Proposition 3.2.1:
Under Assumption 3.1.1 the estimator G2 defined in Equation (3.4) for ¢ satisfies for k € Ry and
n>2

n

nra2 212 2 _ 2 Vi | A (k)
][ - ) < (6 - P + 403, (5 + 2220 ).
Proof of Proposition 3.2.1. The main step of the proof is to decompose the estimation error §7 — ¢
into a U-statistic and a linear statistics. More precisely, introduce the U-statistic Uy, given for
ke R+ by

1 (V7127 — Me[g) () (1™ — Melg)(—1))
>/,

n(n—1) MR w2 (t)dA(t) (3.11)

U, =

Z / Yc 1427t Mc[g](t))/\mw?(t)d)\(t) (312)

With this, we obtain for ¢* defined in Equation (3.2), 7 in Equation (3.4) and ¢} in Equation (3.5)
the decomposition

@ —q®=Up+2Wy — (¢ — ¢°). (3.13)

The statistics U, and W, are centered since the observations are independent and for all j € [n] it
holds , [YjC*HQ’”t — M_[g](t)] = 0. Further the statistics are uncorrelated. Indeed, it holds with
the same argument that

— i Mc[f](_t) 2
I [U W] (Ve IH2mit M [g](1) ot wP (1) d(t)
kWil ; mezm 3t / ML) (@) )

Jl€n]
¥ /k (V77127 Mgl () (2 — MJg](—#))
W MIADP
_ 2 3 b c— it Mc[f](_t) 2
L E ([ it = o)~ 2o wnan)
Jj€ln]
([ e a0 i)
_k MIADP

Thus, we obtain the decomposition of the quadratic risk

WQ(t)d)\(t)ﬂ

wz(t)d)\(t)ﬂ —0.

n A~ 2 T n
B [|d - ¢*7] = EIULI2 + 4B (Wil2) + (F — )2 (.14
We first consider Uy, defined in Equation (3.11) and show that it is a canonical U-statistic. Define

for 2,y € R4 the function

T e — M [g)(4) (T R = Me[gl(—t)
he(,y) = /_ k ERmIENE w2 (H)dA(t). (3.15)
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The function hy, is symmetric. More precisely, by substitution of variables and since w is assumed
to be symmetric it holds that

P MO = MAO) i i
mien) = [ ¥ b e WA=IND) = ey,

Similarly, it holds that hy(z,y) = hi(y, ) = hi(x,y), i.e., hy is real-valued. Since hy, is symmetric
and for all y € R it holds that

Eq[hk: (y7 Yl)] = Et/[hk (Y17 y)]

_ / B YET IR - MLgI(0)] (5 — Me[g)(—1))
—k

IMelel (B w(D)dA(t) = 0.

Then, U, = (n 0 > ljﬁ[l : h(Y;,Y}) is a canonical U-statistic. Using that Uy, is canonical we get
7len
by Lemma 3.6.1 given in Section 3.6

Var(Uy,) < I [h2(Y1,Y5)].

n(n —1)

For every y € Ry using the property of the Mellin transform given in Lemma 1.2.5 (i) with

h(t) = & _M;:[;}/\(;‘)C‘[Zg](_t)) w2 (t) we have
c— i c 1_2mt_Mcg —t i
w0 <5 || [ vt wany
. ‘(t)
< s c127rzt_Mc ¢ QLd)\t.
S " O R O

Hence, applying this bound and the variance bound of the empirical Mellin transform derived in
Equation (3.3) we have that

k . 4 t)
E2[h2 (Y1, Ya)] < [|gllpoe (2o / E, [[ve1=2mt — g igl (-] -8 e
5'[ k( 1 2)] = HgH]L+( 2e—1) L g U 1 [g]( )‘ ] ‘MC[SO](t)IZL ( )
k W4(t)
< 00 (20— c— _ .
> HgH]L+ (x2 1)‘|gH]l‘1+(x2 2) /k ’MC[QO](t)|4d)\(t)
With Equation (3.10), for all n > 2 it follows
o 1
E[|U?) < mcﬂfw’k < C Vi Vi (3.16)

Let us turn to W. Recall that W, is centered. Then, using in addition the Mellin property given
in Lemma 1.2.5 (i) we get that

I [|[Wi|?] = n Var(W},) = Var (/ Y 1+2”Zt/\/lm<)w2(t)d)\(t)>

Meg)(t)
’/ Yc 1+27rthC[ ](
—k

d

t 2
Ml () ™ DA

k
< loleeen | g {Qg‘, W (£)AA (D),
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which together with Equation (3.9) implies

\ Ak
E [[Wil?] < vafvfn()' (3.17)

Plugging the bound from Equation (3.16) and Equation (3.17) into Equation (3.14) we get

Af'\'»O(k) )

n [~ 2 2
E, [ ar — ¢°| ] <(g —¢*)*+ —5CViove +4C, vy,

Since v, > 1, this completes the proof. O

Remark 3.2.2:
Let us briefly discuss Proposition 3.2.1. First, note that by definition vi, = ||1_j 5/ Mc[¢] ||ﬁ4(w4)

and Ag, = [[T_p g Me[f]/ Mc[¢] |]ﬁ2(w4) are monotonically increasing in k& while the bias term

2
(42 —¢*)? = (/ | Me[f] (f)QWQ(t)dA(t))
R\[.A]

is monotonically decreasing in k. Consequently, for an optimal choice of k, one has to balance
these terms, known as the classical bias-variance trade-off. In the case when both A, and v; are
bounded, we retain a parametric rate. Note also that an optimal choice of k£ depends on n and the
unknown density f. This motivates a data-driven choice, which we discuss below in Section 3.4
in more detail.

Next, we discuss uniform boundedness of the upper bound of Proposition 3.2.1 over a nonpara-
metric class of functions to derive convergence rates.

3.3 Rates of convergence

From the upper bound result Proposition 3.2.1, we now derive rates for specific function classes for
the three examples for parameter ¢* given in Section 1.4.3 depending on some function s satisfying
the following assumptions.

Assumption 3.3.1: (i) Lets: R — R be a symmetric, monotonically increasing weight function
such that s(t) — oo as [t| — occ.

(i) Assume that the symmetric function w /s is monotonically non-increasing such that
w(t)/s(t) = o(1) as [t| — oc.

For s satisfying Assumption 3.3.1 and L > 0 we set

F(s,L) = {f e LI"71) s s Me[flIf2 < L2, [ fllLs 2y < L7 (3.18)

Roughly speaking, s describes how fast the Mellin transform M..[f](t) vanishes for increasing values
|t|. Note that we consider regularity classes independent of density function w, which specifies the
quadratic functional of interest, e.g., the L2 -norm of the density itself, its survival function or some
derivative of the density, see Examples 1.4.1 to 1.4.3.
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With Assumption 3.3.1 (i) the class .Z (s, L) covers the usual assumptions on the regularity of
the unknown density f, i.e., ordinary and super smooth densities. More precisely, for two real-
valued functions hy, ha: R — R we write hy(t) ~ ha(t) if there exist constants C, C' such that for
all t € R we have hi(t) < Cha(t) and hy(t) < Chy(t). We then call hy the order of hi. Then,
in the ordinary smooth case the weight function s is of polynomial order, i.e., s(t) ~ (1 + t2)*/2 for
t € R and some s € Ry. In the super smooth case s is assumed to be exponentially increasing, i.e.,
s(t) ~ exp(|t|®) for t € R some s € R4. In the ordinary smooth case, .7 (s, L) corresponds to the
Mellin-Sobolev space, see Definition 2.3.9, Brenner Miguel (2023). Concerning Assumption 3.3.1
(ii), boundedness of w /s ensures that the quadratic functional is finite on the nonparametric class
of functions .7 (s, L). Convergence against zero gives the rate for the bias term, as can be seen in
the next result Corollary 3.3.2.

If w(t) ~ t% for a € R, this includes the examples Examples 1.4.1 to 1.4.3 with the following
choices of a.

(i) Inthe case a = 0 we have w(t) = 1forall ¢ € R. Recall that in this case ¢* equals a (weighted)
L2 -norm of the density f itself.

(i) The case a = —1 covers quadratic functional estimation of the survival function Sy of X,
more precisely, we have w?(t) = ()W forall t € R.

(iii) The case a = 8 € IN covers quadratic functionals of derivatives D?[f].

In addition, in case of ordinary smoothness of the unknown density f Assumption 3.3.1 (ii) imposes
the condition s > a on the parameters. Otherwise all the examples satisfy Assumption 3.3.1 for ¢
large enough for both the case of ordinary smoothness and super smoothness.

For the nonparametric class .# (s, L) of functions we first derive a uniform bound for the risk
to derive convergence rates. For this define for & € R the term

1
HW [k (3.19)

Lee

Note that vi = [[T[_j x5/ Mc[e ]H]L4 wiy S < (2k)my. Consequently, depending on the behavior of
M_.[p] either term can dominate the other. Further, let

w w

R /\ .
st 2| M.[e]|?

W4(k) my V vy elbow
R, (k) := (k) v - and RSPV =

(3.20)

]LOO

Corollary 3.3.2:
Under Assumptlon 3.1.1 and Assumption 3.3.1, if f € .# (s, L), see Equation (3.18), then the esti-
mator ¢; defined in Equation (3.4) satisfies for n € IN, n > 2 and k € R that

sup E[|g; — ¢*1*] < C(Rn(k) V R5™Y), (3.21)
feF(s,L)

for some constant C' > 0 depending on ¢ and L.

Let us briefly comment the last result before we state the proof.
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Remark 3.3.3:

Note that the term R, (k) in the upper bound in Corollary 3.3.2 depends on the parameter k. On
the other hand, term R¢P°" does not depend on k and, as becomes more clear in Table 3.1, this
causes the so-called elbow effect. This also shows that, if my, and vy are bounded in k, a parametric
rate is retained but otherwise not and that the choice of k needs to depend on n.

Proof of Corollary 3.3.2. From Proposition 3.2.1 for f € .# (s, L) and w /s increasing follows

S 4
(q’% — q2)2 = H]I]R\[fk,k]Mc[f]”]Z]Lﬂ(wﬁ = HE]IR\[*kvk}MC[f] L2(w?2)
W4 W4 W4 k
< s Ml |[Imrn || <L ‘ s 4(k)
S oo S L S ( )

To control Ay, first note that if n| M. [p](t)[? > s(¢)

1 MA@
n IMc[el()?

< IMIADPS ) (

and if n|M.[p](t)|? < s%(t)

1 IMA) | |
n Mg < MADFSE) <n2|Mc[<p](t)l4 A 52(t)n!/\/lc[90}(t)l2) '

Hence, we obtain for the entire integral

k 2
st = [ o
w(t)

F 2 2 W4(t)
< [ Mdnor e <s4<t> A SQ(t)nlMc[so](t)P) ()

F 2S2 1 1 W4
[ A0S0 (e e s T OO

w! w L2
— N ———= —1my.
st 2 nIM[e]? || + n2 "

< L?

Note that for f € .Z (s, L) we uniformly bound
Viio < (Il pee-1y Iflls goe-2) V1) < (L2l ey V 1),
Consequently, using Proposition 3.2.1 we have that

sup  IE[|a; — ¢*[]
feF(s,L)
w w
- /\ -
st s2n|M.[p]|?

w(k)

4
L2
(k)

< 2C¥’V?\V> <L4

mg Vv,
F (L)
Loo n

The claim follows with C' = 6C, (L? [llLe (xze-1) V1) (L*+2L%+1), which completes the proof. [
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We illustrate the order of the upper bound in Corollary 3.3.2 setting

r*(F(s,L)) = inf sup E[|d; —¢*|] (3.22)
k€R+ fe 7 (s,L)

under typical regularity assumptions. For this we define

. . W4(]€) mg V vg
. tf Ry(k)= f . 2
ko ars ot Rolh) =ane (S ) 52

By inserting k. into the right-hand side of Equation (3.21) in Corollary 3.3.2 we derive the order of
an upper bound of 72(.Z (s, L)). Asin Brenner Miguel et al. (2023) and Brenner Miguel et al. (2021),
we consider the following examples. Concerning the class .7 (s, L) defined in Equation (3.18) we
distinguish the two behaviors of s described above. Namely the ordinary smooth case and the super
smooth case. Regarding the error density ¢, we distinguish again between two cases. We either
assume for some decay parameter o € R its (ordinary) smoothness, i.e., |M.[p](t)| ~ (1 + t2)=/2;
or its super smoothness, i.e., |M¢[¢](t)| ~ exp(—|t|”). We restrict our discussion on the examples
w(t) ~ t% for a € R. Recall that in case of ordinary smoothness of the unknown density f Assump-
tion 3.3.1 imposes the condition s > a on the parameters. The order of the upper bound is given in
Table 3.1 for the cases where both, the unknown density f and the error density ¢ are ordinarily
smooth (first line), or one of them is ordinarily smooth and one is super smooth (line two and three).

s(t) IMe[e](t)] Ry (k) Rglbow r?(F (s, L))
—1 1
s - 8(s—a) 8(s—a) n -, s> o+ 2a+ 5
(1+ t2>§ (1+ t2)—§ n~ Tstdo+1 n_ Tstao1M _ 8(s—a) 4
n A4stdot+l, s<0—|—2a+i
s (s—a) (s—a) (s—a)
(1+1)3 exp(—[t]7)  (logn)™ =~  (logn) ™" (logn)~"=
o (ota)
exp(|t})  (1+2)75 L(logn) & n=! n~!

Table 3.1: Order of the upper bound for w(t) ~ t* fort € R, a € R.

We omit the case that both f and ¢ are super smooth, since there are multiple possibilities
how the rates behave, depending on the parameters. For a more detailed discussion of this case in
the additive convolution model see for example Lacour (2006). The rates correspond to the rates
derived by Butucea (2007) for the additive convolution model and Schluttenhofer and Johannes
(2020b,a) for the circular convolution model. Both have shown that in the respective cases the
rates are minimax. This suggests that this is also the case in the multiplicative convolution model.
However, the proof of lower bounds is delayed to future work.

3.4 Data-driven estimation

The optimal choice k. € Ry, see Equation (3.23), for estimator 6A?k*, defined in Equation (3.4),
depends on regularity parameter s of the unknown density f, which is not known in general. This
motivates the consideration of data-driven procedures. The data-driven method is inspired by a
bandwidth selection method in kernel density estimation proposed in Goldenshluger and Lepski
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(2011). Inspired by Lepski’s method (which appeared in a series of papers by Lepski (1990, 1991,
1992a,b)), given an upper bound M € IN and a sequence of penalties (V (k))xen, define the contrast

A(k) = max (|ginw — Gil* = V(K') = V (k)

3.24
K'e[M] +7 (3:24

where we write a; := a V0 for a € R. In the spirit of Goldenshluger and Lepski (2011) combining
the contrast given in Equation (3.24) and the penalization approach of model selection introduced
by Barron et al. (1999) (for an extensive overview of model selection by penalized contrast the
reader may refer to Massart (2007)) we select the dimension

k= arg min {A(k) + V(k)} . (3.25)

The data-driven estimator of ¢ is given by cj%. We derive an upper bound of its mean squared error

E; [| A% — qQ\Q]. This goal is achieved in two steps. First, we introduce in Section 3.4.1 a penalty

series which still depends on the unknown error density f and derive an upper bound for the mean
squared error of the resulting partially data-driven estimator. In a second step, we estimate the
introduced penalty and therefore propose a fully data-driven estimator in Section 3.4.2 for which
the upper bound of its mean squared error is derived based on the result for the partially data-driven
estimator.

3.4.1 Partially data-driven penalty

In this section, we introduce a partially data-driven penalty. More precisely, for & € IN we set for
some numerical constant x > 0

K log(Q2
V(/{?) = igk) (V]C V (log Qk)mk)
2
: (Cﬁvﬁ + ‘1 v illog Q’“)((ik) v (log %)) ‘ ) : (3.26)
where v, = (HQHM (x2e-2) V 1), and
Qp =2k (1vn 'my), (3.27)

for vi, defined in Equation (3.7) and my, in Equation (3.19). Note that V (k) depends on v, and,
therefore, on f. Consequently, it is unknown and needs to be estimated in a second step, see
Section 3.4.2. In addition, V' (k) depends on the sample size n. However, for sake of simplicity
we will omit additional subscripts. We denote by C a universal numerical constant which might
change from line to line.

Theorem 3.4.1:
Under Assumption 3.1.1 the estimator ¢Z given in Equation (3.4) with k defined in Equation (3.25)
and arbitrary M € NN, satisfies that there exists a universal numerical constant C such that

B (162 - o*F]
C3Vflw

. C, vz, 4(c—1
< Ckrerﬁll\%]] ((ql% - q2)2 + V(k) + 9;nf»,"/\fsa(k)> + CvT(l \ (Eg[yvl ( )])2)7

for A, (k) defined in Equation (3.7), V (k) in Equation (3.26) with some numerical constant x > 0.
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We first discuss the result, give a data-driven choice for parameter M and give corresponding rates,
before giving a proof of Theorem 3.4.1 at the end of this section.

Remark 3.4.2:
Let us compare the partially data-driven result Theorem 3.4.1 with Proposition 3.2.1. For this, we

define

Oy, Jog () ((2k) V og () |

Pk ‘= log(Qk) 1v (3.28)

and
Vio(k) := prpn (Vi V log()my,) . (3.29)

Note that V,,(k) depends on ¢ but not on f. The rate in Theorem 3.4.1 is determined by

Rp := min <(q§ g Yl A“’(k)> .

n? n

Compared to the upper bound in Proposition 3.2.1, which is given by

s <(qz . q2)2 + Vi + Afw(k)) :

kER, n2 n

the price we pay for a data-driven approach is on the one hand the additional factor py, ,, of Equa-
tion (3.28) and on the other hand the term log(€2;)my. We will see that the last term is often
negligible with respect to vi. For details, refer to the discussion of the rates below. In addition, we
minimize the parameter k over the set [M] instead of R . If the minimum is attained in this set,
there is no additional deterioration of the rate. The following result provides a data-driven choice
for M.

Corollary 3.4.3 (Upper bound):
Let Assumption 3.1.1 be satisfied and we use the notation of Remark 3.4.2. For n € N, set

M = max(V, (k) < nV (1))

and k defined in Equation (3.25) choosing M = M. Then, from Theorem 3.4.1 we immediately
obtain that there exist constants Cy, Cy > 0 such that for all n € IN with V,,(1) > RE? it holds that

E (12 - 2] < curzt+ 2,
n
Proof of Corollary 3.4.3. Denote
. Vo, (k 1
kn 1= arg min <(q/3 - ¢+ # + A.w(k)) :
kelN n n

For n € IN with V,,(1) > RE® we have that
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from which follows that k, € [M] by definition of M. With Assumption 3.1.1 (ii), we get that
for the term V (k) defined in Equation (3.26) there exists a constant C' € R such that

Vo (kn)
V(ky,) < 09272.
With the calculations of Equation (3.31) follows the result. O
Define
W4(k) Pn.k
RI(k) := gy V=15 (log () V i) (3.30)

Analogously to Corollary 3.3.2 one can show the following result and we omit the proof.

Corollary 3.4.4:
Under Assumptions Assumption 3.1.1 and Assumption 3.3.1, if f € .Z (s, L), see Equation (3.18),

and I, [1/14(071)] < L then the estimator (j% given in Equation (3.4) satisfies for & defined in Equa-
tion (3.25), k € [M] and n € IN, n > 2 that

sup  EJ[|g2 - ¢*%) < C (RE (k) v R
fEF(s,L)

for some constant C > 0 depending on L and ¢, R&P°Y in Equation (3.20) and R(k) in Equa-
tion (3.30).

Before illustrating the result let us give a few remarks.

Remark 3.4.5:

We see that the term REPV is already known from result Corollary 3.3.2. As already stated in
Remark 3.4.2, we see that the price we pay for a data-driven approach is in the first term of the
result, more precisely, in the terms p, ;, and log(Qx)my. Although the latter is often negligible
with respect to vj.

Analogously to Equation (3.22) we define

RYF(s,L)) = inf  sup E[|g; — ¢
k€R+ fe 7 (s,L)

and

: : (k) Pk
. f R(k) = (v ok (1og(Q :
kopt € arg uf By (k) arg inf <S4(k) V= 5 (log(€2)my v vi)

By inserting kopt into the right-hand side of the bound in Corollary 3.4.4 we derive the order of
an upper bound of R?(.Z (s, L)) for usual assumptions on the regularity as discussed in Section 3.3.
More precisely, we give the order of Ri(k), RIP*" and R?*(.Z (s, L)) below in Table 3.2 for each

of the three cases already considered in Table 3.1. For this, we derive the order of Rid(k) for each
of the examples and discuss its impact on the order of R?(.Z (s, L)).
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(iii)

In the case when both the unknown density f and the error density ¢ are ordinarily smooth
(first line of Table 3.2), we obtain different rates depending on the parameters o, s and a.
First, we see that for k € IN

O 5 kS <1 V. 1k4(a+a)> < k,3+4(a+0)
n

and, consequently, log(Q,) < (1Vlog(k)). In this case the term v is dominating log (€, )my
with rate k4(@t9)+1 and the bias-term is of order k=4(5-4) assuming that @ < s and that
4(o +a) > —1. Consequently, to obtain an upper bound for the optimal choice of £ we have
to solve

4 4 174(a+o 2
- Viok s°(k) I Y K1V 2kt log (k) |~ log(k) V 1k,4(s+a)+1
n? w(k) n n?

n n? n?

2
_ (1 y k4 log (k) y k4+4(a+0)> log(k) v 1k4(s+g)+1'

For simplicity, assume (o +1) > 1and (s —a) > 3. In this case, we observe again the elbow

2
log(n)
term dominates the term RSP°". On the other hand, in the case of s > o +2a+ 1 we retain
the rate n!. Slower rates are achieved under other assumptions on the parameters s, o and
a.

effect. More precisely, choosing kopy = ( ) i in the case of s < 0 + 2a + ; L this

Considering the case that the unknown density f is ordinarily smooth and the error den-
sity ¢ is super smooth (second line of Table 3.2), we see that the rate can be retained and
the dimension parameter only changes slightly. First, vi and log(€Q;)my are both of order
k% exp(4k7). The bias is of order k=4(*=%). Consequently, we need to find k for which holds

IOg(Qk) QO log(Q) ((2k) V log (%)) |2

n

1~

kY exp (4k7) |1V

logn 4s logn /o
For kopt ~ ( 8% — 2log (T)) we see that

Qkopt ~ kopt(l vVn 1k4at exp(4kopt))

N (10g4(n)>3 (N ! <10g4( ))‘i? <1og4(n)>é‘s> N <1og4(n)>i

and hence log(Qy,,, ) is of order log(log(n)) fulfilling the above stated condition.

For the unknown density f being super smooth and the error density ¢ ordinarily smooth
(third line of Table 3.2), we solve

1~ IOg(Qk>k4(a+")+1k 49 exp (4ak®) [1V

O log(Q%) ((2k) V log (1)) ’2 |

n? n
1/s
For kopt ~ (loin — dotl o (loan Q.. and log(Q,,,) behave as in part (i) with

rate log(n) and log(log(n)). Similarly to part (i) the first term is of order 1. In case of
4(a+ o) +1 < 0 the rate n~! is retained. Otherwise, there is a log-loss.
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s(t)  [IMcll(t)] Ry (opt) Rybov R*(F (s, L))

. -1 1
14 42)3 14+)-% n2 *74i$4a+)1 _%M L o) s> 0+2a+ 7
(1+¢7) (1+¢7) Togn no n2 \ " Tafio T 1
(logn) , §s<o+4+2a+ 3
o8 . A(s—a) 4(s—a) _d(s—a)
(L+t%)2  exp(—t|7) (logn)~ "= (logn)™ "= (logn)~
4(a—0o)+1 4(a—0)+1
exp(Jt]®)  (1+t*)"% UOE”)% -1 (logn) 5 T

Table 3.2: Upper bound of the order of the estimation risk for w(¢) ~ t% for ¢t € R, a € R.

Finally, let us now turn to the proof of Theorem 3.4.1.

Proof of Theorem 3.4.1. Using that for k, k¥’ € [M] it holds
[6F — ai [ = V(') = V (k) < Ak AK') < A(k) + A(K),
we have for any k € [M] that

@ — ¢°” < 2| — GI” + 21¢ — ¢
<2 (1@~ G2~ V(k) +V (k) = VE) + V(E)) +206 - P
< 2(A(k) + A(k) + V (k) + V(k)) + 2|G — ¢*?
< 4A(K) + 4V (K) + 2|¢2 — ¢*1% (3.31)

Next, study IE;'[A(k)] for any k € [M]. For this, we first decompose A(k) reasonably. Using the
decomposition Equation (3.13) we get that

_ ~2 ~2 12 !
A = max (G} — B2 = V(K) ~ V()

= max (|G —gi — (G — ap) + gk — aw* — V() = V(k))

k<k! <M +
_ U 1o W 2202 () - Vi(k
pnax ([Up — Uiy 4+ 2(Wi = Wiy) + a3 — aqie|* = V(K') = V( ))+

Further, note that (¢7 — ¢2/)? < (¢2,» — ¢*)?. We subtract and add additionally 5(¢? — ¢*)? which
will be later useful to handle the linear part. With this we get

A(k)
< 4 2 4 /2 1 _ /2 4 2_ 2 2_ N
_kgéfié(M( Up|* + 4|Up |* + 16 [Wy, = Wi |* + 4(qi — ¢°)* = V(E') = V(k)) ,
< max (4|Ux|* + 4|Up > + 16 |W), — W |?

k<k'<M

—(V(E)+V (k) + (B =4) (gt — ), +5(a — ) (3.32)
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Putting the calculations together and using Proposition 3.2.1 we get that
B (1@ - ¢*]
1
< AT AU |2 = V(K 4IE"[4 2 _ }
<R | (40 - VW) |am [ - Vi),
1

4]E” 1 , — 2_ - / 2_ 2\2
e | (16071~ WP = GV + 6 = 7))

+20(qf — ¢%)* + 2B, 167 — ¢*|*] + 4V (k)

< 32E; [ max <|U,€,|2 - évud)) ]
+

k<k'<M

1 1
n w2 Y, L2 2
o [ o (Wi WP - (V00 + (a2 ) |

A (K
r2( - P+ a0 (%4 20 L avie),

Consequently, we split the contrast term A(k), into a U-statistic part and a linear part. In the sec-
ond step, we need to split each term again in a bounded and an unbounded term, see Lemma 3.7.1
and Lemma 3.7.5. We do this, to then apply an exponential inequality, in Lemma 3.7.2, and a
Bernstein inequality, in Lemma 3.7.6. Lastly, we show that both unbounded parts are negligible,
in Lemma 3.7.4 and Lemma 3.7.7. Choosing x > 16%x* with x* as in concentration inequal-
ity Lemma 3.6.2 the assumptions of Lemma 3.7.1 and Lemma 3.7.5 are fulfilled. Thus, applying
Lemma 3.7.1 and Lemma 3.7.5, and using that V' (k) > C_v_vin ™2 yields the result. O

3.4.2 Fully data-driven penalty

Recall that in the definition of V(k), see Equation (3.26), appears the constant v;, defined in Equa-
tion (3.8) and consequently also in the definition of k, see Equation (3.25). The constant depends
on the unknown density f. For this, first consider the estimator v2 := 1+ 1 3 ien] Yj4(c_1) which
is unbiased for the parameter v’ := 1+ I, [Yf“cfl)] > v?,.. Based on this estimator let us introduce
a fully data-driven sequence of penalties V (k) for k € IN given by

V() = *”Oigﬂ’“) (ve V Tog(Q)my)
. (m:g + oy SO0 Vo) D

which is now fully known in advance. Further, we use the fully known upper bound M7 € N
defined in Corollary 3.4.3. Considering the fully data-driven estimator q% defined in Equation (3.4)
with dimension parameter selected by Goldenshluger and Lepski’s method

YA 22 2902 Ty T
Aty = e (ke = I = V) = VW)

k = arg min{A(k) + V(k)}. (3.33)
ke[Mz]

We derive an upper bound for its mean squared error.
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Theorem 3.4.6:

Let E, [Ylg(c_l)] < oo. Under Assumption 3.1.1 the estimator (j% defined in Equation (3.4) with
dimension % defined in Equation (3.33) satisfies that there exist constant C ., and a universal nu-
merical constant C such that

1
Aflw(k)) + Cf,goay

2
Csovflw

n 22 2 23\2
I, [\ — | } <C o, ((Qk )"+ V(k) +

for M7 defined in Corollary 3.4.3, V/(k) in Equation (3.26) with some numerical constant £ > 0
large enough, and Ay, (k) in Equation (3.7).

Proof of Theorem 3.4.6. The proof follows along the lines of the proof of Theorem 3.4.1. First,
we note that for all & € [M] we have

A(k) < A(k) +2 max {(V(K') - V(K))+}

k<k' <Mz
and, thus, similar to Equation (3.31) follows

2 212 O 2 O
3~ @' < 4AG) +47 () +2132 P+ 8 e (VIE) = P(#)-)

Using Equation (3.32) we get

B (162 - o°F]

n 1
< 32F, [ max (Uk,]Q — V(k’)> }
k<k'<Mp 8 I

1 1
4]E" , — 2 k/ . 2_ 2\2
vy |, s (IWe =W = (V) + (6t =)

A
+24(q7 — ¢*)* +4Cv}, (Vk rel >

HAET ()] + SELL max (V) — V()]

The first two summands we again control with Lemma 3.7.1 and Lemma 3.7.5. Choosing parame-
ter £ > 162x* with £* as in concentration inequality Lemma 3.6.2, the assumptions of Lemma 3.7.1
and Lemma 3.7.5 are fulfilled. Thus, applying Lemma 3.7.1 and Lemma 3.7.5 we get

B (1@ - ¢*]

\Y A » k CgV o c—
< Clq — )2 +4C.v2, (n§+ fn( )> + S 1y (B e V)2

FAEV(R)] + SE)[ max {(V(K) - v<k )+3-

Moreover, we have ][V (k)] < 4V (k) and using that V (k) > C,v2 vin~2 yields

E 12 - ¢?]

<l - P+ (Vi + G ) 1 Sy )
BT g (V) = V), )L (534
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Making use of V,,(k) defined in Equation (3.29) and maxy<p<nrn Vi (k') < n°V,(1) by the defi-
nition of M we obtain

(Znax, (V) = V() }

yAle-1 (c—1 1
<C/€<E (=) ZY )> ﬁng}%an(“
+

JGM

+

JE[[n]]

For a > 0and b > 0 it holds that (§ — b)4 < 2@. Therefore, it follows

B |, (V) = P())] <cznv@<1>E:[(Eqm4<“>]Z ZY?““) |
+

k<k'<Mp ,
J€[n]

_ COV,(VE, g[Yf(C‘U]

g

The last bound together with Equation (3.34) and setting

3. c— DR Y8(c—1)
Crep = CCVL(AV (B V)2 + Vo(DE,[Y; ]

concludes the proof. O

Remark 3.4.7:
It is remarkable that the upper bounds in Theorem 3.4.1 and Theorem 3.4.6 only differ in the con-
stants, i.e Cf,, compared to CC3v}, (1 V (Eg[Yf(C*l)])z). However, in Theorem 3.4.6 we impose

only a higher moment assumption, i.e I, [Yls(c_l)] < oo compared to E, [Y14(c_1)] < oo. Conse-

quently, for the fully-data driven case we obtain under the assumptions of Corollary 3.4.4 that

swp E[1g2 - ¢*? < C (R (k) v R
feF(s,L)

and the same rates as for the partially data-driven case, see Table 3.2.

3.5 Simulation study

In this section, we illustrate the behavior of the estimator ¢j presented in Equation (3.4) and the
fully data-driven choice % given in Equation (3.33). To do so we consider the following example
continuing with Section 1.4.3. That is,we set ¢ = 0.5 and w(t) = 1 for ¢t € R. Recall that in this
case we have ¢ = || fH]ii . For illustration purposes, we consider one example of an ordinarily

smooth density, where X is Beta(a, b)-distributed with parameters @ = 2,b = 1, and one example
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of a super smooth density, where X is log-normally distributed with parameters u = 0,02 = 1.
More precisely,

fi(z) =221 g 1)(2),

folz) = exp(—log(z)?/2).

1
V2?2

For error densities, we consider the following two examples of U being either Pareto-distributed
or log-normally distributed, i.e.

01(x) = L1 00y (x)2 2,

1
pa(z) = Noree exp(— log(x)?/2).

The corresponding Mellin-transforms are given by

M At = 2/(15 + 2mit),
ghKo: p ((—0.5 + 27it)?/2)
%[901](?5) = (1.5 — 2mit) !

J(t)

= exp ((—0. 5+2mt) 2/2).

For a detailed discussion on the Mellin transforms and their decaying behavior of common proba-
bility densities, see Brenner Miguel (2023). We illustrate our results by considering the following
three cases.

(i) Ordinary Smooth - Ordinary Smooth (OO): For f = fi and ¢ = ¢y the true parameter is
gNenbqu::WhHLi::4/3R1L3&

(i) Super Smooth - Ordinary Smooth (SO): For f = f5 and ¢ = ¢ the true parameter is given
by a? = | fallz = /exp(1)/(2y7) ~ 03622

(iii) Ordinary Smooth - Super Smooth (OS): For f = fi and ¢ = ¢, the true parameter is again
given by ¢* = 4/3 ~ 1.33.

In Figure 3.1, for all three examples boxplots of the values of 7 are depicted over 50 iterations for
k € {0.1,0.3,...,1.5} and n € {100,500}. Whenever the values where negative, the estimator
is set to zero. Consequently, if there is a large fluctuation, they are largely estimated to be zero.
We note that the simulation results in these three cases reflect their corresponding rates of conver-
gence n~7, n~1 and (logn) ! and highlight the importance of a proper choice of the dimension
parameter k. Figure 3.2 shows for the same examples the fully data-driven estimates %, see Equa-
tion (3.33), with x = 0.00001 over the set k € {0.1,0.2,...,2}. Here, we stopped the data-driven
procedure as soon as there is too much fluctuation, i.e., as soon as there appeared the first negative
estimated value. The results indicate that with increasing n the data-driven choice of k increases
also, which is expected from the theoretical results. Further, for exponential decay in the error
density results deteriorate.
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(a) Example (OO), n = 100

k=01 k=03 k=05 k=07 k=09 k=11 k=13 k=15

(c) Example (SO), n = 100

k=01 k=03 k=05 k=0.7 k=09 k=11 k=13 k=15

(b) Example (OO), n = 500

k=01 k=03 k=05 k=07 k=09 k=11 k=13 k=15

(d) Example (SO), n = 500

3 3
2 2
1 1-
T —
0 _— Y — — 0 _— Y

k=01 k=03 k=05 k=07 k=09 k=11 k=13 k=15

(e) Example (OS), n = 100

(f) Example (OS), n = 500

k=01 k=03 k=05 k=07 k=09 k=11 k=13 k=15

Figure 3.1: The boxplots represent the values of ¢? for Examples (OO), (SO) and (OS) over 50
iterations. The horizontal lines indicate ¢°.
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Figure 3.2: Values of the fully data-driven % for Examples (OO), (SO) and (OS) over 50 iterations
for n € {100,500}

99



3.6 Auxiliary results

The next three assertions, a variance bound and a concentration inequality for canonical U-statistics
and a Bernstein inequality, provide our key arguments in order to upper bound the risk of the
quadratic functional estimator proposed in this chapter.

For (X}),e[n]> » € IN independent and identically distributed random variables in (R4, %)
and bounded symmetric kernel h: Ry x Ry — R, a U-statistic is a sum of the form

1
U, = ) Z hXy, Xjy)-
J17#J2
J1,32€[n]
The U-statistic is called canonical if for all i, j € [n] and all z,y € R
E[h(Xi,y)] = E[h(z, X;)] = 0.
We use the following adaption of Theorem 3, Chap.1, from Lee (1990).

Lemma 3.6.1:

LetU := m > lje#[[l ]] h(X;, X;) be a U-statistic with i.i.d. random variables (X});cf,j. Then
1 n

Var(U) < (2(n — 2)E[|E[A(X1, X2)]|] + E*[|h(X1, X2)|]) -

n(n —1)

The first bound in the next assertion, a concentration for canonical U-statistics, is a reformulation
of Theorem 3.4.8 in Giné and Nickl (2016). For this lemma we have used the notation || - ||, to

indicate the essential supremum for functions on Ry x R.

Lemma 3.6.2:
Let U, be a canonical U-statistic for (X}) e[, 7 > 2, i.i.d. Ry -valued random variables and kernel
h: Ry x Ry — R bounded and symmetric. Let

A> ||hl|Le,

B? > ||E[R* (X1, )]|Le,

C? > F*[h* (X1, Xo)],

D > sup{E*[h(X1, X2)&(X1)¢(X2)] : E[£(X1)] < 1, E[C*(X,)] < 1}

Then, for all x > 0 it holds

. C D B A
P (U, >8=2Y2 + 1322 + 261 -3 + 343=27% | < exp(1 — ).
n n n3/2 n2

Hence, there exist universal numerical constants C, x* and d such that it also holds for any K > 1

- [(UnP - <Ii*C2 L w(og K)D?  d(log K)?B? | d*(log K)?’AQ))J

2n? 32n2 4n3 16n4
NN -
—“K\n?2 n2 nd nt)’
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Proof of Lemma 3.6.2. From the first bound, we obtain the second by integrating and choosing
parameters k* > 173.056 and d > 4.359.744. O

The Bernstein inequality in the first formulation is for example given in Comte (2017), Appendix
B, Lemma B.2. From the first bound, we obtain again the second by integrating.

Lemma 3.6.3 (Bernstein inequality):
Let (Z;)e[n] be independent random variables satistying E[Z;] = 0, [Z;| < b almost surely and
E[|Z;|*] <wvforall j € [n]. Then, for all z > 0 and n > 1, we have

1 —nax? -
P - sz >x §2max<exp< va >,exp<4nb$)).

J€[n]

Moreover, for any K > 1 we have

8(v + 16b2n~1)

E ((i 3 ij — (4v + 3202 1og(.r<)7f1)1og(K))+ < -

3.7 Proofs of Section 3.4

3.7.1 U-statistic results

Lemma 3.7.1 (Concentration of the U-statistic):
Under Assumption 3.1.1 there exists a universal numerical constant C > 0 such that

1
na

E, [max <|Uk|2 - ;V(k:)>

< CCW3 (1 VE|[y eV
ke[ M] :| —Ccsavf\w( V y[ 1 ])

+

for Uy defined in Equation (3.11) and V(k) in Equation (3.26) and k > 162%x* for x* from
Lemma 3.6.2.

Proof of Lemma 3.7.1. For k € IN consider the canonical U-statistic Uy, defined in Equation (3.11)
admitting as kernel the symmetric and real-valued function hy, given in Equation (3.15) (see proof
of Proposition 3.2.1). We apply the concentration inequality for canonical U-statistics given in
Lemma 3.6.2. Note that [2¢~172™%| = 2¢~1 is not bounded for z € R and hence |hy(z,y)| is
generally not bounded for z,y € R.. Therefore, we decompose ky, in bounded and a remaining
unbounded part. More precisely, given 6, € R, we denote fory € Ry and ¢t € R

PRy, t) ==L 50 (Y2 and P (y,t) 1= Ls, 00 (S Dy T2 (3.35)

Define the bounded part of kernel iy, as

by e [ R 1) — B D)W, —t) — B[ (Y, 1)
hi(z,y) == /_ , WABIOL (t)dAt).  (3.36)

Then, h? is indeed bounded since [¢%(y,t)| < &x. Analogously, define

wip e [T W)~ BREVLOD W, —t) — B YL, )
hi(z,y) = /_ . [Me[e](t)? (t)drt)  (3.37)
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and
U o F (wu(y7 t) B Eg[wu(yb t)])(’lﬁb(l‘, _t) — ngfb (YVl, _t)])
o= [ CMAeE O

N /k (Ch(y,t) — B[ (Y1, ) (v (z, —t) — B, [} (Y1, —1)])
K (Me[e] (1)

w2 (t)dA\(t).  (3.38)

Then, kY, kY and hY" are also symmetric and real-valued and we have hy = kY + h¥ + h%%. Denote
by UP, U and U* the corresponding canonical U-statistics, respectively. Then, it holds that
U, = U,i’ + Uy + U,i’“. Consequently, we obtain

E; Lrgﬁ};ﬂ <|Uk|2 - ;W@)J
<2 3 (0P vm) [+a X (BloE e EIORE). 639

ke[M] + ke[M]

We begin by considering the first summand. In Lemma 3.7.2 we apply the exponential inequality
Lemma 3.6.2 to UP. To be more precise, with Q defined in Equation (3.27) and constants *,d > 0
as in Lemma 3.6.2 we introduce

Qp,

62 =5
= adce,

and K :=Q, (3.40)

and

1
VE(k) 1=1om()C22, (11 kag/ Mol sy V0RO s/ Mol
2 4
. <I€* + d(s—k(log(K))2 + d25k(22k)(log(K))3> )
n n
We show below in Equation (3.43) that V) (k) < -V (k). With this we get from Lemma 3.7.2 that

S (CE DN R (CERON

CCZV¢ 4 4
< 2 (I bt/ M@l gy V g/ Ml o)

2 42
(1o )
n n

Since by definition of Q;, Equation (3.27) we have

1 Q
. (un[_k,k}/mwnﬁw VI g/ Mol o)) < 7o (3.41)

Qx> 1, by Equation (3. 40) - < land 2"7 < 1and

2 42
<1+5 5k(2k)>§392.
n
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Combining the last inequalities, Equation (3.40) and >°, .y k™2 = 72 /6 we get

. COE 1 _ CCv,
> E [(!Uﬁ\ —16V(k)> ] <y 7[{2‘; - < nf' . (3.42)
+

ke[M] ke[M]

To conclude the calculations for the first summand of Equation (3.39), we show now that it holds
VP(k) < 75V (k). Note that K > 1 for all k € IN and 6}, is increasing for k — oo. Further, we get

e, (v -+ a2 og())? + a2 HED og )
0, los(00))? | 92(2)(og(0)"
2n + 2n2

Q. log () ((2k) V log (%)) ‘2 |

< K C2Vf\¢

< K*Civ}, + ’1V

Since k > 162k* it follows

V() < 410m(0%) 5 (11 i/ MelellEa ey v 410800 i/ Ml e
(*cm f vﬂklogmk)((zk)vlogmk))'?)

n

< 166* /kV (k) < —V (k). (3.43)

Consider now the second summand of Equation (3.39) which we bound with the help of Lemma 3.7.4
below. Its proof is based on the variance bound for U-statistics Lemma 3.6.1 similarly as in Propo-
sition 3.2.1. From Lemma 3.7.4 it follows

S b 10C,v _ o
>0 EIUEPI+HEITRP) < Y0 =52 ik / Ml oo B 17 7).
ke[M] ke[M]

Combining the last bound, Equation (3.41) and Equation (3.40) it follows that there exists a uni-
versal numerical constant C such that

§ i e 1 0
> (EIUEP+ EIURP) < 100w B 3 o
ke[M] ke[M]

4(c— 1 1 A(c— 1
< CCvi LI [V, 1( 1)]* 2 S < CCv},IE g[Yl( 1)]n~
ke]N

Inserting the last bound and Equation (3.42) in Equation (3.39) implies the result. O
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Lemma 3.7.2 (Concentration of the bounded U-statistic):
For k € N and &, € R the real-valued, bounded and symmetric kernel h2: R? — R given in
Equation (3.36) fulfills I, [k} (Y7, y)] = 0 for all y € R;. Under Assumption 3.1.1 for the canonical

U-statistic

0 = an D) > m(y,
J#l
J,l€[n]

there exists a universal numerical constant C such that for each K > 1

E; | (o - vf’(k))J

CCQV .
< S (/M V It Mol )
2 4 9
: <1 - i’; + 6’“7(z2k)> :

with C,, v, defined in Equation (3.8), numerical constants £*,d > 0 given in Lemma 3.6.2 and

VP (k) :=(log K)C2vj,— 3 (H]l[ k] / Me[p ]Hﬁal(wqV(logK)Hﬂ[—k,k]//\/lc[@]Hfﬁoo(w))

2k
: </<c* 4 d%(logK)2 4 dZCS’“(Q)(logK):g) :
n n

Proof of Lemma 3.7.2. We intend to apply the concentration inequality for canonical U-statistics
given in Lemma 3.6.2 using the constants x* and d and the quantities A, B, C and D computed in

Lemma 3.7.3. Using that ||1_ 5/ Mc[e ]||]L2 (w2) < < (20)[|L g gy / Ml ]||ﬁ00(w2) we get

k*C?  k*(log K)D? d(logK)?B? d*(log K)3A?

2n? 8n? 4n3 16n*
<k *Cz Ve (1 sy /MLy V (log B g /ML
< kK] Lagwsy V (108 K[ g 1/ Me[@]l|Loc (w)
log K 2C v
+d( DO 1/ Ml
5 (log K)36}
+d nik\\]l[ ki) / Ml ]Hﬁ%wz)

C2V¢
< =22 (It / Ml V (08 Lo /Ml e

-</<; +d6 k(log K)? +d26’;47(122k)(10gK)3).
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Consequently by Lemma 3.6.2 there exists a universal numerical constant C such that

Ey | (U7 = VP (k ]
;| (ot - vi)
n k*C?  k*(log K)D?  d(log K)?B?

dZ(IOgK)?’AQ)) ]
+—4
16m n

(¢, p B x

“K\n?2 n?Z nd3 nt

2y 52 SN2k

< e (1l Melel sV I i Ml ) (1 24 D).

which shows the result. O

Lemma 3.7.3 (Constants for the bounded U-statistic):
For k € IN and d;, € Ry the real-valued, bounded and symmetric kernel hi: R? — R given in
Equation (3.36) fulfills I, [k} (Y1, y)] = 0 for all y € R.. Under Assumption 3.1.1 the following
quantities satisfy the conditions in Lemma 3.6.2:
A = AT g g/ ML)l 2 2y

B? := 4C, vy, 07| 11—k )/ Ml ILa gy

C? = CPVJ%WH]I[,ICJC]/MC[(P]Hﬁzt(wzl),

D = 4C, vy, | g/ M)l o ) -
Proof of Lemma 3.7.3. We compute the quantities A, B, C' and D verifying the four inequalities

of Lemma 3.6.2. Consider A. Since 1% (y,t) — E,[¢2(Y1,t)]| < 26 forallt € Rand y € Ry we
have

k
1
sup |h}(z, <452/ s W (H)dA(t) = A.

E,[|h} (v, Y1)|?] < E,

=E, |Ljo5 (Y7 ™) w(£)dA(t)

w2 (t)dA(t)

MRl
Mell0) ]

Consider B. Using that the U-statistic is canonical and Lemma 1.2.5 (i) we get for y € Ry
/ Yc 1—2mit (wk(yv ) g[w (Y17 )}
K (Melg](t)[?
(t
k b 2
Wy ) — E[p(Vi, )]
< 0o (x2¢—1 t)dA(t). 3.44

b 2
‘ / S vh, ) D)~ BILOLOD oy ]
/ Yc 1-2mit (¢k(ya ) Eg[w]g(}/l’ t)])
2
Consequently, [¢%(y,t) — E,[¢%(Y1,t)]| < 26 for allt € R and y € Ry and Equation (3.9) implies

k
1
sup (|2 (y, 1)[2] < C,v ¢452/ _W(H)dA(t) = B2.
JER. H k( 1)‘ ] 1l k e |MC[QO](t)|4 ( ) ( )
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Consider C. Keep in mind that for all t € R
E, [lub (v, 0) = BLuh(v1, 0] 12| < B, [[vh (v, 0)]
=, [T (Y™ HIYFT ] < BV < v

Using additionally the calculations of Equation (3.44) for B and Equation (3.9) again, it follows

wi(t) LdA(D)

k
E [0 0] < lollzeny [ Blvk@.) - BRAGL O s

2 * ;Wzt _ 2
S vaf\v /—k ’Mc[ﬁp](t)|4 (t)d)‘(t> =C".

Finally, consider D. D = C satisfies the condition, but we find a sharper bound. For this, we first
see that for all ¢ € L2 (g) due to Lemma 1.2.5 (i) we have

J

2 .
E, [¢0i)ep(vi, )] ‘ dA(t) = /}R I, [V 2mite (Vi) 1o 5 (VE)] | dA(®)
< Nlglliee (x2e-1) I, Uf(yl)\z]l[o,ék](yf_l)]
< vaf\wEgH{(Yl)F]
where we used again Equation (3.9). Similarly, by Lemma 1.2.5 (ii) we get

/R [, [V~ 2 0 5, (Y1 D] PAA(E) < Covys

which in turn implies

[ 1B [e0nB k0] Paxe < | B 0P B, )dne
R R

= B, [l6)] [ IR 5 (Vi IPAAE) < B [EORP] G
Combining the last bounds it follows

/}R I, [€(Y1) (45 (Y, 1) — B[R (Y1, )])][PdA(¢) < 4C, vy B, [1€(Y1) ).

Consequently, for all £, ¢ € L2 (g) with E,[|£(Y1)|?] < 1 and E,[|¢(Y1)]?] < 1 it follows

/R W (2, )€ (2)C(9) B (d) B (dy)

Y BEOD WAL ~ B0 DD (05, —) ~ B0, ~0])]
-/, MIEOP WD
" IGO0 - B ODIE )
dA
= ity . MWD WA

I, [|€(Y1)]2]<1

k
<Nk M@)oy sUD { / rEg[aYl)w,’;(Yl,t)—ng,‘;m,t)])n?dA(t)}
€l (g), —k
E,[l€(Y1)]?]<1

<
< 4G,V gy /M) [ oo (o) = D-
This concludes the proof. O
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Lemma 3.7.4 (Variance of the unbounded U-statistic):

For k € N and 6;, € R the real-valued, bounded and symmetric kernels h¥, h2%: R2 — R given
in Equation (3.37) and Equation (4.41), respectively, fulfill for all y € Ry that E,[h}(Y1,y)] = 0
and E,[h2%(Y1,y)] = 0. Under Assumption 3.1.1 the canonical U-statistics

Uk = o =1) > np(Y;, Y1), and U} = =1) > R Y,
J# J7l
j:leﬂnﬂ ],lElI’fL]]
satisfy that

- 2C<pV @ = e

E, (UL ) < =55 10/ Mol Bl V)
" 8C, vy, - 4(c—1

E, U] € — 552 b1/ Mell a0 B 11771,

Proof of Lemma 3.7.4. Applying Lemma 3.6.1 we get I [|U**] < ZIE[|h(Y1,Y2)[?]. With

Lemma 1.2.5 (i) we have analogously to the calculations in Equation (3.44) in Lemma 3.7.3 that

k u u 2
B 2 o [k, 1) — B[y (Y1, 1)]]
EI;H k(yuyl)‘ ] < HQHL+ (x )/k |MC[§0](t)|4

Following the computations of the proof of Lemma 3.7.3, for all ¢ € R we have that

E, [|[vr(Y1,t) — B[ (Y1, 0)]17] < B, [Jvi (Y, t)]?]
=E, []1(5,@,00)(5/1071)5/12(6_1)} < 62, [y V).

w'(t)dA(t).

Combining the last bounds and using Equation (3.9) yield

2
n i U u
SENULP <Elm(v, o))

g ” u w(t)
< gl ey / BV — BREOLOIP) e amdA©)
v 572 4(c-1) F 1 wh
< C,vp,6; °E,[Y; ] / MO0 (t)d\(t). (3.45)

Rearranging the last inequality implies the first result. Applying Lemma 3.6.1 we get that E; [|U}¥|?] <
%Ejﬁhz“(Yl, Y2)|?]. Now, set

b P Wy t) = B [WE (Y, ) (Wb (x, —t) — B [ph (Y1, —1)])
hi (z,y) = /_k Ml (OF w2(t)dA(t)

and hY"(x,y) similarly. Then, we have ho(z,y) == ﬁzu(as,y) + hi(z,y) for any z,y € Ry. It
follows that I [|U“[?] < SE[|h2 (Y1, Ya)[2] + 5 E;[|hb (Y1, Y2)|?]. Similarly to Equation (3.44)
in Lemma 3.7.3 we get

Eg[‘hzu(}/iv y)‘Q] + EgHiL}éb(y? Y1)|2]

k u o u 2
< 2“9"]1‘?()(2671) /_k |¢k(y77iwcﬁ][zi];‘(fflut)” W4(t)d)\(t)
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Analogously to Equation (3.45) it follows
2
n-mn U 7bu Tu
T BNV <7 (Y, 9)] + B, [ (v, Y1) ]

k
_ — 1
= 2C¢Vf‘¢6k 2Eg[Y14( 1)] /_k ‘Mc[‘ﬂ] (t)’4 W4(t)d)\(t)

Rearranging the last inequality implies the second result. O

3.7.2 Linear statistic results

Lemma 3.7.5 (Concentration of the linear statistic):
Under Assumption 3.1.1 there exists a universal numerical constant C such that

1 1
o P N, Lo a0
oz, (W= Wl = GV + (it =) |

< C(C2vh, + (BN + Ot - ),
for Wy, defined in Equation (3.12), V/(k) in Equation (3.26) and x > 64% x 4 x 1282.

Proof of Lemma 3.7.5. For k € IN consider W}, defined in Equation (3.12). We intend to apply the
concentration inequality Lemma 3.6.3 where we need to compute the quantities b and v verifying
the required inequalities. Analogously to the U-statistic part, note that Wy, — Wy, is generally not
bounded since |2¢71*%] is not bounded for x € R.;. Therefore, we use again the notation 2 and
¥¥ analogously to Equation (3.35), i.e., given a sequence (0;)ren define for k € IN for y € R and
teR

Vp(y,t) = Lo 5, (v )y 2 and Py, 1) == Lig, 00 (¥ )ye T2

Then, for k, k" € [M] with k < k' we define

What= [ @R050 B0 0D S O, G4
JG[[n]]
Ve S W0 = Bl (0D 5D Wi, 64

We evidently have Yf‘Hzﬂt =2 (Y}, t) + ¥ (Y5, t) for any k' € [M] and, consequently, Wy, —
Wi = Wp, + W, forany k € [M] with k < K. Note that we choose the cut-off of the
random variable Y; only in dependence of the larger dimension parameter k' € [M]. With this,
we immediately obtain

B [ e (\Wk' AL (312V(k’) - %6(61;3 - q2)2)) J

k<k!'<M
1 1
<2 5 B |(m - (v + @ - eP) |
k<k'<M +
+2 > B WL (3.48)
k<k'<M
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We begin by considering the first summand. In Lemma 3.7.6 we apply the Bernstein inequality
Lemma 3.6.3 to W}/, ,. To be more precise, with €, defined in Equation (3.27) and constants
k*,d > 0 as in Lemma 3.6.2 we introduce

62 :=Qp and K :=Q3. (3.49)
Further, set

VR(K') == (log K[| (L s — Lopag) Melf1/Melo] 122
2 /
% (4%” | 1285 (2K) (log K)) '

n

We show below in Equation (3.53) that V¥ (k) < &V (k) + 35 (¢} — ¢*)*. With this we get from
Lemma 3.7.6 that

B | (100~ (V) + st~ %)) | < B (Wbl - i)
.
) i)

1
8 a4 = LML M v +

For a,b € R it holds 2ab < a? + b?

1 1 62, (2K
2 eIt = L) ML MRy s (G, + )

1 5 1 5,2, )
< 29 I ) S ML o0 oy LR [ M J1E 2 2y )5 \ Cevine +

1 1 52/(2k}/
< ﬁk/2||]l[_k’,k’]//\/lc[@]”]ioo( w) 2 <C Viie + . )

1
+ ﬁH]l]R\ —k g Melf ]||ﬁ‘:2 (w?)

1

1
< CO, g 2ty Wi Ml e o) (2K + (. (3:50)

Since by definition of €2, in Equation (3.27) and by Equation (3.49) we have that

1 4 ne 02 _ K
ke oy Ml P[0 () (2K)” < o = 5 (3.51)
n k!
Combining the last inequalities and since Y, . &'~ = 7% /6 we get
2 (1 N Lo oo
Z ’Wk/k| (64‘/(]{7)4‘3*2(%—6] )7)
k<k/'<M +
1
212
(7 f\so Z k’2 -9 ) Z ﬁ
" e k' €N
< CC?VJW +Clgi — ¢*)*. (3.52)
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To conclude the calculation for the first summand of Equation (3.48), we show now that it holds
VP(k) < &V (k) + 35(q7 — ¢°)*. For this, with similar calculations as in Equation (3.50) we see
with Equation (3.49) that

Vo (k)
= (log K| (Uj—pr ) — L)) MelF1/Me[ 12 )
12862,(2k")(log K
1 <4C v+ 80}/ (2k") (log )>

n
< IOg(Qk’)H]l[fk’,k/]/MC[‘p]H]%OO(w)H(]l[fk’,k’] - ]l[fk,k])MC[f]H[%?(w?)

/
) <4vaf¢ + 128Q]€/ (2]{371)2(10g Qk’))

2
S 64 (4C¢\;f\w)

(log ) * 11— o)/ Ml @] 1100 ()

1 4
+ 6*4”(]1[4«,1@/] = L ) MelfII L2 (e

4% 128202, (2K')? (log Q)2
)

1
+ 64$(]Og Qk/)QH]l[_k/,k/]/Mc[‘P]H]ioo(w)

1
*H(]l[—k/,k'] — L k)Mel Il T2 (w2

log Q. 4 % 12820Q2,(2k")% (log Q. )?
< 64880 o Mool (€7 + o eetel)
i 2 9\2

Exploiting the definition of V' (k’), see Equation (3.26), it follows

64 * 4 x 1282 1 1 1

Vy () < ————V(F) + 55 (6 = ¢")” < o VIK) + 5 (g — ) (3.53)

since K > 642 x4 x 1282, For the unbounded part, i.e., the second summand of Equation (3.48), we
get with Lemma 3.7.7, with similar calculations as in Equation (3.50), Equation (3.52) and using
Equation (3.51) that

> B[WELP)
k<k'<M

< 2 *”( ko) = L) ML) ML) 2 ) (28557, ¥ 7Y)
k<M "

IN

4(c—1 k' 1
> ((Egm I s I/ Ml oy + WrnR\[_k,k]Mc[f]\@(VVZ))
kl

k'eN

o— 1
< C(E[ V)7~ + (gt - ).

Inserting now the last bound and Equation (3.52) into Equation (3.48) yields the result. O
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Lemma 3.7.6 (Concentration of the bounded linear statistic):

Let the centered linear statistic W, , for k, k' € N, k' > k and 6 € Ry, be defined as in Equa-
tion (3.46). Under Assumption 3.1.1 there exists a universal numerical constant C such that for each
K>1

|: ’Wk’k|2 kl))+:|
< S

1 6% (2K
(U = ) Ml My (€ D)

with C,, v, defined in Equation (3.8) and

Va (k') := (log K) | (U j—p g — L)) Melf1/ Ml I 2 0y
12802, (2k")(log K
1 <4Cw Tl 80j/ (2k") (log )> ‘

n

Proof of Lemma 3.7.6. In the following, for & < k" denote Ijs p := T_p 1) — L_p . First, for
i € [n] define the i.i.d. random variables

7= / (6L (Vi t) — B, [0l (Y2, 1)])
R

M.lg](t)
where E,[Z;] = 0and W}, , = & > ic[n) Zi- We intend to apply Lemma 3.6.3 which needs quan-
tities I, [| Z;|*] < v and |Z;| < b. Consider b first. Since [¢?%,(y,t) — E,[¢%, (Y1,1)]| < 28 for all

t € Rand y € Ry we have

W kMY iy

2 e MA@ ’
2 < 4o | [ Tslt) s OO
. | M) P
§45k,(2k)/R\Ik/7k( Tl w(t)dA(t)
— 463 (2K) | T e ML) M gy 2= B2

Secondly, consider v. Using Lemma 1.2.5 (i) we get that

OMAN-D) :

B [12] < B || [ wh 2 0l wnane ]
c—1+2mit Ik’ (t) [f]( ) 2 2

<n ||/ ¥, v ]

OF iwar).

I M.
< !g!Lf(x%—l)/R - |§\/)l|[ ]([J;}I

Using Equation (3.9) we get E, [|ZZ|2} < C,vp || L i Mc[f]/Mc[go]||]2L2(W4) =: v. Consequently,
we have that

n~ ! (4v + 326%(log K)n~ ') (log K)

=" (log K)|| T e Ml f1/ Ml 1f2 g1y (4C,vp, + 12867 (2K") (log K )n ™)

= V(K.
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Consequently by Lemma 3.6.3 there exists a universal numerical constant C such that
By [(1Whal? - V) |
’ +
=FE [(‘\/HW};’k

2
— (4v + 32b*(log K)n~ ") (log K)) ]
+
8 _ C .
< ?(U +16b*n7") = EH oy Mc[f}/Mc[w]HEQ(w4> (vaf\w + (2K")07n 1) ‘
This shows the claim and concludes the proof. O
Lemma 3.7.7 (Variance of the unbounded linear statistic):

Consider the centered linear statistic W} , for k,k’ € IN, ¥ > k and &y € Ry, defined as in
Equation (3.47). Under Assumption 3.1.1 we have that

n u 1 - .
B (Wi 1l%] < ~ (L) = L) ML £/ Melil oy (2K G2 B 1.

Proof of Lemma 3.7.7. We use again the notation Iy s, := Tj_p ) — Lj_py for & < k'. By
independence of (Yj) cn) and applying Cauchy-Schwarz inequality we have that

Ly () Me[f](—1)

2

B, [|We 2] = B, /R (v (1, 8) — Bl (. 0) = 7o s w?(t)cu(t)]
. . To w (OMC[f](—8) 2
< /R Lo (i (V1,0 S 2 s w(t)cu(t)]

u Ik’,k(t)|Mc[f](t)’2 4
< ([ wawBsmopao) ([ =00 v ).

Moreover, for all t € R it holds
u c— c— — 4(c—
B[k (Y1, D)) = B, [1 5, 00) (V¥ DY) < 057, [1717 V).

Since [ Liy 1 (t)dA(t) < 2K’ the last bound implies the result. O
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cHAPTER 4

Hypothesis testing under multiplicative measurement errors

In this chapter, we consider nonparametric adaptive goodness-of-fit hypothesis testing for the den-
sity of a strictly positive random variable X in a multiplicative measurement error model. More
precisely, we have access to an independent and identically distributed (i.i.d.) sample of size n € N
from Y = XU, where X and U are strictly positive independent random variables. We denote
the unknown density of X by f and assume that U admits a known density ¢ with respect to the
Lebesgue measure A, on the positive real line R.. We refer to the density of Y by g, which is then
given by the multiplicative convolution of f and ¢, i.e., for y € Ry

9(y) = (f @ 9)(y) := (@)p(y/x)a™ dN (2).

Ry /
Consequently, inference is based on observations of Y generated by a transformation g = T'(f)
of the density f given by a multiplicative convolution with the error density ¢. Throughout this
chapter, whenever we use the term convolution, we have the multiplicative convolution in mind.
While the last chapters dealt with nonparametric estimation, now, we consider hypothesis testing.
More precisely, for a given density f, we are interested in a nonparametric goodness-of-fit test,
that is, we want to decide whether

Hy: f=f, against Hy: f# fo,

based on i.i.d. observations (Y;) ;e of Y.

Related literature Concerning the testing task, in the literature there exist several definitions
of rates and radii of testing in an asymptotic and nonasymptotic sense. The classical definition of
an asymptotic rate of testing for nonparametric alternatives is introduced in the series of papers by
Ingster (1993b,c,a). For fixed noise levels, two alternative definitions of a nonasymptotic radius of
testing are typically considered. For prescribed error probabilities v, 3 € (0,1), Baraud (2002),
Laurent et al. (2012) and Marteau and Sapatinas (2017), amongst others, define a nonasymptotic
radius of testing as the smallest separation radius p such that there is an a-test with maximal type
II error probability over the p-separated alternative smaller than 3. The definition we use in this
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chapter, which is based on the sum of both error probabilities, is adapted e.g. from Collier et al.
(2017).

It should also be mentioned that the test problem yields a lower bound for the quadratic func-
tional estimation problem. For the additive measurement error model on the real line, we refer to
Butucea (2007). and Schluttenhofer and Johannes (2020b,a) extensively discuss the link between
testing theory and quadratic functional estimation.

For the additive measurement error model on the real line, goodness-of-fit testing is considered,
for example, in Butucea (2007). Circular observations are studied in Schluttenhofer and Johannes
(2020b,a).

In this work we extend hypothesis testing to the multiplicative measurement error model. Mul-
tiplicative censoring, which corresponds to the multiplicative measurement error model with U
being uniformly distributed on [0, 1], has been introduced and studied by Vardi (1989) and Vardi
and Zhang (1992). van Es et al. (2000) explain and motivate the use of multiplicative censoring
models in survival analysis. Concerning inference in this model, there has been extensive work
on estimation of the unknown density f. To name a few: Andersen and Hansen (2001) consider
series expansion methods treating the model as an inverse problem, Brunel et al. (2016) use a ker-
nel estimator for density estimation in the multiplicative censoring model, Comte and Dion (2016)
consider a projection density estimator with respect to the Laguerre basis, Belomestny et al. (2016)
study a Beta-distributed error. The multiplicative measurement error model covers all of these
cases of multiplicative censoring. Nonparametric density estimation in the multiplicative measure-
ment error model has been considered by Brenner Miguel et al. (2021) with known error density
using a spectral cut-off regularization and by Brenner Miguel et al. (2024) with unknown error
density. Brenner Miguel (2022) considers an estimation procedure using an anisotropic spectral
cut-off. Brenner Miguel et al. (2023) look at the estimation of a linear functional of the unknown
density and Belomestny and Goldenshluger (2020) examine point-wise density estimation in the
multiplicative measurement error model. Estimating the cumulative distribution point-wise, as
considered by Belomestny et al. (2024), treats also situations without absolute continuity.

Contribution We now turn to the nonparametric adaptive goodness-of-fit testing task in the
multiplicative measurement error model. To distinguish between the null hypothesis and the alter-
native, we consider the distance between f and f, in the weighted norm introduced in Chapter 3,
i.e., we take the difference in a (possibly weighted) L2-norm, but also the L?-norm of their deriva-
tives or the L?-norm of their survival function are possible. Consequently, our work extends the
results of the nonparametric goodness-of-fit testing task to the multiplicative measurement error
model. Following the estimation strategy of the quadratic functional in Chapter 3, which is based
on the density estimation strategy in Brenner Miguel et al. (2021), we define a test statistic and
derive upper bounds for its radius of testing. Secondly, we propose an adaptive testing procedure
using the Bonferroni method and again derive upper bounds for the radius of testing.

Outline of this chapter We first present the testing task, introduce notation and propose the
test statistic in Section 4.1. In Section 4.2 we derive bounds for the quantiles of the proposed test
statistic. In Section 4.3 upper bounds for the radius of testing are derived. Next, in Section 4.4 with
the max-test an adaptive testing procedure is proposed and upper bounds of the radius of testing
are shown, as well. Finally, in Section 4.5, we illustrate the results in a small simulation study.
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4.1 Goodness-of-fit testing task

In the multiplicative measurement error model, we assume that the random variables admit densities
with respect to the Lebesgue measure on R4 and that the Mellin transform of the densities exists.
These assumptions are summarized in the following set of functions, i.e., we set

2 = {h e LL(x*"1) NL2 (x**71) : h Lebesgue density on R }.

Throughout this section, the objects of the following assumption will be fixed and are assumed to
be known.

Assumption 4.1.1:
Consider the multiplicative measurement error model, an arbitrary measurable symmetric density
function w: R — R>¢ and ¢ € R. In addition, let f,,p € 2.

Under Assumption 4.1.1 we are interested in the goodness-of-fit testing task

Hy: f=f, against Hy: f# f,, (4.1)

where optimality is measured in a minimax sense, see Section 1.3.2 for a review on nonparametric
hypothesis testing. The performance of a test is measured by how well it is able to distinguish
between the null hypothesis and elements that are in some sense separated from the null. For this,
first define for a measurable and symmetric density function u: R — R the class

FY = {h e L2 (x> 1) NLL(x1) : M.[h] € L2(u?)}.

Here, M_[h] denotes the Mellin transform of h, see Section 1.2 for the definition and basic prop-
erties. Now, we consider the following norm to measure the separation of densities. Given ¢ € R
and density function w: R — Rx( of Assumption 4.1.1, we define for h € .ZV analogously to
Chapter 3 the quadratic functional

¢*(h) = || Me[h][IE2 ) Z/R\Mc[h](t)IQWQ(t)dA(t)- (4.2)

This general quadratic functional includes a large class of possible functionals, such as the L% -norm
of the density itself, its derivatives or the survival function. For a more detailed discussion of these
examples, see Section 1.4.

We define an energy set for the separation radius p € R as

Fspi={he F": ¢ (h) > pg}.

Further, we assume some kind of regularity for the densities in the alternative. Analogously to the
quadratic functional estimation in Chapter 3 consider the following assumption.

Assumption 4.1.2: (i) Lets: R — R be a symmetric, monotonically increasing weight function
such that s(t) — oo as [t| — occ.

(i) Assume that the symmetric function w /s is monotonically non-increasing such that
w(t)/s(t) = o(1) as |t| = oo.
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Then, for R € R, define
TSR = {h e T s M[h]|%: < R2} (4.3)
and write shortly
20 (fot+ FVENFs,)) ={he D :h—f, e ZENT,)
Consequently, under Assumptions 4.1.1 and 4.1.2 the testing task can be written as
Ho: f=f, against Hy: fe2n(fo+FE0Ts,). (4.4)

Roughly speaking, in minimax testing one searches for the smallest p such that (4.4) is still testable
with small error probabilities. We measure the accuracy of a test A: R} — {0, 1} by its maximal
risk defined as the sum of the type I error probability and the maximal type II error probability
over the p-separated alternative

R (A2, 755 ) =B, (A=1)+  sw B (A=0).
FEDN(fot FsIBNT S ,)

Thus, given an estimator ¢* of ¢*(f — f,) for some suitable value 7 € R, a test is given by
A= 11{4227‘}‘

This illustrates the connection to the estimation of ¢?(f) discussed in Chapter 3. For brevity, we
write forz € Ry andt € R

1/}(1, t) = xc—l+2m’t

where evidently Ey[¢(Y,t)] = M,[g](¢). In addition, we use for the centered term the notation
U(x,t) = 1/)(30, t)—Ey[y (Y ). Before proposing an estimator of ¢*(f — f,), we need the following
assumption.

Assumption 4.1.3:
Mc[p](t) #0forall t € Rand 1;_j 5/ M.[p] € L (w) for all & € R.

We first see that under Assumptions 4.1.1 and 4.1.3 it holds that for any f € 2

Go(f = fo) = 1Tk (Melf] = MelFoD)IIF2ry
= 10 MR 2 2y = 200 g Ml Lo Ml fol) L2 we)
+ ||]1[—k,k}Mc[fo]||12Lz(w2)

and with the convolution theorem (c.f. Property 1.2.2) we get

G(f = fo) = H]l[—k,k}/\/lc[g]//\/lc[@}|’i2(w2) = 2(L g gy Melg]/ M), L g iy Melgol / Me[@]) 12 (we)
F L ki Melgol/ Mel@]1F 229 - (4.5)
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Since f, and  are known, the third term of Equation (4.5) is known as well. For the second term,
we introduce the following estimator:

3, = (11[ k(Y ) ML), Lk g Melgol / Mel]) Lz )
0 Z/]l[ k) (DMLl ()20 (Y, ) Melgo] (1) w? (£)dA ().

JGM

For the first term of Equation (4.5) we introduce the estimator

g 1)
N (t)dX(t). (4.6)

J» 16[[”]1

Due to the independence of (Y}) ¢, we have that

i) =B = [ BEOLOBECE 0] o)
- '; IMAFIO) WA () dA).
Consequently, the test statistic defined by
i =T — 25k + 4i(fo). (4.7)

gives an unbiased estimator ¢ of ¢Z(f — f,). Before considering upper bounds of the radius of
testing, in the next section, we derive bounds for the quantiles of the proposed test statistic.

4.2 Bounds for the quantiles of the test statistic

In this section, we derive bounds for the quantiles of the test statistic 7 defined in Equation (4.7).
To define the critical value 7 () for a € (0,1) of 2, we first introduce some notation. We set
Ly :=1—loga > 1and define for k € R

k 1 .\
Vi = /_k i Y (090, (4.5)
]' 4
mei= S R mn (49)

Due to Assumption 4.1.3 both terms are well-defined and finite. More precisely, due to the as-
sumption 1[_, x1/Mc[p] € L°(w) we have that my is finite. It immediately follows that for any
p € Nitholds T;_, 4/ M.[g] € L2 (w*) for all k € Ry since

k
/—k If\/lc[;](t)\% w” (£)dA(t) < m (2k).

To show bounds for the quantiles of the test statistic we need additional moment assumptions.

Assumption 4.2.1:
Let o € Le(x* 1) nLL (x4=D)and f, € LL (X4(c71)).
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It follows immediately from Assumption 4.2.1 that ¢ € L1 (x*(¢~1). For z,y € R use the notation
xVy:=max{z,y} and x Ay := min{z, y}. Then, we write

C, = el peen/llellus aeny V1, (4.10)

which is finite under Assumptions 4.2.1 and 4.1.3. If h € L} (x*¢~1), then due to Property 1.2.3
it holds that h ® ¢ € L1 (x2(c~1) and we denote

Ve = ”h ® (PH]LI (x2(c=1)) V1.
Analogously, if b € L! (x*(¢=1), then due to Property 1.2.3 it holds that h ® ¢ € L} (x*(¢=1)) and
we write

Ve = [1h ® @l a0y V1. (4.11)

Note that under Assumption 4.2.1, the constants v, , and v, , are finite. Finally, the critical value
is given for o € (0, 1) as

(@) = (18C¢v,ow + 69493\/; a/ 2) L2 g + 52, C, Lo jp Yk (4.12)

a/2

The key element to analyze the behavior of the test statistic g is the following decomposition. It

holds

G =Up+2We + a2 (f — fo) (4.13)
with the canonical U-statistic
Y 19 t 29 t)
U=y O / 2 72 W (£)dA (1) (4.14)
J1#j2
J1.j2€[n]
and the centered linear statistic
W (Y, 1) (Mc[g](t) — Mc[go] (1))
t)d(t). 4.15
Z/ MR W EA) (4.15)

JE[[”]] B

For the two following propositions, we apply results for the U-statistic and linear statistic, which
are more technical and can be found in Section 4.7. We first give a bound under the null hypothesis.

Proposition 4.2.2 (Bound for the quantiles of ¢7 under the null hypothesis):

Let Assumptions 4.1.1, 4.2.1 and 4.1.3 be satisfied and let & € (0,1), n > 2 and k € N. Consider
the estimator ¢? and the threshold 74(c) defined in (4.7) and (4.12), respectively. Under the null
hypothesis we have that

B, (4; > me(a)) < a.

Proof of Proposition 4.2.2. If f = f, and, hence g = g, and M,[g] = M.[g,], the decomposition
(4.13) simplifies to ¢7 = Uy. Due to Assumption 4.2.1, we have that f,, » € L} (x*(¢7V)) and the
assumptions of Lemma 4.7.4 given in Section 4.7 are satisfied for p = 2. Moreover, with v = & and
using the notations in (4.8) and (4.9), we have that 7V () = (). Thus, we immediately obtain
the result from Lemma 4.7.4. O
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Let us continue with the bound of the quantiles of the test statistic under the alternative.

Proposition 4.2.3 (Bound for the quantiles of 7 under the alternative):

Let Assumptions 4.1.1, 4.2.1 and 4.1.3 be satisfied and let 8 € (0,1),n > 2and k € IN. Consider the
estimator g7 defined in (4.7). Under the alternative, if f € 2 NL! (x*(¢~V) satisfies for an arbitrary
critical value 7 € R the separation condition

L i
G(f = fo) > 27 +2 <1sq,vf¢ + 138986“‘?‘7) L1/2§ 1120, AV ()

ﬂ B/4 Vile B
then, we have that
Hf(éi <7)<B.

Proof of Proposition 4.2.2. Keeping the decomposition (4.13) in mind, we control the deviations
of the U-statistic Uy, and the linear statistic Vj, separately, applying Lemma 4.7.4 and Lemma 4.7.5,
respectively. The assumptions of Lemma 4.7.4 are satisfied with p = 2. Therefore, making use of
v = /2 and the notations of (4.8) and (4.9) we get for the quantile 7V*(3/2) that

Uk(B/2) = (18%0 + 138986 2/4 ‘C) /13//1{ +52C, VWLM\/H’c

The event Qp := {Up < —7Uk(3/2)} satisfies

w\\m

B (Qu) = By (~Uy > 7V(8/2)) < (4.17)

due to Lemma 4.7.4 and the usual symmetry argument. The assumptions of Lemma 4.7.5 are
satisfied and with v = /2 the quantile of the linear statistic W}, is given by

\/ﬁk C¢Vf|¢ 1
n B Z (f fo)

Define the event Qy := {W;, < —7"#(/2)}. Due to Lemma 4.7.5 we have

We(p/2) =2

B () = BL(Wy < —re(3/2)) < - (4.15)
Further, using L /45 B L > 1 it holds that

TUR(B/2) + 27 (B8/2)

Lgja V2K >
18v,,C, + 1389866/4\ﬁ> R AL R P LR R
n n n "

g A4 B
1
+§q f fo
5/aV2k Y\ 12/ Vk Lg/a \/my 1
(18Vf<pc + 138986ﬂn> Lﬁ/47 +56C, vy, 5 n + 54k G(f—f.).  (4.19)
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Reformulating the separation condition given in Equation (4.16), yields that

Bf—f) > T+ (180 V., + 138986 2/4 {) }/ﬁ;% +56C,v,, ﬁ/‘* \/;
b3 a(f~ fo)
Plugging Equation (4.19) into the last inequality, it follows that
G(f = fo) =7+ 7 (8/2) + 27 (B/2). (4.20)

Thus, combining Equations (4.17), (4.18) and (4.20) the decomposition given in Equation (4.13)
implies

Hl(@k<7) ff({k<T}mQU)+IBZ({qk<T}ﬂQCU)
= f,»O(QU) f,sa (2Wk <7+ TUk (6/2) - q%)

LR < —27VE(8)2))

VAN
® olw

IN

This completes the proof. O

4.3 Upper bound for the radius of testing

For k € Nand « € (0, 1), we use the test statistic ¢; defined in Equation (4.7) and the critical value
() given in Equation (4.12) to define the test

AkHOé = H{Q%ZTIC(Q)} (421)

From Proposition 4.2.2 follows immediately that the test Ay, ,, is a level-a-test for all £ € IN. To an-
alyze its power over the alternative, we consider the regularity class #* 7 defined in Equation (4.3).
Proposition 4.2.3 allows to characterize elements in .Z5!% for which Ay, ,, is powerful. Exploiting
these results, we derive in this section an upper bound for the radius of testing of Ay, in terms of
vi. and my, defined in Equations (4.8) and (4.9), respectively, and the regularity parameter s. That
is, define

o= Ahaln) = T V3 (VT Vi),

For the result on the upper bound of the radius of testing, we need a higher moment condition for
the elements of the alternative to apply Proposition 4.2.3 and get a uniform bound. More precisely,
we introduce for v € R, v> 1 the set

2V :={he N Ll (X4(C_1)) Ve SV

The constant ¥, is defined in Equation (4.11) and finite for h € L} (x*(¢=1)). The following resule
gives a bound on the maximal risk of the proposed test.
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Proposition 4.3.1 (Upper bound for the radius of testing of Ay, ., /5):
Under Assumptions 4.1.1 to 4.1.3, for v € (0,1) and d € R define

3/2
A2 = R® + 140 ’;/Bcvf . + 260 jy/gc v +833934 jy/gd (4.22)

and

ng =ng(n) =1V

o
3=

Forall A> A, and n,k € IN with n > 2 we have
R (Biryol @, 78 425 i) <.

Proof of Proposition 4.3.1. The result follows from Proposition 4.2.2 and Proposition 4.2.3 with
a = =7/2, 7= 1k(a) and the definition of the maximal risk

R (Ak,'y/Z"@V?yisa Azpi,s ’ 77]%) = Enf (Ak’,’y/Q = 1)

+ sup P (Agy/2 = 0)
fe@vm(foJrﬂs\Rm,?zAgpi xn,%)
T
<Lty Ll
-2 + 2

To conclude the proof, we need to show that the assumptions of both propositions are satisfied. For
Proposition 4.2.2 this is the case. It remains to check the assumptions for Proposition 4.2.3, that is,
verify Equation (4.16) for elements in the alternative f € 2V N (f, + 7518 N7, 4 p2 _n2)- More

precisely, it remains to verify

ai(f = fo) = 27(7/2) + 2 (180 % + 2 13808622 F) L2V

v/8 n

L. s /fi%
+2-112C,v,, 8V (4.23)
Y n

Indeed, with Assumption 4.1.2 and f — f, € Z*I%, we bound the bias under the alternative. More
precisely, it holds that

P~ o) = G — J2) = [T oo (Melf) = Melfol) 2
— e ML) = MlFl)s/s122 e

< I g /51 o | SO = Melfol) oo
W (k) o
<o P (4.24)
Consequently, we have for f — f, € 7518 0.7, p2 2 have that
20 20 _WQ(k) 2 2 2 ‘2_W2(k) 2
qk(f fo) >q (f fo) Sz(l{}) R > A pk,s Mk Sz(k) R (425)
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Let us upper bound the quantile 7;(v/2). Since Lo, = 1 —loga > 1 for all & € (0,1) and L, is

increasing in «, we also have that L, /4, L,lyﬁ < Lyjg. Thus, it follows

3/2

1/2 < L3

L’Y/4L'y/4 —

Additionally, because C,v,, < C2¥,, we obtain for the critical value

V2k L V/
Te(7/2) = (180¢vf”|¢ + 138986 jy/ 4) R RAL 52v,,C, L g Yo

n 4 AT,
( L _ \/2/€L3/2) Vi L. s/my
< [18722¢ v, + 138986 ik + 52v,,,C, 28 VI
ol noov n n
L V2k Li% VVi /My
< | 70v,,,.C, - + 138986 - ( Ve ) (4.26)

Using A > A, for A, defined in Equation (4.22) and d n? > Y2k e oet for Equation (4.25) that
g ¥ y q & g q

n ’

3/2
L L L
A(f - f.) > (32 + 140%/80ﬁ,w + 260%“@ v +833934%/8n,% d)
wi(k) 1 w(k) o
(g v vy vm) - g e
>

3/2
L L L 2k
2.70) 220w, +(2-18+2-112) 22807, + (2 + 4)138086 /2 VX
v 0 ¥ fole ~y oV fle ~ n

(Y V).

Combining the calculation with the bound derived in Equation (4.26) for the quantile 74(v/2), we
finally obtain

_ Lyys V2 \ 172 v/ Vi
Gi(f — fo) > 27(7/2) +2 (18C¢vf¢ + 2 - 138986 ;/ — > Lwés—n
L5/
+2-112C,v,, L8V
n
which shows the separation condition given in Equation (4.23) and completes the proof. O

Let us introduce a dimension parameter that realizes an optimal bias-variance trade-off and the
corresponding radius:

K= Ko n) o= argmin g () and g2, 1= g2 (n) = min pf (n). (4.27)
e 9 b 9 bl

keN

The next result follows immediately from Proposition 4.3.1.
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Corollary 4.3.2:
Under the assumptions of Proposition 4.3.1 let v € (0,1) and A, as in Equation (4.22). For all
A > A, and n > 2 we have

R (Ak;f,'y/2|gvays‘R7A2p3,s ’ 77]%:) <7.

For two real-valued functions Ay, ho: R — R we write hy(t) ~ ho(t) if there exist constants C, C
such that for all £ € R we have hy(t) < Cha(t) and ho(t) < Chy(t). We then call hy the order of
hi.

We determine the order of the radius of testing

2(n) = min (WQ(’“) vimy ﬁ))
P+ keN \ s2(k)  n " g

for different choices of regularity parameter s, density function w? and order of the Mellin trans-
form of the error density, which determines the order of vi and m;. We consider the standard
cases, as already discussed in Chapter 3.

The class #5% defined in Equation (4.3) covers the usual assumptions on the regularity of the
unknown density f, i.e., ordinary and super smooth densities. More precisely, in the ordinary
smooth case the weight function s is of polynomial order, i.e., s(t) ~ (1 +¢)*/2 for t € R and some
s € Ry. In the super smooth case s is assumed to be exponentially increasing, i.e., s(t) ~ exp(|t|®) for
t € Rsome s € Ry. In the ordinary smooth case, .7* |R corresponds to the Mellin-Sobolev space,
see Definition 2.3.9, Brenner Miguel (2023). Concerning Assumption 4.1.2 (ii), boundedness of
w /s ensures that the quadratic functional is finite on the nonparametric class of functions .75!%.
Convergence against zero gives the rate for the bias term.

For the density function, we consider the case that w(t) ~ t® for a € R. This includes Exam-
ples 1.4.1 to 1.4.3 with the following choices of a.

(i) Inthe case a = 0 we have w(t) = 1forall ¢t € R. Recall that in this case ¢* equals a (weighted)
L2 -norm of the density f itself.

(i) The case a = —1 covers quadratic functional estimation of the survival function Sy of X,
more precisely, we have w?(t) = m forall t € R.

(iii) The case a = 8 € IN covers quadratic functionals of derivatives D?|[f].

Note that, in case of ordinary smoothness of the unknown density f, Assumption 3.3.1 (ii) imposes
the condition s > a on the parameters. Otherwise all the examples of parameter a satisty Assump-
tion 4.1.2 for ¢ large enough for both the case of ordinary smoothness and super smoothness.

As in the previous chapter, we consider the following examples for the behavior of the Mellin
transform of the error density . We distinguish again between two cases. We either assume for
some decay parameter o € R its (ordinary) smoothness, i.e., |IMc[p](t)] ~ (1 +t2)7°/%; or its super
smoothness, i.e., |M.[p](t)] ~ exp(—|t]7).

We note that pf ((n) corresponds to the term Ry (k) appearing in the upper bound of the mean
squared error of the quadratic functional estimation problem and the discussion on the rates for
the standard regularity assumptions, for more details see Section 3.3. Consequently, the order of

Ry (k) corresponds to the order of | /p7. (n). In Table 4.1 we give the corresponding rates.
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For the case of both densities to be ordinary smooth (first line), we assume that o + a > —1.
Let us remark that in the case of 0 + a = —% the term /v V \/my, = /¥ is of order y/log k and
the corresponding rate of testing is of order y/logn/n. If the density function w is even of smaller
order, i.e., 0 +a < —i, it holds that \/vi; VV \/my, ~ 1 and we achieve a parametric rate n~!.

Note that in the severely ill-posed model with ordinary smoothness (second line), the optimal
parameter k} does not depend on the regularity parameter s. Hence, in this case the test Ay is
automatically adaptive. Note also that in all three examples the factor

\/ 2k}
dn

is of order one and, thus, the order of the radius of testing is indeed equal to the order of pZ ;(n).

771%;:1\/

st) MRl k2 p2.4(n)
1+ (1+12)"F parien =
s (s—a)
(1+)7% exp(-]t”) (ogn)s  (logn)™ "+
2(c+a)+1/2

exp(—[t*) (1+*)7%F (logn)s L(logn)™

Table 4.1: Order of the radius of testing for w(t) ~ t* fort € R, a € R.

4.4 Testing radius of a max-test

The test A, /o in Proposition 4.3.1 relies on the dimension parameter k. The optimal choice
of k in turn depends on the smoothness class .#* IR see Table 4.1. Ideally, we want our testing
procedure to be adaptive, i.e., assumption-free, with respect to the alternative class .#* IR 1t should
perform optimally for a wide range of alternatives. In this section, we therefore propose an data-
driven testing procedure by aggregating the tests derived in the last section over various dimension
parameters k. In Section 4.4.1, we first introduce the testing procedure to derive in Section 4.4.2
an upper bound for the radius of testing.

4.4.1 Data-driven procedure via Bonferroni aggregation

We first recapitulate the main ideas of the Bonferroni aggregation. Let & C IN be a finite collection
of dimension parameters. Recall that the following collection of tests are tests of level a/|K| € (0, 1)

(Aka/icprek = (Ligzsr, (/1K) ek
We consider the max-test
A]Qa = 1{<K’a>0} With C/C,a = Il?ea’é( Ak7o¢/|lC|

i.e. the test rejects the null hypothesis as soon as one of the tests in the collection does. Under
the null hypothesis, we bound the type I error probability of the max-test by the sum of the error
probabilities of the individual tests

7 n n (6
P (Aka=1)=R) ((ka>0)<> B (Apap=1<> = =a  (428)
kel kel |K|
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Hence, Ak, is a level-a-test applying Proposition 4.2.2. Under the alternative the type II error
probability is bounded by the minimum of the error probabilities of the individual tests, i.e.

s (A = 0) = B (Gea < 0) < min B (Ag o/ = 0)- (4.29)

Therefore, Ag o has the maximal power achievable by a test in the collection. The bounds Equa-
tion (4.28) and Equation (4.29) have opposing effects on the choice of the collection K. On the one
hand, it should be as small as possible to keep the type I error probability small. On the other hand,
it must be large enough to approximate an optimal dimension parameter kZ for a wide range of
regularity parameters s that we want to adapt to. In this work we consider a classical Bonferroni
choice of an error level a/|K|, For other aggregation choices, e.h. a Monte Carlo quantile and a
Monte Carlo threshold method we refer to Baraud et al. (2003) and Fromont and Laurent (2006).
Although the Bonferroni choice is a more conservative method, it is often shown its optimality,
which is also shared with the other methods.

Applying the Bonferroni rule to the level a/|K| € (0,1), the critical value in Equation (4.12)
writes

Tk(O&/|K|) = (18C¢Vfa|¢ + 694937 o a/lelT + 52Vfo\PC¢LOc/2|IC| T

\/ﬁLa/m;ql/Cl) 2V Vg,

We observe that the critical value and hence the separation condition Equation (4.16) in Proposi-
tion 4.2.3 increases at least by a factor |K| leading possibly to a deterioration of the radius of testing
by this factor. This is known to be suboptimal. To adapt the critical value accordingly, we im-
pose in this section a stronger moment condition under the null hypothesis. That is, instead of
Assumption 4.2.1, we will assume the following in the results of this section.

Assumption 4.4.1:
For p > 2 let p € LP(x?~1) NLL (x?(¢=D) and f, € L1 (x?P(c=1)),

Under Assumption 4.4.1, it follows that f, ® ¢ € L1 (x?*(=1)) by Property 1.2.3 (iii) and we write
shortly

V(D) = || fo ® SOHJLﬂr(x?P(c—l)) V1.

Finally, we introduce an updated critical value

VK|V -1) L2
e = [ 18C.v,(p) + 60493 Y 2HX e I AP ALS NGl APRIR al
n « /2IK] n n
(4.30)

Before giving an upper bound of the radius of testing of the max-test, we generalize Proposi-
tion 4.2.2 to the updated critical value.

Proposition 4.4.2 (Bound for the quantiles of ¢7 under the null hypothesis):

Let Assumptions 4.1.1, 4.4.1 and 4.1.3 be satisfied and let & € (0,1), n > 2 and k € N. Consider
the estimator G; and the threshold 7, defined in (4.7) and (4.30), respectively. Under the null
hypothesis we have that

n ;A9 [0
> < —.
]B,fo(qk‘ = Tk|a) — |’C|
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Proof of Proposition 4.4.2. The proof follows along the same lines as the proof of Proposition 4.2.2.
If f = f, and, hence g = g, and M.[g] = M_[g,], the decomposition (4.13) simplifies to 7 = Uy.
Due to Assumption 4.4.1, we have that f,, ¢ € L} (x?(¢=1)) and the assumptions of Lemma 4.7.4
are satisfied. Moreover, with v = a/|K|, using the notations in (4.8) and (4.9) and the fact that for

p > 2 it holds that a=1/®~1) < o1 and Li?;lég’fl) < Li/2|IC|’ we have that

1/(=1)
7 (a/|K]) = <18Vfow(p)0¢ + 60403 Y2HRITE D oy "”)) V2

nal/—1)  “o/2K] o Far2k

\/ Mg
+ 520¢VfuleLoc/2|lC| < Tkla

Thus, we obtain immediately from Lemma 4.7.4 that

7 A 7 A a
B (47 > Tra) < B (G > 7V (a/IK)) < ok

This concludes the proof. O

Due to Proposition 4.4.2, for any finite collection £ C IN and any « € (0,1) we have a collection
of level—%—tests given by

(Akla = H{QIEZTk\a})kEK
and obtain the max-test

AIC|a = 1{(K\a>0} Wlth ClC\oa = r]?ealé( Ak|a- (431)

In the next section, we derive an upper bound for its radius of testing.

4.4.2 Testing radius of the max-test

Denote by S the set of functions satisfying Assumption 4.1.2. The set S characterizes the collection
of alternatives {.#*!7 . s € S} for which we analyze the power of our testing procedure simulta-
neously. The max-test only aggregates over a finite set £ C IN. We define the minimal achievable
radius of testing for each s € S over the set K for each z € R,z > 1 as

o) = min (o) with R (o) = Sy v (v i),

Since p? is defined as the minimum taken over IN instead of K for each n € IN we always have
Pk s(n) > pi ,(n) = p? and evidently pg- (n) = piy ,(n) whenever kF € K. Let us introduce the
adaptive factor dx := (1 +1log |K|)~1/2 € (0,1). Foreachs € S, k € Kand z € R,z > 1 we set

wi(k) 1

r%,s(x) = (k) v p (6" v/ Vi V 6% /)
kxs(x) := arg gg’rcl rio() (4.32)
rZ,Cys(x) = géllrcl r%s(:c). (4.33)

In the next proposition we show for each s € S that both the type I and maximal type II er-
ror probability of a max-test Ay, /, are bounded by ~/2 and thus their sum by ~, by applying
Propositions 4.4.2 and 4.2.3 with o = § = /2.
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Proposition 4.4.3 (Uniform radius of testing over regularity class S):
Under Assumptions 4.1.1, 4.4.1 and 4.1.3 and let v € (0,1) and d € R,d > 1 define

5/2

L
A2 = R + 140220 v, .(p) + 260 Loy 286 v +833934—L2 4.
Y Y Y

Forall A> A,,n >2,s € S with kxs(n) € K C NN as defined in Equation (4.32) and

\/2k: Y| (p=1)
k(K] (4.34)

2.
USU dn54 ’

we have
R (Dpyyol @Y, 7518, 4203 () i) <.

Proof of Proposition 4.4.3. Under the null hypothesis the claim follows for each s € S from Equa-
tion (4.28) together with Proposition 4.4.2, that is,

B (Agpyye =1) =B, (67 > Thpyy2) < %

forall k € K,and Y, sy = /2. Thus, it holds

BY, (Agp2=1) < 2

For f € 2V satisfying separation condition Equation (4.16) for 7, o the assumptions of Proposi-
tion 4.2.3 are fulfilled, and it holds with Equation (4.29) that

It remains to show that elements of the alternative satisfy the separation condition Equation (4.16)
for 7y, for some k € K. Let f — f, € .7 F3IR satisfy ¢*(f — f,) > A? r,CS( n) '7712C|k for some
A% > A2, Further, set k° := kxs(n) € K as defined in Equation (4.32). The separation condition
Equation (4.16) then states

2k o
Gie (f = fo) = 27pe 2 +2 (180 %, + 2138086 2L F) AL

v/8 n

Lo s /i
121120 v, /8 VIR (4.35)

o Vile

with 7y, /5 as in Equation (4.30). Indeed, we have analogously to Equation (4.24)

(f fo)_qko(f fo) < SQ((:o))R

and, thus, since f — f, € #5IE

Bl = 1) 2 (= 1) = SR 2 A ot = TR (a30)
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Using L. /4 > 1 it holds
Ly k) = 1 —log(v/(4|K])) = 1 — log(y/4) + log(|K])
< (1 —log(v/4))(1 +log(|K|)) = L/a6,"
In addition, due to p > 2 it holds 21/(?—1) < 2,

9 ;172 5/2
Lv/4L7/4 < L7/8

A=) = T

Also, we have v, , < v, .(p). Thus, we obtain for the critical value

vV ko’]ql/p 1) 47{) 1/2 /o

Tkely/2 = (18vafu¢(p) + 269493

v aw n
+52v,,,C, 05 r:’“° (4.37)
5/2
L. V2ke| |t/ e=1) L Ve
< |1872%8¢, 138986
— ( v ny()\</«‘(p)+ 54 P)/ (SICTL
8 4/ Mo
+52v,,C, ,y/ Vn52
L VoK ||t (- 1)L AV 6o2 /m
< [ 70222 v, (p) + 138986 |’C|4 O VUV /e (4.38)
¥ : ndy 'y n

2 —
= dnko’ rIC,S - rko,sa

o . iy : VRS || (1)
Inserting in Equation (4.36) the definition of A, and using that %;pl <
K

||t/ (p=1)
Sk

> 1and ok € (0,1) implies

5/2
L
ol — f) > (R2+140%/8(3¢VW( p) + 260 ;/Sc v +833934 ;/8 dn2.)

w2(k®) 1, _ _ w2(k°)
' <s2<k°) Y (5’C1MV5’C2Vm’“°)> - S2(k0) o

L L
> ((2-70) ;/Sq,vfw() (218 +2-112) ;/Svfwc

+(2+4)138986 L VA0
ol Sen

1
) - (6" Vie V 6% /e )

Finally, using the lower bound of the quantile Tholy /2 derived in Equation (4.38) we obtain
G (f — fo) > 27hopy 2

L 2k° .

+2 <18qavfw +2- 138986’;/8\/:> 712 Ve

v/8 n

L. s /i
+2.112C, v, S VI

This shows Equation (4.35) and completes the proof. O
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Proposition 4.4.3 yields rc s(n), defined in Equation (4.33), as an upper bound for the radius of
testing whenever 77/2C|n is equal to one for each s € S. This is equivalent to

2k s (n) | K[V PY < dnd.

Before establishing in which cases this inequality is fulfilled, we first discuss the rate rx s(n) and
the impact of its deviations from p2 ;(n) as well as choices for the collection K.

Minimization over K For rx (n), we minimize over the collection K instead of IN. Ideally,
K C NN is chosen such that its elements approximate the optimal parameter £} given in Equa-
tion (4.27) sufficiently well for all s € S. For the examples considered in Section 4.3, we have
that k¥ < n? for n € IN large enough, refer to Table 4.1. Hence, a naive choice is K = [n?] with
K| = n?, which yields a factor §c* = (1+log |K|)/? of order (log n)'/2. Denote here k := ki 5(n)
and

- | _
r%’s(n) =~ (6" Vi V 6% /my)

The resulting rates for the examples presented inSection 4.3 are given in Table 4.2. Further assume
from now on that for the (0.s.-0.s.) case (first line) that o + a > —7. Note that in the example of
both densities to be ordinarily smooth (first line) and the case of super smoothness of s and ordinary
smoothness of the error density (third line), the rate worsens by a logarithmic factor, while the case
of an ordinary smooth regularity s and super smoothness of the error density (second line), the rate
stays the same as in the non-adaptive case, see Table 4.1. Consequently, we will not consider this
case any further in this section. In the fourth column x € Ry is some constant depending on a
and 0. However, the exponential term dominates.

(0 MO %Y 2., kes(n) 2(n)
2 —4(s—a)
(1423 (1+2)7%F k2o lsnpotayt, (%) dotdotl (kfgn) dotdot
\ - - (s—a)
(1+t%)2  exp(—[t|]7) k279 ogn k" exp(2k?) (log n)% (log n)_2 B
o ~ og(n 2(c+a)+1/2
exp([t]®) (1+t3)"2 exp(2k?) %kz(‘ﬂr‘wf% (log n)% %(log n)~ s

Table 4.2: Order of the radius of testing for w(t) ~ t* for t € R, a € R and K = [n?].

Discussion of adaptive factor Evidently, since dx € (0,1) we have

Pic,s(Oxn) <1 5(n) < pi o (Fn).
Provided that the collection K is chosen such that pi- ( (dxcn) =< pi; ,(dx) and pi- (571) < pi ,(6x7)
in the best case the effective sample size is dxn and in the worst case §%n. As discussed above, in

the case of K = [n?], the optimal parameter is included and the minimization is the same as over
the natural numbers IN.
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Choice of collection X In most cases, a finer grid than K = [n?] approximates the minimiza-
tion over IN well enough. More precisely, we consider a minimization over a geometric grid

= {1} U{2’,j € [log(n*)]}.

Choosing K = K, results in an adaptive factor d.' of oder (loglogn)'/2. Denote

1%, (z) := arg min (VSV;((:)) o f)

kek

ri o(z) := arg min <V22(<:)) % x5K2m> .

ke

Then, it holds that rg ((n) = 1§ (n) V % 5(n), by Balancing Lemma (Lemma A.2.1) in Schlut-

tenhofer (2020), since % ((k is by Assumption 4.1.2 monotonically non-increasing 14,:',/vi and
L6,.%/my, are monotonically non-decreasing in k. Table 4.3 gives for Ky the order of both 1% (n)
and 13- ,(n), for the case that the Mellin transform of the error density is ordinarily smooth and the
density f ordinarily smooth (first line) or super smooth (second line).

s(t) (Me[e](?)] ric1(n) I o(n)
2 s 2 _441547(1)1 _i(s-;:)
(1+t5)72 (1419 (W) <W)

(ota)+1/ (o4a)
exp(lt]s) (14 2)7F  (esloanl qog ) SEEEE loglogn g ) T

(VIS

q

»

Table 4.3: Order of the radius of testing w(t) ~ ¢t* fort € R, a € R and K = K.

Note, that r§- , (n) is asymptotically negligible compared with r3. , (n). Hence, the upper bound
in Proposition 4.4.3 asymptotically reduces to rg. ; (n) for both the first and the third line.
In a mildly ill-posed model with super smoothness, the smaller geometric collection

Km = {1} U{2,j € [m™"loglogn]},

for m > 0 is still sufficient. Then, the adaptive factor becomes of order (logloglogn)'/2. The
corresponding rates are given in Table 4.4. Again, the term r,%g (n) is asymptotically negligible
compared with - ; (n) and the upper bound in Proposition 4.4.3 asymptotically reduces to 13- ; (n).
Note that the remark holds only for large n so that the adaptive factor is larger than one.

s(?) [ Me[l(t)] 31 (n) x2(n)

exp(—|t*) (1+t2)_% (logloglogn)'/? (logn)2<o+as>+1/2

n

log log log n 2<G?La)

Table 4.4: Order of the radius of testing w(t) ~ t* fort € R, a € R and K = K.
For more details on the derivation of the rates in Tables 4.3 and 4.4, we refer to the calculations

of Nlustration 4.3.6. Schluttenhofer (2020), where analogous rates are calculated for the circular
convolution model.
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Order of factor 77,2C|n Let us discuss under which assumptions the factor n,%‘n is of order one
for the given examples such that 13- (n) describes indeed the order of the radius of testing. First
note that in all discussed collections it holds || < n? and thus 6. < (logn)?. Let us start with the
ordinary smooth - mildly ill-posed case (second line of Table 4.2). In this case, it holds that

P ()|K| 0D _ ez

dndy ~  n(logn)—2

This is of order less or equal to one whenever

2 1

-1 < 0.
p—1 +4s+40+1

For example, if i < 0+ s and p > b, this is satisfied. Consequently, if the regularity parameters
are sufficiently large and the moment condition Assumption 4.4.1 is satisfied for ¢ and f,, then the
parameter 77,2C|n is of order one. For the other two examples, line two and three of Table 4.2, we

have that \/kx s(n) is of logarithmic order, and, consequently, p > 5 is sufhicient for 77,2C|n ~1to

hold, as well. That is, the radius of testing is of order as given in Tables 4.2 to 4.4, depending on
the choice of K.

4.5 Simulation study

In this section, we illustrate the behavior of the test Ay, presented in Equation (4.21) and the
data-driven max-test A, o defined in Equation (4.31).

To do so we consider the following example appearing also in the simulation study of the
quadratic functional estimation, see Section 3.5. That is, we set ¢ = 0.5 and w(t) = 1 for t € R.
Further, we consider as null hypothesis the case of an super-smooth null hypothesis density and
ordinarily smooth error density ¢. Specifically, we set the null hypothesis to be log-normally
distributed with parameters 4 = 0,0% = 1, i.e., for z € Ry

fola) = <=5 exp(~log(a)?/2)

and U being Pareto-distributed, i.e.

() = L(1 00 (2)277

For the random variable X we look both at the case that the null hypothesis is satisfied, i.e., f = fo,
and, at the case where the density of X belongs to the alternative. More precisely, we consider for
X the two cases

fi(@) = folx),
fa(z) = 221 g 1) ().
The corresponding Mellin-transforms are given by
M [A](8) = 2/(15 + 2mi),
M [fs](t) = exp ((—0.5 + 27rit)2/2) ,
[¢](t) = (1.5 — 2mit) ™t

1
2
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We refer again to Brenner Miguel (2023) for more details on Mellin transforms. The separation of
the density to the null hypothesis is obviously zero for f; , that is ¢*(f1 — f,) = 0. For the second
density f» we have ¢*(f2 — f,) = 0.5.

Below, we show the results of our simulation study in Figure 4.1 and Figure 4.2. In Figure 4.1
for the first example, f = fi, and in Figure 4.2 for second example, f = fs, the boxplots of
the values of the test statistic g7 are depicted over 50 iterations for k € {0.5,0.6,...,1.4} and
n € {100,500}. The examples were chosen such that the densities and their Mellin transforms
have a simple representation. However, the bias is for £ < 1.4 already too small to see variation in
the estimates. Minimizing over a subset of IN, we would always choose k£ = 1 for the given sample
sizes. Only immensely higher sample sizes would lead to a different output. Thus, we rescaled the
set of dimension parameters on the interval [0.5, 1.4].

In both Figures 4.1 and 4.2, the triangles indicate different estimates for a-quantiles for a =
0.1. The dark blue triangle indicates the quantile 75,(0.1) proposed in Equation (4.21) and the
light blue one the corresponding quantile 701 for the max-test defined in Equation (4.30) for
K = {0.5,0.6,...,1.4}. Note that since L. k) < L,/40c" (see proof of Proposition 4.4.3),
theses theoretical quantiles differ by d-' = (1+41og(10))'/2 ~ 1.82 up to constants. In dark brown,
the empirical 0.1-quantiles under the null hypothesis are indicated. The light brown triangles give
the empirical quantiles multiplied by the factor 5,;1 to give an empirical quantile for the max-test.
The numbers in brackets in the legend give the rejection rate of the corresponding max-tests for
each example.

As already mentioned, n = {100,500} are relatively small sample sizes and the bias is relatively
small compared to the variance. Consequently, we decide to use a value equal to 0.6 for the con-
stants of both 7;,(0.1) and 79 ;. The effect of this can be seen in the boundaries of the interval
considered for parameter k: Under the null hypothesis in Figure 4.1 we note that the test does not
adhere to the significance level of 0.1 at the boundaries. Choosing the theoretical constants instead,
the test would always reject for these examples.

However, close to k& = 1 the theoretical quantiles appear to match the empirical quantiles.
Looking at the alternative in Figure 4.2, the separation appears to be large enough such that the
test has high power already for a sample size of n = 500.
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1.5- .
Quantiles
A Theoretical
A Empirical 1 .
1.0- Theoretical for max—test (0.12) T .
Empirical for max-test (0.1)

0.5- I N T
o.of‘ﬁf‘j{‘k}{4}{*}[+l’$”$1%
! { { { { 1 — gﬁ {
-0.5
k=0.5 k=0.6 k=0.7 k=0.8 k=0.9 k=1 k=1.1 k=1.2 k=13 k=14
(a) Example 1, n = 100
Quantiles
0.2 A Theoretical
) A Empirical
Theoretical for max-test (0.24)
Empirical for max-test (0.06)
0.1-
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(b) Example 1, n = 500

Figure 4.1: The boxplots represent the values of §; for f = f1 over 50 iterations. The horizontal
lines indicate ¢* = 0. The triangles indicate different estimates for 0.1-quantiles. The
numbers given in the legend indicate the rejection rate of the corresponding test.
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2.0- :

Quantiles | '
A Theoretical | ? i T : :
1.5 A Empirical T T
Theoretical for max-test (0.84) . t
Empirical for max—test (0.76)
— |
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-0.5
k=0.5 k=0.6 k=0.7 k=0.8 k=0.9 k=1 k=1.1 k=1.2 k=13 k=14
(a) Example 2, n = 100
Quantiles
A Theoretical 1
0.9 A Empirical i
Theoretical for max-test (1) i
Empirical for max-test (1)
0.6- ‘
03 E | |
| S
0.0- ﬁ ﬁ A 2 = A A = x A

k=0.5 k=0.6 k=0.7 k=0.8 k=0.9 k=1 k=1.1 k=12 k=1.3 k=14

(b) Example 2, n = 500

Figure 4.2: The boxplots represent the values of G; for f = fo over 50 iterations. The horizontal
lines indicate ¢> = 0.5. The triangles indicate different estimates for 0.1-quantiles. The
numbers given in the legend indicate the rejection rate of the corresponding test.
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4.6 Auxiliary results

The next assertion, a concentration inequality for canonical U-statistics, provides our key argument
in order to control the deviation of the test statistics. It is a reformulation of Theorem 3.4.8 in Giné
and Nickl (2016). The result was used in the proofs of Chapter 3.

For (X}),efn]> n € IN independent and identically distributed random variables in (R, %)
and bounded symmetric kernel h: Ry x Ry — R, a U-statistic is a sum of the form

1

n(n—1)

Un = Z h(leﬂXj2)°

1752
J1,52€[n]

The U-statistic is called canonical if for all i, j € [n] and all z,y € R
E[h(Xi,y)] = E[h(z, X;)] = 0.

In this chapter, use the following adaption of Theorem 3, Chap.1, from Lee (1990).

Lemma 4.6.1:

Let U := ﬁ > 2 (X}, X)) be a U-statistic with i.i.d. random variables (X});c[,)- Then

Jl€n]
2

Var(U) < Y

E*[|h(X1, X2)|?].

For the following lemma we have used the notation | - ||, to indicate the essential supremum
for functions on Ry x R.

Proposition 4.6.2:
Let Uy, be a canonical U-statistic for (X)cn), n > 2i.i.d. Ry -valued random variables and kernel
h: Ry x Ry — R bounded and symmetric. Let

A2 ||hllLe,

B? > ||E[h* (X1, -)]lLee

C% > E[h? (X1, X3)]

D > sup{E[h(X1, X2)&(X1)¢(X2)] : E[£*(X1)] < 1, E[¢*(Xp)] < 1}

Then, forallz > 0

D B
P <Un > 89x1/2 + 1322 + 261
n n

3 A
3T + 343712332) <exp(l —z).

4.7 Proofs for Section 4.2

The decomposition is similar to the estimation of the quadratic functional in Chapter 3.
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4.7.1 U-statistic results

We apply the concentration inequality for canonical U-statistics given in Proposition 4.6.2. First,
we see that Uy, given in Equation (4.14) can be written as

1
Uk:m Z hk(Y}leh) (4-39)
J1#j2
J1.52€[n]

with hi(z,y) == [g Lkl Mele]| 2P (z, ) ¥(y, ) w?d for z,y € Ry. Note that for 2 € Ry
the term |z¢7 12| = ¢~ is not bounded and hence |hy(z,y)| is generally not bounded for

z,y € Ry. Therefore, we decompose hy, in a bounded and a remaining unbounded part. More
precisely, given § € R specified later, we denote for y € Ry and t € R

Di(yst) =T o (y" )y~ ™ and iy, ) = 1500 (¥ )y

Define the bounded part of kernel &y, as

k (Mele] (1)

Then, A} is indeed bounded since [¢2(y,t)| < 6. Analogously, define

o [ D)~ B D)W, 1)~ B, b)),
= | MO R

[
N /’“ (Wi, t) = Byl (M, DD (W (z, =) = By (Y1, =0)])

(e,
L Ml (B W (BAAL)
£ (b, t) — By, D) (94 (. —1) — Bold (Vi —0)

f, MR wiBare).  (44)

Then, h? and hY are also symmetric and real-valued and we have h;, = h? + h¥. Denote by U?
and U} the corresponding canonical U-statistics, respectively. Then, it holds U, = U,S + U}
We first derive a quantile for the bounded part U? in Lemma 4.7.2 using Proposition 4.6.2 and,
subsequently, a quantile for the unbounded part U in Lemma 4.7.3. Both results are combined
to derive the quantile of U, in Lemma 4.7.4. In this section, for ¢, h € LL(x?(¢=1) we use the
following notation

Vi (p) = ([ @ QOH]L}r(Xh’(U*l)) V1)

For the bounded U-statistic, the following lemma gives the constants for applying Proposi-
tion 4.6.2, which was shown in Chapter 3.
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Lemma 4.7.1 (Constants for the bounded U-statistic):
Let the assumptions of Lemma 4.7.4 be satisfied. The kernel 4% introduced in Equation (4.40) with
6 € Ry is real-valued, bounded, symmetric and satisfies for all y € R that E, [A%(Y,y)] = 0. Then
A= 4(52]]]1[_k7k]/Mc[4P]H]%?(w?)’
32 — 4C¢Vf\w52”]l[fk,k} /Mc[90]||i4(w4)’
02 = C¢V?\¢||]1[—k,k]/MC[(p] H]?fl(w“)’
D = 4C¢Vf‘¥,H]1[,k7k]/Mc[(p]H]%OO(W)

satisfy the conditions of the U-statistic concentration inequality given in Proposition 4.6.2.

With this result we show the following lemma for the bounded part of the U-statistic Equa-
tion (4.14).

Lemma 4.7.2 (Quantile of the bounded U-statistic):
Let the assumptions of Lemma 4.7.4 be satisfied. Consider for each n > 2 and any 6 € Ry the
canonical U-statistic UP. For v € (0, 1) and

1 [—k,k}/Mc[SO]||i4(W4)

n

(y) = (90 vf‘¥,+69493 f L2> L2

||]1[—k,k} [ M) ||I%AOQ(W)

n

+52C, vy, Ly
we have

B (U > 75(7)) <.

Proof of Lemma 4.7.2. We intend to apply the exponential inequality for canonical U-statistics
given in Proposition 4.6.2 using quantities A, B, C, and D given in Proposition 4.6.2 which verify
the four required inequalities. Precisely, for v € (0,1) and z = L, = 1 — log(~y) due to Proposi-
tion 4.6.2 we have

C B A
f<Uk28 L1/2+13 Ly +261 55 L3/% 4+ 3435 L2) <exp(l—L,) =7.

Exploiting Lemma 4.7.2 we have that

8CL1/2 + 13 Ly+ 261WL§/2 +3435 4 L2
1/2 1 2
B 8C¢ Vf\v” [—k:,k:]/MC[ ]HL4(W4) L1/2 I SQCwVf\¢||]l[—k,k]/MC[90]H]LOO(W)L

n v n v

J2.1/2 2 2 2
Ci Vf\v5H]1[fk,k}/MC[SOH|L4(W4)L3/2 . 13725 ||]1[fk,k]/MC[‘P]HL2(W2)L2

n3/2 v n2 Y

+ 522
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which together with H]l[,k,k]//\/lc[go]||ﬁ2(w2) < (2k)||]l[,k7k]//\/lc[<p]]\ﬁ4(w4) implies

C

D
8 LY? + 13

B 3/2 A 2
Ly + 2615 L3/% 4+ 343 1
520wvf\v||]l[fk,k]/MC[ MEe o , N ||11 —kk]/M [Pl ey L2

—= n Y

Cl/2v,/25 5 \/
(801/2vf|y+522“° iOr 4 1grad V2R e

172

Using that 2ab < a? + b2 for a,b € R, we have that

CY2v,/25 5212
522 l/fz‘f L, < Cvp, + (522/2)* —2
and, thus, since 2k, L, > 1
D B A
80L1/2+13 Ly + 2615 L3/% 4+ 343 1

1 e[l 4 s
- 520¢Vf\¢||]1[7k,k]/MC[ ]H]Loo(w)L + || —/@k]/M [(10]”]14,4(“1 )L}y/Q

n Y

=1,(7)

n
52V2k
.<9C¢yf¢+((522/2)2+1372) fL%) b

with (522/22)% 4 1372 = 69493 due to Proposition 4.6.2 follows

2 U= 0(y) <y

which completes the proof. O

Further, we give a quantile of the unbounded part of U-statistic Equation (4.14) of order 1/n.

Lemma 4.7.3 (Quantile of the unbounded U-statistic):
Let the assumptions of Lemma 4.7.4 be satisfied. Consider for eachn > 2and § € R the canonical
U-statistic U}'. For v € (0, 1) setting

5(1-p)

10—/ M) a
% (Y) i= A1/2 6C;"” f1|/¢2(Vfw(p))1/2 B

n

we have
B (Ug > (7)) <.

Proof of Lemma 4.7.3. 'We start the proof with the observation that the symmetric and real-valued
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kernel h{ given in Equation (4.41) satisfies

Bl (Y1, Y2) ]

| 4 GO0 ~ B (VD0 1) ~ By (v
<363/, MLl OF () ]
| 5 (Y, t) = By (Y. DD Wh(Ye, 1) — Byl (Y. ~0)]) i
raeg [ Ml ()
1 [ 0,0 — Bl D@ (=) — B (V=) [
vam || [ MR M) ]

Note that the second and the third summand are the same due to symmetry of the integrals. Thus,
we obtain

E2[| (Y1, Y2)|?)

g || [F @0, 8) — Byl (VDD (Y, —t) — Byl (Y. 1), i
=983 |/, MO R ]
| 5 @, t) = Byp(V 0D WYL, —1) — Byl (Y. ~0)]) i
4 6E2 /_ k SR W) |, (4.42)

Consider the first summand. Due to the independence of Y; and Y5 we first consider the expectation
with respect to Y3 for fixed Y; = y € R;. We have that

C 1) ~ B (Y DD W~ ~ B0 T
5|/, MO (O ]
| [* v )W, =) — By Ui (. 1)), :
<k | [ MR () ]

= Eg 1 (8,00) (YQC_I)

b yp e ey )~ By, —0)])
/, MO W (E)AA()
7

/’“ Yy g (y, —t) — Byl (Y, 1))
—k (Ml ()]

Using Lemma 1.2.5 (i) with h(t) := Wi . |j\)4 &%%(Y’_tm w(t), it follows for y € Ry
2
(VY -) = Bg[v (Y5 )D) 1o

|

w(t)dA(t)

w2 (t)dA(t)

/k Y28_1+2Mt(wg(y, —t) _ Eg Wg(y', —t)])
K Ml ()2
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Similarly, for the second summand of Equation (4.42) we get for y € R that

g, [ (200 BSOSO B0
—k

(Mele] ()|

‘/ VR (Va, ) (W (y, —t) — By [ (Y, —)])
[Mele](8)?

w2(t)dA(t)

(Mele] (1)

| * Ve iy, —0) - B -0 [
< B, |/k MR (AXD) -

it (U u 2
— Eg ]1[0,5] (Y2c—1) /k Y2 i (wk (yv _t) — Eg [wk (Y7 _t)]) W2(t)d)\(t) ]

Using again Lemma 1.2.5 (i) with ha(t) := Wi, ‘Jt\)/l ED‘]’(%Q(Y ) w?(t), it follows for y € R

|

Note that the upper bounds for both summands of Equation (4.42) are the same. Further, we have
that [|gl[Lee (2e-1) < v, C, and for p > 2 it holds

E, w(t)dA(t)

/k YQC_HQ’T“(@/J,Z(Z/, —t) — B[y (Y, —t)])
. Ml (B

Wk (y: 1) = By [y (Ys-)]) 1?2
[Me[g]]? R

< 1gllLee eze=1) 1 L=

Eg[[1500) (Y1 Y22 < 620Dy ().
Combining this with the other derived bounds we get

(W (Y1, ) = Bg [ (Y, )]) 1o

E2([A(vi, Vo)) < OF, [||g||Lw<xzc-1>||n[_k,k] L e, )
EAACAD) ] W (A

< 9Vf'¢q°/ M
< 9v;,C,0° 0Py, (p M- kk]/M [@]H]L‘l(w“

Applying Lemma 4.6.1 we immediately obtain

EZ UUZP] = n(nz_ 1)

=l (P

36
< Evf\vcw(?(l pr\»v( )H]l[ kk/Mc[ ”|]}4;4(W4)

Egllnk (Y1, V)l

Hence, by applying Markov’s inequality the result follows, i.e.,
E; [|UZ?]
Ut > ¢ < B2 <y

which completes the proof. O
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Lemma 4.7.4 (Quantile of the U-statistic):
Let Assumptions 4.1.1, 4.4.1 and 4.1.3 be satished. Consider for each n > 2 the canonical U-statistic
Uy, defined in Equation (4.39). For p > 2,y € (0,1), f € L (x*(¢=1)) and

VIE_21/- 1> 1Lt/ MebellE ey 172

nfyl/(P—l) v/2 n v/2

7 (18vf,¢(p)c¢ + 69493

10 Ml e

n

+ 52C, vy, Ly (4.43)

we have

B (Uk 2 77%(7)) < 7.

Proof of Lemma 4.7.4. We start the proof by decomposing with

0% = LGP0 5 (4.44)

the canonical U-statistic Uy, = U? + U with kernels given in (4.40) and (4.41). We show below
that 7Uk () given in (4.43) satisfies

T (7) = T (v/2) + 7 (7/2)- (4.45)
Consequently, from Lemmata 4.7.2 and 4.7.3 we immediately obtain the result, that is,
5. p Uk =77 (7)) < P (U > 70(7/2) + P (U > 7(7/2)) <v/2+7/2 =~
It remains to show (4.45). We have that

[p Ny /Ml wi
71?(7/2)+T£(7/2)=<Cvf + 69493 — fL7/2> L2 [=hok] L4 (w)

”]l[,hk]/Mc[(P] H]%OO(W)

n

n

+ 52C¢Vf\¢L’y/2

1/2 ||]1[_k7k} /MC[SO] ||]]2-44(W4)

n

s(1=p)
+V2—7 ~1/2 60;/2V}\/;( V1.(P))

Using vy, v, < vy, (p) yields

. B §5(1-p)
2(7/2) + T(/2) < (9cvva( )+ 69493 \F kL2, + L /12/ 29’%/20%%(;9))

12 1Lk /Ml a g

v/2 n
||]l[_k7k]/Mc[‘p]||]%°O(w)

n

+ 52vaf‘wL7/2
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With the choice of § given in Equation (4.44), it holds 5177 = 1%71/ 2 and it follows

Y 2 i/ Ml 2
Te(1/2) + 7 (1/2) < | 18C, v, (p) + 69493y TV 2= — VoK | L, -
10—k s/ Mel@ I oo
+52C, vy L /o - (w)
=7Uk(v)
which completes the proof. 0

4.7.2 Linear statistic result

Consider the centered linear statistic W, defined in Equation (4.15) admitting as kernel the real-
valued function

k
hi(y) 22/ Ml ()72 (y, ) (Meg] (1) — Melgo (1) w* (1) dA(2).

—k

Using Markov’s inequality, we show the following result for its quantile.

Lemma 4.7.5 (Quantile of the linear statistic):
Let Assumptions 4.1.1, 4.4.1 and 4.1.3 be satisfied. Further, assume that f € L1 (x*(*~1)). Consider
for n € IN the linear statistic W}, defined in (4.15). For v € (0, 1) setting

1 vaf\w”]]'[fk,k]/MC[(p]H2OO w
(1) = 1 (Melg] = MelgoD) Uit/ Mol + e

we have
B (We > 7"(7)) <.
Proof of Lemma 4.7.5. By making use of that fact that observations (Y;) ;e[ are i.i.d. we get that

nEp[[Wi?] = Eg|hi(Y1)[?]

=5 || i YO OO0 — M) w (e

‘ / Rt Sl — Melgel () w (1))

With Lemma 1.2.5 (i) we obtain

k 1
ke (Mol ()2

< CwVwa(Mc[g] - Mc[go])]l[—k,k]/Mc[W]HHQ“Z(WAL)‘

Eq YT Mg](8) — Melgo (1)) w* () dA(2)
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Exploiting ab < a?/4 + b? for a,b € R, we get

T HC ) 2 (Melg] = Melgol) L g p)/ Ml 2y
<y Y2CV) I g S M) e () (M Eelg] = Melgo)) T (g gy /Ml 12 (o)™

1 1 _
< lMelg] — Melgo) U i—p g/ Ml 12y + 77 07 Covpo I iy /M [ oo () = T (7)
and, consequently,
nEp[[Wil?] < ny|r" (v) 2.

Finally, by applying Markov’s inequality follows immediately the result, that is,
E3[Wf?)
n Wi, g
P,(Wi,>71"k(y)) < AN

which completes the proof. O
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Perspectives

We give a short outlook on possible extensions for the questions discussed in this thesis, which
might be addressed in future work.

Lower bounds In general, it is of interest to show minimax optimality, see Tsybakov (2008).
Consequently, corresponding lower bounds need to be established for all upper bounds derived in
this thesis. We expect the presented approaches to be minimax optimal, since they match standard
rates for comparable settings. For example, the results of Chapter 2 correspond to upper bounds of
direct density estimation with updated sample size, which are established to be minimax optimal,
see for example Tsybakov (2008). For the multiplicative measurement error model considered in
Chapters 3 and 4, rates of convergence for corresponding inference problems are proven to be
minimax optimal, for example in the additive measurement error model, see Butucea (2004), or
the circular convolution model, Schluttenhofer and Johannes (2020b). However, the derivation is
left for future work.

Dependent data Throughout this thesis, we assumed observations of (X 7)) jeqp] in Chapter 2
and observations Y in Chapters 3 and 4, to be independent, respectively. In some applications this
might not be realistic. For both observation models considered, it is of interest to consider the
case of dependence. However, for the techniques of this thesis the application of the convolution
theorem is crucial. For this, independence is necessary. For the model presented in Chapter 2,
an alternative might be to consider Copula-based convolution, as introduced in Cherubini et al.
(2011) for two independent R valued random variables.

Perspectives for Chapter 2
We considered the estimation of the m-fold additive convolution of m-independent random vec-

tors. We first give possible extensions for this setting.

Plug-in projection estimator In this scenario, consider a plug-in projection estimator anal-
ogously to the kernel plug-in estimator discussed in Section 2.1. For example, setting d = 1, given
an orthonormal basis (¢¢)sen of R, consider for each component density f; a projection estimator

m—1
. R 1 )
fi=>_dues, @ = - > we(XM).
(=0

ken]
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Then, propose the estimator consisting of the convolution of projection estimators for each com-
ponent density, i.e.,

0P (@) = frsoox ]y

A problem with this approach is that the convolution of basis functions not necessarily results in
basis functions again. For choices of basis other than the Hermite basis this might work. However,
the proofs in this thesis heavily depend on properties of the Hermite basis, consequently, other
techniques have to be applied.

Measurement errors In Chapter 2, we considered direct observations. In practice, observa-
tions are often not directly observed but with some measurement error. For example, one could
assume to have access to independent samples of independent vectors, where each vector is deteri-
orated by some (known) additive measurement error. More precisely, assume in this scenario that
we observe p € IN independent samples of independent vectors of dimension d € IN with possibly
different sample sizes n; € IN for all j € [p], i.e.

v =x9 41U ke nl, e bl

where X ,gj )~ /; and the known error Uk(;j )~ ¢; are assumed to be independent. Analogously
to Chapter 2, for estimating the additive convolution of the densities, i.e., g% = f1 % - * fp,
consider the plug-in estimator using for each component density f; an deconvolution approach,
as in Meister (2009). That is, define

Dy . L / —i(t,z) P d
72) = g [, 700 T AN e)
with
— 1 n ei<t7Y}g<j)>

il = L3 S
0= 2 F o

In practice the error distribution is unknown. Consequently, an extension to this case is of interest

as well.

Estimating the multiplicative convolution of independent random variables Anal-
ogously to Chapter 2, a further question of interest is to consider for two positive real-valued in-
dependent random variables X" ~ f; and X(?) ~ f, the estimation of the density G of their
multiplication, i.e., X M. X@ ~ G. In this case, G is given by the multiplicative convolution of
the densities, that is, z € R

G(z) = f1® fao() == ; AW f2(z/y)y~ dA(y).

For the estimation of the multiplicative convolution of the densities, it is possible to propose an
analogous plug-in estimator based on correspondingly adapting the Kernel estimator, see Bren-
ner Miguel (2023) p.32. More precisely, for z € R

)= S S I/ (x(Ox)).

k1€[n] k2€[n]
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The analysis of this estimator then relies on proving corresponding properties of the multiplicative
convolution. For example, note that Lemma 2.1.2 also holds for the multiplicative convolution.

Perspectives for Chapters 3 and 4

In this thesis, we considered (weighted) quadratic functional estimation and goodness-of-fit test-
ing for the multiplicative measurement error model. The following presented extension may be
addressed in a future work.

Unknown error distribution Throughout this thesis, the error distribution was assumed to be
known, which might not be the case in practice. As discussed by Brenner Miguel (2023), without
additional knowledge we cannot distinguish between signal and error. In this work, two scenarios
are discussed: a second sample approach and panel data.

In the second sample scenario, we assume to have access additionally to the sample (Y}),c[n] to

a second sample (Uj) jc[m) from the error variable U. Based on this sample, derive an estimator

M_[¢] of the Mellin transform of the error density ¢. Plugging this estimator into the quadratic
functional estimator proposed in Equation (3.4) leads to estimator

k ye- 1+27rz'tY20— 1-2mit
J

~2 1 W2
&= - % /k Migme P

Analogously, it is possible to adapt the test statistic g7 proposed in Equation (4.7). This approach has
been already considered in Brenner Miguel et al. (2024) for density estimation in the multiplicative
measurement error model.

Alternatively, Brenner Miguel (2023) proposes a panel data approach. Here, we assume to ob-
serve an i.i.d. sample (Yj),c[ny of the random vector

y =W y@ ymy y0) = x.y0,

where (U) [ are iid. In other words, we measure X m-times only differing in the mea-
surement errors, leading to observations Y1) ... V(™). Inspired by Comte and Kappus (2015);
Kappus and Mabon (2014) it is possible to deduce a representation of the Mellin transform of X
in terms of the Mellin transform of Y which can be used to deduce an estimator of the quadratic
functional.
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