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Spiking Matters:
Exact Gradients for Deep Spiking Networks
and Neuromorphic Hardware

Inspired by the brain’s unparalleled capacity for intelligent and efficient processing, spiking
neural networks offer a transformative path towards energy-efficient computation for machine
intelligence, and inspire a new class of neuromorphic, or brain-inspired, hardware. However,
training spiking neurons accurately and efficiently has previously posed a major obstacle in
this endeavour. This thesis pioneers a solution to the exact training of deep spiking networks.

Our approach is inherently sparse: it is based on analytical equations that enable truly event-
based computation, relying only on spike times. Their derivation enables, for the first time,
exact error backpropagation in hierarchical networks of leaky integrate-and-fire neurons. To
validate our method, we design the Yin-Yang dataset with the specific purpose of isolating true
difficulty from mere scale. Using this benchmark we highlight the performance and robust-
ness of our approach. With a time-to-first-spike coding, inspired by information processing in
the brain, we demonstrate fast and energy-efficient classification on the neuromorphic system
BrainScaleS-2. Because our method harmonises ideally with neuronal transmission delays, it
enables the natural co-training of weights and delays in both software and hardware. This al-
lows the exploration of the computational power of delays. Jointly analysing the structure and
dynamics of deep networks, we find striking connections to computational models of neuronal
sensory integration.

The present work connects studies on the computational properties of networks with exper-
iments on analogue hardware as well as the comparison to the biological archetype. The al-
gorithm’s fundamental spiking nature pushes neuromorphic hardware to maximum efficiency.
Bridging neuromorphic engineering and neuroscience, our integrated approach not only ad-
vances performance and efficiency of machine intelligence, but also drives forward the under-
standing of fundamental mechanisms behind spatio-temporal processing in the brain.






Lernen mit Spikes:
Exakte Gradienten fiir Tiefe Spikende Netzwerke
und Neuromorphe Hardware

Inspiriert von der beispiellosen Effizienz des Gehirns in intelligenter Informationsverarbeitung
bieten spikende neuronale Netze einen revolutiondren Weg zu energieeffizienter, maschinel-
ler Intelligenz und inspirieren somit neuartige, neuromorphe Hardware. Allerdings stellte das
prézise und effiziente Training spikender Neuronen bislang ein groles Hindernis dar. Die vor-
liegende Arbeit beschreibt nun eine neue Losung zum exakten Trainieren tiefer spikender Netz-
werke.

Unser Ansatz ist intrinsisch effizient, weil er auf analytischen Gleichungen basiert, die es
erlauben, Berechnung auf die kritischen Zeitpunkte zu beschranken. Wir erméglichen erstmals
eine exakte Fehlerriickpropagation in hierarchischen Netzwerken aus leaky Integrate-and-Fire-
Neuronen. Um unsere Methode zu validieren, haben wir den Yin-Yang-Datensatz entwickelt,
mit dem spezifischen Ziel, wahre Problematik von reiner Gréfle zu trennen. Anhand dieses
Benchmarks zeigen wir die Leistungsfahigkeit und Robustheit unseres Ansatzes auf. Unter
Verwendung einer Informationskodierung basierend auf der Zeit bis zum ersten Spike, wie sie
im Gehirn auch fur zeitkritische Aufgaben verwendet wird, demonstrieren wir eine schnelle
und energieeffiziente Klassifizierung auf dem neuromorphen System BrainScaleS-2. Da unsere
Methode ideal mit neuronalen Signallaufzeiten harmoniert, erméglicht es auf natiirliche Weise
das gleichzeitige Trainieren von Gewichten und Verzogerungen sowohl in Software als auch in
Hardware, was die Erforschung der rechnerischen Vorteile von Verzégerungen ermoglicht. In
einer Analyse, die Struktur und Dynamik der tiefen Netzwerke kombiniert, finden wir auffillige
Verbindungen zu Modellen der sensorischen Integration im Gehirn.

Die vorliegende Arbeit verbindet die Untersuchung der theoretischen Eigenschaften von tie-
fen spikenden Netzwerken mit Experimenten auf analoger Hardware sowie dem Vergleich mit
dem biologischen Vorbild. Fundamental auf Spikes basierend treibt der Algorithmus neuromor-
phe Hardware zu maximaler Effizienz an. Durch die Verbindung von neuromorpher Technik
mit Neurowissenschaften verbessert unser Ansatz nicht nur die Leistung und Effizienz ma-
schineller Intelligenz, sondern fordert auch das Versténdnis der grundlegenden Mechanismen
hinter der raumlich-zeitlichen Informationsverarbeitung im Gehirn.
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1. Introduction

Die Natur hat schon alle Designfragen beantwortet.!

Luigi Colani

As humans, we have always investigated nature, ourselves, and our likeness. In this en-
deavour, the brain takes a special place as the object of our curiosity, for it is the only system
universally acknowledged to be capable of intelligence. Scientists and engineers have a dual
motivation for their interest, obtaining insights into the brain to understand its functions, limits,
and defects, but also gaining insights from brains for our technological advancement.

Not just the brain but biology in general has long served as a source of inspiration for en-
gineering. One of the arguably most drastic recent revolutions in science is the CRISPR/Cas
system that originates in the bacterial immune system and has expedited progress in life sci-
ences (Ishino et al. 1987; Gasiunas et al. 2012; Jinek et al. 2012). More than 70 years ago, Otto
Schmitt coined the term biomimetics for this technique of mimicking biological solutions for
challenges we face as humans (Harkness 2002). Incidentally, his studies of signal propagation
along nerve fibres lead to his famous invention, the Schmitt trigger (Schmitt 1938), a device
that continues to be used in microelectronics to prevent metastable states. Lastly the field of
Artificial Intelligence was founded to study the biological, natural intelligence.

Getting insights into the brain is deeply connected to understanding our human nature.
In addition to the philosophical pursuit of our identity, it is the question to understand our
limitations and potentially even break free of them. More concretely, the understanding of our
brain is evidently instrumental for medical treatments of diseases.

Many efforts are pursued in parallel: wet lab neuroscience conducts experiments that lay the
factual foundation on which other disciplines build. Computational neuroscience targets the
study of models of the brain, including specifically how neurons interact to create cognitive
abilities and how learning shapes neuronal dynamics and connections. As already established,
research into Artificial Intelligence is directly influenced by our understanding of the brain.
Irrespective of the different approach taken, this is even more so for neuromorphic engineering,
the endeavour to create brainlike hardware. This thesis is an attempt to create new connections
between these directions and study the efficient computation in brain-inspired systems.

It is evident that we are living in a time of ubiquitous Artificial Intelligence (AI). The first
incident that brought this to the attention of the general public was the broadly covered match
between AlphaGo and Go grandmaster Lee Sedol (Silver et al. 2017). Since then, we have seen
increasingly elaborate models in conjunction with more compute power as well as more train-
ing data: for example, mastering a variety of games (Silver et al. 2018), achieving unprecedented
success in predicting protein folding (Jumper et al. 2021), and significantly advancing natural

*Nature has already answered all design questions’. Displayed as part of the permanent exhibition in the
Pinakothek der Moderne, Munich.



1. Introduction

language processing (Devlin et al. 2019). Nowadays, various kinds of Al are readily available,
including for face recognition, speech transcription, or chatbots, conducting tasks not deemed
feasible mere years ago.

These advances fall into the field of machine learning: traditionally, this field comprised in-
tricate models targeting specific tasks using minimal resources. Machine learning models such
as decision trees often allow for the immediate interpretation of the solutions. However, the
breakthrough came when these handcrafted models were replaced by large networks, assem-
bled from simple units and structured in sequences of layers. An essential step was using these
networks with many layers as generic models that are specialised through efficient training:
while the method, called error backpropagation, is conceptionally simple (Linnainmaa 1970;
Werbos 1982; Rumelhart et al. 1986), the combination with vast amounts of compute and train-
ing data enabled the exploitation of the computational complexity of large networks (Oh and
Jung 2004; Krizhevsky et al. 2012). Because of the structure of these deep neural networks
(DNNgs), this field is often called deep learning (DL).

DNNss consist of artificial neurons that clearly inherit their name from their biological prim-
itives: the units receive inputs, add them up internally, and generate an output based on a
function of the internal state (McCulloch and Pitts 1943). In their earliest form, these units
relied on plain thresholding and thus communicated binarised values from layer to layer. To-
day’s networks rely on more complex — but crucially still nonlinear — activation functions to
increase computational capabilities and facilitate training. The perceptron (Rosenblatt 1958),
the first network of such neurons, was meant as a model of perception in the brain: based on
known neurophysiology, Rosenblatt tried to find a description of sensing. Later, this was gen-
eralised to multilayer perceptrons by Minsky and Papert (1969), a specific form of DNNss still
in use today. The discovery of receptive fields in the visual system (Hubel and Wiesel 1959;
Hubel and Wiesel 1962) inspired the generalisation to filters for computation (Fukushima 1980)
and eventually convolutional neural networks (CNNs) (LeCun et al. 1989; LeCun et al. 1998;
Krizhevsky et al. 2012).

In contemporary artificial neural networks (ANNSs), biological inspiration is a lot less direct.
For example, residual networks are a part of modern architectures (He et al. 2016), featuring
so-called skip connections that through bypassing the traditional information flow dramat-
ically facilitate training. Skip connections have been found in, e.g., insect brains (Winding
et al. 2023), but only after their addition to DNNs in machine learning. In other cases, the
connection to biology is superficial and predominantly present in name: for example, the at-
tention mechanism (Bahdanau et al. 2016) borrows its name from psychology but lacks a direct
correspondence to the biological phenomenon. In the form of self-attention this mechanism
enabled the transformer architecture (Vaswani et al. 2017) and that, in turn, large language
models (LLMs) which have since gained broad popularity (Project Apertus et al. 2025; OpenAl
et al. 2024; Gemini Team et al. 2024; DeepSeek-Al et al. 2025).

Similar to how — compared to an average human - a calculator is more efficient at multiply-
ing two large integers, or a search engine more effective at finding a website, an LLM can be
more efficient on certain tasks — at least when only considering inference and disregarding the
training. This includes peculiar tasks like rewriting a given text in the style of a famous author,
or coming up with code for inverting a binary tree (Luccioni et al. 2024). The set of examples for
which this is true seems to be increasing. However, for more complex assignments LLMs seem
to intrinsically suffer from the problem of hallucinating wrong answers (Ji et al. 2023). More-



over, there is doubt when it comes to actual creativity? as well as solid reasoning (Mirzadeh
et al. 2025): tasked on definitely new maths problems not seen in the training data, they seem
to have difficulties (Petrov et al. 2025; Mahdavi et al. 2025).

What is more, the computational overhead of training these billion-parameter models in
the first place by far exceeds the cost of inference. In fact, technological development was a
prerequisite for the DL epoch, starting with GPU implementations to keep pace with scaled
training demands (Oh and Jung 2004). Most of the recent advances have been brought forward
by increasingly staggering computational resources: caused by Al, the International Energy
Agency projects the energy consumption of data centres to more than double within the next
five years and, in the United States of America in 2030 to consume ‘more electricity [than]
the production of [all] energy-intensive goods combined’ (International Energy Agency 2025).
The associated emission of greenhouse gases (Luccioni et al. 2022; Stiefel and Coggan 2023) and
the power hunger have made it a topic in mainstream media (Cohen 2024). Especially in light
of the approaching climate crisis (IPCC 2023), it seems imperative to reduce this vast energy
consumption. Through the need for change and the associated funding, the opportunity arises
for more efficient use of computational resources, but crucially also for novel, more efficient
hardware (Khan et al. 2018).

From early calculators like the abacus, humans have long used devices for assistance with
cognitively challenging problems (Ifrah 2001). An outstanding example is the Antikythera
mechanism from the second century BCE that was used to predict lunar and solar eclipses (de
Solla Price 1974; Freeth et al. 2006) and had a remarkable complexity, higher than other recov-
ered machines for more than a millennium. In the last century, mechanics has been replaced
by electronic circuits enabling analogue computers used for simulation of star trajectories or
spacecraft rendezvous (Reynen 1963; Simpson and Smith 1967).

More recently, due to their versatility, digital architectures have provided the backbone of
technological development. For a long period, the rapidly increasing transistor density was
captured by Moore’s law (Moore 1965). Associated with shrinking transistor sizes was a rise
in efficiency and speed of computing (Dennard et al. 1974) that has effectively come to a stop
around 2006 (Sutter et al. 2005; Bohr 2007) and since then, dedicated methods had to be applied
for further improvements. Additionally, Moore’s law has at least decelerated due to diminishing
returns as the transistor sizes approach atomic scales (Leiserson et al. 2020).

Another limitation of traditional hardware stems from its architecture. The von Neumann
principle (von Neumann 1945) enables scalability by compartmentalising memory and pro-
cessing units, but this design creates efficiency bottlenecks: data needs to be retrieved first. As
mitigation, hierarchical caching has been adopted as a common strategy to keeping relevant
data close to the processing units. However, memory access still consumes more energy than
computing itself in modern architectures (Horowitz 2014; Jouppi et al. 2021). For Al appli-
cations, parallelisation on specialised hardware like GPUs or tensor processing units (TPUs)
is helping for now, but the trend seems unsustainable (Thompson et al. 2022; Schwartz et al.
2020).

To overcome these challenges and build more powerful Al, we can turn to the brain to learn
from its remarkable efficiency (Levy and Calvert 2021). There are multiple central concepts
that we can exploit to construct neuromorphic, i.e., more brain-like, computers. In contrast to
the von Neumann principle, the brain distributes information processing across nerve cells: a

*Definition pending.



1. Introduction

neuron and its synapses constitute compute and memory units within one cell, thus implement-
ing so called in-memory computing. Together with the more general principle of distributed
computing, it is a central pillar of neuromorphic engineering.

Another concept concerns brainlike communication: neurons mainly communicate by all-
or-none signals, fully determined by the time they occur, not unlike a Dirac delta distribution.
These spikes or action potentials implement an event-based communication scheme. Further-
more, the temporal sparseness of the communication is understood to be responsible for some
of the neuronal efficiency (Olshausen and Field 1996; Koch and Segev 2000; Roy et al. 2019).

As described above, neural tissue is the central location of computation in the brain. The
neurons exhibit intricate dynamics and react in a complex fashion when receiving inputs (Be-
niaguev et al. 2021). An alternative to expensive simulation is to find a system that is governed
by the same differential equations which is the crucial idea behind analogue, or physical, com-
puting. In the case of neuromorphic computing, this amounts to substituting biochemistry with
electronics, granting high levels of speed and control. Replacing time-discrete numerical inte-
gration with time-continuous emulation also promises gains in efficiency, especially when the
system can tolerate some levels of imprecision (Boahen 2017; Buhler et al. 2017). A notable ex-
ample of analogue electronics is the BrainScaleS-2 system developed in Heidelberg (Billaudelle
et al. 2020; Pehle et al. 2022) that is employed in this thesis.

Whenever we appeal to inspiration by nature, as done by the leading quotation, it is essen-
tial to remember that clearly not all natural designs are efficient or important, that is, worth
copying. As an engineering-specific example, the Wright brothers used birds as inspiration
to reconstruct flight, but refrained from copying the flapping wings (McDonnell et al. 2014).
There are numerous examples of inefficient design in biology, one of the most remarkable be-
ing the recurrent laryngeal nerves (Owen 1839): due to evolutionary development, rather than
leading from the brain directly to the larynx, they divert around the heart before reaching their
target. This detour constitutes clear evidence for gradual evolution (Dawkins 2009). Likewise,
for intelligent artificial systems one should keep in mind that when the building of a working
machine is the primary goal, copying biology is not necessary.

However, details that are disregarded for engineering can become relevant for understanding
biological processes, to treat illness and injury. Nowadays, we have a detailed understanding
of the brain at many different levels of abstraction, from the scale of molecules and individual
ion channels to high-level descriptions like psychology, integrating the whole brain and body.
A well known example is the excitation in nerve cells: Hodgkin and Huxley (1952) described
in great mathematical detail a phenomenological model of the dynamics of the cell leading to
the action potential. This model has since been continuously corroborated by further analysis
of neurons. As another example, based on his basic anatomical and behavioural studies, Papez
(1937) proposed a mechanism abstractly explaining a system that controls emotions. Extended
to include memory formation and termed Limbic system (MacLean 1949), this construct has
been helpful both to explain how emotions interact with memories and to predict behavioural
consequences of physiological damage to included brain regions. This relevance arises despite
or maybe because of the major abstraction of the model.

Despite the pervasive calls for ever-increasing realism, a useful model has to feature some
abstractions. Abbott (2008) beautifully highlights this with a reference to Jorge Borges’ map
of an empire ‘whose size was that of the Empire’ that in its detailed realism is completely use-
less (Borges 1975). Stepping away from the elaborate Hodgkin-Huxley description of neurons
grants us the mathematical tractability to analyse populations of neurons, in particular their



dynamics when given stimuli but also their learning behaviour. In this thesis, we will mostly
rely on the leaky integrate-and-fire (LIF) neuron model (Lapicque 1907) that is ubiquitous in
computational neuroscience (Abbott 1999; Brunel and van Rossum 2007a). While it presents
a clear abstraction, it captures the most essential properties of neurons like spatio-temporal
integration of inputs, time-continuous computation as well as spiking communication. With
few adaptations it even provides a good basis to model activity of pyramidal cells (Rauch et al.
2003; Gerstner and Naud 2009; Teeter et al. 2018).

It has been argued that the high performance of ANNSs is not a sign of fundamental supremacy
but a result of the fortunate fit of their algorithms to GPUs — which were originally developed
for the entirely different purpose of processing video graphics. Hooker (2021) called this phe-
nomenon the hardware lottery: the available hardware (and software) determines the success
of an algorithm. To achieve further progress, Hooker (2021) is calling for algorithm-hardware
co-design with the objective of optimising the hardware, software, and algorithm as a single,
highly-connected issue instead of separately. For building efficient hardware for brain-like
intelligence, this implies creating a device drawing inspiration from the nervous system.

This reflects calls for increased cooperation and interdisciplinary research from both sides,
the DL and the neuroscience communities (Hassabis et al. 2017; Tsodyks 2008). Specifically,
Pfeiffer and Pfeil (2018) called for DL methods for spiking neural networks (SNNs) with imple-
mentation on neuromorphic substrates, to fully exploit their promised benefits. Early realisa-
tions of neuromorphic DL often used a form of spike-count-based conversion of ANNs (Cao et
al. 2014; Diehl et al. 2016; Schmitt et al. 2017; Wu et al. 2019). However, the temporal and spatial
sparseness are essential for the brain’s efficiency, and communication of the individual spikes
is crucial for biological neurons (Gerstner 2001; Izhikevich 2004). To replicate the success of
ANNs while maintaining efficiency, it seems integral to adopt the training method intrinsic
to all DL architectures, namely error backpropagation, while at the same time transcending
efficiency limitations of conventional ANNs. Discouraged by the discontinuous time dynamics
of some state variables in typical neuron models, a gradient-based approach at first remained
elusive. Zenke and Ganguli (2018) designed a method adopting surrogate gradients to tackle
this challenge, later refined by Neftci et al. (2019). The training is based on an approximation
of the information propagation in SNNs, effectively converting the SNN into a corresponding
recurrent neural network (RNN). This approximation makes the network amenable to stan-
dard DL practices like backpropagation through time (Werbos 1990) as well as the abundant
DL toolchain. Surrogate gradients have proven highly successful, making it the de facto stan-
dard for training SNNs. However, the method does not leverage the event-based description
of neuronal communication thus creating high computational costs, and it suffers from being
inherently based on an approximation (Gygax and Zenke 2025).

Ultimately, the question arises whether exact gradients for spiking neurons exist, whether
they can be used to train efficiently, and whether they are robust enough to work with inho-
mogeneous neuromorphic devices, rendering it possible to train SNNs emulated on a spiking
substrate.



1. Introduction

Organisation of the thesis

The quest for temporally sparse neural computation and the corresponding exact gradients rep-
resents the common theme for the following chapters, and this thesis demonstrates a number
of contributions in these directions. To motivate and lay out the foundations for our later find-
ings, we start with a detailed background into neuroscience and computation in the nervous
system, computational modelling, deep learning, and neuromorphic engineering (Chapter 2).

The first contribution (Chapter 3) is the design of a new neuromorphic device: Lu.i is a
small-scale, tangible PCB that emulates one neuron in analogue electronics. While not directly
addressing the research hypothesis, it has proven incredibly valuable when teaching central
concepts of neuroscience like time-continuous computation, spatio-temporal integration of
inputs, and event-based computation. It also shows the rationale behind physical computation,
building a system that emulates our model of interest. The inherent interactivity makes it
captivating, leading to worldwide use: more than 1000 Lu.i PCBs have been shipped, they are
used in America, at various universities in Europe, and as part of the TReND-CaMinA summer
schools? in 2023 in Ghana, 2024 in Rwanda and 2025 in Zambia. In addition, it has been picked
up by teachers, and it even found adoption by Mercedes-Benz for outreach on their own efforts
towards neuromorphic engineering (see Fig. SL.A.1). The connectivity of the PCBs allows the
reproduction of diverse neural circuits in educational miniature versions. One particularly
appealing example is an implementation of the ring attractor, a neuronal circuit that tracks
heading direction in insects (Pisokas et al. 2020). Lu.i serves as a helpful tool for academic as
well as pedagogical teaching by deepening understanding. The manuscript has been published
in Trends in Neuroscience and Education (Stradmann, Goltz et al. 2025).

The second contribution (Chapter 4) is addressing the necessity for good metrics (Davies
2019; Yik et al. 2025): when assessing the computational complexity of a neural network, the
effectiveness of a training algorithm, or the fidelity of neuromorphic hardware, a comparable
and expressive test is crucial. From prototype devices to exploratory studies, these use cases are
connected by a limitation in either neuronal real estate or computational complexity available
for studies, while maintaining the need for precise discrimination. In this context, we devel-
oped the Yin-Yang (YY) dataset, addressing these issues. It continues to fulfil its purpose as
proven by its wide dissemination and continued use to benchmark biologically plausible learn-
ing schemes, neuromorphic chips, or training algorithms for SNNs.* The work is published
with the Association for Computing Machinery (Kriener et al. 2022).

The third contribution (Chapter 5) studies the computation within SNNs in the efficient limit
of at most one spike per neuron. In this biologically-relevant activity regime (Thorpe et al.
2001) we found an analytical relation for the LIF neuron model that makes forward propaga-
tion simple. Crucially, this also allows the derivation of a training algorithm based on exact

3Teaching and Research in Natural Sciences for Development in Africa - Computational Neuroscience and
Machine Learning in Africa

*At the time of writing, a list of publications that demonstrate their results on the YY dataset includes Wunder-
lich and Pehle (2021), Miller et al. (2022), Taylor et al. (2022), Lee et al. (2023), Ma et al. (2023), Spilger et al. (2023),
Keuninckx et al. (2023), Max et al. (2024), Yousuf et al. (2024), Fontanini et al. (2024), Mészaros et al. (2025), Dold
and Petersen (2025), Granier et al. (2025), Neuman et al. (2025), Arnaud Yarga and Wood (2025), Arnold et al. (2025),
Béna et al. (2025), Aswani and Jabari (2025), Saponati et al. (2025) and Boccato et al. (2025). This is just a selection
of the 46 citations currently found on Google Scholar.
The dataset has been used in many theses, beyond Heidelberg and Bern also at universities in Aalto, Finland; Udine,
Ttaly; Rochester, USA; Sherbrooke, Canada; Manchester, UK.
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gradients using only the network’s sparse spike times. Together, this enables efficient learn-
ing with error backpropagation through deep spiking networks. In a two-pronged strategy,
we validate the robustness of our approach. On the one hand we study different modes of
disturbances in software simulations, on the other hand we conduct the litmus test of robust-
ness: successful implementation on analogue hardware with its intrinsic imperfections. The
in-the-loop technique allows incorporation of hardware deviations by integrating information
from the emulated forward pass into the updates, a helpful trick for physical computing. Har-
monising with the accelerated, analogue nature of the BrainScaleS-2 system, the sparseness of
the activity due to the chosen coding has an outstanding effect: the rapid information propa-
gation, precise learning, and fast emulation work together ultimately enabling extremely fast
and energy-efficient classification. This work is published in Nature Machine Intelligence (Goltz
et al. 2021).

The fourth contribution (Chapter 6) originates from an investigation into the decision pro-
cess in hierarchical spiking networks. While DNNs are often accepted as a black box, we
analyse our neural networks with methods from classical neuroscience. For this, networks
with deeper architectures (up to ten layers) and connectivity adhering to more biological con-
straints are trained, enabling the concrete study of differences between stimulating (excitatory)
and suppressing (inhibitory) parts of the network. We find progressive synchronisation and se-
mantisation through the layers, and activity reminiscent of synfire chains (Abeles 1982) that
have been studied as a model of cortical computation (Abeles 1991; Diesmann et al. 1999; Tet-
zlaff et al. 2002; Kumar et al. 2008; Trengove et al. 2012). Furthermore, other concepts known
from biology are recovered, such as target-specific excitation and broad inhibition patterns.
Because of the biological plausibility of the network structure and activity, the approach even
allows comparison to in vitro data of similar stimulations (Reyes 2003; Barral et al. 2019). The
work has been submitted for publication in a peer-reviewed journal and at the time of writing
is available as a preprint (Oberste-Frielinghaus et al. 2025).

The fifth contribution (Chapter 7) generalises the concept of training. The conventional
approach concentrates on the connection strengths as trainable parameters, but there are sev-
eral additional factors that determine the computation and consequently influence expressiv-
ity as well as performance of deep spiking networks. In biological neurons, transmission de-
lays emerge due to the physical time required for signal propagation. While often deliber-
ately excluded from SNN models, delays turn out to have a tremendous impact on network
activity (Maass and Schmitt 1999; Izhikevich 2006). Yet, effective exploitation remained un-
derexplored: instead of actively trained, delays were only used via inhomogeneous initiali-
sations (Gerstner et al. 1996; Bohte et al. 2002; D’Agostino et al. 2024). Also, methods based
on surrogate gradients lack a natural translation between their discretised activity and delays
since those act on spike times themselves. Therefore, additional mechanisms are required that
introduce further challenges (Shrestha and Orchard 2018; Hammouamri et al. 2024; Sun et al.
2023). Our approach, termed DelGrad, builds on the investigation of exact spike times and
their gradients to directly operate on the time axis. This grants a flexibility that enabled the
first systematic study of different types of delays, proving the benefit of co-optimising weights
and delays and, in addition, allowed the successful on-chip implementation on BrainScaleS-2.
This work is published in Nature Communications (Goltz et al. 2025).






2. Background

To provide the reader with the necessary information to follow the novel contributions pre-
sented in Chapters 3 to 7, in this section basic concepts of nervous systems, deep learning, and
neuromorphic hardware are introduced.

2.1. Biological brains

We start with a high-level description of the structure of our nervous system before describ-
ing its fundamental units, the nerve cells. Beginning with their morphology we continue with
their resting state and, subsequently, their excitation. The mechanism associated with the exci-
tation is central to information processing in the brain, as it allows neurons to perform spatio-
temporal integration of received inputs, and furthermore, sparse communications via spikes.

Figure 2.1.: Morphology of nerve cells. Left: Drawing of a stained section of human visual
cortex. In this drawing by Ramén y Cajal, the layered structure as well as the neuron diversity
is visible. Image taken from Ramoén y Cajal (1899). Right: Examples of structured pyramidal
cells of different rats and mice.’

Reused from ‘Pyramidal Neurons’. Bekkers, Elsevier (2011) with permission from Elsevier, as well as ‘Distri-
bution of thorny excrescences on CA3 pyramidal neurons in the rat hippocampus’. Gonzales et al., Wiley (2001)
with permission from Wiley.



2. Background

We elaborate on the propagation and interpretation of these spiking signals, and conclude with
remarks on learning in the brain.

Contrary to ancient times when the mind was thought to reside in the centre of the body,
specifically the heart (Lind 2006), we now understand the brain to be the central organ guiding
our comprehension of the environment and our actions in this world. Together with the spinal
cord, the brain forms the central nervous system (CNS) that in turn is connected to organs and
muscles via the peripheral nervous system (PNS). The main function of the latter is to transport
sensory stimuli across ganglia to the CNS and to relay motor commands to muscles. Due to
their direct connection, retinal and olfactory sensory inputs are considered part of the CNS.
The location of information integration and processing is the CNS, and as such it will be the
focus in the following.

In the CNS, the cells responsible for the majority of computation are called nerve cells or
neurons,® of which there are about 100 billion in the human brain (Williams and Herrup 1988).
Perhaps unsurprisingly, the absolute size of brains, that is, their volume, correlates with cog-
nitive ability (Deaner et al. 2007). However, this relation only holds when compared within
a species (Herculano-Houzel 2009), and for a primate of our size, the estimated number of
neurons of a human is not exceptional (Herculano-Houzel 2012).

While neurons are continually generated in mammalian brains in a limited fashion (Spalding
et al. 2013; Varadarajan et al. 2022), the lifetime of an individual neuron is surprisingly long.
In fact, when transplanting neurons across species into longer-lived animals, the lifespan of
neurons can exceed that of the donor (Magrassi et al. 2013). Ageing processes in humans neither
reduce the number of neurons nor change basic biophysical properties (Burke and Barnes 2006).
In contrast, cognitive decline associated with ageing is hypothesised to be related to reduced
functionality of synapses (Yankner et al. 2008).

Because only an overview can be given here, for more details the author refers to standard
textbooks like Dayan and Abbott (2001) and Gerstner et al. (2014), or to the slightly more
elaborate overview in Petrovici (2016).

Structure of a neuron Figure 2.1 shows examples of nerve cells to visualise their morphol-
ogy. Like other types of cells, neurons have a cell body, called soma, that is separated from
the extracellular fluid by a cell membrane made up of a lipid bilayer (Fig. 2.2). Connected to
the soma are the dendrites which usually branch out in the proximity of the soma, forming a
structure called dendritic tree. While there can be many dendrites, each neuron has only one
axon which interfaces the soma at the axon hillock. Depending on brain area and neuron type,
axon lengths and branching behaviour vary, but ultimately the axons grow into axon terminals
that create connections to other neurons. The axons, therefore, are responsible for transmit-
ting signals to other neurons, which collect these inputs in their dendritic tree. A large part of
the computation on these inputs happens in the soma.

We will shortly introduce abstractions and generalisations of neurons, but it should be noted
that there exists a vast diversity of neuron types (e.g., Billeh et al. 2020; BRAIN Initiative Cell
Census Network (BICCN) et al. 2021; Zeng 2022). To what degree this is an artefact of biologi-
cal evolution or whether morphological (and physiological) diversity serves a specific purpose
remains under exploration, with theoretical models trying to evaluate function based on diver-
sity (Maass 2016; Granier et al. 2025).

Despite a common misconception, the correct spelling is neuron/neurons, as opposed to ‘neurone/neurones’,
even in British English (McMenemey 1963; Mehta et al. 2019).
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Figure 2.2.: Sketch of the neuronal structure. Lefi: Neurons comprise a cell body (soma),
a dendritic tree, and an axon which is connected to the soma via the axon hillock. Right: The
cell membrane consists of a lipid bilayer (black) that works as an electric insulator for the cell.
Locally, however, it is permeable for ions via ion leak channels, voltage-gated ion channels
(green/blue), and ion pumps (red). Adapted from Billaudelle (2022).

Resting state Crucial for the physiological state of a neuron is its electric potential, or more
precisely, the ion concentrations in the cell: because the membrane is itself impermeable to
ions, the imbalance in ion concentrations following the synaptic input is sustained, and a post-
synaptic potential (PSP) decays only slowly over time. The eventual decay is driven by the leak
channels, while the gradient of the ion concentrations between inside and outside of the cell is
maintained by ion pumps. The most important ion pump uses energy in the form of adenosine
triphosphate (ATP) to transport two potassium ions (K*) into and three sodium ions (Na*) out
of the cell. The electric potential in equilibrium is called resting (or leak) potential. To quantify
this electric potential, it is helpful to first look at the individual ions: the ion-specific reversal
potential can be calculated with the Nernst equation. For example, the sodium potential Ey,+
depends on the external and internal Na* ion concentration [Na* |ext/int like

RT [Na+]ext

= In
Fznas [Nat g

Ena > (2~1)
with universal gas constant R, temperature T, Faraday constant F, and valency zy,+ = 1. All
ions permeating the membrane influence the overall leak potential E, jointly. This is described
by the Goldman-Hodgkin-Katz equation, and the typical equilibrium state of a neuron is around
E[ = —-65mV.

Synapses and the excitation of a neuron The main communication between neurons oc-
curs in the shape of neurotransmitters exchanged at synapses, formed between an axonal bou-
ton at the pre- and a dendritic spine at the postsynaptic neuron (Fig. 2.3). The neurotransmitters
are essential for the communication and come with great diversity but generally either have a
stimulative (excitatory) or suppressive (inhibitory) effect. Because a neuron uses the same set
of neurotransmitters at all synapses, they can be used to identify a neuron: for example, the
most widespread inhibiting (gamma-aminobutyric acid (GABA)) and exciting (glutamic acid)
neurotransmitters are the source of the terms GABAergic and glutamatergic for the respective
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Figure 2.3.: Excitation in a neuron. Lefi: Sketch of a synapse, forming between an axon
terminal and a spine on a dendrite. The former contains voltage-gated channels that upon
arrival of a signal encourage the release of neurotransmitters which, during resting periods,
are contained in vesicles. Release of neurotransmitters occurs when a vesicle merges with the
cell membrane, resulting in their distribution into the extracellular medium. Diffusion through
the synaptic cleft allows the activation of ligand-gated ion channels of the postsynaptic neu-
ron, altering its membrane voltage. Right: Membrane dynamics following a sufficiently strong
stimulus: first, the membrane rises rapidly through the depolarisation, even overshooting to
reach a positive potential. Afterwards, the neuron repolarises, with a short period of hyperpo-
larisation that is associated with a temporary refractoriness.

neurons. The concept that a neuron uses the same neurotransmitters at all synapses is known
as Dale’s principle (Dale 1935), coined by John Eccles (1954).

The neurotransmitters are kept in vesicles in the synapse. When a signal from the soma ar-
rives at the bouton, the ensuing influx of calcium ions due to the change of the local membrane
potential leads to the release of neurotransmitters into the synaptic cleft, the space between the
presynaptic and postsynaptic cell. Once the neurotransmitters are in the extracellular medium,
diffusion brings them in reach of the postsynaptic membrane where they can bind to ligand-
gated ion channels. These channels enable the flux of ions through the membrane, in turn
leading to a change in the membrane voltage, called a PSP. This local potential spreads through
the cell to unfold its effect on the whole neuron.

Origin of an action potential The two classes of neurotransmitters have opposite effects:
excitatory inputs lead to a depolarisation, that is, the membrane potential u,, increases.
Conversely, inhibitory inputs cause hyperpolarisation, i.e., a decrease of the voltage. In the
soma, inputs from all presynaptic neurons come together. When the activity of multiple presy-
naptic neurons occurs in close temporal proximity, a sufficient local excitation (exceeding
Aumem = 15mV) triggers a spike or action potential (Fig. 2.3). The underlying mechanism starts
when the excitation activates the voltage-gated ion channels: as the permeability of these chan-
nels depends on the membrane voltage, they begin to govern the dynamics. First, the sodium
channels open, leading to an influx of Na* ions into the cell. The resulting depolarisation opens
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2.1. Biological brains

the Na* channels further, a self-reinforcing effect. Next, the potassium channels are activated,
allowing the K* ions to leave the cell, countering the rise of the membrane potential. Simul-
taneously, the sodium channels are deactivated, that is, completely stopping the sodium flow,
while the continued flow of potassium ions repolarises the cell, even leading to a hyperpolari-
sation. Afterwards, the neuron slowly returns to resting conditions while the sodium channels
exit their state of inactivation. The change of states of the voltage-gated sodium channels is
typically understood via the so-called ball-and-chain inactivation model.” While the neuron is
hyperpolarised, it is harder or even impossible to elicit another spike regardless of the level of
excitatory input. A neuron in this state is said to be in the refractory period.

During such a sodium spike, the rapid increase of the membrane potential by about Aupey, =
100 mV within few milliseconds is quite stereotypical, i.e., nearly independent of the form or
size of the input, across different neurons and brain regions. However, it relies on the correct
operation of the mechanism as described: a manipulation via local anaesthetics, for example,
works by blocking sodium channels, thereby preventing the formation of action potentials and,
consequently, the communication of neuronal signals like pain. Apart from these stereotypical
spikes, there are other types of action potentials like NMDA or calcium spikes (Larkum et
al. 1999; Palmer et al. 2014; Antic et al. 2010) that are hypothesised to play a role in brain
functions (Aru et al. 2020).

Signals between neurons The axon hillock (Fig. 2.2) is especially excitable, facilitating the
generation of action potentials. Once an action potential appears in the axon hillock, some
excitation is propagated backwards through the soma to the dendritic tree, but the largest
part of the signal is transported through the axon. The axons have a distribution of diameters
that range from 0.16 pm to 0.9 pm (Liu and Schumann 2014; Liewald et al. 2014) and can vary
significantly in length: in humans, the longest axons comprising the sciatic nerve travelling
from the lumbar vertebra to the foot (Schiinke et al. 2012) can exceed 1 m. In the mammalian
CNS, axonal lengths are distributed across a wide spectrum with axons of pyramidal neurons
reaching up to 1 m length (Ropireddy et al. 2010) and those of interneurons being much shorter,
on the order of dozens of millimetres (Hu et al. 2014).

Transmission delays The communication time between neurons is of utmost importance
for the reaction time of animals. Considering the axon as a cable, reducing the resistance
by expanding the diameter of the axon increases the speed of propagation of the signal. This
mechanism evolved in invertebrates to enable quick communication across long distances, with
the most famous example being the squid giant axon, investigated by Hodgkin and Huxley
(1952).

Another mechanism found by evolution around 425 million years ago is called myelination.
The resulting faster and more efficient signalling across myelinated axons? is considered neces-
sary or at least advantageous to allow the formation of the complex structures of CNS and PNS

"The details of this model are not relevant for this thesis, but it might be interesting that the suggestiveness
of the model name is a good description of the biophysical basis: while the original hypothesis by Armstrong and
Bezanilla (1977) used other language, it already included the idea of a ball blocking the channel. The balls consist of
amino acids, microscopic description of structure of gate including renderings of the proteins have been done (Zhou
et al. 2001) as well as imaging experiments showing the structure of the ball (Bentrop et al. 2001). Aldrich (2001)
includes a detailed sketch.

8To highlight the diversity in biology, it is noted that while myelination typically occurs on axons, there are
exceptions: the pseudounipolar neurons can have dendrites of extraordinary length on the order of 1 m that are
also myelinated (Schiinke et al. 2012, page 283).
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in vertebrates (Zalc et al. 2008; Zalc 2016). The layers of myelin sheath wrapped around the
axon are constructed by oligodendrocytes (OLs)’ (Philips and Rothstein 2017) that also provide
the metabolic support to the neurons. A mature OL can create and maintain more than 100
myelin sheaths on different axons (Xin and Chan 2020). The exact process of the myelination
has only recently been found (Snaidero et al. 2014) in an ambitious experiment on zebrafish:
the sheath itself continues to wrap around the axon in a helical motion, subsequently creating
the visible layers of myelin. In between the sheathed segments the axon is in contact with the
extracellular fluid at places called Ranvier nodes. This allows the excitation to jump from node
to node, enabling the so-called saltatory conduction. '

For myelinated axons, in addition to factors like temperature, morphological properties like
the diameter, myelin thickness and distance between Ranvier nodes control the velocity of
signals (Waxman 1980). In mice, blocking the Myelin regulatory factor (Myrf) to prevent new
myelination via OLs inhibited the mice to learn a new motor skill, strongly suggesting the
importance of changes in the myelination for learning (McKenzie et al. 2014). Furthermore,
following the learning of a new motor skill, changes in parts of the CNS consisting mainly of
myelinated axons (called the white matter) have been observed (Sampaio-Baptista et al. 2013).
Likewise in humans, there is some evidence that complex visuomotor tasks like piano playing
or juggling has an impact on the myelination in the white matter (Bengtsson et al. 2005; Scholz
et al. 2009).

Neural coding Understanding the brain rests on understanding its processes, presumably
on the level of neurons. We have established that neurons mainly communicate with spikes, but
how these spikes are connected to sensory stimuli or even high-level concepts like thoughts is
afocus of ongoing research. This connection between information and activity is called coding.
Some general concepts have been described, like the efficient coding hypothesis, arguing that
neurons tend to minimise the redundancy in their encoding (Attneave 1954; Barlow 1961).

The most prominent coding originates from the context of muscles (Adrian and Zotterman
1926; Adrian 1928) and is called rate coding: the idea is that the information is encoded in the
average activity, either average over time, space (i.e., a population of neurons), or trials. When
a rate code is formed over many trials, it introduces large stochasticity to an individual trial.
When precision is required, averaging over time or space comes at the cost of long integration
times or the need for large neuron populations, respectively. Despite these drawbacks, there
is clear experimental evidence that average activity strongly correlate with some presented
information, also beyond muscle tissue. In neuroscience experiments, spike rates or derived
quantities of average activity are often the go-to measure.

An alternative approach is to view (relative) timing of spikes as the carrier of information: for

The equally well-known Schwann cells fulfil the same function, however for the PNS and for us the focus lies
on the CNS.
Interestingly, Ranvier (1878) compared the myelinated axons to transatlantic cables:

The myelin has potentially another role: it is probably an isolating sheath. Electrical wires im-
mersed in a conductive medium need to be protected from this medium by a non-conductive sheath;
it is on this principle that transatlantic cables are built.

As referenced by (Zalc 2016) from the original:

La myéline a peut-étre encore un autre role; elle est probablement une enveloppe isolatrice. Vous
savez que les fils électriques qui sont plongés dans un milieu conducteur doivent étre isolés de ce
milieu par une enveloppe non conductrice; c’est sur ce principe que repose la construction des cables
sous-marins.
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2.1. Biological brains

auditory localisation, barn owls depend on precise timing of spikes (Carr and Konishi 1990),
and in auditory systems generally first spikes appear important (Heil 2004). Precise timing
and synchronisation also play a role in olfaction (Hopfield 1995; Brody and Hopfield 2003;
Vickers et al. 2001). Rat experiments show that for whisker localisation ‘first post-stimulus
spike’ is decisive (Panzeri et al. 2001; Petersen et al. 2001). Berry et al. (1997) demonstrated
that retinal cells in two animal species are better described with discrete spikes as opposed
to rate codes. For rapid visual procession within 150 ms in humans (Antal et al. 2000; Thorpe
et al. 1996), codes based on spike timings have been proposed (Thorpe et al. 2001; Reich et al.
2001). Similarly, there is evidence of spike time coding of tactile information from our fingertips
where information propagates faster than possible with rate codes (Johansson and Birznieks
2004).

The only definite statement to be made is that in the brain, a lot of codes exist seemingly
in parallel, clear rules are yet to be defined, and there is no undisputed interpretation. In this
thesis, we deliberately design networks in order to train them on a task. For this approach, we
must impose a coding both for encoding inputs and decoding the output spike train of a net-
work to calculate a classification accuracy or loss function. Inspired by the timing and energy
benefits associated with sparse spiking (Lennie 2003), a time-to-first-spike (TTFS) encoding as
well as decoding is employed in our experiments.

Plasticity After a synaptic event, the neurotransmitters are resorbed by the presynaptic cell
into vesicles to be used for further activity. As this is a delayed process, the momentary avail-
ability of vesicles influences the size of the PSP. This form of short-term plasticity plays a role
on a range of milliseconds to a few minutes (Tsodyks and Markram 1997; Markram and Tsodyks
1996; Thomson and Deuchars 1994). The process of changing the effectiveness of connections
between neurons is termed plasticity and has different aspects. In addition to the short-term
plasticity described above, there is structural plasticity: a share of connections between den-
drites and axons form and perish dynamically over time (Trachtenberg et al. 2002; Holtmaat
et al. 2005). This has inspired algorithmic realisations where, at any given time, only a subset
of connections between neurons are possible, and the subset changes over time (Bellec et al.
2018; Billaudelle et al. 2021).

The plasticity most important for us, however, is long-term changes of synaptic strengths,
enabling meaningful neural computation and thought to be at the root of what we call learning.
Physiologically, this can be implemented by physical changes of the geometry of the dendritic
spine, in turn influencing the synaptic efficacy (Matsuzaki et al. 2001), as well as through how
the postsynaptic cell reacts to inputs (Liischer et al. 2000; Gaiarsa et al. 2002). In addition,
the vesicle release is stochastic, and its probability can be influenced, adapting the effective
strength of a synapse (del Castillo and Katz 1954; Branco and Staras 2009; Schug et al. 2021).

Hebb (1949) described a phenomenological theory of learning that is commonly summarised
as ‘What fires together, wires together’. The idea behind the theory is that pairs of neurons
with axons and dendrites in physical proximity detect and react positively to causal, temporally
close activity, thus deciphering the spatio-temporal correlations in the inputs received from the
environment. Learning paradigms, typically called learning rules, that fall in this category in-
clude (Sejnowski 1977; Oja 1982; Bienenstock et al. 1982). While Hebb did not formulate his the-
ory explicitly in terms of spike times, it clearly laid the groundwork for spike-timing-dependent
plasticity (STDP). This form of plasticity has been corroborated by experiments, showing a clear
dependence of synaptic changes on the time difference between spikes (Markram et al. 1997; Bi
and Poo 1998). The initial experiment showed an exponential and causal behaviour (connec-
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tions with pre-spikes before post-spikes are strengthened), since then a lot more diverse STDP
curves have been observed (Feldman 2012; Andrade-Talavera et al. 2023). Hebb’s theory has
also been extended to reward-based reinforcement learning (Frémaux et al. 2010; Frémaux and
Gerstner 2016).

2.2. Modelling neural networks

After this phenomenological description of biology, we can tackle the theoretical characterisa-
tion of the brain as it will be used in the following. Even single neurons show such complicated
behaviour that, e.g., Beniaguev et al. (2021) argue that one needs a deep CNN to model a single
pyramidal neuron. However, a more abstract description is sufficient for our studies, and we
will mostly stick with point neuron models: these are models that discard the physical struc-
ture of the neuron and instead describe the entire neuron, including soma and dendritic tree,
as a single point. When spikes or currents are given as inputs, the dynamics of one or more
local variables, such as the membrane potential, unfold. Potentially occurring spikes are then
registered and communicated to the surrounding neurons.

Hodgkin-Huxley model The arguable gold standard for physiological models of neurons
describes the membrane dynamics on the level of ion channels, deduced in experiments on the
squid giant axon by Hodgkin and Huxley (1952). Controlling the squid’s escape mechanism
with water jet propulsion, the axon requires fast signal transmission and since invertebrates
lack the mechanism of myelination this explains the large axon diameter that was convenient
for the experiments.

In this model, the temporal evolution of the membrane uyem(t) is determined by the currents
influencing it: current through the ion channels Na* as well as K*, current through the leak,
and external current Ly Naming the capacitance of the cell membrane Cpem, the dynamics
follow from Cpem timem = 2, I, more specifically:

du
Cmem% = _gNam3h (umem - ENa) - gKn4 (umem - EK) — 8 (umem - Et’) + Iext(t) > (2-2)

with conductances gna, gk, and g;. The opening and closing of the channels is modelled by the
variables m, n, and h, which each evolve as a function of uyey between 0 and 1, representing
fully closed or open, respectively. Based on phenomenological functions @, and S, they evolve
according to

di = ax(umem) : (1 - x) - ﬁx(umem) -x, forxe {m’ n, h} . (2'3)

dt

Even without knowing the microscopic details of the ion channels, Hodgkin and Huxley found
a faithful description of the membrane evolution and the dynamics of an action potential: Equa-
tions (2.2) and (2.3) cover cases of small excitation, typically called subthreshold dynamics, the
action potential with activation and inactivation of channels, as well as the repolarisation and
subsequent refractoriness. To reach this fidelity, all four state variables #mem, m, n, and h are
required as dynamic variables. This, however, creates room for simplifications, starting with
the action potentials. Just like in biology, the spikes of the model are mostly stereotypical,
i.e., all-or-none phenomena. This invites abstracting them away, leaving the modelling of the
subthreshold dynamics.
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Leaky integrate-and-fire neuron One such approach predates the Hodgkin-Huxley model:
Louis Lapicque (1907) is often attributed with outlining the LIF model (Abbott 1999).!! Below
a fixed threshold &, the membrane can be excited or inhibited by a synaptic Ly, or an external
current . according to the following ordinary differential equation (ODE):

dume
Cmem% = 8¢ (E[ - umem) + Isyn(t) + Iext(t) . (2-4)

Without input, the leak #pem o (E;— Umem) results in an exponential return to the leak voltage
E, with time constant Tmem = Cmem/ g Notably, while I, might be a function of the voltage,
depending on the model of synaptic interaction, there is just one dynamical variable upen.
When the membrane voltage reaches the threshold, the neuron is considered to have spiked at
that time,

umem(tsp) =7, (2.5)

and the neuron enters the refractory state for a period 7,.f, where the voltage is clamped to the
reset potential Vieset:

Umem(t) = Vieset VE € (tsp: tsp + Tref] - (2.6)

The justification for this model is the stereotypical consistency of biological action potentials
as short-acting, high-impact pulses. In this manner, they are represented by § distributions
since their temporal extension is shorter than the typical membrane dynamics. The collection
of spikes of a neuron is called its spike train:

p(H)= > 8(t—1t). 2.7)

spikes s

Due to its relative simplicity, the LIF model lends itself to theoretical analysis: the ODE is
solvable for constant external input in the absence of synaptic activity, yielding an exponential
decay from the initial value to the shifted leak potential E; + I /g,. For a current exceeding the
threshold, the dependence of the spike rate v on the input (called f-I curve) is

1

v(I) = (2.8)

Tref + Tmem 1Og ( Vrgfggl_/{g/,g( )

For large inputs, this rate approaches the inverse of the refractory time 7. (or approximates a
linear function for vanishing 7,f). In the context of deep learning, the relation between input
and output is known as activation function: there, rectifying functions (with vanishing output
below a threshold) like the rectifying linear unit (ReLU), as well as boundedness are sometime
motivated with a reference to firing rates in biology (Householder 1941; Hahnloser et al. 2000).

Synapse models Looking at synaptic inputs, each spike creates a change in the membrane
potential, the so called PSP. So called current-based (CuBa) synapses model this change in
Umem as a current Iy (1) = w- k(¢ — t5p) depending on a synaptic strength w and an interaction

'Tn a paper accompanying the translation of the original paper (Brunel and van Rossum 2007b) to honour its
100" anniversary, Brunel and van Rossum (2007a) clarify that Lapicque was mainly interested in excitation, not
in the spike mechanism. Due to the limited knowledge of his time, neither that mechanism nor any reset of the
membrane were known. The LIF model including the mandatory reset was coined and studied much later.
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kernel k. Several choices are available, like a § distribution (creating a sudden jump in the
voltage), or a rectangle function x(t) = ©(t)©(r — t) with the Heaviside step function ©. The
Heaviside function is 1 for arguments larger than 0, and 0 otherwise. In accordance with the
finite temporal extent of usual synaptic interactions, a common choice is an exponential decay
with synaptic time constant 7gyy,:

k(t) = O(t) exp (—t) . (2.9)
syn

The Heaviside theta function ensures causality: a spike can only affect a neuron after it has
occurred, not before. Continuing this thought, a transmission delay d of an axon carrying a
spike s, could be introduced as

Lyn(t) = w-k(t — (tp + d)) , (2.10)

essentially shifting the spike time. The effect of multiple presynaptic neurons and all their
spikes, respectively, add up to the total synaptic current

Lyn(D= D> > wik(t—t). (2.11)

neurons i spikes s

Interestingly, for some synapse models, there is a closed-form solution for the subthreshold
dynamics of the voltage, specifically for exponential synapses,

t—ts t— 1t
— — — . 2.12
P ( Tmem) P ( Tsyn >} 212

For the special case of equal time constants Tymem = Tsyn, the voltage is not a difference of
exponential as above but a sum of a-kernels of the form t exp(—t). According to I'Hopital’s
rule in the limit Tmem — Tsyn, the dynamics are described by

Wi Tsyn
Upem(t) = Y. Ot — t)— ——T"—
neurons i 8¢ Tmem — Tsyn

spikes s

wit—1t -t
Umem() = Y, O(t—t)———exp (— s) . (2.13)
neurons i 8t Tsyn Tsyn
spikes s

The conductance-based (CoBa) model is slightly closer to biological dynamics. Here, an
input spike does not lead to a current directly, but changes the conductance of a channel, itself
causing a current dependent on the distance of the membrane voltage to the reversal potential
of this channel. For one spike at ty, the current amounts to

Isyn(t) = w-k(t— tsp)(Erev — Umem) - (2.19)

Often, the cases of large positive and negative reversal potential are treated separately, then
consequently called excitatory Ee. and inhibitory Ej,}, reversal potentials. The additional de-
pendence prevents a closed-form solution for the membrane voltage, restricting a lot of the
theoretical analyses.

Other models A further simplification is sometimes made: the leak term in Equation (2.4)
causes the neuron to forget past input over time, without this term synaptic inputs are retained
until a spike is elicited. The subthreshold dynamics of the corresponding non-leaky integrate-
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and-fire (nLIF) model are defined by

dumen
Cmemudit = Isyn(t) + Iext(t) > (2-15)

and its simplicity makes it a welcome target for theoretical studies (e.g., Mostafa 2018; Dold
and Petersen 2025).

Within theoretical neuroscience, many more neuron models have been developed. Each
model comes with certain peculiarities like the quadratic integrate-and-fire (qLIF) model. As
the name implies, its membrane dynamics are governed by a quadratic term 7 émem * a(Umem —
Eo)(tumem — Fsoft) (Ermentrout 1996; Latham et al. 2000). Here, a soft threshold J,.q is intro-
duced, that does not immediately imply a spike, but creates strong amplification increasing the
membrane potential.

The soft threshold also appears in a more detailed model, the adaptive exponential leaky
integrate-and-fire (AdEx) neuron, addressing a crucial phenomenon in biological neurons that
the LIF model lacks: when a neuron is exposed to a constant input, it will typically not show
a stable firing rate. On the contrary, different responses exist like bursting (rapid firing of
spikes close together in time), a changing rate, or single, possibly delayed, spikes. Brette and
Gerstner (2005) proposed to add a new dynamical variable, the adaptation current I,, itself a
leaky integrator:

ra% = —I, + a(umem — Er) , (2.16)
parametrised with a time constant 7, and scaling factor a. This variable is driven by deviations
of the membrane voltage upmenm from the leak voltage E,, and operates as an additional current
on the membrane voltage:

d -3
Cinem Hmem = _gt’(umem - Et’) + geAT exp Hmem soft
dt AT

) = L(t) + Liyn(2) . (2.17)
Furthermore, there is a term similar to what we have seen above: as soon as the soft threshold
Fsoft 1s crossed, the membrane is exponentially driven up. The spike happens when the hard
threshold is crossed, followed by a reset phase like in the LIF model (Eq. (2.6)). At those times,
the spike-triggered adaptation changes the value of I, by an amount b,

LoL+b. (2.18)

The neuron parameters can be tuned allowing the new mechanisms to enable ‘initial bursting,
regularly bursting, tonic spiking, adapting, accelerating, irregular spiking, or show delayed
initiation’ (Naud et al. 2008). The flourishing diversity goes hand in hand with more limited
theoretical treatment and more difficult simulations.

The two theoretical additions of exponential driving and adaptation can also be considered
independently. Especially the latter, sometimes named adaptive leaky integrate-and-fire (aLIF),
allows the access to the two different timescales of the membrane and of the adaptation. With
this modification, the model can model activity of diverse neurons faithfully (Gerstner and
Naud 2009; Kobayashi 2009; Teeter et al. 2018). The related mechanism of making the threshold
adaptive has been used to give neurons longer memory (Bellec et al. 2020), and we will use
adaptation in Chapter 7 for the implementation of a reliable delay mechanism.
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2.3. Deep learning

After having covered the modelling of spiking neurons, we turn to the basics of ANNs since
one of the central contributions of this thesis is the application of DL methods to SNNs. DL is
a subfield of machine learning (ML), and due to DL’s overwhelming success in the last decade
the terms are now often used interchangeably. In general, ML includes all forms of data-driven
algorithms. An algorithm’s performance on some target metric is typically measured by a
loss L or energy E, and optimising this quantity is associated with enhancing performance.
Examples for this are the Gauss-Newton algorithm or the Levenberg-Marquardt algorithm to
iteratively solve a nonlinear least-squares problem. As we will see, optimising a network of
artificial neurons fits right into this description of iteratively minimising a loss. The branch
of DL is characterised by the structure of the optimised objects: deep networks consisting of
several layers, each of which comprises many simple, abstract neurons.

Artificial neurons As alluded to in the introduction, a lot of the concepts in DL are inspired
by the brain, but differ in central aspects. The building block, the artificial neuron, is still
similar to the original described by McCulloch and Pitts (1943): a neuron — deprived of intrinsic
dynamics - instantaneously adds up inputs x, graded by its weight parameters w to get an
abstract membrane potential a, offset by a potential bias b,

a=wx+b. (2.19)

Before this state serves as the input to another neuron, the activation function ¢ is applied,
introducing a nonlinearity. The original model (McCulloch and Pitts 1943) used thresholding
for binary output. Modern neuronal units employ a variety of activation functions, common
examples being ReLU or sigmoid functions. When considering a layered setup (Fig. 2.4) with a
componentwise applied activation function we get

a® = wy 4 pO (2.20)
Y9 = p(a®) . (2.21)

Conveniently, the parameters belonging to layer i like weights or biases are often generalised
to 8%, and @ encompassing all parameters of the network.

Basic forms of neural networks The simplest case is the perceptron described by Rosen-
blatt (1958), consisting of just one such layer of neurons. This is still used as a baseline and
termed linear classifier, often with a mean squared error (MSE) loss between outputs and the
targets.

The nonlinearity, especially over many layers, can lead to sufficiently complex combinations
of the input. This enables the kernel trick: simple linear regression on the expanded latent space
can perform well as a classifier or in regression tasks. This amounts to using the network as
a support vector machine (SVM), and applied to time sequence tasks it is called a liquid state
machine (LSM).
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Figure 2.4.: Network structure. Example of a feedforward architecture, highlighting the for-
ward (top) and backward propagation (bottom). Given inputs x, activity subsequently propa-
gates through the hidden layers until the activity of the label neurons y’ is used, together with
the target, to calculate the value of the loss function L. In each layer i, the activity y® depends
on the activity in the previous layer y“" and parameters 8, exemplified by 0 between y{” and
y{?. The neurons in the last layer are often distinct, by using a different or no rectifying activa-
tion function (implied by the circular shape). To apply gradient descent (Eq. (2.22)) to a single
parameter 0, the chain rule can be used (red). An efficient algorithm iteratively propagates an
error backward, aptly named error backpropagation (black arrows). Given the local error, the

update is obtained by multiplication with 8y§1) /6.

Training the parameters The most common training scheme is called gradient descent
(GD), i.e., changing the parameters in the direction of steepest descent of the loss:
N oL(0
Ad o _2EO) (2.22)
20

This works if the loss function is a differentiable function of the output activation £L(y), which
itself depends according to Equation (2.20) on its parameters and input. When generalising to a
deep network of L layers, a so called multilayer perceptron (MLP), this still holds as each layer
depends continuously on its input and parameters, so

£[6,x] = E<y(”(9“>,y<“)(9(“), (.. ,y(1>(9<1), x))) )) . (2.23)

This composition of functions can in principle be used together with Leibniz’ chain rule'? to

2The required differentiability is not necessarily fulfilled: the ReLU activation function is not differentiable at
its kink. It has been investigated (Lee et al. 2020; Bolte and Pauwels 2020), and in practice does not impede training.
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directly calculate gradients like

. 0L[0,x]
_ay? aL[e,x]
= 909 W (2.25)
ay? ay  ay®  aLle,
y" oy y [0, x] , (2.26)

- 909 dy® dyt ’ dy®
however with limited computationally efficiency. The efficient implementation is called error
backpropagation, and iteratively propagates the error of each layer 9L /9y"® backwards,

oL[0,x]  oy™" aL[e,x]

ay» gy ’ 9y

(2.27)

With a shorthand for the error in the i layer §” = 9£[0, x]/9y® and the forward activation
described above (Egs. (2.20) and (2.21)), this equation is often written in the form

59 = ¢'(a?)- wltD.T | §G0 (2.28)

Figure 2.4 highlights how this propagated error can be used together with the local derivative
dy®/36?, to calculate the gradient. The error backpropagation algorithm was independently
found by Linnainmaa (1970) and Werbos (1982), the widespread use was started by Rumelhart
et al. (1986).

Deep Learning in practice Above, the knowledge of the target corresponding to the input
is implied, i.e., the case for supervised training, where the used dataset contains inputs and
labels, different from unsupervised and reinforcement learning (RL). While most advances in
DL include forms of the latter two, e.g., for transformers the self-supervised text prediction
or their fine-tuning with reinforcement learning from human feedback (RLHF), here we fo-
cus on supervised settings. All these settings have the requirement of propagating the error
through the network (Eq. (2.27)), independently of how the initial error arises, and therefore
the supervised case serves as a good starting point.

Typically, training works like this: a given dataset is already separated in test and train
parts. The latter can be fully utilised for training, whereas the network is only allowed to
access the former after the end of the training, as a final trial of its performance. For practical
purposes, from the training dataset a validation part can be split off for measuring performance
on unseen data during training, while not tainting the test data. To guarantee comparability,
it is best practice to provide these splits to users.

When performing GD based on an individual sample in a dataset, the parameter update
is not guaranteed to decrease the loss for other samples. In the DL context, the method is
thus more precisely called stochastic gradient descent (SGD) as first described in Robbins and
Monro (1951) and Kiefer and Wolfowitz (1952). Averaging over the full dataset, batched GD,
helps to smooth excessive gradients but given the large size of typical datasets would be slow.
Additionally, instructive learning signals from some patterns might be averaged out in the
large dataset, further obstructing the learning. This is countered by performing SGD on mini-
batches: small, random subsets of the training data that benefit the signal-to-noise ratio, while
being efficiently computable through parallelisation.
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This form of training is just one of many methods that make modern DL feasible. Some of
these tricks can be directly carried over to training SNNs, like SGD or the use of optimisers
like Adam (Kingma and Ba 2014), while others have no direct equivalents, e.g., because they
are specific to ANN activation like batch norm (Ioffe and Szegedy 2015).

Training spiking neurons In contrast to these methods, training SNNs in a supervised fash-
ion was established a lot later. With back reference to biology, typical approaches included the
use of STDP to control firing times of neurons (Pfister et al. 2006), or to extract salient features
in spike trains (Kempter et al. 1999; Song et al. 2000; Legenstein et al. 2005; Jordan et al. 2021).

A notable example of training a spiking neuron along the lines of DL is the Tempotron (Giitig
and Sompolinsky 2006): it features an ad hoc learning rule for a single neuron. The learning
rule depends on the analysis of the voltage trace. It has been used for separation of spike
patterns, but is limited due to the single layer architecture. This restriction is not present in
SpikeProp (Bohte et al. 2000; Bohte et al. 2002), that featured networks with a hidden layer and
an approximative method of connecting an error in the label spike time with gradients of the
parameters.’® Because of the lack of known and challenging tasks to compete on, it did not
permeate into the wider community. In addition, the use of time-stepped simulation for the
forward pass to obtain the activity implies long simulation times for large networks.

One reason why the application of DL methods to SNNs happened relatively late could be
connected to the following: in the neuromorphic and computational neuroscience literature,
there are commonly found, though misleading or even wrong, statements that spikes are not
differentiable, or that backpropagation is not possible because the derivatives are not defined.
Probably, this statement arises because the voltage does indeed reset in a non-differentiable,
even discontinuous way. However, the implied question of how a change in the membrane
potential changes the spikes is ultimately not needed to calculate the gradients: information
propagation in a network is driven only by spikes, and the dependence of each spike on its
input and weights is differentiable.'*

While not strictly necessary to find gradients with respect to some parameters, it is still
instructive to look at the influence of a change in the membrane potential #yney, on the spike
train dp/dumem. In their work on surrogate gradients, Zenke and Ganguli (2018) and Neftci et
al. (2019) investigated this by writing the spike train p(t) (Eq. (2.7)) as a function of the voltage,
p(t) = O(tumem(t) — ). The replacement works because the voltage is reset immediately after
a spike. It is made primarily as a motivation for the gradient calculation but can be related
to neurons with escape noise (Gygax and Zenke 2025). For the backward pass, the Heaviside
step function © is approximated by a continuous function ¢!® which allows calculating the
derivative

ap(t)

Ottgem(t) - U/(umem(t)) . (2.29)

With this approximation, the whole machinery of DL is usable, and this ease of use is one

13 As was later realised, the method is in fact not approximative but with the help of the implicit function theorem
can be proven to be exact, see Yang et al. (2014) and Section SI.C.

YThis is derived in Chapter 5 for individual spikes, in Chapter 7, Section SLD for multiple spikes, and is by now
also found in the literature, see e.g., Wunderlich and Pehle (2021). Interestingly, the handling of the Dirac delta
distribution, including its derivative, is well-defined in functional analysis, more specifically distribution theory.
We make use of that, e.g., in Chapter 7, Section SLE, Equations (SI.31) to (SI.34).

In the original publication, Zenke and Ganguli (2018) used the negative side of a fast sigmoid for performance
reasons.
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reason for the popularity of the surrogate gradient approach. In addition, the resulting compu-
tational graph is close to certain ANNs and thus the method can profit from existing software
engineering. However, this computational graph is extremely removed from the event-based
nature of neuronal computation: generally, surrogate gradients are computed for discretised
neuron dynamics at finite time steps 0, At, 2At, ..., T. In this formalism, spikes are represented
by 1 in the spiking tensor p that has dimensions of the number of neurons and time steps. A
parameter update, according to error backpropagation, is then performed by the matrix product

L
p

[1] . (2.30)

AG = Z az;n;m [t] : O'/(umem[t])

The computation requires a lot of memory as the voltage trace of all neurons needs to be
retained. For neuromorphic hardware, this implies the need for vast data storage or transfer,
making an implementation challenging, but not impossible (Cramer, Billaudelle et al. 2022).

With surrogate gradients, information propagates (backward) even without a spike, which
allows the network to create activity from quiet states. This is certainly beneficial, for example
when starting from a random initial state. All the more so, because in contrast to a blanket
increase of weights, the parameters are changed in a guided manner to create spikes where
they have the largest impact. Yet, the required flow of information through sub-threshold acti-
vations has a downside besides the increased computation: because there is an approximation
at each neuron at each time step (Eq. (2.29) in Eq. (2.30)), the information is diluted, directing
the resulting gradient away from the true gradient. In fact, it has been shown that the cal-
culated surrogate gradient can even point in direction of steepest ascent, actively degrading
performance (Gygax and Zenke 2025).

Mostafa (2018) put forward a radically different approach: for the nLIF neuron model, he
found a way to express the spike time of a neuron as an explicit function of its weights and input
spikes, permitting the application of error backpropagation in networks with up to two hidden
layers. One point to stress here is that while the timing of spikes is differentiable, the appearing
or disappearing spikes are not, so ample activity has to be ensured, e.g., by an ad hoc rule of
increasing weights for sufficient spikes (Mostafa 2018). The approach was limited to the nLIF
neuron model, which impedes the implementation on mixed-signal neuromorphic hardware.
However, it allowed our later insight that even with more complicated neuron models, SNNs
are trainable based on exact gradients: information is passed by spikes, and — except for a zero
measure set — their timing shifts continuously when changing parameters.

2.4. Neuromorphic hardware

As discussed in the introduction, the goal of neuromorphic engineering, as the name suggests,
is to build hardware that is inspired by the brain. This technology comes in many forms and
with varying motivations. The initial development of neuromorphic technology started with
sensors: Mead and Mahowald (1988) described an implementation of visual processing recre-
ating a retina, shortly followed by an electronic cochlea for auditory perception (Lyon and
Mead 1988). These early papers attempt to mimic models of biological processes in physical
realisations (Mead 1989; Mead 1990). According to their own statement, the authors wanted to
demonstrate and verify their understanding of biological systems by replicating them in silicon
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Figure 2.5.: Examples of neuromorphic hardware. Left: Basic circuit modelling a LIF neu-
ron (Eq. (2.4)). Modified versions of this circuit serve as a building block in the design of
analogue neuromorphic systems. Right: Photograph of the production setup of BrainScaleS-2
(taken with permission from Stradmann, lmberger et al. 2025).

circuits.’® They pursued this approach not only for sensors but also for neurons (Mahowald
and Douglas 1991). Finding a substrate that emulates desired traits of a model system is now
often called physical computing. This is different from the more conventional approaches of
either analytically investigating or numerically simulating a model. The latter usually implies
the iterative integration of differential equations, which especially for nonlinear dynamics can
require complicated integration schemes or fine time steps. For example, to capture neural ef-
fects like synchronisation, a high resolution in the integration is necessary (Hansel et al. 1998;
Valadez-Godinez et al. 2020), raising the computational load. Physical computation comes with
limited flexibility and control, but promises gains in energy efficiency and speed for specific
systems (Indiveri et al. 2011; Boahen 2017; Buhler et al. 2017). An often used example here is the
characteristic behaviour of a neuron as encoded by the LIF model: the integration of informa-
tion over time, and event-based communication can be directly mapped to a circuit (Fig. 2.5),
which serves as a building block for many neuromorphic systems. Analogue neuromorphic
hardware continues to be successfully developed, this includes the DYNAP-SE family (Moradi
et al. 2018; Richter et al. 2024) and the Neurogrid chip (Benjamin et al. 2014). Another promi-
nent example, BrainScaleS-2, is introduced below. These mixed-signal approaches combine a
lot of characteristics of neuromorphics: they compute in-memory, emulate their dynamics, and
communicate with spikes.

Digital neuromorphic architectures like SpiNNaker are an alternative concept. SpiNNaker

®Mead and Mahowald (1988) end their paper with a paragraph which seems to be their interpretation of the
famous quote by Richard Feynman, ‘What I cannot create, I do not understand’ (Feynman 1988):

It is our conviction that our ability to realize simple neural functions is strictly limited by our
understanding of their organizing principles, and not by difficulties in realization. If we really un-
derstand a system, we will be able to build it. Conversely, we can be sure that a system is not fully
understood until a working model has been synthesized and successfully demonstrated.
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Figure 2.6.: In-the-loop usage of BrainScaleS-2. Adapted from Goltz et al. (2023). Left:
Spikes (sketched in a raster plot on top) are given as input data to the physical system. The input
determines the dynamics of the network on the substrate (black nodes connected with arrows),
and observables are retrieved from the system, e.g., the voltage trace as depicted on the bottom.
Note that training is also possible based solely on output spike times, requiring drastically
less I/O bandwidth. The inputs and outputs inform a model of the dynamics (red) which is
used to calculate updates Aw for the parameters of the system (blue). Right: Sketch of an
exemplary trace from BrainScaleS-2 in black and a corresponding model in red. In addition to
high frequency jitter with small amplitude, there are deviations the spike occurred. In practice,
when PSPs bring the membrane close to, but not over, the threshold, small jitter can be sufficient
to create erroneous spikes. When only using single spikes, the mismatch during the refractory
period is unproblematic for a model, as it only considers the dynamics until the spike.

consists of distributed ARM cores, i.e., it employs traditional cores in a distributed setup with
a focus on event-based communication (Furber et al. 2014; Mayr et al. 2019). Other examples
are custom ASICs (Frenkel et al. 2019) that also include substrates by industry contributors
like TrueNorth (DeBole et al. 2019) and Loihi (Davies et al. 2018). Intel’s Loihi implements
asynchronous cores and the resulting flexibility and parallelism makes it also useful for tasks
not classically associated with neuromorphics like constraint satisfaction problems (Davies et
al. 2021; Pierro et al. 2024). More typical DL applications, especially image classification, have
been performed on these digital architectures (Esser et al. 2015; Stromatias et al. 2015; Renner
et al. 2024). For recent reviews on the spectrum of available neuromorphic technology, we refer
to Frenkel et al. (2023) and Basu et al. (2022).

BrainScaleS-2 In this thesis we primarily use BrainScaleS-2, an accelerated neuromorphic
system (Fig. 2.5). This substrate is a prime example for mixed-signal neuromorphics: it uses
CMOS technology to perform physical computation in analogue electronics (Pehle et al. 2022;
Schemmel et al. 2021; Billaudelle et al. 2020). At its core, this system has 512 neuron circuits
that each implement the AdEx neuron model introduced in Section 2.2. The circuits are set up
in a modular way: with disabled adaptation and exponential components, for example, a circuit
can faithfully reproduce LIF dynamics (Billaudelle 2022). Neurons on the chip can be connected
with the two 256x256 synaptic crossbar arrays. To increase the fan-in, multi-compartment
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neurons can be created by connecting neighbouring circuits.

Deviations in the manufacturing process create mismatch between circuits that is called
fixed-pattern noise. The noise causes each neuron to behave in a distinct manner. However,
because the neuron and synapse parameters can be flexibly configured (Billaudelle et al. 2022),
calibration partially compensates for fixed-pattern noise to ensure homogeneous dynamics
close to the ideal model. The central contribution of this thesis is a training algorithm for SNNs.
To use this algorithm in conjunction with neuromorphic hardware, we choose an in-the-loop
(ITL) approach (Fig. 2.6): from the host computer, we set up a network on the chip, stimulate
this network and record observables from the neurons. With the observed spike times, param-
eter updates are computed on the host computer to be used for subsequent experiments. In
this manner, we can incorporate the inaccuracies that remain even after the calibration.

Apart from the faithful emulation and flexibility with parameters, BrainScaleS-2 offers a
number of advantages: its dynamics are, compared to biological time scales, sped up by a fac-
tor of 10%, enabling the study of learning behaviour that would otherwise take infeasibly long
times (Wunderlich et al. 2019; Billaudelle et al. 2021). Nevertheless, BrainScaleS-2 can be inter-
faced with real-world inputs and can even control suitable motors (Schreiber 2021; Stradmann
and Schemmel 2024). In combination with a compute cluster utilised for training, the neuro-
morphic systems form a research infrastructure that grants online access to a broad audience
while minimising obstacles (Stradmann, Ilmberger et al. 2025). As a consequence, our experi-
ments are in principle repeatable by anyone with this online access. Specifically, the hardware
experiments in Chapter 5 were performed with strobe, a software developed by Cramer, Bil-
laudelle et al. (2022), and in Chapter 7 with PyNN (Davison 2008; Miiller et al. 2022).
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3. Lu.l - A low-cost electronic neuron for
education and outreach

The manuscript detailing our educational neuromorphic PCBs was published as

Yannik Stradmann®, Julian Géltz*, Mihai A. Petrovici, Johannes Schemmel and
Sebastian Billaudelle (2025). ‘Lu.i — A low-cost electronic neuron for education
and outreach’. In: Trends in Neuroscience and Education 38, p. 100248. por: 10.
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With increasing presence of science throughout all parts of society, there are rising expectations for researchers
to effectively communicate their work and for teachers to discuss contemporary findings in their classrooms.
While the community can resort to established teaching aids for the fundamental concepts of most natural sci-
ences, there is need for similarly illustrative demonstrators in neuroscience. We therefore introduce Lu.i: a
parametrizable electronic implementation of the leaky integrate-and-fire neuron model in an engaging form
factor. These palm-sized neurons can be used to visualize and experience the dynamics of individual cells and

small networks. When stimulated with sensory input, Lu.i demonstrates brain-inspired information processing in
the hands of a student. As such, it is actively used at workshops, in classrooms, and for science communication.
As a versatile tool for teaching and outreach, Lu.i nurtures the comprehension of neuroscience research and
neuromorphic engineering among future generations of scientists and the general public.

1. Introduction

Expanding our understanding of the brain is among the central
frontiers of modern science and yet implies some of the longest standing
questions humanity has posed to itself. Their fundamental nature in-
duces an intrinsic curiosity about the progress of neuroscience, artificial
intelligence, and brain-inspired technology. In contrast to this demand,
the repertoire of tangible demonstrators to communicate principles and
recent achievements in brain research is limited [1]. In comparison,
other fields can build on many centuries of experience to convey their
essential concepts through physical demonstrators and live experiments.

In our current understanding, the fundamental principles of infor-
mation processing in nervous systems lie in neuronal dynamics and
synaptic interactions. A strong intuition for these mechanisms is,
therefore, the foundation for understanding and investigating more
complex processes and emerging phenomena. In the following, we thus
present Lu.i — an analog electronic implementation of the leaky
integrate-and-fire (LIF) neuron model targeted for educational use as
well as scientific outreach. Lu.i features current-based synaptic inputs
that enable the formation of simple spiking neural networks (SNNs) and
offers control over many parameters, including the time constants and
the synaptic weights. The printed circuit board (PCB) visualizes the

* Corresponding author.
E-mail address: yannik.stradmann@kip.uni-heidelberg.de (Y. Stradmann).
! These authors contributed equally, listed in reverse alphabetical order.

https://doi.org/10.1016/j.tine.2025.100248

time-continuous dynamics of the emulated membrane potential and
allows interfacing with digital and analog periphery for advanced ex-
periments. It has been optimized for low-cost production, long battery
life, and intuitive operation.

2. Neuron and synapse dynamics

Neurons are a family of electrically active cells that compute and
communicate by exchanging action potentials. Each cell receives such
signals via its synapses and integrates them over time. Once a neuron has
accumulated enough input, it becomes active and communicates this by
itself sending a spike to other neurons.

Lu.i implements the LIF neuron model, arguably the simplest
abstraction that still captures these fundamental properties of neuronal
information processing: time-continuous computation, spatio-temporal
integration, and event-based communication. This model was origi-
nally put forward by Louis Lapicque (/1lu.i la’pik/) in [2], after
whom the PCB was fittingly named. In contrast to models based on
specific ion channel dynamics like the one by Hodgkin and Huxley [3],
LIF captures essential neuron dynamics in a single state variable: It de-
scribes the evolution of a neuron’s membrane potential Vipenm (t) by the
differential equation
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dVinem (t)
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where 7pem denotes the membrane time constant, ge, the leak
conductance, and Viea its resting potential. Iy (t) subsumes the time-
dependent synaptic currents stimulating the neuron. This differential
equation describes a membrane potential which continuously decays to
the resting state. It is, however, augmented by a reset condition to mimic
the hyperpolarization following the action potentials observed in bio-
logical neurons: Whenever the membrane potential crosses the
threshold 9, the neuron emits a spike. This efferent signal is accompa-
nied by a reset of the membrane potential, where the latter is simply
clamped to Ve for the refractory period. For an exemplary time evo-
lution of these dynamics see Fig. 3A.

Lu.i implements current-based synapses with postsynaptic currents
following exponential kernels with time constant 7y,. This additional
temporal filter mimics the kinetics of synaptic ion channels: Each pre-
synaptic spike j, arriving at time t{xe at synapse i, triggers an exponen-
tially decaying current

. t—t. .
I’syn(t) =wyexp| ——— | fort> t{m, 2

Tsyn

where w; denotes the weight of the respective synapse i. This weight
variable models the strength of synaptic interaction, its sign corresponds
to the positive and negative effect of excitatory and inhibitory neuro-
transmitters, respectively. The total synaptic current then results as a
sum over the individual contributions from all synapses i and spikes j.

In biological neurons, the membrane potential typically resides be-
tween —80mV and O0mV. The temporal dynamics are, however, inde-
pendent of that absolute voltage scale, and are instead mainly governed
by the time constants. We on the one hand chose to slow down the
temporal dynamics to a scale that can be visually well perceived and
interacted with by experimenters. On the other hand, we opted to reduce
the full complexity of the parameter space by fixing two of the poten-
tials, namely the threshold 9 and reset potential Ve, leaving the leak
potential Vi as a free, adjustable, parameter.

3. Electronic implementation

Lu.i realizes the LIF dynamics through a set of analog electronic
circuits (Fig. 2) and thus forms a physical model thereof. It exposes the
neuronal time constants 7yem and 7y, the leak potential Vi, and all
synaptic weights w; as user-settable parameters (Fig. 3B). The membrane
is accessible through a board-edge connector and its voltage — as well as

Fig. 1. A single Lu.i neuron PCB, with a 2-Euro coin for scale. To relay infor-
mation from one neuron to the other, excitatory and inhibitory synapses can be
formed by wiring the axonal output (right) to one of the three dendritic ter-
minals (left).
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spike events — are visualized by on-board LEDs.

Internally, Eq. (1) is rendered by the combination of capacitor Cyem
and potentiometer gk, which form an RC integrator with adjustable
time constant Tpmem (Fig. 2A). Without external stimuli, Vi,em decays
towards the resting potential Vje,x, which we generate by the combi-
nation of an adjustable voltage divider with a subsequent unity gain
buffer. The leak potential can thus be set between 0V and the supply
voltage Vpp. The spike mechanism is implemented by continuously
comparing the membrane potential to the threshold, which was chosen
as 9=Vpp/2 to guarantee sufficient voltage headroom for the
comparator (Fig. 2D). Once the membrane reaches this threshold, the
comparator trips, indicating a spike and causing a membrane reset. To
avoid instabilities, it is fitted with a hysteresis circuit that temporarily
reduces the comparator’s reference potential to Vpp/4 during the onset
of a spike. At that point, the capacitor C, is discharged and the con-
nected comparator trips, thus shorting the membrane to Vieser = 0V via
the transistor Qeset to implement the refractory period. Ryes and Ciet
determine the fixed refractory time of approximately 15 ms, which starts
once Vien is discharged below Vpp /4, where the threshold comparator
releases. The control signal for Qqeset is re-used as the neuron’s axonal
output, with a pulse width equivalent to the refractory time.

Lu.i features three synapses implementing the current-based model
with an exponential kernel as introduced by Eq. (2). Each of them pos-
sesses a tunable weight and can be switched between excitation and
inhibition. The synapses share a common synaptic time constant 7y,
which is adjustable over a broad range. For an area- and cost-effective
implementation, we minimize the amount of components per synaptic
connection: Events from presynaptic neurons control the gate of the n-
channel MOSFET Qy,,, (Fig. 2B). Depending on the selected polarity
Ssigni» this transistor either directly discharges the shared synaptic
integrator or indirectly charges it via the p-channel MOSFET Qyg,. For
each event, this synaptic trace is in- or decremented by a fixed amount of
charge proportional to the respective weight g,,; which can be config-
ured through a potentiometer. The time constant 7sy, = Csyn/gs,, of the
integrator can be similarly tuned (Fig. 2C). Especially in light of the
additional filter introduced by the membrane, the resulting temporal
behavior closely approximates the instantaneous response of the orig-
inal model. The synaptic current Iy, is derived from the integrator state
through a V-I conversion stage. As such, it consists of two voltage-
controlled current sources — each built from a resistor, a MOSFET, and
an operational amplifier. Quun and Qpu operate in a push-pull config-
uration and generate two antagonistic currents. Their difference is
proportional to the deflection of the integrator and corresponds to the
total postsynaptic current Iy, that stimulates the membrane.

Lu.i displays its state through a set of LEDs. Six of them form a bar
that visualizes the membrane potential, and a seventh LED indicates
efferent spikes with a flash. This interface is sketched in Fig. 3A for
various states of the neuron. The voltmeter is implemented through a set
of comparators and a resistor ladder to generate the respective reference
potentials. While these circuits take up significant area on the PCB, they
have been omitted from the schematic for clarity. This intuitive on-
board interface enables standalone operation and the visualization of
network activity and signal propagation therein. Experimentation with
external equipment is, however, encouraged and allows more detailed
insights into the neuron dynamics. For that purpose, the emulated
membrane is accessible through a pad at the board edge for interfacing
with, e.g., current sources and oscilloscopes.

The PCB is powered from a single CR2032 coin cell, which we chose
for its small form factor, wide availability, and comparably high ca-
pacity at low cost. All voltage references of the circuit are derived
relative to this supply voltage of nominal 3 V. The temporal dynamics
are thus, on first order, invariant to the battery voltage. This ensures
mostly stable operation across the entire lifetime of the cell, which re-
sults in approximately 24 h of continuous use. Lu.i can be powered down
completely through a switch on its back side.
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Fig. 2. Schematic of the LIF emulation circuit implemented in Lu.i. (A) Membrane capacitance and leak conductance. (B) Current-based synaptic input circuits. This
circuit is instantiated three times, once per synapse. (C) Synaptic integrator and voltage-to-current conversion circuit. (D) Threshold, reset, and refractory circuit. The
spike output pulse is derived from the neuron’s reset signal and of equivalent duration. The purple boxes relate all user-settable parameters to their representation in

the circuit.

While aiming for an intuitive and appealing form factor, the PCB has
been strongly optimized for low-cost fabrication. This is reflected in the
selection of components as well as the layout, which only relies on a
simple two-layer PCB. As a result, we achieved a unit price of around US
$3 (excluding the battery) already for batches below 1000 Lu.i neurons.
As the backside only contains the battery holder and an optional power
switch, fabrication costs can be further reduced by restricting automated
assembly to the top layer.

4. Exploring neural computation with Lu.i

Lu.i was designed to illustrate two of the fundamental aspects of
biological neurons: spatio-temporal accumulation of input and event-
based communication, both of which are captured by the LIF model.
These aspects can be demonstrated in a set of experiments of increasing
complexity, some of them shown in Fig. 3.

The first property — leaky integration of input — can be seen in
Fig. 3A: The membrane potential rises after weak excitatory stimuli and
decays back to the resting potential, similarly with inhibitory input. The
resulting trajectories are shaped by the adjustable time constants 7y,
and Tpem. These determine the time scales on which consecutive inputs
are integrated and stacked. Only when the threshold is reached, an
efferent spike is triggered and visible externally. On Lu.i, these dynamics
can be observed using an on-board LED strip visualizing the membrane
state and spike output, as shown in Fig. 3A. Neurons compute through
this combination of analog integration and thresholding, for example by
performing spatio-temporal coincidence detection. Exploring the impact
of the model parameters on this computation — in case of coincidence
detection on the sensitivity or detection window - is a worthwhile
educational exercise: When Lu.i receives two spikes with a certain time
difference, the neuron’s parametrization determines whether an output
spike is emitted. With short time constants, it becomes active only for
inputs close to each other, whereas longer time constants result in a
larger detection window. These temporal dynamics fundamentally
determine the timescale on which information is processed.

In contrast to the local computation on their membranes, neurons
communicate through temporally sparse spike events. This signal
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propagation can be demonstrated in a simple two-neuron network
(Fig. 3C), where a synaptic connection is formed by a cable between the
presynaptic axon and a postsynaptic dendrite. By choosing a resting
potential above the threshold, the first neuron can act as a regularly
firing spike source to the second. As before, the stacking of excitatory
stimuli and the reset upon threshold crossing can be observed on the
membrane of the postsynaptic cell. The behavior of both neurons is
clearly visible using the built-in LEDs without an external oscilloscope.
Already in this simple setup, the influence of the synaptic parameters
can be explored: For example, the combination of a short synaptic time
constant and a strong excitatory weight can be used to trigger one spike
for each incoming event. Increasing the synaptic time constant, while
lowering the weight, can lead to a delayed propagation of single spikes.
This can be used to build delay chains, which vividly illustrate the finite
propagation speed of neural signals. Once these chains are closed
(Fig. 3D), their activity becomes self-sustained.

Fig. 3 E shows a more complex example, where rate-based AND, OR
and - in combination — XOR gates are implemented using three Lu.i
neurons. In this case, the OR (AND) gate is implemented by a single
neuron that has been tuned to fire for at least one (two) active presyn-
aptic neurons. The output of the OR neuron excites the XOR cell, with the
AND neuron acting inhibitorily.

While the inputs A and B can be presented using Lu.i neurons (e.g., in
leak-over-threshold configuration), we have used an external micro-
controller to stimulate the network in Fig. 3E. With a pulse duration of
15ms and a signal level of approximately 2.5V, Lu.i’s event output
signal can be detected by most 3.3V and 5V microcontrollers. The event
inputs on Lu.i are compatible with signal levels from 1.8Vto20V,
allowing to interface with a great variety of sensors and devices.

Due to its simplicity, the XOR network is attractive in educational and
outreach environments. Inspired by existing literature, more complex
networks have emerged from collaborations of researchers across all
areas of neuroscience, including realtime sound localization [4], a
balanced random network [5], a ring attractor model [6], an echo
localization latch [7], and — with preprocessing of the analog signals — a
brightness change detection circuit. Lu.i has been used repeatedly to
teach a younger audience about fundamentals of neuroscience and
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Fig. 3. Exploration of single-cell and network dynamics with Lu.i. (A) A single Lu.i neuron receiving multiple excitatory and a single inhibitory events. The depicted
trace is an analog recording of Viyem on the board. It shows how stimuli are integrated on the membrane, which continuously leaks back to the resting potential. If the
threshold 9 is reached, the neuron sharply resets and emits a spike. For applications without an oscilloscope at hand, each Lu.i neuron features a bar of LEDs to
display the current membrane potential as well as axonal spikes (top LED, flashing). (B) Tuneable neuron parameters on Lu.i. Each model parameter is represented by
a small potentiometer (cf. Fig. 1), all three synaptic weights are individually configurable in sign and strength. The traces showing the influence of 75, have been
normalized in amplitude. (C) Analog recording of the membrane potential Viem of two Lu.i neurons. The top trace shows the dynamics of a circuit that is configured
with Vieax > 9 and emits spikes at regular intervals. This neuron projects onto a second one (bottom trace), which is excited by these events, integrates the post-
synaptic current and - eventually — also spikes. (D) Wiring diagram of a closed, circular delay chain built from seven Lu.i neurons. (E) Spike recording of three Lu.i
boards, configured to represent rate-based AND, OR and — combined - XOR gates. For panels (A) and (E), the input events are presented by an external microcontroller.

physical computing, also in combination with a subsequent transition to
neuromorphic systems made accessible through the european research
initiative EBRAINS. Within the first two years, Lu.i has been used at
more than 20 workshops held by lecturers not affiliated with the group
of authors. Across all described applications, it was used to compellingly
illustrate fundamental topics across a wide range of research areas from
robotics to systems neuroscience.

5. Discussion

This manuscript presents Lu.i, a palm-sized electronic neuron with
versatile applications for teaching and scientific outreach. It can be used
to illustrate the dynamics of individual neurons under different pa-
rametrizations and their interaction in small spiking neural networks
(Fig. 3). Featuring various connectivity options as well as on-board
visualization aids, Lu.i can be used stand-alone or in combination with
external equipment, like oscilloscopes, current sources, or
microcontrollers.

Lu.i complements a range of pedagogical tools spanning from
experimental to computational neuroscience [8,9]. Among those are
guided experiments on tissue and living animals, which are arguably the
most natural way to convey biological concepts but always imply ethical
and logistical challenges. Simulation-based curricula, on the contrary,
trade immediacy with ease-of-use and simplicity, even when considering
graphical user interfaces [10,11]. Reducing experimentation on living
tissue in accordance to the 3R principles [12] while keeping the benefits
of interactive teaching [13], the concept of tangible hardware has been
put forward before [14-18]. As another effort in this direction, Lu.i
combines an inviting interface with an analog yet accurate imple-
mentation of the LIF model. The latter is sufficiently complex and flex-
ible to allow illustration of fundamental biological phenomena as well as
the concept of physical computation. The PCB is optimized for
cost-effective manufacturing to ease acquisition especially for educa-
tional institutions. With its engaging form factor, Lu.i has been
welcomed at various conferences and workshops, leading to adoption by
teachers and tutors in classrooms (Fig. 4). As such, the project received

enthusiastic responses initiating collaborations across both different
areas of expertise and from pupils to faculty.

The Lu.i project is available as open hardware” and undergoes active
development. The circuits are continuously improved and future ver-
sions might be accompanied by additional extensions, such as sensory
spike sources or actuators. In conjunction with the above-mentioned
collaborations on courses and workshops using Lu.i, a curriculum of
teaching material and feedback is being collected to nurture adoption
among teaching personnel.
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transferable between spatial and temporal input domains, making
it interesting for different types of classification scenarios.
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1 INTRODUCTION

We introduce the Yin-Yang dataset for learning in hierarchical net-
works [11]. It is tailored to the requirements of research on bio-
logically plausible error backpropagation algorithms, learning in
spiking neural networks and hierarchical networks on neuromor-
phic hardware. These fields typically require small but at the same
time not trivially solvable datasets to prototype and test network
architectures and learning algorithms. Setups commonly used for
this purpose involve either elementary logic tasks such as XOR or
small-scale datasets such as MNIST or fashion-MNIST [12, 22] and
reduced versions thereof. However, these setups often do not ade-
quately fulfill their purpose. Binary XOR only has a tiny number of
input patterns and therefore a very limited, discrete set of reachable
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Figure 1: Training, validation and test dataset. Each dot in
the yin-yang symbol represents one sample of the dataset.
The color of the dot denotes its class (“Yin”, “Yang” or “Dot”).
This figure was generated using the default settings for ran-
dom seeds and dataset sizes (5000 samples for the training
set and 1000 samples each for the validation and test set).

accuracies, making the evaluation and comparison of learning algo-
rithms difficult. In turn, MNIST-type datasets have other drawbacks.
For one, they require comparatively large networks, which might
not be feasible during prototyping. But even more importantly, and
despite this ostensible difficulty, they can nevertheless be classified
with high accuracy even by shallow networks or networks without
learning in the lower layers. This is problematic because training a
deep network with an imperfect learning algorithm can result in
performance indistinguishable from that of a shallow network or
a network with plasticity only in the last layer. Conversely, a test
on the MNIST dataset can fail to reveal the inability of the training
algorithm to propagate error signals through the network, as the
achieved high accuracies obscure the underlying problem.

The Yin-Yang dataset can provide an alternative for these testing
and prototyping scenarios as it is solvable by smaller networks,
contains fewer samples and most importantly exhibits a large gap
between the accuracies reached by shallow or partly fixed networks
on the one hand and correctly trained deep networks on the other.
Note that here, we use “deep” in opposition to “shallow”, i.e., any
network that has latent variables through which errors need to
propagate. We consider a shallow network to be the equivalent of a
single-layer perceptron, with only an input layer connected directly
to a label layer.
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Figure 2: Comparison of exemplary training results for dif-
ferent network setups. Network parameters are given in Ta-
ble 2. Left column: Evolution of the validation and training
error during training. Right column: training result illus-
trated on the test set. (A) Network with one hidden layer and
fully functional synaptic plasticity via classical error back-
propagation. (B) Shallow network. (C) Network with one hid-
den layer and frozen lower weights.

2 DATASET

Each sample in the dataset represents a point in a two-dimensional
representation of the yin-yang symbol. Depending on their location
in the symbol the samples are classified into the “Yin”, “Yang” or
“Dot” class (Fig. 1). Even though the areas in the yin-yang symbol
covered by the different classes have different sizes, the dataset is
designed to be balanced, which means that all classes are repre-
sented by approximately the same amount of samples. Note that
therefore the density of samples is higher in the “Dot”-class regions,
as the combined area of these regions is smaller than that of the
others.

The samples are randomly generated using rejection sampling.
The exact version of a generated set of samples is therefore deter-
mined by the random seed and dataset size. This makes it possible
to produce multiple dataset versions by providing different random
seeds and dataset sizes. In the default configuration the training
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Figure 3: Impact of hidden layer size on network perfor-
mance. (A) Validation errors during training for three differ-
ent network architectures with different hidden layer sizes.
For each architecture, ten training runs with different ran-
dom weight initialization are overlaid. (B) Mean and stan-
dard deviation of the final test error depending on hidden
layer size of the network. The colored data points corre-
spond to the runs shown in A.

set has 5000 samples while the validation and test sets have 1000
samples respectively, each generated with a different random seed.

As can be seen in Fig. 1, values of all samples in the dataset are
strictly positive. This is the case to accommodate network models
which require positive input values only (common in the field of
biologically-plausible networks, as firing rates as well as spike
times are typically denoted by positive numbers). Because of that
the yin-yang symbol is not centered around zero. This however
complicates training in neuron models without intrinsic (learnable)
bias. To facilitate training for these models, each sample in the
dataset consists not only of the coordinates (x, y) determining the
position in the yin-yang symbol but additionally also the values
(1 = x,1—1y). This effectively symmetrizes the input and removes
the need for a bias even though the yin-yang symbol is not centered
around the origin of the coordinate system.

3 TRAINING RESULTS

As a baseline for further applications of this dataset we also pro-
vide some training results achieved with classical artificial neural
networks. In particular, we compare network performance in three
scenarios:

(1) a network with one hidden layer and fully functional error
backpropagation;

(2) a shallow network with only an input and an output layer;

(3) a network with one hidden layer, but with frozen weights
between the input and the hidden layer to emulate training
with a faulty error backpropagation algorithm.

For all scenarios, we use very small network sizes to emulate a
model or hardware prototyping environment. Incidentally, this is
also helpful in highlighting another problem that is frequently over-
looked when increasing the network size: because a large enough
hidden layer can mask faulty error backpropagation, larger-scale
networks are often inadequate for a quantitative verification of
credit assignment (precise error propagation) within the studied
network model. This is discussed below in more detail.
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Table 1: Mean and standard deviation of the test accuracy for 20 training runs with different random initializations for different
network configurations. Training parameters can be found in Table 2.

network

hidden layer with 20 neurons hidden layer with 30 neurons

deep network

deep network (frozen lower weights)

(97.0 £ 1.6) %
(783 +7.8)%

(97.6 £1.5) %
(855 +5.8) %

shallow network

The comparison between the three scenarios (Table 1 and Fig. 2)
illustrates a manifest advantage of the Yin-Yang dataset compared
to other commonly used datasets of comparable size: both the
shallow network and the one with the frozen lower weights are
clearly unable to learn the required features to successfully classify
the dataset. This leads to a gap of more than 30 % between the
accuracies achieved by a shallow and a deep network.

The failure of the partially frozen network highlights another
important issue for various proposals of bio-plausible solutions to
the credit assignment problem. In large enough networks, the large
hidden layers project the input into a very high-dimensional space,
which makes classification tasks more easily solvable by the linear
classifier embodied by the top layer. This is commonly referred to as
the “kernel trick” (see e.g. [19]). This can easily mask the inability of
a network to correctly propagate errors and perform true gradient
descent learning. While this issue would become observable when
dealing with more complicated classification problems, it would
require using large, deep networks that are not only difficult to
debug but, more importantly, would lie beyond the capabilities of
typical prototype devices or software simulations.

The Yin-Yang dataset addresses both problems simultaneously,
by clearly highlighting faulty error backpropagation already within
resource-efficient implementations with hidden layer sizes of
around 20 to 30 neurons (see Table 1). Under these circumstances,
the difference between the accuracy reached by a properly trained
network and the network where only the top weights are trained
lies around 20 % and 12 % respectively. This is a much higher gap
than in a comparable example with the MNIST dataset, where net-
works need several hundred hidden neurons to show significant
performance improvements beyond linear classifiers [12]. However,

Table 2: Training parameters used to produce the results in
Fig. 2. Fig. 3 uses the same parameters except for the size of
the hidden layer.

parameter name value
activation function ReLU
size input 4

size hidden layer (for deep net) 30
size output layer 3
training epochs 300
batch size 20
optimizer Adam, [10]
Adam parameter f (0.9,0.999)
Adam parameter € 1078
learning rate 0.01
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(63.8 +1.0)%

such sizes automatically introduce the kernel trick: a network with
500 hidden units reaches on average 98.3 % on MNIST, while the
same network with only training in the top layer reaches 94.8 %. Un-
masking these issues can become crucial in research on biologically
plausible forms of credit assignment and (local) synaptic plasticity,
where exact error backpropagation is notoriously difficult to real-
ize, both for rate-based models and, even more pronouncedly, for
spiking networks.

Another advantage of the Yin-Yang dataset over many other
commonly used datasets is the dimensionality of its samples and
the network sizes required to learn the task. Each sample consists
of only four input values (compared to, e.g., the 784 input chan-
nels required by MNIST), which significantly reduces the required
fan-in for hidden neurons. This can be especially beneficial on neu-
romorphic platforms, where the number of synaptic connections to
a neuron is very often limited by the chip architecture, even more
so for early-stage prototypes (e.g. [2, Section 3.3], [1, 5, 13, 14, 17]).

Also, this dataset can be learned with a single hidden layer of
reasonably small size (Fig. 3). For consistently high final accura-
cies, a hidden layer of 20 to 30 neurons is required, but for a small
proof-of-concept demonstration of a learning algorithm or hard-
ware prototype, even 10 hidden units are enough to achieve results
(around 88 % accuracy) that would be impossible with shallow net-
works, or with algorithms that cannot profit from a network’s
representational hierarchy. The full set of training parameters can
be found in Table 2.

In addition to the results shown here, the dataset has already
been used to showcase algorithms for error backpropagation in
spiking neural networks in [7] and [21].

4 INPUT ENCODING

The Yin-Yang dataset can be adapted to suit the needs of very differ-
ent network models. Depending on the used network architecture,
neuron model and mode of communication between the neurons,
different types of information encoding become necessary. In the
following, we discuss several encoding methods that are well-suited
for a variety of different network and neuron types.

4.1 Spatio-temporal input encoding

Using this dataset for spiking neural networks requires an explicit
spatio-temporal input encoding. In [7] and [21], the four input
features of the dataset were directly interpreted as the spike times
of 4 input neurons (Fig. 4 A). This was done by choosing parameters
tearly and fjare as the earliest and latest possible time the input
neurons are allowed to spike. Then the dataset values X = (x,y,1—
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Figure 4: Spatio-temporal input encoding scheme and classification results on the neuromorphic chip BrainScaleS-2. Panels (B-
D) adapted from [6]. (A) Encoding of the x, y-coordinates of the Yin-Yang pattern as input spike times t; and t; illustrated on one
sample each for the three classes. (B) Image of the BrainScaleS-2 ASIC. (C) Confusion matrix after training the BrainScaleS-
2 chip to classify the Yin-Yang dataset. (D) Classification result of the chip on the test set. For each input sample the color
indicates the class determined by the trained network. Wrong classifications are marked with a black X. The wrongly classified

samples all lie very close to the border between two classes.

x, 1 — y) were translated into the four spike times = (t1, t2, t3, t4)
as follows:

L= tearly + X (tlate - tearly) (1)

The choice of fearly/late is dependent on the network architecture
and employed learning algorithms. For [7] it has proven beneficial
to choose feyy slightly after the start of the experiment and e
as the sum of the two neuron time constants tjye ~ Tm + Tsyn.
The classification results achieved with the BrainScaleS-2 chip are
shown in Fig. 4.

Alternatively, a different spike-based spatio-temporal encoding
can be achieved implicitly by manipulating input currents, as pro-
posed for example in [3]. Here, each input variable is interpreted as
the strength of a constant input current into a leaky-integrate and
fire neuron. The timing of the output spike of the input neurons
depends on the strength of the input current I with

I
tspike = Tm 10g —a 2

where 7, denotes the membrane time constant and 6; the minimal
current necessary to evoke an output spike.

4.2 Rate-based input encoding

Many models for biologically plausible error backpropagation are
built around rate-based neuron models (e.g. [9, 15, 16], for a review
see also [20]). These approaches use continuous rates as an ideal-
ized version of rate coding in spiking neurons. Others build on the
same approximations but explicitly use spike-based communica-
tion in their neural network implementations (e.g. [4, 8, 18]). For

such rate-based models, a suitable encoding scheme can be easily
realized by designating 4 input neurons and setting their output
rates proportional to the values of the respective input feature.

In case of spiking neurons, these four input neurons can produce
Poisson spike trains with the same rates as their rate-based coun-
terparts, as, for example, in [18]. Alternatively, regular spike trains
could also be used to represent firing rates; while more precise
than the intrinsicly stochastic Poisson solution, this scheme has
its own potential drawback of making the neuronal input-output
function dependent on not just the rate, but also the phase of a
neuron’s afferents. Under certain circumstances, encoding an input
as a single neuron may not be viable, for example when synaptic
bandwidth or neuron firing rate are limited. In this case, one input
can be represented by a population of neurons with a mean firing
rate equal to the value of the input.

Code and data availability

Code for the Yin-Yang data set is available at https://github.com/
lkriener/yin_yang_data_set. The example notebook in the repos-
itory includes the plotting of the data samples (Fig. 1) and the
training of deep and shallow networks (Fig. 2). Additional data
available on request from the authors.
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Fast and energy-efficient neuromorphic deep
learning with first-spike times
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For a biological agent operating under environmental pressure, energy consumption and reaction times are of critical
importance. Similarly, engineered systems are optimized for short time-to-solution and low energy-to-solution characteris-
tics. At the level of neuronal implementation, this implies achieving the desired results with as few and as early spikes as
possible. With time-to-first-spike coding, both of these goals are inherently emerging features of learning. Here, we describe
a rigorous derivation of a learning rule for such first-spike times in networks of leaky integrate-and-fire neurons, relying
solely on input and output spike times, and show how this mechanism can implement error backpropagation in hierarchical
spiking networks. Furthermore, we emulate our framework on the BrainScaleS-2 neuromorphic system and demonstrate its
capability of harnessing the system's speed and energy characteristics. Finally, we examine how our approach generalizes to
other neuromorphic platforms by studying how its performance is affected by typical distortive effects induced by neuromor-

phic substrates.

n recent years, the machine learning landscape has been domi-

nated by deep learning methods. Among the benchmark prob-

lems they have managed to crack, some remained elusive for a
long time'~". It is thus not an exaggeration to say that deep learning
dominates our understanding of ‘artificial intelligence™-*.

Compared to the abstract neural networks used in deep learning,
the more biological archetypes—spiking neural networks—still lag
behind in terms of performance and scalability’. The reasons for
this difference in success are numerous; for example, unlike abstract
neurons, even an individual biological neuron represents a com-
plex system, with finite response times, membrane dynamics and
spike-based communication'®", making it more challenging to find
reliable coding and computation paradigms'*~'*. Furthermore, one
of the major driving forces behind the success of deep learning, the
backpropagation of errors algorithm'>-", has remained incompat-
ible with spiking neural networks until only very recently®".

Despite these challenges, spiking neural networks promise to
present some important advantages. The time information inher-
ent to spikes allows a coding scheme for spike-based communica-
tion that utilizes both spatial and temporal dimensions®, unlike
spike-count-based approaches”*, where the information of spike
times is at least partially diluted due to temporal or population aver-
aging. Owing to the inherent parallelism of all biological, as well
as many biologically inspired, spiking neuromorphic systems®, this
promises fast, sparse and energy-efficient information processing,
and provides a blueprint for computing architectures that could one
day rival the efficiency of the brain itself*~*. This makes spiking
neural networks implemented on specialized neuromorphic devices
potentially more powerful—at least in principle—than the ‘con-
ventional, simple machine learning models currently used on von
Neumann machines, even though this potential still remains mostly
unexploited’.

Many attempts have been made to reconcile spiking neural net-
works with their abstract counterparts in terms of functionality, for

example, by featuring spike-based inference models*~ ¢ and deep
models trained on target spike times by shallow learning rules’*
or using spike-compatible versions of the error backpropagation
algorithm®-*". Especially for tasks operating on static informa-
tion, a particularly elegant way of utilizing the temporal aspect of
exact spike times is the time-to-first-spike (TTFS) coding scheme®.
Here, a neuron encodes its real-valued response to a stimulus as the
time elapsed before its first spike in reaction to that stimulus. Such
single-spike coding enables fast information processing by explicitly
encouraging the emission of as few spikes as early as possible, which
meets the physiological constraints and reaction times observed in
humans and animals*~*. Apart from biological plausibility, such
a fast and sparse coding scheme is a natural fit for neuromorphic
systems that offer energy-efficient and fast emulation of spiking
neural networks**—*2.

For hierarchical TTFS networks, a gradient-descent-based learn-
ing rule was proposed in refs. ****, using error backpropagation on a
continuous function of output spike times. However, this approach
is limited to a neuron model without leak, which is neither biologi-
cally plausible nor compatible with most analogue very-large-scale
integration (VLSI) neuron dynamics”. We propose a solution for
leaky integrate-and-fire (LIF) neurons with current-based (CuBa)
synapses—a widely used dynamical model of spiking neurons with
realistic integration behaviour™~"’". An early version of this work was
presented in ref. %,

For several specific configurations of time constants, we provide
analytical expressions for first-spike timing, which, in turn, allow
the calculation of exact gradients of any differentiable cost function
that depends on these spike times. In hierarchical networks of LIF
neurons using the TTES coding scheme, this enables exact error
backpropagation, allowing us to train such networks as universal
classifiers on both continuous and discrete data spaces.

As our algorithm only requires knowledge about the afferent
and efferent spike times of all neurons, it lends itself to emulation
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Al lab, Siemens AG Technology, Munich, Germany. “These authors contributed equally: J. Goltz, L. Kriener. ®e-mail: julian.goeltz@kip.uni-heidelberg.de;

laura.kriener@unibe.ch; mihai.petrovici@unibe.ch

NATURE MACHINE INTELLIGENCE | VOL 3 | SEPTEMBER 2021 | 823-835 | www.nature.com/natmachintell

42


mailto:julian.goeltz@kip.uni-heidelberg.de
mailto:laura.kriener@unibe.ch
mailto:mihai.petrovici@unibe.ch
http://orcid.org/0000-0002-5378-932X
http://orcid.org/0000-0001-5275-9199
http://orcid.org/0000-0001-7948-4391
http://orcid.org/0000-0003-2632-0427
http://crossmark.crossref.org/dialog/?doi=10.1038/s42256-021-00388-x&domain=pdf
http://www.nature.com/natmachintell

ARTICLES NATURE MACHINE INTELLIGENCE

a b
9 e
(9]
~ g
3 ©° E,
s s = 4
& §
o I (e
O ‘e
=
E — e
Time (a.u.) Time (a.u.)
c d
A A A .
A
A
0 O ...................
< O
S O
@ O
z ©)
O
=
|
O
]
|
Time (a.u.)

Fig. 1| Time-to-first-spike coding and learning. a, Postsynaptic potential (PSP) shapes for different ratios of time constants z, and z,, for single neurons.
The finiteness of time constants causes the neuron to gradually forget prior input. b, One key challenge of this finite memory arises when small variations
of the synaptic weights result in disappearing/appearing output spikes, which elicits a discontinuity in the function describing output spike timing. Plots
for single neurons are shown in a and b. ¢,d, Application to feedforward hierarchical networks. ¢, Network structure. The geometric shape of the neurons
represents a notation of their respective types (input, squares; hidden, circles; label, triangles). The shading of the input neurons (black, grey and white
squares) represents the corresponding data, such as pixel brightness. The colour of the label neurons represents their respective class (blue, red, green
triangles). d, TTFS coding exemplified in a raster plot. As an example of input encoding, the brightness of an input pixel is encoded in the lateness of

a spike. Note that, in our framework, TTFS coding simultaneously refers to two individual aspects, namely the input-to-spike-time conversion and the
determination of the inferred class by the identity of the first label neuron to fire (red triangle). a.u., arbitrary units.

on neuromorphic hardware. The accelerated, yet power-efficient
BrainScaleS-2 platform** pairs especially well with the sparseness
and low latency already inherent to TTES coding. We show how
an implementation of our algorithm on BrainScaleS-2 can obtain
similar classification accuracies to software simulations, while dis-
playing highly competitive time and power characteristics, with a
combination of 48 ps and 8.4 pJ per classification.

By incorporating information generated on the hardware for
updates during training, the algorithm automatically adapts to
potential imperfections of neuromorphic circuits, as implicitly
demonstrated by our neuromorphic implementation. In further
software simulations, we show that our model deals well with vari-
ous levels of substrate-induced distortions such as fixed-pattern
noise and limited parameter precision and control, thus providing
a rigorous algorithmic backbone for a wide range of neuromor-
phic substrates and applications. Such robustness with respect to
imperfections of the underlying neuronal substrate represents an
indispensable property for any network model aiming for biological
plausibility and for every application geared towards physical com-
puting systems®>**60-64,

In the following, we first introduce the CuBa LIF model and
the TTFS coding scheme, before we demonstrate how both infer-
ence and training via error backpropagation can be performed
analytically with such dynamics. Finally, the presented model is
evaluated both in software simulations and neuromorphic emula-
tions, before studying the effects of several types of substrate-induced
distortion.

Results
Leaky integrate-and-fire dynamics. The dynamics of an LIF neu-
ron with CuBa synapses is given by

Cimit(t) = ge[Ee — u(t)] + Z wi Z@(t— ti) exp (_?) >
ol ()

with membrane capacitance C,, leak conductance g, (from which
the membrane time constant 7,,=C, /g, follows), weights w, and
spike times t; of presynaptic neuron i, synaptic time constant z, and
where @ is the Heaviside step function. The first sum runs over all
presynaptic neurons and the second over all spikes for each pre-
synaptic neuron. The neuron elicits a spike at time T when the pre-
synaptic input pushes the membrane potential above a threshold 9.
After spiking, a neuron becomes refractory for a time period 7,
which is modelled by clamping its membrane potential to a reset
value ¢: u(t') = ¢ for T < t' < T + 7. For convenience and with-
out loss of generality, we set the leak potential E,=0. Equation (1)
can be solved analytically and yields subthreshold dynamics as
described by equation (9). The choice of 7, and 7, ultimately influ-
ences the shape of a postsynaptic potential (PSP), starting from a
simple exponential (z,,<7,), to a difference of exponentials (with
an alpha function for the special case of 7,,=7,) and to a graded
step function (z,,>>7,) (Fig. la). Note that all of these scenarios
are conserved under exchange of 7, and 7,,, as is apparent from the
symmetry of the analytical solution (equation (9)).
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Fig. 2 | Classification of the Yin-Yang dataset. a, Illustration of the Yin-Yang dataset. The samples are separated into three classes, Yin (blue circles), Yang
(red circles) and Dot (green circles). The yellow symbols (square, triangle and diamond) mark samples for which the training process is illustrated in b. Input
times t, and t, correspond to the spike time of the inputs associated with the x and y coordinates of individual samples. Units of z, indicate times that are
measured in multiples of the synaptic time constant, z.. b, Training mechanism for three example data samples (cf. ). For the first three rows, the left and
middle columns depict voltage dynamics in the label layer before and after training for 300 epochs, respectively. The voltage traces of the three label neurons
are colour-coded according to their corresponding class as in a. Before training, the random initialization of the weights causes the label neurons to show
similar voltage traces and almost indistinguishable spike times. After training, there is a clear separation between the spike time of the correct label neuron
and all others, with the correct neuron spiking first. The evolution of the label spike times during training is shown in the right column for the first 70 epochs.
Bottom row: spike histograms over all training samples. Our learning algorithm induces a clear separation between the spike times of correct and wrong label
neurons. ¢, Training progress (validation loss as given in equation (6) and error rate) over 300 epochs for 20 training runs with random initializations (grey).
The run shown in b and d-f is plotted in blue. d, Classification result on the test set (1,000 samples). The colour of each sample indicates the class determined
by the trained network. The wrongly classified samples (marked with black X) all lie very close to the border between classes. e, Spike times of the Yin, Yang
and Dot neurons for all test samples after training. For each sample, spike times were normalized by subtracting the earliest spike time in the label layer. Bright
yellow denotes zero difference, that is, the respective label neuron was the first to spike and the sample was assigned to its class. The bright yellow areas
resemble the shapes of the Yin, Yang and Dot areas, reflecting the high classification accuracy after training. f, Confusion matrix for the test set after training.

The first two cases with finite membrane time constant 7,
are markedly different from the last one, which is also known
as either the non-leaky integrate-and-fire (nLIF) or simply the
integrate-and-fire (IF) model and was used in previous work™. In
the nLIF model, input to the membrane is never forgotten until a
neuron spikes, as opposed to the LIF model, where the PSP reaches a
peak after finite time and subsequently decays back to its baseline. In
other words, presynaptic spikes in the LIF model have a purely local
effect in time, unlike in the nLIF model, where only the onset of a
PSP is localized in time, but the postsynaptic effect remains forever,
or until the postsynaptic neuron spikes. A pair of finite time con-
stants thus assigns much more importance to the time differences
between input spikes and introduces discontinuities in the neuronal
output that make an analytical treatment more difficult (Fig. 1b).

First-spike times. Our spike-timing-based neural code follows an
idea first proposed in ref. . Unlike coding in artificial neural net-
works (ANNs), and different from spike-count-based codes in spik-
ing neural networks (SNNs), this scheme explicitly uses the timing
of individual spikes for encoding information. In TTES coding, the
presence of a feature in a stimulus is reflected by the timing of a
neuronss first spike after the onset of the stimulus, with earlier spikes
representing a more strongly manifested feature. This has the effect
that important information inherently propagates quickly through

the network, with potentially only few spikes needed for the
network to process an input. Consequently, this scheme enables
efficient processing of inputs, both in terms of time-to-solution
and energy-to-solution (assuming the latter depends, in general on
the total number of spikes and the time required for the network
to solve, for example, an input classification problem).

To formulate the optimization of a first-spike time T as a
gradient-descent problem, we derive an analytical expression
for T. This is equivalent to finding the time of the first threshold
crossing by solving u(T) =3 for T. Even though there is no general
closed-form solution for this problem, analytical solutions exist for
specific cases. For example, we show that (Methods)

T:TS{E—W {—gl—sexp (£>]} fortm =75 (2)
a a al

and

2a;

T = 275ln for tm = 275, (3)

ar + +/a: — 4a1g9

where W is the Lambert W function and using the shorthand nota-
tions a, and b for sums over the set of causal presynaptic spikes
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Fig. 3 | Classification of the MNIST dataset. a, Training progress of a network over 150 epochs for 10 different random initializations. The run drawn in
blue is the one that produced the results in b. b, Confusion matrix for the test set after training.

={i|t,< T} (equations (11) and (12)). We note that, when calcu-
lating the output spike time for a large number of input neurons,
determining C can be computationally intensive (Methods). One
inherent advantage of physical emulation is the reduction of this
calculational burden.

The above equations are differentiable with respect to synaptic
weights and presynaptic spike times. As will be shown in the follow-
ing, this directly translates to solving the credit assignment prob-
lem and thus allows exact error propagation through networks of
spiking neurons. For easier reading, we focus on one specific case
(7,,=7,), but the others can be treated analogously.

Exact error backpropagation with spikes. Learning in SNNs
requires the ability to relate efferent spiking to both afferent weights
and spike times. For the output spike time of a neuron k with pre-
synaptic partners i, the first relationship can be formally described
by the derivative of the output spike time with respect to the pre-
synaptic weights (equation (22)). Using certain properties of YW, we
can find a simple expression that can also be made to depend on the
output spike time f, itself:

o lexp(;_i)

we e W(g) 11 k) @

with g, and z representing functions of w,; and ¢, as defined in equa-
tions (11) and (18). Using the output spike time as additional infor-
mation optimizes learning in scenarios where the exact neuron
parameters are unknown and the real output spike time differs from
the one calculated under ideal assumptions, as discussed later.

Second, the capability to relate errors in the output spike time
to errors in the input spike times allows us to recursively propagate
changes from neurons to their presynaptic partners:

%_ 1 eXP(,) Wkt(t —h—1) ()
at,-_ mW()-I—lTs k 1)

Together, equations (4) and (5) effectively and exactly solve the
credit assignment problem in appropriately parametrized LIF
networks of arbitrary architecture.

We can now apply the findings above to study learning in
a layered network. Figure 1c shows a schematic of our feedforward
networks and their spiking activity. The input uses the same
coding scheme as all other neurons: more prominent features
are encoded by earlier spikes. The output of the network is defined
by the identity of the label neuron that spikes first (Fig. 1d).

We denote by t,(cl) the output spike time of the kth neuron in the
Ith layer. For example, in a network with N layers, t is the spike
time of the nth neuron in the label layer. The weight projecting to
the ktlh neuron of layer [ from the ith neuron of layer /-1 is denoted
by w

To apply the error backpropagation algorithm'>", we choose
a loss function that is differentiable with respect to synaptic
weights and spike times. During learning, the objective is to
maximize the temporal difference between the correct and all
other label spikes. The following loss function fulfils the above
requirements:

LIt™, n*] = dist ( £ t,ﬁi?ﬂ*)

AN, (6)
o fpen (£52)]

where t™ denotes the vector of label spike times £, n* the index of

the correct label and & € R is a scaling parameter. This loss func-
tion represents a cross entropy between the true label distribution
and the softmax-scaled label spike times produced by the network
(Methods). Reducing its value therefore increases the temporal dif-
ference between the output spike of the correct label neuron and
all other label neurons. Notably, it only depends on the spike time
difference and is invariant under absolute time shifts, making it
independent of the concrete choice of the experiment start, which
defines t=0. In the case of a non-spiking label neuron, we treat its
spike time as tf, ) — 0. In this case, however, equation (2) is not
defined and neither are its derivatives. We therefore introduce a
simple, local heuristic to encourage spiking behaviour in large por-
tions of the network (Methods). In some scenarios, learning can be
facilitated by the addition of a spike-time-dependent regularization
term (Methods).

Gradient descent on the loss function equation (6) can now
be easily performed by repeated application of the chain rule.
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Fig. 4 | Classification on the BrainScaleS-2 neuromorphic platform. a, Photograph of a BrainScaleS-2 chip. b-e, Results for the Yin-Yang dataset.

b, Training progress over 200 epochs for 11 different random initializations. The run drawn in blue also produced the results shown in c-e. ¢, Confusion
matrix for the test set after training. d, Classification result on the test set. For each input sample the colour indicates the class determined by the trained
network. Wrong classifications are marked with a black X. The wrongly classified samples all lie very close to the border between two classes. e, Separation
of label spike times (cf. Fig. 2e). For each of the label neurons, bright yellow dots represent data samples for which it was the first to spike, thereby
assigning them its class. Similarly to the software simulations, the bright yellow areas align well with the shapes of the Yin, Yang and Dot areas of the
dataset. f-h, Results for the MNIST dataset. f, Evolution of training over 50 epochs for 10 different random initializations. The run drawn in blue is the one
that produced the results shown in g and h. g, Confusion matrix for the test set after training. h, Exemplary membrane voltage traces on BrainScaleS-2

after training. Each panel shows colour-coded voltage traces of four label neurons for one input that was presented repeatedly to the network (the insets
show the input and its correct class). Each trace was recorded four times to highlight the trial-to-trial variations.

Using the exact derivatives, equations (4) and (5), this yields the
synaptic plasticity rule

(N) %
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A compact formulation for hierarchical networks that highlights the
backpropagation of errors can be found in equations (38) to (40). In
either form, only the label layer error and the neuron spike times are
required for training, which can either be calculated using equation
(2) or by simulating (or emulating) the LIF dynamics (equation (1)).

The computational complexity of the synaptic plasticity rule—a
potential limiting factor for on-chip implementations—can be dras-
tically reduced by appropriate approximations. In Supplementary
Section D we present early results using such an approach. Note that
the simplification is only used in Supplementary Section D and all
other results we report in the following were produced using the full
analytical equations (4) and (5).

Simulations. After deriving the learning algorithm in the previous
chapter, we show its classification capabilities in software simula-
tions. In these simulations we demonstrate successful learning
and provide a baseline for the hardware emulations that follow.
We use two datasets that emphasize different aspects of interesting
real-world scenarios. As an example for low-dimensional, ‘continu-
ous’ data spaces, in which points belonging to different classes can be
arbitrarily close together (thus making separation particularly chal-
lenging), we chose the Yin-Yang dataset®. For higher-dimensional,
discrete input, we used the MNIST dataset® as a small-scale image
classification scenario.

The results in this section are based on equation (2) for calcu-
lating the spike times in the forward pass, and equation (40) for
calculating weight updates. Details regarding implementation are
provided in the Methods. For the hyperparameters of the discussed
experiments, see Supplementary Tables F1 and F2.

Yin-Yang classification task. The first dataset consists of points in the
yin-yang figure (Fig. 2a). Each point is defined by a pair of Cartesian
coordinates (x, ) € [0, 1]% To build in redundancy and capture the
intrinsic symmetry of the yin-yang motive, the dataset is augmented
with mirrored coordinates (1 —x, 1 —y), enabling networks of neu-
rons without trainable bias to learn the task®. The three classes are
labelled according to the respective area they occupy, that is, Yin,
Yang or Dot. This augmented dataset was specifically designed to
require latent variables for classification: a shallow non-spiking
classifier reaches (64.3 +0.2)% test accuracy, an ANN with one hid-
den layer of size 120 typically around (98.7 +0.3)%. Because of this
large gap, our Yin-Yang dataset represents an expressive test of error
backpropagation in our hierarchical spiking networks. At the same
time, it can be learned by networks that are compatible in size with
the current revision of BrainScaleS-2 .

After translation of the four features to spike times (Fig. 1 and
Methods), they were joined with a bias spike at fixed time, and these
five spikes served as input to a network with 120 hidden and three
label neurons. We illustrate the training mechanism with voltage
traces for three samples belonging to different classes (Fig. 2b). The
algorithm changes the weights to create a separation in the label
spike times (cf. the left and middle column) that corresponds to cor-
rect classification. Note that the voltage traces were just recorded for
illustration, as only spike times are required for calculating weight
updates. After 300 epochs our networks reached (95.9+0.7)% test
accuracy for training with 20 different random seeds (Fig. 2c). The
classification failed only for samples that were extremely close to
the border between two classes (Fig. 2d). Figure 2e shows the spike

NATURE MACHINE INTELLIGENCE | VOL 3 | SEPTEMBER 2021 | 823-835 | www.nature.com/natmachintell

46


http://www.nature.com/natmachintell

ARTICLES

Table 1| Summary of the presented results

Dataset Hidden Accuracy (%)
neurons Test Train

Yin-Yang

In SW 120 959+0.7 96.3+0.7

On HW 120 95.0+0.9 95.3+0.7

MNIST

In SW 350 971+0.1 99.6+0.1

In SW (z,=21,) 350 97.2+01 99.7+01

MNIST 16 x 16

In SW 246 974+0.2 99.2+0.1

On HW 246 96.9+0.1 98.2+0.1

Accuracies are given as mean and standard deviation. Results are distinguished between software
simulations (SW) and hardware emulations (HW). For comparison, on the Yin-Yang dataset

a linear classifier achieves (64.3 + 0.2)% test accuracy, while a (non-spiking, not particularly
optimized) ANN with 120 hidden neurons achieves (98.7 + 0.3)%. As a reference for the MNIST
dataset we trained a 784-350-10 fully connected ANN, which reached an average test accuracy of
(98.2 + 0.1)%. The results in this table were obtained without extensive hyperparameter tuning.

times of the label neurons. These vary continuously for inputs
belonging to other classes, but drop abruptly at the boundary of
the area belonging to their own class, which denotes a clear separa-
tion—see, for example, the abrupt change from red (late spike time)
to yellow (early spike time) of the Yin neuron when moving from
Yang to Yin (Fig. 2e, left).

MNIST classification task. To study the scalability of our approach
to larger and more high-dimensional datasets, we applied it to the
classification of MNIST handwritten digits*. Figure 3 shows training
results for networks with 784-350-10 neurons (input-hidden-label
layer size), where pixel intensities were translated to spike times.
During training, noise was added to the input samples to aid
generalization, but no bias spikes were used. As seen in Fig. 3a,
training converges for 10 different initial random seeds, reaching a
final test accuracy of (97.1 +0.1)%. Similar results are also achieved
for deeper architectures with multiple hidden layers (Supplementary
Table B1 provides additional simulation runs with different network
architectures).

For reference, we consider several other results obtained with
spiking-time coding. In ref. *, a maximum test accuracy of 97.55%
using a network with a hidden layer of 800 neurons is reported.
Note that this work uses non-leaky neurons with effectively infi-
nite membrane memory. Also for non-leaky neurons, but using an
approximative approach for calculating gradients, Kheradpisheh
and Masquelier™ report 97.4% using 400 hidden neurons. In ref. *,
a maximum test accuracy of 97.96% was achieved using 340 hidden
neurons, supported by a regular spike grid and extensive hyper-
parameter search.

Wenotethattherealso existtrial-averaging and spike-count-based
approaches that have the benefit of more straightforward learning
rules, but these approaches sacrifice precision, neuronal real-estate
or time-to-solution in comparison to frameworks based on the
precise timing of single output spikes. For example, Esser et al.”’
report 92.7% using 512 neurons, while Tavanaei et al.*” require 1,000
hidden neurons to achieve 96.6%.

Fast neuromorphic classification. In our framework, the time to
solution is a function of the network depth and the time constants
7,, and 7,. Assuming typical biological timescales, most input pat-
terns in the above scenario are classified within several millisec-
onds. By leveraging the speedup of neuromorphic systems such
as BrainScaleS***’, with intrinsic acceleration factors of 10° to 10%,

NATURE MACHINE INTELLIGENCE

the same computation can be achieved within microseconds. In
the following, we present an implementation of our framework
on BrainScaleS-2 and discuss its performance in conjunction with
the achieved classification speed and energy consumption. For a
proof-of-concept implementation on its predecessor BrainScaleS-1,
see Supplementary Section A.

The advantages of such a neuromorphic implementation come at
the cost of reduced control. Training needs to cope with phenomena
such as spike jitter, limited weight range and granularity, as well as
neuron parameter variability, among others. In general, an impor-
tant aspect of any theory aiming for compatibility with physical sub-
strates, be they biological or artificial, is its robustness to substrate
imperfections; our results on BrainScaleS-2 implicitly represent a
powerful demonstration of this property. To further substantiate the
generalizability of our algorithm to different substrates, we comple-
ment our experimental results with a simulation study of various
substrate-induced distortive effects.

Learning on BrainScaleS-2. BrainScaleS-2 is a mixed-signal acceler-
ated neuromorphic platform with 512 physical neurons, each being
able to receive inputs via 256 configurable synapses. These neurons
can be coupled to form larger logical neurons with a correspond-
ingly increased number of inputs. At the heart of each neuron is an
analogue circuit emulating LIF neuronal dynamics with an accelera-
tion factor of 10° to 10* compared to biological timescales.

Owing to variations in the manufacturing process, the real-
ized circuits systematically deviate from each other (fixed-pattern
noise). Although these variations can be reduced by calibrating each
circuit”, considerable differences remain (standard deviation on
the order of 5% on BrainScaleS-2) and pose a challenge for possible
neuromorphic algorithms—along with other features of physical
model systems such as spike time jitter or spike loss****>7!,

The chip’s synaptic arrays were configured to support arbitrary
fully connected networks of up to 256 emulated neurons with a
maximum of 256 inputs per neuron. Each such logical connection
was realized via two physical synapses to allow transitions between
an excitatory and an inhibitory regime. Synaptic weights on the chip
are configurable with 6-bit precision. More details about our set-up
are available in the Methods.

We used an in-the-loop training approach®**’?, where inference
runs emulated on the neuromorphic substrate were interleaved with
host-based weight update calculations. For emulating the forward
pass, the spike times for each sample in a mini-batch were joined
sequentially into one long spike train and then injected into the
neuromorphic system via a field-programmable gate array (FPGA).
The latter was also used to record the spikes emitted by the hidden
and label layers.

Figure 4a-d shows the results of training a spiking network
with 120 hidden neurons on BrainScaleS-2 on the Yin-Yang dataset.
The system quickly learned to discriminate between the presented
patterns, with an average test accuracy of (95.0 +0.9)%.

The hardware emulation performs similarly to the software
simulations (Fig. 2), with the wrong classifications still only hap-
pening along the borders of the areas with different labels (Fig. 4c).
The remaining difference in performance after training is attribut-
able to the substrate variability (cf. Fig. 4h). Considering that one
of the specific challenges built into the Yin-Yang dataset resides
in the continuity of its input space and abrupt class switch between
bordering areas, this result highlights the robustness of our
approach.

To classify the MNIST dataset using the BrainScaleS-2 system,
we emulated and trained a network of size 256-246-10 (Fig. 4f-h).
Owing to the restrictions imposed by the hardware on the input
dimensionality, we used downsampled images of 16X 16 pixels.
Across multiple initializations, we achieved a test accuracy of
(96.9 +0.1)%; similarly to the Yin-Yang dataset, this is only slightly
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Table 2 | Comparison of pattern recognition models on the MNIST dataset emulated on neuromorphic back-ends, sorted by

classification speed

Platform Type Technology Coding Input Network Data augmentation/  Energy per Classifications Test Ref. (year)
resolution size/ regularization classification  per second? accuracy
structure (%)
Nvidia Tesla Digital ~ 14nm ANN 28x%x28 CNN® Dropout 852u) 125,000 99.2 Supplementary
P100 Section SI.E.2
SpiNNaker Digital  130nm Rate 28x%x28 784-600- Noisy input encoding ~ 3.3mJ o1 95.0 82(2015)
500-10
True North Digital 28 nm Rate 28x28 CNN Noisy input encoding ~ 0.27 pJ 1,000 92.7 c1(2015)
True North Digital  28nm Rate 28x28 CNN Noisy input encoding 108 pJ 1,000 994 c1(2015)
Loihi Digital  14nm Bin. rate (20x20)¢ 400-400-10  Not available 25 5917 96.2 83(2021)
Unnamed Digital  10nm Temporal (28 x28)¢ 236-20 Stochastic spike loss 1.0 6,250 88.0 84(2018)
(Intel)
BrainScaleS-2  Mixed ~ 65nm Temporal 1616 256-246-10  Input noise 8.4 20,800 96.9 This work;
Supplementary
Section SLLE1

2Note that some platforms achieve a high number of classifications per second simply by processing a large number of samples in parallel, while other platforms rely on the sequential (but fast) processing
of individual samples. ®Standard architecture given as an example in the PyTorch repository, for details see Supplementary Section SI.E.2. Four (empty) pixels on each margin are cropped to yield the

20 x 20 centre from the 28 x 28 image. “The 28 x 28 image is preprocessed using 5x 5 Gabor filters and 3 x 3 pooling before being sent into the chip. For reference, an ANN running on a graphics processing
unit is included in the top row. Note that we include only references that present measurements for both energy and throughput in addition to accuracy. An extended table containing results with partial or

estimated measurements is provided as Supplementary Table F3.

lower than in software simulations of equally sized networks (Table 1).
The ability of our framework to achieve reliable classification
despite such substrate-induced distortions is well illustrated by
post-training membrane dynamics measured on the chip (Fig. 4h).
In all cases shown here, the correct label neuron spikes before 10 pis
and is clearly separable from all other label neurons.

Because of its short intrinsic time constants and overall
energy efficiency, the BrainScaleS-2 system enables very fast and
energy-efficient acquisition of classification results. Classification
of the 10,000 MNIST test samples takes a total of 0.937s, including
data transmission, emulation of dynamics and return of the
classification results. The total time on the BrainScaleS-2 chip was
480ms (a detailed breakdown of the execution time is shown in
Supplementary Section E). The power consumption of the chip,
measured during runtime, including all chip components needed
for spike generation and processing (that is, excluding the host
and FPGA) amounted to 175mW. For measurement details and
scalability considerations we refer to Supplementary Section E.
This results in an average energy consumption of 8.4pJ per clas-
sification. Table 2 provides a comparison to other neuromorphic
platforms.

Note that the networks on the other neuromorphic platforms
differ in their architectures, coding schemes and training methods,
and while we list some of these differences in the table, a direct
comparison in terms of individual numbers remains difficult.

This table only includes references in which measurements for
both classification rate and energy are reported. A more compre-
hensive overview, including studies that lack some of the above
measurements, is provided in Supplementary Table F3.

Our current experimental set-up leaves room for substantial
optimization. For an estimation of possible improvements and their
potential effect on classification rate and energy consumption, see
Supplementary Section E and ref. 2. With these improvements we
expect to increase the classification rate by up to a factor of four
while simultaneously decreasing the energy-per-classification value
by up to a factor of three.

Robustness of time-to-first-spike learning. As noted earlier, a
learning scheme operating only on spike times combined with our
coding represents a natural fit for neuromorphic hardware, both for
requiring commonly accessible observables (that is, spike times, as

opposed to, for example, membrane potentials or synaptic currents)
and due to its intrinsic efficiency, as it emphasizes few and early
spikes. An important indicator of a model’s feasibility for neuro-
morphic emulation is its robustness towards substrate-induced
distortions. By experimentally demonstrating its capabilities on
BrainScaleS-2, we have implicitly provided one substantive data
point for our framework. Here, we present a more comprehensive
study of the robustness of our approach.

Most physical neuronal substrates have several forms of variabil-
ity in common (chapter 5 in ref. ”*). In both digital and mixed-signal
systems, synaptic weights are typically limited in both range and
resolution. Additionally, the parameters of analogue neuron and
synapse circuits exhibit a certain spread. To study the impact of
these effects, we included them in software simulations of our
model applied to the Yin-Yang classification task.

In this context, we highlight the importance of a detail men-
tioned in the derivation of equation (4). The output spike time given
in equation (2) depends only on neuron parameters, presynaptic
spike times and weights, so its derivatives share the same depen-
dencies (equations (22) and (23)). With some manipulations, the
equation for the actual output spike time can be inserted (equations
(24) and (25)), producing a version of the learning rule that directly
depends on the output spike time itself. This version thus allows the
incorporation of additional information gained in the forward pass
and is therefore expected to be substantially more stable, which is
confirmed below.

Using dimensionless weight units (scaled by the inverse thresh-
old), we observe that an upper weight limit of ~3 is sufficient for
achieving peak performance (Fig. 5a). This weight value is equiva-
lent to a PSP that covers the distance between leak potential and
firing threshold.

If this is not achievable within the typical parametrization range
of a neuromorphic chip, the effective maximum weight to the
hidden layer can be increased by multiplexing each input into the
network (Methods).

In the experiments with limited weight resolution (both in
software and on hardware), a floating-point-precision ‘shadow’
copy of synaptic weights was kept in memory. The forward
and backward pass used discretized weight values, while the
calculated weight updates were applied to the shadow weights™.
Our model shows approximately constant performance for weight
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Fig. 5 | Effects of substrate imperfections. Modelled constraints were added artificially into simulated networks. All panels show the median, quartiles,

minimum and maximum of the final test accuracy on the Yin-Yang dataset for 20 different initializations. a, Limited weight range. The weights were clipped
to the range [—wy;,, W,;,] during training and evaluation. The triangle, square and circle mark the clip values that are used in b. b, Limited weight resolution.
For the three weight ranges marked in a, the weight resolution was reduced from a double precision float value down to 2 bits. Here, n-bit precision denotes
a set-up where the interval [—w,, w,;,] is discretized into 2 X 2"—1samples (n weight bits plus sign). ¢, Time constants with fixed-pattern noise. For these

simulations, each neuron received a random 7, and z,, independently drawn from the normal distribution N(7s, o-

/m ). This means that the ratio of time

constants was essentially never the one assumed by the learning rule. d, Systematic shift between time constants. Here z, was drawn from N(7s, afs/m)
while z,, was drawn from N(7m, Orym ) for each neuron for varying mean 7m and fixed 01, = 0.17s. The orange curve illustrates a training where the
backward pass performs ‘naive’ gradient descent, without using explicit information about output spike times. The blue curve, as all other panels, has the

output spike time as an observable.

resolutions down to 5bit, followed by gradual degradation below
(Fig. 5b).

Interestingly, adding variability to the synapse and membrane
time constants has no discernible effects (Fig. 5¢). This is a direct
consequence of having used the true output spike times for the
learning rule in the backward pass. A comparison to ‘naive’ gra-
dient descent without this information is shown in Fig. 5d. These
simulations show that the algorithm can be expected to adequately
cope with a large amount of fixed-pattern noise on the time con-
stants if the mean of the distributions for z,, and 7, match reasonably
well with the values assumed by the learning rule (up to 10-20%
difference).

Additionally, in Supplementary Section C we investigate trained
networks regarding their robustness to adverse effects that appear
only after training, such as temperature-induced parameter varia-
tions or inactivation of neurons. Our simulations show that trained
networks can cope with such effects, suggesting that our training
algorithm develops network structures robust even to distortions
not present during training.

Finally, we note that all of the effects addressed above also have
biological correlates. Although not directly reflecting the variability
of biological neurons and synapses, our simulations do suggest that
biological variability does not present a fundamental obstacle to our
form of TTFS computation.

Discussion
We have proposed a model of first-spike-time learning that builds
on a rigorous analysis of neuro-synaptic dynamics with finite time
constants and provides exact learning rules for optimizing first-spike
times. The resulting form of synaptic plasticity operates on pre- and
postsynaptic spike times and effectively solves the credit assignment
problem in spiking networks. For the specific case of hierarchical feed-
forward topologies, it yields a spike-based form of error backpropaga-
tion. In this Article, we have applied this algorithm to networks with
one and two hidden layers. Given the reported results, we are con-
fident that our approach scales to even larger and deeper networks.

Although TTFS coding is an exceptionally appealing paradigm
for reasons of speed and efficiency, our approach is not restricted
to this particular coding scheme. Our learning rules enable a rigor-
ous manipulation of spike times and can be used for a variety of
loss functions that target other relationships between spike timings.
The time-to-first-spike scenario studied here merely represents the
simplest, yet arguably also the fastest and most efficient paradigm
for spike-based classification of static patterns. Additionally, our
derived theory is applicable to more complex, for example, recur-
rent, network structures and multi-spike coding schemes, which are
needed for processing temporal data streams.

First-spike coding schemes are particularly relevant in the
context of biology, where decisions often have to be taken under

NATURE MACHINE INTELLIGENCE | VOL 3 | SEPTEMBER 2021 | 823-835 | www.nature.com/natmachintell

49


http://www.nature.com/natmachintell

NATURE MACHINE INTELLIGENCE

pressure of time. The action to be taken in response to a stimulus
can be considerably sped up by encoding it in first-spike times. In
turn, such fast decision making on the order of ~100ms (refs. >**)
will have a particularly sensitive dependence on exact spike times
and thus require a corresponding precision of parameters.

At first glance, demands for precision appear at odds with the
imperfect, variable nature of microscopic physical substrates, both
biological and artificial. We met this challenge by incorporating
output spike times directly into the backward pass. With this, the
theoretical requirement of exact ratios of membrane to synaptic
time constants is substantially softened, which greatly extends the
applicability of our framework to a wide range of substrates, includ-
ing, in particular, BrainScaleS-2.

By requiring only spike times, the proposed learning framework
has minimal demands for neuromorphic hardware and becomes
inherently robust towards substrate-induced distortions. This further
enhances its suitability for a wide range of neuromorphic platforms.

Bolstered by the design characteristics of the BrainScaleS-2 sys-
tem, our implementation achieves a time to classification of ~10 s
after receiving the first spike. Including relaxation between pat-
terns and communication, the complete MNIST test set with 10,000
samples is classified in less than 1s with an energy consumption
of ~8.4pJ per classification, which compares favourably with other
neuromorphic solutions for pattern classification. The time char-
acteristics of this implementation do not deteriorate for increased
layer sizes because neurons communicate asynchronously and their
dynamics are emulated independently. For the current incarnation
of BrainScaleS-2, an increase in spiking activity only has a negligible
effect on power consumption. Furthermore, for larger numbers of
neurons we would expect only a weak increase of the power drain.

We also stress that, in contrast to, for example, graphics process-
ing units, our system was used to process input data sequentially.
Our reported classification speed is thus a direct consequence of our
coding scheme combined with the system’s accelerated dynamics.
Further increasing the throughput by parallelization (simultane-
ously using multiple chips) is straightforward and would not affect
the required energy per classification.

Due to the complexity of our exact gradient-based rules, our
hardware networks were trained using updates calculated off-chip
based on emulated spike times. Early, promising simulations using a
substantially simplified learning rule, however, suggest the possibil-
ity of an on-chip implementation of our framework. Furthermore,
we note that our learning rules require three components that can
all be made available at the locus of the synapse: pre- and postsyn-
aptic spikes, as in classical spike-timing-dependent plasticity, and
an error term, which could be propagated by mechanisms such as
those proposed in, for example, refs. 7>’¢. This raises the intriguing
possibility for our framework to help explain learning in biological
substrates as well.

Because, compared to the von Neumann paradigm, artificial
brain-inspired computing is only in its infancy, its range of possible
applications still remains an open question. This is reflected by most
state-of-the-art neuromorphic approaches to information processing,
which, to accommodate a wide range of spike-based computational
paradigms, aim for a large degree of flexibility in network topology
and parametrization. Despite the obvious efficiency trade-off of such
general-purpose platforms, we have shown that an embedded ver-
sion of our framework can achieve a powerful combination of per-
formance, speed, efficiency and robustness. This gives us confidence
that a more specialized neuromorphic implementation of our model
represents a competitive alternative to current solutions based on
von Neumann architectures, especially in edge computing scenarios.

Methods

Preliminaries. In this section we derive the equations from the main Article,
starting with the learning rule for z,, — o0, then 7, =7,, equation (2) and finally

ARTICLES

7,,=27,, equation (3). The case 7,,— oo has already been discussed in ref. ** and was

reproduced here for completeness and comparison. Owing to the symmetry in 7,, and

7, of the PSP (equation (14)), the 7,, =2, case describes the 7m = 17, case as well.
For each, a solution for the spike time T, defined by

u(T) =9, (8)

has to be found, given LIF dynamics

1 Tyt

—_—— wik(t — t;), 9

G 2w ©
spikes t;

K (1) = 0(t) {exp <—%) —exp (—T—ts)} ,

with membrane time constant z,,= C, /g, and the PSP kernel « given by a difference
of exponentials. Here we already assumed our TTFS use case in which each neuron
only produces one relevant spike and the second sum in equation (1) reduces to a
single term.

For convenience, we use the following definitions:

t.
a= 3 wesp (;) ,
S

ieC

u(t) =

(10)

11)

ti ti
b::Zw;T—S exp (T—s), (12)

ieC

with summation over the set of causal presynaptic spikes C={i|t,< T}.

In practice, this definition of the causal set C is not a closed-form expression
because the output spike time T depends explicitly on C. However, it can be
computed straightforwardly by iterating over the ordered sets of input spike
times (for n presynaptic spikes there are  sets C; each comprising the i first input
spikes). For each set C; one calculates an output spike time T} and determines if this
happens later than the last input of this set and before the next input (the i+ 1th
input spike). The earliest such spike T is the actual output spike time and the
corresponding C; is the correct causal set. If no such causal set C; exists, the neuron
did not spike and we assign it the spike time T'= 0.

The nLIF learning rule for z,, — co. With this choice of 7,,, the first term in
equation (10) becomes 1 and we recover the nLIF case discussed in ref. *°. Given
the existence of an output spike, in equation (8) the spike time T appears only in
one place and simple reordering yields

T a
—=In | ——|, 1
75 " |:aoo - 19Cm/rs:| a3

where we used equation (11) for n=1 and n= oo, the latter being the sum over the

weights.

The learning rule for 7,, =7,. According to I'Hopital’s rule, in the limit z,, > 7,,
equation (9) becomes a sum over a-functions of the form

u(t) = Ci S Wt — ) (t - t) exp (7 t; t”) .

Using these voltage dynamics for the equation of the spike time equation (8), together
with the definitions of equations (11) and (12) and 7,,=C,/g,, we get the equation

(14)

T T
0=grdexp <T—> +b—a11—. (15)
S s

=y
The variable y is introduced to bring the equation into the form

hexp (h) =z (16)
which can be solved with the differentiable Lambert W function h = W(z).

The goal is now to bring equation (15) into this form, and this is achieved by
reformulation in terms of y:

0=g¢dexp (;) exp (—%) +y
1 1

9

2 exp (1) Y L

a1 a1 a; exp (%)

:h _/—/
=1z

17)

(18)
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With the definition of the Lambert W function the spike time can be written as

(19)

Branch choice. Given that a spike happens, there will be two threshold crossings:
one from below at the actual spike time and one from above when the voltage
decays back to the leak potential (Supplementary Fig. Fla,b). Correspondingly, the
Lambert W function (Supplementary Fig. Flc,d) has two real branches (in addition
to infinite imaginary ones), and we need to choose the branch that returns the
earlier solution. In case the voltage is only tangent to the threshold at its maximum,
the Lambert W function only has one solution.

For choosing the branch in the other cases we need to look at / from the
definition, that is

b T

h=2=2_Z2 (20)
ap ay Ts

In a setting with only one strong enough input spike, the summations in a, and b

reduce to yield h = (t,— T)/z,. Because the maximum of the PSP for 7, =7, occurs at

t,+7,, we know that the spike must occur at T'<t,+ 7, and therefore

t,'—T_

Ts

—1< h. (21)

This corresponds to the branch cut of the Lambert W function, meaning we must
choose the branch with > —1. For a general setting, if we know a spike exists,

we expect 4, and b to be positive. To get the earlier threshold crossing, we need
the branch that returns the larger VW (Supplementary Fig. F1d), that is, where
W=h>-1

Derivatives. The derivatives for ¢, in the causal set i€ C come down to

or (w,t) = Al exp (i) [ZW’(Z) + (i - E) (1- ZW’(Z)):| , (22)
ap Ts ap

ow; Ts

oT w, ti b

a—ti(w,t) = a—liexp (%) |:l + (‘TS - ;) (1 —ZW'(Z)):| . (23)

A crucial step is to reinsert the definition of the spike time where possible (cf. Fig. 5d).

For this we need the derivative of the Lambert W function zW’(z) = #()erl

that follows from differentiating its definition equation (16) with h = W(z) with
respect to z. With this equation one can calculate the derivative of equation (19)
with respect to incoming weights and times as functions of presynaptic weights,
input spike times and output spike time:

oT 1 1 ti

—WtT) =————— — | (T—-t), 24

w,»(wt ) a, W(z)-‘,—leXp(rs)( fi) @4
oT 1 1 ti\ wi
a—ti(w,t,T)f—u—liw(z)_i_lexp (Z)Z(T_t’_rs)‘ (25)

These equations are equivalent to equations (4) and (5) shown in the main text.

The learning rule for 7,, = 27,. Inserting the voltage (equation (9)) into the spike
time (equation (8)) yields

8ed = exp (—%) > wiexp (i)

ieC

) (26)
— exp (—%) ieZ:cWi exp (;:) .
Reordering and rewriting this in terms of a,, a, and 7, (with 7,, =27,) we get
0= —a {exp (—l)]z—f—uzexp (—l> — g9 27)
27 275

This is written such that its quadratic nature becomes apparent, making it possible
to solve for exp(—1T/27,) and thus

T
— =2In
Ts

(28)

2(11
a + \/a% — 4(11g,g19 ‘

Branch choice. The quadratic equation has two solutions that correspond to the
voltage crossing at spike time and relaxation towards the leak later; again, we want
the earlier of the two solutions. It follows from the monotonicity of the logarithm

that the earlier time is the one with the larger denominator. Due to an output spike
requiring an excess of recent positively weighted input spikes, a, are positive and
the + solution is the correct one.

Derivatives. Using the definition x = /a3 — 4a1g,9 for brevity, the derivatives of
equation (28) are

oT 1 2809 4 27, t;
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Again, inserting the output spike time yields
ti
— |, (31
() ov
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Error backpropagation in a layered network. Our goal is to update the network’s
weights such that they minimize the loss function L[t™, n*]. For weights projecting
into the label layer, updates are calculated via

(30)

AL[t™), n*]

ow,”

oM QL™ n] (33)

A
" aw™ 9™

The weight updates of deeper layers can be calculated iteratively by application of
the chain rule:

aL[t(N) n*] FIiY)

() > _ k()

Aw) o« — 520 —5 m0% (34)
Wki wki

where the second term is a propagated error that can be calculated recursively with
a sum over the neurons in layer (I+1):
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ko 0} '
ot
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i
ol

(35)

In the following we treat the 7,,=1, case, but the calculations can be performed
analogously for the other cases. Rewriting equations (24) and (25) in a layer-wise
setting, the derivatives of the spike time for a neuron k in arbitrary layer [ are

0] A=)

o, 1 1
s (wt 7 0) = — —exp | - el GO FRCY)
aw( a . ) W) +1 i

1

(€0 0 ).

(37)
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atk (w NE) t(l)) _ _i exp t,'( ) 1 Wy
- W ’
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Inserting equations (35) to (37) into equations (33) and (34) yields a synaptic
learning rule that implements exact error backpropagation on spike times.

This learning rule can be rewritten to resemble the standard error backpropa-
gation algorithm for ANNGs:

JoL

oy _

8 = PR (38)

§0-D — (g(l) _ 1) opl Vo (w(msa)), (39)
Aw®D = e, (5<1>p<1—1),T) o B0, (40)

where O is the element-wise product, the T superscript denotes the transpose of a
matrix and 8/~" is a vector containing the backpropagated errors of layer (I—1).
The individual elements of the tensors above are given by
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BrainScaleS-2. The application-specific integrated circuit (ASIC) is built around
an analogue neuromorphic core that emulates the dynamics of neurons and
synapses. All state variables, such as membrane potentials and synaptic currents,
are physically represented in their respective circuits and evolve continuously

in time. Considering the natural time constants of such integrated analogue
circuits, this emulation takes place at 1,000-fold accelerated timescales compared
to the biological nervous system. One BrainScaleS-2 chip features 512 adaptive
exponential leaky integrate-and-fire (AdEx) neurons, which can be freely
configured; these circuits can be restricted to LIF dynamics as required by our
training framework””. Both the membrane and synaptic time constants were
calibrated to 6 ps.

Each neuron circuit is connected to one of four synapse matrices on the chip,
and integrates stimuli from its column of 256 CuBa synapses*. Each synapse
holds a 6-bit weight value. Its sign is shared with all other synapses located on the
same synaptic row. The presented training scheme, however, allows weights to
continuously transition between excitation and inhibition. We therefore allocated
pairs of synapse rows to convey the activity of single presynaptic partners, one
configured for excitation and the other one for inhibition.

Synapses receive their inputs from an event routing module allowing to
connect neurons within a chip as well as to inject stimuli from external sources.
Events emitted by the neuron circuits are annotated with a time stamp and
then sent off-chip. The neuromorphic ASIC is accompanied by an FPGA to
handle communication with the host computer. It also provides mechanisms for
low-latency experiment control, including the timed release of spike trains into
the neuromorphic core. The FPGA is also used to record events and digitized
membrane traces originating from the ASIC. BrainScaleS-2 only permits recording
one membrane trace at a time. Each membrane voltage shown in Fig. 4h therefore
originates from a different repetition of the experiment.

The ASIC is controlled by a layered software stack”® that exposes the necessary
interfaces to a high-level user via Python bindings. These were used in our
framework, which is described in the following.

Simulation software. Our experiments were performed using custom modules for
the deep learning library PyTorch™. The network module implements layers of LIF
neurons whose spike times are calculated according to equation (2). This method
of determining the spike times of the neurons is fastest, but also memory-intensive.
An alternative implementation integrates the dynamical equations of the LIF
neurons in a layer, which also yields the neuron spike times. Even though both
approaches are technically equivalent, this method is slower and should only be
employed if the computing resources are limited.

The activations passed between the layers during the forward pass are the spike
times. The equations describing the weight updates for the network (equation (40))
are realized in a custom backward-pass module for the network.

Training and regularization methods. To train a given dataset using our learning
framework, the input data have to be translated into spike times first. We do this
by defining the times of the earliest and latest possible input spike t,,,, and ., and
mapping the range of input values linearly to the time interval (£, tie]-

If the dataset requires a bias to be solvable, our framework allows its addition.
These bias spikes essentially represent additional input spikes for a layer, which
have the same spike time for any input. The weights from the neurons to these
‘bias sources’ are learned in the same way as all the other synaptic weights. For
the Yin-Yang dataset, the addition of a bias spike facilitated training. For some
samples, due to the low number of inputs, the relatively low activity that is received
by the network is spread out over a long time interval. The additional spike in the
middle of the available interval decreases the maximum distance between input
spikes for the hidden layer. In contrast, the MNIST dataset has a much higher input
dimensionality and the spikes are more distributed over the input time interval.
Therefore, the activity provided to the hidden layer at any point in time is high,
even without additional bias.

Implementing our learning algorithm as custom PyTorch modules allows
us to use the training architecture provided by the library. The simulations
were performed using mini-batch training in combination with with the Adam
optimizer® and learning rate scheduling (the parameters are provided in
Supplementary Tables F1 and F2).

To assist learning we employ several regularization techniques. The term

+a [exp (tff;]) /ﬂfs) — 1] with scaling parameters a, € R™, can be added to the

late

loss in equation (6). This regularizer further pushes the correct neuron towards
earlier spike times.

Gaussian noise on the input spike times can be used to combat overfitting. This
proved beneficial for the training of the MNIST dataset.

Weight updates Aw with absolute value larger than a given hyperparameter are
set to zero to compensate divergence for vanishing denominator in equation (40).

As noted previously, the weight update equations are only defined for neurons
that elicit a spike. To prevent fully quiescent networks we add a hyperparameter
that controls how many neurons without an output spike are allowed. If the portion
of non-spiking neurons is above this threshold, we increase the input weights
of the silent neurons. In the case of multiple layers where this applies, only the
first such layer with insufficient spikes is boosted. If neurons in a layer are too

inactive multiple times in direct succession, the boost to the weights increases
exponentially.

Training on hardware. In principle, our training framework can be used to train
any neuromorphic hardware platform that (1) can receive a set of input spikes

and yield the output spike times of all neurons in the emulated network and (2)
can update the weight configuration on the hardware according to the calculated
weight updates. In our framework, the hardware replaces the computed forward
pass through the network. For the calculation of the loss and the following
backward pass, the hardware output spikes are treated as if they had been produced
by a forward pass in simulation. The backward pass is identical to pure simulation.

As accessible value ranges of neuron parameters are typically determined by the
hardware platform in use, a translation factor between the neuron parameters and
weights in software and the parameters realized on hardware needs to be determined.
In our experiments with BrainScaleS-2, the translation between hardware and
software parameter domain was determined by matching of PSP shapes and spike
times predicted by a software forward pass to the ones produced by the chip.

The implicit assumption of having only the first spike emitted by every neuron
be relevant for downstream processing can effectively be ensured by using a long
enough refractory period. Because the only information-carrying signal that is not
reset upon firing is the synaptic current, which is forgotten on the timescale of 7,
we found that, in practice, setting the refractory time 7,.;> 7, leads to most neurons
eliciting only one spike before the classification of a given input pattern.

For training the Yin-Yang dataset on BrainScaleS-2, having only five inputs
proved insufficient due to the combination of limited weights and neuron
variability. We therefore multiplexed each logical input into five physical spike
sources, totalling 25 inputs spikes per pattern. Adding further copies of the inputs
effectively increased the weights for each individual input. This method has the
added benefit of averaging out some of the effects of the fixed-pattern noise on the
input circuits as multiple of them are employed for the same task.

Data availability
We used the MNIST® and the Yin-Yang dataset®. For the latter, see https://github.
com/lkriener/yin_yang_data_set.

Code availability
Code for the simulations®' is available at https://github.com/JulianGoeltz/
fastAndDeep.
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SI.A  Learning with time-to-first-spike
(TTFS) coding on BrainScaleS-1

spike time [ps] spike

neuron id

-

50 100
training steps [1]

spike time [ps]

50 100 00 25
training steps [1] time [ps]

wafer
BrainScaleS-1

Figure SI.A1l: Training a spiking network on the wafer-scale
BrainScaleS-1 system. (a) Simple data set consisting of 4 classes
with 7 X 7 input pixels. Accuracy (b) and loss (c) during training of
the four pattern data set. (d-g) Evolution of the spike times in the
label layer for the four different patterns. In each, the neuron coding
the correct class is shown with a solid line and in full color. (h) Raster
plot for the second pattern (e, correct class A) after training.

To demonstrate the applicability of our approach to dif-
ferent neuromorphic substrates, we also tested it on the
BrainScaleS-1 system [1]. This version of BrainScaleS has
a very similar architecture to BrainScaleS-2, but its com-
ponent chips are interconnected through post-processing on
their shared wafer (wafer-scale integration). More impor-
tantly for our coding scheme and learning rules, its circuits
emulate conductance-based (CoBa) instead of current-based
(CuBa) neurons. Furthermore, due to the different fab-
rication technology and design choices [in particular, the
floating-gate parameter memory, see 1-3], the parameter
variability and spike time jitter are significantly higher than
on BrainScaleS-2 [4].

The training procedure was analogous to the one used
on BrainScaleS-2 although using a different code base. To
accommodate the CoBa synapse dynamics, we introduced
global weight scale factors that modeled the distance be-
tween reversal and leak potentials and the total conduc-
tance, which were multiplied to the synaptic weights to
achieve a CuBa. This approximation could then be trained
with our learning rules. Despite this approximation and the
considerable substrate variability, our framework was able
to compensate well and classify the data set (Fig. SI.A1)
correctly after only few training steps.

56

SI.B Additional experiments

In addition to the simulation results collected in Table 2
we provide additional training results on the MNIST data
set here (Table SI.B1). We quantify the effect of noisy in-
put spike times on generalization by comparing a noiseless
training run and a run with input noise, both using the hy-
perparameters shown in Table SI.F1. Additionally, we train
a network with a larger hidden layer as well as a deeper net-
work with two hidden layers. Finally, we illustrate the effect
of the weight quantization on the training of the MNIST
data set by using the same 6-bit quantization as on the
BrainScaleS-2.

Table SI.B1: Additional simulation runs on the MNIST data set.
The values given as the baseline are taken from Table 2. With the
noted exception of training length. Apart from the number of training
epochs (see footnotes), the hyperparameters for simulations with the
input resolution of 28 x 28 are the same as in Table SI.F1 and the sim-
ulations for the input resolution of 16 x 16 used the hyperparameters
given in Table SI.F2.

. . input hidden accuracy [%)]

simulation . .
resolution | neurons test train

baseline 28 x 28 350 97.1£0.1 | 99.6 £ 0.1
without noise 28 x 28 350 95.7+£0.3 | 99.7+0.1
larger hidden layer 28 x 28 800 97.3+£0.1 | 99.8+0.1
two hidden layers’ 28 x 28 400-400 | 97.14+0.1 | 99.5 £0.1
baseline? 16 x 16 246 97.4£0.2 | 99.2+£0.1
6-bit weight resolution? 16 x 16 246 97.3£0.1 | 99.1£0.1

1 This network was trained for 300 epochs.
2 This network was trained for 150 epochs.

SI.C Robustness to post-training varia-
tions

We have already shown that our learning mechanism is able
to cope well with noise and parameter variability which are
present during training (Figs. 4 and 5). In addition to these
distortions which can be accounted for by the learning mech-
anism, it is interesting to measure the performance of the
trained network under adverse effects that were not present
during training. This is especially relevant for analog cir-
cuits where, for example, temperature changes can lead to
shifts in the analog neuron parameters. We model this ef-
fect by training 10 networks on the MNIST data set using
the ideal parameters of ¢ = 1 and 7, = 7, = 1 for the neu-
ron threshold and time constant and then evaluating their
performance on the test data set for shifted values of the
threshold and time constant (Fig. SI.C1 a, b). These sim-
ulations show that the trained networks cope well, even if
the relative shifts to the parameters are much larger than
what can be typically expected due to temperature changes
on BrainScaleS-2.



Furthermore, we consider a scenario which is less likely
on neuromorphic platforms, but may be more relevant in
biological networks. In biology, neural networks have to
be robust against the death of neuron cells within the net-
work. For each of the 10 fully trained networks we delete a
percentage of its hidden population and evaluate the perfor-
mance on the test set. As the consequences of this procedure
strongly depend on exact choice of the deleted neurons, we
repeat each deletion scenario for each network 10 times with
different random seeds. Figure SI.Clc shows that networks
trained with our learning mechanism exhibit stability to-
wards sudden neuron death after training and even for 5%
neuron death the bound of the second quartile is still at
92.3 % accuracy. Note also that if plasticity is ongoing, the
network can learn to recover much of its performance after
apoptosis.

[

test accuracy [1]

0.96 T T T T T T T d
0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4

0.97

test accuracy [1] T

(¢]
o
Il
=

20.94
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s

test accuracy [1]
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Figure SI.C1l: Robustness to variations not present during
training. All panels show median (black), quartiles (dark gray), as
well as the entire range between minimum and maximum (light gray)
in the shaded regions. (a) Dependence of test accuracy for evaluation
for 10 trained networks with shifted threshold value 6. (b) Test accu-
racies for shifts in the neuron time constant 75 and 7m. (c¢) Influence
of random deletion of hidden neurons on test accuracies. For each
neuron death ratio, 10 different random sets of hidden neurons were
deleted. These ten deletion sets were applied to the same ten networks
as in (a) and (b).

SI.D Simplification of the learning rule

The learning rule for 7, = 75 described in the main paper
and derived in the Methods is computationally rather de-
manding: it needs multiple evaluations of the exponential
function as well as an evaluation of the Lambert W function
W, for which no closed form exists. As the computational
complexity of plasticity mechanisms on many neuromorphic

0 50 100 150

10 seeds

input time ¢, [7]

seed in b

0 50 100 150 05 10 15 20
epochs [1] input time ¢, (7]

Figure SI.D1: Training on the Yin-Yang data set with a sim-
plified learning rule. We approximated the learning rule to have
less complex updates (Eqns. SI.D1 and SI.D2). (a) shows the training
process of 150 epochs. We reach a test accuracy of (91.7 &+ 1.4) % and
training accuracy (91.7 +1.2) % averaged over 10 seeds. (b) shows
the classification as in Fig. 2 after training for the highlighted training
in (a).

chips is limited, we investigate the possibility of approxi-
mating the derivatives Eqns. (4) and (5) by replacing the
exponential functions as well as W by a constant A\':

oty

=Mty —t;), SI.D1
U (S1.D1)
Oty Wy
aiti =—-A P (tk tl Ts) . (SIDQ)

The approximated version consists only of simple differ-
ences and multiplications making this learning rule more
amenable for on-chip implementations.

To examine the approximated learning rule in the stan-
dard setup with 7, = 75 we chose A = 0.0192 by evaluating
im for a few inputs into the hidden layer. Using
this extreme simplification we trained a network to clas-
sify the Yin-Yang data set (Fig. SI.D1). While the network
learned the task correctly and achieved a test accuracy of
(91.7 £ 1.4) %, this represents a small but noticeable drop
in accuracy compared to the full learning rule (Table 2). We
also observed that these simplified rules led to more instabil-
ity for longer training periods (not shown here). Nonethe-
less, these promising results give us confidence that that a
more careful choice of the constant or a replacement with a
simple, but non-constant term can alleviate these problems
while retaining a simple form of the learning rule.

Note, in particular, that Eqn. (SL.D2) explicitly con-
tains the term ¢; + 75. This term represents the maxi-
mum of a postsynaptic potential (PSP) and changes sign
when the output spike at T happens before versus after
the maximum. This simple difference captures the major
non-monotonic relationship in the time derivative. As the
maximum of the PSP is given by a closed form solution

I This effectively leads to p being a constant in Eqns. (39) and (40).
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tmax = t; + =7 log = for arbitrary combinations of 7

and 7, it seems natural to investigate a slightly altered
learning rule for different time constants.

SI.LE Power consumption and execution
time measurements

Table 1 in the main manuscript compares the energy
consumption and classification speed of our model on
BrainScaleS-2 with other neuromorphic platforms and an
ANN on a GPU. This section details how the power and
classification speed measurements were performed, as well
as their implications for the scalability of and potential im-
provements to our setup. Additionally, we present our mea-
surement technique for the GPU reference.

SI.E.1 BrainScaleS-2

Power breakdown The full BrainScaleS-2 chip con-
sumed a total of 175 mW measured during runtime with
the INA219 chip [5]. This overall figure encompasses the
chip’s high-speed communication links (approx. 60mW),
the digital periphery as well as its clocking infrastructure
(approx. 80mW), and the biasing of analog circuits (ap-
prox. 35mW). Importantly, we could not observe a sig-
nificant change in power consumption between the network
during inference and an emulation of an inactive network.
This implies that the cost of event transport and synaptic
processing is negligible on the reported scales and that the
overall figure would not be impacted by increased activity
levels. As inactive synapses mostly contribute to the overall
power consumption through negligible leakage currents, the
power consumption would not be impacted by an increase
of the neuron circuit’s fan-in that would allow the training
on larger input spaces.

Execution time breakdown We define the round-trip
time for an on-chip inference run as starting before the for-
ward pass through the network in our PyTorch implementa-
tion and ending when all classification results produced by
the chip are available in PyTorch. For the classification of
the full MNIST test data set on BrainScaleS-2 we measured
a round-trip time of 0.937s.

Due to this conservative definition of the round-trip time,
our measurement includes a significant amount of time on
the host (for data pre- and post-processing) and for com-
munication between host and the neuromorphic system.
Fig. SI.LE1 shows a detailed breakdown of the execution
time. We see that once the data arrives on the chip, it
takes 480ms to process the 10000 images of the test set.
This results in a classification every 48 ps or equivalently a
classification rate of 20 800 images per second.
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Considering the relevant hardware time constants of 74 ~
Tm ~ 6ps and the typical time to solution of around 1 7y
to 1.5 7, a classification duration per sample of 48 s seems
surprisingly long. This is owed to the sequential presen-
tation of data samples to the network, for which we need
to ensure that all residual activity — membrane voltages as
well as synaptic currents — from the last sample has fully de-
cayed before the next sample is presented. Currently, this is
achieved by simply waiting between samples, but Cramer et
al. [6] present an alternative: The plasticity processing unit
(PPU) is able to trigger a reset of all membrane voltages
and synaptic currents on the chip. Using this mechanism,
Cramer et al. [6] shorten the classification time per image
to 11.8 us. The usage of artificial resets would also be a vi-
able optimization for our model. It would require the previ-
ously switched off PPU to be activated and would therefore
slightly increase the power consumption (by approximately
20mW). This increase in power would however be more
than compensated by the approximately quadrupled sam-
ple throughput.

——184ms—— 674 ms 179 ms+

| encoding || ||dec.|

KQ/ 480 ms

| neuromorphic emulation on BrainScaleS-2 |

experiment

ﬁ—/R
Loyt Y

—48 ps—

Figure SI.E1: Breakdown of the execution time for inference
on the MNIST test set. The total time of about one second consists
of an encoding, an experiment and a decoding phase. The encoding
phase includes the translation of PyTorch tensors into spike trains and
the encoding of the spike trains into instructions for the neuromorphic
chip. In the experiment phase the instructions are sent from the host to
the chip, the emulation is performed and the results are read out from
the chip and communicated back to the host. In the final decoding
phase the emulations results are converted back to PyTorch tensors.

SI.LE.2 GPU

For comparison to conventional computing hardware we
add power and classification speed measurements on
a Nvidia Tesla P100 GPU to Table 1.
surements on the GPU we use the convolutional neural
network given as standard example in the PyTorch repos-
itory (https://github.com/pytorch/examples/blob/
507493d7b5fab51d55af88c5df9eadceb144fb67 /mnist/
main.py).

The power measurements are performed using the tool
nvidia-smi which is running in the background while in the
foreground we run a PyTorch program which repeats the

For the mea-


https://github.com/pytorch/examples/blob/507493d7b5fab51d55af88c5df9eadceb144fb67/mnist/main.py
https://github.com/pytorch/examples/blob/507493d7b5fab51d55af88c5df9eadceb144fb67/mnist/main.py
https://github.com/pytorch/examples/blob/507493d7b5fab51d55af88c5df9eadceb144fb67/mnist/main.py

classification of the MNIST test data set (in one batch of
size 10000) for 10 times. Figure SI.LE2 shows the power
consumption over the full program runtime. We see that
the GPU is only active for 10 short periods, the duration of
which match the measured times during which the PyTorch
program uses the GPU (Fig. SL.LE2 b). The power consump-
tion is calculated as an average over these intervals, resulting
in 106.5 W.

The speed measurements were performed using time mea-
surements in Python and averaged over the 10 classifica-
tions, resulting in a classification time per image of 8ps.
This amounts to an energy-per-classification value of 852 j1J.

As an additional reference we attempted to determine the
power consumption and classification speed for a fully con-
nected network with a hidden layer of 246 neurons (same
size as the hidden layer on BrainScaleS-2) on GPU. How-
ever, due to the fact that the classification was a factor of
20 to 25 faster than for the CNN, we were not able to mea-
sure the power in a fine enough resolution with nvidia-smi
to yield reliable values. To estimate a lower-bound for the
energy per classification in this case, we can take the power
consumption of the GPU in the phases where it was not
actively used in the CNN measurement (i.e. power values
between the peaks in Fig. SI.LE2a) which is approximately
34W. This “idle” power consumption for the CNN case
seemed to approximately match the averaged power drain
for the fully connected network. This amounts to a lower-
bound estimate of the energy-per-classification value on the
order of 10 puJ.
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Figure SI.E2: Power consumption of Nvidia Tesla P100 GPU
during classification of MNIST test data. (a) Power consump-
tion of a standard PyTorch network for MNIST classification while
running inference on the test data set for 10 times. (b) Zoom on a
peak in the power consumption. The shaded area corresponds to the
time during which the GPU is actively used (measured from within
Python).

SI.F Additional data
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Figure SI.F1: (a) Membrane dynamics for one strong input spike at
t; (upward arrow) with two threshold crossings due to leak pullback
(earlier violet, later brown). The change induced by a reduction of the
input weight is shown in red. (b) Edge case without crossing and ex-
actly one time where u(t) = ¥. (c) Defining relation for the Lambert
W function W, evidently not an injective map. (d) Distinguishing be-
tween h < —1 allows to define the inverse function of (c), the Lambert
W function W.
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Table SI.F1: Neuron, network and training parameters used to pro-

duce the results in Figs. 2 and 3.

Parameter name Yin-Yang MNIST
Neuron parameters

ge 1.0 1.0
Ey 0.0 0.0

¥ 1.0 1.0
Tm 1.0 1.0

Ts 1.0 1.0
Network parameters

size input 5 784
size hidden layer 120 350
size output layer 3 10
bias time! [0.975, 0.97] no bias
weight init mean? [1.5,0.5] [0.05,0.15]
weight init stdev! [0.8,0.8] [0.8,0.8]
tearly 0.157 0.157,
tlate 2.0’7’s 2.07‘s
Training parameters

training epochs 300 150
batch size 150 80
optimizer Adam Adam
Adam parameter 3 (0.9,0.999) | (0.9,0.999)
Adam parameter € 1078 10~8
learning rate 0.005 0.005
Ir-scheduler StepLR StepLR
Ir-scheduler step size 20 15
Ir-scheduler ~ 0.95 0.9
input noise o no noise 0.3
max ratio missing spikes'| [0.3,0.0] [0.15,0.05]
max allowed Aw 0.2 0.2
weight bump value 0.0005 0.005
e 0.005 0.005
£ 0.2 0.2

! Parameter given layer wise [hidden layer, output

layer].

2 ¢ implemented differently in code-base developed by

the authors.
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Table SI.F2:

BrainScaleS-2 used to produce the results in Fig. 4.

Network and training parameters for training on

In contrast to

Table SI.LF1, the neuron parameters are not given here, as they are

determined by the used chip.

Parameter name Yin-Yang 16x16 MINIST
Network parameters

size input 25 256
size hidden layer 120 246
size output layer 3 10
bias time! [0.975, no bias] no bias
weight init mean? [0.1,0.075] [0.01, 0.006]
weight init stdev! [0.12,0.15] [0.03,0.1]
tearly 0.157 0.157%
tlate 2.07, 2.073
Training parameters

training epochs 400 50
batch size 40 50
optimizer Adam Adam
Adam parameter 8 (0.9,0.999) (0.9,0.999)
Adam parameter € 1078 1078
learning rate 0.002 0.003
Ir-scheduler StepLR. StepLR.
Ir-scheduler step size 20 10
Ir-scheduler ~ 0.95 0.9
input noise o no noise 0.3
max ratio missing spikes? [0.3,0.05] [0.5,0.5]
max allowed Aw 0.2 0.2
weight bump value 0.0005 0.005

e 0.005 0.005
£2 0.2 0.2

! Parameter given layer wise [hidden layer, output layer].
2 ¢ implemented differently in code-base developed by the au-

thors.

3 After translation of pixel values to spike times, inputs spikes
with tinput = tlate Were not sent into the network.



Table SI.F3: Extension of literature review for pattern recognition models on neuromorphic back-ends, including results which do not detail
certain measurements.

. network energy per classifications test
platform type  coding size/structure classification per second accuracy reference
SpiNNaker digital rate 764-600-500-10 3.3mJ 91 95.0% [7], 2015
True North! digital rate CNN 0.27nJ 1000 92.7% [8], 2015
True North! digital rate CNN 108 pnJ 1000 99.4% [8], 2015
FPGA (nLIF neurons)? digital temporal 784-600-10 - - 96.8 % [9], 2017
Loihi digital bin. rate 400-400-10 2.5n] 5917 96.2 % [10], 2021
Loihi? digital temporal 1920-10 - - 96.4 % [11], 2018
unnamed (Intel)* digital temporal 236-20 1.0pnJ 6250 88.0% [12], 2018
unnamed (Intel)5 digital temporal 784-1024-512-10 12.41J - 98.2% [12], 2018
unnamed (Intel)® digital temporal 784-1024-512-10 1.7pJ - 97.9% [12], 2018
SPOONS digital temporal CNN 0.3pnJ 8547 97.5% [13], 2020
BrainScaleS-2 mixed temporal 256-246-10 8.41J 20800 96.9 % this work

L In [8] it is stated that " The instrumentation available measures active power for the network in operation and leakage power
for the entire chip, which consists of 4096 cores. We report energy numbers as active power plus the fraction of leakage
power for the cores in use.”. For the first result 5 cores were used, while the second result requires 1920 cores.

2 No energy or speed measurements reported.

3 No energy or speed measurements reported. Images were preprocessed with an algorithm described as ”using scan-line
encoders”.

4 Images preprocessed with 4 5 x 5 Gabor filters and 3 x 3 pooling.

5 No speed measurements reported.

6 Reported energy values are pre-silicon simulations.
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Abstract

Recent studies have shown how spiking networks can learn complex functionality through error-correcting
plasticity, but the resulting structures and dynamics remain poorly studied. To elucidate how these models
may link to observed dynamics in vivo and thus how they may ultimately explain cortical computation,
we need a better understanding of their emerging patterns. We train a multi-layer spiking network, as
a conceptual analog of the bottom-up visual hierarchy, for visual input classification using spike-time
encoding. After learning, we observe the development of distinct spatio-temporal activity patterns. While
input patterns are synchronous by construction, activity in early layers first spreads out over time, followed
by re-convergence into sharp pulses as classes are gradually extracted. The emergence of synchronicity is
accompanied by the formation of increasingly distinct pathways, reflecting the gradual semantization of
input activity. We thus observe hierarchical networks learning spike latency codes to naturally acquire
activity patterns characterized by synchronicity and separability, with pronounced excitatory pathways
ascending through the layers. This provides a rigorous computational hypothesis for the experimentally
observed synchronicity in the visual system as a natural consequence of deep learning in cortex.

Significance Statement

Recent advances in Al have rekindled the hypothesis of deep learning in the brain, but there remains
a significant gap at the microscopic scale, as cortical neurons communicate with sparse and discrete
signals, rather than continuously in time. Building on an analytical model of deep learning with spikes, we
investigate the emergence of spatio-temporal structures in hierarchical spiking networks. We find that
neuronal populations learn to form tight pulse packets for downstream communication and observe distinct
pathways of neuronal excitation that become increasingly separated with network depth, indicating the
progressive semantization of neuronal activity. This puts forth a rigorous computational hypothesis for
the well-established experimental observations of synchrony and semantization in sensory cortex.

Introduction

Artificial neuronal networks (ANNs) are the backbone
of modern machine learning applications. Since the for-
mulation of the perceptron (Rosenblatt, 1958), ANNs
have gradually diverged away from the biology that origi-
nally inspired them, but their recent success across many
domains has prompted a broad interest to reevaluate
their applicability as models of processing in the brain
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(Richards et al., 2019). Many of these studies focus on
visual processing, as it is among the best studied com-
putational tasks, both in cortex and as an application
for Al. As an example, Convolutional Neural Networks
(LeCun et al., 1998; Krizhevsky et al., 2012) are used
successfully as model of the visual system (Yamins and
DiCarlo, 2016; Lindsay, 2021).

However, the underlying models remain very close
or even identical to conventional ANNs, in particular
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by using continuous neuronal transfer functions. This is
markedly different from cortical networks, in which inter-
neuron communication is dominated by action potentials,
or spikes, i.e., cortical networks are spiking neural net-
works (SNNs). A continuous transfer function can be
approximated in SNNs by considering the average spike
rates over time or populations of neurons, leading to an
interpretation that the aforementioned models are operat-
ing in a purely rate coding framework. Even though rate
coding has been highly influential in Neuroscience, may it
be for characterizing response properties of single neuron
(Hubel and Wiesel, 1962; Georgopoulos et al., 1982) or
neural populations (from population rates (Georgopoulos
et al., 1986; Churchland et al., 2012) to geometric inter-
pretation of the evolution of the population vector (Gao
et al., 2017; Gallego et al., 2017; Stringer et al., 2019;
Morales-Gregorio et al., 2024)), rate coding is far from
the only operational mode of the cortex. Alternative,
well-established computational interpretations of cortical
activity emphasize the fine temporal nature of neural ac-
tivity, e.g., (Abeles, 1991; Thorpe et al., 2001; Izhikevich,
2006). They are supported by experimental findings such
as the coordinated spiking on millisecond scale (Riehle
et al., 1997; Prut et al., 1998; Kilavik et al., 2009; Torre
et al., 2016) or characteristic temporal sequences of spikes
(Yiling et al., 2023; Xie et al., 2024; Sotomayor-Gémez
et al., 2025).

The main reason for using rate-based models, i.e.,
models that only communicate via firing rates emulating
a continuous transfer function and not precise spikes,
lies in the difficulty of training SNNs. Indeed, it is not
obvious how to calculate gradients of discrete spiking
activity, which would be necessary for a straightforward
application of error backpropagation. However, recent
years have seen the development of various approaches
capable of overcoming this challenge, most notably ap-
proximate surrogate methods (Neftci et al., 2017; Zenke
and Ganguli, 2018; Yin et al., 2023) and exact spike-time
gradients (Bohte et al., 2002; Wunderlich and Pehle, 2021;
Goltz et al., 2021). These now allow the training of deep
spiking networks to performances comparable with their
conventional counterparts. Thus, such networks can form
the basis of a more rigorous reassessment of the deep
learning hypothesis in the brain, now also taking into
account a more realistic form of spike-based, as opposed
to continuous, communication.

With trained networks it is possible to study how their
structure and activity is shaped through learning and
which characteristic patterns emerge. In particular, the
aspects of propagation and transformation of the neural
code (Perkel and Bullock, 1968) and their underlying
mechanisms can be investigated thoroughly. There have
been extensive studies about the propagation of activity
in SNN, e.g., in simulations (Diesmann et al., 1999; van
Rossum et al., 2002; Vogels and Abbott, 2005) or in
vitro (Reyes, 2003; Barral et al., 2019), but the studied
networks were not trained to perform a particular task.

Here, we consider multi-layered SNNs trained by ex-
act gradient descent as visual image classifiers using a
spike latency code (Goltz et al., 2021). Thereby we

approach their activity as we would approach electro-
physiological recordings, but with the added benefit of
having access to all observables in the network, as op-
posed to the massive subsampling that is characteristic
of in-vivo data (Levina et al., 2022). In the following, we
show how these networks form very distinct activity and
connectivity patterns. In particular, we show that neuron
subpopulations in these networks learn to synchronize
their firing in response to patterns of a particular class.
This is a phenomenon frequently observed in the cortex,
e.g., (Gray and Singer, 1989; Gray et al., 1989)), but
here we show that it arises from learning by gradient
descent, thus providing a functional explanation. More-
over, we observe how these populations grow increasingly
distinct across the network hierarchy, demonstrating the
semantization of activity as it propagates downstream.
This bundling of activity in space and time maps closely
to various experimental observations, thus establishing
a first step towards a rigorous link between the theory
of learning by gradient descent in spiking networks and
in-vivo recordings of cortical activity.

Results

Activity in the network

We investigate a feed-forward network with all-to-all con-
nections between consecutive layers consisting of an input,
four hidden, and an output layer as depicted in Figure 1a.
As a classical visual benchmark that does not require
complicated structures lacking direct biological equiva-
lents, such as perfect copies of convolutional kernels or
max-pooling layers, we chose classification of the MNIST
dataset (LeCun et al., 1998) as task for the network.
Importantly, and unlike in classical ANNs, the neurons in
the hidden layers obey Dale’s law (Eccles, 1957), mean-
ing that each neuron has either only excitatory or only
inhibitory outgoing connections. To roughly approximate
the ratio found in cortex (Markram et al., 2004), each
hidden layer consists of 300 excitatory and 100 inhibitory
neurons. The output layer has 10 neurons, one for each
image class.

To understand how the network processes the inputs,
we first examine how spiking activity propagates through
the layers in response to an arbitrary image of a hand-
written digit (see Figure la) after training (Figure 1b).
The input image is converted into a set of spike times
that specify the activity of the input layer. Each neuron
in the input layer corresponds to a pixel of the input
image, the brightness of which determines whether the
corresponding neuron fires earlier or later; the darker the
pixel, the earlier the neuron fires. The spiking activity of
the input layer is passed to the subsequent layer (layer 1),
where incoming spikes influence the membrane potential
of the neurons. If, for a given neuron in layer 1, the
evoked membrane potential exceeds the threshold, the
neuron emits a spike that is passed to all neurons in the
next layer (layer 2), and so on. Typically, to bring a
neuron to fire, it needs to receive sufficient synchronous
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Figure 1: Propagation of activity through the network. (a) Structure of the network and the task. One randomly
chosen image of class 4 is passed into the network via the input layer. Each pixel is represented by a neuron (784 in total). The
input propagates through four hidden layers with 300 excitatory and 100 inhibitory neurons. The output layer contains 10
output neurons, each representing one class. The network assigns a label according to the neuron in the output layer that
spikes first. (b) Activity in response to the image in a as raster plot. Time is shown as multiples of the synaptic time constant
Tsyn, SO all our conclusions remain scale-invariant with respect to the specific time constants in the network. The dots represent
the spike times of the individual neurons. The image is represented by a latency code via spike times in the input layer. The
brightness of the dot corresponds to the brightness of the pixel in the image (the darker, the earlier). In the hidden layers (1-4)
red dots correspond to excitatory, blue dots to inhibitory neurons. The first spike in the output layer is marked by an asterisk.
The image is classified correctly as “4”. (c) Spike time histogram for the activity in b. The spike count was measured in a
sliding window of 0.05 7gyn in 0.01 Tsyn steps. In hidden layer 1-4 the spike count is separated between excitatory and inhibitory
neurons. The colored vertical lines as well as the first black line in the panel for the input layer denote the maximum of the
histogram before the first output spike (dashed black line). (d) Illustration of the characterization of the activity. We determine
the rise time 7 as the time from the first spike to the maximum of the histogram, we term neurons active during this time
leading neurons and the others trailing neurons. a is the number of leading neurons. (e) Box plots of the distributions of a
(left) and 7 (right) across all images, separate for excitatory and inhibitory neurons in the hidden layers. The line marks the
median, the box marks the range between the first (Q1) and the third quantile (Q3), the whiskers range from the box to the
lowest data point above Q1 — 1.5(Q3 — Q1) and the highest data point below Q3 + 1.5(Q3 — Q1), fliers represent outliers. (f)
State space representation of the medians of the distributions in e in sequence of the layers. Arrows point in the direction of
the propagation of activity in the network.

input from the preceding layer. This way, spiking activity
propagates downstream, from layer to layer. In the out-
put layer, the label assigned to the input is determined by
which of the 10 output neurons emits a spike first. On the
test dataset, the trained network achieves an accuracy of
0.98, i.e, the assigned label matches the image class of
the input for 98% of the test images.

To examine the propagation of the activity quanti-
tatively, we first calculate the spike time histogram for
the spiking activity shown in Figure 1b. Starting in the
input layer, we observe a sharp peak in the histogram
(Figure lc first row). Over the next two layers, the spike
times spread out, and hence the histogram peak becomes
less prominent. Then in layer 3, the excitatory neurons
synchronize again, ultimately resulting in a very sharp
peak for both the excitatory and inhibitory neurons in
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layer 4. Overall, these activity profiles resemble the prop-
agation of a pulse packet i.e., a synchronous volley of
spikes, through the layers, which first disperses and then
re-synchronizes over the layers.

We characterize the pulse packets of excitatory and
inhibitory neurons in each layer individually by, on the
one hand, determining the rise time 7 of the spike time
histogram, i.e., the time from the first spike to the maxi-
mum of the histogram. The rise time gives an estimate
of how synchronous the spikes occur in the layer. On the
other hand, we count the number a of neurons that fire
spikes during this time (see Figure 1d). These neurons
we term “leading neurons”, and the neurons that fire
after this period we term “trailing neurons”.

Figure 1le shows in the form of box plots the distri-
butions of the number of leading neurons (a, left) and



the rise time of the histogram (7, right) across all images.
Over all images the same trend as we observe in the
example shown in Figure lc solidifies; the activity starts
with a high and sharp peak (large a and small 7), then
gets dispersed (smaller a and larger 7), and then builds
up again (see Figure 1f). This trend is evident for both
the excitatory and the inhibitory neurons.

In summary, we see that the propagation of activity in
the network is characterized by a pulse packet that decays
and then builds up again. The conditions for networks
to exhibit this kind of activity have been investigated
extensively (Diesmann et al., 1999; Tetzlaff et al., 2002;
Vogels and Abbott, 2005; Kumar et al., 2008; Shinozaki et
al., 2010). More on this point will follow in the discussion.

While the characterization of the activity as a pulse
packet allows a quantitative description of the activity
propagation through the layers, it does not immediately
provide functional implications of the observed activity
for information processing. Assuming that the pulse
packet plays a relevant role in achieving a correct classi-
fication, for a pulse packet to represent the image class
of the input, it would need to encode the information
by the identity of the neurons that contribute spikes to
it. Since we observe that the pulse packet is gradually
built up as it propagates through the layers, we also
expect that its representation of the image class would
be progressively consolidated towards deeper layers, i.e.,
a more specific subset of neurons would provide spikes
to the pulse packet in deeper layers. This leads us to a
close examination of the identity of the leading neurons,
as shown in the following section.

Representation of classes in the activity

Next, we investigate how different classes are repre-
sented in the population activity of each layer. We focus
on the leading neurons here because these neurons are
likely most important for the classification, since the net-
work operates on a latency code and these neurons fired
spikes with the shortest latencies in the individual layer.
Thereby we consider a set V! of the leading neurons in
layer [ for image = (see Methods: Set of leading neurons
for details).

Figure 2a shows, separately for each layer, the leading
neurons V. for 100 randomly chosen test images (10
for each class). While in the early layers no particular
structure can be discerned, in the deeper layers certain
neurons fire across all images of a particular class, forming
a bar-code-like pattern. We note that these observations
are not dependent on our specific way of defining V.;
other equally plausible definitions of Vi lead to essentially
identical observations (see Supplemental Information:
Figure S1).

To quantify the consistency of the leading neurons
in response to different images of the same class, we
calculate the similarity pfr,y of the leading neuron sets
V! and Vé in layer [ for two respective images x and y

as (Figure 2b):
l NV V| = VIV
pac,y = ’
VIVHIVEIN = AV = VL))

where N' is the number of neurons in layer [ and |V|
denotes the cardinality of the set V (see Methods: Simi-
larity of sets of leading neurons for details). If the two
sets are identical, pfn’y = 1; if the activity is maximally
dissimilar (which would be the case if half of the neurons
were leading neurons for image x and the other half for
image y), péyy = —1; péw = 0 implies chance overlap.
Figure 2b shows the similarity calculated for all pairs of
images used in Figure 2a for all layers, again grouped
by the image classes. Diagonal blocks correspond to
similarities between images from the same class, while
off-diagonal blocks quantify the similarity of the activity
for images of different classes. In the input layer and hid-
den layer 1, there is little difference between within-class
and between-class similarities. In layer 2, the degrees
of the similarities within the diagonal blocks are higher
than those in off-diagonal blocks, implying that images
of the same class evoke more consistent activity than im-
ages of different classes. This trend solidifies as activity
propagates across layers, reaching its maximum in layer
4, where neural representations of images from the same
class are almost identical. The distribution of the over-
lap measures calculated for all pairs of the test images
(Supplemental Information: Figure S2) confirms that
this observation is not only for the 100 images randomly
chosen here, but generally applies to all images.

To quantify the specificity of individual neurons in the
representation of different image classes, we evaluate the
Information Gain (IG) of a neuron, i.e., the information
about the class of an input image gained by finding that
neuron as a leading neuron for that image (for details see
Methods: Information gain). An IG of 0 implies that the
neural firing is independent of the class of the input image;
an IG of 1 signifies that the neuron is fully indicative
of a specific class. Figure 2c shows the distributions of
IGs across all neurons of the respective layers, separately
shown for excitatory (red) and inhibitory (blue) neurons,
excluding neurons that were not a leading neuron for any
image. In the input layer, we have a broad distribution
of IGs with one peak roughly at 0.1 and another at
1.0. The latter represents the neurons that are leading
neurons for exactly one image, thus being fully indicative
of the class of that image. The IG distributions for
excitatory neurons in the hidden layers shift more and
more towards an IG of 1.0 in the deeper layers. In
contrast, IGs of inhibitory neurons are generally low
and do not grow towards deeper layers, indicating that
inhibitory neurons are less specific for one particular
image class than excitatory neurons throughout the layers.
This is visualized by the two examples of the image class
distribution for the neurons with the median IG in the
respective layer and subpopulation (Figure 2c¢, inset) for
all images when the neuron was a leading neuron. For
example, the excitatory neuron in the last layer is almost
exclusively active for images of class 4, while the activity
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Figure 2: Representation of labels across the layers. (a) State of activity for all neurons for 100 images (10 randomly
selected for each of the 10 classes), ordered according to the classes. If the neurons is a leading neuron for the image it is
marked black, if it is a trailing neuron it is marked white (for the definition see Figure 1d). For the hidden layers (1-4) the
inhibitory neurons are indexed with numbers between 301 and 400, the first 300 being excitatory neurons. (b) Matrices of
similarities p of any two leading neuron sets shown in a, ordered by image class, and color-coded (see colorbar on the right). (c),
Distributions of the specificity of all neurons per layer measured by the information gain (IG) and normalized by the number of
neurons (neurons that are never active are excluded). On the very left this distribution is shown for the input neurons, then
for the hidden layers (1-4) (left to right), separately for the excitatory (red) and inhibitory (blue) neurons. To illustrate the
meaning of the IG, for each population, we choose a neuron with the median IG and plot the distribution of the image classes

of the images if the neuron was a leading neuron in the inset.

of the inhibitory neuron is more broadly distributed.
This is consistent with the findings in the visual cortex,
where inhibitory neurons are more broadly tuned than
excitatory neurons (Sohya et al., 2007; Niell and Stryker,
2008; Lundqvist et al., 2010).

Connectivity structure and path identifi-
cation

So far we have concentrated on the neural activity, disre-
garding the knowledge of synaptic weights in the network.
We now turn to the synaptic weights and ask if we can
find a relation between the connectivity structure of the
network and the specificity of the neural activity. In
particular, we aim to identify neurons that have strong
(direct or indirect) synaptic impacts on a specific output
neuron. To this end, we focus only on excitatory neu-
rons, since the high specificity in the representation of
image classes was found almost exclusively for excitatory
neurons.

Our procedure for connectivity structure analysis is
schematically illustrated in Figure 3a. We start by con-
sidering one specific output neuron o (0 = 4 and 9 in
Figure 3a top and bottom, respectively). Then we iden-
tify neurons in the last hidden layer that are stronger
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connected to this output neuron o than to the other out-
put neurons. The identified neurons (marked in red in
Figure 3a) constitute a subset P2 of excitatory neurons
in layer | = 4 with positive impact on the output neuron
0, and complementarily, all the other excitatory neurons
in layer 4 (marked in gray) are grouped into a subset
N2 of neurons that do not have positive impact (for
details see Methods: Assignment of neural subsets and
paths). In a similar manner, the subset P3 for layer 3
is defined by the excitatory neurons that preferentially
target neurons in P2, and the subset P2 by all the other
excitatory neurons in layer 3. This procedure is repeated
upstream through the whole network, and also for the
other output neurons, defining P! and N! for all lay-
ers [ and all output neurons o. Combing the subsets of
neurons from all layers, we obtain a path P, = Uy, ”Pé
through the network for each output neuron o, as well as
a set of neurons not included in the path A, = Uy; N..
Accordingly, we call the subsets P! stages of the path P,.
Note that our construction of the paths is based solely
on the connection preference of neurons for an output
neuron, irrespective of the neural activity. At the end,
for each output neuron, a “path” through the network
is identified, along which the neurons strongly influence
the output neuron.
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Figure 3: Connectivity structure for the separation of image classes. (a) Sketch for two identified paths, in the upper
row for output neuron 4 in the lower for output neuron 9. In the upper row, neurons in the path i.e., in Ps are marked in red
and neurons not in the path i.e., in N, are marked grey. The neurons in P4 have stronger connections to the neurons within the
path converging on output neuron 4. The path is identified by tracing the connections to output neuron 4 backwards through
the network (see Methods: Assignment of neural subsets and paths). The same holds for the lower row for output neuron 9,
mutatis mutandis. Each neuron can take part in multiple paths i.e., be part of P4 and Py simultaneously. (b) Assignment of
neurons to paths denoted by the identity of their respective label neurons on the abscissa. (c) Pairwise overlap between stages
of the paths (Equation 2). The degree of overlap is displayed in the colorbar. The insets show the distribution of overlap scores
between pairs of pathways belonging to different output neurons (i.e., of the off diagonal elements of the presented matrices).

Figure 3b shows the resulting subsets P! and N for
all 10 output neurons for all layers, where neurons in P!
are illustrated in red and neurons in A7 in gray. In layer
4 we observe fewer neurons in P4 than N for all output
neurons, in contrast to, e.g., layer 2 where much more
neurons are in P2 than in N2, At first, the paths become
denser up until layer 2, where many neurons participate
in different paths. Then, from layer 2 to layer 4, the
paths become increasingly sparse, such that fewer and
fewer neurons contribute to the path to each individual
output neuron.

To quantify how these sets of neurons become more
specific to a particular output neuron in deeper layers, we
calculate their pairwise overlap 057 ; for all combinations
of output neurons, akin to the cosine similarity of vectors:

l l
o _ P07y

1,7 .
\ [PHIPS

If the intersection of the two sets is empty, then Hﬁ’ ;=0
if the two sets are identical, then 6} ; = 1.

The resulting overlaps are shown in Figure 3c, sepa-
rately for each layer. First the overlap overall increases
up to layer 2 and then clearly drops towards the output
layer, indicating that the stages of the paths become
increasingly separate from each other. Remarkably, this

(2)

structure emerges spontaneously through the learning,
with the loss function based on the spike times of the
output neurons. This indicates that the progressively
separated paths would be optimal for routing activity
towards a specific destination as fast as possible. Further-
more, this structure would also ensure non-overlapping
representations of various input classes towards deeper
layers.

Activity propagates along paths

After the separate analysis of activity and structure, we
combine the two. We ask to what extent connectivity
corresponds to dynamics, i.e., how the identified paths
relate to the activity patterns discussed before. As de-
picted in Figure 4a, images of class 4 should activate the
neurons in P, and their activity should propagate along
this path, and the same should hold for images of class
9 and Py. This would naturally explain the observed
specificity of the leading neurons in their response to
images of various classes.

In Figure 4b, we show the spikes of excitatory neurons
in the same network activity as shown in Figure 1b, but
here the spikes are labeled according to their membership
in two different paths — on the left: path P4 to output
neuron 4 (red: Py, gray: Nj), and on the right: path
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analogous to Figure le but this time only for a subset of neurons. (d) Corresponding state space representation of the medians
of the distributions for the two paths in d in sequence of the layers, analogous to Figure 1d. (e) Evaluation of the activation of
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are the same (black) or different (gray) for each layer. An activation of zero corresponds to chance level (dashed black line).
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Py to output neuron 9 (orange: Py, gray: Ny). Note
that both panels show the same spiking activity, merely
labeled differently with regard to different paths. Specif-
ically, the left panel highlights the spikes through the
path to the correct output neuron, and the right panel
to an incorrect output neuron. We observe more and
earlier spikes for neurons belonging to P, compared to
those in Py, most evidently in the deeper layers of the
network, before the first spike occurs in the output layer.
Furthermore, the spikes of the neurons in P, are pre-
cisely synchronized in the deeper layers. In contrast, the
neurons in Py emit only a small amount of asynchronous
spikes deeper into the network before the first spike in
the output layer.

This relates to our earlier observation, namely, the
shaping and propagation of pulse packets through the
network (Figure 1c-f). Hence, we employ here again the
same quantification of the activity using the rise time 7
and the number of leading neurons a, but in this case
separately for the neurons in each individual path. The
distributions of @ and 7 across all images of class 4 for
the two paths considered above (Figure 4c, Py in red
and Py in orange) show that for both paths the rise time
first increases and then decreases, similarly to the pre-
vious observation from all excitatory neurons together
(Figure le, red arrows). However, the two paths behave
differently regarding the number of leading neurons. For
P4, the number of active neurons first decreases and
then increases, again as observed in Figure le (red). In
contrast, for Py, the number of active neurons decreases
constantly, which in part explains the decrease of 7 in
the deeper layers in this path, i.e., there are hardly any
leading neurons and hence the rise time is bound to be
extremely short. When an image of class 9 is given as
the input, we observe the exact inverse (Supplemental
Information: Figure S3), with activity along path Pg
being shaped into a compact and stable pulse, and the
activity along P, gradually fading out. Thus, the present
example clearly shows that the activity through the “cor-
rect” pathway, i.e., the one corresponding to the correct
output neuron, survives and gets strengthened, and the
activity in the incorrect path dies out (Figure 4d).

For the quantification of this observation we define
the activation x!, , of the stage P} in response to image
x in layer [ as

Vi NPyl = Ve N NG| — tig e
o = l =, 3)

0,x

0,z
’ g

where we again consider the set of leading neurons V!
as defined earlier. This measure evaluates if the neurons
within the path P! or those outside the path N! are
more activated. Mé,z and Jlovz are for normalizing Xlo,z
(for details see Methods: Activation of neural subsets)
such that x, . equals zero when the neurons are randomly
active independently of their assignments to the path.
The larger X, , is, the more neurons within the path are
activated compared to the neurons outside the path. We
obtain, for each image x, in total ten Xf;,g; per layer, one
for each output neuron.

In Figure 4e, we show the mean activation for each of
the ten paths across all images of each individual class as
a matrix: rows for image classes and columns for output
neurons; one matrix per layer. The early layers do not
show a concentration of activity on the correct path: the
diagonal elements of the matrices up until layer 2 are not
distinguishable from the off-diagonal elements. In layer
3 and 4, each path is activated in response almost only
to the images of its corresponding class, indicating that
in these layers the correct path is selectively activated,
with the incorrect paths activated only at a chance level
(x = 0). Notably, some paths are in general more active
to all images (i.e., the columns for these paths are “more’
red) than the others, but deeper in the network the
activation is highest for images of the correct class. This is
quantitatively confirmed by the distributions of activation
(Figure 4f) across all images, shown separately for the
correct paths (black) and the incorrect paths (gray). The
activation gets increasingly higher for the correct paths
deeper in the network, whereas the activation of the
incorrect paths stays around zero throughout the layers.

A high activation indicates that the neurons preferen-
tially propagating activity through the path are earlier
active than neurons that would propagate activity not
through the path. The activation of the individual path
needs to be high enough so that the activity further
propagates along that path. The deciding factor for the
selection of the correct path is not the activation of the
path compared to the other paths, but whether the acti-
vation of the given path is sufficient to further propagate
activity.

)

Discussion

We analyze the spiking activity and connectivity struc-
ture of a deep SNN with distinct excitatory and inhibitory
populations, trained to classify visual input. In response
to different images, we observe pulse packets i.e., syn-
chronous volleys of spikes, propagating through the net-
work that first broaden and then sharpen again. While
these pulse packets propagate downstream through the
network, the neurons active within the packet become
increasingly indicative of the image class. This in particu-
lar holds true for the excitatory neurons, while inhibitory
neurons generally respond in a less specific manner. Turn-
ing to the network connectivity, starting from individual
output neurons we identify different paths each of which
corresponds to one image class. Comparing these paths
reveals an increasing separation with network depth on
a structural level. Connecting the analysis of the spik-
ing activity with the identified paths, we demonstrate
that upon presentation of an image the evoked activity
propagates along the path to the class of the presented
image.

Feed-forward networks supporting the propagation
of a pulse packet have been discussed extensively in the
context of synfire chains (SFCs) (Abeles, 1982; Abeles,
1991; Diesmann et al., 1999; Tetzlaff et al., 2002; Kumar
et al., 2008; Trengove et al., 2013). SFCs were suggested

71



as a model for reliable and fast propagation of activity
in neural networks. Each of the paths in the network
studied here that are activated upon presentation of
the various images can be identified as a SFC. Thus,
images are classified by triggering activity along the SFC
corresponding to the correct class. In this sense, the
studied network can be thought of as computing with
SFCs.

Given the large number of neurons in the network, it
seems plausible that many more SFCs can be embedded
than required to classify MNIST. In practice, we expect
that the number of paths depends on the one hand on
the statistics of the input data, i.e., the inter- and intra-
class variability, and on the other hand the capacity limit
to embed paths in the network (Bienenstock, 1995). The
evoked activity by different images of the same class
needs to converge to the same path while activity for
images from different classes needs to be distinguishable.

Each image class is represented by a distinct subset
of neurons that consistently spike early upon the pre-
sentation of an image of a given class. With this, the
latency code representing the image is transformed into a
binary code of the leading neurons representing the image
class. The neurons in the deeper layer are specialized, i.e.,
clearly representative of a particular class. This is similar
to the well-known “grandmother neurons” or concept
cells in areas higher in the visual hierarchy (Kobatake
and Tanaka, 1994; Quiroga et al., 2005; Rust and DiCarlo,
2010; Quiroga, 2012). The representation of the image
class becomes clearer with network depth, denoising and
semantizing the input through the propagation of signals
along the paths (Kadmon and Sompolinsky, 2016; Zajzon
et al., 2023). Thus our network reproduces a prominent
characteristic of neurons in the visual hierarchy.

Remarkably, the network was not trained with this
mechanism in mind: the loss function is based on the
spike times of the output neurons and trained the network
with regular error backpropagation (for details see Goltz
et al. (2021)). Images were provided in form of spike times
with a latency code, an efficient and easy-to-implement
code for rapid processing (Thorpe et al., 2001). The
described mechanism automatically emerged through the
training. We view this as a direct consequence of the
interplay between the spike latency coding in the input,
the loss function that enforces competition between the
output neurons for who spikes first, and the learning
algorithm which ultimately moves spike times to produce
the desired outcome.

The network analyzed in this study forms a structure
that enables the fast propagation through multiple layers
of a network. Visual processing in the brain shares a simi-
lar property: it is well known that in the human brain the
visual processing from image presentation to recognition
is very fast (~ 150ms) (Thorpe et al., 1996; Hung et al.,
2005). Additionally, simple object recognition often relies
on the first feed-forward sweep of activity (Lamme and
Roelfsema, 2000; Roelfsema, 2023), and information is
transmitted by the first spikes in response to a stimulus
(Johansson and Birznieks, 2004). The processing in our
network relies also only on the feed-forward sweep of ac-
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tivity. This is sufficient for classifying MNIST. For more
complex object recognition (Kar et al., 2019) or other
cortical processes, like attention (Lamme and Roelfsema,
2000; Super et al., 2001) or learning (Hinton et al., 1995)
recurrent connections are suggested to be required. The
influence of recurrent connections on the here studied
mechanism needs to be studied in future work.

By including excitatory and inhibitory neurons, we
recover another property observed in cortical networks:
excitatory neurons are more sharply tuned to a specific
stimulus, while the inhibitory neurons are less specific
(Sohya et al., 2007; Niell and Stryker, 2008; Lundqvist
et al., 2010). Inhibitory neurons are employed during the
propagation of the activity, but they do not carry the
main information about the image class. Rather, they
regulate the network by providing unspecific inhibitory
input to the excitatory neurons in the next layer, akin
to the blanket of inhibition, i.e. the dense and unspecific
innervation of excitatory neurons by inhibitory neurons,
found in cortical circuits (Fino and Yuste, 2011; Karnani
et al., 2014). Similarly, inhibition has been found to
restrict the spatial spread and temporal persistence of
neural activity in visual cortex (Haider et al., 2013). Ad-
ditionally, inhibition could facilitate the synchronization
of the pulse packets, as had been reported in a previous
study (Shinozaki et al., 2010). In our network the in-
hibitory neurons develop a similar facilitating role though
the training.

We note that the size of the employed network consists
of a much larger number of neurons and layers than nec-
essary to classify MNIST. In the original implementation,
Goltz et al. (2021) showed that the task can already be
solved by a network with only one hidden layer. Since in
this work we aimed at investigating the relation between
signal propagation and computation, we chose a network
that contained more layers. We expect the result to be
transferable to more complex visual tasks, since MNIST
does not contain any structure that inherently enforces
the observations we report here.

Recently the theoretical analysis of the dynamics
of learning capabilities in artificial neuronal networks
has gained attention (Schoenholz et al., 2017; Fischer
et al., 2023; van Meegen and Sompolinsky, 2025). The
approaches in these studies allow for a statistical assess-
ment across different networks. In contrast, here we
focused the analysis on one concrete realization of an
SNN. This complementary approach enables a dissection
of the relationship between structure and function on a
more fine-grained level, doing justice to the individual-
ity of each trained network. However, results for other
realizations are qualitatively similar (Supplemental In-
formation: Figure S4). Focusing on a specific network
acknowledges the fact that natural neural networks are
not the averages of a distribution, but a concrete instance
that grow and adjust to fulfill a specific function. With
our idiographic (Windelband, 1998) approach we provide
insight into SNNs; even if we base the analysis on only
few examples. In this way, our approach is similar to the
analysis of neuroscientific experiments, where one also
has access to only a few subjects (Fries and Maris, 2022).



Future work could address how different spike timing
codes, imposed by construction, would shape the learned
activity in the network. Similarly, the impact of differ-
ent learning rules could be analyzed. In this way, the
universality of the identified shared properties between
the visual system and the networks studied here can be
investigated. Additionally, a thorough analysis of SNNs
may help to also improve their performance (Dold and
Petersen, 2025).

Expanding the approach of our analysis to more
complex networks and more complex visual tasks will
strengthen the connection between functional neural net-
works and fundamental concepts in neuroscience. This
includes whether trained SNNs form receptive fields, or if
through the training binding emerges (Singer and Gray,
1995). Moreover, future analyses could also address net-
works with recurrent connections and ongoing activity.
Thus, we view this work explicitly as a starting point
for further studies of how structures inside the brain are
capable of learning efficient spike-based codes. While
our comparatively simple networks already allow the for-
mulation of clear and rigorous links between gradient
descent on spike times and observations in cortex, further
extensions of our model will provide additional insight
into the computational role of the various components —
in structure and dynamics — observed in the brain.

Methods

Network setup

The investigated networks are multi-layer, feed-forward,
all-to-all connected networks of spiking neurons. Here,
we elaborate on the setup of the experiments (for details
see Goltz et al., 2021): The neurons are leaky integrate-
and-fire neurons with exponential synapses and a long
refractory time constant to ensure single spikes per neu-
ron. Following an input sample, the spiking activity of
the neurons is given by a differentiable function, and its
derivatives are used to optimize the parameters in the
network with gradient descent (Equations 2, 4, 5 in Goltz
et al., 2021) in a mini-batch training setup. The precise
parameters of training as well as the training code are
given alongside the trained network, see Code and data
availability.

In a change from the referenced manuscript, here we
respect Dale’s law and separate the neurons into an exci-
tatory and an inhibitory population in the hidden layers.
We ensure the desired effect by clipping the outgoing
weights to positive and negative values, respectively.

Rise time

The rise time 7,, is measured on the basis of the population
spike time histogram in each layer individually for the
activity in response to image x. For the calculations in
this paper, we calculate the spike time histogram with
a sliding bin size of 0.05 7syy, With non-exclusive binning.
The rise time is defined as the center of the first bin that

corresponds to a maximum after the first spike in the
layer.

Set of leading neurons

We define a set of leading neurons V., for image z in layer
{ on the basis of the rise time 7.

Vgl[; = {i|ti,z <= m_in(ti,:r:) + Tz} ) (4)

with the spike time t; ; of each neuron i.

Similarity of sets of leading neurons

To measure similarity between the sets, we define a mea-
sure on the basis of the Pearson product-moment corre-
lation coefficient. For that, we need to define a mean p,
a variance and covariance in the context of our sets. To
this end we interpret the neurons of in a layer as a binary
vector with N! elements vi,i for which vil =1Vie V!
and Ui,i =0Vi ¢ VL. In this framework we use the mean
over the entries of this vector.:

N
1 VL
l r x
Py = ﬁ Zva:,i - ONU (5)
i=1

Accordingly, for the variance we have:

Nl
1
Varl = 1Sl - 2 ©
=1
1
= a7 2 (0007 = 20, it + (11)%) ()
=1
Nl

|
—
]
-1
]~
S
~
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_ % _ (3@ ) | -

and the covariance:

8

N
1
l
COVm,y = ﬁ Z(va,z - /”le)(vgl;,z - N;) (10)
i=1
1 (X
= ﬁ Z ’U:lxv,z gl;/,z - Mfzz/’bglg (11)
i=1

CMLavi Ay
Nl (N1)2

(12)

From this we obtain the similarity between sets as defined
in Equation 1:

Cov!
b= (13)

pl‘,y = 1 1
y/ Var, Var,

_ N'MEnV - Y
VIVEIVEI (N = VLN = [V3))

(14)
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Information gain

We first measure the entropy H of the distribution of im-
age classes X. we then measure the neuron-conditional
entropy H(X]|i), i.e., the entropy of the posterior distribu-
tion of X given that neuron ¢ was active. The information
gain IG; for neuron ¢ is the normalized difference between
these two entropies:

H(X) - H(X]2)

19 =0

(15)

Assignment of neural subsets and paths

For identifying the paths, we start with the neurons in
the last hidden layer, since they are directly responsi-
ble for the classification by the output neurons. Let’s
consider output neuron o. To evaluate which neurons in
layer 4 preferentially target this neuron, we compare the
connection weight wm- of each neuron ¢ to the output
neuron o with the average weight of given neuron to all
output neurons: w; = 110 Z? 0 w;lz with respect to the
standard deviation O’ w; Of these Welghts All neurons in
layer 4 that fulfill w) ; > wj + oy, are assigned to the set
P4 of neurons in layer 4 with strong impact on output
neuron o. The neurons that do not fulfill this condition
are in set N}, resulting in:

={ilw;; > wi + 0y, } (16)
NG ={ilwg; < @ + 03, }, (17)

. 9 _
with o, = \/% ijo(w;{i —w})2.
Then in the penultimate layer (layer 3), we calculate

for each neuron the average connection weight to neurons
: 4 4 . ; .
in P, and N, respectively:

S 1

Wy, 0 = |’Pl| Z wBi and (18)
JEPY

Wi n,o0 1 Z ’LU (19)
|N| JENS

On this basis we again assign neurons to two sets:

Py ={il@}, o > 0}, 0} (20)
NG ={i|w}, o < @70} (21)

This procedure is repeated backwards through the whole
network, until all excitatory neurons in the hidden layers
and the neurons in the input layer are assigned.

Activation of neural subsets

The activation XZO,g; as defined in Equation 3 is normalized
with respect to random activity of the neurons. It is used
to evaluate whether V. NP!| or [VL N N!| is larger. For
this it takes into account the expected value p, ; and the
standard deviation o, ;, if the leading neurons would be
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drawn randomly from P! or ! respectively.

Py
os =V (21581 1) (22)

P (AN e NV
Ooi = \/ N 1- N \V(l,,z'
[P

N -1
The probability of drawing a neuron from P! is ~ -
Accordingly, the probability for drawing a neuron from
l l
N s ljj\\,/l =1- l;—‘;l We draw |V!| neurons without
replacement from the layer. This corresponds to a hyper-
geometric distribution, thus follows p,; as mean and
0o,i as standard deviation if the neurons were drawn

randomly.

(23)

Code and data availability

Code for the network simulations is available at https:
//github.com/JulianGoeltz/fastAndDeep. Code for
the analysis will be made available as of the date of pub-
lication. Any additional information required to recreate
the results reported in this paper is available from the
lead contact upon request.
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Figure S1: Robustness for the definition of the sets of leading neurons. We can define the set of leading neurons
in different ways: in the first row we show result on the basis the definition as in the main text, in the middle row the set is
defined as all neurons that spike in the first 0.5 7y, after the first spike in the layer and in the last row the set is defined as all
neurons that spike before the first output spike.
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Figure S2: Distribution of similarities. Here we show the distribution of similarities across all images, split between image
pairs of the same class (black) and different classes (grey).
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Spiking neural networks (SNNs) inherently rely on the timing of signals for

representing and processing information. Augmenting SNNs with trainable
transmission delays, alongside synaptic weights, has recently shown to

increase their accuracy and parameter efficiency. However, existing training
methods to optimize such networks rely on discrete time, approximate gra-
dients, and full access to internal variables such as membrane potentials. This
limits their precision, efficiency, and suitability for neuromorphic hardware
due to increased memory and I/O-bandwidth demands. Here, we propose
DelGrad, an analytical, event-based training method to compute exact loss
gradients for both weights and delays. Grounded purely in spike timing, Del-
Grad eliminates the need to track any other variables to optimize SNNs. We
showcase this key advantage by implementing DelGrad on the BrainScaleS-2
mixed-signal neuromorphic platform. For the first time, we experimentally
demonstrate the parameter efficiency, accuracy benefits, and stabilizing effect
of adding delays to SNNs on noisy hardware. DelGrad thus provides a new way
for training SNNs with delays on neuromorphic substrates, with substantial
improvements over previous results.

The mammalian brain has always represented the ultimate example of
computational prowess, and therefore remains an important source of
inspiration for understanding intelligence and replicating it in artificial
substrates. In particular, its specific mechanisms for transmitting and
processing information have been the subject of intense scrutiny and
debate. Among these, the pulsed communication between neurons,
predominantly based on all-or-none events, called action potentials or
spikes, stands out as a distinguishing feature, and has thus been sug-
gested to play an important role in the brain’s remarkable combination
of computational performance and energy efficiency"*. Consequently,
spike-based communication represents a de facto standard across
current neuromorphic platforms, which aim to inherit the proficiency

of their biological archetype by replicating chosen aspects of its
structure and dynamics®”’.

Among the various encoding schemes proposed for spiking
neurons, the representation of information within the specific timing
of individual spikes is of particular interest®, as it effectively allows the
communication of, ideally, real-valued signals on an energy budget
equivalent to only generating and transmitting a single bit. This gives
rise to a specific call for SNN training algorithms that exploit the
temporal richness of spike timing codes for solving computational
tasks efficiently and accurately, while remaining capable of operating
under the realistic constraints of the underlying physical substrate,
whether biological or artificial.
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Recent years have seen an exciting trend in this direction, showing
how the performance of SNNs can be improved by optimizing various
temporal parameters. Such parameters include neuronal integration
time constants’ ", adaptation time constants'®, and delay variables” .

In particular, spike transmission delays have been predicted to
significantly enrich the information processing capabilities of spiking
networks??, but specific applications to computationally demanding
tasks had remained an open issue. However, recent evidence suggests
that a co-optimization of synaptic weights and delays is possible and
can significantly reduce the number of training parameters in an SNN,
without loss of accuracy®*. This finding is especially important for
neuromorphic architectures that target limited on-chip memory.

Nevertheless, from an algorithmic perspective, optimizing delays
in SNNs remains an ongoing research problem. Previous literature has
largely focused on either exploiting heterogeneity in delay parameters,
while limiting gradient-based training to the weights, resulting in
selecting the suitable delays'®**%, or using evolutionary, not gradient-
based algorithms to find delay parameters®. Recently, several
approaches based on surrogate gradients” have been proposed, using
convolutional kernels* or finite difference methods"?. The under-
lying surrogate-gradient approach partially addresses, at the expense
of both exactness and the conservative property the gradient field*’,
the discontinuities of (dis)appearing spikes by smoothing out the
spiking threshold. These types of algorithms operate in discrete time,
which requires the storage of neuronal activities as binary vectors over
the entire history of the SNN.

In addition, from a hardware perspective, there is a growing
number of neuromorphic platforms that support the emulation of
delays. These implementations require additional memory elements
and parameter sets to retain the information of the incoming spike for
a controllable amount of time. Previous implementations of on-chip
delays using Complementary Metal-Oxide-Semiconductor (CMOS)
technology have used digital circuits®*°*, active analog circuits* ™,
or mixed-signal solutions®. Furthermore, emerging memory technol-
ogies such as Resistive Random Access Memory (RRAM) have also
been used to realize delay elements, taking advantage of their non-
volatile, small three-dimensional footprint, and zero-static-power
properties'®*. This increasing abundance of neuromorphic sub-
strates offering configurable delays reveals an implicit call for algo-
rithms capable of exploiting these novel capabilities.

In this work, we present DelGrad, which, to the best of our
knowledge, is the first exact, analytical solution for gradient-based,
hardware-compatible co-learning of delays and weights, using exclu-
sively spike times for the computation of parameter updates. Its
hardware compatibility stems from an algorithm-hardware co-design
approach: the algorithm was developed with physical hardware sys-
tems in mind. It considers the real-valued nature of spike times on
analog systems, as well as system-level constraints such as low I/O
bandwidth and limited on-chip memory, resulting in a method that is
inherently hardware-friendly. Compared to previous approaches, this
spike-time-based method simultaneously increases precision and
computational efficiency, while also minimizing the required memory
footprint of the model. Under DelGrad, we quantitatively study the
effect of different types of delays in relation to the size and perfor-
mance of SNNs. Finally, to experimentally demonstrate the efficacy of
our approach, we utilize DelGrad to perform chip-in-the-loop training
of a delay-based SNN on a mixed-signal neuromorphic chip.

Results

Training delays in SNNs with DelGrad

While spiking neural networks share their overall structure with the
more well-known artificial neural networks, the intrinsic dynamics in
the networks are different. In SNNs, each unit in the network is a model
of a spiking neuron, i.e., communicating with binary all-or-nothing

events called spikes, that carry information in their precise timing
(Fig. 1). Here, we employ the leaky integrate-and-fire (LIF) neuron
model, which despite its relative simplicity captures the most impor-
tant properties of biological neurons and therefore often serves as a
“standard model” in computational neuroscience and neuromorphic
engineering®*°, Among these properties are foremost the spiking
communication and the leaky-integrator dynamics: all input events are
integrated on the membrane potential, which, after an excitation,
slowly decays back to its resting state. The precise dynamics of a
network of LIF neurons are determined by parameters of the neurons,
but also by the inter-neuron connectivity and its parametrization,
which includes synaptic weights and transmission delays.

To train the parameters of an ANN, the error backpropagation
algorithm**?, which optimizes parameters via gradient descent, has
become the de facto standard. In contrast, only recently has it become
clear that in the case of SNNs the non-differentiability of spikes is, in
fact, not an impediment for performing gradient-based optimizations.
The developed optimization methods for training SNNs can be roughly
split into two groups: approximate, surrogate gradient
approaches®”**** and methods that employ exact spike time
gradients***>*8, In the following, we base our study on the exact gra-
dient methods described in ref. 45.

The subthreshold dynamics of the membrane potential u,, of an
LIF neuron with exponential current-based synapses are governed by
the differential equation

Tl (6) = [E, — um(O]+15(0) /8, @

with neuronal time constant 7,,,, leak potential Ey, leak conductance g
and synaptic input current /s defined as

I(6)= > Ot — t)w; exp(—(t — t)/T)) ?)

where O(t-t;) is the Heaviside step function, w; is the weight associated
with the synapse receiving a spike at time ¢;, and 7 is the synaptic time
constant. /s thus outputs a current which is a first-order low pass filter
of the input spike train, represented by the exponential kernel
exp(—(t — t,)/71y). I is itself further leaky integrated by the neuron’s
membrane, with time constant t,,,. Upon crossing the spiking threshold
9, the membrane is reset to Viesee for a refractory period 7,er, during
which the neuron does not react to any further input spikes, and the
neuron emits an output spike.

The response function of a neuron, thus, fundamentally, maps a
sequence of input spike times ¢; to a sequence of output spike times 7.
Here, we focus on a single output spike per neuron for ease-of-nota-
tion, but the method can be straightforwardly extended to multi-spike
scenarios, as described in Section SI.D. For one such output spike time
T, under a parametrization given by the synaptic weights w; of the
incoming connections, we can write T as a function of the set of input
weights {w;} and set of input spikes {¢}:

T({e) U wy) - 3

Under certain conditions, depending on the values of the neuronal and
synaptic time constants 7,,, and s, the function 7 becomes analytic, as
discussed in ref. 45.

For example, for 7, =1

_. b g8 b
"Ts{ai‘w [‘afexp@iﬂ} @
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a

Fig. 1| Information flow in a (SNN). a Network architecture of a feed-forward SNN
with a spiking input layer at the bottom, a hidden layer in the middle and the
output layer on top. While the methods described in this manuscript are applicable
to many different network architectures, the structure depicted in (a), with a
variable size of the hidden layer, is used in the following. b Zoom in on the infor-
mation processing in a single leaky integrate-and-fire (LIF) neuron in the hidden
layer. Incoming spikes (blue, bottom) are integrated by the neuron’s membrane up,
and generate postsynaptic potentials (PSPs), which accumulate additively. Once
the membrane potential passes a threshold (gray dashed line), an output spike
(orange, top) is generated and passed on to the neurons in the next layer. The PSP
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amplitudes are modulated by the respective synaptic weights w (vertical red
arrow); these are the parameters that are conventionally adapted during learning.
Learnable transmission delays d (horizontal red arrow) shift PSPs in time, providing
additional temporal processing power to the neuron. ¢ Zoom out to a raster plot of
the full spiking activity in the network. The information passed between the layers
is encoded in the timing of the spikes. As sketched in the raster plot, in the
experiments in this manuscript, we employ TTFS coding, i.e., each neuron spikes
only once, however our method also generalizes to multi-spike scenarios (Sec-
tion SL.D) if required by the task.

and for 7, =27,

a,+./d —4a,8,9

where a; and b are explicit functions of w;, ¢; and W is the Lambert W
function (see Eq. SL.5). Writing the spike time in this way enables us
both to perform an efficient, event-based forward pass and to train this
network, by calculating the exact gradient of the output of the network
with respect to the network parameters.

In a multi-spike scenario (Section SI.D), all subsequent spikes after
the first spike can be calculated by taking the reset into account and
solving the equation for different initial conditions. Ultimately, this
results in similar expressions as Egs. (3-5).

To optimize the network parameters via gradient descent, we
base the update of each parameter 6 on its influence on the loss £,
the gradient 0£/00. Employing the chain rule, this gradient is itera-
tively composed of d7/06 and 07/0¢;, i.e., derivatives of the above
equations.

Specifically for a network with parameters w;, d7/0w; allows us
to link a deviation in an output spike time to a change in weight
parameters, while 07/0¢; relates this deviation in the output to a
deviation in the input, thereby enabling us to propagate an error in
the spike time backwards through the neuron. Crucially, just like the
original Egs. (5 and 4), and in contrast to surrogate-gradient-based
approaches, these derivatives only depend on spike times and
parameters of the network and can be computed without the cal-
culation or measurement of the membrane potential. This allows us
to perform a fully event-based forward and backward pass, without
any need for temporal discretization of forward or backwards
dynamics.

Transmission delays of spike signals can now simply be intro-
duced as additive parameters d to the original spike times ¢/:

T=2tr4In 5)

t=t!+4, (6)
These delayed spike times then become the relevant input for the
postsynaptic neuron. As above, derivatives of this expression provide
the necessary quantities for adapting the delays and for back-
propagating the spike timing errors. In this case, the corresponding

equations are trivial:

ard
and 6_d, =1

orf
ot =1 @)

Treating spike times as continuous variables, different from the
time-binning performed in other approaches®?, allows this natural
implementation of full-precision delays as well as the exact and simple
training of the delay parameters. We note that these considerations do
not depend on a specific network setup and thus apply to any activity
pattern in arbitrary spiking networks. In the following, we focus our
attention on the particular problem of pattern classification, for which
we employ a specific network architecture and spike coding
scheme (Fig. 1).

To take advantage of a well-established architectural paradigm,
we now consider information propagation in hierarchical feed-forward
networks. As also shown in the corresponding computational graph
(Fig. 2a, solid black arrow), the input ¢ ° is passed through the sequence
of layers until it reaches the output (we use bold symbols to denote
non-scalar variables). The gradient of the chosen loss function £ then
goes backwards through the network (dashed red arrow) for opti-
mizing the parameters. In the forward pass, the only information that is
transmitted is spike times ¢% in the backward pass, we transmit the
gradient of the loss function d£/d¢', but note that it is also only eval-
uated at the times when neurons spike.

For SNNs with delays, the computational graph differentiates
between two types of layer: neuron layers and delay layers (Fig. 2). Both
layers receive input spikes ¢! and return output spikes ¢/, but using
different forward transfer functions, as given by Eq. (4)/Egs. (5 and 6),
respectively. In the backward direction, they pass the partial derivative
dL/ot"! discussed above.

Figure 2b, c highlight the similarity of the two layer types: both
neuron and delay layers take spike trains as an input and produce spike
trains as an output in the forward pass, and propagate gradients of the
loss with respect to the corresponding spike times in the backward
pass. Their respective computations are carried out sequentially, as
depicted in Fig. 2a, with delay layers stacked in between neuron layers.

In Fig. 3a we distinguish between different types of delays: axonal
delays daxo On a neuron’s output, dendritic delays dge, On a neuron’s
input, and synaptic delays ds,, that are specific for every connection
between pairs of neurons. Their respective natural representations as
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Fig. 2 | Computational graph of a multi-layer SNN with spike-time information
encoding and adjustable delay and weight parameters. a Graph for a multi-layer
network with spike times ¢ ° injected into the bottom (1st) layer. In the forward pass
(black arrows), each layer [ takes spike times as inputs and returns spike times as
outputs that go into the next layer. The spike times of the topmost layer are used to
compute the loss function £. The backward pass (red dashed arrows) starts at the

loss and passes the gradients backwards through the layers. We consider two types
of layers: neuron layers and delay layers. b Neuron layer with parameters w'
(synaptic weights). These are used together with the input spike times ¢! to cal-
culate the output spike times ¢’ according to the nonlinear relation described in
Egs. (4 and 5). ¢ Delay layer with parameters d' that are added (linearly) to the input
spike times ¢ to calculate the output spike times ¢’ as in Eq. (6).
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Fig. 3 | Illustrating different types of delays. a From bottom to top: axonal delays
shift the timing of the neuron’s outgoing spikes by d,, (orange); synaptic delays shift
the timing of spikes by a specific value dy, for each pair of pre- and post-synaptic
neuron (purple); dendritic delays shift the timing of the incoming spikes into a
neuron by dgen, (red). b Vector and matrix representation of the different types of

delays and their dimensionality as a function of the number of pre- and post-synaptic
neurons. ¢ Equivalent effect of the dendritic and axonal delays on the output spike
time of a neuron, due to the time-shift invariance of the temporal dynamics of a LIF
neuron. d Schematic illustration of the location of synaptic, dendritic and axonal
delay components in a generic neuromorphic crossbar architecture.

column vectors, row vectors and matrices are shown in Fig. 3b. The
memory footprint of axonal and dendritic delays thus scales linearly
with the number of neurons in the network, while for synaptic delays, it
scales linearly with the network depth and quadratically with its width.

While in principle different types of delays can be simultaneously
present in a network and can be combined with each other, it is
important to note that, as illustrated in Fig. 3¢, combining dendritic and
axonal delays for the same neuron is redundant: as neuronal dynamics
are invariant to temporal shifts, it is equivalent for the input spikes to
arrive with a delay dqen, = d, resulting in a delayed output spike (red arrow

and gray curve), or for the output spike of the neuron to be directly
delayed with d,,, = d (orange arrow and membrane dynamics in black).

Given the resource constraints of neuromorphic systems, we
investigate the performance benefits incurred by the different delay
types, with different requirements on the memory resources. Although
a quantitative evaluation of the exact energy consumption, chip area
and design complexity of different delay architectures heavily
depends on system architecture and the chosen design (e.g., analog vs.
digital and circuit topology), some generic statements can be made
using the mathematical representation of the delay elements.
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Fig. 4 | Classification task and simulation results. a The Yin-Yang (YY) task®
consists of the classification of dots based on whether they belong to the Yin (red),
Yang (blue), or dot (green) regions, as illustrated in (a). The input features are the
two-dimensional coordinates (x, y) of the image, along with their mirrored values
(1-x, 1-y), totaling four features. These features are encoded into spike times, such
that a larger value of x or y coordinate results in a later spike time for x or y and an
early spike time for its mirrored version 1-x or 1-y respectively. For more details on
the encoding, see the original publication®®. b Test error as a function of the

number of hidden neurons in an SNN, using different delay types. The solid lines
and markers show the median of the error, and the shaded areas illustrate the
interquartile ranges (IQRs) for 10 seeds. ¢ Same data as in b but as a function of the
number of trainable parameters in the networks, i.e., counting the distinct weights
and, if applicable, delays. d Impact of axonal delays as a function of the temporal
scale of the dataset. The trainable delays cover a range A as indicated by the orange
hue. The network performance without delays is shown in blue.

For typical crossbar architectures (Fig. 3d), the synaptic delay
mechanisms are often located within the crossbar array and therefore
scale with the product of the array’s input and output size. In contrast,
dendritic and axonal delays can be located in the periphery of the array,
and thus their required area scales linearly with the input and output
array size, respectively. It is worth noting that an important property of
axonal delay mechanisms is that they are located directly after the
neurons’ output and therefore only need to operate on sparse events. In
contrast, dendritic delays are located directly before the neurons’ input,
and after the input signals have been scaled by the synaptic weight.

Depending on the design choices, in particular on whether the
synaptic integration happens in the synapses or in the neurons, this
may require more complex circuitry. Note also that neurons usually
receive more spikes than they emit, so the required buffering may also
increase the corresponding hardware footprint of dendritic delay
implementations.

Simulation results

This section evaluates DelGrad’s ability to co-train delays and weights,
demonstrating improved accuracy and parameter efficiency over
weight-only training. By systematically studying the effect of hidden
layer size and comparing different delay types, we highlight the
advantages of incorporating learnable delays.

We benchmark a PyTorch*’ implementation of the DelGrad method
using the Yin-Yang (YY)™ dataset to evaluate the impact of transmission
delays on the SNN performance, and assess how this varies with the
network size. This dataset is selected for its advantageous properties—
compactness, making it amenable for hardware prototyping, training
speed, as well as discriminatory power between network architectures
and training paradigms: it leaves ample room for benchmarking above
the accuracy achievable with a linear classifier. The task is to classify the
region of a Yin-Yang image to which a point in the image plane belongs,
as illustrated in Fig. 4a. The coordinates of the point (x, y) and their
mirrored values (1-x, 1-y) are encoded into spike times, such that a
larger value of the coordinate results in a later spike time, and an early
spike time for its mirrored version.

The network architecture as shown in Fig. 1 is a feed-forward
multi-layer configuration with four input neurons, followed by a

variable-size neuron layer (hidden layer) and finally an output layer,
comprising three neurons for the three classes (a study on deeper
networks is provided in Section SI.A.1). Delay layers are inserted
between neuron layers, as previously illustrated in the computational
graph (Fig. 2). The neurons have no configurable biases, and the time
constants are configured such that 7, = 27,. Thus, we utilize Eq. (5) for
training. The refractory period 1, is set to infinity, such that all neu-
rons only spike once. The output is represented in a time-to-first-
spike (TTFS) decoding scheme, where the first output neuron to spike
indicates the predicted class for a given input. To avoid negative or
excessively large values for the delays, the effective delay d is calcu-
lated as a logistic function of a trainable parameter 6, such that
d=210(0,), which ensures that the delays remain bounded between O
and A. Further details can be found in Section SI.A.

We have chosen the time-invariant mean squared error (MSE) loss
to improve accuracy and stability of training:

1
Lawselt, 1 8= 5> [y = £3) = A ®

n#n*

where n* and n denote the respective indices of the correct and wrong
label neurons and A is a freely chosen parameter. The purpose of
introducing A, into the loss is to achieve a specific separation of A,
between the spike times of the correct and incorrect label neurons,
instead of providing precise target spike times. To ensure a balance
between model accuracy and hardware compatibility, A, is set to 0.2t
in our simulations.

We investigate the effects of different types of delay layers on
accuracy, compared to configurations without any delays. Fig. 4
reports the performance of our approach on the YY dataset across
different network sizes. Fig. 4b shows the percentage of misclassified
samples in the test set (test error) of the network as a function of the
number of hidden layers. It demonstrates that co-training delays
alongside the weights always improves performance, regardless of the
specific type of delay. Among the delay-augmented configurations, the
variant with synaptic delays outperforms the ones with axonal- or
dendritic-only parameters. This is in line with expectations, as synaptic
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Fig. 5 | In-the-loop training with on-chip axonal delays on BrainScaleS-2.

a Schematic illustration of the network architecture for on-chip axonal delays; here,
we apply this generic approach to the BrainScaleS-2 neuromorphic hardware. Each
neuron in the network (black) is paired with a parrot neuron (orange) connected in
a one-to-one scheme. The parrot neuron repeats each of its input spikes with a
configurable delay. b Photograph of the BrainScaleS-2 neuromorphic chip (taken
from®). ¢ Median test errors and IQR on the Yin-Yang dataset when training net-
work weights and axonal delays (orange) or only weights (blue). The dash-dotted
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lines indicate a hardware-aware simulation (cf. Section SI.A.3) and the dotted lines
the hardware emulation results. For comparison, we also show the ideal software
simulation results from Fig. 4b in gray. The shaded areas indicate the IQR over 10
runs with different seeds. The values for networks with 30 hidden neurons (high-
lighted by the dashed box) are shown for a better comparison in (d). d Detailed
comparison of performances at 30 hidden neurons of an ideal simulation,
hardware-aware simulation and emulation on neuromorphic hardware.

delays offer the greatest configurable parameter space among the
three delay variants.

Figure 4c displays the same test errors, but now as a function of
the number of parameters. This representation reveals that, at least for
the YY dataset, delay-augmented networks with the same number of
parameters perform similarly well, regardless of the type of delay. As
before, for a given number of parameters, the co-training of delays
always yields at least as good results as the training of synaptic weights
alone. In other words, for the same memory footprint, a mix of both
weights and delays is better than just synaptic weights.

Notably, the functional benefit of trainable delays depends to a
great extent on the temporal structure of the data. In particular, we
expect the training of delays to have a larger impact if the input data
spans longer time scales. For YY, it is straightforward to change the
temporal volume occupied by the dataset by modifying its span—the
time difference between the earliest and latest possible input spikes.
Fig. 4d shows the effect of trainable delays across these different
spans. For small spans, errors are high because the temporal dynamics
in the data are too fast for the intrinsic dynamics of the LIF neurons.
However, beyond a certain point, we always observe a clear benefit of
co-training delays and weights as opposed to weights alone. Further-
more, for alarger dataset span where input spikes can consequently be
further apart, the range A of available delays that are able to push the
PSPs together becomes increasingly relevant.

Optimal learning rates are determined through hyperparameter
optimization for each configuration of neuron and delay layers. Across
all investigated settings, our approach demonstrates robust training
convergence (Fig. SI.2a) as well as exploitation of all available resour-
ces (Fig. S1.2b). Overall, these results clearly evince the added value of
learning delays, as well as the ability of our algorithm to capitalize on
this potential.

Hardware results

To calculate the gradients for training weights and delays in SNNs,
DelGrad only requires spike time recordings, compared to surrogate-
gradient-based approaches, which also require recording membrane
potential. Therefore, DelGrad is ideally suited for implementation on a
variety of neuromorphic substrates, whose output is spike-based, by

design®. Here, we demonstrate the flexibility of our method by
describing a successful application in silico, on the neuromorphic
platform BrainScaleS-2 (BSS-2), that does not natively support delays.

The BSS-2 system (Fig. 5b,*?) is built around a mixed-signal neu-
romorphic chip with 512 physical neuron circuits. The neuron dynamics
are accelerated compared to biological time scales by a factor of 10°.
The neuron circuits emulate the dynamics of the adaptive exponential
leaky integrate-and-fire (AdEx) model®® with individually configurable
parameters for each neuron®*. Neighboring neuron circuits can be
connected to form multi-compartment neurons®. The connectivity
between the neurons on the chip can be configured arbitrarily within
the constraints of the two 256 x 256 synaptic crossbar arrays. The
synaptic weights are configured digitally with 6 bit resolution.

Although the current generation of BSS-2 does not natively sup-
port on-chip delays, we present an approach that allows us to explore
the computational potential of delays for the current substrate. We
realize on-chip axonal delays by re-purposing a subset of the available
neurons as delay elements. For this, we utilize the adaptation circuitry
as well as multi-compartment functionality of the neurons on chip.
This allows us to perform in-the-loop training of both synaptic weights
and the on-chip axonal delays and illustrate the computational
advantage obtained by the inclusion of delays. The details of the delay
implementation are provided in Section SI.B.1. We additionally provide
a proof-of-concept of a different on-chip realization of axonal delays
using LIF neuron dynamics, which is the most widely adopted neuron
model for hardware platforms (see Section SI.B.2).

Even without an explicit hardware implementation of delays, an
effective axonal delay can be achieved by exploiting the dynamics of
the on-chip infrastructure. For that, a “parrot neuron” is connected to
the output of a neuron that is part of the actual trained network
(Fig. 5a). For any spike that the network neuron produces, the parrot
neuron is configured to elicit a spike after the desired delay.

In our implementation on BSS-2, this behavior is achieved via the
interplay between the two neuron compartments that form a parrot
neuron. The first compartment reacts to each incoming spike with a
reset, which clamps the membrane voltage to the reset potential for a
refractory period, during which the neuron is not responsive to
incoming spikes. After the end of the configurable refractory period,
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the second compartment becomes active and its adaptation mechan-
ism almost instantly triggers an output spike of the parrot neuron.
Therefore, a spike is generated after the configurable refractory per-
iod, used here as the delay. For a more detailed description of the
mechanism see Section SL.B.1. We use this method, as it allows us to
control the delay produced by the parrot neuron via its refractory
period, which is digitally controlled on BSS-2 using 8 bits of precision.
This results in a more precise and easily configurable delay, compared
to using an analog variable, and is likely closer to a future imple-
mentation of native delays on a BSS-2-like system.

This delay mechanism allows us to train a network with axonal
delays on BSS-2. We use an in-the-loop training approach, which means
that we present a batch of inputs to the network on chip and record the
spike times. The spike times are sent back to the host computer, where
the loss and the backward pass are calculated in software. The result-
ing updates for weights and delays are then used to reconfigure the
chip before the next batch is presented.

With this chip-in-the-loop setup, we train and evaluate networks,
with synaptic weights alone, as well as networks that incorporate both
adjustable weights and axonal delays (Fig. 5¢). Similar to the simulation
results presented in Fig. 4, we experimentally confirm an accuracy gain
over a range of network sizes, for the networks with additional delay
parameters compared to the ones with only weight parameters.

Overall, the final test errors reached in the software simulation are
lower than the ones measured on hardware. This is expected, as
hardware effects such as trial-to-trial variations, fixed-pattern noise
and jitter on the on-chip delays disturb the dynamics. To illustrate and
characterize these effects, we measured the magnitude of several
noise sources found on the hardware and modeled them in a series of
hardware-aware simulations. Fig. 5c shows that, when the various
sources of noise are realistically modeled based on hardware mea-
surements, the hardware-aware simulations capture the increase in
test error similarly to the actual emulation. This confirms that the gap
in accuracy between software simulations and hardware experiments
is mostly due to the modeled sources of noise. For an in-depth
description of the noise models employed in the hardware-aware
simulations and an analysis of the impact of the different noise sources
on the network performance, we refer to Section SI.A.3.

For an easier comparison, we focus on the most expressive networks
with 30 hidden neurons, highlighted by boxes in Fig. 5c, and collect the
achieved test errors in Fig. 5d, which amount to 7.40% with axonal delays
and 13.95% in the weight-only case on the hardware. A full report of the
achieved test errors and IQR, both in hardware-aware simulation and on
chip, can be found in Table SL1. Additionally, we note that the perfor-
mance gap between the delay and no-delay setup is significantly wider on
hardware than in the ideal software simulations. We hypothesize that this
effect arises because the YY classification problem, by design, does not
require a large network to solve, leading to few learnable parameters, low
redundancy, and consequently a greater sensitivity to noise. Introducing
axonal delays increases redundancy, due to the higher parameter count.
However, this increase is rather small compared to the number of para-
meters in a weight-only setup. This suggests that the computational
properties of the delays are at least partially responsible for making the
network more noise resilient, explaining the larger performance gap
between the two networks on noisy hardware.

These results illustrate that our method for training delays is not
only applicable in ideal software simulations but can also be applied to
mixed-signal neuromorphic systems. Additionally, they demonstrate
the benefit of learnable delays for neuromorphic platforms, especially
in resource-constrained scenarios, and might encourage the inclusion
of delay mechanisms in future generations of neuromorphic systems.

Discussion
We have introduced an exact event-based algorithm for training tem-
poral variables, specifically transmission delays, in conjunction with

synaptic weights in SNNs. Additionally, we have experimentally vali-
dated its effectiveness through both software simulations and neuro-
morphic hardware implementations.

Delay parameters were previously demonstrated to increase the
representational power of the SNNs, even without optimization, just
by training the weight parameters to select the useful delays for spatio-
temporal feature detection'®***°. However, this optimization-through-
selection approach requires an over-allocation of resources in order to
provide a sufficiently diverse set of delay parameters from which the
best can be selected. To illustrate this, we compare a network of ran-
dom fixed delays to a network with trained delays using DelGrad. We
show in Fig. SI.3 that for the same number of delay parameters, the
network with trained delays and weights has a clear accuracy advan-
tage over the network with randomly initialized delays with weight-
only optimization. Therefore, it is advantageous to combine a dedi-
cated learning algorithm for transmission delays with hardware cap-
able of configuring them accordingly.

Algorithms based on surrogate gradients for direct training of
delay elements have been explored recently, using temporal con-
volution kernels? or numerical solutions that estimate the delay gra-
dients using finite-difference approximations'. However, as pointed
out in ref. 22, delay training based on finite-difference approximation”
appears to not be sufficiently accurate to achieve an improvement
over fixed, random delays. Additionally, both approaches use a time-
stepped framework for calculating the gradients.

As such, delays are represented implicitly in the number of
simulation time steps before transmitting a spike. However, as delay
parameters are essentially shifts in individual spike times, we argue
that it is more natural to have a framework where the information is
explicitly represented by these spike times*>*#¢*%5’ and delays are
learned as additive parameters for these times. Furthermore, the
objective of building efficient asynchronous neuromorphic systems,
where time represents itself, is an additional motivation for repre-
senting temporal information in spike times®. Such representations are
naturally available from event-based sensors, where the change in the
signal is encoded into spike times using the delta modulation encoding
scheme™ .

This work brings together all the aforementioned objectives:
DelGrad presents an event-based framework for gradient-based co-
training of delay parameters and weights, without any approximations,
and which meets the typical demands and constraints of neuro-
morphic hardware, as demonstrated experimentally on an analog
mixed-signal neuromorphic system. As such, it takes an important step
towards fully exploiting the temporal nature of SNNs for memory- and
power-efficient end-to-end event-based neuromorphic systems.

In this work, we have also compared the effect of dendritic, axonal
and synaptic delays on the performance of SNNs on a representative
task. The synaptic delays have the highest impact on increasing the
expressivity of SNNs, compared to using only dendritic or axonal
delays. However, from a hardware perspective, the addition of
synaptic delays imposes a quadratic growth on the size and thus the
on-chip area of the network, compared to a linear growth in the case of
axonal and dendritic delays. In fact, we find that when comparing the
performance for equal parameter counts, the gap between different
types of delays vanishes while the superiority over weight-only training
persists. As memory represents one of the most critical constraints on
hardware, reducing on-chip memory is of utmost importance. In par-
ticular, this means that a redesign of a chip with fewer neurons but with
an intrinsic delay mechanism, based on our findings, will save energy
while maintaining expressivity and performance. Therefore, our work
suggests that it might be practical to consider using dendritic or axonal
delays in future hardware designs, combining favorable scaling and
improved processing power.

DelGrad provides an advantage in terms of hardware mappability
as it only requires recording the spike times from on-chip neurons.
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This is in contrast to other approaches®*, which need access to the

membrane potential of all neurons for surrogate gradient learning®%,
Such voltage-based plasticity requires additional components for
voltage readout, communication and potentially analog-to-digital
conversion. Furthermore, this information is much denser in time
than the spikes themselves, imposing further stress on the overall
communication bandwidth. In both chip-in-the-loop and on-chip
training scenarios, these additional requirements ultimately translate
to additional circuitry; not only does this increase the complexity of
the chip design, but it also inherently reduces the maximum imple-
mentable network size for a chip of a given area. Moreover, if learning
is to be implemented on-chip, this additional circuitry will negatively
affect the device’s energy efficiency during training.

In this work, the YY dataset was used as a proof of concept and
first step to benchmark our approach. The YY dataset provides a
problem that can not be solved linearly and where the information can
be presented using a TTFS encoding, similar to the previous work*. As
indicated by our experiments in Fig. 4d, the performance boost pro-
vided by the inclusion of learnable delays increases when the temporal
features of the data span larger time scales.

Therefore, the natural next step will reside in a more thorough
benchmarking on larger datasets, and in particular on data with
explicit temporal components, such as®***. Especially for data pro-
vided by event-based sensors, longer time scales are required, and
TTFS might reach its limits as a feasible coding scheme. Although our
current software implementation only takes into account a single spike
per neuron during the training, this is not a limitation of our proposed
mathematical framework and training scheme (see Section SI.D).
Additionally, the extension to more complex spike timing codes can go
hand in hand with a shift from a feed-forward to a recurrent network
architecture.

Data availability
We used the Yin-Yang data set™, the code is available at https://github.
com/lkriener/yin_yang_data_set.

Code availability
Code for the simulations
JulianGoeltz/fastAndDeep.

is available at https://github.com/
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DelGrad: Exact event-based gradients for training delays and weights
on spiking neuromorphic hardware

Supplementary Information

SI.A Additional simulation results

SI.A.1 Deeper networks

DelGrad maintains its performance when scaling to deeper networks. Figure SI.1 shows a series of networks including
axonal delays with increasing depth (from 1 to 5 hidden layers) and fixed width (7 neurons per hidden layer), demon-
strating a consistent decrease in test error. The baseline configuration with 1 hidden layer of 30 neurons falls between
the 4-layer and 5-layer networks, both in terms of test error and number of parameters.
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10 1 deep networks
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Figure SI.1: Test error for networks of varying depth. Networks of the form [ x n, with [ the number of hidden layers
of n neurons. The number of parameters is indicated in parentheses. The test error decreases from a depth I =1 to [ =5 and
constant width of n = 7. The 1x30 baseline lies between the 4x7 and 5x7 configurations.

SI.A.2 Ablation studies

In addition to the results presented in the main text we performed several ablation studies that illustrate the effect of
trainable delays in our networks. Figure SI.2b demonstrates that the training makes use of all available resources to
improve the task performance by comparing fully trained networks with networks where weight and delay training is
disabled either for the input-to-hidden layer connections or for the hidden-to-output ones. The fixed parameters are
initialized by sampling from a Gaussian distribution that approximates the empirical distribution of weights and delays
observed in a fully trained and optimized baseline network. This ensures that the parameters lie in an appropriate
range to solve the task. On the one hand, this shows that the training of all layers is required to obtain optimal
performance on the task. On the other hand, it also proves that in the full training, useful gradients are provided to
all parameters in all layers.

Finally, we compare the performance achieved when we train weights and delays to an approach similar to the one
employed in [1], where weights are trained, but the delays are fixed and random (Fig. SI.3). The mean and standard
deviation for configuring the delays are obtained from a hyperparameter search on a wide range of values. We see that
for this task, training the delays compared to just providing a random selection that is not adjustable provides a clear
advantage for all delay types and especially in smaller networks.
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Figure SI.2: Extended simulation results. a) Comparison of the validation error during training for the different delay
types and a network without delays. All networks have one hidden layer with 30 neurons. b) Ablation study (for networks
with a hidden layer size of 30 neurons) on the effect of only training the connections between input and hidden layer or between
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Figure SI.3: Comparison to random but fixed delays. For a setup of axonal (a), dendritic (b) or synaptic (c) delays the
performance of fully trained networks (i.e. learning weights and delays) are compared to networks with random but fixed delays
(dashed lines) and networks without delays (blue).

SI.A.3 Hardware-aware software simulations

The training of spiking neural networks (SNNs) on mixed-signal neuromorphic hardware brings several additional
challenges compared to an ideal software simulation. These challenges include, among others, limited resolution and
ranges on parameters such as the synaptic weights, fixed-pattern noise and trial-to-trial variability. The impact of
these factors on the final outcome of the training difficult to predict and disentangle. To nevertheless get an impression
of this, we attempt to mimic these effects in a software simulation. We call this hardware-aware training. With the
hardware-aware simulation we can perform an ablation-study that allows us to step-by-step include more levels of
hardware-realism and observe the effect on performance. We ensure that the noise levels and restrictions that we
include in the simulation are of similar magnitude than what is encountered on a mixed-signal platform. This of course
strongly depends on the choice of neuromorphic system and we show it here for our configuration of BSS-2.

Weight ranges and quantization The synaptic weights on BSS-2 have a 6 bit-resolution. To model this in software
we use the same approach as described in detail in the methods of [2]: We match the available maximal postsynaptic
potential (PSP) height in simulation and on hardware and then train with quantization-aware training within the
available range.

Due to the limited weight range, the maximum achievable weight is constrained, requiring, for our chosen neuron
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Figure SI.4: Hardware-aware simulation and noise measurements a) Ablation study to disentangle the impact of
different hardware effects on training performance. In addition to the ideal software simulation (leftmost bar) and the actual
hardware result (rightmost bar), it shows hardware-aware simulation results with progressively more hardware effects (from left
to right): weight quantization (WQ), fixed-pattern noise (FP), trial-to-trial noise (T2T) and delay jitter. In principle, for each
setting slightly different hyperparameters would be optimal; however, for a more direct comparison within reasonable simulation
time, we’ve selected the set of hyperparameters that have proven reliable in the actual hardware emulation for all experiments
starting from the second bar (simu.). Bar height indicates median test error and the error bars show the interquartile range (IQR).
The values shown correspond to Table SI.1. b) Histogram of the normalized relative distance between the measured threshold
¢ and the leak potential Ey. This distribution is used to estimate the fixed-pattern noise between different neuron circuits on
the hardware. ¢) Measurements of delays produced by parrot neurons on BrainScaleS-2 (BSS-2) over the corresponding target
values used to configure the parrots. d) Sketch of the non-linear relationship between variations in the threshold (gray area)
and the resulting variations in the output spike timing (red area). e) Comparison of variations on the output spike timing on
hardware and in the hardware-aware simulation for different assumed trial-to-trial noise magnitudes oy. Each point represents
the variations on the spike time for one neuron that was presented multiple times with the same input pattern. The plot
combines data for multiple neurons and different input patterns.

parametrization, multiple input spikes to reliably trigger an output spike in a neuron. To address this, as described
in [2], we replicate each input spike across five channels. This approach effectively increases the maximum achievable
weight by a factor of five, a technique we refer to as “channel multiplexing”. While these multiplexed channels
introduce additional parameters to the network, in the weight-only training they do not enhance its computational
capacity. This is because all multiplexed channels share the same input and hence, for each input spike the actual
input into the hidden layer is simply the sum of the weights across all channels. In contrast, when delays are available,
each channel can have a unique delay, resulting in input spikes arriving at different times. These staggered spike
timings separate the influence of each channel, allowing the individual weights to have a distinct effect and thereby
increasing the computational capacity of the delay-based network compared to the weight-only ones. However, since
this computational advantage arises solely from hardware limitations, we enforce shared delays across multiplexed
channels in the delay-based network to ensure a fair comparison.

For the small networks with a hidden layer size of only 5 neurons we encounter the same problem of having too few
spiking neurons in the hidden layer to reliably activate the output layer. On BSS-2 we can solve this by using two
synapse circuits instead of one for a connection, effectively doubling the weight (the delays here are shared automatically,
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because the spikes are received from a parrot neuron). This requires more chip resources per connection, which is why
typically this is avoided, but for the smallest networks it proved to be necessary. We mimic this in the hardware-aware
simulation, for the hidden layer size of 5, by increasing the available weight range by a factor of 2.

Fixed-pattern noise Fixed-pattern noise, or sometimes called frozen noise, is caused by imperfections in the chip
fabrication process and causes slight differences between the neuron circuits. This results in the dynamics of each
neuron on chip to differ slightly. These differences between neurons are static over time. The effects of fixed-pattern
noise can partially be mitigated using calibration procedures, which we employ, but some variability between the
neurons remains. Neuron parameters that are affected by fixed-pattern noise are for example the time constants, the
strength of the synaptic input, the resting potential and the threshold. As a simplification for our simulations we do not
model all sources of fixed-pattern noise individually, but summarize them all into one source. The variation between
neurons of the difference between resting potential and threshold is easy to measure on chip (Fig. SI.4b). Therefore,
in our simulations, we model the fixed-pattern noise based on this parameter. In the hardware-aware simulations,
at network initialization, a random offset to the threshold of each neuron is drawn from a Gaussian distribution and
applied for the whole training procedure. For an estimate on the variance of the Gaussian, we use the variance observed
in Fig. SI.4b and increase it slightly to account for the other sources of fixed-pattern noise.

Trial-to-trial variability In addition to fixed-pattern noise, which is static over time, we also observe trial-to-trial
variability on the hardware. Electronic circuits are affected by temporal noise on all timescales. High frequency
components become apparent as visible jitter on top of the underlying signal, for example on membrane traces. Lower
frequency components, in contrast, occur also on timescales often greater than individual observation periods and can
thus manifest themselves as pseudo-static offsets of a signal on a trial-to-trial basis. These low frequency components
are particularly strong due to the fact that the noise characteristics of electronic devices are typically dominated by
flicker noise with a spectral density, or “amplitude”, proportional to 1/f.

The resulting trial-to-trial variability can be interpreted as random fluctuations of neuron parameters on compar-
atively long time scales: We model it by varying the neuron parameters between experiments (i.e. different batches)
but assume them to stay constant within experiments. Most noise sources — such as the leak and threshold terms but
also the synaptic integrators and input circuits — eventually affect the neuronal membrane state in form of a random
offset and we thus subsume all of them in a variation of the distance between leak and threshold potentials. Therefore,
if the same neuron on the same chip is presented with the same input in different batches, its output spike time will
differ slightly. The relationship between a variation on the threshold and the resulting variations on the spike times
of the neuron is highly non-linear (Fig. SI.4d). This makes the trial-to-trial variability hard to model directly on the
spike times, even though this is where it is observed. Instead, we choose to add random offsets to each threshold of
every neuron for every batch, which automatically then approximates the trial-to-trial noise observed on the spike
times on the hardware. To confirm this, we repeatedly present the same batches of samples to the hardware and record
all occurring spikes. Then we present the same samples repeatedly to the hardware-aware simulation, where for each
batch and neuron, we add a random sample as the offset to the threshold, drawn from a Gaussian centered around
zero and with width o. For the right choice of o we observe that the variances, observed for each sample over many
repetitions, match well between hardware-aware simulation and experiments (Fig. SI.4e).

Delay effects Figure Sl.4c provides an estimate of how accurately our parrot neuron setup reproduces a target
delay. While the variations across multiple trials are minimal, we account for them in the hardware-aware simulations.
Specifically, we model the variability of the delay circuits by introducing Gaussian noise (o = 0.017) to the output
spike times of the delay layers. In general, spike signal communication on BSS-2 is highly reliable, and spike loss only
becomes a concern at very high firing rates within the network. However, the inclusion of parrot neurons for delay
implementation introduces a potential new source of spike loss. We measured the average rate of spike loss caused
by the parrot neuron setup and found it to be negligibly small. Consequently, this effect is not incorporated into our
simulations.

Results With the hardware-aware simulation setup described above we perform an ablation study and compare the
results to the actual hardware emulation as well as the ideal software simulation (Fig. SI.4a and Table SI.1).

Some increase in error is introduced when transitioning from the hyperparameters optimized for the ideal simula-
tions to those used on our hardware. This adjustment was necessary because the optimal parameters identified by
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software-based Hyperparameter Optimization (HPO) did not perform well on the hardware. In software simulations,
hyperparameters were optimized independently for each network size and delay configuration (e.g., axonal or synaptic).
However, such extensive HPO is impractical on hardware due to the inability to parallelize runs on the chip, making
the process prohibitively time-consuming. To address this, we optimized a single set of hyperparameters that performs
reasonably well across both weight-only and axonal delay scenarios and for all network sizes. While this compromise
set does not achieve the same performance as the highly optimized software case, it is a good trade-off between the fea-
sibility and performance. More importantly, as shown in Fig. SI.4a and Table SI.1, all modeled noise sources contribute
to the increased error, and the final error in hardware-aware training matches closely with the results observed on the
chip. This demonstrates that, despite significant simplifications in modeling hardware effects, our measurement-based
estimation of noise sources effectively captures the chip’s general behavior.

Table SI.1: Estimation of the impact of different hardware phenomena on training results using the
hardware-aware simulation framework. The values given are the median test errors with the IQR in parentheses.

ideal simulation  simulation simulation simulation simulation simulation hardware
(HW params) (HW params) (HW params) (HW params) (HW params)
+ weight quant. + weight quant. + weight quant. + weight quant.
+ FP noise + FP noise + FP noise
+ trial-to-trial + trial-to-trial
+ delay jitter

weights 2.605°%T % 4.153:22 % 5.055:95 % 5.60%95 % 7.9087% % 9.308%3% % 740833 %
+ axonal delays
weights 3.20352 % 815510 % 9.605%3" % 9.708%3% % 12.5015:52 % 13.9513:3 %
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Figure SI.5: Comparison to other results on the Yin-Yang (YY) dataset. Each data point represents the mean test
accuracy achieved on the YY dataset for a certain size of the hidden layer. Simulation results are marked as squares while
hardware results are plotted as crosses. Results employing delays are colored in green, while weight-only networks are blue. The
data is collected from the following publications: Meszaros et al., 2025 [3]; Kriener et al., 2022 [4]; Miiller et al., 2024 [5]; Goltz
et al., 2021 [2]; Goltz et al., 2023 [6] and Wunderlich et al., 2021 [7].

SI.B Hardware implementation and additional results

As BSS-2 does not include dedicated circuitry for emulating delays, we re-purpose neuron circuits to act as delay

elements (parrot neurons, see Fig. 5a). For any incoming spike the parrot neuron is configured to produce an output
spike with a certain controllable delay, as described below.
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Figure SI.6: Schematic illustration of the parrot neuron used to implement delays on BrainScaleS-2. a) Sketch
of the two neuron compartments (dashed boxes) used for the delay mechanism. The reset and adaptation circuits are drawn as
rectangles, the threshold comparator as triangles. Disabled components are drawn in gray. Lightning bolts indicate incoming
(orange) and outgoing (yellow) spikes. b) Recorded traces of membrane voltage and adaptation when the parrot neuron receives
an input spike and produces a delayed output spike. The dashed gray traces show the circuit with disabled threshold comparator
in the second compartment.

SI.B.1 Axonal delays using AdEx and multi-compartment functionality

To obtain the results shown in the main text the delays are implemented using the multi-compartment and the
adaptation functionality [8] of the BSS-2 hardware [9, 10]. Figure SL.6 illustrates the mechanism that consists of
two separate neuron compartments, from here on called reset and adaptation compartment, corresponding to their
respective role. The membrane capacitance of the reset compartment is disabled and the two compartments are short-
circuited such that they share a membrane voltage. The dynamics of the adaptation compartment are described by the
equations of the adaptive exponential leaky integrate-and-fire (AdEx) model with disabled exponential component:

Tl (t) = [Be — um (D)) + Is(t) /90 — 1a(t)/ 9¢ (SL.1)

rala(t) = a(u — Ey) — I(t) (SL2)

where the adaptation variable I, is a leaky integrator that is driven by the difference between the membrane voltage
and the leak potential. Note that no synaptic input is connected to this compartment, and thus Is(t) is zero at all
times. When uy, (¢) crosses the spiking threshold at tspike, the membrane voltage is reset and clamped to Vieger for the
duration of the refractory period Tyer2 and spike-triggered adaptation causes a jump on the adaptation variable

U'(t) = Vieset VI € (tspike7 tspike + Tref,2] (813)
L5 I +b (SL4)

where b is the parameter controlling the magnitude of the spike-triggered adaptation.

An input spike arriving at the reset compartment of the parrot neuron triggers an immediate reset which clamps
the membrane potential (shared between both compartments) to the low reset potential Vieset for the duration of
Tref,1- Oince Vieset is lower than Fj, the magnitude of the adaptation current I, in the adaptation compartment builds
up during the refractory period. Once the refractory period Tef; ends, the membrane voltage, now driven by the
adaptation variable, can evolve freely away from Vieset and the accumulated strong adaptation current I, causes the
membrane voltage to rapidly increase towards the threshold. This phenomenon, although commonly caused not by
a low Vieset but by inhibitory input, is known as inhibitory rebound: The membrane potential overshoots the leak
potential and becomes high enough to reach the spiking threshold of the adaptation compartment and produce an
output spike, triggering the reset mechanism of this compartment. Additionally, the spike triggers the spike-triggered
adaptation mechanism of the AdEx model, which causes a jump on I, by b, bringing back the adaptation I, close
to zero. Finally, the refractory period of the adaptation compartment 7.tz is configured to be very short and the
membrane can almost instantly relax to the leak potential again. After this, the parrot neuron is ready to receive and
delay the next input spike.
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Figure SI.7: Proof of concept for implementing on-chip axonal delays using only LIF dynamics on BrainScaleS-
2. a) Example membrane trace of a parrot neuron where the rise time of the PSP causes a delay of its output spike with
respect to the output spike time of its afferent network neuron. This delay can be configured through an appropriate choice
of the synaptic weight between network neuron and parrot neuron. b) Example BrainScaleS-2 recording of the relationship
between the measured input-output delay of a parrot neuron dyec and its afferent synaptic weight (neuron 3 in d)). Mean and
standard deviation are shown over 10 runs with 50 spike pairs each. An exponential fit (black) yields the calibration curve for
the weight-delay relationship. c¢) Test of the calibration for the same parrot neuron as in b). The calibration curve from the fit
in d) is used across a range of target delays di& to determine the corresponding optimal synaptic weights. With this weight
the delay is re-measured for 5 runs with 50 spike pairs each, checking the deviation between the predicted delay (black) and the
actual recorded delay drec (mean and standard deviation in blue). d) Same as c¢) but for 5 different parrot neurons on the chip
to illustrate the variability between different neuron circuits.

As the inhibitory rebound causes an output spike immediately after the end of the refractory period of the reset
compartment, the delay of this parrot neuron can be configured via 7. This is advantageous, as Ty is an 8 bit
digital parameter on BSS-2 and can be configured to a large range of possible refractory periods without fixed pattern
noise. As shown in Fig. SI.4c, the delays can be reliably configured in the range of 12ps to 21 ps. In principle, the
available delay range is larger (approximately 8 ps to 35 ps), but since we do not require such a large range of delays for
our experiments and the values in the middle of the available range are the most stable, we restrict ourselves to what
is shown in Fig. SI.4c. Note that having the smallest available delay unequal to zero is not computationally relevant,
as long as this minimal value is equal for all neurons.

SI.B.2 Proof-of-concept for axonal delays using only LIF dynamics

Since leaky integrate-and-fire (LIF) neuron models are more widely available on various neuromorphic platforms com-
pared to the multi-compartment AdEx model, we also present a proof-of-concept of how LIF models can be adapted
for implementing analog on-chip delays, ensuring our results are more easily reproducible.

Setup The network setup in this method is similar to the previous section in that each network neuron has a
corresponding parrot implementing the delay; However, the method of creating this delay is different: We leverage the
fact that due to the finite rise time of the PSP on the parrot’s membrane voltage, its spike is delayed compared to the
one of the network neuron (Fig. SI.7a). The magnitude of this delay, which emulates the axonal delay of the network
neuron, depends on several parameters, such as the synaptic weight w of the connection between the network and
parrot neurons, the time constants 75, 7, and the difference between threshold and leak potential of the parrot neuron.
For a theoretical description of the relationship between the parrot’s delay and the synaptic weight see Section SL.F.
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For our implementation of this scheme on BSS-2, we control the delay solely via the synaptic weight w, keeping the
time constants and potentials fixed: while those parameters can be individually tuned, that (analog) configuration is
slower compared to the (digital) weight setting. Since in our trained networks on BSS-2 ([2] and Fig. 5) we use neuron
time constants of 7, = 7, & 6 ps, we aim to reach delays of the same magnitude here. To achieve this, we configure
the parrot neurons to have a synaptic time constant of 7y = 10 ps and a membrane time constant of 7, = 15ps. A
long refractory time of 16 ps ensures that each input to the parrot only triggers one output spike.

During the training of a network, it is required to reconfigure the parrot neurons on the chip to produce the correct
axonal delays d'!. For this, the relationship between the synaptic weight w and the produced delay df%¢ needs
to be measured. Due to the usual variations in the manufacturing process (fixed-pattern noise), the on-chip analog
neuron circuits are not exactly identical to each other. Therefore, for every parrot neuron, we perform a separate
calibration measurement in order to determine the precise mapping between the weight parameter and the recorded
delay individually. To this end, we configure a range of different weights and record the resulting delays d&3¢ (Fig. SI.7b
for an example neuron). The full available weight range from 0 to 63 is not used, as for the lower weights, the parrot
neuron does not reliably produce output spikes. To include both temporal drift during one trial and trial-to-trial

variations, we record delays during 10 runs with 50 pairs of input and output spikes and average the results.

We fit an exponential function d(w) = a + Bexp(y(w + 0)) to the measured data. The inverse of the fit function
thus determines the relation between the target delay d'8%. and the optimal integer weight to configure on the chip.
To test the quality of the weight-delay fit, it is used to configure the chip for a whole range of target delays d'8t  while
measuring the actual value of the delays produced on the chip di¢ (Fig. SI.7c). The above process is repeated for 5
different neuron circuits on the chip, and the results are compared to illustrate the impact of fixed-pattern noise in

Fig. SL7d.

Results Figure SI.7c shows the desired correspondence between the target, d%&¢ and the recorded, dr¢, on-chip
delay values, especially in the intermediate delay range. This underpins the feasibility of our proposed approach. We
note a plateau in the recorded delay values for lower targets, caused by the maximum possible on-chip weight value,
corresponding to the shortest possible delay. Additionally, a larger deviation and more instability is observed for larger
target delays; this effect has two causes: a worse quality of the exponential fit and an increased instability of the
threshold crossing in the region where the PSP plateaus. Such increasing instability is unavoidable in analog neurons,
as any amount of noise on the membrane voltage results in increased trial-to-trial variability when the peak of the PSP
is close to the threshold.

Although each neuron can be configured individually to produce the desired behavior, there is still some variability
between the neurons. However, we do not expect these variations to be harmful in practice; in fact, some heterogeneity
between neurons behavior might even be beneficial, as has been shown in [11].

While the presented idea can be feasible for small networks and tasks, it is clearly suboptimal, as it requires a portion
of the available neuron circuits to be used as delay elements instead of their usual role in the network. Additionally,
several practical considerations have to be taken into account when this setup is included in the training of a full network.
First, the range of achievable delays is limited by the time constants of the parrot neurons. In our experiments we
targeted a delay range of approximately 6ps which corresponds to the delay range used in the simulation results.
Second, for a correct delay on an incoming spike, the parrot neuron’s membrane voltage and synaptic currents need
to be at their resting values. Therefore, the interval between spikes arriving at the parrot neuron needs to be large
enough, which can be ensured by increasing the refractory time of the neurons in the network. However, for tasks
where the neurons need short refractory periods to process their input correctly, this method of producing axonal
delays is not suitable. Nevertheless, these results provide a proof of concept that axonal delays can be implemented
by repurposing resources and circuits that are universally available on most neuromorphic substrate.

SI.C Complete equation for the time of the first spike

Given a sequence of input spikes {¢;} and corresponding weights {w;}, we define

ti . ti ti
Qp = Zwl exp (717'5) and b:= ZwiT— exp (7's> . (SL.5)

i€C ieC s
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These definitions use the causal set C = {i | t; < T} of input spikes before the output. With those definitions, the
spike time of a neuron with identical membrane and synaptic time constant 7, = 7 is (Eq. (4) in the main text)

T:Ts{

and for 7, = 275 (Eq. (5) in the main text)

T=27,In

b—W{—gweXp(b>}} , (SL.6)
aq a1 a1
201 . (SL7)
as + /a3 — 4ay gV

The Lambert W function is defined as the solution h = W(z) to the equation z = hexp(h).

SI.D Extending the formalism for multiple spikes
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Figure SI.8: Sketch of the voltage (top) and
current (bottom) dynamics of an LIF neuron
that is spiking multiple times. The gray verti-
cal lines indicate the input spikes, the red vertical
lines the output spikes. After each spike, the volt-
age is clamped to the reset potential Vieset for a time
Tref, highlighted by the gray horizontal bar in the
top plot. After this refractory period, the voltage
evolves freely again, from T;_1 + Tyer on driven by
the residual current I and additional input spikes.

In the main text, we have derived our equations in a simplified sce-
nario in which each neuron only spikes once. As shown in the present
and earlier work [2], single spikes can already be sufficient for many
problems, however, for scenarios in which multiple spikes per neuron
are necessary, the extended equations are derived below.

For the first spike of a neuron, Equations (4) and (5) are derived
by integrating the ordinary differential equation (ODE) in Eq. (1) to
get voltage dynamics u(t), and afterward solving for the time T of
the spike, defined by u(T) = ¥. Recalling the dynamics of the LIF
model, after a spike the voltage is fixed at the reset voltage V,cset for
a time 7¢ (Fig. SI.8, top panel), and afterward continues to follow
the dynamics laid out in the ODE (1). For the time of the second
spike T5 and all further spikes this implies that the same procedure
can be followed when adhering to different initial conditions.

For the first spike, the integration of the ODE is performed with
initial vanishing current I(0) = 0 and voltage u(0) = 0 (w.l.o.g. we
have chosen leakage Fy = 0), resulting in voltage dynamics

o (-50) e (50)
exp | — —exp | — .
TIII TS

(SL.8)
Assuming a spike at T;_1, the new initial condition for the voltage
can be written down at time £ := T;_1 + Tyer as

W; Ts

ge Tm — Ts

u(t) => Ot —t;)

i€C

u(t) = @ = Vieset » (SL.9)

while the current is not affected by the reset, and keeps following
Eq. (2). To simplify the notation, we split up the spikes of the causal
set t; € C into one set arriving before t, C< = {t; € C|t; < t}, and

one set with spikes afterward CZ = {t; € C|t; > t}. For times ¢ > {, we can write the current as

I(t) = Fexp (—ff) + Y Ot — tywi exp (—t;t"> ,

(SL.10)
i€eC= S

with T = Yico< Wi exp(—%) the (residual) current at time ¢ (see Fig. SL.8). Integration of the ODE under these
initial conditions results in an equation for the dynamics of the voltage:

u)= 3 Ot -2

i€eC2
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The first term encapsulates the effect of the incoming spikes as before (compare Eq. (S1.8)), while the second line is
an exponential decay from the reset to the leak, while accounting for the effect of the residual current. Interestingly,
this form of the equation shows that the residual current can be modeled as a virtual spike with weight I at time {.
Crucially, when starting at leak voltage @ = 0 and without initial current I = 0, the above voltage dynamics Eq. (SL.8)
are recovered.

With this equation, the derivation performed in [2] can be followed, i.e., assuming a spike T; > t defines a causal set
C = {t; € CZ|t; < T;}, and using u(T;) = ¥ we can write

~ T T t: T:
0=— |I——exp () + sz ®— exp <z> - exp <—z>
Tm — Ts Ts .~ Tm — Ts Ts Ts

- , t; T;
+ |dexp () +1—""—exp <> +3 wi—"—exp () exp (—) (SL12)
Tm Tm — Ts Tm T~ Tm — Ts Tm Tm

— ged

T; T;
= —a)exp () + ab exp (> —ged .
Ts Tm

This equation follows the same structure as in the original derivation [2, Eq. (26-27)] with differently defined parameters
ay and af: comparing with Eq. (SI.5), in the case of 7, = 27, we find

8 i
a; — ay :==a; + Lexp (>

Ts
- - SI.13
/ ) : ) ; (SL13)
a2 — ay :=as + I exp p_ +uexp| — | .

Notably, this implies that one can solve for T; to get a function

T, ({ti} U {w;h I, f) . (SL14)

This function is at the heart of implementing exact, event-based forward dynamics and, more importantly, its differ-
entiability enables error backpropagation through multiple layers of such neurons. Through I there is a dependence
of the output spike times T} on earlier input spike times t; < ¢, and through ¢ a dependence on the previous spike of
the same neuron. For the case of 7,,, = 75, one can use I’Hopital’s rule and the Lambert W function to write down the
solution for T;.

SI.E Explicit, event-based gradients of a voltage-max-over-time loss

Typically, when using an event-based framework, information in a network is encoded in spike times. For some tasks,
losses based on the voltage of (a subset) of neurons have been proposed and used, especially the max-over-time loss
(for a selection, see [6, 7, 12-14]). For this, the corresponding loss function depends on the correct class n* and the
voltage u(t) of the (non-spiking) label neurons together with a scale factor ascae like

L yot[u(t), n*; ascale] = — log | softmax,« (ascale - max; u(t))} . (SL.15)

Because this loss has been predominantly used with surrogate gradients and depends on the membrane voltage of
the label neurons, it is not typically associated with exact and event-based training schemes, with [7, 14] being the
exceptions. However, the loss is compatible with a purely spike-based formulation and in the following the relevant
gradient will be derived:

Oumax _ Ou(tl{0}) N Ou(t{0}) ot

00 00 =i ot =i 00 (SL.16)
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In addition to the natural first term, the second term occurs when an (inhibitory) input spike determines the maximum
of the voltage.
For the derivation, we assume the voltage u is a function of the parameters input spikes {¢;} and weights {w;}, here
shortened as {6}
w=u(tf{t;} U{wi}) = u(t{0}), (SL.17)

the maximum voltage umax at time t is defined by
t:= argmax u(t/{6})
tes B
Umax = max U(t|{9}) = u(t|{9}) ’

tesS

(SL18)

where ¢t € S runs in the integration domain S. This definition makes tmay an implicit function® of the parameters {6}.
Because the voltage of these (non-spiking) neurons is continuous, the maximization can be written in an integral form
using the Dirac ¢ distribution

Umax = max u(tl{0}) = u(@l{o}) (SL19)
- / dt u(u(oy)d(t — 1) , (S1.20)
S

which will allow the reformulation in simple, event-based terms.

We split up the voltage along the spike times ¢;, cf. Fig. SI.9. Here, w.l.o.g.
we assume the input spikes {¢;|i € [1, N]} to be ordered ¢; < t;41Vi and define
to = —oo and tnyy1 = oo as well as the intervals S; = (¢;,¢;+1]. Further, we
want to define the shorthand S for the interval 7 that contains the maximum
S :=S; 5 i, therefore ¢; is the last input spike causal to the dynamics in this
interval and there is no new spike within the interval. Employing as a shorthand

g
the synaptic interaction kernel 5
K(t) = O(t) —— - [exp(—t/Tm) — exp(—t/75)] , (SI.21)
m S
the voltage behaves like u(¢{6}) = g% ZZV w;k(t —t;), and one can write
0 ift <ty
wrk(t —t1) ift; <t <ty Figure SI.9: Separating u into distinct,
. smooth u; at the input spike times t;.
U(t\{G}) - = wln(t—tl) —|—w2/-1(t—t2) iftg <t <t3 , (8122)
un(ﬂ{g}) if tn <t< tn+1

with u, (¢t|{0}) = g% S w;k(t — t;). This function w,(t) is time-differentiable everywhere on its domain S,. The
separation into u,, can be carried over to all integrals of the voltage with any function f

/dtu 44ey) [ Z/ dtu;(41ey) [f(1)] - (S1.23)

Specifically, this can be done for the integral formulation of umax Eq. (SI.20). For the next step, a requirement is
the derivative of an integral with varying boundaries:

O [ sen) O [ 2 ) (SL21)
— dz f(z,y) = {f(x,y)m] +/ de — f(z,y) . SI.24
ay a(y) 5’y rz=al(y) a(y) ay

n this section, we assume the maximum is uniquely defined in a neighborhood of the current parameters, i.e., there is no sudden jump
of the maximum to another time. Cases in which this assumption is not satisfied have to be treated differently, e.g., by adding up gradients
coming from these different maxima of equal value.
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Differentiating the integral form of the maximum voltage leads to:

OUmax 0 .
a2 /S dtu(uey) - 6(t — D) (S1.25)
0 -
=5 Z /S dt ug(t1{6y) - 6(t — ) (ST.26)
vanishes due to § except if i =7
b tit1 B
= —/ dt uz(¢1{6}) - 6(t —¢) (S1.27)
- 6 ~ at- tig1 tir1 d a 6 5
= _ug(t|{0}) 8t — t)%_ , + /t t =g [ui(e1{0y) - 6(t — ¢)] (SL.28)
[ Lot tita Ou; (t|{0}) - d .
I _ Ot Ou(e{ey) tit1 9 .
= _uz(tl{e}) 6t — t)%_ ) + a0 |z + /t dtuz(ei{0}) - 550(t =) - (SL.30)
For the last term, the derivative of the delta distribution %6 (t —t) can be reformulated:
A5(t—t) 05(t—1) ot —1)
= = SI.31
00 ot—t) 00 ( )
as(t —t) ot
_ R SI.32
a(t—t) 00 ( )
inserting 1
As(t—1t) ot —t) ot
=— = — SI.33
a(t—1) at 00 ( )
_0s(t—t) ot
Inserting this above in Eq. (S1.30) and integrating by parts? allows removing the derivative of the § distribution:
ti1 0 ~ ti1 a6(t —t) ot
i =t —t)=— 7 _— L.
/t dtw(10y) - 58t~ ) /t atu(iion) 20 O (S1.35)
[ R ) ot
=~ jmlewse D)+ /t t 5t — 1) (w0 - o) (SL.36)
[ Lot . Ous(1gey) OF
= — |uz —t)— —t) —— = L.
_ul(t|{0})6(t t) %), + /tl dtd(t —t) 5 20 (SL.37)
I _of)h Ou; (t){60}) ot
= — _u;(t|{0})(5(t - t)%_ . T 7 . % (8138)
I _of]h Ou(t{0}) ot
= — -u;(t|{0})5(t — t)%- . + T i : % . (8139)

The time derivative only acts on u; because ¢ (and its derivative) are independent of the integration variable t.
Furthermore, at time ¢ the value of u; is identical to the one of u, so we can substitute the regular voltage back in.
With Eq. (SI.39) inserted into Eq. (SI.30), reordering of the terms yields

Omax . atr“ B { - 31%1 + du(t|{o}) 4 du(tfey)| Ot

0 - U(tl{e})'é(tft)% u(t|{e})'5(t7t)% 0 |, 5% leind

(SL.40)

ty ts

2fd([ f(IE) a%(zw) = f(x)g(x”boundary - fdl' %g(x)
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From ¢t € S; = (t7,t741] follows t # t;, therefore the first two terms evaluated at the lower boundary vanish. The
remaining, upper boundary terms ¢ = ¢;,; are only nonzero if the maximum happens at that boundary ¢ = ¢;;1, in
which case the two terms cancel each other, yielding the final, concise result

Ottmmax _ Ouluitoy) |, Oulatey)) O (SL41)
00 00 =t ot t=t 00

There are two distinct cases how a maximum of the voltage can be reached: The more common one is a maximum
due to the decay of the voltage back to the leakage. In a neighborhood around this maximum at £, the voltage is a
smooth function with time derivative 9%|,_; = u(f) = 0. Therefore, the second term in Eq. (SL41) vanishes.

The other possibility is in the event of a sufficiently strong inhibitory spike: as a consequence, the voltage can
decrease immediately and the time of maximal voltage is identical to the time of this inhibitory input ¢ = ¢;,1. In this
case, the second term will be nonzero but can be calculated because both u and % = % of the inhibitory input
spike t;11 are known. This contribution is proportional to u (the left derivative at time of input spike, i.e., how much
the membrane changes in free dynamics) as well as At (how much a change in parameter 6 influences the relevant
input spike time ¢;41).

Now, we investigate ag—(t) _in two different settings, starting with the more peculiar one.
=

Equal time constants 7, = 7,, In this regime the voltage behaves as

Wy t— t,L' t— ti
u(t) = XZ: ot — ti)a exp (— > . (SL.42)

Ts Ts

We can calculate the derivative to be

t 1 i E* ti 1? — tz'

gut)) _ 1 ) Ouw exp (— > (SL43)

ow; lt=t gy~ _Ow; T, Ts

ie{i|t; <t} e~
5ij
1 t—t; t—t,
=-1, —2 — 7. SI.44
ge <t P ( Ts ) ( )
Similarly, we get

ou(t) w, t—t; — t—t;
=1, 9 3 — ). SI.45
8t]‘ t=t qe i<t 7—32 eXp Ts ( )

Unmatched time constants 7, # 7, While the voltage dynamics is slightly different

u(t) = Zi:@(t - m%mf - [Cxp <_tT ti) —exp (f TS“)] : (SL46)

m

the calculation is similar and results in

dul(t) 1 t—t,; t—t,
T 24 . _ i) — J SI.47
(9’UJj t=t Tm — Ts e ti<t |:eXp < Tm ) P < Ts >:| ( )
ou(t) Ts  wj 1 t—t; 1 t—t;
_ s Wiqgo | L. _ i\ _ . _ 2. SI.48
5tj ’t:f P t;<i - exp . Ts exXp T ( )

SI.F Relationship of weight and delay for LIF-based parrot neuron

With the LIF dynamics from above (Eq. (S1.46)), we can proceed to get the desired relationship of a weight and the
resulting delay. To calculate the delay of a parrot neuron that has one input spike time ¢ associated with a weight w,
one needs to compute its time of spiking (i.e., u(T) = ¥). Assuming w.l.o.g. t = 0 and using T' =t + d for a delay d

yields
I=—""T" [exp <—d> —exp (—d>] . (S1.49)
gE(Tm - Ts) Tm Ts

104



Solving for the weight w returns
w— 9o (T — Ts) 1 .
(A ()

However, this holds only if the neuron is in fact spiking. This can happen in the interval [0;#] with { the time at
which the membrane voltage is maximal:

(SI.50)

g TmTs
t =

log 22 . (SL51)

Tm — Ts Ts

For the specific case of 7, = 71,, 'Hopital’s rule in the limit 7, — 75 can be applied to Eq. (SI.50) and Eq. (SI.51):

w= 9007, exp (d) and t=r1;. (SL.52)
d Ts

SI.G  Simulation parameters
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Table SI.2: Dataset and training parameters. Used to produce the results in Fig. 4, Fig. 5, Fig. SI.1, Fig. SI.2,
Fig. S1.3, Fig. SI.4, Fig. SI.5 and Table SI.1.

. . . hardware-aware simulation/

parameter name ideal simulation .
hardware emulation

dataset parameters
input size 4 4
tearly 0.15 0.15
tate 2.0 2.0
training parameters
training epochs 300 300
batch size 150 40
adam parameter 3 (0.9,0.999) (0.9,0.999)
adam parameter e 10—8 108
Ir-scheduler StepLR StepLR
Ir-scheduler step size 20 20
Ir-scheduler ~ 0.95 0.95
delay-Ir! [0.1,0.3,0.5,1,1.5,2] x 1072 2 x 1073
weight-lr! [0.1,0.3,0.5,1,1.5,2] x 1072 2 x 1073
input noise o no noise no noise
max allowed Aw 0.2 0.2
weight bump value 0.0005 0.0005
loss A 0.2 0.3

1 For hyperparameter optimization, a grid search was performed over the range of values in brackets.
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Table SI.3: Network parameters. Used to produce the results in Fig. 4, Fig. 5, Fig. SI.1, Fig. SI.2, Fig. SI.3,
Fig. SI.4, Fig. SI.5 and Table SI.1.

. . . hardware-aware simulation/
parameter name ideal simulation .
hardware emulation
neuron parameters
qge 0.5 1.0
Ey 0.0 0.0
) 1.0 2.6
T 2.0 1.0
Ts 1.0 1.0
network parameters
layer 01 [broadcast, axonal, dendritic, synaptic]
delay init mean 0.0 0.0
delay init std 0.25 0.5
scale A 1.0 1.5
shift 0.0 2.0
layer 1 neuron
size! [5, 10, 15, 20, 25, 30]
max ratio missing spikes 0.3 0.05
weight init mean 1.0 1.0
weight init std 1.0 0.12
layer 21 [broadcast, axonal, dendritic, synaptic]
delay init mean 0.0 0.0
delay init std 0.25 0.5
scale A 1.0 1.5
shift 0.0 2.0
layer 3 neuron
size 3 3
max ratio missing spikes 0.0 0.05
weight init mean 1.0 0.075
weight init std 1.0 0.15

1 Parameters over which a sweep was performed are in brackets.
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Table SI.4: Weight and delay configurations. Used to produce the results in Fig. SI.2. These values are extracted
from trained networks and averaged from 10 different seeds. They were not trained after the initialization, but rather
fixed. The rest of the parameters were kept the same as in Table SI.3.

parameter name ablation study

layer 0 broadcast azxonal dendritic  synaptic
delay mean 0.0 0.0 0.0
delay std 0.50 1.13 0.92
layer 1 neuron

weight mean 0.68 0.87 0.91 0.90
weight std 1.14 1.72 1.47 1.17
layer 2 broadcast  azonal dendritic  synaptic
delay mean 0.0 0.0 0.0
delay std 0.85 0.21 0.75
layer 8 neuron

weight mean 0.56 1.71 1.64 1.26
weight std 1.53 4.55 3.88 2.12

Table SI.5: Specific delay configurations. Used to produce the results in Fig. SI.3. Those values were not trained
after the initialization, but rather fixed. The rest of the parameters were kept the same as in Table SI.3.

parameter name random but fixed delay
Layer 0 broadcast, aronal, dendritic, synaptic
delay mean 0.0

delay std! [0.0, 0.4375, 0.875, 1.3125, 1.75]
Layer 2 broadcast, aronal, dendritic, synaptic
delay mean 0.0

delay std! [0.0, 0.4375, 0.875, 1.3125, 1.75]

I For hyperparameter optimization, a grid search was performed over
the range of values in brackets.

Table SI.6: Hardware parameters. Used to produce the results in Fig. 5, Fig. SI.4, Fig. SI.5 and Table SI.1. These
values were obtained from the study made in Section SI.A.3.

parameter name hw-aware
weight quant. (max range)! 2.1
weight quant. (precision) 1/30
FP noise (mean) 0.13
FP noise (std) 0.08
trial-to-trial (std) 0.04
delay jitter 0.01

1 To ensure sufficient drive at the input, the max-
imum range of the weight was multiplied by 5
for networks with a hidden layer of 5 neurons,
for both hardware-aware simulation and hard-
ware emulation.
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8. Summary and discussion

This thesis makes the attempt to study sparsely communicating neural networks, with a focus
on the exact prediction of their dynamics and their gradient-based optimisation. Our work
bridges neuromorphic engineering and neuroscience, studying the computational efficiency of
spike-based Artificial Intelligence, linking to experimental evidence from biology — and even
creating a new educational neuromorphic system showcasing the crucial neuronal properties
at the foundation of this thesis.

The new neuromorphic hardware as described in Chapter 3 has proved transformative for
explaining concepts from neuroscience to the public as well as researchers in adjacent fields.
Both tangible and flexible, Lu.i has engaged a global audience, at a number of universities,
schools and companies. The PCBs implement fundamental properties of biological neurons,
especially spiking communication and integration of inputs across space and time.

To help replicate the spatio-temporal correlation of neurons in artificial networks, we have
devised the Yin-Yang (YY) dataset (Chapter 4): it enables fine-grained characterisation of new
algorithms and hardware, addressing restrictions of existing benchmarks such as logic prob-
lems or the MNIST dataset. Convincing metrics need to be the cornerstone for meaningful
evaluations, for they provide an understanding for the underlying processes and existing lim-
itations. The YY dataset replaces complexity-by-size with genuine difficulty, and has proven a
valuable addition for the community interested in unlocking spatio-temporal learning.

In Chapter 5, we described a solution to exploiting the event-based nature of a spiking neural
network (SNN): exact gradients exist, can be used to train networks, and are robust enough for
usage with imperfect analogue hardware. Enabled by the YY dataset, we performed systematic
robustness studies, and the realisation on BrainScaleS-2 is the convincing statement that the
algorithm successfully handles inaccuracies, at the same time empowering fast and energy-
efficient classification. This implementation is also used to assess the system health of the
neuromorphic infrastructure in Heidelberg, to ensure the operation of BrainScaleS-2 within the
EBRAINS cloud platform. Our approach has established itself as an innovative method (Frenkel
2021), expanding the frontiers of both neuroscience and neuromorphic engineering.

We have used the method ourselves for studying activities in SNNs to find relations to es-
tablished models of information propagation in the brain (Chapter 6). It enabled the training
of deep, biological architectures, facilitating the separation of inhibitory and excitatory effects,
and to identify sub-networks that form as a result of training, both reminiscent of biological
equivalents.

Furthermore, the synergy of our training framework with the concept of transmission de-
lays has allowed us to extend the set of trainable parameters, drastically enriching the tem-
poral dynamics (Chapter 7). The training of delays appears naturally and with no additional
requirements, enabling a systematic study underpinning their significance and, in addition, an
implementation on the BrainScaleS-2 hardware.
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8. Summary and discussion

8.1. Analytical spike times

Guided by rigorous mathematical treatment we found an analytical relation for the spike time
of leaky integrate-and-fire (LIF) neurons: in Chapter 5 we described the solution for the first
spike time, given certain proportions of time constants: when the synaptic 75y, and membrane
time constant 7,y are identical, the relation for the time of the spike is found with the help
of the differentiable Lambert W function (Chapter 5, Eq. 2).?! Furthermore, if the membrane
time constant is twice as large as the synaptic, Tymem = 27syn, the resulting quadratic equation
can also be solved (Chapter 5, Eq. 3). While not used in our studies, solutions exists also for
other ratios of time constants.?? Together with the generalisation to multiple spikes (Chapter 7,
Section SL.D), this enables precise calculation of activity in SNNss.

Compared to established methods, this is a radically new approach: usually, simulators for
neuronal states are numerically integrated. Even in cases where the subthreshold dynamics
can be calculated exactly, the simulation and spike times are confined to a time grid (Rotter
and Diesmann 1999). To guarantee faithful reproduction of more complex neural dynamics
or effects like synchronisation, a small enough simulation time step is required (Hansel et al.
1998; Valadez-Godinez et al. 2020), with detrimental effects on simulation times. A sub-timestep
resolution of the spike time can still be achieved, but typical mechanisms for that purpose rely
on interpolation (Morrison et al. 2007) or iterative root-finding (Hanuschkin et al. 2010). Brette
(2007) argued for the pursuit of exact spike times for more biological neuron models, and in
fact our work extends the argument: aiming not only to find methods for exact spike times,
but also to produce these results analytically, or even with a closed-form expression.?

This is also possible for simpler models, for example, neurons with delta synapses (Mattia
and Giudice 2000): the membrane voltage jumps at each input spike and decays from there,
i.e.,, the postsynaptic potential (PSP) is monotonically decreasing. This requires the spikes of
a neuron to coincide with an input, severely limiting expressivity. When including delays the
activity is non-trivial, but essentially ruled by combinatorics. The far more interesting scenario
allows the PSPs to accumulate, enabling the neuron to perform spatio-temporal integration.
Additionally, for biological realism as well as computational advantage, it is desirable for inputs
to have temporally limited effects and the neuron to forget its excitation over time. The most
treatable model fulfilling these requirements is the LIF neuron with exponential, current-based
(CuBa) synapses. Not entirely coincidentally, this model serves as the basis of many studies in
computational neuroscience (Abbott 1999; Brunel and van Rossum 2007a) and is featured on a
lot of neuromorphic systems.

Our approach allows the realisation of interesting neuron models in their essential form,
purely event-driven, transforming a set of input spikes into output spikes, and provides a

IThis result was published simultaneously and independently by a team from Google (Comsa et al. 2020; Comsa
et al. 2022).

22The existence of a solution for a specific ratio implies the solution of the inverse ratio, because the voltage
dynamic Equation (2.12) is symmetric under exchange of Tyem and 7y,. This means that Tyem = 7gyn/2 can be
treated similarly, by solving a quadratic equation. In general, for a ratio n = Tmem/Tsyn # 1, the relation for the
time of a spike can be brought into the form of the generic equation 0 = ax" + bx + c. This equation can be solved,
e.g., for n = 3 by finding the root of the depressed cubic (discovered by Scipione del Ferro and Niccolo Fontana
Tartaglia, published by Cardano 1545) and for n = 4 with Ferrari’s method (named after Lodovico Ferrari, published
as well by Cardano 1545). However, the calculations get more challenging and there is no apparent benefit from
ratios different from 1 or 2.

2In contrast to the relation for identical time constants which contains the analytical Lambert W function, the
spike time for Tpem = 274y, can be calculated using only simple operations: sums, products, exponentials, a square
root and a logarithm (Chapter 5, Egs. 3 and 11).
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ground truth for spiking activity. Crucially, as the computation does not depend on voltages,
this also cements the insight that the relevant information are the spike times. Without addi-
tional computational effort, we also allow the information to be represented precisely, with the
sub-millisecond precision found in biological neurons (Mainen and Sejnowski 1995).

8.2. Sparse and exact gradients

The accurate study of the dynamics reveals that the essential vessel of propagated information
are the spikes. A profound insight results from the existence and properties of the analyti-
cal relations: from their differentiability it follows that the spike times are differentiable with
respect to the parameters. Looking specifically at the synaptic weights, this allows us to ex-
actly quantify the influence of each weight on the time of the spike, i.e., how a change in the
weight changes the spike time. In addition, the differentiability also holds for other parame-
ters, notably the input spike times: by relating a deviation of an output spike to a shift in the
input spike, this derivative unlocks error backpropagation. With consecutive applications of
the local derivatives, we can propagate an error in the output layer through a deep network.
At the same time, the propagation is sparse because neurons only interact with spikes. To-
gether, this enables the exact and event-based calculation of the gradient of any loss function,
with respect to any parameter in a deep spiking network. Incidentally, for our usage with a
time-to-first-spike coding, the algorithm can be brought close to the traditional formulation of
error backpropagation (Eq. (2.28)), see Chapter 5, Eq. 39.

Representing a network’s state in spike times has another benefit besides the apparent spar-
sity. In the form of Eq. (2.10), transmission delays appear as a natural parameter of the neu-
ronal computation, alongside the input spike times and weights. Delays have been established
as an effective computational paradigm for SNNs (Maass and Schmitt 1999; Patifio-Saucedo
et al. 2023; D’Agostino et al. 2024), however, performing gradient-based training in a time-
stepped framework requires workarounds: either finite-difference methods (Shrestha and Or-
chard 2018) or a surrogate for the time shift associated with the delay (Hammouamri et al.
2024; Queant et al. 2025). As worked out in Section SLD, delays are straight-forwardly inte-
grated in our approach. From a computational view, they can be seen as an operation on spike
times separate from the neuronal dynamics, enabling an efficient implementation both in soft-
ware and on neuromorphic hardware (Chapter 7, Figs. 2 and 5). In addition, this separation
has allowed us to systematically study the effects of different types of delays: as a reference to
biology, we distinguish between axonal, synaptic, and dendritic delays (Chapter 7, Fig. 3). In
Chapter 7, Figure 4, their respective impact on training performance is shown. While synaptic
delays demonstrate superior performance, taking the quadratic parameter scaling into account
levels their benefit relative to the other delay types, while all delay networks still outperform
networks lacking delays.

An issue that is often raised in conjunction specifically with spiking networks is a difficulty
to train deep networks. This challenge originates from artificial neural networks (ANNs) where
it is caused by the vanishing gradient problem (Hochreiter 1991; Hochreiter et al. 2001). Some
papers claim that it is aggravated in SNNs (Stanojevic et al. 2024). However, we have not
encountered this issue: Chapter 6 demonstrates networks of up to seven layers depth with
no problem of error propagation (see Fig. SLB.2 for a network of ten layers). Furthermore, in
Chapter 7 we show that increasing depth increases performance (Chapter 7, Fig. SI.1). Even
more strikingly, at equal parameter counts a deep-and-narrow network performs as good as a
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shallow-and-wide network: this confirms that the algorithm can make use of every parameter
in the network and that the exact gradient propagates deep into the deep network.

Decoding the network output In our experiments, we have investigated SNNs where the
decision of the network is determined by spikes in the last layer of neurons. The nonlinearity
associated with spikes can complicate learning: in ANN architectures - in order to facilitate
training — the readout layer typically has a ‘softer’ activation function like a softmax function,
as opposed to rectifying linear unit (ReLU) activations in hidden layers (Krizhevsky et al. 2012;
He et al. 2016). Similarly, for our systems we have the freedom to choose internal variables
like the membrane voltage as an output.?* This is a possible for simulations as well as for
neuromorphic substrates with support for accessing this observable. Voltage-based decoding
typically involves a fixed observation period, requiring the knowledge of the voltage for the
entire period before a decision can be reached. In contrast, time-to-first-spike (TTFS) decoding
facilitates fast classifications that happen at the first spike, strikingly highlighted in the raster
plots in Chapter 6. There, the classification occurs well before the majority of spikes happen
in the network, even before most of the input spikes (Chapter 6, Fig. 1).

When using voltage-based decoding, interestingly, only little additional information is re-
quired: because the output population is a small fraction of all neurons, there is no significant
increase of memory or I/O costs. It is important to note that the usage of membrane voltages as
an output is not synonymous with a departure from event-based gradients: as we have shown
in Chapter 7, Section SLE, certain voltage-based losses can be optimised in an exact and event-
based fashion. Using spike times grants access to a high-precision coding, but in contrast, the
smoothing effect of the voltage is generally assumed to provide increased stability (G6ltz et al.
2023; Nowotny et al. 2025). A promising middle ground could be to base the decisions purely
on spikes while including voltage-based regularisation for a more stable training.

8.3. Fast and energy-efficient classification on a custom
accelerator

A critical test for robustness is the implementation on an analogue neuromorphic system,
where mismatch in the underlying circuits on the chip leads to variabilities, i.e., parameters
of different circuits are not identical and they exhibit inhomogeneous dynamics. BrainScaleS-2
has the capacity of tuning parameters to homogenise the emulated behaviour. After this cali-
bration, the standard deviations of, e.g., the time constants 7yer and 74y, are close to 5 % (Bil-
laudelle 2022). To adjust to the remaining imperfections, we adopt an in-the-loop approach:
we calculate the parameter updates using observables from a forward pass on the substrate
(Fig. 2.6). Crucially, we have shown that an analysis of the mathematical model makes a differ-
ence: when considering the naive derivative of the spike time, we have identified and inserted
the formula for that spike time (Chapter 5, from Eq. 22 to 24). In this way, we can integrate
another measure of the ‘operating point’ of the substrate into the gradient, fully utilising the
measured spike times for the parameter updates. In simulation studies of the robustness, this
stabilised the training to a wider range of synthetical impurities (Chapter 5, Fig. 5). Also on
BrainScaleS-2, the full algorithm deals well with the existing inaccuracies (Chapter 5, Fig. 4)

#The loss function uses this output to quantify the performance in a differentiable manner, thereby guiding
the training. We want to note that the choice of this loss function also has a direct impact on the performance, but
ultimately it is a secondary topic.
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and incurs only a small performance loss when comparing simulation and emulation results
(Chapter 5, Table 1).

Examined for the MNIST dataset, the inference with a trained network on BrainScaleS-2
has remarkable characteristics: even including communication time, 10 000 test samples are
sequentially classified within 1s. The streamed rate is even higher, above 20 kHz: as the classi-
fication is performed fully sequentially, this means that the samples are separated by less than
50 pus. The values are measurements in an experiment where the BrainScaleS-2 chip is only
consuming 175 mW, which comes down to an energy per classification of 8.4 uJ (see Chapter 5,
Section SLE for details). The power consumption is lower than for competitive approaches be-
cause we can power down a lot of infrastructure on the chip including the plasticity processing
units needed for voltage-based classifications (Cramer, Billaudelle et al. 2022). In addition to
the stated metrics, our approach also performs well in terms of accuracy compared to other
approaches (Chapter 5, Table 2), and is fully surpassed only by a method based on surrogate
gradients that has since been published (Cramer, Billaudelle et al. 2022).

Notably, the time-to-classification in the network is actually much shorter than the 50 ps
experiment duration, approximately 10 pus. The disparity arises because the residual activity
needs to decay back to rest state for the network to be able to classify the next input. A speed-
up can be achieved straightforwardly by triggering a reset. With this, Cramer, Billaudelle et
al. (2022) increase the rate by more than a factor of 4 while the additional circuits only draw
approximately 20 mW more power.

Recently, we have boosted our method by including an on-chip implementation of transmis-
sion delays. While we have recovered the expected performance enhancement due to the inclu-
sion of delays, we have observed an increased benefit: Chapter 7, Figure 5 shows a substantial
improvement of the outcome of a network by including delays, probably by stabilising the ac-
tivity against noise. This is especially visible in these experiments because they are conducted
with small networks, where hardware inhomogeneities have exacerbated repercussions. The
stabilising effect, however, is expected to also improve performance in tasks requiring larger
networks.

8.4. Relations to existing methods

Beyond our approach of analytic, event-based processing and exact gradients, alternative meth-
ods have been used to train SNNs. Though these methods aim for the same objective, they vary
significantly in terms of applicability, generality, exactness, and compatibility with event-based
computation.

Surrogate gradients Since their introduction by Zenke and Ganguli (2018) and Neftci et al.
(2019), surrogate gradients have become the de facto standard to train SNNs due to the broad
dissemination, their ease-of-use, and independence from specific neuron models. The approach
is based on assuming the spiking output of a neuron purely as a function of its membrane
voltage umem and, crucially, for the gradient calculation defining a differentiable approximation
to this function, the surrogate (Eq. (2.29)). Essentially, this amounts to changing the problem:
the proper question of the influence of parameters (like the input spike time) on the output of
the neuron, 9T /dt, is replaced with combining the influence of parameters on the membrane
potential dupen, /9t with the influence of the membrane potential on the spike train, 9S/0umen.
This change of question is directly related to the common misconception about a supposed lack
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of differentiability of spikes: while the membrane voltage is not differentiable at the time of
the spike when it is reset, the spike time itself is still differentiable as we showed in Chapter 5.

Incidentally, the modified question is the direct transfer of the common formulation of er-
ror backpropagation, Equation (2.28), from classical deep learning (DL). With the surrogate in
place, the training essentially becomes backpropagation through time (BPTT) for an equivalent
recurrent neural network (RNN) (Neftci et al. 2019). Because BPTT is an established method
to train ANNs on time sequence tasks in DL (Werbos 1990), its highly-developed machinery
becomes fully applicable, combined with the associated known downsides like costly scaling
of memory and compute (Neftci et al. 2019; Marschall et al. 2020).

More specifically, introducing the surrogate requires the membrane voltage for the calcula-
tion of the gradient. As opposed to the sparseness of spikes, the voltage is a dense quantity,
defined at all times, requiring large amounts of memory and compute even for simulations.
There are also direct consequences for neuromorphic implementations: on analogue hardware,
measuring the voltages of all neurons in parallel demands a fast analogue-to-digital converter
(ADC). For the update calculation, both analogue and digital implementations require access
to numerical values, resulting in correspondingly high bandwidth demands. In general, the
approach follows the tradition of DL to resort to algorithmically simple solutions, replacing
algorithm complexity with increasing computational cost.

Additionally, since the derivation fundamentally rests on an approximation, one consistently
operates within this approximation. In contrast to, e.g., the simplification a model introduces
where abstraction can render a task feasible, the approximation at hand inherently changes the
information flow in the forward and backward path: the optimised system is different from the
actual SNN. This can be helpful, because for quiescent networks the surrogate operates as an
implicit regularisation to create suitable activity. Yet, it also distorts the updates, to the point
that the surrogate gradient can aim in the opposite direction of the correct gradient (Gygax
and Zenke 2025). This paper also shows that, mathematically, surrogate gradients are a non-
conservative vector field, i.e., there is no modified loss function which one is guaranteed to
optimise. Although it is not clear how the observation of opposing gradients generalises to the
high-dimensional environments encountered in practise, it proves that following the surrogate
gradient can lead to deteriorating performance.

EventProp An intrinsically exact alternative is the EventProp algorithm, described by Wun-
derlich and Pehle (2021). Based on the adjoint method (Galan et al. 1999; Serban and Recuero
2019), it is an extension of existing applications for neural networks (Chen et al. 2018; Jia and
Benson 2019). It also builds on work proving the applicability of the implicit function theorem
for neuronal dynamics at the time of a spike (Yang et al. 2014). The algorithm provides a gen-
eral method to calculate exact gradients in an SNN. In simulations, for the forward path it relies
on explicit equations like ours, or time-stepped numerical integration (e.g., GeNN by Nowotny
et al. 2025). For models for which the evolution of the state variables is known as an explicit ex-
pression, a root solver can be employed to find the time the voltage reaches the threshold (Brette
2007).

Given spike times from a forward pass as described above or from a neuromorphic sub-
strate, EventProp describes a way to arrive at the desired gradients of the loss. The respective
differential equations can either be integrated numerically, or analytically for an event-based
computation. In particular, for Tmem = Tsyn and Tymem = 27gyn one recovers our results (Bless-
ing 2023). The absence of explicit equations for the gradient calculation limits the insights into
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the low-level dynamics of learning, such as the interpretation of the spike-timing-dependent
plasticity (STDP) term, but achieves an algorithmically more straightforward formulation.

8.5. Activity and dynamics in biological brains

Our networks are synthetically optimised for machine intelligence — and yet claim to be in-
spired by biology. This of course raises the question of how close they actually are to biolog-
ical circuits. For an answer, we focus first on the mode of information coding, second on the
combined analysis of network dynamics and structure as shaped by training, and finally on a
connection to delay plasticity in biological neurons.

Spike time coding in the brain As described in Section 2.1, information encoding based
on individual spikes and their precise timing has been observed in a variety of brain areas
and species. This might seem to contradict the stochasticity that is commonly associated with
brain activity. In their seminal paper, however, Mainen and Sejnowski (1995) show stochastic
behaviour as a consequence of synthetic input, while realistic synaptic stimuli lead to highly
reproducible spikes with little variation.

Notable among the observations of precise spikes in the brain is their role in tactile sensing,
e.g., in encoding of whisker localisation in rats (Panzeri et al. 2001; Petersen et al. 2001) and
encoding tactile information in fingertips in humans (Johansson and Birznieks 2004). Another
example is the auditory system, where first spikes are crucial (Carr and Konishi 1990; Heil 2004).
Few-spike codes also play an important role in vision: specifically, in a variety of animals the
retina seems to use precisely timed spikes (Berry et al. 1997), and in monkeys, intricate patterns
have been observed in higher cortical areas, too (Ayzenshtat et al. 2010). Also in human vision,
timing of spikes is considered to be important (Thorpe et al. 2001; Reich et al. 2001). Being
able to operate in the limit of only few spikes enables the short timescales observed in human
vision, which are measured to be on the order of 150 ms (Antal et al. 2000; Thorpe et al. 1996).
Lamme and Roelfsema (2000) present evidence that simple visual processing is driven by a first
wave of activity that passes in a fast, feedforward manner through the visual hierarchy, carried
by single spikes per neuron. What all of these experimental observations have in common is
the need for fast information propagation to enable rapid reactions based on sensory input,
relying on the precise timing of individual spikes. Together, they on the one hand provide
a biological motivation for the TTFS encoding employed in this thesis, that unlocks fast and
energy-efficient classifications similar to how an animal needs to be able to perform quick
reactions in a resourceful manner. On the other hand, it also moves our networks closer to
biological approaches for information processing, opening the possibility for a more detailed
comparison of the respective network dynamics.

Emergence of synchronised activity along distinct pathways We explored the struc-
ture and activity of our trained networks in Chapter 6. The investigated networks use TTFS
encoding and are particularly deep to study the propagation over multiple layers. In addition,
the networks adhere to Dale’s law, i.e., in each layer the neurons are separated into an excita-
tory and an inhibitory population. In the studied networks, this generally does not impair the
training but allows the clear distinction of excitatory and inhibitory effects.

The networks were trained to classify images of handwritten digits, the MNIST dataset. The
size of the layers is not designed for efficiency (i.e., drastically more parameters compared
to Chapter 5) but to allow the emergence of population effects by many participating neurons.
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Following a stimulation, a wave of activity propagates through the network. In early layers,
the temporal distribution of this wave spreads, while it condenses towards the later layers
(Chapter 6, Figs. 1 and 4; Fig. SLB.2), effectively synchronising while travelling through the
network. Packets of pulses have been the focus of theoretical studies before (Diesmann et al.
1999; van Rossum et al. 2002; Vogels and Abbott 2005; Shimizu and Toyoizumi 2025), however,
the previously studied networks have been randomly initialised as opposed to being trained on
a task. Examining activity propagation across layers of neurons, synchronisation was observed
in both in vitro (Reyes 2003)*° and in vivo studies (Gray et al. 1989; Gray and Singer 1989). It is
speculated to enable complex visual processing via the connection of concepts related to each
other but encoded in spatially distant locations in the brain (Singer and Gray 1995).

When training our networks, we observed the formation of distinct pathways for the exci-
tatory activity (Chapter 6, Fig. 4). In addition, the populations of inhibitory neurons develop a
broad dampening effect on the next layer that is akin to the blanket of inhibition described for
the cortex (Fino and Yuste 2011; Karnani et al. 2014). Both effects together, the selectivity of ex-
citatory neurons and unspecific inhibition, have also been observed in the visual cortex (Sohya
et al. 2007; Niell and Stryker 2008). The formation of distinct chains leads to a semantisation of
activity. As highlighted by Chapter 6, Figure 4a, a neuron in a chain being active becomes in-
dicative of the respective class, similar to the idea of grandmother neurons in the brain: few and
even single neurons encoding high-level concepts (Kobatake and Tanaka 1994; Quiroga et al.
2005; Rust and DiCarlo 2010). Importantly, while our networks were initialised stochastically
and with a dense, all-to-all connectivity between layers, the training forges distinct regions
with little overlap. With semantisation and synchronisation, our training method recreates
two key features of the visual hierarchy in our networks, strengthening the tie between syn-
thetic models and experimental observations.

Adaptation of transmission delays in animals While the main point of our study of trans-
mission delays in Chapter 7 was to explore their relevance in a DL context, reviewing studies
of delay learning in biology proves insightful. In the brain, the delay along an axon is deter-
mined by the axonal length and the conduction speed which in turn depends on the axon’s
morphology and extent of myelination. Recent evidence suggests the importance of myelina-
tion change for learning: McKenzie et al. (2014) study specifically novel myelination through
newly-generated oligodendrocytes (OLs), and examine the learning of a new motor task in
mice.?® Without active myelination, mice can still perform previously encountered tasks and
improve their performance on these tasks. However, they are significantly impaired in learn-
ing a new task, and McKenzie et al. conclude that ‘motor skill learning requires active central

»Tn a newer study, Barral et al. (2019) indicate that synchronisation does, in fact, not occur. However, their setup
differs in several central aspects from ours, among them network architecture, stimulus strength, and preparation of
networks: their cultures are unconditioned while our networks are extensively trained to evoke responses given a
specific type of input. Two questions arise naturally, one, how activity in our network shifts while the network goes
from untrained to trained state, and two, how the in vitro neurons change their activity when they are conditioned
on the stimuli.

%QLs are responsible for myelination in the central nervous system. Crucially, McKenzie et al. inactivate the
Myelin regulatory factor (Myrf) precisely in the precursor cells of OLs. Because Myrf is essential for generating
myelination, the lack of Myrf in new OL cells makes it possible to study the effect of blocking novel myelination,
without affecting existing OLs and the present myelination.
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myelination’. Other studies have recently corroborated this new idea of the indispensability of
myelination for learning tasks (Xin and Chan 2020; Steadman et al. 2020; Pan et al. 2020).%7

Given the significance of plasticity of delays for spatio-temporal tasks in biology, it seems
appropriate to study this behaviour in more detail, possibly identifying the local purpose of
changing delays on a circuit level. This might allow the reevaluation of the ties between our de-
lay learning and biology: by knowing about the direct computational effect of a delay change,
our learning rules could offer guidance for experimental design as well as interpretation of
experimental observations. Another insight concerns the OLs: because they control the myeli-
nation of many different axons, they have access to relative spike times between these axons.
This would otherwise not be ‘local” information, but OLs allow it to be part of a biologically
plausible learning rule.

One possibility for such a study of adaptation of biological delays is with isolated cultures
that grant a high level of control. Experiments of clusters of human-induced pluripotent stem
cells, sometimes called organoids, have recently gained attention (Kagan et al. 2022). In par-
ticular, this new technique allows imposing lengths of axons by guiding their growth through
specifically structured PDMS substrates (Amos et al. 2024). With the help of microelectrode ar-
rays, such experiments provide precise control over stimulation as well as measurement (Kiich-
ler et al. 2025), and thus enable studies of transmission delays (Amos et al. 2025). Augmenting
these experiments to include OLs would, for example, permit the precise study of information
exchange between axons across the OL cell.

8.6. Improved functionality towards biologically plausible
online learning

Our work provides many possible future directions, some of which we outline in the follow-
ing. The most apparent is the extension to networks of more complex dynamics as well as
architectures, while retaining efficiency and interpretability. In addition, it is desirable to con-
tinue our analyses of activity in the network, to further stabilise the training, and to investigate
biologically plausible variants.

Exact training of more complex networks In Chapters 5 to 7 we restricted both our input
stimuli and the network activity to a TTFS coding. With it, we were able to reach high accura-
cies with efficient simulations, describe a connection to biology, and achieve fast and accurate
classification on a neuromorphic substrate. However, for more general applications on longer
timescales, like processing of audio (Cramer, Stradmann et al. 2022; Warden 2018), flexibility
in spiking activity is desirable, especially flexibility in the number of spikes (Bacho and Chu
2023). While multiple input spikes can be handled trivially, the capability of supporting mul-
tiple spikes within the network requires the adaptation described in Chapter 7, Section SI.D.
In the case of single spikes, we could make use of efficient data structures for the spike times
(Chapter 5, Eq. 39), but multiple spikes per neuron compromise this efficiency. It constitutes

“’Changes in myelination are also connected to several diseases: severe mental illnesses are correlated with
altered OLs, specifically modifications in genes related to myelination (Sokolov 2007). Makinodan et al. (2012)
observed changes in myelination following social isolation during weaning that prevent normal cognitive function.
In adult mice, too, isolation leads to (recoverable) behaviour-affecting alterations in myelination (Liu et al. 2012).
There is also a hypothesised mechanism for the reduction of myelination associated with ageing (Shen et al. 2008).
Altogether, it is a field of active study with many open questions, e.g., how OLs can be assisted and subsequent
myelination facilitated (Chamberlain et al. 2017; Rosko et al. 2023).
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not a conceptual but a practical problem, and a solution might be to adopt existing software.
Besides the time-stepped software GeNN?® (Knight and Nowotny 2023) an event-based solution
(jaxsnn, Miiller et al. 2024) has only recently undergone significant improvements. Incidentally,
devising meaningful benchmarks for comparisons of time-stepped and event-based approaches
is an ongoing endeavour.

When attempting to solve tasks that exhibit long intrinsic time constants, a typical solution is
to include recursion: networks with this architecture, RNNs, allow neurons to stimulate them-
selves via feedback, naturally extending the effective timescales of the network dynamics. This
feedback effectively requires multiple spikes. Consequently, the inclusion of multiple spikes
facilitates the consideration of more general architectures. For specific tasks, transmission de-
lays can reduce the significance of the increased computational complexity of RNNs (Chapter 7,
Fig. 4; D’Agostino et al. 2024), but for a general training framework flexibility in the architec-
ture is certainly preferable. While RNNs introduce no additional mathematical complication,
they might require a more elaborate execution of the computation to be efficient, but also bring
the networks closer to biological structures.

Studying mathematical properties of networks Successful training of a network amounts
to finding a trajectory through the loss landscape to a minimum. The high-dimensional nature
of this landscape, unfortunately, renders any intuition difficult. Any change to a network’s
topology or the choice of output decoding has considerable effects, complicating the compar-
ison of competing approaches (Goltz et al. 2023). Complimenting our analysis in Chapter 6,
a new avenue to understand the conditions for the computational complexity of networks is
an analysis inspired by linear pieces in ANNs (Montufar et al. 2014). For SNNs, Dold and
Petersen (2025) extend the idea of causal sets (c.f., Chapter 7, Section SL.C) to causal pieces.
Each such piece is a connected subset of the space of inputs and parameters for which the
output is generated by an identical chain of activity, that is, a region in the input for which
the computational graph does not change. Both network expressivity and training success
has been shown to positively correlate with the number of causal pieces (Dold and Petersen
2025). However, the analysis so far is limited to non-leaky integrate-and-fire (nLIF) neurons,
and the extension to the more complicated LIF model which was described in this thesis is both
straight-forward and promising. The goal, then, is to determine factual backing for existing in-
tuition, e.g., concerning initial values and the effectiveness of ad hoc techniques, ultimately
leading to improvements in the performance.

Regularising activity Our method of training SNNs requires the neurons to be active: in
order for the derivative of the spike time to exist, a spike must have occurred. To ensure suf-
ficient activity, we employ homeostatic weight bumping (Mostafa et al. 2017; Nowotny et al.
2025). For all neurons with insufficient activity, it indiscriminately increases weights: the exact
gradients do not have information on a change in the loss upon neither creation nor deletion
of spikes. The necessity of spiking activity for well-defined gradients is a natural requirement
of all spike-based approaches. In contrast, surrogate gradients inherently act as a regularisa-
tion of the activity, treating suboptimal initialisations gracefully by driving the network to an
active state even when initially quiescent (Zenke and Ganguli 2018). This is a motivation to

28 GeNN has enriched research (e.g., Max et al. 2024; Nowotny et al. 2025; Mészaros et al. 2025), but as its training
of SNNs is based on EventProp it deprives us of explicit equations. Additionally, compared to surrogate-gradient-
based approaches, the communication is event-based, but the software flow is inherently time-stepped (Shoesmith
et al. 2025).
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incorporate voltage-based terms into the loss, e.g., by mixing surrogate and exact training, the
former to settle into a good position in the loss landscape independent of initialisation, the
latter to efficiently and exactly find the optimum. Another promising direction lies in stepping
away from the coarse weight bumping and, for all neurons i without a spike, using a term
proportional to their maximum voltage @ ); Ui max as a regularisation. In essence, this finds
the path to a spike requiring the smallest weight change. As shown in Chapter 7, Section SLE,
the respective gradient can be calculated in an event-based fashion and only depends on the
time of the maximum (Chapter 7, Eq. SL.41). This could be a possibility to unite many advan-
tages: stabilisation of learning by including voltages, data minimisation through event-based
training, and efficient inference only relying on spikes.

Biologically plausible online learning Among neuroscientists, it used to be a common-
place that the brain does not learn in supervised fashion with error backpropagation (Grossberg
1987; Crick 1989). At first glance, learning by gradient descent (Eq. (2.22)) requires access to a
global loss function, which is in apparent conflict to biological constraints such as locality in
space and time. However, more recently the debate has opened up again (Lillicrap and Santoro
2019; Lillicrap et al. 2020). A key insight is that optimising performance with small changes,
maybe inadvertently, correlates with gradients of a loss (Richards and Kording 2023). In addi-
tion, a variety of biologically plausible mechanisms for transporting the error signals through
networks have been described.?” For the most part, these proposals resort to rate coding in
one form or another. In rate codes, an error usually means that a neuron should be either more
or less active. In spike time coding, however, an error indicates the need for an earlier or later
spike, and no natural transfer between the two descriptions is currently known.

However, once the error of the spike is locally available, the parameter update itself is local
according to our learning rule.’* Additionally, the simplified version (Chapter 5, Section SL.D)
amounts to simple STDP with the error as a third factor. This implies that the update is bio-
logically plausible and amenable to a hardware implementation, if the error is made available
locally. Deciphering how the brain blends the required gradients together with the spiking im-
plementation of communication and plasticity is one of the central enigmas in computational
neuroscience, and fully resolving it will also lead the way to online learning of streaming data
even in a hardware implementation.

#Some proposals mainly target the implementation of error backpropagation in cortical microcircuits (Sacra-
mento et al. 2018). Other, more performant approaches are geared towards fast inference and reliable learning
in the presence of intrinsically slow neurons (Haider et al. 2021; Senn et al. 2024), or dedicated to finding an ef-
ficient and timely distribution of errors throughout the network to solve the spatio-temporal credit assignment
problem (Ellenberger et al. 2025).

%The prefactor in Chapter 5, Equations 4 and 5, seems to depend on nonlocal quantities, as a synapse would
not be expected to be aware of the spike times of other presynaptic neurons. However, as shown in Section SI.C,
the prefactor is proportional to the time derivative of the membrane potential, which is a local variable.
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8. Summary and discussion

8.7. Conclusion

The brain’s efficiency in solving complex spatio-temporal tasks served as the central inspira-
tion throughout this work. It led us to establish a new benchmark that fundamentally requires
the detection of the intrinsic spatio-temporal fingerprint (Chapter 4). We furthermore solved
the challenge of training deep spiking networks (Chapters 5 and 7), and related these trained
networks to their biological archetype, recovering key principles of neuronal sensory integra-
tion (Chapter 6).

In addition, we have put forward a tangible demonstrator for education and outreach (Chap-
ter 3): the dissemination of our knowledge and insights is a central justification of public in-
vestment, and Lu.i is a prime example for successful science communication. It has been used
in schools, academic lectures, and by industry, has appeared at a multitude of public science
events, and it is set to appear in a long-term exhibition in the Senckenberg Naturmuseum in
Frankfurt.

The central scientific contribution of the thesis is the exact and event-based formalism to
train spiking neural networks and its application on a neuromorphic substrate for fast and
efficient classification. The approach has been picked up by other groups, notably by Bacho
and Chu (2023) and Klos and Memmesheimer (2025). In addition, the realisation that informa-
tion flows through the network as spikes is also at the foundation of EventProp. Our explicit
equations are the workhorse for the respective software framework, jaxsnn, and serve as a
ground truth for comparisons. Our work marks, to our knowledge, the first high-performance,
energy-efficient solution for classification on a mixed-signal neuromorphic substrate, setting a
new standard for fast and robust processing.

The era that was governed by Moore’s law advanced at a steady pace with predictable gains
in speed and efficiency. In the future, progress is expected to be a lot more unpredictable and
will likely yield increasingly specialised computing infrastructure. Drawing targeted insights
from neural mechanisms and translating them into optimised algorithms and hardware can yet
unlock the next wave of transformative innovation.
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Acronyms

ADC analogue-to-digital converter.

AdEx adaptive exponential leaky integrate-and-fire.
Al Artificial Intelligence.

aLIF adaptive leaky integrate-and-fire.

ANN artificial neural network.

ASIC application-specific integrated circuit.

ATP adenosine triphosphate.
BPTT backpropagation through time.

CCBY-NC-ND Creative Commons licence, described as ‘Attribution-NonCommercial-NoDerivatives’,
see https://creativecommons.org/licenses/by-nc-nd/4.0/.

CMOS Complementary Metal-Oxide-Semiconductor.
CNN convolutional neural network.

CNS central nervous system.

CoBa conductance-based.

CuBa current-based.

DL deep learning.

DNN deep neural network.

GABA gamma-aminobutyric acid.
GD gradient descent.
GeNN GPU enhanced Neuronal Network simulation environment..

GPU graphical processing unit.

I/0 input/output.

ITL in-the-loop.

LIF leaky integrate-and-fire.
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Acronyms

LLM large language model.
LSM liquid state machine.

Lu.i Educational neuron PCB, implementing LIF dynamics. It is named after Louis Lapicque
who proposed the model.

ML machine learning.
MLP multilayer perceptron.

MNIST Dataset comprising handwritten digits commonly used as a machine learning (ML) vi-
sion task. It is a modified version of an older dataset by NIST, thus the acronym ‘Modified
National Institute of Standards and Technology’ dataset.

MSE mean squared error.

Myrf Myelin regulatory factor.
nLIF non-leaky integrate-and-fire.

ODE ordinary differential equation.

OL oligodendrocyte.

PCB printed circuit board.
PDMS polydimethylsiloxane.
PNS peripheral nervous system.

PSP postsynaptic potential.
gqLIF quadratic integrate-and-fire.

ReLU rectifying linear unit.
RL reinforcement learning.
RLHF reinforcement learning from human feedback.

RNN recurrent neural network.

SGD stochastic gradient descent.

SNN spiking neural network.

STDP spike-timing-dependent plasticity.
SVM support vector machine.

TPU tensor processing unit.

TTFS time-to-first-spike.

YY Yin-Yang.
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SI.LA. Dissemination of Lu.i

Figure SI.A.1.: Lu.i neuron as produced by Mercedes-Benz. Photo by Mercedes-Benz Group
AG taken with permission from the press release (Mercedes-Benz Group AG 2024). This and
similar photos were featured as part of their own public outreach®® as well as in a number of
press articles, e.g., by Top Gear (Abidin 2024) and the Frankfurter Allgemeine Zeitung (Win-
terhagen 2024).

%https://group.mercedes-benz.com/innovations/product-innovation/
autonomous-driving/neuromorphic-computing.html
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Appendix

SI.B. Supplementary analysis of the activity in a deep network

In addition to the six and seven layer networks included in Chapter 6, we trained a deep net-
work with ten layers (one input, eight hidden, and one output layer). The network adheres to
Dale’s principle, i.e., each hidden layer is separated into an excitatory and inhibitory popula-
tion. In comparison to the more shallow networks, the layers in the network have a reduced
size with 75 excitatory and 25 inhibitory neurons instead of 300 and 100, respectively. Even
without hyperparameter tuning, the training algorithm performs well (Fig. SI.B.1) with a re-
sulting test accuracy of 97.0 % (99.3 % train). Figure SL.B.2c highlights the constraint in the
connectivity with a clear split in the weights between the excitatory and inhibitory neurons.

In Figure SI.B.2 we can see synchronisation emerging in this deep network: the activity
spreads out in the early layers, and condenses towards the label layer. The effect is visible
both directly in the raster plot (Fig. SLB.2a), and in the histogram of the spiking activity as a
sharpening of the peaks (Fig. SL.B.2b).
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Figure SI.B.1.: Training a ten-layered network. (a) Training and validation error during
the training indicates that the algorithm can make good use of the computational capabilities
of the network, because the training error becomes very small. The gap between validation
and training error implies that there is a lack of generalisation which is a consequence of the
large network and could be combatted by more advanced data augmentation. (b) The confusion
matrix has a prominent diagonal of correctly classified classes, reflecting the high test accuracy.
(c) Example trained weight matrix between the first and second hidden layer. It is apparent that
the first 75 neurons (rows below the horizontal dotted line) only have excitatory connections
with positive weights (red), while the remainder is inhibitory, with negative weights (blue).
The next layer has an identical setup, first excitatory then inhibitory neurons (separated by the
vertical dotted line). There is a visible difference in the hue between these two populations.
(d) Distribution of the weights from (c) of excitatory neurons, separated by whether they target
excitatory (left) or inhibitory (right) neurons. The visible difference from before is confirmed:
the connections to inhibitory neurons are stronger, highlighted by the higher median (central
line) for the right distribution. (e) Weight distribution as in (d) but for inhibitory neurons. The
large fraction of vanishing weights for inhibitory-inhibitory connections (white area on the
top right in (c)) appears as a bump at 0 in the right distribution.
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SLB. Supplementary analysis of the activity in a deep network
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Figure SL.B.2.: Synchronisation in a deep network. (a) Raster plot of the activity in the
network in response to the presentation of a sample image. The input spikes encode the pixel
brightness in the timing of their spike (brighter is later). For the hidden neurons, spikes are
colour-coded depending on whether they belong to an excitatory (red) or inhibitory (blue)
neuron. The output neuron associated with the correct label of the sample (indicated by a star)
spikes before the other output neuron, i.e., the network classified correctly. The activity in the
input is initially very peaked, but causes a dispersed activity in layers 2 and 3. Afterwards,
the pulse condenses in the later layers. (b) This impression is confirmed when looking at the
histogram of the activity. The maximum of activity in the histogram (counting only spikes
before the classifying spike in the output, black dashed line) is marked as a red or blue dash-
dotted line for the excitatory or inhibitory population, respectively.
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Appendix

SI.C. Locality of the derivative

In the discussion we mentioned that the derivatives required in the learning rule (Chapter 5,
Eqgs. 2 and 3) can be brought into a form that depends only on local quantities. Apart from the
difference between the spike of the neuron s, and the presynaptic spike times t;, the equations
are nonlocal in the first two factors:

Otep 1 1 t;

= — ) (tsp — ti) , SI.C.1
ow; ay W(z) + 1 P (Tsyn> (tp = 1) ( )
8tsp 1 1 tl' Wi

= — (tsp — 8 — . SL.C.2
at,' ap W(Z) +1 xp (Tsyn> Tsyn ( P ! Tsyn) ( )

Looking specifically at this denominator, and using the definition for z (Chapter 5, Eqs. 15
and 18) as well as a; and b (Chapter 5, Egs. 11 and 12), we calculate:

I
ai (W(Z) + 1) =b- a; P + a4 (SIC?))
Tsyn
= Z exp Lj W.M (SLC.4)
jeC Tsyn ! Tsyn
L tsp — L bi—tsyp+ T
= exp (TSP ) Z exp (— S]‘; j) wj ! ;p Rl (SLC.5)
syn/ jec syn syn
I
= exp < = ) CrnemUmem(tsp) - (SLC.6)
Tsyn

In Equation (SI.C.5), suggested by the last fraction that we always encounter in the context of
time derivatives of the voltage, we can recognise #yem. Inserting this into Equations (SI.C.1)
and (SL.C.2) yields the final form:

at, 1 1 bsp — £
w _ | exp <_ s 1> (1o — 1) . (SLC.7)
ow; Crmem umem(tsp) Tsyn
ot, 1 1 tsp — £ bp— b4 — T
ey e (i s1CH)
at; Crnem umem(tsp) Tsyn Tsyn

containing only quantities that are arguably locally available at the synapse. As argued in
Section 8.6, when providing the error locally to the synapse this leads to a fully local learning
rule.

Additionally, under careful inspection of these equations we note that another derivative ap-
pears, dUmem/dw; for the former and duen /dt; for the latter. In fact, this can be independently
derived by using the implicit function theorem as shown by Yang et al. (2014), producing the
derivative of the spike time ty, with respect to a parameter 0:

dlsp _ 1 Jupmem
- a mem
00 uT 00

(SLC.9)

Interestingly, this does not depend on the ratio of time constants, so together with Chapter 7,
Section SI.D it provides an explicit training method for general leaky integrate-and-fire (LIF)
neurons.
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SLD. Including delays into neuronal dynamics

SI.D. Including delays into neuronal dynamics

In Chapter 7, we separated the delay mechanism from the computation in the neuron (see
Chapter 7, Fig. 2) which enabled the efficient software execution. Another common formulation
includes delays within the parameters of the neuronal computation, which we briefly develop
in the following.

The effect of a transmission delay is the time difference between the moment of spike emis-
sion and the moment the spike influences another neuron. This is captured formally in Equa-
tion (2.10). Generalising to a neuron with multiple presynaptic partners, let us assume a se-
quence of input spikes {t;} with associated parameters, weights {w;} and delays {d;}. For expo-
nential current-based (CuBa) synapses, the voltage dynamics is then described by

Umem(t) = Z@(t —(t + d,))?&

¢ Tmem — Tsyn

exp <—t _T(i; di)) — exp (—t _ (Ttsly: di))} . (SLD.1)

We amend the definition of the shorthands a and b in Chapter 5, Equations 11 and 12, to be

ti+d; - ti+d; ti + di
an = Z w; exp ( il ) and b := Z w; il exp ( il ) . (SLD.2)
y

ieC nTSyn ieC Tsyn Tsyn

As before, the definition depends on the causal set C = {i | t; + d; < ts,} of input spikes with
a causal effect on the output spike t;,. Corresponding to Chapter 5, Equations 2 and 3, for

Tmem = Tsyn We get a spike time
9 b
—gf exp (~)] } , (SLD.3)
ay ap

(SLD.4)

b
tsp = Tsyn{.._w

ai

and for Tmem = 2Tsyn

tsp = 2TsynIn

as + ﬂ&% - 4&1g[19

Because both d, and b, and therefore Equations (SL.D.3) and (SL.D.4), are symmetric under the
exchange of the input spikes #; and delays d;, we can conclude that the derivatives with respect
to t; and d; are identical

otsy Oty
ot,  od;

(SLD.5)

In other words, we recover the observation that shifting an input spike time versus changing
a delay has the identical effect on the output spike.
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Cover

Artistic representation of the response of two label neurons (front and back cover) after training
a spiking network to classify the Yin-Yang data set on the neuromorphic hardware BrainScaleS-2.
Each circle represents one pattern (see Chapter 4, Fig. 1), and its colour shows the spike time
of the depicted label neuron, red meaning the neuron fired first and decided the classification,

similar to Chapter 5, Fig. 4.
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