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Abstract

This thesis explores some aspects of how techniques from classical, deterministic, nonlinear optimization
can be adapted to address the challenges posed by optimization problems that arise in neural network
training. Such problems can be formulated as large-scale, stochastic and non-convex parameter
estimation problems. Threemain contributions are presented. First, we explore amultilevel optimization
technique inspired by Multigrid Optimization (MG/Opt) for stochastic optimization problems. Starting
with a method tailored to strongly convex quadratic objective functions, and continuing with a version
suited to non-convex objective functions, stochastic MG/Opt variants are proposed and analyzed. For
strongly convex quadratic problems, transfer operators suited to the Stochastic Gradient Descent (SGD)
method are proposed and analyzed theoretically. For non-convex problems, novel convergence results
are provided for stochastic bi-level formulations using SGD with both fixed and diminishing step
sizes. This analysis highlights both the potential benefits and the limitations of the approach. The
practical applications of multilevel structures in neural networks are also discussed. However, not
all hierarchical constructions yield practical improvements. Furthermore, multigrid optimization in
highly non-convex, stochastic settings remains only partially understood. Second, Sensitivity-based
Layer Insertion (SensLI), a sensitivity-based procedure for adaptive layer insertion, is introduced.
SensLI formulates network expansion as a constrained sensitivity analysis problem and produces
a simple, general selection criterion for promising insertion positions. Numerical experiments on
several architectures demonstrate that SensLI can efficiently increase model capacity during training.
A theoretical comparison of the computational cost of the layer selection process with that of other
adaptive methods is provided and shows its efficiency. Additionally, the method is extended to layer
widening. Third, we propose a layer-wise preconditioning framework based on Frobenius-type inner
products on the spaces of linear maps. This framework can handle predefined inner products based on
prior knowledge of the layer spaces as well as data-driven inner products that adapt during training.
We present a covariance-driven construction for the inner products on layer spaces and their resulting
preconditioner, which equip layer spaces with non-Euclidean structures that describe the distribution
of the layer data. This preconditioner is strongly similar to the Kronecker-Factored Approximate
Curvature (K-FAC) method. Numerical studies critically assess the empirical benefits and limitations
of this covariance-based preconditioner in practice.

Overall, the results demonstrate the value of classical optimization ideas for training neural networks,
provided they are carefully tailored to the stochastic, high-dimensional, and non-convex nature of
modern models. The thesis concludes with recommendations for future research, including a tighter
integration of theory and experiments and a deeper understanding of the circumstances under which
specific hierarchies, preconditioners, or insertion rules improve training.
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Zusammenfassung

Diese Arbeit untersucht, wie ausgewählte Techniken aus der klassischen, deterministischen, nichtlinea-
ren Optimierung angepasst werden können, um die Herausforderungen zu bewältigen, die sich aus
Optimierungsproblemen beim Training neuronaler Netze ergeben. Solche Probleme lassen sich als
hochdimensionale, stochastische und nichtkonvexe Parameter-Schätzungsprobleme formulieren. Es
werden drei wesentliche Beiträge vorgestellt. Zunächst untersuchen wir eine von MG/Opt inspirierte
mehrstufige Optimierungstechnik für stochastische Optimierungsprobleme. Ausgehend von einer
Methode, die auf stark konvexe quadratische Zielfunktionen zugeschnitten ist, und fortfahrend
mit einer Version, die für nichtkonvexe Zielfunktionen geeignet ist, werden stochastische MG/Opt-
Varianten vorgeschlagen und analysiert. Für stark konvexe quadratische Probleme werden Transferope-
ratoren vorgeschlagen, die für die SGD-Methode geeignet sind, und theoretisch analysiert. Für
nichtkonvexe Problemewerden neue Konvergenzergebnisse für stochastische zweistufige Formulierung-
en unter Verwendung von SGDmit festen und abnehmenden Schrittweiten bereitgestellt. Diese Analyse
hebt sowohl die potenziellen Vorteile als auch die Grenzen des Ansatzes hervor. Die praktischen
Anwendungen von mehrstufigen Strukturen in neuronalen Netzen werden ebenfalls diskutiert. Aller-
dings führen nicht alle hierarchischen Konstruktionen zu praktischen Verbesserungen. Darüber
hinaus ist die Mehrgitter-Optimierung in nichtkonvexen, stochastischen Umgebungen nach wie vor
nur teilweise verstanden. Zweitens wird SensLI vorgestellt, ein sensitivitätsbasiertes Verfahren zur
adaptiven Einfügung von Schichten. SensLI formuliert die Netzwerkerweiterung als ein Problem der
Sensitivitätsanalyse und liefert ein allgemeines Auswahlkriterium für vielversprechende Einfügungsposi-
tionen. Numerische Experimente mit mehreren Architekturen zeigen, dass SensLI die Modellkapazität
während des Trainings effizient erhöhen kann. Ein theoretischer Vergleich der Rechenkosten des
Schicht-Auswahlprozesses mit denen anderer adaptiver Methoden wird bereitgestellt und zeigt dessen
Effizienz. Darüber hinaus kann die Methode auf die Schichtverbreiterung ausgeweitet werden.
Drittens schlagen wir einen schichtweisen Vorkonditionierungsansatz vor, der auf Frobenius-artigen
Innenprodukten auf den Räumen linearer Abbildungen basiert. Dieser Rahmen kann sowohl vordefinierte
Innenprodukte auf der Grundlage von Vorwissen über die Schichträume als auch datengesteuerte
Innenprodukte verarbeiten, die sichwährend des Trainings anpassen. Wir stellen eine kovarianzbasierte
Konstruktion für die inneren Produkte auf Schichträumen und den daraus resultierendenVorkonditionie-
rer vor, der Schichträume mit nicht-euklidischen Strukturen ausstattet, die die Verteilung der Schichtda-
ten beschreiben. Dieser Vorkonditionierer ähnelt stark der K-FAC-Methode. Numerische Studien
bewerten die Vorteile und Grenzen dieses kovarianzbasierten Vorkonditionierers in der Praxis.

Insgesamt zeigen die Ergebnisse denWert klassischer Optimierungskonzepte für das Training neuronaler
Netze, sofern sie sorgfältig auf die stochastische, hochdimensionale und nichtkonvexe Natur moderner
Modelle zugeschnitten sind. Die Arbeit schließt mit Empfehlungen für die zukünftige Forschung,
darunter eine engere Verbindung von Theorie und Experimenten, realistische Kostenmodelle für
stochastischeMethoden und ein tieferes Verständnis der Umstände, unter denen bestimmteHierarchien,
Vorkonditionierer oder Einfügungsregeln das Training verbessern.
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1. Introduction

The success of deep learning in various application domains over the last years has led to a widespread
adoption of neural networks for tasks such as image classification, natural language processing, and
reinforcement learning and to a frequent application of neural networks in scientific computing and
engineering as well.

At its core, a supervised learning task which aims to find a mapping 𝑔exact : 𝑋 → 𝑌 from a vector space
𝑋 to a vector space 𝑌 with neural networks as the model class is formulated as a parameter estimation
problem. A typical optimization problem of this form is given by

min
𝜃 ∈Θ

1
𝐷

𝐷∑︁
𝑗=1
L(𝑔 (𝜃, 𝑥0, 𝑗 ), 𝑦label𝑗 ),

where 𝐷 is the number of training data points with features 𝑥0, 𝑗 ∈ 𝑋 and associated labels 𝑦label𝑗 ∈ 𝑌 ,
and 𝑔 (𝜃, ·) : 𝑋 → 𝑌 is a neural network with parameters 𝜃 ∈ Θ and L : 𝑌 ×𝑌 → R≥0 is a loss function
measuring the discrepancy between predicted outputs 𝑔 (𝜃, 𝑥0, 𝑗 ) and true labels 𝑦label𝑗 .

Training neural networks on this supervised learning task corresponds to solving the above optimization
problem, which is done with iterative optimization methods. The optimization problem is typically
high-dimensional, since the optimization variables are comprised of the parameters of the neural
network and has a highly non-convex objective function. Furthermore, due to the use of data samples
the optimization problem has an underlying stochastic nature, which needs to be taken into account
when choosing optimization methods for neural network training.

Commonly used optimization methods for neural network training are first-order methods, such as
SGD and its variants and extensions. These methods are simple to implement and often use Euclidean
geometry. Further, they are treating the neural network architecture as fixed during training. While
these methods are effective inmany settings, they do not exploit richer geometric or multilevel structure
that could, from an optimization perspective, potentially improve convergence and robustness.

Hence, the aim of this thesis is to investigate how selected techniques from classical nonlinear
deterministic optimization such as multilevel optimization, preconditioning, sensitivity analysis and
adjustable models can be adapted to the challenges of neural network training, with the goal of
improving convergence, robustness, and adaptability in these stochastic, non-convex learning problems.
The techniques need to be tailored to the neural network structure and adapted to the stochastic nature
of the problem; at the same time the methods should remain efficient and scalable to large models and
datasets.
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1.1. Main Contributions

In this thesis, we present threemain contributions that adapt classical nonlinear optimization techniques
to the challenges of neural network training:

We develop multilevel optimization methods based on the MG/Opt method for stochastic optimization
problems. Starting with the construction of hierarchical optimization problems for strongly convex
quadratic objective functions and restriction and prolongation operators suited for SGD, we examine a
stochastic variant of MG/Opt tailored to quadratic problems and examine it theoretically. As a next step,
we propose a stochastic version of MG/Opt adapted to the non-convex and stochastic setting arising
in neural network training, providing convergence proofs for stochastic bi-level formulations with
fixed and diminishing step sizes and exploring potential practical implementations and applications
in neural network training. One other way to exploit the multilevel structure of neural networks
which is naturally obtained by their layer-wise composition is to build up and expand a small baseline
network during training, which we do in the SensLI framework. We formulate SensLI via constrained
sensitivity analysis, which allows us to identify promising positions in the network architecture for
layer insertion based on sensitivity information. We demonstrate the effectiveness of SensLI through
a series of numerical experiments on various neural network architectures, showing that it can lead to
improved performance and efficiency compared to training fixed architectures. Further, we extend
the approach to layer widening. Finally, we introduce a layer-wise preconditioning framework based
on Frobenius-type inner products on spaces of linear maps that unifies predefined and data-driven
inner products. We investigate covariance-driven approaches to build the preconditioners and relate
our framework to Kronecker-Factored Approximate Curvature (K-FAC). Numerical experiments
demonstrate the effectiveness and limitations of the proposed preconditioning strategies in improving
convergence during neural network training.

1.2. Structure

The structure of this thesis is as follows. After the introduction of necessary fundamental concepts,
the main methodological contributions are presented in the subsequent chapters.

The fundamental concepts and their notation used throughout the thesis are introduced in Chapter 2.

Chapter 3 is devoted toMG/Opt methods for stochastic optimization problems. Here, classical multigrid
ideas are adapted to the stochastic and non-convex setting of deep learning. The chapter discusses the
construction of hierarchical optimization problems, analyzes convergence properties, and explores
practical aspects of applying MG/Opt in neural network training.

Following this, Chapter 4 introduces the SensLI framework, which provides a depth-adaptive approach
to neural network training. This chapter details the theoretical foundations of SensLI, describes
its algorithmic implementation, and demonstrates its effectiveness through a series of numerical
experiments on various neural network architectures.

Leonie Kreis 2
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Chapter 5 focuses on the development of preconditioners based on Frobenius-type inner products for
optimization algorithms used in training Feedforward Neural Networks (FNNs). The chapter presents
the mathematical formulation of these preconditioners, and investigates covariance-driven approaches
to build the preconditioners. Further, it evaluates their performance through numerical experiments,
highlighting their potential and limitations to improve convergence during neural network training.

Finally, Chapter 6 concludes the thesis with a summary of the main findings, a discussion of their
implications for neural network training, and an outlook on potential directions for future research.
Additional technical details, proofs, notation and supplementary results are provided in the appendices,
while references to relevant literature are collected at the end of the thesis.

Each of the three main chapters contains its own section discussing related work and a discussion.

Leonie Kreis 3



2. Fundamental Concepts

In this chapterwe introduce selected fundamental concepts from statistics, deep learning and optimization
that are used throughout this thesis. The introduction to necessary concepts from statistics and
optimization can be found among others e.g. in textbooks such as [71] for statistics and [98, 11]
for optimization. We remark that the presentation of deep learning concepts in this chapter is not
exhaustive and serves as a basic introduction to understand the subsequent chapters. We refer to [42]
for a comprehensive introduction to deep learning.

2.1. Statistical Concepts

In this section we introduce selected fundamental concepts from statistics that are used throughout this
thesis to provide stochastic convergence results in Chapter 3 and construct data-driven preconditioners
in Chapter 5.

We consider a probability space (Ω, F , P), where Ω is the sample space, F is the 𝜎-algebra of events
and P is the probability measure. We consider random variables on this probability space, e.g. to model
stochastic gradients or data samples. Each random variable is a measurable mapping

𝑋 : (Ω, F , P) → (𝑉 ,B(𝑉 )),

where𝑉 is a finite-dimensional vector space equipped with the Borel 𝜎-algebra B(𝑉 ). In the following,
we shorten the notation and write 𝑋 : Ω → 𝑉 . We start by introducing the notion of expectation and
covariance.

Definition 2.1 (Expectation of 𝑋 ). The expectation of a random variable 𝑋 : Ω → 𝑉 taking values in a
vector space 𝑉 = R𝑛 is defined as

E[𝑋 ] =
∫
Ω
𝑋 (𝜔)𝑑P(𝜔), (2.1)

if the integral exists.

Definition 2.2 (Covariance of 𝑋 ). The covariance of a random variable 𝑋 : Ω → 𝑉 taking values in a
finite-dimensional vector space 𝑉 = R𝑛 is defined as

Cov(𝑋 ) = E
[
(𝑋 − E[𝑋 ]) (𝑋 − E[𝑋 ])𝑇

]
, (2.2)

if the expectation exists and is finite.

4
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It is also useful to introduce the notion of conditional expectation, which is the expectation of a random
variable given some known information G. In this thesis, we do use the notation of the conditional
expectation with respect to other random variables, such as E[𝑋 |𝑌 ]. The associated 𝜎-algebra is
then the one generated by the random variable 𝑌 . For a more precise characterization of conditional
expectation and independence we refer the reader to [71].

Definition 2.3 (Conditional Expectation). The conditional expectation of a random variable 𝑋 : Ω → 𝑉

given a 𝜎-algebra G ⊆ F is defined as the random variable E[𝑋 |G] that satisfies∫
𝐴

E[𝑋 |G] (𝜔)𝑑P(𝜔) =
∫
𝐴

𝑋 (𝜔)𝑑P(𝜔) for all 𝐴 ∈ G.

Next, we define independence of a random variable and a 𝜎-algebra.

Definition 2.4 (Independence of a Random Variable and a 𝜎-algebra). A random variable 𝑋 : Ω → 𝑉

is said to be independent of a 𝜎-algebra G ⊆ F if for all 𝐴 ∈ G and any 𝐵 ∈ 𝜎 (𝑋 ), it holds that

P(𝐴 ∩ 𝐵) = P(𝐴)P(𝐵).

Here, 𝜎 (𝑋 ) denotes the 𝜎-algebra generated by the random variable 𝑋 .

In order to obtain convergence results for sequences of random variables, we need the following
properties of the conditional expectation and different forms of convergence.

Lemma 2.5 (Properties of the Conditional Expectation). Let 𝑋 : Ω → 𝑉 and 𝑌 : Ω → 𝑉 be random
variables and G ⊆ F be a 𝜎-algebra. Then the following properties hold:

(𝑖) Linearity: E[𝑎𝑋 + 𝑏𝑌 |G] = 𝑎E[𝑋 |G] + 𝑏E[𝑌 |G] for all 𝑎, 𝑏 ∈ R.
(𝑖𝑖) Taking out what is known: If 𝑋 is G-measurable, then E[𝑋𝑌 |G] = 𝑋E[𝑌 |G].
(𝑖𝑖𝑖) Tower property: IfH ⊆ G ⊆ F are 𝜎-algebras, then E[E[𝑋 |G] |H] = E[𝑋 |H].
(𝑖𝑣) If 𝑋 is independent of G, then E[𝑋 |G] = E[𝑋 ].

Lemma 2.6 (Total Expectation). Let 𝑋 : Ω → 𝑉 be a random variable and G ⊆ F be a 𝜎-algebra. Then
the following property holds:

E[E[𝑋 |G]] = E[𝑋 ] .

The next definition introduces the notion of independent and identically distributed (i.i.d.) random
variables, which are used to construct stochastic gradient estimates in Chapter 3 and for SGD methods,
and data-driven preconditioners in Chapter 5.

Definition 2.7 (i.i.d. random variables). A sequence of random variables {𝑋𝑘 }∞𝑘=1 where 𝑋𝑘 : Ω → 𝑉 ,
is independent and identically distributed (i.i.d.) if each 𝑋𝑘 has the same probability distribution as the
others and all are mutually independent.

Leonie Kreis 5
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In the following, the families of random variables {𝑋𝑘 }𝑁𝑘=1 for𝑁 ∈ N∪{∞} have the form𝑋𝑘 : Ω → 𝑉 .

Given i.i.d. random variables {𝑋𝑘 }𝐷𝑘=1, the empirical mean is defined as

𝑋𝐷 =
1
𝐷

𝐷∑︁
𝑘=1

𝑋𝑘 . (2.3)

The covariance matrix estimator for the i.i.d. random variables {𝑋𝑘 }𝐷𝑘=1 with values in 𝑉 = R𝑛 is
defined as

ˆCov𝐷 (𝑋 ) =
1
𝐷

𝐷∑︁
𝑘=1
(𝑋𝑘 − 𝑋𝐷 ) (𝑋𝑘 − 𝑋𝐷 )𝑇 , (2.4)

where 𝑋𝐷 is the empirical mean defined in (2.3).

There are several forms of convergence for stochastic objects such as sequences of random variables.
We show the two most common forms of convergence used in this thesis in Chapter 3.

Definition 2.8 (Convergence in Expectation). A sequence of random variables {𝑋𝑘 }∞𝑘=1 with values in
𝑉 = R converges in expectation to a random variable 𝑋 if

lim
𝑘→∞

E[|𝑋𝑘 − 𝑋 |] = 0

and the absolute moments E[|𝑋𝑘 |] and E[|𝑋 |] exist for all 𝑘 .

The definition can be extended to random variables with values in any finite-dimensional vector space
𝑉 by replacing the absolute value with a norm on 𝑉 .

Definition 2.9 (Almost Sure Convergence). A sequence of random variables {𝑋𝑘 }∞𝑘=1 converges almost
surely (a.s.) to a random variable 𝑋 if

P({𝜔 ∈ Ω : lim
𝑘→∞

𝑋𝑘 (𝜔) = 𝑋 (𝜔)}) = 1.

Remark 2.10 (Relations between Forms of Convergence). Almost sure convergence is the strongest
form of convergence for random variables. It implies convergence in expectation, the converse is not true.

The following definition and result are used to prove almost sure convergence of certain sequences of
random variables in Chapter 3.

Definition 2.11 (Supermartingale). A sequence of real-valued random variables {𝑋𝑘 }∞𝑘=1 is called a
supermartingale with respect to a sequence of 𝜎-algebras {F𝑘 }∞𝑘=1, if for all 𝑘 ,

(𝑖) 𝑋𝑘 is F𝑘 -measurable,
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(𝑖𝑖) E[|𝑋𝑘 |] < ∞,
(𝑖𝑖𝑖) and the supermartingale property holds:

E[𝑋𝑘+1 |F𝑘 ] ≤ 𝑋𝑘 .

Theorem 2.12 (Supermartingale Convergence Theorem [28, Theorem 5.2.9]). If {𝑋𝑘 }∞𝑘=1 is a non-
negative supermartingale, then

lim
𝑘→∞

𝑋𝑘 = 𝑋 almost surely and E[𝑋 ] ≤ E[𝑋0] .

2.2. Deep Learning

Deep learning is a subfield of machine learning. It focuses on learning representations of data through
models composed of multiple processing layers which are called neural networks. The functions
realized by neural networks form a specific hypothesis or model class. A model class is a set of
functions 𝑔(𝜃, ·) parametrized by some set of parameters 𝜃 ∈ Θ; in the simplest form the neural
network functions 𝑔 are parametrized by the finite-dimensional weights𝑊𝑖 and biases 𝑏𝑖 appearing in
the 𝑖-th layer of the neural network.

At its core, deep learning can be viewed as an optimization problem, or more precisely, a parameter
estimation problem, where the goal is to find optimal parameters and associated network function
that minimize a chosen metric L on given data (𝑥0, 𝑗 , 𝑦label𝑗 ) 𝑗=1...,𝐷 . The exact mapping we want to
learn is generally unknown, hence we can only approximate it with e.g. a neural network function.
The power of deep learning arises from its ability to learn complex patterns and representations from
large datasets while being computationally relatively efficient, enabling state-of-the-art performance
in tasks such as image recognition, natural language processing, and many others.

Neural networks as hypothesis classes can be utilized, among others, for unsupervised learning tasks,
where the model learns to find patterns in data which has no explicit labels, or for reinforcement
learning tasks, where the model learns to make decisions based on feedback from an environment.
However, the most common tasks in deep learning are supervised learning tasks, where the model is
trained on labeled data to learn a mapping from inputs to outputs. In the following chapters we focus
on supervised learning tasks.

This section introduces the overall setting, in which the contributions of this thesis are developed.
We start by introducing different types of neural network architectures in Section 2.2.1, followed by
the derivation of a general optimization problem given in supervised learning tasks in Section 2.2.2.
Lastly, we examine the structure of the derivatives and Euclidean gradients of the neural network
architectures in Section 2.2.2.
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2.2.1. Neural Network Architectures

All neural network architectures are composed of layers, each consisting of a set of neurons which
are also sometimes called nodes and a propagation function, that process input data and pass it to the
next layer. The number of layers in a neural network is called the depth of the neural network. The
number of neurons in a layer of the neural network is called the width of the layer. There exist different
types of neural network architectures, such as fully-connected Feedforward Neural Networks (FNNs),
Residual Neural Networks (ResNets), Convolutional Neural Networks (CNNs), and many more. In the
following, we describe common neural network architectures, such as FNNs, ResNets and CNNs.

Fully-Connected Feedforward Neural Networks

A fully-connected Feedforward Neural Network (FNN) is the most classical neural network architecture
and widely used in various applications. An illustrative example of a fully-connected FNN is shown in
Figure 2.1.

In a fully-connected FNN, each layer consists of an affine linear transformation of the input data,
followed by an activation function. The forward pass of data through a fully-connected FNN with 𝐿
layers is given by the equations

𝑦𝑖 ≔𝑊𝑖 (𝑥𝑖−1) + 𝑏𝑖 for 𝑖 = 1, . . . , 𝐿, (2.5)
𝑥𝑖 ≔ 𝜎𝑖 (𝑦𝑖) for 𝑖 = 1, . . . , 𝐿 − 1, (2.6)

𝑋0

(𝑊1,𝑏1 )−−−−−→

𝑌1

𝜎1−→

𝑋1

(𝑊2,𝑏2 )−−−−−−→

𝑌2

𝜎2−→

𝑋2

𝑊3−−→

𝑌𝐿=3

L−→

R

Figure 2.1.: An illustration of the notation for a fully-connected feedforward neural network with 𝐿 = 3
layers.
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for some input data 𝑥0 ∈ 𝑋0. Finally, the output of the neural network is given by 𝑦𝐿 , where the last
layer of the FNN consists only of the affine linear transformation without an activation function. In
some scenarios, the bias 𝑏𝑖 is omitted in the last layer as well, depending on the application. One
layer is usually considered to be the combination of the affine linear transformation and the activation
function, hence consisting of two parts: the pre-activation features 𝑦𝑖 ∈ 𝑌𝑖 and the post-activation
features 𝑥𝑖 ∈ 𝑋𝑖 . The dimensions of the layer spaces are given by 𝑛𝑌𝑖 for the pre-activation features
𝑦𝑖 ∈ 𝑌𝑖 and 𝑛𝑋𝑖

for the post-activation features 𝑥𝑖 ∈ 𝑋𝑖 , where 𝑛𝑌𝑖 is the number of neurons in the layer.
Usually, the pre-activation space 𝑌𝑖 has the same dimension as the post-activation space 𝑋𝑖 because
the activation function is applied element-wise. The input space is given by 𝑋0 with dimension 𝑛𝑋0 ,
the output space is given by 𝑌𝐿 with dimension 𝑛𝑌𝐿 . The layers which are not the input or output layer
are called hidden layers. The parameters

𝑊𝑖 ∈ R𝑛𝑋𝑖
×𝑛𝑋𝑖−1 for 𝑖 = 1, . . . , 𝐿

are called the weight matrices, which are multiplied to the layer input. More generally they can be
interpreted as objects ∈ 𝐿(𝑋𝑖−1, 𝑌𝑖), where 𝐿(𝑈 ,𝑉 ) denotes the space of linear maps from the vector
space𝑈 to the vector space 𝑉 , i.e. a linear operator. The bias vector

𝑏𝑖 ∈ R𝑛𝑋𝑖 for 𝑖 = 1, . . . , 𝐿 − 1

is added to the product of weight matrix and layer input. The activation function is a nonlinear
function

𝜎𝑖 : 𝑌𝑖 → 𝑋𝑖 for 𝑖 = 1, . . . , 𝐿 − 1.

Often, the activation function consists of a one-dimensional function 𝜎 : R→ R applied element-wise
to the pre-activation features. The activation function introduces nonlinearity to the neural network,
which is crucial for the neural network to be able to learn complex patterns in the data. If the activation
function is linear as well, the neural network would be equivalent to a single linear transformation.
For shorter notation, we call the fully-connected FNN simply the FNN in the following.

Common activation functions which are applied element-wise are the Rectified Linear Unit (ReLU)
activation function

𝜎 (𝑥) = ReLU(𝑥) ≔ max(0, 𝑥),

the sigmoid activation function (more correctly called logistic activation function)

𝜎 (𝑥) ≔ 1
1 + exp(−𝑥) ,

and the hyperbolic tangent activation function

𝜎 (𝑥) = tanh(𝑥) ≔ exp(𝑥) − exp(−𝑥)
exp(𝑥) + exp(−𝑥) .

In order to generate different neural network functions which form the hypothesis classes for learning
tasks, the parameters of the neural network have to be modified. These parameters are called trainable
parameters and are used to adapt the neural network to the data at hand. The trainable parameters of
a FNN are the weight matrices𝑊𝑖 and the bias vectors 𝑏𝑖 for 𝑖 = 1, . . . , 𝐿 − 1. The set of all trainable
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parameters is denoted by
𝜃 = (𝑊𝑖 , 𝑏𝑖)𝐿𝑖=1 ∈ Θ,

where Θ is the space containing all possible values of all trainable parameters.

The network function for a parameter 𝜃 ∈ Θ is the function that maps the input data to the output data,
given by

𝑔 (𝜃, ·) : 𝑋0 → 𝑌𝐿, 𝑥0 ↦→ 𝑔 (𝜃, 𝑥0) ≔ 𝑦𝐿,

cf. (2.5). The modification of either width or depth of the neural network changes the hypothesis class
of functions that can be represented by the neural network and hence also the number and structure
of the trainable parameters.

There exist theoretical works that show the approximation capabilities of FNNs, depending on width,
depth and activation function. Results of this form are called universal approximation theorems and
show that FNNs can approximate any continuous function on a compact set to arbitrary precision,
given sufficient width and depth.

The case for FNNs with only one hidden layer of arbitrary width was studied first. We mention here
only a few of the many results in this setting. As the earliest version, [20] showed that a FNN with
a single hidden layer and a sigmoid activation function can approximate any continuous function
on a compact set to arbitrary precision, given sufficient width. [63] extended this result by proving
that a FNN with a single hidden layer and a continuous activation function can approximate any
continuous function on a compact set to arbitrary precision, given sufficient width. These results were
further extended in [104] by showing that a FNN with a single hidden layer is a universal approximator
if and only if the activation function is not a polynomial. The case for FNNs with fixed width and
arbitrary depth was studied later. [86] showed that a ReLU-FNN with a fixed width of 𝑛𝑋0 + 1 (𝑛𝑋0

is the dimension of the input space) and arbitrary depth can approximate any continuous function
on a compact set to arbitrary precision, given sufficient depth. These results display that FNNs are
universal function approximators, meaning that they can approximate any continuous function on a
compact set to arbitrary precision, given sufficient width and depth.

Residual Neural Networks

The Residual Neural Network (ResNet) architecture is a type of neural network that uses skip
connections, or residual connections in the propagation function between layers and aims to address
the vanishing gradient problem that can occur in deep neural networks in order to stabilize training
of very deep networks. The architecture was first introduced in [55] and has since become a popular
architecture for deep learning tasks, especially in computer vision. The key idea behind ResNets is to
allow the network to learn residual functions, which are the differences between the input and output
of a layer, rather than the output itself.

A specific residual network architecture was proposed in [50] and has a strong mathematical interpreta-
tion. The residual network is the parametrized function

𝑔(𝜃, ·) : 𝑋0 → 𝑋𝐿+1, 𝑥0 ↦→ 𝑥𝐿+1
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with the decomposed form

𝑥1 =𝑊1𝑥0, (2.7a)
𝑥𝑖 = 𝑥𝑖−1 + ℎ 𝜎 (𝑊𝑖𝑥𝑖−1 + 𝑏𝑖), (2.7b)

𝑥𝐿+1 =𝑊𝐿+1𝑥𝐿 (2.7c)

for all 𝑖 = 2, . . . , 𝐿. All intermediate weight matrices𝑊𝑖 ∈ R𝑛𝑋𝑖
×𝑛𝑋𝑖−1 are square for 𝑖 = 2, . . . , 𝐿 with

widths 𝑛𝑋1 = . . . = 𝑛𝑋𝐿
, while the initial and terminal weights have dimensions𝑊1 ∈ R𝑛𝑋1×𝑛𝑋0 and

𝑊𝐿+1 ∈ R𝑛𝑋𝐿
×𝑛𝑋𝑖 . The bias vectors 𝑏𝑖 ∈ R𝑛𝑋𝑖 are also all of the same dimension. The activation

function has the same role as in the FNN case, but is applied only to the output of the affine linear
transformation in each layer, as shown in Equation (2.7b). Usually, the same activation function is
used in each layer; accordingly, we do not denote it with an index 𝑖 here. The parameter ℎ > 0 is a
discretization parameter that can be used to control the strength of the residual connections. The
trainable parameters of the ResNet are comprised in the set

𝜃 = (𝑊1, (𝑊𝑖 , 𝑏𝑖)𝐿𝑖=2,𝑊𝐿+1) ∈ Θ.

The forward pass through this ResNet architecture up to 𝑥𝐿 (2.7b) for an input𝑊1𝑥0 ∈ 𝑋0 can be
interpreted as an explicit Euler discretization (cf. [52]) of a Ordinary Differential Equation (ODE)
with a specific structure and initial value𝑊1𝑥0 with discretization parameter ℎ over the time interval
[0, 𝐿ℎ].

The associated continuous initial value problem has the form

¤𝑥 (𝑡) = 𝜎 (𝑊 (𝑡)𝑥 (𝑡) + 𝑏 (𝑡)) for 𝑡 ∈ [0, 𝐿ℎ], (2.8)
𝑥 (0) =𝑊1𝑥0, (2.9)

where𝑊 (𝑡) is a time-dependent weight matrix, i.e. a function𝑊 : [0, 𝐿ℎ] → R𝑛𝑋1×𝑛𝑋1 and 𝑏 (𝑡) is a
time-dependent bias vector, i.e. a function 𝑏 : [0, 𝐿ℎ] → R𝑛𝑋1 .

We additionally consider a further extension of the architecture inspired by [50] with propagation
function

𝑔(𝜃, ·) : 𝑋0 → 𝑋𝐿+1, 𝑥0 ↦→ 𝑥𝐿+1

of the decomposed form

𝑥1 =𝑊1𝑥0, (2.10a)

𝑥𝑖 = 𝑥𝑖−1 +𝑊 (2)
𝑖

𝜎 (𝑊 (1)
𝑖
𝑥𝑖−1 + 𝑏𝑖), (2.10b)

𝑥𝐿+1 =𝑊𝐿+1𝑥𝐿 (2.10c)

for all 𝑖 = 2, . . . , 𝐿 employing two weight matrices per layer. The discretization parameter ℎ is not
present here, as it can be absorbed in the weight matrix𝑊 (2)

𝑖
.

All intermediate weight matrices𝑊 (1)
𝑖
,𝑊
(2)
𝑖
∈ R𝑛𝑋𝑖

×𝑛𝑋𝑖−1 are square for 𝑖 = 2, . . . , 𝐿 with constant
widths 𝑛𝑋1 = . . . = 𝑛𝑋𝐿

, while the initial and terminal weights have dimensions𝑊1 ∈ R𝑛𝑋1×𝑛𝑋0 and
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𝑊𝐿+1 ∈ R𝑛𝑋𝐿
×𝑛𝑋𝑖 . The bias vectors 𝑏𝑖 ∈ R𝑛𝑋𝑖 are also all of the same dimension.

Again, all weight matrices and biases comprise the set of trainable parameters

𝜃 = (𝑊1, (𝑊 (1)
𝑖
,𝑊
(2)
𝑖
, 𝑏𝑖)𝐿𝑖=1,𝑊𝐿+1) ∈ Θ.

The activation function has the same role as in the FNN, but is applied only to the output of the first
affine linear transformation in each layer, as shown in Equation (2.10b).

The ResNet architecture is particularly useful for training very deep networks, as it helps to mitigate
the vanishing gradient problem, where gradients become very small as they are backpropagated
through many layers, making it difficult for the network to learn.

Convolutional Neural Networks

Convolutional Neural Networks (CNNs) are a type of neural network that is particularly well-suited
for processing grid-like data, such as images. They are designed to automatically and adaptively
learn spatial hierarchies of features from input data, making them highly effective for tasks such as
image classification, object detection, and segmentation. A Convolutional Neural Network (CNN)
consists of multiple layers, including convolutional layers, pooling layers, and fully-connected layers.
The convolutional layers apply convolutional operations to the input of the layer (2.11a), while the
pooling layers reduce the spatial dimensions of the data (2.11b), and the fully-connected layers perform
classification or regression tasks (2.11d) and (2.11e).

We consider CNN architectures inspired by VGG networks, cf. [116], with 𝐿1 convolutional layers and
𝐿2 fully-connected layers. The baseline CNN architecture we use is shown in Figure 2.2.

The propagation function 𝑔 (𝜃, ·) of the CNN has the decomposed form

𝑦̃𝑘 = 𝜎 (𝐾𝑘 ⊛ 𝑥𝑘−1 + 𝑏𝑘 ) for 𝑘 = 1, . . . , 𝐿1, (2.11a)
𝑥𝑘 =MaxPool(𝑦̃𝑘 ) for 𝑘 = 1, . . . , 𝐿1, (2.11b)
𝑥𝐿1 = Flatten(𝑥𝐿1), (2.11c)
𝑥𝑘+1 = 𝜎 (𝑊𝑘𝑥𝑘 + 𝑏fc𝑘 ) for 𝑘 = 𝐿1, . . . , 𝐿1 + 𝐿2 − 2, (2.11d)
𝑥𝐿1+𝐿2 =𝑊𝐿1+𝐿2𝑥𝐿1+𝐿2−1. (2.11e)

The tensor 𝑥0 ∈ R𝑚0×𝑑0×𝑑0 denotes the network’s input with𝑚0 being the number of channels and
𝑑0 × 𝑑0 the spatial dimensions of each channel. The features 𝑥𝑘 ∈ R𝑚𝑘×𝑑𝑘×𝑑𝑘 for 𝑘 = 1, . . . , 𝐿1 are the
output of the convolutional layers, where𝑚𝑘 is the number of channels and 𝑑𝑘 × 𝑑𝑘 are the spatial
dimensions of each channel. The convolutional kernels 𝐾𝑘 ∈ R3×3×𝑚𝑘×𝑚𝑘−1 are applied to the input
features 𝑥𝑘−1 with padding and stride values of 1, so that the spatial dimensions of 𝑥𝑘−1 are preserved.
The bias vectors 𝑏𝑘 ∈ R𝑚𝑘 are applied channel-wise and the activation function 𝜎 is applied element-
wise. The operation MaxPool is the Max-Pooling operation (cf. [107]) with a kernel size of 2 × 2 and
stride 2. The operation Flatten transforms the tensor of dimension𝑚𝐿1 × 𝑑𝐿1−1 × 𝑑𝐿1−1 to a vector of
dimension𝑚𝐿1𝑑

2
𝐿1−1 =: 𝑑𝐿1 , so that the features of the last convolutional layer 𝑥𝐿1 are transformed to a
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Figure 2.2.: An illustration of an exemplary VGG-inspired CNN architecture suited for the CIFAR-10
data set [76].

vector 𝑥𝐿1 ∈ R𝑑𝐿1 . The features 𝑥𝑘 ∈ R𝑑𝑘 for 𝑘 = 𝐿1, . . . , 𝐿1+𝐿2−1 are the features of the fully-connected
layers, where 𝑑𝑘 := 𝑑𝑘−1

2 is the dimension of the 𝑘-th fully-connected layer. The output of the CNN is
given by 𝑥𝐿1+𝐿2 ∈ R𝑑𝐿1+𝐿2 = R𝑐 , where 𝑐 is the number of classes in the classification task. The trainable
parameters 𝜃 comprise the kernels 𝐾𝑘 ∈ R3×3×𝑚𝑘×𝑚𝑘−1 for 𝑘 = 1, . . . , 𝐿1, the bias vectors 𝑏𝑘 ∈ R𝑚𝑘 for
𝑘 = 1, . . . , 𝐿1, and the weight matrices𝑊𝑘 ∈ R𝑑𝑘+1×𝑑𝑘 and bias vectors 𝑏fc

𝑘
∈ R𝑑𝑘+1 of the fully-connected

layers for 𝑘 = 𝐿1, . . . , 𝐿1 + 𝐿2 − 1. The set of all trainable parameters is given by

𝜃 = (𝐾𝑘 , 𝑏𝑘 )𝐿1
𝑘=1 ∪ (𝑊𝑘 , 𝑏

fc𝑘 )𝐿1+𝐿2−1
𝑘=𝐿1

∈ Θ.

For a more detailed introduction to CNNs, we refer the reader to [42, Chapter 9].

2.2.2. Supervised Learning

Every deep learning task relies on the availability of data. If all data are only available without a
corresponding label, the learning task is called unsupervised learning. If some labels are available, but
not for all data, the learning task is called semi-supervised learning. Finally, if all data is available with
a corresponding label, the learning task is called supervised learning. For different types of learning
problems, different optimizers and loss functions are used. In this thesis, we focus on supervised
learning tasks, where the goal is to learn a mapping (within the hypothesis class of networks) from
input data to output based on labeled training data. The training data consists of pairs of input features
and output features, where the input features are the data points and the output features are the
corresponding labels.

The nature of the supervised learning task can be categorized into two main types: classification
problems and regression problems. An example for a classification problem is the task of assigning
images into different categories, such as recognizing handwritten digits or identifying objects in images.
In this case, the output features are discrete labels representing the categories. An example for a
regression problem is the task of predicting a continuous value, such as the price of an object based on
its features. In this case, the output features are continuous values.

As an example, in image classification tasks, the input features consist of images, such as those depicting
handwritten digits, while the output features are the corresponding class labels, i.e., digit 0 or digit
1. The goal is to find a collection of trainable parameters 𝜃 ∗ ∈ Θ and the associated neural network
function 𝑔 (𝜃 ∗, ·) : 𝑋0 → 𝑌𝐿 , such that this network can predict the class label of a new image depicting
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a new handwritten digit, which was not part of the training data.

To model the goal of the learning task, we need a loss function

L : 𝑌𝐿 × 𝑌𝐿 → R

which is able to quantify the difference between the predicted output of the network and the true
output given by the label of the data. The appropriate loss function depends on the nature of the
supervised learning task.

For regression tasks, a common loss function is the Mean Squared Error (MSE) loss, which is defined
as

LMSE(𝑦pred, 𝑦label) ≔
1
2 ∥𝑦pred − 𝑦label∥

2, (2.12)

where 𝑦pred is the predicted output of the network and 𝑦label is the true output given by the label of
the data and ∥ · ∥ is a norm on the output space which is suited for the task at hand such as, most
commonly, the Euclidean norm or e.g. Sobolev norms [62].

For classification tasks, the most exact loss function is the 0-1 loss, which is defined as

L0-1(𝑦pred, 𝑦label) ≔
{

0 if 𝑦pred = 𝑦label,
1 if 𝑦pred ≠ 𝑦label.

However, the 0-1 loss function is not even continuous and hence not suitable for training neural
networks from an optimization perspective. A popular alternative loss function is the Cross-Entropy
(CE)-loss, which is defined as

LCE(𝑦pred, 𝑦label) ≔ −
𝑐∑︁
𝑖=1
(𝑦label)𝑖 log((𝑦pred)𝑖), (2.13)

where (𝑦pred)𝑖 is the predicted probability of class 𝑖 and (𝑦label)𝑖 is the true probability of class 𝑖 and
𝑐 is the number of classes. The CE-loss measures the difference between the predicted probability
distribution and the true probability distribution of the classes. It is often used in combination with the
softmax activation function in the output layer of the neural network, which converts the raw output
of the network into a probability distribution over the classes. The softmax function is defined as

softmax(𝑦pred)𝑖 ≔
exp((𝑦pred)𝑖)∑𝑐
𝑗=1 exp((𝑦pred) 𝑗 )

, (2.14)

where (𝑦pred)𝑖 is the raw output of the network (e.g. 𝑦𝐿 for FNNs, see (2.5)) for class 𝑖 and 𝑐 is the
number of classes. The softmax function ensures that the predicted probabilities sum to 1, making
them interpretable as probabilities. The CE-loss is then used to train the network to produce accurate
class probabilities for the input data. The final model output for classification tasks is hence given by
softmax(𝑔 (𝜃, 𝑥0)) for an input 𝑥0 ∈ 𝑋0 and gives the predicted class probabilities. The biggest class
probability is then used to determine the predicted class label.

There are other types of supervised learning tasks, such as autoencoder training (cf. [61]), where the
goal is to learn a compressed representation of the input data. For this task, the used neural network
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Figure 2.3.: An illustration of an exemplary FNN autoencoder architecture with the bottleneck layer
colored in red.

is called an autoencoder and consists of an encoder followed by a decoder. Between the encoder and
decoder, there is a bottleneck layer that forces the network to learn a compressed representation of
the input data. An example for an autoencoder architecture is shown in Figure 2.3. In this case, the
input features and output features are the same, and the loss function is typically the MSE-loss.

LMSE(𝑔 (𝜃, 𝑥0), 𝑥0) ≔
1
2 ∥𝑔 (𝜃, 𝑥0) − 𝑥0∥2.

Autoencoders can be used for tasks such as dimensionality reduction, de-noising, and anomaly detection.
Generally, training autoencoders is a more complex task than training networks for classification or
regression, as the network has to learn a compressed representation of the input data while still being
able to reconstruct it accurately. We are going to use autoencoder training as one of the training tasks
in Chapter 5.

Next, we formulate the supervised learning task as an optimization problem. The goal is to find a set
of parameters 𝜃 ∈ Θ such that the expected loss of the network output with these parameters over the
data of interest is minimized. This is done by minimizing the expected loss which is also referred to as
the exact risk given by

𝑓 (𝜃 ) ≔ E𝑋,𝑌 [L(𝑔 (𝜃, 𝑋 ), 𝑌 )] (2.15)

over the set of all trainable parameters Θ. The minimization problem is unconstrained and can be
formulated as:

Minimize 𝑓 (𝜃 ) over 𝜃 ∈ Θ. (2.16)

The expectation E𝑋,𝑌 is taken w.r.t. to the joint distribution of the random variables 𝑋 (with values
in 𝑋0) and 𝑌 (with values in 𝑌𝐿) which represent, e.g. in image classification, the images and their
associated class labels (or class label probabilities).

However, since the joint distribution of the random variables 𝑋 and 𝑌 is rarely known, we cannot
compute the objective function of the optimization problem (2.16) or its derivatives.

In practice, we have only access to a finite set of labeled training data consisting of 𝐷 pairs

(𝑥0, 𝑗 , 𝑦label𝑗 ) for 𝑗 = 1, . . . , 𝐷,

which is a finite set of samples from the joint distribution of the random variables 𝑋 and 𝑌 . We replace
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the expectation in (2.16) by the empirical mean over the training data, which allows us to approximate
the expected loss 𝑓 by the empirical loss or empirical risk given by

𝑓 (𝜃 ) ≔ 1
𝐷

𝐷∑︁
𝑗=1
L(𝑔 (𝜃, 𝑥0, 𝑗 ), 𝑦label𝑗 ) . (2.17)

We introduce the notation

𝑓 (𝜃 ) ≔ 1
𝐷

𝐷∑︁
𝑗=1

𝑓𝑗 (𝜃 ) with 𝑓𝑗 (𝜃 ) ≔ L(𝑔 (𝜃, 𝑥0, 𝑗 ), 𝑦label𝑗 ), (2.18)

i.e. the empirical risk 𝑓 (𝜃 ) is the average of the individual losses 𝑓𝑗 (𝜃 ).

It is often beneficial to add a regularization term to the empirical risk in order to avoid overfitting and
to improve the generalization abilities of the network. This leads to the regularized empirical risk given
by

𝑓𝜆 (𝜃 ) ≔ 𝑓 (𝜃 ) + 𝜆 · ∥𝜃 ∥2. (2.19)

Here, 𝜆 > 0 is a regularization parameter and ∥𝜃 ∥ is a suitable norm on the parameter space Θ. The
regularization term 𝜆 · ∥𝜃 ∥2 penalizes large parameter values, which can lead to overfitting on the
training data.

To summarize, for classification tasks the most exact formulation of the training goal is given by the
optimization problem

Minimize E𝑋,𝑌 [L0-1(𝑔 (𝜃, 𝑋 ), 𝑌 )] over 𝜃 ∈ Θ. (2.20)

However, to account for the fact that we do not have access to the joint distribution of the random
variables 𝑋 and 𝑌 and to work with a differentiable loss function, we use the following optimization
problem in practice:

Minimize 1
𝐷

𝐷∑︁
𝑗=1
LCE(softmax(𝑔 (𝜃, 𝑥0, 𝑗 )), 𝑦label𝑗 ) + 𝜆 · ∥𝜃 ∥2 over 𝜃 ∈ Θ. (2.21)

These modifications to the optimization problems introduce different types of errors. The first type
of error is the estimation error which arises from the fact that we only have access to a finite set of
training data 𝐷 and hence cannot compute the exact expected loss (2.16). This error is related to the
generalization error in the literature and overfitting. The second type of error is the optimization error
which arises from the fact that the optimization problem (2.21) is non-convex and highly complex,
making it nearly impossible to find a global minimum of the training problem (2.21). Classical
optimization methods for non-convex problems can only approximate local minima or even saddle
points, especially since the loss landscape of deep learning problems is highly complex. The necessity
of using the CE-loss function instead of the 0-1 loss function leads to an error as well. The third type of
error is the approximation error which arises from the choice of the model class 𝑔 (𝜃, ·). The model class
𝑔 (𝜃, ·) is typically a neural network with a finite number of parameters, which can only approximate
the true function 𝑔∗ to a certain degree. This leads to an approximation error in the training problem
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(2.21). The broader the model class is chosen, as e.g. for neural networks more layers are chosen or
wider layers are used, the more approximation capacity the model class has and hence the smaller the
approximation error is, see e.g. [20, 86]. Before training, it is not clear how large the model class has
to be chosen in order to achieve a sufficient approximation of the true function 𝑔∗.

Backpropagation

Common iterative optimization methods used to solve the optimization problem (2.21) require the
computation of the derivative of the loss function L (for a selected subset of training data) with respect
to the trainable parameters 𝜃 of the network. Because of the special structure of the neural network,
the computation of the gradient can be done efficiently using the backpropagation algorithm (cf. [110,
26] for some first works). The backpropagation algorithm consists of two main steps: the forward pass
and the backward pass.

In the forward pass, the input data is passed through the network to compute the output features. The
forward pass through the network for a given input 𝑥0 ∈ 𝑋0 (neglecting the last pass through the loss
function) is shown in Section 2.2.1, more specifically for e.g. FNNs in (2.5).

In the backward pass, the derivatives of the loss function with respect to the trainable parameters are
computed using the chain rule of calculus. The derivatives of the loss functionwith respect to the output
features are computed and then propagated back through the network while computing the derivatives
w.r.t. the hidden features to compute the derivatives with respect to the trainable weight matrices and
biases. We describe the backward pass for a FNN in the following. For simplicity, we consider the case
for the loss function computed for one training datum and without regularization. Extending to a
loss computed for a mini-batch of training data and including regularization is straightforward. The
backward pass through the network for one individual training loss 𝑓𝑗 (defined in (2.18)) is derived by
the following equations.

The chain rule produces connections between the derivatives of the pre- and post-activation features
by

𝜕𝑓𝑗 (𝜃 )
𝜕𝑥𝑖−1

(·) =
𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

(𝑊𝑖 ·) for 𝑖 = 1, . . . , 𝐿, (2.22)

𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

(·) =
𝜕𝑓𝑗 (𝜃 )
𝜕𝑥𝑖
(𝜎 ′𝑖 (𝑦𝑖) ·) for 𝑖 = 1, . . . , 𝐿 − 1, (2.23)

with the dual objects 𝜕𝑓𝑗 (𝜃 )
𝜕𝑥𝑖
∈ 𝑋 ∗𝑖 for 𝑖 = 1, . . . , 𝐿 and 𝜕𝑓𝑗 (𝜃 )

𝜕𝑦𝑖
∈ 𝑌 ∗𝑖 for 𝑖 = 1, . . . , 𝐿 − 1.

The derivatives of 𝑓𝑗 w.r.t. the trainable parameters lie in

𝜕𝑓𝑗 (𝜃 )
𝜕𝑊𝑖

∈ 𝐿(𝑌 ∗𝑖 , 𝑋 ∗𝑖−1) for 𝑖 = 1, . . . , 𝐿, (2.24)

𝜕𝑓𝑗 (𝜃 )
𝜕𝑏𝑖

∈ 𝑌 ∗𝑖 for 𝑖 = 1, . . . , 𝐿. (2.25)
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They have the evaluations

𝜕𝑓𝑗 (𝜃 )
𝜕𝑊𝑖

(𝛿𝑊 ) =
𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

(𝛿𝑊𝑥𝑖−1) for 𝑖 = 1, . . . , 𝐿, (2.26)

𝜕𝑓𝑗 (𝜃 )
𝜕𝑏𝑖
(𝛿𝑏) =

𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

(𝛿𝑏) with for 𝑖 = 1, . . . , 𝐿, (2.27)

for all 𝛿𝑊 ∈ 𝐿(𝑋𝑖−1, 𝑌𝑖) and 𝛿𝑏 ∈ 𝑌𝑖 .

In most cases, the spaces 𝑌𝑖 and 𝑋𝑖−1 are Euclidean spaces of the type R𝑛 for some 𝑛 ∈ N, i.e. finite-
dimensional vector spaces with the Euclidean inner product. The backpropagated Euclidean gradients
of the pre- and post-activation features are consequently given by

∇𝑥𝑖−1 𝑓𝑗 (𝜃 ) =𝑊𝑇
𝑖 ∇𝑦𝑖 𝑓𝑗 (𝜃 ) for 𝑖 = 1, . . . , 𝐿,

∇𝑦𝑖 𝑓𝑗 (𝜃 ) = 𝜎 ′𝑖 (𝑦𝑖)𝑇∇𝑥𝑖 𝑓𝑗 (𝜃 ) for 𝑖 = 1, . . . , 𝐿 − 1.

Generally, the transposes can be understood of adjoints with respect to the Euclidean inner products
on the layer spaces.

The Euclidean gradient of L w.r.t. a weight matrix𝑊 and a bias vector 𝑏 is given by

∇𝑊𝑖
𝑓𝑗 (𝜃 ) = ∇𝑦𝑖 𝑓𝑗 (𝜃 )𝑥𝑇𝑖−1, (2.28)

∇𝑏𝑖 𝑓𝑗 (𝜃 ) = ∇𝑦𝑖 𝑓𝑗 (𝜃 ) . (2.29)

The Euclidean gradient of the loss function 𝑓𝑗 w.r.t. a weight matrix𝑊𝑖 is given by the product of the
backpropagated gradient of the pre-activation features ∇𝑦𝑖 𝑓𝑗 (𝜃 ) and the post-activation features 𝑥𝑇𝑖−1
and hence has a rank of at most one when the loss w.r.t. one training sample is computed. The specific
structure of the gradient (2.28) will be exploited in Chapter 5.

It can also be determined by the solution of the quadratic minimization problem

Minimize 𝑓 ′𝑗 (𝜃 )𝛿𝑊 +
1
2 (𝛿𝑊 , 𝛿𝑊 )𝐹 over 𝛿𝑊 ∈ R𝑛𝑌𝑖 ×𝑛𝑋𝑖−1 ,

where (·, ·)𝐹 is the Frobenius inner product on the space of matrices

(𝐴, 𝐵)𝐹 ≔ trace(𝐴𝑇𝐵) for 𝐴, 𝐵 ∈ R𝑛𝑌𝑖 ×𝑛𝑋𝑖−1 . (2.30)

Consequently, the Euclidean gradient of the loss function 𝑓 w.r.t. the trainable parameters 𝜃 is given
by

−∇𝑊𝑖
𝑓 (𝜃 ) = − 1

𝐷

𝐷∑︁
𝑗=1
∇𝑦𝑖 𝑓𝑗 (𝜃 )𝑥𝑖−1( 𝑗)𝑇 ,

−∇𝑏𝑖 𝑓 (𝜃 ) = −
1
𝐷

𝐷∑︁
𝑗=1
∇𝑦𝑖 𝑓𝑗 (𝜃 ),
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where 𝑥𝑖−1( 𝑗) are the post-activation features of the 𝑖− 1-th layer computed during the forward pass for
the 𝑗-th training datum. The Euclidean gradient of the loss function 𝑓 w.r.t. the trainable parameters 𝜃
is given by the sum of the gradients of the individual losses 𝑓𝑗 w.r.t. the trainable parameters 𝜃 and
hence has a rank of at most 𝐷 .

Data Sets

In the following, we describe the data sets which we use in this thesis for numerical experiments.

Spiral Data Set The spiral data set is a synthetic data set that is often used as a very simple problem
for classification tasks. The version used in this work consists of 600 data points with labels, where
each data point is composed of a two-dimensional feature vector 𝑥 𝑗 ∈ R2 and a label that indicates
whether it belongs to the red or blue spiral, i.e., 𝑦 𝑗 ∈ {

( 0
1
)
,
( 1

0
)
} ⊂ R2. For training, we use 450 data

points, while the remaining 150 data points form the test set. An illustration of the spiral data set is
shown in Figure 2.4. The spiral data set presented here is implemented by us. It can be made more
complex and hence challenging by adding noise to the data points or by increasing the number of
spirals or by decreasing the distance between the start of the spirals in the center.

MNIST [84]. The MNIST dataset contains 28 × 28 grayscale images of handwritten digits and
corresponding digit labels (0-9). It consists of 60,000 training images and 10,000 test images. It is a
widely used benchmark for small-scale image classification and for basic experiments in representation
learning and autoencoder training, as e.g. in the benchmark in [61]. An example subset of images is
shown in Figure 2.5. In this thesis MNIST is employed both as a classification benchmark and as a
target for autoencoder experiments in Chapter 5.

CIFAR-10 [77]. CIFAR-10 consists of 32 × 32 color images (i.e. 3 channels) grouped into ten object
classes and is a standard benchmark for convolutional network performance in small-scale image
classification. It contains 50,000 training images and 10,000 test images. Here we use the standard
data augmentation techniques before training. A selection of examples is shown in Figure 2.6. We use
CIFAR-10 to evaluate methods on a dataset suited for convolutional architectures.

1.5 1.0 0.5 0.0 0.5 1.0 1.5

1.0

0.5

0.0

0.5
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Figure 2.4.: Illustration of the spiral data set.
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Figure 2.5.: Example images from the MNIST dataset.

Figure 2.6.: Example images from the CIFAR-10 dataset.

2.3. Optimization

In this section, we give an overview of selected first-order optimization methods that can be used to
solve the optimization problem (2.21) in deep learning. Usually, stochastic methods are used to solve
the optimization problem (2.21) in deep learning, but we also consider some deterministic methods
as a foundation for the analysis. Despite the fact that a deep learning optimization problem (2.21) is
always non-convex, we examine the behavior of some methods for strongly convex problems (and
sometimes even quadratic problems) as well, as they are often used as a starting point for the analysis of
non-convex problems or are the only case where convergence to a global minimum can be guaranteed
by theory. The methods presented here are used to develop new methods in the main contributions of
this thesis in Chapter 3 and Chapter 4 and Chapter 5.

The section is structured as follows. We introduce the Gradient Descent (GD) method in Section 2.3.1 as
the deterministic method, on which stochastic gradient methods are based. We present its convergence
behavior for fixed step sizes in the strongly convex and non-convex case. In Section 2.3.2, we introduce
the Stochastic Gradient Descent (SGD) method, which is the core method used in deep learning. We
analyze its convergence behavior for fixed step sizes in the strong convex and non-convex case and
also consider the case of Robbins-Monro step sizes [109] in the non-convex case. We also introduce the
stochastic gradient method with momentum, which is a common variant of the SGD method. Finally,
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we consider sensitivity analysis in Section 2.3.3 for optimization problems subject to constraints.

2.3.1. Gradient Descent (GD)

Let us assume that the space of parameters Θ is a Hilbert space with an inner product (·, ·). In the
following, we denote the associated norm by

∥ · ∥ ≔
√︁
(·, ·)

and all quantities which depend on the choice of the inner product or norm are meant with respect
to this inner product or norm, respectively. In the following, all assumptions and results are stated
with respect to this inner product and norm, if not stated otherwise. We consider the optimization
problem

Minimize 𝑓 (𝜃 ) over 𝜃 ∈ Θ, (2.31)

where 𝑓 : Θ → R is a differentiable function, which is bounded from below. The GD method is an
iterative optimization method that updates the parameters 𝜃 in the direction of the negative gradient
(w.r.t. the inner product (·, ·)) of the objective function 𝑓 . The update rule for the GD method is given
by

𝜃𝑘+1 = 𝜃𝑘 − 𝛼𝑘∇𝑓 (𝜃𝑘 ), (2.32)

where 𝛼𝑘 > 0 is the step size and ∇𝑓 (𝜃𝑘 ) is the gradient (w.r.t. (·, ·)) of the objective function 𝑓 at the
current parameters 𝜃𝑘 . The GD method is a first-order optimization method, as it only uses the first
derivative of the objective function 𝑓 to update the parameters. For more details on the GD method,
we refer the reader to e.g. [98].

In the following we state selected assumptions and convergence results for the GD method with
fixed step sizes in the strongly convex and non-convex case. We denote the optimal solution of the
optimization problem (2.31) by 𝜃 ∗ ∈ Θ and the initial parameters by 𝜃0 ∈ Θ. The iterates of the GD
method are denoted by 𝜃𝑘 ∈ Θ for 𝑘 ∈ N.

Assumption 2.13 (L-Smooth Objective Function). The objective function 𝑓 : Θ→ R is 𝐿-smooth, i.e.
there exists a constant 𝐿 > 0 such that

∥∇𝑓 (𝜃1) − ∇𝑓 (𝜃2)∥ ≤ 𝐿∥𝜃1 − 𝜃2∥

for all 𝜃1, 𝜃2 ∈ Θ.

Assumption 2.14 (Objective Function Bounded from Below). The objective function 𝑓 : Θ → R is
bounded below, i.e. there exists a constant 𝑓inf ∈ R such that

𝑓 (𝜃 ) ≥ 𝑓inf

for all 𝜃 ∈ Θ.
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Assumption 2.15 (Fixed Step Sizes). The step size is fixed for all iterations

𝛼𝑘 = 𝛼 > 0 for all 𝑘 ∈ N,

and satisfies the condition

𝛼 ≤ 2
𝐿
,

where 𝐿 is a Lipschitz-smoothness constant of 𝑓 , i.e. a Lipschitz constant of the gradient of the objective
function 𝑓 .

Assumption 2.16 (Strong Convexity of the Objective Function). The objective function 𝑓 : Θ→ R is
𝜇-strongly convex, i.e. there exists a constant 𝜇 > 0 such that

𝑓 (𝜃1) ≥ 𝑓 (𝜃2) + (∇𝑓 (𝜃2), 𝜃1 − 𝜃2) +
𝜇

2 ∥𝜃1 − 𝜃2∥2

for all 𝜃1, 𝜃2 ∈ Θ.

Theorem2.17 (Convergence of GD for Strongly Convex Functionswith Fix Step Sizes). Let assumptions 2.13
to 2.16 hold. Then,

∥𝜃𝑘 − 𝜃 ∗∥2 ≤ (1 − 𝛼𝜇)𝑘 ∥𝜃0 − 𝜃 ∗∥2.

In particular, if 𝛼 = 2
𝐿
, then

∥𝜃𝑘 − 𝜃 ∗∥2 ≤
(
1 − 2𝜇

𝐿

)𝑘
∥𝜃0 − 𝜃 ∗∥2.

Hence, the convergence rate is linear in the sense that

∥𝜃𝑘 − 𝜃 ∗∥2 ≤ 𝐶
(
1 − 2𝜇

𝐿

)𝑘
for some constant 𝐶 > 0.

The optimal step size is given by 𝛼 = 2
𝐿
and leads to the best convergence rate.

This result is a special case derived from [38, Theorem 3.6].

Theorem 2.18 (Convergence of GD for Non-Convex Functions with Fix Step Sizes). Let assumptions 2.13
to 2.15 hold. Then,

∞∑︁
𝑘=1
∥∇𝑓 (𝜃𝑘 )∥2 < ∞

and hence
lim
𝑘→∞
∥∇𝑓 (𝜃𝑘 )∥ = 0.

This result is a special case derived from [11, Theorem 4.8].
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2.3.2. Stochastic Gradient Descent (SGD)

Stochastic optimization methods are used to solve optimization problems where the objective function
𝑓 can not be directly evaluated, e.g. because it is given by an expectation over an unknown probability
distribution as in (2.15). Alternatively, stochastic optimization methods are used to solve optimization
problems where the objective function is too expensive to compute exactly or often, because it is given
by a sum over a large number of samples. Stochastic optimization methods differ from deterministic
optimization methods in the aspect that they use random samples to estimate the objective function
and its gradient and use them to update the parameters. The most common stochastic optimization
method is the SGD method, which is the stochastic version of the Gradient Descent method introduced
in Section 2.3.1.

Example 2.19 (Machine Learning Loss Function). In machine learning, we aim to minimize and learn a
general objective function, such as

𝑓 (𝜃 ) ≔ E𝑋,𝑌 [L(𝑔 (𝜃, 𝑋 ), 𝑌 )]

for a model class (not necessarily a neural network) 𝑔 (𝜃, ·) with parameters 𝜃 ∈ Θ and a loss function L :
𝑌𝐿 ×𝑌𝐿 → R. Since the distribution P of 𝑋,𝑌 is unknown, the available training data (𝑥0, 𝑗 , 𝑦label𝑗 ) 𝑗=1,· · · ,𝐷
is used to estimate the gradient of the loss function. The empirical (’known’) loss function is given by

𝑓 (𝜃 ) = 1
𝐷

𝐷∑︁
𝑗=1
L(𝑔(𝜃, 𝑥0, 𝑗 ), 𝑦label𝑗 ) .

Commonly, the gradient estimates are constructed with mini-batches of the training data, i.e.

𝐺 (𝜃𝑘 , 𝜉𝑘 ) := 1
𝐵

∑︁
𝑗∈𝑆𝑘

𝐵

∇L(𝑔(𝜃𝑘 , 𝑥0, 𝑗 ), 𝑦label𝑗 ),

where 𝜉𝑘 := (𝑥0, 𝑗 , 𝑦label𝑗 ) 𝑗∈𝑆𝑘
𝐵
is a mini-batch of size 𝐵 of the training data. The random variable 𝜉𝑘

comprises the randomness by which the training data is sampled of the mini-batch at iteration 𝑘 . The
mini-batch can also consist of a single training datum (𝐵 = 1). Here, 𝑆𝑘

𝐵
⊆ {1, . . . , 𝐷} is the set of indices

of the training data used in the mini-batch at iteration 𝑘 .

The SGD update [109] is given by

𝜃𝑘+1 = 𝜃𝑘 − 𝛼𝑘𝐺 (𝜃𝑘 , 𝜉𝑘 ),

where 𝛼𝑘 > 0 is the step size. The random variable 𝜉𝑘 represents the randomness of the gradient
estimate at iteration 𝑘 and 𝐺 (𝜃𝑘 , 𝜉𝑘 ) is an (unbiased) gradient estimate of the gradient ∇𝑓 (𝜃𝑘 ).

For the convergence analysis of stochastic gradient methods, we need to make some assumptions on
the objective function and the gradient estimates.

First we assume that 𝑓 is differentiable and satisfies assumptions 2.13 and 2.14.
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Assumption 2.20 (Samples for Gradient Estimates). The random variables 𝜉𝑘 from which samples are
used to compute estimates of the gradients of the objective function 𝑓 are independent and identically
distributed (i.i.d.). We have access to an unlimited number of i.i.d. random variables 𝜉𝑘 and their samples.

Remark 2.21 (Access to Unlimited Number of Samples). For the convergence theory of SGD, we assume
that we have access to an unlimited number of i.i.d. random variables 𝜉𝑘 and their samples. This would
imply that we have an infinite number of training data samples available. In practice, the number of
training data samples is finite and hence this assumption is violated. Each epoch of training reuses the
training data samples in a different order, which can be seen as a randomization of the training data.

Assumption 2.22 (Unbiased Gradient Estimate). The gradient estimate𝐺 (𝜃𝑘 , 𝜉𝑘 ) is an unbiased estimate
of the exact gradient ∇𝑓 (𝜃𝑘 ), i.e.

E𝜉𝑘 [𝐺 (𝜃, 𝜉𝑘 )] = ∇𝑓 (𝜃 ) for all 𝜃 ∈ Θ.

Remark 2.23 (Definition of Exact Objective Function). The objective function 𝑓 can be the exact
objective function, i.e. the expectation (2.15), or the empirical objective function, i.e. the empirical risk
(2.17) over all training data. The gradient estimates computed using mini-batches of the training data are
unbiased estimates of the exact gradient of both choices of the objective function. When methods such as
the Stochastic Variance Reduced Gradient (SVRG) [69] are developed, where access to the exact gradient is
required, the objective function averaging over the complete training data is considered to be the exact
objective function, i.e.

𝑓 (𝜃 ) := 1
𝐷

𝐷∑︁
𝑗=1
L(𝑔 (𝜃, 𝑥0, 𝑗 ), 𝑦label𝑗 ).

We also need to make some assumptions that lets us control the variance of the gradient estimates. A
common assumption is given by the following.

Assumption 2.24 (Bounded Variance of Gradient Estimates ). There exist constants𝑀,𝑀𝐺 > 0 such
that

E𝜉𝑘 [∥𝐺 (𝜃, 𝜉𝑘 )∥2] ≤ 𝑀2 +𝑀𝐺 ∥∇𝑓 (𝜃 )∥2

for all 𝜃 ∈ Θ.

Remark 2.25 (Variance Bounds). The variance of the gradient estimate 𝐺 (𝜃, 𝜉𝑘 ) can be bounded in
different ways. An alternative bound to assumption 2.24 is given by

E𝜉𝑘 [∥𝐺 (𝜃, 𝜉𝑘 )∥2] ≤ 𝑀2 +𝑀𝐺 ∥∇𝑓 (𝜃 )∥2 +𝑀𝑓 (𝑓 (𝜃 ) − 𝑓min)

for all 𝜃 ∈ Θ.
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Assumption 2.26 (Fixed Step Size). The step size is fixed for all iterations

𝛼𝑘 = 𝛼 > 0 for all 𝑘 ∈ N,

and satisfies the condition

𝛼 ≤ 1
𝐿𝑀𝐺

,

where 𝐿 is a Lipschitz-smoothness constant of 𝑓 , i.e. a Lipschitz constant of the gradient of the objective
function 𝑓 , and𝑀𝐺 is the constant from assumption 2.24.

We first show the convergence of SGD for strongly convex objective functions (assumption 2.16) with
fixed step sizes.

Theorem 2.27 (Convergence of SGD for Strongly Convex Objective Function with Fixed Step Sizes).
Let assumptions 2.13, 2.14, 2.16, 2.20, 2.22, 2.24 and 2.26 hold. Then, the expected optimality gap satisfies
the following inequality for all 𝑘 ∈ N:

E[𝑓 (𝜃𝑘 ) − 𝑓 (𝜃 ∗)] ≤ 𝛼𝐿𝑀2𝜇 + (1 − 𝛼𝜇)
𝑘

(
𝑓 (𝜃0) − 𝑓 (𝜃 ∗) −

𝛼𝐿𝑀

2𝜇

)
→ 𝛼𝐿𝑀

2𝜇 as 𝑘 →∞.

From [11, Theorem 4.6].

Theorem 2.28 (Convergence of SGD for Non-Convex Objective Function with Fixed Step Sizes). Let
assumptions 2.13, 2.14, 2.20, 2.22, 2.24 and 2.26 hold. Then,

E[
𝐾∑︁
𝑘=1
∥∇𝑓 (𝜃𝑘 )∥2] ≤ 𝐾𝛼𝐿𝑀 + 2(𝑓 (𝜃0) − 𝑓 (𝜃 ∗))

𝛼
,

and hence
1
𝐾

𝐾∑︁
𝑘=1

E[∥∇𝑓 (𝜃𝑘 )∥2] → 𝛼𝐿𝑀 as 𝐾 →∞.

From [11, Theorem 4.8].

Assumption 2.29 (Robbins-Monro Step Sizes [109]). The step size is diminishing, i.e. there exists a
sequence (𝛼𝑘 )𝑘∈N such that

𝛼𝑘 → 0 as 𝑘 →∞,

and
∞∑︁
𝑘=1

𝛼𝑘 =∞,
∞∑︁
𝑘=1

𝛼2
𝑘
< ∞.
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Additionally, the step sizes satisfies the condition

0 ≤ 𝛼𝑘 ≤
1

𝐿𝑀𝐺
,

where 𝐿 is a Lipschitz-smoothness constant of 𝑓 .

Theorem 2.30 (Convergence of SGD for Non-Convex Objective Function with Diminishing Step
Sizes). Let assumptions 2.13, 2.14, 2.20, 2.22, 2.24 and 2.29 hold. Then,

E

[
1
𝐴𝑘

𝐾∑︁
𝑘=1

𝛼𝑘 ∥∇𝑓 (𝜃𝑘 )∥2
]
→ 0 as 𝐾 →∞,

and hence
lim inf
𝑘→∞

E[∥∇𝑓 (𝜃𝑘 )∥2] = 0.

From [11, Theorem 4.9 and Theorem 4.10].

Theorem2.31 (Almost Sure Convergence of SGD for Non-ConvexObjective FunctionwithDiminishing
Step Sizes). Let assumptions 2.13, 2.14, 2.20, 2.22, 2.24 and 2.29 hold. Then,

lim inf
𝑘→∞

∥∇𝑓 (𝜃𝑘 )∥2 = 0 almost surely.

This is shown e.g. in [127, Theorem 2.1].

The SGD method has the following advantages and difficulties. On the one hand, the biggest power of
SGD is that it can be used to solve optimization problems with unknown objective functions, requiring
only (unlimited) access to unbiased estimates of the gradient. Additionally, the method is cheaper than
evaluating the true gradient at each iteration and can help to escape local minima in very non-convex
landscapes by introducing noise.

This however also leads to difficulties, since the stochastic nature of the method introduces noise, which
can make its behavior harder to detect and analyze. The convergence theory of SGD is weaker than
that of gradient descent (in the strongly convex setting), as it is only able to guarantee convergence to
a plateau around the minimizer and not to the exact minimizer. Furthermore, the method introduces
additional hyperparameters concerning the computation of the gradient estimates (e.g. mini-batches),
which can lead to additional tuning effort. Finally, the method is sensitive to the choice of the step
size, which can lead to divergence or slow convergence if not chosen properly.

A well-known variant of the SGD method is SGD with momentum [105], which is a common method
used in deep learning. The update rule for SGD with momentum is given by

𝜃𝑘+1 := 𝜃𝑘 − 𝛼𝑘𝑚𝑘 ,

𝑚𝑘 :=𝐺 (𝜃𝑘 , 𝜉𝑘 ) + 𝜇𝑘𝑚𝑘−1,
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where 𝜇𝑘 ∈ [0, 1) are the momentum parameters and𝑚𝑘 is the momentum term. We set𝑚−1 = 0.
The momentum parameter 𝜇𝑘 controls the amount of momentum that is added to the update. It is
a weighted average of the previous updates and helps to smooth the updates and reduce the noise
introduced by the stochastic gradient estimates. Adding this momentum term can help to escape local
minima and saddle points in the optimization landscape.

There exists convergence results for SGD with momentum, but only the case of convex objective
functions.

Theorem 2.32 (Convergence of SGD with Momentum for Convex Objective Function). Assume that
the objective function 𝑓 is a sum of convex functions, i.e.

𝑓 (𝜃 ) =
𝐷∑︁
𝑗=1

𝑓𝑗 (𝜃 ),

where each 𝑓𝑗 is convex and differentiable. Additionally, we assume that the gradient of each 𝑓𝑗 is Lipschitz
continuous with constant 𝐿𝑚𝑏 , i.e.

∥∇𝑓𝑗 (𝜃1) − ∇𝑓𝑗 (𝜃2)∥ ≤ 𝐿𝑚𝑏 ∥𝜃1 − 𝜃2∥

for all 𝜃1, 𝜃2 ∈ Θ and 𝑓 is bounded from below by 𝑓𝑖𝑛𝑓 ∈ R. Additionally, we set

𝑀2 := sup
𝜃 ∗∈𝑎𝑟𝑔𝑚𝑖𝑛 𝑓

E𝜉 [∥∇𝐺 (𝜃 ∗, 𝜉)∥2] .

Then, the iterates of SGD with momentum satisfy the following bound

E[𝑓 (𝜃𝑘 )] − 𝑓𝑖𝑛𝑓 ≤
∥𝜃0 − 𝜃 ∗∥2
𝜂 (𝑘 + 1) + 2𝜂𝑀2,

when
𝛼𝑘 =

2𝜂
𝑘 + 1 , 𝜇𝑘 =

𝑘

𝑘 + 1 and 𝜂 ≤ 1
4𝐿𝑚𝑏

.

This result is taken from [113, Corollary 25].

2.3.3. Sensitivity Analysis for Constrained Optimization Problems

The following subsection introduces sensitivity analysis for constrained optimization problems. This
approach will be used as a basis for the sensitivity analysis developed for the SensLI method in
Section 4.3.1. Let us consider the equality constrained optimization problem

min
𝜃 ∈Θ

𝑓 (𝜃 ) subject to 𝑐 (𝜃 ) = 0, (2.33)

where 𝑓 : Θ→ R is a differentiable objective function and 𝑐 : Θ→ R𝑛new is a differentiable constraint
function containing 𝑛new constraints.
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The Lagrange function of the constrained problem (2.33) is given by

L(𝜃, 𝜆) ≔ 𝑓 (𝜃 ) + 𝜆⊤𝑐 (𝜃 ), (2.34)

where 𝜆 ∈ R𝑛new are the Lagrange multipliers.

The Karush-Kuhn-Tucker (KKT) conditions are given by the equations describing stationary points of
the Lagrange function (2.34)

𝜕L(𝜃, 𝜆)
𝜕𝜃

= 0,

𝜕L(𝜃, 𝜆)
𝜕𝜆

= 0,

which translate to

−∇𝜃 𝑓 (𝜃 ) = 𝑐′(𝜃 )𝑇𝜆, (2.35)
𝑐 (𝜃 ) = 0. (2.36)

A point (𝜃 ∗, 𝜆∗) satisfying the KKT conditions (2.35) and (2.36) is called a KKT point. A more detailed
introduction to constrained optimization can e.g. be found in [98, Chapter 12].

Since the KKT conditions are necessary optimality conditions only under certain regularity conditions,
we need to make some assumptions on the constraint function 𝑐 . A common constraint qualification is
the Linear Independence Constraint Qualification (LICQ), which states that the gradients of the active
constraints are linearly independent at the current feasible point 𝜃 . More formally, the LICQ states
that the Jacobian of the constraint function 𝑐 has full row rank at the current feasible point 𝜃 , i.e.

∇𝑐 𝑗 (𝜃 ) for 𝑗 = 1, · · · , 𝑛new are linearly independent. (2.37)

For more details see e.g. [98, Section 12].

The critical cone (coinciding with the linearizing cone) of the equality constraints at the KKT point 𝜃
is given by

𝑇𝑐 (𝜃 ) = {𝛿 ∈ Θ | 𝑐′𝑗 (𝜃 )𝛿 = 0 ∀𝑗 = 1, · · · , 𝑛new}. (2.38)

To study the sensitivity of the solution of the optimization problem with respect to perturbations in
the constraint function, we consider a family of perturbed optimization problems

min
𝜃 ∈Θ

𝑓 (𝜃 ) subject to 𝑐𝜖 (𝜃 ) = 0, (2.39)

where 𝑐𝜖 : Θ→ R𝑛new is a family of differentiable constraint functions parametrized by 𝜖 ∈ R𝑛new via

𝑐𝜖 (𝜃 ) = 𝑐 (𝜃 ) − 𝜖Δ

for some Δ ∈ R𝑛new.
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The Lagrange function of the perturbed optimization problem is given by

L(𝜃, 𝜆, 𝜖) ≔ 𝑓 (𝜃 ) + 𝜆⊤𝑐𝜖 (𝜃 ) . (2.40)

We study the sensitivity of the solution of the perturbed optimization problem with respect to the
perturbation scale 𝜖 .

Theorem 2.33 (Behavior of Sensitivities w.r.t. Perturbations in the Constraints). Let (𝜃 ∗, 𝜆∗) be a
KKT point of the unperturbed optimization problem and let the LICQ (2.37) hold at 𝜃 ∗. Assume that
∇2
𝜃
L(𝜃 ∗, 𝜆∗) is strictly positive definite on the critical cone 𝑇𝑐 (𝜃 ∗) (2.38) at point 𝜃 ∗. Then, there exists a

neighborhood 𝑈 around 𝜖 = 0 such that for each 𝜖 ∈ 𝑈 , there exists a unique KKT point (𝜃 ∗𝜖 , 𝜆∗𝜖 ) of the
perturbed optimization problem (2.39). Additionally, the KKT point (𝜃 ∗𝜖 , 𝜆∗𝜖 ) is a differentiable function of
𝜖 in𝑈 and satisfies

d
d𝜖 𝑓 (𝜃

∗
𝜖 )

����
𝜖=0

= −𝜆∗⊤Δ,

and hence
𝑓 (𝜃 ∗𝜖 ) = 𝑓 (𝜃 ∗) − 𝜖𝜆∗⊤Δ + 𝑜 ( |𝜖 |) .

This was shown in e.g. [32, Theorem 3.3.2] and [67, Theorem 2.24]. The Implicit Function Theorem (IFT)
(see e.g. [33, Chapter 8]) is the essential tool in the proof. The theorem states that for a KKT point 𝜃 ∗
the sensitivity of the optimal objective function value with respect to perturbations in the constraint
function is given by the Euclidean inner product of the Lagrange multipliers 𝜆∗ and the perturbation
direction 𝜖Δ.
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2.4. The MG/Opt Method

TheMG/Optmethod is an optimization framework inspired bymultigridmethods for Partial Differential
Equations and is designed for solving deterministic optimization problems with a hierarchical structure.
It can be applied to a wide range of optimization problems, among other things to neural network
training. We introduce the MG/Opt method and its convergence properties as a basis for the stochastic
MG/Opt methods developed in Chapter 3. The section is structured as follows. We start by giving
a short introduction the multigrid method for PDEs in Section 2.4.1, which served as inspiration
for the MG/Opt method. After that, we introduce the basic methodology of the MG/Opt method in
Section 2.4.2 and present the general convergence theory of the MG/Opt framework for deterministic
optimization problems.

2.4.1. Multigrid Methods for PDEs

Multigrid methods are a class of iterative methods used to solve linear and nonlinear systems of
equations, especially those arising from discretizing PDEs on a family of grids with different resolutions.
The main idea of multigrid methods is to solve the problem on multiple levels of discretization, where
each level has a different grid resolution and error representation. A multigrid method consists of
two main components: smoothing steps and the coarse grid corrections (cgcs). The smoothing steps
are used to reduce the high-frequency errors in the solution, while the coarse grid corrections are
used to reduce the low-frequency errors in the solution after the smoothing steps. While multigrid
methods were originally developed for solving linear PDEs, they can also be applied to nonlinear PDEs
as e.g. proposed in [13]. An example for a multigrid method is the V-cycle multigrid method, which is
a common multigrid method for solving linear and nonlinear PDEs. For a more detailed tutorial on
multigrid methods for PDEs, we refer the reader to [14] and [51]. The multigrid optimization method is
developed by transferring the concepts of the V-cycle multigrid method for nonlinear PDEs as in [13]
to stationary conditions of optimization problems. Naturally, the MG/Opt method was originally used
to solve optimal control problems with PDEs, where the optimization problems are defined on different
grids (fine and coarse) and the prolongation and restriction operators are defined as interpolation and
restriction operators as usual for PDEs, respectively.

2.4.2. Multigrid Optimization

First, we introduce the general MG/Opt method algorithm described in [95]. After that, we present
the general convergence theory of MG/Opt. For ease of notation, we restrict ourselves to two-level
MG/Opt, where we only have a fine and a coarse optimization problem. To extend the theory to
multiple levels, iterative arguments can be used.

Leonie Kreis 30



Optimization Techniques for Neural Networks Leonie Kreis

The MG/Opt framework

To apply the MG/Opt method, we need hierarchical optimization problems

min
𝜃 ∈Θ

𝑓 (𝜃 ) and min
𝜃 ∈Θ𝐻

𝑓𝐻 (𝜃 ),

with differentiable objective functions 𝑓 : Θ→ R, 𝑓𝐻 : Θ𝐻 → R. Typically, the fine parameter space Θ
is a higher-dimensional space than the coarse parameter space Θ𝐻 or the fine optimization problem is
more complex in some other form. We assume that both spaces are finite-dimensional inner product
spaces with inner products (·, ·)Θ and (·, ·)Θ𝐻

, respectively. Further, we assume that the objective
functions 𝑓 and 𝑓𝐻 are bounded from below by 𝑓𝑖𝑛𝑓 , 𝑓𝐻𝑖𝑛𝑓 ∈ R, respectively.

To relate both problems, we need the ability to prolongate information between the optimization
problems by defining the linear prolongation operator P𝑝 and the linear restriction operator R𝑝

R𝑝 : Θ→ Θ𝐻 , (2.41)
P𝑝 : Θ𝐻 → Θ, (2.42)

for parameters of the fine and coarse optimization problem, respectively. Additionally, we define a
second linear restriction operator

R𝑑 : Θ∗ → Θ∗𝐻 ,

which restricts the residuals of the fine optimization problem to the coarse optimization problem, i.e.
R𝑑 𝑓 ′(𝜃 ) ∈ Θ∗𝐻 . Since we work with gradients instead of derivatives in the following, we construct
a restriction operator for the gradients R𝑔 : Θ → Θ𝐻 . It is defined by the restriction operator for
derivatives R𝑑 by the Riesz isomorphism as

⟨R𝑑 𝑓 ′(𝜃 ) , 𝜃⟩ = (R𝑔∇𝑓 (𝜃 ), 𝜃 ) ∀𝑓 ′(𝜃 ) ∈ Θ∗, 𝜃 ∈ Θ𝐻 .

Themethod uses the coarse level optimization problem to compute an update direction for the fine-level
optimization problem. The update direction is called the coarse grid correction (cgc). It is expected that
this update is not as exact as a fine-level update, but it can be much cheaper to compute.

The cgc 𝑒 at a current point𝜃𝑘 ∈ Θ is constructed by iterations on the coarse grid correction optimization
problem

min
𝜃 ∈Θ𝐻

𝑓𝐻 (𝜃 ) + 𝜈𝑘𝜃 =: ℎ𝑘 (𝜃 ), (2.43)

i.e. an additional linear term is added to the coarse optimization problem, given by

𝜈𝑘 := R𝑑 (𝑓 ′(𝜃𝑘 )) − 𝑓 ′𝐻 (𝜃𝑘 ) . (2.44)

The cgc objective function ℎ inherits its differentiability from 𝑓𝐻 . The computation starts at the initial
iterate 𝜃𝑘 := R𝑝 (𝜃𝑘 ) which is the restriction of the current fine parameter and performs parameter
updates on it. Note that the cgc objective function ℎ𝑘 depends on the current iteration number 𝑘 via
the current fine iterate 𝜃𝑘 . When it is clear from the context, we drop the iteration index 𝑘 in the
notation of the cgc objective function.
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The cgc is then given by the prolongation of the difference of end and initial coarse parameters

𝑒 := P𝑝 (𝜃 ∗𝑐𝑔𝑐 − R𝑝 (𝜃𝑘 )), (2.45)

where 𝜃 ∗𝑐𝑔𝑐 is a stationary point of the cgc optimization problem or an approximation of it. The cgc is
then used to update the current fine iterate using a step size 𝛼𝑘𝑐𝑔𝑐 .

Sometimes it is beneficial to add a regularization term to the cgc objective function (2.43) to ensure
that the cgc does not deviate too much from the current fine parameter. This can be done by adding a
quadratic regularization term to the cgc objective function, leading to

ℎ𝜆 (𝜃 ) = 𝑓𝐻 (𝜃 ) + 𝜈𝑘𝜃 +
𝜆

2 ∥𝜃 − R𝑝 (𝜃
𝑘 )∥2, (2.46)

where 𝜆 > 0 is the regularization parameter.

The MG/Opt framework is given in Algorithm 2 and an illustration of the method is given in Figure 2.7.
It is based on the method proposed in [95].

Algorithm 2MG/Opt algorithm in general form
Require: Initial guess 𝜃0, (iterative) optimizer for fine problem, cgc step size 𝛼𝑐𝑔𝑐 > 0, convergence

criterion, criterion for cgc, restrictions R𝑝 ,R𝑑 , prolongation P𝑝 , procedure to compute cgc

while fine problem not converged do
while stopping criterion for cgc not met or not converged do
Iterate on the fine problem with fine-level optimizer until stopping criterion is met, current
iterate 𝜃𝑘

end while
Compute cgc 𝑒 and update 𝜃𝑘+1 := 𝜃𝑘 + 𝛼𝑐𝑔𝑐𝑒

end while

The cgc is used to update the fine parameters, but not in each iteration, rather only after a certain
number of direct iterations on the fine problem. It is common to implement a condition into the
algorithm which decides whether the cgc should be computed or not. This condition can be based on
the number of iterations, or on the convergence of the fine-level optimizer and the expected behavior
of the current gradient of the fine objective function restricted to the coarse space.

2.4.3. Convergence Analysis of MG/Opt

In this section, we present general convergence results for the MG/Opt method. We assume for the
following analysis that the fine parameter space Θ and the coarse parameter space Θ𝐻 are finite-
dimensional real vector spaces of the form Θ = R𝑛Θ and Θ𝐻 = R𝑛Θ𝐻 with 𝑛Θ𝐻

, 𝑛Θ ∈ N and 𝑛Θ𝐻
≤ 𝑛Θ.

The convergence results presented here give a first impression of the techniques available for analyzing
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fine

coarse

𝜃0 Iterate with optimizer 𝜃𝑘

R𝑝 P𝑝

R𝑑

𝜃𝑘

cgc obj. fct. ℎ

Compute 𝜃 ∗𝑐𝑔𝑐 𝜃 ∗𝑐𝑔𝑐

𝜃𝑘+1 := 𝜃𝑘 + 𝛼𝑐𝑔𝑐P𝑝 (𝜃 ∗𝑐𝑔𝑐 − R𝑝 (𝜃𝑘 )) Iterate with optimizer... 𝜃𝑘+𝑙

ℎ(𝜃 ) = 𝑓𝐻 (𝜃 ) + (R𝑔 (∇𝑓 (𝜃𝑘 )) − ∇𝑓𝐻 (𝜃𝑘 ))𝑇𝜃

Figure 2.7.: One loop of the MG/Opt algorithm.

the MG/Opt method. They serve as a foundation for the stochastic MG/Opt methods developed in
Chapter 3. In the following, we assume that the parameter spaces satisfy Θ = R𝑛Θ and Θ𝐻 = R𝑛Θ𝐻
with 𝑛Θ𝐻

, 𝑛Θ ∈ N and 𝑛Θ𝐻
≤ 𝑛Θ. First it is necessary to investigate under which conditions the coarse

grid correction (cgc) is a descent direction of the fine objective function at the current fine iterate.
Then it is possible to derive convergence results for the MG/Opt method.

First-order coherence of the coarse grid correction The cgc is defined in a way such that the
first iteration with a gradient update on the cgc problem is a descent direction of the fine objective
function at the current fine iterate. This property is called first-order coherence and ensures that the
iterations on the cgc problem start by roughly following the restricted fine gradient.

Lemma 2.34 (First-Order Coherence of Coarse Grid Correction). If only one gradient descent step (with
step size 𝛼) on the cgc problem is performed, then the coarse grid correction 𝑒 satisfies

𝑒 = −𝛼P𝑝 (R𝑔 (∇𝑓 (𝜃𝑘 ))).

Proof. Because only one gradient descent step on the cgc problem is performed, we have

𝜃 ∗𝑐𝑔𝑐 = 𝜃
𝑘 − 𝛼∇ℎ(𝜃𝑘 ),

and hence

𝑒 = P𝑝 (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ) = −𝛼P𝑝 (R𝑔 (∇𝑓 (𝜃𝑘 ))),

since the prolongation is linear and ∇ℎ(𝜃𝑘 ) = ∇𝑓𝐻 (𝜃𝑘 ) + R𝑔 (∇𝑓 (𝜃𝑘 )) − ∇𝑓𝐻 (𝜃𝑘 ) = R𝑔 (∇𝑓 (𝜃𝑘 )). □

Remark 2.35 (Number of Steps on the Coarse Grid Correction Problem). Note that it is computationally
inefficient to only perform one gradient descent step on the cgc, as the cgc problem is more expensive to
construct than the with one iteration generated cgc update 𝑒 , as it uses the evaluation of the fine gradient
at the current iterate. Generally, there is no knowledge on how many steps on the cgc problem are the
most effective to the best of my knowledge.
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Descent Direction Property of the Coarse Grid Correction Generally, the cgc update is not
necessarily a descent direction of the fine objective function at the current fine iterate. However, there
are some cases, where it can be shown that the cgc is a descent direction of the fine objective at the
current fine iterate 𝜃𝑘 . In the following we list some of these cases.

Theorem 2.36 (Coarse Grid Correction as Descent Direction for Approximate Stationary Point 𝜃 ∗𝑐𝑔𝑐 ).
Let 𝑓𝐻 be 𝜇𝐻 -strongly convex and twice differentiable. Additionally, let R𝑔 = P𝑇𝑝 . If the cgc is computed
approximately, i.e. ∇ℎ(𝜃 ∗𝑐𝑔𝑐) = 𝑟 , and R𝑔 (∇𝑓 (𝜃𝑘 )) ≠ 0, then the cgc 𝑒 = P𝑝 (𝑒) with 𝑒 ≔ 𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘
satisfies

∇𝑓 (𝜃𝑘 )𝑇𝑒 ≤ −(𝜇𝐻 + 𝜆)∥𝑒 ∥2 + 𝑟⊤𝑒,

as long as 𝜃 ∗𝑐𝑔𝑐 ≠ 𝜃𝑘 . Then, the following scenarios guarantee that 𝑒 is a descent direction of the fine
objective 𝑓 at 𝜃𝑘 :

• If the cgc is computed exactly, i.e. 𝑟 = 0.
• If 𝑓𝐻 is not strongly convex, but a large enough regularization term with 𝜆 > 0 is added to the cgc
objective as in (2.46) and 𝑟 = 0.

• If the cgc is computed approximately, but the residual 𝑟 is sufficiently small, i.e. 𝑟⊤𝑒 < (𝜇𝐻 +𝜆)∥𝑒 ∥2.

The proof can be found in [75] and for accessibility in Appendix B.1.

Remark 2.37 (Restriction Operator for Parameters). There are no assumptions on the restriction operator
R𝑝 for the parameters in Theorem 2.36. For the theory it does not need to have any relation to R𝑑 or P𝑝 .
However, it seems natural to choose R𝑝 such that R𝑝P𝑝 = 1. If we have a prolongation operator P𝑝 with
full rank, choosing R𝑝 as the pseudo-inverse (P𝑇𝑝 P𝑝)−1P𝑇𝑝 of P𝑝 satisfies R𝑝P𝑝 = 1.

Theorem 2.38 (Approximate Coarse Grid Correction as Descent Direction for Strongly Convex Coarse
Objective). Let 𝑓𝐻 be 𝜇𝐻 -strongly convex and twice differentiable. Additionally, let R𝑔 = P𝑇𝑝 . If the cgc is
computed such that

ℎ(𝜃 ∗𝑐𝑔𝑐) ≤ ℎ(𝜃𝑘 ),

and R𝑔 (∇𝑓 (𝜃𝑘 )) ≠ 0, then the cgc 𝑒 = P𝑝 (𝑒) is a descent direction of the fine objective 𝑓 at 𝜃𝑘 , i.e.

∇𝑓 (𝜃𝑘 )𝑇𝑒 ≤ −𝑡𝜇𝐻 ∥𝑒 ∥2,

for some 0 < 𝑡 ≤ 1.

The proof can be found in [75, Theorem 5] and for accessibility in Appendix B.1.

For a non-convex coarse objective function we can not guarantee that the cgc is a descent direction of
the fine objective even if the cgc is computed with a stationary point 𝜃 ∗𝑐𝑔𝑐 . Adding a regularization
term helps to mitigate the problem. The results presented here serve as a basis for developing the
stochastic MG/Opt methods presented in Chapter 3.
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Convergence of MG/Opt Method Now that we have established criteria for when 𝑒 is a descent
direction of 𝑓 at 𝜃𝑘 , we can show convergence results for the MG/Opt method.

Theorem 2.39 (General Global Convergence of MG/Opt). Assume that 𝑒 is always a descent direction
of 𝑓 at 𝜃𝑘 (either by being in a suitable problem setting or by only accepting the cgc update if it indeed is a
descent direction). Further, assume that 𝛼𝑐𝑔𝑐 is always chosen such that the cgc update 𝜃𝑘+1 = 𝜃𝑘 + 𝛼𝑐𝑔𝑐𝑒
yields a point with 𝑓 (𝜃𝑘+1) ≤ 𝑓 (𝜃𝑘 ). If the optimization algorithm for the fine problem converges globally
and takes at least one step between consecutive coarse grid updates, then the MG/Opt algorithm converges
globally in the same sense.

The theorem is given in [95, Theorem 1].

Theorem 2.40 (Convergence of MG/Opt with Angle Condition). Let 𝑓 be 𝐿-smooth. Assume that 𝑒 is
always a descent direction of 𝑓 at 𝜃𝑘 either by assuming the setting of Theorems 2.36 and 2.38 or by only
accepting the cgc update if it indeed is a descent direction. Further, assume that the angle condition

cos(∠(𝑒,∇𝑓 (𝜃𝑘 ))) ≥ 𝜂

holds for some 𝜂 > 0. If you use an optimization algorithm for the classical iterations on the fine
optimization problem that uses a descent direction of the fine objective and the Wolfe line search conditions
(see e.g. [98, Chapter 3.1]) to determine the step sizes for every iteration, then

lim
𝑘→∞
∥∇𝑓 (𝜃𝑘 )∥2 = 0.

From [98, Theorem 3.2 and following text].

Remark 2.41 (Number of Iterations on the Coarse Grid Correction Problem). Note that in Theorems 2.39
and 2.40 there are no assumptions on how many iterations are performed on the cgc problem to compute 𝑒 .
It is only necessary that at least one iteration is performed between two consecutive coarse grid corrections.
However, the number of iterations on the cgc problem influences the quality and the computational effort
of the cgc and hence the convergence speed of the MG/Opt method in practice.

Extensions of the MG/Opt Method There exists multiple works that extend the MG/Opt method to
more complex settings. For example, [96] extends the method to optimization problems with equality
constraints. [9] apply the MG/Opt method to optimization problems with PDE constraints. There
exists also work from [131] constructing a novel backtracking line search strategy tailored to MG/Opt
to ensure that the coarse grid corrections are always descent directions. Also, [8] proposes a step
size strategy for strict convex problems ensuring global convergence of the method. [102] extends
the method to non-smooth convex optimization problems. There exists also variants like [94] which
extend the theory to optimization with manifolds. It is also possible to define multiplicative cgc update
models instead of the additive one used in MG/Opt and hybrids of these, as e.g. done in [72].
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2.5. Preconditioning for Matrices and Linear Maps

Preconditioning is a technique used to improve the convergence of iterative methods for solving
linear systems of equations or for optimization problems. For Θ = R𝑛Θ , this is typically done by
selecting a suitable (non-Euclidean) inner product on the space of optimization variables which leads
to a preconditioned gradient. In the following we give a short introduction to preconditioning for
matrices and linear maps in real Hilbert spaces, which is the basis for the preconditioning method
presented in Chapter 5.

The section is structured as follows. After introducing basic notation and definitions for Hilbert
spaces, we present Frobenius-type inner products on the space of linear maps between two Hilbert
spaces, which were developed in [58]. The gradient of an object w.r.t. this inner product leads to a
preconditioned gradient. Next, we give an introduction to the Fisher Information Matrix (FIM) and
Natural Gradient Descent (NGD) method which employs a specific preconditioning technique and can
be applied to parameter estimation problems. Finally, we introduce the popular Kronecker-Factored
Approximate Curvature (K-FAC) preconditioning method which is based on the NGD method and is
tailored to neural network training. We introduce it here as we compare it to the covariance-driven
preconditioners presented in Chapter 5.

Let us assume that we have two real Hilbert spacesH1 andH2 with inner products (·, ·)1 and (·, ·)2,
respectively. The norm onH𝑖 induced by the inner product is given by

∥𝑥 ∥𝑖 :=
√︁
(𝑥, 𝑥)𝑖

for 𝑖 = 1, 2 and 𝑥 ∈ H𝑖 .

The (topological) dual spaceH ∗𝑖 ofH𝑖 is the space of bounded linear functionals onH𝑖 , i.e. linear maps
ℓ : H𝑖 → R that are continuous with respect to the norm onH𝑖 .

The Riesz representation theorem (see e.g. [4, Theorem 6.42]) states that for every continuous linear
functional ℓ ∈ H ∗𝑖 , there exists a unique element 𝑥ℓ ∈ H𝑖 such that

ℓ (𝑦) = (𝑥ℓ , 𝑦)𝑖 ∀𝑦 ∈ H𝑖 .

This element 𝑥ℓ is called the Riesz representer of ℓ . The Riesz map R𝑖 : H𝑖 →H ∗𝑖 is defined by

R𝑖 (𝑥) = ℓ𝑥 ,

where ℓ𝑥 ∈ H ∗𝑖 is the continuous linear functional defined by

ℓ𝑥 (𝑦) = (𝑥, 𝑦)𝑖 ∀𝑦 ∈ H𝑖 .

The Riesz map is an isometric isomorphism betweenH𝑖 andH ∗𝑖 , i.e.

∥ℓ ∥H∗
𝑖
= ∥𝑥ℓ ∥𝑖 ∀ℓ ∈ H ∗𝑖 .
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The inverse of the Riesz map is called the dual Riesz map R−1
𝑖 : H ∗𝑖 →H𝑖 and is defined by

R−1
𝑖 (ℓ) = 𝑥ℓ . (2.47)

The inner product on the dual spaceH ∗𝑖 is defined by

(ℓ1, ℓ2)H∗
𝑖
≔ (R−1

𝑖 (ℓ1),R−1
𝑖 (ℓ2))𝑖 ∀ℓ1, ℓ2 ∈ H ∗𝑖 .

A more detailed introduction to Hilbert spaces and the Riesz representation theorem can be found in
many textbooks, e.g. [4].

Definition 2.42 (Hilbert Space Adjoint). Let 𝑆 : H1 →H2 be a continuous linear map between the two
Hilbert spaces. The Hilbert space adjoint 𝑆∗ : H2 →H1 of 𝑆 is defined by

(𝑆𝑥, 𝑦)2 = (𝑥, 𝑆∗𝑦)1 ∀𝑥 ∈ H1, 𝑦 ∈ H2.

Definition 2.43 (Dual Map). Let 𝑆 : H1 → H2 be a continuous linear map between the two Hilbert
spaces. The dual map 𝑆 ′ : H ∗2 →H ∗1 of 𝑆 is defined by

⟨𝑆 ′ℓ , 𝑥⟩1 = ⟨ℓ , 𝑆𝑥⟩2 ∀𝑥 ∈ H1, ℓ ∈ H ∗2 .

In Hilbert spaces, the relation between the dual map and the Hilbert space adjoint is given by

𝑆 ′ = R1𝑆
∗R−1

2 . (2.48)

2.5.1. Frobenius-Type Inner Products

The following subsection on Frobenius-type inner products is based on [58].

Let
𝑆𝑖 : H1 →H2 for 𝑖 = 1, 2

be continuous linear maps between the two real Hilbert spaces. The space of continuous linear maps
fromH1 toH2 is denoted by L(H1,H2).

The generalized Frobenius-type inner product is defined by

(𝑆1, 𝑆2)H1→H2 ≔ trace(R−1
H1
𝑆 ′1RH2𝑆2),

where 𝑆 ′𝑖 is the Banach space adjoint of 𝑆𝑖 with respect to the inner products onH1 andH2 and the
trace operator is defined onH1. The maps RH1 : H1 →H ∗1 and RH2 : H2 →H ∗2 are the Riesz maps
for the spacesH1 andH2, respectively. In order to ensure that the trace is well-defined, we assume
from now on that the operators R−1

H1
𝑆 ′1RH2𝑆2 are trace-class, see e.g. [18] for more details.

The space L(H1,H2) is a Hilbert space as well. The dual space of L(H1,H2) is denoted by L(H1,H2)∗
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and consists of continuous linear functionals on L(H1,H2). The Riesz map on the space of linear
maps w.r.t. the Frobenius-type inner product is given by

RH1→H2 : L(H1,H2) → L(H1,H2)∗

𝑆 ↦→
(
𝑇 ↦→ trace(R−1

H1
𝑆 ′RH2𝑇 )

)
.

If the Hilbert spacesH1 andH2 are finite-dimensional and equipped with orthonormal bases, the inner
products can be represented by matrices H1 andH2, respectively. A linear map 𝑆 : H1 →H2 can be
represented by a matrix𝑀 such that

𝑆 (𝑥) =𝑀𝑥 ∀𝑥 ∈ H1.

Keep in mind that the representation of 𝑆 by𝑀 and H1, H2 depend on the choice of the orthonormal
bases ofH1 andH2. The Frobenius-type inner product can then be expressed as

(𝑀1, 𝑀2)H1→H2 = trace(H−1
1 𝑀

𝑇
1 H2𝑀2),

where trace is the trace operator on the space of matrices.

2.5.2. Natural Gradient Descent and the Fisher Information Matrix

In this section, 𝑥 is the random variable with values in the input space 𝑋0 and 𝑦 is the random variable
with values in the label space 𝑌𝐿 , which represent the input features and label features, respectively.
Accordingly, their distributions represent the data distribution from which the training data is sampled.
Again, 𝜃 ∈ Θ = R𝑛Θ are the parameters of the prediction model 𝑔 : Θ × 𝑋0 → 𝑌𝐿 . We assume a
probabilistic model for the conditional distribution of 𝑦 of the form

𝑝 (𝑦 |𝑥, 𝜃 ) = 𝑝 (𝑦 |𝑔(𝜃, 𝑥)),

where 𝑝 (𝑦 |·) is an exponential family (see e.g. [128, Chapter 9.13.3]) with natural parameters in 𝑌
and 𝑔 : 𝑋 × Θ → 𝑌 is a prediction function parametrized by 𝜃 ∈ Θ. Given 𝐷 i.i.d. training samples
(𝑥0, 𝑗 , 𝑦label𝑗 )𝐷𝑗=1, we want to minimize the loss function

𝑓 (𝜃 ) :=
𝐷∑︁
𝑗=1
L(𝑔(𝑥0, 𝑗 , 𝜃 ), 𝑦label𝑗 ) = −

𝐷∑︁
𝑗=1

log𝑝 (𝑦label𝑗 |𝑔(𝑥0, 𝑗 , 𝜃 )) .

Definition 2.44 (Score Function). The score function is defined as the Euclidean gradient or the vector
of partial derivatives of the log-likelihood function w.r.t. the parameters 𝜃

𝑠 (𝜃 ) ≔ ( 𝜕
𝜕𝜃

log𝑝 (𝑦 |𝑔(𝜃, 𝑥)))𝑇 = ∇𝜃 log𝑝 (𝑦 |𝑔(𝜃, 𝑥)) . (2.49)

Lemma 2.45. Assume regularity conditions on the density 𝑝 (𝑦 |𝑔(𝜃, 𝑥)) which ensure that differentiation
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and integration can be interchanged. Then it holds that E[𝑠 (𝜃 )] = 0.

Definition 2.46 (Fisher Information Matrix (FIM)). The FIM is defined as the expected outer product of
the score function

𝐹 (𝜃 ) ≔ E
[
𝑠 (𝜃 )𝑠 (𝜃 )𝑇

]
= E

[
∇𝜃 log𝑝 (𝑦 |𝑔(𝜃, 𝑥))∇𝜃 log𝑝 (𝑦 |𝑥, 𝜃 )𝑇

]
. (2.50)

For more details on the score and the FIM we refer to [40].

Assuming the regularity conditions from Lemma 2.45, the FIM is the covariance matrix of the score
function, since E[𝑠 (𝜃 )] = 0.

Natural Gradient Descent [1] is an optimization method that uses the FIM to compute the natural
gradient.

Definition 2.47 (Natural Gradient Descent). The natural gradient is defined as

∇nat
𝜃
𝑓 (𝜃 ) = 𝐹 (𝜃 )−1∇eucl

𝜃
𝑓 (𝜃 ) .

The NGD update is then given by

𝜃𝑘+1 = 𝜃𝑘 − 𝛼𝑘∇nat𝜃
𝑓 (𝜃𝑘 ) = 𝜃𝑘 − 𝛼𝑘𝐹 (𝜃𝑘 )−1∇eucl

𝜃
𝑓 (𝜃𝑘 ),

where 𝛼𝑘 > 0 is the learning rate (lr).

Provided some specific loss functions, the FIM captures partial second-order information about the
underlying statistical model, and it coincides with the Generalized Gauss-Newton (GGN) matrix (see
e.g. [79, Chapter 3]). The most prominent loss functions with this property are the Mean Squared
Error (MSE)-loss for regression tasks and the Cross-Entropy (CE)-loss for classification tasks, see
Section 2.5.3 for details.

Preconditioning with the FIM changes the information geometry of the problem, because the distance
between two points in parameter space is not measured in the Euclidean sense, but in the sense of the
Kullback-Leibler divergence [78] of the probability distributions 𝑝 (𝑦 |𝑔(𝜃, 𝑥)). For more details on this
relation we refer readers to information geometry literature such as [1].

Applying NGD in machine learning was first proposed by [1]. In the context of neural networks, [112]
showed relations between the FIM and the GGN. Among others, [82] and [125], derived optimization
methods tailored to neural networks based on the GGN.

2.5.3. Statistical Approximations of the Fisher

In this subsection we start by giving examples for loss functions that lead to a probabilistic model for
the data and clarify some notation on the FIM which was highlighted [79].
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We show that the loss functions MSE-loss and CE-loss are structured such that there is a distribution
𝑝 (𝑦 |𝑔(𝜃, 𝑥)) satisfying

L(𝑔(𝜃, 𝑥), 𝑦) = − log𝑝 (𝑦 |𝑔(𝜃, 𝑥)) .

The MSE-loss (2.12) for regression tasks leads to a distribution of the form

log𝑝 (𝑦 |𝑔(𝜃, 𝑥)) = − 1
2 ∥𝑦 − 𝑔(𝜃, 𝑥)∥

2

→ 𝑝 (𝑦 |𝑔(𝜃, 𝑥)) = exp
(
− 1

2 ∥𝑦 − 𝑔(𝜃, 𝑥)∥
2
)
,

which corresponds to a normal distribution with mean 𝑔(𝑥, 𝜃 ) and variance 1. For more details on the
distribution we refer the reader to [71, p.45].

The CE-loss (2.13) for classification tasks leads to a distribution of the form

log𝑝 (𝑦 = 𝑐 |𝑔(𝜃, 𝑥)) = − log(softmax(𝑔(𝜃, 𝑥))𝑐)

→ 𝑝 (𝑦 = 𝑐 |𝑔(𝜃, 𝑥)) = softmax(𝑔(𝜃, 𝑥))𝑐 =
exp(𝑔(𝜃, 𝑥)𝑐)∑𝐶
𝑐′=1 exp(𝑔(𝜃, 𝑥)𝑐′)

.

For these loss functions, the FIM coincides with the Generalized Gauss-Newton (GGN) approximation
of the Hessian, see e.g. [112].

Generally (and as defined above), the FIM is defined as

𝐹 (𝜃 ) = E𝑥,𝑦∼𝑝 (𝑥,𝑦 |𝜃 )
[
∇𝜃 log𝑝 (𝑦 |𝑔(𝜃, 𝑥))∇𝜃 log𝑝 (𝑦 |𝑔(𝜃, 𝑥))𝑇

]
,

where 𝑝 (𝑦 |𝑔(𝜃, 𝑥)) is the probability density function of the data 𝑦 given the input 𝑥 and the parameters
𝜃 . Keep in mind that 𝑝 (𝑥, 𝑦 | 𝜃 ) = 𝑝 (𝑥)𝑝 (𝑦 |𝑔(𝜃, 𝑥)). This is what is called the exact Fisher Information
Matrix in statistics.

Often, the distribution of the inputs 𝑝 (𝑥) is not known, hence we approximate it empirically by
sampling from the data distribution of 𝑥 , i.e. the training data {𝑥0, 𝑗 }𝐷𝑗=1. Then the FIM is defined as

𝐹 (𝜃 ) = 1
𝐷

𝐷∑︁
𝑗=1

E𝑦∼𝑝 (𝑦 |𝑔 (𝑥0, 𝑗 ,𝜃 ) )
[
∇𝜃 log𝑝 (𝑦 |𝑔(𝑥0, 𝑗 , 𝜃 ))∇𝜃 log𝑝 (𝑦 |𝑔(𝑥0, 𝑗 , 𝜃 ))𝑇

]
.

This version is called the exact FIM in machine learning literature, but the empirical FIM in statistics
literature.

The empirical Fisher Information Matrix in machine learning is defined as

𝐹 (𝜃 ) = 1
𝐷

𝐷∑︁
𝑗=1
∇𝜃 log𝑝 (𝑦label𝑗 |𝑔(𝑥0, 𝑗 , 𝜃 )𝑠)∇𝜃 log𝑝 (𝑦label𝑗 |𝑔(𝑥0, 𝑗 , 𝜃 ))𝑇 ,
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where 𝐷 is the number of samples. The notation "empirical" is used here since for both in- and output
the available (training) data is used. However, this can not be interpreted as a FIM directly, since the
distribution of the output comes from 𝑝 (𝑦 | 𝑥0, 𝑗 ) instead of 𝑝 (𝑦 | 𝑥0, 𝑗 , 𝜃 ), which does not depend on
the model parameters 𝜃 . In [79] the authors show severe limitations of the empirical (ML notation) FIM
to advance training of neural networks, because it is not able to capture second-order information.

We consider the machine learning terminology (which is also used describing K-FAC), in denoting
exact and empirical Fisher Information Matrices in the following.

Finally, we describe how to sample from the distribution 𝑝 (𝑦 | 𝑔(𝑥0, 𝑗 , 𝜃 )) for the exact FIM for the two
most prominent loss functions in machine learning.

Example 2.48 (1D MSE-loss). Sample from the normal distributionN(𝑔(𝑥0, 𝑗 , 𝜃 ), 1) with mean 𝑔(𝑥0, 𝑗 , 𝜃 )
and variance 1 to get a sample for 𝑦 𝑗 . Then compute the gradient ∇𝜃 log𝑝 (𝑦 𝑗 |𝑔(𝑥0, 𝑗 , 𝜃 )) for the sampled
𝑦 𝑗 .

Example 2.49 (CE-loss). Sample from the categorical distribution with probabilities given by the softmax
of the model output 𝑔(𝑥0, 𝑗 , 𝜃 ) to get a sample for 𝑦 𝑗 . Then compute the gradient ∇𝜃 log𝑝 (𝑦 𝑗 |𝑔(𝑥0, 𝑗 , 𝜃 ))
for the sampled 𝑦 𝑗 .

2.5.4. Kronecker-Factored Approximate Curvature (K-FAC)

Next we describe the derivation of the most popular approximation of the FIM tailored to neural
networks, the K-FAC method, which was proposed in [91]. For deep learning problems, the FIM is
often too large to be computed and stored. Hence, the K-FAC preconditioner makes approximations to
the FIM tailored to the structure of neural networks.

In the following, we neglect biases and consider only the weight matrices𝑊𝑖 of the layers for FNNs.
The vectorized gradient of the loss function w.r.t. all trainable parameters (i.e. all weight matrices)
w.r.t. one training datum has the form

∇𝜃 𝑓𝑗 (𝜃 ) = ∇𝜃 𝑓𝑗 (𝜃 ) = [𝑑𝑇1 , 𝑑𝑇2 , . . . , 𝑑𝑇𝐿 ]
𝑇 ,

where 𝑑𝑖 is the vectorized Euclidean gradient of the loss function w.r.t. the weight matrix𝑊𝑖 of the
𝑖-th layer, i.e.

𝑑𝑖 = vec(∇𝑦𝑖 𝑓𝑗 (𝜃 )𝑥𝑇𝑖−1) = 𝑥𝑇𝑖−1 ⊗ ∇𝑦𝑖 𝑓𝑗 (𝜃 ) .

Here, ∇𝑦𝑖 𝑓𝑗 (𝜃 ) is the Euclidean gradient of the loss function w.r.t. the pre-activation layer 𝑦𝑖 and ⊗ is
the Kronecker product.

The blocks corresponding to layers of the FIM are given by

𝐹𝑖𝑘 = E
[
𝑑𝑖𝑑

𝑇
𝑘

]
= E

[
𝑥𝑖−1𝑥

𝑇
𝑘−1 ⊗ ∇𝑦𝑖 𝑓𝑗 (𝜃 )∇𝑦𝑘 𝑓𝑗 (𝜃 )

𝑇
]
.
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Approximation 1: We assume that the input and output of each layer are independent.

𝐹𝑖𝑘 ≈ E[𝑥𝑖−1𝑥
𝑇
𝑘−1] ⊗ E[∇𝑦𝑖 𝑓𝑗 (𝜃 )∇𝑦𝑘 𝑓𝑗 (𝜃 )𝑇 ] ≕ 𝑋𝑖−1,𝑘−1 ⊗ 𝐺𝑖,𝑘 ≕ 𝐹𝑖𝑘 .

This assumption is made out of necessity, since otherwise the FIM blocks 𝐹𝑖𝑘 are not efficiently
computable in practice. The quantities are not independent in practice, however.

Approximation 2: We consider only the blocks on the diagonal, i.e. the interactions in between a
layer and not between different or neighboring layers.

𝐹 ≔ diag(𝑋0,0 ⊗ 𝐺1,1, 𝑋1,1 ⊗ 𝐺2,2, . . . , 𝑋𝐿−1,𝐿−1 ⊗ 𝐺𝐿,𝐿) .

Then, the inverse of the approximated FIM is given by

𝐹 −1 ≔ diag(𝑋 −1
0,0 ⊗ 𝐺−1

1,1 , 𝑋
−1
1,1 ⊗ 𝐺−1

2,2, . . . , 𝑋
−1
𝐿−1,𝐿−1 ⊗ 𝐺−1

𝐿,𝐿) .

Now, 𝐹 −1∇𝜃 𝑓 (𝜃 ) has 𝐿 layer components

𝑋 −1
𝑖−1,𝑖−1 ⊗ 𝐺−1

𝑖,𝑖 𝑑𝑖 = 𝑋
−1
𝑖−1,𝑖−1 ⊗ 𝐺−1

𝑖,𝑖 vec(∇𝑦𝑖 𝑓𝑗 (𝜃 )𝑥𝑇𝑖−1)

with

𝑋 −1
𝑖−1,𝑖−1 ⊗ 𝐺−1

𝑖,𝑖 𝑑𝑖 = vec(𝐺−1
𝑖,𝑖 ∇𝑦𝑖 𝑓𝑗 (𝜃 )𝑥𝑇𝑖−1𝑋

−1
𝑖−1,𝑖−1) .

The K-FAC weight gradient for one training datum update is given by

∇K-FAC𝑊𝑖
𝑓𝑗 (𝜃 ) =𝐺−1

𝑖,𝑖 ∇𝑦𝑖 𝑓𝑗 (𝜃 )𝑥𝑇𝑖−1𝑋
−1
𝑖−1,𝑖−1.

The K-FAC weight gradient update for a mini-batch of size 𝐵 is given by

∇K-FAC𝑊𝑖
𝑓 (𝜃 ) =𝐺−1

𝑖,𝑖

1
𝐵

𝐵∑︁
𝑗=1
∇𝑦𝑖 𝑓𝑗 (𝜃 )𝑥𝑖−1( 𝑗)𝑇𝑋 −1

𝑖−1,𝑖−1, (2.51)

where 𝑥𝑖−1( 𝑗) is the post-activation features of the 𝑖 − 1-th layer for the 𝑗-th training datum.

The expectations 𝑋𝑖−1,𝑖−1 and𝐺𝑖,𝑖 are approximated by the empirical means over a batch of 𝑁 samples,
i.e.

𝑋𝑖−1,𝑖−1 ≈
1
𝑁

𝑁∑︁
𝑗=1
𝑥𝑖−1( 𝑗)𝑥𝑖−1( 𝑗)𝑇 ,

and get updated over the SGD iterations by exponential averaging as an example. For more details see
Section 2.5.3.

Generally, the derivation (2.51) is already presented in [59]. The novelty in [91] are the technical
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additions to make the K-FAC preconditioner more efficient in training. We report some of them here.

• Update frequency: Recompute FIM approximation (and inversion) every 20 iterations via
exponential averaging.

• Damping strategy: Use variable damping terms

𝐺𝑖,𝑖 ← 𝐺𝑖,𝑖 +
1
𝜋𝑖
(
√︁
𝜆 + 𝜂)𝐼 and 𝑋𝑖−1,𝑖−1 ← 𝑋𝑖−1,𝑖−1 + +𝜋𝑖 (

√︁
𝜆 + 𝜂) .

𝜆 is adapted in a Levenberg-Marquardt style (see e.g. [98, Chapter 10]), 𝜂 is a regularization
factor, and 𝜋𝑖 =

√︃
∥𝑋𝑖−1,𝑖−1⊗𝐼 ∥
∥𝐼⊗𝐺𝑖,𝑖 ∥ .

• Rescaling: Use the learning rate

𝛼∗ = − ∇𝜃L(𝜃 )𝛿
𝛿𝑇 (𝐹 + (𝜆 + 𝜂)𝐼 )𝛿

with 𝛿 = 𝐹 −1∇𝜃L(𝜃 ) .

• Adding momentum: Use an update with momentum (instead of 𝛿) of the form

𝑑 = 𝛼∗𝛿 + 𝜇𝑑0,

where 𝜇 is the momentum factor and 𝑑 is the update direction and 𝑑0 is the update from the last
iteration.

The K-FAC preconditioner became popular in [91]. The basic idea of its layer-wise structure approxima-
tion, was first used in [59] and also in [83, 90, 99, 106] before the K-FACpreconditionerwas introduced.

There exist several works that use similar approximations of the FIM or GGN matrix for neural
networks. The authors of [59] propose a block-diagonal approximation w.r.t. layers of the FIM for
neural networks with a predefined fixed damping term which is added to ensure invertibility. [83]
uses a block-diagonal approximation of the GGN matrix for neural networks as well, but with blocks
corresponding to neurons instead of layers. Hessian-Free Optimization (HFO) for deep learning is
proposed in [90], which is also based on the GGN matrix and uses CG iterations to avoid inversion
without reusing info from the last iterations in the updating of the curvature. The work [99] introduces
the Riemannian Natural Gradient Descent method for neural networks, which is based on the FIM and
uses a block-diagonal approximation w.r.t. layers as well. It uses no damping since this would destroy
the invariance properties of the algorithm. [106] refines the ideas above by developing an efficient
online method to update the curvature information. There also exist some technical improvements to
the K-FAC preconditioner, e.g. [5, 101, 22].
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3. Multigrid Optimization (MG/Opt) for Neural
Network Training

In this chapter we propose new stochastic variants of the MG/Opt method [95] for two levels
accompanied by stochastic convergence results. By using stochastic gradient estimates instead of exact
gradients, the method can be more easily applied to stochastic optimization problems compared to its
deterministic version. First we develop a stochastic MG/Opt method in the strongly convex quadratic
setting and identify restriction and prolongation operators suited to SGD iterations, where we can
prove convergence of iterates in expectation under strong assumptions. Then we propose a second
version tailored to the more general, non-convex setting, which is more relevant for neural network
training. Naturally, this version leads to weaker convergence results. Nevertheless, we are able to
show new stochastic convergence results in the non-convex setting for fixed and diminishing step
sizes. Because of the use of stochastic gradient estimates, e.g. mini-batch gradients, the method can
be applied to the training of neural networks. Further, we discuss potential applications and recent
similar approaches to neural network training and limitations of the proposed method.

3.1. Introduction

Multigrid methods have long been recognized as powerful and efficient techniques for solving Partial
Differential Equations, particularly in the context of large-scale scientific computing. Their ability
to accelerate convergence by leveraging hierarchical problem structures has inspired researchers
to explore their applicability beyond classical PDEs, including general optimization problems. The
MG/Opt method, originally proposed by Nash [95], extends the multigrid V-cycle, well-known from
nonlinear PDE solvers such as Full Approximation Storage (FAS), to general non-convex optimization
problems that possess a hierarchical structure. For an introduction to MG/Opt and its convergence
theory in the deterministic setting, we refer to Section 2.4.

With the rapid development of deep learning, the question naturally arises whether MG/Opt can be
adapted for the training of neural networks, whose training often involves large-scale, non-convex
optimization. Neural network architectures inherently exhibit hierarchical structures, e.g. by their
depth or varying resolutions in Convolutional Neural Networks. However, neural network training
typically relies on stochastic gradient estimates, such as those obtained from mini-batch Stochastic
Gradient Descent (SGD), rather than exact gradients. This necessitates modifications to classical
MG/Opt variants to ensure their theoretical soundness in the stochastic setting. An introduction to
SGD and its convergence properties is provided in Section 2.3.2.

The chapter investigates the possibilities and limitations of applyingMG/Opt in the context of stochastic
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optimization. We develop new stochastic variants of MG/Opt for two levels tailored to SGD, starting
with the strongly convex quadratic setting and identifying suitable restriction and prolongation
operators for this setting. Subsequently, we extend the method and its analysis to stochastic non-
convex problems. In both settings, the methods are accompanied by a theoretical analysis, leading to
new stochastic convergence results. Especially in the non-convex setting, we are able to show the first
almost sure convergence result for MG/Opt with stochastic gradient estimates.

The chapter is structured as follows. Section 3.2 surveys existing work on multigrid optimization
for stochastic settings such as neural networks, highlighting developments and theoretical results,
including multilevel trust-region methods and already existing stochastic coarse-level correction
schemes. Section 3.3 develops stochastic versions of MG/Opt for two-level problems, starting with the
strongly convex quadratic setting where typical convergence can be shown under strong assumptions.
Subsequently, we propose a stochastic MG/Opt variant for non-convex problems for SGD gradients
estimates and analyze the variant theoretically, leading to new stochastic convergence results. This
variant is tailored to parameter estimation problems and can be applied to neural network training.
Section 3.4 explores the application of stochastic MG/Opt to neural network training. We discuss
different hierarchical strategies, such as varying network depth (e.g., finer discretizations in ResNets),
varying resolution of data, and varying the variance of gradient estimates. Section 3.5 discusses
strengths and weaknesses of the proposed methods and the effects of hierarchy selection.

3.2. Related Work

There already exist several works which apply multigrid optimization to the training of deep Residual
Neural Networks (ResNets). There exists a variety of work around the group of Rolf Krause [12, 35,
126, 73] which applies multigrid optimization to machine learning problems, especially the training
of deep ResNets. The group focuses on developing numerically well-performing methods for the
training of deep neural networks without necessarily establishing theoretical convergence guarantees.
A multilevel approach to training a machine learning model is proposed in [12] by constructing a
hierarchy of models of varying sample size and apply the approach to logistic regression tasks. A
multilevel minimization framework for training ResNets is developed in [35]. The authors develop a
method from MG/Opt and construct a hierarchy of neural network training problems by interpreting
a suitable class of ResNets as an explicit Euler discretization of an initial value problem and vary
the number of layers through changing the time step size. The method is applied to MNIST (see
Section 2.2.2) classification and a speed-up in training compared to the classical SGD method is
observed. The approach is further extended in [126], where an additional line search strategy for the
coarse grid correction is considered. The authors state that their method can also be used to prune a
network. The work [73] develops a stochastic version of the multilevel trust-region (RMTR) method,
which provably converges globally for non-convex problems. It is able to adapt the mini-batch size
during training and include curvature information via a limited-memory Symmetric-Rank-1 update.
The method is then applied to ResNet training. The work is based on the (deterministic) RMTR method
proposed in [46] and expanded to a stochastic setting. RMTR is also expanded to handling bound
constraints in [44] and its convergence theory is extended in [47]. The theory in [46] takes into account
that the SGDmethod is used for neural network training, i.e. stochastic gradient estimates are used, but
requires that access to the exact gradient is available. Finally, [45] develops an objective-function-free
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multilevel trust-region method for non-convex stochastic optimization solely relying on gradient and
function estimates.

A different idea to incorporate multigrid ideas into stochastic optimization is taken in [89], where a
variance reduction technique for SGD is proposed by creating a hierarchy of problems with varying
batch sizes. Also, [122] examined training neural networks with coarse-level correction schemes.

The work [68] develops a MG/Opt variant for multilevel training of deep Convolutional Neural
Networks inspired by [73]. It combines classical SGD theory for non-convex problems with the coarse
grid correction of MG/Opt, but also requires access to the exact gradient. It is developed to handle
arbitrarily many levels and relies on checking an angle condition in the method. This work is the
closest to our approach; we discuss similarities and differences in more detail after presenting our
method and its convergence analysis.

3.3. Stochastic MG/Opt for Two Levels

The aim is to develop a stochastic variant of the MG/Opt method for two levels, which then can be
applied to machine learning problems such as neural network training with accompanied theoretical
convergence results. Since the MG/Opt method is deduced from a method which was originally
developed for solving linear systems, it is easier to consider strongly convex quadratic optimization
problems first in the context of stochastic gradient estimates. Subsequently, we develop a stochastic
variant tailored to non-convex problems and analyze its convergence properties. We refer the reader
to Section 2.4 for the general notation, and an introduction to MG/Opt and SGD.

3.3.1. Strongly Convex Quadratic Setting

We begin by considering the setting where we aim to solve a quadratic symmetric positive definite
(s.p.d.) optimization problem using MG/Opt. We assume that we have restriction and prolongation
operators already defined between the parameter space Θ = R𝑛Θ of the optimization problem and a
coarser space Θ𝐻 = R𝑛Θ𝐻 with dimensions 𝑛Θ and 𝑛Θ𝐻

, respectively, where 𝑛Θ𝐻
≤ 𝑛Θ. The first goal

is to construct a quadratic coarse optimization problem out of the fine optimization problem using the
given restriction and prolongation operators. The original optimization problem then corresponds
to the fine optimization problem in MG/Opt and the constructed coarse optimization problem can
be used as the coarse optimization problem in MG/Opt. As a next step, we examine the properties
of the constructed coarse optimization problem and propose a variant of the MG/Opt method in this
setting when SGD is used as a smoother. Thereafter, we define specific restriction and prolongation
operators tailored to SGD iterations in the quadratic setting. Finally, we analyze the convergence of
the proposed MG/Opt variant in expectation. This requires strong assumptions on the problem setting
and the used operators, which we weaken in closing of this subsection.

Suppose we have a high-dimensional unconstrained optimization problem with a quadratic objective
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function. The fine optimization problem has the form

min
𝜃 ∈Θ

1
2𝜃

𝑇𝐴fine𝜃 − 𝑏𝑇fine𝜃,

where 𝐴fine ∈ R𝑛Θ×𝑛Θ is a symmetric positive definite matrix and 𝑏fine ∈ R𝑛Θ is a vector.
We additionally assume that we have access to linear restriction and prolongation operators

R𝑝 : Θ→ Θ𝐻 ,

P𝑝 : Θ𝐻 → Θ,

which can be used to transfer parameters and gradients between the fine and coarse space.

Construction of Coarse Optimization Problem To construct the coarse optimization problem,
we can use the already available restriction operator R𝑝 and prolongation operator P𝑝 to define a
coarse matrix 𝐴coarse and a coarse vector 𝑏coarse. The coarse quadratic optimization problem can be
constructed as

min
𝜃 ∈Θ𝐻

1
2𝜃

𝑇𝐴coarse𝜃 − 𝑏𝑇coarse𝜃, (3.1)

where

𝐴coarse := R𝑝𝐴fineP𝑝 ∈ R𝑛Θ𝐻 ×𝑛Θ𝐻 , (3.2)
𝑏coarse := R𝑝𝑏fine ∈ R𝑛Θ𝐻 . (3.3)

The natural question is whether the constructed coarse optimization problem (3.1) is a strongly convex
optimization problem as well. We show that the constructed coarse matrix 𝐴coarse inherits symmetry
and positive definiteness (s.p.d.) from the fine matrix 𝐴fine under standard conditions on restriction
and prolongation.

We introduce the following standard assumption on the restriction and prolongation operators.

Assumption 3.1 (Restriction and Prolongation Operators). The restriction operator R𝑝 and the
prolongation operator P𝑝 are linear operators such that

R𝑝 = 𝑐P𝑇𝑝

for some 𝑐 > 0. Additionally, the prolongation operatorP𝑝 has full rank, i.e. 𝑟𝑎𝑛𝑘 (P𝑝) = dim(Θ𝐻 ) =: 𝑛Θ𝐻
.

Lemma 3.2 (Coarse Matrix is s.p.d.). If𝐴fine is symmetric and positive definite (s.p.d.) and assumption 3.1
holds, then 𝐴coarse as defined in (3.2) is s.p.d..

Proof. 𝐴coarse is symmetric since 𝐴fine is symmetric and R𝑝 = 𝑐P𝑇𝑝 .
Next we show the positive definiteness. Let 𝜃 ≠ 0 be arbitrary. By construction of the coarse matrix
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𝐴coarse and assumption 3.1 it holds that

𝜃𝑇𝐴coarse𝜃 = 𝑐𝜃𝑇P𝑝𝑇𝐴fineP𝑝𝜃
= 𝑐 (P𝑝𝜃 )𝑇𝐴fineP𝑝𝜃
= 𝑐𝜃𝑇𝐴fine𝜃 > 0

for 𝜃 := P𝑝𝜃 . The last inequality holds since 𝐴fine is s.p.d. and P𝑝 has full rank. □

The constructed coarse optimization problem (3.1) leads to a special property of the coarse grid
correction (2.45) in MG/Opt. We are going to show that if the coarse grid correction is computed with a
stationary point of the cgc objective, then the cgc 𝑒 satisfies a specific equation involving the restricted
fine gradient. This property can be used in the convergence analysis of MG/Opt in the following.

Lemma 3.3 (Property of Constructed Coarse Matrix). If 𝜃 ∗𝑐𝑔𝑐 is a stationary point of the cgc objective ℎ,
which is used to compute the cgc 𝑒 as defined in (2.45), then

R𝑔 (∇𝑓 (𝜃𝑘 )) = −R𝑝𝐴fine𝑒.

Proof.

R𝑝𝐴fine𝑒 = R𝑝𝐴fineP𝑝 (𝜃 ∗𝑐𝑔𝑐 − R𝑝 (𝜃𝑘 ))
= 𝐴coarse(𝜃 ∗𝑐𝑔𝑐 − R𝑝 (𝜃𝑘 ))
= 𝐴coarse𝜃

∗
𝑐𝑔𝑐 − 𝑏coarse −𝐴coarseR𝑝 (𝜃𝑘 ) + 𝑏coarse

= ∇𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐) − ∇𝑓𝐻 (𝜃𝑘 )
= −R𝑔 (∇𝑓 (𝜃𝑘 ))

where the last equality holds because 𝜃 ∗𝑐𝑔𝑐 is a stationary point of the cgc objective ℎ (2.43). □

Remark 3.4. For non-stationary points 𝜃 ∗𝑐𝑔𝑐 it holds that

R𝑝𝐴fine𝑒 = −R𝑔 (∇𝑓 (𝜃𝑘 )) + ∇ℎ(𝜃 ∗𝑐𝑔𝑐) .

MG/Opt Variant with SGD as Iterative Method In the following, we consider the strongly convex
quadratic setting and construct the coarse grid optimization problem as described above in (3.1). The
proposed algorithm for the MG/Opt variant in this strongly convex setting is given in pseudocode in
Algorithm 4. It is extended to use gradient estimates instead of exact gradients wherever possible.
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Algorithm 4MG/Opt algorithm for quadratic strongly convex fine objective function with SGD
Require: Initial guess 𝜃0, 𝜉𝑘 i.i.d., 𝛼 > 0, 𝛼𝑐𝑔𝑐 > 0, 𝜅 < 1, R𝑝 ,R𝑔, P𝑝 , procedure to compute 𝑒 exactly

for 𝑘 = 0, 1, 2, . . . do
if ∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2 > 𝜅∥∇𝑓 (𝜃𝑘 )∥2 and last cgc update not computed at iteration 𝑘 − 1 then
Compute cgc 𝑒 by solving (2.43) exactly
𝜃𝑘+1 := 𝜃𝑘 + 𝛼𝑐𝑔𝑐𝑒

else
𝜃𝑘+1 := 𝜃𝑘 − 𝛼𝐺 (𝜃𝑘 , 𝜉𝑘 )

end if
end for

Remark 3.5 (Necessity of Exact Gradient Access). The results in Theorem 3.12, Corollary 3.13 and
Corollary 3.14 are going to rely on access to the exact gradient ∇𝑓 (𝜃𝑘 ) to ensure that the condition

∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2 > 𝜅∥∇𝑓 (𝜃𝑘 )∥2

(cf. Algorithm 4) is satisfied. Checking the 𝜅-condition can not be performed with a gradient estimate
𝐺 (𝜃𝑘 , 𝜉𝑘 ) because we aim at using this condition for a convergence in expectation (Definition 2.8) result.

Developing Restriction and Prolongation Operators Suited for SGD in the Strongly Convex
Quadratic Setting To achieve good performance of MG/Opt, the choice of the restriction and
prolongation operators should, as it is the case for multigrid methods for PDEs, take the choice of the
iterative method used into account. In the following, we thus develop and analyze a specific choice of
restriction and prolongation operator suited to using SGD as the iterative method in MG/Opt. Hence,
we are interested in the behavior of the SGD iterates in the strongly convex quadratic setting along
the iterations.

In the quadratic strongly convex setting, [132] states that SGD converges along the large eigenvalue
directions of 𝐴fine when a moderate (i.e. not too small) learning rate is used. Contrary to the behavior
of SGD, GD follows the small eigenvalue directions first. For small learning rates, SGD converges
along the directions of the smaller eigenvalues first, as is GD.

The behavior described in [132] can be observed numerically in Figure 3.1 and Figure 3.2. In the figures,
we compare the loss of MG/Opt using only one coarse grid correction update at SGD iteration 50
computed with three different choices for the restriction operator R𝑝 for a quadratic fine problem.
We compare the restriction operator consisting of rows of the eigenvectors of 𝐴fine corresponding
to the largest eigenvalues, the restriction operator consisting of rows of the eigenvectors of 𝐴fine
corresponding to the smallest eigenvalues and a random restriction operator. Additionally, the cgc
update is only computed if the condition

∥R𝑔∇𝑓 (𝜃𝑘 )∥ ≥ 𝜅1∥∇𝑓 (𝜃𝑘 )∥ and ∥R𝑔∇𝑓 (𝜃𝑘 )∥ ≥ 𝜅2 (3.4)

is satisfied for some 𝜅1, 𝜅2 > 0. The cgc is computed by taking 50 SGD steps on the coarse problem
starting from R𝑝 (𝜃𝑘 ). Additionally, we consider the loss of SGD without a cgc update at iteration 50.
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We perform the experiment with both the fixed moderate learning rate 0.01 and the small learning
rate 0.001, respectively. For more details on the experimental setup, we refer to Appendix B.2. We
observe in Figure 3.1 that for the moderate learning rate, the restriction operator consisting of rows
of the eigenvectors of 𝐴fine corresponding to the smallest eigenvalues leads to the fastest decrease of
the objective function after the cgc update at iteration 50. This shows that the SGD method has first
eliminated the error parts associated to the large eigenvalues. In Figure 3.2, for the small learning
rate, the opposite behavior can be observed, as is expected from [132]. Further, we observe that for the
small learning rate scenario, the cgc is not computed for the restriction operator smallev, since the
condition (3.4) for computing the cgc is not even satisfied. Hence, neglecting computational resources,
we propose that a suitable restriction operator R𝑝 consists of rows of the eigenvectors of the fine
matrix 𝐴fine corresponding to the largest or smallest eigenvalues, depending on the learning rate.
Since we are mainly interested in using SGD with small learning rates, we focus on the restriction
operator consisting of rows of the eigenvectors of 𝐴fine corresponding to the largest eigenvalues in the
following. We set R𝑔 := R𝑝 and P𝑝 := R𝑇𝑝 .
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Figure 3.1.: Comparison of the loss of the MG/Opt method with one coarse grid correction after 50
SGD iterations for different choices restriction operator R𝑝 for a quadratic fine problem
with fixed (moderate) lr 𝛼 = 0.01. We compare the restriction operator consisting of rows
of the eigenvectors of 𝐴fine corresponding to the largest eigenvalues (red), the restriction
operator consisting of rows of the eigenvectors of 𝐴fine corresponding to the smallest
eigenvalues (green) and a restriction operator using a random selection of eigenvectors
(orange). Additionally, we plot the loss of SGD with lr 𝛼 = 0.01 (blue) without a cgc update.
Up until iteration 50 all methods behave the same, since no cgc update is performed before.

Definition 3.6 (Restriction and Prolongation Suited for SGD). The restriction operator R𝑝 : R𝑛Θ →
R𝑛Θ𝐻 restricting parameters to a coarse space of dimension 𝑛Θ𝐻

consists of rows of the 𝑛Θ𝐻
eigenvectors of

the fine matrix 𝐴fine corresponding to the largest eigenvalues. We set R𝑔 := R𝑝 and P𝑝 := R𝑇𝑝 .

Lemma 3.7 (Restriction Operator with Eigenvectors as Rows). Consider the restriction operator from
Definition 3.6. Then, P𝑝R𝑔 is the orthogonal projection (w.r.t. the Euclidean inner product) onto the subspace
spanned by the eigenvectors of 𝐴fine, corresponding to the 𝑛Θ𝐻

largest eigenvalues. Also, R𝑝P𝑝 = id.
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Figure 3.2.: Comparison of the loss of the MG/Opt method with one coarse grid correction after 50
SGD iterations for different choices restriction operator R𝑝 for a quadratic fine problem
with fixed (small) lr 𝛼 = 0.001. We compare the restriction operator consisting of rows
of the eigenvectors of 𝐴fine corresponding to the largest eigenvalues (red), the restriction
operator consisting of rows of the eigenvectors of 𝐴fine corresponding to the smallest
eigenvalues (green) and a restriction operator using a random selection of eigenvectors
(orange). Additionally, we plot the loss of SGDwith lr 𝛼 = 0.001 (blue) without a cgc update.
Up until iteration 50 all methods behave the same, since no cgc update is performed before.

Remark 3.8 (Restriction Suited for SGD). The restriction proposed in Definition 3.6 is too expensive
to construct in practice, since eigenvectors of 𝐴fine are needed. Hence, we only consider this case for
theoretical purposes. In the small learning rate regime, the restriction operator should consist of rows of the
eigenvectors of 𝐴fine corresponding to the largest eigenvalues. Hence, it could be possible to approximate it
by using a few iterations of the power method. This approximation is not examined here.

Analysis of the Coarse Grid Correction with Restriction and Prolongation in Definition 3.6
Because of the special structure of prolongation and restriction in Definition 3.6, we have additional
information about the relation between the fine and coarse optimization problem and the coarse grid
correction.

Lemma 3.9 (Relation between Fine and Coarse Optimization Problem for Restriction Defined in
Definition 3.6). It additionally holds that

1. 𝐴fine and P𝑝R𝑔 commute, i.e. 𝐴fineP𝑝R𝑔 = P𝑝R𝑔𝐴fine and 𝐴−1
coarse = R𝑝𝐴−1

fineP𝑝 .

2. R𝑝𝜃 ∗ = 𝜃 ∗ = 𝜃 ∗𝑐𝑔𝑐 , i.e. the minimizer of the coarse problem (3.1) and cgc problem (2.43) is the
restriction of the minimizer of the fine problem.

Further, if 𝜃 ∗𝑐𝑔𝑐 is a stationary point of the cgc objective ℎ, which is used to compute the cgc 𝑒 as defined in
(2.45), then
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3. (1 − P𝑝R𝑔)𝐴fine𝑒 = 0.
4. 𝑒 = P𝑝R𝑔 (𝜃 ∗ − 𝜃𝑘 ).

Proof. The first point follows from the fact that P𝑝R𝑔 is the orthogonal projection onto the subspace
spanned by eigenvectors of 𝐴fine (cf. Lemma 3.7). Further, it holds that

𝐴coarseR𝑝𝐴−1
fineP𝑝 = R𝑝𝐴fineP𝑝R𝑝𝐴−1

fineP𝑝 = R𝑝𝐴fine𝐴
−1
fineP𝑝 = R𝑝P𝑝 = 1,

R𝑝𝐴−1
fineP𝑝𝐴coarse = R𝑝𝐴−1

fineP𝑝R𝑝𝐴fineP𝑝 = R𝑝𝐴−1
fine𝐴fineP𝑝 = R𝑝P𝑝 = 1,

which shows that 𝐴−1
coarse = R𝑝𝐴−1

fineP𝑝 .

For the second point, because of the quadratic structure it holds that 𝜃 ∗ = 𝐴−1
fine𝑏fine and hence

R𝑝𝜃 ∗ = R𝑝𝐴−1
fine𝑏fine. At the same time it holds that 𝜃 ∗ = 𝐴−1

coarse𝑏coarse = (R𝑝𝐴fineP𝑝)−1R𝑝𝑏fine.
In the first point we have shown that (R𝑝𝐴fineP𝑝)−1 = R𝑝𝐴−1

fineP𝑝 and hence

𝜃 ∗ = (R𝑝𝐴fineP𝑝)−1R𝑝𝑏fine = R𝑝𝐴−1
fineP𝑝R𝑝𝑏fine = R𝑝𝐴

−1
fine𝑏fine = R𝑝𝜃

∗,

where the last equality holds because 𝐴fine and P𝑝R𝑔 commute.

Secondly, since 𝜈⊤
𝑘
= R𝑔 (𝐴fine𝜃

𝑘 +𝑏fine) − (𝐴coarseR𝑝𝜃𝑘 +R𝑝𝑏fine) = 0, the cgc objective ℎ has the same
minimizer as the coarse problem (3.1).

For the third point, we use the first point and show P𝑝R𝑔𝐴fine𝑒 = 𝐴fine𝑒 which is equivalent to the
statement. It holds that

P𝑝R𝑔𝐴fine𝑒 = 𝐴fineP𝑝R𝑔𝑒
= 𝐴fineP𝑝R𝑝P𝑝 (𝜃 ∗𝑐𝑔𝑐 − R𝑝 (𝜃𝑘 ))
= 𝐴fineP𝑝 (𝜃 ∗𝑐𝑔𝑐 − R𝑝 (𝜃𝑘 ))
= 𝐴fine𝑒.

For the fourth point, we use

𝑒 = P𝑝 (𝜃 ∗𝑐𝑔𝑐 − R𝑝 (𝜃𝑘 ))
= P𝑝 (R𝑝 (𝜃 ∗) − R𝑝 (𝜃𝑘 ))
= P𝑝R𝑔 (𝜃 ∗ − 𝜃𝑘 )

where we have used the second point in the second equality. □

Now we show how the distance to the minimizer of the fine objective decreases with the cgc update.
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Theorem 3.10 (Decrease of Distance to Minimizer with Coarse Grid Correction Update). Assume that
the restriction operator is defined as in Definition 3.6 and let 𝜃𝑘+1 = 𝜃𝑘 + 𝑒 be with an exact computation
of the cgc. Then, the distance to the minimizer of the fine objective decreases, i.e.

∥𝜃𝑘+1 − 𝜃 ∗∥2 ≤ ∥(1 − P𝑝R𝑔) (𝜃𝑘 − 𝜃 ∗)∥2.

Remark 3.11. The result in Theorem 3.10 is independent of the used optimizer and its stochasticity which
was used to compute 𝑒 since we assume that the cgc problem is exactly solved.

Proof. The squared norm of the distance to the minimizer of the fine objective after the cgc update
can be computed as

∥𝜃𝑘+1 − 𝜃 ∗∥2 = ∥𝜃𝑘 + 𝑒 − 𝜃 ∗∥2

= ∥𝜃𝑘 − 𝜃 ∗ + P𝑝R𝑔 (𝜃 ∗ − 𝜃𝑘 )∥2

= ∥(1 − P𝑝R𝑔) (𝜃𝑘 − 𝜃 ∗)∥2

where we have used the fourth point of Lemma 3.9 in the second equality. □

There is an alternative way to show a decrease of the distance to the minimizer of the fine objective
with the cgc update, which we state in the following.

Theorem 3.12 (Decrease of Distance to Minimizer with Coarse Grid Correction Update with 𝜅
Condition). Assume that the restriction operator is defined as in Definition 3.6 and 𝜃𝑘+1 = 𝜃𝑘 + 𝑒 with an
exact computation of the cgc. Further, 𝑒 has been computed since ∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2 > 𝜅∥∇𝑓 (𝜃𝑘 )∥2 (cf.
Algorithm 4). Then, the distance to the minimizer of the fine objective decreases for 𝜅 > 1 − 𝜇2

𝐿2 , i.e.

∥𝜃𝑘+1 − 𝜃 ∗∥2 ≤ 𝐿
2

𝜇2 (1 − 𝜅)∥𝜃
𝑘 − 𝜃 ∗∥2,

where 𝜇 is the strong convexity constant and 𝐿 a Lipschitz constant of the gradient of the fine objective
function.

Proof. Use
𝜇2∥𝜃𝑘 − 𝜃 ∗∥2 ≤ ∥∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 ≤ 𝐿2∥𝜃𝑘 − 𝜃 ∗∥2

and

∥∇𝑓 (𝜃𝑘+1) − ∇𝑓 (𝜃 ∗)∥2 = ∥∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 + 2𝛼𝑐𝑔𝑐 (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), 𝐴fine𝑒) + 𝛼2
𝑐𝑔𝑐 ∥𝐴fine𝑒 ∥2.
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Then, we compute

(∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), 𝐴fine𝑒) = (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗),P𝑝R𝑔𝐴fine𝑒) + (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), (1 − P𝑝R𝑔)𝐴fine𝑒)
= (∇𝑓 (𝜃𝑘 ),P𝑝R𝑔𝐴fine𝑒)
= −(∇𝑓 (𝜃𝑘 ),P𝑝R𝑔 (∇𝑓 (𝜃𝑘 )))
= −∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2

and

∥𝐴fine𝑒 ∥2 = ∥P𝑝R𝑔𝐴fine𝑒 ∥2 + ∥(1 − P𝑝R𝑔)𝐴fine𝑒 ∥2

= ∥P𝑝R𝑔𝐴fine𝑒 ∥2

= ∥P𝑝R𝑔∇𝑓 (𝜃𝑘 )∥2.

Hence, we can conclude that

∥𝜃𝑘+1 − 𝜃 ∗∥2 ≤ 1
𝜇2 ∥∇𝑓 (𝜃

𝑘+1) − ∇𝑓 (𝜃 ∗)∥2

=
1
𝜇2 (∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 + 2𝛼𝑐𝑔𝑐 (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), 𝐴fine𝑒) + 𝛼2
𝑐𝑔𝑐 ∥𝐴fine𝑒 ∥2)

=
1
𝜇2 (∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 − 2𝛼𝑐𝑔𝑐 ∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2 + 𝛼2
𝑐𝑔𝑐 ∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2)

≤ 1
𝜇2 ∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 − 𝜅
2𝛼𝑐𝑔𝑐
𝜇2 ∥∇𝑓 (𝜃

𝑘 )∥2 + 𝜅
𝛼2
𝑐𝑔𝑐

𝜇2 ∥∇𝑓 (𝜃
𝑘 )∥2

=
1
𝜇2 ∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 − 𝜅
2𝛼𝑐𝑔𝑐
𝜇2 ∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 + 𝜅
𝛼2
𝑐𝑔𝑐

𝜇2 ∥∇𝑓 (𝜃
𝑘 ) − ∇𝑓 (𝜃 ∗)∥2

=
1
𝜇2 (1 − 𝜅)∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 for 𝛼𝑐𝑔𝑐 = 1,

≤ 𝐿
2

𝜇2 (1 − 𝜅)∥𝜃
𝑘 − 𝜃 ∗∥2.

□

While the results from Theorem 3.12 are weaker than the results from Theorem 3.10, they have the
advantage that they can be better extended to settings with weakened assumptions, which is what we
want to do in the following. First, we can show a result for the case where the cgc is only computed
approximately.

Corollary 3.13 (Decrease of Distance to Minimizer with Approximate Coarse Grid Correction Update
with 𝜅 Condition). Assume that the restriction operator is defined as in Definition 3.6 and 𝜃𝑘+1 = 𝜃𝑘 + 𝑒
is computed with an approximate computation of the cgc. Further, 𝑒 has been computed since

∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2 > 𝜅∥∇𝑓 (𝜃𝑘 )∥2

(cf. Algorithm 4). Then, the distance to the minimizer of the fine objective changes for 𝜅 > 1 − 𝜇2

𝐿2 by the
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relation

∥𝜃𝑘+1 − 𝜃 ∗∥2 ≤ 𝐿
2

𝜇2 (1 − 𝜅)∥𝜃
𝑘 − 𝜃 ∗∥2+𝐶𝑘 (𝑟 )

𝜇2 ,

where 𝐶𝑘 (𝑟 ) depends on 𝑟 := ∇ℎ(𝜃 ∗𝑐𝑔𝑐).

The color orange indicates the terms that differ from Theorem 3.12. For a small enough residual 𝑟 , the
term 𝐶𝑘 (𝑟 ) becomes small. Accordingly, for an approximate solution of the cgc problem with a small
residual, we still are able to get a decrease of the distance to the minimizer of the fine objective.

Proof. Use
𝜇2∥𝜃𝑘 − 𝜃 ∗∥2 ≤ ∥∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 ≤ 𝐿2∥𝜃𝑘 − 𝜃 ∗∥2

and

∥∇𝑓 (𝜃𝑘+1) − ∇𝑓 (𝜃 ∗)∥2 = ∥∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 + 2𝛼𝑐𝑔𝑐 (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), 𝐴fine𝑒) + 𝛼2
𝑐𝑔𝑐 ∥𝐴fine𝑒 ∥2.

Then, we compute

(∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), 𝐴fine𝑒) = (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗),P𝑝R𝑔𝐴fine𝑒) + (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), (1 − P𝑝R𝑔)𝐴fine𝑒)
= (∇𝑓 (𝜃𝑘 ),P𝑝R𝑔𝐴fine𝑒)
= −(∇𝑓 (𝜃𝑘 ),P𝑝R𝑑 (∇𝑓 (𝜃𝑘 )))+(∇𝑓 (𝜃𝑘 ),P𝑝𝑟 )
= −∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2+(∇𝑓 (𝜃𝑘 ),P𝑝𝑟 )

for 𝑟 := ∇ℎ(𝜃 ∗𝑐𝑔𝑐) and

∥𝐴fine𝑒 ∥2 = ∥P𝑝R𝑔𝐴fine𝑒 ∥2 + ∥(1 − P𝑝R𝑔)𝐴fine𝑒 ∥2

= ∥P𝑝R𝑔𝐴fine𝑒 ∥2

= ∥P𝑝R𝑔∇𝑓 (𝜃𝑘 )∥2+∥P𝑝𝑟 ∥2 + 2(P𝑝R𝑔∇𝑓 (𝜃𝑘 ),P𝑝𝑟 ).

Hence, we can conclude that

∥𝜃𝑘+1 − 𝜃 ∗∥2 ≤ 1
𝜇2 ∥∇𝑓 (𝜃

𝑘+1) − ∇𝑓 (𝜃 ∗)∥2

=
1
𝜇2 (∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 + 2𝛼𝑐𝑔𝑐 (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), 𝐴fine𝑒) + 𝛼2
𝑐𝑔𝑐 ∥𝐴fine𝑒 ∥2)

=
1
𝜇2 (∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 − 2𝛼𝑐𝑔𝑐 ∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2 + 𝛼2
𝑐𝑔𝑐 ∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2

+2𝛼𝑐𝑔𝑐 (∇𝑓 (𝜃𝑘 ),P𝑝𝑟 ) + 𝛼2
𝑐𝑔𝑐 ∥P𝑝𝑟 ∥2 + 2𝛼2

𝑐𝑔𝑐 (P𝑝R𝑔∇𝑓 (𝜃𝑘 ),P𝑝𝑟 ))

≤ 1
𝜇2 (1 − 𝜅)∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2+ 1
𝜇2 (2(∇𝑓 (𝜃

𝑘 ),P𝑝𝑟 ) + ∥P𝑝𝑟 ∥2 + 2(P𝑝R𝑔∇𝑓 (𝜃𝑘 ),P𝑝𝑟 )) for 𝛼𝑐𝑔𝑐 = 1,

≤ 𝐿
2

𝜇2 (1 − 𝜅)∥𝜃
𝑘 − 𝜃 ∗∥2+𝐶𝑘 (𝑟 )

𝜇2 ,

for 𝐶𝑘 (𝑟 ) := 2(∇𝑓 (𝜃𝑘 ),P𝑝𝑟 ) + ∥P𝑝𝑟 ∥2 + 2(P𝑝R𝑔∇𝑓 (𝜃𝑘 ),P𝑝𝑟 ). □
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We can also extend Theorem 3.12 to the casewhere the restriction operator only has to have orthonormal
rows, to weaken the strong assumption from Definition 3.6.

Corollary 3.14 (Decrease of Distance to Minimizer with Coarse Grid Correction Update Using
𝜅 Condition with Restriction with Orthonormal Rows). Assume that the restriction operator has
orthonormal rows, set R𝑔 := R𝑝 ,P𝑝 := R𝑇𝑝 and 𝜃𝑘+1 = 𝜃𝑘 + 𝑒 with an exact computation of the cgc,
in which 𝑒 had been computed since ∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2 > 𝜅∥∇𝑓 (𝜃𝑘 )∥2 (cf. Algorithm 4). Then, the

distance to the minimizer of the fine objective decreases for 𝜅 > (1 − 𝜇2

𝐿2 )/(1 + 𝜂), i.e.

∥𝜃𝑘+1 − 𝜃 ∗∥2 ≤ 𝐿
2

𝜇2 (1 − 𝜅 (1 + 𝜂))∥𝜃
𝑘 − 𝜃 ∗∥2,

if we additionally assume that

∥(1 − P𝑝R𝑔)𝐴fine𝑒 ∥2 ≤ 𝜂∥P𝑝R𝑔𝐴fine𝑒 ∥2 and (∇𝑓 (𝜃𝑘 ), (1 − P𝑝R𝑔)𝐴fine𝑒) ≤ 𝜂 (∇𝑓 (𝜃𝑘 ),P𝑝R𝑔𝐴fine𝑒),

for some 𝜂 > 0.

The color purple indicates the parts that differ from Theorem 3.12 because of the more general
restriction and prolongation. The parameter 𝜂 measures how well the restriction and prolongation
pair approximate the ideal case from Definition 3.6. The term ∥(1 − P𝑝R𝑔)𝐴fine𝑒 ∥ is zero in the ideal
case and needs to be dominated by ∥P𝑝R𝑔𝐴fine𝑒 ∥ in the more general case. The same is needed for
the inner products (∇𝑓 (𝜃𝑘 ), (1 − P𝑝R𝑔)𝐴fine𝑒) and (∇𝑓 (𝜃𝑘 ),P𝑝R𝑔𝐴fine𝑒). Smaller values of 𝜂 lead to
better bounds.

Proof. Use
𝜇2∥𝜃𝑘 − 𝜃 ∗∥2 ≤ ∥∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 ≤ 𝐿2∥𝜃𝑘 − 𝜃 ∗∥2

and

∥∇𝑓 (𝜃𝑘+1) − ∇𝑓 (𝜃 ∗)∥2 = ∥∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 + 2𝛼𝑐𝑔𝑐 (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), 𝐴fine𝑒) + 𝛼2
𝑐𝑔𝑐 ∥𝐴fine𝑒 ∥2.

Then, we compute

(∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), 𝐴fine𝑒) = (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗),P𝑝R𝑔𝐴fine𝑒) + (∇𝑓 (𝜃𝑘 ) − ∇𝑓 (𝜃 ∗), (1 − P𝑝R𝑔)𝐴fine𝑒)
≤ −(1 + 𝜂) (∇𝑓 (𝜃𝑘 ),P𝑝R𝑔 (∇𝑓 (𝜃𝑘 )))
= −(1 + 𝜂)∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2

and

∥𝐴fine𝑒 ∥2 = ∥P𝑝R𝑔𝐴fine𝑒 ∥2 + ∥(1 − P𝑝R𝑔)𝐴fine𝑒 ∥2

≤ (1 + 𝜂)∥P𝑝R𝑔∇𝑓 (𝜃𝑘 )∥2.
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Hence, we can conclude that

∥𝜃𝑘+1 − 𝜃 ∗∥2 ≤ 1
𝜇2 ∥∇𝑓 (𝜃

𝑘+1) − ∇𝑓 (𝜃 ∗)∥2

=
1
𝜇2 (∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 − 2𝛼𝑐𝑔𝑐 (1 + 𝜂)∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2 + 𝛼2
𝑐𝑔𝑐 (1 + 𝜂)∥P𝑝R𝑔 (∇𝑓 (𝜃𝑘 ))∥2)

≤ 1
𝜇2 ∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 − 𝜅 (1 + 𝜂)
2𝛼𝑐𝑔𝑐
𝜇2 ∥∇𝑓 (𝜃

𝑘 )∥2 + 𝜅 (1 + 𝜂)
𝛼2
𝑐𝑔𝑐

𝜇2 ∥∇𝑓 (𝜃
𝑘 )∥2

=
1
𝜇2 ∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 − 𝜅 (1 + 𝜂)
2𝛼𝑐𝑔𝑐
𝜇2 ∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 + 𝜅 (1 + 𝜂)
𝛼2
𝑐𝑔𝑐

𝜇2 ∥∇𝑓 (𝜃
𝑘 ) − ∇𝑓 (𝜃 ∗)∥2

=
1
𝜇2 (1 − 𝜅 (1 + 𝜂))∥∇𝑓 (𝜃

𝑘 ) − ∇𝑓 (𝜃 ∗)∥2 for 𝛼𝑐𝑔𝑐 = 1,

≤ 𝐿
2

𝜇2 (1 − 𝜅 (1 + 𝜂))∥𝜃
𝑘 − 𝜃 ∗∥2.

□

Remark 3.15 (MoreDetailed Upper Bound in Corollary 3.14). The additional assumptions in Corollary 3.14
(in color) can be refined to

∥(1 − P𝑝R𝑔)𝐴fine𝑒 ∥2 ≤ 𝜂1∥P𝑝R𝑔𝐴fine𝑒 ∥2 and (∇𝑓 (𝜃𝑘 ), (1 − P𝑝R𝑔)𝐴fine𝑒) ≤ 𝜂2(∇𝑓 (𝜃𝑘 ),P𝑝R𝑔𝐴fine𝑒)

and (P𝑝R𝑔𝐴fine𝑒, (1 − P𝑝R𝑔) (𝐴fine𝑒)) ≤ 𝜂3∥P𝑝R𝑔𝐴fine𝑒 ∥2 which results in a more specific bound.

∥𝜃𝑘+1 − 𝜃 ∗∥2 ≤ 𝐿
2

𝜇2 (1 − 𝜅
(1 + 𝜂1)2
(1 + 𝜂2+2𝜂3)

)∥𝜃𝑘 − 𝜃 ∗∥2,

with 𝛼𝑐𝑔𝑐 := 1+𝜂1
1+𝜂2+2𝜂3

and 𝜅 > (1 − 𝜇2

𝐿2 ) 1+𝜂2+2𝜂3
(1+𝜂1 )2 for 1 + 𝜂2+2𝜂3 > 0 and (1 + 𝜂2+2𝜂3) (1 − 𝜇2

𝐿2 ) < (1 + 𝜂1)2.

Discussion on Applicability of Results The theoretical developments above rely on very strict
assumptions and therefore remain largely a theoretical exercise, even though they are tailored to utilize
the smoothing properties of (stochastic) gradient methods for strongly convex quadratic problems.
The presented analysis aims to exploit MG/Opt-specific structure rather than providing a theory that
covers, for example, arbitrary descent directions. In particular, many of the constructions one would
like to use in order to obtain a clear result, most notably restriction and prolongation operators tailored
to the fine-level Hessian depend on fine-level curvature information that is as expensive to obtain as
solving the original fine problem. While it is possible to weaken these strong assumptions in places
such as Corollary 3.13 and Corollary 3.14, the practical applicability of the results remains limited. The
classical conditions on restriction and prolongation R𝑔 = 𝑐P𝑇𝑝 (for some 𝑐 > 0) yield at best results
like Theorem 2.36 that only guarantees the coarse grid correction to be a descent direction and do not
deliver more informative theoretical results even for quadratic problems. The work above however
serves as a first step towards understanding MG/Opt with (stochastic) gradient methods as iterative
methods in strongly convex quadratic optimization.

Extending the framework to stochastic gradients introduces further difficulties from a computational
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perspective, mainly due to the construction of the coarse matrix and vector. A stochastic coarse matrix
and right-hand side faithful to the fine problem would require repeated access to fine-level matrix
quantities, so no stochastic gradient of the coarse problem is available which is computationally less
expensive to compute than the gradient on the fine problem, and at the same time, preserves the
deterministic arguments. As a consequence, we found no natural, low-cost route to an equally simple
stochastic algorithm even in the strongly convex quadratic setting. In the non-convex regime the
available convergence statements are naturally weaker, which both complicates and, in a sense, also
opens opportunities for obtaining insightful results.

3.3.2. Non-Convex Setting

We proceed to extend the MG/Opt framework to non-convex stochastic optimization problems, which
are prevalent in machine learning applications such as training deep neural networks. Neural networks
have natural hierarchical structures that can be exploited by multigrid methods. We aim to develop a
stochastic variant of MG/Opt that leverages SGD iterates to efficiently tackle non-convex stochastic
optimization problems with theoretical stochastic convergence guarantees. In this subsection, we
present a stochastic version of MG/Opt using SGD iterates, which is tailored to non-convex stochastic
optimization problems. We start by outlining the algorithmic framework. Then, we introduce further
assumptions needed to establish convergence results for the proposed method. Finally, we present
convergence theorems for the proposed stochastic MG/Opt method. First, we consider fixed step sizes
and then extend the results to diminishing step sizes. The convergence results for diminishing step
sizes are, to the best of our knowledge, the first of their kind for multigrid optimization methods
applied to stochastic non-convex problems.

Let (Θ, (·, ·)), (Θ𝐻 , (·, ·)𝐻 ) be finite-dimensional Hilbert spaces with induced norms ∥·∥, ∥·∥𝐻 . We
consider the optimization problems

min
𝜃 ∈Θ

𝑓 (𝜃 ) and min
𝜃 ∈Θ𝐻

𝑓𝐻 (𝜃 )

with differentiable non-convex objective functions 𝑓 : Θ→ R and 𝑓𝐻 : Θ𝐻 → R.

Algorithmic Framework The MG/Opt algorithm tailored to using SGD iterations in the non-convex
setting is summarized in Algorithm 5. Direct iterations on the fine problem are computed using
stochastic gradient updates with fixed learning rate 𝛼 and stochastic gradients 𝐺 𝑓 (𝜃𝑘 , 𝜉𝑘 ). The cgc is
computed if the condition ∥R𝑔∇𝑓 (𝜃𝑘 )∥2 > 𝜅∥∇𝑓 (𝜃𝑘 )∥2 for some predefined 𝜅 ∈ (0, 1) is satisfied and
the most recent cgc was not computed in the previous iteration. The cgc is computed by performing
𝐾 SGD updates on the cgc function, where 𝐾 is a predefined number of iterations. The SGD updates
on the cgc function are performed on a regularized cgc problem with objective function

ℎ𝑘 (𝜃 ) := 𝑓𝐻 (𝜃 ) + (R𝑔∇𝑓 (𝜃𝑘 ) − ∇𝑓𝐻 (𝜃𝑘 ), 𝜃 ) +
𝜆

2 ∥𝜃 − 𝜃
𝑘 ∥2Θ𝐻

with fixed learning rate 𝛼 and stochastic gradient samples 𝐺𝑐𝑔𝑐,𝑘 (𝜃𝑘𝑖 , 𝜉𝑘𝑖 ) of ∇ℎ𝑘 (𝜃𝑘𝑖 ). The cgc is then
computed as 𝑒 := P𝑝 (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ), where 𝜃 ∗𝑐𝑔𝑐 is the final iterate of the SGD updates on the cgc function
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and 𝜃𝑘 = R𝑝𝜃𝑘 is the restricted fine iterate at iteration 𝑘 .

Algorithm 5MG/Opt algorithm for non-convex problems with GD
Require: Initial guess 𝜃0, 0 < 𝛼 , 0 < 𝛼 , 𝛼𝑐𝑔𝑐 , 𝜅 ∈ (0, 1), R𝑝 ,R𝑑 , P𝑝 , 𝜆, 𝐾 ≥ 1 iterations on cgc

for 𝑘 = 0, 1, 2, . . . , 𝐽 do
if ∥R𝑔∇𝑓 (𝜃𝑘 )∥2 > 𝜅∥∇𝑓 (𝜃𝑘 )∥2 and no cgc update for 𝑘 − 1 then
𝜃𝑘0 := 𝜃𝑘 = R𝑝𝜃𝑘
for 𝑖 = 0, 1, . . . , 𝐾 do
𝜃𝑘𝑖+1 := 𝜃𝑘𝑖 − 𝛼 𝐺𝑐𝑔𝑐,𝑘 (𝜃𝑘𝑖 , 𝜉𝑘𝑖 )

end for
𝜃 ∗𝑐𝑔𝑐 := 𝜃𝑘

𝐾+1
𝑒 := P𝑝 (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )
𝜃𝑘+1 := 𝜃𝑘 + 𝛼𝑐𝑔𝑐𝑒

else
𝜃𝑘+1 := 𝜃𝑘 − 𝛼𝐺 𝑓 (𝜃𝑘 , 𝜉𝑘 )

end if
end for

with ℎ𝑘 (𝜃 ) := 𝑓𝐻 (𝜃 ) + ⟨R𝑑 𝑓 ′ (𝜃𝑘 ) − 𝑓 ′𝐻 (𝜃𝑘 ) , 𝜃⟩ +
𝜆
2 ∥𝜃 −𝜃

𝑘 ∥2Θ𝐻
= 𝑓𝐻 (𝜃 ) + (R𝑔∇𝑓 (𝜃𝑘 ) −∇𝑓𝐻 (𝜃𝑘 ), 𝜃 ) + 𝜆2 ∥𝜃 −𝜃

𝑘 ∥2Θ𝐻
.

Assumptions for Convergence Analysis In order to give a convergence analysis of Algorithm 5, we
need to make some assumptions on the stochastic gradients, the objective functions, the restriction
and prolongation operators, the cgc iterates, and the regularization parameter for the cgc.

We start with the following assumptions on the fine and coarse objective functions.

Assumption 3.16 (Fine and Coarse Objective Functions). We assume the following properties of the
fine and coarse objective functions:

• The fine objective 𝑓 is bounded below by 𝑓𝑖𝑛𝑓 > −∞, i.e. 𝑓 (𝜃 ) ≥ 𝑓𝑖𝑛𝑓 for all 𝜃 ∈ Θ.
• The fine objective 𝑓 is differentiable on Θ and 𝐿−smooth, i.e.

∥∇𝑓 (𝜃 ) − ∇𝑓 (𝜃 ′)∥2 ≤ 𝐿2∥𝜃 − 𝜃 ′∥2

for all 𝜃, 𝜃 ′ ∈ Θ.
• The coarse objective 𝑓𝐻 is twice differentiable on Θ𝐻 and 𝐿−smooth, i.e.

∥∇𝑓𝐻 (𝜃 ) − ∇𝑓𝐻 (𝜃 ′)∥2 ≤ 𝐿2∥𝜃 − 𝜃 ′∥2

for all 𝜃, 𝜃 ′ ∈ Θ𝐻 .

The restriction and prolongation operators for the parameters and the restriction operator for the
derivative information need to satisfy the standard assumptions on restriction and prolongation
operators (see also Section 2.4.3), which we summarize in the following assumption.
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Assumption 3.17 (Restriction and Prolongation Operators). For restriction and prolongation we consider
linear operators

P𝑝 : Θ𝐻 → Θ,

R𝑝 : Θ→ Θ𝐻 ,

R𝑑 : Θ∗ → Θ∗𝐻 , inducing R𝑔 : Θ→ Θ𝐻 .

• There exists a 𝑐 > 0 such that ⟨R𝑑ℓ , 𝜃⟩ = 𝑐 ⟨ℓ ,P𝑝𝜃⟩ for all ℓ ∈ Θ∗, 𝜃 ∈ Θ𝐻 .
• Working with gradients this translates to (R𝑔𝜃, 𝜃 )𝐻 = 𝑐 (𝜃,P𝑝𝜃 ) for all 𝜃 ∈ Θ, 𝜃 ∈ Θ𝐻 .
• We use the notation 𝑃2 := ∥P𝑝 ∥2 and 𝜌2 := ∥R𝑔∥2 for the operator norms.

In order to account for the non-convexity of the problem we add a regularization term to the cgc
function

ℎ(𝜃 ) := 𝑓𝐻 (𝜃 ) + (R𝑔∇𝑓 (𝜃𝑘 ) − ∇𝑓𝐻 (R𝑝𝜃𝑘 ))𝑇𝜃 +
𝜆

2 ∥𝜃 − 𝜃
𝑘 ∥2Θ𝐻

, (3.5)

where 𝜆 > 0 is a regularization parameter for the cgc and 𝜃𝑘 is the current coarse grid iterate.

We make the following assumption on the regularization parameter.

Assumption 3.18 (Regularization Parameter). We assume that 𝜆 > 0 is the regularization parameter
for the cgc with 𝜆 > 𝐿 + 𝜏 for some 𝜏 > 0.

We make assumptions on the stochastic gradients of the fine and coarse objective functions, which are
standard for analyzing SGD methods.

Assumption 3.19 (Stochastic Gradients). Assume that it is possible to generate i.i.d. realizations 𝜉0, 𝜉1, . . .
of the random variable 𝜉 .

• Assume there exists an oracle 𝐺 𝑓 (𝜃, 𝜉) which returns an unbiased estimate of ∇𝑓 (𝜃 ), i.e.

E[𝐺 𝑓 (𝜃, 𝜉)] = ∇𝑓 (𝜃 ).

• Assume there exists an oracle 𝐺 𝑓𝐻 (𝜃, 𝜉) which returns an unbiased estimate of ∇𝑓𝐻 (𝜃 ), i.e.

E[𝐺 𝑓𝐻 (𝜃, 𝜉)] = ∇𝑓𝐻 (𝜃 ) .

• Every possible mini-batch gradient of the coarse objective is Lipschitz-smooth w.r.t. 𝐿𝑚𝑏 , i.e.

∥𝐺 𝑓𝐻 (𝜃, 𝜉) −𝐺 𝑓𝐻 (𝜃 ′, 𝜉)∥2 ≤ 𝐿2
𝑚𝑏
∥𝜃 − 𝜃 ′∥2

for all 𝜃, 𝜃 ′ ∈ Θ𝐻 and for all 𝜉 .

• Let
E[∥𝐺 𝑓 (𝜃, 𝜉)∥2] ≤ 𝑀2 +𝑀𝐺 ∥∇𝑓 (𝜃 )∥2,
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and
E[∥𝐺 𝑓𝐻 (𝜃, 𝜉)∥2] ≤ 𝑀̄2 + 𝑀̄𝐺 ∥∇𝑓𝐻 (𝜃 )∥2.

The gradient estimate for the cgc function is given by

𝐺𝑐𝑔𝑐,𝑘 (𝜃, 𝜉𝑘 ) :=𝐺 𝑓𝐻 (𝜃, 𝜉𝑘 ) + R𝑔𝐺 𝑓 (𝜃𝑘 , 𝜉𝑘 ) −𝐺 𝑓𝐻 (R𝑝𝜃𝑘 , 𝜉𝑘 ) + 𝜆(𝜃 − 𝜃𝑘 ). (3.6)

We assume that the learning rates are fixed and have some upper bounds.

Assumption 3.20 (Learning Rates). We assume that the learning rates 𝛼 for the SGD updates of the fine
objective function, 𝛼𝑐𝑔𝑐 for the cgc updates of the fine objective function and 𝛼 for the SGD updates for the
cgc objective function are fixed with

0 < 𝛼 ≤ 1
𝐿𝑀𝐺

,

𝐴𝑘 := 𝐾𝛼 ≤ 𝜈

4𝜌2𝐿𝑚𝑏
,

0 < 𝛼𝑐𝑔𝑐 ≤
𝑐𝜏𝑑1𝜅

2𝐿𝑃2𝐴2
𝑘
𝜌4𝑀2

𝐺

.

Moreover, assume that 𝐴𝑘 is constant for all cgc updates.

We assume that the iterations on the cgc problem decrease the cgc objective function.

Assumption 3.21 (Decrease on Coarse Grid Correction Objective). We assume that the final iteration
on the cgc problem has a smaller function value of the cgc objective than the initial iterate, i.e.

ℎ(𝜃 ∗𝑐𝑔𝑐) ≤ ℎ(𝜃𝑘 ) − 𝜖

for some 𝜖 ∈ R.

We need to make some technical assumptions on the cgc iterates in order to control the behavior of
the cgc updates.

Assumption 3.22 (Lower Bound for Coarse Grid Corrections). Assume that there exists a 𝑑1 > 0 such
that

𝑑1∥R𝑔 (∇𝑓 (𝜃𝑘 ))∥2 ≤ E[∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘 ]

for all cgc updates.

The next assumption is taken from [68] and is a condition on the cgc iterates.

Leonie Kreis 61



Optimization Techniques for Neural Networks Leonie Kreis

Assumption 3.23 (Control of the Coarse Grid Correction Iterates). Assume that there exists a 𝜈 > 0
such that

𝜈E[∥𝜃 𝑗
𝑐𝑔𝑐,𝑘
− 𝜃𝑘 ∥2 | 𝜃𝑘 ] ≤ E[∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘 ]

for all cgc updates and all iterates 𝑗 = 1, · · · , 𝐾 .

Main Result for MG/Opt with SGD in the Non-Convex Setting With these assumptions in place,
we can state the main convergence result for MG/Opt with SGD and fixed learning rates in the
non-convex setting.

Theorem 3.24 (Main Result with SGD as Solver for Non-Convex Problems). Let assumptions 3.16
to 3.23 hold. Then the iterates of the algorithm Algorithm 5 satisfy

E[ 1
𝐽 + 1

𝐽∑︁
𝑘=0
∥∇𝑓 (𝜃𝑘 )∥2] ≤

E[𝑓 (𝜃0)] − 𝑓𝑖𝑛𝑓
(𝐽 + 1)min[𝛼 1

2 , 𝛼𝑐𝑔𝑐
𝑐𝜏𝑑1𝜅

2 ]
+

max[𝛼2𝐿𝑀2

2 ,
𝛼2
𝑐𝑔𝑐2𝐿𝐴2

𝑘
𝜌4𝑀2 ∥𝑃 ∥2
2 −𝛼𝑐𝑔𝑐𝑐𝜖]

min[𝛼 1
2 , 𝛼𝑐𝑔𝑐

𝑐𝜏𝑑1𝜅
2 ]

→
max[𝛼2𝐿𝑀2

2 ,
𝛼2
𝑐𝑔𝑐2𝐿𝐴2

𝑘
𝜌4𝑀2 ∥𝑃 ∥2
2 −𝛼𝑐𝑔𝑐𝑐𝜖]

min[𝛼 1
2 , 𝛼𝑐𝑔𝑐

𝑐𝜏𝑑1𝜅
2 ]

for 𝐽 →∞.

All notations used in the theorem are defined in this chapter and are summarized in Appendix A.
Before we prove the theorem, we need to establish auxiliary lemmas which are used in the proof. We
start with a basic lemma on the decrease of general quadratic expressions, which will be used later on
for the learning rates.

Lemma 3.25 (Decrease for General Quadratic Expressions). Let

𝑔(𝛼) := −𝑎𝛼 + 𝑏𝛼2

with 𝑎, 𝑏 > 0. Then the optimal 𝛼 is minimizing the expression given by

𝛼∗ =
𝑎

2𝑏

and the minimum is given by

𝑔(𝛼∗) = −𝑎
2

4𝑏 .

Additionally, it holds for 0 < 𝛼 ≤ 𝛼∗ that

𝑔(𝛼) ≤ −𝛼 𝑎2

and for 0 < 𝛼 < 𝑎
𝑏
that

𝑔(𝛼) < 0.
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Proof.

𝑔′(𝛼) = −𝑎 + 2𝑏𝛼
𝑔′′(𝛼) = 2𝑏 > 0.

The minimum is at 𝛼∗ = 𝑎
2𝑏 and

𝑔(𝛼∗) = −𝑎 𝑎2𝑏 + 𝑏
( 𝑎
2𝑏

)2

= −𝑎
2

2𝑏 +
𝑎2

4𝑏

= −𝑎
2

4𝑏 .

For 0 < 𝛼 we have

𝑔(𝛼) ≤ −𝛼 𝑎2
⇔ 𝛼2𝑏 ≤ 𝛼 𝑎2
⇔ 𝛼 ≤ 𝑎

2𝑏 .

For 0 < 𝛼 we have

𝑔(𝛼) < 0
⇔ −𝑎𝛼 + 𝑏𝛼2 < 0

⇔ 𝑏𝛼2 < 𝑎𝛼

⇔ 𝛼 <
𝑎

𝑏
.

Thus, the claim is proven. □

We bound the decrease of the fine objective function for a SGD step. This is a well-known result for
SGD steps, which we state here for completeness.

Lemma3.26 (Decrease of FineObjective Function for SGDUpdates). With assumption 3.16, assumption 3.19
and assumption 3.20,
we get

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 )] ≤ −𝛼𝑘2 E[∥∇𝑓 (𝜃𝑘 )∥2] + 𝐿2𝛼
2
𝑘
𝑀2.

The proof is a standard result for SGD steps, see e.g. [11, Lemma 4.4] We repeat it here to highlight the
techniques used.
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Proof. We start with the classical bound for the fine objective function.

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 ) | 𝜃𝑘 ] = E[𝑓 (𝜃𝑘+1) | 𝜃𝑘 ] − 𝑓 (𝜃𝑘 )

≤ E[(∇𝑓 (𝜃𝑘 ), 𝜃𝑘+1 − 𝜃𝑘 ) | 𝜃𝑘 ] + 𝐿2E[∥𝜃
𝑘+1 − 𝜃𝑘 ∥2 | 𝜃𝑘 ]

= −E[(∇𝑓 (𝜃𝑘 ), 𝛼𝑘𝐺 𝑓 (𝜃𝑘 , 𝜉𝑘 )) | 𝜃𝑘 ] +
𝐿

2𝛼
2
𝑘
E[∥𝐺 𝑓 (𝜃𝑘 , 𝜉𝑘 )∥2 | 𝜃𝑘 ]

= −(∇𝑓 (𝜃𝑘 ), 𝛼𝑘E[𝐺 𝑓 (𝜃𝑘 , 𝜉𝑘 ) | 𝜃𝑘 ]) +
𝐿

2𝛼
2
𝑘
E[∥𝐺 𝑓 (𝜃𝑘 , 𝜉𝑘 )∥2 | 𝜃𝑘 ]

= −(∇𝑓 (𝜃𝑘 ), 𝛼𝑘∇𝑓 (𝜃𝑘 )) +
𝐿

2𝛼
2
𝑘
E[∥𝐺 𝑓 (𝜃𝑘 , 𝜉𝑘 )∥2 | 𝜃𝑘 ]

≤ −𝛼𝑘 ∥∇𝑓 (𝜃𝑘 )∥2 +
𝐿

2𝛼
2
𝑘
(𝑀2 +𝑀𝐺 ∥∇𝑓 (𝜃𝑘 )∥2)

Using Lemma 3.25 with 𝑎 = 1 and 𝑏 = 𝐿
2𝑀𝐺 , we get

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 ) | 𝜃𝑘 ] ≤ −𝛼𝑘2 ∥∇𝑓 (𝜃
𝑘 )∥2 + 𝐿2𝛼

2
𝑘
𝑀2.

Taking the expectation w.r.t. 𝜃𝑘 gives

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 )] ≤ −𝛼𝑘2 E[∥∇𝑓 (𝜃𝑘 )∥2] + 𝐿2𝛼
𝑘,2𝑀2.

□

We show that under the above assumptions, the cgc update is a descent direction for the fine objective
function at the current fine iterate 𝜃𝑘 . Since the iterates are random objects, we first show that this
claim holds in expectation conditioned on the current fine iterate.

Lemma 3.27 (Coarse Grid Correction is a Descent Direction for Fine Objective Function). With
assumptions 3.16 to 3.18 and assumption 3.21, we get

(∇𝑓 (𝜃𝑘 ),E[𝑒 | 𝜃𝑘 ]) ≤ −𝑐𝜏E[∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘 ] − 𝑐𝜖.

Proof. We use assumption 3.21 as a starting point and the definition of the cgc objective function (3.5).
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We consider an expectation w.r.t. the current fine iterate 𝜃𝑘 .

E
[
ℎ(𝜃 ∗𝑐𝑔𝑐) | 𝜃𝑘

]
− ℎ(𝜃𝑘 ) ≤ −𝜖

⇔E
[
𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐) − 𝑓𝐻 (𝜃𝑘 ) + ⟨R𝑑 𝑓 ′(𝜃𝑘 ) − 𝑓 ′𝐻 (𝜃𝑘 ) , 𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘⟩ + 𝜆∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘

]
≤ −𝜖

⇔E
[
𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐) − 𝑓𝐻 (𝜃𝑘 ) | 𝜃𝑘

]
+ E

[
(R𝑔∇𝑓 (𝜃𝑘 ), 𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ) | 𝜃𝑘

]
− E

[
(∇𝑓𝐻 (𝜃𝑘 ), 𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ) | 𝜃𝑘

]
+ 𝜆E

[
∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘

]
≤ −𝜖

⇔E
[
𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐) − 𝑓𝐻 (𝜃𝑘 ) | 𝜃𝑘

]
+ 1
𝑐
E

[
(∇𝑓 (𝜃𝑘 ),P𝑝 (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )) | 𝜃𝑘

]
− E

[
(∇𝑓𝐻 (𝜃𝑘 ), 𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ) | 𝜃𝑘

]
+ 𝜆E

[
∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘

]
≤ −𝜖

where in the last step we used the fact that 𝑐R𝑔 = P𝑝 . Rearranging the terms and using 𝑐 > 0 yields

(∇𝑓 (𝜃𝑘 ),E[𝑒 | 𝜃𝑘 ]) ≤ 𝑐E
[
(∇𝑓𝐻 (𝜃𝑘 ), 𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ) | 𝜃𝑘

]
− 𝑐E

[
𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐) − 𝑓𝐻 (𝜃𝑘 ) | 𝜃𝑘

]
− 𝑐𝜆E

[
∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘

]
− 𝑐𝜖.

(3.7)

To bound the second term (3.7) on the right-hand side of the inequality, we use the mean value theorem
(see e.g. in [80]) for the coarse objective function. The mean value theorem for functions with several
variables states that there exists a random variable 𝑡 whose realizations lie in (0, 1) (𝑡 is a random
variable since it depends on 𝜃 ∗𝑐𝑔𝑐 and hence is not measurable w.r.t. 𝜃𝑘 ) such that with (the random
variable)

𝜃𝑡 ≔ 𝜃𝑘 + 𝑡 (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )

holds that

E
[
𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐) − 𝑓𝐻 (𝜃𝑘 ) | 𝜃𝑘

]
= E

[
⟨𝑓 ′𝐻 (𝜃𝑡 ) , 𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘⟩ | 𝜃𝑘

]
= E

[
(∇𝑓𝐻 (𝜃𝑡 ), 𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ) | 𝜃𝑘

]
.

Hence,

(∇𝑓 (𝜃𝑘 ),E[𝑒 | 𝜃𝑘 ]) ≤ 𝑐E
[
(∇𝑓𝐻 (𝜃𝑘 ) − ∇𝑓𝐻 (𝜃𝑡 ), 𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ) | 𝜃𝑘

]
− 𝑐𝜆E

[
∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘

]
− 𝑐𝜖.

We again want to transform the first term on the right-hand side of the inequality using the mean
value theorem on the coarse gradient. The mean value theorem for functions with several variables
and multiple image dimensions states that there exists a random variable 𝑡∗ whose realizations lie in
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(0, 𝑡) such that

E
[
(∇𝑓𝐻 (𝜃𝑘 ) − ∇𝑓𝐻 (𝜃𝑡 ), 𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ) | 𝜃𝑘

]
= E

[
(𝜃𝑘 − 𝜃𝑡 ,∇2 𝑓𝐻 (𝜃𝑡∗) (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )) | 𝜃𝑘

]
= −E

[
(𝜃𝑡 − 𝜃𝑘 ,∇2 𝑓𝐻 (𝜃𝑡∗) (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )) | 𝜃𝑘

]
= −E

[
(𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 , 𝑡∇2 𝑓𝐻 (𝜃𝑡∗) (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )) | 𝜃𝑘

]
.

Hence,

(∇𝑓 (𝜃𝑘 ),E[𝑒 | 𝜃𝑘 ]) ≤ − 𝑐E
[
(𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 , 𝑡∇2 𝑓𝐻 (𝜃𝑡∗) (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )) | 𝜃𝑘

]
− 𝑐𝜆E

[
∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘

]
− 𝑐𝜖
≤𝑐E

[
(𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 , (−𝑡∇2 𝑓𝐻 (𝜃𝑡∗) − 𝜆id) (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )) | 𝜃𝑘

]
− 𝑐𝜖.

Since 𝑓𝐻 is 𝐿−smooth, we have

min
𝜃 ∈Θ𝐻

(
𝜆𝑚𝑖𝑛 (∇2 𝑓𝐻 (𝜃𝑡∗))

)
≥ −𝐿,

and it is 𝑡 ∈ (0, 1). Keep in mind that 𝑡 is a random variable and cannot be taken out of the expectation.
Using assumption 3.18 we conclude

(∇𝑓 (𝜃𝑘 ),E[𝑒 | 𝜃𝑘 ]) ≤ −𝑐𝜏E
[
∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘

]
− 𝑐𝜖.

□

We slightly modify [68, Lemma 3.17] to get a bound on the variance of the cgc update.

Lemma 3.28 (Upper Bound for the Variance of the Coarse Grid Correction). Take assumption 3.16,
assumption 3.19, assumption 3.20, assumption 3.22 and assumption 3.23.
Then

E[∥𝑒𝑘 ∥2 | 𝜃𝑘 ] ≤ 2𝐴2
𝑘
𝜌4𝑀2 + 2𝐴2

𝑘
𝜌4𝑀𝐺 ∥∇𝑓 (𝜃𝑘 )∥2

with 𝜌2 := ∥R𝑔∥2.

Proof. We denote the iterates of the cgc step by 𝜃 𝑗
𝑐𝑔𝑐,𝑘

for 𝑗 = 0, . . . , 𝐾 . We remind the reader that
𝜃0
𝑐𝑔𝑐,𝑘

≔ 𝜃𝑘 = R𝑝𝜃𝑘 . Because SGD updates are used on the cgc optimization problem, we have

𝜃
𝑗

𝑐𝑔𝑐,𝑘
= 𝜃

𝑗−1
𝑐𝑔𝑐,𝑘
− 𝛼 𝑗

𝑘
𝐺𝑐𝑔𝑐,𝑘 (𝜃 𝑗−1

𝑐𝑔𝑐,𝑘
, 𝜉
𝑗

𝑘
)
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for 𝑗 = 1, . . . , 𝐾 . We can rewrite the cgc update as

𝑒𝑘 = P𝑝
(
𝜃𝐾
𝑐𝑔𝑐,𝑘
− 𝜃0

𝑐𝑔𝑐,𝑘

)
= P𝑝

𝐾∑︁
𝑗=1

(
−𝛼 𝑗

𝑘
𝐺𝑐𝑔𝑐,𝑘 (𝜃 𝑗−1

𝑐𝑔𝑐,𝑘
, 𝜉
𝑗

𝑘
)
)
.

Hence, conditioned on the current fine iterate 𝜃𝑘 , we have

E[∥𝑒𝑘 ∥2 | 𝜃𝑘 ] = E[∥P𝑝
𝐾∑︁
𝑗=1

(
−𝛼 𝑗

𝑘
𝐺𝑐𝑔𝑐,𝑘 (𝜃 𝑗−1

𝑐𝑔𝑐,𝑘
, 𝜉
𝑗

𝑘
)
)
∥2 | 𝜃𝑘 ] ≤ 𝐴𝑘

𝐾∑︁
𝑗=1
𝛼
𝑗

𝑘
𝜌2E[∥𝐺𝑐𝑔𝑐,𝑘 (𝜃 𝑗−1

𝑐𝑔𝑐,𝑘
, 𝜉
𝑗

𝑘
)∥2 | 𝜃𝑘 ] .

Now we consider the squared norm of the stochastic gradients 𝐺𝑐𝑔𝑐,𝑘 (𝜃 𝑗−1
𝑐𝑔𝑐,𝑘

, 𝜉
𝑗

𝑘
) of the cgc objective

function. It is

∥𝐺𝑐𝑔𝑐,𝑘 (𝜃 𝑗−1
𝑐𝑔𝑐,𝑘

, 𝜉
𝑗

𝑘
)∥2 ≤ 2∥R𝑔𝐺 𝑓 (𝜃𝑘 , 𝜉 𝑗𝑘 )∥

2 + 2∥𝐺 𝑓𝐻 (𝜃0
𝑐𝑔𝑐,𝑘

, 𝜉
𝑗

𝑘
) −𝐺 𝑓𝐻 (𝜃

𝑗−1
𝑐𝑔𝑐,𝑘

, 𝜉
𝑗

𝑘
)∥2

≤ 2𝜌2∥𝐺 𝑓 (𝜃𝑘 , 𝜉 𝑗𝑘 )∥
2 + 2𝐿2

𝑚𝑏
∥𝜃0
𝑐𝑔𝑐,𝑘
− 𝜃 𝑗−1

𝑐𝑔𝑐,𝑘
∥2

≤ 2𝜌2∥𝐺 𝑓 (𝜃𝑘 , 𝜉 𝑗𝑘 )∥
2 + 2𝐿2

𝑚𝑏
𝜈−1∥𝑒𝑘 ∥2

where we used assumption 3.17 and assumption 3.19 in the second step and assumption 3.23 in the last
step. Using assumption 3.19 again, we can derive an upper bound for the first term 2𝜌2∥𝐺 𝑓 (𝜃𝑘 , 𝜉 𝑗𝑘 )∥

2.
Inserting this into the expectation yields

E[∥𝑒𝑘 ∥2 | 𝜃𝑘 ] ≤ 𝐴𝑘
𝐾∑︁
𝑗=1
𝛼
𝑗

𝑘
𝜌2

(
2𝜌2E[∥𝐺 𝑓 (𝜃𝑘 , 𝜉 𝑗𝑘 )∥

2 | 𝜃𝑘 ] + 2𝐿2
𝑚𝑏
𝜈−1E[∥𝑒𝑘 ∥2 | 𝜃𝑘 ]

)
≤ 𝐴𝑘

𝐾∑︁
𝑗=1
𝛼
𝑗

𝑘
𝜌2

(
2𝜌2𝑀2 + 2𝜌2𝑀𝐺 ∥∇𝑓 (𝜃𝑘 )∥2 + 2𝐿2

𝑚𝑏
𝜈−1E[∥𝑒𝑘 ∥2 | 𝜃𝑘 ]

)
.

Rearranging the inequality yields

1
2E[∥𝑒

𝑘 ∥2 | 𝜃𝑘 ] ≤
(
1 −𝐴2

𝑘
𝜌22𝐿𝑚𝑏

𝜈

)
E[∥𝑒𝑘 ∥2 | 𝜃𝑘 ] ≤ 2𝐴2

𝑘
𝜌4𝑀2 + 2𝐴2

𝑘
𝜌4𝑀𝐺 ∥∇𝑓 (𝜃𝑘 )∥2.

It holds that (
1 −𝐴2

𝑘
𝜌22𝐿𝑚𝑏

𝜈

)
≥ 1

2 ⇔ 𝐴2
𝑘
𝜌22𝐿𝑚𝑏

𝜈
≤ 1

2 ⇔ 𝐴2
𝑘
≤ 𝜈

4𝜌2𝐿𝑚𝑏
,

which is exactly the condition from assumption 3.20. Thus, we have shown the claim. □

No we can show decrease of the fine objective function for a cgc step.

Lemma3.29 (Decrease of FineObjective Function for Coarse Grid Correction Step). Let assumptions 3.16
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to 3.22 hold. Then,

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 )] ≤ −
𝛼𝑘𝑐𝑔𝑐

2 (𝑐𝜏𝑑1𝜅)E[∥∇𝑓 (𝜃𝑘 )∥2] +
𝐿

2𝛼
𝑘,2
𝑐𝑔𝑐𝑃

22𝐴2
𝑘
𝜌4𝑀2 − 𝛼𝑘𝑐𝑔𝑐𝑐𝜖.

Proof. We start by conditioning the expectation on the current fine iterate 𝜃𝑘 to bound the difference
in terms of the fine gradient at the current fine iterate ∇𝑓 (𝜃𝑘 ). Once we have derived a bound, we can
use assumption 3.19 to bound the expectation thereafter. We start with the classical bound for the fine
objective function.

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 ) | 𝜃𝑘 ] = E[𝑓 (𝜃𝑘+1) | 𝜃𝑘 ] − 𝑓 (𝜃𝑘 )

≤ E[(∇𝑓 (𝜃𝑘 ), 𝜃𝑘+1 − 𝜃𝑘 ) | 𝜃𝑘 ] + 𝐿2E[∥𝜃
𝑘+1 − 𝜃𝑘 ∥2 | 𝜃𝑘 ]

= E[(∇𝑓 (𝜃𝑘 ), 𝛼𝑘𝑐𝑔𝑐𝑒𝑘 ) | 𝜃𝑘 ] +
𝐿

2𝛼
𝑘,2
𝑐𝑔𝑐E[∥𝑒𝑘 ∥2 | 𝜃𝑘 ]

= (∇𝑓 (𝜃𝑘 ), 𝛼𝑘𝑐𝑔𝑐E[𝑒𝑘 | 𝜃𝑘 ]) +
𝐿

2𝛼
𝑘,2
𝑐𝑔𝑐E[∥𝑒𝑘 ∥2 | 𝜃𝑘 ] .

Now we can use the result from Lemma 3.27 to bound the inner product and Lemma 3.28 to bound the
expectation of the squared norm of the cgc update. We obtain

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 ) | 𝜃𝑘 ] ≤ −𝛼𝑘𝑐𝑔𝑐𝑐𝜏E[∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2 | 𝜃𝑘 ] − 𝛼𝑘𝑐𝑔𝑐𝑐𝜖 +
𝐿

2𝛼
𝑘,2
𝑐𝑔𝑐2𝐴2

𝑘
𝜌4(𝑀2 +𝑀𝐺 ∥∇𝑓 (𝜃𝑘 )∥2)

≤ −𝛼𝑘𝑐𝑔𝑐𝑐𝜏𝑑1∥R𝑔∇𝑓 (𝜃𝑘 )∥2 − 𝛼𝑘𝑐𝑔𝑐𝑐𝜖 +
𝐿

2𝛼
𝑘,2
𝑐𝑔𝑐2𝐴2

𝑘
𝜌4(𝑀2 +𝑀𝐺 ∥∇𝑓 (𝜃𝑘 )∥2),

where we used assumption 3.22 in the last bound. Using the algorithmic condition (see Algorithm 5)
that the cgc update is only performed if

∥R𝑔∇𝑓 (𝜃𝑘 )∥2 ≥ 𝜅∥∇𝑓 (𝜃𝑘 )∥2,

we can derive an upper bound for the first term using 𝜅. We get

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 ) | 𝜃𝑘 ] ≤ −𝛼𝑘𝑐𝑔𝑐𝑐𝜏𝑑1∥R𝑔∇𝑓 (𝜃𝑘 )∥2 − 𝛼𝑘𝑐𝑔𝑐𝑐𝜖 +
𝐿

2𝛼
𝑘,2
𝑐𝑔𝑐2𝐴2

𝑘
𝜌4(𝑀2 +𝑀𝐺 ∥∇𝑓 (𝜃𝑘 )∥2)

≤ −𝛼𝑘𝑐𝑔𝑐𝑐𝜏𝑑1𝜅∥∇𝑓 (𝜃𝑘 )∥2 − 𝛼𝑘𝑐𝑔𝑐𝑐𝜖 +
𝐿

2𝛼
𝑘,2
𝑐𝑔𝑐2𝐴2

𝑘
𝜌4(𝑀2 +𝑀𝐺 ∥∇𝑓 (𝜃𝑘 )∥2) .

Using the assumptions on the learning rate 𝛼𝑐𝑔𝑐 from assumption 3.20 and Lemma 3.25 with 𝑎 = 𝑐𝜏𝑑1𝜅 ,
𝑏 = 𝐿

2𝛼
𝑘,2
𝑐𝑔𝑐2𝐴2

𝑘
𝜌4𝑀𝐺 we can continue with

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 ) | 𝜃𝑘 ] ≤ −𝛼𝑘𝑐𝑔𝑐𝑐𝜏𝑑1𝜅∥∇𝑓 (𝜃𝑘 )∥2 − 𝛼𝑘𝑐𝑔𝑐𝑐𝜖 +
𝐿

2𝛼
𝑘,2
𝑐𝑔𝑐2𝐴2

𝑘
𝜌4(𝑀2 +𝑀𝐺 ∥∇𝑓 (𝜃𝑘 )∥2)

≤ −𝛼𝑘𝑐𝑔𝑐
𝑐𝜏𝑑1𝜅

2 ∥∇𝑓 (𝜃𝑘 )∥2 − 𝛼𝑘𝑐𝑔𝑐𝑐𝜖 +
𝐿

2𝛼
𝑘,2
𝑐𝑔𝑐2𝐴2

𝑘
𝜌4𝑀2.
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Now taking the total expectation over the current fine iterate 𝜃𝑘 yields

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 )] ≤ − 𝛼𝑘𝑐𝑔𝑐
𝑐𝜏𝑑1𝜅

2 E[∥∇𝑓 (𝜃𝑘 )∥2]

− 𝛼𝑘𝑐𝑔𝑐𝑐𝜖

+ 𝐿2𝛼
𝑘,2
𝑐𝑔𝑐2𝐴2

𝑘
𝜌4𝑀2.

□

With the help of the lemmas we have shown so far, we can now prove the main theorem of this
section.

Proof of Theorem 3.24. Depending on whether the update is a cgc update or a SGD update, we have
two different cases. In the first case, we use Lemma 3.29 to bound the decrease in the fine objective
function. In the second case, we use Lemma 3.26 to bound the decrease in the fine objective function.
This yields

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 )] ≤
{
−𝛼𝑐𝑔𝑐2 (𝑐𝜏𝑑1𝜅)E[∥∇𝑓 (𝜃𝑘 )∥2] + 𝐿

2𝛼
2
𝑐𝑔𝑐𝑃

22𝐴2
𝑘
𝜌4𝑀2 − 𝛼𝑐𝑔𝑐𝑐𝜖, if cgc update

−𝛼2E[∥∇𝑓 (𝜃
𝑘 )∥2] + 𝐿

2𝛼
2𝑀2, if SGD update.

Now for constant step sizes 𝛼 and 𝛼𝑐𝑔𝑐 and a constant 𝐴𝑘 , we can derive the upper bound

𝑓𝑖𝑛𝑓 − E[𝑓 (𝜃0)] ≤ E[𝑓 (𝜃 𝐽 +1) − 𝑓 (𝜃0)]

=

𝐽∑︁
𝑘=0

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 )]

≤ −min(𝐴, 𝐵)
𝐽∑︁
𝑘=0

E[∥∇𝑓 (𝜃𝑘 )∥2] + (𝐽 + 1)max(𝐶, 𝐷),

with

𝐴 :=
𝛼𝑐𝑔𝑐

2 𝑐𝜏𝑑1𝜅,

𝐵 := 𝛼

2 ,

𝐶 := 𝐿

2𝛼
2
𝑐𝑔𝑐𝑀

2𝑃22𝐴2
𝑘
𝜌4,

𝐷 := 𝐿

2𝛼
2𝑀2.

Rearranging the inequality yields

1
𝐽 + 1

𝐽∑︁
𝑘=0

E[∥∇𝑓 (𝜃𝑘 )∥2] ≤
𝑓𝑖𝑛𝑓 − E𝑓 (𝜃0)

min(𝐴, 𝐵) (𝐽 + 1) +
𝐽 + 1
𝐽 + 1

max(𝐶, 𝐷)
min(𝐴, 𝐵)

=
𝑓𝑖𝑛𝑓 − E𝑓 (𝜃0)

min(𝐴, 𝐵) (𝐽 + 1) +
max(𝐶, 𝐷)
min(𝐴, 𝐵) .
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Examining the limit for 𝐽 →∞ we get

lim inf
𝐽→∞

1
𝐽 + 1

𝐽∑︁
𝑘=0

E[∥∇𝑓 (𝜃𝑘 )∥2] → max(𝐶, 𝐷)
min(𝐴, 𝐵) .

□

Extension to Convergence with Diminishing Step Sizes Since in practice the restriction to fixed
step sizes is often not desirable, we now extend the convergence analysis to a broader class of step sizes,
the Robbins-Monro type diminishing step sizes [109]. For the next analysis we change the algorithm
by replacing fixed step sizes 𝛼, 𝛼𝑐𝑔𝑐 with diminishing step sizes 𝛼𝑘 , 𝛼𝑐𝑔𝑐𝑘 at iteration 𝑘 . We replace
assumption 3.20 with

Assumption 3.30 (Diminishing Learning Rates). We assume that the learning rates 𝛼𝑘 , 𝛼𝑐𝑔𝑐𝑘 and 𝛼 are
bounded by

0 < 𝛼𝑘 ≤
1

𝐿𝑀𝐺
,

𝐴𝑘 := 𝐾𝛼 ≤ 𝜈

4𝜌2𝐿𝑚𝑏
,

0 < 𝛼𝑐𝑔𝑐𝑘 ≤
𝑐𝜏𝑑1𝜅

2𝐿𝑃2𝐴2
𝑘
𝜌4𝑀2 .

𝐴𝑘 does not have to be constant for all cgc updates. We additionally assume that∑︁
𝑘 SGD step

𝛼𝑘 =∞,
∑︁

𝑘 SGD step

𝛼2
𝑘
< ∞, and∑︁

𝑘 cgc step

𝛼𝑐𝑔𝑐𝑘 =∞,
∑︁

𝑘 cgc step

𝛼𝑐𝑔𝑐
2
𝑘
< ∞.

Theorem 3.31 (Convergence for Diminishing Step Sizes). Replacing assumption 3.20 by assumption 3.30
and assuming 𝜖 ≥ 0 in assumption 3.21 in the assumptions of Theorem 3.24, we get

lim inf
𝑘→∞

E[∥∇𝑓 (𝜃𝑘 )∥2] → 0.

Proof of Theorem 3.31. We start with the same bound as in the proof of Theorem 3.24:

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 )] ≤
{
−𝛼𝑐𝑔𝑐𝑘2 (𝑐𝜏𝑑1𝜅)E[∥∇𝑓 (𝜃𝑘 )∥2] + 𝐿

2𝛼𝑐𝑔𝑐
2
𝑘
𝑃22𝐴2

𝑘
𝜌4𝑀2 − 𝛼𝑐𝑔𝑐𝑘𝑐𝜖, if cgc update

−𝛼𝑘2 E[∥∇𝑓 (𝜃𝑘 )∥2] + 𝐿
2𝛼

2
𝑘
𝑀2, if SGD update.
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Then, for diminishing step sizes 𝛼𝑘 and 𝛼𝑐𝑔𝑐𝑘 and a possibly non-constant 𝐴𝑘 , we get the upper bound

𝑓𝑖𝑛𝑓 − E[𝑓 (𝜃0)] ≤ E[𝑓 (𝜃 𝐽 +1) − 𝑓 (𝜃0)]

=

𝐽∑︁
𝑘=0

E[𝑓 (𝜃𝑘+1) − 𝑓 (𝜃𝑘 )]

≤ −
(
𝐽∑︁
𝑘=0

𝛾𝑘E[∥∇𝑓 (𝜃𝑘 )∥2]
)
+𝐶 𝐽 − 𝐷 𝐽 ,

with

𝛾𝑘 :=
{
𝛼𝑐𝑔𝑐𝑘

2 (𝑐𝜏𝑑1𝜅), if cgc update
𝛼𝑘
2 , if SGD update.

𝐶 𝐽 :=
𝐽∑︁
𝑘=0

𝛾2
𝑘

max(𝐴, 𝐵),

𝐷 𝐽 :=
𝐽∑︁
𝑘=0

𝛼𝑐𝑔𝑐𝑘𝑐𝜖1cgc step ≥ 0,

where

𝐴 := 𝐿𝑀2

2 𝑃2𝜌2 𝜈

2𝐿𝑚𝑏
1

𝑐2𝜏2𝑑2
1𝜅

2 ,

𝐵 := 𝐿𝑀2

2 .

We examine the sum of the 𝛾𝑘 ’s by

Γ𝐽 :=
𝐽∑︁
𝑘=0

𝛾𝑘 .

Using assumption 3.30 we can deduce that

lim inf
𝐽→∞

Γ𝐽 =∞.

At the same time holds that
∞∑︁
𝑘=0

𝛾2
𝑘
< ∞.

Hence,

E

[
1
Γ𝐽

𝐽∑︁
𝑘=0

𝛾𝑘 ∥∇𝑓 (𝜃𝑘 )∥2
]
≤
𝐶 𝐽

Γ𝐽
+
E[𝑓 (𝜃0) − 𝑓𝑖𝑛𝑓 ]

Γ𝐽
.
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Examining the limit for 𝐽 →∞ we get

E

[
1
Γ𝐽

𝐽∑︁
𝑘=0

𝛾𝑘 ∥∇𝑓 (𝜃𝑘 )∥2
]
→ 0. (3.8)

To show the claim of Theorem 3.31 we make an argument via contradiction. Assume that there exists
an 𝜂 > 0 such that

lim inf
𝑘→∞

E[∥∇𝑓 (𝜃𝑘 )∥2] > 𝜂.

This implies that there exists a 𝐽0 such that for all 𝑘 ≥ 𝐽0 it holds that

E[∥∇𝑓 (𝜃𝑘 )∥2] ≥ 𝜂 + 𝜖

for some 𝜖 > 0. Hence, for 𝐽 ≥ 𝐽0 we have

E

[
1
Γ𝐽

𝐽∑︁
𝑘=0

𝛾𝑘 ∥∇𝑓 (𝜃𝑘 )∥2
]
=

1
Γ𝐽

𝐽0∑︁
𝑘=0

E
[
𝛾𝑘 ∥∇𝑓 (𝜃𝑘 )∥2

]
+ 1
Γ𝐽

𝐽∑︁
𝑘=𝐽0+1

E
[
𝛾𝑘 ∥∇𝑓 (𝜃𝑘 )∥2

]
→ 𝜂 + 𝜖

for 𝐽 → ∞ since 𝛾𝑘 → 0 for 𝑘 → ∞ and
∑∞
𝑘=0 𝛾𝑘 = ∞. This gives the contradiction to the previous

result (3.8). □

With the assumption from Theorem 3.31 we can also show that the lim inf of the squared norm of the
fine gradient converges almost surely to zero (Definition 2.9).

Theorem 3.32 (Almost Sure Convergence for Diminishing Step Sizes). Using the assumptions from
Theorem 3.31 we obtain

lim inf
𝑘→∞

∥∇𝑓 (𝜃𝑘 )∥2 → 0 almost surely.

This result is based on similar ideas as in [127, Theorem 2.5].

Proof of Theorem 3.32. Define the sequences

𝛽𝑘 := 𝛾𝑘 ∥∇𝑓 (𝜃𝑘 )∥2

and

𝜂𝑘 := 𝑓 (𝜃𝑘 ) +
∞∑︁
𝑖=𝑘

𝛾2
𝑖 𝐶
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with 𝐶 := max( 𝐿𝑀2

2 𝑃2𝜌2 𝜈

2𝐿̄𝑚𝑏

1
𝑐2𝜏2𝑑2

1𝜅
2 ,
𝐿𝑀2

2 ). Conditioned on the current fine iterate 𝜃𝑘 , we have

E[𝜂𝑘+1 | 𝜃𝑘 ] = E[𝑓 (𝜃𝑘+1) | 𝜃𝑘 ] +
∞∑︁

𝑖=𝑘+1
𝛾2
𝑖 𝐶 ≤ 𝑓 (𝜃𝑘 ) +

∞∑︁
𝑖=𝑘+1

𝛾2
𝑖 𝐶 − 𝛾𝑘 ∥∇𝑓 (𝜃𝑘 )∥2 + 𝛾2

𝑘
𝐶

= 𝜂𝑘 − 𝛽𝑘 .

Hence, we have

E[𝛽𝑘 ] ≤ E[𝜂𝑘 ] − E[𝜂𝑘+1],

and

E[𝜂𝑘+1 − 𝑓𝑖𝑛𝑓 | 𝜃𝑘 ] ≤ 𝜂𝑘 − 𝑓𝑖𝑛𝑓 − 𝛽𝑘 ≤ 𝜂𝑘 − 𝑓𝑖𝑛𝑓 ,

since 𝛽𝑘 ≥ 0. Hence,

0 ≤ E[𝜂𝑘 − 𝑓𝑖𝑛𝑓 ] ≤ 𝜂1 − 𝑓𝑖𝑛𝑓 < ∞,

since 𝑓 (𝜃0) < ∞ and
∑∞
𝑘=0 𝛾

2
𝑘
< ∞. Thus, 𝜂𝑘 − 𝑓𝑖𝑛𝑓 is a supermartingale (Definition 2.11). Theorem 2.12

states that a non-negative supermartingale converges almost surely to a limit and the expectation of
the limit is smaller than or equal to the expectation of the starting random variable. Applying this to
the supermartingale 𝜂𝑘 − 𝑓𝑖𝑛𝑓 yields

lim
𝑘→∞

E[𝜂𝑘 − 𝑓𝑖𝑛𝑓 ] = 𝜂∞ − 𝑓𝑖𝑛𝑓 = 0 𝑎.𝑠 . and E[𝜂∞] ≥ E[𝜂1] .

Now,

E[
∞∑︁
𝑘=0

𝛽𝑘 ] =
∞∑︁
𝑘=0

E[𝛽𝑘 ]

≤
∞∑︁
𝑘=1
(E[𝜂𝑘 ] − E[𝜂𝑘+1]) < ∞.

Hence, we have that
∞∑︁
𝑘=0

𝛽𝑘 =

∞∑︁
𝑘=0

𝛾𝑘 ∥∇𝑓 (𝜃𝑘 )∥2 < ∞ 𝑎.𝑠 ..

Since
∑∞
𝑘=0 𝛾𝑘 =∞ by assumption 3.30, the result follows. □

Corollary 3.33 (MG/Opt with GD as Iterative Method for Non-Convex Problems). Let assumptions 3.16
to 3.18 and 3.21 to 3.23 hold. Additionally, let assumption 3.20 be satisfied for𝑀𝐺 = 1, 𝐿𝑚𝑏 = 𝐿. Then the
iterates of the algorithm Algorithm 5 with full gradients instead of stochastic gradients satisfy

1
𝐽 + 1

𝐽∑︁
𝑘=0
∥∇𝑓 (𝜃𝑘 )∥2 ≤

𝑓 (𝜃0) − 𝑓𝑖𝑛𝑓
(𝐽 + 1)min[𝛼 1

2 , 𝛼𝑐𝑔𝑐
𝑐𝜏𝑑1𝜅

2 ]
→ 0
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for 𝐽 →∞.

This result follows directly from Theorem 3.24 by setting the stochastic gradients equal to the full
gradients.

Discussion on Convergence Results and Assumptions The presented results are restricted to the
two-level case; nevertheless, we provide the first convergence result for MG/Opt with stochastic
gradients in the non-convex setting for diminishing step sizes and the first almost sure convergence
result thereof. Additionally, we leverage specific properties of the cgc updates to guarantee that the
cgc updates 𝑒 are descent directions for the fine objective function, instead of using techniques for
general descent directions for the cgc updates, which allows us to get a more specific understanding
of the cgc updates in this context.

The variant of MG/Opt proposed in [68] is the most closely related work to ours. Unlike our approach,
it employs an angle condition

−(∇𝑓 (𝜃𝑘 ), 𝑒)
∥∇𝑓 (𝜃𝑘 )∥∥𝑒 ∥

≥ 𝜇,

for some 𝜇 ∈ (0, 1], instead of the regularization (assumption 3.18) and the cgc descent (assumption 3.21),
which we employ in order to guarantee convergence.

Some assumptions used are strong and therefore require discussion. While the most assumptions are
standard, such as assumptions 3.16, 3.17 and 3.19, others aremore specific to our analysis. Assumption 3.21
requires the coarse grid correction to yield a decrease in the coarse objective function in expectation,
which is a reasonable assumption for optimizationmethods. Assumption 3.18 introduces a regularization
term in the cgc objective function to ensure strong convexity, which is necessary for our analysis but
poses a challenge in practical applications since there are scenarios where the regularization parameter
𝜆 must be chosen without knowledge of how large it must be. The work [68] first proposed the
assumptions giving us control over the cgc iterates in assumptions 3.22 and 3.23. These assumptions
are crucial for our analysis, but cannot be verified by the algorithm or proven in general.

Note that the coarse objective function and the restriction operator for the parameters can be chosen
very freely. The parameter 𝜅 can be selected freely to steer the method by influencing the frequency
of cgc updates. A higher value of 𝜅 leads to less frequent cgc updates, while a lower value results in
more frequent cgc updates. Also, the choice of the coarse objective function remains flexible in this
framework, allowing for various strategies to be employed.

3.4. Stochastic MG/Opt for Neural Network Training

There are many possibilities to include multigrid optimization into neural network training. An
overview of existing work was given in Section 3.2. Different versions of multilevel optimization
methods can be used to train neural networks. Additionally, it differs by the choice of the fine and
coarse objective functions, i.e. the hierarchical training problems and the choice of the restriction and
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0 𝑇
2

𝑇𝑇
4

3𝑇
4

ℎ

(a) Fine time discretization with time step ℎ.

0 𝑇
2

𝑇

2ℎ

(b) Coarse time discretization with time step ℎ.

Figure 3.3.: Time discretization on [0,𝑇 ] for ResNet training problems.

prolongation operators. In the following, we present different ideas for hierarchical training problems
and suitable restriction and prolongation operators.

Example 3.34 (ResNets as Discretized ODEs). When considering the architecture of a special ResNet
described in (2.7), we can see that the ResNet is interpreted as a discretization of a ODE. The continuous
training problem is given by

min
𝑥 ( ·),𝑢 ( ·),𝑊1,𝑊𝐿+1

1
𝐷

𝐷∑︁
𝑗=1
L(𝑊𝐿+1𝑥 𝑗 (𝑇 ;𝑢 (𝑇 )), 𝑦label𝑗 )

s.t. 𝑥 𝑗 (𝑡) =𝑊 2(𝑡)𝜎 (𝑊 1(𝑡)𝑥 𝑗 (𝑡) + 𝑏 (𝑡)) ∀𝑗 = 1, . . . , 𝐷, ∀𝑡 ∈ [0,𝑇 ]
𝑥 𝑗 (0) =𝑊1 ˜𝑥0, 𝑗 ∀𝑗 = 1, . . . , 𝐷.

Here, 𝑢 (𝑡) := (𝑊 1(𝑡),𝑊 2(𝑡), 𝑏 (𝑡)) are the time-dependent weights and biases of the ResNet. More
specifically, the ResNets are an explicit Euler discretization (cf. [52]) of the ODE (2.8) with fixed time step
ℎ. Given a network with 𝐿 − 1 residual layers of this form (assuming that 𝐿 − 1 > 2 is even), we can define
a coarse ResNet with (𝐿 − 1)/2 residual layers and doubling the time step to 2ℎ.

The fine problem is given by the training problem of a ResNet with 𝐿 − 1 residual layers and time step ℎ:

min
𝑊1,𝑢2,...,𝑢𝐿,𝑊𝐿+1

1
𝐷

𝐷∑︁
𝑗=1
L(𝑊𝐿+1𝑥𝐿,𝑗 , 𝑦label𝑗 ) (3.9)

s.t. 𝑥𝑖, 𝑗 = 𝑥𝑖−1, 𝑗 + ℎ𝑊 2
𝑖 𝜎 (𝑊 1

𝑖 𝑥𝑖−1, 𝑗 + 𝑏𝑖) ∀𝑗 = 1, . . . , 𝐷, ∀𝑖 = 2, . . . , 𝐿 (3.10)
𝑥1, 𝑗 =𝑊1𝑥0, 𝑗 ∀𝑗 = 1, . . . , 𝐷. (3.11)

Here, 𝑢𝑖 := (𝑊 1
𝑖 ,𝑊

2
𝑖 , 𝑏𝑖) are the weights and biases of the 𝑖 − 1-th residual layer.
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Linear−−−−→ Residual−−−−−−→ Residual−−−−−−→ Residual−−−−−−→ Residual−−−−−−→ Linear−−−−→

(a) Fine ResNet with 𝐿 layers and discretization step size ℎ. The additional residual layers in the fine ResNet
are marked in red.

Linear−−−−→ Residual−−−−−−→ Residual−−−−−−→ Linear−−−−→

(b) Coarse ResNet with 𝐿+1
2 layers and discretization step size 2ℎ.

Figure 3.4.: Hierarchy by varying depth of ResNets. The additional residual layers in the fine ResNet
are marked in red.

The coarse problem is given by the training problem of a ResNet with 𝐿−1
2 residual layers and time step 2ℎ:

min
𝑊1,𝑢2,...,𝑢

𝐿+1
2 ,𝑊𝐿+3

2

1
𝐷

𝐷∑︁
𝑗=1
L(𝑊𝐿+3

2
𝑥 𝐿+1

2 , 𝑗 , 𝑦label𝑗 ) (3.12)

s.t. 𝑥𝑖, 𝑗 = 𝑥𝑖−1, 𝑗 + 2ℎ𝑊 2
𝑖 𝜎 (𝑊 1

𝑖 𝑥𝑖−1, 𝑗 + 𝑏𝑖) ∀𝑗 = 1, . . . , 𝐷, ∀𝑖 = 2, . . . , 𝐿 + 1
2 (3.13)

𝑥1, 𝑗 =𝑊1𝑥0, 𝑗 ∀𝑗 = 1, . . . , 𝐷. (3.14)

Here, 𝑢𝑖 := (𝑊 1
𝑖 ,𝑊

2
𝑖 , 𝑏𝑖) are the weights and biases of the 𝑖 − 1-th residual layer. Suitable restriction

and prolongation operators for the parameters can be defined by standard coarsening strategies for time-
dependent problems, e.g. injection or full-weighting for restriction and linear interpolation for prolongation.
A schematic illustration of the fine and coarse ResNet architectures is given in Figure 3.4.

Example 3.35 (Constant Interpolation as Prolongation). Coming from the ODE interpretation of ResNets,
a constant interpolation can be used as prolongation operator (2.41). Then the matrix representing the
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prolongation operator is given by

P𝑝 =

©­­­­­­­­­­­­«

I 0 0 · · · 0 0
I 0 0 · · · 0 0
0 I 0 · · · 0 0
0 I 0 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · I 0
0 0 0 · · · 0 I

0 0 0 · · · 0 I

ª®®®®®®®®®®®®¬
,

where I is the identity matrix of the size of 𝑢𝑖 , i.e. the parameters of one residual layer, which has the
dimension 2𝑛2

𝑋𝑖
+ 𝑛𝑋𝑖

. The prolongation operator simply copies the parameters of one residual layer of the
coarse ResNet to the two corresponding residual layers of the fine ResNet. The restriction operator is then
given by the scaled transpose of the prolongation operator, i.e.

R𝑔 = R𝑝 =
1
2P

𝑇
𝑝 .

The factor 1
2 ensures that the restriction of a prolongated parameter vector is the same as the original

parameter vector, i.e. R𝑝P𝑝 = I. These operators were used in [49, 50] to train ResNets with a multigrid
optimization method.

Example 3.36 (Linear Interpolation as Prolongation). Another possibility for the prolongation operator
(2.41) is a linear interpolation. The matrix representing the prolongation operator is then given by

P𝑝 =

©­­­­­­­­­­­­«

I 0 0 · · · 0 0
1
2I

1
2I 0 · · · 0 0

0 I 0 · · · 0 0
0 1

2I
1
2I · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · I 0
0 0 0 · · · 1

2I
1
2I

0 0 0 · · · 0 I

ª®®®®®®®®®®®®¬
.

The prolongation operator linearly interpolates the parameters of two neighboring residual layers of the
coarse ResNet to the parameters of one residual layer of the fine ResNet. The restriction operator is then
given by the scaled transpose of the prolongation operator, i.e.

R𝑔 = R𝑝 =
1
2P

𝑇
𝑝 .

The factor 1
2 is used to preserve the scale of the parameters.

Example 3.37 (Levels of Variance of Gradient Estimates). The coarse problem is set to be the same
as the fine problem and the parameter spaces of the fine and the coarse problem must be the same. The
coarse level differs from the fine level by using a gradient estimate with a higher variance for the iteration
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updates, e.g. by using a smaller mini-batch size which leads to a cheaper but more noisy gradient estimate.
This was proposed in [89] to train neural networks with a multigrid optimization method. Restriction and
prolongation operators can be chosen as the identity as described in Example 3.38.

Example 3.38 (Trivial Restriction and Prolongation). For varying levels of variance, the parameter
space of the fine and coarse problem are the same. Hence, we can use the identity as restriction and
prolongation operator (2.41).

Example 3.39 (CNNs with Varying Resolution). When considering Convolutional Neural Networks
(CNNs), we can define a hierarchy of networks and associated training problems by varying the resolution
of the input data which then implies varying resolution of the feature maps in the hidden convolutional
layers. Input data with a lower resolution is obtained by applying Max-Pooling (2.11) to the original
high-resolution input data. The channel numbers of the feature maps and the number of layers can be
kept the same for the different levels of resolution. Then, also the convolutional kernels are the same size
for the different levels of resolution. Hence, the coarse CNN has no fewer parameters than the fine CNN,
but the data and feature maps have a lower resolution leading to a smaller computational cost per forward
and backward pass. Because of the same dimensions of the coarse and fine parameter space, the restriction
and prolongation operators can be chosen as the identity as described in Example 3.38.

There are further possibilities to define hierarchies for CNNs training problems based on varying
resolution, e.g. by varying the size of the convolutional kernels. As the size of the convolutional kernels
directly influences the number of parameters of the network, this leads to different dimensions of the
parameter spaces of the fine and coarse problem and hence non-trivial restriction and prolongation
operators must be defined. An example for this approach is given in [68].

3.5. Discussion

In this chapter, we proposed new MG/Opt variants for stochastic optimization and discussed their
convergence properties and limitations. We started with analyzing the smoothing properties of SGD
in the strongly convex quadratic case in Section 3.3.1. Based on these findings, we develop suitable
prolongation and restriction operators and a variant of MG/Opt along with convergence theory for the
stochastic quadratic setting. This theoretical analysis requires strong assumptions on the prolongation
and restriction operators as well as on the cgcs to ensure convergence. We discuss possibilities to
weaken the assumptions along with the adapted theoretical results. Subsequently, we consider the
setting with non-convex objective functions and presented a stochastic two-level MG/Opt variant and
convergence results tailored to this setup in Section 3.3.2. This setting is particularly relevant for neural
network training applications. We show proofs of convergence of the new method under standard
assumptions for stochastic gradients and additional assumptions specific to the MG/Opt framework
for fixed and diminishing step sizes. We show convergence for diminishing step sizes in expectation
and almost sure convergence, which are, to the best of our knowledge, the first convergence result
for MG/Opt of this form. Finally, we discussed various possibilities to define hierarchies of neural
network training problems and suitable restriction and prolongation operators in Section 3.4.
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In the context of neural network training, i.e. stochastic optimization of non-convex objective functions,
the behavior of optimization methods is less clear than in the convex deterministic case due to the
highly complex loss landscape. Especially, the smoothing properties of different optimization methods
like SGD in this setting are not known yet. Hence, examining the effects of different hierarchies and
restriction and prolongation operators on the training performance of multigrid optimization methods
both theoretically and numerically is an important topic for future research.

Numerical experiments are omitted here, since [68] observes that for both hierarchies, either by varying
depth or by varying resolution, MG/Opt, more precisely the cgc updates do not improve the training
performance w.r.t. loss and test accuracy over computational time. They propose to use the original
coarse problem instead of the cgc problem as constructed in (2.43) to get an accelerated training process
using a coarse level. In this setting, they observe speed-ups in training time compared to standard
training without multigrid hierarchy, which is most pronounced for the hierarchy by varying depth.
Leaving out the correction term in the cgc (2.43) leads to a different algorithm than MG/Opt and hence
convergence properties of the MG/Opt method do not hold anymore. While this modification is not
explored theoretically by [68], it seems that the training problem of the coarse network and the fine
network are connected via some kind of natural coherence of the respective gradients. The hierarchy
by varying the variance of the gradient estimates as described in Example 3.37 which was proposed in
[89], was not applied to complicated non-convex learning problems such as neural networks yet, but
only to simple convex learning problems.

Finally, we would like to point out that the above theory for the non-convex stochastic setting applies
to a broad range of hierarchical training problems, especially coarse objective functions 𝑓𝐻 . Additional
to the hierarchies presented in Section 3.4, it is possible to pose an auxiliary problem involving the
trainable parameters as the coarse objective function, which is different from the fine objective function,
e.g. by adding further regularization terms, and it is not necessary to use a neural network training
problem on the coarse level. Future research is needed to explore the potential of such approaches
both theoretically and numerically.

An alternative way to exploit the multilevel structure of neural networks naturally obtained by their
layer-wise composition is to build up and expand a small baseline network by adding layers during
training, which we examine in the next chapter. This idea is inspired by the process called nested
iterations, where one starts to iteratively solve a PDE on a coarse grid and then prolongates the solution
to a finer grid to use it as an initial guess for further iterations. We will use a well-known technique
from nonlinear constrained optimization, called sensitivity analysis, to identify suitable layers to be
added to the network during training.
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4. Sensitivity-based Layer Insertion (SensLI)

This chapter is an extended version of the article [57] with the title "Sensitivity-based Layer Insertion for
Neural Networks". It introduces the Sensitivity-based Layer Insertion (SensLI) method for adaptively
inserting new layers into neural networks during training. The chapter differs from the article since
it elaborates on the theory of the sensitivity analysis behind the SensLI method in more depth in
Section 4.3.1 than the original article, and extends the method to layer widening in Section 4.4. Finally,
we discuss advantages and disadvantages of the SensLI method among other findings of this chapter
in Section 4.5.

4.1. Introduction

Selecting an appropriate neural network architecture for supervised learning tasks remains a central
challenge in machine learning. In practice, the architecture (determined by the number of layers,
their types, and widths) is often chosen based on experience, intuition, or trial and error. This ad-hoc
approach can lead to suboptimal models and inefficient training. To address this challenge, the field of
Neural Architecture Search (NAS) has emerged, aiming to automate the process of finding suitable
architectures prior to training. However, NAS algorithms are typically computationally expensive and
may not scale well to large datasets or complex tasks. A survey of existing NAS methods can be found
e.g. in [29].

As an alternative to exhaustive architecture search, adaptive methods which modify the network
structure during training have gained attention. In this chapter, we present a general framework
for Sensitivity-based Layer Insertion (SensLI), a depth-adaptive approach that can be viewed as an
automated hyperparameter search for the network’s depth. SensLI leverages sensitivity analysis of
the loss function with respect to virtual weights associated with all potential new layers, enabling
informed decisions about where and when to insert new layers. This method requires only moderate
computational effort and is applicable to a wide range of architectures, including fully-connected
Feedforward Neural Networks (FNNs), Residual Neural Networks (ResNets), and Convolutional Neural
Networks (CNNs).

The core idea behind SensLI is inspired by adaptive grid refinement in numerical methods for Partial
Differential Equations. In adaptive grid refinement, one starts with a coarse grid and refines it in regions
where the solution lacks accuracy, guided by indicators that predict the effectiveness of refinement.
New grid points are typically initialized by interpolating surrounding points, ensuring the solution
process is not disrupted. This adaptive strategy focuses computational resources where they are most
needed, leading to more efficient solutions compared to uniformly fine grids.
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Transferring this concept to neural networks, SensLI interprets each layer as analogous to a grid point.
In FNNs, layers can be seen as one-dimensional grid points, while in ResNets, layers correspond to
time grid points in a discretized ODE solved by explicit Euler methods. SensLI inserts new layers in
regions of high network activity, as determined by sensitivity analysis, thereby adaptively increasing
the network’s capacity where it is most beneficial.

A key distinction between neural networks and PDEs is that, in the latter, grid points are the primary
quantities of interest and can be directly manipulated. In neural networks, however, layers are
not directly changeable; instead, the trainable parameters, weights and biases, define the transitions
between layers. Hence, the direct application of interpolation techniques used in PDEs is not straightfor-
ward and requires modification.

4.2. Related Work

Finding a suitable architecture for a neural network for data and the associated parameter estimation
problem representing a supervised learning task is challenging. Neural Architecture Search is a field
of research that aims to automate the search for a suitable architecture before the actual training
starts. These methods are often very computationally expensive and hence not generally applicable
in practice to larger problems. An alternative idea to NAS is to start with a baseline neural network
and then modify the architecture during training. When the baseline network is a large network and
the architecture during training is modified by removing neurons or layers, this is often referred to
as pruning. Contrary, when the baseline network is a small network and its architecture is modified
by adding neurons or layers during training, this is often referred to as growing neural networks or
constructive neural networks. Of course, it is also possible to combine the two strategies by both
adding and removing neurons or layers during training.

In the following, we focus on methods for expanding the neural network architecture during training,
which main ideas are not new, but date back several decades. Earliest methods include a method
called Cascade Correlation proposed in [31] which builds a uniquely structured architecture during
training and expands it, and the Restricted Coulomb Energy (RCE) network proposed in [65]. The
authors from [120] propose a new modifiable network architecture and its expansion called SONN
(Self-Organizing Neural Network). Another popular early method for widening neural networks is
dynamic node creation, see [3]. Other methods include [54], which adds hidden units adaptively during
training, [136] which proposes a node splitting algorithm, and [53] which proposes meiosis networks,
which grow new nodes based on the uncertainty of the trainable parameters.

For modern standard neural network architectures and training methods, there are two practical ways
to expand a given neural network architecture. It is possible to expand a neural network by inserting
new layers into the network. These layers can be of all kinds, e.g., fully-connected layers, convolutional
layers or residual layers. Alternatively, it is possible to expand a neural network by adding new neurons
to already existing layers, which is often referred to as layer widening. This includes the increase of
the number of channels in a convolutional layer as well. Layer widening is a more popular strategy
compared to layer insertion, due to its simpler structure and lower computational cost. Expanding a
neural network architecture in those ways naturally leads to additional trainable parameters in the
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expanded network architecture, where the exact number of new parameters depends on the type of
layer and the number of neurons added.

Methods in the literature vary in terms of how, where, and when additional neurons are inserted into
neural network architectures. They also differ in terms of their computational cost and the types of
architectures they can be applied to. We provide a tabular overview of relevant literature in Table 4.1.

Net2Net [16] and NetMorph [129] address the problem of effective initialization of newly added neurons
following layer insertion. The Net2Net method focuses on maintaining the function represented by
the network by inserting a neutral layer initialized as an identity mapping, while the second method
NetMorph emphasizes a more flexible approach to layer insertion and initialization using convolutions.
The method called Gradmax, which was introduced in [30], focuses on initialization techniques for
layer widening that utilize singular value decomposition, with an emphasis on optimizing training
dynamics rather than achieving an immediate reduction in the objective function. Introduced in
[130], the method AutoGrow prioritizes automation of the network expansion process rather than
speeding up training, and systematically evaluates various empirical strategies for initialization and
triggering layer insertion. The splitting steepest descent method from [134] and its continuation, the
Firefly architecture, introduced in [133], both present approaches that alternate between optimizing
the networks parameters and modifying the architecture by widening layers or inserting residual
layers (only for Firefly) during training. NeST, introduced in [21], presents a layer widening approach
that combines gradient-based neuron growth with magnitude-based pruning. The MorphNet strategy
which was proposed in [43], introduces resource constraints while it adaptively shrinks and expands
the network architecture during training. Finally, the strategies introduced in [88] utilize several
initialization strategies like orthogonal weight initialization togetherwith specific triggeringmechanisms
also based on activations or gradients to widen layers during training.

While most of the above methods are developed by researchers from the machine learning community
and naturally are mainly heuristic in nature, there are also some methods developed by researchers
which focus more on existing mathematical and analytical foundations of invented methods. The
method proposed in [124] utilizes information from the objective function to widen layers from a
functional analytical background employing functional derivatives, while [92] employs the natural
gradient used classical in information geometry to expand the neural network. AdaNet, introduced in
[19], simultaneously learns both network structures and weights, providing data-driven theoretical
guarantees. For ResNets, automated layer insertion methods that exploit the neural ODE perspective
(cf. [49]) have been explored, as in [15] and [25]. The very recent work [60] proposes a layer-wise
adaptive construction method for neural ODEs from an optimal control perspective, and applies it
classification tasks with well-known data sets.
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Table 4.1.: Comparison of selected methods for expanding neural networks. Indicating whether layer
insertion or widening was considered, whether the question on how, where and when
to insert were answered (cf. Section 4.3.2), whether the network expansion was executed
during training and which architectures were examined out of FNN, ResNet and CNN.

Layer During Architecture

Method Insertion Widening How? Where? When? training? FNN ResNet CNN

Net2Net [16] ✓ ✓ ✓ × × × ✓ × ✓

NetMorph [129] ✓ ✓ ✓ × × × ✓ × ✓

Firefly [133] ✓ ✓ ✓ ✓ × ✓ ✓ ✓ ✓

Autogrow [130] ✓ × ✓ ✓ ✓ ✓ × × ✓

SENN [92] ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ×
ConvSENN [2] ✓ ✓ ✓ ✓ ✓ ✓ × × ✓

MorphNet [43] × ✓ × × ✓ × ✓ ✓ ✓

NeST [21] × ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Splitting [134] × ✓ ✓ ✓ ✓ × ✓ × ×
GradMax [30] × ✓ ✓ × × ✓ ✓ × ✓

[88] × ✓ ✓ ✓ ✓ ✓ ✓ × ×
[124] × ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

SensLI ✓ (✓) ✓ ✓ ✓ ✓ ✓ ✓ ✓

4.3. Sensitivity-Based Layer Insertion

We first show the necessary sensitivity analysis which is needed for the SensLI method later on in
Section 4.3.1. Then we describe the overall SensLI method in Section 4.3.2 and give numerical results
in Section 4.3.3. We close with a section dedicated to the extension of the method to layer widening in
Section 4.4 and concluding remarks in Section 4.5.

4.3.1. Sensitivity Analysis for SensLI Algorithm

For the following analysis we assume that we have a baseline neural network 𝑔 from a neural network
architecture (i.e. FNN, ResNet, CNN) where it is possible to insert an identity layer at an arbitrary
position in the baseline neural network by selecting the initialization values of the weights and biases
of the new layer in a suitable way. In Section 4.3.2 we explain how this can be done for FNNs, ResNets
and CNNs in detail. For the sake of convenience of the subsequent discussion, we treat the parameters
for now as column vectors, although in reality they consist of matrices and vectors. The extended
neural network with an additional layer is denoted by 𝑔ext. We can keep the new layers of the extended
neural network to remain inactive by fixing the weights and biases of the new layers to their initialized
values. Adding constraints to the training problem of the extended neural network allows the baseline
network to be transparently embedded into its extended version of the network.
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Due to this fact, training the baseline neural network via the unconstrained optimization problem

min
𝜃base∈Θ

𝑓base(𝜃base) with 𝑓base(𝜃base) =
1
𝐷

𝐷∑︁
𝑗=1
L(𝑔(𝜃base, 𝑥0, 𝑗 ), 𝑦label𝑗 ) (4.1)

can be imitated by training the extended network via the (equality) constrained optimization problem

min
𝜃ext∈Θext

𝑓ext(𝜃ext) with 𝑓ext(𝜃ext) =
1
𝐷

𝐷∑︁
𝑗=1
L(𝑔ext(𝜃ext, 𝑥0, 𝑗 ), 𝑦label𝑗 ) (4.2)

s.t. 𝑐 (𝜃ext) = 0, (4.3)

where the constraints represent the initialization conditions of the new parameters,

𝑐 (𝜃ext) ≔ 𝑀𝜃ext −𝑚. (4.4)

The constraints have an affine linear form with the matrix 𝑀 and vector 𝑚 chosen such that the
parameters of the new layers are fixed to their initialized values. The matrix𝑀 is of the form

𝑀 = ( 0 id ),

where the identity matrix id selects the parameters of the new layers and the zero matrix 0 selects the
parameters of the baseline neural network for the extended parameters

𝜃ext =

(
𝜃base
𝜃new

)
.

Hence, the constraints affect only the new parameters. The vector𝑚 of the dimension of the new
parameters 𝜃new contains the (vectorized) initialized values of the new parameters. With the constraints
satisfied, the objective functions of the baseline and extended neural network are equal, i.e. 𝑓ext(𝜃ext) =
𝑓base(𝜃base). Running a training algorithm on the baseline network (4.1), can be viewed as running the
same algorithm on the extended network, as long as the additional weights are constrained to their
respective values.

Now we aim to apply well-established techniques from sensitivity analysis as described in Section 2.3.3
to the constrained optimization problem (4.2) in order to get information about the influence of the
new layers on the training process by considering a version of the constrained optimization problem
as in (2.39), which incorporates perturbations in the constraints.

The perturbed optimization problem reads

Minimize 𝑓ext(𝜃ext)
s.t. 𝑀𝜃ext −𝑚 = 𝜖Δ

(4.5)

with some perturbation vector Δ and perturbation parameter 𝜖 > 0.

Remark 4.1. The perturbation vector Δ can be interpreted as a direction in which the new layers are
allowed to deviate from their initialized values, i.e. an update direction such as the negative gradient
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for the new parameters. The perturbation parameter 𝜖 then scales this direction as a step size. It is also
possible to perturb the constraints with different terms as 𝜖Δ.

The classical setting of sensitivity analysis in nonlinear programming (cf. Section 2.3.3) examines the
sensitivity of the objective function value to perturbations in the constraints at a local minimizer or
at least a KKT point (see (2.35) and (2.36)) of the unperturbed problem, where 𝜖 = 0. The backbone
of sensitivity analysis is the Implicit Function Theorem (IFT) applied to the KKT conditions of the
perturbed problem.

One crucial difference in our setting is that 𝜃base is generally not a minimizer for the baseline training
problem (4.1), since we do not train the neural network to full convergence before inserting a new
layer and want to be able to apply the sensitivity analysis at any point during training. Hence, we
rather assume to be in a feasible point, which is an approximation of a local minimizer.

Because the actual training algorithm runs on the baseline network, it does not employ the additional,
virtual parameters 𝜃new. These parameters only get inserted when it is time to extend the network,
and they are getting chosen to satisfy the constraint𝑀𝜃ext −𝑚 = 0 at insertion time exactly, which
makes 𝜃ext feasible.

Hence, we need to extend the classical sensitivity analysis to the setting where a residual 𝑟 =

∇𝑓base(𝜃base) remains at the time of the sensitivity analysis. We propose the following sensitivity
theorem for this setting, which extends the classical sensitivity result in Theorem 2.33.

Theorem 4.2. Consider the family of perturbed equality constrained optimization problems (2.39) with
the specific constraints described in (4.4). Let (𝜃ext, 𝜆) ∈ Θext × R𝑛new be a point satisfying

• 𝑐 (𝜃ext) = 0 (feasibility),

• ∇2
𝜃ext
L(𝜃ext, 𝜆, 0) is strictly positive definite (or invertible) on the cone 𝑇𝑐 (𝜃ext), (as defined in (2.38)

and (2.40)).

Then there exist open neighborhoods𝑈 of 𝜖 = 0 and𝑉 of (𝜃ext, 𝜆) and a unique continuously differentiable
function (

𝜃ext

𝜆

)
: 𝑈 → 𝑉 ,

where the components of the functions w.r.t. 𝜃ext and 𝜆 at point 𝜖 ∈ 𝑈 are taken as 𝜃ext(𝜖) and 𝜆(𝜖). The
function satisfies

•
(𝜃ext
𝜆

)
(0) =

(𝜃ext
𝜆

)
,

• 𝑐𝜖 (𝜃ext(𝜖)) = 0 ∀𝜖 ∈ 𝑈 ,

• ∇𝜃extL(𝜃ext(𝜖), 𝜆(𝜖), 𝜖) = 𝑠 ∀𝜖 ∈ 𝑈 for 𝑠 := ∇𝜃extL(𝜃ext, 𝜆, 0),
• ∇2

𝜃ext
L(𝜃ext(𝜖), 𝜆(𝜖), 𝜖) is strictly positive definite (or invertible) on 𝑇𝑐𝜖 (𝜃ext(𝜖)) ∀𝜖 ∈ 𝑈 .
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Further, it holds that

𝑓ext(𝜃ext(𝜖)) = 𝑓ext(𝜃ext) − 𝜖𝜆𝑇Δ + 𝜖𝑠𝑇
𝜕𝜃ext

𝜕𝜖
(0) + 𝑜 ( |𝜖 |) . (4.6)

This result is based on the IFT applied to shifted KKT conditions of the perturbed problem (4.5) at
𝜖 = 0. The Taylor expansion of the objective function value at the point 𝜃ext in (4.6) differs from the
classical counterpart (Theorem 2.33) by the additional term 𝜖𝑠𝑇

𝜕𝜃ext
𝜕𝜖
(0) in (4.6), which appears due to

the fact that 𝜃ext is not a KKT point of the unperturbed problem.

Remark 4.3. • The residual 𝑟 = ∇𝑓base(𝜃base) of the baseline training problem appears in the
sensitivity result via the vector 𝑠 =

(
𝑟
0
)
, because the sensitivity analysis is applied to a modified

objective function 𝑓ext(𝜃ext) − 𝑠ᵀ𝜃ext.
• With this approach, 𝑠 =

(
𝑟
0
)
has only potentially non-zero entries which correspond to the baseline

network parameters 𝜃base, hence 𝑠 contains no information about the new layers. Consequently, the
term containing 𝑠 in (4.6) is not relevant for the selection of the new layer.

• Sometimes the Lagrange multipliers 𝜆 are also referred to as shadow prices in the literature, since
they can be interpreted as the price of relaxing a constraint.

• We can interpret the second term as a competing term to the shadow prices which displays how much
the value of the objective function can be improved by iterating further on the baseline network,
whereas the sensitivities display how we can decrease the value of the objective function by relaxing
the constraints on the new layers, hence allowing them to be updated.

• In theory, it would be possible to use the second term as an indicator on whether to stop training, but
it is expensive which makes it infeasible in practice. The term 𝜕𝜃ext

𝜕𝜖
(0) can be computed by solving

a system of linear equations given by the IFT. Additionally, we would need to compute the Hessian
of 𝑓ext, which is too expensive and can not be computed for arbitrarily large problems.

Proof. In order to apply sensitivity analysis, the current point 𝜃ext is treated as a local solution, or at
least a stationary point, of a problem with modified objective

𝑓base(𝜃base) − 𝑟 ᵀ𝜃base = 𝑓ext(𝜃ext) − 𝑠ᵀ𝜃ext

with 𝑠 =
(
𝑟
0
)
. With the modified objective, 𝜃ext becomes a stationary point of the extended problem

(4.5) (at 𝜖 = 0). Consequently, 𝜃ext is a KKT point with uniquely defined Lagrange multiplier vector 𝜆
satisfying

∇𝑓ext(𝜃ext) − [ 𝑟0 ] +𝑀ᵀ𝜆 = 0, (4.7a)
𝑀𝜃ext −𝑚 = 0. (4.7b)

Taking into account the partitioning 𝜃ext =
(𝜃base
𝜃new

)
and the structure of𝑀 = [0, id], we can write (4.7)
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as

∇𝜃base 𝑓ext(𝜃ext) − 𝑟 = 0, (4.8a)
∇𝜃new 𝑓ext(𝜃ext) + 𝜆 = 0, (4.8b)

𝜃new −𝑚 = 0. (4.8c)

(4.8b) implies that the Lagrange multipliers are given by

𝜆 = −∇𝜃new 𝑓ext(𝜃ext) .

Since the constraints are linear and the constraint Jacobian 𝑀 has linearly independent rows and
hence full row rank, the LICQ holds. Now we can apply Theorem 2.33 and get the following results.
There exist open neighborhoods𝑈 of 𝜖 = 0 and 𝑉 of (𝜃ext, 𝜆) and a unique continuously differentiable
function (

𝜃ext
𝜆

)
: 𝑈 → 𝑉 ,

where the components of the functions w.r.t. 𝜃ext and 𝜆 at point 𝜖 ∈ 𝑈 are taken as 𝜃ext(𝜖) and 𝜆(𝜖).
The function satisfies

•
(𝜃ext
𝜆

)
(0) =

(𝜃ext
𝜆

)
,

• 𝑐𝜖 (𝜃ext(𝜖)) = 0 ∀𝜖 ∈ 𝑈 ,
• ∇𝜃extL(𝜃ext(𝜖), 𝜆(𝜖), 𝜖) = 𝑠 ∀𝜖 ∈ 𝑈 for 𝑠 := ∇𝜃extL(𝜃ext, 𝜆, 0),
• ∇2

𝜃ext
L(𝜃ext(𝜖), 𝜆(𝜖), 𝜖) is strictly positive definite (or invertible) on 𝑇𝑐𝜖 (𝜃ext(𝜖)) ∀𝜖 ∈ 𝑈 .

Since 𝜃ext(𝜖) is continuously differentiable, we can apply the chain rule to get

d
d𝜖 𝑓 (𝜃ext(𝜖)) = ∇𝜃ext 𝑓 (𝜃ext(𝜖))

𝑇 𝜕𝜃ext
𝜕𝜖
(𝜖)

= (−𝑐′(𝜃ext(𝜖))𝑇𝜆(𝜖) + 𝑠)𝑇
𝜕𝜃ext
𝜕𝜖
(𝜖)

= −(𝑐′(𝜃ext(𝜖))𝑇𝜆(𝜖))𝑇
𝜕𝜃ext
𝜕𝜖
(𝜖) + 𝑠𝑇 𝜕𝜃ext

𝜕𝜖
(𝜖)

= −𝜆(𝜖)⊤Δ + 𝑠𝑇 𝜕𝜃ext
𝜕𝜖
(𝜖),

which shows that
d
d𝜖 𝑓 (𝜃ext(𝜖))

����
𝜖=0

= −𝜆⊤Δ + 𝑠𝑇 𝜕𝜃ext
𝜕𝜖
(0) .

The Taylor expansion of 𝑓ext(𝜃ext(𝜖)) around 𝜖 = 0 then yields

𝑓ext(𝜃ext(𝜖)) = 𝑓ext(𝜃ext) − 𝜖𝜆𝑇Δ + 𝜖𝑠𝑇
𝜕𝜃ext
𝜕𝜖
(0) + 𝑜 ( |𝜖 |),

where 𝜕𝜃ext
𝑑𝜖
(0) := ( 𝜕𝜃ext,𝑖

𝑑𝜖
(0))𝑖=1,..,dim(Θext ) , which concludes the proof. □
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An alternative interpretation is that 𝜆 as proposed above pushes the derivative of the Lagrange function
to zero on the orthogonal complement of the (linearized) equality constraints. This is possible not only
in KKT points but at arbitrary points. If additionally the derivatives in the kernel of the linearized
equality constraints are zero, we are in a KKT point.

We can infer a more specific result from Theorem 4.2 which is specifically tailored to the sensitivity
analysis needed for the SensLI method.

Corollary 4.4 (Sensitivities as Comparison for Layer Effectiveness). Let the current parameters in
training 𝜃ext ∈ Θext satisfy

∇2
𝜃ext
𝑓ext(𝜃ext) exists and is strictly positive definite (or invertible) on ker(𝑀) = {𝜃ext ∈ Θext | 𝜃ext =

(
𝜃base

0

)
}.

Then, the first-order change of the objective function 𝑓ext w.r.t. a perturbation of the constraints in direction
𝜖Δ is given by

𝑑

𝑑𝜖
𝑓ext(𝜃ext(𝜖))

��
𝜖=0 = ∇𝜃new 𝑓ext(𝜃ext)𝑇Δ + 𝑠𝑇

𝜕𝜃ext

𝜕𝜖
(0),

where 𝑠 is defined as in Theorem 4.2 and hence

𝑓ext(𝜃ext(𝜖)) = 𝑓ext(𝜃ext) + 𝜖∇𝜃new 𝑓ext(𝜃ext)𝑇Δ + 𝜖𝑠𝑇
𝜕𝜃ext

𝜕𝜖
(0) + 𝑜 ( |𝜖 |) . (4.9)

Proof. In the following, we check that the assumptions of Theorem 4.2 are satisfied by the specific
constraints describing the layer insertion in (4.2).

• 𝑐 (𝜃ext) = 0 (feasibility) is fulfilled by construction of 𝜃ext out of the baseline parameters 𝜃base and
the initialized new parameters 𝜃new.

• The critical cone is given by 𝑇𝑐 (𝜃ext) = ker(𝑀).
• ∇2

𝜃ext
L(𝜃ext, 𝜆, 0) = ∇2

𝜃ext
𝑓ext(𝜃ext) because of the linearity of the constraints and by assumption

∇2
𝜃ext
𝑓ext(𝜃ext) is strictly positive definite or invertible on ker(𝑀).

Inserting the explicit form of the Lagrange multipliers 𝜆 = −∇𝜃new 𝑓ext(𝜃ext) from (4.8b) into the result
of Theorem 4.2 concludes the proof. □

Remark 4.5. The result above covers only the setting where a twice differentiable network function 𝑓ext
is used, which relies on the differentiability of the activation function. Further, the theory holds only at
points 𝜃base with a strictly positive definite Hessian on the critical cone (2.38). In practice however, we can
use this theory as a heuristic also for ReLU activation functions and at arbitrary points.

Corollary 4.4 states that the first-order change of the objective function w.r.t. a relaxation of the
constraints associated to an inserted layer in the direction of 𝜖Δ can be predicted by the inner product
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of the corresponding Lagrange multipliers 𝜆 and the perturbation direction 𝜖Δ. An update of the new
weight matrix parameters in the direction of the negative gradient for GD leads to the quantity

−𝜖𝜆𝑇Δ = −𝜖∇𝜃new 𝑓ext(𝜃ext)ᵀ∇𝜃new 𝑓ext(𝜃ext) = −𝜖 ∥∇𝜃new 𝑓ext(𝜃ext)∥2,

which is the first-order predicted decrease in the objective function value, when allowing the new
layer to be updated in the direction of the negative gradient instead of forcing it to remain inactive.

Consequently, the Euclidean norm
∥∇𝜃new 𝑓ext(𝜃ext)∥2 (4.10)

provides a notion of merit of inserting the layer with parameters 𝜃new. Hence, the most effective layer
according to the Taylor expansion are the ones with the largest norm of the associated sensitivities and
gets chosen to be inserted into the network. However, this prediction makes only a local statement;
the new chosen layer does not have to be the one which leads globally to the fastest convergence. It
is also possible to scale the sensitivities with the number of parameters in the layer to avoid a bias
towards layers with many parameters.

The Taylor expansion (4.9) makes an averaged statement of the influence of the perturbation of all
equality constraints. In order to use the Taylor expansion to select a new layer, we consider the
Lagrange multipliers associated to each layer separately and averaged within each layer. Often, we
only take the weight of the layer into account, neglecting the bias term parameters. It is also possible
to examine the Lagrange multipliers associated to each parameter in a weight matrix individually, but
allowing only selected parameters in a weight matrix to change during training is not efficient w.r.t.
computational effort and memory consumption because of the backpropagation and structure of the
network.

Remark 4.6. The discussion of a KKT point would not be sufficient for this method. In practice, an exact
minimizer is not found and additionally, in the case for FNNs it would cause problems, because of the
backtracking structure of the network. If 𝜃ext is part of a KKT point, then it follows that 𝜆 = 0 since

∇𝑊𝑖
𝑓ext(𝜃ext) = ∇𝑊𝑖+1 𝑓ext(𝜃ext)𝑊𝑇

𝑖+1 𝜎
′(𝑦𝑖) = 0,

∇𝑏𝑖 𝑓ext(𝜃ext) = ∇𝑏𝑖+1 𝑓ext(𝜃ext)𝑊𝑇
𝑖+1 𝜎

′(𝑦𝑖) = 0,

for the new layer parameters𝑊𝑖 , 𝑏𝑖 (weights and biases of layer 𝑖). This is true independent of the position
of the new layer in the network and the propagated training data. Hence, the network is not able to profit
from the new layer, since the gradient is zero anyway. This problem does not occur for every neural
network architecture, e.g. for ResNet architectures.

4.3.2. Method

In order to develop a method to expand a neural network either by inserting layers or only neurons
into an already existing layer during a training process, three questions arise:

• Where to insert the new layer in the network?

Leonie Kreis 89



Optimization Techniques for Neural Networks Leonie Kreis

• How to initialize the parameters of the new layer?
• When to insert the new layer during training?

The method we propose, SensLI, answers the first two questions from an optimization perspective.
The sensitivity analysis described above is used to answer the first question, i.e. where to insert the
new layer. We answer the third question only by a heuristic based on the computed sensitivities.
This is not surprising, since even considering a standard training process of a neural network from a
mathematical perspective, it is not clear when to stop the training process, because of the non-convexity
and stochasticity of the process, see e.g. [139].

Now we describe the mechanics of the SensLI method [57] in some more detail.

Initialization:

Suppose that we are at some arbitrary point during training of a baseline neural network with
parameters 𝜃base. Now a new hidden layer is added to the network at some arbitrary position. Inserting
the new layer results in additional trainable parameters 𝜃new being incorporated into the network,
which become part of the extended set of parameters 𝜃ext =

(𝜃base
𝜃new

)
containing the old parameters of the

baseline network 𝜃base and the new parameters of the inserted layer 𝜃new.

The reason for inserting a layer into the neural network is to allow the extended network to represent
a richer space of functions than the baseline network. In order to make use of the expanded space of
functions, we initialize the newly added trainable parameters 𝜃new with two goals in mind:

(1) The new trainable parameters should not disrupt the state of the already trained parameters. More
specifically, the propagation function 𝑔ext(𝜃ext, ·) of the extended network with the extended set of
parameters 𝜃ext should be identical to the propagation function 𝑔(𝜃base, ·) of the baseline network
for the current baseline parameters 𝜃base in training at least on the set of the available data.

(2) The new trainable parameters should be initialized in a way that they can be trained with standard
methods to contribute to the training process. Because typical training methods are first-order
methods, the loss function L(𝑔ext(𝜃ext, 𝑥0, 𝑗 ), 𝑦label𝑗 ) at a typical (training) data point (𝑥0, 𝑗 , 𝑦label𝑗 )
should have non-zero gradient components w.r.t. the new parameters 𝜃new after initialization. As
a consequence, the training algorithm can make use of the new parameters immediately, since it is
able to modify them in the next training step.

For feedforward ReLU-networks as introduced in (2.5), we employ the initialization from [16] to insert
a new hidden layer (at layer index 𝑖 ≥ 2). This initialization sets the following values

𝑊𝑖 := id𝑛𝑋𝑖
×𝑛𝑋𝑖−1

, 𝑏𝑖 := 0 ∈ R𝑛𝑋𝑖 (4.11)

for the new parameters 𝜃new = [𝑊𝑖 , 𝑏𝑖]. Notice that, with this initialization, the newly added layer
has the same width as its predecessor, i.e. 𝑛𝑋𝑖

= 𝑛𝑋𝑖−1 . Generally, it is not possible to insert a layer
with a smaller width than its predecessor while satisfying item (1) due to information loss. However,
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inserting a layer with a larger width would be possible by adding extra inactive neurons, i.e. neurons
that do not change the output of the layer, which is not explored here.

The initialization in (4.11) results in the identity propagation through the layer since the ReLU activation
satisfies 𝜎 ◦ 𝜎 = 𝜎 and hence

𝑥+ := 𝑔+ext,part(𝜃new, 𝑥𝑖−1) = ReLU(id𝑛𝑋𝑖
×𝑛𝑋𝑖−1

𝑥𝑖−1 + 0)
= ReLU(𝑥𝑖−1) = 𝑥𝑖−1

holds. The last equality is true because 𝑥𝑖−1 itself is the output of the previous ReLU layer and thus
a vector with non-negative components. Hence, the overall propagation function of the extended
network is identical to the one of the baseline network at the current point in training, i.e.𝑔ext(𝜃ext, 𝑥0) =
𝑔(𝜃base, 𝑥0) ∀𝑥0 ∈ 𝑋0, which satisfies item (1). Examining the gradients of the new layer and abbreviating
𝑓ext, 𝑗 (𝜃ext) := L(𝑔ext(𝜃ext, 𝑥0, 𝑗 ), 𝑦label𝑗 ) for a data point (𝑥0, 𝑗 , 𝑦label𝑗 ), we obtain

∇𝑊𝑖
𝑓ext, 𝑗 (𝜃ext) = (𝑊𝑖+1)ᵀ ∇𝑊𝑖+1 𝑓ext, 𝑗 (𝜃ext), (4.12a)

∇𝑏𝑖 𝑓ext, 𝑗 (𝜃ext) = (𝑊𝑖+1)ᵀ ∇𝑏𝑖+1 𝑓ext, 𝑗 (𝜃ext) . (4.12b)

Thus, (4.12) implies that we can expect a non-zero gradient w.r.t. the additional parameters 𝜃new after
the initialization of the new layer as long as the next layer is not degenerate, i.e.𝑊𝑖+1 is not the zero
matrix and ∇𝑊𝑖+1 𝑓ext, 𝑗 (𝜃ext) or ∇𝑏𝑖+1 𝑓ext, 𝑗 (𝜃ext) is not the zero matrix.

To realize an identity layer initialization in FNNs with general activation functions, different from
ReLU, the activation function may need to be parametrized as described in [129].

For ResNets as introduced in (2.10), the initialization is less technical than for FNN architectures due
to the structure of the residual blocks to ensure item (1). We again satisfy this condition by initializing
the propagation realized by the newly added layer to be the identity function. We propose to insert a
layer after the 𝑖-th layer and initialize its parameters 𝜃new = [𝑊 (1)

𝑖
,𝑊
(2)
𝑖
, 𝑏𝑖] using

𝑊
(1)
𝑖
∈ R𝑛𝑋𝑖

×𝑛𝑋𝑖 and 𝑏𝑖 ∈ R𝑛𝑋𝑖 arbitrary,

𝑊
(2)
𝑖

:= 0 ∈ R𝑛𝑋𝑖
×𝑛𝑋𝑖 .

(4.13)

Then the partial propagation function 𝑔+ext,part realized by the inserted layer is indeed the identity:

𝑥+ := 𝑔+ext,part(𝜃new, 𝑥𝑖−1) = 𝑥𝑖−1 +𝑊 (2)
𝑖

𝜎 (𝑊 (1)
𝑖
𝑥𝑖−1 + 𝑏𝑖)

= 𝑥𝑖−1 + 0𝜎 (𝑊 (1)
𝑖
𝑥𝑖−1 + 𝑏𝑖) = 𝑥𝑖−1.

Hence, the overall propagation function of the extended network is identical to the one of the baseline
network at the current point in training, i.e. 𝑔ext(𝜃ext, 𝑥0) = 𝑔(𝜃base, 𝑥0) ∀𝑥0 ∈ 𝑋0, which satisfies
item (1).
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Calculating the gradients of the new layer leads to

∇
𝑊
(1)
𝑖

𝑓ext, 𝑗 (𝜃ext) = 𝜎 ′(𝑊 (1)
𝑖
𝑥𝑖−1 + 𝑏𝑖)ᵀ 0∇𝑥𝑖 𝑓ext, 𝑗 (𝜃ext) (𝑥𝑖−1)ᵀ = 0, (4.14a)

∇𝑏 𝑓ext, 𝑗 (𝜃ext) = 𝜎 ′(𝑊 (1)
𝑖
𝑥𝑖−1 + 𝑏𝑖)ᵀ 0∇𝑥𝑖 𝑓ext, 𝑗 (𝜃ext) = 0, (4.14b)

∇
𝑊
(2)
𝑖

𝑓ext, 𝑗 (𝜃ext) = ∇𝑥𝑖 𝑓ext, 𝑗 (𝜃ext) 𝜎 (𝑊
(1)
𝑖
𝑥𝑖−1 + 𝑏𝑖)ᵀ, (4.14c)

where gradients here are evaluated with respect to the Euclidean and Frobenius inner products,
respectively. Moreover, 𝑥𝑖 = 𝑥𝑖 ( 𝑗) is the value of the input 𝑥 ( 𝑗), propagated to the 𝑖-th hidden layer.
The index 𝑗 indicates that we consider the loss at a specific data point (𝑥 𝑗 , 𝑦 𝑗 ) and the index 𝑖 is the
layer index.

Again, we take item (2) of the loss having non-zero gradient w.r.t. the additional parameters into
account in the choice of the initialization as well. This leads to further requirements on the initialization
in (4.13) which has some freedom in the choice of𝑊 (1)

𝑖
and 𝑏𝑖 . From (4.14c), we see that we need to

initialize the new weight𝑊 (1)
𝑖

and bias 𝑏𝑖 such that 𝜎 (𝑊 (1)
𝑖
(·) + 𝑏𝑖) is not systematically zero, which

depends on the employed activation function 𝜎 . For instance, for popular choices of the activation
function 𝜎 like tanh or leaky ReLU, we can choose𝑊 (1)

𝑖
= id and 𝑏𝑖 = 0. Note that the choice of

𝑊
(1)
𝑖

will determine the scale or norm of the resulting gradient ∇
𝑊
(2)
𝑖

𝑓ext, 𝑗 (𝜃ext). For a fair comparison
between different layer positions later on it is recommended to initialize the inner weight matrix
𝑊
(1)
𝑖

in the same range (or even as the same matrix) for all layers, to not influence the magnitudes of
∇
𝑊
(2)
𝑖

𝑓ext, 𝑗 (𝜃ext) by the choice of this initialization, cf. (4.14c). We also infer from (4.14) that the inner

weight matrix𝑊 (1)
𝑖

and bias vector 𝑏𝑖 will only start to receive non-zero updates from the second
instead of first (mini-batch) gradient step on.

For the CNNs as described in (2.11), we also concentrate on the ReLU activation function and on the
convolutional layers of the network. We now want to find an initialization of the kernel 𝐾 ∈ R3×3×𝑚×𝑚

and the bias 𝑏𝑖 ∈ R𝑚 so that
𝐾 ⊛ 𝑋 + 𝑏𝑖 = 𝑋 .

For all kernel indices 𝑖, 𝑗 = 1, 2, 3 and channels 𝑘, ℓ = 1, . . . ,𝑚, we set

𝐾𝑖, 𝑗,𝑘,ℓ :=
{

1 if 𝑖 = 𝑗 = 2 and 𝑘 = ℓ,

0 otherwise,
(4.15a)

𝑏𝑖 := 0 for 𝑖 = 1, . . . ,𝑚. (4.15b)

Then the forward propagation through the layer is indeed the identity function, as can be seen by
direct calculation as for the FNN, cf. (4.11). As in the case for FNNs, we choose to insert a convolutional
layer with the same number of channels as its predecessor. Inserting a layer with fewer channels is
not possible while satisfying item (1) due to information loss. Inserting a layer with more channels is
possible by adding extra inactive channels, i.e. channels that do not change the output of the layer.
Additionally, similar to the FNN initialization, it would be possible to modify this initialization to
different activation functions. We do not explore these options here.

The initializations for the different architectures do not cause symmetry problems in the kernels and
weight matrices, as can be observed in Figure 4.1 for CNNs, Figure 4.2 for FNNs and Figure 4.3 for
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Figure 4.1.: Heatmaps showing the entries of absolute value of the (Euclidean) gradient of a
convolutional kernel, flattened to 2 dimensions, for the first three mini-batch SGD iterations
after insertion. The kernel is newly inserted into the CNN following the initialization
described in (4.15).
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Figure 4.2.: Heatmaps showing the entries of the absolute values of the (Euclidean) gradient of a weight
matrix, for the first three iterations after insertion. The weight matrix is newly inserted into
a ReLU-FNN following the initialization described in (4.11). Top row: full-batch training.
Bottom row: mini-batch training.

Remark 4.7 (Differentiation to [16]). While we use the initialization proposed in [16] for FNNs (and
CNNs), we use it to grow new layers during the training process and not at some converged point, which is
proposed in the original paper.

Remark 4.8. We have proposed initialization strategies for networks that refine the network (by inserting
new layers in the network) satisfying the two requirements items (1) and (2). We do not use linear
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Figure 4.3.: Heatmaps showing the entries of the absolute values of the (Euclidean) gradient of the
weight matrices of a residual layer, for the first three iterations after insertion. The weight
matrices are newly inserted into a ResNet following the initialization described in (4.13).
Top row: inner weight matrix𝑊 1

𝑖 . Bottom row: outer weight matrix𝑊 2
𝑖 . Full-batch

gradient descent (GD) is used as optimizer. The top left heatmap is white, since the gradient
is zero as expected by (4.14a).

interpolation as in grid refinement for differential equations, since the layers (or more exactly the values
of the nodes of the layers) of a neural network are not the quantities we can and need to initialize, but
rather the weight and bias parameters determining the transition function of the new layer.

Selection of Layer Position:

The choices of initialization proposed above for FNNs, cf. (4.11), ResNets cf. (4.13), and CNNs, cf. (4.15)
make it possible to insert multiple new hidden layers. More specifically, a new identity layer can be
inserted after each hidden layer which already exists in the baseline network for FNNs, after each
convolutional layer for CNNs, and a new residual layer can be inserted in each position in a ResNet
where the width (of the preceding layer) of the current insertion point allows for a new residual layer,
see Figure 4.4 for an illustration.

In the following, we describe the SensLI procedure to find the position for a newly inserted layer
predicted to be most effective from sensitivity analysis. The layer insertion procedure makes no
requirements on the state of the training process and can be applied at any point during training.
Consequently, the procedure can be repeated multiple times during a training process to gradually
expand the neural network. Additionally, it can be used to insert multiple layers at once, although we
focus on selecting a single layer for insertion at a time in the following description of the method.
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(W 1,b1)−−−−−→
Identity−−−−−→ (W 2,b2)−−−−−→

Identity−−−−−→ (W 3,b3)−−−−−→

(a) Feedforward Neural Network.
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(b) Convolutional Neural Network.

Figure 4.4.: Examples for possible locations for layer insertion (blue) following the initialization
described in (4.11) for FNNs and (4.15) for CNNs.

To find the most effective position for the new layer to be inserted, we have developed a notion of
merit for its insertion at a particular location using the sensitivity analysis described in Section 4.3.1.

For simplicity, the description in Section 4.3.1 was referring to an arbitrary number of new parameters
and the merit of their insertion into the network. In fact, the analysis does not change when several
layers are selected to be added simultaneously. We now propose to insert a new layer at all possible
positions in the network simultaneously in order to select the most effective one. An example is given
in Figure 4.4. This results in a fully-extended network with parameters 𝜃ext =

(𝜃base
𝜃new

)
containing the old

parameters of the baseline network 𝜃base and the new parameters

𝜃new =
©­­«
𝜃
(1)
new
...

𝜃
(𝐿)
new

ª®®¬
of all 𝐿 newly added layers as subvectors. The same structure will be inherited by the sensitivities

𝜆 = −∇𝜃new 𝑓ext(𝜃ext) . (4.16)

We can therefore evaluate the norm, (4.10), separately for each chunk of parameters pertaining to a
particular layer, and compare them. In our implementation, we are using the Frobenius norm of the
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partial gradient w.r.t. the weight matrix𝑊𝑖 ,

∥∇𝑊𝑖
𝑓ext(𝜃ext)∥2𝐹 , (4.17)

as our final notion of merit of inserting a layer in case of a ReLU-FNN. The impact of the bias vector is
disregarded. In case of a ResNet, we use (4.17) with the outer weight matrix𝑊 2

𝑖 instead of𝑊𝑖

∥∇𝑊 2
𝑖
𝑓ext(𝜃ext)∥2𝐹 .

The reason we can disregard the impact of𝑊 1
𝑖 is that, according to (4.14a), ∇𝑊 1

𝑖
𝑓ext(𝜃ext) is initially

equal to zero.

Note that even though the sensitivity analysis is based on the formulation of training as a constrained
optimization problem (4.2), we do not actually need to compute costly iterations on the constrained
optimization problem in the method we propose. Thankfully it is possible to compute the Lagrange
multipliers (4.16) of the constrained problem by a forward and backward pass on the fully-extended
network without the need to formulate the constrained problem explicitly and iterate with a costly
optimization method suited for constrained optimization problems.

Remark 4.9. Training a neural network via a constrained optimization problem is possible and done in a
different setting with neural networks, e.g. in [36]. Formulating the training as a constrained optimization
problem has the advantage that certain properties can be guaranteed by the constraints, but increases the
number of optimization parameters significantly and needs special optimization methods for constrained
problems. In our case it would increase the number of optimization variables roughly by factor 1.5 of the
new, extended network, which is a significant increase.

Remark 4.10 (Parallels to Adaptive Grid Refinement). We want to find a suitable position in the neural
network where the new layer should be inserted. The SensLI method uses an idea which is also used in
adaptive grid refinement and aims to insert new layers in regions where the neural network shows high
activities. Being able to insert a new layer at any position in the neural network, i.e. between any two
existing layers, can be seen as similar to being able to refine a one-dimensional grid between each two
already existing grid points.

In Convolutional Neural Networks (CNNs), the gradient with respect to the kernel, ∇𝐾 𝑓ext(𝜃ext),
is a tensor of higher dimensionality compared to the gradient with respect to the weight matrix
encountered in a Feedforward Neural Network (FNN). For this reason, it is appropriate to select a norm
that is well-adapted to the structural properties of the kernel tensor. In Appendix B.3, we provide a
comparison of the behavior of various norms. For the subsequent analysis, we will utilize the operator
norm as defined in (B.1c). At each stage of training, we identify the layer for which the merit indicator
is maximized and designate this layer as the single candidate for insertion. Additionally, we note that,
in the context of FNNs, introducing a scaling factor of 1

𝑛2
𝑋𝑖

can be beneficial for rendering the merit
indicator comparable across layers with differing computational complexities.

The process of evaluating the Frobenius norm, as specified in (4.17), is both straightforward and
computationally efficient. To compute the required gradients, we temporarily halt the training
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procedure and construct a fully-extended network from the baseline network in which new layers are
inserted at every possible location. The weights and biases of the network are then set by copying
the current values of 𝜃base into their respective positions, while the newly introduced weights and
biases are initialized according to the procedure outlined in Section 4.3.2. Subsequently, we perform a
single evaluation of 𝑓ext(𝜃ext) and, in the same forward-backward pass, compute the gradients with
respect to all parameters, while none of the weights are updated during this process. This operation
is equivalent to executing a full-batch gradient descent step with a learning rate of zero. The merit
quantity described in (4.17) can then be conveniently assessed for each layer individually.

When employing a mini-batch training algorithm, the gradient ∇𝑊𝑖
𝑓ext(𝜃ext) is not immediately

available at once. To address this, we carry out a complete epoch of mini-batch Stochastic Gradient
Descent (SGD) steps, again with a zero learning rate, in order to obtain the sensitivities ∇𝑊𝑖

𝑓ext(𝜃ext)
over the whole training data and to compute their norm as specified in (4.17). Alternatively, one could
opt to balance accuracy and computational efficiency by evaluating the sensitivities on a sufficiently
large mini-batch rather than the entire dataset. Once the largest norm among all candidate new layers
has been identified, we discard the temporary fully-extended network, proceed to insert the selected
layer into the baseline model, initialize its weights and biases as previously described in Section 4.3.2,
and then resume the training process.

When to Insert a New Layer:

The question on when (after which iteration) to insert a new layer is best in the training process is
generally hard to answer from a mathematical perspective. This stems from the fact that the classical
training process of neural networks consists of stochastic iterations on a highly non-convex stochastic
optimization problem, for which only weak local convergence results exist under some assumptions
which are not necessarily satisfied in practice. Even for a standard training problem it is not clear from
a mathematical perspective when to stop the training process, see e.g. [139]. Thus, the question when
to insert a new layer in the training process is even more difficult to answer and remains without a
satisfying answer. Even though training the smaller network for as long as possible can save resources,
training it for too long can be lead to inefficient parameter updates and even may prevent the extended
network from fully leveraging the added layer, as e.g. for FNNs as discussed in Remark 4.6. Our
numerical experiments show that the time in which a layer is inserted can have a strong impact on the
training process, which makes sense in the light of the highly non-convex optimization landscape, see
e.g. Figure 4.12.

To the best of our knowledge, currently existing state-of-the-art methods to decide the insertion time
during training are heuristic at regular intervals or manually tuned, as in [133, 92].

We propose to evaluate the merit of inserting a new layer at regular intervals during training, and to
insert the layer with the highest sensitivity when

∥∇𝑊𝑖
𝑓ext(𝜃ext)∥2

1
#W

∑
𝑊 ∈W ∥∇𝑊 𝑓ext(𝜃ext)∥2

≥ 𝜏 (4.18)

holds with 𝜏 ≥ 1. Here,W is the set containing all weight matrices or kernels already present in the
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baseline model. The threshold criterion compares a suitable norm of the sensitivities of the new layers
with norm of the sensitivities of the already existing layers (more precisely their weight matrices or
kernels). When the ratio between the norms is too small, no new layer is inserted, since we expect
the new layer to only have a small impact on following training process of the neural network. This
however is only a heuristic and is not guaranteed to be optimal. In Figure 4.8, we observe that already
for 𝜏 = 1 the heuristic in (4.18) actually accepts and rejects layer insertions in practice. This heuristic
allows the potential insertion of more than one layer during training, if the sensitivities of more than
one layer are sufficiently large. It can also happen that no layer is inserted during a selection phase, if
the sensitivities of all potential new layers are too small. Additionally, the choice of 𝜏 allows one to
control the number of layers inserted during training.

Summary of the SensLI Algorithm

We summarize the steps of the SensLI algorithm in Algorithm 6.

Algorithm 6 Sensitivity-based Layer Insertion (SensLI)
1: Start with a baseline architecture 𝑔 (either a FNN, ResNet, or CNN as described in Section 2.2.1)
and initial parameters 𝜃0.

2: Train on the baseline network for 𝐾0 epochs, starting from 𝜃0 (with a chosen optimizer): 𝜃curr :=
Train(𝑔, 𝜃0, 𝐾0).

3: while Termination criterion not met do
4: Fully extend the current network by inserting identity layers at all possible positions: 𝑔ext :=

Extend(𝑔).
5: Initialize the fully-extended network with 𝜃ext as described in Section 4.3.2: 𝜃ext :=

InitExtended(𝑔ext, 𝜃curr).
6: Compute sensitivities w.r.t. the new weight matrices over the whole training data by

performing a backward pass for every training data point as described in Section 4.3.1:
𝜆 := SensComp(𝑔ext, 𝜃ext).

7: Select whether and where to insert a layer by comparing the norms of the sensitivities and
checking the threshold in (4.18): 𝑔, 𝜃0 := SelectNewNetwork(𝑔, 𝜃curr, 𝜆).

8: Train on the current network for 𝐾curr epochs, starting from 𝜃0 (with a chosen optimizer):
𝜃curr := Train(𝑔, 𝜃0, 𝐾curr).

9: end while
10: return Extended network 𝑔 with parameters 𝜃curr.
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4.3.3. Numerical Experiments

We perform experiments with the architectures described above, namely FNNs, ResNets and CNNs. For
the FNN and ResNet architectures, we consider a spiral data set for binary classification, cf. Figure 2.4.
For the numerical experiments with CNN architectures we need a more complex data set consisting of
images. Hence, we employ the CIFAR-10 data set, cf. Figure 2.6. For more information on the data sets
used, we refer to Section 2.2.2. A validation set is not needed in our experiments, as we do not conduct
explicit hyperparameter search. Instead, our depth-adaptive layer insertion approach effectively serves
as an automated search for the optimal network depth.

All detailed information on the experimental setup is provided in the appendix of [57]. We use full-
batch gradient descent in several experiments to facilitate clearer interpretation of the results. While
mini-batch SGD (with momentum) introduces additional variability, it can yield more competitive
outcomes, particularly for larger datasets. For this reason, we also present results from experiments
using mini-batch training. In all figures, the points of layer insertion are marked by vertical dotted
lines.

Our implementation of the SensLI method is available on GitHub1 and is based on PyTorch [103].

Fixed-Architecture Training vs SensLI

In this subsection, we compare the performance of the SensLI method to that of fixed-architecture
training of the baseline network of the same architecture and to an extended architecture which is
the resulting architecture generated by SensLI after layer insertion. We first consider experiments
with only a single layer insertion for FNNs, ResNets and CNNs. As a further step, we will examine the
behavior of SensLI with repeated layer insertions as in Figure 4.8.

Insertion of a Single Layer

We evaluate SensLI on FNN, ResNet, and CNN architectures (denoted as FNN LI, ResNet LI, CNN LI)
and compare its performance to both the corresponding baseline models (FNN1, ResNet1, CNN1) and
the extended architectures resulting from the insertion of one selected layer (FNN2, ResNet2, CNN2).
After we examine the performance w.r.t. iteration count, we will also compare the computational cost
of the different training processes.

We account for the effects of random initialization by averaging results over multiple training runs
in Figure 4.5. To ensure comparability, we fix both the iteration at which a layer is inserted and the
learning rate across all runs. By restoring the random seed, we guarantee identical initializations
for both the baseline and SensLI architectures trainings. As a result, the loss and error trajectories
are consistent up to the point of layer insertion, apart from the variability introduced by mini-batch
selection.

1https://github.com/mathemml/SensLI
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(a) FNN, full-batch GD.
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(b) FNN, mini-batch SGD.
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(d) CNN, mini-batch SGD with momentum.

Figure 4.5.: Comparison of layer insertion and fixed-architecture training for FNNs with full-batch
(a) and mini-batch SGD (b), ResNets with full-batch (c) and CNNs with mini-batch SGD.
We show the loss (top) and test error (bottom) averaged over 30 (FNN), 40 (ResNet) and
10 (CNN) runs, respectively. These experiments are included in the GitHub repository as
Exp2–Exp5.
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Across all architectures, SensLI consistently results in a faster reduction of the loss w.r.t. iteration
count compared to fixed-architecture training on the baseline network. This demonstrates that the
newly inserted layer actively contributes to the learning process. The improvement is most notable
for FNNs, particularly when using mini-batch SGD, where SensLI even surpasses the performance of
training on the extended network FNN2. In contrast, the benefit of layer insertion is less pronounced
for ResNets and CNNs. This can be attributed to the fact that ResNet1 and CNN1 baseline architectures
are inherently more expressive than FNN1, and the absolute as well as relative increase in the number
of parameters after layer insertion is smaller for these models. When comparing SensLI to fixed-
architecture training on the extended networks, a more rapid loss decay is observed only for FNNs
with mini-batch SGD. Nevertheless, SensLI is more computationally efficient in all cases, as shown in
Table 4.4.

It should be noted that, for the sake of comparability, the insertion epoch was fixed, which may restrict
the effectiveness of SensLI, since the optimal insertion time can depend on the specific initialization.
Therefore, SensLI may not achieve its full potential in every averaged training run. Additionally,
because the number of parameters in the extended CNN2 model is only 1.4 % greater than in the
baseline CNN1 model (Table 4.3), only minor differences in accuracy are to be expected. The only
small effect of layer insertion for the CNN architecture training is also observable when examining
the norms of the layer-wise gradients during training, cf. Figure 4.6. Figure 4.6 shows one exemplary
run using SensLI for a FNN with mini-batch SGD and a CNN with mini-batch SGD with momentum,
respectively. Generally, we observe that the gradient norm values (measured in the Frobenius norm)
of the newly inserted weight matrices lie within a comparable range of the norms of pre-existing
trainable values, i.e., no vanishing or exploding gradient problems are encountered. However, while for
the FNN architecture, the new gradient exceeds the other gradients, which agrees with the pronounced
effect of layer insertion visible in Figure 4.5b, for the CNN, the gradient norm values of the newly
inserted kernel are not dominating.
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(a) FNN, mini-batch SGD.
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(b) CNN, mini-batch SGD with momentum.

Figure 4.6.: Behavior of layer-wise gradients during training for a FNN with mini-batch SGD (a) and
a CNN with mini-batch SGD (b). We show the Frobenius norm of the gradients of the
trainable parameters in the networks over iteration count (newly inserted weight matrix
in blue). The experiments can be found in the GitHub repository as Exp4 and Exp5.
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Table 4.2.: Comparison of Floating Point Operations (FLOPs) per training sample for Figure 4.7.
Architecture FLOPs thereof FLOPs for SensLI evaluation

ResNet1 90 000
ResNet2 252 000
ResNet LI 188 712 1512, approx. 0.8 %

In this comparison, the baseline architectures have the same number of parameters as SensLI before
any layer insertion, while the extended architectures match the parameter count of SensLI after layers
have been inserted, as detailed in Table 4.3.

Table 4.3.: Number of network parameters during training.
Epochs FNN LI ResNet LI Epochs CNN LI

0–449 27 33 0–49 2 674 816
450–end 57 54 50–end 2 711 744

Even though a network with more parameters has a higher computational cost per iteration than
a smaller network, the number of parameters of a neural network does not directly relate linearly
with the computational cost of a forward-backward pass through the network. Hence, as a more
precise theoretical comparison, we provide approximate counts of Floating Point Operations (FLOPs)
for the training process of the different architectures, cf. Table 4.4. We also highlight the amount of
FLOPs needed for SensLI evaluation (during the expansion step of SensLI between training parts) to
get a better understanding of the relative effort required by the expansion of the networks through
SensLI.

Table 4.4.: Comparison of FLOPs per training sample for Figure 4.5.
Architecture FLOPs thereof FLOPs for SensLI evaluation

FNN1 222 000
FNN2 499 500
FNN LI 432 270 270, approx. 0.06 %
ResNet1 333 000
ResNet2 532 000
ResNet LI 484 488 288, approx. 0.05 %
CNN1 25 196 544 000
CNN2 47 845 785 600
CNN LI 37 452 607 488 931 442 688, approx. 2.5 %

For the larger CNN architecture, SensLI evaluation incurs higher computational cost because of the
increased number of parameters in the extended layers. At the same time, the reduction in FLOPs from
CNN2 to CNN LI is significantly greater than the corresponding reductions observed in the smaller
FNN and ResNet architectures.

Leonie Kreis 102



Optimization Techniques for Neural Networks Leonie Kreis

The above experiments using only one layer insertion illustrate that a SensLI can outperform fixed-
architecture training even on the extended network, but in some scenarios only has a slight effect. We
now examine the training performance of SensLI with repeated layer insertions during training.

Repeated Insertion of Layers
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Figure 4.7.: Comparison of SensLI and fixed-architecture training for ResNets with mini-batch SGD.
SensLI inserts a layer three times in the training process, indicated by vertical lines. We
show the loss (top) and test error (bottom) averaged over 30 (ResNet) runs. The experiments
can be found in the GitHub repository as Exp13.

First we consider a ResNet architecture with three repetitions of layer insertion, cf. Figure 4.7. The
ResNet architecture is trained with mini-batch SGD and the learning rate is fixed to 0.01 for all runs.
After 100, 200 and 300 epochs, we let SensLI insert a new layer.

On average, SensLI achieves better performance than fixed-architecture training on the baseline
ResNet1 and even surpasses the extended ResNet2 architecture. This demonstrates that SensLI
effectively utilizes the additional capacity provided by the inserted layers, while avoiding the tendency
to get trapped in local minima—a phenomenon observed in fixed-architecture training on ResNet2.
When comparing the results in Figure 4.5 to those in Figure 4.7 and Figure 4.8, it becomes evident that
the benefits of SensLI are even more pronounced when multiple layers are inserted during training.
Moreover, SensLI requires less training time for the ResNet architecture with three layer insertions
than fixed-architecture training on the extended ResNet2, as shown in Table 4.2.

In Figure 4.8, we compare SensLI with three repeated layer insertions applied to a CNN architecture
with training on the extended CNN from the outset. The CNN is again trained with mini-batch SGD
with momentum and a fixed learning rate. We observe that SensLI achieves a lower training loss
and higher test accuracy than fixed-architecture training on the extended CNN2. SensLI completes
200 epochs in 1659 s, which is only 71.5 % of the time required by the extended CNN (2320 s). Let us
point out that SensLI only inserts two layers instead of the three initially planned, as the sensitivity
threshold in (4.18) was not met during the second insertion attempt. This indicates that the heuristic
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Figure 4.8.: Training a CNN on the CIFAR-10 data set with multiple layer insertions (SensLI), compared
to training the extended CNN from the beginning, plotted over time in seconds. We display
the training loss (top) and test accuracy (bottom). SensLI is executed every 50 epochs, i.e.,
3 times throughout the training run, but decides against the second layer insertion, because
the threshold in (4.18) was not met. Hence, only 2 layer insertions take place, which are
indicated by vertical lines. This experiment is included in the GitHub repository as Exp1
and the detailed experiment setup is documented in the appendix of [57].

in (4.18) effectively prevents unnecessary layer insertions that would have minimal impact on the
training process.

For a theoretical comparison, we estimate the total number of FLOPs per training data point, summed
over all epochs. Fixed-architecture training on the extended CNN consumes approximately 3 ×
46 996 684 800 FLOPs per data point, while SensLI uses about 33 063 616 512 × 3 FLOPs per data point,
of which 914 460 672 × 3 FLOPs are attributed to the layer insertion evaluation—roughly 2.8 % of the
overall training cost. The ratio of FLOPs per training data point (SensLI/CNN = 70 %) closely matches
the observed ratio of total computational time, with minor deviations likely due to additional time
required for initialization and setup.

Importance of the Layer Insertion Position

The proposed SensLI method inserts a new layer at the position where the layer is the most effective
to reduce the loss function, based on local predictions from sensitivity analysis. In order to validate
this strategy, we study the training performance for different layer positions. We compare inserting a
new layer at the position indicated by SensLI to inserting the layer at the position with the smallest
sensitivity indicator (LIother). We perform this comparison for FNN, ResNet and CNN architectures,
using the merit indicators defined in (4.17) for the FNN and ResNet architectures with respect to𝑊𝑖 or
𝑊 2
𝑖 and (B.1c) for the CNN architecture, respectively. In order to isolate the effect of layer placement, we

consider layer insertions at a fixed epoch in this comparison and use baseline architectures with limited
depth and constant width across the hidden layers, which leads to that all potential layers for insertion
have the same number of parameters, cf. the appendix of [57, Appendix, Exp6-9]. Additionally, we start
by considering full-batch gradient descent first and then consider mini-batch SGD (with momentum)
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(b) FNN, mini-batch SGD.
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(d) CNN, mini-batch SGD with momentum.

Figure 4.9.: Comparison of layer insertion at positions given by the largest (SensLI) and the smallest
(LIother) of the merit indicators. The indicators for each layer are given by (4.17) w.r.t.
𝑊𝑖 for FNNs (a and b), (4.17) w.r.t.𝑊 2

𝑖 for ResNets (c), and (B.1c) for CNNs (d). We show
the loss over iteration count, averaged over 30 (FNN, ResNet) and 7 (CNN) training runs.
These experiments can be found in the GitHub repository as Exp6, Exp8, Exp7 and Exp9.

which introduces additional noise, which is not accounted for in the local sensitivity analysis.

In the experiment shown in Figure 4.9, we observe that inserting a layer at the position indicated
by SensLI leads slightly to a faster reduction in training loss compared to inserting the layer at the
position with the lowest sensitivity indicator (LIother) directly after the insertion and also in the long
run. This effect is most pronounced for the FNN and ResNet architectures trained with full-batch
gradient descent, cf. Figure 4.9a and Figure 4.9c. At the same time, we also observe that the noise
introduced by mini-batch SGD can dominate the local effects of SensLI, as seen in Figure 4.9d and to
some extent in Figure 4.9b.

Considering multiple layer insertions in Figure 4.10 as a second step, the advantage of SensLI over
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(a) ResNet, mini-batch SGD.
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(b) CNN, mini-batch SGD.

Figure 4.10.: Comparison of layer insertion at positions given by the largest (SensLI) and the smallest
(LIother) of the merit indicators. A layer is inserted three times each in the training
process. We show the loss over iteration count and test error over epochs, averaged over
30 (ResNet) and 7 (CNN) training runs. These experiments can be found in the GitHub
repository as Exp13 and Exp14.

LIother becomes more pronounced again, even when using mini-batch SGD. This is also true for
the long run and not only directly after the layer insertion. We consider a ResNet architecture in
Figure 4.10a and a CNN architecture in Figure 4.10b and compare again against LIother, which inserts
each new layer at the position with the smallest sensitivity indicator. Since we average over multiple
runs, we plot loss over iterations instead of time. We observe that SensLI is more effective than LIother
to reduce the training loss, even in the presence of noise from mini-batch training.

Comparison against Random Layer Insertion

We compare SensLI to a random layer insertion strategy, which randomly selects a layer position.
For this comparison, we again consider multiple layer insertions during training for a ResNet and a
CNN architecture, respectively. We average over multiple training runs to account for the effects of
random initialization and random layer insertion. In Figure 4.11, we observe that SensLI outperforms
the random insertion strategy in both cases.
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(a) ResNet, mini-batch SGD.
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(b) CNN, mini-batch SGD.

Figure 4.11.: Comparison of layer insertion at positions given by the largest of the merit indicators
(SensLI) or random positioning (Random). Layer insertion is executed three times in the
training process, indicated by dotted vertical lines. We show the loss over iteration count
and test error over epochs, averaged over 30 (ResNet) and 7 (CNN) training runs. These
experiments can be found in the GitHub repository as Exp13 and Exp14.

Comparison of Layer Insertion Points

In this experiment, we analyze how the timing of layer insertion affects the training process. Throughout
all experiments, we restrict ourselves to inserting a single layer to isolate the effect of the insertion
timing. By restoring the random seed, we ensure that the initialization for every run in which a layer is
inserted matches that of the baseline network (FNN1 or CNN1). As a result, when employing full-batch
gradient descent, the training trajectories for all runs are identical to those of FNN1 up to the point of
layer insertion.

We consider three training algorithms: full-batch SGD, mini-batch SGD, and mini-batch SGD with
momentum. For each algorithm, we compare the training histories of the fixed-architecture baseline
network (FNN1 or CNN1) with those of networks where an additional layer is inserted at various
stages of training. Specifically, we investigate eight different insertion points in each setup: for
FNN full-batch SGD, layers are inserted at iterations 150, 250, . . . , 850; for FNN mini-batch SGD, at
epochs 50, 100, . . . , 400; and for CNN mini-batch SGD with momentum, at epochs 10, 20, . . . , 80. To
maintain comparability, identical hyperparameters are used for all layer insertions. Further details of
the experimental setup are provided in the appendix of [57].
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The resulting training histories are depicted in Figure 4.12. This experiment highlights that determining
the optimal timing for layer insertion is not straightforward, likely due to the complex interplay of
various factors like stochasticity and non-convexity during training. Notably, inserting a layer at any
of the eight tested points during training yields better results than omitting the second hidden layer
altogether (FNN1/CNN1). However, it is evident that inserting a layer too late in the training process
diminishes its effectiveness.

For the FNN full-batch SGD scenario and the specific random instance considered, the most beneficial
insertion point among the eight tested is after 450 iterations. In the FNN mini-batch SGD case, the
training histories display a more monotonic behavior, with earlier layer insertions leading to faster
loss reduction.

In contrast, for the CNN mini-batch SGD with momentum, the training histories are more erratic, and
the timing of layer insertion has a less pronounced effect. Additionally, we observe that inserting a
layer later in training tends to disrupt the training process more significantly. It is also worth noting
that, for the CNN, the method consistently selects the same position for layer insertion at each tested
epoch.
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(c) CNN, mini-batch SGD with momentum.

Figure 4.12.: Comparison of layer insertion at different iterations (indicated by vertical lines) as
described in Section 4.3.2. We show the loss and test error over iteration count. These
experiments can be found in the GitHub repository under the name Exp10 and Exp11 for
the ReLU-FNN and Exp12 for the CNN.

4.3.4. Comparison of SensLI to Other Layer Insertion Methods

In this section, we present a comparison between SensLI and other informed methods for growing
networks which are able to handle layer insertion. Several approaches in the literature address
the question of optimal layer placement, notably SENN [92], Firefly [133], and Autogrow [130], as
summarized in Table 4.1. However, it is important to note that Autogrow relies on random initialization,
which does not constitute an informed strategy. Consequently, our comparison focuses on SENN and
Firefly. Conducting a fair numerical comparison between these methods is challenging for several
reasons. For instance, SENN’s implementation of layer insertion for CNNs is restricted to DenseNet
architectures [64], whereas in Firefly, the process of layer insertion cannot be separated from layer
widening within its framework. Due to these limitations, we instead provide a theoretical analysis of the
computational effort required for network expansion, which demonstrates that SensLI is considerably
less demanding in terms of computational resources.

The SensLI algorithm operates by performing a single full-batch forward and backward pass on a
fully-extended network, where new layers are inserted at all possible positions. The selection of
the layer to be inserted is then based on the norm of the gradient with respect to the variables of
each candidate layer, as detailed in algorithm 7. Both SENN and Firefly also employ the strategy of
considering layer insertion at all possible positions, but they differ in their mechanisms for selecting
the new layer.

In the case of SENN, the procedure involves executing 𝑁 random weight initializations, each followed
by𝑀 iterations. This results in a computational effort equivalent to𝑁 ×𝑀 (potentially large) mini-batch
forward and backward passes for a network extended by one layer. For typical parameter choices,
such as 𝑁 = 110, 𝑀 = 300 and a mini-batch size of 𝐵 = 1000 out of 𝑇 = 50000 training data points, this
amounts to 𝑁 ×𝑀 × 𝐵/𝑇 = 600 full-batch forward and backward passes on the partially extended
network, as described in [92, Appendix B]. For each random initialization, a natural expansion score is
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computed, which is approximated using a K-FAC approximation (cf. Section 2.5.4) of the Fisher matrix.
The final selection of the layer position is made by comparing the expansion scores across all possible
positions, meaning that the total number of forward and backward passes must be multiplied by the
number of candidate layer positions.

Firefly, on the other hand, simultaneously optimizes both the initialization and the positions of new
neurons. The method performs𝑀 full-batch gradient descent iterations on the fully-extended network,
which contains new layers at all possible positions and includes additional variables for each new
neuron. Each optimization step requires a full-batch forward and backward pass, and the authors
indicate that only a few iterations are typically sufficient, i.e.𝑀 ≤ 10. The selection of new neurons is
then based on the values of these optimization variables.

In summary, SensLI achieves its goal (selecting a layer for insertion) with just one full-batch forward
and backward pass on the fully-extended network. In contrast, SENN requires several hundred full-
batch forward and backward passes on only partially-extended networks considering each possible
layer position separately, while SensLI needs only one such pass on the fully-extended network. Firefly
involves multiple optimization steps, each necessitating a full-batch forward and backward pass. No
theory currently is able to show whether any of these methods achieves fewer iterations to a given
loss or superior test accuracy. Hence, it is unclear how these methods perform against each other in
practice, beyond computational effort. This analysis highlights the significant computational advantage
of SensLI over these alternative methods.

4.4. Extension of SensLI to Layer Widening

The sensitivity-based approach which forms the basis of SensLI can be used for layer widening as well.
We show the extension for FNNs here, but the approach can be adapted to other architectures and
activation functions. Note that, generally, due to its structure, layer widening is less restrictive than
layer insertion, allowing for more flexibility in the choice of the activation function.

Assume that we have two consecutive layers with weight matrices and biases𝑊1 ∈ R𝑛1×𝑛0, 𝑏1 ∈ R𝑛1

and𝑊2 ∈ R𝑛2×𝑛1, 𝑏2 ∈ R𝑛2 , respectively. The forward propagation through the layers is given by

𝑦2 :=𝑊1𝑥1 + 𝑏1, 𝑥2 := 𝜎 (𝑦2),
𝑦3 :=𝑊2𝑥2 + 𝑏2, 𝑥3 := 𝜎 (𝑦3) .

Now we describe the change in the architecture when we widen the layer 𝑦2 and consequently also
𝑥2. For simplicity, we consider the case of adding one neuron, but the approach can be extended
to adding multiple neurons. We add one neuron to 𝑦2, which increases the size of𝑊1 and 𝑏1 to
𝑊 +1 ∈ R(𝑛1+1)×𝑛0, 𝑏+1 ∈ R𝑛1+1 and the size of𝑊2 to𝑊 +2 ∈ R𝑛2×(𝑛1+1) . Note that the size of 𝑦3 and 𝑥3
remains unchanged and hence the dimension of the bias 𝑏2 also remains unaffected. An illustration of
the layer widening is given in Figure 4.13.
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Figure 4.13.: Illustration of layer widening by adding one neuron (highlighted in red) to a hidden layer
in a FNN.

The forward propagation through the widened layers is given by

𝑦+2 :=𝑊 +1 𝑥1 + 𝑏+1 , 𝑥+2 := 𝜎 (𝑦+2 ),
𝑦+3 :=𝑊 +2 𝑥+2 + 𝑏2, 𝑥+3 := 𝜎 (𝑦+3 ),

with 𝑦+2 =
(
𝑦2
𝑦new

)
, 𝑥+2 =

(
𝑥2
𝑥new

)
and

𝑊 +1 =

(
𝑊1
𝑊 new

1

)
, 𝑏+1 =

(
𝑏1
𝑏new1

)
, 𝑊 +2 =

(
𝑊2 𝑊 new

2
)
.

To ensure that the output of the network remains unchanged after widening,

𝑦+3 = 𝑦3

must hold. Neuron splitting is possible and often used in the literature for this purpose, as e.g. in [136,
134]. However, this approach is not suited for our sensitivity-based approach. Hence, we aim to leave
the baseline parameters unchanged and initialize the additional new parameters such that the output
remains unchanged. This leads to the following conditions for the additional parameters given by

0 =𝑊
new,𝑖

2 𝜎 (𝑊 new
1 𝑥1 + 𝑏new1 ) ∀𝑖 = 1, . . . , 𝑛2.

The gradients of the extended network w.r.t. the extended parameters𝑊 +1 , 𝑏+1 ,𝑊 +2 are given by

∇𝑊 +2 𝑓ext(𝜃ext) = ∇𝑦+3 𝑓ext(𝜃ext)𝑥
+⊤
2 = ∇𝑦+3 𝑓ext(𝜃ext)

(
𝑥⊤2 𝑥new

)
= ∇𝑦+3 𝑓ext(𝜃ext)

(
𝑥⊤2 𝜎 (𝑊 new

1 𝑥1 + 𝑏new1 )
)
∈ R𝑛2×(𝑛1+1) ,

∇𝑊 +1 𝑓ext(𝜃ext) = ∇𝑦+2 𝑓ext(𝜃ext)𝑥
⊤
1 =

( ∇𝑦2 𝑓ext(𝜃ext)
∇𝑦new2

𝑓ext(𝜃ext)

)
𝑥⊤1 ∈ R(𝑛1+1)×𝑛0

∇𝑏+1 𝑓ext(𝜃ext) =
( ∇𝑦2 𝑓ext(𝜃ext)
∇𝑦new2

𝑓ext(𝜃ext)

)
∈ R𝑛1+1,
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and the gradients w.r.t. the new neuron of the widened layer are given by

∇𝑥new2
𝑓ext(𝜃ext) = ∇𝑦3 𝑓ext(𝜃ext)⊤𝑊 new

2 ,

∇𝑦new2
𝑓ext(𝜃ext) = ∇𝑥new2

𝑓ext(𝜃ext)𝜎 ′(𝑦new2 ) = ∇𝑦3 𝑓ext(𝜃ext)⊤𝑊 new
2 𝜎 ′(𝑦new2 ) .

We propose the initializations

𝑊 new
2 = (0 . . . 0)⊤ ∈ R𝑛2×1, 𝑊 new

1 ∈ R1×𝑛0 ≠ 0, 𝑏new1 = 0 ∈ R, (4.19)

which ensure that the output of the network remains unchanged after widening. With this initialization,
the gradients w.r.t. the new parameters at the first iteration of training after widening are given by

∇𝑊 new
1
𝑓ext(𝜃ext) = ∇𝑦new2

𝑓ext(𝜃ext)𝑥⊤1 = ∇𝑦3 𝑓ext(𝜃ext)⊤𝑊 new
2 𝜎 ′(𝑦new2 )𝑥⊤1 = 0,

∇𝑏new1
𝑓ext(𝜃ext) = ∇𝑦new2

𝑓ext(𝜃ext) = 𝑥⊤1 = 0,

∇𝑊 new
2
𝑓ext(𝜃ext) = ∇𝑦3 𝑓ext(𝜃ext)𝑥new2 = ∇𝑦3 𝑓ext(𝜃ext)𝜎 (𝑊 new

1 𝑥1 + 𝑏new1 ).

While the gradients w.r.t. the new parameters𝑊 new
1 and 𝑏new1 are zero at the first iteration after

widening, the gradient w.r.t.𝑊 new
2 is non-zero in general, depending on the choice of𝑊 new

1 and
activation function 𝜎 . Would the weight matrix𝑊 new

1 be initialized with zeros as well, the gradient
w.r.t.𝑊 new

2 would also be zero at the first iteration after widening, if an activation function with
𝜎 (0) = 0 is used, e.g. ReLU. Hence, we propose a non-zero initialization of𝑊 new

1 , e.g. a non-zero scalar.
We point out again that the choice (4.19) is not unique and when comparing different inserted neurons,
the same choice should be used to ensure comparability.

Remark 4.11 (Alternate Initialization Strategy). Another possibility to initialize the new parameters is

𝑊 new
2 ≠ 0

and 𝑊 new
1 , 𝑏new1 , such that 𝜎 (𝑊 new

1 𝑥1 + 𝑏new1 ) = 0,

i.e. the new parameters are initialized such that the new neuron is in the saturated regime of the activation
function. However, this approach is less flexible and not possible for all activation functions, e.g. ReLU,
when the activation function satisfies 𝜎 ′(0) = 0. Hence, we do not pursue this approach further.

We can now insert new neurons in all layers of the neural network and compare their effectiveness.
Then, we can select the number of neurons we want to insert at one point in time and select the most
effective ones. Imitating training on the baseline network can be done by constraining the values
of the new parameters as described in Section 4.3.1 in the training on the fully-extended problem.
Consequently, the effectiveness of a new neuron can be measured, as for layer insertion, by the
square of the norm of the gradient w.r.t. the new parameters𝑊 new

1 , 𝑏new1 ,𝑊 new
2 following the sensitivity

analysis given in Section 4.3.1. Since the gradients w.r.t.𝑊 new
1 and 𝑏new1 are zero at the first iteration

after widening with the choice (4.19), the effectiveness of the new neuron is measured by

∥∇𝑊 new
2
𝑓ext(𝜃ext)∥2 = ∥∇𝑦3 𝑓ext(𝜃ext)𝜎 (𝑊 new

1 𝑥1 + 𝑏new1 )∥2.

The position of the layer to be widened is then selected by comparing the effectiveness of a new neuron
at all possible positions. Note that the choice of𝑊 new

1 influences the effectiveness of the new neuron
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and hence the choice of the position.

The decision of when to widen the network can be made similarly as for layer insertion, cf. Section 4.3.2.
Hence, it would be possible to use a threshold strategy similar as described in Section 4.3.2, namely
if

∥∇𝑊 new
2
𝑓ext(𝜃ext)∥2

1
#W

∑
𝑊 ∈W ∥∇𝑊 𝑓ext(𝜃ext)∥2

≥ 𝜏 (4.20)

holds with 𝜏 ≥ 1. Here,W is the set of all columns of all weight matrices in the current network which
are consecutive weight matrices of a widened layer.

Although we have described the extension of SensLI to layer widening for the case of adding a single
neuron, the approach can be extended to adding multiple neurons either per layer or spread between
multiple layers as well. As a next step, the proposed extension of SensLI to layer widening should be
validated numerically, which we leave for future work.

4.5. Discussion

The Sensitivity-based Layer Insertion (SensLI) approach has the advantage of conceptual and computa-
tional simplicity. When training is suspended for a potential insertion, a temporary fully-extended
network is built by inserting identity-initialized layers at all candidate positions and the gradient of
the extended objective is evaluated once by backpropagation. This makes SensLI computationally
cheaper than alternatives such as SENN and Firefly, while still covering the questions of where, how
and when to insert a layer. Unlike methods that rely on costly candidate selection or uninformed
random initializations, SensLI uses a clear selection criterion rooted in sensitivity analysis for nonlinear
programming and can be applied to residual, fully-connected feedforward and convolutional layers.
Although the experiments focus on inserting a single layer at a time, the proposed merit indicators
can be used to insert multiple layers concurrently and to extend the approach to layer widening.

The idea for SensLI is inspired by adaptive grid refinement techniques used in the numerical solution
of PDEs. In that context, the quantities of interest are typically spatially distributed fields, which can be
directly manipulated by refining or coarsening the computational grid. In contrast, neural networks are
parametrized by high-dimensional weight and bias vectors, which determine the propagation functions
between layers and not the values of the neurons in a layer themselves. Hence, there is no natural way
to interpolate these parameters when inserting a new layer, nor is there a discretization parameter
analogous to grid spacing in PDEs, except in specially designed architectures like ResNets. SensLI
overcomes these challenges by initializing new layers as identity mappings, ensuring that the insertion
does not disrupt the current function of the network. The method formulates training as a constrained
optimization problem, where the parameters of new layers are fixed at their initialized values. This
allows the use of Lagrange multipliers as sensitivity indicators, revealing which constraints and thus
which potential layer insertions are most restrictive to loss descent. The layers associated with the
largest sensitivity norms are selected for insertion, enabling the network to grow adaptively during
training.

The method is based on a first-order, local prediction, yet global improvements in loss decay and test
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accuracy are observed empirically. SensLI can outperform training on extended architectures from
the outset, particularly in CNNs, by reducing computational effort and training time, as exemplary
shown in Figure 4.8. This outcome is notable because sensitivity analysis cannot, in principle, predict
long-term effects of insertion or guarantee which insertion yields the fastest eventual convergence or
best test accuracy.

Several limitations must be acknowledged. SensLI’s selection is inherently local and therefore offers
no guarantee that a chosen insertion will be beneficial in the long run. The supporting theory assumes
smoothness conditions that are not satisfied for ReLU activations, and extending rigorous validation
to stochastic, non-convex training is challenging. Consequently, no general proof of benefit for layer
insertion is provided or even exists to the best of our knowledge; the evidence presented here is
empirical and could be extended to further validate the approach.

An alternativeway to improve neural network training besides allowing the architecture to adapt during
training is to employ more informed optimization algorithms. In this context, preconditioned gradient
methods are of particular interest, as they can be implemented with moderate computational overhead
while potentially improving convergence significantly. To examine the behavior of preconditioned
SGD updates for neural network training problems, we analyze the use of a layer-wise preconditioner
in the next chapter. Because of the stochastic nature of the training algorithms and the non-convexity
of the underlying optimization problems, we consider preconditioners based on covariance information
generated in the forward and backward passes of the network.
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5. Layer-wise preconditioning for Neural
Network Parameters

In this chapter, we introduce a layer-wise preconditioning method for Feedforward Neural Networks
based on the Frobenius-type inner products introduced in Section 2.5.1, which we call Frobenius-type
preconditioning and which relies on inner products on the layer spaces. In most cases the layer spaces
are not equipped with non-canonical inner products, hence we explore data-driven choices of inner
products on the layer spaces based on covariance information of the forward and backward pass.
The resulting preconditioner has a strong connection to Kronecker-Factored Approximate Curvature
(K-FAC) [91], even though the derivation is different. We discuss differences to K-FAC and evaluate
the numerical performance of Frobenius-type preconditioning in comparison to unpreconditioned
Stochastic Gradient Descent (SGD) in varying scenarios. The aim of the numerical experiments is
to critically assess in which settings the preconditioning is able to improve the loss decrease w.r.t.
iterations and computation time during training, and to understand the behavior of the preconditioner
during training. The idea for the construction of the preconditioner evolved from the article [58] with
the title "Frobenius-type norms and inner products of matrices and linear maps with applications to
neural network training".

5.1. Introduction

Preconditioning in deep learning has been a topic of significant interest due to its potential to stabilize
and accelerate the training process. Various methods have been proposed, ranging from Quasi-
Newton (QN) methods, such as Limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) and
trust-region methods (see e.g. [98, Chapter 6 and 2.2]), to Hessian-Free Optimization and Natural
Gradient Descent (NGD), which leverages the Fisher Information Matrix (FIM). Approximations of
NGD, like K-FAC [91], have also gained popularity. Additionally, diagonal preconditioning methods,
such as Adagrad [27] and Adam [70], are widely used and can be interpreted as parameter-wise
rescaling/preconditioning or adaptive learning rate schedules. Other layer-wise techniques with a
similar aim as preconditioning, including batch normalization [66], weight normalization [111], and
spectral normalization [93], have been explored to improve convergence. Other normalization methods,
such as layer normalization [6] and group normalization [135], also contribute to this domain.

We introduce a general framework for layer-wise preconditioning of Feedforward Neural Networks
based on inner products on the layer spaces, which includes many existing methods as special cases.
Layer-wise preconditioning is more accurate than diagonal preconditioning methods since it captures
interactions between parameters within a layer, while being less computationally expensive than
full preconditioning on the parameter space. We introduce a layer-wise preconditioning method for
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Feedforward Neural Networks based on the Frobenius-type inner product, which we call Frobenius-type
preconditioning. After establishing this general framework, we explore specific data-driven choices
of inner products based on covariance information, which eliminates the need for predefined inner
products on the layer spaces. We assess the numerical performance of Frobenius preconditioning in
comparison to unpreconditioned Stochastic Gradient Descent (SGD) and discuss differences to K-FAC
(cf. Section 2.5.4).

5.2. Related Work

A common method for layer-wise preconditioning in neural network training is K-FAC [91], which
approximates NGD (cf. Section 2.5.2) by a Kronecker-factored block-diagonal approximation of the FIM.
Although K-FAC is one of the most popular layer-wise preconditioners, there is a body of related work
that develops both extensions of K-FAC and alternative layer-wise preconditioning strategies. Below
we first review direct extensions and practical variants of K-FAC, and then survey other approaches that
use covariance or curvature information for layer-wise preconditioning. EK-FAC, proposed in [39], is a
fast approximate NGD in a Kronecker-factored eigenbasis. A coordinate-free construction of scalable
NGD, which is formulated in a coordinate-free manner and constructs a Riemannian metric where
the natural gradient update equals the K-FAC update is given in [87]. To make K-FAC more efficient,
[119] propose SK-FAC, which is a training method for neural networks with faster Kronecker-factored
approximate curvature. The method TENGraD, which is proposed in [118] introduces a time-efficient
NGD method with exact FIM block inversion in the block-diagonal approximation. In [117], a method
called WoodFisher is proposed, which estimates the inverses of the FIM blocks via rank-one updates.
The authors of [100] develop K-FAC further to get a more practical algorithm for large-scale problems.
Finally, [137] shows convergence results for K-FAC applied to two-layer ReLU-networks.

Other related work not directly related to K-FAC includes [48], which introduces Shampoo, a method
for layer-wise preconditioning of trainable parameters of a neural network architecture when training
with stochastic gradient descent using a matrix preconditioner that is separated into left and right
matrices, and uses (weight) gradient-based updates for both matrices. Shampoo is closely related to the
full version of AdaGrad and convergence guarantees in the convex setting are provided. A modification
of the neural network architecture called natural neural networks is proposed in [24], which employs a
whitening matrix and a centering vector in each layer (in the forward pass) to whiten (shift and rescale)
the activations. These new elements are updated every few iterations by the newly available data.
The concept of natural neural networks is extended in [34] by introducing a bi-directional whitening
approach, which whitens the layers in both forward and backward passes. Both approaches aim to
improve the training dynamics by incorporating covariance information.

There also exists work to incorporate curvature information into the layer-wise preconditioning. Since
the FIM and the GGN matrix are closely related for common training problems (cf. Section 2.5.2), the
approaches to incorporate curvature information are similar to the methods for approximating the FIM.
Themethod proposed in [10] follows a similar approach as K-FAC, but instead of approximating the FIM,
the authors approximate the GGN matrix in a layer-wise Kronecker-factored manner using low-rank
approximations. Backpropagation is partially replaced with forward-mode automatic differentiation
to compute the preconditioned gradient in [56]. To efficiently compute the preconditioned gradient,
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[108] adds a Levenberg-Marquardt style damping term and employs the Sherman-Morrison-Woodbury
(SMW) formula (cf. [115]). The work [41] develops a Kronecker-factored BFGS method (KBFGS) to
train deep neural networks. Considering big mini-batch settings, [37] show that the stochastic GGN
method is very efficient. Other work on layer-wise preconditioning that is more loosely related to the
topic include i.e. [17, 7, 97, 138, 85, 81, 74].

A very recent work that proposes a framework of preconditioned matrix norms to develop new
preconditioned gradient methods for neural network training is [123]. Contrary to our approach, they
focus on developing a preconditioner based on an extension of the Adam method, while we focus on
layer-wise preconditioning based on covariance-driven inner products.

5.3. Frobenius-type Preconditioning for Neural Networks

In this section, we introduce a layer-wise preconditioning method for Feedforward Neural Networks
(FNNs) based on the Frobenius-type inner product, which we call Frobenius-type preconditioning. We
start by deriving the preconditioned gradient for an exemplary layer of a FNN and extend this to a
general framework for layer-wise preconditioning in Section 5.3.1. Then, we discuss covariance-driven
inner products on the layer spaces in Section 5.3.2 and how they can be used to define Frobenius-
type preconditioners. Finally, we discuss numerical observations of the behavior of Frobenius-type
preconditioning with covariance inner products in Section 5.3.3.

5.3.1. General Framework

We derive an approach to precondition the updates of the weight matrices of the neural network
training process in a layer-wise fashion. The main idea is to utilize inner products on the layer spaces
to induce inner products on the space of weights.

As a reminder of (2.5), the forward pass of a FNN through the 𝑖-th layer is given by

𝑦𝑖 ≔𝑊𝑖𝑥𝑖−1 and 𝑥𝑖 ≔ 𝜎 (𝑦𝑖).

For now, we neglect the bias term in (2.5) to examine linear maps without an affine shift. The associated
layer spaces of 𝑥𝑖 and 𝑦𝑖 are 𝑋𝑖 , a post-activation space, and 𝑌𝑖 , a pre-activation space.

Feedforward Neural Networks can be interpreted as a combination of (affine) linear maps between the
layer spaces

𝑆𝑖 : 𝑋𝑖−1 → 𝑌𝑖 (5.1)

and activation maps

𝜎 : 𝑌𝑖 → 𝑋𝑖 .
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We assume in the following that the layer spaces 𝑋𝑖−1 and 𝑌𝑖 are Hilbert spaces with inner products

(·, ·)𝑋𝑖−1 and (·, ·)𝑌𝑖

and associated Riesz maps (2.47)

R𝑋𝑖−1 : 𝑋𝑖−1 → 𝑋 ∗𝑖−1 and R𝑌𝑖 : 𝑌𝑖 → 𝑌 ∗𝑖 .

We derive the Frobenius-type preconditioned gradient introduced in Section 2.5.1 of the loss 𝑓 of a
FNN w.r.t. the linear map 𝑆𝑖 defined in (5.1) of the neural network. For the remainder of this section,
we assume that the trace operator is defined and finite for the involved operators, such that the
Frobenius-type inner product is well-defined. We start by giving a general result and then discuss the
finite-dimensional case, which is most relevant in practice.

Lemma 5.1 (General Frobenius-Type Preconditioned Gradient). The gradient of the loss for one training
datum w.r.t. the Frobenius-type inner product induced by the inner products on the layer spaces 𝑋𝑖−1 and
𝑌𝑖 , is given by

∇𝑋𝑖−1→𝑌𝑖
𝑆𝑖

𝑓𝑗 (𝜃 ) = R−1
𝑌𝑖

(
𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

)
R𝑋𝑖−1 (𝑥𝑖−1) ∈ 𝐿(𝑋𝑖−1, 𝑌𝑖), (5.2)

which maps 𝑥 ∈ 𝑋𝑖−1 to

∇𝑋𝑖−1→𝑌𝑖
𝑆𝑖

𝑓𝑗 (𝜃 ) (𝑥) = R−1
𝑌𝑖

(
𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

)
︸           ︷︷           ︸

∈𝑌𝑖

[
R𝑋𝑖−1 (𝑥𝑖−1)

]
(𝑥)︸                ︷︷                ︸

∈R

∈ 𝑌𝑖 ,

where 𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖
∈ 𝑌 ∗𝑖 is the derivative of the loss function 𝑓𝑗 w.r.t. the pre-activation features 𝑦𝑖 of the 𝑖-th

layer and 𝑥𝑖−1 ∈ 𝑋𝑖−1 are the post-activation features of the (𝑖 − 1)-th layer. We call ∇𝑋𝑖−1→𝑌𝑖
𝑆𝑖

𝑓𝑗 (𝜃 ) the
Frobenius-type preconditioned gradient of the loss function 𝑓𝑗 w.r.t. the linear map 𝑆𝑖 .

Proof. We start at the derivative of the loss function 𝑓𝑗 w.r.t. the linear map 𝑆𝑖 to determine the general
gradient. Let 𝛿𝑆 ∈ 𝐿(𝑋𝑖−1, 𝑌𝑖) be a variation of the linear map 𝑆𝑖 . Then the derivative of the loss
function 𝑓𝑗 w.r.t. the linear map 𝑆𝑖 in direction 𝛿𝑆 , (see also (2.26)), is given by

⟨
𝜕𝑓𝑗 (𝜃 )
𝜕𝑆𝑖

, 𝛿𝑆⟩ =
𝜕𝑓𝑗 (𝜃 )
𝜕𝑆𝑖
(𝛿𝑆) =

𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

(𝛿𝑆𝑥𝑖−1)︸             ︷︷             ︸
∈R

= trace
(
𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

(𝛿𝑆𝑥𝑖−1)
)
= trace

(
𝑥𝑖−1

𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

𝛿𝑆

)
,

where the last equality holds since the trace is invariant under cyclic permutations. The gradient
𝑔 ∈ 𝐿(𝑋𝑖−1, 𝑌𝑖) must satisfy

⟨
𝜕𝑓𝑗 (𝜃 )
𝜕𝑆𝑖

, 𝛿𝑆⟩ = (𝑔, 𝛿𝑆)𝑋𝑖−1→𝑌𝑖 ∀𝛿𝑆 ∈ 𝐿(𝑋𝑖−1, 𝑌𝑖) .

Here, the Frobenius-type inner product (·, ·)𝑋𝑖−1→𝑌𝑖 reads

(𝑔, 𝛿𝑆)𝑋𝑖−1→𝑌𝑖 = trace
(
R−1
𝑋𝑖−1

𝑔′R𝑌𝑖𝛿𝑆
)
= trace

(
R−1
𝑋𝑖−1
R𝑋𝑖−1𝑔

∗R−1
𝑌𝑖
R𝑌𝑖𝛿𝑆

)
= trace (𝑔∗𝛿𝑆) .
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It follows, that the Hilbert space adjoint 𝑔∗ ∈ 𝐿(𝑌𝑖 , 𝑋𝑖−1) (see (2.42) for a definition) of the gradient 𝑔 is
given by

𝑔∗ = 𝑥𝑖−1
𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

.

Here, the dependency on the inner products is not visible in the expression of the Hilbert space adjoint
𝑔∗, due to the definition of the Frobenius-type inner product. The dual map 𝑔′ ∈ 𝐿(𝑌 ∗𝑖 , 𝑋 ∗𝑖−1) (see (2.43)
for a definition) of the gradient 𝑔 is then given by

𝑔′ = R𝑋𝑖−1𝑥𝑖−1
𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖
R−1
𝑌𝑖
.

From this we can deduce that the gradient has the form

𝑔 =

(
R−1
𝑌𝑖

𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

)
(R𝑋𝑖−1𝑥𝑖−1),

which evaluated at a point 𝑥 ∈ 𝑋𝑖−1 equals to

𝑔(𝑥) =
(
R−1
𝑌𝑖

𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

)
(R𝑋𝑖−1𝑥𝑖−1) (𝑥) ∈ 𝑌𝑖 .

□

In classical machine learning, the layer spaces are finite-dimensional vector spaces of the type R𝑛 and
the linear map 𝑆𝑖 can be represented by a weight matrix𝑊𝑖 (w.r.t. the canonical basis of R𝑛). For the
finite-dimensional case, given orthonormal bases (𝜓 𝑗 ) 𝑗=1,...,𝑛𝑋𝑖−1

for 𝑋𝑖−1 and (𝜙 𝑗 ) 𝑗=1,...,𝑛𝑌𝑖 for 𝑌𝑖 , the
inner products on the layer spaces 𝑋𝑖−1 and 𝑌𝑖 can be represented by symmetric and positive definite
matrices 𝑅𝑋𝑖−1 and 𝑅𝑌𝑖 , such that

(𝑥1, 𝑥2)𝑋𝑖−1 = 𝑥
𝑇
1 𝑅𝑋𝑖−1𝑥2 and (𝑦1, 𝑦2)𝑌𝑖 = 𝑦𝑇1 𝑅𝑌𝑖 𝑦2. (5.3)

This allows to represent the preconditioned gradient as follows.

Lemma 5.2 (Frobenius-Type Preconditioned Gradient in Finite-Dimensional Layer Spaces). Assume
that the layer spaces are equipped with orthonormal bases as introduced above. The gradient w.r.t. the
Frobenius-type inner product induced by the inner products on the finite-dimensional layer spaces 𝑋𝑖−1
and 𝑌𝑖 (w.r.t. the bases (𝜓 𝑗 ) 𝑗=1,...,𝑛𝑋𝑖−1

and (𝜙 𝑗 ) 𝑗=1,...,𝑛𝑌𝑖 ) for one training datum w.r.t. the weight matrix
𝑊𝑖 , is given by

∇𝑋𝑖−1→𝑌𝑖
𝑊𝑖

𝑓𝑗 (𝜃 ) = 𝑅−1
𝑌𝑖
∇𝑦𝑖 𝑓𝑗 (𝜃 )𝑥𝑇𝑖−1𝑅𝑋𝑖−1 (5.4)

with the notation of (5.3). Here, ∇𝑦𝑖 𝑓𝑗 (𝜃 ) ∈ R𝑛𝑌𝑖 and 𝑥𝑖−1 ∈ R𝑛𝑋𝑖−1 are the coordinate representations of
𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

and 𝑥𝑖−1 w.r.t. the chosen bases of the layer spaces.

Proof. The dual of the pre-activation space𝑌 ∗𝑖 is spanned by the basis (𝜙𝑖)𝑖=1,..,𝑛𝑌𝑖 and the post-activation
space 𝑋𝑖−1 is spanned by the basis (𝜓 𝑗 ) 𝑗=1,..,𝑛𝑋𝑖−1

. We can express the pre-activation dual object 𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

Leonie Kreis 119



Optimization Techniques for Neural Networks Leonie Kreis

and the post-activation features 𝑥𝑖−1 as

𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

=

𝑛𝑌𝑖∑︁
𝑖=1

𝛽𝑖𝜙𝑖 =: 𝛽𝑇𝜙, (5.5)

𝑥𝑖−1 =

𝑛𝑋𝑖−1∑︁
𝑗=1

𝛼 𝑗𝜓 𝑗 =: 𝛼𝑇𝜓 . (5.6)

𝛽 are the coefficients of the dual features 𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

w.r.t. the basis of the dual of the pre-activation space 𝑌 ∗𝑖
and 𝛼 are the coefficients of the post-activation features 𝑥𝑖−1 w.r.t. the basis of the post-activation space
𝑋𝑖−1. The matrix representing the Riesz map R𝑋𝑖−1 in the basis (𝜓 𝑗 ) 𝑗=1,..,𝑛𝑋𝑖−1

of the post-activation
space 𝑋𝑖−1 can be constructed by

𝑅𝑋𝑖−1 =

©­­­­«
⟨R𝑋𝑖−1𝜓1 ,𝜓1⟩ ⟨R𝑋𝑖−1𝜓1 ,𝜓2⟩ · · · ⟨R𝑋𝑖−1𝜓1 ,𝜓𝑛𝑋𝑖−1

⟩
⟨R𝑋𝑖−1𝜓2 ,𝜓1⟩ ⟨R𝑋𝑖−1𝜓2 ,𝜓2⟩ · · · ⟨R𝑋𝑖−1𝜓2 ,𝜓𝑛𝑋𝑖−1

⟩
...

...
. . .

...

⟨R𝑋𝑖−1𝜓𝑛𝑋𝑖−1
,𝜓1⟩ ⟨R𝑋𝑖−1𝜓𝑛𝑋𝑖−1

,𝜓2⟩ · · · ⟨R𝑋𝑖−1𝜓𝑛𝑋𝑖−1
,𝜓𝑛𝑋𝑖−1

⟩

ª®®®®¬
,

where
(𝑅𝑋𝑖−1)𝑖, 𝑗 := ⟨R𝑋𝑖−1𝜓𝑖 ,𝜓 𝑗 ⟩ = (𝜓𝑖 ,𝜓 𝑗 )𝑋𝑖−1 .

Note that the matrix 𝑅𝑋𝑖−1 depends on the choice of basis of the post-activation space 𝑋𝑖−1 and is
symmetric and positive definite (spd), inheriting these properties from the fact that every inner product
must be symmetric and positive definite. Let

𝑥1, 𝑥2 ∈ 𝑋𝑖−1 with coefficients 𝛼1, 𝛼2 ∈ R𝑛𝑋𝑖−1

and representations 𝑥1 =

𝑛𝑋𝑖−1∑︁
𝑗=1

𝛼1, 𝑗𝜓 𝑗 , 𝑥2 =

𝑛𝑋𝑖−1∑︁
𝑗=1

𝛼2, 𝑗𝜓 𝑗 .

Leveraging the linearity of the Riesz map, the following connection holds for 𝑥1, 𝑥2:

⟨R𝑋𝑖−1 (𝑥1) , 𝑥2⟩ = ⟨R𝑋𝑖−1 (𝑥1) ,
𝑛𝑋𝑖−1∑︁
𝑗=1

𝛼2, 𝑗𝜓 𝑗 ⟩

=

𝑛𝑋𝑖−1∑︁
𝑗=1

𝛼2, 𝑗 ⟨R𝑋𝑖−1 (𝑥1) ,𝜓 𝑗 ⟩

=

𝑛𝑋𝑖−1∑︁
𝑗=1

𝛼2, 𝑗 ⟨R𝑋𝑖−1 (
𝑛𝑋𝑖−1∑︁
𝑖=1

𝛼1,𝑖𝜓𝑖) ,𝜓 𝑗 ⟩

=

𝑛𝑋𝑖−1∑︁
𝑗=1

𝛼2, 𝑗

𝑛𝑋𝑖−1∑︁
𝑖=1

𝛼1,𝑖 ⟨R𝑋𝑖−1 (𝜓𝑖) ,𝜓 𝑗 ⟩

=

𝑛𝑋𝑖−1∑︁
𝑗=1

𝛼2, 𝑗

𝑛𝑋𝑖−1∑︁
𝑖=1

𝛼1,𝑖 (𝑅𝑋𝑖−1)𝑖, 𝑗

= 𝛼𝑇1 𝑅𝑋𝑖−1𝛼2.
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Hence, we can interpret the Riesz map R𝑋𝑖−1 as an inner product on the post-activation space 𝑋𝑖−1 and

R𝑋𝑖−1 (𝑥1) = 𝛼𝑇1 𝑅𝑋𝑖−1 . (5.7)

In the same manner we can derive a Riesz matrix 𝑅𝑌𝑖 for the pre-activation space𝑌𝑖 using the associated
primal basis {𝜙𝑖}

𝑛𝑌𝑖
𝑖=1 of the pre-activation space 𝑌𝑖 .

𝑅𝑌𝑖 =

©­­­­«
⟨R𝑌𝑖𝜙1 , 𝜙1⟩ ⟨R𝑌𝑖𝜙1 , 𝜙2⟩ · · · ⟨R𝑌𝑖𝜙1 , 𝜙𝑛𝑌𝑖 ⟩
⟨R𝑌𝑖𝜙2 , 𝜙1⟩ ⟨R𝑌𝑖𝜙2 , 𝜙2⟩ · · · ⟨R𝑌𝑖𝜙2 , 𝜙𝑛𝑌𝑖 ⟩

...
...

. . .
...

⟨R𝑌𝑖𝜙𝑛𝑌𝑖 , 𝜙1⟩ ⟨R𝑌𝑖𝜙𝑛𝑌𝑖 , 𝜙2⟩ · · · ⟨R𝑌𝑖𝜙𝑛𝑌𝑖 , 𝜙𝑛𝑌𝑖 ⟩

ª®®®®¬
,

where
(𝑅𝑌𝑖 )𝑖, 𝑗 := ⟨R𝑌𝑖𝜙𝑖 , 𝜙 𝑗 ⟩ = (𝜙𝑖 , 𝜙 𝑗 )𝑌𝑖 .

The matrix𝑀 constructed by
(𝑀)𝑖, 𝑗 := ⟨𝜙𝑖 ,R−1

𝑌𝑖
(𝜙 𝑗 )⟩

is indeed the inverse of the Riesz matrix 𝑅𝑌𝑖 , i.e.

𝑀 = 𝑅−1
𝑌𝑖
.

To see this, use the property of the dual basis that ⟨𝜙𝑖 , 𝜙 𝑗 ⟩ = 𝛿𝑖, 𝑗 , where 𝛿𝑖, 𝑗 is the Kronecker delta
function and that

⟨ℓ , 𝑦⟩ = ⟨ℓ ,R−1
𝑌𝑖
R𝑌𝑖 𝑦⟩ ∀ℓ ∈ 𝑌 ∗𝑖 ,∀𝑦 ∈ 𝑌𝑖 .

Let

ℓ1, ℓ2 ∈ 𝑌 ∗𝑖 with coefficients 𝛽1, 𝛽2 ∈ R𝑛𝑌𝑖

and representations ℓ1 =
𝑛𝑌𝑖∑︁
𝑖=1

𝛽1,𝑖𝜙𝑖 , ℓ2 =

𝑛𝑌𝑖∑︁
𝑖=1

𝛽2,𝑖𝜙𝑖 .
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Leveraging the linearity of the Riesz map, the following connection holds for ℓ1, ℓ2:

⟨ℓ2 ,R−1
𝑌𝑖
(ℓ1)⟩

= ⟨ℓ2 ,
𝑛𝑌𝑖∑︁
𝑖=1

𝛽1,𝑖R−1
𝑌𝑖
(𝜙𝑖)⟩

=

𝑛𝑌𝑖∑︁
𝑖=1

𝛽1,𝑖 ⟨ℓ2 ,R−1
𝑌𝑖
(𝜙𝑖)⟩

=

𝑛𝑌𝑖∑︁
𝑖=1

𝛽1,𝑖 ⟨
𝑛𝑌𝑖∑︁
𝑗=1

𝛽2, 𝑗𝜙 𝑗 ,R−1
𝑌𝑖
(𝜙𝑖)⟩

=

𝑛𝑌𝑖∑︁
𝑖=1

𝛽1,𝑖

𝑛𝑌𝑖∑︁
𝑗=1

𝛽2, 𝑗 ⟨𝜙 𝑗 ,R−1
𝑌𝑖
(𝜙𝑖)⟩

=

𝑛𝑌𝑖∑︁
𝑖=1

𝛽1,𝑖

𝑛𝑌𝑖∑︁
𝑗=1

𝛽2, 𝑗 (𝑀) 𝑗,𝑖

= 𝛽𝑇2 𝑅
−1
𝑌𝑖
𝛽1.

Hence, we can interpret the Riesz map R−1
𝑌𝑖

as an inner product on the dual space of the pre-activation
space 𝑌 ∗𝑖 and

R−1
𝑌𝑖
(ℓ1) = 𝑅−1

𝑌𝑖
𝛽1.

Using the notation from (5.5), (5.6) and Lemma 5.2, we can express the gradient of the loss function
w.r.t. the weight matrix𝑊𝑖 as

−∇𝑊𝑖
𝑓𝑗 (𝜃 ) = −𝑅−1

𝑌𝑖
𝛽𝛼𝑇𝑅𝑋𝑖−1,

where 𝑅𝑋𝑖−1 is the Riesz matrix associated with the basis on the post-activation space 𝑋𝑖−1 and 𝑅𝑌𝑖 is
the Riesz matrix associated with the basis on the pre-activation space 𝑌𝑖 . This shows the representation
in (5.4).

□

Remark 5.3 (Preconditioned Gradient of the Bias Vector). The Frobenius-type preconditioned gradient
w.r.t. the bias vector 𝑏𝑖 of the 𝑖-th layer can be derived in a similar manner. It only depends on the inner
product of the pre-activation space 𝑌𝑖 and is given by

∇𝑏𝑖 𝑓𝑗 (𝜃 ) = 𝑅−1
𝑌𝑖
𝛽 = 𝑅−1

𝑌𝑖
∇𝑦𝑖 𝑓𝑗 (𝜃 ) .

An alternative approach to compute the Frobenius-type preconditioned gradient (or any preconditioned
gradient in general) is to find the minimizer of the following optimization problem. The negative
Euclidean gradient of the loss function w.r.t. the weight matrix𝑊𝑖 is the solution of the optimization
problem

Minimize 𝜕𝑓 (𝜃 )
𝜕𝑊𝑖

𝛿𝑊 + 1
2 (𝛿𝑊 , 𝛿𝑊 )𝐹 over 𝛿𝑊 ,
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where (·, ·)𝐹 is the Frobenius inner product.

Using the more general Frobenius-type inner product instead of the classical Frobenius inner product
in the second term of the objective function, we can get the negative Frobenius-type preconditioned
gradient −𝐺 as described in Lemma 5.1 as the solution of the optimization problem

Minimize 𝜕𝑓 (𝜃 )
𝜕𝑊𝑖

𝛿𝑊 + 1
2 (𝛿𝑊 , 𝛿𝑊 )𝑋𝑖−1→𝑌𝑖 over 𝛿𝑊 .

This is true because the optimization problem is convex and the solution fulfills the first-order optimality
condition

𝜕𝑓 (𝜃 )
𝜕𝑊𝑖

𝛿𝑊 + (𝛿𝑊 ,−𝐺)𝑋𝑖−1→𝑌𝑖 = 0 ∀ 𝛿𝑊 ,

which is equivalent to

⇔ ⟨ 𝜕𝑓 (𝜃 )
𝜕𝑊𝑖

, 𝛿𝑊 ⟩ = (𝛿𝑊 ,𝐺)𝑋𝑖−1→𝑌𝑖 ∀ 𝛿𝑊 ,

which is the definition of the gradient w.r.t. the inner product (·, ·)𝑋𝑖−1→𝑌𝑖 .

There are many possibilities for equipping the layer spaces with inner products, and thereby inducing
inner products on the space of linear maps. Different choices of inner products on the layer spaces 𝑋𝑖−1
and 𝑌𝑖 induce different Frobenius-type preconditioners. A classical choice are predefined inner products
on the layer spaces which are fixed during training, given by the knowledge that the finite-dimensional
layer space has a specific a-priori known structure. These inner products are generally independent of
the training data and the optimization variable 𝜃 .

Example 5.4 (Sobolev Inner Products). For machine learning problems with a specific task such as
learning a Partial Differential Equation solution operator, non-Euclidean inner products resembling
discretized Sobolev inner products (see e.g. [62]) can be used on the first and last layer spaces 𝑋0, 𝑌𝐿 to
incorporate a-priori information. The layer spaces of the hidden layers often do not have a known structure,
hence Euclidean inner products are used on the hidden layer spaces 𝑋𝑖−1, 𝑌𝑖 for 𝑖 = 2, . . . , 𝐿 − 1.

Even though predefined inner products exist and can be leveraged in some training cases, often
underlying structures are unknown or too complex to be incorporated in a fixed inner product. Also,
predefined inner products might not be able to capture relevant structures of the layer spaces which
change during training.

5.3.2. Preconditioning with Covariance Information

An alternative to predefined inner products, which circumvents the issues of no or insufficient a-priori
knowledge about the layer spaces and their changing structure during training are data-driven inner
products which change with the iterations on the layer spaces, given by e.g. covariance or curvature
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information of the data. In this section we consider inner products on the layer spaces driven by
covariance information of the layer data.

We examine inner products on the layer spaces 𝑋𝑖−1 and 𝑌𝑖 which are constructed by available data on
the spaces. The easiest available data on the layer spaces is covariance information of the layer data,
more specifically samples of the random variable representing the layer data on 𝑋𝑖−1 and 𝑌𝑖 , which is
induced by the distribution of the training data and the current optimization variable 𝜃 . We consider
the data samples of the forward and backward pass which appear in the Euclidean gradient of the
weight matrix (2.28) and use it to compute covariance estimates of the random variables representing
the layer data. The covariance estimates are then used to define inner products on the layer spaces.

Since a sample or realization of the random variable 𝑥𝑖−1 is generated by the forward pass through the
neural network, it lies in the layer space 𝑋𝑖−1. A realization of the random variable 𝜕𝑓𝑗 (𝜃 )

𝜕𝑦𝑖
is generated

by the forward and backward pass through the neural network and has values in the dual space of
the layer space 𝑌𝑖 . Because of the different structure of the samples, we examine both layer spaces
separately. We start with the post-activation layer space 𝑋𝑖−1 and then consider derivative information
on the pre-activation layer space 𝑌𝑖 .

Inner Product on the Post-Activation Space 𝑋𝑖−1

Before we construct the covariance-based inner product on the layer space 𝑋𝑖−1, we shortly recall
the definition of the covariance operator for a zero-mean random variable in the general infinite-
dimensional case in order to understand the connection of the covariance to inner products on the
layer space.

For a zero-mean random variable 𝑥 with values in the space 𝑋 , the covariance operator (provided it
exists and is finite) is given by

E[𝑥𝑥∗∗] ∈ L(𝑋 ∗, 𝑋 ),

with bilinear form

𝑐 (ℓ1, ℓ2) = E[ℓ1𝑥𝑥∗∗ℓ2] = E[ℓ1(𝑥)𝑥∗∗(ℓ2)] = E[ℓ1(𝑥)ℓ2(𝑥)]

for ℓ1, ℓ2 ∈ 𝑋 ∗. Here, 𝑥∗∗ is the second dual of 𝑥 . The covariance operator is a symmetric positive
semi-definite operator, i.e. for all ℓ ∈ 𝑋 ∗ it holds that

⟨ℓ ,E[𝑥𝑥∗∗]ℓ⟩ = E[ℓ (𝑥)2] ≥ 0,

and acts one the dual space 𝑋 ∗ of 𝑋 . For more details on covariance operators, we refer the reader
to e.g. [121]. This implies that, given additional positive definiteness, the covariance of 𝑥 is an inner
product on the dual space 𝑋 ∗𝑖−1. Accordingly, we define the inner product on 𝑋𝑖−1 as the inverse
covariance of 𝑥 . Keep in mind that in order to use the covariance operator as an inner product, it has
to be invertible, i.e. positive definite, which is not guaranteed in general for covariance operators. In
order to ensure invertibility, we add a small positive multiple of a positive definite base metric to the
covariance operator.
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In finite dimensions, when 𝑥 is a random variable with values in R𝑛𝑋𝑖−1 , the covariance operator can
be represented by a covariance matrix (2.2), which has the form

Cov(𝑥) := E[𝑥𝑥𝑇 ] .

For a random variable 𝑥 with non-zero mean, the covariance operator is not a linear operator anymore,
but an affine linear operator and still acts on the dual space 𝑋 ∗ of 𝑋 . The associated covariance matrix
(2.2) is given by

Cov(𝑥) := E[(𝑥 − E[𝑥]) (𝑥 − E[𝑥])𝑇 ],

where E[𝑥] ∈ 𝑋 is the expectation (or mean) (2.1) of the random variable 𝑥 . A simple base metric to
ensure positive definiteness is the Euclidean inner product represented by a scaled identity matrix
𝛾 id with a small positive regularization parameter 𝛾 > 0. For a random variable with non-zero mean,
an alternative to the covariance is to use the second moment E[𝑥𝑥𝑇 ] as an inner product on the dual
space 𝑋 . For a zero-mean random variable, the second moment and the covariance coincide.

We now apply this information about the covariance operator to define an inner product on the finite-
dimensional post-activation layer space𝑋𝑖−1 using the random variable representing the post-activation
features 𝑥𝑖−1. Since the exact covariance is generally not computable in practice, we formulate empirical
approximations of the covariance using samples 𝑥𝑖−1( 𝑗) of the random variable 𝑥𝑖−1, where 𝑗 is the
sample index.

We start by fixing the trainable parameters 𝜃 . The covariance matrix of the random variable 𝑥𝑖−1 is
given by

Cov(𝑥𝑖−1) = E
[
(𝑥𝑖−1 − E[𝑥𝑖−1]) (𝑥𝑖−1 − E[𝑥𝑖−1])𝑇

]
,

since 𝑥𝑖−1 is generally a random variable with non-zero mean. The expectation is taken w.r.t. the
distribution of 𝑥𝑖−1 and hence is not exactly computable in practice. The exact covariance can be
approximated by the covariance matrix estimator (2.4)

ˆCov(𝑥𝑖−1) ≔
1
𝑁

𝑁∑︁
𝑗=1
(𝑥𝑖−1( 𝑗) − 𝑥𝑖−1) (𝑥𝑖−1( 𝑗) − 𝑥𝑖−1)𝑇 (5.8)

over a batch of 𝑁 i.i.d. samples drawn from the distribution of 𝑥𝑖−1, where 𝑥𝑖−1( 𝑗) is the 𝑗-th sample of
the batch. The quantity 𝑥𝑖−1 denotes the empirical mean (2.3) over the batch of samples

𝑥𝑖−1 ≔
1
𝑁

𝑁∑︁
𝑗=1
𝑥𝑖−1( 𝑗) . (5.9)

The samples are taken from the distribution of the post-activation layer 𝑝 (𝑥𝑖−1 | 𝑥0, 𝜃 ) which is induced
by the distribution of the input training data 𝑥0 denoted by 𝑝 (𝑥0) and by the current parameters 𝜃 and
the forward pass through the neural network. In order to draw a sample 𝑥𝑖−1( 𝑗) from the distribution
of the post-activation layer, we first draw a sample of the input data 𝑥0, 𝑗 by sampling from training
data input distribution 𝑝 (𝑥0) and then compute the forward pass for 𝑥0, 𝑗 with the current parameters
𝜃 up until the post-activation layer 𝑋𝑖−1 to get the sample 𝑥𝑖−1( 𝑗). Note that the distribution of 𝑥𝑖−1
depends only on the distribution of the input data and the current optimization variable 𝜃 and not on
the distribution of the labels, which will not be the case for the pre-activation layer 𝑌𝑖 .
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To ensure invertibility of the matrix representing the inner product, we finally set

𝑅−1
𝑋𝑖−1
(𝜃 ) :=

(
ˆCov(𝑥𝑖−1) + 𝛾𝐼

)−1
. (5.10)

The inner product (5.10) changes with each iteration since 𝑥𝑖−1 depends on the optimization variable 𝜃
(and on the mini-batch samples). There exist various possibilities how to deal with this changing inner
product in practice.

The first and most straightforward option is to recompute the covariance matrix from scratch in each
iteration using the current mini-batch of samples and invert it for the inner product. The samples
needed for the covariance computation are already generated during the forward pass of the current
mini-batch. At iteration 𝑘 , this leads to

𝑅
(𝑘 )
𝑋𝑖−1

:=
(

ˆCovmini-batch from iteration k(𝑥𝑖−1) + 𝛾𝐼
)−1

. (5.11)

This ensures that the inner product is always up-to-date with the current optimization variable 𝜃
but can be computationally expensive. Alternatively, one could also perform a forward pass with
a different mini-batch of input data samples just for the covariance computation. But, this would
increase the computational cost even more.

When one assumes that the optimization variable 𝜃 changes only slightly in each iteration, we can
also reuse covariance information from previous iterations to save computational resources and get
a potentially more stable estimate of the covariance matrix. An option is to perform an exponential
averaging of the covariance matrix from the current mini-batch and the covariance matrix from the
last iteration. Here, 𝛽 ∈ [0, 1] is a hyperparameter controlling the influence of the new covariance
estimate from the current mini-batch. At iteration 𝑘 , this leads to

𝑅
(𝑘 )
𝑋𝑖−1

:=
(
(1 − 𝛽) ˆCovused in last iteration(𝑥𝑖−1) + 𝛽 ˆCovmini-batch from iteration k(𝑥𝑖−1) + 𝛾𝐼

)−1
.

Alternatively we can perform exponential averaging of the inverse covariance matrix from the current
mini-batch and the inverse covariance matrix from the last iteration. Here, 𝛽 ∈ [0, 1] is again a
hyperparameter controlling the influence of the new inverse covariance estimate from the current
mini-batch. At iteration 𝑘 , this leads to

𝑅
(𝑘 )
𝑋𝑖−1

:= (1 − 𝛽)𝑅 (𝑘−1)
𝑋𝑖−1

+ 𝛽
(

ˆCovmini-batch from iteration k(𝑥𝑖−1) + 𝛾𝐼
)−1

.

For both exponential averaging options, the initialization of the covariance matrix in the first iteration
𝑅
(0)
𝑋𝑖−1

can be done by computing the covariance from the first mini-batch. Additionally, it is also
possible to update the covariance matrix only every 𝐾 iterations to save computational resources for
all options mentioned above.

After having established an inner product on the post-activation layer space 𝑋𝑖−1, we now consider
the pre-activation layer space 𝑌𝑖 and define an inner product there using covariance information of
the backward data on the pre-activation layer. It turns out that this covariance data forms an inner
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product on the double dual space of the pre-activation layer space 𝑌𝑖 , contrary to the post-activation
layer.

Inner Product on the Pre-Activation Space 𝑌𝑖

Before we construct the covariance-based inner product on the layer space 𝑌𝑖 , we shortly recall the
definition of the covariance operator for a zero-mean random variable with values in the dual space in
order to understand the connection of the covariance to inner products on the layer space.

For a zero-mean random variable ℓ with values in the dual space 𝑌 ∗, the covariance operator is given
by

E[ℓℓ∗∗] ∈ L(𝑌 ∗∗, 𝑌 ∗),

with bilinear form

𝑐 (𝑦1, 𝑦2) = E[𝑦1(ℓ)ℓ∗∗(𝑦2)] = E[⟨ℓ , 𝑦1⟩⟨ℓ , 𝑦2⟩]

for 𝑦1, 𝑦2 ∈ 𝑌 ∗∗𝑖 and their primal representatives 𝑦1, 𝑦2 ∈ 𝑌𝑖 . We see that the covariance operator acts
on the double dual space 𝑌 ∗∗𝑖 . Using the isomorphism between the double dual and the primal space,
we deduce that the covariance of ℓ , given additional positive definiteness, is an inner product on the
primal space 𝑌𝑖 , in contrast to the post-activation layer case where the covariance formed an inner
product on the dual space. Accordingly, we define the inner product on 𝑌𝑖 as the covariance of ℓ . Keep
in mind that, also in this case, in order to use the covariance operator as an inner product, it has to be
invertible, i.e. positive definite, which is not guaranteed in general. In order to ensure invertibility, we
add a small positive multiple of a positive definite base metric to the covariance operator.

When 𝑌 = R𝑛𝑌𝑖 , the covariance operator can be represented by a covariance matrix, which has the
form

Cov(ℓ) := E[ℓ⊤ℓ],

where ℓ ∈ 𝑌 ∗ is interpreted as a row vector in R𝑛𝑌𝑖 . Since we consider a setting where no known
a-priori structure on𝑌𝑖 exists yet, we use the Euclidean inner product on𝑌𝑖 . Using the Riesz representer
𝑦ℓ = R−1

𝑌
(ℓ) ∈ 𝑌 of the random variable ℓ , which is the Euclidean gradient of ℓ in this setting, we can

equivalently express the covariance matrix in terms of 𝑦ℓ as

Cov(ℓ) := E[𝑦ℓ𝑦𝑇ℓ ] .

For a random variable ℓ with non-zero mean, the covariance is an affine linear operator. The associated
covariance matrix (formulated in terms of the Euclidean gradient) is still given by

Cov(ℓ) := E[(𝑦ℓ − 𝑦ℓ ) (𝑦ℓ − 𝑦ℓ )𝑇 ],

where 𝑦ℓ := E[𝑦ℓ ] ∈ 𝑌𝑖 is the mean of the random variable 𝑦ℓ . A simple base metric to ensure positive
definiteness is the Euclidean inner product represented by a scaled identity matrix 𝛾 id with a small
positive regularization parameter 𝛾 > 0. For a random variable with a non-zero mean, an alternative
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to the covariance is to use the second moment

E[𝑦ℓ𝑦𝑇ℓ ]

as an inner product on the primal space 𝑌𝑖 . For a zero-mean random variable, the second moment and
the covariance coincide.

Now we apply this to define an inner product on the finite-dimensional pre-activation layer space 𝑌𝑖
using the random variable representing the derivative information 𝜕𝑓 (𝜃 )

𝜕𝑦𝑖
. Since the exact covariance is

generally not computable in practice, we formulate empirical approximations of the covariance using
samples ∇𝑦𝑖 𝑓 (𝜃 ) ( 𝑗) of the random variable ∇𝑦𝑖 𝑓 (𝜃 ).

We start by fixing the trainable parameters 𝜃 . The covariance matrix of the random variable ∇𝑦𝑖 𝑓 (𝜃 )
is given by

Cov(∇𝑦𝑖 𝑓 (𝜃 )) = E
[
(∇𝑦𝑖 𝑓 (𝜃 ) − E[∇𝑦𝑖 𝑓 (𝜃 )]) (∇𝑦𝑖 𝑓 (𝜃 ) − E[∇𝑦𝑖 𝑓 (𝜃 )])𝑇

]
,

since ∇𝑦𝑖 𝑓 (𝜃 ) is generally a random variable with non-zero mean . The expectation is taken w.r.t. the
distribution of ∇𝑦𝑖 𝑓 (𝜃 ) and hence is not exactly computable in practice. The exact covariance can be
approximated by the covariance matrix estimator

ˆCov(∇𝑦𝑖 𝑓 (𝜃 )) ≔
1
𝑁

𝑁∑︁
𝑗=1
(∇𝑦𝑖 𝑓 (𝜃 ) ( 𝑗) − ∇𝑦𝑖 𝑓 (𝜃 )) (∇𝑦𝑖 𝑓 (𝜃 ) ( 𝑗) − ∇𝑦𝑖 𝑓 (𝜃 ))𝑇 (5.12)

over a batch of 𝑁 i.i.d. samples drawn from the distribution of ∇𝑦𝑖 𝑓 (𝜃 ), where ∇𝑦𝑖 𝑓 (𝜃 ) ( 𝑗) is the 𝑗-th
gradient sample of the batch. The quantity ∇𝑦𝑖 𝑓 (𝜃 ) denotes the empirical mean over the batch of
samples

∇𝑦𝑖 𝑓 (𝜃 ) ≔
1
𝑁

𝑁∑︁
𝑗=1
∇𝑦𝑖 𝑓 (𝜃 ) ( 𝑗) . (5.13)

The samples are drawn from the distribution of the gradient on the pre-activation layer 𝑝 (∇𝑦𝑖 𝑓 (𝜃 ) |
𝑥0, 𝑦label, 𝜃 ) which is induced by the distribution of the training data 𝑥0, 𝑦label and by the current
parameters 𝜃 and the forward and backward pass through the neural network. We assume the following
model of the training data distribution, which is often used for parameter estimation problems:

𝑝𝜃 (𝑦 | 𝑥) = 𝑝 (𝑦 | 𝑔(𝜃, 𝑥)),

i.e. we assume that the distribution of 𝑦 is parametrized by 𝜃 through the model 𝑔. In the following, we
use the relation 𝑝𝜃 (𝑥, 𝑦) = 𝑝𝜃 (𝑥)𝑝𝜃 (𝑦 |𝑥) = 𝑝 (𝑥)𝑝 (𝑦 | 𝑔(𝜃, 𝑥)). In order to draw a sample ∇𝑦𝑖 𝑓 (𝜃 ) ( 𝑗)
from the distribution of the gradient on the pre-activation layer, we first draw a sample of the input
data 𝑥0, 𝑗 by sampling from training data input distribution 𝑝 (𝑥0) and compute a forward pass for 𝑥0, 𝑗
with the current parameters 𝜃 through the whole network to sample from the training data output
distribution given the input and the model parameters 𝑝 (𝑦 |𝑥0, 𝑗 , 𝜃 ) = 𝑝 (𝑦 |𝑔(𝜃, 𝑥0, 𝑗 )) to get a sample of
the label data 𝑦label𝑗 needed for the backward pass. Then, we compute the backward pass with the
current parameters and model output given the sampled label (i.e. we replace the training label by the
obtained sample) to get the sample ∇𝑦𝑖 𝑓 (𝜃 ) ( 𝑗). Note that the distribution of ∇𝑦𝑖 𝑓 (𝜃 ) depends on the
distribution of the input data, the labels, and the current optimization variable 𝜃 . In order to compute
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samples from ∇𝑦𝑖 𝑓 (𝜃 ), an additional backward pass is necessary compared to the post-activation layer
case. A more detailed description of how to sample from the output distribution 𝑝 (𝑦 |𝑥, 𝜃 ) is given in
Section 2.5.3.

Remark 5.5 (Distribution of Label Data). It is also possible to assume that the training data distribution
𝑝 (𝑥, 𝑦) is fixed and independent of the model parameters 𝜃 . Then, we can directly sample from the training
data labels 𝑦label𝑗 instead of sampling from the output distribution 𝑝 (𝑦 |𝑥, 𝜃 ).

In order to ensure invertibility of the matrix representing the inner product, we finally set

𝑅𝑌𝑖 (𝜃 ) := ˆCov(∇𝑦𝑖 𝑓𝑗 (𝜃 )) + 𝛾𝐼 (5.14)

and accordingly
𝑅−1
𝑌𝑖
(𝜃 ) :=

(
ˆCov(∇𝑦𝑖 𝑓𝑗 (𝜃 )) + 𝛾𝐼

)−1
.

The inner product (5.14) changes with each iteration since ∇𝑦𝑖 𝑓𝑗 (𝜃 ) depends on the optimization
variable 𝜃 . There exist various possibilities how to deal with this changing inner product in practice.
The options are analogous to the ones described for the post-activation layer space 𝑋𝑖−1, wherefore we
do not repeat them here, but refer to the last paragraph.

To summarize, the Frobenius-type data-driven preconditioned gradient w.r.t. the weight matrix𝑊𝑖 for
one training datum is given by

∇𝑋𝑖−1→𝑌𝑖
𝑊𝑖

𝑓𝑗 (𝜃 ) = 𝑅−1
𝑌𝑖
∇eucl𝑊𝑖

𝑓𝑗 (𝜃 )𝑅𝑋𝑖−1

=

(
ˆCov(∇eucl𝑦𝑖

𝑓 (𝜃 )) + 𝛾1𝐼
)−1
∇eucl𝑦𝑖

𝑓𝑗 (𝜃 )𝑥𝑇𝑖−1

(
ˆCov(𝑥𝑖−1) + 𝛾2𝐼

)−1
.

For a mini-batch of 𝐵 training data, the Frobenius-type preconditioned gradient is given by

∇𝑋𝑖−1→𝑌𝑖
𝑊𝑖

𝑓 (𝜃 ) =
(

ˆCov(∇eucl𝑌𝑖
𝑓 (𝜃 )) + 𝛾1𝐼

)−1 1
𝐵

𝐵∑︁
𝑗=1
∇eucl𝑌𝑖

𝑓𝑗 (𝜃 )𝑥𝑖−1( 𝑗)𝑇
(

ˆCov(𝑥𝑖−1) + 𝛾2𝐼
)−1

. (5.15)

Multiplying the respective gradient components by the inverse covariance suppresses gradient
components aligned with high-variance directions while preserving or amplifying components aligned
with low-variance directions.

Relation to Kronecker-Factored Approximate Curvature (K-FAC)

The covariance-driven Frobenius-type preconditioner (5.15) was inspired by inner products on the space
of linear maps which were constructed with covariance information. The resulting preconditioner has a
strong resemblance to the backbone of the well-known K-FAC method [91]. K-FAC is an approximation
of the NGD preconditioner tailored to the neural network architecture which uses, among others,
a Kronecker-factored approximation of the FIM. This leads to a preconditioned gradient which
has the same basic structure as the Frobenius-type preconditioned gradient given in (5.15), but uses
second moment estimates instead of covariance estimates for the preconditioning. Hence, K-FAC
can be interpreted as a specific choice of the Frobenius-type preconditioner using (damped) second
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moment estimates as inner products on the layer spaces. Generally, the Frobenius-type preconditioning
framework allows for a wider range of inner products on the layer spaces using covariance or second
moment information for an example. Further, K-FAC adds various additional heuristics to work well in
practice, such as a more intricate damping strategy, momentum, and rescaling of the update direction. A
more detailed description of K-FAC and its derivation from the NGD method is given in Section 2.5.4.

Covariance Estimation

Updating the preconditioning matrices 𝑅𝑌𝑖 and 𝑅𝑋𝑖−1 over the course of training is generally possible
in many ways. The proposed method above is only one possible way to do so. Generally, many
works in the literature use covariance or second moment information to precondition the gradient in
neural network training; some methods build on the K-FAC method and some were developed earlier.
The main difference between these methods lies in the way how the covariance or second moment
estimates are computed and updated in the course of training. We summarize and categorize the main
aspects in how all methods differ in the following list:

• Time window for covariance data: current mini-batch, last 𝐾 iterations, or all previous
iterations.

• Data source and size: exact expectation, empirical mean over current mini-batch, or empirical
mean over an external sample (specify 𝑁 ).

• Update frequency: every iteration, every 𝐾 iterations, or a single estimate.
• Structural approximation: dense, low-rank plus diagonal, or diagonal.
• Inversion strategy: update inverse directly (e.g. rank updates) or recompute inverse from
covariance each update.

• Damping: none, scalar damping, or adaptive damping.
• Inclusion of mean: covariance (centered) or second moment (uncentered).

Generally, covariance-driven Frobenius-type preconditioners are concerned with the same choices as
listed above.

Remark 5.6 (Relation to Quasi-Newton (QN) Ideas). For Hessian-Free Optimization, QN methods are a
successful approach to approximate the Hessian matrix if it is too expensive to compute it directly. The
idea is to use the curvature information of the loss function to approximate the Hessian matrix, and the
methods rely on the secant condition as a backbone for their updates. For covariance matrices there exists
no comparable concept of a secant condition, hence these methods can not be applied directly in this
context. There exists a result in [41] which formulates a secant condition for covariance matrices and
applies QN updates to covariance matrix approximations. However, this turns out to be a more expensive
way to compute the inverse of the covariance matrix using the Sherman-Morrison-Woodbury (SMW)
formula [115]. Hence, we will not consider QN update ideas for the covariance matrices in this work.
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5.3.3. Numerical Experiments

In this subsection, we present numerical experiments for Feedforward Neural Network (FNN) training
using the Frobenius-type covariance-based preconditioner described in Section 5.3.2. We compare the
performance of unpreconditioned SGD and preconditioned SGD using the Frobenius-type covariance-
based preconditioner. Since there is no theoretical proof of good functionality of the proposed
preconditioner, we investigate whether it leads to an improved training performance compared
to unpreconditioned SGD and for which tasks this may be the case. We perform experiments on
classification tasks and an autoencoder task using the MNIST dataset. This will also give insights
into whether the good performance of K-FAC in practice is really due to the covariance-based
preconditioning or rather due to additional heuristics used in K-FAC. To understand the mechanics of
the covariance-based preconditioner during training, we also analyze the behavior of the gradients
and inner products induced by the covariance estimates over the course of training.

The experiments were implemented using PyTorch [103] and BackPACK [23]. The detailed experiment
setup is given in Appendix B.4.

Classification Task with ReLU-FNN

We start by considering a classification task on the MNIST dataset (cf. Figure 2.5) with flattened input
images of size 28× 28 = 784. We use a FNN with the architecture 784− 100− 100− 100− 10 with ReLU
activations, i.e. with 3 hidden layers of width 100 each. The network is trained to minimize the CE-loss
using mini-batch SGD with and without the Frobenius-type covariance-based preconditioner. A batch
size of 100 is used for all training runs. This setup is similar to the one used in [34] and uses commonly
employed hyperparameter choices.

We employ second moment estimates instead of covariance estimates for the preconditioning and
use a fixed damping term with 𝛾 = 0.01 for both covariance estimates. The estimates are updated in
each iteration using the current mini-batch as described in (5.11). We implemented the Frobenius-type
covariance-based preconditioner using the BackPACK [23] extension for PyTorch [103] to compute
the second moment estimates (without damping). This is because BackPACK does not provide an
implementation to compute covariance estimates directly. Hence, the samples needed for the estimate
on the pre-activation layer are drawn as described in Section 2.5.3.

In order to eliminate the variability of the decrease of the loss function that is due to learning rate
schedules, we decided to run the trainings with fixed learning rates for both unpreconditioned SGD
and preconditioned SGD. We train the network for 30 epochs, leading to 18, 000 iterations with batch
size 100. We compare the performance of unpreconditioned SGD and preconditioned SGD for a grid
of fixed learning rates. Then, we select the best learning rate for both methods based on the lowest
training loss achieved in the last iterations of training and compare them against each other. In the
following, we will refer to these best-performing learning rates as champion learning rates.

Considering the decrease of the loss functions w.r.t. iterations in Figure 5.1, we see that the Frobenius-
type covariance-based preconditioner does not perform better than unpreconditioned SGD for this
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task. Both champion methods achieve a similar decrease of the loss function w.r.t. iterations, with the
unpreconditioned method being even slightly better. Additionally, a high noise level can be observed
for both methods. Since the computational cost per iteration is higher for the preconditioned method
due to the covariance estimates, the unpreconditioned method outperforms the preconditioned method
also w.r.t. wall-clock time.
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Figure 5.1.: Comparison of the champions of unpreconditioned SGD (learning rate 𝛼 ≈ 5 × 10−4) and
preconditioned SGD (learning rate 𝛼 ≈ 0.3) using the Frobenius-type covariance-based
preconditioner for MNIST classifier training. The figure shows loss vs iterations.

In order to get a deeper understanding of the mechanics of the covariance-based preconditioner during
training, we analyze the behavior of the gradients and inner products induced by the covariance
estimates over the course of training. Because each weight matrix contains many parameters, we
summarize layer-wise behavior by monitoring gradient norms of the weight matrices instead of the full
parameter vector norm or absolute values of individual parameters. We plot the norms of the weight
gradients over the course of training iterations in Figure 5.2. For unpreconditioned SGD (top row), we
see that the gradient norms first shortly increase and then decrease over training for all layers, with
the first layer having the largest gradient norms. The Euclidean gradient norms (middle row) and the
Frobenius preconditioned gradient norms (bottom row) of the preconditioned training display a higher
noise level compared to the unpreconditioned training. Additionally, the scale of the gradient norms
does not change significantly over training for all layers for both methods and the scale of the gradient
norms of the preconditioned training is generally smaller than for the unpreconditioned training.

To understand the mechanics of the covariance-based preconditioner during training, we analyze
the behavior of the eigenvalues of the inner products on the layer spaces which are induced by the
covariance estimates over the course of training. The eigenvalues of the inner product matrices plotted
over iterations for the champion of the preconditioned method are shown in Figure 5.3. We observe
that the eigenvalues of the covariance matrices for the post-activation features (left column) and
the pre-activation gradients (right column) behave differently over the course of training. For the
covariance on the post-activation layer, the magnitude of the eigenvalues stays similar over training
for all layers. The eigenvalues of the covariance matrix on the pre-activation layer show a different
behavior. For all layers, most of the eigenvalues are close to zero during training while the two to three
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Figure 5.2.: Gradient norms for the training in Figure 5.1. Top: Euclidean gradient norms of
unpreconditioned SGD (for learning rate 𝛼 ≈ 0.3). Middle: Euclidean gradient norms
of preconditioned training (learning rate 𝛼 ≈ 5 × 10−4). Bottom: Frobenius preconditioned
gradient norms of preconditioned training (learning rate 𝛼 ≈ 5 × 10−4).

largest eigenvalues take significantly larger values in a very noisy and unstable manner. This suggests
that the preconditioning in the pre-activation space is mostly ineffective and random since most
directions are scaled by the identity due to the damping, while still having a high computational cost
for estimating the covariance. The gradient norms displayed in Figure 5.2 suggest the same conclusion
since the noise level of the gradients is high. In this experiment, the Frobenius-type covariance-based
preconditioner is not able to improve loss decrease compared to unpreconditioned SGD over iteration
count; even more, it is slightly worse. For the next experiment, we consider a setting where the
Frobenius-type covariance-based preconditioner is able to improve training performance compared
to unpreconditioned SGD. We are going to analyze the behavior of the gradients and inner products
induced by the covariance estimates over the course of training for this setting as well and compare it
to the previous experiment.
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Figure 5.3.: Spectra of the covariance matrices for the preconditioned champion of the ReLU-FNN
classification task on MNIST dataset with learning rate ≈ 5 × 10−4. Left: Covariance of
post-activation features. Right: Covariance of pre-activation gradients.

Autoencoder Task with Sigmoid-FNN

Next, we consider an autoencoder task (cf. Figure 2.3) on theMNIST dataset (cf. Figure 2.5) with flattened
input images of size 28 × 28 = 784. We choose this task since it is more complex than the classification
task and K-FAC [91] reported good results in the specific setting, which we aim to reproduce here. A
fully-connected autoencoder with the architecture 784−1000−500−250−30−25−500−1000−784 and

Leonie Kreis 134



Optimization Techniques for Neural Networks Leonie Kreis

sigmoid activations is used. We train the autoencoder to minimize the MSE-loss using mini-batch SGD
with and without the Frobenius-type covariance-based preconditioner. Since good results are reported
in [91] for large batch sizes, we use a batch size of 1000 for all our experiments. The preconditioner
is implemented as described in the experiment above, cf. Section 5.3.3. A damping term of 𝛾 id with
𝛾 = 0.001 is used for both covariance estimates for all weight matrices.

We perform experiments for a grid of fixed learning rates for both unpreconditioned SGD and
preconditioned SGD using the Frobenius-type covariance-based preconditioner. Then we train for 30
epochs (leading to 1800 iterations with batch size 1000) and select the champion learning rate for both
methods based on the lowest training loss achieved after 30 epochs. All experimental details are given
in Appendix B.4.

We observe in Figure 5.4 that the loss over the iterations decreases significantly more for the precondi-
tioned champion compared to the champion of unpreconditioned SGD. This shows that the Frobenius-
type covariance-based preconditioner has the potential to significantly improve training performance
compared to unpreconditioned SGD. After performing similarly to the unpreconditioned method in the
first iterations, the preconditioned method is able to escape the minimum found by unpreconditioned
SGD and to decrease the loss further at around iteration 140. Naturally, the preconditioned method has
a higher computational cost per iteration due to the covariance estimates. Examining the loss over wall-
clock time, the advantage of the preconditioned method shrinks, but it is still able to achieve a lower
loss in the same amount of time compared to unpreconditioned SGD. This is, because unpreconditioned
SGD in this case seems to fail to escape a minimum found after only a few iterations even when given
significantly more time. The general behavior for the grid of learning rates for both preconditioned
and unpreconditioned SGD is shown below in Figure 5.8 and Figure 5.9.
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Figure 5.4.: Comparison of the champions of unpreconditioned SGD (learning rate 𝛼 = 0.1) and
preconditioned SGD (learning rate 𝛼 = 0.1) using the Frobenius-type covariance-based
preconditioner for MNIST autoencoder training. The figure shows loss vs iterations.

We examine the gradient normsw.r.t. the Euclidean inner product for unpreconditioned SGD and for the
preconditioned method both w.r.t. the Euclidean inner product and the Frobenius-type inner product
induced by the covariance estimates. We observe from Figure 5.5 that the values of the Euclidean
gradient norms of unpreconditioned SGD stay at their respective order of magnitude over the whole
training. In the beginning of the training all gradient norms decrease slowly in a similar fashion until
the method starts to plateau. Then the gradient norms stagnate at their individual scale. This behavior
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is mirrored in the loss decrease shown in Figure 5.4 where the loss stagnates after a few iterations. For
the preconditioned method, we observe a different behavior. The Euclidean gradient norms start at a
similar scale as for unpreconditioned SGD and decrease, but then their behavior changes significantly
at around iteration 140. This is the same iteration where the loss starts to decrease further for the
preconditioned method in Figure 5.4. After this point, the Euclidean gradient norms change their
scale and become more similar in their order of magnitudes across all layers. This indicates that the
preconditioner is able to change the direction of the gradient significantly at this point and escape the
minimum found by unpreconditioned SGD. At the same time, this is unexpected since the norms are
not scaled by the dimensions of the weight matrices which indicates that the preconditioner is able to
find large parameter values in all directions of the weight matrices without disrupting the training
process. For the Frobenius-type gradient norms of the preconditioned method we observe a similar
but more noisy picture as for the Euclidean gradient norms of preconditioned SGD.
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Figure 5.5.: Gradient norms for the training in Figure 5.4. Top: Euclidean gradient norms of
unpreconditioned SGD (for learning rate 𝛼 = 0.1). Middle: Euclidean gradient norms
of preconditioned training (learning rate 𝛼 = 0.1). Bottom: Frobenius preconditioned
gradient norms of preconditioned training (learning rate 𝛼 = 0.1).

We also examine the spectra of the inner product matrices used for the preconditioning over the
course of training. We tracked the spectra of all covariance matrices of all layers during training. The
results for the champion learning rate are shown in Figures 5.6 and 5.7 for the encoder and decoder
part of the autoencoder, respectively. We observe that the spectra of all covariance matrices change
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significantly over the course of training. The most outstanding observation is that the spectra of
all covariance matrices of the pre-activation layer spaces increase their scale significantly at around
iteration 140. This, again, coincides with the iteration where the loss starts to decrease further and
where the Euclidean gradient norms change their scale. Also, comparing the spectra of the inner
product matrices of the post-activation layer spaces to the pre-activation layer spaces, we observe
that the spectra have different range of scales. In particular, the post-activation layer covariance
matrices all have one very large eigenvalue compared to the rest of the spectrum which does not
change significantly over the course of training, which can also be observed in the previous experiment
in Figure 5.3. Finding the cause for the displayed behavior of the spectra is subject of future research.
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Figure 5.6.: Spectra of the covariance matrices for the champion for autoencoder training. Encoder.
Left: Covariance of post-activation features. Right: Covariance of pre-activation gradients.
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Figure 5.7.: Spectra of the covariance matrices for the champion for autoencoder training. Decoder.
Left: Covariance of post-activation features. Right: Covariance of pre-activation gradients.
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Figure 5.8.: The figure shows loss over iterations for unpreconditioned SGD runs for MNIST
autoencoder training with different fixed learning rates.

The general performance of unpreconditioned SGD for different fixed learning rates on the autoencoder
problem is shown in Figure 5.8. We observe that all learning rates lead to the approximately same
minimal loss value and none of the learning rates used in training with unpreconditioned SGD are
able to decrease the loss further within 30 epochs (and even longer). Larger learning rates reach
this loss minimum faster, while smaller learning rates have a slower loss decay. This suggests that
unpreconditioned SGD gets caught in a local minimum in this experiment setup for all learning rates
tested. Of course, this behavior might not be observed when e.g. a different architecture or learning
rate schedules are used.
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Figure 5.9.: The figure shows loss over iterations for preconditioned SGD runs for MNIST autoencoder
training with different fixed learning rates.

Additionally, we examine the behavior of the preconditioned SGD for different fixed learning rates on
this autoencoder problem for 30 epochs in Figure 5.9. When examining the range of the loss values
in Figure 5.9, compared to Figure 5.8, it is prominent that the loss values take on different scales. We
observe that for all displayed learning rates the preconditioned method is able to achieve a smaller
loss than unpreconditioned SGD after 30 epochs. Training preconditioned SGD with larger learning
rates leads to an eventually unstable behavior for later iterations, while smaller learning rates lead to a
slower loss decay. This shows that the choice of the learning rate is important for the performance
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of the preconditioned method as well, but is robust in the sense that all learning rates tested lead
to a better performance than unpreconditioned SGD in this experiment setup. Also, decreasing the
learning rate over time might lead to an even better performance of the preconditioned method.

Compared to the setup in Section 5.3.3, the covariance-based preconditioner is able to improve training
performance significantly for this autoencoder task. Also, the gradient norms and spectra of the
covariance matrices display a more active behavior with significant changes of scale over the course of
training compared to the previous classification task, where only few but erratic changes were observed.
This suggests that the covariance-based preconditioner is able to adapt better to the optimization
landscape in this experiment setup and is hence able to improve training performance significantly. At
the same time, unpreconditioned SGD seems to struggle in this particular setup, probably due to the
high complexity of the loss landscape.

Classification Task with Sigmoid-FNN

Next, we examine a classification task on the MNIST dataset (Figure 2.5) with hyperparameters inspired
by the autoencoder experiment in Section 5.3.3. Similar hyperparameters as in the autoencoder
experiment are chosen to see whether preconditioned SGD can also improve training performance for
classification tasks in this setting. We employ a shallow FNN architecture with widths 784−100−10 with
sigmoid activations. We choose a shallow architecture, because the covariance-based preconditioner is
computationally expensive for large architectures and at the same time, unpreconditioned SGD can
struggle to train shallow networks, because they are generally less over-parametrized than deeper
networks and hence harder to optimize. To train the network, we minimize the CE-loss using mini-
batch SGD with and without the Frobenius-type covariance-based preconditioner. We use a batch
size of 1000, as in the autoencoder experiment. The preconditioner is implemented as described in
Section 5.3.3.

We perform experiments for a grid of fixed learning rates for both unpreconditioned SGD and
preconditioned SGD using the Frobenius-type covariance-based preconditioner. Then we train for 30
epochs (leading to 18,000 iterations with batch size 1000) and select the champion learning rate for
both methods based on the lowest training loss achieved after 30 epochs.

We observe in Figure 5.10 that, contrary to the first classification experiment in Section 5.3.3, the loss over
iterations decreases significantly more for the preconditioned method compared to unpreconditioned
SGD, as is the case for the autoencoder training in Section 5.3.3. This observation even holds true
for the first iterations of training. Examining the loss over wall-clock time, the advantage of the
preconditioned method is less pronounced, but it is still able to achieve a significantly lower loss
in the same amount of time compared to unpreconditioned SGD. Here, unpreconditioned SGD was
computed for more epochs to show that the preconditioned method reaches a lower loss in the same
time. Even for the longer time which unpreconditioned SGD was given, it is not able to reach the loss
achieved by the preconditioned method.

Comparing the gradient norms w.r.t. the Euclidean inner product for unpreconditioned SGD and for the
preconditioned method both w.r.t. the Euclidean inner product and the Frobenius-type inner product
induced by the covariance estimates in Figure 5.11, we observe that the scale of the Euclidean gradient
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Figure 5.10.: Comparison of the champions of preconditioned SGD (learning rate 𝛼 ≈ 0.024) and
unpreconditioned SGD (learning rate 𝛼 = 1.0) using the Frobenius-type covariance-based
preconditioner for MNIST autoencoder training. Top: Loss over iterations. Bottom: Loss
over time.

norms of unpreconditioned SGD decreases less compared to the gradient norms of the preconditioned
method, where the order of magnitude of both the Euclidean and Frobenius-type gradient norms of
the preconditioned training decreases significantly over the course of training in accordance with the
loss decrease. However, this behavior is completely different from the one observed in the autoencoder
experiment in Figure 5.5.

Examining the spectra of the covariance matrices used for the preconditioning over the course of
training in Figure 5.12, their behavior is different from the one observed in the autoencoder experiment
in Figures 5.6 and 5.7 as well. The difference is most pronounced for the covariance matrices of the
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Figure 5.11.: Gradient norms for the training in Figure 5.10. Top: Euclidean gradient norms of
unpreconditioned SGD (for learning rate 𝛼 = 1.0). Middle: Euclidean gradient norms
of preconditioned training (learning rate 𝛼 ≈ 0.024). Bottom: Frobenius preconditioned
gradient norms of preconditioned training (learning rate 𝛼 ≈ 0.024).

pre-activation layer spaces, where we do not observe a significant change in scale over the course of
training, but a few peaks in the spectrum appear and disappear over the course of training.

In the above experiments we have seen that the Frobenius-type covariance-based preconditioner can
significantly improve training performance compared to unpreconditioned SGD for certain tasks and
settings. However, the behavior of the gradients and covariance spectra during training differs for the
different tasks and settings, even when both tasks benefit from the covariance-based preconditioner.
This indicates that the mechanics of the covariance-based preconditioner during training are not
yet fully understood and require further investigation. In order to examine more exactly when
and why the covariance-based preconditioner helps and when not, further experiments varying
single hyperparameters such as the architecture, activation functions, batch size, and damping are
necessary.
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Figure 5.12.: Spectra of the covariance matrices for the preconditioned champion for classification
training in Figure 5.10. Left: Covariance of post-activation features. Right: Covariance of
pre-activation gradients.

5.4. Discussion

In this chapter we have developed a layer-wise preconditioning framework for Feedforward Neural
Networks. Choosing layer-wise preconditioners instead of a global preconditioner for all weights
of the neural network has the advantage that the preconditioned gradient w.r.t. the weight matrix
𝑊𝑖 of the 𝑖-th layer can be computed independently of the other layers and is hence generally less
computationally expensive. The preconditioning is based on an inner product on the space of linear
maps between the post-activation spaces 𝑋𝑖−1 and pre-activation spaces 𝑌𝑖 of each layer 𝑖 , which is
induced by the inner products on the layer spaces. The framework allows using predefined fixed
inner products which arise from a-priori knowledge about the data or the task at hand, but also
data-dependent inner products based on e.g. covariance information of the layer spaces in the course of
training, which are updated online during training. In particular, we have presented a Frobenius-type
covariance-based preconditioner which takes the varying stochastic structure of the data in the layer
spaces into account. It uses covariance estimates of the post-activation features and pre-activation
gradients as inner products on the layer spaces. This specific type of preconditioning coincides with
the backbone of the well-known K-FAC method [91] when second moment estimates are used instead
of covariance estimates.

We have conducted numerical experiments for Feedforward Neural Network training using the
Frobenius-type covariance-based preconditioner on classification and autoencoder tasks on the MNIST
dataset. We differ in our implementation from K-FAC because we do not use any additional heuristics
such as momentum, learning rate schedules, or adaptive damping strategies (cf. Section 2.5.4) and
train with fixed learning rates using mini-batch SGD. This allows us to isolate the effect of the
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covariance-based preconditioning on the training performance better. The experiments show that
the covariance-based preconditioner has the potential to significantly improve training performance
compared to unpreconditioned SGD for certain settings. This is most pronounced in scenarios where
unpreconditioned SGD struggles to escape local minima and is in line with the good performance
of K-FAC reported in the literature. However, the improved performance is not consistent across
arbitrary tasks and settings. In particular, for the first classification experiment using a ReLU-FNN
architecture, the covariance-based preconditioner was not able to outperform unpreconditioned SGD
and can even lead to worse decrease in the loss value. Analyzing the behavior of the gradients of the
weight matrices and inner products induced by the covariance estimates over the course of training,
we observed different not yet understood behaviors for the different tasks. These observations give
first insights into the mechanics of the covariance-based preconditioner during training. The behavior
of loss decrease, gradient norms and spectra of the inner products on the layer spaces which was
observed for the autoencoder task was the most comprehensible and interpretable. However, the
behavior of the spectra of the covariance matrices which was observed for the second classification
task with a shallow sigmoid-FNN architecture differed significantly from the autoencoder task, even
though the covariance-based preconditioner led to an improved training performance compared to
unpreconditioned SGD in both cases. This indicates that the mechanics of the covariance-based
preconditioner during training are not yet fully understood and require further investigation. To
our knowledge, no theoretical validation of the good functionality of covariance-based layer-wise
preconditioners for neural network training exists yet, which would help to better understand their
mechanics during training. Such is the case for the K-FAC method as well, where the good practical
performance is not backed up by a theoretical understanding of its mechanics during training, due to
the approximations involved in the derivation of the K-FAC method.

The computational cost of computing the Frobenius-type preconditioned gradient w.r.t. the weight
matrix𝑊𝑖 in (5.4) depends on the cost of computing the products with the (inverses of) preconditioner
matrices 𝑅𝑋𝑖−1 and 𝑅−1

𝑌𝑖
. If these matrices are dense, this can quickly become very expensive for wide

layers with large widths 𝑛𝑋𝑖−1 and 𝑛𝑌𝑖 compared to the cost of computing the Euclidean gradient
itself. Hence, it can be desirable, if possible, to design preconditioner matrices 𝑅𝑋𝑖−1 and 𝑅−1

𝑌𝑖
that are

sparse, low-rank (plus base metric), or have a multilevel structure to reduce the computational cost
of computing the preconditioned gradient in some cases. When a Frobenius-type covariance-based
preconditioner is better understood and performs well for a wider range of tasks and settings, it might
be possible to exploit low-rank structures of the covariance matrices in the layer spaces to reduce the
computational cost of computing the preconditioned gradients as future research.
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6. Conclusion and Outlook

This thesis develops and analyzes adaptations of selected classical nonlinear optimization techniques
for the training of neural networks, with a particular focus on stochastic, high-dimensional, and non-
convex settings. While many ideas from deterministic nonlinear optimization remain conceptually
relevant, their direct application to modern neural network training is often inadequate due to the
stochastic nature of training data. The contributions presented here illustrate both the potential and
the limitations of transferring such techniques to stochastic learning problems, and they highlight the
need for careful methodological and theoretical adaptation.

Chapter 3 investigates multilevel optimization methods for stochastic optimization, motivated by the
success of multigrid techniques in deterministic settings. We propose new MG/Opt variants tailored to
stochastic objectives and analyze their convergence properties under different structural assumptions.
The chapter begins with an analysis of the behavior of SGD iterates in the strongly convex quadratic
case. This setting provides a tractable model problem that allows us to study how the behavior of
stochastic gradient methods can be exploited within a multilevel framework. Based on these insights,
we construct suitable restriction and prolongation operators and develop a stochastic MG/Opt variant
for quadratic objectives, accompanied by a convergence analysis. The theoretical guarantees in this
setting rely on strong assumptions regarding the choice of transfer operators and the structure of the
coarse grid correction problems. While these assumptions ensure convergence, they also reveal the
fragility of multilevel constructions in stochastic optimization and motivate the discussion of possible
relaxations and alternative formulations.

Moving beyond the quadratic case, we consider non-convex objective functions, which are of primary
relevance for neural network training. For this setting, we introduce a stochastic two-level MG/Opt
variant and establish convergence results under standard assumptions on stochastic gradients, together
with additional assumptions specific to the multilevel framework. We prove convergence in expectation
and almost sure convergence for diminishing step sizes, which, to the best of our knowledge, constitute
the first convergence results of this type for MG/Opt in a stochastic non-convex setting.

In addition to the theoretical analysis, the chapter discusses various possibilities for defining hierarchies
of neural network training problems, including hierarchies based on network depth, resolution, or
variance of gradient estimates. While the presented theory applies to a broad class of hierarchical
objective functions, numerical evidence from the literature suggests that classical MG/Opt coarse
grid correction updates do not necessarily improve training performance for realistic neural network
problems. In particular, existing experiments indicate that accelerated training can sometimes be
achieved by solving auxiliary coarse problems without the classical correction term, leading to
algorithms that deviate from MG/Opt and for which the established convergence theory no longer
applies. These observations underline both the promise and the current limitations of multilevel
approaches for neural network training and point to a gap between theoretical convergence results
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and empirically successful heuristics.

Chapter 4 addresses a different aspect of adaptivity in neural network training, namely the question
of how and where to modify network architectures during training. The proposed Sensitivity-based
Layer Insertion (SensLI) method introduces a sensitivity-based approach to adaptive layer insertion
that is conceptually simple, computationally efficient, and broadly applicable. SensLI formulates layer
insertion as a constrained optimization problem, where candidate layers are initialized as identity
mappings and temporarily frozen. By evaluating the sensitivity of the objective function with respect
to these constraints, the method derives a clear and principled selection criterion for identifying
promising insertion locations in the network.

A key advantage of SensLI is that it requires only a single additional backpropagation step to evaluate all
candidate insertions simultaneously, making it computationally cheaper than alternative methods such
as SENN or Firefly. Unlike heuristic or architecture-specific approaches, SensLI is rooted in classical
sensitivity analysis for nonlinear programming and can be applied to fully-connected, residual, and
convolutional layers. Although the numerical experiments focus on inserting a single layer at a
time, the underlying merit indicators naturally extend to the insertion of multiple layers or to layer
widening. While the method is based on a local, first-order analysis, empirical results demonstrate that
SensLI can lead to improved loss decay, reduced training time, and better test accuracy, particularly in
convolutional neural networks.

At the same time, several limitations must be acknowledged. The selection criterion is inherently local
and cannot predict long-term effects of insertion or guarantee global improvements. The supporting
theory assumes smoothness conditions that are violated by commonly used non-differentiable activation
functions such as ReLU, and extending the analysis to fully stochastic, non-convex training remains
challenging. Consequently, the evidence for the effectiveness of SensLI is empirical rather than
theoretical, and further experimental validation and theoretical investigation are needed to better
understand when and why adaptive layer insertion is beneficial.

Chapter 5 develops a general layer-wise preconditioning framework for Feedforward Neural Networks,
motivated by interpreting weight matrices as linear maps between layer spaces and by equipping these
spaces with suitable inner products. By focusing on layer-wise preconditioners rather than a single
global preconditioner, the framework enables independent computation of preconditioned gradients
for each layer, which can significantly reduce computational cost compared to global preconditioning.
The framework encompasses both predefined inner products, based on prior knowledge about the
task or data, and data-driven inner products that are updated online during training.

A central contribution of this chapter is the introduction and analysis of a Frobenius-type covariance-
based preconditioner, which uses covariance estimates of post-activation features and pre-activation
gradients to define inner products on the layer spaces, which adapt during training. This construction
naturally accounts for the stochastic structure of the data and reduces to the core structure of the
K-FAC method when second-moment estimates are used instead of covariance estimates.

Numerical experiments on classification and autoencoder tasks using the MNIST dataset demonstrate
that covariance-based layer-wise preconditioning can substantially improve training performance
over unpreconditioned SGD in certain settings, particularly when standard SGD struggles to escape
poor local minima. At the same time, the experiments reveal that such improvements are not universal
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and depend strongly on the task, architecture, and activation functions. Detailed analysis of gradient
behavior and the evolution of layer-wise inner products provides initial insights into the mechanics
of covariance-based preconditioning, but also highlights that these mechanics are not yet fully
understood.

The computational cost of covariance-based preconditioning remains a significant challenge, especially
for wide layers with large dense covariance matrices. This motivates future work on exploiting sparsity,
low-rank structure, or multilevel approximations of covariance matrices to reduce computational
overhead. More fundamentally, the lack of a rigorous theoretical understanding of why methods such
as K-FAC work well in practice remains an open problem, and addressing this gap is essential for the
principled design of future preconditioners.

Taken together, the contributions of this thesis illustrate recurring themes in neural network training.
Stochastic, non-convex optimization differs fundamentally from deterministic settings, and classical
nonlinear optimization techniques must be adapted with care rather than applied unchanged. While
empirically successful methods often exist, rigorous theoretical understanding frequently lags behind,
due to the complexity of the loss landscape, the stochastic nature of training, and the high dimensionality
of parameter spaces.

Future research should aim for a tighter integration of theoretical and empirical analysis. This
includes extending optimization methods to stochastic regimes under realistic cost models, identifying
the mechanisms that drive practical performance gains, and developing theoretical explanations
for observed empirical behavior rather than relying solely on benchmark comparisons. A deeper
understanding of when and why particular hierarchies, preconditioners, or adaptive insertion strategies
are effective will be crucial for transforming the methods presented in this thesis into robust and
widely applicable tools for neural network training.
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A. Notation

Notation Deep Learning

The following notation is used throughout this thesis for deep neural networks, in particular Feedforward
Neural Networks (FNNs). Notation may be adapted for specific architectures such as Convolutional
Neural Networks (CNNs) or Residual Neural Networks (ResNets) as needed and is explained in the
respective sections.

• Number of layers: 𝐿
• Input space: 𝑋0 with inner product (·, ·)𝑋0 and dimension 𝑛𝑋0 with elements 𝑥0

• Pre-activation spaces: 𝑌𝑖 for 𝑖 = 1, . . . , 𝐿 with inner products (·, ·) and elements 𝑦𝑖
• Dimension of pre-activation spaces: 𝑛𝑌𝑖 for 𝑖 = 1, . . . , 𝐿
• Post-activation spaces: 𝑋𝑖 for 𝑖 = 1, . . . , 𝐿 − 1 with inner products (·, ·)𝑋𝑖

and elements 𝑥𝑖
• Dimension of post-activation spaces: 𝑛𝑋𝑖

for 𝑖 = 1, . . . , 𝐿 − 1
• Output space: 𝑌𝐿 with inner product (·, ·)𝑌𝐿 with dimension 𝑛𝑌𝐿 (is last pre-activation space)
• Dual layer spaces: 𝑌 ∗𝑖 for 𝑖 = 1, . . . , 𝐿 with inner products (·, ·)𝑌 ∗

𝑖
and 𝑋 ∗𝑖 for 𝑖 = 0, . . . , 𝐿 − 1 with

inner products (·, ·)𝑋 ∗
𝑖

• Dual features: 𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

and 𝜕𝑓𝑗 (𝜃 )
𝜕𝑥𝑖

representing the derivative of the objective function w.r.t. the
pre- and post-activation features

• Riesz maps: R𝑌𝑖 ∈ 𝐿(𝑌𝑖 , 𝑌 ∗𝑖 ) for 𝑖 = 1, . . . , 𝐿 and R𝑋𝑖−1 ∈ 𝐿(𝑋𝑖 , 𝑋 ∗𝑖 ) for 𝑖 = 0, . . . , 𝐿 − 1
• Weight matrices:𝑊𝑖 ∈ 𝐿(𝑋𝑖−1, 𝑌𝑖) or𝑊𝑖 ∈ R𝑛𝑋𝑖

×𝑛𝑋𝑖−1 for 𝑖 = 1, . . . , 𝐿
• Bias vectors: 𝑏𝑖 ∈ R𝑛𝑋𝑖 for 𝑖 = 1, . . . , 𝐿 − 1
• Activation functions: 𝜎𝑖 : 𝑌𝑖 → 𝑋𝑖 for 𝑖 = 1, . . . , 𝐿 − 1
• All trainable parameters (FNN): 𝜃 = (𝑊𝑖 , 𝑏𝑖)𝐿𝑖=1 ∈ Θ

Forward pass through network (FNN):

𝑦𝑖 =𝑊𝑖 (𝑥𝑖−1) + 𝑏𝑖 for 𝑖 = 1, . . . , 𝐿
𝑥𝑖 = 𝜎𝑖 (𝑦𝑖) for 𝑖 = 1, . . . , 𝐿 − 1
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• Network function: 𝑔 (𝜃, ·) : 𝑋0 → 𝑌𝐿

• Loss function: L : 𝑌𝐿 × 𝑌𝐿 → R

• Training data set: 𝐷 pairs (𝑥0, 𝑗 , 𝑦𝐿,𝑗 ) for 𝑗 = 1, . . . , 𝐷
• Objective function: 𝑓 : Θ→ R often given by 𝑓 (𝜃 ) = 1

𝐷

∑𝐷
𝑗=1 𝑓𝑗 (𝜃 ) with

𝑓𝑗 (𝜃 ) := L(𝑔 (𝜃, 𝑥0, 𝑗 ), 𝑦𝐿,𝑗 )

Backward pass through network (FNN):

𝜕𝑓𝑗 (𝜃 )
𝜕𝑥𝑖

∈ 𝑋 ∗𝑖 for 𝑖 = 1, . . . , 𝐿

𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

∈ 𝑌 ∗𝑖 for 𝑖 = 1, . . . , 𝐿 − 1

𝑊 ∗𝑖 ∈ 𝐿(𝑌 ∗𝑖 , 𝑋 ∗𝑖−1) is the adjoint of𝑊𝑖 ∈ 𝐿(𝑋𝑖−1, 𝑌𝑖) for 𝑖 = 1, . . . , 𝐿.

The chain rule produces connections between the derivatives of the pre- and post-activation features:

𝜕𝑓𝑗 (𝜃 )
𝜕𝑥𝑖−1

(·) =
𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

(𝑊𝑖 ·) for 𝑖 = 1, . . . , 𝐿

𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

(·) =
𝜕𝑓𝑗 (𝜃 )
𝜕𝑥𝑖
(𝜎 ′𝑖 (𝑦𝑖) ·) for 𝑖 = 1, . . . , 𝐿 − 1.

The backpropagated Euclidean gradients of the pre- and post-activation features are given by:

∇𝑥𝑖−1 𝑓𝑗 (𝜃 ) =𝑊𝑇
𝑖 ∇𝑦𝑖 𝑓𝑗 (𝜃 ) for 𝑖 = 1, . . . , 𝐿

∇𝑦𝑖 𝑓𝑗 (𝜃 ) = 𝜎 ′𝑖 (𝑦𝑖)𝑇∇𝑥𝑖 𝑓𝑗 (𝜃 ) for 𝑖 = 1, . . . , 𝐿 − 1.

Generally, the transposes can be understood of adjoints with respect to the Euclidean inner products
on the layer spaces.

Derivatives of 𝑓𝑗 w.r.t. the trainable parameters:

𝜕𝑓𝑗 (𝜃 )
𝜕𝑊𝑖

∈ 𝐿(𝑋𝑖−1, 𝑌𝑖)∗ = 𝐿(𝑌 ∗𝑖 , 𝑋 ∗𝑖−1) with
𝜕𝑓𝑗 (𝜃 )
𝜕𝑊𝑖

(𝛿𝑊 ) =
𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

(𝛿𝑊𝑥𝑖−1) for 𝑖 = 1, . . . , 𝐿

𝜕𝑓𝑗 (𝜃 )
𝜕𝑏𝑖

∈ 𝑌 ∗𝑖 with
𝜕𝑓𝑗 (𝜃 )
𝜕𝑏𝑖
(𝛿𝑏) =

𝜕𝑓𝑗 (𝜃 )
𝜕𝑦𝑖

(𝛿𝑏) for 𝑖 = 1, . . . , 𝐿.

Euclidean gradient of 𝑓𝑗 w.r.t. a weight matrix𝑊 and bias vector 𝑏:

∇𝑊𝑖
𝑓𝑗 (𝜃 ) = ∇𝑦𝑖 𝑓𝑗 (𝜃 )𝑥𝑇𝑖−1

∇𝑏𝑖 𝑓𝑗 (𝜃 ) = ∇𝑦𝑖 𝑓𝑗 (𝜃 ) .
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Notation SGD and MG/Opt

Symbol Space Name

Θ - fine optimization parameter space
𝑛 N fine optimization parameter dimension
𝑓 Θ→ R fine objective function
𝜃 Θ fine optimization parameter
𝛼𝑘 R>0 step size (learning rate)
𝑘 N0 iteration number
𝜃0 Θ initial fine parameter
𝜃𝑘 Θ current (fine) parameter
𝐿 R>0 Lipschitz constant (for gradient of 𝑓 )
𝜇 R>0 strong convexity constant of 𝑓
𝜉 - random variable (for gradient estimate of 𝑓 )
𝐵 N batch size

𝐺 𝑓 (·, 𝜉) Θ gradient estimate for 𝑓
𝑀,𝑀𝐺 R>0 variance bounds for stochastic gradients
𝑚𝑘 Θ momentum term
𝜇𝑘 [0, 1) momentum parameter

Table A.1.: Notation SGD
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Symbol Space Name

Θ𝐻 - coarse optimization parameter space
𝑛𝐻 N coarse optimization parameter dimension
𝑓𝐻 Θ𝐻 → R coarse objective function
𝜃 Θ𝐻 coarse optimization parameter

R𝑝 ,R𝑔 Θ→ Θ𝐻 restriction operator (linear) for parameters and gradients
𝑐, 𝑃, 𝜌 R>0 constants from assumption 3.18
P𝑝 Θ𝐻 → Θ prolongation operator (linear)
𝜃𝑘 Θ𝐻 current fine parameter restricted, 𝜃𝑘 = R𝑝𝜃𝑘

𝜃𝑘
𝐾

Θ𝐻 coarse parameter at iteration 𝐾 of iterations on ℎ
𝜈𝑘 Θ∗

𝐻
shift for the cgc objective function

ℎ𝑘 Θ𝐻 → R cgc objective function (sometimes simplified as ℎ)
𝜆 R>0 regularization parameter
𝜏 R>0 constant for bound of regularization (cf. assumption 3.18)
𝜃 ∗𝑐𝑔𝑐 Θ𝐻 minimizer of the cgc objective (or approximate stationary point)
𝑒 Θ𝐻 coarse grid correction without prolongation, 𝑒 = 𝜃 ∗𝑐𝑔𝑐 − R𝑝𝜃𝑘

𝑒 Θ coarse grid correction, generated by MG/Opt via 𝑒 = 𝑒
𝛼 R>0 step size for coarse objective
𝛼𝑐𝑔𝑐 R>0 step size for the cgc
𝜅 R>0 threshold for the cgc
𝐴fine R𝑛×𝑛 matrix of fine quadratic problem
𝑏fine R𝑛 vector of fine quadratic problem
𝐴coarse R𝑛𝐻 ×𝑛𝐻 matrix of coarse quadratic problem, 𝐴coarse = R𝑝𝐴fineP𝑝
𝑏coarse R𝑛𝐻 vector of coarse quadratic problem, 𝑏coarse = R𝑝𝑏fine
𝐺 𝑓𝐻 (·, 𝜉) Θ𝐻 gradient estimate for 𝑓𝐻 (random object)
𝐺𝑐𝑔𝑐,𝑘 (·, 𝜉) Θ𝐻 gradient estimate for ℎ at iteration 𝑘 (random object)

𝐿 R>0 Lipschitz constant (for gradient of coarse objective function)
𝜇 R>0 strong convexity constant (for coarse objective function)
𝐿mb R>0 Lipschitz constant (for stochastic gradients of fine objective function)
𝑀̄, 𝑀̄𝐺 R>0 variance bounds for stochastic gradients of coarse objective function
𝐾 N number of cgc iterations
𝜖 R decrease in cgc function value
𝑑1 R>0 lower bound for the cgc (defined in assumption 3.22)
𝑣 R>0 control for cgc iterates (defined in assumption 3.23)

Table A.2.: Notation MG/Opt
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Notation SensLI

Symbol Space Name

𝜃base Θ parameters of baseline network
𝑔 Θ × 𝑋0 → 𝑌𝐿 baseline network
𝑓base Θ→ R training objective function of baseline network
𝑛ext N number of parameters of extended network
𝜃ext Θext parameters of extended network 𝜃ext = ( 𝜃𝑇 𝜃𝑇new )𝑇

𝑛new N number of additional parameters
𝜃new Θnew additional parameters of extended network
𝑔ext Θext × 𝑋0 → 𝑌𝐿 extended network
𝑓ext Θext → R training objective function of extended network
𝑐 Θext → R𝑛new constraint function
L Θext × R𝑛new → R Lagrangian function

𝑇𝑐 (𝜃ext) - critical cone of the constraints
𝜖 R>0 perturbation parameter
Δ Θnew perturbation vector
𝜆 R𝑛new Lagrange multipliers
𝑀 R𝑛new×𝑛ext constraint matrix
𝑚 R𝑛new constraint vector (contains initializations for 𝜃new)
W - set of all weight matrices in a neural network

Table A.3.: Notation SensLI
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Notation Frobenius Preconditioner

Symbol Space Name

H1,H2 - real Hilbert spaces
H ∗𝑖 - dual space ofH𝑖 for 𝑖 = 1, 2
R𝑖 𝐿(H𝑖 ,H ∗𝑖 ) Riesz map forH𝑖 for 𝑖 = 1, 2

𝐿(H1,H2) - space of linear maps fromH1 toH2

𝑆 𝐿(H1,H2) linear map fromH1 toH2

𝑆∗ 𝐿(H2,H1) Hilbert space adjoint of 𝑆
𝑆 ′ 𝐿(H ∗2 ,H ∗1 ) dual map of 𝑆

(·, ·)H1→H2 - Frobenius-type inner product on space of linear maps L(H1,H2)
𝐹 (𝜃 ) R𝑛Θ×𝑛Θ Fisher Information Matrix (dep. on parameters 𝜃 )
𝐹 (𝜃 ) R𝑛Θ×𝑛Θ approximate Fisher Information Matrix by K-FAC
R𝑋𝑖

𝐿(𝑌𝑖 , 𝑌 ∗𝑖 ) Riesz map for pre-activation space for layer 𝑖
R𝑌𝑖 𝐿(𝑋𝑖 , 𝑋 ∗𝑖 ) Riesz map for post-activation space for layer 𝑖 − 1
𝑅𝑋𝑖−1 R𝑛𝑋𝑖−1×𝑛𝑋𝑖−1 inner product matrix for post-activation space for layer 𝑖 − 1
𝑅𝑌𝑖 R𝑛𝑌𝑖 ×𝑛𝑌𝑖 inner product matrix for pre-activation space for layer 𝑖

Cov(·) - exact covariance matrix
ˆCov(·) - covariance matrix estimator
𝛾 R>0 damping parameter for preconditioner

𝑥𝑖−1( 𝑗) 𝑋𝑖−1 𝑗-th post-activation feature sample
∇𝑦𝑖 𝑓 (𝜃 ) ( 𝑗) 𝑌𝑖 𝑗-th pre-activation feature gradient sample (with modified random label)

Table A.4.: Notation for Preconditioning
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2←2, (B.1c), ∥𝐾 ∥22,2←2, (B.1d) and

∥𝐾 ∥21,2←2, (B.1e). We display 10 runs and every line per norm per position indicates the
result from one run. The experiment can be found in the GitHub repository as Exp5. 173

Leonie Kreis 168



List of Tables

4.1. Comparison of selected methods for expanding neural networks. Indicating whether
layer insertion or widening was considered, whether the question on how, where and
when to insert were answered (cf. Section 4.3.2), whether the network expansion was
executed during training and which architectures were examined out of FNN, ResNet
and CNN. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.2. Comparison of FLOPs per training sample for Figure 4.7. . . . . . . . . . . . . . . . . 102
4.3. Number of network parameters during training. . . . . . . . . . . . . . . . . . . . . . 102
4.4. Comparison of FLOPs per training sample for Figure 4.5. . . . . . . . . . . . . . . . . 102

A.1. Notation SGD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
A.2. Notation MG/Opt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
A.3. Notation SensLI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
A.4. Notation for Preconditioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

169



B. Appendix

B.1. Coarse Grid Correction as Descent Direction - Additional Proofs

Proof of Theorem 2.36. Using the definition of the coarse grid correction in (2.45) and the exactness of
the coarse problem, we have

𝑟 = ∇ℎ(𝜃 ∗𝑐𝑔𝑐) = ∇𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐) + R𝑔∇𝑓 (𝜃𝑘 ) − ∇𝑓𝐻 (𝜃𝑘 )−𝜆
(
𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘

)
.

We start by bounding

∇𝑓 (𝜃𝑘 )⊤𝑒 =∇𝑓 (𝜃𝑘 )⊤P𝑝
(
𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘

)
=

(
R𝑔∇𝑓 (𝜃𝑘 )

)⊤ (
𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘

)
=

(
∇𝑓𝐻 (𝜃𝑘 ) − ∇𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐)+𝑟+𝜆(𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )

)⊤ (
𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘

)
= −

(
𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘

)⊤
(∇2 𝑓𝐻 (𝜉)+𝜆)

(
𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘

)
+𝑟⊤

(
𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘

)
≤ −(𝜇𝐻+𝜆)∥𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ∥2+𝑟⊤

(
𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘

)
,

where we used the mean value theorem in the last step to guarantee the existence of some 𝜉 on the
line segment between 𝜃𝑘 and 𝜃 ∗𝑐𝑔𝑐 . □

Proof of Theorem 2.38. It is
ℎ(𝜃 ∗𝑐𝑔𝑐) − ℎ(𝜃𝑘 ) ≤ 0.
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This is equivalent to

0 ≥ ℎ(𝜃 ∗𝑐𝑔𝑐) − ℎ(𝜃𝑘 )

⇔ 0 ≥ 𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐) − 𝑓𝐻 (𝜃𝑘 ) + (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )⊤(R𝑔∇𝑓 (𝜃𝑘 ) − ∇𝑓𝐻 (𝜃𝑘 )) +
𝜆

2 ∥𝜃
∗
𝑐𝑔𝑐 − 𝜃𝑘 ∥2

⇔ −R𝑔∇𝑓 (𝜃𝑘 )⊤(𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ) ≥ 𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐) − 𝑓𝐻 (𝜃𝑘 ) + (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )⊤(−∇𝑓𝐻 (𝜃𝑘 )) +
𝜆

2 ∥𝜃
∗
𝑐𝑔𝑐 − 𝜃𝑘 ∥2

⇔ ∇𝑓 (𝜃𝑘 )⊤𝑒 ≤ (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )⊤∇𝑓𝐻 (𝜃𝑘 ) − 𝑓𝐻 (𝜃 ∗𝑐𝑔𝑐) + 𝑓𝐻 (𝜃𝑘 ) −
𝜆

2 ∥𝜃
∗
𝑐𝑔𝑐 − 𝜃𝑘 ∥2

⇔ ∇𝑓 (𝜃𝑘 )⊤𝑒 ≤ (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )⊤(∇𝑓𝐻 (𝜃𝑘 ) − ∇𝑓𝐻 (𝜃𝑡 )) −
𝜆

2 ∥𝜃
∗
𝑐𝑔𝑐 − 𝜃𝑘 ∥2

⇔ ∇𝑓 (𝜃𝑘 )⊤𝑒 ≤ −(𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )⊤∇2 𝑓𝐻 (𝜃𝑡 )𝑡 (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ) −
𝜆

2 ∥𝜃
∗
𝑐𝑔𝑐 − 𝜃𝑘 ∥2

⇔ ∇𝑓 (𝜃𝑘 )⊤𝑒 ≤ −(𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 )⊤(𝑡𝜇𝐻 +
𝜆

2 𝐼 ) (𝜃
∗
𝑐𝑔𝑐 − 𝜃𝑘 )

⇔ ∇𝑓 (𝜃𝑘 )⊤𝑒 ≤ −(𝑡𝜇𝐻 +
𝜆

2 )∥𝜃
∗
𝑐𝑔𝑐 − 𝜃𝑘 ∥2.

We used the mean value theorem in two steps to guarantee the existence of some 𝜃𝑡 on the line segment
between 𝜃𝑘 and 𝜃 ∗𝑐𝑔𝑐 for 𝑡 ∈ (0, 1) and the existence of some 𝜃𝑡 on the line segment between 𝜃𝑘 and
𝜃𝑡 = 𝜃

𝑘 + 𝑡 (𝜃 ∗𝑐𝑔𝑐 − 𝜃𝑘 ). □

B.2. Detailed Experiments Setup for MG/Opt

The code with which the experiments were computed is available on GitHub1.

Strong Convex Quadratic Coarse Grid Correction with Moderate and Small Learning Rate

Construction of the objective functions: We construct the matrix 𝐴fine by generating 50 random
eigenvalues via np.random.uniform(0.1, 0.5, 25) and np.random.uniform(1.0, 5.0, 25). Then,
we generate a randomorthogonalmatrix𝑄 via the command scipy.stats.special_ortho_group.rvs(50).
Finally, we set 𝐴fine =𝑄

⊤ diag(𝜆1, . . . , 𝜆50)𝑄 . We construct 𝑏fine via np.random.randn(50).

The restriction operators which we compare map to R25 and are constructed by

(𝑖) randomev: a random selection of 25 eigenvectors of 𝐴fine as rows,
(𝑖𝑖) smallev: a selection of the 25 eigenvectors of 𝐴fine corresponding to the smallest eigenvalues as

rows,
(𝑖𝑖𝑖) largeev: a selection of the 25 eigenvectors of 𝐴fine corresponding to the largest eigenvalues as

rows.

The prolongation operator is always the transpose of the restriction operator and R𝑝 = R𝑔. The coarse

1https://github.com/LeonieKreis/quadratic_multilevel

Leonie Kreis 171

https://github.com/LeonieKreis/quadratic_multilevel


Optimization Techniques for Neural Networks Leonie Kreis

problem is the constructed as described in Section 3.3.1.

The stochastic gradient estimates are constructed by adding Gaussian noise to the true gradient, i.e.
theta = np.random.uniform(-siga, siga,50),
eps = np.random.uniform(-sigb, sigb),
A = A + theta.T @ theta -2/3 * siga * np.eye(50),
b = b + eps ,
with siga = sigb = 0.1.

The gradient estimates of the coarse problem are constructed as the construction of the coarse quantities
𝐴coarse, 𝑏coarse. The setup is as follows:

• Figures: Figure 3.1, Figure 3.2
• Iterations: 50 SGD updates with fixed learning rate (0.01 for moderate and 0.001 for small
learning rate). Then, a cgc step is computed with 50 SGD iterations on the coarse level with the
same learning rates if a criterion is satisfied. The criterion reads

∥R𝑔∇𝑓 (𝜃𝑘 )∥ ≥ 𝜅1∥∇𝑓 (𝜃𝑘 )∥ and ∥R𝑔∇𝑓 (𝜃𝑘 )∥ ≥ 𝜅2,

where ∇𝑓 (𝜃𝑘 ) is the fine gradient at current iteration 𝑘 = 50 and R𝑔 is the restriction operator
for the gradients. We set 𝜅1 = 0.5 and 𝜅2 = 0.001. The cgc update is then applied to the fine level
with a step size of 1.0. After the cgc update, 150 SGD iterations are performed on the fine level
with the learning rates used before the cgc step.

• Smoothing in Figures: None.

B.3. Sensitivity Norm Computation

In Convolutional Neural Networks (CNNs), the gradient with respect to the kernel, ∇𝐾 𝑓ext(𝜃ext), is a
tensor of higher dimensionality compared to the gradient of a weight matrix in, for example, a FNN.
As a result, it is important to select a norm that is well-suited to the structure of the kernel tensor.
Several options are available: using the Frobenius norm, as in (B.1a), analogous to the approach for
fully-connected networks, is a rather uninformed choice. To facilitate comparison between layers
with different kernel sizes, one can scale the Frobenius norm by the number of elements in the kernel
tensor, as shown in (B.1b).

Alternatively, one may adopt a different perspective by considering the operator norm of the linear map
𝐴𝐾 that represents the convolution operation with kernel 𝐾 . Here, the indices 𝑖 and 𝑗 correspond to the
spatial filter positions, while 𝑘 and ℓ refer to the input and output channels, respectively. The operator
norm, which is the largest singular value of 𝐴𝐾 , is defined in (B.1c). This norm can be computed
efficiently using the method described in [114], with a computational complexity of 𝑂 (𝑑2𝑐3), where 𝑑
denotes the spatial size of the convolutional layers and 𝑐 is the number of input or output channels.

To further refine the measurement of the impact of different output channels, one can compute the
2← 2 norm over the input channels for each output channel individually, and then aggregate these
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Figure B.1.: Comparison of different norms for the sensitivity of layer insertion in CNNs. From left
to right we show ∥𝐾 ∥2

𝐹
, (B.1a), ∥𝐾 ∥2

𝐹,scaled, (B.1b), ∥𝐾 ∥
2
2←2, (B.1c), ∥𝐾 ∥22,2←2, (B.1d) and

∥𝐾 ∥21,2←2, (B.1e). We display 10 runs and every line per norm per position indicates the
result from one run. The experiment can be found in the GitHub repository as Exp5.

values by taking either the squared 2-norm, as in (B.1d), or the 1-norm, as in (B.1e), over the output
channels. Altogether, we define

∥𝐾 ∥2𝐹 :=
∑︁
𝑖, 𝑗,𝑘,ℓ

𝐾2
𝑖, 𝑗,𝑘,ℓ

, (B.1a)

∥𝐾 ∥2𝐹,scaled := 1
𝑐𝑖 𝑐 𝑗 𝑐𝑘 𝑐ℓ

∑︁
𝑖, 𝑗,𝑘,ℓ

𝐾2
𝑖, 𝑗,𝑘,ℓ

, (B.1b)

∥𝐾 ∥22←2 := sup
∥𝑥 ∥2=1



𝐴𝐾𝑥

2
2, (B.1c)

∥𝐾 ∥22,2←2 :=
∑︁

ℓ outchannels




 ∑︁
𝑘 inchannels

𝐾:,:,𝑘,ℓ




2

2←2
, (B.1d)

∥𝐾 ∥21,2←2 :=
( ∑︁
ℓ outchannels




 ∑︁
𝑘 inchannels

𝐾:,:,𝑘,ℓ





2←2

)2
, (B.1e)

where 𝐾 is the kernel tensor, 𝑐𝑖 and 𝑐 𝑗 are the spatial filter sizes, and 𝑐𝑘 and 𝑐ℓ are the number of
input and output channels, respectively. Further, 𝐴𝐾 is the matrix which represents the convolution
operation with kernel 𝐾 as a linear map.

We numerically compare the behavior of the different sensitivity norms in Figure B.1, using results
from 10 runs of the same experiment. Further experimental details are provided in the appendix of [57].
In this setup, we analyze a CNN where an additional layer is inserted after 50 epochs. Across all runs,
the training process is highly consistent, and position 0, i.e. the first possible position, consistently
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emerges as the most favorable location for layer insertion. The five norms differ in their orders of
magnitude, and some do not clearly distinguish between the possible insertion positions, as seen in
Figure B.1. Among the options, the operator norm stands out as the most effective for our approach, as
it provides a clear separation between insertion positions. The Frobenius norm, when scaled by the
number of elements in the kernel tensor, also serves as a reasonable alternative.

B.4. Detailed Experiments Setup for Frobenius-type Preconditioners

The repository which contains the code used to perform the experiments is available on GitHub2.

Experiment 1 (Classification with ReLU-FNN)

• Figures: Figure 5.1, Figure 5.3
• Data set: MNIST, flattened images.
• Data set size 70 000.
• Train/Test split 60 000/10 000.
• Batch size: 100.
• Architecture: FNN classifier with widths 784-100-100-100-10.
• Activation function: ReLU.
• Loss function: Cross-Entropy.
• Optimizer: SGD with fixed learning rate for 30 epochs.
• Learning rates for unpreconditioned training: np.logspace(0, -5, num=30)

• Learning rates for preconditioned training: np.logspace(0, -5, num=30)

• Covariance preconditioner:

⊲ Second moment estimate as inner product, samples generated with BackPACK [23].
⊲ Recomputed every iteration with 100 samples, then applied to the gradient.
⊲ Damping parameter for preconditioners fixed to 𝜆 = 0.01.

• Smoothing in Figures: Moving average with window size 200.
• Computation of gradient norms: Euclidean norm with torch.norm(p-euclid). Frobenius-
type with torch.sqrt(torch.trace(torch.mul(p-precond, p-euclid)))

• Computation of spectra: Eigenvalues of the second moment matrices (not their inverses) with
torch.linalg.eigvals().

• Experiment files: experiments/experiment_files/Exp_mnist_backpack_kfac_new_diss.py

Experiment 2 (Autoencoder Training)

2https://github.com/LeonieKreis/layerwise_preconditioning_for_neural_networks
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• Figures: Figure 5.4, Figure 5.5, Figure 5.6, Figure 5.7, Figure 5.8, Figure 5.9
• Data set: MNIST, flattened images.
• Data set size 70 000.
• Train/Test split 60 000/10 000.
• Batch size: 1000.
• Architecture: FNN autoencoder with widths 784-1000-500-250-30-250-500-1000-784.
• Activation function: Sigmoid.
• Loss function: Mean Squared Error.
• Optimizer: SGD with fixed learning rate for 30 epochs.
• Learning rates for unpreconditioned training: np.logspace(0, -5, 50)

• Learning rates for preconditioned training: [ 0.2,0.19,0.18,0.17,0.16,0.15,0.14,0.13,0.12,0.11,

0.1, 0.09,0.08,0.07,0.06,0.05]

• Covariance preconditioner:

⊲ Second moment estimate as inner product, samples generated with BackPACK [23].
⊲ Recomputed every iteration with 1000 samples, then applied to the gradient.
⊲ Damping parameter for preconditioners fixed to 𝜆 = 0.001.

• Smoothing in Figures: Moving average with window size 200.
• Computation of gradient norms: Euclidean norm with torch.norm(p-euclid). Frobenius-
type with torch.sqrt(torch.trace(torch.mul(p-precond, p-euclid)))

• Computation of spectra: Eigenvalues of the second moment matrices (not their inverses) with
torch.linalg.eigvals().

• Experiment files: experiments/experiment_files/Exp_mnist_backpack_kfac_wide_autoencoder_
systematic_longerkfac.py, experiments/experiment_files/Exp_mnist_backpack_kfac_wide_
autoencoder_systematic_longerkfac2.py, experiments/experiment_files/Exp_mnist_backpack_
kfac_wide_autoencoder_systematic_longerkfac3.py and experiments/experiment_files/Exp_
mnist_backpack_kfac_wide_autoencoder_systematic_sgd_longer_finerlrs.py

Experiment 3 (Classification with Shallow FNN)

• Figures: Figure 5.10, Figure 5.11, Figure 5.12
• Data set: MNIST, flattened images.
• Data set size 70 000.
• Train/Test split 60 000/10 000.
• Batch size: 1000.
• Architecture: FNN classifier with widths 784-100-10.
• Activation function: Sigmoid.
• Loss function: Cross-Entropy.
• Optimizer: SGD with fixed learning rate for 30 epochs.
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• Learning rates for unpreconditioned training: np.logspace(-5, 0, num=100)

• Learning rates for preconditioned training: np.logspace(-5, 0, num=100)

• Covariance preconditioner:

⊲ Second moment estimate as inner product, samples generated with BackPACK [23].
⊲ Recomputed every iteration with 1000 samples, then applied to the gradient.
⊲ Damping parameter for preconditioners fixed to 𝜆 = 0.001.

• Smoothing in Figures: Moving average with window size 200.
• Computation of gradient norms: Euclidean norm with torch.norm(p-euclid). Frobenius-
type with torch.sqrt(torch.trace(torch.mul(p-precond, p-euclid)))

• Computation of spectra: Eigenvalues of the second moment matrices (not their inverses) with
torch.linalg.eigvals().

• Experiment files: experiments/experiment_files/Exp_mnist_backpack_kfac_classification_
systematic_longerkfac_finer.py
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Use of AI assistance Parts of the formulations of this thesis were drafted with the assistance of
GitHub Copilot. All suggestions and draft text produced by the tool were reviewed, edited, and changed
or verified by the author; the tool was mainly used to provide ideas for phrasings that the author
adapted as needed. Final content, results and conclusions are the author’s responsibility.
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