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ABSTRACT

We study the emergence of distinctly subdiffusive scaling in the vicinity of an anomalous nonther-
mal fixed point, which reflects spatio-temporally self-similar scaling dynamics, in a quasi-two-
dimensional Bose gas in the superfluid phase. In this regime, the far-from-equilibrium dynamics
is governed by ensembles of quantum vortices. Mutual annihilation of vortices and antivortices
drives coarsening, leading to the observed scaling behavior and an algebraically growing mean
inter-defect distance over time. Introducing dipolar interactions provides additional control over
the anisotropy and long-range character of the interactions. This control, combined with various
parameter regimes and initial conditions, allows us to explore the universality of the subdiffu-
sive scaling near the anomalous nonthermal fixed point. Scaling exponents are extracted from
occupation-number spectra, the temporal evolution of inter-defect distances, and the decay of
the total vortex number. At late times, compressible excitations of the background condensate
grow due to ongoing vortex-antivortex annihilation, resulting in a crossover toward diffusion-
type scaling near the Gaussian nonthermal fixed point. The observed temporal scaling depends
only weakly on the strength and anisotropy of the dipolar interactions, demonstrating the univer-
sality of both anomalous and diffusion-type nonthermal fixed points. Nevertheless, the dipolar
case exhibits qualitatively distinct vortex-clustering behavior. In contrast to non-dipolar gases,
roton excitations in anisotropic, dipolar interactions appear to suppress same-sign vortex clus-
tering, favoring the formation of vortex dipoles and maximizing the separation between vortices
of equal sign. For pure contact interaction, we additionally observe spatial scaling characteristics
consistent with Kraichnan-Kolmogorov turbulence. During a universal interval, in which the
characteristic length scale associated with the inter-defect distance exhibits subdiffusive power-
law growth, the moments of the superfluid velocity circulation around a square contour scale
as predicted from classical turbulence theory. Higher-order moments of the velocity circulation
reveal intermittent deviations, which are found to be consistent with values measured in fully
developed classical turbulence. Notably, the subdiffusive coarsening clearly deviates from values
known in classical systems. Collectively, these results provide strong evidence for the universal-
ity of the subdiffusive scaling near the anomalous nonthermal fixed point and establish a direct
connection to decaying quantum turbulence cascades, highlighting the relevance of nonthermal

fixed points in turbulence theory.
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ZUSAMMENFASSUNG

Wir untersuchen die Entstehung von subdiffusivem Skalieren in einem quasi-zweidimensionalen
Bose-Gas in der superfluiden Phase nahe eines anomalen nicht-thermischen Fixpunkts, der eine
raumlich-zeitlich selbstahnliche Dynamik zeigt. In diesem fernab des Gleichgewichts liegenden
Regime wird die Dynamik maf3geblich durch Ensembles von Quantenwirbeln bestimmt. Die ge-
genseitige Vernichtung von Wirbeln und Antiwirbeln treibt einen zeitlichen Vergréberungspro-
zess an, der sich in einem algebraischen Wachstum des mittleren Wirbelabstands und in dem be-
obachteten Skalierungsverhalten widerspiegelt. Durch die Einfithrung dipolarer Wechselwirkun-
gen lasst sich sowohl die Anisotropie als auch die Langreichweitigkeit der Wechselwirkung ge-
zielt steuern. In Kombination mit unterschiedlichen Parameterbereichen und Anfangsbedingun-
gen ermoglicht dies eine systematische Untersuchung der Universalitat subdiffusiven Skalierens
in der Nihe des anomalen nicht-thermischen Fixpunkts. Die Skalierungsexponenten werden aus
Besetzungszahlspektren, der zeitlichen Entwicklung der Wirbelabstiande sowie dem Zerfall der
Gesamtwirbelzahl gewonnen. Zu spaten Zeiten nehmen kompressible Anregungen des Hinter-
grundkondensats infolge der fortschreitenden Wirbel-Antiwirbel-Vernichtung zu. Dies fithrt zu
einem Ubergang zu diffusionsartigem Skalieren in der Nihe eines gauf3schen nicht-thermischen
Fixpunkts. Das zeitliche Skalieren erweist sich als nur schwach abhéingig von Stirke und Aniso-
tropie der dipolaren Wechselwirkungen, was die Universalitdt sowohl anomaler als auch diffu-
sionsartiger nicht-thermischer Fixpunkte belegt. Dennoch zeigt der dipolare Fall ein qualitativ
verdandertes Wirbelclusterverhalten. Wahrend bei reinen Kontaktwechselwirkungen gleichdre-
hende Wirbel grof3skalige Strukturen bilden, unterdriicken bei dipolaren und anisotropen Wech-
selwirkungen Rotonanregungen diese Clusterbildung. Stattdessen wird die Ausbildung von Wir-
beldipolen begiinstigt, wodurch der Abstand zwischen gleichdrehenden Wirbeln maximiert wird.
Fiir reine Kontaktwechselwirkungen beobachten wir dariiber hinaus raumliche Skalierungsei-
genschaften, die mit der Kraichnan-Kolmogorov-Turbulenz iibereinstimmen. In einem univer-
sellen Zeitintervall mit subdiffusiv wachsender charakteristischer Lingenskala skalieren die Mo-
mente der superfluiden Geschwindigkeitszirkulation entlang quadratischer Konturen gemaf3 den
Vorhersagen der klassischen Turbulenztheorie. Hohere Momente der Geschwindigkeitszirkulati-
on zeigen intermittierende Abweichungen, die mit Messungen aus vollstindig entwickelter klas-
sischer Turbulenz konsistent sind. Bemerkenswert ist dabei, dass die subdiffusive Vergréberung
deutlich von den in klassischen Systemen bekannten Werten abweicht. Zusammen liefern die-
se Ergebnisse starke Belege fiir die Universalitit subdiffusiven Skalierens in der Nahe des an-
omalen nicht-thermischen Fixpunkts und stellen einen direkten Zusammenhang zu zerfallenden
Quantenturbulenzkaskaden her. Damit wird die Relevanz nicht-thermischer Fixpunkte fiir das

Verstiandnis turbulenter Dynamik hervorgehoben.
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INTRODUCTION

In recent years, far-from-equilibrium dynamics in closed quantum many-body systems has be-
come a highly active field of research. A wide range of physical settings have been explored,
including prethermalization [4-17], generalized Gibbs ensembles [15, 18—-21], critical and prether-
mal dynamics [22-25], decoherence and revivals [26], many-body localization [27-31], dynami-
cal phase transitions [32-36], relaxation after quantum quenches in integrable systems [37-39],
wave turbulence [40-49], superfluid and quantum turbulence [50-63], universal scaling dynam-
ics and the approach to nonthermal fixed points [60, 61, 64-66], as well as prescaling dynamics
when approaching such fixed points [67-70]. From this wide range of current research on far-
from-equilibrium quantum dynamics, this thesis concentrates on the universal scaling dynamics
that arise in the vicinity of a nonthermal fixed point [71-79]. Comprehensive discussions of
the broader framework can be found in [80-85]. The general goal of this line of research is to
classify far-from-equilibrium scaling phenomena analogous to the classification of equilibrium
critical behavior. Such phenomena are expected to be governed by fundamental symmetries and
their manifestation in the prevalent configurations of quantum fields. Within this perspective,
nonthermal fixed points serve as organizing principles for universal real-time evolution, playing
a role similar to fixed points of the renormalization group in equilibrium statistical mechanics. A
growing body of experimental work [8, 9, 20, 22, 25, 26, 47, 48, 55, 57, 60, 61, 64—66, 86—91] and
extensive theoretical studies [10-14, 49, 67, 68, 70, 74, 92-141] have shown that universal spatio-
temporal scaling is a pervasive feature of nonequilibrium dynamics, especially in ultracold atomic
systems. These studies encompass a wide range of phenomena, from wave turbulence to coars-
ening and phase-ordering kinetics [142-144], and consider both single- and multi-component
systems.

Universal scaling close to a nonthermal fixed point is typically formulated in terms of cor-
relation functions of the underlying quantum or classical field. A hallmark of this regime is the
appearance of self-similar evolution, often characterized by the scaling form C'(k, t) ~ t* fs(t°k),
where C'(k, t) is a two-point function and f; is a universal scaling function, which in many cases
exhibits a Porod-law tail fi(k) ~ k<. When the transport is directed toward lower momenta
(6 > 0), the resulting inverse flow signals a coarsening process. The exponents «, 3, and (
are constrained by conservation laws and have been derived analytically for the transport of
Goldstone-type excitations in O(V)- and U(/NV)-symmetric scalar field theories, particularly in
the large- N limit [71-73, 76-79, 101-104, 110, 114, 115, 131, 137, 138, 140]. For small values of N,
however, the dominant excitations at a nonthermal fixed point often originate not from smooth
phase fluctuations, but from nonlinear excitations in the density field. In single-component Bose
gases, for example, vortices, solitons, and related (quasi-) topological defects play a central role
in the dynamics near a nonthermal fixed point [60, 61, 64, 66, 68, 74, 75, 82, 87-92, 94, 97, 104-107,
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112, 116-118, 121, 122, 125-128, 132, 134, 136, 139, 141, 145]. In such systems, coarsening may
manifest itself in the loss of these excitations and the corresponding growth of a characteristic
length scale £(t) ~ t#, which can be identified with the mean distance between defects [75, 112].

In the first part of this thesis, we broaden the study of nonthermal fixed points in two-dimen-
sional single-component Bose condensates by incorporating long-range dipole-dipole interac-
tions in addition to the usual short-range contact interaction. Dipolar quantum gases have been
the subject of extensive investigation over the past two decades; see [146—151] for comprehen-
sive reviews. The anisotropic and partially attractive character of the dipole-dipole interaction
profoundly enriches the physics that can be studied within ultracold Bose gases. In the superfluid
regime, dipolar interactions reshape the behavior of the condensate. The partial attraction along
specific directions leads to magnetostriction in trapped systems [152-154], producing elongated
density profiles. At the same time, the excitation spectrum becomes anisotropic [155, 156], giving
rise to anisotropic critical superfluid velocities [154, 157, 158]. Under stronger confinement of the
condensate, the dispersion relation develops a nonmonotonic structure and forms a local roton
minimum [159-165], which persists in quasi-two-dimensional systems [157, 166] and eventually
softens causing mean-field instabilities.

The resulting collapse dynamics associated with this instability has been explored in [159, 160,
167-176], and the mean-field instability diagram has been mapped in [177, 178]. However, the
realization of quantum gases composed of strongly magnetic atoms [179-181] has revealed that
this picture is incomplete. Beyond-mean-field Lee-Huang—Yang corrections [182-184] can stabi-
lize the condensate against collapse [185-187]. These quantum fluctuations enable the formation
of novel phases of matter, including dipolar supersolids with spontaneously modulated densities
[188-190] and arrays of self-bound droplets [191-193]. Dipolar interactions also leave a strong
imprint on topological excitations. They modify the structure and dynamics of quantized vortices
[194], which have been observed experimentally both in dipolar superfluids [195] and in dipo-
lar supersolids [196]. In quasi-two-dimensional geometries, vortices develop elliptically shaped
cores for in-plane polarization, and exhibit density ripples associated with rotonic excitations
[157, 177, 197, 198]. These features substantially influence vortex motion and interactions [177,
199].

The second central theme of this thesis is the connection between nonthermal fixed points
and the phenomenology of classical turbulence. The emergence of scaling laws in turbulent flu-
ids already has a long history [200-206]. In three dimensions, fully developed turbulence driven
at large scales gives rise to a direct cascade, in which energy injected at long wavelengths is
transported through an inertial range toward progressively smaller scales, producing the well-
known Kolmogorov-Obukhov spectrum E(k) ~ k~%/3.In two dimensions, however, the picture
changes fundamentally, since the dynamics become dominated by the formation of increasingly
larger eddies, corresponding to an inverse energy cascade in which energy flows from small
to large scales, but still generates the same characteristic power-law spectrum E(k) ~ k=5/3
[207-209]. At ultracold temperatures, where quantum statistics and coherence prevail, turbu-
lence takes on a drastically different character. In inviscid quantum fluids such as superfluid
4He and dilute Bose-Einstein condensates, one encounters quantum turbulence [50-63]. Here,

the flow is built from quantized vortices, which are topological defects that carry integer-valued
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circulation. While their microscopic properties differ strongly from classical eddies, many large-
scale features of classical turbulence persist. In particular, signatures of an inverse energy cascade
in two-dimensional quantum fluids have been observed experimentally in [60, 86, 210].

Much of classical turbulence theory focuses on fully developed, stationary cascades in which
energy is continually injected at large/small scales and dissipated at small/large scales, depending
on the dimensionality. Yet the buildup and decay of turbulence in the absence of external driving
constitute equally important phenomena. This is especially relevant for closed systems, where
the total energy and particle number remain fixed. The decay of turbulence has been extensively
studied in classical three-dimensional flows [211, 212] as well as in two-dimensional settings
[213-225], and analogous questions have been explored in quantum fluids [226-231]. In two-
dimensional quantum turbulence, research has focused in particular on several characteristic
processes, such as the formation of large-scale vortex clusters through the Onsager—Kraichnan
mechanism and the accompanying annihilation of vortex-antivortex pairs [57, 108, 117, 232-239],
the direct enstrophy cascade, in which vorticity is transported to smaller scales [240-243], and
the influence of finite temperatures on the decay dynamics [125, 126].

In this thesis, we present the results reported in [1, 2] and supplement them with additional
analyses and numerical findings. The main topic of this work is the study of an anomalous non-
thermal fixed point, characterized by a subdiffusive scaling exponent § ~ 1/5 < 1/2. This fixed
point was first identified in a quasi-two-dimensional, single-component Bose gas in [112]. We
access it by preparing large ensembles of quantum vortices whose subsequent equilibration dy-
namics pass through the fixed point and exhibit spatio-temporal self-similarity. A key question
we address is whether the associated scaling behavior is universal, that is, independent of the
details of the underlying microscopic interactions. To this end, we introduce dipole-dipole inter-
actions in addition to the usual contact (van der Waals) interaction. Since dipolar interactions
are anisotropic and long-ranged, they provide a controlled way to modify the atomic interac-
tions. By tuning either the degree of anisotropy or the overall dipolar strength, we explore how
the dynamics near the anomalous nonthermal fixed point is affected. Our study focuses on a
quasi-two-dimensional dipolar Bose gas in the superfluid phase, away from the transition to su-
persolidity. The system is simulated numerically using the mean-field Gross—Pitaevskii equation.
To test universality more broadly, we examine several distinct dipole configurations, two param-
eter regimes (one ultradilute with high density and weak coupling, the other experimentally
realistic), and two different initial vortex states generated through differing sampling schemes.
Across this range of settings, we find that the subdiffusive exponent remains robust and retains
the non-dipolar value reported in earlier works [60, 112, 116, 127, 136, 141]. This conclusion is
supported by analyses of rescaled occupation-number spectra and vortex coarsening. However,
the universality does not extend to all observables. We find that the scaling function, as well as
the late-time vortex clustering behavior, depend sensitively on the dipolar interaction. These ob-
servations challenge the assumed universality of the scaling function and indicate that collective
vortex dynamics can decouple from coarsening. We further study the transition from subdiffu-
sive to diffusion-type scaling 3 ~ 1/2 at late times, or when coupled to a thermal bath. These
simulations further clarify the mechanisms that govern both anomalous and diffusive scaling

regimes.
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Returning to purely contact van der Waals interactions, we then analyze the turbulent aspects
of the vortex dynamics. By significantly enlarging the simulated system to host extremely large
vortex ensembles, we access their collective behavior. In this regime, velocity-circulation statis-
tics reveal the onset of a decaying inverse energy cascade consistent with Kraichnan-Kolmogo-
rov scaling. Notably, this cascade emerges concurrently with subdiffusive coarsening, suggest-
ing a deep connection between the anomalous nonthermal fixed point and decaying turbulent
cascades. Further characterization shows intermittent deviations consistent with experimentally
measured parameters. Combining spatial and temporal self-similarity, we propose a scaling hy-
pothesis for the velocity-circulation probability distribution that unifies Kraichnan-Kolmogorov
spatial scaling with subdiffusive temporal scaling.

Overall, the results presented in this thesis deepen our understanding of the anomalous non-
thermal fixed point as a regime governed by three-vortex annihilation processes. We provide
strong evidence that the subdiffusive scaling exponent is universal, i.e., insensitive to anisotropy,
long-range interactions, and a variety of initial conditions, while the scaling function is not. The
presence of both clustering and anticlustering in dipolar systems raises new questions about
the formation of Onsager-clusters in vortex dynamics. Moreover, by establishing a link between
subdiffusive coarsening and decaying inverse energy cascades, we highlight an intriguing rela-
tionship between universal far-from-equilibrium dynamics and decaying quantum turbulence.
This connection opens numerous directions for future research.

This thesis is organized as follows. Part I introduces the theoretical background relevant for
the subsequent parts. In Chap. 2, we present the two key conceptual frameworks used to analyze
far-from-equilibrium dynamics: nonthermal fixed points and turbulence theory. For the former,
we highlight the analogy to renormalization-group theory for classical phase transitions and il-
lustrate the concept using a strong cooling quench. For the latter, we discuss stationary cascades
in three and two dimensions and introduce the notion of intermittency. Chap. 3 provides an in-
troduction to ultracold atomic gases, with particular emphasis on the distinctive features arising
from dipole-dipole interactions. We derive the Gross—Pitaevskii equation, reduce it explicitly to
its quasi-two-dimensional form, and discuss the elementary excitations within the Bogoliubov
framework. We then introduce topological excitations in the form of quantum vortices and sum-
marize the numerical methods employed throughout this thesis.

Part IT examines self-similar scaling near an anomalous nonthermal fixed point in a quasi-two-
dimensional dipolar Bose gas, following [1]. In Chap. 4, we discuss the parameter regimes used in
our simulations and verify the absence of mean-field instabilities. We then present the initial far-
from-equilibrium states generated via vortex sampling, followed by representative temporal evo-
lutions displaying strong coherent flow patterns, vortex coarsening, and roton-induced density
modulations. Chap. 5 analyzes spatio-temporal self-similarity by rescaling occupation-number
spectra to reveal subdiffusive scaling. Using time-local scaling exponents, we assess the influ-
ence of dipolar interaction on the stability of the anomalous nonthermal fixed point. We further
investigate the universality of the scaling function and search for signatures of anisotropic scal-
ing. In Chap. 6, we study vortex-pattern coarsening through the mean inter-defect distance and
the total vortex number, both of which exhibit subdiffusive behavior. We discuss the crossover

to diffusive scaling at the Gaussian nonthermal fixed point and examine the role of sound excita-
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tions in the observed scaling dynamics. Additionally, the dependence of vortex (anti)clustering
on dipolar interactions is analyzed.

Part. III investigates the decaying superfluid turbulent cascade emerging near an anomalous
nonthermal fixed point, following [2]. In Chap. 7, we focus on the irreversible transfer of en-
ergy from the incompressible to the compressible component. To enhance the infrared resolu-
tion, we describe how the numerical simulations are extended to accommodate extremely large
vortex ensembles. We confirm that subdiffusive scaling persists and find initial evidence for an
inverse energy cascade. Chap. 8 presents a statistical analysis of the velocity circulation and
observes decaying Kraichnan-Kolmogorov scaling within the inertial range. We find that the
transient emergence of spatial self-similarity coincides with the approach to subdiffusive coars-
ening. Simultaneous spatial and temporal self-similarity is verified in individual simulation runs.
In Chap. 9, we study intermittency in higher-order moments of the velocity circulation and the
inter-defect distance distribution. Spatial intermittency is shown to be well described by a bifrac-
tal model using experimentally measured coefficients, whereas temporal intermittency remains
absent. Finally, we develop a spatio-temporal scaling hypothesis for the probability distribution
of the velocity circulation that exhibits both Kraichnan-Kolmogorov and subdiffusive scaling.

Chap. 10 concludes the thesis and outlines promising directions for future research. App. A

contains supplementary derivations of formulas employed throughout the thesis.
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In this chapter, we introduce the two key conceptual frameworks used throughout this thesis
to analyze far-from-equilibrium dynamics: nonthermal fixed points and turbulence theory. Our
goal is not to provide an exhaustive review of the extensive literature on these topics, but rather
to offer a concise overview of the aspects most relevant for the present work and to convey an
intuitive understanding of the underlying ideas.

Sect. 2.1 presents the concept of the nonthermal fixed point (NTFP), which describes the emer-
gence of spatio-temporal self-similarity during the far-from-equilibrium evolution of an initial
state. This concept plays a central role in both Part II and Part III. By highlighting the anal-
ogy to renormalization-group theory for classical phase transitions, we clarify the terminology
commonly used in discussions of NTFPs and emphasize the viewpoint of far-from-equilibrium
dynamics as a form of temporal renormalization group (RG) flow. Using the example of a strong
cooling quench, we introduce the characteristic features of universal scaling and summarize the
known scaling exponents observed in ultracold quantum gases. In Sect. 2.2, we turn to essential
concepts of classical turbulence, which emerge in systems far from equilibrium. We place par-
ticular emphasis on the formation of stationary cascades in both three and two dimensions, as
well as on deviations from spatial self-similarity arising through intermittency. The turbulence
framework is central in Part III, where it provides the basis for understanding the onset of spatial

self-similarity at the anomalous NTFP and the emergence of intermittency.

2.1 NONTHERMAL FIXED POINTS

In the following, we briefly outline the key aspects of universal dynamics. Universality refers to
the phenomenon in which the temporal evolution of a given initial field configuration becomes
independent of the specific initial state and of the microscopic details governing the dynamics. In
this regime, the evolution is fully characterized by a set of scaling exponents and universal scaling
functions, which are believed to depend primarily on the symmetry properties of the system [84].
Identifying universal dynamics therefore enables the classification of distinct universality classes.
This introduction follows [84]; for additional reviews on universal dynamics near an NTFP, see
[80-83, 85].

The concept of universal dynamics in the vicinity of an NTFP closely parallels the theory of
equilibrium phase transitions and their RG description [244-250]. RG theory studies an equi-
librium system under changes of spatial resolution. Near a critical point, spatial self-similarity
emerges: modifying the resolution does not alter the appearance of the system. Such behavior is
commonly analyzed through correlation functions, for instance a two-point correlation function

C'(x; s), which depends on the relative distance x between two points and on a spatial resolution
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parameter s expressed in units of a fixed length scale, often called the RG flow parameter. Upon
changing the spatial resolution, the correlations change accordingly. Self-similarity requires that
correlations are preserved under rescaling, C'(Az; As) = ASC(x;s), up to a scaling factor de-
termined by the universal exponent (. This relation is satisfied when the correlation function
assumes the scaling form C/(z; s) = s¢ fs(x/s), with fs being a universal scaling function. At an
RG fixed point, the dependence on the resolution scale s vanishes entirely, and the scaling func-
tion acquires a pure power-law behavior fi(z) ~ 2. Many fixed points encountered in RG flows,
however, are only partially attractive. In these cases the scaling function retains a dependence
on characteristic system scales, such as the correlation length &, and thus exhibits self-similarity
without complete scale independence. Moreover, as the system approaches the fixed point, the
RG flow slows down, a phenomenon known as critical slowing down, reflecting the growing
timescale associated with long-wavelength fluctuations.

While equilibrium critical phenomena study correlation functions under varying spatial reso-
lution, the renormalization perspective can be extended to nonequilibrium dynamics by replacing
the spatial scale s with a temporal scale ¢. Intuitively, one considers an initial correlation function
att = 0 and examines how it changes under coarse-grained temporal resolutions ¢ > 0. Temporal
self-similarity is then indicated by the scaling form C(z;t) = t* fy(t~?x), now characterized
by two scaling exponents, o’ and f3, together with a universal scaling function f;. The corre-
sponding fixed point of such a dynamical scaling phenomenon is called a nonthermal fixed point
(NTFP) [71-79]. Because temporal self-similarity is inherently dynamical, two independent scal-
ing exponents are required to satisfy C'(Az, A\'/Pt) = A\*'/BC (x, t). The associated characteristic
length scale ¢, such as the correlation length, evolves as £(t) ~ t°, while o/ governs the overall
scaling of the correlation amplitude. In full analogy to equilibrium RG theory, nonequilibrium
universality classes can thus be defined through the pair of exponents o and /3 and the universal
scaling function f5. One of the key strengths of the NTFP framework lies in the classification:
systems belonging to the same nonequilibrium universality class exhibit identical scaling behav-
ior near their respective NTFPs, enabling insights to be transferred between physically distinct
systems. For instance, Ref. [76] demonstrates that both nonrelativistic and relativistic scalar field
theories with quartic self-interactions display identical infrared scaling behavior and can there-
fore be assigned to the same universality class. Despite this power, the complete classification of
nonequilibrium universality classes remains an open problem. Nonetheless, dimensionality and
underlying symmetries are expected to be as relevant as in equilibrium RG theory.

A schematic illustration of the NTFP concept is shown in Fig. 2.1, emphasizing its analogy to
RG flow diagrams. To approach an NTFP, one must begin with an initial field configuration whose
subsequent temporal evolution can be studied. Crucially, this initial state needs to be far from
equilibrium, which is typically realized by strongly overpopulating certain modes, otherwise
the system relaxes directly to equilibrium without exhibiting universal dynamics. Fig. 2.1 shows
three representative examples of such far-from-equilibrium initial conditions that are obtained
by sampling quantum defects such as vortices, performing a parameter quench across a phase
transition, or directly imprinting a box distribution in momentum space. The latter effectively
corresponds to a strong cooling quench, which will later be employed to illustrate the bidirec-

tional scaling. As in RG theory, each fixed point possesses a basin of attraction which contains all
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Figure 2.1: Illustration of the concept of an NTFP as a fixed point in the temporal evolution of an
initially far-from-equilibrium field configuration, reminiscent of RG flow under spatial
coarse-graining in equilibrium. The typical initial configurations on the left can arise
from (top) sampling quantum defects such as vortices, (middle) performing a quench
across a phase transition, or (bottom) imprinting a box distribution in the occupation
number n(k). When evolved in time, and provided they lie within the basin of at-
traction, these states may approach an NTFP characterized by critical slowing down,
emergent temporal self-similarity, and dynamics fully encoded in universal scaling
exponents and a universal scaling function. NTFPs are conjectured to be universal,
meaning stable under changes to the microscopic interactions. The additional control
parameters introduced by dipolar interactions, i.e., anisotropy, long-range character
of the dipolar potential U (r), and the possibility of nonmonotonic dispersion relations

w(k), are highlighted here, as they are used in Part II to explicitly probe universality.

initial configurations that evolve toward the NTFP and eventually display universal dynamics. In
general, a single Hamiltonian may admit multiple basins of attraction corresponding to different
NTEPs [87].

In the temporal evolution of the initial states sketched in Fig. 2.1, the system approaches an
NTEFP, and the correlation functions develop the self-similar scaling discussed previously. Dur-
ing this approach, one may also observe prescaling [67-70], where certain observables already
exhibit scaling behavior and others don’t. Because NTFPs, similar to RG fixed points, are typi-
cally only partially attractive, universal dynamics appears only within a finite temporal window
before the system eventually departs from the fixed point, either toward another NTFP or toward
its equilibrium state.

In Fig. 2.1, we highlight three microscopic tuning knobs relevant for universal dynamics in a
dipolar Bose gas. Dipolar interactions introduce anisotropy and long-range behavior, in contrast

to the isotropic contact interaction typically dominant in single-component Bose gases. They
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Figure 2.2: Illustration of bidirectional scaling in the vicinity of an NTFP following a strong cool-
ing quench. The initial post-quench momentum distribution (red dashed line) has a
Heaviside form. At later times, the occupation number distribution is shown schemat-
ically at two times ¢ (solid) and ¢’ > t (black dashed). In the IR, particles are trans-
ported toward even lower momenta, leading to the coarsening of the characteristic
scale k. The inset highlights the momentum regime in which the scaling hypothesis
(2.2) applies. In this regime, the form is well described by a Cauchy distribution with a
power-law tail ~ k¢, and the evolution is governed by the scaling exponents & and
B. Simultaneously, an energy flux toward the UV occurs, corresponding to a direct

energy transport. Figure taken and adapted from [77].

also allow for the emergence of a rotonic spectrum in confined geometries. The dipolar Bose
gas will be discussed in more detail in Chap. 3. In Part II, we exploit these modified microscopic
interactions to test the robustness of the proposed universality of NTFPs.

To build intuition for how and where an NTFP can be identified, we consider the example of a
strong cooling quench in a dilute, single-component Bose gas in three dimensions, as illustrated
in Fig. 2.2. The emergence of universal dynamics after such quenches has been studied in [76,
77,97, 251] and led to the concept of a bidirectional transport. An extreme realization of a strong
cooling quench is the box initial condition introduced in Fig. 2.1, where all momentum modes up

to a cutoff kg are populated with occupation ng,
n(k,t = 0) = |U(k,0)|> = ngO (kg — |k|) . (2.1)

Typically, kg is chosen such that the corresponding single-particle energy is on the order of the
chemical potential p, implying kg ~ k¢, where k¢ is the inverse healing length, cf. Eq. (3.21).
Such an initial state strongly overpopulates all modes k£ < k¢, providing a far-from-equilibrium
condition suitable for observing universal dynamics. In the subsequent evolution of this box

distribution, particles are transported toward low-momentum modes, i.e., toward the infrared
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(IR), thereby restoring a condensate. Because the total energy is conserved, the excess energy
is simultaneously transported toward high-momentum modes, i.e., toward the ultraviolet (UV).
This gives rise to a bidirectional transfer of particles and energy [76, 97], driven by the microscopic
two-body interactions. Once the dynamics becomes independent of the initial condition and the
precise coupling constant, the system enters the universal regime. The approach to an NTFP can

be observed through the self-similar evolution of the momentum distribution
n(k,t) = (t/to)*n([t/to] k. to) , (2.2)

with a reference time ¢y. Because of the bidirectional nature of the transport, this scaling form
holds only within specific momentum intervals rather than for the full distribution. In the IR
(k < k), the inverse particle transfer manifests with 3 > 0, while in the UV (k > k¢), the direct
energy transfer appears with § < 0. Each cascade possesses its own pair of scaling exponents.
Conservation laws strongly constrain the scaling behavior within these momentum ranges.
Since most particles reside in the IR and take part in the inverse particle cascade, the approximate

conservation of particle number N leads to
N = / A% n(k, t) = (t/to)*% / A% n(k, to) = (t/te)* %N | (2.3)

implying the scaling relation o« = dg [76, 77]. Analogously, conservation of energy in the direct
UV cascade yields a = 3(d + z), where z is the dynamical scaling exponent. In addition to the
temporal scaling form (2.2), all realizations of NTFPs show that the occupation number exhibits a
power-law spectrum n(k) ~ k¢ in both the IR, down to a cutoff scale k) where the distribution
flattens toward the quasi-condensate and in the UV, up to a cutoff k) beyond which the spectrum
steepens. In principle, these constitute two distinct power-law regimes.

Defining the universal scaling function as f5(k) = n(k, to) at the reference time, the temporal
scaling relation rescales fs according to o and 3. Combined with the observed power-law be-
havior, one can hypothesize the spatial scaling relation f(k) = s¢ f;(sk). To capture both the
power-law tails and the IR flattening, a common ansatz for f; is the Cauchy distribution,

1
T (k)
which will be discussed in more detail in Sect. 5.1.2. Together with the temporal scaling hypoth-

fs(k) (2.4)

esis, this implies that the characteristic IR scale evolves as ky (t) ~ ¢, corresponding to the
growth of a characteristic length scale /() ~ t°, interpretable as a coarsening process. The mi-
croscopic mechanisms driving the self-similar transport can differ substantially among systems.
In weak wave turbulence, it is dominated by the redistribution of quasiparticle excitations [76,
77]. In two-component systems, spatial patterns like magnetization domains reconfigure during
the dynamics [95, 96, 98]. In systems featuring quantized vortices, the annihilation of topolog-
ical defects drives the inverse cascade [97, 112], characteristic of quantum turbulent flows [74,
92, 112]. In contrast, in U(/NV)-symmetric models in the large-N limit [104], defects are typically
irrelevant or absent, and the universal dynamics near the NTFP is instead governed by strong
phase fluctuations [76, 77].

In theoretical studies of universal scaling near NTFPs, several complementary approaches

have been developed. One major line of work employs large-N kinetic theory, from which a
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Boltzmann-type equation for the occupation-number distribution is derived. This framework is
based on a nonperturbative 1 /N expansion of the two-particle irreducible effective action, where
N denotes the number of field components. It has been applied extensively to O(/N)-symmetric
models [71, 76, 79, 101, 115] and U(N)-symmetric models [73, 76, 77, 137, 140], yielding scal-
ing exponents that have been validated both numerically and experimentally, as discussed be-
low. A second strategy focuses on identifying the relevant degrees of freedom that dominate
the dynamical evolution and thus govern self-similar scaling. From these, a suitable low-energy
effective field theory can be derived. This approach has been carried out for multi-component
U(NV)-symmetric Bose gases [78] and for the spin-1 Bose gas [139]. To unify these perspectives
within a broader RG framework, significant effort has been invested in developing a functional
RG description of far-from-equilibrium systems. The goal is to identify the fixed points of the
resulting nonequilibrium RG flow, which in turn determine the scaling exponents. Progress in
this direction is reported in [72, 252]. In addition to these field-theoretic approaches, holographic
dualities have been used to investigate universal scaling behavior [100, 145].

Despite this theoretical diversity, most known NTFP exponents, in particular their numerical
values, have been obtained from numerical simulations and experimental realizations. In the fol-
lowing, we summarize the established exponents from both numerical and experimental studies
in the context of ultracold quantum gases.

We start with the two NTFPs identified in the single-component quasi-two-dimensional Bose
gas [112]. These studies employ initial states featuring a large number of quantum vortices, cf.
Sect. 3.3. By extracting a characteristic scale, set by the inter-defect spacing, and applying the
scaling hypothesis (2.2), two distinct sets of scaling exponents were obtained. The first set arises
from initial states containing 2400 randomly sampled elementary vortices with winding ¢ = £1.
This configuration leads to the Gaussian NTFP, characterized by the expected diffusive scaling
with 8 = 1/2 [76-78, 82, 102]. Numerical simulations in [112] yielded o = 1.10(8), 5 = 0.56(8),
and ¢ = 4.0(1). Since the system has U(1) symmetry, i.e., particle-number conservation, these
results can be directly compared with predictions for U(/N)-symmetric systems [76-78], with
good agreement. A second anomalous NTFP appears when the system is initialized with a lattice
of vortices carrying large winding numbers ¢ = +6 [112]. The corresponding exponents, o =
0.40(5), 8 = 0.19(5), and ¢ = 5.7(3), show clear subdiffusive behavior. This anomalous scaling
is attributed to vortex annihilation proceeding via an effective three-vortex process [235].

Both NTFPs have been corroborated by studying coarsening dynamics, quantified via the aver-
age inter-defect distance. Experimentally, the Gaussian and the anomalous scaling regime have
been identified in vortex coarsening [60], and Gaussian scaling was also observed in [89]. The
existence of two distinct coarsening regimes has further been investigated in post-quench dynam-
ics [126]. The broader relevance of topological defects for universal scaling has been highlighted
using persistent homology techniques [127] in relativistic O(/N) theories [136], and Kelvin exci-
tations have been shown to play a key role in both two-dimensional and three-dimensional O(1)
systems [141]. In [1], discussed in detail in Part II, this analysis is extended to include the effects
of dipolar interactions.

Other dimensions display self-similar scaling as well. In the three-dimensional single-compo-

nent Bose gas, following a cooling quench across the condensation phase transition, the experi-
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mentally measured exponents are « = 1.08(9) and 3 = 0.34(4) [61]. The possibility of 5 = 1/3
is discussed in [78, 82]. In one dimension, cooling quenches in the single-component Bose gas
yield subdiffusive exponents o = 0.09(5) and 5 = 0.10(4) [64].

For the spin-1 Bose gas in one dimension, bidirectional scaling with subdiffusive exponent 5 =
1/4 has been demonstrated numerically in transverse spin correlations [121, 134], illustrating that
observables beyond the occupation number can reveal self-similarity. Experimentally, however,
the measured values & = 0.33(8) and 5 = 0.54(6) differ significantly [65]. Both theory and
experiment employ quenches across the second-order phase transition from the polar to the easy-
plane phase. The discrepancy has been attributed to the use of a quasi-one-dimensional Gross-
Pitaevskii equation rather than the full three-dimensional dynamics [253]. The same system also
exhibits multiple basins of attraction, leading to different scaling behaviors depending on the
quench protocol [87]. Extending these studies to two-dimensional spin-1 Bose gases, where spin
vortices appear, recovers the diffusive exponent § = 1/2 [122]. Further numerical analyses in

the quasi-two-dimensional regime can be found in [105, 106].

2.2 TURBULENCE

The second central concept discussed throughout this thesis, in particular in Part III, is turbulence.
In this section we provide a brief introduction to the key concepts in the theory of turbulence
of classical incompressible fluids governed by the Navier—Stokes equation. Parts of this section
are based on the textbook by Frisch [205] and the review [254]. For a historical perspective on
turbulence research, we refer to [206].

In Sect. 2.2.1 we begin with an intuitive view of turbulence, framed in terms of the restoration of
spontaneously broken symmetries in a statistical sense. Sect. 2.2.2 then focuses on Kolmogorov’s
seminal theory of forced, fully developed three-dimensional turbulence, emphasizing the scaling
behavior of velocity-increment structure functions and the energy spectrum within the inertial
range. In Sect. 2.2.3 we turn to two-dimensional turbulence and outline the Kraichnan-Leith-
Batchelor framework, illustrating the emergence of both a direct enstrophy cascade and an in-
verse energy cascade. Finally, Sect. 2.2.4 discusses intermittent deviations from the self-similar
scaling. We introduce two central intermittency models — the 5-model and the bifractal model -

to demonstrate how the altered scaling exponents arise.

2.2.1  Fully developed turbulence

We begin by briefly outlining what is typically meant by turbulence, how it can be character-
ized, and what is understood as the standard scenario of a driven turbulent flow. Just as the
Schrodinger equation lies at the heart of quantum physics, the Navier—Stokes equation (NSE)

is central to the study of turbulent flows in classical fluids. Many of the seminal results by Kol-
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mogorov, Obukhov, Kraichnan, and others, reviewed in the following sections, concern turbu-

lence in an incompressible fluid described by

DBtv(x, t) = %v(x, t) + (v(x,t) - V)v(x,t) = =Vp(x,t) + vV3v(x,t) + f(x,1), (2.5)

V-v(x,t) =0, (2.6)

i.e., the incompressible NSE. Here D/Dt = 0, + v - V denotes the material derivative of the
velocity field v(x, t). Its form reflects the change experienced by a moving fluid parcel, arising
from local temporal variations and convection or advection. These effects are driven by gradients
in the pressure field p(x, t), by viscous dissipation characterized by the kinematic viscosity v, or
by an external forcing field f(x,¢).

Imposing incompressibility via (2.6) has the advantage that the fluid energy is purely kinetic,

1
E= 5/dv v(x, 1), (2.7)

and no internal or compressible energy contributions need to be considered, i.e., the fluid flow is
purely vortical. This approximation is accurate for flows with low Mach number M < 1, which
corresponds to flow velocities much smaller than the speed of sound.

The control parameter for describing the transition from laminar to turbulent flow is the

Reynolds number,

Re= —, (2.8)

v

where L and U denote the characteristic length and velocity scale. It quantifies the ratio be-
tween inertial and viscous forces. A useful and intuitive understanding of the transition from
laminar to turbulent flow, outlined in [205], considers a uniform flow of velocity U along the
x-axis past a cylinder of diameter L, infinitely extended along the z-axis. For Re < 1, the flow
remains laminar and respects the symmetries of the underlying NSE (2.5), i.e., time-translation
invariance, translation along the z-axis, and reflection about the z-axis. As Re increases, the
flow remains laminar and symmetry-obeying but develops two stationary recirculating eddies in
the wake of the cylinder. Around Re ~ 40, the continuous time-translation symmetry sponta-
neously breaks into a discrete one, giving rise to the well-known Karman vortex street, i.e., the
alternate shedding of eddies behind the obstacle [255]. Further increasing Re eventually breaks
even the remaining discrete time-translation symmetry as well as the spatial symmetries, leading
to chaotic flow. A working definition of turbulent flows therefore includes deterministic chaos,
enhanced mixing, dominance of vortical motion, and dissipation. Much of the following discus-
sion focuses on the idealized setting of homogeneous, isotropic turbulence, where correlation
functions, such as two-point correlations, depend only on the separation distance and not on
absolute position or orientation. For sufficiently large Reynolds numbers, after all symmetries
have been broken, these symmetries become restored statistically, marking the regime of fully

developed turbulence.
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Figure 2.3: Illustration of the direct energy cascade in stationary three-dimensional turbulence.
Energy is injected at large scales around the forcing wavenumber k¢ and dissipated
at small scales near the Kolmogorov dissipation wavenumber k,. When these scales
are sufficiently separated, an inertial range emerges in which the flow exhibits a
self-similar transfer of energy, described by the Kolmogorov-Obukhov spectrum
E(k) ~ k~5/3 under the assumptions of K41 theory. The process can be interpreted
through the Richardson cascade: large eddies injected by the forcing break up into
progressively smaller ones until their energy is dissipated as heat. The constant space
filling of each eddy generation leads to the self-similarity characteristic in the inertial

range.

2.2.2  Kolmogorov’s 1941 theory

Having introduced the notion of fully developed turbulence, we now turn to the key results
obtained by Kolmogorov in three seminal papers from 1941 [200-202], collectively known as
K41 theory. The presentation here follows [205].

We first outline the physical setting to which K41 theory applies, also illustrated in Fig. 2.3. A
turbulent flow is maintained by an external forcing f(x, t) acting on large scales. For simplicity,
we assume that the forcing is concentrated around a characteristic scale k¢, at which energy is
injected into the system. At the opposite end of the spectrum, viscous effects dissipate energy
at the dissipation scale k;,, < k¢. The region between these scales constitutes the inertial range,
where neither forcing nor viscous terms in the NSE (2.5) dominate, and where the injected en-
ergy is transferred from large to small scales. At late times, the system reaches an energy balance
between injection and dissipation, resulting in a statistically stationary cascade in which all mo-
ments become time independent. This setting of a stationary energy cascade in homogeneous,

isotropic turbulence underlies the three hypotheses of K41 theory, as formulated in [205]:

H1: Inthe inertial range and for Re — oo, the turbulent flow restores all spontaneously broken

symmetries of the NSE in a statistical sense.
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H2: The turbulent flow is self-similar in the inertial range and characterized by a unique scaling

exponent h.
H3: The turbulent flow has a finite nonvanishing mean energy dissipation rate € per unit mass.

Hypothesis H1 essentially states that the flow has reached the regime of fully developed tur-
bulence, cf. Sect. 2.2.1. The remaining hypotheses can be illustrated best in terms of velocity

increments,
ov(r,l) =v(r+£) —v(r), (2.9)
and the associated structure functions,
Sy(r, €) = <}5v(r,2)}”> : (2.10)

Statistical homogeneity and isotropy implied by H1 simplify the structure functions to S, (¢) with
¢ = |€|. Hypothesis H2 then implies the scaling relation dv(r, M) = \'6v(r, £) with scaling
exponent h.

The three hypotheses summarized above differ from Kolmogorov’s original hypotheses in
[200-202], but follow the reformulation given in [205]. Kolmogorov’s original formulation [200]
assumed that in the inertial range and for infinite Reynolds number, the structure functions are
uniquely and universally determined by the separation scale ¢ and the mean dissipation rate e.

From this we immediately conclude
Sp(l) = CeMPe2p (2.11)

with C' a universal, dimensionless constant. Dimensional analysis gives [S,] = [L|?/[T]? in
units of space [L] and time [T]. Together with [¢] = [L] and [¢] = [L]?/[T]? we directly obtain
a1 = ay = 1/3, producing the celebrated Kolmogorov exponents. Landau, however, objected
this derivation, in particular the universality of the constant C', motivating the more careful
derivation based on H1-H3.

A derivation that does not rely on Kolmogorov’s original universality assumption uses Kol-

mogorov’s four-fifths law,

<(5v”(r,£))3> — —%eﬁ, (2.12)

first derived in [202] for the longitudinal velocity increment

SIS

v (r, £) = (v(r +£) —v(r)) - (2.13)

This relation follows exactly from the NSE (2.5) under H1-H3 using the Kirman-Howarth—-Monin
relation; see [205] for a detailed derivation. For homogeneous, isotropic turbulence and using H2,

(2.12) yields the scaling exponent h = 1/3, and the structure functions take the form

Sp(l) = CpeSe S = Cpel/3P/3 (2.14)



2.2 TURBULENCE

with dimensionless constants C), and scaling exponents (, = p/3. Although (2.12) is formulated
for longitudinal velocity increments, the same scaling is expected for transverse increments in
isotropic turbulence at infinite Reynolds number [202].

A second cornerstone of K41 theory is the prediction of the energy spectrum in the inertial

range
E(k) = C2/3k=5/3 (2.15)

with a dimensionless constant C. The —5/3 exponent follows directly from the scaling (2.14)
and was first introduced by Obukhov [203, 204], independent of Kolmogorov’s work. The K41
scaling of both structure functions and the energy spectrum has been confirmed experimentally
and numerically [205, 256], and even identified in van Gogh’s Starry Night [257].

Before turning to turbulence in two-dimensional systems, we discuss the Richardson cascade
[258], which provides a phenomenological description of the direct energy cascade in terms of
continuous eddy decay as illustrated in Fig. 2.3. Starting from the injection of large-scale eddies of
size ¢y at the driving scale, the eddies undergo successive decay into smaller and smaller eddies,
which cascade toward the Kolmogorov dissipation scale 7, where they ultimately dissipate out
of the system. We assume that the n-th generation of eddies has a characteristic size ¢,, = {yr",
where 0 < r < 1 specifies the reduction in size between two consecutive generations. The
precise value of r has no physical meaning and is often chosen as » = 1/2 for convenience.
For the Richardson cascade to be compatible with the self-similarity hypothesis H2, each eddy
generation must have equal space filling; hence, the number of eddies per unit volume must grow

as ~ 7”73

™ in three dimensions. If this was not the case, one could infer the eddy generation n,
and therefore the scale ¢, simply by measuring the total volume filled by that generation, which
contradicts H2. In Sect. 2.2.4 we will show that relaxing this equal-space-filling condition leads to
a description of intermittent cascades. A further important aspect of K41 theory that is illustrated
by the Richardson cascade is the localness of interactions, i.e., eddies predominantly break up
into slightly smaller eddies of the next generation, such that energy is transferred in a direct and

scale-local fashion from the injection to the dissipation scale.

2.2.3  Turbulence in two dimensions

We now reduce the dimensionality of our three-dimensional system, where standard K41 theory
applies, to the two-dimensional case. Two-dimensional turbulence is relevant for a variety of
physical phenomena, ranging from geophysical flows in atmospheres and oceans to the forma-
tion of Onsager vortex clusters in two-dimensional Bose-Einstein condensates. Here, we briefly
introduce the bidirectional cascade model for forced, stationary two-dimensional turbulence, as
developed by Kraichnan [207], Leith [208], and Batchelor [209]. Our presentation follows the
review on classical two-dimensional turbulence by Boffetta and Ecke [254].

A natural starting point for the discussion of two-dimensional turbulence is to formulate the
NSE in terms of vorticity

gvx(xa t), (2.16)

0
w(x,t) =V X v(x,t) = %vy(x, t) — 9y
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Figure 2.4: Illustration of the bidirectional cascade in stationary two-dimensional turbulence,
showing both the inverse energy cascade (IEC) and the direct enstrophy cascade
(DEC). For sufficiently large separation of scales, the IEC occurs in the IR inertial
range, kr, < k < k¢, lying between the forcing scale ky where energy is injected
and the large-scale dissipation scale kj, typically realized via linear friction. In the
IEC, large-scale flow structures emerge in the velocity field, exhibiting the same
Kolmogorov-Obukhov spectrum E(k) ~ k=% as in three-dimensional K41 turbu-
lence. In contrast, the DEC appears in the UV inertial range, kf < k < k), between
the injection scale and the small-scale dissipation scale k,,. Here, enstrophy cascades
directly toward the UV, forming small-scale vortical structures. The DEC displays a
self-similar energy spectrum E (k) ~ k=3,

which measures the local rotation of a fluid parcel when propagating along the flow and is a
scalar quantity in two dimensions. Introducing the stream function v (x, t), from which the ve-
locity field can be constructed as v = (9, —8x¢)T, and which automatically satisfies the
incompressibility condition V - v = 0, the NSE can be rewritten in vorticity form:
0
S0 (0 + T (¥,w0) = vVie(x,t) + f(x.1), (2.17)
with the Jacobian J (¢, w) = (9y¢)(0xw) — (0x¢)(Oyw) = v-Vwand f =V X f.

Within the inertial range, where both forcing and dissipation are negligible, energy

2
E:/dkE /d2 v(x,t)[? /d2 ‘“kt’ , (2.18)

is conserved, where F(k) is the isotropic energy spectrum. In two dimensions, a second con-

served quantity appears, i.e., enstrophy
1
Q= /dk Q(k) = 5 /d% lw(k, )2 (2.19)

Unlike three-dimensional turbulence, where vortex stretching allows enstrophy to change, in
two dimensions enstrophy is conserved and strictly positive, in contrast to helicity in three di-

mensions which can take negative values.
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The implications of enstrophy conservation are clarified using Fjertoft’s argument [259]. We
consider three representative wave numbers kg < k¢ < kyy around the forcing scale k¢, and
denote the respective energies as F1r, Ef, and Fyvy. The quadratic nonlinearity of the NSE (2.5)
implies that the lowest-order energy redistribution occurs through triadic interactions. Conser-

vation of energy and enstrophy then reads

AER + AE;+ AEyy =0,
kiR AFR + kEAFE; + kivAEByy =0, (2.20)

where A denotes the energy transfer of each mode. Solving for A Etr and A Eyy yields

By — I
AER = L2 L2 AEfa
IR uv
AEi v = MAE
Ll £ (2.21)
uv IR

Both A E1r and A Eyyy have opposite sign to the injected energy A Er. Typically, AE¢ < 0 since
energy is redistributed from the forcing mode, implying that the other two modes gain energy.

Examining the ratios of energy and enstrophy transfer,

AER  (kuy/ke)? =1
AEyy 1 — (ks /ks)?
k:%RAEIR - 1-— (kf/kUV)2
k3yAEyy  (ke/kir)? — 1

>1, kUV>\/§kf,

<1, kg <ki/V2, (2.22)

shows that for sufficiently large scale separation, energy primarily cascades toward the large-
scale IR mode ki, while enstrophy cascades directly toward the small-scale UV mode kyv.
Hence, from this simple argument we establish a bidirectional transfer of energy to the IR and
enstrophy to the UV, which is expected to be reflected in the turbulent cascades.

Assuming well-separated inertial ranges in the IR and UV, we can derive scaling relations
for the energy spectrum analogous to K41 theory. In the IR (k;, < k < ki), the wavenumber
lies between the forcing scale k¢ and a large-scale dissipation scale ky,, typically realized via lin-
ear friction to prevent energy divergence. In this range, the same Kolmogorov-Obukhov scaling
E(k) ~ k=53 applies to the inverse energy cascade (IEC), under the hypotheses of fully devel-
oped turbulence, self-similarity, and constant mean energy dissipation. For the direct enstrophy
cascade (DEC) in the UV range ky < k < k), the hypothesis H3 of constant mean energy dissi-
pation is replaced by a mean rate of enstrophy dissipation 7),. Using dimensional analysis with
[k] = 1/[L], [E(k)] = [L]?/[T)% and [n,] = 1/[T]3, the resulting energy spectrum follows

E(k) = C'n?3k3, (2.23)

with a different dimensionless constant C’. Historically, the bidirectional cascade model for sta-
tionary two-dimensional turbulence was developed in a series of works by Kraichnan [207], Leith
[208], and Batchelor [209], which also provide more rigorous derivations of both cascades. Our
presentation focused on an intuitive understanding of bidirectionalality and the expected scaling
laws. For further discussions of numerical and experimental realizations of the IEC and DEC, we
refer to [254].
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2.2.4 Intermittency

For both turbulent energy cascades — direct in three dimensions, cf. Sect. 2.2.2, or inverse in two
dimensions, cf. Sect. 2.2.3 — we have so far assumed hypothesis H2, which demands self-similarity
in the inertial range. Under this assumption, the scaling behavior of velocity increments depends
solely on the local scale ¢, with no influence from other scales like the injection or dissipation
scales. Consequently, all higher-order structure functions (2.14) exhibit power-law scaling with
linearly increasing exponents (. In realistic turbulent flows, however, self-similarity is often
violated, resulting in structure functions that depend on additional scales beyond ¢. This mani-
fests as deviations of the scaling exponents (, from the K41 prediction ¢, = p/3, a phenomenon
known as intermittency. Intermittency signals departures from Gaussian statistics for the veloc-
ity increments, associated with enhanced probabilities of extreme velocity differences. This has
been extensively studied in fully developed turbulence in both three dimensions [260] and two
dimensions [261, 262]. In the following, we provide a brief overview of two intermittency models
for velocity increments, the 5-model and the bifractal intermittency model. For a comprehensive
discussion of intermittency models, including those describing fluctuation of the dissipation, we

refer again to [205].

[B-model

The -model builds upon the Richardson eddy cascade picture introduced in Sect. 2.2.2. In the
original cascade, eddies were assumed to be space-filling, i.e., daughter eddies occupy the same
volume as the parent eddy. In the S-model, this requirement is relaxed and, instead, only a frac-
tion 0 < S < 1 of the parent eddy’s volume remains active after decay. Consider an eddy of
volume V;, = ¢¢ decaying into N daughter eddies of volume V}, 1 = ¢¢ 1= r@¢?, with r being

the eddy generation scale. The active fraction is then

_ NVnJrl

= Nre, (2.24)

&)
recovering 3 = 1 and N = 1/r? for non-intermittent turbulence. Equivalently, one can write
N = 1/rP, introducing the fractal dimension D of the active eddy set. Physically, D describes
the effective dimension in which N hypercubes of edge length r fill the unit hypercube. For the

n-th eddy generation, the fraction of active space is
s \4P
pe, =" = <;> : (2.25)
0

with d — D often called the codimension.

To recover the spatial scaling characteristics of velocity increments, we replace the discrete
generation index n by a continuous scale /. The energy associated with active eddies of size ¢ is
then

E¢ ~ (60(£))* pe, (2.26)
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where the factor p; accounts for the fraction of space occupied by active eddies. The correspond-
ing energy flux I, ~ Ey/t; depends on the eddy turnover time ¢, ~ ¢/6v(¢). In a stationary
turbulent cascade, 11, is independent of ¢ within the inertial range, since no energy is injected
or dissipated on these scales. Together with H3, i.e., the assumption of a constant mean energy
dissipation rate € per unit mass, the energy flux in the inertial range takes the form Il ~ €. Using
(2.26) at the scale /o we obtain I, ~ (dv(£g))3//o.

Combining the above relations yields the scaling of velocity increments in the S-model

ov (L) ~ dv(lo) <;> 0 , (2.27)

0

W=

with modified exponent h = 1/3 — (d — D)/3. For the scaling of the structure functions (2.10)

an additional factor p, needs to be considered due to the ensemble average; and, we arrive at

Syll) ~ 50(0)py ~ 60 ()" (50>< , (229)

with scaling exponent
Cp:hp+(d—D):§+(d—D)(1—§>. (2.29)
This exponent satisfies (3 = 1, i.e., Kolmogorov’s four-fifths law, and reduces to K41 scaling

for vanishing codimension D = d. Historically, the 3-model was built upon Mandelbrot’s ob-
servation of a fractal support of dissipation [263], formalized in [264], and later extended to the
multifractal formalism [265, 266].

In summary, the S-model can be interpreted as the velocity field exhibiting scaling with  on a
subset S of the total space with fractal dimension D. Here, h sets the slope of the structure func-
tions (2.29), while the codimension d — D induces an affine shift, consistent with the four-fifths
law (2.12). Such models with a single exponent & belong to the class of monofractal intermittency

models.

Bifractal intermittency model

The bifractal intermittency model generalizes the monofractal model and will later be employed
when studying intermittency in a decaying IEC in a superfluid Bose gas, cf. Sect. 9.1. For the
bifractal model we assume two fractal subsets of the total space, S; and Sy, with fractal dimension

D and Do, respectively. The velocity increments scale with h; on S7 and hy on Sa:

h
do(r,0) (%) " re S, dim(S) =Dy,

h
dv(4o) (%) : r €S,dim(Sy) = Ds,

(2.30)

valid within the inertial range. This yields structure functions

S5l) _ (L " £ diDlJFc £ o £ . (2.31)
sty — 1\ 7 % >\ lo ’ '
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where C and Cs are constants of order unity. Similar to (2.28), each exponent is weighted by
the probability of being in the corresponding fractal subset. For small scales, ¢ < £, the smaller

exponent dominates, giving
¢p = min(phy +d — D1, pho +d — D). (2.32)

A concrete example is obtained by mixing space-filling K41 turbulence, h; = 1/3 and D = d,
with a monofractal S-model, hy = 1/3 — (d — D2)/3 and D3 < d, yielding

p/3 0<p<3,
(= (2.33)

p/3+(d—D2)(1-p/3) p=3.

This is precisely the intermittency behavior that will be observed later in the circulation of the
velocity field in Sect. 9.1. Only for p > 3 intermittent deviations are present, while for p < 3
non-intermittent K41 scaling is retained.

The bifractal intermittency model can be further generalized to a multifractal intermittency
model [265, 266] by assuming an infinite continuum of scaling exponents, each for a respective
fractal subset. This approach is particularly relevant when interpreting experimental results for

intermittency in three-dimensional direct energy cascades, see [205].
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Since its theoretical prediction in 1924 by Bose [267] and Einstein [268], Bose-Einstein conden-
sation (BEC) has attracted extensive experimental interest. It is characterized by the macroscopic
occupation of the quantum ground state, giving rise to a collective quantum state on macroscopic
scales and motivating efforts to reach quantum degeneracy. This goal was first achieved in 1995
in dilute atomic vapors of 8"Rb [269] and 23Na [270], launching a new era of research in ul-
tracold atomic gases. In these early systems, interparticle interactions were dominated by van
der Waals forces, which can be accurately approximated as isotropic contact interactions in di-
lute, low-energy gases [271, 272]. More recently, dipole-dipole interactions in strongly magnetic
gases have attracted considerable attention. Their long-range and anisotropic character intro-
duces physics beyond the short-range isotropic van der Waals interaction, enabling new regimes
of quantum many-body behavior. As outlined in Sect. 2.1, we exploit such interactions in Part II
to study far-from-equilibrium dynamics in an ultracold Bose gas, in particular the emergence of
self-similar scaling near NTFPs.

This chapter provides an introduction to the core concepts relevant for ultracold atomic gases,
with emphasis on the distinctive features that arise when dipole-dipole interactions are included.
For a comprehensive review of dipolar physics with an emphasis on recent experimental progress,
we refer the reader to [151]; much of the exposition here follows the presentation therein. Ad-
ditional reviews on dipolar physics can be found in [146-150, 157]. In Sect. 3.1, we introduce
the long-range and anisotropic dipole-dipole interactions and describe how they enter the many-
body Hamiltonian, from which the operator-valued Gross—Pitaevskii equation (GPE) is derived.
Sect. 3.2 transitions to the mean-field treatment of the GPE, focusing on the dimensional reduc-
tion to quasi-two-dimensional geometries and the elementary excitations within the Bogoliubov
framework. In Sect. 3.3, we introduce quantum vortices as topological excitations of the conden-
sate and discuss their role in quantum turbulence and in the point-vortex model. Finally, Sect. 3.4
provides an overview of the most important numerical methods used throughout this work, with

particular emphasis on the treatment of the dipolar potential and the split-step Fourier algorithm.

3.1 DIPOLAR HAMILTONIAN

As introduced in Sect. 2.1, the study of universality at the anomalous NTFP requires additional
tuning knobs in the underlying microscopic interactions beyond the short-range van der Waals
interaction typically present in single-component Bose gases. To this end, we incorporate the
anisotropic and long-range dipole-dipole interaction, which provides precisely such additional
control parameters. These allow us to investigate how modifications of the microscopic interac-

tion affect the self-similar dynamics in the vicinity of the NTFP.
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In Sect. 3.1.1, we introduce the dipole-dipole interactions and discuss the qualitative differences
between electric and magnetic dipole moments. We emphasize the long-range and anisotropic
nature of these interactions and contrast them with the short-range van der Waals forces de-
scribed in s-wave approximation. Sect. 3.1.2 then presents the general many-body Hamiltonian
for a dilute atomic gas in second quantization, from which we derive the operator-valued Gross—

Pitaevskii equation.

3.1.1 Dipole-dipole interaction

In its most general form, the dipole-dipole interaction (DDI) between two dipoles, labeled 1 and

2, is described by the potential

Py . o 2 —_— P\ . o .
Udd(r)z(i‘jrd (&1 - &) i’éel r)@:r) (3.1)

where r is the separation vector with magnitude r = |r|, and the dipole orientations are given
by the unit vectors é; and &s. In most realizations of the DDI, a strong external magnetic field is
applied to polarize all dipoles along a fixed axis P. Under this assumption the general expression

(3.1) reduces to
~ Caa 1 —3cos?(0)
Uga(r) = i 3 , (3.2)

where 6 denotes the angle between the polarization axis P and the separation vector r.

The coupling constant Cyq depends on both the strength and nature (electric or magnetic)
of the dipole moments involved. For electric dipoles with dipole moment d, the coupling is
Cqq = d? /20, with £¢ the vacuum permittivity. A typical dipole moment corresponds to a charge
separation of the order of a Bohr radius ag, such that d ~ eag, where e is the elementary charge.
For magnetic dipoles with dipole moment y, usually expressed in Bohr magnetons pp, the cou-
pling becomes Cyqq = 2o, where fig is the vacuum permeability. The ratio of characteristic
magnetic to electric DDI strengths is

M = Oﬁ (3 3)

e2ak/ey 4 '
where o &~ 1/137 is the fine-structure constant. Electric DDIs are therefore intrinsically much
stronger than magnetic ones, making them highly favorable for realizing strongly dipolar quan-
tum gases.

Atoms, however, do not possess a permanent electric dipole moment in their ground state;
only heteronuclear molecules exhibit permanent dipoles in their rest frame. In the rotational
ground state, nevertheless, their dipole moment averages to zero in the laboratory frame due to
rotational symmetry. An external electric field F is required to break this symmetry and recover a
finite dipole moment in the laboratory frame. Numerous ultracold polar molecules with sizeable
electric dipole moments have been produced. A prominent example is KRb [273, 274], which
was recently cooled to quantum degeneracy [275, 276]. Nonetheless, creating degenerate gases
of heteronuclear molecules remains experimentally challenging due to strong losses and their

internal complexity, which complicates cooling. A different route to large electric dipole moments
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is provided by Rydberg atoms — highly excited atoms with large principal quantum number n -
which are actively researched [277-279]. When subject to external electric fields, the Stark effect
mixes states of different parity, inducing an electric dipole moment that scales as 12,

Because of the difficulties associated with producing ultracold gases of strongly electric dipoles,
many experiments resort to the much weaker magnetic dipole moments of certain atomic species.
Their key advantage is that atoms in their ground state can carry a nonvanishing magnetic dipole
moment, even in the absence of external fields, arising from the spin and orbital angular momen-
tum of the electrons. This motivated extensive efforts in cooling and condensing highly magnetic
atoms. Throughout this thesis, dipolar gases refer exclusively to gases of magnetic dipoles. The
first such atomic BEC was achieved with chromium Cr, possessing a magnetic moment of 6.3
[179, 280]. Later, the even more strongly magnetic lanthanides erbium Er (7up) [181] and dys-
prosium Dy (10up) [180] were brought to degeneracy.

Having introduced the DDI as a new interaction channel in ultracold gases, we now contrast
it with the isotropic, short-range van der Waals interaction. First, for fixed angle 6, the DDI
(3.2) decays as ~ 1/73, much slower than the ~ 1/75 behavior of van der Waals forces; which
makes it a long-range interaction. A detailed discussion of long-range interactions can be found
in [151]; here, we briefly mention two common perspectives. The collisional perspective in three
dimensions considers a partial-wave expansion of an isotropic interaction ~ 1/r™ and shows
that low-energy scattering is purely s-wave for n > 4, identifying n = 3 as the threshold
for long-range behavior. The thermodynamic perspective demands an extensive energy, i.e., a
converging integral [ Ugq(r) d%r, for short-range interactions. In d = 3 this condition is violated
for Ugq(r) ~ 1/73, again identifying the DDI as long-range.

Second, the DDl is anisotropic, as reflected in the d-wave-like angular dependence in (3.2). For
Cqgq > 0 it features repulsive (§ < 60,,) and attractive (6 > 6,,) regions separated by the magic
angle 6,, = arccosy/1/3 ~ 54.74°, at which the interaction vanishes. This anisotropy has
profound consequences for the many-body physics of dipolar condensates, especially regarding
stability, which depends crucially on both the trap geometry and the polarization direction P.
These aspects will be discussed further in Sect. 4.2.2.

We also introduce the Fourier transform of the DDI (3.2),
3cos?(0y) — 1

Uaa(k) = /dgr Uga(r)e ™ = Cyq 3 ,

(3.4)

where 6y, is the angle between k and the polarization axis P. The explicit derivation is given in
App. A.2. Similar to contact interaction, Usq (k) is independent of the magnitude k£ = |k|, but
unlike the contact case it retains angular dependence, enabling anisotropic dispersion relations.

Finally, we state the explicit form of the two-body interaction potential Uyn(r — r’) used
throughout this thesis:

Ut (r — ') = Ucont (v — v’) + Uga(r — 1), (3.5)

consisting of a contact term Uyt and the DDI Uyq defined in (3.2). The contact term arises from
the short-range van der Waals interaction between neutral atoms and can be approximated by a
pseudopotential [281]

Ucont(r — 1) = gd(r —1'), (3.6)
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valid at low energies where only the s-wave (I = 0) contributes to scattering. At leading-order
Born approximation, the coupling constant is

Arh2ag

g= ; (3.7)
m

with a the s-wave scattering length and m the particle mass. The combined use of the full dipolar
potential and the lowest-order contact pseudopotential has been debated, but was validated in
[282, 283], with the constraint that in strongly dipolar systems the scattering length a5 may itself
depend on the dipole moment.

To compare dipolar and contact interactions, one introduces the dipolar length

Caam
add = , 3.8
dd = ~g79 (3.8)
which allows the relative interaction strength to be expressed as
Cad _ aad
€dd = EM = . (3.9)
g as

This ratio can be tuned experimentally via Feshbach resonances [284]. A scheme for tuning
the dipolar length by rapidly rotating the polarization direction was proposed in [285]. For
the Dysprosium isotope 64Dy, relevant to the simulations in this thesis, the dipolar length is
aqqa = 130.7 ag. The background scattering length has been measured with differing results:
as = 69(4) ap in [286] and ag = 92(8) ag in [287]. We will employ the latter value in Sect. 4.1.

3.1.2 Many-body Hamiltonian

The many-body Hamiltonian density Hzp for N identical bosonic atoms of mass m in three

spatial dimensions, written in the field-operator formalism, reads

Hap(r) = QIiLV\i’T(r)V\iJ(r) + Vet (r) T (1) U ()

- % / ' U () U () Uiy (r — ) T () T (r) . (3.10)

Here, the field operators U'f(r) and ¥ (r) create and annihilate a particle at position r, respectively.

They obey the canonical bosonic commutation relations

[F(r), b)) =0,  [FF(r), @) =0,  [¥(r), @) =o@r-1). (3.11)
The term Vext(r) denotes an external potential, while Uiy (r — r’) is a two-body interaction
operator, which we already discussed for a dipolar Bose gas in (3.5). A detailed derivation of (3.10)
from first quantization can be found in standard textbooks such as [288]. The full Hamiltonian

operator Hsp is obtained by integrating the Hamiltonian density,

Hip = /d3r7:l3D(r). (3.12)
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To study the dynamics generated by Hsp, we employ the Heisenberg picture, promoting the
field operators to explicitly time-dependent operators,

U(r,t) = eiﬁwt/h\i’(r, O)e*iﬁwt/h. (3.13)

The time evolution then follows the Heisenberg equation,

0 » a N
iha\ll(r,t) = [U(r,t), Hsp] - (3.19)
Evaluating the commutator with (3.12) by repeatedly using the commutation relations (3.11)
yields
8 ~ h2 Iy A A
iho U(r, 1) = <—2mv2 + Vext (r) + / 43/ Ut (r’,t>Uim<r—r’)\P(r’,t)> U(r,t). (3.15)

This operator-valued nonlinear Schrédinger equation is, in general, extremely difficult to solve
exactly. In the next section, Sect. 3.2, we therefore introduce the Gross—Pitaevskii equation (GPE),
which has a structure analogous to (3.15) but is formulated in terms of complex-valued classical

fields, enabling efficient numerical simulations.

3.2 GROSS—-PITAEVSKII EQUATION

With the operator-valued GPE (3.15), we have already established the fundamental equation gov-
erning an ultracold, dilute atomic gas, which, however, can in general not be solved straightfor-
wardly. Consequently, most studies of ultracold gases operate in regimes of weak fluctuations or
strong mode occupation, where a mean-field treatment becomes valid. In this limit, the GPE re-
duces to a nonlinear classical field equation that can be simulated with high numerical efficiency,
cf. Sect. 3.4, and will serve as the main workhorse throughout the remainder of this thesis.

In Sect. 3.2.1, we outline two complementary perspectives on the derivation of the mean-field
GPE: one based on an order-parameter description of the condensate, and another derived from
the classical-field treatment of highly occupied modes. Sect. 3.2.2 then imposes a tight harmonic
confinement along the z-axis, yielding a quasi-two-dimensional system. By integrating out the
axial direction, we obtain an effective dipolar interaction potential for the reduced geometry,
which we also discuss qualitatively. In Sect. 3.2.3, we analyze the elementary excitations of a
dipolar BEC within the Bogoliubov framework. The resulting anisotropic excitation spectrum
can lead to mean-field instabilities that may drive the condensate toward collapse. We briefly re-
view the stabilization mechanism provided by beyond-mean-field Lee-Huang-Yang corrections,
which enable the formation of quantum droplets and supersolid phases. Sect. 3.2.4 highlights the
close analogy between the GPE and the inviscid compressible Euler equations, emphasizing the
parallels between quantum and classical fluids. Finally, Sect. 3.2.5 introduces a decomposition
of the total energy into distinct physical contributions, with particular attention to the incom-
pressible component, which plays a central role in characterizing turbulent cascades in quantum

turbulent flows.
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3.2.1 Two approaches to the GPE

Having derived the full Heisenberg equation of motion (3.15) and discussed its complexity in
operator form, we now introduce the GPE [289, 290], the mean-field description that has become
the central theoretical tool for studying dilute, ultracold Bose gases. In this section, we present
two commonly used yet conceptually distinct perspectives on the GPE and its derivation. First,
following [291], we discuss the GPE as the evolution equation for the order parameter. Then,
following the classical-field (c-field) viewpoint of [292], we show how the GPE also emerges as

the dynamical equation for a classical field built from strongly occupied modes.

Order parameter perspective

At sufficiently low temperatures, once the Bose gas becomes degenerate and the system sponta-
neously breaks the global U(1) symmetry, the bosonic field operator develops a nonvanishing

expectation value. It is convenient to decompose the field operator as
U(r,t) = (U(r, 1)) +0(r, 1), (3.16)

where the expectation value W(r,t) = (¥(r,t)) serves as the order parameter or condensate
wavefunction, and 5 (r, t) describes fluctuations with vanishing mean. The order parameter thus
represents the coherent, macroscopically occupied part of the field.

Substituting the decomposition (3.16) into the Heisenberg equation (3.15) and neglecting all

fluctuations, i.e., replacing 0 by its expectation value, yields the GPE

2
(1) = (—jv? Voa(6) + [ @ U U r')xwr’,t)) U(r,t). (317)
m

This equation governs the evolution of the order parameter at 7' = 0, neglecting all quantum
fluctuations. For extensions of the GPE (3.17) to finite temperatures based on the decomposition
(3.16), see [291].

Since the GPE respects time and spatial translation invariance, and is invariant under global
phase rotations, Noether’s theorem implies the conservation of energy, momentum, and particle

number. The conserved particle number is
N = /d3rp3(r,t) = /d?’r ’\I/(r,t)E, (3.18)

where p3(r,t) = |¥(r, t)‘2 is the local density.
Beyond describing dynamical evolution, (3.17) is also used to determine the energetic ground
state of the many-body system. If U(r, ¢ = 0) = W (r) denotes the ground-state order parameter,

its time evolution becomes purely oscillatory,
(r,t) = e MMy (r), (3.19)

where p is the ground-state energy, i.e., the chemical potential. Inserting this ansatz into (3.17)
leads to the stationary GPE,

2
p¥o(r) = (—%vZ + Vext(r) + / A3 W (x ) Ui (x — r’)%(r’)) Wo(r), (3.20)
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which defines the mean-field ground state.

In the presence of both contact and DDIs, and assuming a homogeneous density p3(r,t) =
p3 without external trapping, the chemical potential becomes 1 = (1 — €4q)p39. Compared to
the non-dipolar value ps3g, it is reduced by a term proportional to the relative dipole-to-contact
interaction strength eqq. For egq > 1, the mean-field system turns unstable, signaling collapse
of the gas. In Sect. 3.2.3, we revisit this instability and discuss how quantum fluctuations can
stabilize the system, enabling supersolid and quantum-droplet phases. In the case of a cylindrical
harmonic trap in (3.20), for nonzero dipolar strength €44, the gas will exhibit an aspect ratio
different from the trap aspect ratio. This phenomenon is called magnetostriction [152-154] and
is driven by the tendency of the dipolar gas to elongate along the polarization axis.

To quantify how the system responds to local perturbations of the assumed uniform back-
ground, we introduce the healing length ;. This length scale characterizes how rapidly the con-
densate wavefunction returns to its bulk value after a localized density perturbation. It can be
estimated by comparing the characteristic kinetic-energy cost of density variations on a scale &y,
given by A2 /(2mé2), with the interaction-energy scale set by the chemical potential . Equating

these contributions yields the standard expression

h
2mp

€h = (3.21)

As we will discuss in Sect. 3.3, the healing length also sets the characteristic size of vortex cores
in BECs, since the phase winding forces the density to vanish at the vortex position, creating a

localized density dip.

Classical field perspective

We now reinterpret the GPE (3.17) as the classical field equation governing a set of strongly
occupied modes, following the c-field approach reviewed in [292]. We expand the field operator

in a complete single-particle basis,
U(r,t) = a;0;(r,t), (3.22)
J

where ¢; are single-particle modes with respective annihilation operators a;. In the order-para-
meter derivation, one assumes that a single condensate mode, say j = 0, is macroscopically
occupied, (agao) ~ O(N), so that ¥(r,t) = v/N¢y(r, t). This yields a single-mode mean-field
description. In contrast, the c-field approach assumes that all modes below a chosen energy cutoff
Ecut» often taken as the maximum single-particle energy supported by the numerical grid, have
occupation numbers significantly greater than unity. The field operator can then be approximated

by a classical field built from these modes,
U(r,t) =Y a;p;(r,t), (3.23)
J

with complex amplitudes «;. Inserting this expansion into (3.15) yields the same GPE (3.17),

which now governs a multi-mode classical field akin to hydrodynamic fields.
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Since the classical-field perspective does not require the system to be close to equilibrium or
dominated by a single coherent mode — merely that the relevant modes are highly occupied - it
forms the basis for several finite-temperature extensions of the GPE, such as the stochastic and
projected GPEs [149, 293-296]. Quantum fluctuations can be incorporated semiclassically using

the truncated Wigner approximation, introduced in Sect. 3.4.5.

3.2.2  Quasi-two-dimensional GPE

In this section we introduce and derive the quasi-two-dimensional GPE and, in particular, the
effective DDI in quasi-two-dimensional geometries, which acquires a nontrivial form involving
error functions. The reduced dipolar potential was first derived in [166] for the special case in
which the dipoles are polarized along the confinement axis, such that their in-plane projection
vanishes. Relaxing this constraint yields an anisotropic effective dipolar potential, first presented
in [157], which we re-derive below. For a comprehensive discussion and quantitative comparison
of various approaches to flattened dipolar condensates, see [297].

We begin by introducing a harmonic trap with angular frequency w, along the z-direction,
1
Vet(2) = gmwzz?, (3.24)

which confines the atomic gas to the z-y-plane. The corresponding harmonic oscillator length
ano = v/h/(mw.) sets the characteristic spatial extent of the cloud along z. To effectively freeze
out dynamics in the confined direction, such as Kelvin-wave excitations along vortex lines, the
healing length &, which sets the characteristic scale over which density fluctuations recover,
must exceed the confinement length: &, >> ay,.

When this quasi-two-dimensional condition is fulfilled, the system is well approximated by

occupying the single-particle ground state of the harmonic oscillator along z,

1 22
h(z) = ——=exp <—> , (3.25)
V/mad, 2aj,,
such that the dynamics in the z-y-plane decouple from those along z. We may therefore factorize
the field as ¥(r,t) = 9(ry,t)h(z), where 1)(r,t) describes the two-dimensional field in the

plane. With the normalization ‘
/ dzh(z)2 =1, (3.26)

the two-dimensional field ¢ remains normalized to the particle number, and |¢|* can be inter-
preted as the areal density. The remainder of the derivation consists of integrating out the z-
direction to obtain an effective quasi-two-dimensional description.

With the factorization in place, integration over z yields the quasi-two-dimensional Lagrangi-

an density
Loplw, ] = /dz[,gD[\IJ,\I/*]
0o — o0 ) — [deHaplw ¥ )

HQD[w7w*]
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Here H3p is the mean-field Hamiltonian density obtained by replacing ¥ — W in (3.10), which
relates to the three-dimensional Lagrangian density L3p. Evaluating the quasi-two-dimensional

Hamiltonian density H2p begins with the Gaussian part,

Hap o[, v7] = —’iw*(u)viw(u) + ip(ry) | /dzh (—82 + Vext (2 )) h(z)

2
= g )V + P e, (3.28)

which is shifted by the zero-point energy hw, /2. This contributes only a global energy shift

removable by a time-dependent phase exp(—iw,t); we therefore drop it. The interacting part is

/H2D1nt[w ¢ I'J_ | /th |’¢ r, ‘ /dzh q>dd( )
- %W)(rl” + §|¢(H)| Da(ry), (3.29)

where the dipolar mean field is [282, 283, 298]

3./ INE /
Baa(r) = /d o 0| Uaa e — ). (3.30)
Using
dz h(z 3.31
/ \/ 27raho (3:31)
we define the renormalized coupling constant,
g
= 7 3.32
2= Joran (3.32)

which accounts for the effective two-dimensional nature of scattering in a system of thickness
~ Qho-

The term ®7;(r_ ) represents the quasi-two-dimensional dipolar mean field. Evaluating it for
the three-dimensional dipolar potential (3.2) is technically nontrivial, in part because the system
has two distinct axes: the confinement axis (z) and the polarization direction P, which need
not coincide. For the general anisotropic case, analytic expressions exist only in Fourier space
[157, 166]. Below, we present a derivation of the effective quasi-two-dimensional potential, with
further technical details in App. A.3.

We define the effective quasi-two-dimensional dipolar potential via

wfyr) = [

/dzh /dz h(2')2Ugq(r — 1) . (3.33)

dd(rL ')

Since this expression is a two-dimensional convolution, the convolution theorem allows us to

write its Fourier representation as

Dga(ky) = [v(ky) ‘ Uga(k1), (3.34)
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which we later exploit in Sect. 3.4.1 for efficient numerical evaluation. For the Fourier transform

of the quasi-two-dimensional dipolar potential we obtain
U(ky) = / d%r ) Ugy(rp)e kers
= /dQT'J_/dZ/dZ h(z /dz”h ”) Udga(ry, )(5(2’—2"—z)e_ikirL
— [ dk. / A*r Ugq(r / dz’ h(z')2e*=* / dz" h(z")%e k="
/ dk, Uga(k [hQ](k: )) . (3.35)
Here we have used the symmetry h(—z) = h(z) and the standard representation
5(2) = % / dk, oh% (3.36)

of the Dirac delta distribution. The Fourier transform of the DDI, Uyq(k), was already derived in
(3.4), cf. App. A.2. For the squared ground state h(z) from (3.25) we find

k?2 2
Fh?(k.) = /dz exp( ) —ika2 — exp <—Zah°> . (3.37)

Inserting both transforms into (3.35) yields

2.9
Ude(kL) Cdd /dk‘ 3cos O, — 1) exp( K ;h°> , (3.38)

where 6y, is the angle between the wave vector k and the dipole-polarization direction P.N otably,
P need not be aligned with the confinement axis of the harmonic trap, i.e., the z-axis; hence, in
Fourier space 6} is not simply the angle with respect to k., Without loss of generality, we place
the polarization direction in the x-z plane and introduce the angle § = £(é&,, f’) measuring the
tilt of the dipoles into the quasi-two-dimensional plane. The magnitude of this tilt controls the
anisotropy of the DDL

Although the integral in (3.38) admits no closed analytic solution, it can be evaluated in terms
of the error function erf = (A.23) and the complementary error function erfcx = 1 — erf x. The

final expression reads

Caa
3V 2map,

with k| = k| ano/v/2. The auxiliary functions F|(k) and F'| (k), describing the in-plane and

out-of-plane contributions, evaluate to

Uiy(ky) = (FII (K )sin? @ + F) (K| ) cos? 9) , (3.39)

K2
Fj)) = =1+ 3yatet terfe(k) ),
1

FL(K)) =2 - 37k e Lerfe(k] ), (3.40)

with ¥, = |K/ | and k), = kzan,/v2m. A detailed derivation is provided in App. A.3. The
resulting fully anisotropic quasi-two-dimensional dipolar potential agrees with previous results

[157], and reduces to the isotropic expression of [166] for § = 0.
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Figure 3.1: Quasi-two-dimensional dipolar potential (3.39) for three tilting angles: (a) § = 0, (b)
0 = w/8, and (c) § = 7/4, corresponding to the cases discussed in Part II. The po-
tential is normalized by the coupling Cyq/(3v/27ay, ), which sets its relative strength
compared to the contact interaction. In (a), the potential is isotropic: interactions are
repulsive for momenta k& < 1/ap, and become attractive in the UV for k£ 2 1/ay,,
where 1/ay,, marks the characteristic confinement momentum. Tilting the dipoles in
(b) introduces anisotropy and reduces the attractive UV part along the z-axis, i.e., the
tilt direction. For strong tilting in (c), all excitations with |k;| > |k,| turn repulsive,

while modes along the y-axis remain attractive.

In Fig. 3.1 we show the quasi-two-dimensional dipolar potential (3.39) for several tilting an-
gles. For polarization aligned with the confinement axis in panel (a), the potential is attractive
for momenta larger than the characteristic confinement scale ~ 1/ay,, while for small momenta
< 1/ay, it is repulsive, similar to the effective interaction associated with the s-wave scattering
length. Near the characteristic momentum the dispersion relation, cf. (3.52), reflects a competi-
tion between the increasing single-particle energy €j, and the decreasing dipolar potential. When
the dipolar strength is sufficiently large, this competition induces a nonmonotonic dispersion and
the emergence of a roton-maxon spectrum, as discussed in Sect. 3.2.3. Tilting the dipoles in pan-
els (b) and (c), introduces strong anisotropy. Excitations along the k,-axis, i.e., the tilt direction,
become increasingly repulsive; conversely, along the % -axis the potential drops more steeply
into the attractive regime. For appropriate dipolar strength €44, this can again produce a rotonic
dispersion, but now only along the k,-axis, while the k,-axis remains monotonic. Consequently,
density modulations in the supersolid phase are expected to form along the y-axis. Detailed dis-
persion relations for the parameter choices used here will be presented in Sect. 4.2.1.

The qualitative behavior can be understood by examining the limiting cases of the dipolar
potential (3.39). For small transverse momenta k| < 1/ay,, the system is probed at long wave-
lengths that are strongly confined by the external trapping. These modes carry most of their
momentum along the z-axis, k, > k|, meaning that the wave vector is nearly aligned with &,.
Thus the angle 6 in (3.4) approaches the polarization angle 6, yielding the k¥ = 0 value of the
potential (3.39). In the opposite limit, k| > 1/ay,, the momentum lies almost entirely in-plane,
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fixing the angular factor in (3.4) to cos 6 = sin @k, /k. This directly produces the anisotropic
behavior observed for nonzero tilting angles.

Having obtained the quasi-two-dimensional dipolar potential, we insert the dipolar contribu-
tion (3.34), with (3.39) into the Lagrangian (3.27) and minimize the corresponding action. This

yields the quasi-two-dimensional GPE
. 0 h2 2 2 1
lhﬁiﬂ(riﬁ = | =5, Vit el )" + Cqalrs, t) | v(ry,6), (3.41)

which we will employ throughout this thesis. The dipolar mean-field term ®3 is evaluated nu-
merically from (3.39), cf. Sect. 3.4.1. Since our focus will be on free systems, we have already
omitted any external trapping in the x-y-plane. In what follows, we drop the additional | sub-
script on the coordinates when discussing the quasi-two-dimensional GPE.

As in three dimensions (3.20), a stationary equation follows from ihd; +— p in (3.41). For a

uniform density and constant phase, 1g(r, ) = ,/p2e'?°, this gives the chemical potential

b= p2 (gz + /er U@(f))
= g2p2 (1 + €dd (3 C052<9) — 1)) ) (3.42)

where the last step follows from (3.33) together with (3.39) evaluated at k = 0. Correspondingly,
the healing length (3.21) is modified by the quasi-two-dimensional dipolar contribution.

3.2.3 Bogoliubov dispersion relation

Building on the quasi-two-dimensional GPE (3.41), we now examine the elementary excitations

of a stationary condensate ¢ (r). For this, we add a small perturbation i (r, t) and write

P(r,t) = e MR (o (r) + S (r, 1)) (3.43)

where the ground state y(r) is chosen to be real. Inserting (3.43) into the quasi-two-dimensional

GPE (3.41) and expanding to first order in §1) yields the linearized equation

ihgtéw(r, t) = ko(r) (5 (x, t) 4+ 6¢*(r, 1)) + ho(r)dip(r, 1), (3.44)

where we introduced

2
ho(r) = — 9% — o gave? + [ P Yol UL (), (3.45)
Foe)6(r, 1) = gabo ()25 e, 8) + v (r) [ @2 oe)u e, UL —x) . (346)

To solve the coupled equations (3.44), we expand the perturbation to

[ee)

p(r,t) = Z (un(r)e_i””t + v;‘l(r)ei“”t> , (3.47)

n=1
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in terms of general mode functions u,(r) and v, (r) with energies +/uw,,. They satisfy the nor-

malization constraint

/ &r (u, (0)s (1) — v, (£)0 (1)) = b (3.48)
which originates from the canonical commutation relations (3.11) and remains valid at the mean-
field level [291]. Substituting (3.47) into (3.44) and collecting terms o eT“r? yields the Bogoliu-
bov—de Gennes equations

ho Up (1) _ ho(r) + ko(r) Fo(r) Un(r) , (3.49)

vp () —ko(r) —ho(r) — ko(r) ) \ vn(r)

which form a, generally complicated, eigenvalue problem determining w,, and the amplitudes

un(r) and v, (r), from which the excited quasiparticle state (3.47) can be reconstructed.

For an infinitely extended, uniform condensate, the modes are plane waves u, (r) = u(k)e'®*

and v, (r) = v(k)eX*. One then has ho = €, with single-particle energy ¢;, = hi2k2/(2m), and
ko(r) (u(k)eikr> = p2 (gg + Uja(k)) u(k)e™ (3.50)

where the chemical potential of a uniform dipolar Bose gas (3.42) was used. The Bogoliubov-de

Gennes equation reduces to
u(k) € + p2 (gg + U(ti(k)) p2 (gz + Udld(k)) u(k)
v(k) —p2 (92 + U#(K)  —ex—po (02 + Uga()) | \w(k)

leading to the dispersion relation

huw(k) = \/ek {ek + 205 (g2 + U;i(k))} . (3.52)

In three dimensions one simply replaces the quasi-two-dimensional potential Ude by the full
three-dimensional Fourier-space DDI (3.4) [155].

For €44 = 0 we recover the standard Bogoliubov dispersion fiw(k) = \/ex(ex + 2p2g2) [299],
which exhibits two characteristic regimes, separated by the healing momentum k¢ = 1/,. In the
UV regime for k > ke, the dispersion approaches iw(k) ~ € + pago, i.e., nearly free particles.
In the IR regime for k < k¢ the dispersion is linear and phononic, iw(k) ~ hcgk, with the speed
of sound ¢5 = \/p2ga/m.

Turning back to the dipolar spectrum (3.52) of a uniform Bose gas in three dimensions, the
dispersion is still separated into two distinct regimes. At large momenta one recovers the free-
particle behavior, while in the IR the excitations are phononic with an anisotropic speed of sound
[155]

cs(0y) = \/ '%9 [1 4 eqa(3cos2(6;) —1)] . (3.53)

The dipolar dispersion in three dimensions has been experimentally probed via Bragg spec-
troscopy [156]. The anisotropic sound velocity also implies an anisotropic critical superfluid ve-
locity [157, 158, 300]. Moreover, low-lying collective excitations of trapped dipolar condensates
have been analyzed in numerous works [152, 170, 283, 298, 301, 302].
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At €gq = 1, the speed of sound (3.53) vanishes for modes with 6 = 7/2. The corresponding
softening of the lowest-energy excitations leads to a phonon instability, triggering a global col-
lapse of the Bose gas [167-170, 173, 283]. Early experimental studies concentrated on chromium
gases, where collapse is dominated by three-body loss well before beyond-mean-field effects be-
come relevant [174, 176, 303].

Beyond this phonon instability, the presence of the momentum-dependent dipolar potential
Uqq in the dispersion allows the spectrum to become nonmonotonic along certain axes, cf. Fig. 3.1.
This nonmonotonicity leads to the appearance of a local minimum: the roton mode, reminis-
cent of the roton spectrum in liquid helium [304-306]. A corresponding local maximum defines
the maxon mode. Rotonic excitations can appear both in quasi-two-dimensional geometries via
tilting or increasing dipolar strength [157, 177] and in three dimensions with anisotropic con-
finement [159, 160], always originating from the interplay between DDIs and strong directional
confinement. A large body of theoretical work has studied rotons in trapped dipolar condensates
[161-163, 171, 175, 300, 307-315], complemented by experimental observations [164, 165, 178].
In addition, ab initio calculation of the dipolar dispersion using complex Langevin methods has
been reported in [316].

As the dipolar strength €4q (or, in quasi-two-dimensional systems, the tilting angle) is in-
creased, the roton energy w(k,q) decreases and may eventually soften to zero. This marks the
onset of a modulational instability [172, 175, 307, 308] followed by a local collapse of the conden-
sate, which also renders numerical simulations of the quasi-two-dimensional GPE (3.41) unsta-
ble. Thus, throughout Sect. 4.1 we restrict ourselves to parameters which avoid this instability,
ensuring the condensate remains in the superfluid regime relevant for this thesis. However, ex-
periments have shown that real dipolar gases can be stabilized against collapse by quantum fluc-
tuations, giving rise to quantum droplets and supersolid phases. To provide context, we briefly
review the essential aspects underlying such stabilization.

Quantum-fluctuation effects enter as beyond-mean-field corrections to the ground-state en-
ergy. Within the Bogoliubov framework, these yield the Lee-Huang-Yang (LHY) correction [317,

318]. For a dipolar Bose gas in three dimensions, and within the local-density approximation, one

finds [182-184]
AE 64 o |pza3
v 19\ Q5(€da) (3.54)

Qs(eqq) = % /0 " d0sing {1 + caa (3cos*(0) — 1)} " (3.55)

with

The associated shift of the chemical potential follows from Oy AE, using p3 = N/V. In an inho-
mogeneous system, this shift can be incorporated into the three-dimensional GPE together with
the replacement p3 — |\If|2 in the expression for the LHY correction [185-187], which yields the
extended GPE. In strongly dipolar gases these corrections can stabilize the condensate against
collapse, enabling the formation of self-bound quantum droplets — high-density states stabilized
by the repulsive LHY contribution — and supersolids, where crystalline density modulations co-

exist with global phase coherence.
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In the absence of self-organized density patterns, a collapsing dipolar gas at large €44 can settle
into a single high-density quantum droplet stabilized by the LHY term (3.54) [186, 187]. The
first experimental observation of such droplets appeared even before the stabilizing mechanism
through the LHY term was understood in [191], where multiple non-phase-coherent droplets
were formed. Subsequent experiments further investigated these quantum droplets [192, 193,
319]

With the stabilization mechanism established, experiments turned to the long-standing goal
of realizing a supersolid: a phase combining crystalline order with superfluidity [320, 321]. In
dipolar condensates, this occurs when the roton mode softens and breaks translational invariance
while preserving global phase coherence. Supersolids have been realized experimentally in [188-
190], with even more complex structures such as labyrinthine supersolids proposed in [178],
where the interplay of trapping geometry, dipolar strength, and atom number becomes crucial.
Since the present thesis focuses exclusively on the superfluid regime of dipolar BECs, where no
LHY stabilization is required, we refer the interested reader to [151] for further discussion of

supersolidity in dipolar quantum gases.

3.2.4 Relation to hydrodynamics

In this section we discuss the relation between the GPE and classical hydrodynamics. Up to this
point, the GPE has been presented as a nonlinear Schrédinger equation, suggesting an inter-
pretation of the field ¢(r, ¢) as a many-body analogue of a quantum-mechanical wavefunction.
However, by applying the Madelung transformation, one can establish a direct correspondence
between the GPE and the classical Euler equations for inviscid fluids. This connection becomes
particularly relevant in Part III, where we examine the emergence of Kraichnan-Kolmogorov
scaling in quantum turbulence.

We start by rewriting the field in its density-phase representation,

W(r,t) = \/pa(r, t)el¥®t) (3.56)

known as the Madelung transformation. This introduces the real density ps(r,t) and phase
©(r, t) fields. Although, we apply the transformation to the quasi-two-dimensional GPE (3.41),
the procedure for the full three-dimensional equation (3.17) is entirely analogous. The interpreta-
tion of ps as the density follows directly from the conserved particle number (3.18), the Noether
charge associated with the U(1) symmetry. To elucidate the meaning of the phase field, we eval-

uate the associated Noether current,

. hoo h
J(I‘, t) = TTTLI (¢ (I‘, t)vw(n t) - ¢(r7 t)v¢(1‘, t)) = PQ(I'> t)EVSO(IU t) ) (3'57)
and define the velocity field v = i/mV .
Inserting the transformed field into the GPE and its conjugate yields two hydrodynamic equa-

tions: the continuity equation,

8;)26(:’75) + V- (p2(r,t)v(r,t)) =0, (3.58)
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and an evolution equation for the velocity field,

ov(r,t) N R2V2\/pa(r,t)  mv(r,t)?
mT =-V <ggp2(r,t) + CI)dd(r,t) — 2m\/m + 9 . (359)

Introducing the material derivative D/Dt = 9; + v - V, these become

ng:’t) = —pa(r,t)V - v(r,t),
Dv(r, h2v? )
m"D(;t) _ v (gng(r,t) + ok (r,t) — m%%) = —Vp(r,t),  (3.60)

which take the form of the Euler equations for a compressible, inviscid fluid with pressure field p.
The pressure receives contributions from both the contact and DDIs (giving rise to anisotropic ef-
fects), and from the quantum pressure. The latter originates from the kinetic-energy term in (3.28)
and is responsible for the dispersive Bogoliubov dispersion relation, cf. Sect. 3.2.3. In the presence
of DDIs, these hydrodynamic equations (3.60) have been studied in trapped three-dimensional
BECs [152, 153, 322].

The quantum pressure is particularly interesting, as it represents the intrinsically nonclassi-
cal term in (3.60) which depends on density gradients and makes the quantum fluid respond to
curvature in its density profile. It also implies that even a non-interacting Bose gas experiences
an effective pressure. Most importantly, it determines the finite-size core of a quantum vortex:
while the classical pressure generated by the interaction terms favors a uniform density around
the vortex singularity, the quantum pressure smoothens the density gradient and thereby sets
the vortex-core width.

In rewriting (3.59) into a material derivative, we used the vector identity Vv?/2 = (v - V)v +
v x (V x v) and neglected the cross-product term. At first sight this seems justified, because
v ~ V is irrotational. However, as will be discussed in Sect. 3.3, the velocity field can develop
singular points (singular lines in three dimensions) associated with vortices, at which the vortic-
ity, V X v, is nonzero. Hence, (3.60) strictly applies only to the non-singular points of the flow.
This also explains why numerical simulations typically use the GPE (3.17) directly, since it nat-
urally incorporates vortex singularities without requiring explicit handling of divisions by zero,

such as those appearing in the quantum pressure term.

3.2.5 Energy decomposition

Based on the GPE (3.17), the total energy of the system,

E- / A Hap 1), "] = Biin + Eeont + Fad (3.61)
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can be defined in terms of the kinetic energy Fy;, and the contributions from the contact, F.opt,

and dipolar, Fyq, interaction. In two dimensions, these are given by

h2 K2 A2k
Bian = 5o [ @) - Vo) = 5o [ Gk 000w k),
Econt = gg/dQ |¢(r)|4,
Faa =5 [ &r (o0 fadr). (3.62)

Since the evolution of a given initial field configuration under the GPE is unitary, the total energy
(3.61) is conserved. Nonetheless, energy can be redistributed among the different contributions
(3.62), which we will further specify below.

Following [323], the kinetic energy can be decomposed by inserting the density-phase repre-

sentation (3.56):
2 h2
+%/d27“ Vy/pa(r)

Eq Eq

2

(3.63)

Ban =3 [ & |\/pa(o)v(e)

The first term, F, corresponds to the energy stored in the velocity field, representing the classi-
cal fluid motion, and is therefore denoted as classical energy. The second term, £, contains the
kinetic energy associated with the density gradients, i.e., the quantum pressure, and is thus de-
noted as quantum energy. If one defines the quantum velocity vq ~ V,/p2, the quantum energy
is found to be purely compressible, V x vy = 0.

The hydrodynamics of the GPE can be understood as a compressible fluid flow, implying that
the velocity field v(r) contains both compressible and incompressible contributions, cf. Sect. 3.2.4.
Both are crucial for studying quantum turbulence, as they contain the information about the fluid
flow that can be linked to classical turbulent phenomena, cf. Part IIl. A straightforward Helmholtz
decomposition of the velocity field v might seem natural to separate these contributions. It is
however inadequate, since it generates not only a compressible and an incompressible part but
also a cross term, capturing the energy exchange between the two contributions. Instead, follow-
ing [323], one introduces the generalized velocity u = ,/p2v, which allows the kinetic energy

to be decomposed into compressible F. and incompressible E;. contributions:

E. = %/d% ue(r))?,

Ei. = % /dzr |uic(r)‘2 , (3.64)
after applying a Helmholtz decomposition u = u. + ujc, with compressible, V x u. = 0, and
incompressible, V - ujc = 0, velocity components. By construction, the cross term ~ u. - ujc
vanishes. In momentum space, the Helmholtz decomposition reads:

k(k-uk)) kx (uk)xk)
uk) = 12 + 12 . (3.65)
uC(k) uic(k)
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This decomposition has several advantages. Both E; and Ej. are of quadratic form, and their
spectra in Fourier space can thus be obtained using Parseval’s theorem and the generalized veloc-
ities in momentum space, uc(k) and u;c(k). Numerically, the generalized velocity also regular-
izes divergences present in the fluid velocity field v(r) near quantum vortices, cf. (3.71) and (3.70).
For a recent in-depth discussion of the energy decomposition and its application to compressible

quantum fluids, we refer to [324].

3.3 QUANTUM VORTICES

In this section we focus on topological excitations, i.e., quantum vortices, that can emerge in
a quasi-two-dimensional BEC, described by the GPE (3.41). These defects play a pivotal role in
preparing far-from-equilibrium initial states that display universal dynamics and will be the cen-
tral objects throughout our analysis of the system’s evolution. We begin by revisiting the struc-
ture of a single vortex in a non-dipolar condensate, extend the discussion to vortex ensembles
described by the point-vortex model, and finally comment on modifications induced by DDIs.

In a two-dimensional non-dipolar Bose gas, we start from the ansatz

P(r,t) = /paf(r)el@e—rt/h), (3.66)

which introduces an angular phase winding ¢ around r = 0 together with a radial profile f ().
The single-valuedness of the field requires 1 (r, ¢ + 2m,t) = Y(r, ¢, ), enforcing e™ = 1 and
thus an integer phase winding ¢ € Z. Inserting the ansatz (3.66) into the non-dipolar GPE (3.41)
yields

n? a-f(r) ¢*f(r
W) = o (af )+ 2O IO 4 sy 667
m r r
where we have used the polar decomposition of the Laplacian,
2 2 1 Lo
V2=0}+ -0, + 02. (3.68)
r r

Since a vortex is localized at 7 = 0, the density must recover the background value far from the
r—00

core, i.e., f(r) —— 1. This fixes p to the background chemical potential 1 = gopo. With the
healing length &, = i/\/2mu and the dimensionless radius x = r /&y, (3.67) becomes

T 2f(x
N &UJ;( ) g ig ) 4 (1 B f(x)z) f(z). (3.69)

0=03f(x)
Near the vortex core we can approximate f(z) = Cxz®. Inserting this into (3.69) gives

0= (042 - q2) 272 4 O(z*71), (3.70)

—_———
=0

implying o = |g|. Thus, the vortex core widens with increasing winding number. A full solution
of the radial vortex shape f(x) requires numerical integration, as no closed analytical form is

known.
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From the Noether current (3.57), the vortex current is

=T, (371)
where we used the gradient in polar coordinates, V = &,0, + &,0,,/r. The corresponding ve-
locity field generated by a vortex is v(r) = hg/(mr)é,. The vorticity w(r) = V X v(r), which
describes the local rotation an observer experiences when traveling with the flow, of a single,

two-dimensional vortex in the x-y-plane is

_ha
_m

w(r)

(r), (3.72)

using the two-dimensional curl (2.16). Hence, the flow is irrotational everywhere except at the
singular vortex core. This follows directly from v(r) = h/mV¢(r), which defines a potential
flow that is rotational only at points where the phase is undefined, i.e., at vortex cores where the
density vanishes.

The velocity circulation around any contour C enclosing the vortex is evaluated, using Stokes

theorem, to

fv.dez/vadvth, (3.73)
C %

m

where V denotes the area enclosed by the contour, 9V = C. This expression may itself be taken as
a defining property of a quantum vortex, i.e., the vorticity being concentrated at singular points
of the velocity field (3.72). From this perspective, the detailed spatial structure of the phase field
becomes secondary; instead, one can view the vortex as a pole of a meromorphic function, i.e,
the velocity field, whose residue is proportional to the integer winding number q. Therefore, the
pole structure of quantum vortices in a dipolar Bose gas is identical to that of the non-dipolar
case; only the functional form of the velocity field is modified. It is important to note that (3.73)
contains only information about the total circulation enclosed by the contour. It does not reveal
the number of individual vortices within C; it simply constrains their signed sum. This showcases
the topological character of quantum vortices, as long as no vortex leaves the contour, the circu-
lation remains conserved. A direct consequence is that an elementary vortex with |g| = 1 cannot
decay on its own, its annihilation requires the presence of an opposite-sign defect. Furthermore,
because the energy of a quantum vortex scales with ~ ¢2, vortices with |g| > 1 are energetically
unstable. Such higher-order vortices typically decay into |g| elementary defects, thereby mini-
mizing the energy, while conserving circulation. For this reason, practical discussions of vortex
dynamics almost exclusively focus on elementary vortices (¢ = 1) and antivortices (¢ = —1).
Instead of referring to ¢ as the topological charge, one may equally adopt the viewpoint that
the circulation itself is quantized. In this picture, the elementary vortex provides the quantum
of circulation. Consequently, generating rotational flow in a BEC requires the presence of many
such elementary defects whose combined circulation makes up the macroscopic flow pattern.
This feature is central to the phenomenon known as quantum turbulence, which is composed
not of a continuous vorticity field, as in classical fluids, but of discrete quantized vortices. Quan-
tum turbulence has been extensively reviewed in [52, 54, 58, 59], with particular emphasis on

decaying turbulence in superfluid Helium [228, 229]. Since this thesis concentrates on quantum
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turbulence in quasi-two-dimensional geometries, especially in Part III, we highlight the exper-
imental observations of the IEC [60, 86, 210, 236] and the numerical evidence for the DEC [63,
241, 242] in quasi-two-dimensional BECs. These works demonstrate that classical turbulence
concepts can, to a remarkable extent, be transferred to and realized within quantum fluids, cf.
Sect. 3.2.4.

When considering large ensembles of vortices, the total vorticity is given by the sum over all

singular points,
h
=N "gid(r — 1), 3.74
o) = e x) (79

where ¢; denotes the winding number of a vortex located at r;. The collective dynamics of such
an ensemble can be studied using the point-vortex model, which assumes negligible compressible
excitations and takes the healing length to &, — 0, corresponding to a uniform density pa(r,t) =
const. Within this framework, the incompressible kinetic energy (3.64) can be expressed solely

in terms of the vortex positions,
h?py
Eic(k) = ok ; 4iq;Jo(klij) (3.75)

where /;; = |r,~ — rj’ and Jy the zeroth Bessel function of the first kind. The detailed derivation
is presented in App. A.4. This simplification also drastically reduces the hydrodynamic equations
(3.60) to

ov(r,t) + (v(r,t) - V)v(r,t) =0, (3.76)

with V - v = 0, corresponding to a purely rotational velocity field. In two dimensions, such a
velocity field can be parametrized in terms of the stream function ¢ (x, t), already introduced in

(2.17), via v = (9y1), —8z1/))T. The stream function then satisfies a Poisson equation
A(r) = ~w(r), (3.77)

which is formally analogous to the Maxwell equation for the electric potential, with the vorticity
field (3.74) playing the role of a current density. This analogy allows one to interpret the vortex

ensemble as two-dimensional Coulomb gas, where the charges are the quantum vortices. (3.77)

can be solved using the two-dimensional Green’s function G(r,r’) = 1/(27) In |r — r'|, yielding
the stream function
h
¥(r)=——> gnr—x. (3.78)
i
The resulting dynamics of single vortex positions r; is then governed by
. h &, X (r; —rj)
r; = *Z%“Z ( 2j : (3.79)
m iz v — 1]
These equations of motion are generated by the point-vortex Hamiltonian
21h?
H:—quiq]'hlhi—r”, (3.80)

i<j
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with canonical coordinates x; and p; = hq;y;/m.

A remarkable feature of this Hamiltonian was predicted by Onsager [325], who showed that
it permits the formation of large-scale, same-sign vortex clusters, now referred to as Onsager
clusters. This can be understood by treating vortex positions as a microcanonical ensemble: at
low energy, like-signed vortices are dispersed and pair with opposite-sign partners to form a
vortex dipole gas, corresponding to a positive-temperature state. Because the total energy is
bounded from above, adding energy eventually reduces the number of accessible microstates,
leading to a negative-temperature regime. In this high-energy regime, like-signed vortices cluster
into coherent, large-scale structures, i.e., the Onsager clusters, which represent the most probable
configurations. The transition between these two regimes is marked by an infinite-temperature
state, corresponding to a disordered vortex gas. The formation of Onsager clusters in BECs has
been studied both numerically [233, 235] and experimentally [60, 86].

When introducing DDIs within the quasi-two-dimensional geometry described in Sect. 3.2.2,
the properties of quantum vortex solutions are modified in several ways [157, 177, 197-199]. First,
since a vortex is a topological object with nonzero winding around a closed contour, the circu-
lation identity (3.73) remains valid, and the vorticity remains localized at the singular points of
the velocity field (3.74). What does change, however, is the velocity field at non-singular points
and the density profile f(z) of the vortex. For vortices in quasi-two-dimensional dipolar systems
without tilting of the dipoles, the velocity profile remains isotropic, and only weak modifications
to the density profile occur in the superfluid phase. Increasing the dipolar strength €44 toward the
roton instability can induce circular density ripples around the vortex core. For nonzero tilting
angle 0, the velocity field becomes anisotropic, leading to an elliptic deformation of the vortex
core, i.e., (3.66) breaks down. Near the roton instability, density ripples can appear parallel to
the tilting direction, as shown in Fig. 4.6. This also modifies the effective interaction between
vortices, making it angle-dependent. Recently, a dipolar point-vortex model has been proposed
[326], enabling direct comparisons between full GPE simulations and point-vortex descriptions.
For a broader review of vortices in dipolar systems, including three-dimensional geometries, see
[194, 327], where [327] highlights the recent experimental observation of a vortex in a dipolar
superfluid [195], which was subsequently superseded by the observation of a vortex in the su-

persolid phase [196].

34 NUMERICAL METHODS

In this section, we present and discuss the key numerical methods employed throughout this
thesis. We begin in Sect. 3.4.1 by outlining how we numerically evaluate the dipolar potential
(3.39) and discuss the role of periodic boundary conditions in the context of long-range inter-
actions. In Sect. 3.4.2, we introduce dimensionless coordinates, fields, and coupling constants,
leading to a rescaled form of the GPE. The split-step Fourier method, which we use to propa-
gate the GPE in real time, is detailed in Sect. 3.4.3. In Sect. 3.4.4, we describe imaginary-time

propagation, a technique for finding the system’s energetic ground state and chemical potential.
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Finally, in Sect. 3.4.5, we present the truncated Wigner approximation, a semiclassical method

that incorporates quantum fluctuations by sampling over many classical trajectories.

3.4.1 Numerical treatment of the dipolar potential

To propagate the quasi-two-dimensional GPE (3.41), we need to evaluate the dipolar term ®3,(r)
(3.33), which involves a spatial integral at every position r. Computing the integrals explicitly is
numerically expensive, and in the quasi-two-dimensional case, no analytic expression exists in

position space. Observing that (3.33) is a convolution,

Oga(r) = (J0f + Uga) (x), (3.81)

we can apply the convolution theorem F[f x g| = F|[f] - F[g], to efficiently evaluate the dipolar

term via successive Fourier transforms:
Oy (r) = F[Uza(k) - Flly ) (k)] (r) - (3.82)

This reduces the integrals to a simple pointwise multiplication at the cost of two Fourier trans-
forms, which we compute numerically using fast Fourier transform (FFT) algorithms [328]. FFTs
scale as O(Ng log Ng) with the number of grid points Ny, making them extremely efficient for
large arrays, especially when implemented on graphics processing units (GPUs). The evaluation
also requires the dipolar potential in Fourier space, as derived in Sect. 3.2.2.

For the numerical evaluation of the quasi-two-dimensional dipolar potential (3.39), one needs
the auxiliary functions (3.40) for a given array of momenta k’. While this is straightforward
in principle, numerical underflow can occur for large momenta, since the complementary error
function behaves asymptotically as

—k2
erfek ~ & for k — o0, (3.83)

ik

i.e., it exhibits a rapidly decaying Gaussian tail which can numerically evaluate to zero. At the
same time, the exponentials " in (3.40) diverge, potentially leading to overflow. If both under-
flow and overflow occur, the dipolar potential evaluates to NaN due to the indeterminate form

0 - 00, even though the asymptotic behavior of the auxiliary functions,

and F (K')~ -1, (3.84)

is well defined. This issue can be circumvented by using the scaled complementary error function,
erfex k = e’ erfc k, which is implemented in most numerical libraries, correctly reproducing the
asymptotic behavior. For instance, SciPy internally relies on the Faddeeva package', which evalu-
ates the Faddeeva function - a complex generalization of erfcx — from which the (complementary)
error function is obtained.

A final aspect concerns the periodic boundary conditions implicitly introduced by the discrete

Fourier transform (DFT); the DFTs are evaluated using FFTs. The DFT assumes an infinite tiling

1 http://ab-initio.mit.edu/faddeeva/
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of space with periodic images of the simulated region. Consequently, a condensate cloud of size
R centered on a numerical grid of size L is treated as an infinite array of copies separated by
L. For contact interactions, such as van der Waals interactions modeled by ~ §(r) [271], these
images are irrelevant due to the short-range nature of the interaction. In contrast, for DDIs, each
periodic image can interact with its neighbors via the long-range ~ 1/r potential, potentially
inducing spurious energy shifts. In trapped systems, this issue has been addressed by introducing
either a spherical [172] or cylindrical [329] cutoff to limit the range of the dipolar potential. In
our simulations of untrapped dipolar gases in large grids L >> &}, we neglect this correction, as
the self-interaction between periodic copies is small and no analytic expression for a spherical

cutoff in quasi-two-dimensional systems is known so far.

3.4.2 Dimensionless GPE

For numerical simulations, it is generally advantageous to rescale all quantities in an equation
to be of order unity, O(1). This minimizes rounding errors associated with finite floating-point
precision, mitigates the risk of underflow or overflow, and improves the overall conditioning of
the problem. As a result, numerical algorithms often become more stable and converge faster. To
this end, we rescale the quasi-two-dimensional GPE (3.41) into a dimensionless form. We choose
the harmonic oscillator length as the unit of length, [L] = ay,, the inverse trapping frequency
as the unit of time, [T] = 1/w, and the oscillator energy as the unit of energy, [E] = fw,. This

leads to the definition of dimensionless coordinates and fields:

%= k = apok, = w.t, W = (ano)2y, (3.85)
Qho

where d = 2 for our quasi-two-dimensional system. The scattering lengths for contact and DDIs

are rescaled accordingly,

_ ag _ add
ag = , aqq = — - (3.86)
Gho Gho

Inserting these definitions into (3.41) yields the dimensionless quasi-two-dimensional GPE,

72
igt_zﬁ(f,t) = <_v2 + V8rag| (v, 1)]* + i»gd(f,t)> U(T,1), (3.87)

with V = ap, V. Eq. (3.87) forms the basis for all subsequent numerical simulations presented in

this thesis. For brevity, we will henceforth drop the bars, unless explicitly needed for clarity.

3.4.3 Split-step Fourier method

Having cast the quasi-two-dimensional GPE in dimensionless form (3.87), we now outline the
split-step Fourier algorithm [330, 331] employed throughout this work for time propagation. We

start from the general nonlinear Schrédinger equation

9p(r,t) = (T n N) W(r,t), (3.88)
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where 7' = —V? /2 is the kinetic energy operator, and N represents the nonlinear interaction
term. In the case of the quasi-two-dimensional dipolar gas, this reads N = V8mag||? + (I)(de‘
Formally, the time evolution of a field ¢(r, ¢) starting from an initial state 1)o(r) at time o can be
written as the action of the time-ordered unitary evolution operator 7 exp (—i ftto at' (T + N )),

where 7 denotes time ordering. For a small numerical time step dt, this can be approximated by
(et + 6t) = e TNy (p 1) nr e TN Y (1 1) 1 O(5¢2). (3.89)

In general, the combined operator T + N is not diagonal in position space, so each time step
would require a full matrix multiplication of the field vector, scaling as O (.V, g2 ). If the operator was
diagonal, the scaling would reduce to O(Ny), making the algorithm significantly more efficient
for large V.

The key idea of the split-step Fourier method is to exploit the structure of the operators: the
nonlinear operator N is diagonal in position space, while the kinetic operator becomes diagonal
in Fourier space, T(k) = k?/2. Since T and N generally do not commute, we approximate the
full evolution operator using the Baker—-Campbell-Hausdorff formula in (3.89), which introduces
an error of order O(§t2). This approximation leads to a propagation split into two consecutive
steps. For increased accuracy, one may instead employ a Strang splitting, improving the error to
O(6t?) in place of the Lie-Trotter scheme.

The propagation proceeds in two steps: first, the field is updated according to N in position
space, which includes the quasi-two-dimensional DDI via (3.82); second, the field is propagated
according to T in momentum space. Both operators are diagonal in their respective space, allow-

ing efficient computing. Explicitly, a single time step reads:
Y(r,t+ 5t) = F L e W2 F[e 0Ny (r 1] (3.90)

Both propagations are unitary, thereby conserving the norm of the field, i.e., the particle number,
over long integration times. The two Fourier transforms introduced in (3.90) are computed using
FFT algorithms [328], which scale as O(N, log N, ), offering substantial speedup over a direct
matrix O(N, gz) multiplication.

3.4.4 Imaginary time propagation

In the previous section we outlined how to propagate the unitary time evolution governed by the
quasi-two-dimensional GPE (3.87) using the split-step Fourier method. Beyond real-time dynam-
ics of an initial state ¢)(r, ¢ = 0), one frequently requires the energetic ground state of the system,
particularly in the presence of an external trap Vi (r). As discussed earlier, the stationary GPE
(3.20) determines both the lowest-energy eigenstate 1)y (r) and its associated chemical potential
L.

A standard approach to compute the ground state numerically is imaginary time propagation,
which we briefly summarize here. As the name suggests, this method evolves the GPE (3.87) in

imaginary rather than real time, thereby isolating the ground state through exponential damping.
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We begin with an arbitrary initial field configuration ¢)(r,7 = 0) = is(r), whose evolution is

given by
Y(r,7) =D wilr,7) =3 e (r), (3.91)

where {1;} denote the energy eigenstates with eigenenergies E;, each normalized to its particle
number N;. While real-time evolution multiplies each mode by exp(—iFE;t), evolution in imag-
inary time 7 = it replaces this with an exponential damping factor. High-energy modes decay
most rapidly, so at sufficiently large 7 only the ground-state component survives. The respective

evolution equation in imaginary time reads
ﬁw(r, T)=— (T + ]\7) P(r,7), (3.92)
or

cf. (3.88), with ¢)(r, 7 = 0) = ¥, (r) and 7', N defined as previously. Since even the ground state
decays as exp(—u7), we normalize 1 (r, 7) after each iteration to keep the total particle number
fixed.

In principle, one could propagate (3.92) using the same split-step Fourier method as in real time,
after replacing ¢ — —ir. Because imaginary-time evolution is non-unitary, however, a simpler

first-order expansion in the time step 47 yields
Y(r, 7+ 071) =YP(r,7) — o7 (T + N) Y(r,7), (3.93)

which corresponds to a gradient-descent iteration implemented through a first-order explicit
Euler step.

Repeated application of (3.93) drives the field toward the ground state, at which 0,9 (r, 7) ap-
proaches — ) (r, 7), cf. (3.20). A useful diagnostic of convergence is the time-dependent estimate

of the chemical potential,

@) (T+ N) v(r,7)
Jd2r |y(e, 7))

which equals the energy expectation value of ¢ (r, 7) and converges to the true p as 7 — oo.

u(T)

, (3.94)

Similarly, the deviation from the ground state can be quantified via the residual norm

‘(T + ) ¢(r,7) = p(r)e(r,7)| <e, (3.95)

which provides a natural convergence criterion. When this threshold e is reached at 7%, the
ground-state wave function and chemical potential are given by 1 (r, 7¢) and p(7¢), respectively.
To accelerate convergence, we employ the heavy-ball method [332], which augments the iter-

ation with an inertia term:

P(r, 7 +07) = Y(r,7) — 67 (T + N) Y(r,7)+ B (Y(r,7) — (r,7 — 7)) , (3.96)

where (3 is a momentum parameter. Appropriate tuning of 5 can substantially speed up conver-
gence by taking larger effective steps when the gradient aligns with the direction of the previous

update.
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3.4.5 Truncated Wigner approximation

In Sect. 3.2.1 we introduced the GPE as the evolution equation for the classical field constructed
from the strongly occupied momentum modes. Propagating the GPE with the split-step Fourier
method, cf. Sect. 3.4.3, therefore yields a purely classical description of the many-body dynamics.
In this section we present the truncated Wigner approximation (TWA), a semiclassical approach
in which quantum fluctuations are incorporated by sampling many classical trajectories with
suitably fluctuating initial states. Our brief derivation follows the von Neumann equation for the
density matrix; more detailed discussions can be found in [333, 334]. For comprehensive reviews
of phase-space methods we refer to [334] for coordinate-momentum phase space and to [292,
335] for coherent state representation.

We begin by defining the Wigner-Weyl transform of a general operator () in the coherent-state

basis,
(0, 0%) =2 [ dudy® (6 = gl + )V (3.97)

with complex measure dndn* = dRendImmn /7, where the factor of m ensures normaliza-
tion. Applied to the density matrix p, this yields the Wigner function W (¢, ¢*) = pw (¢, ¥*),
the quasi-probability distribution underlying phase-space representation of quantum mechanics.
The temporal evolution of the density operator is governed by the von Neumann equation
dp ~

ih— = [H, p], 3.98

ihey =, 7] (3.98)
which can be Wigner—-Weyl transformed into an evolution equation for the Wigner function:

dW (t)

ih
T

The Moyal bracket {A, B}yp = 2Asinh(A/2)B is written in terms of the differential op-
— = — =

= {Hw, Wt} yp ~ {Hw, W)} pg + O(A?). (3.99)

erator A = 0,0y — Oy+0y. Expanded to linear order, it reduces to the Poisson bracket
{A,B}pp = AAB, turning (3.99) into a Liouville-type equation. Using the method of char-

acteristics, the solution of (3.99) is
W 1) = [ duoduy Wolto, 05)0(0 = ba()ow —vi(1),  (3100)

with Wy = W (t = 0) and initial conditions ¢ (t = 0) = 1o, ¥} (t = 0) = 1. The delta
functions in the coherent-state basis satisfy §(1)d(¢*) = md(Re(v)))d(Im(¢))). The trajectories

. satisfy the classical equations of motion

OHyy hon, OHywy

oy = W _ 98w
ihOppe o0, B

(3.101)

The expectation value of an observable O is then in leading order
() (1) = Tr(p(HO) = [ du " W(w, v, 0w (. ")
~ [ o A Wolwo, ) Ow (¥a(8), (1) (3102
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which defines the TWA.

Eq. (3.102) shows that the expectation value at time ¢ can be obtained, to leading order, by
evaluating the Wigner—-Weyl transform of the observable along the classical trajectories 1).(t),
averaged over initial conditions vy sampled from the initial Wigner function W(. Numerically,
this is achieved via Monte Carlo sampling of Wy, which corresponds to adding stochastic noise
on the initial field, followed by deterministic evolution under the GPE (3.87). Sampling Nrwa in-
dependent trajectories then yields a semiclassical approximation to the full quantum expectation
value using only classical evolution.

At zero temperature, the initial state consists of a condensate mode together with Bogoliubov
modes in their vacuum state. The Wigner function of each Bogoliubov vacuum mode is a complex
Gaussian of variance 1/2 and zero mean, encoding the quantum fluctuations in these modes.
Thus, the initial conditions for (3.102) are mean-field condensate states with randomly sampled

Bogoliubov excitations of variance 1/2.
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Part II

ANOMALOUS NONTHERMAL FIXED POINT
IN AQUASI-TWO-DIMENSIONAL
DIPOLAR BOSE GAS






OVERVIEW

In this part we study the subdiffusive scaling near an anomalous NTFP in a quasi-two-dimen-
sional dipolar Bose gas in the superfluid phase. The system hosts vortex-antivortex ensembles
with zero net angular momentum, and the dynamics reflect coarsening driven by mutual de-
fect annihilation. The mean inter-defect distance grows as £, (t) ~ t°, with a consistent subd-
iffusive exponent 5 ~ 0.2 < 1/2 across all parameter regimes, initial conditions, and dipolar
configurations. This value arises independently from rescaled occupation-number spectra, the
evolution of ¢, (t), and vortex-density decay. As vortex annihilation proceeds, excitations of the
background condensate accumulate, eventually driving a crossover to diffusion-type NTFP scal-
ing with 8 ~ 1/2, as expected for the mutual annihilation of well-separated vortex-antivortex
dipoles. While § is largely insensitive to dipolar strength or anisotropy — highlighting the uni-
versality of both anomalous and diffusive NTFPs — the vortex patterns differ. For pure contact
interactions, same-sign clustering and large-scale eddies are favored, whereas dipolar and tilted
configurations suppress clustering via roton excitations and maximize vortex separations.

This part is organized as follows:

Chap. 4 introduces the two parameter regimes used to study universal dynamics near the
anomalous NTFP. Since our dipolar GPE simulations omit LHY corrections, we derive and an-
alyze the corresponding mean-field instability diagrams to ensure all chosen dipolar configura-
tions remain in the stable superfluid phase. We then initialize far-from-equilibrium states using
two vortex-sampling methods and qualitatively examine the resulting dynamics, which feature
strong coherent flow patterns, vortex coarsening, and roton-induced density modulations.

Chap. 5 analyzes spatio-temporal self-similarity via the scaling hypothesis (2.2). Recovering
subdiffusive scaling in the occupation-number spectra requires angular averaging that accounts
for mean momentum from random vortex sampling, which is essential for obtaining 5 ~ 0.2 and
a =~ 0.4 in all regimes and initializations. Time-local exponents 5(¢) and «(t) show that strong
DDIs and quantum-regime parameters shorten the universal interval. Although tilted dipoles in-
duce anisotropic microscopic interactions, no anisotropy appears in the scaling, while the scaling
function f; varies strongly with dipolar configuration, indicating limited universality.

Chap. 6 examines vortex-pattern coarsening using the mean inter-defect distance as the char-
acteristic scale. We find robust power-law growth £, (t) ~ %2 for all dipolar configurations,
supporting the universality of the anomalous NTFP. The same exponent governs vortex-number
decay, supported by time-local 5(t). A crossover to diffusive scaling appears at late times or
when coupling to a thermal bath via the driven-dissipative GPE, showing that the anomalous
NTEP persists only when sound excitations remain weak. In this regime, annihilation is domi-
nated by three-body processes, explaining the subdiffusivity, as vortex dipoles cannot dissipate
energy efficiently except via inter-vortex collisions. We find vortex (anti)clustering to strongly
depend on dipolar strength and tilt but no clear relation to subdiffusive coarsening.

The results presented and discussed in this part are based on Ref. [1]. Some passages are taken
verbatim from the publication. Additional material has been included to ensure that the presen-

tation is self-contained and that the results can be independently reproduced.
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SIMULATIONS OF FAR-FROM-EQUILIBRIUM
TURBULENT DYNAMICS

In this chapter, we present our simulation scheme for the far-from-equilibrium universal dy-
namics of a quasi-two-dimensional dipolar gas in the superfluid phase. Starting from a variety of
initial field configurations containing ensembles of quantum vortices, the system enters a regime
characterized by superfluid turbulent flow and coarsening dynamics, marked by an algebraic de-
cay of the vortex density over time due to vortex-antivortex annihilation processes. All numerical
results are obtained by simulating the quasi-two-dimensional GPE (3.41) using the semiclassical
TWA, cf. Sect. 3.4.5.

The chapter is organized as follows: In Sect. 4.1, we introduce the two parameter sets: ultradi-
lute and quantum. The ultradilute set reproduces the scales used in earlier studies of the anoma-
lous NTFP, where interactions are weak and rotons are absent, while the quantum set reflects
realistic dipolar condensates with stronger interactions, enhanced anisotropy, and the potential
emergence of a roton minimum. Sect. 4.2 analyzes the dipolar Bogoliubov dispersion relation to
identify regions of mean-field instability in the form of phonon and roton instabilities. We en-
sure that the employed parameter sets remain in the mean-field stable regime of the dipolar gas,
i.e., the superfluid phase. In Sect. 4.3, we describe the construction of far-from-equilibrium ini-
tial states using two vortex sampling methods — lattice sampling and random sampling. Finally,
Sect. 4.4 presents typical single-run evolutions for both parameter sets, highlighting qualitatively
vortex coarsening, density modulations, and dipolar-induced anisotropy, thereby providing a vi-

sual and intuitive foundation for the quantitative analyses in subsequent chapters.

4.1 TWO DIFFERENT PARAMETER SETS

We introduce two parameter sets, referred to as the ultradilute and quantum cases. In the ul-
tradilute case (Sect. 4.1.1), following [112], we consider a system with a very small diluteness
parameter, such that the rotonic character of the dipolar dispersion and higher-order fluctua-
tions are irrelevant. In the quantum case (Sect. 4.1.2), we choose experimentally realistic gas
parameters with a smaller interparticle spacing relative to the scattering length. In this regime,
the anisotropy induced by the DDI becomes important and can produce a rotonic spectrum. Our
simulations operate in the regime of high mode occupancy, i.e., a semiclassical regime where the
TWA is applicable, cf. Sect. 3.4.5. Because we do not include the stabilizing LHY correction (3.54)
in the GPE (3.87), we restrict our analysis to the mean-field stable, superfluid region of the phase
diagram [177, 178], which is discussed further in Sect. 4.2.
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4.1.1 Ultradilute gas

To study subdiffusive scaling in the presence of DDIs, we adopt the parameters of [112], the
first work to discuss the anomalous NTFP in a quasi-two-dimensional Bose gas. They used a
particle number N = 3.2 - 10? and a dimensionless two-dimensional coupling §o = gom/h? =
1.5 - 1075 (with m = 1/2 in [112]). We translate these into the dimensionless planar density ps
and chemical potential s to work with intensive parameters, which are more convenient when
scaling to larger systems or introducing dipole tilt.

For a system of spatial extent L, the density is p, = IN/L?, and the chemical potential follows

as
92N

M2 = 9202 = 75 - (4.1)

With L = Nga, in units of the grid spacing a, and a grid of Ng2 = 10242, one could express

all quantities in lattice units. However, this obscures the quasi-two-dimensional condition; as

discussed in Sect. 3.2.2, we require &}, 2 ay, to freeze out the dynamics along z. In lattice units,

Sh [ s - hw, — N, e 1
®ano 252N

Qho 2922 2goN
which still depends explicitly on the lattice spacing. Thus, the quasi-two-dimensional constraint

(4.2)

must be fixed relative to ay,. We resolve this by setting the system size in harmonic-oscillator
units, L. = N,

comes

aho, implicitly fixing ano,/ag. The quasi-two-dimensional constraint then be-

ho

gh _ Naho (43)

Gho V 2g2N '

We set N,,, ~ 1612 and obtain &, /an, = 5, satisfying the quasi-two-dimensional condition.

The planar density is then ps ~ 1232 a}TOQ, and the resulting chemical potential is
M2 = gap2 =~ 0.0184 hwz . (4.4)

With these parameters, the three-dimensional diluteness reads

- 2 P29 _
n= p&peakag = A 21/4 ~14-10 77 (4.5)

evaluated in the non-dipolar limit using the transverse peak density p3 peax = p2/+/7. This

extremely small value confirms that the system is ultradilute.
In our simulations, we vary the relative dipolar strength eqq € {0,0.5, 1, 1.5} and the tilt angle
0 € {0,7/8,m/4} to explore long-range interaction effects and anisotropy. The dipolar chemical
potential (3.42) depends on both parameters, so fixing s in the isotropic dipolar case ensures
comparability. Consequently, for a given €4q the dimensionless scattering length becomes
as = e :
V87 pa(1 + 2€da)

(4.6)



4.1 TWO DIFFERENT PARAMETER SETS

directly following from (3.42); for nonzero tilt, po deviates from (4.4).

For eqq = 0, this yields ag ~ 3 - 1075 apo. Using a realistic ap, ~ 0.25 pm for 164Dy with
w, = 27 - 1 kHz, we obtain a three-dimensional peak density p3 ~ 4.4 - 10* yum~—3 and a scat-
tering length as ~ 7.5 - 10~*nm. Thus, the ultradilute gas has far higher three-dimensional
density and far smaller scattering length than realistic ultracold atomic gases, as ~ 5nm and
p3 = 100...1000 um~3. This motivates defining the quantum case in the next section. More-
over, owing to the small jio, the ensuing dynamics is dominated by the kinetic term in (3.87), and

interactions play a minor role.

4.1.2 Dysprosium gas: Quantum regime

The second parameter set is chosen to reflect realistic experimental systems [151], which mo-
tivates its labeling as the quantum set. We take a system size . = 48.4 ay,, a planar density
pa = 42.8 aﬂoz, and a chemical potential po = 16.2 Aw,. For €gq = 1.47, the dipolar strength of
164Dy, this yields the corresponding dipolar length aqq [287, 336].

As in the ultradilute case, cf. 4.1.1, we vary the dipolar strengths eqq € {0,1.47} and the
tilting angle 6 € {0, 7/8,7/4}. In the non-dipolar case e4q = 0, the above parameters give an
interaction strength go ~ 0.379, a scattering length ag ~ 0.08, and a diluteness parameter n ~
0.1. Thus, while still a dilute Bose gas, the quantum regime features significantly smaller mode
occupations and substantially stronger interactions, to compensate for the increased diluteness.
Assuming a typical oscillator length ay, ~ 0.25pum gives a three-dimensional density p3 ~
1.5-103 pm~3,

In this regime, the ratio between healing length and oscillator length is &, /ap, =~ 0.17, vio-
lating the quasi-two-dimensional requirement &, 2 ay,. A purely two-dimensional simulation
therefore cannot quantitatively reproduce full three-dimensional dynamics. However, to exhibit
rotonic excitations at the scale of the healing length — producing density ripples around vor-
tices, cf. Fig. 4.6, and ultimately instabilities, cf. Fig. 4.2 — the system must lie in the crossover
between quasi-two-dimensional and three-dimensional regimes [148, 166]. In this regime of
strongly oblate traps, vortex motion remains predominantly planar and Kelvin waves are strongly
suppressed [337]. Hence, vortex dynamics is still well captured within the quasi-two-dimensional
approximation. A quantitative comparison between full three-dimensional and quasi-two-dimen-
sional simulations is left for future work.

For all parameter sets, ultradilute and quantum, we ensure that the numerical grid resolves

the healing length sufficiently to capture vortex cores.
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4.2 DISPERSION RELATION AND DIPOLAR INSTABILI-

TIES

We base our discussion on the dipolar Bogoliubov quasiparticle spectrum, with dispersion
w(k)? = e [ek +2p2 (92 + Ude(k))] , (4.7)

where ¢}, = k?/2 is the single-particle energy, cf. Sect. 3.2.3. Unlike the single-component Bose
gas, this dispersion becomes anisotropic for nonzero tilting angle > 0 [157, 166], eventually
inducing a roton.

In Sect. 4.2.1 we analyze the dispersion for the parameter sets introduced in Sect. 4.1 and
examine the relevant healing-length and roton scales as well as the isotropy of the excitation
energies in momentum space. In Sect. 4.2.2 we present the mean-field instability diagram. Since
we simulate (3.87) without LHY corrections (3.54), avoiding these instabilities is essential for

physically meaningful results.

4.2.1 Dipolar Bogoliubov dispersion relation

Increasing the dipolar strength or tilting the polarization into the z-y plane transforms the mono-
tonic non-dipolar dispersion (4.7) into a nonmonotonic one, featuring a local maximum (maxon)
and minimum (roton). This reduces the stabilizing effect of the tight harmonic confinement along
z and can lead to instabilities, manifested in the mean-field approximation as imaginary w(k) for

certain modes. Two types of instabilities are distinguished:

1. Phonon instability: occurs for all modes along a specific k-orientation below a threshold

k < kpp, present even in non-dipolar systems with attractive contact interactions [271].

2. Roton instability: occurs for modes in a finite momentum range k1 < k < k; 2, corre-

sponding to nonzero wave numbers [147, 151, 160-163, 166, 177].

Fig. 4.1 shows the Bogoliubov dispersion w(0, k) along the k,-axis for the ultradilute (a) and
quantum (b) parameter sets, for various tilting angles. The vertical gray dashed lines indicate the
healing momentum k¢ and the roton momentum ko, which corresponds to the momentum at
which the roton minimum softens as the tilt approaches the critical angle 6.. For the ultradilute
case, the dispersion remains qualitatively unchanged for the chosen tilting angles. The roton
softening occurs deep in the IR ko ~ 5.7 - 1073 /apo, compared to the healing momentum
ke ~ 0.2/ano, at a critical angle of 6. ~ 0.397. In contrast, for strongly tilted dipoles § =
/4 in the quantum regime, excitations near the roton momentum already become energetically
favorable. Here, the roton softens at a lower critical angle, 6. ~ 0.307, and at a roton momentum
krot = 1.7 /an,, which is comparable in magnitude to the healing momentum k¢ ~ 5.7/an,. This
indicates that density modulations with a wavelength of a few healing lengths along the y-axis

are enhanced in the quantum regime, in contrast to the ultradilute case, cf. Sect. 4.4.
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Figure 4.1: Dipolar Bogoliubov dispersion (4.7) for ultradilute, eqq = 1.5 (a, ¢), and quantum,
€dd = 1.47 (b, d), regimes, shown for different tilting angles. Panels (a) and (b)
display w(0, k) along the k,-axis, where the roton instabilities occur for egq > 0.
The purple curves indicate the critical tilting angle 6. where the roton softens. Pan-
els (c) and (d) show the anisotropy w(0, k) /w(k,0); black dashed lines indicate the
isotropic dipolar-to-non-dipolar dispersion ratios, we,=1.5,0=0(k)/Wey,=0,0=0 (k) and
Wegq=1.47,0=0(k) /We,y=0,0=0(k), highlighting modifications due to DDIs. Gray dashed

lines mark the healing momentum k¢ and roton momentum k.

Panels (c) and (d) show the ratio w(0, k) /w(k, 0) for the same parameters as (a) and (b), pro-
viding a measure of the anisotropy of the dispersion relation. In the ultradilute regime, the
anisotropy remains small, not exceeding ~ 7% even for strongly tilted dipoles. The effect is
primarily concentrated around the healing momentum, and only shifts toward the roton mo-
mentum for even larger tilting angles. This indicates that any anisotropy appears predominantly
on scales smaller than k¢, where universal dynamics is expected to show. In the quantum regime,
the anisotropy reaches much higher values, up to ~ 75% for strong tilting, reflecting the pro-
nounced development of a roton in the excitation spectrum. This roton is located around the
roton momentum K., which, being on the order of the healing momentum, can significantly
influence the universal dynamics studied later. The black dashed lines show the ratio of the
isotropic dipolar dispersion to the non-dipolar case, we,,=1.50=0(k)/wey,=0,0=0(k) for the ul-
tradilute set and we, =1.47,0=0(k)/We ,=0,0=0(k) for the quantum set. In the ultradilute regime,
the DDI mainly modifies the dispersion near the healing momentum, whereas in the quantum

regime, the modification is more pronounced and occurs around the roton momentum.
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4.2.2 Instability diagram

From the definition of the phonon instability, we see that the speed of sound must become imag-
inary in the £ — 0 limit. Equivalently, the chemical potential turns negative, providing a conve-
nient indicator of phonon instability. Using (3.42), the boundary of the phonon-unstable regime
is

1

1—3cos2(0)’ (*9)

€aa(t) =
which depends only on the tilting angle. This expression diverges near the magic angle 6,, =
arccos(l / \/g), where the chemical potential becomes independent of the DDL In contrast, the
critical angle for roton softening depends sensitively on the chosen density and scattering length,
and the corresponding unstable regime cannot be determined analytically. To identify it, we
search for minima in Uz (k) at k # 0 and check whether these lead to an imaginary dispersion.
Exploiting the isotropy of F'| (k) = F'| (k), cf. Eq. (3.40), and the inequality F||(k&,) < F (k) <
F) (k&) with |k| = k and Fj(k&,) = —1, one finds that for eqq > 0 the dipolar potential is
minimized along the y-axis (k, = 0), and for €4q < 0 along the x-axis (k, = 0).

A similar mean-field analysis is described in [177], but with a crucial difference in how the
roton instability is determined. There, the uniform mean-field density is perturbed with a sinu-
soidal modulation of wavelength k¢ in both spatial directions and evolved in imaginary time, cf.
Sect. 3.4.4, to test whether it returns to a stationary solution. Configurations that fail to stabilize,
but are not phonon unstable are labeled roton unstable. However, this approach may not capture
all roton-unstable parameter configurations, as some may not be triggered by a fixed-wavelength
perturbation. Therefore, we evaluate roton instabilities directly using the Bogoliubov dispersion
relation (4.7).

Fig. 4.2 presents the instability diagrams for the ultradilute (a) and quantum (b) regimes, with
the dispersion relation parameters of Fig. 4.1 marked by colored crosses. In the ultradilute case,
the diagram is dominated by mean-field stable (green) and phonon-unstable (red) regions. The
red line, given by (4.8), separates the phonon-unstable region. This aligns with Fig. 4.1, where
the roton softens at 6. ~ 0.397, nearly coinciding with the angle at which the chemical potential
becomes negative, ,;, = 0.397 for e9q = 1.5. In the quantum regime, many of the previously
stable regions become roton unstable (yellow) due to the larger interaction strength, leaving only
a narrow corridor of mean-field stability. The dipolar strength of 164Dy, €qq = 1.47, lies close
to the roton-unstable region, meaning that local density fluctuations, such as those arising from
vortex annihilations, can trigger the instability during dynamics. To ensure meaningful results,
each simulation in the quantum regime was manually checked to exclude runs that collapsed

and the number of initially sampled vortices is reduced, cf. Sect. 4.3.
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Figure 4.2: Instability diagrams for the ultradilute (a, as/an, ~ 7.5 - 1077) and quantum (b,
as/an, =~ 0.019) parameter sets. Green regions are mean-field stable, yellow re-
gions are roton unstable, and red regions are phonon unstable. The red line mark-
ing the phonon instability corresponds to €;(0)(3cos?() — 1) = —1, i.e., where
the chemical potential vanishes. Crosses indicate the parameters used in the disper-
sion relations of Fig. 4.1, and the vertical gray dashed line marks the magic angle
O = arccos(l / \/§) ~ 0.3, where the chemical potential is independent of the
DDIL. In the ultradilute regime (a), the diagram is dominated by mean-field stable and
phonon-unstable regions, whereas in the quantum regime (b) many formerly stable

regions become roton unstable.

43 INITIAL STATES AND NUMERICAL PROCEDURE

With all ingredients for simulating the GPE (3.87) in place, we now turn to the preparation of the
initial field configurations. Guided by the picture in Fig. 2.1, where the NTFP acts as a partial at-
tractor for far-from-equilibrium dynamics, we prepare two types of initial states, both containing
a large number of vortices.

The first approach follows the lattice sampling used in [112] to observe the anomalous NTFP.
Here, vortices with higher-order winding numbers are imprinted on a uniform background den-
sity in a square lattice. Vortices and antivortices alternate, creating a checkerboard pattern. To fa-
cilitate the early-time decay of higher-winding vortices into elementary defects of charge ¢ = +1,
we add small random displacements to the lattice positions. The second initial configuration, re-
ferred to as random sampling, consists of imprinting elementary (¢ = =£1) vortices at random
positions on a uniform background, ensuring zero total angular momentum by sampling equal
numbers of vortices and antivortices. It is worth mentioning that, even if the numbers were un-
equal, the periodic boundary conditions of the pseudo-spectral scheme would effectively correct
this by introducing compensating vortices on the grid boundaries.

Imprinting a vortex dipole’s phase pattern violates periodicity, in particular when the dipole is
close to the boundaries or has a large separation. To obtain a smooth phase field on the torus, we
correct the imprint by adding the contributions of the eight nearest image dipoles surrounding

the numerical grid. This substantially reduces spurious discontinuities in the initial phase pattern.
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Figure 4.3: Initial field configurations for lattice (a, c) and random (b, d) sampling in the ultradi-
lute regime at eqq = 1.5, § = 0. Panels (a, b) show the normalized density p2/{p2),
and (c, d) show the phase field.

For the ultradilute parameters, lattice sampling employs an 8 x 8 grid of ¢ = £6 vortices, while
random sampling uses [N, = 1000 initial vortices. For the quantum parameters, we retain the
same values for the non-dipolar case, but reduce to a 4 x 4 grid of ¢ = +4 vortices and N, = 100
in lattice and random sampling for eqq = 1.47, respectively. This reduction is necessary to avoid
mean-field instabilities triggered by strong local density fluctuations at high vortex densities, cf.
Sect. 4.2.

Both sampling methods start from a phase imprint on a uniform density, which would generate
shock waves in the early-time dynamics when all vortex cores suddenly appear. To avoid this, we
perform a short imaginary-time evolution allowing the vortex cores to form before switching to
real-time evolution. Since we do not explicitly pin the vortices in lattice sampling, higher-order
vortices decay during this stage into tight clusters of |g| elementary defects, cf. Fig. 4.3

Fig. 4.3 displays examples of initial configurations for lattice (a, ¢) and random (b, d) sampling
in the ultradilute regime. While random sampling contains more vortices, the density between
defects remains near the mean value. In contrast, lattice sampling exhibits significantly enhanced
density between vortices due to the larger core size of the high-winding defects.

After preparing the far-from-equilibrium states, we evolve them on a 10242 grid using the
split-step Fourier method introduced in Sect. 3.4.3. The total evolution time and time step are
tmax = 108 - 27/w, and dt = 0.1 - 27/w, for the ultradilute case, and tyax = 103 - 27/w,
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Figure 4.4: Typical temporal evolution of the density for lattice sampling in the ultradilute regime
at dipolar strength eqq = 0.5 in the isotropic case. (a) Initial density distribution,
similar to Fig. 4.3 (a). (b-d) Density snapshots at t = 10* - 27 /w,, 10° - 27 /w,, and

108 - 27 /w, covering two orders of magnitude in time.

and dt = 10~* - 27 /w, for the quantum case. These values are sufficient to capture the relevant
universal dynamics.

Finally, to obtain statistically averaged correlation functions, we employ the semiclassical TWA
scheme described in Sect. 3.4.5. After the imaginary-time propagation, we add half a quasiparticle
occupation with random noise in the Bogoliubov modes of the homogeneous-density background

and average over 50 (ultradilute) or 100 (quantum) independent realizations.

44 TURBULENTVFLOW AND VORTEX PATTERN COARS-

ENING

Before turning to a quantitative analysis of the emerging universal dynamics in the next chapter,
we first examine typical single-run evolutions.

Fig. 4.4 shows the density evolution of a single run initialized via lattice sampling in the ultradi-
lute regime at weak dipolar strength eqq = 0.5 and zero tilting. Starting from the lattice configu-
ration in panel (a), cf. Fig. 4.3 (a), the system enters an early reordering phase for t < 10*-27/w.,,
during which the tight clusters of six defects break up and mix. Only a few vortex annihilation

events occur, and the dynamics are dominated by strong coherent flow. The small random offsets
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Figure 4.5: Temporal evolution of the normalized current |j|/(p2), with j = V¢, for lattice sam-
pling in the ultradilute regime at egq = 0.5 and 6 = 0. Gray streamlines indicate
the flow direction, while black crosses and dots mark vortices and antivortices, re-
spectively. (a) Initial current field with strong circular flow around the higher-order
vortices. (b-d) Current at ¢ = 10* - 27 /w,, 10° - 27 /w,, and 10° - 27 /w, illustrating

coarsening of defects and equilibration.

added to the initial vortex positions, cf. Sect. 4.3, facilitate this rapid loss of symmetry and the
ensuing reordering. At t = 10*-27 /w, in panel (b), extended regions of higher and lower density
have formed, corresponding to clusters of like-sign defects encircled by strong flows, analyzed in
more detail in Sect. 6.4. As time proceeds, annihilation of vortex-antivortex pairs progressively
reduces these density fluctuations, weakening the flow in between clusters, as visible in panels
(c) and (d). In Sect. 5.2 we will show that the dynamics in the time window from panels (b) to
(d) exhibits self-similar evolution indicative of the system undergoing universal dynamics near
the anomalous NTFP. When starting from random sampling, the evolution is qualitatively simi-
lar, though the initial reordering phase is absent. The system enters the universal scaling regime
almost immediately.

At sufficiently late times, the system equilibrates in the sense that all defects annihilate, leaving
a nearly uniform density with sound and single-particle excitations. Because the GPE conserves
energy, the system does not relax to the 7' = 0 ground state but instead approaches a quasither-
mal state. The latter is characterized by energy equipartition, nye; ~ const ~ kT, where ny, is
the mode occupation number, leading to a Rayleigh-Jeans distribution ~ T'/¢j, of temperature
T'. We will return to this in Sects. 5.2 and 7.1.
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Figure 4.6: Typical density evolution for random sampling in the quantum regime at eqq = 1.47
and strong tilting § = 7 /4. (a) Initial random vortex configuration using the reduced
defect number required for stability, cf. Sect. 4.3. (b-d) Density snapshots at t = 10* -
21 Jw,, 10° - 27 /w,, and 10° - 27 /w, showing roton-dominated dynamics at early

times (b) and well-separated defects at late times (d).

Besides density evolution, the current field provides a clear picture of transport and coherent
J
highly regular, dominated by strong circular currents around the tight vortex clusters. After the

flow. Fig. 4.5 displays |j|/(p2) for the same run as in Fig. 4.4. The initial flow field in panel (a) is
brief reordering phase, extended regions of coherent flow emerge between clusters of like-sign
defects, as seen in panel (b). These regions then coarsen as defects annihilate, producing larger
but weaker flow structures in panel (c). At late times in panel (d), two prominent vortex clusters
remain — one in the upper left and one in the lower left — driving only weak currents along their
boundaries.

To highlight the qualitative influence of DDIs and anisotropy in the quantum regime, Fig. 4.6
shows a typical evolution for €qq4 = 1.47 and § = 7/4, starting from random sampling. The initial
density in panel (a) resembles Fig. 4.3 (b), aside from the reduced vortex number required to avoid
large early-time density fluctuations that could trigger mean-field instabilities. At early times in
panel (b) the dynamics is dominated by stripe-like excitations along the y-axis with spacing set
by the inverse roton momentum, cf. Fig. 4.1. The vortices tend to align along the z-axis within
the minima of these stripes before vortex annihilations begin to loosen this structure, as seen
in panels (c) and (d). After coarsening, only localized density ripples remain around individual

vortices, consistent with the known anisotropic form of dipolar vortices [177].
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In summary, the temporal evolution exhibits strong qualitative dependence on the parameter
regime and tilting angle. Nevertheless, in the following chapter we will find that all cases display
similar universal scaling characteristics independent of microscopic details.

Finally, we refer to the videos' illustrating typical temporal evolutions. For the ultradilute
regime, we show weak (eqq = 0.5) isotropic (# = 0) and strong (eqq = 1.5) tilted (6 = 7/4)
dynamics. For the quantum regime, we provide videos for isotropic (¢ = 0) and strongly tilted
(0 = 7/4) cases at eqq = 1.47. Each video presents the density, phase, current with streamlines,
and vortex/antivortex positions for a single run, as well as the temporal evolution of the occupa-
tion number, defect coarsening, and clustering tendencies. These visualizations serve as useful

references for the detailed discussion in the next chapters.

1 The four videos accompanying this work are available at https://www.kip.uni-heidelberg.de/gasenzer/

projects/dipolaranomalousntfp#start
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SPACE-TIME SCALING OF MOMENTUM
SPECTRA

Universal space-time scaling in field theory is, in principle, observed in correlation functions aver-
aged over many independent runs. Following the scaling hypothesis (2.2), we begin by analyzing
the self-similar scaling evolution of single-particle occupation-number spectra during the vortex
pattern coarsening in the superfluid. Throughout this chapter we focus on the angle-averaged

single-particle spectrum
nlht) = [ A9 (kDo) 5.1)

where k& = |k| and d€2 denotes the surface-angle measure. By comparing dipolar and non-dipolar
systems using the parameters defined in Sect. 4.1, we assess the proposed universality of the
anomalous NTFP, i.e., its insensitivity to microscopic details of the interaction. As outlined in
Sect. 2.1, the DDI introduces long-range and anisotropic features that provide a natural testbed
for exploring how such modifications influence the scaling behavior.

The chapter is organized as follows: In Sect. 5.1 we discuss the angle-averaged single-particle
spectrum defined in (5.1), address the impact of nonzero momentum expectation values, and
show how the Cauchy distribution provides an appropriate description. In Sect. 5.2 we perform
the explicit rescaling according to (2.2), from which we obtain subdiffusive scaling with o« = 0.4
and # = 0.2 in dipolar Bose gases. This establishes the presence of the anomalous NTFP even
in systems with long-range and anisotropic interactions. In Sect. 5.3 we then provide a detailed
discussion of the temporal stability of the extracted scaling exponents across all parameter con-

figurations introduced in Sect. 4.1.

5.1 ANGLE-AVERAGED SINGLE-PARTICLE SPECTRUM

In this section we discuss the functional form of the angle-averaged single-particle spectrum
n(k,t) defined in (5.1), which serves as the universal scaling function fs in the IR up to momenta
on the order of the healing length . In Sect. 5.1.1, we examine the possible imprint of a nonzero
momentum expectation value, in particular when employing random vortex sampling, and in-
troduce a modified definition of the angle-averaged single-particle spectrum. This redefinition
proves essential for recovering the correct subdiffusive self-similar scaling when rescaling spec-
tra obtained from random sampling in Sect. 5.2. In Sect. 5.1.2, we then briefly elaborate on the
scaling function fg, which is known to take the form of a Cauchy distribution in the IR [112], and

demonstrate that this form remains a valid approximation in the presence of DDIs.
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(a) lattice sampling (b) random sampling
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Figure 5.1: Density in Fourier space of a single run for (a) lattice and (b) random vortex sampling
in the ultradilute regime with dipolar strength e3q = 0.5 and zero tilting = 0 att =
10%-27 /w,. The grid is zoomed in to highlight the location of the maximal density. For
illustration, the single run shown in (b) exhibits an unusually large mean momentum,
emphasizing the variability of the offset compared to the consistent imprint of lattice

sampling.

5.1.1 Nonzero momentum expectation value

When vortices are sampled randomly on a uniform background, the total angular momentum is
explicitly kept at zero. However, a nonzero mean momentum (k) can be imprinted in a random
manner. To illustrate this, Fig. 5.1 shows the density in Fourier space, n(k), within a zoomed win-
dow around k, = k, = 0 for both lattice (a) and random (b) sampling. The densities correspond
to single runs at late times t = 105 - 27 /w,, in the ultradilute regime for an isotropic dipolar gas
with e9q = 0.5. In panel (a), the density peaks at zero momentum, indicating a vanishing momen-
tum expectation value. This arises from the highly regular and reproducible vortex imprinting
on the checkerboard lattice, cf. Sect. 4.3, where the only variation is the random offset. In con-
trast, panel (b) shows a clear displacement of the density peak by several grid points, revealing a
nonzero mean momentum imprinted into the condensate. For clarity, the single run picked in (b)
represents an extreme case; typical random-sampling runs exhibit smaller, randomly positioned
offsets, which are nevertheless observable.

Due to the invariance of the Lagrangian (3.27), and therefore the action, under spatial transla-
tion, Noether’s theorem predicts the conservation of mean momentum. We have explicitly veri-
fied that (k) remains constant over time in single runs, with only the width of the density peak
narrowing as particles redistribute toward the IR.

Fig. 5.2 quantifies the momentum expectation values (k;) and (k,) across all dipolar strengths,
tilting angles, and parameter regimes. Panels (a, ¢, d, g) correspond to lattice sampling, and (b, d,
f, h) to random sampling. Panels (a-f) refer to the ultradilute regime, while (g-h) correspond to
the quantum regime. The mean momentum of each parameter configuration is averaged over all

TWA runs. Both sampling methods yield vanishing mean-momentum offsets below the Fourier-
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Figure 5.2: Mean-momentum expectation values (k;) and (k,) at t = 0 for lattice (a, c, e, g)
and random (b, d, f, h) sampling across all dipolar tilting angles. Dipolar strengths are
€ad = 0.5(a,b), €qq = 1(c, d), eqqa = 1.5 (e, f) in the ultradilute regime, and eqq = 1.47
(g, h) in the quantum regime. The non-dipolar results are shown in gray for compar-
ison. Mean momenta are expressed in units of the Fourier-space lattice spacing Ak,
and Ak, to indicate the resolvability of the expected offsets observed in Fig. 5.1. Val-
ues are obtained by averaging over all TWA runs, yielding an average imprint of zero
mean momentum for all parameter sets. Error bars represent the standard deviation
of the distributions of mean momenta, highlighting the resolvable momentum offsets

in single random-sampling runs.

space resolution Ak, and Ak, confirming that momentum imprints in random sampling are
stochastic with no systematic bias.

Error bars show the standard deviation of the momentum expectation value across all TWA
runs. Lattice sampling yields values much smaller than the grid resolution therefore producing
negligible offsets, whereas random sampling in the ultradilute regime exhibits standard devia-
tions of ~ 4 —5Ak in both spatial directions, which produces resolvable offsets in single runs, as
seen in Fig. 5.1. Similar behavior occurs as well in the quantum regime, however, less pronounced.

We observe no significant dependence on the tilting angle, and standard deviations remain
comparable across all dipolar strengths in the ultradilute regime for a given sampling method.
Only the non-dipolar case (gray) shows a larger standard deviation for lattice sampling in the
ultradilute regime and for random sampling in the quantum regime. The latter can be attributed
to the reduced number of imprinted vortices at eqq = 1.47.

Having discussed the effect of vortex sampling on nonzero momentum expectation values,
we return to the primary focus of this chapter: the self-similar rescaling of momentum spectra

in space and time. The relevance of the above becomes clear when considering single-particle

71



72

SPACE-TIME SCALING OF MOMENTUM SPECTRA

spectra that are angle-averaged to improve statistics at a given absolute momentum k, cf. Eq. (5.1).
This assumes an isotropic density n(k) = n(k), which can be violated in random sampling, cf.
Fig. 5.1, when the condensate is displaced from k, = k, = 0 to (k;) and (k). To account for

this, we redefine the angle-averaged single-particle spectrum as

(k) = [ 90" (k= (. Dk = (), 1) 62

For lattice sampling, this modification has only a minor effect on the obtained spectrum; but, for

random sampling it is essential to recover self-similar scaling in time, cf. Fig. 5.6.

5.1.2  Scaling function

Having introduced the improved angle-averaged occupation number spectrum (5.2), we now ex-
amine its shape in the IR. Throughout universal dynamics, this spectrum represents the universal
scaling function f, as introduced in Sect. 2.1. For a single-component Bose gas, it was found in
[112] that the occupation number spectrum near the anomalous NTFP, after a potential prescal-

ing stage [68], is well approximated by a Cauchy distribution of the form

A

fs(k) = W, (5.3)

which captures both the plateau in the IR for k& < kj and the Porod tail ~ k¢ with scaling
exponent ¢ at k > kj, beyond the turnover scale k.

Before discussing the temporal evolution of the exponent ((t) and the scale kx (¢) in Sect. 5.3.2,
we examine the applicability of the Cauchy distribution (5.3) within the dipolar Bose gas. Fig. 5.3
shows the occupation-number spectra (dots) for egq = 1.5 in the ultradilute regime from lattice
sampling at three times, each separated by an order of magnitude in time. We consider two
tilting angles: isotropic (6 = 0) in panel (a) and strongly tilted (¢ = 7/4) in panel (b). Already
at this stage, we can anticipate self-similar dynamics in the IR through an increasing zero-mode
occupation and a decreasing turnover scale, which characterizes the transition to power-law
behavior, while maintaining the qualitative shape of the spectrum. The solid lines represent fits
of (5.3) below the UV cutoff A, fixed at t = 10* - 27/w, and 106 - 27 /w,, with intermediate
times interpolated via a power law. In both panels, the numerical data agree well with the fits,
confirming that the Cauchy distribution remains a valid approximation for the scaling function
in the presence of DDIs. This agreement holds across all other dipolar strengths, tilting angles,
sampling methods, and parameter sets, provided the system exhibits universal dynamics.

From these fits, we extract our first exponent (, which we find in the isotropic case (a) to be
¢ =5274+0.09att = 10*-27/w, and ¢ = 4.6 +0.04 att = 10°- 27 /w,, indicating a change in
the shape of the scaling form, which suggests that self-similar behavior emerges only on shorter
time intervals. In the strongly tilted case (b), we obtain ¢ = 4.14 4+ 0.04 at t = 10* - 27 /w, and
¢ =414004att=10%-27/w,, allowing self-similar dynamics to persist over two orders of
magnitude in time, cf. Fig. 5.9. For comparison, [112] reported { = 5.7 & 0.3 at the anomalous
NTFP, while ¢ = 4 corresponds to an uncorrelated ensemble of point vortices. In that study the

vortex ensemble exhibited clustering while undergoing self-similar dynamics. At this stage, we
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Figure 5.3: Angle-averaged single-particle spectrum (dots) at t = 10* - 27 /w,, (blue), 10° - 27 /w,
(green), and 10° - 27 /w, (red) for the ultradilute regime at eqq = 1.5 with lattice sam-
pling. Panel (a) shows the isotropic case (¢ = 0) and panel (b) the strongly tilted case
(@ = m/4). Solid lines are fits to the Cauchy distribution (5.3), confirming its validity
in the presence of DDIs. Gray regions were excluded from the fit, as the universal
scaling form is expected only in the IR. The UV cutoffs A; at t = 10*- 27 /w, and A; at
t = 10% .27 /w, are indicated, with intermediate cutoffs obtained by power-law inter-
polation. The extracted scaling exponents are ( = 5.27£0.09 (a) and { = 4.144+0.04
(b) at early times, which evolved to ( = 4.6 4 0.04 (a) and { = 4.10 = 0.04 (b) at late

times, showing modifications only in the isotropic case.

observe distinct exponents ( depending on the DDI configuration, suggesting that the exponent

is not universal but rather influenced by the vortex distribution and clustering, cf. Sect. 6.4.
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5.2 SELF-SIMILAR SCALING EVOLUTION

Having discussed the angle-averaged occupation-number spectrum and its description via a
Cauchy distribution, we now turn to the explicit spatio-temporal rescaling of multiple spectra
according to (2.2). In Sect. 5.2.1 we outline the rescaling procedure using the example €44 = 0.5,
6 = 0, and lattice sampling in the ultradilute regime, where we recover self-similar scaling in
the vicinity of the anomalous NTFP. In Sect. 5.2.2 we then consider rescaling for random sam-
pling and demonstrate how anomalous scaling can be recovered. We emphasize the crucial role
of correctly accounting for momentum offsets in the spectra according to (5.2), as discussed in
Sect. 5.1.1. Finally, in Sect. 5.2.3 we explicitly rescale spectra in the quantum regime for both
lattice and random sampling, showing that the subdiffusive exponents o = 0.4 and § = 0.2 can

also be obtained for experimentally realistic parameter sets.

5.2.1 Rescaling procedure

We now explicitly demonstrate the rescaling of angle-averaged occupation-number spectra for
isotropic DDIs (f = 0) with e¢gq = 0.5 in the ultradilute regime, using lattice-sampled defects.
Fig. 5.4 (a) displays ten spectra logarithmically spaced in time over two orders of magnitude,
from ¢t = 10* - 27 /w, to 10° - 27 /w,. The IR region is well described by the scaling function
introduced in Sect. 5.1.2, with an exponent ( ~ 5.4, consistent with ( = 5.7 4= 0.3 reported in
[112]. The UV tail approaches the Rayleigh-Jeans distribution ~ T'/e; ~ k™2, signaling energy
equipartition in the UV modes and thus their (partial) thermalization; this behavior is further
discussed in Sects. 5.2.3 and 7.1.

Panel (b) shows the spectra after rescaling using the exponents & = 0.40 & 0.02 and 8 =
0.2140.01, which yield optimal overlap in the IR. These values are consistent with the anomalous
exponents & = 0.402 =+ 0.05 and 5 = 0.193 £ 0.05 found in single-component Bose gases with
contact interactions [112], confirming subdiffusive scaling in the vicinity of the anomalous NTFP
also for the dipolar Bose gas. We observe anomalous scaling over two orders of magnitude in
time, half an order of magnitude longer than in [112], demonstrating its remarkable stability in
the ultradilute regime even with weak isotropic DDIs.

The UV cutoff in Fig. 5.4 was set to kmax(to) = 107! /ay, at the reference time tq = 10* -
27 Jw,. Since the transition from Porod to UV tail shifts over time, this cutoff cannot be uniformly
applied to all spectra. Instead, it is applied to the rescaled momentum (¢ /to)?k for each spectrum
individually. We typically choose conservative (smaller) cutoffs, which reduces the number of
data points but minimizes contamination from the UV tail. The quality of the rescaling is assessed
via the residuals
(t/to) " *np(k, 1)
ni((t/t0)’k, to)

defined with respect to the reference spectrum at ¢y, which we evaluate at the rescaled momenta

residuals(t; «, 8) = -1, (5.4)

using linear interpolation. Panel (c) shows small deviations at low momenta and systematic but

weak deviations at larger momenta and later times, indicating the eventual departure from uni-
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Figure 5.4: Representative rescaling procedure for angle-averaged occupation-number spectra
at dipolar strength €434 = 0.5 and tilting angle 6 = 0 in the ultradilute regime, using
lattice-sampled initial conditions. (a) Ten spectra logarithmically spaced in time, that
can be described by the universal scaling function f5 (5.3) in the IR. The UV region
exhibits a Rayleigh—Jeans tail ~ k=2 at late times, steepening toward ~ k> in the
Porod tail. (b) Self-similar rescaling of 100 logarithmically spaced spectra in the given
time interval with exponents & = 0.40 &+ 0.02 and 8 = 0.21 £ 0.01 - satisfying
a = df - yields excellent overlap in the IR. A UV cutoff kyax(to) = 1071 /ay, is
imposed at the reference time to; for other times, only data with rescaled momenta
below this cutoff are used. (c) Residuals (5.4) relative to the reference spectrum at ¢
indicate very good agreement at low momenta, with only minor deviations at large
k and late times. The overlap persists well beyond the cutoff, demonstrating cutoff-

independence of the fit.

versal scaling near the anomalous NTFP. Agreement persists up to k ~ 2- 107! /ay,, confirming
that our results do not depend sensitively on the chosen cutoff.

We now discuss how the optimal scaling exponents and their uncertainties are determined.
Fig. 5.5 illustrates the optimization procedure for the spectra of Fig. 5.4, following the least-
squares method outlined in the appendix of [76], see also [338]. First, we choose intervals for
o and (3 with fixed resolutions and select the reference spectrum at reference time %, typically
set to the earliest time. For each pair («, 3) we evaluate the overlap between the rescaled spectra

and the reference spectrum using the x? distribution

Nyp—1
1 . [dInk |residuals(t;; «, 8)]?
2 _ 7y by
X (avﬁ) - Nsp -1 ; fdlnk ) (55)
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Figure 5.5: (a) Inverse chi-squared 1/x? (5.5) over the (a, 3) grid shows a clear maximum at
a ~ 0.4 and 3 ~ 0.2 for the data of Fig. 5.4. The tilt of the maximum with respect
to the diagonal indicates a larger relative uncertainty in « than in (. (b) Marginal
likelihood distributions P(«) and P(f), derived from (5.6). The standard deviation
around the maxima (vertical dashed lines) provide the quoted uncertainties for the

scaling exponents.

where N, is the number of spectra included. Using logarithmic momentum weighting, d In &,
ensures adequate sensitivity to the deep-IR plateau. The inverse of (5.5) is displayed in panel
(a) and peaks around the subdiffusive scaling exponents. From the maximum of 1/x? we define
the optimal scaling exponents a* and *. The diagonal line indicates the relation o = df (2.3),
obtained from particle-number conservation during the inverse transport, which our extracted
exponents satisfy.

To arrive at the uncertainties for the scaling exponents given in Fig. 5.4, we define a likelihood
function [76, 338]

2
Pla, B) = %exp (—M) (5.6)
with normalization constant A from which the marginal distributions P(«) = [d8P(«, f)
and P(5) = [ daP(«, ) are obtained, shown in panel (b). Their means reproduce the optimal
scaling exponents, while their standard deviations define a characteristic width, which can be
used as a measure for the uncertainties.

In summary, beyond the technical details of the rescaling procedure, we have recovered the
anomalous NTFP in the isotropic dipolar Bose gas over two orders of magnitude in time. This
establishes the presence of the anomalous NTFP also in dipolar systems with long-range inter-
actions. So far, however, this has been demonstrated only for ¢gq = 0.5, § = 0, and lattice
sampling. In the following, we extend the analysis to random vortex sampling and to the quan-
tum parameter regime, before examining time-local scaling exponents to quantify the robustness

of the scaling seen in Fig. 5.4.
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Figure 5.6: Rescaling of occupation-number spectra for dipolar strength eqq = 0.5 and zero

tilting angle in the ultradilute regime, starting from random sampling. Panel (a)
shows logarithmically spaced, rescaled angle-averaged spectra in the time interval
t € [10%6 - 10°] - 27/w,, computed using (5.1) without accounting for momen-
tum offsets, cf. Sect. 5.1.1. The extracted scaling exponents, & = 0.29 + 0.02 and
B = 0.15 4 0.01, satisfy o = df3 but remain systematically below the anomalous val-
ues a = 0.4 and § =~ 0.2. In (b), angle-averaged spectra computed using (5.2), which
take the initial momentum expectation values into account, yield o = 0.38 £ 0.04
and 8 = 0.20 £ 0.02. These exponents are consistent with the expected subdiffusive
scaling, and the overlap of the spectra persists beyond the UV cutoff. Insets in both
panels show the non-rescaled spectra. The UV cutoff is set to kmax(to) = 107! /ane

at the reference time t.

5.2.2  Rescaling with momentum offset

Having established the presence of the anomalous NTFP in an ultradilute dipolar Bose gas in
lattice sampling using the rescaling procedure outlined in the previous section, we now turn to
random sampling and examine the influence of the momentum offset found in Sect. 5.1.1. Fig. 5.6
presents the scaling analysis of angle-averaged occupation-number spectra in the ultradilute
regime at 34 = 0.5 and 6 = 0, initialized from randomly sampled defects. Panel (a) uses spectra
evaluated within a shorter time interval compared to Fig. 5.4, computed using (5.1) with angle
averaging performed around £ = 0. Applying the rescaling procedure of Sect. 5.2.1, we find
o =0.29+0.02 and 8 = 0.15 £ 0.01. These values satisfy a = d3 but are significantly smaller
than the anomalous scaling exponents. Moreover, self-similarity deteriorates rapidly beyond the
UV cutoff, indicating a residual dependence on the cutoff scale. In contrast, panel (b) shows the
rescaling using spectra obtained from (5.2), which explicitly corrects for the nonzero average
momenta imprinted by random sampling. From these spectra we obtain o = 0.38 & 0.04 and
B = 0.20 £ 0.02, fully consistent with the expected subdiffusive scaling. This demonstrates that

even small average momenta of the order of only a few grid spacings in Fourier space have a
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Figure 5.7: Rescaling of occupation-number spectra for dipolar strength eqq = 1.47 and zero
tilting angle in the quantum regime, initialized by lattice sampling. In the time interval
t € [6-10%,6-10?] - 27 /w, we extract subdiffusive exponents o = 0.37 4 0.06 and
B = 0.19 &+ 0.02, consistent with & = df. The inset shows the spectra prior to
rescaling, and the UV cutoff is set to kmax(to) = 1.5/an, at the reference time ¢.

crucial impact on the ability to observe the correct universal scaling behavior. The reason is the
significant shift of the density peak relative to its width, cf. Fig. 5.1. Accordingly, all subsequent
rescalings presented in this work employ spectra computed from (5.2) in order to reliably extract
the universal scaling dynamics.

The scaling exponents obtained in panel (b) also confirm that subdiffusive scaling persists for
initial states generated by random sampling of defects. This was not explicitly shown in [112]

for non-dipolar Bose gases.

5.2.3 Rescaling in the quantum regime

In the previous two sections, we demonstrated the emergence of universal scaling with an anoma-
lous exponent in the ultradilute regime for both vortex-sampling methods. Since we also intro-
duced a second, experimentally more realistic parameter regime, i.e., the quantum regime, cf.
Sect. 4.1.2, we now investigate whether the anomalous NTFP persists under these conditions.
Fig. 5.7 displays ten logarithmically spaced occupation-number spectra (inset) for a dipolar
Bose gas in the quantum regime with €gq = 1.47 and 6 = 0, initialized from lattice sampling.
The rescaling yields exponents o = 0.37 & 0.06 and 8 = 0.19 £ 0.02, which satisfy the particle-
number conservation relation « = df and remain compatible, within uncertainties, with the
anomalous scaling exponents. Hence, subdiffusive scaling persists in the quantum regime; how-
ever, several differences to the ultradilute regime must be noted. First, because of the reduced
number of initially sampled defects and the larger relative density fluctuations compared to the
background density, significantly larger statistics are required to obtain smooth spectra. This is
reflected in the increased number of TWA runs (N1wa = 100). Second, the scaling regime turns

out to be more transient, reflected in the universal interval shortened to a single order of mag-
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Figure 5.8: Rescaled occupation-number spectra for dipolar strength e3q = 1.47 and zero tilting
angle in the quantum regime, initialized by random sampling. For the interval ¢ € [6-
10%,6-10%]-27 /w,, we extract scaling exponents o = 0.3240.04 and 8 = 0.1740.01,
which are smaller than the expected subdiffusive values. The UV cutoff is again set to

Emax(to) = 1.5/ane, and the inset shows the non-rescaled spectra.

nitude in time compared to almost two orders in the ultradilute regime. Third, the IR plateau of
the spectra is poorly resolved, merely flattening at the smallest available grid point. This limits
the precision of the extracted scaling exponents and leads to larger uncertainties — particularly
for a.

Turning to random sampling in the quantum regime, Fig. 5.8 shows that the extracted scaling
exponents, « = 0.32 £ 0.04 and 5 = 0.17 £ 0.01, are noticeably smaller than the anomalous
subdiffusive exponents, though still of comparable magnitude. This underlines the challenges
already highlighted for lattice sampling in the quantum regime. In particular, we find that the
extracted exponents depend on the chosen universal time interval, indicating more transient
behavior. This issue will be examined in detail in the next section. There we will also address the
influence of anisotropy on the scaling exponents, since the present section focused exclusively
on isotropic DDIs.

Finally, we return to the UV tail of the momentum spectrum, which exhibits a Rayleigh—Jeans
distribution ~ T'/¢, for all parameter configurations. From this tail, we can extract the kinetic
energy per particle at the latest time, once most defects have decayed and the energy has been
redistributed into the UV. For lattice sampling, we obtain Fi;, /N ~ 0.004 hiw, at the latest time
in the ultradilute regime for e3q = 0.5 and § = 0, and Fy;, /N ~ 0.6 hw, in the quantum regime
with egq = 1.47 and 6 = 0. In both cases, the imprinted energy constitutes only a fraction of the
system’s ground-state energy set by the respective chemical potential, cf. Sect. 4.1. To estimate
the temperature of the nearly equilibrated UV tail, we compare the Rayleigh-Jeans law with
the occupation-number spectrum in the UV beyond the healing scale, obtaining k7" ~ 10 fw,
(ultradilute) and kT ~ 1 hw, (quantum). For the TWA to remain accurate, the largest single-
particle energy €y . must satisfy €x,_, < kg7, and the occupancies should not fall below ~

~ 4 hw,) but violated in the
quantum regime (e, .~ 4000 hw,). Hence, in the latter case we do not expect the TWA to

1/2. These conditions are fulfilled in the ultradilute regime (¢,

max
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correctly describe the thermalization behavior or UV correlations. Nevertheless, its accuracy for
the redistribution of particles in the IR and for vortex dynamics is expected to be only weakly
affected. We have explicitly verified that energy continuously flows into the UV modes and that
anomalously slow scaling appears even on coarser grids, which constrain particles to remain
at lower energies. However, the level of UV excitations may affect the onset and end times of
the scaling regime. A more accurate treatment of the low particle densities encountered in the
quantum regime, by taking quantum fluctuations into account, could be achieved using extended
techniques such as projected GPE or stochastic GPE simulations, see [149, 293-296], which we

leave for future work.

5.3 TIME DEPENDENCE OF SCALING EXPONENTS

In the preceding section we recovered subdiffusive scaling exponents within dipolar Bose gases,
albeit only within fixed temporal intervals and for specific combinations of dipolar strengths
and tilting angles. As seen in Fig. 5.4, spectra near the boundaries of this interval can begin to
deviate, indicating modifications in the underlying scaling function f;. To assess the stability
of the observed scaling behavior and the influence of the chosen time windows, we now turn
to the time-local scaling exponents, a(t), 5(t), and ((t). Observing time independence of these
exponents signifies the approach to a self-similar scaling regime and demonstrates that the de-
pendence on the specific time interval or associated UV cutoff is subdominant. We carry out this
analysis for all parameter configurations introduced in Sect. 4.1.

In Sect. 5.3.1 we examine the temporal stability of () and 3(t) through the use of time-local
scaling exponents extracted with a running rescaling scheme across multiple time windows. We
also discuss an alternative extraction of « using the zero-mode occupation at £k = 0, as well
as the possibility for anisotropic scaling. In Sect. 5.3.2 we connect the presence of self-similar
dynamics to the preservation of the scaling function, reflected in a constant Porod-tail exponent
¢ and coarsening of the turnover scale k,. To this end, we determine the time evolution of the
scaling function parameters by fitting (5.3). Finally, we identify first indications of a transition to

diffusive scaling at very late times.

5.3.1 Time-local self-similar scaling

We begin our analysis of the stability of the observed anomalous scaling by introducing time-
local scaling exponents «(t) and [3(¢). These exponents exhibit stable universal behavior across
all ultradilute dipolar configurations and display transient scaling in the quantum regime. We
then examine whether subdiffusive scaling can be extracted from the occupation of the zero
mode k = 0. While this approach reproduces subdiffusive behavior, it shows stronger deviations
due to inherent conceptual limitations. Last, we address the possibility of anisotropic scaling by
evaluating axis-resolved scaling exponents. Throughout the universal interval, these exponents

consistently indicate isotropic scaling.
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Scaling exponents from angle-averaged spectra

In Sect. 5.2 we extracted single pairs of scaling exponents « and 5 by rescaling angle-averaged
occupation-number spectra within a fixed temporal interval. This confirmed the presence of sub-
diffusive scaling in the dipolar Bose gas in both the ultradilute and quantum regimes. However,
fixing the time interval limits our ability to analyze the onset and departure of scaling; while
we can estimate the approximate duration over which the scaling hypothesis (2.2) holds, we can-
not determine in detail when scaling behavior emerges or breaks down. From the residuals in
Fig. 5.4 (c), one could manually exclude spectra that show systematic deviations from the refer-
ence spectrum. To quantify this systematically, we introduce time-local scaling exponents « (%)
and f3(t¢) that track the optimal scaling for each chosen reference time to. This refined analysis
is then applied to a broader range of dipolar strengths €34 > 0.5 in the ultradilute regime and to
nonzero tilting angles, which were not examined earlier in Sect. 5.2.

We define the time-local scaling exponents at a chosen reference time ¢( by rescaling ten loga-
rithmically spaced angle-averaged occupation-number spectra (5.2) in the window ¢ € [tg, 10¢o].
This yields maximal reference times ¢ max = 10°-27/w, in the ultradilute regime and 10%-27 /w,
in the quantum regime. Although the window size restricts the latest possible %y, the evolution of
a(tp) and S(tp) can be followed over more than an order of magnitude in time. A complication
is that the UV cutoff cannot be held fixed across all reference times since the turnover scale k()
scales as well, cf. Fig. 5.3. We therefore set the cutoff at the earliest and latest times and interpo-
late between them using a power law. Whenever the scaling exponents become independent of
to, we identify this as a signature of universal scaling dynamics.

Fig. 5.9 shows the resulting time-local exponents «(ty) and [(to) for all dipolar configura-
tions. Uncertainties (shown for the non-dipolar and # = 7/4 curves) are of similar size for all
cases. Across all settings, the relation o = 24 is fulfilled, indicating that transport toward the
IR continues to conserve particle number, even in the presence of DDIs and for all tilting angles
considered.

We first discuss the non-dipolar curves (gray), whose scaling is very stable across the entire
accessible time range in both the ultradilute and quantum regimes, independent of the vortex
sampling method. Only at late times tg ~ 10° - 27 /w, in the ultradilute regime, particularly for
random sampling, we observe an increase in the scaling exponents, signaling the breakdown of
universal dynamics and thus departure from the anomalous NTFP.

For isotropic and weakly tilted (¢ = 7/8) DDIs in the ultradilute regime, we find nearly iden-
tical scaling exponents for all times. Both sampling methods show good agreement with the
subdiffusive anomalous exponents at early times, followed by a transition to faster scaling. The
stronger the DDIs, the earlier this transition occurs. Nevertheless, anomalous scaling persists for
at least half an order of magnitude in ¢ without noticeable drift of the exponents, demonstrating
the robustness of the anomalous NTFP.

For strong tilting (§ = 7/4) we observe qualitatively different behavior. With lattice sampling,
the approach of anomalous scaling is significantly delayed and the system reaches the subdiffu-

sive exponents only at late times tg > 3 - 10* - 27 /w,, after which the exponents stabilize. For
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Figure 5.9: Temporal evolution of the scaling exponents «(t() (solid) and 3(tp) (dashed) in the
ultradilute regime (a-c, e-g) and in the quantum regime (d, h), shown for both lattice
(a-d) and random (e-h) sampling. Dipolar strengths eqq = 0.5 (a, €), €qq = 1 (b, f),
€dd = 1.5 (c, g), and €qq = 1.47 (d, h) are displayed for tilting angles § = 0 (blue), § =
7/8 (green), § = m /4 (red). Non-dipolar results (¢4q = 0) are included for comparison
(gray). Uncertainties for the scaling exponents are shown for the non-dipolar and the
strongly-tilted ( = 7/4) curves as faint shading and are of comparable magnitude
for all other curves. The anomalous exponents « = 0.4 and 8 = 0.2 are indicated
by black dashed lines. Each (a, ) pair is obtained by rescaling ten logarithmically
spaced spectra within one order of magnitude in time starting from reference time ¢.
The maximal reference times are tg = 10° - 27 /w,, (ultradilute) and tq = 102 - 27 /w,
(quantum). UV cutoffs are fixed at the earliest and the latest time and interpolated via

a power law to intermediate times.

random sampling the early-time behavior is less pronounced, and the evolution resembles the

isotropic case, including the onset of faster scaling at late times.
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In general, random sampling leads to an earlier departure from anomalous scaling compared
to lattice sampling. That is likely due to the different initial vortex numbers, since random sam-
pling produces more vortices and therefore more compressible sound excitations. As we show in
Sect. 6.2, these excitations contribute to the transition toward diffusive scaling behavior near the
Gaussian NTFP.

In the quantum regime we find qualitatively similar trends. Both the non-dipolar and isotropic
dipolar cases yield good agreement with subdiffusive scaling at most reference times, whereas
weak tilting exhibits anomalous scaling only transiently. For strongly tilted dipoles, anomalous
exponents are reached only at very late times, accompanied by strong fluctuations. These fluctu-
ations result from the poor resolution of the scaling function, i.e., the occupation number, below
the turnover scale k). Hence, the scaling function turns almost power-law like and the coars-
ening scale k5 cannot be reliably resolved, so the rescaling procedure determines only the ratio
a = 23, but not the absolute value for 3. That explains the sudden jumps in «(t) and 3(t) for
0 = /4 at late times.

Zero-mode scaling

The scaling hypothesis (2.2) implies the relation
nO(t) = n(k: =0, t) = (t/tO)an(k = 07 tO) ) (57)

which shows that the exponent « can be obtained independently by tracking the growth of the
condensate (K = 0) mode. This method is computationally much simpler than rescaling entire
momentum spectra. Fig. 5.10 shows ng(t) for all parameter configurations. We first identify tem-
poral intervals in which the growth of n¢(t) approaches a power law, and fit power laws within
these intervals to extract a.

For lattice sampling in the ultradilute regime, power-law behavior emerges only at late times.
At early times the zero mode grows more rapidly, which we attribute to the initial reordering
phase discussed in Fig. 4.4. This behavior is consistent with the scaling exponents in Fig. 5.9. For
random sampling, power-law growth sets in almost immediately, in agreement with the early
onset of universal dynamics observed previously. At late times the growth accelerates again,
indicating the emergence of a steeper power law, which connects to the Gaussian NTFP discussed
later. In the quantum regime we also observe power-law growth, though it is significantly more
transient than in the ultradilute case.

Fig. 5.11 summarizes the exponents extracted from the zero-mode fits. For the non-dipolar
and weakly dipolar (eqq = 0.5) cases in the ultradilute regime, we find good agreement with
anomalous scaling (o =~ 0.4). For stronger DDIs we observe a trend toward larger exponents,
while increasing the tilting angle counteracts this trend and decreases «. This differs from the

more stable behavior seen in Fig. 5.9. Several factors contribute to these deviations:

« Limited statistics at a single grid point: The zero mode corresponds to a single Fourier-grid

point; thus only averaging over many TWA runs reduces noise.

» Momentum-offset effects of the vortex imprinting: As discussed in Sect. 5.1.1, the imprinted

vortex configuration can carry a small net momentum, shifting the effective zero mode.
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Figure 5.10: Zero-mode occupation ng(t) = n(k = 0, t) for all dipolar configurations introduced
in Sect. 4.1, following the layout and color scheme of Fig. 5.9. To correctly capture the
k = 0 mode we employ (5.2). Within the universal scaling regime, the zero mode is
expected to grow as ng(t) = (t/to)*no(to), cf. (5.7). The universal scaling intervals
are highlighted in white and chosen as [2-10%, 8-10%]-27 /w, (a-c), [10, 3-10%]-27 /w,
(e-g), [2-10',8-10%] - 27 /w, (d), and [10!, 3-10%] - 27 /w,, (h). Within these intervals,

we fit power laws of the form At®, shown as solid straight lines.

Although we correct this by angle-averaging around the momentum expectation value,

the precision is limited by the Fourier-grid resolution.

+ Loss of information about the Porod tail and coarsening scale: Using only the zero mode
discards information about the Porod tail and the turnover scale k of the spectrum, and
thus about coarsening dynamics. In contrast, rescaling the full IR spectrum, cf. Sect. 5.2.1,
captures both zero-mode growth and the evolution of kj, leading to more robust expo-

nents.
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Figure 5.11: Summary of scaling exponents a,,, extracted from power-law fits ng(t) ~ t“mo
within the universal intervals shown in Fig. 5.10. Exponents extracted in the ultra-
dilute regime are shown on a white background; those from the quantum regime
on a gray background. Lattice-sampling results are marked by dots and random-
sampling results by triangles. Colors indicate the tilting angles following the scheme
of Fig. 5.10. The expected anomalous scaling exponent o = 0.4 is indicated by a black
dashed line. The uncertainties due to fitting are negligible compared to the system-

atic uncertainty associated with the selection of the fitting interval.

« Sensitivity to variations of the scaling function: A single-mode fit is highly sensitive to
changes in the scaling function f; at that momentum. While f; is expected to not alter its
shape throughout universal dynamics, there are qualitative changes over time, discussed
in greater detail in Sect. 5.3.2. Hence, full-spectrum rescaling is again less sensitive to such

variations.

Finally, we attempted to include a fit parameter for the onset time ¢* of universal scaling, as
proposed in [89], to extract scaling behavior also in the prescaling regime [68]. However, the
results were extremely sensitive to the chosen fitting interval, and we therefore did not pursue

this approach further.

Axis-resolved scaling exponents

So far, our discussion of the scaling exponents « and /3 has been based on angle-averaged occu-
pation numbers in Fourier space, cf. Sect. 5.1, thereby implicitly assuming that the underlying
distribution is isotropic. This assumption is well justified for the single-component Bose gas with
isotropic contact interactions, as well as for the isotropic dipolar case at § = 0. However, once
the dipoles are tilted into the x-y plane, the interaction becomes anisotropic, and it is no longer
evident that the occupation number distribution remains isotropic around a mean momentum.

To study the possibility of anisotropic spectra, we define the axis-averaged occupation numbers

nae,t) = [ i, (67 (= (), )k = (k). ).
(k1) = [ e (07 (= (1), )k = (K).0). 69)
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Figure 5.12: Ratio of axis-resolved scaling exponents 3,/ in the ultradilute regime (a, c) at
€dd = 1.5 and in the quantum regime (b, d) at eqq = 1.47, shown for both lattice
(a, b) and random (c, d) sampling. Results are displayed for all tilting angles and for
the non-dipolar case for comparison, at reference times to € [5 - 10%,10°] - 27 /w,
(ultradilute) and ¢y € [5 - 10°,10%] - 27 /w, (quantum). Numerical data (faint lines)
are smoothened (dark lines) using a second-order Savitzky—-Golay filter with width
2-10* . 27 /w, (ultradilute) and 2 - 10! - 27 /w, (quantum).

and average them further over all TWA runs. In an anisotropic system, different directions may,
in principle, exhibit different spatio-temporal self-similar scaling rather than the single, angle-

averaged scaling hypothesis of (2.2). We therefore introduce separate scaling relations

ng(kz, t) = (t/t0) % na((t/to) ks, to) ,
ny(ky,t) = (t/to)ny((t/to) Ky, to) (5.9)

giving rise to two sets of scaling exponents, o, 3, and «y, [3,. Since one spatial direction is
integrated outin (5.8), the resulting spectra behave as effectively one-dimensional densities. Thus,
particle-number conservation implies a; y & def Bz y With deg = 1.

Fig. 5.12 presents the ratio /3, /3, as a measure of anisotropic universal dynamics. The expo-
nents are extracted using the rescaling procedure introduced in Sect. 5.2.1, and their time de-
pendence with respect to a reference time ¢( is obtained analogously to Fig. 5.9. To highlight
the overall trends, the raw numerical data (faint lines) are smoothened using a second-order
Savitzky—-Golay filter (dark lines). For most times and parameter sets, we observe anomalous
scaling with 3, , ~ 0.2 with weakly increasing scaling exponents at late times. The expected
scaling relation oy, , ~ [3; , is satisfied throughout.

As anticipated, isotropic scaling is recovered for all non-dipolar or un-tilted dipolar config-
urations, as these interactions are isotropic anyway. In the ultradilute regime (a, c) at strong

DDI €qq = 1.5, isotropic scaling persists for both weak (6 = 7/8) and strong (¢ = 7/4) tilting
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across the entire time range, including the intervals in which universal dynamics are observed,
cf. Fig. 5.9. In the quantum regime (b, d) isotropy is again recovered for weak tilting at all times.
For strong tilting, however, lattice-sampled vortices show anisotropic deviations at early refer-

ence times, ty < 5+ 10! - 27/w., which turn isotropic at late times. Comparing this timescale

with Fig. 5.9 (d), where universal scaling emerges around ¢y =~ 5 - 10! - 27 /w, (not considering
the strong fluctuations), we see that isotropy is restored once the system enters the universal
interval. Thus, even in the quantum regime, the system does not exhibit anisotropic self-similar
scaling. In conclusion, across all investigated parameter regimes and sampling schemes, we do

not observe indications of anisotropic self-similar scaling in the vicinity of the anomalous NTFP.

5.3.2  Ewvolution of the scaling function

After having discussed in detail the temporal evolution of the scaling exponents « and § in
Sect. 5.3.1, we now turn to the universal scaling function f; defined in (5.3). We begin by ana-
lyzing the scaling exponent ¢ and the turnover scale k, in the vicinity of the anomalous NTFP.
Subsequently, we briefly discuss their long-time behavior, where we find indications of a transi-

tion to a regime of faster scaling related to the approach of the Gaussian NTFP.

Anomalous scaling

For the scaling hypothesis (2.2) to hold, the system must approach a universal scaling function
/s whose functional form remains unchanged throughout the universal regime. This implies, in
particular, that the Porod-tail exponent ( in (5.3) remains constant near the NTFP. Moreover,
the turnover scale kj, which marks the transition from the IR plateau to the Porod region at
intermediate momenta ky < k < kg, acts as a characteristic momentum scale of the system.
Thus, this scale must itself exhibit coarsening, as can be seen from the rescaled scaling function

By — A = 2
F o)) = ket 1+ (hka(®)C

which implies ky () = (t/to) Pka(to) if the dynamics is governed by spatio-temporal scaling.

(5.10)

Fig. 5.13 shows ((t) for two dipolar strengths in the ultradilute regime. For e3q = 0.5 (a, ¢), ¢
remains approximately constant up to ¢ < 3-10° - 27 /w,, matching the interval where 8 ~ 1/5
appears in Fig. 5.9. At later times ( begins to decrease, indicating that the scaling function deviates
from its universal form and the scaling hypothesis (2.2) breaks down. This correlates with the
increase of 3(ty) at late times found for random sampling in Fig. 5.9.

For eqq = 1.5 (b, d), the universal interval of stable ¢ shrinks to ¢ < 10° - 27 /w, for isotropic
and weakly tilted dipoles, after which ( steadily decreases. In contrast, for the non-dipolar and
strongly tilted dipolar cases  remains approximately constant up to ¢t < 3 - 10° - 27 /w., and
for the strongly tilted lattice case it stays flat throughout the entire time range presented. This
again matches the behavior seen in Fig. 5.9, where isotropic and weakly tilted dipoles depart from
[ ~ 1/5 earlier than both the non-dipolar and strongly tilted configurations.

Beyond matching the universal intervals of ((t) and /3(¢), we find a pronounced quantitative

dependence of the Porod exponent on the dipolar configuration. Specifically, ( becomes smaller
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Figure 5.13: Temporal evolution of the Porod-tail exponent ((¢) in the ultradilute regime for
lattice (a, b) and random (c, d) sampling at dipolar strengths e5q = 0.5 (a, ¢) and
€dd = 1.5 (b, d). Fits of (5.3) employ UV cutoffs fixed at the earliest and latest times
and interpolated by a power law at intermediate times. All fits are performed on

angle-averaged spectra corrected for mean-momentum offsets via (5.2)

for lattice sampling, increasing dipolar strength €44, and increasing tilting angle 6. This is par-
ticularly noteworthy because all these configurations exhibit universal dynamics, cf. Fig. 5.9, yet
with different Porod exponents and thus different scaling functions fs. Our results therefore sug-
gest that the exponent (, and hence f, is less universal than previously thought and depends
sensitively on microscopic interaction details.

For the non-dipolar case, ¢ in the constant regime agrees within errors with the value { =
5.7 + 0.3 reported in [112]. For uncorrelated vortices one expects ( = d + 2 = 4 [74], which we
indeed approach for strongly tilted and strongly dipolar regimes, starting from lattice sampling.
Given the dependence of vortex clustering on dipolar strength and tilt, cf. Sect. 6.4, it is plausible
that different spatial vortex configurations underlie the observed variation in . This could be
analyzed further via the point-vortex model, cf. Sect. 3.3. Additionally, Kelvin-wave excitations
[141] may also affect the effective Porod exponent.

Fig. 5.14 displays the coarsening of the turnover scale k4. In intervals where ( is constant,
we expect kp ~ t=1/5 (5.10), and indeed: For eqq = 0.5 (a, ), we recover this scaling up to
t < 3-10% - 27 /w,, matching the stable-( regime of Fig. 5.13. For €qq = 1.5 (b, d), isotropic and
weakly tilted dipoles show the expected scaling up to ¢t < 10° - 27/w,, while the non-dipolar
and strongly tilted cases maintain t~!/® behavior up to t < 3-10°- 27 /w., again consistent with
Fig. 5.13. The differing absolute values of k5 across dipolar configurations will later be shown

to correlate with the number of vortices Ny (t), see Fig. 6.3, and thus the average inter-defect
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Figure 5.14: Temporal evolution of the turnover scale k (¢) in the ultradilute regime for lattice
(a, b) and random (c, d) sampling at dipolar strengths eqq = 0.5 (a, ¢) and €gq = 1.5
(b, d). The reference power law ~ ¢~/ is shown as a black dashed line. The fitting
procedure follows that of Fig. 5.13 using dynamically interpolated UV cutoffs.

distance. Similar scaling behavior also appears for other dipolar strengths and in the quantum

regime.

Transition to diffusive scaling

Having established the presence of anomalous scaling in the turnover scale of the scaling func-
tion f5 at a constant Porod-tail exponent, we now turn to the behavior at very late times, when
the system begins to depart from the anomalous NTFP. To probe this regime, we extend the in-
tegration time by an additional order of magnitude, up to tyax = 107 - 27 /w,, while keeping the
number of TWA runs at 50. Fitting the scaling function (5.3) to the occupation-number spectra
allows us to extract the Porod-tail exponent ((¢) and the turnover scale k (t), shown in panels
(a) and (b) of Fig. 5.15, respectively.

For both the non-dipolar and the weakly dipolar, isotropic systems — each initialized with
Ny in = 1000 randomly sampled vortices in the ultradilute regime — we recover up to t <
10%-27 /w, the same behavior as in Figs. 5.13 (c) and 5.14 (c). Beyond this time, however, the Porod-
tail exponent gradually decreases toward ¢ ~ 3.5, reflecting a slower decay of the UV spectrum.
This trend indicates that the system is leaving the anomalous self-similar regime, as the scaling
function loses stability and undergoes noticeable temporal deformation. At very late times, ()
approaches approximately the expected value ( =~ 4 for an ensemble of uncorrelated vortices.
A similar departure from anomalous dynamics appears in the turnover scale, which begins to

1/2

exhibit steeper scaling. Eventually, k5 (¢) approaches an approximate t '/ power law. Combined
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Figure 5.15: (a) Temporal evolution of the Porod-tail exponent ((¢) and (b) the turnover scale
k(t) for simulations extended by an additional order of magnitude in integration
time. Results are averaged over 50 independent TWA runs. We show results for the
non-dipolar case egq = 0 and the weakly dipolar, isotropic configuration with egq =
0.5 and @ = 0 in the ultradilute regime, initialized with either IV, ;, = 1000 ran-
domly sampled vortices or an increased number Ny ;, = 2400. For IV, ;, = 1000, the
curves reproduce the behavior observed in Figs. 5.13 (¢) and 5.14 (c) at ¢ < 10°-27 /w.,
after which both quantities deviate from anomalous scaling. Increasing the initial
vortex number shortens the universal interval and leads to an approximate ¢~1/2

scaling of the turnover scale at late times, consistent with a crossover toward diffu-

sive scaling.

with the flattening Porod-tail exponent, this trend suggests a crossover toward a second NTFP,
i.e., the Gaussian NTFP, which is characterized by diffusive scaling with 5 = 1/2.

This interpretation is further supported by simulations with an increased number of initially
sampled vortices, Ny j, = 2400, for the same dipolar settings. The denser initial vortex ensemble
displays an earlier departure from subdiffusive scaling at times ¢ < 2 - 10° - 27 /w,, followed

—1/2 scaling emerges around ¢ > 2 - 106 -

by a transition interval, until finally an approximate ¢
27 /w,. Interestingly, the turnover scale remains consistently smaller than in the case with fewer
initial vortices. Although a denser vortex ensemble would naively suggest a larger characteristic
momentum scale, this behavior indicates that most of the additional vortices annihilate at the
earliest times, primarily imprinting compressible excitations (sound) rather than contributing to
the long-lived vortex ensemble. These observations provide the first evidence that the observed
scaling laws are strongly influenced by the amount of compressible excitations present in the
system. This connection will be explored in detail in the context of vortex coarsening in large

vortex ensembles, cf. Sect. 6.2, and in the presence of friction, cf. Sect. 6.3.



VORTEX PATTERN COARSENING

A central question in pattern-coarsening dynamics concerns how the specific temporal evolu-
tion and decay of a pattern relates to the shape and scaling behavior of the momentum spectrum
n(k,t) [84]. Since the exponent [ determines the algebraic decay of the characteristic wave-
number scale k) and thus the growth of the corresponding length scale £(t) ~ ky(t)™' ~ t5,
it is expected to also characterize the coarsening dynamics of the vortex pattern. In particular,
earlier studies have shown that the average inter-defect distance grows as £, (t) ~ t% [75, 112].
To track this behavior, we identify vortex positions at each time using a plaquette algorithm that
evaluates the phase winding of the phase field ¢ = arg(v) around all 2 x 2 plaquettes of the
computational grid with nonzero windings marking the position of a vortex, which proves suffi-
cient for the purpose of the scaling analysis. From the identified vortex positions, we compute the
mean inter-vortex distance ¢, by averaging over the distances to each vortex’s nearest neighbor,
taking periodic boundary conditions into account. Since the increase of the inter-defect distance
is driven by mutual annihilation of vortices and antivortices, we also extract the total vortex
number as a function of time.

This chapter is organized as follows: In Sect. 6.1 we recover subdiffusive scaling with 5 = 1/5
near the anomalous NTFP in both the growth of the average inter-vortex distance and the de-
cay of the total vortex number. Remarkably stable scaling behavior persists for more than two
orders of magnitude in time in the ultradilute regime, independent of the dipolar configuration,
whereas the quantum regime exhibits shorter scaling. In Sect. 6.2 we examine the crossover to
diffusive scaling with = 1/2 at late times. We find this transition to be closely related to the
initial number of sampled vortices and thus to the amount of compressible energy (sound) in
the system. This connection is substantiated in Sect. 6.3, where we study vortex coarsening in
the presence of friction using the driven-dissipative GPE. Increasing the dissipation rate allows
us to continuously tune the scaling exponent from subdiffusive to Gaussian behavior. Finally,
in Sect. 6.4 we investigate the emergence of clustered and anticlustered vortex configurations
using three different measures: the degree of clustering P, the ratio of inter-defect distances be-
tween opposite- and equal-sign vortices, and an explicit cluster-identification algorithm applied

to single configurations.

6.1 ANOMALOUSLY SLOW VORTEX COARSENING

In this section we analyze the coarsening behavior of the various (non)dipolar parameter config-
urations that were previously examined for their self-similar scaling properties in Chap. 5. Our
focus lies on the average inter-defect distance and the total vortex number, for which we identify

the corresponding scaling behaviors £y (t) ~ t%¢ and Ny (t) ~ t 2N,

91



92

VORTEX PATTERN COARSENING

In Sect. 6.1.1 we start by recovering subdiffusive coarsening in the inter-vortex distance ¢,,. We
then extend this analysis to the vortex number Ny in Sect. 6.1.2, where we also summarize all
coarsening exponents obtained across all different parameter configurations. Finally, Sect. 6.1.3

reports the absence of anisotropy in the vortex ensemble throughout universal dynamics.

6.1.1 Coarsening in the inter-vortex distance

To compute the average inter-defect distance at each time step, we first identify all vortex po-
sitions on the numerical grid. We use a plaquette algorithm that evaluates the phase winding
of o(r,t) = arg(¢(r,t)) around every 2 x 2 plaquette. Each nonzero winding corresponds to a
vortex or antivortex, depending on its sign. Occasionally, however, the algorithm detects configu-
rations such as two vortices and one antivortex (or vice versa) located on adjacent grid points, i.e.,
separated by less than the healing length &,. These spurious detections are not genuine annihi-
lation events but arise from density fluctuations inside the vortex core, particularly pronounced
in the elongated, anisotropic cores for tilted dipoles. To avoid contaminating the vortex statis-
tics, we impose a minimal vortex-antivortex separation of order &, and discard dipoles below
this threshold. In the example above, we remove one vortex together with the antivortex and re-
tain only the remaining single vortex. This filter is applied exclusively to vortex-antivortex pairs,
thereby preserving circulation neutrality. We do not employ subplaquette refinement of vortex
positions [145, 339], since the associated inaccuracies are random and thus average out when
performing vortex statistics.

Once all vortex positions are identified, we determine the nearest neighbor of every defect,
compute their separation, and average over all vortices to obtain the mean inter-defect distance
0y (t). We explicitly take periodic boundary conditions into account when evaluating nearest
neighbors. In parallel, we also track the total vortex number N, (¢), which decreases over time
as vortex-antivortex pairs annihilate, thereby increasing the inter-defect scale.

In Fig. 6.1, we plot 4y (t) /L across both parameter regimes, both types of initial sampling, and
a range of dipolar strengths and tilting angles. For lattice sampling in the ultradilute regime, cf.
panels (a-c), we observe a nonuniversal stage at early times in which ¢, rises rapidly. This reflects
the breakup of the initially imprinted higher-order vortices, which transiently form small same-
sign clusters before the vortex ensemble mixes. Once this reordering phase ends, around ¢ =~
4-103 - 27 /w,, the system enters a universal regime in which ¢, (t) follows a robust subdiffusive
power law ~ ¢!/ over more than two orders of magnitude.

For random sampling, cf. panels (e-g), the initial reordering stage is absent, and the universal
scaling regime sets in almost immediately after the first resolved timestep at 103 - 2 /w,, except
for strong tilting (§ = 7/4), and persists up to 10° - 27 /w,. The non-dipolar and isotropic dipolar
cases nearly coincide for all €44, which follows from fixing the chemical potential in the isotropic
case, cf. Sect. 4.1. This yields equal healing lengths and therefore similar vortex-core and sound-
mode characteristics. Increasing the tilt reduces the chemical potential, enlarging &;,, and thus

increases both the vortex-core size and the observed inter-defect scale. The resulting anisotropy
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Figure 6.1: Normalized average inter-defect distance ¢, for lattice (a-d) and random (e-h) initial
sampling in the ultradilute (a-c, e-g) and quantum (d, h) regimes at various dipolar
strengths: €34 = 0.5 (a, €), €qq = 1 (b, f), eqq¢ = 1.5 (c, g), and €qq = 1.47 (d, h). Colors
encode the dipole tilting angle: § = 0 (blue), # = 7/8 (green), and 0 = 7/4 (red);
the non-dipolar case is shown in gray. All dipolar settings exhibit anomalous scaling
~ t'/5 indicated by black dashed lines, persisting over roughly two (ultradilute) or

one (quantum) order(s) of magnitude in time.
of the vortex cores remains subdominant in the ultradilute regime, cf. Sect. 4.2.1. These observa-
tions show three key points:

+ the anomalously slow scaling seen in the occupation-number spectra in Sect. 5.2 is directly

reflected in the coarsening dynamics;
« the scaling behavior is largely insensitive to the dipole configuration; and

« the universal regime in /¢, () persists substantially longer than in the occupation-number

spectra.
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(a) lattice sampling (e) random sampling
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Figure 6.2: Time-local scaling exponent [y, () extracted from the inter-defect distances shown
in Fig. 6.1. Exponents are obtained from power-law fits to ¢, (¢) over half an order of
magnitude in time, centered symmetrically around each ¢. The figure layout matches

Fig. 6.1. The universal interval is characterized by stable values 5y, ~ 1/5.

Panels (d, h) of Fig. 6.1 show the corresponding quantum-regime results. Lattice sampling again
exhibits an initial reordering phase, followed by a stable power-law regime from 4 - 10! - 27 /w,
over more than one order of magnitude in time. Random sampling yields similar scaling behavior.
Quantitative differences between dipolar and non-dipolar systems stem from differing initial vor-
tex numbers required to avoid mean-field instabilities in the dipolar system, cf. Sect. 4.3. Overall,
the universal interval in the quantum regime is shorter and more sensitive to the tilting angle,
as expected from the much lower fluid density, which enhances the influence of compressible
excitations on vortex annihilation.

So far, subdiffusive scaling has been identified visually by comparing ¢, (¢) with the reference
1/5 lines. To quantify this, we now extract the time-local scaling exponents Be, (t). For each

time ¢, we sample ¢, (¢) at 50 logarithmically spaced times spanning half an order of magnitude,
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symmetrically distributed around ¢ in log space. Because our numerical simulations use linear
time spacing, we interpolate the data to evaluate these points. After taking the logarithm of the
50 values, we perform a linear fit whose slope yields 3y, (). Repeating this procedure for all times
produces a time-resolved scaling exponent.

Fig. 6.2 shows [3;, (t). For lattice sampling in the ultradilute regime, cf. panels (a-c), S, (t) is
initially large during the reordering stage and subsequently approaches the anomalous value § ~
1/5 around t = 10* - 27 /w.. It then remains stable for more than an order of magnitude in time
across all dipolar configurations. The later onset of universal scaling compared to Fig. 6.1 results
from the symmetric fitting window. A true local logarithmic derivative dIn ¢, (¢) / dInt would
require significantly more TWA runs to reduce statistical noise. At the latest times, especially for
strong DDIs, the exponents drift from 1/5, indicating the system’s departure from the universal
regime. For random sampling, cf. panels (e-g), we again observe almost immediate convergence to
B =~ 1/5, except for § = 7 /4, though with slightly reduced stability near the anomalous exponent
compared to lattice sampling. In the quantum regime, cf. panels (d, h), the exponents approach
B ~ 1/5 during the final order of magnitude in time, albeit with stronger fluctuations around the
anomalous value. Further fine-tuning of the initial states could produce cleaner scaling results,

i.e., evolution trajectories that pass closer to the NTFP in the RG sense.

6.1.2 Coarsening in the vortex number

Instead of characterizing coarsening via the characteristic length scale, i.e., the average inter-
defect distance ¢y, we may directly track the decay of the total vortex number N. From ¢ (t)

one expects the relation

Ny(t) ~ EV(VI;)Q ~ 12 (6.1)
which implies that subdiffusive coarsening with 5 ~ 1/5 should yield a vortex-decay exponent
—28 ~ —0.4.

Fig. 6.3 shows Ny (t) for all dipolar strengths, tilting angles, initial conditions, and both parame-
ter regimes. As in Fig. 6.1 (a-c), lattice sampling in the ultradilute regime exhibits an initial nonuni-
versal stage during which the vortex number remains nearly constant until ¢ =~ 4 - 103 - 27 /w,.
This reflects the mixing of initially imprinted same-sign vortex clusters before annihilations set in.
Fort > 4-103-27 /w,, the vortex-number decay closely follows the predicted power law ~ ¢ =04,
revealing universal coarsening over more than two orders of magnitude in time. For random ini-
tial sampling, panels (e-g), this reordering phase is absent, and the system enters the universal
regime almost immediately, apart from the strongly tilted configuration § = 7 /4. There, an en-
hanced early-time decay is observed before subdiffusive scaling sets in. This can be attributed
to an initial vortex overdensity, since we always sample 1000 defects, but the larger healing
length at strong tilting increases the core size, effectively overcrowding the system. A system-
atic study of how the initial vortex number affects coarsening would be a natural extension of
this work. The quantitative agreement between non-dipolar and isotropic dipolar cases again

follows from the equal chemical potentials, cf. Sect. 4.1, which remain comparable even for weak
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T T T T T T T T T T T T T T
100 10t 102 103 100 10! 102 103
t 27 /w,] t [27/w,]

—Eddzo — ) = ( —0271'/8 _9:71'/4

Figure 6.3: Decay of the total vortex number N, for all dipolar configurations, following the
layout of Fig. 6.1. The expected scaling ~ t~2/5 is indicated by the black dashed line
and persists for roughly two (ultradilute) or one (quantum) order(s) of magnitude in

time.

tilting # = 7/8. Overall, all features observed in the evolution of ¢ (t) are reproduced by the
decay of N (t) through the relation (6.1).

In the quantum regime, panels (d, h), lattice sampling yields a reordering phase up tot ~ 2 -
10 - 27 /w,, after which the vortex number approaches the expected subdiffusive decay. Random
sampling leads to an even earlier onset. Here deviations from clean scaling are stronger, especially
at late times and for dipolar cases, owing to amplified compressible excitations and the fact that
only ~ 10! vortices remain at the latest times.

Using the fitting procedure of Sect. 6.1.1, we extract the time-local scaling exponent Sy, (),
shown in Fig. 6.4. For lattice sampling in the ultradilute regime, a stable anomalous value Sy, ~
0.2 emerges beyond the initial reordering phase at ¢ > 2 - 10% - 27 /w,, with a weak tendency

toward larger exponents compared to the subdiffusive exponent 5 = 1/5. If this upward shift
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Figure 6.4: Time-local scaling exponent [, (t) extracted from the total vortex number in Fig. 6.3,
adopting the layout of Fig. 6.1. Scaling exponents are obtained using the same sliding-

window power-law fits as in Fig. 6.2.

persists under improved statistics, it would allow for a direct test of (6.1) and, in particular, the
possible scaling of an effective vortex-ensemble volume V' (t) = N (t)¢, ()%, interpretable as
the area occupied by defects. This is especially interesting given that in Sect. 9.2.1 we confirm
(for the non-dipolar case) that the vortex positions form, to a high accuracy, a Poisson point
process, see also [340]. For random sampling, the reordering phase is again absent except when
0 = 7/4, where early-time vortex decay is enhanced due to the larger healing length &, (6 =
m/4) > &,(0 = 0). With a fixed system size in units of ap, and a fixed number of defects, this
increases the initial vortex density in units of &, plausibly explaining the rapid initial decay for
t <10%- 27/ w,.

In the quantum regime, scaling toward 3 ~ 0.2 emerges around ¢ > 10'-27 /w., after an initial
period in which vortex annihilation is suppressed. For dipolar configurations, this suppression is

further amplified by the lower initial vortex number required for mean-field stability, cf. Sect. 4.3.
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Figure 6.5: Summary of all scaling exponents 3 obtained from single power-law fits on the inter-
defect distance (a) and vortex number (b), using £, (t) ~ % and N, (t) ~ t=2Nv | re-
spectively. Fits are performed over ¢ > 10%-27 /w, (ultradilute) and ¢ > 4-10'- 27 /w,
(quantum). Both initial conditions, all dipolar strengths, and all tilting angles are
shown. In the ultradilute regime, 5y, agrees well with 5 = 1/5, with larger devia-
tions in the dipolar quantum case. Likewise, Sy, agrees with 1/5 in the ultradilute
regime and shows a slight tendency toward larger values for most dipolar settings.
Fitting errors are negligible compared to the systematic uncertainty associated with

the choice of the fitting interval.

Overall, the quantum regime still exhibits subdiffusive coarsening, but with stronger fluctuations
and shorter universal interval before the crossover toward the diffusion-type Gaussian NTFP sets
in.

Figs. 6.1 and 6.3 established subdiffusive vortex coarsening in both ¢, (¢) and N(t). Figs. 6.2
and 6.4 then detailed the approach to the anomalous NTFP via time-local scaling exponents. In
the end, we now extract two global scaling exponents, 3, and Sy, , for each dipolar configuration;
these are shown in Fig. 6.5. The fits use the full universal interval visible in ¢, (¢) and Ny (¢) from
t > 10* - 27 /w, (ultradilute) and ¢ > 4 - 10! - 27 /w, (quantum).

Panel (a) shows [, , which exhibits excellent agreement with the subdiffusive exponent 3 ~
0.2 in the ultradilute regime for all configurations. For lattice sampling, the exponents show a
weak upward trend with increasing dipolar strength eqq, while for fixed e4q the tilting angle has
negligible influence. Random sampling in the isotropic and weakly-tilted § = 7/8 cases shows
the same weak drift while remaining close to 5 ~ 0.2. This behavior correlates with the earlier
onset of faster scaling at late times in Fig. 6.2, signaling departure from the anomalous NTFP. Only
at strong tilting # = 7/4 we observe a modest reduction in the scaling exponent to [y, ~ 0.18,
still close to the anomalous value. In the quantum regime in panel (a), dipolar settings show
much stronger dependence on the tilting angle, indicating that universal dynamics here is more
short-lived. By contrast, non-dipolar systems — both ultradilute and quantum — show excellent
consistency with 8 = 1/5 for both initial conditions.

We omit fitting uncertainties, which are numerically negligible; however, this does not imply

percent-level accuracy in 8. The dominant source of systematic uncertainty is the choice of the
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fitting interval. Since Fig. 6.5 serves as a summary of our previous results, we did not perform a
detailed error analysis by sampling various fitting intervals. Fluctuations in the time-local 5(t)
already give a reliable sense of the attainable precision.

Panel (b) displays [, , the exponent extracted from the decay of NV, (¢). Its qualitative behavior
mirrors Jy ; good agreement with § ~ 0.2 in the ultradilute and non-dipolar cases, a weak
upward trend with increasing €44, and slower scaling for strongly tilted dipoles under random
sampling. A general trend S, 2 [¢, appears in most data points, as noticed before, which raises
again questions regarding the precise validity of relation (6.1), from which Sy, () is extracted.
Plotting N (t) against ¢, (t) and extracting the slope would enable a high-precision test of this

relation and provide insight into the effective vortex-ensemble volume V (t) = N, (t)¢, (t)%.

6.1.3 Anisotropy in the inter-defect distance

In Sect. 5.3.1, we already established the absence of anisotropy in the universal regime by analyz-
ing the axis-resolved scaling exponents 3, and 3,, which revealed a restoration of isotropy once
universal dynamics set in. We now revisit the question of anisotropy in the context of vortex
coarsening using the average inter-defect distance. To this end, we compute the axis-resolved
components of the mean spacing, £, and ¢, along the - and y-directions. The ratio £, /¢, serves
as an indicator for anisotropic relative orientations, particularly relevant in the presence of tilted
dipoles where vortex cores are anisotropic.

Fig. 6.6 shows ¢, /¢, for the strongly dipolar (eqq = 1.5) ultradilute regime, panels (a, c), and
the dipolar (egq = 1.47) quantum regime, panels (b, d), for both types of initial vortex sampling.
The raw numerical data fluctuate strongly around unity, i.e., around isotropy, and is therefore
shown as faint lines. To reveal the underlying trend, we apply a third-order Savitzky-Golay
filter, yielding the smooth curves shown as solid lines. In both the non-dipolar and the isotropic
dipolar case, £, /¢, remains unity at all times and for all parameter regimes, confirming isotropy
throughout the evolution. In the ultradilute regime, the isotropy persists even for tilted dipoles,
indicating that the orientation of vortices relative to each other is not affected by the anisotropic
DDI. At late times this behavior is expected, since the inter-defect distance becomes much larger
than the healing length, ¢, > &, so that each vortex appears effectively point-like to its nearest
neighbors. Although the phase structure of a single tilted-dipole vortex can be anisotropic, these
anisotropies decay with distances, restoring isotropy in the large-separation limit characteristic
of the late-time vortex ensemble.

In the quantum regime, we also recover isotropy at the latest accessible times, consistent with
the same argument. Nevertheless, at early times t < 102 - 27 /w, and for nonzero tilting angles,
we observe a weak but systematic anisotropy ¢, < £,, which strengthens with increasing ¢. This
tendency is visible most clearly for random sampling in panel (d). Such early-time anisotropy
originates from the pronounced deformation of vortex cores in the quantum regime, including
density ripples and directional stretching, as discussed in Sect. 4.4.

These observations agree qualitatively with point-vortex results from [326]. For tilted vortex-

vortex pairs it was found that the orbital speed is minimized when the pair aligns perpendicularly
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Figure 6.6: Ratio ¢, /¢, of the axial components of the average inter-defect distance in the ultra-
dilute regime at €3q = 1.5 (a, ¢) and in the quantum regime at €qq = 1.47 (b, d), for
all tilting angles and for both random (a, b) and lattice (c, d) initial sampling. Faint
lines show the raw data, which exhibit strong fluctuations; solid curves are obtained
using a third-order Savitzky-Golay filter of width 10° - 27 /w, (a, ¢) and 10? - 27 /w,
(b, d). In the ultradilute regime, the smoothened data reveal no anisotropy, while in
the quantum regime a weak early-time anisotropy appears for tilted dipoles but dis-

appears once the system enters the universal scaling regime.

to the in-plane projection of the magnetic field, which in our geometry points along the z-axis.
This induces a preferred alignment along the y-direction, consistent with our finding £, < /.
For vortex-antivortex dipoles, [326] reports reduced propagation speeds when moving parallel to
the magnetic-field direction, again corresponding to £, < £, which could imply longer lifetimes
for such dipoles embedded in a vortex ensemble when compared to a dipole propagating perpen-
dicular to the z-axis. Together, these results support our observations of early-time anisotropy
in the quantum regime and motivate a more detailed comparison between dipolar point-vortex
models and full GPE simulations, see also [194].

6.2 TRANSITION TO DIFFUSIVE COARSENING

As already seen in Figs. 6.2 and 6.4, the time-local scaling exponent /3(¢) begins to drift away from
the anomalous exponent § = 1/5 at late times. In Sect. 5.3.2 we initiated the discussion of this
transition toward diffusive scaling by analyzing modifications in the universal scaling function

at late times, specifically, the emergence of Porod-tail exponents ¢ ~ 4 and a faster scaling of the
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Figure 6.7: Late-time vortex coarsening in the average inter-defect distance (a) and total vortex
number (c) for non-dipolar (¢34 = 0) and isotropic dipolar (eqq = 0.5) systems in the
ultradilute regime, starting from random initial vortex configurations with NV, ;, =
1000 or 2400. The evolution is extended by one further order of magnitude in time
until almost all vortices are annihilated. In the inter-defect distance we observe a
transition from subdiffusive scaling ~ ¢'/5 to diffusive scaling ~ t'/2 at t ~ 109 -
27 /w,, for Nyjin = 2400, and at t ~ 4 - 106 . 27 /w, for Ny = 1000. The vortex
number exhibits the corresponding crossover from ~ t~2/5 toward ~ ¢~ 1. Time-local
scaling exponents [y, (t) (b) and Sy, (t) (d), extracted using the same procedure as in
Figs. 6.2 and 6.4, confirm this drift from 8 ~ 0.2 to 5 ~ 0.5 at late times.

turnover scale ky (). We now continue this analysis by directly probing vortex coarsening at very
late times. Therefore, we extend the simulations up to t = 107 - 27 /w, for the ultradilute regime
with random initial vortex sampling. All results are averaged over 50 independent TWA runs for
both the non-dipolar and the isotropic dipolar (¢ = 0) system at dipolar strength €44 = 0.5. In
each case we consider two initial defect numbers, N, = 1000 and 2400, enabling us to assess
the influence of the initial vortex density on the crossover to diffusive scaling.

Fig. 6.7 shows the average inter-defect distance (a) and total vortex number (c), together with
the corresponding time-local exponents (b, d). A first notable observation is the quantitative
similarity between the non-dipolar and isotropic dipolar results; within our resolution, DDIs
do not significantly influence the late-time coarsening behavior. For initial /Vy ;, = 1000, the
subdiffusive regime with 3 ~ 0.2 persists up to t < 10° - 27 /w,, consistent with the universal
anomalous NTFP scaling discussed in Figs. 6.1 and 6.3. Beyond ¢ ~ 10° - 27 /w,, the coarsening

accelerates, and 3y, (t) gradually increases, reaching a maximum around 3 ~ 0.6 for ¢ > 7-10° .
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27 /w,. A similar behavior is seen in the decay of the vortex number. Given the approach toward
B = 1/2, we refer to the emerging late-time regime as diffusive scaling.

For the larger initial vortex number NV, ;, = 2400, the same qualitative transition occurs but
with a significantly earlier onset at ¢ ~ 5-10° - 27 /w,, and with the time-local exponent peaking
around t &~ 3 - 10% - 27 /w,. An interesting detail is that, despite starting with more than twice
as many vortices, the vortex number at the first recorded time step, t = 10% - 27 /w., is already
lower than in the Ny j, = 1000 case. Moreover, for Ny i, = 2400, a few single runs, both dipolar
and non-dipolar, contain no vortices at the latest time, which was also achieved for Ny ;, = 1000
at even later times ¢ > 107 - 27 /w,. These observations indicate that the system with initially
2400 vortices is overdense, leading to an intense initial burst of annihilations. The additional
vortices primarily contribute to enhanced compressible energy, i.e., stronger sound excitations,
rather than to a larger long-lived defect population. We therefore attribute the earlier crossover
to diffusive scaling primarily to the higher initial amount of sound in the system.

The qualitative behavior agrees with findings in [112], where the late-time dynamics near the
Gaussian NTFP was shown to be governed by diffusive scaling, with the crossover time depend-
ing on the initial energy injected into the system. This transition between two distinct scaling
regimes — from subdiffusive to diffusive — naturally connects to the picture of RG flows near
equilibrium fixed points in classical phase-transition theory [244-250]. In such flows, trajecto-
ries cannot generally be fine-tuned to lie exactly on the critical manifold of a partially attractive
fixed point. Instead, they may pass near the fixed point, exhibiting a finite interval of critically
slowed scaling before eventually departing toward another fixed point in the configuration space.
Our observed transition from the anomalous NTFP to the Gaussian NTFP provides a concrete

nonequilibrium realization of this scenario.

6.3 COARSENING SUBJECT TO FRICTION

In this section, we investigate the transition from subdiffusive to diffusive coarsening in a more
controlled manner by varying the friction experienced by a propagating vortex-antivortex pair.
As discussed in Sect. 6.2, once most vortices have annihilated and transferred their energy into
sound excitations on the background density, the system transitions to faster, diffusive coarsen-
ing. In a pure, zero-temperature condensate, a vortex-antivortex dipole behaves, to good approx-
imation, as a Helmholtz dipole that propagates perpendicular to its dipole vector while maintain-
ing a constant inter-vortex separation. Hence, an isolated dipole does not annihilate, even after
long propagation times, because no excitations are present that could absorb its energy. This be-
havior is directly related to the absence of a kinetic term in the Onsager Hamiltonian (3.80) [325]
for point vortices, where interaction is governed solely by the logarithmic Coulomb potential in
two dimensions. Consequently, without additional dissipation, the only mechanism capable of
modifying the dipole separation is scattering with other vortices in a many-defect system.

If, however, the background condensate is populated by sound waves or single-particle ex-
citations, a propagating dipole experiences friction due to interactions with these modes. This

enables the dipole to dissipate energy and reduce its separation. The corresponding dissipative
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force takes the form of a Magnus-type force together with a mutual-friction component acting
perpendicular to the propagation direction. These forces cause vortex-antivortex dipoles to ap-
proach and eventually annihilate, while equal-sign vortex pairs tend to separate further. In the
limit of vanishing healing length, i.e., for idealized point vortices, these frictional effects are incor-
porated through additional terms in the Hall-Vinen-Iordanskii (HVI) equations of motion [341-
343], which generalize Onsager dynamics to include dissipative processes. A direct consequence
of friction is a vortex-loss rate proportional to the square of the defect number, 9; N, ~ —N2,
leading to N, ~ t~!, which corresponds to diffusive coarsening with ¢, (t) ~ t!/2. In other
words, in the presence of compressible excitations, vortex annihilation becomes a two-body pro-
cess in which the vortex-dipole energy is dissipated into sound.

By contrast, subdiffusive coarsening with 5 < 1/2, requires a loss rate that scales more steeply
with Ny, for the anomalous exponent 5 = 1/5, one finds 0, Ny ~ —NZ / %, If mutual friction with
the background condensate is weak or negligible, vortices can approach each other only through
collisions with other vortices. A sketch of the annihilation mechanism is as follows: a weakly
bound vortex dipole collides with a third vortex, reducing its separation and forming a more
tightly bound pair. If the post-collision separation becomes sufficiently small, the dipole can an-
nihilate due to residual background friction, unless a subsequent collision increases the mutual
separation again. Thus, vortex loss is dominated by three-vortex collision processes, leading to
the anomalous subdiffusive exponent § = 1/5 [112]. Further discussion of rate equations gov-
erning vortex decay can be found in [117, 125, 235].

To explore coarsening under controlled friction, we introduce the driven-dissipative GPE

.0 . 1 —

1a1/}(r, t) - (1 - 17) (_2V2 + 871'@5‘1/1(1‘7 t)’2 + (I)(J:l_d<r7 t)) w(r7t) + 77(1'7 t) ’ (62)
which follows from a Keldysh-type damping term proportional to the single-particle Hamilto-
nian [294]. Eq. (6.2) is written in the dimensionless units introduced in Sect. 4.1. The dissipation
strength is controlled by v, while coupling to a thermal bath at temperature 7" enters through a

noise term 7(r, t) with white-noise correlations

<77*(r, t)n(r’, t')> =29T6(r — )6 (t - t'), (6.3)

where the dimensionless temperature is measured in units of fw, / k. We numerically integrate
(6.2) using the Euler-Maruyama scheme, which is common for stochastic differential equations.
Since particle number is no longer conserved, we normalize ¢ (r, t) to fixed N at each integration
step.

Fig. 6.8 shows the resulting inter-defect distance ¢, (t) and vortex number N, (t) for fixed tem-
perature T = 10.4 hw, /kp and varying dissipation coefficients v € [107°, 10~2]. All simulations
start from 1000 randomly sampled vortices with eqq = 0.5 and 6 = 0 in the ultradilute regime,
and averages are taken over 10 TWA runs. We employ a 10242 numerical grid which satisfies the
TWA condition kgT" 2 €f_ . =~ 4 hw,, with €, being the largest single-particle mode energy
in our system.

As anticipated, we observe a crossover from subdiffusive coarsening with 5 ~ 1/5 at low 7 to
diffusive coarsening with  ~ 1/2 at higher . This trend is visible in both ¢ (¢) and Ny (¢), with
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Figure 6.8: Average inter-defect distance /() (a) and total vortex number Ny(¢) (c) for the
driven-dissipative GPE (6.2) with €3q = 0.5 and 6 = 0, initialized with 1000 randomly
sampled vortices in the ultradilute regime. Time-local scaling exponents Sy, () (b) and
BN, (t) (d) are extracted as in Figs. 6.2 and 6.4. For fixed temperature T" = 10.4 fw, / kg,
we vary the damping v € [107°, 1072] and observe that increasing  leads to an ear-
lier transition from subdiffusive, 5 = 1/5 (dotted), to diffusive, 5 ~ 1/2 (dashed),
scaling. For the strongest damping, all vortices eventually annihilate, reflected by the

drop in ¢, (t) at late times.

the corresponding reference power laws indicated. For the largest damping values, all vortices
have annihilated by the final simulation times, explaining the sudden drop in ¢, (¢). The transition
is also encoded in the time-local exponents /3y, (¢) and Sy, (¢). The approach of 5 ~ 0.5 appears
only transiently due to the strong fluctuations arising once only a few vortices remain. For 5y, (¢),
we additionally observe vortex decay that is even faster than expected for diffusive coarsening,
highlighting the need for further study of the relationship between ¢, (t) and Ny (t) scaling, cf.
Eq. (6.1). Overall, our findings agree qualitatively with earlier results for non-dipolar gases [112,
125, 235].

6.4 VORTEX CLUSTERING

In the single-component Bose gas, it was found that subdiffusive scaling near the anomalous
NTFP is accompanied by the emergence of vortex clustering [112]. Moreover, it is well estab-
lished that large ensembles of vortices with fixed circulation tend to form Onsager clusters in

two dimensions [325]. This behavior has been confirmed both experimentally [60, 86] and the-
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oretically [233, 235] for quantum vortices in BECs, cf. Sect. 3.3. Hence, it is of great interest to
examine our dipolar vortex ensemble for the emergence of vortex clustering, in order to study
potential correlations between clustering and universal dynamics, as well as the tendency of
vortices to cluster under the influence of anisotropic DDIs.

In this section, we use three complementary measures to quantify the tendency toward cluster
formation. In Sect. 6.4.1, we start with the degree of clustering P, for same-sign vortex config-
urations, which exhibits a pronounced tendency toward anticlusters for both increasing dipolar
strength and tilting angle. In Sect. 6.4.2, we confirm that strong anticlustering corresponds to
the formation of vortex dipoles, by examining the ratio {y, /{. between the average inter-defect
distances of opposite-sign vortices ¢y, and equal-sign vortices #y. Finally, in Sect. 6.4.3, we illus-
trate the aforementioned findings using an explicit cluster detection algorithm, demonstrating

that the quantitative behavior can also be identified in individual vortex configurations.

6.4.1 Degree of clustering

We begin our discussion of clustering by introducing Ripley’s K function,

,C(f t) - 1 N () N (¢) @(f . Eij (t)) 60
VER0 & & W |
i#j

a tool from spatial descriptive statistics that quantifies deviations from spatial homogeneity
within configurations of like-sign vortices. Ripley’s K function was introduced in more mathe-
matical terms in [344] for stationary point processes, which correspond in our context to configu-
rations of V' (¢) vortices of charge ¢ = 1; equivalently, one could consider the N, (t) = N, (¢)
antivortices of charge ¢ = —1. At a given scale ¢, (¢, t) counts the number of vortices located
within a circle of radius £ around a reference vortex ¢, expressed through the Heaviside function
©(¢—¢;;) with £;; being the distance between vortex ¢ and vortex j. Averaging over all vortices 4
and normalizing by the mean vortex density n} (t) = N, (t)/V yields (6.4). For a spatially homo-
geneous (Poisson) distribution, the expected number of vortices within such a circle is 7/2nJ (¢),
implying the scaling IC(¢,t) = m¢2. This motivates the definition of Ripley’s £ function in two

dimensions,

(6.5)

K(4, 1) ) 1/2

™

£ - (

which reduces to the linear function £(¢,t) = ¢ for a spatially homogeneous distribution.

For a clustered vortex configuration, K(¢) counts more vortices at small £ than expected from
a homogeneous distribution, so £(¢) grows faster than linear. At larger ¢, once most vortices
surrounding the reference vortex have been counted, the growth becomes sublinear; eventually
L(¢) reaches L({ — 00) = /V/m of order ~ O(L) of the system size L. Conversely, for a dis-
persed configuration, i.e., vortices maximizing their mutual distances, KC(¢) counts fewer vortices
at small 4, so £(¢) grows sublinearly and turns superlinear only at large ¢. Thus, a positive devi-

ation £(¢) — ¢ indicates clustering, while a negative deviation indicates anticlustering between
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Figure 6.9: Integrand (L(¢,t) — ¢)/(b — a) of the degree of clustering P, (6.6) in the ultradilute
regime at egq = 1.5, shown for lattice sampling (a) and random sampling (b). Ripley’s
L function (6.5) equals ¢ for a random distribution of same-sign defects. Solid curves
correspond to late timest =5 - 105 - 27 /w,; dotted curves show initial data at ¢ = 0
only for the isotropic dipolar case. The ragged structure in (a) reflects the initially cor-
related vortex arrangement from lattice sampling, while the nearly vanishing signal
in (b) highlights the proper normalization of (6.5) for random sampling. At late times,
all configurations, except the non-dipolar case, display trends toward anticlustering

that strengthen with increasing dipolar strength and tilting angle.

same-sign vortices. To quantify clustering over a range of scales ¢ € [a, b], we define a degree of

clustering,

b

P.(t) = / de w . 6.:6)

A vanishing value P,(t) = 0 corresponds to a random distribution, whereas P (t) > 0 indicates
clustering and P.(t) < 0 indicates anticlustering. Importantly, Ripley’s functions probe only
same-sign vortex distributions and therefore cannot characterize correlations between opposite-

sign vortices. Applications of Ripley’s function to quantum vortices in BECs include [112, 345].
In Fig. 6.9 we show the integrand of P, as a function of ¢ which indicates the tendency of
the system to cluster on a given length scale. These curves, evaluated at t = 5 - 10° - 27 /w,
during universal dynamics, are presented for both initial sampling schemes in the ultradilute
regime at eqq = 0 and eqq = 1.5 across all three tilting angles. For comparison, we include the
initial integrand at ¢ = 0 for the isotropic dipolar case. For all subsequent analysis, we fix the
integration limits in (6.6) to a ~ 2 &, corresponding to the order of the minimal inter-vortex
spacing, and b = L /2, which avoids self-overlap of circles under periodic boundary conditions.
For lattice sampling in panel (a) the initial integrand displays distinct peaks that emerge rapidly
before they exhibit linear decay elsewhere. The peaks originate from the initial checkerboard
arrangement of imprinted higher-order defects, which causes Ripley’s £ function to behave like
a step function. The first peak around ¢ ~ 20 ay, results from the breakup of each ¢ = +6
vortex into six tightly bound elementary vortices during imaginary-time propagation; without

this breakup, the first peak would be absent. In principle, all subsequent peaks can be traced back
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to this checkerboard pattern when only same-sign vortices are considered. In contrast, random
sampling in panel (b) yields an integrand that is nearly zero at all scales, consistent with an
initially random distribution.

At late times, both sampling schemes exhibit a pronounced initial drop in the integrand at
small ¢ driven by the —¢ contribution, reflecting the absence of same-sign vortices in the imme-
diate vicinity of a reference vortex. After reaching a minimum, which depends on the dipolar
parameters and provides a measure of the minimal same-sign vortex separation, the integrand
increases as more same-sign vortices contribute to /C(¢). The strength of this rise varies signifi-
cantly: it is largest in the non-dipolar case, where the integrand becomes positive at intermediate
¢, indicating clustering. In the isotropic (¢ = 0) and weakly tilted (¢ = 7/8) dipolar cases the rise
nearly reaches zero near ¢ ~ 300 ay,, though the curves remain mostly negative. Increasing the
tilting angle enhances anticlustering, with the strongly tilted (¢ = 7/4) configuration showing
pronounced maximization of same-sign inter-vortex separation.

Fig. 6.10 presents P,(t) for all dipolar configurations, sampling schemes, and parameter re-
gimes. As anticipated from Fig. 6.9 and consistent with [112], the non-dipolar system exhibits
clustering at late times, i.e., P;(t) > 0. For isotropic dipoles and weak dipolar strength e4q = 0.5,
both the ultradilute and the quantum regime display similar clustering at late times, indicating
vortex ensembles comparable to the non-dipolar case. However, increasing the dipolar strength
leads to anticlustering at late times in the ultradilute regime, an effect amplified by increasing
the tilting angle and therefore the anisotropy of the interaction and the vortex cores. This trend
is particularly pronounced for lattice sampling.

These observations lead to two conclusions: First, since all dipolar configurations exhibit uni-
versal coarsening dynamics, cf. Fig. 6.1, clustering or anticlustering does not correlate with the
emergence of subdiffusive coarsening. This suggests that collective vortex ordering plays only
a subdominant role, while universal dynamics are primarily driven by three-body vortex anni-
hilation processes. Second, the strong sensitivity of the (anti)clustering behavior to the DDI, es-
pecially its anisotropy, demonstrates that dipolar forces substantially influence vortex dynamics,
even though the overall coarsening behavior remains universal. This raises interesting questions
regarding Onsager clustering in the presence of long-range anisotropic interactions. While such
questions fall outside the scope of our focus on universal dynamics, they underline the relevance
of recent dipolar point-vortex models [326], which may serve as a useful comparison to our nu-

merical results.

6.4.2 Opposite- vs. equal-sign inter-defect distance

The degree of clustering P.(t) (6.6) distinguishes only between different degrees of (anti)clus-
tering among vortices of the same circulation. While this suffices to detect clustering, it does
not allow us to determine whether anticlustering, i.e., maximal separation of same-sign vortices,
corresponds to a simultaneous pairing of opposite-sign vortices into dipoles. To refine our anal-

ysis, we therefore consider the average inter-defect distances between opposite-sign defects, £y,

107



108

VORTEX PATTERN COARSENING

lattice samplin random samplin
(a) pling (e) pling

P [aho}

[ahO]

-5 €qa = 1.47
I T T T T T T T T T T T T T T T
109 10t 102 103 100 10! 102 103
t [27/w,] t [2m/w,]

m—cqq = 0 — ) =0 — 0 =1/8 —_— ) =1/4

Figure 6.10: Degree of clustering P, (t) for all dipolar configurations, initial sampling schemes,
and parameter regimes. The layout matches Fig. 6.1. Faint lines show raw time-
resolved data; solid lines are smoothed with a third-order Savitzky—-Golay filter of
width 10° - 27 /w, (a-c, e-g) and 10% - 27 /w, (d, h), respectively. Vortex clustering
(P > 0) emerges in the non-dipolar and weakly dipolar isotropic cases, while anti-

clustering (P. < 0) strengthens with increasing DDI and tilting angle.

and equal-sign defects, /. Their ratio, ¢y, /¢y, provides a simple measure of the relative vortex

arrangement:

o lya/lyy > 1: separation of vortex and antivortex ensembles (same-sign clustering),
o lya/lyy = 1: random mixing,
o lya/lyy < 1: vortex-antivortex dipole formation.

Fig. 6.11 shows the ratio ¢y, /¢y for the strongly dipolar system in both the ultradilute (a, c)
and quantum (b, d) regimes, for both initial sampling schemes and all tilting angles. For lattice

sampling, the ratio is initially > 1 due to the tightly clustered elementary vortices produced in
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Figure 6.11: Ratio /v, //y of the opposite-sign (¢y,) to equal-sign (¢y,) average inter-defect dis-
tance for lattice (a, b) and random (c, d) sampling. Panels (a, c) show the ultradilute
regime at ejq = 1.5; panels (b, d) show the quantum regime at eqq = 1.47. A ratio
> 1 indicates clustering of same-sign vortices, whereas a ratio < 1 signals vortex

dipole formation.

the breakup of the imprinted ¢ = £6 defects. At late times, the non-dipolar system exhibits ratios
> 1 for all configurations, indicating a clear spatial separation between vortices and antivortices.
This is consistent with the positive degree of clustering observed in Fig. 6.10. A similar separation
is found in the isotropic dipolar case within the quantum regime, again in agreement with its
clustering behavior. In the ultradilute regime, both the isotropic and weakly tilted dipolar data
approach ly, [l =~ 1 at late times, indicating random mixing of vortices and antivortices with
no preference for clustering or dipole formation. In contrast, the strongly tilted dipoles in both
the ultradilute and quantum regimes show ratios < 1, demonstrating a clear tendency toward
vortex-antivortex dipole formation. This behavior occurs simultaneously with anticlustering of
same-sign vortices, i.e., maximal separation between different dipoles. Overall, the ratio £y, /(v
corroborates the (anti)clustering behavior inferred from Fig. 6.10 and provides complementary

evidence regarding the degree of dipole formation in the system.

6.4.3 Clustering in single runs

Having examined the tendency of same-sign vortices to cluster or anticluster in Sect. 6.4.1, and
the formation of vortex dipoles in Sect. 6.4.2, we now illustrate these findings at the level of

individual simulation runs. To this end, we employ the detected vortex positions together with
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Figure 6.12: Normalized density pa/(p2) att = 5-10°- 27 /w, in the ultradilute regime for lattice
sampling. Shown are the non-dipolar case (a) and the dipolar system with e4q = 1.5
at tilting angles 8 = 0 (b), 0 = 7/8 (c), and § = 7/4 (d). Vortices (¢ = 1) and
antivortices (¢ = —1) are indicated by solid and dashed circles, respectively. Colors
label vortices classified as cluster (red), dipole (blue), or isolated (black). Connection
lines denote undirected edges of the symmetrized adjacency matrix A, drawn using
the shortest-distance under periodic boundary conditions. Panel (a) illustrates that
within a cluster not all vortices need to be mutually connected, reflecting the struc-

ture of the clustering algorithm.

the clustering algorithm introduced in [346], which has been widely used in studies of Onsager
vortex clusters [60, 233, 347, 348].

We briefly summarize how vortices are categorized into the three classes dipole, cluster, and
isolated as defined in [346]. For a configuration of N, vortices we construct an N, X N, adjacency
matrix A whose entries label directed edges A;; from vortex v; to vortex v;. Starting from a vortex
v;, we identify the nearest opposite-sign vortex v; at distance /;;, and define the set of same-
sign vortices {vg|l;r, < ¢4}, i.e., all same-sign vortices closer to v; than its nearest opposite-sign
partner. If this set is empty, so that the nearest neighbor is of opposite sign, we label A;; as dipole.
If the set is non-empty, all edges A;j to vortices in the set are labeled cluster. This procedure is

repeated for every vortex, ensuring at least one labeled outgoing edge per vortex.
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Figure 6.13: Normalized density p2/(p2) in single runs of the quantum regime for random initial
sampling. Panel (a) shows the isotropic dipolar case (§ = 0) att = 8 - 102 - 27 /w,,
while (b) shows the strongly tilted system (§ = 7/4) at t = 102 - 27 /w., both for
€dd = 1.47. Vortex identification, coloring, and connection lines follow the same

conventions as in Fig. 6.12.

Next, the adjacency matrix of the directed graph is symmetrized to produce an undirected
vortex graph: if both directed edges A;; and Aj; carry the same label (dipole or cluster), the undi-
rected edge inherits that label; if the labels disagree or one is unlabeled, the undirected edge
remains unlabeled. The resulting symmetrized matrix defines all labeled vortex-vortex connec-
tions, from which we assign labels to the vortices themselves. A vortex is classified as part of a
dipole or a cluster if it participates in at least one undirected edge of that type; vortices without
any labeled edge are deemed isolated. To identify individual clusters, we first remove all vortices
in dipoles and all isolated vortices, then extract the connected components of the remaining ad-
jacency matrix using depth-first or breadth-first search. We note that this algorithm does not
require every vortex in a cluster to be connected to every other vortex of the same cluster; con-
sequently, clusters may exhibit internal structure of varying degrees of connectedness, features
that we do not explore further here.

Fig. 6.12 shows single-run snapshots in the ultradilute regime at t = 5 - 10° - 27 /w,, for lattice
sampling. In the non-dipolar case (a), the vortex configuration contains two large clusters of
11 vortices and 12 antivortices, located in the lower-left and upper-right corners, respectively.
Between these clusters we predominantly observe isolated vortices and vortex dipoles, along with
three small clusters each consisting of two vortices. For the isotropic dipolar case (b), no large
clusters remain. Instead, we find two smaller clusters — one of four antivortices (left-center) and
one of six vortices (upper-left, extending across boundaries) — while the remaining defects form
dipoles, isolated vortices, or small two-vortex clusters. Under weak tilting (c), cluster formation
is further suppressed and the vortex ensemble is dominated by dipoles, isolated defects, and
mini-clusters. Only one elongated, line-like cluster of six vortices remains, spanning from the
bottom-center to the top-center of the panel. Since each vortex in this cluster connects to at most
two neighbors, the structure is expected to be less stable over time compared with the highly

interconnected clusters observed in (a). Strong tilting (d) completely breaks up larger clusters:
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only a single three-vortex cluster remains, accompanied by numerous vortex dipoles and a few
isolated defects.

Overall, the single-run analysis reproduces the clustering behavior inferred from the degree
of clustering P, in Fig. 6.10. We observe strong clustering in the non-dipolar case (a), and a
systematic suppression of clustering with increasing tilting angle. Likewise, the growing fraction
of vortex dipoles from (a) to (d) mirrors the behavior of the ratio ¢y, /¢, in Fig. 6.11. Finally, the
decreasing number of vortices Ny from (a) to (d) is consistent with Fig. 6.3.

In Fig. 6.13 we examine single runs in the quantum regime for random initial sampling. In
the isotropic dipolar case (a), the configuration at ¢ = 8 - 10? - 27 /w, is dominated by two
large clusters: a cluster of six vortices extending from the lower-left corner over the boundary
to the lower-right corner, and a cluster of seven antivortices ranging from the top-right to the
bottom-right also going over the periodic boundary. Only one isolated vortex is present, and
no dipoles are detected, demonstrating strong clustering. The strongly tilted case (b), shown at
the earlier time ¢ = 102 - 27 /w,, displays the opposite behavior: no vortex clusters remain, and
the configuration consists solely of eight vortex dipoles and six isolated defects, indicating clear
anticlustering. The earlier time is chosen because the vortex number at later times becomes too
small, cf. Fig. 6.3.
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DECAYING SUPERFLUID TURBULENCE
NEAR AN ANOMALOUS
NONTHERMAL FIXED POINT






OVERVIEW

In this part, we study anomalously slow coarsening in a dilute two-dimensional superfluid, associ-
ated with an NTFP in the system’s universal dynamics. The coarsening is driven by three-vortex
collisions, which initiate vortex-pair annihilations. During a universal interval, the coarsening
is found to exhibit spatial scaling characteristics of Kraichnan-Kolmogorov turbulence, with the
characteristic length scale associated with the inter-defect distance growing as ¢, ~ t° with
B ~ 1/5. We characterize the turbulence through the moments of the superfluid velocity circula-
tion I'P(r) around an area of extent r. These moments scale as predicted by classical turbulence
theory, IP(r) ~ r*/3, while the extracted intermittency corrections for higher-order moments
are found to be consistent with values measured in fully developed classical turbulence. These
results link the decaying quantum turbulence cascade in a closed superfluid to universal dynam-
ics near an NTFP. Notably, the observed decay exponent 3 deviates from values typically found
in classical systems.

The part is structured as follows:

In Chap. 7, we begin by re-analyzing the numerical data from the previous part, focusing
on the irreversible transfer of energy from the incompressible to the compressible component
and identifying observables and regimes where turbulent behavior emerges. Due to limited IR
resolution, we then turn to larger numerical simulations, which allow us to study the dynamics
of extremely large vortex ensembles. These simulations still exhibit subdiffusive scaling, but also
reveal the emergence of an inverse energy cascade in the incompressible energy spectrum with
~ k5/3,

In Chap. 8, we perform a statistical analysis of the velocity circulation I'(r) around square con-
tours of edge length . In the inertial range of the decaying turbulence we identify Kraichnan-

8/3_We observe a transient approach of the spatial scaling exponent

Kolmogorov scaling, ~ r
A2 = 8/3 in the maximum local slope of the second moment of the velocity circulation. Re-
markably, this transient scaling is found to be correlated with subdiffusive coarsening near the
anomalous NTFP, a behavior that has been verified at the level of single simulation runs. These
results demonstrate the simultaneous presence of spatial and temporal self-similarity.

In Chap. 9, we assess intermittent corrections to the self-similar behavior based on higher-
order moments of both the velocity circulation and the inter-defect distance distribution. For
the velocity circulation, intermittent deviations are well described by a bifractal intermittency
model using experimentally measured coefficients. In contrast, the distribution of inter-defect
distances exhibits no intermittent corrections, remaining self-similar in time. For both analyses,
we verified the statistical convergence of all discussed moments. Finally, we established a spatio-
temporal scaling hypothesis for the probability distribution function of the velocity circulation,
which exhibits Kraichnan-Kolmogorov scaling spatially with \; ~ 4/3 and subdiffusive scaling
temporally with 5 ~ 0.2.

The results presented and discussed in this part are based on Ref. [2]. Some passages are taken
verbatim from the publication. Additional material has been included to ensure that the presen-

tation is self-contained and that the results can be independently reproduced.
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FROM ENERGY DECOMPOSITION TO LARGE
TURBULENT FLOWS

In contrast to incompressible classical turbulence, introduced in Sect. 2.2, quantum turbulence
within the framework of the GPE is inherently compressible due to the presence of phononic
and particle-like excitations. Consequently, the total energy spectrum decomposes into several
contributions, associated with the incompressible and compressible components of the flow, as
well as the internal interaction energy and the quantum pressure term, cf. Sect. 3.2.5. To recover
Kraichnan-Kolmogorov-type scaling in a quasi-two-dimensional system containing a large vor-
tex ensemble, it is therefore essential to isolate the incompressible energy component, where
classical-like turbulent behavior is expected to emerge. In Part II, we have already seen that the
vortex ensemble exhibits subdiffusive coarsening near the anomalous NTFP; hence, any turbulent
signatures observed in the present context are expected to correspond to decaying turbulence.
This chapter aims to connect the emergence of turbulent power laws with the universal dynamics
near an NTFP. We therefore consider a regime in which the system continues to display univer-
sal, self-similar evolution, in order to enable the quantitative analysis of higher-order moments
of the velocity circulation presented in the subsequent chapters.

In Sect. 7.1, we analyze the dynamics of the different energy components to identify the irre-
versible transfer from the incompressible to the compressible sector and the equilibration behav-
ior of the energy spectra in the UV regime. Based on the numerical data from the preceding part,
we could not identity the emergence of an IEC in the deep IR due to limited numerical resolution.
By substantially increasing the system size in Sect. 7.2, we realize a much larger vortex ensemble
that still exhibits coarsening dynamics and self-similar scaling near the anomalous NTFP. In the
corresponding incompressible energy spectrum, we identify a steeper power-law behavior, con-
sistent with Kraichnan-Kolmogorov-type scaling, indicating the buildup of an IEC throughout

the decaying turbulent evolution.

7.1 ENERGETICS OF COMPRESSIBLE TURBULENCE

In this section, we discuss the redistribution of energy and the corresponding spectra to identify
the regimes and observables in which turbulent dynamics occur. For this purpose, we analyze the
numerical data from the previous part in the ultradilute regime with vanishing DDIs, i.e., purely
s-wave interactions, starting from a randomly sampled vortex ensemble.

In classical turbulence theory, as outlined in Sect. 2.2, the dynamics of an incompressible vis-
cous fluid are characterized by a single energy component: the incompressible kinetic energy.

To extract the corresponding incompressible component of our system, we employ the energy
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Figure 7.1: Temporal evolution of the different energy contributions, normalized by the total en-
ergy Eior. Shown are the kinetic energy Fii, (red), quantum energy F, (blue), com-
pressible energy F. (green), incompressible energy Ej. (purple), and interaction en-
ergy Eing (orange); cf. Sect. 3.2.5 for definitions. The interaction energy represents the
excess internal energy relative to the mean-field contribution ~ (p2)?. Over time, the
incompressible energy associated with vortices decays irreversibly into compressible
energy corresponding to sound excitations, accompanied by a decrease in Ej, as the

vortex cores refill.

decomposition introduced in Sect. 3.2.5. There, we have applied the Madelung transformation,
i.e., the density-phase representation, to the kinetic energy term, which splits it into a quantum
E, and a classical E contribution, cf. Eq. (3.63). The quantum contribution captures the energy
stored in gradients of the density field and is closely related to the quantum pressure term that
appears in the hydrodynamic form of the GPE (3.60), enforcing a smooth density distribution.
The classical contribution represents the kinetic energy contained in the flow of the velocity
field, v = V. As discussed in Sect. 3.2.4, the GPE describes a compressible fluid, allowing for
density fluctuations and a velocity field that is not purely solenoidal. Using a Helmholtz decom-
position, the classical kinetic energy can be further separated into an incompressible (solenoidal)
part, Ej., and a compressible (irrotational) part, E.; see Sect. 3.2.5. To identify the turbulent be-
havior analogous to classical turbulence, we first examine the temporal evolution of each energy
component.

Fig. 7.1 shows the temporal evolution of the various energy contributions, each normalized by
the total energy Fioi. The kinetic energy Fii, (red) dominates throughout the evolution and, at
late times, accounts for almost the entire injected energy stored initially in the vortex configura-
tion. The interaction energy Ej, (orange), which is the excess energy relative to the mean-field
internal energy ~ po2, decays toward zero as the vortices annihilate and the cores refill, reduc-
ing the local density depletion and allows for a lower background density, which lowers the
interaction energy.

The decomposition of Eyj, into quantum (E), compressible (£;), and incompressible (Ej.)

components provides further insight. Initially, the incompressible energy dominates, reflecting
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the abundance of quantum vortices that have not yet decayed into sound excitations. As vortex
annihilation proceeds, the compressible energy increases, corresponding to the energy trans-
ferred to phononic and particle-like excitations. Compressible excitations at momenta much
larger than the healing momentum, k£ > k¢, represent short-range density modulations and
thus contribute to both the quantum and compressible energy components.

Although the GPE dynamics are unitary and conserve total energy, the system exhibits an
irreversible redistribution from the incompressible to the compressible and quantum sectors. In
analogy to classical turbulence, the initial configuration of vortices acts as a large-scale forcing
that is not sustained. Over time, the incompressible energy associated with vortices decays irre-
versibly into sound excitations, while the creation of new vortices is energetically suppressed.

To gain deeper insight into the energy distribution within the system, we now turn to the
momentum-resolved energy spectra E(k) of the various contributions, shown in Fig. 7.2 at four
representative times. Since the energy spectrum is defined as a one-dimensional quantity via £ ~
J dk E(k), we rescale it by k to obtain the corresponding two-dimensional spectrum. For the
kinetic energy, the relation Fi,(k)/k = k?n(k) connects it to the occupation number spectrum

At the initial time ¢ = 0 (a), the incompressible energy spectrum dominates across all mo-
menta. The initial vortex ensemble produces a characteristic k=2 power law below the healing
scale, reflecting the velocity field of individual vortices, persisting to the deep IR for uncorre-
lated vortex configurations. During the subsequent evolution (b-d), the incompressible spectrum
decays as vortices annihilate, while beyond the healing scale we observe a k= scaling, charac-
teristic of the vortex core structure. This scaling remains valid up to k ~ 10°/ay,, beyond which
deviations appear, likely caused by numerical artifacts in the energy decomposition. Between the
inter-defect and healing scales, the spectrum continues to follow the single-vortex k=2 scaling.
Collective vortex behavior would manifest below the inter-defect scale kg, in the deep IR; how-
ever, this regime shrinks in time due to vortex coarsening and remains insufficiently resolved in
our data. Consequently, no clear deviation from the uncorrelated scaling is observed. If an IEC
were to develop, we would expect a Kraichnan-Kolmogorv scaling E (k) ~ k~%/3, corresponding
to E(k)/k ~ k=8/3, as indicated in panels (b-c).

Throughout the dynamics, the initially subdominant compressible and quantum energy com-
ponents gain energy from vortex annihilations and eventually dominate in the UV regime be-
yond the healing scale. At late times, E(k)/k in the UV becomes nearly constant, indicating an
equipartition of energy. This stationary state is a typical outcome of GPE dynamics and corre-
sponds to the emergence of a Rayleigh-Jeans distribution, n(k) ~ k=2, signaling the thermal-
ization of high-momentum modes. From the approximately linear form of the one-dimensional
energy spectrum, we also infer that most of the total energy resides in the UV, consistent with
the bidirectional transport discussed in the context of NTFPs in Sect. 2.1.

Beyond the buildup of a sound background composed of single-particle excitations in the UV,
we observe that the compressible and quantum spectra coincide. This equality arises naturally for

single-particle excitations, which contain equal amounts of compressible and quantum energy.
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Figure 7.2: The one-dimensional energy spectra E(k), rescaled by k, are shown for the quantum
(blue), classical (red), compressible (green), and incompressible (purple) contributions
at four times: (a) t = 0, (b) 10* - 27 /w,, (c) 10° - 27 /w,, and (d) 108 - 27 /w,. Vertical
dashed lines mark the healing scale k¢ and the inter-defect scale ky, which shifts to
smaller £ as the system coarsens. The healing scale separates two distinct regimes:
in the IR, the spectrum is dominated by incompressible vortex energy that decays
via vortex annihilation, while in the UV, a Rayleigh-Jeans distribution E(k) ~ k
(corresponding to n(k) ~ k~2) develops, indicating energy equipartition. At large
momenta, the compressible and quantum spectra coincide, reflecting the equal en-
ergy content of single-particle excitations. The incompressible spectrum exhibits an
approximate k4 scaling beyond the healing scale due to the vortex core structure,
crossing over to a k2 law at lower k consistent with uncorrelated point-vortices. Be-
low the inter-defect scale, collective vortex dynamics may give rise to a Kraichnan-
Kolmogorov k83 scaling, though this regime remains unresolved due to limited IR

resolution.

To illustrate this, we perturb a uniform background density pg by a weak plane-wave excitation
of amplitude A}, < /po and momentum k:

Y(r) = /po + Ape™ = (/po + Ay cos(kr)) exp (iAk sin(kr)) . (7.1)
NG



7.1 ENERGETICS OF COMPRESSIBLE TURBULENCE

104 t [27/w.] 100

(a). v
107 /\/
N /\/-/
3 4
£ 10° 3 10-2 10-!
5 k [1/apo]
5 107 4 . —0.413+0.
K '.,‘Nt 0.41340.005
1053 k=10"Yap,
10° 10°
k [1/ano) t 27 /w,]

Figure 7.3: (a) Five incompressible energy spectra Ei.(k) are shown at logarithmically spaced
times in the interval ¢ € [10%,105] - 27 /w,. The healing scale ke, as well as the initial
ki and final k¢ inter-defect scales, are indicated by vertical dashed lines. Beyond the
healing scale, the spectrum follows an approximate k~2 scaling reflecting the vortex
core structure, transitioning to a k! scaling between k¢ and the inter-defect scale.
For reference, a k~°/3 Kraichnan-Kolmogorov scaling is drawn in the deep IR to in-
dicate the expected scaling from collective vortex behavior, although this regime is
unresolved due to limited IR resolution. Faint lines show the incompressible spectrum
computed from the point-vortex model (3.75), which agrees with the numerical spec-
tra below k¢ where the vortex core can be neglected. (b) The point-vortex spectra
compensated by k%% highlight a small flattening below the inter-defect scale, sug-
gesting the onset of an IEC; this regime is limited to a few data points. (c) Temporal
evolution of the incompressible energy at a fixed momentum k& = 10~ /ay,, com-

pensated by k, demonstrating a power-law decay ~ ¢~% with o = 0.413 =+ 0.005,

consistent with the expected vortex decay exponent o &~ 2/5. This confirms that the

loss of incompressible energy is directly linked to vortex annihilation.

The corresponding spatially averaged energy densities are then

E, h2 h2A2k2

7 = PQ s

E, h2 % I A2k2

V= am (w0l Ve ’>“ﬁ’ 72

where the angular brackets denote spatial averages and (sin?(kr)) = (cos?(kr)) = 1/2.Eq.(7.2)
thus demonstrates that a single-particle excitation in the UV carries equal quantum and compress-

ible energy, explaining the equality observed in Fig. 7.2.
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From the analysis of the total energy in Fig. 7.1 and the momentum-resolved spectra in Fig. 7.2,
we observe that, despite unitary time evolution, the system exhibits an irreversible transfer of in-
compressible energy into compressible and quantum energy following the initial vortex imprint.
Accordingly, we expect the emergence of an IEC in the incompressible energy spectrum, analo-
gous to classical turbulence where all energy resides in the incompressible component. However,
since our system is not externally driven, we anticipate a decaying turbulent cascade rather than
a stationary one.

Fig. 7.3 depicts the temporal evolution of the incompressible energy spectrum Ej. (k). Consis-
tent with Fig. 7.2, we recover the vortex core scaling ~ k=3 for k > k¢ and the single-vortex
scaling ~ k~! between the healing and the inter-defect scale. Note that all power laws are in-
creased by a factor of k due to the one-dimensional definition of F(k). To indicate the temporal
evolution, both the initial k; and final k¢ inter-defect scales are highlighted. The vortex core scal-
ing is not fully resolved because of the limited UV resolution, which constrains the accuracy of
the energy decomposition on these scales. While techniques such as zero-padding could improve
the UV resolution, this is not required for the present analysis.

For comparison, the analytic prediction of the incompressible energy spectrum from the point-
vortex model (3.75) is shown as faint lines. Because this model neglects the vortex core structure,
it only agrees with the numerical spectrum below the healing scale. In this regime, the irrota-
tional velocity field dominates, and the agreement confirms that the decomposition correctly
captures the incompressible energy of vortices. Importantly, evaluating the point-vortex model
requires only the position of the vortices, without the need for decomposing the classical field.
Panel (b) shows the point-vortex spectrum compensated by k°/3 to probe potential Kraichnan—
Kolmogorov scaling in the deep IR. A small flattening is observed below the inter-defect scale,
suggesting the onset of an IEC; however, this occurs over at most five data points and is thus
only indicative. Achieving a definitive observation of the decaying IEC would require higher IR
resolution, which is addressed in Sect. 7.2.

Finally, panel (c) presents the temporal evolution of the incompressible energy at a fixed mo-
mentum k& = 107! /ay,, chosen between the healing and inter-defect scales. The spectrum is
compensated by k to isolate the decay due to vortex annihilation rather than coarsening. The
data exhibit a clear power-law decay over two orders of magnitude in time, which can be fit-
ted as t 7% with o = 0.413 = 0.005. This value agrees with the expected subdiffusive exponent
a ~ 2/5 for vortex decay, cf. Fig. 6.3, demonstrating that the reduction of incompressible energy
is directly linked to the annihilation of vortices — the carriers of incompressible energy in the

system.

7.2 UNIVERSALDYNAMICS OF LARGE VORTEX ENSEM-

BLE

In the previous Sect. 7.1, we reanalyzed the datasets from Part II to investigate the potential emer-

gence of an IEC. We focused on the incompressible energy spectrum in Fig. 7.3, which is expected
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to show Kraichnan-Kolmogorov scaling below the inter-defect momentum scale. Limited IR res-
olution on the 10242 numerical grid and the relatively large inter-defect distance at late times,
when the system exhibits universal dynamics, prevented a clear identification of the k=%/% scal-
ing. The point-vortex model suggested Kraichnan-Kolmogorov-like behavior in a few deep-IR
points, cf. Fig. 7.3 (b), but this was not significant. To overcome these limitations, we now em-
ploy a 163842 numerical grid, achieving improved IR resolution. Sect. 7.2.1 describes parameter
changes and the resulting vortex dynamics, highlighting large-scale density variations. Sect. 7.2.2
quantitatively confirms subdiffusive, self-similar scaling with 5 = 1/5 and the emergence of a

deep-IR power-law regime in the incompressible energy spectrum consistent with &~/ scaling.

7.2.1 Spatial evolution

Unlike the parameters used in Part II, which were chosen to sustain long-lasting subdiffusive,
universal dynamics, here we optimize for maximal resolution in the deep IR, i.e., the momentum
modes below the inter-defect scale. To maintain comparability, we keep the chemical potential
at p = 0.0184 hw,, as in Sect. 4.1.1, implying the same healing length &, ~ 5.2 a}, and vortex
core size. The first major change is an increase in grid size from 10242 to 163842 grid points, a
factor of 256. This is the largest grid we could propagate within GPU memory limits. Even larger
grids would require further code optimization for memory efficiency.

The system’s physical length L was increased by a factor of 24, instead of 16, which lowers
the UV resolution from &, ~ 3.3 Az to &, ~ 2.2 Ax. While this approaches the lower limit for
resolving vortex cores in GPE simulations — [63] even went to &, = 1.5 Az — it allows for a 50%
increase in system size, L ~ 3.87 - 10% ay., at the cost of reduced UV resolution. To maintain the
chemical potential, the particle number is increased to N ~ 1.84-10'2, resulting in a system 576
times larger than previous simulations.

Improved IR resolution is also achieved by increasing the initial vortex number to IV, = 1.4 -
10°, randomly distributed as in Sect. 4.3. Lattice sampling will not be discussed, since we found
the initial long-range vortex correlations to hinder the emergence of an IEC. Since the new vortex
number is much larger than 576 - 103, the initial vortex density is increased and reduces the
separation between the healing momentum and the inter-defect momentum, but also increases
the energy density, which is released as compressible excitations. Consequently, many defects
decay early, shortening the universal interval before the system transitions to Gaussian scaling,
cf. Sect. 6.2. Unlike in [63], compressible excitations are neither suppressed initially nor during
the evolution, so the IEC decays due to vortex annihilations. The optimization of the initial vortex
number is discussed in Sect. 8.2.3.

The shorter universal interval allows for reducing the temporal length to t; = 10° - 27 /w,,
with a fixed timestep dt = 0.1 - 27 /w,. We perform semiclassical TWA simulations over a total
of 20 single runs, cf. Sect. 3.4.5.

Fig. 7.4 shows snapshots of the current (a-d) and the density (e-h) for a typical simulation
of the enlarged system. Similar to Fig. 4.5, the current exhibits vortex clusters surrounded by

strong, coherent flows that gradually weaken and coarsen over time due to vortex annihilations.

123



124

—_

FROM ENERGY DECOMPOSITION TO LARGE TURBULENT FLOWS

y [10% apo]

y [10% ay]

-16 0 16 -16 0 16
z [10% apo) x [10% apo) x [10% apo) z [10% apo)

Figure 7.4: Normalized current |j|/ {|j|) (a-d) and density p2/ (p2) (e-h) at four times ¢ €
[0,10%,10%,10%] - 27 /w, for a Ny = 1.4 - 105 vortex ensemble on a 163842 numeri-
cal grid. Gray streamlines indicate the flow direction j. During the universal interval
t =~ (0.3...2)10* - 27 /w,, near the anomalous NTFP, we will find that the system
exhibits a decaying turbulent cascade in Chap. 8 with spatial scaling similar to fully
developed two-dimensional turbulence. The density snapshots show coarsening and

attenuation of large-scale density fluctuations.

The corresponding density displays large-scale variations that likewise coarsen and diminish
in amplitude. Owing to the system’s size, individual defects are no longer visually discernible.
Already around ¢ ~ 103 - 27 /w,, as seen in Fig. 7.4 (b, f), the system approaches the regime
of universal dynamics, cf. Fig. 8.3. At this stage, the initially nonequilibrium configuration has
evolved into a turbulent cascade, which in the absence of external driving, subsequently decays.

For illustration, we provide a video' showing the temporal evolution of both density and cur-
rent, along with additional observables discussed in the following chapters. Technical details
concerning the visualization are given in Sect. 4.4.

In the dynamics of the large vortex ensemble, clearly visible in the video 1, strong modulations
of the particle density propagate through the system, cf. Fig. 7.4. At the boundaries of these
structures, pronounced density gradients appear, reminiscent of shock-wave-like behavior. Such
features could, in principle, generate vorticity through the emission of vortex dipoles, which

could significantly affect the vortex statistics discussed in the next chapters. To assess this, Fig. 7.5

The video accompanying this work is made available at https://www.kip.uni-heidelberg.de/gasenzer/

projects/decayingsfturbulence#start
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Figure 7.5: (a) Normalized density p2/ (p2) at t = 3 - 10* - 27 /w, from the same simulation as
in Fig. 7.4. The plot shows large-scale density variations that form relatively sharp
edges, as highlighted in the zoom-in (b), resembling shock-wave-like structures, cf.
the video 1. In the zoomed region, the positions of vortices (circles) and antivortices
(squares) are marked. No significant vortex density enhancement is observed on either
side of the front, and no evidence of vorticity generation, in the form of vortex dipole
shedding, is found at the shock front.

displays the particle density at ¢ = 3 - 10* - 27 /w, (a) and a zoom-in on one of the steep density
gradients (b). From the vortex (circles) and antivortex (squares) positions, we find no significant
change in vortex density between the low- and high-density regions We therefore conclude that

the density modulations remain within a regime that does not lead to vortex-dipole production.

7.2.2  Self-similar scaling and buildup of Kraichnan—Kolmogorov cascade

The overall objective of this part is to examine collective vortex dynamics, in particular, the
emergence of an IEC in the presence of self-similar dynamics near an NTFP. Before doing so,
we first verify that universal dynamics persist in the enlarged system with increased system size
and vortex density. To this end, we compute the angle-averaged occupation-number spectra ny,
taking into account a randomly imprinted mean momentum, see Sect. 5.1.1, and rescale them
following the procedure described in Sect. 5.2.1. Fig. 7.6 shows the corresponding results for
the enlarged system. Panel (a) presents ten TWA-averaged spectra, logarithmically spaced over
t € [10%,105)-27 /w,. For momenta above the healing scale ke, the spectra exhibit an approximate
k2 Rayleigh-Jeans tail, signalling thermalization of the high-energy modes. Below k¢, the occu-
pation numbers are described by the universal scaling function, cf. Sect. 5.1.2, which comprises
the Porod tail ~ k¢ between k¢ and the inter-defect momentum, and the condensate plateau
at smaller k. The inter-defect scales at the initial and final times, ¢ = 10* and ¢ = 10° - 27w,

are indicated by k; and k¢, respectively. Compared to Fig. 5.6, the enlarged grid significantly im-
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Figure 7.6: Ten logarithmically spaced occupation-number spectra nj from the interval ¢ €

[10%,105] - 27 /w, are shown. (a) The original spectra are displayed, with the healing
momentum k¢, the initial inter-defect scale k; at 10%- 27 /w, and the final inter-defect
scale k¢ at 107 - 277 /w,, indicated by gray dashed lines. (b) The corresponding rescaled
spectra exhibit self-similar temporal evolution characterized by the scaling exponents
a = 0.40 £0.03 and 8 = 0.22 £ 0.03, thereby demonstrating anomalous scaling in
the enlarged system. The UV cutoff is set to kpax(to) = 2- 107! /ay, at the reference
time o = 10% - 27 /w.,.

proves the IR resolution, allowing the condensate plateau to be resolved over nearly two and a
half orders of magnitude in momentum.

Rescaling the spectra in panel (b) using the UV cutoff kuyax(to) = 2 - 107! /ay, at tg = 10% -
27 /w, yields scaling exponents @ = 0.40 + 0.03 and § = 0.22 + 0.03, which satisfy o =
df3 within uncertainties and confirm subdiffusive scaling. We thus conclude that even for the
enlarged system and increased energy imprint, the evolution still approaches the anomalous
NTFP. The slightly stronger dependence of the exponents on the chosen UV cutoff suggests a
temporally deforming scaling function. This can be attributed to the higher initial energy, which
shortens the universal interval to roughly one order of magnitude in time and makes the NTFP
appear more transient. This transient character will also account for the reduced time range in
which subdiffusive coarsening is observed in the inter-defect distance, cf. Fig. 8.3.

Having confirmed the presence of universal dynamics in the enlarged vortex ensemble, we now
analyze the buildup of a turbulent IEC. The incompressible energy spectrum, which captures the
kinetic energy associated with the vortex velocity field, provides a direct measure of collective
behavior in the IR regime. Fig. 7.7 (a) displays seven logarithmically spaced incompressible energy
spectra for t € [103,10%] - 27 /w..

At momenta above kg, the expected vortex-core scaling ~ k3 is not observed. This devia-
tion results from limited UV resolution in position space, where only a few grid points resolve
each vortex core. In contrast, the smaller grid in Fig. 7.3 with higher UV resolution, reproduces
the correct scaling more accurately. Using numerical techniques such as zero-padding, in which
empty high-energy modes are padded to the Fourier-space field 1 (k, t), could improve the ef-
fective spatial resolution and enable a more accurate decomposition of classical and quantum
energy contributions [62]. As the present work focuses on collective IR dynamics, we defer such

UV refinements to future work.
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Figure 7.7: (a) Incompressible energy spectrum Ei.(k) at seven logarithmically spaced times
within ¢ € [103,10°] - 27 /w,. The healing scale k¢ and the initial k; and final ki
inter-defect scales are marked by vertical dashed lines. For k > k¢, the expected k3
vortex-core scaling is not recovered due to limited UV resolution. At intermediate
scales kf < k < kg, the spectra approximately follow the k= scaling characteristic
of a single vortex velocity field, particularly at late times when the scales are well
separated. In the deep IR, k < k¢, a transition toward a steeper power law is visible,
extending over more than an order of magnitude in momentum, different from Fig. 7.3.
(b) The same spectra compensated by k°/® emphasize the approach of a transient
k~5/3 regime below the inter-defect scale, indicating the buildup of a decaying IEC

which shifts to lower momenta due to coarsening of the underlying vortex ensemble.

Between the inter-defect and healing scales, ks < k < k¢, the spectra exhibit an approximate
k=1 scaling, consistent with the velocity field of an isolated vortex. This scaling becomes more
apparent at later times when the scales are sufficiently separated. Initially, they differ by only
about half an order of magnitude due to the higher vortex density, in contrast to the full order-
of-magnitude separation seen in Fig. 7.3.

Below the inter-defect scale, a steeper power-law regime develops, now clearly resolvable due
to the improved IR resolution. A k~5/3 reference line serves as a guide to the eye, consistent with
the scaling expected for an IEC, which agrees with the numerical data at intermediate times. Panel
(b), showing Fi.(k)k®3, highlights the momentum region where the distribution approaches
Kraichnan-Kolmogorov scaling. This analysis reveals the emergence of a collective, decaying
cascade, which will be examined in detail in the two subsequent chapters, Chaps. 8 and 9.

Even with a 163842 numerical grid, the deep-IR data of the angle-averaged spectra are aver-
aged over only a small number of Fourier modes. This limitation arises from both the angular
averaging, based on a few grid points at small k, and the sparse sampling of linearly spaced
Fourier modes on logarithmic scales. To overcome these limitations, the following chapter turns

to a complementary position-space analysis based on velocity-field circulations.
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The characterization of turbulent flows often relies on spatial velocity increments (2.9) and the
associated structure functions (2.10). In forced, stationary turbulence, these structure functions
exhibit power-law scaling within the inertial range between the forcing and the dissipation scales.
This behavior leads to the celebrated Kolmogorov exponent (; = 1/3 for the direct energy cas-
cade in three-dimensional turbulence, a scaling that also persists in the IEC of two-dimensional
turbulence. A scaling analysis in real space is particularly convenient in our simulations because
the IR resolution is significantly denser in position space, owing to the uniform grid spacing.
Beyond velocity increments, one may also characterize turbulence through velocity circulations
along closed contours, an approach especially advantageous in quantum turbulence where the
circulation is quantized. This concept originates in Migdal’s field-theoretic formulation of turbu-
lence [349], which leads to a functional loop equation for the probability distribution of circula-
tion.

In this chapter, we extend the analysis of the IEC by employing velocity circulation in position
space, thereby fully exploiting the high IR resolution supported by the grid spacing Ax. Our
primary focus is on the emergence of a turbulent IEC occurring simultaneously with universal
dynamics near the anomalous NTFP. Chap. 8.1 introduces velocity circulation as an alternative
observable for studying turbulent cascades. We relate its spatial structure to the current j shown
in Fig. 7.4 (a-d) and compare the spatially resolved vortex density with the observed density
fluctuations. In Sect. 8.2, we examine the Kraichnan-Kolmogorov scaling of the decaying IEC
and demonstrate that this scaling is also found in the behavior of the velocity circulation. Its
emergence is closely tied to the presence of subdiffusive coarsening of the vortex ensemble, a

connection we highlight through the analysis of individual simulation runs.

8.1 VELOCITY CIRCULATION

The central observable analyzed in this and the following chapter is the velocity circulation

[(r,xg) = fé v(x)dx , (8.1)

T,X()

evaluated along a contour C, x, of characteristic size r, located at xg, e.g., a circle of radius r

around the center point xg. Applying Stokes’ theorem to (8.1) yields

[(r,xg) = V X v(x)dA = w(x)dA , (8.2)

Ar,xo Ar,xo
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which only depends on the vorticity w(x), with A, x, being the area enclosed by C, x,. Hence,
circulation depends solely on the solenoidal component of the velocity field, no explicit decom-
position is required, unlike in the Helmholtz decomposition of the classical energy (3.64). This
makes the study of velocity circulation in compressible quantum turbulence particularly advan-
tageous because, as discussed in Sect. 7.1, the incompressible component of the fluid flow is
expected to exhibit an IEC with Kraichnan-Kolmogorov scaling.

In two-dimensional vortex dynamics, cf. Sect. 3.3, the vorticity field is w(x) = 27 )", ¢;d(x —
x;) (3.74) where ¢; and x; denote the charge and position of the i-th vortex. Eq. (8.2) therefore
reduces to the sum of the circulations of all vortices contained within A, x,. In our simulations,
however, we compute I'(r, x() using the contour integral (8.1), which was easier to parallelize
over all xg. To match the symmetry of the numerical grid, we choose C, x, to be a square of edge

length r with lower-left corner at xg. This yields

To+7r Yo+r
Dirxo) = [ do (oalwgo) — waogo + 1)+ [ dy (a0 -+ ry) = vyao,y)

0 Yo

(8.3)

i.e., the circulation expressed through integrals over transverse velocity increments along both
spatial axes.
For each radius r, we evaluate |I'(r, xo)|" on all N/ = 163842 possible contours and then

compute a TWA ensemble average over 20 runs to obtain the p-th moment

IP(r) = </i/ Z ‘F(r, xo)’p> . (8.4)

The exceptionally large number of spatial samples yields very smooth moments I'P(r) over all
spatial scales r. Working in position space additionally gives a high resolution in the deep IR due
to the linear coordinate spacing in Az, providing dense sampling at large r > ¢, on logarithmic
scales.

In Eq. (8.3), the circulation reduces to integrals over transverse velocity increments, which
are expected to scale as 7'/3 within the inertial range of Kraichnan-Kolmogorov turbulence
[207-209]. Together with the integration boundaries, which scale linearly in r, this leads to the
predicted scaling

F(Ta XO) ~ T4/3 ) (85)
and for the higher moments (8.4), in absence of intermittency, to
I?(r) ~ ri2/3 (8.6)

Fig. 8.1 (a-d) shows the spatially resolved velocity circulation I'(r)/(27) for a large contour
radius = 1024 Ax, chosen to capture the macroscopic flow structures associated with the IEC.
Because the definition (8.1) places xq at the lower-left corner of each contour, we shift the result-
ing array so that each entry corresponds to the circulation around a contour centered at (z,y).
Att = 0 (a), the random initial vortex distribution produces strong circulation patches with mag-

nitudes up to |I'(r)|/(27) =~ 150. These structures decay as the system evolves. At later times,
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Figure 8.1: (a-d) Velocity circulation I'(r)/(2) for a fixed radius 7 = 1024 Ax ~ 2.4-103 ay, at
four times ¢ € {0,10%,10* 10°} - 27 /w., shown for the same single run as in Fig. 7.4.
Each data point corresponds to the circulation around a square contour centered at
that grid point. A Gaussian filter of width 24 Az is applied to highlight large-scale cir-
culation patterns and to facilitate comparison with the current density in Fig. 7.4 (a-d).
(e-h) Normalized vortex density py/ (py) at the same times. The density field is con-
structed by placing unit weights at the vortex and antivortex position and smoothen-
ing the resulting field with a Gaussian filter of width 128 Az. While the vortex den-
sity becomes increasingly clustered at late times, no clear correlation is observed be-
tween regions of high vortex density and the large-scale density fluctuations visible

in Fig. 7.4.

especially at ¢t = 10° - 27 /w,, the overall circulation strength decreases due to vortex-antivortex
annihilation and the associated coarsening of the vortex ensemble. The increasing size of circu-
lation domains in panels (c) and (d) correlates with the large-scale current patterns shown in
Fig. 7.4. The boundaries between oppositely circulating domains correspond to regions of strong
coherent flow. A direct comparison between Figs. 7.4 (d) and 8.1 (d) reveals closely matching
structures, such as the strong circular currents in the left-center and upper-right regions that are
reflected by large domains of positive and negative circulation, respectively. The pronounced
diagonal band of positive circulation in the center of Fig. 8.1 (d) corresponds to a current at the
same position in Fig. 7.4 (d), whose strength is explained by the strong gradient in the velocity
circulation. These observations confirm that large-scale flows are generated by local clustering

of same-sign vortices.
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In a similar fashion, we can compare the domains of strong density modulations in Fig. 7.4 (e-h)
to the local vortex density shown in Fig. 8.1 (e-h). One might assume that the density modula-
tions are driven by regions of low vortex density in which particles can accumulate that got
crowded out of domains of high vortex density. For this, we first need to construct a vortex den-
sity py starting from a grid with unit values at every vortex and antivortex position, which we
smoothen using a Gaussian filter of width 128 Az in order to obtain an estimate for p,, at a given
position. As expected from an initially random vortex distribution, the initial vortex density is
nearly homogeneous on large scales, while at late times localized clusters of higher vortex den-
sity emerge. However, in contrast to the striking large-scale density fluctuations in Fig. 7.4 (e-h),
no comparable large-scale inhomogeneities appear in the vortex density. As in the shock wave
scenario, cf. Fig. 7.5, we find no correlation between strong density modulations and variations in

pv, i.e., density fluctuations are not driven by regions of anomalously low or high vortex density.

8.2 KRAICHNAN CASCADE IN UNIVERSAL DYNAMICS

After analyzing the spatial structure of the velocity circulation and the vortex density, we now
focus on the quantitative scaling behavior within the deep IR inertial range. In Sect. 8.2.1, we
demonstrate the transient emergence of Kraichnan-Kolmogorov scaling in the velocity circu-
lation, indicative of a decaying IEC. Its decay is linked to vortex annihilation processes, which
irreversibly transfer incompressible energy into compressible excitations. In Sect. 8.2.2, we com-
pare the temporal window in which we observe the IEC with the universal interval in which
subdiffusive coarsening signals the approach to the anomalous NTFP, revealing a simultaneous
emergence of temporal and spatial self-similarity. This effect is even more pronounced when
considering single runs. Finally, in Sect. 8.2.3, we optimize the initial number of sampled vor-
tices on a smaller 81922 grid to clearly capture both subdiffusive coarsening and the decaying

Kraichnan-Kolmogorov cascade.

8.2.1 Kraichnan—-Kolmogorov scaling in velocity circulation

Fig. 8.2 (a) shows the second moment of the velocity circulation, I'?(p) (8.4) over the full tem-
poral range of the simulation for nine logarithmically spaced snapshots. To analyze the scaling
behavior quantitatively, panel (b) depicts the local logarithmic slope d In T'?(r) / d In r of the cir-
culation moment. It describes the local power law that is reached for a given edge length r and
is numerically obtained via finite difference over two grid points. The very large number of av-
eraged contours allows for a smooth evaluation of local slopes even with this most local interval
over two adjacent data points.

At small scales, S £y ¢ = £ (t¢), the circulation acts essentially as a binary count: a contour
either encloses a single defect or it does not. Since encountering more than one vortex within a
region smaller than /, is unlikely, the detection probability is expected to scale with the contour

area, i.e., ~ 2. Comparison with the reference 72 power law in panel (a) indeed shows that I'?(r)
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Figure 8.2: (a) Second moment of the velocity circulation, I'?(r), around a square contour of
side length 7, cf. Eq. (8.4), at nine logarithmically spaced times ¢ € [103,10°] - 27 /w,.
Vertical dashed gray lines indicate the healing length &, and the inter-defect distances
Uy = 32 an, and £y 5 ~ 100 ap, at the earliest and latest times. At scales below £y (t),
I'2(r) ~ r2, indicating that the circulation acts primarily as a binary detector of single
(anti)vortices. Beyond ¢, (t), collective vortex behavior yields a steeper power law,
which exhibits characteristics of a transient Kraichnan-Kolmogorov scaling ~ /3.
(b) Local logarithmic slope of I'?(r) showing the transition from approximate 2 to
78/3 scaling. (c) Second moment of the velocity circulation evaluated at the initial inter-
defect scale as a function of time. The decay is fitted by a power law ~ ¢~ 044001

indicative of vortex annihilation driving the decay of turbulence.

approximately follows this scaling around /. Panel (b) confirms that a local power-law behav-
ior is attained around the respective inter-defect scale ¢, (t), though with exponent consistently
below two; at late times we obtain exponents around ~ 1.8. We attribute this reduced scaling
to the initially high vortex density: beyond the simplistic assumption of a binary count, the next
most likely observations are vortex dipoles with zero circulation and pairs of same-sign vortices
with circulation £47. Out of those two events, we expect the detection of a vortex dipole to be
more likely at small scales due to the attractive Magnus force between them, eventually causing
their mutual annihilation. As a result, contours that initially register a circulation of 27 often
turn into zero-circulation configurations, reducing the growth rate of I'?(r) with 7.

For scales larger than the inter-defect distance, » > /¢, r, Fig. 8.2 (a) reveals a much steeper
scaling regime. Here, ['?(7) approaches the Kraichnan-Kolmogorov prediction r8/3 (8.6), char-
acteristic of an IEC within the inertial range. Thus, we observe the dynamical emergence of a
decaying IEC in the deep IR, whose characteristic scales shift further into the IR as vortices an-

nihilate over time. A more detailed inspection of the scaling exponents in panel (b) shows that
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the IR region does not exhibit a stable power law across a wide range of scales. Instead, the local
logarithmic slope increases toward a maximum before saturating and declining, indicative of a
transient scaling regime with a yet undefined inertial range. The most prominent feature is the
envelope formed by the curves at different times, around the IEC exponent 8 /3. This envelope dis-
plays a slowed, transient approach toward the expected scaling, in particular a slowed increase in
the maximum value of the local slope. This phenomenon will be examined in detail in Sect. 8.2.2,
where we demonstrate a clear transient approach toward an IEC with Kraichnan-Kolmogorov
scaling at intermediate times.

Before turning to this more detailed analysis, we briefly discuss panel (c) of Fig. 8.2. It displays
FQ(EVJ), the second moment of the circulation evaluated at the initial inter-defect scale ¢ ; ~
32ap, at t; = 10% - 27 /w., as a function of time. At this scale, the circulation again behaves
approximately as a binary vortex detector, so the temporal decay of I'?({ ;) should reflect the
decay of the vortices. The power-law fit in panel (c) yields an exponent —0.44 £ 0.01, consistent
with the vortex-decay scaling —25 ~ —0.4 expected near an anomalous NTFP. This agreement
confirms that the decay of turbulence is tightly linked to the annihilation of vortices, which act

as carriers of vorticity in the system.

8.2.2 Simultaneity of IEC and subdiffusive coarsening

In the previous section, we identified a decaying IEC that exhibits transient Kraichnan-Kolmogo-
rov scaling in the local logarithmic slope of the second moment of the velocity circulation, cf.
Fig. 8.2 (b). We further connected the decay of circulation to the successive loss of vortices, which
follows a —23 power law in the vicinity of an anomalous NTFP. In this section, we focus on the
temporal interval in which the system exhibits a decaying IEC with 8/3 scaling and relate it to
the interval in which the system undergoes universal coarsening dynamics near an NTFP.

We begin by analyzing the average inter-defect distance /,(¢) (red) and the total vortex num-
ber Ny (t) (blue) in Fig. 8.3 (a). For ¢, we recover, similar to Fig. 6.1, an initial nonuniversal
regime of faster vortex coarsening, likely induced by the high initial vortex density causing a
large number of vortex annihilations at early times, similar to Sect. 6.2. At intermediate times,
the inter-defect scale coarsens as ~ t!/°, exhibiting the expected scaling near the anomalous
NTFP. Thus, we observe subdiffusive coarsening alongside the spatio-temporal self-similarity
discussed in Sect. 7.2.2. However, in Fig. 7.6, the self-similar scaling with o = 25 ~ 0.4 is found
at later times ¢ € [10%,10%] - 27 /w, than the intermediate interval ¢ € [3-103,2-10%] - 27 /w, in
which universal coarsening is observed. This difference is attributed to the scaling function f5(k)
not being fully developed when the coarsening in the inter-defect distance is already apparent.
In addition to subdiffusive coarsening in /,, the total vortex number exhibits universal decay
~ t2/5 at intermediate times.

Similar to Fig. 6.4, a time-local scaling exponent 3(¢) can be extracted from N (¢), shown in
Fig. 8.3 (b). Within the universal interval ¢ € [3 - 10%,2 - 10*] - 27/w., 8 ~ 1/5, confirming
the approach to the anomalous NTFP. Departure from this behavior, i.e., faster scaling at later

times, can be attributed to the increased presence of sound excitations generated by earlier vortex
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Figure 8.3: The average inter-defect distance /. (¢) (red) and total vortex number Ny (t) (blue) are
shown in panel (a) for the enlarged vortex ensemble described in Sect. 7.2.1. Within the
universal interval ¢ € [3,20]-103-27 /w,, the system exhibits subdiffusive coarsening,
0y ~ t1/5 and N, ~ t=2/5 indicative of universal dynamics near the anomalous NTFP.
Panel (b) compares the time-local scaling exponent 3(t) — extracted from power-law
fits to Ny over half an order of magnitude in time, symmetrically around ¢ — with
the maximal local logarithmic slope A2 max(t) obtained from Fig. 8.2 (b). During the
universal interval, highlighted at intermediate times, the system exhibits subdiffusive
coarsening with 5 &~ 1/5 accompanied by the buildup of a transient two-dimensional
turbulent Kraichnan-Kolmogorov scaling A2 max ~ 8/3. This demonstrates the si-
multaneous emergence of universal dynamics in the vicinity of the anomalous NTFP

and the spatial scaling characteristics of a decaying IEC.

annihilations, which promote two-body vortex annihilation processes, cf. Sect. 6.2. Eventually,
the system is driven toward diffusion-type scaling with 8 &~ 1/2 [112] near the Gaussian NTFP.
Compared with the extended subdiffusive scaling observed over two orders of magnitude in
Fig. 6.2, the higher initial vortex density in this ensemble accelerates vortex pair annihilations,
whose sound emissions trigger an earlier crossover from 5 ~ 1/5 to diffusion-type scaling, and
thus explaining the shortened universal interval, cf. Sect. 6.2.

We next compare (t) with the maximal local logarithmic slope A2 max(t) extracted from
Fig. 8.2 (b). At early times, Ay max(t) < 8/3, but it approaches ~ 8/3 within the universal in-
terval for vortex coarsening. At later times, it increases further, exceeding 8/3, consistent with
transient scaling behavior. Crucially, Ao max A~ 8/3 occurs precisely while the system exhibits
subdiffusive coarsening with § ~ 1/5. This strongly indicates the simultaneous emergence of a
decaying IEC and universal dynamics near the anomalous NTFP.

The simultaneous temporal and spatial scaling observed in Fig. 8.3 (b) is obtained from TWA-
averaged results over 20 single runs for both the total vortex number and the second moment of
velocity circulation. Because the transient behavior around Ay &~ 8/3 is relatively weak in the
average, we now examine four representative single runs in Fig. 8.4. Both A2 max(t) and ((t) are
extracted using the same procedures as in Fig. 8.3 (b), and they confirm a strong temporal correla-
tion between universal dynamics near the anomalous NTFP and the spatial scaling of a decaying
IEC. However, A2 max(t) exhibits deviations between individual runs, reflecting the sensitivity

to the randomly sampled initial vortex configurations. For instance, in runs 1 (a) and 2 (b), the
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Figure 8.4: Comparison of the maximum local logarithmic derivative Ay max(t) of the second
moment of circulation I'?(r) with the time-local scaling exponent 3(t) for four single
runs (a-d). In contrast to the TWA-averaged results shown in Fig. 8.3 (b), the single
runs reveal a more pronounced transient behavior in the universal interval, since aver-
aging smooths out run-to-run fluctuations. This is particularly noticeable for Ao max,

whose onset and departure times for the 8/3 scaling fluctuate between runs.

IEC with \y = 8/3 emerges already at the onset of the universal interval t ~ 3 - 103 - 27 /w,
and remains close to this value for roughly half an order of magnitude in time before depart-
ing. Runs 3 (c) and 4 (d) show similar early-time behavior, but the scaling settles slightly above
A2 = 8/3, remaining stable until universal dynamics break down around ¢ ~ 2-10*-27 /w., after
which Kraichnan-Kolmogorov scaling disappears. These run-to-run variations can be attributed
to the randomness of the initial condition, which in the TWA average in Fig. 8.3 (b) results in a
smoothening of A3 max. Studying individual runs highlights the character of the transient behav-
ior around Ay = 8/3.

In contrast, the coarsening exponent /3(t), extracted from NV, (t), shows remarkably consistent
behavior across all four runs. After an initially enhanced vortex decay rate, 5(t) approaches
3 a 1/5 within the universal interval ¢ € [3,20] - 10? - 27 /w., indicating proximity to the
anomalous NTFP. Later, increased friction from sound excitations triggers a transition toward
diffusion-type scaling. Thus, the vortex number decay is relatively insensitive to the random

initial conditions, and the TWA-averaged results in Fig. 8.3 (b) reproduce the single-run dynamics.

8.2.3 Optimization of initial vortex number

In this section, we discuss the choice of the initial vortex number N, = 1.4-10° used in Sect. 7.2.1.
Previous results show that increasing the initial vortex density shortens the universal interval

over which subdiffusive coarsening is observed. This effect is particularly evident in the control-
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Figure 8.5: Comparison of the maximal local logarithmic slope A3 max(t) and the time-local scal-
ing exponent (3(t) for four different initial vortex numbers N, € {300, 350,400, 450} -
103. To reduce computational cost, these simulations were performed on a smaller
grid of 81922 points, with the system size L and total particle number N adjusted to
preserve the chemical potential and UV resolution. The results indicate that N, =
350- 103 produces the most stable and longest-lived IEC within the universal interval,
motivating the choice of N, = 1.4-106 vortices in the full-scale simulations presented

earlier.

lability of the transition to Gaussian scaling, as discussed in Sect. 6.2, and is also apparent in
Fig. 8.3, where higher initial vortex numbers reduce the duration of the universal interval. To
achieve long-lasting subdiffusive scaling, a low initial vortex density is required, ensuring a wide
separation between the inter-defect distance and the healing length. Conversely, observing the
emergence of an IEC benefits from a smaller separation between these scales, which improves
the numerical resolution in the deep IR. Therefore, an optimal initial vortex density must balance
the competing requirements.

To identify this optimum, we performed four single-run simulations with different initial vor-
tex numbers, N, € {300,350,400,450} - 103, using a reduced grid of 81922 points to limit
computational cost. The system length and particle number were scaled accordingly, L — L/2
and N — N/4, to preserve the chemical potential and grid spacing. Fig. 8.5 shows the temporal
scaling exponent (3(¢) and the maximal local logarithmic slope A2 max(t) for these four initial
vortex numbers, analogous to Figs. 8.3 (b) and 8.4. For reference, to match the initial vortex den-
sity used for random sampling in Part II, N, = 103, the corresponding number on the reduced
grid would be N, = 144 - 103. The universal interval is kept consistent with that determined
from Ny, = 1.4 - 106 in the full-scale simulations.

At early times t < 3-10% - 27 /w,, B(t) increases with higher initial vortex number, reflecting
the effect of initial overdensity. Regardless of Ny, the approach to the subdiffusive value 5 ~ 1/5

occurs within the universal interval. At late times ¢t > 2 - 10% - 27 /w,, all configurations depart
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from universal behavior, with exponents increasing faster for higher initial vortex numbers. This
is caused by more sound emission from vortex decay, which exerts friction on the vortices and
accelerates the transition to diffusion-type coarsening. Overall, the universal interval shortens
and becomes more transient as Ny increases.

For the circulation exponent A2 iax, higher initial vortex numbers lead to an earlier approach
to the Kraichnan-Kolmogorov value Ay = 8/3, indicating that strong initial vortex decay pro-
motes the formation of an IEC. At intermediate times within the universal interval, all initial
vortex numbers exhibit IEC scaling, which dissolves at later times. The late-time departure corre-
lates with accelerated vortex decay, as signaled by increased (. Thus, to achieve a fast approach
to the IEC, a higher initial vortex density is beneficial, but this also shortens the universal inter-
val. The optimal compromise is N, = 350 - 103, cf. Fig. 8.5 (b), which, when scaled to the full

system, corresponds to N, = 1.4 - 10, the value used in the preceding simulations.



INTERMITTENCY

In standard K41 theory, cf. Sect. 2.2, the velocity field in the inertial range is assumed to be self-
similar. As a consequence, velocity increments scale with a single characteristic exponent A, and
all higher-order moments with integer multiples of it. This follows from the K41 hypothesis that
the turbulent cascade depends solely on the local scale . In the Richardson cascade picture, the
increments over a scale ¢ can be thought of as the cumulative effect of many eddies of compara-
ble size. If these contributions are taken to be independent and identically distributed, then by
a central-limit-theorem argument the probability distribution function (PDF) of the increments
becomes Gaussian at sufficiently large scales. However, real turbulent flows show significant
deviations from Gaussianity, most notably an enhanced probability of large, rare velocity fluc-
tuations. This phenomenon, known as intermittency, reflects the breakdown of simple K41 self-
similarity and is most clearly seen in the anomalous scaling of higher-order moments or in the
non-Gaussian tails in the PDF.

In Sect. 9.1, we begin by studying intermittent corrections in the higher-order moments of
the velocity circulation I'P(r), thereby probing the self-similarity hypothesis of K41 turbulence
theory. First, we characterize the observed intermittency using the bifractal model proposed in
[350] for a classical stationary IEC, cf. Sect. 2.2.4. Second, we explicitly confirm the statistical con-
vergence of all higher-order circulation moments considered, based on the associated circulation
PDF. Motivated by this spatial intermittency analysis of the IEC, Sect. 9.2 examines higher-order
moments of the inter-defect distance distribution to search for analogous intermittent correc-
tions. No intermittency is detected up to the 11th moment, and statistical convergence is verified
throughout. Finally, in Sect. 9.3 we propose a spatio-temporal scaling hypothesis for the velocity-
circulation PDF. Under spatial rescaling, the PDF displays characteristic Kraichnan-Kolmogorov
scaling. Under temporal rescaling, it yields the subdiffusive coarsening exponent 5 ~ 1/5, in-
dicating that the proposed hypothesis provides a promising framework for understanding the

simultaneous presence of universal dynamics and the IEC.

9.1 INTERMITTENCY OF THE VELOCITY CIRCULATION

Studying intermittent deviations in the chaotic vortex flow allows us to characterize the observed
decaying IEC, with a particular focus on the enhanced or suppressed probability of rare events.
These rare events typically drive deviations from Gaussian behavior in the PDFs of the veloc-
ity circulation. In a two-dimensional IEC, intermittency is especially interesting because the
standard analysis based on higher-order moments of the velocity increments dv(r), expressed
through the structure functions Sy, () (2.10), has been found to be non-intermittent in both nu-

merical simulations [262] and experiments [261]. In those cases, the scaling exponents remain
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consistent with the K41 prediction, (;, = p/3. This is in stark contrast to three-dimensional
turbulence, where strong intermittent deviations are well established [260]. For this reason, our
analysis focuses on the velocity circulation (8.1), introduced as a topological observable of tur-
bulence in [349]. Unlike the structure functions S, (r), the circulation exhibits clear intermittent
corrections in both classical fully developed turbulence [350] and nearly incompressible quan-
tum turbulence [63]. These corrections are closely linked to the distinct intermittency properties
of longitudinal and transverse velocity increments [351].

In Sect. 9.1.1 we analyze intermittency in the higher-order circulation moments for the de-
caying IEC studied in Chap. 8 and compare the results with known intermittent corrections in
stationary IECs. The statistical convergence of all higher-order moments considered in this anal-

ysis is demonstrated in Sect. 9.1.2.

9.1.1 Higher-order moments of velocity circulation

In Fig. 9.1 (a) we show the p-th moments of the velocity circulation I'P(r) (8.4) att = 9-103-27 /w.,
i.e,, in the regime where the decaying IEC is fully developed, cf. Sect. 8.2. We display all even
moments up to p = 16; their statistical convergence within the inertial range 300 ap, < r <
3000 ay,, is analyzed in Sect. 9.1.2. To compare the different moments directly, each curve is
normalized at the inter-defect distance 4.

Between the healing length &, and ¢, the moments show an approximate ~ 72 scaling, as
discussed in Sect. 8.2.1. In this regime, the velocity circulation essentially measures whether the
square contour encloses zero or one vortex, leading to this characteristic area scaling.

Beyond /¢, all moments exhibit power-law behavior within the inertial range, with steeper
slopes for higher moments. From non-intermittent K41 turbulence, whose exponents translate
directly to the two-dimensional IEC, we expect the circulation to scale as A, = 4p/3. Indeed, the
measured moments follow this trend at small p, indicating approximate K41 scaling.

A more quantitative view is provided by the local logarithmic slopes d InI'?(r) / d In 7 shown
in Fig. 9.1 (b). These slopes, computed via finite differences over two grid points, cf. Sect. 8.2.1,
flatten within the inertial range, indicating transient power-law behavior. For small moments
p < 6 the slopes agree qualitatively with the K41 predictions shown as horizontal dashed lines.
For p > 6, however, systematic deviations appear, signaling the onset of intermittency.

To extract scaling exponents )\, for comparison to A\, = 4p/3, we perform power-law fits in
sliding intervals of width 120 ay,, across the inertial range. This procedure, chosen to estimate
uncertainties caused by the transient nature of the power laws, yields the exponents shown in
Fig. 9.1 (c). While low-order moments remain close to the non-intermittent prediction, higher
moments fall significantly below 4p/3, demonstrating a breakdown of self-similar K41 scaling.

Remarkably, these deviations agree within errors with the bifractal intermittency model mea-
sured in classical, fully developed two-dimensional IECs [350]. In that system the data were found
to follow A, = 1.14p +0.58 for p > 3, a linear behavior associated with a monofractal of scaling
exponent h = 1.14 and fractal dimension D = 1.42. The bifractal model assumes coexistence of

two scaling behaviors: for p < 3, space-filling behavior yields K41 scaling A, = 4p/3; for p > 3,
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Figure 9.1: (a) The even moments I'P(r) with p € [2, 16] are shown at t = 9 - 10® - 27 /w,, nor-
malized at the inter-defect distance /. Between the healing length &, and ¢, marked
by gray dashed lines, all moments follow an approximate 72 behavior, consistently
with the circulation effectively counting zero or one enclosed defect. Within the in-
ertial range, set to the highlighted interval 300 ap, < r < 3000 ape, all moments
display power-law scaling with increasingly steep exponents for large p. (b) The lo-
cal logarithmic slopes dInT?(r) /dInr, obtained from finite differences over two
grid spacings, flatten within the inertial range, indicating transient power-law behav-
ior. Horizontal dashed lines show the non-intermittent K41 predictions A\, = 4p/3,
which agree with the data for small p but deviate systematically at higher moments,
revealing intermittency. (c) Scaling exponents ), extracted by averaging power-law
fits over sliding intervals of width 120 ay,, within the inertial range, are compared
with the K41 prediction A, = 4p/3 (black dashed line) and reveal clear deviations for
p 2 3. The red line shows the bifractal intermittency fit A, = 1.14p + 0.58 measured
in a classical stationary IEC [350], which agrees within uncertainties with our data.
(d) Deviations from non-intermittent behavior A, —4p/3, highlighting the agreement
with the bifractal model for p > 3. A linear fit to our numerical results (green) gives
Ap = (1.16 £ 0.02)p + 0.52 + 0.06, fully consistent with the experimental findings
of [350].

the monofractal branch satisfies the constraint 34 + (2 — D) = 4, ensuring the continuity of A,
and compatibility with Kolmogorov’s four-fifths law, cf. Sects. 2.2.2 and 2.2.4. Similar bifractal
behavior has also been reported in nearly incompressible quantum turbulence [63] and in both

classical [352] and quantum [62] three-dimensional turbulence. That we observe the same quan-
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Figure 9.2: Shown are discrete PDFs P(I'/(27)) of the circulation I'(r, x() measured around
square contours of edge length 7, expressed in units of 27, at ¢ = 9-103-27 /w,. (a) For
radii below the inter-defect scale, r/¢, € {0.2,0.4,0.6,0.8,1.0}, the distribution is
highly peaked at I' = 0, with unit circulations appearing as strongly suppressed but
resolvable events. (b) For radii above the inter-defect scale, /¢, € {2,4,6,8,10},
the distribution broadens and approaches a smooth, approximately Gaussian form,

reflecting the increasing contribution of collective vortex structures.

titative intermittency in a decaying quantum-vortex IEC is therefore remarkable and provides
additional evidence for the emergence of a decaying IEC in our system.

Fig. 9.1 (d) shows the deviations A\, —4p/3, which again reveal close agreement with the bifrac-
tal model for p > 3. A linear fit to our numerical data in this regime yields a scaling exponent
h = 1.16 + 0.02 and a fractal dimension D = 1.48 £ 0.06, consistent with the experimentally

measured parameters of [350].

9.1.2 Convergence of higher-order moments

In the previous sections we have employed higher-order moments up to p = 16 to quantify
intermittent deviations in the velocity circulation of the decaying IEC, cf. Fig. 9.1. To trust the
numerical results for such high moments, however, it is essential to verify that they are statis-
tically converged. To this end, we analyze the probability distribution function (PDF) P(I', r, t)
of the velocity circulation for a given contour size r at time ¢. The PDF simply specifies the
probability of measuring a circulation I' within a randomly placed square contour. Numerically,
the PDF is obtained from a histogram over all 20 single runs, each providing 163842 distinct
contour evaluations at fixed r. This yields a smallest resolvable probability in our data set of
1/(20 - 16384%) ~ 1.9 - 10719 In a first try, we adopted a fine bin width AT'/(27) = 0.01 to
preserve the full resolution of the computed circulations. This revealed almost singular peaks
around integer values of I'/(27), with no visible smearing, reflecting the quantization of circula-
tion in a BEC. We therefore increased the bin width to AI'/(27) = 1, with each bin centered on

an integer circulation, producing the discrete PDFs shown in Fig. 9.2.
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Figure 9.3: Normalized integrands |I'/(27)[PP(T'/(2n)) are shown at ¢ = 9-10%-27 /w, for even
moments p € [2,16]. (a) At the lower boundary of the inertial range, r = 300 ay,, all
integrands share similar shapes and widths, consistent with a near-Gaussian underly-
ing PDF, see inset. The decay of the integrand at large || is well resolved, demonstrat-
ing convergence up to the 16th moment. (b) At the upper boundary, r = 3000 ay,,
non-Gaussian features in the form of unequal widths and heights appear, reflecting
large-scale vortex structures. All moments remain resolved, though small asymme-
tries and fluctuations arise for p = 14 and p = 16, caused by reduced statistics per

bin and by correlations between overlapping large contours.

Both panels of Fig. 9.2 display P(I'/(27)) att = 9-103-27 /w,, i.e., during universal dynamics.
Panel (a) shows PDFs for radii r /¢, € {0.2,0.4,0.6, 0.8, 1}, all below the inter-defect scale. In this
regime, the distribution is dominated by zero circulation, P(0) & 1. Unit circulations |I'|/(27) =
1 are the next most likely events, yet remain subdominant; for instance, at /¢, = 0.2 they
appear with probability below 1072, Higher circulations occur only as extremely rare events,
often separated by more than two orders of magnitude from the unit-circulation probabilities.
This validates the interpretation of the circulation as an effectively binary variable below the
inter-defect scale. At /¢, = 1, we can even resolve extremely rare events of |I'|/(27) = 5, with
probabilities only slightly above our resolution threshold.

Panel (b) displays PDFs for /¢, € {2,4,6,8,10}. Here the discrete structure of panel (a)
gives way to a smoother, nearly continuous distribution, as larger contours enclose more defects
and thus produce broader circulation values. The width of the PDF increases with r, while P(0)
decreases correspondingly. Near I' = 0 the logarithmic PDFs exhibit approximately parabolic
profiles, indicating an underlying near-Gaussian distribution of the coarse-grained vortex flow.

Having introduced the PDF, we now return to our question whether the higher-order moments

used in Fig. 9.1 are statistically converged. Using the discrete formulation

IP(r) =Y |TPP(D), (9.1)

r

of (8.4), we require the integrand |I'[PP(T") to reliably decay to zero as |I'| — oc. If the integrand
is fully resolved at all significant I" values, then the p-th moment is statistically converged.

Fig. 9.3 displays the normalized integrands |I'/(27)|"P(I'/(27)) at the lower, 7 = 300 ay, (a),
and upper, 7 = 3000 ay,, (b), boundaries of the inertial range at t = 9 - 10® - 27 /w, and for even
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moments up to p = 16. The insets display the corresponding PDFs, which broaden with increas-
ing r as expected. At the lower boundary, Fig. 9.3 (a), all integrands show similar shapes, with
comparable peak heights and widths, consistent with an underlying near-Gaussian PDF up to cir-
culations |I'/(27)| ~ 12. Crucially, the decay of the integrands toward zero at large circulations
IT'| — oo is fully captured for all moments up to p = 16, demonstrating robust convergence. At
the upper boundary, Fig. 9.3 (b), non-Gaussian features become visible in the form of sharpened
peaks of increased height, that typically signal intermittent large-scale structures such as vortex
clusters. Here the integrands remain well resolved overall, although small asymmetries and fluc-
tuations appear for p = 14 and p = 16. These arise from the larger number of bins required
at large radii, which reduces the event count per bin and thus increases statistical noise at the
largest |I'|. Moreover, large contours overlap significantly, creating correlated samples; for in-
stance, a single large vortex cluster may be contained within many nearby contours, producing

a series of correlated high-circulation counts.

9.2 HIGHER-ORDER INTER-DEFECT STATISTICS

Having analyzed intermittent deviations in the higher moments of the velocity circulation, there-
by probing the spatial organization of vortices on inertial-range scales during the IEC, we now
turn to the inter-defect scale and treat it as a statistical quantity on its own. Universal dynamics is
typically characterized via the coarsening reflected in the mean inter-defect distance. However,
one may also regard the full set of inter-defect distances of all vortices at a given time as a
statistical distribution, from which higher-order moments can likewise be extracted. Assuming
self-similar evolution in time, as expected near the anomalous NTFP, we anticipate these higher
moments to scale as t?/°. Deviations from this scaling, which we term temporal intermittency,
signal limitations of the self-similarity hypothesis underlying universal scaling and provide a
sensitive probe of departures from Gaussianity in the nearest-neighbor statistics, corresponding
to suppression or enhancement of rare events.

Our discussion parallels the analysis of spatial intermittency in Sect. 9.1. In Sect. 9.2.1, we
present the higher-order moments of the inter-defect distribution and extract the corresponding
scaling exponents )\, within the universal interval. These exponents display no signs of intermit-
tent corrections up to the 11th moment. The Gaussian nature of the distribution is examined in
more detail in Sect. 9.2.2, where we analyze the integrands of the underlying PDF and demon-

strate statistical convergence up to the highest moment considered.

9.2.1 Higher-order moments of the inter-defect distance

To extend our intermittency analysis into the temporal domain, we first clarify how the higher-
order moments of the inter-defect distance are defined. Up to this point we have characterized
the inter-defect scale using the mean distance between each vortex and its nearest neighbor at

time ¢, averaged over the N, () recorded distances. We now reinterpret the full set of nearest-
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Figure 9.4: Panel (a) shows the higher-order moments ¢£(t) of the inter-defect distribution for
all odd moments in p € [1, 11] as functions of time, normalized at ty = 3-10% - 27 /w..
Within the highlighted universal interval, identified previously in Fig. 8.3, we recover
power-law behavior with increasing steepness for larger p. Panel (b) provides a more
quantitative analysis via the local logarithmic slope d1In ¢2(¢) / d In ¢, obtained from
symmetric power-law fits around a given ¢ over half an order of magnitude in time.
Inside the universal interval, the slopes flatten and approach the expected exponents
Ap = p/b, indicated by the horizontal dashed lines. The extracted scaling exponents
Ap are shown in panel (c), following the self-similar prediction ~ p/5 up to the 11th
moment. The inset illustrates the deviations A, — p/5, which remain consistent with

zero within errors, even though they exhibit a mild trend toward smaller values.

neighbor distances at fixed time as a statistical ensemble, of which we have so far only examined

the first moment. Labeling the N, (¢) distances by ¢;, we define higher-order moments as

1 Nu(t)
B(t) = e > , (9.2)
Ny(t) ; '
where (...) denotes the ensemble average over many TWA trajectories. A subtlety here is that
the number of sample points is itself time dependent and decreases as vortices annihilate. Con-
sequently, the smallest resolvable probability increases with time.

In analogy to K41 theory, we assume spatio-temporal self-similarity during universal dynamics.

This implies the scaling law

P(t) ~ P/ (9.3)
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Testing for deviations from the anomalous NTFP prediction A, = p/5 thus probes the validity
of the self-similarity hypothesis governing the coarsening of the vortex ensemble. Fig. 9.4 (a)
displays the odd moments of the inter-defect distance distribution for p € [1, 11] as functions of
time, normalized at ¢y = 3 - 103 - 27 /w,. The highlighted universal interval 3 - 10® - 27 /w, <
t<2-10%- 27 Jw,, cf. Fig. 8.3, marks the domain of subdiffusive coarsening. All curves exhibit
clear power-law behavior within this interval, with steeper slopes for higher moments.

For a quantitative assessment of the scaling, we again extract the local logarithmic slope
dIn/2(t) /dIn(t), analogous to Fig. 9.1 (b). However, because the number of vortices, and thus
the size of the statistical sample, is far smaller than the total number of grid points used for cir-
culation statistics, we cannot compute the derivative via finite differences. At the lower end of
the universal interval, the combined statistics over all twenty TWA runs yields Ny ~ 4.6 - 106
vortices, and at the upper end N, ~ 2.2-10°. To obtain stable, time-local exponents, we therefore
fit a power law over half an order of magnitude in time centered at each ¢. The resulting logarith-
mic slopes flatten inside the universal interval and approximately approach the predicted scaling
Ap = p/5. At later times, deviations arise due to the accelerated depletion of vortices.

Panel (c) presents the scaling exponents ), obtained from power-law fits over windows of
width At = 7-103 - 27 /w, within the universal interval, scanning over all admissible start times.
This procedure provides the mean exponents and estimates for the associated uncertainties. The
resulting \,, values follow the expected self-similar scaling p/5 within errors up to p = 11. The
inset shows the deviations A\, — p/5, which remain statistically consistent with zero. A slight
downward trend is visible but not significant; resolving this would require larger vortex statistics
and access to higher-order moments, which we defer to future work.

The absence of temporal intermittency within the universal interval implies that the vortex
ensemble remains self-similar up to the highest accessible moment at length scales of order /..
Equivalently, the distribution of nearest-neighbor distances about a given vortex is, to high accu-
racy, Gaussian. Thus, rare events of finding a nearest neighbor at distances ¢; > ¢, do not exhibit
anomalous enhancement or suppression. This is consistent with the vortex statistics obtained
in dynamically cooled BECs undergoing a second-order phase transition via the Kibble-Zurek
mechanism [340]. There, the study was further extended to the distribution of the n-th nearest

neighbor — a direction not yet explored here and left for future investigation.

9.2.2 Convergence of higher-order moments of the inter-defect distance

As in Sect. 9.1.2, we now demonstrate the statistical convergence of the higher-order moments
shown in Fig. 9.4 up to p = 11. The procedure parallels our earlier analysis of velocity-circulation
statistics; we construct the PDF of inter-defect distances and examine the corresponding inte-

grands for higher-order moments. The moments can be written as
@) = / e erp(e), (9.4)

where P(¢) is the probability density of finding the nearest neighboring vortex at distance .
Unlike the circulation PDF P(I"), the inter-defect PDF is continuous rather than quantized. We
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Figure 9.5: Normalized integrands /7P () of the higher-order moments of the inter-defect dis-
tance distribution for all even moments in p € [0, 12]. To cover the entire universal
interval, the integrands are shown at its lower boundary ¢ = 3 - 103 - 27 /w, in (a)
and at its upper boundary ¢ = 2 - 10* - 27/w, in (b). In both panels the integrands
are well resolved up to the largest inter-defect distance ¢, and in particular their de-
cay toward zero is fully captured, demonstrating good statistical convergence of the
moments analyzed in Fig. 9.4. Solid lines show power-weighted Gaussian fits of the
form A¢'P exp (— (0 —p)?/ 02>, which describe the integrands accurately for all mo-
ments. The insets display the fitted mean ; and width o of the Gaussian as functions
of p. For large p, the mean approaches zero and the width converges, indicating that

the underlying PDF remains Gaussian up to the highest moment.

therefore compute it by binning the distances into histograms with bin width A¢, and multiply
each bin by ¢ to obtain the integrands plotted in Fig. 9.5.

Both panels show the normalized integrands /PP (¢) for all even moments p € [0, 12], using
a bin width of A¢ = 6 ay,, which provides sufficiently smooth statistics. We evaluate the inte-
grands at the lower, ¢t = 3 - 10? - 277 /w, (a), and upper, t = 2 - 10* - 27 /w. (b), boundaries of the
universal interval to confirm convergence throughout the regime of universal dynamics. As dis-
cussed in Sect. 9.2.1, the smallest resolvable probability equals the inverse of the number of data
points, which decrease as vortices annihilate. At the lower boundary we have N, ~ 4.6 - 10° de-
fects and thus a probability resolution of AP =2 2.2-10~7. At the upper boundary N, = 2.2-105,
giving AP 2 4.5 - 1077, In both panels we find that all moments up to p = 12 are well resolved
on the relevant length scales, i.e., we capture the full decay of the integrands as ¢ — oco. Thus, the
statistical moments presented in Fig. 9.4 are well converged, and the available statistics suffice
to investigate intermittency up to the highest analyzed moment.

In panel (a) one can already see how convergence begins to degrade for even higher moments.
At the largest resolved distances, ¢ = 200 ay,,, we observe a single outlier, an extremely isolated
defect, whose contribution becomes increasingly significant for moments p > 12. The actual
probability for such an event is likely below the resolution threshold, and additional statistics

would be required to quantify these rare configurations reliably.
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In addition to the binned data points, we fit the histogram for each moment with the power-

weighted Gaussian form
Fpl0) = A+l (=" (9.5)

where A is a normalization constant, and ;1 and o denote the mean and width of the underlying
Gaussian. This functional form describes all integrands in Fig. 9.5 very accurately. In particular,
this implies that the PDF of the inter-defect distance distribution, i.e., for p = 0, corresponds
to a Gaussian multiplied by a linear factor ¢. The linear term reflects the implicit angular aver-
aging performed when only the magnitude ¢, but not the direction, of the inter-defect vector is
considered. Hence, the full two-dimensional PDF P(£) of the displacement vector is Gaussian,
consistent with the vortex statistics arising from Kibble—Zurek defect formation [340].

By fitting higher-order integrands we probe the Gaussian structure also in the tails of the
distribution. The insets of Fig. 9.5 show the fitted mean and width as functions of p. In both
panels the width o converges to a constant for sufficiently large p — beyond p > 5 in (a) and
p > 3 in (b) — while the mean y decreases approximately linearly and approaches zero once o
has converged. The nonzero mean at low moments arises from the minimal inter-vortex distance,
~ Tape, imposed by the vortex detection algorithm to prevent overcounting in very closely
bound dipoles. In our simulations we also observe small fluctuations of vortex cores, occasionally
causing the algorithm to register two vortices and one antivortex on adjacent grid points instead
of a single vortex; this likewise necessitates a minimal-distance cutoff. A more refined study of

the short-distance inter-defect distribution is left for future work.

9.3 SCALINGHYPOTHESISFORTHEPROBABILITYDIS-

TRIBUTION FUNCTION

We now turn to the PDF of the velocity circulation, previously introduced in Sect. 9.1. In Fig. 9.2
we observed the circulation PDF for increasing contour size and found its low moments, p <
3, to exhibit K41 scaling, cf. Fig. 9.1, demonstrating spatial self-similarity across the inertial
range. However, we did not track the temporal evolution of these PDFs. Instead, we focused on
inter-defect distances to identify subdiffusive coarsening and the absence of temporal intermit-
tency. Having established the simultaneous emergence of spatial self-similarity, i.e., Kraichnan-
Kolmogorov scaling, and temporal self-similarity, i.e., universal dynamics near the anomalous
NTFP, in Fig. 8.3, we now aim to unify both phenomena within a single observable extracted
directly from the vortex ensemble.

Inspired by the NTFP scaling hypothesis (2.2), we postulate the following combined spatio-

temporal scaling relation:

T\ L\

POt = (=) () P/ () T t). 0.6
0 0

for the PDF of velocity circulation P(I', , t) at contour size r and time ¢. The universal scaling

function fs is now represented by the PDF at the reference scales r and ?¢; all other PDFs within
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Figure 9.6: (a) Circulation PDFs P(I'/(27)) att = 9 - 103 - 27 /w, for radii between the inter-
defect distance, r = ¢y, and the upper boundary of the inertial range, r = 55/, =~
3-10% apo, are rescaled according to the hypothesis (9.6). Using the rescaling procedure
of Sect. 5.2.1, with reference radius 7 /¢, = 10 and circulation cutoff I'y /(27) = 15,
we extract the spatial scaling exponents a,, = 1.284+0.05 and /3, = 1.3040.03. These
satisfy the required relation o, ~ (3, and agree, within errors, with the Kraichnan-
Kolmogorov exponent A\; = 4/3 for the IEC. The overlap between rescaled PDFs
degrades at small radii below the inertial range /¢, < 6, where discreteness of the
circulation becomes relevant, and at large |I'| due to the onset of non-Gaussian tails
associated with intermittency. (b) Probability of zero circulation, P(I" = 0), display-

4/ 3. consistent with IEC scaling and the extracted

ing a clear power-law decay ~ r~
. (c) Unrescaled PDFs illustrating the significant broadening of the distribution with

increasing contour size.

the inertial range and the universal interval should be obtainable from it via appropriate rescaling
using the four exponents o, 5y, oy, and §;. They control, respectively, the change of the zero-
circulation (., o) and the width of the PDF (5,, ;) under spatial (o, 3,) and temporal (o, B;)
scaling. Since the circulation is integer-quantized, the scaling hypothesis must be understood for
an interpolated PDF, allowing for noninteger arguments. This is justified because for sufficiently
large radii deep in the IR the PDFs are already effectively continuous, as seen in Fig. 9.2 (b).

To derive consistency conditions among the exponents, we impose normalization:

1 r\Br—ar /@Bt q
1= —/dFP(F,r, £ = () () —/dFP(F,ro,to), 9.7)
2 to

To 27

=1

where we have used the scaling hypothesis (9.6) and treated the PDF as a continuous function.
Normalization requires the factors multiplying the reference integral to equal unity, yielding the

relations

ar = By, ar = B (9.8)
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Figure 9.7: (a) Circulation PDFs P(I'/(2)) at 7 = 103 ay,,, in the inertial range, spanning the
universal interval ¢ € [3 - 103,2 - 10%] - 27 /w,, rescaled temporally according to the
scaling hypothesis (9.6). Using the reference time ¢y = 10* - 27 /w, and circulation
cutoff "y /(27) = 30 we extract the exponents oy = 0.2240.05 and §; = 0.23+0.04.
These obey ay; =~ [, and agree, within errors, with the subdiffusive scaling 5 ~ 1/5
expected near the anomalous NTFP. (b) The temporal evolution of P(I" = 0) shows

scaling ~ t1/5 for most of the universal interval. (c) Unrescaled PDFs used in panel

(a).

These must be satisfied independently to ensure conservation of probability under rescaling.

In Fig. 9.6 (a) we apply the spatial scaling hypothesis to the PDFs over the range /¢, € [1, 55]
at fixed time, t = 9 - 103 - 27w, in the universal interval. The reference length ry = 104,
and the cutoff 'y /(27) = 15 at 1y define the reference PDF to which all others are rescaled.
A cutoff is required because the PDFs develop pronounced non-Gaussian tails, particularly at
large radii, which are responsible for the intermittency observed in Fig. 9.1. Within the interval
[-T'p,T'z] the overwhelming fraction of the circulation probability is contained, such that the
rescaling operates on the part of the PDF that can be considered a self-similar redistribution of
probability. Using the least-square rescaling procedure introduced in Sect. 5.2.1, we obtain the
scaling exponents o, = 1.28 £ 0.05 and 8, = 1.30 £ 0.03. These obey the required relation
o, =~ [, within errors and confirm the applicability of the scaling hypothesis (9.6). Crucially,
both exponents agree with the Kraichnan-Kolmogorov scaling exponent A\; = 4/3 for the IEC
throughout the entire inertial range. The range of self-similarity is limited at both ends: for large
circulations the collapse degrades due to the transition into non-Gaussian tails, and for small radii
r/ly < 6, below the inertial range, it deteriorates because the assumption of a continuous PDF
is no longer valid. Inset (c) shows the unrescaled PDFs, which broaden strongly with increasing
radius. The associated decay of the zero-circulation probability P(I" = 0) is displayed explicitly
in inset (b), where it follows a clear power law ~ r—4/3_ consistent with the extracted «,. Hence,
the IEC scaling characteristics can be identified solely through the zero-circulation probability.
Under the scaling hypothesis (9.6), this behavior directly follows from the broadening governed

by /., together with probability conservation. A similar scaling of the zero-circulation probability
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was previously observed in three-dimensional quantum turbulence [62] and linked to partial
polarization of the vortex ensemble within the inertial range.

Analogous to the spatial rescaling in Fig. 9.6, we apply (9.6) temporally over the universal
interval ¢ € [3-103,2 - 10%] - 27/w, at fixed radius r = 103 ay,, as shown in Fig. 9.7. Using
the reference time ¢y = 10* - 27 /w, and the cutoff 'y /(27) = 30, we again extract the scaling
exponents oy = 0.22 + 0.05 and 5; = 0.23 £ 0.04. Within their uncertainties they satisfy the
normalization condition oy ~ (; and match the subdiffusive exponent 5 ~ 1/5 characteristic
of the anomalous NTFP. This confirms that the scaling hypothesis (9.6) also holds temporally,
demonstrating that the circulation PDF is both spatially and temporally self-similar within the
inertial range and the universal interval. Panel (c) displays the unrescaled PDFs used for the
collapse, while panel (b) shows the probability of zero circulation as a function of time. It follows
a subdiffusive power law ~ ¢'/5 throughout most of the interval before crossing over to a faster
increase at later times.

To conclude, we have established a spatio-temporal scaling hypothesis for the circulation PDF
that simultaneously captures Kraichnan-Kolmogorov scaling in space and subdiffusive coarsen-
ing in time. Because of numerical cost, we have so far tested the hypothesis only along individual
spatial or temporal cuts. A promising next step would be to extract o, 3, o, and 5, from a com-

bined space-time rescaling analysis, which we leave for future work.
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CONCLUSION

Throughout this thesis, we have studied the emergence of subdiffusive scaling near the anoma-
lous NTFP, starting from far-from-equilibrium initial states composed of large vortex ensembles.
Based on high-resolution numerical simulations of the GPE, we investigated the universality
of the resulting spatio-temporal scaling by modifying the underlying microscopic interactions
through the introduction of DDIs. In addition, we studied the simultaneous buildup of a decay-
ing IEC within the universal scaling regime. By employing extremely large vortex statistics, this
analysis revealed a new scaling hypothesis that connects subdiffusive coarsening and turbulent
cascades.

In both parts of this thesis, we considered quasi-two-dimensional ultracold Bose gases driven
far from equilibrium by initially imprinting large numbers of quantum vortices into a uniform
condensate using various sampling schemes. GPU-accelerated numerical simulations of the cor-
responding mean-field GPE allowed us to follow the dynamics over several orders of magnitude
in time. By inserting half a particle of quantum noise randomly into the Bogoliubov modes of
the initial state according to the TWA, we obtained a semiclassical description of the system by
averaging over many independent simulation runs.

In Part II, we presented numerical results, partially published in [1], on the anomalous NTFP
in the presence of anisotropic and long-range DDIs. By tilting the dipole polarization into the
x-y plane, we were able to control the induced anisotropy, while the relative strength of the
long-range DDI compared to the contact interaction was tuned via the parameter e44. This pro-
vided full control over the microscopic two-particle interactions in the system and allowed us
to systematically study their influence on the emergent scaling dynamics, thereby probing the
proposed universality of NTFPs.

In Chap. 4, we introduced the different system configurations employed to investigate the
emergent scaling behavior. Using two distinct parameter sets — one representing an ultradilute
system with high density and weak interactions, and another corresponding to a quantum regime
with experimentally realistic parameters — we first studied the scaling dynamics in a classical-
field regime and then extended the analysis to parameter regimes where the GPE is of more
limited applicability. Furthermore, we prepared two different initial vortex sampling schemes,
either random or lattice-based, in order to probe the dependence of the scaling behavior on the
choice of initial conditions. For all cases, the dipolar configurations were chosen to explore vari-
ous dipolar strengths and tilting angles, while remaining within the mean-field stable superfluid
regime.

In Chap. 5, we presented a detailed analysis of the occupation-number spectrum n(k,t). We
first clarified the correct evaluation of the spectrum in order to eliminate spurious effects arising

from randomly imprinted mean momenta. By explicitly rescaling the spectra, we recovered the
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subdiffusive scaling exponents o« = 2/5 and 8 = 1/5, along with the scaling relation o = 23, in
the isotropic dipolar cases for both parameter configurations and both vortex sampling schemes.
Using time-resolved scaling exponents, we confirmed the presence of subdiffusive scaling char-
acteristics for all dipolar configurations in the ultradilute as well as the quantum regime, albeit
with reduced stability in the latter. This demonstrates the remarkable robustness of the scaling
behavior against variations of the microscopic interactions and thus provides strong evidence
for the proposed universality of NTFPs. We found no indications of anisotropic scaling behavior.
However, an analysis of the scaling function f; revealed a strong dependence of the Porod-tail ex-
ponent ¢ on the chosen dipolar configuration. This observation indicates that, contrary to earlier
propositions, the scaling function at the anomalous NTFP is not universal.

In Chap. 6, we turned to the coarsening dynamics of the vortex ensemble arsing from succes-
sive vortex-antivortex annihilation events. After extracting vortex positions using a plaquette
algorithm, we determined the mean separation between a vortex and its nearest neighbor. This
observable exhibited power-law growth with an exponent 5 ~ 0.2 over more than two (one)
order(s) of magnitude in time in the ultradilute (quantum) regime, independent of the dipolar
configuration. A similar scaling with an exponent —23 ~ —(.4 was observed in the decay of
the total vortex number, further confirming the remarkable stability of the subdiffusive scaling.
At very late times, or after coupling the system to a thermal bath using the driven-dissipative
GPE, we observed a transition from subdiffusive to diffusive scaling, signaling the approach to
the Gaussian NTFP. Hence, diffusive scaling was also found to persist in the presence of DDIs.
These results provided further evidence that subdiffusive scaling is driven by three-vortex anni-
hilation processes, which dominate in the absence of friction with the density background. Once
the background becomes highly populated with sound excitations, two-vortex annihilation pro-
cesses become dominant. As these processes are more likely to occur, they naturally lead to faster,
diffusive scaling. Finally, by analyzing vortex clustering using various measures, we found that,
in contrast to the coarsening dynamics, the large-scale vortex arrangement depends sensitively
on the dipolar strength and, in particular, on the degree of anisotropic tilting. In the non-dipolar
case, we recover the tendency of the system to form vortex clusters at late times while still un-
dergoing universal dynamics. With increasing dipolar strength and tilting angle, this tendency
is reduced and eventually gives way to pronounced anticlustering, characterized by the maxi-
mization of equal-sign vortex separation and the formation of vortex dipoles. Consequently, we
find no correlation between subdiffusive scaling and the presence of strongly clustered vortex
configurations.

In Part III, we returned to the non-dipolar case and studied the buildup of spatially self-similar,
decaying turbulent cascades throughout the regime of universal dynamics. Parts of this work
have previously been published in [2]. We investigated the emergence of an IEC in large ensem-
bles of decaying quantum vortices, with a particular focus on the relationship between universal
dynamics near NTFPs and the appearance of decaying turbulent cascades as described in classi-
cal turbulence theory. This approach allowed us to further explore the parallels between classical
and quantum turbulence and to establish the relevance of NTFPs in the context of classical tur-

bulent phenomena.
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In Chap. 7, we first identified an irreversible transfer of energy from incompressible to com-
pressible contributions, which is characteristic of a decaying quantum turbulent state. We at-
tempted to extract the Kraichnan-Kolmogorov scaling exponent of —5/3 in the incompressible
energy spectrum, including an analysis based on its representation within the point-vortex model.
Due to insufficient IR resolution, we extended our simulations to strongly enlarged systems con-
taining on the order of 10 quantum vortices. In these systems, we recovered self-similar dynam-
ics and found strong indications of an IEC in the deep IR.

In Chap. 8, we presented a detailed quantitative analysis of the turbulent vortex dynamics
based on the velocity circulation around square contours. We found that the second moment of
the circulation exhibits spatial Kraichnan-Kolmogorov scaling at intermediate times, although
this behavior is short-lived. Correspondingly, the maximal local slope of the circulation displayed
a transient approach toward the expected 8/3 scaling behavior. Remarkably, the onset of the IEC
coincided with the emergence of universal dynamics near the anomalous NTFP. This simultaneity
was further confirmed at the level of individual simulation runs, in which the approach toward
the IEC was even more pronounced.

In Chap. 9, we pursued a detailed characterization of the identified IEC by analyzing higher-
order moments of the velocity circulation, with particular emphasis on intermittent deviations
at large moment orders. Within a well-defined inertial range, we found that all higher-order
moments exhibit power-law scaling, with the extracted scaling exponents closely following the
experimentally determined parameters of a bifractal intermittency model known from studies of
classical two-dimensional turbulence. Using a similar approach, we also analyzed higher-order
moments of the distribution of inter-defect distances as a function of time. Within the universal
scaling interval, the extracted exponents followed an approximately linear behavior and showed
no indications of intermittency. By computing the probability distribution functions of both the
velocity circulation and the inter-defect distance, we confirmed the statistical convergence of
all moments considered and identified the limitations of our statistical analysis. Finally, we es-
tablished a scaling hypothesis for the probability distribution of the velocity circulation, which
exhibited spatial scaling governed by the Kraichnan-Kolmogorov exponent ~ 4/3 and temporal
scaling determined by universal dynamics near the anomalous NTFP with an exponent ~ 1/5.
This result highlights the close connection and simultaneous presence of both scaling properties.

Overall, our findings provide further evidence for the emergence of subdiffusively slow vor-
tex coarsening in quasi-two-dimensional Bose gases. In particular, we have demonstrated that
the scaling behavior near the anomalous NTFP is remarkably stable against variations of the mi-
croscopic interactions. Nevertheless, the large-scale vortex dynamics were found to be strongly
influenced by long-range and anisotropic DDIs, emphasizing the need for further investigation.
By establishing a close connection between the anomalous NTFP and the presence of a decay-
ing IEC, we have further highlighted the relevance of NTFPs for the study of classical decaying
turbulence and identified a characteristic scaling exponent that is distinctly smaller than what is
found in classical two-dimensional turbulence.

The work presented throughout this thesis has advanced our understanding of subdiffusive
scaling behavior and has resolved several open questions, as summarized above. At the same

time, it has raised numerous new questions and opened up a range of potential research directions
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that could be pursued in future work. In the following, an incomplete list of preliminary ideas
is compiled, aiming to highlight outstanding problems that emerged during the course of this

thesis.

« A natural extension of the study of vortices in dipolar superfluids is to cross the phase
transition into the supersolid regime, where spatial density modulations emerge and are
expected to confine vortex dynamics to the respective density minima. This confinement
is likely to have profound consequences for vortex dynamics and coarsening behavior and

therefore appears worthy of investigation.

+ As already discussed in the main text, the scaling exponents [y, extracted from the total
vortex number were found to be slightly larger than the exponent /3, associated with the
inter-defect separation. Further investigation of this deviation could elucidate the scaling
relation (6.1), in particular with respect to possible residual scaling of the characteristic
volume V (t) = Ny (t)fy(t)? occupied by the vortex ensemble. It may also be interesting to
study how this volume evolves upon approaching the Gaussian NTFP, given that loosely
bound vortex dipoles in this regime can annihilate via friction exerted by sound excitations
in the condensate background, without traversing the entire system in search of a collision

partner.

« We have provided further evidence in this thesis that three-vortex annihilation processes
constitute the driving mechanism behind subdiffusive coarsening. However, unambiguous
identification of such events in the vortex dynamics remains an open challenge. Imple-
menting a vortex-tracking algorithm, combined with detailed comparisons to point-vortex
model predictions, would be a first step. Within the point-vortex framework, it may also
be insightful to evaluate its conserved quantities using the actual vortex positions and ve-
locities obtained from GPE simulations, in order to assess the model’s applicability, partic-
ularly with regard to the two distinct NTFPs (anomalous, Gaussian). This approach could

potentially serve as a kind of symmetry witness for the vortex dynamics.

« The strong dependence of vortex clustering behavior on both dipolar strength and aniso-
tropy, as observed in Sect. 6.4, raises fundamental questions concerning collective vortex
dynamics in dipolar systems. How does the general theory of Onsager clustering generalize
to dipolar quantum vortices, and does the presence of long-range and anisotropic interac-
tions inhibit the formation of strongly bound vortex clusters? These questions could be
addressed within the recently proposed dipolar point-vortex model [326], which would
allow for a systematic analysis of clustering and anticlustering tendencies and help build
intuition for cluster formation in dipolar gases. It would also be highly desirable to study
this behavior experimentally, in close analogy to [60, 86]. Such experiments may become

feasible following the recent identification of quantum vortices in dipolar superfluids [195].

+ A more detailed understanding of the relationship between the observed clustering behav-
ior and the different Porod-law scaling exponents (, cf. Fig. 5.13, is expected to further
elucidate the role of the scaling function near the NTFP, in particular with respect to its

previously proposed universality.
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« Throughout this thesis, we focused on the separation between each vortex and its nearest
neighbor. This analysis could be generalized to the n-th nearest neighbor, following the ap-
proach of [340] in the context of vortex formation via the Kibble-Zurek mechanism. Such
an extension would allow one to determine up to which n subdiffusive coarsening persists
and when the nonuniversal collective behavior associated with different clustering pat-
terns begins to dominate the vortex separations. This would also enable a characterization

of vortex positioning in terms of a Poisson point process.

+ In the density evolution of extremely large vortex ensembles, we observed shock-wave-like
density fronts propagating through the system, cf. Fig. 7.5. In classical turbulence, it is well
known that shock waves can strongly modify scaling properties, especially with respect to
intermittency. Translating these observations to quantum turbulent systems may enable
direct comparisons and could allow for the detection of vorticity generation at shock fronts,

which would require significantly stronger density modulations than those observed here.

« In [349], where the study of velocity circulation was first proposed, area laws for circu-
lation around contours of fixed area but varying aspect ratios were also discussed. This
topic has recently attracted renewed interest in classical turbulence [350, 352] and could

be investigated using the numerical data for quantum turbulence obtained in this thesis.

« Within this thesis, the most pronounced Kraichnan-Kolmogorov scaling behavior was ob-
served in the probability for vanishing velocity circulation, as shown in Fig. 9.6. This ob-
servable could be used to reassess the numerical data of Part II and may provide a cleaner
identification of turbulent dynamics already in smaller systems. If IECs could be unambigu-
ously identified at lower vortex densities and smaller system sizes, this might enable more

stable and long-lived turbulent regimes.

« So far, we have analyzed velocity circulation primarily in temporal regimes exhibiting sub-
diffusive coarsening. Performing an analogous analysis near the Gaussian NTFP would be
highly informative, as it could reveal the dominant spatial characteristics of turbulence in
that regime. More generally, achieving more stable Gaussian scaling behavior would be of
great interest in order to better quantify the transition time between fixed points and to

identify the relevant control parameters.

« In [351], the scaling behavior of velocity increment structure functions in two-dimensional
NSE dynamics was studied, revealing the absence of intermittency in the longitudinal struc-
ture function and the presence of intermittency in transverse ones. This indicated that the
intermittent deviations observed in Fig. 9.1 are purely related to transverse structure func-
tions. This hypothesis could be tested using our dataset for a large quantum turbulent

system.

« In Sect. 9.3, we introduced a scaling hypothesis for the PDF of the velocity circulation,
which was confirmed independently along the spatial and temporal directions. It remains
to confirm this hypothesis by a simultaneous rescaling along both directions, which was

beyond the numerical accessibility of the present work.
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+ The turbulence investigated in this thesis was exclusively of decaying nature and not exter-
nally driven. It therefore remains of interest to what extent forced turbulence can be real-
ized, in analogy to the stationary turbulent cascades studied in classical turbulence theory.
In this context, [118, 353] have shown that fast rotation of the dipole polarization in dipo-
lar Bose gases can lead to vortex generation reminiscent of magnetic stirring, a standard
technique in classical turbulence [350]. Incorporating appropriate dissipation mechanisms
at both UV and IR scales remains a challenge, but such setups may provide an intriguing
link between the two main parts of this thesis. Additionally, periodic modulation of the
scattering length using Feshbach resonances allows for forcing at a specific length scale
[354]. While this approach is typically not strong enough to generate vorticity, it could

serve as an alternative route for studying wave turbulence.
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SUPPLEMENTARY DERIVATIONS

The following appendix provides detailed derivations of the analytical formulas stated in the

main text. We include the complete calculations here for clarity and completeness.

A.1 DERIVATIVE IDENTITY

In this appendix we will derive the derivative identity

8 8 1 T26ij - 3l‘i$j 47
“amomr . B 3wl &y

which, for ¢ = j = 3 and x3 = 2z = r cos 0, reduces to an identity for the dipolar potential (3.2).
This relation is used to compute the Fourier transform of the dipolar potential in App. A.2. For
r # 0, the identity follows straightforwardly:

0 il _ 0 .7,‘7] 7“252‘3' —3.7}7;.7}j

_ i == ) A2
Ox; dxjr  Ox;r3 rd ’ 4.2

where the delta-function term of (A.1) is absent. To determine the behavior at r = 0, we regular-

ize the Coulomb potential as
1 1
- = lim —— (A.3)

T oes0t Vr24e’

and compute its derivatives

. g 9 1 . (5,‘]‘7“2 - 3.%,‘5(7]‘ .
— lim - 5 = lim —— + lim p—
e—0+ 0x; 8mj Vré+ e e—=0t  \/p2 +e e—=0t /2 +e

The first term remains finite at r = 0 and can be evaluated directly, whereas the second term

(A.4)

diverges as ~ £~/2 near the origin. Its action on a test function f (r) is given by
lim [ d3r f(r); = lim /d3u f(ﬁu)*
e—07t Vr2 4+ 55 e—07t u2 + 15
o0 u? 4
—4nf(0) [ du——teg = SE£(0), (A5)
0 vu? +1 3

where we have substituted r = \/zu. Hence, the divergent term acts as a Dirac delta distribution,

which proves the derivative identity (A.1).
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A.2 FOURIER TRANSFORM OF DIPOLAR POTENTIAL

In this section, we present the explicit derivation of the Fourier transform of the dipolar potential

given in (3.4). As a starting point, we rewrite the integral in spherical coordinates:
Uaa(k) = /dgr Uga(r) e 'kr
C’ 2 1-3 0
Zdd / / dy / dp —— 20 7 o-ikra (A.6)

where 2 = cos ¢, with 6’ denoting the angle between the position vector r and the momentum
vector k, whose respective magnitudes are » = |r| and k£ = |k|. In contrast, f remains the angle
between r and the polarization direction P, which must be expressed in terms of ¢’ the angle 6y,

between k and P, and the two azimuthal angles ¢ and @y. This yields

cos @ sin ¢’ COS y, sin Oy,
o =0 . .
cosf =%-P=|singsing | - | sin gy sin 6y, P cos @ sin 0 sin O, + cos 0 cos O,
cos 0’ cos 0,

(A7)

where we have set ¢, = 0 without loss of generality, corresponding to a rotation of the coordi-
nate system around k such that the polarization axis lies in the x-z plane. For the square of the

cosine we obtain
cos? 0 = cos® ¢ sin? 0, (1 — :):2> + 2 cos psin 0’ cos ' sin 0, cos 0y, + cos® 0, 22, (A.8)

where the middle term will vanish upon integration over ¢ in (A.6). The azimuthal integral then

gives

2w
f, e
0

1-3 <0052 gosin2 0. (1 - :cz) + cos? 0y, x2>]

=7 [2 -3 <sin2 Ok (1 — x2) + 2cos? 0, x2>] =7 (1 — 3cos? Ok) (31‘2 — 1) .

(A9)
Substituting this back into (A.6) yields
Uga(k) = Cdd (1 — 3 cos? Hk) dw —/ dz 3x — 1) —lwz
4 0
~ Cad d? sin w
; (1—3c0s ek / dw — <3dw2 1) ==, (A.10)
where we have introduced w = kr. The remaining integral evaluates as
1o 1 d? sin w © d (1 dsihw
2/0 ww<3dw2+> w /0 wdw(wdw w >
. wcosw — sinw 1
=lim ——=—- (A.11)
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where we have used the spherical Bessel equation for sin w/w. Combining all results, we obtain

the Fourier transform of the dipolar potential:

Uga(k) = % (1 — 3cos? 9k) : (A.12)

which is independent of the magnitude of the momentum but retains the characteristic angular
dependence of the DDL

In the following, we present an alternative derivation of the Fourier transform, based on the
derivative relation introduced in App. A.1. The dipolar potential can be written as

2 1 6
Udaa(r) = —Caa (8z24m + (3r)> : (A.13)

which allows us to express its Fourier transform as

g 021 Caa  Caa 1 Cad
Uaa(k) Cdd/d " 82 4 3 4 k: r (k) 3’

where F[1/7](k) denotes the Fourier transform of the Coulomb potential. Evaluating this Fourier

(A.14)

transform is a common exercise which makes use of the regularized potential, i.e., the Yukawa

potential, and gives

e_M] (k) = lim —o7_ 47 (A.15)

B ;Li%* k2 + ,U2 - k2

fH (k) = lim ]—"l

u—0t r

Inserting this into (A.14), and with k, = k cos 0, we recover the same result as in (A.12).

A3 QUASI-TWO-DIMENSIONAL DIPOLAR POTENTIAL

In this appendix, we provide the detailed evaluation of the integral (3.38) for the quasi-two-
dimensional dipolar potential and derive the corresponding auxiliary functions introduced in
(3.40). We begin by introducing the rescaled momentum vector k/, = k| ap,/+/2 with modulus
K| = |K/| and components k!, = kyan,/v/2 and k!, = k,ano/\/2. Using these definitions, the

integral (3.38) can be rewritten as

Cada 2
Ui (K,) = —==— /dk’ (3 cos? Oy — 1) e Mz A.16
aa(k)) 3Varar. 2 (A.16)
where the angle between the rescaled wave vector k’ and the polarization direction P remains
unchanged, i.e., 0y = 0. The angle ;s depends on the integration variable &/, and can be ex-
pressed in terms of the tilting angle 6 between the dipole orientation and the trapping direction,
i.e,, the z-axis. As discussed in Sect. 3.2.2, we may assume without loss of generality that the

dipoles lie in the z-z plane, allowing the cosine to be rewritten as

K., sin 0

A A 1
cosl =k'-P = o kKAl o | (A.17)

K. cos 6
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which separates contributions parallel and perpendicular to the quasi-two-dimensional plane.
The squared cosine becomes
1

T (k"i sin® 0 4 2k, k. sin 6 cos 0 + k'> cos? 9) : (A.18)

cos® Oy =

where k> = k'3 + k2. The term linear in &, vanishes upon integration in (A.16) because of
antisymmetry and is therefore omitted. Substituting (A.18) into (A.16) gives
C, 35— K4 — K2 2k — k7 2
UK = dd /dk’z ) L R sin® ) + 7/;‘ cos’f | e F=
3v2mane K+ K %+ k
__ Ca
3\/ 2w ho

where the auxiliary functions Fj(k’, ) and F; (k', ) represent the in-plane and out-of-plane con-

(Fy()sin? 0+ Fy (K, ) cos?6) | (A.19)

tributions, respectively. Although these integrals cannot be evaluated analytically, they can be

expressed in terms of special functions suitable for numerical evaluation. We first rewrite them

as
3k'2 ;K e 1 , 2
Fi(ky) = N /dkzik,z P ﬁ/dk 3\f I(l@) , (A20)
3k‘/ k 102 2 12
F(kK))=- \/% dk, Wiikﬂ L ﬁ/dk;e ke = —Bﬁkll(kl) +2, (A21)

such that no explicit dependence on k/, remains in the numerator. The integral I(k' ) can be

evaluated as

1 o0 kj, , 2 , e’} 1 ,
I(ki):f‘/ dk/ﬂiJ—k/Qe*kgzieki/ d/ilie ki(1+‘,§2)

T)oo "k + K2
_ 2 / d€2/ dro ety _ L g2 [0 el e
™ k2 ﬁ k2 4
2 ! /2
= 2 [T aee® = Ferfe(k)), (A.22)

VT
1
using the substitution x = k. /k/, and the complementary error function erfc(z) = 1 — erf(x),

which is defined in terms of the error function
orf(z / dre . (A.23)

Inserting the result (A.22) into (A.20) and (A.21) yields the auxiliary functions given in the main
text, cf. Eq. (3.40).

A4 INCOMPRESSIBLE ENERGY FOR POINT-VORTICES

In this section we briefly derive the incompressible energy spectrum within the point-vortex
model, used in Sect. 7.1 to analyze the IR part of the spectrum. In this model, the compressible
velocity component u, is neglected, so that the incompressible energy becomes

2
o mp2 d2k g_mpg/ d2k |w(k)|
Eie =5 / (2772’ k)" = 2 (2m)2 k2 (A24)




A4 INCOMPRESSIBLE ENERGY FOR POINT-VORTICES
. . . . . . 2 2
where ps is the uniform two-dimensional density and we used the relation |w(k)|” = k?|v (k)|

that applies in the incompressible case. The corresponding isotropic incompressible energy spec-

trum is then defined as

dk mpy

Ei. =
¢ o7 Ark

de [w(k)[* . (A.25)

Eic(k)

For a vortex ensemble where the vorticity is a sum of Dirac delta functions, cf. (3.74), the Fourier

transform F[§(r — r;)|(k) = exp(—ikr;) can be used to express the energy spectrum as

h?ps
Bell) = g 20 [ o ote = rI09F15( — 2]
dmmk ” !
Introducing the relative distance ¢;; = |r; — r;| and redefining the integration variable as the

angle ¢;; between k and r; — r; yields

ikl; i
Eio(k 47rmk quqj / gy ks = 112 quqjjo ki), (A.27)

which is the expression presented in Sect. 3.3.
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