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Abstract

The theory of generalized Kac-Moody algebras is a generalization of the the-
ory of finite dimensional simple Lie algebras. The physical states of some
compactified strings give realizations of generalized Kac-Moody algebras.
For example the physical states of a bosonic string moving on a 26 dimen-
sional torus form a generalized Kac-Moody algebra and the physical states
of a N=1-string moving on a 10 dimensional torus form a generalized Kac-
Moody superalgebra. A natural question is whether the physical states of
the compactified N=2-string also realize such an algebra.

In this thesis we construct the Lie algebra of the compactified N=2-string,
study its properties and show that it is not a generalized Kac-Moody alge-
bra.

The Fock space of a N =2-string moving on a 4 dimensional torus can be
described by a vertex algebra constructed from a rational lattice of signa-
ture (8,4). Here 6 coordinates with signature (4,2) come from the matter
part and 6 coordinates with signature (4,2) come from the ghost part. The
physical states are represented by the cohomology of the BRST-operator.
The vertex algebra induces a product on the vector space of physical states
that defines the structure of a Lie algebra on this space. This Lie algebra
shares many properties with generalized Kac-Moody algebras but we will
show that it is not a generalized Kac-Moody algebra.






Zusammenfassung

Die Theorie der verallgemeinerten Kac-Moody Algebren ist eine Verallge-
meinerung der Theorie der endlichdimensionalen einfachen Lie Algebren.
Die physikalischen Zustande einiger kompaktifizierter Strings liefern Real-
isierungen von verallgemeinerten Kac-Moody Algebren. Beispielsweise wer-
den die physikalischen Zustande eines bosonischen Strings, der sich auf einem
26-dimensionalen Torus bewegt, durch eine verallgemeinerte Kac-Moody Al-
gebra beschrieben, die physikalischen Zustinde eines N=1- Strings auf einem
10-dimensionalen Torus durch eine verallgemeinerte Kac-Moody Superalge-
bra. Eine natiirliche Frage ist, ob die physikalischen Zustinde eines N =2-
Strings, der auf einem 4-dimensionalen Torus kompaktifiziert ist, auch eine
verallgemeinerte Kac-Moody Algebra bilden.

In dieser Arbeit konstruieren wir die Lie Algebra des N =2-Strings, unter-
suchen ihre Eigenschaften und zeigen insbesondere, dafl diese keine verall-
gemeinerte Kac-Moody Algebra darstellt.

Der Fock Raum eines N =2-Strings, der sich auf einem 4-dimensionalen
Torus bewegt, kann durch eine Vertex Algebra zu einem rationalen Gitter
der Signatur (8,4) beschrieben werden. Hierbei kommen 6 Koordinaten
mit Signatur (4,2) vom Materieanteil und ebensoviele vom Geistanteil. Die
physikalischen Zustande sind durch die Kohomologie des BRST-Operators
gegeben. Die Vertex Algebra induziert ein Produkt auf dem Vektorraum der
physikalischen Zustande, das die Struktur einer Lie Algebra definiert. Die
Lie Algebra weist viele Eigenschaften einer verallgemeinerten Kac-Moody
Algebra auf, bildet aber selbst, wie wir zeigen werden, keine verallgmeinerte
Kac-Moody Algebra.






Contents

1 Introduction 3
2 Vertex algebras 8
2.1 Definition and some properties . . . . ... ... ... .. .. 8
2.2 Construction from rational lattices . . . . . ... .. ... .. 12
2.3 Invariant bilinear forms . . . . . ... ... ... 0L 17
3 Generalized Kac-Moody algebras 18
3.1 Basic definitions . . . . ... .. L oL oo 19
3.2 Therootsystem . ... .. ... ... ............. 21
4 The vertex algebra of the N=2-string 23
4.1 Thelattice L . . . . .. . .. ... . 23
4.2 Construction of the vertex algebra . . . ... ... ... ... 27
5 The symmetries of the compactified N=2-string 30
51 Matterpart . . . . . . . ... 30
52 Ghostpart . ... ... ... 43
5.3 The BRST-operator . . ... .. ... ... ... ...... 60
6 The Lie algebra of physical states 71
6.1 Thesmallalgebra. . . .. ... ... ... ... ....... 71
6.2 The cohomology spaces . . . . ... ... ... ........ 75
6.3 The Lie algebra and the Lie bracket . . . ... .. ... ... 76
7 Calculation of the cohomology groups in the (0,0)-picture 81
7.1 The spaces C()0 g, C(@)gg « « + v v v v oo e 81
7.2 Thesubalgebra H . .. ... .. ... ... ... ..., 86
7.3 Theroot spaces Go - - - -« o v o i v i i i 93
8 Properties of the Lie algebra 96
8.1 The bilinear form and the commutator . . . . .. ... .. .. 96
8.2 Is G a generalized Kac-Moody algebra ? . . . ... .. .. .. 106
8.3 Summary of the propertiesof G . . . . . .. ... .. ... .. 108



Chapter 1

Introduction

Today there are some different attempts in physics to build up a theory
that unifies the theory of relativity and quantum mechanics. One of them
is string theory. In string theory particles are not described as points but
correspond to different vibration modes of a one-dimensional string.
Sometimes strings can be described by vertex algebras. That are infinite di-
mensional vector spaces with a state field correspondence which associates
to each element in the vector space (the state) a formal Laurent series (the
field). The fields act on the states. The vertex algebra of the string is acted
on by some extension of the Virasoro algebra of central charge zero.

The different string theories can be distinguished by the representation of
these extensions they carry. In this way we obtain three string theories, the
N=0-string (bosonic string), the N=1-string (superstring) and the N =2-
string. For example the N =2-string is acted on by the N =2-extension of
the Virasoro algebra. The representation is used to construct the so-called
BRST-operator. The physical states of the string are represented by the
cohomology of this operator.

In [B3] it is shown that the physical states of the N=0-string moving on a
torus form a Lie algebra called Fake monster algebra. This algebra is the
simplest example of a generalized Kac-Moody algebra. The physical states
of a compactified N=1-string give a realization of a generalized Kac-Moody
superalgebra, the fake monster superalgebra (cf. [S1]). Hence a natural
question is whether the physical states of the N =2-string moving on a torus
also form such an algebra.

In this paper we construct the Lie algebra of the N =2-string moving on a
torus, describe some properties of it and show that it is not a generalized
Kac-Moody algebra.

Now we explain the construction of the Lie algebra of the N=2-string in
more detail.



The N =2-string moving on a torus is described by a vertex algebra con-
structed from the rational lattice L = Il 2 @ D5 , @ Z*. This vertex algebra
carries a representation of the N =2-extension of the Virasoro algebra, which
is used to construct the BRST-operator @ satisfying Q2 = 0. The physical
states are represented by the cohomology of this operator. More precisely
for nonzero momentum there are infinitely many isomorphic copies of vector
spaces called pictures representing the physical states. We restrict to the
(0,0) picture. The vertex algebra induces a product on the vector space
of physical states that defines the structure of a Lie algebra on this space.
This Lie algebra is graded by the 4 dimensional momentum lattice Il o.
The Lie algebra decomposes into root spaces which have dimension one. All
roots have zero norm. We show that this Lie algebra is not a generalized
Kac-Moody algebra.

Most of the ideas necessary for the above construction come from physics
and are described in the physics literature (cf. [LT], [P]). The construction
is analogous to the construction of the Lie algebra of the superstring (cf.
[S1]). References for the N =2-string ([BL|, [BKL], [KL], [JL1], [JL2]) are
also important for this work.

We describe the chapter of this thesis in more detail.

As mentioned above strings sometimes can be described by vertex algebras.
In chapter two we define the term vertex algebra and state some calculation
rules that will be needed in the following computations. We define the Vira-
soro algebra. The Fock space of the N=2-string will be realized by a vertex
algebra constructed from a rational lattice. Therefore we describe the con-
struction of a lattice vertex algebra. To get later an invariant bilinear form
on the Lie algebra we define first an invariant bilinear form on the vertex
algebra. We state the terms and results about invariant bilinear forms on
vertex algebras that we will need.

In the third chapter we describe some results about generalized Kac-Moody
algebras (cf. [B1], [B2]). The theory of generalized Kac-Moody algebras is
a generalization of the theory of finite dimensional simple Lie algebras.

Let G be a finite dimensional simple Lie algebra over C. Then G has a
Cartan subalgebra H and an invariant bilinear form (z,y) = tr(ad(z)ad(y))
where z,y € G. G decomposes into a sum over H and one-dimensional root
spaces G, i.e.

G=Heo P GCa.

aEA

We choose a set of simple roots {a,...,a,},n = dimH. Then the sym-
metrized Cartan matrix a;; = ((as, @j));; has the following properties



® a; >0,

* ajj = aji,

* a; < for i # j,
® 2a;;/ay; € Z.

In this way we can associate a matrix to G. G is completely determined
by the symmetrized Cartan matrix because of the Theorem of Serre which
states that a Lie algebra with generators e;, f;, h; and relations

e [e;, f5] = dijhi,
o [hi,e] = ajje; , [hi, fi] = —aijf;,
o (ade;)'2wilvie; = (ad f;)' 2% /%i f; =0, i # j,

is isomorphic to G. Generalized Kac-Moody algebras are now obtained by
applying Serre’s construction to matrices which might have diagonal entries
smaller or equal to zero. That means generalized Kac-Moody algebras might
have imaginary simple roots. We recall some basic definitions and results
about generalized Kac-Moody algebras and describe the results that will be
needed to show that the Lie algebra of the N=2-string is not a generalized
Kac-Moody algebra.

In chapter four we construct a vertex algebra that represents the Fock space
of the chiral N = 2-string moving on a torus. The N = 2-string has crit-
ical dimension 4, i.e. it can be defined consistently only in 4 dimensions
and has 4 bosonic and 4 fermionic degrees of freedom. We represent the
bosonic degrees by a 4 dimensional even lattice with signature (2,2) and the
fermionic degrees in bosonized form by the weight lattice of the Lie algebra
D5. Because of the bosonized form the fermions give two degrees of freedom,
together with the four bosonic degrees of freedom we get six matter degrees
of freedom. In order to obtain a representation of the N=2-superconformal
algebra of central charge zero we have to introduce six ghost coordinates.
Two of them carry a negative metric and must be described together with
the fermionic lattice. Hence we need a rational lattice L of signature (8,4)
to describe the N=2-string moving on a torus. The Fock space of the string
is then given by the vertex algebra of L.

In chapter five we show that the vertex algebra of the N =2-string carries
a representation of the N =2-extension of the Virasoro algebra of central
charge zero and use it to construct the BRST-operator. Thereto we define
a matter part representation of central charge 6 and a ghost part represen-
tation of central charge —6 so that they sum to a representation of central



charge 0. The vertex algebra of the N =2-string contains physical and non-
physical states. By means of the representation of the N=2-extension of the
Virasoro algebra we construct the BRST-operator (). The physical states
are described then by the cohomology of this operator.

In chapter six we construct the Lie algebra of physical states of the N=2-
string moving on a torus. The physical states are realized by the coho-
mology of the BRST-operator (). There are many isomorphic copies of the
space of physical states and the picture changing operators produce isomor-
phisms between them. We define a subalgebra Vg of the vertex algebra of
the compactified N =2-string called small algebra. This restriction will al-
low us to construct the picture changing operator. In order to construct
a bilinear form we restrict further to the vertex superalgebra VSGSO. We
determine the cohomology groups of @ in VSGSO. As we will see the only
nonvanishing cohomology groups for nonzero o € I3 are the cohomology
groups with o2 = 0 and ghostnumber one. We define the Lie algebra of the
N=2-string. Thereto we define a product {,} on V§3? and describe some
properties of it. We show that {, } closes on the cohomology. To define the
Lie algebra G we restrict to the (0,0)-picture and define the Lie bracket as
[u,v] = {u,v},u,v € G. To obtain a bilinear form on G we define a bilinear
form on the cohomology. As we will see later the bilinear form vanishes on
the root spaces.

In chapter seven we calculate explicitly the cohomology group in the (0,0)
picture. This will be needed to calculate the bilinear form and the bracket.
Thereto we have to construct the vector spaces Cf (), Cg () of picture
(0,0) and ghost number 0 and 1 respectively. We determine the Cartan
subalgebra

H = Ker Q|Cé,0(a)/1m Q|Cg,0(a), [eAS IIQ72, a=0,
and the the root spaces

Ga = Ker Q|Cé,0(a)/:[m Q'C(()),O(a), o € IIQEQ, (6 ;é 0,042 = 0.

In chapter eight we describe some properties of the Lie algebra G of the
N=2-string. In particular we show that G is not a generalized Kac-Moody
algebra. G decomposes as

G=He P GCa

a€ll; 2 \{0}

We show that the invariant bilinear form on G is symmetric and pairs G,
with G_, trivially. We also prove that there is no nondegenerate invariant



bilinear form on G. We show that the subalgebra H of G is abelian. The
bilinear form on G is nondegenerate on H and gives an isometry from H to
Il 5 @, C. Therewith we show that the subalgebra H measures the momen-
tum, i.e. [h,z] = (h,a)z for h € H and = € G,. Because of these properties
we call H Cartan subalgebra of G. Then we calculate the commutator [z, y]
for z € Go,y € Gg. We show that the Lie algebra G of the N =2-string is
not a generalized Kac-Moody algebra with Cartan subalgebra H.



Chapter 2

Vertex algebras

Sometimes strings can be described by vertex algebras. These are vector
spaces with a state-field correspondence which associates to each element in
the vector space (the state) a formal Laurent series (the field). The modes
of the field act on the states.

In this chapter we define the term vertex algebra and state some calcula-
tion rules that will be needed in the following computations. We recall the
definition of the Virasoro algebra. The Fock space of the N =2-string will
be realized by a vertex algebra constructed from a rational lattice. In the
second section of this chapter we will describe the construction of a lattice
vertex algebra. To get later an invariant bilinear form on the Lie algebra we
define first an invariant bilinear form on the vertex algebra. In the third sec-
tion we state the terms and results about invariant bilinear forms on vertex
algebras that we will need.

2.1 Definition and some properties

Let I' be a finite abelian group, g an exponent of ', A : I' xI' = Q/Z a
symmetric map bilinear mod Z and 7 : I' x I' = C* bimultiplicative.

We define

Definition 2.1
Let

V:EBV7

yer

be a I'-graded complex vector space and

V. = (EndV)[[zs,27 9]
a — a(z)= Zanzfnfl

1
nEgZ



a parity preserving state-field correspondence, i.e. fora € V,,,beV,,,
a(z)b = Z anbz "1
n€Z+A(11,72)

and
anb € V’Yl +y2

is zero for m sufficiently large.
V is a I'-graded vertex algebra if it satisfies the following conditions.

o There is an element 1 € Vy called vacuum with
1(z)a = a and a(2)1|,=0 = a.

e The operator D on V defined by Da = a_o1 satisfies
[D, a(2)] = da(2).
e The locality condition

izw(z = w)"a(2)b(w) — n(V1,72)iw,z(z — w)"b(w)a(z) =0

holds for a € V,,,,b € V,, and n € Z + A(v1,72) sufficiently large.
Here i, (2 —w)™ is the binomial ezpansion of (z —w)™ in the domain
2] > |wl], d-e. dzu(z —w)" = Fps0(=1)* (F) 2" k.

Proposition 2.2
Leta €V, ,beVy,,ceV,, andn € Z+ A(v1,72),k € Z+ A(y1,73). Then
we have Bocherds’ identity

n . .
> (g) (=1){an+k—jbm+jc — (711, 72) €™ bmin—jak+jct
j=>0

k
= Z ( ) (@n+jb)k+m—jc.
>0 M
Proof:
of. [R]. O

If A(y1,73) = 0 we can put k = 0 to get the associativity formula

n . .

(anb)me = Z ( ) (=1 {an—jbm+jc — n(v1,72) € " bmsn—jajct
iz0 M

and if A(71,72) = 0 we get the commutator formula

k
agbme — n(y1, v2)bage = Z ( ) (ajb) k+m—jc-

J=0



We call the term

a(z)b = Z anbz™ ™!

operator product expansion (OPE). Since the commutator is deter-
mined by the terms a;b with j > 0 (Proposition 2.2) we will write

—n—1
a(z)b = E anbz + .
n>0 nonsingular terms

We will need the following notations.

Definition 2.3

Let ag, by, € EndV.

We define the commutator-symbol [,] by [ag, by] = axby, — bay and the
anticommutator-symbol {,} by {ak, bn} = axby, + byak.

Hence we have

[ama bn] = _[bna am]-
{Cmadn} = {dnacm}-
ambn, = [Gm,bn] + bpam.-

Cmdn = {Cmadn}_dncm-

Proposition 2.4
For the vacuum 1 € V holds 1, = dp+1 and D1 = 0.

Proof:
Definition 2.1 implies

1(z)a = Z lpaz "1 = a.

ne%Z
Hence
a for n=-1,
l,a =
0 else,
hence 1, = dp41. We get D1 =1_51 =4§_9,11=0. O

The following result is also useful for calculations.

Proposition 2.5
Let v e V. Then we have

(Dv)y, = —nvp_1.

10



Proof:

(Dv)pz = (v_2l)pz
) ,
= Z ( . )(—1)]{’02]' lpyjz + 1n,2,jvjm}
>0 Vi N—— N ——’

Ontj+1T  On—1-;U;T

- (_n_i 1)(—1)_”_lvn1x + (n__21>(—1)”_lvn1:v

= —NUp_1Z.

For later use we need the definition of a vertex superalgebra.

In a Zy-graded vectorspace V =V & V; we put [v| =0ifv € Vg and |v| =1
if v € V7. Elements in V5 or V7 are called homogeneous. Whenever |v| is
written, it is to be understood that v is homogeneous.

A vertex superalgebra is a special case of a I'-graded vertex algebra where
I is Zo and the fields have expansions in integral powers of z and 2!, A
more explicit and equivalent definition is the following.

Definition 2.6

A vertex superalgebra is a Zs-graded vectorspace V = V5 @& V7 equipped
with an infinite number of products, written as upv for u,v € V,n € Z,
satisfying the following azxioms.

o The products respect the grading, i.e. |uyv| = |u| + |v|.
o u,v =0 for n sufficiently large.

o There is an element 1 € Vg, called vacuum, such that vy,1 = 0 for
n>0andv_11=w.

e The Borcherds identity

> (Z) (WD) kW =

k>0

5 () V¥ o) = DD )

k>0

holds.

Sometimes vertex algebras carry symmetries, i.e. representations of Lie
algebras.

11



Definition 2.7
Let V be a vertex algebra. An element w € V is called Virasoro element
of central charge c if it satisfies the following conditions.

e The operators L, = wn41 give a representation of the Virasoro al-
gebra of central charge c, i.e.

m3—m

[Lm, Ln] = (m — n)Lm+n + T

6m_|_nC.

o L is diagonalizable on V.

e D=1T1L_4.

2.2 Construction from rational lattices

The Fock space of the N=2-string moving on a torus is realized by a lattice
vertex algebra, i.e. a vertex algebra constructed from a rational lattice. In
this section we describe this construction.

First we recall some basic terms about rational lattices.

Definition 2.8

A rational lattice is a free Z-module L of finite rank with a nondegenerate
symmetric rational bilinear form (,) : L x L — Q.

For a lattice L the dual lattice L' is defined by

L' = Hom(L,Z) = {z € R"|(z,y) € ZVy € L}.
An even lattice is a lattice L with
22 = (z,z) = 0 mod 2 Vz € L.

Definition 2.9

Let L be a rational lattice of rank n. Then we can diagonalize the bilinear
form on V. = Q@ L. Let n™ be the number of the basic vectors with
positive norm, n~ the number of the basic vectors with negative norm. Then
n=mn"+n" and (n*,n7) is called the signature of L.

Definition 2.10

Let L be a rational lattice with basis {e1,...,en}. The matriz A = ((e;, €;))i;
is called Gram-matrix. The determinant of the Gram-matriz is indepen-
dent of the choice of the basis and is denoted by det(L).

Definition 2.11
An integral lattice L is a lattice with integral bilinear form (,) : LXL — Z.
A rational lattice L is called unimodular if |det(L)| = 1.

12



Now we describe the construction of the lattice vertex algebra.
Let L be a rational lattice of finite rank and Ly # 0 an even sublattice of L
with L C Ly,
Let
L=LyULyU...ULy, with L; = §; + L

be the coset decomposition of L with respect to Lyg.
Put

F:L/LO = {’70’71’---5’771}5

where +; corresponds to L;, and let ¢ be an exponent of T'.
Define
A:TxTI'— Q/Z

by
A(vi,v5) = —(64,65) mod Z.

This map is well-defined and bilinear modZ.
Let n: ' x I' = C* be a bimultiplicative map with

n(vj,;) = %), (2.1)
Let {ai,...,an} be a Z-basis of L.
Define € : L x L — C* by
C(CYZ', a]) = Q44 1 < ja
elai, o) = Bloy,o)e(aj,o5) >,

where B : L x L — C* with

B(e, B) = e ™ @Bp(y;, ), (2.2)

and with some a;; € C* and extend to L by bimultiplicativity.
Then € is a 2-cocycle, i.e.

e(a,0) = €(0,a) =1

and
e(a, B +7)e(B,7) = (o, B)e(a + B,7)
holds.

Let hy, = L®,C.

Definition 2.12
Define the infinite dimensional Heisenberg algebra

h=hy®Clt,t ] ®Ce
with products [hi(m), ha(n)] = Mmémin(h1,he)c and [h1(m),c] =0,
where hi(m) is a short form for h@t™ , h € hr,.

13



Then b~ = h® t'C[t '] is an abelian subalgebra of h and S(h™) is the
symmetric algebra of polynomials in h™.

Let C[L] be the group algebra of L with basis {e*|a € L} and products
e®ef = e2th,

Definition 2.13
We define the vector space V' by

V =S(h7)®CL].

V decomposes as

V=,

Y€l

where

~

V,, = S(h™) ® CL;].

Now we define the vertex operator for the element e® € C[L] and the element

~

h(—n — 1) € S(h™).

Definition 2.14
We define the vertex operator of e® € C[L] as

e®(z) = e®(2)Te%(2)”
where

e®(2)t = e“cqexp (Z a(—m)%) =e%, Z S (a)z™

m>0

and

e®(2)” = 22Oezp (— Z a(m)%) .

m>0

The linear operator c, acts on C[L] as cae® = €(a, B)e’.
The S;,() are called Schur polynomials.

Definition 2.15
For h(—n —1) € S(h™),n >0, put

h(—n —1)(2) = 8™ h(z)
with h(z) = Y peg h(n)z""" and 8 = &.

n!

Now we can define the vertex operator for an element v € V.

14



Definition 2.16
The bosonic normal ordering : hi(n1) ... hg(ng) : of Heisenberg genera-
tors is defined by putting all h(n) with n < 0 (creation operators) to the left

of those with n > 0 (annihilation operators).
We define

(B (=1 — 1) .. (=g — 1)e%)(2) = (2.3
e*(2)T :hi(—n1 — 1)(2) ... hp(—ngp — 1)(2) : e*(2)~

and extend this definition linearly to V to get a parity preserving state-field

correspondence V- — (End V)[[zé,z_é]].

Theorem 2.17
With this structure V is a vertex algebra graded by I'. The vacuum is given
by1®ed.

Proof:
cf. [S1]. O

Proposition 2.18
The first 4 Schur polynomials are

S()(Oé) = 1,
Si(e) = af-1),
1
Sa) = 2(a(-1+a(-2)
1 1
S3(a) = —a(—1)3+ —a(-1)a(-2) + ~a(-3)
6 2 3
Proof:
We have
Zm
erp (Z a(—m)ﬁ) = Sm(a)z™
m>0
(Definition 2.14). Comparison of coefficients gives the assertion. O

Proposition 2.19
For e*,e? € C[L] we have

egeﬂ = 6(0&, IB)S—n—l—(a,ﬂ) (a)ea+ﬂ_

Proof:
For m > 0 we have a(m)e? = 6,,(c, B)e?. Hence

ezp (— > a(m)%) e = izlv (—Za(m)%)leﬂ

m>0 1=0
—-m 1 —m\ 2
= 1—Za(m)z——l—§ (— a(m)%) + f=ef
m>0 m>0



implies

Hence

L0) B _ () B

e®caz?Oef = e(a, B) 2P 2B,

With this we have

e*(2)e?

a B.,—n—1
g epe’z

neZ

e“cqexp (Z a(—m)%) 220 ezp (— Z a(m)%) e?

m>0

~ S

e%cy (Z Sm(a)zm> 220 ¢f

m>0
e(e, ) Y Sm(a)zmH @D eath
m>0
_1_(aaﬂ)
e(a, B) Z S_n_l_(ayﬂ)(a)eoﬁﬁz*"*l

n=—oo

6(0&, /8) Z S—n—l—(a,ﬂ) (a)ea%b)zinil'

nez

This proves the proposition. O
The following result is helpful for calculations.

Proposition 2.20
For k(—t) € S(h™) we have

Proof:
k(=t)(z)

k(=) = <_W;tt1_ 2)k(m+ 1-1).

> k() mz ™ = 0 Vk(2)

mEZ

Z 8£t_1)k(n)z_"_1

neL

Zﬁ(—n— 1) (—n—2)-...(—n+1—Dk(n)z—"""

neZ

1
—(—m—=2+t)(-m —-3+1)
7% (t—1)!

(—m)k(m+1—t)z7™ L

16



1

= k(—t)m = (t_l)!(—m+t—2)(—m+t—3)-...-(—m)k(m+1—t).
With
(—m+t—-2)(—m+t—-3)-...-(—m) = %

- - 1)!(_";2_ 2)

follows 9
k(—t)m = (_W;Hl_ )k(m +1—1t).
O
In particular we get for t =1
E(=1)m = k(m). (2.4)

2.3 Invariant bilinear forms

Here we describe some results on invariant bilinear forms on vertex super-
algebras. They will be used to construct an invariant bilinear form on the
vertex algebra of the N=2-string and on the corresponding Lie algebra. For
more details confer [S1] and [S2].

Definition 2.21

Let V' be a vertex superalgebra with Virasoro element. Suppose that Ly acts
locally nilpotent on V' and that the eigenvalues of Ly are all integral.

We define the adjoint vertex operator of a € V with Loa = ha by

a(z)" = Z atz "1

neZ

af = (-1)" Z Ea
" m! 2h—n—m—2'

m>0

where

Definition 2.22
A bilinear form (,) on a vertex superalgebra V is called invariant if

(anb, ) = (=1)14(b,axc).
Define V}, := {a € V|Loa = ha}.

Theorem 2.23
The space of invariant bilinear forms on V is naturally isomorphic to the
dual of Vo /L1 V1.

Proof:
cf. [S1], [S2]. O
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Chapter 3

Generalized Kac-Moody
algebras

In this chapter we describe some results about generalized Kac-Moody al-
gebras (cf. [B1], [B2]). The theory of generalized Kac-Moody algebras is a
generalization of the theory of finite dimensional simple Lie algebras.

Let G be a finite dimensional simple Lie algebra over C. Then G has a
Cartan subalgebra H and an invariant bilinear form (z,y) = tr(ad(z)ad(y))
where z,y € G. G decomposes into a sum over H and one-dimensional root
spaces G, i.e.

G=Ho P GCa.

a€EA

We choose a set of simple roots {a1,...,a,},n = dimH. Then the sym-
metrized Cartan matrix a;; = ((o, a;));; has the following properties.

* a; >0,

® a;j = aj;,

e a;; < for i # j,
® 2a;j/a; € Z.

In this way we can associate a matrix to G. G is completely determined
by the symmetrized Cartan matrix because of the Theorem of Serre which
states that a Lie algebra with generators e;, f;, h; and relations

o [e;, fi] = dijhi,
o [hi,e;] = ajiej , [hi, f5] = —aijfj,

o (ade;)! 72/ % e; = (ad f;)' 7200 /%i f; = 0, i # j,

18



is isomorphic to G. Generalized Kac-Moody algebras are now obtained by
applying Serre’s construction to matrices which might have diagonal entries
smaller or equal to zero. That means generalized Kac-Moody algebras might
have imaginary simple roots. In the first section we recall some basic def-
initions and results about generalized Kac-Moody algebras. In the second
section we describe the results that will be needed to show that the Lie
algebra of the N=2-string is not a generalized Kac-Moody algebra.

3.1 Basic definitions

We state some basic definitions and results about generalized Kac-Moody
algebras from [B1].

Definition 3.1
A generalized Kac-Moody algebra G will be constructed from the fol-
lowing objects.

e A real vector space H with a symmetric bilinear inner product (,).

o A set of elements h; of H indexed by a countable set I, such that
h

(hiyhj) <0 ifi #j and 2%% is an integer if (h;, h;) is positive.
We write a;; for (h;,hj) and call the matriz a;; the symmetrized Cartan
matrix of G.

The generalized Kac-Moody algebra G associated to these object is
defined to be the Lie algebra generated by H and elements e; and f; for i in

I with the following relations.

o The image of H in G is commutative.

If h is in H then [h,e;] = (h, hi)e; and [h, fi] = —(h, h;) fi.
lei, fi] = hi if i =7, [ei, [;] =0 if 1 # j.

(ad e;)'~%aii/%ie; = 0 and (ad f;)}~2%i/% f; = 0 if a;; > 0.
leise;] = [fi, fj] =0 if a;; = 0.

H is called the Cartan subalgebra of G.

Note that the h; need not be linearly independent.

Definition 3.2

The root lattice Q is defined to be the free abelian group generated by
elements a; for i in I, i.e. Q= @,c; Zay, and Q has a real valued bilinear
form defined by (o, ;) = a;j. The Lie algebra G is graded by Q) by letting
H have degree 0, e; have degree a; and f; have degree —q;.
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Hence we can write

G:@Ga:H@ @ G,.

acq ac@\{0}

We call the nonvanishing G, with a # 0 root spaces.
Of course we have

[Ga,Gg] C Goqp for o, B € Q.

Definition 3.3

a € @\ {0} is called root & Iz € G,z #0,: degz = «.

Let A be the set of the roots.

a € A is called simple : & « is one of the a; that generates Q.

a € A is called real :& (o, a) > 0.

a € A is called imaginary & (a,a) <0.

Let A™ (resp. A'™) be the set of real roots (resp. imaginary roots).

Let 11 denote the set of simple roots and 11"¢ the set of real simple roots.

We define N, as the subalgebra generated by the e;, N_ as the subalgebra
generated by the f;.
For «; € II we define

ai(h) == (h, i)

for h € H. We also define for a € @)
Go = {z € G|[h,z] = a(h)z Vh € H}.

Let Q+ = @ Z+w;. Then

Proposition 3.4
G decomposes as follows.

G:N+®H@N_

and
Ni= P Gia
a€Q+\{0}
Proof:
Analogous to the proof in [K1]. O

Definition 3.5

a € A is called positive :& a =) kja;, ki > 0 Vi.

a € A is called negative :< —a is positive.

Let AT (A7) be the set of positive (resp. negative) Toots.
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The Definition implies

At =A". (3.1)
For the set of the roots we have
Proposition 3.6
A=ATUA".
Proof:
This follows from Proposition 3.4. O

Definition 3.7

For a =) k;a; € Q we define the support of « : supp(a) = {«;|k; # 0}.
If a« = «; we say that supp(a) is connected. If o is not a simple root
we say that supp(a) is connected if for each a; € supp(a) there exists an
a; € supp(a) with i # j and (o4, ) # 0.

Proposition 3.8

Let I1, I C {1,...,n} be disjoint subsets such that a;; = aj; = 0 if i €
I,j € I. Let as = ) ,cp, kgs)ai €A (kz(s) € Z,s € {1,2}). Suppose that
a=a;+ay €A. Then a3 =0 or ag = 0.

Proof:

Let ¢ € 11,5 € I. Then ajj = Qj; = 0 and [hi,ej] = [hj,ei] = [ei,fj] =
lej, fi] = [eire;] = [fi, f;] = 0. Hence G and G®, where G©®) denotes the
subalgebra generated by e; and f; with ¢ € I;, commute. Since G, lies in
the subalgebra generated by G(!) and G(?), we deduce that Gy, lies either in
GW or in GO, O

Proposition 3.9
For all o € A : supp(a) is connected.

Proof:
This follows from Proposition 3.8. O

3.2 The root system

In this section we state the result that we need to show that the Lie algebra
of the N=2-string is not a generalized Kac-Moody algebra (cf. [B1]).

Lemma 3.10
For a € AT we have (o, ;) <0 for all o; € TI'™.
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Proof:
Let oy € IT'™.
We have o = ) k;ja; ,kj > 0Vj. Hence

(o, 05) = ki (i, i) + D kj (g, 04) < 0.
<0 I <

This proves the lemma. O

Proposition 3.11
Let A = A"™. For o € At we have: If o> =0 then «o € 1Il.

Proof:
a € At hence a = Y ki ,k; >0 ,0; € I = TI". We have k; > 0 Vo €
supp(a). Then

0=(a,a) = Zk’ () <0
<0,Lemma 3.10
= (o, ;) = 0V, € supp(a).
0= (o, o) = ki (i, i) +ij (aj, ).
<0 P %
= (aj,04) =0 Voy,a; € supp(a).

As supp(«) is connected, there exists ¢ with a = a;, hence a € II. O
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Chapter 4

The vertex algebra of the
N =2-string

In this chapter we construct a vertex algebra that represents the Fock space
of the chiral N =2 string moving on a torus. Thereto we use the lattice
construction described in section 2.2.

The N=2-string has critical dimension 4 , i.e. it can be defined consistently
only in 4 dimensions and has 4 bosonic and 4 fermionic degrees of freedom.
We represent the bosonic degrees by a 4 dimensional even lattice with signa-
ture (2,2) and the fermionic degrees in bosonized form by the weight lattice
of the Lie algebra Dy. Because of the bosonized form the fermions give two
degrees of freedom, together with the four bosonic degrees of freedom we
get six matter degrees of freedom. In order to obtain a representation of the
N =2-superconformal algebra of central charge zero we have to introduce
six ghost coordinates. Two of them carry a negative metric and must be
described together with the fermionic lattice.

Hence we need a rational lattice L of signature (8,4) to describe the N=2-
string moving on a torus. The Fock space of the string is then given by the
vertex algebra of L.

4.1 The lattice L

We define )
L — LX @ L¢,¢7¢ @ LX)O-ajé:&
where
X 2,2 1
L? = {(z1,z9,z3,24) € R®*|(allw; € Zor allz; € Z + i)and

1+ 9 — 23 — £4 = 0 mod 2}
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is the unique 4 dimensional even unimodular lattice of signature (2,2) and
describes the 4 bosonic degrees of freedom,

. 1
LY:$:d — {(z1,z2,23,24) € R2’2| allz; € Zorallz; € Z + 5}

describes the two fermionic degrees of freedom and the two ghost degrees of
freedom that carry a negative metric and

LXvo-a)z’& — Z4
describes four ghost degrees of freedom.

Of course we have
X211, @I 4.

Now we want to decompose the lattice L defined above with respect to an
even sublattice of L. First we decompose the lattice L¥'#»?. Thereto we
need an even sublattice of L¥:%9.

Proposition 4.1
an even sublattice of LY.

Proof:

Squaring z1 + 9 — 3 — 4 = 2k we get

:BZ = :c% + 2x1x9 — 2w123 — 4kx1 + av% — 2x9x3 — dkxzo + .T% + 4kxs + 4k>
so that

(x,2) = o452} -]

= 2(—.’E§ — 2129 + 2123 + Tox3 + 2kx1 + 2kTo — 2kT3 — 2]{22) € 27.

O
Proposition 4.2 i
L¢7¢:¢/L8pﬂ¢7¢ (=] ZQ X Z2.
Proof: ) ) i
Let y = (3,3,1,1) € LY99. Because det(L¥9?) = 1 and det(LZ)p"p"ﬁ) =1

the order of Ld”d”";/Lg’"z”d’ is four. Assume L¢’¢"’;/Lg’¢’¢ = Z/AZ. Then
there exists z € LY'#? with

y =2z +z for some z € LBM”"} (%),

but z = (z1, 29, 23,24) with 2z; € Z ,i € {1,...,4}, i.e. the coefficients on
the right side of (x) are integers in contradiction to the assumption. O
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We write T(L¥9%) := {0,V, 8,0} = L¥:$:6 L9,

It is easy to see that

Proposition 4.3
We have the coset decomposition

Db TG | TUDD | TV | | TS0
LY9® = L U LYy*? U Ly®? U LY,

with
Lg”d”‘Z~5 = {z¢€ L¢’¢"$\xi €Z N x1+ 39 — T3 — T4 = 0 mod 2},
LY* = (0,0,0,1) + LY,

We can write the conjugacy classes of LY also in terms of the classes of
D). The lattice D}, has the decomposition 0(D.,)UV(D;,)US(D.,)uC(D})
where 0(Dj,) is the even lattice with elements (z1,...,2,) € Z™ such that
> x; is even and

V(D)) = (0,...,0,1)+0(Dy),
S(DG) = (Gooergog) +0(DL),
OB = (5enrg—y) +0(D})

The quotient of D!, by 0(DY},) is Zg X Zs for n even and Z4 for n odd. With
this notation we can write

L9 | (D}, Dj)
0 (0,0) U (V,V)
v 0.V)u(v.0)
S (88 u(co0)
C |(C,8u(C,S)

Because in the vertex algebra constructed on the lattice L there are states
that represents particles moving faster than light (tachyons) we construct a
vertex algebra on a sublattice of L. For this we need the following sublattice
of LY:®9.
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Proposition 4.4 ) i
The sublattice oo = sz’(t”q5 U LZ"M’ 18 an even unimodular lattice.

Proof:
1111 1 111
Ul—(§,§a§,§)a ’02—(—?—55555)
1 1 11 11 11
U3—(§a 5,—§a§)a 714—(—5’5’—5’5)
is a Z-basis of Eoo with vivy = vov1 = v3vy = v4v3 = —1 and all other
scalar products vanish. Hence the gram-matrix of Ej 9 is
0O -1 0 O
-1 0 0 0
0O 0 0 -1
0o 0 -1 0
and Ej 5 is even and unimodular. O

The lattice LX%%8 = 7?2 can be decomposed as LXX%:0 = L%"X’U’& U L)f’i’a’&
into the elements of even and odd norm. The quotient I'(LXX:%%) = {0, 1}
is isomorphic to Zs. The sum

X P @ Lg,m

is an even sublattice of L. The quotient I'(L) of L by this sublattice is
P(L¢’¢’¢) x T(LXX:0:),

Now we define a basis of L.

Definition 4.5
We choose

¢' = (1,0,0,0),¢* = (0,1,0,0), 5> = (
as a Z-basis of LT/’"M;,

X = (1707070)70 = (07 17070)7X~ = (0’07 1’0)’6- = (0’070’ ]')

as a Z-basis of LX°%% and let {a',a?, o, a*} be any basis of L*.
Then {a',a?, a3, o, ¢, 2,53, 5%, x,0,%,5} is an ordered basis of L.
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4.2 Construction of the vertex algebra

Now we define the vertex algebra of the N=2 string. Therefore we need a
2-cocycle € as described in section 2.2. In the following we denote the above
basis of L by {a!,...,a!?}.

Definition 4.6
We define

. LxL —»
U (had) o o ad) = oy
with
(-1)z@eD) i e fl,..., 4 Ai=7,
aij = 1 if 4,5€{5,...,12} Ai <,
B(ot,ad)e(a?,ab) if i,5€{5,...,12} Ai > j,
on the basis of L.

The following lemma holds for the 2-cocycle €. It will be needed later to
calculate e®ef = e(a,,B)S_n_l_(a,ﬁ)(a)ea+5 , e, ef € C[L].
It is easy to prove that

Lemma 4.7

Hence

If e(a,a) =1 then e(—a,a)=c¢(a,—a)=¢—a,—a)=1.

If e(a, ) =1 then e€(a,—fB) =€e(—a,B)=¢€(—a,—p) =

To construct a vertex algebra from L we need a bilinear map
n:T(L) x T'(L) —» C".

There is a number of such maps but we need a special one to achieve that
the modes of the physical bosons and fermions that we will define in the
next chapter have the correct commutator and anticommutator properties.
The following definition of  : T'(L) xT'(L) — C* turns out to be appropriate:
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(0,0) | (V,0) | (S,0) | (C,0) | (0,1) | (V,1) | (S,1) | (C,1)
(0,0) | 1 1 1 1 1 1 1 1
V.00 1 | -1 ] y -y | -1 ] 1 -y | v
(S,0) 1 -y 1 -y Yy -1 Yy -1
(C,0)] 1 Y y 1 -y | -1 | -1 | -y
(0,1) | 1 -1 | y —y | -1 1 —y |y
V,1)| 1 1 1 1 1 1 1 1
(5,1)| 1 Y y 1 -y | -1 | -1 | -y
(C,1) 1 —y 1 —y Yy -1 Yy -1
y € {£1}.

The column denotes the first and the row the second argument of 7. Note
that 7 is not symmetric.

We define the vertex algebra V of the compactified N =2-string as the vertex
algebra constructed from the lattice L with 7 and € as above.

V= Vi) ®Vive) ® Vs @ Vico @ Vo) ® Vv @ Visy) @ Ve
V can be decomposed into the following two sectors.
Neveu-Schwarz sector
VY = Vo0 @ Vive) @ Vo) @ Vv
Ramond-sector

VE = Viso) @ Vico ® Vs @ Ve

As mentioned above there are states in V' that represent tachyons. To avoid
these particles we define

VG0 = Vo0 @ Vis,) @ Vio,1) @ Vis,0)-
This vector space is a vertex superalgebra with even part
Vio,0) © Vs

and odd part
Vio.) ® Vis,0)
and describes the Fock space of a so-called GSO-projected N=2 string.
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Definition 4.8
Letv e V. We call v, the n-mode of v.

Lemma 4.9
Let v € V,,. The possible nonvanishing n-modes v, acting on w € V,,
depend on 7y, and vy. The corresponding n are given in the following table.

(0,0) | (,0) | (0,1) | (V;1) | (5,0) | (C,0) | (5,1) | (C;1)
(0,0) Z Z Z 7 7 7, 7 7
(V,0)| Z Z Z zZ |z+ilz+i|zZ+i|\z+1
0,1) | Z Z Z Z Z A 7 7
V.1) | Z Z Z 7z |zZ+i|z+ilz+1|z+]
S0 | z |zZ+3| Z |zZ+3%| Z |Z+L| Z |Z+}
col| z |z+i| z |z+ilz+i| z |z+l| Z
S| z |z+3| Z |Z+3| Z |Z+3| Z |Z+3
C1| z |z+i| z |z+ilz+i| z |z+l| zZ
Proof:
By Definition 2.1 the n of the nonvanishing n-modes v, acting on w lie in
Z + A(Vp, Yw) = Z — (0y, 0yy) mod Z. 0
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Chapter 5

The symmetries of the
compactified N =2-string

In this chapter we show that V carries a representation of the N=2-extension
of the Virasoro algebra and use it to construct the BRST-operator. Thereto
we define in the first section of this chapter a matter part representation
of central charge 6 and in the second section a ghost part representation of
central charge —6 so that they sum to a representation of central charge 0. In
the third section we define the BRST-operator () and state some properties

of Q.

5.1 Matter part

In this section we define elements w™, 7M% M c V whose modes generate
a representation of the N=2-superconformal constraint algebra with central

charge 6. Thereto we define bosonic coordinates zt# and real fermions
P, e {£}.

Definition 5.1
Let {z*F 217,277,277} be a basis of CQ, L* with

(#7527 = =2 (n,v € {£}),

i.€.
(Z+H’Z+V) = (ziuaziy) =0,
(z+'uaziy) = _277/,w = (ziluaz+u) = _2771“1’
where N is the diagonal matriz with entriesn™ = —1,9n7~ = 1. We call

the z** the bosonic coordinates.

Note we use Einsteins summation convention, that means,

ZTH(=1)27,(=1)
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is a short form for

oot (=12, (-1) = ) puat(=1)z7Y(-1)
pe{L} wve{£}
= —zTH(=1)z" T (=1) + 2" (=12~ (-1).

Lemma 5.2
We write o, B € LX with respect to the basis {z71, 2t~ 27+ 27~ }.

a=k Mk =k kT kT T
B=t,z 41T 27H = —t7 T2 2t — T T
Then we have
(a,B) =2kttt + kTt — kTt — k1),

Proof:
This follows from Definition 5.1. O

For the bosonic coordinates we have the following operator product expan-
sion.

Proposition 5.3
For the bosonic coordinates we have the following operator product expansion

2 (=1)(2)2TV(=1) = =29" 272 4 ..., u,v € {£}.

This is a short form for

(-1 ()27 (=) = -2 +...,  pve{t}
=1 ()2 (=) = -2 +..., pve{t}
) (=1) =0, e (),
2 H(=1)(2)z7"(-1) =0,  p,ve{x}h
Proof:
For k > 0 we have
2 (=12 TY(=1) = 2TH(E)2TV(—1) = kép_1 (2T, 2T)
= 20" 0k_1.

To define the real fermions we first have to define complex fermions.
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Definition 5.4
Define complex fermions ¥+ € V by

TE = e {1,2).

The complex fermions are elements of V(y, gy, so that their vertex operators
have integral expansions when acting on the Neveu-Schwarz sector and half-
integral expansions when acting on the Ramond sector (Lemma 4.9).

Lemma 5.5

6(9{)2, ¢1) = -1

Proof:
With (2.2) follows:

e(¢%, 1) = e ((V,0), (V,0)) = 1.

O
The following proposition is useful for calculations.
Proposition 5.6
We have for k > 0.
T =0, i€{-2-1,1,2},
T =TT =6, i€ {1,2]),
W =0, i#j, 4,5€{-2-1,1,2}
We have
\P:’AI\I;Z = _¢i(_1)a \IJZ.—I\I!_Z. = ¢z(_1)’ (S {172}3
UW =1, W W =1, ie{-1,1},j € {-2,2}
and o
UL =1, ie{-2,-1,1,2},
R . 1. .
VU = SFNF 1)+ 5#(-2) € (1,2,
P . 1 .
LW = (-1 (1) - 54(-2) i € {1,2),
PLL0E? = ¢l (—1)e? 5 WILUE? = gl (—1)e ¢ E
2. 41 _ 2 41
T2,0E = —g?(—1)e? =0, TIUE = ¢?(—1)e =,
Proof:
This follows from Proposition 2.19. [l
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Definition 5.7
We define the real fermions ¢** € V,u € {£}, by

Pt = Tl T2
ot = —0l 402
Pt = T 4T
v = Ul 40l

The real fermions have the following commutation relation.

Proposition 5.8
(U 98"} = =20 min i1

where m and n are either both integral or both half-integral depending on
whether the 1’s act on the Neveu-Schwarz or Ramond sector.

Proof:
By Proposition 5.6 we have the following operator product expansion for
the real fermions

YT =~ L, v e {£)

Using the commutator formula (Proposition 2.2) this implies the assertion.[]

Now we can define the element w™ € V.

Definition 5.9
The energy momentum tensor for the matter sector wM €V is

WM = —iz+~(—1)z;(—1)——ﬂ(—1)z+ (=1)

Lemma 5.10
We can also write the energy momentum tensor as
Vo= (D () - gD ()
w = i z7, i z7,
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Proof:
By Proposition 5.6 we have

—E(Ddﬂ_“)—ﬂ/fu _ %(D,(/qu)il,lb‘ku —
(20 0@ (1) - 20201 4 igh (1)
—igl(—1)e? " — ig?(—1)e?" " +ig?(—1)e?" " + i (—1)e ¢ ¢’
—ig! (-1 —ig? (~1)e?' ¢ 4 ig? (~1)e?' ")
= 9 D8 D) + LD,

We can easily calculate the operator L)Y = wl/. ;.

Proposition 5.11
We have

4 - e ) ()5 W
26 (3)¢ (F) -3 B im0

+27,(m — k)2 " (k)
—2¢'(m — k)¢' (k) — 2¢°(m — k)¢° (k) }
with

1 for m even,
€E =
0 for m odd.

Proof:

By Definition 2.16 we have for a = 2z7#(-1)z7,(-1)

e 2.3 _
Z wpz ™ = w(z2) 22, 2t (-1)(2) 2 L (=1)(2) :
meZ ) %b_/
m z
= Z 2Th(ng)z~™ ! Z zm L
ni1€Z n2€ZL
= Z : z+“(n1)z_u(n2) s gT™Mn2—2
n1,n2€EZL
= Z Z : z+“(n)zp(k —n):z k2
kEZnEZ
= Z Z : 2 (n)z,(m—1—n): z ™l
MEZNEZL
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Comparing coefficients gives

Wy = Z : z+“(n)z;(m— 1—mn):.

Hence
LM = —% Z 27 (n)z 7, (m —n) + 27 (n)z7,(m —n) + #(n)p'(m — n)
nez
+<1152(n)¢2(m —n):
= 3= (3) 7 (3) 7 (3) 70 (3) +26 (5) 9 (
1267 (T) 0 (B)) — 5 X flm — )2 () + 75, (m — B)z ()
k>3

+2¢' (m — k)¢* (k) + 2¢%(m — k)¢* (k) }

with

1 for m even,
€ =
0 for m odd.

Now we define the elements 7% M ¢ V.

Definition 5.12
Define the supercurrents of the matter sector TM+ M~ M c V py

TM+ = z_u(_1)¢+u7
M= = z+“(—1) o
™ = Mt M=

Definition 5.13

We define jM € V by
. 1,
]M = —§(¢ N)_1¢+“_

Proposition 5.14
M =M (=1) + ¢°(-1).

Proof:

. 1 _ 4
M= et st
Prop. 5.6 _1

5(—¢1(—1) = ¢*(=1) = 2i — ¢! (1) — ¢°(-1) + 20)
= ¢(=1)+¢*(-1).
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The following proposition will be used in Proposition 5.44.

Proposition 5.15

wM(2)z(=1) = ZH(-1)z72 + D2 (-1)z7" +...,
1
WM (z)pH = §¢iuz_2 + Dyt 4
1
MR = (), (D,
-I—(z_“,a)z"'u(—l)ea)z_l +...,
™M (2)z (1) = -2z 2 —2DyFH 4L,
™M)yt = 2z (=1)z 14 ...,
PMEGe = (2, a)(§)1e
M = T L

Proof:
Let m > —1. Then

e () () en s () (F) oo
—= Sz m — B)2 T (k)2 (=1) + 27 (m — k)2 (K)2 T (=1))

+2 (B) malet () 2 (1)
5 e lm = B (R), 2 (1)

k>3
2t fm = B)[z ¥ (B), 2 (=1)])
= APman™= ()1 - 230" m ~ 1)1
= Oz TH(—1) + b1z (—2)

and for LM z~#(—1) analogously.
For k£ > 0 we have

(¢' (k)9 () + ¢ (k) ¢” (k))p™H = Gy

and , ' '
Det? = +¢'(—1)e*?".
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Hence we have for m > —1:
e = 3 (3)0(3) ¢ (3)¢ (v
+ Y A (m — k)$! (k) + ¢ (m — k) (k) Jy™**

k>
_ %5m¢i“+5m+1(D¢i“)-
e = e (3) () ()54 (2)
_% > 2 (m = k)2t (k)e® + 27, (m — k)2 *(k)e*}
k>
= el (5) 5 (5) e () e ()1
S ) e
5 S el = (R, €11+ 2 (m — R)e® 2 ()
k>3

2 (m = B)2 (K, €%, ] + 2, (m — )e®, 2 (k)1}
- —1e{(— )7 (5) e 1+ (o () e 1)

Z{z“‘ @)z, (m—k)ep 11+ (27", @)z, (m — k)eg_,1}

k>—
- ‘iém(z*wa)z*“(())e ——6 (27 )z *(0)e"
_% D Ak, @)z (m)e® + 8 (2, @)zt (m)e}
k>

- __5 (27 @)[2TH(0), 62,11 — 6 (2% @)[z#(0),e24]1

5 S Bk Az (m), e+ Gy (=, 0)e 2, (m)1)

k>
]. _ o7 — (07
_5 Z {616(2 “,a)[ztt(m),e,l]l + 5k(z uaa)eflzti(m)l}
k>
_ 15 - +up 5 —H [
= _Z m(z /_ua)(z a)e ) ( o )(Z ,Oé)e
=0, Lem. 5.2
1 _
—— Z Se(z™, ) (7 pa)ey 11— §5m+1( 2t a)e® 7 u(=1)
252 L
1
—= Z k(27" a) “, a)ep_11— §6m+1(z_“,a)e‘ilz+u(—1)
k>f
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1 1
= —§5m+1(z+“,a)[egl,zfu(—l)]l - §5m+1(z+“,a)zfu(—1)ea
1 1
—§5m+1(z7“, a)le®y, 27,1 - §5m+1(z*“, @)z, (=1)e”

- _%5m+1((z+“,a)z_u(—1)ea + (271 @)z, (- 1)e).
T,ﬁv”z“‘(—l) = Z{z_”(—l)—l—j(¢+u)k+jz+“(—1)
j=>0
+(@ ) k—j127(—1);2TH(—1)}
= 21 = —26,(DytH) — 26,1t

and for T,ﬁw ~z7#(—1) analogously. For & > 0 we have

Tty = Y (=) (W ) e+ (T k12T (< 1)
j>0

= anz U —Li)-1- ]{Qplﬁ_]a"p:{i}l

j>0
= 2o (—1) = —26,2 M (—1)

and for 7,/ ~y*# analogously.

e = (2FH(—1) 9%, ke
= > {Z=1) 1 @)k + (@5 k1274 (—1)€%)
>0
= Z(lﬁiu)ka—j[zw(—l)ja631]1
>0

= (E)e 1 (zTH a)e® = 6 (2T, a) () 1.

= ST ke~ Wk )
§>0
= __an/’ﬂ/) 1— ]{T/Jk—k]’wjlll}l - (¢+u)k—1—j{¢;'/’¢flf}1}
7>0
e
Jgy = ——Z{wp VoA T = (k{3
7>0

= minop" = S

|
The next proposition supplies all information necessary to conclude that
the matter fields give a representation of the N=2-extension of the Virasoro
algebra of central charge 6.
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Proposition 5.16

The above fields satisfy the operator product expansions

WwM)wM = 3274 +2wMz2 + DMzt .,
wM(2)TME = gTMiz_Q +DrMEm 4
wM(2)iM = Mz 24 DM 4,
M(z)TME = FME
M@)M = 227+,
1
My M= = 8273 —4jMz72 4 4(wM — EDjM
1
M= (2)TMt = 8273 4 4iM27? AWM + §DjM
M+ (2)TM*+ and M~ (2)7M~ contain only nonsingular terms.
Proof:
Let m > —1. Then
1 m m
M_M+ _  _ - +o (Y = (22 V(1))
a 1 (3) 70 (3) = v
i (V) ot (M) v 21yt
+z (2)“(2)2 (=1)v%
1 (MmN (/M 2 (MY 9 (MY, _,
2(¢ (2)"5 (2)+¢ (2)45 ( ))z (
) Z{z m— k) (k)az_u(_l) +1/
k:>m
+2h,(m — k)27 (k)2 (-1)¢7,
—2(¢' (m — k)" (k) + ¢*(m — k)$* (k)2 (-1
1
= ST+ ST by DT
. 1 - —v
wil M = §Z(sz+“),1,j(z/; e TP,

§>0

——Z k-1 (DY) 7ty
7>0

+2 Z (Dy U ISl
J>0

——Z k-1 (DY) YT,
7>0

——Z (DY) 1=V kg (9

j>0
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M _M+
Je T

For ]M

M—

——Z Wh-1- {0t T T,

7>0
+= an DY) 1 {yf T e,
]>0
+-= z 771/1 k 1— j/lp 1{"% ltl,,(p-f-i
]>0
1

H

O (= 2) 1 (D) 1" = (DD (k- 2%,

8
EMDW) W 4nm{¢k ‘Wi +

‘m(w M), + znui{wzw ”}1—

T DE) 1, — (-2 +
+15k (%) 1™ —Z5k(D¢ gt +

——5k1/1 [(Dy7,) - 5k—1¢i§¢+y
1

—5k(D¢+“)711/1,7 - Z5k(D¢_”)—1¢+M +

— 2O (DY) 30k () 19 -
+5k 2 — Ok—2

B2 (DY), + S (-2)(-

D0 nyi (7, ) k—ath ™"
1

4( )71¢k_521

¥ P (T, k-2l
5k(¢ ) —1(Dy™)

1
Z( )mm Ok—2

2071 (DY)

1
4
1.
Zék—lwfl’w v

M—iw‘“(ww—l( Y, — (DY),
——¢ L (DY) + 0k 1(——¢ I ——¢ 1)

5kDJ + 6k 15
__Z{@b 1 ] lc+JZ H(-1)- 1¢+u

7>0

() k—1—jtby "2 (1) a9, )
_Z")uz k 1-j% ,u( ) 1{%—”,

j>0

fin

—2( )77m77 2R (1)1 () ko1l = =gz (—1) 1T

—5ch N(_ )_11/]4—“ — _5kTM+'

analogously.
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M =

Z{¢ 1- ] k+]¢ 1¢+ —(¢ )k 1— 9¢ Hap_ 1¢ v}

]>0

—an«zz:{‘ (gt~ o,

j>0

4277w k 1 j¢ u{¢] 7¢+ }1

7>0

Z%mm"i(— )w_”¢+ _( 2)nuin” (¢+u)k 1"

1 _ v —v

= _§5k¢_{i¢+ 277U'L{¢k 1’ ¢ 1 }1 + §¢—1 (¢+V)k—11
1. 1.,

= —§5k¢_{i¢+u - 5(_ )77uz'7l Ok—1+ §5k¢—1¢+v

= (5ij — (Sk]M + 205_1-

We have

4oM

40M

Hence

—2DjM

+2DiM

FMt M-

- —1(¢‘“¢+ )

= — Z{¢ 1= (¥7u) 2451 — (¢+u)—3—j¢;M1}
253
- __¢ “(Dyt) - (Dwf“)—1(¢+,),
_ +u( 1)z ,(-1) —z’“( 1)z",(=1),
—(DY Y1, — (DY ™R a9, + Tl (DY)
+(D1/1_“)717/’+u — 2z H(— 1)z+ (—1) +2¢ (D¢+ )
= —22H(=1)z (1) — 2Dy )1 (¥H).

= D M) @ ke ()9,
3>0
+Z Ic 1—j% ,u l)jz+u(_1)¢_u

7>0

= Y1) 4 DLW ke (07) 1

7>0

+Z k 1— ][Z 1)jaz+u(_1)]¢_u

7>0
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= =20z (=12 (=1) = 20" {($ ) k-2, (¥7) -1 }1
+20 (7, ) -1 (97, k21

= —20p27M(=1)27,(=1) = 20,9 _ 1 (DYY,) + 40" 1y, 02
+26k 194 (97,

= 20k(z7H(=1)127,(-1) — ¢ F (DY) + 20,19 {' (97,

+80k_o
and
MM = (M (=1 )k (1),
= S {1 (ke (<19,
j>0

k7 (D) (1)
= > (=D (=D{(@ W kg ()11

>0
+( k14l (1), 2 V(=) }

= 20,2 (=1) 127, (=1) = 20" { (Y k-2, (¥7,) 1 }1
+20M (7)1 () k-2l

= =20, (—1)27,(—1) + 40" N Ok—2 + 205 () 1 (DY)
+20p_ 19Ty,

= =20,(z"(-1)27,(=1) + (DY) 1(4™,)) + 82
— 2651 ()1 (4p7,)-

Proposition 5.17

The operators LM = T]\,;IH,GMi = Tﬂff and jM give a representation of

the N=2-extension of the Virasoro algebm of central charge 6, i.e.

3

m- —m
[Lma Ln] = (m - n)Lm—Hz + T(qul—na
1

[Lma Gi] = (Em - n)G7j1:z+na

[Lmajn] = _njm+na

+
[]maG ] = q:qu_m
[]ma]n] = 2m(5m+na

{Gj_m G;} = A4Lpin — 2(m - ”)jm-l-n + (4m2 - 1)5m+na
{Gr,Gr}y = {G,,,G,}=0

holds.
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Proof:
This follows from Proposition 5.16 and the commutator formula. O

Lemma 5.18

We have
TéVITM = 8uwM.

Proof:
This follows from Proposition 5.16. [l

5.2 Ghost part

In this section we construct a representation of central charge —6 coming
from the ghost part of V. In order to define the elements w®"?, 7"+ jGh c v
generating this representation we have to define ghost fields.

Definition 5.19 i ) )
Let ¢ = (0,0,1,0) € LY%% and ¢ = (0,0,0,1) € LY:#9.
We define the ghost fields b, c, b, &, 8%, v* € V by

Lemma 5.20 o
€(¢, QS) = E(QS, ¢) =-1

€(X7 ¢) =-1

e(d,x) =1
Hence

(p—x,—p+x)=e(—p+x,6—x) =1
Proof:

p=—¢'+5+5% g=—¢ +5° — 5"
Then

6(¢7 ¢) = 6(_¢17 _¢1)6 _¢1753 6(_¢1a34)6(337 _¢1)6(83733)6(53784)
3

st)
e(s®,—¢') = e n((v,0),(S,0))
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Lemma 5.21

—1.

1.

—1.

(=97, —¢*)e(— 9%, 5°)e(—9?, —s")e(s®, =47 )e(s°, 5%)
(s, —st)e(—st, —p?)e(—s*, s3)e(—st, —s).

—1y.

We can write B+ = —(DeX) _1e~?.

Proof:

—(DeX)_ie ? = —eXpe ? = —e(x, —9)Sa-1(x)eX ?

Note that

Proposition 5.22

= Si(x)eX ? = x(-1)eX ? = 7.

¢,b,é,be Vo,

7 (1) € Vi0,0)5

v BE € Vv,
P € Vivyg)-

The only nontrivial commutation relations are

[’Y;fu :81::,:] = 5m—}—n—|—17

{Cma bn} = 5m+n+1-
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Proof:
For k£ > 0 we have

v, €X = e?
and
'y,;e_d’ =0
Hence
WBt = v (DeX) e ?

= w5l — (D)l 29N
= —ef_ye ? = —e(9,— @)kl = Gil.
_ m _
= [Yms ﬁvﬂ = Z (k ) (7k :8+)m+n—lc
£>0
= lptn = 5m+n+1-

For [y}, B, ] analogously. For k > 0 we have efe 7 = S_j_1.1(0)e® = &.

— m —
= A{eh,e’} = Z (k) (exe™ min—tk = Lintn = Omtn+1-
k>0

Now we define the element w@" € V.

Definition 5.23
We define the energy momentum tensor w® € V of the ghost part as

wéh = 2(Dc¢)_1b— (Db)_1c+ (DE)_1b

2Dy - (D)t

2Dy 4B - 5 (DFY)

Proposition 5.24

The energy momentum tensor wGh

can be written as

W = % + W +w? + w® + WX + W
with
1 3
w? = 50(—1),10(—1) + 5 (—2)
5 1. . 1.
w? = 50(—1),10(—1) + 50(—2),
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Proof:

Q(DC),lb - (Db),lc

(D¢)-1b

1 _
_ﬁﬁjﬂ

‘_57:25+

<
—
|
—_
~
|
[
<
—
|
—
~—
|
-
—_
|
DO
~

N| =N —
-2
—~

|
—_

N
|
—
<
—~
|
—
N
|
-2
P e
|
[\
SN—

(=) ax(-1) + 5x(-2),
S %) + 5(-2)
252(0’) — 52(—0')
250(-1) 10(-1) + 50(~2)
~(50(-1) 10(-1) ~ 5o(-2))
%J(—l)_la(—l) + ga(—Q) —
S2(5)
S5(-1) 15(=1) + 55(-2)
S(DeX) 1) et X

—%5271+1(X)60 + %:5'47171(—@
25200 + 35a(~4).

3 4—
§ef2xe§267¢

3. 4 _ 3 y
5[6(&2)(’6{2]6 o+ 56526?2% ¢
3 _ 3 _
§e‘f4e ¢+ 260

3 3
—5547171(@5) + 55271+1(X)

3

~25(8) + 55200
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Hence

3

1 _ _
—551_27 27—25+

=~ X(-Dx(-1) = 3x(-2)
1 1 3
AN — 10(-2) — 29(-1)g(-1)
2 5(-2) + 2x(~Dx(-1) + ox(~)

O

The elements w’, w?, w?, w?, WX, wX generate representations of the Virasoro

algebra on V of central

Proposition 5.25
We have

with

Proof:

Analogously to the proof of Proposition 5.11.

Now we define the elements 7

charge —26,—2,13,13, -2, —2.

2 (3)7(5) +37(3)7 (%)
1 m 1 ./m\ ./m
3 (3)x(3) +32(3)(3)
1 m m 1 ~/m\ ~/m
34(3)4(3) -39(3)(3)
+ ) {o(m —k)o(k) + 5(m — k)& (k)

k>
+x(m — k)x(k) + x(m — k)x(k)
—¢(m — k)p(k) — p(m — k)$(k)}
+g(—m ~ Do(m) + %(—m —1)5(m)
+5(=m = Dx(m) + 3 (=m — )%(m)
—(=m = 1)¢(m) — (—m — 1)¢(m)

) 1 for m even,
T 0 for m odd.

Gh:l:’th evV.

47



Definition 5.26
We define the supercurrents 7" 76— c V' of the ghost part by

T = ¢y (DBY) + 5(De)afF — 4oy,
—4b_1(Dy1) — 2(Db)_1vt — -1 8T,

7Ch= = ¢ (DB7) + g(Dc),lﬂ— —4b 1y
+4b 1 (Dy7) +2(Db) 1y +E 187

Definition 5.27
We define j°* € V' by

jOh = 4F, 87 — BH v — (D) _1c+ (Dc) 1b.

Proposition 5.28
We can write

5 = —¢(=1) + ¢(—1) — (Db)_1c + (Dc)_1b.

Proof:
ﬁjﬂ* — _((DGX)_lefd))_leqbfx
= - Z{(Dex),l,je:‘fﬂed)—x — eig_j(Dex)jed’_X}
j>0

= e §e? = —Si(~¢) = ¢(-1).

O
The next proposition supplies all information necessary to conclude that
the ghost fields give a representation of the N=2 extension of the Virasoro
algebra of central charge —6.

Proposition 5.29
The above fields satisfy the operator product expansions

w (2w = 327 4 2% 72 4 DO L
wih(z)rChE = %TGhiz_Z + DrChEt
wh(2)j" = jGh24 D%
th(z)TGh:I: — :FTGh:I:zfl +...,
jM () = —2272 4.,
1
TGh+(Z)TGh_ = 8273 —4jCh,72 4 4(wGh — §Dth)z_1 +.n,
1
T ()70 = 8273 44972 4 4w + §Dth)z_1 +...

TGt ()7 and 7P (2)7P contain only nonsingular terms.

48



Proof:

Let £ > 0.
WGk Ch =
43 (Dec) 1 j{bryj e 2}b+2) (De) 1 j(Db) 1{bryjrc 1}l
§>0 §>0
+4> (=5)br-1-3(De) 1{¢j 1,01} + 2D (=i)bre—1-5{¢; 1,b 2}c
J=0 j>0
+2) (D) 1 (D) 1{ckrji b1}l + Y (Db) 1 j{ckjib 2}e
J=0 j>0
4—25: (Dé)-1 j{bk+J>C 2}b'+'2jE: J)ek—1-j{bj-1,c_2}b
j=0 j>0
+Z Ck 1— ] Db 1{()] 1,C— 1}1-{—2 bk 1 ](Dc) 1{CJ 1, 1}1
j20 j>0
9 _ _ 3 _ _
F SOy BB+ (DY) G (DF ) Byl
>0 >0
42 D7) -1—j(Dy ") -1y B
7>0

+ Z DBy (DY D)y, B2

9>0

42 Bl 1, By +4Z D7) 1l Bt
j20 j>0

42 V15817518 +4Z DV (DB7) By 1,71
j=>0 j§>0

42 DBy _; (DY)~ 1[’)’;—1,51_1]1+ZZ(D’Y_)flfj[ﬂ:+ja’Y:2]ﬂ+
j20 j>0

4ZD7 1 (DB B 1+4Z DB 1B
320 J>0

3
+Z Z(D,@+),1,j(D’77),1[’yk_+j, ﬁf1]1 + 4 Z(_j)lyk_—l—j [5;—_1a ’Y:Q]IB+

>0 >0
1 (DB ) b B+ 5 i UDB )y
>0 §>0
= 80rc_3b+ 45k_1(DC),1b + 20y, (DC),l (Db) — 4{bk_2, C,Q}l
+4(Dc)_1bg21 — 4{bg_3,c_1}1 + 4c_1b;_31
4265 (Db)_1(Dc) + 26xb_3¢ + 81 (Db)_1¢ + 20,c_3b + 81 (DE)_1b
—4{ck—3,b_1}1 +4b_1ck—31 — {ck—2,b_2}1 + (Db)_1ck—21
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- B o~ 9 9 _
—{bk—2,¢_2}1 + (D€) _1bg—_21 — —5k’yfgﬂ - _5k—1(D'Y+)71,8
3

+15k(Dﬂ’)_1( ) - _[ﬂk 2 V51 = %DV )-1Bi1

3. 3 _ _ _
—5[51973,7:]1 - 57_1@6,31 + §5k5_3’7+ + Z5k—1(Dﬁ )o1y

3 _ 3 1 _
+§[71_:—3’5—1]1 + 55_171_:—31 + 1[7;_2,5_2]1

1 _ 9 _ 9 _
+Z(Dﬁ )1 o1 — Z[ﬁ;—f_galg]l - Z(DV )18y o1

~ S0 B = 301 (DY) 187 = S0x(Dy ) 1(DB)

3 _ 3 _ 3 _
_5[/81:—_31'771]1 - 57—1:61—:_31 + Z‘Sk(DIB—F)*l(D’Y )

3. _ 3 _ 1 _
+§[7k_3,ﬂf1]1 + Eﬂi—f}/k_gl + E‘Skﬁf?,’)’

1 _ 1. _ 1 _
+Z5k71(Dﬂ+)—17 + Z[’kayﬂi—Q]l + Z(D;B—i—)—l’)’kfz
(5k(80_3b + 2(Dc)_1(Db) + 4(Dc)_1(Db) + 4c_1b_31

+2(Db)_1(Dc) + 2b_3¢ 4 2¢_3b + 4b_1c_31

+(Db)_1(De) + (D&) 1 (DB) — 538 — (DY) 1 (DF")

+2(DF7) o7~ Z(Dv )1 (D) - gm:‘o,l
F5BTr + SFT Tl + (DB a(Dy?) — $(Dy) A(DBY)
—97:3ﬂ+—§(D7) uw)—; B+ S (DFF) 4 (DY)

+= ﬂ Yol + ﬁ+3’Y + - (Dﬂ+) 1(Dy7))
—|—(5k,1(( )_1b+4(DC)_1b—|-4C_1(Db)+( b)_lc
+(D&)_1b+4b_1(Dc) + (Db)_1c + (D&)_1b

—%(Dv+)_1ﬂ‘ - 2(D7+)—lﬁ_ - g'y 1(DB7)
+1(DE) 17* + 56, (Dy) + 4 (DF) 1
(DY) Bt = L(Dy) - gv‘l (D5")
+2621(Dy ) + (DB) 1y + 3(DFY) 17)

3 3 3 _ 3
+5k72(4c—1b +4b_1c— 5')’1—1,3 + 5;8_1’)’ - 57_1:3+ + §ﬁi—1’)’+)
9 3 3 1 9 3 3 1
Hopp(-4—d—4-1-14 24+ + 7+ +5+5+7)

+0k(4c_3b 4 3(Dec)_1 (Db) — 2b_3¢ + 2¢_3b + (D&)_1(Db) — 37756~
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—2(Dy")-1(DB7) = 718731 = 2(Dy7)1(DBT) = 37538 - B3y7)
+0x—1(4(Dc)1b + 2c_1 (Db) + 2(D&)_1b — 3(Dy") 18~ — (DB )v"
—3(Dy7) BT = (DBT)1v7) — dk-s

= DwGhék + 2wGh(5k_1 — 30k_3.

The operator product expansion W (2)wC follows also from w = w7 +

w? + w? + w? + wX + wX (Proposition 5.24) and the fact that the elements

w,w?, w?, qu’ wX,wX generate a representation of the Virasoro algebra on
V of central charge —26, —2,13,13, -2, —2.

Gh,_Gh+ __
wk T =
23 (De)-1-j(DBY) -1{bkijrc-1}1 +3Y (De)-1-jBF {bpyj,c-2}1
Jj=20 720
=8 jbr-1-7 i {ej1, b1} 1 +4) (Db) 1 {ejin, o1}
Jj20 Jj20
. 3
- Z]Clc—l—j(D,B+)—1{bj—1; c_1}l — 3 Z ck—1-iB11{bj_1,c_2}1
J20 Jj20
=Y (D& 1B {brjy 1}l =4 beoa— (DY) -1{E-1,b-1}1
§>0 >0
=2 b1 {E-1, 02031 + 6 Y (Dyh)1jba (B 71
>0 30
+6 ) (Dvh)-1-5b-1[B; ;s vl +3 ) (DY) -1-5(Db) 1 [B v
>0 >0
=2 v byl =2 gy balB
Jj>0 >0
. = _ 3 _
- Z]’Y/j_1_j(Db)fl[ﬂj_1a'71_1]1 + 5 Zﬁz_l_jcfl[’)’j_pﬁjz]l
§>0 >0
9 . _ 3 . - _
+Z Z]ﬁ]jflfj(DC)—l[ij—la CARIVS 9 Z]ﬂktl,jc—l[')’j_p Ay
720 J>0

_% Z(Dﬂ+)_1_jc_1[’)’lc_+ja :Bi_Q]l

720

3
4 (D,B+) 1*j(DC)*1[’Y];+ijj1]1
7>0

+% Z(Dﬁ+)_1_j5—1[7]€_+j’ :Bi_l]l

720
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= 0 (g(DC)—l(D,B+) +2c_18%31 4+ 3c_3pt — 4(Db) 1y

—4b_1(DyT) — 8(Db)_1(Dy") — 8b_1yT,1 —4b 34T
—(D&) 15T —&1(DBY))
9

3 -
+0k_1 (Ecl(D,B—i_) + Z(DC)71,3+ — 6b71’)’+ — 6b71(D’)’+)
—3(D5)_17+ — gé_1ﬁ+>
+0p_2(—3c_ 18T —4b 14T + 4y b+ 36T ¢)

3
= 5k;DTGh'+ + 519_257'6%_'_

and for w,?hTGh* analogously.

Gh :Gh _
Wk J

~2) (d)-1—jberi (D) 1+ 2 Y (De)_1-jbgrj(De)_1b

j>0 j§>0
= cr1-j(Db);(Db)_1c+ Y _ cp_1—;(Db);(Dc) 1b
Jj=>0 j>0
+3 bp_1-(D&);(Db) 1c— Y bg_1_;(DE);(Dc) 1b
j>0 j>0
- 3 N e —
P Z D7 —1—j ﬁk—i_J”Y— ]ﬁ - 5 Z(_J)ﬁkflfj[fyj—"—_lwﬁ—l]fy—'—
J>0 J>0
1 , _ .
-5 Z (DB )-1-j 'Yk+]w8 - 9 Z(_])'Y]j_1_j[5j_1a’7—_'—1]ﬂ
J>0 j§>0
3 . _ _
+5 Z D7 —1—j /B]H_Ja'Y_ ]/B+ 9 Z(_J)Igl;kflfj[’},j—:[’ﬂ_—'—l]’y
J>0 J>0
+= ZDﬂ il B+ 5 Z N1 B Y IBT
J>0 g>0
= 2 (Dc) 1 (D) 1{bryjrc 13142 (Do) 1 j{bgij,c o}b
§>0 §>0
+ 3 (=) er—1-5(DB) 1 {bj_1,c 1} + > (=F)er—1-{bj_1,c_2}b
j>0 §>0
+ 3 (=D)br1-{& 1,0 ot + Y (=N)br-1-j(De) 1{E 1,61}
j=>0 j>0
+§5k(D’Y )—1/8 + _[ﬁk 2 V— 1]1 + 57 1ﬁk721
1 _ 1
—§5k(D5 )-17 [Vk 9 B_1]1 — 2 17k 2l
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3

_ 3 _ 3 _
_§6k(D7 )71,84— - 5[/3]:—_27'7_1]1 - 57_1:61—:_21

1 _ 1 _ 1 _
+§5k(Dﬂ+)—17 + 5['7]6_2513—_'—1]1 + 5,8—_*—1’)’]6_21
20, (DC)fl(Dg) + 4(5/66737) + 2(5}6_1(DC)715 — Ck_g(Dg)
- ~ ~ 3 _
—2cp_3b — 2by_3¢ — by_o(Dc) + §5k(D’Y+)—1ﬁ

3
2

1 1 _ 1 _ 3 _
—§5k—2 - §5k5_1(D’Y+) - §5k—1ﬂ_1’7+ - §5k(D’)’ )—1ﬂ+

3 3 _ 3 _ 1 _
+=0p—2 — =0k (DBT) — =812 BT + §5k(D5+)—1’Y

3 _ 3 1 _
Ok—2 + §5k’)’f1(Dﬁ ) + 5%—1’)’15 - §5k(Dﬁ )yt

2 2 2
1 VR DA
+§5k—2 + §5k571(D’Y )+ 55/9_15,1’7

20y, (DC)_l(DE) + 45k6_35 + 2(5k,1(DC)_1B — 5k(DC)_1(DE)
—5]9_16_1(DI~)) — 25]96_35 — 26]6_1(DC)_1I~) — 2(5}6_26_15

~ - 3 3
—(Sk(Db)_l(DC) - (Sk_lb_l(DC) + E(Sk (D’}’+)715_ — 5619_2

3 _ 3 1 _ 1
+§5Hf1 (DB7) + §5k—1’7f1ﬁ — 5%(DB )yt + 30k—2

1 _ _ 1 _ 3 _ 3
_§5k,8_1(D’Y ) - §5k—1ﬂ_1’)’+ - §5k(D’Y )—1ﬂ+ + §5k—2

3 _ 3 _ 1 1
—§5k’)’_1(Dﬁ+) - §5k—17_15+ + Edk(Dﬁ+)—1'Y - §5k72

+%5k5f1(D’Y—) + %5k71ﬂt17_ — 203b_3c — 205_1(Db)_1c
—2(5]9,25_16

6k(2(Dc)—1(Db) — (De)_1(Db) — (Db)_1(Dc) + 4c_3b
~2c_gb— 2ge = S(Dy) 1B + 365 (D)

S3on 087 + Lot + 20y - L (o)
Fo4h(DF7) — 5 (DB) 1)

+6,_1(2(Dc)_1b — 2(Dc)_1b — b_1(Dc) — c_1(Db)

- 3 _ 1 3
—2(Db)_1c+ E’Yflﬂ - 55_1’Y+ - 57_15—'_
1 _
+§ﬁf1’)’ )
~ 3 1 3 1 ~
+5k-_2(—20_1b - 5 + 5 + 5 — 5 - 2b_1C)
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:Gh_Gh+

Je T

Jk

Gh,rGh—

61(2(Dc)_1(Db) + 2¢_3b — 2b_3¢ — (Dy~) 16T
—Z1(DBY) + (DyF)-18™ + 924 (DB7))
+0,—1((Dc)—1b — (Db) _1c +v5, 87 — BH1y7)

5k Dj " + 6 15"

—4 Z ’Yi—l_jb—l[ﬁk_+ja ’71—1]1 -4 Z Vfl_jgﬂ[ﬁk}j, 71_2]1

j>0 j>0
-2 Z ’Yi—l_j (Dg)fl [/819_+ja 71—1]1 - Z ﬂfl_jc,1[7,;+j, ,81—2]1
Jj>0 Jj=>0
3 _ - _
_E Z ,6—_’—1_]' (DC)—l[’Yk+ja ,3__'—1]1 + Z ,Bfl_jc—l[’)’k+ja ﬂtl]l
Jj>0 j>0

+4) (Db) 17 {eprgy b-131+ ) jer 18T {bj-1,E-1}1

Jj>0 Jj>0
=Y (Do) 1B {brrjr 6131 = 4> jbe_j vt {ej1,b-1}1
J>0 j>0

463yt b+ 401y b + 40, (D) _1b + 20,7, (DD)
3 .
—ﬁmJﬁ:C—5MDﬂ+LJC—§&ﬁfﬂDd-F%ﬁLc

+46 (Db) 17" + 6,(Dc) 1 BT + 6 _1c_1 87
—0k(Dc)1BF — 46k (Db) 17" — 4dp—1b_17"
0k (47516 +4(Dy ") —1b + 297, (Db) — (DBT)-1c

3 -
—§ﬂi_1(DC) +p1.6) = — Mt

3
DB el BN+ 5 B (Do)l A

720 Jj>0

+ Z ﬁ];,jflé—l[’)';a 18:1]1 +4 Z 7];7];1[)—1[/8;’ 7:1]1
j=>0 Jj20

_4271;—17j5—1[ﬂ;,’)’:2]1 - 22’)’1;17]'(D5)—1[ﬂ;,’)’:1]1
Jj=>0 Jj20

+4Y (Db) 17 {errjy b-131 = Y jer-1 387 {bj-1,E-1}1
j20 j20

+ Y (De)-1-iB7 {bryjre-131 =4y jbe 1 jy"i{cj-1,b-1}1
Jj=>0 j>0

5u(DB") 1c+ 687, (De) + 687 — 40577,

+46 (Dy™) 1b+ 267, (DD) + 464(Db) 17y~ — 6k (Dc) 18~
+0x(De) 18~ — 46,(Db) 1y~ + 187 + 40, 177,b
~8p—16_18" — 40j_1b_1y” = G
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Gh iGh ny 1— ]['BIH—J”Y— ,3 +Z’Bk 1— 17] 7/8 1]7

j§>0 Jj=>0
+ 3B g BEY D v lB Bt
§>0 J=0

= =Y B + BT BTy — BT
=~ B+ B h) B 1
+6kBY Y — ey, BT — B4 1
= OB = 1 + BT BTy = G — kBT
= 201

TEHTG’“ = 4Z(k + j)c_1—jb—1[ﬁk++j—1"7:1]1

Jj20

—4) (DB ) k—1-g{es bty
j=>0

—4Y (b + )e-1-5b-1 (B 1,7
j=>0

=2 (k+j)e1—5(Db) B 7)1
§>0

—62 (De)-1— _jb 1[5k+]a7 1]1 62 Bk 1 ]{C] 1,b-1}y"
§>0 Jj20

+6 Z(DC)—I—jb_l[/Bl;:—j”y:Q]l +3 Z(DC)—l—j(Di))—l[ﬁl—c’——kj’7:1]1
j20 320

—4Y boijeni[y Bl =4 vy {bj e H(DBT)
§>0 Jj=>0

—sz 1-5(Dc) - 'Y]H_]aﬁ GZ’Yk 1— J{bj7c 218~
§>0 Jj=>0

—42 b—l—j5—1[7:+ja,5:1]1 + 4Z(k + j)b,l,jc,l[’y,_c:_j_l, B,)1
j§>0 j=>0

—4) (DY )go1-j{bj, € 138~
Jj2>0

+6 3 (k4 )b-1-5(De) 1y, 1 Ao
Jj=>0

—22(1)5) 1—5C— 1[7k+37/3 2]1 22 'Yk 1— j{bj 1,E 118~
§>0 3>0

=33 (Db)_1_;(De)_1[7{,;, BTIL — 2D (Db)-1jé 1y, B4 11
§>0 J>0
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—|—4ZC 1— ] ,BIH_J,’Y 1]1 42’819 1 ]{cja 1}(D7 )

j>0 j§>0
_420 1-5b ﬂkﬂ”y o]l — QZﬁk 1 J{Cm —a}y
j>0 j§>0
—2) &1 (Db B, ;v
320

—48,(Dc)_1b + 88,c_3b + 28 (Dc)_1 (Db) + 661 (Dc)_1b
—126c_3b — 46, (Db)_1c — 405 _1c_1b+ 88,1 (Dc)_1b
+26,_1¢_1(Db) — 463b_3¢ — 68;_1(Dc)_1b — 46,_1b_1c
+88,_9¢_1b — 2051 (Db)_1¢ + 66 (Db)_1 (Dc) + 46, (Db)_1 ¢
+605_1b_1(Dc) 4+ 405_1b_1¢ — 36 (Dc)_1(Db) — 65;b_1(Dc)
—46,b_1E + 86xb_s¢ — 36 (Db)_1 (Dc) — 265(Db)_1&
+46,(D&)_1b — 404E_1b + 885_1 (Db)_1¢ + 405_1_1b
+805_2b_1¢ + 20,¢_1(Db)

—4(DB )17 (= 46k—2 — 46,7~ (DBT))

+6B; 7 (= —605_2 + 66,7=, (DBT) + 665177, 87)

— 4y, |(DB™) (= —40% 2 — 46x(DB™)-17™)
—67; B (= —60k_2 — 66,87, (Dy1) — 66,_187177)
—4(Dy 1) 1B (= —46k_o — 46,BZ, (D))
+27; 87 (= 262 + 26581 (DY) + 26,1817 ")
_4B1;|_71(D7_)(: 44659 — 40k (D'Y_)—I,B+)
=28 577 (= 20p—2 — 267" (DBT) = 20517, BT)
0k(8(Dc)_1b — 4(Db)_1c + 4(D&)_1b + 4b_sc

—4c b+ 4(Db) 1(Dc) — 8(Dy*t) 187 —4(DB7) 1v"
—4(Dy™)-187)

+0p_1(—4yT, 8~ + 481,y +4(Db)_1c — 4(Dc) 1b)
—80k—2

(4wCh — 2D M) 5y — 4551641 — 80 _g.
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Proposition 5.30

The operators LG = wﬁil, Gt = TSJ_EE

the N=2-extension of the Virasoro algebra of central charge 6, i.e.

and jSP give a representation of

3

m- —1m
[Lma Ln] = (m—n)Lmyn — Om+nC,
2
1
[Lm’G;lL:] = (im _n)Grjr:z—kn’
[Lmajn] = —Njmin,
[jma GT:Il.:] = :':G'r:szm—kn’
[jmajn] = _2m5m+na
+ — _ _ o : _ 2
m - ?
{Grn. Gy} = {Gn,G,} =0
holds.
Proof:
This follows from Proposition 5.29. O

Theorem 5.31

Let w = wM 4 wCh 75 = 7 ME 4 7Gh gnd § = jM 4 jCGh,
Then the operators L, = wpy1,GE = TT:E+1 and j, give a representation of
2

the N=2-extension of the Virasoro algebra of central charge zero, i.e.

[Lma Ln] = (m - “)Lm+na
1
L, GE] = (5m—n)Ghi,
[Lm,]n] = _’n’jm-l-'na
[.maG;H = :FGrjr:z+n’
[jm,jn] = 0,
{G;Ir—w G;} = 4Lpyn — 2(M —n)jmin,
{G;Fn’G;L'— = {Gr_naGr_L} =0
holds.
Proof:
This follows from Proposition 5.17 and Proposition 5.30. O

Definition 5.32
Let a € V be an eigenvector of Ly. We call the Ly-eigenvalue of a the
conformal weight of a and denote it by h(a).
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For calculations it is useful to have a formula for the eigenvalues of the
operator L.

Proposition 5.33

Let ki e L, C,ie{l,...,t},p € {i},mi,rl,rg,nj € Z,m; > 0,
i€{l,...,t},j€{l,...,6},a € LX. For

v="Fki(-mq)-...- kt(—mt)ec_‘ler_lfle?{bQ6"1”+”25+"3X+"4>2+”5¢+"6‘5

in 'V we have

t
Lov = (Z m; + %OA2 + %nl(nl -3)+ %ng(’ng —-1)+ %ns(ng -1)
i=1
+%n4(n4 -1) - %n5(n5 +2) — %nﬁ(nﬁ +2)+ %r% + %r%) v.
Proof:
%0’(0)0’(0)6”10 - %0’(0)6”10 = (%nl - gn )e™a,
SO0 — 2500 = (Jnf— Lna)em?,
KOO — x(O)"X = (Sad— Sng)em™X,
S HOBOE 1 JO = (—ind —ns)e™?,
¢1 (0)¢1 (0)67‘1¢1 — %(,’,1)267"”5
For n > 0 we have
Y o(=k)[o(k),0(=n)] = mno(-n),
£>0 kavk,n
> —¢(=k)[$(k), 6(-n)] = nd(-n),
k>0 e
D (R (k)¢ (-n)] = né'(-n),
k>0
1
-3 2 (=R (k)2 Y (-n)] = nz¥(-n).
k>0 —2k<51:nn“"
This implies the assertion. g
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Proposition 5.34
The conformal weights h of the matter fields are.

matter field | h
1

2 (—1)
v |3
with p € {£}.
The conformal weights h of the ghostfields are.
ghostfield | h
b
c -1
b 1
c 0
7t -3
# 13

Proof:
This follows from Proposition 5.33.

For the next proposition we need the following lemma.

Lemma 5.35
Let V), = {v € V|Lov = hv}. Then

(Vp)n (Vq) C VEIH—qfnfl-

Proof: (cf. [S2]).
We have L,,_1 = wy,,. Hence for v € V

[Lm—1,vn] = [wm,vn]
= kZZO (7:) (WkV)mtn—k = kZZO (7:) (Lk-19)mtn—k

so that for v € V},

Tl = X (}) Berodisncs

k>0
= (L19)py1 + (Lov)n
= (DU)n—H + (LO'U)n
= —(n+ vy +pvn=(p—n— L),
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Finally if v € Vp, w € V; then

Lovyw = [Lo,vp)w + vy Low

= (p—n-1)v,w+ quyw.

Hence for homogeneous u,v € V we have
h(u_1v) = h(u) + h(v).
Recall the definition of the adjoint operators from section 2.3.

Proposition 5.36
We have

* *
Cp = —C—n—4, bn =bo—n,

o= &gy b= —bop,
(1)) = =2 (1) p, (")) = €250,
Y = (™) e, (TN = —(h ™) .
Proof:

We have Lz = 0 for z € {c, &b, b, yT optH, 249 e ~F opFH).
Then Proposition 5.34 implies.

*
Cp = —C2-n-2= —C_4—n,

b = —by_p_g = —b_p.

By Lemma 5.35 we have
1 1
h(yF ) = - 4+ = =0
(vIy™H) 5 + 5
so that

(73—F1¢iu)z = (’Y:_F1¢iu)—n—2-

The other cases follows analogously. g

5.3 The BRST-operator

The vertex algebra of the N =2-string contains physical and non-physical
states. By means of the representation of the N =2-extension of the Virasoro
algebra we construct in this section the BRST-operator ). The physical
states are then described by the cohomology of this operator.

To define the BRST-operator we need the element jBRST ¢ V.
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Definition 5.37
We define the BRST-current jBEST ¢ V by

1 1
jBRST — c,l(wM—|—2wGh—|—§a)
1
M , 1.Gh
+e-1(j +57 +2d)
1
AT §TG"’)
1
+y (M + 57Gh+)
with
a = (Db)_ic+ (D&)_1b €V,
d = (Db)_ic— (Dc)_1b € V.

We want to construct operators that induce gradings on V. For this we have
to know the following.

Proposition 5.38
Let

Jo° = a16(0) + a2¢(0) + azx(0) + asx(0) + a50(0) + a3 (0),
a; € C,i €{1,...,6}.Then
FBRST is eigenvector ofjg( & astaz+as=0 andas = ag and

a1 + a3 =ag + a4.

Proof:
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1 _ 1 _
+3a57 161(DF ) + 5 (a2 + agrtie 1 (D)

1 _ 1 _
+§a57_10—1(Dﬂ+) +5(a+ a3)y- c-1(DB™)

3 _ 3 _
+705721(De) 1B + 7 (a2 + aa)yly (Do) B

205721 (DA B + 3 (ar + a5y, (D)
+2a5751b_177 + 2(a1 + az)y b1y
+2a57 " b_17"T + 2(az + as)y b1yt
—2agv11b_1(Dy™) = 2(a1 + a3)yF b1 (DY)
—agyt, (Db) 17 — (a1 + ag)y ™, (Db) 1y~
+2agy"1b_1(Dy 1) 4 2(ag + as)y~ b_1 (D)
+agy ", (D) 17" + (a2 + as)y ", (Db) 17"

1 5 _ 1 - _
+zagy 162187 + (a2 + a)yF e

2 2
11 S
—5067-16-18" — §(a1 +az)y" €18
1 1
= asc_1 (WM + Zw + Za)
2 2
N . 1. 1
+a66_1(3M + §]Gh + §d)
_ 1 _
+(—az = ag)yt (T + o)
1
+(—a1 —ag)y_ (*MT + §TGh+)

+7% (%(CLS +ag +aq)c_1(DB7) + Z(a5 +ag +a4)(Dc) 18

-|-2(a5 + a1 + ag)b,yy_ — 2(a6 + a1 + 0,3)571(D’)/_)

5 1 o
—(ag + a1 +a3)(Db)-17" + (a6 +az +as)c 18 )

+’Y:1 (%(as + a1 + a3)c_1(DB+) + %(0,5 + a1 + a3)(Dc)_1ﬁ+

+2(a5 +as + a4)b_17+ + 2(a6 + a9 + a4)5_1(D7+)

~ 1 5
+(a6 + a9 + a4) (Db)_l’)’+ — E(aﬁ + a1 + CI,3)C_1,B+> .

Hence jBR5T is a eigenvector of jy iff a5 + as +as = 0 and a5 = ag and

a1 + a3 = as + aq. O
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Proposition 5.38 implies

Proposition 5.39

For j& = a14(0) + a2¢(0) + azx(0) + as4%(0) + a5 (0) + ag&(0) with

as + a1 +ag = 0,a5 = ag,a1 + a3 =as +aq , a; € C fori € {1,...,6}, we
have

X . 1 1
]g(.]BRST = a5c_1(wM + §wGh + Ea)
- . 1. 1
+a60_1(jM + —]Gh + —d)
2 2
_ 1 _
+(=az —ay 5 (P 4 5
1
+(—a1 — az)y S (TMF + 57Gh+)
— a5 BRST

To get gradings on V' we define the following elements.

Definition 5.40
We define elements jV,jF+ 7= eV by

7Y = =x(=1) = x(-1) + o(=1) +5(-1),
37T = =¢(=1) + x(-1),
i7 = (=) +x(-1)

and call the zero mode j(])V the ghost number operator and the zero modes
jéj * the ghost picture operators.

Proposition 5.41

We have

ge’ | 9o " | do -
en? 0 n 0
en? 0 0 n
e | —n| n 0
eX | —n| 0 n
e’ n 0 0
en? n 0 0
jBRST 0 0
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Proof:

joe"? = —x(0)e" - %(0)e" + 5 (0)e" + 5(0)e"? =0,
dg e = —p(0)e" + x(0)e"?
_(n¢a ¢)en¢ =N (¢7 ¢) enqﬁ = ne”d’,
=—1
jg € = =$(0)e" +x(0)e" = 0.

The other cases are analogous. The last line follows from Prop. 5.39:

jév ta3 = —1,a4 = —1,a5 = ag = 1,a; = ao = 0. Hence jéVjBRST = jBRST
The proof of the other two rows in the last line of the table are
analogous. g

Definition 5.42
We define the BRST-Operator () as the zero mode of the BRST-current

Q="

Proposition 5.43

GY.QI=Q, [JIH,Ql=0, [ii,Q]=0.

Proof:
Because of
- 0 -x »BRST
75 = X ()G
k>0
= (j(a)chRST)Oa x € {N’ P+’P_}’
this follows from Proposition 5.41. O

Hence the BRST-operator increases the ghost number by one and leaves the
ghost pictures unchanged.
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The following commutation relations are useful for calculations.

Theorem 5.44
Let o € L* and p € {£}. Then

[Q, 2 (=1)n]

{Q v}

(@, en]

(@b}
{@, b}
{Q;cn}
{@.é:}
[Q, 7]
[Q, By ]
(Q, wn]
[Q, 7]

Proof: We have

((D2##(=1))1e + 25(=1) 1 (De) — 244 (DY)
—2(DyH) 7).,

(—(DW) e~ Sy (D) — 2 (- 1)_wi¢e_1wi“)

2

a7, (%) o6 + (2, @)y, () -1e%),
wna
Jns

(c1(De) =4yF177)

(c-1(D&) + 291, (DY) =297, (D)),
(c—1(Dy*) - %ﬁl(DC) F 17 )n,

+

n

1 _ L1, .
(——(z+“,a)z u(—1)c—1e” — §(z Hoa)z",(—1)c e

\]

bl

o o

Q] = ET 0] = 3 (O) (GERSTY) = (jBRTY) weV,

k
k>0
and
QzH(—1) = Zc,l,kw,]cwzi“(—l)
k>0
+Z')’ 1— kTM iu ‘i‘Z’Y 1— M+ jE“( 1)
k>0 k>0
Prop. 5.15
e c.1(Dz#(=1)) + (Dc)_127#(—1) — 2(Dy™) 1™+
_2’7:—E1(D¢iu)a
QY™ = > capwfFr Y e gyt
k>0 k>0
+Z'Yj17k71£w_¢iu + Z’Y:lfleij’ﬁiu
k>0 k>0
Prop_.5.15
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Z c,l,kw,lcv[ea + Z ’)’i’lfkT,iV[_ea

£>0 k>0
+Z'Y:1—k7'l£/[+ea

k>0

1 +u - a_ 1 —p + a
—i(z ya)z (1) 1c1e® — E(z ya)zh (=1)eqe

He, o)y T () e + (T, o)y ($7,) 1€,

Se 1 k(D) ablie — (54 3 4H 4 bar e

k>0 k>0
1 _
k>0
Ok Z c_1-(Dc) — 2 Z QARTNE RS Z Vo1Vl
k>0 k>0 k>0

c_1(Dc) — 271'17_ — 2’)/:17"'
c_1(De) —4yF 177,

D 1k ((DE) 1b)ié

k>0
HG ) A 4 Boa Dy e+ (5 2) 377 4 (DB 1y e
k>0 £>0

—(5- 4> 7 kDY rE— (52D 7, (DB) 1vh)sé

k>0 k>0

Y drem1-k(DE) +2) Gyt (DY)

k>0 k>0

- Z T ke 2l — 2 Z Sy, (DY) + Z Y1 kY2l
k>0 k>0 k>0

¢ 1(Dé) + 29 (Dy7) =y (Dy7) — (DyF) 1y~

297, (DY) + 47 (DyF) + (Dy )y *

c-1(Dé) + 2yF,(Dy7) = 297, (DY),

1 1
Z wﬁ/[l_kckb + 5 Z wE;{L_kab + 5 Z a_l_kckb
k>0 k>0 k>0

329D eork(De) 1B)eb
k>0

3 00 4l (DB b+ (5 - 2) 37 (D)1 )ed
k>0 k>0
by o ke 1(DF b+ (5 2) 37y 4 (D) 1 )b

k>0 k>0

66



Qv*

1 1
M Gh
w" +-w T+ 2@ + E Cc_1_pbp_ol

2
k>0
1 n _ 1 3 + -
_E(k - 1) 277171@@9721 - (5 : 5) Z’Ll,kﬂkfgl
k>0 k>0
1 _ " 1 3 _ 4
_ﬁ(k —-1) Z’Y_l_kﬁk_gl - (5 ) 5) 27_1_1;@9_21
k>0 k>0

wM — %(Db)qc + (Dc)_1b+ %(Dé)flg - i(Dﬁ_)*ﬂﬁ

~2DY) 4B — 3 (DFT) oy — (DY) 4B + 5 (Db) e

4 4
1 - 1
+5(D&) 1+ ¢ 1(Db) + (De) 1b+ 571 (DB)
3 .3 1 3,
—=7(DB7) = (DyF) 1B — 272 (DBT) — S(Dy )BT
4 4 4 4
w’
v -7 Is=.n -7 1 -
Z]yl—kckb + B ng?_kckb + B Zd—l—kckb
k>0 k>0 k>0
N L
+ Zc,l,k((DC)_lb)kb—i- 3 Z’Yil,k(c—lﬁ )kb
k>0 k>0
1 - N ~
=5 D Vo1 (@1 )b
k>0
v Loan 1 . R D B
77+ 537"+ gd+ e (D) + (De)-1b+ 575 87 — 5758

) 1 _ 1 _
M+ 5’)’15 - 551_17
- - 1 1
+c_1(Db) + (Dc)-1b + 571_15 - E’L1ﬂ+
Js
3
~1 Z c_1- k(DY) 1 BF) ™
k>0

1D e (DA - 5 Dk AT

k>0 k>0
1 + +, 3 + 4
+5 kzmvlk(c—l(DﬂjF))m + gvlk((DC)—lﬂﬂm

1 + s +

ig} Y k(618 )iy
£>0

3 1 1

3 Dt = L (DAt = LDe) it

461(7) 401(7) 4( )17
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}_l

3 1 -
fyfl (Dc) — val (Dc) F —'yflc

1
;C017+(D'y)1c—l—— 2

2 2

1 -
= C—1(D’Yi) - 5’)’_1(DC) + C—1’)’ia
QIB:I: _ Z 7_1\41:|:k7:F16:|: Z TGlhzl:k,y:FIB:I:
k>0 250
3 1
~1 D k(DY) 185 )B™ - 1 > ek (DBF) 17 F)B™
k>0 k>0
F5 Zc 1k (BEYTIRBT =2 7E (b FB*
250 k>0
42 " yF (o (DyF)RBE £y (D) _17F)B*
k>0 k>0
mx 1 gnt 3 s, 3 + 1 +
= 77 4+ =7 + —c 1(DBF) + —(Dc)_18~ — —c_1(DBY)
2 4 4 4
1

~E1BE = 29F b F 2(DyF) _1b F 29T, (Db) £ ~*,(DD)

= PME L Lo (DB) + H(De)fE — 2bayE F 25y (D)
FDB) 1y F 568* + zea(DFY) + 3 (De)1f*
—2yE b F 2(DyF) b F 4H(Db) F 26 16T =17,

O
The following result is fundamental because it will allowing us to construct
cohomology sequences.

Theorem 5.45
Q*=0.

Proof:

QFPT = Qe M + Qe 1 (W +a) + QE 15 + L QE 1 + )
+Qy M + Qv* - +Q7:17M++%Q7217Gh+

- —E{Q,cfl}z+“(—1)71z;(—1) Qe e D) g ()
Qe Y DY), - 1@ e} (DY),

el 2 (D)2 (1) + geaaz M1 [Q. 7, (1)L
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+ic,1[Q, D] (1) + je 1zt (-D[@,z H(-1)]1

+ic_1{Q,¢f§}¢] - 30—1(D¢+“)—1{Q, (¥ )-1}1

Freo {QuTE I, — Lot (DY ™)@ () 1
+{Q, C_1}(DC)_1b + {Q, C_1}(D5)_15

Qe Dy af — Qe }(DF )

Qe }(Dv) 1B~ Qe }(DEY) 1y
—c-1{Q,c—2}b+ c_1(Dc)-1{Q,b-1}1
—c_1{Q,-2}b + c_1(D&) 1{Q,b_1 }1

Foea[@18 + S (DY) lQ. )1

70 11QuB I + e 1(DF) @)1

F2ea[@Bt 4+ Je (DY )@, A1

Feal@ 850 + e (DB Q]!
QA + 2 {Q (),
2 THQ )+ @B

_%{Q, &Y y — %571[62, gaN

1

~SE QBT+ 56 1(Q. BTy

5 BRIQ A+ Q] (- 1),
FHIQ A, + 7 (-1{Q, (97,) 1
+[Q, 7:1]z_u(_1)¢+u + 7:1 [Qa 2_“(—1)]¢+u

5 M@ W) )+ (@A ]e (DB )

Fo[QAH (D)1 8™ — 2@y by
+2[Q,711b-1(Dy7) + [, 7 1(DB)-17

#5107 HE 1B + 57 {@ e 1}(DB)
1

_57__|_16—1[Q, 18:2]1 + Z’Yi—l{Qa C—Q}ﬁ_

69



21 (DE) 41Q, BT~ 27 1@ b 1}y
+295104[Q, 7)1+ 295 {Q, b1} (DY)
=294154[Q 751 + 751 {Q,boo}y”

751 (DB @ AT L+ 375 Q6 )6

57 hEQ L+ 5@ T e (DY)

F2QAIDA Y~ 2Qr o
—2[Q,7_1)b-1(Dy") = [@,72,])(Db) 17"

1@ 1B + 5971 {@ e }(DBY)

—S7ielQ BN+ 31 (@ e}t

_gy:l(pc),l[cz, BHI1 — 29 {Q, b1y
+2’)’:1b_1[Q, ’71—1]1 — 2’)’:1{Qa 5—1}(D'7’+)
+277,0-1[Q, v )1 — 77 {Q, ba}y

(D)) QAN - 5771 1@ 118*

o1l B

A tedious calculation using Theorem 5.44 shows
QjBRST — Dy
with
v = =2y yTjeb—dyEyTEb+ Ayt vy B
_71_17:1,31_17_ + C—lé—l’Yil,B_ - C—lé—lﬂi—17_
_ . 1 _

+47i_1’)’—1JM + 56-16-13’” — 672, (Dy")
—6(Dy )1y — o1y (Dy )b

.3 - B
—c_1 (DY) 1bo1y — 56-3¢— eyt M — ey M

Hence we have
Q* = (j¢ "7 jPRT) ) = (Dw)o = 0.

This proves the theorem.
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Chapter 6

The Lie algebra of physical
states

In this chapter we construct the Lie algebra of physical states of the N=2-
string moving on a torus. As we mentioned above the physical states are
realized by the cohomology of the BRST-operator (). There are many iso-
morphic copies of the space of physical states and the picture changing
operators produce isomorphisms between them. In the first section we de-
fine a subalgebra Vs of the vertex algebra of the compactified N =2-string
called small algebra. This restriction will allow us to construct the picture
changing operators. In order to construct a bilinear form we restrict further
to the vertex superalgebra VSG SO In the second section we determine the
cohomology groups of ) in VSG S0 As we will see the only nonvanishing
cohomology groups for nonzero o € L* are the cohomology groups with
o? = 0 and ghostnumber 1. In the third section we define the Lie algebra
of the N=2-string. Thereto we define a product {, } on V&© and describe
some properties of it. We show that {, } closes on the cohomology. To define
the Lie algebra G we restrict to the (0, 0)-picture and define the Lie bracket
as [u,v] = {u,v} , u,v € G. To obtain a bilinear form on G we define
a bilinear form on the cohomology. As we will see later the bilinear form
vanishes on the root spaces.

6.1 The small algebra

First we define a subalgebra of the vertex algebra of the N=2-string which
is called small algebra. This is necessary to define the picture changing op-
erator which we need for the isomorphisms between the cohomology groups
in different pictures. We also construct a bilinear form on the small algebra.
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Definition 6.1
We define the elements 7,6, nt,n~ €V by

§+ =eX, { = eia 77+ =e X, n=eX

Proposition 6.2
The only nontrivial commutation relations are

{fiﬂﬁ} = 5m+n+la

{(Dfi)m,nff} = —Mmin-
Proof:
For k£ > 0 we have
T = efe X=¢ S_ el
Exn & (X 1 —X) S_g—1— (x, x)(X)
= S_k(x) = O,
(D§+)k77_ = _kgj—ctﬂ]_ = _ke§716_x

= —kS_py1-141(x)€® = —kbp_1

and for the other cases analogously.

Hence
@ = 2+
(DE) ()T = =277 +...,
so that
{fmﬂ? } = Z ( ) gk 7] m+nfk = lmin = Omint1,
k>0
{(Dfi)m,ﬁ:f} = Z ( > kn:F)m—f—n—k = -—mlpin
k>0 >
= =—kdg—1
= —Momin
and we get the assertion. O

Definition 6.3
We define the small algebra Vg as the subalgebra of V generated by the
states €7, D¢, nE, b, ¢ with v € LX @ LY#%.

We have
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Theorem 6.4

QT = c 1 (DET) +TM+ ¢+477+ e‘251‘3(1’1(’+4D(77+1e¢1€¢1b)
—277+1e¢1e¢1(Db) —4n*,(De?)1e? 1b
QE™ = c 1 (DE)+7Me? +477:16¢_)1€_1b+4D(7I:1ef1e¢—)15)

—2n:16fle‘é1(Dl~)) - 4n:16‘f1(De‘5)_1l~).

Proof:
Q6 = Sleaw™E + (1M + (T ot
+%(’Y+17Gh Jo + %(’Y:NG’LJF)O&*
= c (DE)+7Me? (4b 1n_ 1e‘ble — 2b_yn= 1e¢1e¢
—4h_y(De?) 1P —4(Dn’)—16f16¢)
+%(—4'y:1b_1e¢ + 27:17)_26‘/; + 47:25_16‘/;)
= c i (DEY) +7MTe? +4nt e 1e¢1b—|—4D(n+1e¢1e¢1b)
—277+1e¢le¢1(Db) —4n*t (De ),1e‘f1b.
For Q¢ analogously. O

Definition 6.5
Define XT, X~ €V as

X*ti=Qet, X = Qc

We define the picture changing operators as the modes
X5 = Q€)1 = {Q. &)

Recall that V&0 is a vertex superalgebra.

Definition 6.6
We define the vertex superalgebra

VGSO VS N VGSO.

Now we want to define a bilinear form on VSGSO. For this we need the
following results.

Proposition 6.7

The eigenvalues of Ly on VGSO

are all integral.
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Proof:
For

v = kl(_ml) .o kt(_mt)ea167‘11¢167"2{752en1U+N26+n3X+n4>2+n5¢+n6¢~>

the eigenvalues of Ly are given by

t
1 1 1 1
Lov = (Z m; + 5042 + 5”1(”1 -3)+ 5”2(712 -+ 5"3(n3 -1

=1

1 1 1 1 1
—|—§n4(n4 -1) - §n5(n5 +2) — §n6(n6 +2)+ 57"% + 51"%) v

(Proposition 5.33). It holds
ni(n1 —3) =0(2), ni(n; —1) =0mod 2, i€ {2,3,4}.
Recall that
¢ =(0,0,1,0),¢ = (0,0,0,1), 4" = (1,0,0,0), ¢ = (0,1,0,0) € L¥$?.
In order that

v € V0 = V.0 D Vis,) D Vi) D Viso)

we need
r1+ 719 —ns —ng = 0(2).
Hence either none, two or all of the coefficients r1, o, n5, ng are odd numbers.
Hence
(—ns(ns +2) — ng(ng +2) + 72 4+ r2) = 0 mod 2.
Hence
: 1
Zmi + §{n1(n1 - 3) + ng(’l’LQ - 1) + ’I’L3(TL3 - 1) + n4(n4 - 1) — n5(n5 + 2)
i=1

—ng(ng +2) + 12 +r2} € 7.

O
Proposition 6.8
L1 acts locally nilpotent on VSGSO.
Proof:
We have
L = —% S {2 (= B2 + 2t (1 — B2 (k)
k>3
—2¢' (1~ k)¢' (k) — 2¢°(1 — k)* (k)
+o(1—k)o(k)+6(1 —k)o(k) + )5(1 - k))f(k)
+X(1 = k)x(k) — ¢(1 = k)p(k) — (1 — k)¢(k)}
—30(1) — & (1) — x(1) — x(1) +26(1) + 2¢(1).

74



From this it is easy to see that L; actually is locally nilpotent on V. g

With Proposition 6.7, 6.8 we can apply the results of section 2.3 to construct
a bilinear form on VSG SO_ Note that €3 is not in L;Vj.

Definition 6.9
We define an invariant bilinear form (,) on VSGSO by

(e37,1) = 1.

6.2 The cohomology spaces

Now we construct the cohomology spaces of () and and describe some prop-
erties of them.

Definition 6.10 ~
B = V‘SQSO N Ker by NKer by.

The space B is graded by the lattice LX. We denote the homogeneous
subspaces by B(a). The operators Ly, jo, j{", jéj * jéj ~ are simultaneously
diagonalizable on B(«) so that we can write

k.k,
Blo) = D Bty
where £, l;, n, p+,p— denote the eigenvalues of Lo,jo,jév,jéj"',jé)_.

Definition 6.11
We define vector spaces

C(a)py 5 = Bla)yy

p+=p_,

Cla)=PC)p,- , C=EPCla).

n
p+ap_

Since b} = b; and {b1,c_2} = 1 the bilinear form on C induced from (,) is
zero.

Definition 6.12
We define a bilinear form on C.

(u,v)c = (c—2u,v).

Because of Q2 = 0 the sequence

el S o, Dol S

defines a complex. We denote the cohomology groups by H ((Jz)ZJr o
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Definition 6.13

We define a bilinear form on H := @, H(oz)I”)+ o

(u,v)g = (u,v)c-

The maps X}, X, are defined on V&Y. Because of Q? = 0 it is easy to
see that X i’l, X_, are well defined on the cohomology.

Theorem 6.14
For a € L* a0 # 0, the maps

X* : H(a) — H(a)

n n
pt,p~ pt+1lp—?

XZ) t H(a)pr - — H(o)pr - 11

are isomorphisms.

Proof:
cf. [JL1]. O

Theorem 6.15
Let o € LX,a #0.
If & #0 then

H( )Z+,p_ = 0 V’n
If &> =0 then
1 =1,
dim H(a)" - = for m
’ 0 else.
Proof:

Let « € LX with o> = 0. In chapter seven we will calculate explicitly
the cohomology group H(a # 0)(1),0. As we will see there the dimension of
H(a # O)(l),0 is one. Then Theorem 6.14 implies dimH(a):},’q = 1. The rest
of the proof can be found in [JL1]. O

6.3 The Lie algebra and the Lie bracket

Now we want to construct the Lie bracket. Therefore we define a product
{,} on VESO,

Definition 6.16
For u,v € V&S0 we define (cf. [LZ1])

{u,v} = (=1)"™/(bou)ov.

76



Now we want to show that {, } closes in the cohomology. For this we need
the following results.

Proposition 6.17
For u,v,w € VSGSO we have

ug(vow) = (uov)ow + (—1)¥lyg (ugw).

Proof:

VSG S0 is a vertex superalgebra, hence we have

(an0)mto = 3 ()1 (- s9m 0 = (D) i)

i>0
Then
(wo)ow = 3 (2) (=1) (g — (=1)°(=1) Plo_juju0)
k>0
= ug(vow) — (—1)"lug (ugw).
= w(vow) = (uv)ow + (—1)*Plyg(uow).
O
Proposition 6.18
For u,v € VSGSO we have
(_1)|u|{u’v} = by (u_w) - (b1U)_1’U + (—1)|“|u_1(b1v).
Q{u,v} = {Quav} - (_1)\u|+1{u’ QU}
Proof:
With Proposition 6.17 we have
bo(ugv) = (bow)ov + (—1)1lug(bgw). (6.1)
Then
b0 = X () i = (<D ussto)
i>0 M
= by(u_1v) + (=1)ug(bov) — bo(uev) + (=1)%u_1(b1v).
D brw)orv = brlu1o) + (=1) Mg (bov) — (bow)ow — (—1)®lug(bov)

+(=1)u_y (byv).
(bru)_1v = bi(u_1v) — (bou)ov — (—1)*u_1 (byv).
= (-1)u,v} = (=1)M(=1) (byu)ov
= bi(u_1v) — (biu)_1v + (=1)u_q(bv).
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We have |spt| = |s| + [t] for s,£ € VE5C and |Q| = 1, |b] = 1 with respect
to the grading in V50,

= [Q, (bow)o]v = Q(bou)ov — (—1)!?P¥ (byu)e(Qu).
Then
Q{u.v} = (-D"Qyu)ov
= (-)M[Q, (bou)oJv + (1) (1)1 (Bou)o (Qu)
= (-1 Z (2) GRS (bow)) —kv + (—1)*I(=1) 1 (bgu)o (Qu)

k>0

= (—1)"(Q(bow))ov + (—1)"I(=1)* ! (bgu)o (Qu).
We have D = wo = {Q, bo .

= Du={Q,bo}u = Q(bou) — (—1)bo(Qu).
We have
—(=1)"“(bo(Qu))ov = (=1)9F(Bo(Qu))ov = (—=1)!9¥I(Bo(Qu))ov. (6.2)
Then
Q{u, v} = (—=1)"/(Du)ov — (—1)"! (bo (Qu))ov

+(=1)I (1) + (bou)o (Q)
{Qu,v} — (=) {u, Qu}.

(6.2), Prop. 2.5

O
Proposition 6.19
We have
jOb = Oa
v? = 0.
Proof:

Job = 1 (=1)ob+ A (~1)ob+ (v5,57)ob — (8717 )ob — (DB) 160D
—I—((DC)_lg)()b
= — > {(Db)-1-jejb—c_1-;(Db);b}
720
+ > _{(De)-1-5bjb — b_1—;(Dc);b}
720
— —5,260 + 5,260 =0.
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Let v € V. Then

(bib)o = Y (1) (—=1)7{b1jb1 40 — bo_jbjv}

>0 M
= bibiv — babgv — bobov + b1byv.
1
= by = 5 (01d)1v.
With
blb = 6170670 = S_1_1_1(—0')672a =0
follows that b?v = 0. O

Proposition 6.20
For all u,v € H we have

Lo{u,v} = 0,
jO{U, U} = 07
bo{u,v} = 0.

Proof:
We have {Q, b1} = Ly. Hence by Proposition 6.18 and Proposition 6.19.

L(){U,’U} = le{ua U} - le{ua U} = 0.

We have
) Prop. 6.17 . .
jo((bow)ov) BT (Gow)ow + (=) Plwg (Gov)
" ——
=w =0, veH
Prop_.6.17

Jow = jo(bou) ( &)}L Jou + (=) by (jou).

=0,Prop. 6.19
Because bob = 0 the proof that Eo{u,'u} = 0 is given analogous to the proof
that jo{u,v} =0. O
Hence we have

Proposition 6.21
{u,v} € H foru,v € H.

Proof:
This follows from Propositions 6.18, 6.19, 6.20. g

Corollary 6.22
() H@R o x HB)Y - = Hla+ )t
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Proposition 6.23
Let u,v,w be representatives of elements in H. Then

{u, v} + (=1)0eHD0PH 1 ) = 0.
(=1)eHD0wHD £ Ly w4 (1) DD £y L, u))
+(=1)(wHDA D £ fu, 0} = 0.

Proof:
cf. [LZ1]. O

Now we define the Lie algebra of the N=2- string. For the Cartan subalgebra
we use the symbol H. This symbol is also used for the cohomology group
of Q. It will be clear from the context what is meant.

Definition 6.24
For a € LX, o = 0, we define

H :=H(a=0)g,
and for o € LX,a # 0, we define
Go = H(a)g -
Now we have
Theorem 6.25

G=Ho P GCa
a€eLX ,a#0

is a Lie algebra under the bracket

[u,v] = {u,v}
(=1) " (bou)ov, u,v € G.

Proof:
This follows from Theorem 6.23 O
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Chapter 7

Calculation of the

cohomology groups in the
(0,0)-picture

Now we calculate explicitly the cohomology groups in the (0, 0)-picture. This
will be needed for the calculation of the bilinear form and the bracket.
Thereto we construct the vector spaces C9 () and Cg o(e) for o € LX with
o? = 0. Recall that Cfy(e) = {v € V§*°|v € Ker Lo N Kerjo N Kerb; N
Kerbg A jNv = nv, 3¢ Tv =0, v =0,n € {0,1}}. In the second section
we calculate the Cartan subalgebra

H =Ker Qlgy ,(a)/Im Qlcg o) @ =0
and in the third section we calculate the root spaces

G, = Ker Q\C&O(a)/lm Q|Cg70(a)a a# 0.

7.1 The spaces C(a)yg, C(a)jo

For the calculation we need the following lemma.

Lemma 7.1

For
v = o(—1)e"It"0
or
_ = n10+n20
v=2a(-1)e
or
v = en10’+n20’

where ny € {0,1,2},ny € {—1,0,1}, we have
{((De)_1b)o — ((Db)_1c)o}v = 0.

81



Proof:
By explicit calculation. O

Proposition 7.2
Let a € L*, 0?2 = 0 (we allow « =0).
Cio(a) has dimension 2 and the vectors

vy = €%,

Vg = b,lcflea

form a basis of it.
C&O(a) has dimension 19 and the vectors

v = 51L1’Y:1C—16a,
vy = 1 BIc e,
vy = (P71 (¥T) 1c-1e”,
vy = (Dc)_1e%,
vs = é_1b_1c_1€%,
vt = ZH(-1)_1c_1e%
U7iu = ’Y:f1¢jfijeaa
Uétu 7$1¢7f5—16716aa
V9 = ')’:1’)’—_'—1[;—leaa

vio = (WY =T T)ee,
where p € {x}, form a basis of it.

Proof:
An element of V' can be written as a linear combination of elements of the
form

bl rod? - - ~
v = kl(_ml) e kt(—mt)eile_l{i’ 6_2{1) en1a+n20+n3x+n4x+n5¢+n6¢’

where k; € L®zC, i € {1,...,t},pu € {£},m4, 71,72, € Z, m; > 0,
ie€{l,...,t},j € {1,...,6}. If v has to be in Cf 4 (a) or Cj y(c) respectively
we get the following conditions

v € Ker Ly N Ker jo N Ker b; N Ker 50

and
jévv = nv, ne€{0,1},
pt p-
](1)3 Vo= ]éj v =20.
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With this we determine in the following some conditions for the n;,r; in v.
We denote the eigenvalue of jY, 55", 7~ by n,p* and p~. Then

pT = n3+tns ,p =ng+ne, (7.1)
n = ni+ng— (n3+ng).
Because we have the ghostpicture (0,0) it follows from (7.1)
ng = —n3, Ng = —N4. (7.3)
With (7.2) it follows
(n3+mn4) =n1+ny—n, ne{0,1}. (7.4)

From Proposition 5.33 follows

t
1 1 1 1
Lov = Zmz + 5052 + §n1(n1 —3)+ 5”?(”2 -+ 5”3(”3 -1

i=1 ~" ~" ~ ~~

=T =T =:T3

1 1 1 1 1
+ §n4(n4 -1)- §n5(n5 +2)— 5‘71;6(”6 +2) 57"% + 51“% v.

~ J ~ vl ~ 7
-~ -~ -~

=:Ty =:T5 =:Ts

From (7.3) we get

6
1
D T = 5(ns +n4),
=3

so that by (7.4)

Ifn; € {0,2} we get T(n1)

0,

1
ifng =1 we get T(nq) 2

1
ifn; <-1Vn; >3 we get T(ny) > 3 = T>0.
Hence we get from the condition v € Ker Ly that
ny € {0,1,2}. (7.5)
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If |ng| > 2 then T' > 0, hence
ng € {—1,0,1}. (7.6)
If |r;| > 2,1 € {1,2}, then T" > 0, hence
ri € {—1,0,1}. (7.7)
Ifn#1Ar #0A7re #0 then T' > 0, hence
r1 #0Arg #0only forn=1. (7.8)
If Y m; > 2 then T' > 0, hence
> mi <1 (7.9)

From the condition v € Ker j5 we get the following:

jo = =9(0) + $(0) + ¢'(0) + $*(0) + ((D)-1B)o — ((Db)1¢)

~ 7

=:l1
Because of (7.5), (7.6), (7.9) it follows with Lemma 7.1 that
lov = 0.
We have

nsp+ned+ripl+rae? — ( nsp+ned+ripl+rae?
)

lie ns —ng + 11+ 1ro)e
where ng — ng + 11 + 79 L 0 so that

ng = N5+ 11+ ro. (710)

Hence with (7.5), (7.6), (7.7), (7.8), (7.9), (7.10) we obtain the following
tables.
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For ghostnumber n =0

ny|ng | ng | ma|mns|ng | T | ()] my
olofojojo|loOo|O|O]| O 1
0|-1]0|-1|0]1|1]1 *
O|-1|-1] 0| 1|0 |-1|1] =
0|10 |1]|0]|-1[-1|1 *

0|1 |1|0|-1]0|1]1 *
10|10 |-1]0|1]o0O 0 |gVvEso
100 ] 1]0|-1]-1]0 0 |¢gvgse
1[-1/0|0]0|0]|0]| 0] 0 |ee°
1|11 |1|-1|-1|0] O 0 |¢gVvgse
2101 |1 |=1|-1|0| 0| 0 |gVEFo0
2 |-1]0 | 1|0 |-1[-1|1 *
21|10 |-1]0|1]1 *
20121 |=2/-1]1|1] «

201 |12 |-1|-2]-1|1 *

ri: By (7.8) one of the 7; has to be zero. We give the value of the nonzero
;.

(+) : 2 Tj + 5§ + 573

*:—1 in contradiction to )  m; > 0.
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For ghostnumber n =1

n ri || re | ()| D my
(0,0,0,—1,0,1) | 1 0| o e~Xe? &9
(0,0,-1,0,1,0) | -1 0 0 e Xe? e
(0,-1,-1,-1,1,1) | 0 0] 0 |e ‘{e Xe~Xe? &9
(0,1,0,0,0,0) 0 0] 0 €% ¢ Ker by
(1 0,0,0,0,0) 0 ~1] 1 k(—1)e®
(1,0,-1,1,1,-1) -1(-1] 0 0 g v§so
(1 0,1,—1,—1,1) 1]11] 0 0 g v§so
(1,—1 ~1,0,1,0) | -1 0| 0 |ejefee? e
(1,— 0,1) | 1 0| 0 | e efefe? e
(1,1,0,1,0, 1 | -1 0 0 g v§so
(1,1,1,0,—1,0) 1 0 0 g v&so
(2,0,1,0,—1,0) 1 0 0 g V§So
(2,0,0,1,0,—1) | —1 0 0 g v§so
(2,-1,0,0,0,0) 0 0 0 e?%e% ¢ Kerb;
(2,1,1,1,-1,-1) | 0 0 0 ¢ vaso

n = (nla nz,n3,n4, ns, n6)'
r;: By (7.8) one of the 7; has to be zero. We give the value of the nonzero

Ts.
() 2T+ 3r2 + 412,
ve{l,2}. O

7.2 The subalgebra H

Proposition 7.3
Let o € LX, a0 = 0. Then
Ker Q1 () = {7 € Ci0(@)|Qz = 0} has dimension 5 and the vectors

vE = ZEH(—1)_jc — 29T
_ _ 1, = _
v o= 71—1/3_10 - ﬁi_ﬂ’_lc - §(¢ “)—1(¢—;)—1C + 4b—1')’i—1’7 )

where p € {x}, form a basis.
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Proof:

+ + +
Let a1, a2,a3,a4,a5,a5",a7",ag", a9, a190 € C, p € {£}. We have

(co1(DBT)) 1775

S(DO)15%) 17

—4(b_1y )1y
—(571,8+)717:10

(co1(Dy))-1Bsc

> {em1i(DBY)-147Tse
>0

+(DB)—a—jciv7 ¢}

Z —(=1+j)e—1-iB 5 1 ¢

720

Z —(—14j)c1— [:3——'—2+j7'7:1] c
j>0
=—0j—2

+Z ~1+j)e_1—yZic BT 2451
Jj=>0

c_3c+c_1y jc-1(DBT)

Cc_3C.

3 _

2 Z{(Dc)flfjﬂi—l-l-ﬂ—lc
Jj=>0

+/3j27j(Dc)j')’:10}

3 _

> Z(DC)—l—j [;81_14_]', Y 4le

720

3 _
+3 Z(DC)—I—j'Y_lC—l/@__'—l—i—jl
3=0

3 3 _
~2(De) se+ 5(De) 19-1e 167

3 _
i(DC)—ﬂLlc—lﬂjL

=4 byt e+ vty bivTich
>0

—4b_1yF v e — 4Dy )y

- Z{éflfjﬁfuﬂﬁc + ﬂtQ—jéj’Y:N}
>0

(Dé)—1c — é_17Z e 87

Y e (DY) eBlye

>0

— Z(—l + j)C—l—j [7j2+ja :B:l]c
>0

= (=14 f)eBieo1yty 1
>0

—c_3Cc+ C—lﬂilcfl(D'Y—i—)'

—3C_3C +
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1
(5 (De)) 1T = _52{’7——’—1—j(DC)*1+jIB:IC
720

+(De)—2—5 17}, B71)e}

1 ' B
- EZ(_]' +])’7__|—1_j,871071C,2+j]_
320

1
—E(DC)_QC
1 _
= —5'71L1 (De)-18_1¢ — c_3c.
—(€17")1fTe = _Zéflfj[ﬁlﬂ"ﬂ:l]c

320
—Zéflfjﬂilc_ﬂflﬂ-l
j=0
= —(Dé)_lc—E_lﬂ:lc_l'y+.
4y (bo1y7)-1e = _42{’)’1L1b—1—j')’:1+jc+’Yir1’)’:27jbjc}
320

= —471L1571’Y:1C_4’Yi_1(D’77)-
—((Dy M) 10 (@h) e = =D {Dy ) 1jeo1p;($,) e

j>0
—c o j(DYp™H);(¢,) 1c}
= —(Dyp™") 1c1(y,) 1c
+ Z(_j)"?uucfQ*j {qﬁj_—ula ¢if} 1
————

320

:72771“’(5]4_1
= 2nuntc_sc
= 4C,3C.
1, 1 _
—3 WD h)e = =53 Y (D1 (¥
720

—(De)—a—jtp; *(7,) 16}
= U DO () e

1 _

+§ Z an(DC)foj {1/)] “"(/th} 1

§>0 S———
=—onv§;

= DA () e~ D) e

= —%1#:{1(170)71(1&2)710 —4c3c.
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@ M)t = D eyl () ac

j>0
= Z nuvé—l—j{w:ﬁj’ P }e
j>0
+3 e ) eyt 1
j>0

= —4(Dé)_1c+ 'C’(’QbJr'u)flel’gbf”.
(cc1(De)) ol = Y {e1-j(De)ayj1 — (De)_1_jc;1}
J>0
= =) (-2-j)c1je syl
3>0
= 26710731 +c_9c_ol.
—4(y Iy )0l = 4 Z{’ijj’)’:zﬂ'l +975 771}
J>0
= —4y" (DY) —4Dy") 1y
(cfl(Dé)),lbflc == Zcflfj(Dé)fH_ji)flC

j>0
= - Z(—l +§)e_1-{é 245, b1}c
j=>0
+ Z(—l +5)eo1-jb1c 169441
Jj=>0

= —C_3C— c,ll;,lc,l(Dé).

~ +uy ~ +uy
(@1 T)9llbore = £ {EaonTplboac
§>0

+vFy e, b )}
= e 7Ty HHhoe
(DY) =) gpthe.

FyF (6 19TH) b e = $Z{’yf15,1,j1/lﬂi+jl~),1c
j>0

—’Y:_F1¢:*Lg—j{5j>l~’*1}c}
= :szflé—ﬂﬁjffg—lc
+7F (DY) e
(E-1y )-1vib = 2{5—1—j7:1+ﬂi_15
J=0
+’7:27j’71—1{6j’5—1}1}
= ey b+ (DY)t
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L) b = =Y {ynEtb
j>0

+’)’:1’)’__'—2_j{5j75—1}1}
= —y; ey b=y (Dy).

Using Theorem 5.44 we get

Qalﬁi—f}’;c + Qa27i15:1c + Qa3¢:f(¢+“)—1c + Qay(Dc) + Q‘ISE—IE—IC
+Qag "z (—1) e+ Qazr "y F ™ + Qag v F Y b _1c + Qagy v, b
+Qa10p "1 P ¢ — Qaoyp oyt c

= alQ, 51—1]')’:10 + al/Bi—1 [Q,7_1]c+ alﬂi—1’)’:1{Qa c1}1
+a’2[Qa ’Yj1]:3:1c + a27j1 [Q7 ﬁ:ﬂc + a2'7j1,6:1{Qa C—1}1
+az{Q, 1} )-1c = azp_1{Q, (¥7,)-1}e
+agp 4 (1) -1{Q, -1} + as{Q, c—a}1 + as{Q, é_1}b_1c
—a56-1{Q,b_1}c + asé_1b-1{Q,c_1}1 + ag*[Q, 25 (~1)]c
+ag " (—D{Qy -1} + a7 Qv I + a7 {Q, 9 1
+ag " [T WD e+ ag "y T Qb 1o — ag "y T T{Q, b1 )e
+ag 'y F b 1 {Q e 1} + a9Q v b + a9y, (@7 b
+agy 1y 1 {Q, bo1 1 + a10{Q, Y7 Wi e — a10p =1 {Q, v }e
+a109 "7 Y T{Q co1 1 — a10{Q, I T e + a1 {Q, v T e
—a109 " YT {Q,c1}1

= a1z M(=1)1(¢7,)17Te+ a1 (DBT)) 1y e

+gal((DC)—15+)—1’7:10 —4a1(b_17") 177 ¢ — darb_y (DY) 1y pe
—2a1(Db)_17T v e — a1 (E-181) 1y Tie + aBte_1 (Dy ) e
—%alﬂflvil(Dc)qc +a1B8Té- 17 ¢+ a1y c-1(De)
—4a1fT 7 vy + aa(e— (DY )-8 e

— 5027 (D) 18716 — aalE17H) 17 e+ a2 (1)1 (07 e

_ 3 _
+agytic 1(DB7) 1c+ §a27f1 (Dc)_18-;c

—dagyty (b_1y7)1c + dagy b1 (DY) _1c + 2a9yF (Db) _17_1¢
‘|'0:2’)’j15—1,3:10 + GQ'le,B:lcfl(Dc) - 4:012’)’1»1,3:1’)’j1’)’7
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_ 1 _
—a3((Dyp™") 1¢) 1(4™,) 1c— 503(111_?(170))71@1)710
—2a327*(=1) 177, () 1c + az(E 19 ™H) 1 (¢7,) ac
_ 1 _

+azyp (DY) 1c_1c+ 5031/17?(1#1)—1(170)—10
+2a3p {27, (1) 17 e
tazp_ e 1(P,) e+ azp”{ (¥7,)—1c-1(De) — dazyp " (9,) v v
+a4(c_1(Dc))_21 - 4(1,4(’)’i1’)’_)_21 + a5(c_1(DE))_1b_1c

s _ - 1 _
+2a57 (DY~ )-1b_1c — 2a57= (DY ") 1b_1c+ §G5C—1¢_fb(¢+u)—1c
—asé_1y BT ¢+ asé_1 Ty e+ asé_1(Db)_1c_1c
—asé_1(Dc)_1b_1c+ aszé 1b_1c 1(Dc) — dasé 1b_1yH v
+agt“(Dzi“),1c,1c + aét“zi“(—l),l(Dc),lc - 2aét“(D'y¢),11/Jf’fc
—2a3"yF (DY) _1c+ azt 2 (—1)_1c_1(De)

_ 1

405" (=1) 17y + e oot (DYF) -1y - SartyE (Do)

tpa + 1 4 +
taz “C—I’Yfﬂﬁiu — Gy M’YI—F1(D¢iN)—IC - 5‘17 “’Y:_Fﬂﬁ_lf(DC)
20"y T 2 (1) 1yt F aZFyF et 4 aft e (DY F) 1D e
1 N i .
—55 "7 F (D19 b & a5 (e F) g2 Boae

- 1 .
_aétp'y:—Fl(D/‘piu)—lc—lb—lC - Eaétu’)’:_Fl’lﬁ:_tlli(DC)_lb_lc
—2a§t“’yf1zi“(—1)—1’)’f15—10 T aétu,yfl(é_“piu)_lg_lc

+%a§t“7f1¢jf;'f(¢y)—1(¢+u)—1c
—aétu’YTﬂ/’ﬂL’YLﬁic + aét“’)’f1¢it?ﬂj17ilc + agtufyfllpflll(Di))—lc_lc
—ag"yF 92 (De)1bore + ag "y F 9D 1c1 (De)

+ +u7 _
—4ag u’)’j—Fﬂ/’—{Lbfl’Yfﬂ

_ = 1 _ ~ . -
+agc_1(Dy )*1’7_—}—117_5“9771(DC)*17_—|—1b+a9(C*1’7 )—1yt,b

_ ~ 1 _ ~ _ .
+agy_jc_1(Dyt)_1b— 5097_171 (Dc)—1b — agy=; (6—17")—1b

1 _ _ _ _ _ _
—§a9’)’_1’7’f1('¢ “)—1¢+H +agy " Y BT —aoyT v By
—a9’Y:1’)’i_1 (Di’)—lc + 097:1’71_1(1)0)—15 - 2a10z*7(—1)7:1¢ff0

+2a10z++(—1)¢:1_’yi'lc + 2a10z*+(—1)’y:1¢f1_c — 2z+*(—1)¢:ffyi'lc

—daop_ Ty + Aot Ty

91



= (al — 2(],3)2’7“(—1)_1(1#4_“)_1’)/:16 + (a1 —3a1 — a9 — ag + 4asz — 4as
—2a4 — ag)c_3c

3 1 _ _
+(§a1 — 501~ a1)(De)_1y—jc—181 + (—4a1 — 4ag)b_1yt v~ c

day — 4ay — ag)(DyH)_1y~ + (—4a1 — 2a5 — ag)b_1(Dy)_177,c
2a1 + 2ay — ag)(Db) 17T y_ ¢+ (a1 — ag — 4a3)(Dé) _1c
a1 + a1 +a5)é 1y e 1T+ (—dar —ag) BTy vy

+
+

_|_

+
N —

3 U
az +ag — 5&2)7 1B-rec1(De) + (—ag + ag — a5)é_18- 17"

(-
(-
(-
(
+(ag +23)2H(=1) 17" (Y 7,)—1c + (—4ag — dag + ag)y ™ (Dy7)
+(4(12 +2a5 — ag)y" b1 (Dy )1+ (—4ag + ag)y BT vy

(

+ ——as - %a?, +az)"(De) 1 (97,) 1c

1 . _ 1 _ _
+(a3 — a3 + §a5)0—1(¢+u)—10—1¢ H+ (—4a3 — 509)¢_§L(¢+u)—1’7f1’7
+agc_9c_o1 + (—a5 + a5)5,1(Dc),15,1c
+(—4as + ag — ag)c_1b_ 171'177 + (agt” — aﬁi“)zi“(—l)_l(Dc)_lc
20" - 0 ) (DY) 19 e

(
+(—2ai“ - a7“ + a8 My F (DYt _ic
+ + _
+(—4ag" — 2a7")z iﬂ(—l)—l’)’fﬂ
I | o + i
+(_5657 s 2 “)”)’ 1(DC) ¢iu + (ia7u Fa; “)C—l’Yj_Fﬁﬁi“
1 1 -
+(—§a§t“ + 3% uy a — (18 MvF,(De)— 1¢ffb_1c

+(tag o ag “)é_lfyflqp_’l‘b_lc — 2ag “zi“(—l)_yyfl’yflg_lc

1 4 tu + + _
+2‘”8 MV:—FW—If(?P V)—1(¢+u)—1c —ag “737/’—#7:5—1‘3

+ — + +u7 _
+ag M'Yilﬁflfﬂjfhﬁ —dag M'YiFﬁ/’Jlib—l'le’Y
1 1 _ ~ L _
+(—§ag — 509+ ag)y_1(Dc) 17F1b = 2a102~  (-1)y_ 97 e
+2a102" T (=) v e+ 2a102 T (1) 9 c
=22 (D)= ytie — daroyp Ty vy + oyl
= 0.
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Since the elements are linearly independent it follows

ay, = as = agt“:am:O,
a1 = —ao,
1
as = —5(12,
ag = 4ag,
a;t” = —2a6i“.
d
Proposition 7.4
Let o« € LX, a0 = 0. Then
Im Q|Cgo(a) ={Qz|z € C&O(a)} has dimension one with basis
_ _ 1, - = _
THBTe — BrTie = S ) W) et bty
Proof:
Theorem 5.44 implies
Qbic = {Q,b_1}e—b_1{Q,c1}1
1 -
_ - + + - + A=
= _§(¢ M) -1 (¥ ) —1e+ 75 B2 e — By e — (Db) 1 coac
=0
—I—(Dc)_15_1c — 5_10_1(Dc) + 413_1’yf1’y_
1, _ _ _ = _
= _§(¢ “)—1(¢+u)—10 + 71—1ﬂ—1c - 5:’)’—10 + 4b—17f17 -
We also have Q1 = 0. This proves the proposition. O

Theorem 7.5
Let « € L*,a = 0. Then H = KerQlc1 (a)/ImQlco (o) has dimension 4

and the vectors
v = 2 (—1)yc — 2T,

where p € {x},form a basis.

Proof:
This follows from Proposition 7.3 and Proposition 7.4. g

7.3 The root spaces G,

Now we calculate the cohomology group
Go = H(a)go = Ker Qley o)/ Tm Qleg (o)

for a € LX with a® =0 and « # 0.
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Proposition 7.6
Let
a= kT kT T kTt kT e X

with a # 0 and o® = 0. Then
Ker Qlc1 o) ={v € C(a)olQv = 0} has dimension 3 and the vectors

k+uz_“(—1)_1c_1ea - k_uz'“‘(—l)_lc_leo‘

—(k?+u¢7“)—1(kf,ﬂﬁ*_'/)_lc_lea _ k+u(¢*u)_1,yi—lea + k7“(¢+u)—1’)’:16a

and
_ _ 1, _
YIBZ c-1e® — BEiyT core® — §(¢ “)—1(¢+p)—1c—lea
+4b_1y Ty e + (2 H a)bore_1yT,; (¢+u)—1€a
(2T, a)bore_1y Tty (¥7,)—1€e®
and

1 _ 1, _
—§(z+“,a)z u(=1c1e® — E(z “,a)z"'u(—l)c,lea

+HH )T () ae® + (T )y (97,) e

form a basis.

Proof:
Analogous to the proof of Proposition 7.3.

g

Now we calculate Im Q|Cgo(a) = {Qulv € Cjy(a)} where o” = 0 and a # 0.

Proposition 7.7
Let a € LX, 02 =0, # 0. Then
Im Q|Cgo(a) has dimension 2 and the vectors

_ _ 1, _
’Yflﬂ—lc—lea - ﬂi_17—1c—16a - §(¢ u)—1(¢+u)—10—16a

+45—17f1’)’:16a + (z_“a0)5—10—17:1(¢+u)—16a

(T a)bore 1yt (¥,) —1e®

and

1 _ 1, =
—E(zﬂ‘,a)z u(—1c_1e® — E(z “,a)z+u(—1)c,1ea

+He M o)y () —1e” + (T )y (9,) e

form a basis.
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Proof:
Let a1,a9 € C. Then

Qa1b_ic_1e® + Qage® =
_ _ 1 _
a1yt 8- co1e® —ar By jeie® — §a1(¢ N)—1(¢+u)—10—16a
+4alg—1’)’j—1’)’:1€a +a1(z7H, 04)5—10—17:1 (¢+u)—16a

+a1(z+", 04)571071’7—_'—1 (pru)ilea

1
u(—1)c_1e® — Eaz(z_“,oz)z+ (—1)c_1e®

Iz
+H(zTH a)agy; (P7,)—1e® + (2T, a)apy T (7,) 1€

1
—iag(zﬂ‘, )z

Proposition 7.8

Let « = =k~ T2t + k=727 — k27" + kT2 € LX with o®> = 0
and a # 0. Then G, = Ker Q|Cé,0(a)/1m Q|Cg,0(a) has dimension 1 and is
generated by

k+uz_“(—1)_1c_1ea — k_uz'i'“(—l)_lc_lea
—(ET ) (™) reore® — kT, () iy e
+E T () v e

Proof:
This follows from Proposition 7.6 and Proposition 7.7. O
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Chapter 8

Properties of the Lie algebra

In this chapter we describe some properties of the Lie algebra G of the
N=2-string. In particular we show that G is not a generalized Kac-Moody
algebra. In the first section we show that the invariant bilinear form on G
is symmetric and pairs G, with G_, trivially and that there is no nonde-
generate invariant bilinear form on G. We show that the subalgebra H of
G is abelian. The bilinear form on G is nondegenerate on H and gives an
isometry from H to LX ®, C. We show that H measures the momentum,
ie. [h,z] = (h,a)z for h € H and z € G,. Because of the properties we
call H Cartan subalgebra of G. Then we calculate the commutator [z,y]
for z € Go,y € Gg. In the second section we show that the Lie algebra
G of the N=2-string is not a generalized Kac-Moody algebra with Cartan
subalgebra H. In the third section we summarize the properties of the Lie
algebra G.

8.1 The bilinear form and the commutator

We define a bilinear form on G.

Definition 8.1
For u,v € G we define
<u,v >= (u,v)q.

Since Cj () C V{g,1) we have
Vu € G:|u| =1 (parity with respect to VE59), (8.1)
The bilinear form <,> on G has the following properties.

Proposition 8.2
<, > 1s symmetric, invariant and pairs G, with G_.
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Proof:

Since
* h L’in
an=(-1" ) ml 2
m>0 - 2h—n—m—2
and
C;kl = —C—n—4, b;; =byp
and

(=1)/{u,v} = by (u_1v) (Theorem 6.18)

we have for u,v € G
< u,v >= (c_ou,v) = (u,c_2v) = (c_gv,u) =< v,u >.

Also for u,v € G

< [u,v],w> = —<[v,u],w >=<bv_1u,w >
= (c_2bjv_1u,w) = —(b1v_1u,c_ow)
= —(v_1u,bic_ow) = —(v_qu,w) = —(u,v_1w)
and
<u,[v,w] > = —(c_ou,biv_jw) = —(bv_1w,c_ou)
= —(v_qw, bic_gu) = —(voqw,u) = —(u, v_1w).
Hence

< [u,v],w >=< u, [v,w] > .

O
It is clear from the definition of <, > that it pairs G, with G_,. We show
now that the pairing of G, and G_, is trivial.

Recall that {zT+, 21—, 27", 27~} is a basis of L* @ C with

(Z‘HL’Z‘FV) = (ziuaziy) = Oa
(zT,277) = (2727 =229, p,ve{x}.
For
a= kT kT kTt kT e X
and
B=—t Tt 4t 2t — Tttt e X
we define

(,B) =ktTt T —kt—t~ k¢t — kT
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Then (,) is an antisymmetric bilinear form on L* & C.
For o € LX with a? = 0 and « # 0 we define

la) = Efz7H(=1)co1e® — k72 (=1)c_1e®
—(kT ) i (k) remie® — KT (¢ H) JiyE e
kY e

Proposition 8.3

Let o, B € LX \ {0} with o® = 32 =0. Then

(la),18)) = 0.
Proof:
We have (Proposition 5.36)
(ea): =el, 9 6*—2 = —C-2, C*—l = —C-3, ziu(_l)*—l = _ziu(_l)h

(BT ) 1 (k™))" = — (BT #) 1 (k9™

(T ™)y = (@ T)

and
(K ™) 1 (R T D (™) (g9 ™)
= Z{(k+uz/1_“),1,j(k_,,z/)+”)1+j(t+€1/1_‘5),1(t_9¢+9)
720
HE ) (™) (R0}
= =2k kgt
= 4k (K5T,).
Let
la) = KkTz7#(-1)c1e® —k 2 (—1)c_1e®

—(ET ) (BT rem1e® — KT (9 TH) iy e
+k_,uwtlf’7:16aa
1B) = t+£z7§(—1)c_1eﬂ - t_£z+§(—1)c_1eﬂ

_(t+§¢_§)—1(t_o¢+0)—lc—leﬂ - t+§(¢_§)—1’)’i—1eﬁ + t_gwi—%'y:leﬂ-
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Then
(le),18)) = (c—2|),|B))

= —(1,k" ul g€ @ c_ze o[z 7*(—1)1,278(=1)]c1€P)
—(1,k7, t gelic3c o[zt (=1)1,27¢(~1)]c_1€P)
—(1, 6% cogea((kT, ) 1 (k91 (™) 1 (79 0) e ef)
= (2(k+ft + k- ft+)+4(k+"t o) (B58%,)) (1,€27e°1P).
W—/ e ——

N—~—
——( B) =—1(a,B) =1(a,8) =0 for B#—a

Now (1,e3%etP) = 0 for f # —a and (o, B) = 0, (a,ﬂi =0 for B = -«
implies the assertion. O
Next we show that the subalgebra H is abelian.

Proposition 8.4
For hi,ho € H we have

[h1, ho] = 0.
Proof:
Let ai*, 03" € C and
o= Y o (FH(-1)e - 29T
ne{£}
+ Z )0_2')’ A )’
pe{£}
he = Z ag” (2t (=1)c — 2y_19™)
ve{+}
+ Z ay” —1ec—2yT9p7").
ve{t}
Then
[h1,h2] = —(boh1)oh2
= -2 > {af“z+“(—1)_1_j1j +GT”1—2—jz+"(—1)g‘}hz
pe{£} j>0
_ZZ{G )-1-j1j +a Pl jz7H(= 1)1}"2
ne{+} 520
= = > Y afayt1 oz (=1)5,277 (- 1)
pve{x} j>0
o S atad sl (1) 2 (= Dle
pre{£} j>0
= Z 20" a M ay” 1_zc+ Z 20" a, Fag¥ 1 3¢ = 0. O
mve{£} —o  mre{£} -0
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Proposition 8.5
Let {vtt, v, o=, v="} be the basis of H given in Theorem 7.5. Then

< vtH TV >= —op

where p,v € {%}.
Hence the map from H to C@, LX defined by

pTH ey
18 an isometry.

Proof:
Proposition 5.36 implies

< vty >=
(z(=1) 126, 277 (= 1) _1¢) — 2(z*(—1)_1c_ac, 59 T")

—2(c_oyF ™ 2T (—1) 1) + dc_oy T A5 YY)
= (1, c_3c_02™H(—1)127(=1)c) —2(1af—30—22i“(—1)17f11/ﬁ"1)

0
+
207597 e 22T (19 40, (YT e Ty
#‘ego' #‘ego'
= —2"(1,c_3c_2¢) = —2"(1,€°7)
= 29,

Now we show that the subalgebra H measures the momentum.

Proposition 8.6
Leth € H, z € Gy. Then

[h,z] = (h,a)z.
Proof:
Let a,a®™ € C and
h = Z (a+“z+“(—1)_1c _ 2a+“'y:1¢+“)
pe{x}
S (0 e (D)o — 20ty H,
pe{+}
r = a(khz7V(-1)_1ce* — k2T (—1)_1c_1€®

) (B ) aere® — KUyt e
+k‘,,¢1“ﬁ:1ea) .
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Then

(boh)or = a Y Qa™ > k1 [t (—1);,27"(=1)1]e 1€

pe{t) 7>0
+u e FH(_1). %
+a Zl—l—gk y2 U (=1)—1c127H (1) e
§>0
+a “Zl 1k, 27 (1) —1cm127H(—1) je
Jj>0
—a ¥ Z 11k [z7*(=1), 2" (= 1) _1]c_1e®
720
—ath Z 1oy jk 2T (=1)_1c_12TH(—1),e”
720
—a * Z 1oy jk 2t (=1)_1c_12 #(—1),e”
720
—atty 1 (R (k) ezt (—1) e
720
—a P 1 (kL) (k) ez B (—1) e
720
—a+“21_1_jk+u¢ Yyt et (=1) e*
J>0
0™y 1y gkt Tyt 2R (1) e
J>0
+a+“ Z 1_1_jk_uzpf’f’y:1z+“(—1)jeo‘
J>0

+a~ “Zl 1kt T R (—1) e
7>0

= a Z (z"*, @)tz +a Z z7H a)aF e Prop: 85 (h, a)z.
pe{=£} pe{£}

Hence H is an abelian subalgebra with [h,z] = (h,a)z for h € H and
z € G. Therefore we call H Cartan subalgebra.

Now we calculate the Lie bracket on G. Note that
[Ga,Gg] C Ga+ﬂ

so that [Gq, Gg] can only be nontrivial if o? = 8% = (¢, 8) = 0.
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Theorem 8.7

Let
a=k k= kT kT T kT kT € X,
B=t 2ttt gt =t Tt o2t — ettt et e L,

with o = 82 = (o, ) = 0. Then we have
), |8)] = 2(a, B + B)-

Proof:
Let
U = k+uz_“(—1)_1c_1e°‘—k_uz'“‘(—l) 1c_1e”
—(k ) (k) e — BTyt e
+k T e
and
v = th,27(=1)_1c 1’ — 17,27 (=1)_1c 1€’
—(th ™)t )—remre” — it Tt el
+o, gty el
We have

bou = kY2 H(=1)_1e® — k2" (=1) e — (KT 7H) 1 (K te) pe®

and
(bouw)o = Y _{kTz7"(=1)1-jef + ekt 27" (~1);}
j>0
— Z{kfuz“‘(—l)_l_je? + e‘fl,jk*uz“‘(—l)j}
j>0
=Y AR )1 (k) 1e);
j>0
_((k}@b—l{)flea)71—jk+u¢j_“}
with
((19757/’+ )-1€%); = Z{k §¢+§ K€k T €5 1 ik §¢+£}
k>0
Furthermore
(z "Bk, = —(= TP+ (= Pk
= 2Tkt —t77kT),
Bk, = —ET AR+ (T AT
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so that

b()’u,

= ok Hett — k),

(21", )t~ —(T )t T+ (2Tt

2kt — kT,
y —(z" Tttt + (27T, )t
2kttt — k),

B
\'t
£
~
+
Il

kt't, = -kttt 4kt

Evtt, = —k Tttt 4t

Z k+ ,je?t"'yz_”(—l),lc,leﬂ

7>0

—Zk"'z B jest, 2 (- 1)_1c_1€’
320

+) e kY, [F*(=1);,27"(=1)-1] c_1e?
320 -0

=0
+ Z eglfjk'_kut_'—yziy(_]-)flcflz_“(j)eﬂ
j=0

=3 ek, [ (1), 2T (= D] ¢ 1ef

j=0

:_Z(Sj—lnl“}

- Z e‘fl_]-k+ut_,,z+”(—1),10712_“(j)65
§>0

=Y e kL) (g e 127 ()eP

j>0

_Ze 1— ]k+ u¢ 1Z N()

j>0

+Ze - ]k t Yy 2R (1) 2R ()€l
Jj=>0

- Z k'_uz'i'“(—l)_l_jt'i',,[e?,z_”(—l)]c_leﬂ
320

+3 kT E (=)t e, 2T (=)o
320

- Z eglfjkiut+u[z+u(j)a ziu(_l)]c—leﬂ
320

- Z ecfl,jkfuttz*"(—1)_1c_1z+“(j)e'3
320

+3 e kTt (), 2T (< D]e 1€

320
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+3 e kb, (1) ieliz (e
3>0
+3 ek () () ez ()e?
320
+Y ey kT iyt ) e
320
=3 ek Ty 2T (G)e”
3>0

- Z(’ﬁulpiu)*l*j Z kiﬁlpff—keﬁkﬁuzw(_1)71071&

§>0 k>0

D (G EOEEDY kiélpff—keﬁkt_uzw(_1)710713ﬂ

§>0 k>0

Y BT 1 ) ek T () e

§>0 k>0

+Z(k+u -1 Jze 1—-k+j §¢k§t+¢ 1 + ﬂ

>0 k>0

oD AR IR - A A

§>0 k>0
+ ) (™) 1e®) 1k () (9 t0) —ree”
7>0

_I_Z ¢+§ _1e%) 4 jk+,u¢j_ut+¢ v + &P

J20
—E((kgwf)_lea)_l_jkw] e
3>0
—(z~ ,oz)k+ tt 27H(=1)_1c_1e*"
+(z* ,a)k+ut 2z P(—=1)_1c_1e*"
(27, Bkt [e2, 2 _"(—1)]0—16[j
T PR, 2 T (1)1t

+2M kTt —a(=1)_jc_1e*tP
_(ziu ﬂ kT tiu[eala +V(_]')]c—leﬁ
HB k+t 2TV (—=1)_1c_1e®P

)
)
)
)k+ T ¢ V’)’+ a+pB
L
)
)

—(z

—(z Bk () () e1e® P
—(z7%,B

+(z",B Ay et

+(z~ ,akufr Z2TH(=1)_jc_e®tP

—(

2t Q) kT z+“( 1)_1c_1e®tP
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+2’l7lwk_ t+ (—1)_10_16a+’6

— (2, B)E Tt [, 270 (= 1)]e—re”
—(M Bkt (<) et
(2, Bkt e, 2 (—1)]e—1€”
+(zH, B Bkt z+”( 1) 1c 1e0th
+(=, B)k u( )t ) e P
+(z+ Bkt u "’y+ a+p
( +“,ﬂ) ut ¢+1’Y 1ea+ﬂ
+t+( Y a) (KT (k) e e TP
L Q) (k) ye_geot

_27}€I/t+yk f( ,lp* ) ( _0¢+0)_1C_16a+ﬂ
—2’!}@]{:_ t+ kT 'Lﬁ H + e tB

—20" kT, (k w+f> L(E,97) 1 16t
+277Wk+ut —k gz/lff’y,le atp
(=T, a)t, — (=%, a)th, )kt 2 #(—1)_1c_1e*tP

2k, + 267V, ) a(—1) 11 e®tP

+

+((z7H, B)kT, — (2T, B)k 7)Y, —V(—1)_1c_lea+ﬂ
+ )t — (27,0t )k 2 (= 1) 1 et
+((z+ Bk, — (2 BE )2t (<1) remq et
+(z T Bk (27 a)af—1) e et
+(z7H, Bk, (2T, a)a(—1)_1c_1e® oth
+( PR, (27, @)a(—1)—1cre®T
+(zH wB)k t, (2, @)a(~1)_1c_1e* atp

(

—(

v)
P B)k* (t* Yo (t 0¢+0) 1c_1e* atp
+(ztH, Bk, ( L)t a¢+0) 1c_1e9tP
(27 ) (R ) () o1t
—t7, (", @) (™) 1 (k) e et
— 4kt (KT ) 1 (00 1e1e TP
—4kt0 () 1 () e et
—(z*“,ﬂ)k+“t+¢ v + e th
+(z+”,,3)k_“t+¢ v + e th
—4k—“t+yk+u¢_i‘vt1ea+ﬂ
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+(z 7, Bk T e
— (2, Bkt Ty e
— ATk T e TR

The last expression is a representative of 2(«a, 8)|a + ).

This proves the theorem. O
Note that for o + 8 = 0 we have [|a), |8)] = 0.

The last proposition implies that there is no nondegenerate invariant bilinear
form on G.

Proposition 8.8
Let {, }; be an invariant symmetric bilinear form on G. Then {H,Gs}i =0
and {Go,Gs}i =0 for all o, 8 € LX with o> =2 =0 and o # 0,8 # 0.

Proof:
By Proposition 8.4 and Proposition 8.6

0 = {[h1, hal,|a)}; = {h1, [h2,|)]}; = (h2, @) {1, |e)}; Vhi,he € H.

Hence {h1,|a)}; = 0. This proves the first statement.
First we treat the case a + 8 # 0. Then by Proposition 8.6

(ha){le). |18} = {[h )], [B)};
= —{la),[h,|8)]}; = = (b, B) {|a),|8)}; VheH
& (h,a+ B){|a),|B)}s =0 Vh e H.

This implies {|a),|8)}; = 0. Now we treat the case @ + = 0. Then by
Proposition 8.7 we have [|a), |3)] = 0 so that

0= {h,[le), [B)]}; = {1h: [ )], 1B)}; = (h, ) {|e),|B)}; Vh € H

and {|a),|B)}; = 0. This proves the second statement. O

8.2 Is G a generalized Kac-Moody algebra ?

Now we want to show that the Lie algebra of the N = 2-string is not a
generalized Kac-Moody algebra with Cartan subalgebra H. Therefor we
need the following proposition. Let

A={acL*:a?=0Aa#0}.
Proposition 8.9

3a, B,y €EA,a# B, B#F v,a# 7 (o, 8) >0,(8,7) <0,(a,y) <O0.
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Proof:

Let {v1,v2,v3,v4} be a Z-basis of LX with v1vy = v4v; = vov3 = v3ve = 1
and all other scalar products vanish. Hence for z,y € X V=Y T, Y =
> yjvj, we have (z,y) = 32, ; Tiy;0ivj = T1ys + Tays + T3y2 + Tayi -

Then there are a, 8, with (a,8) > 0, (8,7) <0, (a,7) < 0. For example if
= (0,2,0,1),

2, 17 0, O),

1,1,1,1),

™ 2 R

(_
= (—

then
(OA,’)’) = -2, (a, /8) =1, (B,’)’) = —1.
g

With this proposition we can prove the following theorem. This will be
needed to show that the Lie algebra G is not a generalized Kac-Moody
algebra with Cartan subalgebra H.

Theorem 8.10
For any decomposition of A into a disjoint union

A=MTuUM"
with
Mt =M~
we have
Ja,B € M, a# B: (o, 8) > 0.
Proof:
Let

A=MTUM"
be an arbitrary decomposition of A such that
—Mt=M".

Note that we have fora € A:a e MT or —a € M ™.
Assume that

(¥x) Ve, €A with (a,8) >0 wehave o, —-B€M'V—a,BcM™.
By Proposition 8.9 we have

Ja,B,yeDa# Baty,B#7:(a,B)>0,(a,7) <0,(8,7) <0.

We can assume that o, -3 € M™.

If y € Mt then (—8,7) = —(8,7) > 0.

If —y € M* then (o, —y) = —(a,7) > 0.

This contradicts the assumption. O
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Theorem 8.11
G is not a generalized Kac-Moody algebra with Cartan subalgebra H.

Proof:
Assume
G=Ho @ G,

acA

is a generalized Kac-Moody algebra with Cartan subalgebra H. Then A is
the set of roots. By (3.1) we have

—AT=A"
and Proposition 3.6 implies that
A=ATUA".

The roots of G have norm zero so that by Proposition 3.11 all positive
roots are simple roots. Now Theorem 8.10 shows that independent of the
decomposition of A into positive and negative roots there are always positive
roots, i.e. simple roots, @ and 8 with a # 8 and (a,) > 0. That is
impossible if G is a generalized Kac-Moody algebra (cf. Definition 3.1). O

8.3 Summary of the properties of GG
Now we summarize the properties of the Lie algebra of the N=2-string.

Theorem 8.12
The Lie algebra G of the N=2-string moving on the torus R%? /I35 decom-
poses as

G=Heo PG

aEA

where H is an abelian subalgebra of G and A = {a € IIr5|a* = 0 A a # 0}.
There is an invariant symmetric bilinear form on G which is nondegenerate
on H and vanishes on the root spaces G.

H has dimension 4 and the vectors

vE = (1) e — 29T g

form a basis of H. The map H — Il 5 ® C, vEE 5 2P is an isometry.
Let h € H and x € G,. Then

[h,z] = (h,a)z.
Let a € Il 5 with a® =0 and o # 0. Write

a=—k Tt 4 kTt kT kT
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Then G4 has dimension one and is generated by
la) = k+uz*“(—1)c_1e°‘ - k:*uz+“(—1)c_1e°‘

— (K™ (™) cemae® — KL () et + BTyl e
Let o, 8 € Iy 5 with o = B2 = (o, B) =0 and a # 0,8 # 0. Then

[la); 18)] = 2(e, B) |+ B)

where

(,B) =ktTt=F — gttt — kT

There is no nondegenerate invariant bilinear form on G.
G is not a generalized Kac-Moody algebra with Cartan subalgebra H.
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