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3.2.2 Core formation

During the last stages of the self-similar collapse (stages 5 and 6;

evolution from point A to point B in Fig. 2), when the centre of the

cloud is essentially adiabatic, H2 dissociation acts as a

‘thermostate’, preventing a faster increase in temperature and

pressure, which would halt the collapse. In fact, dissociation

absorbs *50 per cent of the heat generated by gas compression,

which (owing to the opaqueness of the centre of the cloud) could

not have been dissipated otherwise. When nearly all H2 molecules

are dissociated, the thermostatic effect is no longer effective, and

the central temperature and pressure rise rapidly, stopping the

collapse of the central regions. At the end of H2 dissociation

ðTc , 20 000KÞ the chemical energy and the thermal energy per

H0 atom are similar (.2.2 and 2.6 eV, respectively). This fact

reflects the virial theorem: half of the cloud gravitational energy is

converted into thermal energy after compression, while the rest is

tapped as chemical energy through dissociation.

Outside the core, the gas is still collapsing with a velocity close

to that of free-fall. This results in a shock front forming at the edge

of the core, where the infalling material is suddenly halted (see

Fig. 1b). Unfortunately, the numerical method (i.e. the introduction

of an artificial viscosity) used for the treatment of hydrodynamical

effects is inaccurate when dealing with strong shocks, since they

are spread over several shells. However, though the treatment of the

shock physics is only approximate, the general picture of the cloud

evolution is essentially correct. In run P100/2 we also improve the

situation by refining the shells in the region where the shock forms.

The core evolution is driven by two main processes. First, as can

be seen in Fig. 1(b), the core mass (defined as the mass inside the

radius where the infall velocity is,0.1vff, vff ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2GMr/r
p

Þ grows,
owing to the accretion of infalling material. Secondly, even if the

Figure 1. Spatial structure of the cloud in run P100/2 at 10 different stages of collapse (see Table 2). Panels refer to (a) density, (b) infall velocity, (c)

temperature and (d) to the fraction of H nuclei inside H2 molecules. On the abscissa we use the mass enclosed within radius r (Mr). Shell edges are denoted by

small tags on to the curve referring to the initial configuration; in panel (d) we omit stages 6 and 8 for clarity. The small oscillations in the temperature profile of

stage 9 around Mr . 22 are a result of numerical effects.

Table 2. Collapse stages (run P100).

Stage Tc Dt ðtf 2 tiÞ Notes
(K) (yr) (yr)

0 270 – 740 000 Initial conditions
1 450 720 000 20 000 Start rad. trans.
2 650 19 000 930
3 1500 920 9.6
4 3000 9.2 0.40 H2 is dissociating
5 6500 0.060 0.34
6 15 000 0.005 0.34 Core is forming
7 30 000 0.002 0.34 Core has formed
8 65 000 0.011 0.33
9 100 000 0.33 – Final stage
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∫ ∞
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Jν dν
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1
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bν(r)

Kν(r) =
1
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aν(r).

�f�-�~�����n���21���-������f���E�~e|���6�-� +�
��6z{��hi�
���
�L����9[}�%-�n;d��f��%��
�

fEdd :=
Jν

Kν
≡

1

3
,

� "6!  '�
BX���,z�s��^z{�����,���
�����
��#/�X�	������9�%-$�� R��z���%������I���-��P��h	Q\��#�����Z�%��XpL#�#��
�E�6�-;d��������7�����\!��>��[��$����,���
���E�\�
�6���<z��
� �	$����Qv��Z�9[}�� +�- R�o�	������9�%-$�� R�
���������#K������ +%�����8�9@$�� .QE$O% �+����O$���=��$��0����;N�y����9[}�%-������
�����~�
�E�
$�%-�������
�������f�c��;<��@�
������re|���6�-� +�
��6z{��hi�
���

fEdd
QE$aZK�E�
���-;?;<���!

'gA�����,9�������wR����%-���� R�������<pn��Z/���-�,BP$��
���D�����Iey���6�-� +�
��6z)��hi�
����z�s�������0 +����$��� ���U! 9�!xz��
� �@$���6(
QE$�[��Z�9[}�� +�- R���0l[��%-%j@$�;<�������
8�9S;?�-�0Jn�-%Mz{�<�����0���� �!

pz
(_�c����9��	���dZK���
�E8�9�����\!������<�y���5z)��96(

�
�����BD�����
�DZ[�����������I��$6z[���-����,pL��ZK���-��wR����|����hR� 	 !  �i$�����������-ApL�9[��� �pk[}�9�����Z/�E�
8
9�������Z/���!

� ��� @ % 3 -.!68&%D#&?E��' 143 8 / '*-<' ��'*+ � �*9 3 %D'�+*9;)(#:-<8&=$>4�*'*)(-<'

����ZK��c����:�	����$�hi��$���w������&��Z�%��� �
ρ
�
u
�
m
�
Eint

�
J
�
H
P���
���
��4�-;N�	Yi���
��;C�����>�	����$�hi��$��� +%����M(

8�9@$�� R��oBj���-�
���
�]����� 'R��o��$6z5�	�6���~wR��; �	������9�%-$�� R��z���%��U�i����;���9�����;<�i�6Yi[��;?���
8
9���4`b$���������
���E�L�	Y6���
��;<�P$���4�����n8
9���;?���
8�9���.`b$�����;?;<����
����QE$�� ����E�L�LZ63���hi�
�n��Z�9[}�� R���!

�������	� ��� 
	������ �
`bBP���
8�9���k�	������9�%-$�� c$���O�:���
�������?1�����������
���
�0���-GeI����� +���2(�$���O'g;?#�$�%�����$�������$��
8�9=���������\!
�����E�
���������
����8�9��fBP�-�
���- ���� ��%�����8
9	$�� R��������a�	������9�%-$�� R��9@Y6�6�
�i�6Y	[��;?�-h��6$��
8
9�qn��#�#6(
%-$�� R���
����;<��un�E8�9�@$�� 4 R�������� R������6���7;?�-�]$�@�
���
��8
9����E�6%-��8
9����d����BP��8�9@��$�� :������z��
� �	$����Qv��Z6(
9[}�� +�- R����L#[��QE�-��}��

κν
�-��6���r��%�����8�9@$�� R������-� R��9��� �yl,s��?���� �	������9�%-$�� R� %�$��
�< +�-%-�AQR!�W�!

κH :=
∫∞
0 κν

Hν
H dν

;?�-�
H =

∫∞
0 Hνdν

�b��	�
��#��
�E8
9�����:BP�-�
�cZ/���,����.��������
��O�f��;<��	�
��
$���A�������L$���%-%Mz�$��hi������

S
Z�QEB]!

Sν
wR���� R�� @��� R���!+�>�����	������9�%-$�� R��z���%��A;�$������~#����������6ZK��h+���@�

�
���-��/$�; �6���?'_	�
�� +����������=��$��5z�s�9��
��OQE$.h��������!������E�
�?"I�
��Q\�E�6$��0�����>�
��9�����$6z�BD����6�- 4$���
�
�E8�9����Q\���-���-@�
������-w/!/���E�
Bj�� R��cBj���
����f�6���� R��BP��8
9	�
���
��.�L#[��QE�-��}��
��:��z��L�6$��
8
9f�6���0"I%&���8
h	(
Z�QEB]!iun�+�
����%&����6;?�-���
��%b���
�
����QE�\�	BD���D����d�y�����
���-%K9[���\�@�����
�D�6���n'g@�
�� +����������a���-�;d��%-�- A$���<�-;
�y������$��L�6$��
8
9� R�2z�s�9����nBj���
����fh�����!
J�}�$61� ?BP�-�
�a@$��~�����nun�+�
�
��%&����6;?�-���
��%

κR
�����L�L#[��QE�-��}��nZK��	$���QE�\�����7�E�X9������5z�s��P����Z/��%-%-�������
�

�>���
��o +�-Z�� �)��"bp�T 	#"$+��_����" 	 ) ��|$���
κH,J,S = κR

 R�E�
����QE�\!6WX�E�
�
���X�����X�E�\�i�6����#�9@Y6���-h���%-����8
9
 R�E���- +����
���
��:pn#�#��
�\�i�-;d�����������

κH = κR
$���

κJ,S = κP
QE$rZK��	$���Q\���!

l,s����
������9�%-$�� R��9@Y6�6�
�	�6Yi[��;?���
8�9��juL�E8
9�@$�� R��7�������6���X�L#[��QE�-��}��^wR���z�$������;<��	����%����,WX�E����$6(
��$�� ��/BD���-%y�6���?�L#[��QE�-��}��]�����>qL��#�#�%-$�� R�5z{��hi�
���]QEBP���
8�9���=�	������9�%-$�� R�5z{��%��:$���.�c���
�������A�����\!
�����<WX���
�E8
9�	$�� c����������_Bj����6�- R��k�>���
�� ��eI����� +������-wR�\��$��\��F��-��h	$�� R� �	$����
�
8�9���-���
�<$���B]! 

"$,



��� ��� ���� � � ��� ����� ��� ������ ��������

QE$��<WX�E�����-;?;0$�� =�������L#[��QE�-��}��<�����<����9��d��$6z�BD����6�- ��y���.��%-%��f�	�
� '�(]$��� �	������9�%-$�� R��s�Z/���5(
 @}�� R�o��}�;0��%-��8
9����<wR����9[���������� �	#/��QE���E�As�ZK���?���-���k;��� +%-��8
9����7 +�
� 'R�������;?#K��������$��5(]$���
����8
9	�
��ZK���
����8�9.ZK��h+���@���
���-c;�s��
�����![ey�� +�-Z��~z�s��L�6�-wR���
���7�>���
;?���
8
9	$�� R��.$���4���-���cBj���M(
�
��cWD���
����8�9fwR��c�f������%-%-�-QE�-��}��
��c����Z/��%-%-�������
���>���
��rz�s��

κR
��QR!�W�![wR��:��"KpLT 	#"*)����i�����L����;

�L#[��8��-�gYr"I�
��35�E8�����" 	 ) �_!
�����o�>���
��SwR�����"KpLT $������"  R��%-�
�����Z/���Az�s��7WX�E�6�-� +$�� R����IBP���o������QR!�W�!,�-��	�
����[���5(
;<�+��#�9[}��
��cwR����9������
�
8�9�����b���-��f��%��
�7z�s��n�6����WX�E�
8�9��
���-Z�$�� ������Lh���%-�
������6s�����c#����-;<���
�6�&�x(
%���4�>����;?����8
9@$�� d$�� R�E���- +����\!�l,s��X�6����#����-;<���
�6�&��%��0�]����;?���
8
9	$�� ��6wR���n��%-%���; ZK���/����E�6���- R���
����;?#K��������$��I$���0�L��8�9@�
�+�������,�6���j�>���
���%&�� R�D��#[}���%-��8
9����E�� +�-Z�������Z/��%-%-�������
�X�>���
��0wR��7T����QE$���
���L��%)! 	#'  �Uz�s��

κR
$���

κP
�-;�WX���
����8
9

1000 ≤ T [K] ≤ 7000
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Eion = 24,6 eV
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He+ + He → He+
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2 + γ → He+ + He
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2 + e− → He + He.
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He + H+ → HeH+ + γ

He+ + H → HeH+ + γ
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2 + He → HeH+ + H,
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HeH+ + γ → He + H+

HeH+ + e− → He + H

HeH+ + H → H+
2 + He.
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H+ + e− → H + γ,
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H + H → H2 + γ
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H + H → H + H+ + e−

H+ + H → H+
2 + γ

He + H+ → HeH+ + γ

HeH+ + H → H+
2 + He
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2 + H → H2 + H+.
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H + e− → H− + γ

H− + H → H2 + e−.
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H+ + D → D+ + H

D+ + H2 → HD + H+

D + H2 → HD + H.

+  



� ��� � ���� ���
	� �� ���� � ��
 ������ ����� ���
 
  ��� ����� �����
 ���

�]Q TVdWn ��Q�� T�Q ^EX����6T
'g������n�>���
#�9[���
�����-�� 'x(_q ����#K���
�
��� 'R�>�����X��$<QE����	�
�E���
�

H2
(_Wj�-%��6$�� R�
Bj�� �! �LZK���X�6���E�
��o"I�
��(

Q\�E�
��h+���������� R�E����;��
�.���
��;d���
�c�-�;<��%���hi$�%&���
���FG���
�
���
���
��H $�;? R��BD�������%-�aBj���
������X���
�
����QE����ZK���~���
���n��Zf�^���-%�8
9�����6��8�9@�
��

n & 108 cm−3 ���-

H + H + H � H2 + H

H + H + H2 � H2 + H2

D + H + H � HD + H.
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H2 + e− → H + H−

H2 + e− → H+
2 + e− + e−

H2 + γ → H + H

H2 + γ → H+
2 + e−

���������51�������!
FO���-�
���
��;<��%���h	$�%&���
�]'*�����4���-��

H+
3

$���
H2D

+ !b�	���>��	�
���
��9���4s�Z/���~�6���]uL�\��h	���������

H+
2 + H2 → H+

3 + H

HD+ + H2 → H2D
+ + H

HD + H+
2 → H2D

+ + H.
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H+
3 + e− → H2 + H

H+
3 + e− → H + H + H

H2D
+ + e− → H2 + D

H2D
+ + e− → HD + H

H2D
+ + e− → H + H + D.
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Eion = 5,39 eV
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Li+ + e− → Li + γ,
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Li+ + H− → Li + H

Li+ + H → LiH+ + γ

LiH+ + e− → Li + H

LiH+ + H → Li + H+
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Li + γ → Li+ + e−

Li + H+ → Li+ + H

Li + H+
2 → Li+ + H2

Li + H+ → Li+ + H + γ

LiH+ + H → Li+ + H2
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Li + e− → Li− + γ

Li− + γ → Li + e−

Li− + H+ → Li + H.
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LiH + γ → Li + H

LiH + H+ → LiH+ + H

LiH + H → LiH + H2

LiH + H+ → Li+ + H2.
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H− 1 · 10−15
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e− 1 · 10−10
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� )�!#"���

l�����;d��%������������n���$��?�	Y6���
��;C	$��L;?�-�]��%�����8�9@$�� R��.QE$���WD�E�
���-;?;�$�� a�����L���$���.��Z�9[}�� +�M(
 R��c�|�����&��Z�%���

r(t) := (r1(t), . . . , rN (t))
% �+��Z[���\!U`b����%����E�L�y���5z{��9��
������������E�\�[�6���0��Y	[��;?�-h

�-;t���$���GqL�	���
�6�-[���
����
Yi���
��;VQE$.;?�-��-;?�����
����^���E��9[��%-Z.BP�-�
�.�����0���-���
���]�
�oZK��BD�� +�\�������
�
�6���dQ\���-��%-��8
9�� � �������$�� c�����0T �+�
$�� c��=��������-���
����hi����
��=;?�-��-;d��%DBP�-�
�U�^�U! 9�!

ṙ
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ṙ

{(yt + yrṙ)
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ẏTyr + αṙ = 0.
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���-���
���� +%�����8�9@$�� �z�s��~�6�����-�����
��f"I$��hi�
��z{��%- R���������;d� 'R��rz{����;�$�%-�������nBD���
���� �

ẏT yr + αṙ − λṙrr = 0
�
α
�
λ
z��
�����]"�������;<���
��� 2! � )�!#'$'�

'gr�����L���E����;0�
��Y6���
��;����-� R�E�
����QE� �

B · (ẏl − (∆ryl)ṙ) =fl
� )�!#'*) 

ẏT
l (∆ryl) − λ(∆rrṙl) =0.

� )�!#'$+�
�
∆ryl

�����~�6�����6����h	�
�������
�������
�>pnZ�%����-��$�� �wR��
y
[��8�9

r
��;C���-���
�����-����2�

l
2!

pL$ 'R���
����;�BP�-�
�a���-��]u�����6ZK�E�6�-� +$�� dz�s��~�6����uL����6#�$��hi�
�
l = 1

�
l = N

Z/�� �����- +�\��QR!�W�!��

ṙ1 = ṙN = 0.
� )�!#'���

eI�-	Z��-��6$�� ��-������a���E����;0��wR���5z{��9��
�� �X���������$��4�y��hi�
���������omL@Z/��h����	�
�� ��; '_����2�
l

wl := (yl, rl)
T � l = 1, . . . , N

BP�-�
�=QE$�; ���E����;���wR��hi�
���
w(t) := (w1(t), . . . , wN (t))T QE$6(

����;?;<��� R�2z)���
���\!
�>��;?�-�~h+���4�����PQE$a�-	�
�� +�������
������7���E����;��
��Y6���
��;

B̃(t,w(t)) · ẇ(t) = f̃(t,w(t))
� )�!#'/!�

BP����z{��%- +�P R�E�
8�9�������ZK��fBj���
���� �
�����]�:�������M�

B̃
9[���Pz{��%- R������]l�����; �

'g�����
�]"I$��hi�
� �
l = 2, . . . , N − 1



B̃l,l =

(

Bl Bl(∆ryl)
(∆ryl)

T bM
l

)

bM
l =

2λ

(rl+1 − rl)(rl − rl−1)

B̃l,l−1 =

(

0 0
0 bL

l

)

bL
l =

−2λ

(rl+1 − rl−1)(rl − rl−1)

B̃l,l+1 =

(

0 0
0 bR

l

)

bR
l =

−2λ

(rl+1 − rl−1)(rl+1 − rl)
.

pL; uL���� �
l = 1,N



B̃l,l =

(

Bl Bl(∆ryl)
(∆ryl)

T 1

)

B̃1,2 = B̃N−1,N =

(

0 0
0 0.

)

���



� ��� � � � ����� � �� 
 ��� � ����

 0

 200

 400

 600

 800

 1000

 1200

 1400

 1600

 8  9  10  11  12  13  14  15

In
te

gr
at

io
ns

sc
hr

itt

log r [cm]

�����������	��
�� ���]\	�`�D��������
�89
:�	��-4��8�� �b��
 �	��-@��
�
���-4��
$OQ�?������-4E���
��&�4�>�:���1����
���-AV�7&���*89E:�(�4���3��-4�� "!�
+��
��:���D��� M
�&� ��-"89�&��
 �*�(�B�	�����D
��	��-���
��[�	��-$��89���U����-I��
�
���-4�3����
 � �
 �QOQ���3�4��-4E���
��1�4�K� � ��89� �b�5�	��- ��-"�(�4��
  �8��
 ���
� � 
1�����&-489����7�
��4�4 "!�-����3�4� �F'N7&�:���D�	��-B��
�
���-4�3���<OQ���3����-�E���
��1�K�37=����' ��!����$')��-"�	� �J��8��4�B�	��� �<8&�����
��
�
���-�!�8���� �	��-D��
�
���-"�(�4��
 VL����������7&
��(�"89
1�>��������� �

�����E�
���y���5z)��9��
�����Bj�������>9[���P����oz�����;d��%���a�y�����
���-%)���������P�����XZK�E���
��9���������	Y6���
��;����8�9@�~wR���5(
}���������\�y�����������S	$��d����Bj���-�
�����dBj���
�����;�$����?$���k@$��<���-Sz��
�������<",������;<���
���

λ
���QE$�#[���5(

�
��:�����\!/�>��� �LZK����hi�
��$�Q\��.�����]���-���
����#�$��h	�
�?���
�LQEBX������$��� R�E�
8
9�%��+���
����U�E�� +�-Z��]��ZK���>hR���-��
�y����hR��9���$�� ��,�6���d���-=QE$OBj���-�
�E�Apn$������-[���������%&��$6z���k�����7���-���
����#�$��hi�
�<wR����9��-�������SBPs��
���+!
'g.qn��;�Z��-[��������=;?�-�>�����������
8
9���;NuL�� +�������6�-� a�������6���E�]��$�8
9.���8
9	�] �����- ��KBj���-%j���-���
����#�$��h	(
�
�<���-� R�2z�s� +��BD���
������^�
��Z[��%��G������������h	�
�������
������$�� R�5z���9�%����A�6���?wR���� R�� R��Z/����dl���9�%����
�
8�9������hR�
s�Z/���
�
8
9��
���-�
���\!�F �-�
�a��Z/���\�	BP����9������\����$��P��Z/��o R��[���@�
��:����s������a��$6z������������
8�9��E�~un�� +�����i(
�6�-� OwR����QE��8�9@�
���\�|h������E�7wR����hR��;?;<����j�����
�<�����<pLZ���������kQEBP���
8
9����QEBj�������-���
����#�$��hi�
��
QE$. +�
� 'oBP�-�
�U!U�>����z�s�9����
�7Z/���I�^�E�����
�E8�9�@$�� R��=QE$O����; �y����9[��%-�
����^�������-OpnZ�Z��-%��6$�� �)�!#"
������ R�E���
��%-%-�L�����\!
pL$��>�6���E�
��;V����$���cBP$��
���?�6���E�
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 !P�f������
������+�b�U! 9�!
rl−1(t) < rl(t) ∀ t

�
l
!

"6!Pqn���Q\��@������������<�����I���-���
����#�$��hi�
�D��0�
��%���w���	�
��?�	�
��%-%����!�WX���@pnZ	Bj�E�
���9����-��wR��?�	����$�h@(
��$��
��f�
��%-%���r�6���0���-���
����h	����
��f��$��
��;d��������8
9c +%�����8
9�;d} '+�- dwR�����
���-%-�LBj���
�����!

'6!P���������-���
���~�
��%-%^�
��8
9aBj�E�����L��}�$�;?%-��8
9f��	8�9rQ\���-��%-��8
9:��Z���$�#��L}���������!
�����>�y���� R��9������BD�����
�]���
�Xz���%- R��������
�:��4���21���������n�6���]"y$��h	��hR���Q\��	������������

nl
��;C'_����2�

l
�6$��
8�9f����4pL$��
�6��$�8�h �

nl :=
χl

rl − rl−1
.

� )�!#'$,�

χl
���
�����-��0�_Yi#����
8
9��7%���h+��%��?�	h���%&�6�/�6���0ZK����pnZ	Bj�E�
���9����-�>wR��O�	����$�hi��$��
��O�6���7���-���
����#�$��hi�5(

wR�����
���-%-$�� dz��E����%��� +�\�������;d��%�����Bj�����
��9[���
χl
�6����l�����;

χl = A + Brl + Crl−1.
� )�!#'���

��$��
8
9��6���fFG��9�%
A = 0

�
B = C = 1/2

BP�-�
�����-�%��� @�����-��9�;?���
8�9 } �@$����6��������	�
�E�4���-���
���
����Q\��$� +�\!
�����A R�2z����
�������
�?pL$&% �+��$�� 

R
BP�-�
�:�����;d��%�����Bj�������<�6$��
8
9O�6���7"�z)���6%&}�� R�?���E��������#�9���O�����

��$6z�QE$�% �+�
�������fl�$��h	������
f(r)

z��E�
�� R��%��� +� �

R ∼

√

1 +

(

df

dr

)2

⇒ Rl =

√

√

√

√1 + n2
l ·

M
∑

j=1

gj

(

fl,j − fl−1,j

Fl,j

)2 � )�! )10�

gj
���-���F ��8�9@��$�� R�5z)��h	�
���
����D�6���a#�9	Yi���-h+��%-���
8�9��������� 'R��

fj
�������
���pn�Qv��9�%n�����

M
0BD���5(

������|z{��%-%��d �����- ��j�6$��
8�9��6���fl[��hi�
���
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Fj

�����;?�������\!j�����4l�$��h	������
R
BP�-�
����z�����$�8
9 ��%��

�c����-�
���5z�$��hi������
M

Z/��Q\����8
9�����\!
�>��;?�-�~%&��$��
���n���-������-6z{��8�9���l�����;����������-���
���� +%�����8
9	$�� 

nl ∼ Rl.
� )�! )  

BD��ZK���/�6���L"y�
��#K����������[��%-�-��}��
��hR����
����@�
�>��i8
9�QE$�Z/�E�����-;?;<��d���
�\!@�����E�
��l�����;�BPs��
���L�-�������6(
����k��$6zI35�E���d�y����}��������$�� c�
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�����BD���A	$�;<�������
8
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��; ����$���
�����~���-��]��}�$�;?%-��8
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9 �

•
u�}�$�;?%-��8
9��7��%&}�����$�� �������>�|�����&��������4�����n"y$��h	��hR���Q\��	������������cQEBP����8
9���rZ/��[��8
9	Z[���5(
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�r�6$��
8�9f���-���az��
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αg
ZK�E��8
9���}��hi� �

αg

αg + 1
≤

nl

nl+1
≤

αg + 1

αg
.

�4�-�����-���;�FO�����~wR��
αg = 2

BP�-�
�f�6���>�y����}��������$�� ������>`K��%-%���� +��� 'R��QEBP����8
9���4QEBD���
`K���-�
�
8
9����-���
��r��$6z^8\�6! '$0 � %-�-;?�-���������\!i����;?�-�D%&��$��
���X�6�������-���
���� +%�����8�9@$�� ?;?�-�|��}�$�;?%-��8�9
 R�� +%&}����
���
����"I$��hi��hR���Q\��@������������

n̂

n̂l = nl − αg(αg + 1)(nl+1 − 2nl + nl−1) ∼ Rl.
� )�! )1"�

!  
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��h+��%&�

τg
�

�6���4���_BX���dhis���Q\������%����6���f`K���-�
��h+��%&�.�����dhis���Q\�E���
����6$��
8�9������o���-���
������$6z�QE$�% �+�
������
eI�
���- +����
�
�0�
���-r�
��%-%-�
�+�� R�E��}�;?#6z�� �

R =

∫ ∞

0
R(t − t′) exp[−t′/τg]

dt′

τg
.

����;?�-�n9[}����
�]�6���0���-���
���� +%�����8�9@$�� a�6���>l�����; �

ñl = n̂l + τgδtn̂l,∼ Rl
� )�! )1'�

�
δt
�����~�6���]�6����hi�
���������������
�>�y���
�
����r���E��`K���-����Z�%����-��$�� R�
��#/�������
���
�\! 
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9	Z[�����
��
���-���
����#�$��hi�
�� �����d�y����9[}�%-������dwR��� R�� +%&}����
���
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���� +%�����8
9	$�� 

ñl

Rl
=

ñl+1

Rl+1
.

� )�! )$) 
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���� +%�����8
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rl−2

�
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�
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�
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�
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9�����BD�����
�

n2 = n1
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nN = nN−1
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N
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 � �� �� �� � �� � 	 � � � � � � � �� � 	 � � �� � 	 � � ��� � �

���� ��� �! " # �� � " # " $% "�'& (!)* +� � ,� # "- ./  � "* � #  � (% )* +� ( , �! 0 � ,* � - �� & ( "* 1 "� % � "� 2  0 3% "- � � � " ( # � %� 0 . 0% + "* � " - � 4 "* � )�5

6 0* # �* � ) # 7 #� +% "�'& ( )* +5

δ(∆Vlρl)

δt
= − (r2

l ulρ
ad
l − r2

l−1ul−1ρ
ad
l−1)

89;: 9< =

> "? " + )* +� +% "�'& (!)* +5

δ(∆mlul)

δt
= − (fl+1/2u

ad
l+1/2 − fl−1/2u

ad
l−1/2) − r2

l (Pl+1 − Pl) −
4πGml∆ml

r2
l

+
4π

c
κl+1/2Hl∆ml

−
2

3rl

{

r3
l µQ,lρl

(

ul+1 − ul

rl+1 − rl
−

ul+1/2

rl+1/2

)

− r3
l−1µQ,l−1ρl−1

(

ul − ul−1

rl − rl−1
−

ul−1/2

rl−1/2

)}

89;: 9@ =

A* " +� " +% "�'& (!)* +5

δ(∆VlρlEth,l)

δt
= − (flE

ad
th,l − fl−1E

ad
th,l−1) − Pl(r

2
l ul − r2

l−1ul−1) − 4πκlρl(Jl − Sl)∆Vl

−
2

3
µQ,lρl∆Vl

(

ul − ul−1

rl − rl−1
−

ul−1/2

rl−1/2

)2

−
∑

Eion,i





∑

j

∑

k

kijk,lnj,lnk,l · ∆Vl +
∑

l

∑

m

∑

n

kilmn,lnj,lnk,lnl,l · ∆Vl





+
∑

Ediss,i





∑

j

∑

k

kijk,lnj,lnk,l · ∆Vl +
∑

l

∑

m

∑

n

kilmn,lnj,lnk,lnl,l · ∆Vl





89;: 9B =

C�� � "* +% "�'& ( )* +5

0 =(ml − ml−1) − ∆Vlρl

89;: 9D =

1 "-E " � # )  +% "�'& ( )* +5

Tneu =Talt −

(

Eint(T, ρ, ni) − Eint

dEint(T, ρ, ni)/dT

) 89;: 9F =

!'
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1

c

δ(∆VlJl)

δt
= −

1

c

(

flJ
ad
l

ρad
l

−
fl−1J

ad
l−1

ρad
l−1

)

− (r2
l Hl − r2

l−1Hl−1) −
1

c
Kl(r

2
l ul − r2

l−1ul−1)
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and we take H0� 67 km s21Mpc21. In equation (1), Nn

(cm23 s21) is the rate of creation of neutral particles per unit

volume, at kinetic temperature Tn, in chemical reactions,

considered below; nn (cm23) is the number density of the

neutrals; nnUn is the internal energy of the neutral gas per unit

volume,

nnUn �
X

vJ

nvJEvJ ;

where the summation extends over the rovibrational levels vJ

of H2, of energy EvJ relative to the v� 0� J ground state, and

nvJ is the population density of the level; Bn is the rate of

energy gain by the neutrals per unit volume. This term (Bn)

comprises chemical heating, considered by Puy et al. (1993),

owing to exothermic reactions which yield neutral products; it

also includes the exchange of energy, owing to elastic

scattering, between the neutrals and both the ions and the

electrons (see Flower, Pineau des ForeÃts & Hartquist 1985).

The rate of variation of the internal energy of the neutral fluid per

unit volume is evaluated from

d(nnUn)

dt
�

X

vJ

EvJ

dnvJ

dt
;

where the equations for the temporal variation of the H2

population densities, dnvJ/dt, were solved in parallel, allowing

for radiative (spontaneous and induced) and collisional population

transfer (Le Bourlot et al. 1999), as well as the expansion of the

Universe (cf. equation 6 below). In particular, transfers of

population, resulting from collisions with protons, for rotational

levels J# 9 in the v� 0 vibrational ground state were included;

the rate coefficients were taken from Gerlich (1990). Spontaneous

radiative transitions between ortho and para levels in the

v� 0 state were also included. Although the corresponding

transition probabilities are very small, they increase rapidly

with J (A / J5 for large J: Raich & Good 1964). We made

the simplifying assumption that, when H2 molecules form or

are destroyed in chemical reactions, the population of any

given state (v, J) changes in proportion to the fractional

population of that level, nvJ/n(H2). Subsequent to freeze-out

of the fractional abundance of H2 (z, 100), the results are

independent of this assumption.

The analogous equations for the kinetic temperatures, Ti and Te,

of the positive ions and the electrons are

1

T i

dT i

dt
�

Bi

3

2
nikT i

2
N i

ni
2

2

R

dR

dt
�3�

and

1

Te

dTe

dt
�

Be

3

2
nekTe

2
Ne

ne
2

2

R

dR

dt
; �4�

where n denotes a number density, N a rate of creation per unit

volume, and B is the rate of energy gain per unit volume, which

includes the energy exchange through elastic collisions with

particles in other fluids; Be specifically includes a term

4sTaT
4
r

mec
k(T r 2 Te)ne;

arising from Thomson scattering of the photons of the

blackbody radiation field on the electrons. Finally, the varia-

tion of the temperature, Tr, of the blackbody radiation field is

given by

1

T r

dT r

dt
� 2

sT

mec
k�T r 2 Te�ne 2

1

R

dR

dt
; �5�

where the first term on the right-hand side (energy loss resulting

from Thomson scattering) can, in practice, be neglected.

To the above equations must be added the chemical rate

equations,

1

n(X)

dn(X)

dt
�

N(X)

n(x)
2

3

R

dR

dt
; �6�

where N(X) is the rate of creation of species X, of density n(X), per

unit volume. We used the `reduced' chemical reaction network of

Galli & Palla (1998), subject to minor changes. The complete set

of coupled differential equations was then solved by means of the

Gear algorithm (Hindmarsh 1974).

3 RESULTS AND DISCUSS ION

We have integrated the above equations, starting at z� 5000, for

which the corresponding time is t� 8.68� 1011 s (2.75� 104 yr).

Assuming the Hubble constant H0� 67 km s21Mpc21, the present

age of the Universe is 9.7� 109 yr. The present blackbody

radiation temperature was taken to be Tr� 2.73K and the proton

density nH� n(H1)1 n(H)1 2n(H2)� 1.5� 1027 cm23, corre-

sponding to a baryonic density Vb� 0.0367 of the critical density

(cf. Galli & Palla 1998). We have also considered a larger value of

Vb� 0.1. The fractional number density of helium nuclei was

nHe/nH� 0.08, and the fractional number density of deuterium

nD/nH� 4� 1025 (Vidal-Madjar 1983). The initial value of the

ortho:para-H2 ratio was 3.

In Fig. 1 are plotted the variations with z of the temperatures of

Figure 1. The variations of the blackbody radiation temperature (solid

curve) and of the temperatures of the neutrals, ions, and electrons

(superposed: broken curve) with redshift, z.
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&\!'<.5+*-1"#+*-K.IJ!$�.!$:%XY/SbaAª�"!@�0�¿EFK>#%:%<.�.�0/?/@® b¨½ b¨½�6$7�#%!'<>!'�¿#%!'�0��24�05%��Rq�"#%/}!$#}�.�":%<`/+�>W;/�2£!'�>� �0I
G»Q.5cÁ?!$�.!$#D�.!'5£W;KL!'��/=*-KL!'1010�"!'5?/%!'�

n−T
O²A�!'5?/%!',9*M*-5%!�!'�0�>!f�`�0&@7.1N*-/?�"W;�>#?5%!$:=<.�]7.�.IV� 7.5%:=<.6$7 G Q.< O

5%!'�cR�7.&Ë�.!'���JW;5?<>!'5?IJ!$#=*-IM/%!'��A�!'5?/%!'Ka!'5%!'�":%<©*-K.6$7>�.!$:=XJ!'�cb3�f!'5[�f5?7.�>���>*±G»Q.5B�"#?/SRÇ�>*;#%#B!'�0�
^_W`�.!'101s&[�0/F!'�0�>!'5fE�� G²*-�.IJ#?/%!'�01":=<>!'�>� �":%<]/%!B�JW;�_Ka!'�"#?,.�"!'1"#?2�!'�"#=!

104 cm−3 �0���.!'5F�"#%W;/?<>!'5?&\!'�
(FW;�]/?5=*-XY/?�"W;�>#?,.<9*;#%!§�0��L!'�]/?5?7.&�Q.Ka!'5

109 cm−3 !'5?5%!'�":%<`/SR�KL!'�JW;5[� �"!�A�W;10XJ!�W;,./?�"#%:%<� �":=X
24�05%��b

�;"+� ��	
	�� �����������/"-��4P�H"�4&4&�X�/�����/!�)�2-��2-�������/��� 2-	
,-�I��� KM2-���������H"-4D4&��� T�V�!������ ��� �(�����
	Q������ ��	�
����R��/�
5#)���� $D����B��Q5#)S$&� b]�������e�/�J� ��!#"%$D��!D���/!&�/�
5#)Y�

ntot [cm−3]
T [K] 104 105 106 107 108 109´]¯M¯ ×;ÓM¾M½ b¨½MÉ ½MÓMÓ-´>b ´]¾ ×;ÓM¾ b¨½MÓ ½MÓMÓ b ´]³ ×;Ó b¨¾M½ ½MÓ b¨Ó-´
½M¯M¯ ½M® ÒS¯ b¨¯MÓ ¾M½M³ b¨ÓJ× ½M® ÒMb¨¯M¯ ¾M½ b¨³-´ ½M® b0ÒS¯ ¾ b¨½M³
ÒS¯M¯ ÉM½M½ b ×;É ½MÉ ÒMb¨¾ Ò ÉM½ b¨½M¾ ½MÉ b0ÒS¾ É b¨½MÓ ½ b¨ÉM½
³M¯ ÓM½M® b¨½M³ ÒS¯MÓ b0Ò × ÓM½ b¨®MÓ ÒS¯ b¨ÓM½ Ó b¨½M® ÒMb¨¯MÓ
ÒS¯ ½MÉ b0ÒS¾ É b¨½MÓ ½ b¨ÉM½ ¯ b¨ÉM½ ¯ b¨½MÉ ¯ b¨¯MÉ

×;É
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�}�"!�,.5?�0&\W;5%� �N*-1"!4��*;#?&[�"#%:=<]7.�.IFKL!$#?/=*-�>�Z*-7>#cAC*;#%#%!'5%#%/%W*)�RS�f!'7./%!'5?�07.&ºR±ÌF!'10�07.&·7.�>�ZÅ��0/?<.�07.&ºb
��&{:%<>!'&[�"#=:%<>!'���F!'/?6$2£!'5?X��»E��.<9*-�.Iu¸4¡sXJ�;�.�>!'��� �"!}�`,a!'6$�"!$#

H
R
H+ R H− R Hortho

2

R
Hpara

2

R
H+

2

R
H+

3 	 D
R
D+ R

D+ R D
R
HD+ R H2D

+ 	 He
R
He+ R He++ R

He+
2

R
HeH+ 	 Li

R
Li+

R
Li++ R Li+++ R

Li−
R
LiH

R
LiH+ R LiH− 	 e−

7.�>��¢�<>W;/%W;�>!'���JW;5?XJW;&[&\!'�cb
�}�"!��`�0&@7.1N*-/?�"W;�>#%5%!$:%<.�]7.�.I[XM*-�.�[&[�0/�Ka!'10�"!'K.�0IJ!'�VE�� G²*-�.IJ#?2£!'5?/%!'�

ni
IJ!$#%/=*-5?/%!'/32�!'5%�.!'�

	
�>*-KL!'�

247.5%�.!'�U� �"!V��5¤G²*-<.5?7.�.IJ!'�Ð*-�>�.!'5%!'5B*;#?/?5%WY:%<>!'&[�"#%:=<>!'���f!'K.�"!'/%!_� 6JbÃ¸fb�,.5%W;/%W;,.1N*-�>!'/=*-5%!º�Y:%<>!'�ÎO
Ka!'�q¡�Ka!$#?/=8-/?�0IM/SR.Ka!'�s�.!'�>!'�_!'�0�º�.�":%<`/F7.�`KL!$�.!'7./%!'�>�.!'5�-Ç!'�01��.!'5F�F!$:%<>!'�.6S!'�0/}IJ!'K.5=*-7>:%<]/f24�05%��R
7.& 6$7.�98;:%<>#?/�!'�0�>!'�«�q7>#?/=*-�>�¥�9*-<>!��.!$#�#?/=*-/?�"W;�98-5%!'�·�}1"!'�":%<.IJ!'24�":=<]/%#§Ka!'6$Q.IM10�":%<«�.!'5�¹�<>!PO
&[�"![6$7�!'5?5%!'�":=<>!'�cRÇKa!'�JW;5+�.!'5@!'�0IJ!'�`/?10�":%<>!�,.5%W;/%WM#?/%!'101N*-5%!V(FW;101N*-,>#+Ka!'IM�0�.�]/SRÇ��b <cbÇ!'�0�>!\¢�<9*;#%!MR
� �"![,.<`¼Y#%�0X;*-10�"#%:=<�7.�]Ka!$�.!'7./%!'�>���"#%/Sb�E�7>#+� �"!$#=!'&Ô�}5?7.�>�¿247.5%�.!'�C� �"!VE�� G²*-�.IJ#?2�!'5?/%!V�.!'5

ni#?/%!'/%#�#%WUIJ!'2£8-<.10/SR��>*;#=#§#?�"!_�0�·�.!'5º�}8-<>!¿�.!$#��f1"!'�":%<.IJ!'24�":%<`/%#_1N*-IJ!'�cb4���0�>!C*-�>�.!'5%!¿AC*-<.1
�.!'5�:=<>!'&[�"#%:%<>!'��EF� G²*-�.IJ#?6$7>#=*-&[&\!'�>#%!'/?6$7.�.I[G»Q.<.5?/�6$7§���>�.!'5?IJ!'K.�.�"#%#%!'�cR>� �"!�#%�":%<�K.�"#�*-7 G�� �"!
,.<`¼Y#?�0XM*-10�"#%:=<�7.�`KL!$�.!'7./%!'�>�.!fEF� GH*-�.IJ#%,.<9*;#%!��.�":=<]/��JW;�>!'�0�9*-�>�.!'5�7.�]/%!'5%#%:=<>!'�"�.!'�cR.#%W;�>�.!'5?���]7.5
� �"!�AC*-<.1�7.�.IJ!$!'�0IM�>!'/%!'5§E�� G²*-�.IJ#?2£!'5?/%!º24�"�.!'5%#?,.�"!'IJ!'10/SR�#%W¿24�"!��JW;�¥���0,9*-&\W;�]/?�F!'/�*-1²b�¬¨³M¯±°
Ka!$#%:%<.5?�"!'Ka!'�cb


 L5L#@�m%@�� L0@�m�� Q�@

�}�"!f�0�.�>!'5%!+���>!'5?IM�"!+24�05%�º� 7.5%:%<�EF�.I]*-Ka!f�JW;�8-Ç!'&[,a!'5=*-/?7.5�7.�>�º:=<>!'&[�"#%:%<>!'5��q7>#=*-&[&\!'�>#%!'/¤O
6$7.�.I�� 7.5%:%<Ð� �"!��`7.&[&\!��.!'5@/?<>!'5?&[�"#=:%<>!'�Ð7.�>��:=<>!'&[�"#%:%<>!'�����>!'5?IM�"!¿�²�}1"!'�":=<]7.�.IJ!'�·�H½ b0ÒS¾J¡
K.�"#@�H½ b0ÒSÉJ¡4�0�ºE�K>#=:%<.�.�0/?/F½ b¨Ó b¨½V�Y!'�0/%!ZÓM³J¡�G»!$#%/?IJ!'1"!'IM/Sb

7E+m%BYp��RJ0L��>ACE+m%B)L0A+k���mGE

�}�"!§EF� GH*-�.IJ#?2£!'5?/%!�G Q.5V�`/?5=*-<.107.�.IJ#%!'�>!'5?IM�"!�7.�>��`/?5=*-<.107.�.IJ#¤Õ>7>#%#��H¯ b�K.6$2+b4ÒMb�^_W;&\!'�]/V�.!'5
���]/%!'�>#?�0/=8-/

I
E�K>#=:%<.�.�0/?/Z½ b¨½ b0Ò��Y!'�0/%!\½M®J¡f247.5%�.!'��*-7 G��.!'�¿A�!'5?/Z!'�0�>!$#+#%:%<`2£*-5?6S!'���`/?5=*-<.1"!'5%#

K.6$2+b>�F7.101cIJ!$#%!'/?6$/

J =
σ

π
T 4

H = 0.

�q24�"#%:=<>!'�Z6$2£!'�Y���]/%!'IM5=*-/?�"W;�>#=#%:%<.5?�0/?/%!'�B24�05%�@� �"!��`/?5=*-<.107.�.IJ#?/?5=*-�>#?,aW;5?/?IM1"!'�":%<`7.�.I�G Q.5��.!'�@IM5=*-7 O
!'�Ð�9*-101£IJ!'1"�M#?/��»EF�.<9*-�.I¿Ef¡�7.�>��*-7>#B�.!'��!'5?<9*-10/%!'�>!'��^_W;&\!'�]/%!'��� �"!��D�.� �0�.IM/%W;� GH*-XY/%W;5%!'�
fEdd

�²�}1"!'�":%<`7.�.I��»EZb¨Ó-´`¡?¡�7.�>�
gEdd

�²�}1"!'�":=<]7.�.I��H³ b ´`¡%¡�Ka!$#?/?�0&[&Z/SR`� �"!��0& �98;:%<>#?/%!'�����]/%!'IM5=*±O
/?�"W;�>#%#=:%<.5?�0/?/�Ka!'�]7./?6$/�2�!'5%�.!'�cb

� B EC@�m Q�B���� J0L��7EGQ�� L0@9L

�}�"![ÀF,9*-6$�0/=8-/
κ
�"#?/f!'�0�>!u�.7.�.X`/?�"W;�¿�.!'5f:%<>!'&[�"#%:=<>!'���q7>#=*-&[&\!'�>#%!'/?6$7.�.I>R��}�":%<`/%!B7.�>� -s!'&BO

,a!'5=*-/?7.5V�»E�K>#=:%<.�.�0/?/Z½ b¨Ó b0Ò ¡Pb��f!'5@*-XY/?7>!'101"!BA�!'5?/�24�05%��6$24�"#%:%<>!'��6$2£!'�3���`/%!'IM5=*-/?�"W;�>#%#%:=<.5?�0/?/%!'�
&[�0/D�.!'�+Á¤!'2£!'�01"#D�>!'7>!$#?/%!'�VA�!'5?/%!'�V�JW;� �

i
K.6$2+b

ρ
7.�>�

T
Ka!'5%!$:%<.�>!'/�7.�>�[�0&ÆGHW;10IJ!'�>�.!'�����]/%!PO

IM5=*-/?�"W;�>#%#=:%<.5?�0/?/�Ka!'�]7./?6$/Sbq�3#4247.5%�.!'��G Q.5�� 5%!'�Ç��8-101"!@�`�0&Z7.1N*-/?�"W;�>#?5%!$:%<.�`7.�.IJ!'�C� 7.5%:%<.IJ!PG»Q.<.5?/Z+
¾M¯
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• κe−

+;��7.5��.!'5���1"!'X`/?5%W;�>!'�`KL!'�0/?5=*-IZ6$7.5DÀF,9*-6$�0/=8-/�247.5%�.!�KL!'�`7./?6$/SbM�F�"!�ÀF,9*-6$�0/=8-/��"#?/�*-1"#%W
XJW;�>#?/=*-�]/Sb-�3#�IM�010/

κP = κR = κe− = 0.348 cm2 g−1 �"#?/Sb$�}�"!$#%!'5Ç#?/=*-5?X}�J!'5%!'�0� GH*;:=<]/%!��9*-101�"#?/��.�":%<`/�5%!S*-10�"#?/?�"#=:%<cR>� �"!'�`/}*-Ka!'546$7º�3!'5?IM1"!'�":%<>#¤O£7.�>� -Ç!$#?/?6$2£!$:%XJ!'�cb
• κPopI

+��F�"!_ÀF,9*-6$�0/=8-/\247.5%�.!§&[�0/?/%!'1"#V!'�0�>!'5�*-�9*-10¼`/?�"#%:=<>!'�¥���0/¤GHW;5?&\!'14G Q.5\�>*;#V��WM#%#%!PO
1N*-�>� &[�0/?/%!'1f�²�}1"!'�":=<]7.�.I�H½ b0Ò'´`¡%¡}IJ!'�98-<>!'5?/Z7.�>�

κP = κR
IJ!$#%!'/?6$/Sbc�}�"!$#%!V��!$:%<.�`7.�.IJ!'�

� �"!'�>!'�B�.!'&¶�3!'5?IM1"!'�":%<[�.!'5����]/�24�":%XY107.�.IJ!'�\�JW;�@,.5?�0&\W;5%� �N*-1"!'�[7.�>�Z¢sW;,>�c¢35%W;/%WM#?/%!'5?�>!'�cb
• κPopI

+
κR

24�05%�ªG Q.5§�M*-5?�N*-K.1"!¿A�!'5?/%!¿�JW;�
ρ
7.�>�

T
*-7>#§/=*-KL!'1010�"!'5?/%!'�¶A�!'5?/%!'�·�JW;�

^_*S¼J!'5\¬¨ÓM³-°��0�]/%!'5?,aW;10�"!'5?/SR�2�W;Ka!'�
κR

7.�`/%!'5+�.!'5+E��.�9*-<.&\!MR��>*;#=#}#%�":%<��>*;#},.5?�0&\W;5%� �N*-1"!
��*;#u�

Z = 0
¡�G»Q.5F�.!'��IJ!'IJ!'KL!'�>!'�

ρ
O
T
O²A�!'5?/��0&�:%<>!'&[�"#%:=<>!'�C�}1"!'�":%<.IJ!'24�":=<]/fKL!PÑ>�>�.!'/SR

KL!'5%!$:=<.�>!'/u24�05%��b��9*-101"#B�.!'5@A�!'5?/u�JW;��-Ç!'&[,a!'5=*-/?7.5u7.�>���-WY�.!'5B�F�":=<]/%!��.�":%<`/B�0&Ë�}Q.1ÎO
/?�0IMXJ!'�0/%#?KL!'5%!'�":=<©�.!'5[���`/%!'5?,LW;1N*-/?�"W;�>#%/=*-KL!'101"!'��10�"!'IM/��»#Sb��Y!'�0/%!§Ó Ò ¡PR�24�05%�U�.!'5[�}*-�>� 2�!'5?/
KL!'�`7./?6$/��Jb��f*;#[¢31N*-�>:%XY&[�0/?/%!'1F�.!'5VÀF,9*-6$�0/=8-/\XM*-�.��*-�9*-1"W;I¿6$7

κR
WY�.!'5u6$7>#h8-/?6$10�":%<�0�

E�K.<98-�.IM�0IMXJ!'�0/}�.!'5F*-X`/?7>!'101"!'��:%<>!'&[�"#%:=<>!'�¿�q7>#=*-&[&\!'�>#=!'/?6$7.�.IVKa!$#?/?�0&[&@/�2£!'5%�.!'�cb
�f!'5��F5?7>:=X©24�05%�«*-7>#��.!'5§�q7>#?/=*-�>�.#%IM1"!'�":%<]7.�.I¥!'�0�>!$#��"�.!S*-1"!$#º��*;#=!$#_�²�}1"!'�":=<]7.�.I¶�H½ b0ÒS³J¡V�0�
EFK>#%:%<.�.�0/?/f½ b¨Ó b¨½J¡£Ka!'5%!$:%<.�>!'/Sb

������� � � �7�=,�; &>,=8��4!#14�4! &>�

�}�"!3�}*-�>� KL!$� �0�.IM7.�.IJ!'�B#?�0�>�f�.�":%<`/s�`7.5�GHW;5?&V*-1"!D¸�!$� �0�.IM7.�.IJ!'�@7.&µ!'�0�>!���!$:=<.�]7.�.I�Q.Ka!'5?<9*-7.,./
� 7.5%:=< G Q.<.5%!'�6$7�XJ�;�.�>!'�cR�#%�"!�#%�0�>�U#%/%!'/%#B*-7>:=<©!'�0� -Ç!'�01��.!$#B,.<`¼Y#?�0XM*-10�"#%:=<>!'�©¢�5%W;K.1"!'&\#SR�� �"!
/%!'�0102£!'�"#%!@�.!$#%#=!'�º���0IJ!'�>#%:%<9*±G»/%!'�ºGH!$#?/?1"!'IJ!'�cb
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��*;#Z�L!'�`/?5?7.& �.!$#uÀFK Á?!'XY/%#�#%W;101D� 7.5%:%<�!'�0�>!'��IJ!$W;&\!'/?5?�"#%:%<>!'�Ð¢�7.�.XY/+IJ!'IJ!'Ka!'�C#%!'�0�cR��.!'5+�0&
�F!$:%<>!'�.IM�0/?/%!'5º� 7.5%:%<È�.!'�È���>�.!P�

m = 0
�.!PÑ>�.�"!'5?/�24�05%��b£�D#��"#%/�,.<`¼Y#?�0XM*-10�"#%:=<«#%�0�.�]�JW;101f6$7

GHW;5%�.!'5?�cR��>*;#%#B� �"!��F�":=<]/%!�*-��� �"!$#%!'5V�`/%!'101"!�!'�0�>!'���.�":%<`/?�J!'5%#%:%<`24�0�>�.!'�>�.!'�cR�!'�>� 10�":%<>!'�A�!'5?/
<9*-Ka!'��#%W;101²R.�>*-<>!'5�IJ!'<`/�&[�0/

m → 0
*-7>:=<

r → 0
+

r0 = 0

u0 = 0

m0 = 0.

�3#�IM�0K./4�0&��L!'�]/?5?7.&ÊXJ!'�0�>!Z�`/?5=*-<.107.�.IJ#��`7>!'101"!Mb

�PJ���@9L`m B)L#M

�}�"!+ÅÇ*-IJ!@�.!$#�E�7.TJ!'�.5=*-�>�.#F24�05%�º#%WuGH!$#?/?IJ!'1"!'IM/SR>�>*;#=#�*-&Ê8-7.TJ!'5%#?/%!'��¢37.�.X`/
rN

� �"!@�f!$#h*-&@/¤O
&V*;#%#=!

Mtot
!'�0�.IJ!$#%:%<.1"WM#%#=!'�[24�05%��bM�}!'5�EF7.TJ!'�.5=*-�>�B24�05%�ZG»!$#?/?IJ!'<9*-10/%!'�cR;2£!'IJ!'�\�.!'5��>W;5%�.!'5?7.�.I

�X:VG_H�	=GIH <?H�O � >L< S*\IS*>RQ�
g>LE�^ >RQ G_OPYFQ YKADC':=<?WXS5OP>�<?\IA*<?H;<?>RQ;O bDCF<?>���^DG�L< O T_O0TIA*CK>RQ;O H;< W S!CKGIAKA(AK<?WXS5OE�>LSFQ��
� >L<BOP< >�� >RQ�
1>LE�^ >XQ G_OPYKQ=Y*ADC7:=<?W SZOP>J< H�O CF<?>���^DG�L< O T_O \,SKA*>LSK< A�H;>LSFQ a($ >L<?A�YKADC�CK>RQN>RAZOPH;^FQP>LW S*>LA*CK>�� >RQP>L<?WXSCK>RQ.`	\ $ a > \I^KOP<?H;W S7C��*AKA f :=<?>��.\,E � <?ADG_OP<?\IA!S*\IS*>�
1>L< $ WXSK>LADCF<?WXS5OP> Y*ADC(OP< >�� >�
g>LE�^ >RQ G_OPYFQ0\ZCK>RQ�Y*E�U,> a >LSKQ;O
a \,E�E O AK< W S5O []\IQ f

¾ Ò
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�9*;:=<�^�*;#%#%!'�>!'5?<9*-10/?7.�.IV�>*-5¤G�XJ!'�0�º^�*-/%!'5?�N*-1cQ.KL!'5F�.!'��E�7.TM�>!'5=*-�>��!'�0� O�W`�.!'5�*-7>#?Õ>�"!'TJ!'� +

rN = Rtot = const

uN = 0 = const

mN = Mtot= const.

�f!'5�E�7.TJ!'�.5=*-�>�\KL!'IM5%!'�.6$/3�>*;#����]/%!'IM5=*-/?�"W;�>#?IJ!'K.�"!'/
	
!$#�<9*-�>�.!'10/3#?�":%<[�.�":=<]/37.&Æ� �"!�ÀFKa!'5¤Õq8;:%<>!

�.!$#�¢35%W;/%WM#?/%!'5?�>#Sb
���º�.!'5�8-7.TJ!'5%#?/%!'�_�Y:%<9*-1"!+24�05%��XJ!'�0�>!+Åc!'7>:%<`/?X`5=*±G»/�!'5?6S!'7.IM/Sb>�}�"!�EFK>#?/?5=*-<.107.�.I\Q.Ka!'54�.!'�ºE�7 O
TJ!'�.5=*-�>�B!'�]/%#%,.5?�":%<]/��.!'&¶K.�"#�6$7.5��JW;5?1"!'/?6$/%!'�\�Y:=<9*-1"!��

N−1
¡Ç!'5?6S!'7.IM/%!'�cR;7.&�� �"!�IJ!$W;&\!'/?5?�"#%:%<>!

�3!'5%� Q.�.�`7.�.I��J!'5?5?�0�.IJ!'5?/%!'�¿�`/?5=*-<.107.�.IJ#%#?/?5%W;&ºb
�}�"!@8-7.TJ!'5%!+�}*-�>� KL!$� �0�.IM7.�.IVG Q.5�� �"!@�`/?5=*-<.107.�.IJ#%&\W;&\!'�]/%!u1N*-7./%!'/

0 =JN −
1
2B(Trad) − (HN + 1

4B(Trad))

gEdd

0 = − (r2
NHN − r2

N−1HN−1) − ρNκP (JN − SN ),
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gEdd =

H̃N + 1
4B(Trad)

J̃N − 1
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B(Trad) =
σ

π
T 4
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∂trN = ∂tRtot = 0
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uN = urel
N = 0.
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1 = u1 − ug
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r1 = 10−3Rtot

rl = rl−1 · 10
log(Rtot/r1)/(N−1) l = 2, . . . ,N − 1.
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�L!'�]/?5?7.&
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r ∼ ρ−2 ¡�#?�0�>�IJ!'5?�0�.I>b`�3#D#?�0�>�V� 5%!'�q���`/�24�":%XY107.�.IJ#%#?/=*;� �"!'��6$7V!'5?XJ!'�.�>!'� +Y� �"!�EF� GH*-�.IJ#%,.<9*;#%!MRM�0�V�.!'5£�>*;#£��*;#
W;,./?�"#%:=<�� Q.�.�º�"#%/@�

τR < 2/3
¡PR9� �"!+�3�]/%#?/%!'<`7.�.I��.!$#�W;,./?�"#=:%<�� �":=XJ!'��¢�5%W;/%WM#%/%!'5?�>#Z�

τR ≥ 2/3
¡

7.�>�ª�>*-�9*;:%<È�.!$#�<]¼ � 5%WM#?/=*-/?�"#%:=<>!'�·(�!'5?�>#��
u < 0,1vff

¡Pb£�}�"!$#%!�� 5%!'�@�`/=*;� �"!'�«#?�0�>�¥�0�ª�.!'�
EFK.K.�01"� 7.�.IJ!'�UGH*-5?K.�0I�&V*-5?X`�"!'5?/§� 5%W;/@G»Q.5

τR < 2/3
R�IM5?Q.�CG»Q.5

τR ≥ 2/3
7.�>��K.1N*-7�G Q.5u�.!'�

<`¼Y� 5%WM#?/=*-/?�"#=:%<>!'��¸£!'5%!'�":=<q¡Pb

� � L0A ECB)L�EC@���k5B �2Q E�� E

¸�!'�4�.!'��^�WY�.!'101"!'�Ð&[�0/[XJW;�>#?/=*-�]/%!'5�ÀF,9*-6$�0/=8-/[�"#?/[�.!'5�/FKL!'5?I]*-�.I�6$24�"#%:=<>!'�� �"!$#%!'��¢�<9*;#%!'�
�.!'7./?10�":=< #?�":%<`/?K9*-5Sb+�}*;:=<Æ!'�0�>!'5_�"#=W;/?<>!'5?&\!'� (FW;�]/?5=*-XY/?�"W;�>#?,.<9*;#%!�K.�01"�.!'/�#%�":%< �.!'5�W;,./?�"#=:%<
� �":=XJ!º¢�5%W;/%WM#?/%!'5?�cR��.!$#%#=!'�E�7>#%�.!'<.�`7.�.IC*-7 G IM5?7.�>���.!'5[7.�`/%!'5V� �"!$#%!'��¸�!$� �0�.IM7.�.IJ!'�7.�.5%!S*±O
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�0&�Ì}!'5?/?6S#?,.5?7.�.I;O���7>#%#%!'101ÎO��}�N*-IM5=*-&[& �»EFK.K.�01"� 7.�.IJ!'�ª® b¨½�7.�>� ® b¨Ó � ¡PbDE��>#%:=<.10�"!'TJ!'�>��K.�01"�.!'/
#?�":=<��9*;:%<¿2�!'�0/%!'5%!'&)(FW;101N*-,>#+�.!'5}<]¼ � 5%WM#?/=*-/?�"#%:%<>!V(�!'5?�cRL�.!$#=#%!'�_^�*;#%#%!Z6$7.�.�0&[&@/SRa2�8-<.5%!'�>�
#%!'�0���F*;� �07>#�#%:=<.5?7.&[, G /Sb
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�}�"!º���`/�24�":=X`107.�.IÐ�.!'5V^_W`�.!'101"!�&[�0/V¢�W;,>��O¦ÀF,9*-6$�0/=8-/��"#?/\!'/�2£*;#�XJW;&[,.1"!P� !'5SbD���>#?IJ!$#h*-&@/\<9*-/
&V*-�Ð!$#u*-&Ë���>�.!��.!'5\�`�0&@7.1N*-/?�"W;�>#?5%!$:=<.�]7.�.IC&[�0/B!'�0�>!'&Ë¢�5%W;/%WM#?/%!'5?�cR��.!'5Z�0�Ð!'�0�>!'5uX`Q.<.1"!'�
�`/=*-7.K.<`Q.101"!§!'�0�.IJ!'KL!'/?/%!'/u�"#?/SRc6$7�/?7.�cbs�3�0�U¸�!$W;K9*;:%<`/%!'5B24Q.5%�.!�� �"!�X`Q.<.1"!��`/=*-7.K.<]Q.101"!MR��.�":=<]/
*-Ka!'5+�.!'��¢�5%W;/%WM#?/%!'5?�C#=!'<>!'�cbc�}�"![��5?IJ!'K.�.�"#%#%![�.!'5Z�`�0&Z7.1N*-/?�"W;�CXJ�;�.�>!'�¿GHW;10IJ!'�>�.!'5?&V*-TJ!'�C�0� O
/%!'5?,.5%!'/?�"!'5?/�2�!'5%�.!'� +.¸�!'�q�.�"!$� 5?�0IJ!'� -s!'&[,L!'5=*-/?7.5%!'�§�"#%/£� �"!�ÀF,9*-6$�0/=8-/£� 7.5%:=<§� �"!FEF�]2£!$#%!'�.<>!'�0/
�JW;�§�`/=*-7.KV�J!'5?<98-10/?�.�"#?&V8-TM�0Iu<>W`:=<cR]��b <cb`� �"!}�`/%!'101"!MR`*-���.!'5�!'5%#?/?&V*-1"#

τR = 2/3
!'5?5%!'�":=<]/�24�05%��R

10�"!'IM/@#=!'<.5�2�!'�0/Z*-7.TJ!'��Ka!'�N-Ç!'&[,a!'5=*-/?7.5%!'�
T < 1000 K

baA«8-<.5%!'�>���.!'5+(FW;�]/?5=*-XY/?�"W;��<>!'�06$/
#?�":=<�� �"!$#%!$#+�f!'K.�"!'/�2�!'�0/%!'5@*-7 G?ba¸�!'���35?5%!'�":%<>!'�C!'�0�>!'57-s!'&[,L!'5=*-/?7.5+�JW;�¿:S* b

1300 K
Ka!'IM�0�.�]/

�.!'5£�`/=*-7.K[6$7V�J!'5%�>*-&[, G»!'�cRM2£W`� 7.5%:=<�� �"!�ÀF,9*-6$�0/=8-/D#=!'<.53#?/=*-5?XB*-K.�.�0&[&Z/}�»#SbMEFK.K.�01"� 7.�.IZ½ b ´`¡Pb
�}�"!$#�<9*-/@� �"!V���]/%#?/%!'<`7.�.I_!'�0�>!$#@/?5=*-�>#?,9*-5%!'�]/%!'�U¸�!'5%!'�":%<>#SRs�.!'5@� �"!��`/=*-7.K.<]Q.101"!V7.�>���.!'�C!'�ÎO
IJ!'�`/?10�":%<>!'��¢�5%W;/%WM#?/%!'5?��/?5%!'�.�`/SRq6$7.5f�>W;10IJ!MRa�.!'�.��� �"!BÀF,9*-6$�0/=8-/f#?/%!'�0IM/f!'5%#?/F24�"!$�.!'5�*-�cRq2�!'�.�
� �"!�-Ç!'&[,a!'5=*-/?7.5+:S* b

4500 K
!'5?5%!'�":=<]/Sb��}�"!$#%!B�LW;�>!Z�"#%/}*-���.!'&Ê,.1N*-/%!S*-79*-5?/?�0IJ!'���3!'5?1N*-7 G£�.!'5

-s!'&[,L!'5=*-/?7.5?XY7.5?�J!V�9*-<>!
1500 K

�0�CEFK.K.�01"� 7.�.I�® b ´§6$7�!'5?XJ!'�.�>!'�cbs�}!$#%2�!'IJ!'���"#?/+!$#+�0��� �"!PO
#%!'&Ô�9*-101£6$2�!$:%XY&V8-TM�0I>R�Ka!'���.!'5B�}!PÑ>�.�0/?�"W;�U�JW;�
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� � �� � � �   � �� � � �� r �� �  � � � �� � ! � �� �� � � � � � �� �" �� � �� ρ #$ � � � � �� �� � T # � � �� � � �� �� �� � � �� �� � � � u� � � � � � �� Mr� � � � � � � � � � � � � � �� � � r	 " � �

� � �� � � ��  �� � � % � �  �� � � # �� � � � ��  � � � & � � �� � � � � � � � �� �� � �� � �' � �� � � � � �� � �� � � � # � � �� � � �� �� � �  �� � � � � � �� �� � ' � �� �� � ( � � �� � � � �� �� �� �� �
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� �  �� � � ��� � �� � �� �� � ��  � �� � � � � � �� � � � � �  � � � � � �� � � � �� � � � �� � � � � � �� ��  � 200 K # �� � � � �� � � � �� � � � � � � ��� � �� � � � �� � 104 cm−3 #
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	 � �� � ��� � ���� � ��� �� �� � � �� !� � � � �$ ��� � � �� �� � � � �� � � �� � �� � � � -� � � ��� �� � � � � �� .� � 200 K* � �� � � -� � � ��� � � � �� � � � � ��� � � � � � � 104 cm−3*
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�� � � �� �� � �	 � �� � ��� � ���� � ��� �� �� � � �� !� � �$ ��� � � �� �� � � � � � �� � � � �� � ( � 	 � � ) �� � � � -� � � � �� � � � �� � � � � ��� .� � 104 cm−3* � �� � � -� � � ��� �� � � � � � �
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2�!'�0/%!'5%!'�_�}5%�;TJ!'����EF10/%!'5SR �=)�!'X`/?�0�Y/%!'&[,L!'5=*-/?7.5SR9^_*;#%#=!�7.�>�§�}*;� �07>#+�»¢�5%W;/%WM#?/%!'5?�º7.�>�
<]¼ � 5%WM#?/=*-/?�"#%:%<>!'5�(�!'5?�q¡���!'5?IJ!'Ka!'�Ð#%�":%<*-7>#B�.!'5BÅÇ�M#?7.�.I¿�.!'5B#%/?5=*-<.107.�.IJ#?<]¼ � 5%W`� ¼Y�9*±O
&[�"#%:%<>!'�C�}1"!'�":=<]7.�.IJ!'�¿W;<.�>!@2£!'�0/%!'5%!Z�f8-<>!'5?7.�.IJ!'���²�`/%W;T�*-7>#?IJ!$#=:%<.&[�"!'5?/SRc�`/?5=*-<.107.�.IJ#¤O
/?5=*-�>#?,LW;5?/ÇIM5=*-7q¡Pb ���+� �"!$#%!'&��`�0�.�>!�247.5%�.!�<.�"!'5s!'5%#?/?&V*-1"#Ç!'�0�>!��J�;1010�0I�XJW;�>#?�"#?/%!'�]/%!DÅc�M#?7.�.I
!'5?<9*-10/%!'�cb

•
^��0/�!'�0�>� �0&\!'�>#?�"W;�9*-1"!'�\^�WY�.!'10105%!$:%<.�`7.�.IJ!'�\�"#?/��.!'5��>5=*-IJ!��9*;:=<[!'�0�>!'5�!'�J!'�`/?7>!'101"!'�\�.5=*-I;O
&\!'�]/=*-/?�"W;���.!'5�A�W;10XJ!��.�":%<`/��9*;:=<.6$7.IJ!'<>!'�cb

�+e�� � ��wux����?yax�lamZtfrutZv�x�t ��¤o z}o9ya��m �=rZtuv�k9m���wZy���w���tZ����%| rutuw
p�x�¤oq�4jBmun�tZv�%v�x�y¶lamux3��%k9lamux�y	�Ct�o�
 %lL| �%rZtuv

�}�"!�^�WY�.!'10105%!$:%<.�`7.�.IJ!'�cR�� �"!_�0�ª� �"!$#=!'&�EFK>#%:=<.�.�0/?/§�JW;5?IJ!$#?/%!'1010/�2�!'5%�.!'�cR4!'�]/%#%,.5%!$:%<>!'�µ�.!'�
^_W`�.!'101"!'�§*-7>#£E�K>#%:=<.�.�0/?/�® b¨½ R]&[�0/��.!'& �F�]/%!'5%#%:=<.�"!$��R.�>*;#%#�<.�"!'5£� �"!}:%<>!'&[�"#%:=<>!f���]/�24�":%XY107.�.I
&[�0/�!'�0�]Ka!'6SW;IJ!'�È247.5%�.!Mb��F�"!_(�W;�>#%/?5?7.X`/?�"W;�È�.!'5�^�WY�.!'101"!��"#%/��"�.!'�`/?�"#%:%<cR4!$#�247.5%�.!_24�"!��0�
EFK>#%:%<.�.�0/?/�® b¨½Z�J!'5¤G²*-<.5%!'�cRY� �"!fEF� GH*-�.IJ#%2�!'5?/%!f�.!'54�`/?5?7.XY/?7.5?�M*-5?�N*-K.1"!'��#?�0�>��� �"!�IM1"!'�":=<>!'�cb A¥�"!
Ka!'5%!'�0/%#�!'5?2£8-<.�`/SR>�.�0&[&Z/�,.5?�0&\W;5%� �N*-1"!$#}��*;#4!'�0�>!�:=<9*-5=*-X`/%!'5?�"#%/?�"#%:%<>!#-Ç!'&[,a!'5=*-/?7.5��JW;�

200 K7.�>� -Ç!'�01":=<>!'�>� �":%<]/%!��JW;�
104 cm−3 *-�cbÇ�}�"!��35?IJ!'K.�.�"#%#%!��JW;���`�0&Z7.1N*-/?�"W;�>#?5%!$:%<.�`7.�.IJ!'�©&[�0/

� �"!$#%!'�¿EF� GH*-�.IJ#%2�!'5?/%!'��2�!'5%�.!'�C*-7>#¤G»Q.<.5?10�":%<>!'5�Ka!$#%:=<.5?�"!'KL!'�cRa�.!'5����0� Õ>7>#%#}7.�]/%!'5%#=:%<.�"!$� 10�":%<>!'5
EF� GH*-�.IJ#%2�!'5?/%!+24�05%�º�0�ºE�K>#%:=<.�.�0/?/F® b ´\Ka!$#?,.5%WY:%<>!'�cb
�}�"!�(�W;101N*-,>#?5%!$:=<.�]7.�.Iu247.5%�.!£K.�"#�6$7B�.!'& ¢37.�.X`/�� 7.5%:%<.IJ!PG»Q.<.5?/SRM�0�[�.!'&Æ� �"!��L!'�]/?5=*-10/%!'&[,a!'5=*±O
/?7.5

105 K
!'5?5%!'�":%<]/D<9*-/SbM�F�"!�:=<>!'&[�"#%:%<>!'�V¢35%W;6S!$#%#%!4#?,.�"!'1"!'�\*-&Æ¸�!'IM�0�.�\�.!'53���]/�24�":%XY107.�.IZ!'�0�>!

24�":=<]/?�0IJ!B��W;101"!MR.�0�>#%KL!$#%W;�>�.!'5%!@�0& ,.5?�0&\W;5%� �N*-1"!'���9*-101²RL�>*B<.�"!'5F� �"!Z��8-<.�0IMXJ!'�0/f�.!$#}�+*;#%!$#SR>� �"!
2�8-<.5%!'�>�V�.!'5D(FW;�]/?5=*-XY/?�"W;��!'�`/%#?/%!'<>!'�>�.!'��(FW;&[,.5%!$#%#?�"W;�>#%!'�>!'5?IM�"!f*-K.6$7>#?/?5=*-<.1"!'�cRJ�JW;���.!'53:%<>!PO
&[�"#%:=<>!'�V�q7>#=*-&[&\!'�>#%!'/?6$7.�.I�Ka!$!'�0� Õ>7>#%#?/�24�05%��b A�!'�.�[� �"!4�L!'�]/?5=*-10/%!'&[,a!'5=*-/?7.5

105 K
!'5?5%!'�":%<`/

<9*-/SR>!P� �"#?/?�"!'5?/�Ka!'5%!'�0/%#�!'�0�ºXY1N*-5�*-7>#?IJ!',.5=8-IM/%!'5}(�!'5?�cR>�.!'54G²*;#?/�*-7>#%#%:=<.10�"!'TM10�":%<¿*-7>#4�"W;�.�"#?�"!'5?/%!'&
AC*;#%#=!'5%#?/%W*)�KL!$#%/%!'<]/�7.�>��� 7.5%:%<�E�XYXY5%!'/?�"W;��*-��^�*;#%#%!�6$7.�.�0&[&Z/Sbq�}�"!@2�!'�0/%!'5%!u���]/�24�":%XY107.�.I
�0&Ê6S!'�]/?5=*-1"!'��¸£!'5%!'�":=<_�.!'5F(�W;� Ñ>IM7.5=*-/?�"W;��6$7�!'�0�>!'&Ê&V*;#%#%!'5%!'�":%<>!'���`/%!'5?��<98-�.IM/}�>*-�.���.�":=<]/
&\!'<.5}�JW;���.!'�_�}!'/=*-�01"#F�.!'5F:=<>!'&[�"#%:%<>!'�¿���`/�24�":%XY107.�.I§�0���.!'5f8-7.TJ!'5%!'�_ÌFQ.101"!@*-K�7.�>�º247.5%�.!
�.!$#?2£!'IJ!'�§�.�":%<`/£2£!'�0/%!'5��J!'5¤G»W;10IM/SR �>*Z� �"!$#%!F¢3<9*;#%!}�.�":%<]/�&\!'<.5��f!'IJ!'�>#?/=*-�>���.!'5£�JW;5?10�"!'IJ!'�>�.!'�
EF5?KL!'�0/��"#%/Sb�E�7.TJ!'5%�.!'&)�"#%/+� �"![�0���.!'��^�WY�.!'101"!'���0&[,.1"!'&\!'�`/?�"!'5?/%!��q7>#?/=*-�>�.#%IM1"!'�":%<]7.�.I�!'�0�>!$#
�"�.!S*-1"!'�ª�+*;#%!$#B�0&[&\!'5\2�!'�.�0IJ!'5VIJ!'5%!$:%<]/¤GH!'5?/?�0IM/SR£�>*_&[�0/[6$7.�>!'<.&\!'�>�.!'5��}�":%<`/%!§�.�":%<`/?10�0�>!S*-5%!
�=)�!'XY/%!424�"!�Ka!'�"#?,.�"!'1"#?2£!'�"#%!��}5?7>:%XY�"W;�.�"#=*-/?�"W;�¿�»#?�"!'<>!F� *-7.&\W;�cRY¹�<9*-K.5?�"!'5SR]�;*-��ÌFW;5?��¬¨³M½±° ¡3*-7 G O
/?5%!'/%!'�cb3�YW�#?�0�>��KL!'��!'�0�>!'5�-Ç!'&[,a!'5=*-/?7.5[�JW;�

T = 105 K
7.�>�U�}�":%<`/%!��JW;�

ρ = 1 g cm−3� �"!\¸�!'�0/?5=8-IJ!B�JW;� -s!'&[,L!'5=*-/?7.5¤O}7.�>�¿�}5?7>:%XY�"W;�.�"#=*-/?�"W;�C�JW;��!'/�2£*§IM1"!'�":=<>!'5B�}5%�;TJ!'�>W;5%� �`7.�.I>b
�}�"!�EF�.�9*-<.&\!+!'�0�>!$#4�"�.!S*-1"!'�_��*;#=!$#��"#?/4IJ!'5%!$:%<`/¤G»!'5?/?�0IM/SRq#%W-G»!'5?�º� �"!��}�":=<]/%!

ρ = 10−6 g cm−3�.�":=<]/�2£!$#%!'�]/?10�":=<�Q.Ka!'5%#%:=<.5%!'�0/%!'/u�²� *-7.&\W;�cRL¹�<9*-K.5?�"!'5SR9�;*-�ºÌ}W;5?��¬¨³M½-° ¡Pb
EF1"#s¹�<>!'&[�"!324�05%�Z!'�0�>!3!'5?2�!'�0/%!'5?/%!�AC*;#%#%!'5%#%/%W*)a:=<>!'&[�"!3Ka!'/?5=*;:%<]/%!'/SR-� �"!3� �"!��`,a!'6$�"!$#

H
R
H+ R H−7.�>�

H2
R
H+

2

R
H+

3

7.�>�
e−

Ka!'5?Q>:%X #?�":%<`/?�0IM/Sb`�}�"!��J!'5?2£!'�>�.!'/%!'���F!S*-X`/?�"W;�>!'�V#%�0�>�[�0�$-s*-Ka!'101"!F® b¨½
*-7 G»IJ!'10�"#?/%!'/

	
IJ!'�9*-7>!'5%!B���0�.6S!'10<>!'�0/%!'�¿6$7.&�:=<>!'&[�"#%:%<>!'���}!'/?6$2�!'5?XºÑ>�>�.!'��#%�":%<_�0�_EF�.<9*-�.I�¸fb

�}�"!$#%!$#\�}!'/?6$2�!'5?XÐ�"#?/BIJ!'IJ!'�`Q.KL!'5��.!'&��JW;�¥ÀF&@7.XM*-�FÄ����"#%<.�+¬ ´]½-°��.!'7./?10�":%<¥!'5?2£!'�0/%!'5?/V7.�>�
Ka!'5?Q>:%X #?�":%<`/?�0IM/f*-7>:=<�� �"!Z�`,a!'6$�"!$#

H+
2

7.�>�
H+

3

b
EF1"#�:%<>!'&[�"#%:=<>!·EF� GH*-�.IJ#?6$7>#h*-&[&\!'�>#%!'/?6$7.�.I{247.5%�.!È!'�0�

H2
O�K.6$2��31"!'X`/?5%W;�>!'�9*-�`/%!'�01��JW;�

fH2
= 5 · 10−4 K.6$2+b

fe− = 1 · 10−10 IJ!'2�8-<.10/
	
�.!'5�5%!'1N*-/?�0�J!_E��`/%!'�01}�.!'5�IJ!'1N*;�.!'�>!'�µ�`,L!PO

6$�"!$#
H− R H+

2

R
H+

3

Ka!'/?5=8-IM/
10−15 b fH+

24�05%��#%W�IJ!'2�8-<.10/SR �>*;#%#D�>*;#4��*;#3�0�>#%IJ!$#=*-&@/�!'1"!'X`/?5?�"#=:%<
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�>!'7./?5=*-1q�"#?/SbJ��*;#35%!$#?/?10�":=<>!}��*;#DKL!$#%/%!'<]/�*-7>#£*-/%W;&V*-5%!'& AC*;#%#=!'5%#?/%W*)�RM#%�"!'<>!F*-7>:%< -s*-Ka!'101"!FÓ b0ÒMb
�f!'5�A�!'5?/3�JW;�

fH2
= 5 ·10−4 247.5%�.!�IJ!'2�8-<.10/SRJ2£!'�019��!$:=<.�]7.�.IJ!'�V24�"!4� �"!��JW;�\�}W;5?&V*-�cRJEFKL!'1

7.�>��¸£5?¼]*-�_¬ ´]¯±°��²�`/?5?7.X`/?7.5?K.�01"� 7.�.I>R.¸£�01"� 7.�.IB!'5%#?/%!'54�`/%!'5?�>! ¡DWY�.!'5�� �"!F�JW;��EFKL!'1q!'/�*-1²bq¬¨½-°�R9¬0ÒP°
¸£5%W;&[&Ï!'/@*-1²b�¬¨É±°�� XJWM#?&\W;1"W;IM�"#%:=<>!'�Ð�`/?5?7.XY/?7.5?K.�01"� 7.�.I`¡f6$7��.!'& �Y:=<.107>#%#+XM*-&\!'�cR��>*;#%#�� �"!$#%!
Ìf8-7 Ñ>IMXJ!'�0/V� �"!��Y:%<`2�!'101"!_�>*-5%#?/%!'1010/SRD*-K�.!'5\� �"!º(fQ.<.107.�.I�� 7.5%:%<&\W;1"!'XY7.1N*-5%!'�AC*;#%#%!'5%#%/%W*)
*-7>#?5%!'�":=<>!'�>�¥!,6\6$�"!'�`/��"#%/SR�7.& �.!'�ª(�W;101N*-,>#��JW;�©,.5?�0&\W;5%� �N*-1"!'�·ÀFK Á¤!'XY/%!'�6$7¥!'5?&\�;IM10�":=<>!'�
�»#?�"!'<>!Z*-7>:%<�EFK>#%:%<.�.�0/?/fÓ b¨³J¡Pb
ÀFKº!'�0�>!f,.5%W;/%WM#?/%!'101N*-5%!+A�W;10XJ!fXJW;101N*-K.�"!'5%!'�ºX;*-�.�cRY<98-�.IM/47cb¨* b.�>*S�JW;��*-KcR.W;K§� �"!f2£8-<.5%!'�>�º�.!'5

�;"+� ��	
	������	��%B1"-4d5#)��/�J�Q4D5#)������ $���89��!D, ���.���/	�	
���Y� �`K�K�� �d"-	�	Q"�O+K"-	�� � $D��!=O-KS$D"-)�	
��!9: � ?> @ O-K R B	�gKS$D"-��5 �
	gO
R �����YO�B."-	��S"+!D��2 : �+<%> @ O R KB
� R �����YO;KS$D"-��5 �
	6O�B."-	��S"+!D��2 :  �?> @ O��� R ���9!&2��J��O�`2������gO R "-!D4&2-� : �+> @ O
������� �U���X��$�"+	g� : ���?> @ �

��!S*-XY/?�"W;� ÖF7>!'101"!
H + e− → H+ + e− + e−

¸�¹£Å
H+ + e− → H + γ

¸�¹£Å
H + e− → H− + γ

¢3���
H− + H → H2 + e−

¸�¹£Å
H− + H+ → H + H

¸�¹£Å
H2 + e− → H + H− ¸�¹£Å
H2 + H → H + H + H

¢£�.�
H2 + H+ → H+

2 + H
¸�¹£Å

H2 + e− → H + H + e−
¸�¹£Å

H− + e− → H + e− + e−
¸�¹£Å

H− + H → H + H + e−
¸�¹£Å

H− + H+ → H+
2 + e−

¢3���
H + H + H → H2 + H

¢��.�
H + H + H2 → H2 + H2

¢��.�
H2 + H2 → H2 + H + H

¢��.�
H + H → H+ + e− + H

¢��.�
H + H− → H2 + e−

�YÅc�
H+ + H− → H + H

�YÅc�
H− + γ → H + e−

Ås�Y�
H+

2 + e− → H + H
�YÅc�

H+
2 + H− → H2 + H

�YÅc�
H+

2 + H2 → H+
3 + H

�YÅc�
H+

3 + e− → H2 + H
�YÅc�

H+
3 + e− → H + H + H

�YÅc�
H + γ → H+ + e−

Ås�Y�
H+

2 + H− → H+
3 + e−

Ås�Y�
H+ + H− → H+

2 + e−
�YÅc�

H+
2 + H− → H + H + H

�YÅc�
H2 + H+ → H+

3 + γ
�YÅc�

H+
2 + H → H+

3 + γ
�YÅc�

H+
3 + H− → H2 + H + H

�YÅc�

ÒS¯MÉ
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(FW;�]/?5=*-XY/?�"W;��!'�]/%#?/%!'<>!'�>�.!@(�W;&[,.5%!$#%#?�"W;�>#%2£8-5?&\!@*-K.IJ!$#?/?5=*-<.10/42£!'5%�.!'�ºXM*-�.�cbY¸�!'�a,.5?�0&\W;5%� �N*±O
1"!'&Â��*;#£�"#?/�� �"!}Ìf8-7 Ñ>IMXJ!'�0/£�JW;��&\W;1"!'XY7.1N*-5%!'&�AC*;#=#%!'5%#?/%W*) �\�.!$#D24�":=<]/?�0IJ#?/%!'�º(fQ.<.1N*-IJ!'�>#�� �
�JW;�_!'�]/%#%:=<>!'�"�.!'�>�.!'5f¸�!$�.!'7./?7.�.I>bL�}�"!+¸£�01"� 7.�.I��JW;�

H2
XM*-�.��Q.Ka!'5�� 5%!'�s(+*-�98-1"!Z#?/=*-/?/¤Ñ>�>�.!'�

�»#Sb.EFK>#%:=<.�.�0/?/}Ó b ´>b¨½J¡,+
ÒMb4¢�5%W;/%W;�>!'�_*-1"#F(+*-/=*-10¼Y#=*-/%W;5Z+

H + H → H + H+ + e−

H+ + H → H+
2 + γ

H+
2 + H → H2 + H+.

½ b4��1"!'X`/?5%W;�>!'��*-1"#�(+*-/=*-10¼ #=*-/%W;5Z+

H + e− → H− + γ

H− + H → H2 + e−.

Ó b4�F5%!'�0/%!'�01":=<>!'�.,.5%W;6S!$#%#%! +

H + H + H � H2 + H

H + H + H2 � H2 + H2

Åc!'/?6$/%!'5%!�#?�0�>��Ka!'�D<>W;<>!'5B�F�":=<]/%!¿�H*-K
n = 108 cm−3 ¡@�.!'5@&[�0/BE�K>#?/=*-�>�U!,6\6$�"!'�]/%!$#%/%!�¸£�01ÎO

� 7.�.IJ#?,.5%W;6S!$#=#4�JW;�
H2 	

Q.Ka!'54� �"!$#%!'�§A�!'I[XM*-�.�º�.!'54IJ!$#=*-&@/%!�AC*;#=#%!'5%#?/%W*)��0�º� �"!f&\W;1"!'XY7.1N*-5%!
�>W;5?&{7.&[IJ!'2£*-�>�.!'10/£2�!'5%�.!'�cb]�f!'5

H− O���!S*-XY/?�"W;�>#?, GH*;�\�"#?/3!'/�2�*;#D!,6\6$�"!'�]/%!'5�*-1"#3�.!'53Q.Ka!'5
H+

2

R
2£W;KL!'��6$7�KL!S*;:=<]/%!'�U�"#?/SRc�>*;#%#

H− *-7 G»IM5?7.�>�C#%!'�0�>!'5@IJ!'5?�0�.IJ!'�U�}�"#%#%W;6$�N*-/?�"W;�>#=!'�>!'5?IM�"!\1"!'�":%<`/%!'5
*-K.IJ!'K9*-7./F2�!'5%�.!'��XM*-�.��*-1"#

H+
2

�
Ediss,H− = 0,75 eV

R
Ediss,H+

2
= 2,64 eV

¡Pb
¸�!'��*-101"!'�U^�WY�.!'101"!'���"#?/+6$7CKL!$W;K9*;:=<]/%!'�cR��>*;#%#+�.!'5ZAC*;#%#%!'5%#?/%W*)Ð�0&ÏXJW;101N*-K.�"!'5%!'�>�.!'�Ð¸�!'5%!'�":%<
�JW;101"#?/=8-�>� �0IV�JW;�º�.!'54*-/%W;&V*-5%!'���0�º� �"!f&\W;1"!'X`7.1N*-5%!��>W;5?& Q.KL!'5?IJ!'<`/SR 2£*;#�!'�0�>!���5?<>�;<`7.�.I��.!'5
(fQ.<.101"!'�"#?/?7.�.I��0��� �"!$#%!'&Â¸�!'5%!'�":%<�6$7.5��>W;10IJ!�<9*-/Sb
ÀFK�� �"!F���`/�24�":=X`107.�.I\�.!'5�A�W;10XJ!F!'&[, Ñ>�>� 10�":=<��JW;���.!'5�EF� GH*-�.IJ#%<98-7 Ñ>IMXJ!'�0/£�JW;�VG 5%!'�"!'��¢�5%W;/%W-O
�>!'��K.6$2+bJ��1"!'XY/?5%W;�>!'��*-K.<98-�.IM/SR`247.5%�.!�*-�.<9*-�>�\�JW;�§�`�0&@7.1N*-/?�"W;�>#?5%!$:=<.�]7.�.IJ!'�cR Ka!'�9�.!'�>!'��� �"!
EF� GH*-�.IJ#%<98-7 Ñ>IMXJ!'�0/F� �"!$#%!'5�:=<>!'&[�"#%:%<>!'���`,L!'6$�"!$#��;*-5?�0�"!'5?/4247.5%�.!MR9Q.KL!'5?,.5?Q G»/Sb.E�7>:=<º<.�"!'5�6S!'�0IM/
#?�":=<cR �>*;#%#�� �"!FAC*-<.1��.!'54EF� GH*-�.IJ#?2£!'5?/%!��.!'5J-s!'�01":%<>!'�>� �":=<]/%!u�.!'5�:=<>!'&[�"#%:%<>!'���`,L!'6$�"!$#£XJ!'�0�>!'�
���0� Õ>7>#=#F*-7 G��>*;#����>�.!'5?IJ!'K.�.�"#F<9*-/?/%!V�»#?�"!'<>!+EFK.K.�01"� 7.�.I�® b¨ÓM½B7.�>��® b¨ÓMÓJ¡Pb
���>#?IJ!$#=*-&Z/�1N8;#%#?/F#?�":%<�#h*-IJ!'�cR9�>*;#%# ��8-<.�.10�":%<�24�"!+Ka!'�Ç�.!'��^_W`�.!'10105%!$:=<.�]7.�.IJ!'�¿W;<.�>!+¸�!'5?Q>:%X`O
#?�":=<]/?�0IM7.�.I¿�.!'5@:=<>!'&[�"#%:%<>!'�����`/�24�":%XY107.�.I ��� �"![AC*-<.1��.!'5@EF� GH*-�.IJ#%2�!'5?/%!��.!'5u�`/?5?7.X`/?7.5?�M*±O
5?�N*-K.1"!'�«�]7.5º*-&�E�� G²*-�.IÐ�.!'5��F!$:%<.�]7.�.I�Ka!'&\!'5?XYK9*-5��"#?/Sb£��&ÍÅÇ*-7 GH!_�.!'5§�`�0&Z7.1N*-/?�"W;�ÈIJ!'<]/
� �"!Z��5?�0�.�>!'5?7.�.I�*-�_� �"!@EF� GH*-�.IJ#%2�!'5?/%!+�J!'5?1"W;5%!'�

	
�0��� �"!$#=!'&��`�0�.�>!@#%�0�>�º� �"!@���>�.#%/=*;� �"!'�_�.!'5

�`�0&Z7.1N*-/?�"W;�>#?5%!$:%<.�`7.�.IJ!'���`7.5£#%!'<.5�#%:=<]2£*;:=<§�JW;���.!'5�#?,a!'6$�"!'101"!'��AC*-<.1a�.!'5�E�� G²*-�.IJ#?2�!'5?/%!�*-K O
<98-�.IM�0I>b
¸�!'�s�.!'5}¸�!'5%!$:%<.�]7.�.I§�.!'5}ÀF,9*-6$�0/=8-/}�0&Ê¢�W;,>��O��9*-101s24�05%���JW;���.!'5}�>!$#?/%#?/%!'10107.�.I§*-7>#?IJ!'I]*-�.IJ!'�cR
�>*;#%#f�>W;5?&V*-1"!'5?2£!'�"#%!V� �"!B24�":=<]/?�0IJ#?/%!'�U¸�!'�0/?5=8-IJ![6$7.5ZÀF,9*-6$�0/=8-/+�JW;���.!'��^_W;1"!'X`Q.1"!'�¿&[�0/+�.!'�
<>�Y:%<>#?/%!'�¿¸£�0�>� 7.�.IJ#%!'�>!'5?IM�"!'�¿Ka!'�0IJ!$#?/%!'7>!'5?/}2�!'5%�.!'�cb��f!'5%!'�_Ìf8-7 Ñ>IMXJ!'�0/%!'�¿!'�]/%#?,.5%!$:=<>!'�C#?/%!'/%#
�.!'&�:%<>!'&[�"#%:=<>!'�\�f1"!'�":%<.IJ!'24�":%<`/%#?2�!'5?/�W`�.!'5�#?�0�>�Z*-7>:=<@�0&¶�F�":%<`/?IM1"!'�":%<.IJ!'24�":=<]/%#¤G²*-1019�.�":=<]/�2�!'�0/

ÒMÒS¯



"$��% � ����� �� & �	�	���4�N���!�!�#�����	�	���

�>*S�JW;�V!'�]/¤GH!'5?�]/SbJEFK]2£!'�":%<`7.�.IJ!'���JW;�[�.!'53:%<>!'&[�"#=:%<>!'���}1"!'�":=<.IJ!'24�":%<`/%#?6$7>#=*-&[&\!'�>#%!'/?6$7.�.I[�.!$#
��*;#=!$#�<9*-Ka!'�_�.!$#%2�!'IJ!'���0&�EF1010IJ!'&\!'�0�>!'��KL!'���.!'5f¢sW;,>��O¦��*;#?&[�"#%:=<]7.�.IºXJ!'�0�>!'��#?/=*-5?XJ!'�����0� O
Õ>7>#%#[*-7 GF� �"!§ÀF,9*-6$�0/=8-/Sb��f!$#?2�!'IJ!'�Ð2�!'5%�.!'��<.�"!'5\ÀF,9*-6$�0/=8-/%!'���J!'5?2�!'�>�.!'/SR�� �"!VG»Q.5u�.!'���9*-101
:=<>!'&[�"#%:%<>!'���}1"!'�":%<.IJ!'24�":=<]/%#}Ka!'5%!$:%<.�>!'/�247.5%�.!'�cb
EF�>�.!'5%#£�J!'5?<98-10/�!$#£#?�":=<��0&�,.5?�0&\W;5%� �N*-1"!'�º�9*-101P+ Ì��"!'5�/?5=*-IJ!'���]7.54� �"!�7.�`/%!'5%#%:%<.�"!$� 10�":=<>!'�ºAC*;#¤O
#%!'5%#%/%W*)a#?,a!'6$�"!$#�IJ!'&V8-TZ�0<.5%!'5�Ì}8-7 Ñ>IMXJ!'�0/£6$7.5�ÀF,9*-6$�0/=8-/£Ka!'�²b]�}�"!}^�WY�.!'101"!MRJKa!'�q�.!'�>!'�§� �"!F:%<>!PO
&[�"#%:=<>!����`/�24�":=X`107.�.I[*-7>#?IJ!'1N*;#%#%!'�V247.5%�.!@�»E�K>#=:%<.�.�0/?/�® b¨½J¡PRJ!'�`/?<9*-10/%!'��!'�0�>!4¢�W;,>�%�%��O¦ÀF,9*-6$�0/=8-/SR
� �"!�7.�`/%!'5V�.!'5\E��.�9*-<.&\!MR��>*;#=#[#?�":%<� �"!���*;#%&[�"#%:%<`7.�.I�KL!'�4�.!'���JW;5?10�"!'IJ!'�>�.!'�¥A�!'5?/%!'�ÐG Q.5
-s!'�01":%<>!'�>� �":%<`/%!+7.�>� -Ç!'&[,a!'5=*-/?7.5��0&�:=<>!'&[�"#%:%<>!'���}1"!'�":=<.IJ!'24�":%<]/�KL!PG²*-�>��RJKa!'5%!$:%<.�>!'/�247.5%�.!Mb
�}�"!$#%!B�3W;5?IJ!'<>!'�>#?2£!'�"#%!\!'�`/%#?,.5?�":%<`/@�0�¿!'/�2�*§�.!'5��JW;�CÀF&@7.XM*-��Ä����"#?<.�4¬ ´]½-°�7.�>�¿���0,9*-&\W;�]/?�
!'/B*-1²bD¬¨³M¯-°DIJ!'2�8-<.10/%!'�cb����0��24�":=<]/?�0IJ!'5[�F�]/%!'5%#%:=<.�"!$�C6$7.5Z�JW;5?10�"!'IJ!'�>�.!'�ÐEF5?Ka!'�0/@Ka!$#?/%!'<]/B*-KL!'5
�>*-5?�0�cR��>*;#%#@� �"!$#=!VEF7./%W;5%!'�Ð*-�>�.!'5%!§ÀF,9*-6$�0/=8-/%!'�cR��98-&[10�":%<Ð� �"!\�JW;�ÐÅc!'�.6$7.�.�£!'/B*-1²bD¬¨Ó Ò'°�KL!PO
�`7./?6S!'�cR�� �"!��]7.5V�0& -Ç!'&[,a!'5=*-/?7.5¤OBK.6$2Ê�F�":=<]/%!'Ka!'5%!'�":%<«�JW;�

1000 ≤ T [K] ≤ 7000
K.6$2+b

10−12 ≤ ρ [g cm−3] ≤ 0,5
�.!PÑ>�.�"!'5?/�#?�0�>��b�¸£!'�d-Ç!'&[,a!'5=*-/?7.5%!'�È7.�]/%!'5

1000 K
24�05%�ª� �"!

ÀF,9*-6$�0/=8-/���7.1014IJ!$#%!'/?6$/SR3KL!'�4Q.Ka!'5
7000 K

2�!'5%�.!'�ª� �"!�ÀF,9*-6$�0/=8-/%!'�©�JW;�©�FW;IJ!'5%#VÄ���IM1"!$#%�ÎO
*;#§¬¨³ Ò'°4Ka!'�]7./?6$/Sb3EF7.TJ!'5%�.!'& 247.5%�.!§�.!'5��`/?5=*-<.107.�.IJ#?/?5=*-�>#%,LW;5?/\�`7.5[G»Q.5B� �"!§W;,./?�"#=:%<� Q.�.�>!
ÌFQ.101"!@�0��IM5=*-7>!'5}�f8-<>!'5?7.�.I�KL!'5%!$:=<.�>!'/SRq2�8-<.5%!'�>��G Q.5}�.!'�_W;,./?�"#%:=<_� �":=XJ!'�¿(�!'5?�_� �"!Z�F� )a7>#?�ÎO
W;�>#?�98-<>!'5?7.�.I�Ka!'�]7./?6$/u24�05%��bs��*;#Z/?<>!'5?&[�"#%:%<>!��3!'5?<9*-10/%!'���.!$#[��*;#%!$#+24�05%��Q.Ka!'5ZÌ}!'�06'O}7.�>�
(fQ.<.1ÎG»7.�.X`/?�"W;�>!'���0�V�.!'5£���>!'5?IM�"!'IM1"!'�":%<`7.�.I[&\W`�.!'1010�"!'5?/SR`2£8-<.5%!'�>���0�V�.!'5D�JW;5?10�"!'IJ!'�>�.!'��EF5?KL!'�0/
� �"!§(fQ.<.107.�.I��.!$#V��*;#=!$#ZQ.Ka!'5[� �"!§(�W;,.,.107.�.I�6$24�"#=:%<>!'�¥��*;#B7.�>��`/?5=*-<.107.�.IJ#¤GH!'1"��R�&[�0/?/%!'1"#
ÀF,9*-6$�0/=8-/}!'�0�.IJ!'<]/Sb
��*;#º��*;#�KL!PÑ>�>�.!'/§#?�":=<¥�0&�ÅÇ*-7 GH!��.!'5����`/�24�":%XY107.�.I¥�.!$#§ÀFK Á?!'X`/%#§*-Ka!'5��.�":=<]/§�0&�:%<>!'&[�ÎO
#%:=<>!'� �}1"!'�":=<.IJ!'24�":%<`/SR�#%W`�>*;#=#º� �"!$#%!'5�EF�>#=*-/?6��.�":=<]/_XJW;5?5%!'X`/º�"#%/Sb��}�"!¿�>W;/%W;5?�"#%:%<>!��Y:%<`24�"!PO
5?�0IMXJ!'�0/SR

H2
*-7>#\�.!'5���*;#?,.<9*;#=!�6$7�K.�01"�.!'�cR�G Q.<.5?/[�>*-6$7cR3�>*;#=#[� �"!

H2
O�Ìf8-7 Ñ>IMXJ!'�0/VW-G»/\#?/=*-5?X

�JW;���.!'5�:%<>!'&[�"#=:%<>!'�Ð�f1"!'�":%<.IJ!'24�":%<`/%#?<98-7 Ñ>IMXJ!'�0/[*-K]2�!'�":=<]/Sb
H2

�"#?/�*-Ka!'5+�.!'5}24�":=<]/?�0IJ#?/%!VE�K O
#%W;5?Ka!'5u�0�U�.!'5[¢�W;,>�%�%��O¦��*;#?&[�"#%:=<]7.�.I>b��}�"!V�0�Ð� �"!$#%!'5[E�5?Ka!'�0/uKL!'�`7./?6$/%!'�Ð¢�W;,>�%�%��O¦ÀF,9*-6$�0/=8-/%!'�
�»^�*$¼J!'5[¬¨ÓM³-° ¡�#?�0�>���0&�¸�!'5%!'�":%<��JW;�

10−16 ≤ ρ [g cm−3] ≤ 10−2 K.6$2+b
60 ≤ T [K] ≤ 40000IMQ.10/?�0I>bs�}!'5B�}Q.10/?�0IMXJ!'�0/%#?Ka!'5%!'�":%<U�"#?/@�.!'7./?10�":%<UIM5%�;TJ!'5u*-1"#@KL!'���.!'� -s*-Ka!'101"!'�C�JW;�UÅc!'�.6$7.�.��!'/

*-1²b�¬¨Ó ÒP°�bÇ�}�"! -�*-KL!'101"!'���JW;��^�*$¼J!'5�¬¨ÓM³;°DIJ!'KL!'�U�>*;#Z�FWM#%#%!'1N*-�>�YO�7.�>���>*;#@¢�1N*-�>:=X`&[�0/?/%!'14�.!'5
^�*;#%#%!'�>!P� /?�0�.X`/?�"W;�>#?OqK.6$2+b-^_*;#%#=!'�9*-K>#%W;5?,./?�"W;�>#?XJWY!,6\6$�"!'�]/%!'�V*-�cb-�`�"!£#%!'/?6S!'�ZKL!'�0&�¢�1N*-�>:%XY&[�0/¤O
/%!'1 *-7>:%<uXJ!'�0�Z:%<>!'&[�"#=:%<>!$#3�}1"!'�":%<.IJ!'24�":=<]/�G»Q.5Ç� �"! -s!'�01":%<>!'�>� �":=<]/%!4�JW;5=*-7>#SR±#%W;�>�.!'5?�@�J!'5?2£!'�>�.!'�
� �"!7-s!'�01":%<>!'�>� �":=<]/%!'�C*-7>#��.!'5�ÅÇ�M#?7.�.IV�.!'5�:%<>!'&[�"#=:%<>!'���F*-/%!'�.�>!'/?6$2�!'5?XJ!Mb
¸�!'�s�.!'��^�WY�.!'101"!'��!'�0�>#%:=<.10�"!'TM10�":%<¿:%<>!'&[�"#=:%<>!'5f���]/�24�":%XY107.�.I§24�05%�º� �"!uÀF,9*-6$�0/=8-/�*-�.<9*-�>���.!'5
/=*-/%#=8;:=<.10�":%<��JW;5?10�"!'IJ!'�>�.!'��Ì}8-7 Ñ>IMXJ!'�0/%!'��KL!$#?/?�0&[&Z/SR]�0�>�.!'&��.!'5D¸�!'�0/?5=*-I�Á?!$�.!'5�!'�0�.6S!'10�>!'�§�`,L!PO
6$�"!$#f6$7.5@ÀF,9*-6$�0/=8-/�Ka!'5%!$:%<.�>!'/�7.�>��� �"!$#%![*-&����>�.!u6$7�!'�0�>!'5@�f!$#h*-&@/%W;,9*-6$�0/=8-/Z*-7 GH#?7.&[&[�"!'5?/
2£!'5%�.!'�cb.Ì��"!'5�IM5%!'�ÎGH!'�§*-1"#=Wu� �"!}<`¼Y� 5%WY� ¼`�9*-&[�"#=:%<>!MR.� �"!f:%<>!'&[�"#%:=<>!�7.�>��� �"!+�`/?5=*-<.107.�.IJ#?/?5=*-�>#¤O
,aW;5?/?XJW;&[,LW;�>!'�`/%!V�.!$#�^_W`�.!'101"#fXJW;�>#%�"#?/%!'�]/��0�>!'�0�9*-�>�.!'5SRc!'�0�¿24�":=<]/?�0IJ!'5uEF#?,a!'XY/SRq�.!'5+� �"!B�JW;5¤O
10�"!'IJ!'�>�.!V�JW;�U8-<.�.10�":%<>!'�ÐEF5?KL!'�0/%!'��7.�`/%!'5%#%:%<>!'�"�.!'/Sb���*-5?Q.Ka!'5@<.�0�9*-7>#+&Z7>#%#+XJ!'�0�>!VX`Q.�>#%/?10�":%<>!
EF7 G /%!'�0107.�.I�6$24�"#%:%<>!'�C�.!'&)W;,./?�"#=:%<C� �":=XJ!'�C(�!'5?�¿7.�>���.!'5+W;,./?�"#%:=<C� Q.�.�>!'��Ì�Q.101"![� 7.5%:=<.IJ!PO
G»Q.<.5?/�2�!'5%�.!'�cb
�}�"!@G»W;10IJ!'�>�.!B�}�"#?XY7>#%#?�"W;���.!'5���5?IJ!'K.�.�"#=#%!u1"!'<.�]/�#?�":%<¿*-�¿� �"!Z�}�"#?XY7>#%#?�"W;���JW;�¿���0,9*-&\W;�]/?��!'/
*-1²bc¬¨³M¯±°�*-�cb

ÒMÒMÒ



����� & �	�	����� ���d���#���#���	��� ��� ��
�!����� ��� ���I��� �!���(&-�I
�!���(�
������� �I��" �N���	�

2

3

4

5

7 8 9 10 11 12 13 14 15

lo
g 

T c
 [K

]

rc [cm]

τR≤2/3
τR≥2/3

u<0.1⋅vff

2

3

4

5

6

7 8 9 10 11 12 13 14 15

lo
g 

T c
 [K

]

rc [cm]

τR≤2/3
τR≥2/3

u<0.1⋅vff

2

3

4

5

−20 −15 −10 −5 0

lo
g 

T c
 [K

]

log ρc [g cm−3]

τR≤2/3
τR≥2/3

u<0.1⋅vff

2

3

4

5

−20 −15 −10 −5 0

lo
g 

T c
 [K

]

log ρc [g cm−3]

τR≤2/3
τR≥2/3

u<0.1⋅vff

2

3

4

5

10 11 12 13 14 15 16

lo
g 

T c
 [K

]

rc [cm]

τR≤2/3
τR≥2/3

u<0.1⋅vff

2

3

4

5

6

10 11 12 13 14 15 16

lo
g 

T c
 [K

]

rc [cm]

τR≤2/3
τR≥2/3

u<0.1⋅vff

2

3

4

5

−20 −15 −10 −5 0

lo
g 

T c
 [K

]

log ρc [g cm−3]

τR≤2/3
τR≥2/3

u<0.1⋅vff

2

3

4

5

−20 −15 −10 −5 0

lo
g 

T c
 [K

]

log ρc [g cm−3]

τR≤2/3
τR≥2/3

u<0.1⋅vff

�������
	
������ ����� ���]\]�S$F8h�Q5#,M	������ ���! ^ ���S$&!#"+	�$&�/�����/!D"+$&��!L"-	
4�7�����,S$D��2�� ���! ^ ���S$&!#"+	Q��Q5#)S$&�IT�V�!������
�d2-��ZPZPZ b ��	
����,M4#@;�����	�d2���Z b 7�"+	
	���!D�/5#)S$#4D@ � � ���/�JT�V�! � 2��/	�	
�(���
��4D5#)�	
����
-	
�
5#)�5#)������Q4&5#)���!a\]�S$F8h�Q5#,S	
������O
���S$D��� ���i_a�/!&��	��/�
5#)�4 �/8`�=5#,-����T�V�! � 2M����	
	���O ���/����/�����c�����U5#)������
4D5#)��`^ ��4&"-�J���/��4P��$ �/�����WT��/4P$&����)�"-	G$D���
8h��!#�� � ����4D5#)�����$P$���� ��@A�

��� ����� �H8:& ��* �� � &>� ,�&)(/.5* &>(2��&>�0* "%*+& ��14��!

�3#fIM�0K./f!'�0�>!'��#?/=*-5?XJ!'�C�q7>#=*-&[&\!'�.<9*-�.I§6$24�"#%:=<>!'���.!'5}:=<>!'&[�"#%:%<>!'�Ð�q7>#=*-&[&\!'�>#%!'/?6$7.�.Iº�.!$#
��*;#=!$#Z7.�>�U�.!'5u/?<>!'5?&[�"#%:%<>!'��7.�>�U� ¼`�9*-&[�"#=:%<>!'����`/�24�":%XY107.�.IC�.!$#\ÀFK Á?!'X`/%#Sbs�}�"!$#%! -�*-/%#=*±O
:=<>!@<98-�.IM/}�>*-&[�0/F6$7>#=*-&[&\!'�cRL�>*;#%#�K.�"#�6$7.5}Ì}8-1ÎG»/%!@�.!'5}(�W;&[,.5%!$#%#?�"W;�>#=!'�>!'5?IM�"!Z�0�_:%<>!'&[�"#%:=<>!
���>!'5?IM�"!@7.&[IJ!'2£*-�>�.!'10/}2�!'5%�.!'�ºXM*-�.��� �}�05?�N*-1"#=*-/?6±¡£7.�>�§�>*;#%#��0�>#?KL!$#=W;�>�.!'5%!��0&
,.5?�0&\W;5%� �N*-1"!'�
�9*-101F� �"!�EFK>#?/?5=*-<.107.�.IJ#%!'�0IJ!'�>#=:%<9*±G»/%!'�¥�.!$#���*;#=!$#[!'5?<>!'K.10�":%<�JW;�#%!'�0�>!'5��q7>#h*-&[&\!'�>#%!'/?6$7.�.I
*-K.<98-�.IJ!'�cb9A¥�"!+#%/=*-5?X�#?�":=<�� �"!$#%!'5}�q7>#h*-&[&\!'�.<9*-�.I�*-7>#?24�05?XY/SR.6S!'�0IM/F!'�0�§�3!'5?IM1"!'�":=<�6$24�"#=:%<>!'�
^_W`�.!'101"!'�cR9� �"!+� �"!�:%<>!'&[�"#%:=<>!Z�3�]/�24�":=X`107.�.I�Ka!'�0�.<9*-10/%!'�cR>&[�0/�#%W;1":=<>!'�cR>� �"!+#?�"!+*-7>#%1N*;#%#%!'�cb
�q7.�98;:=<>#?/V2£!'5%�.!'�©� �"!�*-1010IJ!'&\!'�0�>!'�«¹�<9*-5=*-XY/%!'5?�"#?/?�0XM*¿�.!'5\���`/�24�":%XY107.�.IÐ2£8-<.5%!'�>�¥�.!'5\(�W;1ÎO
1N*-,>#?,.<9*;#=!§KL!'/?5=*;:=<]/%!'/Z+£�}�"!º���]/�24�":%XY107.�.IÐ�J!'5?1N8-7 G /\�0�¥�.!'�©^�WY�.!'101"!'�&[�0/§¹�<>!'&[�"!º#%W.R�24�"!
#?�"!�Ka!'5%!'�0/%#Z�0�ÐEFK>#%:%<.�.�0/?/\® b¨½ºG Q.5B� �"!�^_WY�.!'101"!�W;<.�>!�:%<>!'&[�"#=:%<>!§���`/�24�":%XY107.�.I�Ka!$#%:%<.5?�"!'Ka!'�
247.5%�.!Mb EF7 G IM5?7.�>���.!'5����>�.!'5?7.�.IB�.!'54:%<>!'&[�"#%:=<>!'���q7>#=*-&[&\!'�>#%!'/?6$7.�.I[#?�0�>���>*-5?Q.KL!'5�<.�0�9*-7>#
GHW;10IJ!'�>�.!+���`/�24�":%XY107.�.IJ#%#?/?7 GH!'��6$7§KL!$W;K9*;:=<]/%!'� +

ÒMb��Y!'10K>#?/=8-<.�.10�":%<>!º¢3<9*;#%!MbsEF� G²*-�.IJ#@XJW;�`/?5=*-<.�"!'5?/V� �"!VA�W;10XJ!MR�#%W_�>*;#%#u#?�":%<U�0&Ô¢�W;,>��O��9*-101
�9*;:%<º!'�0�>!'5��"#%W;/?<>!'5?&\!'�§(�W;�`/?5=*-X`/?�"W;�>#?,.<9*;#=!+!'�0�§#%!'10K>#?/=8-<.�.10�":%<>!'54�3!'5?1N*-7 G�8-<.�.10�":%<º�.!'&

ÒMÒS½



"$��% � ����� �� & �	�	���4�N���!�!�#�����	�	���

&[�0/
ρ ∼ r−α �

α ≈ 2
¡PR�24�"![!'5��JW;��Ås*-5%#%W;�¬¨½MÉ-°�7.�>�¿¢s!'�>#%/%W;�¥¬ ´M´;°3IJ!PG»7.�>�.!'�¿247.5%�.!MR

K.�01"�.!'/��]bc��& -Ç!'&[,a!'5=*-/?7.5?KL!'5%!'�":=<U6$24�"#=:%<>!'�
1500 . T [K] . 4500

�.�0&[&Z/Z� �"!\¢�W;,>�²O
ÀF,9*-6$�0/=8-/f*-7 G»IM5?7.�>���.!'5��3!'5%�>*-&[, G 7.�.I��.!$#f�`/=*-7.Ka!$#�#%/=*-5?X�*-K��»#?�"!'<>!@EFK>#%:=<.�.�0/?/f® b¨½ b0Ò
7.�>��EFK.K.�01"� 7.�.I�½ b ´`¡PRq2£*;#}#?�":%<�*-7>:%<_�0���.!'5��`/%!'�0IM7.�.I��.!$#}¢�5%W-Ñ>1"#F�0��EFK.K.�01"� 7.�.I�® b0ÒS®
6S!'�0IM/Sb���8-Ka!�!$#�XJ!'�0�>!�:=<>!'&[�"#%:%<>!����`/�24�":=X`107.�.I>R�24Q.5%�.!_� �"!�(FW;� Ñ>IM7.5=*-/?�"W;�ÈK.�"#V6$7.&
��5?5%!'�":%<>!'�Ð�.!'5@EFK.K.5?7>:%<]Ka!$� �0�.IM7.�.I��.!'5@��!$:=<.�]7.�.IJ!'�U*;� �N*-K9*-/?�"#=:%<CXJW;�`/?5=*-<.�"!'5%!'�cbs�}�"!
���>�.!'5?7.�.IJ!'�C�.!'5�:=<>!'&[�"#%:%<>!'���`/?5?7.X`/?7.5�<9*-Ka!'�_G Q.5�� �"!u/?<>!'5?&[�"#%:%<>!V���]/�24�":%XY107.�.I��.!$#
��*;#%!$#4�>W;10IJ!'�cR.� �"!f�>*;#4W;Ka!'��Ka!$#%:=<.5?�"!'KL!'�>!f�3!'5?<9*-10/%!'�ºQ.Ka!'5?1N*-IJ!'5?�cR 24�"!}�0�§�.!'��G»W;10IJ!'� O
�.!'��¢�7.�.XY/%!'��Ka!$#%:%<.5?�"!'Ka!'�º2�!'5%�.!'��24�05%��b
�}!'5�,.5?�0&\W;5%� �N*-1"!��9*-101>W;<.�>!4:%<>!'&[�"#%:=<>!����`/�24�":=X`107.�.Iu�"#?/38-<.�.10�":%< +J��*;#D��*;#�XJW;�`/?5=*-<.�"!'5?/
6$7.�98;:%<>#?/��9*-<>!'6$7V�"#=W;/?<>!'5?&ºR`�>*-�9*;:=<VGHW;10IM/�!'�0�>!F¢�<9*;#%!F*;� �N*-K9*-/?�"#=:%<>!'54(�W;�`/?5=*-X`/?�"W;�§�.!$#
�>W`:=<§�0&[&\!'5�W;,./?�"#%:%<§� Q.�.�>!'����*;#%!$# R]7.&ºR �9*;:=<2/�Ka!'5?I]*-�.IB�0���.!'�§W;,./?�"#%:=<º� �":%XJ!'���q7 O
#?/=*-�>��RL�0��!'�0�>!'5fA�!'�"#%!u6$7�XJW;�]/?5=*-<.�"!'5%!'�cRÇ� �"!Z�JW;&�¢�W;,>�²O��q*-101�X;*-7.&�6$7�7.�]/%!'5%#%:=<>!'�"�.!'�
2£8-5%!Mb;Aª�05%�Z� �"!£:%<>!'&[�"#%:=<>!4���]/�24�":%XY107.�.I@Ka!'5?Q>:%X #?�":%<`/?�0IM/SRJ8-�>�.!'5?/�#?�":%<[� �"!£���]/�24�":%XY107.�.I
� 5=*-&V*-/?�"#%:%< +��>*;#[��*;#ZXJW;�]/?5=*-<.�"!'5?/B�JW;�UEF� G²*-�.I�*-��7.�>�C<>!'�06$/B#?�":%<�*-7 G

Tc ≈ 103 K*-7 G¤R]7.&�*-�>#%:=<.10�"!'TJ!'�>��KL!'�0�9*-<>!��"#%W;/?<>!'5?& 6$7�XJW;�]/?5=*-<.�"!'5%!'� +.�}�"!�¸£�01"� 7.�.IZ�JW;�
H2

#%!'/?6$/
���>!'5?IM�"!BG»5%!'�²R�� �"!Z6$7.5+EF7 G»<>!'�06$7.�.Iº�.!$#Z��*;#%!$#fKa!'�0/?5=8-IM/SRaIM1"!'�":%<.6S!'�0/?�0I�#%/%!'�0IM/+� 7.5%:%<C� �"!
!'5?<>�;<]/%!

H2
O�Ì}8-7 Ñ>IMXJ!'�0/\� �"!�(fQ.<.101"!'�"#?/?7.�.I��.!$#\��*;#%!$#Sb�EFK

Tc ≈ 1500 K
24�05%�U&\!'<.5

&\W;1"!'X`7.1N*-5%!'5\AC*;#=#%!'5%#?/%W*)ª*-K.IJ!'K9*-7./V*-1"#uIJ!'K.�01"�.!'/[24�05%��R�#%WY�>*;#%#u#?�":%<�� �"!�E�7 G»<>!'�06$7.�.I
� 7.5%:%<�(�W;�`/?5=*-X`/?�"W;�C7.�>�

H2
O�¸£�01"� 7.�.I§7.�>��� �"!u!,)�!'XY/?�0�J!'5%!u(fQ.<.107.�.I§�0��!'/�2�*º*-7>#?IM1"!'�ÎO

:%<>!'�cb]��*;� 7.5%:=<�!'5?IM�0K./D#?�":=<V�.!'53,.1N*-/%!S*-79*-5?/?�0IJ!F�3!'5?1N*-7 G��0�\E�K.K.�01"� 7.�.IB® b0ÒS® b`�YW;K9*-1"�\�>*;#
��*;#�W;,./?�"#%:%<º� �":=XVIJ!'2�W;5%�.!'�§�"#%/SR]�J!'5?1N8-7 G»/4� �"!F2£!'�0/%!'5%!f���]/�24�":%XY107.�.IV24�"!}�0&�¢�W;,>��O��9*-101²b

½ b��YW;K9*-1"�¶�0& 6S!'�]/?5=*-1"!'� ¸�!'5%!'�":=< � �"!�-s!'�01":%<>!'�>� �":%<`/%!
n & 108 cm−3 !'5?5%!'�":=<]/SRf24�05%�

�.!'5§IJ!$#=*-&@/%!�AC*;#%#=!'5%#?/%W*)¶�0�È� �"!$#%!'&�¸�!'5%!'�":%<È�0�
H2

7.&[IJ!'2�*-�>�.!'10/SR�2£!'�01+� �"!_�}5%!'�ÎO
/%!'�01":%<>!'�.,.5%W;6S!$#%#%!u!'�0�>#%!'/?6S!'�

	
#%W;&[�0/�#?/%!'�0IM/F*-7>:=<�� �"!Z(fQ.<.101"!'�"#?/?7.�.I��.!$#f��*;#%!$#Sb.¸�!'�Ç�.!'�

^�WY�.!'101"!'��&[�0/B¢�W;,>�%�%��O¦ÀF,9*-6$�0/=8-/@Ñ>�>�.!'/B� �"!$#%!V�F&@2�*-�>� 107.�.I¿�>W`:=<��0�U�.!'5Z�J!'5?IM1"!'�":=<>#¤O
2�!'�"#%!�1N*-�.IJ!�*-�>�>*-7>!'5?�>�.!'��W;,./?�"#%:=<�� Q.�.�>!'�U¢�<9*;#=!�#?/=*-/?/SRÇ2£8-<.5%!'�>�Ð� �"!�^�WY�.!'101"!\&[�0/
¢sW;,>��O¦ÀF,9*-6$�0/=8-/[6$7.�98;:%<>#?/u�"#%W;/?<>!'5?&ÔXJW;�]/?5=*-<.�"!'5%!'�Ð7.�>�U!'5%#?/@�>*-�9*;:%<cR��9*;:=<U��5?5%!'�":=<>!'�
!'�0�>!$#\W;,./?�"#%:%<� �":=XJ!'�¥�q7>#?/=*-�>�.!$#SR�!'�0�>!�2£!$#%!'�]/?10�":=<>! �F�>�.!'5?7.�.I¿�0�Ð�.!'5

H
O�K.6$2+b

H2
b O

�q7>#=*-&[&\!'�>#%!'/?6$7.�.I�!'5¤GH*-<.5%!'�cb
Ó b

T & 2000 K
+
H2

O��}�"#%#%W;6$�N*-/?�"W;�_KL!'IM�0�.�`/Sbq�D#�&Z7>#%#F�3�>!'5?IM�"!u*-7 G»IJ!'2�!'�>�.!'/f2�!'5%�.!'�cRL7.&
� �"!u¸£�0�>� 7.�.I§�.!$#

H2
O�^_W;1"!'X`Q.1"#�*-7 G»6$7.K.5%!$:%<>!'�

	
� �"!$#%!Z24�05%���JW;���.!'5f(�W;&[,.5%!$#=#?�"W;��KL!PO

5%!'�0/?IJ!$#?/%!'1010/Sb4E�7>#�� �"!$#%!'& �}5?7.�>�ª24�05?XY/§�.!'5�EFK.K9*-7«&\W;1"!'X`7.1N*-5%!'�ÈAC*;#%#=!'5%#?/%W*)a#�24�"!
!'�0� -�<>!'5?&\WM#?/=*-/SRc�.!'5+�.!'� -s!'&[,L!'5=*-/?7.5¤O}7.�>�¿�>*-&[�0/��J!'5?K.7.�>�.!'�>!'���}5?7>:%XM*-�>#?/?�"!'I�*-K O
K.5%!'&\#?/SR.2�WY� 7.5%:%<��.!'5�(�W;101N*-,>#F7.�.IJ!'K.5%!'&\#?/�2£!'�0/%!'5?1N8-7 G /��`b

´>b
T & 2400 K

+Ç�f!'5u6S!'�]/?5=*-1"!�¸�!'5%!'�":%<Ð�.!'5ZA�W;10XJ!�IJ!'<]/B�0�U!'�0�>!VKa!'�0�9*-<>!�*;� �N*-K9*-/?�"#=:%<>!
�Y:%<.�":%<`/?7.�.I�Q.KL!'5+�»#?�"!'<>!

ρc − Tc
O��}�N*-IM5=*-&[&ºRqE�K.K.�01"� 7.�.IV® b0ÒS®J¡Pb>¸£�"#46$7.5�(�!'5?�`K.�01"� 7.�.I

�J!'5?1N8-7 G /V�.!'5[2£!'�0/%!'5%!º(�W;101N*-,>#[GH*;#?/\*;� �N*-K9*-/?�"#%:=<cbD¸£�"#B6$7� �"!$#%!'& ���`/�24�":=X`107.�.IJ#%#%/=*;� �ÎO
7.&Ï#?�0�>��� �"![��5?IJ!'K.�.�"#%#%!V� �"!$#%!'5+E�5?Ka!'�0/f�0�¿IM7./%!'5�/FKL!'5%!'�0�>#?/?�0&[&Z7.�.Iº&[�0/+�.!'�>!'���JW;&

� :VG_H�� >LA5O;QPY*E CF>RQ.`�\ $?a >V>LA5O C < W a > $ O.H;<?WXS�<?A7CK<?>LH;>RA ! \ZCF> $�$ >LA�GIY�� CF>RQ a �FQ L>LH�OP>LA�� >L< OPH a G $ >LAgb"C >L< $ SK<?>RQCK<?>V:=<?W SZOP>=GIE S �5W S*H�OP>RAd<?H�O�� CF< >=C'EFADG_E�< H;W S*>�� >L< OPH a G $ GJ<?H�O0^KQP\I^ \IQ;OP<?\,A*G $ RY ρ−1/2 f�R@B<?A LY'H�O G Q a >RQ e0A*H�OP<?>LU CK>LH OPS*>RQPE�<?H;W S*>LA':�QPYKW a H a �,AKAZOP>.CK>RA �.\ $�$ GI^KHGIAKSDG $ OP>LA f :=<?>LH C < Q C(G�B >RQH;> $ BKH�OB >L< CK>LA ! \ZCK> $�$ >LA	\IS*AK> WXSK>LE�<?H;WXSK>RQN@BA5O&C <?W a($ Y*AKUdAK< W S5O B >L\�BDGIW S5OP>RO��c>L<?A*>�G_Y*H�QP>L<?W S*>LA*CK>�e B*H�O;Q G_S $ Y*AKU!CK>XQ��\IE�^KQP>LH;H;<?\,AKH;>LA*>XQPU,<?> C <?Q C YKADG>B*SDT_A*UI< UNCF>RQ GIAKU,>LAK\,E�E�>LAK>LA ��^*G L< O T_O
	�� \I^ 	 \ZCK>XQ� \I^ 	 	 	 	 H�OP>XOPH UI> CT_SKQ �
$ >L<?H�OP>RO

ÒMÒSÓ



����� & �	�	����� ���d���#���#���	��� ��� ��
�!����� ��� ���I��� �!���(&-�I
�!���(�
������� �I��" �N���	�

���0,9*-&\W;�]/?��!'/F*-1²b�¬¨³M¯-°�b
³ b

Tc ≈ 20 · 103K
+��`,98-/%!$#%/%!'�>#Z*-K�� �"!$#%!'5�-s!'&[,L!'5=*-/?7.5Z�"#?/+�.!'5�&\W;1"!'XY7.1N*-5%![AC*;#%#%!'5%#?/%W*)

K.�"#+*-7 G£!'�0�>!u�J!'5?�9*;:%<.1N8;#%#%�0IMK9*-5%!\��!$#?/?&\!'�.IJ!B24�"!$�.!'5+*-K.IJ!'K9*-7./
	
�.!'5fAC*;#%#=!'5%#?/%W*)�24�05%�

�"W;�.�"#?�"!'5?/�7.�>�Z10�"!'IM/�G²*;#?/�*-7>#=#%:%<.10�"!'TM10�":=<\�0�u�9W;5?&��JW;�
H+ �JW;5Sb-�}*;:=<[!'�0�>!'5�XY7.5?6S!'�[¢�<9*;#%!

�.!'5@G²*;#?/+�"#%W;/?<>!'5?&\!'�Ð(�W;�`/?5=*-X`/?�"W;�µ�»#%�"!'<>!VEFK.K.�01"� 7.�.I�® b0ÒS®J¡+2£8-<.5%!'�>�U�.!'5u�¦W;�.�"#=*-/?�"W;�
�JW;�_*-/%W;&V*-5%!'& AC*;#=#%!'5%#?/%W*)�G»W;10IM/}*-�>#%:%<.10�"!'TJ!'�>��!'5?�>!'7./F!'�0�>!Z*;� �N*-K9*-/?�"#=:%<>!@¢3<9*;#%!MR9� �"!
K.�"#�6$7.&����>�.!_�.!'5��F!$:%<.�`7.�.I©*-�.<98-10/Sb��}�"!$#%!'5�,.1N*-/%!S*-79*-5?/?�0IJ!��3!'5?1N*-7 G@24�05%�¥�0�ª�.!'&
^�WY�.!'101"!'�W;<.�>!�¸£!'5?Q>:=XY#%�":%<]/?�0IM7.�.IU�.!'5\:%<>!'&[�"#%:=<>!'�©���`/�24�":%XY107.�.IC�.�":=<]/\Ka!$W;K9*;:%<`/%!'/Z+
�F�"!F��W;�.�"#h*-/?�"W;�V�JW;��*-/%W;&V*-5%!'��AC*;#%#%!'5%#%/%W*)§!'�`/?6$�"!'<]/��.!'&���*;#DIJ!'�9*-7>#%W+24�"!F� �"!��}�"#%#%W-O
6$�N*-/?�"W;���JW;�

H2
���>!'5?IM�"!MRL��b <cb9!$#424�05%�_*-7>:%<�<.�"!'5F(�W;&[,.5%!$#=#?�"W;�>#%!'�>!'5?IM�"!Z�0��:%<>!'&[�"#%:=<>!

���>!'5?IM�"!+7.&[IJ!'2�*-�>�.!'10/Sb9EF7>:%<º<.�"!'54<9*-�>�.!'10/�!$#4#%�":%<º7.&Â!'�0�>!�EF5?/'-�<>!'5?&\WM#?/=*-/Sb>�}�"!$#%!'5
�=)a!'XY/+�"#?/f&\!'/=*-1010�06$�0/=8-/%#?7.�9*-K.<98-�.IM�0I>R�2£!'�01�*-101"!'�0�C�.!'5�AC*;#%#%!'5%#%/%W*)Ð�>*-5=*-��Ka!'/%!'�010�0IM/��"#?/
7.�>�¿�>*-<>!'5�*-101"!'�0�¿!'�0�>![�>W;10IJ!B�.!'5�:%<>!'&[�"#=:%<>!'�C���`/�24�":=X`107.�.IÐ�»#?�"!'<>!BE�K.K.�01"� 7.�.Iº® b0ÒS®J¡Pb
¸��"#u6$7Ð!'�0�>!'5[�L!'�`/?5=*-10/%!'&[,L!'5=*-/?7.5V�JW;�

Tc . 15 · 103K
!'�]/%#%,.5%!$:%<>!'�� �"!�:%<>!'&[�"#%:=<>!'�

Ì}8-7 Ñ>IMXJ!'�0/%!'���.!'�>!'�§�JW;�º���0,9*-&\W;�]/?�c!'/�*-1²bYKa!'5%!$:%<.�>!'/%!'�
	
�>*;#4� 7.5%:=<�� �"!

H
O��¦W;�.�"#=*-/?�"W;�

�J!'5?7.5%#=*;:%<`/%!V¢�1N*-/%!S*-7�Ka!'�
Tc ≈ 20 · 103K

�"#?/f�0�¿�.!'5��JW;5?10�"!'IJ!'�>�.!'��EF5?KL!'�0/��.!'7./?10�":=<>!'5
*-7>#?IJ!',.5=8-IM/Sb�¸�!'��<>�;<>!'5%!'� -s!'&[,L!'5=*-/?7.5%!'�¿10�"!'IM/+�.!'5}AC*;#%#%!'5%#%/%W*)CG²*;#?/F�`7.5f�>W`:=<_�0���"W-O
�.�"#?�"!'5?/%!'5F�>W;5?& �JW;5Sb>�}�"!

H2
O�Ìf8-7 Ñ>IMXJ!'�0/��.�0&[&@/F�.�":%<`/�24�"!$�.!'5�6$7cb

® b4�F�"!�(�W;�]/?5=*-XY/?�"W;�>#?IJ!$#%:=<]24�0�>� �0IMXJ!'�0/��0&�¸�!'5%!'�":%<¥�.!$#�(�!'5?�>#\10�"!'IM/V�.!'7./?10�":=<¥7.�`/%!'5��.!'5
�.5%!'�ÎGH*-1010IJ!$#=:%<]24�0�>� �0IMXJ!'�0/Sb���*;#�^�*-/%!'5?�N*-1²R��>*;#fQ.KL!'5��.!'&)(�!'5?�]Ka!'5%!'�":%<U*-7 G£� �"!$#%!'�¿<>!'5¤O
*-K.5%!'IM�>!'/SR9G²8-1010/�2£!'�0/%!'5?<.�0��&[�0/�<>W;<>!'5+�f!$#%:%<`24�0�>� �0IMXJ!'�0/SR�#%W\�>*;#%#}#?�":=<�!'�0���`/%W;TVK.�01"�.!'/Sb
�}!'5B�`/%W;T�IM5%!'�.6$/@�.!'��6S!'�`/?5=*-1"!'�cRÇ�"W;�.�"#%�"!'5?/%!'��¸�!'5%!'�":%<U�.!'5+A�W;10XJ![�JW;�C�.!'5+&\W;1"!'XY7.1N*±O
5%!'�_ÌFQ.101"!Z*-Kcbq�F�"!Z^_*-/%!'5?�"!@G²8-1010/F#%W 2�W;<.1��0&Ê¢�W;,>�²O4#%WS24�"!Z�0&Ê¢�W;,>�%�%��O��9*-101s&[�0/��9*-<>!'6$7
� 5%!'�ÎGH*;:=<>!'54�Y:=<9*-1010IJ!$#%:%<`24�0�>� �0IMXJ!'�0/�*-7 Ga�.!'�V(�!'5?�_�»#?�"!'<>!�EFK.K.�01"� 7.�.Iu® b0Ò ×fW;Ka!'�q¡

	
� �"!$#%!'5

A�!'5?/Z10�"!'IM/Z�0&Ï¸�!'5%!'�":%<Ð�.!$#%#%!'�cR�2�*;#@&V*-��KL!'�0&Ô(�W;101N*-,>#u!'�0�>!'5Z¸�W;�.�>W;5¤O���Ka!'5?/¤O�(f7.IJ!'1
!'5?2£*-5?/%!'�Ð24Q.5%�.!��»ÅÇ*-5%#=W;�¥¬¨½MÉ±°�RÇ¢�!'�>#?/%W;�ª¬ ´M´M° ¡Pbc�3#@<9*-�>�.!'10/u#?�":=<�*-Ka!'5@�.�":%<`/Z7.&)G 5%!'�ÎO
!'�C�9*-101

	
� �"!\^�*±� �0&V*-10IJ!$#%:%<`24�0�>� �0IMXJ!'�0/uKa!'/?5=8-IM/@:S* bs×;¯����.!'5Z�.5%!'�ÎGH*-1010IJ!$#=:%<]24�0�>� �0IMXJ!'�0/

�»#?�"!'<>!+EFK.K.�01"� 7.�.I�® b0Ò ×Z7.�]/%!'�q¡Pb

��� ��� � .0*+(21430* 14(K,4&>"�� ;�� &)35* "F� � � �=,�&-,�&)( � & � �4��14�4!

AC*;#4� �"!}:%<>!'&[�"#%:=<>!Z�q7>#=*-&[&\!'�>#%!'/?6$7.�.IV*-�.IJ!'<`/SRYÑ>�>�.!'�º#?�":%<�Ka!'�0&��35?5%!'�":%<>!'���.!'54EFK.K.5?7>:%< O
Ka!$� �0�.IM7.�.IÐ�²�L!'�`/?5=*-10/%!'&[,L!'5=*-/?7.5

Tc & 105 K
¡FG»Q.5Z� �"!��`�0&@7.1N*-/?�"W;�Ð� 5%!'��XY1N*-5@#?/?5?7.XY/?7.5?�"!'5?/%!

¸�!'5%!'�":%<>!��»E�K.K.�01"� 7.�.I�® b0ÒS¾J¡,+
ÒMb4��& �L!'�]/?5?7.&Ê�.!'5£<>!'�0TJ!MR>*-7>#��"W;�.�"#%�"!'5?/%!'&
AC*;#%#%!'5%#?/%W*)_KL!$#?/%!'<>!'�>�.!�(�!'5?�cR.�.!$#=#%!'�§^_*;#¤O

#%!_*-&����>�.!��.!'5���!$:%<.�`7.�.I�KL!'�}:S* b
0,1 M�

10�"!'IM/Sb��}7.5%:%<ªGHW;5?/?IJ!$#%!'/?6$/%!�EFXYX`5%!'/?�"W;�
24�05%�º!'5�(�!'5?�º�>WY:%<º2£!'�0/%!'5�2£*;:=<>#%!'�cb9�f!'54<]¼ � 5%WM#?/=*-/?�"#%:=<>!@(�!'5?�§�9*;:=<��f!PÑ>�.�0/?�"W;�>#?IM1"!'�ÎO
:%<]7.�.I��H® b¨³J¡V!'�`/%#?/%!'<]/�Ka!'�}^_WY�.!'101"!'�ªW;<.�>!_¸�!'5?Q>:%X #?�":%<`/?�0IM7.�.I©�.!'5�:=<>!'&[�"#%:%<>!'�·�3�]/¤O
24�":%XY107.�.I��.!'7./?10�":=<_G 5?Q.<>!'5�*-1"#�Ka!'�s�.!'�_�0��� �"!$#=!'&�EFK>#%:%<.�.�0/?/}�JW;5?IJ!$#?/%!'1010/%!'�¿^_W`�.!'101"!'�cb
���]/?IJ!'IJ!'���.!'�§��5?IJ!'K.�.�"#=#%!'�§�JW;��ÀF&@7.XM*-�ÇÄ¶�F�"#?<.��¬ ´]½-°a<9*-/�� �"!}�JW;5?10�"!'IJ!'�>�.!+EF5?Ka!'�0/��0�

ÒMÒ'´



"$��% � ����� �� & �	�	���4�N���!�!�#�����	�	���

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

6 8 10 12 14 16 18 20

u/
v f

f

log r [cm]

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

6 8 10 12 14 16 18 20

u/
c s

, l
ok

al

log r [cm]

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

6 8 10 12 14 16 18 20

u/
v f

f

log r [cm]

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

6 8 10 12 14 16 18 20

u 
[c

s,
 lo

ka
l]

log r [cm]

�������
	
������ ���
����S_a�/!&��	��/�
5#)���/!h\]����T "+	
	����/4D5#)S8h�
����
�-,�����$&�/�X3-2����d2���ZPZ&Z b ��	
����,4#@9����� �d2-��Z b � 2��/	�	
���
� !&�=5#)�$#4D@ �-B.���.2-� ��!D���H�(������	Q���������� �/���
�-���H��
��"-�TY�����	�2�,?"-	���K�5#)�"+	
	����/4D5#)M8h����������,-����$d��2-!D�����/!P$D�h\]����b
T "-	�	
�-�=4&5#)M8h�
����
�-,-�/�G$D���YO����$D��� �Q4F$������c\U���T "-	�	
�-�=4&5#)M8h�
����
�-,�����$&���I�
� \]����)�����$&�/� ���!�7�!&�/�GT "-	�	
�-�=4&5#)M8h�
�b
��
�-,�����$U"+���������
	Q�� $=��B.���=4P�(4&���������L��/� � 2���	
	
���H���G$ �;2���ZPZ&Z b������	�;2���Z b � ��"��/�G$#*%$a8`�/�G$D�-�/)��������Q��/�b
$D�
4D5#)Y��� �
�h���L�����H"+������!D�����(�����
	Q����������H"+��5#)eO+�
4P$])��
��!]��/!])���!&2S4F$#"%$D�
4D5#)���!��E�/!&�J��	Q"+�YO+��/!]2-��$&�Q4&5#)
��Q5#,-� �9��!D���Q5#)�"+��
���!D)�"+	
�X��=4��E��!D��49�-!DV��I���������!h2��$&�Q4D5#)���V������ �9��!D���Q5#)��1!&2-$(��"+!D�-�=4F$D��	
	G$=�

/�Ka!'5%!'�0�>#?/?�0&[&@7.�.I�&[�0/f�.!'5f�JW;�¿���0,9*-&\W;�`/?�3!'/+*-1²b�¬¨³M¯±°3!'5?IJ!'Ka!'�cRa�>*;#%#��.!'5
H2

O�EF�]/%!'�01
�0&Ê�L!'�]/?5?7.&
�.�":%<`/�24�"!$�.!'5�*-�>#?/%!'�0IM/Sb.���0,9*-&\W;�]/?�c!'/�*-1²bYKL!$W;K9*;:=<]/%!'��!'�0�>!�� Q.�.�>!!/FKL!'5¤O
I]*-�.IJ#?5%!'IM�"W;��*-/%W;&V*-5%!'��AC*;#%#%!'5%#?/%W*)�#D6$24�"#=:%<>!'�º(�!'5?��7.�>��&\W;1"!'XY7.1N*-5%!'54Ì�Q.101"!MR`Ka!'�L�.!'5
!$#D#?�":=<V�J!'5?&@7./?10�":=<�7.&{!'�0�>!'�V�`7.&\!'5?�"#%:%<>!'�§�=)�!'X`/SR]�.!'5�� 7.5%:%<�� �"!�EF7>#%#%:=<.&[�"!'5?7.�.IZ�.!$#
�`/%W;TJ!$#�� XYQ.�>#?/?10�":%<>!��F�"#?XJWM#%�0/=8-/h¡Z<>!'5?�JW;5?IJ!'5?7 G»!'�¥24�05%��R�<9*-�>�.!'10/SbD����.!'5[�JW;5?10�"!'IJ!'�>�.!'�
E�5?Ka!'�0/�24�05%�º� �"!$#%!

H
O /�Ka!'5?I]*-�.IJ#?5%!'IM�"W;���.�":%<]/FKL!$W;K9*;:=<]/%!'/Sb

½ b4�}!'5\(�!'5?�Ð24�05%�Ð�JW;��!'�0�>!'5[&\W;1"!'XY7.1N*-5%!'�Ì�Q.101"!MR��.!'5%!'�^�*;#%#%!�!'�0�.�0IJ!��YW;�.�>!'�.&V*;#%#%!'�
KL!'/?5=8-IM/SRq7.&[IJ!'KL!'�cRL� �"!u#?�":%<��0&ÊA�!$#%!'�`/?10�":%<>!'�¿�0& G 5%!'�"!'�_�9*-101�*-7 GD�.!'��(�!'5?��Ka!PÑ>�>�.!'/
�
u/vff ≈ 0,7

*-���.!'5��`/%W;TJ#%!'�0/%!MR�*-K.�>!'<.&\!'�>�¿*-7 G
u/vff ≈ 0,3

*-�_�.!'5�8-7.TJ!'5%!'���Y!'�0/%!MR
#?�"!'<>!�E�K.K.�01"� 7.�.I@® b0ÒS¾J¡PbM��<.5%!�^_*;#%#=!D24�05%�u�0�[�.!'�\��!$:=<.�]7.�.IJ!'�\�JW;�[���0,9*-&\W;�`/?�c¬¨³M¯-°>*-7 G
:S* b

3 M�
*-K.IJ!$#%:%<98-/?6$/SRa�0���.!'5}�JW;5?10�"!'IJ!'�>�.!'��E�5?Ka!'�0/F!'5?I]*-K¿#?�":=<_!'�0�¿8-<.�.10�":%<>!'5SRL1"!'�":%<`/

<>�;<>!'5%!'5£A�!'5?/SR �.!'5£&[�0/£�.!'5�!'/�2�*;#�IM5%�;TJ!'5%!'�§E�7>#%�.!'<.�`7.�.I[�.!'5£ÌFQ.101"!u�
r ≈ 5 · 1015 cm

¡
6$7>#=*-&[&\!'�.<98-�.IM/Sb

Ó b4�F�"!º&\W;1"!'X`7.1N*-5%!�Ì�Q.101"!��"#?/[�0<.5%!'5%#=!'�0/%#\�0�!'�0�>!�8-7.TJ!'5%!MR£*-/%W;&V*-5%!º��!'IM�"W;�©!'�0�.IJ!'Ka!'/?/%!'/SR
� �"!�!'�0�>!'�º�f5%W;TM/%!'�01c�.!'5�^�*;#%#%!f*-7>#?&V*;:=<]/Sb>��&
¢sW;,>�%�=�²O��9*-101�#?/%!'�0IM/��0<.5%!!-Ç!'&[,a!'5=*-/?7.5��0&
/�Ka!'5?I]*-�.IJ#?Ka!'5%!'�":%<§6$24�"#%:=<>!'��*-/%W;&V*-5%!'�§7.�>��&\W;1"!'XY7.1N*-5%!'����*;#4*-7 Gs!'/�2£*;#4Q.Ka!'5

103 K*-�cRÇ2�8-<.5%!'�>���0&Ô¢sW;,>��O��9*-1014� �"! -s!'&[,L!'5=*-/?7.5[�.!'�ÐE�� G²*-�.IJ#?2£!'5?/Z,.5=*-XY/?�"#%:%<UKa!'�0KL!'<98-10/
ÒMÒS³



����� & �	�	����� ���d���#���#���	��� ��� ��
�!����� ��� ���I��� �!���(&-�I
�!���(�
������� �I��" �N���	�

−40

−35

−30

−25

−20

−15

−10

−5

0

6 8 10 12 14 16 18 20

c

log r [cm]

H 

H+

H−

H2

H2
+

H3
+

−40

−35

−30

−25

−20

−15

−10

−5

0

6 8 10 12 14 16 18 20

c

log r [cm]

H 

H+

H−

H2

H2
+

H3
+

2

3

4

5

6 8 10 12 14 16 18 20

lo
g 

T
 [

K
]

log r [cm]

τR≤2/3

τR≥2/

u<0.1⋅vff

2

3

4

5

6 8 10 12 14 16 18 20

lo
g 

T
 [

K
]

log r [cm]

τR≤2/3

τR≥2/

u<0.1⋅vff

−10

−8

−6

−4

−2

0

2

4

6 8 10 12 14 16 18 20

lo
g 

M
r /

 M
O•

 

log r [cm]

τR≤2/3

τR≥2/

u<0.1⋅vff
−10

−8

−6

−4

−2

0

2

4

6 8 10 12 14 16 18 20

lo
g 

M
r /

 M
O•

 

log r [cm]

τR≤2/3

τR≥2/

u<0.1⋅vff

�������
	
������ ���
� ��� \]��� ����4P$D"-��� ����! � 2��/	�	
!&�=5#)��M��������� �
Tinit = 200 K

O
ninit = 104 cm−3

@A�Y�����-��b
���
	Q�� $�4P�
��� 2����/� ���� ��2�� ���/�S$&!#"%$&�
2-����� ���!J5#)������Q4&5#)��/� � "�4&4&��!#4P$&2�� 4&��� ���
�/4i�
� �(��)�*+��������,-����$ ��=4
0("���
��4(T�V�!1��
���;2���ZPZ&Z b � 	��
��,4#@(����� �d2-��Z b � 2���	
	
� ��!D�/5#)S$#4D@ O��
�'��/! � ��$P$D�J�������e�/�����/!D"+$&��!=O����S$D���
��
��� "-4D4&� �
������!D)�"-	�� ��/4i0("���
��4

Mr

�
� K2-�����/���H"-4D4P�/�Y�CB��/! � �/!P$D��� ��!D���Q5#) ��/! �.2-� �����S$D!D"+$&�
2-���/�
8h��!#��c�
� ��/!��(������	Q������I"+�T

10−40
��"�5#)I����$D��� � ����!&�/� � $=��B.��!�)���!D2�4P$D"+$&�Q4&5#)�� �E�/!&�YO����!(�
� � $F8W"

����$����� )���� 
-�/�YO��2����Q4P�
��!&$&�/� �9��!D���Q5#)��/��4&"-���J�/�T *+	
	�$/O��Q4F$h�
�����/�
��/� 7;*-	�	
���I3-2���*-)���	
�
5#)��/!(�(��4D��/)b
�M������O��/���/��4&2 8h�
�.��
����2-	
��,M��	Q"+!D��f�V�	�	
�-�MB.���=4P��T *+	
	G$W��� �d2-��Z b 7�"+	
	�����$9��/� 2-�$D�
4D5#)L��Q5#,-��� �`�/!&�/�
5#)
"-��
-�/!&)�"-	�� ��/4 �E��!D��4 ����4D"+�������eO;8W*+)�!&�/��� 4&�����
� �;2���ZPZ&Z b 7�"+	
	W2-�$D�
4D5#) �V���� �Q4P$/�a�(��5#) ��
�I�����
�d2-��ZPZPZ b �]!D2+$D2�4P$&��!D� �

τR = 2/3
@]�����-��� ������1f�V�	
	��1���=4F$D��)S$9$&���
	
8`�/�
4&�."-��4U��2�	��/,S��	
"-!&�/� � "-4D4&��!#4F$D2��d�

�»#?�"!'<>!ZEFK.K.�01"� 7.�.Iº® b0ÒS¾J¡
	
� �"!#-s!'�01":%<>!'�>� �":%<`/%![�.�0&[&@/��0&ÊXJ!'�0�>!'&�^�WY�.!'101�#%/=*-5?X§IJ!'�]7.I

6$7cR±7.&Æ!'�0�>!£2�!$#=!'�]/?10�":%<>! ���>�.!'5?7.�.I��.!'5�:%<>!'&[�"#=:%<>!'���q7>#=*-&[&\!'�>#=!'/?6$7.�.I�6$7uKa!'24�05?XJ!'�cR
�0�>#?KL!$#=W;�>�.!'5%!B24�05%�¿�.!'5�A�!'5?/SRc*-K��.!'&)�F5%!'�0/%!'�01":=<>!'�.5%!S*-X`/?�"W;�>!'�U6$7.5+¸£�01"� 7.�.I§�JW;�

H2!'�0�>#%!'/?6$/%!'��24Q.5%�.!'�cR.�.�"!@!'5?5%!'�":%<]/Sb
A�!'1":=<>!'�����0� Õ>7>#%#4�.!'5�EFK>#%W;5?,./?�"W;�>#?XJWY!,6\6$�"!'�]/�K.6$2+b � �"!�EF� GH*-�.IJ#%KL!$� �0�.IM7.�.IJ!'��*-7 G�� �"!}�3�]/¤O
24�":=X`107.�.I��.!'5�A�W;10XJ!�<9*-Ka!'�§24�05%�§�0���.!'�º�98;:=<>#?/%!'�ºKa!'�"�.!'��E�K>#=:%<.�.�0/?/%!'��� �"#%X`7./?�"!'5?/Sb

ÒMÒS®



"$��% � ����� �� & �	�	���4�N���!�!�#�����	�	���

��� ����� � & 8 * <�8�����& � �0*C$K8 � 3�< 14��! ,�&)( � ��,�&>< <:&

�}�"!$#%!'5�E�K>#%:=<.�.�0/?/��"#%/��>*;#§�f!'IJ!'�>#?/?Q>:%X©6$7.& EFK>#%:%<.�.�0/?/§® b¨½ b0Ò
	
!$#�2�!'5%�.!'�«� �"!��35?IJ!'K.�.�"#%#%!

�JW;�§�`�0&@7.1N*-/?�"W;�>#?5%!$:=<.�]7.�.IJ!'�º&[�0/�7.�]/%!'5%#%:=<.�"!$� 10�":%<>!'&ÂEFK>#%W;5?,./?�"W;�>#?XJWY!,6\6$�"!'�]/%!'��IJ!'6S!'�0IM/D7.�>�
6$2�*-5�G»Q.5

ÒMb4� �"!Í¢�W;,>��O¦��*;#?&[�"#%:=<]7.�.I �
κPopI

¡Ï�0� �.!'5 *-�9*-10¼Y/?�"#%:%<>!'� �f8-<>!'5?7.�.I �9*;:%< �}1"!'�ÎO
:%<]7.�.I��H½ b0Ò'´`¡'R

½ b4� �"!u¢�W;,>�%�%��O¦��*;#?&[�"#=:%<]7.�.I��
κPopIII

¡47.�`/%!'5}�3!'5?2£!'�>� 7.�.Iº�.!'5F/=*-Ka!'1010�"!'5?/%!'��A�!'5?/%!u�9*;:%<
^_*S¼J!'5u¬¨ÓM³±°�R92�W;Ka!'�s� �"!Z*-XY/?7>!'101"!@:=<>!'&[�"#%:%<>!\�q7>#=*-&[&\!'�>#=!'/?6$7.�.I�Ka!'�s�.!'5}¸£!$#%/?�0&[&@7.�.I
�.!$#�¢�1N*-�>:%XY&[�0/?/%!'1"#+�.!'5@ÀF,9*-6$�0/=8-/

κP
Ka!'5?Q>:%X #?�":=<]/?�0IM/�24�05%��ba��*;#���WM#%#%!'1N*-�>� &[�0/?/%!'1��.!'5

ÀF,9*-6$�0/=8-/
κR

24�05%�U*-7>#@/=*-Ka!'1010�"!'5?/%!'�UA�!'5?/%!'���0�`/%!'5?,LW;10�"!'5?/SR�2�W;Ka!'��� �"!VEF�.�9*-<.&\!�!'�0� O
IJ!'<]/SRY�>*;#%#�#%�":%<��>*;#���*;#�G»Q.5��.!'��IJ!'IJ!'KL!'�>!'�

ρ
O
T
O²A�!'5?/��0& :=<>!'&[�"#%:%<>!'���}1"!'�":=<.IJ!'24�":%<]/

KL!PÑ>�>�.!'/Sb
�}�"!f���]/�24�":%XY107.�.IV�.!'54^�WY�.!'101"!}�0&��q*-101c�.!'5£¢�W;,>�²O�^_!'/=*-1010�06$�0/=8-/��"#?/£�0�§�.!'�§E�K.K.�01"� 7.�.IJ!'��® b0ÒSÉ
K.�"#�® b¨½M½ R9�>*-5?IJ!$#?/%!'1010/SR>�0& �q*-101Ç�.!'5�¢sW;,>�=�%�²O�^_!'/=*-1010�06$�0/=8-/��0���.!'��E�K.K.�01"� 7.�.IJ!'��® b¨½MÓ[K.�"#�® b¨½M³ b
�}�"!�6S!'�0/?10�":%<>!F���]/�24�":%XY107.�.IZ�.!'5£�`/?5?7.XY/?7.5?IM5%�;TJ!'�V�}�":%<`/%!

ρ
R-5=*;� �N*-1"!F��!$#%:%<`24�0�>� �0IMXJ!'�0/

u
R -s!'&BO

,a!'5=*-/?7.5
T
7.�>��^_*;#=#%!

Mr
�0�.�>!'5?<9*-10Kº�.!$#��F*;� �07>#

r
#?�0�>��#?�0�>�VG Q.5��.!'�§¢sW;,>��O��9*-101��0���.!'5£EFK O

K.�01"� 7.�.I�® b0ÒSÉu7.�>��G»Q.54�.!'�º¢sW;,>�=�%�²O��q*-101��0�º�.!'5�E�K.K.�01"� 7.�.I�® b¨½MÓB�>*-5?IJ!$#%/%!'1010/
	
#?�"!f!'�]/%#?,.5%!$:=<>!'�

�.!'��EFK.K.�01"� 7.�.IJ!'�_® b ´[7.�>��® b ×[*-7>#�EFK>#%:%<.�.�0/?/F® b¨½ b0ÒMb
�`�0&Z7.1N*-/?�"W;�>#?5%!$:%<.�`7.�.IJ!'��24�"![� �"!B�JW;��ÅÇ*-5%#%W;�©¬¨½MÉ±°3<9*-Ka!'��!'5?IJ!'KL!'�cRÇ�>*;#%#�#?�":%<¿2�8-<.5%!'�>�C�.!'5
���`/�24�":=X`107.�.I��JW;�U¢�W;,>�²O�¢35%W;/%WM#?/%!'5?�>!'�©6$7.�98;:=<>#?/[!'�0�Ð!'5%#%/%!'5Z&\W;1"!'XY7.1N*-5%!'5\(�!'5?�ÐK.�01"�.!'/Sb��}�"!
�}�"#%#%W;6$�N*-/?�"W;�¿�JW;�

H2
G Q.<.5?/+#%,98-/%!'5��0���.!'5+�3�]/�24�":=X`107.�.I_6$7.5����]/%#%/%!'<]7.�.I�!'�0�>!$#+6$2�!'�0/%!'���"W-O

�.�"#?�"!'5?/%!'��(�!'5?�>#SRc�.!'5+�.!'��!'5%#?/%!'���J!'5?6S!'<.5?/SbÇ��&�,.5?�0&\W;5%� �N*-1"!'�U�9*-101324�05%���JW;�C���0,9*-&\W;�]/?�D!'/
*-1²ba¬¨³M¯±°��]7.54!'�0�§(�!'5?�cR �.!'5£�.!'&�6$2�!'�0/%!'�º(�!'5?���0&
¢�W;,>�²O��9*-101c!'�`/%#?,.5%!$:%<>!'��24Q.5%�.!MR`IJ!PG»7.�>�.!'�cb
���È�.!'5§�JW;5?10�"!'IJ!'�>�.!'�µE�5?Ka!'�0/�247.5%�.!'�·^�WY�.!'10105%!$:%<.�`7.�.IJ!'�·G»Q.5§�.!'�È,.5?�0&\W;5%� �N*-1"!'�·7.�>�¥G Q.5
�.!'��<>!'7./?�0IJ!'���9*-101£� 7.5%:%<.IJ!PG»Q.<.5?/Sbs���¿KL!'�"�.!'�U��8-101"!'�C�.!'7./%!'/Z#?�":=<�� �"!\¸£�01"� 7.�.I_!'�0�>!$#@!'5%#?/%!'�
(�!'5?�>#�*-�cR.�.!'54#?,98-/%!'5��0�§�.!'��<]¼ � 5%WM#?/=*-/?�"#%:%<>!'��(�!'5?�§Q.KL!'5?IJ!'<`/�*-�¿�»#%�"!'<>!}EFK.K.�01"� 7.�.IJ!'��® b0ÒSÉ
K.6$2 ® b¨½MÓVKL!'�

r ≈ 1012 cm
K.6$2+b

r ≈ 1010 cm
¡PbL��*;#FG»!'<.1"!'��!'�0�>!$#�!'5%#?/%!'��(�!'5?�>#FKa!'�����0,9*±O

&\W;�`/?�q!'/D*-1²b;�"#?/��J!'5?&Z7./?10�":%<§*-7 Ga� �"!�EF5?/�7.�>�BA�!'�"#%!MRM�0�\�.!'5DKL!'�>���0,9*-&\W;�]/?�9!'/�*-1²b]�`/?5?7.XY/?7.5%!'�
� 7.5%:=<\� �"!�XYQ.�>#?/?10�":=<>!��F�"#?XJWM#%�0/=8-/�*-7>#%IJ!$#%:%<.&[�"!'5?/�2£!'5%�.!'�cRJW`�.!'53*-7 Gq!'�0�>!�IJ!'5?�0�.IJ!'5%!4EF7 Õ9�M#?7.�.I
*-1"#4�0���.!'5��JW;5?10�"!'IJ!'�>�.!'��EF5?KL!'�0/46$7.5?Q>:=X`6$7 G»Q.<.5%!'�cb
�}�"!f¢�5%W;/%WM#?/%!'5?�>!fK.6$2+b.� �"!}<]¼ � 5%WM#?/=*-/?�"#%:=<>!'�º(�!'5?�>!f<9*-KL!'��Ka!'�q�0<.5%!'5��3�]/%#?/%!'<`7.�.I>R>��b <cbY2�!'�.�
�9*;:=<ª¸£�01"� 7.�.I��.!'5§�`/%W;T;G 5%W;�`/�� �"!����0� G²*-1010IJ!$#%:%<`24�0�>� �0IMXJ!'�0/�!'5%#?/?&V*-1"#�7.�]/%!'5?<9*-10Kª�JW;�¥!'�0�>!'&
�L!'<.�`/%!'1f�.!'5��.5%!'�ÎG²*-1010IJ!$#%:%<`24�0�>� �0IMXJ!'�0/º10�"!'IM/¿�²�}1"!'�":%<`7.�.I�® b¨³J¡PR£!'�0�>!��J!'5?<98-10/?�.�"#?&V8-TM�0IÐX`1"!'�0�>!
^�*;#%#%!Z�JW;�

MKern . 10−9 M�
Rq� �"!u�>*-�.��K.�"#F6$7.&����>�.!B�.!'5@�`�0&@7.1N*-/?�"W;�>#?5%!$:=<.�]7.�.I_� 7.5%:%<

EFX`XY5%!'/?�"W;�Z*-7 G
MKern ≈ 0,1 M�

*-�]2�8;:%<>#?/Sb-�}�"!�E�XYX`5%!'/?�"W;�>#%5=*-/%!'�+2�!'5%�.!'�Z�0�+E�K>#%:=<.�.�0/?/�® b¨Ó b ´
�98-<>!'5�Ka!'/?5=*;:%<`/%!'/Sb
��Q.5�!'�0�>!'�«¢�W;,>�²O¦�`/%!'5?�«XM*-�.�©6$24�"#%:=<>!'�È8-7.TJ!'5%!'5º�`/=*-7.K.<]Q.101"!MR�¢�5%W;/%WM#%/%!'5?�ª7.�>�©<]¼ � 5%WM#?/=*-/?�ÎO
#%:=<>!'&)(�!'5?��7.�]/%!'5%#=:%<.�"!$�.!'�C2£!'5%�.!'�¥�»#?�"!'<>!BEFK>#%:%<.�.�0/?/Z® b¨½ b0Ò ¡Pb��}�"!V�`/=*-7.K.<`Q.101"![KL!$#%/%!'<]/@*-7>#
�`/=*-7.KcR��.!'5\�0�©�.!'5V!'�0� G²*-101"!'�>�.!'�¥^�*-/%!'5?�"!º!'�]/?<9*-10/%!'�ª�"#?/Sb����� �"!$#%!'5VÌFQ.101"!º#?/%!'�0IM/V� �"!8-Ç!'&BO
,a!'5=*-/?7.5�2�!'IJ!'���.!'5fIM5%W;TJ!'���`/=*-7.KaW;,9*-6$�0/=8-/�5=*;#%:%<C*-��»#?�"!'<>!BEFK.K.�01"� 7.�.I�® b0ÒSÉ�5%!$:%<]/%#@W;KL!'�q¡Pb
�f!'5f�`/=*-7.K_�J!'5%�>*-&[, G»/f*-K_!'�0�>!'5d-s!'&[,L!'5=*-/?7.5f�JW;��:S* b

1300 K
b>�}�"!$#F�"#?/��0�_�.!'&�ÀF,9*-6$�0/=8-/%#¤O

&\WY�.!'1013G»Q.5@� �"!\¢�W;,>�²O¦�+*;#?&[�"#%:%<`7.�.I�KL!'5?Q>:=XY#?�":=<]/?�0IM/u7.�>��<9*-/@!'�0�>!�E�K.�9*-<.&\!V�.!'5BÀF,9*-6$�0/=8-/
ÒMÒ ×



����� & �	�	����� ���d���#���#���	��� ��� ��
�!����� ��� ���I��� �!���(&-�I
�!���(�
������� �I��" �N���	�
7.&Ô!'/�2£*�6$2£!'���f!'X;*;�.!'�U6$7.5Z�9W;10IJ!Mbs���C�.!'& -s!'&[,L!'5=*-/?7.5?Ka!'5%!'�":%<�K.�"#Z6$7

T ≈ 4500 K
RÇ*-K

�.!'5f� �"!BÀF,9*-6$�0/=8-/f24�"!$�.!'5�#?/=*-5?X�*-�>#?/%!'�0IM/[�
H− O�E�K>#%W;5?,./?�"W;�q¡PRL�"#?/}� �"!BÀF,9*-6$�0/=8-/+*-7>:=<_�0&��9*-101

�.!'5�¢�W;,>��O�^�!'/=*-1010�06$�0/=8-/f#%!'<.5�XY1"!'�0���»!$#4IM�0K./F<.�"!'5��]7.5�Åc�0�.�"!'�9*-K>#%W;5?,./?�"W;�_� 7.5%:=<�^_W;1"!'X`Q.1"! ¡Pbq���
� �"!$#%!'&�¸�!'5%!'�":%<V�"#%/D�.!'5 -Ç!'&[,a!'5=*-/?7.5?�J!'5?1N*-7 Gs�Y�"!'1.Õq*;:=<>!'5�*-1"#D�0�V�.!'5£�`/=*-7.K.<]Q.101"!B�»#?�"!'<>!FE�K.K.�01ÎO
� 7.�.I[® b0ÒSÉ�5%!$:=<]/%#�W;KL!'�q¡PbYEF7 G IM5?7.�>���.!'5DIM5%W;TJ!'�º�`/=*-7.KLW;,9*-6$�0/=8-/�24�05%�V� �"!}W;,./?�"#%:=<>!�-��"!PGH!��JW;�
τR = 2/3

KL!'5%!'�0/%#£#%!'<.5�2�!'�0/4*-7.TJ!'��!'5?5%!'�":=<]/+�»#?�"!'<>!�EFK.K.�01"� 7.�.I[® b¨½M¯�10�0�.X #D7.�`/%!'�q¡Pb`�}�"!��V)a!'X`O
/?�0�Y/%!'&[,L!'5=*-/?7.5u� �"!$#%!'5u8-7.TJ!'5%!'�U¢3#%!'7>�.WJ*-/?&\WM#?,.<98-5%!����"#?/@#=!'<.5+�.�"!$� 5?�0I>bÇ�}�"!$#Z*-101"!$#@�"#?/��J�;1010�0I
*-�9*-1"W;If6$7.&Æ�9*-101.�.!'5�^�WY�.!'101"!�W;<.�>!£¸�!'5?Q>:=XY#?�":=<]/?�0IM7.�.I@�.!'5�:=<>!'&[�"#%:%<>!'�\���`/�24�":=X`107.�.I>b`E�K.K.�01ÎO
� 7.�.I�® b¨½M¯B5%!$:%<`/%#}W;Ka!'�º6S!'�0IM/}� �"!+���]/�24�":%XY107.�.I§�.!'5FÅc!'7>:=<]/?XY5=*±G /f� �"!$#%!'5�¢3#=!'7>�.WJ*-/?&\WM#?,.<98-5%!
7.�>�U10�0�.X #uW;Ka!'�Ð�0<.5%!����]/�24�":%XY107.�.IC�0&ËÌF��O��F�N*-IM5=*-&[&ºb��f!'5B!'�]/%#?/%!'<>!'�>�.!_�`/%!'5?�Ð!'5%#=:%<.�"!'�>!
!'�0�>!'&Â8-7.TJ!'5%!'&Â¸�!$W;K9*;:%<`/%!'5��]7.5�*-1"#��>!'5?� O���� G 5=*-5%W;/¤O¦ÖF7>!'101"!Mb>�}�"!+�L!'�0/�24�05%�§*-K��.!'&
^_W;&\!'�]/
IJ!'6 8-<.10/SR.*-K��.!'&�� �"!}W;,./?�"#%:%<>!!-��"!PGH!F� �"!$#=!$#£¸�!'5%!'�":=<>#4!'5%#?/?&V*-1"#��.!'��A�!'5?/

τR = 2/3
!'5?5%!'�":%<]/

	K.�"#��>*-<.�0���"#?/�#%!'�0/£¸�!'IM�0�.�§�.!'5��`�0&@7.1N*-/?�"W;�º!'/�2�*B!'�0�>!FG 5%!'�"!}�9*-10106S!'�0/��J!'5?I]*-�.IJ!'�cR 2£8-<.5%!'�>�§�.!'5
�>*;#[ÀFK Á¤!'XY/@1N*-�.IJ#h*-&ÏXJW;�]/?5=*-<.�"!'5?/B<9*-/Z7.�>��W;,./?�"#%:=<U� �":=XJ!'5ZIJ!'2£W;5%�.!'���"#%/SbÇ�}�"!V^�*;#%#%!'�>!'�0� O
G²*-10105=*-/%!�� 7.5%:%<º� �"!@ÀFKa!'5¤Õq8;:%<>!+�.!'54¢3#=!'7>�.WJ*-/?&\WM#?,.<98-5%!��"#?/��0�ºEFK.K.�01"� 7.�.IV® b¨½M¯@5%!$:=<]/%#�7.�]/%!'�
6$7�#=!'<>!'�cb
�}�"!$#%!��`/?5?7.X`/?7.5uIM�0K./u!$#Z�0&Ï,.5?�0&\W;5%� �N*-1"!'���9*-101£�.�":%<`/SR�2�!'�01£�>W`:=<�XJ!'�0���0�]/%!'5%#?/%!'101N*-5%!'5V�`/=*-7.K
!P� �"#?/?�"!'5?/Sb
�f!'5\¢�5%W;/%WM#?/%!'5?�©�"#?/\*-1"#[�.!'5\¸£!'5%!'�":=<�0�.�>!'5?<9*-10K©�.!$#[�}*;� �07>#SR3*-���.!'& � �"!��JW;��.!'5\���.�>!'� O
#%!'�0/%!B�.!'5@�`/=*-7.K.<]Q.101"!�*-7>#FIJ!'&\!$#=#%!'�>!BW;,./?�"#%:%<>!�-��"!PGH!B!'5%#?/?&V*-1"#f24�"!$�.!'5+�.!'��A�!'5?/

τR = 2/3!'5?5%!'�":=<]/SR£�.!PÑ>�.�"!'5?/SbD�}�"!$#%!'5V¢�5%W;/%WM#%/%!'5?�¥!'�]/%#%/%!'<]/�!'5%#%/\I]*-�.6ºXY7.5?6º�JW;5V�.!'5V���`/%#?/%!'<]7.�.IÐ�.!$#
!'�0IJ!'�`/?10�":%<>!'��(�!'5?�>#Z�.!$#B�`/%!'5?�>#SbÇ�f!$#?2£!'IJ!'�C7.&BG²*;#%#?/@� �"!��L!'�0/%#?XM*-1N*§�0�CEFK.K.�01"� 7.�.I�® b¨½ Ò\�]7.5
2£!'�.�0IJ!$3]*-<.5%!Mbc�}�"!$#%!'5+�}*;� �07>#f&V*-5?X`�"!'5?/@#%�":%<¿�0��EFK.K.�01"� 7.�.I�® b0ÒSÉ�5%!$:%<`/%#@W;Ka!'��� 7.5%:%<C!'�0�>!'�
5=*;#%:=<>!'� -Ç!'&[,a!'5=*-/?7.5=*-�>#?/?�"!'ICW;Ka!'5?<9*-10KÐ�JW;�

T > 4500 K
b��}�"!�6S!'�0/?10�":%<>!§���`/�24�":%XY107.�.IC�.!$#

�}*;� �07>#D� �"!$#%!'536$2£!'�0/%!'�cRJ�0�.�>!'5%!'��¢3#%!'7>�.WJ*-/?&\WM#?,.<98-5%!F�"#?/��0�VEFK.K.�01"� 7.�.Iu® b¨½ Ò410�0�.X #37.�`/%!'�cR]� �"!
�.!'5�Åc!'7>:=<]/?XY5=*±G /F5%!$:%<`/%#�W;Ka!'�º�>*-5?IJ!$#?/%!'1010/Sb>Å��0�.X #�W;Ka!'�§6S!'�0IM/�� �"!$#%!�EFK.K.�01"� 7.�.IV� �"!����]/�24�":%X`O
107.�.IB� �"!$#%!$# -Ç!'�01"#��.!$#�XJW;101N*-K.�"!'5%!'�>�.!'��ÀFK Á¤!'XY/%#D�0&�Ì}�4O��}�N*-IM5=*-&[&2+`�f!'5�¢�5%W;/%WM#?/%!'5?��Ka!'IM�0�.�]/
!'Ka!'� GH*-101"#�*-1"#�XYQ.<.1"!$#�ÀFK Á?!'XY/s�JW;�u2�!'�.�0IJ!'�[<`7.�>�.!'5?/�(�!'10�Y�0�[�=)�!'X`/?�0�Y/%!'&[,L!'5=*-/?7.5SR;� �"!�*-KL!'5�K.�"#
6$7.& �L!'�0/?,.7.�.XY/��.!$#£EFK.K.5?7>:%<>#4�.!'5���!$:%<.�`7.�.I\#%!'<.5�#%:%<.�>!'101c*-7 G

2000 K
*-�>#?/%!'�0IM/SbY�f!'54�`/%!'5?�

1"!'7>:=<]/%!'/�,.5=*-XY/?�"#%:=<º�0�>#?/=*-�]/=*-��*-&Â���>�.!+�.!'5�:S* b
17 · 103 3`*-<.5%!@*-�>�>*-7>!'5?�>�.!'��(FW;101N*-,>#?,.<9*;#%!

*-7 G?RJ24�"!f*-7>:%<�� �"!����`/�24�":=X`107.�.IV�.!'5£Åc!'7>:%<`/?X`5=*±G»/��0��EFK.K.�01"� 7.�.IB® b¨½M¯@6S!'�0IM/�� 6$7�#%!'<>!'�§*-���.!'5
G²*;#?/4�J!'5?/?�0XM*-1"!'��Å��0�.�"!Z*-&Â�3�>�.!@�.!'5����`/�24�":%XY107.�.I`¡Pb
��& �9*-101}�.!'5V,.5?�0&\W;5%� �N*-1"!'�È^_!'/=*-1010�06$�0/=8-/�K.1"!'�0K./��.!'5�I]*-�.6S!_8-7.TJ!'5%!�¸�!'5%!'�":%<«W;,./?�"#%:=<¥� Q.�.�cb
A�!'�.�U�9*;:%<�!'/�2�*_!'�0�>!'5@G»5%!'�"!'���9*-10106S!'�0/[� �"!�W;,./?�"#%:%<>!��}�":%XJ!�!'5%#?/?&V*-1"#B�.!'��A�!'5?/

τR = 2/3!'5?5%!'�":=<]/SR9!'�`/%#?/%!'<]/}#%!'<.54K9*-1"�§�.!'5�¢�5%W;/%WM#?/%!'5?��&[�0/�!'�0�>!'5�¢3#%!'7>�.WJ*-/?&\WM#?,.<98-5%!@�0&Â¸�!'5%!'�":%<��.!'5
5=*;#%:=<>!'�_ÀF,9*-6$�0/=8-/%#?6$7.�9*-<.&\!Z� 7.5%:%<

H− O�E�K>#%W;5?,./?�"W;�§Ka!'� -Ç!'&[,a!'5=*-/?7.5%!'�
T & 4500 K

�»#?�"!'<>!
EFK.K.�01"� 7.�.I® b0ÒSÉ�5%!$:=<]/%#§W;Ka!'�q¡Pb��}�"!�2�!'�0/%!'5%!¿���`/�24�":%XY107.�.I� �"!$#%!$#�¢�5%W;/%WM#?/%!'5?�>#º*-K«� �"!$#%!'&
�L!'�0/?,.7.�.XY/�!'5¤G»W;10IM/�*-7.TJ!'5%W;5%�.!'�`/?10�":%<�5=*;#=:%<§�0�.�>!'5?<9*-10K§�JW;�§:S* bY�`�"!'5 3]*-<.5%!'�cb.�}�"!f���]/�24�":%XY107.�.I
�"#?/[�0�EFK.K.�01"� 7.�.I�® b¨½-´��>*-5?IJ!$#?/%!'1010/Sb£�`�"!§!'�]/%#?,.5?�":=<]/V2£!'�0/?IJ!'<>!'�>�©�.!'5V�3�]/�24�":=X`107.�.I��0&��9*-101
�.!'5}¢sW;,>��O¦�`/%!'5?�>!��»EFK.K.�01"� 7.�.I§® b¨½ Ò ¡PR9�>*\� �"!uÀF,9*-6$�0/=8-/F�0&�-Ç!'&[,a!'5=*-/?7.5?KL!'5%!'�":=<

T & 8000 K

�R:=<?>LHV<?H�O a >L<?A*> eOPE�\IH;^*S*T_QP> < E � B $ <?W S*>LA�MF<?AKAgb CF< > >L<?A*>LA�MZOP>XQPA�[,\,A7H;>L<?A*>RQ��.E�U,>-BKY*AKU'G�B*U_QP>LA XO f e $ H� H;>RYDCK\,G_OPE�\IH;^*SDT QP> C < Q C�B >L<1MZOP>RQPA?C <?ADCF>LA(\ZCK>RQ.e aZa QP>ROP<?\,A�CK<?> MZWXSK< W S5O B > L>R< W S*AK>RO b*GIY*H CF>RQ <?E ! < O;OP> $ CF<?>>LE�< O;OP<?>RQ;OP> M5O;Q GIS $ YKA*U(H�O GIE�E O b C f S f B >L<BCK>XQV[]\,A�G_Y 	]>RA#G_Y*H=UI>LH;>LSK>LA#>XQPH�OPE'G $ HVCK>XQ=`	>RQ;O τ = 2/3
>XQ;QP>L<?WXS5OC < Q C f

ÒMÒS¾



"$��% � ����� �� & �	�	���4�N���!�!�#�����	�	���

,.5=*-XY/?�"#%:%<_*-101"!'�0��� 7.5%:%<
H

7.�>�
He

KL!$#%/?�0&[&@/�24�05%���;b
�}�"!36S!'�0/?10�":=<>!����]/�24�":%XY107.�.I@�.!'5s(FW;�.6S!'�]/?5=*-/?�"W;�>!'�V�.!'5�:%<>!'&[�"#%:=<>!'���`,L!'6$�"!$#�� �"!$#%!'5s^_WY�.!'101"!3�"#?/
�0�¿�.!'��EFK.K.�01"� 7.�.IJ!'�C® b¨½M½\G»Q.5�¢sW;,>��O�^_!'/=*-1010�06$�0/=8-/+7.�>��® b¨½M³VG Q.5�¢�W;,>�%�%��O�^�!'/=*-1010�06$�0/=8-/��>*-5?IJ!PO
#?/%!'1010/SbM�D#�#?/%!'1010/3#?�":%<B<>!'5=*-7>#SRM�>*;#=#�� �"!£�3�]/�24�":=X`107.�.IB�.!'53(�W;�.6S!'�`/?5=*-/?�"W;�>!'���.!'5��J!'5%#%:=<.�"!$�.!'�>!'�
�`,a!'6$�"!$#�2£!'�0/?IJ!'<>!'�>�º7.�9*-K.<98-�.IM�0IV�JW;���.!'5�^�!'/=*-1010�06$�0/=8-/��"#?/Z+
��&�8-7.TJ!'5%!'�¿¸�!'5%!'�":%<_2�!'5%�.!'��Ka!'�0&Ê���0� G²*-101�� �"!ZAC*;#%#%!'5%#%/%W*)�*-/%W;&\!u� 7.5%:%<¿�}5%!'�0/%!'�01":%<>!'�.5%!S*-X`O
/?�"W;�>!'�Ð�0�

H2
7.&[IJ!'2£*-�>�.!'10/SR�#%W;K9*-1"�U� �"!VXY5?�0/?�"#%:=<>! -s!'�01":%<>!'�>� �":%<`/%!º�JW;�

108 cm−3 !'5?5%!'�":%<`/
24�05%��bq�F�"!Z��!S*-XY/?�"W;�>#?5=*-/%!+� �"!$#%!'5}��!S*-XY/?�"W;�>!'�º<98-�.IM/}�]7.5F#=:%<]2�*;:%<��JW;���.!'5d-Ç!'&[,a!'5=*-/?7.5f*-KcR
#%WY�>*;#%#F� �"!@5%!$#?7.10/?�"!'5%!'�>�.!

H2
O�(�W;�.6S!'�`/?5=*-/?�"W;�¿�0&�¸�!'5%!'�":%<��JW;�

r > 1012 cm
G»Q.5F� �"!u¢sW;,>�%�=�²O

7.�>�º¢�W;,>��O¦��*;#?&[�"#%:=<]7.�.I�GH*;#%/4IM1"!'�":%<_*-7>#?GH8-1010/Sbq�YW;K9*-1"��� �"!7-Ç!'&[,a!'5=*-/?7.5�Q.Ka!'5
2500 K

#%/%!'�0IM/SR
Ka!'IM�0�.�]/§�.!'5�&\W;1"!'X`7.1N*-5%!_AC*;#%#%!'5%#%/%W*)·6$7ª� �"#%#=W;6$�0�"!'5%!'�ª7.�>�«*-K

T ≈ 104 K
�.!'5§*-/%W;&V*-5%!

AC*;#%#=!'5%#?/%W*)_6$7��"W;�.�"#?�"!'5%!'�cb
�}�"!+�¦W;�>!'�

H+ R H+
2

7.�>�
H+

3

2£!'5%�.!'���0& !'�0� G²*-101"!'�>�.!'��^_*-/%!'5?�N*-1cKa!'�Ç:S* b
r ≈ 1014 cm

� 7.5%:=<
�F!'XJW;&@K.�0�9*-/?�"W;�ª6$7.�98;:%<>#?/�!'10�0&[�0�.�"!'5?/SbD��5%#?/V2�!'�.�¥� �"!8-Ç!'&[,a!'5=*-/?7.5��0&�¸�!'5%!'�":=<©�0�.�>!'5?<9*-10K
�JW;�

r ≈ 1012 cm
*-7 G�!'�0�.�0IJ!

103 K
*-�.IJ!$#?/?�"!'IJ!'���"#?/SR92£!'5%�.!'��� �"!$#%!u��W;�>!'�¿!'5?�>!'7./fIJ!'K.�01"�.!'/Sb

�`�"!�2�!'5%�.!'��KL!'�q�>W`:=<V<>�;<>!'5%!'� -Ç!'&[,a!'5=*-/?7.5%!'�º*-KL!'5�24�"!$�.!'5�*-K.IJ!'K9*-7./SR �>*@*-K
T & 20 ·103 K*-101"!'5�AC*;#=#%!'5%#?/%W*)��0�

H+ Q.Ka!'5?IJ!'<]/Sb
��*;#uG»Q.5B� �"!ºÀF,9*-6$�0/=8-/[�0& -Ç!'&[,a!'5=*-/?7.5?Ka!'5%!'�":%<©7.&

T ≈ 104 K
#%W�24�":%<`/?�0IJ!

H− 24�05%�Ð�0&
!'�0� G²*-101"!'�>�.!'�\^_*-/%!'5?�N*-1 �0& �9*-101.�.!'5�¢sW;,>�%�=�²O¦��*;#%&[�"#%:%<`7.�.I}<9*-7.,./%#h8;:%<.10�":%<V&[�0/��31"!'X`/?5%W;�>!'�\*-7>#
�.!'5V�`/%W;TM�"W;�.�"#=*-/?�"W;�Ð�JW;�

H
IJ!'K.�01"�.!'/B7.�>�U�.W;&[�0�.�"!'5?/[� �"!ºÀF,9*-6$�0/=8-/B�0& -s!'&[,L!'5=*-/?7.5?Ka!'5%!'�":%<

4500 . T [K] . 20 · 103 �»#?�"!'<>!§EFK.K.�01"� 7.�.IJ!'�¥½ b ´>R3½ b¨Ó 7.�>�½ b¨ÓJ¡Pb��3#[24�05%�ÐKa!'�4<>�;<>!'5%!'�
-s!'&[,L!'5=*-/?7.5%!'�\�>*-�.�B� 7.5%:%<B¢�<>W;/%W;,.5%W;6S!$#%#%!�!'10�0&[�0�.�"!'5?/Sb;�}�"!��3�]/�24�":=X`107.�.I+�.!'5

H− O�Ìf8-7 Ñ>IMXJ!'�0/�"#?/ÇKL!'�J¢�W;,>�%�%��O>7.�>�+¢�W;,>�²O¦ÀF,9*-6$�0/=8-/��0�@�.!'�@^_W`�.!'101"!'�Z#%!'<.5s8-<.�.10�":%<cR±#%WY�>*;#%#Ç*-7>:%<u� �"!�ÀF,9*-6$�0/=8-/
�0��Ka!'�"�.!'����8-101"!'���0& -s!'&[,L!'5=*-/?7.5?Ka!'5%!'�":%<cRs�0�C�.!'&

H− !'�0�>!V8-<.�.10�":%<>!�Ì}8-7 Ñ>IMXJ!'�0/+<9*-/SR�GH*;#?/
IM1"!'�":=<@�"#?/SbS¸�!'�J¢�W;,>�²O�^_!'/=*-1010�06$�0/=8-/�24Q.5%�.!'�Z� �"!�G»Q.5c� �"!

H− O�¸£�01"� 7.�.I}!'5¤G»W;5%�.!'5?10�":=<>!'�u��1"!'XY/?5%W;�>!'�� 7.5%:=<Z� �"!D�¦W;�.�"#=*-/?�"W;�+�JW;�Z1"!'�":%<`/Ç�"W;�.�"#?�"!'5?K9*-5%!'�B^�!'/=*-101"!'��� �JW;5s*-101"!'&
Na

R
K
R
Mg

R
Fe
¡�IJ!'10�"!PG»!'5?/SR

� �"!u<.�"!'5fKL!'���.!'5@¹�<>!'&[�"!u�.�":%<`/�KL!'5?Q>:=XY#?�":=<]/?�0IM/@#%�0�>��bqAªQ.5%�.!'�¿� �"!$#%!B��1"!'XY/?5%W;�>!'�.10�"!PG»!'5=*-�`/%!'�
Ka!'5?Q>:%X #?�":%<`/?�0IM/SR�!'5?I]8-Ka!'�¥#%�":%<1"!'�":=<]/%!��3!'5=8-�>�.!'5?7.�.IJ!'�ª�.!'5

H− O�Ì}8-7 Ñ>IMXJ!'�0/%!'�ªKa!'��¢sW;,>�B�0&
-s!'&[,L!'5=*-/?7.5?Ka!'5%!'�":%<

4500 . T [K] . 8000
b

-s!$#?/?5%!$:%<.�`7.�.IJ!'�¿&[�0/�!'�0�>!'& �J!'5?XY1"!'�0�>!'5?/%!'�_:=<>!'&[�"#%:%<>!'���}!'/?6$2�!'5?X§24�"!+�.!'&Ê�JW;�_ÀF&@7.XM*-��Ä
�F�"#?<.��¬ ´]½-°�5%!$#%,L!'XY/?�0�J!Z���0,9*-&\W;�]/?�3!'/�*-1²bs¬¨³M¯;°�!'5?I]*-Ka!'�cRa�>*;#%#f� �"!@�3!'5?�9*;:=<.1N8;#%#?�0IM7.�.Iº�JW;�

H+
27.�>�

H+
3

XJ!'�0�>!}IM5%�;TJ!'5%!'�§�3!'5=8-�>�.!'5?7.�.IJ!'�º�0���.!'54Ì}8-7 Ñ>IMXJ!'�0/��.!'5£G»Q.5£� �"!+ÀF,9*-6$�0/=8-/424�":%<`/?�0IJ!'�
�`,a!'6$�"!$#

H− 7.�>�
H2

6$7.5��9W;10IJ!+<9*-Ka!'�cb

� 	 E 
g>LE�^ >RQ G_OPYFQAB >RQP>L<?W S
4500 . T [K] . 8000

S*TIA*U_O.CK<?>
H−

� ��^DG R<?O T O $ >R< W S5O�[,\,A�CF>RQ ! >RO G $�$ < L< O T_ONG>BgbC*G'CK<?>J@ $ > a O;QP\,AK>LA7<?A#CF<?>LH;>LE 
1>LE�^ >RQ G OPYKQAB >RQP>L<?W S7[]\,A ! >RO G $�$ >RAgb � G $A$ H C�> $ WXSK>J[]\_QPSDGIA*CK>LA�H;<?A*Ccb YKADC!A*<?W S5O[]\,A(`�G_H;H;>RQPH�OP\��#U,> $ <?> � >RQ;O C�>RQ CK>RA f
ÒMÒSÉ



����
�
&
�	�	

����
���

�d��
�#��

�#��
�	��

�
���
��


�!��
���
���

���I
���

�!��
�(&-

�I

�!��

�(�
����

���
�I��

"�N
���	

�

−25

−20

−15

−10

−5

0

5

6 8 10 12 14 16 18 20

lo
g 

ρ 
[g

 c
m

−
3 ]

log r [cm]

τR≤2/3
τR≥2/3

u<0.1⋅vff

r ~ ρ−2

2

3

4

5

6

6 8 10 12 14 16 18 20

lo
g 

T
 [K

]

log r [cm]

τR≤2/3
τR≥2/3

u<0.1⋅vff

−40

−35

−30

−25

−20

−15

−10

−5

0

5

6 8 10 12 14 16 18 20

u 
[k

m
/s

]

log r [cm]

τR≤2/3
τR≥2/3

u<0.1⋅vff
−10

−8

−6

−4

−2

0

2

4

6 8 10 12 14 16 18 20
lo

g 
M

r /
 M

O•
 

log r [cm]

τR≤2/3
τR≥2/3

u<0.1⋅vff

� � ��� �� � � �	 
 � � �  �� � � ��� � �� � �� � � �  � �� � � �� � �� �	 � � � �� � � � �� � �� � ��  �  � � � � � �� � � �� � � � �� � ��� � � � ��� � � � � � � � � � � � �� �� � � ��  � �� � � � �� �

� � �   � �� � � �� r �� �  � � � �� � ! � �� �� � � � � � �� � " �� � �� ρ # $ � � � � � � �� � T # � � �� � � �� �� �� � � �� �� � � � u� � � � � � �� Mr� � � � � � � � � �� � � � �� � � r	 " � �
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) �� � � � �� � � � �� � �� � � � �	 " � �" �� � �� � � * � � � �� � � � � � � � � � � � � � ρ ∼ r−2 #� � � � � � � � � �� �+ � � � �� � � � � � � �� � � � �� � �� � � � � �� �  � � �� � � �� � � � � � � � �	

ÒS½M¯



"$��%������
��

&
�	�	���4�N���!�!�#�����	�	���

-3

-2

-1

0

1

2

3

4

012

lo
g 

L
 [

L
O•

 ]

log Teff [K]

-3

-2

-1

0

1

2

3

4

5

6

7

0 5000 10000 15000 20000 25000 30000

lo
g 

L
 [

L
O•

 ]

Alter [a]

LEdd

-7

-6

-5

-4

-3

-2

0 5000 10000 15000 20000 25000 30000
-3

-2

-1

0

1

2

lo
g 

M•
 [

M
O•

 /a
]

lo
g 

M
 [

M
O•

 ]

Alter [a]

MτR=2/3

M
•

τR=2/3
15

16

17

0 5000 10000 15000 20000 25000 30000

lo
g 

r 
[c

m
]

Alter [a]

τR=2/3

�� � � �� �� � �
	 � ��  � � � � ��� � ��� �� � � �� !� � �$ ��� � � �� �� 	 ��� �  � � � � �� � ��� � � � � �� �� � �� 	 � � � �� "� � �� � #� � � � �� � � � �$ % � � �� � � $ ' �� �� � � � ( � �� � � )* * ,� � � �� �� � -�
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�Y2�!2> !"$��2E�/.�4�%'��2 =fS!�7A'%B !""2G2E%'&g<>/��\"$%B2� �)$��\���8&h-i2E��16%��G2E�j�F/��D2�(%B�! #"�2E�IklS7�(/$�"�m1$2�C?;&��#9Q"<,
A'/$�"�G�(&��#9Q���!X ���(&%�7AB2E%B #"F/$�"�j�9�8A'A*%'�n16%B2>�!2��J*�$"U9Q�"� � $��o1$2E�n�(X$"U^%�(%B�! #"�2E�pVW9QA'A��Y2>�! !"��(%B27�Y2E�
-=2�!1$2E�/.U4�%'��2q1$2E&#9Q%'A'A'%B2�(&!2`rN2>�! !"��!2E%��$/$�"�o1$2�0s ���%�G2E"�2E���(-i2E%B�#2c%B�(&0%'�otE���%2G2Cuwv@,Exl<>/Zy���1$2E�/.

z
{#| }�~Y���`���P�!���!�Y�3���`�P�������`�������\�`���R�!�P�����
�T%B23<L2E%'&#9Q�$"U^Q�$�7%'�G2q�$%B #"F&��!2EA�9Q&(%'�@%B�(&(%B�! #"�2\?;&��#9Q"$A'/$�$�G�(&��#9Q���!XR���(�7AB2E%B #"F/$�$�]%'���(X$"U^%�(%B�! !"�2�3?;���\�
�D2E&��(%B2CH[2E%'���# !"$A'%B2E�7A'%B !"e?;&��!2E/$/$�$�;M=A�9Q/$&!2E&L�

1

c

∂Iν

∂t
+ µ

∂Iν

∂r
+

1 − µ2

r

∂Iν

∂µ
= − κAbs

ν (r)Iν + jν(r)

− κStr
ν (r)

(

Iν −
1

2

∫ 1

−1
Iν(r, µ

′, t)Φν(µ, µ′) dµ′
)

.
H[���',OM

Iν = Iν(r, µ, t)
%B�(& 16%B2i�h�;&!2E���(%'&#^Q&¡1$2��?;&��#9Q"$A'/$�$�T1$2�¡V��!2>¢;/�2E�$<

ν
<>/���£R2E%'&

t
9%�¥¤T9816%'/��

r
/$��1

1$2�=�*/��(���!2E%'&(/$�$�G���(%B !"F&(/$�$�
µ = cos θ

H
θ
%B�(&=1$2�§¦_%'�$¨G2EAU<>-0%B�! #"�2E�o1$2�N9Q/��(-=^%�(&!�i�G2�(%B !";&!2E&!2E�

©T�����C9QAB2E�`/$��1�1$2�ª¤*%B !";&(/$�$�31$2>�¡«�"��8&!�8���¬M®
jν(r)

%B�(&ª16%B2§%B�!�8&��!�8XY2§4#�g%B�!�(%'�@%'&#^Q&L
κAbs

ν (r)
/$��1

κStr
ν (r)

�(%'��1`16%B25¯J�!2>¢;/�2E�$<O9Q�$"U^Q�$�7%'�G2E�\�.���!���(X$&(%B�8�����Y/$��1g?;&��!2E/$/$�$�G�(¨G�;2®°D<>%B2E�;&!2E�C9%�¥¤T9816%'/��
r
�
Φν(µ, µ′)

%B�(&±16%B2g«�"U98�#2E�6¯²/$�$¨@&(%B�8�ll16%B2g16%B2\¦e9Q"��!�! #"�2E%'�$A'%B !"$¨G2E%'&\2E%'��2�`?;&��!2E/$/$�$�³9Q/��q1$2�
¤*%B !"F&(/$�$�

µ′ %'�³16%B2q¤P%B #"F&(/$�$� µ
9Q�$�7%'�$&L�R?;%B23%B�!&P�!�\�������g%B2�(&LU1�98�!�0¯²´��*9QA'AB2q¤*%B !";&(/$�$�G2E�

µ

1

2

∫ 1

−1
Φ(µ, α) dα = 1

�7%'A'&L�
,EµF¶
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R

z AB

p r

θ

R

$&%'%'(*)*+-,/.'01$32*465/798;:=<?>A@B)*)*,'.'0C+-@B:
pz D�E %F@B.'@G2

©398 !"�1$2�*s§9%�(%�9Q�$AB2E�F&��#9Q����¯J�����C9Q&(%B�8�

(r, µ) → (r,p), p = r
√

1 − µ2
H[�`�+)GM

Iν(r, µ, t) →

{

I+
ν (r,p,t) µ ≥ 0

I−ν (r,p,t) µ < 0

H[�`�IHGM

-0%��!1 b AB2E%B !"F/$�$� H[���',OMi%'��<>-i2E% �G2E&��!2E�$�F&!2 b AB2E%B !";/$�$�G2E�

1

c

∂I+
ν

∂t
+ µ

∂I+
ν

∂r
= −(κAbs

ν + κStr
ν )[I+

ν − Sν]
H[��� µ;M

−
1

c

∂I−ν
∂t

+ µ
∂I−ν
∂r

= (κAbs
ν + κStr

ν )[I−ν − Sν]
H[���+¶GM

¯[´��c2E%'��2DXY�7�(%'&(%'�G2C/$��1e2E%'��2D��2E�F9Q&(%'�G2KJ*���gXY�8��2E�F&!2
I+ �$<>-q�

I−
9Q/6¯[�G2>�(XU9QA'&!2E�lª-i2E%'A=16/��! !"

16%B20/$�U9Q�$"U^Q�$�7%'�G2*s§9%�(%�9Q�$AB2
p
�$%B #"F&§<>-0%B�# !"�2E�

µ > 0
/$��1

µ < 0
/$�;&!2�!�! !"$%B2>1$2E�]-i2�!1$2E� ¨89Q�$�l�

�32�.«�9%�#9%�D2E&!2�
p
H²�G2�(�7AB2E%B #"�2��.�$�$%'AB16/$�$�o�`�',OM0-0%��!1f?;&!�8�7XU9%�#9%�D2E&!2�±�G2E�U9Q�$�F&LR2�*¨79Q�$��¯[´��

2E%'��2E���G2E�G2E�Y2E��2E�³¤T9816%'/��
r
¦ 2�(&!2c<>-0%B�! !"�2E�

0
/$��1

r
9Q�$��2E"��D2E�l�

�:� VU9QA'Aª%B�!�8&��!�8XR2�3?;&��!2E/$/$�$�fH
Φν(µ, µ′) = 1

MN/$��1Z%�� AB�8¨89QAB2E�³&("�2���D�;16�@�U9%�g%B�! !"�2E� b AB2E%B #"6�
�G2E-0%B #"F&T¨89Q�$��16%B2L./�2EA'A ¯[/$�$¨@&(%B�8�

Sν
¯[�8A'�G2E��1$2���C9Q�G2E�f�G2>�! !"��(%B2E�Y2E��-=2�!1$2E�l�

Sν =
1

κAbs
ν + κStr

ν

(

∑

i

(

κAbs,i
ν Bi

ν + κStr,i
ν Jν

)

)

.
H[���IMGM

N.%B2�§�(%'��1
κAbs,i

ν
/$��1

κAbs,i
ν Bi

ν

1$2�§�.���!�8X$&(%B�8���(¨G�@2®°D<>%B2E�F&N1$2�i?;XR2E<>%B2>�
i
�$<>-q�G1$2�!2E�CrN2E%'&��#9Q�

<>/��=4B�g%B�!�(%'�@%'&#^Q&§/$��1
κStr,i

ν
/$��1

κStr,i
ν Jν

1$2�N?;&��!2E/$¨G�@2®°D<>%B2E�F&01$2�=?;XY2E<>%B2>�
i
�$<>-q�;1$2�!2E� rN2E% �

&��#9Q� <>/��T?;&��!2E/��(&��#9Q"$A'/$�$���
Jν
%B�(&P1�98�P�;/$A'A'&!2Of���D2E�F&T1$2�T?;&��#9Q"$A'/$�$�G�(%'�F&!2E���!%'&#^Q&L�R�./$�G2�!1$2�

-=2�!1$2E�����; #" 1�98�\2�!�(&!2]/$��1 <>-i2E%'&!2�?;&��#9Q"$A'/$�$�G���D���D2E�;&
Hν

�$<>-q�
Kν

�R2E��S8&(%'�7&L�§?;%B2]�(%'��1
,Eµ/M
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¯J�8A'�G2E��1$2���C9Q�G2E�f1$2®y��$%B2�(&L�

Jν =
1

2

∫ 1

0
(I+

ν + I−ν ) dµ
H[���wv7M

Hν =
1

2

∫ 1

0
(I+

ν − I−ν )µ dµ
H[�����GM

Kν =
1

2

∫ 1

0
(I+

ν + I−ν )µ2 dµ.
H[����GM

z
{�� ���*�`��� �����!���P�`���P��� ����� z �����*�`�����I��~W�W�
V������`/$A'%B2�(&@�C9Q��16%B2 b AB2E%B !"F/$�$�G2E�³¯[´��N2E%'��2c�(X$"U^%�(%B�! !"�2!N*´$A'AB2��g%'&P���$��2E���#9Q��1

rmin
/$��1Z�*/6�

�G2E���#9Q��1
rmax

/$�F&!2�\1$2���.�$�U9Q"��D27�1�98�!���(%B !" 16%B2D¦ �8A'¨G2]%'� 2E%'��2� H²%:�+96�ª<L2E%'&#9Q�$"U^Q�$�7%'�G2E�l
�$%B #"F&*%B�#�8&��!�8XR2E�WMP?;&��#9Q"$A'/$�$�G�(¯[2EAB1��R2®y���1$2E&L�2�(�7%'�$&.�(%B !"³9QAB�.^Q/$�G2�!2q¤.9Q��16�Y2>16%'�$�7/$�$�

I−ν (rmax,p,t) = wν(p,t)
¯[´��

0 < p < rmax,
H[���',LKGM

-=�8�R2E%
wν(p,t)

16%B2`9Q/6¯51$2E�f�*/$�G2E���#9Q��1³&��!2��Y2E��1$2\?;&��#9Q"$A'/$�$� �Y2>�! #"��!2E%'�$&L�WV¡´��.1$2E�fVU9QA'A %B�#�Q�
&��!�8X �G2�!16´$�$�;&!2�g?@ #"F-N9%�(<>¨GS��(XR2�!�(&��#9Q"$A'/$�$� 1$2���ª2�gXR2�#9Q&(/��

Text
-0%��!1

wν(p,t)
16/��! !"�1$2E�

�./��!1 �(/� !¨
wν(p,t) = WBν(Text)

H[���',7,OM
�g%'&*1$2� s52�!16´$�$�F/$�$�G��¯:9Q¨;&!���

W
�Y2>�! #"��(%B2E�R2E�l�

V¡´��*1$2E�����$��2E���#9Q��1��`/��!�0�G2EA'&!2E�
I+
ν (p,p,t) − I−ν (p,p,t) =0

¯²´��
rmin 6 p 6 rmax

H[�`�',L)GM
I+
ν (rmin,p,t) − I−ν (rmin,p,t) =hν(p,t)

¯[´��
0 6 p 6 rmin

H[�`�',;HGM
¯:9QA'AB�o2>�Z2E%'��2³<L2E�;&��#9QAB2e?;&��#9Q"$A'/$�$�G�!¢;/�2EA'AB2701$2�!2E� 4�%'���(&��#9Q"$A'/$�$�I9Q/6¯`1$2E�n���$��2E���#9Q��1n16/��! !"
hν(p,t)

�R2>�! #"��(%B2E�R2E�³-0%��!1d$�7%'�$&L�

z
{ � ! �#" ��~Y�$�U�Y���&%I��~Y���Y�`�3���`�
¦ 2E�$� 16%B2�L./�2EA'A ¯[/$�$¨;&(%B�8�

Sν
H²<G� rT�l9Q/��31$2� ";�@1 �!�@16�;�U9%�g%B�# !"�2E�'� 2E%'A51$2>�COf�@1$2EA'AB�¬M®W�#�L-0%B2

16%B2 O�9Q&!2�(%B2>2E%'�G2E���! !"U9 ¯[&!2E�l*16%B2
κAbs,i

ν
/$��1

κStr
ν

¯[2>�(&(AB2E�G2E�l=�Y2E¨89Q�$�;&Z�(%'��1d=%B�(&Z2>� �DS8�7A'%B !"
1�98� b AB2E%B !";/$�$�G�!�(�6�(&!2��ª1�98�`16/��! !" 16%B2 b AB2E%B #"F/$�$�G2E� H[�`� µ;M®=H[�`�+¶GM® 16%B2C¤.9Q��16�Y2>16%'�$�7/$�$�G2E�
H[���',LKGMEPH[���',L)GM�/$��1 H[�`�',;HGM>��!�L-0%B2�16%B2Z�32®y��$%'&(%B�8��2E� H[�`�IMGMEPH[���wv7M`/$��1 H[���',7,OM`�R2>�!&(%�� �c&
-0%��!1d8<>/\ABS7�!2E�l� O³%'&�1$2E�g"$%B2�!16/��! #"C2�("U9QA'&!2E��2E�D���F&!2E���(%'&#^Q&!2E�g¨79Q�$�g/l�+96�81$2��4§1$16%'�$�7&!�8�6¯J9Q¨@&!���
�Y2�!2> !"$��2E&.-i2�!1$2E�l��g%'&.1$2� 16%B2CO³���D2E�;&!2E�$�7AB2E%B !";/$�$�G2E�m�G2>�! !"$AB�7�!�#2E��-i2�!1$2E�l�
V¡´��516%B20rN2E<L2E%B !"$�;/$�$�G2E�]1$2�5����16%'<L2>��1$2�516%B�(¨;�!2E&!2E�gs§9%�(%�9Q�$AB2E�D-i2�!1$2E�g¯J�8A'�G2E��1$2PrN2E<L2E%B !"$�;/$�6�
�G2E��2E%'�$�G2®¯[´$"��(&L�

¤T9816%'/��
rj
�

j = 1, . . . ,J
�g%'&

r1 = rmin

rJ = rmax?;&!�8�7XU9%�#9%�D2E&!2�

pk
�

k = 1, . . . ,x, . . . ,K
�g%'&

p1 = 0

px = rmin


pk = rmax£R2E%'&

tn
�

n = 1, . . .V��!2>¢;/�2E�$<
νl
�

l = 1, . . . , L
�
,Eµ;v
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b AB2E%B #"F/$�$�G2E�mH[�`� µ;Mª/$��1³H[�`�+¶GMª-=2�!1$2E�D¯[´���16%B2*V��!2>¢F/�2E�$<
ν
/$��1g2E%'��2E�g¯[2>�!&!2E� ?;&!�8�7XU9%�#9%�D2E&!2�

pk
�Y2E&��#98 !"F&!2E&L�W©T98 #"�1$2� � �#9Q����¯[�����C9Q&(%B�8�³%'��1�98�3J.�;���!16%'�U9Q&!2E���(�6�(&!2�

α± =
1

2
(µr ± ct)

H[�`�',Eµ;M
2�("U^QA'&?�C9Q���g%'&

κe(α+, α−) = κAbs + κStr

∂I+

∂α+
= − κe

(

I+ − S
) H[�`�',L¶GM

∂I−

∂α− = κe
(

I− − S
)

.
H[���',;MGM
H[�`�',Ov7M

O³%'&P1$2E���.�$¨;´��(<>/$�$�G2E�

t+ = tn −
1

c
(rjµj − rj−1µj−1) ,

H[���', �GM

t− = tn −
1

c
(rj+1µj+1 − rjµj) ,

H[���', GM

x+(r, t) =

∫ α+(r,t)

α+(rj−1,t+)
σe(y, α−) dy

�$<>-q� ∂x+

∂α+
= σe(α+, α−),

H[���+)7KGM

x−(r, t) = −

∫ α−(r,t)

α−(rj+1,t−)
σe(α+, y) dy

�$<>-q� ∂x−

∂α− = −σe(α+, α−),
H[���+)6,OM

∆τ± = x±(rj , tn)
H[���+)7)GM

/$��1f1$2E�mr=2E<L2E%B #"$�F/$�$�G2E�
Î±j∓1

¯[´��T16%B2`¦ 2�(&!2��G�8�
I±

9Q�f1$2E� ?;&!2EA'AB2E�
(rj∓1, t

±)
2�(�7%'�$&±16%B2

���F&!2E�.�#9Q&(%B�8�o�G�8� b AB2E%B !"F/$�$��H[���',L¶GM�2E�;&(A�9Q�$��1$2�9J3/��(�G2
α− �  >�8���(&§�G�8� (rj−1,t

+)
�$%B�

(rj ,tn)/$��1Z�G�8� b AB2E%B !";/$�$��H[���',;MGMN2E�F&(A�9Q�$�]1$2��J3/��(�G2
α+ �  >�8���(&0�G�8� (rj+1,t

−)
�$%B�

(rj ,tn)

I+
j = Î+

j−1 exp(∆τ+) +

∫ ∆τ+

0
S(α+(x+), α−) exp(−x+) dx+ H[�`�+)-HGM

I−j = Î−j+1 exp(−∆τ−) +

∫ ∆τ−

0
S(α+, α−(x−)) exp(−x−) dx−.

H[���+)Qµ;M

�T%B2>�*2E�;&!�(X��(%B !";&T1$2�.�h�;&!2E�.�#9Q&(%B�8�³1$2� b AB2E%B #"F/$�$�G2E��H[�`� µ;MN/$��1 H[�`�+¶GMN2E�;&(A�9Q�$�C%'"��!2���i"U9%�#9Q¨F�
&!2�(%B�(&(%'¨G2E�l���.�R2�N16%B2 b AB2E%B !";/$�$�G2E� H[�`�+)-HGM5/$��1mH[�`�+)Qµ;M5¨GS8�$��2E��9QAB�!��16%B2T���F&!2E���!%'&#^Q&!2E�

I±
9%�

¤T9816%'/��
rj
<>/��3£R2E%'&

tn
�Y2�!2> !"$��2E&T-i2�!1$2E�lW�G���#9Q/��(�G2>�!2E&(<>&T16%B2L./�2EA'A ¯[/$�$¨;&(%B�8�

S
/$��1�16%B2q���6�

&!2E���(%'&#^Q&!2E�
Î±

�(%'��1�<>/f2E%'��2� £R2E%'&(X$/$�$¨@&.�G���
tn
�Y2E¨89Q�$�;&L�W�T%B2ck S7�(/$�$� 1$2>�.<L2E%'&#9Q�$"U^Q�$�7%'�G2E�

?;�6�(&!2�D�g%B�(& �!2E"��D�(XY2E%B !"�2�#9Q/6¯[-i2E��16%'��=1$2E�$�I2>� �c´��#�!2E�j9Q/��D1$2� �G���#9Q�$�G2E�F9Q�$�G2E��2E� £R2E%'&��
�! #"��(%'&(&

L × J × K
¦ 2�(&!2c¯[´��

I±
%���?;XR2E%B #"�2�±�G2E"U9QA'&!2E��-i2�!1$2E�ld1�9%�(´$�Y2�T"$%'�U9Q/��3%B�!&T2E%'��2

9Q¨@<L2EX$&#9Q�$AB2q�;/��D2�(%B�! !"�2 b 2E�U9Q/$%'�7¨G2E%'&T1$2�.klS7�(/$�$�C�F/��*´$�Y2�*2E%'�f2E%'�$�G2>�! !"��#^Q�$¨@&!2>�3£R2E%'&(%'�;&!2���
�79QA'Ai2���!2E%B #"F�U9%�L���*/��`16%B2>�!2E� b �(´$��1$2E�e-0%��!1 2>�`�Q¯[&q�G���(�G2E<L�8�G2E�l��(%B !" 9Q/6¯P<L2E%'&(/$�U9Q�$"U^Q�$�7%'�G2
klS7�!/$�$�G2E�³<>/³�R2>�! #"��#^Q�$¨G2E�l�W����16%B2>�!2�VU9QA'A -=2�!1$2E�³�;/��.16%B2�9Q¨;&(/�2EA'AB2E�

I±
�:¦ 2�(&!2q�Y2E��S8&(%'�7&L

/��
16%B2
µ
�h�h�;&!2E�.�#9Q&(%B�8��9Q/���¯[´$"��!2E�Z<>/]¨GS8�$��2E�l6-N98�01$2E�³?;XR2E%B #"�2�(�R2>1�9%��¯�1 �#98�(&(%B�! #" �!2>16/$<>%B2�(&L�

,Eµ �
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�T%B2P�;/��D2�(%B�! !"�2T���F&!2E�.�#9Q&(%B�8�Z2E%'��2�iV$/$�$¨@&(%B�8�
f(x)

;1$2>�!�!2E�D¦ 2�(&!2T9Q� 16%B�(¨;�!2E&!2E�o?;&(´$&(<L�!&!2EA'AB2E�
xi, xmin 6 xi 6 xmax, i = 1, . . . ,N

�R2E¨79Q�$�F&*%B�(&L6A�^8�!�(&P�(%B #"�16/��! !"f2E%'��2`?;/�� �D2E�6¯[�����D2EA
∫ xmax

xmin

f(x) dx ≈

N
∑

i=1

f(xi)ai
H[�`�+)7¶GM

9QX$X��!�La@%��g%B2�!2E�l¡-i�8�Y2E%i16%B2 �h�;&!2E�.�#9Q&(%B�8���(�G2E-0%B !";&!2
ai
%:�+9��G�8� 1$2�c���F&!2�(�79QA'A'A�^Q�$�G2mH[1d� "l� 1$2�

b %'&(&!2�#9Q���!&#9Q��1UM®§�$%B #"F&]9Q�Y2�D�G�8�_1$2�CV$/$�$¨@&(%B�8�j�!2EA'���(&C9Q�$"U^Q�$�G2E�l�=4�%'��2³2EAB2E�F9Q�F&!2��@�(&C16%B2
¦_%'�$¨G2EA�9Q�$"U^Q�$�7%'�7¨G2E%'&C1$2�\�h�;&!2E���(%'&#^Q&\<>/�2EA'%��g%'�$%B2�!2E� �Y2>�(&!2E"F&�%'��1$2�\���F&!2E�.�#9Q&(%B�8��´$�Y2�\9QA'AB2
?;&!�8�7XU9%�#9%�D2E&!2���g%'&�N.%'A ¯[2±1$2�P�!�8���

pz �
�������	��
���������ª�

�.�$�$%'AB16/$�$�q�`�',i<L2E%'�7&�16%B2N�39%�!�!&!2EA'A'/$�$�q1$2�
pz
�h4��R2E��27816%B2i¯J�8A'�G2E��1$2���C9Q�G2E�D¨G�8���(&��(/$%B2�(&�-0%��!1d�

�T%B2cH[�(X$"U^%�(%B�# !"�2OM N.´$A'AB20-0%��!1g%'�C¨G�8�$<L2E�F&��(%B�! #"�2 J3/$�G2EAB�# !"U9QAB2E�]9Q/6¯[�G2E&!2E%'A'&LF16%B2?�g%'&§1$2������1$2®a
k = 1, . . . ,K

�F/�� �D2�(%B2�(&±-=2�!1$2E�l�d45�T-0%��!1³2E%'��2\4��Y2E��27R16%B2`16/��! #" 1$2E� O³%'&(&!2EA'X$/$�$¨;&3�G2���
A�^Q/6¯[&L$"�2�#9Q/��(�G2>�! #"$�$%'&(&!2E�lY�!�;1�98�#�P16%B2>�!21J3/$�G2EA'�f2E%'��2`?@ !"U9%�.¨G�8�$<L2E�F&��(%B�! #"�2��J��!2E%B�#2��g%'&.1$2E�
¤T9816%B2E�

pk
�$%'AB1$2E�l�R©*/$�³-0%��!1³2E%'��2 b 2�#981$2`16/��! #"f1�98�3£R2E�F&��(/�� �G2EAB2E�7&L�R�.%B2J��!2E%B�!2c�# !"$��2E% �

1$2E�e16%B2>�#2 b 2�#981$2C9Q� 1$2E�e�.���(&#^Q��1$2E�
pk
� ?@2E�$¨��!2> #"F&`<>/ 16%B2>�!2� b 2�#981$2E� -0%��!1m2E%'��2]?@ !"U9%�

XU9%�#9QA'AB2EAB2� b 2�#981$2E���G2EAB2E�7&L��4�%'�³«�/$�$¨;&
A
$1$2�*9Q/6¯�2E%'��2�*16%B2>�!2� b 2�#981$2E��A'%B2E�7&L$¨89Q�$��16/��! #"

�.�$�F9Q�R2g1$2>�c?;&!�8�7XU9%�#9%�D2E&!2�!�
p
/$��1m1$2��J.�;���!16%'�U9Q&!2

z
2E%'��1$2E/$&(%'�� !"U9%�#9Q¨@&!2�(%B�(%B2�(&c-=2�!1$2E�l�

4B�±"U9Q&q1$2E� �.���(&#9Q��1
z
�G��� ?@ !"$�$%'&(&(X$/$�$¨@&

B
Y1$2>�!�!2E�m�.���(&#9Q��1��G��� £R2E�F&��(/��

p
�Y2E&��#^Q�7&L�

�32�?�#9816%�9QAB2q�.���(&#9Q��1Z�G�8�
A
�G���£R2E�;&��(/�� %B�(&P�!���g%'&

r =
√

p2 + z2
H[�`�+)-MGM

4�%'��2 b 2�#981$2016/��! !"C1$2E� «�/$�$¨;&
A
/$��1g1�98�i£R2E�F&��(/�� �! !"$��2E%B1$2E&§16%B2 b 2�#981$27F9Q/6¯Y1$2�

A
A'%B2E�7&L

/$�;&!2�.1$2� ¦_%'�$¨G2EA
θ
$1$2�*16/��! !"³16%B2qrN2E<>%B2E"F/$�$�

cos θ =

√

1 −
(p

z

)2 H[�`�+)Gv7M
�Y2>�(&(%�� �c&*-0%��!1d�
�:� V��8A'�G2E��1$2E� -i2�!1$2E�e�F/��q���@ !" «�/$�$¨@&!2

A
Y16%B2C?@ #"$�$%'&(&(X$/$�$¨;&!2 2E%'��2�q1$2�T¨G�8�$<L2E�;&��(%B�! !"�2E�

J��!2E%B�!2-�g%'&\2E%'��2� b 2�#981$2E� �g%'&D?;&!�8�7XU9%�#9%�D2E&!2�
pk
�(%'��1dl�Y2E&��#98 !";&!2E&L��4�%'��2]�!�8AB !"�2 b 2�#981$2

�! #"$��2E%B1$2E&59QA'AB29J��!2E%B�#2 �g%'&5?;&!�8�7XU9%�#9%�D2E&!2�(�
pi
�g%'&

k 6 i 6 K
� �T%B2>�!20?@ !"$�$%'&(&(X$/$�$¨@&!2N-i2�!1$2E�

�G�8�
1
�$%B�

K − (k − 1)
16/��! #"$�F/�� �D2�(%B2�(&L�Y�T%B2

z
�?J*�@���!16%'�U9Q&!2c16%B2>�#2�*«�/$�$¨@&!2±%B�(&

zi =
√

p2
k−1+i − p2

k, i = 1, . . . ,K − (k − 1).
H[�`�+) �GM

�32� �#9816%�9QAB2 �*���(&#9Q��1m1$2>�`«�/$�$¨@&!2>� �g%'&c����1$2®a
i
�G��� £R2E�F&��(/�� %B�(&

pk−1+i
�l�*/6¯[�.�(/$��1 1$2�

?;�;� �D2E&��(%B2q1$2>�0«B�!�8�$AB2�D���c´��!�!2E�Z�;/��P«�/$�$¨@&!2c9Q/6¯¡1$2�0XY�7�(%'&(%'�G2E�
z
�h�0 !"��#2±�R2E&��#98 #"F&!2E&P-=2���

1$2E�l�
©./$� -0%��!1I16%B2f?;&��#9Q"$A'/$�$�G�(%'�F&!2E���(%'&#^Q&]A�^Q�$�G�C2E%'��2>�C�R2>�!&(%�� �c&!2E� ?;&��#9Q"$AB�L52E%'���C9QAT9Q/��!-=^%�(&!���
H
I+ M5/$��1Z2E%'���C9QAª2E%'�F-=^%�(&!�\H I− Mi�G2�(%B #"F&!2E&L��Y2E&��#98 !";&!2E&L�U�T%B2>�!23���F&!2E���(%'&#^Q&!2E��9Q/6¯¡1$2��?;&��#9Q"$A
�g%'&T?;&!�8�7XU9%�#9%�D2E&!2�

pk
9%� 16%B�(¨;�!2E&!2E��«�/$�$¨@&

zi
-i2�!1$2E���g%'&

I±k,i

�Y2E<L2E%B !"$��2E&L�
¦ 2E�$�o9QA'AB2

I±k,i

�:¦ 2�(&!20�Y2E¨79Q�$�F&i�!%'��1d7¨GS8�$��2E� 16%B23Of���D2E�F&!2
J

H
/$��1

K
1$2>�N?;&��#9Q"$A'/$�$�G��¯J2EA �

1$2>�T�Y2�!2> !"$��2E&3-i2�!1$2E�l�d�T%B2`¨G�8�F&(%'�F/$%B2�(A'%B #"�2D¦_%'�$¨G2EA'�89%�(%�9Q�$AB2
θ
-0%��!1³16/��! #"�16%B�!¨��!2E&!2`¦ 2�(&!2

����� �������� "!��$#�%�&$')(*&��,+*%�'�-/.0�	1�%�1

,Eµ 



����� � �
 � ���!��� �������� �!� �C���
���

$&%'%'(*)*+-,/.'01$32��-5/798;:=<?>A@B)*)*,'.'0C+-@B:
pz D�E %F@B.'@

µ D�� .G> @B0G: 8;>A(��6.86,/<����6:
	6@��� 4���2
4G2��/8;)*) 5

k = 1 � 2��/8;)*) 5 3 6 k 6 K − 2
,'. +

rj > pk+1 � 2��/8;)*) 5 rj 6 pk+1�'2��/8;)*) 5
k = 2 � 2��/8;)*) 5 rj 6 pk+1 � 2��/8;)*) 5 rj 6= pk

θm
/$��1 16%B2P¦_%'�$¨G2EA'%'�F&!2E�.�#9Q&(%B�8�o´$�Y2�

µ = cos θ
16/��! #"]2E%'��23?;/�� �D2E�6¯[�����D2EAY2�!�!2E&(<>&L�FV¡´��=16%B2

16%B�(¨;�!2E&!2E�o¦ 2�(&!2T�G�8�
I±(µm)

-i2�!1$2E��16%B2
I±k,i

�:¦ 2�(&!2T�Y2E�F/$&(<>&L�$4�%'� J��!2E%B�=/��
1�98�0£R2E�;&��(/��
�g%'&P¤T9816%'/��

pk
-0%��!1o�G�8��9QA'AB2E�³?;&��#9Q"$AB2E� �g%'&P?;&!�8�7XU9%�#9%�D2E&!2�

pl 6 pk
�G2>�! !"$�$%'&(&!2E�lR?@ !"$�$%'&(&��

X$/$�$¨@&±%B�(&±2E%'��2�q1$2�q16%B�(¨;�!2E&!2E� «�/$�$¨;&!2
zm

9Q/6¯N1$2� ?;&��#9Q"$A�/$��1�<>-=9%�c1$2���g%'&±1$2������1$2®a
m = k + 1 − l

d1$2�q�G�8�
m = 1

�Y2E%
l = k

�$%B�
m = k

�Y2E%
l = 1

A�^Q/6¯²&L� �T2�±¦_%'�$¨G2EA:l1$2E�
1$2�C?;&��#9Q"$AP9%� «�/$�$¨;&

zm
�g%'&\1$2���G��� £R2E�F&��(/�� �#9816%�9QAP9Q/��(-N^%�(&!�g�G2�(%B !";&!2E&!2E�I¤P%B #"F&(/$�$�

2E%'���! #"$A'%B2E�7&�H[�L� b AB2E%B !"F/$�$� H[���+)Gv7M!Mi%B�(&

µm = cos θm = ±

√

√

√

√1 −

(

p2
k+1−l

p2
l

)2

.
H[���+) GM

�T%B2�¦j%'�$¨G2EA��(%'��1f/��
θ = π/2

�$<>-q�
µ = 0

�(�;� �D2E&��(%B�! !"m�G2�(&!2E%'A'&L�d16%B2g9Q/����0�$<>-q�Y2E%'�F-N^%�(&!�
�G2�(%B #"F&!2E&!2E���h�;&!2E���(%'&#^Q&!2E���G2E"�S��!2E��1�9Q�Y2E%l<>/�XY�7�(%'&(%'�G2E�Z�$<>-q�$��2E�F9Q&(%'�G2E�

µ
�:¦ 2�(&!2E�l�

�:���*���(&#9Q��1
pk
�G��� £R2E�F&��(/���2�(�G2E�Y2E�g�(%B !"C9QAB�#�*¯J�8A'�G2E��1$20rN2E<>%B2E"F/$�$�G2E�g¯[´���16%B2*?;&��#9Q"$A'/$�$�G���

�D���D2E�;&!27�

J(pk) =
1

2

k
∑

m=1

am

(

I+
k+1−m,m + I−k+1−m,m

) H[�`�IH7KGM

H(pk) =
1

2

k
∑

m=1

bm µm

(

I+
k+1−m,m − I−k+1−m,m

) H[�`�IH6,OM

K(pk) =
1

2

k
∑

m=1

cm µ2
m

(

I+
k+1−m,m + I−k+1−m,m

) H[�`�IH7)GM
¦_%��!1��8�$%'�G2`�h�;&!2E�.�#9Q&(%B�8���g%'& N*%'A ¯J2±1$2� � �#9QXR2E<&�!2E�G2EA�9Q/��(�G2®¯[´$"��(&L��7%'A'&*¯²´��*16%B2`�h�;&!2E�.�#9Q&(%B�8�����
�G2E-0%B #"F&!2

am = bm = cm =











1
2 (µ2 − µ1)

¯[´��
m = 1

1
2 (µm+1 − µm−1)

¯[´��
1 < m < k

1
2 (µm − µm−1)

¯[´��
m = k

H[�`�IH-HGM

,L¶7K



�����!�	��� � � ��
 � � �!��� �C�� ����� 
�����	���
� �!�1�	��&
����� �!�!�����
	 "	�9���������#�C�
��	�

�T%B23�h�;&!2E�.�#9Q&(%B�8���(�G2E-0%B !";&!2q¨GS8�$��2E��9Q/� #"�9Q/��i�Y2>�(&(%�� �`&!2E��r=2>16%'�$�7/$�$�G2E�f9Q�
I±

/$��1]�G2>���D2®�
&��(%B�! #"�2E� �*�Y2�(AB2E�7/$�$�G2E�e¯[´��c�G2�!�# !"$%B2>1$2E��2�?;&��#9Q"$AB2E�F�G2�(A�^Q/6¯J2o�Y2�!2> !"$��2E&\-i2�!1$2E� H[�(%B2E"�2 �*�6�
�$%'AB16/$�$�]�`�+)GM®�
?@ #"$A'%B2E�7A'%B !"�-0%��!1 1$2�f451$16%'�$�7&!�8�6¯:9Q¨;&!���m9Q/��³1$2� s52�("U^QA'&(�$%B�f�G��� <>-i2E%'&!2E��<>/�� �F/$A'A'&!2E�
?;&��#9Q"$A'/$�$�G���D���D2E�;&3�R2�!2> #"$��2E&L�

fEdd(pk) :=
K(pk)

J(pk)
.

H[���IHQµ;M

,L¶6,
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���I16%B2>�!2� �.�U9Q"$�$�e-=2�!1$2E�j16%B2³¤*2L9Q¨@&(%B�8��2E�l516%B2�1�98�  !"�2�g%B�! #"�2³¤T9Q&!2E�$��2E&(<>-i2�(¨��$%'AB1$2E�l
9Q/6¯[�G2EA'%B�(&!2E&L�

# ������
�$�	�%$'&)(+*�
-,/. 

45�\%B�!&�2E%'��210.�F&!2�!�! #"�2E%B16/$�$�m<>-0%B�! !"�2E�32@�(&("��Q�±/$��1 «¡9%�#9 �

H2
¡�G���(�G2>�!2E"�2E�l�16%B2Z9Q�R2�\�$%B #"F&

�Y2E�F/$&(<>&N-0%��!1 �54;�(&#9Q&(&!1$2>�!�!2E�o�G2E"F&016%B2T�*�$�U9Q"��D2761�98�!�N1�98�!�=���(&("��Q��<>/ XU9%�#9 �:s52�("U^QA'&(�$%B�P´$�R2�
16%B2±�G2>�¬9%�c&!2q¤.2> !"$�F/$�$��H6�',±�Y2E&��#^Q�7&L�
�����ª9Q�Y2EA'AB2*r3�',N%B�(&51�98�§%'�D16%B2>�!2�§�@�(�R2E%'&�%��gX$AB2�D2E�;&(%B2�(&!2. #"�2�g%B�! !"�2T¤.9Q&!2E�$��2E&(<>-=2�(¨C9Q/6¯²�G2EA'% �
�(&!2E&L�$�T%B2L./�2EA'AB2E�U9Q�$�F9Q�Y2q�Y2E<>%B2E"F&.�(%B !"�9Q/6¯¡¯[�8A'�G2E��1$2c«�/$�$A'%'¨89Q&(%B�8��2E�l�Wr �=k5��r9�!��� �� �=�8X$X$%:
k 9%�!�#�8� u� xh@«60Ptg�@«�/$�C2E&09QA:�Wu µ �Qxh@«i?$?R�6«�9QA'A�96$?69QA'XY2E&!2�L�?;&#9Q"$AB2�±u µ/HQxl?@k ���$?;&#9Q�� E%'A:6kl2EX$Xl
�±9QA'�F9%�(����u+¶ � xh u+¶  xl/$��1�kª?@�\��kl2EX$XlW?;&#9Q�� E%'A:W�±9QA'�F9%�(����uIH7)Qx

�¡9Q�R2EA'AB2`r3�',7�$�398�* !"�2�g%B�! #"�2`©T2E&(<>-i2�(¨Y�
¤T9Q&!2E�$¨G�;2®°D<>%B2E�;&!2E�

¤.2L9Q¨;&(%B�8�
A B C D

L./�2EA'AB2
H + e− → H+ + e− + e−

¶6���7¶7K84��#,7, ¶6�+K7K7K84���K6, �#,7�+¶Gv �84873K7¶ ¶6�+K7K7K84���K6, r �=k ¶
H+ + e− → H + γ

�6� µFK7K84��#,7, ��¶6�+K7K7K84���K6, K6�+K7K7K84973K7K v@�+K7K7K84���K6, r �=k M
H + e− → H− + γ

H6�+K7K7K84��#,;M ,7�+K7K7K84873K7K K6�+K7K7K84873K7K «60*t
H− + H → H2 + e−

6�wv8¶7K84��#,LK K6�+K7K7K84973K7K K6�+K7K7K84873K7K r �=k
H− + H+ → H + H

v@�+K7K7K84���KGv ��¶6�+K7K7K84���K6, K6�+K7K7K84973K7K r �=k
H2 + e− → H + H− )6�wv8K7K84���K � �#,7�+¶7K7K84973K7K �:µ��IH7K7K84873KQµ r �=k
H2 + H → H + H + H

M6�+¶7K7K84���KGv ��¶6�+K7K7K84���K6, ��¶6�+)7K7K84873KQµ �AM6�+K7K7K84873K-H «i?$?
H2 + H+ → H+

2 + H
)6� µFK7K84���K  K6�+K7K7K84873K7K ��)6�',L)7K84873KQµ r �=k

H2 + e− → H + H + e−
µ��IH �7K84��#,LK K6�+K7K7K84973K7K �#,7�+K7)7K84873K7¶ H6�+¶7K7K84���K6, r �=k 

H− + e− → H + e− + e−
µ��+K7K7K84��#,L) ,7�+K7K7K84973K7K � �6�wv8¶7K84873K-H r �=k

H− + H → H + H + e−
¶6�IH7K7K84���)7K ,7�+K7K7K84973K7K � �6�wv8¶7K84873K-H r �=k

:-;=<?>A@CB=>EDGFGHJILKJF%MON+BC<�H-P+QSRT@?>UBVHXWTBVYZ>[B
�[\ & !O]5^ .0�$&�- 1 18_ � `ba -/')�X] %c^ .0� '�- %c] % &edea - %f^ -/.0� �$(?^9g ' 1��ihkj�� �Xl�( ')(kjEm %�'��+n $ 1�&�-o^8pqh & H2

( �5r�� - % 1��$%�'[j
 -o^ .0�$% &ts - +*% &�&5^ .0��(kr 1�% & �$%C^9u (?^ %c^ (*�5^Ua - 'Sv�% &tv*(*&�&Tdea % &�& �$-/%xw�y�� $ �$&�+ � %C^zu (k^ %C^ &$-/.0�	16a -/% -/& � - %c^ %�'
!�'S] % - 1{yi] %0'��$-/%6g}| ( � - 1~n 1Vdi^[h & � %�'�&by5] %�'���%�- ��j �$& �xw�y�� $ r ��&iv	1�-oh &$% &f] %�'�% .)��&�%01{a - ')���

,L¶-H



�zK%@9QSR-B�� Y @kQSR-B��9B=>ED���BC<��
	T:-;=<?>A@CB=>EDGFGHJI
¤T9Q&!2E�$¨G�;2®°D<>%B2E�;&!2E�

¤.2L9Q¨;&(%B�8� � r � � L./�2EA'AB2
H− + H+ → H+

2 + e−
�6���-H7K84��#,L¶ �AH6�+)7K7K84���K6, K6�+K7K7K84873K7K «60*t

H + H + H → H2 + H
µ��',L)7¶84���)  �#,7�+K7K7K84873K7K K6�+K7K7K84873K7K «i?$?

H + H + H2 → H2 + H2
¶6�',L¶-M84��AH7K �#,7�+K7K7K84973K7K K6�+K7K7K84873K7K «i?$?

H2 + H2 → H2 + H + H
�6�',L)7¶84���K � ��¶6�+K7K7K84���K6, ��¶6�+)7K7K84973KQµ �AM6�+K7K7K84873K-H «i?$?

H + H → H+ + e− + H
6���-M7K84��#,L¶ ¶6�+K7K7K84���K6, �#,7�+¶ �7K84873K7¶ «i?$?

H + H− → H2 + e−
,7�',L)7¶84���K  �#,7�+K7K7K84���K6, K6�+K7K7K84873K7K ?@kl�

H+ + H− → H + H
µ��+K7K7K84���K � ��¶6�+K7K7K84���K6, K6�+K7K7K84973K7K ?@kl�

H− + γ → H + e−
)6�+K �7K84873KQµ )6�',;H7K84973K7K �6���7)7K84873K-H kª?@�T%

H+
2 + e− → H + H

,7�+)7K7K84���K � �:µ��+K7K7K84���K6, K6�+K7K7K84973K7K ?@kl�
H+

2 + H− → H2 + H
,7�+K7¶7K84���KGv ��¶6�+K7K7K84���K6, K6�+K7K7K84873K7K ?@kl�

H+
2 + H2 → H+

3 + H
)6�+)QµFK84���K  µ��+)7K7K84���K7) µ��IM-M7K84873KQµ ?@kl�

H+
3 + e− → H2 + H

µ��+K7K7K84���K � ��¶6�+K7K7K84���K6, K6�+K7K7K84873K7K ?@kl�
H+

3 + e− → H + H + H
,7�IM7K7K84���KGv ��¶6�+K7K7K84���K6, K6�+K7K7K84873K7K ?@k �

H + γ → H+ + e−
,7� µFK7K84873KGv 6���7K7K84���K6, ,7�+¶Gv8K84873K7¶ kª?@�T%

H+
2 + H− → H+

3 + e−
)6�wv8K7K84��#,LK �:µ�� µ �7K84���K6, H6�',L)7K84873KQµ kª?@�

H+ + H− → H+
2 + e−

,7�+K7K7K84���K  �:µ��+K7K7K84���K6, K6�+K7K7K84873K7K ?@kl�
H+

2 + H− → H + H + H
,7� µFK7K84���KGv ��¶6�+K7K7K84���K6, K6�+K7K7K84873K7K ?@k �

H2 + H+ → H+
3 + γ

,7�+K7K7K84���)7K K6�+K7K7K84873K7K K6�+K7K7K84873K7K ?@kl�
H+

2 + H → H+
3 + γ

,7�+¶7K7K84��#,Ov ,7���7K7K84873K7K ��)6�+K7K7K84873K6, ?@kl�T%
H+

3 + H− → H2 + H + H
,7�wv8)7¶84���KGv ��¶6�+K7K7K84���K6, K6�+K7K7K84973K7K ?@kl�

�T%B2±4�%'�$"�2E%'&T1$2>�P¤.9Q&!2E�$¨G�@2®°D<>%B2E�F&!2E�
k
%B�!&

cm3 s−1 �$<>-q� cm6 s−1 �Y2E%l���!2E%'&!2E%'AB !"�2E���!2L9Q¨@&(%B�Q���2E�l�
�T%B2Z¤.9Q&!2E�$¨G�@2®°D<>%B2E�F&!2E�_"U9Q�Y2E� 2E%'��2���2o�U98 #" L./�2EA'AB2ZAB2E%B #"F&C/$�;&!2�!�! !"$%B2>16A'%B #"�2�V�������

T
%B�(&

�(&!2E&!�.16%B2 b 98�(&!2�gXY2�#9Q&(/��*%'� J±2EA'�;%'�l������r9�!��� �� �=�8X$X$%:Wk 9%�!�!�8� H[r �=kªMqu� x -0%��!1
k
¯J�8A'�G2E�6�

1$2���C9Q�G2E�³�R2�!2> #"$��2E&L�

kBCL =A · T B exp

(

C

T

)

kBCL5 =A · T B exp

(

C

T

)

·

(

1 +

(

T

105

)D
)−1

kBCL6 =A · T B exp

(

C

T

)

·

(

1 +

(

T

106

)D
)−1

· (T/103)−0,2

kBCL9 =A · T B exp

(

C

T

)

· T D

�T%B2g¤.9Q&!2E�$¨G�@2®°D<>%B2E�F&!2E� 9Q/��q«�/$��2E&c9QA:��u µ � xhd«¡9QA'A�96�?69QA'XR2E&!2�L ?;&#9Q"$AB2� u µ/HQx*H[«i?$?$Mq?;&#9Q�� E%'A:
kl2EX$XlW�±9QA'�F9%�(����u+¶ �Qxhlu+¶  x=H:?@k �±MN/$��1�kl2EX$XlR?;&#9Q�� E%'A:U�39QA'�F9%�(���³uIH7) x=H[kª?@�qM=A�9Q/$&!2E��¯[�8A'�G2E�6�

,L¶Qµ



�	������� �	���C��� ����� � ��� ����� �������� �����

1$2���C9Q�G2E�l�

kPUY =A ·

(

T

300

)B

exp

(

−
C

T

)

kPSS =A · T B exp

(

−
C

T

)(

1 − exp

(

−
D

T

))

kSLD,LSD =A ·

(

T

300

)B

exp

(

−
T

C

)

kSLDi,LSDi =A ·

(

T

300

)B

exp

(

−
C

T

)

,L¶7¶
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,7�', �T%B !";&!2®�i/$��1 b 2>�! !";-0%'��16%'�7¨G2E%'&!�(�G2�(&!2E%'A'/$�$�Z2E%'��2�*¨G�8A'A�9Q�$%B2�!2E��1$2E�f¦ �8A'¨G2 HJ9Q/��
k 9%�!�!�8� u+)  x²M®� �q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,Eµ

,7�+) 4��;&h-0%B !¨@A'/$�$�G�(X$"U98�!2E�³2E%'��2�=X��!�8&!�7�!&!2EA'A�9%�!2E�Z¦ �8A'¨G2\HJ9Q/��x2@�`/$¨89Q%���©*%B�!"$%ªu µF)Qx²M®�g,Ov
,7�IH ?;&��(/$¨@&(/��§2E%'��2�§X��(%��D���!16%�9QAB2E�]X��!�8&!�7�(&!2EA'A�9%�!2E�]¦ �8A'¨G20-=^Q"��!2E��1]1$2>�&J.�8A'A�9QX��!2>�L

9Q/��P¤*%'XU9%�D�8�F&(%ª2E&*9QA:� u+¶7K xh� �q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� )7K
)6�', ¤*�7�#�!2EA�9Q��1@�5/$��1�«�A�9Q�� #¨��g%'&(&!2EA¡1$2�*«ª�8X��#�!�:�c2.XU9Q<>%'&#^Q&T9Q/��3Of9L�G2�`uIH7¶ xh� �q�±�q� H7K
)6�+) ¤*�7�#�!2EA�9Q��1 �g%'&(&!2EA]1$2��2.XU9Q<>%'&#^Q&�¯²´���16%B2IX��(%��D���!16%�9QAB2 b 98���g%B�! !";/$�$���U98 !"

O�9>�G2�cuIH7¶ xh� �±�q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� H7)
)6�IH «�A�9Q�� #¨��g%'&(&!2EA 1$2�2.XU9Q<>%'&#^Q& ¯[´�� 16%B2 X��(%��D���!16%�9QAB2 b 98���g%B�! #"F/$�$� �U98 !"

O�9>�G2�cuIH7¶ xh� �±�q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� H-H
)6� µ ¤*�7�#�!2EA�9Q��1 �g%'&(&!2EA�1$2� 2.XU9Q<>%'&#^Q&¯[´��«¡�8XP�:� b 98���g%B�! !";/$�$���U98 !" b AB2E% �

 !";/$�$��HJ)6�',Eµ;M>� �q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� HQµ
H6�', ?;XY2E¨;&��(/�� <>/�� r=2>�!&(%�� �c/$�$� 1$2�DX��(%��D���!16%�9QAB2E�_�32E/$&!2�(%'/��g"U^Q/6y��7¨G2E%'& HJ9Q/��

kd%'���(¨@�o2E&*9QA:�luIH-H x²M®� �q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� µFK
H6�+) 4�a6&��#9QXR�8A�9Q&(%B�8��<>/��`rN2>�(&(%�� �`/$�$�f1$2�`X��(%��D���!16%�9QAB2E� N.2EA'%'/��g"U^Q/6y��7¨G2E%'&�HJ9Q/��

��<L�8&!�L�� �N"F/U9Q��u+)-M x²M®���q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� µF)
H6�IH N3^Q/6y��7¨G2E%'&!2E���G�8� 4He


D
 3He

/$��1 7Li
HJ9Q/�� �=�; c2E&*9QA:�lu',LK x²M®���q�q�±�c�±�q� µ7µ

H6� µ 4��;&h-0%B !¨@A'/$�$�g1$2�
H
�#

D
�
He
� /$��1

Li
�:"U9QA'&(%'�G2E�o?;XY2E<>%B2>�5%���¯��(´$"�2E� 0*�$%'�G2�!�(/��

HJ9Q/�� b 9QA'A'%�� «¡9QA'A�9�u+)7K x²M®� �±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� µ 
H6�+¶ 4���2�(�7%B2E�$%'�G2L9Q/��T2E%'��2>��Of�8AB2E¨;´$AB�Z�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ¶-M
H6�IM J3´$"$A ¯[/$�$¨;&(%B�8�ZX��!�	Of�8AB2E¨;´$A5H

H2

HD


LiH

/$��1
H+

2

MTHJ9Q/�� b 9QA'A'%��¥«�9QA'A�9ou+)7KQx²M®�q¶Gv
µ��', b 2>�(&#9 �d2EA'&!2>� b %'&(&!2� �q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� M-H
µ��+) �./��!2E%'�U9Q��1$2�(A�9Q/6¯[2E� 1$2�5%'�$��2�!2E� b %'&(&!2�(X$/$�$¨@&!20�Y2E%�2E%'��2�&J*�8A'A�9QX��(&!2>�!&��!2> !"$�F/$�$���Dv8K
¶6�', � 2�gXY2�#9Q&(/��*%'���.�$"U^Q�$�7%'�7¨G2E%'&.1$2�.¤*�8&(�G2�!�! #"$%B2E�$/$�$�fHJ9Q/��*V¡AB�O-i2�.2E&*9QA:� u',  x²M®�pv �
¶6�+) �G2L9Q�����C98�#�!2±�Y2E%d¨G�8���(&#9Q�F&!2� � 2�gXY2�#9Q&(/��T9QAB�PV$/$�$¨@&(%B�8��1$2�*�T%B #"F&!27���±�q�±�q� v 

,L¶Gv
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������������� � �#��������

M6�', Of�;1$2EA'A��!2> #"$�F/$�$���8"$��2_ !"�2�g%B�! #"�2>� ©T2E&(<>-i2�(¨ �g%'& ¨G�8���(&#9Q�;&!2�32.XU9Q<>%'&#^Q&L�
?;&��(/$¨@&(/��(�.�!S8�G2E�l�T�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� 7K

M6�+) Of�;1$2EA'A��!2> #"$�F/$�$�3�8"$��2§ !"�2�g%B�# !"�2>��©.2E&(<>-=2�(¨��g%'& ¨G�8���(&#9Q�;&!2� 2.XU9Q<>%'&#^Q&%4Q«B�!�Q�
&!�7�(&!2�(�l� NT¤0�h�T%�9Q�.�#9%� ���k 2E/� !"F&(¨;�#9 ¯[&L O�98�!�!27$¤.9816%'/��O���q�±�q�±�q�c�±�q�±�q� 6,

M6�IH Of�;1$2EA'A��!2> #"$�F/$�$�D�8"$��2T !"�2�g%B�! #"�2>�P©.2E&(<>-=2�(¨1�g%'&=¨G�8���(&#9Q�F&!2�f2.XU9Q<>%'&#^Q&%4@"F�;�
1 �!�7�(&#9Q&(%B�! #"�2� J±2�(�l� NT¤0�h�T%�9Q�.�#9%� ���k 2E/� !"F&(¨;�#9 ¯[&L O�98�!�!27$¤.9816%'/��O�±�±�q�±�q� 7)

M6� µ Of�;1$2EA'A��!2> #"$�F/$�$�`�8"$��20 #"�2�g%B�! !"�2>�=©T2E&(<>-i2�(¨M�g%'&5«ª�8X��h�c2.XU9Q<>%'&#^Q&L�6?;&��(/$¨@&(/����
�.�!S8�G2E�l�Y�q�±�q�±�q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� -H

M6�+¶ Of�;1$2EA'A��!2> #"$�F/$�$�±�8"$��2i #"�2�g%B�! !"�2>��©T2E&(<>-i2�(¨ �g%'&¡«¡�8X��:�c2.XU9Q<>%'&#^Q&L�F?;&#9Q/$�$";´$A �
AB27��NT¤0�h�T%�9Q�.�#9%� ���kl2E/� #"F&(¨;�#9 ¯²&L Of98�#�!27$¤.9816%'/��L���c�q�±�q�±�q�±�q�c�±�q�±�q� Qµ

M6�IM Of�;1$2EA'A��!2> #"$�F/$�$�I�8"$��2m #"�2�g%B�! !"�2>�³©.2E&(<>-=2�(¨ �g%'&�«¡�8X��:�c2.XU9Q<>%'&#^Q&L�.«B�!�8&!�Q�
�(&!2�(� /$��1D"F�61 �!�7�(&#9Q&(%B�! #"�2� J±2�(�l� NT¤0�h�T%�9Q�.�#9%� ��@kl2E/� !";&(¨��#9 ¯[&L Of98�!�#27G¤.9 �
16%'/��L�f�±�q�±�q�±�q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� 7¶

M6�wv Of�;1$2EA'A��!2> #"$�F/$�$���8"$��2\ !"�2�g%B�! #"�2>�q©T2E&(<>-i2�(¨��g%'&3«¡�8X��!�!�h�c2.XU9Q<>%'&#^Q&L�d?;&��(/$¨;�
&(/��(�.�!S8�G2E�l�g�q�±�q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� Gv

M6��� Of�;1$2EA'A��!2> #"$�F/$�$���8"$��2� !"�2�g%B�! #"�2>�±©.2E&(<>-=2�(¨��g%'&T«¡�8X��!�!�h�c2.XU9Q<>%'&#^Q&%4Y«B�!�8&!�Q�
�(&!2�(� /$��1D"F�61 �!�7�(&#9Q&(%B�! #"�2� J±2�(�l� NT¤0�h�T%�9Q�.�#9%� ��@kl2E/� !";&(¨��#9 ¯[&L Of98�!�#27G¤.9 �
16%'/��L�f�±�q�±�q�±�q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q�  �

M6�� Of�;1$2EA'A��!2> #"$�F/$�$�G2E���8"$��2q !"�2�g%B�! #"�2>�.©T2E&(<>-i2�(¨Y$/$�;&!2�!�! !"$%B2>16A'%B #"�2t2.XU9Q<>%'&#^Q&L� ,LK7K
M6�',LK Of�;1$2EA'A��!2> #"$�F/$�$�G2E� �8"$��2C !"�2�g%B�# !"�2>��©.2E&(<>-=2�(¨R ¨G�8���(&#9Q�F&!2�t2.XU9Q<>%'&#^Q&c/$��1

�.�6¯J9Q�$�G�(&!2�gXY2�#9Q&(/��L$/$�;&!2�!�! !"$%B2>16A'%B #"�2�3�.�6¯:9Q�$�G�!16%B !";&!27���q�±�q�±�q�c�±�q�±�q� ,LK6,
M6�',7, Of�;1$2EA'A��!2> #"$�F/$�$�G2E�p�8"$��2� !"�2�g%B�! #"�2>� ©T2E&(<>-i2�(¨Y5«¡�8X��:�c2.XU9Q<>%'&#^Q& /$��1�¨G�8�6�

�(&#9Q�;&!2�*�*�6¯:9Q�$�G�(&!2�gXY2�#9Q&(/��L�/$�;&!2�!�! !"$%B2>16A'%B #"�2�3�.�6¯:9Q�$�G�!16%B !";&!27�ª�q�c�±�q�±�q� ,LK7)
M6�',L) Of�;1$2EA'A��!2> #"$�F/$�$�G2E���8"$��23 !"�2�g%B�# !"�2>�P©T2E&(<>-i2�(¨Y$«ª�8X��#�!�:�c2.XU9Q<>%'&#^Q&N/$��1]¨G�8�6�

�(&#9Q�;&!2�*�*�6¯:9Q�$�G�(&!2�gXY2�#9Q&(/��L�/$�;&!2�!�! !"$%B2>16A'%B #"�2�3�.�6¯:9Q�$�G�!16%B !";&!27�ª�q�c�±�q�±�q� ,LK-H
M6�',;H Of�;1$2EA'A��!2> #"$�F/$�$�G2E� �8"$��2C !"�2�g%B�# !"�2>��©.2E&(<>-=2�(¨R ¨G�8���(&#9Q�F&!2�t2.XU9Q<>%'&#^Q&c/$��1

�.�6¯J9Q�$�G�!16%B #"F&!27U/$�F&!2�!�! #"$%B2>16A'%B !"�2�±�*�6¯:9Q�$�G�(&!2�gXY2�#9Q&(/��L�Z�q�±�q�±�q�c�±�q�±�q� ,LKQµ
M6�',Eµ Of�;1$2EA'A��!2> #"$�F/$�$�G2E� �8"$��20 #"�2�g%B�! !"�2>�i©.2E&(<>-=2�(¨RF«ª�8X��h�c2.XU9Q<>%'&#^Q&LG¨G�8���(&#9Q�;&!2�

�.�6¯J9Q�$�G�!16%B #"F&!2c/$��1Z/$�F&!2�!�! #"$%B2>16A'%B !"�2�±�.�6¯J9Q�$�G�(&!2�gXY2�#9Q&(/��L�0�q�±�q�c�±�q�±�q� ,LK7¶
M6�',L¶ Of�;1$2EA'A��!2> #"$�F/$�$�G2E�Z�8"$��2P !"�2�g%B�# !"�2>�N©.2E&(<>-=2�(¨R;«ª�8X��#�!�:�c2.XU9Q<>%'&#^Q&LF¨G�8���(&#9Q�6�

&!2�P�.�6¯J9Q�$�G�!16%B #"F&!2c/$��1Z/$�F&!2�!�! #"$%B2>16A'%B !"�2�±�.�6¯J9Q�$�G�(&!2�gXY2�#9Q&(/��L�P�q�c�±�q�±�q� ,LK-M
M6�',;Mp£R2E�F&��#9QA'&!2�gXY2�#9Q&(/��T�G2E�G2E�f£R2E�F&��#9QAB16%B #"F&!27���±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,7,L)
M6�',Ov s52�(�7AB2E%B !"f1$2�*4�%'�6¯:9QA'A'�G2>�! !";-0%'��16%'�7¨G2E%'&!2E�l���±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,7,L¶
M6�', �j4���16<>/��(&#9Q��1³1$2�3O³�@1$2EA'A��!2> !"$�;/$�$�G2E�l� J*�8�$<L2E�F&��#9Q&(%B�8��2E�l �ª2�gXR2�#9Q&(/��L Of98�!�#27�;,7,;M
M6�',  Of�;1$2EA'A��!2> #"$�F/$�$� �g%'&5 #"�2�g%B�! !"�2��©T2E&(<>-i2�(¨�/$��1\«ª�8X��h�c2.XU9Q<>%'&#^Q&L�@?;&��(/$¨@&(/����

�.�!S8�G2E�l�Y�q�±�q�±�q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,L)7K
M6�+)7K Of�;1$2EA'A��!2> #"$�F/$�$� �g%'&\ !"�2�g%B�! #"�2� ©.2E&(<>-=2�(¨e/$��1�«ª�8X��h�c2.XU9Q<>%'&#^Q&L�'�i?;&#9Q/$�6�

"F´$A'AB27� N.¤P�h�.%�9Q�.�#9%� ��Wkl2E/� !";&(¨��#9 ¯[&L O�98�!�!27$¤T9816%'/��L�@�q�±�q�±�q�±�q�c�±�q�±�q� ,L)6,
,L¶ �



� � �������	
��	�����	� ��� ������������

M6�+)6, Of�;1$2EA'A��!2> #"$�F/$�$�G�g%'&D #"�2�g%B�! !"�2� ©.2E&(<>-=2�(¨ /$��1�«¡�8X��:�c2.XU9Q<>%'&#^Q&L�'�i«B�!�8&!�Q�
�(&!2�(�l��NT¤0�h�T%�9Q�.�#9%� ��Uk 2E/� !"F&(¨;�#9 ¯[&L O�98�!�!27$¤.9816%'/��O���±�q�±�q�±�q�c�±�q�±�q� ,L)7)

M6�+)7) Of�;1$2EA'A��!2> #"$�F/$�$� �g%'&. #"�2�g%B�! !"�2��©T2E&(<>-i2�(¨�/$��1³«¡�8X��:�c2.XU9Q<>%'&#^Q&L�Y<L2E%'&(A'%B #"�2
4��;&h-0%B !¨@A'/$�$�o1$2�P¦e98�!�!2�!�(&!� �d�(XY2E<>%B2>�L�R�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,L)-H

M6�+)-H Of�;1$2EA'A��!2> #"$�F/$�$� �g%'&. #"�2�g%B�! !"�2��©T2E&(<>-i2�(¨�/$��1³«¡�8X��!�!�h�c2.XU9Q<>%'&#^Q&L�Y?;&��(/$¨;�
&(/��(�.�!S8�G2E�l�g�q�±�q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,L)Qµ

M6�+)Qµ Of�;1$2EA'A��!2> #"$�F/$�$� �g%'&N !"�2�g%B�! #"�2� ©.2E&(<>-=2�(¨D/$��1 «¡�8X��!�!�h�c2.XU9Q<>%'&#^Q&L�'�6«B�!�8&!�Q�
�(&!2�(�l��NT¤0�h�T%�9Q�.�#9%� ��Uk 2E/� !"F&(¨;�#9 ¯[&L O�98�!�!27$¤.9816%'/��O���±�q�±�q�±�q�c�±�q�±�q� ,L)7¶

M6�+)7¶ Of�;1$2EA'A��!2> #"$�F/$�$���g%'&  !"�2�g%B�! #"�2��©T2E&(<>-i2�(¨3/$��1q«¡�8X��!�!�h�c2.XU9Q<>%'&#^Q&L�L<L2E%'&(A'%B #"�2
4��;&h-0%B !¨@A'/$�$�o1$2�P¦e98�!�!2�!�(&!� �d�(XY2E<>%B2>�L�R�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,L)-M

M6�+)-M O�98�!�!2E�U9Q¨@¨��!2E&(%B�8� Of�;1$2EA'AB2c2E%'���! !"$A'%B2E�7A'%B #"f #"�2�g%B�! !"�2�T4��F&�-0%B !¨@A'/$�$� �±�q�±�q� ,L) �
M6�+)Gv�Of�;1$2EA'A��!2> #"$�F/$�$�G2E� �g%'&
 !"�2�g%B�# !"�2� ©T2E&(<>-i2�(¨Y s52�(�7AB2E%B !" «¡�8X��:��/$��1

«¡�8X��!�!�h�c2.XU9Q<>%'&#^Q&L�
�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,;H7K
M6�+) � Of�;1$2EA'A��!2> #"$�F/$�$�G2E� �g%'&  #"�2�g%B�! !"�2��©T2E&(<>-i2�(¨Yi«¡�8X��h�c2.XU9Q<>%'&#^Q&Z/$��1 ¨G�8�6�

�(&#9Q�;&!2�*�*�6¯:9Q�$�G�(&!2�gXY2�#9Q&(/��L�/$�;&!2�!�! !"$%B2>16A'%B #"�2�3�.�6¯:9Q�$�G�!16%B !";&!27�ª�q�c�±�q�±�q� ,;H6,
M6�+)  Of�;1$2EA'A��!2> #"$�F/$�$�G2E� �g%'&* !"�2�g%B�! #"�2��©T2E&(<>-i2�(¨Y�«¡�8X��!�!�h�c2.XU9Q<>%'&#^Q&P/$��1Z¨G�8�6�

�(&#9Q�;&!2�*�*�6¯:9Q�$�G�(&!2�gXY2�#9Q&(/��L�/$�;&!2�!�! !"$%B2>16A'%B #"�2�3�.�6¯:9Q�$�G�!16%B !";&!27�ª�q�c�±�q�±�q� ,;H7)
M6�IH7K Of�;1$2EA'A��!2> #"$�F/$�$�G2E� �g%'&  #"�2�g%B�! !"�2��©T2E&(<>-i2�(¨Yi«¡�8X��h�c2.XU9Q<>%'&#^Q&Z/$��1 ¨G�8�6�

�(&#9Q�;&!2�*�*�6¯:9Q�$�G�(&!2E%'AB #"�2E��16%B !"F&!27R/$�;&!2�!�! !"$%B2>16A'%B #"�2�3�.�6¯:9Q�$�G�(&!2�gXR2�#9Q&(/��L���q� ,;HQµ
M6�IH6, Of�;1$2EA'A��!2> #"$�F/$�$�G2E� �g%'&* !"�2�g%B�! #"�2��©T2E&(<>-i2�(¨Y�«¡�8X��!�!�h�c2.XU9Q<>%'&#^Q&P/$��1Z¨G�8�6�

�(&#9Q�;&!2�*�*�6¯:9Q�$�G�(&!2E%'AB #"�2E��16%B !"F&!27R/$�;&!2�!�! !"$%B2>16A'%B #"�2�3�.�6¯:9Q�$�G�(&!2�gXR2�#9Q&(/��L���q� ,;H7¶
M6�IH7) Of�;1$2EA'A��!2> #"$�F/$�$�M�g%'&i«¡�8X��:�c2.XU9Q<>%'&#^Q&L�;/$�F&!2�!�! #"$%B2>16A'%B !"�2± #"�2�g%B�! !"�2T�*�6¯:9Q�$�G���

<>/��#9%� �D2E���!2E&(<>/$�$�����q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,;H 
M6�IH-H Of�;1$2EA'A��!2> #"$�F/$�$�F�g%'& «ª�8X��!�#�:�c2.XU9Q<>%'&#^Q&L��/$�F&!2�!�# !"$%B2>16A'%B !"�2  !"�2�g%B�! #"�2n�*�6�

¯:9Q�$�G�(<>/��#9%� �D2E���!2E&(<>/$�$��� �±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,EµFK
���', �±9%�!�(&!2EA'A'/$�$�C1$2�

pz
�h4��R2E��27�³�q�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q�±�q�q�±�c�±�q� ,Eµ/M

���+) �±9%�!�(&!2EA'A'/$�$�C1$2�
pz
�h4��R2E��2

µ
�h���F&!2E�.�#9Q&(%B�8��9Q/��Nt§���(¨G2Duwv@,Exh�c�±�q�±�q�q�±�q�±�c� ,L¶7K

���IH ���F&!2E�.�#9Q&(%B�8���(�G2E-0%B #"F&!2]<>/��`rN2>�(&(%�� �`/$�$�³1$2��?;&��#9Q"$A'/$�$�G���D���D2E�;&!2Z9Q/��±t§�����
¨G2guwv@,Exh�¡�q�±�q�±�q�c�±�q�±�q�±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,L¶7)

,L¶ 



� � � �B���	
������������� � �#��������

,;M7K



� � � � ��� � � 	 � �/��������� � ���

H6�', �.�6¯J9Q�$�G�(-=2�(&!2Z1$2��J*�8�$<L2E�F&��#9Q&(%B�8��2E�p1$2�D !"�2�g%B�# !"�2E�_?;XY2E<>%B2>�\%'��1$2E� O³�Q�
1$2EA'A��!2> !"$�;/$�$�G2E�f1$2�*�G���(A'%B2E�G2E��1$2E�³�@�(�R2E%'&L� �q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ¶Qµ

¶6�', �G2L9Q�����C98�#�!2
MJ(n, T )

���q�±�c�q�±�q�±�q�q�±�c�±�q�±�q�q�±�q�±�c�±�q�q�±�q�±�q� v 
M6�', 4B�(�G2E�$�$%B�!�#2q1$2��Of�;1$2EA'A��!2> #"$�F/$�$�G2E��4 Of98�!�#2E�l$¤.9816%B2E�l��.A'&!2�c�q�±�q�c�±�q�±�q� � �

M6�+) �±98�P !"�2�g%B�# !"�2c©T2E&(<>-i2�(¨ �±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,LK 
r3�', �±98�P !"�2�g%B�# !"�2c©T2E&(<>-i2�(¨ �±�q�q�±�c�±�q�q�±�q�±�q�±�c�q�±�q�±�q�±�q�c�±�q�±�q� ,L¶-H

,;M6,



�9� ��� ������� ������� � �#��������

,;M7)



� �{�/� �"� � � � 	 � �/� � ����� � ���

u',®x��±�W�*�Y2EA:$«¡�U�.�$�$%'���7�L O���k5��©T�����C9Q�lW9Q��1�t\�U£W"U9Q�$���NV¡%��!�(&T?;&��(/� E&(/��!2�V������C9Q&(%B�8�l�R�¬�
«#�(%��D���!16%�9QA5?;&#9%���J¯J�����g%'�$�o¤*2E�7%B�8���.%'� N.%B2�#9%�! !"$%B L9QA O³�@1$2EAB�L���������
	������������	���������� ��!"�#
$ ��� �¶7K �6�+¶6, �&%@¶7) 6R�32> >2�c�Y2�c,   �6�

u+) x��±�d�.�Y2EA: b �Yk5�dr9�(�F9Q�ll9Q��1 O��Rk§�R©T�����C9Q�l� �N"�2�VU�����C9Q&(%B�8� 9Q��1�V��#9Q�.�D2E�F&#9Q&(%B�8� �Q¯
«#�(%��D���!16%�9QA Of�8AB2> E/$A�9%� �iAB�8/�1$�L�'���(���)	*��+���,����	��������-� �.!  $ ��� 5¶QµFK6�IH &%Fµ7µ�i?@2EX$&!2�c�Y2�)7K7K7K6�

uIH x��±�U�*�Y2EA: b ��k5�UrC�(�F9Q�lW9Q��1 O �Uk5��©T�����C9Q�l� �N"�2qV������C9Q&(%B�8�f�Q¯¡&("�2cVª%��!�!&T?;&#9%�P%'��&("�2
0.�$%'�G2�!�!27�0/1�*��� $ �2�ER) 7¶6��-H&%  �6 �F9Q�;/U9%�(�Z)7K7K7)6�

u µ8x`©��d¤c�Yr09816��2EA'A: O��d�`�dr09Q/$&(%B�(&#96 Jg�dr=/$&(AB2�LlVN�d�32EA�9Q"U9>�G27 �T� O³2E��1$�8<O96d«¡�l«�9QA��D2�(%:
�T���U�§£R2E%'X$XR2E�l§9Q��1 O�� ���i?@2L9Q&!�8�l� 0.XR1�9Q&!2>1��8XU98 E%'&(%B2>�\¯J�!��� &("�2 2.XU98 E%'&h��«B�!� �(2> E&L�
34� $ ���5�768�.�����2��	9��:8�;���
<=���>���?�
	����� $ ��@A�������B/?�&�*���C���8 H-M7K6� µF¶ �&%Fµ/MQµ� �7/$��2c)7K7K7¶6�

u+¶ x`¤`�$r09Q��2� ��2>2c9Q��1Z¤`�$4P�$«�/�1 �(%'&(<G� Of98�!�!%'�G2±?;&#9%�.V������C9Q&(%B�8���@%�9	N*%'�7"��0 > �!2E&(%B�8�f¤.9Q&!2>�
9Q��1p4§9%�(A'�j�.%B�!¨F�h1 �(%'�G2E��2./$&+DU�L-P�L�E�����F�
	������������	������.�)�"��!  $ ��� �M-M7K6� µ;v &%Fµ � �6 Of9L�
)7K7KGv@�

uIM x`¤`�$r09Q��2� ��2>27$¤`�$4P�$«�/�1 �(%'&(<GW9Q��1Z�\�6¦ �$�*��1$2�!�#�8�l�i?;/$XR2�!�#�8�$%B 3&(/��(�$/$AB2E�� >27$y�A�9%�D2E�6�
&#9%�(�f98 > �!2E&(%B�8�e9Q��1�&("�2D�#9QX$%B1m98�!�!2�c�$A'�³�Q¯ �C98�!�(%'�G2��(&#9%�!�39Q��1f16%B�# >�L��3G� $ ���H��68�>�����2��	
��:8�;���
<=���>���?�
	����� $ ��@A�������B/?�&�*���C���8 HGv H6�',LK 6,�%W,7,LK-M6R�32> >2�c�Y2�T)7K7K-M6�

uwvOxJg�7¤`� rN2EA'A�9Q��1g�\�8©`� �T�7kd%'�l� 0T�(%'�$�±V}0�2@�(%B�8�$%B���8/$&(�$/��!�(&!��&!�3 >�8���(&��#9Q%'�D�!2EA ¯²�5�!2E�7/$A�9Q&!2>1
X��!�8&!�7�!&!2EA'A�9%�.16%B�(¨7�D�;1$2EAB�O�I�����
�)	��������� �J	����2����� �.!  $ ��� $µF)Gv@�� �GvK%W,LK7KQµ� �G/$��2C,  Qµ��

u�� xcs\�7r9�!��� ��G«¡�;?R� �=�8X$X$%:F9Q��1g¤`�7rT�7kª9%�!�!�8�l�WVU�����g%'�$�q&("�2PV¡%��!�(&i?;&#9%�!��%'�g&("�2x0.�$%'�G2�!�!27�
�N"�2TV��#9Q�.�D2E�;&#9Q&(%B�8���Q¯ «B�(%��D���!16%�9QA b 98�L�L�����L�)	��������� �J	����2���?�"��!" $ �.�NMO�*���P���	®6¶7)Gv@� k ¶&%k �6��32> >2�c�Y2�`,   6�

u� xcs\�lr9�!��� ��l«¡�¡?R� �=�8X$X$%:¡9Q��1 ¤c�dr3�lkª9%�!�!�8�l���N"�2 V������C9Q&(%B�8� �Q¯0&("�2DV¡%��!�(&�?;&#9%�!�O�l�¬�
�N"�2§«B�(%��D���!16%�9QA$?;&#9%���J¯J�����g%'�$� �iAB�8/�1d�����(�Q�)	��������� �J	����2��� �"��!  $ ���  ¶-MQµ��+)-H&%@¶6,7 �F9Q�F/U9%�(�)7K7K7)6�

u',LK x`��� �=�@ 7U4*��s§9Q�$�7%B�8�$% �hV¡A�9%��Y«ª�R�32>�! >�8/$�G2�D�8�F&LY�����01�9Q"� !"��8/��Ll9Q��1 �T�U�.�$�7/$AB�$� 0*X6�
1�9Q&!2>1Zr=%'�\r09Q�$�\©./� EAB2>�7�(�@�F&("�2>�(%B� �=���gXU9%�!2>1o-0%'&("o¦_%'A'¨;%'���#�8� O³%B �!�L-N9>�G2c�.�$%B�!�8&��!�8X;�
«#�!�8�R2/2.���!2�(�79Q&(%B�8����9Q��1p&("�2m�.�$/$��1�9Q�� >2 �Q¯�kl%'�7"F&�4�AB2�D2E�;&!�L�R�����S�
	������������	��������
�"��!" $ �.�  M7K7K6�+¶Qµ7µ�%@¶7¶7)6 �F9Q�;/U9%�(�Z)7K7KQµ��

u',7,®x �=�8A'A�9Q�Y���#9Q&(%'�G2 �=���gX$/$&#9Q&(%B�8�U9QA�«B�!� �(2> E&L��"F&(&(Xl�UT.TQ > EXWv@� 16/��L�+98 7� /$¨NT@�
,;M-H



�����!���!� �!
� �	� ��� � �#��������

u',L) x`���R�39QA'�F9%�(���$� Of�8AB2> E/$A�9%�.X��!�@ >2>�!�!2>�.%'�³&("�2�2L9%�(A'� 0.�$%'�G2�!�!27�I�"��!" $ �.� �+:�� ����	�����	��Q� $ #:K���� $ �2�7/1�������	E6µ��',LK&%W,;M6 �F9Q�;/U9%�(��)7K7K7¶6�
u',;H x`4*�F���F�3����yo9Q��1 k5�-2�� � �@�(/��(�Y�l?;%��gX$AB2.981�9QX$&(%'�G2.�.�(%B1$�5¯J���*,>�n%'�$%'&(%�9QAW�89QA'/�2*X��!�8�$AB2�D�L�

3����
	 #
������������7l,  �7¶6�
u',Eµ8x`�3����y d4P�d���c¤T9816%�9Q&(%B�8� N*�61 �!�@16�;�U9%�g%B >�L�d©./��D2�(%B L9QA5�T�(XR2> E&!�±9Q��1m�.X$X$A'%B L9Q&(%B�8���L�\�h�

k 2:s52>¢;/�27=¤`� ���N9Q��1�O³%'"U9QA�98�L§�\�=9Q��1j�3����y §4*�i���§9Q��1 O�´$A'AB2�Li4P�'i2>16%'&!���L��Q��@A#
�?!"� �.����� $ �.��34�C�;�"����	0:*�.��
	������������	���������� �H!"����� � ��5�d?;X��(%'�$�G2�±s52�(A�9Q���,  Gv@�q?69798���hV�2>2
�016�79Q�� >2>1 �=�8/��!�#2q)Gv@�

u',L¶ x`45"��(%'���¤`� 9Q��1 ©T�L-N9Q¨R 0`� M��23� "! #����	���� $ $&%('*) � J.�8���#981@� £W/��!2®�
£R2E�;&��(/�� ¯[´�� ���6¯J�����C9Q&(%B�8���(&!2> !"$�$%'¨ rN2�(A'%'� H:£R��rPM® 0T¤*k5�";&(&(Xl�UT.T -0-0-q� <>%'�l� 1$27
";&(&(Xl�UT.T -0-0-q� <>%'�l� 1$2&TQ2E"��(%'� TQ�!�Q¯[&h-=9%�¬27� ";&��gA: 2®�5�C9Q%'A:��2E"��(%'��+.<>%'�l� 1$27����O-=9Q¨,+.<>%'�l� 1$27
)7K7K7)6�

u',;M x �U� ���R4�AB1 �(%B16�G2\9Q��1 �T�R����� �8/$&L�.� �D���!2`1$2E&#9Q%'AB2>1³AB�@�8¨�9Q&.&("�2`�8XU98 E%'&(%B2>�*¯J���.2E���(%B #"�2>1
 L9%�(�Y�8��9Q��1e�>a6�;�G2E� �g% a@&(/��!2>�L� 3G� $ ���H� 6I�.�����2��	 �+: �;�(�7<-���>���O�)	*��+� $ ��@A�����.� /?�K�C���*���7
HQµ �6�+)7K6,�%@)7K-M6RV�2E���(/U9%�(��)7K7KQµ��

u',OvOx`r3�l�\�dV¡%B2EAB1$�L� 2.� &("�2g45�G�8A'/$&(%B�8� �Q¯N&("�2Dkd%'�7"F&�4�AB2�D2E�F&!�O� �®�d�� H NT27l9Q��1mµ'NT27� �����
�
	������������	������.�O� �.!  $ ��� $µF¶-M6� µ;v �&%Fµ  �6 �;9Q�F/U9%�(� ,  -M6�

u', � x`�\��¤c�¡V¡AB�L-=2�L�����kl2 rN�8/��(AB�8&L b �¡«�%'��2L9Q/ 1$2>�\V����.-E&!�L�9Q��1 4P��¤*�8/�2���� �N"�2o >�;�8A'%'�$�
�Q¯§98�(&��!�8X$";�@�!%B L9QA �D2>16%�9D�F� NT���L3G� $ ���H� 68�.�����2��	7��:I�;����<=���>���B�)	*��+� $ ��@A�����.� /?�K�C���*���7
H6,Eµ��wv8¶-H&%6v8¶ �6 �7/$��2c)7K7K7K6�

u',  x`�\�6¤c�@V¡AB�L-=2�*9Q��1 b �@«5%'��2L9Q/�1$2>�=VU���.-E&!�L� �N"�23���(&("��$� XU9%�#9
H2
�#9Q&(%B�`%'�o&("�2TX��(%��D���!16%�9QA

�F98�O�Q3G� $ ���H�I68�>�����2��	8��:)�;��� <=���>�����)	*��+� $ ��@A���2���?/?�K�*� �*���7�H6,;M6��7K6,�% 7K7¶6$�*/$�7/��(&P)7K7K7K6�
u+)7K x`�\� b 9QA'A'%59Q��1³VN�R«¡9QA'A�96� �N"�2\ #"�2�g%B�(&��(�³�Q¯§&("�2�2L9%�(A'� 0.�$%'�G2�!�!27�8�)	*��+� $ ��@A�0/'�
	������#

�,����	�����	® H-H7¶6� µFK-H&%FµF)7K6 �7/$A'��,   �6�
u+)6,®x\?R� �T� b AB�L�G2�L� �i"�2�g%B�(&��(��9Q��1� >�;�8A'%'�$�n%'�F�D2E&#9QA �J¯J�!2>2I9Q��1 �D2E&#9QA �:XY�;���m�F98�L� ���#

!8�1#2135463� %(' 3��76#8�FU)7K7KGv@��";&(&(Xl�UT.T89%��a@%'�Y� ���(� T@�
u+)7) x\?R� �T� b AB�O�G2�L �\�>¦ � ?69>�@%'�l 9Q��1`�`� �?Jg� �F9QX$X��!2E�l� �=�7���D�8AB�8�7%B L9QA@�:�gX$A'%B L9Q&(%B�8�����Q¯6&("�2)0*�6�

 >2�(&#9Q%'�;&h�\%'�
H− �32>�(&��(/� E&(%B�8�g¤.9Q&!2 �=�@2®°C E%B2E�F&!�L� ���(� �)	*��+��������	����������"��!" $ �.� -MQµFK6�+¶7¶-H&%¶-M �6U�*X��(%'Aª)7K7K-M6�

u+)-H x`¤`�GO��6N./$&! !"$%'�$�G�OQVN�7?69Q�F&!���!�$7«¡�8�`� �N"����C98�L79Q��1N��GO��O«¡� �=�8/� !"��C9Q�l��NT�L- �$%'�T-i2�!2
&("�2cy��!�(&3 >�7���D�8AB�8�7%B L9QA��8� ��2> E&!�:9 3G� $ ���5� 6I�.�����2��	��+:9�;���I<=���>��� �)	����� $ �.@7�������O/?�K�C���*���7
H-H7K6��7)GvK% -H-M6 O�9%�! !"³)7K7K7)6�

u+)Qµ8x �T�§�`�����7AB2>�(%�98�C9Q��1�VN�����5¤.�8�G2�!�L��2T«W�Tk �8XU98 E%'&(%B2>�D¯[���C98�(&��!�8X$";�@�!%B L9QA.9QX$X$A'%B L9Q&(%B�8���L�
���;�0���	K� $ �P�<� �.�0�;����� $ �P�� $ �.����� $ ���>=7��@?K	��"��� � $ <=�A�����>���1#����0+���N������ ��	��+:B	I�.��C9� $ 	C�34�.���P��@D /?�����	*�>� �6DE� MED"���>#F��7HG=�K� % �����376XU9Q�G2>�.)7)&%@)-M6 O�9>�m,  6,7�

u+)7¶ x �T�O�`�>���7AB2>�(%�98� 9Q��1qVN� ���O¤*�8�G2�!�L�+0.XR1�9Q&!2>1L2.XU9QA-2.XU98 E%'&(%B2>�O������� �)	��������� �J	����2���"�"��!" $ �.� µ/MQµ���Qµ/H&% 7¶-H6 �7/$��2D,  -M6�
,;MQµ



��� �!� �1� �!
�� ����� � ���#���������

u+)-M xqtg�U�®�U��<L�8&!�L��9Q��1 �±���\� �N";/U9Q�l� �N"�2�«B�(%��D���!16%�9QA¡�.�$/$��1�9Q�� >2\�Q¯�µ'N.2`¤*2E�@%B�(%'&!2>1d� �����
�
	������������	������.�O� �.!  $ ��� U¶7K7K6�', � �&%@)6,;M6 �G/$��2D,   �6�

u+)GvOx��±�FJq9%�(AB�!�!�8�l ���@k5� �G�8"$���!�8�l$9Q��1Cs\�Fr9�!��� ���O0*�� >�O�G2�(%'�$��&("�2��i"�2�g%B L9QA ?;%'�7�U9Q&(/��!2±�Q¯
&("�2cVª%��!�!&.?;&#9%�!�P%'�Z&("�2 0.�$%'�G2�!�!27�L��	*��+�.# ������354*3� % $ 36���#6�8R)7K7KGv@��"F&(&(Xl�UT.T89%��a6%'�R� ���(� T@�

u+) � x`���/Jq98�!"$A'%'���(¨;�YF¤`� b �;���!2E��16&L ���FOf9Q&("�2�L69Q��1Z?R�/N��/Of�7�!2EAB2E�R� � �#98 E%'�$�\&("�20y��!�(&N�(&#9%�!�
-0%'&(" D�/� E&(/U9Q&(%B�8���N�Q¯l&("�2. >�7���g%B P%'�6¯J�#9%�!2>1C�U98 #¨;�.�!�8/$��1d� 68�.��!"��>FHQµ �6� µF¶&%@¶7K66©T�L�G2�c�Y2�
)7K7K7¶6�

u+)  x`¤`�§r3�§kª9%�!�!�8�l� ©./��D2�(%B L9QA3 L9QAB E/$A�9Q&(%B�8���o�Q¯q&("�2³16�;�U9%�g%B >�o�Q¯c >�8A'A�9QX��(%'�$��X��!�8&!�Q�h�(&#9%�L�
34� $ ���5�768�.�����2��	9��:8�;���
<=���>���?�
	����� $ ��@A�������B/?�&�*���C���8 ,EµF¶6�+)Gv@,�%@) 7¶6 , -M 6�

uIH7K x �U�7kl2Nr=�8/��(AB�8&L b �8«�%'��2L9Q/D1$2>��V����.-E&!�LG9Q��1\�\�8¤c�8V¡AB�L-i2�L� �N"�20 >�;�8A'%'�$�±�Q¯d98�(&��!�8X$"F�6�(%B L9QA
�D2>16%�9q�F�

H2
��34� $ ���5�
68�>�����2��	)�+:L�;���=<-���>�����
	����� $ ��@A�������N/1�K�*� �*���7 H7K7¶6���7K7)&% �6,LK6FOf9L�

,   6�
uIH6,®x`«¡�@kl2E�$<>/$�$%:6���;VN� �i"�2�(��� ��@9Q��1]4P�F4*�6?69QA'XY2E&!2�L�l¤*�7�#�!2EA�9Q��1 9Q��1 «�A�9Q�� !¨-�D2L9Q� �8XU98 E% �

&(%B2>�±�Q¯N9D<L2�!�Q�5�D2E&#9QA'A'%B E%'&��f�F98�O�F���(�8�)	*��+���,����	�������� � �.!  $ ���O/�!&�>�,� ��@ � $ �Jlv M6�wv8¶ &% �7K6,7�G/$��2C,  6,7�
uIH7) x\?R� kl2EX$Xll«¡� �T� ?;&#9Q�� E%'A:ª9Q��1m���l�±9QA'�F9%�(���$���f2T«5� �=�TkI¤*45sT� 4�¦ �l�N&!���g%B C9Q��1 �D�Q�

AB2> E/$A�9%�gX��!�@ >2>�!�!2>�\%'� &("�2o2L9%�(A'�"0.�$%'�G2�!�!27� �"��!" $ �.�=��: � � �J	����*	 ) �)� ��@A��� 34��� ���*! � ��
� ����	�����	® H7¶6�+¶GvK% �7K6 Of9L�Z)7K7K7)6�

uIH-H x �U�7k5�7kd%'���(¨@�G7�`�8r9�!�L-0�l/Jg� b 9>�@AB2E�G7�`�8�T%'X$A�98�L7r3�7�\�7?69L�89Q�G27 �±�7¤`�8�����!2>�LQ¦ �7k 9Q��1$���
�C9Q�l¡?R�d©`� ?;"����!27 9Q��1�?R�d¤c� N.2L9QXl� b �;1$1�9%�!1m"$%'�7"6�5�!2>�#�8A'/$&(%B�8� �(XY2> E&��!�8�.�#9QX$"e�8���!2���
�79Q&(%B�8�����Q¯=&("�2CAB�; L9QA5%'�;&!2�!�(&!2EA'A�9%�M�D2>16%'/�� 9Q��1m&("�2 1$2E/$&!2�(%'/�� T "F�61 �!�8�G2E�H�#9Q&(%B��9QAB�8�$�
&("�2TA'%'��2±�Q¯ª�!%'�7"F&0&!�L-N9%�!1 �N9QXR2EA'A�96�8����� �)	*��+���,����	�������� � �.!  $ ��� @µFK7)6�IM Qµ�%6v8K 6 �F9Q�F/U9%�(�,  -H6�

uIHQµ8x`���Rkl�;2E�m9Q��1fV=�W�`�R¤.98�!%B�$� �=�8A'A�9QX��!2\�Q¯5X��(%��D���!16%�9QA��F98�T EAB�8/�1$�±9Q��1³&("�2q¯J�����C9Q&(%B�8�m�Q¯
¢;/U98�#9%�P�$A�98 #¨o"��8AB2>�L�I�����
�)	*��+���,����	����������"��!  $ ��� $µ/H7)6�+¶7)&%FM6,7Y?@2EX$&!2�c�Y2�`,  Qµ��

uIH7¶ xO�� Of9L�G2�L�e�T%B2o�*���#���(X$&(%B�8���!2E%'�G2E���! !"U9 ¯[&!2E� X��(%��D���!16%�9QAB2� O�9Q&!2�(%B2]/$��1�%'"��!2Z�*�;-i2E�6�
16/$�$�]9Q/6¯�16%B2`?;&��(/$¨@&(/��P/$��1³?;&#9Q�$%'A'%'&#^Q&T�(&#9Q&(%B�8�U^%�!2�*�.¨;¨;�!2E&(%B�8���!�! #"�2E%'�R2E�
�N"�2q9Q���#���(X$&(%B�8�ZX��!�8XR2�(&(%B2>�P�Q¯¡X��(%��D���!16%�9QA �C9Q&(&!2�*9Q��1o&("�2E%��*9QX$X$A'%B L9Q&(%B�8��&!��&("�2±�(&��(/� ®�
&(/��!2`9Q��1��(&#9Q�$%'A'%'&h�Z�Q¯��(&#9Q&(%B�8�U9%�(��98 > �!2E&(%B�8�³16%B�! >�O� � � % C % ������	�� 	®6�32> >2�c�Y2�T)7K7KQµ��

uIH-M xO���¤c� �T� O³ >�3�O-i2EA'A:� 2.��&("�2 ¯J�����C9Q&(%B�8� �Q¯
H2

%'� N � �!2E�7%B�8���L� ����� G���	C��:#J�.� �.��7
�6,7�+)QµFK&%@)Qµ/H6W�32> >2�c�Y2�`, -M6,7�

uIHGvOx`VN�$©39Q¨89%�`/��#9D9Q��1 O�� 0��D2�`/��#96�82.�Z&("�21O�98�!�0�Q¯¡«¡�8X$/$A�9Q&(%B�8���!�!�i?;&#9%�!�L�I���(� �
	������#
�,����	����������"��!  $ ��� U¶6,L¶6�+)-H &%@)Qµ �6R�*X��(%'A5,   6�

uIH � x`VN�l©39Q¨79%�c/��#9�9Q��1 O � 0@�D2�c/��#96� 2.� &("�2C���$%'&(%�9QA&O�98�!�qV$/$�� E&(%B�8���Q¯N«¡�8X$/$A�9Q&(%B�8���!�!�
?;&#9%�!�O�9�����)�)	��������� �J	����2���O�"��!  $ ��� U¶Qµ �6�', &%FH7)6WV�2E���(/U9%�(��)7K7K6,7�

uIH  x`VN�Y©39Q¨89%�`/��#9Z9Q��1 O � 0@�D2�c/��#96� �N"�2C?;&!2EA'A�9%�q���$%'&(%�9QA Of98�#�±V$/$�� E&(%B�8�m%'�m«B�(%��D���!16%�9QA
b 9QA�9 a@%B2>�L�7����� �
	������������	������.��� ��!" $ ��� U¶-M 6�+¶Qµ &%@¶7¶Gv@W�.X��(%'A )7K7K7)6�

,;M7¶



�����!���!� �!
� �	� ��� � �#��������

u µFK xO��dk5�d©T�����C9Q�l �±�d�*�Y2EA:d9Q��1 b �Yr9�(�F9Q�l�\Vª%��!�!&`?;&��(/� E&(/��!2DV������C9Q&(%B�8� 9Q��1�&("�2gV¡%��!�(&
?;&#9%�!�O�*���³����¦ 2E%B�!�L
�±� b �W�.�R2EA:R9Q��1�s\� N.%'A'A:U2>16%'&!���!�O0����� � �;�	�� /,� ���	 2��0+�K�����<��� $�� 	��: �;��� 3 �1� �, /�G =A��@?K	2����� 	I��� �4�.���-��+�*��� $�� D��L���@�� $ �6D $ #<7F� ! � ! 	�������A�D  /�G�
/ �B< G ��	�� /5��O/ /�� 3 �BG /5��� % �2/ ) 6 ' # � $ 3�# 754������>#F� %  ���;�P�.� ��� � % = ��� 	�	 D � % � %� �2��� D0� $ � � % 	�� �;� % /.�?�� $�� ���#6�N�*�� � � D ��3�3�3*D1� % ���A38U)7K7K7K6�

u µ�,®x`©T�L-N9Q¨RJ0��@�01�9QX$&(%'�G20kd%'�$%B2E���D2E&("��;1$2E�\¯[´����$%B !";&(A'%'��2L9%�!20XU9%�#9Q�R�8A'%B�# !"�2*?;�6�(&!2�D2§%'�g2E%'��2�
¤T9Q/��D16%��D2E���(%B�8�l� � 2> #"$�$%B L9QAq¤*2EXY���(&f,  -H � 2> #"$�$%B L9QAc¤*2EXY���(& -H �#,Eµ��J.�8���#981@� £W/��!2®�
£R2E�;&��(/�� ¯[´��*���6¯[�����C9Q&(%B�8���(&!2> #"$�$%'¨�rN2�(A'%'� H:£R��rPM® 0T¤*k5�6";&(&(Xl�UT.T -0-0-q� <>%'�l� 1$27�,  -H6�

u µF) xJg��2@�`/$¨89Q%59Q��1f¤c�R©*%B�("$%:�TV������C9Q&(%B�8� �Q¯§«B�(%��D���!16%�9QA5«#�!�8&!�7�(&#9%�!�L� �������
	������������	��������
�"��!" $ �.� U¶7K �6�',Eµ�,�%W,L¶7K6R©T�L�G2�c�Y2�c,   �6�

u µ/H x`VN�R«¡9QA'A�96d4*�W4P�d?69QA'XY2E&!2�LY9Q��1m?R�W¦��d?;&#9Q"$AB2�L�3«B�(%��D���!16%�9QA5�(&#9%�.¯[�����C9Q&(%B�8�f� �N"�2M�!�8AB2
�Q¯N�D�8AB2> E/$A�9%�*";�@1 �!�8�G2E�l�A�����)�)	��������� �J	����2���O�"��!  $ ��� U)Gv@,7�IM-H7)&%FMQµ�,7W�*/$�7/��(&q,  �-H6�

u µ7µ8xO��Ys\�d«ª2E���(&!�8�l� �T�;�U9%�g%B >�`�Q¯N�!2EA ¯²�:�.�#9>�@%'&#9Q&(%'�$���F98�#2>�8/��q�(X$"�2�!2>���h�!�®� �=�8A'A�9QX��!2>�q�Q¯N�F98�
�!X$"�2�!2>�*-0%'&("� >�;�8A'%'�$�o9Q��1�&("�2`�R2E"U9L�;%B�8/��3�Q¯�XR�8A'�@&��!�8X$%B q�F98�T�(X$"�2�!2>�L�)34� $ ���5�A68�>�����2��	
��:8�;���
<=���>���?�
	����� $ ��@A�������B/?�&�*���C���8d,EµF¶6� µF¶GvK%Fµ �7¶6¡, -M 6�

u µF¶ x`���F���F«¡2E�$<>%�98�09Q��1 ¤`�7¦ �G¦_%'AB�!�8�l�d� O³2L98�!/��!2�D2E�F&N�Q¯ 4�a6 >2>�#�i�.�F&!2E�$�U9�� 2�gXY2�#9Q&(/��!2
9Q&*µFK �7K�O³ &TQ�O�I����� �
	������������	������.��� ��!" $ ��� l,EµF)6� µ�, &%FµF)6,7 �G/$A'�f, -M7¶6�

u µ/M x`k§�Y?R�W«�%'A'�;/$�7%'�l�b2.�³&("�2`4��G�8A'/$&(%B�8�m�Q¯ NT2EA'%'/�� ©*%'&��!�8�G2E�m9Q��1 2*a6�;�G2E�f�*�$/$��1�9Q�� >2>�T%'�
�T-N9%��¯��:���!2E�7/$A�9%� b 9QA�9 a6%B2>�L� �)	����� $ �.@7� / �
	������������	�����	E�)Gv7v@� µF)&%@¶7)6W?@2EX$&!2�c�Y2�c,  -H6�

u µ;vOxO��d«�/	�²2> #¨896 O �d¤`�l?@ !"��g%B16&Lªs��d�®� ?;"�2�C9Q&!�L�@%B !"l�9Q��1m¤c� ?;<L E<L2�(�U96�o?@2EA ¯ �h >�8���(%B�!&!2E�F&
&��!2L9Q&��D2E�;&.�Q¯�16�;�U9%�g%B >�*9Q��1Z #"�2�g%B�(&��(�]%'�Z&("�23-0%'��1$�N¯��!���  L9%�(�Y�8�6�5�(%B !"³� b rj�!&#9%�!�L�$�¬�
�ª2>�(&!���Q¯N&("�2C2>¢F/$%'A'%'���(%'/�� 9Q��1m¨@%'��2E&(%B C !"�2�g%B L9QAN >�@1$2>�L� �
	����� $ ��@A� / �)	*��+���,����	�����	®
µ/M 6�+¶7¶-H&%@¶-M7K6 �7/$A'�Z)7K7KGv@�

u µ � x`�\�Y«�/$�Y b �Y�*AB2> E%�9Q�l ���Ykl2\rN�8/��(AB�8&L ���Ykl2>���#9Q&L 9Q��1 b �Y«�%'��2L9Q/ �32>�3V����!2E&!�L�`V������C9 �
&(%B�8� �Q¯=X��(%��D���!16%�9QAB�D�8AB2> E/$AB2>�c9Q��1�&("�2���C9QA��U9QA�9Q�� >2\%'��&("�2g2L9%�(A'��/$�$%'�G2�!�!27�A�)	*��+� $ ��#@A� / �)	*��+���,����	�����	®�)-MGv@�IH-HGvK%FHQµ/M6 �F9Q�F/U9%�(� ,  -H6�

u µ  x`�\�6«�/$� 9Q��1�O��6?;%'�7�����!27�¡«B�(%��D���!16%�9QA �D�8AB2> E/$AB2>�N%'�]&("�232L9%�(A'�  EAB�8/�1 ¯J�����C9Q&(%B�8�l� �
	������#
$ ��@A� / �)	*��+��������	�����	® H7K7¶6�IHGv@,�%FHGv �6 �F9Q�;/U9%�(� ,  -M6�

u+¶7K x`4*�O¤P%'XU9%�D�8�;&(%:OVN�;N3979%�!16&LL���>V�2���#9%�#96Q9Q��1!O � �=�8A'X$%:�7¤T9816%�9Q&(%B�8�q¯J�!��� &("�2�y��!�(&l¯[�����g%'�$�
�!&#9%�!�L�(3G� $ ���H�L6I�.��������	=��: �;��� <=���>���>�)	����� $ �.@7�������"/?�&�*���C���8 H-HQµ�� µFK6,�%Fµ�, �68�*/$�7/��!&�)7K7K7)6�

u+¶6,®x`VN� ����¤*�8�G2�!�T9Q��1 �T���������7AB2>�(%�98�L�=¤.9816%�9Q&(%'�G2�9Q&!���g%B c¤*�7�#�!2EA�9Q��1 �D2L9Q�³�8XU98 E%'&���&#9Q�$AB2>�L�
���(�)�
	������������	������.��� ��!" $ ���B/�!&�>�,� ��@ � $ �JRv 6�+¶7KGvK%@¶-M �6U�.X��(%'A§,  7)6�

u+¶7) x`�\�5?69Q/��D�8�l b � �i"U9Q���(%B2�L59Q��1 N�� O��¡�89Q� NT���(�l�m�*��45¢;/U9Q&(%B�8� �Q¯±?;&#9Q&!2 ¯J���\k �L-N�
O�98�!�i?;&#9%�!�=9Q��1 b %�9Q�;&i«�A�9Q��2E&!�L�-�����0�
	������������	��������?� ��!" $ ���N/,!K�>�?� ��@ � $ �J  6�wv@,;H&%6v µ�,7�./$�7/��(&c,  7¶6�

u+¶-H x`VN��N��i?;";/l�p?@2EA ¯²�h�(%��g%'A�9%�  >�8A'A�9QX��#2��Q¯3%B�!�8&("�2���C9QA.�(X$"�2�!2>�o9Q��1 �(&#9%�D¯[�����C9Q&(%B�8�l� �����
�
	������������	������.�O� �.!  $ ��� U)6,Eµ�� µ � �&%Fµ Gv@ �G/$��2D, Gv7v@�

,;M-M



��� �!� �1� �!
�� ����� � ���#���������

u+¶Qµ8x`k§�R?;%B2>�!�L�O���kd%'�@%B�$U9Q��1 �U��k 9Q&(&#9Q�$<>%B�$�P?;&��(/� E&(/��!27U4��G�8A'/$&(%B�8�lY9Q��1�©./� EAB2>�7�(�@�F&("�2>�(%B�T�Q¯
«#�(%��D���!16%�9QA�?;&#9%�!�L�I���(�)�
	������������	������.��� ��!" $ ��� U¶Gv8K6�IH7) &%FHQµ/H6 O�9>��)7K7K7)6�

u+¶7¶ x`���@?@�8�$�F9Q%'A�966k5�@k5���=�L-0%B27 �T� ���FNT�8�F9Q�l@9Q��1 O �;¤P/$�G2�!�L�d�32E/$&!2�(%'/�� �*�$/$��1�9Q�� >2±9Q��1
r098 #¨;�.�!�8/$��1�¤.9816%�9Q&(%B�8� � 2�gXY2�#9Q&(/��!2�%'� N.%'�7"³¤.2>1$�("$% ¯²&.«B�(%��D���!16%�9QA �iAB�8/�1$�L� 68�>��! ��E
H-M �6�+¶  &%FM7KQµ�R�.X��(%'A5,  Qµ��

u+¶-M x`�\�ª©`��?;XR2�(�G2EA:¡k5�ls52�!1$27 N��ls\� «¡2E%��(%B�Lª4*� J*���C9Q&!�!/l O�� ¤`�l©T�8A'&#96 �T�¡k5� rN2E�$��2E&(&L
O�� NT9QA'XY2�(�l b � N*%'���!"U9>-qY©`� �F9%�!�7�!%'¨RY��� J.�8�7/$&L O �Rkd%��D�8�l ?R�l?R� O³2E�G2�Ldk§�R«�9Q�G27
b �Y?R�
�l/� #¨G2�L����Rk5�R¦ 2E%'A�9Q��1dR4*�U¦ �8A'A�98 #¨Rl9Q��1f4P�Yk5�W¦ �(%'�7"F&L�±V¡%��!�(&��Jt§2L9%�3¦j%'A'¨@%'���!�8�
O³%B �!�L-N9>�G2D�.�$%B�!�8&��!�8X;�³«B�!�8�Y2]H²¦ Of�.«iM 2.���!2�(�79Q&(%B�8���L�R�32E&!2���g%'�U9Q&(%B�8�e�Q¯ �=�7���D�8AB�Q�
�7%B L9QAl«�9%�#9%�D2E&!2�!�L�9���(�L�)	*��+��������	�������� �"��!  $ ���1/,!K�>�?� ��@ � $ �Jd,Eµ �6�',Ov8¶&%W, Qµ�R?@2EX$&!2�c�Y2�)7K7K-H6�

u+¶GvOx`VN�U?;X$%'&!2c9Q��1 O��U?;X$%'&!27���.�$/$��1�9Q�� >2c�Q¯ªA'%'&("$%'/�� %'�Z/$��2E�G�8A'�G2>1�"U9QAB�g�(&#9%�!�*9Q��1Z�8AB1�16%B�(¨
�!&#9%�!�0�=���F&!2�(X��!2E&#9Q&(%B�8� 9Q��1³ >�8���!2>¢F/�2E�� >2>�O�=�
	����� $ ��@A��/ �)	*��+��������	�����	®ª,7,L¶6�IH7¶GvK%FH-M-M6
©T�L�G2�`�R2��,  �7)6�

u+¶ � x`«¡� �T�=?;&#9Q�� E%'A:i?R�5kl2EX$Xl=9Q��1 �`���±9QA'�F9%�(���$� �N"�2�kd%'&("$%'/�� �i"�2�g%B�!&��(� �Q¯T&("�2�4i9%�(A'�
0.�$%'�G2�!�!27�9���(� �
	������������	���������� ��!" $ ��� $µF¶ �6� µFK6,�%FµFK-M6UV�2E���(/U9%�(�m,  -M6�

u+¶  x`«¡� �T�l?;&#9Q�� E%'A: ?R�Ykl2EX$Xld9Q��1m�`�R�±9QA'�F9%�(���$� �N"�2\�32E/$&!2�(%'/�� �i"�2�g%B�(&��(�³�Q¯=&("�2�4i9%�(A'�
0.�$%'�G2�!�!27�9���(� �
	������������	���������� ��!" $ ��� U¶7K 6�',�%W,LK6��32> >2�c�Y2�`,   �6�

uIM7K x �T�¡¦ �5?;&��#9Q¨896� �����*�@�� $ !�?&� �������	 ) �� $N$ � $ ! $ �G3 � 	*�*��� $ @A���I��� $ ����J����� � ����� $�� � � � $
�7� $ #��@?J����� $ 	*�;����������9� $ @���	�	C������������ $ �=���?! � �.����� $ # �<�<��#P/,�P�� $ � $ ��«�"���&("�2>�(%B�O-0.�$%'�G2�!�(% �
&#^Q& N.2E%B1$2EA'�Y2�(��U)7K7K7)6�

uIM6,®xO�� � 2E�.�C9%�(¨Y ���U?;%'A'¨Y�O�� ���$¤*2>2>�L6���$r=A�9Q�� !"U9%�!1d��±�$�.�Y2EA:69Q��1ZVN�$«�9QA'A�96��NT�L-¥?��C9QA'A
¦ 2�!23&("�2±V¡%��!�(& �=�7���D�8AB�8�7%B L9QA 2.� ��2> E&!�@9 �����L�
	������������	�������� �"��!" $ �.� 6µ;v µ��',�%W,L)6 �;9Q�F/6�9%�(�m,  Gv@�

uIM7) x��±� ��� �N";/U9Q�l$tg���®�$�h<L�8&!�O�RU9Q��1�s��$����kd%'XY�L�G2E&!�!¨;�Y�&NT2L9>�@�Z2EAB2�D2E�F&T9Q�$/$��1�9Q�� >2>�.%'�³9
��2E-��¬9%�gX$AB2g�Q¯iAB�L-N�5�D2E&#9QA'A'%B E%'&�� �$A'/�2g >���gXU98 E&±�F9QA�9 a6%B2>�L�4���(�I�)	*��+��������	�������� �"��!" $ �.� µ7µF¶6�',LK �&%W,L)-H6 O�9>��,  7¶6�

uIM-H xc¦ � O�� �ª�! !"U9%�(�;/$&!2�g9Q��1 Jg� �?N`� ¦j%'�$¨@AB2�L�o� �D2E&("��;1 ¯[���� >���gX$/$&(%'�$�f�!2EA ¯[�.�#9>�@%'&#9Q&(%'�$�
�F98� DU�L-P�i-0%'&("1�#9816%�9Q&(%B�8�l� �Q��@ �,!��P�� � ����	�����	 �Q��@A@A! $ �����.����� $ 	E�, �6�',Ov@,�%W,  6 2T E&!�8�R2�, Gv 6�

uIMQµ8x`�\� �5�@&(AB2�L �\� �?O�� VU9Q�l�9Q��1�?R� r=/��(AB2>�L� �=�7���D�8AB�8�7%B L9QA=�U9%�(�G�8��1$2E���(%'&��e1$2�(%'�G2>1e¯��!���
&("�2c1$2E/$&!2�(%'/��9Q�$/$��1�9Q�� >2`9Q&,�!2>1$�!"$% ¯²&T£ � H6�+¶Gv@� 68�.��!"��E H �6,7�+)7KGvK%@)7K 6¡,  -M6�

uIM7¶ x 0.���!S8AB1d�����9Q��1�r098�! #"�2E¨R$r3� C7��)69��!(���7��	�@ ��	®�§?;X��(%'�$�G2�*s52�(A�9Q�� ,   6�
uIM-M x`4*��s§9Q�$�7%B�8�$% �hV¡A�9%��W��� �=�@ 7U9Q��1 O�� �N98�!���7�5r=%'�D�U9Q�$� �F/� EAB2>�7�(�@�F&("�2>�!%B�*/$XY1�9Q&!2>1�-0%'&("

&("�2c©.� �=¤.4  >���gX$%'A�9Q&(%B�8�l�0�
	����� $ ��@A� / �)	��������� �J	����*	® H-M7K6�',L¶&%@)-H6W�*/$�7/��(&*)7K7K7K6�
uIMGvOx �U�Y�G�8��©T2E/��C9Q�$�e9Q��1�¤c�Y�\�W¤*%B !";&��c�G2�L�\� Of2E&("��;1³¯J���T&("�2\©./��D2�(%B L9QA �N9QAB E/$A�9Q&(%B�8�

�Q¯ N.�@1 �!�@16�;�U9%�g%B �?;"��; #¨@�L�=�"��!" $ �.�O�+: � ���,�H� �<� � � �J	����*	®�)6,7�+)-H7)&%@)-HGv@ O�9%�! !" , 7¶7K6�
,;MGv



�����!���!� �!
� �	� ��� � �#��������

uIM � x`¤`�Us\�R¦e9Q�G�8��2�L�qr=%'�8�hr09Q�$��©*/� EAB2>�7�(�@�F&("�2>�!%B�±¤*2E�@%B�(%'&!2>1d� �����8�
	������������	�������� �"��!" $ �.� ,Ov 6�IHQµ/H&%FH-M7K6 �F9Q�;/U9%�(��, Gv H6�
uIM  x`�\�d«¡�Y¦ �;�@16�m9Q��1m«ª�dk5�d¤*%B !"U9%�!1$�L�D?;XY2> E&��(/�� �Q¯i&("�2g >�7���g%B \�U98 !¨@�.�!�8/$��1G�#9816%�9Q&(%B�8�l�

� ����	��������?<-� #K��� � MO�*���P���	®$µF)6��7)7¶&% 7) 6W�*X��(%'A5, Gv 6�
uwv8K x b �Y¦m/� !"F&!2�(A09Q��1�¦ � O � �ª�! !"U9%�(�;/$&!2�L�CV��!���  EAB�8/�1$�c&!�Z�(&#9%�!�L�d«B�!�8&!�7�!&!2EA'A�9%�` >�8A'A�9QX��!2

9Q��1 &("�2 2E�G�8A'/$&(%B�8� &!� &("�2mX��!2®�5�C9Q%'���!2>¢;/�2E�� >2 �¬�N45¢;/U9Q&(%B�8����9Q��1 2E�G�8A'/$&(%B�8� %'� &("�2
NT2�(&(<L�(X��(/$�$�8�h¤*/��!�!2EA'A;16%�9Q�.�#9%�����)	*��+� $ ��@A��/ �)	*��+���,����	�����	®6H  �6�',LK �6,�%W,LK 7K68V�2E���(/U9%�(�
)7K7K-H6�

uwv@,®xN��6¦ �@t§���(¨G27��©*/��D2�(%B L9QA �#�8A'/$&(%B�8���Q¯¡&("�2±2>¢;/U9Q&(%B�8���Q¯N�#9816%�9Q&(%B�8��&��#9Q����¯J2�0%'���(X$"�2�(%B L9QA
�G2>���D2E&��(�Y� �
	����� $ ��@A� / �)	��������� �J	����*	®��-M6�+) �-M&%@) Qµ� �7/$��2D,  �7K6�

,;M �




 � � ! ��� � �����

�.��16%B2>�#2�D?;&!2EA'AB27�DS@ !";&!2o%B !" 16%B2 b 2EAB2E�G2E�$"�2E%'&g�F/$&(<L2E�l59QA'AB2E�l�16%B2�£W/��g4��F&!�(&!2E";/$�$�e16%B2>�!2�
�@�(�R2E%'&0�Y2E%'�G2E&��#9Q�G2E��"U9Q�Y2E�l��D2E%'��2E���±9Q�$¨�9Q/��(<>/��(X��!2> #"�2E�l�
NT2���(�D«B�!�Q¯(� b 9Q%'A$�7%'A'&¡�U98 #"�1 �(´� !¨@A'%B !"7�D2E%'�g�F9Q�$<0�R2>�#�8��1$2�!2�5�39Q�$¨c¯²´���16%B2NrN2E&��!2E/$/$�$�c16%B2>�!2�
�@�(�R2E%'&L�d4#�c�(&#9Q��1>�g%'&`9Q/$�G2�!���!1$2E�;&(A'%B !"�2� b 2>16/$AB1 �(2>1$2�(<L2E%'&q<>/��±s52��¯[´$�7/$�$��/$��1m"U9Q&q�$%B #"F&
�;/��*1�9816/��! !"f16%B2>�!2q�@�(�R2E%'&P2�!�(&��DS8�7A'%B !"��G2�C98 #"F&L�
NT2���(� «B�!�Q¯(� J3AB2>�#�!2E� 1�9Q�$¨G2C%B !" ¯[´��`16%B2 rN2�!2E%'&!�! !"U9 ¯[&c<>/�4B�!�(&!2EA'A'/$�$��1$2>�\£W-=2E%'&(�7/$&#98 !"F&!2E���
/$��1o¯[´��P16%B2qrN2�!2E%'&!�(&!2EA'A'/$�$�]2E%'��2>�P¤.9Q/��D2>�*9%��4���1$2q1$2�*�@�(�R2E%'&L�
�i"��(%B�(&(%�9Q� ?;&��#9Q¨79C1�9Q�$¨G2`%B !"³¯²´��T�!2E%'��2!N.%'A ¯J2 �g%'&31$2�0@�g�F9Q�$�-�g%'&Tkl� O³4 ��/$��1�¯[´��.�!2E%'��2
981@¯ 7¶ �h¤*�8/$&(%'��2E�l O³%B !"U982EA Of9L�G2��1�9Q�$¨G2i%B !"`¯[´��ª16%B2=r=2�!2E%'&!�!&!2EA'A'/$�$�3�#2E%'��2� 2.XU9Q<>%'&#^Q&!�(&#9Q�Y2EA'AB2E�
��2E���(&\���F&!2�(XY�8A�9Q&(%B�8�����!�8/$&(%'��2E�l��rN2E%B1$2 "U9Q�Y2E��9Q/$�G2�!1$2� �g%'&�"$%'A ¯J�!2E%B !"�2E���*���!2E�7/$�$�G2E� /$��1
�N%'X$X��*<>/�16%B2>�!2�*�@�(�R2E%'&0�Y2E%'�G2E&��#9Q�G2E�l�
4B�C9Q�;/�2EAY£W%B2E�7AB2�L �ª�8�$%�98�5��A'AB2E���!2>2�L7�3���g%'�$%'¨;/���NT2E%'�$<L2EA'AB2�5/$��1�O³%B !"U982EA O�9>�G2�5"U9Q�Y2E�D�(&!2E&!�
1�9 ¯[´��.�G2>�#���(�7&LW1�98�!�T16%B2�¤*2> !"$��2�±9%� �h���(&(%'&(/$&TX��!�8�$AB2�gAB�7�.¯²/$�$¨@&(%B�8�$%B2�(&!2E�l�Y�*/� #"³%'"$��2E���!2E%
�G2>1�9Q�$¨@&L�
VU9%�(%B1 b 9%�g�F9%�g%±�$%'�n%B !" 1�9Q�$¨@�U9%�Z¯[´��]¨G�8���!&��(/$¨;&(%'�G270&!2E%'AB�Z2���`/$&(%'�G2E��1$2 b 2>�!X��#^8 !"�2m/$��1
1�9 ¯[´��L6¨G2E%'��2�*�T%B�(¨@/��!�(%B�8��9Q/��P1$2�
¦ 2E�D�G2E�F9Q�$�G2E��<>/��#2E%'�l��Of9Q&(&("$%�98�Pr09%�(&!2EA��C9Q�$��¯²´��0�!2E%'�
� �d2E��2>�b2."��0/$��1�16%B2 �(%B !"F&(%'�G2E�³¦ ���(&!2q<>/��,�(%B #"F&(%'�G2E� £R2E%'&L�
s5�8� �.�!�8�G2� ¦ 2�(&q-=9%�`16%B2D2E%'�$<>%'�F9%�(&(%'�G2C�N&��D�7�(X$"U^%�!2C%'�$��2�("U9QA'� 1$2>�`� �ª�`Y�Y2E%51$2�q%�� �D2�
2E%'�Z¯J�!2E/$��16A'%B !"�2�T�*���!X��!2> !"$XU9%�(&(��2�T<>/oy���1$2E��-=9%�L�
45�`�7%'�$&c<O9Q"$A��!2E%B #"�2 k 2E/$&!27ª16%B2 16%��!2E¨;&`/$��1 %'��16%��!2E¨@&c<>/ 16%B2>�#2�c���(�Y2E%'&c�Y2E%'�G2E&��#9Q�G2E��"U9Q�R2E��4
�(%B2q9QA'AB2q�U9%�D2E�F&(A'%B !"f<>/�2�(-N^Q"$��2E��%B�(&0AB2E%B1$2�P/$���DS8�7A'%B #"l�
rN2E%��D2E%'��2�Z?@ !";-i2>�(&!2�Z©.%B >�8AB2��Y2>1�9Q�$¨G2�%B !" �g%B !"_"�2�(<>A'%B !"j¯²´�� 1�98�KJ.�����!2E¨;&(/��(AB2>�!2E�p2E%'��2>�
�ª2E%'AB�*1$2>�3O�9Q�F/��(¨;�(%'X$&!2>�L�
£W/ &(%B2®¯[2� �39Q�$¨m�$%'� %B !"�� �!2E�U9 2.&#9��!2E�;%��C�G2�(�$/$��1$2E�lª1$2�!2E� 0.�F&!2�!�(&(´$&(<>/$�$�f/$��1e4B���`/$&(% �
�7/$�$��$�G2�#981$2c%'���! !";-0%B2�(%'�G2E� Of���D2E�F&!2E�lU�$%B !";&*�U98 !"$A'%B2E���
�T%B2>�!2]���(�Y2E%'&c-0/��!1$2o9Q/���O�%'&(&!2EA'� 1$2>�D?@�8��1$2��¯[�7�! #"F/$�$�G�(�Y2�!2E%B !"��Dµ/H �1$2�\�32E/$&!�! !"�2E� V������
�! #"F/$�$�G�(�G2�D2E%'���# !"U9 ¯[&*y��U9Q�$<>%B2�(&L�

,;M 




