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Abstract

We investigate the homogenization of quasilinear elliptic and degenerate
elliptic-parabolic equations arising in nonlinear filtration and flow transport
in saturated as well as unsaturated porous media. The main focus of the
thesis is to study these equations on general multidimensional structures,
which we characterize by a periodic positive measure p on R%. Our approach
contains the classical framework of homogenization on perforated domains
and, more importantly, the investigation of networks of arbitrary, possibly
nonconstant dimension.

To the aim of deriving effective macroscopic equations for nonlinear problems
posed on these structures, we prove a new compactness result for bounded
sequences {u.} in the varying Sobolev spaces HYP(Q,du.), where the
measures j. are the nontrivial e-rescalings of y, namely p.(B) := elu(e ™ B),
and where ¢ is the typical microscopic length scale parameter.

The singular measure approach will also be justified by a fattening ansatz,
where a measure ;°, absolutely continuous with respect to the Lebesgue
measure on R? models a thin reinforced structure of thickness § > 0. We
study in detail the two limit processes ¢ — 0 and 6 — 0 and show, at
least for a large class of quasilinear problems, that the limits commute if
the support of the singular measure g, the weak limit of p® as § — 0, is
sufficiently connected. On the other hand, by constructing explicit nontrivial
counterexamples we will show that the limits do in general not commute on
nonconnected structures, such that the homogenized equation will depend
on the order we let the two parameters € and § tend to zero.

Zusammenfassung

Wir untersuchen die Homogenisierung von quasilinearen elliptischen bzw.
degeneriert elliptisch-parabolischen Gleichungen, die ihre Anwendungen vor
allem in der Modellierung von Strémungen durch geséttigte und ungeséattigte
porose Medien finden. Im Zentrum der Betrachtung steht die Unter-
suchung dieser Gleichungen auf allgemeinen, multidimensionalen Strukturen,
die durch ein periodisches, positives Ma$ p auf R? beschrieben werden. Unser
Zugang beinhaltet den Standardfall der Homogenisierung auf perforierten
Gebieten. Unser Hauptaugenmerk liegt jedoch vor allem auf Netzwerken be-
liebiger, moglicherweise nichtkonstanter Dimension.

Um effektive, makroskopische Gleichungen fiir nichtlineare Probleme, die auf
diesen Strukturen gestellt sind, herzuleiten, beweisen wir ein neues Kompak-
theitsresultat fiir beschrankte Folgen {u.} in den variablen Sobolevrdumen
H'YP(Q,dp.), wobei die Mafle p. nichttriviale e-Reskalierungen von p sind,
genauer p.(B) := (e 71 B), und ¢ die mikroskopische Lingenskala abbildet.
Unser Zugang mit singuldren Maflen wird auch durch einen Andickungsansatz
gerechtfertigt, bei dem ein MaB ;°, welches absolut stetig beziiglich des



Lebesgue MaBes auf R ist, die Dicke § > 0 einer diinnen, verstirkten Struk-
tur beschreibt. Wir untersuchen detailliert die beiden Grenziibergénge ¢ — 0
und § — 0 und zeigen, jedenfalls fiir eine grofle Klasse von quasilinearen Prob-
lemen, dass die Limiten vertauschen wenn der Trager des singuldren Mafles p,
dem schwachen Limes der MaBe 0 fiir § — 0, ausreichend zusammenhéngend
ist. Durch die Konstruktion expliziter nichttrivialer Gegenbeispiele weisen wir
andererseits nach, dass die Limiten auf nicht zusammenhéngenden Strukturen
im Allgemeinen nicht vertauschen, so dass die homogenisierte Gleichung von
der Reihenfolge abhéngt, in der wir € und ¢ gegen Null gehen lassen.
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1 Introduction

The thesis is devoted to the homogenization of quasilinear elliptic and degen-
erate elliptic-parabolic equations posed on multidimensional structures. In
the most general setting we consider the asymptotics € — 0 of the equation

Ob(ue) — divae(p, z, t,b(ue), Vue) = fo(p, x,t,b(us)) in D/(Q), (1.1)

where Q = Q x (0,T) is the space-time cylinder, Q@ C R? a bounded domain,
b: R — R a continuous monotone function, p a periodic Radon measure on
R? and € > 0 a typical microscale parameter. The coefficients

as(ﬂyxyta'a') :a(§7§a'a')ﬂaa fE(M7$7t7') :f(§a£7)us (12)

are measure valued with respect to the e-rescalings p. of p defined in (1.3)
below and oscillate with period € in the space and time variables. Stated
more precisely, equation (1.1) tested with a smooth function ¢(x,t) compactly
supported in @), corresponds to the integral identity

/ (—b(ue)Brp + a(2, L, b(us), Vur) - Vi) duedt = / P2 b(ue))p dpedt.
Q Q

Our main application is the Richards equation, which models flow transport
in unsaturated porous media. Here w is the matric potential, b(u) = © the
water content and a(-, 0, Vu) = K(-,0)[Vu — gg] the hydraulic flux, where
K is the conductivity and og a gravity term. We emphasize that the equation
changes type from parabolic to elliptic if b has a vanishing derivative.

We characterize multidimensional structures by a positive Radon measure pu.
By the choice = L£L?| A, where A is the complement of a periodic system
of holes, we recover the classical framework of homogenization on perforated
domains. In general, we think of x as a sum of Hausdorff measures H* sup-
ported on k;-dimensional periodic subsets of R, Figure 1.1 illustrates that,
possibly apart from the bulk, fluid flow can take place in highly permeable
thin fissures (cf. the modeling in Section 3.2). Choosing an H*-component
(k < d) in the support of u may then model the network S of the fissures.

Figure 1.1: Stone pit and ansatz u = £¢|Y +H'|S
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Studying equation (1.1) on general multistructures will also be justified by
a measure fattening approach, where we consider the asymptotics § — 0 of
0-thickened structures (Chapter 5). As indicated above, the microscopic e-
periodic distribution of multidimensional structures gives rise to a family of
rescaled measures

pe(B) = edu(g) for each Borel set B C R%. (1.3)

In general, the support of . varies with e, which is considerably more delicate
than the oscillation of coefficients in the equation. To the aim of studying the
homogenization of arbitrary multistructures, an adequate notion of two-scale
convergence was introduced by Neuss-Radu [49] in some special cases, and in
a general systematic treatment by Zhikov and Bouchitté et al. [14, 62]:

The sequence u. € LP(Q,du:) two-scale converges with respect to p to a
function u € LP(Q x Y,dr ® du) and we write ue — u (in LP(Q, dpu.)), if

[ w2 dne = [ utegvte) dedp) Ve DR X)), (14
where Y is the period of p, typically the unitary cube of R¢. The natural
weak formulation of problem (1.1) comprises the Sobolev spaces HP(Q, dy.)
with respect to the measure p.. It is important to note that these spaces
vary with € and are not commonly contained in an adequate function space
independent of €. Classical extension techniques are not feasible, since in
general they strongly depend on the concrete geometry under consideration.
It turns out that the notion of connectedness of a measure (Section 2.3) is
sufficiently flexible and at the same time of fundamental importance for the
homogenization of associated multistructures. A systematic treatment on
connectedness applicable to homogenization was first given by Zhikov [60,
61, 62] and, in a different framework, by Bouchitté and Fragala [14], where
the authors derived a structure result for all possible two-scale limits of a
sequence {u., Vu.} endowed with an uniform bound

sup/(|u5|p—|— \Vue|P)dpe < oo, u. € HYP(Q,dpu.). (1.5)
e>0JQ

For instance, the two-scale limit w in (1.4) will be independent of the fast vari-
able y, provided p is weakly p-connected on the torus T (see Definition 2.3.3).
However, these structure results do not suffice to study the homogenization
of Richards equation (1.1), not even the corresponding elliptic problem

~diva(Z,ue, Vue) = f(E,us), ue € HyP(Q,due) (1.6)

with homogeneous Dirichlet boundary condition. Indeed, in order to study
the asymptotics of (1.6), the dependence of the data on u. requires the strong
two-scale convergence u. — u, i.e. that in addition to (1.4) there holds

tiny | (o)) dc(z) = /Q lue )P deduty). (L.7)



In some cases, the convergence in (1.7) can be derived a posteriori using the
homogenized equation (see e.g. [44, 62, 64, 53]), which however does not work
for equations of type (1.6). We prove, at least in this generality, a seemingly
new result we may call the rescaled Rellich property for u, which states that
an estimate of type (1.5) yields (1.7) (see Theorem 2.4.5). We emphasize that
this result is harder to obtain than the classical Rellich embedding theorem.
It turns out that the measure p at least needs to enjoy certain Poincaré-
type inequalities studied by Hajlash and Koskela [36]. Moreover, the moving
geometry of the support of u. causes additional difficulties, which we show
can be dealt with under some connectedness assumptions on y. The rescaled
Rellich property opens the door to the homogenization of equations (1.6) and
(1.1) (Chapters 3,4) on multidimensional structures, which to the best of our
knowledge has not been studied yet. Although we content ourselves with the
periodic setting, we see no major obstacle to study the homogenization of
equation (1.6) on random singular structures, which were thoroughly investi-
gated by Piatnitski and Zhikov in a recent paper [53].

Our framework of homogenization with periodic measures includes in a natu-
ral way the case of thin reinforced structures concentrated along bars of some
small thickness §. For instance, the case of a one-dimensional e-periodic struc-
ture €S (cf. Figure 1.1 and (1.3)) corresponds to the choice = H![S and,
possibly, to a sequence of measures 0 associated with the fattened structure:

=18 NY|7 1Ll S5,  S5:={xeR?: dist(z,S5) <4} (1.8)

We investigate the commutativity of limits as the two parameters ¢ and §
tend to zero (Chapter 5). The classical procedure is to homogenize with
respect to each u° (see [27] and references therein), and then let § tend to
zero. The nonstandard approach investigated in this thesis is to homogenize
with respect to the singular measure p., that is obtained as the weak limit
of the e-periodization ul of u® according to (1.3). As pointed out in [14], in
most cases the effective coefficients can be computed easier with respect to
the singular structure. Therefore it is worth investigating whether the two
procedures are equivalent or not, as indicated by the following diagram:

(2, 10) S (B2, 1)
>d——0 >§< >d——0
(R 1) e-0 L F

Figure 1.2: Homogenization diagram
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Main results We give here in telegram style the central new results of the
thesis. For the complete set of assumptions on the data and the boundary
conditions we refer to the mathematical formulation below, as well as to
Section 2.3 for the notion of connectedness of a measure.

e Elliptic problems

For every p > 1, strongly p-connected measures p on R% and operators
a = a(y, s, &) that are strictly monotone with respect to the gradient
variable £, the homogenized equation for (1.6) reads

—diva*(u, Vu) = f(u) inQ, u=0 on Q. (1.9)
The effective coefficient a* : R x R? — R? can be computed via the
solution v : y — v(y, s, &) of the cell problem (1.15) defined below

a*wa@Fﬁﬁa@»@+v@ﬁ@»maw, (1.10)

and a* inherits regularity and monotonicity from the coefficient a.

e Degenerate elliptic-parabolic problems/Richards equation

If b is monotonically nondecreasing and 1 strongly 2-connected on R?,
and if the flux a. is of the form a. = a(e~'x, s, &)p. with no explicit
time dependence, and such that the coefficient a = a(y, s){ separates in
the gradient variable £, the homogenized equation for (1.1) reads

Ob(u) — diva*(b(u), Vu) = f(b(u)) in Q, (1.11)

where a* is given by (1.10). If the data a and f are sufficiently smooth,
we can show uniqueness for (1.11). Moreover, for strictly monotone b
(and pu = £%) we will prove the first order corrector result

Vu. — Vu — Vyu(z,t,%) — 0 in L*(Q), (1.12)

and can consider also time oscillating data a(7,-) — a(e¢~'t,-), where in
the definition of a* the coefficient a has to be averaged over the period
Y x (0,1) with respect to the cell solutions v : (y,7) — v(y, T, s, §).

e Two-parameter analysis

The homogenization diagram (Figure 1.2) will in general not commute.
Explicit counterexamples comprising nonconnected singular structures
(S, 1) will be constructed, where for semilinear equations the two limit
processes lead respectively to different effective coefficients.

If the measure p is sufficiently connected and regular, the commutativity
of the diagram holds for quasilinear elliptic problems (P?) of the form

— div (K2 (e, ud)Vad) + Myl = f2G02,ul) in @ (L13)

where A > 0 and K2(ul,2,-) = Ks(Z, Yul is a 6-dependent, measure
valued coefficient that oscillates with period €. In particular, it is jus-
tified to study equations of type (1.6) and (1.1) on singular structures.



Mathematical formulation We may list here the more detailed, mathe-
matical formulation of our main results before we compare them with exist-
ing literature. For the definition of all relevant function spaces, including the

space Vlf’ot(']T, du) of periodic potential vectors, we refer to Section 2.2.

Theorem 1.1. Let p > 1 and p be doubling and strongly p-connected on RY.
Let a(y, s,&) and f(y,s) be u-measurable, Y -periodic in y and locally Hélder
continuous in s,§. Assume a(y, s,0) = 0, and strict monotonicity in §:

[a(y, s,&1) —a(y, s,&2)]- (&1 —&2) = ¢ (L+|s|+ 6|+ [€2])P (€1 — &%, (1.14)

where o ;= max{p,2}. Assume |f(-,s)| < C(1+|s|®) for some 3 € [0,p—1).
Then there exists a weak solution ue of problem (1.6), and up to a subsequence
there holds u. — u two-scale strongly in LP(2,du.), where u € Wol’p(Q) is a
solution of equation (1.9). The unique solution v(-,s,&) € Vi (T, du) of the
cell problem

/Y a(y. 5.6+ 0y, 5.6)) - o) duy) = 0 Ve VO (T.dw)  (L15)

determines the effective flux a* according to (1.10).

Sketch of proof. Based on an uniform a priori estimate of type (1.5) on the
sequence of solutions, the two-scale structure result (Theorem 2.4.4) yields

ue = u € WyP(Q), Vue = Vu+ Vyuy, Vyur € LP(Q; VL (T, dp)),

and the rescaled Rellich property asserts the crucial strong two-scale con-
vergence of {u:}. The Holder continuity of @ and f with respect to s then
allows to substitute (asymptotically) u. by u when passing to the limit in the
weak formulation of problem (1.6). Using standard approximation techniques
and monotonicity tricks we derive (Theorem 3.1.8) a two-scale homogenized
problem, from which the corrector u;, the effective coefficient a* and the
homogenized equation (1.9) can be derived. The well-posedness of the cell
problem (Lemma 3.1.10) and hence of a* relies on the connectedness of 1 and
on the structure conditions imposed on a. ]

Now we give our homogenization result for the doubly nonlinear degener-
ate parabolic equation

) Ob(ue) — divas(pu, z,b(us), Vue) = fe(u,z,b(us)) in Q,
: b(us) = b(u) in Q x {0}

3
with a. and f; as in (1.2), where we assume a homogeneous Dirichlet condition
on the lateral boundary. For the notion of a weak solution u. in the class
L*(0,T; fI&’2(Q, du.)) we refer to Definition 4.2.5 on page 97. Time oscillating
data as indicated in (1.1) and corrector results will, for strictly monotone b,
be investigated in Section 4.3.
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Theorem 1.2. Let b be monotonically nondecreasing and Lipschitz contin-
uous with b(0) = 0. Let a, f and u satisfy the assumptions of Theorem 1.1
for p = 2 with separation a = a(y, s)¢, and assume u? € L*(Q,du.). Then
there exists a weak solution u. of problem (P). If u — u® € L?(Q) two-scale
strongly with respect to u, then up to subsequences there holds

e = u, blu) = b(u) in L*(Q,du. ® dt) (1.16)

two-scale weakly and strongly respectively, where u € L?(0,T; H}(Q)) is a
solution of the homogenized equation

dib(u) — diva*(b(u), Vu) = f(b(u)) in Q, b(u) = bu’) in Q x {0}, (1.17)

with a* as in (1.10). If in addition a and f are Lipschitz continuous in s, and
b Hoélder continuous with exponent 1/2, then the solution of (1.17) is unique.

Sketch of proof. Existence can be proven by the Rothe method of time dis-
cretization (Theorem 4.2.7), including an uniform a priori estimate

10 2y + 16w ooz, + lucllpzm, < C, (118)

where H, := Hé’z(ﬂ, due). Then (1.16) follows from estimate (1.18) and
the monotonicity and regularity assumptions on b (Lemma 4.2.8). Equation
(1.17) can be extracted from a two-scale homogenized problem, which can be
derived as in the stationary case using similar monotonicity arguments (The-
orem 4.2.10). The additional regularity of the data and, as a consequence, of
the flux a* (Lemma 3.2.11), enables us to apply a uniqueness result (Theo-
rem 6.10) for equations of type (1.17) using the L'-contraction principle. [

For the commutativity of the two-parameter diagram we will consider
connected periodic networks (S, 1) on R? and their approximations (S, u?).
For their definition and the notions of weak and strong convergence in the
variable LP(Y, du®)-spaces we refer to Chapter 5.

Theorem 1.3. Let (S, ;1) be a connected periodic network in R* and p® — p
according to (1.8). Let (K5, fs)(y, s) be u’-measurable, Y -periodic in y, locally
Hélder continuous in s (uniformly in §) and satisfy

0<ec<Ks(y,s)<C, |fsy,s)| <C+]s]?) ¥6>0, 8el0,1). (1.19)

Assume there exist functions (K, f)(y,s) p-measurable, Y -periodic in y, lo-
cally Holder continuous in s, such that for any fired s:

Ks(-,s) — K(-,5) strongly, fs(-,s) = f(-,s) weakly in L*(Y,du®). (1.20)

Then the two-parameter diagram starting from equation (1.183) (with u® =0
on OS)) commutes, that means the functions u,@ € HE(Q) obtained respec-
tively from the two limit processes are a solution of one and the same problem

(P) —div (K*(u)Vu) + X u = f(u) inQ, u=0 on 09,

where K* is the effective tensor corresponding to K and the structure p.
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Sketch of proof. The asymptotics ¢ — 0 for fixed d is covered by Theorem 1.1.
The next step is to prove (Lemma 5.2.15) that for each € > 0, the weak limits

wl —u., Vul = ®. as § — 0 in L*(Q,dul)

satisfy u. € Hé’Q(Q, due) and ®. = Vu,. Combined with (1.20) and the
regularity of the data this yields that wu. is a solution of the singular problem
sing

(P2'"®) with coefficients K, f. For the asymptotics § — 0 in (P ) we need
the strong approzimability property of 1® — u (Lemma 5.2.14), which implies

VZ (T, dy’) 3 ws — w weakly in L*(Y,dp’) = w € Vi (T, dp).

This stability result for potential vectors ensures that the cell solutions As(-, s)
weakly converge to the cell solutions A(-, s) of the singular problem. Secondly,
the uniform lower bound on Kj yields (Lemma 5.2.14) that the quadratic
form corresponding to Kj is strictly positive uniformly in § and s. It follows
that the sequence {u’} of solutions of problem (P? ) is actually bounded in

hom

HE(Q), and that its weak limit u is a solution of problem (P). O

Comparison with existing literature In the classical setting of the
Lebesgue measure p. = pu = £4, the homogenization of equation (1.6) was
first studied by Babuska [8] for p = 2, by Fusco and Moscariello [32] for arbi-
trary p > 1, by Pankov [52] and Allaire [1] with G-convergence and two-scale
methods. For Radon measures i the asymptotics of related energy functionals

Je(ug) = /Qj(i,Vue)duE, z+ j(y,z) convex, (1.21)

was studied by Zhikov [61] and by Bouchitté and Fragala [14]. In the special
case when the coefficients do not depend on u., the homogenization of equa-
tion (1.6) was investigated by Zhikov [60, 62] in the linear case and, most
recently, by Lukkassen and Wall [44] for monotone operators a = a(y,§).
Hence Theorem 1.1 generalizes the results of [32] to the framework of Radon
measures, respectively the results in [14, 44, 61] to the quasilinear equation
(1.6) with additional dependence of the data on u.. As pointed out above,
this is a nontrivial extension and at the same time fundamental for many
applications. We also mention some recent studies on the homogenization
of nonlinear elliptic operators on domains with asymptotically degenerating
measure [3, 4] and on weighted Sobolev spaces [30], frameworks that either
differ considerably from our singular measure approach or are merely special
cases of our investigation. We also consider a singular nonlinear double poros-
ity model (Section 3.3), where the coefficient a in equation (1.6) depends on
¢ in a more complicated way. This generalizes the analysis of Zhikov [62] and
Bourgeat et al. [20] of the corresponding linear model.
The homogenization result for the quasilinear degenerate elliptic-parabolic
equation (P:) subject to a general connected Radon measure y is new. In the
special case u = £¢, the asymptotics of the problem

Ob(ue) — V-a(%, L u., Vue) = f, (1.22)

ere
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has been studied by Jian [41], Nandakumaran and Rajesh [48], Hou and
Zhang [39], Chen, Deng and Ye [25] and Efendiev and Pankov [29], respec-
tively for special classes of strictly monotone functions b. If the flux a depends
more specifically on b(u) and separates in the gradient variable as in Richards
equation, we will allow b to be merely monotonically nondecreasing (cf. Theo-
rem 1.2), which is also of physical relevance. Homogenization [39, 41, 48] and
corrector results [48, Theorem 2.5] have been stated for equation (1.22), how-
ever under the (in general hard to be verified) presumption that the sequence
of solutions {u.} is uniformly bounded in L*>(Q). Moreover the proofs need
an additional argument (see Section 4.3 for the details). In contrast, we will
be able to derive the homogenized equation and a corrector result of type
(1.12) for any strictly monotone b equipped with a mild growth condition,
and without presuming any a priori bound on {u.}. Moreover we investigate
uniqueness for the homogenized equation, which is not done in the papers
mentioned.

Two-parameter homogenization, with periodicity ¢ and fracture thickness ¢,
has quite widely been studied (see e.g. [5, 11, 14, 18, 20, 21, 24, 27]). For linear
equations, the commutativity of limits on some special networks was shown
by Bourgeat, Chechkin, Lukkassen, Piatnitski and Zhikov [20, 24], and in a
more general framework comprising two-parameter variational functionals

Jo(u) = /Qj(Vu) dul,  z j(z) convex, (1.23)

by Bouchitté and Fragala [14]. In the latter case, the authors showed that

in the framework of letting § depend on ¢, the I'-limit of Jg ) is the same
whatever the choice of the sequence §(¢), provided the underlying measure p
is strongly connected. In the nonconnected case, Bellieud and Bouchitté [11]
have shown that the limit energy may in addition to j(z) contain a nonlocal
term which depends on the velocity of convergence to zero of §(g).

Theorem 1.3 generalizes the commutativity results to the class (1.13) of quasi-
linear equations, where we consider the framework of letting one parameter
fixed, including the singular measure approach with 6 = 0 as ¢ — 0. In
this setting we also construct our counterexamples to noncommutativity for
a suitable class of semilinear equations.

Outline of thesis In Chapter 2 we introduce the setting for the homoge-
nization with respect to Radon measures, including two-scale structure and
compactness results needed to treat nonlinear problems. In Chapter 3 and
Chapter 4 we study the homogenization of quasilinear elliptic and degenerate
elliptic-parabolic equations respectively, where an extra section is dedicated
to Richards equation. In Chapter 5 we investigate the two-parameter case
and study necessary and sufficient conditions for the (non-)commutativity of
limits. In the appendix we collect the basic notation significant for the thesis,
as well as some technical lemmas to which we refer in the text.
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2 The measure setting

In this preparatory chapter we develop an adequate setting for the homoge-
nization of multidimensional structures with respect to Radon measures. This
includes a suitable notion of two-scale convergence and an intensive study of
Lebesgue and Sobolev spaces related to a measure p and its rescalings p.
defined in (1.3). Moreover we introduce the notion of connectedness of a
measure, which is closely related to classical Poincaré-type inequalities. Con-
nectedness plays a significant role for the homogenization theory in this field.
On this basis we are able to prove several auxiliary lemmas, that will lead
to the main results of this chapter: The structure theorem for all possible
two-scale limits of bounded sequences {u., Vu} as in (1.5), and the rescaled
Rellich property, which is crucial for the homogenization of nonlinear prob-
lems. Let us briefly summarize the notation and basic assumptions relevant
for this chapter which will also hold, unless otherwise stated, for the rest of
the thesis.

Preliminaries and notation

Let  be an open, bounded and connected subset of R% with smooth bound-
ary and Y the unitary cube of RY. We always assume that u is a positive,
normalized, Y-periodic Radon measure on R?, which satisfies u(0Y) = 0
without loss of generality. If £¢ is the Lebesgue measure in R?, we denote by
m:= (L Q) @ (u|Y) the product measure. For any ¢ € [1, 00], we set

._ d ._ d —
LY = LYRY dp), LY, = L (R% dp), LY, := LI(Q x Y, dm).

w,loc loc

We call T the d-dimensional torus R%/Z? and identify functions on T with
Y-periodic functions on R?, that means L{,(T) := L94(T,dpu) is the space of
functions in L?(Y,du) extended by Y-periodicity to the whole of R?. For
q € [1,00), the norms in L}, L}(T) and L7, are respectively abbreviated by:

fullas = ([ @I 2, ullgnye = ([ utw)edy,
R4 Y

fallam = ([ el dm)t,
Qxy

and similarly for ¢ = oo using the p-essential supremum. By writing
¢ € D(2;C*(T)) we mean that ¢ = ¢(z,y) is smooth in both its vari-
ables, compactly supported in €2 and Y-periodic in y. Finally note that by
p,p" € [1,00] we always denote fixed conjugate exponents. Now for any € > 0,
we define the rescaled measure p. as follows:

/cp(a:) dpe(x) = Ed/ plex)dp Yo € Co(2), (2.1)
Q Qe

where Cy(Q2) is the space of continuous and compactly supported functions
on Q. Using (2.1), the periodicity and the normalization of p we check

pe = p(Y)LQ = £ (2:2)
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in the vague topology of measures. Note that this implies p.(Q) — £4() as
e — 0, since Q is bounded and £4(9€2) = 0. Periodic structures modeled by
pe will be considered in the subsequent chapters. We give an example of the
relation between p and .. Let S C R be a piecewise smooth and compact
manifold of dimension one and p = H*|S. Then we have u. = ¢4~ 1H?!|eS:

Scaling

Figure 2.1: Support of y and ..

The Lebesgue spaces with respect to p. are, for ¢ € [1,00], denoted by
L9($2, dpe), or shorter L},_(€), and for the norms we set

1/q
lullge = (/Q u(x)\wum) ol = s supluf)] . (2:)

2.1 Two-scale convergence

The notion of two-scale convergence can be extended to the setting of peri-
odic Radon measures, which may rescale nontrivially. This concept was first
developed in [14, 62]. If p is the Lebesque measure up to some density, the
classical two-scale convergence introduced in [1, 50] is retained. We intro-
duce a special class of measures, which covers the main application we have
in mind, namely the homogenization of periodic multijunctions. However, we
will also consider more general measures (cf. Example 2.2.5 below).

Definition 2.1.1. We say that p belongs to the class Jy of periodic multi-
junction measures, if pu|Y = Y1 | wi, where p; == m;H*|S;. Here m; are
positive constants, k; integers in {1,...,d}, and S; are k;-dimensional closed
manifolds of class C* contained in'Y, such that j;(S;) =0 fori # j.

In this section we basically follow the lines of [14, Section 2]. Crucial is
the weak compactness property of two-scale convergence.

Definition 2.1.2. Let v. € LP(Q,du.) and v € Lh,(Q2 x T) for some p > 1.
We say that the sequence {v.} two-scale converges to v (with respect to  and
as € — 0) and write v — v, if for each v € D(;C>*(T)):

i [ (@)oo ) dele) = [ oy dmizg). (24)
€= Q QOxY
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Occasionally we call (2.4) the weak two-scale convergence, in order to dis-
tinguish from the strong two-scale convergence introduced in Definition 2.1.11
below. Note that the two-scale limit takes into account the oscillations of the
sequence {v./i.} which have the same frequency as the test functions ¥ (z, Z).

Example 2.1.3. Let v be continuous in Q x R? and Y -periodic in the last
variable, and let v.(x) = v(x, ). Then there holds

oo e = ([ ol dut) ) 219, v . (25

The weak compactness property of two-scale convergence holds within the
new setting of Definition 2.1.2. For the proof we refer to [14, Proposition. 2.3].

Proposition 2.1.4. Let p € (1,00) and v. € LP(Q,dpu.) with ||ve|p. < C
uniformly in €. Then there exists a subsequence, still denoted by &, and a
function v € L1, (Q xY), such that ve — v.

Enlarging the space of admissible test functions in (2.4) plays a significant
role in the homogenization of nonlinear problems. The following definition
generalizes the classical notion of admissibility (cf. [1, Definition 1.4]).

Definition 2.1.5. Letp € [1,00). An m-measurable function ¢ : QxR? — R,
(w,y) = o(z,y), Y-periodic in y, is called p-admissible, if x — o(z, %) is .-
measurable on  for any € > 0, and

lim [le(z, 2)llpe = llo (@, y)llpm - (2.6)

The following Lemma allows to find a sufficiently large class of admissible
test functions. The proof can be found in [44, Theorem 2].

Lemma 2.1.6. Let ¢ : Q x R — R be a function which satisfies
(a) The function x — (x,y) is continuous for p-almost every y.
(b) The function y — ¥(x,y) is p-measurable and Y -periodic for every x.
(¢) The function y — sup,cq [¢(x,y)| belongs to L,(T).

Then the function x — (x,%) is pe-measurable on Q for any ¢ > 0, and
there holds ¥(x, Z) — (x,y) two-scale with respect to yu. In particular

e—0

lim /Q vle, e = [ plag)dm, (2.7)

We prove a corollary we will frequently use in the homogenization of
nonlinear problems. Roughly speaking, a function ¢ being continuous in one
of the variables has a chance to be admissible in the sense of Definition 2.1.5.

Corollary 2.1.7. Let p € [1,00). Any ¢ € LI(T;C(Q)) is p-admissible.
Moreover, any ¢ € C(S; Le°(T)) has a p-admissible representative.
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Proof. The assumptions of Lemma 2.1.6 hold for ¢(x,y) := |¢(x, y)|P, where
for (b) the arguments in the proof of [1, Lemma 5.3] can be carried over to
a general measure p. Again refering to [1, Lemma 5.6, one can show that
there exists a representative ¢ of ¢ € C(Q; L(T)), and a subset U C Y
independent of x € Q with u(U) = 0, such that

x — @(x,y) is continuous in Q, uniformly w.r.t. y € Y\ U,

|@(z,y)| < C independent of z € Q, y € Y\ U.
The function ¢ := |@(z, y)|P satisfies all the assumptions of Lemma 2.1.6. [

Remark 2.1.8. It is evident that p(z, 2) = p(z,y) for any ¢ € Li(T;C(Q))
or p € C(%; L7°(T)), as the proof of Corollary 2.1.7 shows.

Weakening the regularity assumptions on a test function ¢ is delicate.
As pointed out in [1, Proposition 5.8], even in the case u = £ the second
statement of Corollary 2.1.7 is sharp in the following sense:

Remark 2.1.9. A function ¢ € C(Q; LE,(T)) N LL (2 x Y) with p < 0o is in
general not p-admissible.

Note that the two-scale convergence is a stronger concept than the weak
convergence of {v.u.} in the sense of measures. Hence it is not surprising
that the following lower semicontinuity property holds.

Proposition 2.1.10. Let p > 1 and v. € LP(Q, du.)? two-scale converge by
components to v € L, (Q x Y). Then there holds

fimigt [ @) due(o) = [ P dnGey). (29
=0 Jo QxY
Proof. We refer to [14, Proposition 2.5] O

Since we are mainly concerned with nonlinear homogenization problems,
a notion of strong two-scale convergence is required, which allows to pass to
limits in nonlinear expressions. Proposition 2.1.10 suggests the following

Definition 2.1.11. Let v. € LP(Q,du.) and v € L5, (Q x T) for some p > 1.
We say that {v.} two-scale strongly converges to v (with respect to p and as
e — 0) and write ve — v, if

e—0

ve =~ v and limsup/\vg\pd,ug(a:) S/ [P dm(x,y) . (2.9)
Q QxY

If v. — v, then the L,_-norm of v. converges to the L5,-norm of v by (2.8).
This means that the oscillations of the sequence {v.p.} are captured by the
two-scale limit. The next example directly follows from Corollary 2.1.7:

Example 2.1.12. Let v € Lj(T;C(Q)) and ve(z) := v(x,%). Then there
holds v. — v. The same statement is true for v € C(Q; L7°(T)).
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The following central result shows that one can pass to the limit given a
product of a weakly and a strongly two-scale convergent sequence.

Proposition 2.1.13. Letp > 1,{v.} C LP(Q,dpu:) be a sequence that strongly
two-scale converges tov € L, and {w.} C LY (Q,dpe) satisfy w. — w for
some w € L, with l|wellpr e < C uniformly in €. Then there holds

vwae = ([ oCpputat) £, (2.10)

Proof. Let {¢s} C D(Q x Y) be a sequence with ¢5 — v in L,(Q x Y) and
extended by Y-periodicity to Q x R%. For any function 1 € C(Q) there holds

lim [ vewe) dpe = lim lim </Q(v6 —@s(x, ) + @s(w, £))wetp du€> :

e—=0 Jo 6—0 e—0

Since s - ¥ is an admissible test function for the convergence w. — w, the
choice of {¢s} gives

lim lim (pg(az Dwep dpe = hm pswipdm = / vw dm .
§—0 =0 —0Jaxy axy
In order to prove (2.10), it is therefore enough to show
lim lim [ (ve — @s(z, £))wepdp. = 0. (2.11)

0—0 ¢—0 (9}

Applying the Holder inequality, the uniform boundedness of w,. yields

< CllYlloollve = ¢s(a; 2)llp.e-

/Q (ve — s, 2) Ywet) dpe

In order to estimate the term on the right-hand side, we make use of the Clark-
son inequalities leading to the following estimates for all u,w € LP(Q, dpu.):

LVpe2,00): Jutwlpe+llu—wlpe < 227 (|Jullpe + wlbe),
2.9p€ (1,2 fu+wlfe+|lu— (Jullpe + ||w||p,s)ﬁ-
Using the Clarkson inequalities we get respectively forp>2and p < 2:
loc— (@M < 2 (Rl + Hos(l — 122 ),
loc= s < 2 (Bl + sl 17 - 10 ).

Note that Proposition 2.1.10 gives: liminfe g [Jve + ©5(2)|5.c > [|v + @sllpm
for any ¢ > 1. Example 2.1.12 can be applied to s, and the strong conver-
gence of the sequence {v.} gives

. v+ $s
imsup o~ os(e )15 < 2 (HolEm + 3eslEn ~ 1752202 ).
E—

. / / 1 U+ 0§,
imsuploe = eo(o e < 2 (B0l + Heolnl T 17521 )
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for p > 2 and p < 2 respectively. Taking the limsup as § — 0, by the choice
of the sequence {¢s} the right-hand sides of the above inequalities tend to
zero, so that (2.11) and hence the proposition is proved. O

We show that the convergence in (2.10), if holding for every sequence
we — w, is already sufficient for the strong two-scale convergence of v.. This
turns out to be helpful for the homogenization of monotone operators.

Lemma 2.1.14. Letp € (1,00) and {v.} C LP(Q2,dp.) be a bounded sequence
that admits the following property: There exists v € L, (Q x Y), such that

Vewepte — (/Yv(»y)w(-,y) du(y)) L0 (2.12)

whenever w, — w € L%(Q X Y) two-scale weakly for a sequence {w;} C
LP (9, dpe). Then there holds ve — v.

Proof. The prerequisites clearly imply v. — v, and w. := |v-|[P~%v. is a
bounded sequenced in L¥ (Q, dui.). By Proposition 2.1.4 and (2.12) we get

/ [ve|P dppe () = / VeWe dpie () — vwdm(x,y) (2.13)
Q Q QxY

for some w € L%(Q x Y') possibly up to a subsequence. It suffices to show
w = |v[P~2v, which is nontrivial for p # 2. We introduce the continuous and
monotone increasing function f : ¢ +— [¢t[P~2t on R and claim that

/ [f((z,y) —w(z,y)][(z,y) —v(z,y)]dm = 0 (2.14)
QxY

for any ¢ € L5, (2 x Y). Indeed, let {15} C D(Q x Y) be a sequence with
Vs — v in Lh,(Q x Y) and extended by Y-periodicity to Q x R% By the
monotonicity of f we deduce

/Q (s, 2)) — wel@)] W5, ) — ve(@)] dpe(z) > 0, (2.15)

where we used f(v:) = we. As in the proof of Proposition 2.1.13, first pass to
the limit ¢ — 0 in (2.15) using (2.13), and then to the limit § — 0 to obtain
(2.14), where one has to use f(¢s) — f(¢) strongly in L¥,. Now choose
Y = v+ ty in (2.14) with ¢ € LF,(Q x Y) arbitrary. Deviding by ¢ for ¢t > 0
and t < 0 respectively, we get

/ [f(v+tp) —w]pdm >0 (<L0). (2.16)
QxY

It is obvious that f(v + tp) — f(v) strongly in LP, for t — 0. Therefore,
passing to the limit in (2.16) in both cases yields f(v) = w in L%,. O
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2.2 Sobolev spaces

Sobolev spaces with respect to a Radon measure p arise naturally in the weak
formulation of elliptic problems posed on multidimensional structures. The
well known fact that the gradient of a pu-Sobolev function is in general not
unique will cause slight inconvenience. We first have to define a class H ;,p
of functions, whose elements may have many gradients. Using the concept
of tangential gradients, which is strongly related to relaxation (see Proposi-
tion 2.2.11 below), we are able to extract the Banach spaces H,i’p = Hﬁ’p(Rd).
Recall that p is a positive, Y-periodic Radon measure on R? with (9Y") = 0,
and D = ’D(Rd) the space of smooth, compactly supported functions on R

The Sobolev spaces H,”.

We follow the concepts in [17, 19]. For p € [1,oq], let V) := VP(R?, du) be
the subspace of L}, x (L},)? defined as follows:

(u,z) € Vi if there exists a sequence {¢,,} C D, such that

(¢n, Vo) — (u, z) strongly in (Lﬁ)d+1. (2.17)

Obviously V}/ is a Banach space for the induced L-norm. We define the class
of Sobolev functions as the set of first components in V}}:

ﬁ;’p ={uell:3z¢ (Lﬁ)d such that (u, z) € V/I'}. (2.18)

We often denote the vector z by Vu and call it a gradient of u. Note that by
now, H ﬁ’p is merely a linear subspace of L},. It is not clear how to define a
norm in this space, since in general the gradient of a Sobolev function is not
unique (see Example 2.2.4 below). It turns out that the set of gradients of
u = 0, the vectors normal to the structure, plays an important role:

Observation 2.2.1. The set T}, := {z € (LL)?: (0,2) € V'} of gradients of
zero is a closed subspace of (Lﬂ)d and satisfies the following stability property:

zell,veD = Yzelf. (2.19)

Moreover if u € I:Iﬁ’p with (u, 2), (u, z2) € VI, then there holds z = Z + 2y for
some zy € T'.

Assume for a moment p < oco. Then, thanks to the stability property
(2.19), we can apply Lemma 6.12 in the appendix, which considers multi-
functions associated with stable spaces. By (6.18), since I'l, is closed, there
exists a g-measurable multifunction NJ, : R — lin(R?), where lin(R%) is the
set of linear subspaces of R?, such that

z €Tl < z(z) € Nji(z) for p-ae x. (2.20)
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It is important to note that (2.20) gives a pointwise characterization of I,
and hence, as we will see, of tangential and normal gradients. For u-a.e. point
z € R? we can now define the tangent space of y at a point = by setting

lin(R?) > T(x) := N¥(z)*. (2.21)

A more intrinsic way to define the tangent space T),(x) is to consider the
orthogonal complement of T, in (L), which will also work in the case
p = 0o. We sketch this approach. Denote by D the space of distributions on

R?. Then for any o € (L;’loc)d, an element div(opu) € D' is given by

(div(on), o)p p = —/

o-Veodu Ve eD. (2.22)
R4
Whenever div(op) is a measure absolutely continuous with respect to p with
a density belonging to L, , we write div(ou) € L}, and denote by div,o the
derivative %div(au). For any pair of dual exponents p,p € [1,00] one can
define the class of all vector functions tangent to u by

! L ! d ) . !
X2 = {® € (I5)": div(dp) € L1}, (2.23)

Then for any p € [1, 00| the tangent space T}, (z) of 1 at  can be defined as
(see [16, 14] for the details)

TP(z) = p—ess| J{®(x): e X'}, zeR™ (2.24)

This definition coincides with (2.21) for p < co. As pointed out in [16], it
is unknown whether there exists a positive Radon measure u, such that 7},
depends on p. At least for all measures p considered in this thesis, this is
not the case and hence we will write T),(z) := T}/(z). In [17, Section 3.1] it
was shown, similar to (2.19), that the following crucial stability property is
satisfied:

beXP, peD = pb e XV, (2.25)

It fact, for any p € [1, 00| it turns out that I'l, = (X,ZZI)L7 and for any function
® € (L1)? there holds
NS Xiﬁl — O(z) € T,(x) for p-ae. , (2.26)

with equivalence in the case p’ € (1,00). We can now define the orthog-
onal projection P, from R? onto T}, independent of p, more precisely the
p-measurable, essentially bounded function

P,: R =R g P(z), Pu(x)v]=7 (2.27)

whenever v = 7 + 7 is the unique orthogonal decomposition of v € R% with
7 € Tu(z), n € Nu(z) for p-a.e. € RY. Thanks to Observation 2.2.1 and
(2.20) the following definition of the p-tangential gradient is well posed:

u € ﬁ;’p < Vyu:= P,[z] whenever (u,z) € V] (2.28)
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The notion of the gradient is pointwise, that means V,u(x) = P,(z)[2(x)]
p-almost everywhere, and clearly P,[z] = 0 for each z € T',. Then it turns
out that the linear operator

A:D(A) C L3, — (IB)%, ¢ Ve (2.29)

with dense domain D(A) = D is closable (see [17, Section 3.1] the for details),
where one has to use (2.25) and (2.26). Hence the following definition:

Definition 2.2.2. For any p € [1, 00| we set H}L’p := D(A), that means the
Sobolev space is the domain of the unique closed extension A of the operator
A in (2.29). In particular H}L’p is a Banach space for the norm

||U||H;P = lullp,p + 1 Vuullpu (2.30)

and is separable for p € [1,00) and reflexive for p € (1,00).

We emphasize that (u, V,u) € V¥ for any u € Hy? (see [19, Section 2]).
The different notation indicates the additional topological structure of H, ,i’p
as a Banach space. Examples of tangent and Sobolev spaces will be given in
the next paragraphs, where we also discuss the necessity of considering both,
H.? and H, ﬁ’p depending on the application. Let us also define

H'P ={ueclLl, : upeH" YpeD} (2.31)

w,loc w,loc

The periodic Sobolev spaces H,"(T).

We need to introduce the periodic Sobolev spaces. The concepts are of course
similar as above. For p € [1,00], let V/I'(T) := VP(T,du) be the subspace of
LE(T) x LL(T)? defined as follows:

(u,2) € VP(T) if there exists a sequence {¢,} C C*(T), such that

(¢n, Vo) — (u, z) strongly in Lﬁ(Y)dH, (2.32)

Obviously V//(T) is a Banach space with the induced L},-norm and is reflexive
for p € (1,00). We define the class of periodic Sobolev functions as the set of
first components:

ﬁ;’p(’ﬂ‘) ={ue Lf(T): Iz € Lﬁ(’]l‘)d such that (u,z) € VI(T)}.  (2.33)

Again for (u,z) € VJ(T) we denote the vector z by Vu and call it a gradient
of u. The following statement corresponds to Observation 2.2.1:

Observation 2.2.3. Let I'(T) := {z € LL(T)¢ : (0,2) € VI(T)} be the set
of gradients of zero. If (u, 2), (u, z) € VF(T), then there holds

z=2Z+2 forsome 2 € TL(T). (2.34)
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As (2.34) shows, the problem of non-uniqueness of a gradient is closely
related to the case {0} & T'(T). In what follows we give some examples.

Example 2.2.4. Let S := (0,1) x {3} C (0,1)? and p = H'|S the one-
dimensional Hausdorff measure on S. Then for any p € [1,00) there holds

IP(T) = {(0,v) : ve LP(S,dz)}. (2.35)
Moreover any u € flﬁ’p(’ﬂ‘) can be uniquely identified with a function 4 €
H2(S), and any vector Dy, v) with v € LP(S) is a gradient of u.
Proof. By the definition of f[ﬁ’p(’]l‘) there exists {¢,} C C*°(T), such that

/ (‘u - (Pn|p + |Zl - 5x90n|p + |ZQ — 8yg0n|p) dr — 0,
S

whenever (u,z) € VP(T). This shows that @& = u|g belongs to Hp®(S) with
z1 = 0.4 in the classical sense of periodic Sobolev spaces on S. To show
(2.35), let v € LP(S) and {v,} C Cpg,(S) be a sequence with v, — v strongly
in LP(S). Then we easily deduce

/S (ionl? + 10snl? + [0 — Bypnl?) dz — 0,

for the C°°(T)-function ¢n(z,y) := 5=v,(z) sin(w(2y — 1)). O

The next example is taken from [60, Section 5]. It shows that I, can be
very large, i.e. there exist measures such that any L};-function is a gradient of
zero, and hence H,*(T) = LE(T). This case is called total disconnectedness.

Example 2.2.5. Let p € (1,00),d =1 and a : [0,1] — [0,1] be a function
with the following properties

a(x) >0 a.e. on0,1], /al/(lp)d:v =00 for each interval I C [0,1].
I

Then if du = a(x)dz, that means p is absolutely continuous with respect to
the Lebesgue measure L' with density a, then there holds

— 71, —
h(T) = LA(T), H,P(T) = Ly(T). (2.36)
Similar as above, periodic functions tangent to u can be defined:

/ L / d . . /
XP(T) := {® € LE(T)*: div(dp) € L

MOC}. (2.37)

Since we always consider periodic measures p with ©(9Y) = 0, the tangent
space results a periodic multifunction (see [14, Section 3])

Ty(x) = p—ess| J{®(x): &€ XF(T)} p-ae onY. (2.38)

As the first equality in (2.36) combined with (2.20) and (2.21) shows, T}, can
reduce to {0}. However, for the class Jj of multijunction measures we retain
the classical notion of tangent spaces given by differential geometry.
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Example 2.2.6. Let u € Jy. Then for the tangent space there holds
T, (x) =Ts;(x) for p;-a.e. x, (2.39)

where Ts, denotes the classical tangent space to the manifold S; appearing in
Definition 2.1.1.

It is clear that the orthogonal projection P, onto the tangent space T},
belongs to LZO(’]I‘; R4*?) "and that the u-tangential gradient can be defined in
the same way as in (2.28). We can then consider the linear operator

Ay D(Ay) C LE(T) — LE(T)Y, o — Vg (2.40)

with dense domain D(A) = C*°(T), which again turns out to be closable (see
[14, Section 3] for the details). Hence the following

Definition 2.2.7. For any p € [1,00] we set H,;(T) := D(Ay), that means
the periodic Sobolev space is the domain of the unique closed extension of the
operator Ay in (2.40). In particular Hﬁ’p(T) is a Banach space for the norm

||U||H};”(T) = |lu puY T ||Vuu||p,u,Y- (2.41)

We remark that HP(T) is a closed subspace of Hi’foc, and that it is
reflexive for any p € (1,00). For each u € H,”(T) the following useful
integration by parts formula holds:

¥ € X7 (T) : / Vou- ®dp = — / wdiv, ® dp. (2.42)
Y Y

It is helpful to characterize the adjoint operator A§ of Ay and its domain. This
is done in the following remark. For a proof we refer to [14, Proposition 3.7].

Remark 2.2.8. Let Yﬁ’/ (T) denote the domain of Aj. Then there holds

Y (T)={c e Lf (T): Pyo e XL (T}, Ajo=—divy(Puo). (2.43)

For the class of multijunction measures there exists a natural relation
between H ,i’p (T) and the classical spaces Hé’e’?(Si) of periodic Sobolev func-
tions (cf. Example 2.2.4) defined by local charts on S;. For the proof of the
following lemma we refer to [19, Lemma 2.2].

Lemma 2.2.9. Let u € Jy and denote by V; the usual tangential gradient on
the submanifold S;. Then there holds

u € H}L’p(']l‘) = u€ HL2(S;) foralli, Vyu=Vu pi-ae. (2.44)

per

We emphasize that the converse implication in (2.44) does not hold in
general, and that its validity can depend on the exponent p. This is related
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to the notion of p-connectedness introduced in Section 2.3 below. We consider
two examples. Let Fy := (0,1) x {1/2}, F» :={1/2} x (0,1) and

Sy :={(1/2,1/2,2) : z€ (0,1)}, Sy := {(x,4,0) : z,y € (0,1)?},

F; C R? and S; C R? respectively, with intersection points P := (1/2,1/2)
and @ :=(1/2,1/2,0). We define the multijunction measures p, fi € J; by

p=c(H'|F+HF), [=¢(H'[S1+H?[S),

where ¢, ¢ are normalizing constants. Then the following explicit characteri-
zation of the periodic Sobolev spaces with respect to p and ji directly follows
from Lemma 2.2.9 and the standard Sobolev embedding theorems.

F

P Y.p

(Y.1) s Q

Figure 2.2: Multidimensional structures.

Observation 2.2.10. Let u, i and F;,S; for i = 1,2 as above and assume
p > 1. Then there holds

1. u e H}L’p(T) S Vi ue le,’ezﬁ(ﬂ) and u is continuous in P.
2. Ifp<2: we HyP(T) & Vi: ue Hyf(S)).
3. Ifp>2: ue H;’p(']l‘) & Vi ue HyE(S:) and u is continuous in Q.

We now discuss the relation between H i’p and H, ;,p and the necessity to
distinguish the two. Once more we emphasize the pointwise characterization
of the space I't,(T), which follows from (2.20):

z € TH(T) <= z2(y) € T.(y)* p-ae inY. (2.45)

We quote a central relaxation result [14, Proposition 3.8] and give an impor-
tant application related to the study of elliptic equations.

Proposition 2.2.11. For p € (1,00) consider the functional J : L5 (T) — R
defined by

400 else,

J(u):{ Jy iy, Vu)duif we C(T),
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where j = j(y, z) is p-measurable and Y -periodic in y, convex in z and satis-
fies for some positive constants ¢, C, the growth condition

clzlP < j(y,2) < C(1+ |zP) V(y,z) €Y x R, (2.46)

Then the relazed functional J of J on LE,(T) is given by

J(u) = 2.47
() 400 else, ( )

s { Jy duly. Vyu) dpif w e HyP(T),
where j,(y,z) == inf{j(y,z+&) : £ € Tu(y)L} depends only on the component
of z along T, (y).

Let us give an interpretation of this result. The functional J is not lower
semicontinuous with respect to the L-convergence, hence the relaxed func-
tional J should be considered, to which the direct method can be applied.
Since the relaxed integrand j,, does not depend on the normal component of
the gradient of some function u € I:I,i’p(']l‘) (cf. (2.34) combined with (2.45)),
it suffices to consider tangential gradients and find minimizers in the Banach
space H i’p (T) (see also Lemma 2.3.13 below). For a given positive constant
A, consider the following elliptic problem on the torus

—div (A(y)Vu(y)p) + Mu(y)p = f(y)p inT, (2.48)

subject to a y-measurable positive tensor A € Ly (T; ngm) that satisfies
cle? < € A(y)e < Cleg* VeeR! wyeY (2:49)

for some constants ¢,C' > 0, and f € LZ(T). We then call a Sobolev function
u e ﬁi’z('ﬂ‘) a solution of problem (2.48), if the integral identity

/(A(y)W(y)-Vw(y)JrAu(y)w(y)) dp =/f(y)<p(y)du (2.50)
Y Y

holds for every ¢ € C*°(T) and some gradient Vu of u. It is easy to check that
there exists a unique solution regarded as a pair (u, Vu) in the Hilbert space
VE(T). The uniqueness is twofold, regarding the function v in the Sobolev
space and its unique gradient satisfying (2.50). By density, the identity also
holds for any Vy € Fi(’]I‘), and we deduce from (2.45) that

A(y)Vuly) € Tu(y) p-ae. inY. (2.51)

In other words, the relaxation process signifies to find a new (symmetric)
matrix A, such that the equation (2.48) with A replaced by A is solved by
the same function u € H, ﬁ’Q(']I‘), but now with its tangential gradient. Then
the problem can be studied in the Hilbert space H, }L’Z(T), and in the sense of
finding the unique solution v € H ;’Q(T), (2.48) is equivalent to the problem

—div (AVu) + du = f, we HY(T). (2.52)
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Thanks to Proposition 2.2.11, the problem of finding the matrix A has a
pointwise nature and we deduce

n-Aly)n = min (n+€) - A(y)(n + &), (2.53)
§€Tu(y)l

where we applied Proposition 2.2.11 to the integrand j(y, z) = z - A(y)z. We
choose the symmetric part of A, which is uniquely determined by (2.53).

Example 2.2.12. As in Example 2.2.4, let u be the 1D-Hausdorff measure
supported on a line, such that T,,(y) = span{é1} p-a.e., and let

be a p-measurable periodic matriz satisfying (2.49). Applying (2.53) we easily

calculate
a/ _ E

We conclude this paragraph by considering potential and solenoidal vec-
tors on the torus. Such vectors play an important role in the study of fattened
structures (see Chapter 5).

Definition 2.2.13. Forp € [1, 00] we define the space VppOt (T, du) of potential

vectors as the closure of the set {V : o € C*(T)} in LE(T)?, that means

veVP

pot (Trdp) & Hpn} CCF(T) : [lv = Venllpuy — 0.

We call a vector v € LE(T)? solenoidal, and write v € VE (T, du), if
/ v-Vodu=0 for each p € C(T). (2.54)
Y

If there is no confusion about the underlying measure u, we write V;)ot (T)
and V2 (T). We remark that smooth functions are not necessarily dense in
VP (T). There is a natural relation between the set of potential vectors and
the class E[ﬁ’p(']l‘): Any gradient z of a pair (u,z) € VJ(T) is a potential
vector by (2.32). On the other hand, any potential vector is a gradient of
some Sobolev function provided the measure pu is sufficiently connected (see
Section 2.3 below). For a subspace X C Y of some Banach space Y, we

denote by X+ C Y’ the annihilator of X with respect to the dual pairing.

Remark 2.2.14. For any exponent p € (1,00) there holds Vgot(T)L = st;l(T)

and VP (T): = V¥

pot(']I‘). Moreover any solenoidal vector field is tangential:

ve VP (T) = v(y) € Tuly) for p-a.e. y €Y. (2.55)
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Proof. The first statement is a consequence of the relation (X+)t = X and
the fact that V7 (T) and V_, (T) are closed subspaces of LE(T)2. In particular

Ly(T)? = Vit (T) @ Vi (T). (2.56)

To show (2.55), observe that for any z € I'}; (T) and all v € VZ (T) we get

[y v - zdp = 0 by approximation, which implies (2.55) by (2.45). O
If Vfot(']l‘) denotes the closure in L},(T)? of the set {V,p : ¢ € C*(T)},

then any potential vector admits a unique decomposition

VE(T) 3 V(y) = Viue(y) + 2(y),  2(y) = Vie(y), (2.57)

with V,p € Vg’ot(']l‘) and z € I'(T). In particular (see also [62, §9]), for p = 2

we have the orthogonal decomposition

V2 (T) = VA (T) @ T5(T). (2.58)

pot

The Dirichlet spaces H,” (S, du.)-

We introduce the Sobolev spaces with respect to the rescaled measures. Since
we have in mind elliptic problems with Dirichlet boundary conditions, we
consider a suitable closure of the set D(2) of smooth and compactly supported
functions on 2, thus obtaining u. -Sobolev functions with zero trace.

For p € [1,00] and any € > 0 we denote by VP(Q,du.) the subspace of
LP(Q, due) x LP(Q, dp:)? defined as:

(u,2) € VP(Q,du:) if there exists a sequence {p,} C D(), such that

T ([[u = @allpe + 12 = Vonllpe) = 0. (2.59)

By its definition, VP(£, dpu.) is a Banach space with respect to the norm

(s ) llve@dne) = lullp.e + [12]pe (2.60)

and is clearly reflexive for any p € (1,00). Similar as in (2.33), we define the
space of Sobolev functions with zero trace as the set of first components:

HyP(Q,dpe) == {u e LE (Q) : (u, 2) € VP(Q,dpe) for some z € LzS(Q)d}.
(2.61)
We denote such a vector z by Vu and call it a gradient of u. Again the set
of gradients of zero plays an important role:

Observation 2.2.15. If (u, 2), (u, 2) € VP(Q,dpu:), then there holds

z=2Z4 2z for some zop € TP(Q,dues) :=={z: (0,2) € VP(Q,dps)}. (2.62)
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By the periodicity of u and the definition of p., it is clear how the notion of
a tangent space T),. can be adapted from the Y-periodic multifunction 7}, (y)
defined in (2.38), together with the corresponding orthogonal projection and
the concept of u.-tangential gradients. We set

lin(RY) > T),_(x) := T.(2) for pe-ae x€Q. (2.63)

In particular by rescaling the orthogonal projection P, € LZO(T; RXD) e
recover the notion of u.-tangential gradients:

Puc(x) == Pu(2), Vup(x) = P (2)[Ve(z)] for each ¢ € D(2). (2.64)

Again, such as in (2.20) and (2.45), we get a local characterization of the set
of gradients of zero:

2 € TP(Q,dp.) <= 2(z) € Ty (v)* for pe-ae. x €. (2.65)

We emphasize that by (2.62) and (2.65) the tangential gradient of a function
in the class Hé’p (Q,dpe) is uniquely determined, and hence, as in the last
paragraphs, we can extract a Banach space by considering the linear operator

Ac : D(A:) C LP(Q,dpe) — LP(Q, dﬂe)da o= Vi p (2.66)

with dense domain D(A.;) = D(2). Note that A. coincides with the operator
A defined in (2.29), if u is replaced by p. and the functions ¢ € D(Q2) are
extended trivially to the whole of R? (in particular A; = A in this sense).
It follows that A. is closable, which justifies the following definition of the
e-Sobolev spaces with zero trace, also called Dirichlet spaces:

Definition 2.2.16. For any p € [1,00] we set Hy? (2, dp.) := D(AL), i.e. the
Dirichlet space is the domain of the unique closed extension of the operator
Ac in (2.66). In particular Hé’p(Q,dua) is a Banach space for the norm

[ullipe = llllpe + [ Vieullpe (2.67)
and there holds (u,V,.u) € VP(§,du.), whenever u € H&’p(Q, dpte).

The sets Hy?(€2, dp.) and Hy? (2, dy.) occur in a natural way as solution
spaces of elliptic boundary value problems on multidimensional structures
(see Section 3.2 below for examples and more details). Consider the equation

—div (Ac(p, ) Vue) + Augpe = fre in Q, u.=0 on 09, (2.68)

where f € C(Q) and where A.(u,-) := A(e™!-)ue is the rescaled tensor of
period € corresponding to a p-measurable, Y-periodic matrix A = A(y) that
satisfies condition (2.49). We call a function u. € ﬁé’2(9,dug) a solution of
problem (2.68), if the integral identity

| A@Vu - Toduta) £ [

wpdelo) = [ fodus)  (209)
Q Q
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holds for all ¢ € D(Q2) and some gradient Vu. of u.. Precisely as in the
periodic setting, one can show that there exists a unique solution (u., Vu.) €
V2(Q, dpu.), and that the gradient satisfies

A(2)Vue(x) € Ty, (x)  pe-ace. in Q. (2.70)

Hence the natural solution space for equation (2.68) is V2(€, du.). In Sec-
tion 3.2 we consider the case where A is a matrix diagonal with respect to the
local coordinate system given by 7T}, (z). Due to (2.70) we can then consider
solutions in the Hilbert space H& ’Q(Q, due) or calculate the relaxed matrix A
first (cf. (2.53)) and investigate the equivalent equation

—div (A(Z)V, ue) + e = f, ue € Hy*(Q, dpe). (2.71)

When we study the homogenization of equation (1.1), we have to deal with the
composition of functions u in the Dirichlet space with functions b defined on
the real line. It turns out that, when b is sufficiently regular, the composition
bouw is again a Sobolev function, and that a chain rule holds for the gradient.
A systematic treatment on this problem, including an investigation of the
minimal assumptions on the function b, was given by Marcus and Mizel [45].
Here we require that b : R — R is Lipschitz continuous. Recall that by
Rademacher’s theorem, the function b is then differentiable almost everywhere
in R with (weak) derivative b € L>°(R), and for every ¢t € R there holds

Concerning the following statement, recall that u is a positive periodic Radon
measure on RY, where the rescaled measures j. are defined in (2.1).

Lemma 2.2.17. Letp > 1 and b : R — R Lipschitz continuous with b(0) = 0.
Then for any u € H&’p(Q, dpe) there holds

bou=:ac¢€ Hé’p(ﬂ, due), Vi.a= b (wW)Vyu  pie -a.e. in S (2.72)

Proof. Let us first assume b € C'(R) with b € C,(R). If ¢, € D(Q) is
an approximating sequence for u according to the definition of the Dirichlet
space, then we clearly have

Yni=boyy, € Cé (), Vi thn = b/(@n)vps@n fte -a.e. in €.

Using the Lipschitz condition on b it is easy to check that v, — a strongly
in LP(Q, dy.) as n — oo. On the other hand we can estimate

/Q Y () Vit — Vol dte = /Q ¥ () Vot — b (9n) Vyoiom P dpc

< C’/Q (‘(bl(u)—b/(ﬁpn))vusu‘p—i—‘b/(apn)(vﬁgu_vugwn)‘p) e — 0,
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where we used b € C(R) N L>(R), the pointwise convergence of b (¢,) and
the Lebesgue convergence theorem. If b is merely Lipschitz, we do not have
b' € C(R). In this case, as proven in [10, Theorem 5.4], we use that

Yu € Hé’p(Q, dus): Vyu=0 pe-ae onu '(N) (2.73)

for any £!-negligible set N C R, and the proof for b € C*(R) can be adapted.
[

2.3 Connectedness

In this section we introduce different notions of connectedness of a measure.
The weakest concept is clearly the ordinary connectedness of the support of
o in the topological sense. In the last section (cf. Observation 2.2.10) we have
seen that a Sobolev function can be nonconstant, although its gradient van-
ishes almost everywhere. Stronger concepts have to be introduced, in order
to guarantee Poincaré-inequalities and Rellich-type embeddings.

The connectedness of the underlying measure p is of fundamental importance
for the homogenization of multidimensional structures. Following the lines
of [14, Section 4] and [19, Section 4a], we first study properties of Sobolev
functions on the torus related to the connectedness of p, including the in-
vestigation of the relaxed functional J in (2.47), and the characterization of
solenoidal vector fields (see Lemma 2.3.12 below). The following definition is
valid for general positive Radon measures p on R?, not necessarily periodic.

Definition 2.3.1. We say that u satisfies the doubling property, if there exists
a constant C' > 0, such that

p(Boo(x)) < Cu(By(z)) Vo >0, for p-a.e. x. (2.74)

We say that p satisfies the p-Poincaré inequality for p > 1, if for p-a.e. x
and for every o > 0 there exists a positive constant C = C(p), such that:

[upin < ¢ [ Gy (2.75)
Bo(z) Bo(z)

for all w € D(RY) with u =0 on B,(z) or fBQ(w) udp = 0.

We mention the work of Hajlasz and Koskela [36], where a systematic
treatment on Poincaré-type inequalities in doubling spaces (metric spaces
endowed with a doubling measure) can be found. Here we only note that
any multijunction measure p € J; is doubling. The p-Poincaré inequality is
closely related to the p-connectedness of 1 on R? defined below. We now
derive an important compactness theorem for Sobolev functions on R%.

Lemma 2.3.2. Let p > 1 and p be a positive Radon measure on R satisfying
the doubling property (2.74) and the p-Poincaré inequality (2.75). Then any
bounded sequence {uy,} in H? with u, € CY(R) and sptu, C B for some
ball B and all n € N, admits a strongly convergent subsequence in L.
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Proof. If in addition to the prerequisites, p is compactly supported on R,
then it is known that H,” cc L. To this end we refer to [19, Lemma 4.1]
or [36, Theorem 8.3]. The lemma is then an obvious consequence. O

Now we define various notions of connectedness, which where first intro-
duced in [14]. We will also discuss the differences and relations among them
and give several examples, including the importance of each single property.

Definition 2.3.3. We introduce the following notions of connectedness for a
fized exponent p € [1,00), where ¢ and C are supposed to be real constants.

o 1 is weakly p-connected on T if

(H1) we HPP(T), Vyu=0 p-ae. = Jc:u=c p-a.e;

 is weakly p-connected on R? if

(H2) wue€ H:L:foc, Voau=0 p-ae. = Jc:u=c p-ae;

w is strongly p-connected on T if

(H3) 3C : |ullpuy < ClVuullpuy Yue H}L’p(']l‘) with [, udp = 0;
o 1 is strongly p-connected on RY if

(H4)  3C : ullpury < Ck|Vuullpury Vk € Ny, Vu € DRY) with
Sy wdp =0 or u=20 on d(kY).

Note that by the definition of H, ,i’p (T), property (H3) needs to be checked
only on smooth functions. A similar statement is true for property (H4).

) . 1,
Remark 2.3.4. By density, (H4) can be extended to all functions u € Hufoc
with ka wdp = 0.

Proof. Given such u, choose ¢ € D with ¢ = 1 in a neighbourhood of kY.
Then there exists {1, } C D with ||, — ut[| ;1 — 0 and the function
n

¢n = ¢(¢n - Cn) y Cn = 1;71 d,u

kY

is admissible in (H4). Since |c,| < p(kY)™YP ||iby, — ul|pury — 0, it is easy
to check that [|¢, — uHHl,p(ky) — 0. O
"

The following hierarchy among the different notions of connectedness is
fairly easy to check, only the statement (H2) # (H3) is not obvious. A
counterexample can be found by taking u as the Lebesgue measure weighted
by a suitable degenerate density (see [14, Section 4]).

(H4) = (H2) = (H1),

¥
(H4) = (H3) = (H1).
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Property (H1) In the special case when p is the Lebesgue measure on
an open periodic subset S of R?, the notion of (weak) connectedness on the
torus was first introduced in [60]. As Observation 2.2.10 shows, property
(H1) depends in general on the size of p and is strictly stronger than the con-
nectedness of the support of p in the topological sense. Roughly speaking,
(H1) is a necessary condition in order to study the homogenization of multi-
structures characterized by p. More precisely, let a family {u.} of solutions
of equation (2.68) be given, endowed with an uniform a priori bound

[tell2,e + [[Ve|l2,e < C. (2.76)

Then the weak 2-connectedness of p on the torus ensures (cf. Theorem 2.4.4
below) that the two-scale limit u(x,y) € L2,(2 x Y) of {u.} is independent
of y, which leads to a single macroscopic equation for u. For measures that
are absolutely continuous with respect to £¢, we give a sufficient condition
for (H1) (see [44, Section 4]):

Example 2.3.5. Let p > 1 and du = a(x)dz. Then p is weakly p-connected
on T, provided

/a(az)l/(lp) dr < 0. (2.77)
Y

Properties (H2) and (H3) These two properties are mutually independent
and strictly stronger than (H1). It turns out that they ensure H'-regularity
for the two-scale limit u of the sequence in (2.76), and at the same time
give a structure result for the corresponding sequence of gradients {Vu.}
(cf. Theorem 2.4.4 below). Further investigation shows that (H3) guarantees
the well-posedness of the cell problems associated with the homogenization
of equation (2.68), whereas (H?2) ensures the ellipticity of the corresponding
effective tensor (cf. Lemma 2.3.13 below). Property (H2) is closely related
to the p-Poincaré inequality on R%. The following statement can be found in
[19, Remark 4.2].

Remark 2.3.6. Let p € [1,00) and pn € Jy. Then p is weakly p-connected on
R? if and only if it satisfies the p-Poincaré inequality (2.75).

Property (H3) is essential for the characterization of solenoidal
(cf. Lemma 2.3.12 below) and potential vectors:

Lemma 2.3.7. Let p € (1,00) and p be strongly p-connected on T. Then for
any v € V3 (T) there exists a unique function u € Hﬁ’p(’]l‘) with [ udp =0,
such that (u,v) € VI(T).

Proof. Let V1), be an approximating sequence for v. Then by (H3), the
smooth sequence ¢, := 1, — 1, where ¢, denotes the average of v, over
the cell Y, satisfies

lenllppy < CliVignllppy < €5 [Von = vllppy — 0.
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By reflexivity there exists u € LE,(T), such that ¢, — u weakly in LL,(Y). By
Mazur’s lemma we find a sequence {@,} C C*°(T) of convex combinations of
n, such that

(@n, V@n) — (u,v)  strongly in LE(Y)*.

Finally if (u,v), (4,v) € VZ(T), then from the weak p-connectedness of u on
the torus we deduce that u and @ coincide up to an additive constant. ]

Property (H4) This is the strongest notion of connectedness. It requires
that the Poincaré constant on kY is equal to k£ times the constant on Y,
and hence, by a change of variables, that the Poincaré constant for each
rescaled measure p. on €2 does not explode (cf. Lemma 2.4.2 below). This
allows to study the homogenization of equation (2.68) with A = 0. We give
some examples of (H4)-measures, which also highlight the dependence on the
exponent p.

Example 2.3.8. Let S be as in Example 2.2.4, C' C [0, 1] the standard Cantor
set and P the probability measure concentrated on C. Then for any p > 1,
the following (normalized) measure is strongly p-connected on R%:

p=3sH'[S+ 3(PlC®L(0,1)).

Proof. The measure p on the reference cell is sketched in Figure 2.3 below on
the left-hand side. Note that the condition u € H, ;’p (T) implies

li — 1
yg}QU(w, y) = u(z, 3)

for P-a.e. x, and hence (H1). It is then also evident that u satisfies (H4). O

Figure 2.3: Strongly connected measures.

Example 2.3.9. Let S be the union of three straight lines, which are parallel
to the azis and meet at the center of the cube (see Figure 2.3). Then the
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normalized measure p = %'Hl |S is strongly p-connected on R? for any p > 1.
On the other hand, the combined normalized measure

fi =LY + tH'(S (2.78)
is strongly p-connected on R® if and only if p > 2.

Proof. Let S = U;S;, where the sets S; denote the straight lines. By
Lemma 2.2.9, each Sobolev function u € Hﬁ’p(']l‘) with V,u = 0 p-a.e. is
constant on each set S;. If {¢,} C C>(T) is an approximating sequence
for u, then by a standard Sobolev embedding this sequence is bounded in
C%(S;) for some a > 0 and each i, and hence the constants on S; must be
the same. This gives the crucial property (H1), and (H4) follows from the
regular construction of p. Considering the measure fi defined in (2.78), one
can check that for any p < 2 the function

_J oa ifyes,
U(y)—{ e ifyeY\S (2.79)

belongs to H ;’p (T) for an arbitrary choice of ¢, c; € R. Hence the measure /i
does not even satisfy (H1). By definition of ji we have H;L’p(T) C Hy2(Y) in
the classical sense. Let I, = {y € Y | y; = %} denote the three hyperplanes.
Then if p > 2 we see that the restrictions u |p, belong to W#*4(T;) for some
s > 1 and ¢ > 2 by a standard trace theorem [58, Theorem 11.2.3], and hence
have a further trace on S; C I';, j # ¢. This shows that the function u defined
in (2.79) belongs to H;L’p(’JI‘) for p > 2, if and only if ¢; = ¢o, and properties
(H1) and (H4) follow. O

We conclude the discussion of property (H4) by observing that it is suffi-
cient to guarantee the p-Poincaré inequality (cf. Remark 2.3.6). Recall that
we always consider positive, Y-periodic Radon measures p on R%.

Remark 2.3.10. Let u be strongly p-connected on R? for p € [1,00). Then
w satisfies the p-Poincaré inequality (2.75).

Proof. We consider the case of functions vanishing at the boundary of a given
ball (cf. Definition 2.3.1). Let ¢ > 0 and = € R? be given. We have to show
that there exists a constant C' = C,, such that

/ |ulP dp < C’g/ |V ulP dp (2.80)
By(z) By()

for every u € D with u = 0 on 0B,(x). Note that it is no restriction to
assume that (9B, (z)) = 0. We choose a shift vector v = %;k;é; € R? with
k; € N and an integer k = k, depending on p, such that B,(x 4+ v) CC k,Y.
For a given u € D vanishing at the boundary of B,y(z) we define the function

. July—v) if y € By(x+v),
uly) = { 0 else.
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Clearly u € H,ljp, and we take a sequence {¢,} C D with spt ¢, CC k,Y for
each n € N and

len = tllp + IVpn = Vil — 0

by the definition of the Sobolev space. Then by the definition of 4 and the
Y -periodicity of p we get

/ P dp = / fuly — v)P du = / fal? du — / onl? di.
B,(x) B, (z+v) koY koY

(2.81)
On the other hand, if we set C, := Ck}, where C denotes the constant
occurring in (H4), we get, using the periodicity of the projection P, and the

assumption p(0By(z)) = 0:
[ Jelduzc, [ [Sualdu—Cy [ [Gapdu=c, [ [Gapdn
koY koY B, (z+4v) By(z)
(2.82)

Combining (2.81) and (2.82) gives the desired Poincaré estimate (2.80). [

e

Under certain connectedness assumptions on the underlying measure u,
the annihilators of scalar functions in divergence form and of solenoidal vec-
tors can be characterized. The statements are formulated with respect to the
tangential operator V, and the Banach spaces H, ;’p . For what follows, recall
the definition X¥(T) of periodic tangential vector fields given in (2.37).

Lemma 2.3.11. Let p € (1,00) and V := {div,® : ® € X[ (T)}. If
w satisfies (H1), then the orthogonal space V* of V in LE(T) is given by
the constant functions. Moreover the closure of V in Lﬁ/ (T) is given by the
functions with zero mean value.

Proof. For the first statement we refer to [14, Lemma 4.3]. It follows that
Vc{uel(T): [pudp=0}=Y =Y =Ht=(vhHt=V. ]

The next result is the tangential version of Remark 2.2.14. Note that by
Lemma 2.3.7, if p is strongly p-connected on T, we have
VP (T) = {Vyu: ue HP(T)}. (2.83)
Recall the characterization of Y}/ , (T) given by Remark 2.2.8. For the proof
of the following statement we refer to [14, Lemma 4.6].

Lemma 2.3.12. Let p € (1,00) and V := {0 € Y (T) : div,(P,0) = 0}.
If v satisfies (H3), then the orthogonal space V- of V in LL(T)? is given by
(2.83).

The next lemma relies on the relaxation result in Proposition 2.2.11. It
guarantees the well-posedness of the cell problems and the ellipticity of the
effective equation related to the homogenization of equation (2.68).
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Lemma 2.3.13. For p € (1,00) we define the function j : R — R by
Jjiz— inf{/ |z 4+ Vu(y)|P du : uECOO(']I‘)}. (2.84)
Y

Then if z,(y) = P,(y)[z] denotes the orthogonal projection of z € R% onto
the tangent space of u, then there holds

j(z) = inf {/Y |2u(y) + Vau()|Pdp - u e Hi’p(T)} . (2.85)

Moreover if p satisfies (H2) and (H3), then there exists a positive constant
¢ >0, such that
j(z) > éz|P for all z e R%. (2.86)

Proof. For the proof of (2.85) we refer to [14, Lemma 4.5]. By the connect-
edness assumption (H3) on y it is easy to check that for any fixed z € R? the
infimum in (2.85) in attained on H,”(T). Indeed the functional

o X = Roue |z + Vullp L ys X = {uEHﬁ’p(T):/ud,u—O}
Y

is clearly coercive and weakly lower semicontinuous due to (H3), and hence
by the direct method in the calculus of variations we see that the restriction

j: ST R, 2 — min{||z, + Vuqu’“’Y tu € Hﬁ’p(T)}

is well defined. Assume that j(z) = 0 for some z € S% . Then it follows
that V(2 -y +u) = 0 p-a.e. in Y for some u € HP(T). Since p is weakly
p-connected on R%, the function

1,
frym=zy+uly) € HY,.

is equal to a constant p-a.e., and hence z = 0 by the periodicity of u. This
contradicts |z| = 1, and so there exists a constant ¢ > 0, such that j > ¢ on
S9!, To show (2.86) we can assume z # 0. Then it is easy to check that

J(2) 2 J(3) 2P = =P,
where Z is the unit vector in z-direction. This completes the proof. O

The following advanced Poincaré estimate is known for the Lebesgue mea-
sure, whereas for a general Radon measure ;. we have to require strong con-
nectedness.

Lemma 2.3.14. Let p € (1,00) and u be strongly p-connected on R? satisfy-
ing the doubling condition. Then there holds

u— 7[ udp
j+Y

for allu € H;’foc and each multiindez j = (ji,...,74), where 0 < j; < k — 1.

p
Vk e NL3C >0: / dp < C/ IVoulPdp  (2.87)
kY kY
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Proof. By density it suffices to show (2.87) for smooth functions u € D.
Suppose the contrary, then there exists k € Ny, j0 € {0,...,k —1}¢ and a
sequence {vy, }nen C D, such that

1
Vn € N: / Vo P dp < / |vn, / v dp|P dp, (2.88)
kY nJry jo+Y

where we used u(jo +Y) = 1. We can assume ||V,v,|
n € N by estimate (2.88) and property (H4). Setting

Zp 1= Up — ][ vp dp,
kY

we get a sequence {z,} C C*(R?) with ”ZnHHl,p(ky) < Ck by (H4) and
14
Remark 2.3.4, satisfying

puky = 1 for each

1< 1/ ES —/ zn dp|P dp for all n € N. (2.89)
n Jry jo+Y
If necessary, by a standard higher-order reflection technique [31, Sect. 5.4] at
each facet of the cube kY, we can easily construct a sequence {w,} C C}(R?)
which is bounded in H}L’p , such that sptw, C B for each n, w, = z, in
B, where kY CC B CC B for suitable open balls B, B ¢ R% Combin-
ing Lemma 2.3.2 with the assumption on p and Remark 2.3.10, we get the
existence of a function w € L, such that w, — w strongly in L}, for a sub-
sequence. Hence, passing to the limit in (2.89) we get a contradiction. O

2.4 Compactness in variable Sobolev spaces

Studying the asymptotic behaviour of the spaces ﬁé P(Q,du,.) is delicate be-
cause of the moving geometry of the support of u.. However, at least for
connected measures there is a structure result (cf. Theorem 2.4.4 below) for
all possible two-scale limits of bounded sequences in ﬁé P(, dpu.) in the sense
of (2.76), and we will prove (cf. Theorem 2.4.5 below) that such a sequence
admits a two-scale strongly convergent subsequence in LP(Q, du.). At least in
this generality this result seems to be new, and is at the same time essential
to study nonlinear homogenization problems within the measure setting.
We first show an embedding theorem for fixed e, which relies on Lemma 2.3.2
and is especially important to show existence for equations of type (1.6). Re-
call that the Dirichlet space Hé’p(Q, dpe) is reflexive for any p € (1,00). Its
dual we denote by H _l’p/(Q, due), and for the dual pairing we write

<<'7 >> : H—Lp/(Q’ d:uf) X H37P(Qa du€)7 (>‘7u) = <<)‘a u>> .

Lemma 2.4.1. Let p € (1,00) and p satisfy the p-Poincaré inequality and
the doubling property. Then for any € > 0, the following embeddings are
compact:

HyP(Q,dpe) —  LP(Q,dpe), (2.90)
LP(Q,dpe) — H P(Q,dpe). (2.91)
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Proof. To show (2.90), let u, — u weakly in Hy?(€, du.). Note that by
density it is not restrictive to assume wu,, € D(2). If u, is trivially extended
to R¢ outside €2, we get

fun} € CHRY), [lunll gz ay < C.

It is easy to check that with p also the rescaled measure p. satisfies the p-
Poincaré inequality and the doubling condition. Hence (2.90) follows from
Lemma 2.3.2. Let A\, — X weakly in LP(Q,du.) and u, — u weakly in

Hé’p/(Q, du:). Thanks to Lemma 6.3 it suffices to show

Ay un)) = /anun dpe — /QAUd,Us = (A u)-

But this is obvious, since u, — u strongly in L? (€, du.) by (2.90). O

Now we derive an uniform Poincaré estimate in the spaces Hé’p (Q, due)
for strongly connected measures p on R%. Recall that we always assume €2 to
be an open, bounded and smooth subset of R

Lemma 2.4.2. Let p be strongly p-connected on R? for p € [1,00). Then
there exists a constant c, only depending on 2, such that for any e > 0:

[ullpe < | Vietllpe  for all w e HyP(Q, due). (2.92)

Proof. By density it suffices to prove (2.92) for v € D(Q2). For ¢ > 0 we
choose an integer k. with 2 CC ek.Y and k. < M uniformly in €. We get

p z) = ¢ ulex)|P T dpp u(ex))|P T
/Q\uw dpe(@) = e /ksy| (ex)lP du(z) < Ce kg/yw (ex)) P du(z)

€

IN

cmr / V()P dpe ()
Q

after extending u trivially to the whole of R? and using property (H4). [

For the two-scale structure result below we need to introduce the class
Lr(Q;, H}L’p(']l‘)). This may not be completely obvious, since the set Hi’p('ﬂ‘)
is not a Banach space and its elements can have many gradients.

Definition 2.4.3. We say that a function u = u(z,y) € Lin(Q x T) belongs
to the class Lp(Q;Hi’p(T))iand Vyu € Lh(Q x T) is a gradient, if there
exists a sequence g, € C°(2 x T), such that

on —u, Ve, — Vyu in LP(QxY). (2.93)

Note that each element ¢, of an approximating sequence is Y-periodic in
y, and that V,u belongs to LP(€; V;?ot(T))‘ As Lemma 2.3.7 shows, if pu is
strongly p-connected on T for p € (1,00), then any vector v € LP(Q; V5 (T))
corresponds to a unique function 4 = 4(x,y) such that

w(z,-) € ﬁi’p(T), / w(z,y)dp(y) =0 and v=Vyau. (2.94)
Y
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It is also clear that a € LP(Q; ffﬁlb’p('ﬂ‘)) by Definition 2.4.3. Now we can prove
the central two-scale structure result. In a different framework it was first
proven in [41] for p = 2. We give a proof for arbitrary p € (1,00), based on
the methods in [14], which rely on Lemma 2.3.11 and Lemma 2.3.12.

Theorem 2.4.4. Let p € (1,00) and 3 > 0 a real number. We consider a
sequence (ugs, Vue) € VP(Q, due) subject to the uniform bound

”Ueupﬁ +5ﬂHVU6Hp£ <C. (2.95)

Possibly passing to a subsequence, assume u. — u € Lh(Q xY) and
PVu, — x € Lh,(Q x V). Then there holds

1. If 8 €[0,1) and p satisfies (H1), then uw = u(x) is independent of y.

2. If B =0 and p satisfies (H2) and (H3), then additionally u € Wol’p(Q)
and there exists u; € LP(€; ffi’p(T)), such that

x(@,y) = Vu(z) + Vyui (2,y), (2.96)

where Va1 € LP(Q; VE

bot(T)) is a gradient of iy according to Defini-
tion 2.4.3.

3. If B =1 and p satisfies (H3), then u € LP(; flﬁ’p(T)) and there holds
X(z,y) = Vyu(z,y), where Vyu is a gradient of u.

Proof. To prove the first statement, let § € [0,1) and assume, by density,
that u. € D(Q). One can check that for any ® € X! (T) and ¢ € C®(Q)
there holds (cf. [14, Proof of Theorem 4.2|)

/wug(divué)(ﬁ)dua = —5/ (V®(L) - Vue + uVp - (L)) dpe.  (2.97)
Q Q

The right-hand side of (2.97) clearly converges to zero for ¢ — 0. For conve-
nience we estimate the first term:

€ < el Yllooe |2y e | Vatellpe < Ce'~7 — 0.

/ PB(E) - Ve dp.
Q

Note that by Corollary 2.1.7, both functions ¢p(x,y) = 1 (x)div,®(y) and
vi(x,y) = 0y, (x)®;(y) are p’-admissible. Hence by Proposition 2.1.13, pass-
ing to the limit in (2.97) yields

[ v@ | [ wtenaiv.amaum)] e = o

Since ® and 1) were arbitrary, we deduce that the function u(z,-) belongs to
V+ for £%-a.e. 2 € Q with V defined in Lemma 2.3.11. Since p satisfies (H1),
the same result gives that u(x,-) is constant p-a.e. on Y for L%a.e. z € €,
which shows the first assertion of the theorem.
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Let us show that the two-scale limit v € LP(Q2) obtained above belongs to
Wol’p(Q) provided # = 0 and pu satisfies (H2) and (H3). To this end, let 1
and ® as above with the additional assumption div,,® = 0. Then the integral
on the right-hand side in (2.97) vanishes, and passing to the limit yields

p,m ”w”Lp’(Q)v

(2.98)
where we have set ® := [}, ®(y) du(y). In [14, Section 4] it was shown, that
under the assumptions (H2) and (H3) on p the convex subset

o -/uV¢dﬂc = - Vx(z,y) - 2(y)dm < [| @y uy [Ix
Q QxY

K:={®: ®e X2 (T), div,® =0, |||,y <1}

of R¢ has a nonempty interior. Since K is convex with 0 € K, it follows that
Bs(0) C K for some § > 0. Hence choosing ® = §¢;, by (2.98) we get

[ 4@p(@) o < 57 Nl [ @y < Ol
for any i = 1,...,d and all ¢p € C>®(Q), which implies v € W1P(Q). Since
09} is smooth and the boundary values of 1) can be choosen arbitrarily, the
trace of u on 0f) must vanish, hence u € VVO1 P(Q)). As a consequence, we can
integrate by parts on the left-hand side in (2.98) and obtain

Y(x)x(z,y) — Vu(z)] - ©(y) dm = 0 (2.99)
QxY
for all ® € Xﬁ/ (T) with div,® = 0 and each ¢ € C*°(Q2). In particular, if we
choose ® = P,o with o € Y}’ (T), by Lemma 2.3.12 and the assumption on
u we get the existence of a function uy € LP(; H}L’p('ﬂ‘)), such that

P,(y)[x(z,y) — Vu(z)] = V,ui(z,y) m-ae in QxY. (2.100)

Using (2.45) it follows that there exists a function ¢ € LP(;T%(T)), and

hence a vector v € LP(Q; V3 (T)) by (2.57), such that

x(z,y) = Vu(z) + Vyyui(z,y) + &(2,y) = Vu(z) +v(z,y).  (2.101)

Since p enjoys (H3), by (2.94) there exists @1 € LP(€; I:I;’p(’]I')) with Vi, =
v, where Vi (z,-) € Vi (T) is a gradient of u(z,-) € Hi’p('ﬂ‘). Now if
B = 1, passing to the limit in (2.97) yields

P(@)x(2,y) - ®(y) dm = — (@)u(z, y)div,®(y) dm  (2.102)
QxY QxY

for all ® € Xﬁl(’ﬂ‘) and 1 € C*°(Q2). Choosing ® = P,o with o € Yf/ (T) and
div,® = 0, precisely as above we deduce x(z,y) € LP(Q; VP (T)). Since p is

pot
strongly p-connected on T, we can consider the unique element 4 in the class
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LP($; fI,ljp(T)) that satisfies (2.94) with v = x. Since ® is tangential, we can
apply the integration by parts formula (2.42) in (2.102) and obtain

/Y[ﬂ(az,y) — u(z,y)] div,®(y) du(y) = 0 for L -ae. x € Q.

From Lemma 2.3.11 and (2.94) we deduce u(z,y) = u(z,y)— [y uw(z,y)du(y).
In particular, the function u belongs to LP(Q,HM (T)), and there holds
Vyu(z,y) = Vya(z,y) = x(x,y), which completes the proof. O

Now we prove the rescaled Rellich property for strongly connected mea-
sures i, which opens the door to the homogenization of quasilinear equations
posed on associated multistructures. For the compactness result it suffices
to control the u.-tangential gradient of the Sobolev functions, so we consider
the spaces Hol’p(Q, dp.) endowed with the norm || - ||, defined in (2.67).

Theorem 2.4.5. Let p € (1,00) and u be strongly p-connected on RY satisfy-
ing the doubling condition. Let {w.} be a sequence in Hé’p(Q,dug) endowed
with the uniform bound

lwellipe < C. (2.103)
Assume that we — wy € LP(QY). Then there holds w. — wy, that means
/ |we|P dpe — / |wo|P dz . (2.104)
Q Q

Proof. Tt is easy to check that we can assume w. € D(f2) without loss of
generality. The proof is then divided into two steps.

Step 1: We consider the sequence of piecewise constant functions comprising
the averages of w, over the rescaled cells of size €. In order to simplify notation
we assume = (0,1)% and take the sequence £ = 1, n € N;.. We define

L:={keZ"|Vi: 0<ki<l=n}, L:i={keZ®|Vi:0<k <n},
YF:=e(k+Y) forkel..

i
By construction we have Q = (J,.c;. Yk (see Figure 2.4 below). In the general
case we cover () by a rectangular pavement II of rescaled cells, extending w,
to zero outside 2 (see Figure 2.5). Integrating respectively over II instead, the
proof goes completely analogue, so the assumptions on {2 are not restrictive.

01 @ n

RN
AT
\

03)

A ¥
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Q J
o !

(©.0) L0) ‘ D

Figure 2.4: Q= (0,1)¢ Figure 2.5: Q arbitrary
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We emphasize that, since ;(9Y) = 0, we have
[ dneto) = / duele), (V) = £20F) =<1 (2.105)
@ kel

Now we can define the sequence of auxiliary functions. Set

wk = 7§ () dpe() = 3wk

kel.

where x* is the characteristic function of Y*. Observe that A is piecewise
constant and uniformly bounded in LP(€2, du.) with [[Acllpe = [[Ac|lzr@) by

(2.105). Indeed
/ dNE( )

ellpe = &P
PN el

kel
kel

p

IA

< C,

- ||’LU€ D,e —

p ek
where we have set ||u|]p€ g = Jyx |uP dpe. The main task in this step is to
show the following two statements

lwellpe < Pellr) + Ce,  Ae = wo weakly in LP(Q2). (2.106)

To this end, the following Poincaré type estimate based on the connectedness
of p is crucial:

3C eRVe, k. €I 0 |Jwe — wh

pek < Cel| Vi wellpek - (2.107)

By Remark 2.3.4 the function z +— we(e(x + k)) — wk € HM’{’OC is admissible

n (H4), since it has mean value zero over Y by construction. Thus

et ke = [ uctete 80 -t
Yk Y

IN

Csd+p/ \Vywe (e(x + k)P du = Cep/y |V, wel? dpe.
Y 0

This shows (2.107), which gives the first statement in (2.106) by a straight-
forward calculation using (2.103),(2.105) and [|Acl[pe = [[Acllzp(q)- Now let
¢ € D(2) be arbitrary. By the prerequisites of the theorem we have

Jmode = 37 [ e ubiodne+ 3 [ ubodue = 142,

kel kel

Using (2.103) and (2.107) we obtain |J}| < Ce. To estimate J2 we define the

number ¢¥ := ¢(2¥), where z¥ is any point in the cube Y*. We have

Ve eYr: o) - ¢| < lip(d)|z — 2| < Ce (2.108)
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by the definition of Yek and the smoothness of ¢. An easy calculation gives

—/ Npdr = 3 wh (/ (6— ¢g>du5—LEk<¢—¢§>dx> —: 5.

kel

Using (2.103) and (2.108) we easily deduce |s.| < Ce||we|[1, < Ce¢, and finally
Jr+ J2 = [, Aedpdz 4 o(1) as € — 0, which completes the proof of (2.106).

Step 2: We choose a regular grid of tetrahedra with vertices {ek | k € I.}.
We set O.(ck) = w” for all k € I., where w* := 0 if k; = n for one i, and
define ©. € C(Q) as the piecewise linear mterpolatlon of these values. We
sketch the procedure in 2D, where we get a triangulation of €2 (see Figure 2.6).
Each square Ysk is composed of a lower right and an upper left triangle:

k

Ye
YskJre2 YEk+Ze
k k+e
Ye [Ye

Q
x§+e1
Figure 2.6: Regular grid Figure 2.7: Linear interpolation

If we denote by e; the i-th unit vector and by z¥ = (y¥, 2¥) the coordinates
of the corresponding vertices (see Figure 2.7), then ©. admits the following

explicit form in ng’_ and ng’+ respectively:
O(y,2) = wh+ (Wl —wh)(y —yl) + (k™ —wkte)(z — k),
O:(y, 2) wl + LT —wl)(z = 28) + Lk —wlTe)(y —yite).

Obviously ©, is an element of C(YX) for each k € I.. Putting these values
together we get the piecewise linear interpolation ©. € C(Q2). Now with O,
at hand we want to show

@ = Aellr) = o(1) ase—0, (2.109)
1Ocllwiry < C  uniformly ine. (2.110)

By the construction of O, we deduce
10:~Aclti0) = 30 / —utpde < et S i —wlp (2111)
kel. kel je{0,1}4
with a constant only depending on d and p, and where for any k& € I. and

j € {0,1}9 we have set whd = TR Similarly we define

Vj e {0’ 1}d . Ysk,j = YEIchZjiei7 Zf — s(k—|—2Y) = Zif _ U Ysk’j.
j€{0,1}¢
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As indicated in (2.111) we have to control the term |wt? — wk|P. Possibly
extending w. to zero outside () if necessary, we can estimate

uhd —wkp < C (7[ o= ok of |w5—w§ﬂ'|f’due) (2.112)
Zk Z¢

with a constant only depending on p. Due to Lemma 2.3.14, the terms on the
right-hand side of (2.112) can be treated simultaneously for each j € {0,1}%:

F oo wbirdn = f juele k) - el k)P
zk 2y J+Y

(t)
< of NiulelwtR)Pds < Cf (G du
2Y zk

In (1) we applied Lemma 2.3.14 to the function = — w.(e(x + k)) € H;’{’OC.
Hence combining the last estimate with (2.111) and (2.112), we obtain

10~ Ay < €287 S 19,0 dne
Z
kel €

IN

C4%eP Z /yk |V wel? dpe = CEpHvuewfng,s )
kel. €

which gives (2.109) by (2.103). For the proof of (2.110), due to the second
statement in (2.106) and (2.109), it suffices to control |[[9,©¢|| 1»(q)- Note that
each rescaled cube Y is composed of finitely many tetrahedra Tglfi, such that
Yk = UfV:lef’i. For instance, we have Ny = 2, N3 = 6. It is well known that
each O possesses weak derivatives, which coincide with the derivatives of the
polynomials on each tetrahedra (see [35, Section. 6.2]). We calculate

Na Wi _ ki [P
/](‘91@5|pd$ = g E / 10,9 |P dx = E / —| dx
k k €
Q kel. i=1 Ts,i ki Ta,i

for some j,j € {0,1}? depending on i and on I € {1,...,d}. Thus
00Ny < 27 Y2 [ (X ek ubip)ds
ki 7o jefo1)d

= opgdp Z lwk —whipP < ¢
k.j

uniformly in e as shown above, which shows (2.110). We have ©. — wy
weakly in LP(§2) by (2.106) and (2.109). From (2.110) and the classical Rellich
embedding theorem we deduce ©. — wq strongly in LP(€2) and hence

lim sup lwellpe < llwollpn gy

E—

by (2.106) and (2.109). By Proposition 2.1.10 this is sufficient. O
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3 Nonlinear elliptic problems

In this chapter we study the homogenization of quasilinear elliptic problems
with respect to measures, in the most general setting the asymptotics of the
equation

—diva(%,z,ue, Vue) + Nue [P~ 2, = f(E,mus), wue€ ﬁé’p(Q,d,uE), (3.1)

where the flux a is monotone with respect to the gradient, p > 1 and A > 0.
This approach is quite flexible, since it contains various types of nonlinear
elliptic problems. For instance, our structure conditions on the data (see
Assumption 3.1.1 below) cover the following type of the p-Laplace equation

—div (a(%,u.)|VueP?Vu) = f(£,u), p>1. (3.2)

Apart from the classical setting p = £ included, we will also consider singu-
lar structures equipped with a nontrivial measure p. For instance, for p = 2
equation (3.2) will be derived in Paragraph 3.2.1 by a model of single phase
flow through a fractured porous medium, that contains a connected network
of positive codimension.

We will be able to derive the homogenized equation, in particular an explicit
characterization of the effective flux a* = a*(u, Vu). This generalizes the
analysis of Fusco and Moscariello [32], where in the case = £ the homoge-
nization of equation (3.1) was investigated with A = 0 and f = f(z), as well
as the recent result by Lukkassen and Wall [44], where the authors studied
the asymptotics € — 0 of the problem

—diva(%, Vue) + )\]uelp_Que = fe(z), (ue,Vue) € VP(Q,dpe) (3.3)

subject to a general p-connected Radon measure pu. The central point is
that Theorem 2.4.5 yields the strong two-scale convergence of {u.} a priori
without relying on the equation, only using the uniform estimate (1.4). This
is clearly necessary in order to pass to the limit in (3.1), whereas for the
asymptotics of equation (3.3) it suffices to assume f. — f two-scale strongly
in L (Q, dp.). Indeed, if {u.} merely weakly two-scale converges to u = u(z),
this guarantees that

/Q fo (@) (@) diae () — /Q fuds, (3.4)

which, using the solution property of u., turns out to be sufficient to derive
the homogenized equation for (3.3) and a posteriori the strong two-scale con-
vergence of {u.} (see [44, Section 6] for the details). However, this approach
does clearly not help if f, and even worse the principle part a depends on the
unknown wu.. This stresses once more the importance of the rescaled Rellich
property, which allows to study the homogenization of equation (3.1).

We study the properties of the homogenized operator A*u = —div a*(u, Vu),
which is essential in order to derive regularity, uniqueness and corrector re-
sults for the homogenized equations (Section 3.2). Finally we will consider a
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nonlinear double porosity model (Section 3.3) associated with equation (3.2)
for p = 2, where the coefficient a depends on the parameter € in the following,
more complicated way:

e ai(%,s) =z € Ff, 55
alS:9) = e%ag(%,s) x € F§ (3:5)
R 2

Here FT represents a singular structure, typically a connected lower dimen-
sional network, and F3 the bulk, where the permeability is of lower order
e* with a > 0. It turns out that different types of effective equations arise
depending on the size of the parameter a. Thus we generalize the results in
[62], where the author studied the corresponding linear model.

3.1 Homogenization of monotone operators

In this section we study the homogenization of second order elliptic monotone
operators with respect to measures, more precisely the asymptotics of the
quasilinear equation (3.1), where p € (1,00) and A > 0 is a given parameter.
For various applications we refer to Section 3.2 and the fattening approach in
Chapter 5. We introduce the structure conditions on the data, where we set

ro := min{l,p — 1}, o := max{p,2}. (3.6)

Assumption 3.1.1. Leta: R x Q x Rx R — R?, (y,z,5,£) — a(y, z, s, £)
be pu-measurable and Y -periodic in y, and continuous with respect to the x, s, &
variables in R% x Q x R x RY. We assume that there exist constants c1,ca > 0
and r € (0,79], such that for all (y,z,s) € RT x Q x R and any &1, & € RY:

a(y,,s,0) =0, (3.7)
la(y, 2, 5,61) = aly, x,5,&)| < ci(L+|s| + &l + &) a - &7, (3.8)
(a(ym, 8751) - a(y,x, 8752)) : (51 - 52) > 02(1 + |S| + |£1| + |£2Dp7a|£1 - 52‘0“ (39)

The source f : R x Q x R — R, (y,z,8) — f(y,x,s) is p-measurable and
Y -periodic in y, continuous with respect to the x,s variables in R% x O x R
and satisfies the following growth condition

Be0p-1): |fly,zs)] < CA+]s|”). (3.10)

Let us first draw some simple conclusions. Using the assumptions (3.7),
(3.8) and (3.10) we immediately derive

laly. z,5,6)| < O+ [s| + [P, [fly,z.8)| < C(L+[s)P7H (3.11)

for some universal constants. Given a pair (u, Vu) € VP(Q,du.) we see that
lulP~2u € L (Q, du.) and

la(Z, x,u, V)| € L7 (Q,dp)?, |F(2,z,u)] € L7 (Q, dpe) . (3.12)

Now we introduce the notion of a weak solution of equation (3.1). It coincides
with the standard formulation in case p is the Lebesgue measure. The well-
posedness will be investigated in Theorem 3.1.4 below.
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Definition 3.1.2. The pair (ue, Vue) € VP(Q,dpu.) is called a weak solution
of equation (3.1), if the following integral identity holds for every ¢ € D():

/Qa(g,x,ug,Vug)‘V(p—l—MuAp2u590d,ug:/gf(§,xaua)80dﬂe‘ (3.13)

We emphasize that both sides in (3.13) are well defined. In particular, due
to the continuity of K and f with respect to the slow variables, the functions

r—a(Z,z,u(z), Vu(z)), = f(L z,u(x))

are fi.-measurable for any positive value of € and any (u, Vu) € VP(Q,du,.).
Note that we could alternatively call u. € I:Ié’p(Q,dug) a solution of (3.1),
if the identity (3.13) holds for some gradient Vu. of u.. It is important to
notice that such a gradient is uniquely determined.

Observation 3.1.3. If (ue,z:), (ue, 2:) € VP(Q,du:) are solutions of equa-
tion (3.1) in the sense of Definition 3.1.2, then there holds z. = Z.. Moreover
the flux a(-, ue, z¢) is tangential with respect to p.

Proof. We have z. = Z. + z for some z € I'P(Q, du.). By density, (3.13) also
holds for (0, z) € VP(Q, du.) and using (3.9) we get

0 = [ lalte,20) — e, 2] e = 21 2 0 [ (14 el ool 4+ 2P0 = 2ol
Q Q
> [rtul i r1zr) ([l ar) 2 el a2 0
Q Q

where the integrals are taken with respect to du., and where for p < 2 we used
the reversed Holder inequality (see Theorem 6.6 below) with dual exponents
p/2 € (0,1) and p/(p —2) < 0. This proves the first statement. Similarly, for
each z € I” we obtain [, a(-, ue, z:) - zdue = 0. By (2.20) we can choose z as
the normal component of the flux, which yields the second statement. O

In general we can not expect uniqueness for equations of type (3.1). Exis-
tence can be shown by freezing the function u. in the coefficients and applying
the Schauder fixed point theorem to the corresponding solution operator. To
this end we have to require the p-Poincaré inequality for p. Since the gradient
of a solution is in general not tangential, we have to use the artificial setting
involving the Banach space VP(€2, dy.) endowed with the norm

[ (u, VU)”\/P(Q,dug) = [Ju pe T ||VU”p,€-

Theorem 3.1.4. Let A > 0, p be doubling and satisfy the p-Poincaré inequal-
ity. Under Assumption 3.1.1 there exists a solution (us, Vue) € VP(Q,du:) of
equation (3.1) in the sense of Definition 3.1.2 satisfying the uniform estimate

[tellpe + [IVuelpe < C, (3.14)

where the constant C' depends only on |, ca, p, B, \, but not on ¢.
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Proof. To shorten the notation we write a = a(s,§) and f = f(s), use the

abbreviations
Vi=VP(Q,dus), X :=LP(Q,du),

and denote by ((-,-)) the dual pairing between V' and V. We fix v € X and
introduce the following operators T, : V — Viand V' 3 gV - R:

(Tl ur), (0 o1))) = / a(v,ur) - o1+ NuPPupdpe,  (3.15)

Q
{90, (¢, 1)) = Qf(v)wdua. (3.16)

We want to show that there exists a unique element (u,u;) = w € V, that
means u; is a gradient of u, such that T,,(w) = g,. Note that V is reflexive, so
we can apply the Browder-Minty theorem (see Theorem 6.5 below), provided
T, is strictly monotone, hemicontinuous and coercive.

e 2 <p < oo: We need the following elementary estimate proven in Propo-
sition 6.1 below, valid for some constants ¢,C' > 0 and all a,b € R:

cla—b” < (Ja[’~%a — [pP~*b)(a — b) < C(la| + [p))P"*|a —b]%.  (3.17)
In what follows, all the integrals over €2 are taken with respect to du.:
(a) T, strictly monotone:
<<Tv(u’ ul) - Tv<w’ wl)’ (u7 ul) - (w’ w1)>>

B /Q(a(vv up) — a(v,wy)) - (ur — wi) + AM|ufP"?u — |[w]P~?w)(u — w)

02/|u17w1|p+c)\/|u7w|p >0
Q Q

for (u,u1) # (w,w1), where cp and ¢ are the positive constants ocurring in
(3.9) and (3.17). Hence T, is strictly monotone.

%

(b) T, hemicontinuous:
(T ((u, ua) + t(w, wr)) = Ty (u, wa), (2, 21)))|

/ (a(v,uy + twy) — a(v,u1)) - 21 + AM|u + tw[P~2(u + tw) — |ulP~2u)z
Q

IN

“ / (14 [o] + Jun + |+ Jug )P~ [ty 7] 24
Q

4O [ (Ju+tw] + ul)?ew]e
Q

IN

01|t|r/(1 + o] + |uy + twy | + ua| + |wi])P 7121
Q

p—2

FOME] [[wllp,ell2llp.e (/Q(un + IUI)p> -0

for t — 0 and all (u,u1), (w,w1),(z,21) € V, where ¢; and C are the positive
constants ocurring in (3.8) and (3.17). Hence T}, is hemicontinuous.
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(c) T, coercive:
(T (), (1)) = / a(v,ur) - ur + Mul? > / ealurl? + MulP > el|(uyur) %
Q Q

for a positive constant ¢ and all (u,u1) € V. Since p > 2, T, is coercive.

e 1 < p < 2: In this case we need the second estimate of Proposition 6.1
below, where c is a strictly positive constant only depending on p:

c(lal+ [b)P2(a —b)* < (la|P"2a — [bP72b) (a —b) < 2]a—bP. (3.18)
(a) T, strictly monotone:

<<Tv(u7 ul) - Tv(w’ wl)’ (U, ul) - (’LU, w1)>>

> o [ (Utlol o+ fal+ foal 2o = - eh | (] + )2 -
Q Q
2/p =
> ( u—w) -(/<1+v|+|u1|+|w1|>p)
Q Q

sa(f |u—w|p)2/p- (/Q<|u|+|w|>p)p”2 >0

for (u,u1) # (w,w;), where we used (3.9),(3.18) and the reverse Holder in-
equality for the dual exponents p/2 € (0,1) and p/(p — 2) < 0.

(b) T, hemicontinuous: This can be shown precisely as in the case p > 2,
where this time we use

A ‘ / (Iu + twlP~(u + tw) — Jul~2u)z dp.
Q

< 2)\/ [tw|P~ Y| 2| dpe
Q

2N/t |2 e JwllB2 — 0

IN

for t — 0 and all (u,u1), (w,w1), (2, 21) € V, where we used (3.18).
(¢) T, coercive:
(To(u, wn), (w, wa))) - = Cz/((1+|vl +lur )P [? + Alul?) dpee
Q
> c2([llpe + llpe + luallp.e) P~ llualp c + Alullp .

where we used (3.9), the reversed Hélder inequality as in (a), and the fact
that p < 2. If we set ¢ := min{ce, A} and k := ||1]|p + [|[v][pe > 0, we get

(T (1), (o, 00) lolle Gt e [ lulse )2
chu * ( )1

1w, ua)llv wou)llv o l(wun)lv \E+ [l

lp.c

where the right-hand side converges to +oo as ||(u, u1)||y — oo, since p > 1.

By the Browder-Minty theorem, we get that T, is bijective, hence for any
v € X there exists a unique pair (u,u;) € V, including uniqueness of the
gradient, such that

/ a(v,u1) - o1 + MulP2up dp. = / f)pdu: Y(p,p1) € V. (3.19)
Q Q
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In what follows we are looking for a fixed point of the solution operator
L:V =V (v,v1)— (u,uy),

which does not depend on vy and is well defined by the considerations above.
It is clear by construction that such a fixed point is a solution of equation
(3.1) in the sense of Definition 3.1.2. First of all we show that there exists a
constant R, only depending on ||, c2,p, 3, A, but not on &, such that

L:BrCV — Bg, Bpg:= Bg(0). (3.20)
We choose (u,u1) as a test function in (3.19), and using (3.9) we get

F)llpe, (3.21)

where for p < 2 we argued as in (c) above. To estimate the second factor on
the right-hand side in (3.21), we use the fact that |u.(Q2)] < C independent
of € by (2.2), and assumption (3.10), which also implies 8p’ < (p — 1)p' = p:

c2 (|1

pe T H”Hp,s + HUIHP,E)p_a”UI

[pe T Allu

e < llullpel

IF @)l < COIL+ 0P lye < COANA+ o]l )

< O, B, 12D + [lollp.)- (3.22)

For p > 2 (i.e. @ = p) we combine (3.21) and (3.22), Young’s inequality for
p, P, and standard absorption techniques, to get

[ u)lf < €O+ ol < C+ ol < C+ 3ol (3.23)

where the constant C depends only on ¢y,p, 5,A and |Q|. Hence choosing
R := (2C)'/? we get (3.20). For p < 2 we deduce from (3.21) and (3.22)

[urllp,e )2 !
up? : + Jul|P. < C(1+ |jv]|?P
bl (ol s W < €O+ i)

for a constant C' only depending on c2,p, 3, A and [2|. Note that for any
positive constant ¢ > 0 we have, whenever |uq[p. > 1,

2
< [utllpe ) > C(¢,p,|9]) > 0,

||1Hp,s +é||u1Hp,5

since - (2) — |Q|. After a simple distinction of cases ¢||lui|pe > ||v]|p,e and
¢llutllpe < |Jvllpe for a suitable constant ¢ > 0, we obtain

I, u)f, < C+ 5l 00,

as in (3.23) and find R > 0, such that (3.20) holds. If we show that L is
compact (and continuous), we can apply Schauder’s fixed point theorem, and
Theorem 3.1.4 is proven, together with estimate (3.14) thanks to (3.20). We
have to show that L(Bg) is precompact in V, so let (u",u}) be a sequence in
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L(Bg) and (v™,v7) a sequence in Bgr with (u™,u}) = L(v"™,v}). Recall that
by (2.62) and (2.65) we have the orthogonal decomposition

vl (z) = Vo' (z) + 7"(x), " e TP(Q,du.)

pe-almost everywhere in €. Hence we get [[v"||pc + [V v"|pe < R, and
consequently by the assumption on i and Lemma 2.4.1

v" — v strongly in X (3.24)

for a subsequence and some v € X. Since L(Bg) C Bg, with the same
argument we get, after possibly passing to another subsequence, that

u" — 7z strongly in X, u} — ¢ weakly in X9 (3.25)

for some z € X, ¢ € X% We emphasize that ¢ is a gradient of z, since Bp
is weakly sequentially closed in V. We set (z,21) := (2,£). Note that since
{v"} and {u}} are bounded sequences in X and X9 respectively, we have

1L+ [0 + [uf] + |25 c* = C >0 (3.26)
for a some constant C' independent of n. For this constant we claim that

aCllut -zl < ealluf =zl N0+ 0" + o] + 2[5

IN

o [ (14 10"+ + a1 )P = 1]

Q

= / (" u}) — a(v", ) - (uf — ) "=F 0. (3.27)
Q

Indeed for the estimates in (3.27) we have used (3.9),(3.26) and the reversed
Holder inequality for p < 2. To show the convergence in (3.27), we use the
solution property (3.19) and the first convergence in (3.25) to get

[t ) =) = [ (F07) = NP2 - 2) =0

for n — oo. On the other hand by (3.11),(3.24) and the continuity of a with
respect to the s-variable, we deduce a(v", z1) — a(v, z1) strongly in X', hence
by the second convergence in (3.25)

/a(v”,zl)'(zl—u?)ﬁo forn — oco.
Q

This shows (3.27), which together with (3.25) implies (u",u}) — (z,21)
strongly in V for a subsequence. Hence L(Bg) is precompact in V. To
show the continuity of L, let

(v",v1) = (v,v1) strongly in B, (u",uf) = L(v", 7).

As shown above, for any subsequence there exists a further subsequence, still
denoted by n, such that (u”,u}) — (z,21) strongly in Bg. Using (3.11) and
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the continuity of a with respect to the slow variables, it is easy to check that
a(v™,ul) — a(v,z1) strongly in X '. Making use of the solution property
(3.19), we get for any pair (p, 1) € V:

/ a(0" ) oy + AP = / (o)
Q Q
I (n— o0) !
/ a(v,21) - o1 + NP2z = / f(0)e.
[9] Q

and therefore (z,21) = L(v,v1), since the operator T, above is injective. It

follows that L : Br — Bpg is continuous, which completes the proof. O

The following remark shows that the regularizing term A|u.|[P~2u. can be
omitted for strongly connected measures p. Recall that strong connectedness
implies the p-Poincaré inequality for p by Remark 2.3.10.

Remark 3.1.5. If u is strongly p-connected on R¢, Theorem 3.1.4 still holds
for X =0, that means there exists a weak solution (us, Vuz) € VP(Q,du.) of

the equation
—diva(Z,z,ue, Vue) = f(Z,7,u.). (3.28)

The uniform estimate (3.14) remains valid, only the constant C' depends ad-
ditionally on the Poincaré constant c, of estimate (2.92).

Proof. Given a pair (u,u;) € V we can uniquely identify u as an element of
Hé’p(Q, dpe), and by Lemma 2.4.2 we get ||u||pe < ¢pllut]pe, in particular

1
lullpe > m”(uvul)nv’ (3.29)

which ensures the coercivity and the strict monotonicity of the operator T,
above for A\ = 0. Estimate (3.29) is of course also sufficient to apply the
standard absorption techniques that lead to (3.20). O

Now we turn to the homogenization of equation (3.1), that means we pass
to the limit in the integral identity (3.13). To this end we heavily rely on
the structure and compactness results proven in Section 2.4, especially on
Theorem 2.4.4 and Theorem 2.4.5.

Proposition 3.1.6. Let p be strongly p-connected on R% and doubling, and
let (ue, Vue) be a weak solution of equation (3.1) for X > 0. Then there exist

functions u € Wol’p(Q), uy € LP(Q; f[ﬁ’p('ﬂ‘)) and ag € L%(Q xY) such that

ue — u(x) two-scale strongly in LP(, du.), (3.30)
Vu, — Vu(z) + Vi (z,y) two-scale in LP(Q, du.)?, (3.31)
a(%,z,ue, Vue) = ao(x,y)  two-scale in Lp/(Q,dug)d (3.32)

up to subsequences, where Vi (x,-) € V2 (T, du) is a gradient of u(x, -).
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Proof. The statements in (3.30) and (3.31) are an immediate consequence
of the uniform a priori estimate (3.14) combined with Theorems 2.4.4-2.4.5,
whereas (3.32) follows from (3.12),(3.14) and the weak compactness property
of two-scale convergence. ]

We mention one of the difficulties in the homogenization step. As sug-
gested by (3.31), the monotonicity of a and Proposition 2.1.13, when passing
to the limit in (3.13) we would like to show

a(Z,w,ue, &) — aly,z,u,§) two-scale strongly (3.33)

for any fixed ¢ € R%, where u € Wol’p(Q) is given by Proposition 3.1.6.
Although we have u. — wu for strongly connected measures, it is not clear
that (3.33) can be expected, especially when a is merely continuous in v and
does not separate in its variables (cf. Remark 2.1.9). Even if u is smooth and
a separates in &, we can not expect an asymptotic behaviour of the form

la(Z, 2, u:) —a(Z,2,u)llqge = o(1) ase—0, (3.34)

for a suitable ¢ > 1. We have a chance to show (3.34) if the flux a admits an
uniform modulus of continuity with respect to the s-variable. To this end, for
the case u = £%, it was assumed in [32] that a is locally Lipschitz continuous
in s. However, we show that it suffices to require local Holder continuity in s
with arbitrary small exponent.

Assumption 3.1.7. There exist 7,7 € (0,7], a function h € LZ(T;C(Q))
and a constant c3, such that for all (y,z,€) € R? x Q x R? and sy, s € R:

lay, ,51,€) —a(y, =, 50,6)| < ea (L4 ]s1] + [s2] + [€)PT 7 ]s1 — 527, (3.35)

[f,z,51) = fly.z.82)] < |h(y,2)]|s1 = o], (3.36)

with 1o :=min{1,p — 1} as in (3.6) and §:=p(p—7)~" € (1,p].

Under the additional Assumption 3.1.7 we are able to prove the main
result of this chapter, the homogenization of quasilinear monotone elliptic
operators on strongly connected multidimensional structures.

Theorem 3.1.8. Let p1 be strongly p-connected on R* and doubling, and let
u € Wol’p(ﬂ), u; € LP(Q,flﬁ’p(T)) and ag € Lh,(Q x Y)? as in Proposi-
tion 3.1.6. Then under Assumption 3.1.7 there holds

ao(z,y) = a(y, z,u(x), Vu(zr) + Vyii(z,y)) (3.37)

and the pair (u,uy1) is a solution of the two-scale homogenized problem

Oy a(ya €, U, Vu + vyal (y)) ' [qu + vygbl(y)] dm

+)\/Q]u\p_2ud>dx:/gf(x,u)¢d:r (3.38)

for all (¢,61) € D(Q) x D(Q;C¥(T)), where F(-) = [, f(y,-) du(y).
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Proof. For any pair (¢, ¢1) given in (3.38), we define a suitable test function
ve € D(Q) in (3.13) by

905(-’17) = (b(.%‘) + E(bl(xa %)7 VSDE(w) = V¢($) + va(bl(‘ra %) + Vy¢1($, %)7 (3'39)

and pass to the limit. We treat the three terms occurring in (3.13) separately.
Our first claim is
e—0

lim /Q F(2, 2, u) e dpie = /Q F(, ) d. (3.40)

Using (3.11) and (3.14) it is easy to check that [[f(Z,-,uc(+))[[; . < C uni-
formly and, as a consequence,

/ f(Z,2,u:)pe dpe = / f(€,z,u)pdpe +0(1) ase—0 (3.41)
Q Q

by Proposition 2.1.4. Since u € WHP(Q) is in general not continuous, we
need to choose a sequence of functions {15} C D(2) with 15 — u strongly in
LP(€2). By (3.36) and the choice of ¢ we get

IN

Cll(z e Hue = s lly -

C”B(Ev ')Hq",e ||us - 7/)5”2,5’ (3'42)

/Q (P 2,ue) — (2, 2,95))b dpie

IN

where we used 7y(j/ = p. If we fix § > 0, then precisely as in the proof of
Proposition 2.1.13, we get using (3.30), the Clarkson inequalities and Propo-
sition 2.1.10:

v/p
C (Rlully + Slsllz — 1252 2) p>2,

lim S(l)lp ||u6 - /(/)5"2,5 < ) . N o , ’~y/p/
E— —_— U
O (IRl + Sssl)?s — ey ) p<2,
where || - ||, := || - | r(q)- Since ¢s — w in LP(£2), combining the last estimate

with (3.42) and applying Example 2.1.12 to the function A yields:

/Q & 2ue) — F(2,200)) dpe

) = 0. (3.43)

lim sup <lim sup
6—0 e—0

Note that the function (y,z) +— f(y,z,¥s(x)) belongs to Lﬁ,(T;C(ﬁ)) by
(3.10) and the assumptions on f. By Remark 2.1.8, for any § > 0 we get

. - B - 60 -
iy [ fEavsodie = [ Favgods =0 [ fewods, G

the latter convergence thanks to (3.11) and the continuity of f with respect to
the last variable. Combining (3.41) with (3.43) and (3.44) we obtain (3.40).
Using (3.30) and the monotonicity of the function g : t — [t[P~2t, we can
easily show

lim )\/ lue [P~ 2uc e dpe = /\/ luP~2u¢ dx (3.45)
e—0 9} [}
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with the methods from the proof of Lemma 2.1.14. Now (3.32) immediately
gives

/Qa(f,glmu87 Vu.) Ve (x)du: — oy ao(z,y) - [Vo(z) + Vydi(z,y)] dm. (3.46)

Hence if we show (3.37), the proof of the theorem is complete. To this end,
for arbitrary ¢ € C(Q x T)? and ¢ € (—1,1) we define the vector functions

’wt(CU,y) = V¢(LE) =+ vy¢l(x7y) + WJ(@",?J)» ws,t(x) = wt(xa %)
with (¢, ¢1) as above. Then by (3.9) we get

0< /[a(f, T, ue, Vue) — a(Z, o, us, we )] - [Vue — we ] dpe (3.47)
Q

We pass to the limit on the right-hand side in (3.47), treating each term
separately. Using (3.12) and the definition of the space VP (€2, dy.), by density
we can choose ¢ = u. in (3.13) and obtain

/Q a(Z, 0, ue, Vue) - Ve dpe = /Q F(2 2 ue e dpe — A /Q P dee

— /f(x,u)udx—)\/u|pd:c, (3.48)
Q Q

where we used (3.30),(3.40) and applied Proposition 2.1.13. For the second
term in (3.47) we get

/ a(ga T, Ue, VUg) - Wep dpte — ao(z,y) - wi(z,y) dm (3.49)
Q QxYy

by (3.32) and the definition of w. ;. In order to treat the other two terms in
(3.47) we have to use the arguments in the proof of (3.40). To shorten the
notation, we set

If = /Q[a(szv w&:wa,t) - a(%a T, Ue, wa,t)] - (Vue — wa,t) dpte -

Similar as in (3.42), using the a priori estimate (3.14) and the Holder assump-
tion (3.35) on a we get:

0
2|

IN

/ / 1/pl
c ( 0 s e+ ) e = dua)
Q

IN

ClIA+ sl + [uel + lweeDI5™ Nue = ¥sllpe (3.50)

where in the last estimate we applied the Holder inequality with exponent
r=p/yp and its dual . With the same reasoning as in (3.43) we get

lim sup <limsup |I§\> =0. (3.51)
6—0 e—0
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Using the regularity assumptions on a and the definition of 15 and wy, it is
easy to check that the function (y,x) — a(y, z, ¥s(z), w(z,y)) belongs to the

class Lﬁ, (T;C(2)). Hence by Example 2.1.12, Proposition 2.1.13 and (3.31)
we get

/ a(%?*rvw&we,t) : (we,t - V’LLE) dﬂs 5—’_)0 a(ya (anéuwt) . (wt —Vu - Vy’&/l) dm
Q

QXY
(3.52)
for any fixed 6 > 0. Moreover by (3.11) and the continuity of a with respect
to the third variable we get

/ a(y,z, ¥s,w) - (wg — Vu— Vytn)dm — [ a(y,z,u,w) - (wy — Vu — Vg ) dm
Q

xY Qxy
(3.53)
as 0 — 0. Now if we combine the convergences (3.48)-(3.53) and pass to the
limit in (3.47), we obtain

0

IN

/ (f(z,w)u — N|u|P) de — / (ag - wy — a(u,wy) - [wy — Vu — Vyiy]) dm
Q QxY

= / lao(z,y) — aly, z,u, wy)] - [Vu+ Vyi —w] dm. (3.54)
Qxy

Let us justify the equality in (3.54). If we combine (3.14),(3.40),(3.45) and
(3.46) we deduce for any given pair (¢, ¢1) as above:

/ ao(z,y) - [Vo+ Vyp1]dm = /(f(x,u) — MuP~2u)¢ d. (3.55)
QXY Q

In particular, if we choose an approximating sequence {65} € D(Q) and, by
Definition 2.4.3 a sequence {¢; 5} C C*°(2 x T) with

¢5 — u strongly in HyP(Q), V15— Vi strongly in LE,(Q xY), (3.56)

we can pass to the limit § — 0 in (3.55) and obtain, since ag € L‘?,IL(Q xY)
and f(z,u), [ulP~?u € L¥ (),

/ ao(z,y) - [Vu+ Vyu ] dm = /(f(:z:, w)u — MulP) dz, (3.57)
Qxy Q

which shows (3.54). We can choose ¢ = ¢5 and ¢1 = ¢1 5 as above in the
definition of w; and pass to the limit § — 0 in (3.54). This yields

0 < t/ [a(y, z, u, Vu+ Vyin + ) — ao(2,y)] - Y(z,y)dm  (3.58)
Qxy

by (3.12),(3.54),(3.56) and the continuity of a with respect to the last variable.

Then dividing by ¢ (for t > 0 and ¢ < 0 respectively) and passing to the limit
t — 0, we obtain

/ [ay, z, u(x), Vu(z) + Vyia(z,y)) — ao(z,y)] - ¥(z,y) dm = 0
QxY

for each 1 € C(Q x T)¢, which shows (3.37) and completes the proof. O
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Note that the Holder condition (3.35) on the flux a can not hold for v > 0
if a separates in the £-variable, which however is the case in some applications
discussed in Section 3.2 below. Hence we introduce an alternative type of local
Holder continuity similar to the one imposed on the source f in (3.36), which
still guarantees that the term |I| can be estimated from above by |lus —1s ||
as in (3.50).

Remark 3.1.9. Theorem 3.1.8 still holds if (3.35) is substituted by the as-
sumption

‘a(y,"ﬁ, 8175) - a(y,:ﬂ, 5255)‘ < |h(y,f£)| (1 + |€|)p71 |81 - 82|’y
for some v € (0,19) and a function h € LL(T;C(Q)) with ¢ = pp (p—~p)~ L

Now we show that the two-scale homogenized problem (3.38) can be de-
coupled to obtain a single effective equation for u. The information encoded
in the corrector function % leads to a cell problem, that determines the ef-
fective flux a*. For any p € [1,00) we consider the space

7P = UP(T) = {(v,01) € VP(T, dp) - /Yv du=0},  (3.59)

which is a closed subspace of VP(T, du), in particular a reflexive Banach space
for p > 1. We emphasize that if p is strongly p-connected on T, then the map

I e VP = R, (v,01) = [foallpy (3.60)
defines a norm equivalent to the one induced by V?(T, du).

Lemma 3.1.10. Letp > 1 and p be strongly p-connected on T. Then for any
triple (z,s,&) € 2 x R x R? there exists a unique solution of the cell problem

—diva(y,z,s,&+v1(y)) =0 in VP, (3.61)

more precisely there exists a unique element (v,v1)(-, x,s,§) € VP, such that
the following integral identity holds:

/Y a(y, 5,6+ 01(y,2,5,€)) - o1(y) duly) =0 for each (g, 1) € VP

(3.62)
Moreover there exists a constant C independent of (z,5,€) € QxR xR, such
that the following uniform estimate holds:

[(w,v) (2,8, llvp = 1 (2, 8,8y < C(L+[s| +[€]) (3.63)
Proof. We fix (x,5,£) € Q x R x R? and define the operator

T := T(:c,s,&) : Vp - (Vp)” (’U7’Ul) = T(Ua Ul) 5

(T(v1), 1) = (T'(v,v1), (0, 01))) = /Ya(y, z,8,§ +v1(y)) - p1(y) duly) -
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Using (3.11) it is easy to check that 7" is well defined. The first statement
of the lemma follows if T is bijective. To this end it suffices to check the
prerequisites of the Browder-Minty theorem. To shorten the notation we also
abbreviate a(s,§ +v1) = a(y,z,s,£ +vi(y)) and ||vi|lp == |[v1]lp,py-

e T strictly monotone:
(T'(01) = T(wr),v1r —wi) = C(L+[s| + €] + [loallp + [willp)?~*[Jor —wr [y > 0
for v = max{p, 2} by (3.9), when (v,v;) # (w,w) in V?.
e I" hemicontinuous:
(T ((v, v1) + t(w, w1)) = T(v,01), (2, 21))

& / (L4 [s] + [€ + 01 + twr| + € + 02 )P~ teor || 2| dp
Y

IN

IN

0lt|r/(1+\8\+|£+v1|+(1+Itl)lwll)”_1IZ1|du -0
Y

for t — 0 and all (v,v1), (w,w1), (2, 21) € VP, where ¢; occurs in (3.8).

e T coercive:
(T(v1),v1) > ?Hvl||£+/[a(s,€+v1) —a(s,v)] - vidp, (3.64)
Y

where for p < 2 we used the reversed Holder inequality and assumed without
restriction that |v1|l, > 3(1 + |s|). We abbreviate © := 1 + |s| + |{]. With
the help of (3.8) we can further estimate:

/ [a(s, & +v1) —a(s,v1)] - v1
Y

< cor! /Y (14 foa )P o dy

IA

Zlullh +C, (3.65)

respectively by Holder’s and Young’s inequality, where the constant C' in
(3.65) depends only on r,p, c1, 2, |s| and [£|. Combining (3.64) and (3.65) we
easily deduce:

(T'(v1),v1)

> ¢llulp™ - pp — +oo for Jlurfl, — oo
[o1]lp

~ Toalls

It remains to show estimate (3.63). Let v1 := v1(-,2,5,€) € L5(T)? be the
second component of the solution of the cell problem. We first consider the
case p > 2. By (3.8),(3.9) and the solution property of v; we get, again using
Young’s inequality,

el +ully < /Ya(s,er v)-Edp < Ol (L +|s| + [+ oI
< FlE+unllp + O+ [s[ + [€])
with a constant C' independent of s,£ and vy. As a consequence, we get

1€+ 010 2,8, Ollppy < COAA+|s| +[E]), (3.66)
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which shows (3.63). Now we assume p € (1,2). Using (3.9), the solution
property of v, and the reversed Holder inequality it is easy to check that

/Y a(s,€ + 1) Edp > B(1+ || + €+ vrp)? (3.67)

whenever ||§ + vi]|, > 1+ [s|. On the other hand, using (3.8) as well as
Holder’s and Young’s inequality we can easily show that

/Y a(s,€ + 1) €dp < 2L+ |s|+ [E+ulp)? +ClEP, (3.68)

again with C' not depending on s,¢ and v;. Combining (3.67) and (3.68) we
get [|€ + v1]|p < max{1+ |s|; C|¢|}, which gives (3.66) and hence (3.63). [

The unique solvability of the cell problem enables us to define the effective

flux a*, and with it the homogenized equation (cf. Corollary 3.1.14 below).
Definition 3.1.11. The effective fluz a* : Q x R x R* — R? is given by

a*(z, 5, ) = /Y aly, 25,6+ v1(y, 2, 5,€)) du(y) (3.69)

where v1 (-, x,8,§) € Vgot(’]l‘,du) is for given (z,5,€) € Q x R x R? the second

component of the solution of problem (3.62).

The cell problem given by Definition 3.1.11 coincides with the one found
in [44, Section 6] related to the homogenization of equation (3.3). In our case
however, the effective flux a* additionally depends on (z,s) € 2 x R in a
nonlinear way. We first investigate the most important properties of a*. In
the situation of Lemma 3.1.10, we denote by

A:QXRXRY = VP, (2,5,8) = (v,01) (-, 2, 5,€) (3.70)

the nonlinear cell solution operator. Also recall the definition of the numbers
ro :=min{l,p — 1} and « := max{p, 2} introduced in (3.6).

Lemma 3.1.12. Under the assumptions of Lemma 3.1.10, let the flux a,
in addition to Assumption 3.1.1 and Assumption 3.1.7, satisfy the following
Holder condition with respect to the x-variable:

la(y, z1,5,6) — aly,x2,5,)| < C(L+[s| + )P~ Vo — 2|7, (3.71)

where v € (0,70] is the exponent in (3.35). Then the operators A and a* are
continuous, and there ezist constants ¢§ > 0,r* € (0,r9], such that for all
(z,8) € Q xR and any &1, & € RY:

a*(z,s,0) =0, (3.72)
|a*(x,5,61) — a*(2,5,&)| < (1 +|s| + G| + [G)P~ 7 |& — &f . (3.73)

Moreover if ju is also weakly p-connected on R?, then there exists a constant
c5 > 0, such that for all (z,5) € @ x R and any &1, & € RY:

(@ (2,5,61) = a”(x,5,62)) - (61 = &2) = & (L+]s| + & [+ (&))" - &% (3.74)
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Proof. To prove the continuity of A we consider a sequence (xy, Sp,&,) —
(z,5,6) € QA xR xR?as n — oo and use the abbreviations

vl,’n = Ul("xn;snygn), U1 = Ul('ax787£) € Vgot(T7du)7

Ap o= AC, Ty 50, &n), A= (,2,5,8) € VP and || - ||p := || - [lp,u,y- To proceed
further we introduce the following auxiliary term:

ki =1+ 8]+ [|§n + V1,n

p+E+vilp, 0<k<(kp)P"*<1 VneN,

where the uniform lower bound on k,, is guaranteed by estimate (3.66). By
the definition of the norm in (3.60) it is easy to check that

(k)P ™1 An = A2, < C (160 — €% + (5n)P ™60 + 010 — [E +w1]ll5) - (3.75)

It suffices to estimate the second term on the right-hand side in (3.75). For
p < 2 we use the definition of x,, and the reverse Holder inequality, and in
any case (3.9), the Holder conditions (3.35) and (3.71), estimate (3.66), and
the solution property (3.62) of vy ,, and v; for the definition of the integral I,
below, and obtain

()" Nén + o1, — [€ + UﬂH?

< 4 Y[a(mvsagn + Ul,n) - G(J],S,f + Ul)] : [(gn + 'Ul,n) - (f + 'Ul)] du

< C(OP " (|lan — 2| + |5y — s|") + 1) , (3.76)
where we have set © := (1 + |s| + |sn| + |£] + |€n]), and where the integral I,
is defined and can be estimated as follows:

I, = / [a(wn; Sny&n + vl,n) - a(xa57§+ 1}1)] ’ [gn - 5] dM
Y

< |£n - €| ”a(xn; Snagn + Ul,n) - a(z,s,f + Ul)llp/ < C®p71|£n - §|a

where we have used (3.11) and estimate (3.66) again. Combining the last
estimate with (3.75) and (3.76) yields the continuity of A and the continuity
of a* easily follows. Now property (3.72) is a trivial consequence of (3.7) and
the unique solvability of the cell problem. We claim that (3.73) holds with
r* =€ (0,r0). (3.77)

a—r

Fix (z,5) € Q x R, &, & € R We set v1(+, &) := v1(-, 2,5, &) and define the
following auxiliary functions:
AM(y) = 14 |[s|+ & +vi(y, &) + 162 + vy, §2)] (3.78)
Aa(y) = &ty &) — [§2+ iy, &2)] (3.79)

To shorten the notation we omit the dependence of @ and a* on x. Now using
the definition of a*, property (3.8) and the Holder inequality, we get

a*(s,61) — a*(5,&)] < e / P g
Y

IN

IN

c1 H’)‘l‘pflf%p el - J.

[t

(=1
r
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From (3.9), the solution property of v1(+, &;) and the definition of a* we deduce

r/a
= (/y 'Al’p_a'&""dﬂ) < Cla*(s,&0)—a* (s, &)/ |61 —Eal"/°, (3.80)

where the constant C' depends only on r,p and c2. In order to estimate the
other factor I it is important to note that

a (pflfg) =p—1—1*
a—r

by the definition of 7* in (3.77). We can then use (3.80) and apply Young’s
inequality with dual exponents «/r and «/(« — r) and obtain

ja*(s,&1) — a*(s,&)| < Cla*(s,61) — a*(s,&)["/* HMHij:r%f 6 — &l

—1—r* *
< gla*(s,&) = a*(s, &) + ClIMlp 2 T 16 — &l
where the generic constant C' depends only on r, p, ¢c; and ce. Hence, in order
to complete the proof of (3.73), it suffices to observe

M2 < Il < O+ Isl+ &l + 16l (3.81)

where we used estimate (3.66). Now assume that p satisfies (H2) and (H3)
for the p € (1, 00) under consideration. For given &;,& € RY, & # & we set

a6 oy, &) — iy, §2)

2=t 8l g cev?

&1 — & o &1 — & pot

Then using these abbreviations, the definition of a*, the solution property of
v1(+,&) and (3.9), we get

(T, du).

Y

(0*(s,61) — a*(5,62)] - (61 — &) > /Y P2 Ao dp

> (1 + [s| + &) + [P — &z +wll; .y

for a strictly positive constant ¢, where for p < 2 we used the reversed Holder
inequality and the second estimate in (3.81). We can apply Lemma 2.3.13 due
to the connectedness assumptions on p. Recall the definition of the function

j:RT S R, z»—>inf{/y|z+Vu(y)]pdu: uECOO(’]I‘)}

in (2.84). Since by definition C>°(T) is dense in Vi, (T, dp) with respect to

the LF-norm, we deduce from Lemma 2.3.13 and the last estimate
[a*(s,€1) —a*(s,6)] - (61— &) = e(L+[s| +|&| + &P~ — &|* ((2))*/7
> E&)P(1+|s| + &l + &) — &I*

since |z| = 1, and hence (3.74) holds with ¢ := &(¢)®/P, where ¢ is the positive
constant in (2.86). O
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One can also show that a* inherits Holder continuity in s from the coef-
ficient a. For simplicity, we will only consider the case p = 2.

Lemma 3.1.13. Let p = 2 and hence (3.8) be satisfied for some r € (0,1].
Then a* inherits local Hélder continuity from assumption (3.35), more pre-
cisely there holds

|a*(x, 51,€) — a*(z,52,6)] < C(L+[s1]+ [s2] + €))7 |s1 — 2. (3.82)
Proof. Let (z,€) € QxR? and 51, s2 € R be given. By vy := vy (-, z, s1,£) and

01 = v1(,z,82,§) we denote the second components of the corresponding
unique solutions of (3.61). Then we have

la*(z,51,8) — a*(z,52,§)] < /Y|a(81,€+771)—a(82,€+771)|

+/ la(s1,& +v1) —a(s1,§+ 1) = I + L.
v

We have to estimate the two terms I;. To this end, using (3.35),(3.66) and
Holder’s inequality we first get

I < Clsy —sa| (14 |s1] + |so] + €))7, (3.83)

where the constant C' depends on c¢3. Moreover we need to control the term
llv1 — D12,y Using (3.9),(3.35) and the solution property (3.62) we get

o —01ll3,y < / [a(s1,€ +v1) —a(s1,§ +01)] - [vr — 01] dp
Y

= ! / [a(s2,& +01) —a(s1,€+ 1)) - [vr —01] dp
Y
< dlor = 03,y + Clst = 52 (14 || + [sa] + €120,

where in the last step we used (3.66) for p = 2. Hence combining the last
estimate with (3.8),(3.66) and u(Y) = 1 we deduce

r

all M+ s+ €+ vl + €+l 11,y o= o]y
C(L+ |s1| + |sa] + €)' |s1 — so|™ (3.84)

I

IN

A

with a constant only depending on ¢y, ¢ and ¢3. Combining (3.83) with (3.84)
and using 7 < 1 completes the proof. O

Now we are able to derive the homogenized equation for the limit u €
W&’p(Q) in Proposition 3.1.6. Thanks to Lemma 3.1.12, existence can be
derived precisely as in the proof of Theorem 3.1.4.

Corollary 3.1.14. Under the asumptions of Theorem 3.1.8, any limit func-
tion u according to Proposition 3.1.6 is a solution of the homogenized problem

—div a*(x,u, Vu) + MulP?u = f(z,u) ,uc Wol’p(Q) . (3.85)
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If ¢5 > 0 denotes the ellipticity constant of a*, then any solution u of (3.85)
satisfies the a priori estimate

C (min{\, &H™P (A > 0),
lullwio@) < { mini. ) ( ) (3.86)

C(1+(c5)) (A=0),

where 3 1= P (Bp' —p)~! < 0 and the finite constant C depends only on p, 3,
and X, respectively on the Poincaré constant Cp, = C,(Q2) in Wol’p(Q) if A= 0.

Proof. We first determine the corrector function @; given in (3.31) by setting
¢ =0 in (3.38). Using the assumption (H1) on p and the unique solvability
of the cell problem (3.62), we check that V,a; is uniquely determined by

Vyta(z,y) = vi(y, z,u(@), Vu(x)) € LP(Q; V5 (T)) (3.87)
by (3.63), where vy (-, z, u, Vu) € V3 (T) is the solution of (3.62) for s = u(x)
and & = Vu(z). If we plug (3.87) into the two-scale homogenized problem
(3.38) and set ¢1 = 0, by the definition of a* we immediately derive the stan-

dard weak formulation of equation (3.85). It remains to prove the estimate
(3.86). Note that by (3.10)

|f(x,s)] <C(1+|s]?) forall (z,s) € QxR.

Testing equation (3.85) with u and using the strict monotonicity (3.74) of a*,
with the same technique as in the proof of (3.20) we can show for A > 0 that

SVl g+ Al < €. (3.88)

where the constant C' depends only on p, 3, A and ||, and where we may
assume c¢; < 1 for p < 2 without loss of generality. For A = 0, testing
equation (3.85) with u and using (3.72),(3.74), the Poincaré inequality in
VVO1 P(Q), Young’s inequality and standard absorption techniques, gives

IVl < C@ I, < Ce)™ 1+ [ullfhg)

()
as in (3.22), where the constant C' depends only on p, || and C}, and where
for p < 2 we assumed [|[Vul|pr) > 1 without restriction. Applying Young’s
inequality with dual exponents (5]9/)*1]9 and (p — ﬂp/)*lp to the product of
the right-hand side in the last inequality, we get by absorption

IVullf,q < CO+(5)), (3.89)

where we used the Poincaré inequality in VVO1 P(Q) again. Hence (3.88) and
(3.89) yield (3.86) for A > 0 and A = 0 respectively. O



64 3 NONLINEAR ELLIPTIC PROBLEMS

3.2 Quasilinear equations

In this section we study the homogenization of quasilinear elliptic Dirichlet
problems of the form

—div (K(2,ue)Vue) + Mue = f(Z,u), ue € Hy*(Q,dpe), (3.90)

where A > 0 is a given parameter and the coefficient K a positive, symmet-
ric tensor depending in a nonlinear way on u.. The structure conditions on
the special flux a(-,s,&) = K(-,s){ considerably simplify (p = 2 and r = 1
in Assumption 3.1.1) or have to be modified (cf. Remark 3.1.9) respectively.
However, our main motivation to dedicate an extra section to the study of
equation (3.90) is its importance for many applications. Some of them we
discuss in Paragraph 3.2.1 below. Moreover, equation (3.90) will alternatively
be derived on lower dimensional singular structures by a measure fattening
approach in Chapter 5.

We also investigate in more detail the regularity of the effective tensor K*
(cf. Lemma 3.2.12 below) and the related question of regularity and unique-
ness for the homogenized equation (cf. Lemma 3.2.13 and Corollary 3.2.15
below). Moreover, we will prove new corrector results for equation (3.90)
under comparatively low regularity assumptions on the corrector u;, and will
discuss some applications where these assumptions actually hold true. The
results of this section are also relevant for the nonlinear double porosity model
studied in Section 3.3 below.

3.2.1 Some model problems

Motivated by a model of single phase flow in singular networks, we study the
relaxed (cf. Section 2.2, in particular (2.71)) version of equation (3.90), that
means the homogenization of the equation

—div (K (2, ue)Vyue) + e = fF(Z,u0), ue € Hy*(Qdps)  (3.91)

subject to a tensor K that is positive definite with respect to the local coordi-
nate system given by the tangent space T),(y). Let us make this more precise.
Recall that for py-almost every y € Y there exist an orthonormal basis

S() =), @) @), nl ()} (3.92)

of R%, where iy = dim7),(y) € {1,...,d} depends on y and the vectors nl’j(y)
and 7', (y) form an orthonormal basis of T},(y) and Tj‘(y) respectively. It is
natural to assume the following structure conditions on the data, which will
be kept throughout the whole Section 3.2.

Assumption 3.2.1. Let (K, f) : R xR — (ME L R), (y,5) — (K, f)(y,s)
be p-measurable and Y -periodic in y, and satisfy the following properties:
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e There exist functions ©; : RE x R — R, (y,s) — 0;(y, s) p-measurable
and Y -periodic in y and continuous in s, and constants ci,Cx > 0,
such that for all (y,s) € R? x R:

0<cr <Oy, s) <Ck for each i € {1,...,d}, (3.93)

S(y)tk(y, 5)S(y) = diag{©1(y, s),...,04,(y,5),0,...,0},  (3.94)

where S(y) is the orthogonal transformation given in (3.92). In partic-
ular, the function K is continuous with respect to s.

o f is continuous with respect to s and there exists 5 € [0,1) and a con-
stant cy > 0, such that

Y(y,s) ERCxR:  |f(y,s)| < cp(l+]s]%). (3.95)

Note that the tensor K(-,s) is in general singular (cf. Example 2.2.12),
but positive definite with respect to the subspace spanned by the tangential
vectors 775() We discuss several applications which justify the investigation
of problem (3.91) and the structure conditions on the data given above.

Fulldimensional structures Our first example comprises the classical set-
ting of perforated domains. A typical problem is temperature flow in a com-
posite medium, where zones of different thermal conductivity are distributed.
An example of such a medium, which consists of a periodic system of het-
erogeneities, is sketched in Figure 3.1 below. We consider a (not necessarily
cubic) reference domain

YZ(O,ml)X---X(O,md), Y:UY;’
7

where in each subdomain Y; we have a temperature u; and, in the nonlinear
case, a matrix valued conductivity K;(y,u;).

m, @-@-@'-g-
@2 ﬁ-@‘é-s-

| Y, [ § 0 0
== = s -

Y = R R I
o =
0 Y ™ ﬁ-&-ﬁ-ﬁ-

Figure 3.1: Full-dimensional structures.

We can then consider one global temperature u(y) and one global con-
ductivity K(y,u) as follows:

uy) =wi(y), K(y,u)=Ki(y,ui(y)), ify €Y.
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The linear case K;(y, s) = kiE4, where k; > 0 and E, is the unit in ngm, has
widely been studied (see e.g. [26] and references therein). Under the standard
assumptions comprising the continuity of u and the continuity of the fluxes

across the interfaces, that means
wi =uj, Ki(y,u;)Vu;-n; = —Kj(y,u;)Vu; -n; on 9Y;N9Y;, (3.96)

where n;,n; are the corresponding outward unit normals, we get a family of
nonlinear diffusion problems

—div (K (2, u(x))Vu(z) + u(z) = f(Zu(@), e HH(Q):=W;*Q),
(3.97)
where y <> 7 is the standard change of variables in the upscaling process
and f a source term. If each tensor K; is symmetric and positive definite, so
is K, and problem (3.97) clearly falls within the setting of equation (3.91)

1

pe=p=LYQ, Viu=Vu, Hy*(Q du)=Hj(Q),

and Assumption 3.2.1 with i, = d for every y € Y. Note that in the
full-dimensional case the difference between (3.90) and the relaxed problem
(3.91) does not make itself felt. Since the Lebesgue measure is strongly con-
nected, an effective conductivity K* = K*(u) can be derived along the lines
of Lemma 3.1.10, where one has to solve cell problems with u as a parameter.

Multidimensional structures Now we turn to more sophisticated exam-
ples including lower dimensional structures. We introduce a model of single
phase flow through a fractured porous medium (cf. Figure 1.1 in the intro-
duction), which consists of two components: A set of isolated porous blocks
F5 of low permeability, surrounded by a connected porous network F* (of
codimension one) of high permeability. As usual, the parameter £ models the
microscopic length scale associated with the period of the structure. The set
E§ is sometimes called matriz, whereas F* is called the fractures network. In
the nonlinear case this model is described by the following set of equations
in the flow domain  C R%:

=V - (ko(%,u0)Vug) = fo in F§ NQ, the matrix;
—Vr - (k1(Z,u1)Vouwr) = fag-7] + f1 in F°NQ, the network;

®
+ conservation of the surface flux through the intersections

of the (d — 1) —facets being faces of codimension two,

where V; is the nabla operator in the tangential variables of the fractures
hypersurface, k1 a quadratic matrix of codimension one,

ao(z) := ko(Z,uo(x))Vuo(z), =€ Fj

the flux in the matrix, and [ag-7i] the corresponding jump across the fractures
hypersurface. The system & is the natural extension to nonlinear diffusion of
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the corresponding linear model investigated in [20, Section 1]. The so called
double porosity case, where kg = %k for some o > 0 and ky is of order one
will be investigated in Section 3.3 below.

For now we study the case where the permeabilities k; are of the same order
with respect to €, but can differ significantly in their dependence on z and w.
We give an explicit example for which equation (3.91) can be derived from
the system ®. Consider the thin cross F := {3} x (0,1)U(0,1) x {3} together
with the combined measure

plY = (GH'F) + (3L% [ Fo) = pa+po, Fo=Y\F. (3.98)

It is easy to check that p is doubling, normalized and strongly 2-connected on
R? with 4(dY) = 0. The sets F, Fp, their homothetic contractions F* = e¢F
and F§ = eFp, as well as the fractured medium are sketched below. The
rescaled measure reads

pe = YeH | e + SL2| Fp. (3.99)

]
eF
/ N\
VVVVV eY )
{EIRE
Q
_/
Figure 3.2: Reference cell Figure 3.3: Fractured medium

We will show that the model problem ® can be reformulated elegantly by
equation (3.91) within the measure setting. It suffices to consider the problem
on the unit cell Y with periodic boundary conditions. For the e-problem we
will choose a homogeneous Dirichlet condition on 9f2. If we are given two
Sobolev functions u; € H, ;;2('11‘) for ¢ = 0, 1, note that

Uo(y) (TS F07
ui1(y) y€F,

where v is the trace operator of a classical Sobolev function. Suppose that
we are given sources f; € Lii (T) and permeabilities k; € Ly (T; Ch(R)) with

V(y,s) e Y xR: 0<cp<ki(y,s) <Cg, 1=0,1 (3.101)

uy = v(ug) in HY?(F) & we H;’Q(’]I‘), u(y) = { (3.100)

Then if ug € H ;62 (T) is the unknown pressure in the matrix, testing the first
equation in ® with ¢ € C>°(T) we get

/ko(%UO)VUO'VSDduo =/ foedpo — ([ao - 7], ) F (3.102)
Fy Fy
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where, as above, [ag - 7i] denotes the jump of the matrix flux across F' and
(-,-)F the dual pairing between H~V2(F) and HY2(F). If u; € H.?(T)
denotes the pressure in the network F', the second equation in ® can be
interpreted as

~divy,, (k1(y, w1)Viur) = [ag- )+ fi  in (HLX(T)). (3.103)

Testing (3.103) with the same ¢ € C*°(T) as above we get, using (3.102), the
periodicity of k1, u; and the Kirchhoff law of ® in the intersection point:

/F ko(y, uo) Vuo - Vip dpug +/Fk1(3/7U1)VmU1 Ve dp = /wadu,

’ (3.104)
where f € Li(']r) is defined as on the right-hand side in (3.100). We presume
that u; coincides with the classical trace of ug in HY/?(F) (cf. [20, Lemma 1]),
which corresponds to the assumption u; = u; in (3.96). Then the function u
defined in (3.100) belongs to H;’Q(T), and (3.104) can be written as

/f((y,uwuu'vwdu :/fwdu Vo € C2(T), (3.105)
Y Y

where the permeability K : ¥ x R — M?2

sym and the tangential gradient
Vu € LZ(T) are for p-a.e. y € Y given by

diag (ko, ko) vy € Fp Vu y € F
K= diag (k1,0) y € F_ Vou=4q (0yu,0) yeF_
diag (0,k1) y € F, (0,0y,u) y € k),

where we decomposed F' = F_ U F] into a horizontal and a vertical segment.
Note that under the rescaling y <+ ¢ 'z equation (3.105) leads to (3.91), if

we require u. = 0 on 02 and allow f to depend on u.. We emphasize that K
satisfies all the prerequisites of Assumption 3.2.1, where we can choose

ko(y,s) y € Fo
c. yeF

ko(y,s) vy € Fo

O1(y. ) = { ki(y,s) yeF,

@2(3/’ 8) = {

We point out that the special geometry of the support of 11 given in (3.98) was
not relevant for the derivation of equation (3.91). Instead we can perfectly
consider curvilinear structures as sketched in Figure 3.4 below, as long as the
corresponding measure is strongly connected. In particular the matrix part
Fj need not be distributed over the whole domain 2, as indicated in the left
picture. Moreover we can consider the case u = ¢H!| F, where the flow takes
place only in the singular network. Then the system ® reduces to

{ —div, (k(y,w)V,u) = f ,ue Hy*(T)

+ conservation of the flux in the points Pi,..., Pj.
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Figure 3.4: Curvilinear thin structures

Finally we note that our model is clearly valid also in higher space dimen-
sions containing networks of codimension one. The simplest example in R>
is the standard cubic lattice, in which the fissures are the cubes faces. Then
equation (3.91) can be derived similarly for u = ¢ £3| Fy + coH?| F.

For the rest of this section we will use the abbreviation H, := Hé’Q(Q, due)
for the Hilbert space, which is equipped with the inner product

(u,v)e ::/ﬂuvdua—i—/gvusu'vusvd,ug (3.106)

and the induced norm. We introduce the weak formulation of problem (3.91):

Definition 3.2.2. A function u. € H. is called a solution of problem (3.91),
if the integral identity

| (R wVe Gpp e ducp) de = [ fEwdpdn 3207)

holds for each ¢ € D(QY), by density for each ¢ € H. respectively.

The two problems (3.90) and (3.91) are equivalent in a rather obvious
sense. Since (3.90) is formulated within the framework of Section 3.1, this
equivalence gives a further motivation of studying monotone operators of type
(3.1). By assumption (3.94) it is easy to check that for y-almost every y € R?
the symmetric matrix K (y,-) vanishes on Tj(y) and has 7),(y) as its range:

K(y,s)6 = K(y,5)6.(y), &u(y) = Pu()[¢] (3.108)

for any ¢ € R%, where P, is the pointwise orthogonal projection onto 7).
On the other hand, for the matrix S(y) and the functions ©; introduced in
(3.92),(3.93), we check that K is the relaxed matrix of the positive tensor

M 3 K(y,5) = S(y) diag (©1(y, ), ..., Oaly,5)) Sy)"  (3.109)

according to formula (2.53). In addition, K commutes with the orthogonal
projections P, and Plf, and hence for each ¢ € R? we have:

(K(y,5) &) € Tuly) < &€ Tuly) (3.110)
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for p-a.e. point y € Y and all s € R, since K is positive definite. Recall that
with this tensor K as a coefficient, a function u. € H&’2(Q,du€) is called a
weak solution of problem (3.90), if

/Q(K(i,ug)Vug-Vgp%—)\uggp) dpe = /Qf(i,us)godug (3.111)

for each ¢ € D(Q) and some gradient Vu. of u.. Under Assumption 3.2.1
we can deduce by density that such a gradient is uniquely determined and,
additionally, that it is tangential due to (3.110). Hence, due to the fact that

VEETu(y) s K(y,5)€ = K(y,5)€ (3.112)
for p-a.e. y € Y, we get the following statement:

Remark 3.2.3. The function u. € H. is a solution of problem (3.91) if
and only if the corresponding pair (u.,V, u:) € VA(Q,du.) is a solution of
problem (3.90) in the sense of (3.111). In particular,

[uell1,2 = H(us,vus)HW(Q,dug) v Ve = Vy U, (3.113)

12, of H. defined in (2.67) on page 28.

with the norm || - |

If 11 is strongly 2-connected on R?, then by Lemma 2.4.2 the map

|- a. : He = R, w— ||V ul|2e (3.114)

defines norm on H. which is equivalent to the one induced by the scalar prod-
uct in (3.106). Hence we can also allow A = 0 when we study equation (3.91)
(cf. Remark 3.1.5). The following existence result is an easy consequence of
Theorem 3.1.4 (resp. Remark 3.1.5 for A = 0) and Remark 3.2.3:

Corollary 3.2.4. Let pu be strongly 2-connected on R and doubling. Then
under the Assumption 3.2.1 there exists a solution u. € H. of problem (3.91)
in the sense of Definition 3.2.2, fulfilling the uniform estimate

el < C, (3.115)

with a constant depending only on ck,cr, B, N, || and, for X = 0, on the
uniform Poincaré constant occurring in (2.92), but not on €.

3.2.2 Homogenization and regularity theory

The two-scale homogenized problem for equation (3.91) can be derived from
Theorem 3.1.8. Due to the separation of the flux @ in the gradient variable
the unit cell problem defined in (3.61) is completely determined in terms of d
linear problems, containing the two-scale limit u as a parameter. This enables
us to define an effective permeability K* = K*(u). Similar as in Section 3.1,
for the homogenization step we need to require local Holder continuity for K
and f with respect to the s-variable.
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Assumption 3.2.5. There exist 7,7 € (0,1], a constant C > 0 and a func-
tion h € LL(T), such that for all y € R and s1,s2 € R:

1K (y.51) = K(y,s2)| < C(1+sa| +]s2])' 77|51 — 2] (3.116)

[f(y,s1) = Flyss2)| < [h(y)l]s1 = 2, (3.117)
where || - || is some norm on R>? and G := 2(2 — )~ € (1,2].

Recall that we write H}(Q) = WO1 2(Q) for the classical Sobolev space,
and that f(s) denotes the p-average of f(-,s) over Y.

Lemma 3.2.6. Under the assumptions of Corollary 3.2.4, let {u.} C H. be
a family of solutions of problem (3.91) fulfilling estimate (3.115). Then there
exist u € HE () and uy € L2(; HY*(T)) such that, up to a subsequence:

u. — u two-scale strongly in L*(Q, dp.) , (3.118)

Viette = Pu(y)[Vu] + V. ui(y) two-scale in L*(, dpc)? . (3.119)

Under Assumption 3.2.5, the pair (u,uy) is a solution of the two-scale ho-
mogenized problem

- K (y,u) (Pu(y)[Vu] + V,yui1(y)) - (Vo + Vybi(y)) dm

+)\/ up dr = / fu)gdx (3.120)
for all (¢, 1) € D(Q) x D(Q;C>(T

Sketch of proof. Thanks to the a priori estimate (3.115), the convergences in
(3.118) and (3.119) follow directly from Theorem 2.4.4 and Theorem 2.4.5,
where for (3.119) we use the characterization (2.100) of the two-scale limit x
from the proof of Theorem 2.4.4. As the approximation method in the proof
of Theorem 3.1.8 shows, we can assume that u € D(2). For the standard test
function ¢, introduced in (3.39), we can show

/Qf((i,ug)vusug -Vedu. = /QVMSUE . K(%,U)Vgoa dpe + o(1)

as € — 0 by the symmetry of K. Indeed, similar as in the derivation of (3.51),
we can use (3.115),(3.116) and (3.118) to deduce

/ (R (ue) — R (u)] Ve - Vipe
Q

< O N+ fue| + ful) " s — ull3,

< COllue—ul3. =2 0.
Passing to the limit in (3.107) with test function ., using (3.119) and the
admissibility of the test function (y,z) — K(y,u(z))[Vo(z)+ Vyoi(z,y)] for
the two-scale convergence, we derive (3.120), where the source term can be
treated precisely as in the proof of Theorem 3.1.8. 0
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The two-scale homogenized problem (3.120) comprising v and u; can
clearly be decoupled again. In order to determine the effective coefficient,
we introduce the Sobolev space of Y-periodic functions with zero mean value

Wi {w€ HYA(T) |0 =0}, ai= £ uly)duty),

which is obviously a closed subspace of H }[2('11‘). Note that if p fulfills (H3),
then W, is a Hilbert space for the norm |Jullw, = [V ull2,.,y-

Lemma 3.2.7. Let p be strongly 2-connected on T. Then for any s € R there
exists a unique weak solution Ay(-,s) € W, of the problem

) —divy, (K (y,8)[Vuhi(y. 8) + Eop(®)]) = 0 inY
k _
y+— Ap(y,s) Y-periodic , Ar=0,
with €y ,(y) = Pu(y)[€k], where € is the k-th unit vector. Moreover the

following uniform estimate holds with a constant independent of k and s € R:

ARGy 8)llw, = [VuAr(- )

oy < C. (3.121)

Proof. The function Ag(-,s) € W, is called a weak solution of problem (C}),
if the following integral identity holds:

/Y K(y,9)[Vuhi(y,8) + ()] - Vip(y) duy) = 0 Vo e W, (3.122)

Setting a(y, s,&) := K(y,s)¢ with K defined as in (3.109), we deduce from
Lemma 3.1.10 that for any £ =1,...,d and s € R there exists a unique pair
(v,v1)(+, 5,€x) € V2, where V2 is defined in (3.59), such that

/YK(y,S)[éﬁvl(y,s,ék)]-sol(y) du(y) =0 for each (p, 1) € V2. (3.123)

Note that we can take (O,P/j-(y)[é'k + 01y, 5,€)]) € V? as a test function
in (3.123), and hence from (3.93) and (3.109) deduce that €; + v1(y, s, €x) is
tangential, since K commutes with Pj. In particular, due to (3.112) we can

take K instead of K in (3.123) and choose W,, as the space of test functions
with ¢1 = V. Hence the unique solution of problem (C}) reads

Ap(-,s) :==v(-,s,€,) € Wy,

and estimate (3.121) follows by testing (3.122) with Ay, and using the uniform
estimates on the eigenvalues O; of K from below and above in (3.94). O

With the help of the auxiliary functions Ay we can define the homogenized
coefficient K*. Note that the symmetry of K* follows from symmetry of K.
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Definition 3.2.8. The effective coefficient K* : R — M2, is given by

sym

Ki(s) = /Yff(y,S)[e?,u(yHVuAf(y)]'[%,u(y)JrVuA?(y)] du(y) (3.124)

where A}, is for a given s € R the unique solution of problem (Cj).

Clearly K* is well defined by Lemma 3.2.7. We emphasize that the cell
problems given by Definition 3.2.8 are basically the ones that arise in the
asymptotics of the linear problem

it { [ GEV0 = Fidac) 2= =K

ueC)

with K € /\/lgym studied in [14], but do now depend on the parameter s € R

in a nonlinear way. Before we derive the effective equation, we investigate
the most important properties of the effective conductivity. In the situation
of Lemma 3.2.7, we denote the nonlinear cell solution operator by

Ap R —W,, s— Ag(-,s). (3.125)
Lemma 3.2.9. Under the assumptions of Lemma 3.2.7 there holds
Ay € C(R; W), K* € C(R;R™%). (3.126)

Moreover if u is also weakly 2-connected on R?, then K* is uniformly positive
definite and bounded, that means there exist constants cy, Cx > 0, such that

V(s,£) e Rx R : €2 <& K*(s)€ < C,€)°. (3.127)

Proof. Subject to the coefficient a(y,s,&) = K(y,s)§ with K defined in
(3.109), we consider for any k the solution operator

F,:R— V2, s (v,m)(,8,€), k=1,...,d,

according to Lemma 3.1.10, which is continuous by Lemma 3.1.12. As the
proof of Lemma 3.2.7 shows, there holds

Ul('75,€k) = VMAk('as) - _'lﬂz_(')a éljc_(y) = Pj(y)[ék]7

and (3.126) easily follows. The upper bound in (3.93) can be shown by
using that neither the bounds on K nor the a priori estimate (3.121) on the
cell solution depends on s. Due to its importance for the measure fattening
approach investigated in Section 5.2 below, we concentrate on deriving the
lower bound in (3.127). For (s,£) € R x R? given, we set

d
w = —§J_ + ZfquAf € Vp20t(T7 d:u’) ) EJ_ = P;j_ [é] € FZ(T7dﬂ) ) (3128>
=1
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where we used the orhogonal decomposition (2.58) of p-potential vectors, and
where A} is the solution of the cell problem (C) for s € R. Using the definition
of K*, the solution property of Aj and Assumption 3.2.1, we calculate

£ KM = /Y (R (9, 9) (6w + SiE VM), €+ S0 VA5 d

> ck/ &0+ 6 VA P du = ck/ 1€ +w|?dp.
Y Y

Since w € V2 (T, dp), by density we get, using Lemma 2.3.13 and the con-
nectedness assumptions on p,

€K = o inf [ e+ Vel du
peC>=(T) Jy

— a it [ 6+ Vldn = el (3.120)
eeH, 2 (T) JY

with ¢, = ¢;¢ > 0, where ¢ = ¢(u) is the positive constant occurring in (2.86)
depending on p in general. We wish to point out that the functional in (3.129)
has a unique minimizer in the space W, that means

inf / 6 + Ve dp = (16 + Vel v » (3.130)
peH, (T) JY

where ¢ € W, is uniquely determined as the solution of the cell problem
(Cy) with K(y, s) replaced by Eq and €}, , replaced by &,. O

With the standard procedure we can now determine the corrector function
u1 and thus are able to derive the effective equation.

Corollary 3.2.10. Any limit function u € H}(Q) according to Lemma 3.2.6
s a solution of the homogenized equation

—div (K*(u)[Vu]) + \u = f(u) in Q
(Fo)
u = 0 on 09).
For the corresponding subsequence there holds

ue — u  two-scale strongly in L*(, dpu.) . (3.131)

Proof. Similar as in the proof of Corollary 3.1.14, we check that the corrector
function uy given in (3.119) is uniquely determined up to an arbitrary additive
function @ € L*(Q):

U

ur(z,y) == > _ Owulx) Ap(y, u(e)) + i (2) (3.132)
k=1

where Ag(y,u(x)) is the unique solution of (Cy) for s = u(x). Note that uy
defined above belongs to L?(£); HfLQ(T)) by (3.121). Inserting (3.132) and the
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definition of K™ in (3.120) with ¢; = 0, we obtain the weak formulation of
problem (P), and the convergence in (3.131) is guaranteed by Lemma 3.2.6.
O

It is well known that nonlinear elliptic problems of type (Fp) can have
unbounded solutions. However, we make use of Theorem 6.7 of the appendix
to show maximum regularity for any bounded solution, provided the data
are sufficiently smooth. To this end we first examine carefully, whether the
effective coefficient K* inherits regularity from the function K. The follow-
ing statement on the Holder continuity of K* can be proven precisely as in
Lemma 3.1.13, where we use the trick a(y, s, ) := K(y, s)§ again and observe
that

[a*(s,€k)lm = K},,(s) VseR,1<k,m<d.
Moreover one has to use that the a priori estimate (3.121) does neither depend

on k nor on s € R.

Lemma 3.2.11. Let u be strongly 2-connected on T and the Hélder assump-
tion (3.116) on K be satisfied with v € (0,1]. Then there holds

1K (s1) = K*(s2)]| < C(1+[s1] + [s2)' ™7 [s1 = s2|, (3.133)
where C' depends only on the constants in (3.93) and (3.116).

By the implicit function theorem, higher order regularity for the cell solu-
tion operator Ay and the coefficient K* may be derived. Recall that CF(R) is
the Banach space of k-times continuously differentiable functions on R with
bounded derivatives up to order k.

Lemma 3.2.12. Assume that K € L?(T;Cé(R;RdXd)) and let p be strongly
2-connected on T. Then there holds
A € CHR; W), K* € CL(R; R¥*Y). (3.134)
Proof. For fixed k € {1,...,d} we consider the map
Fio: Wy xR — W, (A, s) = —div(K (-, 8)[VLA() + Eu()])-

Note that Fj, is well defined by (3.93), acting on each u € W, via the inte-
gration by parts formula (2.42). By Lemma 3.2.7, for any s € R there exists
a unique Aj = Ag(-,s) € W, such that Fj(Af,s) = 0. We want to apply
the implicit function theorem. In order to show that F} is continuous, let
(A, sn) — (A, s) in W, x R. Thanks to Assumption 3.2.1, in particular due
to the continuity of K with respect to s, we get

f(ij(y, Sp) — Kij(y,s) strongly in L (Y')

for any p € [1,00). Therefore, using the uniform estimates on the eigenvalues
of K, we easily deduce

1% (Ans sn) = Fr(As8)[lyr < sup /[K(sn)*k(s)]vﬂ\'vmp +o(1)
lel<t VY
< K (sn) = K(8)] Vil 2y +0(1) — 0
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as n — o0, and hence that Fj is continuous. Note that by the regularity
assumption on K, there exists a subset E C Y with u(E) = 0, such that for
all s,s1,s0 € Randy €Y \ E:

[K(y,51) = K(y,52)]| < Cls1 = saf (102K (y, 5)]| < C (3.135)
for some matrix norm || - || on R%*?, The first Fréchet derivative
OnFy : Wy x R — LW, W), (A, s) i —div(K(-,5)V,) (3.136)

does not depend on A and is continuous in W, x R, which can easily be
checked using the first inequality in (3.135). On the other hand, using the
strong 2-connectedness of p on the torus, the Lax-Milgram lemma gives that
OpFi(A, s) is an isomorphism for any (A,s) € W, x R. Using the estimates
in (3.135), it is also straightforward to compute the other Fréchet derivative
O0sFp : Wy xR — L(R, Wl;), which is for any 7 € R given by

Vo e W, : O.Fx(A,8)(F)(v) = 7 / 9K (y, 8)[Vuh + &, - Vv di.
Y

Due to the regularity assumption on K it is also easy to check that OsF}, is
continuous in W, x R. Applying the implicit function theorem, we get that

Ap iR —W,, s — A belongs to C*(R;W,,). (3.137)

We also have A, (s)(r) = —7w; for any 7 € R, where wj € W), is the unique
solution of

divy, (K (-, s)Vuwy) = divy, (DK, $)[VulAi () + €pu(1)]) in W,; .

To show the regularity of K*, we calculate for s € R and |7| small:

K(s+ 1) — Kj5(s) 0

T

[ R+ VAL K () Vi 8 i),
which by the above considerations gives K* € C(R; R%*9). O

Making use of Lemma 3.2.9 and Lemma 3.2.12, we will show that any
bounded solution of problem (FP) is automatically smooth by applying The-
orem 6.7 of the appendix, which comprises an advanced regularity result [12,
Theorem 2.25] for quasilinear scalar elliptic equations.

Lemma 3.2.13. In addition to Assumption 3.2.1, let K;; € LEO("]I';C%(]R))
and let p satisfy (H2) and (H3). Then a solution u of problem (Py) in the
class HE () N L>®(2) has the following mazimum regularity property

u€ WHP(Q) V1I<p<oo. (3.138)
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Proof. We have to check the prerequisites (6.5)-(6.8) of Theorem 6.7 for
a:Rx R RY, (5,6) - K*(s)[e].

Under the assumption on u above, Lemma 3.2.9 gives 0 < ¢, < n- K*(s)n for
all s € R,|n| = 1. In particular, the functions

Oay 9y

5 () = GG, Gl = K

fulfill the prerequisites of Theorem 6.7 due to Lemma 3.2.9 and Lemma 3.2.12.
Note that the source f : R — R is continuous by Assumption 3.2.1. Hence
for a solution u of problem (Pp) with u € H(Q) N L>®(Q), we deduce

diva(u, Vu) = lu— f(u) € L*(Q),

which shows (6.8). Recall that we always assume that 0 is smooth. Hence
Theorem 6.7 can be applied, which guarantees (3.138). O

As indicated above, in general we do not have an uniqueness result for the
homogenized equation. In particular, the two-scale limit « in (3.131) will in
general depend on the chosen subsequence. However, we can take advantage
of a comparison principle for elliptic operators L of the form

Lu = div a(u, Vu) + b(u) (3.139)

with suitable coefficients a : R x R? — R? and b : R — R. Recall that a
function u, weakly differentiable in €, satisfies Lu > 0(< 0) in £, if the
functions a;(u, Vu),b(u) are locally integrable in 2 and

/Q (a(u, Vu), V) — bu)g) dz < 0 (> 0)

for all non-negative ¢ € C3(2). A proof of the following statement can be
found in [33, Section 10.4].

Theorem 3.2.14. Let u,v € CY(Q) satisfy Lu > 0 in Q, Lv < 0 in Q,
where L is the operator in (3.139), and w < v on 0. Let L be elliptic
in €, the functions a and b continuously differentiable, and b monotonically
nonincreasing. Then there holds v <wv in €.

Combining this result with Lemma 3.2.13 above, we can show that there
exists at most one smooth solution of the homogenized equation. In particu-
lar, we obtain uniqueness provided there is no unbounded solution.

Corollary 3.2.15. Under the assumptions of Lemma 3.2.13, let addition-
ally f(y,s) be continuously differentiable with respect to s and monotonically
nonincreasing in s for fired y € R®. Then there exists at most one bounded
solution of problem (Fp).
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Proof. Given a solution u € H}(Q2)NL>(Q), by Lemma 3.2.13 and a standard
Sobolev embedding we deduce u € C1*(€2). By Lemma 3.2.9, Lemma 3.2.12
and the assumptions of this corollary, Theorem 3.2.14 can be applied to the
data

a(s,€) i= K*(5)[€], b(s) i= F(s) = As, A0,

whence there exists at most one bounded solution of problem (P). O

3.2.3 Corrector results

In order to show corrector results in homogenization theory, it is common
to presume that the limit function w and the corrector u; are sufficiently
smooth in all their variables. In the linear case this is not a big deal, since
u1 separates in x and y. However, in the nonlinear case the situation is more
complicated as can be seen from the representation

d
ui(z,y) = Zﬁmku(aﬁ) Ak (y, u(x)). (3.140)

k=1

We prove a first order corrector result under comparatively low regularity
assumptions on the cell solutions and therefore on ;. This is motivated by
the statements in Corollary 2.1.7 and Remark 2.1.7, where we formulated
sharp conditions on the admissibility of test functions for the notion of two-
scale convergence. For simplicity we consider equation (3.91) with A = 0.
Since the trace of z + wy(z, ) on JQ does in general not vanish, we need
to consider the space H'2(Q,du.) obtained as the closure of D(RY) in the
Il - |l1,2,c-norm defined in (2.67) on page 28.

Theorem 3.2.16. Let u. and u be solutions of problem (3.91) and of problem
(Py) respectively for A = 0, with u. — u two-scale strongly according to
Corollary 3.2.10. Assume that

Ag:s— Ap(-,s)  belongs to CY(R; L7 (T)) NC(R; Hlioo(']l‘)) (3.141)
If in addition u € C%(Q), then there holds
li_f)% lue — v —eur (@, D)l mr2@dp) = 0- (3.142)
Proof. Using (3.141) and the regularity assumption on u we get

Fy:x — Ag(-,u(z))  belongs to C(Q; Hi’OO(T)), (3.143)
Gp:x — 9Ag(-,u(x)) belongs to C(; LY (T)). (3.144)

By virtue of (3.140) and (3.143), u1 (x,y) is an element of C(Q; L°(T)). Hence
by Corollary 2.1.7 we get

/Q]ul(x,g)\Qd,ue — /QXY]Zk:ﬁku(w)Ak(y,u(x))Pdm < o0o0. (3.145)
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Since w is smooth, by (3.131) and (3.145) it suffices to prove the convergence
for the sequence of u.-gradients in (3.142). By the regularity assumption on
u it is clear that u € HY?(Q, du.) for any . For u; we calculate

V.. [eur (2, & Z@ku Pu(2)[V,Ax(Z +sZAk 2 u) P (2)[V(0ru)]

+6Z@ku YA (L, u)Pu(2)[Vu] = (I +ely +el3)(x, 2).

By (3.141),(3.143) and (3.144) we have I;(z,y) € C(Q; L;°(T)) and therefore
115(-, 2)ll2,e < C uniformly in e by Corollary 2.1.7. It follows

[ue —u—eur (@, E)llme@dp.) = [IVie[ue —ul = Ii(z, £) ]2 + o(1) (3.146)

as € — 0. Thanks to Assumption 3.2.1 and the fact that the vector on the
right-hand side in (3.146) is tangential, we get for ¢ > 0:

eIV fus —ul = I, )[3, < / R(2,00) |V fue — u] = Iy, 2)[ dpae, (3.147)
Q
where here and for the rest of the proof we slightly abuse notation by writing

Klv|? for v - Kv. We are done if we prove the convergence to zero of the
right-hand side in (3.147), which comprises the following six terms:

Ji = /R(%,ug)|vu5u5|2d,u5, Js =2 K(f,ug)vﬂgug -V udpe
Q Q
J5 = /K(f,uENVHEUPdME, Ji = 72/K(%,UE)V#EUE I (z, %)dﬂ‘S,
Q Q
Vo= [ KRG uh P, J=2 [ RE )V e ) dae.

We have to investigate the asymptotics of each term J; separately. Our first
claim is

JE = /f ue dpe — /f Yuda . (3.148)

We deduce the equality in (3.148) from Assumption 3.2.1 and a standard
approximation argument, since u. is a solution of problem (3.91) for A = 0.
Using the Holder continuity of f with respect to the second variable and the
strong two-scale convergence of u., we get

/Q F(Eus) — FE o, 2y due — 0 Vo € D(Q:C(T)).

It follows f(%Z,uc) — f(y,u) two-scale weakly, and hence (3.148) by Propo-
sition 2.1.13. As the proof of Lemma 3.2.6 shows, using the Holder continuity
of K with respect to s we get

1K (2, ue) = K (2, u)ll2e — 0.
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Choosing another representative of (z,y) — V., Ax(y,u(x)) € C(Q; L(T))
if necessary (cf. proof of Corollary 2.1.7), we get by (3.115),(3.143) and the
regularity assumption on u:

Vietellze + [IVictullooe +111(7, 2)lloce < C

uniformly in €. Hence it suffices to study the asymptotics of J; for i > 2 with
K(%,u.) replaced by K(Z,u). Then we easily check that

T+ = = | Ky w)(Buw) V] + 25,0 (0)- (Ba(9) V) dm. (3149)
X
Again using Proposition 2.1.13 and inserting the two-scale limit of V,,_u. we
get
K(2,u)[Vieu = Viue] = = K(y, u(2))[Vyyu (2, )]

T

two-scale weakly. Note that I1(z, £) — V,, yu1(z,y) two-scale strongly by the

definition of I, (3.144) and Corollary 2.1.7. Therefore we obtain

Ji+Js+J5 — — K (y, u)Vyyu1(y) - Vyuyui (y) dm. (3.150)
QxY

Using the symmetry of K and combining (3.148)-(3.150) we see that the term
on the right-hand side in (3.147) converges as ¢ — 0 to

/ﬁﬂ@mdx-» K (y, ) |Py(y)[Vu] + Vyyur (y)]? dm (3.151)
Q QxY

However, the term in (3.151) vanishes, since by approximation the we can use
(u,u1) as a test function in the two-scale homogenized problem (3.120). O

We conclude this section by discussing some nontrivial examples, in which
the cell solutions satisfy the required regularity. As Lemma 3.2.12 and
Lemma 3.2.13 show, at least when K (y,s) is smooth in s, we can expect
Ay, € CH(R; L2(T)) and u € C*(2). The critical assumption in (3.141) is

Ag € C(R; Hy™(T)) . (3.152)

We emphasize that (3.152) is twofold: Does Ag(-,s) belong to H.y*°(T) for
any fixed s € R? If yes, does Ag(-,s) € H}L’OO(']I') depend continuously on s?
Concerning the first question, we sketch the regularity results available for
energy solutions of the elliptic equation (with periodic b.c.)

—div(K (y)[Vu(y) + &) =0 inY (3.153)

in the case u = £%, depending on the properties of the periodic coefficient K.
To this end we refer to [7, 12, 23, 42, 43]:

K e L®(T) = wuec H"H(T) forsome ¢ =e(d,K) >0,
KeC(T) = wuec HYP(T) for all 1 <p < o0,
K eC™(T) = wuechT) for some & < a.



3.2 Quasilinear equations 81

In particular we see that the answer to the first question can be negative,
even for continuous (but not Holder continuous) coefficients. However, we
introduce two important applications for which we can expect (3.152), even
for discontinuous coefficients.

The first example comprises diffusion in a composite medium occupying a
bounded domain D C R?, whose physical characteristics, and hence the coef-
ficients in the equation are smooth up to the boundary in some d-dimensional
subdomains D,, C D, but not across the resulting interfaces. More precisely,
for the periodic setting we assume that the reference cell Y contains L — 1
disjoint subdomains Yi,...,Yz_1 of class CH*,0 < a < 1, with Y,, cC Y,
such that Y = (UL_,Y,,)\ Y, where Y7, is the complement of the union of all
Y,, for n < L (cf. Figure 3.5 below). Moreover we assume that if a point in Y’
lies on some 0Y,,, then the component of 0Y;, containing the point is smooth.
This implies that any point y € Y belongs to the boundaries of at most two
of the Y,, (including 0Y7, if any). However, refering to [42, Remark 1.2], we
could also allow that some Y,, touch, as indicated in Figure 3.5.

(o)
Disjoint subdomains Y7,...,Ys
with 9Y,, of class C1'® and

7
@ v=(Uvor
n=1

Y7

Figure 3.5: Composite material

The following statement follows from Theorem 6.8 of the appendix, which
comprises W1 >®-estimates for solutions of divergence form elliptic equations
with piecewise Holder continuous coefficents [42, 43], posed in domains of
the type defined above. We emphasize that the coefficients are allowed to be
discontinuous across the interfaces. We consider here only full dimensional
structures, so K coincides with the regular matrix K (y, s) defined in (3.109).

Example 3.2.17. Let p = LYY and Y = (U:_,Y,) \ 0Y as defined above.
In addition to the positive definiteness (3.93), assume

L
K(y,s)=> xn()Kn(y,s) with Ku(-s) € C¥P(Y;;;R™T)  (3.154)
n=1

for every s € R, where x,, is the characteristic function of Y, and 3 € (0,1).
Then the cell solutions Ay introduced in Lemma 3.2.7 satisfy

VsER: Ag(,s) € HX(Y). (3.155)
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Moreover, if || Kn(-, 8)|lcos vy < C uniformly in s € R, then we have

A € LRy Hy* (V) NC(R; HyR(Y)) Vp € [1,00). (3.156)
Proof. We denote by Af € HL_(R?) the Y-periodic extension of Ax(-,s) to
the whole of R?. We can choose a bounded domain D C R? of class 1 with
Y CC D. for a suitable € > 0, where D, = {x € D : dist(z,0D) > €}, such
that the assumptions of Theorem 6.8 are satisfied by the domain
L
D=(|JDn)\0D with Dy := (] (k+Y,)NnD.
n=1 kezZd

Note that Aj € H'(D) is a solution of —div (K(y,s)[VAi(y) + &]) = 0
in D' (D), and hence by (3.93) and (3.154) we can apply Theorem 6.8 to the
tensor A = K (-, s) and the functions g(x) = K(x, s)éx and h = 0, and deduce

L
VAL )= vy S VAL p.) £ C <||AZ||L2(D) +) ||Kn('>3)|c0,6(yn)> :
n=1

(3.157)
Since Ag(+,s) has mean value zero over Y, we get (3.155) by (3.121),(3.154)
and (3.157). If the Holder norm of K, (+,s) does not depend on s, estimates
(3.121) and (3.157) clearly show that [[Ax(, )|/ g1.00(yy) < C with a constant
independent of s € R. This estimate combined with (3.126) and the Lebesgue
dominated convergence theorem gives VAg(-,sp,) — VAg(:,s) strongly in
LP(Y) for any p < oo, whenever s,, — s in R. This shows (3.156). O

Note that (3.156) falls just short to guarantee (3.152), but indicates that
we can expect the desired regularity of Ay for a large class of homogenization
problems in composite media. Now we consider the case when p is the one-
dimensional Hausdorff measure on a regular thin network. As an example we
take the normalized measures with support S; U .Sy and S; U S respectively
(cf. Figures 3.6-3.7), where S; = (0,1) x {3},52 = {3} x (0,1) C R? and

S ={(y1, f(1)) : y1 € (0,1)} CR*, f(y1) = f(sin(2my1) +2).

S

: A\
S $\/

Figure 3.6: p oc (H'|S1 + H![S2) Figure 3.7: poc (H'|.S + H'|S2)
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It is easy to check that both measures are strongly p-connected on RY.
In both cases we get an explicit representation of the cell solution due to the
one-dimensional nature of the problem and can show (3.152).

Example 3.2.18. Let u berne of the two measures defined above. In addition
to Assumption 3.2.1, let K = K(y,s) be Hélder continuous in s uniformly
with respect to y, i.e. there exists v € (0,1) and a constant C € R, such that

1K (y,s) — K(y,3)| < Cls—3]" WyeRe (3.158)
Then the cell solutions Ay satisfy (3.152), that means Ay € C(R; Hy™(T)).

Proof. We consider the measure g = 3(H'[S1 + H!'[S2) in Figure 3.6. In
the other case the proof is slightly more involved, where one has to introduce
tangential and normal coordinates on S. Then the cell problems can be
solved by integration with respect to the tangential variable. Note that for
the special measure p in Figure 3.6 we have

K( ) o dlag (@(y7 8)70) lfy € Sl
vo) = diag (0,0(y,s)) ify € Sy

according to Assumption 3.2.1, where © = 0 is strictly positive and bounded
from above uniformly in y and s. We have €7 ,(y) = 0 on S and vice versa.
Hence for £ = 1 we can explicitly solve the cell problem (C}) and obtain

Ai(y1,y2,8) = /Oy1 (KMl(f)) — 1) dri + C, (3.159)

(7—17578

where the constant C' has to be chosen appropiately to ensure that A; has
zero mean value over Y, and M;(s) is the harmonic mean of K (-, s) on Si:

1
Loy

Mi(s) == / ), with 0< ¢ < Mi(s) <Cx  (3.160)
0 K(Tl)§75)

for all s € R, which follows from (3.93). An easy calculation shows that
A1 (-, s) belongs to H;’OO(T). Now let s, — s € R and denote by 7 := (y1, 5)
points on S7. Then for py-almost every y € S1 U .Sy we get

Vi (9, 50) = V(9 9)] < C sup (M (s0) = M(s)]| + 1K (g, 50) ~ K(5,5)])
yco1

< C(IM(sn) = M(s)[ + [sn = s|7)

with a constant independent of y. This shows the statement for A;. The
same proof of course works for Ao, interchanging the role of y; and ys. O
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3.3 A nonlinear double porosity model

In the previous sections the rescaled permeabilty tensor K was of the form
K. = K(%), where K(y) was a given Y-periodic matrix. We now consider
the so called double porosity case, where the parameter € is involved in a
more complicated way. Our model is related to the behaviour of weakly
compressible single phase flow through a fractured porous medium, occupying
a domain Q C R?. Let us describe the main ingredients.

Assume that R? is partitioned into two parts F€ = ¢ F and F§ = eFp of period
e. Each part is a separate porous medium, but the permeability coefficient
in F*¢ is of order 1, and in F{ of order €* for some o > 0. The Darcy law
describing the filtration in such a composite system leads, in the linear case,
to the equation

1 in F¥,

e in FE. (3.161)

—div (K. (x)Vu) = f, K.(x)= {

F* is sometimes called the hard phase, and is usually a connected subset of
R<. F§ is called the soft phase. In the physical literature one usually consid-
ers the self-similar case o = 2. It turns out that this is the borderline case, in
the sense that different effective equations arise for « < 2, =2 and a > 2.
In the classical setting, the analysis of the double porosity model has been
studied [6, 38, 59], however under fairly stringent restrictions on the smooth-
ness of the phases and the correlation of fracture thickness and periodic length
scale. Using the singular measure approach, we can also consider infintely
thin structures, which has some applications in geohydrology and soil sciences
[20]. As a consequence, we have to look for solutions of equation (3.161) in
the spaces H&’Q(Q, dpe). The asymptotics of equation (3.161) in the measure
setting, including the linear non-stationary case, has been studied in [20, 62].
Using the methods developed in the previous sections, we can extend the
analysis to some nonlinear cases (see equation (3.164) below).

Our methods apply to a variety of complex structures (see Figure 3.4 and the
related discussion), but we content ourselves with the model problem & in-
troduced in Paragraph 3.2.1 on the standard rectangular grid (cf. Figure 3.3).
This already features the central aspects and main difficulties in the proofs.
We set F:= {1} x(0,1) U (0,1)x {3}, define Fjy := Y \ F and consider the

measure
plY = (FHILF) + (G| Fo) = g + o, (3.162)

which is normalized, doubling and strongly 2-connected on R?. Obviously,
the measures p; and po are mutually singular, that means p;(Fp) = 0 and
po(EF') = 0. The measure p, the sets F, Fp, the homothetic contractions F©, F§
and the fractured domain are sketched in Figures 3.2-3.3 on page 67. Recall
that the rescaled measure reads

pe = e F® + 3 L2 | F§ = ()= + (po)e- (3.163)
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For a given number A > 0 we study the quasilinear Dirichlet boundary value
problem (cf. equation (3.91)) in the double porosity case, namely the equation

—div (Ko(2,ue)Vyue) + e = f, ue € Hy*(Q, dpe) (3.164)

and its asymptotics € — 0 subject to the following rescaled permeability
tensor K.: For a given fixed o > 0 and each € > 0 we set

2 o\ Ka(2,
Ke(Z9) = { e Ko(%,

s) x € F*,

3.165
s) z € F§, ( )

m\& m\iﬁ

where the functions K; : RZxR — R, (y, s) — K;(y, s) are u;-measurable and
Y -periodic in y, Holder continuous in s, and strictly positive and bounded:

Iy >0y € R?Vs,5 € R: |K;(y,s) — Ki(y,3)] < Cls— 3|7, (3.166)

V(y,s) €R? xR : 0 <, < Ki(y,s) < Ck. (3.167)

For simplicity we assume f € C(Q
solution of the Dirichlet problem (

). We call a function u. € H1 2(Q, due) a
3.164), if

/ Ky(2,u) Ve - Ve dul + & / Ko(®, u) Ve - Vo du
Q Q

0 [uspdnc= [ fodu oD@, (3.168)
Q Q

where we write u’ := (u;). for the e-rescalings and denote for simplicity
by Vu. also the tangential gradient of u. with respect to p! on the singular
domain Q2N F°. Note that for « = 0 we recover the setting of Paragraph 3.2.1.
Existence and a priori estimates can be derived precisely in the same way:

Proposition 3.3.1. For any € > 0 there exists a solution of (3.164) in the
sense of (3.168), which satisfies the estimate

/|Vu5|2 dug+ea/ |Vu,|? dug+)\/ luc|> dpe < C < oo (3.169)
Q Q Q

with a constant independent of €. In particular, we get u. — u(x,y) for some
u€ L2 (QxY) and a subsequence, where m = L2|Q @ u|Y

Proof. By the uniform lower bound (3.167) on the functions K; we see that
Kc(Z,8) > %, > 01in Q, hence for fixed € > 0 the existence of a solution can
be derived exactly as in Corollary 3.2.4. The a priori estimate can then be
obtained by testing (3.168) with the solution u., applying standard absorption
techniques and using (3.167) and the continuity of f up to the boundary. [

The first step to determine the structure of the two-scale limit u is to study
the asymptotics within the hard phase. Since its coefficient is of order one, we
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can take advantage of the results of the previous sections. The corresponding
effective tensor (cf. Definition 3.2.8) we denote, for each s € R, by

(KT)ij(s) := /YKl(% $)[€ipn () + Vi AT W)] - (€5 (¥) + Vi AT (Y) dpan,
(3.170)
where for £ = 1,2 the function A} € H,i’f(T) is the solution of the cell
problem (Cj) defined in Lemma 3.2.7 with K = K, and p = p1. Note that
K7 is symmetric. The following lemma will be frequently used and was proven
in [62, Lemma 6.1] for the linear case.

Lemma 3.3.2. There exists a function i € H}(Q), such that

u(z,y) =u(x) ifyé€F, (3.171)

/ Ky (2,us) Ve - Vi da} — / (K (0)Vit, Vo) da (3.172)
Q Q
for each ¢ € D(Q2) and the subsequence selected in Proposition 3.3.1.

Proof. Let x(y) be the characteristic function of F', which belongs to Li°(T).
Hence x(%)us(xz) — x(y)u(z,y) two-scale with respect to . Note that the
restriction wu. |gnpe is uniformly bounded in H01’2(Q,dp;). Applying Theo-
rems 2.4.4-2.4.5 to this restriction and the strongly connected measure 1,
we get the existence of & € HE(Q) and 4y € L?(9, H,h?(?l‘)), such that

ue — ia), Ve = P (9)[Va(@)] + Vi, yin (z,) (3.173)

two-scale with respect to 1, possibly up to a further subsequence. But then,
for arbitrary ¢ € D(Q;C>°(T)), we easily deduce

/ we (@) (2o (®, @) dus(@) = / we (@) (2, ) dyl(x)
Q Q
- / a(@)x(y)ele, y) dm,
aOxy

which implies x (£)ue(z) — x(y)u(z) two-scale with respect to y independent
of the subsequence selected in (3.173), since x(y)u(z) = x(y)u(x,y). This
shows (3.171). For ¢ (x) € D(2) and w(y) € C*>°(T) we choose

p(z) = ep(r)w(2), ¢ € D)

as a test function in (3.168) and pass to the limit. Using (3.166),(3.173) and
the same techniques as in the proof of Theorem 3.2.6, we deduce that the
first term in (3.168) converges to

Ky 0)[B )V + Vg ()] V() @ di(p)de. (3.174)
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We claim that all the other terms in (3.168) converge to zero. Let us estimate
the only nontrivial term using (3.167):

/KO V’LLE V 1U( )’LZJ d/J,s § C&aHVUEHLl(Qng)
< Ce (| Vel Tau0) + - (3:175)

Thanks to estimate (3.169), the right-hand side in (3.175) converges to zero.
Since (3.168) holds as equality, we deduce that the term in (3.174) is actually
equal to zero. Since v and w were arbitrary, we get that

Vi yl (2, y) Z@ku )V, A (y, a(z))

as in the proof of Corollary 3.2.10. Hence for any ¢ € D(Q2) we get

/K1 Ve Vodud — [ K@) (B )V + Vi yin) - Voo dprda
QxY

/ K{(4)Vi - Vo dz
Q
which proves (3.172). O

We will now distinguish the three cases a < 2,« = 2 and a > 2, each one
leading to a different effective problem. This generalizes the results for the
linear setting studied in [62].

The case a < 2 (high permeability) If the exponent is below the critical
value (hence the permeability in the soft phase relatively high), only the flow
in the hard phase is asymptotically relevant. In particular, the dependence
of the permeability on the pressure does not make itself felt in the soft phase.

Theorem 3.3.3. For o < 2 the sequence {u.} of solutions of (3.164) con-
verges, up to subsequences, two-scale strongly with respect to u to the function
u=1a(z) € H}(Q) in (3.171), which is a solution of the homogenized problem

—div(K7(@)Va)+ Mo = f inQ, 4=0 ond. (3.176)

Proof. Estimate (3.169) gives €| Vuc|j2. < C with 8 = a/2 < 1. By Theo-
rem 2.4.4 we get that the weak two-scale limit u does not depend on y and
hence u = u(x) = 4(z) by Lemma 3.3.2. We choose ¢ in (3.168) only depend-
ing on the slow variable. Passing to the limit and using (3.172) and (3.175),
we see that u is a solution of (3.176). It remains to prove the strong two-scale
convergence with respect to pu, since (3.173) gives it only with respect to ;.
Let z. be the unique solution of

—div(Ke(2,u) Vi 2e) + Aze = ue, 2o € Hy?(Q,dp), (3.177)
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which obviously fulfills the same estimate (3.169) as u.. Applying the tech-
niques from the proof of Lemma 3.3.2 and using o < 2, we get z. — z(x)
two-scale weakly with respect to pu, where z € HZ(Q) is the solution of

—div(K7(0)Vz)+ Az =4 inQ, z=0 on . (3.178)

Testing (3.164) with z. and subtracting (3.177) tested with u., we get

/|u5|2d,u5:/fzgd,ug—>/fzdx:/ [af? dx (3.179)
Q Q Q Q

where in the last equality we compared (3.176) tested with z and (3.178)
tested with . O

The case o = 2 (self similar case) This is the borderline case and from
the analytic point of view the most difficult one. Here the a priori estimate
(3.169) only gives

uell2,e + €l Vuellze < C, (3.180)

which implies that the two-scale limit u depends in general on y (cf. Theo-
rem 2.4.4). Hence we have to choose a test function of type ¢ = ¥ (z)w(%)
in (3.168), in order to gain information about the structure of u. The critical

term that arises, namely

[ Koz 00V V() did (3.181)
Q

is merely bounded this time. Since we can not expect u, — u with respect
to u, we have to assume Ky = Ky(y), otherwise there is no chance to pass to
the limit in (3.181).

Definition 3.3.4. The limit problem in the self-similar case reads as follows:
Find uw € Z, such that

/Q<K1*(ﬂ)vvl, Vo) dr + oy Ko(y)Vuyu(y) - Vuye(y) dm
X

+A/ u(y)p(y) dm = fe(y)dm Ve e Z, (3.182)
QxY QxY

where Z := {u € L2(Q; H,*(T)) : Viuyt|r=0, ulp=:d(z) € H}(Q)}.

Me make sure that problem (3.182) is well defined. Note that Z is a linear
subspace of L2H,%. If we define the set of pairs Z := {(u, Vuyu) :u € Z},
then we see that

A:Z xZ—=R,[(u,Vyyu),(v,V,,0)]—

/ (Vu, Vo) dx + / Ko(y)Vyuyu - Vyyvdm+ A uwwodm  (3.183)
Q Qxy Qxy
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is a scalar product on Z, and that Z is a Hilbert space with respect to the in-
duced norm. The properties (3.126) and (3.127) of K7 proven in Lemma 3.2.9
and the Lax-Milgram lemma guarantee that for any w € L?(f2) there exists
a unique pair L., = (u, Vu) € Z, such that the equation in (3.182) holds
for any (¢, V,.,p) € Z with Kf(a) replaced by Kf(w). Precisely as in the
proof of Theorem 3.1.4, we can then find a fixed point of the operator

L:BrC Z — Bg, (u,V%yu)HLQGZ

whose first component is a solution of the limit problem in the sense of Defi-
nition 3.3.4. We can now formulate the homogenization theorem.

Theorem 3.3.5. If « = 2 and Ky = Ko(y), then the sequence {u:} of
solutions of (3.164) converges, up to subsequences, two-scale strongly with
respect to j to a solution u € Z of the homogenized problem (3.182).

Proof. From the a priori estimate (3.180) and the proof of Lemma 2.4.4 we
deduce, since Vu, is tangential, that

ue — u(x,y) € L*(Q; H;’Q(T)), eVue =V, u(z,y). (3.184)

If x(y) is the characteristic function of F', using estimate (3.169) and the
same technique as in the proof of (3.171), we get x(y)V,yu(x,y) = 0. Hence
by Lemma 3.3.2 the function u belongs to Z. Now consider the following set
of functions

W= {p = v1(x) + po(z)w(y) | pi € D(Q), w € C(T),w|r = Vw|p = 0}

It is easy to see that W is a subset of Z. For ¢ = ¢1 4+ pow € W we choose
pe(x) == @(z,2) € D() as a test function in (3.168). Note that

52/ Ko(£)Vue - Vo, dul = 5/ Ko(2)Vue - Vyw(L)po dul +o(1)  (3.185)
) Q

as ¢ — 0 by estimate (3.175) and V. |onre= V¢1 |onre by the definition
of W. Hence passing to the limit in (3.168) and using (3.172),(3.184) and
(3.185) we get

/Q (Ki(@9e,Torhdo+ [ Kolw)uyuls) - Typly) dm
X

A / w(hew)dm= [ foly)dm (3.186)
QOxY QOxY

for any ¢ € W. As pointed out in [62, Section 5], the linear span of pairs
(¢, Vyp) with ¢ € W is dense in Z with respect to the norm induced by the
bilinear form A introduced in (3.183), hence (3.186) is sufficient to show that
u € Z solves equation (3.182). The strong two-scale convergence with respect
to p can be proved precisely as in Theorem 3.3.3. O
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The case a > 2 (low permeability) Here the contribution of the soft
phase to the total energy in (3.169) is comparatively large, and the two com-
ponents of the two-scale limit u(z,-) in F' and Fj are mutually independent.
It turns out that u(z,-) |k, coincides with the source term up to the factor
A, so more generally we assume that

f=rf-=9% 1), g=gly )€ LiAT;C(Q)), (3.187)

such that f.(z) - g(y,z) by Example 2.1.12. For a > 2, the estimate (3.169)
is not good enough to get a structure result like (3.184), all we know is
ue(z) = u(z,y) € L2,(2 x Y). We have to determine the restrictions

uo(z,y) = ulaxr, @(r)=uloxr . (3.188)

Theorem 3.3.6. If a > 2, then the sequence {u.} of solutions of (3.164)
with right-hand side (3.187) converges, up to subsequences, two-scale strongly
with respect to p to a function u € L2,(Q xY) composed as in (3.188), where
ug s uniquely determined by uo(z,y) = g(x,y) in Q x Fy and 4 € H(Q) is
a solution of the decoupled problem

—div (K7 (a)Va) + Au(F)a = gx inQ, =0 ond, (3.189)
where gx = [y 9(-,y)x(y) du(y) and x is the characteristic function of F'.

Proof. For the same test function p.(z) € D(2) as in the proof of Theo-
rem 3.3.5, we observe this time

Lol < O Ve L @.ape)

/ Ko(£,u:)Vue - Vyw(€)eo d,ug
Q

< O Vue 72,0 + 1)

hence the term converges to zero since a > 2. Passing to the limit in (3.168)
and using Lemma 3.3.2 we obtain

/ (K1 (u)Vu, Ver) de + )\/ up dm = g dm. (3.190)
Q QXY QXY

First setting ¢1 = 0 we get Aug(z,y) = g(z,y) in Q x Fy, where we used
w|p = 0. Then, setting pp = 0 we deduce

—div (K7 (a)Va) + \u = g,

where (@,3)(x) = [ (u,9)(x,y) du(y). It is then straightforward that the
statement of the theorem follows from the observation

Ni(z) = /F 9z, y) dpo(y) + Mu(Fya(z), g(x) = /F oz, ) dpo(y) + TX(),

where we also used p;(F) = u(F). The strong two-scale convergence follows
as in the other proofs using (3.187). O
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4 Nonlinear parabolic problems

In this chapter we study the homogenization of the quasilinear degenerate
elliptic-parabolic equation

Ob(ue) — divag(p, x, b(ue), Vue) = fe(p, z,b(ue)) in Q@ x (0,7), (4.1)

subject to suitable boundary conditions and a strongly connected Radon mea-
sure 1 on R? (cf. (1.1) and (1.2) in the introduction). If b(z) = z, equation
(4.1) can be seen as the natural parabolic extension of the elliptic problems
considered in Chapter 3. However, for the applications we have in mind,
including the homogenization of Richards equation studied in Section 4.3 be-
low, the function b depends in a nonlinear way on the unknown wu.. Typically
b is monotonically nondecreasing, and problem (4.1) degenerates to an elliptic
equation if b has a vanishing derivative. In contrast to Section 3.1 we will
consider only the exponent p = 2, and the case when the flux a. separates in
the gradient, that means

as(p, T, b(ue), Vue) = (K(%J)(ue))vus) He (4.2)

for some tensor K = K (y, s) that is y-measurable and Y-periodic in y and
sufficiently smooth in s. In order to get rid of a principle part a. that does
not separate in the gradient, equation (4.1) has to be tested with the solution
ue in the homogenization step (cf. the proof of Theorem 3.1.8). The problem
is to pass to the limit in the first resulting expression

T
/ (Oub(ue), uc) dt = / (ueb(ue)) (2. T) dpel) + I, (4.3)
0 Q

where I, is a term of minor severity that can be controlled by the initial data.
The main reason is that we have no uniform control on the norm ||ue(t)||q,..
for some ¢ > 1 and t € (0,7], and hence the first term on the right-hand
side in (4.3) can hardly be dealt with. Only if b is strictly monotonically
increasing (and hence invertible), we have a chance to show u. — u strongly
in L9(Q) and pass to the limit in (4.3). This is essentially used to derive
corrector results for the homogenization of Richards equation on perforated
domains (cf. Theorem 4.3.3 below). For strictly monotone b we can also
consider time-oscillating data in (4.1) as indicated in (1.1).

Notation and preliminaries We assume that 7" > 0 is a fixed real number
and denote by @ := Q x (0,7) the space time cylinder, where 2 is an open,
bounded and connected subset of R with smooth boundary. As usual, we will
always presume that p is a positive, normalized, Y-periodic Radon measure
on R? with u(0Y) = 0. For the nonstationary setting we introduce the
product measures

vi= (uY)® (£'0,7), n=(L"QemY). (44
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By its definition v is Y-periodic in space and hence defined on R¢ x (0, 7).
Moreover for any ¢ € [1,00) we set

L= LQx Yidn), [ulfyi= [ fuloity)tdn,  (45)
QXY

and similar for ¢ = co. Now we can introduce the rescaled measure v.. It is
clear that v rescales trivially with respect to time, and hence we have

ve|Q = (neQ) @ (L0, 7)) | (4.6)

where . is defined in (2.1) on page 13. Again, by the periodicity of x and
the weak convergence of . in (2.2) it is easy to check that

Ve — (M(Y)Ed m) ® (L1(0,T)) = £ Q. (4.7)

In particular, we have 0 < v.(Q) < C uniformly by the boundedness of Q.
For ¢ € [1,00] we denote the corresponding Lebesgue spaces by LY(Q, dve),
or shorter L_(Q), and to distinguish the norm with respect to u. we write

lellg . = /\u N dpe(z),  ullg. = /!uwt [t dve(z,t)  (4.8)

for finite ¢, and similar for ¢ = co. Moreover, if X is a Banach space we
abbreviate by LIX := L9(0,7;X) the space of measurable functions u :
[0,T] — X with, respectively, finite norm

T
[ullFax !=/ lu@)[I% dt, |Jullzeox :=ess sup [u(t)]x.  (4.9)
0 t€(0,7

4.1 Two-scale structure results

In this section we extend, in an obvious way, the notion of two-scale con-
vergence to the measures v.. Moreover, we claim that the central two-scale
structure result (Theorem 2.4.4) can be saved for the time-dependent setting
(see Theorem 4.1.7 below). The main reason is that the rescaling of v is
trivial with respect to the time variable.

Two-scale convergence We introduce the notion of two-scale convergence
to the nonstationary setting involving the rescaled mesure v.. We also carry
over the main results from Section 2.1.

Definition 4.1.1. Let v. € LP(Q,dv.) and v € Lh(Q x T) for some p > 1.
We say that the sequence {v.} two-scale converges to v (with respect to v and
as € — 0) and write v — v, if

lim [ we(x,t)Y(z,t, L) dve —/ v(x, t,y)(z, t,y)dn (4.10)
e—0 Q QXY

for all ¢ € D(Q;C>(T)).
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It is obvious, at least as long as no gradients are involved, that the two-
scale convergence with respect to the new measure v. enjoys all the properties
proven in Section 2.1 for ., such as the weak compactness and the weak lower
semicontinuity property. The proofs remain almost completely unchanged.

Proposition 4.1.2. Let p € (1,00) and {ve} be a sequence in LP(Q),dv;)
with ||ve|lp,. < C uniformly in €. Then, up to subsequences, there exists a
function v € LP(Q x Y,dn), such that ve — v.

Recall the weak lower semicontinuity property of two-scale convergence:
If v. — v for some v € LE(Q x Y) and p € (1,00), then there holds

liminf/ o |P dv. 2/ [P dn. (4.11)
e—0 Q QxY

Hence the following notion of strong two-scale convergence with respect to v,
which of course corresponds to Definition 2.1.11 from the stationary setting:

Definition 4.1.3. Let v. € LP(Q,dv.) and v € L, (Q x T) for some p > 1.
We say that {v.} two-scale strongly converges to v (with respect to v and as
e — 0) and write v. — v, if

ve =~ v and limsup/ |ve|P dve < / [v|P dn . (4.12)
Q QXY

e—0

It is important to find a sufficiently large class of functions v = v(z,t,y)
on @ x T, that converge strongly in the sense of (4.12) under the rescaling
y < Z. In most cases we need the time dependent version of Example 2.1.12:

Example 4.1.4. Let v € L(T;C(Q)) and ve(z,t) := v(z,t,2). Then there
holds v — v.

We have seen that passing to the limit in products of weakly and strongly
two-scale convergent sequences is essential for the treatment of nonlinear
problems. The proof of the following result coincides with the one of Propo-
sition 2.1.13.

Proposition 4.1.5. Let p > 1 and v. be a sequence in LP (), dv.) that strongly
two-scale converges to v € Lh(Q x Y). Let w. be a bounded sequence in

LP(Q, dv.) with w. — w for some w € Lﬁ/(Q xY'). Then there holds
vewe = ([ ot dutn) ) 24110 (113

Homogenization structure result We turn our attention to the cen-
tral structure result for all possible two-scale limits of bounded sequences
|Vte||p,v., where the gradient is taken with respect to the space variable.
Similar as in Definition 2.4.3, we first introduce the class of functions to
which the correctors will belong:
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Definition 4.1.6. We say that a function v = u(z,t,y) € L (Q x T) belongs
to the class LP(Q; HyP(T)) and Vyu € L5(Q x T)¢ is one of its gradients, if

on —u, Vyp, = Vyu strongly in LY (Q xY) (4.14)
for a sequence o, € C®(Q x T).

Recall from Section 2.4 that if p is strongly p-connected on T, then any
vector v € LP(Q; V5 (T)) corresponds to a unique function @ = u(z,t,y),
such that

u(z,t,-) € iji’p(T), / w(z,t,y)du(y) =0 and v=V,u. (4.15)
Y

For the stationary case we gave a rigorous proof (cf. Theorem 2.4.4) of the
two-scale structure result, but we content ourselves with merely stating the
result for the time dependent case, since all the nontrivial effects are related
to the spatial variable.

Theorem 4.1.7. Assume p € (1,00) and consider a sequence (uz,Vug) €
LP(0,T;VP(Q,due)) subject to the uniform bound

‘vas + HV’uer,us <C. (4.16)

[|ue

Let u. — u € LN (Q x Y) and Vu. — x € Lh(Q x Y)? two-scale weakly with
respect to v. Then there holds

1. If p satisfies (H1), then u = u(x,t) is independent of y.
2. If p satisfies (H2) and (H3), then additionally w € LP(0,T; Wol’p(Q)),
and there exists U € LP(Q; ﬁ;’p('ﬂ')), such that
Xt y) = Vau(s,t) + Vi (@ t,y) (4.17)

where Vi € LP(Q;V;)O,;(’]I‘)) is a gradient of 1 according to Defini-
tion 4.1.6. Moreover there holds

Ve = Pu(y)[Vu(z, )] + Vyyu (2, t,y) (4.18)
where ui(x,t,y) is the corresponding element of the Banach space
1
17(Q: HY(T)).
4.2 Degenerate elliptic-parabolic equations

In this section we study the homogenization of the doubly nonlinear degen-
erate parabolic equation

Opb(ue) — div (K (Z,b(ue))Vue) = f(£,b(us)) in Qx(0,7),
(Pr) bus) = b2 in Q x {0},
ue = 0 on 90 x (0,T)
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on multidimensional structures associated with a measure p and its peri-
odic rescalings p. (cf. (4.1) in combination with (4.2)). Our main structure
conditions on the data comprise the monotonicity of b and the assumptions
from Section 3.1 on p,a and f. Recall that equation (P:) is degenerate in
the sense that it changes type from parabolic to elliptic if b has a vanishing
derivative. The following structure conditions will be kept, unless otherwise
stated, throughout this section.

Assumption 4.2.1. Let p be strongly 2-connected on R and doubling, and
assume the following structure conditions on the data:

1. Q c R? is an open, bounded and connected set with smooth boundary,
Q :=Q x (0,T) is the space-time cylinder with T > 0 fized.

2. b: R — R is monotone nondecreasing and continuous with b(0) = 0.
The Legendre transform W of the primitive of b is defined by

U:R —[0,400], s+ sup (zs —/ b(T) dT) , (4.19)
z€R 0

and therefore a convex and lower semicontinuous function on R.

3. The coefficient K : R4 x R — Mglym is p-measurable and Y -periodic in

Yy, continuous in s, and there exist constants cy, Cx > 0, such that for
all (y,s) € R x R:

cklé? < € K(y,s)6 < Cl¢f VEeR™ (4.20)

4. The source f : RE x R — R, (y,s) — f(y,s) is pu-measurable and Y -
periodic in y, and continuous in s. Moreover there exist constants c3 > 0
and B € [0,1), such that for all (y,z) € R x R:

(. b)) < es(L+ [o(2)]%). (4.21)

5. For the initial data we assume ¥(b2) € LY(Q, du.), and that there exists
a pe-measurable function ul with b0 = b(u?) pe-almost everywhere.

Occasionally we will also require that b admits at most linear growth,
which is automatically true if b is Lipschitz continuous:

JLeR: |b(z)| <L(1+]2]) VzeR. (4.22)

We collect some important properties of the transformation ¥ defined above.
For the following remark we refer to [2, 51].

Remark 4.2.2. The function V defined in (4.19) admits the following rep-
resentation and superlinearity property:

VzeR: B(z):=VU(b(z)) = zb(z) — /Ozb(T) dr . (4.23)

V6 >03Cs eR: |s| <oU(s)+Cs VseR. (4.24)
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Lemma 4.2.3. Let b satisfy (4.22) with a constant L > 0. Then the function
¥ enjoys the following coercivity property:

1
¥n €b(R) 1 W(n) = ozn’ =l (4.25)
Moreover for any (y,z) € R? x R there holds |f(y,b(z))| < C(1 + B(2)Y/?),
where C' is a constant and B defined in (4.23).

Proof. 1t is easy to see that ¥(0) = 0, and it suffices to show (4.25) for n > 0,
the case 1 < 0 is completely analogue. We consider the inverse A := b~! of b,
more precisely the multivalued map A : b(R) — 2R defined by

VrebR): ze (1) e b(z)=r.

It is easy to check (see [58, Section 2.1] for the details), that for any section
A of A, that means pointwise for arbitrary A\(7) € A(7), there holds

(n) = /0 ! A7) dr. (4.26)

In particular, for any admissible Aand 7 € (0,m) we have A7) > 0 by the
monotonicity of b and b(A(7)) =7 < L(1 + A(7)) by (4.22). Hence by (4.26)

we get

wn) 2 [T -1dr = P -
n = o 'L T—2L77 n,

which proves (4.25) for n > 0. This combined with the superlinearity property
(4.24) we get

b(2)? < 2L(|b(2)| + ¥ (b(2))) < C(2V(b(2)) + C1),
and hence |b(z)| < C(1 4 B(z)'/?). Then the second statement of the lemma
directly follows from (4.21). O

4.2.1 Existence

This paragraph is dedicated to show an existence result for problem (P.). To
this aim we first introduce a natural solution space related to the measure
V.. The concept is similar from Definition 2.4.3, now with the time interval
playing the role of a parameter set. Naturally, the solution space comprises
the class of Sobolev functions with zero trace.

Definition 4.2.4. We say that a function u = u(t,z) € L?(Q, dv.) belongs
to the class L?(0,T; Hé’2(Q,du€)) and Vu € L*(Q,dv.)? is a gradient, if

on — U, Vaepn— Vu strongly in L*(Q, dv.) (4.27)

for a sequence ¢, € C*(]0,T];D(£2)).
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We emphasize that whenever u € L?(0, T} ffé 2(€2, dy.)) with gradient Vu,
then the function
U := (u,Vu),t — (u(t), Vu(t))

belongs to the space L2(0,T;V?2(£2,du:)). Conversely, by density of smooth
functions in the corresponding Banach spaces, the first component « of a pair
(u, Vu) € L?(0,T; V%(Q,du.)) belongs to the class given by Definition 4.2.4.
We can now introduce the notion of weak solutions. Note that under As-
sumption 4.2.1.5, the initial value b2 belongs to L(Q, du.) by (4.24).

Definition 4.2.5. Under Assumption 4.2.1.5 on the initial value b2, a func-
tion u. € L2(0,T; Hé’Q(Q,d,uE)) with b(us) € L*(Q,dv.) is called a weak
solution of the initial boundary value problem (P;), if the integral identity

/ (—b(us)atgo + K(%,b(ue))Vue - ch) dv. = / J(Z,b(ue))p dve
Q Q

+ [ o0 dn (429

holds for some gradient Vue of u. and all functions ¢ € C*([0,T];D(2))
with o(T) = 0.

Since we need to show existence for fixed € > 0, until the rest of this
paragraph we will use the following abbreviations unless otherwise stated:

Vi=V3(Q,dpe), X = L*(Q,du.). (4.29)

Note that after an obvious identification we have X cC V' by Lemma 2.4.1
and Lemma 6.3. Let us give an interpretation of the weak formulation in
(4.28) for the case that b satisfies a linear growth condition (4.22). By
Lemma 4.2.3, this implies that Y € X C V', which is needed for the identifi-
cation (4.30) below. By (4.28) and the assumptions on the data we check

9b(ue)

o~ divIE(b(ue))Vue] = f(b(uc)) in H(0,T; V),

whence 9;b(uz) = f(-,b(ue)) + div [K (-, b(ue))Vue] € L2(0,T;V'). Tt follows
that b(u.) € H'(0,T; V') and, by integrating (4.28) by parts in time,

b(ue) == b2 in V' (in the sense of traces of H'(0,T;V")). (4.30)
Let us also check that the gradient of a solution u. is unique:

Remark 4.2.6. The gradient Vus of a solution u. according to Defini-
tion 4.2.5 is uniquely determined in L?(Q,dv.), and the flur K(-,b(u.))Vu.
is tangential to the structure ue for almost every t € (0,T).

Proof. The first statement follows from the second, if we use the uniform
lower bound on K in (4.20) and take into account that the difference of two
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possible gradients of u. is normal. Now let ¢, € D(£2) be an approximating
sequence for (0,z) € V. For ¢ € D(0,T), use 1, (t, x) := (t)pn(x) as a test
function in (4.28) as pass to the limit n — oco. This yields

/Q BOK(E, b)) Ve - 2(x) dv. = 0.

Since z € I'2(Q, dy.) and 1) where arbitrary, the second statement follows. [

One could try to carry over the existence result of Alt and Luckhaus [2],
where for the case u = £¢ equations of type (P.) subject to Assumption 4.2.1
were investigated (see also Theorem 6.10). However, our proof will slightly
simplify assuming that b is Lipschitz continuous, a condition we require in
the homogenization step anyway (cf. Lemma 4.2.8 below). We use a Rothe
method of time discretization similar as in the proof of [58, Theorem 4.2],
where b was assumed to be strictly monotone. As we will see, the Lipschitz
condition compensates for the lack of strict monotonicity, so we are safe to
require that b is merely monotonically nondecreasing. Recall the definition
of the norm || - ||z»x in (4.9) and the abbreviations of the reflexive Banach
spaces V and X in (4.29).

Theorem 4.2.7. In addition to Assumption 4.2.1, let b : R — R be Lipschitz
continuous. Then there exists a solution u. of problem (P:) in the sense of
Definition 4.2.5, which fulfills, after an obvious identification, the estimate

18:b(ue) | 2y + 1b(ue) [ Lo x + ([ (e, Ve )l 2y < C(1+ [W(0D)[|1,4.), (4.31)
with a constant C' independent of €.

Proof. Tt is important to note throughout the proof that each function v € X
defines uniquely a continuous linear functional on V' by

!

(0. (0, V) = /Q o(@)pla) dus(z), veV (4.32)

and that the embedding X — V' is compact as argued above. We fix a

large number N € N, the step margin At := % and set t, := nAt for all

n € {0,1,...,N}. Moreover for any N € N we set

[

Wy=0eX (4.33)

by (4.25) and Assumption 4.2.1.5, since b is Lipschitz. Again, to shorten the

notation we omit the dependence of the data on the spatial variable e lz.

For every time step n > 1 we have to solve the following, time discretized

Problem: Given b'' € X, find "y € X and (u?y,Vu?y) € V with

&,
bZ y = b(uZ ) p-—almost everywhere in 2 and

n—1

/ ( . ¢+K<bE,N>VuE,Nw> die = [ F@ Yo du (13)
Q Q



4.2 Degenerate elliptic-parabolic equations 99

for any ¢ € D(£2). We need to show that problem (4.34) has a solution.
The proof is of course very similar to the one of Theorem 3.1.4, so we only
highlight the few differences. Fix v € X and define the operators 7" : V — I’8
and g :' V — R by

(@ o)) = [ b+ Ko@) due. (139
a2 o) = [ (FO0D+ &0 ) edne. (430

Since b"N1 € X, we see that ¢ € V' by (4.21),(4.22) and (4.32). We apply
the Browder- Minty theorem in order to find a unique solution of the equation
T"(u,u1) = ¢" in V'. The coercivity of T" immediately follows from the
Poincaré estimate (2.92) and the fact that the term [, b(u)u is nonnegative.
The hemicontinuity and the strict monotonicity one can show exactly as in
the proof of Theorem 3.1.4, where we have to use [, (b(u) —b(w))(u—w) >0
thanks to the monotonicity of b, and

—(b(u +tw) —b(u))z| — 0 for t —0

and all (u,u1), (w,wy),(2,21) € V by the Lipschitz continuity of b. It follows
that the solution operator

LV—>VY, (U7U1)'_>(u7u1)7

which does not depend on vy, is well defined. Testing the operator equation
T (u,u1) = g with (u,u;) and using (4.20),(4.21), the Poincaré estimate
(2.92) and standard absorption techniques, we get precisely as in (3.21)-(3.23):

1w, u) [ < CA+FOEDIZ) < C+ 5li(v, 1)1,

where the constant C' depends only on At, ci, |, |[b2 4[| x and the Poincaré

constant in (2.92). Hence we find a radius R, such that L : B C V — Bg.
To show the compactness of the operator L, let (u™, uf*) = L(v™,v]") be a
sequence in L(Bpg). As the proof of Theorem 3.1.4 shows, we get

V™ — v, u™ —u strongly in X, wl —u; weakly in X9 (4.37)

for a subsequence and some v € X and (u,u;) € V. By the continuity of K
and b and estimate (4.20), we clearly get K (b(v™))u1 — K (b(v))u; strongly
in X¢. Using the solution property of (u™,u}") and (4.37) we get

|G =) = [ (500™) + 02 b)) @ =) = 0

for m — oo. Combining the results above with (4.20) we easily deduce

crlluf — il < /Q K(b™) @ — ur) - (' —uy) — 0,
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which shows that L(Bg) is precompact in V', and the continuity of L can also
easily be checked. It follows that L has a fixed point (u, Vu) € V', which by
construction is a solution of problem (4.34). To proceed further, we need the
following identity, which follows from (4.23) and the monotonicity of b:

Yn>1: (b(U?,N)_bgjvl)ug,N > \Il(b(u’;N))—\I’(bgjvl) pe-ace. in Q. (4.38)

By density, we see that the integral identity (4.34) also holds for any pair
(¢, Vi) € V, which shows that K (b7 5y)Vul y is tangential and that the
gradient of ul  is uniquely determined. In particular, testing (4.34) with the
solution itself, we get by summing up to m < N:

[ + S5 S IVat < [ 09 due+ CALY 0N
n=1

n=1

where we have used (2.92),(4.20),(4.38) and standard absorption techniques.
The constant C on the right-hand side depends only on ¢; and the constant
Cpe in (2.92). Using (4.25) and the positivity of ¥, we get by absorption

2y I% + ALY Vel ylix < CO+ 0O + ALY IO 0)I%)

n=1 n=1

< OO+ O 1 + ALY a2 v 15
n=1
with a constant C' only depending on 3, ||, ¢k, Cpc, T and the constant L in
(4.22), where for the last estimate we also used the sublinear growth condition
(4.21) on f. Since f < 1, by (2.92) and absorption we derive the crucial
estimate

2N 1% + At Vel nlk < €+ [T0)]hu) (4.39)
n=1
where the constant C' does not depend on m, N and . We def_ine the linear

interpolation b, y and the piecewise constant interpolations (b n, U n) on
the whole time interval with values in X by

pr o — n—1
ben(t) = %(t—tn_l)—kb’;j\} i € [tno1,tn],
Bersien)(t) = (Byouly) € (tno1,t].

Observe that by construction we have 5571\/ = b(Ue,N) ve-ace. in @ and also
Ve n(t) = Vul y for t € (t,—1,t,]. We claim that estimate (4.39) implies
Hatbe,NHBV/ + H(%,N, va&N)HL?V < C(l + H‘I/(bg)ul,us) (4-40)

with a constant independent of N and . Indeed, using the Poincaré inequality
(2.92), the definition of @, n, and (4.39) we easily calculate

N
(e, v, Ve N) 72y < CAEY [[(ul n, Vul )7 < C (14 [0 02)]|1,.)-
n=1

(4.41)
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From the integral identity (4.34) we deduce d;b. n(t) € V' for almost every
t € [0, T subject to

<<8tbe,N(t)’ (QO, VQD)» = /Q (f(Es,N)QD - K(BE,N)V'&E,N : VSO) d:uf (4'42)

for any (¢, V) € V. Indeed, this follows in one step from the following
estimate, for which we use (4.20),(4.21),(4.22),(4.41) and the same techniques
that led to (4.39):

N tn 2
ool = Y [ s [ py)e - KOOy Vel di
e vealv< /o
N
< ety (lulylk + IVul yl%) (1.43)
n=1

Combining the estimates (4.41) and (4.43) we get (4.40). From (4.39),(4.40)
and the uniform upper bound on K we also deduce

be, v llzoex + |15 (be,v) Ve vl 2x < O (14 [19(5) [1,.) (4.44)

with a constant independent of N and e. Since (4.40) and (4.44) provide
uniform estimates independent of N, we find a pair (ue, Vue) € L?V and
functions b, € H'V' N L>®X, K, € (L2X)?% and fy € L?X, such that

(e n,Vien) — (ue, Vue) in L*(0,T;V), (4.45)
K(ben)Vien — Ko in L*0,T;X)%, (4.46)
flben) — fo in L*(0,T; X), (4.47)

bey — b in HY(0,T;V), (4.48)

ben — be in L*®(0,T;X) (4.49)

up to a subsequence. For now we use the abbreviation H, := Hol ’Q(Q,dua)
for the Dirichlet space. Since K (bs n)Viu. n is tangential (and therefore also
its weak limit Kj), we can obviously identify 0;b. v (t) as an element of H;

for almost every ¢, and derive the same estimate

10ube [l 2 gy < C (1 [[W(52)

1) (4.50)

as above with a constant independent of €, N. Hence given a smooth test
function ¢ it makes no difference whether we take Vo or V,_¢ on the right-
hand side in (4.42). Integrating this identity with respect to ¢t and performing
an integration by parts in time, passing to the limit N — oo gives

| Crog+ Kooy n = [ opdv+ [ Re0)dn @51
Q Q Q
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for any ¢ € C*°([0,T]; D(§2)) with ¢(T") = 0, where we used (4.33) and applied
the convergences in (4.45)-(4.49). It remains to identify the weak limits in Q:

be(z,t) = blue)(z,t), (4.52)
(Ko, fo)(z,t) = (K(bs)Vue, f(b:))(z,1). (4.53)

Then by Definition 4.2.4, the first component u. € L?(0, T} ﬁé’Q(Q,due)) of
the weak limit in (4.45) is a solution of problem (P:) according to Defini-
tion 4.2.5, and the a priori estimate (4.31) is satisfied due to (4.40),(4.44),
the convergences (4.45),(4.48),(4.49), and the weak lower semicontinuity of
the norm. By Lemma 2.4.1 we have X CC Z := Hé, so we can apply the
statement (6.12) of Theorem 6.9 in the appendix thanks to the estimates
(4.44),(4.50), and obtain

b. x — be strongly in C([0,T]; H.). (4.54)

Fix t € (0,7]. By the definition of b. y and be v we find ¢ € (0, T] depending
on N, with 0 <#—t < At and b n(t) = b y(t) = be n (). Therefore if || - ||
denotes the norm in H., we derive

||Z_)€,N(t) - bs,N(t)” < ”bs,N({) - bs(t)” + ”be(f) - bs(t)” + Hbs(t) - bs,N(t)”

2 sup [[b- v (s) = be(s)]| + C(ADY? — 0
s€[0,T)

IA

uniformly in (0,7] for N — oo, where we used (4.54) and the fact that b, is
Hoélder continuous with values in H. due to (4.50) and (4.54). It follows that

be Ny — b. strongly in L*(0,T; H;) ) (4.55)

Moreover, from the Lipschitz continuity of b and the relation 17)57 N = bt N)
we also deduce b, y — b. weakly in L2X by estimate (4.40). Clearly we can
also consider {u. x} as a bounded sequence in L?H., and hence deduce

T
/Qba,NUa,N dve = / <<ba,N(t)7 aa,N(t)»H;Hg dt N o beue dve . (4.56)
0

In order to prove (4.52), let § > 0 and ¢ € D(Q) be arbitrary. By the
monotonicity of b and due to the fact that b, y = b(@. n), we get

0< /Q (e — blue — 66)) (e — e +66) — 6 /Q (be — bue — 56))0

as N — oo, where we used (4.45),(4.56) and b(u. — 6¢) € L?*X by (4.22).
Dividing by ¢ in the last inequality and passing to the limit 6 — 0, we get

0< /Q (b — b(us))ddve Vo € D(Q) (4.57)
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by the continuity of b, which proves (4.52). Since b is Lipschitz continuous
with b(0) = 0, we deduce from Lemma 2.2.17 that {b. 5} is a bounded se-
quence in L?H,, in particular we get 557 N — b, weakly in L?H,. Since H, is
a Hilbert space, it is well known that (L2H.) = L?H_ and it follows

/lbsN dvg—/ (be,n (£), be N () gyt g dt " — Nge / b|? dv.,  (4.58)

which implies b. y — be strongly in L*(Q, dv:). By the continuity of K and f
with respect to the second variable, and due to the uniform estimates (4.20)
and (4.21) on K and f, the equality in (4.53) easily follows. O

4.2.2 Homogenization

For the homogenization step we have to pass to the limit in the weak for-
mulation (4.28) of problem (P:), relying on the a priori estimate (4.31). The
following preparatory lemma guarantees the crucial strong two-scale conver-
gence of the sequence w. := b(u:). In what follows, recall that the spaces
V,V' and X defined in (4.29) depend on .

Lemma 4.2.8. Let u be doubling and strongly 2-connected on R%. Con-
sider two sequences {w.} C HY(0,T;V') N L®(0,T; X) and {(ue, Vus)} C
L?(0,T;V) endowed with an uniform bound

||8tw5HL2V/ + ||U)EHL°°X + ||(Ug, Vu5)||L2V S C (459)

Possibly passing to a subsequence, assume that we — w € L2(Q x Y) and
ue = u € L*(Q) two-scale with respect to v by Theorem 4.1.7. Then we have

/wgugdy8 —>/wudxdt, w::/ w(-,y) du(y). (4.60)
Q@ Q Y

If we = b(ue) with b : R — R continuous and monotonically nondecreas-
ing, then there holds w = b(u) almost everywhere in Q. If additionally b is
Lipschitz continuous with b(0) = 0, then w = w(z,t) € L*(Q) and

/|w5] dve — / lw|? dadt . (4.61)

Proof. Let § > 0 be given and denote by S the subsequence selected in the
statement of the lemma. We need to show

deg >0Ve <eg,e€S: / Wele AV —/ wud:vdt‘ <4. (4.62)
Q Q

Choose a function w € D(Q) with |[@ — @[ ;2(g) < 62 min(1, HuHZQl(Q)), then

‘/ wgusdvs—/wu = ‘/ Usdl/a+/17)usdl/s—/wu
Q Q Q Q

Cllwe — @] 2y + ‘/ Wie dve —/ wu
Q Q

IN

9
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where we have used (4.32) and (4.59). We have [ wu. dv. — [ @u since W is
smooth, so inserting the last term we get by the choice of w:

de1 >0Ve<e1,e €8 ‘/ uﬁuedya—/ wudmdt‘ < 262, (4.63)
Q Q

Now we estimate the term [|we — || ;2. Thanks to estimate (4.59) we get
[31, Chapter 5.9] that w. € C([0,T]; V') with

t
< < =
021%}%”108(75)”\/ > Cst”Hlv <O, we(t) ws(S)JF/Swa(T) dr,

where the last equality holds for all 0 < s <t < T'. It follows that v, := w.—w
is uniformly bounded in L*(0,7; X) N C([0,T]; V'), and in addition

Vs, t €[0,T):  Jlus(t) —vals)] s < Clt—s|2, (4.64)

where the constant C only depends on some Holder norm of w. Given § > 0,
choose an equidistant partition 0 = g, %1,...,tn; = T of the time interval
with t; —t;_1 = ¢s for all i = 1,..., N5 and c¢s to be chosen appropriately.
Note that we have Ng-cs = T. We calculate

Ns t;
SoellZay <> / (loe (2 + loa(t) = ve(t) 2 ) dt == T55 + T
i=1"ti-1

(4.65)
With the help of (4.64) the second term I3 ; is easy to estimate:
~ N(S t" ~ N(S ~
Is < C*Y / [t —tildt = $C?Y " = $TC%;. (4.66)
i=1/ti-1 i=1

The main difficulty is to estimate the first term in (4.65). Let us denote the
dual pairing between V' and V by (A, (¢, Vo)) for A € V' and (, Vi) € V.
We can assume v.(t;) # 0 in V', so for every i = 1,...,Ns and € > 0 there
exists a pair (¢, Vi) € V by Lemma 6.1, such that ||(¢%, Vi)l = 1 and

lve ()l = (e (ta), (2, Veor) e = /st(:v,ti)%(w) dpte

the last equality holding because for any ¢ we have v.(t) € X. This leads to

1 ) 1 )
Hvs(ti)HV’ = T/ ”6(37775)9015(37) dve + T/ [Ua(xati> —Ua(x,t)](pé(x) dv,
Q Q
= AT5+ A (4.67)

The term A‘;’g can be estimated with (4.64) and the normalization of t:

N t:

i 1 i ; ; _

ASs] < TE /t [ve(ti) — ve ()l (0L, VD) llv dt < 2C\/cs5, (4.68)
i—1 Jti1
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where the estimate is independent of € and i. To estimate the term A‘i’g we
first observe that
ve(x,t) = w(z,t,y) — w(x,t)

for the whole sequence S. Now let a subsequence &1 of S be given. By the

uniform bound on ¢}, there exists a function ¢f € L*(Q), such that ¢! — ¢}

two-scale strongly with respect to i for a subsequence S;; of S thanks to

Theorem 2.4.4. Since ! does not depend on ¢, it is easy to check that also

oL —» 90(1) two-scale strongly with respect to v. By Proposition 2.1.13 we get
1 S 1

ATs = T/st%( z)dve = & Q[w—w]cpé(x) dwdt =: ATy

Repeating the same argument finitely many (more precisely Ns) times, we
obtain a subsequence Sy of Sy and functions ¢ € L?*(Q), such that

Vi=1,...,N;: ASE % / x)dadt =: AV

Note that we have ||} || r2(@) < 1, and hence it follows

i 1 1
|A?:5| < ﬁ”w_w”L?(Q) < ﬁéQ

for each 7 by the choice of w. Since the subsequence S of § was arbitrary, a
standard contradiction argument yields

Jeg > 0Ve <egg,e €S |Aig\ < C6, Vi=1,...,N;, (4.69)

with a constant C' only depending on 7. Combining (4.68) and (4.69) we get

Ve<eyeeS: I, = Zc(;]\va )2 < C(Cyes + 6%) (4.70)

where the constant C' depends only on 7T'. Using the last estimate we deduce
from (4.65) and (4.66):

Ve <eg, e €8 |Jvellpayr < Cy/C2s + 4. (4.71)

Recall that C' depends on some norm of @ which can not be controlled by the
L?(Q)-norm of w. To get rid of the dependence on C, we choose cs := §*C 2.
Setting £9 = min{ey, 2} we deduce from (4.63) and (4.71):

‘/ wgugdl/g—/ wudmdt' < O\ C%s 4+ 044202 < Cs% <6
Q Q

for all € < g9, e € S and 0 small, which proves (4.62) and hence (4.60).
Now we show w = b(u), provided w, = b(uc) for b : R — R monotonically
nondecreasing and continuous. For such b we have the characterization

A=0b(r) <= (A=0b(s))-(r—s)>0 VseR. (4.72)
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Let s € R and ¢ € D(Q),» > 0. From (4.60) and (4.72) we deduce
0< / (b(us) — b(s))(us — s)pdve — [ (w—0b(s))(u— s)pdzdt.
Q Q

Since ¢ > 0 was arbitrary, the continuity of b and (4.72) yield w = b(u)
almost everywhere in Q. If b is Lipschitz with 5(0) = 0, Lemma 2.2.17 shows

b(us) = w. € L*(0,T; Hy (2, dpz)).

Thanks to the chain rule formula (2.72) on page 29 and the uniform estimate
on ue in (4.59), (we, Vy we) can be interpreted as a bounded sequence in
L2V, hence the two-scale limit w does not depend on y. The convergence in
(4.61) follows from (4.60) by choosing u. = w;. O

As discussed in the last chapter, for the type of quasilinear equations
we are investigating we need local Holder continuity of the data in s for the
homogenization step. The following structure condition corresponds precisely
to Assumption 3.2.5 of Section 3.2.

Assumption 4.2.9. There exist v,5 € (0,1], a function h € LZ(']I') and a
constant cq, such that for all y € R? and all s1,89 € R:

1Ky, s1) = K(y,s2)ll < ea (T [sa] + [s2)' 77 ]s1 = 527, (4.73)
[f(y.51) = fly,s2)| < [h(y)][s1 — s2]7, (4.74)
where || - || is some norm on R™*? and G:=2(2—7)"! € (1,2].

Concerning the following homogenization result we content ourselves with
a sketch of the proof, since all the main aspects already occurred in the proof
of Theorem 3.1.8 in the stationary setting.

Theorem 4.2.10. Let u. be a solution of (P.) according to Theorem 4.2.7,
and let u? — u® two-scale strongly with respect to y for some u® € L2, (2xY).
Then there exist u € L?(0,T; H}(Q)) and iy € LQ(Q;EI}L’Z(T)) such that, up
to a subsequence:

b(us) — b(u) two-scale strongly in L*(Q, dv.), (4.75)

Ue — U two-scale in L*(Q,dv,) , (4.76)

Vaue = Vyu+ Vi two-scale in L*(Q, dyg)d. (4.77)

If the data satisfy Assumption 4.2.9 and if we set b° := Jy b(u ) du(y),
then the pair (u,u1) is a solution of the two-scale homogemzed pmblem

K 0 b))(Vu+ 9y0) - (V6 + Vyn) dn = [ (Wi + F0)6) + [ 1°0(0)
QXY Q
(4.78)

for all (¢, é1) € C=([0, T]; D()) x D(Q; C>(T)) with ¢(T) =
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Sketch of proof. The convergences in (4.75)-(4.77) directly follow from The-
orem 4.1.7 and Lemma 4.2.8, provided [|¢(b2)||1,,. < C uniformly in e. How-
ever, this is guaranteed by Assumption 4.2.1.5 combined with (4.22),(4.23)
and the fact that u? is uniformly bounded in L?(£2, dyu.). Given a pair (¢, ¢1)
as required in (4.78), it is easy to check that

pe(z,t) == ¢(x,t) +edr(x,t, 2) (4.79)

is an admissible test function in (4.28). Thanks to the strong two-scale con-
vergence of b(u:) and the Holder continuity of K and f with respect to s,
the integrals over @ in (4.28) can be treated precisely as in the proof of
Theorem 3.1.8. The remaining convergence

[ ey dn = [ bad)o0)due — [ 100(0) ds

can be verified by identifying (b o u%)(z,y) as the weak p-two-scale limit of
b2, where we use the strong two-scale convergence of u! and the standard
monotonicity trick. O

Using the methods developed in Chapter 3, it is easy to derive the ho-
mogenized equation for u. Similar as in Lemma 3.1.10, for any s € R and
1 < k < d there exists a unique solution vy(-,s) € V2 (T, dpu) of the varia-
tional problem

/Y Ky, 9)[oe(y.8) + @] - w(y) du(y) = 0 Vw € V2,(T.du)  (4.80)

thanks to the uniform ellipticity of the tensor K presumed in (4.20).

Corollary 4.2.11. Under the assumptions of Theorem 4.2.10, assume in ad-

dition that u® = u®(z) € L*(Q). Then the limit function u € L*(0,T; H}(2))
is a solution of the homogenized equation

| 2000 = KOV = fbw) i Q,

’ 0 on 02 x (0,7)

u =

in the sense of Definition 4.2.5 with initial value b° = b(u") € L*(Q). The
effective coefficient K* : R — M2 is defined as

sym

K7 (s) = /Y K(y, 8)(& + iy, 8)] - (& + 039 5)) du(y), (4.81)

where v(-,s) € Vi (T, dp) is the solution of problem (4.80) for k = i.

Proof. First we determine the corrector term V@, given in (4.77) by setting
¢ =01n (4.78). As in the proof of Corollary 3.2.10 we deduce

U

Vyii(z,t,y) = Z@acku(a:,t) v (y, b(u)(z,t)), (4.82)
k=1
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where vy (-, b(u)(z,t)) is the unique solution of (4.80) for s = b(u)(x,t). In-
serting (4.82) in (4.78) with ¢1 = 0 we obtain the weak formulation (4.28) of
problem (P), where the requirements ¥ (b) € L*(Q) and b = b(u") easily
follow from (4.22),(4.23) and the definition of b°. O

We will now prove uniqueness for the homogenized equation (Py) derived
in Corollary 4.2.11. To this end we introduce a slightly different notion of
weak solutions of the problem

0ib(u) — div [a(b(u), Vu)] = g(b(u)) in Qx (0,T),
b(u) = b in Qx {0}, u = 0 on 9Q x (0,T),
which is adapted to the classical setting of the Lebesgue measure and, more
importantly, to the weak formulation of Theorem 6.10 in the appendix, which
has to be quoted for our uniqueness result. However, at least for u = £¢,
Lipschitz continous b and assumptions (4.20),(4.21) on the data, the new so-
lution concept coincides with Definition 4.2.5 above for a(s, §) = K (-, s)¢ and
g(s) = f(-, s), especially since Theorem 4.2.7 gives b(u) € L>L? (cf. Defini-
tion 4.2.12.1 below). Recall the standard assumptions on the initial data

" e L' (Q), b =0bu’) (4.83)

for a measurable function u°, and that  is an open, bounded and connected
subset of R? with smooth boundary. As usual we denote by ((,-)) the dual
pairing between H~(Q) and HJ ().

Definition 4.2.12. Assume (4.83). Then we callu € L*(0,T; H}(Q)) a weak
solution of the initial boundary value problem (%), if there holds:

1. b(u) € L>(0,T; LY () and 0;b(u) € L?(0,T; H-1(Q)) with

T
/ (Oub(u), C) = / (B° — b(uw))orC (4.84)
0 Q

for every ¢ € L2H N WHLL>® with ((T) = 0.
2. a(b(u), Vu), g(b(u)) € L*(Q) and for every ¢ € L?H}:

T
|| 0.0+ [ a0, -v¢ = [ b @8
Uniqueness for equation (F) can be derived from Theorem 6.10, if K
and f are Lipschitz continuous in s, and if b is a-Holder continuous on R
with o < 1/2; which does not follow from the Lipschitz continuity of b as the
example b(s) = s shows.

Lemma 4.2.13. In the situation of Corollary 4.2.11, let Assumption 4.2.9
be satisfied with v,7 =1, and b a-Hélder contivous on R with 0 < o < 1/2.
Then the solution of problem (Py) is unique, and there holds

e = u, bu) = b(u) in L*(Q,dv.) (4.86)

respectively two-scale weakly and strongly for the whole sequence € — 0.
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Proof. 1t suffices to show that the limit function u € L2H§ given by Corol-
lary 4.2.11 is the unique solution of problem (x) in the sense of Defini-
tion 4.2.12 with a(s, &) = K*(s)¢ and g = f. Indeed, (4.83) is clearly satisfied,
and with the same reasoning as in the comment after Definition 4.2.5 we get
Oib(u) € L2H~L. This also gives b(u) € C([0,T]; L?), since b(u) € L*Hg by
Lemma 2.2.17, and (4.84) follows. Precisely as in Lemma 3.2.9 we obtain
that K™ is continuous with

clé)? < & K*(s)€ < Cu¢)? (4.87)

for all (s,£) € R x R? and some positive constants c,,Cy. In particular,
the second assertion of Definition 4.2.12 follows by the weak formulation of
problem (P) according to (4.28), where we also use (4.21) and (4.22) for the
requirement f(b(u)) € L?(Q). Also note that f is Lipschitz continuous by
assumption, and that

K (0(2))E] + | F(b(2)] < C(L+B(2)2 +[¢]) V(2,€) € R xR
by (4.87) and Lemma 4.2.3. It remains to verify for all 21,2, € R and ¢ € R%:
[K*(b(21))€ = K*(b(22))€]* < Cla1 = 22|(1+ B(21) + B(22) + [€). (4.88)

Since B is nonnegative and K* inherits the Lipschitz continuity from K
(cf. Lemma 3.2.11), (4.88) directly follows from the combined Lipschitz- and
Hoélder continuity of b. Applying Theorem 6.10, we get that u € LQH(% is the
unique solution of problem (x), which completes the proof. O

4.3 Richards equation

In this section we study the homogenization of Richards equation on
perforated domains, which is of topical interest in (numerical) analysis
[39, 41, 47, 48] and soil physics (see e.g. [28, 54]), and at the same time
the most important application of the elliptic-parabolic problem (P:) investi-
agted in Section 4.2. The situation is simplified in the sense that we consider
the measure p = £%, and a further reason why we dedicate an extra section is
that in this case we will not require that b is Lipschitz continuous. This is es-
pecially relevant for applications, where typical functions b are merely Holder
continuous with small exponent « (cf. (4.89 below)). We highlight below our
contribution to new homogenization and corrector results for Richards equa-
tion, but first discuss briefly some physical background.

Richards [55] formulated the dynamics of water movement through porous
media by combining the conservation of water volume, 8;0 + divj, = f,
where O is the volume fraction of water and f the source term, with the em-
pirical flux law j,, = —K(©)[Vu — pg], where u is the matric potential, p the
mass density of water, and g the acceleration due to gravity. The flux law was
proposed by Buckingham [22] as a generalization of Darcy’s law to multiphase
situations where all the fluid phases, except water, may be approximated as
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infinitely mobile. Richards equation 0;0 — div[K(©)[Vu — pg]] = f is widely
used to numerically simulate the movement of soil moisture. We notice that
this equation requires two constitutive relations, the soil water characteristic
©(u) and the hydraulic conductivity K(O).

Natural porous media typically exhibit a hierarchical structure, hence O(u)
and K (©) vary in space on various scales. The heuristic approach then is to
consider a coarse-grained periodic composite Y = U;Y;, in which the Richards
equation is valid in each component. Then K, and possibly the source f, jump
on the interfaces and have the form

K(y,0) = ZXi(y)Ki(®>7 fy,©) = ZXi(y)fi(G)a

where y; is the characteristic function of Y; and Kj;, f; the individual charac-
teristics of each component. On physical grounds one usually presumes the
normalization 0 < Opin < O < Opax < 1, which corresponds to a bounded
function b, if we set © = b(u) as in Section 4.2. Physical reasoning shows
that b and K; are monotonic. The qualitative form of the hydraulic functions
is sketched below:

Ki K,
b
j‘,— 2
‘ > U
0

Soil-water charactristic Hydraulic conductivity

» 0

max

Typical shapes of the function b relevant for the theory of flow in porous
media or nonsteady filtration [2, 25, 51] are

b(z) = max(0, 2)%, b(z) = sgn(z)|z]* or b(z) = min(e*?,1) (4.89)

with a > 0 respectively, which implies that b is in general not Lipschitz (for
a < 1). As usual, in the upscaling process K and f become fast oscillating
coefficients. If we abbreviate the gravity term by € := —pg, Richards equation
on a microscopic level with structure period ¢ gives rise to the family of doubly
nonlinear parabolic equations of the form

Opb(ue) — div (K (Z,b(ue))[Vue + €])
(Ae) b(u:)

Ue

f(%,0(us)) in Q,
b0 on Q x {0},
0 on 902 x(0,7),

which are familiar from Section 4.2. Extensions to time-oscillating data and
more general boundary conditions will be discussed in Paragraph 4.3.3 below.
We emphasize the degeneracy resulting from the fact that b can be flat. As
the figure above and the examples in (4.89) show, this phenomenon occurs for
physically reasonable data, which motivates not to restrict oneself to strictly
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monotone b. An additional degeneracy occurs if one allows K (-, ©pin) = 0,
but as in (4.20) we will assume that K is strictly positive. Let us discuss
the differences to the setting of Section 4.2, and the comparison with existing
literature on the homogenization of Richards equation. The asymptotics of
problem (A.) relies on the strong convergence

b(us) — b(u) in LY(Q). (4.90)

In contrast to Section 4.2, where we considered arbitrary Radon measures, we
will not require that b is Lipschitz continuous, hence (4.90) can not be derived
from the a priori estimates (cf. (4.31)) that one can expect for problem (A.).
As shown in [2, Lemma 1.9], the crucial step in order to obtain (4.90) for a
merely continuous function b is to prove an estimate of the form

T—h
% / /(b(ug)(t + h) —b(ue)(t))(ue(t + h) —u:(t))dt < C (4.91)
0 Q

uniformly in € and h > 0. We are able to show (4.91) without presuming
that the sequence {u.} of solutions is uniformly bounded in L*°(Q), thus
generalizing the proof of (4.90) given in [41, Theorem 1.2]. The homogenized
equation can then be derived as in Corollary 4.2.11, and we also investigate
uniqueness, which is not done in the relevant papers [25, 39, 41, 47, 48]. In
a second part, we are concerned with corrector results for problem (A.) or,
more generally, for the equation (cf. (1.22) in the introduction)

Ob(ue) — diva(%, L, u., Vue) = f. (4.92)

erer
In both cases we need the strong convergence u. — u in L'(Q), which in turn

can only be expected for strictly monotone b. To this end, in [39, 41, 48] it
was assumed that b enjoys the monotonicity condition

B> 0VYR > 0,8 € (0,R):  |b(s1) — b(s2)| > C(8,R)|s1 — s, (4.93)

for all s1,s2 € [-R,R] and |s1| > J, where C(d, R) > 0. However, using an
argument from convex analysis (cf. Theorem 6.11 below), we can show the
strong convergence of u, for any strictly monotone b (up to a linear growth
condition) not necessarily satisfying (4.93) and, as mentioned above, without
presuming any a priori bound on u.. Hence we make a new contribution to
both, the homogenization and the derivation of corrector results for equations
of type (Ac) and (4.92). Let us briefly discuss the central aspects. The strong
convergence of u. is essentially needed to justify the convergence

T T
/0 (Brb(us), ) dt — /O (Orb(w), u) dt (4.94)

from which, as the proofs of Theorem 3.1.8 and Theorem 4.3.3 below show,
the homogenization and the corrector result basically follow. However, the
weak convergences

ib(us) = dyb(u) in LPH™Y, w. — u in L*HE, (4.95)
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even combined with u. — u strongly in LP(Q) for some p > 1, are alone not
sufficient to obtain (4.94), although this was suggested in [39, 41, 48]. The
proof needs an additional argument, and can be saved by passing to the limit
in the following identity proven in [2, Lemma 1.5], which essentially uses the
solution property of u. (for the definition of B see (4.23)):

’ = u T) — UO or a.e. 7 . .
/0 (Ob(ue), uz) di = /Q Blus)(r) /Q B €[0,7]. (4.96)

In the case b(s) = s, 2B(s) = s2, the convergence of the first term on the right-
hand side precisely means ||us(7)[|z2() — [|u(7)[/L2(q), Which is guaranteed
by (4.95) for almost every 7. However, for arbitrary b we have to work harder
to get the desired convergence B(u.)(7) — B(u)(7) in L}(Q). To this end we
have to prove the strong convergence of {u.} first, where we have to use the
strict monotonicity of b and Theorem 6.11 again.

Theorem 4.3.1. Under Assumption 4.2.1 on the data, let b additionally
satisfy the linear growth condition (4.22). Then there exists a solution u. of
problem (A;) in the sense of Definition 4.2.12, fulfilling the a priori estimate

180 (ue) || 21 + el 2 + [ Bue)|[poer < C(L+ | B(ud)||L1()) (4.97)
with a constant independent of €.

Proof. Note that we formulated problem (%) on page 108 for data a and f
independent of x € €2, and hence also the corresponding weak formulation in
Definition 4.2.12 and the associated existence result in Theorem 6.10 of the
appendix. However, as far as existence is concerned, the z-dependence makes
no difference as pointed out in [2, Remark 1.10]. If for fixed £ > 0 we set

a(z,s,§) == K(%,S)[&—I—é}, g(z,s) = f(%75)7

we easily check that all the prerequisites of Theorem 6.10 are satisfied, which
guarantees the existence of a solution u. € L>Hg of problem (A.) in the sense
of Definition 4.2.12. To this end we use the uniform upper bound on K in
(4.20) and the linear growth condition (4.22) combined with Lemma 4.2.3 to
obtain

(K (Z,b(2)[€ + &l + |F(2,b(2)] < C(1+ B(2)"? +[¢)). (4.98)

Theorem 6.10 also gives 9;b(u.) € L2H ™! and B(u.) € L*L' with

— uw)de = ’ b(us), Ue .
/Q B(u)(r) dz /Q B@)d /0 (Ob(ue), uc)dt  (4.99)

for almost every 7 € [0, T]. Possibly choosing u. as a restriction of a solution
on a larger time interval (0,7 + ¢), for the proof of estimate (4.97) we can
assume that (4.99) holds for 7 = T'. Then choosing u. in the weak formulation
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(4.85), and using the positivity of B, the uniform bounds on K, the growth
conditions on b and f, and standard absorption techniques, we get

IVuelZaig) < COA+IIBu)r o) (4.100)

where C' only depends on the constants of Assumption 4.2.1 and the Poincaré
constant in H}(2). Similarly, by (4.85), the assumptions on K, f and b, and
the definition of the norm in L2H ' = (L?H})" we get

J0b(u) o < C(1+ [ Vaellpa(ay)- (4.101)
By (4.99)-(4.101) and the positivity of B it also easily follows that
1B(ue)|perr < C A+ [[Vuellizq)) + 1B i) < C A+ 1B(ug)l|r (),

which shows (4.97) and completes the proof of the theorem. O

4.3.1 Homogenization

The two-scale homogenized problem for (A.) and the homogenized equation
for the weak limit u of u. can be derived as in Paragraph 4.2.2, if we manage to
prove the strong convergence of b(u.) in L'(Q). We emphasize that this time
we do not require that b is Lipschitz continuous, but merely presume the linear
growth condition (4.22), which suffices to derive the crucial estimate (4.91).
As usual, for the homogenization step we require local Holder continuity for
the data K and f with respect to s. Recall the definition of the effective
tensor K*(s) in (4.81) on page 107, subject to the solutions vy (-, s) € Vi, (T)
of the standard cell problems given in (4.80) for u = £%.

Theorem 4.3.2. Let {u.} C L?H} be a family of solutions of problem (A.)

according to Theorem 4.3.1. Assume that K and f satisfy Assumption 4.2.9,

and that u® € L2() with ul — u° strongly in L*(Q). Then up to subsequences
there holds

u. — u weakly in L*(0,T; HY(Q)), (4.102)

b(ue) — b(u) strongly in L1(Q), (4.103)

where u € L?(0,T; H}(Q)) is a solution of the homogenized equation

(4o) Oib(u) — div (K*(b(w))[Vu +é]) = f(b(w)) in Q,
° u = 0 ondx(0,T)

in the sense of Definition 4.2.12 with initial value b° = b(u®). If Assump-
tion 4.2.9 is satisfied with v,5 = 1, and if b is Hélder continuous on R with
exponent 1/2, then the solution of problem (Ag) is unique.
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Proof. Note that by the linear growth condition on b and the strong conver-

gence of the initial values u we get ||B(ul)||1(q) < C uniformly in e. From

the a priori estimate (4.97) of Theorem 4.3.1 we then deduce

190 (ue) [ L2 + [luell L2 + [ B(ue)|[Loerr < C, (4.104)

which gives (4.102) for a subsequence. Using the superlinearity property of
U in (4.24), and then applying the coercivity property of ¥ in (4.25) gives

|6(ue)||foor2 < C  uniformly in €, (4.105)

where we also used the estimate on B(u.) in (4.104). Hence by a standard
approximation argument, any { € H&(Q) is an admissible test function in
(4.84). Now let a small number h > 0 be given. We define the following
auxiliary functions n: R — R and 4. : 2 x R — R by

n(t)z{ 1 if t€[0,T —hl, ﬂg(a:,t):{ us(z,t) if t € (0,7),

0 else, 0 else.

By the definition of n and u. it is obvious that the following functions (j
belong to HJ(Q):

t

1
:Q — R, (z,t) — 7 te(z, 7+ kh)n(r)dr, ke {0,1}.
t—h

Moreover, we claim that
Vk=0,1: |[|Gllr2@) + IVGllr2@@) < C (4.106)

with a constant independent of € and h. Indeed, by Jensen’s inequality

T t
||VC0||%2(Q) < ,IL/O/Q/h|Vu€(a:,7')|2n(7')dexdt
t_

T—h
= / /|Vu€(3:,t)|217(t)dxdt <C
0 Q

with a constant independent of i and € by (4.104). Similarly we can estimate
1, which shows (4.106). Now using the definition of 1 and a basic integral
transformation an easy calculation gives

[0 =swna -
Q

h
= & O/!(b(ua)(t + h) = bue)(t)) (ue(t + h) —ue(t)) dt, (4.107)

where we used that b does not depend on t. By the above considerations,
¢1 — (o is an admissible test function both in (4.84) and (4.85). Thus the
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last term in (4.107) can be estimated using (4.20),(4.21),(4.22),(4.104) and
(4.106), which yields estimate (4.91) on page 111 with a constant independent
of ¢ and h. The latter combined with (4.102) and (4.104) allows to apply [2,
Lemma 1.9], which gives the strong convergence of b(u:) — b(u) in (4.103).
Moreover, from (4.103),(4.104) and (4.105) we immediately deduce

Oib(us) = yb(u) weak* in L2(0,T; H1(Q)), (4.108)
blus) = blu) weak* in L°°(0,T; L*(Q)). (4.109)

In successively deriving all the conditions of Definition 4.2.12, we next observe
that by the assumptions on the initial values u? and the continuity and the
growth condition on b, we have b° = b(u’) € L*(Q) and ¥ () € L(Q).
In particular, by (4.108) and (4.109) the identity in (4.84) holds for any
admissible (. Note that (4.105) and the linear growth condition on b combined
with the estimate (4.104) on w,. yield that b(u.) is also uniformly bounded in
L*T9(Q) for some § > 0, whence b(u:) — b(u) strongly in L*(Q) by (4.103).
As usual, the Holder conditions of Assumption 4.2.9 on K and f then yield

1K (2, 0(ue)) = K (2, b(u)llz2) < Cliblue) = b(u)llz2q) = o(1),
1F(£,b(ue)) = F(E D)l < Cllb(ue) = bW}y = o(l)

as € — 0 respectively. Choosing the standard test function ¢, (cf. (4.79) on
page 107) for ¢ in the weak formulation (4.85) of problem (A.), and passing
to the limit € — 0, we can derive the integral identity

/OT /K N[V +é - qub—/f (4.110)

for any ¢ € D(Q) precisely as in the proof of Theorem 4.2.10 and Corol-
lary 4.2.11 respectively. Since K*(b(u))[Vu+é] and f(b(u)) belong to L?(Q),
and due to (4.108), by density (4.110) also holds for any ¢ € L2H{, which
shows that u is a solution of problem (Ap) in the sense of Definition 4.2.12.
For the uniqueness statement, we can argue precisely as in the proof of Corol-
lary 4.2.13. O

4.3.2 Corrector results

Now we prove a classical first order corrector result (cf. (1.12)) under the as-
sumption that b is strictly monotonically increasing, and provided the correc-
tor function u; determined in (4.82) is sufficiently smooth. Since the crucial
identity (4.96) on page 112 holds only for almost every 7, we possibly need
to consider a smaller time interval.

Theorem 4.3.3. Under the assumptions of Theorem 4.5.2, let b: R — R be
strictly monotonically increasing, and the Holder assumption (4.74) on f be
satisfied for h € Lie (V) with G := 2(1 —4)~' € (2,00]. Then there holds

Vge[1,2): wu. — u strongly in L9(0,T; L*(2)) (4.111)
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for the sequence in (4.103). If u and uy are sufficiently smooth, i.e. belong to
C([0,T];CH(Q)) and C(Q;Cher(Y)) respectively, then there holds

Vue — Vu — Vyui(z,t,2) — 0 strongly in L*(Q x (0,T —6))  (4.112)

=
for any 6 > 0. If the functions u. are restrictions of solutions on a larger
time interval, then we get the convergence in (4.112) for § = 0.

Proof. The central aspects of the proof have already been discussed in the
introduction of Section 4.3. The main difficulty is to pass to the limit in the
expression

T
/Q (K (2, b(u2)) Ve, Vi) = /Q F(2,bue)Jue — /0 (Bb(us),us) . (4.113)

The problem is twofold: The set of points where the crucial identity (4.96)
does not hold depends on ¢, and t = T can be a point of exception. This is
why in a first step we have to consider a smaller time interval. The second
problem is the convergence of the right-hand side in (4.96). We need to show

Ue — U strongly in L'(Q), (4.114)
B(u:) — B(u) strongly in LY(Q). (4.115)

We apply Theorem 6.11 of the appendix to the strictly convex and continuous
function h(s) = [ b(z) dz. Observe that h(u.) < co pointwise in @ and

b(us)(us —u) > h(u:) — h(u) almost everywhere in Q.

As the proof of Theorem 4.3.2 shows, we have b(u.) — b(u) strongly in L?(Q).
Integrating the last inequality over @), we obtain with (4.102):

0 H/Qbmg)(us—u) > /Qh(ua)—/Qh(u) () — B(u).  (4.116)

It follows limsup._q ®(u:) < ®(u) and ®(u) # +oo since h(u) € LY(Q) by
the linear growth condition on b. Hence Theorem 6.11 can be applied which
yields (4.114), and (4.115) follows from the definition of B and the strong
convergence of b(u.). The first corrector result (4.111) follows from (4.114)
and (4.102). To prove (4.112), we set Q; := Q x (0,¢). First we get

(2, b(ue)) ue = J(£,b(u)u: +0(1) ase—0

Q1 Q1

thanks to the improved Holder condition on f and the strong convergence of
b(ue). By the regularity assumption on b and u, ®(x,t,y) := f(y, b(u(z,t)))
is an admissible test function for the two-scale convergence and it follows

vt e (0,T): 0 f(E,b(ue)) ue — ; f(b(u))u. (4.117)
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To shorten the notation, we show (4.112) for € = 0, which is clearly uncritical.
Let 0 > 0 be given and {e,, }nen be an arbitrary subsequence. By (4.96) and
(4.115) there exists 7 € (T' — §,T'), such that for every n:

[Honte ey = [ B - [ Bul)

Q

= [ B - [ B = [ (@w.w).
Q Q 0
the last equality holding, since u is a solution of the limit problem (Ag) with
initial value b° = b(u) (cf. Theorem 6.10 below). This combined with (4.113)
and (4.117) gives

K(i, b(ue,))Vue, - Vue, — F(b(u))u — /T<<3tb(u),u)>
Qr Qr 0

= K*(b(u))Vu - Vu. (4.118)
Qr

Exploiting the regularity assumptions on u and uq, we define a test function

be(,t) := p(x,t, L) with ¢(z,t,y) = Vu(z, t)+Vyui (z,t,y) € L2, (YV;C(Q)).
We claim that

(%7 b(u57l))[2vu5n - (;san] ' (z)an - K(y7 b(u)){vu + vyul}z
QT QT XY
= K*(b(u))Vu-Vu, (4.119)
Qr
where we used the notation Kv? := v - Kv. Indeed, by construction we

have [|¢e||z(g) < C, so that the Holder continuity of K with respect to s
combined with the strong convergence of b(u.) gives:

| (K2 bue,)) = K(2 b)) =290, + ] 60, — 0.

The function K (y,b(u(z,t)))¢(z,t,y) € L2, (Y;C(Q)) is an admissible test
function for the two-scale convergence, so by the definition of ¢. and by the
characterization (4.77) of the two-scale limit of {Vu.} we get the convergence
in (4.119). The equality in (4.119) is a straightforward calculation using the
definition of K*. Recall that ¢; > 0 denotes the uniform lower bound on K
in (4.20). Combining (4.118) and (4.119) we get

Ck ||vu5n - QSEHH%Q(QT) S /C\9 K(%’ b(uan))[qun - qban] : (vu&‘n - ¢En) - 07

which proves (4.112) for a given 6 > 0. The additional statement is obvious.
U
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4.3.3 Extensions and outlook

We briefly discuss some extensions of our analysis. For instance, we consider
time oscillating coefficients and discuss more general boundary conditions.

e Time oscillating data:
If b is strictly monotonically increasing, our results can with minor
changes in the proofs be extended to equations with time-oscillating
coefficients (cf. equation (1.1) in the introduction) of the type
Aib(ue) — div (K (2, £,b(u.)[Vue + &) = f(£,5,b(us)),  (4.120)

) e?

where K(y,7,s) and f(y,7,s) are Y x (0, 1)-periodic in (y,7) and suf-
ficiently smooth in s. The modified assumption on K reads

V(y,7,8) EREXxRxR: ¢l¢> < € - K(y,7,8)¢ < Cklé]?.

The central point is that for strictly monotone b we can deduce the
strong convergence u. — u in L'(Q) as the proof of Theorem 4.3.3
shows, which implies that the two-scale limit u. — w(z,t,y,7), when
testing with functions ¢ (z,t, Z, é) in the homogenization step, does
neither depend on y nor on the fast time scale variable 7. Therefore the

two-scale homogenized problem can be decoupled and we obtain
Ki(s) = /Y o) K(y,7,s)[éi + VA (y,7)] - (& + VAj(y, 7)) dydr,
>< b

where A§ € L2((0,1); Hgfr(Y)) solves a cell problem in Y x (0, 1).

e Space oscillating saturation:
A natural question is whether we can consider an oscillating saturation
b =b(y, s), which is Y-periodic in y and continuous in s. In [48] it was
shown that if b is continuous in y, there holds b(%Z,u:) — b(Z,u) — 0
strongly in L?(Q), at least under the assumption (4.93). If b is merely
an element of L33 (Y;Cp(R)), which models a saturation that jumps be-
tween different characteristics, the analysis seems to be more involved.

¢ Boundary conditions:
We assumed a homogeneous Dirichlet condition on the lateral boundary.
However, as the analysis in [2, 41, 48] shows, with minor changes the
corresponding results can be derived for the set of boundary conditions

ue = g on I'x(0,7)
K(£,b(us))Vus-v = 0 on 0Q\T x (0,7)

g’
provided the regularity g € L2H' N W' L*> and compatible conditions
on the initial data. Here I' C 02 is measurable with H9~(T") > 0. For a
recent study on Richards equation with an outflow boundary condition
we refer to [57]. In this case the homogenization problem is open.
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5 Two-parameter equations

In this chapter we consider the homogenization of fattened structures. To
this end, in addition to the microscale parameter &, another parameter § has
to be introduced which corresponds to the thickness of the reinforced singular
structure. Technically speaking, for a given singular measure x4 = H*| .S with
k < d, we consider approximating measures 0 that are absolutely continuous
with respect to £%, such that

po 5 in C(T),  pd = pe in Co(Q) (5.1)

as 0 — 0 respectively, where ,ug is the e-periodization of ;° according to (1.3).
Various examples will be introduced below (see also (1.8)). We investigate,
whether the two-parameter diagram starting from the structure ug will com-
mute in the sense that interchanging the order of passage to the limit in e
and ¢ leaves the homogenized equation invariant.

€6 >0 e=0, 8§ >0
. O
s il |
u 5
n
Q
85— 0
>0, &=0 £6=0
N
) ;
\ Y
U 0

Figure 5.1: Commutativity of limits

Taking advantage of the results in Chapter 3, we are able to show commu-
tativity for the class of quasilinear problems introduced in (1.13), provided
the underlying measure p is sufficiently connected: The limit functions u”
and ug obtained respectively from the two limit processes
g =0 w0 Y u’, ol it ue =8 wg (5.2)
will be solutions of one and the same effective problem, and hence coincide
provided we have uniqueness. We emphasize that commutativity can not
be expected for nonconnected measures p, and we will construct explicit
counterexamples in Paragraph 5.2.3 below. We content ourselves with the
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stationary setting, in which the major nontrivial effects already occur. Our
methods can be extended to the time-dependent case, in particular Richards
equation (cf. problem (A.) on page 110) studied in Section 4.3 can perfectly
be treated.

5.1 Convergence in variable LP-spaces

To the aim of studying fattened structures we need to introduce a suitable
notion of convergence of measures p® supported on these structures to the
singular limit measure p. For the periodic setting this is clearly the weak*-
convergence in the space of continuous functions on T.

Definition 5.1.1. Let {pfs} be a sequence of positive, Y -periodic Radon mea-
sures on RY. We say that u° converges weakly to p in the sense of measures,
and write p1® — p, if

i [ e an') = [ et veecm. (5.3)

In particular, p is also a positive, Y -periodic Radon measure on R?.

We usually assume that the measures u? (and hence also the weak limit )
are normalized, that means p°(Y) = 1 for any § > 0, which is no restriction.
An important example of a fattened structure and its singular limit is given
in Example 5.1.2 below, which also serves as our model problem. Although
the stated convergence u’ — y is rather obvious, for convenience we give a
proof to get familiar with the techniques of this section. More sophisticated
examples will be studied in the next section.

20 P =

- 2

(Fo°) 25

Figure 5.2: Fattened structure and limit

Example 5.1.2. Let F = U;F; and F° = UZ‘F{S as i Figure 5.2, that means
Fi={yeY|y=1i#id, F={yeY|ly-<sj#i,

with corresponding measure p’ = csL2|F°, where cs = [40(1 — 6)]7! is the
normalizing constant. Then there holds

M64M::%ZH1LFi:%H1LF. (5.4)
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Proof. Let ¢ € C(T) be given and set Os := (3 — 6,5 + )%, In order to
calculate the limit of [, (y) du’(y) it suffices to estimate

s [ ot dﬁ(y)] < 05 8plloe — 0
5

and to pass, exemplary, to the limit in the following expression:

5= %Jré % 1 % 1
C‘S/ /1 , P = 2565/ Py, &s(wn)) dy + o(1) — 5/ e(y1,3) dyr
0 3~ 0 0

as § — 0, where &5(y1) € (53—, 2+6) can be found by the mean value theorem
of integration, and where we used the Lebesgue convergence theorem. O

We introduce a notion of weak convergence for bounded sequences {vs} in
the variable Lebesgue spaces LP(Y,du%), subject to an underlying sequence
of measures pu® — g in the sense of Definition 5.1.1. This new concept is
adapted to the fattening approach and should not be confused with the two-
scale convergence introduced in Definition 2.1.2, where we studied e-rescalings
of a fixed measure p instead of a fattening approximation. Unless otherwise
stated, we always assume p € (1, 00).

Definition 5.1.3. Let {vs} be a bounded sequence in LP(Y,du’), that means

s 1/p
losll oy = ( / Ivalpdu> <c (5.5)

with a constant independent of 6. We say that {vs} weakly converges to
v e LP(Y,dy) and write vy — v in LP(Y,du?), if

/ v dp’ — / vpdu  for each ¢ € C(T). (5.6)
Y Y

It is essential to verify that the weak convergence in the variable LP-spaces
defined above enjoys the weak compactness property:

Proposition 5.1.4. Let {vs} be a sequence in LP(Y,du’) endowed with the
uniform bound (5.5). Then, up to subsequences, there exists v € LP(Y,dpu),
such that

vs — v in LP(Y,dul). (5.7)

Proof. Let ¢ € C(T) be given. We can assume that the measures u’ are
normalized on Y. Since |p|? belongs to C(T) we easily check

Vge (1,00) 1 @lguy — l@lguy < llelloo = Sug\w(y)l, (5.8)
ye

where the inequality in (5.8) holds uniformly for any 6 > 0. Now we can
define a sequence Ty € C(T)" by

Ty :C(T) — R, ¢ /Y vs () (y) did (4). (5.9)
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Let ((-,-) denote the dual pairing between C(T)" and C(T). Then using
(5.5),(5.8) and Holder’s inequality we deduce

(T3, o] < Cllelloo-

Hence Tj is uniformly bounded in C(T)’, and by the separability of C(T) we
get a subsequence and a measure Ty € C(T)', such that (T5, o) — (To, ¢))
for all ¢ € C(T). Consequently

(To. o)l < Cllell,y .y for each ¢ € C(T), (5.10)

where we applied the convergence in (5.8) to ¢ = p. By the Hahn-Banach

theorem, T can be extended to a continuous linear functional on L (Y, du),
hence there exists a representative v € LP(Y, du), such that

(To, o)) =/ vsodw—/ vsp dp’
Y Y

for each ¢ € C(T), which completes the proof. O

It is easy to check, that the weak convergence in (5.7) enjoys the lower
semicontinuity property:

Proposition 5.1.5. Assume vs — v in LP(Y,dus) for some v € LP(Y,dpu).
Then there holds

liminf/ lvs|P dps > / [v|P dp . (5.11)
0—0 Y Y

As usual, the weak convergence it not sufficient to study nonlinear prob-
lems. We need to introduce a notion of strong convergence in the variable
LP-spaces, which is similar to the concept in Section 2.1:

Definition 5.1.6. Let {vs} be a bounded sequence in LP(Y,du’) according to
(5.5). We say that {vs} strongly converges to v € LP(Y,du) and write vy — v
in LP(Y, dp), if

lim v(;w(;d,u‘s:/ vwd, (5.12)
0—0 Jy Y

whenever ws — w weakly in LP (Y, du?).

In some situations (cf. Lemma 5.2.14 below) it is helpful to have an al-
ternative characterization of the strong convergence in the variable Lebesgue
spaces. It comprises the weak convergence combined with the convergence of
the norms.

Lemma 5.1.7. Assume vs — v weakly in LP(Y,du®) for p > 1 and some
v € LP(Y,dp). Then vs converges also strongly to v in LP(Y, du®), if and only

if
lim/ lus|P dp® = / v|P dp . (5.13)
=0 Jy Y
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Proof. Since we apply the statement of Lemma 5.1.7 only for p = 2, we
content ourselves with considering this case. For arbitrary p € (1,00) the
proof is technically more involved and can be found in [63, Lemma 2.4].
So assume (5.13) holds and let ws — w weakly in L?(Y,du’). Consider a
sequence v, € C(T) with 1, — v strongly in L*(Y,du) as v — 0. Precisely
as in the proof of Proposition 2.1.13, we need to show

lim i — dp’ = 0. 5.14
lim, lim Y(va Yy )ws dp (5.14)
To this end, using the uniform boundedness of ws in L?(Y,dud) it suffices to
control the term [|vs — 1|5 46 . Using the Clarkson inequality for p = 2 and
applying (5.13) for p = 2, we easily check
. v—0
fim sup los = 5113 5y < 2(I013 0y + 1¥5113,y) = o+ l3,y = 0,
which shows (5.14) and ensures the convergence in (5.12), hence the strong
convergence of vs in L2(Y,du°). O

Having in mind the homogenization of fattened structures, it is impor-
tant to study sequences of potential and solenoidal vector fields subject to
a sequence u® — p. Recall that for a general measure u, a vector field
v € LP(T,dp)? is called solenoidal, and we write v € VE (T, dp), if

/ v-Veodu=0 foreach ¢ € C*(T). (5.15)
Y

The strong approximability of solenoidal vectors on the singular structure,
introduced below for the case p = 2, is crucial for the asymptotic behaviour
of é-fattened structures associated with a sequence p® — pu:

Definition 5.1.8. We say that a sequence p® — p possesses the strong
approrimability property, if for any v € VS%I(']T,du) there exists a sequence
vs € V2 (T, du’), such that

sol

vs — v strongly in L*(Y,dud). (5.16)

It is obvious that the weak limit of a sequence of solenoidal vectors is
again solenoidal. In contrast, it is not at all clear that this stability prop-
erty also holds for potential vectors. In fact, we essentially need the strong
approximability property. Recall that for a general measure u, a vector field
v € L*(T,du)? is called potential, and we write v € V2, (T, dp), if

lv = Venll2,uy — 0 for a sequence ¢, € C*(T). (5.17)

Lemma 5.1.9. Let 4 — 1 possess the strong approzimability property. Then
for any family ws € L*(T,du’)® of potential (resp. solenoidal) vectors with

ws — w  weakly in L*(Y,du’)? (5.18)

componentwise, the limit w € L*>(Y,du)? is also potential (resp. solenoidal).
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Proof. Let v € V2,(T,du) be arbitrary and vs € V2(T,du’) a strong ap-
proximating sequence according to Definition 5.1.8. Then by the orthogonal

decomposition (2.56) on page 27 we get, using (5.12),(5.17) and (5.18):

0 = lim w5~v5du5—/w-vdu,
=0 Jy v

which implies w € V2 (T, du) by (2.56). In case of a sequence of solenoidal

vector fields, simply choose Vg as a test function in (5.6) for ¢ € C*°(T). O

Up to now we considered Radon measures on the torus. However, in the
forthcoming section we also need to study sequences of nonperiodic measures
{pn}, that are supported on a bounded domain Q C R?. The adequate notion
here is clearly the weak*-convergence in Cy(€2), that means pp — pu if

i [ ola)din@) = [ olo)dute) Voea@).  619)
For our applications, the prototype of such sequences is ,ug — e as 6 — 0 for
¢ fixed. Similar as in Definition 5.1.3, we can introduce the weak convergence
in variable Lebesgue spaces LP (€2, dup,): A bounded sequence vy, in LP(£2, dpup,)
is weakly convergent to v € LP(£2,du), and we write v, — v, if

;Pn%) vp(z)p(x) dup(z) = /v(aj)gp(w) du(z) Ve e Co(9). (5.20)
—VJQ Q

The proof of Proposition 5.1.4 can be carried over to obtain the following
important compactness result.

Proposition 5.1.10. For p > 1, any bounded sequence in LP($), dup) con-
tains a weakly convergent subsequence in the sense of (5.20).

5.2 Homogenization of fattened structures

Let us introduce the general setting we consider, and with it the assumptions
on the measure u, that will be kept for the whole section unless otherwise
stated. It merely comprises the standard conditions used in this thesis to
handle nonlinear problems on multidimensional structures.

Assumption 5.2.1. Let p be a positive, normalized, Y -periodic Radon mea-
sure on R, which is doubling and strongly 2-connected on R%, and satisfies
u(0Y) = 0.

In general, we have in mind measures that are supported on thin struc-
tures of codimension greater or equal to one. Unless otherwise stated, the
d-fattened structure will always be characterized by a positive, normalized,
Y-periodic measure x°, that is absolutely continuous with respect to the
Lebesgue measure, that means

p(Y)=1 and dp’(y) = os(y)dy with g5 € L), (Y), 05> 0. (5.21)
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The fulldimensional approximation of the thin structure then signifies the
weak convergence of measures 0 — p defined in (5.3). The measures in
(5.21) clearly satisfy °(0Y’) = 0, and let us draw some further consequences.

Remark 5.2.2. Let u satisfy Assumption 5.2.1 and let an approrimation
o — u of the type (5.21) be given. Then for the e-rescalings there holds

= e as 6 —0 (5.22)

for any e > 0 in the sense of (5.19), and 0 < ud(Q) < C with a constant C
independent of § and €.

Proof. Let ¢ € Co(f2) be given. We can assume that Q = (0,1)¢. We choose
a suitable cutoff function v, € D(Y"), which is equal to one a distance n away
from JY. With the same notation as in the proof of Theorem 2.4.5, using
the periodicity of u® and the fact that u(9Y") = 0, it suffices to observe that
on each rescaled cell Y*:

/ p(z)dpl(z) = Ed/ (@) + (1 = ()] (e + k) dp’ ()
Yk Y

6—0
— p(x) dps(x) +o(1) as n— 0,
ng
since u® — p on the torus and due to the fact that the support of 4 can not
be concentrated on the boundary of Y by the assumption u(9Y) = 0. The
second statement can easily be checked using the normalization of u and the
definition of its e-periodization. O

It is obvious that Assumption 5.2.1 and (5.21) alone do not guarantee
that each 9, although p® — p, is connected even in the topological sense.
However, at least for connected periodic networks (F, ) on R? (cf. Defini-
tion 5.2.12 below), which we study in the next paragraphs, we can explicitly
construct an approximating sequence of strongly connected measures p. We
expect that such sequences can always be found given any strongly connected
multijunction measure p € Jy (cf. Definition 2.1.1), but a rigorous proof is be-
yond the scope of our investigation. This motivates the following additional
assumption on the fattening process.

Assumption 5.2.3. The approzimating sequence p® — p satisfies (5.21),
and each measure 1’ is doubling and strongly 2-connected on RY.

We note that the approximating sequence 1 chosen in Example 5.1.2
satisfies Assumption 5.2.3. This follows from Lemma 5.2.13 below, where in
a more general framework we consider such regular fattening of connected
networks on R2, which consist of straight segments. However, one can of
course consider more complex geometries including curvilinear structures as
sketched in Figure 5.3 below. On the left-hand side we have a typical configu-
ration of straight segments Fy,..., Fy and a circle F5 of the same dimension.
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Figure 5.3: §-fattened multistructures

Both, the fattened structure F°, which is grey shaded, and the thin limit
structure are strongly 2-connected on R?. Figure 5.3 also shows that we have
to be careful considering multijunctions of different dimensions. On the right-
hand side, the component F5 is a ring of finite width. Although any measure
1 supported on the fat structure is strongly connected, the limit measure
fails to satisfy (H1) for p < 2, since in this case a Sobolev function need not
be continuous at the intersection points of F5 with F;. Such phenomena are
closely related to the noncommutativity of the two-parameter diagram, for
which we will find explicit counterexamples in Paragraph 5.2.3 below.

After this preparatory part we consider two-parameter equations, containing
the microscale parameter € and the fattening parameter §. Note that for each
0, the e-periodic rescaled measure ,ug corresponding to pd is defined by

pS(B) == 5du5(g) for each Borel set B C R%

Recall that we exclusively consider measures p that have a positive density
05 with respect to the Lebesgue measure on the torus as in (5.21). Hence the
Dirichlet space H& 2(Q, dp?) introduced in Definition 2.2.16 can be identified
with the classical (weighted) Sobolev space up to the density gs(%). In par-
ticular, the gradient of a Sobolev function with respect to ¢ is unique and
coincides with the usual full gradient. Moreover we have

/ (@) dd(z) = / 05(2)p(x) dz Y € Col9).
Q Q

Now for A > 0 and suitable assumptions on the oscillating (with period ¢)
data Ks and f5, we define as in (1.13) the following two-parameter family
of quasilinear elliptic Dirichlet boundary value problems on the J-fattened,
e-periodic structure:

ey [ U T e = 08 e,
P
© W o= 0 on 0.

£
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As usual, we call u € Hé’z(Q, dul) a weak solution of problem (P?), if

| (Eszadyvad -V xido)aid = [ gzadodid (523)

for each ¢ € D(Q). Now we impose the structure conditions on the data,
which will be kept throughout this section unless otherwise stated. For sim-
plicity, we will assume that Kj is a scalar function.

Assumption 5.2.4. Let (Ks, fs5) : R? xR — R, (y,s) — (Ks, f5)(y,s) be
pd -measurable and Y -periodic in y, continuous in s, and satisfy the following
properties:

1. There exist positive constants c1,ca,cs and 3 € [0,1), such that
0<cr < Ks(y,s) <ca, |fs(y,s)| < es(1+]s]%) (5.24)
respectively for all § > 0 and (y,s) € R? x R.
2. There exist v,7 € (0,1], a sequence {hs} C LI(T,du’) with
hs — h  strongly in LY(Y,du°) (5.25)
for some h € Lg(’]l‘), and a positive constant cy4, such that
[Ks(y, 1) — Ks(y,82)] < ca (1+ |s1] + [sa2])' 77 [s1 — 52|, (5.26)
f5(y,s1) = fs(y, s2)| < |hs(y)l]s1 — saf” (5.27)
respectively for ally € R and s; € R, where §=2(2 —4)~" € (1,2].

3. There exist functions (K, f) : R? x R — R, (y,5) — (K, f)(y,s) that
are p-measurable and Y -periodic in y, continuous in s, such that

Ks(-,s) — K(-,8) strongly in L*(Y, du®) (5.28)
fs() = f(ys)  weakly in LA(Y,dy) (5.29)

for any fized s € R in the sense of (5.12) and (5.6) respectively.

Let us comment on the structure conditions above, which are familiar
from Section 3.2. Estimate (5.24) is needed for existence and d-independent
a priori estimates for the (d,¢)-problem. Properties (5.25),(5.28) and (5.29)
are introduced for the asymptotics 6 — 0 for fixed €, whereas (5.26) and (5.27)
are required for the homogenization process ¢ — 0 and fixed §. Concerning
the following statement, recall that f denotes the average over the unit cell
Y with respect to the y-variable.

Remark 5.2.5. Assumption 5.2.4 implies that the data K and f satisfy
respectively for p-almost every y € R and all s € R:

0 < cy S K(?/, 8) S C2, ’f(y75)| S 03(]- + |5|ﬁ)7 (530)
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K (y,51) — K(y, 52)| cq (1+ 51|+ [s2]) 7 |s1 — 827, (5.31)
1f(y, 1) — fy,s2)] < |h(y)||s1— s2] (5.32)

with the same constants ¢; and ,7 as in Assumption 5.2.4, where h € LZ(']I‘)
is given by (5.25). Moreover using (5.24),(5.27) and (5.29) we see that

fs — f locally uniformly in R. (5.33)

Sketch of proof. We prove exemplary the Holder estimate for f in (5.32),
which is the least obvious statement, since we require only the weak conver-
gence of fsin (5.29). The latter combined with the strong convergence of hs
and the weak lower semicontinuity property (5.11) gives

0.< [ (h@lss =52l = 1f.0) = Flo2)7) [0 dito).

for any ¢ € C(T) and s1, s2 fixed, where we also used ¢ > 1 and the character-
ization of strong convergence according to Lemma 5.1.7. Hence there exists
aset E CY with u(E) =0, such that (5.32) holds for any y € Y\ E and all
(s1,82) € Q2. However, since f is continuous in s by Assumption 5.2.4.3, the
inequality also holds for any y ¢ E and all (sq,s2) € R?. O

It is now easy to carry over the existence results from Chapter 3 to the
equation (P?). In what follows we use the abbreviations H? := Hé 2(Q, dpd)
for the Dirichlet space and for the norm

lull s = llullzes + [Vullzes, ol = /Q [0 2, v € LH(Q, dpl).

(5.34)
Since we assume A > 0 in (5.23), for an uniform a priori estimate we do
not need to show that the Poincaré constant on Q with respect to H? is
independent of ¢, which however seems to be true whenever p and i’ satisfy
Assumption 5.2.1 and Assumption 5.2.3 respectively.

Corollary 5.2.6. Let u satisfy Assumption 5.2.3 and the data K and fs
satisfy Assumption 5.2.4.1. Then for any €,6 > 0 there exists a solution
ud € HY of equation (P?) in the sense of (5.23), fulfilling the uniform estimate

€
[ulllzs < C (5.35)
with a constant independent of € and §.

Proof. With p = ;i and a(y, s,€) = Ks(y, s)&, we are precisely in the situa-
tion of Theorem 3.1.4 with p = 2, which provides existence. As usual, the a
priori estimate (5.35) can be derived by testing the equation with the solution
u?, where one has to use that the constants in (5.24) do not depend on §, and
the fact that

0<pud()<C (5.36)

with a constant independent of € and §, which was shown in Remark 5.2.2. O
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Studying the commutativity of the two-parameter diagramm, the com-
paratively easiest step is to pass to the limit ¢ — 0 in (5.23) for fixed § > 0.
In light of Assumption 5.2.4 it is clear that we can rely completely on the
homogenization procedure of Paragraph 3.2.2. To this end, we introduce the
Hilbert space

W)= {ue H*(T,dy’) | =0}, u:= ]{/u(y) dul(y), (5.37)

and the J-fattened cell problems (C,‘z ). Their unique solvability, together with
an uniform a priori estimate, can be proven exactly as in Lemma 3.2.7:

Corollary 5.2.7. Under the assumptions of Corollary 5.2.6, for any § > 0
and s € R there exists a unique weak solution As (-, s) € W/‘f of the problem

(05) —div (K5(y7 S)[VA(S,k(ya 5) + gk]) = 0imnY
k —
y— Nsi(y,s) Y-periodic , Asj =0,

satisfying the following uniform estimate with a constant independent of §
and s € R:
1Ak (8)llws = [[VAsk(s 8oy < C (5.38)

Similar as in Definition 3.2.8, we can now introduce the J-fat effective
tensor K depending on the parameter s:

Definition 5.2.8. The effective, 0-fat coefficient Kj : R — M

sym 18 gLven
by

(K3)is(s) = /Y Ky, 9)[& + VAL W) - (& + VAL 3) did(y),  (5.39)

where Aj . is for given § > 0 and s € R the solution of the cell problem (Cg).

Motivated by Corollary 3.2.10, we can define the e-homogenized, J-fat
problem (P?), which is well defined by Lemma 3.2.9 and (5.24) for any ¢ > 0:

(PY) —div (K5 (u)Vu) + Au = fs(u) in 2,
u = 0 on 0f).

Recall that f5(-) is the average of f5(y, ) over Y with respect to u®. As usual,
we call u’ € H}(Q) a weak solution of problem (P?), if

/Q (K3 )Vl - Vi + Mulp ) do = /Qfa(u‘s)cp de Ve eD(Q). (5.40)

We can now pass to the limit £ — 0 in (5.23) for fixed §, where p’ plays the
role of . Thanks to Assumption 5.2.4.2, Lemma 3.2.6 and Corollary 3.2.10
it is evident that a sequence {ul} of solutions of (P?) converges, as € — 0, to
a solution of (P?) up to subsequences.
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Lemma 5.2.9. Let the data K5 and f5 satisfy Assumption 5.2.4.2, and let
{uS}e0 be a sequence of solutions of (PY) according to Corollary 5.2.6. Then,
up to subsequences, there holds

ul - u’  two-scale strongly in L*(Q,dul) as e — 0, (5.41)

where u® € HY(Q) is a solution of problem (P?) in the sense of (5.40).

Proof. Since p’ is strongly 2-connected on R?, and thanks to Assump-
tion 5.2.4.2 and the uniform a priori estimate (5.35), the proof of Lemma 3.2.6
can be carried over to derive the two-scale homogenized problem first. The
homogenized equation can then be derived from it by determining the cor-
rector function u{ € L2(; HY2(T, dud)) as in (3.132). O

The next step is of course to pass to the limit in (5.40). Note that it
is not at all obvious that the sequence {u®} of solutions of problem (P?) is
bounded in H&(Q) Indeed, although we can apply Lemma 3.2.9 for each
fixed 6 > 0, it could happen that the positive lower bound ¢, = ¢,(J) on the
effective coefficient K degenerates to zero in the limit 6 — 0. It turns out
that the strong approximability property introduced in Definition 5.1.8 plays
a crucial role. Let us first define the effective coefficient K* of the singular
structure (cf. Lemma 3.2.7 and Definition 3.2.8).

Definition 5.2.10. Let u satisfy Assumption 5.2.1 and K : R x R — R as
in Assumption 5.2.4.3. Then for any given s € R we denote by A € W, the
unique solution of the cell problem

(C,g) { —div, (K(y,s)[VuAe(y,s) + €k u(y)]) = (imy

y+— Ap(y,s) Y-periodic , Ap=0,

where the Hilbert space W, is defined as in Paragraph 3.2.2 on page 72. The
effective tensor K* : R — M2 is then defined by

sym

Kjj(s) = /YK(y,S)[éi,u(y)vLVuAf(y)]-(%,u(yHVuAi(y))du(y)‘ (5.42)

Note that by (5.30) and Lemma 3.2.7, A7 and K* are well defined. Now
we can show that the sequence {u‘s} converges, up to subsequences, weakly in
H'(2) to a solution of the homogenized problem with effective coefficient K*,
provided the sequence pu® — u enjoys the strong approximability property.

Lemma 5.2.11. In the situation of Corollary 5.2.6, let additionally u® — p
satisfy the strong approzimability property, pu satisfy Assumption 5.2.1, and
the data Kg, K, fs, f fulfill all the prerequisites of Assumption 5.2.4. Then
any sequence {u®}s=o of solutions of problem (P°) is bounded in H} () and,
up to subsequences, there holds

u? —u®  weakly in HE(Q), (5.43)
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where u¥ € H&(Q) is a solution of the uniformly elliptic homogenized equation

() { —div (K*(u)Vu) +  du = f(u) inQ,
0 on 0f).

u =

Proof. Note that for any fixed s € R, from the uniform estimate (5.38) and
the weak compactness property of bounded sequences with respect to u® —
we deduce, up to a subsequence,

VAj, — ®} € Vi (T, dp) (5.44)

weakly in L?(Y, dpu®), where we used the strong approximability property and
Lemma 5.1.9. By the connectedness assumption on p and Lemma 2.3.7, there
exists a unique function ©; € W, such that

Pu@)[®5 ()] = ViuOi(y), (5.45)

where P, (y) is the orthogonal projection onto the tangent space T),(y) defined
in (2.27) on page 20. The solution property of A}, and the strong convergence

Ks(+,5) — K(-,8) in L*(Y,du’) according to assumption (5.28) yield

0= [ Kslo )V A3) + ) Viodu® — [ K(y.9)[®i0) + ) - Viodu
v v (5.46)

for all ¢ € C*°(T). Since K is a scalar function, as usual we deduce that the
vector ®7(y) + €j;, is tangential with respect to u, and hence

Bt VAL = B+ VAL Euy) = B@E] (547)

in the sense of (5.6), where we used (5.45) and the unique solvability of the
cell problem (C,g) in W,,. Note that by the solution property of each A§,, the
term VAj ; can also be omitted in the definition of K§. Hence by (5.4%) and
the strong convergence of Ks(-, s) we get

VseR: Kf(s) — K*(s) in R™*% (5.48)

We claim that there exist positive constants cs, cg, c7 > 0 independent of 6,
such that

V(s, ) eRxRY:  cs5l¢? <€ K3(5)€ < colél? (5.49)

Vs, e R : HK:S((SI) — Kg(SQ)H < 07(1 + |81’ + |82’)1_7 ’81 — 82|’Y. (5.50)

The uniform upper bound on K3 in (5.49) immediately follows from (5.24)
and (5.38). As the proof of Lemma 3.2.9 shows, we have

CKX(s)€ > inf + Vo2 dy = + V2 5+, (551
EREz e ik |+ TelPdit = e+ Vel ey (551
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where c; is the constant in (5.24) and, for the given ¢ € R? the function
gpg € Wg the unique solution of the periodic cell problem

—div(§+Vgl) =0 inY.

Similar as in the proof of (5.47), we can then show that £—|—V<pg — &+ Ve,
with ¢¢ € W, as in (3.130). As the proof of Lemma 3.2.9 shows, the weak
lower semicontinuity of the norm with respect to the convergence pu’ — pu
(cf. Proposition 5.1.5) yields

. § ~
liminf 1§ + Vigell3 oy > 1160 + Ve3> €€l (5.52)
where ¢ is the positive constant in estimate (2.86) of Lemma 2.3.13 only de-
pending on p. Combining (5.51) and (5.52) we get the existence of a positive
constant ¢5 in (5.49) by a simple contradiction argument. As Lemma 3.2.11
shows, the effective tensor Kj inherits local Hélder continuity from K, and

the constant ¢; only depends on the numbers ¢, ¢z in (5.24) and ¢4 in (5.26).
This proves (5.50). Combining (5.33),(5.48),(5.49) and (5.50) we get

(K3)ij — Kf;, fs — f locally uniformly in R. (5.53)

Now given a sequence {u’}s-o of solutions of problem (P?%), testing the inte-
gral identity (5.40) with ¢ = u® and using (5.49) and the second inequality in
(5.24), we see that {u’} is bounded in H'(), and hence, up to a subsequence

u’ —u® weakly in H'(Q), u’ — u® strongly in L?(Q) (5.54)

for some u € H}(2). Now combining (5.24) and (5.27) with the estimate
(5.50) and (5.53) and (5.54), we easily deduce

Kg(ué) — K*(uo), fg(u‘s) — f(uo) strongly in LQ(Q)

by components. Hence passing to the limit in (5.40), we see that u? is a weak
solution of problem (P°), which is well defined by the growth condition on f
in (5.30) and the uniform ellipticity of K* proven in Lemma 3.2.9. O

5.2.1 Networks in 2D

In this paragraph we exclusively study connected 1D-networks in R?, which
are made up of infinitely thin, straight segments, and are therefore modeled
by a sum of one-dimensional Hausdorff measures. We will show that on such
a structure the two-parameter diagram commutes, at least for a large class
of quasilinear equations. As pointed out in [24], our methods also apply to
sufficiently regular curved structures. In the next paragraph we will consider
networks embedded in R3.



5.2 Homogenization of fattened structures 133

Definition 5.2.12. We call the pair (F, ) a connected periodic network on
R?, if F = sptu is a Y -periodic subset of R%, and FNY the finite union of
straight segments Fy, contained in'Y , such that

plY =cd H'|F (5.55)
k

is strongly 2-connected on R?, where ¢ is the normalizing constant.

Definition 5.2.12 makes sure that the measure p corresponding to a con-
nected network (F,u) satisfies Assumption 5.2.1. In particular, as pointed
out in Section 2.3, such a measure is always doubling, since it belongs to the
class Jy of multijunction measures. The normalizing constant in (5.55) reads

-1
c= (Z Hl(Fk)> . (5.56)
k

It is obvious that the segments of a connected network defined above can not
be arranged in an arbitrary manner. Admissible structures can be found in
Figure 5.4 and Figure 5.5 below. The former also comprises a counterexample.

e
e

yes yes no

Figure 5.4: Connected networks and a counterexample

We introduce the natural fattened structure (F 8 /ﬁ) that approximates a
given connected network (F,u) on R? with m segments Fj, where m > 2, by

= (l +uz;1F,3> . Fl = {yeR%: dist (y, Fy) <8}NY, (5.57)
lez?

where the distance is measured in the Euclidean norm on R?. The measure
corresponding to the fattened structure F? is, on the unit cell, chosen as

m
LY = L2|(FONY), o =|F'nY[™", FP'ny=JF, (558
k=1

and periodically extended to R2. Note that u/ is doubling and of type (5.21)
with a density proportional to the characteristic function of the set FO NY.
In light of Lemma 5.2.11, we need to verify that the sequence {u} does not
only satisfy Assumption 5.2.3, but also the strong approximability property
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introduced in Definition 5.1.8. In order to show u? — p, we set I, := H(F},)
for k =1,...,m and easily check

/Ygod,ué = 052/ (y)dy = Zk:(illjkl])]é wdy+o(1)

FA\(UEZ 11Ff Sny
— c pdH' = /god,u
S heme =,

for any ¢ € C(T), where the constant c¢ is given in (5.56). In addition to
Example 5.1.2, more complex admissible networks (F, u) are sketched in Fig-
ure 5.5 below, together with the corresponding fattened structure (F5, ,u‘;)
according to (5.57) and (5.58).

~-25
K R NG| 6//

Tl

Figure 5.5: Connected networks with suitable fattening

Now we show that the measures defined in (5.58) are strongly 2-connected
on R2. This is not trivial, since in general it is not clear how the Poincaré
constant behaves and rescales on periodic nonconvex domains (cf. definition
of (H4)). However, with a similar technique as in the proof of Theorem 2.4.5
we can show the strong connectedness for each pd that characterizes the
comparatively simple structures considered in this section. It is essential
that the thickness of the connected, open subset of F® C R? is uniformly
minorized (by the parameter 0).

Lemma 5.2.13. The measures i defined in (5.58), corresponding to a con-
nected periodic network (F, ), are strongly 2-connected on R2.

Proof. By the definition of (F,u) and F? it is obvious that u° is at least
weakly connected on R?. Moreover, it is strongly connected on T, since the
support 2 N'Y is an open connected Lipschitz domain, and by a standard
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contradiction argument using the classical Rellich theorem, the Poincaré in-
equality on the torus can be obtained, however with no control on the size of
the constant. In order to show property (H4), for a given rescaling integer
k € N we introduce the following notation:

k
0= )z ZEi=tV+(-1j-1), ij=1....k

ij=1

k
o= v, YZ-’;:%((F‘;HY)+(1'—1,]'—1)) , ii=1,....k
ij=1
Note that we do not label the sets with ¢ since it is fixed, whereas the integer
k varies in N. In each rescaled cell the thickness of the structure is then of
order §/k (see Figure 5.6 below). Upon cancelling the fixed, k-independent
constant cs on both sides, the strong connectedness of u® on R? is, after
rescaling, equivalent to the statement

3C - / \u]QdySC/ \Vul? dy VkeN,VueDwith/ wdy = 0.
Q Qp Q

(5.59)
In Figure 5.6 we sketched the domain €2 for two different values of k and
for the special measure of Example 5.1.2. For the structures (F' 9 u‘s) under
consideration we can expect (5.59) to hold true, since the intersecting bars
are thinning in a regular manner as k — oco.

25k 1 Zk—lI
k 25Kt 7S A I S S A S IO IR O T R
Yiz ° Y, " -
K ok
Yag 1 Yag
1 -
| e
vk vk B NNENE AN W -
Dk
Q Ya
k Qg 1
Q, k=2 Q, k=4

Figure 5.6: Rescaled k-structure

So let us suppose the contrary, then there exists a sequence {ug } of smooth
functions, such that

/ ug dy = 0, / |Vugp[*dy =1, but / lug|® dy > k (5.60)
7% Qp Qp

for all k¥ € N. Similar as in the proof of Theorem 2.4.5, we first compare
the function u; with the piecewise constant function % defined on €2, which
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comprises the mean values over the small cells. More precisely, we define

t,j=1 ij

where ij is the characteristic function of the cube Zf] Now using the strong
connectedness on one cell, we get a constant depending only on c5 and the
(6-dependent) constant in (H3), but not on k, such that

| g~ Z/ ugly) — a2 + (5 ) dy
k

C(k‘2 /Qk|Vuk|2—|—/Q|ﬂk|2> < 0(1+/Q|ak|2), (5.62)

where in the last estimate we used (5.60). In the next step we construct a
sequence of continuous functions 4y on €, that interpolate a suitable arrange-
ment of mean values of u;. More precisely, in each knot (i/k, j/k); j=o,. r of
the grid we introduce the real number

IN

ko koo
k= ][m Sty k(y) dy, Yio=Ye; =Y =Y, =0
n=j

as the mean value of u; over all cells attached to this knot, and define 1y
on each square ij as the bilinear interpolation of the four corner values
af ., (I,n) € {i—1,i} x {j—1,j}. It is then easy to check that by construction
we get a sequence

i € H'(Q)NC) / i (y) dy = 0, (5.63)
Q

where we essentially use that the mean value of u; over {2 vanishes. From
estimate (5.62) we deduce

/ |uk|2dy < C <1+/ ]ﬂk]2dy+/ \uk—ﬁk|2dy> (564)
Qp Q Q

with a constant independent of k. Using the definition of u? i; and 4 u”, straight-
forward calculation shows that there exists a constant C independent of k,
such that

/|Vﬂk|2dy—i—/ ip—ip2dy < C(1+k~2 Z S Jat—ah,) 2 (5.65)
Q Q

’Lj lsz

where N (i, j) runs over the five-point stencil with center (i, 7), and where we
may set @) := 0 whenever [,n € {0,k+ 1}. In order to estimate the term on
the right-hand side in (5.65), we first observe

b~ < © uuk(y)—][ uk|2+ruk<y>—][ wl?) dy. (5.66)
viUvE, v Vi,
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Note that by the definition of  and u?, the support of the periodic measure
10 on two neighbouring cells of order one is a connected, full-dimensional
Lipschitz domain, and hence for each smooth function v, we get

/ lu(y) — 7[ vf?dy < C Vo(y)|?dy, Ys:=Y NF,
YgU(Yg—i—é}) Ys YgU(Yg-ﬁ-é})
(5.67)

with a constant only depending on 4, which can be proven with the same
technique as in the proof of Lemma 2.3.14. As a consequence, combining
(5.65),(5.66) and (5.67), we obtain

k
/]Vﬂdey+/ g, — g2 dy < CZ/ \Vug)?dy < ¢ (5.68)
Q Q Yk

1,7=1" "4j

with a constant depending on ¢ but not on k, and where we used (5.60).
Finally, from (5.63),(5.64) and (5.68) we deduce ||ux|/12(q,) < C with a con-
stant independent of k, where we applied the standard Poincaré inequality for
functions with zero mean value on the unit square 2. This is a contradiction
to (5.60). O

For the commutativity of the two-parameter diagram it is essential to
verify (cf. Lemma 5.2.11) that the sequence u° — pu corresponding to the
network structures F, F° defined above satisfies the strong approximability
property introduced in Definition 5.1.8:

Lemma 5.2.14. Let (F,u) be a connected periodic network on R? and
(F°, ud) the corresponding fattened structure according to (5.57) and (5.58).
Then the sequence pd — p enjoys the strong approzimability property.

Proof. For our reference measure p and its approximating sequence p® given
by Example 5.1.2, the statement is easy to prove. However, we directly con-
sider a general network (F, i) admissible in (5.55). So let a solenoidal vector
v € VS%I(']I‘,du) be given. Recall that v is p-almost everywhere tangential
to the segments by Remark 2.2.14. Using suitable test functions along each
segment, we check that v is also constant on each segment FJ, that means

v|lp= ATk, Ak ER, (5.69)

where 73, is a unit vector directed along Fj. Since p is connected, it is clear
that at least one end point of each segment belongs to at least one further
segment. On the other hand, a solenoidal vector v vanishes on segments
with a free end point. This includes free end points at the boundary of Y,
i.e. where no segment is attached at the corresponding point of the opposite
face of Y. Therefore we consider sements Fj;, whose end points P;, P; are
intersection points of two or more segments, and lie inside Y (see top of
Figure 5.7 below). The case when P; belongs to Y (see bottom of Figure 5.7)
will be investigated afterwards. In order to construct a strong approximating
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sequence vs € V2,(T,du’) subject to the structure defined in (5.57) and

sol

(5.58), we label by
Tll,...,TlNl, led{i,j}, NjeN

the unit vectors in the knot P} directed along the segments F}™ attached to
this knot. The upper configuration in Figure 5.7 comprises an example with
N =4, 11 = —Tf and Fj; = Fl = Fjs.

Figure 5.7: Strong approximability for complex networks

It is important to note that, in addition to (5.69), in each knot the Kirch-
hoff law holds for solenoidal vectors v with respect to p, that means
N,
SOAM=0 for v|ge=A"T", L€ {ij}. (5.70)
m=1
Clearly in Figure 5.7 we have \! = —)\3? . In a neighbourhood of P, we define
the Lipschitz domain Q? as the union of the disc of radius § with center P,

and N, rectangles of width 26 and length C'6 with middle line /™. By F?’m
we denote the outer facets of these rectangles, which are perpendicular to the
segment I}, in particular

dist (B, T?™) = C8, m=1,..., N, (5.71)

where the constant C' will be chosen appropriately. Moreover by ij we denote
the rest of the fattened segment joining F; and P;, that means

Z = F\ (0N Q), |z =26 (HM(F;) —2C6), (5.72)
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where Ffj is defined as in (5.57). We emphasize that, since only a finite
number of segments is involved, we can always choose the constant C' in
(5.71) such that Z$ N Z), = 0 for (i,j) # (I,n), which is relevant for the
construction of vs below. Also note that when ¢ is sufficiently small, the
domain Q? corresponding to a knot P; C Y is also strictly contained in Y.
Figure 5.7 illustrates all the quantities defined above.

If two or more segments meet in a knot P that belongs to Y (this is the
case at least once on each facet of JY, since p is connected on R?), we make
a similar construction. To this end, we distinguish the direction with respect
to AY, in which the unit vectors belonging to the attached segments point
away from P, i.e. we introduce the notation

(Fr ), m=1,...,Ny, (F™. "), m=1,...,N_,

respectively for the segments and vectors pointing away from P. Figure 5.7
shows a typical configuration with N, = 2 and N_ = 1. It is important to
note that a vector v € Vsil(’]l’, du) has the following shape in this part:

Ny N_
vlpp = MNITP with > AT+ ) AT = 0. (5.73)
m=1 m=1

Precisely as above we construct Lipschitz domains Q‘ft with respect to the
segments F1" on each side of JY, we only have to take additionally the in-
tersection with Y. The sets ch’m and Fim C 0QY are then defined in an
obvious way similarly as above, where in addition we denote by I' C 0Y the
segment of length 2§ with center in P (see bottom right in Figure 5.7). Note
that I is in general strictly contained in 9QJ. N @Y by the definition of the
structure Y N'Y. We emphasize that with the above defined sets

02,08, 2% and Q3,20

respectively, we precisely exhaust the support of |V, in particular avoiding
double coverage. Now we can introduce the following auxiliary problems:

Al = 0 in €
Auf = 0 in Qf, ;E . 5;1
8 s m dem 6nu:|: = A:ﬁ: on Fi7 N
hu; = A" on I, 5 m

Opuy = >, A% onT,

where on those parts of 89? and 09, which are not explicitly specified,
we choose a homogeneous Neumann condition. Note that both Neumann
problems have, up to an additive constant, a unique solution in H', since the
compatibility conditions

Ni Ni
JOnuldo = DN = 263N =0,
093 m=1 m=1

N4 5 N+
/896 Opuldo = D NFITYT[+IT] D AF =0
+ m=1 m=1
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are satisfied by (5.70) and (5.73). Due to the regular geometry of the domains
Qf and Qi we can use a simple rescaling argument to show that the solutions
of the corresponding Neumann problems satisfy

/ Va2 dy < C8, / Vil Py < 52 (5.74)
a3 Qi

with constants independent of . By construction, it is easy to check that the
pd-measurable function vs : F® NY — R? defined by
W) Vul in Q9 ) AT in Z9),
v = D, =
o Vuft in Qi, .

belongs to the class V2 (T, dp®), where 7; denotes the unit vector along the
segment Fj; that joins two inner points P; and P;. Using (5.74) and the same
technique with which we proved u? — p, it is also straightforward to show
that v; — v weakly in L2(Y, du®) in the sense of (5.6). To this end we take into
account the shape of a solenoidal vector v on the thin structure according to
(5.69). Finally, using the estimates in (5.74), we check [|vs|ly 5y — [[Vll2,y
which implies the strong convergence of vs by Lemma 5.1.7. O

T in 20"

Now we prove the commutativity of the two limit processes é — 0 and
¢ — 0 starting from the quasilinear problem (Pf ) on page 127, subject to
connected periodic networks on R?. Note that if the data satisfy Assump-

tion 5.2.4, thanks to Lemma 5.2.13 and Lemma 5.2.14 the path

(P2ud) =2 (PPuf) =2 (PO, ).
is already covered by Lemma 5.2.9 and Lemma 5.2.11. The crucial step in
showing the commutativity is now to investigate the asymptotics

(P(S u(S) ﬂ (P6>Us) (5.75)

g1 e

for each fixed ¢ > 0, where the e-microscale problem (P.) on the singular
structure is given by

(P.) —div (K (2,us)Vue) + Mue = f(Zu), ue € Hy?(Q,dpe),

and where the data (K, f) : R? x R — R are given by Assumption 5.2.4.
Since K is a scalar, it is natural to call a function u. € H, := Hé’Q(Q, dpe) a
solution of problem (P), if

/Q (K(%,ue)vusu8 -V + )\uego) dpe = /Qf(z,ug)go dpe (5.76)

for each ¢ € D(2). Thanks to the assumptions on p and Remark 5.2.5, the
problem (P;) is well defined as also Corollary 3.2.4 shows. We can now prove
the central statement corresponding to the limit process in (5.75).
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Lemma 5.2.15. Let (F, ) be a connected periodic network on R? with fat-
tened structure (FO, u®) according to (5.57),(5.58), and assume the data sat-
isfy Assumption 5.2.4. Let {ul}s=o be a sequence of solutions of (P9) accord-
ing to Corollary 5.2.6. Then, up to subsequences, there holds

u

0w, Vul =V, u (5.77)

£

as 6 — 0 in the sense of (5.20), where u. € H. is a solution of problem (P:)
in the sense of (5.76).

Proof. Recall that by Remark 5.2.2, for any fixed e there holds u® — .
as 6 — 0 in the sense of (5.19). Thanks to the a priori bound (5.35), by
Proposition 5.1.10 there exists a subsequence, still denoted by ¢, and functions
ue € L?(Q,due), ®. € L*(Q,du.)?, such that

ul = ue, Vud —=®, as § — 0 in LE(Q,dud). (5.78)

)

We need to show that u. € H. and that ®. is its p.-tangential gradient.
Without loss of generality we can assume ug € D(Q). Indeed, by the definition
of the Dirichet space H? there holds

V6 >0 € D(Q): fud — ¢2llaes + VUl = Viplllaes < 6. (5.79)

Since pd(Q2) < C uniformly, we can then replace u? by ¢ in (5.78). The same
substitution can be made when passing to the limit in the weak formulation
(5.23) of problem (P?), where one has to use the assumptions (5.24)-(5.27) on
the data. As an example, we estimate the following error term using (5.26):

/Qm(g,u@ K52, 40Vl - Vo dyd

IN

1/2
¢4 [[Veplloo | V2|2 (/Q(l + ul] + [ ul — ¢§|2”>

1 S\l- 1 0
< ONA A+ Jugl + 2Dl lug —vellz — 0

as 6 — 0 by the uniform a priori estimate (5.35) and (5.79), where we have
set ||+ |lg :=1 - llg,e,5. Similar, the other error terms can be estimated. Hence
from now on we assume u? € D(). As a consequence, precisely as in the
proof of Theorem 2.4.5, by the boundedness of {2 we can assume that

Q=(0,0), 1€Ny, (5.80)

after possibly extending ug trivially to the whole of R?. In order to simplify
the notation further, we prove the lemma for the special measure p given
by Example 5.1.2. It is obvious that the analysis below can, up to more
complicated notation, be carried over for the case of an arbitrary measure u
admissible in (5.55), since there are only straight segments involved with a
similar, regular fattening structure. We introduce the following notation:

1

e=,neN, m:=nl z:=(2,y), dz = dxdy,
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where z € Q is the 2D-variable and [ the integer in (5.80). For the measure
1 under consideration we define rows (R;»S )i=1,....m and columns (C’{S )i=1,....m
depending on the thickness parameter § by

R} := [0, x (yi— Sy +9), O = (i~ g+ 3)x[0,1], (5.81)

where the points (z;,y;) are the centers of the rescaled unitary cubes. The
thin limit structure comprises a Cartesian network with rows (R;)i=1,... m and
columns (C;)i=1,...m

Ri = [0, l] X {y,‘}, CZ = {xz} X [O, ” . (5.82)
01 x X Xm (11) X1 X Xm
RS Yin Rm Ym
é 50 2
S — & R P
Y Y , Bl
R62 Y2 R» Y
R§1 Y1 Ry Y1
1,0
Q 3 S ey co ¥ Q ¢ ¢, Cm

Figure 5.8: Fattening approach for fixed € > 0.

The setting is sketched in Figure 5.8 for the data n = 2,1 = 3,m =6
and w;,y; = +(2i — 1) for i = 1...,6. Recall the definition of y and yu°
Example 5.1.2. Within this framework it is then easy to check that for any
@ € Co(Q2) there holds

/Qapdug = 052 / dz—l—/ dz—Z/éﬂcé

1
= o3 ([ elemars [
2n i—1 R; C

i

(:vi,y)dy> = /Qsodus- (5.83)

To proceed further, we define for i = 1,...,m a family of auxiliary functions
v) € HY(R;) and w! € HL(C;) by

5 tn s 5 AT
v x e ) ug(z,y)dy, wj:y— 7[ ) u(z,y) dz. (5.84)
yi—2 zi—2

We claim that v) and w{ are bounded sequences in H{(R;) and H}(C;) re-
spectively. Indeed, there holds

l
/ 0,00 (2) 2 d < ”/ 0,08 (2) 2 dz < Cn/ Vil 2dud < Cn (5.85)
0 20 Jre Q
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with a constant independent of § by (5.35). Similarly we can treat 8yw? . As
a consequence, upon taking a further subsequence of the sequence selected in
(5.78), we get

v) — v; weakly in H}(R;), w?— w; weaklyin H(C;). (5.86)

Let us show that v;(z;) = w;(y;) for all ¢, 7 = 1,...,m in the sense of contin-
uous representatives. It suffices to consider i, 7 = 1. Note that

[o1(21) = wi(y1)] < Jof(@1) = wl(yr)| +o(1) as § -0, (5.87)

since v) — vy, w{ — wi uniformly in R; and C; respectively. We can estimate

the term on the right-hand side in (5.87) further and get

5 nt 5 wr
vy (@1) — ][ , Ul de| + |wi(y1) — ][ wy dy
y

)
1=y 17w

[0} (1) = wi ()] <

with a constant depending on n but not on §, where we used the continuous
embedding of H' in C%/2 in one space dimension. It follows that v;(z;) =
w;(y;) and we conclude that the function . defined by

_ ) ovie) ty=wy Ol e (v;(2),0) if y =y
u (@) '_{ wiy) ifo—mz @ @) { 0, wi(y) if 2 =

belongs to H. (cf. Observation 2.2.10.1). We want to show that u. = 4. in
L?(€2, dpe), which implies u. € H, in (5.78). To this end consider a family of
functions

v‘-s($) if (z,y) € Rf,

L2(Q,dpl) 5 @(x,y) =<
(2, dug) > ug(z,y) wi(y) if (z,y) € C) \ U;R).

We show that for the subsequence in (5.86), we get 4’ — . as § — 0 in the
sense of (5.20). Indeed, for arbitrary ¢ € D(§2) we have

/Qﬂggod,ug = i (/ )ClZ’-i-/C;S w?(Q)‘P(Z)dz_ilgj>

- ;i(/ (vip) ffyz)dfw/Q( @)(xi,y)dy> = /Q”L_Lecpdus,

=1
where we have used

Ly = / wl(y)p(z,y) dedy = o(5) as § — 0,
’ CINR?

which can easily be shown by using sup,cc, lwl(y)| < C with a constant
independent of 0 by (5.86). Hence, by (5.78), in order to obtain 4. = u. it
suffices to show

s =Y (+T) =Y L) =o(1) asd—0, (5.88)
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where one can easily check that the first equality in (5.88) holds for

yit+s 2
Bo= [ e - o e d, (5.89)
R} vi—2
zi+2 2
J = / ug(z)—][ ul(z,y)dz| dz,
gy = [, e - )P
CINRY

In order to prove (5.88), the three terms above can be treated similarly. For
convenience, we estimate the first term:

m 1 9
ZIZ(S _ Z/ /yl n
‘ =170 \Jui—2

dy | dx

5 yi"rg 5
ug(m,y)—][ S ul(x, ) dy
Yy

o

2 m
= ¢ sz/ N0ld(2)Pdz < Cob® / [Vl dpd < Cnd®,
i=1 Y % @

where for fixed z € (0,1) we applied the Poincaré inequality on the interval
(yi— %, yi+ %) to the smooth function ud(z, -) and used the linear dependence
of the Poincaré constant on the diameter of this interval. This shows (5.88),
which implies 4. = u. € H.. Let us now show that the pair (uc, ;) with
®. given in (5.78) belongs to V?(Q2,du.). We use a standard localization

argument and consider, as an example, the segment
I = (z5,xip1) x {y;} CR;, 1€{0,1,...,m}, xo:=0, Tpmq1:=1

Consider test functions ¢1(z) € D(x;, zi+1) and p2(y) € D(0,1), the latter
with the additional property that there exist sufficiently small neighbour-
hoods U,V of y; with U C V, such that ¢o = 1in U and ¢2 = 0in (0,1) \ V.
Then if we choose the vector ¢(z) = ¢1(x)p2(y)€1 as a test function in the
second convergence in (5.78), we get

c(;_l/QVu‘g-tpdug = /36 Opul(2)p1(z)dz = —/ﬂ ul (z,9)0ppr1 (x) dudy
J 0,8

(5.90)
for § small enough, where we have set IZ.J;(; = (@, Tig1) X (yj — %, y; + %) and
extended ¢ trivially to (0,7). Multiplying by ¢s and passing to the limit in
(5.90), we get

1 Tit1 1 Ti+1

(@)1(z,y)p1(z)de = ——— e, ;) Oppr () da

2n Jg, 20 Jg,

which shows that (®.); = Oyue = 0pv; in IZJ This proof can of course be
carried over to the vertical subsegments J; := {x;} X (y;,y;+1) C Cj, and we

obtain
P,(2)[®:(2)] = Vi ue(z) for pe-a.e z € Q. (5.91)

)
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Later we will see in addition, that ®. is already tangential and therefore
®. =V, u.. Now we have to pass to the limit in (5.23) as 6 — 0 for fixed e.
We consider a suitable extension i,

m
ic:Q—R, . =u. onF,:=|J(RUC) (5.92)
i=1
of the limit function u., which is only defined on the skeleton F;,, to the whole
of 2. We claim that we can assume 4. to be Holder continuous. Indeed, if
we use for 0 < 4, j < m the notation

Qi = (l’i,l‘i+1) X (yjyijrl), Fi = 89{ == IZJ UIiJJr U J,Lj U JiJ_H,

we can apply standard embedding and trace extension theorems on Sobolev
spaces [58, Theorems 11.2.1,11.2.3] and get, since we are in two space dimen-
sions, a sequence of continuous embeddings and extension operators

W) < W24r]) — wiid@l) — o)), (5.93)

Since u, is continuous in the intersection points (x;,y;), we can apply (5.93)
and find a function 4. € COY4(Q) in (5.92). Using such an extension, we
claim that

/Q K5(2,u8)Vid - Vpdud = /Q Ks(Z, )Vl - Vod? +o(1),  (5.94)
/Q 52 ud)pdu® = /Q F3(Z ) did + o(1), (5.95)

for each ¢ € D(2) as § — 0. We already have some routine in estimating the
error terms by using Assumption 5.3.2 and the a priori estimate (5.35):

/Q Ks(2,u0) — K32, i)Vl - Vip died

IN

S| 1A VI (18 _ 5
CNO A+ [ul + [l 5 lue = delly 5 < Cllug = ey 5

A

6 _ =0 0 ~
C (llug = w2ll3 0 5 + 172 — tiell3 . 6)

with a constant not depending on ¢. Hence by (5.88) it suffices to control
|@ — |20 in order to show (5.94). Precisely as in the proof of (5.88),
we can subdivide this term into sums of integrals over R?,C? and C? N R?
respectively, with ug substituted by .. Let us exemplary estimate the term

corresponding to (5.89):

Em s ! yi+%
Cs /6 ‘ﬂg - ﬁ6’2 dZ = C§ Z/ / s ”Uf(x) _ aa(ﬁ,y)P dyd.%'
=171 i=1 Y0 Jyi—o
L - : 4 6\ |2 6—0
= 2n(1-9) /0 v () — tie (2, y3) [ dz == 0,

i=1
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where yg € (y; — %, yi + %) depending on § and x can be found by the mean
value theorem of integration, and where in the last step we have used (5.86),
the continuity of 4. and y® — y; for § — 0 and each fixed = € (0,1). This
proves (5.94), and (5.95) can be shown in the same way using the assumptions
(5.25) and (5.27). In order to pass to the limit on the right-hand side in (5.94),
consider the sequence of vector functions

0z K(;(g,ae(z))Vug(z),
which is uniformly bounded in L?(€,du)? by (5.24) and (5.35). Hence by
Proposition 5.1.10, possibly up to another subsequence, there holds ©° — ©
in L2(Q, du) componentwise as § — 0, and therefore we need to show

o ~o= K(Z,u:(2))®-(2) e - a.e. in Q. (5.96)

The pointwise equality in (5.96) has, with the notations above, to be verified
on any subsegment I! C R;j and J} C C; respectively.

¥+l
For i,j=1,...,m—1
< T = 2(2 + @ig1),
2 AN 5 ) )

Y, 1 ‘ Sio= (@) X (Y5 — 5,4 + 3)

= ,

S ! I Sij = (i, ) x {y;} C I}

Xy X; X Xir1

It suffices to consider one half S;; of Iij defined in the figure above, the
other half and all the other segments can of course be treated equally. As a
test function on the left-hand side in (5.96) we choose

wn(Z) = 801(.T)Q02(y)é;7, 77 = 1727

where ¢1 € D(z;,Z;) is arbitrary and 9 defined precisely as in the proof of
(5.91), supported in a small neighbourhood of y;. For ¢ sufficiently small we
obtain

o [ Kslnza)(Vadayends = [ 60(2)0,() diie)  (597)
Q

s,
1 [T
— o 5 O, (z,y;)e1 dx, (5.98)

where ©,, is the corresponding component of the vector function ©. In order
to pass to the limit on the left-hand side in (5.97), we choose an equidistant
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decomposition of the interval [z;, Z;] into subintervals [7,_1, Tg]k=1,. N, Where
N is a large integer to be chosen and

- 1
Mzmﬁwqmzma|%—%ﬂzﬁmk:L~wN

Subject to this decomposition, we can write the term on the left-hand side in
(5.97) as a sum of the following two terms:

N
IfN = 05Z/MK(;(nz,ﬁs(Tk,yj))(Vug,é’n>cp1 dz,
k=1"5ij
N
By = ¢ | [Ks(nzic(z) - Ks(nz, (o, ) (Vud, &)1 dz
2,N 6 Sk é s Ue é y Ue\ Tk, Yj g1 €n)P1 )
k=1"5ij
where we have set Sf]’.k = (Th—1,Tk) X (yj — %,yj + %) Using the uniform

Holder continuity of K in (5.26) and the one of 1., the second term can be
estimated by the uniform a priori estimate on ug:

13 v| < Cmax{, 5}/ (Ca / r<w2,e77>rdz> < C'max{y, 5}/,
b S5

’ (5.99)
where the constant depends only on n, and v > 0 is the Holder constant in
(5.26). Now let xi € L*(0,1) be the characteristic function of the interval
[Tk—1,Tk] and set sy, := U (7, y;). Then we can rewrite the term IfN as

By = a2 [ o) Ks(nz. 50 (Vad(:).8) (o) dz
k ij

= anQ/YXk(z)Xé(y)Ké(zaSk)<vug(fz)7gﬁ>90l(fz)d'u’é(z)’ (5.100)
Kk

where we extended ¢, trivially to (0,7) and denoted by xs the characteristic
function of the interval Us(1/2). Also note that for simplicity we have chosen
i,7 = 11in (5.100). In the general case we get, using the periodicity of K5 and
10, the same integral over the reference cell up to the translations

r—wt(-1),y—y+(@G-1, z=(@+0(@-1)y+(G-1)

and proceed precisely as below. Using the uniform boundedness of Kj(y, s)
and the strong convergence Ks(-,s;) — K(-,s;) in L*(Y,du’) according to
Assumption 5.2.4, it is easy to check that for any k =1,..., N:

Xk (1 )xs(22) K (2, s1) — xu(Z)X " (22)K (2,81)  strongly in L*(Y, dp’),
(5.101)
where x~ denotes the characteristic function of {zo = 1/2}. Recall that we
have chosen i, j = 1 for simplicity, so we claim

& () = (Vud(2).8)pr () = (@e(2,31).8))¢1(2) (5.102)
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weakly in L?(Y,du®) in the sense of (5.6). Indeed, given ¢(z) € C°(T) we
get, since ;1 is compactly supported in (x1, %), for sufficiently small ¢:

/ P()d) did(z) = n? / (Vi (2), 1 (2)) B(z) did(2)
Y Q
. / (®2(2), () b(n2) dpic(2)
(9]

- /Y (@e(2, 1), €)r(2)(2) du(2).

We set SF = (7p_1,7) x {y;}. Passing to the limit § — 0 in (5.100) and
using (5.101) and (5.102) we obtain, now for arbitrary 1, 7,

1 o
Iis,N - %Z S K(n(x,yj),Sk)<(I)a(.’L',yj),677>Q01 dz
k ij

1 [ . R
= 5 K(n(x,y;), te(x,yj) )(Pe(,y5), €n)p1dr + o(1) (5.103)
i
as N — oo, where in (5.103) we argued precisely as in (5.99), using the
Holder continuity of both 4. and K(y,-) by Remark 5.2.5. Hence combining
(5.98),(5.99) and (5.103) we obtain, since ¢1 € D(x;, T;) was arbitrary,

O(z) = K(nz,1:(2))Pe(2) = K(2,uc(2))P:(2) pe- a.e. on each S

by (5.92), and hence as argued above on the whole of €2, which shows (5.96).
The lower order source term in (5.95) can of course be treated completely
analogue using Assumption 5.2.4 on the data fs5 and f, and we deduce

lim / f5(Z, i )p dpl = / f(Z,uc)pdp:  for each p € D(Q).  (5.104)
-V JQ Q

Now we can pass to the limit 6 — 0 in the weak formulation (5.23) of the
(0,&)-problem, where we have to use (5.78), the asymptotics in (5.94) and
(5.95), as well as the limit identifications in (5.96) and (5.104). This yields

/ (K(%7u€)<®67v90> +)‘u690) dpe = /f(:;?us)spdﬂs Vi € D(Q).
Q Q

Above we have shown (u., ®.) € V2(€, dpu.), and hence by density, where we
have to use (5.30), the last integral identity also holds for any pair (p, Vi) €
V2(£2,due). Since K is a scalar, choosing ¢ = 0 yields that ®. is tangential,
and hence we deduce ®. = V,,_u. almost everywhere in {2 with respect to p,
which completes the proof of (5.77) and of Lemma 5.2.15. O]

Now we formulate the central theorem of this paragraph, the commuta-
tivity of the two-parameter diagram for quasilinear elliptic equations posed
on periodic connected networks. To this end, we will implicitly assume that
one chooses a regular fattening such as introduced in (5.57) and (5.58).
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Theorem 5.2.16. On connected periodic networks (F,u) on R?, the two-
parameter diagram starting from problem (Pf) commutes, more precisely:
Under Assumtion 5.2.4 on the data, the functions u°,ug € H&(Q) obtained
respectively from the two limit processes in (5.2) are a solution of one and
the same effective problem

—div (K*(w)Vu) + M = f(u) inQ,
0 on 0f,

u =
where the effective tensor K* is defined in (5.42) on page 130. Moreover if
K and f are C' with respect to s, and f is monotonically nonincreasing in s,
then there holds u® = ug, provided both functions belong to L>().

Proof. Note that Assumption 5.2.4 guarantees that all the prerequisites of
Lemma 3.2.6 on page 71 are fulfilled, where we can neglect the artificial dif-
ference between K and K = K -E,. Using the standard set of test functions we
can then pass to the limit in (5.76) and obtain, thanks to Corollary 3.2.10,
the same effective coefficient K* as in (5.42). Hence by Lemma 5.2.9 and
Lemma 5.2.11, we obtain the same effective problem (P) for both limit
procedures in (5.2). The additional statement is a direct consequence of
Lemma 3.2.13 and Corollary 3.2.15. O

5.2.2 Networks in 3D

In this paragraph we consider thin networks embedded in three space di-
mensions. It is intuitively clear that the results of the last paragraph can
be carried over. In particular, the commutativity of limit processes on such
(regular fattened) networks can also be proven for Richards equation in the
application relevant 3D-case, which justifies to study equation (1.1) on sin-
gular structures.

However, our main motivation to study 1D-networks in 3D is the fact that
they form, although strongly connected for themselfes, combined with the
surrounding Lebesgue measure a nonconnected structure in R® due to their
vanishing capacity. In this case the methods of the last paragraph do not
apply and we will construct explicit counterexamples, for which the two limit
functions vy and u? obtained in Theorem 5.2.16 solve respectively equations
with different effective coefficients. Our prototype of a singular network in
three space dimensions is the one of Example 2.3.9. In this case the structure
(F, ) is given by

3
1 .
unglLF, F=|JF, Fo={yeY:y=3i#k}. (5.105)
k=1

We already know that the measure p defined in (5.105) is strongly 2-connected
on R3 and doubling. Figure 5.9 below comprises one way of approximating
the thin structure, namely the cubic fattening introduced in (5.107) below,



150 5 TWO-PARAMETER EQUATIONS

comprising the parallel-epipeds F]f centered around Fj with cross section
462. The cubic fattening has some advantages in notation, we could as well
consider structures of cylindrical shape.

Nite %
i —{ F
£ ;B// /41 : /Fl
V 7 7 G
N A
Y g R Y F

Figure 5.9: Network in 3D and fattened structure.

Note that by Fg = ﬁiFf we have denoted the intersection cube whose
size is of order §%. More generally, we can define connected 1D-networks
embedded in R? as follows:

Definition 5.2.17. We call (F, ;1) a connected periodic network on R3, if
F =spt u is a Y -periodic subset of R3, and FNY the finite union of straight
segments Fy, contained in'Y, such that

plY =cd H'|F (5.106)
k

is strongly 2-connected on R3, where c is the normalizing constant.

The measure defined in (5.105) is a perfect example of such a connected
network, more complex admissible structures are sketched in Figure 5.10:

Figure 5.10: Connected periodic networks in R3.

Similar as in the last paragraph, given a connected network (F, i) on R3
according to Definiton 5.2.17 with m segments F}j, where m > 3, we can
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define a suitable fattened structure (F?, %) by

= (z +u;;;1F,§) . F = {ycR®: dist (y, Fy) <d}NY, (5.107)
lez3

where this time the distance is measured in the maximium norm on R3, that
means
dist (y,2) := max|y; — 2| for z € Fy.
(]

This results a cubic channel structure as sketched in Figure 5.9. The measure
10 corresponding to the fattened set F? is, on the unit cell, chosen as

WY = L3 (FPNY), ¢ =|F°nY|™?, (5.108)

and periodically extended to R? with support F° as in (5.107). In particular,
10 is of type (5.21) and doubling, and there holds p° — g, which can be
checked precisely as in the 2D-case. The following crucial properties of the
sequence i can also be saved:

Lemma 5.2.18. The measures 1° defined in (5.108) are strongly 2-connected
on R3 and the sequence n’ — u enjoys the strong approzimability property.

Sketch of proof. The strong connectedness for fixed § > 0 can be proven pre-
cisely as in Lemma 5.2.13. Then we characterize a given vector function
v E VS%I(’]I‘, du) as to be tangential to the singular structure and constant on
each segment, satisfying the Kirchhoff law in each knot. The strong approx-
imability property can then be shown by solving the Laplace equation with
Neumann boundary values on suitable Lipschitz domains in a neighbourhood
of each knot, just as in the proof of Lemma 5.2.14. We content ourselves with
a proof for the measure given by (5.105). In this case a solenoidal vector v
is of the form v|p, = A\i€) with arbitrary Ay € R. Then with the notation of
Figure 5.9, the function

Akgk on FIS \ Fg
Vs =
o >k Ak€r  on F

belongs to V2 (T, dp®) and there holds vs — v strongly in L(Y, du®). O

Thanks to Lemma 5.2.18, the commutativity of the two-parameter di-
agram also holds in the 3D-case. Again we implicitly presume a regular
fattening ansatz, such as in (5.107).

Corollary 5.2.19. The statement of Theorem 5.2.16 is valid for connected
periodic networks (F, 1) on R3, that means the limit functions u®, uy € HE(Q)
obtained in (5.2) both solve the effective problem (P) defined above.

Sketch of proof. By Lemma 5.2.18 and the previous investigations it clearly
suffices to consider the asymptotics 6 — 0 for fixed € > 0. To this end we have
to adapt the proof of Lemma 5.2.15 to the 3D-case. In order to characterize
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the weak two-scale limits in (5.78), we can again assume that u® is smooth
and that Q = (0,1)3, as well as ¢ = n~! for some n € N;. It also suffices
to consider the measure p defined in (5.105). If the knots of the skeleton
are labeled by (x;,vj, 2k)ijk=1,..n, We can introduce the segments and the
corresponding fattened cubes parallel to the first coordinate axis by

Rj = (0, 1) X {yj} X {Zk}, (5109)
Ry = (0,1)x{y;— 2,y + 2 x{zm— 2, %+ 2}, (5110)

and similar Cj; and Z;; for the segments parallel to the other two axises,
together with C’fk and ij Introducing, as in (5.84), the auxiliary functions

5 5 AR T
vl € H)(Rjk), Vi 1 T 5 ][ 5 ug(x,y, z) dydz , (5.111)
Yi—n Yy

we can argue precisely as in the proof of Lemma 5.2.15 and deduce that
u. € H. and that (us, ®.) € V2(,du:). Using the fact that u. is in H! on
the 1D-skeleton, and combining the sequence of continuous embeddings and
trace extension operators in (5.93) with the further sequence

W34(00) — WB4(00) — WTBH0) — ¢™¥0),  (5.112)

where O = (24, Zi41) X (Y5, Yj+1) X (2k, 2k+1) denote the 3D-cubes contained
in €2, we see that we can find a Holder continuous extension

n

ic:Q >R, G.=u. onF,:= | (RjxUCipUJy) (5.113)
ij k=1
of ue to the whole of €2 and complete the proof as in the 2D-case. O

5.2.3 Counterexamples to noncommutativity

We have seen that one can expect the commutativity of the fattening pro-
cess for a large class of quasilinear elliptic equations, provided the under-
lying singular structure is strongly connected on R? (and sufficiently regu-
lar). In this final paragraph we will construct a counterexample, where the
limits do not commute. To this end we choose a 1D-structure (S, 1) of
vanishing capacity embedded in R3, and consider the nonconnected measure
p=p1|(SNY)+L3]Y. Roughly speaking, the reason for noncommutativity
is that the energy stored in the §-thickened connected structure Ss survives in
the cell problems corresponding to (P}‘fom), whereas it can get lost in the sin-
gular problem (P£™8) comprising the nonconnected structure. For simplicity,
we will consider the semilinear equation

Q) —div(Vud) + il = fs(Z,ul), W€ HS = Hy*(Q,dul)

subject to a suitable source term, where A > 0 is fixed and the parameter §
characterizes the approximating connected structure. Again we consider the
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asymptotics ¢ — 0 and § — 0 independently with the other parameter being
fixed, and then compare the two functions obtained by the different limit
procedures in (5.2). An alternative approach is to consider the simultaneous
limit 6 = d(e) — 0 as € — 0 and investigate the dependence of the effective
problem on the velocity of the convergence to zero of §(¢). The latter is done
in [14], where the authors showed that the limit energy for the sequence of
functionals

1
Tad) = /Q IVl dud

can in the nonconnected case in fact depend on this velocity. Now we in-
troduce the nonconnected structure comprising the 1D-wire of Figure 5.9
combined with the surrounding 3D-Lebesgue measure, that means we define

plY = 308\ + MM F, w(Y)=1, (5.114)

where F' is the skeleton defined in (5.105). As discussed in Example 2.3.9
on page 33, the measure p is not even weakly 2-connected on T, and hence
our methods used in the previous paragraphs do not apply. We consider the
cubic fattening F? of the skeleton F' defined in (5.107). We choose p® to be
absolutely continuous with respect to the £3-measure by setting

L )
5 yeY\F°, 1
A’ = o5 dy _ 5 Sy \ F) = S (F%) = =,
u =osdy, os(y) {cZ;f y e Fe WYNF) =p2(F°) =5
(5.115)

where in order to guarantee the normalization the constants defining the
density o5 are chosen as

(cE) 1 =2-86%(3—46), (c)™!=86%(3—46).

It is easy to check that x® — pu, and that each pf is doubling and strongly
2-connected on R?, however with the (H4)-constant exploding as § — 0. For
the sources we choose the p’-measurable and Y-periodic (with respect to the
y-variable) functions

fe(s) yeY\ Fo,
fn(s) yeF?,

where fr, f : R — R are Lipschitz continuous, monotonically nonincreasing,
and satisfy the sublinear growth condition

f5:RExR =R, fs(y,s) :{ (5.116)

Ifi(s)] < C(1+]s]”), Bel0,1), i=LH. (5.117)

As a consequence, the prerequisites of Assumption 5.2.4 on the sequence of
sources { fs} is satisfied, and there holds, for any fixed s € R:

fe(s) yeY\F,

fn(s) yeF
(5.118)

f5(;8) = f(-5) strongly in L*(Y,du’), f(y,s) = {
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Remark 5.2.20. For any €,6 > 0 there exists a unique solution ug € Hg of
problem (Qg) satisfying the uniform a priori estimate

ldllys < C (5.119)

with a constant independent of 6 and e, where the Hilbert space Hg and its
norm are defined in (5.34) on page 128.

Proof. Existence and estimate (5.119) can be shown precisely as in Corol-
lary 5.2.6, where one has to use x2(€) < C uniformly. Uniqueness follows by
testing the weak formulation

VeeD@: [ (Vul Vo) it = [ fitzadpdid (5120

respectively with the difference of two solutions and using the monotonicity
of fs with respect to the second variable. O

We first consider the asymptotics ¢ — 0 for fixed . This is not a big deal,
since 9 is strongly 2-connected on R®. It turns out to be essential to find an
explicit lower bound on the effective coefficient K. Also note that for the
averaged sources fs, f : R — R there holds

fs(s) = f(s) = 5(fe(s) + frl(s)). (5.121)

Lemma 5.2.21. Let {u®}.~q be the sequence of solutions of problem (Q?).
Then there holds ug — ul two-scale strongly in L2(Q,dug) as € — 0, where
u® € HY () is the unique solution of the problem

Q%)  —div(K;Vud) + il = f(u®) inQ, u’ =0 on Q.

Moreover Kj = a3 K3, where E3 denotes the unit in ./\/lg’ym, and there holds

1 1 — 462

2
— < < gF < 1 ‘
353p-m) "oty S @ st Voelg (5122)

Proof. The first statement exactly coincides with Lemma 5.2.9, where in the
definition of problem (Q?) we have used (5.121). The unique solvability will
follow from (5.122) and the monotonicity of f. In order to determine the
effective coefficient we have to consider the cell problems

(4y)  div(VAse(y)+é) =0 inY, Aspe W), (5.123)

where the Hilbert space Wg is defined as in (5.37) on page 129. Again, by
the definition on z°, there exists a unique solution of problem (Ai), satisfying
the estimate

180kllws = 1VAs iy < 1 (5.124)



5.2 Homogenization of fattened structures 155

for each 6, which can be obtained by testing (5.123) with the solution Asy.
As usual, the effective coefficient K} € M3 reads

sym
(KD)iy = /Y (E+VAsi(y)) @+ VAs () dpb(y), 65 =1,...,3. (5.125)

By the symmetry of g; it is easy to check that /~\5,1(y) = As1(y1, 1 —y2,93)
is a solution of problem (A$) as well, and hence the functions As; and Ay
coincide. It follows that

(Kj)2 = /02A5,1 osdy = /32A5,1(y1,1—yz,yz)ga(yl,l—yz,ys)dy
Y Y

= —/ DNy 05dy = —/(51+VA5,1)‘52dM5 = —(K{)12,
Y Y

and hence (K3)12 = 0. On the other hand, it is easy to check that
(K = [ @+ V0w @’ = 1= [Tl ey < 1,
Y

where we used the normalization of ;1 and the solution property of Asq1. By
the symmetry of the problem we obtain

Kf=afEs, 0<ai<1. (5.126)

It remains to show the lower bound in (5.122). To this end we define an
auxiliary measure i° by

& yev\F,

di’ = os(y) dy, 8s(y) =
i’ =0s(y)dy, 0s5(y) {c}f yeFy

An easy calculation shows that g5 < gs everywhere in Y whenever ¢ € (0, %]
Using the variational formulation of the first cell problem corrresponding to
the measure fi%, we obtain

1 N 1 — 462
2(3—40)  2(1 —40%2(3—46)) "

min§ €1 +V¢H;[ﬁ,y = “51”37,15,}/ =
s

It is important to note that by adding a suitable constant Cs, the function
As1 + Cs belongs to Wg, and hence by the above equality we obtain

a = /Y 0s()|E1 + Vhs1 ()P dy > /Y 5501 + T As ()2 dy

e 1 1 — 462
> | sWiakd = rs + s me g YO

and it is easy to calculate that g is monotonically increasing on |0, %] with
g(0) =2/3. O
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Thanks to the uniform estimate (5.122) and the growth condition (5.117)
imposed on the source f, we can show that the sequence {u’} of solutions of
problem (Q?) is bounded in H'(Q), where we refer to the absorption tech-
niques in the proof of (3.22) on page 50. Moreover there exists a subsequence,
still denoted by J, such that

ay — a*€[2,1] as §—0. (5.127)

The selection of a subsequence is necessary, since we have not shown a mono-
tone dependence of ay on . It suffices to consider from now on only the
subsequence selected in (5.127). The following statement easily follows.
Corollary 5.2.22. Let u® be the solution of problem (Q°) and a* € [%,1]
the limit in (5.127). Then there holds u® — u® weakly in H*(Q), where the
function u® € H}(Q) is the unique solution of the problem

Q%) —a*Au’+ " = L (fe(u®) + f@®) inQ, u® =0 on 0N

Now we consider the asymptotics § — 0 for fixed ¢ > 0. It is easy to
check that there holds

(e — e = S0+ LEPH(QNeF) as 6 — 0, (5.128)

where we have extended F' by Y -periodicity to R3. Using the uniform a priori
estimate (5.119) and the techniques familiar from the proofs of Lemma 5.2.15

and Corollary 5.2.19 respectively, we can show that there exists a function
us € Hy := HS’Q(Q, dpie), such that

wl —u., Vul =V, u. asd—0 (5.129)

in the sense of (5.20). As usual, the fact that the limit gradient is tangential on
the singular structure will be justified a posteriori using the solution property
of u. below. Moreover, the selection of a subsequence is not necessary, since
we will show that u. is the unique solution of the problem

Qo) —div(Vioue) + Mue = f(2,us), ue € Hy*(Q,due).

Indeed, as far as uniqueness is concerned we can test the weak formulation
of the problem

/Q(VﬂsuE Vo 4+ Augp) dupe = /Qf(if,ug)go due Yo € D(Q) (5.130)

with the difference of two solutions u.,v. € H. respectively, and use the
monotonicity of f(-,s) to show that u. = v.. For what follows we introduce,
in the classical setting, the semilinear equation

(Ae) — Ave + . = fr(ve) iInQ, v.=0 on 9N.
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Lemma 5.2.23. The weak limit u. € H. of the sequence of solutions {ul}s=o
of problem (Q2) according to (5.129) is the unique weak solution of problem
(Q:) in the sense of (5.130). In particular, if f1(0) =0, then there holds

H5 . — { ve(z) if e e Q\eF (5.131)

0 if € QNEeF,

where v. € H} () is the unique solution of problem (A.).

Proof. The function u. defined in (5.131) belongs indeed to the Dirichlet
space H. (cf. Example 2.3.9) due to the vanishing capacity of Q2 NeF. When
passing to the limit 6 — 0 in the weak formulation (5.120), it suffices to show
by (5.129) that

fs(Z,ul) — f(£,us) weakly in L2(Q, dpl) (5.132)

e’

as d — 0. For convenience, we sketch the proof of (5.132) for the critical term
corresponding to the skeleton structure, where we use the notation introduced
in (5.109)-(5.111) on page 152, and where w = (x, %, z) denotes a point in R3:

o3t /Rﬁk ) (w)p(w)dw = cff /Rﬁk Fr(@) (@)p(w) dw + o(1)

~ 4 [ ) @eta ) da

as 0 — 0, where we use the Lipschitz continuity of fy and the techniques
familiar from the proof of Lemma 5.2.15. O

The following result is a direct consequence of the characterization of u.
in (5.131) and the application of Theorems 2.4.4— 2.4.5 to the £3-component
of u. We also have to use that the sequence {v.} of solutions of problem (A;)
is uniformly bounded in H'(£2), which is guaranteed by the assumptions on
the source f,. We introduce the second limit problem

(Qo) —Aug+ A ug = fr(ug) in 2, wug =0 on N
Also recall the definition m = (£4|Q) ® (u|Y) of the product measure.

Corollary 5.2.24. If f34(0) = 0, then the sequence {u:}e>0 of solutions of
problem (Q.) two-scale strongly converges to the function

UO(x) yEY\Fv

(5.133)
0 yeF,

LE(QxY)su(z,y) = {

where ug € HL () is the unique solution of problem (Qo).
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Lemma 5.2.23 and Corollary 5.2.24 illustrate that whenever the under-
lying (nonconnected) measure p is a sum of m strongly connected periodic
measures p; with spt u; = Fy and p;(Fj) = 6;5, the two-scale limit u(x,y) of
the sequence {u.} of solutions of the singular e-microscale problem is of the
form

u(z,y) = pri () ui(z), we L (QxY). (5.134)
i=1

In the investigations above we assumed for simplicity that fx(0) = 0. In
general, the component u(-,y) of u belonging to y € F in (5.133) solves a
nontrivial semilinear equation as well. As long as we require fy # fp; and
f(0) # 0 it is obvious that u® # ug, even for the case fy = 0 since 2a* > 1.
However, in order to state the noncommutativity we have to compare the
function u’(x) obtained from the first limit procedure in (5.2) with the two-
scale limit u in (5.134). The point is that we should make sure that u° is not
a convex (or linear) combination of the components wu;(x) of u(x,y), which in
our case reduces to u” not being a scalar multiple of ug. This result is clearly
stronger than the simple observation u® # ug.

Theorem 5.2.25. If the singular limit structure is not (weakly) 2-connected,
in the semilinear case the two-parameter diagram does in general not com-
mute. Moreover, if we choose fy(0) = 0 in our counterexample, there exist
admissible functions fr, such that

PseR: wuy=su’ inQ. (5.135)

Proof. We can assume fx = 0 and choose fr € C'(R) to be strictly positive.
This implies that both functions u°, ug belong to C(Q2), are nonnegative and
not identical to zero. Due to the boundary condition it is easy to calculate
that the equality in (5.135) can only hold for s = 2a*. However, in this case
choosing A sufficiently small and f-(s) =1 — s in a neighbourhood of zero,
we deduce v® = 0 in €2, which is a contradiction. ]



159

6 Appendix

Before we prove or merely quote some theorems and technical lemmas needed
in the text, we first review in telegram style some notation, which is valid
throughout the whole thesis.

6.1 Notation

(i) Notation for matrices

We write A = (A;;) to mean that A is a d x d matrix with (i, j)*®
entry A;;. The transpose of a matrix A we denote by A’.

A diagonal matrix is denoted by diag(©1,...,04), and we set
Eq := diag(1,...,1).

ngm is the space of real symmetric d X d matrices.
If A€ ngm and, as below, = (21,...,24) € R, we write for
the corresponding quadratic form x - Ax = Zf =1 Ajjxix;.

(i) Geometric notation

By N, Z,Q and R we denote respectively the set of natural, integer-
valued, rational and real numbers, Ny := N\ {0}.

By R? we denote the d-dimensional real Euclidean space. A typical
point in R? is # = (x1,...,14) and S¥ ! := {z ¢ R?: |z| = 1}.
é = (0,...,0,1,0,...,0) denotes the k™™ unit vector in R?.

Q and D usually denote open subsets of R?. We write D cC €, if
D c D cC Qand D is compact.

Br(zo) = {x € X : ||z — x0|| < R} denotes the open ball with
center xg € X and radius R > 0 in a normed vector space (X, [|-||).

We write x -y = Zle x;y; for the inner product in R%.

(iii) Notation for measures and functions

By B = B(X) we denote the o-algebra of Borel sets of a metric
space X. A locally finite measure p : B — [0,00] is called a
(positive) Borel measure.

An inner regular Borel measure is called a (positive) Radon mea-
sure. A Radon measure defined on a domain Q C RY can be
uniquely identified with a (positive) linear functional on Co(£2).

By spt i we denote the support of a Radon measure u, and by u|2
the restriction of u to the set €.

By £¢ and H* we denote respectively the Lebesgue measure and
the k-dimensional Hausdorff measure on R,

Ifu:Q — R, we write u(z) = u(z1,...,2q), z € Q. We set u:=v
to define u as equaling v. The support of u is denoted by spt u.
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e For the sign function and the indicator function yr we write

(2) = 1 ifz>0 (2) = 1 ifzekr
TN 21 ite<o, P TV 0 ifee B

e For a Radon measure p, we denote the average of a p-measurable
function f over a pu-measurable set E by

1
f 1@ dnte) = = [ 1) duto)

(iv) Classical function spaces

e For QO C R? open, we write C¥(Q),k € N for the space of k-times
continuously differentiable functions on Q, where C(2) := C°() is
the space of continuous functions and C>(Q) = N ,C*(Q).

e CF(Q) comprises the functions u € C¥(2) with 9%u uniformly con-
tinuous on bounded subsets of  for all || < k, C(Q) := C(Q).

e The Holder space C*5(Q) for k € N and 8 € (0,1] consists of all
functions u € C*(Q) with finite norm

o 0%u(x
lullers@) = Z Sup|6 z)| + Z sup | z) — 0%uly )|

— ﬁ
o |<k‘ €N la= kaiEyQ |l’ y|

e The space C§(Q2) denotes those functions in C¥(Q) with compact
support, where Co(€) := CJ(R2) and D(Q2) := C°(R2). By D'(Q) we
denote the space of distributions on ().

° C{;(R) denotes the Banach space of k-times continuously differen-
tiable functions on R with finite norm

\UHck 3—ZSUP\f(l -

i=0 *€
(v) Lebesgue and Sobolev spaces

e For p € [1,00] and a Radon measure ;1 we denote by LP(§2, du) the
standard Lebesgue spaces, and v € LI (Q,dp) if uw € LP(D,dp)
for any D CC Q. For p = L£¢ we simply write LP(2), L (Q).

e For k € N,p € [1,00] the Sobolev space W¥P(Q) comprises those
functions in LP(Q2), whose a-th weak derivatives belong to LP(£)
for all |o| < k. WEP(€) denotes the closure of D(2) in W*P(Q).

e For the fractional Sobolev spaces we write W*P(§),s > 0,p > 1,
and H*(Q) := W2(Q), H=5(Q) := (H{(Q))" for any s > 0.

e By H,y?(R%) and Hy" (S, du) we denote respectively the Sobolev

spaces on R? and on 2 C R? (with zero trace) with respect to a
Radon measure p, introduced in Section 2.2.
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(vi) Periodic spaces

e Y is the unit cube of R? and T := RY/Z¢ the d-dimensional torus.
We identify functions on T with Y-periodic functions on R,

e CK(T),k € N denotes the space of k-times continuously differen-

tiable functions on T, with C(T) := C°(T). We also write C’ger(Y).

e For p € [1,00] and a Radon measure p we denote by L5 (T), H.y?(T)
the Lebesgue and Sobolev spaces on the torus introduced in Sec-
tion 2.2. For p = £ we also write LB, (V) and HpZ(Y).

(vi) Spaces involving time
e For a Banach space X, the space C([0,7]; X) consists of all contin-

uous functions u : [0,7] — X with finite norm maxo<i<7 ||u(t)| x.

e The space LP(0,7; X) consists of all strongly measurable functions
w: [0,T] — X, with respectively finite norm

T
Jullo o= [l dt il = ess sup @)
0 0<t<T

e The space W1P(0,T; X) consists of all functions u € LP(0,T; X),
such that dyu exists in the weak sense and belongs to LP(0,T; X).
We write H(0,T; X) := W2(0,T; X).

(vii) Miscellanea

e For the dual pairing between a Banach space X and its dual X' we
usually write ((-,-)). For a subspace X C Z of a Banach space Z,
the annihilator is denoted by X+ := {A € Z": {(\,z)) = 0 Vz € X}.

e For a Radon measure p and a function f : Y x X — R that is
p-measurable and Y-periodic in y € Y = (0,1)%, we write

[ X—R z— ]{/f(yw)du(y)-

e Given dual exponents p,p’ € (1, 00), I%+ 1% = 1 we refer to Young’s
inequality as

. 1.p 1
Ya,b > 0: abgpa —i-p,bp

o We write f — 0(9) as r — x, provided limx_m(] B]cg;; = 0.

6.2 Toolbox

We collect several results from functional analysis and the (regularity) theory
of quasilinear elliptic and parabolic equations, to which we refered in the text.
First we prove a useful inequality in R, needed in Section 3.1.
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Proposition 6.1. The following inequalities hold for all a,b € R. If p > 2,
then there holds

27 Pla = bP < (Jaf""%a — [pP72b) (a = b) < (p— 1)(la| + [B])P"*(a = 1)*. (6.1)
Ifp € (1,2) and ¢ := min{p — 1,2'7P} > 0, then there holds
c(lal + |b|)p_2(a —-b)? < (|a\p_2a — |b|p_2b) (a—b) < 2]a—bP. (6.2)

Proof. We prove the statement for p > 2, the case p < 2 requires only minor
changes. Concerning the second inequality in (6.1), note that the function
f:x— |z[P~2z is differentiable with f'(z) = (p — 1)|z[P~2 for each z € R.
Given a,b € R, we obtain

[f(a) = f(b)] < ( sup f/(a?)|> ja = b < (p = 1)(lal +[b])"?|a — b],

z€[a,b]

and hence the second estimate in (6.1). On the other hand, it is easy to check
that
Ve<l: 27P(1—2)P < (1 —|zP22)(1 —2). (6.3)

It is no restriction to assume a > b in order to prove the first inequality in
(6.1). If a > 0, apply (6.3) to = := a~'b and multiply both sides with a?, if
a < 0, choose z := b~'a and multiply with |b|P. O

Now we quote some well known facts from functional analysis, so we can
renounce to give a reference. Recall that the dual pairing between a Banach
space X and its dual X' is denoted by (-, ).

Lemma 6.2. Let X be a Banach space and X' its dual. Then there holds

o For any x € X,x # 0 there exists z € X', such that

']l =1 and (@', 2) = [lz]x -

o If X is reflexive, then for any ' € X, «’ #£ 0 there exists x € X, such
that
lzllx =1 and {z,2)) = [z |[x .

Lemma 6.3. Let X be a reflexive Banach space and w, — v weakly in X' .
Then the following two statements are equivalent:

(i) up — u strongly in X'
(i) n — ¢ weakly in X = (un,pn)) — {u, 9)) -

Theorem 6.4 (Schauder). Let X be a Banach space, M C X a bounded,
closed and convex subset, and T : M — M continuous. If T is compact, that
means T(M) precompact in X, then T has a fized point.
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Theorem 6.5 (Browder-Minty). Let X be a real reflexive Banach space with
dual X'. An operator T : X — X' s bijective, provided it is

e strictly monotone, that means (T'x1 —Tx2,x1 —x2)) > 0 for x1 # x2,

e hemicontinuous, that means lim; o (T (z1 +tx), x2)) = (Tx1,x2) for
all z,x1,20 € X,

e and coercive, that means 1im,|_ W = 4o00.

The reversed Hoélder inequality introduced below may not be standard. It
was essentially used when dealing with monotone elliptic operators subject
to an exponent p € (1,2). For a proof we refer to [37, Theorem 13.6].

Theorem 6.6. Let (S, B, 1) be a complete, o-finite measure space, p € (0,1)
and ¢ < 0, such that % + % = 1. Let f and g be nonnegative, p-measurable

functions satisfying f € LL(S) and g=* € L,(S). Then there holds

/ngdu > (/S fpdu)l/p ([gquu)l/q (6.4)

provided [ g%dp # 0.

The following maximum regularity result for quasilinear scalar elliptic
equations is taken from [12, Theorem 2.25].

Theorem 6.7. Let a: R x R? — RY, (5,€) = (a;(s,€))i=1, 4 be measurable

and set
8ai o 8ai

Bs T Bge
We assume that all a; s are measurable, that all a;j, are globally continuous
in all arguments, and that

ai,s =

lais(s,8)] < CL+E]), (6.5)
|ai,k(5a£)| < 07 V(s,ﬁ), thh|S|§Ra (66)
ain(s,N N > oA} YAERY a>0. (6.7)

If in addition Q is of class C*9, then for any u € HY(Q) N L>®(Q) with
diva(u, Vu) € L*(Q), |diva(u, Vu)| < C(1 + |Vul?) (6.8)
there holds u € W2P(Q) for any 1 < p < oc.

In Section 3.2 we investigated the regularity of cell solutions, taking ad-
vantage of the following result (we refer to [42, 43]) on W1 >-estimates for
divergence form elliptic equations with piecewise Holder continuous coeffi-
cients.
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Theorem 6.8. Let D C R? be a bounded domain containing L disjoint sub-
domains D1, ..., Dy with D = (U,D,) \ 0D. Assume that every D,, is of
class CH* for some 0 < a < 1 and that, whenever a point in D lies on 0D,
then the component of OD,, containing this point is smooth. Let u € H(D)
be a weak solution of the elliptic equation

—div (AVu) = h+divg in D' (D), (6.9)

subject to the following assumptions on the data: A € L®°(D; M2 ), (h,g) €

sym

L®(D;R¥1Y) | and there exist 3 € (0,1) and constants c1,co > 0, such that

alél? < €A@@ < ofé* VaxeD,EeR?,

L
(4,9)(@) =Y X, (@)(An,gn)(x),  where (Ay,gn) € C*F (D R x RY).

Set o/ := min {3, m} Then for any € > 0 there exists a constant C only

depending on L,d,«, (3,¢, c1,c, ”AHcoyoa’(Dfn) and the CY -norms of the D,,
such that

L
IVullzeo(p,) < C <Hu||L2(D) + 1l Lo () +Z\|g\lco,w(pn)> ,  (6.10)
n=1

where D :=={x € D : dist(xz,0D) > c}.

Now we prove an embedding theorem related to spaces involving time. It
was essentially used for the existence proof in Paragraph 4.2.1. Recall that
for two Banach spaces X, Y the expression X CC Y means that X C Y, and
that any bounded subset of X is relatively strongly compact in Y.

Theorem 6.9. Let X,Y, Z be Banach spaces, X and Z reflexive with X CC
Y C Z with continuous injections, and p,q € (1,00). Then there holds

LP(0,T; X)NW'9(0,T;Z) cc LP(0,T;Y), (6.11)
LP(0,7; X)NWh4(0,7;Z) cc ¢([0,T);Z2). (6.12)
Proof. The first statement is known as the Lions-Aubin lemma, and we refer
to [58, Theorem 11.3.5]. To prove (6.12), let (v,,) be a bounded sequence in
LP(0,T; X) N Wh4(0,T; Z). By choosing Y = Z in (6.11) we get
v, — v strongly in LP(0,T;Z), v, —v weakly in W9(0,T; Z)
(6.13)

for a subsequence and a function v € LP(0,T; Z)NW%4(0,T; Z). Since q > 1,
there exists a positive Holder exponent o > 0, such that

[vnllco.a(o,r1,2) + vllcoaqorzy < C (6.14)

with a constant C' independent of n. Now for ¢ > 0 given and a positive
number ¢, to be chosen appropriately, there exists a positive integer N, and
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finitely many closed intervals I; C R with |[;| < ¢. for i = 1,..., N, such
that

Ne
0,71 c|J =L,
i=1
and points t; € I;, such that ||v,(t;) —v(t;)||z — 0 for any 7 by (6.13). Hence
we find M € N, such that

€

VnzMVi=1,....Ne: |ln(ts) —v(ti)llz < 5

(6.15)

Now for ¢ € [0,7T] given, we find an index i € {1,..., N.} depending on t,
such that ¢ € I; and |t — ¢;| < c.. Hence we get

lon(t) =v(@)llz < llon(t) = on(ti)llz + llonti) — v(E)llz + llv(t:) —v(@)]2

for all n > M uniformly in [0,T7], if we choose ¢, := (%)1/0‘, where o and C
are the constants occurring in (6.14). O

For the classical case u = £% we summarize, adapted to our framework,
the existence and uniqueness results of [2] and [51] for the quasilinear elliptic-
parabolic equation

& Ob(u) — div]a(b(u), Vu)] = ¢(b(u)) in Qx (0,7,
b(u) =% in Qx {0}, u = 0 on 92 x (0,T),

that are available under certain structure conditions on b, the nonlinear flux
a and the source ¢g. As usual we assume that Q C R? is open, bounded and
connected with smooth boundary. For the definition and the characterization
of the positive functions ¥ and B := ¥ o b we refer to (4.19) and (4.23).

Theorem 6.10. Let b: R — R be monotone nondecreasing and continuous,
let (%) € LY(Q) with ¥ = b(u®) for some measurable function u®, and let
a:RxR? - R? g:R — R be continuous and satisfy the following properties:

1. Natural growth: 3C < oo, such that for all (z,£) € R x R :
1
|a(b(2), &) + l9(b(2))| < C(1+ B(2)z + [£]).
2. Strict monotonicity in £: 3¢ > 0, such that for all s € R, &1,& € RY:

(a(s,&1) —a(s, &) - (61— &) > cl& — &

Then there exists a solution u € L?(0,T; H}(Q)) of problem (x) in the sense
of Definition 4.2.12 on page 108. For any solution there holds

B(u) € L>®(0,T; LY()), (6.16)
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— UO = i to\u), u or a.e. T .
/Q B(u(r)) /Q B() /0 (Ob(u) ) dt S €[0.7], (6.17)

where ((-,-)) denotes the dual pairing between H=1(Q) and HL(Q). If in ad-
dition g is Lipschitz continuous and a fulfills the following

3. Hélder condition: 3C < oo, such that for all z1,z, € R, € € R? :
|a(b(21),€) — a(b(22), ) < Clz1 — 22|(1 +[€]* + B(21) + B(22))

then the solution u of (x) is unique.

We quote an advanced result from convex analysis. It was used to proof
the corrector results for Richards equation in Section 4.3. For a proof of the
statement we refer to [58, Section 10.2].

Theorem 6.11. Let h : R — R U {400} be proper (i.e. h # +00), strictly
convez and lower semicontinuous. Define the functional

Jo h(v)dzdt —if h(v) € LN(Q),

400 otherwise,

@:Ll(Q)HR,vH{

where Q) is a typical space-time cylinder. Then ® is weakly lower semicontin-
uous and proper. For a sequence v — v weakly in L'(Q), there holds

lim ®(v:) = ®(v) # +oo = h(ve) — h(v) and v. — v strongly in L'(Q).

e—0

The last result (we refer to [19, Lemma A1]) considers multifunctions asso-
ciated with stable spaces. It was used to construct tangent spaces associated
with a positive Radon measure .

Lemma 6.12. Let p1 be a Radon measure on R%,p € [1,00) and V a linear
subspace of (Lh)¢. Assume that the following stability property holds

z€V, b € DRY) = Yze V.
Then for any countable dense set {z, : n € N} C V, we have
V = {z¢ (Lﬁ)d : 2(x) € V(z) p-a.e.}, (6.18)
VE = {ze (@) 2(z) € V() poace}, (6.19)

where we set V(z) := {z,(x) : n € N}, which is a linear subspace of R?.
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