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Abstract

Theories with extended Higgs sectors such as Two-Higgs-Doublet Models (THDMs) or the Next-
to-Minimal Supersymmetric Standard Model (NMSSM) allow for rich CP phenomena and in-
volved Higgs-potential structures. Employing a gauge invariant formulation for the tree-level
Higgs potential of the general THDM, we derive compact criteria for its stability, electroweak
symmetry breaking, and generalised CP properties in a clear geometrical language. A new type
of CP symmetry is shown to impose strong restrictions on the Lagrangian and to require at least
two fermion generations for non-trivial Yukawa terms. Large regions of the NMSSM parameter
space are excluded due to an instable vacuum. We present a rigorous determination of the global
minimum of the tree-level potential via Grobner bases.

In a second part, we investigate the colour dipole picture. This model of high energy photon-
proton scattering permits a very successful description of available HERA data. Nevertheless,
its range of applicability is limited. We derive general bounds on ratios of deep-inelastic proton
structure functions within the colour dipole picture, following exclusively from its framework and
photon wave function properties. Confronting these bounds with HERA data we can further
restrict the range of applicability of the colour dipole picture. Finally, we calculate Ioffe times
for a specific model and find them to be too small to justify the dipole picture at large photon
virtualities.

Zusammenfassung

In Theorien mit erweiterten Higgs-Sektoren wie Modellen mit zwei Higgs-Doubletts (THDMsS)
oder dem Next-to-Minimal Supersymmetric Standard Model (NMSSM) konnen vielfdltige CP-
Phédnomene und nichttriviale Strukturen des HiggsPotentials auftreten. Fiir das allgemeine
THDM erlauben eichinvariante Freiheitsgrade eine geometrische Beschreibung des Higgs-Poten-
tials auf Bornniveau, in der wir kompakte Kriterien fiir Stabilitat, elektroschwache Symme-
triebrechung und CP-Eigenschaften formulieren. Eine neue Art von CP-Symmetrie impliziert
starke Einschrankungen an die Lagrangedichte und erfordert insbesondere mindestens zwei Fer-
mion-Familien fiir nichtverschwindende Yukawa-Wechselwirkungen. Grofle Parameterbereiche des
NMSSM koénnen aufgrund eines instabilen Vakuums ausgeschlossen werden. Wir présentieren eine
Methode zur eindeutigen Bestimmung des globalen Minimums des Potentials auf Bornniveau mit-
tels Grobnerbasen.

In einem zweiten Teil dieser Arbeit untersuchen wir das Farbdipolbild (colour dipole pic-
ture). Dieses Modell der hochenergetischen Photon-Proton-Streuung erlaubt eine sehr erfolgrei-
che Beschreibung verfiigharer HERA-Daten. Allerdings ist sein Anwendungsbereich beschrankt.
Wir leiten allgemeine Schranken an Verhaltnisse tiefinelastischer Strukturfunktionen her, die sich
ausschliefllich aus dem konzeptuellen Rahmen und den Photon-Wellenfunktionen ergeben. Durch
einen Vergleich mit HERA-Daten finden wir neue Einschrankungen fiir den Geltungsbereich des
Dipolbildes. Schliefilich berechnen wir Ioffe-Zeiten innerhalb eines speziellen Modells und zeigen,
dass dort eine Standardvoraussetzung des Dipolbildes bei grofien Photon-Virtualitdten verletzt
ist.
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Introduction 3

For more than three decades up to date, the Standard Model [I], 2, B, 4 [5] of particle
physics provides a theoretically consistent [6] framework to describe the measurements in
high-energy physics with great success [7, 8]. Only one ingredient is still missing: the
scalar Higgs boson. This particle is a crucial prediction of the Standard Model mechanism
[9, 10, 11, 2] for generating particle masses and hiding the electroweak symmetry. Direct
Higgs searches at LEP [13] provide a lower bound on its mass of 114.4 GeV.

Enlarging the scope of the Standard Model (SM) from collider physics to other fields,
the SM can not be considered as a complete description. The observed neutrino masses
[14, [I5] are not contained in the SM, but they are too small to influence collider physics.
Rotational speed of galaxies [16, [I7], the “Bullet cluster” collision [I8| [19] and large scale
structure formation [20, 2], 22] suggest the existence of Cold Dark Matter for which the
SM provides no candidate. In the context of collider physics, it is worth mentioning the
roughly 3o deviations from the SM found for the precision measurements of the muon
anomalous magnetic moment [23, 24] and of B decays [25], which may indicate signs of
beyond the SM physics.

From an aesthetical point of view, the Standard Model can not be regarded as a funda-
mental theory, not only because it contains a large number of free parameters. Although
crucial for the stability of atoms, the quantisation of electric charge is purely coincidental
within the SM. Furthermore, the Standard Model does not explain why there are three
fermion generations with the observed mass and mixing patterns, except for the hint that
CP violation in the Yukawa sector requires at least three families. Finally, the Standard
Model provides no link to gravity. These facts suggest new physics at least at very high
scales. Considering the Standard Model to be valid up to such high energies seems un-
natural, since no mechanism stabilises the hierarchy between the electroweak and the high
scale.

Theories able to solve at least a part of the above SM problems typically require ex-
tended Higgs sectors. In this thesis, we consider aspects of the general Two-Higgs-Doublet
model (THDM) [26], 27, 28, 29] and of the Next-to-Minimal Supersymmetric Standard
Model (NMSSM), see [30, 31, 32] and references therein.

The strong interactions of the Standard Model give rise to a rich phenomenology, which
is theoretically challenging due to large quantum corrections and intrinsic non-perturbative
features. An interesting aspect to study is the behaviour of the gluon densities at small
Bjorken-z such as possible saturation effects due to non-linear interactions. HERA provides
a wealth of data for deep inelastic scattering (DIS) of electrons and positrons on protons,
where the region of small Bjorken-z lies in the non-perturbative region. While phenomeno-
logical models based on the colour dipole picture successfully describe the structure function
measurements also in the non-perturbative regime, they can not yet be derived from the
Standard Model. Further, in order to arrive at the framework used for the dipole model,
a number of assumptions and approximations have to be made. In order to derive firm
conclusions from colour dipole models, their range of applicability needs to be understood
as precisely as possible. In this thesis we examine constraints on the colour dipole picture.

This thesis is organised as follows. In part[[]jmethods and results for different extensions
of the SM Higgs sector are presented. In chapter [1] we give motivations for specific types
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of extended Higgs sectors and discuss previous related work. The ends of sections [1.3| and
provide a detailed overview of the contents of this part of the thesis. Chapter
contains our discussion of THDMs. In section [2.1) we introduce the gauge invariant orbit
variables as the basis for the following tree-level analysis of the general THDM. We derive
the criteria for its stability and electroweak symmetry breaking (EWSB) in section [2.2|and
section [2.3] respectively, followed by a discussion of masses and input parameters in our
notation in section In section [2.5] we discuss generalised CP symmetries and derive
criteria for their realisation. Within the employed gauge invariant formulation, a new type
of CP symmetry emerges naturally. These general methods and results are illustrated in
section for more specific models. In section we discuss in detail the implications of
the new CP symmetry for the Higgs and Yukawa sectors. An extension of these methods
to the case of n doublets is discussed in section 2.8 In chapter [3] we present a method to
determine the global minimum of the NMSSM. The Higgs potential and necessary EWSB
conditions are given in section and section [3.2] We introduce orbit variables for the
NMSSM in section |3.3| and discuss an approach to determine the stationarity conditions
via Grobner bases in section 3.4l Section [3.5] contains our numerical results.

In part we discuss constraints on the colour dipole picture. Chapter [4] contains
an introduction and a discussion of previous work on the topic, followed by a detailed
overview of the contents of this part of the thesis at the end of section A short review
of its foundations is given in chapter [5| along with a detailed discussion of the photon
wave functions. In chapter [6] we derive general bounds on ratios of DIS structure functions
and employ them to constrain the kinematical range of applicability of the colour dipole
picture. Whether different choices for the energy variable in the dipole cross section can
be considered equivalent is discussed in section [7] Finally, in chapter [§, we calculate Ioffe
times for a specific colour dipole model and check whether they justify the application of
the dipole picture.

In part [[V] we summarise our conclusions. Finally, appendix [A] contains a short intro-
duction to Grobner bases and appendix |Bf provides the mathematical details employed in
the derivations of bounds in chapter [6]
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Chapter 1

Motivations for
extended Higgs models

1.1 Open questions in the Standard Model

The detection of the SM Higgs particle is an outstandig problem for the experimental
verification of the Standard Model. Direct searches at LEP give the lower bound [I3] on
its mass

my > 114.4 GeV (1.1)

when combining the measurements of all four LEP experiments. The indirect deter-
mination [§] of the SM Higgs mass from electroweak precision observables alone give
my = 85(+39/-28) GeV and my < 166 GeV at 95% confidence level when Z-pole, my,
my and 'y measurements are included. The rather large errors stem from the fact that
the Higgs mass enters only logarithmically in the one-loop expressions. Before the discov-
ery of the top quark, a similar method lead to the prediction of its mass m,. However, the
precision observables are much more sensitive on my, see also table 10.2 of [§], since m,
enters quadratically. The LHC may presumably discover a Higgs boson up to a mass of
about 1 TeV, see e.g. [33, [34]. For these and many other aspects of Standard Model Higgs
physics see also [35] of the review series [35], [36], which provides a comprehensive coverage
of the state-of-the-art in this field.

Despite the fact, that not even a single scalar elementary particle has been observed
in Nature up to date, it is worthwhile to consider extensions of the Standard Model Higgs
sector for the following reasons.

In the Standard Model the Higgs sector is very sensitive to radiative corrections from
new physics at high scales. The mass of a very heavy particle coupling to the Higgs
boson, such as of an additional vector boson present in Grand Unified Theories (GUTSs),
enters quadratically in the radiative corrections to the Higgs boson mass. Explaining the
electroweak symmetry breaking (EWSB) observed in Nature requires then a fine-tuning
in the renormalisation procedure, which cancels these large terms between the bare Higgs
mass and the quantum corrections to give a net renormalised Higgs mass below one TeV.
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This is usually considered to be an unnatural fine-tuning, and therefore referred to as the
fine-tuning or naturalness problem [37, 38, [39)].

Supersymmetry [40, [41] provides a mechanism to stabilise the electroweak scale at the
observed value by introducing a symmetry between bosons and fermions. Furthermore,
supersymmetry provides a dark matter candidate in case of R-parity conservation. Finally,
supersymmetry improves the unification of the gauge couplings [42], 43 [44] 45] and provides
a link to gravity. From a mathematical point of view, supersymmetry is special in being
the maximal non-trivial extension of the Poincaré symmetry of the S-matrix, which can
be generated by graded Lie-algebras [40] [47]. If realised in Nature, supersymmetry must
be broken. In order to give masses to both the up- and down-type quarks and to keep the
theory free of chiral anomalies, supersymmetric extensions of the SM require an extended
Higgs sector. The Minimal Supersymmetric Standard Model (MSSM) [48], 49, 50l 1]
contains two Higgs doublets, for general reviews see e.g. [52, 53]. For the Higgs sector
of the MSSM see in particular the comprehensive review [36]. In the Next-to-Minimal
Supersymmetric Standard Model (NMSSM) [30], 54, B1],32] a further Higgs singlet is added
to solve the p-problem of the MSSM as we will discuss in section

A non-minimal Higgs sector is also favoured for cosmological reasons. CP violation
is one of the three Sakharov criteria, which have to be fulfilled to explain the observed
baryon-antibaryon asymmetry in our Universe through the particle dynamics [55, 56]. In
the Standard Model, CP violation occurs at tree-level only in the Yukawa sector through
the Kobayashi-Maskawa mechanism [57] and is therefore highly constrained. Taking fur-
thermore the lower bound on the SM Higgs mass into account, the electroweak phase
transition is not able to provide the thermal instability needed to explain the observed
baryon excess, as described in the review [58]. Extended Higgs sectors are less constrained
and allow to circumvent this problem for instance by providing new sources of CP viola-
tion. In contrast to the SM, extended Higgs sectors can lead to explicit and spontaneous
CP violation [59] in the Higgs sector.

Last but not least, the observed fermion masses and mixings show pronounced patterns
and hierarchies. Involving several Higgs bosons in their generation might be a canonical
approach. After all, there are three known generations of fermions and there is no particular
reason for only one Higgs generation.

1.2 Higgs representations and the p parameter

In this section we discuss possible Higgs representations for a SU(3)¢ x SU(2), x U(1)y
gauge theory, where we review the derivations of [60] summarised in [61]. We shall omit the
gauge group SU(3)¢ of strong interactions since it is irrelevant for the following discussion.
Let x denote scalar fields carrying some representation of SU(2), x U(1)y. In general such
a representation is reducible and contains complex unitary and real orthogonal parts. We
assume without loss of generality that y carries a real orthogonal representation, since other
cases may always be mapped to this case, as shown in the above citation for the general case
and in appendix B of [27] for two doublets. In order to break the electroweak symmetry
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spontaneously, the potential is assumed to give non-vanishing vacuum expectation values
(vevs) to the components of ¥,

v = (0]x]0) #0, (1.2)

such that a U(1) factor of SU(2); x U(1)y remains unbroken and can be identified with
the electromagnetic gauge group. Here, v is a multi-component vector, as is y, and gives
rise to particle masses. However, not all a-priori possible representations lead generically
to an experimentally acceptable phenomenology.

A strong restriction stems from the non-observation of large flavour-changing neutral
currents (FCNCs). While FCNCs are automatically suppressed in the SM, this is not
necessarily the case for more general Higgs sectors and corresponding Yukawa couplings.
One way to ensure absence of large FCNCs is to require all fermions of a given charge to
receive their masses from the vev of the same Higgs field and avoid large mixings between
these fields for the physical Higgs bosons [62].

The precisely measured p parameter gives severe constraints for the Higgs sector itself.
The p parameter relates the masses of the W and Z boson, my, and my, to the weak

mixing angle 6:
2
mw
= — . 1.3
P (cos O mZ> (13)

Precision measurements show that p is very close to 1 [63]. This suggests to require
theoretically p = 1 at tree-level. While this is indeed the case for the SM, one finds the
following for more general Higgs representations.

Extending x to carry a unitary representation of the same dimension and decomposing
it into eigenstates (t,y) of weak-isospin and hypercharge with quantum number ¢ and y,
respectively, we have
1 3
2 1, U
and furthermore assume y to be rational numbers, see [60]. With the normalisation chosen
such that the operators of charge, hypercharge and third weak-isospin component are
related by

t=0, (1.4)

Q=T3+Y, (1.5)

the squared gauge-boson masses are given by

miy, = % ( ~ ) Z [tt+1) — y*] v P(t,y)v, (1.6)

sin 0,
ty
2 _ T]p 1.
Mz (sm@ cos Oy ) Zy v Pty (1.7)

where P(¢, y) is the projector on the subspace with representation (¢, y). Here, the positron
charge e, and the sine and cosine of the weak mixing angle are defined in terms of the gauge
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couplings ¢g and ¢’ as in the SM, see for instance [64]:

/

. Y g .
sin Oy, = ———, cos by, = ———, e = gsinb,. (1.8)
/g2+g/2 /g2+g/2
It turns out that
v P(t,y)v #0 (1.9)
is only possible if
ye{—t,—t+1,...,t} (1.10)

Inserting the expressions for my, and myz in the definition (|1.3)) leads to

[t 1) =y v Pt )
B >ty 2yP VTPt y)v

(1.11)

The value p = 1 may now either be obtained by fine-tuning the parameters of the potential
in order to get the right vacuum expectation values, which seems rather unnatural and is
therefore not considered here. Or one only allows those representations in and
that separately lead to p = 1. There are infinitely many such representations [65], starting
with the doublet with t = 1/2 and y = £1/2, and the septuplet with ¢t = 3 and y = £2.
From each of these representations one or more copies are allowed and one still gets p = 1.
Furthermore, the singlet with y = 0 and all representations with

gy {—t—t+1, ..t (1.12)

are allowed since they do not contribute to the sums in ((1.11)).

1.3 The case of two generic doublets

A particular simple extension of the Standard Model Higgs sector while keeping p = 1 at
tree-level is, according to the previous section, to include n instead of only one complex
Higgs doublets. In these n-Higgs-Doublet Models models, electroweak symmetry breaking
works in principle as in the Standard Model. The Lagrangian contains scalar products of
the Higgs doublets without derivatives, which give rise to the tree-level Higgs potential.
The potential is required to be bounded from below and possesses a minimum, which leads
to non-vanishing vacuum expectation values of the Higgs fields. These vevs spontaneously
break the electroweak symmetry down to the electromagnetic symmetry. They give rise to
masses of W and Z bosons through the covariant derivatives of the Higgs doublets, and to
masses of quarks and leptons through Yukawa interactions. As in the Standard Model three
real degrees of freedom from the Higgs doublets can be identified as the Pseudo-Goldstone
Bosons of EWSB, which reappear as longitudinal modes of the massive gauge bosons. Any
further real degree of freedom from the Higgs doublets corresponds to a physical Higgs
boson. Therefore, each additional complex Higgs doublet adds four Higgs bosons to the
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physical spectrum. For more than one doublet the tree-level Higgs potential may give
rise to new phenomena, such as explicit or spontaneous CP violation as well as multiple
minima.

In the case of two Higgs doublets, that is, in Two-Higgs-Doublet Models (THDMs), the
physical spectrum contains 5 physical Higgs bosons. Two of them are charged, H*, and
three of them are neutral. In case CP is conserved one can assign CP quantum numbers to
the neutral Higgs bosons, such that one has one CP odd Higgs A and two CP even Higgses
h and H. By conventions, h denotes the lighter of the two states h and H, which both will
differ from the SM Higgs boson in the general case. For the general THDM the potential
can be quite involved. We shall see that it may contain 14 parameters in contrast to the
2 parameters in the case of one Higgs doublet. The MSSM Higgs sector contains also two
Higgs doublets. Its potential is a very special case of the general THDM potential, since it
is highly constrained by supersymmetry. Introductory remarks specific to the MSSM will
be given in the next section.

Present experiments give the following exclusion regions for various versions of the
THDM. The OPAL collaboration has performed a parameter scan for the CP conserving
THDM [66] and excluded at 95% C.L. large parts of the region where

1GeV < my, < 130GeV,
3GeV <my < 2TeV,

0.4 < tan 3 < 40, (1.13)
. T T mw T
CT Ty Ty

Here, tan 3 is the ratio of the two Higgs vevs and « is a further mixing angle, needed to
diagonalise the mass matrix for the two states h and H. Furthermore, the approximate
region where

1GeV < my < 55GeV,

(1.14)
3GeV < my < 63GeV

is excluded for all tan /3 values for negative o. In a combined analysis [67] of the four LEP
collaborations a lower bound on the mass of the charged Higgs in models with two Higgs
doublets like the THDM or the MSSM, approximately

my+ > 78.6 GeV (1.15)

is determined.

In early work [20, 27, 28|, 68] on the THDM, the number of parameters were restricted by
continuous or discrete symmetries or other restrictions were employed. See [29] for a review
and further references. A recent proposal [69] considers a specific non-supersymmetric
THDM, which postpones the naturalness problem up to a scale of several TeV. Criteria
for stability and electroweak symmetry breaking in more general THDMs were derived
in [70, [71]. Recently, the completely general THDM became the focus of many studies,
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and different basis independent results were derived. Basis independent conditions for
spontaneous CP violation are found in [72, [73]. An extensive analysis of invariants with
respect to basis changes is employed in [74] [75], from which necessary and sufficient basis
independent criteria for explicit and spontaneous CP violation are derived. See also [76] for
another derivation of criteria for spontaneous CP violation and [77] for a general discussion
of CP transformations in gauge theories. The meaning of tan 3 in a basis independent
context is discussed in [78]. The coexistence of multiple minima is considered in [79, 80,
81,182). Criteria for stability and electroweak symmetry breaking were derived in [61] within
a geometric approach in terms of gauge invariant functions, which we shall also employ
in this thesis. Geometric methods are also used in [83] to study criteria for CP violation
in n-Higgs-Doublet Models. A similar formulation is used in [84, [85] 86] to derive various
structural statements, in particular for the coexistence of minima. There, Lorentz-boost
type transformations are used for the gauge invariant functions to assume a standard basis,
which corresponds to a diagonal matrix E in our notation. Note that this modifies the
kinetic terms of the Higgs fields and is not possible for all physically acceptable potentials.
For a recent review of the THDM, in particular of its CP violation properties, see [87].

In chapter [2| of this thesis, we shall discuss the completely general THDM using the
geometric approach of gauge invariant functions [61]. This allows us to derive compact
criteria for stability, electroweak symmetry breaking, and generalised CP properties of the
THDM in a clear geometrical language, see also our publications [88] 89 [90]. The scope
of this analysis is the tree-level. In a more detailed study, quantum corrections should be
taken into account. Our main results are formulated in a basis independent way, and may
thus be applied directly to any specific model irrespective of the chosen basis.

In section we introduce the gauge invariant functions of the Higgs field degrees of
freedom. These gauge invariant functions combine to a Minkowski-type four-vector, which
lies on or inside the forward light cone. Since they parameterise the gauge orbits of the
Higgs fields, we shall also refer to them as orbit variables. Our discussion of stability
and electroweak symmetry breaking in section [2.2] section and physical parameters
in section rederives the results of [61] and extends them. We derive concise criteria
for a theory to be phenomenologically acceptable, which restrict the parameters of the
potential. The presented method gives an explicit recipe to determine all stationary points
and thus the global minimum of the potential also for more involved models. We consider
generalised CP transformations in section [2.5] which are shown to correspond to reflec-
tions of the space-like part of the orbit variables. CP transformations which equal the
standard CP transformation in some basis are reflections on a plane, while a new type of
CP symmetry corresponds to a point reflection. Within this geometric picture, we derive
necessary and sufficient criteria for CP symmetries of the potential, the vacuum and the
Yukawa terms. Examples to illustrate the general methods are given in section In
particular, we present an explicit analytical discussion of a model with two coexisting min-
ima, which demonstrates the need for a global minimum check beyond considering Higgs
masses. Models having the new CP symmetry mentioned before are discussed in more
detail in section [2.7] There we show, that extending all CP symmetries of the Higgs sector
to the Yukawa sector imposes severe restrictions on the fermion masses and couplings.
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This can be used to generate mass hierarchies and ensure absence of large FCNCs by a
canonical symmetry requirement. Comparisons of our results with the literature may be
found in the respective sections. Similar methods as presented here may also be applied
to other extended Higgs sectors. As an outlook we discuss a possible extension to the case
of n Higgs doublets in section [2.§|

1.4 Supersymmetric extensions and the y problem

1.4.1 The minimal supersymmetric extension

The MSSM is defined as the softly broken supersymmetric extension of the Standard Model
with minimal additional field content and conserved R-parity. It contains soft supersymme-
try breaking terms, which do not reintroduce the naturalness problem, and parameterises
them in a general way. Supersymmetry requires pairings of fermions with bosons which
lead effectively to a new supersymmetric partner for each of the SM fermions and gauge
bosons. In order to give masses to both up- and down-type fermions, analyticity of the
superpotential and absence of anomalies require two doublets for the Higgs supermulti-
plets. These Higgs supermultiplets contain two scalar Higgs doublets and their fermionic
superpartners, the Higgsinos.

The MSSM Higgs potential is highly constrained due to supersymmetry. Quartic terms
in the Higgs fields are fixed by supersymmetry in terms of gauge couplings, while quadratic
terms receive supersymmetric as well as soft breaking contributions. In fact, the tree-level
Higgs sector can be parameterised by only two unknown parameters, usually chosen to
be the mass of the pseudoscalar boson m 4 and the ratio tan § of the vacuum expectation
values of the two Higgs doublets. In the decoupling limit m4 > my, where practically
ma 2, 200GeV is sufficient [91], one neutral Higgs boson h is light and has the same
couplings as the SM Higgs boson whereas the other Higgs bosons H, A and HT are heavy
and decouple.

The SM mass bound applies thus also to the mass my, of the lightest CP-even
MSSM Higgs boson in the decoupling limit. In fact, deviations arise for the MSSM with
real parameters only for small m4 and large tan 3. There, the combined LEP result [92]
yields for a scan of several MSSM benchmark scenarios the bounds

ma > 93 GeV (1.16)
mp, > 93 GeV (1.17)

and excludes the range 0.9 < tan 5 < 1.5 at 95 % confidence level. Note that the MSSM
predicts my, < mz = 91GeV at the tree-level, see (2.260)), which is in contradiction to
these measurements. However, radiative corrections increase the tree-level mass bound.
But a substantially higher upper bound requires contributions from rather heavy super-
symmetric particles such as the stops, the superpartners of the top quark, or the gluino,
the superpartner of the gluon. On the other hand, these supersymmetric particles should
not be too heavy, since this would reintroduce the naturalness problem. This is called the
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little fine-tuning problem of the MSSM. State-of-the-art calculations [93, 94] include the
complete 1-loop corrections and many 2-loop contributions also for complex parameters.
For supersymmetric masses not above 1 TeV the radiative corrections are found in [93] to
change the bound on the lightest Higgs mass to

my, < 131 GeV (1.18)

where m; = 172.7GeV is used. The maximum is reached for tan 3 > 10. We also note
that complex parameters of the MSSM actually still allow [92] a very light Higgs bosons
to have escaped detection at LEP.

1.4.2 The p problem of the MSSM
The superpotential of the MSSM has the form, see [95],

W = uch,QH, — dhgQH,; — éh LHy + Wy (1.19)
with o
WHSSM — [, Hy (1.20)

where the hatted fields are superfields. The Yukawa-type terms in contain the
coupling matrices hy, hg, he. We list them only for completeness, but they are not relevant
for us in the following. The Higgs superfields H, and Hd have hypercharge y = —1 / 2
and y = +1/2, respectively, and H,Hy; = H}H; — H°HY. The parameter y mixes H,
and H, and thus the contained scalar Higgses as well as their fermionic superpartners, the
Higgsinos. The soft breaking terms entering the Higgs potential are

Lo = —miy, HIH, —m3; H)Hy— (m3 H,Hy + h.c.). (1.21)

where H,, Hy are the scalar doublets, H,Hy = H} H; — H)Hj, and m} , mj;, , mj are
parameters of dimension mass squared.

The p-term enters the mass of the charginos, which are the mass eigenstates formed
from the charged Higgsinos and the charged superpartners of the W bosons, the winos.
Absence of signals in the search for charginos at LEP [96] put a bound on the chargino
mass of m,= > 92 GeV and require |p| > 0. Moreover, for a phenomenologically acceptable
electroweak symmetry breaking, || should have a value of roughly the electroweak scale
to avoid new fine-tuning problems. On the other hand, x4 is a parameter of mass dimension
in the superpotential, from which one would expect its natural value to be either of the
order of the Planck scale or exactly zero. A zero p-term could be realised by a symmetry
at the high scale, and the form of the renormalisation group equations [97] would then
imply a zero u-term also at the electroweak scale. The lack of a natural origin for a
phenomenologically acceptable pu-term of the order of the electroweak scale v,

Il ~ O(v) (1.22)

is called the p-problem of the MSSM, see also [98].
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Various solutions to the u problem have been discussed in the literature. A promi-
nent example is the Guidice-Masiero mechanism [99], where the p-term is generated in
the context of supergravity breaking. Another solution to the p-problem has received
much attention in the literature: the Next-to-Minimal Supersymmetric Standard Model
(NMSSM). In this model, the p-term is effectively generated by coupling the two doublets
to an additional singlet field, which acquires a vev.

1.4.3 The NMSSM as a solution to the i problem

The Next-to-Minimal Supersymmetric Standard Model (NMSSM) extends the MSSM by
an electroweak singlet chiral superfield S in addition to the two electroweak doublet su-
perfields H'U, H,. We impose a Zs symmetry on the superpotential, which is defined by
multiplication of all superfields by exp(i27/3). This forbids linear and mass terms in the
superpotential and leaves only dimensionless couplings as supersymmetric parameters. We
follow the notation of [100] and parameterise the resulting Higgs part of the NMSSM
superpotential by

. A 1 .
Wik isom = AN SH Hy + 3 53 (1.23)

with the dimensionless real couplings A, k. For the parameterisation of the soft breaking
terms we use

1
Lrogy = —miyy, |Hy|* —miy, |Ha|* —m¥|S)* — (AAA SHyHq + rA, S5+ h.c.) . (1.24)

where H,, H, are the scalar doublets and S is the complex scalar singlet. Here, m%{u, m%{d,
m?% are real parameters of dimension mass squared and Ay, A, are complex parameters of
dimension mass.

Note, that the singlet is required to get a non-vanishing vev (S). A vanishing x would
lead to the spontaneous breaking of a continuous Peccei-Quinn U(1)pg symmetry [101]
and thus to a massless Goldstone boson, the axion [102 [103]. Such a massless axion
is inconsistent with astrophysical and cosmological limits, see [7] for a review, except
for very small A, which in turn prohibits a natural solution of the u problem. A non-
vanishing  explicitly breaks this continuous U(1)pg down to Zj such that no massless
axion emerges. However, the spontaneous breaking of Zs can generate domain walls in
the early universe which contradict the cosmic microwave background measurements. This
is called the domain wall problem. However, additional operators suppressed by powers
of the Planck scale might break the Z3 symmetry at the low scale just enough to avoid
the domain wall problem but still suppressed enough to leave unchanged the low-energy
phenomenology considered here. The are claims in the literature that the existence of such
operators introduces a new naturalness problem, see e.g. [104], while other authors propose
solutions to construct them in a way they deem natural, see e.g. [105]. In the following,
we just assume that the solution to the domain wall problem leaves our considerations
unchanged.
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Since the NMSSM is considered as a solution to the the p-problem of the MSSM we
shall explicitly define a limit to relate both models. Comparing the superpotentials of both

models, (1.20) and (1.23)), as well as their soft breaking terms, (1.21]) and (1.24)), leads to

the identification of the effective u and m? parameters within the NMSSM:
pla= M), m] = AAN(S) (1.25)
Thus we may define the “MSSM limit” of the NMSSM as
Ak — 0 with 1 g, m%!eﬁ = const (1.26)

such that the additional singlet decouples and the standard MSSM Higgs sector with its
two doublets is obtained.

Note, that the supersymmetry breaking parameters are essential for electroweak sym-
metry breaking in the MSSM, see section Their size is roughly determined by the
electroweak scale, and they may be thought of as being generated by some common mech-
anism. While a phenomenologically acceptable p parameter appears at the same scale, it
is a parameter of the unbroken supersymmetry in the MSSM, and therefore of different
nature compared to the soft breaking terms. In contrast, the scale of the effective u-term
in the NMSSM, ples, is set by (S). It therefore originates from soft breaking terms, such
that these become the only source of scale for the electroweak sector. While the origin of
this scale is still left unexplained in the NMSSM, it might easier be linked to one single
breaking mechanism.

In the NMSSM the tree-level upper bound on the lightest Higgs boson is relaxed, which
is of interest to avoid fine-tuning problems due to large masses of supersymmetric particles.
The analysis [106] includes leading radiative corrections and finds a relaxation of the MSSM
bound of about 12 — 16 GeV, where the lightest CP-even NMSSM Higgs mass reaches its
maximum for tan 3 & 2. In contrast, the lightest CP-even MSSM Higgs reaches its upper
bound for tan 3 > 10. More aspects of fine-tuning problems within supersymmetric theories
and the NMSSM in particular may be found in [107] and the references therein. Note that
even a light NMSSM Higgs boson might be difficult to detect. In fact, it might be very
difficult [I08] to observe just one of altogether 5 Higgs bosons at the LHC, since Higgs-
to-Higgs decays may be allowed and all Higgs bosons may have reduced couplings to the
gauge bosons and the top quark due to singlet admixtures.

Further investigations of the NMSSM Higgs sector can be found in [100, [109]. Computer
programs to calculate spectra and check the parameters for various constraints are pre-
sented in [I10] IT1]. Electroweak baryogenesis and light neutralino dark matter is studied
in [I12]. In [I13] many different constraints from collider phenomenology to cosmology are
considered for the nMSSM variant of the model, whose superpotential contains a tadpole
but no triple selfcouplings for the singlet.

In chapter (3| of this thesis, we shall focus on the determination of the global minimum
of the Higgs potential in order to ensure a stable vacuum, see also our publication [114].
This aspect is partially omitted in the literature, or a numerical minimisation method is
applied [109]. Global minimisation is generally a non-trivial problem. While for example,
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combining a numerical local descent method with a grid of starting values might often
succeed in finding the global minimum, it is not guaranteed by the method. From a
heuristic point of view, the NMSSM Higgs potential depends on a rather high number of
fields and has an involved structure in the general case, such that a safe and yet numerically
affordable number of such starting points is not a priori obvious. The aim of our work here
is to systematically reveal all stationary points of the potential by solving the system of
equations which originates from the stationarity condition. We restrict to the tree-level
and show, that this can be done for the full parameter space including CP violation. Our
approach employs algebraic calculations of Grébner bases, for which a short introduction is
given in appendix [Al Whether a given parameter set for the classical Higgs potential leads
to the required EWSB at the global minimum or not, can be determined unambiguously
with our method.
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Chapter 2

The general Two-Higgs-Doublet
Model

2.1 Lagrangian and real orbit variables

2.1.1 Lagrangian
We denote the two complex Higgs-doublet fields by

0= (36)

with © = 1,2. Hence we have eight real scalar degrees of freedom. The most general
SU(2)r, x U(1)y -invariant Lagrangian for the THDM can be written as

XTHDM == g(p + gYuk + j’, (2.2)

where the pure Higgs boson Lagrangian is given by

L, = Z u‘Pz wi) = V(p1, p2) .- (2.3)

i=1,2

This term replaces the kinetic terms of the Higgs boson and the Higgs potential in the
SM Lagrangian, see e.g. [64]. Here and in the following, summation over repeated indices
is understood unless explicitly noted. The covariant derivative is

D, =8, +igWT, +igB,Y, (2.4)

where T, and Y are the generating operators of weak-isospin and weak-hypercharge trans-
formations. For the Higgs doublets we have T, = 0,/2, where o, (a = 1,2, 3) are the Pauli
matrices. We assume both doublets to have weak hypercharge y = 1/2. Further, £y are
the Yukawa-interaction terms of the Higgs fields with fermions which can be parameterised
in the fully general case by

Ly = —Nj LEoiIF = N7 QFg;dift — N7 QF el + hec. (2.5)
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fermion t Y fermion generations
multiplet 1=11] 1= 1=3
LF | 1/2] —1/2 <”E> <”‘i) (”Z)

€L Hr, L

1 0 -1 ) MR TR
o |2 ws | ()] (%) | ()

L L L

uﬁ 0 2/3 UR CR tR

dﬁ 0 — 1/3 dR SR bR

Table 2.1: Fermion fields and their quantum numbers weak isospin ¢ and hypercharge y. Here,
the index L, R denotes the chirality of the fields. The mass eigenstates d;L’R are obtained from

the fields d;L’R by the Cabbibo-Kobayashi-Maskawa basis transformation.

with the fermion electroweak multiplets QF, LE It d'® ! (i = 1,2,3) and complex
Yukawa couplings )\i.,g, /\f,;j , Xjkj . For the usual flavour bases choice, see also [64], the
fermion fields may be identified as in table 2.1} where we also give their quantum numbers.
We shall specify this choice when needed in section 2.7.2] Finally, .#’ contains the terms
of the Lagrangian without Higgs fields. We do not specify £’ here since they are not
relevant for our analysis. The Higgs potential V' in the THDM will be specified below and
discussed extensively.

We remark that in the MSSM the two Higgs doublets H; and H, carry hypercharges
y = —1/2 and y = 4+1/2, respectively, whereas here we use the conventional definition of
the THDM with both doublets carrying y = +1/2. However, our analysis can be translated
to the other case, see for example (3.1) in [50], by setting

ol = _6aﬂ<H5)*?
py = Hy

u?

¢ — (_(1) ; ) (2.7)

The most general gauge invariant and renormalisable potential V (1, @) for the two
Higgs doublets 1 and ¢y can be written, following [75], as

(2.6)

where € is given by

1
V(1. 2) = Yy (pl;) + 5 Zigh (o) (pher) (2.8)

where summation over repeated Higgs flavour indices 4, j, k,l € {1,2} is understood here
and in the following. The parameters Y;, Z;ji are in general complex and satisfy

Zijki = Zriij (2.9)
such that their definition is unique and

Yij =Y, Zijit = L (2.10)

Jis
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such that the potential is hermitian. A change of basis for the Higgs fields
pi — ;= Ui, (Uy) €U(2), (2.11)

leaves the kinetic terms invariant, while the potential keeps its form if its parameters are
changed according to

Yy — Y = U (U5, Yoy, (2.12)

i

Zijin — Zigpg = Ui (U5 Ui (U e, Zirjriow - (2.13)

We note that the global phase factor of U cancels in the potential. Denoting the group of
Higgs basis changes by
U(2), (2.14)

it is only the subgroup
SU(2), Cc U(2), (2.15)

which changes the parameters of the potential. Instead of the representation (2.8) we will
discuss the Higgs potential using real degrees of freedom as introduced in the following
subsection.

2.1.2 Real orbit variables

It is convenient to discuss the properties of the potential such as its stability and its
spontaneous symmetry breaking directly in terms of gauge invariant expressions. For this
purpose we arrange the Higgs fields in a 2 x2 matrix

+ 0
Y1 Y1
— 2.16
¢ (902* 908> (2.16)

and define the 2 x2 matrix
K =04, (2.17)

which contains all SU(2), x U(1)y -invariant scalar products,
Ki; = @}‘Pz‘a (2.18)

with K = (Kjj), i,j € {1,2}. We decompose this matrix with respect to a complete set of
complex matrices consisting of generators of SU(2), and the unit matrix 1,

1
K=5(K1+Ko) (2.19)

where here and in the following boldface symbols are used to denote three component
vectors. The gauge invariant functions defined by this decomposition are

Ko = tr(K1), K =tr(Ko). (2.20)
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Explicitly we get from ([2.18]) and (2.19)

1 1 _
plpr = 5(}(0 +K3),  plo= §(K1 +iK),

1

1 .
Phps = §(Ko — K3), Phor = §(K1 —1Ks), (2.21)

and from ([2.20))

Ko = @lp1 + ohps, K =2Repps,
K3 = lor — ol Ky =2Tm e, (2.22)

which we arrange into the four vector

K- (f;;?) _ (2.23)

We see directly from (2.17)) that K is hermitian and positive semidefinite. From (2.20) we
conclude that the Ky, K, (a=1,2,3) are real due to the hermiticity of K and satisfy

Ky >0, K GK>0, (2.24)
with
g = diag(1,—1,—1,—1) (2.25)
since the positive semi-definiteness of K gives tr K > 0 and det K > 0. These constraints on
K are also sufficient to find corresponding fields as can be seen in an explicit calculation or
in the way described in section . That is, for any real Ky, K fulfilling (2.24)) it is possible
to find fields ¢; such that and are satisfied. Two Higgs field configurations
©1(x), @a(x) and @} (z), ¢5(x) which lie on the same gauge orbit, that is, which differ only
by a gauge transformation, obviously give the same K = K'. On the other hand, two
configurations not connected by a gauge transformation lead to different K, K " as can be
seen by a short calculation. Since Ky, K, (a=1,2,3) parameterise the Higgs gauge orbits
we will call them orbit variables. It is interesting to note that the gauge orbits of the two
Higgs doublets are parameterised by Minkowski type four vectors K whose domain is the
forward light cone, see figure 2.1}
The most general SU(2);, x U(1)y -invariant potential can now be written as

V=¢ K+K EK (2.26)
where the parameters of the potential are a real four vector é and a real symmetric matrix
E. More explicitly, we have

V=VW+V,, (2.27)
Va=6 Ko+ ¢ K, (2.28)
Vi=noKi+2Kon" K+ K'EFK . (2.29)
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Ky

Figure 2.1: The gauge orbits of the Higgs fields in the THDM are parameterised by Minkowski
type four vectors K = (Ko, KT)T = (K, K1, Ko, K3)T, which lie on or inside the forward light
cone.

and

& T i T2 7™Ts
E=1&], n={m]|, E=E"=[nu no ms]. (2.30)
&3 URS 31 M32 7133

Under a change of basis of the Higgs fields we find
K| = Ky, K' =R(U)K, (2.31)
where R(U) € SO(3) is defined by
Ulo®U = Ry(U) 0. (2.32)

The form of the Higgs potential (2.26)) remains unchanged under the replacement (2.31)) if
we perform an appropriate transformation of the parameters

& = o, ¢ =RU)E,
77(/)0 = Too » 77, = R(U> n, (233)
E'= R(U)ER"(U).

The relation (2.32)) defines for any U € U(2) uniquely the corresponding real rotation R,
while it specifies for an arbitrary R € SO(3) a corresponding U up to the global phase
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factor. We can therefore diagonalise F, thereby reducing the number of parameters of V'
by three. The Higgs potential is then determined by only 11 real parameters. Considering
the subgroup SU(2),, of basis changes the transition from the scalar products to the orbit
variables means in a group theoretical notation

202=16®3, (2.34)

where K| is the real flavour singlet and K the real flavour triplet.

The specification of the domain of the orbit variables Ky, K enables us to discuss
the potential directly in the form with all gauge degrees of freedom eliminated,
reduced powers of the occurring dynamical variables and real degrees of freedom only. In
particular, this scheme allows us to determine various features of the general THDM in a
clear geometrical language.

2.2 Stability of the potential

According to subsection we can analyse the properties of the potential as a
function of Ky and K on the domain determined by Ky > 0 and K02 > K?. For Ky >0
we define

k:=K/Ky. (2.35)

In fact, we have Ky =0 only for ¢; = s =0, and the potential V' = 0 in this case.

From ([2.26]) and ([2.35)) we obtain for Ky > 0

Vo = Ko Jao(k), Jo(k) =& + &k, (2.36)
V= K2 Ju(k), Ji(k) :=neo + 20"k + k' Ek (2.37)

where we introduce the functions J,(k) and J4(k) on the domain |k| < 1.

For the potential to be stable, it must be bounded from below. This can be tested by
considering its behaviour at large field configurations, that is, at large K. The stability is
determined by the behaviour of V' in the limit of large field configurations, that is, in the
limit Ky — oo. Thus, the relevant information is given by the signs of Jy(k) and J>(k)

in (2.37) and (2.36]). For the theory to be at least marginally stable

Jy(k) >0 or

for all k| < 1 2.38
Ji(k) =0 and J2(k)20} orall |k| < (2.38)

is necessary and sufficient, since this condition is equivalent to V' > 0 for Ky — oo in
all possible directions k. The more robust stability property V — oo for Ky — oo and
any k can either be guaranteed by

J4(ki) >0 or

f 11kl <1 2.39
Ju(k) =0 and Jg(k)>0} or all. k] < (2:39)
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in a weak sense, or by
Jy(k) >0 forall |k| <1 (2.40)

in a strong sense, that is by the quartic terms of V' solely.

To assure Jy(k) being positive (semi-)definite, it is sufficient to consider its value for
all stationary points of Jy(k) on the domain |k| < 1, and for all stationary points on the
boundary |k| = 1. This holds, because the global minimum of the continuous function
Jy(k) is reached on the compact domain |k| < 1, and it is among those stationary points.
This leads to bounds on 7y, 1, and 7., which parameterise the quartic term Vj of the
potential. Stationary points of Jy(k) with |k| < 1 fulfil

ViJi(k) =2(n+Ek)=0, 1-k*>0. (2.41)
Stationary points on the domain boundary |k| = 1 satisfy
Vi (Ja(k) +u(l — k?)) =2(n+ (E —u)k) =0, 1-k =0, (2.42)

where u is a Lagrange multiplier. The conditions for both types of stationary points may
be written in the combined form

Vi (Ja(k) +u(l — k%) =2(n+(E—u)k) =0,  u(l-k*) =0, 1—-k*>0, (2.43)

where the stationary points with |k| < 1 occur with the Lagrange multiplier v = 0.
Depending on the parameters 7, and 7, there can be exceptional solutions (k,u) of
(2.43]) where det(E — u) = 0, i.e. where u is an eigenvalue of E. For regular values of u
such that det(E — u) # 0 the stationary points fulfil

k(u) = —(E —u)'n, (2.44)

where either the Lagrange multiplier u is determined from k(u)? = 1 or u = 0 and k(0)? < 1
hold. For all stationary points we can determine their existence and their J; values using
one function only. We define the Lagrange type function

flu) = (Ja(k) +u(l = k%), (2.45)

with k(u) as in (2.44)). For all regular stationary points k of Jy(k) holds
f(u) = Ja(k)] gt - (2.46)
f/(u) =1- k2‘stat : (247)

There are stationary points of Jy(k) with |k| < 1 and |k| = 1 exactly if f(0) > 0 and

f'(u) = 0, respectively, and the value of Jy(k) is then given by f(u). Explicitly, we have
fu)=u+no—n"(E—-u)'n, (2.48)
f'(w)=1-=n"(E—u)"n, (2.49
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from the definition ([2.45)).
In a basis where E = diag(u1, po, f13) we obtain:

3 2
"
u) =u+ — , 2.50
fu) Moo ;:1 e (2.50)

2

flluy=1=>" (/1?7+1L)2 : (2.51)

a=1
The derivative f’(u) has at most 6 zeros. Notice that there are no exceptional solutions if
all three components of 1 are different from zero in this basis .
The function f(u) given by (2.48)) allows us to discuss also the exceptional solutions

of (2.41)) and (2.42)). Consider first |k| < 1 and suppose that det ' = 0. In the basis where
E' is diagonal we have

det B = py po i3 = 0 (2.52)
and (2.41)) reads
p1ki = —m,
po ke = —n2, (2.53)
ps ks = —ns.

Obviously, a solution of (2.53)) is only possible if with p, = 0 also , = 0 (a = 1,2, 3).

Therefore, we see from ([2.50]) that exceptional solutions with |k| < 1 are only possible if

f(u) stays finite at u = 0. That is, the pole which would correspond to p, = 0 must have

residue zero. Suppose now that indeed 7, = 0 for all a where u, = 0. Take as an example

1 = o =0 and n; =2 = 0, but uz # 0. Then we get the general solution of (2.53)) as
hy = — B (2.54)

3
with k1, ko arbitrary but satisfying k% < 1. We can write this as

where

1
k”:——’l’], EkLZO,
M3

2
ki<1—k2:1—(@> .
3

Inserting the solution k from ([2.55)), (2.56|) in Jy(k) we get for the functions (2.50)) and
@51)

(2.56)

f(O) J4(k>|stat7
f0)=1-kf>k%>0. (2.58)
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Clearly these arguments work similarly, if only one of the p, is equal to zero or all three
e are zero. In all cases holds for the exceptional points with |k| < 1, which can
exist only if f(u) has no pole at u = 0. Since involves only ”scalar” quantities, it
holds in any basis.

The case of exceptional solutions for |[k| = 1 can be treated in an analogous way. An
exceptional solution of with u = p, (a = 1,2,3) can only exist if the corresponding
Ne = 0. Then f(u) has no pole for u = p, and the exceptional solutions of fulfil

k=k +k., (2.59)
with
kj=—(E-u)'n|_,., (FE—pkL=0
and
f(,ua) = J4(k:>’stat’ (260
f'(pa) =1 —kj =K >0. (2.61)

Note that if a solution is possible, k; may be any linear combination of the eigenvectors
to the eigenvalue p, of E, where the norm is given by |k | = \/f'(ita). Thus we see that
the function f(u) is very useful for discussing the stability of the THDM potential. What
we have shown so far can be formulated as follows.

Consider the functions f(u) and f’(u). Denote by I,

I'=A{uy,...,u,}, (2.62)

the following set of values of u. Include in I all u where f'(u) = 0. Add u = 0 to [ if
f(0) > 0. Consider then the eigenvalues p, (a = 1,2,3) of E. Add those p, to I where
f () is finite and f'(u,) > 0. We have n < 10. The values of the function Jy(k) at its
stationary points are given by
Ja(F) g = f (1) (2.63)

with u; € I. The potential is stable if f(u;) > 0 for all u; € I. Then the stability is given
solely by the quartic terms in the potential. The potential is unstable if we have f(u;) <0
for at least one u; € I. If we have f(u;) > 0 for all u; € I and f(u;) = 0 for at least
one u; € I we have to consider in addition J2(k) in order to decide on the stability of the
potential.

We turn now to this latter case. We shall show that we have to consider in addition
the function

g(u) ==& — € (E—u)"'n (2.64)
for the stationary points of J4(k) with
Ji(K)|giar = flui) = 0. (2.65)

For the vectors k satisfying (2.65)), we get
J2(F) g = 9(ui) (2.66)
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if u; # pg, that is u; is not an eigenvalue of E. If u; is an eigenvalue of F/, that is u; = u, € 1,

we have
inf J>(k) = g(us) — [€L(w)| v/ f'(wi) (2.67)

where the infimum is taken over all exceptional solutions k to u; and

ei(u:)
£ (w) == e(u;) . (2.68)
lz:; lea(wi)|*
Here, e;(u;) (I =1,...,N) are the N < 3 eigenvectors to u;. We summarise our findings

in a theorem.

Theorem 2.2.1. The most general potential of the Two-Higgs-Doublet Model has the
form . Its stability is decided in the following way. If the potential has only the
quadratic term Va, it is stable for & > |&|, marginally stable for & = |&| and unstable
for & < |€|. Suppose now that Vy # 0. We construct then the functions f(u) (2.48),

f(u) (2.49) and g(u) (2.64), and the set I (2.62)) of (at most 10) u values.

1. If f(u;) > 0 for all u; € I the potential is stable in the strong sense ([2.40)).
2. If f(u;) <0 for at least one u; € I the potential is unstable.

3. If f(u;) >0 for all w; € I and f(u;) =0 for at least one u; € I we consider also the
function g(u) (2.64). The potential is stable in the weak sense (2.39) if for all u; € I

where f(u;) = 0 the following holds (see (2.66) to ([2.68]) ):

g(ui) > 0 if u; # pa (2.69)
g(ui) — &L (w) |V f'(wi) > 0 if u; = puq . (2.70)
If in some or all of these cases we have = 0 instead of > 0 we have marginal sta-

bility (2.38). If in at least one case we have < 0 instead of > 0 the potential is

unstable.

Our theorem gives a complete characterisation of the stability properties of the general
THDM potential. In the following subsection we apply the theorem to assert the strong
stability condition for a specific potential. An application for the weaker stability
condition ([2.39) is given in subsection m

2.3 Electroweak symmetry breaking

2.3.1 Stationarity conditions via orbit variables

After our stability analysis in the preceding section we now consider the stationary points
of the potential, since among these points there are the local and global minima and thus
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the vacuum. To determine the stationary points of the Higgs potential we consider
and take the constraints into account. The stationary points with respect to the
Higgs fields may be determined using orbit variables by employing standard techniques
from constrained optimisation. We distinguish three possible types of stationary points by
their location with respect to the domain boundaries.

Classification 2.3.1. The stationary points of the THDM potential (2.26) are described
by the following cases:

o Ky=|K|=0: The tip of the forward light cone
K=0 (2.71)

1s always a stationary point as a direct consequence of the definitions.

e Ky=|K]| > 0: Stationary points on the forward light cone fulfil

Vi (V— uf(Tgf{) ~0, (2.72a)
K GgK =0, (2.72b)
Ko >0, (2.72¢)

where u 1s a Lagrange multiplier.

o Ky > |K]|: Stationary points in the inner part of the forward light cone fulfil

VeV =0, (2.73a)
K GK >0, (2.73D)
Ky >0. (2.73¢)

The existence of stationary solutions as well as the value of a corresponding Lagrange
multiplier is independent of the chosen Higgs flavour basis.

The vacuum will be at least a local minimum of the potential. A stable vacuum is the
global minimum of a stable potential. We denote the vacuum expectation values (vevs) of
the Higgs fields by

) 0. 0
U:_ = <902_>’ v = <90i>7 (274)
with 4 = 1,2. In general the v}, v are complex numbers. To exhibit the consequences for
gauge invariance we consider the matrices (2.16]) at the vacuum,

0 +

(¢) = <U% U#) : (2.75)

Uy Uy

The brackets denote also for the other quantities their vacuum expectation value in the
following. The symmetry properties of the vacuum can be formulated using the rank
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of (¢), which is a gauge and Higgs flavour basis invariant quantity. We shall establish
the connection to the orbit variables of the vacuum and discuss the implications for all
possible cases. We observe that for any matrix A the relation rank ATA = rank A holds
and therefore

rank ¢ = rank K . (2.76)

Furthermore we have

K'GK = 4det K (2.77)
so that we find the following cases.

Classification 2.3.2. The electroweak symmetry breaking induced by a vacuum of the
THDM s characterised by the location of its orbit variables with respect to the forward-
light cone.

o (Ky) = (K)=0: The trivial vacuum has
rank (¢) = rank (K) =0 (2.78)

and vanishing vacuum expectation values for all Higgs fields. In this case, no sym-
metry is spontaneously broken.

o (Ky) = |(K)| > 0: A vacuum on the forward light cone features
rank (¢) = rank (K) =1 (2.79)

such that after performing a SU(2), x U(1)y transformation we achieve

D (Do e

and identify the unbroken U(1) gauge group with the electromagnetic one.
o (Ky) > [(K)|: A vacuum in the interior of the forward light cone has
rank (¢) = rank (K) = 2. (2.81)

such that in any gauge or Higgs flavour basis at least one charged and one neutral
vacuum expectation value is non-vanishing. This means that the full gauge group
SU(2), x U(1)y is broken.

Clearly, the case (Kg) = [(K)| > 0 is required for the vacuum of a phenomenologically
acceptable theory. Figure illustrates the different classes of vacua.

A scheme often used in the literature, also for other types of Higgs sectors, is to repa-
rameterise the potential using the stationarity conditions for the Higgs fields. That is, the
stationarity conditions are not solved but only one of the (in general many) stationary
solutions is picked and parameterised. Typically the parameters of the terms quadratic in
the Higgs fields are eliminated and the vacuum expectation values are considered as input
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Ky

parfial

Figure 2.2: The electroweak symmetry is fully broken, partially broken or unbroken by the
vacuum, depending on its position with respect to the forward light cone.

parameters instead. Physical quantities such as the electroweak scale and the Higgs masses
may now be directly calculated in terms of these parameters. In a second step, parameters
such as the vacuum expectation values are usually traded for the electroweak scale and
maybe other physical quantities like Higgs masses. It is obvious that choosing such a set
of input parameters instead of the original Lagrangian parameters has the advantage that
physical observables such as the known electroweak scale may easily be adjusted to the
observed values. This type of reparameterisation works actually even better when using
orbit variables as we shall show in section Note, that even without explicitly solving
the stationarity equations, one achieves with this reparameterisation that the correspond-
ing vacuum solution is a stationary point of the potential by construction. If one arranges
for positive physical Higgs masses it will furthermore be a local minimum. In simple cases,
where e.g. the potential is at least weakly stable and has only one local minimum, this
automatically ensures a stable vacuum. In the general case however, the reparameterisa-
tion alone is not sufficient to ensure the stability of the vacuum. We will show that for
the THDM indeed more than one local minimum can exist. For a stable vacuum it needs
to be checked that it is indeed the global minimum of the potential. Also, to ensure suf-
ficient stability of a meta-stable vacuum requires more global knowledge of the potential
structure. Therefore, we shall develop means to calculate the stationary points and derive
various statements for their classification and existence in the following.
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2.3.2 Determination of stationary points

We write the non-trivial stationarity conditions (2.73a)) and ([2.72a)) in the combined form

Vi <V - uf{Tgf{) =€+ 2E —uj)K =0 (2.82a)
WK K =0, (2.82D)
~T -~
K GK >0, (2.82¢)
Ko >0, (2.82d)

where a stationary point in the inner part of the forward light cone has Lagrange multiplier
u=0.

There may be up to 4 values u = fi, with a = 1, ..., 4 for which det(E — ugj) = 0. De-
pending on the potential some or all of them may lead to exceptional solutions of (2.82a)).
Regular solutions of (2.82a)) with det(E — ug) # 0 are uniquely determined by

K(u) = —%(E —ug) €. (2.83)
We define the function ) o
flu) = (v —uwK gK) ’K:K(u) (2.84)
from which we find explicitly
flu) = —3€" (B —ug) '€, (2.85)
Py = 1€ (B —ug) '9(F —uj) '€, (2.86)

Employing this function the non-trivial regular stationary points are determined by
K = K(u) for u with det(E—ug) #0, uf'(u)=0, f(u)<0, Ko(u)>0. (2.87)

The only remaining task is now to find the zeros of det(E—ug) and f’(u), which corresponds
to finding the zeros of two univariate polynomials of at most order 4 and 8 respectively.
This can easily be done numerically for any potential, in some cases all solutions can be
given explicitly in an analytical form, see e.g. sections [2.6.1], and

In many cases, for instance if all values jiy, ..., ji4 are different, we can diagonalise the
in general non-hermitian matrix GE in the following way:

4
GE =) jiaPa. (2.88)
a=1

Here the ]f’a~ are quasi-projectors constructed from the normalised right and left eigenvectors
Xas Xa Of gE. We have then §F Xo = fia Xa; Xa §E = Xa flas XaXp = 0ap and can impose as
additional normalisation condition x!x, = 1. The P, are given by

IPa = Xa)%a (289)
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and satisfy

0 fora#b,

where a,b € {1,...,4}. In terms of the P, (2.85) and (2.86) read

flu) = —EZQP—“’ZE, (2.91)

- P, fora=5
trP, =1, IPaIPb:{ orae=u (2.90)

(2.92)

Of course, f (u) (2.85]) is always a meromorphic function of u but in general poles of higher
order than one may also occur.

Alternatively to the method outlined above one may use Grobner bases to determine
the stationary points. This method also ensures at the algebraical level that all stationary
points are found, which include in particular the global minimum. The advantage for the
THDM with respect to the method discussed above is the full automation of the calculation.
However, the Grobner approach can also be applied to more complicated Higgs potentials,
which involve non-linear multivariate stationarity conditions instead of the linear system

(2.82a]). We will explain the method in the context of the NMSSM in chapter [3}

2.3.3 Ciriteria for electroweak symmetry breaking
For any stationary point the potential is given by

1
2
Suppose now that the weak stability condition (2.39) holds. Then (2.93) gives for non-
trivial stationary points where K # 0:

Vigw = -K €= K EK. (2.93)

V|stat < 07 (294)

since the cases Vy < 0 and V; = V5 = 0 are excluded by the stability condition. If the
parameters fulfil §, > |&|, this immediately implies Jo(k) > 0 and hence from V>0
for all K # 0, that is, K =0 is the only stationary point and the global minimum of the
potential. For & < |€| we obtain

ov

0K |k fixed,
Ko=0

=&+Ek<0 (2.95)

for some k, i.e. K = 0 can not be a local minimum, and the global minimum of V' lies
at K # 0.
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Whether a non-trivial stationary point is a local minimum, a local maximum or a saddle
is determined by the Hessian matrix with respect to the orbit variables. For u = 0 the free
Hessian matrix

0? ~
H = (m‘/) ZQE, Where ILL,I/:O...g, (296)
determines the type of the stationary point. For uw # 0 the sign of v and the bordered
Hessian matrix (see for instance [115])

2 & L
H = (%%)2 a“ggK“ (V — uKT§K> , where p,v=20...3, (2.97)
udK, 0K, 0K,

(0 2R
~ (ot 222 om) 299

may determine the type of the stationary point. If the signs of u and the last three
leading principal minors of H are +, —, —, — it is a minimum, if they are —, +, —, + it is a
maximum, if any other combination of definite signs occur it is a saddle. The occurrence
of one or more zeros as is the case e.g. in presence of a degenerate direction might prohibit
the classification. Note, that a definite decision is facilitated by the fact, that no higher
than second derivatives with respect to the orbit variables occur. This is in contrast to
the second derivatives with respect to the Higgs fields, where for zero-directions the fourth
order derivatives must be checked. However, if e.g. already the first or second leading
principal minor described above is zero it will hide the information with respect to the
residual directions, since the following leading principal minors will also be zero. In this
case a simple reordering of the orbit variables in (2.97)) may give a definite answer. See
also the discussion of positive semi-definite matrices in section [2.§
Suppose that the two points

p= @) . g= (f;) (2.99)

with pg > |p| and ¢o > |g| are stationary points of V', that is each of them is a solution of
(2.82)) together with an appropriate Lagrange multiplier u, or u, for p or ¢, respectively.
We have

1 1

V() -V(@) =556 50'€

=P (ue§— E)G—q" (0,5 — E)p
= (ug — 1)) P' 94 (2.100)
Since p and § are vectors on or inside the forward light cone, ' §q is always non-negative.

It becomes zero only for p parallel to g and both on the light cone. Furthermore, the
case that two different p, g on the forward light cone are parallel can not occur, since then
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(2.100) requires V(p) = V(q), while (2.93) and (2.94) imply V(p) # V(q) for that case.
Therefore the values of the potential at non-trivial stationary points are strictly ordered
with respect to their Lagrange multipliers:

Up > Uy = V(p) <V(q). (2.101)

We found in the previous subsection that a regular solution for some given Lagrange
multiplier is uniquely determined, see . From we see that it is the only
stationary solution with its specific value of the potential. Degenerate stationary points
can therefore not be regular, but need to be exceptional with a Lagrange multiplier given
by one of the eigenvalues of §E, see previous subsection. We summarise.

Theorem 2.3.3. For non-trivial stationary points a larger Lagrange multiplier is equivalent
to a lower value of the potential, see , which lies always below that of trivial point,
see . Degenerate stationary points share the same Lagrange multiplier given by an
eigenvalue of GE.

Assuming py = |p| and qo > |g| we get from ([2.82al):
V) -V(@)=pB-9 " EB-q). (2.102)

If the stationary point p on the forward light cone has a positive Lagrange multiplier, its
potential value will by have a lower potential value than any stationary point ¢
in the interior of the forward light cone. From follows in this case that F has a
negative eigenvalue. Since the Hessian matrix for ¢ equals 2F, see , we see that q
cannot be a local minimum. This result and the hierarchies of the stationary points derived
above agree with [80].

Suppose now that a stable potential has {, < ||, or equivalently, a non-trivial global
minimum. The Lagrange multiplier u( of the global minimum is the largest of all occurring
Lagrange multipliers due to , and — as necessary for any minimum — it must be non-
negative

ug > 0. (2.103)

We note that for two different stationary points in the inner part of the domain or with
u = 0 on its boundary, any linear combination of them with Ky > |K]| is a stationary
point as well. These points therefore belong to one connected set of degenerate stationary
points. Stability requires that this set contains points with Ky > |K| and is bounded by
points with Ky = |K]|. If interpreted geometrically, this degenerate set is a line segment,
ellipsoidal area or volume. We summarise.

Theorem 2.3.4. There are the following mutually exclusive possibilities for local minima:
e one or multiple local minima on the forward light cone (Ky = |K|)
e or a degenerate set of solutions in and on the forward light cone (Ky > |K|)

e or one local minimum in the interior of the forward light cone (Ko > |K]|)
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e or the trivial minimum (K =0).

The Lagrange multiplier of any non-trivial local minimum is non-negative, and the global
manimum has the largest of all occurring Lagrange multipliers.

We know from subsection that in a theory with the required EWSB, the orbit
variables of the vacuum lie on the forward light cone. For the particularly important case
that the vacuum is stable, it must be a global minimum of the potential. Together with
the discussion above we thus find the following.

Theorem 2.3.5. The global minimum of a stable potential with the spontaneous electroweak
symmetry breaking SU(2) X U(1l)y— U(1)em

(i) requires & < ||,

(i) is given and guaranteed by a stationary point on the forward light cone with the largest
occurring Lagrange multiplier ug, which is necessarily non-negative.

2.4 Mass matrices and reparameterisation

We assume a stable potential which leads to the desired symmetry breaking pattern as
discussed in the previous sections and derive consequences for the resulting physical fields
in the following. The EWSB observed in nature is achieved by a stationary solution on
the forward light cone. In the gauge we define

(p1) = (1?1) , o (p2) = (UQOGK) . u,uCER (2.104)

and have for the orbit variables of such a partially breaking vacuum

v3 + v3

~\ | 2viv9cos(
<K> - 21)1’02 SiIlC ) (2105)
2 2

vr — b3
Note that this decomposition into the field expectation values holds only for the gauge
([2:80), while (K) itself is of course gauge invariant.

In order to identify the physical content of the Lagrangian, we perform a basis change
to decouple the vacuum expectation values of the two Higgs doublets. We only note, that
this basis change isolates the gauge boson mass terms (and the associated Goldstone con-
tributions in more general gauges than considered here). We choose

o\ [ cosB  sinfe €\ (¢
(@é) B (—sinﬂeic cos 3 ) (90;)’ (2.106)
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with g fulfilling vy sin 3 = ve cos B (tan 5 = vy /vy for v; # 0), and thus arrange that
I\ O I\ O
@ =(,m) =) (2.107)
for the vacuum expectation values in the new basis, where

v=1/2(vi+v3) >0 (2.108)

is the usual Higgs-field vacuum expectation value, v ~ 246 GeV (see for instance [64]). At
the level of the orbit variables the flavour basis change ([2.106|) means

(KG) = (Ko) (2.109a)
Cop + 25587 —Shsk  —sapC
(K') = _5%324 Co¢ + QC%SE —s985¢ | (K) (2.109b)
§26¢¢ S285¢ Cap

with sg = sin 3, c¢g = cos 3 etc., such that in the new basis

1,2
2

o~
=
~
I
oo

(2.110)

1,2
51)

Figure illustrates the flavour basis change (2.109) which decouples the vacuum expec-
tation values.

We choose a unitary gauge such that in addition to (2.107]) the fields satisfy

¢1 () =0, (2.111)
Im ) (x) =0, (2.112)
Re ¢ (x) > 0. (2.113)

We introduce the shifted Higgs fields as the deviations of the original doublet components
from their vacuum expectation values. The actual physical Higgs bosons are the mass
eigenstate admixtures of these shifted fields. We define the three neutral shifted Higgs
fields as

p(z) == V2 Re?(z) — v, (2.114)
W (x) =2 Rep(z), (2.115)
B'(z) == v/2 Im @} (z) . (2.116)

and the charged fields as

: (2.117)
H (z):= (H"(2))" . (2.118)
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Ky

Figure 2.3: The vacuum expectation values are decoupled by a flavour basis change which is just
a real rotation of the orbit variables. The angle (3 satisfies as usual tan 3 = vy /v;.

This leads to

0
(x) = , 2.119a
1 (z) (\%(v + p’(a:))) ( )
H*(x) )
/ X = . " . 2119b
#2() (\/%(h’(x) Ll (@) (2.119D)
It is convenient to decompose K ' according to the power of the physical fields they contain
~ / ~ / ~ / ~ /
with
1 p/ p/2 + h/2 + h//2 + 2H+H—
~ 1)2 0 ~ / h ~ / 1 Qp/h/
K{O}:5 ol K{l}:U nlo K{Q}:§ 20'h" )
1 :0/ p/2_h12_h//2_2H+H—
(2.121)

and, of course, K /{0} = (R />. By u, we denote the Lagrange multiplier corresponding to

the vacuum solution (2.110)). From ([2.82a}) we have
~ ~ = 1 ~/
From the explicit expressions (2.121)) we further get

~ T _ o~ ~ T _ ~1
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Using (2.120) to (2.123]) we obtain for the potential (2.26))

Vi=Viop + Vigy + Viap + Vi, (2.124)
where Vi, are the terms of k™ order in the physical Higgs fields
Vioy = (& + &) v?/4, (2.125)

~ /T ~, ~1 ~ /T _ ~/
Vioy = Ky B Ky +2u, Ky g Koy, ( )

~ /T ~, ~/
~ /T ~, ~/

Vi = Ko E' Ky (2.128)

The second order terms ([2.126]) determine the masses of the physical Higgs fields:

h/
‘/{2} - (h/ hl/? P )Mneutral h" + m%{i H+H— (2129)

pl

with
v? (77/%1 + Uy) ) v 1y -&
Mieiral = 2 v, vt tue) =& | (2.130)
—& —& —&— &

mpye = 2, v° . (2.131)

Note that the condition u, > 0 corresponds to the non-negativity of the charged Higgs
mass Squared at the tree-level. Using the stationarity condition in the present flavour basis

to eliminate 5 we find for the mass parameters

7711 + Uy 77/12 77/13 + 771
M e = 207 | 1y Moo + o Ths + 1) : (2.132)
M+ 1 M+ M3+ 205 + g
mye = 20 u, . (2.133)

Note the simple structure of these mass terms. These, determining the terms quadratic in
the physical fields, are proportional to simple linear combinations of the quartic param-
eters for the original fields and the Lagrange multiplier, with the overall scale set by v.
Generically the mass terms contain 7 real parameters. From and
we see that all 7 parameters are in general independent in this model.

While the charged Higgs fields H* are already mass eigenstates, the physical neutral
Higgs bosons are obtained after diagonalisation of the symmetric mass matrix M?2_ . . If
CP is conserved by both the potential and the vacuum, scalar and pseudo-scalar Higgs
bosons may be defined with a conserved CP quantum number. We shall discuss CP
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invariances in detail in section [2.5 but already note the following. In case of standard
CP conservation of both the potential and the vacuum, M?2_, | becomes diagonal in the
2—direction. Then h” is a CP-odd, i.e. pseudo-scalar, mass eigenstate denoted by A := h”,
while p’, h' are CP-even fields, which mix to two mass eigenstates denoted by h, H. In
case h, H are not degenerate, h is the lighter of the two states by convention. Explicit
examples for physical Higgs bosons and masses can be found in sections and 2.7]

We close this section with a remark concerning the choice of input parameters. In
general the vacuum solution is a complicated function of the original parameters,
which may not even be calculable analytically. It is therefore tempting to use a parameter-
isation of the vacuum to reparameterise the potential itself via the stationarity conditions,
as already discussed in subsection [2.3.1] A particularly simple starting point is the param-
eterisation of the vacuum in the general basis (2.105)). One may now replace £ via

with K given in ([2.105)) and v; eliminated by means of ([2.108)):

é: é(UaU%CamHi,UOOJLE)- (2134)

With this the potential can be reparameterised in terms of v, vs, (, my=+,noo, n, £. With
this set of independent input parameters, v can be adjusted to the required value ,
and relations involving the vacuum solution can be evaluated directly in terms of input
parameters. Note, that this parameterisation (2.134]) is possible for all potentials having
a non-zero stationary point K on the light cone. A potential not having such a point
can not have the required EWSB behaviour. After the substitution the four-
vector K in corresponds by construction to a stationary point of V. Thus, the
parameterisation is possible for all potentials with a stationary point at the wanted
place (2.192)). But for any specific values of the new parameters it remains to be checked
whether K in (2.192)) is indeed the global minimum of a stable potential V. This typically
requires to perform the complete analysis presented in the previous section. Note that in
the orbit variable approach this change of parameters is even possible for the cases where
the phase ( or one of vy, vy vanishes. We consider this to be a slight advantage with
respect to the similar change of parameters within the traditional field based approach,
where case distinctions are required.
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2.5 Generalised CP symmetries

2.5.1 CP transformations
Standard CP transformation

The standard CP transformation of the gauge, Higgs and fermion fields reads (see for
instance [64])

CP,:  WH=) — —W, (2, (2.135a)
B*(z) — —B,(x), (2.135b)
pi(z) — ¥i (), i=1,2, (2.135¢)
i(z) — A S(C) Y, (=), i=1,...,N;. (2.135d)

Here we have

@ =(5) @=(2) (2.136)

7% and S(C) := iy*4" are the usual Dirac matrices for the parity and charge conjugation
transformations, respectively (see for instance chapter 4 of [64]), and

Oq
2

is the matrix of the W-potentials. Of course, a discussion of this CP transformation makes
only sense once we have already chosen a particular basis for the two Higgs doublets since
basis transformations change . Such a particular choice of basis is, indeed,
in general required when the Yukawa terms 2, are taken into consideration. In the
MSSM, for instance, one Higgs doublet couples to the up-type fermions, one to the down
type fermions. This clearly singles out a special basis. Therefore, we have denoted the CP
transformations in by CP, for standard and special.

From the definition of our matrix K and of the four real coefficients Ky and K, it is
obvious that the CP transformation ([2.135]) corresponds to

Wh(z) = Wh(z) (2.137)

CP;, : Ko(x) — Ko(2'),
Kl(ZE) Kl(I/)
Ky(x) | — | —Ky(2') | . (2.138)
K3(x) Ks(2)

That is, the vector K (x) is subjected to a reflection on the 1 — 3 plane and a change of
argument r — 1/,

CP; : K(zr) — Ry K(2), (2.139)

where

1
Ry:=10 -1 0]. (2.140)
0
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Generalised CP transformations of the fields

We shall in this theses also consider generalised CP transformations of the Higgs fields

[116] defined by

CP, : WH(z) — =W, (), (2.141a)
Bt(z) — —B,(2), (2.141b)
pi(r) — U i), i=1,2, (2.141¢)
Ui(z) — UL A S(C) ;T (7)), i=1,...,Ny (2.141d)

with U? = (Uf) € U(2) and U¥ = (UZﬁ) € U(Ny). That is, the usual CP transformation
of the Higgs and the fermion fields are supplemented by a flavour basis change. Explicitly,
we allow independent mixings for fermions with different quantum numbers:

CP, :  Lix) — ULA"S(CO)I; " ('), (2.142a)
1F(a) — UL A0 S(0)T; " (2'), (2.142b)
Q" (x) — Ug 7 S(0) _fT(x'), (2.142¢)
dR(z) — UL 10 s(0)d) " (@), (2.142d)
uf(z) — UL A" S(C)alt (). (2.142¢)

Although we presently discuss THDMs, parts of the following discussions are formulated
at a rather generic level. This allows to apply the results to cases with different numbers
not only of the fermions but also of the Higgs doublets.

Now we shall require that a CP, transformation applied twice gives the original fields
up to a symmetry transformation of the Lagrangian, see also [117]. We find from (2.141):

CP,0oCPy: WH(z) — WH(x), (2.143a)
B¥(x) — B*(x), (2.143b)
i(z) — (UPU?");;05(x), i=1,2, (2.143c)
Vi(z) — —(UYUY*)ii(x), i=1,...,N;. (2.143d)

Of course, the complete set of symmetries of the Lagrangian depends on the specific THDM
one considers. We shall consider here completely general potentials without insisting on
any further symmetries. Therefore we require that the twofold application of a CP, trans-
formation reproduces the original fields up to a phase. This implies that any of the mixing

matrices U in (2.141)) satisfy
UU* =e™”1 (2.144)

with real s. It is interesting to note that in (2.144)) only certain phases s are possible
depending on the number of flavours involved. Note that the global phase of the matrix U
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drops out in ([2.144)) and a non-trivial phase s can only be generated through a non-trivial
matrix structure. Actually, we see from U UT = 1 that (2.144]) implies

U=e>U? (2.145)
= U, (2.146)

from which we read off that only the cases UT = U with UU* = 1 or UT = —U with
UU* = —1 are possible. We therefore find the following.

Theorem 2.5.1. Generalised CP symmetries may be defined which involve a uni-
tary flavour mixing in the respective sector in addition to the standard CP transformation.
Requiring a twofold CP, symmetry to reproduce the original fields up to phase implies
UU* = 1 with » € R for the flavour mizing matrices U = U¥,U%. A unitary matriz
U = U(n) with this property can be realised only in the following ways:

UeU(1) = Ut=U  with UU* =1, (2.147)
UeU(n), n>2 = U'=U  with UU*=1,
or U'=-U with UU*=—1. (2.148)

To our knowledge, cases with U U* # 1 have not been discussed in the literature before
ref. [89]. The simplest realisation of the case U U* = —1 is possible for 2 flavours. In this
case U must be of the form

U = e, €= (_01 (1)> : e R. (2.149)

As a preparation for the following discussion we consider a CP, transformation in a
new basis of the Higgs and the fermion fields, defined by

oi(x) = Wizpi(x), WeU(2)), (2.150a)
Vi(x) = Vijthi(z) VeU(Ny). (2.150b)
We get
CPy: ¢i(x) — (WU W) (2"), i=1,2, (2.151a)
di(a) — (VU V) S(C) P, (@), i=1,...,Ny. (2.151D)

From theorem [2.5.1] we see that a mixing U in a generalised CP transformation with
UU* = 1 can be realised for any number of flavours. In [75] it was shown for the Higgs
sector that for any generalised CP transformation of this type there exists a Higgs flavour
basis in which it is just the standard CP transformation. We briefly reproduce the proof
here and extend the statement. If a unitary matrix U satisfies UU* = 1 it must be
symmetric, U = U'. As a consequence of Takagi’s factorisation theorem, see e.g. [118], it
can then be written as U = X' X where X is a unitary matrix. We consider the action
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of a generalised CP transformation on the Higgs fields, where the mixing matrix U% in
satisfies U¥ U?* = 1. Choosing the Higgs basis ¢; = X/¢; we see from (2.151al)
with W = X*

CPy:  gi(a) — (XUPXN)e} () = o (2'), (2.152)

that is, the generalised CP transformation reduces to the standard CP transformation.
On the other hand, let U¥ define a generalised CP transformation which is reducible
to the standard CP transformation by a basis change W. From we see that
WU?WT = 1 and therefore U? U?* = WIW*WT W1t = 1. For the fermion sector the
arguments run along the same lines. We therefore find the following.

Theorem 2.5.2. For a generalised CP, transformation of the Higgs or the fermion sector,
(2.141c)) or (2.141d), a flavour basis exists in which it equals the standard CPs transfor-
mation if and only if

U'=U  with UU*=1 (2.153)

holds for the corresponding unitary mizing matriz U = U? or U = UY.

This theorem states in particular, that a CP, transformation with U U* = —1, such as
in , is not equivalent to standard CP transformation by a change of basis.

We would like to comment on the “concatenation” of CP, transformations. Applying
three different CP, transformations CPg, CPZ, CPj one after the other gives

CP¢ o CP) o CPY, (2.154)

which is again a transformation of the form (2.141) with new mixing matrices. Suppose
we consider either the Higgses or a specific fermion type, and let U,, U,, U. be the cor-
responding mixing matrices in CPy, CPS, CPj respectively. Rewriting the threefold CP,
product according to the resulting mixing will be Uy, = U, U U, and thus unitary.
Even if each of U,, U,, U. is of type the matrix Uy,; must not necessarily satisfy
([2.144) (take for instance U, = (o1 + 1)/v/2, U, = 1, U. = € as a counter example with
2x 2 matrices). However, in other cases the U,, Uy, U. and also the Uy, of all sectors are
of type and therefore interpretable in a similar way. A particular case of such a
product will be constructed in section There we show that a CP, symmetry of the
new type U U* = —1 can actually be written as a threefold product of “conventional” CP,
symmetries with U U* = 1.

Concerning the normalisation of the operator (CP,)? we remark the following. The
operator (CP,)? reproduces the original Higgs fields up to a possible phase factor, which
can in all cases be interpreted as a hypercharge transformation:

I
—

; it U e
CP,oCPy;: ¢i(x) — {SO () iroey (2.155)

exp(i6mY)pi(x) f UPUP* = —1

If only the “standard” mixing types with exp(ix) = 1 occur in a CP, transformation,
the operator (CP,)? is normalised for all fields in the same way as (CPy)?, that is, for
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the Higgs, the fermion and the gauge boson fields. For certain combinations involving the
“non-standard” mixing types, the operator exp(i67Y’) o (CP,)? is normalised for all fields
in the usual way, that is as for (CP)?. An example for such a combination is the case
exp(in?) = exp(isxl) = exp(i»?) = —1 and exp(is!) = exp(izx?) = exp(ix*) = 1. In the
general case additional unobservable phase factors may occur for the fermions.

CP transformations of the orbit variables

We discuss now the generalised CP transformations at the level of the Higgs orbit variables
and rederive some of the statements found above at the level of the Higgs fields. Using the
orbit variable will allow to give a simple geometrical interpretation of the CP, symmetries.
For the standard CP transformation we get from for the orbit variables

CP, : Ko(x) — Ko(2'),
K(z) — RyK(2). (2.156)

The generalised CP transformations of the orbit variables follow from ([2.141c]) and ({2.11])
according to

CP, : Ko(x) — Ko(a'),
K(z) — R(U?)Ry K (2) (2.157)

with R(U%?) € SO(3) obtained from (2.11])) with U replaced by U¥. That is, CP, induces
an improper rotation R? of the vector K in addition to the change of argument © — 2’

CP, : K(r) — R?K ('), (2.158)
where

R = R(U*)R,,

RPR¢™ =13,

det R? = det (R(U¥)Ry) = —1. (2.159)

From the results of subsection it is clear that to any improper rotation R? there is a

U?¥ € U(2) which, inserted in (2.141)), gives ([2.158]) and (2.159)).

We shall study now the effect of a basis change (2.11)) on R,,. For this it is convenient
to work with the matrix ¢(x) (2.16)). Let the new basis fields be ¢} (x), ¢5(x) and the

corresponding matrix
(@) 90'0(37)>
(@)= (7} i) = Ul 2.160
o) = (1) ) = vota) (2.160)
with U € U(2). The CP,, transformation (2.141)) reads

CP, : o(x) — U%e*(2) . (2.161)



46 2. The general Two-Higgs-Doublet Model

This implies

CP, : ¢ (x) — U™ ('),
with
U? =Uu*U* . (2.162)
The transformation of K} (z) and K'(z) in the new basis is
R S (2163)
K'(z) — R7K'(2'),
with B B
R?' = R(U?\Ry = R(U)R*R*(U) . (2.164)

Here R(U) € SO(3) is the rotation matrix obtained from U according to (2.11]). Thus, a
basis change induces an orthogonal transformation of the improper rotation matrix R¥.

Now we shall require that a CP, transformation applied twice gives the original fields
up to a phase factor. For the orbit variables we find from (2.158)):

CPg o) CPQ . K()(il?) — K()(ZL') s

K(z) — (R?)’K (7). (2.165)

Requiring that CP, o CP, gives the unit transformation for the orbit variables leads to the
condition

RPR? =13. (2.166)
But we also have R¥YR?T = 13, see (2.159)). The requirement (2.166]) thus means that R?

is symmetric

R?Y = R?. (2.167)

As a real symmetric matrix it can be diagonalised by an orthogonal matrix R(U). That
is, we can change the basis of the Higgs fields according to (2.160)) and achieve

R? = R(U) R? R"(U) = diagonal matrix. (2.168)

Since R¥' is an improper rotation it satisfies R?'R?™ = 15 and det R*' = —1. Thus, we
have only the possibilities R?' = Ry or Ry or R3 or —13. Here

Ry :=diag(—1, 1, 1),

Ry :=diag( 1,—-1, 1), (2.169)

Ry :=diag( 1, 1,-1).
The cases R¥' = R;, 7 = 1,2,3 are equivalent by a basis change. In constrast, a CP,
transformation with R?" = —13 is not equivalent by a basis change to any of these cases.
In fact, R¥' = R¥ = —13 is invariant under basis changes, since the latter are orthogonal

transformations. Thus we find the following.
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Theorem 2.5.3. Generalised CP symmetries (2.158) whose twofold application reproduce
the original orbit variables, (2.166)), are improper rotations R? in K-space. Such an im-
proper rotation is either

(i) RY=—13, (2.170)

that is, a basis independent point reflection at the origin, or orthogonally equivalent to the
standard CP transformation described by the reflection Rs

(1) R? = RY(U)RyR(U), (2.171)
that is, a reflection on a plane.

By a straight-forward calculation we find that the CP, type (i) transformation corre-
sponds exactly to the Higgs field mixing with U U¥* = —1. On the other hand
we see from theorems [2.5.2|and [2.5.3[that CP, type (ii) symmetries correspond to the CP,
symmetries with U¥ U¥* = 1 for the Higgs fields, which are equivalent to CP, up to a
basis change. We note that in terms of the orbit variables both types of symmetries arise

equally natural in terms of ([2.166)).

2.5.2 CP symmetries of the potential

The kinetic term in the Lagrangian (2.3)) is invariant under CP, and CP, as defined in
(2.135)) and (2.141f). The CP symmetries of the Lagrangian are therefore determined by

the scalar Higgs potential and the Yukawa terms. We consider first the symmetries of the
scalar Higgs potential. Asking if the potential V' allows a CP, symmetry is the same
as asking if it is invariant under some improper rotation of the K-vectors. That
is, we have invariance under a CP, transformation if the parameters of V' satisfy

R¢=¢, R*n=mn, RERT=F (2.172)
for some improper rotation matrix R¥.
Standard CP symmetry
The potential V' allows CP; as a symmetry if and only if

R&=€¢, Rm=mn, RER!=EF, (2.173)
that is, it contains no terms linear in K5. Thus, we have the following theorem.

Theorem 2.5.4. The Higgs Lagrangian with the general potential 1S 1nvariant
under the CPy transformation (2.135)) if and only if

=0, =0, n2=mn3=0. (2.174)
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CP, type (i) symmetry

For the case (i), R¥ as in (2.170), the invariance conditions (2.172) for the potential
parameters give us the following theorem.

Theorem 2.5.5. The Higgs potential (2.26) has the CP, symmetry (2.158) of type (i),
where R? = —13 (see (2.170})), if and only if

£E=0 and m=0. (2.175)

CP, type (ii) symmetries

For the case (i), R as in (2.171)), we find that the original CP, transformation (2.141)
is equal to the standard CPy transformation (2.135) for the Higgs fields after a suitable

change of basis, see (2.11]) and (2.160)):

CP, : oi(z) — o ('), 1=1,2. (2.176)

Using now the results of subsection we find that the THDM potential will
be invariant under a CP, transformation of type (i) if and only if we can find a basis
transformation eliminating all odd powers of K,. That is, there must exist some
R(U) € SO(3) such that

§=RU)E=(0],

n'=RU)n= 0 : (2.177)
.0 -

E'=RU)ER"(U)= {0 - 0],
.0 -

where the dots represent arbitrary entries. Note that the central entry of £’ that is EY,,
can be different from zero since it corresponds to a quadratic term in K5. Obviously, the
first two conditions correspond to a rotation of the vector cross product & x i into the
2—direction which is always achievable by suitable rotations around the 1- and the 3-axis.
It is advantageous to formulate the conditions in a way independent of the chosen
basis, such that no rotations of the original parameters have to be performed.

In the following we shall show that the conditions are equivalent to a simple set
of equations. We formulate this result as a theorem.

Theorem 2.5.6. The THDM potential V is invariant under a CPy transforma-
tion of type (ii) (see (2.171)) if and only if the following basis independent set of
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equations holds:

(&xmn)" EE=0, (2.178a)
(&xmn)" En=0, (2.178b)
(& x (E€)" E*6 =0, (2.178¢)
(n x (Em))" E*n=0. (2.1784)

Note, that the conditions (2.178)) express linear dependencies via four vanishing triple
products of three-vector type quantities. These triple products are “pseudo-scalar”, that
is, they are invariant under rotations (basis changes) but change their sign under reflections

(CP, type (i) or (ii) transformations). The conditions (2.178¢|) and (2.178d|) are required
for the case & x n = 0, which leads to trivial equations for (2.178a}) and (2.178b|) and thus

gives no constraints on the matrix F.

Proof. We shall show that (2.177) is equivalent to (2.178]). It is easy to see that (2.177
implies (2.178]) by inserting (2.177)) into (2.178]). Now we want to show that from (2.178
follows ([2.177) with a suitable rotation R(U). First we choose a basis where

0 m
g=RU)¢=|0], n”=RU)n=1{0]. (2.179)
& s

Note that a rotation into this basis is always possible for two vectors. It remains to be
shown that in addition 77, = 73=0 can be achieved if (2.178a)-(2.178d)) hold. We remark
that F is a symmetric matrix (see ) and this property is not altered by a similarity
transformation . We have to consider different cases depending on whether the vector
cross product

0
& xn' = |&mn (2.180)
0

vanishes or not. Let us first assume that the vector cross product (2.180)) does not vanish,
that is, we have &n; # 0. From ([2.178a)) we find now

(& x0T E'& = &80 =0. (2.181)
This means that n; = 75, = 0. Then (2.178b)) gives
(& x )T E'"n =ny &ni =0, (2.182)

that is, we have also n}; = 1}, = 0. Thus, the explicit form (2.177) follows from ([2.178a])-
(2.178d]) for this case.

Now we have to consider also the special case of a vanishing vector cross product (2.180)).
In this case (2.178a]) and ([2.178b]) are trivially fulfilled and give no constraint for the matrix

E’. We shall now use (2.178¢]) and (2.178d)) to prove (2.177). If £ x n = 0 and & = 0 and
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n = 0 we can achieve (2.177) trivially by diagonalising E. Thus, consider the case that
& xn =0 and & # 0. By an orthogonal transformation we can diagonalise E:

R(U)ER"(U,) = E' = diag(pu1, p12, fi3)- (2.183)

In this basis 77, = 153 = 0 is fulfilled already. Furthermore, we have

&1 11&] (13 — p2)6585
=&, B¢ = | s |, € x B = | (1 —us)&sé |, (2.184)
§é M3§§ (Mz - Ml)ﬂf&

and from ([2.178¢|),

(€ x (E'€))" B = (11 — p2) (2 — p3) (13 — p1)&1€58 = 0. (2.185)

If all eigenvalues p, are different we find from that at least one & must be zero.
By a change of basis which interchanges the components we can achieve &, = 0 without
introducing off-diagonal elements in E’. Then 1’ being parallel to & implies n, = 0 and we
found a basis of the form . Suppose, on the other hand, that at least two eigenvalues
1e are equal. Without loss of generality we can suppose

M1 = f2. (2.186)

By a rotation around the 3-axis, leaving E’ diagonal, we can then achieve

&
g=10 (2.187)
&

and also 7, = 0 since n’ is parallel to &', g.e.d. For the case £ x n = 0 and 1 # 0 the
argumentation runs along the same lines using (2.178d)) instead of (2.178c|). This completes
the proof that the set of the conditions (2.178al)-(2.178d) is equivalent to the existence of

a basis satisfying (2.177]). O

Comparing our conditions (2.178a))-(2.178d) to the literature, we find them to be equiv-
alent to (23)-(26) in [75] as well as to the conditions given in (A)-(B) in [83]. In [75] the
conditions were found by a systematic survey of all possible complex invariants - and there
is an enormous number of such invariants - within a field based formulation, which is a
completely different approach. Our triple products required to vanish in (2.178al), (2.178b)),
and turn out to be equal to —27%Ioyay, 27 Iysz, and —27 1314, in their notation.
Despite the fact, that the fourth invariant occurring in [75] and our condition (2.178¢])
are different, we can show that the full sets of conditions are equivalent. This is conve-
niently done by computing the reduced Grobner bases for both sets which are indeed equal
(for a brief introduction to the formalism of Grobner bases see appendix . The proof
above shows how a Higgs basis is constructed for which the potential is invariant under the
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standard CP transformation, provided holds. In this basis the parameters of the
potential with respect to the Higgs fields, V' (1, ¢2), are real. Note that by construction
the parameters of V(K ) are always real, independent of its CP properties.

We remark that the conditions in guarantee that the potential has at least
one CP, invariance transformation. It is possible that a theory has more than one CP,
invariance transformation. A sufficient condition guaranteeing the uniqueness of the CP,
transformation is

Exn#0. (2.188)

Then, clearly the only reflection symmetry one can have is on the plane spanned by & and
1. In table , we give a classification of CP, type (4i) invariant theories with respect to
the number of independent CP, transformations they allow.

A final remark concerns the relation of type (i) and (i7) symmetries. From theo-
rems [2.5.5 and [2.5.6| we see that a theory having the CP, symmetry of type (i) is also
invariant under - in fact several - CP, transformations of type (it).

2.5.3 CP symmetries of the vacuum

If there is no CP transformation under which the potential is invariant, CP is broken ez-
plicitly. If the potential is invariant under a certain CP, transformation but the vacuum
expectation value does not respect this symmetry we have spontaneous violation of this
CP, symmetry. Note that a potential can be symmetric under several CP, transforma-
tions where some may be conserved and some violated by the vacuum expectation value.
Examples for this case are given below.

Suppose now that the potential V' has a CP, symmetry, that is, an invariance under
an improper rotation R¥. The potential parameters satisfy then (2.172). This symmetry
is spontaneously broken if and only if the vacuum expectation value K does not respect
this symmetry, that is, it fulfils

R°K # K. (2.189)

Note the gauge invariance and basis independence of this condition.

Spontaneous breaking of any CP symmetry implies that the vacuum belongs to a de-
generate set of stationary points. From theorem we see that the Lagrange multiplier
u, of the vacuum is an eigenvalue of GE in this case.

We shall now derive conditions for which the vacuum is invariant under possible CPj,
CP, type (i) or (i) symmetries of the potential. Note that all conditions which refer to the
vacuum solution may be evaluated directly if the potential is reparameterised as described
at the end of section 2.4

Standard CP symmetry

Suppose the potential is invariant under CP,. Spontaneous CP, violation means that the
vacuum is not invariant under this symmetry,

RK # K, (2.190)
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that is, we have
Ky #£0. (2.191)

For a vacuum solution with the required EWSB we write as in (2.105])

v} + v3
=~ | 2vivacos(
K = 20,0 8in C |- (2.192)

2 2
vy — U3

From ([2.191)) we find the well known result that CPy is violated spontaneously if and only
if v #0, vy # 0, ¢ # 0,7. That means, the vacuum expectation values of the two Higgs
fields in this special basis must be complex relative to each other. We note, however, that
this statement has no basis-independent meaning. By a suitable basis transformation we
can always achieve that only one Higgs doublet has a non-vanishing vacuum expectation
value which, moreover, is real (see section .

Let us discuss in which cases spontaneous CP, violation arises for a stable vacuum. For
any vacuum of a CPg conserving potential with partial EWSB we see that
implies

(p2 +uy) Ky =0, (2.193)

where po = 199 is an eigenvalue of E due to the latter being diagonal in the 2-direction.
Since spontaneous CPg violation means Ky # 0, it requires for the vacuum Lagrange
multiplier

Uy = — g - (2.194)

On the other hand, u, is non-negative and related to the charged Higgs mass squared, see

theorem and (2.131)), such that (2.194) implies
pe <0, (2.195)

where the inequality becomes strict for absence of massless charged Higgs bosons. Taking
the relation (2.131)) into account we summarise as follows.

Theorem 2.5.7. Spontaneous violation of the CP; symmetry of the potential with the
parameters (2.174)) requires

Lo
flr = Uy = = oMy <0, (2.196)

for the eigenvalue py = n9s of E and the Lagrange multiplier w, of the vacuum.

For a vacuum to be stable it must be the global minimum of the potential. Let us there-
fore consider a CP,-symmetric potential with parameters as in having (at least) two
stationary solutions on the light cone. We suppose that the CP, symmetry is respected by
one solution K€ with K$¥ = 0 and violated by the other solution K<¥ through K£% + 0.



2.5 Generalised CP symmetries 53

We denote the corresponding Lagrange multipliers by ucp and ugp = —po. Perturbing the
CP, conserving point by a small amount (0 < ¢ < 1) within the light cone according to

Vitez-1
0

K — K°P 4 K¢P e , (2.197)
0
we find for the potential value
V(KDY = V(K®) + (ucp + p2) (KST)? €2 4+ O(eY) (2.198)

after employing the corresponding stationarity condition with v = ucp. There-
fore the CP; conserving point can only be a (local) minimum if ucp + g > 0, that is, if
ucp > Ugp. From theorem we know that a higher Lagrange multiplier means a lower
potential value. Thus, we find the following.

Theorem 2.5.8. If the THDM potential has a CPs conserving (local) minimum, there can
be no stationary points with lower values of the potential which violate this symmetry.

This result was found before, see [80] and references therein. While the existence of a
CP, conserving light-like minimum implies that the global minimum has these properties
too, there are cases with more than one CP, conserving light-like minimum, see subsec-
tion [2.6.3] Therefore, a determination of the actual global minimum is still necessary in
general.

CP, type (i) symmetry

According to theorem m the potential having CP, invariance of type (i) has the form
(see (2.175))
V = & Ko(x) 4+ no K& (x) + K" (z) E K (z). (2.199)

From ({2.24) we see that the correct EWSB requires for the vacaum K # 0. This implies
then (2.189) with R¥ = —13 to hold,

- 13K # K. (2.200)
We formulate this result as a theorem:

Theorem 2.5.9. A theory which is invariant under the CP, type (i) transformation has
the potential . The required EWSB implies that the CP, type (i) symmetry is spon-

taneously broken.

In section 2.7] we discuss in detail the stability and EWSB properties of this class of
models having the potential (2.199)). There we prove the following theorem.
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Theorem 2.5.10. Consider the Higgs part of the THDM Lagrangian with the poten-
tial having CP, invariance of type (i). Let p1 > po > pg be the eigenvalues of E
with this ordering. The theory is stable, has the correct EWSB and no zero mass charged
Higgs boson if and only if

Moo > 0,
fa + M0 >0 fora=1,2,3,
o <0,
pg < 0.

(2.201)

The CP, symmetry of type (i) is then spontaneously broken.

CP, type (ii) symmetries

For a theory having a CP, invariance of type (i7) the parameters of the potential 1 must sat-
isfy (2.178a))-(2.178d|) according to theorem Such a CP, symmetry is spontaneously
broken if (2.189) holds with R? as in Suppose now that for given parameters
satisfying (2.178al)-(2.178d]) it has been checked that V' is a stable potential. Suppose fur-
thermore, that the vacuum solution K has been identified. The following theorem allows
then to check if CP, is spontaneously violated or not.

Theorem 2.5.11. Suppose that the potential is invariant under one or more CP, type
(ii) transformations, that is, its parameters respect (2.178d|)-(2.178d). Let Koy, K be the
vacuum solution. There is a CPy invariance which is also respected by the vacuum if and
only if the following three basis independent equations hold:

(Exn)'K=0, (2.202a)
(€ x (E€)'K =0, (2.202b)
(nx (En))"K =0. (2.202¢)
We distinguish two cases.
(@) E€xn#0.

The theory allows then exactly one CPy, type (ii) invariance transformation which is con-

served also by the vacuum if and only if (2.202d|) holds. In this case (2.202b) and (2.202d
are a consequence of (2.202d).

(b) €xmn=0.

Then (2.202d) is trivial. There may be more than one CP, type (ii) invariance trans-
formation. At least one of these symmetries is also respected by the vacuum if (2.202b

and (2.202d) hold.
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In order to prove the theorem, we need to show a basis with

&=0, (2.203a)
Ty = Ty = N3 =0, (2.203b)
K}, =0 (2.203c)

exists if and only if (2.178)) and (2.202)) hold. As can directly be seen by insertion, (2.203
implies and in the primed basis and due to the basis independence of (2.17§
and also in any basis. It remains to be shown that from (2.178) and (2.202)) the
existence of a basis follows. We shall give two independent proofs. The first one
is short and rather formal, but reveals some more invariants which must vanish if
holds. The second is quite lengthy, but shows explicitly how to find a basis in which CP
is a symmetry, provided holds. Furthermore, the occurrence of more than one CP,,
type (i1) symmetry is considered in detail.

Formal proof. We shall prove that (2.178)) and (2.202) imply (2.203) for some basis choice.

For the stationary point K = 0, which leaves the electroweak symmetry unbroken, the
proof is trivial. We shall now prove the statement for all other stationary points, in
particular for solutions with the required EWSB. We will use the fact that any stationary
point K # 0 fulfils a stationarity condition (2.82a]) whose three-vector part can be written
as

¢ = —2(EK +uK + Kon) (2.204)

with a specific value of u. As a preparation we first show that certain additional invariants
vanish. Replacing & in ([2.202al) via the stationarity condition (2.204]) we find

(nx (EK))" K=0. (2.205)

This implies
(¢x (EK)" K=0, (2.206)

which can be seen by replacing & via (2.204)). Next we show that
(nx (B¢ K=0. (2.207)

If n and K are linearly dependent, (2.207) follows immediately. In the other case we
replace & in (2.207)) by a linear combination of 7 and K, which is possible by ([2.202a)).

Using ([2.202¢)) and ([2.205)), (2.207]) follows. Similarly we find

(€ x (En)" K =0, (2.208)
using ([2.202al), (2.202b)) and (2.206]). The relation
(EK x (E€)" K =0 (2.209)

follows after substituting FK via (2.204]) from (2.202b]) and (2.207)). Similarly we find
(EK x (En))" K =0 (2.210)
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using ([2.204)), (2.202d]) and (2.208]). We find

(K x (EK))" E’K =0 (2.211)

by replacing EK in the term E?K via (2.204) since (2.209) and (2.210]) hold.

In the case that & and m are linearly independent, we may choose a basis of the

form (2.177)) by theorem [2.5.6] From ([2.202a)) follows immediately that we have Ky = 0 in
this basis.

In the case that £ is a multiple of i we note that (2.202d)), (2.205)), (2.211]) and (2.178d]),

(K xn)" EK =0, (Kx(EK))" E’°K =0,

. . (2.212)
(K xm) En=0, (nx(En) En=0,

are equal to the explicit CP conservation conditions ([2.178al)-(2.178d)) if we replace & by
K in the latter. Using the proof of theorem we find that there is a basis with
ny = K} = n15 = 13 = 0 and thus also &, = 0.

In the case that 7 is a multiple of & we use (2.202b)), (2.206), (2-211]) and (2.178),

(Kx¢&"EK=0, (Kx(EK))" E°K =0,

2.213
(Kx&" BE=0, (& (BE)" E*¢=0. 2219
Replacing 7 by K in the proof of theorem [2.5.6] we see that we can find a basis with
¢, = K = n\y = nh; = 0 and thus also n}, = 0. O

Detailed proof. Here we present an alternative proof for the existence of the basis
in case that and hold.

We discuss first the trivial case that the potential parameters satisfy (2.178al)-([2.178d
and the vacuum expectation value is the zero four-vector K = 0. Then (2.202al)-([2.202¢
are also trivially satisfied. From theoremwe see that we can go to a basis where ([2.203a))
and hold. Since K = 0 in our case we have also K} = 0.

Thus we can turn to the case that K #0. Then K fulfils according to the
stationarity condition

¢ =—2(EK +uK + Kon) . (2.214)

Consider now a potential with parameters satisfying (2.178). We may then choose a
basis with &', ' and E’ of the form ([2.177)) by theorem With a suitable rotation in
the 1-3 subspace we can diagonalise E’. Then we have

! /
§ = % —(0). Foa
- ) n = ) - 1ag<lu17:u27:u3)7 (2215)
& s
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0
g xn' = |&m—E&n |, (2.216)
0
0
€ x EE = | (1 —ps)&i& |, (2.217)
0
0
W x B = | (0 — )ity | (2.218)
0
Let us first consider the case
(@) €xn#0:
This implies, of course, & x i/ # 0, that is,
&y —&my # 0. (2.219)

If now ([2.202a]) holds we get immediately
(€ xn) K'=0
= (&m — &m3) K5 =0 (2.220)
= K;,=0.

Furthermore, we find from (2.217)), (2.218)) and (2.220) that (2.202b)) and (2.202¢|) are

automatically satisfied. We summarise this case. If £xm # 0 the only possible CP, type (%)
symmetry is the reflection on the plane spanned by € and 1 (see subsection [2.5.2)) and this

symmetry is respected by the vacuum if and only if (2.202a}) holds. In this case ([2.202a])
implies also (2.202b]) and ([2.202¢)). This proves the case (a) of theorem [2.5.11}

Next we consider the case

(b) €xmn=0:

Then ([2.202al) is trivially fulfilled. Suppose first that & # 0. Then 7 is proportional to &,

n =M. (2.221)

For the case of linearly dependent vectors K and £ we have in particular in the basis
(2.215) K5 =0, so we may assume in the following K and & being linearly independent.
Now we distinguish various subcases.

(b.1) €x EE#0 :

The only reflection plane for a symmetry of the potential is spanned by & and E£ in this

case. We get from ([2.217))
(11— p3) 165 # 0 (2.222)
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and from ([2.202b))

(11— p3) &35 = 0. (2.223)
This leads to K}=0, ¢.e.d.
(b.2) EXFEE=0:
There we have
(1 — 113) €€, = 0. (2.224)

Now we distinguish the different cases for the eigenvalues of E.
(b.2.1)  pq, po, pg all different:

We get £1€4 = 0. If, for instance, £ = 0 the theory has two reflection symmetries namely
in this basis Ry and Ry (see (2.169). From (2.214]) we have

2.225
—2(pe +u) Ky . ( )

0=
0=

Since we consider here p; # o we must have either K| = 0 or K, = 0. That is, at least one
of the reflection symmetries R; or Ry is conserved by the vacuum. In case K] = 0 we can
interchange the 1’- and 2’-components by a change of basis and in this way achieve K} = 0,
g.e.d. For & = 0 the argumentation is analogous, involving R; and Rj.

(0.2.2) 1= po # p3

We get again from €& = 0. For & = 0 the argumentation is as in (b.2.1).
For & # 0 and £ = 0 we may perform a rotation around the 3’-axis such that K = 0 g.e.d.
Note, that £’ is not affected by this rotation since p; = pp. In this case we have reflection
symmetry on every plane containing the 3’-axis, in particular on the plane spanned by &’
and K'. The reflection symmetry on this plane clearly is conserved by the vacuum.

(0.2.3) po = pz # pa

The argumentation is analogous to the case (b.2.2).

(0.2.4) pn = pz # po

We can, by a rotation around the 2’-axis, leaving E’ diagonal, achieve & = &, =0, & # 0.
Here R; and R, are reflection symmetries. Then ([2.214]) gives

0= (/'Ll + U)Kiu

! 2.226
0 = (2 + W)}, (2.226)

Thus, either K| or K must be zero. In case K] = 0 we can interchange the 1’- and
2'-components by a change of basis and in this way achieve K} = 0, ¢.e.d.
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(0.2.5) = pg = pg :

There is reflection symmetry on all planes containing &', in particular on the plane spanned
by ¢ and K’. This reflection symmetry is obviously unbroken by the vacuum. This
proves theorem [2.5.11] for the case (b) if & # 0. For m # 0 everything runs analogously

using ([2.202c)) instead of ([2.202h)).

(b3) £€=m=0":

In this case we have CP, invariance of type (7). There are then at least three CP, type (i7)
invariances. Here we get from (2.214)

0= (:U’l + U)Ki )
0= (2 +u)K}, (2.227)
0= (us+u)K3.

If not all y, are equal, this implies that at least one K! =0 (a € {1,2,3}). By a change of
basis we can always achieve that K} = 0, ¢.e.d. If uy = s = p3 we have reflection symmetry
of the potential on any plane. The reflection symmetries on all planes containing K’ are
respected by the vacuum. This completes the first proof of theorem [2.5.11]

From the detailed discussion above we also found the number of independent reflections
symmetries, that is, type (i) CP, transformations, which occur for the various cases. This
is summarised in table [2.2| where it is always supposed that the potential parameters
satisfy (2.178al)-(2.178d). O

We compared our conditions ([2.202al)-(2.202c)) for the existence of a CP symmetry
of the vacuum with those of theorem 4 in [75], which were proven in [74] and found
before in [72] [73]. The triple product in equals —(v/2)*Tm J; in the notation of
[75], the other invariants in the conditions of [75] and our conditions have no one-to-one
correspondence. However, we find complete agreement between our conditions and
those of [75] taking into account the respective full set of equations, that is, including the
explicit CP-conservation conditions and the stationarity equations. This equivalence was
obtained via radical membership tests using Grébner basis computations (see appendix
for a short introduction to Grébner bases). We also compared our conditions (2.202a))-
to the corresponding conditions a)-c¢) in [83] and find agreement up to (2.202c)),
which is not contained in the latter set of criteria. We note that condition c) of [83] is no
independent restriction since it is a consequence of the stationarity condition, see .
Further, we do find examples where omitting matters, that are examples satisfying
the conditions of [83] but possessing spontaneous breaking of a unique CP symmetry of
the potential.

Note that the formulation absence of spontaneous CP wviolation is not quite appropriate
in this context. The correct statement is given in theorem [2.5.11] above. It covers also the
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parameter conditions number of CP, type (i)
reflection symmetries
(a) Exn#0 1
(b) Exn=0
(1) €£0,€x BE£0 1
n#0,nxEn#0 1

(b.2) E£0,ExXEE=0or
n#0,mxEn=0,
eigenvalues of E:

K1, Ho, 3
(0.2.1)  uq, po, ps all different 2
(b.2.2) = pe # s 2 or 0o
(0.2.3) o = pz # 2 or oo
(0.2.4) g1 = p3 # o 2

(3)  £€=0,n=0,

M1, K2, H3:
all different 3
at least 2 equal 00

Table 2.2: The CP, type (ii) transformations are described by reflections on planes. The table
lists the number of these symmetries for a potential satisfying ([2.178a))-(2.178d|) depending on the
different cases for the parameters. The vacuum is invariant under at least one of the symmetries
if and only if (2.202a})-(2.202¢) hold. The numbering of the eigenvalues p1, pa, s of E is chosen
such that ps = 15, in a basis where &', ' and E’ have the form .

case that the theory has more than one independent CP, type (ii) invariance transforma-
tion, where one is respected by the vacuum and another spontaneously broken. From the
discussion of the case (b) in the second proof above and from table [2.2{ we see that, indeed,
these mixed cases really occur.

The properties of a spontaneously CP, violating vacuum in theorems and
can be generalised to the present case of CP, type (i) transformations. Choosing for some
given CP, type (i¢) symmetry of the potential the basis where it equals the CP, symmetry,
both theorems are directly applicable. Further, note that the conditions on the vacuum
given above may be directly evaluated in terms of conditions on the potential parameters,
if the reparameterisation described in subsection [2.4] is applied and the required vacuum
is confirmed to be the global minimum with the methods described in section [2.3]

As discussed in the previous subsection, a type (i) symmetry is necessarily sponta-
neously broken in a phenomenologically acceptable theory. On the other hand, a type ()
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symmetric model has at least three type (i7) symmetries. We see from table that the
vacuum respects at least one of these symmetries.

2.5.4 CP symmetries of the Yukawa terms
We parameterised in (2.5) the Yukawa part of the Lagrangian as

Lyru(z) = — )\i,f; LE(z) () ()
= A5 QF(x) () dif ()
— 2\ QF(x) e o (x) uy (z) + h.c. (2.228)
Under a generalised CP transformation (2.142)) we find

CPy:  Lulr) — = N UL UL Uy LE(a") oy () 1 ()
— X UL UL Ul QB oy (o)) dif(a)
— AU Uz U’ Qi(a') e gl (') ug (') + h.c. (2.229)

i’

Invariance of Zy under CP is therefore equivalent to

NS XIS U U U (2.230b)

By recursive insertion follow the necessary conditions for CP, invariance of the Lagrangian

NI = AT (U U (U2 U905 (U U (2.231a)
NI = N (UR7UR) s (U UP7) 1 (UL U)o (2.231D)
)\Z?ij — )\%: (UQ* UQ)M (Ue* Uso)j/j (U U)oy - (2.231c)

We saw the requirement CP, o CP, to reproduce the original fields up to a phase restricted
the mixing matrices to U¥ UY* = %1, where ¢ = L,1,Q,u,d'. Together with (2.231])
follows therefore that such a CP, symmetry of the Lagrangian requires

UU*=—1 for 0 or 2 matrices U € {UL, U, U¥} or A, =0, (2.232a)
UU* = —1 for 0 or 2 matrices U € {U?,U%, U¥} or )\f;k =0, (2.232b)
UU*=—1 for 0 or 2 matrices U € {U, U",U%} or ANy =0. (2.232¢)

That is, a Lagrangian with this kind of CP, symmetry requires either an appropriate match-
ing of the mixing types in the CP, transformation or vanishing Yukawa couplings to the
Higgses and therefore zero masses for all leptons, up-type or down-type quarks respectively.



62 2. The general Two-Higgs-Doublet Model

In particular, for a CP, symmetry with anti-symmetric Higgs mixing (U¥ U¥* = —1) also
one of the involved fermion mixing matrices must be anti-symmetric in order to have non-
vanishing Yukawa couplings. However, this is possible only for 2 generations of fermions
or more. This proves the following.

Theorem 2.5.12. Non-vanishing CP, type (i) symmetric couplings of fermions to Higgs
fields require
Ny > 2, (2.233)

that is at least two fermion generations.

We saw in subsection that a CP, type (i) symmetric Higgs sector is automatically
CP,, type (i) invariant. We discuss this model in detail in section [2.7], where we will see
that such a Higgs potential has in fact at least three different CP, type (i7) symmetries.
Extending all of these symmetries also to the Yukawa couplings requires not only 2 fermion
generations or more, but also leads to severe restrictions on the Yukawa couplings for the
case Ny = 2. We summarise the general results of section in the following theorem.

Theorem 2.5.13. A CP, type (i) symmetric Higgs potential is also invariant under at
least three different CPy type (ii) transformations. Extending these three symmetries of the
potential to invariances of the full Lagrangian requires at least two fermion generations for
non-vanishing Yukawa terms. For the case of two coupled fermion generations different and
non-vanishing masses of the two generations imply large FCNCs. It is possible to prescribe
the above set of CP, symmetries such that one fermion generation stays massless, the other
acquires a mass, and no large FCNCs occur.

2.6 Examples

Here we apply the general considerations of sections to to specific models.

2.6.1 Minimal Supersymmetric Standard Model

In this subsection, we consider the MSSM Higgs potential. The MSSM Higgs sector has
been worked out in great detail by many authors (see e.g. the review [53] and references
therein), and radiative corrections are known to be sizable [93]. The purpose of the follow-
ing discussion is to illustrate the methods for the general THDM described in the previous
sections. We will reproduce the well-known tree-level results for its stability, symmetry
breaking and mass spectrum. The MSSM Higgs potential is

V =Vb+ Vi + Vst (2.234)
with
B T S N e R} [ L
Vo = (9" +97) (HaHa = HyH ) + 597 |HaHu| (2.235)
Vi = |uf* (H}Hy + HJH,), (2.236)

Viot = m%y, HyHy +m2, HIH, — (m? HfeH, + h.c.) (2.237)
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where we follow closely the usual notation [95]. Here, H; and H, are Higgs doublets with
weak hypercharges y = —1/2 and y = +1/2, respectively, m%,, m%,, |u|* are real and m2
complex parameters of dimension mass squared.

Substituting H; and H,, by doublets ¢1, ¢ with the same weak hypercharge y = +1/2

according to (2.6 and using the relations (2.21]), we can put the potential in the form ([2.26]).
The parameters are

1 0 1 —-¢> 0 0
Noo = 592, n = 0 s E= g 0 —92 0 (2238)
0 0 0 g2
for V, = Vp and
_ 2
, 1, ) Re (mg)
=l g ), €= | () (2.280)
§<mH1 - mHg)

for Vo = Vp + Viopr.
We determlne the stability of the potential by employing theorem [2.2.1] The functions

fu) (2 and f'(u) (2.49) for the MSSM are

flu)=u+ 297, (2.240)
flu)=1. (2.241)

Here, the set I (2.62)) is given by u = 0 and the eigenvalues of E ([2.238)),

1 1
I = {ul = 0, Uy = —§g2, Uz = ég/2} . (2242)

We find for the stationary points of J; with w; = uy, us the values Jy(k)|gua = f(u;) > 0,
but for those with uy the value Jy(k)|ya = f(u2) = 0. Explicitly, the stationary points
of Jy with uq are

k = (cos¢,sing,0)", ¢ € R, with Jy(k) =0. (2.243)

They are known as the “D-flat” directions, since they have Vp = 0. For the MSSM, they
prevent the stability assertion by the quartic terms alone. For the Stability to be guaranteed

by V5 > 0 in these directions, theorem m gives as condition, see and , the

inequality
g(uz) — € (ua)| / f'(u2) = o — /&8 + &5 > 0. (2.244)

Inserting ([2.239) we get
2 2 1.5 2
|m3| < |p|” + §(mH1 + mj,) (2.245)

as the necessary and sufficient condition for the stability of the MSSM potential in the

sense of ([2.39).
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Checking the conditions of theorem [2.5.6] we immediately see that the potential has a
CP, type (ii) symmetry.
For the global minimum to be non-trivial, criterion (i) of theorem m gives & <

VE + &+ &2, or equivalently

1 1
2 2 2
f? + Somy ) < flmdf b, i) (2210

as a necessary and sufficient condition. We consider the acceptable global minimum can-
didates on the forward light cone with the method described in subsection [2.3.2l The
conditions and prevent exceptional solutions. The regular solutions are
determined by the functions

_ _ 1 52 _ 62 _ 52 52
flu) = =7 < 01921_ - > _%g,g _ u) ’ (2.247)
Aoy L& - 51 & &
filu)=—7 ( 7 —ap (g _U)Q) : (2.248)
Ko(u) = —% g&’_ -, (2.249)

where we omitted the insertions for a compact notation. Employing again the
conditions and we find the following. The function f’ (u) always has two
zeros and those zeros imply values of Ky(u) with opposite signs. The physical solution
with Ko(u) > 0 has the Lagrange multiplier

L &l VE & -

2
TR e -ve_a-ag

which is positive. Figure [2 n shows the functions f'(u), Ko(u) for an example set of pa-
rameters (corresponding to the SPSla scenario [119] at the tree-level). As apparent from
the graph of f’ (u) the zero-crossing at ug is not very pronounced compared to the other
features of the function. This visualises the fact that satisfying both and
at the same time requires some kind of fine-tuning of the original potential parameters. If
is violated, the zero-crossing of f’(u) in the physical region with Ko(u) > 0 van-
ishes. In this context we note that the scope of the present discussion is the tree-level and
these results may be modified by radiative corrections, see the introductory remark. We
conclude that (2.245) and (2.246) guarantee the existence of the stationary point K (uq),
which fulfils criterion (ii) of theorem and therefore is the global minimum with the
required EWSB pattern. Moreover, there are no other local minima.

The existence of a unique minimum immediately tells us that there is no spontaneous
CP, violation, since CP, violating minima always come in pairs. This can also be seen
from table . Note from and that it is always possible by a rotation in
the 1-2 plane of the orbit variables to choose a basis with & = —|m3|, & = 0 without

(2.250)
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Figure 2.4: The global minimum determining functions f’(u) and Ko(u) for the MSSM,
see and , with |u> + m?%, = 157486 GeV?, |u|* + m%, = —2541 GeV?, m3| =
15341 GeV?, corresponding to the SPSla scenario [I19] at the tree-level. The small boxes show
the functions with enhanced ordinate resolution in the region around the physically relevant zero

of f'(u).

affecting any other parameters. We change to this basis where the potential as well as the
vacuum has the standard CPg symmetry. We further choose a gauge where ([2.105)) holds,
and perform the rotation (2.106)) with

ol&s| + /& — & — & &3
t — 2.251
n \/so PENCECERD (2:251)
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into a basis of the form (2.110)), which has the new parameters

/ —Cap |M3| — s25 5 (M3, —miy,)
¢ = 0 : (2.252)
— 595 [m3| + cap 5 (M3, —miy,)
L[t 0 —3susd”
E=- 0 —g? 0 (2.253)

— 3545 G° 0 —g*+c37°

with the abbreviations g% := g% + ¢’ and sy5 := sin 23 etc. We insert the expressions into
the formulae of section 2.4] and use

I 1_\?
miy, = <§gv) : my = (§§v> (2.254)

with v = /2K(up). Since we have CPg conservation of both the potential and the
vacuum we can assign conserved CP-parities to the neutral Higgs bosons. We obtain the
mass squares

m? = 20%(Nhy +up), Mye = m4 +miy, (2.255)
for the pseudo-scalar boson A := h” and the charged bosons H*, which are mass eigenstates
already. The non-diagonal part of the neutral mass matrix is

2 2 1 2

Conm —5S848 M

M2|neutral, - ( 125 Z2 2 2 52 ZQ) (2256)
CP even T84 My My + SopMiy

in the basis (p, h'). Its diagonalisation leads to mass squares

1

My = 5 ( Gmy T \/(m?q +m%)? — 43y mimzz) (2.257)

for the mass eigenstates h, H. They are obtained from

H\ cosa’ sina’ i
(h) N (—Sino/ coso/) (h’) (2.258)

with the mixing angle o/ determined by

2 2
My — Gy

cos2a’ = — 5 =,
m2, —m
e (2.259)
. S48 1
sin 20/ = — % )

Note that from tree-level formula (2.257)) one may read off the upper bound on the lightest
CP even Higgs mass
mp < my =91 GeV. (2.260)
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If the tree-level bound was to hold as it stands, the MSSM would already be excluded
by direct Higgs searches at LEP [92]. However, it is modified by radiative corrections.
While the masses of supersymmetric particles can in general not be predicted on a rigorous
basis, this bound represents a striking prediction of the MSSM. Moreover, also non-minimal
scenarios predict only slightly looser versions of this bound. See the discussion in section (1.4
for more details and references.

The basis change described above corresponds to a unitary transformation of
the complete doublets. This leads to states p, h’ with simple couplings to the gauge
bosons, e.g. vanishing ZZh' and WWR' couplings at tree-level. However, usually the real
parts of the neutral doublet components are excluded from that transformation ,
which is sufficient to disentangle the mass terms of the gauge bosons (and the associated
Goldstone contributions in other gauges than considered here). Applying the inverse of
the rotation only to the neutral components (p, h') gives v2(Re H}, Re H2). The
mass matrix in this basis is diagonalised analogously to , where o' is replaced by
the mixing angle a with

my —my

2

cos 2 = — cos 23 5
Mg — My,

2.261
m? + m?% ( )
=

sin 2a = — sin 23

which is the well-known result.

2.6.2 Models with softly broken 7,

We consider a class of THDMs with the Higgs potential

V1, p0) = miypl o1 +myobps — {mﬁzds@ + h-c-]

1 1
- §A1(s01<p1)2 + §A2(90£<p2)2 + Xa(pl1) (phos)

1
+ Ml on) (pheon) + {?5(@1902)2 + h.c.} , (2.262)

written in the parameterisation of [120], where m?2, and \; may be arbitrary complex and
all other parameters are real. This potential breaks the Zs symmetry

Y1 — —¥1
P2 — P2 (2.263)

only softly, that is by quadratic terms in the Higgs doublet fields. This is motivated by
the suppression of large FCNCs for certain choices of the Yukawa couplings. We put the
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potential into the form (2.26|) using the relations (2.21)) and get

. —Rem?,
§o = §(m%1 + mg2) ) £= Im m3, ) (2.264a)
% (m%l m%Q)
1 1 0
7700:§()\1+)\2+2>\3>, ng( 0 R
AL — A
/\4 + Re )\5 —Im )\5 0
E= 1 —ImMX; Ay — Rels 0 ) (2.264b)
0 0 %()\1 + Ay — 2)\3)

The stability of the potential is easily investigated employing theorem [2.2.1} Stability is
guaranteed by the terms quartic in the fields alone if and only if

AL > 0, Ay > 0, and /A1 + A3 > HlaX(O, ’/\5’ — )\4) . (2265)

In order to determine the CP properties of the potential we have to check (2.178). Two
of the conditions for CP, type (i7) invariance of the potential, (2.178b]) and (2.178d)), are,

with (2.264]), automatically fulfilled. The remaining conditions (2.178al) and (2.178c) give
(A = A2) Im ((m3y)?A5) =0, (2.266)

[+ Xa — 2003 + M))> — 4|\ [7] (m?), — m3y) Tm ((m3y)?A) = 0 (2.267)

as necessary and sufficient conditions for the existence of a CP, invariance of type (ii) for
the potential. It is obvious that for the case of real parameters m%, and \; (2.266) and

(2.267)) are satisfied. For & x i we find from ([2.264))

1 Im(m%Q)
Exn= g()\l — o) | Re(m?,) | . (2.268)
0

From theorem [2.5.6] ff. we find, therefore, that in this model the potential allows one or
more CP, symmetries if and only if and hold. There is exactly one CP,
symmetry if \; — Ay # 0 and m2, # 0.

In the case CP, is conserved, that is , are fulfilled, CP, may be violated
spontaneously. We reparameterise the potential via the stationarity conditions in the
general basis, see end of section [2.4] and assume that the vacuum expectation values vy,
v together with the phase ¢ indeed describe a sufficiently stable minimum of the
potential. The reparameterisation replaces m?,, m%, and m3, by

mi; = —\oi + (du, — A3)v3
m%Q = (du, — )\3)1)% — )\gvg ,
miy = v1va(e A5 + €7 (duy + Aa)) (2.269)
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where u, = m?2.. /(2v?) is the Lagrange multiplier of the vacuum. We check the conditions
for spontaneous CP, violation (2.202a))-(2.202c) and see that (2.202c|) is automatically
fulfilled. We find that (2.202a)), (2.202b) together with (2.266)), (2.267) are equivalent to
the condition that either

0102 [cos(2¢) Im A5 + sin(2¢) Re 5] =0 (2.270)

or

M=X, (=0 [(Ms+ A= A2 =[NP =0 (2.271)

or both are fulfilled. That is, exactly if or or both are fulfilled, there is a
CP, symmetry of both the potential and the vacuum expectation value K.

In the general case the potential can have more than one local minimum. The vacuum
expectation values used in the parameterisation describe a stationary point by construction,
for positive masses a local minimum. Whether it parameterises a stable vacuum, that is,
the global minimum, must still be checked, e.g. by considering all stationary points of the
potential. The generic stationary points are determined by

7 - Re ()\5(m12) ) — (4u + Ag) |m%2|2 2(du — )‘3)m%1m32 + )\1m32 + /\2m%1

u) = = = ~ ~ )
e 16(u— fn)(u — 7o) 32(u — js) (1 i)
(2.272)
12
f’(u) _ |(4u + Ag)miy — Asmiy ((4U — A)miy + Aim3,) (du — Ag)m3, + Aami,)
64(u — fun)*(u — fi2)? 64(u — f13)*(u — fia)? ’
(2.273)
16(u — fi3)(u — fia)
where we omitted the insertions (2.269) for brevity. The eigenvalues of E§
. 1
Hi2 = —1()\4 £ [As1), (2.275)

. 1
H3,4 = 4_1(/\3 F )\1)\2) (2276)

may lead to exceptional stationary points.
For the special case A5 = 0 we get the simple form

f’(u) _ [m3, _ ((du = Ag)mi; + Aim3,) ((du — Az)m3, + Aami,;)
4(u — [ir)? 64(u — fi3)*(u — fia)?

u — fi)
The determination of the generic Lagrange multipliers corresponds to finding the zeros of
f'(u), which means solving a univariate polynomial of only degree four in this case. This
is possible analytically and we indeed find explicit analytical expressions. However, they
are very lengthy.

(2.277)
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From a practical point of view it is sufficient to directly determine the zeros of
(in the general basis) numerically. Actually, once the results become lengthy one might
also consider to use the fully automated Grobner basis approach which we describe in the
next chapter. In the following subsection we will give explicit analytical results for a special
case of the model discussed here, which has the interesting property that two minima can
coexist.

2.6.3 A simple THDM with two minima

We consider the potential (2.262)) with the reparameterisation ([2.269) of the V5, parameters
for the case that A\ = \g, A5 =0, vy =0:

1 1
V (1, p2) = —§>\1”2901901 + 5(27"?# — A3v?)phos
1
+ M ((p101)? + (9hp2)?) + As(@len) (Phea) + Aa(Pla)(wher) . (2.278)

Clearly, the potential and the vacuum K = (v?/2)(1,0,0,1)T are CP, invariant, see ([2.270).
Furthermore, we replace the following V, parameters in favour of physical masses, see

section [2.4]
A =m [v?, (2.279)
Ny = 2(m% —m3L)/v?. (2.280)

All of the Higgses p/, b’ and h” = A are mass eigenstates already. We denote their masses
by m,, my and my, respectively, and assume all to be positive. We do not introduce the
notation h, H for the fields p’ and h' since we leave open which of the latter two fields is
the lighter one. One of the scalar Higgses and the pseudo-scalar Higgs are degenerate:

My = my . (2.281)
Thus we are left with the input parameters
m2 >0, my>0, mi:>0, X (2.282)

in addition to the fixed electroweak scale v &~ 246 GeV. Stability in the strong sense is then
equivalent to

A3 > max(—m2, , —m2 + 2(mie —m3))/v?. (2.283)
We now consider all stationary points of the potential using the methods described in
subsection [2.3.2] Exceptional solutions may occur with a Lagrange multiplier u coinciding

with one of the eigenvalues of gFE:

. N 1

fa = fi2 = ﬁ(méi —m3), (2.284)
N 1
fiza = 5 (A3 F mi//vz) - (2.285)

4
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‘ U ‘ stationary point K ‘ conditions for existence type
Q 0 Azv? < 2m7,. saddle
2 Agv? > 2mi,, maximum
N 2 2 2 2
g v ()\311 +mp,—2mHi)
S} 22
g 2(Aav?m? ) Ago? > mipe 4 \[my . +mb
@ K
< 0 1
= I 2 saddle
z K, ifmye #mi: Ki=Ky=0
:/ v? (Agvg—mi,—szi) if m?{i = m124 : K, Ky : Ko > |K|
E 2</\3v27mi/>
2 2 2 2
v ()\311 +mp,—2mHi)
2<>\3@2+mi,—2mi]i+2mi) ) ) )
s v > e 4
< | 7 P ddl
g | % saddle
2
S sl m K1,K> : Ko = |K]|
o v ()\311 —mp,—2mHi)
o 2(Agv2—m2,—2m2 , +2m3,)
Z@ Agv? > me{i
-+~
= 2 2 4 4
g | 1 A3v” < max(my+ + m, saddle
Hs
A3v2—2m? 0
N Ly? e 2mPe —m% + \/mh +m?)
5‘3 i 0 2 2
% -1 Agv“ > max(mHi + \/mjlqi + mf,/, o
= minimum
2 2 4 4
2mpe —my + \/m)
1 ..
0 minimum
1,2 ;
Uy L I (required
. vevs)

Table 2.3: Stationary points of the potential for the model (2.278)). All physical masses are
considered to be positive and the stability constraint (2.283)) is assumed to hold. The
otherwise regular stationary points associated to v = 0, fi5, u, are exceptional if their Lagrange
multipliers coincide with one of fi;, fi3, fi4. The minimum with the required vacuum expectation
values (vevs) is the global minimum if and only if Azv? < 2m?2.. + mz,. An illustration of the
values of the potential at the stationary points is given in figure [2.5

The Lagrange multipliers of the regular solutions are the zeros jis, fig of f’ (u):

is = = (g4 "y (2.286)
Hs =g |73 v? (meqi — /\3v2) ’ '

N 1

fis =y =55 my+ . (2.287)

Our results for all stationary points are summarised in table Note that to determine
the Lagrange multiplier of the global minimum it is sufficient to check the hierarchy of the



72 2. The general Two-Higgs-Doublet Model
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Figure 2.5: Values of the potential at its stationary points for variation of A3 in the model
(2.278). Parameters are my = 110GeV, my = 120 GeV, my+ = 130 GeV. The location of the
orbit variables with respect to the forward light cone determines the EWSB of the respective
stationary point: none (tip), full (inner part) and partial (on cone). Analytical expressions for
all stationary points are listed in table In the dark grey area the potential is unbounded
from below, in the light grey area the required vacuum (solid line) is not the global minimum
(respective lowest line). Only in the unshaded area the vacuum is stable.

Lagrange multipliers for parameters where the associated stationary solutions exist. We
find that the global minimum has the Lagrange multiplier

uo = {“ if and only if Ay < (2mis +mj)/v?, (2.288)

fis if and only if A3 > (2m3. +m2)/v*.

In other words, the required vacuum solution with v = wu, is the global minimum only
for A3 < (2m3. +m2,)/v*. Figure shows the value of the potential at all stationary
points as listed in table along with the conditions ([2.283]), (2.288|) for a stable vacuum
for fixed values of the physical masses and variation of A3. We stress that by construction
the required vacuum with v = wu, is always a local minimum, and all Higgs masses are
independent of A3. Thus it is really impossible to recognise the instability of the vacuum
for A3 > (2m3x + m>,)/v* from the leading local features of the vacuum, that is, the
masses.
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2.7 CP type (i) symmetric model

Here we study the theories having a CP, invariance of type (¢) in detail, see theorem

2-175).

2.7.1 Higgs potential and bosons

The most general potential with type (i) invariance is given in (2.199). Note that the
condition & = n = 0 is basis independent. We choose a basis where F is diagonal with
ordered diagonal entries, such that the parameters of the potential are

50 ) £ =0 ) (2289&)
Moo n=20, E = diag(u1, po, pi3)  with pg > pe > pg. (2.289b)

Obviously this model has not only the required CP, type (i) symmetry, but it is also
automatically invariant under at least three CP, symmetries of type (i), namely Ry, Rs, Rs,
and infinitely many if two or three eigenvalues of E coincide. Furthermore, the potential
is invariant under ¢; — —;. Note that for the parameterisation used in this
corresponds to m3; = m3,, m3, =0, A\ = Xg, A5 € R. We choose to use the orbit space
parameters in the following discussion, the translation to the parameters of

is very simple using (|2.264)).

The potential is stable in the strong sense if and only if
1700>0, 7700+[Li>0, 1=1,2,3. (2.290)

The existence of a non-trivial minimum necessary for a vacuum with the correct EWSB
requires

£ <0. (2.291)

This condition implies immediately that the potential can not be stable in the weak or
marginal sense, since for increasing fields in a V,-flat direction the potential would decrease
due to beyond any lower bound. Formulated in terms of theorem , we have
for the function g(u) = &, < 0, hence no weak or marginal stability.

A global minimum with the required EWSB is given by the stationary point

with u, = —p3 (2.292)

if and only if
p3 < 0. (2.293)

Otherwise the global minimum is given by a stationary point with full EWSB. Exactly for
1o # pg and pg < 0 the point (2.292)) is a unique global minimum up to a discrete ambiguity
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in the sign of K3. If us = us the point belongs to a continuous degenerate set of
stationary points on the light cone. Any of these points may be brought into the form
by a basis change without modifying any parameter of the potential. Absence of
zero-mass charged Higgses requires the strict inequality pg < 0. If ug = 0 the point
belongs to a degenerate set of stationary points extending into the inner part of the light
cone. Obviously a stable vacuum necessarily breaks a CP, type (i) spontaneously.
However, at least one CP, symmetry of type (i¢) is respected by the vacuum.

We suppose now holds such that is a stable vacuum and discuss the

consequences for the physical Higgs boson. Comparison of (2.292) with (2.110) gives

o S0 (2.294)
Moo + M3
The mass squared of the charged Higgs particles is, according to (2.131)),
2
m, = 2Hako (2.295)
Too + H3

The mass matrix squared of the neutral Higgs particles (2.130|) is diagonal already with
our basis choice and we find for the mass squares

mi/ - 2(—50) 5
miy =20 (1 — p13) ,
mi, = 202 (g — pis) . (2.296)

In the following we shall require that none of the neutral physical Higgs particles is massless
and that there is no mass degeneracy between A’ and h”. This implies from (2.296]) the

condition
H1 > e > U3 (2.297)

which is slightly stricter than (2.289)).
Our Higgs potential has five parameters &y, noo, (41, f2, ft3. We now express these in

terms of the five physical quantities v*, m3,., m2, mj,, mj,. This gives

o = _§mi' ;
1

[ w (m%,i + mi/) ;
1

H1 = 2_’02 (m}%/ mQHi) )
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For positive squared masses and m32, > m?, the conditions (2.290)), (2.291)) and (2.293) are
always satisfied.

Let us next discuss the CP symmetries of our model and the CP transformation prop-
erties of the vacuum expectation values and of the physical fields. The Higgs Lagrangian
with the potential where we require to hold emerged essentially from
the basis independent CP, type (i) symmetry requirement. But this Higgs Lagrangian is
automatically invariant under exactly three more CP, type (i) symmetries. For all of these
four CP, symmetries the gauge potentials are transformed according to ([2.141a))-(2.141b).
But the transformation of the Higgs fields and of the orbit variables Ky(z), K (z) is dif-
ferent. All four CP, symmetries are unique at the level of the orbit variables. However,
at the level of the Higgs fields a global phase remains arbitrary for each of the Higgs CP
transformations. Such a global phase factors drop out in the Higgs potential, and for the
Yukawa terms they may always be absorbed by proper redefinitions of the fermion fields,
as will be explained in the next section. Therefore, without loss of generality, we may set
these global phase factors to specific values, as we shall indeed do for ease of notation.
Moreover, we shall give names to all four CP, symmetries.

We choose the global phase in the type (i) CP, transformation, see (2.149)) respectively
(2.170]), and set

CPéi) : vi(x) — eijgoj(a:’) ,
p2() — —pi(a), (2.299)

K(z) — —K(x/’) . (2.300)

Note that CPgi) is basis invariant. The form of the other three CP, symmetries, CP%),
CP(;;Q and CP(;;?, depends on the basis. Here we continue to use the convenient basis choice

(2.289). For the type (ii) transformation CPS;? we set

CPY) ©  pix) — adyi(a)),

p1(r) — i@,
©a(r) — —p5(2'), (2.301)

Ko(z) — Ko(a'),
K(zr) — Ry K(2') (2.302)

with R; being the matrix of the reflection on the 2-3 plane, see (2.169). The type (i7)
transformation CP;Q is defined as the standard CP transformation, CP,, for the Higgs
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CPY | ¢
CPEE? o3
CPy3 | 1
CP(;};) o!

Table 2.4: The matrices U¥ in ([2.141c) for the four CP, transformations.

fields, where
CPy) :  wile) — ¢;(a),

pr(z) — i),
pa(x) — pi(a’), (2.303)

Ko(x) — Ko(2'),
K(z) — Ry K (') (2.304)

with Ry being the matrix of the reflection on the 1-3 plane, see (2.169). Finally, the
transformation CP;Q is defined by

CPY © pi(x) — ol

pr(z) — ph(a’),
pa(x) — ¥i(a’), (2.305)

Ko(x) — Ky(a'),
K(x) — Rz K(2') (2.306)

with R3 being the matrix of the reflection on the 1-2 plane, see (2.169)). Table sum-
marises the four CP, transformations by listing their Higgs flavour mixing matrices U¥ for

the generic CP, transformations defined in ([2.141c)). The potential with (2.289) is invariant
under all of these four CP, transformations, CPS), cp CPS’ZQ) and CP;Q.

g1
Note that the symmetries CPéi), CP;ZI), CPSZ) and CP'") are not independent since we

2 9,3
have at the level of the transformation of the Higgs fields the relation

CPY = Pl o CPY) o CPY) . (2.307)

This result was already mentioned in the general discussion of CP, symmetries.
Any of the above CP symmetries is conserved by the vacuum if and only if the vacuum

value K satisfies
RK=K. (2.308)
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Here we have to insert R = —13, Ry, R, and Rj for the symmetries CPE;), CPE;;? CP;Z)

and CP(QZ;?, respectively. For the vacuum solution K as in (2.292) we immediately get
(_HS)K 7£ K7
RIK =K,
RyK =K,
R3K #+# K . (2.309)

Thus, the symmetries CPS) and CPS? are spontaneously broken. On the other hand, the

symmetries CP&? and CP%) are conserved by the vacuum.
Now we come to the CP transtormation properties of the physical Higgs fields defined
in (2.119). Under CPS) which transforms the Higgs doublets according to ([2.299) the

physical Higgs fields have no definite transformation property. This is alright, since CPS)

is spontaneously broken. For the unbroken symmetry CPS;? we get from (2.119)) and ([2.301])

CPyy plx) — P,
W(r) — =h'(z),
h//(x> BN h// :L,/)7

H*(z) — —H (). (2.310)

On the other hand, we obtain from (2.119)) and (2.303)) for the CPS;Q symmetry

CPj = plo) — P,
W(w) — W),
h”(x) N —h”(m'),
H*(z) — H™(2). (2.311)

We see that the field p’ is CP%) and CPEZQ even, h' is CP;{? odd and A" is CPEZ? even. This
role of h" and h” is interchanged for the symmetry CP;Q, see (2.311)). We note, however,
that this assignment of CPEJ”) quantum numbers is to some extent a convention since we

could have inserted extra global factors of (—1) in (2.301)) and (2.303)). This would not
change the transformation properties of the orbit variables in (2.302)) and (2.304)) and thus
have no physical consequence.

2.7.2 Maximal CP, invariance

We saw that a CPéi)-Symmetric Higgs potential is automatically invariant under three more
CP, symmetries. It is interesting to study under which conditions all of these symmetries
can be extended to the full Lagrangian. We shall call the simultaneous invariance of the full
Lagrangian under all four CP, transformations mazimal CP, invariance. We already know
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from theorem[2.5.12|that non-vanishing CPéi)—symmetric Yukawa couplings requires at least
two generations of fermions. In this section we shall treat the case of two families where,
for definiteness, we consider the families 2 and 3. It is convenient to use matrix notation
for the Yukawa couplings. The 2x 2 matrices A7 = (A), A7 = (A%7), Xv7 = (A7) have,
to start with, arbitrary complex entries.

Without changing the physical content of the theory we can make U (2)-rotations of the
right handed fields {7, &/ uf and the left handed doublet fields LF and QF. As in the SM

we can use this to require, without loss of generality, for the couplings to the first Higgs
doublet certain standard forms:

M= A 0 Mt > A >0 (2.312a)
- 0 /\éil’) 9 33 = 722 — Y .
d1 >\321 0 i Yd1 yd1
33
At = Mg O Aot > At > 0 (2.312¢)
- 0 )\g31 ) 33 — 722 — .
with
v= (S ) 0<v<n/2. (23124)

For the derivation of the corresponding results in the SM see, for instance, chapter 22.4 of
[64]. The matrix V' = (V};) in (2.312d]) will turn out to be the Cabibbo-Kobayashi-Maskawa
(CKM) matrix in the 2-3 sector. As we shall see, in the basis of the fermion fields defined
by the fields 1, ¥ and uf, ul correspond to mass eigenstates. For the d'-fields

defined in this basis the mass eigenstates will be

di"t (x) = Vi diH(2). (2.313)
In the following we shall always work in the fermion basis defined by if not stated
otherwise. In this basis, the usual idenfication of the fermions fields given in table
holds.

We shall construct mixing matrices matrices U', U’ for each of the four U% such that
Ly, 1s invariant. We recall that each U € U LU must be either a symmetric or an
antisymmetric unitary matrix. For their general parameterisation we use the scheme

U:ew‘<a ’b):UT, a€R, a€C b>0, |af+1>=1 (2.314)

b a*

for the symmetric case and

U=e¢* (_01 [1)) =-U' aceR (2.315)
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for the antisymmetric case. Furthermore, we take into account that for each CP, symmetry
the total number, including U¥, of antisymmetric mixing matrices must be 0 or 2. The
necessary and sufficient conditions for CP, invariance of the Yukawa terms (2.230)) read in

matrix notation

NI =UE, U NI U (2.316)
AT = UL, U NI U (2.317)
A = UL U9 N Ut (2.318)

2.7.3 Invariant couplings for two lepton families

Now we consider extending all four CP, symmetries of the Higgs sector to the Yukawa
interaction (2.5). We want to find out what this implies for the coupling matrices A!7, P
and \“J. We start by considering only the leptonic part of -Any in (2.5)),

Loae1(z) = =N LE(x) ;(2) 1F(z) + h.c. (2.319)

As explained in section we can, without loss of generality, suppose to hold.
Furthermore, the diagonal forms for ' still allows to redefine [t and LY for given
index ¢ by multiplication with an arbitrary phase factor. We use this freedom to require,
without loss of generality,

MN2>0 0 if Aé@%o (2.320a)
MNZ2>0  if MEZ= (2.320b)

Two massive leptons with different masses

Let us first consider the case
Ay >0, A2 >0, AL £ ML (2.321)

This corresponds to non-vanishing and unequal masses for the leptons [, and I3 after EWSB,
since only ¢, acquires a non- Vanlshlng vev. By considering all possible cases under the
above assumptions we find that a CPg 5 symmetry is possible if and only if

M2 = \2x (2.322)

The corresponding matrices U”, U! must be equal, U* = U', symmetric and diagonal.
Choosing them equal to the unit matrix up to a global phase factor, UF = U’ « 1, is
sufﬁ(nent always, and necessary if at least one off-diagonal element of )\l2 is non- Vamshlng
A CPg { symmetry is possible in addition if and only if

12 0 >\l2i2’> _ 02
A\ _<Agg ) =N (2.323)
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The matrices UY, U! for this symmetry must be equal, UY = U!, symmetric and diag-
onal again. The choice UY = U! « o3 is sufficient always, and necessary if at least one
off-diagonal element of A'? is non-vanishing. On top of that a CPéi) symmetry can be
constructed if and only if

2 (0 A5
A _<ﬂ,2% 5 (2.324a)
2 (0 A

or A _(ﬂ% 2. (2.324D)

For the two cases we have UL = e, a € R, and U' = €0 (first case) or
Ul = —¢r1 (second case). For the two cases we have U' = e¢®¢, a € R, and
UL = ¢eeg? (first case) or UL = €L 1 (second case). The remaining CP;? transformation
may then always be constructed according to

cryY = cr o cr acr) 232

under which Z5 ; is automatically invariant, such that no additional restrictions on A2
arise. We find that this is possible since the right hand side of this equation is of the form
(2.141)), see subsection , holds for the already fixed transformations in the
Higgs sector and the fermion mixings U = U*, U' defined by are unitary matrices
with U U* = #£1 for the case . Note that we explicitly checked the last two of these
three statements for the present case. In particular, the last of the three statements follows
from the above given restrictions on the fermion mixings in CPS’?, CPE;ZQ) and CP” for non-
diagonal \'? as in , and not from their generic CPéi), CP_ffi) properties already, see
subsection 2.5.1]

To see the physical consequences of this result we look at Zyyk,; after EWSB. Inserting

for the Higgs fields the physical expressions we get from ([2.319))
gYuk,l = —Mmy2 i2 ly —mys [3 l3

— 50 Pz lala + Mgzl ls]

—H" [x\é?,) Uowpls + )\é% 173le2] —H [)\12% lswivs + /\ég l_ngug]

— 5l [l (Nspwr + Nygwr) b+ lo (Ngwr + A3wr) ls]

— 0" I3 (Mgwr — Mg3wr) I + 1 (—Ag3wr + Agjwr) ] (2.326)
with the chirality projectors
e

Wp i and wy, = 5 (2.327)
and the lepton masses given by
v
mp2 = )\12% E )
mys = AL —— (2.328)
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Figure 2.6: Left: Two Feynman diagrams for the large FCNC process p~p~ — 777~ reflecting
the last two contributions in the Lagrangian for the case lo and I3 are identified with p
and T respectively. Right: Two Feynman diagrams for the deep inelastic muon-nucleon scattering
process which would reveal FCNCs corresponding to the same couplings as in the left diagrams.

Identifying the leptons 2 and 3 with the p and 7 leptons respectively we see that for all
cases in (|2.324)) either ‘)\12:2,)| = m./2/v or }Aég‘ = m,+/2/v. Thus (2.326) always contains
large lepton flavour changing neutral currents. These would allow processes like

WA — T T (2.329)

through diagrams like in figure (left). A direct study of this process would be a topic
for a muon collider which, however, is a project for the far future. But the couplings
in figure (left) would also lead to spectacular lepton-flavour-violating events in deep
inelastic muon-nucleon scattering,

W+ N-—put+7+7+ X. (2.330)

Two of the corresponding tree-level Feynman diagrams are shown in figure (right).
Here X stands for the hadronic final state. Since such FCNCs were never observed we
consider them to be disfavoured phenomenologically.

Two massive leptons with equal mass

The next case to study is
Aoy = At > 0. (2.331)

Considering CPg) symmetries we find that a realisation requires the matrix A'?/AL} to be
unitary. This matrix may then be diagonalised with a single unitary matrix (for both
the left and the right handed fields), such that A'! is unchanged. In the new basis CPEJZ)

symmetry requires
; 1 0
A2 = empLl <o _1) ,  neR. (2.332)

Moreover, this form of A2 is also sufficient for a CPg) symmetry to exist. The mixings
must be either UX = e and U! = —e' @ Mgl or U! = €% and UF = —e®tgl with
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a € R. We find an additional CP( 5 symmetry to be possible if and only if

. 1 0

M2 = i)} (o _1), or (2.333a)
1 0

N2 =)\ (0 _1>. (2.333b)

For we must have either U = U' o« ¢! or U* = U! x €. For UL and
U' must be equal Ul = U', symmetric and diagonal. On top of that a CP 1 symmetry
may be constructed Wlthout further restriction on )\12 Here for U rf and U must
be equal, UY = U', symmetric and diagonal. For U L and U ' we must have either
Ul =U' < o' or U¥ = U' x €. By checking all cases we find that the remaining CPS(;;?
symmetry may be constructed according to without further restriction on \?!, since
the fermion mixings described above guarantee U U* = £1 for U = U*, U'.

We see from (2.312a)) and that there are no mixings between the two lepton
families. Furthermore, the two Higgs doublets do not mix for our choice of basis, see sub-
section [2.7.1} From this we conclude that there are no FCNCs at the tree-level. However,
here we have, according to , equal lepton masses, m;o = m;3, which is unacceptable
phenomenologically.

One massless, one massive lepton

It remains to be studied what happens for the case of one massless and one massive lepton.
Taking, by convention, I3 to be the massive lepton we have the case

My =0, A >0. (2.334)

In this case (2.312a)) and ([2.320)) still leave an additional freedom in the choice of field

phase factors, which we employ to require
A2 >0 (2.335)

in the following. This means no loss of generality, since we may first choose a basis such
that holds, then redefine the phase of I£ to achieve (2.335)) and finally arrange for
(2.320) in the previously described way. We find that a CP; symmetry may be realised
for our conventions if and only if

12 _ 1 (cosn 0
A= A53 (sinn O) , 0<n<m/2, or (2.336a)
A2 =\l (COS” Slg 77) . 0<np<m/2. (2.336h)

An antisymmetric U” together with a symmetric U' are possible if ([2.336al) holds and the
second column of UL equals the first column of A\'2/ALL up to a phase. An antisymmetric
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U! together with a symmetric UL are possible if (2.336b]) holds and the second column of
U equals the first row of A'2/AL up to a phase. There are no other options. In addition,
a CP;’;? and a CP;@ symmetry can be constructed without further restrictions on A'2.
For each of these two symmetries, the corresponding U L U' must both be symmetric and
diagonal. We find that a CP;? symmetry may be defined without further restrictions on

the couplings. However, here not all possible mixings in CPS;?, CP;Q, and CPéi) define

via a valid CP%) transformation with U U* = &1 for U = U*,U'. Nevertheless
choosing all symmetries such that holds for the lepton sector is possible without
additional restrictions on \2.

We see that may contain an off-diagonal term which leads to FCNCs, which we
consider to be phenomenologically disfavoured. Requiring absence of those FCNCs means
n=01in and leads to a highly symmetric form of the leptonic Yukawa terms with
only one free parameter (fixed by v and my3). However, it is also clear from the above
discussion, that we can prescribe the lepton mixings in the CPg) transformation in such a
way, that an invariant A\'? is required to be diagonal and thus FCNCs are absent. Explicitly,
choosing both U* and U' off-diagonal for that symmetry requires

AL 0
12 __ 33
A _(o 0). (2.337)

This phenomenologically particularly interesting case will be discussed in subsection [2.7.5
in more detail.

2.7.4 Invariant couplings for two quark families

In this section we study the quark part of the Lagrangian (2.5)). Let us first look at the
term which generates masses for the u-type quarks,

Pk = =Ny QFepiufl + h.c. (2.338)

Here we can suppose without loss of generality that \*! is as in . As for the
case of the leptons in subsection we ask if Ak, in (2.338]) allows to implement all
four CP, symmetries from the Higgs sector. Since all U? matrices are real, the invariance
condition for the present case is completely analogous to in the lepton
sector. We can immediately conclude from the results of the previous section that for
the case of two massive up-type quarks with unequal masses the symmetry requirement
leads to large FCNCs. Here it is important to note that these FCNCs are generated for
the physical mass eigenstates uy and uz. Requiring absence of these FCNCs allows then
only two possibilities for a non-zero coupling Zyyx . Either we must have non-zero equal
masses for the quarks u, and uz or we must have u, massless and w3 massive. Discarding
the former for phenomenological reasons we are left with the case of a massless uy = ¢
quark and a massive uz =t quark.
We turn next to the term in (2.5) which generates masses for d-type quarks

RAES —Af,f QFp;dif + h.c. (2.339)
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Here the standard form for %! is given in (2.312b)) and (2.312d]). Note that djy are — in

general — not the mass eigenstates. We shall change to the basis of d, mass according to
(2.313]) by setting
df = v df

Qf = V5 Qf. (2.340)
The coupling term ([2.339)) reads now
Braed =~ QFp,dE + hec. (2.341)
where ' '
M =VIATIY o (j=1,2). (2.342)
From (2.312b)) we see that this implies
cai (M0
M= (72 ) 2.343
(% ) 238)

Now we can proceed as for the lepton case. For the case of two massive down-type quarks
with unequal masses, the maximal CP invariance requirement implies large FCNCs. among
the physical d-quark mass eigenfields. These FCNCs can only be avoided if we require either
equal masses mgs = Mmg3 or mgs = 0 and mg3 # 0. Again we discard the former possibility
for phenomenological reasons.

What we have discussed so far were only separate requirements for each of the up- and
down-type quark sectors. We now take into account the connection of the latter by asking
how a CP, symmetry can actually be implemented for both sectors simultaneously. This
will of course involve the CKM matrix. We consider the phenomenologically particular
interesting case of one massless quark pair (uy, dy) and one massive pair (us, d3). That
is, we suppose

Ay =0, Ay >0,
MY =0, AL >0, (2.344)
Similar to the corresponding lepton case we choose, without loss of generality, a basis with
Aoz >0,
N3 >0, (2.345)

and find that the requirement of maximal CP invariance together with the requirement of
absence of FCNCs leads to the following structure of the quark-Higgs coupling matrices

(see [2337)):

u2 __ )\§31 0
A _<0 o) (2.346)

N A0
d2 33
N2 = ( : 0) . (2.347)
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Here A\?2 is the CKM-rotated matrices according to (2.342)). From the discussion of the
lepton case we see that CPS) invariance is implementable for (2.346[) and (2.347]) only with

certain matrices U*, U? in ([2.338)) and certain CKM rotated matrices U%, U? for the CKM
rotated fields in ([2.341]). Here we have according to ([2.151hb))

Ut =vitydyr, (2.348)
U =vtuey+, (2.349)

Now we consider matrices U%, U® and U9, U% for each of the possible cases described
after (2.336)) and check if we can fulfil (2.349). For the case that both U* and U? are

antisymmetric we find the two solutions

U =U%=¢c? Ur=Ul=¢c%, Ul=U", 9=0, V=1, (2.350)
U%=-U%=¢%" U'=-Ul=¢e%, Ul=-U", d=n/2, V=e, (2351

that is, in both cases the 2-3 sector of the CKM matrix is fixed. For the case that both
UL and U” are antisymmetric we find

(2.352)

UQ = U9 = ¢iée | Ut = U = ¢t Ud — i (Sin 29 cos2v )

cos 29 —sin 20

without restriction on V. We find that there are no other solutions. Thus we see that,
strictly speaking, the CP;“ invariance plus absence of FCNCs gives no restriction on the
angle v in the 2-3 sector of the CKM matrix. But perhaps we can argue that also the right
handed quarks u, g, d., 5 should belong to some multiplet of a bigger gauge group as would
be possible in grand unified scenarios. Then a natural requirement could be U* = U?.

From ([2.350))-(2.352) we see that we have then only the solution V' = 1,.

2.7.5 Mass hierarchies and FCNC suppression via
CP invariances

In this section we will present a model defined by a specific set of CP, symmetries. These
symmetries lead to a highly symmetric form of the Lagrangian, produce mass hierarchies
and forbid FCNCs. Let us first recapitulate what we found in the previous sections. In
subsection [2.7.1] we have discussed the Higgs sector of the model which is characterised
by the requirement of CPg) invariance. We have seen that this leads automatically to

three more CP, invariances, CPS?, CP;{Q and CP(;;?. Two of them, CPg) and CPE;;?,
are broken spontaneously along with the electroweak symmetry. At tree-level, which we

have discussed above, the symmetries CP&? and CPS}Q) are unbroken. We know from

theorem [2.5.12| that requiring a single family to have a CPg) invariant coupling leads
necessarily to the coupling being identically zero. Thus, as the minimal non-trivial case,
we discussed the extension of the four CP, symmetries to non-zero Yukawa couplings for
two families in the subsections 2.7.3 and 2.7.4l We chose the two families to be the second
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’ CPg ‘ e ‘ UYL ‘ UYr ‘
CPg) € € -0t
CP;Z;? o3 | o® | -1,
CPY) | 1, | 1o | 1o

CP;? ol | o ol

Table 2.5: Flavour mixing matrices for four CP, transformations (2.141)). U¥ describes the mixing
of the two Higgs doublets, U¥L and U¥® the mixings of two fermion generations. Invariance under
all of them with U b= U d = ¥ = U¥r and U = UY = UYL leads to mass hierarchies and absence

of FCNCs, see .

and the third. We found that unequal non-zero masses for the leptons /s and I3, the quarks
uo and us, as well as dy and dz always implied large FCNCs. The absence of large FCNCs
required either equal masses of corresponding fermions (m; = myz etc.) or one fermion
massless, the other massive. Discarding the equal mass case on phenomenological grounds
we were, thus, left with the possibility

m12:07 ml33£07
mgo =0, md37£07
My =0, My 3 ;é 0. (2.353)

Here we shall prescribe the form of the matrices U g) and U S) for the four CP, trans-
formations as shown in table and require the Lagrangian to be invariant under them.
Note that our set of CP, transformations chosen here differs slightly from those described
n [89], which will lead together with the other conventions to differences only in the
signs of the resulting Yukawa couplings. In the present scheme, we chose the same mix-
ing matrices in the CP, transformations for all electroweak doublets, that is, the Higgs
fields and the left-handed fe;mion fields. These transformations have the normalisation
(CPUY)? = (CPY))? = (CPU))? = (CP,)? and (CPW)? = exp(i67Y) o (CP,)?, see end of
subsection [2.5.1] CPS; is the standard CP transformation for all fields, CPQMQ) =CP,. A
direct calculation for the mixing matrices of each field type shows that

CPY) = CPY o CPY) o CPY) (2.354)

for all fields. In this model the first family remains uncoupled to the Higgs fields. We require
now invariance of the general non-trivial Yukawa interaction (2.319)) under each of these
four CP,, transformations, that is, we require 1) to hold with the corresponding mixing
matrices from table [2.5 We choose a ba51s where ) holds. We start by considering
A1 and impose invariance under CP . This requires V)\d vt = B VAT V(-1),
which can only be fulfilled with 1f the CKM matrix of the families 2 and 3 is

V=1. (2.355)
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This means we are already in the mass basis for all fermions and may check the sym-
metry requirements for all coupling matrices in the same way. We successively evaluate

the restrictions following from invariance under CPéi), CP;%?, CP%). CP%) needs not

be checked, since it is a consequence of CPEIi), CPS;? and CPSQ symmetry (2.354]). Our
calculation shows that these four invariances require the Yukawa couplings

n_ (00 12 _ (A 0

(o) =( o)

av_ (00 a2 _ (A3 O

(o) =0 0)

, 0 0 . ALl

At = (O )\531>, N2 = ( 83 O) (2.356)
for the basis choice (2.312)), (2.335)), (2.345)). This form guarantees the absence of large

FCNCs and requires vanishing masses for family 2.
The full Yukawa part of the Lagrangian takes the simple form

Ly = — A3 (L% o1+ LE ml?)
— 4 (QF p1df + QL podl)
— NG (QF e piull + QF e pyult) + hec. (2.357)

Note the high degree of symmetry between the second and third family here. However,
after EWSB we get, inserting ([2.119) for the Higgs fields,

gYuk =

Vam,
v

— My, l_3l3 — p/ % l_313 — h/ % Z_QZQ — h// ,MZZB l_g V5 12 — |:H+ 772 WR lQ + hC}

- - - - 2
— Mg, dads — ”ZdB dyds — 1 ”1‘13 dydy — " m;d?’ dy s dy — [H* \/—;”d?’ T wr dy + h.c.}
U u . U, — 2 u, —
— My, UUz — p/ s UzUg — h/ &ﬂQUQ -+ h” Mg U Y5 U2 + |:[‘I+ \/_m 3 Uo W, d2 -+ hC:|
v v v v
(2.358)
with the fermion masses
v
my, = )\é’éﬁ =m,,
v
My, = )\ggﬁ =my,
My = N —— = m, . (2.359)

The third generation fermions have become massive and couple to the physical p’ Higgs.

The second generation fermions stay massless but couple to b, h” and the charged Higgses
H*.
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We consider it noteworthy that our symmetry principles require more than one family.
For two families we get in a natural way mass hierarchies. Choosing the simplest extension
to three families we get masses unequal to zero only for 7, ¢ and b whereas all other leptons
and quarks, u, e, c, u, s, d stay massless. In addition, the CKM matrix of the quarks equals
the unit matrix, V' = 1. Clearly, all this is not quite as it is observed in Nature. On the
other hand, as a first approximation, it is not too bad. We have [7, 121, 122]

Me my,

~ 0.00029 , M % 0.059,
m, m,

Ml ~99.10%, ¢ ~0.0036,

my v T v

Ml 0.0010, sl % 0.018. (2.360)
mp |, mp |,

Here we have used for the quarks the M S masses at the renormalisation point u = v =~
246 GeV and ag(myz) = 0.119. Also, taking into account experimental measurements, the
CKM matrix is not too far from unity. Indeed, one finds for the absolute values |Vj;]
(see [T])

Vil [Vaa| |Vis| 0.974 0.227 0.004
Vor| |Vao| [Vas| | ~ [0.227 0.973 0.042 | . (2.361)
Var| [Vaa| |Vas) 0.008 0.042 0.999

Note that in the 2-3 sector V is very close to the unit matrix. Without question, a good
theory should be able to explain the experimental numbers in (2.360) and (2.361]) in more
detail. It remains to be seen, whether the presented model provides a starting point for
this.

Summary

We have studied a Two-Higgs-Doublet Model where the scalar sector has four generalised
CP symmetries. EWSB leads to the spontaneous breakdown of two of these CP symmetries.
We have introduced the principle of maximal CP invariance requiring that these four CP
symmetries can be extended to the full Lagrangian of the theory. We find that for a single
fermion family this principle forbids a non-zero fermion-Higgs coupling. Thus, if we require
massive fermions which arise from non-zero Yukawa couplings we need family replication.
We have studied then in detail theories with two fermion families. Here, indeed, we can
extend all four CP symmetries to the full Lagrangian with non-zero Yukawa couplings
which are, however, highly constrained. Discarding extensions which enforce large FCNCs,
we are left with the possibilities of either equal masses for each fermion type or large mass
hierarchies between the families. Choosing the latter possibility we arrive at a theory with
a high degree of symmetry between the two families and absence of FCNCs. We have
shown that we can obtain this theory directly from a symmetry requirement. For this we
have prescribed the form of the four CP transformations for the lepton and quark fields
as shown in table 2.5] Our principle of maximal CP invariance leads then directly to the
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Yukawa coupling implying one massive and one massless family as well as absence
of large FCNCs. The Yukawa part of this theory is given in (2.357) and after EWSB
in . Through EWSB one family becomes massive the other stays massless at the
tree-level, which we have discussed in this chapter. Adding a fermion family uncoupled to
the Higgs particles we arrive at a model which gives a rough approximation of the fermion
pattern observed in Nature. Concerning the charged fermions we have one massive family
which we identify with the third one (7, t, b) and two massless ones, which we identify with
the second (p, ¢, s) and the first (e, u, d) families. In this model the CKM matrix of the
quark generations is equal to unity. As for any THDM, the spectrum of physical Higgs
particles consists of three neutral scalars, p/, b’ and h”, and the charged Higgses H*. The
neutral Higgs particle p’ — which has essentially the same properties as the SM Higgs —
couples exclusively to the third family of fermions. The other Higgses b/, h” and H* couple
exclusively to the second family of fermions. The first fermion family remains uncoupled
to the Higgses. Of course, these statements are expected to be only approximately true.
It remains to be seen whether such a mechanism is realised in Nature. The experiments
at the LHC might be able to tell.

2.8 Orbit variables for the n-Higgs-Doublet Model

After our discussion of the general THDM in the previous chapters, we discuss here as an
outlook a possible extension of the presented methods to the case of n > 2 Higgs doublets.
We consider n complex Higgs-doublet fields

oi(z) = @Zg))) L i=1,...,n. (2.362)

All doublets are supposed to have the same weak hypercharge y = +1/2. In analogy to
(2.16) we introduce the matrix

gpi gog 0 ... 0
¢ = 90:2 90:2 (.) o 0 (2.363)
R I
which is now a n xn matrix. As in we define the matrix
K:=¢¢ (2.364)
of all SU(2), x U(1)y -invariant scalar products,
Kij = oo (2.:365)
with K = (K;;), 1,7 € {1,...,n}. A change of basis among the doublets means
¢ — ¢ =Ug,

K—K=UKU' (2.366)
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with a constant unitary matrix U € U(n). A gauge transformation from SU(2), x U(1)y
P (x) = (Ua(@))os @ (),  i=1,....n (2.367)
with Ug(z) € U(2) means

o(x) — ¢ (x) = ¢(x) U(z)
— )’

(
K(z) — K'(x) = K(x (2.368)

where Ug(z) € U(n) is block-diagonal

Ug(z) = (Velo) | 01 (2.369)

Co 1)

We see directly from the definitions (2.363) and (2.364) that K is hermitian, positive

semidefinite and has rank < 2, since

rank i’ = rank ¢ (2.370)

and ¢ has rank < 2. We shall show that these conditions are also sufficient for some matrix
K to find corresponding Higgs fields with .

Suppose an otherwise arbitrary complex nxn matrix K is hermitian, positive semidef-
inite and has rank < 2. We can diagonalise K and represent it as

ki(z) 0
K(z) = W(2) ( 0 ralz) O\| W(x) (2.371)
0 | 0/

with W (z) € U(n) and k1(z) > 0, kao(x) > 0. We set now

K1(x) 0
¢(x) = W(x) ( 0 Ko () O\] (2.372)
\ 0 | 0/

and see easily that ¢(x) is of the form (2.363]) and satisfies (2.365]). Thus to any hermitian

and positive semidefinite matrix K (x) of rank < 2 there is at least one field configuration
of the n Higgs doublets such that holds. Furthermore, a direct calculation shows
that any two field configurations which give by the same matrix K differ
at most by a electroweak gauge transformation. We summarise our findings in a theorem.

Theorem 2.8.1. For n Higgs doublet fields of the same weak hypercharge y = +1/2 the
matriz K(x) = <g0; (a:)gp&x)) is a positive semidefinite nxn matriz of rank < 2. For any
hermitian positive semidefinite nxn matriz K(x) of rank < 2 there are Higgs fields such
that (2.564)) holds. Any two field configurations giving the same matriz K(x) are related
by a SU(2);, x U(1)y gauge transformation. The matrices K(z) form, therefore, the space
of the gauge orbits of the n Higgs-doublet fields.
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In order to discuss a Higgs potential in terms of the gauge invariant matrix K or some
decomposition of it, we need a more explicit characterisation of the domain of K. In order
to be incorporated in a Lagrange type minimisation of the potential, the domain should be
characterised by some set of equalities and inequalities. If the constraints are polynomial in
the used degrees of freedom, they might be used in the Grobner basis approach explained
in chapter [3] For example, the eigenvalues of K contain the relevant information, but their
usage is complicated by the fact that no explicit formulae exist for them in the general
case. Instead we shall consider the principal minors of K. It is well known that a hermitian
matrix is positive definite if and only if all leading principal minors are positive. Since the
corresponding necessary and sufficient criterion for positive semi-definiteness is omitted in
the text books we checked, we insert a brief intermezzo of some basic linear algebra here.

For some complex nxn matrix H one may consider rxs submatrices (r,s € {1,...,n})
obtained from H by deleting arbitrary n — r rows and arbitrary n — s columns. The
determinants of these submatrices are called minors. The determinants of rxr submatrices
obtained by deletion of n — r rows and columns with the same indices are called principal
minors or, when referring to a specific dimension r X r of the submatrices, principal r-
minors. Finally, if a principal minor originates from a rxr submatrix of H, where the last
n — r rows and columns were deleted, it is called a leading principal minor. With these
notationd’] fixed we state the following.

Theorem 2.8.2. For a hermitian nxn matriz H the following is equivalent:
(i) H is positive semi-definite,
(i1) all principal minors of H are non-negative.

Please note that in contrast to the criterion for positive definiteness here all principal
minors are involved, not only the leading ones. We do not give a detailed proof here, but
only outline the idea. For (i) = (ii) we assume that H is positive semi-definite but has at
least one negative principal minor, which is obtained from some rxr submatrix H. Then H
has a negative eigenvalue and there is a vector © with » components such that dTH < 0.
From © a vector v with n components may be constructed by adding zero components
such that v"Hv < 0, which contradicts the assumption. For (ii) = (i) we construct a
matrix H by permutating same index rows and columns of H such that the upper left
block submatrix of H has the rank of H. A diagonalisation of the H shows that this
upper left block can be written as B D Bf, where Disa diagonal matrix with all non-zero
eigenvalues of H and B is invertible. All principal minors of B D B must be positive and
using the proof of the well known theorem for positive matrices we conclude that B D Bt
is positive definite. Therefore also D must be positive which implies (i). Please see [123]
for details omitted here, in some cases a generalisation of their proofs from symmetric to
hermitian matrices is necessary.

I Another common nomenclature deviates from these definitions by using the name principal minor for
the above definition of a leading principal minor.
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Using theorem [2.8.2] we find that for some hermitian n xn matrix K there are Higgs
fields with ([2.364]) if and only if all of the following hold:

all principal 1-minors of K are non-negative, and (2.373a)
all principal 2-minors of K are non-negative, and (2.373b)
all principal 3-minors of K are zero. (2.373c)

Since the minors of K also allow to directly read off the rank of K we can characterise the
possible cases as follows.

Theorem 2.8.3. A hermitian n xn matriz K corresponds to a field configuration of n
Higgs doublets with K(x) = (gpi(x)gp&x)) if and only if one of the following holds:

e All principal 1-minors of K are zero.
Then rank K =0 and K = 0 hold.

o All principal 2-minors of K are zero, at least one 1-minor is positive.
Then rank K = 1 holds.

o All principal 3-minors of K are zero, at least one 2-minor is positive.
Then rank K = 2 holds.

As for the THDM, the rank of K has a direct physical meaning. We observe from

(2.363) and (2.370]) the following.

Classification 2.8.4. A matriz (K) describing the vacuum of a potential belongs to one
of the following categories:

o rank (K) = 0: A vacuum (K) of this type is trivial, that is, it has vanishing vacuum
expectation values for all Higgs fields. In this case, no symmetry is spontaneously
broken.

o rank (K) = 1: For a vacuum (K) of this type a SU(2);, x U(1)y transformation is
possible such that

0 [e)) 0 ... 0
0 (9 0 ... 0

(¢) = 5 <¢3> L (2.374)
0 (@) 0 ... 0

and we identify the unbroken U(1) gauge group with the electromagnetic one. By a
transformation we can arrange that

0 v/v2 0 ... 0
0 0 0 0

n 1/2
(¢) = L a u:ﬁ<2|<p?]2> (2.375)
0 0 0 ...0 =
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for the vacuum expectation values in the new basis. Again, v &~ 246 GeV is the usual
Higgs-field vacuum expectation value.

e rank (K) = 2: A vacuum K of this type means that in any gauge or Higgs flavour
basis at least one charged and one neutral vacuum expectation value is non-vanishing.
This means that the full gauge group SU(2), x U(1)y is broken.

We now consider a decomposition of the matrix K (x) such that we arrive at real degrees
of freedom. Let

Na/2, a=1,...,n*—1 (2.376)

be generators of SU(n), that is hermitian and traceless n xn matrices, with the normali-
sation

tr A Ay = 204 , a,be {1,...,?12— 1} (2377)

We arrive at a complete set of complex nxn matrices by supplementing these generators

by a multiple of the unit matrix
2
n

with yet to be specified normalisation Ny € R. The matrix K can be decomposed in the
following way
n%—1

Ao Aa
K =Ky— K,—. 2.379
" 07 + ; 9 ( )
The coefficients Ky, K, (a =1,...,n? — 1) defined in this way are real and satisfy

1
Ky = Ftr (KXo) ,

2

0
K, =tr (K\,) , a=1,...,n* —1. (2.380)

These are the orbit variables for the n-Higgs-Doublet Model. Although setting Ny = 1
would appear most natural at this point, we keep Ny unfixed for a reason which will
become clear. From a group theoretical point of view this construction means with respect
to the SU(n), subgroup of the Higgs flavour transformations U(n),:

nen=1&Mn —1), (2.381)
where K is the singlet 1 and the vector (K,) the fundamental multiplet (n? —1). That is,

for a Higgs flavour transformation (2.366)) the doublets transform as “spinors”, K, as an
invariant “scalar” and (K,) as a real “vector” (with the associated real rotation in SO(n)).
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As an example we consider the case of three Higgs doublets, n = 3. As generators of
SU(3) satistying (2.377)) we have the Gell-Mann matrices

010 0 —2 0 1 0 0
M=1[10 0}, =17 0 0], AM=|(0 -1 0],
0 00 0 0 0 0 0 O
0 01 0 0 —i 0 00
=10 0 0], =10 0 0|, =10 0 1],
1 00 1 0 O 010
0 0 0 1 1 0 0
=10 0 4]}, M=—[0 1 0 (2.382)
0 —i 0 V3 0 0 -2
The minor conditions ([2.373) are
K1 >0, K11 Ky — ’K12|2 >0,
Ky >0, Koo Kys — | Kos|* >0,
K33 Z 0, K33K11 - |K31|2 2 O, detK =0. (2383)

Taking the sum of the principal 1-minor inequalities gives tr K > 0, which in turn is
equivalent to
Ky>0. (2.384)

From the sum of the principal 2-minor inequalities we get

8
NG KG - K2>0. (2.385)

a=1

Here we see Ny = 1/ v/2 would render to the simplest generalisation of the “forward
light cone” restriction. Note that the constraints in are written in a basis dependent
form. As basis independent constraints we find that at least , and det K =0
must be taken into account, where the latter is a polynomial constraint of third order in
K, (a=1,...,8). This is in contrast to the THDM, where the analogues of and
(2.385]) were sufficient for the specification of the domain of the orbit variables.

To summarise, we have presented with theorem the domain of gauge invariant
functions for the n-Higgs-Doublet Model with n > 2, described by a hermitian matrix.
These conditions may be directly translated to the singlet plus vector type real orbit
variables , where they become polynomial inequalities and equalities. We have
illustrated the case n = 3 and found the domain of the orbit variables to be more involved
than in the case of the THDM. Nevertheless, to determine the stability and EWSB of
potentials for n > 2 doublets, Lagrange methods similar as described for the THDM may
be applied.



Chapter 3

The Next-to-Minimal
Supersymmetric Standard Model

3.1 Higgs potential

The Next-to-Minimal Supersymmetric Standard Model Higgs sector contains a complex
scalar Higgs singlet S in addition to the two scalar Higgs doublets H,, Hy present in the
MSSM, see subsection [1.4.3] The two Higgs doublets have opposite hypercharges, y = 1/2
for H, and y = —1/2 for H;. We assume the soft breaking mass terms for the sleptons
and squarks to be sufficiently large to prevent nonvanishing vevs for the latter. For the
discussion of the electroweak symmetry breaking at the tree-level, we then need to consider
only the scalar potential of the pure Higgs part. We denote the scalar Higgs fields by

i) = (i)
Hy= ("),  H= (%) s 3.1
(HO d Hd ( )

u

For the scalar doublets H,, Hy, we get contributions to the Lagrangian from the elimination
of the vector supermultiplet auxiliary fields, the so-called D-terms,

3
1 1
L3 = —59" Y (HITH, + HiT,Hy)* = 5 *(HIYH, + HIYH) . (3.2)

a=1

Contributions for all scalar Higgs fields arise from the elimination of the chiral supermul-
tiplet auxiliary fields, the so-called F-terms,

SWH 2

— (33)

2_‘5WH

R R U
SH 0HY | |oH;

ZFH:_’ 55

where W (1.23)) is taken as a functional of the scalar fields instead of the superfields.
Using the identity 22:1 ofof 4 00w = 20405 we find with Vp = =41, Vp = -4,
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Vot = —ZH, and (1.24) for the Higgs potential (see also [32, 100])

V=Vp+ Ve + Veost

where

1 2

1 2
8 29
Vo = [\ |SI? (|Hu|” + |Ha?) + |NHyeHy + £ S*

2
Vo = =g° (|H,|* — |Hal*)" + HiH,

‘ 2

1
Viets = myy, |Hu|> +m3y, [ Hal* + m% |S” + (AAA SHYeH, + g/{AH S5 4 h.c.)

(3.4)

Here, A\, k are complex dimensionless couplings, m%,u, qud, m?% are real parameters of
dimension mass squared and A,, A, are complex parameters of dimension mass. Further,
we have HYeH,; = HIH; — HYH) and g = \/g? + ¢, where g and ¢’ are the SU(2), and
U(1)y gauge couplings, respectively. Thus, the parameters of the potential are given by
the experimentally fixed electroweak gauge couplings and

A, K, m?{u, mlzqd, mz, Ay, A (3.5)

The quartic terms of the potential (3.4]) are positive for any non-trivial field configura-
tion, if both A, k are non-vanishing. The potential is therefore bounded from below for all
cases considered here, and stability has not to be checked any further.

3.2 Physical parameters and necessary symmetry
breaking conditions

The vacuum is required to break the electroweak symmetry SU(2); x U(1l)y down to
U(1)em as observed in Nature. In this case, we can always achieve by a SU(2), x U(1)y
transformation that the vevs take the form

iou 0 LUd 1 i
(Hy) = €e¥ (\%Uu) : (Hg) = (‘/% ) ; (S) = Ee “Sug (3.6)
with the real parameters v,, vy, vg and the real phases ¢, and ¢g. Since in the NMSSM up-
and down-type fermions acquire their masses through the vacuum expectation values of H,
and H, respectively, we require v,,vg # 0. Also on phenomenological grounds, we assume
vs # 0 in order to have a non-vanishing effective p term, see subsection [[.4.3 At this
point, we merely assume to be the global minimum of the potential and postpone the
question for which parameters of the potential this is indeed the case. Necessary conditions
will be derived successively in this section. Our method presented in section allows
then for a definite answer.
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The stationarity of the vacuum requires a vanishing gradient with respect to the Higgs
fields. We define

R :=Re (/\/f*ei(%—%s)) 7 Z :=Im (/\/i*ei(“’“_Q“"S)) ,
1 . 1 .
Ry = 7 Re (AAye/eutes)) | T, = 7 Im (A, e'(Putes)) |
R, = x Re (/{Aﬁei3¢5) , RES L Im (/@A,iei?’%) , (3.7)

V2 V2

and find the stationarity conditions for (3.6|) to be equivalent to

1 1 1_v3v Vg,
iy, = 50" (vh =) — 5 A" (0 +0f) + gR= N Z d (3.82)
2 Ly o oy 1o oy, L vgu, UsVu
M, = 39 (v —vy) — 5 A7 (v + ;) + 573 i + R ol (3.8b)
1 Uy U
mg = — |k vg — 5 AP (02 +v2) + Ru,vg + Ry Usd — Ravs, (3.8¢)
1
Iy = —5vsT, (3.8d)
3 Uy Vg
In=—5-——1. 3.8
2 Vs ( e)

We shall use these equations to reparameterise the potential in the following.

In order to access the physical content of the Lagrangian, we define the shifted Higgs
fields as deviations from their vacuum expectation values. Introducing new linear combina-
tions of the shifted Higgs fields, we can isolate the gauge boson mass terms (along with the
Goldstone modes). The electroweak coupling structure is complicated when working with
H,, H; due to their opposite hypercharges. Instead, we change to the same hypercharge
convention using the substitution , where the couplings to the gauge bosons are more
transparent. In this notation, the separation of the gauge boson masses becomes really
simple, it reduces to a simple basis change to decouple the vacuum expectation values, see
section Inserting the rotated fields into the potential, we get for the non-interaction
part of the charged Higgses

Ve w=mys HVH™ (3.9)
with . )
m%ﬁ = m%/v 5 |)\‘2 v? 4 S—Us(’UsR + 27?,)\) , (310)
26

showing that the charged Higgses HT are already mass eigenstates with mass squares mi..

Here, the W boson mass is identified according to and appears as a consequence of
supersymmetry. Further, v = y/v2 + v3 ~ 246 GeV is the electroweak scale, tan 5 = v, /vg
and sgp = sin(2/). In addition to the fields p’, b/, h” there are two more real modes from
the complex singlet S. These five neutral Higgses combine to five physical neutral Higgs
bosons, which are for generic values of the potential parameters all massive.
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Usually, stationarity conditions similar to are used to reparameterise the potential.
We employ such a reparameterisation in section [3.5 By construction it is then assured,
that the required vacuum solution (|3.6) is a stationary point. Further, choosing all physical
masses positive would guarantee that the required vacuum is a local minimum of the
potential. However, whether the required vacuum is the global minimum of the potential
and thus stable, can not be decided on its local properties alone. A rigorous check is
possible by considering all stationary points of the potential and test whether their values
of the potential lie indeed not below that of the required vacuum, for which we get

1 1 1 1 2
(V) = ——cgﬁvgm%%——sgﬁvQ(mﬁi—m%/)+—v§ (— |)\\2 v+ 582572@2 - |I€|2U§ — —R,.vg

8 8 4 3
(3.11)
We shall present a method to find all solutions of the stationarity conditions in section [3.4

Here, we want to discuss some particularly simple stationary points.
The trivial point of vanishing fields,

H,=H;=5=0 (3.12)
is always a stationary point with the potential value
Vg =0. (3.13)
Requiring the required vacuum to lie not above the trivial point in the potential gives
(VY <Vl0|pw=0 (3.14)

2 1 Vi 2 wg
& mis < cot?(28) +mi, + %vg (\)\F — 35R+ |k U—g + gRﬁﬁ) . (3.15)

This result was also found in (39) of [T09]}

Let us next consider a specific example for the CP conserving case, where all parameters
of the potential as well as the vacuum expectation values in are real. We find a
particular stationary solution, where both doublets vanish but the singlet does not,

A2 —8mZ — A
w = — e K ) il 1
H,— Hy=0, S - (3.16)

where we assume A% > 8m%. The value of the potential at this stationary point is

(A - JM)Q (42 = A/ A7 =8m% — 12m3)

S 1
Ya 3842 (3.17)
A stable vacuum with the vevs ({3.6]) requires then

(V) < Vi, (3.18)

!Their notation differ from ours by a sign in the definition of &.
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which implies further restrictions on the parameters. Moreover, the stationary point
has an interesting property. We reparameterise the potential in terms of the vacuum
expectation values as described above and consider the hierarchy between this point and
the required vacuum . After reparameterisations we find as an approximation in the
case vg > v, my=+, A, and k of O(1) for the relative splitting of the potential values

_ 2(1 =2,.2 2(__ -1 2 _ 2 4
lim Van — (V) _ (14 ¢c45)7°K> + A (—=3(—1 4 cyp)k” — 8X° + 8K AS2p) _v_4' (3.19)
vs—oo (V) 32k4 Vg

Considering the infimum and supremum of this expression in the range

k€[0.6,1], X€]0,1], tanp € [0,00], (3.20)
we find
4 _ 4
N P LIk L S (3.21)
US Vg —00 <V> US

This means that at large vg the value of the potential at the stationary point comes
very close to that of the required vacuum . Note that the two points are always well
separated due to their doublet components, which are vanishing in the one case and given
in terms of the electroweak scale in the other case. The stationary points are typically
connected by a long, flat, but very narrow valley, as our numerical evaluations will show.
This feature is in fact much more generic than considered here, see section [3.5]

Note concerning the stability of the vacuum, that the presented conditions are only
necessary but not sufficient. Commonly encountered checks in the literature consider only
stationary points, where at least one of H,, Hy or S vanishes. In section [3.5] we shall
demonstrate at the tree-level that these partial checks are insufficient.

3.3 Stationary points via orbit variables

The analysis of the electroweak symmetry breaking is simplified by using gauge invariant
degrees of freedom similar to the scheme presented in chapter We describe the two
scalar doublets by the orbit variables introduced for the THDM. To achieve this, we
first rewrite H,, Hy in terms of same-hypercharge doublets via , and then replace all
doublet scalar products in the potential via . Further, we decompose the complex
singlet field into two real fields according to S = S,. + iS;,,. In this notation we find for
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the NMSSM Higgs potential

1
Ve = A1 (K7 + K3 + 4Ko(S2 + 52,)) + |r[*(S2% + S2,)°
— Re(Ali*) (Kl(SES - Ssz) + 2K2STeSim)

+ Im(A&*) (Ko (SZ — Si,) — 2K1.5:eSim) (3.22)
1—2 2 1 2 2 2 2 2
Vb = 39 K; + Y (K; — Ki — K; — K3), (3.23)
1 1
‘/éoft = §m%{u (Ko — Kg) + 57773_](1 (K() + Kg) -+ m% (Sfe + Sfm)

2
— Re(AAy) (K1Sye — K3Sim) + 3 Re(kA,) (52, — 35,.5%,)

2
+ Im(AA)) (K3Sye + K1Sim) + 3 Im(kA,) (S5, — 352.5im) , (3.24)

where all six degrees of freedom are real. As for the THDM, the domain of the orbit
variables is given by the forward light cone condition

Ko > |K] (3.25)
see [223).

We shall now consider stationary points in these new degrees of freedom. With respect
to a spontaneous breaking of the electroweak symmetry the singlet is irrelevant, and we
may directly translate the results from section to the present case.

Classification 3.3.1. We distinguish the possible cases of stationary points by the SU(2) X
U(1l)y symmetry breaking behaviour which a vacuum of this type would have, see classifi-

cation [2.31:
e unbroken SU(2), x U(1)y: A stationary point with

K():Kl:KQ:Kg:O. (326)

A global minimum of this type implies vanishing vacuum expectation value for the
doublet fields and therefore the trivial behaviour with respect to the gauge group.
The stationary points of this type are found by setting all Higgs-doublet fields (or
correspondingly the Ky as well as the K, fields) in the potential to zero and requiring
a vanishing gradient with respect to the singlet fields:

V V(Sye, Sim) = 0. (3.27)

e partially broken SU(2), x U(1l)y: A stationary point with

Ky>0,

3.28
KK K K2—0. (3.28)
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A global minimum of this type leads to the desired partial breaking of SU(2)p, x U(1)y
down to U(1)en, . Using the Lagrange method, these stationary points are given by
the real solutions of the system of equations

V[V (Ko, K1, Ko, K3, Sre, Sim) —u - (Kg — K} — K2 —K2)] =0,

3.29
K- K —K;—K:;=0, (3.29)

where u is a Lagrange multiplier. The inequality in (3.28]) must be checked explicitly
for the solutions found for (3.29)).

e fully broken SU(2), x U(1)y: A stationary point with

K0>O,

3.30
K} —K{—-K;—K;>0. (3:30)

A global minimum of this type has non-vanishing vacuum expectation values for
the charged components of the doublets fields in , thus leading to a fully bro-
ken SU(2)r, x U(1)y. The stationary points of this type are found by requiring a
vanishing gradient with respect to all singlet fields and all gauge invariant functions:

\Y V<K07 K17 K27 K37 ST67 Slm) =0. (331)

The constraints (3.30)) on the gauge invariant functions must be checked explicitly for
the real solutions found.

For a potential which is bounded from below, the global minima will be among these

stationary points. Solving the systems of equations (3.27)), (3.31]), and (3.29), and inserting

the solutions in the potential, we can therefore identify the global minima as those solutions
which have the lowest value of the potential. Note that in general the global minimum
can be degenerate. In fact, due to the Zs symmetry of the potential, stationary points
generically are either threefold degenerate or non-degenerate.

3.4 Determination of stationary points via Grobner
bases

From the mathematical point of view we have to solve with (3.27)), (3.31)), (3.29) a non-
linear, multivariate, inhomogeneous systems of polynomial equations of third order. Stan-
dard analytical approaches [124] fail due to the complexity of the problem, while a numer-
ical approach [124] tends to be unreliable, since it sometimes misses solutions. Floating
point numbers in algorithms like that should be treated with care for reason we shall
shortly explain. In the following, we provide an algorithm, which reliably solves the sta-
tionarity conditions in short time despite the relatively large number of fields present in
the NMSSM. The most involved case is given by (3.29)), which consists of seven equations
in seven indeterminates, namely six real fields and one Lagrange multiplier.
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In the following we describe an algorithmic method to solve (3.27), (3.31]), (3.29) for
the case that the number of complex solutions is finite. The latter is indeed fulfilled for
the NMSSM with generic values for the parameters, and it is automatically checked by the
method. Note that the gauge invariant functions avoid spurious continuous sets of complex
solutions, which we found to arise in the case of the MSSM as well as the NMSSM if the
stationarity conditions are formulated with respect to the Higgs fields in a unitary
gauge. This is not surprising given the fact, that the gauge invariant functions express the
contribution of the doublets to the potential by four real degrees of freedom in contrast to
the five encountered for the doublet components in the unitary gauge.

The solution of multivariate polynomial systems of equations is the subject of polyno-
mial ideal theory and can be obtained algorithmically in the Grébner basis approach [125].
See appendix [A] for a brief introduction to this subject. Within this approach, the system
of equations is transformed into a unique standard form with respect to a specified un-
derlying ordering of the polynomial terms of the sum (monomials). This unique standard
form of the system of equations is given by the corresponding reduced Grobner basis. If
the underlying order is the lexicographical ordering, the unique standard form consists of
equations with a partial separation in the indeterminates. We use a variant of the Fj
algorithm [126] to compute the Grobner bases. A Grobner basis computation is often con-
siderably faster if the standard form is computed with respect to total degree orderings and
then transformed into a lexicographical Grobner basis. The transformation of bases from
total degree to lexicographical ordering is done with the help of the FGLM algorithm [127].
Finally, the system of equations represented by the lexicographical Grobner basis has to be
triangularised. The decomposition of the system of equations with a finite number of so-
lutions into triangular sets is performed with the algorithm introduced in [128|, 129]. Each
triangular system consists of one univariate equation, one equation in 2 indeterminates,
one equation in 3 indeterminates and so forth. This means that the solutions are found by
subsequently solving just univariate equations by inserting the solutions from the previous
steps.

The construction of the Grobner basis as well as the triangularisation are done al-
gebraically, so no approximations are needed there. However, the triangular system of
equations contains in general polynomials of high order, where the zeros cannot be ob-
tained algebraically. Here numerical methods are needed to find the in general complex
roots of the univariate polynomials.

For more involved systems of equations, as is the case for the NMSSM stationarity
conditions, the algorithmic solution is considerably simplified (or even made accessible), if
the coefficients of the polynomials are given in form of rational numbers. Since rational
numbers are arbitrarily close to real numbers and moreover the physical parameters are
given only with a certain precision, this does not limit the general applicability of the
method in practice. While Grobner basis algorithms exist which use floating point number
representations, their mathematical foundations are still in development. The key problem
lies in the fact that the recognition of exact zeros is at the heart of the Grobner algorithms,
see appendix [A] but difficult to achieve with approximate number representations. For
further reading on this topic and a rigorous approach see [130, [131] and references therein.
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All algorithms for the computation of the Grébner basis with respect to a given order of
the monomials, the change of the underlying order, the triangularisation, and the solution
of the triangular systems are implemented in the Singular program package [132]. The
solutions obtained can be easily checked by inserting them into the initial system of equa-
tions. Moreover, the number of complex solutions, that is the multiplicity of the system, is
known at the algebraical level, so we can easily check that no stationary point is missing.

3.5 Numerical results

In order to fix experimentally known parameters like the electroweak scale, it is inappro-
priate to choose numerical values for the original potential parameters . Instead, we
express different original parameters in terms of more physical input parameters, namely
the desired vacuum expectation values (3.6]) of the neutral components of the Higgs dou-
blets and the Higgs singlet, the mass of the charged Higgs boson and a CP-violating phase.
We write the complex parameters A\, k, Ay, and A, in polar coordinates with phases 0y,
0w, 04,, 04, and introduce the abbreviations

OEpM = 0) + @u + @5, 0 =0, + 3ps . (3.32)

Together with the stationarity conditions (3.8]) and the tree-level expression for the charged
Higgs mass squared ([3.10)), the initial parameters of the potential (3.5]) can be replaced by
the new set of parameters

)‘7 K, |AI€|7 tan6> Us, Mp+, Sign Rm 5EDM> 5; (333)
plus the electroweak scale v & 246 GeV. In the mass matrix of the Higgs scalars, the CP
violating entries which mix the “scalar” with the “pseudoscalar” fields are proportional to
the imaginary part of expli(dgpy — 0%.)]. This new set of physical input parameters for the
potential allows e.g. to adjust the electroweak scaled to the observed value. It is applicable
in presence of CP violating phases as well as for their absence without the necessity of any
case distinction.

As a numerical example, we choose the parameter values

A=04, k=03, |A =200GeV,
tan =3, wvg=3v, my+ =20, (3.34)
SignR,@:—, 5EDM:07 5,:0

K

and consider the variation of one parameter at a time with the values of the other param-
eters in kept fixed. For a given point in parameter space, we compute all stationary
points of the NMSSM potential as described above. As mentioned in section the
Grobner basis construction is performed with numerical coefficients. Here we use a pre-
cision of 12 digits for the input parameters , which are determined from the values
for the parameters . The roots of the univariate polynomials are found numerically,
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where we choose a precision of 100 digits. Our approach is not limited by any fixed preci-
sion in both cases. We verify that the errors of the approximate statements described in
the following are under control. For generic values of the parameters we find 52 complex
solutions: 7 corresponding to the unbroken, 38 to the partially broken, and 7 to the fully
broken cases. The number of real and therefore relevant solutions depends on the specific
values of the parameters.

As expected from the Zs3 symmetry of the potential, we find either 1 or 3 solutions
sharing the same value of the potential within the accuracy of the numerical roots. From the
computed stationary points only those may be accepted as global minima which correspond
to the initial vacuum expectation values (up to the complex phases), that is which fulfil

V2K, ~ v, ?; - Ifgz ~tan B, 1/2(S2, +52) ~vg. (3.35)
Since for non-vanishing A, x the potential is bounded from below, the stationary point
with the lowest value of the potential is the global minimum. Further, we determine
for every stationary solution, whether it is a local maximum, local minimum or a sad-
dle point. For the regular solutions, i.e. the partially- and fully-broken cases, this is
achieved via the bordered Hessian matrix (see for example [I15], see also (2.97)), in terms
of Ky, K1, Ko, K3, S, Sim. This takes all powers of the doublet fields into account, which
allows for a definite decision on the type of the stationary point also for frequently encoun-
tered partial breaking solutions where at least one mass squared is zero and the others have
the same sign. For irregular solutions, i.e. the non-breaking solutions with Ky = 0, the
Lagrange formalism can not be used since the gradients of the two boundary conditions
with respect to Ky, K1, K, K3, Sy, Sim become linearly dependent. Instead, we resubsti-
tute the original fields H;", H®, H? ,H; , Sre, Sim in this case and consider the free Hessian
matrix with respect to these ﬁelds. ThlS turns out to be sufficient in practice to judge on
the type of the stationary points.

Figures show the values of the potential at all stationary points for the param-
eter values and the cases where successively one of the parameters k, A, tan g3, vg,
mpy+, 0. is varied. Each curve in the Figures represents 1- or 3-fold degenerate stationary
potential values, where the gauge symmetry breaking behaviour of the solutions is denoted
by different line styles. Excluded parameter regions, where the global minimum does not
exhibit the required expectation values are drawn shaded. As is illustrated by the
figures, we find that substantial regions of the NMSSM parameter space are excluded.
For some excluded parameter regions, the partially breaking solutions with the required
vacuum expectation values are saddle points (see for instance figure , top). This
means they can be discarded as global minima without calculation of the other stationary
points by checking for positive Higgs masses. However, this is not always the case. Obvi-
ously from figure [3.3] top, we find an upper bound for vg. For the plotted vg larger than
this upper exclusion bound the solutions fulfilling are still pronounced minima, i.e.
the mass matrices have positive eigenvalues, but they are no longer the global minima. We
note furthermore, that the “dangerous” solutions are often partially breaking triples, of
which one is CP-invariant. That is, they are of the same type as the triple containing the
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required vacuum. Even though most difficult to calculate, these cannot be omitted from
the discussion. We also note that for some cases, an unwanted global minimum occurs at
large field configurations. The influence of the CP-violating phase d/. is shown in figure
bottom. Note that §/, — —0/. is not a symmetry of the potential. However, the potential is
invariant under (9, Ko, Sim) — — (9, Ko, Sim ), that is (6., Hy,, Hg, S) — (=0, H}, H}, S*),
if the residual phases are chosen as in (3.34)). Therefore the stationary values of the poten-
tial in figure [3.4] depend only on |d’|.

In all figures shown here there are non-breaking saddle points with potential values
slightly above those of the wanted global minimum. We already discussed this feature in
section [3.2 for a certain limit of the parameters. We find that this effect is not coincidental
for the parameters chosen there or here, but rather a generic feature of the NMSSM.
Within the CP conserving parameter range

A€)0,1], x€l0,1], A, e +£]0,2500] GeV, (3.36)
tan 8 €1]0,50], v, €]0,5000] GeV, mpy+ €]0,2500] GeV (3.37)

we select samples producing the wanted global minimum and typically find non-breaking
saddle points, where the relative separation of the potential values for the saddle points
and the global minimum is below the per-mille level, in many cases even far below. We do
not find fully breaking global minima for scenarios in the range where the solutions
with the required vacuum expectation values are local minima. Eventually, we
find examples, where CP conserving parameter values with the “wrong” global minimum
produce the wanted global minimum if a non-vanishing phase ¢/, is introduced.

Summary and outlook

We have demonstrated a new method to determine the global minimum of the NMSSM
Higgs potential at the tree-level. We have used Grobner basis calculations to determine
all stationary points, where the approach ensures at the algebraical level that the global
minimum is not missed. To our knowledge, the presented method is the first minimisation
proposal for extended Higgs potentials achieving this. Our results show that the require-
ment of a stable vacuum excludes large regions of the NMSSM parameter space. Without
fine-tuning, we have found cases which are challenging for local descent based algorithms
because of strongly anisotropic potential structures or minima at large field values. Further,
we have encountered non-finetuned cases, where the instability of the vacuum is neither
obvious from the mass matrices nor due to often suspected minima.

Clearly, the scope of the method is not restricted to the NMSSM. We have successfully
tested it also for THDMs. The run-time of existing Grobner basis algorithms grows rapidly
with the complexity of the equations and in particular the number of degrees of freedom.
This limits the applicability of the method currently to cases not much more involved than
the NMSSM. For the approach as it stands, it is essential to manually eliminate continuous
symmetries from the potential. Here, this was achieved for the gauge degrees of freedom
by employing orbit variables for the two Higgs doublets. While it was not necessary for
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the case of the NMSSM, the Grobner basis approach might also be used to ensure a Higgs
potential is bounded from below. For this, the large field behaviour of the potential could
be described by a function defined on a compact domain similar as shown for the THDM
in section 2.2] Stability of the potential could then be achieved by checking the stationary
points of such a function with the Grobner basis method.

Since the Higgs sectors in particular of supersymmetric theories are known to receive
considerably large radiative corrections, it would be very desirable to extend our method
to at least the 1-loop-effective potential. This extension is not straight-forward, since the
Grobner basis notation is restricted to problems which can be formulated via polynomials.
Nevertheless, the tree-level result obtained with our method might at least serve as a basic
handle to access the global structure of the potential reliably.
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Figure 3.1: Values of the NMSSM potential at its stationary points in dependence of x and A,
respectively. The following parameters are kept constant unless explicitly varied: A = 0.4,k =
0.3,]A4,| = 200GeV,tan 3 = 3,vs = 3v,myg+ = 2vu,sign R, = —,0gpm = J,, = 0. Each line
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SU(2), x U(1)y, respectively. For solutions of the partially broken class, it is also denoted
whether they correspond to the 'required vevs’ v, vq, vg or to ’other vevs’. Excluded parameter
values, where the global minimum does not exhibit the required vacuum expectation values, are
drawn shaded.
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Chapter 4

Success of the colour dipole picture

4.1 The picture

For the understanding of the proton substructure, studies of deep inelastic scattering (DIS)
of electrons and positrons on protons

ef+p—ef+ X (4.1)

play a crucial role [I33]. We shall consider here momentum transfers squared Q* <
1000 GeV?. Then it is sufficient to consider exchange of a virtual photon between the
leptons and the hadrons in . Thus, the reaction which we shall study in the following
is the absorption of a virtual photon v* on the proton,

v +p— X, (4.2)

where we perform the sum over all final states X. The center-of-mass energy for this
reaction is denoted by W, the virtuality of v* by Q2. The proton in (4.2)) is supposed to be
unpolarised, but the virtual photon can have transverse or longitudinal polarisation. The
corresponding total cross sections are op and oy, respectively. The F, structure function
takes with Hand’s convention [134] for the v* flux factor at small Bjorken-z the simple
form
N 2 2
FQ(W7Q ) (UTO/VaQ ) +UL(WQ )) ) (43)

472 gy

where a.,, is the fine structure constant. To obtain the standard dipole model for the
cross sections orz, , they are first related to the imaginary part of the v*p — +*p forward
scattering amplitude. The latter is represented as the initial v* splitting in a ¢g pair,
this pair scattering on the proton and the g¢ subsequently fusing to the final state v*, see
figure [4.1] Note that this figure is to be read from right to left in order to be in complete
analogy with the occurrence of the various factors in the amplitudes. In the high-energy
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final initial

p p

Figure 4.1: Basic diagram for the description of the cross sections o 1, of 7*p scattering in the
standard dipole approach.

limit, the diagram of figure [4.1] leads to

Z /d2 /da /\/\, (c ’I‘,Q2)) &9 W, QQ)w (a r,Q%), (4.4)

;NN

-y /d2 /da O (a,r Q2)) 6D (r, W, Q%) 0Dk (a7, Q%) (4.5)

;NN

provided a number of assum tlons and approx1matlons hold, as worked out in detail in
[135], 136]. In ( either v q \y OF w v may be used, both give the same result. Here,
« is the longitudmal momentum fractlon of the ~* carried by the quark, r is the vector
in transverse position space from the antiquark to the quark, and A\ and X are the spin
indices of ¢ and ¢, respectively. The total cross section for the scattering of the ¢q pair
on the proton is denoted by 0( 9 the v* wave functions for transversely and longitudinally
polarised v* by ww M, and w ;\, respectively. Finally, a sum over all contributing quark
flavours ¢ is to be performed The photon wave functions are calculated perturbatively.
They enter the total cross sections via their absolute squares, which give to leading order
in oy, and with the usual normalisation:

(9)+ 2 NCO‘eng 2 2\ 2 772 2 72
D[ Q) = =55 [0 + (1= ) KT (egr) + miK(egr)] . (4.6)
AN
2 2N, ozemQ
S [0 Q) = QR (a1 — ) K er) (47)
AN
with the abbreviation
€q 1= \/a(l —a)Q?* +m2. (4.8)

'In the next chapter, we shall give more details and point out a subtle restriction for ([4.4)-(4.5) obtained
n [136].
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Here, N. = 3 is the number of colours, (), denotes the quark charges in units of the proton
charge, m, the quark masses and K ; are modified Bessel functions.

A prediction for the dipole cross section from first principles within QCD is not available
up to now. Due to its intrinsic non-perturbative nature, it can not be calculated from
perturbative QCD. While its computation via lattice QCD simulations seems to be a
natural attempt, it still is an unsolved problem. A solution might possibly be found using
alternative formulations of lattice QCD instead of the standard euclidean path-integral
based methods. For instance, in [I37] a Hamiltonian formulation of lattice QCD is proposed
aiming at a well-defined continuum limit also on the light cone.

Several phenomenological models have been proposed for the dipole cross section, see
e.g. [138] 139, 140, 14T, 142, 143] and the review [144]. A further review and a discussion
of several issues considered in this thesis can be found in [I45]. The proposed phenomeno-
logical dipole cross sections involve parameters which are fitted to the data. In this thesis
we derive various bounds within the colour dipole picture, which are independent on the
specific form of the dipole cross section. But we shall also use particular models for ¢ for
the discussion of various effects.

4.2 The Golec-Biernat-Wiusthoff model

A particular popular dipole cross section was proposed by Golec-Biernat and Wiisthoff
(GBW) in [I38]. It represents the prototype for models with small-z saturation. Its dipole
cross section is

r

2
68 () = 0 (1 — 6'4’“3@)) , (4.9)

where

NN 2
(%) = (%) GeV ™2, = (1 + 42;‘1) x. (4.10)
This dipole cross section depends on Bjorken-z, x ~ Q?/W?, and therefore not only on
W but also on Q*. For small r the cross section rises with 7% (colour transparency) and
reaches a plateau at larger r (saturation). Besides the general saturation feature, the
scale ry at which saturation sets in decreases with decreasing x. This can be interpreted
as the parton structure of the proton being resolved only if testing with small dipoles.
For decreasing x only decreasingly small dipoles are able to resolve the partons. In our
numerical applications we use their “no charm” fit, see p.10 in [138]:

6o = 23030 b, A= 0.288, zo=3.04-107% (4.11)

Figure illustrates the cross section for the case of one massless quark flavour and
different values of x. Despite its simple form with only three free parameters, the GBW
model is actually able to describe the HERA data remarkably well. In [146] a modified
version of the model was presented, which takes the DGLAP evolution [147, 148 149, 150]
of the gluon distributions into account. This modification allows improved fits to the
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Figure 4.2: Dipole cross section 6@ for one massless quark flavour in dependence of the dipole
size r for the Golec-Biernat-Wiisthoff model. In this model 62 depends on z.

HERA data in particular for higher values of Q2 at the cost of introducing alltogether five
free parameters. Figure shows HERA data for F, in dependence of x together with fits
for the original GBW model and its DGLAP based modification.

Often results obtained within the dipole picture are interpreted in terms of the pertur-
bative gluon densities g(z, u?), where the relation (see e.g. [I51])

71_2

o~ §7’2as xg(z, 1?) (4.12)
is used. There, the evolution scale p is described in terms of 1/r, and 1/r is often regarded
as being effectively proportional to (). Saturation effects at small x are then considered as
non-linear phenomena due to the quick rise of the gluon densities. As will be discussed in
the next chapter, the applicability of this relation might actually require some care.

In this thesis we shall consider various bounds and consistency checks for the colour
dipole picture in order to deepen the understanding of its range of applicability, see also
our article [I52]. This is important, since the dipole picture is not exact and requires
several approximations and assumptions to be made. In section [5| we review the derivation
[135], [136] of the colour dipole picture and provide the building blocks for the following
discussions. There, the motivations for our considerations are specified in more detail.
In section [6] we derive general bounds on ratios of DIS structure functions, which follow
from the general framework of the dipole picture and photon density properties alone.
In section [6.1] we consider the ratio of the charm and longitudinal part of the structure
function F5. We shall derive bounds on this ratio, which are necessarily valid for any dipole
cross section and might provide constraints on the dipole picture when confronted with
future measurements. In section [6.2| we consider ratios of F; taken at the same energy W
but different Q2. We shall calculate bounds, which are valid for any dipole cross sections
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Figure 4.3: HERA data (dots) for Fy in dependence of x together with fits for the original
GBW model and its DGLAP based modification (lines). Upper graph: ZEUS BPT97 (full),
GBW+DGLAP (solid), GBW (dashed). Lower graph: ZEUS (full), H1 (open), GBW+DGLAP
(solid), GBW (dashed). Figures are taken from [146].
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whose energy dependence is given by W alone. Confronting these bounds with data allows
us to derive restrictions on the range of applicability of the framework. In section [7| we
consider explicitly different choices for the energy dependence of the dipole cross section
and discuss whether they may be related by effective scale arguments. Finally, in section
we shall calculate Ioffe times, that is, dipole lifetimes within the colour dipole picture. As a
consistency check we consider, whether major contributions are associated with long loffe
times such that the separation of dipole production and interaction with the proton used
in the dipole picture is justified.



Chapter 5

Foundations and building blocks

In this chapter we review the foundations of the dipole picture as worked out in [I35]
136]. Further, we shall discuss important features of the photon densities in detail as a
preparation for the following chapters of this thesis.

5.1 Non-perturbative foundations

We consider deep inelastic lepton-proton scattering

I(1) +p(p) — 1(I") + X(p), (5.1)

where the corresponding 4-momenta of the particles are indicated in parentheses and
[ =e ,e". In standard kinematics (see for instance [64]) we have

2
s=(p+?, q=l-U=p—p, v=12 = M"Y
my pl  s—mg
2 2
2 2 2 2 _ 2 2 Q- Q
Q" =—-q", W= (p+aq) =2myr—Q +my, x—2mpy_W2+Q2—mf,
(5.2)
with the proton mass m,. In the following, we consider moderate Q2
0<Q* < 10°GeV?, (5.3)

such that only photon exchange has to be taken into account. That is, we are interested
in the reaction

7 (q) + p(p) — X (), (5.4)

where the proton is supposed to be unpolarised and a sum over all final states X is per-
formed. The total cross section for (5.4]) is encoded in the hadronic tensor

W™ (p,q) = Wi (v, Q%) (guu _ ‘1’;_‘21") N m%%Wz(v, 0?) (pu _ 0’@#) (pu _ (pgiq”)
(5.5)
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with the usual invariant functions W o, see for instance [64].
In order to define the cross sections for longitudinally and transversely polarised virtual
photons in (5.4) we work in the proton rest system, supposing

0
1
) =% | | (5.7
0
1 q| w1 lq] — ¢°
vy — 0 vy __ v qu _ 0
(e7) = @ ol (e7) = (e7) — 0 = @ 0 . (5.8)
¢° ¢’ —q

With Hand’s convention [134] the v*p cross sections for transverse or longitudinal v* po-
larisation are

2mm . Y 2mm N y
or(W, Q%) = m el €2Wm/ el = T ;22 Sl eQWW ol
P P
2mmy, 9 9
:me W1<V7Q )7 (5'9)
27Tm * v 27rm * v
O'L<W, QQ) = mf‘:% BQWMV Z:JL = mﬁlz 62WMV €y
P P
2mmy, 2 2 V2 +Q? 2 2

Note that due to gauge invariance the hadronic tensor W ([5.5)) satisfies

W' (p,q) =0,

5.11
W (p,q) g = 0. (5:11)

Thus, choosing €} or €7 for the v* polarisation vector does not change the result of o,
(5.10). However, as shown in [136], in applications of the dipole model it is essential to
use € and not €7, in particular when one calculates the photon wave function from the
Feynman rule for an incoming photon splitting into outgoing on-shell quark and antiquark.
In that case the photon polarisation vector has to be chosen such that its components
remain finite in the high energy limit, as is true for €/, but not for ¢;.
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The standard structure function F5 is defined as

FQ(W, QQ) =Vv WQ(V, QQ)

2

S (o0 (W, Q%) + o(W, Q%] (1+(

- 2
4% 0vep,

Q* (W2 + Q% +3m2) -
W7 mg) (W7 1 Q7 - m})
2

[or(W, Q%) + o(W,Q%)] (1 — ) + O(m2/W?). (5.12)

A2,
472 o

In the high energy limit, W > @, m,, this simplifies to the commonly used form

BW,Q2) = —L [op(W, Q) + 0, (W, Q)] (5.13)

o 2
472 oy

up to terms of order O(Q?/W?). Similarly, we use for the standard transverse and longi-
tudinal structure functions Fr and F7y:

Qz

FT(WQQ):47T2a or(W,Q%), (5.14)
2
FL(W,Q2):4W§2Q o (W, Q%) . (5.15)

In the following we shall always use the relation valid in the high energy limit
unless explicitly noted otherwise. In section we shall discuss how the results obtained
there are modified for finite Bjorken-x if we use the exact formula instead of .
We note that one could also consider as the defining equation for o7 and 0. This
would correspond to a different choice of flux factor for the virtual photons as compared
to [I34]. The considerations of section 6 of [I36] show, however, that Hand’s convention
[134] is the natural one for the dipole picture; see especially (121)-(128) of [136].

In [135, 136] non-perturbative methods were employed in order to work towards a
foundation of the dipole model for quasi-real and virtual photon induced reactions at high
energies. The result for W# (2.5) obtained there is shown diagrammatically in figure
In the high energy limit,

¢’ — o0, (5.16)

taken in the proton rest frame, they find a factorisation into photon wave function and
dipole-proton scattering parts. The wave function parts contain the renormalised vqg ver-
tex function plus a rescattering term. The dipole-proton scattering is built from diagrams
of type (a) where the quark lines go through from right to left and type (b) where the
quark lines do not go through, see figure [5.1. To get from this point to the standard dipole
picture requires a number of assumptions and approximations as listed in [136]:

(i) Quarks of flavour ¢ have a mass shell m, and can be considered as asymptotic states.

(ii) The rescattering terms are dropped and the yqg vertex functions are replaced by the
lowest order terms in perturbation theory.
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Figure 5.1: Quark skeleton diagrams for the photon-proton scattering cross section in the high
energy limit. The shaded area indicates a functional integration over gluon field configurations,
and I', K, S are the renormalised yqq vertex, the renormalised kernel for ¢'¢ to ¢ scattering,
and the renormalised quark propagator, respectively. The diagrams are to be read from right to
left.

(iii) The T-matrix element for the dipole-proton scattering is diagonal in the quark flavour
¢, in « and in . Here « is the longitudinal momentum fraction of the photon carried
by the quark, and 7 is the two-dimensional vector from the antiquark to the quark in
transverse position space. Further, the T-matrix element is proportional to the unit
matrix in the space of spin orientations of the quark and antiquark in the dipole.

(iv) In the T-matrix element for the dipole-proton scattering only the contribution of
type (a) is kept while that of type (b) is neglected, see figure [5.1]

(v) The proton spin averaged reduced matrix element for a given quark flavour ¢ depends
only on the dipole size r = V72 and on W? = (p + ¢).

With these assumptions the authors arrive indeed at the standard dipole picture as used
extensively in the literature, see the previous chapter. In detail, they find for the total
cross section

7 (W) = 3 [ Eruf .o (W), (5.17)

nuW.0%) =X [ Eruf @) o). (518
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with the photon densities w%)L. They are defined by the absolute squares of the photon

wave functions upon integration over o and summation over quark spins as functions of
the dipole size r and of Q?,
() ' (@) ?
wy (r, Q%) = E / da ’@b,y(ag/(a,’l“,@) e+u)
0

Y

AN
' (a) 2
=3 [ da [l @] (519)
A 70
1 2
w(Lq)(r, Q%) = Z/ da )w/(\(f\),“(a,r,Q) €4 (5.20)
AN 0

and yield exactly the expressions and , respectively. Note however, that
and differ from and (5.18)) in the energy dependence of @, We shall return
to this issue after completing further definitions.

In this thesis, we shall also consider structure functions with the production of specific
quark flavours. In the dipole model the cross sections for production of a specific quark
flavour are obtained as in , but without the summation over quark flavour ¢,

C’%)L(VK Q% = /dQTw%)L(r, Q)& D (r,W). (5.21)

We set as in (5.14) and (5.15)) for the flavour specific structure functions

Q? c
Frly = i [0§5’)(W, Q)+ (W, QZ)] (5.22)
and
B =F + F. (5.23)

This assumes that all quarks of flavour ¢ are exclusively produced directly by the inital
~v*. In particular, we consider Fz(c) as defined by in section ﬂ There, we thus ne-
glect associated charm-anticharm production in reactions initiated by other quark flavours
coupling directly to the photon.

In [136] it is stressed that the dipole-proton cross section is naturally independent of
Q?, and thus its correct energy variable is given exclusively by W:

6@ =D W), (5.24)

This excludes in particular the choice of Bjorken-z instead of W, since this introduces
a dependence on Q? in addition to W, see (5.2). It was argued in [136] that using x
instead of W requires additional assumptions which are difficult to assess quantitatively
and which go beyond those listed above. In their derivation of the dipole picture the dipole
cross section arises from a T-matrix element for scattering of a dipole state on the proton.
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There, the key feature of these dipole states is that they consist of a quark and an anti-
quark described by asymptotic states. The dipole states are then independent of @Q? in
the high energy limit. By a smearing in » and « they can be viewed as hadron analogues,
whose normalisation is independent of continuous internal degrees of freedom. But also
the mean squared invariant mass of such smeared dipole states is independent of Q2 at
large W. Nevertheless, the energy variable z — and hence a Q*-dependence — is frequently
used in popular models for the dipole cross section, such as in (4.9)). Sometimes also other
dependencies on Q? are introduced. Furthermore, the perturbative gluon density g(z, Q?)
naturally depends on z and Q% and its often assumed connection to the dipole cross
section suggests that the latter is also @? dependent. The only detailed derivation [136] of
the dipole picture available uses the high energy limit

W — oo, Q? fixed . (5.25)

The formula (4.12)) on the other hand is based on a comparison with the perturbative result
obtained in the double leading logarithmic approximation (DLLA) for the limit

2
W — oo, Q? — 0, % fixed . (5.26)
The authors of [I36] point out, that a step-by-step comparison may be intrinsically difficult
due to these different limites, since first taking and then letting Q? become large
is not necessarily equivalent to . Actually, the choice of the energy variable can be
crucial at moderate values of Q? and W, and we shall explicitly demonstrate that different
choices may in general not be considered effectively equivalent, see section [6.2] and in
particular section
For arbitrary kinematics various contributions to the forward scattering amplitude are
potentially relevant which cannot be interpreted in terms of the dipole picture. In the high
energy limit ¢° — oo the two contributions shown in figure are enhanced with respect
to the others due to a pinch singularity of two poles in the integration over the quark
offshellness. Let £° be the energy of the quark and & be the energy of the anti-quark.
Defining the energy mismatch of the quark anti-quark dipole as

AE =k + E° — ¢° (5.27)

the pinch condition is
AE — 0. (5.28)

In the high energy limit, the pinch condition ([5.28) effectively restricts the range of the a
integration to the finite range
O<a<l. (5.29)

Furthermore, the pinch condition implies a natural UV-cutoft also for the transverse mo-
menta of the quark and the anti-quark. Thus is a crucial element for the dipole
picture to be valid. In chapter [8 we calculate the AE values which actually occur for a
typical dipole model. Considering to what extent the condition is fulfilled represents
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an important self-consistency check and potentially allows to restrict the kinematical range
of validity of the dipole model.

Discarding the rescattering effects for the quark and anti-quark forming the dipole,
assumption (ii), and neglecting contributions of type (b) in figure 5.1} assumption (iv), is
justified in the perturbative regime, since they are of higher order in the strong coupling
constant ag. In the non-perturbative regime of low Q? however it may very well be that
these effects beyond the standard dipole picture are non-negligible.

5.2 Photon wave function

In this section, we provide details for the photon wave functions, since they are an im-
portant ingredient for our analysis in the following chapters. In the proton rest frame, we
decompose the 4-momentum of the quark, k, and that of the antiquark, &', as follows:

k:aq+kT, ko:\/ki2+m§,
E'=(1-a)g—kp, KO = \/E”+m2. (5.30)

We shall first evaluate certain expressions without any explicit restriction on k7 and «,
—oo<a<o00. (5.31)

This serves as a preparation for consistency checks in chapter 8l In order to arrive at
the standard dipole picture formulae, we apply the restriction at a later stage of
the calculation and consider the transverse UV-regulator to be removed by taking the
asymptotic limit in the final expressions. In this way we will get the standard formulae for
the photon wave functions, see and . From this we infer that in this standard
scheme the corresponding dipole cross section should assure, that physical observables such
as oy are insensitive to the properties of the photon wave functions at large kp, since
there the dipole picture is not justified due to large AF.

We define the photon wave functions to leading order e, s in momentum space
according to (40) in [I36], but without the explicit transverse UV-cutoff:

(q)v N |q

P (o kr, Q) = Qg AE 270509570 ux(k)y on (K'), (5.32)

where v” are the Dirac matrices, see for instance [64]. The spinors u and v are solutions
to the free Dirac equation,

_ 1 (K0 + mMg) XA
up(k) = \/m < ok s ) , (5.33)

—1 ok’ e )
oy (k) = ——— X 5.34
v (K) VE? +my ((klo +mg) € X ( )
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X+l = ((1)) ; X-1 = (2) : (5.35)

N = —2y/N e/ a(l — a) (5.36)

is chosen, with the proton charge e = /47, and the number of colours N, = 3. The
wave functions for transversely polarised photons are defined by

with

The normalisation

1/1(;?;):{:, (Oé, kT’ Q) e @E'(y?z\y)\’(aa kT7 Q) ) (537)
and for longitudinally polarised photons by
P05 (@ kr, Q) = e, D0 (. kr, Q). (5.38)

which give, see (52) and (58) of [136]),

~ N 1 q
Ik, @) = 720, q

59 Az amapogn ) (v £ 177) v (k) (5.39)

@)L _ 1 lal  lal—-¢"
Aq)\’ (a, kr, Q2> = _NQqE 2m2k02k0 uk(k) (70 + 73) UA’(k/) : (5-4O>

Explicitly, we find by evaluating ([5.39)) and ((5.40)):

~ N 1 q| 2
(@) £
/ Oé,k: ’ =
%,\ ( T Q) :F\/ngAEQﬂ'kOQk/O \/k0+mq\/k/o+mq

+ ((ko + mq)(k,o + mq) - a(l - a)q2) (5)‘7/\/(5>‘7i%

)+ eim”“k?rfsx,\/@;;] >

+ e kr |l 0y (QéA,i% — (1= a)dy 21
(5.41)
0
DL ke OV = _NO. L1l lal—q 1
w sk, Q) 0 AR 2mko2i0 QKO+ mg\ /KO +my
| (k7 + (B 4+ mg + alg)) (K7 + mg + (1 — @) [q])) 0r—x
+ 71Nk (sion V) (K0 — K0 — (1 — 20) |q|)k3T5>\,)\’] ) (5.42)

where ¢, = arg(kry + ikre) with k7; and kpe being the 1- and 2-component of the vector
k7, respectively. The photon wave functions in transverse position space are obtained by
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a Fourier transformation from their momentum space representation. We write as in (42)
of [1306]

kr o~
Y% (a,r, Q) = / ﬁelk”wg)ﬁ,(a, kr,Q), (5.43)
(@)L _ koT ikpr,7(q) L k 44
ﬂ)% AN (Oé, r, Q) - (277')26 ¢77 )\)\/(aa T Q) : (5 )
From (51), (542) we find
HOE: TN, /OO krlq|
S (a,r, Q) = dk

wlen Q=305 f) M aE KOKO\ /KO + g\ /B + g

|::|: (5>\7)\/ ((5/\7:|:% ((k/’O + mq)(k"o + mq) — a(l — Oé) |Q|2) J()(T‘k’T)

— Oy z1 € kT S (rkr) (5.45)

+ (5)\7_)\/ Z.e:t(prkT |Q| <5>\,:|:% o — 5>\FF% (]_ - Oé))Jl(T]{ZT> y

~§3\)’L(a7 r, Q)

1672 J, AE KOEO\/EO + mg\/k® +mg  Fr

: {(5“, sign(A)ie s NVer k(K0 — k0 — (1 — 2a) |q|) Jy (k)

(5.46)
+ 6x-x (k7 + (K +mg + a|q)(K° + mg + (1 — @) |q])) Jo(rkr) |,

where J; (i = 0,1,2) are Bessel functions and ¢, = arg(rq + iry) with r; and ro being the
1- and 2-component of the vector r. In the high-energy limit |g| — oo we find from (5.41))

and (5.42)
\% 2Ncaequ

- afl —a)Q2+k:2F+mg

~§\q>\)’i(047 kr,Q) {i kTeiwk@\,—X (aé)\,i% —(1- O‘)éA,

)

+ mq&\,)\/d)\i;] y (547)

N|=

q:

2 V Ncaequ

Ca(l-a)Q+E2 + m2

GO (o kr, Q) = a(l —a)Q oy, (5.48)

which agrees with (53) and (60) of [136]. With (5.43)) and (5.44]) we obtain their position
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space representation as

V Ncaem

¢v AN (a, r,Q) = Jon Qq [:lz ie:ti¢T€q (a 5/\,:l:%5>\/,—)\ —(1-a) 5)\7:1:%5>\’,—>\> Ki(eqr)
+my 5A,i%<5x,AKo(eqr>] : (5.49)
\% Ncaem
w’y AN (Oé? T, Q) = _T Qq Oé(l - Oé) Q 6)\/,7)\ KO(Eqr) (550)

in agreement with (54) and (61) of [I36]. These give the standard dipole picture formulae
(4.6) and . If not noted otherwise, we shall always use these high-energy expressions
for the photon wave functions.

In [I36] a detailed derivation for this high- energy approximation is given, which in
particular involves neglection of terms such as k3./(a?q?) and k2. /((1—«)?q?) with respect
to 1. However, for some given |g| those terms become non-negligible not only if kr is
large but also if « is close to 0 and 1 respectively. If relevant contributions to some
observable depend on the photon wave functions in this kinematical region, the high-
energy approximation could become invalid. This is potentially relevant when considering
distributions in the Ioffe times, in particular for short Ioffe times. We shall calculate the
distributions with and without the high-energy approximation in order to quantify this

effect.

5.3 Photon densities

In this section we shall discuss the photon densities in some detail, since they are an
important ingredient in the following studies.
We define the unintegrated photon densities by

2
Uéiz)(aarn Q2> = Z 1% AA’(a7T7Q) (551>
AN
2
o0, Q1) = > [0l (a,r, Q)| (5.52)
AN
In the high energy limit we find from ([5.49)) and (5.50))
NcaemQQ
ég)(aa r, Q%) = Tq [(on +(1-— a)Z)efle(eqr) + mgKg(eqT)] , (5.53)
2N, OfemQ
(o, Q%) = —721Q% (a1 — ) K (egr).- (5.54)

Upon integration over a we get from vy and vy the partially integrated photon densities
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Figure 5.2: Photon densities normalised to oaemQZ in dependence of the quark longitudinal
momentum c.

wr (5.19) and wy, (5.20]) entering the dipole formulae (4.4) and (4.5)):

1

wgﬁ)(r, Q% = /Odavgg)(a,r, Q%), (5.55)
1
wéq)(r, Q% = /Odowj(:‘n(a,r, Q%) . (5.56)

Figure [5.2] shows the « dependencies of the unintegrated photon densities vy, vy,. Here
and in the following we use

mg =0 for u, d, s-quarks, (5.57)
mg = 1.3GeV for c-quarks, (5.58)
my =4.6GeV  for b-quarks (5.59)

for our numerical evaluations. The graphs for transversely polarised photons (upper plots)
show a rise in vy for approaching the longitudinal momentum endpoints o = 0,1 and a
minimum at o« = 1/2. This means for the splitting of a transversely polarised photon into
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a dipole it is most likely that either the quark or the anti-quark takes most of the photon
momentum. This effect becomes increasingly pronounced with larger Q2. For longitudi-
nally polarised photons (lower plots) the density v peaks at & = 1/2 and drops when
approaching the endpoints. With increasing Q? this behaviour changes and vy, develops
two peaks close to (but not at) the endpoints. Thus, in dipoles produced from longitu-
dinally polarised photons with small virtuality, the quark and anti-quark typically have
approximately equal momenta. For high virtualities it most probably either the quark or
the anti-quark which carries most of the photon momentum. All of these effects are gen-
erally less pronounced for non-zero quark masses (right plots) than for the massless case
(left plots). Furthermore, increasing quark masses lower the photon densities.

Let us consider the behaviour of the partially integrated photon densities at small and
large distances r.

At small distances, 7Q), rm, < 1, we use

x—0

Ko(z) — —Inz, (5.60)
K,(x) 220, % <5> forn >0, (5.61)
and find
Neoem@2 2 1

(9) 2y r—0 cem'yyg o
= .62
W (nQ ) 92 3 (QT)2’ (5 )

r— 2Nc em

wg])Oa7 QZ) 0 (07 Qq Q2 ln2<QT) . (563)

Note that these leading terms are independent of m,,.
For the limites at large distances we consider massless quarks and massive quarks sepa-
rately. For massless quarks, m, = 0, we find from ([5.53)-([5.56]) without any approximation

N, Oéequ ’ ! 27 7/2
- QQ(Q z (QGg,i (Z(QT)Q 2,3,4,3/2 )

1 7

2Naequ (1 —2,1/2
> QQ(Q) 3‘(1( 0,0,0,—5/2) (5.65)

with Meijer’s G function in the notation [124]. From this we get at large distances r,
r@ > 1:

Wi (r, Q%) =

wi?(r, Q%) = Qr)?

T—00 c-tem 1

wi? (r, Q?) (;TQQ @ e (5.66)
rooo 2NeOem@s .64 1

wi? (r, Q%) (; ¢ Q% O (5.67)



5.3 Photon densities 133

105 T T T T — T T T — T T —
I Transverse |
o 1 -_ ‘:..'t. 1
> o \‘\ .,.'..
% N e
o, %N
& -5 [ I i
5 10 i “‘ % ]
3 : V%
g 10710 - — u,d,s-quarks § ‘\:-._ -
--- c-quarks H \‘
[ b-quarks [
10—15 . R NI Ll YUE L1
105 T T T T T T T T —
[ Longitudinal ]
& 1 ]
>
<)
<
9 -5 [ 4
g 0
Cé?‘
- E [ 1 "-
s 10710 _ u, d, s-quarks S ‘ §
- -- c-quarks ERE ]
[ - b-quarks PR ]
10—18 N 1 O N N,
0.001 0.01 0.1 1 10 100 1000
r [GeV~Y]

Figure 5.3: Partially integrated photon densities w%?) (r, Q%) (upper plot) and w(Lq) (r, Q%) (lower
plot) both normalised to aeng as a function of the dipole size r. In addition, the leading terms
for small and large r (dotted curves) are shown. The photon virtuality is fixed to the value

Q? =10 GeV?2.

For massive quarks, m, > 0, and large distances, rQ), rm, > 1, our calculation for wgg)

(@)

and our guess for w;’ give:

2
wl?) (r, Q?) NCZ;‘EQQQQWS‘Z ex"%imm, (5.68)
00 2Nc em 2 _ B
wff (r, Q%) =% = Q"an?qa%mq/@ ) (5.69)

with some r-independent function @*(m?/Q?), for which we find in the case m, < Q the

numerical value a*(m;/Q*) =~ 0.25.

Figure [5.3| shows the photon densities in dependence of the dipole size r. In addition,

their asymptotic expressions discussed above are plotted. The transverse densities wgf’)
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(upper plot) and longitudinal densities w(LQ) (lower plot) show a significant difference in
their distributions. Compared to the longitudinal densities, the transverse densities rise
faster towards small r» and decrease less rapidly at large r. This means that typically a
broader range of dipole sizes r will contribute to or than to oy, see also chapter 7/} How
much of this effect survives depends of course on the dipole cross section. Further we
see that large dipoles become strongly suppressed for increasing quark mass. The figure
illustrates the photon densities reaching the discussed asymptotic expressions for the case
of small r. At large r the asymptotic behaviour is visible only for the massless quarks.
The aforementioned suppression of massive quarks at large distances is so strong, that their
densities at actually large r are beyond the double-logarithmic plot range of figure[5.3] Our
numerical tests indicate that the presented asymptotic expressions are indeed approached
at large r, and the corresponding w%)L values are extremely small.



Chapter 6

Bounds on ratios of DIS observables

In this chapter, we derive bounds for ratios of structure functions from the relations (4.4)),

ED, (5.21). These bounds will rest on the explicit forms of the photon densities wéfl’)L
5.55)), (5.56]) and on the non-negativity of the dipole-proton cross sections

@, W) >0. (6.1)

The bounds derived in section remain unchanged if we assume that the dipole cross
sections 6@ are functions of r and Bjorken-z instead of » and W. The bounds derived in
section [6.2] on the other hand, depend crucially on the functional dependence indicated in

(6.

6.1 Longitudinal and charm part of F;

In this section we consider the structure functions F7p, F2(C), and F, at fixed values of Q?
and W. Arranging them into a three-vector gives according to the dipole formula

() 5 ferren( L0D)

with
1, Q%) = Q@ [ulf) (r, @) + i (r, Q%) | 63
110, Q) = Qi (r, Q7). 6.4)

Note that the second entry in the vector in receives a contribution only from the charm
quark, as indicated by the Kronecker delta symbol. In the following we will make use of
a geometrical interpretation of in order to obtain correlated bounds on the structure
functions involved here. Due to the Kronecker symbol the case at hand is somewhat special,
which might make the geometrical interpretation slightly more difficult to conceive. An



136 6. Bounds on ratios of DIS observables

illustration of the general argument is given in figure [6.4] in section below where we
discuss similar three-vectors of structure functions, but there without the occurrence of a
Kronecker symbol.

We recall that the dipole cross sections 6@ are non-negative. Thus the r.h.s. of is
a sum and an integral over three-vectors multiplied by non-negative weights, or, in other
words, a special linear superposition of the three-vectors appearing under the integral.
We search for the set of all possible linear superpositions of this kind with non-negative
coefficients. This is called a moment problem. In appendix |B| we discuss the necessary
mathematical tools to solve this problem. We give there the precise definitions of the key
concepts convex set, convex hull and convex cone. We also give the detailed solution of
the moment problem for the case of three FQ(q) structure functions as discussed below in
section |6.2] The solution of the moment problem in this section runs along the same lines.
The analogue of the result reads here as follows. The set of all vectors allowing a
representation ((6.2]) is given by a convex cone. Any vector within this cone can be written
as a non-negative multiple of an element within the closed convex hull (denoted by €o) of
the three-vectors appearing in the r.h.s. of . Therefore we have

FL<W7 Q2)
AW, Q% | = (@)
F(W,Q?)

(9) 2
L (T,Q )
with A >0, u(Q?) €co S0 fOr, QY | | reRT, ¢=u,d,...
FO(r, Q)
(6.5)

Note that the three-vectors from which the convex hull is constructed involve only the
functions £ (r, Q?) and féq)(r, Q?) which are for any given Q? explicitly known for all 7,
see —. Hence it is also straightforward to compute their convex hull. We further
point out that these vectors are independent of the energy W, and that the condition (6.5])
does not involve any model assumption about the dipole cross section (9.

We can now use the condition to derive bounds on ratios of Fp, FQ(C), and Fy.
These bounds originate only from the photon wave functions. They will be valid for any
dipole cross section 6@ and will be independent of the energy W. Clearly, the bounds
will vary with the photon virtuality Q?, since Q? explicitly enters the vectors in (6.5)) via
the photon wave function.

We first notice that the condition constrains only the directions of the three-vectors
involved, while their normalisation is irrelevant for that condition. We can therefore nor-
malise the vector composed of the three structure functions such that its third component
equals one, that is, we consider the vector (FL/FQ,FQ(C)/FQ, 1)T instead of (F7y, Fz(c), )T,
That normalisation does not change the direction of the vector, and hence also the so
normalised vector fulfils the condition . Similarly, we normalise the set of vectors of
which the closed convex hull is formed such that its third component equals one, hence

considering (f\7/f@ 5,.f@/f@ 1T = (£i9/5@ 5. 1)T in place of (f2,8, ./, f@)T.
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Again, that does not affect the direction of the vectors, and the condition immedi-
ately applies with this replacement. The condition with both vectors normalised in this
way contains only vectors whose third component equals one, and for this case the only
possible choice for the factor A is A = 1. We can then eliminate the trivial third component
by projecting onto the 1-2-plane and obtain from the simpler condition

(i anymargn) <= (7400 )

)

rER*,q:u,d,...},

(6.6)
which is in fact equivalent to the original condition for the realistic case that Fy and
f@ for r € R* are strictly positive. For a rigorous derivation of bounds on ratio vectors
as in (6.6), see appendix , where the analogous case of three F; structure functions is
discussed in detail (see (B.52])).

The first bound that we discuss here is now obtained from by projecting onto the
l-axis. This immediately gives
Q)

L R0,QY)  FL(W,Q7)
o) = By S P Far. Qo) 6.7)

where inf and sup denote the infimum and supremum, respectively E| Note that these
lower and upper bounds on Fj/F; are given only in terms of the photon wave function. It
is therefore straightforward to analyse the bounds numerically.

In figure we plot the ratio fqu) (r,Q%)/f9(r,Q?) as a function of r for different
quark flavours, choosing as an example Q? = 10 GeV?. Here and in the following we use
vanishing masses for the light (u,d, s) quarks, m. = 1.3GeV for the charm quark and
my = 4.6 GeV for the bottom quark. We find that the lower bound in is trivial,
Fp/Fy > 0. The upper bound, on the other hand, is non-trivial. We find that the maximal
value of féq)(r, Q%) /f9(r,@Q?) is obtained for light quarks, as can be seen in figure
where this maximum is drawn as a dotted horizontal line. It turns out that this upper
bound is independent of Q% and numerically leads to

FL(W7 QQ)
————= < 0.27139. 6.8
BV.QY) = o
An equivalent result was already obtained in [I36]. There, the authors consider the ratio
oL
R:=— 6.9
o (6.9)

and derive by a direct calculation an inequality for R, which is similar to (6.7]), see (144)
in [I36]. From this they find the limit

R < 0.37248 (6.10)

'We recall that for a given subset S of R the infimum of the set S is the greatest number less than
or equal to each element of S. Similarly, the supremum is the smallest number that is greater than or
equal to each element of S. For a compact set S the minimum (maximum) coincides with the infimum
(supremum).
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Figure 6.1: The ratio f](fI) (r,Q%)/f9D(r,Q?) as a function of r for different quark flavours. The
photon virtuality is chosen to be @2 = 10 GeV?2. The absolute maximum value (dotted line) of

all curves provides an upper bound on Fr,(W, Q?)/Fy (W, Q?), see (6.7) and .
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Figure 6.2: Comparison of experimental data for R = o1 /op in the region z < 0.05 with the
bound (6.10)) resulting from the dipole picture. Full points correspond to data with = < 0.01,
other points to data with 0.01 < z < 0.05. Figure taken from [136].

originating again from the light quarks. From Fy/F, = (R™' +1)~! we see that this result
is equivalent to (6.8). In figure[6.2]taken from [136] the bound on R is confronted with data.
It is interesting to note that at low Q? some data points actually lie outside the allowed
range for the dipole picture. However, the errors of the low Q? data are still too big to
judge that this really means a breakdown of the colour dipole picture in this kinematical
regime.

A stronger bound can be obtained by considering the correlation of the ratios F7,/F» and



6.1 Longitudinal and charm part of F; 139

Fr, | Fy

Fr, | Fy

01 ]

O I L L L 1 L L L 1 L L L 1 L L L 1 L L L
0 0.2 0.4 0.6 0.8 1

F | F,

Figure 6.3: Correlated bounds on Ff,/F» and F2(C)/F2. Only the white (unshaded) area is allowed
within the dipole picture. The weaker bound (6.7) is shown as a dashed line, while the stronger
bound implied by is shown as a solid line.

FZ(C) / F5, that is, by taking into account both components of the constraint on the vectors in
(6.6). In this case the bound on the ratio F/F» will depend on the value of F{9/Fy or vice
versa. By computing the closed convex hull in (6.6)) from the ratios f éq)(VV, Q%) /D (W, Q%)
we obtain the correlated bounds shown in ﬁgu for the two values Q? = 0.1 GeV? and
Q? = 10GeV?. The unshaded area in the two plots is the allowed region for the dipole
picture. The figure is drawn for the whole range of FQ(C) /F5 between zero and one to

illustrate origin of the bounds. Realistic values of FQ(C)/ F5 can only range from zero to
at most about 0.4. The allowed area in figure is bounded by a straight line. This
particular shape emerges due to the fact that the second component of the vectors in
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receives a contribution only from the charm quark. Due to the correspondmg Kronecker
symbol the upper bound on Fp/F, at the (unphysical) point F )JFy = 1 is given by the
maximum of f\9(r,Q%)/f©(r,Q?) over all r for the Q? under consideration. The value
of this maximum for the case @ = 10 GeV? can be read off from the charm quark curve
in figure . For Q%-values well below the charm mass, like for example Q% = 0.1 GeV?,
the analogous function practically vanishes and the resulting upper bound on Fp/F, at
FQ(C) /F> =1 is practically zero. The fact that the unphysical point FQ(C) /Fy =1 is relevant
for the determination of the correlated bounds on F7,/F, and FZ(C) /F5 in the physical region
of these ratios should not cause any worries here. It is just the consequence of omitting
any assumptions about the flavour dependence of the dipole cross sections 6@, except
their non-negativity. This general case includes for example the unphysical case that all
dipole cross sections but the one for the charm quark would vanish, which would give rise
to FQ(C) /F> = 1. By making further assumptions about the dipole cross sections it may
lead to more stringent bounds — but at the expense of introducing a dependence on those
assumptions. Here, however, it is our aim to study bounds on ratios of structure functions
from the dipole picture which do not depend on any further assumptions on the dipole
cross section.

Future measurements of the structure functions F7, Fgc)and F, at identical values of
Q? and W might in combination with our bounds be able to constrain the range of validity
of the dipole picture.

Closing this section we would like to emphasise again that the geometric argument and
its implications discussed in this section remain unchanged if the dipole cross section is
chosen to depend on z instead of W.

6.2 F, at different Q?

In this section we use the dipole picture to derive bounds on ratios of the structure function
F; taken at the same W but at different values of Q?. The results found here crucially
depend on choosing the functional dependence of the dipole cross section such that its
arguments are © and W. In particular, the dipole cross section 6@ (r, W) is assumed to be
independent of %, see the corresponding discussion in section [5.1}

We consider the structure function F, at three different values of Q? but at the same
W. Similarly to the previous section we arrange them into a three-vector, and evaluate it
according to the dipole formula,

(W Q 0_ ) f(q) (7’, Q%)
W) =3 Jar B o ) (6:11)
(W Q?) em A\ fO(r, Q3)

where the f(@(r, Q?) are defined in (6.3). We can now derive bounds on ratios of such
structure functions following the same procedure as in the preceding section. To find all
vectors allowing a representation (6.11)) is again a moment problem. In appendix [Bf we
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FOr, Q1)

Figure 6.4: The vectors (£ (r, Q?), f9(r,Q3), f@(r,Q3))T for different values of r, shown here
for a massless quark flavour ¢ and for one particular choice of the triple (Q%, Q3, Q3).

discuss the solution of this problem for the case at hand in a mathematically rigorous way.
A simple argument, leaving out some subtleties, is as follows.

The vector on the L.h.s. of is a linear superposition of the three-vectors (f(@ (r, Q?),
fO®r,Q3), f9(r,@2))" which appear under the integral. For a given flavour ¢ and given
values of the Q? that vector follows a trajectory as r € R is varied. Figure illustrates
a number of vectors along such a trajectory for the case of massless quarks and for one
particular choice of Q?, @2, and Q2. We recall again that the dipole cross sections ¢(? are
non-negative. Accordingly, the r.h.s. of is a linear superposition with non-negative
weights of the vectors that appear under the integral. Therefore the resulting vector on
the L.h.s. must lie in the closed convex cone formed by all possible linear superpositions
with non-negative weights of those vectors and their boundary. Any vector within such a
cone is a non-negative multiple of a vector that lies in the closed convex hull (denoted by

c0) of the vectors appearing under the integral in (6.11]), see (B.49) of appendix [Bl Hence
we obtain the condition

F(W, Q)
B(W,Q3) | = m(Q1,Q3,Q3)
FQ(W7 Q?‘))
FO(r, Q)
with © >0, v(Q3 Q3 Q3) €] | fO0rQY) || reRY, ¢=u,d,...
FO(r, Q3)
(6.12)

As in the case of in the previous section this condition constrains only the directions of
the vectors involved, but not their length. This applies both to the vector with components
Fo(W, Q?) and to the vector with components f(@(r, Q?). Accordingly, we can normalise
these vectors such that their third component equals one. Performing this for both vectors
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Figure 6.5: The ratio f(@ (r,Q%)/ fla (r,Q%) as a function of r for different quark masses, here
for the choice (Q?,Q3) = (2,10) GeV2. The minimum and maximum values of all curves (shown

as dotted lines) provide a lower and an upper bound on Fy(W, Q?)/Fy(W, Q%), respectively, see
(6.14).

that appear in (6.12)) we obtain an equivalent condition. In this condition the only possible
value for p is obviously p = 1. Since the third component of the condition is now trivial
we discard it by projecting onto the 1-2-plane to obtain

FQ(I/V’ Q%)/FQ(W Qg) — f(q)(ra Q%)/f(q)(T, Q%) +
(F2<W, Q) B(W, @%)) ) { ( D, Q3)/ Q§)> refttasund. .
6.13

which is fully equivalent to because Fy(W, Q%) and f9(r, Q2) are strictly positive for
the relevant range of their arguments. For a rigorous derivation of (6.13)) see (B.50))-(B.52)
of appendix [B]

Let us first consider the two components of the condition separately. Projecting
it onto the 1-axis and onto the 2-axis immediately gives the conditions

. f(q) (Tv Q%) FZ(Wv Q%) (Q) (Ta Q%)
D0 Q) = B2 = f<q><r, Q) (6:14)
L SOrQ%)  F(W,Q3) f90r,Q3)
N T2 = RGP (6:15)

respectively. The condition (6.15) equals (6.14) if we replace Q3 by Q?. Thus, for two

given values of (Q? we actually obtain one condition here which contains an upper and a
lower bound. The same result was already presented in [I53], where these bounds were
derived in a different way.

Here we discuss briefly the bounds of , for a more detailed discussion we refer
the reader to [153]. We first note that the upper and lower bound depend only on
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the values of @7 and @3, but do not involve the energy W. Figure shows the ratio
fDOr,Q?)/ 9 (r,Q3?) as a function of r for different quark masses along with the resulting
bounds on Fy(W, Q?)/Fy(W, Q2) for the specific choice (Q2, Q2) = (2,10) GeV?.

In the following we confront the bounds that we obtain in this section from the colour
dipole picture with HERA data. Before we proceed a remark concerning the comparison
with data is in order. Data on F, and measurements of the reduced cross section are
available for a large range of @ values with (z,@?)-binning. However, throughout this
section we deal with bounds involving values of Fy (or of the reduced cross section, see
below) at the same W but at different Q?. Hence a comparison with our bounds requires
different values of Q? at the same value of W, and data with (W, Q?)-binning are published
only for comparatively small kinematical ranges. We therefore use a fit to the F, data that
can, to a good approximation, be considered as a substitute of actual data. We do this
in most of the following comparisons, except for two illustrations where HERA data are
used directly (see figure and the corresponding discussion below). Concretely, we use
the ALLMO97 fit to F5 [I54] I55] which represents the measured data points of [156, [157]
within their errors, except maybe for the region of very low Q? where the fit appears to
be slightly worse. We emphasise that we use the fit only inside the kinematical range in
which actual HERA data are available. No extrapolation beyond that range is done here.

Figure |6.6| confronts the bound with the ALLMOT fit to F; for a fixed value of Q3
and variation of Q?, as presented in [153] before. It is apparent from the figure that there
is a value of Q% beyond which the dipole picture fails to be compatible with the ALLM97
fit. This maximal Q? value depends on the value of T, as can be seen in the figure from
the three curves for different W, and it also depends on the value chosen for Q%. With
the choice Q2 = 10 GeV? made for the figure, this maximal Q? is in the range of about
150-300 GeV?, depending on W.

Let us discuss, to what extent the bound is affected by different normalizations
of the v*p cross sections o and oy, relative to Fy. Above, we used the simple relation
, as often encountered in the context of high energy scattering, in particular for
applications of the dipole picture. The relation derived from Hand’s convention
reduces to that simple expression if the high energy limit is taken for fixed Q2. For finite
the normalization of o, relative to F; differs by a factor (1 — x) between the two choices
(neglecting terms of O(m2/W?)), as is indicated in (5.12). The bounds discussed here are
all based on the simpler formula . It is straightforward, however, to derive similar
bounds based on the relation (5.12)). The additional factor (1 — z) depends both on Q?
and W. Therefore this factor does not cancel if ratios of structure functions are taken at
different Q?. Furthermore, the bounds on ratios of Fy inherit a dependence on W from this
factor. The bounds on ratios of F7, FQ(C), and F5 discussed in subsection , on the other
hand, are not affected. There, the structure functions are evaluated at the same W and Q?
and the additional factor (1 — x) cancels in the ratios. In figure we show for one energy
W = 60 GeV how the bound is changed if one uses instead of . A sizable
deviation from the original bound occurs only at relatively large Q? where the new bound
is closer to the data than the original bound. However, both bounds are violated by the
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Figure 6.6: The bounds (6.14) on F»(W,Q3?)/Fa(W, Q3) resulting from the dipole picture (solid
lines) confronted with the corresponding ratios obtained using the ALLM97 fit to Fy for three
different values of W. Here ? is varied while the value Q% =10 GeV? is kept fixed. The shaded

region is excluded by the bounds.
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Figure 6.7: Change of the bound (6.14) on F>(W, Q3)/F»(W, Q3) due to using Hand’s convention
(5.12) instead of the simpler (5.13), shown here for W = 60 GeV and the choice Q3 =10 GeV?.
The solid lines are the original bounds , while the dashed lines represent the modified
bounds. The dotted line is the ALLM97 fit to Fo(W, Q3)/Fo (W, Q3).
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Figure 6.8:  The trajectory of the vectors (f(@(r,Q3)/f @ (r,Q3), fD(r,Q3)/f D (r,Q3))"
for variation of r (solid curve), here for a massless quark flavour ¢ and for the choice
(Q%,03,Q3) = (4,10,80) GeV?. The unshaded area is the closed convex hull of the vec-
tors that form the trajectory. According to the weaker bounds and the vectors
(Fo(W, Q%)) Fo(W,Q3), Fo(W,Q3)/Fa(W, Q%)™ must lie within the dashed rectangle, while the
stronger bound requires them to lie within the convex hull of the unshaded area and the
corresponding areas obtained for massive quarks. The curves for massive quarks have a similar
shape and are not shown here for simplicity.

data at about the same Q? and the difference between the original and the modified bound
grows only at larger Q2. Therefore the normalization of the v*p cross sections according to
Hand’s convention would not significantly alter our results concerning the range of validity
of the dipole picture. We restrict to the simpler relation in the following.

So far we have discussed in some detail the bounds and which resulted
from considering the two components of separately. We can improve these bounds
by taking into account the correlation of those two components, that is the correlation of
the two ratios Fo(W,Q?)/Fo(W,Q3) and Fy(W,Q3)/Fy(W,Q%). According to the
2-vector constructed from these two ratios for a given set of Q7 lies in the closed convex
hull of the vectors (f@(r, Q2)/f @ (r,Q2), fD(r, Q2)/fD(r,Q2))". As 7 is varied the latter
vector (for each quark flavour ¢) follows a trajectory in 2-dimensional space. For the case
of a massless quark flavour ¢ that trajectory is shown as the solid curve in figure where
we have chosen the values (Q?, Q32,Q3) = (4,10,80) GeV? for this example. The white
(unshaded) area is the closed convex hull of the vectors that form the trajectory. Similar
but slightly different trajectories are obtained for massive quark flavours, which are not
shown here in order to keep the figure simple. As a consequence of the dipole picture the
2-vectors (Fo(W, Q%)) Fo(W, Q3%), Fy2(W,Q3)/F2(W,Q3))T must lie within the closed convex
hull of those trajectories, independently of the energy W, see . The dashed lines in

figure represent the two bounds ((6.14)) and (6.15]). Clearly, the correlated bound (6.13))
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is much stronger than the separate bounds on the ratios.

Next we want to compare the stronger bound with experimental data. For this
purpose we need data points of Fy at three different Q% but at the same W. As we have
mentioned before, most of the available data are not published in (W, @?)-binning. We
have found only few points which are suitable for a direct comparison with our bound,
that is with the same W and three different Q? that are not too close to each other. We
will now present two of these examples. Further below we will then again use the ALLM97
fit for a more comprehensive analysis of the kinematical range in which the bound
is respected. For the comparison with actual HERA data we choose as the observable
the reduced cross section instead of Fj, since the former is the one which was directly
measured. The reduced cross section is defined as

Q° 2(1 —y)
(W, Q% = —_— , 6.16

(W, Q") A2 e, JT+1+(1—y)20L ( )
with y ~ (W24 Q?)/s, see (5.2), where /s ~ 300 GeV is the lepton-proton center-of-mass
energy for the available HERA data. It is straightforward to derive correlated bounds for
ratios of reduced cross sections instead of F, structure functions from the dipole picture.
The derivation is completely analogous to the one described above. We just have to replace

F(r, Q%) by

20=y) @ o2
me (T,Q ) s (617)

as can be seen from and together with , . The resulting bound
is then as given by but with F, replaced by o, and f@ replaced by fr(q). Due
to this modification the bound for the reduced cross section now depends on W (which
enters via y), which was not the case for the original bound for Fy. Figure confronts
the bound on the quantity (o.(W, Q3?)/o.(W, Q3%), o.(W, Q3)/o.(W, Q%)™ with its measured
values from ZEUS [I58] and H1 [I59] for two different choices of W and of the triple of
Q?. The depicted errors on the ratios are the combination of the experimental errors on
o, in quadrature. The curves in figure show the correlated bounds for contributions to
(0:(W, Q%) /0. (W,Q3), 0. (W, Q3) /o.(W,Q2))" from different quark flavours as given by the
analogue of for o,. Only if the point obtained from the data lies within the convex
hull of all these curves it can possibly be described in the framework of the dipole picture.
We see that this condition is fulfilled for the high W, moderate Q? sample (upper graph),
while it is violated by approximately two standard deviations for the lower W, higher Q?
sample (lower graph).

The above discussion refers to the applicability of the dipole picture at a given value of
W for one particular triple of Q?-values. For a determination of the range of applicability
of the dipole picture it is more desirable to determine for a given W a maximal range in Q>
in which the three Q% can be chosen without giving rise to a violation of the bound. For
this purpose we now consider again the structure function F5 (and no longer the reduced
cross section). Using the ALLM97 fit to the measured F, data we can then perform a

FO(r, Q%) = Q* |l (r, Q%) +



6.2 I, at different (Q?

147

o:(W,Q3) / o:(W, Q3)

or(W,Q3) / o:(W, Q%)

1.4

1.2

0.8
0.6
0.4

0.2 |

0.8
0.6

0.4

0.2

1

- moderate Q?, high W

u, d, s-quarks —— ]

c-quarks --- |
- b-quarks --
! H1 data ~—e— ;

[ u, d, s-quarks —— ]
c-quarks --- |
- b-quarks --

ZEUS data +—e—

0 02 04 06 08 1 1.2

or(W, Q1) / o:(W, Q%)

1.4

Figure 6.9: Correlated bounds on ratios of the reduced cross section at different values of
Q? obtained from the dipole picture, confronted with HERA data. The inner parts of the different
curves show the allowed regions if only contributions from specific quark flavours are considered,
while the convex hull of these regions gives the net bound if no further assumptions are made.
The kinematical values are W = 247 GeV, (Q?%, Q3%, Q2%) = (2,12,35) GeV? for the upper plot and
W =75GeV, (Q?,Q3,Q3%) = (3.5,45,120) GeV? for the lower plot.

continuous scan in Q? and determine precisely the kinematical range in which the bounds
are respected. We first consider the correlated bounds obtained from (6.13)), and later
compare the allowed Q*range with the one resulting from the weaker bounds (6.14)) and

(6.15).

Let us first fix the energy W at some value. We will in the following call a violation of
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the dipole-picture bound a ‘significant’ violation if the ALLM97 F, ratios give a relative
deviation of more than 10% from the bound. This accounts for a kind of error band
which should be associated with the ALLMO97 fit or with the corresponding ratios of F5.
If for a certain triple (Q?,Q3,Q3) the ratios obtained from the ALLM97 fit violate the
bounds by a significant amount (in the above sense) any Q*range containing the values

2.Q3, Q% is excluded for a successful description within the dipole picture. In contrast,
agreement with the bounds for a triple does not necessarily imply agreement for the full
range [min;(Q?), max;(Q?)] of that triple since the bounds depend on all three Q?. We
therefore systematically search for the maximal (Q?-range that contains no (Q?-triple for
which the bounds are violated significantly. Technically, we do this by searching for the
minimal %-range in which we can find at least one Q*-triple for which the bounds are
violated significantly. The lower bound of a given (Q*-interval turns out to have only
mild influence on whether a significant violation of the bounds can be found within that
interval — provided it is not much larger than 1 GeV?. We therefore keep the lower end of
the considered Q?-range fixed at 1 GeV? and determine the upper end Q2 of the Q*-range
within which the bounds are not significantly violated. We can then repeat this procedure
for each energy W and determine Q2 as a function of W.

The solid line in figure[6.10]shows the result of such a calculation based on the correlated
bounds obtained from . The allowed Q?-range slowly grows with increasing energy, as
can be expected on general grounds. Q2. ranges from about 100 GeV? for W = 60 GeV to
about 200 GeV? for W = 245 GeV. The dashed line in figure represents the analogous
curve obtained from the uncorrelated bounds and (6.15]). Here we have varied both
Q? and Q3 in in order to determine the maximal virtuality, Q2. , below which
both Q% and Q3 can be chosen arbitrarily without giving rise to a significant violation of
the bound. We see that the correlated bounds resulting from indeed give stronger
restrictions on the range of validity of the dipole picture than the uncorrelated bounds
£19. E19).

Note that the violation of the correlated bound does not take place at a constant value
of z. In the contrary, the value of x changes along the solid line in figure [6.10] For
(Q?> = 100 GeV? we find that = < 0.03 is required for the bound not to be violated, while
for Q? = 200 GeV? the bound is only respected for z < 0.003. A similar observation applies
to the uncorrelated bounds , (see the dashed line in figure as already
observed in [153].

Obviously, a violation of the above bounds indicates that some contributions to the
cross section become important which are not contained in the dipole picture. We would
like to emphasise that such corrections to the dipole picture might become sizable already
before the bounds are actually violated. One should therefore expect that corrections to
the standard dipole picture are important already if the data come close to the bounds.

The upper limit on the kinematical range of validity of the dipole picture that we find
here appears to be rather low in view of the fact that phenomenological fits to F, data
based on the dipole picture often work quite well up to rather high Q?, see for example
[146]. However, the good quality of those fits at large @ is not in contradiction with
our result. We recall that the bounds derived in this section crucially depend on the
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Figure 6.10: Upper limit Q2 of the @*-range in which the ALLM97 fit to F; is consistent with
the bounds obtained from the dipole picture within a 10% relative deviation of the F5 ratios,
plotted as a function of the energy W. The curves are for consistency with the correlated bounds

(6.13) (solid line), and with the uncorrelated bounds (6.14) and (6.15) (dashed line), respectively.

functional dependence of the dipole cross section ¢ on r and W, as obtained naturally
from the derivation of the dipole picture presented in [135, [136]. In particular, & needs
to be independent of Q? for our bounds to be valid. But almost all recent models for &
assume it to depend on z, and hence on Q2. The transition from the energy variable W
to the energy variable x in the dipole cross section requires additional assumptions the
justification and the physical significance of which appears difficult to assess. In practice,
they might capture — at least partly — some corrections that are left out in the usual dipole
picture (see the discussion in chapter [5)). It would be very desirable to obtain a better
understanding of this situation. An important step would be to check whether it is also
possible to describe the presently available HERA data by models for the dipole cross
section based on the more natural variables » and W.

We finally note that our bounds are modified if one uses, as suggested by Hand’s
convention, the relation @ between F, and the v*p cross sections o7 and o, instead of
the simpler relation (5.13)) that has been used here. The modification becomes relevant for
not so small z, and hence for large Q*. The natural kinematical region for the application
of the dipole picture is the region of small z, so that this modification is only of minor
relevance for the dipole picture. Nevertheless, we illustrated the effect of using on
our bounds for an example. Our conclusions about the range of validity of the dipole

picture would not to be significantly affected.
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Summary

We have derived correlated bounds on Fp,/F» and FQ(C) / F5 within the dipole picture. These
are valid for any dipole model, independent of the dipole cross section and its energy
dependence. It will be interesting to compare these bounds with the very recent [160] and
future HERA structure function measurements.

Further, we have derived correlated bounds on ratios of I3, taken at three different
values of (Q? but the same energy W. Here, we have taken the energy dependence of the
dipole cross section to be given by W alone. This is crucial for the derived bounds, such
that these do not apply for an x-dependent dipole cross section. Similarly, modifications of
the standard dipole formuae might alter these bounds as illustrated for one example. We
find, that the correlated bounds are significantly more restrictive than their uncorrelated
counter-parts. We have confronted the bounds with experimental data. More precisely,
we have used the ALLM97 fit to the measured F, data except for two examples, where
we used actual data points. A more direct comparison would require a (W, Q?) instead of
the usual (z, Q%) binning of the data. Our results show that these bounds give no relevant
limitation at low @Q?. But we find the dipole picture to fail in describing high Q? data.
Depending on W, this results in an upper bound on Q? of roughly 100 — 200 GeV? for the
range of applicability of any such dipole model.



Chapter 7

Energy dependence of the dipole
cross section

7.1 Typical dipole sizes

We discussed in chapter|5|that in a natural scheme the dipole cross section is independent of
Q? and depends on the energy W only. We also noted that in contrast to this, prominent
dipole models discussed in the literature introduce a dependence of & on Q?, typically
through the Bjorken-z variable. Often it is argued that in the dipole model one has a
relation of the kind

(7.1)

T o ok
that is, the most relevant dipole sizes r are given by the scale (). The reasoning behind
this is the fact, that due to the interplay of the Q% dependence of the photon wave function
and the r dependence of the dipole cross section a typical size is generated. Neglecting
the W dependency, the masses and all non-perturbative intrinsic scales, this typical size
must by dimensional reasons obviously given by (7.1). Taking seriously one might
rewrite energy dependencies such that the choice of the energy dependence in the dipole
cross section would be a mere convention without physical consequences. In this chapter
we shall show that this is not true, that is, a strict identification of the type fails.

Let us first see how the relation for typical dipole sizes arises in the generic case.
We consider a dipole cross section

6(r) = cor? (7.2)

where ¢y € R is constant. This dipole cross section implements colour transparency as
present in many proposed models at small . The non-perturbative region of large r is
of course unphysical for this cross section. However, the region of large r is not relevant
for our aim here. A physical model might deviate from also in the intermediate r
region. These effects could alter the present discussion but are neglected here, since we are
interested in a generic discussion with minimal model assumptions here. With the
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Figure 7.1: Dependence of the dimensionless quantities Qr?’w%)L (Q?)/ (aeng) on r for the case
of massless quarks. Left graph for transverse, right graph for longitudinal photon polarisation.

~*p cross sections are formally

or(Q?) = Z/ dr 2mwegr® w D(r, Q) (7.3)

= Z/O dr 2mweyr? w(LQ)(T, Q). (7.4)

Figure[7.1|shows the behaviour of the integrands in (left graph) and (right graph)
for the case of massless quarks and different values of Q?. It is apparent from the curves
that the integrands feature a maximum, and the position of the maximum depends on Q2.
We note however, that in particular for transverse photon polarisation the distribution of
the integrand is rather broad.

For the massless case we find the rescaling property r2w§?£(r Q?) = (cr)zwéf{)L(cr, Q?/c?)

for any ¢ € R. We numerically maximise r3(w§p (r, Q%) + w 9(r, Q?)) with respect to r for
some constant value of ? and conclude that for arbitrary ﬁxed Q? the maximum position
is given by

C

T|max = — with C' = 2.40. (7.5)

Q
Note that in the massless case, aé?) is not well defined due to logarithmic endpoint singu-
larities in the « integration:

o(Q?) = 2yt N / e zf_o‘)a) (7.6)
o\ (Q?) = 2mco cvem N, / do -2 7.7
L 0 ®em o 37T2Q2 ( . )

These endpoint singularities arise from the large r behaviour of the integrand. For dipole
cross sections which rise for large r only as o r the singularities vanish. This applies in
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particular to the physical dipole models we found in the literature. However, also in the
case of convergence, for increasing Q* the integral becomes dominated by integrand peaks
in narrow regions with a near the endpoints and relatively large 7.

The aforementioned endpoint singularities with & as in are regularised by the
introduction of a non-zero quark mass in the photon densities:

L 2(1 —2a(l — 1— 2 | m2) 1 m2
0-5?)(@2) = 27Tcﬁaem Nc /0 d ( Oé(GWQ(zz)( ( )QQai_QmQ) - ) mq ) (78)
1
o1(Q%) = 27co0iem N, /0 do 5 (( (( j)) . )+ el (7.9)
(@) = (@) + o (Q?)
/ _ [/ Q?
= 27y Qom N QT+ o + U@ ) wctanh y : (7.10)

3725 /QF + A2
For the massive case the simple rescaling property does not hold. Fitting the ansatz
P = \/02/(Q2 +4m2) to samples with Q? = 1,10,100 GeV? and m, = 0.14,1.3GeV

gives C' = 2.28 (or C' = 2.34 if massless samples are included). This fit works well for
small masses but produces errors up to the order 25 % for the maximum position in the

charm mass case. For the ansatz r|n. = /C?/(Q* + Dm2) a simultaneous fit of C, D

automatically reproduces the value of C' needed for the massless case, even if no massless
samples are included in the fit. We perform another fit with the aforementioned samples
where the value of C' is fixed to the massless value and D is varied. The result is
C? .
T|max = m with C' = 2407 D =712 (711)
with maximal relative errors for the maximum position of the order 1 %.

We thus see that for the simple ansatz there is a dipole size for which the contribu-
tion to the yp cross section is maximal, and this size is roughly of type , see and
. On the other hand we keep in mind, that the relevant distributions are quite broad,
see figure [7.1] For a better estimate of the dominant dipole size one could consider the
centre of the integrand instead of the integrand’s maximum position. This goes beyond
the (unintegrable) ansatz ([7.2]) and depends on more details of the specific dipole cross
section. We shall demonstrate in the following section that a type relation may not
be taken in a straight-forward way to substitute energy dependencies. A mere change of
the numerical constants in a type ([7.1]) relation by considering the integrand centre instead
of its maximum will turn out to be rather irrelevant to this overall conclusion.

7.2 Substitution of scales via typical dipole sizes

Let us consider the Golec-Biernat-Wiisthoff model described in section 4.2, Its dipole cross
section ogpw (1, ) depends on Bjorken-z, see (4.9), and therefore not only on W but also
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on Q%. We may ask now, whether this corresponds effectively to a Q2-independent dipole
cross section 67¢% (r, W) by taking typical dipole sizes via (7.1) into account. Let us
restrict to the case of massless quarks and define an effective Q? via (7.5)):

02

Q*(r) = o C =2.40. (7.12)
We consider the GBW dipole cross section as a function of W and @2,
Q2
oaew (1, ) = 6GBw (T, m) . (7.13)

~mod

The simplest effective 6735y (r, W) is obtained now by keeping W fixed and eliminating all
occurrences of Q% in gy via identification with Q*(r):

~mod W) = é QQ(T) A 02 714
— aagw(r, W) = 6aw (7“, W) = 0aBW (r, m) ) (7.14)
Figure (left) shows the effect of the replacement on Fy. There, contributions
from massless u, d, s-quarks are considered. The curves for F, of the original GBW
model (solid lines) are significantly modified by the substitution ([7.14)) (dashed lines), in
particular, the dependence on Q% and z is altered. This is also the case when using C' = 4.8
in ([7.14) (dotted lines), which corresponds to choosing higher typical dipole sizes. Note
that a similar procedure for non-vanishing quark masses by ”inversion” of instead
of would lead to negative Q% which is obviously questionable. The reason is that
for Q> — 0 the maximum position given by the massive formula converges to a
finite upper bound. In other words, sizes r larger than this limit do not correspond to any
maximum position.

We shall now consider the reversed case, that is, introducing a @ dependence via the
typical dipole size into a dipole cross section, which depends only on r and W but not
on Q2. Actually there are only few examples for dipole models of the latter kind. We
choose here a model proposed by Donnachie and Dosch in [I40] based on previous work
by them and Rueter [I61] 162, [163], which in turn is based on work by Nachtmann [164].
This model is based on Regge theory with a two-Pomeron exchange, that is, the exchange
of a soft and a hard Pomeron. The intercepts of the Pomeron trajectories are denoted by
(1+ €sory) for the soft and (1 + €parq) for the hard Pomeron. The dipole cross section in this
model is:

0 if r <R,
Goor(r, W?) = Agr (1 — e /H0) x L (W2/W)P if R, <r<a (7.15)
(W2/Wg)=r ifr >a

with the parameter values, see p.3-4 of [140],

€hard = 0.42, Ay = 10954 ub GeV, R.=0.81/GeV, Ry=31a, (7.16)
sofe = 0.09, W7 = (20GeV)?, a=1.75/GeV. (7.17)
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Figure 7.2: F; for two dipole models and modified versions with altered energy dependencies via
“effective scale” substitutions. Here, z is varied and Q? is kept fixed for each plot. Left column for
the Golec-Biernat-Wiisthoff model (solid curves) and modification with C' = 2.4 (dashed
curves) and C' = 4.8 (dotted curves). Right column for the Donnachie-Dosch-Rueter model (solid
curves) and modification with C' = 2.4 (dashed curves) and C = 4.8 (dotted curves).
Quark masses are set to zero in all cases.
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The short-distance cut-off R, is introduced to suppress the otherwise overestimated con-
tributions for extrapolation of this non-perturbative model to higher values of Q2.

We consider now the introduction of a @? dependency into the dipole cross section
based on typical dipole sizes according to , again for massless quarks only. For this
we define the typical dipole size according to as

7(Q%) = g. (7.18)

We consider the dipole cross section as a function f of r and the dimensionless quantity
Wr,

oppr(r, W) =: f(r,Wr) (7.19)

and introduce a Q? dependency into 6 ppr by replacing r by 7(Q?) only in the dimensionless
argument Wr

— GPed (r, W, Q%) = f(r, WF(Q?)) = 6ppr(r, WC/(rQ)). (7.20)

That is, the replacement changes the cross section only via terms which are sensitive to the
external scale . Figure (right column) shows the effect of this substitution on F5. Only
contributions from massless u, d, s-quarks are considered. There are significant deviations
in F, between using 6ppr(r, W) (solid curves) and using 6% (r, W, Q?) with C' = 2.4
(dashed curves) or C' = 4.8 (dotted curves). In particular, the z and Q* dependence is
heavily altered. We note that the solid curves are well off the data as a consequence of using
three massless quarks in contrast to the model presented in [I40]. Nevertheless, setting the
quark masses to zero avoids additional complications for the effect we are demonstrating
here.

Actually, we could infer already from the previous chapters that the choice of the energy
variable in ¢ is crucial at high Q2. We saw that any dipole cross section of the form & (r, W)
fails to describe the data at high Q2. In contrast, the GBW model with 6w (r, z) provides
a good fit to the data also at high Q2. From this we see that a dependence of & on Q? in
addition to W can certainly not be eliminated or introduced by an effective scale argument
of the type in the regime of high Q2. Let us compare ratios of F; for different values of
@Q? for the models and replacements discussed in this section above. An illustration is given

in figure , where in addition the general bound valid for any &(r, W) are shown.
We see as expected, that 6%eh,(r, W) as well as 6ppr(r, W) respect the general bounds.
In contrast, the bounds are violated for both Q*-dependent cross sections 6w (r, *) and
6 (r, W, Q2).

We conclude that different choices of the energy variables are in general not effectively
equivalent at high Q%. Furthermore, also at medium or low Q?, the effective dipole size
argument does not allow to consider different choices of the energy variable to be
equivalent in the straight-forward way tested here. Since the involved distributions are

rather broad in 7, a reduction to one effective dipole size tends to oversimplify the picture.
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Figure 7.3: Ratio Fo(W, Q?)/Fo(W, Q3) for two dipole models and modified versions with altered
energy dependencies via “effective scale” substitutions. Here, Q% is varied and Q% = 10GeV is
kept fixed. Upper plot for the Golec-Biernat-Wiisthoff model (dashed curves) and modification
(7.14) with C' = 2.4 (dotted curves). Lower plot for the Donnachie-Dosch-Rueter model (dashed
curves) and modification with C' = 2.4 (dotted curves). Quark masses are set to zero in
all cases. The shaded area is excluded by the bound for any @2 independent dipole cross
section 6(@ (r, W).

The dipole size argument ([7.1]) furthermore neglects the influence of W and further details
entering through the dipole cross section. Therefore we suggest that the effective dipole
size ([7.1]) can not be regarded as a strict equality without further qualification.
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Chapter 8

Ioffe times

8.1 Ioffe times in DIS

In this chapter we study the Toffe times [165] [166] for scattering of real and virtual photons
on hadrons. In particular, we shall calculate such loffe times for v*p reactions from the DIS
structure functions within the framework of the colour dipole model. Please see [167] for
a discussion of IToffe time distributions in the context of the Operator Product Expansion
formalism, and [168] for the Ioffe time structure of the gluon distribution function in the
double logarithmic approximation.

In the colour dipole picture, the virtual photon fluctuates into a quark-antiquark pair
where the three-momenta are conserved but the energy is not, see chapter 5 The energy
mismatch

AE = K°+ k" — ¢°, (8.1)

defined in the proton rest frame, implies via the uncertainty relation that this colour dipole
is unstable and lives no longer than the Ioffe time

=g (8.2)
The key idea of the dipole model is the splitting of the yp scattering into a two-step process:
First the photon splits into a dipole, then the dipole interacts with proton. This separation
however is expected to be valid only as long as the dipole lifetime is well above the timescale
of the hadronic interactions. In applications of the dipole model one frequently finds simple
estimates for Toffe times and if they turn out to be of order of several femtometer or larger
this is used as justification of the dipole model. Furthermore, we saw in section that
for W = 60 — 245 GeV the standard dipole model necessarily fails to describe the HERA
data for Q? larger than about 100 to 200 GeV?, see figure [6.10] It is interesting to see
whether this could be related to Ioffe times becoming too short.
Here, we shall really calculate the Ioffe times and not estimate them based on effective
quantities, since the latter may lead to oversimplifications, see section[7.2] It turns out that
even for a fixed kinematical point (W, Q?) for the *p reaction one has a whole distribution
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Figure 8.1: Basic diagram for the description of the cross sections o 1, of 7*p scattering in the
standard dipole approach.

of IToffe times. In fact, the v*p total absorption cross sections must be considered as
imaginary part of the forward scattering amplitude v*p — ~v*p, see figure 8.1 Thus, we
shall have to deal with two Ioffe times, one for the initial state v* and one for the final
state v*. Both times have distributions which also depend on the polarisation, transverse
or longitudinal, of the v*. We shall calculate such distributions in the following for the
GBW model, which describes the HERA data rather well. It is clear, that such an analysis
of the occurring loffe times serves only as a consistency check. That is, the analysis can
not prove the applicability of the dipole picture, but it may point out kinematical ranges
where the interpretation of the picture becomes questionable.

Let us first note some basic features for the offshellness AF in ([8.1]) which follow directly
from the kinematics of the v — ¢g splitting. Explicitly we have from (8.1])

AE(kr,a) = \/a2q2 + k7. +m? + \/(1 —a)2@® + k3 +m2—q". (8.3)

Figure shows the dependencies of AE on the quark transverse momentum kg (left
graph) and longitudinal momentum fraction « for the case of massless quarks. We note
that AE strongly peaks at the longitudinal momentum endpoints and rises monotonously
with the transverse momentum, see (8.3) and the figure. The minimal possible energy
mismatch as a function of « is reached at vanishing transverse momentum. The minimal
possible energy mismatch as a function of « is

AFin(a) = AB(0,0) =\ Jo?q? + md+ /(1 —apg +mi—¢"  (34)

reaching the absolute minimum of AF at o = 1/2,

AEpingor = AB(0,1/2) = /@ +4m2 — ¢° . (8.5)

That is, we have

AE(’CT, Oé) Z AEmm(a) Z AEﬂmin,tot Z 07 (86)
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Figure 8.2: Offshellness AFE of the dipole in dependence of quark transverse momentum kp (left
graph) and longitudinal momentum fraction « (right graph). Parameters are W = 150 GeV,
Q% =10 GeV?, m, = 0. For the left graph a = 1/2 and for the right graph k7 = 1 GeV are used.
The dotted line shows the absolute minimum AFE,,;, for the given external kinematics, that is
AFE at k’TZO,Oézl/Q.

where the last inequality is strict for any Q? > qﬂ Thus we see that there is an a priori
minimal value for the energy mismatch AE. Figure|8.3shows the minimal energy mismatch
AFE in 1ot In dependence of Q? for massless quarks (left graph) and massive quarks (right
graph). We see that AE becomes non-negligible for small W, large m, or large @Q*. This
means the corresponding loffe times become short and the applicability of the dipole picture
becomes questionable. The restrictions following directly from AE,,;, o+ are numerically
not very tight, see figure 8.3

We considered so far only the a priori lower bound on AFE. Let us now study which
values for AE are actually relevant for the cross section. From this we expect stronger
bounds on the range of applicability of the dipole model. The expressions and
for o and oy, respectively, involve the v* wave functions in transverse position space.
This is appropriate since the formulae are simple there due to the assumption that the ¢g
pair does not change its transverse size r nor the longitudinal momentum fraction « of the
quark in the scattering on the proton. These forms are not appropriate for a study of the
energy mismatches AF occurring in the initial splitting process v* — ¢ and AE occurring
in the final fusion process qq — ~*. For this we have to employ the transverse momentum

representation of the initial and final photon wave functions. We insert the representations
(5.43) and ([5.44) for both the initial and final state photon wave functions in (4.4 and

! The inequality is also strict for Q? = 0 and mg > 0. This is the reason why a real photon can not
decay into an on-shell eTe™ pair in the vacuum.
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Figure 8.3: Minimal offshellness AE,,;, of dipole in dependence of photon virtuality Q2 for
different values of the energy W (left graph) and quark masses m, (right graph).

(4.5]), respectively, and obtain

=33 Joo [ G Ly L (P05 (0 819 kr B ) (57

=33 foa [ e [ (00 ) 59— Er) ) (89

with the Fourier transform of the dipole cross section
D (kp, W) = / A2r et (W) (8.9)

where we omit here and in the following dependencies e.g. on @? in the notation for
the sake of brevity. Note, that we omitted the explicit restriction 0 < o < 1 on the «
integration range for another reason. Also, we shall consider the expressions and
for the photon wave functions instead of their high-energy approximations
and . We omit both of these high-energy approximations to begin with, since it
is not a priori obvious, that they are irrelevant for the calculation of Ioffe times, see the
discussion in section [5.2] At a later stage, we shall then consider both approximations in
order to quantify their influence on our results. We shall see, that the « integration is
automatically restricted to finite integration intervals for the calculation of loffe times.

The energy mismatches AE for the initial 4* splitting to ¢¢ and AE for the final ¢q
fusion to v* are (see chapter |5

AE =K'+ k% — ¢°, (8.10)
AE =K'+ K —¢°. (8.11)
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The corresponding loffe times are

, (8.12)

(8.13)

The expressions (8.10]) and (8.11]) are not very suitable for direct numerical evaluation due
to large cancellations between the terms of the sum. We use the identity

e L WIE - DWIFe+D) e

= , eeR 8.14
Vit+e+1 Vit+e+1 ( )
to rewrite (8.10) and (8.11) as sums of non-negative terms:
(2 || ¢° if o <0
a?Q? + mg (1—-a)*Q*+ mg _
= +40 fo<a<l, (8.15)
+lal¢® KO+ [1—alq .
(2[1—a|¢® fa>1
(
2] ¢° if <0
_ ”Q*+ml  (1-a)Q*+m] lolg 1 @
= = = 0 ifo<a<l1. (8.16)
+lal¢® KO+ [1—alg 0
(2]l —al¢” fa>1

We see that AE depends on kp, AE on kr. Thus, the cross sections ([8.7)) and (§8.8)) involve
the superpositions of amplitudes of various AF in the initial and various AE in the final
state. We define now the joint distribution of n = AF and n = AE by

0o d2k; d k — O\ * _
o7~ 2 JaoGh (w.fi:% Fr)) 601~ AB(Er, )

@ (ky — k) 6(n — AB(kr, a)) 995 (0, kr),  (8.17)

Ry @;;;(a, ) o0 - 8805

g,
@ (ky — kr) 8(n — AE(Kr, ) §\9 0 (a kr) . (8.18)

877 37}

Note that for n # 7 these distributions need not be positive. In the next section we shall
study in particular the distribution of the sum of AE and AF

We also define the corresponding loffe time

Ty = . (8.20)
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Due to AE > 0, AE > 0 we find that at a given AE, only AE and AEJess or equal to AF,
can contribute. Moreover, for some given AFE, at least one of AF, AFE must be greater or
equal to AF, /2. Therefore the distributions

dor UTL
dAE, / dm/ dms B 0112 (AE+ — MmN — 772) (8-21)

allow to test for large energy mismatches, i.e. short loffe time, which are relevant for
the cross section. For the typical interaction time 75,4 of the dipole with the proton we
follow [145] and use the inverse of the QCD scale, Thoa = 1/Agep, corresponding to the
confinement scale of the light quarks. A necessary condition for both dipole lifetimes 7
and 7 being much larger than 7,4 is thus AE, /2 < Agep or, equivalently,

2T+ > Thad = ~21im. (822)

QCD

If this condition is violated for a relevant portion of the contributions to the total v*p cross
section, the applicability of the dipole model is questionable.

8.2 Results for the Golec-Biernat-Wiisthoff model

In this section we shall evaluate dor /dAE, defined in using the Golec-Biernat-
Wiistoff model [I38]. We described this model in section and recall that it matches
the Fy data from HERA quite well. If it also describes the longitudinal structure func-
tion F7, must be left open since F; measurements from HERA have been published just
recently [I60]. We note again, that its dipole cross section depends not only on W
but also on Q?. The Fourier transformation of gives

5w (k) = 00 [(2m)26® (k) — 4mrd exp(—r2k2)] . (8.23)

In order to integrate out the azimuthal angles we decompose the photon wave functions

w}\)\/iL Oé kT Z 6ln¢kw/\)iL Oé kT) (824)

n=—2

with ¢y, = arg(kr1 + i kr2). We use the substitution

[k = [ a@n) s o) (525)
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and find for the distribution in AF,

da%)L _ dagf{)L’conSt N dU% )me (8.26)
dAE, © dAE, | dAE, '

do_:(I:])[,/const maz (AEL) k}o klo B 9
—_— = d _— ‘ (q),i’L Lk ‘ , 8.27
dAE, Uo/amf(AE+) 2 (KO + k") A;n Yava (0 br) (827
dg(q)vexp Qmaz(AEL)  pAEin(a) EOL/OLOL/0,.2

T _ g / da / dAE_ ML R

dAE, omin(AEy) A (a) 27 (KO + KO) (KO + k)

2 L,(2r¢krky) -~ ) L
. o= re(kr—kr)? M\ ST QM (Q),i,L I ( (q)/i,L 3 ) '
6 A;n exp(2r3krkr) M (@, kr) (axm™ (@, kr)

(8.28)

Here, the energies and momenta of quark and anti-quark (5.30)) are understood as functions
of a, AE, AE via

_ J(AE+¢")? —¢°) (AE +¢°) — (1 -20)%¢*)
br = \/ A(AE + ¢0)? e’ (8.29)
 (AB 02 — @) (AE +¢9)2 — (1 —20)2?)
kr = \/ IR —m32. (8.30)

The integration area in (8.26)) is finite for fixed AF, and its boundaries correspond to
vanishing transverse momenta. The extremal values of o are given by the two solutions of
the equation AF, /2 = AFE|, _, with respect to o

1
Qemaz = — *+

AE, /2 +¢° Am?
AB 2+ ¢ 1— m (8.31)
min 2 2 ‘q’

(AEL /24 ¢°) —q*

In all cases considered in the following o, ~ 0 and ., ~ 1.

We perform the residual integrations in numerically with a C++ program and
take care of various numerical issues. We avoid loss of precision due to large cancellations
in the evaluation of sums by rewritings similar to (8.14]). Non-negligible contributions
occur at large arguments of the Bessel functions [,,, thus it is important to avoid finite
range problems due to the exponential factor in I, in that region. We already wrote
in a form which shows that this exponential rise is effectively cancelled. We achieve
this cancellation at the algebraical level by using the the expansion of [169] for the I,, at
large arguments. Further, we find that the implementation of the I,, in [I70], also used
by other general purpose libraries such as [I71], gives wrong results at large arguments
already before the expected finite range problem arises. We make sure the [,, evaluations
in our program are reliable by alternatively using the implementations of [I72] and cross-
checking with various versions of [124]. Last but not least, we perform the same numerical
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integrations employing different algorithms and cross-check the results. Specifically, we use
Monte-Carlo as well as deterministic quadratures implemented in [I73] [172] and modify
them slightly to overcome deficiencies due to significant underestimation of the integration
errors. By these means we make sure the integration error is under control.

Figure [8.4] shows our results for the AF, distributions of the total v*p cross section in
the GBW model. Here, the full expressions (5.41)) and (5.42)) are used for the photon wave
functions rather than using their high energy approximation. Also we integrate over the
full range in a which is slightly bigger than [0, 1], see (8.31). Contributions to the total
cross section may be directly read off the plots in terms of areas under the curves, since
the normalisation includes a AF, factor which compensates for the logarithmic abscissa
scale. The onset at the respective kinematical lower bound AE, = 2AFE,,;, 101, Se€
and , is clearly visible for all curves and sharp for longitudinal v* polarisation. The
AF, distributions for transverse 7 polarisation are significantly broader than those for
longitudinal v polarisation. For both polarisation types the distributions become narrow
for increasing values of Q2. In all cases the cross section is dominated by AE. -values not
more than one order of magnitude above the absolute minimum 2AFE,,;, +, given by pure
kinematical restrictions as shown in figure [8.3] We note that the typical Ioffe times 7, are
well above 1 fm for all Q% < 100 GeV2. There, the necessary separation condition
is satisfied. However, for Q% = 1000 GeV? we see that at least for transversely polarised
photons the separation condition is clearly violated — non-negligible contributions
come from loffe times 7, which are actually smaller than 1 fm.

We study the effect of the high energy approximation (5.49) and (5.50]) for the photon
wave functions as well as of restricting the « integration range to [0,1]. The Ioffe-time
distributions in figure [8.4] are essentially unaltered when performing the « integration only
over [0,1]. The « range specified by is only slightly larger than [0, 1] and no suffi-
ciently strong enhancement of the integrand compensates for this fact in the kinematical
ranges considered here. As expected, deviations in the loffe-time distributions by the high
energy approximation for the photon wave functions become larger for increasing AF, .
However, these deviations are numerically negligible for the peak regions of the distribu-
tions considered here. They would be visible in figure only at the large AF, tails of
the curves for high Q> and may therefore be omitted in the present discussion. We stress
that this result is not obvious, since the interplay of the high energy approximation and
the dipole energy mismatch is non-trivial in the longitudinal endpoint regions, as discussed
above.

Conclusions

We have calculated loffe times in the Golec-Biernat-Wiisthoff dipole model, where the
energy W = 150 GeV was chosen. We find that typical Ioffe times are large with respect
to hadronical scales for @ < 100 GeV?, such that no inconsistency arises. However, at large
photon virtuality, Q? = 1000 GeV?, typical Ioffe times are of similar order as hadronical
scales, which violates a standard assumption for the validity of the dipole picture. In
section we have seen that (Q%-independent dipole cross sections fail to describe the data
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at Q® ~ 150 GeV? for W = 150 GeV, see figure [6.10] In this context it is interesting
to note, that a model with Q*-dependent dipole cross section starts to lack justification
at Q% not much higher than this value. This puts the inability of Q*-independent dipole
cross sections to describe the data at high Q2 into perspective again, since the dipole
picture itself might generally lack justification at Q? values in a similar region. Although
a breakdown of the dipole picture is generally expected at high Q?, our analysis helps to
quantify the scale at which this should be expected.
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Figure 8.4: F; contributions in dependence of the joint dipole energy mismatch AE_ respectively
Ioffe time 74 for the GBW model (large plots). Upper graph for transverse, lower graph for
longitudinal v* polarisation. Curves are for different values of Q? and quark flavours, W =
150 GeV is kept fixed. The small plots show correspondingly (AE,do(? /dAE, )/ (aeng) [mb].
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In this thesis, we employed gauge invariant functions to analyse extended Higgs poten-
tials in a transparent geometrical picture. In the case of two Higgs doublets these gauge
invariant functions form a Minkowski-type four-vector, which has to lie on or inside the
forward light cone. For the general Two-Higgs-Doublet Model (THDM), we confirmed and
extended previous results by giving concise criteria for the stability and electroweak symme-
try breaking properties of its tree-level potential. These criteria cover in particular the case
of multiple minima, show how to find the global minimum of the potential and constrain the
parameters of a phenomenologically acceptable theory. We discussed generalised CP trans-
formations, which are space-like reflections at the level of the gauge invariant four-vectors.
Reflections on a plane were shown to correspond to the standard CP transformation up
to a basis change. We derive basis independent necessary and sufficient conditions for the
potential and the vacuum to be invariant under such a type of CP transformation. We
find that the point-reflection at the origin represents a new basis independent type of CP
transformation. A CP symmetry of this type is necessarily spontaneously broken for a
phenomenlogically acceptable Higgs potential. Invariance of non-vanishing Yukawa terms
under the new CP symmetry requires at least two fermion families. Starting from this new
symmetry, a set of CP invariance conditions was prescribed, which produces large mass
hierachies and absence of large flavour changing neutral currents for the considered case
of two fermion families. The gauge invariant function approach may be combined with
algebraic Grobner basis techniques, which allows for a fully automated unambigous deter-
mination of the global minimum of a tree-level Higgs potential. We applied this method
to the Next-to-Minimal Supersymmetric Standard Model (NMSSM), where we find that
the study of the minima structure is indeed necessary to avoid a destabilisation of the
required vacuum. Requiring the vacuum to be not only a local but a global minimum of
the potential excludes further regions in the NMSSM parameter space.

In a second part of this thesis, we presented bounds for the colour dipole picture, which
help to further clarify its range of application. We derived general bounds on the ratio of
the charm and the longitudinal part of the structure function F5, which apply for any choice
of the dipole cross section. Future measurements of these ratios might exclude kinematical
ranges, where this bound is violated. We derived bounds on ratios of F; at different photon
virtualities Q%, assuming the energy dependence of the dipole cross section to be given only
by the center-of-mass energy. Confronting these bounds with a fit to the data, we find that
any such dipole model necessarily fails to describe the data for Q% above 100-200 GeV?,
depending on the center-of-mass energy. Furthermore, we explicitly considered different
choices of energy variables for the dipole cross section and find, that they may not be
related through effective scale arguments in a straight-forward way. Finally, we calculated
Ioffe times, that is, dipole lifetimes, for a popular dipole model. This serves as a consistency
check, since the loffe times are supposed to be large with respect to hadronical sizes in
order to justify a separate treatment of dipole production and scattering on the proton.
We find this justification to fail at large Q2.

At the time of this writing, final preparations are taken at the Large Hadron Collider
(LHC) and its experiments to start operation. Whatever the origin of electroweak sym-
metry breaking may be, new phenomena are expected below 1-2 TeV, and thus the LHC
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may shed light on this long outstanding question of physics within the nearer future.
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Appendix A

Grobner Bases

In this appendix we want to sketch the construction of the Buchberger algorithm which
transforms a given set of polynomials F' into a Grobner basis G. The Grobner basis G has
exactly the same simultaneous zeros as the initial set of polynomials F', but allows better
access to the actual calculation of these zeros. The general idea is to complete the set F' by
adjoining differences of polynomials. Before we can present the algorithms themselves we
have to introduce the two basic ingredients, that is Reduction and the S-polynomial. For
a more detailed discussion we refer the reader to the literature [125], [174] 175, 130, T31].
Here we repeat the summary given in [I14], which follows closely [I75]. First of all we
recall some definitions.

Definition A.1. Polynomial Ring
A Polynomial Ring K[xq,...,x,] = K[x] is the set of all n-variate polynomials with vari-
ables x1,...,x, and coefficients in the field K.

Definition A.2. Generated Ideal
Let F ={fi1,..., fn} C K[x| be finite, F' generates an ideal defined by

I(F)E{ Z ’f’i'fi"l"iEK[X], fiGF, Z:L,Tl}
fi€F

In the following we want to consider an explicit example, that is a set F' = {f1, fo, f3} C
Qlx, y] of polynomials with rational coefficients:

fi=32%y + 2xy +y + 92* + 5x — 3,
fo=22% —ay —y + 62° — 22 — 32 + 3,
fs = 2%y + 2%y + 323 + 222 (A.1)

The set F' generates an ideal I(F'), which is given by the set of sums of f1, fo, and f3, where
each polynomial is multiplied with another arbitrary polynomial from the ring Q[z, y]. The
summands of the polynomial are denoted as monomials and each monomial is the product
of a coefficient and a power product.
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Further, we introduce an ordering (>) of the monomials. In the lexicographical order-
ing (>1x) the monomials are ordered with respect to the power of each variable subse-
quently. The ring notation Q[z,y| defines y >x x, that is for the lexicographical ordering
of monomials powers of y are considered first, then powers of x. Explicitly, this means
2221 =1ex DxYy? because the power of y is larger in the first monomial and 2zy? = 592,
because both monomials have the same power of y, but the first monomial has a larger
power of x. The monomials of the polynomials from the ring Q[x,y] are ordered
with respect to lexicographical ordering. In total degree ordering (>4es) the monomials
are ordered with respect to the sum of powers in each monomial. If two monomials have
the same sum of powers, they are ordered with respect to another ordering, for instance
lexicographical. For polynomials in Q[z,y] we have 2%y = 4q 42y since the sum of powers
of the left power product is 3 compared to 2 for the right power product.

The largest power product with respect to the underlying ordering () of a polynomial f
is denoted as the leading power product, LP(f), the corresponding coefficient as leading
coefficient, LC(f). With help of these preparations we can define the two essential parts
of the Buchberger algorithm, that is Reduction and the S-polynomial.

Definition A.3. Reduction
Let f,p € K[x]. We call f reducible modulo p, if for a power product t of f there exists

a power product u with LP(p) - u = t. Then we say, f reduces to h modulo p, where

o Coefficient(f,t)

In the example the polynomial f; is reducible modulo f;, since for example the
second monomial of f3, that is 2%y, is a multiple of the LP(f1), and h = f3 — 1/3f; =
w3y —2/3xy — 1/3y + 323 — 2 — 5/3z + 1.

Reduction of a polynomial modulo a set P C K|x] is accordingly defined if there is a
p € P such that f is reducible modulo p. Further, we say, a polynomial h is in reduced
form or normal form modulo F', in short normf(h, F'), if there is no A’ such that h reduces
to A’ modulo F. A set P C KJx] is called reduced, if each p € P is in reduced form
modulo P\{p}. Note that reduction is defined with respect to the underlying ordering of
the monomials, since the leading power product is defined with respect to the ordering. In
general, a normal form is not unique, neither for a polynomial nor for a set.

Now we can present an algorithm, to compute a normal form @ C K[x] of a finite
F C K[x].

Algorithm A.4. Normal form
For a given finite set F' C K[x]| determine a normal form Q C KI[x].
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Q=F
while exists p € ) which is reducible modulo Q\{p} do
Q = Q\{p}
h := normf(p, Q)
if h # 0 then
Q= QU {h}

return ()

Clearly, the simultaneous zeros of all f; € F are also simultaneous zeros of all ¢; € ) and
vice versa.

Definition A.5. S-polynomial
For ¢1, g0 € K[x] the S-polynomial of g1 and go is defined as

_lem (LP(g)),LP(g2))  LC(gy) lem (LP(g1), LP(g5))
SP01(91792) = LP(gl) g1 — LC(gQ) LP(gg) g2,

where lem denotes the least common multiple.

Clearly, a simultaneous zero of g; and g5 is also a zero of spol(gi, g2). In the example (A.1])
we can build the S-polynomial for any two polynomials, for instance

3y 3 23y
SpOl(flafz):wTy 1_5:[Ty 2:33f1—3/2f2

= 207y + 5/2zy + 3/2y + 82 + 3/2x — 9/2. (A.2)
Finally we define the Grobner basis.

Definition A.6. Grobner basis
G C K[x] is called Grébner Basis, if for all fi, fo € G normf(spol(f1, f2),G) = 0.

Now everything is prepared to present the Buchberger algorithm.

Algorithm A.7. Buchberger
For a given finite set F' C K|[x] determine the Grobner basis G C K|[x| with I[(F) = I(G).
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G:=F
B :={{g91,9}|91, 92 € G with g # go}
while B # () do

choose {¢1, g2} from B

B := B\{{g1,92}}
h := spol(g1, ga)
h' ;= normf(h, G)
if W40 then
B:=BU{{g,'}g € G}
G:=GU{n}
return ¢

Note, that since G just follows by adjoining reduced S-polynomials to F' both sets
generate the same ideal, especially, both sets have exactly the same simultaneous zeros. It
can be proven, that the Buchberger algorithm terminates. The final step is to construct
the reduced Grobmer basis by applying the normal form algorithm defined above to the
Grobner basis G. It can be shown that the reduced Grobner basis is unique [I74]. If we
apply the Buchberger algorithm to the set with subsequent reduction we end up with
the reduced Grébner basis (with underlying lexicographical ordering)

g =y+a?—3/2x -3,
g2 = 2° —5/22° — 5/2x. (A.3)

The system of equations g; = go = 0 is equivalent to f; = fo = f3 = 0, but the former
allows to directly calculate the solutions: Since go = 0 is univariate it can be solved
immediately and subsequently g; = 0 for each partial solution inserted.

Despite the correctness of the Buchberger algorithm tractability of practical examples
requires to improve this algorithm. In particular, the number of iterations in the algorithm
drastically grows with an increasing number of polynomials and with higher degrees of the
polynomials. In this respect much progress has been made with the improvement of this
original Buchberger algorithm from 1965 (see [174, 175l [126]).

The scope of Grobner bases is not limited to system solving. In this thesis it is also
used to unambiguously check equivalences of polynomial systems of equations via radical
membership tests. For this and many more topics we refer the interested reader to the
recent text books [130], 131].



Appendix B

Convex hulls, convex cones and
moment problems

In this appendix we discuss the notions of convex hull and convex cone as well as some
further mathematical relations, as given in [I52]. The precise mathematical definitions can
be found in [I76], for our notation see also [177].

Let us consider the n-dimensional Euclidean space R™ with elements «, y etc. A non-
empty subset X of R” is called a conver set if for any elements @, y in X and any real
number a with 0 < a < 1 the element ax + (1 — a)y is also contained in X. That is, with
any two points of X the complete straight line connecting them is also in X.

Let now Y be an arbitrary nonempty subset of R". The minimum convex set containing
Y exists [176] and is called the convezr hull of Y and denoted by co(Y"). Its closure is denoted
by @(Y). To illustrate this concept we give a physical example. Let Y = {g@® ...,y
be a set of N points in R". Consider arbitrary distributions of massesm; >0 (i =1,...,N)
on these points. The center-of-mass is then

N i

MDY STIAY (B.1)
D _im1 M

The convex hull of Y, co(Y'), is the set of all possible center-of-mass points of such mass

distributions.

Next we discuss the notion of conver cone. A nonempty subset X of R" is called a
convex cone if for any elements x, y of X and any real number a > 0 the elements ax and
x + y are also contained in X. Let Y be an arbitrary non-empty subset of R", then the
minimal convex cone containing Y exists and is denoted by K(Y'). Its closure is denoted

by K(Y).
We illustrate these notions with a two-dimensional example. Let Y consist of three
points in R?

YV ={yW, y@ y®} (B.2)
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b2 A
y(3)
L
K(Y)
(1)
Y @
1 r Y
:
3 1 22 1
Oy 0 v
3 1 2
S s

Figure B.1: Illustration of the convex hull co(Y’) and the convex cone K(Y) for the set Y of
(B.2)). Here both sets are closed, that is ¢6(Y") = co(Y') and K(Y) = K(Y).

o _ (u”
v'=1 o (B.3)
Yo

>0 fori=1,23. (B.4)
The convex hull of Y, co(Y), is given by the dark grey triangle bounded by the polygon
from y™M to y®, y® and back to y*). The cone K(Y) is indicated by the light grey area
bounded by the rays Ay® with A > 0 and py® with x> 0.
Let Y be a non-empty subset of R"™ and let co(Y) be the convex hull of Y and K(Y')
the minimal convex cone containing Y. We define the set

KY)={z| 2=y, A>0, yeco(Y)} (B.5)

as shown in figure [B.1] Here

and we suppose

and assert that
K'(Y)=K(). (B.6)

The proof of goes as follows. It is easy to see that K'(Y') is a convex cone containing
Y. Thus, since K(Y') is the minimal such cone we have

K'(Y) D K(Y). (B.7)

On the other hand, K(Y) is a convex set containing ¥ and co(Y) is the minimal such set.
Thus
K() D co(Y). (B.8)

Since K(Y') is a convex cone this implies that for any element & € co(Y') and any A > 0
we have Ax € K(Y). That is, we have

K'(Y) C K(Y). (B.9)



181

Therefore, we have shown that K'(Y) = K(Y). That is, every element of K(Y) can be
written in the form given in (B.5)). For the closures we find in a similar way

KY)={z|z=XMy, A>0, ycco(Y)}. (B.10)

Next we come to the moment problem which is at the heart of our derivations of bounds.
Suppose we have a continuous vector function on a closed interval [to, ;] C R defining a
curve L in R™:

L: [to,tl] — Rn,
£ y(t). (B.11)

We also suppose that there is at least one constant vector a such that
ay(t) >0 for all ¢ € [to, t1] . (B.12)

We are interested in the set K of all points & of R"™ which can be represented as

z— / " () ds() (B.13)

to

where 3(t) is some non-decreasing function on [to, t1]. Note that such a function is bounded
from below and above since
Y(to) < X(t) < X(t1) . (B.14)

Before we discuss the solution of this problem as given in [I78] we note that in (B.13]) we
are dealing with so-called Stieltjes integrals, see for example [I79] [I80]. The reader not
familiar with these integrals may always set

AS(t) = o(t) dt (B.15)

where o(t) is some non-negative distribution. That is, o(t) can be an ordinary non-negative
function but can also contain non-negative d-distributions.

The solution of the problem posed above is as follows, see [I78]. The set K of points
which can be represented in the form is given by K(L), that is, by the smallest

closed convex cone containing the curve L:

K=K(L). (B.16)

Consider for illustration the two-dimensional example as in figure [B.Iand the following
curve L defined for ¢ € [0, 1],

gD 4 2¢(y® — y0)

(B.17)
y® + (2t - )(y® —y?) -

— ol

L: tr—>y(t):{

N [—= O
A IA
~
IA A
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We are interested in the points x allowing a representation

> - /0 () d() (B.18)

with some non-decreasing function (¢). According to the theorem quoted above x has
to be in the closed convex cone K(L) as shown in figure . We ask now for the allowed
range for ; given some 5. The possible ; values are obtained by cutting the cone K(L)
at yo = x9 = const. and reading off the corresponding 1, values. Similarly, the allowed
range of the ratio z1/zy is obtained if we choose yo = 1 for cutting the cone. Clearly, to
get the extremal values of z1 /x5 we just have to consider the generating rays My@ x>0,
for 1 = 1,2,3. Cutting them at y, = 1 gives yii)/yéi), 1 =1,2,3. Among these ratios there
are the extremal points of z1/z5. In our example we get
(3) 2

A< (B.19)

Yo L2y,
Note that the interval [y§3) Sy By yéQ)] is the convex hull of the set {yY) Sy i =1,2, 3}

For the general case, in R", the situation is completely analogous. Consider in

R™ (n > 2) and let us write in components

T 4
| = / s, (B.20)
Tn © \wnlt)
Let us suppose that
0<co<yn(t) <c for tg <t <t. (B.21)

Thereby (B.12)) is satisfied with a™ = (0,...,0,1). To get the bounds for the ratio vector

xl/xn

x = : (B.22)
xn—1/$n
1

we just have to cut the cone K(L) with the hyperplane x,, = 1. The corresponding set in
R™ obtained by this cufting is given by the closed convex hull of the ratio vectors of the
curve L generating the cone K(L). That is, we denote by L’ the following curve in R"™

y1(t)/yn(t)

L' tw y%l(t;/yn@ . tE [t 1] (B.23)
1
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Let @ (L) be the closed convex hull of L’. The intersetion of K(L) with the hyperplane
x, = 1 is given by ¢o(L'). Clearly, the extremal points of the above cone-hyperplane
intersection must be given by the intersections of the rays generating the cone K(L), that
is by the rays through the curve L. But this gives just L'.

We give now a formal proof of the above statements. For this consider the minimal
closed convex cone K(L) containing L and analogously K(L') containing L'. We assert
that

K(L) =K(L). (B.24)
To prove (B.24)) we note that according to (B.13) and (B.23)) all vectors &' € K(L') are of

the form

I h ﬂ /
2 = /t Yo 4 (B.25)

with some non-decreasing function '(¢). Due to (B.21]) the division by y,(t) in (B.25)) is
harmless and we can define a non-decreasing function 3(¢) on [to, t;] by

() = /t ynit,) sy (1) (B.26)

We get then for &’ of (B.25))
t1
x' = / y(t) dX(t). (B.27)

to

That is, ' € K(L) according to (B.13)) and we have shown
K(L') c K(L). (B.28)
Now we consider an arbitrary element & € K(L) which according to (B.13)) has the form
t1
x = / y(t)dX(¢) (B.29)
to

with some non-decreasing function 3(¢). We define a non-decreasing function ¥'(t) on
[to, t1] by

(t) = / tyn(t’) ds(t). (B.30)

to

Again, we use here (B.21)). We get then

z— /t ly(t)ynl(t) s (1) (B.31)

That is, = € K(L') and therefore

K(L) c K(L'). (B.32)
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From (B.28) and (B.32) follows (B.24)), g.e.d.

_ From (B.31) we can now draw the following conclusion for any non-zero element & €
K(L). Such an @ is of the form (B.29) with ¥(¢) # const. We have then with >'(¢) from
(B-30),

t1
= S (h) = / A (1) > 0 (B.33)
to
where we use (B.21]). From (B.31]) we can represent x as
=1z, (B.34)

where

y1(t)/yn(t)

Tz = /t1 : dE”(t) :
to ynl(t:)l/yn (t)
Ay’ (t) = xidE’(t), / tle”(t) —=1. (B.35)

Clearly ' is in the intersection of K(L') with the hyperplane 2/, = 1. Since K(L) is the
minimal closed convex cone containing L’ this intersection is the minimal closed convex
set containing L', that is, the closed convex hull ¢o(L'):

' € (L) (B.36)

Thus we have shown that every non-zero vector & € K(L), that is of the form (B.29), can
be represented as x, ' where &’ € ¢o(L’).

Now we come to the application of the above mathematical theorems to our problems.
Consider three structure functions as in but — for simplicity — only for fixed massless
flavour ¢

Fz(q)(m Q%) 00 ~(q) f(q) (r
FOW,08) | = / arr T W) (. > . (B.37)

2T Qo
B (W, Q3) G0
To bring this into the form of the problem (B.11)), (B.13)), we change variables and set

t
r=Tor— ro =1 fm, 0<t<l. (B.38)
Furthermore, we shall split off from f(@(r, Q?) the asymptotic terms for 7 — 0 and r —
oo derived in subsection In the present case of a massless flavour ¢, we see from
(5.62),(6-63)),(5.66) and (5.67) that f@(r, Q?) increases for r — 0 as 1/r%. and decreases

for r — oo as 1/r*. Thus, we define a function

4
T

T (B.39)

g(r) =
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which is independent of Q2. This allows us to define the function

(limy_o 2202 i =0,
T=roy1—7
M) (4 ()2 e ifo<t<l
FO®t, Q2 = s N , (B.40)
—%
limy_; % Loift=1
L =017

for all ¢ in the closed interval [0, 1], since the limites in (B.40)) exist. It is easy to show that

A~

f@(t,Q?) is continuous as function of . Moreover, we find

0 < (@) < 9, Q) < ar(Q) (B.41)

for all t € [0,1]. Here ¢;(Q?) (j = 0,1) are fixed positive constants for fixed Q*. Next we
note that the dipole model makes only sense if the dipole cross section 6@ (7, W) can be
integrated with g(r), that is, if

o0 o@D (p
/0 d?“rg(r)ﬂ < 0. (B.42)

2T e

Further, we assume for 0 < r < oc:
6D, W) >0. (B.43)
This allows us to define a function X(9) (¢, W) which is non-decreasing in ¢ for fixed W:

& (r' W)

27 Qo

@ P,
SOt W)= [ dt " g(r") (B.44)
0

t/
1—t/

r'=rg

for 0 <t < 1. Conversely, every non-decreasing function X9 (¢, W) gives, via (B.44), an
acceptable dipole cross section (% (r, W). Furthermore, we define the curves L and L’ as
follows

Fa(t, Q?)
L: teyt):= /203 ], 0<t<1, (B.45)
FOt, Q3)
yi(t)/ys(t)
L' t—y'(t) = | y2(t)/ys(t) | 0<t<I1. (B.46)
1

= | F2W, Q3 :/1y(t)d2<q>(t,W). (B.47)
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The vector function y(¢) is continuous for ¢ € [0, 1] and is satisfied with a™ = (0,0,1)
due to which also guarantees . From (B.16|) we conclude that & must be in
the smallest closed convex cone containing L, that is, in K(L). It is easy to see that this
cone coincides with the cone defined as in but for fixed flavour ¢. Indeed, we have
from that K(L) can be represented as

K(L)y={xz|x=Xz, A\>0, z€co(L)}. (B.48)

With a simple rescaling by ¢(r) from (B.39) and using that the closure takes care of the
limiting points ¢ = 0 and ¢ = 1 which correspond to r — 0 and 7 — oo we get for every
x € K(L) the representation

r=uv,
FOr, Q1)

with >0, vecwl | fPrQ3) | |reRt;. (B.49)
FO(r,Q3)

The extension of these arguments to more than one flavour is straightforward. With this

we have given a rigorous proof of (6.12)).
Consider next the ratio vector

(W, Q3)/ B (W, Q3)

1
2 = —w = | 5O W.Q)/EW.Q3) | (B.50)
1
From (B-29), (B-34) and (B.36]) we see that &’ must be in the closed convex hull co(L'):
2 € w(l). (B.51)

We have from (B.46), (B.45) and (B-40)
FO, Q%) /fDt, Q3)

(L) =4 | f9O,Q3)/f0(, Q) || 0<t<1
1
FO@r, Q) f 9 (r, Q3)
=0 | FOrQ3)/fO(rQ3) | | 0<r<oop. (B.52)
1

Taking the closure eliminates differences which could otherwise exist between the two
convex hulls of the sets in originating from the fact that f @(t,Q?) is defined on a
closed t interval whereas f@(r,Q?) is defined on an open r interval. The straightforward
extension of and to the case of several flavours ¢ proves .

With this we have illustrated for one particular case how our bounds are derived in a
mathematically rigorous way. For all other cases analogous arguments can be applied.
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