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Zusammenfassung :

Das Aktin-Zytoskelett, ein aus dem Biopolymer Aktin aufgebawts Filamentsystem,
bestimmt ma geblich die mechanischen Eigenschaften von biglischen Zellen. Ander-
erseits wird das Aktin-Zytoskelett selbst durch mehrere biochasthe Signaltransduk-
tionspfade reguliert. Um das theoretische Verandnis dieser Kopplung von Mechanik
und Biochemie voranzutreiben, wird hier ein Modellefr Stressfasern entwickelt, die
die typische Morphologie des Aktin-Zytoskeletts bei starker Zladhasion darstellen.
Die Mechanik einer Stressfaser wird durch eine Kette von viskastischen Elementen
beschrieben, die zudem lokal kontrahierenekinen. Das zuachst diskrete Modell wird
durch einen Kontinuumslimes in eine partielle Di erentialdeichung eberfehrt. Die
biochemische Regulation wird durch ein System von Reaktions-Osions-Gleichungen
beschrieben diesber die Kontraktionsaktivitat an die Mechanik koppeln.

Zunachst wird die mechanische Stressfaser-Gleichung analytischegélund ins-
besondere der komplexe Modulus exakt berechnet. Das Modeitdvxdann zur Auswer-
tung experimenteller Daten verwendet, die von Kooperati@partnern beim Laserschnei-
den von Stressfasern gewonnen wurden. Dabei zeigt sich, dasssSteesern in ihrer Um-
gebung verankert sind und dass die Lokalisierung bestimmter niemosensitiver Pro-
teine genau der theoretisch vorhergesagten Kraftverteilurfglgt. Schlie lich wird das
Gesamtmodell angewandt, um Zellverhalten auf elastischen Stkaten zu modellieren.
Mittels einer Bifurkationsanalyse werden experimenteliberprefbare Vorhersagen ab-
geleitet, insbesondere sagt das Model Bistab#git und Hysterese in der Zelladasion
voraus.

Abstract :

The actin cytoskeleton, which is a lament system made of actinibpolymers, mainly
determines the mechanical properties of biological cellsa turn, the actin cytoskeleton

is itself regulated by various biochemical signaling pathway To advance the theoretical
understanding of this coupling between mechanics and biochestry, we developed a
model for stress bers which constitute the typical morphologwf the actin cytoskeleton
in mature cell adhesion. The mechanics of a stress ber is des@thby a chain of
viscoelastic elements that in addition may locally contract.The initial discrete model
is transformed to a partial di erential equation by performing a continuum limit. The

biochemical regulation is modeled by a system of reaction digion equations that
couple to the mechanics via the contractile activity alongtie ber.

In the rst part of this thesis, the mechanical stress ber equatio is solved ana-
lytically and in particular the complex modulus is exactly alculated. The model is
then used for the analysis of experimental data, measured by keddorators in experi-
ments on stress ber laser nanosurgery. It turns out that stress b are considerably
crosslinked to their environment and that the localization otertain mechanosensitive
proteins correlates with the theoretically predicted stresdistribution within the actin
cytoskeleton. Finally, the complete model is used to describelllar behavior on elas-
tic substrates. By performing a bifurcation analysis theoretal predictions are derived
that can be tested in future experiments, in particular, the mdel predicts bistability
and hysteresis in cell adhesion.
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Chapter 1

Introduction

Any living organism is exposed to a diverse set of physical factorkd temperature,
light or mechanical cues as well as to many chemical factoligd nutrients or odors.
The e cient perception of this information and its subsequentprocessing and conver-
sion into an accurate response are critical for the survival of éaindividual creature.
The traditional ve senses in higher organisms to perceive thesavironmental cues are
taste, smell, vision, touch and hearing. Taste and smell are exatap for chemorecep-
tion, vision is an example for photoreception and touch and bheing are examples for
mechanoreception. The sensation is realized by specializedans in higher organisms,
like the nose, the tongue, the eye or the ear.

As physical factors, especially mechanical ones, play such a siguaint role for higher
organisms, evolution has brought up a diverse set of other mecligms for mechanosen-
sation. For example, the gravitational force guides plant stois towards the sky and
their roots deeper into the soil. Bats have developed a sonaigan based on ultra sonic
waves to actively sense their environment. Most types of sh aregaipped with the so
called lateral line organ which spans along their length. Itlbbows them to sense subtle
changes in the pressure eld to coordinate swarming or chase afigrey. In general
these mechanical cues are transduced into a chemical or el@at signal. This process
is termed mechanotransductionand is realized molecularly in many di erent ways JJ.
Among the well characterized mechanisms is for example the son-induced opening
of ion channels which transduce external mechanical forcega in ux of ions [ 2, 3].

From our every day notion we know that the behavior of higher miticellular organ-
isms is in uenced by environmental cues. However, it is equaliynportant to under-
stand how single cells respond to extracellular stimuli. Thergbthe signal processing
and the response of a single cell has to be fundamentally di eteand much simpler
than in higher organisms but still reliable and robust. For examle, cellular motion
can be directed by external stimuli. Unicellular green algae sw towards or away from
light (phototaxis) [4]. Tissue cells can sense electric elds and crawl towards the bat
dal end of the eld (galvanotaxis) b]. Another very well studied example is chemotaxis.
Motile bacteria like Escherichia coli have developed sophiséited strategies to follow
shallow gradients of nutrients or to escape from noxious chesais. This chemically
guided movement can be found also in multicellular organisms.h& most prominent
examples are the chase of neutrophils after pathogens, the saof sperm cells after
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the egg and, subsequent to fertilization, directed cell migt@n during development.

Beside chemical stimuli, also many mechanical cues, like theidiy of the cellular
surrounding or mechanical stress, determine the behavior of tan tissue cells §{9].
In principle, to sense mechanical cues in their environmentells need to establish
a physical connection to their surrounding as well as a force guucing mechanism
that allows active probing of the mechanical environment. e buildup of cellular
connections, that is also necessary to form tissue, is in general@ cell adhesionand
is usually mediated by specialized transmembrane receptor pems. These receptor
proteins determine the architecture and the chemical compitions of the cellular\glue”
in the contact area and mediate speci ¢ binding to other cellsr macromolecules in their
environment. Cellular contractile forces are established byolecular motor proteins
that reside in muscle like structures that can contract upon caumption of chemical
energy. The best studied example of such contractile structurese so called actin
stress bers The cellular forces are transmitted through the cellular attacts to the
extracellular environment. Interestingly, the chemical cmposition of these contacts,
their growth and the biochemical signals that are initiated here, depend on the exerted
mechanical stress. The resulting signals have an in uence on maogllular processes
but in particular also e ect the contractile cellular forces. In this way a tight mechano-
chemical feedback cycle is formed that is essential to perfothre mechanotransduction
for example of the rigidity of the cellular environment.

In cell adhesion, such mechano-chemical regulatory feedbankchanisms a ect es-
sential processes like tissue development and repair but also dseaelated processes
like growth and migration of cancer cells]0{ 12]. However, theoretical models describ-
ing the mechano-chemical feedback are still rare. This thesagms at Iling this gap
and we want to show how models for the coupling of biochemistrynd mechanics can
be devised in a meaningful way and thereby provide further irgt into such complex
systems.

In the following, we will briey discuss some recent experimeston single cells
demonstrating that, in adhesion-related processes, cellulart@ior is indeed not only
controlled by biochemical cues, but also involves many physiateterminants especially
the geometry and the rigidity of the cellular environment asvell as the mechanical
stress in the tissueq, 13{15. The sensation of these mechanical cues depends on the
capability of cells to actively probe their environment wih cellular contractile forces
and to convert this mechanical process into a biochemical s@gn This is the onset of a
complex mechano-chemical feedback mechanism that will bether elucidated below.
Finally, we will specify some common experimental and modegjrtechniques used in
this eld and conclude the introduction with an outline of this thesis.
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1.1 A sense of touch on the single cell level

Traditionally, the investigation of determining factors ofsingle cell decision making or
function in tissue, like cell di erentiation or proliferation, has been strongly focused
on chemical aspects, including detailed models for signal trsafuction [16, 17]. During
recent years, however, it has become increasingly clear thdtere also exist a \sense
of touch” on the single cell level which enables the cells toaggnize the mechanical
properties of their environment. By integrating this mechaical information they do
adapt better to their environment. For example it has been shen that broblasts,
these are cells derived from connective tissue, can sense a sti ngssdient in their
environment and start to move towards the sti er region, calld durotaxis (Latin durus,
hard). The experimental results by Lo et al. ¢] are illustrated in Fig. 1.1 The sti ness
gradient was produced by synthesizing two polyacrylamide gebf di erent sti ness.
When cells reached the interfacial region coming from the s$ef side, they migrated
over to the sti substrate. In contrast, when cells approached té interface from the
sti side, they turned around to stay on the sti substrate. It has also been shown that
these cells better adhere on sti substrates which is expressed bylecrease in motility,
an increase in spread area and higher contractile forces exetto sti er environments
[6{9].

The discrimination between soft or rigid substrates seems to beduwced on the
single cell level as soon as cells form cell to cell contacg 9]. Interestingly, Saez
et al.[18 showed that monolayer tissue-patches formed by a few Madin-ibg canine
kidney (MDCK) epithelial cells still orient along the axis ofhighest rigidity, see Fig.1.1
In these experiments, substrates of anisotropic sti ness have beesalized by micro
arrays of elastic polymer pillars with elliptic cross sectiorsee also Tan et al. 9. The
impact of sti ness on tissue organization was also shown by measugithe distribution
of traction forces exerted on the micro pillars. Exerted traton forces were deduced
from pillar de ection and were found to be maximal at the pols of the patch indicating
that contraction mainly occurs along the axis of highest rigiity. Thus, the experiments
by Saez et al. suggest that the rigidity of the cellular enviroment is indeed important
also for tissue development.

Most strikingly, even fundamental cellular processes, like stenelt di erentiation,
are co-regulated by the sti ness of the environment. This hasden shown by Engler
et al. [20] plating naive mesenchymal stem cells (MSCs) derived from bon&rrow on
polyacrylamide substrates of di erent sti ness. On sti substrates(25 40kPa), that
mimic the mechanical properties of crosslinked collagen oftnget calci ed bone tissue,
these cells di erentiate to osteoblasts (bone cells). In conts on very soft substrates
(0:1 1kPa), that mimic the mechanical environment of brain tissuegells transform
to neurons (brain cells). Finally, within an intermediate stiness range (8 17 kPa),
that corresponds to the sti ness of striated muscle, MSCs adopt & morphology of
myoblasts (muscle cells). These experiments demonstrate, thagttissue sti ness alone
is su cient to guide MSCs di erentiation into a cell type that is appropriate for the
given mechanical environment. These ndings have obviouslsuifreaching consequences
for arti cial tissue engineering and stem cell therapy. Moreaar, it has been shown by
shutting down motor activity by appropriate drugs that the elasticity dependent lineage
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Figure 1.1: (A-B) Discovery of a\sense of touch" on the single cell level. Increase in
substrate sti ness from left to right is visualized as a decase in density of embedded
uorescent beads (bright spots in (A-D)). (A,B) Cell migrate s from the soft over to the
sti substrate and shows a subsequent increase in spread aae (C,D) When cells approach
the interfacial region coming from the sti side, they turn around in order to stay on
the rigid substrate. The observed migration, directed by sibstrate rigidity, was termed
durotaxis. Figures (A-D) were taken from [6]. (E-F) Saez et al. [L8 employed micro
arrays of elastic polymer pillars with elliptic cross secton to investigate the impact of
anisotropic elasticity on tissue organization. Patches ofMDCK epithelial cells elongate
preferentially along the axis of highest rigidity. (E) Shows the envelope of the patch
(scale bar: 10 m). (F) Color map of the traction force measured by pillar displacement.
Highest values are reached at the two poles of the patch indating an anisotropic stress
distribution within the tissue. Figures (E,F) were taken fr om [18].

speci cation of MSCs necessitates cellular contractility. Tis is evidence for the fact,
that cells need to have a force producing mechanism in order &xtively sense their
mechanical environment.

Beside the sti ness of the environment, also the application of ethanical stress
to the cellular environment has an impact on cell behavior.nl fact it can be argued
that both high sti ness and increased prestress have the same e eon the energy
investment required for cells to pull on their substrates?1]. By pulling or pushing the
substrate in the proximity of a cell using a microneedle, Lo et al[6] could provoke
cell reorientation and migration into the direction where he strain in the substrate
has been increased. Similarly, cells align parallel to the iaxof applied strain when the
substrate is statically or quasi statically stretched 22, 23]. In contrast, when cyclic
strain of high frequency is applied, cells rather tend to orre away from the direction of
strain [24, 25]. The cell reorientation can be partially explained eitheby assuming that
cells tend to minimize the disruption of their intracellularsca olds [26] or by assuming
that cells reorient to actively maintain an optimal stress in heir environment R7.
Since many tissue cells are subject to cyclic strain in their phydogical environment,
like in the heart, the vessel walls or in the gut, further understnding of the cellular
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response to externally applied stress is essential in order to gamsight into the cellular
self-assembly of these organs.

There is also increasing evidence that mechanotransductiorapé an important role
in many severe diseases, including asthma, osteoporosis, atherossie and diabetes
[28]. Increased rigidity might also constitute a barrier for regeeration in scar tissue,
as it occurs in heart or brain strokes. Furthermore, cancer tiseus in most cases sti er
than normal tissue. This might correspond to an increase in celar contractility and
subsequent malfunction of mechanical induced signaling patays R9. At the same
time, the increased rigidity of the environment was also showrmtimpact on cancer cell
migration [12].

1.2 Cell adhesion: a mechano-chemically coupled
system

In order to sense mechanical cues of their environment, cellsed to establish a physical
connection to the surrounding mechanical sca old. In tissue, e can either hook up
among each other or reach out for the extracellular matrix (EM). The latter mainly
consists of collagen but in addition comprises a diverse set of ethmacromolecules that
are all produced and secreted locally by specialized cellsrfrthe broblast family. This
includes osteoblasts that form bone tissue by also calcifying theatrix [ 30]. Direct cell
to cell connections are called adherens junctions and aresead on the transmembrane
receptor cadherin that mediates homophilic binding. The deto ECM connections in
culture are calledfocal adhesionsand are based on the transmembrane receptor integrin
that recognizes certain binding motives in the ECM, in partular the tripeptide Arg-
Gly-Asp sequence or brie y RGD-sequence. Although these two coratien types di er
in molecular composition, they both form large protein plages on the cytoplasmic side
that connect them to actin laments.

The actin laments are part of the cytoskeleton which also comjises other biopoly-
mers, namely, microtubules and intermediate laments. Thesehtee types of biopoly-
mers constitute the intracellular mechanical sca old and phkatogether in order to main-
tain the mechanical integrity of the cell. They are also inveled in various mechanical
processes, like intracellular transport or the positioning and paration of chromosomes
during mitosis. Regarding mechanosensing, the actin cytoskedetis of particular im-
portance. Its network morphology is intimately regulated i various proteins which
control nucleation, branching, capping, polymerization & well as crosslinking of the
bers. In addition, actin laments are polar structures with the two ends exhibiting
di erent polymerization kinetics. The so called plus end is gwing quickly while the
minus end is rather growing slowly. If the main crosslinker preins are  actinin and
the molecular motor protein myosin II, then the actin laments bundle to so called
actin stress bers [33] that usually terminate in focal adhesions, see Fidgl.2(A) or
Fig. 1.3 for a schematic representation. It has been found that albeitding less or-
dered than striated muscle on the level of electron microscomstress bers do exhibit
a similar periodic organization. This can be shown experimeaaity by uorescent la-
belling of -actinin and myosin. These two proteins arrange sequentiallylang the
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Figure 1.2: (A) Fluorescent micrograph of an adherent broblast. The green bundles
are stress bers that terminate at focal adhesions, shown inred. Figure was adopted
from [30]. (B) Stress bers in broblasts also have a sarcomeric likesubstructure similar
to striated muscle. Fluorescently labelled proteins are -actinin (in green) and myosin
light chain (in red). These two components arrange sequenélly along stress bers and
thereby form these regular striation patterns. Figure was taken from Peterson et al. B1].
(C) Electron micrograph of metal-shadowed myosins. Myosin $ a dimer (upper right
corner) and bundles to so called myosin mini laments. Figure has been reproduced from
data published by Trybus et al. [32]. (D) Myosin Il is a dimer of two heavy chains, that
form the tail and the two head domains. In addition, four light chains of two di erent
kinds are present at the head domains while each head carriesne chain of each kind.
Myosin light chain regulates myosin binding to actin. Figure was adopted from 8Q].

ber and thereby form a quite regular striation pattern, visudized in Fig. 1.2B)[31].
The green regions correspond to the actin crosslinkeractinin while the red regions
correspond to myosin Il molecular motors. Non-muscle myosin Il isdimer with two
head domains and known to assemble into bipolar mini lamentsonsisting of 10-30
myosins. These mini laments can be assembled in vitro and then vialized by elec-
tron microscopy, illustrated in Fig. 1.2(C)[32] and schematically shown in the cartoon
of a stress ber in Fig. 1.3 Each head domain of the myosin dimer also carries two
di erent myosin light chains that regulate the binding of the head domain to actin
laments, see Fig.1.2D)[3(0]. If myosin light chain is phosphorylated, then the head
domain is activated and can bind to the actin laments. Under casumption of chem-
ical energy, myosin goes through a force producing cycle analiks towards the plus
end of the actin lament, hydrolyzing one ATP for each step. Sice the actin laments
are arranged in antiparallel order, the bipolar myosin minilaments thereby cause a
contraction of the sarcomere like units, see Fid..3.

This actomyosin contractility is the basic mechanism of force generation that en-
ables cells to actively sense the mechanical properties of thenvironment and to
convert this mechanical information into a biochemical sigad. The mechanotransduc-
tion takes place preferentially at focal adhesions which atecated at the mechanical
interface between the extracellular and intracellular lod-bearing sca olds. Mechan-
otransduction might also occur all along stress bers which is auife new perspective
and strongly supported through results presented within this tasis B4].

The mechanosensitivity of integrin mediated cell-matrix comections has been demon-
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Figure 1.3: Cells adhere to the extracellular matrix by integrin-mediated contacts called
focal adhesions. These contacts are the anchor points of &ss bers, which are actin
lament bundles held together by the crosslinker molecule -actinin and myosin Il molec-
ular motors. The myosins are assembled in myosin mini- lametts. Due to myosin motor
activity stress bers are under tension and exert forces to 6cal adhesions. This mechani-
cal stimulus initiates biochemical signals (Rho-signal) that originate from focal adhesions
and propagate into the cytoplasm, altering in turn myosin activity. Therefore the sys-
tem of focal adhesions and stress bers are connected by a libemical and mechanical
positive feedback loop (inset).

strated by varies types of experiments including biochemitatimulation with drugs or
micro mechanical devices. By using optically trapped micro ks, it has been shown
that nascent integrin connections mechanically fortify in dpendence on the rigidity
of the environment B5]. These initial connections that comprise only a few integrin
molecules can develop to larger, dot like structures that arealled focal complexes
As the size of focal complexes is about In they can be visualized by uorescence
microscopy and are usually found at the cell peripherydf]. Focal complexes can fur-
ther mature to several microns large focal adhesion3g 37] that on their cytoplasmic
side recruit more than 90 components, mostly proteins, which phically reside in the
adhesion structure 88, see also Fig4.1 However, the growth of the protein plague
requires actomyosin contractility. By applying shear stress tthe cell with a micronee-
dle, Riveline et al. B9 could show that the needed actomyosin contractility can be
substituted by externally applied shear stress. Moreover, it haselen shown that the
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size of focal adhesions is proportional to the applied stres#0]. These experiments
have demonstrated that focal adhesions are mechanosensitivetpin aggregates and
that their growth is strongly dependent on mechanical stress.

Molecularly, the precise mechanism of mechanotransduction fatcal adhesions still
has to be determined. However, some possibilities are lively dissed, for example,
force induced conformational changes of single proteins orofein complexes into a
high or low a nity state to possible binding partners. Recently, evidence along these
lines has been reported for talin4l, 42] and integrin [43]. In a similar way forces could
alter the enzymatic activity of kinases or phosphatases that arlocated in the adhesion
contact [44].

In this way, focal adhesions have to be understood as localizgabts where chemical
as well as mechanical information is processed collectiveljhe outgoing signals then
contribute to various signaling pathways. In particular, may up and down regulators
of the two Rho-GTPases, Rac and Rho, have been found to be assosihtvith focal
adhesions. Rac and Rho are themselves the main regulators of Hetin cytoskeleton.
In many situations, Rac and Rho can be regarded as antagonists &hing the actin
cytoskeleton between di erent structural states 45]. Rac is known to stimulate the
formation of focal complexes and lamellipodia which is a ragr isotropic actin la-
ment meshwork at the cell periphery46], whereas Rho induces the formation of focal
adhesions and stress bers4[/]. The Rho-pathway targets, among other things, the
regulatory myosin light chain. By enhancing myosin light chai phosphorylation, more
myosin heads along the myosin mini laments can bind to actin fers and perform their
force producing cycle. Thus, activation of the Rho-pathway tafocal adhesions leads
to an increase in actomyosin contractility along stress bers. Té altered actomyosin
forces are then transmitted back to the adhesion and change thechemical signaling,
presumably also the Rho signaling. In this way, a biochemical drmechanical feed-
back loop is formed that regulates the maturation of focal deesions and the assembly
of stress bers. The investigation of this mechano-chemicallyoapled system of force
induced biochemical signaling at focal adhesions on the onendaand the biochemical
regulation of stress ber contraction mechanics on the otherdnd is the focus of this
thesis.

1.3 Experimental techniques

In order to investigate this mechano-chemically feedback icell adhesion one can use
experimental techniques that either interfere with the bichemical signaling pathway or
with the mechanics of the actin cytoskeleton. The e ect of thehemical or mechanical
perturbation is then often visualized by uorescence microspy. Thereto, the proteins
of interest are labelled with a uorescent dye. This can be re@kd in several ways. If
one is not interested in resolving the cellular response over &@nthen it is su cient

to xate and thereby Kill the cells after perturbation and stain the protein of interest
with a uorescently labelled antibody that is speci ¢ for this protein. However, if one
is interested in live cell imaging during perturbation then t is necessary to transfect
the cells with a DNA construct which codes for a uorescently maiced version of the
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Figure 1.4: UV laser pulses can be used to dissect stress bers. The meahiaal per-
turbed cell was transfected to express uorescently labeld -actinin which forms a
striation pattern. (A) Actin cytoskeleton before cut. (B) 1 s, shortly after cut. (C)

During contraction phase, 4 s after cut. (D) After mechanicd re-equilibration, 45 s after
cut. Retraction is due to actomyosin contractility.  -actinin pattern can be used as an
intrinsic ruler to analyze the retraction dynamics quantit atively. This is one subject of
this thesis [34]. Courtesy of Julien Colombelli.

protein of interest. The transfection, that is the introduction of the genetic information
into the cell, can be accomplished for example by electropdi@n [48], viral vectors
[49] or liposomes $0. The additional genetic information is then at least transiatly
expressed by the cell and the uorescent copies of the proteinrcde visualized by
uorescence microscopy. Fluorescent proteins that are comnigrused for transfections
are green uorescent protein (GFP), yellow uoerescent prote (YFP), an engineered
mutant of GFP, and more recently also the red dye called \cheyt, originally derived
from Discosoma sp. uorescent protein \DsRed" that has been impued over many
steps p1{53.

Perturbation of the biochemical signaling at focal adhesionsan be performed by
transfecting the cells with certain constantly active or inatve mutants of signaling
proteins that usually reside in the adhesion plague and variougher techniques. Con-
cerning the scope of this thesis, the most important possibilitieare chemical drugs
which alter directly or indirectly the activity of myosin Il m olecular motors. A chemical
drug which is directly and speci cally inhibiting myosin Il activity is blebbistatin [ 54].
A more indirect way to a ect myosin activity is by interfering with the Rho-signaling
pathway. Here, common drugs are lysophosphatidic acid (LPABY or calyculin A
that both stimulate actomyosin contractility. Calyculin, for example, is an inhibitor of
myosin light chain phosphatase and thereby enhances the phospfiation of myosin
light chain and subsequently myosin activity $6, 57]. The e ect of this drug on stress
ber contraction dynamics will be studiedin silico within this thesis [5§].

Mechanical perturbations of cell adhesion can also be perfagthin many di erent
ways. Passively, cells can be disturbed by plating them on soft substes made of dif-
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ferent polymer systems like polydimethylsiloxane (PDMS), pgacrylamide (PA) and
hydrogels made from hyaluronic acid (HA). Such substrates are essal in order to
study the rigidity sensing of cells. Actively, cells can be pertilred by substrate stretch-
ing [22 25] and a divers set of micro mechanical devices, including miceedles, elastic
polymer pillars, optical and magnetic tweezers or AFM tips. Thge micromanipulators
have already been applied in order to measure the micro-rhegical properties of the
actin cytoskeleton or to perturb the mechanical tension witm the cytoskeleton and
subsequently measure the response of focal adhesi@# 35, 39, 59, 60]. In principle,
all of these techniques also allow to measure the forces applteccells.

Another method to perturb the mechanical stress within the cytskeleton is nano-
surgery of laments by UV laser pulses. The energy deposition and éhresulting
disruptive e ect of the laser pulse is mediated by the formatiorof a plasma. The
plasma is initiated by thermal emission or by multiphoton ioniation of electrons. Once
a free electron is produced, it can absorb further photons kbpverse Bremsstrahlung
absorption while interacting with other charged particles. When its kiretic energy
exceeds a certain threshold, the electron can generate anatliree electron via impact
ionization which nally leads to an ionization avalanche ad plasma formation pB1].
Laser-induced plasma-mediated ablation has a long traditiom medicine as well as
cell biology b1, 62. Very recently, laser nanosurgery has been applied to dissect
stress bers to study their mechanical properties as well as thmechanosensitivity of
zyxin, a protein which resides in focal adhesions and stress 363, 64]. An essential
contribution of this thesis is to support a mechanical model tt allows to further
quantify these processes3fl], see Fig.1.4.

1.4 Previous theoretical work

Several aspects of cell adhesion have been addressed by themktmodels. Especially
the mechanics of the actin cytoskeleton has attracted the iatest of many physicists.
However, as the actin cytoskeleton is very dynamic and interecwith many di erent
molecular factors, including actin-associated proteins andatecular motors, it is very
di cult to model its mechanical properties in a general way. Modeling becomes feasible
if one focuses on one of the well-characterized states of thdimaytoskeleton, for
example the lamellipodium or stress bers. Because here we arestip interested in
mature cell adhesion in culture, we will focus on the latter . Modeling stress bers
can be approached from di erent perspectives. An obvious staniy point are their
common characteristics with muscle bers, which is a linear seqoce of sarcomeres,
each containing around 300 myosin Il molecular motors workgcollectively together as
they slide the actin laments relatively to each other. This eld has been pioneered by
the Huxley-model B5], which later has been modi ed in many regards, e.g. in regard
to lament extensibility [ 66] or by a detailed modeling of the myosin Il hydrolysis cycle
[67]. In contrast to muscle bers, stress bers are more disordered ana complete
description therefore requires a model for their assembly press from polar laments
interacting through molecular motors. Such a description habeen achieved in the
framework of a phenomenological theory which however doestrmodel the details of
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the underlying motor activity [68, 69. This theory does predict di erent dynamical
states of the system, including a stationary state of isometric ctraction as observed
in stress bers.

The positive feedback loop between contractility and growtlof adhesions has been
modeled before in the framework of kinetic equations, but wibut addressing the de-
tails of force generation and its regulation by signaling patvays [70]. Similar kinetic
equations have been used to model the antagonistic roles of Rfoed Rac in cell adhe-
sion, but again without addressing the details of force generah and regulation [71].
Recently, force generation has been addressed in more detaibimodel for whole cell
contractility and stress ber formation [72 73. However, no details of the signaling
pathway have been modeled except for an unspeci ed activatisignal.

An essential part of the mechano-chemical feedback loop is tleede induced growth
of focal adhesion, which recently has been the subject of diemt modeling approaches
[74{80Q], reviewed in B1]. However, these models have focused mainly on the mechan-
ical and thermodynamic aspects of the growth process, neglegfithe interaction of
mechanics and biochemical signaling.

1.5 Outline and main results

A detailed understanding of most cell-adhesion related processequires a model that
accounts for the mutual interaction between the mechanics ¢the actin cytoskeleton
and the biochemical regulation at focal adhesions. While sewtrcell-adhesion phe-
nomena have been approached from either direction, probghdue to the conceptual
di erences between the two disciplines, theoretical model$at describe the interac-
tion of mechanics and chemistry are still rare in the literatue. The ultimate goal of
this thesis is to Il this gap and to build up a model that accouns for the complete
mechano-chemical feedback cycle in cell adhesion. To ackighis goal we develop a
model for stress bers as well as model for the biochemical fémak with a focus on the
Rho-pathway and nally demonstrate how mechanics and signalg can be coupled to
each other. A major part of this thesis is also assigned for testitige complete model as
well as model components by comparison with experimental dat Most importantly,
we have used our mechanical model to analyze stress ber contian dynamics upon
laser nanosurgery which lead to new insights into the mechanoséivity of the protein
zyxin. In the following we give a brief outline for each chajtr.

In Chapter 2 we develop an one dimensional viscoelastic model for stress bers
which is then solved for the boundary conditions that are apjpriate to describe
stress ber contraction dynamics induced by laser release. Westr introduce a dis-
crete model which is inspired by the sarcomeric substructure ofress bers. The ber
itself is described by a linear chain of Kelvin-Voigt bodies wbh, in addition, inter-
acts viscoelasticly with its surrounding. Actomyosin contractity is accounted for by
incorporating a contractile element into each Kelvin-Voigbody. This discrete model
can be solved analytically for the displacements of an arbitrg number of sarcomeric
units. Having this discrete model solution we then perform the etinuum limit of
the model. We obtain a partial di erential equation as well & its continuum solution
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describing stress ber contraction dynamics. The continuum maal later provides the
opportunity to analyze experimental data. The solution in tle continuum limit is then
discussed thoroughly. It turns out that the contraction dynamecs can be regarded as a
retardation process but the associated spectrum of retardaticimes exhibit positive
as well as negative amplitudes. Within a certain parameter rgge this can also lead
to damped oscillation of inner ber sections. Beside the time cose of the tension in
the ber, we also calculate the complex modulus of the stress Ibenodel using three
di erent approaches. These model predictions could be tested buture microrheology
measurements.

In Chapter 3 we apply our stress ber model to quantify stress ber contractia
dynamics after laser nanosurgery. This project evolved from tight collaboration
with the experimental biophysics group of Ernst Stelzer at thd&european Molecular
Biology Laboratory (EMBL) at Heidelberg. The experimental éta presented within
this chapter has been acquired by Julien Colombelli who desigd and performed the
stress ber nanosurgery experiments. Quanti cation of the comaiction dynamics by
means of our model is utilized by resolving the displacementlie along the ber with
high resolution in space and time. The innovation is to use the haal pattern of stress
bers as an intrinsic ruler during the contraction phase. We rd excellent agreement
between experimental data and our stress ber model which caeproduce the complete
displacement eld in space and time.

By tting the theory to the data we obtain values for the four model parameters,
that is, the parameter that measures the degree of crosslink ofehber, the average free
contraction length of a sarcomeric unit as well as the typicaquilibration times asso-
ciated with internal and external friction. This analysis ha been performed separately
for stress bers dissected in cells transfected to express eithemorescently labelled
actin (n = 86) or -actinin (n = 34). By comparing the parameter distributions from
these two samples we can show that the crosslinkeractinin not only connects actin
laments within stress bers but also plays an essential role in @sslinking stress bers
to surrounding mechanical sca olds. Moreover, we can discrimate between the im-
portance of the e ective ber-internal viscosity and the visceity of the surrounding
cytosol. In regard to stress ber contraction dynamics, we dematrate that the latter
seems to play a minor role. From the extracted model paramegwe can also deduce
a typical length scale over which mechanical perturbationsed¢ay along the ber. It is
also this length scale which impacts on the total contractiorehgth of bers, reached
after mechanical re-equilibration as well as on the loss ofrée acting on connected
focal adhesions.

Finally, we use our model to quantify the mechanosensitivity afyxin. The model is
thereby used to calculate the change in mechanical stress withthe cytoskeleton upon
laser release which is otherwise not accessible experimentallyhe change in stress
is then compared with the change in zyxin intensity. We nd thd zyxin intensity
at focal adhesions and along stress bers strongly correlatestivimechanical stress.
Furthermore, our study suggests that zyxin also relocalizes attermediate crosslinks
to the substrate that are set under high mechanical tension by theetracting bers
[34]. We hypothesize that these newly formed zyxin spots are the onsé nascent focal
adhesions and that their formation might play an essential rolduring the intracellular
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repair of the laser caused damage.

In Chapter 4 we develop the model for the biochemical signaling cascade ttha
is initiated at focal adhesions and is propagated along stresbers through di usion.
Our study focuses on the Rho-pathway. We have performed an ertave literature
research and compiled a list of the known rate and di usion constigs in such a way
that they can be used for mathematical modeling. The develogesystem of reaction
di usion equations is then coupled to the contraction dynanas of stress bers through
the force-velocity relationship of myosin molecular motors. e versa, the resulting
myosin forces are coupled back into the biochemical react®by treating them similar
to an enzyme that promotes Rho-signaling. The obtained meadha-chemically coupled
system can be solved numerically. We nd that the system is bistahleOne stable
state can be identi ed with a highly contractile cell whereaghe other stable state cor-
responds to an inactive cell that failed to establish actomyosicontractility. As a rst
application of the model we address it to recent experimentsylPeterson et al.B1].
They show that the striation pattern along stress bers in yet ungrturbed cells are
wider at the center compared to the cell periphery. Upon inddion of a uniformly dis-
tributed contractile drug, the bands at the periphery contact while the bands at the
center surprisingly expand, amplifying the spatial di erencs. By simulating this drug
experimentin silico we can reproduces the found spatial gradients in myosin actiyi
and the resulting inhomogeneous distortion of stress bers in glitative agreement
with experiments 8. Most importantly, we also demonstrate that the positive bio-
chemical and mechanical feedback has to be taken into accgun order to explain the
experimental ndings.

In Chapter 5 we use our model to address cell behavior. In particular, we foc
on the ability of cells to establish contractile forces on di eently sti substrates. The
cellular contractile stress or the substrate deformation are nsidered as state variable
of the model system. The substrate sti ness and a reaction parametthat accounts
for the e ect of a contractile drug are employed as control pameters in the bifurcation
analysis. We nd that bistability is not a universal feature of the model. There also
exist parameter regions where either the contractile or theam-active state are the only
stable xed points. This gives rise to a threshold of substrate sti ess below which cells
are not able to build up contractile forces. On sti er substrategells adopt a contractile
state but the reached steady state forces depend only weakly dretsubstrate sti ness.
These ndings might contribute to the understanding of rigidty sensing of cells as well
as to tensional homeostasis in tissue. Furthermore, we hypothesithat the potential
bistability in the system gives rise to hysteresis in cell adhesioifo substantiate these
ideas, we simulate cellular behavior on substrates of time depmmt stiness. The
most idealized example is a cyclic varying boundary sti ness. Rally, we give some
suggestions how substrates of time dependent sti ness could belread experimentally.
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Chapter 2

Viscoelastic ber model: de nition
and solution

In this chapter we develop the basic concepts of our one dimemsal viscoelastic stress
ber model. We rst introduce a discrete model which is inspiredby the sarcomeric
substructure of stress bers. The considered boundary conditiomepresent the sit-
uation that the ber is released at one end and start to contractdue to actomyosin
contractility. The discrete model can be solved analyticallffor an arbitrary number
of sarcomeric units. Subsequently, we perform a continuum libof the model which
results in a partial di erential equation and its solution for the displacement eld. The
continuum description is superior for analyzing data and foraupling the model later on
with the biochemical signaling. The continuum model solutions discussed by means
of the spectrum of retardation times. Interestingly, within a ertain parameter range,
the inner sections of the ber can exhibit damped oscillationsFinally, we calculate
the stress pro le along the ber, as well as the complex modulusf the ber model
using several di erent approaches.

2.1 A model for stress bers

2.1.1 The discrete stress ber model

In spirit with the regular striation pattern of stress bers we r st introduce a discrete
stress ber model which is in its structure similar to the KarginSlonimsky-Rouse model
(KSR model B 84] reviewed in BY]) for long polymers in dilute solutions. The KSR
model played an important role in the history of polymer physis. It proved that a
retardation time spectrum can be generated by a polymer modeiith simple periodic
structure and is not necessarily evidence for structural compigy of the polymer [85].
The model presented here is similar in its periodicity to the maels suggested by Kargin
and Slonimsky B2, 83] but di ers in the composition of its elementary units as wellas
in its boundary conditions. In our model the mechanical respse of each sarcomeric
unit of length a is described by the Kelvin-Voigt model for viscoelastic mateal [86].
It consists of a dashpot with viscosity i, and a spring of sti nessk;,; connected in
parallel. These two modules represent the viscous and elasticoperties of the ma-
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Figure 2.1: lllustration of the discrete stress ber model. The ber is modeled as

a linear chain of Kelvin-Voigt bodies, each consisting of a spng of stiness ki,; and
dashpot of viscosity i . Actomyosin contractility is described by a contractile element
added to each Kelvin-Voigt body along the chain. F,, represents the contractile force of
the n-th molecular motor. Each element of lengtha represents one sarcomeric unit. Local
viscoelastic interactions between the ber elements with teir surrounding are described
by an additional set of external Kelvin-Voigt bodies with sti ness kex: and viscosity ey; -
The total length of the beris L. The ber is clamped at x =0 and free at x = L. uy
denotes the displacement of then-th node.

terial, respectively. In stress bers, the actin sca old can be rgarded as the elastic
component. Viscous friction may arise from relative actin larent sliding, movement
of solvent or bond breaking within the ber. The Kelvin-Voigt body is the simplest vis-
coelastic model which in the stationary state is determined bylasticity, in contrast to
the Maxwell model, which ows in the stationary limit. Thus the Kelvin-Voigt model
is the appropriate choice for stress bers, which can carry loaat constant deformation
over a long time. In order to cope with the contractile behawar of stress bers, we
introduce into these Kelvin-Voigt bodies a further contradle element that represents
the activity of motor proteins. Its properties are given by tle speci c force-velocity
relation of the molecular motors. A stress ber of total lengthL is then represented by
a linear chain ofN = L=a such viscoelastic and contractile elements, compare FB1
Experimental observations 34] suggest that stress bers do not contract unhindered
within the cytoplasm upon laser dissection but interact locallyith their surrounding.
These interaction, e.g. mechanical crosslinks to the surroumgdy cytoskeleton or to
intermediate contacts with the substrate, impose shear forces the stress- ber that
counteract the retraction. In our one-dimensional model wecaount for these viscoelas-
tic shear forces by additional external Kelvin-Voigt bodiegach composed of a spring
of sti ness keyx and dashpot of viscosity «:. The spring represents elastic interconnec-
tions to cytoplasmic components, whereas the dashpot accourits the viscous drag
within the cytosol. These external Kelvin-Voigt bodies exerforces whenever a ber
element is displaced (sheared) with respect to its initial posdn. The internal Kelvin-
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Voigt bodies build up forces whenever a ber element changefongation. At each site
n these external and internal forces as well as the contractiteotor forces,F,,, have to
balance:

= int(Un+r Un)  ine(Un Up 1)+ King(Unsz  Up)
2.1)

kint (un Un 1) extlin kextun + an+1 an
The rst four terms originate from the internal Kelvin-Voigt bodies. The internal
frictional forces, the rst two terms, arise when a sarcomeric ubichanges elongation,
i.e. these forces depend on the temporal change of relativelacements of neighboring
sites Up+1  Up). The third and the fourth term account for elastic forces wihin
the stress ber and are proportional to the elongation of a sarceeric unit, which
is given by the relative displacement of neighboring sitesi{.; u,). The fth and
the sixth term originate from the external Kelvin-Voigt bodies. The contributions from
external viscous drag depend on the local retraction velogit,. The external harmonic
restoring forces depend on the local displacement of the considered site. The last
two terms account for the contractile forces resulting from wlecular motor activity
which we model by a linearized force-velocity relationshi@B7):

Fo, = Fol 2)= Fot (up g 1) 2.2)
Vo Vo

Fm, is the actual force exerted by then-th motor moving with velocity v,. vq is the
zero-load velocity andFs is the stall force of the motor. In the nal relation we have
used that the contraction velocity,v,, of the n-th motor, can be related to the temporal
change in displacement of neighboring sites according tor, = (u, U, ). For the
moment being we assume that the stall force of motors is constaribag the length of
the ber. In general, however, this is not the case. In chaptet we will argue that the
motor activity is regulated by biochemical signals that e etively alter the stall force
of the motors. In this way F5 becomes spatially dependent. Eq2(2) can now be used
to specify the motor contributions in Eq. .1).

0 = ~nt (Qn+1 lin) “int (lin Up l) + Kint (Un+1 Un)
(2.3)
kint (un Un 1) extUn kextun
Here, we have introduced the e ective internal viscosityizx = it + Fs=W which now

contains motor contributions. At this point it is worth menti oning that, due to the
linearized force velocity relation, the motor contribution Eq. 2.2) decomposes into two
parts. On the one hand it e ectively alters the internal viscody ~j,x and thus will
slow down the equilibration process. On the other hand, the corsit contribution Fs
cancels out at each node within the string and will only entertte boundary conditions.
The upper equation holds for all nodes & n < N , whereN s the total number of
sarcomeric units. At the left end,n = 0, and at the right end, n = N, the boundary
conditions have to be adopted according to the considered sifion. In the following

An arguable factor of 1=2 in this relation which depends on the de nition of the motor velocity
could be absorbed in the parameterv.
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we will focus on the boundary conditions appropriate for thetress ber laser cutting
experiments. Here, one end of the ber terminates at focal adeens and thus can
be considered as stationary. At the end where the stress ber isleased by the laser
pulse all forces have to be balanced. From now on we will refer the situation at the
stationary end asclamped boundarywhereas the situation at the cut we will call afree
boundary Throughout this manuscript we will choose the coordinate syste such that
the clamped end is always at the left and the free end is at theght. In total we have
the following system ofN + 1 equations:

Clamped boundary atn = 0:

Up=0 (2.4)
Forn=1;:::;N 1
Snt (Uner  2Up + Un 1)+ King (Unsz 2Un + Un 1) extln  KexUn =0 (2.5)
Free boundary atn = N:
Snt(Un - Un 1) Kine(Un  Un 1) extUn KextUn = Fs (2.6)

The last equation can be deduced from Fig2.1 by balancing all internal and external
viscoelastic forces as well as the motor forces at the termiima node,n = N. By
examining the upper system of equations one nds that the cordctile motor forces
enter explicitly only at the free boundary atn = N. This is a direct result of assuming
that the stall force of the molecular motors is uniform alonghie ber. Otherwise, one
would obtain additional terms Fs,,, Fs, in the equationsn = 1;:::;N 1. The
system of coupled rst order linear di erential equations @.4)-(2.6) can be solved for
the discrete displacementsu,(t). In section 2.2.1 we show that there exist a closed
analytical solution for an arbitrary number, N, of sarcomeric units. However it is also
helpful to perform a continuum limit on the discrete model syst@. This results in a
partial di erential equation which will be derived in section 2.1.3and its exact solution
will be provided in section2.2.2

2.1.2 Relations between 1D and 3D viscoelastic constants

Before we perform the continuum limit of the discrete model deribed above, we rst
want to relate the parameters from the one-dimensional modéb three dimensional
guantities. In doing so we focus on the elastic constants. For théseous constants cor-
responding relations follow immediately and are given at thend of this section. The
presented one dimensional model accounts only for two elastefdrmation modes, that
is homogeneous uniaxial extension of the sarcomeric units oresh of the surrounding
medium. These two deformation modes are depicted for one sarezric unit in Fig. 2.2
The deformation of an isotropic and linear elastic body exposéd homogeneous uni-
axial stress, yx = F=Atace, IS determined by the Young's modulu€ and the Poisson's
ratio . Given this simple form of the stress tensor, the strain tensor follvs as 8§:

EAface
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Figure 2.2: (a) A three dimensional simplistic illustration of a stress ber. Our model
accounts for two deformation modes: (b) Uniaxial extensioninduced by the uniform
stress «x = F=Asace. Here, the elongation of the sarcomeric unit is denoted by u =
u(a) u(0). (c) Pure shear of the surrounding medium induced by the sress y, = F=Aqp.
u(h) denotes the displacement of the top at heighth in the x-direction. In both cases F
is an arbitrary force pointing in x-direction.

All o -diagonal components of the strain tensor vanish. Since oumodel is one-
dimensional it can only account for the strain in thex-direction. The strain is ho-
mogenous, thus we can write:

U = @u_ uw(@ wO _ F
s @X a EAface

(2.8)

Whereuy(X) is the displacement in thex-direction (arguments {/; z) have been dropped).
The upper force-extension relation can now be compared withé one-dimensional ver-
sion to obtain a relation between the internal spring sti ness;,; of the one dimensional
model and the Young's modulus:

a 1 EAface
a) Uy (0)= F= —F Kint =
uX( ) uX( ) EAface kmt ) int a

(2.9)

Similarly we can deduce a relation between the external spgrsti ness ke and the
shear modulusG of the surrounding medium. Here, the pure shear stress is given by
xz = F=Awp. The resulting strain is given by 88]:

F
— Xz _
Uxz

= _ T 2.1
2G ~ 2GAqp (2.10)
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All other components of the strain tensor vanish, in particular he componentu,, =
%"JZ = 0. Therefore the z-component of the displacement has to be constant along
the z-direction: u,(x;y;z) = f(x;y). Since at the bottom, z = 0, the displacement
vanishes,u,(x;y; 0) = 0 at all position (x;y), the function f (x;y) has to be identical
zero and thez-component of the displacementy,, also vanishes. Then it follows:

Lol @u @u _1@u_1u(h) uw©) _lu(h)_ F
¥ 2 @ @x 2@z 2 h 2 h 2GAop

(2.11)

Where in the upper equationuy(z) is the displacement in thex-direction at height z
(arguments (;y) have been dropped) and is the thickness of the sheared layer. The
substitution of the derivative @ y=@ by the simple di erence quotient holds true, since
strain is uniform. It has also been used that the displacement ahé bottom is zero,
Ux(0) = 0. The upper nal equation can now be used to derive a relan between the
external spring sti nesskey of the one dimensional model and the shear modul@

Ux(h) = GAtOpF = kext F ) kext - h = T (2.12)

Where d is the width of the sheared layer, compare Fig2.2 So far we have only
discussed the elastic constants. However, similar relations follemmediately for the
viscous parameters. The internal viscosity,i: , can be set in relation to theextensional
viscosity analogous to Eq. 2.9) whereas the external viscosity, .x; and the shear vis-
cosity ful Il a relation analogous to Eq. (2.12. At this point we want to stress that the
quantity a in Egs. (2.9, (2.12 is in principle an arbitrary length scale. The entities
kit and Kex then represent the elastic properties of a ber fragment of lggth a. A
convenient de nitionisa=1 m which corresponds to the average length of a sarcom-
eric unit 1:01 0:14 mY[34]. The Young's modulus of stress bers has been measured
by Deguchi et al. B9. Using the value that they found for small deformations we
can estimate the internal ber stiness to beki,; 45nN=a This value together with
our t values for the model parameters summarized in Tab3.1and Egs. .9), (2.12,
(2.20 can be used to give rough estimates for the extensional viscositiythe ber and
for the shear modulus and shear viscosity of the surrounding mediu

2.1.3 The continuum stress ber model

The discrete model described in sectioh1.1can be transformed to a continuum equa-
tion by considering the limit for a large number of elementarynits N. In this limiting
process, the total lengthL of the stress ber will be subdivided into incremental smaller
pieces of lengthay = L=N. Thereby it has to be ensured that the e ective viscoelastic
properties of the whole chain are conserved, i.e. in each @&éion step the discrete
model should re ect a ber with a certain Young's modulus embedded in a medium
with shear modulusG. This is accomplished by re-scaling the viscoelastic constant

YIf not denoted otherwise, experimental measures are given as mean standard deviation
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(Kn:int 5 neint  Kneext 5 Ncext ) IN each iteration step according to Eq. 2.9) and Eq. (2.12:
EAface _ aN EAface

Knint = an “ L a = nKint 013
Niext h h aN h N

Here, we have introduced the scaling factory = % = ’\‘L—a It ensures that by dividing
the chain into more and more smaller pieces, the e ective Youtsggand shear modulus
of the model is conserved. The sti nes&y.i,x represents the sti ness of aray = L=N
long piece of the ber and increases linearly with the numberfgartitions N, whereas
kint Is the stiness of a ber fragment of lengtha. In principle a is an arbitrary length
scale that we have chosen to b&=1 m such that it corresponds to the typical length
of a sarcomeric unit of a stress ber, compare also the discussion &etend of the
previous section. Whileky.i,; increases linearly with the number of partitions Ky.ext
decreases according to=N. Similarly it follows that the viscous parameter ., and
next Scale akn.int and Kn.ext , respectively. In total one nds:

kN;int = N Kint and Nint = N int
Kext ext (2.14)
kN;ext = and Niext —
N N

These conditions on the viscoelastic constants prepare the gnoufor the continuum
limit of Egs. (2.4)-(2.6). To begin with the limiting procedure we rst introduce the
continuous spatial variablex = nay, denoting the position of then-th node within the
yet discrete chain. Then Eg. 2.5 can be reformulated as:

~int (UX+ ay)  2u(xX)+ u(x an)) Niext U(X) + 102

(2.15)
Kyt (UX+ ay)  2u(X)+ u(x  an)) knexu(x) = 0

Substitution of the viscoelastic parameters Ky:int ; Nint ; Kneext ;5 niext ) Which depend
on the re nement N, by the appropriate scaling relations given in Eq. 4.14 and
conducting the limit N !'1  yields:

u(x + ay) 2u(x)+ u(x an)

a%~nt N”!'in an 2 extU(X) + i
(2.16)
. u(x + 2u(X)+ u(x &
+a2kint N“'!I-.n ( aN) a(z) ( N) Kext U(X) = 0
: N

Sinceay is a sequence which converges to zero, the limits de ne the sedalerivative
of u with respect to x. The continuum limit of the upper equation results in a partia
di erential equation for the displacementu(x;t). The highest order term will contain
mixed derivatives in x and t, namely, @u. Similarly, the limiting process can be
performed for the boundary condition at the free end. Note thaat this point the
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spatial variable evaluates tox = Nay = L:

. u(L ulL ay . a
e fim u(t) ;(N ) 4 lim ;N exU(L) +
(2.17)
. L L .
+akine lim ulL) :lg ) lim a—Nkextu(L) = Fs

In each line of the equation, the rst limit gives the rst derivative of u with respect
to x evaluated atx = L and the second limit in each line vanishes ag, converges to
zero. Consequently, in the continuum representation, the stsees which originate from
shearing the environment can not contribute to this boundargondition. However, note
that the stresses exerted by the motord;s, on the boundary are una ected during the
limiting process and do contribute. Eventually our continumn model for stress bers
can be formulated in the following boundary value problem:

“int aZ@u_+ Kint az@u extd  Kexqxu =0 (2.18)
With the boundary conditions:
uO;t) =0 and ~ja@u(L;t)+ kiya@u(L;t)+ Fs=0 (2.19)

The appropriate initial conditions for the stress ber dissecthn experiments are zero
displacement before the cut, namely(x; 0) = 0. Note that the terms on the left
hand side of the boundary condition atx = L denote the stress within the ber. In
our one-dimensional model the elastic stress is simply propontia to the strain in
x-direction, @u, viscous stress is proportional to the rate of strair@u and the total
stress is completed by the contractile forces exerted by molgar motors Fs. Thus, the
boundary conditions mean that the total stress within the berhas to vanish at the
position of the cut, i.e. these three components of the stress leato balance internally.
The structure of the model equations allows us to eliminate enparameter which we
have chosen to b, . So essentially, our model has only the following four paraness:

kext Fs ~int int l:s ext
s Keao  _ Fs. ; g 2.20
kint kint kint kint Vo kint kint ( )

The ratio of external and internal stiness is a non-dimensional parameter which
can be regarded as a measure for the degree of crosslink of ther.bEhe parameter
can be understood as the free contraction length of a sarconeeunit of initial length
a=1 m. The parameters and represent two distinct equilibration times associated
with internal and external processes, respectively. It is wortimentioning that the
parameters (; ) are, similar to the previous viscoelastic parameters, normaéd to
the length of one sarcomeric unif, whereas the parameters { ) are invariant under
the scaling ofa. To see this in the case of, note that the zero-force velocity of the
motors scales likern.o = Vo= n. Formulated in terms of the parameter set depicted in
Eq. (2.20, the model equation and the boundary condition at the freeral are given
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as:
a’@u+a*@u u u=0 and aQu(L;t)+ a@u(L;t)+ =0 (2.21)

The boundary condition atx = 0 and the initial conditions remain unchanged. We use
this continuous model equation comprising the set of the fourgoameters (; ; ; )
to describe the contraction dynamics of stress ber after UV lasesutting. By tting
the model to the data we are able to extract values for these paneters. In the
following section we will derive the solution of the stress ber wdel. Thereby it is
quite convenient to non-dimensionalize the model equationgVe do this by introducing
the non-dimensional spatial variablex~= x=a, non-dimensional timet'= t= and the
non-dimensional ratio of the two time scales = = . In this way the model equations
adopt the simple form:

@u+@u u u=0 and @UCH+@uECH+ =0 (2.22)

We will either use the non-dimensional formulation given in E((2.22 or switch to the
dimensional model equation Eq.Z4.21) with parameters (; ; ; ) depending on which
one is more convenient in the considered situation.

Before we start to derive the general solution of the presentedadel we discuss the
special case where = . This case is easy to solve and gives preliminary insight into
how the solution for the displacement roughly looks like. Sulsttion of the ansatz
h = u+ u into the partial di erential equation Eq. ( 2.22 yields the following ordinary
di erential equation for h:

@ h =0 (2.23)

and the boundary conditions transform to:h(0) = 0 and @h(C)+ = 0. Solution of this
ordinary di erential equation for h(x) and subsequent solution of the inhomogeneous
ordinary di erential equation for the displacementu + u = h with the initial condition
u(%; 0) = 0 yields the nal solution:

. p . Y
sinh(x ) . sinh(x )
uix t) = = 1 e Uss(%) = = 2.24
The assumption = leads to a simple retardation process with a singleretardation

time . This term, retardation time, is derived from rheology whee it is associated with
viscoelastic creep, in contrast to the term, relaxation time, hich is rather associated
with the relaxation of viscoelastic stress. In this thesis, we will seetimes refer to
also as the typical equilibration time of a stress ber.

The stationary solution is denoted asuss(x). The largest, always negative dis-
placement given by »= occurs atx = L, that is where the ber was released. The
magnitude of the displacement decreases exponentially Withc'rﬁasing distance from
this point. The typical length scale of this decay is given bya= . It is important
to note that the general case with arbitrary and evolves to the same stationary
solution given in Eq. @.29. However, the dynamics during the retraction phase are
more complicated for the general case. In the next section wdlshow that the general
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solution is a superposition of in nitely many discrete retardaion times. The associ-
ated retardation time spectrum is spatially dependent and mayave positive as well
as negative amplitudes. Under certain conditions, this evendds to solutions for the
local displacements that are not monotonically decreasing time, compare sectior2.3.

2.2 Solution of the model

2.2.1 Solution of the discrete model

The discrete stress ber model developed in sectidhl.1constitutes a coupled system
of rst order linear di erential equations in the displacemeris u, at nodesn =0 :::N.
It is straight forward to solve these equations for a certain smlahumber of nodes.
However, it is quite challenging to nd a closed solution for a geeral number of degrees
of freedomN. Still, nding such a solution is quite appealing since it allow not only
exhaustive analysis of the discrete model. Execution of the douum limit described in
the previous section will carry the discrete solution over to i solution of the continuum
model described by the partial di erential equation Eq. 2.18. The closed solution
then also provides a simple tool for other groups to analyze tinalata on stress ber
experiments, since the tedious implementation of a numericarocedure to solve the
boundary value problem given by Eq.2.18 and Eqg. (2.19 is no longer necessary.

Because of the unequal boundary conditions at the two ends, thierivation of the
model solution is more complicated. It turned out to be fruitfil to rst symmetrize the
problem by considering a string of length ® +1 with free boundary conditions at both
ends (see Eqg.4.6)), that is, at each end the contractile motor forces are balaied by the
internal and external viscoelastic forces, see Fig.3 The solution for this boundary
value problem, that is the displacements along the string, has be an antisymmetric
function with respect to the center of the string. This is becase the contractile forces
equally pull both terminating nodes inwards. Consequently,he displacement at the
center has to be zero. The solution for the symmetric problem thi2N + 1 units thus
comprises the solution for a ber withN units with one free and one clamped end, the
actual problem of interest.

The symmetric problem for a slightly simpler model has been arnaled in great de-
tail by Gotlib and Volkenshtein [90]. Their calculations paved the way for the following
derivation. In exact accordance with our considerations in sgon 2.1.1we can write

in Fig. 2.3(a) and Fig. 2.3(b). The resulting 2N + 1 rst order di erential equations
are given by:
Forj = 1.

~int (QZ l-il) extUg + kint (UZ Ul) kextul = Fs (2-25)

St (Ujer 200+ U 1) el + Kine(Ujsr 2U05 + U 1) KextUj =0 (2.26)
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U1 Kint T Kint Uit
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Figure 2.3: Sketch of the model with symmetric boundary conditions. (a) Stress ber

with two free ends. Viscoelastic constants and contractilemotor forces are as in Fig.2.1.

(b) Lower gure illustrates the counting of the two indices n and j. The index n starts

counting at the central node highlighted in red. The index | starts counting at the node
which terminates the ber at the left. Upper gure is a schematic drawing of the solution

for the displacements of the nodes assuming that both ends dfhe ber are free. Since the
contractile forces pull both terminating nodes inwards, the solution for the displacements
has to be antisymmetric about the central node. For the same eason the central node
has to be stationary. In this way, the nodes atn = 0 :::N obey the actually boundary

conditions of interest: clamped atn =0 and freeatn= N.

Forj =2N +1:

~int (Upn+1 Uon) extUon+1 Kint (Uon+r Uan)  KextUan+1 = Fs (2.27)

Here, we have again used the abbreviation for the e ective inteal viscosity ~, =
int T+ Fs=\W. BY subtracting from each equation the subsequent one and inglacing
the relative coordinatesy; = uj+1  U;, we can rewrite the upper system of equations

in the following compact form:

Myisc ¥+ Melasy = F (2.28)
with the 2N 2N matrix:
0 1
25t ext int 0
~int 25t ext int 0
M visc = 0 int 24t t ext ~int (2.29)
T ext

The matrix M ¢5s has exactly the same form aM s but the viscous constants have to
be replaced by the corresponding elastic constants. That isy;~has to be substituted
by ki and similarly, o« by Keyx. In addition we have de ned the N -dimensional
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vectors: 0 1 0 1
yl Fs
Y2 0
¥(t) = : and F = : (2.30)
Yon 1 0
Yon Fs

In the following we will solve Eq. .28 for the relative coordinatesy; (t). At the end,
the displacementsu, (t) can be recovered from Eq.Z.46 once the dynamics of the
relative coordinates have been determined. The force vectan the right hand side of
Eq. (2.28 renders the di erential equation to be inhomogeneous. In pparation for the
general inhomogeneous solution of EqR.28, as usual, rst consider the homogeneous
equation

M visc ¥+ M elasy = 0 (2-31)

Let | be an eigenvalue and leti be the associated eigenvector that obeys the eigenvalue
problem:
(M glas M yisc)M =0 (2.32)

It turns out that Eq. ( 2.3]) is solved by (t) = ve '* which can be easily proven
by inserting this ansatz into Eq. £.31). Since the di erential equation is linear the
superposition principle holds and the general homogeneoususian is given by:

XN XN
yt)=  om()=  cve (2.33)

=1 =1

The upper solution is primarily valid only if there are exacty 2N distinct eigenvalues,
but we will nd that this is indeed true in the considered case. Asimilar but slightly

simpler eigenvalue problem has been treated by Gotlib and \ainshtein Q. The set
of eigenvalues and eigenvectors appropriate for our modglgiven by:

o, 1
SN+
) I sin 2
= A s and o = g (2.34)
ext int SIN” 3Ry SIN 53T
sin . 2N

2N +1

It is now straight forward to show by insertion that Eq. (2.349) is indeed the solution
to the eigenvalue problem de ned by Eq. 2.32. For the sake of completeness and to
not distract the reader from the main course of the calculatignwe have removed this
proof from the main text and shifted to appendix6.2 In this appendix we also proof
that the 2N eigenvalues are distinct, positive and,non-zero and that thagenvectors
are orthogonal and their length is given by, = = (2N +1)=2. The fact that the
eigenvalues are distinct a rms the form of the homogeneous sdlon given in Eq. (2.33.
Later on we will also take advantage of the listed properties dhe eigenvectors. In



2.2 Solution of the model 27

order to determine the solution of the inhomogeneous equatiéq. (2.28 we make the
common ansatz:
)’(N
yt)=  a(t)ve " (2.35)
=1
The coe cients ¢(t) which still have to be determined are now taken to be time de-
pendent. Setting the ansatz into the inhomogeneous Eq2.29 yields 2N conditions
de ning the coe cients ¢(t):
X X
(DM yisc e "+ c(t)e 't (M elas™ M yisc™) = F (2.36)
| |

The second sum on the left hand side vanishes since its summands jushstitute
the previously solved eigenvalue problem:M ejas™ M yisc™) = 0. Evaluation of
the product M isc™ and rewriting the 2N equations componentwise, foy = 1;::;2N,
yields:

X G 1 ]

| a(t) ~ne smﬁﬂ ext T 2~int ) SIN 2NJ+1+::: -
L
"N +1 :

Application of appropriate addition theorems converts the igonometric terms to the
concise expressior), = 1;:;;2N:

X lj |
. - . 2
a(t)sin ON + 1 ext T 4~int SIN —2(2N +1)

t= F (2.38)
|

The sin-factor which has been pulled out of the parenthesis irhé upper equations
can be identi ed with the j-th component of thel-th eigenvector. In order to rewrite
the upper equation in a simple form it is convenient to de ne te 2N 2N matrix of
normalized eigenvectors,

r

2 l

i 2.39
2N+1S|n2N+1 ( )

2
u = 2N+1(v1;v2;:::;v2,\,) , Uy =

The remaining terms within the sum of Eq. 2.38 only depend on the indexl not on
j . By de ning the 2N -dimensional vectort with components
r

. 2N+1 2 | |
h(t) = 5 A(t) e+ 4= SIN 2N + 1) (2.40)

Eq. (2.38 can be rewritten as:
unit)=F (2.41)

This upper system of A equations has to be solved fdp, the solution for the coe -
cients ¢ (t) then follows by integration. Solution of Eq. @.41]) is simple because of the
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special properties of the matrixU. By de nition, U is built up by the normalized and
orthogonal eigenvectors, thu¢) "U = |. Moreover, sinceU is obviously symmetric it
even follows thatU = UT = U !, which means that the matrixU constitutes its own
inverse. With these considerations the solution of Eq2(41J) is simply given by:

Bt)= UF (2.42)

The only non-zero components oF are the rst and the last one,F; = Foy =  Fes.
Accordingly, only the rst and the last column of U contributes to the result of the
product with F. The solution forbis then given by:

( Fs)

b (t)
(2.43)

2
2N +1

I
2N +1

1+( 1" sin

It turns out that all even-numbered components ob vanish and only the odd-numbered
components contribute. The coe cients of interest,g(t), now result from a simple
integration of Eq. (2.40.

8 .
% 0 if | even
a(t) = in_| Z (2.44)
4 SN 51 .
3 N Fo(t9e "°dt®  if | odd
' 2N +1 o + 4~y sSin 2oN+1) O

Here, we have considered the more general case that the forEgsnight vary in time.
This will become particularly important in conjunction with the complex modulus of
the stress ber model where we have to account for oscillating bodary forces. The
nal solution for the relative coordinates is given by Eq. 2.395:

. i z
4 X sin 5= sin t
y (1) = 2N+ T N+ Fs(t9e '@ g0 (2.45)

. 12 |
2N + 1 1=1:3:5;::: ext +4 int sin 2(2N +1) 0

The actual displacementsy; (t) are recovered from the relative coordinates by evaluating
the telescoping sum:

Upn+t U = ﬁu2N+1{Z UZN? + ﬁUZN {ZUZN 1; + o F ﬁu_ZZE.?
= Yon + Yon 1 L Y1
(2.46)
XN
= Yi

j=1

Since the solution has to be antisymmetric with respect to the oger point at j =
N + 1, compare Fig. 2.3(b), it must hold true that u,y+1 = u; and more generally
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Un+1 k = Ugsk, suchthat fork =0;:::;N 1, the displacements are given by:
1 XK
Un+l kK = 5 Yi
j=1+ k
1K X
= 5 Yj > Yj (2.47)
j=1 j=1
|
_ X te'tZstin I X(sin J |
=2 a0 SN oN
1=1;3;5;:: j=1 j=1

In the last step, we have plugged in the solution for the relativeoordinates given
by Eqg. (2.45 and have subsequently reversed the order of summation in bothries.
The two sums in parenthesis can be further simpli ed by rewritig the sin-functions in
terms of exponential functions. The resulting geometric sumsc be evaluated, since
summation is nite and convergence is guaranteed. For a deation see appendix6.2,
here, we only provide the identity:

X 1 cos( (n+1=2))
inG )= 5 cot(=2 . 2.48
L sin(j ) > cot(=2) sin(=2) ( )
Using this identity to simplify the upper expressions yields
1 XN cos. (k+i =2)
Uans1 k= 5 (e " (2.49)
1=1;3;5;::: sin 2(2N +1)

The index ofu in the upper equation runs, according to the range &, from (N +1)+1
(2N +1) k (2N +1). The node (N +1) just denotes the center and the node (8 +1)
terminates the chain at its right end. In the next step we transirm the index of u

(N +1)+1 in the previous counting, compare gure2.3(b). The proper transformation
isn= N k. Moreover, we exchange the index of summation Iby=2m 1 and obtain
the nal solution of the discrete model:
: , z
2 XN 1)m 1 sin n@m 1) sin 2m 1) t L0
( ) 2N +1 2N +1 Fs(t(,)e mN dtO (250)

+ . 2m 1) . in2 (2m 1)
2N +1 m=1 Slnm ext T 4~int SIN 2(2N +1)

Un(t) =

with the retardation times (see page23for an explanation of this terminology):

a2 (2m 1)
1 ext T 4~int SIN® 555+
N = = 22N +1) (2.51)

2 (2m 1
2m LN Kext + 4Kine SIN 2E2N+1))

It is important to note that Eq. ( 2.50 gives the correct result fom = 0, that is ug = 0.
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For this reason we can extend the range of validity of EQ2(50 to n =0 :::N. With
this solution several aspects of our stress ber model can be invgstted analytically.
For example in section2.6 we will assume cyclic boundary forces in order to study the
complex modulus of the stress ber model. For the following, keever, we consider our
initial problem of a freely contracting stress ber that has ben released at one end. In
this case the force exerted on the boundary is the constant stédirce of the molecular
motors and the solution simpli es to:

2Fs X\l ( 1)m+1 sin nz(ilnll Y sin (22Nm+11)

—om 1) > @m 1)
2N+1 _ sin sonD Kext t4Kin SIN® 5505

t

1 e mnv (2.52)

un(t) =

2.2.2 Solution in the continuum limit

In section 2.1.3 we have discussed how the system of discrete model equations can
be converted to a continuum boundary value problem by perforing the appropriate
continuum limit. Thereby we have assumed that the total lengthL of the ber is
maintained constant while the ber itself has been subdividedito an increasing number

N of shorter pieces of lengtlay = L=N. Moreover, in order to maintain the e ective
modulus of the macroscopic ber we had to re-normalize the vigelastic constants
according to Eg. .14.

kN;int = N Kint and Nint = N ~int
kext ext (2'53)
kN ext and N;ext
N N

with the scaling factor y = NL—a In addition we have introduced the spatial variable
x = L for the position of the n-th node. The same continuum limit can & performed
on the solution for the discrete model Eq.4.52 and we will nally obtain the solution
of the continuum boundary value problem Eq. 2.22. To start with the continuum

limit we apply it to the retardation times:

. 2 1 . 2 1
_ Next 4 Niint 5”"2% B L2+ 48N ?sin’ 2Ezrr\T+1))

mN = b2 (2m 1) 2 2N 2gjp?2 _2m_1) (2:54)
Kncext +4Knsine SIN 32N +1) L <+4a°N<sin 22N +1)

Where we have used the parameters = Kexi=Knt, = ~int=Knt, =  ext=Knt=,

de ned in section 2.1.3 Evaluation of the retardation times in the limit N ! 1
yields:
4 L%+(a (2m 1))?
M 4L 2+(a (2m  1))2
Sincel m 1 the upper relation de nes in nitely many discrete retardation times.
The resulting range is bounded by the extreme valueg and ; :

(2.55)

4 L2+ @2 2 4 L2+ @2 2

" o qLevazz O 4lzeaz M (2.56)



2.2 Solution of the model 31

The rst relation holds if < , whereas the second holds if > . For comparison,
our quanti cation of stress ber retraction dynamics yields the ratio = = 0:037 for
actin transfected cells, see sectidh 1l Therefore, the latter relation in Eq. 2.56 seems
to be valid for stress bers. In the special case, = , the nite range of possible values
collapses to the single retardation time which leads to the largely simpli ed form of
the analytical solution, discussed early in sectiod.1.3 see Eq. 2.29. In general, the
in nitely many retardation times give rise to a discrete spectum of retardation times
further discussed below. The limiting procedure applied in Eq2.54) can be carried
out similarly on the remaining N -dependent terms of the discrete solution given in
Eq. (2.52. The result is the solution for the continuous boundary valueproblem
outlined in section2.1.3

ps ( 1)m+1 sin X (2m 1) -
u(x;t)= 8alL 4L 2+ (a @m 1))2(1 e ™ m) (2.57)
m=1

First note that the sum in Eqg. (2.57) is uniformly convergeqt for aIIx 2 [0;L] and
t 2 [0;1 ], a majorant and convergent series is given e.g. by,ln - m One is
now tempted to set the found solution into the partial di erential equation Eq. (2.21)
in order to check if the solution indeed obeys the boundary va problem. However,
veri cation is not straight forward. While di erential oper ators with respect to time
can be dragged into the sum without any di culties, one has to becautious by ex-
changing the order of summation and spatial di erentiation. The di culties arise from
the fact that each di erentiation with respect to x increases the power ah of the sum-
mands and convergence worsens. As a result, only the rst derive¢ can be derived
in this way, higher derivatives can not be dragged into the sumFor the rst deriva-
tive we show in appendix6.3 that the resulting series is still uniformly convergertt for
x2 [0;L ]forall > 0. While higher derivatives are of no particular interest in he
problems we consider it is quite fortunate that the rst derivaive can be calculated
directly. For instance, in section3.3.2we will make use of the closed expression for
the rst derivative in order to calculate the tension along thestress ber which we also
compare to experimental data. Since the second spatial deriiee is not accessible,
direct veri cation of the solution by substituting it into the p artial di erential equa-
tion is not feasible. At least, it is possible to validate the anagtical solution Eq. (2.57)
by comparing it with the numerical solution of the boundary vdue problem derived
within the Matlab PDE-toolbox. Fig. 2.4shows three resulting curves for the analytical
solution where the in nite sum has been approximated by 5, 10 @nl1000 terms, respec-
tively. For comparison, the direct numerical solution of the bundary value problem
is given as a benchmark. Fig2.4(a) shows the time dependent displacement(t) at
constant positionsx 2 f 0;9 m;12 m;L =15 mg and Fig. 2.4(b) shows the spatial
dependence of the displacemenit(x) for certain time pointst 2f0;155s1g . In the

ZUniform convergence of both, the original and of the piecewise di erentiated serigsis a su cient
condition for exchanging summation and di erenthyon The badly convergent part of the resulting
series after di erentiation has essentially the form rln - an] = Inl 2z)with z=¢€ @), The
explicit result in terms of the logarithm is valid for jzj < 1 and can be extended tgzj=1forall z6 1

on the unit circle. This constraint just excludes the casex = L, also compare appendix6.3.
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Figure 2.4: Comparison of the numerical solution from the Matlab PDE toolbox (Unym ,
solid lines) with the analytical solution calculated by Eq. (2.57). The analytical solution
has been approximated by 5, 10 and 1000 termsuf,, dashed lines,ul, dotted lines
and ul%° marked by dots, respectively). (a): Plot of the time dependent displacement
u(t) at constant positions x 2 f0;9 m;12 m;Lg. (b): Plot of the spatial variations of
the displacementu(x) at certain time points t 2 f0;1s5s 1g . Used parameter values

are (;; ;) =1(0:15s07550:6 m) and the length of the ber was taken to be
L=15 m.

latter plot, the oscillating curves for the analytical solution, approximated by only 5
or 10 terms, highlight the fact that the spatial dependence othe displacement results
from a superposition of trigonometric functions, compare Eq2(57). These oscillations
smooth out when increasing the number of considered terms whig computational

not very costly. For example, conducting the sum up to a 1000 ters yields an accurate
approximation of the solution and is still considerably fastertian the direct numerical

solution of the partial di erential equation in the Matlab PD E-Toolbox.

2.2.3 Solution by inverse Laplace transform

There is yet another possibility to derive an analytical solutn for the displacement
eld by solving an inverse Laplace transform. The resulting angtical expression is
quite cumbersome and complicated to evaluate numericallyir§e the concise solution
given in Eq. (2.57) is superior in many aspects we only brie y sketch the alternatie

derivation and refer the interested reader to the detailed ¢eulations presented in
appendix 6.4.

The simple initial conditions of vanishing displacements &t= 0 enables the Laplace
transform of the boundary value problem given in Eq.4.22. The partial di erential
equation is thereby simpli ed to an ordinary second order di eential equation which
is straight forward to solve. The solution for the Laplace-trasformed displacement is
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given by: .
1 p.S—_,_ sinh »x-p=—
ux s) = —sech Cp—— P p
1+ 1+ + (2.58)
g%y L1 =0,
= qu(s) = G(x;8)

Here, u denotes the gaplace transform of the displacement which is deed by the
integration u(x; s) = 01 u(x; te stdt: In the following, overbars always denote the
Laplace-transformed quantities. The variabls= + ik isin general a complex variable
with real part and imaginary part ~ The above solution foru has been decomposed
into the product of the two functions g;(s) and g.(%; s). The inverse Laplace transform
can be performed on each factor separately, the inversion oftlproduct is then given
by the convolution theorem. The inversion formula for the Lalace transform is in
general given by the Bromwich integral:
Z +il

e”f (s)ds (2.59)

=

fO=L (D)=

N

I i1

The constant has to be chosen such that all singularities of the functioh(s) are
on the left hand side of the integration path. For the special & wheret> 0 and
in addition the contour may be closed by an in nite semicirclen the left half-plane
enclosing all singularities of (s) then the residue theorem is applicable and (se@]]):

X
f(t)= resE™f (s); sm) (2.60)

m

wheresg, are the singularities of the functionf (s). It can be checked that Eq. .60 is
applicable for the functionsg; and g, that have to be inverted. The inversion problem
is thus reduced to nding the residues of the two functiong™g;(s) and €¥g,(s) at all
occurring singularities. The functiong; has a simple pole as= 0 and in nitely many
simple poles at the roots of the hyperbolic cosine located at:

s = 2B *+( (@m 1)° (2.61)
a2 +( (2m  1)?

In order to avoid double counting of the poles, in the upper fonula, the indexm runs

here we solely give the nal solution for the inversion accordgto Eq. (2.60:

X pmi1er? 2m 1) ) e

_ P—
Gu(D) =sech(C )+ @z +( @m 1))z sm

(2.62)

m=1

In the equation above, the rst term originates from the pole as = 0 and the in-
nite sum accounts for the poles ats~= s,. The inversion of the functiong,(s) is
more involved. It has a removable singularity ats~= = which gives no contri-
bution. However, ats = 1 it has an essential singularity. The associated residue,
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resE€'gx(s); 1), is derived in appendix6.4, here we again solely give the result for the
inversion:

X g X n+j % 2(n+])+1

Rt =-e j:OJ!nzo J 2+ )+ 1)

" )! (2.63)

The nal solution for the displacement is then given by means ofthe convolution
theorem as: 7

u(x; t) = ) G(g(t O)dt° (2.64)

This expression which results from Eq.4.62 to Eg. (2.64) is more di cult to evaluate
than the solution previously presented in Eg.4.57). In particular, many terms in the
in nite series have to be taken into account in order to get a s&fying approximation for
the solution at largex andt. In appendix 6.4, we compare the upper result numerically
with the solution derived from the Matlab-PDE toolbox, see Fig6.1 Although little
further insight to the contraction dynamics can be gained frm the upper result, it is
still interesting to compare the two di erent solutions given ly Eqs. (2.62 to (2.69
and by Eq. (2.57). It turns out that the retardation times in the rst derivati on are,
except for the signs, identical with the position of the poles ithe last derivation.
Thus, in both expressions there appear identical time-depentteexponential factors.
However, in Eq. .64 there are in addition polynomial contributions int which make
it di cult to extract the retardation spectrum like we present it below by means of the
other solution. Because of the functional complexity of the gxessions it is not feasible
to show that the two analytical solutions are indeed identical Still, the convolution
integral in Eq. (2.64) can be evaluated and the limitt ! 1 can be performed. The
resulting expression for the stationary solution, can be compateo the equivalent
expressions found in Eg.4.24 which yields several non-trivial mathematical identities.
The interested reader is referred to appendig.4.

In the following, we will stick to the more concise solution give by Eq. (2.57) in
order to discuss the contraction dynamics of the ber.

2.3 Retardation time spectrum

The solution for the displacementu(x;t) given in Eq. (2.57) can be understood as a
spatial dependent creep function of the stress ber model. It deribes the shortening
of the ber as response to the contractile motor forces. From thipoint of view, the
m-th coe cient in Eq. ( 2.57) constitutes the amplitude of the retardation time .
The resulting discrete spectrum of retardation times is then gen by the following

( 1™+t sinx&n b 4 L2+(a (2m 1))?

Sm = 8aL4L2+(a(2m 1))2 with = m = 4L 2+(a (2m 1))

(2.65)
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It is not very useful to eliminate the parametem in the upper equations in order to get
the explicit dependence of the amplitude$ on the retardation times ,,. This is only
convenient in the special case = L, where this relationship turns out to be linear:

2a
S(m)= I i

(2.66)

Since the range of possible retardation times is bounded acdimg to Eq. (2.56), it
follows that the spectrum forx = L has only negative amplitudes and the resulting
solution for the displacement atx = L is always a monotonically decreasing function.
However, for arbitrary x this holds not true. Inspection of Eq. .69 yields that in
general negative as well as positive amplitudes appear simaneously. For example,
Fig. 2.5(a)and Fig. 2.5(b) show the discrete retardation spectrum at positiox =12 m
and x = 9 m, respectively. The spectrum atx = L is included in both gures as
a reference. Sincex = L evaluates the numerator in Eq. 2.65 at its maximum,
the resulting spectrum constitutes a lower bound for the nega& amplitudes of the
spectra with x 6 L. Similarly, the absolute value of Eqg. 2.66 gives an upper bound
for all positive amplitudes (not shown in the gures). Thus, the etardation spectra
with x 6 L oscillate around zero within an envelope for the amplitudeshat decays
linearly towards zero. The appearance of amplitudes with @rent signs gives rise to a
potentially overshooting solution. Such a situation is depied in Fig. 2.5(c). Here, the
time-dependent solutions for the displacements at=9 m andx =12 m overshoot
before they approach their steady state values and thereby fara minimum. These
characteristics turn out to be persistent for all displacementat x 6 L if and only if >

. This is di cult to proof rigorously but in the following we w ill give some plausible
arguments. Consider the retardation spectrum fox = 9 m in Fig. 2.5(b) and the
corresponding solution for the displacement highlighted in Bi 2.5(d). One nds that
the smallest retardation time,m = 1, has the largest negative amplitude. Evidently
this term equilibrates much faster than all the remaining ong and because of its large
amplitude, it quickly overshoots the stationary value of the dll solution, compare the
dash-dot curve in Fig.2.5(d) with the green curve representing the full solution. The
next two terms, m = 2; 3 equilibrate considerably slower than the rst term and have
positive but smaller amplitudes. Hence, the sum of these three tesnmust exhibit a
minimum at an intermediate time point, see black solid curve irfrig. 2.5(d). Together,
the rst three terms already give an astonishingly accurate appximation of the full
solution, especially for small time scales. The remaining termg [arger retardation
times with further decreasing amplitudes can be considered asrrections to the long
term dynamics. The overshooting in the upper example is thus @asequence of the fact
that the amplitudes decrease with increasing retardation tims. It is now important
to note that this feature is only given if > . Then, according to Eqg. (2.56 the
retardation times increase withm towards their maximal value while the envelope
of the amplitudes decreases with=Im?. If the opposite is true, < , then the
retardation times approach from above and the largest amplitudes are associated with
the largest retardation times. In this case, the solution for thélisplacements are always
monotonically decreasing functions exemplied in Fig2.4(a) where = = 1:5. In
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Figure 2.5. (a) Discrete spectrum of retardation times for x = 12 m. The discrete
amplitudes are indicated by blue dots, the rstthree, m =1;2; 3, are numbered explicitly.
The discrete spectrum forx = L =15 m is included as a reference, shown in red. The
inset shows a magni cation of the spectra close to for m 10. The rst
amplitudes m = 10;11;12, are numbered for clarity. (b) Same spectrum analysis as
(@) but for x =9 m. The spectrum for x = L is again included as a reference. On
sees from (a) and (b) that the spectra forx = L constitutes a lower bound for all
negative amplitudes. Similarly, the absolute value of Eq. .66) gives an upper bound
for the positive amplitudes (not shown). (c) Shows the time-cependent solution for the
displacement of the beratx 2f9 m;12 m;Lg. The solutions forx 6 L overshoot their
nally approached stationary values and thereby form a minimum highlighted by dashed
lines. These characteristics are specic forx 6 L when = < 1, for comparison see
Fig. 2.4where = =1:5 and all solutions are monotonically decreasing. (d) Compason
of the full solution for the displacement at x = 9 m (green line) with the rst term

m =1 (black dash-dot line), sum of second and third termm = 2; 3 (black dashed line)
and the sum of the rst three terms m = 1;2; 3 (black solid line). The rst term causes
the overshoot, the subsequent terms turn it back to the nally approached stationary
value and thereby form the minimum. Used parameter values ag identical to the values
used for Fig. 2.4, except for = 0:005s which yields the ratio = = =0:001 1.
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addition to the more technical arguments above we can also gia physical explanation
for the overshooting solutions. For that purpose it is instructie to consider the time
course of the viscoelastic stress or the tension along the ber fdre two extreme cases,
or . These considerations will be carried out below, in the next sgion.

To conclude the discussion of the retardation time spectrum we aily compare
our model to the KSR-model. The emergence of a discrete retattbn spectrum in
our model is in contrast to the continuous spectrum obtained ithe KSR-model for
macromoleculesq0] which considers a di erent continuum limit. There, the viscelastic
properties and the lengtha of the elementary units are kept constant while the number
of units increases, similar to a polymer where the properties each monomer are
conserved. This leads to an in nitely long chairL = Na!1 . The spatial coordinate,
however, remains discrete as it is a multiple of the nite lenilp a. The two continuum
limits intend to describe two di erent situations and thus alsodi er in their results. The
essential di erences are in summary, that the limit presented he yields a continuous
spatial coordinatex with a discrete spectrum of retardation times, whereas the limi
considered in the KSR-model yields a continuous spectrum oftaedation times but
the spatial coordinate remains discrete.

2.4 Stress ber tension

The calculation of the viscoelastic stress within the actin cytkeleton will play an
essential role in understanding the dynamics of the mechanosénsi protein zyxin at
focal adhesions and along stress bers. This tight comparison ofiromodel with ex-
perimental data will be subject of section3.3 Also, the occurrence of overshooting
solutions for the displacements presented above can be undecstdhoroughly by con-
sidering the time course of viscoelastic stress within the ber. Tdéurther elucidate
these issues, we will rst explain how the viscoelastic stress withirhé ber can be
calculated and then we will discuss the time course of internalrssses for the two
extreme cases ! Oand !1l . Since our model is purely one-dimensional, the
viscoelastic stress within the ber is equivalent to a rope tensio It is given by:

(X;t) = inna@u(x;t) + Ky a@u(x;t) + Fr(Xx;t) (2.67)

The rst and the second term account for the internal viscous andnternal elastic
stresses, respectively. Since our model is one-dimensional thestt stress is simply
proportional to the strain in x-direction, @u, whereas viscous stress is proportional to
the rate of strain, @Qu. The last term results from the contractile motor forces, also
compare Fig.2.1 The latter can be expressed in terms of the continuum analog to
Eq. (2.2, that is, Fn(X;t) = Fs + aS—;@u_(x;t). The time dependent contributions of
the motor forces are thus absorbed by the viscous term in the emfion above changing
the coe cient again to the e ective internal viscosity ~jpy = it + 5—; Before cutting,
we assume that the ber is unperturbedu(x; 0) 0. Therefore the initial tension is
constant along the ber and given by the stall force of the mot@ ¢ = Fs. It is now
convenient to normalize the tension by its initial value befi@ cutting, leading to the
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equation:
(x;t) _
0

where , are the model parameters de ned in Eq.4.20. The expression for the
normalized tension above can be calculated from the analyaicsolution for the dis-
placements given by Eq.2.57). For that purpose, we have shown in appendig.3 that
the rst spatial derivative of the solution can be derived by simpy exchanging the
order of di erentiation and summation. Also derivatives with respect to time do not
cause any problems, see appendi3 for a detailed discussion. There is yet another
possibility to derive the tension within the ber. Since inertia is neglected in our model,
the tension at a certain position after cutting is also determiaed by the sum over all
external forces that pull on this piece of the ber. This is gite similar to a tug of war
where the tension in the rope is given by the sum over the manpawe

1ZL ZL
(x;t) = 3 Kext U(X; t)dX

X

ail@u_(x;t) + 9@u(x;t) +1 (2.68)

|

ext U(X; t)dx (2.69)
X
The rst term constitutes the sum over all elastic forces mediat by the crosslinks
and the second term accounts for the viscous friction forcesezted by the surrounding
cytosol. The integration runs over the length of the considedepiece of the ber. It
is a pure matter of taste to choose between the two alternativesther Eq. (2.68 or
Eq. (2.69.

In the following, we use Eq. 2.68 to discuss the time course of the normalized
tension for di erent ratios of = . We start with the special case = = 1. In this case
the solution for the displacementu is particularly simple. Using Eq. €.24 yields for
the time course of tension:

xpf
cosh™— ss(X)

Gt _y 5 - (2.70)
0 cosh a 0

Interestingly, for this special case, the tension is not time demdent. This means
that at each position along the ber the tension drops to its nd steady state value
immediately after cutting. At t = 0 only the molecular motors and the viscous stress
contributes to the tension. In the steady state the viscous forsevanish and their
initial contribution is nally exactly substituted by the ela stic stress. Thus, in the case

= , this turnover from viscous to elastic stress is at each time pdimand at each
position along the ber exactly balanced. In the moment of cuing, each ber element
is subject to a one-step stress history, from a constant high stressdébefore cutting,
down to a lower constant stress level after cutting. The heightfahe step, however,
is dependent on the position along the ber. This one-step stre$sstory results in a
simple creep response of each segment along the ber and the léngs well as the
displacement of each segment will thus change monotonicallytime. This can also be
read o directly from the solution, given in Eq. (2.24).

Next we discuss the case= !'1  which is equivalent to ! 0. In this case it
IS su cient to study the tension shortly after cut at t = 0. Since here, is negligible,
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Figure 2.6: Time course of tension at certain positionx 2 f 0;6;9;12, 1359 m along
the ber. (a) Shows the case . Used parameter values are (; ;) =
(0:1;55050:6 m) which means = 0. (b) Shows the case . Used parame-
tervaluesare (;; ; )=(0:1,0.050:550:6 m) which means !1 . The length of

the ber was taken to be L =15 m in both cases.

the viscous stress term in Eq.4.68 cancels out. The initial elastic stress also vanishes
since the initial strain is zero according to the imposed initlaconditions. Thus, the
stress shortly after cut is still given by the stall force of the mairs. In other words,
the time course of tension upon cut is continuous. After cuttingthe stress decreases
monotonically to its steady state value, illustrated in Fig.2.6(b). Since the stress
within each ber segment decreases monotonically, also the cige of length as well
as the displacements of each segment will change monotonigati time. In the more
general case of nite ratios with 1< = < 1 , the time course of stress exhibits a
discontinuity at the moment of cut, similar to the case where = . But in contrast
to the latter case, here, the sudden down step in stress does not ieaately reach the
steady state value. This remaining di erence in stress then retes monotonically in
time. For the same reasons as discussed before, also the displacésraong the ber
then change monotonically in time. The preservation of a ceain amount of stress
shortly after cut is essentially due to the high external fricion that arrests the ber
elements at their initial position and thereby prevents the prturbation of the cut to
instantly propagate along the ber.

The last case to discuss is 0 = < 1. To gain some intuition about the tension
dynamics for this range it is instructive to study again the exteme case = = 0 shortly
after cut, at t = 0. According to the imposed initial conditions the elastic stres term
again vanishes at = 0 and the viscous stress term can be evaluated by applying the
solution for the displacements given in Eq.4.57):

f X- ( 1)m +1 COS%
2m 1
m=1 (2.71)

X

2|.) = 1

a-@u(x; 0)

2 L ox -
— arctan(e z) +arctan(e '
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In the rst step we used the solution for the displacements, carriedut the derivatives
and set = 0. To perform the second step we have expressed the cosinedxponential
functions. The result can be identi ed with the Taylor series ofthe inverse tangent.
The last step follows by using the de nition of the inverse tangdnin terms of the
natural logarithm. To evaluate the arguments we have used th& o < 5. The
resulting viscous stress is constant along the ber and just cansahe contributions of
the contractile motor forces. Thus, at the moment of cut, the ttal stress drops to zero
all along the ber. As a consequence, shortly after cut, all belsegments are subject
to the full contractile motor force, as if they were contradhg independently from
each other. While the ber retracts, restoring forces are builup by tensed crosslinks
and the tension within the ber starts to approach its steady staé value from below,
illustrated in Fig. 2.6(a). The non-monotonic stress history, namely the rst instant
loss of tension and the subsequent recovery of the steady state tensirom below
causes each ber segment to contract to a large extend at rst antthen relax to its less
contracted steady state length. This also results in the overshiirng solutions for the
displacements, discussed beforehand and illustrated in F.5(c). These overshooting
solutions are a persistent characteristic for all segments alorige ber given that
0 = < 1. The only exception takes place ak = L where the tension drops to
zero after cut and remains there due to the imposed boundaryruditions. In the more
general case where the ratio is nite, & = < 1, the initial loss of tension along the
ber is not complete. In this case, the external friction doesiot vanish completely and
can sustain a certain amount of tension which is increasing withisiance from the cut.
Still, if = < 1 the nal steady state tension is then approached from below anthe
solutions for the time course of strain as well as for the displacents will exhibit the
overshooting characteristics. Interestingly, the approach tthe steady state tension is
even not monotonic after the rst local minimum. This is indiated by the time course
of tension atx = 0 in Fig. 2.6(a) which exhibits a pronounced second extremum before
it further approaches steady state. This is the onset of dampedaillations discussed
below.

2.5 Damped oscillations without inertia

In the previous sections we have shown that there exist overshow solutions for the
displacements of inner ber segments, if= < 1. These overshooting solutions are at
the beginning of damped oscillations about the approached atty state. This can be
demonstrated by plotting the residual displacement, that is, te di erence between the
actual displacement and its steady state valuay(t) uss, at x <L , shown in Fig.2.7
as an inset. Two periods can be traced easily, but the amplituddecays quickly over
time. In order to see how these oscillations proceed we plot thesmlute value of the
residual displacement in a log-log-plot, see Fig.7. To ensure that these oscillations are
not simply due to numerical inaccuracy we show the numerical sion, derived from
the Matlab PDE toolbox and compare it to the analytical solutbn, calculated from
Eq. (2.57 where the in nite sum has been approximated by the leading 20terms.
Both solutions oscillate and show 5 periods before they divergeé aroundt  50s.
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Figure 2.7: In the case of < , the displacements of inner ber segments exhibit
damped oscillations around their nal steady state. Here, we plot the time course of
the absolute dierence ju(x;t) uss(x)j on a logarithmic scale. The chosen position
isx =1 m. To assure that the oscillations are not due to numerical iraccuracy we
compare the numerical solution (red line) to the solution cdculated from Eqg. (2.57)
where the in nite sum has been approximated by the leading 18 terms (black dots).
The oscillations are reliable up tot  50s where the two solutions begin to diverge.
In addition, we also give the dierence u(x;t) uss(X) on a normal scale as an inset.
For clari cation we included the counting of the extremal values. Used parameters are
(;; :)=(0:1550s0:6 m)which yields = =0. The ber length was chosen to
beL =100 m.

For longer times, both solutions are not reliable any more but iis expected that a
further increase in numerical precision reveals more oscillans. From the plot it can
be deduced, that the amplitude decays quickly and the peridtine increases over time.

These oscillations are also found when plotting the viscoelassitess. By comparing
the viscoelastic stress with the strain within the ber we nd that strain lags behind
stress as it is expected for a viscoelastic material exposed to layforces.

As mentioned before, the oscillations occur only at inner besegments but the
total length of the ber decreases monotonically over time a# is expected for an
over damped system. The fact that the oscillations occur at theaner segments is still
surprising as the ber is model in an over damped limit, that is,mertia is neglected. So
far, we have no simple physical argument for the onset of these biaternal oscillations.
But according to our model these oscillations should be observedperimentally when
a viscoelastic ber under prestress is released in an elastic mediu Elastic, because

= 1 essentially means that the external viscosity can be neglectadd that the
surrounding of the ber rather appears to be purely elastic.

By tting our model to stress ber contraction dynamics after laser release we nd
that these conditions are likely ful lled for stress bers. Resuk are reported in the
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next chapter. The cytoplasm which surrounds the stress bers iadeed viscoelastic but
the e ective internal ber viscosity is so large that = 1 seems to be ful lled, see
the last line in Tab. 3.1 But it is worth mentioning, that the activity of the molecul ar
motors contribute to the ber internal viscosity. As the motor activity can be regulated
by the cell, the condition, = < 1, has not to be ful lled for every single stress ber.
In general, these oscillations will be hard to measure experimally, since they only
occur at the inner ber segments where the displacements areryesmall and hard to
resolve experimentally. But there is few experimental datahiat at least indicate the
rst overshoot. For example, compare Fig3.2(b). Here, the inner bands, no.3 (green)
and no.4 (pink) fairly follow the overshooting model solutios for the displacement.

2.6 The complex modulus of the ber model

The mechanical properties of the cytoskeleton are intensiyestudied with many di er-
ent experimental setups, including passive microrheology wittimmersed micrometer
sized beadsd2, 93] or active measurements like micropipette aspiratiordg, 95|, atomic
force microscopy 96|, optical or magnetic tweezersg4 104, all reviewed in Q. With
the latter techniques forces can be applied to the cytosketet and the resulting me-
chanical deformation can be measured. In case of cyclic forceBess and strain are
connected by the complex modulus, see appenddixl. The complex modulus of the
cytoskeleton as a function of frequency has been measured inadleusing magnetic
tweezers 99, 100. So far, experimental measurements have been concentrateal
isotropic actin networks as it is organized for example in laellipodia. However, little
experimental or theoretical work has been performed on siegactin stress bers 89.

In the following, we will calculate the complex modulus for ur stress ber model
taking three di erent approaches: Firstly, by a recursion rulededuced from the discrete
model, secondly, by solving the continuum model for cyclic badary forces and nally,
by solving the Laplace-transformed model equation to obtairhe Laplace-transformed
creep compliance.

2.6.1 Recursion for the complex modulus

Appendix 6.1 provides all necessary tools to derive the complex modulus fitre dis-
crete set of springs and dashpots shown in Fig.1L The needed relations are briey
recapitulated and thereby adapted to the present problem. Rally, repeated applica-
tion of these relations yields an iteration rule that deternrmes the complex modulus of
the stress ber model up to arbitrary high numbers of sarcomerianits.

The main tools to calculate the viscoelastic moduli of more cquticated networks
are the summation rules given by Eq. .10 and Eq. (6.12: When two elements
are connected in series then the e ective creep compliancetli® sum of the individ-
ual creep compliances. And conversely, when two elements ar@rected in parallel
their relaxation moduli are additive. Obviously, these relabns hold true for their
Laplace-transformed quantities, too. Multiplying the Laplae-transformed Eq. 6.12
and Eqg. (6.10 by s and performing the limit according to Eq. 6.295 and Eq. (6.27)
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yields equivalent relations for the complex compliance artie complex modulus:
Jor (1)=3:(1)+ 3,(1) and Gy (V)= Gy(')+ Gy(!) (2.72)

The symbol" means that elements are connected in series anddenotes parallel
alignment. Once, eitherG (s) or J (s) has been determined for a certain setup, the
other entity can be calculated from Eq. 6.28, for example:

G()= —— (2.73)

Egs. (2.72-(2.73 are now used to set up an iteration rule to determine the compte
modulus of the discrete stress ber model up to arbitrary high nonbers of sarcomeric
units. The picture Fig. 2.1 illustrates that the stress ber model is built up by con-
necting internal Kelvin-Voigt bodies with external Kelvin-Voigt bodies alternating in
series and in parallel. The most simple model for the stress berpstaining only one
sarcomeric unit, is a combination of a single internal Kelvinoigt body with complex
modulus G, (! ) and complex compliancel,, (! ) connected in parallel with an exter-
nal Kelvin-Voigt body with complex modulusG,,, (! ) and complex compliancel,, (! ).
The complex modulusG, (! ) for the whole sarcomeric unit is according to Eq.4.72):

Gl(! ): Gext(! )+ Gint (! ) (2-74)
and Eq. (2.73 directly yields the complex compliance of the rst unit:
1 1
Gl(! ) Gext(! )+ Gint (! )

A further re nement of the model by an additional sarcomeric uit requires two inter-
mediate steps: at rst, an internal Kelvin-Voigt body has to be onnected in series and
secondly an external Kelvin-Voigt body has to be connected arallel. According to
Eqg. (2.72 the e ective complex compliancel, ; after the rst half step, is the sum of
the individual complex compliances:

Jis(t) = Jine (1) + 31 (1) (2.76)

After this half step the complex modulusG,.; can be calculated fromJ,. by means of
Eq. (2.73

J,.(1) = (2.75)

1 1
G.. (l ): =
FETT 0s() 3 () 31 (1)
In order to complete a full iteration step an additional extenal Kelvin-Voigt body has
to be connected in parallel. In a parallel setup, the complex oaluli are additive and

the e ective complex modulusG, of a stress ber with two sarcomeric units is thus
given by

(2.77)

1

Go1) = Goul! )+ Gus!) = Geul)* 31373115

(2.78)
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Figure 2.8: Iterated non-dimensional storage modulusGY{*) = G%ki,; (blue curves)
and loss modulusG®+~) = G%k;,; (red curves) calculated from Eq. 2.85. The fre-
quency !~ = ! is also non-dimensional. Curves are shown for the iteration teps
N 2 f5;10;25;50;100y. Used parameter values ard.=a =30, =0:1and =0 :0005.
As a reference, analytical solutions forG® and G®calculated from Eg. (2.95 are shown
as dash-dot and dashed black lines.

Repeated application of the relation given by Eq.4.73 yields the complex compliance
J, for a stress ber with two sarcomeric units

1 1

GZ(! ) - Gext(! )+ m

Jo() =

(2.79)

The presented iteration scheme can be applied for arbitrary mbers of sarcomeric
units. The appropriate recursion rule for the complex complizce J, of a stress ber
with N sarcomeric units is given by:

1 1
with  J,(1) =
Gea ')+ a0 ' Gext (1) + Gy (1)

Jy() = (2.80)

Similarly, the recursion rule for the complex modulus is giveby:

1
Jing (1) + ﬁ

Gn(1) = Gex(!)+ with — Gy(!) = Geg () + G (V) (2.81)

In both cases, the recursion rule describes a terminating contied fraction. Note that
G (! ) appears only in the initial conditions. The aim of this sectia is to derive the
complex modulus for the continuous stress ber model. The cantium description is
appropriate when the stress ber is composed of many sarcomerinits, sayN ! 1
Simple application of this limiting procedure in Eq. 2.81), however, would not lead to
the correct result. In fact, the viscoelastic constants of the sprgs and dashpot have
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to be re-scaled during the limiting procedure according to Eq2.14) in order to ensure
that the e ective viscoelastic properties of the whole chainra conserved, compare also
the discussion in sectior2.1.3 For convenience we again summarize the appropriate
scalings of the viscoelastic constants below.

kN;int = N Kint and Nint = N int
k (2.82)
Knext = e and Niext — e
N N
Where the scaling factor y = ai = 22 has been introduced again. As a consequence,

also the moduli of the internal and external Kelvin-Voigt bodes have to be re-scaled.
In particular, when aiming at the continuum limit, the recursion rule given in Eq. .8])
should be rewritten as:

!

Gy (1) = Gyex (1) + =

it GN;int (! ) (2-83)
N;int M)+ m N 1
The fraction in parentheses is continued periodicallyN  1)-times and terminates
with Gy (). Here, the indexN denotes that the complex modulus and the complex
compliance of the Kelvin-Voigt bodies now become dependeon the iteration step
N. For example, substituting the scaled elastic constants given iaqg. (2.14 into the
expression for the complex modulus of a Kelvin-Voigt body, seaf. 6.1, yields:

: 1 . Ki . Ki . Ki
Giext = Knjext 1! Next = _N(kext""! ext) = th +it )= I_:It( +ik) = thGext

Where the non-dimensional external complex modulus,,; has been introduced. Sim-
ilarly, the other moduli can be calculated.

Guint = Kint nGpy with Gy(') = 1+ = 1+ kL
1 . 1 il 1 ik
I =S e Wi I ) = T
Ki - . _ 2.84
GN;ext = thGext with Gext(!) = + ! = + ik ( )
_ N : oy = i! 3 i~
e = g Fec W Jel) = e = e

Substituting these expressions into Eq.2.83 yields the recursion rule for the complex
modulus G (&) of the stress ber in terms of the model parameters; L; ;

0 1

Gz 2B LK e G ey
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Note that G (*) is non-dimensional since it is scaled by the sti nesk;,; of one sar-
comeric unit of lengtha. The rst term &) which accounts for the last external
linkage at the right boundary in Fig. 2. 1van|shes for increasindN according to EN.
Thus in the limit of large N one obtains the same result compared to a model where
this terminating linkage is missing (the considered term is justancelled out in the
recursion formula). One can now use either recursion rule to namcally approximate
the continuum value for the complex modulusG (*) of the stress ber model up to
arbitrary high precision. Numerical calculations reveal tharegarding the speed of
convergence neither approach is superior to the other. Notertny, their arithmetic
sum (obtained by reducing the rst term in Eq. (2.85 by half), however, converges
considerably faster. To illustrate the results, the complex vakd function is decom-
posed numerically into its real part, the storage modulu§{*) and its imaginary part,
the loss modulusG’{+~). The results for the iteration scheme Eq.Z.89 are illustrated
in Fig. 2.8 for several iteration steps. The curves for the storage moduluseashown
in blue whereas the curves for the loss modulus are shown in redsed parameter
values are given in the gure caption. For comparison, the amgical results for the
storage and loss modulus, derived in the following section, aregghlighted as dash-dot
and dashed black line, respectively. Convergence is slow buethumerical solution for
N = 100 iteration steps approximate the analytical results witin a relative error of
about 5%.

2.6.2 Closed solution from continuum limit

In the previous section a straight forward derivation of the tle complex modulus for
the stress ber model was presented. However, the resulting itd¢ian rule leads to
poor convergence. Moreover, numerical evaluation of thertmued fractions is quite
time consuming. The presented iteration scheme is in some sense aky similar to
the derivation of our model solution. We rst calculated the conplex modulus for a
certain numberN of sarcomeric units and subsequently performed the continuummiit.
Instead of repeating this procedure one can of course also usefthénd model solution
to derive a closed form of the complex modulus. For this purpos@® has to slightly
adapt the boundary conditions of the model. Instead of the tesion free boundary
conditions used so far, in the present situation, one has to imposecyclic boundary
force: Fu(t) = fo€'" . This time dependent boundary force can be substituted into #
general solution of our discrete model Eq2(50:

2f o X ( pmt sin nz(rirzl 2 sin (22Nm+1l) “ oy 2 o
un(t) = 2N +1 @m 1) 5 @m 1) el e mvdt (2.86)
m=1 Slnm ext T 4~int SIN 22N+ O

It is straight forward to evaluate the integration and subsequetly perform the contin-
uum limit in the same way as presented in sectioB.1.3 The imposed cyclic boundary
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force then results in the following solution for the displacenmés along the ber:

+ H 2 1)
R ()t gin x2m L) 1

L 4LZ+(a @m 1)l n+1

u(x;t) =8a oL

m

€ et (2.87)

where we have de ned = fo=ky; . Inspection of the time dependent terms yields that
the solution for the displacements approaches a harmonic ofation. The deviations
decay exponentially in time, according toe ¥ m. Note that the retardation times
m > 0 for allm. As a consequence, in the limit for large times, the ber displacgents
also oscillates with the same frequency as the force input but the constant phase
shift between displacementsi(x;t) and Fy(t) might vary spatially along the ber. In
the following, we are only interested in the response of the bexs a whole, that is, we
focus only on the displacement ak = L. With the above arguments, we nd in the
limit for large times:
!
X 1 1

u(lit) = %L=14LLwa§mn 1) il ntl, e (2.88)
z

| m

=1=G(!)

By comparing the upper result with Eq. .24 one can simply read o the complex
modulus. As in the previous section we scale it with the internal simg sti ness Kiy .
For comparison with the previous results it is also convenientotswitch to the non-
dimensional variables. The upper expression for the complex mdds can be separated
into real and imaginary part, the storage and the loss modulusespectively. We nd

G (M) = G0 I ()
MGG IO (2.89)
= G{H) = G{+)
with
ok 1 1
p(~) = 8|:‘m:1 e
(2.90)
)= 8C ! Fn

2.2
o 4 D2+ 22m 1R PR+

Where we have de ned 7 = ,,= . Despite the fact that this expression for the complex
modulus looks more complicated than its de nition given by he continued fraction in
Eq. (2.89, it is easier to evaluate. Another great advantage is that tls solution is
already split into its real and imaginary part. In the following we will present an even
more concise solution for the complex modulus. However, in thiase, the storage and
loss modulus can not be given explicitly.
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Figure 2.9: Log-log plot of the storage modulus (blue) and the loss moduls (red). The
plotted moduli G°= G%k;,; and G*°= G%%k;,; as well as the frequencyl ~= ! are non-
dimensional quantities. The scaling at low and high frequesies is illustrated for both
storage modulus (dashed black lines) and loss modulus (dasiotted black lines). Curves
were calculated from Eq. .95 with parameters: C =30, =0:1and =0 :0005.

2.6.3 Analytical solution by Laplace transform

In this section, the complex modulus is derived more elegantby solving the stress
ber model equation directly for the Laplace-transformed agep compliance. This is
feasible since the Laplace-transformed stress ber equation &ther with the appro-
priate boundary conditions can be solved analytically. Theadculation nally yields
an analytical expression for the complex modulus which coulceteasily used to t ex-
perimental data. Starting point of the derivation is the cotinuum stress ber model,
Eq. (2.22, expressed in non-dimensional quantities = x=a and t'= t=

@u(x )+ @u(xt) u(xt) uCH=0 (2.91)

In general, to determine the creep compliance, the viscoeladbody under consideration
is exposed to a sudden force application. Measurement of the riéisig deformation
then determines the creep compliance. In terms of the one ddmsional stress ber
model this means that the boundary conditions have to re ecthe sudden application of
an external force. Solution fou(L;t) then provides the creep compliance. To illustrate
the appropriate boundary conditions assume the following mithexperiment: Prior to
cutting an external mechanical manipulator, like a magneti bead or a cantilever, is
tightly glued to the stress ber at position x = L. Then at t = O the stress ber is
cut right next to the external manipulator. To hold the ber fragment in its initial
position the external pulling force has to balance the contrdile inward directed motor
forces. However, to deform the ber, the externally applied fae, f¢y, has to exceed
the stall force of the motors by a certain amountf ¢, = Fs+ fo. The suddenly applied
and unbalanced part of the external forcd, will cause the stress ber to elongate
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according tou(L;t) = foJ(t), where J(t) is the creep compliance of the stress ber.
The boundary conditions at the perturbed end are given by théorce balance of the
internal viscoelastic and contractile forces of the stress bend the externally applied

forces.

@uiCn+ @t o0=0 (2.92)

Where the abbreviation o = (fexx Fs)=knt = fo=ki,x has been introduced and” =
L=a. The appropriate boundary condition at the left end isu(0; t) = 0 and the initial
condition is given by u(¢; 0) = 0. Obviously, the additional external force does not
further complicate the boundary value problem discussed in thprevious sections.
Laplace transform of the equations leads to a second order diential equation (also
see appendix6.4) which can be solved for the Laplace-transformed displacement

[ [
sech Eaa‘f:* sinh xp=
A +3 " 1+s

ux;8) = o (2.93)

| ~
s 1+s S+

The solution for x-= [ is of particular interest since comparison withu(C; s) = ¢J (S)
yields the Laplace-transformed creep compliance, non-dingonalized with the internal
spring stiness: J (s) = J(S)kix. Overbars denote Laplace-transformed quantities.
One nds: o

tanh C-e2-

J(s)= (2.94)

s 1+s =S+
The complex modulus directly follows from the Laplace-trasformed creep compliance
using Eq. 6.23 and Eq. (6.25:

P
1 p1+i!~'i~!+

G (%) = lim

=  — (2.95)
1osd(s) tanh L”ao%

Unfortunately, it is not feasible to decompose the found compiemodulus in general
into its real and imaginary parts, the storage modulusz{*) and the loss modulus
G*{+), respectively. However, this is possible for the special case whe= = 1.
Th?p, the expﬁession for the complex modulus largely simpliee G (+) = (1 +
i+)" =tanh(C" ). The storage modulus becomes a constant, and the loss modulus
is linearly dependent on the frequency. These are the simpleathcteristics of a single
Kelvin-Voigt body! The more the ratio = diers from unity the larger are the devi-
ations from these simple characteristics. To further discuss theefjuency dependence
for the general case= 6 1, consider the limits~! O and!~!'1 . In both limits,
the stress ber model again exhibits the characteristics of a HK&n Voigt body, that is

a constant storage modulus and a loss modulus linearly depentlen the frequency.

The explicit values for the limit =! 0 are:

(e P _coth(L”p )

(2.96)
GoYe) = %cscﬁ([‘p_) o ( )+ P +)sinh@ 22 )
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For small frequencies, the magnitude of the constant storage mads only depends on
. The slope of the loss modulus, however, depends on bottand . By estimating
the lower bound sinhk) X, it follows that the slope of the loss modulus at low
frequencies is always positive, irrespective of the precisdues for and . Similar

relations are found for the limit, I~! 1

G
G(+)

For high frequencies, the magnitude of the storage modulus igmendent on both
and but the slope of the loss modulus is fully determined by . It is &0 here of
course true that@ 0. Furthermore, it can be shown, that the saturation level of
the storage modulus for high frequencies is always larger th#he value for very low
frequencies@ =& 1. Similarly, the slope of the loss modulus at very low frequeies
is always larger than the slope at very high frequencie&%G® 1. The dierences
G G Jand GG ° become minimal and vanish if and only if = . This special case
where the stress ber model exhibits the simple characteristiasf a Kelvin-Voigt body
has been discussed beforehand, see secoh3and 2.3 The frequency dependence
of the storage modulus and the loss modulus are illustrated indri2.9. The scaling
behavior at low and high frequencies are shown as well. Paraerevalues are given in
the gure caption.

4icscﬁ’-(r:p_) 2C ( )+ p_( + )sinh(ZE‘p_)

(2.97)

P “coth( =’ )+

2.7 Summary and discussion

In this chapter we developed a viscoelastic model for stress lsem a discrete and
a continuum description. Subsequently, we solved both versiomasalytically for the
displacement eld along the ber. Thereby, we imposed boundar conditions that
are appropriate to describe stress ber dissection experimentsx@icit formulas have
been given for the time course of the viscoelastic stress withineghber as well as an
analytical solution for the complex modulus of our stress ber wdel. Furthermore, we
demonstrated that, within a certain parameter range, this \8coelastic model without
inertia exhibit damped oscillations of inner ber segments. Th results derived within
this chapter are the basis for the mechanical part of our mecha-chemically coupled
model.

By developing the stress ber model we made strong modeling assutops, for
instance we assumed that the elastic properties of stress bers asstropic and the
ber mechanics can be described by linear elasticity theory.nladdition, in a cellular
system there always exist other processes which are of potentiglevance. For example,
it has been shown experimentally that the stress-strain relatioof stress bers, isolated
from vascular smooth muscle cells, becomes nonlinear for largeer elongations §9.
Moreover, on large length scales, stress bers might not resist irgq@al measure to
compressional as to tensile deformation. Lively discussed altatives are cable-like
characteristics with tensile but vanishing compressional resistee fL01 which would
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make the material intrinsically nonlinear. The proposed modes also static in the
sense, that it does not account for (un-)binding of crosslinkeiw (de-)polymerization
of actin laments within the stress ber. Interestingly, these pocesses can also be
expected to depend on the local mechanical stress within the eloss. Stress dependent
polymerization kinetics of actin laments in stress bers haen already been considered
theoretically [10. We also neglect the exact three-dimensional geometry of tHeers.

Despite the mentioned drawbacks and limitations, the model isapable to capture
the main physical characteristics of contracting stress bersfeer laser release indicat-
ing that most of the modeling assumptions are ful lled on the tine and length scale of
the measurement. For example, as the retraction occurs witha few second, polymer-
ization of the actin laments might not be a major issue. Furthemore, as stress bers
are much longer than their actual thickness, the precise geomgtmight play a mi-
nor role and the one-dimensional approximation might be wejllisti ed. The excellent
agreement between the model and experimental data encoueagus to use the model
to quantify stress ber cutting experiments by Colombelli et & [34]. The results of
this cooperation are reported in the next chapter.

One theoretical prediction of our model worth mentioning ishe frequency depen-
dence of the complex modulus, derived analytically in sectiah6. To our knowledge,
the complex modulus of a single stress ber has not been measured i a living cell
but there exist data on isotropic actin networks. The complex naulus of the cytoskele-
ton as a function of frequency has been measured over severaleos of magnitudes
using magnetic tweezer<9B, 10q applied on human airway smooth muscle cells. Up to
a frequency of about 10 Hz, the storage as well as the loss moduwbgy a weak power
law ! 2, with nearly the same exponentz = 0:2. While the storage modulus keeps
the power law dependence for higher frequencies, the loss mioduleviates from these
simple characteristics and approaches, but never quite attana power law exponent
of z = 1. The loss modulus also crosses the curve of the storage modulsrf below
at very high frequencies. The latter valuez = 1 for the loss modulus would be the
characteristics of a Newtonian viscosity. This frequency depéance of the storage and
loss modulus is very well described by the soft glassy rheology nebf 00 103.

Our model predicts a di erent scaling behavior for stress bersFor very low and
high frequencies, the model exhibits the simple characteriss of a Kelvin-Voigt body,
that is, a constant storage modulusz = 0, and a loss modulus that is linear dependent
on the frequency,z = 1. At intermediate frequencies, there is a cross over region
between the two di erent Kelvin-Voigt bodies, see Fig.2.9. In this region, the loss
modulus is expected to cross the storage modulus from below amgbroaches a power
law with z = 1. It is also this cross over region! < 1%, where we could expect good
agreement between our model and future measurements of thengdex modulug. That
such experiments on single stress bers in living cells are in pdiple feasible, has been
demonstrated by Colombelli et al. 34]. In this study an AFM tip has been used to
pull cyclicly on a single stress ber in order to measure the mechasensitive response

*The stress ber laser release experiments, which are well described by our model, V& been
performed with a time resolution of f 1 Hz. This yield a rough estimate for an upper bound of the
non-dimensional frequency! < 2f 10?. At least up to this frequency, our model should give
valuable predictions for the complex modulus of a single stress ber.
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of zyxin. However, in this setup, the direction of the pullingdrce was along the axis of
the AFM cantilever and thus the exerted force could not be meased. By approaching
the AFM cantilever from a dierent angle, simultaneous force raasurements could
be realized in the future. A more sophisticated solution wouldéto use zyxin as a
reporter of mechanical stress within the ber, as soon as its mea&nosensitive response
is understood in more detail.



Chapter 3

Quanti cation of stress ber
contraction dynamics

In the previous sections we have developed a linear viscoelastiodel for stress bers.
In the continuum limit, the stress ber is described by a linear artial di erential
equation. The imposed boundary conditions for which we deed an analytical solution
correspond to the situation that the contractile ber is releaed at time zero at one end,
whereas the other end of the ber is hold steady at its initial psition. These theoretical
considerations now prepare the ground for the quantitative realysis of experimental
data obtained from stress ber contraction dynamics after pided UV laser cutting.
In the experiment performed by Colombelli et al. 34] stress bers are dissected by
a pulsed UV laser at varying distances from focal adhesions whetgetstress bers
are anchored to the glass substrate. The ber fragment which hdseen cut apart
starts to contract because of acto-myosin tension within the be The time-dependent
displacement of the ber that is pointed towards the focal adasion is recorded by
time-laps uorescence microscopy. An essential advantage tofioer studies is that the
experimental setup by Colombelli et al. allows to spatially reolve the displacement
eld along the bers. This is in contrast to previous studies §3) that only recorded
the total contraction length of the ber in time and thereby could not resolve essential
features of the retraction dynamics.

The spatial resolution along the ber is achieved in two di erét ways yielding two
independent data sets that are analyzed separately. One appoh takes advantage
of the natural striation pattern of stress bers. The regular patern emerge from the
sequential arrangement of myosin rich and -actinin rich regions along stress bers
[104. In order to visualize this sarcomeric structure, mammaliangathelial Ptk-2 cells
are transfected to express the crosslinker-actinin with a uorescent label, the green
uorescent protein (GFP). In this way the well separated -actinin rich regions can
be tracked as bright spots under the uorescence microscope Wehihe ber contracts.
The obtained spatial resolution is given by the period of the saomeric pattern which
was found to be 101 0:14 m for the studied Ptk-2 cells B4]. It is important to
note that this spacing of about one micron is close to the spatiaksolution of the
uorescence microscope of a few hundred nanometers. While thbers contract it
becomes more and more challenging to resolve neighboringctinin bands that move
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Figure 3.1: Stress ber contraction dynamics after laser nanosurgery llustrated for a
Ptk-2 cell transfected to express G-actin-EGFP. (A) Fluorescence microscopy picture of
the actin cytoskeleton before cut. Stress bers appear as rther homogeneous bright bun-
dles. Dashed red lines indicate the bleaching pattern whicls printed on the cytoskeleton
prior to cut. The stripes that are aligned perpendicular to the ber axis have a periodic
spacing of 3 m. Position of the cut is highlighted by the blue line. (B) Re-equilibrated
actin cytoskeleton 120 s after laser surgery. Red arrow indiates the ber which has been
picked for further analysis. Scale bar denotes 5m. (C) Stress ber before laser bleach-
ing. (D) Bleached ber shortly after cut. (E) Contracted str ess ber 120s after cut. (F)
Time-space kymograph reconstructed from uorescence intesity pro les along the stress
ber. Time dependent positions of the bright spots in (D) and (E) are given as green
curves in (F). The numbering of bands is illustrated on the right hand side of the gure.
Red lines show the result from the edge detection later on uskto t the model, shown in
Fig. 3.2 4 L is the total contraction of the ber after equilibration. Co urtesy of Julien
Colombelli.

closer to each other. Especially the application of an automaed image processing
algorithm to reliably extract the position of the bands becoras increasingly di cult.

To circumvent these disadvantages an alternative techniqueak been developed to
extract the spatial information. In the second approach cellare transfected to express
the uorescently labeled G-actin-EGFP. Accordingly, the stres bers rather appear as
homogeneously uorescent bundles. In order to extract spatiahfiormation during the
contraction phase, an arti cial striation pattern is printed on the actin cytoskeleton
by means of laser photobleaching. An optimal trade-o betweespatial resolution
and automatized processability of the achieved data was fourid be a 3 m periodic
pattern printed perpendicular to the axis of the selected stss bers before dissection.
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Since in the rst case -actinin transfected cells and in the second case actin trans-
fected cells are studied, the two experiments give indepemii@lata sets. The compari-
son of the two di erent results will give interesting insights irto stress ber mechanics.
In the rst half of the quantitative data analysis presented bebw we focus on the
pure contraction dynamics of the bers and thereby extract e distributions for the
parameter values of the suggested viscoelastic stress ber model.

In the second half, we use our model to calculate the stress disuitibn within the
cytoskeleton and the forces that are exerted on focal adhessotinat are not accessible
experimentally. We then perform a case-study on the dynamicd ayxin, a protein
which is localized in focal adhesiond 03 as well as in stress bers]0g. We nd strong
correlations between the computed forces and the translogant dynamics of zyxin.
Especially the fast aggregation of zyxin at sites of increased omanical stress suggests
that a zyxin binding partner is permanently embedded into tle intracellular mechanical
scaolds and that this protein changes its binding a nity to zyxin in response to
mechanical stress. One likely candidate to ful Il this mecharsensitive function is -
actinin. It is the major crosslinker within stress bers, and is futhermore an important
component in the linkage between stress bers and focal adhesso

3.1 Data analysis yields model parameters

Stress ber nanosurgery was performed on mammalian epithdli®tk-2 cells either
transfected to express -actinin-EGFP or G-actin-EGFP. In the latter case, stress bes
have been patterned by means of laser photobleaching prior ¢ot. The distortion of
the either natural or arti cial striation pattern after laser surgery was recorded by
time-laps uorescence microscopy. From the time-sequence ao€tpres for each stress
ber a time-space kymograph of the retracting uorescent bansl was reconstructed.

This analysis revealed two remarkable features of stress beomtraction dynamics.
It turned out that stress bers contract most in the close vicinity to the laser cut
whereas sarcomeric units that are far away from the cut (mordvéan 10 m) are rather
una ected by the mechanical perturbations. Simultaneouslythe re-equilibration of the
distant subunits were found to be much faster than the ones close the cut, compare
e.g. Fig.3.2

In the next step an automatized edge detection was applied tdvé kymographs
in order to retrieve the time dependent positions of the uorscent bands. This data
yields the displacement eldu(x;t) along the stress ber. The stress ber model with
its solution given by Eqg. 2.57) was tted to the data to determine the free model
parameters (; ; ; ) denedin Eq. (2.20. In general, the model reproduces very well
the non-uniform contraction along the whole ber and over tle whole observation time.
Fig. 3.2 and Fig. 3.3 show a comparison between the measured kymographs and the
tted model curves for a stress ber dissected in an actin and an-actinin transfected
cell, respectively. For the same data sets, the corresponding dagements of the num-
bered bands as well as the time courses for the normalized sulbwridths are included
in the gures. Here, normalized subunit width means the time degndent distance
between two neighboring uorescent bands normalized by theinitial spacing before
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Figure 3.2: Model t to stress ber contraction data for the actin transf ected cell
previously shown in Fig. 3.1 (a) Time-space kymograph of retracting ber, circles denoie
experimental data. Counting of traced bands starts at the leser cut. Band numbers are
color-coded. Solid lines denote corresponding model curvesSpatial resolution of the
displacement eld is dictated by the period of the bleaching pattern of 3 m. (b) Time
dependent displacement of the rst ve bands. Bands farther away from cut remain rather
una ected, compare (a). (c) Time course of normalized subuit width, that is the distance
between neighboring bands (the subunit length) normalizedby their initial spacing. This
guantity measures the percentile of contraction along the ber. For example, the rst
subunit contracts down to about 60% of its initial length wit hin the rst 120s. Subunits
closest to cut contract most and equilibrate substantially slower than subunits far away
from cut. For the tting, only the time course data of bands 1 t o 4 have been considered.
Obtained t values for the model parametersare (; ; ; ) =(0:067.0:58 m;5250:0s).
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Figure 3.3: Same analysis for stress ber contraction dynamics as in Fig3.2 but now
for an -actinin transfected cell. (a) Time-space kymograph of retrating ber. The
spatial resolution of the displacement eld is about 1 m and thus three times higher
than for actin transfected cells. (b) Time course of bands dsplacement. (c) Time course
of normalized subunit width. For the tting, only the time co urse data of bands 1 to
4 have been considered. Obtained t values for the model panmmeters are (; ; ; ) =
(0:0820:89 m;7:550:215s).

cut M The initial spacing is 3 m in case of the actin data and roughly 1 m
for the intrinsic pattern visualized in -actinin transfected cells, compare Fig3.2(a)
and Fig. 3.3(@). The plotted normalized subunit width also gives an apprariation
for the local strain within the ber. However, the approximation is quite rough for
actin transfected cells since the discretized gradient is anerage over 3 m. For the
-actinin data the spatial resolution is about 1 m which is considerably lower than the
typical length scale of about 3 m over which the mechanical perturbation decays,

see below. In the latter case the discrete approximation is a@table.

In the following quantitative analysis of the stress ber contaction dynamics we
only considered the rst three bands of the kymograph. In this ay tting was re-
stricted to a region within the rst 10 m of the stress ber where most of the con-
traction happens. Bands that are farther away from cut are rdter stationary and do
not provide distinct information, see e.g. Fig3.2 As t routine we used the function
"Isgnonlin” of the Matlab optimization-toolbox (version 1.0.4), which is a specialized
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algorithm to solve nonlinear least-squares data- tting prol@ms. To check for local
minima, we started the global optimization algorithm ten times with random initial
sets of positive parameter values ( , , ). For virtually all stress bers and all runs
the algorithm converged to the same ber speci ¢ least-squaresinimum de ning one
set of parameter values (, , , ).

In total we analyzed 86 stress bers from actin transfected cslland 34 stress bers
from -actinin transfected cells. From ts to these data sets, we were &bto deduce
the distributions of the four parameters for the two di erenty transfected cell types
separately. The distributions of parameters are visualized iterms of boxplots, see
Fig. 3.4 In addition, we performed an extensive statistical analysis dhe parameter
distributions and compared the results found for the di erenly transfected cells. Mean
values and standard deviations are summarized in Tal3.1 We also give the median
and the interquartile range as well as the median absolute dation about the median
(MAD) which are more robust measures for distributions with ouikers as it is the
case for , and . The MAD, a robust measure of scale, is de ned as MAD =
1:4826 mediafj x; mediarfx;gjg. The prefactor is chosen such that the MAD is
comparable with the standard deviation 107. For the sake of clarity, however in the
text, we only present mean values and standard deviations fon¢ model parameters.

For actin transfected cells we nd an average sti ness ratio = 0:035 0:034. The
average contraction length of a sarcomeric unit, of initialdngtha = 1 m, is about

= (0:66 0:36) m. This means that a freely contracting uncrosslinked sarcomnier
unit would contract on average down to 340 nm. Interestinglythis obtained value
comes very close to the length of myosin mini laments measured be (393 33)nm
for smooth muscle cells32] which gives a natural lower bound for this minimal length
of a totally contracted sarcomeric unit. The typical timesca# for contraction is dictated
by =29 27)s. Itis associated to the e ective internal friction force to which,
for example, relative lament sliding as well as the molecutamotors contribute, see
Eq. (2.20 for its de nition. The timescale is considerably larger than the second
timescale =(0:13 0:23)s in the system. The latter is associated to external friction
resulting from viscous drag within the surrounding cytosol. Thedound parameter
values suggest that this model term can be regarded as a higheder correction,
further elucidated in the following.

The stress ber model equation, written in non-dimensional fnm, is given by @u +
@u u u =0, compare Eq. .22. The last two terms, which originate from
viscoelastic interactions with the surrounding, bear the noimensional coe cients
and = =, both are smaller than unity. Values for , derived from the dstributions
for and are also given in Tab.3.1 Since the resulting distribution for is strongly
skewed, that is, it has large positive outliers which distort thanean, we only give the
median and the MAD for this quantity. While the parameter is roughly of order
O(10 1) the parameter is of order O(10 ), two orders of magnitude smaller than .
For the sake of completeness, the values for the median and the MAIDthe ratio =
are also itemized in Tab.3.1 The median is as expected of orde®(10 ?) indicating
that the model term, which is proportional tou, plays a minor role and can be regarded
as a higher order correction term. In general, we nd that a madel which neglects this
term and thus has only the three parameters(; ) yield similar good t results.
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Figure 3.4: Comparison of model parameter distributions for di erently transfected
cells using boxplots. In total we analyzed 86 stress bers fom actin transfected cells
and 34 stress bers from -actinin transfected cells. Each stress ber yields one set
of parameters (, , , ). The red center line of the boxes gives the median of the
distribution, the lower hinge denotes the rst quartile, th e upper hinge denotes the third
quartile. The notches around the median denote a 95% con dece interval for the median.
The whiskers extend from the box out to the most extreme data alue within 1.5 times
the interquartile range. Outliers that do not fall into this range are highlighted with
red crosses. By applying a Wilcoxon rank sum test or so calledMann-Whitney U-test
we nd that the crosslink parameter is signi cantly higher ( p = 0:000073) and the
time scale is signicantly lower (p = 0:0054) for stress bers observed in -actinin
transfected cells compared to actin transfected cells. Theemaining parameters seem to
be independent of the transfected protein. The distributions for the parameter are
strongly antisymmetric with a maximum close to zero and a lorg tail reaching out for
large positive values.
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actin -actinin
parameter mean std mean std p-value (t-test)
[1] 0:.035 0:034 Q078 0:059 0.0000014 yeg
[m] 0:66 0:36 059 0:33 0.35 no
[s] 29 27 15 11 0.0029 yes
[s] 0:13 0:23 015 0:27 0.72 no
(sos, median, 7s0) | (Cbsew, Mmedian, Grse) | p-value (U-test)
[1] (0:013 0:026, 0:044) (0:027:0:072 0:12) | 0:000073  yes
[m] (0:37;0:60; 0:89) (0:31; 0:54; 0:86) 0:40 no
[s] (7:8; 24, 43) (7:2; 10, 22) 0:0054 yes
[s] (0:0; 0:021; 0:21) (0:0;0:01; 0:21) 0:55 no
median MAD median MAD p-value (U-test)
[1] 0.026 0:023 Q072 0:068 Q000073  yes
[m] 0:60 0:36 054 040 040 no
[s] 24 24 10 87 0:0054 yes
[s] 0:021 0:032 Q010 0:015 Q55 no
[10 3] 12 17 042 0:62 053 no
= [1] 0.037 0:055 0012 0:018 Q71 no

Table 3.1: Model parameter values obtained from ts to the data (86 bers of
actin transfected cells and 34 bers from -actinin transfected cells). We give mean
and standard deviation in the rst table, median and interqu artile range in the sec-
ond table as well as median and the median absolute deviatiorabout the median
(MAD =1 :4826 mediarfj xi medianfx; gjg) in the lowest table. For every model pa-
rameter we determine two separate distributions one for edt transfected protein. To
compare the two distributions for each model parameter we aplied a t-test for di er-
ences in the means as well as a Wilcoxon rank sum test or so call Mann-Whitney
U-test for di erences in the medians. Both tests indicate that the crosslink parameter

is signi cantly higher and the time scale is signi cantly lower for -actinin transfected
cells. The other two parameters and are rather independent of the transfected pro-
tein. In the last table we also included median and MAD for the derived non-dimensional
parameter = = and = . Note that = 1. The Young's modulus of stress bers
measured by Deguchi et al. 9] and the values for ; ; can be used to also give rough
estimates for the extensional viscosity of the ber, the shar modulus and shear viscosity

of the surrounding medium, respectively. See discussion isection2.1.2

Obtained parameter values for stress bers cut in -actinin transfected cells, also

summarized in Tab.3.1, are of similar magnitude compared to actin-transfected csll
However, the mean values of the two parametersand di er signi cantly from the
respective values obtained from actin-transfected cells.

In order to compare the parameter samples from the actin- anéh¢ -actinin trans-

fected cells we applied a t-test for di erences in the means agll as a Wilcoxon rank
sum test, or so called Mann-Whitney U-test, for di erences in the mdians. The U-test
is more appropriate for the present case of non-parametric digtutions. Both tests
indicate that the crosslink parameter is signi cantly higher (U-test: p=0:000073; t-
test: p=0:0000014) and the time scale is signi cantly lower (U-test. p=0:0054; t-test:
p=0:0029) for the -actinin transfected cells. The remaining parametersand seem
to be independent of the transfected protein.
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The di erences for di erently transfected cells regarding he crosslink parameter
are plausible. The transfection for -actinin is de nitely accompanied by an over-
expression of -actinin . The -actinin is known as crosslinker between actin laments
not only within stress bers but also between adjacent actin lanents. It also plays
an important role in the linkage between stress bers and integh mediated adhesion
clusters. Thus, transfection with -actinin presumably increases the mechanical links
from stress bers to their environment including the surroundag actin cytoskeleton as
well as integrin mediated contacts to the substrate. This higér degree of crosslink is
re ected by the signi cantly higher value of in -actinin transfected cells compared
to actin-transfected cells.

The di erence in the time scale = i =kn + =Vvo, however, lacks such a straight
forward explanation. The contraction length of sarcomericnits is independent of the
transfection (compare values in Tab3.1). The same can be assumed for the maximal
velocity of the motorsvy. Therefore, in terms of our simple model, we conclude that the
ratio of internal friction over stress ber stiness iy =kt iS reduced when -actinin is
over expressed. A change in the friction coe cient j,; could come along with an over
expression of -actinin if the latter simultaneously replaces other crosslirde proteins
within stress bers with di erent binding and unbinding kinet ics.

3.1.1 Correlations between model parameters

Studying the correlation between the two parameters and yield another opportunity
to test modeling assumptions. According to their de nition the two model parameters
and are linear dependent:

= '“I_ﬂt = Lt + —
kint kint Vo (31)
The relationship originated from the fact that the e ective internal friction coe cient,
~nt = int T 5—0 has contributions from motor activity, denoted byS—;. In this way the
motor activity contributes to the equilibration time . The above linear relationship
between and implies that these two parameters are correlated with a cortaion
coecient (; )=1 according to the model. The correlation coe cient is de ned as:

(: )= p Cov(; )
"7 " Cov(; )Cov(; )

(3.2)

where Covf;y) = hxyi h xihyi denotes the covariance ok andy. Fig. 3.5(a) and
Fig. 3.5(b) show a correlation plot of the parameters and for actin and -actinin
transfected cells, respectively. The deduced values for theri@ation coe cient are

(; ) = 0:40 for actin transfected cells and (; ) = 0:60 for -actinin transfected
cells. In order to get an estimate of the variance of the corrdian coe cient we
performed a bootstrap analysis of the data: From the given sangbf (; ), n=1000
random samples of the same length\N( = 86 for actin and N = 34 for -actinin

The transfected uorescently labeled -actinin is available additionally to the basal expression of
-actinin.
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Figure 3.5: Correlation plot for the model parameters and for actin transfected

cells (a) and for -actinin transfected cells (b). Figure (c) shows a bootstrapanalysis

(1000 drawn samples) of the correlation coe cient (; ) for actin-transfected cells which

yields = 0:40 0:10, (d) same analysis for -actinin transfected cells which yields
=0:59 O0:12.

transfected cells) are drawn by allowing repetitions. The coetation coe cient is then
calculated for each random sample and averaged over all sangpldhe average value
for the correlation coecientis (; ) = 0:40 0:10 for actin transfected cells and

(; ) =0:59 012 for -actinin transfected cells. The results of the bootstrap
analysis are illustrated in Fig.3.5(c) and Fig. 3.5(d). To obtain a p-value for testing
the hypothesis of no correlation ( = 0), the correlation coe cient is transformed to a
quantity that is distributed as Student's t [107:

r

t= (3.3)

with - = N 2 degrees of freedom, where N is the number of measurements. For
actin transfected cells we ndp = 0:00014 (with = 0:40,N =86) and for -actinin
transfected cells we ndp = 0:00024 (with = 0:59, N = 34). The small p-values
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for both data sets ¢  0:05) support the hypothesis that the two parameters and
are indeed correlated as expected from the model. Howeveredio the high variance
in the data the 86 and 34 parameter pairs from the di erently tansfected cells, still
do not provide a satisfactory statistical basis. Therefore, a cleatatement can not
be made by means of the currently available data. A convinainproof would require
further measurements.

3.2 Total contraction length

Once cut and for timest the stress ber approaches a new mechanical equilibrium.
To describe the stationary state, all time dependent model teremhave to be neglected.
The resulting model simpli es to a second order ordinary di eratial equation that is
straight forward to solve. The solution for the stationary state dsplacementuss(x)
has been derived in the previous model chapter and is givenlt& for convenience,
compare Eqg. @.29: D
sinh(_ x=a)

“cosh( L=a) (3.4)

Uss(X) =

In the following we brie y discuss the properties of the solutio for the two extreme
cases of a rather uncrosslinked ber (small) and of a highl)b crosslinked ber (large

). In the case of a rather uncrosslinked ber it holds thata= L and the spatial
dependence of the stationary displacement simpli es tQss(x) x=a. Evidently,
this linear dependence irx means that the contraction becomes uniform along an un-
crosslinked stress ber, each sarcomeric subunit contracts indapdently of all the other
units down to the same nal equilibrium length. The percentag of nal contraction is
sierIy given by =a. However, in the opposite case of a highly crosslinked ber where
a= L, the stationary solution Eqg. (3.4) is well approximated by

Us(x)  pe (- 0 7 (3.5)

According to the approximation given above, the mechanicalgsturbation of cutting a
crosslinked stress ber decays exponentially from the laser-ealsed edge on a %pical
length scale given bya= . As a consequence, if the ber fragmentlength a=
then the part of the ber close to the focal adhesions remains arected by the nano-
surgery, in particular the stress exerted by the stress ber on thadhesion is rather
unchanged, see discussion belowp Assumings 0:035 anda=1 m we nd that this
typical IengtB scale amounts toa=  5:4 m for stress bers in actin transfected
cells, anda= 3.6 m for stress bers in -actinin transfected cells. Eqg. 8.4) also
provides the total contraction length of the stress ber afterequilibration as a function
of the initial ber length L:

41L(L) = jue(L)j = p—tanh("° T=a) (3.6)
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Figure 3.6: Total contraction length 4 L in dependence on initial ber length L of the
cut fragment. Small blue circles show 197 data points for siess bers cut in actin-EGFP
transfected Ptk-2 cells. Large bold circles with bars in blueshow mean and standard
deviation for the measured data. Each bin contains about 20 dta points. Red solid
line denotes mean model curve calculated from Eq.3.6) averaged over 86 parameter
pairs (; ). Each parameter pair was obtained by tting stress bers dissected in actin-
transfected Ptk-2 cells, also used for Tab.3.1. Red bars show standard deviation to the
model mean. Good agreement between experiment and model isund. Note that the
total contraction length quickly saturates for large bers with L > 10 m which can be
explained by stress bers being crosslinked to their envirmment. For comparison, a few
model curves (red dashed lines) with 2 f 1;0:005 0:0025 0:001;, Og are included. Here,
we assumed = 0:66 m, the mean value taken from Tab.3.1. The case = 0, which
results in a linear relationship between4 L and L, corresponds to a freely contracting
stress ber. The obtained mean model curve4 L(L) would correspond to an average
0:034.

Each parameter set (, , , ) obtained from ts to kymographs provides one curve
4 L(L). Of course, for this steady state analysis, the parametersand are irrelevant,
and each curve is readily de ned by the parameter pair ( ), which can be seen
explicitly in the above equation. In order to compare the moel prediction with the
measured data we averaged the 86 curves derived from the pomsly described actin
sample. In Fig. 3.6 we show the sample average model curvel L(L)iacin In red.
Red bars denote standard deviation from the model mean. The mel results are
compared to the measured contraction length of 197 stress beobserved in actin
transfected Ptk-2 cells indicated as small blue circles in Fi@.6. In addition, large
bold circles with bars in blue show mean and standard deviatiofor the measured
data. A comparison yields that the model predictions agree mewell with the measured
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data. Wﬁ nd that 4 L rstincreases with L and then saturates for longer bers with
L a= 54 m, as suggested by the model. The value of the saturation level
is given by =" , according to the model see Eq.3(6). A saturation level of about
(4:5 2:5) m deduced from the sample average model curve in Fig§.6 is also in
good agreement with the experimental data. The fact that théotal contraction of the
bers becomes independent of their length for large can be attributed to their high
degree of crosslink, in our model measured by the parameter For comparison, we
include the expected dependence of the total contractionngth assuming a completely
uncrosslinked stress ber4 L(L) = L=a, deduced from Eq. 8.6) when ! 0, shown
as red dashed line in Fig.3.6. In this special case, the contraction lengtt L is
expected to be proportional to the initial ber length L which is clearly contradictory
to the found saturation. As a reference we additionally inclugel model curves for some
intermediate values of , also shown as dashed red lines in Fig.6.

The same analysis for the total contraction length has been germed for the -
actinin data, reported in [34]. Consistent with the results for the actin data, we nd
that also in -actinin transfected cells the total contraction length of he bers is rather
independent of their initial length. The saturation value fo the contraction length of
about (24 1:3) mwas found to be lower compared to stress bers in actin transfied
cells. This is consistent with the higher values for the crosslinkarameter found for
the -actinin sample. Note that the other relevant parameter is rather independent of
the transfected protein and thus does not contribute to the derences in the saturation
levels.

3.3 Zyxin dynamics upon laser surgery

In the following the proposed stress ber model will be used to aallate the induced
changes of mechanical stress in the actin-cytoskeleton uporséa nanosurgery which
are hard to measure experimentally. The intention is to cortate these changes in
stress with changes in zyxin concentration easily measured by ams of uorescence
microscopy. For this purpose, we used Ptk-2 cells and 3T3 bradsts transfected with
zyxin EGFP and actin-cherry constructs. Fig.3.7 shows typical stress bers in a double
transfected Ptk-2 cell that has been cut sequentially in di eent locations. First, we
released a 14 m long centerpiece by two simultaneous laser cuts along the saimendle
Fig. 3.7(a-b). After a 18 s contraction phase, we performed a second ctiat dissected
the fragment in its middle as well as a neighboring control br, see Fig.3.7(c-d). This
experiment revealed three distinct translocation processes ofxin:

1. Zyxin quickly dissociates from focal adhesions after the eesponding stress ber
has been cut. This can be seen by the naked eye comparing zyxitensities at
the very left adhesions in Fig.3.7(k-l).

2. Zyxin also dissociates from stress bers where it co-localizesth -actinin and
forms regular striation patterns, see Fig3.7(k). These zyxin striation patterns
fade away after laser release, compare Fig.7(k-I).
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Figure 3.7: Analysis of zyxin dynamics in a Ptk-2 cell transiently transfected with zyxin-
EGFP (shown in green) and actin-cherry (shown in red) constricts. (a-e) Snapshots of
retracting bers at 0s, 6s, 18s, 24s, and 48s. Scale bar dereg 5 m. (a) At rst, two
simultaneous laser pulses (indicated by blue lines) releasa 14 m centerpiece. (c) After
18 s of contraction, this central fragment is cut a second tine in its middle together with a
neighboring control ber. (d)-(e) Show nal equilibration. (f-j) And (k-0) show separate
actin and zyxin channel, respectively. Blue arrows highlidnt position of cuts, red arrows
indicate direction of ber retraction. (p) Comparison of zy xin intensity along the stress
ber before and after initial cuts showing that the striatio n pattern is quickly lost. (q)
Time course of zyxin intensity at focal adhesions FALl, FA2 aml selected regions 1, 2, 3,
4 highlighted in (e) and (0). Results are discussed in the mai text. Courtesy of Julien
Colombelli.
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3. In contrast to the previous two observations zyxin aggreges at distinct positions
along the ber fragments preferentially close to the positiorof the cut. These
arising foci of high zyxin intensity are found to be stationary \ith respect to the
substrate and do not retract with the stress ber, follow encirad areas (1-4)
highlighted in Fig. 3.7(0).

All of these observations can be explained consistently by assumitigat zyxin is re-

cruited by a mechanical scaold protein (e.g. like -actinin) in a force dependent
manner. The dissociation of zyxin from focal adhesions and stregers are then re-
lated to a loss of exerted stress at focal adhesions and to a loss ethanical tension in
the bers upon laser release. The emergence of new foci of highim intensity could be

explained by crosslinks that get increasingly tensed by the retcting ber and then re-

cruit zyxin. The three observations listed above that exemdly the mechanosensitivity
of zyxin are further investigated in the following.

3.3.1 Zyxin dynamics at focal adhesions

Focal adhesions connected to a cut stress ber experienced agjulioss of zyxin inten-
sity. This can be deduced from Fig3.7(q) showing the time course of the normalized
zyxin intensity at certain spots de ned in Fig. 3.7(e,0). Zyxin intensity at focal adhe-
sion (FA2) connected to the cut ber sharply drops after the rst laser cut indicated
by the left blue arrow in Fig. 3.7(q). In contrast, zyxin intensity at the control focal
adhesion (FA1), which is not connected to the cut ber, remainsina ected. We further
guanti ed this zyxin intensity loss in dependence on the distace, L, between cut and
associated focal adhesion. In total, we analyzed 71 bers in R& cells and 88 bers
in 3T3 broblasts, shown in Fig. 3.8 as small blue circles and triangles, respectively.
Data points represent the zyxin intensity loss normalized by th initial intensity, 1o, at
the focal adhesion before cut: |

a1 =10 ls (3.7)

lo

In the equation abovel ;s denotes the zyxin intensity at focal adhesion in the stationary
state approached after cut andd | is the resulting normalized intensity loss. For both
cell lines we found that zyxin loss is about 40% when the bersa dissected close to
the adhesions but losses turn out to be smaller if the cut is placéarther away from the
adhesion. For instance, loss was found to be below 10% for versgia ber fragments,
compare Fig.3.8for L > 30 m. To test whether this intensity loss is related to a loss
of stresses exerted on the focal adhesions, we used our model toutaie the expected
normalized force loss at focal adhesions in dependence on ther fragment lengthlL.
The normalized force losgl F is de ned analogous to the intensity loss as:

Fo F
4F=-2 "= (3.8)
Fo
where Fq is the initial force exerted by the stress ber on the adhesion r to cut
and F¢s denotes the force exerted in the new mechanical equilibriuafter cut. We
assume that the stress ber is in mechanical equilibrium beforehé cut, that is, all
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Figure 3.8: Normalized force loss at focal adhesions (red) compared toanmalized
zyxin intensity loss at focal adhesions (blue). Both quantties are plotted as function
of the initial ber length L. Zyxin loss at focal adhesions was measured for 71 bers in
Ptk-2 cells transfected with zyxin-EGFP and actin-cherry congructs shown as small blue
circles and for 88 dissected bersin 3T3 broblasts, transkcted with the same constructs,
shown as small blue triangles. Same but large blue symbols thi bars indicate mean
and standard deviation for bins of about 10 points of the resgctive data. Most zyxin
dissociates from focal adhesion if the cut is placed close tthe adhesion L is small).
Normalized force loss at focal adhesions has been calculdtérom Eq. (3.10 for the 86
values of , also used for Tab.3.1. Averaged curve is shown as red solid line, red bars
denote standard deviation to the model mean. For comparisona few model curves (red
dashed lines) with 2 f 1; 0:05; 0:005; 0:0025 0:001g are included. This analysis suggests
that zyxin intensity in focal adhesions is correlated to the applied mechanical stresses.

motors operate at their stall force such that, Fs. The force exerted by the ber on
the focal adhesion in the stationary state after cut has contritions from the elastic
stress within the ber as well as contributions from the moleclar motors. The viscous
forces, of course, vanish in the stationary state. Thud;ss iS given by, also compare
Eq. (2.68:

Fss = akinn Quss(0) + Fs (3.9)

The rst term is the elastic stress within the ber evaluated at the focal adhesion and
the second term accounts for the contractile forces of the nealular motors that are
stalled in the stationary state. The stationary solution for the dsplacementsugs is
given by Eq. (3.4). Eventually, the normalized force loss at the focal adhesiaa found
to be: D

4 F(L)=sech( L=a) (3.10)
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The normalized force loss at the focal adhesion depends onlytba crosslink parameter

and the initial length of the ber fragment L. In accordance with Eq. 8.5 we nd
that thepmechanical integrity around the focal adhesion remas unperturbedpwhen
L a= . This typical length scale has been determined beforehand be a=
5:4m for actin transfected cells. In order to compare the model prédion with the
measured data we averaged over 86 curves I (L), each de ned by one value for

. The 86 values for are taken from the previously described actin parameter sample
also used for Tab.3.1 In Fig. 3.8 we show the sample average curve for the expected
normalized force lossh4 F (L)i a.in , cOmpared with the measured normalized intensity
loss of zyxin at focal adhesions in Ptk-2 cells and 3T3 broblast The agreement
between model predictions and experimental data suggests as# relationship between
zyxin concentration in focal adhesions and the applied forse

3.3.2 Zyxin dissociation from stress bers

Along stress bers zyxin co-localizes with -actinin and thereby forms a regular stria-
tion pattern which can be seen in Fig3.7(a,k). The resulting intensity pro le of zyxin
along the stress ber is shown as red curve in FI@Q.7(p). The striation pattern causes
the periodic intensity peaks at the middle of the ber in the rgion of 10 m to 25 m.
These peaks in zyxin intensity are lost within 6 s after cut whicltan be deduced from
the corresponding intensity pro le shown as blue line in Fig3.7(p). The fast disso-
ciation of zyxin along the released stress ber fragment suggesissimilar underlying
mechanism in stress bers compared to focal adhesions. We propobkattthe loss in
zyxin is correlated to the loss of tension in the ber. By meansfoour model, the
viscoelastic stresses within the ber can be calculated. The tesi  within the ber,
normalized by the initial tension before cut o, is given by Eq. £.68. In the following,
we use this equation to calculate the normalized tension andropare it to the nor-
malized zyxin intensity along the ber. Fig. 3.9b) shows a color coded kymograph of
the normalized zyxin intensity along the laser released centratress ber fragment of
Fig. 3.7. The corresponding color coded kymograph for the normalizednsion along
the same ber fragment, calculated from Eqg. 2.68), is shown in Fig.3.9(c). After cut,
the tension within the ber fragment quickly drops to very lowvalues. Simultaneously,
the zyxin-banding pattern along the stress ber is exposed to a alp intensity loss,
compare the regions marked with a (+) and a () sign in Fig. 3.9b,c). The dynamic
response in zyxin intensity is remarkable fast and correlates glitatively with the loss
in tension after cut. However, note that the zyxin response to cuts more complex
than a simple loss of intensity along the ber. The emergence oéw foci of high zyxin
intensity after cut marked by ( ) in Fig. 3.9b) can not be explained by the above con-
siderations. We hypothesize that these new zyxin spots originateom crosslinks that
get highly tensed by the retracting ber and thereby recruit zxin in a force dependent
manner. It is only the superposition of all these e ects that cammeproduce the full
kymograph in Fig. 3.9(b).
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Figure 3.9: (@) Time space kymograph of the cut sequence shown in Fi®.7(a-e). Actin
is shown in red, zyxin is shown in green. Cuts are indicated bylue arrows. White dashed
lines mark the 1 m snap-back for one ber fragment after the second cut, indicéing the
relaxation of tension in crosslinks previously strained atier the rst cut. Scale bar denotes
5 m horizontally and 10s vertically. (b) Normalized zyxin int ensity. Thin black lines
indicate the position of retracting ber edges whereas thidk black bars cover regions of
induced laser damage. Note that appearing zyxin spots lie mferentially behind the
retracting ber and are stationary with respect to the substrate. (¢) Tension within the
stress ber, normalized by the tension before cut. Large los of tension immediately after
cut compares to a simultaneous loss of zyxin intensity highighted as (+) and ( ) in (b,c),
respectively. (d) Traction forces exerted on the substrateby the crosslinks, normalized
by the maximal occurring value. The buildup of high traction forces close to the ber
edges after the rst cut corresponds to the emergence of zyri spots of high intensity,
marked as () in (b,d). Subsequently, the second cut releases tension ithe strained
crosslinks followed by a decrease in zyxin intensity at the peformed clusters, denoted by
() in (b;d. Used model parameters are: (, , , )=(0:01,0:70 m;5s0:15).
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3.3.3 Zyxin recruitment at tensed crosslinks

In contrast to the loss of zyxin patterns on released ber fragnmts, we observed that
zyxin relocalizes at random spots along the ber axis, for exgole marked as regions
(2-4) in Fig. 3.7(e,0). Interestingly, these zyxin spots are immobile with resgeto the
substrate which can be deduced from the image sequence Rg(l-0). After forming
close to the ber tips, their intensity steadily increases in timewhile the stress ber
fragments retract. The respective time courses of the normadid zyxin intensities at
theses areas are shown as red and green curves in Bg(q). After performing the
second cut on the central ber fragment at 18s, however, we olyged a decreasing
intensity in areas (1,2). In contrast, the intensity further increased at the areas (3,4)
that obviously remained una ected by the second cut, comparesd and green curves
in Fig. 3.7(q).

All of these observations can be explained consistently by assumitigat the new
zyxin spots originate at crosslinks that get highly tensed by theetracting ber and
thereby recruit zyxin in a force dependent manner. The existee of such tensed
crosslinks that pull on the retracting ber is also the most reasasble explanation
for the reversed movement of the two ber fragments created t&f the second cut at
18s. We highlight this remarkable snap back of the two centrélagments by red arrows
in Fig. 3.7(). It becomes even more evident in Fig3.9a) showing the kymograph of
the cut sequence. The contours of the ber fragments are shown red (actin-cherry
signal). After the second cut, the fragments are pulled apartpdicated by an increas-
ing distance between the two wide red lines. Consistently, the ter of mass of each
created fragment is displaced backwards. We also indicate thisversed movement over
a distance of about 1 m with a white arrow in Fig. 3.9a). The snap back is very likely
caused by the relaxation of a tensed crosslink, but its nature rexims elusive. Since it
can be stretched up to 1 m, evidently, it can not be realized by a single protein but
rather a longer lament or biopolymer. For instance, a few sing actin laments that
are strongly coupled to the surrounding might be pulled out oftte stress ber and
serve as this micrometer long and highly tensed tether.

In order to correlate the zyxin dynamics with the change of t&sion in the crosslinks
along the stress ber, we simulated the sequence of laser cuts wibr model. Subse-
guently, we produced a kymograph of the traction forces tramitted by the crosslinks
to the substrate given byFuac (X;t) =  KextU(X; 1), shown in Fig. 3.9(d) and compared
it to the measured kymograph of normalized zyxin intensity alog the stress ber frag-
ments, shown in Fig.3.9b). The thick black bars cover regions of laser damage. In
both gures, thin black lines indicate the position of the retacting ber edges. The
time course of the ber edges including the snap back of the bdragments after the
second cut are very well reproduced by our model.

Comparison of Fig.3.9b,d) also yields a remarkable correlation between the in-
crease of zyxin at regions (1,2) with an increase in crosslink &an upon the rst cut,
highlighted with ( ) in Fig. 3.9b,d). Subsequently, after the second cut, we can corre-
late the decrease of zyxin with the release of tension at the sanoedtion highlighted
with () in Fig. 3.9b,d). The remarkable correlation of modeled crosslink tensio
with zyxin translocation dynamics support our hypothesis thatthe emerging high in-
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tensity spots result from a mechanosensitive recruitment of zyxiat tensed crosslinks
presumably anchored to the underlying substrate.

Colombelli at al.[34] further investigated these new zyxin spots by correlative les
uorescent and transmission electron microscopylpg and convincingly showed that
zyxin localizes within the rst 50 nm above the glass substrate. fie new zyxin spots
were found to be strikingly similar to focal adhesions. For instaie, the zyxin nucleation
points also recruit the protein vinculin, which is a core fodaadhesion component.
Noteworthy, vinculin was not detected along stress bers beferdissection. These
observations suggest that the emerging zxin foci are the onsetrdgw focal adhesion
sites along the retracting stress ber induced by a force depeant mechanism.

3.4 Summary and discussion

In this chapter we studied stress ber contraction dynamics indced by laser nanosurgery
with our stress ber model. We nd excellent agreement betweeexperimental data
and the model which can reproduce the complete displacemerdld in space and time.
By tting our model to the data we can extract the four model paameters (; ; ; )
summarized in Tab.3.1 They re ect physical properties of stress bers.

The parameter = 0:035, Which is a measure for the degree of crosslink of the bers,
sets a typical length scalea=  5:4 m over which the mechanical perturbation
propagates along the ber. This length scale has an impact orhé total contraction
length of short bers as well as on the loss of force at connectddcal adhesions.
This model term (proportional to ) which accounts for elastic external interactions, is
essential to understand the nhonhomogeneous contraction of theers, that is, strong
contraction close to the cut, and rather no contraction far aay from the cut.

The parameter = 0:66 m denotes the maximal free contraction length of a sar-
comeric unit of initial length 1 m. Thus, the resting length of the sarcomeric unit is
found to be 340 nm. This is in agreement with the natural lowebound given by the
length of myosin mini laments of (393 33) nm measured for smooth muscle cell37.
The parameter together with the parameter also determines the saturation level
for the total contraction length of very long bers to be = 45 m.

Finally, we extracted the two time scales, = 29s and = 0:13s which are
associated with internal and external friction, respectively Together, they determine
the dynamics of the retardation process. However, the ratio= = 1 is very small
and thus the model term, which accounts for the external fricon forces (proportional
to ), can be neglected in good approximation. In regard to stres$er contraction
dynamics, the viscosity of the surrounding cytosol thus plays onla minor role and
the time scale for contraction is solely given by ber-internhfriction. This friction
can be associated with relative lament sliding, movement of seént within the ber,
(un-)binding kinetics of ber internal crosslinkers, and contibutions from molecular
motors.

The retraction of stress bers within the cytoplasm is actuallya three dimensional
contact mechanics problem. By making reasonable assumptiors the geometry of
the bers as well as for the interface to the surrounding viscdestic medium, one could
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also use the parameters; ; to give rough estimates for the expected extensional
viscosity of the ber, the shear modulus and shear viscosity of the sounding medium,
respectively. These considerations and the derivation of theeded relations are carried
out in section2.1.2

The parameter values summarized above have been obtained hyalyzing stress

bers in actin transfected cells. We performed the same analysa&so on -actinin
transfected cells. This enabled us to investigate the impact @ih enhanced -actinin
expression on stress ber mechanics. The parameter distributiorier both samples
have been tested for di erences in the mean as well as for diences in the median.
We found that an increase in -actinin expression leads to a signi cant increase in
and decrease in. The remaining two parameters are rather una ected by -actinin
over expression.

-actinin is known as a crosslinker between actin laments andlso mediates the

connection between stress bers and focal adhesions. Thus, theepexpression of

-actinin is likely to cause an increase of crosslinks between sse bers and their
surrounding. In this way, it explains an increase in the crossknparameter .

The signi cant change in the time scale lacks such a straight forward explanation.
A likely possibility is that other types of crosslinker proteinswithin the stress ber are
substituted by -actinin. Since the bulk concentration of -actinin is enhanced in these
cells, this leads to a higher chemical potential of-actinin in the cytosol. This in turn,
might promote the substitution process. If the replaced crossliek and -actinin have
di erent binding and unbinding kinetics then the exchange ould lead to an alteration
of the ber-internal viscoelastic properties. More speci call, in order to explain the
observations, the exchange must lead to a decrease of the intdrfrection coe cient
of the ber.

The observations that (1) stress bers contract only in the vianity of the cut, (2) the
total contraction length saturates for long bers and (3) theforce loss at focal adhesions
is dependent on the length of the associated ber fragment, aksult from the fact that
stress bers are considerably crosslinked to their surrounding.hls degree of crosslink is
measured by the parameter. But what is the major mechanical sca old to which stress

bers are elastically crosslinked? Possible candidates are cgkeletal components, in
particular neighboring actin laments, or the underlying sutstrate. The latter case
is possible since the considered cells are very at and the stresseis are in close
contact with the plasma membrane. We hypothesize that the majaontribution of the
elastic restoring forces acting on the retracting stress bergige from such intermediate
contacts to the glass substrate. These contacts might be medidt®y small integrin
clusters that are still undetectable in uorescence. This trasmembrane linkage could
function in a similar way to what is observed in muscle cells, whercostameres (-
actinin rich protein complexes) connect sarcomeres with thexteacellular matrix at
the z-disk. Thereby, traction forces are transmitted to the diular environment [109.

Such a linkage could also explain our observation that retraicig stress bers ini-
tiate zyxin rich foci, which are stationary with respect to thesubstrate. We suggest
that these initial crosslinks to the substrate are stretched by theetracting ber. The
increased tension in the crosslinks then causes a mechanosensitgégponse that re-
cruits zyxin. This protein recruitment is a reinforcement 6 the initially small integrin
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based contacts which then might mature to focal adhesions, in@gment with previous
studies B9, 59. This hypothesis has been further tested by correlative liveiorescent

and transmission electron microscopy and Colombelli et allQg convincingly showed
that zyxin localizes within the rst 50 nm above the glass substri@. The new zyxin

spots were also found to recruit the protein vinculin, which is core focal adhesion
component.

The reinforcement of the mechanical anchor points can be @ged as a sophisti-
cated repair or healing process on subcellular scale. The lasesdction causes a me-
chanical instability within the cytoskeleton. This mechanial disequilibrium demands
quick repair to avert further damage to the cell. A force balace within the cytoskele-
ton is reestablished by reattaching the dissected ber to the substte. Thereby, the
underlying force dependent mechanism has to be much faster thélne typical timescale
for stress ber contraction, 29s. The fast association and dissociation dynamics
of zyxin on a timescale below 6 s de nitely ful Il this necessargondition.

To further discriminate between the importance of cytoskletacrosslinks and cross-
links to the substrate, we can suggest several control experimsribr future studies.
One possibility would be a systematic measurement of the total cwaction length in
dependence on the length of the cut across several neighborstiggss bers. If the bers
are strongly connected to each other, one would expect thatelretraction is largest in
the middle of the transverse cut and vanishes at the edges. The exped pro le could
be calculated by a model that accounts for several parallel sgs bers which elastically
interact with their nearest neighbors. Another possibility woull be the application of
microstructured substrates. They could be biofunctionalizedhisuch a way that the cell
can form focal adhesions only on adhesive patches. However, thefate in between
these patches should be passivated such that the stress bers can inderconnect to
the substrate by integrin mediated adhesion. If the intracelliar cyoskeletal crosslinks
are indeed negligible, then, in terms of our model, the crosst parameter is expected to
vanish. This would have the following consequences: (1) a homeogus contraction of
stress bers all along their length, (2) the total contractionlength would increase linear
with the ber length and (3) the force loss at focal adhesions wad be independent of
the position of the cut.

We also applied our model to further quantify the mechanosenaiity of zyxin. The
model is thereby used to calculate the change in mechanicalests within the cytoskele-
ton upon laser release which is otherwise not accessible expentalty. The change
in stress was then compared with the change in zyxin intensity dbocal adhesions and
along stress bers. In both situations we nd that the localizaton of zyxin correlates
with tension. Moreover, Colombelli et al. 34] could show that the mechanosensitive
recruitment of zyxin is reversible by pulling cyclically on astress ber with an AFM
cantilever. Similar mechanosensitive responses of zyxin alosigess bers and focal
adhesions have also been reported in previous studiéd,[110 111].

The question is, could there be a single mechanism underlying ayxecruitment
at focal adhesions and stress bers? Moreover, which is the protethat resides in
the mechanical sca olds and recruits zyxin in a mechanosensi#é manner? A likely
candidate for this mechanosensitive protein is the crosslinker-actinin. It serves as
main crosslinker in stress bers and mediates also the linkage keten stress bers
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and focal adhesions. In both situations -actinin is subject to the mechanical tension
and thus is predestined as a mechanosensor. Zyxin aneactinin co-localize at focal
adhesions and along stress bers and-actinin is also the main binding partner of
zyxin [106 112 113. Interestingly, the binding site on -actinin involves two spectrin-
like subdomains 114 and an interaction occurs only when -actinin dimerizes [13.
Notably, spectrin domains are known to have unique exible proerties 115. The
exibility of spectrins and their redundant organization along -actinin (8 domains in
a dimer) could therefore serve as a docking platform, which riganically regulates the
number and activity of zyxin binding sites. Further analysis ofzyxin and -actinin
binding partners will be necessary to determine the exact nureb of proteins involved
in the mechanosensitive recruitment of zyxin.

One possibility to further quantify the mechanosensitive reciitment of zyxin would
be to perform stress ber laser surgery in cells plated on exiblsubstrates. The
contractile cellular stress, exerted through the focal adhesioon the substrate, could
then be determined by traction force microscopylflg 117. In this way, the change
of stress upon cut could be measured explicitly and could be coampd to the model
predictions and to the induced zyxin dynamics. This would pnade a further test
for our stress ber model as well as a re ned correlation betweeforces and zyxin
dynamics.
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Chapter 4

Coupling of mechanics and
biochemistry

In the previous chapter we developed a model for stress bers. &teby we assumed
that the viscoelastic properties of the bers as well as the aity of the molecular
motors are uniform along the whole ber length. The model hathen been used to
study the pure mechanics of stress ber contraction after laseelease and by compar-
ing calculated stresses with zyxin intensity we found that the mecular composition
of focal adhesions is dependent on the applied stress. This isdevice for the widely
accepted notion that mechanical stresses are involved in datgning the biochemical
signaling state of focal adhesions. The transduction of mechaaicstress into a bio-
chemical signal could happen for example by a force inducechéarmational change of
single proteins or protein complexes into a high or low a nitystate to possible binding
partners. In a similar way forces could alter the enzymatic astity of kinases or phos-
phatases that are located in the adhesion contact. Although tharecise mechanism has
not yet been revealed some proteins that are probably involden mechanotransduction
have been identi ed, for example talin 41, 42], p130Cas 11§ and integrin [43]. In this
spirit, focal adhesions can be understood as localized spots vehehemical as well as
mechanical information is processed collectively. Outgoirgignals then contribute to
complex cellular processes like cell cycle control, apoptosisd the regulation of the
actin cytoskeleton. In particular, the Rho-pathway contro$ the activity of myosin Il
molecular motors and thereby the contractility of stress bes. The altered actomyosin
forces are then transmitted to the adhesion sites and change théchemical signal-
ing. Consequently, focal adhesions and stress bers are conreetty a biochemical
and mechanical feedback loop which is the focus of our study this chapter. Due
to the complexity of the signaling network at focal adhesions, lwich we brie y depict
in the rst section, we constrain our biochemical modeling to te Rho-pathway. This
part of the signaling network has been studied thoroughly by @erimentalists. We
conducted an extensive survey of the relevant literature andotiected the measured
rate and di usion constants in such a way that they now can be useaif mathematical
modeling. The coupling between the biochemical signaling {havay and the mechan-
ical stress ber model proceeds by introducing a spatially vamgg fraction of active
molecular motors. The local activation level is thereby detenined by the outcome
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of the signaling pathway. The whole system of reaction-di usiorequations for the
signal transduction and the partial di erential equation for the mechanical part can
be solved simultaneously. By feeding the force resulting from éhmechanical model
back into the activation of the signaling pathway, we obtaindr the rst time a model
for the closed mechano-chemical feedback cycle. As a rst aggtion of our model,
we simulate a drug experimentin silico and we show that it predicts heterogenous
contraction of stress bers in good agreement with experimeak ndings by Peterson
et al. [31]. Furthermore we study the case of cells embedded in soft tissuexlanake
valuable predictions for the capability of cells to establisktresses in soft environments.
These model predictions could be tested in future experimentsn general, our work
shows how models for the coupling of biochemistry and mechasican be devised in a
meaningful way.

4.1 Biochemical signaling at focal adhesions

First evidence for localized adhesion spots between culturetbroblasts and the sub-
strate was provided in the early seventies by electron microgno[119. At that time
focal adhesions were described as electron-dense plaques evtter plasma membrane
comes 30nm close to the substrate which compares to an averagecspaof about
60 nm. Also lamentous structures connected to the adhesion plag have been discov-
ered, the ngerprint of actin stress bers. Subsequently, focahdhesions have been
investigated by interference re ection microscopy 120123 which enabled live cell
imaging of focal adhesions. In motile cells they were found toelrather stationary
with respect to the substrate demonstrating their role as mechaal anchor points
to the extracellular matrix. The integrin receptor family, which mainly mediates this
transmembrane linkage between the extracellular matrix anthe actin cytoskeleton,
has been recognized in the mid-eightied23. However, only few components like
vinculin [124124, talin [127, 12§ and -actinin [104 were known to reside in the
intracellular dense protein plaque which mediates the conctgon between integrin and
actin laments. In the following years the knowledge about tike composition of integrin
mediated adhesion has been extended primarily by immuno uescence studies. Till to
date the pace of discovery in this eld of research has not slowedwn. By 2001 about
50 proteins have been found either stably or transiently assotaa to integrin mediated
contacts 36, 129. Within about six years the number of known components incesed
to 90, reported by Zaidel-Bar et al. B8 after an extensive literature research also
including the usage of large protein-protein interaction dabases such as BIND13(
and HPRD [13]]. In addition to these intrinsic components that physically reide in
the adhesion plaque another 66 external interaction partnemave been identi ed that
can a ect or conversely can be e ected by the plaque proteinsitiout being associated
to the mechanical sca old. The entity of all 156 components fether with their known
690 interactions has been termenhtegrin adhesomein obvious analogy to the genome.
Fig. 4.1 depicts the state-of-the-art interaction network betweenhe 90 intrinsic ad-
hesion components. The links in the network represent either nalirectional binding
interactions or directional signaling interactions. The later are further subdivided into
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Figure 4.1: Interactions between all intrinsic components of the adhesme. Black lines
with full circles at their ends denote non-directional binding interactions, blue arrows
represent directional inhibition (for example, dephosphaylation, G-protein inactivation
or proteolysis) and red arrows represent directional actiation (for example, phospho-
rylation or G-protein activation) interactions. The nodes are shape- and colour-coded
according to the function of the proteins. For more details,including a list of the periph-
eral components, see38] where the gure and caption were taken from.

either activating or inhibiting interactions classi ed accading to the performed molec-
ular modi cation, see B8]. Each component shown in Fig4.1 potentially interacts also

with external components (not included in the gure) that are in turn part of various

signaling pathways which regulate complex cellular processgsch as di erentiation,

cell cycle control, apoptosis as well as cell migration inaing the regulation of the

actin cytoskeleton. An illustrative overview of the outgoing ginaling pathways at focal
adhesions is given for example by the KEGG database (Kyoto Endppedia of Genes
and Genomes) 132. Due to the vast complexity of the resulting network a system-
wide quantitative model seems to be neither feasible nor reasdnte at the present stage.
At this point it is worth mentioning that the links in the presented network describe
protein-protein interactions in a merely qualitative manrer. Quantitative measure-
ments of the chemical rate constants for the respective enzytitareactions have been
reported only in rare cases. It is mainly for this reason that weotus our biochemical
modeling on the Rho-pathway where most of the chemical reasti parameters such
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Figure 4.2: Regulation of GTPases at integrin mediated adhesions. The GPases
(mainly RhoA and Rac1l) are upregulated by guanine nucleotiet exchange factors (GEFs,
yellow diamonds) and downregulated by GTPase-activating poteins (GAPs, yellow oc-
tagons). Regulators of GEFs and GAPs are mainly kinases shawat the top. The main
substrates of GTPases are shown at the bottom. This gure wagaken from [3§].

as rate and Michaelis-Menten constants have been measured. Tihgortant role of
Rho-GTPases in cell adhesion has been revealed in 1992 by Ridéd Hall. They
demonstrated by microinjection of the respective proteins ia cells, that the assembly
of stress bers and focal adhesions is regulated by a small GTPasaled Rho §7).
Rho has many isoforms, but the one mainly associated with focal la@sions is RhoA,
which for simplicity in the following we refer to as Rho. In a companion paper of the
same year, Ridley and Hall showed together with coworkers thahather small GTPase
called Rac stimulates the formation of lamellipodia as theyppear in cell migration
[46]. The main isoform associated with focal adhesions is Racl whifdr simplicity
in the following we will refer to as Rac. While Rho mainly actghrough activation of
actomyosin contractility, the main e ect of Rac is activation of actin polymerization,
in particular activation of the actin nucleation factor Arp2/3. It has been reported
later that activation of Rac downregulates Rho, leading to dassembly of stress bers
and focal adhesions133. In many situations, Rho and Rac can be regarded as an-
tagonists, switching the cytoskeleton between di erent structral states @5]. They are
part of a larger family of small GTPases, called the Rho-familyvhich for example also
includes Cdc42, which stimulates the formation of lopodia ad maintains cell polarity
[134. Apart from regulation of the actin cytoskeleton, the small GPases from the
Rho-family have many other functions in the cell, for examplin cell cycle control and
di erentiation.

Although the small GTPases from the Rho-family are simple moletar switches,
they are regulated by many di erent factors. In general, GTPaes are upregulated by
guanine nucleotide exchange factors (GEFs) which convertahinactive Rho-GDP form
to the active Rho-GTP form by exchanging GDP for GTP. They aredownregulated
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by GTPase-activating proteins (GAPs), which stimulate Rho-GTRise activity, thus

leading to GTP-hydrolysis and transformation of the active Rb-GTP into the inactive

Rho-GDP. For the 20 members of the Rho-family, 60 di erent GEs and 70 di erent

GAPs as well as more than 60 di erent downstream targets have be identi ed [135.

Fig. 4.2 illustrates this complex regulation network for GTPases at itegrin mediated

adhesions. The GEFs (yellow diamonds) and GAPs (yellow octagonaje mainly

regulated by kinases of which the most important ones, FAK and SR@re bound to

the adhesion plaque. The various signals from GAPs and GEFs aratigered and then
compete at Rho-GTPases for activation or inhibition. Most of he integrin related

signaling is evidently carried out through RhoA and Racl. Theemaining GTPases
depicted in Fig. 4.2 seem to play only a minor role. Still, at the current stage of a as,

there is no way how this complex network can be modeled in fulletail. However,

certain parts of this network have been well characterizedybbiochemical assays, in
particular di erent parts of the Rho-mediated signal transdiction pathway leading

from focal adhesions to actomyosin contractility.

In combination with our mechanical stress ber model we focusnothe role of Rho
as stabilizing factor for mature adhesion. During recent yesy it has been shown that
Rho is the central component of a mechano-chemical feedbdolop which regulates
mature adhesion. In detail, it has been shown that applicationf force on focal ad-
hesions triggers their growth in a Rho-dependent manne89 (reviewed in B7, 45]).
Two main downstream targets of Rho leading to stress ber formain have been iden-
tied. The formin mDia leads to actin polymerization, while the Rho-associated kinase
ROCK leads to phosphorylation of myosin light chain and thus tancreased motor ac-
tivity. Together these e ects lead to formation of and contratility in stress bers and
therefore to increased force levels at focal adhesions. In thgy, a positive feedback
loop is closed for upregulation of mature adhesion characteed by focal adhesions and
stress bers. This mechano-chemical feedback loop is schemaliy depicted in Fig. 1.3,
An essential part of this feedback loop is the growth of focal adkions under force,
which recently has been the subject of di erent modeling appaches T4 79| (reviewed
in [81]). However, these models have focused mainly on the mechaniaatl thermo-
dynamic aspects of the growth process, neglecting the interamt of mechanics and
biochemical signaling. Our biochemical reaction di usion mael for the Rho-pathway
will be developed in sectior.3. Next, we will give a summary of experiments by Peter-
son et al. B1] who used the drug calyculin A in order to interfere with this loochemical
signaling pathway.

4.2 Description of inhibition experiments

Although being less ordered than muscle on the level of electronicroscopy, stress
bers do exhibit a similar periodic organization of alternaing -actinin and myosin
Il rich bands. The resulting striation pattern can be revealed nder the microscope
by transfecting cells with uorescently labelled proteins. Fj. 4.3(A-C) shows such
a gerbil broma cell, where the green regions correspond to ¢hactin crosslinker -
actinin while the red regions correspond to myosin Il moleculanotors. These striation
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patterns have been used as an intrinsic ruler in our previouslygsented study of laser
dissected stress bers. In a similar manner, Peterson et al3]] used these structures
to investigate the e ect of biochemical drugs on stress ber cdraction dynamics. The
induced drug, calyculin A, is a serine/threonine phosphatase hibitor that increases
the phosphorylation level of the myosin Il regulatory myosin ght chain (MLC) via
the Rho-pathway b6, 57] and thus increases stress ber contractility. More details of
how the drug interferes with Rho-signaling are presented in ghnext section, see also
Fig. 4.4. The drug (5nM) was put into the medium and subsequently got irgrnalized
by the cells. It can be expected that the drug thereby was homegeously distributed
within the cell body. Upon actomyosin stimulation, stress bers ontracted in total
length by 16% within 30-40 min after induction of the drug. Howver, measurements
of mean sarcomere lengths in-actinin transfected 3T3 broblasts revealed that the
induced strain was not uniform along the ber. This is a countentuitive result given
a homogeneously distributed drug. At the cell periphery sarcoenes shortened by 30-
40% (average over 40 sarcomeres in 7 cells) but in contrast sareves at the cell
center were simultaneously stretched by 50% (average over 20csameres in 4 cells).
Here, cell periphery was de ned as the part of the ber within 57 m distance to
a focal adhesion and the center was de ned as a 1M segment on either side of
the ber midpoint. The exact time courses of the mean striationwidth in the two
regions are shown in Fig4.3(D-E) for control and stimulation experiments, respectively.
Noteworthy, mean sarcomere widths already di ered between éhtwo regions prior
to stimulation. The di erences then increased upon calyculirA induction. Similar
results have been reported for stimulation with LPA, another agnt that also stimulates
MLC phosphorylation via the Rho-pathway. In order to check whkther the strong
spatial gradients in the striation pattern result from a gradi@t in myosin activity,
Peterson et al. measured the uorescence intensity of MLC as wels the fraction
of MLC phosphorylated on Serl9, both before and after stimulan. The degree of
MLC-phosphorylation is a measure for the local myosin activity In general, they
found more MLC associated to peripheral compared to central ga of the bers,
before as well as after drug stimulation. More importantly, hey observed that more
phosphorylated MLC was localized at the cell periphery aftestimulation. Furthermore,
they determined the ratio of uorescence intensity of phosphgrated MLC to total
MLC in the respective regions and found that, after stimulatia, this ratio was higher
in the periphery. Together these observations suggest that theonuniform distortions
of the striation patterns indeed result from a gradient in MLC fosphorylation levels.
The emergence of this chemical gradient, however, is not @bknt with the uniformly
distributed stimulus.

To resolve this inconsistency, we argue that the mechano-cheali coupling at fo-
cal adhesions has to be taken into account. According to our sweggion the chemical
gradient occurs due to the following mechanism: The inductioof the drug rst ho-
mogeneously increases the contractility along the stress belsading also to higher
boundary forces exerted on the focal adhesions located at tperipheral ber tips.
Subsequently, the increased mechanical stress at focal adhesitmggers additional
Rho-signaling. The stimulating Rho-signal then di uses back ito the cell and thereby
gets degraded. Thus the part of the stress ber close to the adhesigets more stimu-
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Figure 4.3: (A) Peterson et al. [31] studied the deformation of stress bersin broblasts

by using uorescently labelled -actinin (in green) and myosin light chain (in red). These
two components arrange sequentially along the stress bersand thereby form regular
striation patterns. Myosin contractility was stimulated w ith the drug calyculin A. Then

an inhomogeneous striation pattern results: stress bers ontract at the cell periphery

(B) but expand at the cell center (C). These results were quati ed by time course

measurements of the mean pattern bandwidths in the respectie regions. Compared
with the control (D), stimulation of contractility leads to very strong spatial gradients
(E) on the time scale of tens of minutes.

lated in contrast to the central part which is hardly reached  the di usive Rho-signal.
The strong motors at the periphery then contract the ber at the expense of the weakly
contractile central fragment. In order to further quantify these ideas we developed a
model for the Rho-pathway, presented below, and showed how $hhiochemical model
can be coupled to our slightly altered stress ber model. The wh® coupled system of
reaction di usion equations and the stress ber equation can bsolved simultaneously.
The numerical results for thein silico drug experiments are nally compared with the
experimental measurements.

4.3 Reaction di usion model for the Rho-pathway

In Fig. 1.3we introduce a coordinate system for our one-dimensional modéhe stress
ber extends along the positivex-direction and the endpoints atx = 0 and x = L corre-
spond to two focal adhesions. Because the two focal adhesions aeated as equivalent,
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Figure 4.4:. Signaling pathway that controls myosin contractility depicted in its ap-
propriate spatial context: mechanical cues are transducedo various biochemical signals
at focal adhesions, however, the precise mechanisms havetrimeen resolved yet. One
possible mechanism is that a Rho-GEF is activated by a mecharsensitive process at
focal adhesions. Rho-GEF then promotes Rho-GTP loading and dusequent complex-
ation with Rho-associated kinase (ROCK) which gets activatal. Active ROCK is able
to phosphorylate myosin light chain phosphatase (MLCP) at its myosin-binding subunit
(MBS). MLCP and MLCP-P are freely di usible in the cytoplasm a nd thus can reach
the myosins in the stress bers. Increased phosphorylationof MLCP to MLCP-P by
ROCK e ectively leads to increased phosphorylation of myosn light chain (MLC), thus
increasing myosin contractility.

our model has in ection symmetry aroundx = L=2. In Fig. 4.4, we schematically de-
pict the biochemical part of our model in the spatial context dthe focal adhesion
at x = 0 (by symmetry, the same description applies to the one ax = L). Three
compartments have to be considered: the focal adhesion, theaplasm and the stress
ber. In our model, each of these compartments corresponds tm® or two important
biochemical components. The reaction pathway is a linear seznce of activating or
inhibiting enzyme reactions initiated at focal adhesions, amsmitted through the cyto-
plasm by di usion and resulting in spatially dependent myosin agdvation in the stress
ber. In the following we discuss each reaction step in detail ahshow how these pro-
cesses are translated into reaction-di usion equations. The atdvations used for the
biochemical components are compiled in Takl.1, together with a short description of
their functions. The model equations are summarized in Tala.2

Our modeling of the biochemical signaling pathway starts witlthe activation of
Rho at focal adhesions. The Rho-protein has a lipophilic end s&@rg as an anchor for
lipid membranes L3§. Complexation with guanine nucleotide dissociation inhilbors
(GDils) shields the hydrophobic parts of the Rho-protein and miees it inactive as well as
soluble in the cytoplasm 137. It is expected that Rho is released from these complexes
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| Abbreviation | full name function \
GDP/GTP guanosine diphosphate/ small molecule without and with
guanosine triphosphate a third phosphate group, energy
source of conformational changes

GEF guanine nucleotide activates GTPases by exchanging

exchange factor GDP for GTP

GAP GTPase-activating protein stimulates GTP-hydrolysis, c onvert-
ing active GTPases (GTP-bound)
to their inactive (GDP-bound) form

GDI guanine nucleotide binds to inactive form of GTPases,

dissociation inhibitor the complex is soluble in the cyto-
plasm

MLC myosin light chain subunit of myosin Il molecular mo-
tors, regulates myosin binding to
actin laments

MLCK myosin light chain kinase phosphorylates MLC

MLCP myosin light chain phosphatase | dephosphorylates MLC

MLCP-P phosphorylated MLCP inactive form of MLCP

MBS myosin-binding subunit subunit of MLCP whose phosphory-
lation makes MLCP inactive

ROCK Rho-associated kinase ROCK phosphorylates MLCP at its
myosin-binding subunit (MBS)

I e ect of calyculin inhibits MLCP from dephosphory-
lating myosin, thus enhancing con-
tractility

Table 4.1: Abbreviations and full names of the biochemical components For each

component, a short description of its function is given.

at focal adhesions. More importantly, focal adhesions are knowo recruit di erent

Rho-GEFs, thus activating Rho at the focal adhesions, compareid: 4.2 The active
Rho is then able to bind Rho-associated kinase (ROCK) and therglactivate its kinase
activity [ 13§. Since the active ROCK is bound to Rho-GTP, we assume in our meb

85

that these components are not di usible but are localized to ta focal adhesions. For

the same reason, we neglect the direct interaction of ROCK andywsin, which has
been reported to occuiin vitro. Active ROCK phosphorylates the di usible myosin
light chain phosphatase (MLCP) at its myosin-binding subunit (MBS). MLCP and

its antagonistic partner myosin light chain kinase (MLCK) are he main regulators of
myosin contractility in the context we are interested in. Bothenzymes interact with
the regulatory myosin light chain subunit (MLC) of the myosins. epending on the
respective activities, MLC gets either phosphorylated or degsphorylated. MLC, in
turn, controls the myosin binding to actin laments. Only if ML C is phosphorylated,
myosin is able to bind actin laments and perform its ATPase cyle that converts
chemical energy into mechanical work, e.g. contraction ofress bers [L39. By phos-
phorylating MLCP, ROCK e ectively enhances the phosphoryléion level of MLC. In
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Model equations
@ROCK(t) _ riFp(t)(ROCK ot  ROCK(t)) V ;ROCK(t) (m1)
@t ~ K1+(ROCK tt ROCK(t)) K 1+ROCK(t)
@ILCP(x;t) _ V 2MLCP-P(x;t) @MLCP(x;t)
@t " K 2+MLCP-P( x;t) *b @x (m2)
@ILCP-P(x;t) 3 V >MLCP-P(x;t) @MLCP-P(x;t)
at = K ,+MLCP-P(xD) | 0P @3 (m3)
@1fx;t) B V3(1 n(x;t)) r sMLCP(x;t)n(x;t) (m4)
@t T K3+ (1 n(xt)) K 3l + n(x;t)
@ ..o @ @ . 1@ .
@ X’t)@@t+ @)I(<(x)@X u(x;t) = gl@)(Fs(x,t) (m5)
Boundary conditions atx =0; L
@ILCP(x;t) _ R2 ROCK(t)MLCP( x;t) (bc2)
@x D Ky+MLCP( x;t)
@ILCP-P(x;t) R, ROCK(t)MLCP( x;t) be3
@x ~ D, Kz+MLCP(xt) (be3)
uix;t) = 0 sti boundaries (bch)
Abbreviations
Fs(X;t) = Fmax n(x;t)
~(x;t) = (X)+ Fs(x;t)=v
Fu(t) = a~(0;t)@@u(0;t) + ak(0)@u(0;t) + Fs(0;t)

Table 4.2: Summary of model equations. Egs. (m1-m4) describe successibiochemical
signaling events: (m1) focal adhesion associated activain of ROCK; (m2) and (m3)
phosphorylation and di usion of MLCP and dephosphorylation and di usion of MLCP-
P; (m4) regulation of the active fraction of the myosins, which is identi ed with the
phosphorylated fraction of MLC. Eq. (m5) is the mechanical model equation for stress
bers, where u(x;t) is the displacement along the ber. The boundary conditions for the
partial di erential Egs. (m2), (m3), (m5) are given by (bc2) , (bc3), (bch), respectively. In
Eq. (bc2), (bc3), the upper (lower) sign is valid for the left x = 0 (right x = L) boundary.
For the sake of clarity, we have introduced the listed abbrevations for the stall force
Fs, the e ective viscosity ~ and the force exerted on the boundaryF,. The presented
results have been derived with the assumptions that: () The di usion properties of
the phosphorylated and unphosphorylated form of the phosphtase are the same, hence
D = Dy. (Il) The viscoelastic properties of the stress ber do not vary in space, therefore
k(x)! kand ~(x;t) ! + Fmax N(X; t)=v.
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this way, Rho-activation leads to increasing myosin contratity in stress bers.

Our model for the biochemical reaction-di usion system assumebkdt each enzyme
stimulation follows Michaelis-Menten kinetics 140J. In Michaelis-Menten kinetics, pro-
duction rst increases linearly with educt concentration andthen saturates at a maxi-
mal production velocity if educt concentration exceeds thealue set by the Michaelis-
Menten constant. The precise molecular process correspondir@the conversion of
force into a biochemical signal at focal adhesions has not badenti ed yet. However,
it is expected that mechanical forces exerted on focal adhass eventually initiate the
loading of Rho-GTP leading to ROCK activation. Due to the la& of information
we lump the focal adhesion associated processes into one equatt@t e ectively de-
scribes the conversion of ROCK into its activated form (presuntdy complexed with
Rho-GTP). The mechanical forceF, that stimulates the activation is treated as an
enzyme in the framework of Michaelis-Menten kinetics:

@ROCK(t) _ riFp(t)(ROCK ROCK(1))  V ;ROCK(t)
@t = K,+(ROCK ROCK(t) K ;+ROCK(t)

(4.1)

The variable ROCK denotes the activated form of ROCK and we assue that the
overall concentration of ROCK is constant at ROCK,. The force exerted by the
stress ber on the focal adhesionF(t), stimulates the conversion of ROCK into its
activated form with maximum velocity r;Fy(t) and Michaelis-Menten constanK ;. The
parameterr is equivalent to a rate constant but relates mechanical forde a chemical
reaction. For this reason the units ofr; are given as [nMsnN]. The forceF(t) will
depend on the stress ber deformation. The second term accourits the degradation
of activated ROCK to its inactive form, with maximum velocity V ; and Michaelis-
Menten constantK ;. Since we expect ROCK in its active form to be associated with
focal adhesions, we omit di usive contributions to this equatn.

One main e ector of ROCK is MLCP, which we regard as a di usiblecompound
leading to a reaction-di usion equation:

@/ILCP(x;t): V ,MLCP-P(x;t) N @MLCP(x;t)

@t K 5+ MLCP-P( x;t) @% (4.2)

Here, the variables MLCP-P and MLCP denote the phosphorylatednd unphosphory-
lated form of myosin light chain phosphatase, respectively. Thest term accounts for
the dephosphorylation of MLCP-P with maximum velocityV , and Michaelis-Menten
constantK ,. The second term allows for the di usion of the phosphatase withidi-
sion constantD. The phosphorylation level of MLCP is also regulated by the ante
form of ROCK which catalyzes the reverse reaction, that is theonversion of the phos-
phatase into its phosphorylated form. However, ROCK is only aote in the vicinity
of focal adhesions located at each end of the stress ber. Thewef this source term
can be incorporated into the boundary conditions for Eq.4.2), in the sense that the
di usive ux into the boundary has to balance the conversion ito its inactive form:

D @ILCP(x =0;t) _ R,ROCK(t) MLCP(x =0;t)

@X K, +MLCP(x=0;t) (4.3)
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The same relation, but with opposite sign is valid at the other eshat x = L, compare
Tab. 4.2 The reaction is again modeled with Michaelis-Menten kineats, whereR, =
I,Vp is the product of a rate constantr, with an e ective volume v, of the focal adhesion
in which the reaction takes placeK is the usual Michaelis-Menten constant. For the
phosphorylated form of the phosphatase (MLCP-P) equations sitar to Eq. (4.2) and
Eq. (4.3 are valid, but with opposite signs of the source terms and a di sion constant
which in principle can be di erent, see Tab4.2 MLCP together with MLCK regulate
the phosphorylation level of MLC. Since myosin in stress bers fon mini- laments,
which are bound to actin laments, we neglect di usion of this ompound, leading to
the rate equation for the phosphorylated fractiom of MLC:

@ix;t) _ Va(l n(x;t)) r sMLCP(x;t)n(x;t)
@t  Kz+(1 n(xt)) K 3l +n(xt)

(4.4)

By allowing only the ratio of the phosphorylated fraction to \ary, we assume that the
overall amount of myosin in the stress bersis xed. MLC is phospbrylated by MLCK
with a maximum velocity V3 = r3MLCK and respective Michaelis-Menten constant
K 3. Here we assume that the concentration of MLCK is constant withitthe cell. The
kinase is antagonized by MLCP that dephosphorylates MLC with aate constantr 3
and Michaelis-Menten constantK 3. The factor | is an inhibition parameter de ned
below. Since MLCP has spatial dependent source terms and is dsible, the inhibition
of MLC by the phosphatase will vary in space.

To complete the biochemical modeling we have to specify howethinduction of
calyculin is treated in our model. Calyculin is an inhibitorof MLCP and thereby
enhances the phosphorylation level of MLC. We model the intaction of calyculin
with its target MLCP as a competitive inhibition leading to the additional factor |
in the last term of Eq. (4.4) [15]]. In the presence of calyculin > 1 (in absence of
the drug: | = 1) which e ectively increases the Michaelis-Menten constankK ; and
thus decreases the rate of MLC dephosphorylation. Hence more asjn motors will
be activated and cell contractility is stimulated. The indudion of the drug is then
modeled by switching instantaneously the inhibition parametefrom | = 1to | = 3.
Thereby, we omit the time delay caused by the internalizatiof the drug.

The used parameter values for the reaction-di usion system areabed on an ex-
tensive survey of the literature and are summarized in Tab4.3. If a range of values
is reported in the literature, we chose an intermediate valuéor this parameter. |If
no value could be found in the literature, we made reasonablessumptions based on
similar parameters in other systems. No attempt was made to t the @grameters to
some target function.

We rst analyze the properties of this reaction di usion system asuming that the
boundary force exerted on the focal adhesions is held at a caastlevel. This would
be the case if the myosin forces were in a stationary state and nagulated by the
biochemical signals emerging from focal adhesions. We imposg @al initial condi-
tions that all components (ROCK, MLCP-P and n) are at zero activation level but
set the boundary force to 5nN, a typical force observed for bidasts Q. This me-
chanical stimulation triggers the accumulation of active RGK at focal adhesions, see
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Time dependent reaction variables

Abbreviation Meaning Used value Reference values Ref.
ROCK activated form of ROCK 0:::5nM & 1nM [139
MLCP unphosphorylated form of MLCP | 0:::1:2 M 1.2 03 M [147
MLCP-P phosphorylated form of MLCP 0:::1:2 1:2 03 M [147
n fraction of active myosin 0:::1 | [MLC-PJ/[myosin]
Reaction constants
MLCK myosin light chain kinase 01 M & 100nM 142
M myosin concentration 30 M 25:::30 M [143
K1 Michaelis constant 5nM (no value)
K 1 Michaelis constant 47nM (no value)
K> Michaelis constant 01 M 0:10 001 M [139
K » Michaelis constant 15 M (no value)
Kz M Michaelis constant 20 M 521 71 M [144
345 28 M [13§
18 M [145
7:7:::960 M [144
19:::53 M [142)
20 M [147]
K s M Michaelis constant 10 M 10 M [148
ri rate constant 0:3nM=snN (no value)
V 1 maximum velocity 1:8nM=s (no value)
ro rate constant 24 1=s 236 0:10 1=s [138
R, maximum velocity 4:8 m=s rs Vp
vV, maximum velocity 0:1 M=s (no value)
rs M rate constant 10 1=s 200 0:36 I=s [144
3:85 0:095 Iss [13g
5:17 1=s [L45
7:37:::1713 1=s 146
70:::100 I=s [142)
4:64 1=s [147
Vs M maximum velocity 1:0 M=s rs MLCK M
r g M rate constant 21 1=s 21 s [148
D di. const. of MLCP & MLCP-P 14 m?=s 10:::100 m?=s [149
Vp e ect. react. vol. of FAs 20 m (no value)
I inhibition parameter 11 3 (no value)
Parameters of mechanical model
Fmax stall force 50nN (no value)
Vo maximum motor velocity 1:0 m=s 0:1:::1 m=s [150
a sarcomeric length 10 m 1.0 m 3]
k spring sti ness 45nN=m 457 nN=a [89
viscosity 45nNs m k =45:7nNs=a | [63, 89
L ber length 50 m 20:::80 m
Table 4.3: Model parameters based on literature search. We have set thenodel pa-

rameters such that they t into the reported range. The equation for the phosphorylated
fraction of MLC is normalized to the total myosin concentration denoted by M . In order
to make the involved reaction constants comparable to the lierature values we giveK 3,

K 3,r3,r 3zandVzscaled withM . Eq. (4.1 translates mechanical forces into biochem-

ical activation. For this reason the units of the rate constant r; are given as [nM-=s nN].

The typical equilibration time

k, using

of stress bers is of the order of a few seconds, see
Tab. 3.1 Therewith, we roughly estimate the viscosity value as

=1s.

Myosin activation by calyculin is modeled as competitive irhibition of the phosphatase.
The inhibition parameter | is switched instantaneously froml = 1 to | = 3. Some of
the reported values have been measured for the interactionsf protein fractions and not

for the native proteins. Furthermore, the experiments havebeen carried out on proteins

extracted from di erent species.

89
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Figure 4.5. Spatial dependence of the active myosin fractiom(x;t) at four di erent
time points t 2 f 305605 12051809 as well as for the steady state,ngs(x): We solve
the biochemical model implying the arti cial initial condi tions that all components are
at zero activation level, but set the boundary force to 5nN. Because of this mechanical
trigger at focal adhesions, MLC gets preferentially activaed at the boundaries via the
Rho-pathway leading to a steady increase of the myosin activiion level. Due to di usible
compounds in the Rho-pathway, the increased activation leveis smoothed out towards
the center of the cell.

Eq. (4.1), creating a sink for the active form of MLCP. Thus in those boudary regions
MLCK dominates and increases MLC phosphorylation. Closer to thcenter of the cell
MLC rather remains in its unphosphorylated form. The width ofthe interfacial region
of intermediate MLC-phosphorylation level is mainly deterrmed by the competition
between di usiveness and degradation of the phosphatase. Thestiar the di usion,
the wider the intermediate region. On a typical timescale of &w minutes all com-
ponents equilibrate to their steady state concentration prde, where MLC is highly
phosphorylated at the boundaries, but is poorly activated athe center of the stress
ber. In Fig. 4.5 we show the typical equilibration of the phosphorylated fragon of
MLC, n(x;t), as obtained from a solution of the full system of biochemicakaction-
di usion equations. Below we will argue that this phosphorylaibn prole of MLC
implies a spatially varying myosin motor activation leading ® an inhomogeneous stress
ber contraction.

4.4 The altered stress ber model

Stress ber contraction dynamics upon stimulation with the dug calyculin will be
described by the model developed earlier in secti@hl.l However, the model has to
be slightly modi ed to cope with the present situation. On the o hand, the myosin
motor activity can not be assumed to be constant along the ber wikh will give rise to
spatially varying contractile myosin stresses. On the other handhe bers are clamped
at both ends by focal adhesions which prevents large displacenis of ber elements.
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Figure 4.6: We model a stress ber as a string of viscoelastic and contrade elements
such that the spring sti ness k,, the viscosity

spatially. E.g.

n and the motor force Fy,, can vary
the latter will vary spatially due to diere nt myosin activity at the

periphery compared to the center. The displacement of a cetin site n is denoted by up.
In the following, we assume clamped ends as boundary condins, namelyu(0;t) O
0 wherelL is the total length of the ber.

and u(L;t)

This is in contrast to stress ber laser surgery experiments whetlae bers retract over

several micrometers and the external coupling, particularithe elastic crosslinks to the
surrounding, becomes important. In the present situation, dué the small absolute
displacements, we neglect these external viscoelastic inteliactterms. Also because of
this simpli cation we no longer have to distinguish between thenternal and external
viscoelastic properties of the ber. Thus we can drop the lenby indices and de ne
k=kn, = in and~=~j. Analog to the derivation presented earlier we start with
a discrete chain of Kelvin-Voigt bodies each of which contasran additional contractile
element. A schematic representation of the model is given ingzi4.6. At each site
n all spring forces, viscous drags and the forces built up by mot@roteins have to

balance:

0= ns2(Upsz  Up) n(Un  Up 1)+ Knsa(Upsz  Up)

(4.5)
kn(un Un 1)+ an+1 I:m
In contrast to the previous discussion, we allow that the spring stiess, the viscosity

as well as the motor force vary spatially. The continuum limitof the above equation
can be performed according to the scheme presented in sectit.3 The result is

given by:
@R (1) _
@x

n

a’ @@X(x)—@@+ @k(x)@@x u(x;t) + a

@0l @x (4.6)
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Figure 4.7: (a) Time course of boundary forceFy(t). The solution of the Volterra
equation, Eq. (4.11), indicated by circles, was calculated by applying an iterdion rule
further explained in the main text. The dashed line is the bowndary force deduced from
direct numerical solution of Eq. (4.9), which we include for comparison. For the assumed
initial condition @u(x; 0) 0, the boundary force increases from its non-zero value at
t = 0, given by Eq. (4.195 and quickly saturates at larger values. (b) We rst analyze
the solution of the mechanical equation Eq. ¢.9) by assuming a steady state myosin
activation level, nss(x), shown in Fig. 4.5. For this simplifying case where the myosin
activation level is not time dependent, Eq. (4.9) can be solved both numerically and
analytically. Fig. 4.7(b) shows the analytical solution Eq. @.10), indicated by circles,
whereas the direct numerical solution of Eq. 4.9) is indicated by dotted lines. The
solution is given at time points t 2 f 0:150:250:55 1:0s 3:0 53 as well as for the steady
state ugs(x), assuming the initial condition @Qu(x; 0) 0 and the boundary conditions
u(0;t) Oandu(L;t) O.

Note that the leading di erential operator @ acts on (x) and u(x;t). The same holds
for the second term. Ifk did not vary spatially, it would simplify to the Laplacian
k@ as it appeared in the previous chapter. The contractile foeck,, can be described
again by a linearized force-velocity relation and in this wabecomes depended on the
displacementu(x;t). The contraction velocity, which enters the force-veloty relation,

is given in the discrete picture av, = (U, U, 1), See also the discussion in section
2.1.1 Accordingly, in the continuum limit the contraction velocity is determined by
v(x;t) = a@u(x;t). This found expression for the contraction velocity is inseed
into the force-velocity relation Eq. .2 leading to:

Fm(xt) = Fs(x;t) 1+ %@@yixit) “.7)

In contrast to EqQ. (2.2), here the stall force is not constant but depends on the phospho
rylated fraction n(x;t) of MLC along the stress ber. This is due to the fact that along
a myosin mini lament and depending on MLC phosphorylation, adrger or smaller
fraction of myosin heads is able to bind to actin and perform AP-cycles. The more
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myosin heads are active the larger the maximum force that theulndle can exert to the
actin laments. In our model we regard the ensemble of myosins tlvin a cross section
of a stress ber as one large contractile unit with an e ective €ll force that depends
linearly on the active fractionn of myosin heads:

Fs(X;t) = Fmax N(X;t) (4.8)

The e ective stall force, F¢(x;t), would reach the maximum forceF 5« if all myosins
within this cross section would be workingf = 1). In the following we set Fnax =
50 nN which will result in boundary forces exerted by the ber babout 5nN which
corresponds to typical values observed in experimentd(]. Eq. (4.6) together with
Eq. (4.7) and Eqg. (4.8 lead to the nal model equation for the stress ber

ot kS U= SR @9)
where we have again introduced the e ective viscosity(x;t) = (x)+ Fs(X;t)=w, Sim-
ilar to proceedings in sectior?.1.], although here the e ective viscosity varies spatially.
Interestingly, only the variation of the motor force appearson the right hand side of
the equation. As a consequence, a homogeneous motor activity wot contribute to
the displacements within the string. To obtain some intuition ér this equation, assume
that the spatially varying stall force is given for example by he steady state solution
Ngs Of the reaction di usion system, depicted in Fig4.5, such that Fs(X) = Fpax Nss(X).
For this simplifying case where the stall force does not vary irinhe, Eq. (4.9) can be
integrated and the time dependent solution fou(x;t) is given by:

Z

(t)

X tot tot
uct) = u0;)+  dx® @u(x®to)e 5 Fs(x) 1 e o9
o ak(x9
1 g t ©t o
X 0
+a~(x‘be ( . Fo(t9e o0 dt (4.10)

Here, we have set (x) = ~ (x)=k(x), the typical equilibration time with which pertur-
bations decay at a certain position. For example the initial@nditions @u(x;to) can be
regarded as perturbations to the steady state and they decaytwiexp( t= (x)). The
three integration constants can be identi ed as the displaceemt at the left boundary
u(0;t), the force exerted to the left boundaryFy(t), and the initial strain along the
ber, @Qu(x;tp). They are determined by the boundary and initial conditiors. Exper-
iments by Peterson et al. 31] are arranged with cells on sti substrates to which the
ends of the stress ber are connected by focal adhesions. Therefathe appropriate
boundary conditions are clamped ends, namely(0;t) 0 andu(L;t) 0. From the
second condition one is able to calculate the missing integrati constantFy(t) for any
initial condition @u(x;tg). The force on the left boundaryF(t) is given as solution of
an inhomogeneous Volterra equation of the rst kind:
YA t
Kt tYFy(tYdt®= g(t) (4.11)

to
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with the kernel Z,
1 t (0

Kt t9= dx° e «9 4.12
t = o (4.12)

and the inhomogeneous parg(t) dependent on the initial condition @u(Xx; to):

Z L
F(x tot tot

v = dx° aéxg 1 e @  @uix®t)e o (4.13)

In order to solve the integral equation Eq. 4.11) for Fy(t), we calculate its time deriva-
tive, leading to:

O N 0
Fo(t) = © KO . K(t tYFy(t)dt (4.14)
This equation yields an explicit expression for the initial fce Fp at t = to:
_ d(to)
Fo(to) = K (0) 60 (4.15)

By inspection of the kernel Eq. 4.12 and the inhomogeneous part Eq.4.13 one nds
that the initial force on the boundary has a nite value, evenfor the initial condition
@Qu(x;tg) 0. Eq. (4.19 also yields an iteration rule for the time course oF(t), by
applying a quadrature, whereFy(to) from Eq. (4.15 is used as a starting value. The
solution for Fy(t) is shown in Fig.4.7(a). The boundary force is rising from its initial
value and then quickly saturates at about 8nN. The result for Fy(t) can then be
set into the general solution (Eq. 4.10) for the displacementu(x;t) along the ber.
Fig. 4.7(b) shows this solution by using the steady state activation level fahe myosins
(Fs(x) = Fmax nss(x)), shown in Fig. 4.5, and assuming the initial condition@u(X; to)

0 as well as the boundary conditionsi(0;t) 0 andu(L;t) 0. Beside the analytical
solution, indicated by circles, we also included the direct nuemical solution of Eq. @.9)
for comparison. The numerical solution was derived by using tHdATLAB algorithm
\pdepe". The sinusoidal shape of the functiom results from stronger contractile motors
close to the boundaries causing the ber elements to displacdarthe direction of the
boundaries. Hence the displacement is positive (negative) along the right (left) half
of the ber. It is worth noting that the mechanical equilibration of the stress ber
occurs within seconds in contrast to the biochemical system whiequilibrates over
minutes.

4.5 The coupled feedback system

We already argued that the system of focal adhesions and stress rbexhibits a closed
biochemical and mechanical positive feedback loop. Despithig fact the previous
results were derived under the assumption that the mechanicgliriggered biochemical
signals at FAs originate from a constant force. In order to modehe full biological
system, the varying boundary forces have to be fed back into trexjuation describing
the mechanotransduction Eq. 4.1). Since the stress ber model does not include any
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crosslinks (e.g. intermediate contacts to the substrate) the msion  within the ber
has to be constant and therefore equals the boundary forces:

Fo(t) = (x=0) = a~(0;1)@@u(0; 1) + ak(0)@u(0; ) + Fs(0; 1) (4.16)

This relation now connects the biochemical signaling to the echanical deformation of
the stress ber. Thus, the coupled system of reaction equations E(.1) to Eq. (4.4,
and the mechanical equation Eg.4.9 have to be solved simultaneously. This can
be done numerically by using the MATLAB algorithm \pdepe". The whole system of
equations and the used parameter values are summarized in Tab2 and Tab. 4.3
respectively.

By performing a steady state analysis, described in great detait ichapter 5, we
nd that this system of equations exhibits two stable steady state for the used param-
eter values: the rst state is characterized by a generally lowctivation level ng(x) of
the myosin motors resulting in marginal boundary forces, wheas in the second state
myosin motors are non-uniformly activated and the exerted foes reach a few nN. This
bistability is characteristic for a positive feedback systemlp]. The rst\non-active"
state would correspond to cells that failed to establish mechamal stress whereas the
second \active" state corresponds to cells that are well adhatdo the substrate. In
order to simulate the drug experiments by Peterson et al3], we start with the system
residing in this active state and then we perturb the system at t=Cby triggering the
stimulation with calyculin. This is modeled by instantaneous} switching the inhibition
parameter froml =1to | = 3, thereby omitting the time delay caused by the internal-
ization of the drug. The stimulation with calyculin reduces he phosphatase activity
and elevates the myosin activation level everywhere leading a quick increase in the
boundary forces exerted by the stress ber. The time course ofdlforce exerted on the
focal adhesions is shown in Figl.8(a). Subsequently, the positive mechanical feedback
triggers additional signaling at focal adhesions activatingiyosin motors preferentially
at the cell periphery. This results in strong spatial gradientsn myosin motor activity,
see Fig.4.8(b). The strong peripheral motors then contract the ber at the epense
of the central regions where the ber has to elongate. This pabe further analyzed
by using the numerical solution for the displacementi(x;t). The steady states of the
displacementugs before and after stimulation with calyculin are shown in Fig4.9(a).

The stimulation strongly increases the displacement along theber resulting in
substantial contraction of the ber close to the boundaries buin expansion around
the cell center. This nding becomes more apparent in the showstriation pattern
calculated from the displacement after stimulation (upper stng) compared to the
striation pattern of a completely undistorted ber (lower string). The bands close to
the boundaries have been contracted whereas the bands arduhe center have been
expanded, compare Fig4.1Q We have to stress the fact that the presented stress ber
model is continuous, thus the model cannot distinguish between-actinin bands or
MLC bands. The color code in Fig4.9(a) and Fig. 4.10is therefore arbitrary. We also
derive the local relative change of density within the ber wich is given in general as
the negative trace of the strain tensor ¢ = ( 0)= o= tr(u;). Since the model
is one dimensional this simplies to o = @u(x;t), plotted in Fig. 4.9(b). The
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Figure 4.8. (a) At t = 0 calyculin is added to the system. Then myosin motors
along the lament get activated and further increase the tension within the ber. The
time course of the forceFy(t) transduced to the boundaries is shown. (b) Steady state
pro le of the active myosin fraction before stimulation wit h the drug (dash-dotted line),
after stimulation including the mechanical feedback (sold line) and after stimulation
but neglecting the mechanical feedback (dashed line). Forhe latter case, homogeneous
induction of the drug causes an almost uniform elevation of rgosin activity. Slight
di erences between center and periphery persist but rathermarginally extend, whereas
the closed feedback system results in an ampli cation of thespatial di erences of myosin
activation.

local relative change of bandwidth at a certain position witn the ber, is then simply
given by: (W(x;t) wp)=wp = rel (X;t) = @u(x;t). The gure shows that the
inhomogeneous motor activity causes a contraction of the bds of about 55% close to
the ber ends (the relative change in density is positive), wheas the pattern expands
up to 15% at the middle of the ber (the relative change in densy is negative).

The experimental time course data for the sarcomere length shovin Fig. 4.3 is
intrinsically averaged over a certain area in the peripherand central regions of the
cell. In order to compare the model results with the experiméal nding we therefore
de ne similar central (center 10 m) and peripheral (edges 10 m) regions of the
cell, indicated by vertical lines in Fig.4.9(b). The expected sarcomere length at a
certain position along the ber is given by

W(X;t) = wo+ u(X+wp;t) u(x;t) or w(x;t) = wo(1+ @u(x;t)) for wo L (4.17)

In the following analysis this measure is averaged over the ded central and peripheral
regions, respectively. The deduced time courses for the meantpen bandwidths in the
distinct regions are shown in Fig4.1Q The expected steady state striation patterns are
illustrated as insets. Upon stimulation with calyculin, the perpheral mean bandwidth
shrinks from its initial value of about @97 m down to 0:.83 m, whereas in the central
regions, the bands elongate from about@3 m up to 1:13 m. Interestingly the inital
mean bandwidth at the center and periphery yet di er in the intial unperturbed steady
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Figure 4.9: (a) Steady state solution of the displacementuss(x) along the ber be-
fore (dashed line) and after (solid line) stimulation with calyculin. The stimulation
strongly increases the deformation of the ber resulting in substantial distortion of the
expected striation pattern (upper line) compared to the striation pattern of a completely
undistorted ber (lower line). The upper striation pattern was calculated from the dis-
placement data. The bands close to the boundaries have beeromtracted (about 55%)
whereas the bands around the center have been expanded (akoli5%). (b) Relative
change in density along the ber in the steady state before simulation with the drug
(dashed-dotted line), after stimulation with the drug inclu ding the feedback (solid line)
and after stimulation but neglecting the mechanical feedb&k (dashed line). Positive val-
ues correspond to a compression of the ber, whereas negagwalues indicate elongation.
In case of the closed feedback (solid line) the ber stronglycontracts close to the bound-
aries up to 55% but elongates at the center about 15%. In ordeto compare the model
results with the experimental ndings, we arbitrarily de n e central (center 10 m) and
peripheral (edges 10 m) regions of the cell, indicated by vertical lines.

state of the cell (03 m compared to 097 m). This results from the fact that the
unperturbed ber already exerts moderate forces on the fotadhesions which results
in slight spatial gradients in myosin activation. These gradiels then sharpen upon
stimulation with calyculin, see Fig. 4.8(b) and Fig. 4.9(b). The model results agree
qualitatively with the experimental ndings by Peterson et d. [31] and the quantitative
measurements are within the same order of magnitude, comparegF4.3. It is worth
mentioning that the amplitude of contraction or elongationof the ber scales inversely
with the ber stiness k: the softer the ber, the stronger the mechanical deformation
will be. Thus, a lower k value would simply explain the reported higher values for
sarcomere contraction of about 30-40%. In our calculation wesedk = 45nN= m,
a value reported by Deguchi et al§9]. The experimentally measured equilibration
time of the stress ber upon stimulation is about 20 min (Fig.4.3) which compares to
about 3 min for the model results. These quantitave di erence ginate from two model
simpli cations. First, we lump the focal adhesion associated presses into one equation
and thereby shortcut the activation of ROCK and neglect prioractivation steps of
e.g. Rho-Gef or Rho-GTPase. Considering these steps would causeaalditional
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Figure 4.10: Time courses of the mean bandwidth of the ber in the center (Wper
curve) and in the periphery of the cell (lower curve). The shavn values are averages of
the bandwidths at the center 10 m for the central region and at the edges 10 m for
the peripheral region. The de ned intervals are also shownmn Fig. 4.9(b). The expected
steady state striation patterns for the two distinct regions are shown as insets. These
results agree qualitatively with the experimental ndings by Peterson et al., shown in
Fig. 4.3

time delay. Secondly, the stimulation with calyculin happes instantaneously in the
model omitting the time delay caused by the internalization bthe drug. Re ning
the model and eliminating these simpli cations will further decrease the di erences in
equilibration times.

To highlight the importance of the mechanical feedback wesd include the expected
results for a system neglecting this feedback shown as dasheddimne Fig. 4.8(b) and
Fig. 4.9(b). Here the homogeneous induction of the drug causes an almostfarm el-
evation of myosin activation within the cell. Slight di erences between cell center and
cell periphery would persist but rather marginally extend (Fg. 4.8(b)). In fact stim-
ulation also here leads to ampli ed distortions of the striatio pattern. However, the
changes in bandwidths are signi cantly smaller compared to thsystem incorporating
the feedback (Fig.4.9(b)). Thus, the closed biochemical and mechanical feedback loop
is an essential feature required to describe the strong distortis of striation patterns
upon homogenous drug induction.

4.6 Summary and outlook

In this chapter, we presented for the rst time a mathematical nodel for the closed
mechano-chemical feedback loop triggering the upregulati of focal adhesions and
stress bers which is typical for cell culture on sti substrates. h regard to the bio-

chemical part, we presented a reaction-di usion model for Rhsignaling from focal

adhesions towards stress bers. Our modeling is based on an exteasieview of the

literature, which provides the list of diusion and reaction onstants summarized in
Tab. 4.3

In regard to the mechanical part, we extended the stress ber nael presented in
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chapter 2, in order to take into account the spatial varying viscoelasti@and contrac-
tile properties of the sarcomeric units. These variations redulrom spatial gradients
of the biochemical signal that regulates the myosin activity lang stress bers. The
biochemical signal couples into the stress ber equations bytating the stall forces of
the molecular motors. The established actomyosin forces are misamitted back to focal
adhesions where they are treated similar to an enzyme that céyaes Rho activation.

Combining the two model parts in the described way results in aomplete model
for the mechano-chemical feedback loop of intere&. By solving the complete model
numerically, we can reproduce several experimental ndingsy Peterson et al. B1l].
By means of our model, we can explain the slight di erences irhé mean pattern
bandwidth at the center and periphery of unperturbed cells,awell as the unexpected
sharpening of the spatial gradients upon stimulation with a howwgenously distributed
drug. According to our model, the observed contraction of sarowric units at the
periphery, and their elongation at the center, result from a sgial gradient in myosin
activity, which is induced by the di usive biochemical signal Such spatial di erences in
myosin light chain phosphorylation have indeed been found irxperiments by Peterson
et al. [31]. Most importantly, we also demonstrate that the positive mechao-chemical
feedback has to be taken into account, in order to explain thexperimental ndings.

In general, our work shows how coupling of mechanics and biechistry can be de-
vised in a meaningful way. Furthermore, our model can be addr®ed to other issues in
the context of cell adhesion. For example, we nd that the desityed positive feedback
loop can lead to bistability between highly contractile cefl and cells that fail to es-
tablish actomyosin contractility. The bistability in the model system will be discussed
thoroughly in the next chapter where we focus on cellular bekior on soft substrates
and implications for the rigidity sensing of cells.

In order to close the mechano-chemical feedback loop in a cizecway we neglected
several aspects which might play a role in the considered systemhély are discussed
below and should be regarded as starting points for future molde nements.

Although in principle possible, our model does not account forectain spatial vari-
ations in mechanical properties along stress bers. For exanglmDia, a down stream
target of Rho, regulates actin polymerization and thereby imght locally change the
mechanical properties of stress bers. The (de-)polymerizain of actin laments could
in addition depend on the local stress within the ber 104. As described above, Rho
also regulates the phosphorylation level of MLC and in this wagontrols binding of
myosin heads to actin laments. Myosin, arranged in mini lamems, can be regarded
as a crosslinker of actin laments when MLC is phosphorylated. Aus, a lower phos-
phorylation level of MLC, as it is found experimentally at tre center of the cell, might
also locally change the rigidity of stress bers.

Furthermore, myosins or crosslinkers can also unbind from actifaments and dis-
sociate from stress bers. In order to account for such processes, ameuld have to
consider further rate equations for the on- and o -kinetics bthese proteins. Another
aspect which we have neglected in our presented model is thetféoat, over long time
scales, focal adhesions are not stationary with respect to the sufze. It has been
shown that force induced growth of focal adhesions is prefetiatly in the direction
of the applied force, that is usually towards the center of theell [39). In addition,
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Figure 4.11: A brief outlook on the double sni er model. (a) Suggestion fa the reaction
network which regulates Rac and Rho activity during early cdl spreading. Protein names
are included when reactions are known from the literature . The reaction network has
been implemented in Copasi 157 in terms of rate equations. (b) Best model t to
the measured times courses of Rho-GTPase activity. Experimaal time course of Rho-
activity has been reproduced from L53. Del Pozo et al. [L54 reported a transient
increase in Rac within 20 min after cell spreading. Model cues are given as solid lines
and are in agreement with the experimental data.

focal adhesions detach at their back end. This leads to an etae movement of focal
adhesions towards the center of the cell. Simultaneously, withe ber is shortening,
tension is expected to be released in the stress ber which in tughanges the initiation
of signals at focal adhesions.

The presented biochemical pathway can also be understood only @ rst attempt
to account for one major aspect in cell adhesion, that is the matation of focal ad-
hesions and contraction of stress bers in a Rho dependent mamneAs described
in the introduction of this chapter, the regulatory network at focal adhesions is far
more complicated as the considered Rho-GTPase pathway. Foistance, it has been
shown, that not only Rho-GEFs are associated with the adhesionggue but also cer-
tain GAPs, which deactivate Rho. This interplay between actiating and deactivating
factors during early cell spreading leads to (1) an initial dectivation of Rho-activity,
(2) a subsequent increase in Rho-activity and (3) a downreguiah of Rho-activity on
the long term [153, see Fig.4.11(b). It remains elusive which of these processes are in-
duced by chemical signals or depend on mechanical stress. Rattvatton has also been
measured and shows a fast transient increase in early cell spregd[h54. The time
course of Rac and Rho-activation can be understood in terms @fte equations (no spa-
tial coordinate, no mechanics) assuming that Rac-activationsawell as Rho-activation
can be described by a sni er motive]€). In addition, the fast Rac-sni er presumably
inhibits the slow Rho-sni er and causes the early decrease in Riaativation. The re-
action network is illustrated in Fig. 4.11(a) and the best model t to the data is shown
in Fig. 4.11(b).

This reaction network is a suggestion for a further re nement fothe biochemical
signaling which originates at focal adhesions. However, befditgs network can be
incorporated in future studies of the mechano-chemical felegick system, detailed ex-
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perimental analysis is required. Such experiments should bermed at (1) measuring
the missing reaction constants (reducing the number of free Eaneters) and (2) at
resolving the relative contributions from chemical or mechacal factors that lead to
Rho-GTPase activation.
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Chapter 5

Cellular response to sti ness

In the previous chapter we have developed a reaction di usiosystem for the Rho-
GTPase pathway and presented how the biochemical signaling @maicts with the stress
ber contraction mechanics. The resulting mechano-chemidglcoupled system essen-
tially constitutes a positive feedback and we have demonstratéhat accounting for this
simple regulatory motive is su cient to understand the inhomogneous contraction of
stress bers upon stimulation with a drug. In general, positivededback systems also
have the potential to show bistability. The emergence of bistality within our model
has been noted previously but now will be investigated in moreethil. In contrast to
the previous chapter where we have focused on spatial and temglovariation of the
stress ber deformation, here, we will focus on the boundary foe as a state variable.
In this way we are able to perform a stability analysis of the maal. As boundary force
we understand the force that the bers exert at their terminatng ends on the focal
adhesions. In addition, we will generalize our model to the casé deformable bound-
aries representing soft substrates. The substrate sti ness will theserve as a control
parameter in the stability analysis. Finally, we will discuss theconsequences of the
intrinsic bistability and how it e ects the capability of cell s to establish a contractile
state on a soft substrate. Furthermore, we will point out several gssibilities how the
model predictions could be tested in future experiments.

5.1 Bifurcation analysis

In this section we search for the di erent xed points of the mebano-chemically coupled
system de ned in the previous chapter. All equations and theiraupling to each other
remain the same. We also reuse the parameter values presented ab.T4.3 except
that two values are marginally changed t&K ; = 7nM (formerly 4:7nM) and V ; =
1:7nM/s (formerly 1:8nM/s). The values for these two parameters are not known
from the literature and are chosen to be within a reasonable rge compared to similar
parameters in our model. More importantly, we introduce ma general boundary
conditions for the mechanical stress ber equations to accoufor the case that cells
are exposed to a soft substrate. In such a situation, at each ber enthe viscoelastic
stress within the ber has to be balanced by the elastic restorindgorces from the
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Figure 5.1: Same ber model as it was introduced in the previous chapter.The elasticity
of the substrate is accounted for by an additional spring of § ness ky connected in series
at each end of the ber. Other viscoelastic interactions of the ber with its surrounding
will be neglected in this chapter.

substrate:
at x=0;L: a@u(x;t)+ ak@u(x;t) + Fs = kpu(x;t) (5.1)

In our one-dimensional model, the soft substrate is accountedrfby an additional
harmonic springk, connected in series at each end of the ber, see Figl The upper
sign is valid forx = 0, the lower for x = L. These boundary conditions are similar to
the ones used to describe the stress ber nanosurgery experimentéere, all internal
viscoelastic forces had to balance at the position of the cut. &ua situation is described
by a free boundary and obtained by settind, = 0 in the above equation. In contrast,
a clamped boundary is obtained by performing the limik, ! 1 . In this way, all types
of boundary conditions used so far are contained in the upperrfoulation.

The boundary sti ness k, modeled by a simple spring accounts e ectively for the
sti ness of the substrate. In general, one would have to solve thelfcontact mechanics
problem to obtain an accurate value for this e ective sti nesk,. Not only the size, but
also the geometry of the adhesion plays an important role in tee contact mechanics
problems [L55. However, given a certain geometry, the e ective sti nesg, is expected
to be proportional to the substrate stiness. The stiness of the substate should
be understood as the Young's moduluss, or the shear modulus,G, of an isotropic
elastic material. These two elastic moduli are proportional t@ach otherG = E=(2 +
2 ). The proportional constant involves Poisson's ratio which evaluates to @ if the
material is incompressible. The latter is roughly true for mosiaterials that are used
as substrates for cells. The measurement of either one thus detémes the other. A
common material that is used for cell experiments is for exartgpolydimethylsiloxane
(PDMS) whose mechanical properties are tunable during pregaion. There exist also
standard techniques to nally measure the achieved shear or Yog's modulus of the
prepared substrates. In this spirit, the substrate stiness can be udeas a physical
parameter in a biological experiment that is easy to controlrad easy to measure.

These are the main reasons for choosing the non-dimensional eatf substrate
sti ness over internal ber sti ness, kp=k, as a control parameter in the following steady
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Figure 5.2: (a) Bifurcation diagrams for the exerted boundary force Fy, reached
in the steady state. The varied parameter is the non-dimensioal stiness ratio
kp=k. Bifurcation diagrams are given for dierent values of the inhibiting factor
| 2 f0:75,0:82 1:0; 1:59. The stable upper branch (blue) corresponds to a highly con-
tractile cell, the stable lower branch (red) corresponds toa non-active cell. The unstable
branch is shown as dashed line. Saddle node bifurcation pdi are highlighted as black
dots. When decreasing , rst the lower bifurcation point and later also the upper bi furca-
tion point is lost within the considered window for the sti n ess ratio. A three-dimensional
representation of this plot is given in Fig. 5.3. (b) Equivalent bifurcation diagrams for
the substrate deformation reached in the steady state. The alor coding is as in (a).

state analysis of our model. The second parameter which we havesen to vary is
the factor of inhibition, 1, which we introduced previously to account for the inhibitoy
e ects of calyculin on myosin light chain phosphatase. Since lgaulin inhibits the
phosphatase [ > 1) it e ectively increases myosin light chain phosphorylationand
thereby enhances actomyosin contractility. As a consequencalues forl > 1 (I < 1)
lead to higher (lower) myosin activity. | = 1 corresponds to the unperturbed system.
Compared to the substrate sti ness, however, this reaction paraeter is much less
controllable in experiments.

In general, the stationary model solution comprises the compéedisplacement eld
along the stress ber as well as the concentration pro les of ldbiochemical components.
In order to have a simple measure of the approached steady state ingoduce the
absolute value of the boundary forcd-, as a state variable. This force is equivalent
to the tension within the ber and can be calculated by using eher side of Eq. 6.1).
Another interesting measure is the deformation of the substratehich is simply given
by the absolute value of displacements at the boundarigs(0;t)j = ju(L;t)j. It is
important to note that in the steady state, the mapping from thecomplete solution
onto one of these two state variables is bijective. This is trubecause the boundary
force fully determines the steady state activation prole whth in turn de nes the
steady state deformation of the ber. However, such a bijective apping is of course
not possible during the equilibration process. Here, the same baary force may
originate from di erently deformed bers.
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Fig. 5.2(a) shows the bifurcation diagram for the boundary forcé,. The upper
blue and the lower red branch represent the stable xed points ¢he model for di erent
values of the sti ness ratioky=k. The unstable branch is indicated as dashed line. It
connects to the stable branches at two saddle node bifurcatipoints, marked by black
dots. The stable upper branch corresponds to a highly contratdi cell whereas the
stable lower branch corresponds to a non-active cell that faito establish a contractile
state. Both branches increase monotonically with the substratsti ness. Thus, the
sti er the substrate the higher will be the exerted forces in thecontractile or even in
the non-active state. However, it is important to note that theupper branch quickly
saturates at a certain force level for high sti ness ratios. The shess range between
the two bifurcation points (if both exist) de nes the region d bistability. On softer
substrates the non-active state is the only stable xed point whreas on sti er substrates
all cells are forced into the contractile state.

We have calculated this bifurcation diagram for di erent vdues of the inhibiting
factor I. From Fig. 5.2(a) it can be deduced that for all considered values of the
inhibiting factor there exist a critical sti ness ratio below which the upper stable branch
vanishes. As a consequence, on very soft substrates, cells can notkdista a highly
contractile state. This critical value, which depends on thenhibiting factor, is just
given by the sti ness ratio of the upper left bifurcation point When the factor | is
decreased, both bifurcation points move to higher sti ness rais. Forl = 0:82 and
for lower values, the lower right bifurcation point is lost witin the considered sti ness
window. The upper left bifurcation point will be also lost for sightly lower values offl
and the lower branch which corresponds to the non-active state the only remaining
attractor. These results are not surprising since decreasirigleads to an increase in
phosphatase activity and subsequently to a decrease in myosin a@uatility. Thus, if
| is low, the positive feedback is suppressed.

Fig. 5.2(b) shows the bifurcation diagram for the substrate deformation.tlessen-
tially contains the same information as the bifurcation diagam for the boundary force
since the substrate deformation is simply given biF,=k,. Nevertheless, this represen-
tation reveals some notable features. For example, the upperabte branch exhibits
a maximum at an intermediate sti ness ratio. This is because onhe one hand the
contractile forces sharply decrease with decreasing substraterstss as the left bifur-
cation point is approached, compare Figh.2(a). Thus, also the resulting deformations
decrease in the vicinity of the left bifurcation point. On theother hand, the exerted
forces saturate for large sti ness ratios. As a consequence, thefaenations roughly
decay proportional to ¥k, for high sti ness ratios.

This nicely depicts the dilemma experimentalists have to facwhen they perform
experiments with cells on soft substrates and want to measure thmesulting substrate
deformations. They are \caught between a rock and a soft place'On a very sti
substrate, cells are able to build up high forces but since the sstbate is so sti the
caused displacements are very small and hardly measurable. O thther hand, if the
substrate is very soft, cells can not exert large forces, thus tiseibstrate deformations
are also very small and hardly measurable. There is only a smallndow of suitable
substrate sti ness over which cells reach a contractile state anithe substrate is still
soft enough to allow for measurable deformations.



5.1 Bifurcation analysis 107

The bifurcation diagram for the substrate deformation has alsteen calculated
for di erent values of the inhibiting factor 1. One can deduce from the gure that
the maximum of the upper branch is more pronounced when thed@ar of inhibition
is high. When| decreases also the maximum decreases and simultaneously shift to
higher sti ness ratios.

5.1.1 State diagram

In the previous section we have calculated the xed points ofup model and thereby
used the sti ness ratiok,=k as a control parameter. By simultaneously varying a second
parameter, the factor of inhibition |, we obtained the family of bifurcation diagrams
shown in Fig.5.2(a) or Fig. 5.2(b). This analysis can be performed more thoroughly
by systematically sampling the two-dimensional parameter spa¢k,=k;1). The stable
and unstable branches then become surfaces de ned over thegaeter plane ky,=k; 1)
illustrated in Fig. 5.3 from two di erent view points. Over a certain domain of the
parameter space this surface folds over on itself. If the systensiges in the upper
branch and is pushed to the edge by an appropriate parameterasige it is forced to
drop onto the lower branch. This large jump corresponds to a tastrophic change
of the system 15€4. In the present situation the jump means the transition from tke
contractile to the non-active state.

The two folds where the surface bends over just de ne the two lifcation curves.
These curves are the parameterized positions of the two bifateon points. Their
projections onto the parameter plane are illustrated as dastidines in Fig. 5.3, This
projection yields the two-dimensional stability diagram fothe model sketched up again
in Fig. 5.4(b). There, the position of the bifurcation point that terminates the lower
branch is shown in red. The curve for the other bifurcation pot is shown in blue. The
two bifurcation curves divide the parameter plane K,=k; 1) into three regions. Each
region is labelled according to the existing xed points. Bothin the lower and upper
regions there exists only one stable xed point which correspda to a non-active cell
or a contractile cell, respectively. In the region of interndiate values forl there exist
three xed points two of which are stable and one is unstable. lis in this parameter
region where the model system becomes bistable and the two phasksontractile and
non-active cells coexist. In this parameter range, in pringle, transition between these
two states could be provoked by a large enough perturbationdim the steady state.

It is noteworthy that both bifurcation curves are bounded b&®w. This can be shown
by calculating the bifurcation diagram for the case of an in iitely sti substrate and
using the factor of inhibition | as the only control parameter. The resulting diagram is
shown in Fig.5.4(a). Within a certain range of the parametell the systems still exhibits
bistability. Thus, the position of the two bifurcation points in Fig. 5.4(a), more precisely
their | -coordinate, determines the asymptotes for the bifurcatioonurves in Fig.5.4(b)
in the limit of high substrate sti ness. The found asymptotes, namgi| =0:68 0:01
(blue) and1 =0:91 0:01 (red), are given as dashed lines in Fi§.4(b). The fact that
the blue bifurcation curve is bounded below has the follomgnconsequences: There
exists a certain value of the inhibition factor, that isl =0:68 0:01, below which the
only stable xed point is the non-active state irrespective oftie substrate sti ness. This
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Figure 5.3: Three dimensional bifurcation diagram of the steady state lmundary force
Fp depicted from two di erent view points (a) and (b). The varie d parameters are the
factor of inhibition | and the sti ness ratio kp=k. The colored planes represent: the stable
upper branch (blue), the stable lower branch (red) and the urstable branch (grey). The
boarder line between the stable branches and the unstable bnch de nes two bifurcation
curves highlighted by red and blue solid lines. Projectionsof these two curves onto the
parameter plane are shown as dashed lines of respective coloThe bifurcation curves
are bounded below atl =0:68 0:01 (blue) andl =0:91 0:01 (red).
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Figure 5.4: (a) Bifurcation diagram of the steady state boundary forceFy for the case of
an in nitely sti substrate. The varied parameter is the fac tor of inhibition |. The stable
upper branch (blue) again corresponds to a highly contractie cell whereas the stable lower
branch (red) corresponds to a non-active cell. The unstable kanch that connect the two
saddle node bifurcation points is shown as dashed line. Theao bifurcation points (black
dots) are located at (068 0:01;2:36 0:05) and (0:91 0:01;0:81 0:01). (b) Stability
diagram: The two bifurcation curves divide the parameter plane into three regions. Each
region is labelled according to the existing xed points. In the bistable region, there
exist three xed points: one is unstable, and the other two carespond to the non-active
and the contractile state, respectively. Both bifurcation curves are bounded below, their
asymptotes are given by the position of the bifurcation poirts in (a) and are included as
dashed lines of respective color.

is due to the fact that decreasing leads to an increase of the phosphatase activity and
subsequently to a decrease in myosin contractility. Thus, if falls below this critical
value, the positive feedback is suppressed to such an extend that@ntractile state is
no longer possible.

It can be deduced from Fig.5.4(b) that for very low sti ness ratios, kp=k, the two
bifurcation curves seem to converge. However it is not clear tiiey simultaneously
diverge to in nity or if they mutually annihilate in a cusp point at a nite value for
I. In order to determine the location of a possible cusp point we stdily increased
the parameter| and subsequently screened for the two saddle-node bifurcatiorite
highest value for the inhibiting factor that still allowed di erentiation between the two
bifurcation points wasl = 19:7 where the upper left bifurcation point (blue) was found
to be located at ky=k;F,) = (2:3463 10 ® 10 7;1:13 0:02) and the lower right
(red) at (kp=k;F,) = (2:3464 103 10 ’;1:.06 0:02). For even higher values of
the two bifurcation points could no longer be separated and nbifurcation could be
detected. However, this might be simply due to insu cient numeical precision. On the
basis of our numerical study a clear statement cannot be made aadmore thorough
investigation of the stationary system would be necessary to deteine the location of
a possible cusp point.

So far we have studied the stability of our model only under vaations of the
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two parametersky,=k and I . However, due to the simple structure of the biochemical
pathway, it is just a sequence of activating or inhibiting enzyme reactions, the above-
mentioned properties of the model seem to be qualitativelyae for small variations in
every other reaction parameter. For example the role d¢f could also be taken over by
a parameter which in contrast inhibits the positive feedbackThis would only invert
the | -axis but the qualitative shape of the surfaces would remain changed. We have
veri ed this explicitly for a small set of parameters.

5.2 Probing hysteresis in cell adhesion

The existence of bistability within a certain range of substrateti ness gives rise to the
possibility of hysteresis in cell adhesion. In the following we sggst and analyze three
experiments that should allow to probe such a hysteresis cycleinglly, we discuss how
these experiments could be realized.

5.2.1 Cyclic varying sti ness

In order to reconstruct a hysteresis cycle, the system has to be peged initially in
one of the two stable states, say the highly contractile state. Byeducing the substrate
sti ness su ciently slowly, that the system can adapt and remain in a quasi steady
state, it will follow the upper stable branch until it reaches te bifurcation point. Here,
the upper branch becomes unstable and the system is forced inteetnon-active state.
When the control parameter is increased again, the system willest on the lower branch
while it passes below the left bifurcation point. Subsequentlyt will reach the right
bifurcation point, where the lower branch becomes unstabl&hus, the system is nally
forced again onto the upper branch and the hysteresis cycle issed.

If one had full control over the system, a very well-de ned expement would be
to expose the cells to a cyclic varying substrate stiness. Therepbyhe range over
which the sti ness varies has to exceed the bistable region. Rhermore, the period
of the oscillation should be much larger than the typical equbration time of the
system, if one wants to assure that the system essentially follows tetable branches
as the control parameter is varied over time. We have simuladethis experiment with
COMSOL Multiphysics for a cyclic sti ness ratio of the following form:

1 1
kp(t)=k =10 2+10 57 écos!t (5.2)

The upper function describes a sinusoidal oscillation of amplile 5 with o set of 5
and angular frequencyl =2 =T, whereT is the period of the oscillation. Att =0 it
starts at its maximum and reaches its minimunk,=k = 10 2 att = T=2. The system
response to this cyclic mechanical input has been calculateor fdi erent periods T.
The resulting time course of the exerted boundary forces aréustrated in Fig. 5.5. As
expected, for very large periods, the system follows essentiakthifurcation diagram,
seeT =1d in Fig. 5.5 The area of the hysteresis cycle rst increases with the angular
frequency and reaches a maximum fof = 4300s, the red curve in Fig.5.5 For
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Figure 5.5: Time course of contraction forces for a cyclic varying subsate sti ness
with period T 2 f 50052400s54300s4h;1dg. The area of the hysteresis cycle reaches
its maximum at T =4300s 100 s highlighted in red. If the cycle has a very large period,
then the time course of the force approaches the stable brahes of the bifurcation diagram
(black and fat lines). Arrows indicate the direction of rotation. The assumed factor of
inhibition is | = 1:0, representing a biochemically unperturbed system.

very high angular frequencies the hysteresis cycle tighten w@again. The resulting
dependence of the encircled area on the periddis further illustrated in Fig. 5.6(b).
As noticed before, the function exhibits a clear maximum atl = 4300s 100s. For
very large T, the function is bounded below by the area encircled in the fioircation
diagram (the quasi steady state cycle). In addition, the functin also shows a faint
maximum for very small T. This is partially due to the fact that, in this regime, the
trajectories do not close up on itself after the rst cycle, comare Fig. 5.6(a).

The maximum in encircled hysteresis area arountl = 4300 s results from the inter-
play of di erent time scales. If the angular frequency is verydw, both, the biochemical
environment, as well as the mechanical state of the ber foloin a quasi steady state.
If the frequency increases, the biochemistry begins to lag batithe varying mechanical
input. For example, when the sti ness decreases in time, the lthemistry conserves
the passed activity and the system can maintain higher forces ohé soft substrates
than actually appropriate. However, the overall exposure timto the soft environment
is large enough to cool the system down, close to the inactive statThus, a similar
lagging occurs when the sti ness subsequently increases in tinmiEhis is not the case,
if the angular frequency is high,T < 4300s. Then, the exposure time to the soft
environment is not large enough to fully cool the system down. A& consequence it
can maintain an anomalous high contractile state even untit leaves again the soft
environment, see e.gT =500s in Fig. 5.5. This is the reason why the hysteresis cycle
tightens again for further increasing frequencies.
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Figure 5.6: (a) Time course of the boundary force for two cycles in substate sti ness

with period T =240s. The rst cycle is not closed but the second cycle setéés down to
the rst trajectory. (b) Area of the rst hysteresis cycle in the force in dependence on the
period T, compare also Fig.5.5. The main maximum is reached forT = 4300s 100s.

The lower maximum is partially due to the fact that rst cycle s are not closed for small
periods, compare (a).
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Figure 5.7: Time course of the substrate deformation for a cyclic varyirg substrate
stiness with periods as in Fig. 5.5. The curve highlighted in red corresponds to
the largest hysteresis cycle in the force diagram Fig5.5. In the cycles with T 2
f24005430054 h; 1dg, the deformation reaches its maximum shortly before the stiness
ratio passes through its minimum. Similar to the ndings in Fig. 5.10, the deformation
curves for fast cycles exhibit large excursions to very highvalues. Arrows indicate the
direction of rotation.
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Figure 5.8: (a) Time course of the boundary force (red) for cyclic substate sti ness
(black) with period T = 4300s. The force response to the sinusoidal input is also a
periodic function but has a more complicated shape. (b) Timecourse of the deformation
(red) for the same mechanical input as in (a). The deformation response is again a
periodic function. It shows two extremal values. The main maimum is reached shortly
before the sti ness reaches its minimum. The faint second mgimum, indicated by the
arrow, is reached when the system is forced onto the upper skde branch by the increasing
substrate sti ness.

For very high angular frequencies (not included in Figh.5) another time scale comes
into play: If the softening of the boundaries is very quick, ean the ber mechanics are
not fast enough to follow the loosening boundaries. As a conseqoenthe contractile
motor forces are expended on working against the internal vissity rather than on
deforming the external spring. The forces on the boundarieseathus low despite the
fact that the myosins are highly activated. An exemplary trajetory of the boundary
forces for such a high frequency is given in Fig.6(a). Since the sti ening of the
boundaries is faster than the mechanical equilibration, thecrease in sti ness causes an
additional tension in the ber. This is the reason for the twist n the shown trajectory.

It is also instructive to analyze the trajectory of substrate dejrmations, shown in
Fig. 5.7 for the same angular frequencies as used for Fig5. Also here, the area of
the hysteresis cycle rst increases with the angular frequencygaches a maximum (not
necessarily at the samé@ -value as the force) and then decreases again with increasing
frequency. In the latter case, when the frequency is very higkhe system maintains
anomalous high forces on soft substrates. This combination ofghi forces and low
sti ness leads to very large deformations. This can be deducerbi the trajectories
for T < 4300s which undergo large excursions away from the steady statanch. It
is also noteworthy that the deformation trajectories reach anaximum shortly before
the sti ness passes through its minimal value.

To conclude this section we nally compare the time course of éhboundary forces
to the mechanical input. This comparison is shown in Figs.8(a) for T = 4300s. In
contrast to the input function, the force response is not a harnmc oscillation. This
is due to the non-linear reaction terms in the biochemical eqtions. If the model
was linear, the output could be expected to be also harmonic. tAbugh the force
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response lags behind the sti ness input over most of the time, botfunctions reach
their minimum and maximum virtually in phase. This is di erent for the time course of
deformations shown in Fig.5.8(b). As discussed earlier, the maximum in deformation
is interestingly reached shortly before the sti ness reachessitminimal value. To see
this, compare also Fig5.7. Beside this main maximum the time course of deformation
exhibit a second faint maximum. The latter occurs when the syste is forced from the
non-active state to the contractile state during increasing stess.

5.2.2 Spreading and linear softening

The previously simulated experiment is very well de ned theatically but experimen-
tally di cult to realize as it presupposes accurate control oer the substrate sti ness.
In the following we will model two di erent experiments. Theyrequire in some sense
only minimal control over the substrate sti ness but the combinéon of both still al-
lows to test for hysteresis in cell adhesion. These theoreticaleigs can be realized
experimentally with available techniques, discussed in the lasection.
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Figure 5.9:  Simulation of two dierent experiments to probe the hysteresis cy-
cle. (1) Lower red curves simulate the buildup of force up to he time t 2
f1200s51500516005180052700 g for cells exposed to a constant but di erent substrate
stiness. Cells are considered to be in a totally non-active gate at t = 0. Depending
on the degree of sti ness, cells remain either in a non-activestate or reach a contrac-
tile state. Red arrows indicate the direction of single celltrajectories. (2) Upper blue
curves depict the expected time course of the boundary foreeif the substrate sti ness
is reduced linearly over the time spanT 2 f 0:25h;2h;5h;24hg. The starting point is
an active cell on a sti substrate which is forced into a non-adive state by the steadily
decreasing sti ness. Blue arrows indicate the direction ofsingle cell trajectories in this
situation.
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Figure 5.10: Same analysis like in Fig.5.9 but now illustrated for the substrate de-
formation. Upper blue curves describe the time course of thesubstrate deformation if
the substrate sti ness is reduced linearly over time. If the sti ness is reduced quickly,
anomalous high forces can be maintained on comparably sofubstrates leading to large
deformations, seeT 2 f 0:25h;2h;5hg. If the mechanics change very slowly, then the
biochemistry has time to adapt and deformations rather follow the steady state curve, see
T =24 h. Lower red curves, also enlarged in the inset, simulatehe buildup of substrate
deformations up to the time t 2 f 12005$1500516005180052700¢g for cells exposed
to a constant but di erent substrate stiness. Cells are considered to be in a totally
non-active state att = 0. Depending on the degree of sti ness, cells remain eithein a
non-active state or reach a contractile state. Blue and red arows indicate the direction
of single cell trajectories.

To reproduce the presumed hysteresis cycle it is only essential lave an exper-
imental technique for reducing the substrate sti ness over time This is because the
system has to be prepared initially in an active state on a sti subsate in order to
explore the upper stable branch by subsequently softening the sitate. In contrast,
in order to explore the lower branch, one can simply take adveage of the fact that
initial cell spreading starts in a low contractile state. To reonstruct the lower stable
branch it is thus su cient to prepare di erently soft substrates and let the cells start to
adhere. On very soft substrates, the nally reached contractiléorces will be bounded
above by the lower stable branch. Only on sti substrates, where #hcontractile state
is the only stable xed point, the upper branch will be reached

This experiment has been simulated by means of our model. Astial condition,
we assumed that the biochemical components are all equilibest for zero boundary
force. That is, we have sef(t) =0 in Eq. (4.1) and let the biochemical components
evolve to their steady state. The resulting concentration prdes are then taken as
initial conditions for the subsequent simulation. This situaton is meant to represent a
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cell, formerly in suspension where no forces could be built ughat starts to adhere to
the substrate att = 0. The results are illustrated in Fig. 5.9. The red curves show the
expected boundary forces built up within the timet by cells seeded on di erently sti
substrates.

To clarify the course of the experiment, two single cell trajecries are illustrated by
red arrows. On a soft substratek,=k = 0:3, the system settles down in the non-active
state (left red arrow in Fig. 5.9). On a sti substrate, k,=k = 3, the system is forced
onto the upper branch which is the only stable xed point (serig of red arrows on the
right hand side of Fig.5.9). Thereby, the red curves indicate the time needed to reach
a certain boundary force. In other words, every red curve is genstructed from an
ensemble of experiments each of which is performed on a diatly sti substrates.
The time courses of the established boundary forces on a certanbstrate sti ness
are illustrated in Fig. 5.11(a) We nd that the stier the substrate the faster is
the equilibration process and the higher is the force reachénl the steady state. As
discussed earlier, cells on very soft substrate, (skgk = 0:46), can not establish high
contraction forces and are kept in the non-active state.

To explore the upper branch in Fig.5.9, softening of the substrate is required as
the system resides in the contractile state. The most simple processuld be a linear
decrease of substrate sti ness over time. This experiment has Imegimulated and the
results are shown as blue curves in Fih.9. Each curve gives the trajectory of the
boundary force as the sti ness is reduced linearly forrk,=k = 10 to ky=k = 10 2 over
the period T. Only if the stiness is changed very slowly T = 1d), the trajectory
closely follows the stable branches in a quasi steady state. Foidltase, the hysteresis
cycle is found to be closed. If the decay in sti ness is fast, the sygsh can conserve the
myosin activity and maintain higher forces. These ndings are uglitatively similar to
the ones presented in the previous section.

We also calculate the corresponding substrate deformations, show Fig. 5.1Q If
the sti ness is reduced quickly (blue curves), anomalous higloiices can be maintained
on comparably soft substrates leading to large deformations, searves forT  5h. If
the sti ness is reduced slowly, then the deformation exhibit a mximum shortly before
the stiness reaches its minimum, sed  5h. Similar ndings have been reported
for cyclic sti ness, see corresponding discussion in sectibr2.1 During cell spreading
(red curves) the deformations on each substrate are expectedinarease monotonically
in time, see Fig.5.11(b). However, the reached deformation at a certain time point, of
course, varies with the sti ness of the substrate. Interestinglythe deformation exhibits
a maximum for intermediate stiness. This maximum then increase and shifts to
lower sti ness ratios with increasing time, compare e.g. the twcurvest = 0:5h and
t = 0:75h in the inset of Fig.5.10 In the steady state, the largest deformation is
reached on substrates that are slightly sti er than the criticalsti ness de ned by the
lower right bifurcation point, compare also Fig.5.11(b).

5.2.3 Using biochemical stimulation

All experiments discussed above require substrates of time depentsti ness. Usage
of such substrates would allow to test bistability in cell adhesioy varying a well
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Figure 5.11: (a) Time course of the boundary forces established by cellsrosubstrates
with di erent stiness: kp=k 2 f 0:46; 1:00; 1:.98;5:04; 10g. The sti er the substrate the
faster is the equilibration process and the higher is the foze reached in the steady state.
Cells on the softest substrate,ky,=k = 0:46, can not establish high contraction forces
and are kept in the non-active state. The reached steady statdorces of cells in the
contractile state only dier within a few percent. (b) Time c ourse of the substrate
deformation caused by cells on dierent rigidities. Sti ne ss ratios are the same as in
(a). The equilibration is also faster on sti er substrates but the highest deformations
are reached on intermediately sti substrates. Dashed linegives the y-coordinate of the
lower bifurcation point in both gures.

de ned and accurately measurable physical quantity, e.g. th¥oung's modulus of the
substrate. Here, we want to discuss a simple alternative to circumnmt such elaborate
substrates by using a contractile drug like calyculin. The grealisadvantage of such
an experiment is, however, that the precise value of the contrparameter is di cult
to quantify.

In our model, the e ect of calyculin is described by the factoof inhibition | which
essentially increases myosin activity. In sectiof.1and 5.1.1we have shown that cells,
exposed to a high concentration of this drug, are expected teach a contractile state
even on very soft substrates. This can now be used to explore the deahpper branch
of the bifurcation diagram in the chemically unperturbed siation. To reproduce the
complete bifurcation diagram for the unperturbed situation(l = 1:0), one has to per-
form two di erent experiments. In the rst experiment, the spreading of unperturbed
cells on di erent rigidities has to be conducted. Thereby th reached steady state forces
have to be recorded. This experiment has been described in aétn the previous sec-
tion. It reveals the complete lower stable branch as well as gia of the upper stable
branch over the high sti ness regime. The discovered parts anedicated by the upward
pointing arrows in Fig. 5.12 The upper stable branch over the bistable region is the
only inaccessible part of the bifurcation diagram. To discovehis part, is the subject
of the second experiment. Here, the cells are exposed to a highuglconcentration
during spreading, that is e.g.1 = 1:5. Thus, they will populate the stable branches
of the bifurcation diagram shown in Fig.5.12for | = 1:5. If the e ect of the drug is
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Figure 5.12: Probing the hysteresis cycle by using a contractile drug. Chs exposed
e.g. to calyculin are expected to reach a contractile state \en on very soft substrates
(I = 1:5). When the e ect of the drug is decreased again, they are exgcted to relax
to the unperturbed steady state (I = 1:0). In this way, the upper stable branch can be
probed within the bistable region. Downward pointing arrows indicate cell trajectories
when the e ect of the drug is reduced. Upward pointing arrowsindicate trajectories for
unperturbed cell spreading.

subsequently reduced, for example by washing it out, the cellsilrelax to the stable
states of the unperturbed situation,] = 1:0. The trajectories of cells on di erently sti
substrates are indicated by the downward pointing arrows in gL 5.12 Most impor-
tantly, cells plated on substrates of intermediate sti nesskp=k 2 [0:1; 0:4], will settle
down on the upper stable branch over the bistable region. If thaitial stimulation with
the drug is strong enough, such that the lower right bifurcatio point of the stimulated
system is left of the bistable region of the unperturbed system, ¢ém, combining the
results from both experiments should reproduce the completefircation diagram of
the unperturbed system.

5.2.4 Experimental realization

To conclude this section, we will nally discuss how the experients described above
can be turned into reality. There are at least two possibilitieso mimic substrates of
time dependent sti ness. On the one hand, there exist certain pgher systems whose
sti ness can be tuned over time. On the other hand, micromanigdators can perform
a similar task if applied appropriately. Both methods will be lie y discussed below.

Polymer systems with time dependent sti ness

Typical polymer systems used as elastic substrates in cell adhesexperiments are for
example polydimethylsiloxane (PDMS), polyacrylamide (PA) ad hydrogels made from
hyaluronic acid (HA). In contrast to PDMS or PA, the latter HA is a natural component
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Figure 5.13: (a) Development of the Young's modulusE of PEG-DA crosslinked HA-
S hydrogels, polymerized at three dierent HA-S concentrations. Stiness has been
measured with AFM. It increases over time due to auto-crosskhking of the remaining free
thiol groups. Saturation in sti ness is reached after 6 days Figure and caption has been
taken from [16(. (b) Cell adhered to optical trapped micro beads. The stiness of the
traps could be precisely controlled by varying the laser powr. Also force measurements
could be performed with high precision. The severe drawbacks, however, that the
maximal trap force of optical tweezers ( 100 pN) is roughly one order of magnitude
below cellular contraction forces & 1nN). Thus, it might be inevitable to substitute the
elegant optical traps by other mirco-manipulators in such anexperiment.

of the extracellular matrix. HA is a linear polysaccharide of lgcuronic acid and N-
acetylglucosamine. Its mechanical properties can be tuney &dding thiol groups to the
HA polymer (HA-S). This modi cation allows for crosslinks in between HA polymers
or to additives like polyethylene glycol diacrylate (PEG-&) [157 16(Q. By varying the
concentrations of the two components, the sti ness of this poiger system is tunable
in the range of 01-150kPa. It is also this polymer mixture, HA-S and PEG-DA,
which exhibits a well characterized time dependent change the Young's modulus.
It results from the progressive formation of disul de bonds whit in turn increase the
sti ness of the hydrogel over time. This process lasts for days dnnally leads to
an overall increase in sti ness of about one order of magnitudélhe development of
the substrate sti ness has been measured by atomic force microsgda6(d. Results
are illustrated in Fig. 5.13(a) More importantly, the sti ness can also be reduced
again by breaking up the previously formed crosslinks. The apgnate chemical agent
is dithiothreitol (DTT) which reduces the disul de bonds (Florian Rehfeldt et al.,
personal communication). In addition, collagen type | can battached to the surface
of this hydrogel in order to promote cell adhesion. Thus, thisgdymer mixture provides
all necessary features in order to perform the experiments dabed in section5.2.1
and 5.2.2
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Optical tweezers

Instead of using elaborated polymer mixtures as described alegwone might also be
able to use micro-manipulators to tune the sti ness of the cellar environment. A
very convenient technique would be holographic optical tvezers. In a straight forward
setup, a cell would be caught by at least two trapped micro beadsat are functionalized
appropriately for cell adhesion. The sti ness of the trap coulde simply controlled
by the laser power and the forces exerted by the cells could bediiced from the
displacement of the beads from the center of the traps. Both, posed sti ness and
cellular force response could be measured with high precision. wéwer, there is this
severe problem that the force of optical tweezers is roughlyplN per 10 mW on micron
sized beads16]]. For a typical laser power of a few W this is still too low to resist
contractile stress bers which exerts forces on the order of nNn addition, the usage of
more than one trap splits up the laser power on di erent foci wioh further decreases
the stiness of each trap. Still, there might be experimental dations to the raised
concerns. For example one can think of an experimental setup ere a single laser
trap is su cient (one end of the cell is glued to a solid support, he other to the
trapped bead). This allows to focus the full laser power on a gile bead. It might also
be possible to substitute the optical trap by other micro manipwtors such as glass
micro needles or magnetic tweezers. Both techniques can éxerces in the nN range.
Moreover, the sti ness of the micro needle for example could w®ntrolled by xating

it at di erent lengths/positions.

5.3 Summary and discussion

In this chapter we applied our full mechano-chemical modelbtinvestigate cellular
behavior on soft substrates. In particular, we focused on the aityl of cells to establish
contractile forces in dependence on substrate rigidity. Duentthe positive feedback,
our model is potentially bistable. The two stable xed points orrespond to a highly
contractile and a non-active cell state, respectively. Howexnave nd that bistability is
not a universal feature of the model. There also exist parametezgions where either
the contractile or the non-active state are the only stable xd points. This gives
rise to a threshold of substrate sti ness below which cells are notke to build up
contractile stress. On sti er substrates cells adopt a contrac#l state but the reached
steady state force depends only weakly on the substrate sti ness. hua mechanism
might contribute to tensional homeostasis in tissuelp2 163, which denotes the process
when cells actively maintain a set level of prestress in their mr&. Finally, we also
hypothesized that the potential bistability in the system givesrise to hysteresis in
cell adhesion. To prove these predictions experimentally neiges substrates of time
dependent sti ness and we made several suggestions how such expents could be
realized in the future.

So far there are only few experiments reported in the literate that systematically
measured contractile forces of single cells over a wide randestbness. Saez et al. §]
used micro arrays of elastic polymer pillars to measure the fas exerted by clusters
of 10-20 cells. The sti ness o ered to the cells has been varieg lbhanging the height
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or the radius of the pillars. This study showed that the forces @xted by cell clusters
are proportional to the pillar stiness. This scaling behavior vas observed over two
orders of magnitude. Although qualitatively in line with our theoretical predictions,
our model rather suggests a threshold in stiness and a sharp trangith from low
contractile forces to high contractile forces on sti substrags. This discrepancy might
result from the fact that Saez et al. studied clusters of cells. @ in close contact to
each other have been reported to respond less sensitive to substragidity than single
cells B, 9]. Thus, for cells in contact with each other, such a sharp transdan might
be smoothed out, leading to the rather linear dependence beten cellular forces and
substrate sti ness.

Several single cell experiments on at substrates of varying stess have been per-
formed [7, 9] but in these studies no traction forces have been quanti ed. nktead,
morphology changes have been reported like the spread arealw detection of focal
adhesions and stress bers under the light microscope. Yeung dt 9] showed that
single broblasts and endothelial cells exhibit an abrupt chage in spread area at a
Young's modulus of around 3kPa. In addition, no actin stress brs are seen in -
broblasts on soft surfaces, and the appearance of stress bers igugdt and complete
also around 3 kPa. This sudden change in cellular response andgumably also in the
cellular stress is consistent with our model predictions. Inteséingly, cells were also
found to spread faster on sti substrates, which is also in agreememtith our model
that predicts faster buildup of forces on sti substrates. Nevertkless, future measure-
ments of the cellular traction forces are essential to furthesubstantiate the agreement
between the model and experimental data.

An intriguing aspect of our model is the way in which di erent stiess bers might
cooperate inside a living cell. Conceptually it is easy to geradize our model to de-
scribe a system in which many stress bers share the signaling inpuh@ many focal
adhesions share the mechanical output. Such a model might cobtte to a further
understanding of cell orientation along the axis of highestgidity on anisotropic sub-
strates. In connection with a model for cell motility this migh also lead to a detailed
understanding of cellular durotaxis. However, this would reqre a theoretical descrip-
tion of the actin cytoskeleton which allows for both morpholgies, Rho-induced actin
stress bers as well as Rac-induced lamellipodia as they ocdarmotile cells. Detailed
modeling of the dynamics of such an actomyosin system remains albdbnge for future
theoretical studies.
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Chapter 6
Appendices

6.1 Introduction to linear viscoelasticity

For the sake of completeness, we give in this appendix a briefriotluction into linear
viscoelasticity theory. The course of derivation follows clobethe lecture series by
Allen Pipkin [164. Since we aim to model stress bers that can be regarded as lane
strings we restrict the description for simplicity to one dimensin. However, once the
theory is established in one dimension it can, in principle, beegeralized to higher
dimensions.

6.1.1 Relaxation modulus and creep compliance

The stress in a pure elastic body at a certain time point, saly, is given by the present
strain in the system. In contrast, it is important to note, that in a viscoelastic material
the current stress is a result of the full strain history fort <t o. In order to derive a
general relation between stress and strain in a viscoelastic bods rst consider the

stress relaxation as response to a one-step strain histaugt) = ug (t) where u(t) is

the strain, (t) is the Heaviside unit step function (t< 0)=0and (t 0)=1. The

constant ug is the hight of the step. After a sudden application of the strainhe stress
in the material will relax. For symmetry reasons (assuming the ntarial is isotropic)

the imposed stresg (t) relaxes according to an asymmetric function:

f (1) = G(t)ug + O(Ud) (6.1)

Where the higher order terms can be neglected, assuming thatetlstep size is small
enough such that linearization still holds. Similarly, if the naterial is subject to a
one-step stress history (t) = fo (t), the strain will relax according to the asymmetric
function

u(t) = I(t)fo + O(f;) (6.2)

The time dependent coe cients G(t) and J(t) of the linear terms are calledstress re-
laxation modulusand creep compliancerespectively. Their functional form will depend
on the properties of the underlying material.

One dimensional combinations of springs and dashpots providengile models for
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viscoelastic materials. The relations derived above can be dad over by substituting
the strain (amount of shear) with the elongation of the elemer&nd the stress with the
applied force. The force extension relation of a spring is givdoy

f(t) = ku(t) (6.3)

Where k is the spring sti ness. When subject to a sudden elongatian(t) = ug (t) the
resistance force of the spring will bé (t) = k (t)ug. Comparison with Eg. 6.1) yields
the relaxation modulus of a spring:

G(t) = k (t) (6.4)

Vice versa, if the spring is subject to a sudden forck(t) = fo (t) it will elongate
according tou(t) = 1=kf(t) = 1=k (t)f; and comparison with Eq. 6.2 yields the
creep compliance of a spring

J(t) = % () (6.5)

The resistance force of a dashpot is proportional to the rate dsielongation

f()=u() (6.6)

Where is the viscosity of the dashpot. When subject to a sudden elongatia(t) =

Uo (t) the resistance force of the dashpot will bé (t) =  girac (t)Uo, Where the time
derivative of the Heaviside function yields the Dirac- function. Comparison with
Eq. (6.2 yields the relaxation modulus of the dashpot

G(t) = dirac (t) (6.7)

To obtairga relation between the force and the elongation, E@6.6) has to be integrated
u(t) = 1 tl f( )d . When subject to the force historyf (t) = fo (t) the dashpot will
elongate according tou(t) = 1 tl fo ()d =1 (t)fg. Comparison with Eq. (6.2
yields the creep compliance of the dashpot

J(t) = t (1) (6.8)

These basic relations can now be used as a starting point to calaid the relaxation

modulus or the creep compliance for more complicated modelg/hen two elements
are connected in series, the applied tensile fortg is the same in both elements and
the total elongation uy, (t) is the sum of individual elongations.

U'![i)t (t) = Ul(t) + Uz(t) = Jl(t)fo + Jz(t)fo (69)

Here, the symbol" means that elements are connected in series. As a result the
e ective creep compliance of two elements placed in seriegh® sum of the individual
creep compliances:

Jot = Ja(t) + Ja(t) (6.10)
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In contrast, if two elements are connected in parallel theirlengation ug, is identical
and the applied forcef . (t) is shared.

fror(t) = Fa(t) + f2(t) = Ga(t)uo + Ga(t)uo (6.11)

Here, the symbol denotes parallel alignment of elements. Thus, the e ective e
laxation modulus of two elements connected in parallel is ghsum of the individual
relaxation moduli:

Giot = Ga(t) + Ga(t) (6.12)

We will see later on that the Laplace transform of J(t) and G(t) ae tightly coupled
to each other. It is due to this relation that, if one of the twoquantities has been
determined, the missing one can be calculated, provided thaté involved inversion of
the Laplace transform is feasible. The creep compliance andethelaxation modulus
for some simple models are illustrated in Tal6.1l In particular, the properties of the
Kelvin-Voigt body are of importance for this study.

6.1.2 Stress-relaxation and creep integral

In the previous paragraph the relaxation modulugs(t) and the creep compliance (t)
were derived. The merit of these response functions in a certariscoelastic problem
is comparable to the Greensfunction of a linear di erential guation: Once, the single-
step response functior(t) or J(t) is known, one can calculate the response of the
system to an arbitrary strain or stress history. This results from tlk fact that any
physical strain or stress history can be approximated arbitrary @ll by a sum of step
functions. For example, letu(t) be the imposed strain history. Approximation by N
step functions yields:

X
u(t) (t t) u (6.13)
i=1
Where u; is the hight of thei-th step at time t;. Due to the linear approximation, the
total stressf (t) is the superposition of theN stresses caused by each discrete strain
stepi.

X X Ui
f(t) G(t ti) U = G(t ti)—t ti (614)
i i i
A large number of steps leads to the continuoustress-relaxation integrai
YA t
f(t)= Gt  tYu(tHdt° (6.15)

1

An equivalent relation follows when a certain stress history isigen from which the
strain has to be calculated. One nds thecreep integral
YA t
u(t) = J(t  t9f(t9at® (6.16)

1
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Generic viscoelastic models

Schematic G(t) J(t) G(s) J(s) G () J ()
,JW\kNW K (t) %(t) K k_ls K %
-—:}T gree (1) Lo = I -

k €O+ wael®) | 2@ ey @ e e | kel e

Table 6.1: Overview of generic viscoelastic models: spring, dashpotvaxwell body and Kelvin-Voigt body. Respectively, the
relaxation modulus G(t), the creep complianceJ(t), the same but Laplace-transformed quantities G(s) and J(s) as well as the
complex modulus G (! ) and the complex complianceJ (! ) are given. For the sake of clarity the time scale = =k was
introduced. Knowing e.g. the relaxation modulus for the sping and the dashpot all other entries can be calculated from

Egs. (6.10,(6.12),(6.19),(6.21),(6.23,(6.25 and (6.27.
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6.1.3 Sinusoidal deformation

A standard experiment for characterizing the viscoelastic pperties of a material is
to set it under sinusoidal deformation. Measurement of the phaseihetween stress
and strain as well as the ratios of their amplitudes determirsethe so called dynamic
modulus or complex modulus. In this paragraph the theory behd such an experi-
ment is described. But rst we assume that the material is subjecta an oscillating
deformation with an exponentially increasing amplitude

u(t) = uge' " = uge (6.17)

wheres is a complex variable with a positive real part > 0 and its positive imaginary

part denotes the radian frequency . The amplitude of the oscillation is exponentially
growing according toupe' . Later, the limit ! 0O recovers the sinusoidal deformation
with constant amplitude, the case we are actually interested inThe stress-relaxation

integral Eq. (6.195 determines the stress provoked in the material

Z t Z t
f(t)= G(t Ju()d = ups Gt )ed

1 1
1 6.18
= UpS G( et d (6.18)

0

= sG(S)upe™
Where we abbreviated the Laplace transform a&(t) by G(s)
z 1

G(s) = G(t)e Sdt (6.19)

0

According to Eqg. (6.18, the stress also oscillates with exponentially increasing anipl
tude given byjsG(s)juge! and frequency! but with the constant phase shift arg6G(s))
to the strain. Similarly, if the stress was initially given byf (t) = €™, then the strain
follows from the creep integral Eq. 6.19

u(t) = sJ(s)foe™ (6.20)
Where, J(s) is the Laplace transform of the creep compliancé(t).
VA 1
J(s) = J(t)e Stdt (6.21)

0

Now assume we have initially started with the input: uj, (t) = uge®. According to
Eq. (6.18 this provokes the stressfo.(t) = sG(S)uge™ in the material. It is now
legitimate to ask, what would be the expected strain regardintipe stressf . (t) as the
input, that is fip(t) fou(t). Of course, the resulting strain has to be equivalent to
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the initial input u;, (t)! From Eqg. (6.20 we nd
Uout (1) = SI(S)fin (1) = SI(S)SG(S)Uo€™ = Ui (1) (6.22)

The last identity in the upper string of equations yields an imprtant relation between
the Laplace transforms of the relaxation modulus and the crpecompliance

sJ(s)sG(s) =1 (6.23)

In principle, it allows to calculate e.g. G(t), given J(t), o vice versa, as long as the
involved Laplace transform and its inversion are feasible. Inrder to get a relation
between stress and strain for sinusoidal oscillations one has tafoeem the limit ! 0
in Eq. (6.18. Then the applied strain becomesi(t) = uge" and the provoked stress
is given by

f(t)= G (!)u(t) (6.24)

The complex constantG (! ) is called the complex modulus, de ned through the lim-
iting process
G(()= IimosG(s) = Iimo( +il)G( +1i!) (6.25)

Similarly, if the stress is the input
ut)=J (1)f (t) (6.26)

Here, the complex constant] (! ) is called the complex compliance and equivalent to
the complex modulus it is de ned through the limiting process:

3 (1) =lim_s3(s) (6.27)

With the same arguments as for exponentially increasing amplides of the input one
can derive a relation equivalent to Eq. §.23 but now for the complex compliance and
complex modulus:

G()()=1 (6.28)

To see how the complex modulu§ (! ) and the complex compliancel (! ) can be
related to measurable quantities, we write the complex moduwsun polar formG (!) =
iG (1)j€ . Then the relation between sinusoidal stress and strain, Ec6.24), becomes

f(t)= G (1)u(t) = jG (! )juge™ *' (6.29)

Thus, in order to determine the absolute value of the complex ndalus one has to
measure the amplitudes of stress and strain. The absolute valuetien given by the
ratio of the amplitudes

. _ T ()]

IG (= T

The argument of the complex modulus can be determined by meaisig the phase shift,
", between stress and strain.' is also called theloss angle Experimentally, it has

(6.30)
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been found that the strain always lags behind the stress, theredo0<'< = 2. Once
G has been constructed Eq.6.28 deliversJ which can be expressed as:

1

me ' (6.31)

J ()=
It is also convenient to divide the complex modulus into realral imaginary part
G()=GY)+iGH) (6.32)

The real part GY! ) is called the storage modulusvhereas the imaginary partG¢! ) is
called theloss modulus The names result from the fact that the rst quantity amounts
the part of the energy that is elastically stored whereas the saud gives is a measure for
the part of the energy that is dissipated by viscous friction. Th total work performed
by a little change in strain is given by

dW(t) = f ()du(t) = G (! )u(®)du(t) = d %GO(! JA(L) + %U_Z(t) dt (6.33)

The rst term is a perfect di erential and can be regarded as chnge of the stored
elastic energy whereas the second term amounts the energy thatissipated in time
dt.
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6.2 Proofs for eigenvalues and eigenvectors

In section 2.2.1we have used the eigenvalues and eigenvectors given by

o ., 1
sin 2N +1
P Sin 2

= 7 —— and = g (6.34)
ext T 4~int SIN 22N +1) sin 2N +1
sin -2NI

2N +1

without proo ng that this system indeed solves the eigenvaluerpblem (also compare
Eq. (2.29 and Eq. (2.30)
(M ¢las M yisc)M =0 (6.35)

In this appendix we rst catch up on this proof and later on very certain properties of
the eigenvalues and eigenvectors which we have claimed ir thnain text. These are:

(1) The eigenvalues are distinct, positive and non-zero.
(2) The eigenvectors are orthogonal and their length is giweby v, = P (2N +1)=2

In order to verify the given eigenvalues and eigenvectors west rewrite the matrix
M elas I'VI visc aS:

0 1
2B A B 0 0
B 2B A B 0
M elas M yisc = 0 B 2B A B (6.36)
0 0 B 2B A
Where B = kiy 1~nt @aNd A = Kex + | ext- NOW, One can use the expression for

the eigenvalues given in Eq.6.34) to express A in terms of B. It turns out that

I
— )
A =4B sin 2N A1) (6.37)

This relation allows to pull out a factor B from the matrix given in Eq. (6.39 and
application of common addition theorems yields (cos2=1 2sir? ):

|
2 CcoS SNIT 1 0

1 2COS 5 1
M elas M yisc = B% 0 ?LNH 2cos . §:Z BM,

2N +1

According to Eq. (6.395 it remains to be shown that the productM ;% vanishes for all
| =1;:::;2N. The m-th component of the vector which results from this product is
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given below. It simpli es to zero after application of the cormon addition theorem:
2cos sin =sin( + )+sin( ).

sin M + 2 Ccos ! sin ml sin M
2N +1 2N +1 2N +1 2N +1

=0 (6.38)

In total we have shown that the system of eigenvalues and eigent@ Eq. (6.34) indeed
obeys the eigenvalue equation Eq6(39.

We go on to proof claim (1) that the eigenvalues are distinct, gsitive and non-zero.
The fact that the eigenvalues are positive and non-zero folls directly by inspection
of Eq. (6.39 and by noting that all viscoelastic constants are positive, negive values
would not be physical. It remains to be shown that there are no nitiple eigenvalues.
This can be seen after reformulating the expression for the eigalues as:

ki Kew — _ext.
= Zint. + kint Kint .~in2t | (639)
~int ext T 4~int SIN 2ONL)
Sincel | 2N, it holds for the argument of the sin-function that 0< m < 5.

In this interval, the sin-function increases monotonically ad is single-valued. For this
reason, the eigenvalues,|, are also single-valued. The eigenvalues increase monoton-
ically with | if IIETTI < =2t and decrease monotonically for increasingif the opposite
inequality holds.

In the next step we deliver the pr(bof for claim (2) that the eigevectors are orthog-
onal and their length is given byv; = = (2N + 1)=2. To show this in a convenient way
we consider the matrix of normalized eigenvectors), which is also used in the main
text:

r r

2 sin ]
2N +1 2N +1

2
U = (Vi;Vo, i Vo) Uy = (6.40)

2N +1
By means of this matrix, the statement to be shown can be recapiited asU U =

I, (UU)km = wm. The second relation follows sinc& is obviously symmetric. In
the following we will evaluate the square of the matrixXJ componentwise:

XN
Uk;jUj;m
j=1
LXN sin ! sin m
2N+1j:1 2N +1 2N +1

(UU )k;m

(6.41)

_oo1 R ke m) (ke m)
SN+ 2N +1 2N +1
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The nite sums over the cos-functions can be evaluated. For aarbitrary angle one
nds:

X0 X0
cosf ) = < (cos( )+ isin(j ))
j=0 =0
X :
= < e' J
) J=01 o (1) (6.42)
B 1 e
_ 1 14 sin( .(n +1=2))
2 sin(=2)

Where <(z) denotes the real part of the complex variable. If instead the imaginary
part is taken, a similar relation is obtained for the sin-fundbn which we also use in
section2.2.1of the main text:

X

PR | _ cos( (n+1=2))
B sin( )= > cot( = 2) sin(=2) (6.43)
Application of Eq. (6.42 in order to simplify Eq. (6.41) nally yields:
1 _ (k m)
(UU )kem m sin((k m) )cotm
(6.44)
sin((k + m) )cotm+cos((k+ m) ) cos(k m))

There are two cases, namelig = m and k 6 m, that have to be considered. At rst,

assume thatk = m. In this case, the last two terms in Eq. 6.44) just cancel out each
other. The sin-function in the second term evaluates to zero wé the cotangent gives
a nite value: since 0< z(|((2+an)1) < , the poles are just spared. Thus, also this term

vanishes. It is only the rst term that gives a real contribution, it evaluates to:

1 . sin(k m))_ . cos(k m))
(UU )i = S = lim =1 (6.45)
2(2N + 1) m! Kk Slnm mt K Cosz(ZN +1)

The upper equation constitutes that all diagonal componentsf U? are unity. Now
assume thatk 6 m. In this case the rst as well as the second term in Eq.6(44
vanish since the sin-function evaluates to zero while the cortigent yields nite values.
The last two terms further simplify to:

1
2(2N +1)
1
2(2N +1)

(UU )k;mek ( 1)k+m ( 1)k "

(6.46)

(<™ (1™ 1 =0
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The upper equation constitutes that all o -diagonal componats of U? vanish. The

combination of Eq. 6.49 and Eqg. (6.46 yields (UU )xm = km Which Wa?)to be demon-
strated. In total we have shown that all eigenvectors are of lgth v = (2N +1)=2

and form a complete orthogonal basis.
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6.3 Uniform convergence of rst derivative

The calculation of the tension within the stress ber requires lte evaluation of the
rst spatial derivative of the displacement, Eq. 2.57). In this appendix we deliver the
proof that this derivative can be calculated by changing theorder of di erentiation
and summation in Eq. €.57. This change in order is in general not legitimate unless
the series obeys certain conditions. For instance, it is su cidnif the series shows the
following properties:

Theorem 1 : Let f, be continuously di erentiable complex functions inD that obey
the following conditions:

P
(1) the series rlnzl fm converges uniformly inD;

P
(2) the series #:1 f O converges also uniformly irD.

Pl
m

Then, the funct|§)n dened by f :=
given by: f0:= fO.

m=1"m-

_, fm is dierentiable in D and its derivative is

There exist sharper theorems that pose weaker conditions on tlfienctions f,, but
the given theorem is su cient for our purpose. The series of intest that consti-
tutes the solution for the displacement, Eq. 2.57), is obviously uniformly convergent
f§)l‘ all x 2 [O Llandt 2 [0;1 ]. A majorant and convergent series is given e.g. by
=1 m However, it is more challenging to prove the uniform conveegce of

the piecewise di erentiated series with respect to the spatialaviable x:

R om 1 _
udx;t) =  4a ( D™ @ e ¥ m)cos
4L 2+(a{;2m 1))? | z

m=1 |
= fn = am(x)

x(2m 1)
(2L) ) (6.47)

In order to proof the uniform convergence of this series, we dgjhe Dirichlet-Criteria
depicted in the following theorem:

Theorem 2 (The Dirichlet-Criteria): Let f,, be real and leta, be complex func-
tions on D that obey the following conditions form 2 N:

(1) fm(x) is monotonically decreasing for alk 2 D;

(2) fn converges uniformly inD to zero;

n

(3) There exists an upper boundV suchthatk  _, ankp M forall n. Here, kgkp
denotes the supremum norm aj with respect toD, that is kgkp := supfj g(x)j; x 2
Do.

P

Then, the series - _, anfn converges uniformly inD.

In Eg. (6.47) we have already separated the summands into the two factofg, and
am(Xx). The functions f, obviously ful Il the conditions (1) and (2) required by the
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Dirichlet-Criteria. The condition (3) on the functions a;,, remain to be shown. The
domain, D, over which this is possible has to be limited ta 2 [O;L  JwithO < <L :

X X } x (2m 1
an(x) = ( D)™ @ e® m)cos—( oL )
m=1 D m=1 XZ[O,L ]
X (2m 1)
1 m+1
(1) cos—2L
m=1 x2[0O;L ]
1 X . .
- = g (m+1) g s (2m 1) +el sr(2m 1)
2 m=1 D
X
} gm @+ ) +} gm @ )
2 mm 5 2 me D (6.48)
1 1 e| 1+ £)(n+1) 1 1 el (1 )(n+1)
= — rES) 1 + = RS 1
2 1 € L D 2 1 € L D
1 1 1 1
2 i A+ X) + 2 . @ X
sin 2 x2[0;L ] sin 2 x2[0L ]
1 1 1 1
- — + - .
2 sin 5 2 sing-
— 1 —
sin5-

The very rst inequality holds true sincet and |, are both positive. The exponential
factor therefore varies within the bounds [01]. In the second to last step the two
x-dependent terms have been evaluated at their maximal valsi@vithin the domain D
which are reached atx = L , respectively. The last line de nes the upper bound
M which is neither dependent orx nor on n and thus ful lls the requirements (3)
of the Dirichlet-Criteria. In total we have shown that the rst spatial derivative of
the displacement eld u(x;t) can be calculated by piecewise di erentiation within the
interval x 2 [O;L  ]Jwith > 0. Note that for =0, x = L the upper boundM
diverges and the calculation breaks down. Therefore it isdeed necessary to constrain
the spatial variable tox 2 [O;L ] with > 0. This constraint, however, is not
further hindering. The rst spatial derivative is of interest only in connection with
the viscoelastic stress within the stress ber. Eq.G.47) allows to calculate the tension
for all x < L whereas the tension ax = L is set to zero by the imposed boundary
conditions. In this way, the tension can be calculated analytally along the whole
ber. It is also noteworthy that the upper calculation breaksdown for higher spatial
derivatives. Each di erentiation step contributes an additonal factor (2n 1) to
the functions f,,. Already in case of the second derivative the functionfs,, no longer
converge to zero and condition (3) of the Dirichlet-Criteia can not be ful lled anymore.
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In contrast, derivatives with respect to time pose no problemsdzause convergence of
the functions f,, to zero is sustained.



6.4 Solution by inverse Laplace transform 137

6.4 Solution by inverse Laplace transform

In the main text (see section2.2.3 we have brie y discussed how an analytical ex-
pression for the displacements can be derived by solving an ins®n problem. This
appendix complements the calculations presented in the maiext and provides some
further derivation details. In the following we express all agations in terms of the
non-dimensional quantitiesx= x=a, L = L=a, t=t= ,s=s= and~=!= . For the
sake of clarity, however, we omit to furnish the variables wittihe tilde.

The simple initial conditions of vanishing displacements &t= 0 enables the Laplace
transform of the boundary value problem given in Eq.2.22). Transformation simpli es
the model equation to the following second order di erentiaéquation:

(1+s)@u(x;s) ( +s)u(x;s)=0 (6.49)
R
Here, u(x;s) = 01 u(x;t)e stdt denotes the Laplace transform of the displacement.
In the following and throughout the manuscript, overbars ahays denote the Laplace-
transformed quantities. The variables = + i! is in general a complex variable
with real part and imaginary part! . Similarly, the boundary conditions transform
according to:

u(©;s)=0 and (1+ s)u(L;s)+ s =0 (6.50)
Eq. (6.49 and Eq. (6.50 describe an ordinary di erential equation with appropriate

boundary conditions which is straight forward to solve. The sation for the Laplace-
transformed displacement is given by:

P
u(x;s) = Lsech L pn ST nsinh Xn%
1 S) = = | P i
1+s 1+s,_ s+ (6.51)
{z oo {z }
= du(s) = B(X;8)

The solution in real space is now given by the inverse Laplace trsform of the upper
equation. The inversion problem will be divided into two pars. The two functions,
0:1(s) and gx(x; s) de ned above, will be inverted separately. The inverse Lapta trans-
form of u, the product of these two functions, is then given by the convation theorem.
The inversion formula for the Laplace transform is in generaligen by the Bromwich
integral: 7
1 +il
f(t)=L Yf(s)](t) = o7 e’'f (s)ds (6.52)
i1
The constant has to be chosen such that all singularities of the functioh(s) are
on the left hand side of the integration path. For the special & wheret > 0 and
in addition the contour may be closed by an in nite semicirclen the left half-plane
enclosing all singularities of (s) then the residue theorem is applicable and (se@1]):
X
f(t)= resE’f (s); sm) (6.53)

m



138 Chapter 6: Appendices

Where s,, are the singularities of the functionf (s). It has to be checked that the
two functions, g; and g, ful ll the conditions mentioned above. Then, the inversion
problem is solved by nding the residues of the two functions®g;(s) and e%g(s) at
all occurring singularities. Since we are only interested in sions for t > 0 it remains
to be shown, that the occurring singularities of the two functns can be encircled by
a closed contour. Thereby caution is in principle advised sindke roots, occurring in
both functions, could necessitate the introduction of cut ling into the complex plane
that are not allowed to cross and potentially prohibit an enasing contour. Fortunately,
for both functions, no cut lines have to be introduced which cabe seen directly when
expressing the occurring hyperbolic functions by their Tayloseries. The functiong,
contains a hyperbolic secant which is an even function, thutsiTaylor series contains
only even powers. The roots which appear in the argument of thHg/perbolic secant
are thus converted to polynomials with integer powers is and essentially no roots
have to be calculated. Similar arguments hold true for the fiction g,. The hyperbolic
sine is an odd function, its Taylor series contains only termsf@dd powers. Since
the arguments of the hyperbolic sine contains roots, this terralone would require a
cut line. However, g, contains the same roots which appear in the argument of the
hyperbolic sine also as pre-factors. These pre-factors convdré half-integral powers
within the Taylor series to integer powers and no roots have toe calculated. Thus, for
both functions, no cut lines have to be introduced and the Lapte inversion of the two
functions g; and g, can be performed using residues calculus according to E§.53.
In the following, we will derive the inversion for the two funtions separately and at
the end merge them by the convolution theorem to obtain the &l solution for the
displacement.

The function g; has a simple pole as = 0 with residue res@® g, (s); 0) = sech (LIO ).
In addition, every root of the hyperbolic cosine contributes singularity. The rootsr,
of the hyperbolic cosine are,, = i(2m 1) =2 with m 2 Z. Therefore the poles of
the hyperbolic secants,, are located at:

L2 r2 42 +( (2m 1))?
L2 r2 42 +( (2m 1)?

Sm = (6.54)
Notice that s;, = S y+1. In order to avoid double counting of the poles, in Eq.G.54),
m has to be constraint tom = 1;:::;1 . To calculate the associated residues we
expand the hyperbolic cosine in the denominator about its ré®s,,. Expansion yields:

1 et
estgl(s) = —— <
cosh Eﬂ%—* S
S
_ 1 est
(DTEGam P (s sp)+ O((s sm)?) S (6.55)
16L 2( )™1@m 1)( ) 1 e

2 2 2 2 o
l( 2m 1) +{§L ) (s smi I1+ O(s {Zsm) s}
simple pole ats = s, holomorphic
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The rst factor on the right hand side of the upper equation is adinction with a simple
pole ats = sy,. Itis multiplied with a function which is holomorphic at s = s;,. In this
situation, the residue of the product is given by the residue ohe function with the
simple pole, multiplied with the value of the holomorphic fustion at the singularity.
Thus, the residue ats = s, is given by:

( H™*m 1) ) e°m

res(€'oy(s);sm) = 16 L 2

(6.56)

According to Eq. (6.53 the inverse of the functiong,(s) is now given by the sum over
all residues.

( p™rtEm 1) ) m
(2@m 12+4L2)2 s,

- %
gi(t) =sech(L” )+16 L 2

m=1

(6.57)

The rst term originates from the simple pole ats = 0 and the in nite sum accounts
for the residues ats = s,,. Values fors, are given by Eq. 6.54. It is interesting
to note, that the position of the poless,, are, except for the signs, identical with the
eigenvalues that arise in the other derivation. The inverse dioth give the retardation
times of the model. The inversion of the second functiog is a bit more involved since
0. has an essential singularity ats = 1. Note that the singularity at s= = is
removable and has not to be considered! It is convenient to rgterform the variable
transformation s! s 1 and calculate the residue of the functiomp(s 1) ats=0
instead. The nal result is then obtained using the substitution ule of the Laplace
transform: g(t) = e L ![g(s a)] where in the present cas@& = 1. The course of
the calculation is as follows: The hyperbolic sine and the expential function will be
expressed in terms of their Taylor series. Subsequently, the prod of these two series
will be reordered such that the terms of ordes !, which constitute the residue, can
be read o. The Taylor series of the hyperbolic sine is given by:

s Z2n+1 23 75 z/
sinh(z) = . an 1) =z+ 3 + 5 + el + (6.58)

Performing the previously announced variable transformatoms! s 1 ong, and
evaluating the hyperbolic sine at its actual argument yields:

S — )é- 2n+1
sinh XS -7 xTm(st ) (6.59)
S n=0 (2n+1)s 2

2n+1
2

To complete the functiong, the additional pre-factors have to be taken into account.
They can be pulled into the series and the formerly half-integl powers cancel to
common polynomials ins:

P
sinh X—a% s X2n+1( S+ ) n
92(3 1) =P §p 78 T = (2n + 1)| gh+1
n=0 ' (6.60)

X 2n+1 xn
= X T Mgk yk

1
=0 (2n +1)!s"+ o k
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In the last step, we have evaluated the polynomials by means dfe binomial formula
which now allows to reorder the double sum and collect terms tife same powers irs:

xt 0 1

QR(s 1)= +F 0 o( )og
le Y )0}+§l 9 )11
35!)0 s 35!1 s? ;
x> 2 ol x> 2 11 x> 2 51
+— —+ — =+ — —
57!0 ( )s 57!1 ( )52 57!2 ( )53
x" 3 3 ol x" 3 , 11 x" 3 4 51
2 A S+ = —+
70 ( )s 71 ( )32 7" 2 ( )33

In the equation above, terms of same power ig, are arranged column-wise. In the
following each column will be merged to a separate sum:

A 2n+1 s 2(n+1)+1 +
s 1= L0 X N oa )o+£2 XD n+lo s
S, @+ 0 s, @n+1)+1)! 1
1 s X2(n+2)+1 n+2
v nC) 24
s8 oo (2(n+2)+1)! 2
_ X 1 A n+j x2(n+j)+1 n( ) P » dj
jzosl’f h=o ) (2(n+j)+1) J_:os“
Where we de ned the coe cients d; to short cut the calculation:
X on+i 2(n+j)+1 _
.= J X— n J
I R D EE I (6.61)

In order to calculate the proper residue, the series expansiar the function g, derived
above has to be multiplied with the exponential factore®. Collection of all terms of
order s ! then yields the searched residue. Multiplication of the two sis gives:

do di dy (tS)Z ('[S)3
St _ 4 4
(s 1) e = g+?+§+O(1—s) 1+st+ o1 + 3 + O(s)
0 1 2 3
_ dot } dot + dot + dot 24 o
0! [s 1! 2! 3! (6.62)
dit® 1 ditt|1  dit?  dit® o dit?
+ o+ = + S+ s°+ i
0! s? 1! |s 2! 3! 4!
0 1 2 3 4 5
dziti + dziti_i_ dot } dot + dot - dot 24 o
0! s8 1! s? 2! |s 3! 41 5!

The highlighted column determines the residue a& = 0 which constitutes the inverse
Laplace transform of the functiong,(s 1). The coe cients d; are given by Eq. 6.61).
To obtain the inverse Laplace transform of the unshifted funabin g,(s) the substitution
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rule of the Laplace transform has to be applied:
Rt) = L 'e(s)]=e'L Ya(s 1)]=e 'res@@(s 1)e*;0)

XX pij xan _ (6.63)

t e p g )

—at

Xy
|

= e

OJ! j=0j!n:0 J

j=
Eqg. (6.57 and Eq. (6.63 give the inverse Laplace transform of the two functiong;,
and g,. The inversion of the Laplace-transformed displacement, witids essentially
theproduct of g; and g, is then given by the convolution theorem as:u(x;t) =
Otgl(t%gz(t t9dt®. Insertion of the derived functionsg; and g, nally yields the

analytical solution for the displacement along the ber:
" !

Zt X +1 O
Y = p- (HD™@Em 1 )esn
uG= - sechl +16 LY S e ey e
m=1
, N | 3 (6.64)
e (10 ﬂ nejo e ( )I5dt°

P L N GURS DAL
The expression above can be evaluated numerically, howevernpaerms of the in nite
series have to be taken into account to get a satisfactory appiaxation for the solu-
tion. Especially displacements at largex and intermediate time pointst are di cult

to evaluate. Fig.6.1 shows a pointwise comparison of the above solution with the nu-
merical solution obtained from the Matlab PDE-toolbox. Theeby, the upper limits of
the in nite series have been approximated by either 5, 10 or 5@lelding the solutions
ud,, dashed linespl, dotted lines andu2’, marked by dots, respectively. Calculation
of the solution by the above expression is much slower than by E®.%57. The latter
turned out to be even faster than the numerical solution in the Mtlab-PDE toolbox.

The convolution integral in Eq. (6.64 can be readily calculated after exchanging
the order of summation and integration. The occurring two inégrals that have to be
solved are of the form:

YA t

ja (60 t9 0
0(t 9 e dt s T

jlet X jig K

t e (6.65)

vo

In one integral vanishes and in the other integral = s,. Evaluation of the con-
volution in Eg. (6.64 nally yields an analytical expression that only contains innite
series, that are straight forward to calculate. More importarly, the resulting solution
decomposes into a stationary and several time-dependent cahtrtions which vanish
exponentially for large times. The remaining stationary comtbution is given by:

i H p,)é j>4 n+j x2(n+j)+1 n 6.66

Uss(X) = sech( )__ ( ) i j W (6.66)
j=0 n=0

The above result has to be mathematically identical with premusly found expressions

for the stationary solution in Eq. (2.29 and Eq. (2.57). By comparing these results
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Figure 6.1: Comparison of the numerical solution from the Matlab PDE toolbox (Unym ,
solid lines) with the analytical solution calculated by Eqg. (6.64). In the analytical solution

the upper limits of all in nite sums have been approximated by 5, 10 and 50 (13, dashed
lines, ull, dotted lines and u3%, marked by dots, respectively). (a) Plot of the time
dependent displacementu(t) at constant positions x 2 f0;9 m;12 m;Lg. (b) Plot of

the spatial variations of the displacementu(x) at certain time points t 2f0;155s1g .
Used parameter values are identical with Fig.2.4: (;; ; )=(0:1,550:7550:6 m)

andL =15 m.

the following mathematical identities can be deduced:
i x(2m 1)
(Ml gin X EGn D

B L ALZ+( 2m 1))2
sihp” ) L R e e

- 1 @n+)+D)

8L cosh(L P )

(6.67)

X
.

The last identity is particularly interesting. Note, that the right hand side of the last
equation depends on the parameter in a complicated mannerThe left hand side,
however, does not depend on . The only assumptions made to deei this identity
were that the occurring parameters; ;x are all positive. Beside these constraints,
the given identity must hold true for all positive . The identi ty is easy to verify for
the special case = where only thej =0 term survives. The remaining series is just
the Taylor series for the hyperbolic sine, compare Eq6(68. In addition the identity
has been checked numerically for a few di erent sets of nonitral parameter values.
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