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Abstract

In this work, we apply a fluid-structure interaction method to a long axistivafre simulation. Our method of choice is based on a
monolithic coupling scheme for fluid-structure interaction, where the flgichons are rewritten in the ‘arbitrary Lagrangian Eulerian’
framework. To prevent back-flow of waves in the structure due to ifetholic nature, a damped structure equation is solved on an
artificial layer that prolongates the computational domain. This couplintaideson the continuous level. To reduce the increased
computational cost in presence of the artificial layer, we refine the melgtregions of interest. To this end, a stationary version of
goal-oriented mesh refinement is part of our numerical tests. Thégehow that heart valve dynamics can be simulated with our
proposed model.
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1. Introduction is a large displacement of the blood vessel wall that effects both
the flow field and the blood vessel dynamics itself.

Cardiovascular diseases represent a major part on the mortal- In the last years, a lot of effort has been spent to model ap-
ity in industrialized countries. For this reason, there is an increasPropriate descriptions for fluid and pressure conditions on the ar-
ing demand from the medical community for rigorous and quantidificial outflow boundary [13, 12, 16, 11], which are related to the
tative investigations of the human cardiovascular system [21, 18flow field. Consideration of appropriate structure conditions be-
However, the complexity of the circulatory system makes mod-comes important when dealing with large deflections of the blood
eling and simulation challenging because there are many fund¥essel walls. In particular, we are interested in the capability
mental ingredients taking into account. to absorb outgoing waves (i.e. energy) to prevent back flow of

In this work, we focus on a main component of the circula- Waves. . o
tory system: the heart. More specifically, we are interested in T the best of our knowledge, this topic is novel and others
modeling and simulation of the aortic heart valve, which pumpghave just begun with investigations [14]. Here, the authors con-
oxygenated blood from the left ventricle in the aorta. Such pro-ider flow rate conditions of the fluid problem and a complete set
cesses imply the interaction of blood with the heart walls and th@f (non-defective) boundary conditions for the structure problem
vessel walls. The mathematical method of choice to construct ag2 the artificial outflow section. o _
propriate models and simulations is the fluid-structure interaction ~ Originally, energy absorption problems arise in acoustic and
approach. Beyond that, fluid-structure interaction have signifi£lectromagnetic wave propagation [2, 9]. Various approximate
cant influence in bio-mechanics [10, 19, 21, 16]. boundary conditions have been used to absorb incoming waves.

There exist various approaches to model heart valve dynanf=0r complex situations they have some major disadvantages, for
ics. Usually, they are considered as fluid-structure interactiodnstance, accumulation of error contributions over the whole time
problems that can be solved by different solution approacheiiterval. To avoid these problems, higher order derivatives of the
[17, 24, 20, 23, 25]. Here, we use the ‘arbitrary Lagrangian_problem at hand can be use_d,_whlch make_s implementation diffi-
Eulerian’ framework (ALE) that is frequently used in the liter- Cult. Another approach to eliminate reflections was suggested by
ature to model fluid-structure interaction problems. appending an artificial layer to the computational domain. This

The problem is solved by a monolithic solution algorithm be- layer is supposed to absorb the waves. Especially, one can use a
cause one has to overcome the well-known added-mass effect tHRgrfectly matched layer (PML) [3]. We employ this idea to ex-
occurs when the density of fluid and structure are of same ordénd the computational domain that is used to absorb the outgoing
like in hemodynamics [7]. In addition, a closed setting for the waves for our fluid-structure interaction problem.
equations is necessary for rigorous goal-oriented error estimation The major disadvantage of this approach is higher compu-
[4]; that is explained below for a stationary case. tational cost due to solving both the complete fluid equations

By construction, the ALE approach is not capable to modef@nd structure equations on an artificial domain. To overcome
topological changes, which occur when two valves touch eacHis drawback, we could solve reduced equations in the artifi-
other. However, this point is of less importance in our studiesCial layer; or using an initial coarser mesh in the artificial part;
because we focus on boundary conditions for the structure on th@f refining the mesh automatically during the solution process,
outflow section. This subject should not be neglected because ttg!t only in regions of interest . We present a combination of the
radius of the aorta may vary in a rangesof 10 per cent between two latter issues. For unsteady test cases, we coarsen the initial
diastole and systole (the two phases in a cardiac cycle) [21]. Thigesh by hand in the artificial domain. Moreover, we apply the
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thanks Jeremi Mizerski for fruitful discussions.



2 FLUID-STRUCTURE PROBLEM

Dual Weighted Residual (DWR) method to drive an automatiodet(ﬁ) =J):
mesh adaption during the solution process [4]. This approach is
challenging for time-dependent coupled problems and still undefiy = Ext( @s|
investigation [8, 22, 29]. For this reason, we only test a simplified _
version, to verify if the method is capable to deal with heart valve?f =
configurations. ~ )
The paper is organized as follows: In Section 2, we describd N€ Stress tensors;; and;, are defined as
the equations for both the fluid and structure, including adamped T
hyperbolic equation. After, we formulate the problem in a mono-2/ *= —psI + prvs(Voy + Vo),
lithic setting. Section 3 is devoted to a brief description of theq = -
discretization process. In addition, we state a stabilization tech?s = (B + 2. B), B = i(F F-1).
hique for the convective term that is based on streamline dif'The viscosity and the density of the fluid are denoted pyand
F\LI’.S"on' Temporal dlscretlz_atlo_n IS b_ase_d on the sh_|fte_d .Crankbf, respectively. The elastic structure is characterizgd by the
icolson scheme, for spatial discretization a Galerkin finite ele- amé coefficient I\
ment approach is used. A Newton method is applied to solve th('§ . Py As- . . ~
non-linear system. In Section 4, we introduce the DWR method  1h€ Principal unknowns are the fluid velocify; : €y x
that is used as an indicator for goal-oriented mesh adaption. I®" — R, the fluid pressurg : 2y x R — R, the struc-
the last section, numerical tests will be presented to exemplify outure displacement, : Q. x R — R3?, and the fluid domain
proposed methods. The parameters for both the material and ggisplacement (mesh motio); : Q; x R* — R*. The ALE
ometry are taken from literature and were discussed with a medrﬁapping is denoted byl and transforms the reference configu-

ical doctor. ration{) ; of the fluid to the physical domaifi; (t). The variable
b defines the fluid domain velocity. Further[nore, any function
G € Qis defined oM by q(z) = (&) for x = A(&, t).

We introduce some notation and study the interaction of ar2.3. Construction of the ALE mapping
incompressible Newtonian fluid and a structure of hyperbolic The fluid mesh motion is reconstructed by posing an addi-

type [13]. tional equation that is driven by the motion of the interfacé),
2.1. Notation i.e., A =4, onT;, leading tow = &, onT;. Further, we fix the

We denote by2 ¢ R, d = 2,3, the domain of the fluid- inletand outlet boundary parts iy = 0 OnT t iniet UT 1, outer. In
structure interaction problem. This domain is supposed to béghe fluid domain2 the transformatiom is arbitrary but should
time independent but consists of two time dependent subdomairgatisfy certain regularity conditions>¢ -diffeomorphism) [13].
Qs (t) and Q,(t). The interface between both domain is de- In particular, the fluid mesh is constructed by solving an harmonic
noted byl';(t) = 9Qf(t) N Qs (t). The initial (or later ref-  problem (for stationary configurations) or a biharmonic equation
erence) domains are denoted @y and )., respectively, with (for large mesh deformations without re-meshing). We solve:

the interfacel’;. Further, we denote the outer boundary with {

Qs (t) = AQy,t), @ =0y inQy,
FSmn,+J;6F; "y =0onl:. (3)

)

r;
w onT;(¢)

)
)

2. Fluid-structure problem

08 = T — Fp U Ty whereT'p andFy denote Dirchletand | /= 0 1n€r  (harmonic)
= =1Ip N wnerel p an N~ aenote Dirichlet an A2ﬂf —0 in ﬁf (biharmonic)

Neumann boundaries, respectively.

We adopt standard notation for the usual Lebesgue and( . _ = = :
Sobolev spaces and their extensions by means of the Bochna{?f =0 on L'tiriet U L's outet_ (hgrmonlc).
integral for time dependent problems [28]. We use the notation | @s = 92@ =0 0NT'siniet U L'y outer  (biharmonic)

(+,-)x for a scalar product on a Hilbert spageand(:, -)sx for
the scalar product on the boundahx. For the time dependent
functions on a time interval, the Sobolev spaces are defined . . .
by X := L%(I;X). Concretely, we us& := L2(I; L2(Q)) 2.4. Considerations on the damped wave equation

andp := HY (I;H'(Q)) = {v € L*(I; H'(Q)) : dw € In the last years, a lot of effort has been spent in modeling
L*(I; H (2))}. appropriate boundary conditions for the fluid and pressure for the
inlet and outlet boundaries [21, 11, 13, 14]; and many references
cited therein. To overcome this deficiency, we prolongate the
The equations for fluid and structure are defined in their nateomputational domain. Second, it is not clear which boundary

{ﬁf =@, onl,.

2.2. The coupled problem

ural frameworks. The fluid problem reads: conditions should be imposed for the structure on the outlet part.

] ] In the artificial extension of the computational domain, therefore,
pr gl 4+ pr(vy —w) - Voy —divoy =0 inQy(2), we use a damped version of the structure equations, to absorb
divoy =0 inQg(t), incoming waves preventing structure reflections.
D The modified structure problem in the extended don@ﬁﬁ

vF =0 on Ff’in(t), ony = gf,N on Ffput(t). (l) is defined by

with the Cauchy stress tenset;. The (undamped) structure | _, . ~ o N ~ . A

problem is defined by: ps0; s — dV(F.5) + 70018 — 7:0udiv(F.5) = 0,

a2 ey PN with ~vs,v» > 0. Here, the first damping terms is referred
psOi s —div(FX,) =0 in s, to ‘weak damping’ whereas the second one is called by ‘strong
;=0 onl.p, F¥.n.,=0 onl,. (2)  damping’ because the full operator is used for damping.

' In the following, we pose a standard mixed formulation of the
with the second Piola-Kirchhoff tensdE, and the deforma- structure equations g
tion gradientF. The coupling conditions are given by (with .~ —
PsOtDs — div(F' X)) 4 v,y 0s — 750, div(FX) = 0,

ﬁsatﬂs — D5 = 07 (4)



2.5 Stability of the coupled problem 4 ADAPTIVE MESH REFINEMENT FORASTONARY PROBLEMS

Remark2.1 The modified structure Problem 4 reduces to theveloped for our ALE scheme in [26]. Spatial discretization in the

original Problem 2 by setting the damping parameters.jo=  reference configuratiof is treated by a conforming Galerkin

7s = 0. Therefore, we are dealing in the following only with finite element scheme, leading to a finite dimensional subspace

Problem 4 inQ;. X, c X. The discrete spaces are based or@BgP{° element

for the fluid problem. The structure problem is discretized by the

Q5 element. The non-linear problem is solved by the Newton
In this section, we discuss the stability and give an extensiorﬁnethod where the Jacobian is derived by exact linearization of

of the a priori energy balance result for the coupled problem [13]the directional derivatives [26].

chapter 9. W_e work in a monolithic framework where th_e ir_1- 31 Residual based stabilization

terface conditions are exactly balanced. The energy loss in time

is due to the fluid viscosity and the damping terms in the wave  Modeling blood flow at the exit of the aortic valve leads to a

equation. convection dominated problem with a Reynolds numbet500

Proposition 2.1. We assume that the conditions = 0 on [_15]._ For this reason, we need to stabilize ourfo_rmu_lation. The

90 (T (). and F.Sm. — 0 on 90.\T. hold. First. we f_|rst |deqs goes back to [6_3]. Our method of choice is a stream-
{’( NE:(E), s sty = s\ : ’ line upwind Petrov-Galerkin (SUPG) method. In the case of pure

get fluid problems it is a well-known drawback that additional bound-

d 2 Ds |1~ 112 N ary layers appear in the pressure approximation. This leads to

dt %fH”fHﬂf(t) + %H”S”Qs Jr/Q W(E) d“"} a decrease in accuracy near the boundary. From computational

° point of view, the second disadvantage comes from the necessity

to compute second derivatives because we are dealing with the

strong formulation. Especially, in case of fluid-structure interac-

tion problems this is a serious drawback. In our computations,

2.5. Stability of the coupled problem

+ywllBsl1g, — 7 (QdiV(EE), i)
+ 25| |D(v5) 18, 1)

s

=0. we only used a simplified version because that worked fine in our
Second, the following energy decay property holds: numerical tests. The definition iRy (¢) reads:
ssupc(U kn) (W)

mw:mm—émmm@nmmwr

M
t A = (p vr- Vo ,(SK,m(’Ukh'V)'(/)U)K
_/ [rulloul3, dr — 7. (0-V(B. ), 0.4.)q, d] . mzl /I 2, (prvs- Vs
0 s s

m KeTm
The density of elastic enerdy’ is defined in [13]. From this re-  with

lation, the constitutive stress tensor for the STVK material can be )

derived easily. The total energy of the coupled system at time step). . =4, hk 8o =0.1.

tis denoted byE(t). ’ 6vf + hic|lvkn||x’

2.6. Monolithic formulation of the coupled problem For more details on the choice of these parameters, we refer to

(5]

The monolithic setting of the coupled equations of Problem
1 with 4 via the conditions in Egn (3) is derived in the same . ) .
manner as [27]. In particular, all equations are defined (anél' Adaptive Mesh Refinement for Stationary Problems

solved) in the reference configurati@h: Qf U Q.. To solve .
the non-linear problem, we introduce a semi-linear form and To overcome the qqnjputatlonal costto solve our_problem, es-

o T A 5 pecially due to the artificial layer, we discuss three different mesh
write in compact notation: Find/ = {%,4,p} € X, where

refinement procedures to our problem. Because of the complex-

x" = {o" + VO} x {a” + VO} x L, such that ity of the overall problem, we study the quantitative aspects of
T T A o mesh refinement only for stationary test cases. First results (to

/ AU)(P)dt = / F(P)dt Ve eX . (5) different steady-state configurations) from other authors are al-
0 0 ready known [8, 29, 22].

However, the first two refinement procedures (global and
smoothness-based) have been used also for the non-stationary nu-
merical examples. We use:

AU)(W) = (Jps0:®, 9 )g, e Global mesh refinement;

The linear form is given by!:“(\il) = 0 because we neglect vol-
ume forces. The semi-linear fori(U7) (%) is defined by

+ (prJ(F (0 —®)-V)8),9 g, e Smoothness-based mesh refinement;
+ (JosF T,Vzpu)ﬁf + (ﬁs&,‘,illv)ﬁs e Goal-oriented mesh refinement with the dual weighted
o —~ aa aw residual (DWR) method.
+ 7w (8,9 g, +7:(0:diV(F:32), ¢ g : : -
T o o The first procedure is self-explaining. For the second type, we
+(Jo F VY )g + (0, ¢ )g, — (0,9 g, measure the jumps of the first derivatives over edges, which cor-
~ = ~u . au responds to a measure of the smoothness of the discrete solution.
+ (@mesn VY g, — (Omestiy, ¥ ), The third type will be subject of the discussion in the following.
e S ¥ L op For coupled problems this formulation is still under investigation
+(Av(JF D), )ﬁf + @ )ﬁs' ©) and becomes costly for space-time dependent problems. For this
reason, we test our configuration in a stationary setting, where we
3. Discretization only scale the inflow velocity such that a steady state solution is
obtained.

For temporal integration of Problem 5, we use the shifted
Crank-Nicolson scheme based on finite differences that was de-



4.1 Goal oriented mesh adaption with the DWR method 5 NUMERICAL TESTS

4.1. Goal oriented mesh adaption with the DWR method From this, we obtain the following (simplified) error representa-
tion:
The Galerkin approximation to Problem 5 (neglecting the on
time derivatives and stabilization terms), reads: Fliig = JO) = JO) =~ p(UL)(Z — ¥))
~ ~ 0 ~ 0 ~.0
{®n, an,pr} € Xp,whereX = {6 +V Ix{a+V }x PV o PUeSA O
£, such that = § {(=psJ(F (D ) )0+ prvsAvn, £ "ph)Kf

A (8 = B(By) v, € X, @

The solutionU, is used to calculate an approximatidlﬁl?h)

+
of the goal-functional/(T7). This functional can be evaluation +
of point values (deflection of the valve), line integrals (computa- +
tion of stresses), or domain integrals. To derive an computable
representation of the approximation ertdfU) — J(U}), we +
introduce a dual variabl&, and obtain [4]:

+

+

Lemma 4.1. For any solution of Eqi5) and 7, we have the error

. 1, ~ AV N
representation 5([0971@], — ¥r)or 00
J(U) ~ J(Un) — (pson, 2" =)z, — (B, 2" — i), -
1 on s o 1oy s . .
=§p(Uh)(Z —W,)+ 4 (On, Z1)(U — &) + RY Remark4.1 Using the strong formulation for the error compu-

tation might be costly for the DWR method in space and time.
for all {&,,¥,} € X, x X, and with the primal and dual Especially, one should not neglect the transformation around the
residuals: Laplacian. How this can be achieved in an efficient way, is still
L ~ an open question for fluid-structure interaction problems.
pUn)(Z —¥p) := —A(Ur)(),

0" (Un, Zn)(U — &) := J(Un)(-) — AOL) (-, Z») 5. Numerical Tests

The remainder term iR is cubic in the primal and dual er- We discuss two numerical examples that are based on the
rors. This error identity can be used to drive an automatic mestsame configuration and parameters. We start by presenting a pro-
refinement process and/or can be adopted to estimate the error.totypical unsteady heart valve simulation. Our aim is to verify
) . ) _the proposed structure outflow conditions. To this end, the valves
The dual variableZ is computed by the corresponding (lin- have sufficient distance to avoid touching and resulting difficul-
earized) dual problem ties.
oA « - - Because we extend the channel to compute the damped wave
A(Wn, Zp) = J(Wn), V¥, € Xp. ®) equation that can absorb out-coming waves, one major disadvan-
The dual Problem 8 can be solved by global higher approximalt""get '? th%_?fompltjtat:o?al Cog' tTh's can behovgrcon(;e with (at
tion or local higher interpolation. To obtain a ‘computable’ ver- |€aSt) two different solutions. First, we use a (hand-made) coarser
gmesh in the artificial domain. Second, which brings us to the nu-

sion of the error identity, we set up some assumptions. Firs A . . .
. (3) . merical Example 2, we use automatic adaptive mesh refinement
we neglect the remainder terf,”’. Second, we are only inter- inth the DWR method.
a

ested in automatic mesh refinement and we use only the primal " 1,¢ (reference) configuratidn of the test case is illustrated
residual to estimate the error. Moreover, we neglect the structur; Fig. 1.

damping terms because their influence in stationary setting is suf-

ficient small. Fourth, we transform (as originally suggested) the (heart
error identity by cell-wise partial integration into the strong form,

leading to challenging structure of the Laplacian term of the fluid T e T TR
equations. Because, we are only dealing with moderate deforma — ~_AQ) D

tions, we assume (while computing the error) tiat= I and
J =1, and a symmetric stress tensor:

1 ~-To

I 5T & sv -~ A . D . .
(JO1pF VO )ﬁf’ Clap := psvy(VosF  +F  Viy), Soft'structure étructurewnh dampir

tiff structure
leading to Figure 1: Configuration (in cm)E™ee™t 4- [,2°mte — 6.0, L¢®* =
PP e 12,H=29,D =25,d=0.1.
(Grap, V¥ )5 Trap = prs(Voy). ’ ’

. o ) Inflow and boundary conditions
This can be transformed easily into the strong formulation. Ba- A time dependent parabolic velocity inflow profile is pre-

sically, the same idea is used for the constitutive tensor of th%cribed onf';, (left boundaryH), sketched in Fig. 2, for the

structure: first test case. This inflow profile is scaled by a constant factor

(F$.,99") . S = (BT + 20, B). 0.1%. For the second test, we choose a constant inflow velocity
s ©~ = 10cm/s leading to a steady-state solution.

The structure tensor is approximated by

S = AWrE) + 2u.E) ~ 2u.E
~ 2;%(6& + VAT ~ (1Y a).



5 NUMERICAL TESTS

The ‘do-nothing’ condition is used ofi,.: (right boundary
Din Fig. 1).

140
130

T

-2.0

2 4 6 8 10

Flow rate [cm/s]

|

40 | Figure 3: Grids of the long axis of the aortic heart valve at three
30 1 1 1 1 1 1 1 1

O 01 02 03 04 05 06 07 08 09 different time step$; = 0s, t2 = 0.130s, andts = 0.350s.

Time [s]

Figure 2: Interpolated flow rate profile for one cardiac cycle. In Fig. 4, we observe the same qualitative behavior of the
physical quantities for the last three cardiac cycles.

The structure is fixed dt;,, andl,.: and it is left free at the

. 0.6 [ — 1500 f7

outer elastic walls, to allow them to move. T os & Jooo | i
Quantities of comparison and their evaluation 2 o4 E s00f .
We evaluate the deflections in both andy-direction at the £ o3 = of

tails of one heart valve at the poirt(0) = (3.64, 0.35), and the g o2 | o ]

wall stresses at the upper wall between fluid and structure in the § 01 § 1500 .

aorta (over the length*°™**). O T, e 5 e 2000 e
Parameters Time [s] Time [s]

For the fluid, we use density; = 1gem™3, and the vis-
icz(:asollt)lg;fthe_ dg'r?;f;: S: 1.9(;21*63,elﬁztllgosi;rsl,];:]urr:tiss ciagz.a; ter Figure 4: Evaluation oﬁ-displacemaegttgﬂ(t) and wall stress in
and the Lamé coefficientsyear: — 1osgcm71872’ Lvalve — y-direction along the upper wall df .

5.0 % 105gem ™ 572, taorta = 10°gem~'s™2. The (weak)
damping parameter is given by, = 10%, the other oney, = 0.

Results of Test 1

One cardiac cycle has time lendth= [0s, 0.9s]. Four time
cycles are used to run the computation. The time step sizes a 1.5
chosen in a range df= 0.02s — 0.002s to detect convergence 1.0 | |
with respect to time. We solve the problem on three different , \
mesh levels to observe space convergence. The results are illL | | ‘
trated in Table 1.

The qualitative behavior of the solution can be studied in Fig. ~
3. The qualitative behavior for other damping parametersire
discussed in [27].

2.0

J‘H T
[
Y

~1.04 ——

-2.0

Figure 5: Meshes with 188, 926, and 4685 cells obtained by the
Dual Weighted Residual estimator.
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Table 1: Results for the first numerical test. Leftdisplacement of poi
of the wall stresses ip direction, measured ifgem ™ 's™?]

n#(t), measured ifiem]. Right: results for the measurement

Deflections iny direction

Wall stresses in direction

DoF k[s] max min max min

5553 0.02 0.4745 0.03222 1075.85 —1763.74
5553 0.002 0.2225 0.01244 979.261 —1644.37
5553 0.001 0.1467 0.00372 865.705 —1423.05
21522 0.02 0.5395 0.00200 1060.42 —1783.44
21522 0.002 0.5676 0.01102 1116.00 —1884.87
21522 0.001 0.5651 0.01068 1116.59 —1887.65
84726 0.002 0.5501 —0.0454 1106.27 —1867.74
84726 0.001 0.5477 —0.0440 1109.84 —1869.06

Table 2: Numerical Test 2: Displacements of the control pdifitr a sequence of mesh levels of locally refined meshes with the DWR

method
Cells DoF A(z)[10 % em)] A(y)[10~*em]
188 3996 2.6153 8.7667
233 5136 2.6921 9.1156
479 10556 2.7576 9.1793
926 20232 2.7674 9.1706
1721 37484 2.7700 9.1636
2882 62912 2.7742 9.1629
4685 101804 2.7763 9.1621
Fig. 5 for three exemplary solutions. The (heuristic) indicator

performs worse than the other two procedures and is no option
for this numerical test case.

Results of Test 2

In this test case, we consider a steady-state solution to ous.
problem by scaling the inflow profile. In Table 2 the deflections
in both principal directions are displayed for a sequence of locally

Conclusions

In this work, we proposed a monolithic fluid-structure frame-

refined meshes with the DWR method.

work to simulate a two-dimensional long axis heart valve. The
computational domain was prolongated by an artificial layer to
prevent backflow of structure waves. To reduce computational
cost, we developed a simplified DWR estimator for mesh adap-
tion. We plan to extend this concept to time dependent cases. In
further studies, we will investigate the influence of the damping
parameters. Moreover, we plan to couple the model with absorb-

0.0001
le-05 E
T
=
1le-06 | E [1]
leo7 L T L [2]
1000 10000 100000 le+06
DoF

Figure 6: Error of the poiny-evaluation at the tail(¢) of the
upper valve versus number of degrees of freedom, for uniform re
finement, the weighted indicator obtained by the Dual Weighted
Residual method, and smoothness-based indicators.

(3]

(4]

A comparison between the three proposed refinement types
is made in Fig. 6. The reference value for the error determination
is computed on a very fine mesh obtained by global refinement
and extrapolation of the solution. We monitor the same conver-
gence rate for both global refinement and mesh adaption with the
DWR method. However, we detect a better constant when using
the DWR method. The corresponding meshes are displayed in

ing boundary conditions for the fluid part.
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