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Topic in German

In dieser Dissertation untersuche ich ein neues Szenario welches im frühen Uni-

versum für die Quantenchromodynamik (QCD) einen starken Phasenübergang er-

ster Ordnung bei nicht verschwindender Baryonendichte ermöglicht und diskutiere

mögliche beobachtbare Konsequenzen. Nach Einführungen in wichtige Aspekte

der zugrunde liegenden Felder der QCD und der Kosmologie diskutiere ich die

Möglichkeit einer kurzen inflationären Phase am kosmologischen QCD Phasenüber-

gang. Ein starker Baryogenese-Mechanismus is notwendig um die benötigte Bary-

onasymmetrie der Größenordung eins voraussetzen zu können, eine Möglichkeit

wäre dabei die sogenannte Affleck-Dine Baryogenese die ebenfalls diskutiert wird.

Die zweite Kernannahme dieses ”kleine Inflation”-Szenarios ist ein quasistabiler

QCD-Vacuumzustand der eine kurze Periode der exponentiallen Expansion verur-

sacht und dabei das Verhältnis von Baryonen zu Photonen auf den Heute beobach-

teten Wert verdünnt. Die kosmologischen Auswirkunge sind unter anderem eine di-

rekte Modifikation der primordialen Dichtefluktuationen bis zu einer Massenskala

der dunklen Materie von Mmed ∼ 1M⊙, eine Änderung in der spektralen Stei-

gung bis zu Mmax ∼ 106M⊙, Produktion von starken primordialen Magnetfeldern

und eines Gravitationswellen-Spektrums das von zukünftigen Pulsarlaufzeit-Gra-

vitationswellen-Detektoren beobachtet werden könnte.

Topic in English

In this thesis I explore a new scenario that allows for a strong first order phase-

transition of quantum chromodynamics (QCD) at non-negligible baryon density in

the early universe and its possible observable consequences. After an introduction

to important aspects of the underlying fields of QCD and cosmology I discuss the

possibility of a short inflationary phase at the cosmological QCD phase transition.

A strong mechanism for baryogenesis is needed to start out with a baryon asym-

metry of order unity, e.g. as provided by Affleck-Dine baryogenesis which is also

discussed within the thesis. The second main assumption for this ”little inflation”

scenario is a quasistable QCD-vacuum state that leads to a short period of expo-

nential expansion consequently diluting the net baryon to photon ratio to today’s

observed value. The cosmological implications are among other things direct ef-

fects on primordial density fluctuations up to length scales corresponding to an

enclosed dark matter mass of Mmed ∼ 1M⊙, change in the spectral slope up to

Mmax ∼ 106M⊙, production of strong primordial magnetic fields and a gravita-

tional wave spectrum that could be observed by future pulsar timing gravitational

wave detectors.



Acknowledgements

I would like to thank all the people who have directly or indirectly supported me

during the last three and a half years and without whom this work could not have

been completed.

First of all I would like to thank my professor Jürgen Schaffner-Bielich for sup-

porting and supervising my doctoral thesis. The basic ideas that lead to this thesis

were developed with him during many interesting discussions and without his con-

tinuous support the thesis could not have taken shape.

Furthermore I want to thank our compact stars and cosmology group for a warm

and pleasant working atmosphere. I would like to thank Irina Sagert, Giuseppe

Pagliara, Andreas Lohs, Debarati Chatterjee, Simon Weissenborn, Bruno Mintz

and Basil Sa’d. Special thanks go to the two other cosmo-guys Rainer Stiele

and Simon Schettler for countless discussions about many problems related to the

thesis. I am also very grateful to Matthias Hempel for numerous chats about com-

plicated topics that often helped a lot in improving my understanding.

I am indebted to my second supervisor professor Michael Schmidt for interesting

discussions about the thesis and related topics.

Tina Straße cannot be thanked enough for always being a good friend next door

whenever I was in need of one. Additional thanks go to her, Soniya Savant and

Sandeep Botla for making our Dossenhome such a great place to live. I also want

to thank Ilja Doroschenko for many laughs and unfortunately far too few encoun-

ters in the last years. Furthermore I want to thank all the other people that made

my time in Heidelberg unforgettable, most importantly Florian Marhauser, Julia

Schaper, Katja Weiß and Florian Freundt.

And last but not least I am deeply grateful to my parents and my siblings for their

love, support and encouragement throughout the years. They always had an open

ear and were ready to help in any situation.



Contents

1 Introduction 7

2 QCD 13

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2 Noethers Theorem and Conserved Currents . . . . . . . . . . . . . . 18

2.3 Chiral Symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.3.1 Chiral Transformations . . . . . . . . . . . . . . . . . . . . . 21

2.4 PCAC-relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.5 Goldberger-Treiman Relation . . . . . . . . . . . . . . . . . . . . . 26

2.6 Linear σ-Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.7 The Bag-Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.8 Scale Symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.9 Trace Anomaly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.10 Dilaton Quark Meson Model . . . . . . . . . . . . . . . . . . . . . . 41

2.10.1 Lagrangian and Basic Thermodynamics . . . . . . . . . . . . 41

2.10.2 Vacuum energy and the trace anomaly . . . . . . . . . . . . 45

2.10.3 Diagonalizing the mass matrix . . . . . . . . . . . . . . . . . 46

2.10.4 Pressure and Equation of State . . . . . . . . . . . . . . . . 48

3 Cosmology 53

3.1 The homogeneous and isotropic FLRW-universe . . . . . . . . . . . 55

3.1.1 FLRW-metric and the Friedmann equations . . . . . . . . . 62

3.1.2 Thermal history of the early universe . . . . . . . . . . . . . 65

3.2 Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.2.1 The flatness problem . . . . . . . . . . . . . . . . . . . . . . 68

3.2.2 The horizon problem . . . . . . . . . . . . . . . . . . . . . . 70

3.2.3 The solution: Inflation . . . . . . . . . . . . . . . . . . . . . 71

3.3 Structure Formation . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5



3.3.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.3.2 Types of perturbations . . . . . . . . . . . . . . . . . . . . . 77

3.3.3 Gauge transformations . . . . . . . . . . . . . . . . . . . . . 79

3.3.4 Gauge invariant formalism . . . . . . . . . . . . . . . . . . . 80

3.3.5 Uniform expansion gauge . . . . . . . . . . . . . . . . . . . . 81

3.3.6 Analytic Solutions . . . . . . . . . . . . . . . . . . . . . . . 82

3.4 Baryogenesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

3.4.1 Electroweak Baryogenesis . . . . . . . . . . . . . . . . . . . 87

3.4.2 Baryogenesis via Leptogenesis . . . . . . . . . . . . . . . . . 88

3.4.3 Affleck-Dine Baryogenesis . . . . . . . . . . . . . . . . . . . 88

4 A Little Inflation 95

4.1 QCD Phase Transition in Cosmology . . . . . . . . . . . . . . . . . 97

4.2 Baryon asymmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.2.1 Baryon Asymmetry . . . . . . . . . . . . . . . . . . . . . . . 100

4.2.2 Chemical Potentials and the Duration of Inflation . . . . . . 100

4.3 Nucleation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.4 Structure Formation . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.4.1 Analytic Solutions . . . . . . . . . . . . . . . . . . . . . . . 111

4.4.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . 115

4.5 Dark Matter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.6 Magnetic Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

4.7 Gravitational Waves . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5 Conclusion and Outlook 131

6 Appendix 137

6.1 Dilaton Quark Meson Model - Details . . . . . . . . . . . . . . . . . 139

6.1.1 Speed of Sound . . . . . . . . . . . . . . . . . . . . . . . . . 139

6.1.2 Diagonalizing the Mass Matrix . . . . . . . . . . . . . . . . 141

6.2 Structure Formation . . . . . . . . . . . . . . . . . . . . . . . . . . 142

6.2.1 Additional Results . . . . . . . . . . . . . . . . . . . . . . . 142



Chapter 1

Introduction

7





9

The standard models of cosmology and particles physics provide excellent descrip-

tions of the universe from an early stage up to the present day. In the last two

decades a wealth of observations has confirmed many predictions of the theory

hot big bang while on the other hand opening up many new questions, for ex-

ample about the nature of dark matter and dark energy. However, there are still

some long standing questions unanswered like the origin and size of the asymme-

try between matter and antimatter, the source of magnetic fields in galaxies or the

existence of gravitational waves.

An important prediction of these standard models are a set of phase transitions

most notably the electroweak phase transition and the phase transitions of quan-

tum chromodynamics (QCD). The former taking place at temperatures about 200

GeV is nowadays assumed to be a crossover at least without including physics

beyond the standard model. The latter transition from the quark-gluon plasma to

a hadron gas should have happened at a temperature of about TQCD ≈ 150− 200

MeV merely 10−5 sec after the big bang. The cosmic QCD phase transitions was

extensively discussed in the 80s and 90s by numerous authors [1, 2, 3, 4, 5, 6]

mostly with a focus on magnetic field production and the generation of baryon

inhomogeneities that could affect big bang nucleosynthesis. At the time it was

commonly assumed that the phase transition was of first order allowing for nucle-

ation and bubble collisions that would provide an environment in which magnetic

fields, gravitational waves and baryon inhomogeneities could be generated.

Lattice gauge theory calculations have shown in the last decade that the phase tran-

sitions of QCD at zero baryon density are most probably only a rapid crossovers

[7, 8]. This is relevant for the early universe since in standard cosmology the baryon

asymmetry is tiny ηB = nB/s ∼ 10−9, where nB is the net baryon density and s the

entropy density, as deduced from later stages in the evolution of the universe. Thus

the common notion became that the cosmological QCD phase transition occurred

in conditions that made a first order phase transition very unlikely. A sketch of

a possible QCD phase diagram is depicted in figure 4.1 along with the commonly

accepted path the universe took during and after the transition. The universe

started out in the upper left and moved along the temperature axis from the chi-

rally symmetric quark gluon plasma through a crossover transition to the chirally

broken hadron gas phase. At this point one might ask if there is a simple scenario

with the cosmological QCD phase transition being first order without violating the

constraint of a small baryon asymmetry in the later evolution of the universe. The
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Figure 1.1: Sketch of a possible QCD-phase diagram with the commonly accepted stan-

dard evolution path of the universe as calculated e.g. in [9] depicted by the grey path.

little inflation scenario which is the topic of this thesis [10, 11, 12] allows for such

a first order QCD phase transition in the early universe without being in contra-

diction to present cosmological observations. After introductions to the relevant

aspects of QCD and cosmology we will return to this question and outline how a

little inflationary phase would allow a cosmological QCD phase transition to be

first order and what the implications would be.

This work is organized as follows:

The basics of QCD are introduced in the second chapter. We will discuss the most

important basics of chiral symmetry with an emphasis on symmetries and effective

models. In particular we will explain the structure of the linear sigma model with

quarks and its extension with a dilaton field.

In the third chapter we will first quickly discuss the basics of cosmology. Then
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we will explain in detail the theory of linear density perturbations in cosmology

with focus on a certain gauge that we will use later on. Furthermore we discuss

standard inflation and baryogenesis with an emphasis on the mechanism of Affleck-

Dine baryogenesis.

Finally in chapter four we introduce the ”little inflation” scenario in contrast to the

standard picture of the cosmological QCD phase transition. Then we will examine

constraints on the duration of such a little inflationary phase before we discuss

the issue of nucleation. We will examine the differences for small scale density

perturbations and possible implications for structure formations. Furthermore

changes to dark matter physics, the generation of magnetic fields and gravitational

waves will be topics to be discussed in the context of this new scenario.





Chapter 2

QCD

Three quarks for Muster Mark!

Sure he has not got much of a bark

And sure any he has it’s all beside the mark.

– James Joyce, Finnegans Wake

13
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2.1 Introduction

It has been widely accepted for several decades that quantum chromodynamics

(QCD) is the correct theory describing the strong nuclear interaction. The first

important step towards the understanding of the strong interaction was probably

done by Yukawa in 1935. He theorized that the protons and neutrons interact via

the exchange of a massive virtual field quantum explaining why the nuclear forces

are short range. The uncertainty principle would allow the creation of such a field

quantum if

∆E∆t = mc2∆t ∼ ~ (2.1)

here c is the speed of light and ~ is Planck’s constant1. Since the range of the

nuclear interaction is roughly r ≈ 1fm this suggests a lifetime of

∆t ∼ r

c
≈ 1

200MeV
. (2.2)

This means that one should expect a field quantum with a mass of

mc2 ≈ ~c

r
≈ 200MeV. (2.3)

When the strongly interacting π-meson was discovered by Perkins in 1947 with a

mass of ∼ 140 MeV this seemed to give strong support for Yukawa’s theory2.

When more and more mesons were discovered in the 1950s and 60s it became

clear that the pion was not special at all apart from being the lightest meson.

Furthermore scattering experiments showed that pion exchange could not prop-

erly describe high energy proton-neutron interactions and could not account for

the strong interaction among pions themselves. Hadrons turned out to be the ob-

served physical degrees of freedom of the strong interaction at low temperatures

and density but not the elementary constituents of the strong interaction. In 1964

Murray Gell-Mann [13] and George Zweig [14, 15] independently found a system to

categorize the previously chaotic zoo of hadrons with what Gell-Mann called the

Eightfold Way3 due to the underlying SU(3) symmetry that has eight independent

generators. In the following decade the quantum field theory behind this symmetry,

QCD, was developed that introduced quarks and gluons as fundamental degrees

of freedom. QCD has two remarkable properties: confinement, which denotes that

1Later on we will use natural units throughout this thesis so c = ~ = kB = 1 if not stated differently.
2For some time the muon (discovered in 1936) was sometimes interpreted to be the field quantum

of the strong interactions because its mass seemed to match the expectation with ∼ 100 MeV until it

became clear that it does not interact strongly.
3A reference to the Noble Eightfold Path in Buddism.
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at low energies the quarks inside a hadron cannot be separated because the force

between them increases linearly with distance. And secondly asymptotic freedom,

which means that at very high momentum (and small distances) the interactions

between quarks and gluons become weaker and weaker until they can be treated

as quasi-free particles. Thus if matter is heated and/or compressed sufficiently

strong interactions should become weaker and weaker until a new state of matter

is formed in which the individual quarks are no longer associated to a fixed bound

state but can travel rather freely. This deconfined and asymptotically free phase of

strongly interacting matter is called Quark-Gluon Plasma (QGP). It should have

been present in the early universe at sufficiently high temperatures as we will dis-

cuss later. It might still exist in the present universe in certain types of compact

stars called quark or hybrid stars [16] and it can most probably be produced in

heavy ion collisions4. The latter discovery was announced after experiments at

the SPS at CERN in 2000 and later on also at the Relativistic Heavy-Ion Collider

(RHIC) located at Brookhaven National Laboratory.

QCD is based on the invariance under the non-abelian SU(3) gauge transforma-

tions. Let us now have a look at the Lagrange density of QCD and then discuss

some of its properties.

LQCD =
∑

f

[
ψ̄f (/D −mf )ψf

]
− 1

4
Ga

µνG
aµν (2.4)

Here the interactions are hidden both in the covariant derivative Dµ as well as in

the square of the field strength tensor Ga
µν

/D = iγµ (∂µ − igAµ)

Ga
µν = ∂µAa

ν − ∂νAa
µ − igfabc

[
Ab

µ,Ac
ν

]

Aµ = T aAa
µ (2.5)

Here Aa
µ are the eight color gauge fields, mf are the quark masses, γµ are the

Dirac gamma-matrices, fabc are the SU(3) structure constants and T a are the

generators of the gauge transformations. The quark fields ψf come in the six flavors

up, down, strange, charm, bottom and top and carry one of three color charges.

The gluon fields are mostly characterized by their color index5 a = 1, ..., 8. This

Lagrangian describes the strong interactions between quarks via the exchange of

4See for example the review of Boyanovsky et al. [17] that compares the QCD phase transition in the

big bang with the ”little bang” in the laboratory.
5For a SU(Nc) gauge theory there are N2

c − 1 independent gauge fields.
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gluons that carry strong charge themselves. The latter is in contrast to the gauge

field of quantum electrodynamics (QED), the photon, that does not carry electric

charge, hence gluons can interact among themselves. The non-abelian structure

of the QCD-Lagrangian is hidden in the product of the gluon field strength tensor

that includes a self-interaction term arising from the non-vanishing commutator
[
Ab

µ,Ac
ν

]
. Thus three - and four-gluon interactions are possible that are absent for

QED, where any interaction requires a charged fermion to be present.

Unfortunately this Lagrangian cannot be easily used to explain low energy prop-

erties of the strong interactions. The main reason is the running coupling constant

of QCD [18, 19], i.e.

α2
s(p) =

g2(p)

4π
≈ 1

β0 ln
(

p2

Λ2

QCD

) (2.6)

which is the equivalent of the fine structure constant in QED, is too large to allow

a perturbative treatment in terms of Feynman diagrams at low energies. Here

β0 = 1
4
(11− 2Nf/3) and ΛQCD ≈ 220MeV is the QCD energy scale. At an energy

of 500 MeV the coupling constant is still very large αs(500MeV) ≈ 0.5 and only at

very high energies it approaches so low values that perturbative expansions should

converge quickly, e.g. αs(90GeV) ≈ 0.12 [18, 19].

There are two main ways to address the mentioned difficulties, the first are lat-

tice gauge theory approaches to QCD that try to solve the theory on a discretized

spacetime [20, 21]. These approaches are mostly limited to vanishing baryon densi-

ties and require enormous amounts of computer power but progress in recent years

has be steady. The second one are effective models [22] that try to mimic QCD

by building Lagrangians that incorporate one or even several of its symmetries.

The hope is that if one fits such an Lagrangian to important experimental con-

straints one may end up with a model that is reasonably close to full QCD to make

meaningful predictions. We will follow the latter way and first examine several im-

portant symmetries of QCD before we will show how they may be represented in

an effective description.
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2.2 Noethers Theorem and Conserved Currents

To be able to discuss the important properties of QCD it is necessary to remind

ourselves of the connection between symmetries of a theory and its conserved

currents and charges. In this context it is common to consider the Lagrange

density L (Φα, ∂µΦα) of a given field Φα(x) [23, 24, 25]. The action S is defined

via the 4-volume Integral of the Lagrange density (or Lagrangian)

S =

∫

L (Φα, ∂µΦα) d4x (2.7)

Now let us consider a transformation of the fields

Φα(x)→ Φ′
α(x) = e−iΩi

αβωi

Φβ(x) (2.8)

where the Ωi
αβ are the generators and ωi are the parameters of the transformation

[26]. Now for simplicity let us assume an infinitesimal transformation

Φα → Φ′
α = Φα + δΦi

α ≈
(
1− iΩi

αβω
i
)
Φα (2.9)

∂µΦα → (∂µΦα)′ = ∂µΦα + δ(∂µΦα) (2.10)

Using this we can calculate the variation of the Lagrangian

δL = L (Φ′
α, (∂µΦα)′) − L (Φα, ∂µΦα)

≈
︷ ︸︸ ︷

L (Φα, ∂µΦα) +
∂L
∂Φα

δΦi
α +

∂L
∂ (∂µΦα)

δ(∂µΦα)−L (Φα, ∂µΦα)

≈ ∂L
∂Φα

δΦi
α +

∂L
∂ (∂µΦα)

∂µ(δΦi
α) (2.11)

In the step from the second to the third line we have used that ∂µ and δ commute

on the linear level. Now let us use this result for the variation of the action

δS =

∫

d4x

(
∂L
∂Φα

δΦi
α +

∂L
∂ (∂µΦα)

∂µ(δΦi
α)

)

=

∫

d4x





(
∂L
∂Φα

︷ ︸︸ ︷

−∂µ
∂L

∂ (∂µΦα)

)

δΦi
α + ∂µ

(
∂L

∂ (∂µΦα)
δΦi

α

)


 (2.12)

The first bracket has to vanish because of the Euler-Lagrange equations of motion

0 =
∂L
∂Φα

− ∂µ
∂L

∂(∂µΦα)
. (2.13)
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Consequently for the action to be invariant the last term in (2.12) also has to

vanish

0 = ∂µ

(
∂L

∂(∂µΦ)
δΦi

α

)

= ωi∂µJ
µ
i . (2.14)

This is obviously a conservation equation for the current

Jµ
i =

∂L
∂(∂µΦα)

δΦi
α = −i ∂L

∂(∂µΦα)
Ωαβ

i Φβ (2.15)

where the parameters ωi have been pulled out of the definition of the currents to

ensure that they are independent of the transformations. One may additionally

define conserved charges Qi via the volume integral of the zeroth component of the

current

Qi =

∫

V

J0
i d

3x = −i
∫

V

∂L
∂(∂0Φα)

Ωi
αβΦβd3x (2.16)

These results are nothing else but the well known Noether’s theorem which states

that every continuous symmetry of a theory described by a Lagrangian leads to a

conserved current and consequently to a conserved charge. We will discuss several

continuous symmetries in the course of this thesis, i.e. axialvector, vector and scale

symmetries of QCD.
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2.3 Chiral Symmetry

Chiral symmetry is a symmetry of the strong interactions that is motivated to a

large part by the comparison of weak interaction processes involving only leptons

(purely leptonic) and both hadrons and leptons (semileptonic). Let us compare

the two decays

µ− → νµ + e− + ν̄e (2.17)

n → p+ e− + ν̄e (2.18)

within classical Fermi theory of weak interactions. In both cases the interaction

Lagrangian can be formulated in terms of a coupling of charged currents, for the

purely leptonic decay (2.17)

Llept =
4GF√

2
jα+j−α (2.19)

where GF ≈ 1.17 GeV−2 is Fermi’s constant and α is as usual a Minkowski 4-index.

The currents j±α can be expressed as

j+
α =

1

2

∑

ℓ

ν̄ℓγα(1− γ5)ℓ j−α =
1

2

∑

ℓ

ℓ̄γα(1− γ5)νℓ (2.20)

Here γα are the Dirac gamma matrices defined by the algebra {γα, γβ} = 2gαβ and

γ5 = iγ0γ1γ2γ3. The resulting interaction Lagrangian for the decay (2.17) then

reads

Llept,µ =
GF√

2
ν̄µγ

α(1− γ5)µ ēγα(1− γ5)νe (2.21)

The factors of (1−γ5) reflect the fact that weak interactions are of the (V-A) vector

- axialvector type, i.e. only left-handed neutrinos and right-handed antineutrinos

are coupled weakly to other particles. This becomes clearer when realizing that the

projection operators for left and right handed fields read PR/Lℓ = (1±γ5)ℓ = ℓR/L.

Thus in the above Lagrangian the first projection operator actually projects the

right handed part out of the anti-neutrino spinor to the left of it and the second

projection operator projects the left-handed part out of the neutrino spinor to its

right.

Now let us have a look at the β−decay (2.18), which also contains hadrons and is

thus a bit more complex

Lhadr =
4GF√

2
(Jα+j−α + Jα−j+

α ) (2.22)
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Here Jα+ denotes the hadronic current given by

J+
α =

1

2
p̄γα(gV − gAγ5)n (2.23)

where gV and gA denote the vector- and the axial-vector couplings, respectively.

The Lagrangian for the beta decay (2.18) can consequently be written as

Lhadr,n =
GF√

2
p̄γα(gV − gAγ5)n ēγα(1− γ5)νe (2.24)

These two relative coupling constants are necessary as compared to the purely lep-

tonic case because protons and neutrons are composite particles. The fundamental

weak interaction couples to the quarks inside the hadrons and thus there should

be strong interaction corrections as compared to the case of weak interactions with

free quarks. It seems natural that gV and gA could be very different from unity.

The experimental results are thus quite surprising

gV ≈ 0.98 gA ≈ 1.28. (2.25)

Thus the effective weak vector couplings of hadrons and leptons is surprisingly

almost identical and even in the axial vector coupling shows only small hadronic

corrections. If one invokes an additional symmetry of strong interactions that leads

to conservation of vector- and axial-vector currents then the above experimental

result can be understood quite naturally. We will outline the connection of the

conservation of these currents to an important symmetry of QCD, chiral symmetry,

in the next chapter. As a guide to further reading on chiral symmetry the review

articles by Koch [27] and by Bentz et al. [28] and the book by Mosel [24] can be

recommended.

2.3.1 Chiral Transformations

Let us have a look at the relevant transformations that reflect the axial- and vector-

symmetries, i.e. the chiral transformations. We will examine a simple example of

a system in which the vector-current is conserved while the axial-current is not

conserved. Non-interacting fermions ψ with a mass m have exactly this property

as we shall see. The Lagrangian reads

L = ψ̄(/p−m)ψ = ψ̄(iγµ∂
µ −m)ψ (2.26)
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The vector- and axial-vector transformations ΛV ,ΛA as expected from (2.8) are

given by [24, 27]

ΛV : ψ → e−i~τ
2

~Θψ ≈ (1− i~τ
2
~Θ) ψ,

ψ̄ → ψ̄ei~τ
2

~Θ ≈ ψ̄ (1 + i
~τ

2
~Θ) (2.27)

ΛA : ψ → e−iγ5
~τ
2

~Θψ ≈ (1− iγ5
~τ

2
~Θ) ψ,

ψ̄ → ψ̄e−iγ5
~τ
2

~Θ ≈ ψ̄ (1− iγ5
~τ

2
~Θ) (2.28)

Here ~τ is the vector of the Pauli spin matrices and ~Θ is the parameter vector6.

The above transformations are a representation of the symmetry group SU(2)V ×
SU(2)A.

Applying the infinitesimal vector transformations to the Lagrangian (2.26) we find

that

L ΛV−−→ L′ ≈ ψ̄(1 + i
~τ

2
~Θ)(iγµ∂

µ −m)(1− i~τ
2
~Θ)ψ ≈ ψ̄(iγµ∂

µ −m)ψ = L (2.29)

Since they act on different spaces the γ− and τ−matrices can simply be commuted.

The term that is quadratic in the small parameters ~Θ is for consistency neglected in

the last step. In other words even massive fermions are invariant under the vector-

transformations (2.27). If we now compare the vector transformation law and the

Lagrangian to our previous result (2.15) we consequently find the conserved vector

current
~Vµ = −i ∂L

∂(∂µψ)

~τ

2
ψ = ψ̄γµ

~τ

2
ψ. (2.30)

Now let us do the same exercise for the axial transformations

L ΛA−→ L′ ≈ ψ̄(1− iγ5
~τ

2
~Θ)(iγµ∂

µ −m)(1− iγ5
~τ

2
~Θ)ψ

≈ ψ̄(iγµ∂
µ −m)ψ + 2imψ̄γ5

~τ

2
~Θψ = L+ δL (2.31)

where we have again dropped the term quadratic in the small parameters ~Θ. There-

fore the axial symmetry is broken explicitly if m 6= 0, i.e. the Lagrangian itself is

6Note that the transformation law of ψ̄ in (2.28) is often written incorrectly in the literature, probably

originating from the standard paper on chiral symmetry by Koch Ref. [27] in equation (45) which would

actually not lead to the axial symmetry being broken by a mass term but by the kinetic term of the

Lagrangian. The transformation can be derived from the transformation of ψ and using ψ̄ = ψ†γ0.

Then one finds that ψ̄′ = (ψ′)†γ0 ≈
h

(1− iγ5
~τ
2

~Θ) ψ
i†

γ0 = ψ†(1 + iγ5
~τ
2

~Θ) γ0 = ψ†γ0(1 − iγ5
~τ
2

~Θ) =

ψ̄ (1 − iγ5
~τ
2

~Θ). Here we have used that (AB)† = B†A†, that γ5 and the Pauli matrices are Hermitian

and that γ5 anti-commutes with all other γ−matrices.
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not invariant under the axial transformation in the presence of a mass term. Nev-

ertheless if the mass m is small compared to the relevant energy scale then the

axial current
~Aµ = −i ∂L

∂(∂µψ)
γ5
~τ

2
ψ = ψ̄γµγ5

~τ

2
ψ (2.32)

could still be approximately conserved. According to (2.12) and (2.15) the current

will then obey the equation

∂µ ~Aµ = 2imψ̄γ5
~τ

2
ψ (2.33)

which can be understood as an approximate conservation equation. In one of the

following sections dealing with the linear σ-model we will consider another type of

symmetry breaking, i.e. spontaneous symmetry breaking that can appear even if

the Lagrangian is invariant under the given transformation.
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2.4 PCAC-relation

One of the most important relations of chiral symmetry is the partial conserved

axial-vector (PCAC) relation which creates a connection between axial currents of

the weak interaction and the strongly interacting pion fields. It is usually given in

the form

∂µAa
µ(x) = fπm

2
ππ

a(x) a = 1, 2, 3 (2.34)

Here Aa
µ(x) is the weak axial-vector current, fπ is the pion decay constant and

πa(x) is one of the pion fields according to its isospin index a. We will schematically

deduce it from the weak decay of the pion7. We start from the matrix element for

the weak pion decay

〈0 | Aa
µ(x) | πb(q)〉 (2.35)

where a and b are isospin indices. The form of the weak axial-vector current Aa
µ(x)

is a priori unknown but because it must transform as a Lorentz vector it must

be proportional to the pion momentum qµ, since it is the only other 4-vector in

the problem. The further space-time dependence of the matrix element can be

deduced from from translational invariance

〈0 | Aa
µ(x) | πb(q)〉 = 〈0 | Aa

µ(0) | πb(q)〉e−iqx (2.36)

as explained in [24].

〈0 | Aa
µ(x) | πb(q)〉 = −iCδabqµe

−iqx (2.37)

the constant of proportionality 8 C is nothing else but the pion decay constant

that has been experimentally found to have a value of fπ ≃ 92.4 MeV. To put this

in the form of a conservation law we take the 4-divergence of (2.37)

〈0 | ∂µAa
µ(x) | πb(q)〉 = −fπδ

abqµqµe
−iqx = −fπδ

abm2
πe

−iqx (2.38)

where we have used Lorentz invariance in the last step qµqµ = m2
π. The PCAC

relation connects the conservation of the axial-vector current with the size of the

pion mass. Since the pion mass is small (compared to hadronic scales of ∼ 1GeV)

but non-zero the axial-vector current is only partially conserved.

Taking only the lowest mode of the free pion field π(x) ≈ e−iqx (again up to a

normalization) we can also deduce the axial current carried by the pion by applying

the Klein-Gordon equation for the free pion field

∂µ∂
µπ(x) = −m2

ππ(x) (2.39)

7A more rigorous derivation also for other mesons can be found in [29, 24]
8We neglect in (2.37) a necessary normalization factor of the plain wave for the sake of simplicity
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Applying (2.39) to (2.37) we arrive at

〈0 | ∂µAa
µ(x) | πb(q)〉 = fπδ

ab∂µ∂
µπb(x) (2.40)

If we compare this to equation (2.38) the axial vector current carried by the pion

is found to be

Aa
µ(x) = fπ∂µπ

a(x) (2.41)

A very important application of the PCAC-relation is the so-called Goldberger-

Treiman relation which we will consider next.
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2.5 Goldberger-Treiman Relation

Since it makes little sense to consider the PCAC-relation for pions without any

interactions the most obvious generalization is to include nucleons into the consid-

eration. The axial current of the nucleon reads

Aa
µ,N = gAψ̄Nγµγ5

τa

2
ψN (2.42)

as shown in equation (2.32). Here ψN =

(

ψN,p

ψN,n

)

is the 2-spinor of the proton

and the neutron in isospin-space, γµ and γ5 are the usual anti-commuting gamma-

matrices and τa are the Pauli-matrices. The additional factor as compared to

equation (2.32) has been experimentally found to be gA ≈ 1.28 due to renormal-

ization of Aa
µ,N as discussed in section 2.3. Following section 2.4 we now consider

the divergence of the nucleon current.

∂µAa
µ,N = ∂µ

(

gAψ̄Nγµγ5
τa

2
ψN

)

= gA

(

ψ̄Nγµ

←−
∂ µγ5

τa

2
ψN + ψ̄Nγµ∂

µγ5
τa

2
ψN

)

= gA

(

ψ̄Nγµ

←−
∂ µγ5

τa

2
ψN − ψ̄Nγ5

τa

2
γµ∂

µψN

)

= igAmN ψ̄Nγ5τ
aψN (2.43)

where we have used the anti-commutation relation {γµ, γ5} = 0 from the second

to the third line and the Dirac equation for ψN and the adjoint Dirac equation for

ψ̄N in the last step 9. Since mN is sizable even compared to hadronic scales Aa
µ,N

alone is not even approximately conserved. Still one might consider the combined

axial current of pion and nucleon to be just the sum of both single currents

Aa
µ = gAψ̄Nγµγ5

τa

2
ψN

︸ ︷︷ ︸

+ fπ∂µπ
a(x)

︸ ︷︷ ︸
(2.44)

nucleon pion

where we have used one of the results of section 2.4 for the pion axial current. If

we now assume that the combined current (2.44) is conserved, i.e. ∂µAa
µ = 0 we

arrive at

∂µ∂
µπa(x) + igA

mN

fπ

ψ̄Nγ5τ
aψN = 0 (2.45)

9which directly give γµ∂
µψN = −imNψN and ψ̄Nγµ

←−
∂ µ = imN ψ̄N , respectively
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which is a Klein-Gordon equation for a massless pion coupled to the nucleon field

via the second term. Again we find that the axial current is only conserved in

the limit of a vanishing pion mass. Using the PCAC-relation (2.34) instead of a

completely conserved current introduces an additional term to (2.45) resulting in

(
∂µ∂

µ +m2
π

)
πa(x) + igA

mN

fπ

ψ̄Nγ5τ
aψN = 0 (2.46)

Finally we can identify the constants in front of the interaction term with an

effective pion-nucleon coupling constant to find the Goldberger-Treiman relation

gπNN = gA
mN

fπ

≈ 12.7 (2.47)

which is in remarkably good agreement with the experimentally found value gexp
πNN ≈

13.4 when considering the relatively simple arguments and estimates used to derive

it.
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2.6 Linear σ-Model

The linear σ-model was first discussed by Gell-Mann and Levy [30] to model the

axial vector current in the beta decay even before the first precursors of QCD were

developed in the mid 60s. The idea was to write down a model of the nuclear-

mesonic interactions that would incorporate approximately conserved vector- and

axial-vector-currents as found in the weak decays10 as discussed in section 2.3.

The linear sigma model has been used by numerous authors with many different

variations and extensions in the last decades, see [27, 31, 32, 33, 34] and references

therein. The model includes the nucleon spinor11 ψ, the ~π-mesons and the σ-

meson. One may find the behavior of the mesons under vector- and axial-vector-

transformation by examining the structure of the state they represent [27], i.e.

~π = iψ̄q~τγ5ψq and σ = ψ̄qψq (2.48)

where the index q was added to distinguish the quark spinor from the nucleon

spinor that will appear later.

ΛV : ~π → ~π′ ≈ ~π + ~Θ× ~π,
σ → σ′ = σ (2.49)

ΛA : ~π → ~π′ ≈ ~π + ~Θσ,

σ → σ′ ≈ σ − ~Θ~π (2.50)

In other words the vector transformations correspond to a rotation with the angles
~Θ in isospin-space, explaining why the ~π is transformed like a three component

isovector while the isoscalar σ stays invariant. The axial transformations are more

subtle and mix pion and sigma mesons. The next step would be to find terms

that are invariant under both ΛV and ΛA. For the vector-transformations this is

rather obvious since rotations preserve the norm of a vector so any potential that

only uses terms quadratic in the meson fields will be invariant under the vector

transformations, i.e.

ΛV : ~π2 → (~π′)2 = ~π2, σ2 → (σ′)2 = σ2 (2.51)

At the linear level the quadratic terms transform under the axial transformations

in the following way

ΛA : ~π2 → (~π′)2 ≈ (~π + ~Θσ)(~π + ~Θσ) ≈ ~π2 + 2~π~Θσ

σ2 → (σ′)2 ≈ (σ − ~Θ~π)(σ − ~Θ~π) ≈ σ2 − 2~π~Θσ (2.52)

10The title of the publication was actually ”The axial vector current in beta decay”.
11actually many authors later replaced nucleons by quarks in their versions or extensions of the linear

σ-model
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where in the second step again the terms quadratic in ~Θ have been dropped. Thus

terms built up from ~π2 + σ2 will be invariant both under ΛV and ΛA. This result

can be directly used again to construct interaction terms between nucleons and

mesons that also preserve both symmetries. Roughly speaking one may simply

replace one of each meson field in the invariant term ~π2 + σ2 by a corresponding

nucleon term with the same transformation behavior. The terms of choice simply

have the same structure as the mesons themselves as seen in equation (2.48) i.e.

gSψ̄ψσ + igSψ̄γ5~τψ~π (2.53)

such that the change of first term under the axial transformation will exactly

cancel the change of the second term. As one can see this requires a common

scalar coupling constant gS for both interaction terms.

The chirally invariant Lagrangian of the sigma model reads

L =
1

2
(∂µπ)2 +

1

2
(∂µσ)2 + ψ̄ [i/∂ − gS(σ + iγ5~τ · ~π)]ψ − US(π, σ) (2.54)

with the chirally symmetric potential

US(π, σ) =
λ

4
(σ2 + π2 − f 2

π)2 (2.55)

where fπ is the pion decay constant. The reason behind this constant in the po-

tential is located in the interaction term gSσψ̄ψ. From the Goldberger-Treiman

relation we learned that gπNN/gAfπ = mN = gSfπ such that the interaction be-

tween mesons and the nucleon generates the nucleon mass. For this to be realized

the vacuum expectation value of the σ-field must be 〈σ〉 = fπ which is provided by

potential (2.55). The pion-nucleon interaction term cannot generate the nucleon

mass since the pion is a pseudoscalar particle, i.e. it changes sign under parity

transformations and is thus required to have a vanishing expectation value in the

vacuum 〈π〉 = 0. In figure 2.1 this so called ”mexican-hat” potential is shown as a

function of π and σ. In contrast to the Lagrangian the vacuum expectation value

is not invariant under axial transformations12 since (2.50) rotates the pion and the

sigma into each other. Such a situation is usually denoted as spontaneous symme-

try breaking , i.e. the systems ground state does not exhibit the same symmetries

as the Lagrangian.

The next question to ask is do the mesons also acquire a mass in the ground

state like the nucleon does? The physical pion and sigma particles should be

12while it is invariant under ΛV since σ is invariant anyways and the rotation of 〈~π〉 = 0 according to

equation (2.49) does not do anything.
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identified with perturbations around the ground state, their mass will then be

given by the curvature of the potential at that point. A bosonic mass then should

have the structure 1
2
m2φ2 such that the second derivative with respect to the field

evaluated in the ground state should give the mass squared13

∂2US

∂φ2

∣
∣
∣
∣
vac

= m2 (2.56)

Applying this to the given potential we find

∂2US

∂σ2

∣
∣
∣
∣
vac

=
(
λ(σ2 + π2 − f 2

π) + 2λσ2
)∣
∣
vac

= 2λf 2
π = m2

σ (2.57)

∂2US

∂π2

∣
∣
∣
∣
vac

=
(
λ(σ2 + π2 − f 2

π) + 2λπ2
)∣
∣
vac

= 0 = m2
π. (2.58)

Thus the pion is massless while the σ acquires a finite vacuum mass. The pions

are in this case the so-called Goldstone bosons of the system. According to the

Goldstone-theorem any continuous symmetry of a Lagrangian that is broken spon-

taneously in the ground state will lead to such massless excitations, for more details

see for example [24, 35] and references therein. Pionic excitations correspond to

moving he system around in the circular flat valley in the potential as depicted in

figure 2.1. The massive sigma meson corresponds to radial excitations that ”cost

energy” in contrast to the pionic ones. Now we know that the axial current is

only partially conserved and that the pion actually has a comparably small but

non-vanishing mass of mπ ≈ 139 MeV. The next step should thus be to change

the potential such that it breaks the axial symmetry explicitly by introducing a

finite mass for the pion while keeping the vacuum expectation value the same. The

easiest and most common way to do this is to introduce a term linear in σ since

this will preserve the vector symmetry according to (2.49) while explicitly breaking

the axial symmetry (2.50). The potential of choice is thus

UB(π, σ) =
λ

4
(σ2 + π2 − f 2)2 −Hσ (2.59)

The parameter f is no longer equal to fπ which is necessary to keep the vacuum

expectation values at 〈π〉 = 0 and 〈σ〉 = fπ. Consequently at this point in the

13We will later on examine the more complicated case model in which additional coupling terms spoil

this simple picture. In general the second derivatives with respect to the fields in the ground state

only represent the particle masses if all mixed second derivatives vanish such that the Hessian matrix is

already diagonal.
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Figure 2.1: Potential of the sigma model without explicit chiral symmetry breaking

potential the first derivatives with respect to the fields should vanish

∂UB

∂σ

∣
∣
∣
∣
vac

!
= 0 =

(
λσ(σ2 + π2 − f 2)−H

)∣
∣
vac

= λfπ(f 2
π − f 2)−H (2.60)

∂UB

∂π

∣
∣
∣
∣
vac

!
= 0 =

(
λπ(σ2 + π2 − f 2) + 2λπ2

)∣
∣
vac

= 0 (2.61)

The first condition can be exploited later to find H while the second one is trivially

fulfilled. Now let us repeat the calculation of the meson masses to find additional

constraints on the parameters.

∂2UB

∂σ2

∣
∣
∣
∣
vac

=
(
λ(σ2 + π2 − f 2) + 2λσ2

)∣
∣
vac

= λ(3f 2
π − f 2) = m2

σ (2.62)

∂2UB

∂π2

∣
∣
∣
∣
vac

=
(
λ(σ2 + π2 − f 2) + 2λπ2

)∣
∣
vac

= λ(f 2
π − f 2) = m2

π (2.63)
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We can eliminate λ by combining (2.62) and (2.63) to find

f 2 =
m2

σ − 3m2
π

m2
σ −m2

π

f 2
π . (2.64)

Using this result the parameter λ can now be found from either (2.62) or (2.63) to

be

λ =
m2

σ −m2
π

2f 2
π

. (2.65)

Finally H can be fixed by replacing f 2 and λ by the above results in (2.60) giving

the simple result

H =
m2

σ −m2
π

2f 2
π

fπ

(

f 2
π −

m2
σ − 3m2

π

m2
σ −m2

π

f 2
π

)

= m2
πfπ. (2.66)

Thus we could break the axial symmetry and introduce a non-vanishing pion mass
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Figure 2.2: Potential of the linear sigma model with explicit chiral symmetry breaking,

one can see the potential is slightly deeper in the true vacuum 〈π〉 = 0, 〈σ〉 = fπ.

while keeping the vacuum expectation value of the meson fields and consequently

also the nucleon mass at the same value. The resulting potential is depicted in

figure 2.2 where one can clearly see there is only one minimum of the potential
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located at 〈π〉 = 0 and 〈σ〉 = fπ and going around the circle will ”cost energy” due

to the small but finite pion mass. In both figures λ is kept fixed to allow easier

visual comparison14. The pions are sometimes called pseudo-Goldstone bosons in

this situation to distinguish from the idealized situation with no explicit breaking

of the axial symmetry.

14In figure 2.1 mσ = 860 MeV with mπ = 0 and in figure 2.2 mσ ≈ 871 MeV with mπ = 139 MeV

both resulting in λ ≈ 43.3
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2.7 The Bag-Model

To explore some of the aspects of the QCD phase transition it can be useful to

have a relatively simple model including a first order phase transition. This is

provided by the MIT-bag model (see ref.[36, 37, 17]) that includes a first order

phase transition from the deconfined to the confined phase. The pressure and

energy density above the critical temperature are then given by a free gas plus a

vacuum contribution.

pH = gH
π2

90
T 4 −B ǫH = gH

π2

30
T 4 +B (2.67)

Here g are the effective degrees of freedom15 and the subscriptsH and L here denote

the high and the low temperature phase, respectively. In the low temperature phase

pressure and energy density are given by

pL = gL
π2

90
T 4 ǫL = gL

π2

30
T 4 (2.68)

The phase transition is fixed by the condition of equal pressure at equal temper-

0 5.0´109 1.0´1010 1.5´1010 2.0´1010

-4´109

-2´109

0

2´109

4´109

Ε @MeV4D

p
@M

eV
4 D

Figure 2.3: Pressure as a function of the energy density in the Bag model for gH = 51.25,

gL = 14.25, Tc = 170 MeV. Dashed lines show unstable branches, i.e. at the same

temperature the other phase has a higher pressure.

ature (and chemical potential). To meet this condition the bag constant has to be

15The number of effective bosonic degrees of freedom, i.e. fermionic degrees of freedom are weighted

with an additional factor of 7/8
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chosen accordingly as a function of the degrees of freedom gH , gL in the high and

the low temperature phase and by the critical temperature Tc

B =
T 4

c (gH − gL)π2

90
(2.69)

For example for a particle composition16 with gH = 51.25, gL = 14.25 and Tc = 170

MeV one finds B1/4 ≈ 241 MeV. In figure 2.3 the pressure of the Bag model is

shown as a function of the energy density. The solid line shows the phase with the

highest pressure at the same temperature. Dashed lines correspond to metastable

branches where the pressure is lower than in the other phase. The high temperature

phase ends at ǫH = B = −pH . The horizontal line at constant pressure is the phase

transition

16This corresponds to having two massless quark flavors with 7/8 · 2 · 2 · 2 · 3 = 21 degrees of freedom

(DoF) and 16 DoF from the eight gluons. Both phases additionally include 2 DoF for the photons,

7/8 · 2 · 2 · 2 = 7 DoF for e±,µ± and 7/8 · 2 · 3 = 5.25 DoF for the three neutrino families.
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2.8 Scale Symmetry

An important property of any high energy Lagrangian is its behavior under scale

transformations17, which are space-time transformations of the form

xµ → x′µ = λxµ λ > 0 (2.70)

If a theory contains no dimensionful parameters, such as particle masses, one would

expect it to be invariant under such transformations. All fundamental constants

should be unaffected by (2.70), e.g. the speed of light is invariant as space and

time coordinates are scaled by the same amount. The transformation of a general

field φ(x) (boson or fermion) then reads [38]

φ(x)→ φ′(x) = U(λ)φ(λx) (2.71)

where U(λ) is an element of the abelian Lie group of dilatations. The elements of

a Lie-group with a single parameter can be expressed in the following form [23]

U(λ) = e−iαL̂ = eln (λ)D̂ (2.72)

where α = ln (λ) is the group parameter and L̂ is the generator of the Group. The

form of U(λ) may be derived from the requirements that U(λ1λ2) = U(λ1)U(λ2)

and U(1) = 1 (see e.g. [39]). D̂ is in general a diagonalizable matrix and we

will only care about its eigenvalues κ that take the form d
2
− 1 for bosons and

3
2

(
d/2− 1

2

)
for fermions where d is the number of space-time dimensions. Now we

may consider an infinitesimal transformation of the field φ(x)→ φ′(x) = φ(x)+ δφ

where

δφ =
∂φ

∂α

∣
∣
∣
∣
α=0

δα +O(δα2)

≈ δα(D̂ + xµ∂
µ)φ(x)

=







δα(1 + xµ∂
µ)φ(x) for bosons

δα(3
2

+ xµ∂
µ)φ(x) for fermions

(2.73)

Similarly one finds for the complete Lagrangian of the theory

δL
δα

= (4 + xµ∂
µ)L (2.74)

For dimensional reasons the infinitesimal transformations of the field derivatives

follow directly from (2.73) to fulfill (2.74) for canonical scale-free kinetic terms as

17sometimes also called dilatations
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we will see later

δ(∂µφ) =







δα(2 + xν∂
ν)∂µφ(x) for bosons

δα(5
2

+ xν∂
ν)∂µφ(x) for fermions

(2.75)

or in other words their eigenvalues are given by κ + 1. The important question

now is when exactly is the action S =
∫
dx4L invariant under (2.70) and (2.71)?

This is fulfilled if (4 + xµ∂
µ)L is nothing else but a divergence term, i.e. equal to

∂µ (xµL) since

∫

V

dx4∂µ (xµL) =

∫

S(V )

dnµ (xµL) = 0 (2.76)

if the surface is taken to infinity. nµ is a 4-vector orthogonal to the surface S(V ).

Now we may calculate when the difference between (2.74) and (2.76) vanishes to

find a criterion for scale invariance of a given Lagrangian.

∫

dx4

[

∂µ (xµL)− δL
δα

]

=

∫

dx4

[

4L+ xµ∂
µL −

∑

i

∂L
∂φi

δφi −
∑

i

∂L
∂(∂µφi)

δ(∂µφi)

]

=

∫

dx4

[

4L+ xµ∂
µL −

∑

i

∂L
∂φi

(κi + xµ∂
µ)φi −

∑

i

∂L
∂(∂µφi)

(κi + 1 + xν∂
ν)∂µφi

]

=

∫

dx4




4L+ xµ∂

µL− xµ

∑

i

(
∂L
∂φi

∂µφi +
∂L

∂(∂νφi)
∂µ(∂νφi)

)

︸ ︷︷ ︸

∂µL

−
∑

i

(
∂L
∂φi

κiφi +
∂L

∂(∂νφi)
(κi + 1)∂νφi

)]

=

∫

dx4

[

4L −
∑

i

(
∂L
∂φi

κiφi +
∂L

∂(∂νφi)
(κi + 1)∂νφi

)]

where we have used that ∂µxµ = 4 in the first step and inserted (2.73) and (2.75)

in the second step. Since scale invariance should not depend on the size of the

volume we can omit the integration and finally obtain

4L −
∑

i

(
∂L
∂φi

κiφi +
∂L

∂(∂νφi)
(κi + 1)∂νφi

)






= 0 scale invariance

6= 0 broken scale symmetry
(2.77)
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With the result (2.77) it is straightforward to check that canonical kinetic and po-

tential terms are scale invariant. Let’s look at some examples, e.g. the Lagrangian

of a non-interacting Dirac field

L = ψ̄ (iγµ∂µ −m)ψ (2.78)

for which we find that

4L −
∑

i

(
∂L
∂φi

κiφi +
∂L

∂(∂νφi)
(κi + 1)∂νφi

)

= 4ψ̄ (iγµ∂µ −m)ψ +
3

2
mψ̄ψ − 3

2
ψ̄ (iγµ∂µ −m)ψ − 5

2
ψ̄iγµ∂µψ

= −mψ̄ψ 6= 0 (2.79)

Which means that the Lagrangian (2.78) is only scale invariant for vanishing par-

ticle mass. Now let’s check the Lagrangian of the linear-σ model18

L =
1

2
(∂µπ)2 +

1

2
(∂µσ)2 + ψ̄ [i/∂ − g(σ + iγ5~τ · ~π)]ψ

− λ

4
(σ2 + π2)2 +

k0

2
(σ2 + π2) + fπm

2
πσ (2.80)

In which case one finds with some bookkeeping 19 that

4L−
∑

i

(
∂L
∂φi

κiφi +
∂L

∂(∂νφi)
(κi + 1)∂νφi

)

= 2 (∂µπ)2 + 2 (∂µσ)2 + 4ψ̄ [i/∂ − g(σ + iγ5~τ · ~π)]ψ − λ(σ2 + π2)2 + 2k0(σ
2 + π2)

+ 4fπm
2
πσ − 2 (∂µπ)2 − 2 (∂µσ)2 + ψ̄giγ5~τ · ~πψ + ψ̄gσψ +

3

2
ψ̄ [g(σ + iγ5~τ · ~π)]ψ

− 3

2
ψ̄ [i/∂ − g(σ + iγ5~τ · ~π)]ψ − 5

2
ψ̄i/∂ψ + λπ2(σ2 + π2) + λσ2(σ2 + π2)

− k0π
2 − k0σ

2 − fπm
2
πσ

= k0(σ
2 + π2) + 3fπm

2
πσ 6= 0 (2.81)

which means that in this case the scale symmetry is broken by two terms. Explicitly

broken scale symmetry from the k0-term is actually a flaw of the most simple linear

sigma model. The term that is responsible for chiral symmetry breaking does also

break the scale symmetry which is expected but it does not scale like a mass term20.

We will later see how these flaws can be cured in the dilaton-quark-meson model

by introduction of the dilaton-field.
18note that we use a slightly different notation that is closer to the one used later on in section (2.10)
19the terms in the sums are first ordered according to the term they originate from and then according

to π, σ, ψ, ψ̄
20a fermionic mass term should have scaling dimension 3 and therefore only result in fπm

2

πσ in this

case, whereas a bosonic mass term should have scaling dimension 2 and result in 2fπm
2

πσ
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2.9 Trace Anomaly

The energy momentum tensor T µν is usually defined via

T µν =
∂L

∂(∂µφ)
∂νφ− Lgµν (2.82)

But the energy momentum tensor is actually not unique since energy momentum

conservation only requires ∂µT
µν = 0. Thus gradient terms of the type ∂λf

λµν with

fλµν = −fµλν may be added without changing the 4-momentum of the system [40].

One may find modified energy-momentum tensor Θµν that is connected with the

conservation of scale symmetry [41]

jµ
D = xνΘ

µν (2.83)

Thus the system will be scale invariant if

∂µj
µ
D = (∂µxν)Θ

µν + xν ∂µΘµν

︸ ︷︷ ︸
= gµνΘ

µν = Θµ
µ = 0 (2.84)

= 0

where we have used energy momentum conservation. Thus Θµν is chosen such that

its trace vanishes just if the system is scale invariant.

Examining the QCD Lagrangian (2.4)

LQCD =
∑

f

[
ψ̄f (/D −mf )ψf

]
− 1

4
GaµνGµν

a (2.85)

we find at first glance that it is invariant under scale transformations for mf =

0. The kinetic term, the quark gluon interaction term as well as the gluon self-

interaction term are all invariant on the classical level because they have scaling

dimension four. However on the quantum level this symmetry is broken as found by

Collins et al. [42] and the corresponding anomalous trace of the energy-momentum

tensor can be derived from renormalization group calculations to be

Θµ
µ =

βQCD(g)

2g

〈
Ga

µνG
µν
a

〉
(2.86)

where βQCD is the beta-function of QCD, g is the strong coupling constant. The

beta-function describes the change of the coupling g under change of the energy

scale µ

βQCD(g) = µ
∂g

∂µ
(2.87)
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To lowest order in the coupling βQCD has been computed to be

βQCD = −33− 2Nf

48π2
g3 (2.88)

Now we may compare this result to the trace anomaly of the bag model, for which

we first need the energy momentum tensor that is of the free-gas type

Θµν =








ǫ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p








(2.89)

Using equations (2.67), (2.68) this means that the trace anomaly will simply be

Θµ
µ = ǫ− 3p =







4B for T > Tc

0 for T < Tc

(2.90)

Thus one may connect the vacuum energy with the gluon condensate

ǫV ∼ B ∼
〈
Ga

µνG
µν
a

〉
(2.91)

In the next section we will use this result to fix some of the properties of the dilaton

quark meson model.
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2.10 Dilaton Quark Meson Model

To describe the dynamics of the phase transition and especially the impact on

density perturbations it is essential to have a reasonable thermodynamic descrip-

tion of the chirally restored quark phase. For this we use the quark meson model

with a dilaton field, which incorporates chiral symmetry breaking as well as the

trace anomaly of QCD. This model has been discussed by numerous authors

[43, 44, 45, 46] to describe nuclear matter. It has the interesting property that

for a wide range of parameters the high temperature phase does only disappear

in the T → 0 limit [47], which is necessary to get an equation of state of the

”wrong vacuum” that can be used to model inflation. We will apply a simplified

version of the Lagrangian used in [45] and stick closely to their notation, while we

do not include the ω-meson for simplicity and use quarks instead of nucleons as

degrees of freedom. The Lagrangian includes the linear σ-model first introduced

by [30] which incorporates the scalar isovector π-field with the σ-field as its chiral

partner. Furthermore we include the isoscalar dilaton field χ that incorporates the

scale anomaly and thus a non-trivial vacuum of QCD.

2.10.1 Lagrangian and Basic Thermodynamics

The Lagrangian of the dilaton quark meson model reads

L =
1

2
(∂µπ)2 +

1

2
(∂µσ)2 +

1

2
(∂µχ)2 + ψ̄ [i/∂ − g(σ + iγ5~τ · ~π)]ψ−U(π, σ, χ) (2.92)

with the potential

U(π, σ, χ) =
λ

4
(σ2 + π2)2 − k0

2

(
χ

χ0

)2

(σ2 + π2)

− fπm
2
πσ

(
χ

χ0

)2

+ k1

(
χ

χ0

)4

+
1

4
χ4 ln

χ4

χ4
0

(2.93)

In this potential appropriate powers of χ/χ0 have been inserted to render the

Lagrangian scale invariant except for the two terms that are supposed to break

scale symmetry. In equation (2.81) we have seen that in the ordinary linear sigma

model the quadratic k0 term will lead to a breaking of scale symmetry which is no

longer the case here. As we shall have see the chiral symmetry breaking term still

breaks the scale symmetry as does the logarithmic term in χ. We will discuss this

in more detail after we have outlined the most important aspects of the model.

After integrating out the quark degrees of freedom [33] one arrives at an effective
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mesonic Lagrangian

L(π, σ, χ) =
1

2
(∂µπ)2 +

1

2
(∂µσ)2 +

1

2
(∂µχ)2 − U(π, σ, χ)− Ωq̄q(T, µ,mq) (2.94)

with the quark-antiquark potential reading

Ωq̄q(T, µ, σ) = −νqTV

2π2

∫ ∞

0

dpp2
[
ln
(
1 + e−β(Eq−µ)

)
+ ln

(
1 + e−β(Eq+µ)

)]
(2.95)

with the quasiparticle quark energy Eq =
√
p2 +m2

q . The effective quark mass is

on the mean field level determined by

m2
q = g2σ2 (2.96)

The mean field values of the glueball and the meson fields in the vacuum are

〈χ〉 = χ0, 〈σ〉 = σ0 = fπ and 〈π〉 = 0. The full thermodynamic potential is then

given by

Ω(T, µ, π, σ, χ) = (U(π, σ, χ)− Uvac)V + Ωq̄q(T, µ, σ) (2.97)

Where Uvac is subtracted to make sure Ω(0, 0, 0, fπ, χ0) = 0, yielding

Uvac =
λ

4
f 4

π −
k0

2
f 2

π − f 2
πm

2
π + k1 (2.98)

Ω/V exhibits two minima, the first one is located at21 σ ∼ 0 and χ ∼ 0 and a

second one at σ ∼ fπ and χ ∼ χ0. The former corresponds to the chirally restored

phase with a low effective mass while the second one is the chirally broken phase

with a large effective mass. If the scalar coupling is sufficiently large the both min-

ima are present in the low temperature limit, although the chirally broken phase is

energetically favored. As the authors of Ref. [46] have found the chirally restored

phase will undergo a crossover to restored scale symmetry at much higher tempera-

tures if the density is non-zero, i.e. the maximum moves towards χ ∼ 0. Note that

we do not fix the effective quark mass in the vacuum via the Goldberger-Treiman

relation because the model is set up to describe quarks in the high temperature

chirally restored phase. We will later on fix the model parameters using the more

relevant value of the vacuum energy and the masses of the sigma meson and the

21at least at low densities and high temperatures, see e.g. Ref. [46]



2.10. DILATON QUARK MESON MODEL 43

dilaton. The constants k0 and k1 are determined by the conditions

∂Ω/V

∂σ

∣
∣
∣
∣
vac

= 0 = λf 3
π − k0fπ − fπm

2
π

→ k0 = λf 2
π −m2

π (2.99)

∂Ω/V

∂χ

∣
∣
∣
∣
vac

= 0 = −k0

χ0

f 2
π −

2f 2
πm

2
π

χ0

+
4k1

χ0

+ χ3
0

→ k1 =
f 2

π

4

(

2m2
π + k0 −

χ4
0

f 2
π

)

=
f 2

π

4

(

m2
π + λf 2

π −
χ4

0

f 2
π

)

(2.100)

The equations of motion are found by minimizing the thermodynamic potential

with respect to σ and χ.

∂Ω/V

∂σ
= 0 = λσ3 − k0

(
χ

χ0

)2

σ − fπm
2
π

(
χ

χ0

)2

+ gρS (2.101)

∂Ω/V

∂χ
= 0 = −k0

χ

χ2
0

σ2 − 2fπm
2
πσ

χ

χ2
0

+ χ3

(
4k1

χ4
0

+ 1 + ln
χ4

χ4
0

)

(2.102)

These equations can reduced to a one dimensional problem by solving for χ ex-

plicitly

χ = χ0

(
λσ3 + gρS

k0σ +m2
πfπ

)1/2

(2.103)

The scalar density is defined by

ρS =
gνq

2π2

∫ ∞

0

dpp2mq

Eq

[
1

eβ(Eq−µ) + 1
+

1

eβ(Eq+µ) + 1

]

(2.104)

The pressure is just

P (T, µ) = −Ω

V
(2.105)

the net baryon density is calculated as usual

n̄B(T, µ,mq) =
∂Ω/V

∂µ
=

νq

2π2

∫ ∞

0

dpp2

[
1

eβ(Eq−µ) + 1
− 1

eβ(Eq+µ) + 1

]

(2.106)
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The energy density is then given by

ǫ(T, µ) =

(

1− T ∂

∂T
− µ ∂

∂µ

)
Ω

V
= −P + T

∂P

∂T
+ µn̄B

= −P + T
νq

2π2

∫ ∞

0

dpp2
[
ln
(
1 + e−β(Eq−µ)

)
+ ln

(
1 + e−β(Eq+µ)

)]

+
νqT

2

2π2

∫ ∞

0

dpp2

[
Eq − µ

T 2(eβ(Eq−µ) + 1)
+

Eq + µ

T 2(eβ(Eq+µ) + 1)

]

+ µn̄B

= −P + (P + U(π, σ, χ)− Uvac)

+
νq

2π2

∫ ∞

0

dpp2Eq

[
1

eβ(Eq−µ) + 1
+

1

eβ(Eq+µ) + 1

]

− µn̄B + µn̄B

= U(π, σ, χ)− Uvac +
νq

2π2

∫ ∞

0

dpp2Eq

[
1

eβ(Eq−µ) + 1
+

1

eβ(Eq+µ) + 1

]

(2.107)

The entropy density can as usual be deduced from the Euler-equation

ǫ = Ts− pV + µnB → s =
ǫ+ p− µnB

T
(2.108)

Calculating the speed of sound is a bit more involved but straightforward. By

definition the speed of sound is the isentropic derivative of the pressure with respect

to the energy density

c2s =
∂p

∂ǫ

∣
∣
∣
∣
s

(2.109)

Isentropic means nothing else but

ds =
∂s

∂T

∣
∣
∣
∣
µ

dT +
∂s

∂µ

∣
∣
∣
∣
T

dµ = 0 (2.110)

Then we need the total differentials of the pressure and the energy density

dp =
∂p

∂T

∣
∣
∣
∣
µ

dT +
∂p

∂µ

∣
∣
∣
∣
T

dµ =
∂p

∂T

∣
∣
∣
∣
µ

dT − ∂p

∂µ

∣
∣
∣
∣
T

∂s

∂T

∣
∣
∣
∣
µ

(
∂s

∂µ

∣
∣
∣
∣
T

)−1

dT (2.111)

dǫ =
∂ǫ

∂T

∣
∣
∣
∣
µ

dT +
∂ǫ

∂µ

∣
∣
∣
∣
T

dµ =
∂ǫ

∂T

∣
∣
∣
∣
µ

dT − ∂ǫ

∂µ

∣
∣
∣
∣
T

∂s

∂T

∣
∣
∣
∣
µ

(
∂s

∂µ

∣
∣
∣
∣
T

)−1

dT (2.112)

where we have made use of equation (2.110) in the second step. The details on the

required derivatives can be found in appendix 6.1.1. Multiplying both by ∂s
∂µ

∣
∣
∣
T

we

arrive at the speed of sound in the form

∂p

∂ǫ

∣
∣
∣
∣
s

=

∂p
∂T

∣
∣
µ

∂s
∂µ

∣
∣
∣
T
− ∂p

∂µ

∣
∣
∣
T

∂s
∂T

∣
∣
µ

∂ǫ
∂T

∣
∣
µ

∂s
∂µ

∣
∣
∣
T
− ∂ǫ

∂µ

∣
∣
∣
T

∂s
∂T

∣
∣
µ

=
s ∂s

∂µ

∣
∣
∣
T
− nB

∂s
∂T

∣
∣
µ

∂ǫ
∂T

∣
∣
µ

∂s
∂µ

∣
∣
∣
T
− ∂ǫ

∂µ

∣
∣
∣
T

∂s
∂T

∣
∣
µ

(2.113)

The remaining parameters χ0 and λ are fixed via the QCD vacuum energy and the

mass of the sigma meson.
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2.10.2 Vacuum energy and the trace anomaly

As we have seen before in section 2.9 the trace anomaly of QCD relates the vacuum

energy. In case of the dilaton quark meson model one may use this to fix the

parameter χ0 [44]. The scale breaking of the linear term in σ is altered as compared

to (2.81) in the ordinary linear sigma model. According to equation (2.77) we find

also find another scale breaking term

4L −
∑

i

(
∂L
∂φi

κiφi +
∂L

∂(∂νφi)
(κi + 1)∂νφi

)

= fπm
2
πσ + χ4 ≃ χ4 = 4ǫvac

(
χ

χ0

)4

→ ǫvac =
χ4

0

4
(2.114)

We neglect the contribution from the first term representing the quark condensate

for simplicity as done in [45, 39] because its contribution is much smaller than

the one from the gluon condensate given by the second term22. QCD sum rules

suggest |ǫvac| ≈ (240 MeV)4 (see ref. [48]) while bag model estimates range from

(235 MeV)4 down to (145 MeV)4 in the original paper of the MIT group [37]. This

results in a possible range for the parameter

205 MeV < χ0 < 339 MeV (2.115)

which we will use to limit the parameter space later on.

22For the parameters used later on the gluon condensate is about 80 times larger than the quark

condensate.
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2.10.3 Diagonalizing the mass matrix

Now we want to connect the parameters λ and χ0 to the vacuum masses of the

sigma meson, the pion and the glueball. For a single field the mass would simply

be given by the curvature at the minimum of the potential in the vacuum but in

for a Lagrangian with multiple fields one has to consider the matrix

Mij =
∂2U

∂φi∂φj

∣
∣
∣
∣
vac

(2.116)

where φi = π, σ, χ. This matrix will in general not be diagonal and therefore

the mathematical fields in the Lagrangian cannot be directly be connected to

the physical fields but will rather be linear combinations thereof. For a more

complicated Lagrangian e.g. with vector fields and isospin-hypercharge multiplets

one would also have to take care that the other quantum numbers match those of

a physical particle when constructing possible linear combinations.

In the given case the mass matrix has the following form

Mij =






∂2U
∂π2

∂2U
∂π∂σ

∂2U
∂π∂χ

∂2U
∂σ∂π

∂2U
∂σ2

∂2U
∂σ∂χ

∂2U
∂χ∂π

∂2U
∂χ∂σ

∂2U
∂χ2






∣
∣
∣
∣
∣
∣
∣
vac

(2.117)

The pion mass is already fixed to mπ by choice of the term −fπm
2
πσ
(

χ
χ0

)2

and by

construction of the chiral Lagrangian. The only π−dependent terms are quartic or

quadratic in π and therefore any first derivative will vanish when using the vacuum

condition 〈π〉 = 0. In other words the matrix is already diagonal in the π-sector

Mij =






∂2U
∂π2 0 0

0 ∂2U
∂σ2

∂2U
∂σ∂χ

0 ∂2U
∂χ∂σ

∂2U
∂χ2






∣
∣
∣
∣
∣
∣
∣
vac

(2.118)

Thus we only need to find the solutions to the following eigenvalue problem
(

∂2U
∂σ2 −m2

i
∂2U
∂σ∂χ

∂2U
∂χ∂σ

∂2U
∂χ2 −m2

i

)∣
∣
∣
∣
∣
vac

(

vi1

vi2

)

= 0 (2.119)

The explicit solutions are rather lengthy and not very illuminating and can be

found in the appendix in section 6.1.2. The two masses have a fixed ordering so it

is obvious to connect the lighter excitation with the σ-meson.
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Figure 2.4: This plot shows the lines of constant mass for the two mass eigenstates in the

χ0−λ-parameter plane. The heavier solution is shown in red for masses of 1,5 GeV (solid)

and 2 GeV (dashed) while the lighter solution is shown for masses of 300 MeV (solid

black), 400 MeV (dashed black), 500 MeV (dotted blue) and 600 MeV (dashed-dotted

blue).

The results in the λ − χ0-plane for several fixed masses are shown in figure 2.4.

Intersection points mark viable parameter sets of the model. The green shaded

region shows the allowed region from vacuum energy estimates (2.114), as one can

plainly see this excludes the intersection points at high χ0 and small values of λ.
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2.10.4 Pressure and Equation of State

We choose a σ-mass of 642 MeV, a dilaton mass of 1.5 GeV and a vacuum en-

ergy of (236 MeV)4 to achieve a reasonable critical temperature of 170 MeV for

the phase transition at zero net density. The scalar coupling is chosen to be g

= 7.5 which is approximately the limiting value above which the chirally restored

phase is present even in the T → 0 limit for the given parameters. In figure 2.5
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Figure 2.5: Square of the isentropic speed of sound and equation of state for the limiting

case µB/T = 125.2.

we show the resulting speed of sound and equation of state in the maximum case

µBi/Ti = 125.2. As one could expect the speed of sound stays very close to the

relativistic gas value of c2s = 1/3 because the effective quark mass stays low in the

chirally restored phase. The equation of state nicely interpolates from a relativistic

gas (w = 1/3) to that of vacuum energy (w = −1). The small kink in the speed

of sound at T ∼ 6 MeV is caused by the merging of a third always metastable

intermediate phase with the chirally restored phase which causes a sudden but

small change in the effective mass. The existence of this third maximum in the

pressure within this model has been discussed before for example by Mishustin
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[43], it can also be seen in figure 2.6 at σ ∼ 0.5fπ. There we show the pressure as

a function of the σ-field (or equivalently the effective mass) at the phase transition

temperature T = 10.1 MeV and µB/T = 125.2. The first minimum at σ ∼ 0 is the

chirally restored phase, the chirally broken phase is located at σ ∼ fπ. The inter-

mediate phase only appears close to the phase transition and never becomes the

favored one. Note that at these temperatures and densities one may expect color-

superconducting quark matter in one of many possible phases [49] which exceeds

the scope of the current investigation but may be an interesting starting point

for an alternative field theoretical description of the scenario. For comparison we
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Figure 2.6: Pressure p as a function of the σ−field in units of fπ at the phase transition

temperature T = 10.1 MeV and µB/T = 125.2.

show the pressure at the phase transition temperature T = 170 MeV µB = 0 in

figure 2.7. As one can see the barrier between the chirally restored phase at σ ∼ 0

and the chirally broken phase at σ ∼ 0.9fπ is weaker by more than an order of

magnitude as compared to the case at high density and low temperature showing

that the phase transition actually becomes stronger. Figure 2.8 additionally shows

a 3d map of the pressure for the T = 10.1 MeV and µB/T = 125.2 case. Here one

can see that the chirally restored phase does not have a restored scale symmetry
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Figure 2.7: Pressure p as a function of the σ−field in units of fπ at the phase transition

temperature T = 170 MeV and µB = 0.

χ0 ∼ 0 but rather χ ∼ 0.8χ0. As the authors of Ref. [46] have found the chirally

restored phase will undergo a crossover to restored scale symmetry at much higher

temperatures if the density is non-zero, i.e. the maximum moves towards χ ∼ 0.

Finally in figure 2.9 the phase diagram of the dilaton-quark-meson model for tem-

perature and baryochemical potential is shown. For the chosen model parameters

the phase transition is first order everywhere. Furthermore as stated before the

high temperature phase is meta-stable anywhere below the phase transition line

and only disappears in the limit of vanishing temperature and chemical potential.

At vanishing baryochemical potential the phase transition temperature is Tc = 170

MeV and at the other end one finds µc = 1272.18 MeV for the high density zero

temperature end of the phase transition line. In section 4.4 we will use the ǫ, p, c2s
and w of the chirally restored phase for our structure formation calculations in the

little inflation scenario.



2.10. DILATON QUARK MESON MODEL 51

-2.5e+09

-2e+09

-1.5e+09

-1e+09

-5e+08

 0

 5e+08

1.2
1.0

0.8
0.6

0.4
0.2

0
1.2

1.0
0.8

0.6
0.4

0.2
0

-2e+09

-1.5e+09

-1e+09

-5e+08

 0

 5e+08

pressure [MeV4]   -1e+08
  -5e+08
  -1e+09
-1.5e+09
  -2e+09

χ/χ0

σ/fπ

pressure [MeV4]

Figure 2.8: Pressure p as a function of the σ− and χ−fields in units of fπ and χ0,

respectively, at the phase transition temperature T = 10.1 MeV and µB/T = 125.2.
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Figure 2.9: Phase diagram of the dilaton-quark-meson model for the previously men-

tioned parameters.



Chapter 3

Cosmology

These theories were based on the hypothesis that all matter in the universe was

created in one big bang at a particular time in the remote past. It now turns out

that [...] all such theories are in conflict with the observational requirements [...]

to a degree that can hardly be ignored.

– Fred Hoyle, coining the expression ”big bang” in 1949.
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3.1 The homogeneous and isotropic FLRW-universe

Cosmology has gone a long way from the discovery of the Friedmann-Lemâıtre-

Robertson-Walker (FLRW) solution to the Einstein equations to the present day

high precision cosmology.

It all started in 1922 when Alexander Friedmann found the solution for an ho-

mogeneous and isotropic universe that was later independently discovered by the

Belgian priest and physicist Georges Lemâıtre (in 1927) and by Howard Percy

Robertson and Arthur Geoffrey Walker in the beginning of the 1930s.

The first observational evidence that supported the idea of an expanding universe

was found in 1929 by the American astronomer Edwin Hubble. He observed vari-

able stars named Cepeids that are believed to be good standard candles for distance

measurements1 and found what is today called the linear Hubble law

v = H0 · d, v ≪ c (3.1)

where v is the recessional velocity, H0 is the present Hubble ”constant”2, d the

distance to the object and c the speed of light. The linear Hubble law (3.1) shows

that two objects move away from each other at a speed proportional to their

distance. If we now assume that this held true for all times it means that all

objects originated from one point at a time tH = H−1
0 which gives us an estimate

for the age of the universe. As we shall see later the Hubble ”constant” is in

fact time dependent and was larger at earlier times, therefore the universe did not

originate in one point and H−1
0 is only by chance a good estimate of the actual age

of the universe.

The existence of a large amount of non-luminous dark matter was first deduced

from observations of the Coma cluster in 1933 [51, 52] by Fritz Zwicky. He used the

virial theorem to show that the velocity dispersion3 is too large for the system to

be stable unless the potential energy (and therefore also the mass of the cluster) is

much larger than inferred from counting the visible galaxies. The nineteen thirties

also saw the discovery of the dutch astronomer Jan Oort who found that stars

inside the Milky Way seemed to move at too high rotational velocities [53] which

indicated that mass was also missing on galactic scales4.

1They are very bright and show a dependence of the period of variability with their total luminosity
2It is noteworthy that Hubbles initial results for H0 (∼500 km/(s Mpc)) were actually an order of

magnitude larger than present day results (∼ 70 km/(s Mpc)) indicating that he came to the right

conclusion only by chance [50].
3that allows an estimate of the mean kinetic energy of galaxies in the cluster
4This was shown to be true also for the Galaxy M33 by Louise Volders in 1959 [54].
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Observational data was inconclusive for several decades and cosmology saw many

competing theories the most important one perhaps being the steady-state uni-

verse and the hot big bang. In short the steady-state universe assumed that the

cosmos had always been in the present form and was consequently after Hubble’s

observations in need of an universal perpetual source of matter and energy to ex-

plain why the observed expansion had not lead to an empty universe. This theory

was developed by Bondi, Gold and Hoyle in the late 1940s mostly on contradiction

to the theory of a hot big bang. Hoyle actually coined the expression ”big bang”

to mock these theories he deemed wrong5. The big bang theory states that the

universe started in a hot dense state and has expanded ever since, cooling down

and evolving into the presently observed universe.

The observation that decided which theory was wrong finally came in 1965 with

the fortunate discovery of the cosmic microwave background radiation (CMBR)

by Arno Penzias and Robert Wilson6.

Within the big bang theory the CMBR originates from an early hot stage in the

evolution of the universe, when it was approximately 380 000 years old. At that

time the universe had cooled down to temperatures where first helium and then

hydrogen could recombine with the free electrons and the universe became trans-

parent to photons. This transpired at a temperature of around 3000 K (∼ 0.3 eV)

well below the ionization temperature of hydrogen of 150000 K (∼13.6 eV). Due

to the large number of ∼ 1.7 ·109 photons per baryon any recombined H-Atom was

instantly reionized until the temperature of the the photon-baryon plasma had suf-

ficiently dropped due to expansion. Recombination strongly reduced the number

of charged particles and thus increased the mean free path of photons rapidly until

photons and baryons basically ceased scattering and the universe became trans-

parent. As a side remark: the photons emitted by the recombining hydrogen and

helium atoms did not create the CMBR as sometimes falsely suggested. The to-

tal energy density (including the rest mass) of baryons and radiation was roughly

equal at that point and thus each baryon emitting a fraction of 13.6 eV/1GeV

∼ 10−8 of its energy in form of radiation was practically negligible. In other words

the already present primordial radiation decoupled after recombination and we can

5The corresponding quote can be found on the title page of this chapter.
6The two were at the time actually just trying to calibrate a new radio antenna for their employer

AT&T Bell Laboratories. They could not get rid of a constant noise that seemed to come from every

direction and thus seemed to be a local problem with the antenna. They were unable to find the source

of the problem, until the group of Robert Dicke at the close by Princeton University heard of the issue

and realized that Penzias and Wilson must have found what they were just starting to look for, the

cosmic microwave background radiation.



3.1. THE HOMOGENEOUS AND ISOTROPIC FLRW-UNIVERSE 57

today observe the surface of last scattering of these photons. The temperature has

dropped to merely 2.7 Kelvin (∼ 2.3 · 10−4 eV) due to the redshift caused by the

cosmic expansion.

The discovery of the CMBR was the nail in the coffin of the steady state universe

since it seemed extremely unnatural to have a uniform blackbody spectrum from

every direction if the universe was infinitely old. This would either require the

radiation to be emitted locally or abandoning the cosmological principle7. Thus

after it was established by follow-up observations that the microwave background

radiation was indeed a blackbody spectrum support for the steady state universe

crumbled and Penzias and Wilson were awarded the Nobel Prize for their discovery

in 1978.

Already in the 1940s Ralph Alpher and George Gamow [55] pioneered another very

important and successful cornerstone of modern cosmology, big bang nucleosyn-

thesis (BBN). The theory of BBN gives explanations for the observed abundances

of light elements in the universe in contrast to competing theories that tried to

explain the observed chemical distribution by stellar processes alone8. The first

important result of BBN is that 4He makes up ∼ 24% of the baryonic mass while

the rest consists almost entirely of 1H. BBN furthermore predicts that other stable

light isotopes only contribute in tiny fractions, most importantly deuterium 2H,
3He, 7Li and 6Li.

The high fraction of 4He cannot be explained by stellar processes alone unless the

universe was much older but then significant fractions of other elements would

also be expected. From stellar evolution models one may only expect about 1%

of hydrogen being processed to 4He in the given time of ∼ 10 billion years. Big

bang nucleosynthesis occurred during a short period in the early universe from

temperatures of 1 MeV down to 30 keV at about 1 sec. to 100 sec. after the big

bang. Weak interactions kept neutrons and protons in β-equilibrium down to a

temperature of 0.8 MeV until they became ineffective and the ratio of protons to

neutrons froze out at a value of nn/np = e−∆m/T = e−1.29/0.8 ≈ 0.2 where nn and

np are the number densities of neutrons and protons, respectively, and ∆m = 1.29

MeV is their mass difference.

7That states that our position in the universe is not special in any way. Thus any observation above

a sufficiently large length scale should be independent of the observer’s location in the universe.
8Until the 60s this theory proposed in large parts by G.Burbidge, M.Burbidge, Fowler and Hoyle [56]

was actually more popular partly because BBN only worked in the context of the not yet accepted big

bang theory, as the name obviously suggests. Only when it became clear that stellar processes alone

could not account for the large fraction of 4He that observations showed in stars, the interstellar medium

and the solar system BBN started to become the favored theory for the origin of the light elements.
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The basic nuclear reactions of BBN that lead to 4He all need deuterium as an

intermediate step which resulted in the so called ”deuterium bottleneck”. Because

of the high number of photons per baryon any deuterium nucleus was destroyed

instantly by photodisintegration until the temperature dropped below ∼100 keV

and the density of photons with sufficient energy9 was strongly suppressed. Free

neutrons are unstable with a lifetime of 886 seconds, thus about 10% of the neu-

trons decayed until 2H could be produced in sufficient amounts to render the fusion

reactions that lead to 4He effective and store the surviving neutrons.

The most important unknown param-

Figure 3.1: Scaled baryon to photon ratio

η10 = 1010ηB deduced from different primor-

dial abundances of light elements and from

WMAP, taken from [57].

eter for BBN clearly is the ratio of baryon

density to entropy

ηB =
nB

s
(3.2)

that we will encounter time and again

throughout this thesis. The big ac-

ceptance of BBN results from the fact

that the observed abundances of 4He,
3He and D can be explained with an

almost unique set of cosmological pa-

rameters, e.g. see figure 3.1 that shows

the expected value of ηB from differ-

ent observed primordial element abun-

dances10. For a very detailed review of

primordial nucleosynthesis see for ex-

ample Ref. [57].

Comparison of big bang nucleosynthe-

sis calculations to the observed abun-

dances of light nuclei also allowed to

quantify the mean density of baryonic matter in the universe for the first time.

Once independent measurements of the total mass density (for example by obser-

vations of galaxy clusters) became available a discrepancy started to emerge. The

observed amount of visible and dark matter did not coincide with the amount of

9The binding energy of deuterium is 2.2MeV.
10The error bars show the 1σstandard deviations. Within 2σ the 4He results also agree with the other

four results 1.7 ≤ η10(
4He) ≤ 6.4

11The issues of the constant galactic rotation curves and the high velocity dispersion of galaxy clusters
were already known at that time but either could in principle be explained by various types of baryonic

dark matter like brown dwarfs, black holes and planets.
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baryons in the universe and non-baryonic dark matter became a serious possibil-

ity11.

The 1970s and 80s saw the important work of the American physicist Vera Ru-

bin [58, 59] who showed for a good sample of spiral galaxies that the rotational

velocities in the outer parts are too high to be explained by the visible matter

alone. This gave strong support for the existence of dark matter while its nature

remained shrouded.

The COBE satellite finally measured the CMBR from space in 1990 finding that it

represents by far the best blackbody spectrum ever measured12 as can be seen in fig-

ure 3.1. Furthermore the COBE satellite also found tiny temperature anisotropies

on top of the black body spectrum (δT/T ≈ 10−4), but the satellite was not spe-

cially constructed for this task and the additional instruments could only measure

these fluctuations down to an angular scale of ∼ 1◦. The temperature fluctuations

Figure 3.2: Almost perfect blackbody spectrum of the of the CMBR as measured by the

FIRAS experiment onboard the COBE satelite [61], errorbars are much smaller than the

line width. Figure taken from [62].

of the CMBR are believed to originate from quantum fluctuations that were mag-

12See for example Ned Wright’s cosmology tutorial [60] where the COBE spectrum is shown with

400σ-errorbars that are still quite small.
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nified by 50-60 orders of magnitude in spacial size and stretched even beyond the

size of the observable universe today. The process responsible for this is called

inflation which has become a cornerstone of the modern cosmological paradigm

that solves several pressing problems of the original theory of the hot big bang.

We will have a short overview of the topic in section 3.2 also in preparation of

the main topic of the thesis. The fluctuations in the CMBR represent a snapshot

of the inhomogeneities in the universe when it was about a factor 1100 smaller

then today. These inhomogeneities are believed to have seeded all the presently

observed large scale structures in the universe. It was clear that the knowledge of

the spectrum of fluctuations would allow insights into many cosmological param-

eters that were only poorly known. It took another decade after COBE until in

2003 the WMAP-Satellite mission started. This satellite was in contrast to COBE

dedicated to measure the CMBR anisotropies since the bulk properties were al-

ready known. Figure 3.3 shows the five year data full-sky map of the temperature

anisotropies in the CMBR after subtraction of the strong galactic foreground and

the dipole contribution as measured by WMAP [63]. Even by eye one may see

Figure 3.3: Full-sky map of the temperature anisotropies in the CMBR after subtraction

of the strong galactic foreground and the dipole contribution. Figure taken from the

WMAP webpage [63].

that there is a preferred size of the temperature fluctuations that turned out to

have an angular diameter of roughly 1◦. One may also see this in corresponding

angular power spectrum as shown in figure 3.4. The various peaks are imprints of

the by acoustic oscillations in the hot photon-baryon plasma during decoupling.

The first peak corresponds to the sound horizon at recombination or in other words

the oscillation with the largest possible wavelength. Thus each patch of one square

degree in the sky corresponds to a Hubble volume at the point when the CMBR
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Figure 3.4: Angular power spectrum of temperature fluctuations in the CMBR from the

5-year data release of the WMAP-satellite. Figure taken from the WMAP webpage [63].

froze out, we will later on in section 3.2.2 discuss why this is actually a curious ob-

servation. From the position and relative amplitude of the different peaks one may

deduce the geometry of the universe (i.e. the sign and size of the curvature-term

in the Friedmann equations), the ratio of baryons to entropy ηB, the total amount

of matter (baryonic and dark matter) and several other cosmological parameters.

There were actually several other important advances from an observational point

observations apart from the CMBR that lead to the combined Λ-CDM paradigm

in cosmology. Perhaps the most important discoveries in this context not yet

mentioned were the observed large scale distribution of structure of matter in the

universe and the measurement of the late time acceleration of the cosmic expansion.

Together all these observations have been strongly indicating that the universe is

spacially flat today and mainly consists of two unknown components, non-baryonic

dark matter (∼ 25%) and dark energy (∼ 70%). Ordinary baryonic matter seems

to contribute only by 5% to the total energy budget of the universe13, where about

90% of that is in the form of galactic and intergalactic gas. Dark matter seems

to consist of non-relativistic particles that at most interact weakly with standard

model particles14. We will later on assume dark matter to be non-relativistic

and non-interacting already at the QCD-phase transition. Dark energy is mostly

13The contributions from photons and neutrinos seem to be negligible
14nevertheless even a very strong dark matter self-interaction cannot be excluded presently, see for

example [64, 65]
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characterized by having a negative pressure that drives the accelerated late time

expansion of the universe and is in the most simple realizations only a cosmological

constant corresponding to a fixed vacuum energy. Since dark energy is only relevant

for late time cosmology we will neglect it for all later considerations but the basics

ideas of accelerated expansion can also be found in section 3.2 about inflation.

Next we may first review some basic concepts of cosmology to gain the tools for the

following discussions, especially for the treatment of cosmological perturbations.

3.1.1 FLRW-metric and the Friedmann equations

At early times as well as presently on large scales the universe the universe is highly

homogeneous and isotropic and can be described using the well known Friedmann-

Lemâıtre-Robertson-Walker (FLRW) line-element

ds2 = (0)gµνdx
µdxν = dt2 − a2(t)γijdx

idxj = a2(η)
(
dη2 − γijdx

idxj
)

(3.3)

where (0)gµν denotes the unperturbed background metric tensor, a is the scale

parameter, γij is the spacial 3x3 part of (0)gµν and η is the conformal time defined

by dt = a dη. The spacial part of the metric is given by

γij =
δij

[
1 + K

4
(x2 + y2 + z2)

]2 (3.4)

with K being the curvature parameter that defines the geometry, i.e. K < 0 for a

hyperbolic, K = 0 for a flat or K > 0 for a closed three dimensional space15. To

find the equations of motion that describe the FLRW universe one has to solve the

Einstein equations

Gµ
ν = Rµ

ν −
1

2
δµ
νR = 8πGT µ

ν (3.5)

Here Gµ
ν is the Einstein tensor, Rµ

ν is the Ricci tensor, R ≡ Rµ
µ is the Ricci scalar,

G is Newtons constant and T µ
ν is the energy momentum tensor. Using the above

metric one arrives at only two independent equations, namely the 0-0 equation and

the i-i equation

a′2

a4
+
K

a2
=

8πG

3
T 0

0 (3.6)

a′′a

a4
+
K

a2
= −4πG

3
T µ

µ (3.7)

Here and in the following upper primes denote derivatives with respect to conformal

time η, i.e. x′ = dx
dη

, overdots denote derivatives with respect to coordinate time

15to be more precise it defines if a three dimensional hypersurface at constant conformal time η has

the mentioned geometries
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t, i.e. ẋ = dx
dt

. Introducing the Hubble parameter H ≡ ȧ
a

as well as the conformal

Hubble parameter H ≡ a′

a
= aH one may find the more common versions of the

Friedmann equations

H2 +
K

a2
=
H2

a2
+
K

a2
=

8πG

3
T 0

0 (3.8)

Ḣ =
H′

a2
= −4πG

3

(
T µ

µ − 2T 0
0

)
(3.9)

where (3.9) is found by subtracting (3.6) from (3.7). In the following we will

restrict ourselves to ideal fluids where the energy momentum tensor can be given

just in terms of the energy density ǫ, the pressure p and the four-fluid velocity uµ

in the form

T µ
ν = (ǫ+ p)uµuν − pδµ

ν (+Λδµ
ν ) (3.10)

Here we have included a possible contribution of a constant vacuum energy. In

the rest frame of the fluid16 this simplifies to T µ
ν = diag(ǫ,−p,−p,−p). With

this energy momentum tensor one arrives at the standard form of the Friedmann

equations

H2 =

(
ȧ

a

)2

=
8 π G

3
ǫ− K

a2
+

Λ

3
(3.11)

ä

a
= −4 π G

3
(ǫ+ 3p) +

Λ

3
(3.12)

Here Λ is the cosmological constant or vacuum energy. One may use an alternative

equation instead of the second Friedmann equation, which can be deduced from

energy-momentum conservation, i.e the covariant divergence of Tµν vanishes:

DµT
µν = ∂µT

µν + Γµ
µσT

σν + Γν
ρσT

ρσ = 0 (3.13)

where Γν
ρσ are the Christoffel connections that are given by the metric tensor and

its derivatives [66, 67]. This results in

dǫ

da
+ 3

ǫ+ p

a
= 0 (3.14)

Alternatively one may also use entropy conservation to find this equation of motion

for the energy density or it may be derived by combining eqn. (3.11) and its time

derivative with eqn. (3.12). Consequently the three equations (3.11), (3.12) and

(3.14) are not independent and one may use any two of them. To solve this system

of equations one additionally requires an equation of state p(ǫ), then one may

16Meaning the peculiar velocities vanish, i.e. uµ = (1, 0, 0, 0).
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already solve equation (3.14) for the dependence on the scale parameter a. For

the most prominent contributions radiation, non-relativistic matter and vacuum

energy the scaling can be easily found to be

ǫ(a) ∝







a−4, p = ǫ / 3, radiation

a−3, p ≈ 0, non-relativistic matter

const., p = − ǫ, vacuum energy

(3.15)

Next let us have a look on the curvature term in the first Friedmann equation

(3.11). Clearly there exists a density for which the curvature term has to vanish

and this critical density can easily found to be

ǫcrit =
3H2

8πG
(3.16)

If ǫ = ǫcrit the universe has a flat geometry (i.e. K = 0), for an overdense universe

ǫ > ǫcrit thus K > 0 and the other way around for an underdense universe. It is

common practice to define dimensionless energy densities normalized to the critical

density

Ωi = ǫi/ǫcrit (3.17)

For example while vacuum energy is the dominant contribution to the total energy

density ǫcrit ∝ H2 = const. and therefore the normalized energy densities scale like

ΩX(a) ∝







a−4, radiation

a−3, cold matter

const., vacuum energy

(3.18)

Next let us summarize the time dependence of the scale parameter for periods in

which one of the previously addressed contributions dominate the energy budget

as can be easily deduced17 from the first Friedmann equation (3.11):

a(t) ∝







t1/2, radiation

t2/3, cold matter

e t H , vacuum energy with H =
√

Λ/3

(3.19)

We will conclude this section with quickly reviewing the scaling behavior of tem-

perature and chemical potential (more details can be found also in [68, 69] also for

17See for example [66] for more details
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non-relativistic particles). The Friedmann equation for a flat radiation dominated

universe is given by

H2 =
8π3G

90
g(T )T 4 (3.20)

where g(T ) is effective number of relativistic bosonic18 degrees of freedom. From

equation (3.15) we can easily see that during periods where g(T ) is constant the

temperature will scale as

T ∝ 1

a
(3.21)

The same can be shown for the scaling behavior of the chemical potential µ if one

assumes a conserved net number of particles and antiparticles N in a comoving

volume a3

N = a3n̄ → n̄ ∝ 1

a3
. (3.22)

The net number density for a free gas of fermions is given by

n̄ = g(T )
1

6

(

µT 2 +
1

π2
µ3

)

(3.23)

Hence, the chemical potential µ has to scale like the temperature

µ ∝ 1

a
(3.24)

to fulfill (3.22). Finally we may note a useful relation between the temperature

and time by combining (3.20) and (3.19) to find that

t

1 sec
∼
√

g(1 MeV)

g(T )

(
1 MeV

T

)2

(3.25)

Now we have the tools to discuss some of the thermal history of the early universe

in the next section.

3.1.2 Thermal history of the early universe

We have already mentioned some of the most important milestones in the history

of the universe such as big bang nucleosynthesis and the decoupling of the cosmic

microwave background radiation. Now I shall try to give a brief overview of the

thermal history of the universe. Most of this is basic textbook knowledge so we

may refer to the books [66, 67, 70] where we do not explicitly mention that the

topic will be discussed in more detail later on.

18Meaning that fermionic degrees of freedom are weighted with a factor of 7/8
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The Planck scale at 1019 GeV is usually the earliest discussed in the evolution of

the universe. At even higher energy scales and earlier times general relativity is

definitely not applicable because the de Broglie wavelength of photons becomes

smaller than their own Schwarzschild radius. Above 1015 GeV it is usually ex-

pected from grand unified theories (GUT) that the strong, the electromagnetic

and the weak forces should unify. The electroweak phase transition happened at

a temperature of about 100 GeV during which the weak gauge bosons W±, Z0,

leptons and quarks acquired their masses through the Higgs mechanism. A phase

of exponential expansion, inflation, is believed to have happened somewhere be-

tween the GUT and the electroweak scale, we will go into more detail about this

in section 3.2. After inflation but at latest at the electroweak phase transition the

asymmetry between matter and antimatter that allowed the existence of galaxies

and stars in the later universe was created during baryogenesis. We will explain

the basic principles and some possible mechanisms in section 3.4. At about 10−5

sec after the big bang and roughly 100 MeV temperature the (nearly massless)

quarks and gluons were bound in massive hadrons, most notably protons and neu-

trons, in the course of the QCD phase transitions. This point is of course the most

important one for this thesis and we will go into much more detail also about the

standard picture for the QCD phase transition in chapter 4. At a temperature of a

few MeV the three neutrino species subsequently decoupled19 because weak inter-

actions dropped out of equilibrium. Between 1MeV and 30 keV the light elements

were synthesised during big bang nucleosynthesis (BBN) as previously discussed.

Relativistic particles (here just called radiation) dominated the energy budget of

the universe from the end of inflation on until at a temperature of about 1eV

matter became the most abundant form of energy. We have already discussed the

decoupling of the CMBR 380 000 years after the big bang. Since the universe was

mostly neutral afterwards it entered the so called dark ages until the universe was

reionized at a redshift of zreion ∼ 10 [71] probably triggered by the first generation

of stars that were born ∼ 108 years after the big bang. The first galaxies appeared

about 0.5 to 1 Gyr after the big bang. Today the universe has cooled down to a

CMBR temperature of 2.7 K at a prime-age of 13.7 billion years. In figure 3.5 all

of this is again summarized in graphical form.

19electron neutrinos decoupled sightly after muon- and tau-neutrinos because the latter could only

interact via neutral current weak interactions since muons and taus had already annihilated at higher

temperatures.



3.1. THE HOMOGENEOUS AND ISOTROPIC FLRW-UNIVERSE 67

Figure 3.5: Some of the most important milestones of the thermal history of the universe.
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3.2 Inflation

The theory of the hot big bang very successfully explains the cosmic expansion,

the existence of the cosmic microwave background radiation, the observed redshifts

of distant galaxies, and the observed primordial abundances of elements. Still

several very curious properties of the universe stay unexplained. These are most

prominent in the properties of the cosmic microwave background radiation. First of

all observations of the first acoustic peak allowed to infer that the universe must be

very close to being flat. For example the WMAP 7 year data alone tends towards

a slight overdense universe but is consistent with a flat one 0.99 < Ω < 1.27 at

95% confidence [71]. Combining with any other observation like baryon acoustic

oscillations20 will clearly prefer a very flat universe 0.99 < Ω < 1.01 at 95%

confidence. As we will see in the next section 3.2.1 this is a very unlikely situation

in the basic big bang theory. The second observation that leads to concerns is the

uniformity of the CMBR, i.e. why does the whole sky share the same temperature

and a common spectrum of anisotropies if these regions were clearly not in causal

contact when the CMBR decoupled? We will discuss the latter question in section

3.2.2.

We shall see that these characteristics of the universe are extremely unlikely within

the standard big bang scenario, thus we will need to add something to the standard

picture that will explain these observations quite naturally: inflation.

3.2.1 The flatness problem

As stated before the universe is apparently very close to being flat, which is actually

a very unlikely situation and one may easily understand why. Let us have another

look at the defining equation for the total energy density in units of the critical

energy density

Ω =
ǫ

ǫcrit
=

8πGǫ

3H2
=
Xǫ

H2
(3.26)

where we have defined X = 8πG/3. Using this one may easily verify that the

curvature term in the first Friedmann equation (3.11) can be rewritten to give

K

Xa2ǫcrit

= Ω− 1 (3.27)

20Baryon acoustic oscillations (BAO) denote the analogue of the anisotropies in the CMBR for baryonic

matter. The acoustic oscillations in in the photon baryon plasma also created correlations between

galaxies on scales of 100 Mpc that correspond to the sound horizon at freeze out of the CMBR.
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Assuming a constant equation of state p = wǫ we previously found that the energy

density evolves as

ǫ ∝ a−3(1+w) (3.28)

Now we may calculate the logarithmic derivative of Ω with respect to a

dΩ

dloga
= a

dΩ

da
= X

−3(1 + w)ǫ
(
Xǫ− K

a2

)
− ǫ
(
−3(1 + w)Xǫ+ 2 K

a2

)

(
Xǫ− K

a2

)2

=
(1 + 3w)ǫ K

Xa2

(
ǫ− K

Xa2

)2 =
(1 + 3w)Ω(Ω− 1)

(Ω− (Ω− 1))2
= (1 + 3w)Ω(Ω− 1) (3.29)

Since w ≥ 0 for any ordinary kind of matter this means that Ω will grow for Ω > 1

and shrink for Ω < 1. That is quite problematic since it means that a flat universe

with Ω = 1 is actually a unstable configuration that requires extremely fine tuned

initial conditions to be stable up to the present day. If the universe at early times

deviated even slightly from a flat geometry, that deviation would most certainly

become large at late times. For example a universe with Ω = 1 ± 0.01 today
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Figure 3.6: Evolution of Ω as a function of the scale parameter for various quasi-flat

initial conditions. All of them (except for an extremely small fraction) lead to vastly

different universes then the one we observe today.

requires at the time of recombination that Ω = 1± 9 · 10−6 and at nucleosynthesis

Ω = 1± 3 · 10−17. Figure 3.6 shows the evolution of Ω for various quasi-flat initial
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conditions where practically all of them lead to a radically different universe than

we observe today. Basically all overdense initial conditions would have lead to

a recollapse long ago while all underdense initial conditions would have left the

universe void of enough matter to form stars and galaxies. This looks like a rather

extreme case of fine tuning and is usually referred to as the flatness problem.

3.2.2 The horizon problem

The second major oddity about the CMBR is the apparent high degree of unifor-

mity which is obvious by the existence of a common temperature for the whole

sky. At first it may seem quite natural that the hot baryon-photon plasma was in

thermal equilibrium in the early universe but it is on the contrary quite unnatural

within the standard cosmological picture. We have seen that the anisotropies in

the microwave background radiation show the most prominent variations on an

angular scale of 1◦ which corresponds to the soundhorizon at decoupling. This

also roughly agrees with the distance of 380000 light years a photon could have

traveled since the big bang and thus with the size of a patch in the sky that was

in causal contact back then. If two regions in the universe were separated by more

then a horizon size at that point then they also could never haven been in ther-

mal equilibrium before. To show this consider the physical distance d between

two points that are at fixed comoving coordinates. The distance d will then just

increase linearly with the scale factor:

d ∝ a (3.30)

Next one may examine the scaling behavior of the horizon that is proportional to

the inverse of the Hubble parameter

dH ∝ H−1. (3.31)

One may easily find the general scaling of d/dH after some algebra

(
d

dH

)2

∝ a2

(

Xǫ− K

a2

)

= Xa2ǫcrit

(

Ω− K

Xa2ǫcrit

)

= Xa2ǫcrit (Ω− Ω + 1) =
|K|
|Ω− 1| (3.32)

We have seen in equation (3.29) that

d|Ω− 1|
dloga

> 0 for w > −1

3
(3.33)
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which in turn means that

d

dloga

(
d

dH

)

< 0 for w > −1

3
. (3.34)

In other words the Hubble scale grows faster than any physical distance due to

expansion. This means that any two points separated by a distance d today that are

in causal contact now (d/dH < 1) must have been separated by a distance larger

than the horizon (i.e. d/dH > 1) at earlier times. Specifically this means that

scales that were not causally connected at recombination also could not have been

in causal contact earlier and thus should not be in thermal equilibrium. However,

we have seen that the CMBR shows a uniform temperature over the whole sky

with only tiny variations on the level of 1 : 104 and thus we have encountered what

is often called the horizon problem.

3.2.3 The solution: Inflation

We have seen that both the flatness and horizon problem appear within standard

cosmologies with a general content of matter and radiation where the global equa-

tion of state is 0 ≤ w ≤ 1/3. The only solution within this context seems to be the

very artificial initial condition that the universe started out almost perfectly flat

and with a common temperature everywhere. The now commonly accepted solu-

tion came from Alan Guth in 1980 [72] and Andrei Linde [73] when they proposed

the concept of inflation to solve these (and several other related or less severe21)

problems. Putting it simple if the universe had a global equation of state w < −1/3

for a sufficiently long period then these problems can be avoided without the need

for fine tuned initial conditions.

The most simple realization of Inflation is given by a constant vacuum energy

that does not scale with the expansion of the universe. One easily finds that the

Friedmann equation has the simple solution

H2 =

(
ȧ

a

)2

=
8πG

3
ǫV = const. → a ∝ eHt (3.35)

In other words the expansion rate is constant while the actual physical distance

between any two points increases exponentially with time. In this case both (3.29)

21For example the so-called monopole problem: in many grand unified extensions of the standard

model magnetic monopoles are produced overabundantly in the early universe and in these theories it

is difficult to understand why they did not overclose the universe and lead to a recollapse. Thus a

mechanism to dilute their number density sufficiently to explain their absence today would be attractive.

Similar problems might be posed by other early produced relics like for example topological defects and

these would be solved in the same fashion.
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and (3.34) change sign. The first point means that a flat universe becomes an

attractor solution (Ω tends towards one) and if the inflationary period is long

enough the universe can end up arbitrarily close to perfect flatness.

The second point means that the ratio of the physical distance between two points

over the horizon size grows, thus arbitrarily large regions in space that were is

causal contact before become fragmented into smaller and smaller patches of the

universe that are still causally connected. Turning this around the whole presently

observable universe could originate from a tiny region of the primordial universe

that was in thermal equilibrium before the onset of inflation and got stretched

beyond the size of our present universe.

In principle inflation can take place anywhere after the grand unification scale

TGUT ∼ 1015 GeV and the electroweak scale TEW ∼ 200 GeV. The physical length

corresponding to the Hubble scale at the onset of inflation must be stretched at

least to the size of the present universe, possibly much further. How long inflation

has to last to solve the above problems depends on when it took place, i.e.

θ ≡ af

ai

&
ai

a0

Hi

H0

∼ T0

Ti

Hi

H0

∼







1024 ∼ e55 Ti = TGUT

1011 ∼ e25 Ti = TEW

(3.36)

Here the indices i, f and 0 refer to the start of inflation, the end of inflation and

to the present day, respectively. The flatness problem is solved at the same time

because from equation (3.27) we can easily see that

|Ω− 1|f
|Ω− 1|i

∼
(
ai

af

)2

. (3.37)

So that Ω will be extremely close to unity after inflation. Since today |Ω−1| . 10−2

and

|Ω− 1| ∝







a2 radiation domination

a matter domination
(3.38)

one may easily do a conservative estimate for an inflation length to solve the

flatness problem assuming |Ω− 1|i ∼ O(1)

θ &







1028 ∼ e64 Ti = TGUT

1014 ∼ e32 Ti = TEW

(3.39)

Of course the initial value for |Ω − 1| before inflation is unknown and could be

smaller, thus one usually assumes an inflation length of 55-60 e-folds should suffice

to solve both problems.
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We have already seen that a cosmological constant caused by a nonzero vacuum

energy results in an inflationary period. Still we know that inflation ended22 so

inflation must have had a dynamical cause. It is usually assumed that inflation was

driven by at least one scalar field with a non-trivial vacuum state that gave a nearly

constant contribution to the energy budget for a sufficiently long period of time.

At the end of the inflationary period the scalar field settled into the true global

minimum and released its energy into production of particles, a process called

reheating during which also the entropy of the universe is vastly increased. We

will later on recover the same process when turning to the little inflation scenario.

We will now briefly discuss some basics of the inflationary mechanism but not go

into too much detail since the ”big inflation” is very different in terms of extend

and consequences. Also several key simplifications that can be applied here are

invalid if inflation does not last long enough. For more details on standard inflation

one may refer to the standard textbooks by Mukhanov [67] and by Liddle and Lyth

[70].

Let us assume a simple scalar Lagrangian of the type

L =
1

2
∂µφ∂µφ− V (φ) (3.40)

with a resulting energy-momentum tensor

T µν = ∂µφ∂νφ−Lgµν . (3.41)

If one assumes a nearly homogenous background the gradient terms may be ne-

glected23 and one finds for the energy density and the pressure

ǫ =
φ̇2

2
+ V (φ) p =

φ̇2

2
− V (φ) (3.42)

Consequently one directly finds that

H2 =
8πG

3

(

φ̇2

2
+ V (φ)

)

(3.43)

This means that if the field is only slowly changing ( φ̇2

2
≪ V (φ)) and the poten-

tial term dominates then this will result in a constant Hubble parameter and an

22There is actually a whole class of models called eternal inflation in which inflation only locally ended

but still goes on in other parts of the universe that are outside the observable universe, see Ref. [74] for

a recent review on the topic.
23During inflation gradient terms will drop proportional to ∝ a−1 in contrast to the time derivative of

φ and thus will become negligible anyways after a few e-folds.
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inflationary equation of state

H2 ≈ 8πG

3
V (φ) w = p/ǫ ≈ −1 (3.44)

The equation of motion for the field may be found by calculating the covariant

derivative of the energy momentum tensor DµT
µν as defined in equation (3.13)

which results in

φ̈+ 3Hφ̇+ V ′ = 0 (3.45)

where V ′ = dV
dφ

. Since the first time derivative of φ should already be small one

may drop the second time derivative if the field is to be slowly varying

3Hφ̇+ V ′ ≃ 0 (3.46)

This is usually called the slow roll approximation in which the field mostly evolves

due to the Hubble friction term. In many models of inflation this is realized by a

very flat potential such that the gradient of the potential is so low that the field will

only roll towards the global minimum when the universe has expanded by many

orders of magnitude. One may quantify the slow roll approximation in terms of

several parameters that allow to categorize different models of inflation, the reader

is referred to the standard textbooks on cosmology for more details [67, 70, 66]

and to the reviews [75, 76] that give a broad overview of inflationary models.

Now we will shortly discuss one of the most important consequences of inflation:

the generation of primordial density fluctuations. Not long after the initial publi-

cations on inflation by Guth and Linde it was realized independently by Guth [77],

Starobinsky [78] and Hawking [79] that inflation could also explain the origin of

primordial density fluctuations. These would be the seeds for all the structures in

the universe from stars to superclusters of galaxies. The basic mechanism can be

explained with a well known analogue from black hole physics, Hawking radiation.

One may interpret vacuum fluctuations as the creation of virtual pairs of particles

and antiparticles as allowed by the uncertainty principle. If such pairs are created

next to a black hole horizon and one of the particles get trapped inside, then the

other one becomes real and is emitted as part of a thermal Hawking radiation

spectrum. For the inflationary scenario a similar picture may be used, a pair of

a virtual particle and antiparticle may be separated by the exponential expansion

before they can annihilate and thus become causally disconnected. Consequently

they turn into classical excitations of the field.

In the next section we will introduce the basic concepts of structure formation but

at this point we may already introduce the notion of scalar perturbations that are
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the only components that may turn unstable and lead to the growth of structures.

Decomposing the field into a constant part and a perturbation φ = φ0 + δφ one

may find after some steps starting from equation (3.45) an equation of motion for

the perturbation δφ [76]

δ̈φ+ 3H ˙δφ+

[(
k

a

)2

+ V ′′

]

= 0 (3.47)

Here k is a comoving24 wavenumber related to the momentum p (and the physical

wavenumber kph) p = kph = k
a
. For a sufficiently flat potential the mass term

proportional to V ′′ can be neglected until kph ≪ H and the mode is already far

outside the horizon and thus has become a classical fluctuation. In this case the

amplitude of the field perturbation when its wavelength equals the horizon size

will simply be given by

|δφ|2|k=aH =

(
H

2π

)2

(3.48)

This is not yet the amplitude of scalar perturbations, for that we first have to

introduce the notion of a curvature perturbation in a simplified manner. During

inflation the universe will quickly become flat to a very high accuracy as we have

seen meaning that the curvature term in the Friedmann equation will only be a

small perturbation

H2 =
8πG

3
(ǫ+ δǫ)− δK

a2
(3.49)

Subtracting the unperturbed background equation and dividing by it one finds

that
δǫ

ǫ
=

δK

H2a2
(3.50)

This is a rather obvious result, namely that a local overdensity will cause a local

positive curvature and vice versa. Related to that one usually introduces the

curvature perturbation R via
δK

a2
=

2

3
∆R (3.51)

where ∆ is the Laplacian. Within the slow roll approximation the curvature per-

turbation can be shown to depend on the field perturbation [67, 70, 66, 76]

R(k) =
δφ(k)H

φ̇
(3.52)

24Meaning that is does not change with the expansion.
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The power spectrum is then usually defined as25

PR(k) =
k3

2π2
|R(k)|2 (3.53)

Using equations (3.52) and (3.48) we find that

PR(k) =

(
k3

2π2

H2

φ̇2
|δφ|2

)

|k=aH

(3.54)

Finally one may find that the resulting spectrum is nearly scale invariant in the

slow roll approximation

PR(k) ∝
( H

2πa

)2(
k

H

)ns−1

(3.55)

The scalar spectral index ns ≈ 1, where one speaks of a scale invariant Harrison-

Zeldovic spectrum for ns = 1. Deviations from unity depend on the exact shape of

the potential and may be quantified by the previously mentioned slow roll param-

eters. Indeed observations show such a spectrum of scalar density perturbations

as shown for example by the newest seven year data release of the WMAP satellite

[71] that found ns = 0.968±0.024 (at 2σ confidence). Thus the inflationary model

can also account for the production of the seeds for the large scale structures in

the universe.

The short inflationary phase as discussed later on in this thesis is in many respects

different to inflation as discussed here. We shall see that the ”little inflation”

cannot replace the ”long” primordial inflationary phase and it will also be far

too short to expect most of the estimates done here to apply there. The most

important input we take from here is the shape of the spectrum of scalar density

perturbations that will be used to investigate the impact of the little inflationary

model on low scale structure formation.

In the next section we will discuss in a lot of detail the basic treatment of linear

gravitational perturbations in an expanding background.

25Note that definitions differ in this point, especially on the normalization.
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3.3 Structure Formation

3.3.1 Basics

One of the cornerstones of modern cosmology is the theory of structure formation

that describes the evolution of the small inhomogeneities in the density of the

primordial radiation and matter. As said these are believed to be created during

Inflation and later on seed all the observable structures in the universe.

The treatment of gravitational perturbations in an expanding universe 26 is far

from being a simple task and most work on the topic has been done only for small

amplitude perturbations that can be dealt with by linearized theory. Once the

perturbations become non-linear the only reliable tool is to further simplify the

problem and solve it with n-body simulations with quasi-newtonian gravitation
27 on supercomputers. We will be concerned only with the former since we are

dealing with an era of the cosmos during which the amplitudes of perturbations

were still mostly linear.

3.3.2 Types of perturbations

The modern theory of cosmological perturbations was mostly developed in the

1980s starting with a pioneering work by Bardeen [80]. We stick mostly to the

notation and derivation of [81] since it is the one most widely used in the literature.

Where necessary we rely on [82], that is much denser and also covers the choice of

gauge we will later work with.

gµν = (0)gµν + δgµν (3.56)

One finds that there are 10 independent metric degrees of freedom in δgµν after

taking care of symmetry constraints. These can be separated into three distinct

types of perturbations, scalar, vector and tensor. This classification might be mis-

leading in the sense that it does not denote the behavior under general coordinate

transformation but merely how the degrees of freedom transform under three-space

transformations on a constant-time hypersurface (see reference [83] for more on the

topic). Therefore e.g. the perturbations denoted ”scalar perturbations” are not

invariant under general coordinate transformations as one might naively expect,

26from now on just cosmological perturbations.
27quasi-newtonian here means that the background still undergoes Hubble expansion but also the

newtonian two-body force is usually softened for small distances to avoid unphysical behavior.
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while ”tensor perturbations” are on the other hand manifestly gauge invariant28.

There is however a way to also construct such ”gauge invariant” scalar perturba-

tions and we will do so in section 3.3.4.

Scalar perturbations

g(S)
µν = a2(η)

(

2α −B|i

−B|i −2
(
ϕγij + E|ij

)

)

(3.57)

Here α,B, ϕ, E are spacetime dependent scalar functions. B|i denotes a covariant

three dimensional derivative with respect to the background variable i 29, thus

it becomes an ordinary 3-gradient for a flat background FLRW universe. Using

(3.57) we can construct the corresponding line element

ds2 = a2(η)
[
(1 + 2α) dη2 − 2B|idx

idη −
[
(1 + 2ϕ) γij + 2E|ij

]
dxidxj

]
(3.58)

The four independent functions correspond to 4 independent scalar degrees of free-

dom, but as we shall see later only 2 of these correspond to physical degrees of

freedom. The other two are related to the freedom of gauge and would lead to a

mixing with vector perturbations and contain unphysical gauge that need to be

taken care of later on.

Vector perturbations

S
|i
i = F

|i
i = 0 (3.59)

g(V )
µν = −a2(η)

(

0 −Si

−Si Fi|j + Fj|i

)

(3.60)

Tensor perturbations

hi
i = 0, h

|j
ij = 0 (3.61)

g(T )
µν = −a2(η)

(

0 0

0 hij

)

(3.62)

In the following we will only focus on the scalar part of the perturbations because

they are the only ones that lead to gravitational instabilities and thus to the growth

of structure. Vector and tensor perturbations generally decay over time, the latter

might at least be observable in form of gravitational waves.
28meaning invariant under general infinitesimal coordinate transformations
29B|i ≡ DiB with Dµ being the covariant derivative
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3.3.3 Gauge transformations

In the case of general relativity a gauge transformation corresponds to changing

the coordinates of physical spacetime and at the same time keeping the background

coordinates unchanged. Now we want to consider how the scalar perturbations of

the metric change under an infinitesimal change of coordinates

xµ → x̃µ = xµ + ξµ (3.63)

The transformation (3.63) obviously transforms all three kinds of perturbations

and will in general mix them. Therefore we need to disentangle which parts of

(3.63) preserve the scalar nature of a perturbation. We may separate the spacial

part of ξµ = (ξ0, ξi) into a transverse and a longitudinal part

ξi = ξi
T + ξi

L = ξi
T + γijΞ|j (3.64)

The transverse vector is defined by the generalized condition to be solenoidal

ξi
T |i = 0 (3.65)

where the analogue for a flat Minkowsky space would be ~∇ · ~ξ = 0. ξi
T only

contributes to vector-like perturbations and therefore has to be excluded in the

following to prevent any mixing of the classes of perturbations. The scalar Ξ is

found as a solution to Ξ
|i
|i = ξi

|i and gives the spacial part of the transformation that

keeps the scalar nature of a perturbation unchanged in contrast to the transversal

part30.

So we are left with two functions Ξ and the temporal part ξ0 to describe to gauge

transformations for scalar perturbations. Note that the reduction to two functions

does not reflect any fixing of a gauge it just specifies the nature of the perturbation

degrees of freedom and ensures that no mixing of different types of perturbations

takes place.

The scalar metric variables transform in the following way

φ → φ̃ = φ− a′

a
ξ0 − ξ0′

ψ → ψ̃ = ψ +
a′

a
ξ0

B → B̃ = B + ξ0 − Ξ′

E → Ẽ = E − Ξ (3.66)

30Here we deviate from the notation of [81] Ξ =̂ ξ to clarify the difference from the 3-vector ξi
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To fix a certain gauge one may now either directly choose two conditions to elimi-

nate the gauge degrees of freedom [81] or one may introduce two new variables to

eliminate one of the gauge degrees of freedom while at the same time allowing a

clearer understanding of the gauge conditions later on [80, 82]. We will choose the

latter way, namely to eliminate the dependence on spacial gauge transformations

by a convenient choice of replacement variables for B and E 31.

3.3.4 Gauge invariant formalism

The variables of choice for our approach are

χ ≡ −a (B − E ′) and κ ≡ 3

a
(Hφ− ψ′) +

k2

a2
χ (3.67)

here k is a comoving wavenumber defined via a Helmholtz-equation for χ, i.e.

χ
|i
|i = −k2χ. φ and ψ do already only change under temporal gauge transformations

(3.66). So we only need to check if χ is invariant under spacial transformations,

because then the same will be true for κ.

χ→ χ̃ = −a
(

B̃ − Ẽ ′
)

= −a
(
B + ξ0 − Ξ′ − E ′ + Ξ′

)
(3.68)

= −a
(
B − E ′ + ξ0

)
(3.69)

What is the physical meaning of the four metric perturbation variables φ, ψ, χ, κ?

Choosing a frame in which the frame vector nµ is orthogonal to three-space (ni = 0)

one finds that the three-space curvature R(3), the expansion Θ and the shear σij

of the frame vector have the following dependence on the perturbations [82]

R(3) =
6K

a2
− 4

k2 − 3K

a2
ψ

Θ = 3
H
a
− κ

σij = χ|ij −
1

3
γijχ

|k
|k (3.70)

Choosing κ = 0 corresponds to having an unperturbed Hubble flow, thus the name

uniform expansion gauge. Choosing χ = 0 leads to the more popular longitudinal

or conformal Newtonian gauge as used in the well known review of Mukhanov,

Feldman and Brandenberger [81].

31One may do so because the background is spacially homogenous [84, 82].
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3.3.5 Uniform expansion gauge

We use uniform expansion gauge (UEG) that is free of unphysical gauge modes

and has the two gauge invariant variables δ and ψ̂, which can be identified with

the density contrast and a quantity related to the fluid velocity in the subhorizon

limit (kph ≫ H), respectively [6, 82]. For ideal fluids the evolution equations in

UEG read

ǫ̇ = −3H(ǫ+ π̄)−∆ψ − 3H(ρ+ p)α (3.71)

ψ̇ = −3Hψ − π̄ − (ρ+ p)α (3.72)

which can be deduced from energy-momentum conservation and the three diver-

gence of the Euler equation. Here ǫ ≡ δρ and π̄ ≡ δp denote the perturbation

of the energy density and pressure, respectively, ψ is the potential of the momen-

tum density ~S, i.e. ~∇ψ = ~S. The latter is related to the fluid velocity v via

ψk/a = (ρ+ p)v. Equations (3.71) and (3.72) apply for each decoupled ideal fluid,

while all fluids are gravitationally linked via the perturbation of the lapse α and

Einstein’s R0
0-equation

(∆ + 3Ḣ)α = 4πG(ρ+ 3p) (3.73)

Introducing dimensionless variables δ = δρ/ρ, ψ̂ = kψ/(aρ) and the equation of

state w = p/ρ the UEG set of equations takes the form

δ
/
i = −3(c2si − wi)

a
δi +

k

Haψ̂i − 3(1 + wi)
α

a
(3.74)

ψ̂
/
i = −1− 3wi

a
ψ̂i − c2si

k

Haδi − (1 + wi)
k

Haα (3.75)

α = −
3
2
(1 + 3c2s)

(
k
H

)2
+ 9

2
(1 + w)

δ (3.76)

where the index i refers to an individual fluid each of which has a set of equations

(3.74) and (3.75), H = Ha is the conformal Hubble parameter and cs is the

isentropic speed of sound. Slashes denote derivatives with respect to the scale

parameter. All fluids are connected via the last equation for the perturbation of

the lapse α. The mean density contrast, equation of state and speed of sound are

calculated by

δ =

∑

i δiρi
∑

i ρi
, w =

∑

i pi
∑

i ρi
, c2s =

∑

i c
2
siδiρi

∑

i δiρi
(3.77)

Eqs. (3.74) and (3.75) apply to each decoupled fluid component i individually and

the general relativistic analogue of the Poisson equation (3.76) connects them.
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3.3.6 Analytic Solutions

Now let us discuss some simple analytic solutions to the above system of differential

equations. Most importantly let us look at the growing super-horizon solutions

in the case of a radiation dominated universe. First lets look at the radiation

component:

δ
/
R ≃ k

Haψ̂R +
2

a
δR (3.78)

ψ̂
/
R ≃ 1

3

k

HaδR (3.79)

Where we have used c2s = c2sR = w = wR = 1/3 and α = −δR/2. Now we calculate

the derivative of (3.78) with respect to the scale parameter keeping in mind that

k/(Ha) = const. during radiation domination.

δ
//
R =

k

Haψ̂
/
R −

2

a2
δR +

2

a
δ

/
R =

1

3

(
k

Ha

)2

δR −
2

a2
δR +

2

a
δ

/
R

≈ − 2

a2
δR +

2

a
δ

/
R (3.80)

Where we have used equation (3.79) in the second step and neglected the term

that is quadratic in the small quantity k/H in the third step. Given the form of

the differential equations (3.80) and (3.79) it seems natural to assume a power law

dependence of the solutions on k/H ∝ a

δR ∝
(
k

H

)β

(3.81)

Calculating the first and second derivatives we find

δ
/
R =

β

a
δR (3.82)

δ
//
R = − β

a2
δR +

β

a
δ

/
R (3.83)

Consequently super-horizon solutions for δR and ψ̂R are given by

δR = A

(
k

H

)2

(3.84)

ψ̂R =
A

9

(
k

H

)3

(3.85)

where A is a constant that fixes the amplitude at horizon entry.
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Using these solutions we can now also find the evolution of the dark matter per-

turbations with wDM = c2sDM = 0

δ
/
DM ≃ −3

a
α =

3

2a
δR (3.86)

ψ̂
/
DM ≃ −1

a
ψ̂DM −

k

Haα = −1

a
ψ̂DM +

1

2

k

HaδR (3.87)

The solution for δDM is quickly found to be proportional to δR

δDM =
3

4
A

(
k

H

)2

=
3

4
δR (3.88)

For ψ̂DM we need to make an educated guess

ψ̂DM =
A

6

(
k

H

)3

+B
H
k

(3.89)

Where the first term is the solution one would expect if just the second term in

(3.87) was present and the second term of the ansatz would be the solution for the

first term in (3.87) alone.

⇒ ψ̂
/
DM =

A

2a

(
k

H

)3

−BH
ka

=
2

3

k

HaδR −
1

a
ψ̂DM (3.90)

So the functional dependence is correct and we just need to change the prefactor

in front of the growing mode. One may easily verify that

ψ̂DM =
A

8

(
k

H

)3

+B
H
k

(3.91)

solves equation (3.87). The decaying mode ∝ 1/a will quickly become irrelevant

and is thus neglected in the following. Now let us summarize the solutions32 we

found

δR = A

(
k

H

)2

=
4

3
δDM (3.92)

ψ̂R =
A

9

(
k

H

)3

=
8

9
ψ̂DM (3.93)

These solutions will set the relevant initial conditions for our numerical calcula-

tions later on.

32Note that in [6] it is incorrectly stated that ψ̂R = ψ̂DM in this case which adds a small admixture of

decaying modes.
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Now we can also quickly derive the solutions for modes that are sufficiently sub-

horizon during radiation domination. In this case k/H ≫ 1 and the approximate

equations of motion for the perturbations in the radiation read

δ
/
R ≃ k

Haψ̂R − 4
α

a
(3.94)

ψ̂
/
R ≃ −c2s

k

HaδR −
4

3

k

Ha
α

a
(3.95)

α ≃ 3

(H
k

)2

δR (3.96)

Thus the terms proportional to α are suppressed and we may drop them. Taking

the derivative of (3.80) with respect to a we then arrive at

δ
//
R =

k

Haψ̂
/
R = −c2s

(
k

Ha

)2

δR (3.97)

ψ̂
/
R = −c2s

k

HaδR (3.98)

which is is simply a harmonic oscillator with the solutions

δR = C sin

(

cs
k

H

)

+D cos

(

cs
k

H

)

(3.99)

ψ̂R = −Ccs cos

(

cs
k

H

)

+Dcs sin

(

cs
k

H

)

(3.100)

with C,D being constants. We will use the amplitude of the oscillations which is

given by (δ2
R + ψ̂2

R/c
2
s)

1/2 later on. Now let us turn to the dark matter side

δ
/
DM ≃ k

Haψ̂DM (3.101)

ψ̂
/
DM ≃ −1

a
ψDM (3.102)

The solution for ψ̂DM is obviously

ψ̂DM =
E

a
(3.103)

which we may directly use to find δDM

δ
/
DM =

k

Ha
E

a
(3.104)

⇒ δ
/
DM = F + E

k

Ha log a (3.105)

with E,F also being constants. Thus during radiation domination subhorizon

perturbations in radiation will oscillate with constant amplitude while matter per-

turbations will only grow logarithmically.
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3.4 Baryogenesis

Our world is almost entirely made up of matter and even in the cosmos antimat-

ter seems to be very rare and only occurs in very high energy processes like in

supernovae, gamma-ray bursts or active galactic nuclei. There could in principle

exist large domains of the universe that are entirely made up of antimatter and

that would not differ in the emitted photons we would observe. Still the borders of

such domains would emit strong diffuse annihilation-radiation where matter and

antimatter would meet. The absence of such signals suggests that at least inside

our own Hubble volume there are no such domains present and there really is a

net surplus of matter over antimatter [85, 86, 87].

The conditions to generate a finite baryon asymmetry were first formulated sys-

tematically by Sakharov in 1967 [88]. These conditions read

Sakharov Criteria for Baryogenesis

• Baryon number violating processes

• C- and CP-violation

• Departure from thermal equilibrium

The first condition is rather obvious, if baryon number is always conserved then

the universe must have already started out with all presently observed number

of baryons. This is inconsistent with primordial inflation which is a cornerstone

of modern cosmology as we have seen. An initial nonzero baryon asymmetry

that could still provide ηtoday
B ∼ 10−9 after a standard inflation with a length of

60-65 e-folds would require ηinitial
B & 1069−75, which is obviously a very extreme

and unnatural initial condition. This also tells us that any viable baryogenesis

mechanism must have transpired after primordial inflation.

The second condition is less obvious but can also be easily understood. Without

C- and CP-violation the rate of any baryon number violating process would be

equal to the rate of its inverse process producing antibaryon number and no net

baryon number could be produced.

The third condition is more subtle but is also necessary. It is required because

the baryon number operator changes sign under CPT transformation meaning its

expectation value has to be zero if the system has an equilibrium density matrix.

The reason for this is located in the fact that the density matrix will in equilibrium

only depend on the Hamiltonian which is CPT invariant in any sensible theory.
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This in turn means that only out of equilibrium the density matrix can allow for

the generation of a non-zero expectation value of the baryon number.

t’Hooft pointed out already in 1976 there are so called sphaleron processes that

arise at high temperatures due to anomalies in non-abelian gauge theories that

can violate B + L but conserve B − L [89]. This special class of instanton tunnel-

ing processes33 arises because for non-abelian gauge fields there is more than one

configuration of the gauge field for which the field energy vanishes [90, 91]. These

are connected by discrete gauge transformations that are labeled by the so called

Chern-Simons number ncs. Within the standard model these processes could be

thermally excited above the mass of the weak gauge bosons T & 100GeV ∼ MW

while for lower temperatures they are exponentially suppressed instantons. In Fig-

ure (3.7) such a periodical vacuum structure is sketched. Sphaleron processes will

usually change baryon and lepton quantum numbers according to

∆B = ∆L = Nf∆ncs →







∆(B − L) = 0

∆(B + L) = 2Nf∆ncs

(3.106)

where Nf is the number of families. These processes are important for several

reasons, for once they can generate a baryon asymmetry if they are effective while

the universe is out of equilibrium. This is the basic mechanism behind electroweak

baryogenesis (see section 3.4.1). More importantly these processes will transfer

net baryon asymmetry into net lepton asymmetry or vice versa which is most

important for the mechanism of baryogenesis via leptogenesis (see section 3.4.2).

Also this tells us that a viable baryogenesis mechanism should also violate B − L
to produce an asymmetry that will not be washed out by sphaleron processes later

on.

There have been numerous approaches to baryogenesis, see e.g. [90] for an ex-

tensive overview, the most well known being probably electroweak baryogenesis,

baryogenesis via leptogenesis and Affleck-Dine baryogenesis. We will only briefly

address the first two and focus on explaining the third one in detail since it is the

only one that can also produce a large baryon asymmetry as needed for the little

inflation scenario as we shall see later on.

33Some authors clearly distinguish instantons as quantum tunneling between vacua while sphalerons

are the thermally activated counterpart and not a special class of the former. However, the terminology

in the literature is not unique in this point.
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Figure 3.7: Sketch of the periodical vacuum structure in non-abelian gauge theories.

For zero temperature tunneling transitions between different vacua labeled by the dis-

crete Chern-Simons number are exponentially suppressed. In the standard model such

processes are in thermal equilibrium if T & MW .

3.4.1 Electroweak Baryogenesis

In 1985 it was pointed out by Kuzmin, Rubakov and Shaposhnikov [92] that the

standard model contains at least the first two ingredients for baryogenesis. Namely

baryon number is violated by sphaleron processes, CP symmetry is violated for

example in the decay of B-mesons. The third requirement would be departure

from equilibrium at a point where the two other conditions are still fulfilled34. A

widely discussed possibility was the electroweak phase transition in which three out

of four massless electroweak gauge bosons acquire a mass via the Higgs mechanism

and become the massive W± and Z0 bosons while the photon stays massless.

However, lattice gauge theory calculations of the electroweak phase transition have

shown that it is most likely a crossover for a Higgs mass of more than 80 GeV

[93, 94, 95] while a standard model Higgs in that mass region is already excluded.

34This for example rules out the QCD phase transition in any case because both B and CP are

conserved to a very high accuracy at T ∼ 200 MeV.
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Apart from this there is another problem, namely that electroweak baryogenesis

in the standard model would only allow for a production of ηB ∼ 10−20 far below

the necessary amount. In supersymmetric extensions to the standard model elec-

troweak baryogenesis could be more effective and a first order phase transition is

also possible in some models [96, 97].

3.4.2 Baryogenesis via Leptogenesis

As first pointed out by Fukugita and Yanagida in 1986 [98] baryogenesis might also

be the result of a net lepton number being partially transformed into a net baryon

number via sphaleron processes. The basic mechanism of baryogenesis via leptoge-

nesis assumes the existence of right-handed neutrinos35 with a very large Majorana

mass M ∼MGUT which can also explain the smallness of the standard model neu-

trino masses via the seesaw mechanism. The left-handed neutrinos only acquire

a mass due to off-diagonal terms in the neutrino mass matrix that arise from the

interaction of the Higgs boson with left- and right-handed neutrinos. These inter-

actions introduce new sources of CP-violation beyond those of the standard model.

Once the temperature drops below the mass of the heavy right handed neutrinos

they start to decay to left-handed neutrinos and the Higgs. These processes will

automatically drop out of equilibrium once the decay rate becomes smaller than

the Hubble constant thus the third Sakharov criterium is also met. The reader is

referred to the extensive review by Buchmueller et al. [99] for more details.

3.4.3 Affleck-Dine Baryogenesis

The next question we need to address is if such a high initial baryon asymmetry is

possible within one of the established baryogenesis mechanisms. For Affleck-Dine

baryogenesis [100, 101] this is actually the case. In short the idea is that baryon-

and lepton-number carrying scalar fields with very flat potentials can locally ac-

quire very large expectation values. The Affleck-Dine mechanism can readily be

incorporated into supersymmetric models [102], where squark- and slepton-fields

play the role of the baryonic scalar fields. Once supersymmetry is broken the

flat directions are lifted and the scalar-condensates become massive and roll down

to the true minimum and thus decay to standard model particles leaving a finite

baryon and lepton asymmetry. We will go through the basic mechanism of Affleck-

Dine in the following without doing any quantitative calculation to see how the

35This violates lepton number even in very simple realizations [99].
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mechanism fits into the Sakharov criteria.

A simple toy model36 reads [103, 87]

L =
1

2
(∂µφ) (∂µφ)∗ + λ

(

|φ|4 − φ4 + φ∗4

2

)

=
1

2
(∂µφ) (∂µφ)∗ − λ|φ|4 (1− 4 cos θ)

(3.107)

where φ = |φ|eiθ such that θ is the angle plane of the complex field. Because of

the cosine term the potential is not rotationally invariant, i.e. the U(1) symmetry

connected to the phase rotation

Λα : φ = |φ|eiθ → φ′ = |φ|eiθeiα = |φ|ei(θ+α) (3.108)

is explicitly broken. In figure 3.8 the above potential is depicted, for a different

power of the fields in the potential there may be more or less flat directions present.

The potential in (3.107) has four flat directions at the angles θ = 0, π/2, π, 3π/2

and it is usually assumed for Affleck-Dine baryogenesis that one of these direc-

tions was chosen by chance as a local initial condition set during the onset of

inflation by quantum fluctuations. This state was then spread out over the whole

present universe by the exponential expansion giving a common initial condition

for baryogenesis37. A nonzero baryon asymmetry can even be created if all valleys

are populated with similar probabilities if the potential prefers the production of

baryon number over the production of antibaryon number. We will encounter such

a situation with a slight extension of the above potential.

Remembering equation (2.16) we find the connected baryon charge

B = −i
∫

V

∂L
∂(∂0Φα)

Ωi
αβΦβd3x = −i

∫

V

∂L
∂(∂0Φα)

Ωi
αβΦβd3x

= −i
∫

V

(
∂L

∂(∂0φ)
(−1)φ+

∂L
∂(∂0φ∗)

(1)φ∗

)

d3x

=
i

2

∫

V

(

φ̇∗φ− φ̇φ∗
)

d3x

=
i

2

∫

V

((
˙|φ|e−iθ − i|φ|θ̇e−iθ

)

|φ|eiθ −
(

˙|φ|eiθ + i|φ|θ̇eiθ
)

|φ|e−iθ
)

d3x

=

∫

V

|φ|2θ̇d3x (3.109)

36More realistic models will not have flat directions with infinite extent. See for example the single

complex field model in Ref. [103] where there is always an additional rotationally invariant term with

the highest power.
37Thus there could be other Hubble volumes that consist entirely of antimatter in this approach.
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Figure 3.8: Baryon number violating scalar potential as given by (3.107). Such kind of

potentials are present in many supersymmetric extensions of the standard model, where

the scalar fields carrying baryon number are squark- and slepton-fields.

is not conserved. The result (3.109) means that the baryon number is given by the

angular momentum of the field in the complex plane. Positive baryon number cor-

responds to the field rotating counterclockwise38 and clockwise for negative baryon

number. Thus the first Sakharov condition is already fulfilled by the Lagrangian

(3.107).

The field obeys the equation of motion

φ̈+ 3Hφ̇+ U ′(φ) = 0 (3.110)

where the second term is a friction term due to the expansion of the universe.

Thus if U is rotationally invariant then the last term only causes radial forces and

the angular momentum is conserved as well known from Lagrange mechanics.

38note that the sign may differ depending on the definition of the U(1) transformation and the Noether

charge
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For the second Sakharov condition to be realized the potential has to be asymmetric

with respect to the replacement of φ and φ∗ that can be modeled for example by

extending the potential in the following way by introducing a mass term

U = λ|φ|4 (1− cos (4θ)) +m2
φ

(

|φ|2 − λ1φ
2 + λ2φ

∗2

2

)

= λ|φ|4 (1− cos (4θ)) +m2
φ|φ|2 (1− cos (2θ + 2γ)) (3.111)

If λ1 6= λ2 then the phase γ will be non-zero and CP-symmetry is violated. The

final ingredient, departure from equilibrium, is provided by the fact that some

of the terms will actually be dependent on the Hubble parameter such that the

minima at high field values will disappear at roughly the same time when the mass

of the fields becomes large by breaking of supersymmetry39. Incorporating this

into our toy model one may arrive at

U = λ|φ|6 + |φ|4
(

A+ aH
H

Mp
cos (4θ)

)

+ |φ|2
(
m2

φ + cHH
2 cos (2θ + 2γ)

)
(3.112)

Either aH < 0 or cH < 0 can cause a large initial vacuum expectation value to be

set during inflation because at least local minima (or even global ones) will form

at large field values. In Ref. [103] different mechanisms to acquire such negative

terms within supersymmetric theories are discussed, where the Hubble dependent

mass term will actually most likely be positive and both baryon number- and

CP-conserving.

In figure 3.9 the potential is shown for γ = −0.18π, aHH/Mp = −2A and cHH
2 =

2m2
φ and excluding the |φ|6 term for simplicity. As one can see the potential is

deformed as compared to (3.8), the valleys at θ = π/2, 3π/2 are lifted and rotated

clockwise while the valleys in the θ = 0, π directions are still pronounced and

tilted counterclockwise. If the field starts out from one of the former valleys it

will rotate clockwise creating negative baryon number while the latter valleys will

lead to counterclockwise rotation and thus positive baryon number. It is rather

obvious that even if all valleys were populated initially with equal probability40

the ”right” and ”left” valley configurations will cause the field to acquire a higher

angular momentum than the ”upper” and ”lower” valleys resulting globally in a

net positive baryon number.

39i.e. the masses of the superpartners squarks and sleptons become much larger then the masses of

their standard model counterparts.
40which is unlikely in the given example since there might not even be local minima present in the

θ = π/2, 3π/2 valleys for a wide range of parameters.



92 CHAPTER 3. COSMOLOGY

-1 -0.5  0  0.5  1
φ

-1

-0.5

 0

 0.5

 1

φ*

Figure 3.9: Potential according to 3.112 with a negative Hubble mass-term while

|cH |H2 & m2
φ and the field starts to roll towards the origin in from either initial flat

direction θ ∼ 0, π. Either starting condition will here lead to a preferred counterclock-

wise angular momentum and thus a positive baryon number. Once |cH |H2 < m2
φ the

global minimum is located in the origin.

Since H becomes smaller and smaller during the expansion of the universe the

term responsible for the initially large vacuum expectation value will flip its sign

and CP- and U(1)-symmetries become approximately conserved once the global

minimum is located at φ = φ∗ = 0. Finally the massive squark and slepton fields

will spiral in around the origin while decaying to quarks and leptons transferring

baryon (and lepton) number to the standard model sector.

In simple realizations the Affleck-Dine mechanism can easily produce a too high

baryon asymmetry for the standard cosmological scenario, thus either models with

multiple fields or more sophisticated coupling terms have to be introduced to limit

the initial baryon number production or a subsequent reduction is necessary. The

latter could be achieved, as mentioned earlier, by a large entropy release that di-
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lutes the baryon to photon ratio to the right value observed today for example by

an inflationary period (see e.g. ref. [101]). That being said Affleck-Dine baryoge-

nesis can provide ηB ∼ O(1), where this is probably an upper limit [101]. Still,

this bound has not been explored any further after the estimates in the initial

publications by Affleck, Dine and Linde for the obvious reason that an even higher

baryon asymmetry was not desirable.





Chapter 4

A Little Inflation

...what I conclude is that a little inflation is a good thing.

– Nobel laureate in economy George Akerlof, in an interview about US fiscal

policy in Challenge magazine in 2007.

95
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4.1 QCD Phase Transition in Cosmology

The cosmological QCD phase transition from the quark-gluon plasma to a hadron

gas happened about 10 microseconds after the big bang. In standard cosmology

the baryon asymmetry is tiny ηB = nB/s ∼ 10−9, with nB being the net baryon

density and s the entropy density, as deduced from later stages in the evolution

of the universe. Improving lattice gauge theory calculations have shown in the

last decade that at such conditions this transition was most probably only a rapid

crossover [7, 8].

Therefore a first order QCD phase transition seemed very unlikely given the con-

ditions. Still, the QCD phase diagram is for most parts terra incognita. The chiral

and the deconfinement transition do not necessarily coincide but there are some

indications from effective models [104] and lattice QCD calculations that there is

at least a significant connection between the two. There has been recent progress

in the attempt to include a finite baryon density on the lattice [20, 21] but effective

models are still the method of choice to explore the uncharted regions of the QCD

phase diagram [22]. Findings indicate that at finite baryon densities a first order

phase transition can be expected as shown by chiral effective models of QCD [105]

caused by to the melting of quark and/or gluon condensates or by color super-

conductivity [49]. A sketch of a possible QCD phase diagram is again depicted in

figure 4.1 along with the commonly accepted path the universe took during and af-

ter the QCD-transition. The universe starts out in the upper left and moves along

the temperature axis from the chirally symmetric quark gluon plasma through a

crossover transition to the chirally broken hadron gas phase. Once protons and

anti-protons stop to annihilate below 35 MeV the baryon chemical quickly shoots

up from ∼ 1 eV to the nucleon mass (see ref. [9] for more details). Effective mod-

els of QCD [32, 106] as well as lattice calculations [20] at finite baryon chemical

potential give hints for the existence of a critical endpoint at µC = O(1)TC .

Now let us finally come back to our initial question as outlined in the introduc-

tion. Could the cosmological QCD phase transition have been first order without

violating the constraint of a small baryon asymmetry in the later evolution of the

universe? On the one hand a large baryon asymmetry before the transition seems

necessary for a first order phase transition to be possible. On the other hand we

know that the baryon asymmetry was very small at later stages in the evolution

of the universe1.

1Already at BBN it must have been at the present day value as we have seen in section 3.1.
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Figure 4.1: Sketch of a possible QCD-phase diagram with the commonly accepted stan-

dard evolution path of the universe as calculated e.g. in [9] depicted by the grey path.

These requirements can be met if the baryon asymmetry was reduced in the course

of the phase transition for example by a large entropy release. Exactly this is the

basic idea of the little inflation scenario: a large baryon asymmetry at earlier times

allows a delayed strong phase transition that will trigger an entropy release which

reduces the baryon asymmetry to the present day value.

In figure 4.2 I sketch the evolution path of the universe in the little inflation

scenario. Here the universe starts out at a large baryon chemical potential and

therefore crosses the first order phase transition line but stays in the deconfined

chirally symmetric phase. The universe is trapped in the wrong QCD vacuum

and undergoes a short period of inflation until the delayed phase transition takes

place. The released vacuum energy then causes a large entropy release that dilutes

the baryon asymmetry to the presently observed value. Afterwards the universe

evolves along the standard path just as in figure 4.1.
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Figure 4.2: Sketch of a possible QCD-phase diagram with the commonly accepted stan-

dard evolution path of the universe as calculated e.g. in [9] depicted by the grey path.

The concept of a little inflation (or tepid inflation) at the QCD phase transition

has been also introduced earlier by Kämpfer et al. [5, 107, 108, 109] and for a infla-

tionary period of similar duration as discussed here later by Borghini et al. [110].

In both cases an initially higher net baryon density is diluted to the presently ob-

served small value of the baryon-to-photon ratio in the course of the QCD phase

transition. Still in both cases the most important aspects and The general idea of a

short inflation to reduce a too high baryon asymmetry was mentioned even earlier

by Linde in a publication on Affleck-Dine baryogenesis [101] but not explicitly in

the context of the QCD phase transition.
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4.2 Baryon asymmetry

4.2.1 Baryon Asymmetry

As we have seen one of the main requirements of such a short inflationary pe-

riod at the QCD phase transition is a non-vanishing baryochemical potential

µB/T ∼ O(1). Big bang nucleosynthesis calculations predict the observed primor-

dial abundances of elements correctly only if the baryon asymmetry was tiny at a

temperature of 1 MeV and below. The cosmic microwave background radiation as

well as large scale structure observations predict very similar values and combining

all these observations one finds a baryon asymmetry of 5.9·10−10 < ηB < 6.4·10−10

at 98% confidence [111].

Now we need to estimate how long such a little inflation has to be in order to

start out with a sufficiently large ratio of µB/T . The net number of baryons in a

comoving volume is conserved and can be estimated by NB ≈ a3
iµBiT

2
i ≃ a3

fµBfT
2
f

where the index i refers to the initial values when the vacuum energy starts to

dominate the energy budget of the universe and f to the final values after reheating.

Therefore the initial ratio of the chemical potential to the temperature can be

higher by

µBi

Ti

≃ θ3µBf

Tf

(
Tf

Ti

)3

(4.1)

with θ = af/ai. If the phase transition at the end of inflation transpires on a

timescale much shorter than the Hubble time then the universe reheats back to

the initial temperature at the start of inflation in good approximation Ti ≃ Tf .

Then we can conclude from equation (4.1) that for θ ∼ 103 ≈ e7 the baryon

asymmetry before inflation ηBi and µi/Ti will be of order unity. The latter would,

as we have seen, suffice to allow the QCD phase transition to be first order.

4.2.2 Chemical Potentials and the Duration of Inflation

Now we want to make the above estimates for the highest possible µB before such

a little inflationary period a bit more quantitative taking ηB = 1 as an upper limit.

To keep things simple we take all particles to be massless. The energy density,
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pressure, entropy density and number density of a relativistic gas read

ρ = g

(
π2

30
T 4 +

1

7
µ2T 2 +

1

14π2
µ4

)

(4.2)

p =
ρ

3
= g

(
π2

90
T 4 +

1

21
µ2T 2 +

1

42π2
µ4

)

(4.3)

n =
∂p

∂µ
= g

(
2

21
T 2µ+

2

21π2
µ3

)

(4.4)

s =
ρ+ p− µn

T
= g

(
2π2

45
T 3 +

2

21
µ2T

)

(4.5)

Here g is the effective number of bosonic helicity states, i.e. fermionic helicity

states are weighted with a factor of 7
8
. For n̄B we can directly use equation (4.4)

with g = gq/3 for the degrees of freedom2. The entropy density has contributions

from particles with sizable chemical potential and from those without, therefore

we label the quark degrees of freedom an index q and those that have a non-

negligible chemical potential3 with an index µ. This is necessary because both

are not necessarily the same since leptons should most likely carry an asymmetry

similar to the baryonic one.

s = g
2π2

45
T 3 + gµ

2

21
µ2T (4.6)

If we now combine both we arrive at an estimate for the baryon asymmetry

ηB =

2gq

63

(

T 2µ+ µ3

π2

)

g 2π2

45
T 3 + gµ

2
21
µ2T

=
gq5
(

µ
T

+ 1
π2

µ3

T 3

)

g7π2 + gµ15 µ2

T 2

(4.7)

Interestingly this means that in the limit of µ ≫ T as well as in the limit µ ≪ T

the baryon asymmetry is just proportional to µ/T . The limits can be directly read

of to be

ηB ≈







gq5
g7π2

µ
T

µ≪ T
gq

gµ3π2

µ
T

µ≫ T
(4.8)

Here we assume for simplicity that all particle species with a non-zero chemical

potential have the same chemical potential i.e. µ = µq = µν = µe et cetera. In the

end we assume that the equilibrium condition for the quark and baryon chemical

2This results from 7

8
· 2 · 2 · 2 · 3/3, i.e. the degrees of freedom are fermion weighting · spin · parti-

cle/antiparticle · flavor · color · the baryon number per quark.
3both are not necessarily the same since leptons should most likely carry an asymmetry similar to

the baryonic one.
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potential holds µB = 3µq. Note that one cannot treat baryons as fundamental

degrees of freedom satisfying equation (4.4) with a charge of 1/3 within this simple

estimate or there would be a contradiction to the chemical equilibrium condition

µB = 3µq.

In figures (4.3) and (4.4) the results from (4.7) are shown for two particle com-

positions each for negligible lepton asymmetry and for equal baryon and lepton

asymmetry. One can see that the influence from the particle composition is only a

small effect, since the additional degrees of freedom contribute in a similar magni-

tude to numerator and denominator of ηB. On the other hand ηB is significantly

suppressed at the same chemical potential when adding a equal lepton asymmetry.

This can be easily understood since the lepton asymmetry only increases the en-

tropy but not the baryon number. The limiting values for µB/T assuming ηB = 1

for the four cases are shown in table 4.1

all particles quarks asym. particles µB/T |max

g gq gµ for ηB = 1

A e±, ν, u, d, γ, g u, d u, d

47.75 21 21 88.89

B e±, µ±, ν, u, d, s, γ, g u, d, s u, d, s

61.75 31.5 31.5 88.74

C e±, ν, u, d, γ, g u, d u, d, e±, ν

47.75 21 29.75 125.2

D e±, µ±, ν, u, d, s, γ, g u, d, s u, d, s, e±, µ±, ν

61.75 31.5 43.75 123.1

Table 4.1: Degrees of freedom in the 4 considered cases A-D correspond to the curves in

figures 4.3 and (4.4) as well as the resulting maximum values for µB/T .

Now we can translate the limits on the initial chemical potential to temperature

ratio to a constraint on the length of inflation. The baryon number in a comoving

volume is conserved, i.e. nBi = θ3nBf , therefore the length of inflation can be

directly inferred from the ratio of baryon asymmetries before and after inflation

θ =

(
ηBisi

ηBfsf

)1/3

=

(
ηBi

ηBf

)1/3

(4.9)

Note that this definition does not necessarily coincide with the period of exponen-

tial expansion as we shall see later. To evaluate this expression we only need to

calculate the baryon asymmetry ηBi because the two specific entropy densities si

and sf are by definition equal.
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Figure 4.3: Here we plot the resulting baryon asymmetry from equation (4.7) as a

function of µB/T for different cases. All curves include photons, three neutrino families,

electrons and positrons, up and down quarks and eight gluons. Solid red (A) and dotted

blue (B) curves assume a negligible lepton asymmetry while the latter also includes

strange quarks and muons. The dashed black (C) and the dashed-dotted orange (D)

lines include a lepton asymmetry and again the latter adds s-quarks and muons.

If we now make use of the experimental value for ηBf we find the upper limit on

the inflation length is given by

θmax = 1176 η
1/3
Bi (4.10)

independent of particle composition. In figure 4.5 we show the corresponding

maximum dilution of baryon number by a delayed QCD phase transition in the

little inflation scenario. This figure is part of the results of the dilaton quark meson

model and the structure formation calculation in sections IV and V, respectively,

but it is quite model independent apart from the value of the chosen value of the

vacuum energy.

The period of exponential expansion could also be estimated for comparison and

define the onset at the point where pV + pR = 0, but a simple estimate is rather

lengthy and also not very accurate because for interesting inflation lengths the
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Figure 4.4: The same plot as figure (4.3) but on a wider double-log-scale. As one can

see a general order of magnitude estimate for ηB is simply given by 0.01µB
T .

dark matter energy density is of similar magnitude of the vacuum and radiation

energy densities. We will show the numerical results in section 4.4.
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Figure 4.5: The reduction of ηB to the presently observed value

4.3 Nucleation

The next critical requirement of the little inflation scenario is a large supercool-

ing or in other words if a sufficiently delayed phase transition is possible. This

issue is directly connected to the stability and height of the barrier between the

chirally broken phase and the chirally restored phase in the effective potential for

sufficiently low temperatures. In chiral models of QCD including gluonic degrees

of freedom in the form of a dilaton field the barrier only vanishes in the T → 0

limit [47] thus strong supercooling is in principle possible and we will come back

to this model later on.

First let us consider the nucleation rate Γ of the low temperature phase inside the

high temperature phase

Γ = Γ0e
−∆F∗/T (4.11)

where the functional form is that of a thermally activated process as found by

Langer in the 60s and 70s, e.g. [112]. Γ0 is in general a temperature dependent

dynamical prefactor and ∆F∗ is the free energy needed to produce a critical sized

bubble of the new phase inside the old phase. What is meant by a critical sized
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bubble in this context? If the temperature is smaller than the critical temperature

T < Tc the system becomes metastable and statistical fluctuations produce bubbles

of the low temperature phase with a radius R and a free energy of

∆F =
4π

3
(pH(T )− pL(T ))R3 + 4πR2σS (4.12)

Here pH(T ) and pL(T ) is the pressure in the high and the low temperature phase,

respectively, and σS is the surface tension. The first term describes the energy

gained by transforming a spherical volume of radius R to the new phase while the

second term gives the energy it costs to create the surface interface around the

bubble. Since pL(T ) > pH(T ) both terms have opposite sign and there is a critical

radius R∗ at which ∆F has a minimum

R∗ =
2σS

pL(T )− pH(T )
(4.13)

only bubbles larger than R∗ can grow, for smaller ones it is energetically more fa-

vorable to shrink and disappear. One might just estimate Γ0 by T 4 for dimensional

reasons but Csernai and Kapusta [113] found Γ0 in an effective field theory to be

Γ0 =
16

3π

(σS

3T

)3/2 σSηHR∗

ξ4
H(∆w)2

(4.14)

which can easily be a few orders of magnitude smaller than the naive estimate.

Here ηH and ξH are the shear viscosity and the correlation length in the high T

phase, respectively, and ∆w is the difference in enthalpy density w = ρ+p between

the two phases.

The important ratio for the cosmological QCD phase transition is Γ/H , i.e. the

rate of nucleation to the Hubble parameter. Once this ratio exceeds unity bubbles

are produced abundantly and coalesce until the transition is complete. If Γ/H

does not exceed one then bubbles of the low temperature phase will form and grow

but the distance between bubbles increases so fast that the volume fraction of the

new phase stays small.

We will in the following compare to work done by Csernai and Kapusta [114, 113]

for the QCD phase transition within the bag model to find if the nucleation rate

can be sufficiently small compared to the Hubble parameter such that the phase

transition will initially fail. In ref. [114] the authors found that the transition

is completed very quickly with only marginal supercooling of about 1% below the

critical temperature. In fact this result depends strongly on the value of the surface

tension σS which they took to be ∼ 50MeV/fm2. This number originates from an

older work of Kajantie et. al [115] who calculated the surface tension at critical
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temperature and zero density, for which the transition is found to be a crossover

by all recent lattice calculations. As one can see from equation (4.11) Γ depends

exponentially on the value of the surface tension as well as on the free energy

difference between both phases and especially the former quantity is in principle

unknown at non-zero baryon density.

Σ = 124 MeV � fm2

B = H145 MeVL4
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Figure 4.6: Nucleation rate over the Hubble parameter for the lowest value of the surface

tension for which the phase transition would initially fail.

Using the bag model as outlined in section 2.7 with a critical temperature Tc = 170

MeV and the same parameters as used in [113] let us look for the lowest surface

tension at which Γ/H does not exceed unity at least until its maximum at around

∼ Tc/2. This might already be overstreching the applicability of (4.11) but it

should still give a reasonable estimate of the surface tension needed for nucleation

to fail. We find that the surface tension must indeed be very large and exceed

448 MeV/fm2 ∼ 3.7 T 3
c using their high value of the bag constant of B = (235

MeV)4. If we however go to the lower end of values found in the literature, i.e. the

original number B = (145MeV)4 found by the MIT group to fit hadron masses

[37], we find that a significantly lower σS = 124 MeV/fm2 suffices. The resulting

Γ/H in that case is shown in figure 4.6. The surface tension for the QCD phase

transition at non-zero baryon densities can only be estimated by effective models
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since lattice gauge theory calculations for this case are still in its infancies. In

ref. [116] a reasonable range of σS = 50 − 150 MeV/fm2 is discussed but even

smaller or larger values are not excluded in principle. If one considers very high

densities the surface tension for the transition from color superconducting phases

to nuclear matter could reach values of 300 MeV/fm2 [117]. In figure 4.7 the

minimal surface tension needed for nucleation to fail is shown for the commonly

discussed range of the bag constant.
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Figure 4.7: Minimum value of the surface tension as a function of the Bag constant at

which Γ/H does not exceed unity.

This estimate only covers the initial failure to nucleate but it is clear that the phase

transition has to occur after some limited supercooling (compared to ordinary

inflation) of only about 7 e-foldings at most as we have seen. We stress that one

should not take this estimate too far because both B and σS have to be temperature

dependent in general since both will in a field theoretical approach originate from

the relative height and the shape of the barrier between the two vacua in the

effective potential. Finally Γ/H must exceed unity for inflation to end and the

phase transition to proceed, for which the surface tension has to drop sufficiently

fast such that fluctuations can easily overcome the barrier. Another possibility
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would be the complete vanishing of the barrier and a spinodal decomposition as

studied for example in [108] for a bag like model. Other authors have also discussed

the strong sensitivity of nucleation rates for example in the context of neutron stars

and core-collapse supernovae. There it was found that nucleation timescales can

basically not be constrained and range from µs up to the age of the universe.

Also for heavy ion collisions strong supercooling is discussed for the ”quench”-

scenario, see e.g. [118]. There the chiral phase transition is delayed as the field is

trapped in a metastable minimum and is only released to the true minimum in the

T=0 limit.

The equation of state has to fulfill the usual condition ρ + 3p < 0 to enter an

inflationary phase. In the bag model this would be the case below a temperature

Tinf = (30B/(gπ2))
1/4

. In the linear-σ-model or the NJL-model this occurs when

the thermal contributions to the energy density become smaller than the vacuum

contributions like the quark condensate 〈mqqq̄〉 ≈ f 2
πm

2
π and the gluon condensate

βQCD/(2g)
〈
Ga

µνG
µν
a

〉
≈ 4B as we have discussed earlier.

We can conclude here that QCD at non-zero baryon densities is only poorly con-

strained and a delayed chiral phase transition is very well possible and has already

been discussed for several other scenarios apart from the early universe.
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4.4 Structure Formation

Next we will investigate the effect of a little inflationary period on primordial den-

sity perturbations. In particular dark matter perturbations are affected in several

ways and on much larger scales than usual for the cosmological QCD phase tran-

sition. First of all the Hubble radius is roughly given by RH ∼ g−1/2mP lT
−2
c ∼ 10

km which encloses a total energy corresponding to about 1M⊙. Since this epoch

is long before matter radiation equality, i.e. ρDM ∼ (aQCD/aEQ)ρR ∼ 10−8ρR, the

mass of dark matter in the same volume is smaller by the same factor resulting in

a dark matter mass scale of approximately 10−8M⊙. About ten years ago Schmidt,

Schwarz and Widerin investigated the effect of the QCD phase transition on dark

matter perturbations [119, 6]. They found that peaks and dips in the spectrum of

dark matter perturbations may form for a first order phase transition but even for

a crossover one could expect a boost for small scale perturbations. These effects

were due to the reduction of the speed of sound cs and equation of state w = p/ρ

of the radiation fluid during the phase transition. As the above estimate implies

they only found these effects at very small mass scales below the Hubble scale.

We shall examine the little inflation scenario with the same approach to density

fluctuations, i.e. we work in uniform-expansion gauge as explained in section 3.3.5.

Basically all viable dark matter candidates are already chemically decoupled from

the radiation fluid at the QCD phase transition, thus their numbers are not re-

populated by reheating after inflation. Therefore the dark matter number density

is diluted by the same factor θ3 as the net baryon number. As stated before the

dark matter mass enclosed inside the Hubble horizon is of the order of 10−8M⊙ at

TQCD ∼ 170 MeV, so any influence on perturbations inside dark matter would not

have any consequences on larger scales. An inflationary period at the QCD-phase

transition can change this in two ways, first of all the amount of dark matter

enclosed inside the horizon must be larger by a factor θ3 initially to match the

present day dark matter density despite the dilution. For a short inflationary pe-

riod, as discussed here, one encounters an additional effect on perturbations that

have physical wavenumbers kph . H at the beginning of inflation because an ad-

ditional scale apart from H , namely Ḣ1/2, via equation (3.73) emerges. One may

realize this by combining equations (3.11) and (3.12) to find that

Ḣ

H2
= −2

3

ρ+ p

ρ
= −2

3
(1 + w) (4.15)

so as long as w is not too close to -1 both scales coincide, but during an inflationary
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phase this is no longer true. Let us do an estimate for a general mix of radiation,

dark matter and vacuum energy, in this case

Ḣ = −4πG

[
4

3
ρRi

(ai

a

)4

+ ρMi

(ai

a

)3
]

∝
(ai

a

)q

(4.16)

where the subscripts refer to matter and radiation with q = 3 to 4, respectively,

and the index i to the onset of inflation. Comparing this to the first Friedmann

equation one finds that

H2 =
8πG

3

[

ρV + ρRi

(ai

a

)4

+ ρMi

(ai

a

)3
]

≈ 8πG

3
ρV (4.17)

As a consequence the two scales differ by |Ḣ/H2|1/2 ≃ (1 + w̄)1/2 ≃
(

ai

a

)q/2
, which

would not play any role for a long inflationary period (i.e. with more than 50 e-

foldings) because in this case Ḣ−1/2 is beyond the size of the observable universe,

i.e. at the order of the infrared cutoff of the produced primordial spectrum. Sum-

marizing, there should be two distinct scales in the spectrum dividing it into three

regimes

kph

H

∣
∣
∣
∣
i

> 1 (sub-hubble before inflation)

1 >
kph

H

∣
∣
∣
∣
i

>

(
ai

af

)q/2

(intermediate)

kph

H

∣
∣
∣
∣
i

<

(
ai

af

)q/2

(unaffected)

Translating this to the highest affected mass scale involved we estimate

Mmax ∼ 10−8M⊙ θ3q/2 ∼ (105 − 109)M⊙ (4.18)

at most for θinf ∼ 640.

4.4.1 Analytic Solutions

In section 3.3.6 we already derived the analytic super-horizon solutions for the ra-

diation dominated case. These solutions set the initial conditions for all modes and

are also applicable for any super-horizon mode after reheating when the universe is

again dominated by ultra-relativistic particles. Now we want to additionally find

the solutions for the inflationary phase in the different spectral regimes. For the

inflationary regime it will be most important to examine the case of q = 3 because
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radiation will be less abundant than matter soon after the onset of inflation for

relevant inflation lengths. First of all we need the mean quantities

1 + w ≃
(ai

a

)3

δ ≃ δDM

(ai

a

)3

c2s ≃
1

3
w ≃ −1 (4.19)

and we also need to remember that k/H ∝ 1/a in the following. Now let us ex-

amine the two most relevant spectral regimes namely the intermediate and the

unaffected regime. For the spectral range we will examine later on none of the

modes will stay sub-Hubble sufficiently long during inflation to approach an ana-

lytic limit. This would only be the case for modes that stay similar or even below

the Hubble frequency for they whole duration of the inflation. It turns out that the

solutions in this case are combinations of Bessel functions that cannot be found

by simple analytic means. Thus we skip a lengthy discussion for these modes and

directly jump to the other two regimes that are more relevant and have analytic

solutions that can be derived rather quickly.

Intermediate modes

These modes are defined by the condition 1≫ k
H
≫ (1+w)1/2. Let us first examine

the equations of motion for the dark matter perturbations

α ≃ −3

(H
k

)2 (ai

a

)3

δDM (4.20)

δ
/
DM ≃ −3

α

a
= 9

(H
k

)2
a3

i

a4
δDM (4.21)

ψ̂
/
DM ≃ −1

a
ψ̂DM (4.22)

The solutions are easily found to be

δDM = C1 exp

[

−9

(H
k

)2 (ai

a

)3
]

(4.23)

ψ̂DM =
C2

a
(4.24)

with C1 and C2 being constants. This means that δDM will be frozen very quickly

until the end of inflation4 and quickly approaches a constant value. Now let us use

4Note that (1+w)1/2 drops quicker than k
H

so any mode that enters this regime stays there until the

end of inflation.
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these results to find the solutions for the radiation perturbations

δ
/
R ≃ −4

α

a
= 12

(H
k

)2
a3

i

a4
δDM =

4

3
δ

/
DM (4.25)

ψ̂
/
R ≃ − kH

α

a
= 3

(H
k

)
a3

i

a4
δDM =

1

3

k

Hδ
/
DM (4.26)

The solution to δR is thus directly found to be

δR =
4

3
δDM = C1

4

3
exp

[

−9

(H
k

)2 (ai

a

)3
]

(4.27)

For ψ̂R we may try the ansatz

ψ̂R = C1
1

3

k

H exp

[

−9

(H
k

)2 (ai

a

)3
]

(4.28)

⇒ ψ̂
/
R = C1

(

−1

3

k

Ha + 3
H
k

a3
i

a4

)

exp

[

−9

(H
k

)2 (ai

a

)3
]

(4.29)

The second term would solve equation (4.26) so we just need to get rid of the first

term by adding a suitable counter term to the ansatz to find the right solution.

ψ̂R = C1

(

1

3

k

H +
1

27

(
k

H
a

ai

)3
)

exp

[

−9

(H
k

)2 (ai

a

)3
]

(4.30)

⇒ ψ̂
/
R = 3C1

H
k

a3
i

a4
exp

[

−9

(H
k

)2 (ai

a

)3
]

=
1

3

k

Hδ
/
DM (4.31)

Thus (4.30) is the correct solution for ψ̂R.

Unaffected modes

Now let us turn to the unaffected modes that are given by the condition 1 ≫
(1 + w)1/2 ≫ k

H
. Again let us first examine the equations of motion for the dark

matter perturbations

α ≃ −2

3
δDM (4.32)

δ
/
DM ≃ −3

a
α =

2

a
δDM (4.33)

ψ̂
/
DM ≃ −1

a
ψ̂DM −

k

Haα = −1

a
ψ̂DM +

2

3

k

HaδDM (4.34)

In this case the solution for δDM is quickly found to be

δDM = Aa2 ∝
(H
k

)2

(4.35)
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For ψ̂DM we again need to make an educated guess

ψ̂DM =
2

3

k

HAa
2 +B

1

a
(4.36)

⇒ ψ̂
/
DM =

2

3

k

HAa− B
1

a2
=

4

3

k

HaδDM −
1

a
ψ̂DM (4.37)

This means we just need to change the ansatz slightly by dividing the first term

by 2 to get the correct solution

ψ̂DM =
1

3

k

HAa
2 +B

1

a
(4.38)

where A and B are again constants. The second term is a decaying solution that

will quickly become subdominant. As before we will now use these solutions to

find the solutions for the radiation perturbations

δ
/
R ≃ −4

α

a
=

8

3a
δDM =

4

3
δ

/
DM (4.39)

ψ̂
/
R ≃ −1

3

k

HaδR −
4

3

k

Haα = −1

3

k

HaδR +
8

9

k

HaδDM (4.40)

Again the solution for δR is proportional to δDM

δR =
4

3
δDM =

4

3
Aa2 (4.41)

Note that the solutions for δR and δDM are exactly the same solution as for the radi-

ation dominated super-horizon case as found in section 3.3.6. We can immediately

use this result for ψ̂R

ψ̂
/
R = −4

9

k

HaδDM +
8

9

k

HaδDM =
4

9

k

HaδDM =
4

9

k

HAa = const. (4.42)

Thus the dominant solution for ψ̂R is also a linearly growing mode

ψ̂R =
4

9

k

HAa
2 ≃ 4

3
ψ̂DM (4.43)

Comparing these results to the analytic super-horizon solutions in the radiation

dominated universe we find that δDM and δR have the same growing mode5 ∝ a2

while ψ̂DM and ψ̂R grow only linearly with the scale parameter6. This is actually

necessary to keep the spectrum scale invariant on large scales [6] since this requires

δi/ψ̂i ∝ k/H. The latter keeps the amplitude at horizon entry independent of the

wavenumber for large scales.

We will compare these analytic solutions in the following section to the results of

a numerical calculation.
5Thus the naming of the spectral region as ”unaffected” is justified.
6In contrast to a cubic growth in the radiation dominated super-Hubble case.
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4.4.2 Numerical Results

For the numerical treatment I use the results from the WMAP 7 year data [71]

for the dark matter density7 Ω0
DM = 0.227 and the Hubble parameter H0 = 70.4

km/s/Mpc. For the description of the radiation background I take the input from

the dilaton-quark-meson model as described in section 2.10 and add a massless

ideal gas of photons, gluons, e± and three neutrino families as in case C described

in section 4.2.1. For the dark matter one may assume a decoupled pressureless

non-relativistic gas with a vanishing speed of sound.

In figure 4.8 the evolution of the background densities is shown an inflation length
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Figure 4.8: Evolution of the background energy densities of radiation plus vacuum con-

tributions, dark matter and of radiation alone. As one can see the inflation length is

only θinf ∼ 640 while the dilution factor is θ = 1176.

of θinf = 640 and a corresponding dilution factor of θ = 1176. As one can see dark

matter is in this case of the same order of magnitude as radiation at the onset of

inflation. Furthermore one can see that dark matter is more abundant than the

thermal radiation for almost the whole duration of the inflation in this case, thus

7The used parameter set is wmap7+bao+h0 for a flat ΛCDM model which includes results from

baryon acoustic oscillations and independent measurements of the Hubble constant.
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justifying the approximation made for the analytic solutions during inflation in

(4.19).

For the density perturbations assume a scale invariant primordial Harrison-Zeldovich

spectrum to be present before the phase transition. Each wavenumber k is followed

separately from a point where is was sufficiently super-Hubble to apply the initial

conditions for a radiation dominated universe given by the growing superhorizon

modes [6, 82] as shown in section 3.3.6.

δR =
A

6

(
k

H

)2

ψ̂R =
A

54

(
k

H

)3

(4.44)

δDM =
3

4
δR ψ̂DM =

9

8
ψ̂R (4.45)

The evolution of δR, ψ̂R, δDM , ψ̂DM and kph/H is shown for three different wave-

lengths each corresponding to one of the three spectral regimes in the figures 4.9,

4.10 and 4.11. Radiation and dark matter perturbations are each evolved according
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Figure 4.9: Evolution of δR, ψ̂R, δDM , ψ̂DM = ψ̂R and kph/H for a comoving wavelength

that encloses a dark matter mass of 10−2M⊙.

to equations (3.74) and (3.75) coupled via the perturbation of the lapse α (3.76).
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The scale parameter a is in each case normalized to the scale parameter at the end

of inflation. As one can see the perturbations first follow the growing super-horizon

solutions as given in (4.45). In figure 4.9 the modes enter the horizon at a ∼ 10−4

as visible by kph/H becoming larger than unity. Furthermore oscillations in δR and

ψ̂R start as well as the logarithmic growth in δDM according to the analytic solu-

tions for sub-horizon modes during radiation domination, i.e. equations (3.99) and

(3.104). At a ∼ 1/640 the inflationary phase starts as visible in the turnaround of

kph/H because H approaches a constant value. The mode is then pushed out of

the horizon at a ∼ 0.1 causing both δR and δDM to be frozen until the inflation

ends at a = 1. This is just the behavior we have found in the previous section for

intermediate modes in equations (4.27) and (4.23), i.e. the perturbations approach

a constant value exponentially. Also for ψ̂R and ψ̂DM the behavior is as expected

from (4.30) and (4.24), thus ψ̂R approaches a 1/a solution while ψ̂DM first decays

as 1/a until it the asymptotically constant solution dominates. From this point on
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Figure 4.10: Same as figure 4.9 but for a wavelength that encloses a dark matter mass

of 103M⊙.

the mode switches again to the super-horizon solution for a radiation dominated

universe until it reenters the horizon at a ∼ 100. After that the fluctuations evolve



118 CHAPTER 4. A LITTLE INFLATION

according to the solutions for a radiation dominated universe, i.e. oscillations at

constant amplitude for δR and logarithmic growth for δDM . This mode is located

in the part of the spectrum that is sub-Hubble before the onset of the inflationary

phase.

The mode in figure 4.10 does not become sub-Hubble before the onset of inflation.

It is first unaffected until kph/Ḣ
1/2 exceeds unity and δR and δDM approach the

constant super-horizon solution during inflation. The evolution of ψ̂R is then again

given by the asymptotic 1/a solution. ψ̂DM in this case converges towards a nega-

tive value8 which causes the seemingly sudden drop at a . 1 in the double-log-plot.

In appendix 6.2.1 an example for this behavior is shown in a log-linear plot for

another wave number where it is more clearly visible. Beyond a = 1 the behavior

is similar to the previously discussed mode. Finally the long wavelength fluctu-
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Figure 4.11: Same as figure 4.9 but for a wavelength that encloses a dark matter mass

of 108M⊙.

ation in figure 4.11 corresponding to a dark matter mass of 108M⊙ is located in

the unaffected region of the spectrum. For this mode neither kph/H nor kph/Ḣ
1/2

exceed unity before or during inflation and thus it never enters the intermediate

8Note that all analytic solutions are only given up to a additive constant.
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regime. δR and δDM behave as expected from the solutions (4.41) and (4.35) and

thus grow ∝ a2. On the other hand ψ̂R and ψ̂DM show a reduced growth ∝ a

according to (4.43) and (4.38) as we have discussed before.

The comparison between figure 4.10 and figure 4.11 shows that one may expect a

relative suppression in the fluctuations below the unaffected part of the spectrum.

In appendix 6.2.1 I additionally show a direct comparison of the evolution of δDM

between different modes that may help to further clarify this point.

In figure 4.12 we show the resulting spectrum of primordial fluctuations after a

little inflation in comparison to the spectrum as expected without little inflation.

The spectrum is given in terms of the transfer functions defined in the following

way

TR(k) =




δ2
R(k) + ψ̂2

R(k)/c2sR
(

δ2
R + ψ̂2

R/c
2
sR

)

in





1/2

(4.46)

TDM(k) =

(

δ2
DM(k)

δ2
DM,in

)1/2

(4.47)

The ”in” quantities are evaluated at (final) horizon entry in the limit of small

wavenumbers [6], i.e. in the unaffected part of the spectrum for the little inflation

calculation9. The fluctuations are evolved for 12 orders of magnitude in a to

ensure that the whole spectrum is super-horizon at the start of the calculation and

is completely sub-horizon at the end10. Four orders of magnitude are needed due

to the size of the spectrum, six orders of magnitude because inflation pushes the

modes out of the horizon and they have to reenter again and finally one order of

magnitude at the start and the end as a buffer.

All scales below Mmax ∼ 106M⊙ show a suppression, those below MH ∼ M⊙

show additional features depending on their phase during horizon exit. Above this

scale the spectrum of density perturbations is given by the primordial spectrum

of density perturbations, e.g. a nearly scale invariant spectrum. The numerical

result for the maximum mass scale is quite close to the lower bound in the above

estimate (4.18) because dark matter has to be more abundant than radiation during

almost the complete duration of the little inflation, which can be seen in figure

4.8. Still this mass scale is of cosmological interest as it is comparable to that

of globular clusters (GC) which were the first objects to form during primordial

9Without little inflation this can just be evaluated at any arbitrary wavenumber since for a scale

invariant spectrum by definition all modes enter at the same amplitude.
10The final temperature for the parameters used is ∼ 150eV ≈ Treheat/10

6.
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Figure 4.12: Spectrum of primordial fluctuations dependent on the dark matter mass

scale in units of solar masses normalized to the amplitude at horizon entry.

galaxy formation11. Globular clusters are very compact star clusters of several

hundred thousand to several million stars, with a radius of only ∼ 10 pc. They are

very metal poor objects and age estimates from stellar evolution models strongly

suggest that they should already have been created during the formation of their

host galaxy. Their mass function has a well defined peak at Mgc ∼ 2 · 105M⊙

in contrast to younger star clusters whose mass function shows a steep power

law distribution between 104M⊙ . Myc . 107M⊙ with an index of ≈ −2 [121].

There have been attempts to explain the preferred mass scale for GC by a higher

Jeans mass at low metallicity that preferred more massive clusters to from at early

times. Other explanations include disruptive processes (for low mass clusters) and

mass loss due to stellar evolution (for high mass cluster) that might produce a

preferred mass scale as seen in n-body simulations [122] starting from a steep mass

function like the one of present young clusters. The latter point was dismissed by

Vesperini et al. [123] whose simulations have shown that only very fine tuned initial

conditions will result in GC properties that fit the observations if one assumes GC

11For a comprehensible overview of the topic the reader may have a look at the review by Harris [120]
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formed just like clusters do today. On the other hand they showed that an initial

mass function that was almost flat below the present peak mass scale succeeds in

reproducing the observational data. Interestingly a power law cutoff in the dark

matter fluctuations below a mass scale 105−6M⊙ as found in the little inflation

scenario could thus help to explain this standing problem in galactic astrophysics.

The suppression of the dark matter power spectrum below these scales could also

be interesting to study because of its impact on the cuspy core density distribution

of dark matter in small galaxies and the large number of halo structures seen in

standard structure formation [124, 125, 126, 127]. A further possible influence

could be on the emergence of the first generation of stars in the universe [128, 129].

These are believed to have triggered the reionization of the universe at the end of

the dark ages and a initial suppression of low scale perturbations structures would

thus probably delay reionization.
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4.5 Dark Matter

Apart from the impact on small scale structure formation for dark matter the little

inflation scenario has further direct consequences on properties of dark matter

candidates. For cold dark matter the dilution of the energy and number densities

leads to the possibility of a matter dominated phase before the inflationary phase

since the dark matter energy density after reheating is basically fixed by the present

day value. This can also be seen in figure 4.8 that displays the evolution of the

different contributions to the energy density, wherein dark matter just starts to

dominate right before the onset of inflation. To account for the different ratio of

radiation and baryon densities before little inflation the dark matter density has

to be larger by the same factor θ3 as the baryon density. For θ & 103 the dark

matter contribution actually becomes larger than the vacuum contribution which

would in any case limit the maximum length of the exponential expansion to

θinf
max =

( B
ρDM(af )

)1/3

≈ 900

( B1/4

235MeV

)4/3(
0.236

ΩDM0

)1/3

(4.48)

where the bag constant B represents the vacuum contributions of QCD. Interest-

ingly this limit and the previously discussed limit from the Affleck-Dine baryoge-

nesis coincide by chance, while the latter actually limits the entropy release the

former only limits the length of exponential expansion. As a side remark, to pro-

duce a complete spectrum of primordial fluctuations one would require θ & 1010,

far beyond both limits so little inflation cannot replace standard inflation.

Still figure 4.8 shows that the period of exponential expansion θinf ≈ 640 is even

shorter than this estimate because the energy density of radiation increases so

strongly with the baryon asymmetry at a fixed vacuum energy. This difference in

θ and θinf is caused by the different dependencies of the entropy and the energy

density on µ or rather nB.

What does a larger dark matter density before the QCD scale mean for the prop-

erties of cold dark matter? For non-relativistic decoupling of dark matter the weak

interaction cross section will no longer give the right amount of dark matter today.

This is due to the fact that the dark matter annihilation cross section has to be

much smaller, i.e.

σannih
dm ∼ σweak

θ3
because ΩDM ∝

1

σannih
dm
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where we ignore logarithmic dependencies on the dark matter mass. This allows

more dark matter particles to survive annihilation before freeze-out and thus in-

creases the CDM number density before little inflation. This gives the interesting

prospect that the little inflation can be probed by ongoing and future collider

experiments like the LHC since the discovery of a standard weakly interacting

massive particle as the neutralino would exclude the scenario.

Another case would be thermally decoupled ultra-relativistic particles where the

dilution of dark matter number densities can be incorporated in the ordinary tem-

perature relation to the radiation background. Here little inflation leads to an

effective shift in the temperature relation

T = TDMθ

(

gs
eff(TDec)

gs
eff(T )

)1/3

(4.49)

This in turn modifies the relation of warm dark matter relic mass and decoupling

degrees of freedom to match the present day density found for example in [69]

mmax
DM ≈ 51eVθ3

(
4

gDM

)(
gs

eff(TDec)

106.75

)(
Ω0

DMh
2

0.116

)

(4.50)

This shifts the suitable mass of a thermal relic particle to a much higher value

without the need for a large number of additional effective degrees of freedom at

decoupling beyond those of the standard model.

There can also be effects for baryonic dark matter as discussed by Jedamzik [130].

During a first order phase transition the speed of sound vanishes and thus suffi-

ciently nonlinear density fluctuations can collapse during that time. For an expo-

nentially small fraction of Hubble volumes that are overdense enough primordial

black holes (PBH) may form. The mass spectrum of these PBH will be strongly

peaked around 1M⊙ which corresponds to the total (not just the dark matter)

energy density inside the Hubble volume at the phase transition. The produced

abundance of PBH depends on the spectral index and amplitude of the density

fluctuation spectrum, which we have seen is different and in general more com-

plicated in the little inflation scenario. Nevertheless it seems quite clear that the

suppression of small scale density fluctuations will also strongly reduce the pro-

duction of such primordial back holes during the phase transition at the end of a

little inflation.

During the nucleation process lumps of quark matter or small quark stars could

be produced but only with M ∼ 10−9M⊙ as we argue that nucleation starts after

the little inflationary epoch.
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4.6 Magnetic Fields

A standing problem in astrophysics is the origin of large scale magnetic fields that

have strengths of up to Bobs
λ = 0.1µG on extragalactic and up to 10 µG on galactic

scales. To understand the existence of such magnetic fields with correlation lengths

of typically 0.1 Mpc it is necessary to have an initial seed field generated before or

during galaxy formation. The required strength of such seed fields varies strongly

with the assumed amplification mechanism and may vary over many orders of

magnitude 10−30G . Bseed
λ . 10−10G, see [131] and references therein for an

overview of the topic. The seed fields may be generated during ordinary inflation

or at a first order phase transition. The latter has been discussed for the QCD

phase transition by numerous authors [1, 2, 3] at a time when the phase transition

at small baryon-asymmetry was still believed to be first order. The established

mechanism for magnetic field production was the collision of hadronic bubbles

during the phase transition [2]. Different masses of quarks and nucleons would

lead to a diffusion of baryon number via the bubble walls and consequentially a

baryon contrast close to the phase boundary would develop [1, 2]. This baryon

contrast can be estimated by the ratio of the net baryon numbers in the two phases

to be

R =
n̄B

q

n̄B
H

(4.51)

Because muons and strange quarks are already slightly suppressed at the critical

temperature Tc the baryon contrast would also cause a charge dipole layer at the

phase boundary to develop. The resulting net positive charge density is

ρ+
C = e (2/3nu − 1/3nd − 1/3ns) = βenB (4.52)

where the indices u, d and s refer to the different quark flavors and the factor of

proportionality β depends on the temperature, chemical potential and the masses

of the particles. For a small ηB and reasonable strange quark and muon masses

β ∼ 10−2 − 10−3. After a strong supercooling muons and strange quarks will be

suppressed resulting in β ≈ 0.2 for the little inflation case. Cheng et al. estimated

the magnetic field generated by the collision the hadron gas bubbles to be

BQCD ≈
8πρC rd v

3
=

8πeR β n̄B r
2
diff HQCD

3
(4.53)

due to turbulent charged flow. Here the flow parallel to the bubble walls was

assumed to have velocities v ∼ rnHQCD giving the main contribution to the field

generation. The thickness of the baryon excess layer rd was estimated according to



4.6. MAGNETIC FIELDS 125

results of [4] to be rd ≈ r2
diff/rn with rdiff being the baryon diffusion length and rn

the mean separation of nucleation sites. Rβ should be at least 0.3 with the above

estimates up to values of ∼ 10 − 100 if baryon number can be effectively piled

up by the expanding bubble walls. Thus we arrive at magnetic fields of strength

BQCD = 108 − 1010G for low baryon asymmetry, i.e. for the standard scenario

assuming a first order phase transition. If the baryon contrast exceeds R ∼ 10

then any initial field may be readily amplified by magneto-hydrodynamic (MHD)

turbulence to the equipartition value (see [3] and refs. therein)

Beq =
√

8πT 4v2
f (4.54)

where vf is the fluid velocity. Now we shall modify these estimates for the little

inflation scenario. First of all the initial value of the baryon number contrast

R between the two phases can be much higher because quarks are much more

favorable carriers of baryon number than nucleons at such low temperatures of

T ∼ 170MeV/θ ∼ 0.2MeV at the end of inflation. The diffusion length will also be

larger because both baryon and antibaryon densities nB, nB̄ will be additionally

diluted by a factor θ3 resulting in

rdiff ∝ 1/
√
nB + nB̄ ∼ 4µm θ3/2 ∼ 10 cm (4.55)

for a random walk approximation. Thus development of MHD turbulence should

be expected resulting in equipartition of the magnetic field with a strength of

Beq ≈ 1012G. The fluid velocities were taken to be vf ∼ 1 because the released

latent heat is much larger than the thermal energy.

Next one may ask if such a strong magnetic field does not violate bounds

for the total the energy density foremost from big bang nucleosynthesis, which

is the next important milestone in the evolution of the universe after the QCD

phase transition. Caprini and Durrer found that magnetic fields produced by

a causal production mechanism (in contrast to magnetic fields produced during

primordial inflation) can be strongly limited via their integrated energy density

and the shape of the spectrum [132, 133]. They argued that the spectrum of the

generated magnetic field must fall off with a steep power law for uncorrelated

superhorizon scales, i.e. B2
λ ∝ λ−n with n ≥ 2. As stated earlier the typical

comoving length scale of galactic magnetic fields is 0.1 Mpc which is comparable

to the shortest magnetic field mode that survives plasma damping processes up

to recombination [134, 135]. This scale is clearly much larger than the comoving

horizon size H−1 ∼ 10 pc at the QCD phase transition. Therefore even a relatively

small field strength at the 0.1 Mpc scale requires a magnetic field at the 10 pc
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scale that is larger by many orders of magnitude easily resulting in a very large

integrated magnetic field energy density. We use the bound on an additional

radiation energy density at big bang nucleosynthesis found by ref. [136] allowing

at most 1.6 additional effective neutrino families at the 98% confidence level. The

integrated magnetic energy density is thus bounded from above by BQCD = 5·1013G

which limits the strength of the comoving seed field to Bseed
0.1Mpc < 10−22G. Our

previous estimate of the generated magnetic field consequently does not violate

this bound, but the field strength is very low and may not suffice to seed large

scale magnetic fields if not enhanced sufficiently. In [137] it was found that an

inverse cascade mechanism could transfer some field strength from small to larger

scales thus partially escaping the effects of plasma damping. The inverse cascade

mechanism requires a non-vanishing helicity of the primordial magnetic field, as

one can expect in the presented scenario due to the large baryon asymmetry, thus

one may still to successfully seed large scale magnetic fields fields at the QCD

phase transition.
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4.7 Gravitational Waves

The final signal of the QCD phase transition that we would like to discuss are

gravitational waves. The process of nucleation and subsequent bubble collisions

will stir hydrodynamic turbulence producing gravitational waves in the process

[1, 138, 139, 140, 141]. Again the Hubble parameter gives an important scale for

the spectrum [1, 140]. Since the production mechanism is causal a peak frequency

has to greater or equal to the Hubble frequency, νpeak ≥ νH . By how much this

peak scale differs will depend on the details of the production mechanism and

most importantly on the relevant time- and lengthscales that might be significantly

different from the Hubble frequency. Let us assume an exponential nucleation rate

Γ ∝ exp (t/τ) with τ being the characteristic timescale for the nucleation process.

Then the peak frequency of the spectrum due to the collision of bubbles will be

given by

νB
peak ≈ 4.0 · 10−8Hz

(
0.1H−1

τ

)(
T ∗

150MeV

)(
geff

50

)1/6

(4.56)

where T ∗ is the reheating temperature and the result is already redshifted to the

present day frequency. It is common to denote a gravitational wave spectrum in

terms of a characteristic strain amplitude which is defined in the following way

hc(ν) = 0.9 · 10−18

(
1Hz

ν

)(
h0

0.7

)

[Ωgw(ν)]1/2 (4.57)

With the above estimates one arrives at a peak strain amplitude for the bubble

collision peak of

hc(ν
B
peak) = 4.7 · 10−15

( τ

0.1H−1

)2
(

150MeV

T ∗

)(
50

geff

)1/3

. (4.58)

Bubble collisions will also create hydrodynamic turbulence that will stir gravita-

tional waves with a slightly lower peak frequency

νT
peak ≃ 0.3 νB

peak (4.59)

but with a higher peak amplitude

hc(ν
T
peak) ≃ 2.1hc(ν

B
peak) (4.60)

for a strongly first order phase transition [140]. For frequencies lower than the Hub-

ble frequency the spectrum should be uncorrelated white noise. The approximate

shape of the strain amplitude spectrum is then given by

hc(ν) ∝ ν1/2 for ν < H (4.61)

hc(ν) ∝ ν−m for ν > νB
peak (4.62)
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where the spectral index m should be at most 2 if the number of bubble collisions

is low but could be close to 1 or even lower if multi-bubble collisions play an

important role [139, 141].

The Parks Pulsar Timing Array (PPTA) measures timing residuals in pulsar

signals to put upper bounds on a stochastic gravitational wave background in a

relatively narrow frequency band around 10−8 Hz [142, 143]. The PPTA results

already allow to limit the nucleation timescale with the presently available data

to τ/H−1 < 0.12. This limit will improve to τ/H−1 < 0.06 for the full data of the

Parkes Pulsar Timing Array project [142]. This can be seen in figure 4.13 where the

expected spectrum of gravitational waves for the former case is shown with three

different high frequency slopes and the approximate sensitivity regions of existing

and future detectors. The planned Square Kilometer Array (SKA) will improve

PPTA

SKA

LISA

n = -2

n = -1.5

n = -1

10-10 10-8 10-6 10-4 0.01 1
10-25

10-22

10-19

10-16

10-13

10-10

Ν � Hz

�h c
HΝ
L

Figure 4.13: Largest strain amplitude spectrum still compatible with the data of the

Parks Pulsar Timing Array. A shorter duration of the phase transition reduces the

amplitude and shifts the peak to higher frequencies. Detection with LISA would only be

possible if multi-bubble collisions play a significant role. For τ/H−1 < 0.005 the signal

would be unobservable with either SKA or LISA unless the high frequency spectral index

is larger than -1.

the sensitivity in Ωgw(ν) by about four orders of magnitude [144]. Thus SKA will
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lower the bound on τ/H−1 by about an order of magnitude as visible in figure

4.13. If multi-bubble collisions are important detection via the spaceborne Laser

Interferometer Space Antenna (LISA) could also be possible if the high frequency

spectral index m . 1.4 and τ/H−1 & 10−2.

PPTA

SKA

LISA

n = -1

n = -2 n = -1.5

10-10 10-8 10-6 10-4 0.01 1
10-25

10-22

10-19

10-16

10-13

10-10

Ν � Hz

�h c
HΝ
L

Figure 4.14: Same as figure 4.13 but for τ/H−1 = 0.005 which is the limiting case for

which not even a strong contribution from multi-bubble collisions (n=-1) would lead to

an observable signal from the phase transition for any of the next generation gravitational

wave detectors.

Furthermore it has been found that the QCD-phase transition will also leave

a steplike imprint on the spectrum of primordial gravitational waves due to the

strong reduction of the radiation degrees of freedom [145]. In [146] this result was

confirmed also for several lattice equations of state. Furthermore the effect of a

little inflationary phase on the primordial spectrum was examined and a strong

power-law suppression for frequencies larger than the Hubble frequency at the

QCD phase transition was found.





Chapter 5

Conclusion and Outlook

131





133

In this thesis I have explored the idea of a short inflationary period at the QCD

phase transition in the early universe. The requirements both from particle physics

and from cosmology have been discussed, most notably a strong mechanism of

baryogenesis and the possibility of a delayed phase transition within effective

models of QCD. Interesting cosmological implications were found such as the

suppression of primordial density fluctuations up to dark matter mass scales of

Mmax ∼ 106M⊙ relative to the large scale spectrum due to the change of the

global equation of state. This could have interesting consequences for the physics

of globular clusters and the emergence of the first stars and could also have an

impact on the cuspy core density distribution of dark matter in small galaxies and

the too large number of halo structures seen in standard structure formation. We

also discussed the production of primordial magnetic fields that may be strong

enough to seed the presently observed galactic and extragalactic magnetic fields.

Furthermore we addressed the production of a spectrum of gravitational waves

around a peak frequency of 4 · 10−8 Hz that may be observable via pulsar timing

in the future. Dark matter properties are also strongly affected as the annihilation

cross section for cold dark matter has to be up to nine orders of magnitude lower

to give the right amount of dark matter today, which can be probed for example

at the LHC by detecting the neutralino with an unexpected low annihilation cross

section. We have seen that the baryon density could actually be so large that one

may even expect color superconducting phases to be present before the onset of

the little inflation and this might pose an alternative route of investigation for the

scenario. The conditions in such a cosmological phase transition would then be

closer to the situation in heavy ion collisions or even the centre of neutron stars

than to the standard QCD phase transition in the hot big bang scenario. Hence,

the upcoming FAIR facility would actually for the little inflation scenario be a

probe for the physics of the early universe.

The ”little inflation” scenario still has many aspects that require further investi-

gation. First of all some of the prerequisite have only been examined on a basic

level and should be investigated further, these are

• The limit on the effectiveness of Affleck-Dine baryogenesis was taken from

[101] to be ηB = 1. To my knowledge it not been examined any further later

on and it would be important to investigate if this bound can be made more

solid within the general Affleck-Dine mechanism or at least within realistic

supersymmetric models.

• The initial failure to nucleate is a vital requirement of the mechanism and
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is tightly linked to the value and the evolution of the surface tension during

the onset of inflation. Nucleation has only be addressed here within the Bag

model and should be studied also within more sophisticated effective models

of QCD.

• We have seen that within the current approximations the universe could have

entered the inflationary period from a color superconducting phase of QCD.

This would allow a very different approach to the dynamics of the phase

transition and might also alter some of the signals.

Understanding and quantifying these requirements would also allow to gain more

insight into the expected signals. Several of the predictions of such a delayed

cosmological QCD phase transition still have to be studied in more detail. Among

them are

• Influences on low scale structure formation as indicated by the calculations on

linear density perturbations done within this thesis. Especially the connection

to the physics of globular clusters seems promising and should be addressed

in more detail as well as implications for the first generation of stars.

• Changes of dark matter properties in the little inflation scenario should be

studied in the context of different dark matter candidates. We have seen

that the WIMP miracle does not lead to a viable dark matter candidate

anymore within this scenario but there could be other parameter windows

for the interaction cross section and particle mass opening up again. As

stated before the discovery of a standard WIMP at the LHC would either

completely rule out a little inflation or at least limit its duration severely.

Thus this aspect is also very interesting from the point of view of testing the

scenario.

• The predictions for the generated gravitational wave signals are yet based on

the extrapolation of results from calculations for phase transitions without

a previous inflationary period as done for example by Kosowski et al. [138].

The relevant peak frequency and amplitude of the gravitational wave spec-

trum then mostly depends on the duration of the phase transition and this

might not be so simple in a more detailed calculation that also includes the

inflationary phase and the reheating process.

• Although the supercooling in the little inflation scenario is much weaker than

in the ”long” primordial inflation the process of reheating is also relevant and
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has not yet been addressed at all. This could alter several of the scenarios

signals, i.e. the produced magnetic fields and gravitational waves could be

modified and new scalar fluctuations below a dark matter mass scale of ∼
1M⊙ could be generated. The latter point is mostly relevant if it would also

result in substantial inhomogeneities in the spacial distribution of baryons

because of their negative influence on BBN [147, 148].

Let me close this outlook by concluding that both the requirements and the signals

of the little inflation scenario require further investigation and offer interesting

connections to upcoming particle physics experiments like the LHC and FAIR and

gravitational wave detectors like LISA and SKA.
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6.1 Dilaton Quark Meson Model - Details

6.1.1 Speed of Sound

Now we have a more detailed look at the calculation of the speed of sound, es-

pecially for the dilaton-quark-meson-model. As a reminder, the speed of sound is

calculated via

∂p

∂ǫ

∣
∣
∣
∣
s

=

∂p
∂T

∣
∣
µ

∂s
∂µ

∣
∣
∣
T
− ∂p

∂µ

∣
∣
∣
T

∂s
∂T

∣
∣
µ

∂ǫ
∂T

∣
∣
µ

∂s
∂µ

∣
∣
∣
T
− ∂ǫ

∂µ

∣
∣
∣
T

∂s
∂T

∣
∣
µ

=
s ∂s

∂µ

∣
∣
∣
T
− nB

∂s
∂T

∣
∣
µ

∂ǫ
∂T

∣
∣
µ

∂s
∂µ

∣
∣
∣
T
− ∂ǫ

∂µ

∣
∣
∣
T

∂s
∂T

∣
∣
µ

(6.1)

For this we first need the partial derivatives of ǫ and nB with respect to temperature

and chemical potential.

∂ǫ

∂T

∣
∣
∣
∣
µ

=
νq

2π2T 2

∫ ∞

0

dpp2Eq

[
(Eq − µ)eβ(Eq−µ)

(eβ(Eq−µ) + 1)2
+

(Eq + µ)eβ(Eq+µ)

(eβ(Eq+µ) + 1)2

]

(6.2)

∂ǫ

∂µ

∣
∣
∣
∣
T

=
νq

2π2T

∫ ∞

0

dpp2Eq

[
eβ(Eq−µ)

(eβ(Eq−µ) + 1)2
− eβ(Eq+µ)

(eβ(Eq+µ) + 1)2

]

(6.3)

∂nB

∂T

∣
∣
∣
∣
µ

=
νq

2π2T 2

∫ ∞

0

dpp2

[
(Eq − µ)eβ(Eq−µ)

(eβ(Eq−µ) + 1)2
− (Eq + µ)eβ(Eq+µ)

(eβ(Eq+µ) + 1)2

]

(6.4)

∂nB

∂µ

∣
∣
∣
∣
T

=
νq

2π2T

∫ ∞

0

dpp2

[
eβ(Eq−µ)

(eβ(Eq−µ) + 1)2
+

eβ(Eq+µ)

(eβ(Eq+µ) + 1)2

]

(6.5)

Now these can be used to calculate the derivatives of the entropy density

∂s

∂T

∣
∣
∣
∣
µ

=
∂ǫ
∂T

+ ∂p
∂T
− µ∂nB

∂T

T
− ǫ+ p− µnB

T 2
=

∂ǫ
∂T
− µ∂nB

∂T

T
(6.6)

=
νq

2π2T 3

∫ ∞

0

dpp2

[
(Eq − µ)2eβ(Eq−µ)

(eβ(Eq−µ) + 1)2
+

(Eq + µ)2eβ(Eq+µ)

(eβ(Eq+µ) + 1)2

]

(6.7)

∂s

∂µ

∣
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∣
T
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∂ǫ
∂µ
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∂µ
− nB − µ∂nB

∂µ

T
=

∂ǫ
∂µ
− µ∂nB

∂µ

T
(6.8)

=
νq

2π2T 2

∫ ∞

0

dpp2

[
(Eq − µ)eβ(Eq−µ)

(eβ(Eq−µ) + 1)2
− (Eq + µ)eβ(Eq+µ)

(eβ(Eq+µ) + 1)2

]

(6.9)

Here one can make an interesting observation, namely that the isentropic speed

of sound seems to be undefined at µ = 0 since both numerator and denominator

vanish in this limit. We will now show for the case of a massless fermi gas that

this c2s is actually well defined if one properly calculates lim
µ→0

c2s.
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The energy density, pressure, net number density and entropy density of a massless,

free fermi gas at non-zero chemical potential reads (calculation can be found in

[69])

ǫ =
7gπ2

120
T 4 +

g

4
T 2µ2 +

g

8π2
µ4 (6.10)

p =
ǫ

3
=

7gπ2

360
T 4 +

g

12
T 2µ2 +

g

24π2
µ4 (6.11)

nB =
∂p

∂µ
=
g

6
T 2µ+

g

6π2
µ3 (6.12)

s =
ǫ+ p− µnB

T
=

7gπ2

90
T 3 +

g

6
Tµ2 (6.13)

Furthermore we need the corresponding derivatives

∂ǫ

∂T
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∣
∣
∣
µ

=
7gπ2

30
T 3 +

g

2
Tµ2 (6.14)

∂ǫ
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∂s
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7gπ2
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T 2 +

g

6
µ2 (6.16)

∂s

∂µ

∣
∣
∣
∣
T

=
g

3
Tµ (6.17)

Applying equation (6.1) we arrive at

∂p

∂ǫ

∣
∣
∣
∣
s

=
−7gπ2

180
T 4µ− g

30
T 2µ3 − g

12π2µ
5

−7gπ2

540
T 4µ− g

90
T 2µ3 − g

36π2µ5
(6.18)

Which obviously results in ∂p
∂ǫ

∣
∣
s

= 1
3

for µ 6= 0. For lim
µ→0

c2s one has to apply

l’Hôpital’s rule, i.e. calculate the partial derivatives of numerator and denominator

with respect to µ separately. If the ratio of these derivatives is well defined then it

is the right limiting value, if not one has to do further partial derivatives until one

ratio is well defined. In the given case already the first partial derivative yields a

well defined ratio because of the first terms in numerator and denominator. The

result is as it should be

lim
µ→0

∂p

∂ǫ

∣
∣
∣
∣
s

= lim
µ→0

−7gπ2

180
T 4 − g
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T 2µ2 − 5g

12π2µ
4

−7gπ2

540
T 4 − g

30
T 2µ2 − 5g

36π2µ4
=

1

3
(6.19)
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6.1.2 Diagonalizing the Mass Matrix

Now we want to fill in the remaining gaps from section 2.10.3. The mass matrix

had the form

Mij =






∂2U
∂π2 0 0

0 ∂2U
∂σ2

∂2U
∂σ∂χ

0 ∂2U
∂χ∂σ

∂2U
∂χ2






∣
∣
∣
∣
∣
∣
∣
vac

(6.20)

for which we first need the corresponding derivatives. These read

∂U

∂π
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Thus we only need to find the solutions to the following eigenvalue problem
(

∂2U
∂σ2 −m2

±
∂2U
∂σ∂χ

∂2U
∂χ∂σ

∂2U
∂χ2 −m2

±
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= 0 (6.27)

which can after some simple algebra found to be

m2
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1

2χ0

(

G±
√
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(6.28)

where G an H are given by
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πm

4
π + 6f 4

πm
2
πλ+ 4m2

πχ
4
0 + 8f 2

πλχ
4
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6.2 Structure Formation

6.2.1 Additional Results

In figure 6.1 the behavior of δDM is shown for several wavelengths corresponding to

enclosed dark matter masses of 10−2, 1, 102, 104 and 106M⊙. As one can see below

106M⊙ the modes are frozen longer and longer and are thus stronger suppressed

as compared to larger wavelengths.
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Figure 6.1: Evolution of δDM through the little inflationary phase for different wave-

lengths.
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In figure 6.2 the behavior of ψ̂R and ψ̂DM during the little inflationary phase

for an enclosed dark matter mass of 102M⊙ is shown which corresponds to the

intermediate regime in the spectrum. Before the onset of inflation both functions

grow ∝ a3, then both approach a constant value ∝ 1/a. ψ̂R and converges towards

a negative value in contrast to ψ̂DM . This also explains the apparent deviation from

the expected ∝ 1/a behavior when shown in a log-log-plot as seen in figure 4.10

in section 4.4.2. After the end of inflation both functions again quickly converge

towards the growing solutions proportional to a3.
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Figure 6.2: Evolution of ψ̂R and ψ̂DM through the little inflationary phase for an enclosed

dark matter mass of 102M⊙.
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