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ABSTRACT

In computer graphics, subdivision algorithms are common tools for smoothing down irregularly shaped
meshes. Of special interest, due to their simple formulations, are algorithms that generalize B-spline
subdivision. Their conceptual simplicity is in stark contrast to the complexity of analysing their results.
A complete formal examination of smoothness properties for subdivision schemes was only recently
performed by J. PETERs and U. REIE.

This thesis presents a precise and detailed introduction to the analysis of subdivision algorithms. For
this purpose, first of all, the necessary background in B-spline theory is established. Building on this,
two of the most common subdivision algorithms, the Doo-SaBIN and the CATMULL-CLARK scheme, are
motivated. Their treatment is followed by an in-depth description of methods for analysing smoothness
properties of subdivision schemes, as developed by Peters and Reif. Afterwards, these methods are ap-
plied to the two aforementioned algorithms, thereby establishing smoothness for both algorithms in their
original form. Last, in order to demonstrate the effects of choosing unsuitable weights, a number of de-
generate weights, which produce irregular shapes in almost all cases, are derived for both schemes—these

have hitherto not been published.

ZUSAMMENFASSUNG

Unterteilungsalgorithmen sind ein gebrduchliches Werkzeug der Computergrafik zur Glattung anna-
hernd beliebig geformter Flichen. Aufgrund ihrer einfachen mathematischen Beschreibung sind jene
Algorithmen, die Unterteilungsverfahren von B-splines verallgemeinern, von besonderem Interesse. Thre
konzeptionelle Einfachheit steht in krassem Gegensatz zur Komplexitdt der Analyse ihrer Resultate. Eine
vollstindige formale Untersuchung der Glattheitseigenschaften von Unterteilungsschemata wurde erst
vor wenigen Jahren durch J. PETERs und U. REIF durchgefiihrt.

Die vorliegende Diplomarbeit stellt eine prizise und detailreiche Einfithrung in die Analyse von Unter-
teilungsalgorithmen dar. Zu diesem Zweck wird zunéchst der benétigte Hintergrund der Theorie der B-
Splines etabliert. Darauf aufbauend werden zwei der bekanntesten Unterteilungsalgorithmen, das Doo-
SABIN- und das CATMULL-CLARK-Schema, motiviert. Ihrer Behandlung schliefit sich eine eingehende
Beschreibung der durch Peters und Reif entwickelten Methoden zur Analyse der Glattheitseigenschaften
von Unterteilungsalgorithmen an. Danach werden diese Methoden auf die beiden zuvorgenannten Algo-
rithmen angewandt, wodurch die Glattheit fiir beide Algorithmen in ihrer urspriinglichen Beschreibung
festgestellt wird. Um die Auswirkungen unpassender Gewichte zu veranschaulichen, werden schliefilich
degenerierte Gewichte, die in beinahe jedem Fall ungleichméflige Formen erzeugen, fiir beide Schemata

hergeleitet. Diese Gewichte sind bis dato noch nicht publiziert worden.
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Introduction

The subject matter of this thesis are subdivision algorithms' for 2-dimensional manifold meshes*. When
being applied to a mesh, subdivision algorithms act as local operators with the purpose of performing a
smoothing process: Sharp edges and creases will become more rounded and fair. Examples of this process

are depicted in Figure 1.1 and Figure 1.2.

Figure 1.1: Three steps of the Catmull-Clark subdivision algorithm

Taking a look at the first few steps of an algorithm as depicted by Figure 1.1, we may conjecture that the
algorithm will converge against some limit surface. Proving this formally, however, is not straightforward.
Consequently, in this thesis, we will develop a framework for determining convergence properties of
subdivision algorithms. Furthermore, we will see that it is possible to predict some properties of the
limit surface. More precisely, we will at least be able to ascertain that the limit surface of an algorithm

does not contain any self-intersections.

This chapter provides a gentle introduction into the subject matter. First, the motivation for the analysis
of subdivision algorithms is explained. After this, a brief synopsis of the history of subdivision algorithm
research is given. This is followed by an explanation of certain notations required for subsequent chap-
ters. The chapter then concludes with acknowledgements and an overview of the remaining chapters.
Throughout this chapter, footnotes are used to refer the reader to relevant definitions that appear only
much later in the thesis.

Some closing remarks about the spelling: This thesis uses “Oxford spelling”, as employed, for example,
by the Oxford English Dictionary. The main characteristic of this spelling is the use of the suffix “-ize”

(instead of “-ise”) for words of Greek origin, whereas the suffix “-yse” (instead of “-yze”) is retained.

'A geometrical definition of these algorithms is given in Chapter 3. A more formal approach is given by Definition 4.10 on
page 54.

>We may view a mesh as a set of vertices in R* along with a description of connectivity for the points, which yields a graph.
Manifold meshes satisfy certain requirements in their local appearance, making them easier to be handled algorithmically.
See Definition 3.4 on page 32 for more details.
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Figure 1.2: Original mesh (left) and mesh subdivided by three steps of the Catmull-Clark algorithm (right). The
smoothing effects can be observed in particular at the transition between socket and statue. We will thoroughly analyse
the Catmull-Clark scheme in Chapter 5.

1.1 Motivation

The appeal of subdivision algorithms is obvious from Figure 1.2, for example: Even a small number of
steps results in a visually smoother object. In addition to this, subdivision algorithms feature interesting

properties, making them indispensable tools in geometric modelling:

Almost arbitrary topologies Subdivision algorithms may be applied to 2-dimensional manifold me-

shes, thereby having less restrictions than the standard spline-based methods®.

Local operators The smoothing process is a local operation. It can be chosen to affect only small parts

of the mesh. This enables the use of adaptive methods that are based on the shape of meshes.

Recursive definition Since subdivision schemes are recursive operations, they may be used as natural
level of detail methods.

Ease of implementation Provided that appropriate data structures for storing and querying the mesh

exist, subdivision algorithms can be implemented efficiently*.

A precondition for the analysis of subdivision algorithms is their convergence’® to a limit surface. In
several papers, the limit surface is also referred to as subdivision surface. However, in order to stress that
convergence is an essential property of a subdivision algorithm, this thesis prefers the term limit surface.

The goal of this thesis is to provide a concise analysis of properties of the limit surface. More pre-

cisely, we will be interested in the smoothness of limit surfaces: The desired result is to have convergent

3 A discussion about the restrictions of spline-based methods is given in Chapter 3.
*A sample implementation of these algorithms is described in Chapter B of the appendix.

>See Definition 4.4 on page 50. This definition will become useful in a more rigorous mathematical framework, which we will
construct in Chapter 4.



1.2. HISTORY OF THE ANALYSIS OF SUBDIVISION ALGORITHMS 5

algorithms whose limit surface does not have any sharp edges or self-intersections®. Yet, this endeavour
is not easy—see the following section on the history of the most important analysis attempts. Conse-
quently, it took approximately 20 years after the first publication of subdivision algorithms for a detailed
analysis to be published. This was accomplished by Peters and Reif [Reigs, Reig8, PR98, PRo8] over
the course of several publications. Their analysis, however, is quite involved and requires knowledge of
several branches of mathematics, such as algebraic and differential topology, abstract algebra, complex
analysis, and numerical analysis. Furthermore, due to length restrictions of the papers, some details are
not mentioned or cannot be expanded on. This makes comprehension of the publications a very daunting

task. Hence, this thesis was written with the following objectives in mind:

« Sufficiently establish the theoretical background in B-spline theory (upon which several popular

subdivision schemes are based).
« Focus on a detailed description of methods required for the analysis of subdivision algorithms.
o “Fill the gaps” in proofs; expand them or rewrite them based on current knowledge.

o Provide a thorough derivation of results that are known in literature but still lack details.

1.2 History of the analysis of subdivision algorithms

In this section, we will take a look at research in subdivision algorithms through the last four decades.

Many references to further publications are provided.

1970s Research in subdivision algorithms began with a paper of Chaikin [Chay4], which describes a fast
algorithm for calculating smooth curves by iterated subdivision rules. By a result of Riesenfeld [Rie75],
these curves were shown to be B-splines. In 1978, Catmull and Clark [CC78] presented a subdivision
scheme that generalizes bicubic B-spline subdivision. At the same time, Doo [Doo78] described an algo-
rithm generalizing biquadratic B-spline subdivision. The scheme was extended by Doo and Sabin [DS78],
who also performed (in the same paper) the first preliminary analysis of the Catmull-Clark subdivision
scheme. However, although the comments of Doo and Sabin led to some improvements of the published
version of the Catmull-Clark scheme, in total, the analysis was rather cursory: In the end, their analysis
could only motivate, but not sufficiently explain, the cause for some artefacts in the algorithm. This at-
tempt, however, stressed the usage of the discrete Fourier transform” and may be rightly viewed as the
basis of subsequent analyses.

The behaviour of subdivision algorithms is largely determined by the way they handle extraordinary

parts of a mesh®: In their publication [CC78], Catmull and Clark noted, for example, that different ways

“Whether self-intersections appear depends on the input data. The algorithm is only required to ensure that no self-
intersections occur when the input data are well-behaved. Later chapters will clarify these terms.

’Put briefly, the discrete Fourier transform (DFT) decomposes a large matrix into smaller blocks by a similarity transformation,
thereby simplifying the calculation of eigenvalues and eigenvectors. The DFT will be formally introduced in Section 4.3 on
page 65.

*In order to model a wide range of shapes, meshes cannot be regular tilings of the Euclidean plane at every point. A subdi-
vision algorithm for almost arbitrary topologies needs special rules for handling these irregular parts. We will clarify this in
Chapter 3.



6 1. INTRODUCTION

of creating vertex points® may lead to surfaces that are “too pointy”. They admitted that their choice of
weights'® was “somewhat arbitrary” and they surmised, although there was no proof, that “the surface is

at least continuous in tangent everywhere”—a guess that would turn out to be correct.

1980s In 1988, Ball and Storry [BS88] provided the first analysis of tangent plane continuity for the
Catmull-Clark scheme. Their work laid the foundation for all analysis methods that are currently in
use. Moreover, Ball and Storry introduced the natural configuration that describes control points around
vertices of certain valencies". This configuration is later used by Reif’s characteristic map'. In addition,
Ball and Storry gave an almost correct overview of the spectrum of the subdivision matrix and created a
graphical representation of limitations for the weights of the algorithm. Ultimately, though, their proof
was shown by Reif [Reigs] to contain subtle errors. Furthermore, tangent plane continuity is a weak

smoothness criterion that still allows self-intersections.

1990s In 1995, Reif [Reigs], building on Ball and Storry’s methods, was able to derive smoothness cri-
teria that do not allow degenerate cases. He coined the term characteristic map, which describes an
invariant of subdivision schemes. At first, he analysed a special case of the Doo-Sabin scheme. In 1998,
in a joint paper with Peters [PR98], the first correct analysis of the Doo-Sabin and the Catmull-Clark
scheme was performed. Both schemes were shown to satisfy C'-smoothness®. This analysis was ex-
panded on in Reif’s habilitation thesis [Reig8]. Further research of Peters and Reif produced midedge
subdivision [PR97], which is a conceptually simple algorithm with a complicated eigenstructure—namely,
the subdominant eigenvalue'* does not have a multiplicity of 2.

At the same time of the analysis of Peters and Reif for algorithms generalizing B-spline subdivision,
Reif’s work was used to analyse different subdivision schemes. In 1996, Schweitzer [Sch96] examined
Loop’s subdivision scheme®. A complete analysis of the same scheme was performed independently by

Zorin [Zorg7].

2000s In 2000, Umlauf [Umloo] extended Reif’s characteristic map to triangular subdivision sche-
mes. This was followed by a general framework of Zorin [Zoroo], which greatly simplifies the analysis
of subdivision algorithms. Zorin used the framework to establish smoothness for the Butterfly'® scheme

as well as for an interpolatory scheme of Kobbelt. At this point, smoothness for all common subdivision

° A type of refined control point that occurs when applying the algorithm. See Section 3.4.2 on page 4o0.
'The weights are the coefficients for the affine combinations of old control points.

"The valency of a vertex is the number of faces that meet at the vertex. We will introduce this concept, along with a detailed
examination of the topology of meshes, in Chapter 3.

'? An invariant of a subdivision scheme that we will use for smoothness analysis. See Section 4.12 on page 56.

A detailed account of smoothness properties is given in Chapter 4. In short, C'-smoothness means that the limit surface is a
C'-manifold in the sense of differential topology.

“The algorithms in this thesis are assumed to be described by a matrix where the largest eigenvalue is 1 and the modulus of all
other eigenvalues is smaller. In particular, the second and third eigenvalue are required to be equal and larger than the rest.
Hence, this eigenvalue is called subdominant. See Definition 4.14 on page 63 for more details.

The scheme generalizes box spline subdivision, which this thesis does not expand on. Section 3.1 contains a brief introduction
to this scheme and other schemes. Furthermore, the algorithm was implemented for comparison purposes. Some examples
are contained in Chapter B of the appendix.

'“The masks of this subdivision scheme for triangular meshes resemble the shape of a butterfly. Since the scheme is #ot based
on splines, smoothness properties were indeterminable prior to Zorin’s framework.
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schemes had been shown. Thus, in an effort to present the current state of the art in subdivision schemes,
Peters and Reif [PRo8] published a book that contains extensions of their theories so that a wider range

of different algorithms may be encompassed.

Present day Nowadays, research is performed in order to obtain subdivision algorithms that provide
C?-smoothness, which is also denoted by curvature continuity. The starting point is a paper of Peters
and Reif [PRo4], who investigated how to characterize the shape of limit surfaces by analysing the cur-
vature. Together with Karciauskas [KPRo4], the Catmull-Clark and Loop subdivision algorithms were
examined. A further approach to better shapes employs guided subdivision, where the distance of the
subdivided surface to a control polygon is minimized. Yet, C*>-smoothness is still an open problem. Pe-
ters and Reif [PRo8] aptly stated that the limit surfaces of subdivision algorithms are “fair from afar, but

far from being fair”.

1.3 Notation

Care has been taken not to deviate too much from the standard mathematical notation. The interior of
a closed curve c is denoted by I(c), whereas the interior of a set U is denoted by U. For the closure of a
set, the operator cl is used, e.g. cl(U).

Row vectors are denoted by small Latin letters and normal brackets, e.g. x = (0,1,2). Matrices are
denoted by large Latin letters. A colon is used to indicate ranges for their rows and columns, e.g. A¥>%4,
which refers to rows 1-2 and columns 3-4 of the matrix. Transposed vectors and matrices are denoted by
a superscript T, e.g. x” for a vector and AT for a matrix. Eigenvalues are denoted by the letter A, their
corresponding eigenvectors will be denoted by y. Since the characteristic map, which depends on the
eigenvectors, is denoted by ¥, this notation is hoped to serve as a mnemonic help.

Matrix-vector multiplication is used in a generalized sense: An n x n matrix A may contain entries from
R™. Multiplication with a vector from R" is then to be understood componentwise. This nonstandard
notation greatly simplifies the equations of B-spline surfaces, for example.

When dealing with complex numbers, the imaginary unit is written as a simple i. The complex con-
jugate of a number will be either displayed by an overline, e.g. x = a — ib, or, for reasons of space and
layout, by a superscript asterisk, e.g. A*.

Further notations, in particular for the discrete Fourier transform, will be mentioned in the respective

chapters.

1.4 Chapter overview

Chapter 2 starts with a basic introduction to B-spline theory. It covers the most important properties
of B-spline basis functions and explains how to use these basis functions to obtain B-spline curves and
B-spline surfaces. Contrary to most literature, the chapter motivates matrix representations of B-spline
surface patches. We shall require these matrices for some of the derivations in Chapter 3. The chapter
closes with some remarks about Bézier splines. These splines may be viewed as special forms of B-splines

and will play a central role in Chapter 5.
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Chapter 3 concisely treats subdivision algorithms. The chapter begins with a brief historical devel-
opment of several subdivision algorithms. This display then leads to subdivision methods for B-spline
surfaces. This is followed by a short discussion about the misused term “arbitrary topology”, which is
unfortunately much too prevalent in literature. Afterwards, the Doo-Sabin and the Catmull-Clark sub-
division schemes will be derived from B-spline subdivision methods. Both schemes are described in great
detail. For the Catmull-Clark scheme a variant requiring only three parameters, which may be used for
“tuning” the algorithm, is introduced. Following this, the reader’s attention is called to some interesting

properties of the schemes.

Chapter 4 presents suitable methods for the analysis of subdivision algorithms. A test problem that
is sufficient for determining the smoothness of limit surfaces of subdivision algorithms is presented in
precise mathematical terms. A special function, the characteristic map ¥, which is an invariant of the
respective subdivision algorithm, is introduced. The properties of ¥ are analysed at length, and it turns
out that the algorithm yields smooth results if ¥ is regular'” and injective. The rest of Chapter 4 has the
purpose of finding criteria determining regularity and injectivity. The main result of the last part is a
criterion concerning the signs of partial derivatives of a certain function. This criterion will be used for

the subsequent analysis of subdivision algorithms.

In Chapter 5, all methods of the preceding chapters are put to use. Here, the smoothness of the Doo-
Sabin and the Catmull-Clark scheme is analysed. For their original weights'®, the limit surfaces of both
schemes turn out to satisfy C'-smoothness. Following this result, degenerate weights for both schemes
are introduced. Using material from Chapter 4, the degenerate weights are proven to yield degenerate
surfaces. Comparisons between the schemes with original weights and with degenerate weights demon-
strate the effects of erroneously chosen weights. As a consequence, the range of permissible weights, i.e.
weights that do not yield degenerate surfaces, is explored. For the Doo-Sabin scheme, a result of Peters
and Reif [PRo8] is cited. For the Catmull-Clark scheme, conditions for the weights are derived. The

chapter ends with a graphical representation of permissible weights for the Catmull-Clark algorithm.

1.5 Results

Chapter 5 presents a clear and almost™ exhaustive examination of the Doo-Sabin and the Catmull-Clark
scheme. Computational results have been derived independently of the referenced papers. Comparison
of the author’s results with established results revealed several errors in the publications.* In particular,
this thesis contains the correct derivatives of the characteristic maps for both subdivision schemes, as well
as an accurate matrix representation of the Catmull-Clark scheme. Moreover, the thesis contains some

results whose proofs were only sketched or omitted due to length restrictions in the original publications.

7This condition means that the Jacobian determinant of the map is nonzero. A precise formulation of the map is given by
Definition 4.12 on page 56.

"®See Chapter 3, pages 39 and 44, or the respective sections in Chapter s.

' A special case for the Doo-Sabin scheme has not been considered. The result is cited from Peters and Reif [PR98] instead.

*°Since most publications presented very advanced research results, which had not yet been verified by other sources, these
errors are to be expected.
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An example for this is the claim that the original weights*' for both algorithms lead to smooth surfaces.
This claim requires some eigenvalue estimates** for the Catmull-Clark scheme. In addition, this thesis
presents degenerate weights for both algorithms in order to illustrate the effects of violations of the theory
introduced in Chapter 4. Hitherto, these weights had not been examined. They are hoped to yield more
insights into the workings of subdivision algorithms.

The thesis is rounded with an open-source implementation of the Doo-Sabin, the Catmull-Clark, and
the Loop subdivision algorithm, thereby offering the possibility to compare the algorithms and their

modi operandi using the same program.

1.6 Further acknowledgements

Although the results of Chapter 5 have been derived independently by the author, the thesis is inspired by
many works of many authors. They deserve to be named not only in the bibliography. Thus, the following

paragraphs attempt to highlight their contributions.

Proofs The sources of the proofs have been acknowledged in the respective chapters. All proofs have
been extended in order to be more accessible. Often, the notation has been altered to merge proofs
from different sources. The section about permissible weights for the Catmull-Clark scheme has been

motivated by a technical report of ZORIN [Zorg8].

Figures All figures were created by the author. They have been inspired by the works of REIF [Reigs,
Reig8], PETERS and REIF [PR97, PR98, PR08], and ZORIN [Zor98].

Mesh data The meshes of platonic solids are provided by courtesy of JouN BURKARDT of Florida State
University. The gargoyle model is provided courtesy of BRuNo LEvY and RAPHAELLE CHAINE by the
AIM@SHAPE Shape Repository. The dragon and bunny meshes are taken from the STANFORD UNIVER-
sITY COMPUTER GRAPHICS LABORATORY.

*'See Section 5.2.3 and Section 5.3.4 for their exact formulz.

**The calculations are included in Section A.2 of the appendix.






2 B-splines and B-spline surfaces

A common problem in computer-aided design consists of drawing smooth curves that either interpolate
or approximate a given shape. Spline-based methods are one of the most successful approaches in this
area. They use piecewise polynomial functions in conjunction with a control polygon through which
the resulting shape of the curve can be manipulated easily. In contrast to methods based on high-order
polynomials, piecewise polynomial functions have the advantage of numerical stability and do not tend

to oscillate. Furthermore, we will see that spline-based methods allow efficient local shape manipulation.

In this chapter, we will focus on B-spline curves and B-spline surfaces because several of the well-es-
tablished subdivision schemes, such as the algorithms developed by Catmull and Clark or Doo and Sabin,
employ B-spline surfaces as their underlying settings. Consequently, a basic knowledge of B-spline theory
aids in understanding details of the analysis of a specific subdivision scheme. Readers with a working

knowledge of B-splines may skim this chapter or even skip it completely.

In the following sections, we will touch only briefly on the most important theoretical aspects. Detailed
accounts may be obtained from the books of Farin [Farg6] and Yamaguchi [Yam88]. These books present
spline methods and the required theory in a more universal context. Readers interested in more practical
aspects of B-splines are referred to the books of Salomon [Salos] or Piegl and Tiller [PT96] for more

information about this very rich branch of mathematics.

2.1 B-spline basis functions

Spline methods are used in order to approximate smooth curves. To facilitate manipulation of these ap-
proximations, piecewise polynomial basis functions are defined. These basis functions may then be used
as coefficients for sums of vectors of R? and R?, thereby defining smooth curves and surfaces. The reason
for using polynomials is that they are easily manageable, and furthermore, their analytical properties are

well known.

This section will follow the approach of Cox, de Boor, and Mansfield [dB72]. They use a recurrence
formula in order to define the basis functions. There are other methods to define B-spline basis functions,

such as repeated convolution, on which the section will not expand.

DEFINITION 2.1 (B-SPLINE BASIS FUNCTIONS). Let T = {to, 1, ..., t;, } be an increasing sequence of real
numbers. We will refer to the t; as knots and to T as the knot vector. An interval [¢;,t;,), which is

allowed to be empty, will be called knot span. The ith B-spline basis function of degree p is then defined
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N

N

o 1 2 3

Figure 2.1: An example for the B-spline recurrence formula. The knot vector is T = (0,1,2,3) and, from top to
bottom, the B-spline basis functions of order 0, 1, and 2 are shown. The dashed lines indicate the knot spans.

recursively as:

1 if 1 <t<tin
N,‘,()(t) =

0 else (2.1)
t—t
Nip(t) = ———Njp1(t) +
tisp — ti Livp+1 — titl

tivpe1 — ¢
LNHLp&(t)

Since the knots are not required to be distinct, a quotient 0/0 may appear in Equation 2.1. We define
this quotient as 0, which is justified because it does not make sense to define a function over an empty

interval.

For p = 0, every basis function is the characteristic function of its corresponding knot span. For p > 0,
basis functions are combinations of basis functions with lower degree. Figure 2.1 shows an example for
the recurrence formula. We can also visualize the recursive computation of B-spline basis functions by

using a table:

Noo Nio Ny

717

Ny, N1

|/

No,»
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o 1 1 1
1 2 3 4 5

Figure 2.2: The B-spline basis functions N1, N3, N3z, Naa, Ns,, and Ng, for the knot vector T =
(1,1,2,2.5,3,3.5,4,5,5). We can observe the scalings of the different basis functions. The two middle functions,
N3, and Ny, for example, are progressing differently than the other basis functions.

2.1.1 Properties

The properties of the B-spline basis functions make them attractive mathematical tools: They offer local
support, linear independence, and form a partition of unity. Later on, we will assume the same properties
in a more general setting for subdivision algorithms.

This section only provides proofs for the most relevant properties. We will skip the more technical and

tedious proofs as they do not provide any deeper insight.

LEMMA 2.1. N; ,(t), which is the ith B-spline basis function of degree p, is combined from the basis func-
tions Ni,()(t), cees Ni+p’0(t).

Proof. The proof is by induction over p. The claim holds by definition for p = 0. Let p > 0: From
Equation 2.1, we see that N; , () is combined from N; ,_(t) and N,y ,_1(). By the induction hypoth-
esis, Nj p—1(t) is combined from the basis functions Njo(t), ..., Ni1p-1,0(t) and likewise, Nj1 p_1(t) is

combined from the basis functions Nj 10(t), ..., Nit1+p-1,0(f)- ]

The next proposition is the basis for most of the other properties. It makes the B-spline basis functions
very desirable for modelling. We will see that B-spline curves, for example, are only affected locally by
changes in their control polygon. The same applies to B-spline surfaces and ultimately, as we will see, to

the results of subdivision algorithms.

PROPOSITION 2.1 (LOCAL SUPPORT). The support of any B-spline basis function does not extend over the

whole interval, but only over a small part of the knot vector. More precisely,
Nip(t) = 0if £ ¢ [£i, Livpe1)-

Proof. Lemma 2.1 states that the ith basis function is combined from the basis functions N;¢(t),...,

Nip,o- Using Equation 2.1, we see that its support must be in the interval [t;, tisp+1), as claimed. [ ]
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Figure 2.2 shows basis functions of degree 2. We can see the effect of the local support property—
it limits the number of functions that are nonzero for a given knot vector. It is possible to state this

observation more precisely:

LEMMA 2.2. For any knot span [t}, tj.1), at most p+1ofthe N; ,(t) are nonzero, namely, the basis functions
N]_p)P(t), ey NJ’P(t)

Proof. By Proposition 2.1, the support of Nj_, ,(t) isin [¢;_, tj;1) and the support of basis functions with
lower indices does not coincide with this knot span. Likewise, the support of N ,(¢) isin [, tj; 1) and
the support of basis functions with higher indices does not coincide with this knot span. The argument

holds for the basis functions with indices between j — p and p. ]

LEMMA 2.3 (NONNEGATIVITY). Basis splines are nonnegative:
Ni,(t) >0 foralli,p,t.

Proof. The proof is by induction. The claim holds for p = 0 because the characteristic function of an
interval is nonnegative. For p > 0, we have by Definition 2.1

ti+p+1 -t

t—t;
Ni,p(t) = T—Il‘iNi’p_l(t) + ; Ni+1,p—1(t)-

i+p+l — Livl
Proposition 2.1 states that N; ,1(t) = 0 for t ¢ [t;, tisp). For t € [¢;,t;,,), we see that

t—t;
——20.
Livp — ti
Since Nj,,-1(t) > 0 holds by the induction hypothesis, the first part of the equation above is nonnegative.

For the second part, the analogous argument holds. [ ]

PROPOSITION 2.2 (PARTITION OF UNITY). For any knot span [ t;, t;.1), the basis functions of a fixed degree

form a partition of unity:
i

> Njp(t) =1forall t € [t tis1)
J~iop

Proof. By definition,
i i f—t; i ti —t
_ ] ]+p+1
> Nip(t) = 32 T Nipa(t) + > 7 Nppa()
j=i-p j=i-p titp T Y j=i=p Hjtp+l T Syl
According to Proposition 2.1, Nj_p »-1(¢) = 0and Nj;; 5-1(t) = 0. This enables us to sum from j = i—p+1

to j = i and change the index in the second sum from Nj;1,,-1(t) to Nj,_1(¢) so that we arrive at:

SROEDS ( . t””’_t)Nj,p-l(o

j=i-p jmi—p+l tisp —tj  tjsp —1;

=1

=Y N

j=i—p+1
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By inserting the definition of N ,_;(), we can again change the summation indices. Doing this recur-

sively, we get:

Zl: N;jp(t) = Zl: Njpa(t) = ZI: Njp-a(t)

j=i-p jmi—p+l j=i-p+2
i
... = ZNj,O(t) =1
j=i

This property will prove central later on. We will be able to prove invariance of the B-spline curve under
affine transformations, as well as a statement about the graphical progression of the B-spline curve—it
will turn out that the control points impose a limit on the curve. Furthermore, it will allow us to prove

that a subdivision algorithm is well-defined and convergent.

LEMMA 2.4 (DERIVATIVES OF THE B-SPLINE BASIS FUNCTIONS). The derivative of the ith B-spline basis

function of degree p is given by:

d p p
—N;p=—"—"—N,;,1(¢t) - Nit1p-1(t
dt "f tivp — ti p-1(t) tivp+1 = Linl ip-1(1)
Proof. See Piegl and Tiller [PT96], pp. 59-61. ]

This lemma proves another interesting property about B-spline basis functions: The derivative of a ba-
sis function of degree p can be expressed in terms of basis functions of degree p — 1. Later, when B-spline
curves are introduced, this lemma enables us to see the derivative of a B-spline curve as a B-spline curve

of lower degree.

So far, we did not take the knot vector into account. It turns out that by modifying the knot vector, the
differentiability properties and the shape of B-spline basis functions can be regulated. The lemma will

enable us to prove similar properties for B-spline curves.

LEMMA 2.5. Derivatives of N; , exist in the interior of a knot span. At a knot of multiplicity k, the basis
function N; ,(t) is p — k times continuously differentiable.

Proof. Due to the local support property from Proposition 2.1, we only need to check the differentiability
in the interval [t;, t;4+1). Using Lemma 2.4, we see that

d ) _%Ni,p—l(t)— p

iy = I S
dt "f tivp — L Livp+1 — Lt

Ni+1,p—1(t)

and assume that the lower-degree basis functions are differentiable. The fractions

P and P
Livp — L Livp+1 — Liv1

are not well-defined anymore once t;,, = t; or t;y p41 = t;41. Thus, for a knot of multiplicity k, only p — k

derivatives exist. []
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~

Figure 2.3: B-spline basis functions Ny, ..., Nu, for the knot vector T = (0,1,...,6). We can observe the most
important properties. The functions have local support and are nonnegative. Note how the functions form a partition
of unity inside the blue rectangle. Furthermore, we can see that in comparison to Figure 2.2, the B-spline basis functions
are shifted copies of each other. We will later prove this formally.

The lemma above can also be used to show that the B-spline curve concept works in the sense that the
curve defined by control points satisfies the desired continuity constraints.
From the last two properties, we see how the degree of the basis functions and the knot multiplicity

are interlocked:

degree increases

increasing the o
knot multiplicity ~decreases

} the continuity

We will conclude this section by citing the most important property of the B-spline basis functions.
Put briefly, the basis functions form a basis of the vector space of all piecewise polynomial functions of
degree p that satisty certain continuity constraints at the knots—following the previous discussion of

knot multiplicities, these continuity constraints can be satisfied by the B-spline basis functions.

THEOREM 2.1 (LINEAR INDEPENDENCE). Let T be a strictly increasing knot vector. Then the B-spline basis

functions of degree p are linearly independent, i.e.
Z A,’Ni)p(t) =0
i=0

for Aj e Rifand only if A; = 0 for all i.
Proof. See Farin [Farg6], p. 152. [ ]

Figure 2.3 depicts all properties that were listed in this section. Note that the knot vector of this figure

yields a certain symmetry—we will examine this property in the next section.

2.1.2 Uniform B-splines

Throughout this thesis, only knot vectors with equidistant knots need to be used. These knot vectors are
called uniform. They yield simpler formula and allow us to concentrate on more important details.
Let a uniform knot vector be given, i.e. t; —t;_; = ¢ for all i and a fixed ¢ € R. Without loss of generality

(see the remarks concluding this section), we assume that the knots are given by ¢; = i. Definition 2.1 is
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now equivalent to
i+p+1-t

o
Nip(t) = TINi,p—l(t) + Nip-1(1)s (2.2)

which leads to the following conclusion:

LEMMA 2.6. Uniform B-splines are shifted copies of each other, i.e.

Proof. We prove this by induction: For p = 0, the lemma is true because characteristic functions of
shifted intervals are shifted copies of each other. For p > 0 and i fixed, we have by definition:

i+p+1-—1t
P kil

t—i
Nip(t) = TNi,pfl(t) Nip-1(t)

Using the induction hypothesis, the terms are replaced by their copies:

i+p+1-t

t—i , '
Ni,p(t):TNo,p_l(t—l)‘l‘ Nop-1(t—i-1)

The use of the “default” uniform knot vector with ¢; = i as introduced above may be justified by the
following considerations: A uniform knot vector can be written in the form ; = Ai + y with A and p € R.
Substitution in Equation 2.1 then shows that only the parameter domain of the B-spline basis functions

is changed by using different uniform knot vectors—the shape remains unchanged.

2.2 B-spline curves

We have now described the B-spline basis functions and several of their most important properties. In
this section, we combine the basis functions to describe a variety of shapes. This leads to B-spline curves.
The general idea behind these curves is to define a weighted sum of control points. In this sum, the scalar

basis functions serve as the weights, whereas the control points are usually taken to be vectors in R? or
R

DEFINITION 2.2 (B-SPLINE CURVE). Given a knot vector T = (ty, t1, ..., t), a B-spline curve of degree
p is defined by

C(t) = ZNi,p(t)Pi (2.3)
i=0

with a := tg < t < b := t;. The P; € R’ are the control points and N ,(t) are the B-spline basis functions

as defined earlier.

The effect of the control polygon is illustrated in Figure 2.4. It depicts a uniform B-spline curve and

the behaviour of the B-spline curve near the control polygon.
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Figure 2.4: A B-spline curve and its control polygon. For this example, a uniform knot vector has been used. Note
how the B-spline curve is “pulled towards” the control polygon, while not interpolating it.

2.2.1 Properties

In this section, we examine the properties of B-spline curves. Since B-spline curves use combinations
of B-spline basis functions, we may expect that some of the properties for the basis functions also hold
for B-spline curves. This is indeed the case—even more, properties of the B-spline basis functions give
rise to important properties of B-spline curves. We will see that B-spline curves are affine invariant and

satisty the convex hull property.

PROPOSITION 2.3 (AFFINE INVARIANCE). Affine transformations are applied to the B-spline curve by ap-

plying them to the control points.

Proof. Let ¢ : R> — R’ be an affine transformation, i.e. ¢(x) = Ax + b for a real-valued 3 x 3 matrix A

and a vector b € R3. For a fixed value of t, let
. i:)N,',p(t)P,-.
Applying ¢ yields:
o5 = o (3 is(0)7
=A (znj Ni,P(t)Pi) +b
i=0

Using Proposition 2.2, we see that >>i_ N; ,(t) = 1, so the equation can be rewritten as:

(/)(Xt) = A(ﬁ(:)Ni,p(t)Pi) + i(:)N,',p(t)b



2.3. B-SPLINE SURFACES 19

= > Nip(t)(AP; +b) (by linearity)
i=0

Z zP(t)¢(P

Thus, an affine transformation applied to the curve needs only be applied to the control points. ]

Affine invariance of a B-spline curve is the basis for almost all transformations in computer graphics:
The invariance proves that only the control points are affected by affine transformations. Intuitively, this
is the natural outcome—it implies that the B-spline curve simply approximates any control polygon.

Another statement about the shape of B-spline curves is made by the strong convex hull property. This

property limits the distance of the B-spline curve to its control polygon.

PROPOSITION 2.4 (STRONG CONVEX HULL PROPERTY). For t € [t;,t;41) and p < i < k— p—1, the B-spline
curve C(t) is contained in the convex hull of the control points P;_y, ..., P;. Consequently, the curve is

also contained in the convex hull of all control points. This weaker statement is known as the convex hull
property.

Proof. Lett € [t;, t;11) be fixed. Using Lemma 2.2, we sum only the nonzero basis functions. The B-spline
curve is then given by:
i
C(t) = Z Nj’p(t)Pj
ji=p

The basis functions form a partition of unity by Proposition 2.2, so 3 N;»(t) =1, and furthermore,

j=i=p
the basis functions are nonnegative by Lemma 2.3. Thus, C(t) is a convex combination of the control

points P;_p, ..., P; and by definition contained within the convex hull of these control points. ]

Figure 2.5 depicts the convex hull property. Furthermore, it turns out that modifications of one control

point do not affect the whole curve.

LEMMA 2.7 (LOCAL MODIFICATION). If a control point P; is moved, the B-spline curve C(t) is only changed

in the interval [t;, ti,p11). As a consequence, all modifications are local.
Proof. By Proposition 2.1, Nj ,(t) = 0 for t ¢ [t;, tisps1). [

The previous lemma provides another advantage of B-spline-based methods: Contrary to other at-
tempts for the interpolation of points, such as the naive power basis approach, shape manipulation of

B-spline curves does not require a recomputation of the whole curve.

2.3 B-spline surfaces

This section introduces B-spline surfaces. There are many ways to represent surfaces—the most common
approach uses tensor product surfaces. We may think of these types of surfaces as being spanned by
families of curves. As basis functions for these surfaces, we use products of univariate B-spline basis
functions. The degrees of those basis functions are allowed to be different. This thesis only requires
surfaces of the same degree in both directions, but the general definition and properties are nonetheless

given below.



20 2. B-SPLINES AND B-SPLINE SURFACES

Setet
Ty

Figure 2.5: A B-spline curve of degree 4 along with its control polygon. The convex hulls of the first, the second, and
the last set of control points are shown. The picture on the lower right shows the union of the convex hulls for the
respective sets of control points. Note that the convex hulls overlap as a consequence of Proposition 2.4.




2.3. B-SPLINE SURFACES 21

DEFINITION 2.3 (B-SPLINE SURFACE). Let the control points P;; be arranged in a matrix. Let U and V be

knot vectors with values in [0,1]. A B-spline surface of degree (p, q) is then defined as

S(,v) = 3 3 Nip ()N (v) Py (2.4)

i=0 j=0

where N; , and N; 4 are the basis B-spline functions of degrees p and g.

2.3.1 Properties

In this section, we will prove some properties already known for B-spline curves, namely affine invariance
and the convex hull property. Furthermore, the products of basis functions will turn out to have similar

properties than the B-spline basis functions.

PROPOSITION 2.5 (PARTITION OF UNITY). The factors N; ,(u)Nj 4(v) form a partition of unity:

‘ 0Ni,p(u) iNj,q(v) =1 forall (u,v)€[0,1]*
j=0

M=

Proof. We prove this by applying Proposition 2.2 for each of the factors:

N (1) 3N (4) = 3 Nip() | 35 84(0)
i= j=0 i= j=0

—_—
=1

=2Mﬂw

1

LEMMA 2.8 (NONNEGATIVITY). Nj »(4)N;j4(v) > 0 for all i, j, p, q, u, v.

Proof. This follows from the nonnegativity of the basis functions, which has been proven in Lemma 2.3.
[ ]

LEMMA 2.9 (LoCAL SUPPORT). N ,(4)Nj 4(v) = 0 if (u, v) is not inside the rectangle
[”i’ ui+p+1) X [Vj>Vj+q+1)-
Proof. The interval [u;, 44 p.1) can be seen as the union of the knot spans
[Mi, ui+1)> [”i+1’ ”i+2)» cees [uz'+p’ uz’+p+1)-

Using Lemma 2.2, we see that N; () = 0 if u is not in any of these knot spans. An analogous statement
holds for N ;(v). Since the two factors are multiplied, the product vanishes whenever one of the values

is outside the topological rectangle defined by the Cartesian product of the knot spans. ]
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Using the previous lemma, we may partition a larger B-spline surface into smaller patches. As a corol-
lary, we immediately see that, as in the univariate case, changes to the control points do not affect the

whole surface:

COROLLARY 2.1 (LOCAL MODIFICATION). If a control point P;; is moved, all the changes to the structure of

the B-spline surface are contained inside the rectangle [u;, ui+p+1) x [v iV j+q+1).

And again, the control polygon constrains the shape of a B-spline surface. This property will prove

central for the analysis of subdivision algorithms.

PROPOSITION 2.6 (STRONG CONVEX HULL PROPERTY). If the parameters (u,v) are contained inside a

rectangle, namely,

u,v Ui, Uj1) X Vi Vitl)s
(u,v) € ) % [vjpvji)

for some valid indices i, j, then S(u,v) is contained in the convex hull of the control points Py j, where

i-p<i'<iandj-q<j <j.

Proof. By Lemma 2.9, we see that only the factors concerning the control points mentioned above are
nonzero. As in the univariate case, the B-spline surface can be viewed as a linear combination of the
control points for fixed parameters. Since the factors form a partition of unity by Lemma 2.5, the linear
combination of the control points is an affine combination. Last, because the factors are nonnegative by
Lemma 2.8, we see that the affine combination is a convex combination of the control points Py irs with i’
and j' as above. ]

We have now the means to prove that the B-spline surface formulation as defined above provides us
with a surface that has the desired continuity properties and can nonetheless be controlled and manipu-

lated very easily:

LEMMA 2.10. At a knot of multiplicity k, the B-spline surface S(u, v) is p—k times continuously differentiable

in u-direction and q — k times continuously differentiable in v-direction.

Proof. This is a consequence of the differentiability properties of the B-spline basis functions. We have

proven them in Lemma 2.5. [

The lemma shows why setting p = g makes sense: In most applications, derivatives of the same order
should exist in all directions. To conclude the list of properties for B-spline curves, we prove that the sur-

faces are affine invariant. Again, this property will be relevant for the analysis of subdivision algorithms.

PROPOSITION 2.7 (AFFINE INVARIANCE). An affine transformation is applied to the surface by applying it

to the control points.

Proof. The main argument requires Proposition 2.5. The rest of the proof is completely analogous to the

proof of Proposition 2.3. [ ]
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2.4 Matrix representations

While brief and elegant, the recursive definition for the B-spline basis functions cannot be easily used
for subdivision schemes because it requires many function evaluations. The following section describes
a representation of uniform B-spline curves and B-spline surfaces by considering matrices. In later chap-
ters, we will use these matrices to represent a subdivision scheme as a linear map, which is more ap-

proachable than recursively defined functions.

2.4.1 B-spline curves

Given a vector of control points, we can define a B-spline curve of degree p by using Equation 2.3. If ¢ is
inside any knot span, i.e. t € [t;, ti1), we know from Proposition 2.1 that the B-spline curve inside this

knot span is given by

()= Y Nip(D)P,
j=i-p

This equation describes the ith segment of the B-spline curve C(t). We can rewrite it to obtain

Pl_p

b

P;_
C,‘(t)Z(Ni_P,...,Ni) o

P;

which describes the segment as a multiplication of a matrix and a vector. The following theorem shows

how to replace the B-spline basis functions by monomials.

THEOREM 2.2 (MATRIX REPRESENTATION OF A B-SPLINE CURVE SEGMENT). The uniform B-spline segment

of degree p can be written as

Pl_p
0 Pi_pn
Ci(t) = (¢, 77, . 6, 1) M, ; (2.5)
P;
where M, is a (p +1) x (p + 1) matrix with entries
mi= (P -0y (P ) (6)
Top\i k=j k—j

Proof. See Piegl and Tiller [PT96], pp. 265-271, or Yamaguchi [Yam88], pp. 327-329, for proofs. The basic
idea is to express the B-spline curve as a piecewise combination of Bézier spline segments (Bézier splines
are a specialization of B-spline—we will briefly introduce them in the next section). A change of basis is
then performed so that these segments are expressed as power basis functions. After a reparametrization,

the matrix expression from above is obtained. ]
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We can use the previous theorem to represent B-spline curves. To this end, we gather p + 1 adjacent
control points in a vector and define the curve segment-wise. In this thesis, however, we shall require

matrices M, and M3 only. Calculations according to Theorem 2.2 then yield

1 03 -3 1
1 -2 1
w5 PRV IR B )
=== an =— 2.
2 Y . 30 7
] 0
1 1 0

2.4.2 B-spline surfaces

In order to find a matrix representation of a B-spline surface of degree (p, q), we can apply the reason-
ing from the previous section. For (u,v) fixed, with (u,v) € [u;, uix1) x [vj,vjs1), we can start from

Equation 2.4. Using Lemma 2.9, we know that a B-spline surface patch can be expressed by

i j
Sij(w,v)= > > Nip(u)Njq(v)Pyy,
=i =4

which we can again rewrite in a more telling form, namely,

Si,j(u,v) = (N,'_P,...,N,')P 5

From Theorem 2.2, we can derive the corresponding theorem for B-spline surface patches.

THEOREM 2.3 (MATRIX REPRESENTATION OF A B-SPLINE SURFACE PATCH). The uniform B-spline surface

patch of degree (p, q) can be written as

Sij(u,v) = (P, ul™, ..., u,1) MyPM,

T
= UM,PM] V,

where M, and My are matrices as defined in Theorem 2.2.

Proof. The proof is analogous to the proof of Theorem 2.2: After expressing the B-spline surface patch
as a Bézier spline surface patch, the B-spline basis functions can be changed into power basis functions,

which will then yield the expression from above. [ ]
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2.5 Bézier splines

For the analysis of subdivision schemes, we shall require a specialization of the B-spline approach. The
following sections provide a tour de force through the theory of Bézier curves and Bézier surfaces. We are
only interested in some treats the theory offers and refer the reader to Farin [Farg6, FHKo2] for further
details.

2.5.1 Definition and properties

Bézier curves and surfaces constitute another class of spline-based methods. Instead of the B-spline
basis functions, they use Bernstein polynomials. Apart from that, their properties are similar to those of
B-spline curves and surfaces. In fact, it turns out that Bézier splines may be viewed as a special case of
B-splines.

More precisely, we take a knot vector of the form T = (0,...,0,1,...,1) with 2 (p + 1) knots, and
require the control polygon to have p + 1 control points. Via this procedure, the B-spline curves become
Bézier curves and the B-spline surfaces become Bézier surfaces. In particular, all the properties we have

proved in this chapter still apply. We are especially interested in a reformulation of Proposition 2.6:

PROPOSITION 2.8 (CONVEX HULL PROPERTY FOR BEZIER SURFACES). The Bézier surface of degree (p, p)

is contained in the convex hull of its control points.

Proof. This is exactly the same claim from Proposition 2.6. ]

Furthermore, we will require derivatives of Bézier patches. Just as in the case of B-spline patches,
derivatives of Bézier patches are Bézier patches of lower degree. We are solely interested in the control

points of these derived patches and have the following proposition:

PROPOSITION 2.9 (FIRST-ORDER PARTIAL DERIVATIVES OF BEZIER PATCHES). The control points of first-
order partial derivatives of a Bézier patch are calculated by forward differences. For the partial derivative

in u-direction, the new control points are calculated as

1

P;; =P~ Pij. (2.8)
Likewise, for the partial derivative in v-direction, the new control points are

Pj;=P;ju P (2.9)
Proof. See Farin [Far96], pp. 241-242, or [FHKo2], pp. 83-84. [ ]
2.5.2 Matrix representations

In analogy to the matrix expressions of uniform B-spline patches, matrix expressions for Bézier patches

exist. Again, we have basis matrices defined by the following equation.

PROPOSITION 2.10 (BEZIER BASIS MATRIX OF DEGREE p). The entries of the Bézier basis matrix of degree

- ()

p are defined by
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where i,j=0,1,..., p. We will refer to this matrix by Np.

Proof. See Farin [Farg6], pp. 59-60. [ ]

For the analysis of subdivision schemes, we shall require only the basis matrices of degree 2 and 3.

Proposition 2.10 yields

-1 3 -3 1
bz 3 -6 3 0
N,=|-2 2 0 and N;3= - 2.10
2 el (2.10)
1 0 O
1 0 0 0

The basis matrices can be used to obtain a matrix expression of a Bézier surface patch. More precisely,

we have the following theorem, which is reminiscent of the analogous theorem for B-spline patches.

THEOREM 2.4. A Bézier surface patch of degree (p, q) can be written as

v
ya1

- T
Si,j(u,v) = (uP,uf™, ..., u,1) N,PN,

T
= UN,PN,V,

where N, and N, are basis matrices of degree p and q as defined by Proposition 2.10.

Proof. See Farin [Farg6], pp. 248-249. ]

2.5.3 Conversion between Bézier and B-spline control points

We now have expressions for both Bézier and B-spline surface patches. The B-spline concept, however,
cannot produce “more” curves than the Bézier concept; see Bohm [B6h81] for an elaboration on this fact.
Consequently, given a B-spline surface patch, it must be possible to obtain a Bézier patch that describes
the same surface. In fact, we can easily express a given B-spline surface patch in terms of Bézier control

points by equating the expressions from Theorem 2.3 and Theorem 2.4. Starting with
!
UMpPB-splineM;V = UNpPBézierNé v,

this yields
| T n7T\-1
Ppegier = Np MpPB-splinqu (Nq ) :

As an example, the biquadratic B-spline surface patch with control points P;; can be expressed as a Bézier
/

i where

surface with control points P

Pn+Pio+Pon+Poo Put+Pui Pia+Pn+Por+Po
4 2 4

I Py+Po Py +P;
Py+Py+Pn+Po  Pu+Py Pp+Pn+Pp+Py
4 2 4
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We will use this conversion for the analysis of subdivision schemes: By converting a certain B-spline
surface patch into a corresponding Bézier patch, we will be able to prove that the components of all
control points are positive. Combined with the convex hull property of Bézier patches, this implies that
the components of all points within the patch are also positive. From this simple fact, we will be able to

deduce that a subdivision scheme creates C!-continuous limit surfaces.

2.6 Summary

This chapter introduced B-splines and some of their most relevant properties. We saw the advantages
of using them for geometric modelling, such as affine invariance and the convex hull property. After
introducing a matrix representation of B-spline patches, we defined Bézier splines as a special case of B-
splines. We analysed their properties and discussed how to represent them by matrices. It turned out that
the matrix representation of Bézier splines allows a quick calculation of the control points defining the
first-order partial derivatives. We finished the discussion of B-splines and Bézier splines by demonstrat-
ing a way how to convert B-spline patches to Bézier patches, and vice versa. In the following chapter, we
will use the matrix representation to define a standard subdivision process for B-spline surface patches.

Furthermore, we will see how to generalize this subdivision process for non-spline settings.






Subdivision schemes

In this chapter, we will derive smoothing algorithms that operate on meshes (for now, we may think of
a mesh as a graph with vertices from R"). The algorithms use affine combinations of control points to
calculate a set of refined control points. In each step, more refined control points are generated. There-
fore, these algorithms are called subdivision algorithms or subdivision schemes (we will use these terms
interchangeably).

The appeal of subdivision algorithms is that they provide easy means for transforming a coarse mesh
into a fine and smooth mesh. In this chapter, we will thoroughly describe the Doo-Sabin and the Catmull-
Clark subdivision algorithms; both schemes are a generalization of subdivision schemes for B-spline sur-
faces. Consequently, we will start with a description of biquadratic and bicubic B-spline surface subdi-
vision and work towards inferring the formule of the Doo-Sabin and Catmull-Clark schemes. We will
also perform a rudimentary analysis of some properties of those schemes. This analysis will serve as a

preparation for a more rigorous treatment of both algorithms in Chapters 4 and s.

3.1 Historical development

The first subdivision algorithm was introduced by Chaikin [Chay4]. Chaikin’s approach was purely ge-
ometrical and did not make use of B-spline theory. The task of the algorithm was to rapidly generate
curves in R? and R? by making maximum use of the hardware of this time. Riesenfeld [Rieys] proved
that Chaikin’s algorithm produces quadratic B-splines. Most authors of modern computer graphics text
books, such as Farin [Farg6] or Salomon [Salos], describe a modified variant of Chaikin’s algorithm that
highlights the relationship to B-spline curves. Here, the existence of a control polygon P with control
points P; is assumed. A new control polygon P’ with control points P/ is then obtained from the old

control points P; by calculating

3 1
PZIi = ZPi + ZPH.]

, h 3 (3.1)
Py = ZPi + ZPHI

and drawing line segments between P; and P;;,,. Figure 3.1 depicts an example of this process. The
idea of Chaikin’s algorithm can be extended to B-spline curves of any degree. By splitting the parametric
domain of the curve, expressions in the form of Equation 3.1 may be obtained, albeit with more control
points. Subdivision of a bicubic B-spline curve, for example, results in equations that use three old control
points to define one new control point.

In 1978, the two earliest subdivision methods for surfaces were introduced. The starting point, based

on previous research by Catmull [Caty4], was an algorithm of Catmull and Clark [CC78] that general-
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Figure 3.1: Three steps of Chaikin’s algorithm. Note how new control points are inserted in every step. The figure on
the lower right shows the corresponding quadratic B-spline curve, which the algorithm converges against, along with
its control polygon.
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Figure 3.2: Three steps of Loop subdivision applied to the mesh of an icosahedron. The first picture shows the initial
mesh. Note how fast the individual faces shrink.

izes bicubic B-spline surface subdivision. In the same year, Doo [Doo78] published an algorithm that
generalizes biquadratic subdivision. This algorithm was subsequently analysed and extended by Doo
and Sabin [DS78]. Throughout the years, more methods for developing subdivision algorithms were dis-
covered. In 1987, Loop [Loo87] introduced a subdivision algorithm that generalizes subdivision of box
splines over triangular control polygons—see Figure 3.2 for an example; a detailed derivation of this al-
gorithm may be obtained from Portl [Porio]. Moreover, by extending an interpolatory scheme, Dyn,
Levin, and Gregory [DLGgo] presented the Butterfly subdivision scheme. Recently, the non-polynomial
/3 subdivision scheme, which is based on topological splits, was established by Kobbelt [Koboo].

3.2 Preliminary definitions

In contrast to the previous algebraical approach to B-spline and B-spline surfaces, the following sections
will be rather geometrically-flavoured. Accordingly, we shall require definitions concerning the geomet-

rical structure of patches and surfaces.

DEFINITION 3.1 (MESH). A mesh is a graph similar to the control polygon of a B-spline surface. The
graph is constructed from a set of control points in R along with a description of their connectivity: The
control points are the vertices, connections between adjacent control points are the edges, and each region
that is enclosed by a loop of edges (which are not allowed to reach into the region) is a face. Contrary to

the usual definition in graph theory, a mesh does not have unbounded faces.

A mesh is the most basic object encountered when discussing subdivision schemes: The schemes op-
erate on meshes and make use of adjacency relations of vertices and edges. Consequently, these relations

need to be classified. As a first step, different types of vertices are distinguished.
DEFINITION 3.2 (VALENCY OF A VERTEX). The number of edges incident on a vertex is called its valency.

We may view the valency as an indicator of the regularity of meshes. A regular tiling of the plane using
quadrangles, for example, has a valency of 4 everywhere. In most cases, the following rule holds: The

more vertices with high valency, the less regular a mesh can be. This justifies the next definition.

DEFINITION 3.3 (ORDINARY AND EXTRAORDINARY VERTICES). In a quadrangular tiling, a vertex with

valency k = 4 is called ordinary vertex. If k # 4, the vertex is called extraordinary.

However, among the many flavours of meshes, some are distinguished. These are the manifold meshes.

We may think of these meshes as looking locally like the Euclidean space.
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DEFINITION 3.4 (MANIFOLD MESH OF DIMENSION #). A mesh M is called manifold mesh of dimension

n if for each point x € M, there is a neighbourhood U € M such that U is homeomorphic to R".

The subdivision schemes in this thesis operate on 2-dimensional manifold meshes. In the following
sections, we shall require only one consequence of this definition: Since a neighbourbood homeomorphic

to R? must exist, an edge in the interior of the mesh is shared by exactly two faces.

DEFINITION 3.5 (B-SPLINE TOPOLOGY). If the vertices of a mesh can be arranged in a matrix, we may
think of them as control points P;; of a B-spline curve or a B-spline surface. By connecting control points
with subsequent indices, the usual control polygon is formed. If such an arrangement is possible, we say

that the mesh exhibits B-spline topology.

B-spline topology is quite restrictive: There is, for example, no possibility to model surfaces of arbitrary
genus without splitting up the surface into several patches that need to be connected suitably. Moreover,
the mesh cannot contain vertices of arbitrary valencies or faces with k # 4 sides. Overcoming these
restrictions was the main incentive of early researchers of subdivision algorithms.

For the description of subdivision algorithms, a very intuitive approach emerged recently. It consists of
using special masks, the subdivision scheme stencils. Unfortunately, stencils are not defined consistently

in literature. For the purpose of this thesis, the following definition will prove useful.

DEFINITION 3.6 (SUBDIVISION SCHEME STENCIL). A subdivision scheme stencil is a mask that can be ap-
plied to all parts of a mesh that match the topology of the stencil. Calculating the linear combination of
vertices according to the weights of the stencil yields one new point for the subdivided mesh. Subdivision

scheme stencils are unique up to rotations and reflections of control points.

Subdivision scheme stencils can be applied to curves and surfaces. As a simple example, we may derive
the subdivision stencils for Chaikin’s algorithm. By Equation 3.1, control points are either weighted with
3/4 or 1/4. This yields stencils as depicted by Figure 3.3.

3 3
1 1

11
14 1

Figure 3.3: Stencils for Chaikin’s algorithm. Note that one stencil is sufficient in order to describe the algorithm because
the topological situation remains the same.

The appeal of stencils may not be obvious at first glance. Indeed, in the case of curves, the topology
of the refined control points is fully defined by their indices—there are no ambiguities. However, the
more complex subdivision algorithms for surfaces also yield more complex subdivision stencils; these
stencils help improve the understanding of a given scheme. Nonetheless, this does not spare us from
describing the new topology of the surface: Regrettably, stencils only describe the refinement rules for a

single refined control point and not how to connect new control points.

3.3 B-spline surface subdivision

In this section, we will study subdivision techniques for B-spline surfaces. These techniques allow us
to gain insights about subdivision algorithms for topologies different from the usual B-spline topology.

Ultimately, we will be able to describe the Doo-Sabin and the Catmull-Clark subdivision algorithms.
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The idea of subdividing the control polygon of B-spline curves in order to obtain the curve itself can
be extended to B-spline surfaces. To this end, we need to split the parametrical domain I = [0,1]% over
which a surface patch is defined. By performing the necessary calculations, we will obtain control poly-
gons corresponding to smaller B-spline patches. Taking the limit, these control polygons will eventually

converge to the B-spline patch that is defined by the initial control polygon.

3.3.1 Subdividing a biquadratic B-spline surface patch

It is sufficient to perform the subidivision for a biquadratic B-spline surface patch only. A general proce-
dure can be derived from the resulting equations. Hence, we have a 3 x 3 matrix P that holds the control

points P;; defining the control polygon:

Poo Py Py
P=|Py Pu P
Py Py Py

Following the ideas of Chaikins algorithm, we will split the quadrangular domain I = [0,1]? into four
smaller congruent quadrangles. Splitting the domain corresponds to splitting the patch into four smaller
patches. We will see that some of the new control points coincide so that these patches are described by
16 control points in total.

The parametrical domain of the B-spline surface patch is symmetrical, thus we only need to consider
the subpatch S(u,v) where u,v € [0,1/2]. The equations for the other subpatches will not yield new
insights. Let the new surface be defined as S’(u, v). We use the matrix representation of the biquadratic

B-spline patch as described by Theorem 2.3:

2°2
2y v /4
S (u,v) = [ —, =, 1| MyPM] | v/2
42
1
T
1 1 2
1 0 1 0 14
:(uz,u,l) 0 % M2PM2T 0 % v
0 0 1 0 0 1 1
| S —
M’

We now slip in auxiliary terms that simplify the equation:

S'(u,v) = UMo My M’ MoPMI M (M5 T M VT
= UMy (M;"M' M) P(MI M T (v YMI VT
= UM,SPS™MIvT
= UM,P'MIVT,

where S = M;'M’'M, and P’ = SPST.
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9 3
16 16
3 1
16 16

Figure 3.4: Stencil for subdividing a biquadratic B-spline patch. The remaining three stencils have been omitted for
symmetry reasons.

Hence, the new patch can be written as S’(u, v) = UM, P’ MY VT, This equation, however, describes a
biquadratic B-spline patch with a refined set of control points. In order to derive subdivision rules from

this reparametrization, we solve P’ = SPST and obtain, for example,
P 1
Poo = ¢ (9Pyo + 3Py + 3Py + Pyy) . (3-2)

The same coefficients appear in the equations of all new points. We may interpret this equation geometri-
cally: During the subdivision process, four points of any face in the control polygon are combined using
normalized weights of (9,3,3,1). This linear combination allows the calculation of one refined control

point.

Equation 3.2 also allows us to determine the subdivision stencils. Since the weights of the equation are
the same for all points and since subdivision stencils are unique up to rotations and reflections of control
points, we only have one subdivision scheme stencil. It is depicted by Figure 3.4 and completely describes

the algorithm.

Generalizing this scheme to arbitrary B-spline surface control polygons is possible by applying the
stencil to every vertex of a face. In this case, the new topology of the refined mesh is not ambiguous
because we may assume that the control points are indexed. Consequently, weighting a control point P;;
with a weight of 9/16 when applying the stencil yields the control point P; ;- Thus, the new control points

may also be aligned in a matrix, which defines adjacency relations.

A shortcoming of this algorithm is that it can be applied to quadrangular faces only. As an advantage,
though, the algorithm does not care about the valencies of vertices and can thus be applied to highly

irregular quadrangular meshes.

Figure 3.5: Three steps of biquadratic B-spline subdivision being applied to a mesh with regular B-spline topology. Note
that several patches are required in order to describe the surface created by the input control polygon. Decomposing
meshes into B-spline patches becomes very clumsy with increasing mesh size. Hence, the local operations of subdivision
stencils are appealing.
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3.3.2 Subdividing a bicubic B-spline surface patch

We can perform the procedure from the previous section for a bicubic B-spline surface patch. A bicubic

B-spline surface patch is defined by a 4 x 4 matrix P of control points P;;, where

Poo P Pz Pos
Py Pn P Pps
Py Py Py Py
Py Py Py Py

As in the biquadratic case, we only need to consider the subpatch S’(u, v) with u, v € [0,1/2] due to sym-
metry reasons. Again, we start with the equation for the new subpatch and use the matrix representation

of Theorem 2.3:

2°2
v3/8
w ut u | v*/4
= _’_a_)l M3PM3
8’42 v/2
1

The calculations are then similar to the ones of the previous section. We separate factors and introduce

auxiliary terms in order to simplify the equation:

T
5 000 § 0 0 0\ (v
0 L 00 o L o of |2
S'(u,v):(u3,u2,u,1) 41 M3PM3T 41
00 1o 00 1 o]]v
00 0 1 00 0 1/ \1
—_—
M/

= UM;M;'M' M;PMI M (M3 M v T

= UMs(M;"M' M3 P(MI M ()T Y)mMIvT
= UM;SPS™ M VT

= UM;P’MIVT,

where S = M;'M'M; and P’ = SPST.

As a result of this reparametrization, we may write the subpatch as §'(u,v) = UM;P’ M3T VT, which
describes a bicubic B-spline patch with a matrix of refined control points. When solving the equations,
we see that the bicubic case is more complicated than the biquadratic one: In the calculations for the new
control points, three different weight patterns appear. The following expressions have been named in a

suggestive manner in order to show their connection to the stencils we are going to derive.
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Face points For each face in the mesh, the average of all its vertices, i.e. its centroid, is calculated. Here,

P}, is a face point. Face points are generated by the same stencil as in the biquadratic case.
, 1
POO = Z (P()() + P01 + PlO + Pu)

Edge points For each edge that is adjacent to two faces in the mesh, a new point is created by averaging

the average of the two face points and the midpoint of the edge. Here, P}, is an edge point.

P l P(;O +P62 + Py + Py
T2\ 2 2
1
= E (PQ() + 6P()1 + P02 + P10 + 6P11 + P12)
Vertex points For each vertex in the interior of the mesh, i.e. for each vertex that is shared by four
faces, a new point is created by taking the average of the four face points of adjacent faces, the average of
the four midpoints of incident edges, and the interior point itself. The new vertex is then calculated by

weighting the three expressions with a factor of 1/4. Here, P} is a vertex point.

1]1
Py = Z[Z (P60+P62+P2,0+P2,2)

1 (Pn +Pn Pp+Po Pu+Pp Py+Py )
+ = + + +
4 2 2 2 2

+ P11:|

1
= 6_4 (P()() + 6P01 + P02 + 6P10 + 36P11 + 6P12 + P20 + 6P21 + Pzz)

Using these terms and the weights from the calculations, we obtain the stencils as depicted in Figure 3.6.
Several steps of the subdivision process are shown in Figure 3.7. Note how rapidly the refined surface
seems to approach a limit. When drawing the B-spline surface corresponding to the initial mesh, there

are almost no visual differences between the surface and the third subdivision step.

3.4 Almost arbitrary topologies

The subdivision methods that we have seen so far are limited. First, the algorithms are only applicable
in the case of a B-spline topology. Second, the resulting surface will always be a B-spline surface of a
certain degree. For most applications, however, the control polygons are irregular. There may be non-
quadrangular faces or vertices with high valencies. The reason for the appearance of irregular meshes is a
consequence of Euler’s formula for convex polyhedrons (see Chapter A, Section A.1): Polyhedrons such
as the platonic solids cannot be represented by quadrangular meshes without using vertices of valency

k + 4. Consequently, we need to devise new subdivision rules for these types of meshes. In this section,
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(¢) Bicubic subdivision scheme stencil for ver-
tex points. Note the symmetry of the stencill.

Figure 3.6: Stencils for subdividing a bicubic B-spline patch

mas

Figure 3.7: Three steps of bicubic B-spline subdivision being applied to a mesh with regular B-spline topology. As in
Figure 3.5, several bicubic patches are required for the description of the resulting B-spline surface.

|
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(a) Doo-Sabin subdivision scheme stencil (b) Doo-Sabin subdivision scheme
for regular vertices stencil for the general case

Figure 3.8: Stencils for the Doo-Sabin subdivision scheme. Note how the stencil for the regular case corresponds to the
stencil of the biquadratic B-spline subdivision scheme as depicted by Figure 3.4.

we will take a look at the Doo-Sabin and the Catmull-Clark subdivision schemes. These schemes are gen-
eralizations of the biquadratic and bicubic B-spline surface subdivision schemes introduced previously
and can be applied to any 2-dimensional manifold mesh. In general, the surface resulting from several

steps of subdivision will not be a B-spline surface.

About the term “Arbitrary topology” An unfortunate error has crept into subdivision literature: The
original paper of Catmull and Clark [CC78] introduced the term “arbitrary topology”. This is misleading,
though. It will become obvious from the description of subdivision algorithms that they only work for
2-dimensional manifold meshes. The Doo-Sabin scheme, for example, requires edges to be shared by no
more than two faces. It is easy to define meshes where this is not the case. Consequently, this thesis defines
subdivision schemes for almost arbitrary topologies. The term shall signify that the mesh is allowed to be
highly irregular in terms of valencies and k-gons, but is still required to look locally like a 2-dimensional

manifold according to Definition 3.4.

3.4.1 Doo-Sabin subdivision

The Doo-Sabin subdivision scheme generalizes biquadratic B-spline subdivision. A preliminary version
was introduced by Doo [Do078] in 1978. Following this publication, Doo and Sabin [DS78] gave a brief
overview of an expanded version. This expanded version is the subdivision scheme in its currently used
form.

The scheme is conceptually very simple. Since there is only one type of stencil for the biquadratic B-
spline subdivision, the algorithm works on faces of the mesh and does not depend on the valencies of
vertices. Consequently, the extraordinary vertices in the Doo-Sabin scheme are actually extraordinary
faces, meaning k-gons with k # 4. For these kinds of faces, a stencil with user-definable weights is used.
In Chapter 5, we will examine permissible weights for this stencil. The stencils for regular faces and
irregular faces are depicted in Figure 3.8. As usual, computing the weights for k = 4 yields the weights
of the biquadratic B-spline subdivision scheme. Algorithm 3.1 describes both the generation of the new
points and the creation of the new topology for the mesh.

Following Algorithm 3.1, we now take a look at the properties of the Doo-Sabin subdivision scheme.

When generating the topology of the new mesh, we have three kinds of faces. These are termed F-faces,
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Algorithm 3.1 Doo-Sabin subdivision scheme

1: for all Vertices v in mesh do

10:
11:
12:

13:
14:
15:

16:
17:

18:
19:
20:
21:
22:
23:
24:

e *YN 2wk

for all Faces f that v is a part of do
Enumerate all vertices in f, starting with 0 for v and going in counter-clockwise order “around” the face
in increasing numbers.
Let k be the number of vertices for f.
Xy = (k + 5)/4k
«j=(3+2cos(2jm/k))/4k
Create a new vertex v’ by weighting the vertices of f according to ay, ..., ox_;.
end for

: end for

for all Faces f in the mesh do
Connect the new vertices v in the order of the old vertices v of f.
end for

for all Edges e in the mesh do
if Edge is part of exactly two faces then
Connect the new vertices that correspond to the start and the end vertex of the edge. Since a new vertex
is computed for each face a vertex is part of, this yields four new vertices.
end if
end for

for all Vertices v in the mesh do
if Valency of v is greater than 2 then
for all Faces f that v is a part of do
Connect the new vertices corresponding to v and f.
end for
end if
end for
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E-faces, and V-faces by Doo and Sabin—the terminology reflects from which elements of the mesh (faces,

edges, and vertices) they are created.

F-faces An F-face is formed by the new vertices corresponding to the old vertices of the face. Thus,
each face will be replaced by a smaller version of itself. In particular, k-gons with k # 4 are retained by

the algorithm. Repeated application of the algorithm shrinks these faces to points.

E-faces For manifold meshes, non-boundary edges are always part of exactly two faces. Since we have

two new vertices per face, E-faces will aways be quadrangular.

V-faces For every vertex v with valency k > 2, we connect the k new vertices corresponding to v. Thus,
each V-face is a k-gon. For convex polyhedrons, Doo [Doo078] showed that all vertices of the new mesh

have valency k = 4 (this is a simple consequence of Euler’s formula).

Since irregular faces shrink to points and all new vertices have valency k = 4, the algorithm seems
“reasonably well-behaved”. In fact, we will prove later that the limit surface of the algorithm (for the
weights chosen by Doo and Sabin) is a C'-manifold for almost all input meshes.

Figure 3.9 depicts several steps of the Doo-Sabin scheme being applied to several platonic solids. The
initial control polygons consist of triangular faces with less than 20 vertices. We can see that extraordinary
areas of the mesh shrink but the shape remains unchanged. The mesh in total is quite smooth after three

subdivision steps.

3.4.2 Catmull-Clark subdivision

The Catmull-Clark subdivision algorithm [CC78] has been introduced in 1978. It is a generalization of
bicubic B-spline surface subdivision. Nowadays, the algorithm is one of the most common subdivision
schemes. It is included in many proprietary programs (such as ZBrush and LightWave 3D), as well as
in open-source software (such as Blender and Wings 3D).

The reason for the popularity of the Catmull-Clark scheme is twofold: First, the regular regions of the
algorithm are locally a C*-manifold, whereas the irregular regions are a C'-manifold (we will expand
on this fact later in more precise terms). Second, it can process meshes containing polygons with any
number of sides and is not restricted to triangular or quadrangular meshes only.

In this section, we will retrace the steps of the original paper. Afterwards, a parametric version of the

algorithm will be introduced—this is also the version we will be examining in later chapters.

Original description

The scheme is a natural extension of the bicubic B-spline subdivision scheme—it uses the same formule
for new face points and new edge points. The stencils are slightly modified because they also need to
be applicable to k-gons. The formula for vertex points, however, needs greater modifications in order to

work with vertices of arbitrary valencies.
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Figure 3.9: Three steps of the Doo-Sabin algorithm applied to platonic solids (tetrahedron, hexahedron, icosahedron).
The first row of images shows the input meshes.
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(a) Catmull-Clark subdivision scheme sten- (b) Catmull-Clark subdivision scheme stencil for edge points
cil for face points of k-gons. As in the bicu- adjacent to 2 k-gons. Note that for k = 4, the weights coincide
bic case, the face point is the centroid of the with the weights of the bicubic subdivision scheme as depicted in
face. Figure 3.6.

(c) The ‘area of influence” in the mesh that is used in
order to calculate vertex points corresponding to ver-
tices of valency k. Here, k = 5.

Figure 3.10: Stencils for the Catmull-Clark subdivision scheme

By the original suggestion of Catmull and Clark [CC78], a new vertex point v corresponding to a

vertex v of valency k is calculated as a linear combination of surrounding vertices,

,_F 2B wv(k-3)

vELt T (3-3)

where F is the average of the face points of the k faces adjacent to v, and E is the average of the midpoints
of the k edges incident on v. For the regular case with k = 4, Equation 3.3 yields the vertex point stencil of
the bicubic subdivision scheme as depicted in Figure 3.6. The stencils for irregular parts of the mesh are
depicted by Figure 3.10. Note that the vertex point stencil is shown without any weights—we will soon

derive a weighted representation.

Having described the stencils, the new vertices still need to be connected correctly—this is explained
by Algorithm 3.2. Since the scheme uses more stencils than the Doo-Sabin scheme, we may expect that the
Catmull-Clark scheme takes greater advantage of the underlying structure of the mesh. This is indeed
the case: We can observe that the subdivision scheme only creates quadrangular faces (which are not
planar in general), and a k-gon with k # 4 will yield an extraordinary vertex of valency k. Furthermore,
extraordinary vertices of quadrangles retain their valency. Asa consequence, the number of extraordinary
vertices in the mesh remains fixed after the initial subdivision step, whereas the size and number of regular

parts of the mesh grows with each subdivision step.

Figure 3.11 shows several steps of the Catmull-Clark scheme being applied to several platonic solids.

Again, the initial control polygons consist of triangular faces with less than 20 vertices. After a mere three
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Figure 3.11: Three steps of the Catmull-Clark algorithm applied to platonic solids (tetrahedron, hexahedron, icosahe-
dron). The first row of images shows the input meshes.
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Algorithm 3.2 Catmull-Clark subdivision scheme

1: for all Faces f in the mesh do
Create a face point as the geometrical centre of the face.
3: end for

N

4: for all Edges e in the mesh do

5:  Create an edge point as the average of the average of the two face points that correspond to the two faces e is
a part of and the midpoint of e.

6: end for

7: for all Vertices v in the mesh do
:  Create a vertex point using Equation 3.3.
9: end for

10: for all Vertices v in the mesh do
1:  for all Faces f that v is a part of do

12: Connect the vertex point corresponding to v with an edge point of an edge that is incident on v and part
of f.

13: Connect the edge point used before with the face point corresponding to f.

14: Connect the face point used before with the remaining edge point of an edge that is incident on v and part
of f.

15: Make this a face in the refined mesh.

16:  end for

17: end for

subdivision steps, the mesh is sufficiently smooth and the irregular regions corresponding to extraordi-

nary vertices have become very small.

Parametrical description

Figure 3.10 depicts the “area of influence” for the calculation of vertex points. Since the weights of this
stencil depend on both the valency of the vertex and the number of edges of adjacent faces, it is rather
unwieldy. We now derive equations for the vertex point stencil in the special case that all adjacent faces
are quadrangular. Since all faces of the mesh become quadrangles after one step of the Catmull-Clark al-
gorithm, this condition is not a loss of generality. Hence, let v be a vertex of valency k. Using Equation 3.3,
we see that all vertices that are not part of an incident edge of v are weighted with (4k*)™! (because they
only appear within the face points equation). Vertices that are part of an incident edge of v, however, are
part of two faces and one edge. Thus, they are weighted with (4k%)™! + (4k®)™' + 2(2k?)™! = 3(2k*)L.
Finally, since v is part of k faces and k edges, it is weighted with (4k)™'+2(2k) ™+ (k-3)/k = 1-7(4k)~".

Consequently, we may describe subsequent steps of the Catmull-Clark scheme by using three weights
for all vertices around an extraordinary vertex: The vertex itself is weighted with a, all directly incident
vertices are weighted with f8/k, and all remaining vertices are weighted with y/k. For the original scheme

of Catmull-Clark, we have
azl—l,p’:i,y:i, (3.4)
4k 2k 4k
and obviously, a + f+y =1 (otherwise, affine invariance would not hold). The resulting stencil is depicted
in Figure 3.12. By picking arbitrary values for «, 3, and y, the smoothness properties of the algorithm can

be changed. In Chapter 5, we will discuss feasible weights and the consequences of erroneous weights.
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Figure 3.12: Catmull-Clark subdivision scheme stencil for vertex points corresponding to a vertex of valency k (see
text for a detailed derivation). Here, k = 5. If one of the faces is not yet quadrangular, Equation 3.3 needs to be used for
the calculation. The weights o, 8, and y must sum to unity. Catmull and Clark suggested o = 1-7(4k) ™", B = 3(2k)7",
andy = (4k)™".

3.5 Summary

This chapter gave a brief overview of the history of subdivision algorithms for curves and surfaces. We
saw how to split the parameter domain of B-spline surface patches in order to obtain refined patches from
the initial control polygon. The refined patches converge against a B-spline surface of a certain degree.
Furthermore, we took a look at generalizations of B-spline surface subdivision, i.e. algorithms that may
be used to smooth patches of almost arbitrary topology. These generalizations ultimately led us to the
Doo-Sabin and the Catmull-Clark subdivision schemes. We introduced both schemes and took a brief
look at their properties. In addition, we extended their original definitions by introducing user-definable

weights, which we will analyse in Chapter 5.






Analysing subdivision algorithms

This chapter introduces methods for analysing the smoothness properties of subdivision schemes. For
this purpose, we are required to switch between two different viewpoints: Instead of thinking of subdi-
vision algorithms as refinement schemes that are applied to meshes, we will also consider a subdivision
algorithm to be a linear map in the space of control points. The main idea is to represent the surface that
results from repeated application of this linear map as the graph of a regular injective function. If this

function is known, smoothness properties can be determined rather easily.

In the following sections, we will derive criteria that are essential for thoroughly analysing the smooth-
ness properties of a given subdivision scheme: We will start by defining the problem in rigorous mathe-
matical terms. Next, we will derive an invariant, the characteristic map, of a subdivision scheme. Briefly,
this is a function that solely depends on the subdivision algorithm itself and not on any input data. Using
the characteristic map, we will prove a theorem that guarantees smooth limit surfaces, provided the char-
acteristic map is regular and injective. Following this result, the remainder of this chapter is dedicated to
deriving conditions under which the characteristic map will be regular and injective. We will show that
the analysis of the characteristic map can be limited to a single segment in the complex plane. Further-
more, we will see that in some cases, checking for regularity and injectivity is as simple as checking signs

of certain functions.

This chapter is based on a paper by Reif [Reigs], a paper by Peters and Reif [PR98], and Reif’s habili-
tation thesis [Reig8]. Care has been taken to use a consistent notation. Most of the original proofs have

been extended to provide more details.

4.1 Preliminary definitions

In order to derive tools for analysing subdivision schemes, a solid mathematical foundation is essential.
This section presents suitable parametrizations for spline surfaces and subdivision algorithms. Since we

only require a small subset of the theory, many details will only be briefly touched upon.

4.1.1 Parameter space and representations

Let £y be a parametrically smooth spline surface consisting of quadrangular patches. In addition, we
assume that X is an infinite planar surface with a single n-sided hole as its only boundary—this enables
us to ignore the outer boundary of the surface without loss of generality, thereby simplifying the analysis

to some extent.
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Figure 4.1: Representation @ of the parameter space Q) for Zy.

DEFINITION 4.1 (PARAMETER SPACE OF A SPLINE SURFACE). Let I be a finite subset of N. The parameter

space Q) of a parametrically smooth spline surface is defined by
Q=wxlI,

where w is the unit square, i.e. = [0,1] x [0,1]. Furthermore, a neighbourhood relation is defined for
pairs (w, i) and i € I by identifying adjacent edges of unit squares. Throughout this thesis, equality in

the parameter space will only be defined modulo the neighbourhood relation.

In order to visualize the parameter space, we define a representation of (). The representation is an
embedding of () and its topology in the real plane. A representation does not need to exist in every case

(take a cube, for example—there is obviously no planar embedding), but it certainly exists for Z.

DEFINITION 4.2 (REPRESENTATION OF (). Let @' with i € I be a set of smooth injective functions from
the unit square to R?. The functions are required to have the property that adjacent edges have a common
image, i.e. ®' needs to preserve the neighbourhood relation. With these conditions satisfied, a represen-
tation is a map @ with

®: Q3 (w,i) - d(w) e R

We call the image I := ®(Q) of the parameter space under ® a mesh. Figure 4.1 shows an example for

the representation of a parameter space.

We can consider the mesh I as a mesh in the usual sense of computer graphics, as introduced by Defi-
nition 3.1: The faces of the mesh correspond to the image of the unit squares, the edges correspond to the
image of the edges of the unit squares, and the vertices correspond to the image of the four corner points
of the unit square. In Chapter 2 and Chapter 3, we already saw that meshes with four faces meeting at
every vertex allow us to use them as control polygons of B-spline surfaces that satisfy certain smoothness

conditions. This motivates the next definition.

DEFINITION 4.3 (REGULAR MESH). We call an interior vertex of a quadrangular mesh T regular if four
faces join at the vertex. Otherwise, we call the vertex irregular. If all interior vertices of a mesh are
regular, we call the mesh T regular. Following Chapter 3, we will also use the terms ordinary vertex and

extraordinary vertex.

The control net of any B-spline surface is a typical example of a regular mesh. In Chapter 3, we have
already seen that irregular meshes inevitably appear when more complex objects need to be modelled.
Peters and Reif [PRo8] motivate the definition of regularity by defining generalized spline functions that

feature singularities at irregular vertices.
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1 1
1 lb_ lb_
1 1

Figure 4.2: Subdividing the parameter space

4.1.2 Prolongations

In our current setting, the resulting mesh is regular. However, it is impossible to add more patches to
the mesh without breaking symmetry or regularity. Hence, in order to add more patches, the parameter
space Q) needs to be refined. Refinement means that a surface Xy( Q) is represented as a surface f(ﬁ)
that uses a set of finer patches. We can achieve this by splitting the unit square into four smaller squares
and normalizing them. An example of this process is depicted in Figure 4.2. Reif [Reig8] showed that
subdividing the spline domain is an isomorphism, i.e. the original spline domain and the refined spline
domain are isomorphic. Furthermore, this isomorphism can be shown to induce an embedding of the

original spline surface in the refined spline surface.

Subdivision of Q) also yields a new mesh T, generated by some representation ®. The new mesh is finer
than the old mesh and can be prolonged, i.e. there is a new layer pr(T') of patches such that the subdivided
mesh S(T) := T U pr(T) remains regular. We will soon give a more rigorous definition of prolongations.

Due to the subdivision process, the scale of S(T') is halved and further prolongations will extend the
regular parts of the mesh, whereas the irregular parts of the mesh shrink. Thus, without loss of generality,
every mesh can be assumed to contain only one irregular vertex in a sufficiently large neighbourhood.
Furthermore, since I and S(T') are topologically equivalent, S(T) =: S(®)()) may be viewed as a new
representation of the parameter space. See Figure 4.3 for an example.

Since S(T') remains regular, we can find a parametrically smooth spline surface X; := S(Z) that is
parametrized over S(T') such that the restriction of % to the subdivided mesh T coincides with the orig-

inal surface X. This yields a new part of the surface, namely

pr(Zo) :=c(Z1\ ),

A\

XX
XX

S e(X
VAV

@TcT (b) S(T) =T upr(T)

Figure 4.3: The left figure (a) shows the old mesh (black lines) as a subset of the new mesh (grey lines). The right
figure (b) shows the prolonged mesh that is the union of the subdivided mesh and a prolongation (shown in grey) of
the old mesh.
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which we call the prolongation of ;. The prolongation of % is not uniquely defined because we only

require it to join smoothly with £, and depend on the innermost layer of patches of Z, i.e.

pr(S(Zo)) = pr(pr(Zo)) = pr’(Zo).

We can therefore choose any subdivision algorithm in order to generate the prolongations. As a conve-

nience, we will also write

Xm = pr(Zm) = (T N Zm) = pr'™ (o)
for the prolongation. If the subdivision algorithm is reasonable, each iteration will create more layers that
fill the n-sided hole completely when taking the limit—we will state this in more precise terms shortly.

To sum up our results so far: Subdividing the parameter space creates an ascending sequence of smooth
surfaces, i.e.
2oCc2iC...,

which are supposed to converge to the limit surface

2= U=

meN

which we can also represent as

Z=2pU Uxm
meN

by a result of Reif [Reigs]. In the subsequent analysis of subdivision schemes, we will examine the prop-

erties of the limit surface X.

4.1.3 Convergence and continuity

Before elaborating on the precise parametrization of the subdivision process and the prolongations, we

require some definitions about convergence and continuity.

DEFINITION 4.4 (CONVERGENCE OF SUBDIVISION PROCEDURES). Let S be a subdivision procedure in the

general sense, as outlined above. We say that S is convergent if there is a unique limit point p such that

lim p,=p

m-—0oo

for any sequence of points (pm ), With py € X, = pr'™(2o). In other words, S is convergent if all

prolongations converge to a single, unique point.

DEFINITION 4.5 (CLOSURE OF THE SURFACE). The closure of the limit surface X is the surface

Xi=2uUp.

For convergent algorithms, the closure is a surface of genus 0.
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Figure 4.4: Following Peters and Reif [PRo8], p. 25, this surface is parametrized by L(u,v) = (u* — v*,uv,u’).
Calculating the limit of the normalized cross product of the partial derivatives yields a limit point of (0,0,1) at the
origin. Thus, the surface is tangent plane continuous. Yet, the surface is not regular at the origin because of the two
coinciding sheets.

DEFINITION 4.6 (TANGENT PLANE CONTINUITY). The closure X is tangent plane continuous in p if S

converges and if there is a unique limit point n(p) for any sequence of normal vectors, i.e.

lim n(pwm) =n(p),

m—00

for any sequence of points (P ) meny With py, € X, = pr'™(Zo).

It is important to note that n(p) is simply the limit of the normal vectors and not the normal vector of

Y at p> which may not even exist.

DEFINITION 4.7 (REGULAR SURFACE). A tangent plane continuous surface T is called regular at p if there

is a regular smooth parametrization of X in a neighbourhood around p, which means that
2 =2(u,v)
for parameters u, v such that X is I-times continuously differentiable and the partial derivatives

0X(u,v) 0% (u,v)
ou and v

are linearly independent.

From the point of view of differential topology, regular surfaces are differentiable manifolds. Conse-
quently, we will also employ this term whenever the importance of the topology of the surface is stressed.
In particular, we only require (regular) C'-manifolds, i.e. manifolds whose transition maps are 1-times

continuously differentiable.

The notion of tangent plane continuity is distinctly weaker than the notion of regularity: A surface may
be tangent plane continuous and still contain self-intersections, which do not permit a regular smooth

parametrization. See Figure 4.4 for an example.
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4.1.4 Parametrizing the prolongations

We now return to the prolongations defined above. In both Reif s habilitation thesis [Reig8] and a paper of
Peters and Reif [PR98], it was observed that the prolongations x,, can be defined more conveniently than
by using the parameter space (). The key observation is that a prolongation consists of a ring of patches
around the n-sided hole. A parameter space that reflects this fact is better suited as a parametrization.

This leads us to the following definition:

DEFINITION 4.8 (PARAMETER SPACE FOR PROLONGATIONS). Let wg := [0,2]* \ [0,1)? as depicted in

Figure 4.5. The parameter space () for prolongations is defined as
Qo = wo x Zy,
where Z, is the ring of congruence classes modulo #.

DEFINITION 4.9 (REPRESENTATION OF ()(). We can define representations for )y in complete analogy

with Definition 4.2 and write Ty := @ (Q) for the corresponding mesh.

For the analysis of subdivision algorithms, we assume that it is possible to parametrize the prolonga-

tions x,,, over Qg by using K control points BX, ¢ R? and K piecewise polynomial functions N* such that

K-1

Xm Qo3 (u,v,j) — X, (u,v) = > N*(u,v, j)BE . (4.1)
k=0

The functions N are assumed to lie in C'(Qq), which is the space of parametrically smooth functions
over ). Furthermore, they are required to be linearly independent and form a partition of unity, i.e.
SK U N*(u,v, j) = 1. We call N* the basis functions and B, the control points. As an abbreviation, we

use vectors and rewrite Equation 4.1 as
Xy (u,v) = N(u4, v, j) B, (4.2)

where N(u,v, j) is a row vector collecting the basis functions and B,, is a column vector of points in
R3, which we may think of as a K x 3 matrix of entries from R. See Figure 4.6 for an illustration of the
previous definitions and equations.

It should be noted that this type of parametrization does not need to exist for every subdivision algo-
rithm, but it does exist in the case of algorithms generalizing B-spline subdivision, such as the schemes
analysed in this thesis: We have already seen in Chapter 2 that the B-spline basis functions for curves
and surfaces are linearly independent and form a partition of unity. In addition, we saw in Chapter 3
that both subdivision algorithms create B-spline surface patches for regular parts of the mesh. Conse-
quently, they can be expressed in the form of Equation 4.2. Further details may be obtained from Peters
and Reif [PRo8].

With small modifications, Equation 4.2 also holds for subdivision schemes on purely triangular me-
shes. Umlauf [Umloo], for example, applied the methods of this chapter to the Loop subdivision algo-

rithm, which is a generalization of box spline subdivision.



4.1. PRELIMINARY DEFINITIONS 53

Figure 4.5: Parameter space Qg of the prolongations. The dotted lines are added for visualization purposes only.

Figure 4.6: Multiple surface layers for a mesh with a single hole of valency n > 4. The indices are defined modulo n.
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4.1.5 Subdivision algorithms

Having defined the prolongations x,, in terms of control points and basis functions, we are now able to

state the notion of a subdivision algorithm in precise terms.

DEFINITION 4.10 (SUBDIVISION ALGORITHM). A subdivision algorithm is a linear and stationary map in

the space of control points, i.e.
By = ABp_y = A’Bp_y = -+~ = A" By,

where A is the K x K subdivision matrix. Stationary means that A does not depend on m, the subdivision
level. This assumption is reasonable and does hold for the most common subdivision schemes. Further-
more, all rows of A must sum to unity. This implies that AB is an affine combination of control points

and consequently, the scheme is affine invariant.

In the subsequent analysis, we will find more requirements for subdivision matrices such that the re-
sulting surfaces satisfy certain smoothness conditions—the next section will expand on this. In addition,
it needs to be stressed that the subdivision matrix is only applied to the control points of the prolonga-
tions. We do not require A to be applicable to all control points of the mesh. Hence, the subdivision
matrix A is a finite quadratic matrix that generates a vector B,,;; of new control points from a vector B,
of old control points. Since most subdivision algorithms depend on a small set of control points only, A

is a sparse matrix in most cases.

4.2 Smoothness conditions

This section will put the definitions of the preceding sections to use. We will derive necessary and sufficient
conditions for the smoothness of a subdivision scheme. To this end, we first discuss how to determine
whether a subdivision scheme is convergent. Following this, we will introduce the characteristic map and
prove that its properties determine the regularity of the limit surface.
DEFINITION 4.11 (ORDER OF SEQUENCES). Let A € R\ {0}. A sequence x, x5, ..., in R" is of order o(A™)
if

lim M =0

m— 00 |A|m

with respect to some norm || of R”. Since norms of finite real vector spaces are equivalent, the norm can
be chosen arbitrarily. Furthermore, sequences of functions converge uniformly by this definition because

all domains introduced in this chapter are compact.

LEMMA 4.1. Let Ao, Ay, ...,Ax_1 be the eigenvalues of the subdivision matrix A such that
’/\0‘ > Mﬂ 22 MK—]’

and let yo, V1, ..., Yk—1 be corresponding eigenvectors. If r is chosen as the smallest index such that |A,| >
|Ari1], then
A"y = o(A)

for m — oo and all s > r.
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Proof. Itis a standard fact of numerical analysis that there is a norm in RX that differs from the spectral
radius of the matrix by an arbitrarily small € only (see Stoer and Bulirsch [SB96], Theorem 6.9.2, pp.
407-408). Thus, |A™y| < |A,|" + € and it follows that A"y = o(A"). [ |

THEOREM 4.1 (CONVERGENCE OF A SUBDIVISION ALGORITHM). Let A be a subdivision algorithm and let

its eigenvalues be sorted by modulus. If 1= 1y > |Ay|, then A converges.

Proof. By Definition 4.10, the rows of the subdivision matrix A sum to unity. Thus, 1¢ = 1is an eigenvalue
of Aand yy = (1,1,...,1,1)T is a corresponding eigenvector. Let v, ¥y, ..., Wx_; be the remaining
eigenvectors of A. Since eigenvectors form a basis, every component B), with j € {0,1,2}, of the vector

By of control points can be written as
. K=1
j_ j
By = wivi
i=0
with coefficients y{ ¢ R. Combining these coefficients into a vector of R?, i.e.

u

pi= H}’

T

allows us to write the sequence of vectors of control points as

K-1
Bo= ) vipis (4.3)
i=0
and by Lemma 4.1,
B,y = Yopo + o(1). (4.4)

Using the equations from above, we can simplify Equation 4.1 and Equation 4.2, thereby obtaining:

_ k
xy(u,v) = Y N(u,v, j)yipi

i=1
xu(4,v) = N(u,v, )0 po + o(1) = po + o(1)

=1

This works because the functions N(u, v, j) are assumed to form a partition of unity. Since the order

function converges uniformly in (u,v), we get
lim x.,(u,v) = po.
m—0o0
Thus, p := py is the limit point and the algorithm converges. ]

The key observation of Reif [Reigs] is that all smoothness properties of ¥ can be derived from the
leading eigenvalues of the subdivision matrix A and a map ¥, which we will describe below. The map ¥
depends on the eigenvectors that correspond to the leading eigenvalues and the basis functions for the
subdivision algorithm, but not on the control points. Consequently, ¥ is called characteristic map of the

subdivision scheme.
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DEFINITION 4.12 (CHARACTERISTIC MAP). Let A be a subdivision matrix with eigenvalues
/\0 =1> |A1| = |/\2| > |)L3|

and let 1, ¥, be the eigenvectors corresponding to A; = A,. The characteristic map ¥ : Qp — R? is
defined by
¥ (v, j) = N(uv, )V = N(u, v, j) [yn ya ]

where V is a K x 2 matrix with vectors y; and v, as its columns. ¥ is called regular if

oY (u,v, j)

A(u,v,7) :=det
(#v.) ¢ o(u,v)

£0
for all (u,v, j) € Q. In other words, ¥ is regular if its Jacobian matrix is regular.
We shall also require a complex form of the characteristic map. It will be used later on in this chapter

when we derive smoothness criteria. The complex form of the characteristic map is given by
V. : Qo5 (u,v,j) » N(u,v, j)y. €C,

where v, := y; + iy,. Since the properties of the characteristic map are not changed by this complexifi-
cation (R? and C may be viewed as isomorphic vector spaces), we will switch between the real variant of
the characteristic map and its complex variant without further notice.

Following the notation for the prolongations around an n-sided hole, we will index different segments
of the characteristic map by superscripts: ¥/ signifies the jth segment of ¥ and ¥/ denotes the complex-

ification of said segment.

For visualization purposes, \¥ is best considered a 2-dimensional B-spline function with control points
from R? that are determined by the rows of V. The characteristic map may not seem well-defined at a
first glance because there is still some choice in the eigenvectors y; and y, that are used in its definition.
The following lemma, however, proves that a particular choice of the eigenvectors does not change any

important properties of the characteristic map.

LEMMA 4.2. Injectivity and regularity of the characteristic map do not depend on a particular choice of y;
and v,.

Proof. Let V := [§1, 2] be another feasible matrix for defining the characteristic map. Since the eigen-
vectors 31 and ¥, span the same space as y; and ¥, the columns of V span the same linear space as the

columns of V. Thus, a change of basis can be performed and V can be written as
V=T'VT
for some regular matrix T. Using this equation, we obtain:

Y(u,v,j) = N(u,v, )V = TV (u,v, j)T (4.5)
A(u,v, j) = det T A(u, v, j) det T = A(u,v, j) (4.6)
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Since T is regular, the properties of the composite functions remain unchanged. In particular, injectivity

and regularity are preserved. L]

LEMMA 4.3. If the characteristic map V¥ is regular, then

inf |A]>0.
AEQO

Proof. The determinant function is continuous, so A and |A| are also continuous. Since Qg is compact,

|A| attains its minimum in Q. This minimum is greater than zero by assumption. [ |

Using the characteristic map, we can obtain our first result concerning the smoothness of X: We will

use the next theorem as the starting point towards better smoothness criteria.

THEOREM 4.2. Let A; = A, be a real eigenvalue with algebraic and geometric multiplicity 2 such that Ay =
1> M| = [A3| > |A3|. If the characteristic map is regular, then T is tangent plane continuous for almost

every initial vector By of control points.

Proof. Tangent plane continuity depends on the normals of the surface. Thus, we try to find a closed
expression for the normals and show that it is well-defined. For this purpose, we start with the sequence
B, of control points as defined by Equation 4.2, derive expressions for the surface, and, as a last step,
calculate the limit of the normal vectors of the surface.

Let A := A; = A,. Then the sequence of refined control points can be expanded as

By = yopo + A" (l//1P1 + V/ZPZ) + O(Am)’

where we have used that A§’ = 1by assumption. The coefficients p; and p, are defined as in the proof of

Theorem 4.1. Using these control points for the parametrization of the prolongations xin (u,v), we get

3, (u,v) = N(,v, j)¥o po + A"N(u, v, ) (yap1 + yap2) + o(A™). (4.7)
[ ——
-1

The partial derivatives are given by:

() = AN (4, v, ) (Wi p1 + w2pa) + o(A™) (4.8)
Xy (u,v) = ANy (4, v, ) (yaps + yap2) + 0(A™) (4.9)

In order to calculate the normal at (u, v), we need to take the cross product:

Ko (145v) % X3, (1, v) = P27 (Nyyrp1 x Nyyapy + Nuyapa x Nyyaprt
Nyyipr x Nywapa + Nywapar x Nyyapa +0(1))

The last term contains all terms of higher order, which we can ignore. By using the anticommutativity of

the cross product, we arrive at

X (V) % 3, (,v) = 25" ((Nuy1 - Nyya = Nyya - Nuyn) (p1 x pa) +o(1))

. _ (4.10)
=13" (A (4, v,7) (prx p2) +0(1)) .
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By definition, the normal vectors of the surface are given by

N X X Xy
nm(l/l,v,]) = j j
me,u X xm,v
This yields
X o(1
(U, v, j) = P1x pa + (1)

[prx 2l |G v, I [pr > pa
where the order function in the denominator has been ignored because its norm converges uniformly.
Since A(u,v,j) > infacq, |A| > 0 by Lemma 4.3 because the characteristic map is assumed to be
regular, we obtain for the limit of normal vectors:
i X

lim n),(u,v) = pixpa n(p) (4.11)

m=oo |1 o
The norm of the cross product of p; and p, is nonzero for almost every set of control points (see the fol-
lowing discussion). Hence, the surface is tangent plane continuous for almost every vector By of control

points. |

In the previous lemma, the term “almost every” denotes a set of Lebesgue measure zero. If the cross-

product is zero for p; and p,, we know that the vectors are linearly dependent, i.e.

p2=0p

for some scalar o € R. If we fix p;, the set of all multiples of p; forms a linear subspace, which has

Lebesgue measure zero. Thus, ignoring these kinds of input data is justified.

4.2.1 A sufficient condition for regularity

At this point, we are ready to derive the main result of Reif’s paper [Reigs]. It gives us conditions under
which a subdivision scheme is guaranteed to produce smooth surfaces.

We will start with several auxiliary results that are required for the proof. First of all, we define a
partial order for Jordan curves. This will be used for setting up a sequence of boundary curves of the
characteristic map. Next, we show how to transform a parametrically smooth function by using the
characteristic map. It will turn out that the transformed function lies in C'(T), which is the space of
continuously differentiable functions over the set Iy. This fact enables us to use tools from real analysis.
Last, we show that the set of all regular injective functions is open in C!(T,). This will be useful for

approximating a certain map in the proof of Theorem 4.3.

DEFINITION 4.13 (A RELATION FOR JORDAN CURVES). Let ¢; and ¢, be Jordan curves in R?. By the Jordan
curve theorem, the interior I of the curves is well-defined—see Fulton [Fulgs], Theorem s5.10, pp. 68-69.

We define a relation between c¢; and ¢, by writing ¢; < ¢; if and only if ¢; € I(c3).
LEMMA 4.4. The previous definition describes a partial order for Jordan curves.

Proof. A partial order is reflexive, antisymmetric, and transitive. Reflexivity holds since the curve itself

is a subset of its interior (more precisely, it is the boundary of the interior by the Jordan curve theorem).
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For antisymmetry, we assume that we have ¢; < ¢; and ¢, < ¢; for some curves ¢; and ¢;. Since ¢; € I(¢;)
and ¢, is the boundary of its interior (by the Jordan curve theorem), we have I(c;) € I(c;). Likewise, we
have I(cz) € I(c;). Putting everything together, we arrive at c; € I(c;) € I(c2) € I(c;), which implies
I(c1) = I(cz). Since ¢; and ¢, do not have any self-intersections, this can only happen if ¢; = ¢,.

In order to prove transitivity, let curves ¢y, ¢, c3 be given such that ¢; < ¢; and ¢; < ¢3. Now ¢; € I(¢3)
by definition, which implies I(c;) € I(c3) as above. Since ¢; € I(c2) < I(c3), transitivity follows. Thus,

Definition 4.13 defines a partial order. [ |

LEMMA 4.5. Let ¥ be regular and injective. If f is a parametrically smooth function over Qq, then f :=

f oW lies in C'(Ty), the space of continuously differentiable functions over the compact set Ty.

Proof. Parametrical smoothness requires the cross boundary derivatives of surface segments sharing a
common boundary to be equal up to sign; see for example Farin [Farg6], Section 15.6, pp. 241-242, for

more details.

Without loss of generality, we assume that the boundary curves ([1,2],0, j) and ([1,2],0, k) of some
patches jand k have been identified by the neighbourhood relation (other boundary curves can be treated
analogously). Let f be a parametrically smooth function over . Since the neighbourhood relation

identifies adjacent patches, we have

f(u,0,j) = f(u,0,k)
Df(u,0,j) = Df(u,0,k) ((1) 01), (4.12)

———
=M

where Df is the Jacobian matrix of f. This holds for the characteristic map ¥, as well:

c(u) =¥(u,0,j) =¥(u,0,k)
DY¥(u,0,j) = DY(u,0,k)M (4.13)

Let f be the composition of the inverse of the characteristic map and f, i.e. f := f o W™\, The existence of
Dfis plain because fis the composition of differentiable functions. Consequently, we only need to show
that D is a continuous function over I. In the interior of the patches, the inverse function theorem

implies that V¥ is a diffeomorphism. Therefore, the chain rule can be applied and yields

Df(x,y) = Df (7' (x,)) (D¥ (¥7'(x.))) "

If we now let (x, y) approach the boundary curve c(u) from patch j, the limit is given by

DF(c(u)) = Df (1,0, j) (D¥ (1,0, /)) . (414)
If (x, y) approaches c(u) from patch k, however, the limit is given by

DF(c(u)) = Df (1,0, k) (D¥(u,0,k)) . (435)
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Starting with Equation 4.14, and using Equation 4.12 and Equation 4.13, which define the relationship

between derivatives of adjacent surface segments, we obtain

Df(u,0,5) (D¥(1,0,7))" = Df(,0,k)M (M~ (DY (u,0,k))™")
= Df(u,0,k) (D¥ (1,0,k))™",

where we used that taking the inverse of matrix expressions changes the order of their arguments. Since
the limits coincide, D is well-defined and continuous on Ty as a consequence of the inverse function

theorem. ]

The nextlemma is a rather technical result. We will use it to show that a uniformly convergent sequence
of functions with an injective limit function will consist of injective functions for all but finitely many

elements of the sequence.
LEMMA 4.6. The set of all regular injective functions is open in C'(Ty).

Proof. We continuously embed C!(T,) in C%!(Ty), which is the space of Lipschitz continuous functions.

By definition of a continuous embedding, there is a constant M € R such that

lg(x) - g,

=2k gl < Mgl

for all functions g € C'(T}). A regular and injective function f € C'(T,) can be inverted and its inverse

will be continuously differentiable by the inverse function theorem. Hence, we have

feCl(f(To)) e C¥(f(To)).
By definition of Lipschitz continuity, the norm of f~! must be finite, i.e.

OO )|
Iy =71,

-1 -
17 oy =0

As a consequence, by setting x = f(y), where y = f(x), we obtain

NG -, 1
lnfw = K (416)

If we now perturb the function f by adding another function g € C'(Iy), i.e. f := f + g, we have

@ T@L, @@ s - @)

ERT Jx =, Jx =,
>0
ORI MO 6]
Jx =, Jx =,
1
> =~ I8l
1
>

x - M Hg”cl(ro) :
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Using Equation 4.16, we know that the last expression needs to be greater than zero in order for fto be

an injective function. This is certainly satisfied if

~ 1
”gHO(I‘O) = Hf_fHCI(I‘O) < MK'
As a result, f remains injective for a function g that is sufficiently close to f.
To conclude, we prove regularity by straightforward continuity arguments: Since the determinant is
a continuous function, the set of regular functions is open in C'(T}). The intersection of two open sets

remains open, so a suitable function g can always be found such that fis a regular injective function. m

The next theorem is the main result of this section. It constitutes the first precise prediction of the be-
haviour of subdivision algorithms. Following Reif’s approach [Reigs], we choose the characteristic map
W as a representation of the parameter space )y and apply the transformation described by Lemma 4.5.

Consequently, the characteristic map will be transformed to the identity function on Iy and we write

¥ (&n)=(&n)

in order to clarify this. Since Iy ¢ IR?, the topology on I is well-defined and we can use all the tools from

real analysis.

THEOREM 4.3. Let A, = A, be a real eigenvalue with algebraic and geometric multiplicity 2 such that 1 >
\M1| = [Aa| > |As|. If the characteristic map is regular and injective, T is regular at p for almost every initial

vector By of control points.

Proof. We first transform the problem to a more canonical form. Namely, by using an affine transforma-

tion we can always achieve that

po=0, pi=e, pr=ey,

where 0 is the origin of the coordinate system and e;, e,, e3 are the unit vectors of R3. Let A := A = A,.

As in the proof of Theorem 4.2, we use the parametrization of the prolongation and arrive at

x(u,v, j,m) AN (u, v, j)yr + o(A™)
xp(u,v) = y(u,v, jy,m) | = | A" N(u, v, j vz + o(A™) |,
z(u,v, j,m) o(A™)

where x(u,v, j,m), y(u,v, j,m), and z(u, v, j, m) refer to the coordinate functions of the prolongation

X1, (u,v). Applying the transformation via ¥ ! yields

' x(&m,m))  [A"E+o0(A™)
Xn(&n) = y(&nom) | = A" +0(A™)
z(&n,m) o(A™)

In a small neighbourhood around the origin, the surface is located in the x y-plane because of the
affine transformation. By Equation 4.11 from Theorem 4.2, the limit of the normal vectors is given by

the unit vector e3, i.e. n(p) = e3. Thus, we try to find a smooth parametrization of the surface X in a
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neighbourhood around the origin. This is possible if the projection function

my +To x N> (& 1,m) = (x(&m,m), y(&m,m)) € R?, (4.17)

with m > M, is injective. If this is the case, 75; can be inverted locally, which yields

i R*3 (x, ) = (& 1,m) €Ty, (4.18)

A local parametrization is then given by setting
z=h(x,y) =2(§ n,m) = z(my (x, y)). (4.19)

For proving injectivity for 7y, we return to the characteristic map: The basis functions N (u, v, j)
and their partial derivatives are continuous functions over the compact set I'y. This implies that the basis
functions attain their minimum and maximum, making them bounded functions. As a consequence, the

order functions converge with respect to the norm on C!(T;). Thus, we have

lim H/\_mﬂM(', m) — ‘T’Hcl 0. (4.20)
m—o0o

(To) ~
Put differently, 77y, converges to ¥, which is regular and injective by assumption because ¥ is assumed
to be regular and injective. Since the set of all regular injective functions is open by Lemma 4.6, ) is

injective for a fixed m > M.

In order to conclude the proof, we still need to show that the images of 7, (-, m) are essentially disjoint,
i.e. that the intersection of images of maps m and m + 1 is equal to the common boundary curve—
otherwise, the local parametrizations would coincide. Since I} is the image of a representation of the

prolongations, only two closed disjoint boundary curves exist as a consequence of Definition 4.2.

Let a be the outer curve and f be the inner curve. The projection function 7y(-, m) is regular, so the
boundary of 7y consists solely of the disjoint curves 7y (a, m) and 75 (f3, m) by the inverse function
theorem. Therefore, all function values of 7y (-, m) lie in the region between the two curves. Further-
more, 7)(Ty, m) is a compact and connected set. Hence, either my(a, m) < mp (B, m) or mpy (B, m) <

7y (o, m). By definition, 8 < a, and we have

i [0 m) = s =0

o N (421)
i, 7 m (Bom) = Bl =©

because A~y (-, m) converges against ¥, as we have seen above. Thus, for m > M sufficiently large,

iy (B, m) < my(a, m). Using Equation 4.21, we can define a sequence of boundary curves, namely,

iy (e, m), (B, m) =iy, m+1), iy (fm+1) =...

This sequence is strictly decreasing and converges to the origin because the subdivision algorithm is
assumed to converge. Each of the regions defined by two curves corresponds to the image of mj; for

some M. This implies that 7y is injective. The image ITjs of 7y, is the interior of the outermost curve
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mp (o, M) without the origin, i.e.
My = I(mpm (e, M)) N {(0,0)},

so ITj; U {(0,0)} is a neighbourhood of the origin. Thus, we can parametrize X by setting

2(mi(x, ) for (%) € T
z=h(x,y):= .
for (x,y) = (0,0)

The function 4 is continuously differentiable for (x, y) # (0,0) by the inverse function theorem be-
cause V¥ is assumed to be regular and ¥ is assumed to be a smooth surface. Hence, the local parametriza-

tion of ¥ around the origin is given by

x
R?> (x,9,2) — y . (4.22)
h(x, )

Using Equation 4.22 and Theorem 4.2, we can calculate the normal vector of X as (x, y) approaches

the origin:

lim n(x,y)= lim
(x,y)—(0,0) () (x,y)—(0,0)

he(x,y))  \hy(x.y)

1 —hy(x,y)
= lim —hy(x,y)
VAR A 2] i

=e3 (by Equation 4.11)

Hence, h.(x, y) and h,(x, y) tend to zero. Furthermore, the limit of the gradient in the equation above
exists and is evaluated as

lim  Vh(x,y) = (0,0).
o (x,y) =(0,0)

Consequently, h(x, y) is continuously differentiable for all (x, y) € ITy; U {(0,0) }, and we have found a

smooth parametrization of the limit surface for almost every initial vector of control points. ]

Having a sufficient smoothness condition at hand, we assume that the eigenvalues of the subdivision

matrix satisfy the conditions of Theorem 4.3 from this point on. This leads to the following definition:

DEFINITION 4.14 (SUBDOMINANT EIGENVALUE). Let A, A, ...be the eigenvalues of A, ordered by mod-
ulus. If [Ag| > |A1] = |A2] > |A3], we set A := Ay = A, and call A the subdominant eigenvalue of A. From this

point on, we shall employ this notation for all remaining proofs.
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Figure 4.7: Non-injective, irregular surface that results from using the Doo-Sabin algorithm with deliberately disturbed
weights. The initial mesh is regular with a single extraordinary 6-sided face. Repeated application of the subdivision
algorithm yields a surface that is wound up around the origin. The left image depicts the front side of the surface (it
from above) around the extraordinary face; the large face in the middle of the surface is not rendered properly due to
self-intersections. The right image depicts the back side of the surface. Multiple sheets are approximating the central
face while intersecting each other.

4.2.2 A necessary condition for regularity

Theorem 4.3 describes sufficient requirements for obtaining smooth limit surfaces. In this section, we
will see that injectivity of the characteristic map is also a necessary condition for smooth limit surfaces.

Figure 4.7 depicts a non-injective, irregular surface, which is the consequence of violating this condition.

THEOREM 4.4. If Y (u, v, j) is a point in the interior of ¥ (Qy) such that the characteristic map is non-
injective at (u, v, j), then the limit surface X is not a regqular C'-manifold for almost every choice of initial
data Bj.

Proof. Since V¥ is not injective at (u, v, j), there is another point (u’,v', ") # (u, v, j) such that we have
Y (u,v,j) = ¥(u',v',j"). Let V; be an e-neighbourhood of ¥ (u,v, j) such that V. ¢ ¥(Qy). This
neighbourhood certainly exists because ¥ (u, v, j) is assumed to lie in the interior. Since ¥ is a continuous

function, there are neighbourhoods V and V' of (u,v, j) and (u',v', j') with
Y(V)=¥(V')=V.

Let ¥ be a continuous map that is sufficiently close to ¥, i.e. H\I’ - ‘?’Hoo < €/2, then, as a consequence of
the continuity of ‘T’,
F(V)n¥ (V') =+e.

Thus, ¥ is also not injective. Expressing B,, in terms of eigenvectors yields:

L
By =) vipi
i=0

By = po + A" (yap1 + y2p2) + 0(A™)
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We have already seen that the coefficients p; and p, are linearly independent for almost every choice
of initial data. Thus, we can apply an affine transformation such that py = 0 and p; = e; and p; = es.

Since A # 0, the surface layers can be rescaled in order to obtain simpler equations:
X = A "%,

¥
lim X, = e;y1 + e2y2 + 0(1) = (O) +0(1)

We now assume that ¥ is a regular C'-manifold. The equation above implies that the tangent space at
the origin is the x y-plane. Since the projection of x,, on the x y-plane converges to ¥, it is non-injective
for sufficiently large values of m. Thus, the projection of x,, to the x y-plane is non-injective near the
origin for almost every m. But the projection of a regular C'-manifold to its tangent space is locally
injective because the partial derivatives are linearly independent (this allows application of the implicit

function theorem). Consequently, T is not a regular C'-manifold. ]

4.3 Discrete Fourier transform and block-circulant matrices

The following is a digression about the discrete Fourier transform (DFT). Readers already well-versed
with the DFT may skip it without remorse.

The DFT will prove to be an indispensable tool for the analysis of the subdivision matrix: Instead of
analysing the complete matrix A, the DFT will calculate a matrix A that is similar to A. Consequently,
eigenvalues of A will also be eigenvalues of A and we may calculate eigenvectors of A by a simple trans-
formation of the corresponding eigenvectors of A.

From this point on, if not specifically mentioned otherwise, i denotes the imaginary unit of C rather

than an index, i.e.

i::\/—_l.

In the following paragraphs, proofs were deliberately not included in order not to distract from the
main material. The reader is referred to Davis [Davg4] for more details on circulant matrices and the

DFT or to Lipson [Lip81] for a general introduction to several Fourier techniques.

DEFINITION 4.15 (FOURIER BLOCK MATRIX). Let w, be a primitive root of unity, i.e.

2mi 2 2
Wy, = exp(Tl) :cos(—)+isin(—) =t c, + Sy, (4.23)

n n

and 1 be the identity matrix of sufficient size (depending on the subdivision matrix and #). Then the

Fourier block matrix, which we will use in order to transform the subdivision matrix A, is defined as

1 1 T ... 1
1 w1 w21 ... wil
—ik _ _
W= (w,’ )ikez, = | 1 w2l w1l ... wil . (4.24)

1 w1 w21 ... w1

n n n
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The inverse of JV is given by

T I J
wt= —(w,ﬁk]l)j,kezn =-W. (4.25)
n n
Hence the jth block column of W™ can be expressed by
1
! wf;]l
Wit=— ' . (4.26)
n :
W,Sn_l)j]l

DEFINITION 4.16 (DISCRETE FOURIER TRANSFORM). Let A be a matrix. The discrete Fourier transform
(DFT) of A is defined as
A= WAW ™,

We now take a look at a special class of matrices, the block-circulant matrices. These matrices have
the helpful property that applying the DFT to them results in a block-diagonal matrix, i.e. a matrix that
consists of block matrices of equal size around the main diagonal. The characteristic feature of block-

circulant matrices is that they are fully determined by their first column.

DEFINITION 4.17 (BLOCK-CIRCULANT MATRIX). Let Ay, Ay, ..., A,_1 be n x n matrices. A matrix A is

block-circulant if it can be written as

Ay Ay ... A

A A A
A= 1 .0 2
Aol Aps ..o A

More formally, we will also write A = circ (A, ..., A,-1). In some textbooks, this notation is employed

to signify a circulant matrix, i.e. a matrix where the A ; have been replaced by vectors.

We may construct a block-circulant matrix by writing down the initial column of matrices and shifting

each entry one row down.

THEOREM 4.5. Let A = circ (Ao, ..., A,_1) be a block-circulant matrix and A the result of the DFT. Then

A is decomposed into blocks of matrices around the main diagonal, i.e.

—

A 0
A= diag(Zo, .. .,;\:,1_1) =
0 An—l

with n x n matrices A, Ay, ..., A,_1. Put differently, a block-circulant matrix is “block-diagonalized” by

applying a DFT.

Proof. See Davis [Davg4], Theorem 3.2.2, pp. 72-73. [ |
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If A is a block-circulant matrix, the blocks on the diagonal of A are obtained by applying the Fourier
matrix WV to the first block-column of 4, i.e.

Ao Ao
= W .
A\nfl Anfl
Written more compactly, we have
— —jk
A=), wy A (4.27)
€Ly

Since the matrices A and A are similar by definition, we can restrict the analysis of a subdivision al-
gorithm to the blocks A ; rather than having to examine the whole matrix. We still need to see how to
determine an eigenvector of A from eigenvectors of A j- To this end, we refer to a calculation by Peters and

Reif from [PRo8], Section 5.4, p. 99: Let V'be an eigenvector of a block A j- The corresponding eigenvector

of A is given by
wov
1| wiv
V=— " > (428)
n R
W]Sn—l)jv

which can be abbreviated to v = Wj_l? by using the expression for the jth block-column of the inverse

transformation matrix.

Consequences of block-circulant matrices If the subdivision matrix of a subdivision algorithm is

block-circulant, the equation of a subdivision process as introduced by Definition 4.10 is simplified to

n-1 i
Bl = Ax_jB. (4.29)
j=0

There is an intuitive approach to this equation: Let several patches of control points be given. We assume
that they are ordered counter-clockwise. Then, starting from a patch j, the patch to the left (with coeffi-
cients j +1) will be weighted with the matrix A,_;, whereas the patch to the right (with coefficients j 1)
will be weighted with the matrix A;. At last, the central patch (with coefficients j) will be weighted with
the matrix Ag. See Figure 4.6 for an illustration. This point of view will come in handy when analysing

subdivision schemes.

4.4 Symmetric subdivision algorithms

In the following discussions, we shall take advantage of two basic properties of characteristic maps, which

follow from their definition.
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DEFINITION 4.18 (PROPERTIES OF CHARACTERISTIC MAPS). ¥ and AY = AY join smoothly. Thus, we
have for ¢ € [0,1]:

Wi(1,t) = AW/ (2,21) (4.30)
Wi(t,1) = AW/ (2t,2) (4.31)

Moreover, all adjacent segments of the characteristic map join continuously. Hence, we have for t € [1,2]:

¥/ (0,t) = ¥/ (t,0) (4.32)

The subdivision algorithms analysed in this thesis are reasonable in the sense that the current labelling
of the control points is irrelevant: In order to calculate the refined control points, only the neighbourhood
of the point is taken into account and not, for example, the direction of traversal. This property simplifies
calculations—consequently, we define symmetric subdivision algorithms for which it holds. Most sub-
division algorithms, such as the Doo-Sabin, the Catmull-Clark, and the Loop scheme, are symmetric

subdivision algorithms.

DEFINITION 4.19 (SYMMETRIC SUBDIVISION ALGORITHMS). A subdivision algorithm is symmetric if it is
invariant under both shifts and reflections of the labelling of the vector of control points B,,. Shifts and

reflections are described by matrices S and R that are characterized by:

N(u,v,j+1)By = N(u,v,j)SBn (4.33)
N(V’ u, _])Bm = N(l’ly V, ])RBm (434)

Since a symmetric subdivision algorithm is invariant under both shifts and reflections, the subdivision

matrix A needs to commute with R and S:

SA = AS (4.35)
RA=AR (4.36)
The matrix S can be expressed as
0 0 ... 0
1 0 0
S=]0 1 0 0}, (4.37)
0 0 ... 1T 0

where 1 is the identity matrix. For the matrix R, the closed form depends on the subdivision scheme.
Fortunately, we only need to assume that a matrix R does exist—its precise description is completely

irrelevant and all proofs will only require the properties outlined above.

The reason for restricting our analysis to symmetric subdivision schemes is illustrated by the next
proposition: The matrix of a symmetric subdivision algorithm is block-circulant, which implies that we
can diagonalize it by the DFT. More intuitively, block-circulance means that the algorithm performs the

same calculations regardless of the choice of start vertex.
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PROPOSITION 4.1. The subdivision matrix of a symmetric subdivision algorithm is block-circulant.

Proof. Since the algorithm is symmetric, matrices A and S commute. This results in

(AS)]I —A]z+1 = ] 1Li — (SA) (4-38)

for (i, j) € Z,, where AS and SA have been decomposed into block matrices (AS) ;. Using this equality,
we see that
Aji=Ajo=Ajng=Ajp="=Ajii

Thus, A = circ (Ao, ..., Ay). ]

By limiting the analysis to symmetric schemes, a necessary condition for the subdominant eigenvalue
emerges. The next theorem states this in more precise terms. Following Peters and Reif [PRo8], we will

call the subdominant eigenvalue the Fourier index in this context.

THEOREM 4.6. Let the characteristic map ¥ of a symmetric scheme be regular. Let Ay, ..., A,_; denote
the diagonal blocks of the transformed subdivision matrix A. If the subdominant eigenvalue A is not an

eigenvalue of A, and A,_,, then ¥ is non-injective.

Proof. Matrices A and A are similar by definition of the DFT. Furthermore, A contains only block matri-
ces along its diagonal. Thus, A is an eigenvalue of A if and only ifit is an eigenvalue A for k € {0, ..., n—1}.
Since A is real, we have A, = A}, where in this case, A} denotes the complex conjugate of Ay (for
typographical reasons). Consequently, A is also an eigenvalue of A,_j. Let ¥ be an eigenvector of Ay
corresponding to the eigenvalue A, then
~ ke~ k(n-1
v, = [T, WY, .,wn(n )1//] (4.39)
is a complex eigenvector of A by Equation 4.28.
Since . contains roots of unity as coefficients for ¥ and the components of y. serve as control points
for the characteristic map, all segments ¥, of the characteristic map can be represented as multiples of

the first segment. More precisely,
vl = w . (4.40)

Let 7, be the restriction of W, to the outer boundary of Q. Then 7, consists of segments 7°, ..., 7%,

If we assume that ¥, is injective, T, parametrizes a Jordan curve in C. Furthermore,
Eq. 4.
¥0(2,2) £ ¥2(1,1) 12 A90(2,2)

because ¥, is assumed to be injective. Therefore, the image of 7. does not contain the origin. As a

consequence, we can apply the residue theorem and calculate the winding number of 7, with respect to

1 Zf _nlnw',j_k
2mT z 27”]ez 2w

the origin as
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If k ¢ {0,1, n—1}, the curve has self-intersections (k = n—1would imply that the surface winds around
the origin once in clockwise direction), thereby contradicting the injectivity of ¥,. The case of k = 0 can

be ignored because by Equation 4.40, all segments would have to be equal. [ ]

We have already seen that injectivity is a requirement for smooth surfaces, so we can postulate that,
given all the ambiguity in choosing eigenvectors for the subdominant eigenvalue, one characteristic map

is singled out. We call this map the normalized characteristic map.

DEFINITION 4.20 (NORMALIZED CHARACTERISTIC MAP). We say that the characteristic map ¥ is nor-

malized if the eigenvector ¥ is scaled such that
¥0(2,2) = (d,0) (4.41)
with d > 0. If ¥ is injective, normalization is always possible because of the relation
w0(2,2) # ¥°(1,1) = A¥°(2,2),
which implies that ¥°(2,2) # 0. Thus, there is p € C such that p¥°(2,2) = (d,0) with d > 0.

The appeal of normalized characteristic maps is explained by the following lemma. Note that for j = 0,

the lemma implies symmetry about the real axis.

LEMMA 4.7. If V. is a normalized characteristic map corresponding to a symmetric subdivision scheme,
then

¥ (u,v) =?;j(v,u). (4.42)

Proof. The subdivision scheme is supposed to be symmetric. Using Definition 4.19, the following equa-

tions can be obtained:

N(u,v,j)S'RB,, = N(u,v,j—1)RB,, = N(v,u,1- j)B,, (4.43)
N(u,v, j)) RSBy = N(v,u,—j)SBy = N(v,u,1 - j)By, (4.44)

Since the basis functions are assumed to be linearly independent, Equation 4.43 and Equation 4.44 imply
RS =S7'R, (4.45)

which will be useful later on.

Let v, be an eigenvector of A. Then Ry, is also an eigenvector of A or the zero vector because RA = AR
for symmetric algorithms, so
ARy, = RAy, = RAy, = ARy,. (4.46)

Since . := Yy + iy, there must be coefficients a, b € C such that

Ry, =ay. +by,. (4.47)



4.4. SYMMETRIC SUBDIVISION ALGORITHMS 71

Furthermore, shifting the eigenvector y. corresponds to a multiplication with w, because w,, is a prim-

itive root of unity, so

SYs = wps. (4.48)

Using Equations 4.47 and 4.48, we try to determine the coefficients a, b for Ry:

SRy, =S (al//* + bw*) (by Equation 4.47)
= aw,y. + bw, vy, (by Equation 4.48)

RSy, = Rw,y. (by Equation 4.48)
= awny + bw,y, (by Equation 4.47)

By Equation 4.45, the expressions above must be equal, which yields
AW, + bw,y, = aw, . + bw,y

from which we conclude that a = 0 because roots of unity are nonzero and w,, # w,. As an intermediate

result, we now know that

Ry, = by,. (4.49)

In order to determine b, we take a look at ¥?(2,2). Since the characteristic map is assumed to be
normalized, there is d € R with d > 0 such that d = N(2,2,0)y,. By definition of symmetric schemes, R

can be applied and we can use the expression for Ry, derived above:

d = N(2,2,0)Ry,
= bN(2,2,0)y,

= bd (since the basis functions are real)

Thus, b = 1 and Ry, = y,. This allows us to conclude the proof, starting with the definition of the jth

segment of the characteristic map:
Wl (u,v) = N(u,v, )y
Again, R can be applied and Ry, = ¥, can be used. This yields

‘Pi(u, v) =N(u,v,—j)Ry.
- N )T

which, by definition of ¥, can be written as

¥ (u,v) = ?;j(v, u).

=0
COROLLARY 4.1. For j = 0, the previous lemma states that V2 (u,v) = ¥, (v, u).
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We now have seen that the first segment of normalized characteristic maps is symmetric with respect
to the real axis. Consequently, from this point on, we assume that the characteristic map of a subdivision

scheme is normalized.

4.5 Criteria for regularity and injectivity of the characteristic map

The proofs in the remaining part of this chapter all concern the regularity and injectivity of the charac-
teristic map. We will derive several criteria that are easily verified without having to resort to long and
tedious computations.

The next lemma is very technical: We define a function y that assigns each point the number of its
preimages. Afterwards, we proceed to prove several properties of this function—this will help in later

proofs. In particular, if 4 = 1 for the image of the characteristic map, injectivity holds.

LEMMA 4.8. For regular ¥, the function yu that assigns each point in ¥°(Qyq) its number of preimages is

upper semi-continuous everywhere and lower semi-continuous on the interior. y is defined by:

u: ‘PO(Q()) - N
(x,3) = #{(1,v) € Qo [ ¥0(u,v) = (x, )}

Proof. Let y be a point in ¥(Qp) and x; its preimages, i.e.

¥(x;) =y, whereie{l,...,u(y)}.

By the inverse function theorem, there is an open neighbourhood V of y and open neighbourhoods U; of
x; such that W(U;) = V. Assume there is a sequence (¥, ) that converges against y such that u(7;) > u(y)
for i € N. We can then consider the corresponding preimages x; with ¥(x;) = y;. Let U. := U U, be
the union of the open sets U; as defined above. The preimages X; are not elements of U, because, by
the inverse function theorem, this would imply u(7;) = u(y). Since ¥ is continuous, the accumulation
point X; of the sequence of preimages must be mapped to y,i.e. ¥(X) = y. ButX; cannot be an element
of U. because Qg \ U, 3 ¥; is closed. This means that we have found another preimage of y. Thus, u(y)
is larger than we assumed—which is a contradiction.

We now show that y is lower semi-continuous at the interior of the image. Let x be a point in the
interior of ¥(Qp). Since the images of the interior and of the boundary do not coincide by the inverse
function theorem, we can choose a preimage which lies in the interior. Furthermore, the neighbourhood
V as introduced above can be chosen very small such that all open sets around the preimages also lie in
the interior of (). Hence, (V) > pu(x). [

The function y as defined above will be useful for the next proof. In essence, we can show that, given

a regular characteristic map, it is sufficient to prove injectivity on the boundary only.

LEMMA 4.9. Let 9Q) be the boundary of Qg and ‘I’g be the restriction of ¥° to 9Q. If V0 = [, V)] is
regular, then V° is injective if and only if VY is injective. Recalling the definition of regularity, this means
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that the Jacobian determinant is nonzero everywhere, i.e.
\_I/O
det DY° = det( 1)’” 0
\Pz,u \IJZ,V
Proof. We assume that ¥ is regular and ¥} is injective. By the inverse function theorem, points in the
interior of (g, which we denote by €, are mapped into the interior of W°(€2), i.e.

0¥ (Qg) N ¥O(Q) = 2. (4.50)

Let u be as defined in Lemma 4.8. Since W) is assumed to be injective, we may use Equation 4.50 to obtain
1(0¥°(Qp)) = 1. Furthermore, since y is upper semi-continuous by Lemma 4.8, u(¥°(Qo)) = 1, and

thus, V is injective. ]

The next lemma is crucial for showing injectivity for all segments of the characteristic map. Its claim is
that the segment P? lies in a sector of the complex plane. Since all segments of the characteristic map are
related by rotations, this lemma will be used as a stepping stone towards proving global injectivity under

certain assumptions.

LEMMA 4.10. If ¥° is regular and both of the partial derivatives ¥, (1, t) and V), (1, t) are positive for

t € [0,1], then ¥ is located in a sector of angle 27t/ n in the complex plane, i.e.
¥O(u,v)cS,:={xeC|-n/n<argx < m/n}

forall (u,v) € Q.

Proof. By Corollary 4.1, ¥°(u,v) = ?O(v, u). Hence, the components of the characteristic map are

related by

‘Iflo(u,v) = ‘I’lo(v, u)

(4.51)
‘Ifg(u, v) = —‘I’g(v, u)

and in particular, ¥ (¢, ¢) = 0 for t € [1,2].
We define p. (t) := p1(t)+ipa(t) : WO(1,t) for t € [0,1] in order to decompose the characteristic map.
Since V7, > 0 and p, describes the second component of ¥,, the function p, must be strictly increasing.

We have the following estimate for its values:
¥7(1,0) = p2(0) < pa(t) < p2(1) = ¥3(1,1) = 0 (452)

Keeping in mind that multiplying by w,, corresponds to a rotation by 27/# in the complex plane, we

now calculate the argument of W0(¢,0) for ¢ € [1,2]:

wa2(1,0) 4w (1,0) T W (0,1) “EV L (1,0)
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Im
p5
n/n P8
p4
pl Re
Jod
pz
h(r)

Figure 4.8: A sketch of the curves p\, ..., p that are used in the proof of Lemma 4.11. The ray h(r) is defined in the
proof of Lemma 4.10. Note that the upper and lower boundary curves have been slightly contorted because, in general,
they do not lie on a straight line.

This implies that either arg ¥2(¢,0) = —n/n or arg ¥2(t,0) = m — 7/n. The latter case implies that
p2(0) > 0, which contradicts Equation 4.52. Consequently,

argW?(t,0) = —/n (4.53)
_0
arg¥,(0,t) = n/n, (4.54)

so W0(t,0) is a part of the ray h(r) := rexp (~in/n) with r > 0.
Since the partial derivatives are positive, both p;(¢) and p,(t) are strictly increasing (we know this

already for p,). Thus, p. only intersects h at the origin and it follows that

—7t/n = argp.(0) <argp.(t) <argp.(1) (455)

for t € (0,1).

Summing up, we have shown that W°(¢,0) € S, for t € [1,2] and ¥°(1,¢) € S, for t € [0,1]. Since
?f (t,1) = ¥O(1, t) by Corollary 4.1 and complex conjugation corresponds to reflection at the real axis,
we have Wf (t,1) c S,. Similarly, by using the scaling properties from Equation 4.30 and Equation 4.31
as well as symmetry about the real axis, we can prove that ¥°(9Q) c S,,.

It remains to be shown that ¥°(Qg) c S,.. Since W° is assumed to be regular, the inverse function
theorem shows that 9¥°(Qg) ¢ ¥°(9Qy). However, ¥°(9Qq) c S,, as we have already shown. Let us
assume that there is a point in the interior of ¥°(() that does not lie in the sector. As a consequence,
all points from the interior of ¥°(Q) would need to lie outside the sector because 9¥°(Qy) c S,,. Since
C \ S is unbounded, this would contradict the compactness of ¥°(Qg). Hence ¥°(u,v) c S, for all
(u,v). [ ]

At this point, we have almost enough tools in order to prove global injectivity of the characteristic map.
In fact, there is a handy criterion for showing that the segment W° is injective. By using the rotational

symmetry, as outlined above, global injectivity will be proven afterwards.
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LEMMA 4.11. If V0 is regular and V!, (1, t) and V5 (1, t) are positive for t € [0,1], then ¥° is injective.

Proof. By Lemma 4.9, it is sufficient to show that the restriction of ¥° to the boundary of Qy is injective.

We denote this restriction by 3. In order to prove injectivity, we define several boundary curves:

Pl WL, pl =1+ 40), pdi= WO2.20)
pr= W), pl=w0.1+1), pd = W(2n2)

for t € [0, 1]. Figure 4.8 depicts a sketch of these curves. Recalling the definition of p.(t) = p; + ip, from

the proof of the previous lemma, the following relations hold:

Def. 1 Lem.4.7 —4 Eq. 430 3 Lem. 4.7 y—6
= = = Apy =T Ap,

p* - P* px—

2 Lem. 4.7 —5
Using Equations 4.53 and 4.54, we see that
T i
argp> =-= and argp = —,
n n

and consequently, the curves p% and p> do not have any intersections. The curves also do not have any
self-intersections because, as we have seen in the proof of Lemma 4.10, they are regularly parametrized
parts of rays in the complex plane.

In order to state properties of the other curves, we require that arg p.(¢) is monotone. By Equa-
tion 4.52, p2(0) < 0 and p,(1) = 0. Using Equation 4.53, we see that p;(0) > 0 must hold. Due to the
assumptions about the partial derivatives, p;(t) and p,(t) are strictly increasing; hence p;(t) > 0 and

p2(t) <0. Since p;(t) and p,(t) do not vanish simultaneously,

pz(t)) _pprmpipr
dt

i(ar p )—iarctan(
AT n(t)) i+

The monotonicity of arg p.. has several consequences: Since arg p, = arg p. = arg p> by definition of
the curves and arg p, = —arg p? = —arg p® due to the complex conjugation, the curves p%, p3, p?, p¢
cannot have self-intersections. Additionally, the curves pl and p> cannot intersect because p.. = Ap>
with A # 1 and their arguments are monotonically increasing. The same argument also holds for the
curves p? and pS. Furthermore, since the argument of p% remains fixed, the only intersections of p', and

p> with p? are at the beginning and the end of the curve, i.e.

¥,/(1,0) = p..(0) = p3(0)
¥7(2,0) = pi(0) = p3 (D).

Likewise, the curves p} and p$ only coincide with p, at its beginning and its end.
As alast step, we see that due to the monotonicity, the union of all lower boundary curves, pt up? up?,

only has 2 intersections with the union of all upper boundary curves, p1 U p3 U p3, namely,

¥I(L1) = pi(1) = pi(1) and ¥)(2,2) = pi(1) = p(1).
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In conclusion, we have shown that it is possible to parametrize the boundary of the first segment of the

characteristic map by non-intersecting injective curves. Thus, ‘I’g is injective. u

As a culmination of the efforts in the previous sections, we obtain a theorem that guarantees injectivity
provided that the partial derivatives are positive. Since this fact can be checked quite easily, the theorem

will become very useful when analysing a subdivision algorithm.

THEOREM 4.7. If V° is regular and both ¥, (1, ) and ¥3 (1, t) are positive for t € [0,1], then the char-

acteristic map ¥ is regular and injective.

Proof. By Lemma 4.11, the first segment W of the characteristic map is regular and injective. In Equa-
tion 4.40, we have already seen that the segment ¥/ of the characteristic map can be obtained from ¥°
by a rotation around the origin with angle 27j/n. As a consequence of this rotational symmetry, the
segments W/ with j € 7Z, are regular and injective. By Lemma 4.10, the segments ¥/ do not overlap
because

2j-1) % <arg¥) < (2j+1) %

for j € Zy,.
Since the common boundaries of adjacent segments are identified by the neighbourhood relation, the
union of all segments ¥/ remains regular and injective. Thus, the characteristic map ¥ is regular and

injective. u

Using this theorem, we can obtain a corollary that determines regularity and injectivity simultaneously

while having rather weak requirements.

COROLLARY 4.2. If ¥, and V), are positive for all values in Qq, then the characteristic map ¥ is regular

and injective.

Proof. We first prove that the Jacobian determinant does not vanish: Using Equation 4.51, the Jacobian

matrix can be rewritten as

(4.56)

D\PO(L[,V) _ ( \PEV(V,L{) \Illo,v(u’v)) ,

_\Pg,v(v’ u) ‘{Ig,v(u’ V)

which has a positive determinant if ¥, > 0 and W7, > 0. Thus, ¥° is regular and the conditions for

applying Theorem 4.7 are met. ]

4.6 Summary

In this chapter, we derived methods for analysing the smoothness properties of linear stationary subdivi-
sion schemes. To this end, we introduced the characteristic map of a subdivision scheme and proved that
the scheme generates regular surfaces as long as the characteristic map is regular and injective. We then
proceeded to show that injectivity is mandatory—otherwise, the limit surface will be irregular. More-
over, we introduced the discrete Fourier transform (DFT) and showed how it simplifies the analysis of
the subdivision matrix. It turned out that the subdominant eigenvalue of a subdivision algorithm needs

to be an eigenvalue of the transformed matrices Ay and A,,_;. Peters and Reif [PRo8] designate this the
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Fourier index of the eigenvalue. We then ended the chapter by deriving some conditions for checking
regularity and injectivity of the characteristic map. As a result, we saw that in some cases, only the sign

of the partial derivatives needs to be checked.






Case studies of subdivision algorithms

In this chapter, the methods that we have previously derived will be put to use: We will analyse the
smoothness properties of the Doo-Sabin and the Catmull-Clark subdivision algorithms. To this end,
we will first study the schemes in their originally described form. Following this, we will examine the
consequences of using degenerated weights and calculate permissible ranges for the weights of both algo-
rithms. For the Catmull-Clark scheme, we will derive a graphical representation that describes sufficient

conditions for the weights such that the limit surfaces are smooth.

We will use the problem setting as introduced in Chapter 4: A mesh with a single #n-sided hole as its
only boundary. The mesh around the hole is assumed to consist of quadrilaterals only. We will represent
the hole as either an n-sided face (for the Doo-Sabin scheme) or a vertex with valency # (for the Catmull-
Clark scheme).

Note that in this chapter, we will have to use double indices for the matrices. The upper indices will

refer to rows and columns of the matrix, whereas the lower indices will distinguish the matrices.

5.1 Preliminary definitions

We recall the parametrization of the prolongations, as described by Equation 4.2: For both the Doo-Sabin
and the Catmull-Clark scheme, we have a block vector of control points, namely B := (B%, B, ..., B" )T,

Each block B¥ is a vector of control points, i.e.

Bk,l
Bk,2

Bk
where j is the number of control points required for expressing one patch of the prolongations and k €
{0,1,...,n —1}. When considering subdivision schemes that generalize B-spline surface subdivision of
degree (p, p), for example, usually j = (p +1)2. The Catmull-Clark scheme, however, will turn out to be

an exception to this rule: In order to force block-circulance for the matrix, each B¥ needs to consist of 13

control points—we will clarify this later.
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Bitl7 — Bi+l6 — pjtLs Bi° B8 B)7
| | | | | |
Bitl8 — pBitl3 — pj+l2 Bit BJ-3 BJ-®
| | I . |
pBitL9 — pitl4 — pij+ll .Bj,l. 'Bj,z B

Bj—l,l PR Bj—1,4 - Bj—1,9

Bj—l,Z P Bj—1,3 N Bj—l,S

Bj—1,5 - Bj—l,é - Bj—1,7

Figure 5.1: The local part of the mesh describing an n-sided hole for the Doo-Sabin subdivision algorithm. Dotted
lines between adjacent patches indicate faces that belong to two adjacent patches. The highlighted control points define
a part of the n-sided hole, which constitutes the only extraordinary vertex in the mesh. Small circles indicate the new
control points for the refined mesh that correspond to the jth patch.

5.2 Doo-Sabin subdivision scheme

The Doo-Sabin scheme as introduced in Section 3.4.1 is an extension of the biquadratic B-spline subdivi-
sion scheme. It does not distinguish between ordinary and extraordinary vertices but between ordinary
and extraordinary faces. Consequently, we represent the hole as an n-sided face. Following the remarks
of Section 5.1, we describe the inner layer of the hole by # blocks of control points that contain 9 elements

each. A local part of this mesh is shown in Figure 5.1.

Taking a look at the stencils of the Doo-Sabin scheme as depicted by Figure 3.8, we see that the Doo-
Sabin algorithm is a symmetric subdivision algorithm in the sense of Definition 4.19 for all regular parts
of the mesh—there is only one stencil for calculating new control points and neither shifts nor reflections
of the control points change the results of this stencil. Thus, as long as the weights «; for the vertices of

an extraordinary face are nonnegative, satisfying >/

01 a; = 1(to ensure affine invariance) and a; = a,,_;

for j € Zy,, the algorithm will also be symmetric for irregular parts of the mesh.

5.2.1 Calculating the subdivision matrix

Under the assumptions from above, we now apply the Doo-Sabin subdivision algorithm to the mesh.
All faces in the mesh, except for the n-sided hole, are regular. Therefore, the new control points corre-
sponding to the refined jth patch can be determined from patches j -1, j, j+ 1 only. From the remaining
patches, only the control point corresponding to one of the vertices of the n-sided hole is used. Apply-
ing the Doo-Sabin stencils results in the following matrices (recall the notation of ranges for rows and

columns for matrices, as introduced in Chapter 1):
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a 0 0 O o 0 0 O a,1 O
Z 20 0 200 & 0 0
2 2 4 2 0 00 0 0 0
Z 0 0 = 0 00 O 2 1
AP =2 2 0 o], APM=|L 00 2|, A=l 0 o (5.1)
2 2 3 4 0 00 0 0 0
= = T = 0 00 0 0 0
2 & 2 2 0 00 0 0 0
20 0 o 0 00 0 L 2
The remaining matrices A,, As, ..., A,_, only contain 1 entry that is nonzero, namely Alj’1 = aj, for

j € {2,3,...,n—2}. We now apply the DFT to this system of matrices. By Equation 4.27, the kth

transformed matrix is calculated as

Xk 0 0 00000
Z4+a2wk = 0 wwp 00 0 0 0
2 2 4L 2 00000
W xwe 0 2w 0 0 0 0 0
Ag=|2+iwe 2 0 2w, 000 0 of, (5.2)
3 T = & 00000
o =2 2 2 00000
2 © = % 00000
S4qwe 2wg 0 = 0 0 0 00

where wy := exp (27ik/n) and wy designates the complex conjugate of wy. The transformed weights

are then given by
n-1

—~ —jk
ay = Z ocjwn] . (5.3)
=0

LEMMA 5.1. If k # 0 and at least two weights of the Doo-Sabin scheme are nonzero, the transformed weight

oy has complex modulus less than one.

Proof. We have ;’;01 «; = land «; > 0. Hence, Equation 5.3 is a convex combination of roots of unity.
Since the convex hull of roots of unity is an n-sided polygon, @} will be an inner point, which has modulus
less than 1—the case that @, is a vertex of the convex hull cannot occur because this would imply that

there is a weight a; = 1 and the remaining weights are zero. ]

5.2.2 Eigenvalues and convergence

In this section, we will perform spectral analysis of the subdivision matrix from Equation 5.2. The trans-

formed weights will play a decisive role in determining the smoothness properties of the algorithm.
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Convergence

Due to the similarity of the subdivision matrix A and the transformed matrix A, we can determine all
eigenvalues of A by calculating the eigenvalues of each Ay, which turn out to be @, 1/4,1/8,1/16, and 0.
Knowing the eigenvalues, we can prove that the Doo-Sabin algorithm converges for almost all symmetric
weights that sum to 1. This is our first nontrivial result based on the machinery introduced in the previous

chapter.

PROPOSITION 5.1 (CONVERGENCE OF THE DOO-SABIN SCHEME). The Doo-Sabin subdivision algorithm
is a convergent subdivision scheme according to Definition 4.4 as long as there are at least two nonzero

weights.

Proof. By Equation 5.3, we have oy = ;7:_01 «; = 1, hence 1 is always an eigenvalue of the subdivision
matrix. All other eigenvalues have modulus less than one either by Lemma 5.1 (for the transformed

weights) or by the preceding paragraph. Consequently, convergence follows from Theorem 4.1. ]

Necessary condition for eigenvalues

Returning to the general weights «;, we can find a necessary condition for the eigenvalues. By Theo-

rem 4.6, the subdominant eigenvalue must be

P 1
A= o] = &y—1 € (Z,l).

Otherwise, the characteristic map would not be injective. Using Theorem 4.4, this would imply that
the algorithm does not produce regular limit surfaces. Thus, we obtain a constraint for the range of

permissible weights:

?fn/z\} (5.4)

1
1>621>rnax{z,|?x‘2|,...,

5.2.3 Original weights
We now examine the smoothness properties for the original weights of Doo and Sabin [DS78], i.e.

% . 3+2cos(2mj/n)

™ (5.5)

aj=

where # is the number of vertices of the face and &y, j denotes the Kronecker delta. Asa first step, we show
that the weights satisfy Equation 5.4. For this purpose, we need to calculate @). Inserting Equation 5.5

into Equation 5.3 yields

n-1
—jk
Q= Zocjwnj
=0
108, 3 2cos(2mj _;
(2 3, 2eosCmifn) ) i
0 4 4n 4n
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We split the previous equation into three sums and treat them independently. For the first sum, we have

|
—

n 60)]‘ W_jk

4"

1
2

n-1 n-1
3 _jk k
> 2o 2wk
=0 4n 4n =0
Hence, @ is given by
11 n-l . —jk
A= —+— Z cos(2mj/n)w,”". (5.6)
4 2n =0

In order to evaluate the sum of cosines, we shall require a lemma.

LEMMA 5.2. The sum of cosines from Equation 5.6 is nonzero for k =1 and k = n — 1 only. More precisely,

we have

n-1 . 2 k=landk=n-1
Z cos(27rj/n)w,7k = nf2 for o " ) (5.7)
=0 0 else

Proof. By Euler’s formula and the symmetry properties of the cosine and sine functions, we have

w,;jk = cos(-2mjk/n) + isin(-2mjk/n)
= cos(2mjk/n) — isin(2mjk/n) (5.8)
_ ik
=Wy .

We first consider the real part of Equation 5.7. By using Equation 5.8, we obtain:

n-1

S cosCarjfmyw* = 1 3" (cos(an(k +1)j/n)
j=0

j=0 (5.9)
+cos(2n(k - l)j/n))

If k # (n—1), we can apply the summation formula for cosines with arguments in arithmetic progression

(see Euler [EB88], pp. 225-226, for a proof) to the first sum of cosines from Equation 5.9. This results in

sin(27z(k + 1)) cos(n(k +1)(n—-1)/n)
sin(n(k +1)/n)

nz_: cos(2n(k +1)j/n) =
j=0
=0.

If k = (n-1), however, the first sum from Equation 5.9 evaluates to n/2 because only multiples of cos(27)
are summed. An analogous consideration can be done for the second sum of cosines. Hence the second
sum also evaluates to 0 (for k # 1) or to n/2 (for k = 1).

Finally, application of the summation formula for sines with arguments in arithmetic progression (see

Euler [EB88], pp. 224-225, for a proof) shows that the imaginary part of Equation 5.7 is always zero. m
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We now return to the calculation of @y and apply Lemma 5.2 to Equation 5.6. For @, we obtain:

. 1 1 n-1 .
Tp=—+—> cos(Zﬂj/n)w,,Jk
4 2n =0
1 1 n/2 fork=landk=n-1
= — 4+ — -
4 2n | else

1/2 fork=1landk=n-1
1/4 else

Consequently, @y satisfies Equation 5.4. In particular, we have @ = @,_; = 1/2 > 1/4, which implies that
A =& = o, is the subdominant eigenvalue. Moreover, it turns out that the subdivision algorithm

indeed creates regular surfaces.

THEOREM 5.1 (SMOOTHNESS OF THE ORIGINAL DOO-SABIN SUBDIVISION SCHEME). If the weights are given

by

do,j 3+2 27mj
ocj:ﬂ+ cos( 7'[]/1’!)’
4 4n

then the limit surface of the Doo-Sabin subdivision scheme will be a C'-manifold for almost all input data.

Proof. We first calculate the eigenvector v, of the transformed matrix A, corresponding to the subdom-
inant eigenvalue A := @ = @,_; = 1/2. Arranging the components of ¥, in a matrix according to the
labelling shown in Figure 5.1 (the labels have been “rotated” because of the parametrization of the char-
acteristic map, which requires y3, s, 7, and ys to determine the image of the boundary according to

Figure 4.5), we obtain

Vi Vs Yo
Vi=|V2 V¥3 Y3
Vs Ve Y7
(5.10)
7 14 + 7wy, 21+ 14w,
=| 14+7w, 21 + 6¢,, 28 +9w, +2w, |,
21 + 14w, 28+ 9w, + 2w, 35 +12¢,

where ¢, := cos(27/n) and s, := sin(27/n).

We have already seen that all segments of the characteristic map are related by rotations in the complex
plane. More precisely, using Equation 4.40 we can compute all control points by multiplying v. with
powers of w,. Hence, we consider the first segment of the characteristic map only. The first segment can
be obtained by calculating control points for patches 0, 1, and #n — 1, which are then connected suitably:
In order to connect segments 0 and 1, for example, we need to use one column of control points from

patch 1 and two columns of control points from patch 0.
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Connecting the segments yields three biquadratic B-spline patches that define P?, the first segment of

the characteristic map. The real and imaginary parts of the control points are given by:

Tcn 7+14c, 14+21c,
7sn 14s, 21s,
I I I
7 14+7¢y 21+14c¢,
0 75n 14s,
I I I
14+7¢y 21+6¢, 28+11c,
—75n 0 75n
7cn 7 14+7¢y, 7 14+7¢y 21+14c,
~Tsp 0 T s, 0 7Sn 14s,
I I I I I I
7+14c, 14+7¢y 21+6¢, 14+7¢y 21+6¢y, 28+11cy,
“l4s,  =7sn 0 ~75n 0 7Su
I I I I I I
14+21cy, 21+14cy, 28+11cy, 21+14cy, 28+1lcy, 35+12¢y,
—20s,  -lds,  —Tsa ~14s, ~75n 0

We now convert the B-spline control points to the corresponding Bézier-spline control points accord-
ing to Equation 2.11. This step is a preparation for the application of the criteria derived in the preceding
chapter. Note that some of the Bézier-spline control points coincide, thus we can represent the three

patches more compactly. Converting the control points and scaling them by 1/2 yields:

14+14c, 21+21cy 28+28¢y,
14s, 21s, 28s,
I I I
21+7¢cn 28+14c,, 35+2lcy
75n 14s, 2ls,
I I I
U+ldc,  21+7c, 28+10¢,, 35+13¢, 42+19¢,, o1
—14s, —75n 0 7sn 14s, 2
I I I I I
21+21c, 28+14cy, 35+13¢, 42+12¢, 49+17¢,,
—2s,  -l4s,  —Tsu 0 14s,,
I I I I I
28+28¢, 35+21c, 42+19¢, 49+17¢,, 56+20¢,
—28s, —20s,  —l4s, ~7sn 0

We use Proposition 2.9 to calculate the partial derivatives in v-direction and obtain three quadratic-

linear patches with the following coefficients:

7+7¢cn 7+7¢cn
7Sn 75n
| |
7+7¢cn 7+7¢cn
7Sn 75n
| |
7-7¢cn _ 7+4+3cn 74+6¢y % 1
7Sn 7Sn 7S5n 2
| | |
7-7¢n 7—cCn 7+5¢c,
7Sn B 7Sn 7sn
| | |
7-7¢n 7-2¢n 7+3cn
7sn - 7sn 7sn

Since s, > 0 and ¢, > —1/2 for n > 3, both components of the control points are positive. By the convex
hull property for Bézier surfaces, the first segment of the characteristic map is in the convex hull of its

control points. Since all control points are positive, the components ‘I’fv and ‘I’gv of the partial derivative
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Figure 5.2: Regular and injective characteristic map of the Doo-Sabin scheme for valencies 5, 7, and 13 (from left to
right). Note the rotational symmetry of the segments.

in v-direction are positive for all parameter values. Hence, by Corollary 4.2, the characteristic map will
be regular and injective. Consequently, the limit surface of the algorithm is a C'-manifold for almost all

input data by Theorem 4.3. [ ]

Figure 5.2 depicts the characteristic map of the Doo-Sabin scheme with original weights for valencies
3,6, and 12.

5.2.4 Degenerate weights

Having shown the correctness of the Doo-Sabin algorithm for its original weights, we now take a look at

weights that have been intentionally chosen to generate highly irregular surfaces.

THEOREM 5.2 (DEGENERATE VERSION OF THE DOO-SABIN ALGORITHM). Let

aj = (1-00;)

n-1

be the weights for the Doo-Sabin algorithm. Then the algorithm will not produce regular surfaces.

Proof. The weights are obviously symmetric and sum to 1. By Equation 5.3, the transformed weights that

result from applying the DFT are given by

n-1 X n-1 .
G= Y aw = | Dow - |
=0 =0
B B 1

Thus neither sign nor modulus nor multiplicity of the eigenvalues is correct. As a consequence of Theo-
rem 4.6, the characteristic map will be non-injective. Hence the resulting surface will not be regular for

almost every set of input data by Theorem 4.4. [ ]

Figure 5.3 offers a visual proof of the preceding theorem. It compares the degenerate weights of this

section to the original weights. Since the surfaces feature self-intersections, they cannot be regular.
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(a) 6-sided hole

(b) Tetrahedron

(c) Hexahedron

(d) Icosahedron

Figure5.3: Results of the Doo-Sabin algorithm using degenerate weights (left) and original weights (right) on common
meshes. The same number of subdivision steps was applied for both weight schemes. For rendering the meshes, self-
shadowing has been disabled because all meshes contain self-intersections. The degenerate variant of the 6-sided hole

has been magnified in order to show the visual artefacts around the origin—they are the reason why the hole appears
to be closed.
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esa ey
AL

Figure 5.4: Non-injective characteristic maps for the Doo-Sabin scheme. In both cases, n = 6. The darker parts indicate
self-intersections. In the left example, the subdominant eigenvalue does not satisfy Theorem 4.6, i.e. its Fourier index
is incorrect. In the right example, the subdominant eigenvalue is negative.

5.2.5 Permissible weights

For general weights, the analysis of the Doo-Sabin algorithm is not straightforward and rather technical.
We cite the following theorem of Peters and Reif [PRo8]:

THEOREM 5.3. Let o, &y, ..., &1 be symmetric and affine invariant weights for the Doo-Sabin subdivision

algorithm. If and only if the subdominant eigenvalue A := @) = ®,,_; satisfies

| -
1> >max{z, 7 “n/Z‘} (5.11)
and
5 2m
1281°(1-1) =71 =2+ 9L cos (—) >0, (5.12)
n

then the limit surface will be a C'-manifold for almost every set of initial control points.

Proof. See Peters and Reif [PRo8], pp. 116-119, or [PR98], pp. 740-742. [ |

Figure 5.4 depicts two different weight sets that yield non-injective characteristic maps. Only by the

previous theorem can these weight sets be distinguished from “good” weight sets.

5.3 Catmull-Clark subdivision scheme

We now consider the Catmull-Clark subdivision scheme and apply the methods from the previous chap-
ter in order to derive conditions for regular surfaces. In Chapter 3, we have already seen that the Catmull-
Clark scheme only generates quadrilaterals after the first subdivision step. Therefore we can assume that
the mesh consists exclusively of quadrilaterals, and the limit considerations will certainly not be changed
by this assumption.

Taking a look at the weighted stencil for extraordinary vertices as depicted in Figure 3.12, we see that
the numbering of the control points is irrelevant for the stencil because only the topological situation is

used for the calculation of refined control points. Furthermore, the stencils for the regular case, being
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Figure 5.5: The local part of a mesh based on bicubic B-spline patches. The mesh contains a single vertex of valency
n and is regular everywhere else. Dotted lines between patches indicate faces that belong to two adjacent patches.
The single irregular vertex and its connectivity information are highlighted in blue. When applied to this mesh, the
Catmull-Clark algorithm generates new control points that replace the old control points adjacent to the irregular
vertex. The new control points corresponding to the jth patch are drawn as small symbols: A circle indicates a new
face point, a rectangle indicates a new edge point, and a diamond indicates a new vertex point (see Figure 3.10 and
Figure 3.12 for their definitions). Note that patches j — 1 and j + 1 are not completely shown due to size constraints.

defined by bicubic B-spline subdivision, also satisfy this condition. Thus, the Catmull-Clark scheme is a
symmetric subdivision algorithm according to Definition 4.19.

As a preparation for setting up the subdivision matrix, we take a look at the neighbourhood around
a vertex of valency n. Following Section 5.1, we have 16 control points per patch. Some of the control
points of adjacent patches overlap; hence we index 13 control points with the current patch number and
add 3 control points from the adjacent patch. Figure 5.5 shows the local part of the mesh along with the
neighbourhood relations, including type and position of the refined control points. Again, the mesh is
assumed to contain only one irregular vertex. Consequently, we can use the normal subdivision stencils

as depicted in Figure 3.10 for all control points save the first one.

For the extraordinary vertex, a trick is required: Since this vertex is shared by all patches, we create n

identical copies of the vertex. Hence we define M, := B%! = ... = B"11 which we may also write as
1 n-1
My == Bj,. (5.13)
n i3

The identity described by this equation yields a block-circulant structure of the matrix (see Peters and
Reif [PRo8], pp. 97-98, for more details). As a consequence, if a weight w is applied to B{;,l during the
subdivision algorithm, we write down the value w/# in all those columns of the matrices A, that affect
Bl

5.3.1 Calculating the subdivision matrix

We now calculate the subdivision matrix of the Catmull-Clark scheme. For this purpose, we need to

apply the stencils to the mesh and analyse the new neighbourhood relations. Applying the subdivision
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stencils according to Figure 5.5 gives us the following set of matrices, namely,

« B ¥ 9 9 0 o0
3 3 1
23 L o 0 0 o0
1 1 1
L1 19 0 0 o
1 1 3 1
n 1€ s 1 0 00
3 9 3 3 1
o6 2 0 % @ 0
1:13,1:7 ﬁ % % 0 % 0 0
13,157 _ 1 3 9 3 1 3 1
A7 = em w6 3@ e 3 el (5.14)
3 1 3 1
0 5 % 0 5 % O
1 1 1 1
0 7 7z 0 7 7 0
o0 1 3 1 1 3 1
16 8 16 16 8 16
1 1 1 1
0 0 3z 7 0 7 g
3 3 1 1
00 5 5 0 % i
0 0 X 1 0 0 o0
which contains the weights for the central patch, and
By
w won 00
3 1
2 L o0 o0
1 1
w1 000 a B oo
1 3 9 0 1 n noon
16n 8 16 3 1 1
3 1 8 16 16
s 00000 T o o
&= = 0.0 0 an 0 o o
AR S0 0 L AN=lY L 5 | (5.15)
0 0 00 0 omoe 2w
L0 0 0
0 0 0 0 0 3
0 0 00 0 o 0000
o o i1 1L
0 0 0 0 O 1616
1 1
o L oo &
1 1
o L oo !

where A; contains the weights for the right patch and A,_; contains the weights for the left patch. By
Figure 5.5, no control points from other patches are required for calculating the positions of the new

control points. Thus, as a consequence of Equation 5.13, the remaining matrices only contain the weights
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for the central control point. Hence, we have

|H Bl | 218

Ja—
=)
S

Ab:8,1:4 — (516)

(o5
|~ 8w
=

—
=
3

S O O O O O O3>

S O O O O O O ==

S O O ©O o o o o

|
—
N

withj=2,...,n-2.
We now apply the DFT to this set of matrices. Let wy be the kth root of unity, i.e. wy, := exp(2nik/n) =

Ck + iSy k. For k =1, we will write ¢, and s,, instead of ¢,,; and s, ;.

Since the sum of all roots of unity is zero, only the transformed matrix A := Z;L‘OI Aj will contain
nonzero entries in the first column and the first row. We denote this by the usual Kronecker delta notation

and obtain a closed expression for the kth transformed matrix, namely,

A 0 o0
Ke=| A AN of= (A8 o), (5.17)
AP AN 0

where the block matrices are given by

adr o B0 Y0k,0 0 0 0
0o 2+ 2k e(l+We) | O 0 0
80 1(1+wy) i 0 0 0 0
00 i 3k : & w00
500 7+ 2k 3 (1+Wh) | gk 5 s O
€00 3t ieWk : 0 i % 0
A\I::B’” =| &0ko 312 (1+wy) % 3% 6—14 (1+wy) 3% 6%1 (5.18)

0 2 L (1+ W) | =Wk 2 0

0 ! i 0 i i 0

0 1 3 1 1 301
16 8 16 16 8 16

0 0 1 ! 0 i

0 16"k 5 I S

0 Wk i i PV 0 0

5.3.2 Eigenvalues of the subdivision matrix

The partition of the matrix as described by Equation 5.17 facilitates the calculation of eigenvalues of Ay:

Let 1 denote the identity matrix. By definition, we need to solve det (Kk -1 ]1) = 0, and in a slight
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abuse of notation, we will not care about the dimension of the identity matrices. This yields

AP -)-1 0 0
det(Ax—AL) =det| A  AM-21.1 0
AP AP A1

= det(;&\ko’o —)t-]l)det(;fkl’1 —A-1)det(-A-1).

Therefore, all nonzero eigenvalues of A are either eigenvalues of A ]?’0 orof A kl’l. From A, kl’l, we get the
“usual” eigenvalues 1/8,1/16,1/32, and 1/64. Their multiplicities are too high, so we do not consider them

any further.

For k = 0, however, we obtain the eigenvalue 1y =1 from A\OO’O. Using that y := 1 - « — f yields a pair

of eigenvalues,

A, = % (4oc ~1z \/(40c ~1)*+8p - 4) , (5.19)

where A? refers to the expression with the plus sign and A9 refers to the expression with the minus sign.

Depending on the sign of the discriminant, )t?’z are either both real or complex conjugates.

For k # 0, the transformed matrix A\g’o has two nonzero eigenvalues, namely

1
/1{(,2 =5 (Cn,k +5+\/(Cup +9) (Cp + 1)) , (5.20)

which are real for every k. By Theorem 4.6, the subdominant eigenvalue must come from A; and A,,_;.
Since the multiplicities of the other eigenvalues are too high, the only candidate for the subdominant

eigenvalue is

A= A}z)tffl:%(cn+5+\/(cn+9) (cn+1)). (5.21)

It can be shown (see Chapter A, Section A.2) that

1, 1
1>A>=> A0 > — fork=1,...,n-1 22
4 2 16 (5.22)
and
ko 1
1>/\>/\124—1 fork=2,...,n-2. (5.23)

Hence, 1 is always larger than the eigenvalues of all other block matrices except Ay. As a consequence, A

is the subdominant eigenvalue if and only if &, 3, and y are chosen such that

A> max(‘)&?

0
[A9]) - (5.24)
Having obtained a condition for A, we are now ready to calculate the characteristic map. In the fol-
lowing sections, we will use the condition of this section and several auxiliary results concerning regu-
larity and injectivity of the characteristic map in order to derive a theorem about the smoothness of the

Catmull-Clark subdivision scheme.
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5.3.3 Calculating the characteristic map

Henceforth, we assume that A is the subdominant eigenvalue. Since A is independent of the weights
a, 3, and y, we may compute the characteristic map in all generality. To this end, we need to find an
eigenvector ¥ of the transformed subdivision matrix A,. For this purpose, we use the structure of the
matrix as in Equation 5.17 and partition the eigenvector ¥ into three blocks such that ¥ = (¥, v1, ¥2) .

The eigenvector condition A;¥ = Ay then yields a system of equations:

(A% - 1) o = 0
(A" =A1) 91 = -A1"P
72 = (AP0 + A7) /A
The first equation is solved by

Vo = (0,1+W,,161 - 2¢c, —6)" . (5.25)

Using this vector, we now solve the remaining eigenvector equations and get an eigenvector . Due to
the occurrences of ¢, and A, the eigenvector ¥ is rather unwieldy. Hence, we simplify it by substitution

and scaling in the subsequent paragraphs.

Expressing c,, in terms of A
By transforming the definition of A from Equation 5.21, we obtain

_16A% —101 +1

0 (5.26)

Cn

forle A := [(9 + \/ﬁ) /32, (3 + \/5) /8), where A is the range of values for A (the range can be obtained
by setting ¢, = —1/2 and ¢,, = +1, which are the maximum values of ¢, for n > 3; since ¢, = +1 is never
attained, the interval is half-open). Thus, we can substitute Equation 5.26 for ¢, within the components

of . As a result, ¥ is written exclusively in terms of A.

This transformation will allow us to derive a characteristic map that depends solely on A, which greatly

simplifies calculations because the expressions do not contain the valency n anymore.

Scaling v/

Factorizing the eigenvalue ¥ still results in fractional expressions. As a consequence, in order to achieve

a manageable representation, we scale y by
V=941 (6553617 — 71681* + 2241° - 2)%), (5.27)
from which we obtain the scaled eigenvector ¥. The eigenvector ¥ can be written as

V= (41— 1) Yre + i25,A (641 = 1) Yimy, (5.28)
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where

0
42%(41 —1)(161 —1)(321 - 1) (641 - 1)
8A2(161 —1)(32A —1)(641 - 1)
41%(64)A —1)(928A% + 2281 - 31)
8A2(41 —1)(4A +13) (161 —1)(64A - 1)
41%(64) —1)(9281% + 2281 - 31)
Vre = 801%(1280A° + 212812 — 561 — 13) (5.29)
(41 —1)(161 —1)(64A —1)(100A% + 421 - 1)
41(64A —1)(640A° + 68812 — 821 1)
201(20481* + 110401 + 81247 — 1651 — 1)
401 (524813 +15681% — 1331 - 5)
201(20481* + 110401 + 81247 — 1651 — 1)
41(641 —1)(6401° + 68812 — 821 — 1))

and

0
—4A2(161 - 1)(321 - 1)
0
84A%(81 +1)
—8A%(4A +13)(16A - 1)
~841%(81 +1)

Vim = 0 : (5.30)
~(16A —1)(100A? + 421 — 1)
~41(160A% +1321 - 1)
~20A(8A% + 151 +1)

0
201(8A% +151 +1)
41(160A% + 1321 - 1)

Using this representation, we now check whether the patch is normalized—we have already seen that
a normalized characteristic map is necessary for injectivity. Hence, we calculate ¥°(2,2), which is one
corner point of the bicubic B-spline surface patch defined by ¥. We may obtain the corner point by
evaluating the central B-spline patch of W°. For this purpose, we use the matrix representation of a B-
spline patch as described by Theorem 2.3. We then solve the equation for u = 1and v = 1. Written more

compactly, this results in

_ _ T
1/6)[vs ¥a vi3)([1/6

\PO(Z, 2) = 2/3 {[/\6 1/[/\7 1/[/\12 2/3
1/6 J\vo ¥10 vn)\1/6
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Way2 = Wa¥s = WaWs — WaP
17/11 - WnI{//\Z - wnll'ﬁs - wnlfx?s
Wa¥a — Y1 = waln — Wals Y1 o= waVn — waWs — Wil
WnI'l/73— le - ’1/7I3 - ’1%4 WIZ - "/7|3 - ’1%4 - '1/7|13
Wnlﬁfl - @[s - Wls - '1/117 'V7|5 - %6 - fl/l7 - '1/7|12
Wnll’//\ls - 1’//18 - %9 - '1/7|10 WIS - @19 - 1,/;'10 - Wlu

Figure 5.6: B-spline control points for the three patches that form V°, the first segment of the characteristic map of
the Catmull-Clark subdivision algorithm. The points are given in the order in which they appear in the matrices that
define the corresponding B-spline patch. Note that the control points overlap. This ensures that the patches fit smoothly.

Using Equations 5.28, 5.29, and 5.30, we obtain

¥0(2,2) = g)t (41 - 1) (139264)* +1704961° + 1121 — 14761 — 11).

The Sturm sequences (see Chapter A, Section A.3, for an introduction) of this polynomial show that it
has no roots within the interval A. Since evaluation at A = 1/2 yields W, (2,2) = 13020, the characteristic
map is normalized.

In order to verify the regularity of the limit surface, we shall use Corollary 4.2. Starting from the
patches as displayed in Figure 5.6, we convert the B-spline control points to Bézier-spline control points
according to Section 2.5.3. By calculating the differences P; j = Pijn—Pij,we obtain the control points of
W0, the derivative in v-direction of the first segment of the characteristic map. Since ¥? is given by three
bicubic patches, derivation in v-direction yields three patches with 4 x 3 control points each. Thus, we get
36 control points, which we enumerate by K j with j =1,...,36. It turns out that all K jare polynomials
in A of the form

K;j=P;j(A) +is,Q;(A),

where P;j and Q; are polynomials with rational coefficients whose degrees are less than or equal to 8:

Py = — (-83886081° + 114032641" — 27484161° — 4472321° +1970561* — 16528)° + 4681% — 41)

Qi = = (104857617 + 9011201° +172544)° — 25952)* + 8721° — 817)

O | = O~

1
Py = 22 (—419430417 - 32112641° + 68689921° — 14219521* — 540481° +12120A* — 1101 + 1)

W

1

Q36 = 36

(5242881° +10731521° - 240641 — 98721 + 2841 - 21)

For the sake of clarity, not all polynomials are shown. Instead, Figure 5.7 depicts both P; and Q; and

their progression over A.
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Figure 5.7: Plots of P; (left) and Q; (right) over A =~ [0.410,0.655). Note that all polynomials have a common point
atA =1/2.

We now use Sturm sequences for the interval [0.41,0.66] > A (the rational interval facilitates compu-
tation of Sturm sequences) and find either zero roots or one root. In the case of one root, evaluation of
the polynomials shows that the root is at (3 + \/5)/8. Since this value is outside A, no polynomial has
roots within A. Evaluation at A = 1/2 yields

P;(1/2) = Q; (1/2) = 1085

for j=1,...,36. Since s, > 0 for n > 3, both real and imaginary parts of K j are positive. Hence, we can

apply Corollary 4.2 and get the following theorem:

THEOREM 5.4 (SMOOTHNESS OF CATMULL-CLARK SCHEME). Let n > 3 and ¢, := cos(2m/n). Further-

more, let
,\;:i (Cn+5+ (cn+9) (cn+1)) (5.31)
16

and

A?)z ::é (4oc -1+ \/(40c - l)2 +8B - 4) . (5.32)

Then the limit surface of the Catmull-Clark algorithm with weights «, 8, and y := 1 — a — f is a regular
C'-manifold for almost all input data if and only if

A> max(‘l?

[A9]) -

Proof. This follows directly from the arguments of the preceding paragraphs: We have shown that we
can represent the coefficients of ¥ as polynomials that are positive on their domain. By the convex hull
property of Bézier surfaces, the polynomials (and thus the control points of W?) will attain positive values
only. Hence, Corollary 4.2 is applicable and proves that the characteristic map is regular and injective. By

Theorem 4.3, the limit surface is a regular C'-manifold for almost all input data. [ ]
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5.3.4 Original weights

In this section, we perform the detailed analysis for the original weights of Catmull and Clark [CC78].
We show that A is the subdominant eigenvalue and consequently, by Theorem 5.4 the Catmull-Clark

subdivision algorithm will produce regular surfaces.

PROPOSITION 5.2 (ORIGINAL WEIGHTS OF THE CATMULL-CLARK SUBDIVISION SCHEME). Let the weights
of the Catmull-Clark scheme be

7 3
(le__a = > = .
" B > Ve (5.33)

which are the weights originally proposed by Catmull and Clark [CC78]. Then the eigenvalue A as defined

above is the subdominant eigenvalue.

Proof. We need to show that Equation 5.24 holds for A. For the Catmull-Clark weights, the eigenvalues

A?’z are both positive. Starting with 19, we have

14
16(A=A)) =5+ c, +\/(cn +9)(cp+1) =6+ — +21/5+ — - —
n
301
>—5+5\/19+2¢§>5.

Thus, A > /1(2).
For )L?, the proof is more technical. Calculating the values for #n = 3 shows that A > A9, as claimed. For

n > 3, we have an estimate of the cosine, namely
2 21
Cy i=cos| — >1——2,
n n
which follows from the power series of the cosine. Using this estimate, we obtain a lower estimate on
A - A%, If we take A — A? as a polynomial in 7, we find that it has no real roots. Consequently, the function

does not change its sign. Evaluation at one point in order to determine the sign yields a value greater

zero. Therefore, A > /\?. ]
Having shown that A is the subdominant eigenvalue for the original weights, the Catmull-Clark scheme

in its original form produces regular limit surfaces as an application of Theorem 5.4.

5.3.5 Degenerate weights

Following the discussion of the original weights, we now turn to degenerate weights that will yield irreg-

ular limit surfaces.

THEOREM 5.5 (DEGENERATE VERSION OF THE CATMULL-CLARK ALGORITHM). Let a =1, f = 0, y = 0.

Then the Catmull-Clark algorithm will not produce regular surfaces.

Proof. Calculating the eigenvalues A? and A9 yields

0 _
M2 =

(3£V5). (5.34)

0| —
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The maximum value Ao of A, however, is given by
1
Amax < (3+/5) (5.35)

because ¢, = 1is never attained. Consequently, A? > A and ‘A? - /1‘ — 0 as n — oo. Thus, Equation 5.24 is

violated and by Theorem 5.4, the algorithm will not produce regular surfaces. [ ]

5.3.6 Permissible weights

We have seen that the Catmull-Clark subdivision algorithm generates smooth surfaces as long as A is
the subdominant eigenvalue. Therefore, we conclude this chapter with an examination of permissible
weights a, 3, and y such that A is the subdominant eigenvalue.

Using a, f > 0 and 1-a—f3 > 0, we get the constraint a+f3 < 1, which limits the region of all permissible
weights. Solving (4« — 1)? + 8 — 4 > 0, which is the discriminant of the expression in Equation 5.19,
yields —2a? + a + 3/8 < 8. Hence, the parabola 8 = —2a? + « + 3/8 is the boundary of the set of weights
for which A? and A are complex numbers. We now want to derive constraints for & and f3 such that
Equation 5.24 holds. The minimum of A is attained for ¢, = —1/2 and evaluates to A, = (\/ﬁ +9)/32.
Thus, we need to solve Ay — |/\?’2| = 0 in order to find the region of weights for which Equation 5.24
cannot hold. It turns out that there are two solutions, namely § = 1/64 (144oc +45 + 5\/17 + 16a/17 ),
which is outside the region, and f = 1/64 (—1440c +117 - 16a+/17 + 133/17 ), which is inside the region of
permissible weights. Having obtained all required equations, we plot the region of feasible weights. The
result is depicted in Figure 5.9. Thus, if the weights are contained inside the shaded region and do not lie
outside the smaller region that starts at & ~ 0.8, then A is the subdominant eigenvalue.

However, this condition is not necessary. The original weights from Catmull and Clark, for example,
lie outside the region for almost every valency. Yet, we have been able to prove that A is the subdominant
eigenvalue. Figure 5.10 depicts this fact by showing the asymptotic behaviour of A and A}, in addition to

the original weights for different valencies.

5.4 Summary

In this chapter, we analysed smoothness properties of the Doo-Sabin and the Catmull-Clark subdivision
algorithms. We started with general considerations for both schemes, examined their eigenstructure,
and formulated necessary conditions for their eigenvalues. Afterwards, we proved that the limit surfaces
produced by the original variants of both algorithms are regular C'-manifolds for almost all input data.
We then examined degenerate weights for both schemes and demonstrated their effects on several com-
mon meshes. At last, we gave an overview of permissible weights and, for the Catmull-Clark scheme,
characterized them graphically.

Retrospectively, it was rather unexpected that analysing the Doo-Sabin scheme required more work
than the Catmull-Clark scheme—after all, having only one subdivision stencil, the Doo-Sabin algorithm
is much simpler in comparison. Even the characterization of feasible weights for the Doo-Sabin scheme

is more involved than the straightforward eigenvalue criterion of the Catmull-Clark scheme.
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(a) 6-sided hole

(b) Tetrahedron

I3

(c) Hexahedron

(d) Icosahedron

Figure 5.8: Results of the Catmull-Clark algorithm using degenerate weights (left) and original weights (right) on
common meshes. The same number of subdivision steps was applied for both weight schemes. The degenerate variant
of the 6-sided hole has been scaled so that the single “spike” in the centre of the surface, which is the limit point of the
extraordinary vertex, is shown.
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o 1
o) 0.5 1

o

Figure 5.9: A plot of the region of permissible weights for the Catmull-Clark scheme. The dotted parabola designates
the boundary of the values for a and B such that \? and A9 are complex conjugates. If the weights are inside the
grey region bounded by the blue line and the black line, then the eigenvalue A is guaranteed to be the subdominant
eigenvalue of the Catmull-Clark subdivision algorithm. Note that this is a sufficient condition, but not a necessary
one.

0.7 A
0.6

0.3
0.2 f

0.1 r

Figure 5.10: The left figure shows the asymptotic behaviour of the eigenvalues A, Ay, and A3 for the original weights
of the Catmull-Clark subdivision algorithm. In Section 5.3.4, we have proved that A is the subdominant eigenvalue
for these weights. The right figure, however, shows the behaviour of the weights for increasing valencies—since they
approach the point (1,0), almost all of them are outside the permissible region. This demonstrates that the condition
derived in this section is indeed only sufficient.



Additional mathematical background

This appendix contains some proofs that would distract too much from the main matter. Furthermore,

it provides some background concerning Euler’s formula and Sturm sequences.

A.1 Euler’s formula for convex polyhedrons
For any convex polyhedron with V vertices, E edges, and F faces,
V-E+F=2. (A1)

This result is known as Euler’s formula for convex polyhedrons. It may be used to show that extraordinary
vertices inevitably occur when trying to model more complicated shapes. Furthermore, it is employed
by Doo [Doo78] in order to prove that the new vertices created by the Doo-Sabin subdivision algorithm
have valency k = 4.

For a proof of this formula, see Fulton [Fulgs], p. 244. We do not require this formula but cite it for

reference purposes only.

A.2 Proofs for eigenvalue estimates

LEMMA A.1. Fork = 1,...,n — 1, we have 1/4 > A5 > 1/16, where

1
15 = 2 (enk 5= V/(enic+9) (enie + ).

Proof. Since ¢, € [-1,1] and AX is decreasing for increasing values of c,, 1., it is sufficient to check these

conditions at the boundaries. For ¢, ; = -1, we have A’Z‘ = 1/4. Likewise, for ¢,y = +1, we have )tlz‘ =

(6 —/20) /16 > 1/16. n

LEMMA A.2. Fork =1,...,n -1, we havel > A > 1/4, where

/\I:%(6n+5+\/(6n+9)(6n+1))-

Proof. Again, it is sufficient to check the condition at the boundaries. For n > 3, we have ¢, > -L
Furthermore, the eigenvalue A is increasing for increasing values of ¢,. Hence, A > 1/4 as ¢, - —1 and
A =(6++/20)/16 <1forc, = +1. ]
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COROLLARY A.1. Since ¢, i € [-1,1], the claim from Lemma A.2 can be modified, thereby obtaining the
estimate1 > A > 1/4, where k =2,...,n -2 and

1
A= % (Cn,k +5+1/(cuk +9) (Cug + 1)) :

LEMMA A.3. Fork = 2,...,n -2, we have A > Ak,

Proof. For n = 3, nothing is to be shown. For n > 3, it is sufficient to prove ¢, > ¢, . To this end, we

expand ¢, and ¢, ; and apply the sum-to-product formula. This yields

cos(2m/n) — cos(2mk/n) = =2 sin (M) sin (M) .

n

Since k = 2,...,n—2and n > 3, we have sin(n(k +1)/n) > 0 and sin(7(1 - k)/n) < 0. Therefore,

—2sin(n(k—+1)) sin (M) > 0.

n n

A.3 Sturm sequences

This section quotes the most important results concerning Sturm sequences. In the main matter, we
require these sequences in order to prove that certain polynomials do not have any roots within certain

intervals. The following results are quoted from Stoer and Bulirsch [SBg6].

DEFINITION A.1 (STURM SEQUENCE). A sequence p(x) = po(x), p1(x),..., pm(x) of real polynomials

is a Sturm sequence for the polynomial p(x) if the following conditions hold:
1. All real roots of po(x) are simple.
2. sign p1(&) = —sign py (&) if & is a real root of po(x).
3. If £isareal root of p;(x), then p;i1(&)pi-1(§) <0fori=1,2,...,m—1.
4. The last polynomial p,,(x) has no real roots.

Sturm sequences yield an important theorem about the number of real roots. We will use this theorem

to prove that the characteristic map of the Catmull-Clark scheme is regular.

THEOREM A.1. The number of real roots of p(x) = po(x) in the interval a < x < b isequaltow(b)-w(a),

where w(x) is the number of changes of sign of a Sturm sequence po(x), ..., pm(x) at location x.
Proof. See Stoer and Bulirsch [SB96], p. 298-299. [ |

Sturm sequences can be constructed for any polynomial p(x). In [SB96], Stoer and Bulirsch provide
an algorithm for polynomials with simple real roots only. However, this algorithm can be extended to

polynomials with multiple roots by determining the greatest common divisor g(x) of a polynomial p(x)
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and its derivative p’(x). Since p(x)/q(x) has the same roots as p(x) but no multiple roots anymore, a
Sturm sequence may be determined for this polynomial by using the aforementioned algorithm.
In this thesis, we will only use the result of this theorem. Since the calculations are rather complex, the

help of computer algebra systems is employed.






Visualization of subdivision algorithms

In order to visualize the algorithms analysed in this thesis, the author implemented Doo-Sabin, Catmull-
Clark, and Loop subdivision (the latter was included for reference purposes). The implementations were
combined in psalm, which is short for “pretty subdivision algorithms on meshes”. This chapter gives a
short overview of psalm and provides algorithms for preserving the orientation of meshes. It concludes

with some example images created by psalm and Blender.

B.1 Description of psalm

psalm is a C++ command-line interface program. Its task is to process mesh input data by applying
subdivision algorithms. The result is to be stored in a file for further processing. The following paragraphs

briefly describe psalm’s features.

Mesh compiler psalm isa mesh compiler and does not contain rendering capabilities on its own. In-
stead, it produces output as PLY files, Wavefront 0BJ files, or Geomview OFF files (see Figure B.1 for
a quick comparison between the three formats). The user may then use any rendering software that is
able to process one of these file formats. The author, for example, decided to use Blender for this pur-
pose. Blender is an open-source 3D content creation suite that offers professional rendering algorithms
for many purposes. In this thesis, all images depicting subdivision algorithms have been rendered by
Blender.

Tuning of subdivision algorithms psalm allows the user to fine-tune subdivision algorithms. Users
may change the weights for k-sided faces or vertices with valency k (without changing the code), or (with
small code modifications) even implement their own weight schemes for a subdivision algorithm. This
feature has been exploited in Section 5.2.4, for example, where a degenerate weight function has been

added in order to perturb the Doo-Sabin algorithm.

Pruning of meshes psalm provides rudimentary pruning functions for meshes. It can delete vertices
of certain valencies or faces with a certain number of sides. Pruning is very helpful for the removal of

irregular parts of the mesh.

Orientation preservation psalm takes great care in order to preserve the orientation of input meshes.
Given a consistently oriented input mesh, refined parts of the mesh will be oriented according to the
initial orientation. Thus, the refined mesh maintains its initial orientation at every subdivision step. We

will discuss the importance of preserving the orientation in the next section.
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ply

format ascii 1.0
element vertex 8
property float x
property float y
property float z
element face 6

property list uchar int index OFF
end_header 8 6 0
-0.5 -0.5 0.5 -0.5 -0.5 0.5 v -0.5 -0.5 0.5
0.5 -0.5 0.5 0.5 -0.5 0.5 v 0.5 -0.5 0.5
-0.5 0.5 0.5 -0.5 0.5 0.5 v -0.5 0.5 0.5
0.5 0.5 0.5 0.5 0.5 0.5 v 0.5 0.5 0.5
-0.5 0.5 -0.5 -0.5 0.5 -0.5 v -0.5 0.5 -0.5
0.5 0.5 -0.5 0.5 0.5 -0.5 v 0.5 0.5 -0.5
-0.5 -0.5 -0.5 -0.5 -0.5 -0.5 v -0.5 -0.5 -0.5
0.5 -0.5 -0.5 0.5 -0.5 -0.5 v 0.5 -0.5 -0.5
4 013 2 4 0132 f 12 43
4 2 35 4 4 2 35 4 f 34605
4 4576 4 4576 f 5687
4 6 710 4 6 710 f 78 21
4175 3 41753 f 286 4
46 02 4 46 02 4 f 71365

(a) PLY data (b) OFF data (c) OBJ data

Figure B.1: Input data for a regular hexahedron. Note how all file formats represent the same object quite differently.
When parsing the OBJ format, for example, the number of vertices and faces is unknown beforehand.

B.2 Implementation details

This section expands on the most important facts of psalm’s implementation of subdivision algorithms.
The code itself is deliberately not cited as it would be outside the scope of this thesis. Since the source
code is provided under a simplified BSD licence, the interested reader is referred to http://bastian.

rieck.ru/research/diploma/psalm for more details.

B.2.1 Orientation of meshes

The file formats processed by psalm describe meshes by maintaining a list of vertices, which are points
in R?, and a list of faces, which are k-tuples of indices corresponding to vertices. The edges of the mesh
are implicitly described by the k-tuples: Traversing the components of a tuple, each two adjacent vertices
form an edge. The last vertex is supposed to be connected with the first one, thereby “closing” the face.
A mesh that is correctly oriented will contain each edge twice (once for both possible directions of the

edge). Thus, the orientation of faces is well-defined.

In computer graphics, faces are assumed to be oriented in counter-clockwise order because this orien-
tation allows application of the right-hand rule. The orientation of polygonal faces is used for lighting and
shading calculations—consequently, incorrectly oriented faces may appear unlit, thereby giving a larger

object a “faceted” appearance. Figure B.2 depicts this problem.


http://bastian.rieck.ru/research/diploma/psalm
http://bastian.rieck.ru/research/diploma/psalm
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Figure B.2: The left picture shows the “Stanford Bunny” mesh with correctly oriented normals. In the right picture,
the normals have been flipped randomly. The result is a faceted appearance when rendering the mesh.

B.2.2 Storing edges

For subdivision algorithms, care must be taken not to store the same edge twice. The edge point stencil for
the Catmull-Clark subdivision scheme, for example, requires that an interior edge is part of exactly two
faces. Thus, an implementation of this scheme needs to contain a method for quickly determining the
two faces an interior edge is part of. Storing an edge twice (with only one adjacent face) would complicate
this—in the worst case, all edges would have to be searched for the corresponding second edge.

To avoid duplicate edges, psalm maintains an internal hash map that uses edge IDs to access the list
of edges. An edge ID of an edge (u, v) is calculated by sorting the vertex IDs such that u < v, and then
taking the ID to be the pair (u,v). Upon loading a mesh, psalm uses this ID to check whether an edge
has already been added to the hash map. If this is the case, psalm signals that the edge direction must be
reversed. As a consequence, when processing the edges of a face, psalm uses pointers to mark the first
and (for non-boundary edges) second face an edge is part of.

Assuming that meshes are oriented counter-clockwise, we may refer to the first face as the “left” face
of an edge (since the face lies to the left of the edge’s direction) and likewise, to the second face as the
“right” face of an edge. If the mesh is oriented clockwise, the meaning of “left” and “right” is swapped,

but nonetheless, all algorithms presented in this chapter still work.

B.3 Preserving the orientation of a mesh

We have seen that an inconsistent orientation of a mesh may lead to erroneous lighting calculations. Thus,
every implementation of a subdivision scheme is required to preserve the orientation of the input mesh—
assuming that it has been oriented consistently. The following sections describe the methods psalm uses

to maintain the initial orientation of the mesh when different subdivision schemes are applied.

B.3.1 Doo-Sabin subdivision scheme

Recalling the description of the algorithm from Section 3.4.1, three kinds of faces appear during the Doo-

Sabin algorithm. The strategies for preserving the orientation vary accordingly.

F-faces New vertices of every face can be connected in the order of the old vertices of the face. If the

initial mesh is oriented consistently, this procedure works—see Algorithm B.1 for details.
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Algorithm B.1 Preserving the orientation of F-faces

1. for all Face f do
2. forall Vertices v of f do

3: Connect the new vertices v’ in the order of the old vertices.
4. end for
5: end for

E-faces When loading a mesh, psalm stores the face F that is encountered when traversing the edge
(u,v). For an E-face, we require that the edge is adjacent to a second face, which we denote by G. This is
the face that is encountered when traversing the edge (v, u), which is called the “inverted edge” in psalm’s

terminology. The procedure is described by Algorithm B.2. Figure B.3 depicts a visual explanation.

Algorithm B.2 Preserving the orientation of E-faces

1 for all Interior edges (u,v) in the mesh do

2. Find first adjacent face F.

3 Find second adjacent face G.

4 Form a face by connecting vertices up, ug, vg, v, and u.
s: end for

V-faces Interior vertices are part of several faces. These faces need to be sorted in counter-clockwise or-
der around the vertex. Then the new vertices that correspond to the face and the vertex can be connected

accordingly. The sorting process is described by Algorithm B.3.

B.3.2 Catmull-Clark subdivision scheme

In the Catmull-Clark algorithm, new faces are formed by connecting vertex points, edge points, and face
points. Thus, we can determine the correct order by using the given orientation of the mesh. To this end,
edges and faces around a given vertex need to be enumerated in a consistent direction. The enumeration

process is accomplished by Algorithm B.4.

v
VE VG
« 2
F G
w »
Ur UG
u

Figure B.3: Illustration of Algorithm B.2
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Algorithm B.3 Preserving the orientation of V-faces

1. for all Vertices v do

2. Enumerate all faces:

3 Store first face of first incident edge.

4 forall Incident edges e of v, starting from the second edge do
5 if First face of e is equal to one of the faces of the previous edge then
6: Store second face of edge e.

7 else

8 Store first face of edge e.

9 end if

10:  end for

1:  Check orientation of enumerated faces:

12:  if v is start vertex of first edge then

13: Orientation is wrong if the second face is to the right of the first edge.
14:  else

15: Orientation is wrong if the second face is to the left of the first edge.
16: end if

172 If the orientation was found to be wrong, reverse the order of the list of stored faces.
18: end for

Algorithm B.4 Preserving orientation of faces in the Catmull-Clark algorithm

1. for all Vertices v do
for all Faces f that v is a part of do

[

3: Find the two incident edges e; and e, belonging to f.
4 if e; does not have an edge point or e, does not have an edge point then
5: Continue with the next face.
6: end if
7: if (v is start vertex of e; and f is to the right of e;) or (v is end vertex of e; and f is to the left of
v) then
8: Swap e and e;.
o: else if (v is start vertex of e; and f is to the left of e;) or (v is end vertex of e; and f is to the
right of v) then
10: Swap e and e;.
1 end if
12: Form a new face by connecting the vertex point of v, the edge point of ej, the face point of f,
and the edge point of e;.

13:  end for
14: end for
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Input mesh No. of steps  Initial size ~ Catmull-Clark

4 vertices 196610 vertices

Tetrahedron 8 6 edges 393216 edges
4 faces 196608 faces
8 589826
Hexahedron 8 18 1179648
12 589824
12 983042
Icosahedron 8 30 1966080
20 983040
2500 240000
Klein BottleI 3 7500 480000
5000 240000
2500 160000
Klein Bottle II 3 5000 320000
2500 160000
1697 646821
Dragon 4 5088 1293267
3388 646501
36 101395
6-sided hole 8 36 200466
13 99846
36 202771
12-sided hole 8 54 400914
19 199686

Table B.1: Sizes of common meshes after performing a number of subdivision steps. The three numbers in columns
“Initial size” and “Catmull-Clark” indicate the number of vertices, edges, and faces of the mesh before and after subdi-
vision. Note the difference in the meshes “Klein Bottle I” and “Klein Bottle II”. The first mesh is a triangulated version
of the second mesh that consists solely of quadrangles.

B.4 Performance and examples

This section contains examples of psalm’s performance. Since subdivision schemes require access to the
complete topology of a mesh, they are rather complex algorithms. Table B.1 shows the increase in vertices,
edges, and faces for some typical meshes. The time required for several subdivision steps applied to these
meshes is shown in Table B.2.

We conclude this chapter with an example of psalm’s capabilities. Figure B.4 depicts a simplified
version of the “Stanford Dragon” mesh provided by Stanford Computer Graphics Laboratory.
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Input mesh No. of steps  Doo-Sabin ~ Catmull-Clark Loop

4 0.0078125 0.0078125 0.0078125
Tetrahedron 6 0.15625 0.140625 0.140625

8 2.64062 2.50781 2.34375

4 0.0234375 0.0234375 0.0234375
Hexahedron 6 0.46875 0.4375 0.429688

8 8.13281 7.75781 7.20312

4 0.046875 0.0390625 0.0390625
Icosahedron 6 0.804688 0.75 0.726562

8 13.6484 13.0781 12.1328

1 0.132812 0.125 0.125
Klein bottleI 2 0.695312 0.648438 0.65625

3 3.10938 2.92969 2.85156

1 0.0859375 0.09375
Klein bottle II 2 0.460938 0.4375

3 2.0625 1.94531

2 0.46875 0.453125 0.484375
Dragon 3 2.07812 1.99219 2.0

4 8.70312 8.52344 8.1875

6 0.304688 0.0703125
6-sided hole 7 1.26562 0.304688

8 5.17969 1.26562

6 0.539062 0.15625
12-sided hole 7 2.23438 0.632812

8 9.16406 2.57812

Table B.2: Performance of psalmwhen operating on several example meshes. The unit of the measurements is CPU
time in seconds. Performance was measured on an Intel Celeron M 1.4 GHz processor. The table only contains data
for subdividing the mesh. The overhead from loading the initial mesh and storing the resulting mesh has not been
included because it would skew the results (different mesh formats can be processed at different speeds). Blank lines in
the Loop column indicate that the mesh does contain non-triangular faces, which makes the Loop scheme inapplicable.
As a result, we see that the Catmull-Clark is slightly faster than the Doo-Sabin algorithm, especially when being used
to fill n-sided holes. This is due to the fact that the new topology of meshes with n-sided holes may be determined much
more quickly for the Catmull-Clark algorithm, which generates quadrangles only, than for the Doo-Sabin algorithm,
which generates non-quadrangular faces.
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(a) Original (b) Catmull-Clark

(c) Loop (d) Doo-Sabin

Figure B.4: A simplified version of the “Stanford Dragon” mesh provided by Stanford Computer Graphics Laboratory.
In clockwise order, starting from the upper left image, three steps of the Catmull-Clark, the Doo-Sabin, and the Loop
subdivision scheme are depicted. Note how the different schemes smooth details of the mesh. The Loop scheme, for
example, does not preserve the eyes and scales of the dragon very well when compared to the Catmull-Clark scheme.
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