INAUGURAL-DISSERTATION

zur Erlangung der Doktorwiirde
der Naturwissenschaftlich-Mathematischen Gesamtfakultat
der
RUPRECHT-KARLS-UNIVERSITAT
HEIDELBERG

vorgelegt von
Dipl. Math. Alexandra Kothe
aus Potsdam-Babelsberg






Hysteresis-driven pattern formation

in Reaction-Diffusion-ODE models

Gutachter: Prof. Dr. Anna Marciniak-Czochra






n\

Figure: An irregular solution of the generic model in the hysteresis case with
several jumps
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Abstract

Processes containing multistability and switching play an important role in cell sig-
nalling. Coupled to cell-to-cell communication of diffusing ligands such processes
may give rise to spatial pattern in biological systems. This leads to a new type of
mathematical models consisting of nonlinear partial differential equations of diffu-
sion, transport and reactions coupled with dynamical systems controlling the tran-
sitions.

In this thesis we propose a model consisting of one reaction-diffusion equation with
homogeneous Neumann boundary conditions coupled to one ordinary differential
equation containing bistability in the kinetic functions. We analyse the ability of
our model to produce patterns. Therefore, we compare two cases of the model,
where one does include the hysteresis effect and the second one does not.

We show that the model without hysteresis in the kinetic functions is not able to
describe pattern formation, because all spatially inhomogeneous stationary solutions
are unstable.

Furthermore, we prove that the model including hysteresis possesses an infinite num-
ber of stationary solutions. There are monotone and periodic solutions. Moreover,
we prove the existence of irregular solutions, which, restricted to certain intervals,
consist of different monotone ones. All stationary solutions are discontinuous in
one component. Furthermore, we show under which conditions on the parameters a
plurality of these solutions is stable.

Since the mechanism for pattern formation in our model is different from the usual
Turing mechanism, patterns do not evolve spontaneously from small perturbations,
but they need a sufficiently strong external signal for their emergence. In terms of
our model we prove that there is coexistence of different patterns for the same set of
parameters, with the final pattern strongly depending on the initial perturbation.
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Zusammenfassung

Prozesse mit Multistabilitdt und Switches spielen eine wichtige Rolle in intrazel-
luldrer Signaliibertragung. Gekoppelt mit Kommunikation zwischen Zellen durch
diffundierende Liganden fiihren solche Prozesse zur Bildung raumlicher Muster in
biologischen Systemen. Dies fiihrt zu einer neuen Klasse mathematischer Modelle
bestehend aus nichtlinearen partiellen Differentialgleichungen fiir Diffusion, Trans-
port und Reaktionen gekoppelt mit dynamischen Systemen, die die Ubergénge kon-
trollieren.

In dieser Arbeit stellen wir ein Modell vor, das aus einer Reaktions-Diffusionsglei-
chung mit homogenen Neumann-Randbedingungen gekoppelt mit einer gewohnlichen
Differentialgleichung mit Bistabilitat in den kinetischen Funktionen besteht. Wir
untersuchen die Fahigkeit des Modells Musterbildungsprozesse zu beschreiben. Wir
vergleichen eine Variante des Modells mit Bistabilitat und Hysterese mit einer mit
Bistabilitat, aber ohne Hysterese.

Wir zeigen, dass das Modell ohne Hysterese nicht in der Lage ist, Musterbildung zu
beschreiben, da alle raumlich inhomogenen stationaren Losungen instabil sind.

Des Weiteren beweisen wir in dieser Arbeit, dass das Modell mit Hysterese unendlich
viele stationare Losungen besitzt. Es gibt monotone sowie periodische Losungen.
Auflerdem beweisen wir die Existenz von irregularen Losungen, die eingeschrankt
auf gewisse Intervalle monotone Losungen sind. Alle stationdren Losungen sind un-
stetig in einer Komponente. Auflerdem untersuchen wir, unter welchen Bedingungen
fiir die Parameter eine Vielzahl dieser Losungen stabil ist.

Da der Mechanismus fiir Musterbildung in unserem Modell sich vom tiblichen Turing-
Mechanismus unterscheidet, entstehen Muster nicht aus kleinen Stérungen, sondern
benotigen ein ausreichend starkes externes Signal fiir ihre Entstehung. Wir beweisen,
dass es in unserem Modell Koexistenz verschiedener Muster fiir den gleichen Satz
von Parametern gibt, wobei das finale Muster stark von der Ausgangsstorung des
Systems abhéangt.
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Chapter 1

Introduction

This work is devoted to the mathematical analysis of a model for pattern formation
in biological systems. It is motivated by a model for pattern formation in Hydra
and includes bistability and hysteresis in its kinetic functions. We explain in the fol-
lowing the importance of mathematical modelling to understand pattern formation
in developmental biology, in particular of the model organism Hydra. Moreover, we
highlight the significance of bistability and hysteresis in cell signalling and how it
can be modelled mathematically.

1.1 Pattern formation in developmental biology

Pattern formation is a widely occurring process in nature. There is an astonishing
variety of structures arising in physical, chemical and biological systems. They
range from sand dunes to animal coat markings, and from precipitation patterns in
chemical reactions to bacterial colonies [Ball2] [HJ80].

To understand the principles underlying these processes mathematical modelling is
crucial and has helped to identify relevant mechanisms.

Pattern formation in biological systems plays a key role in development of organisms.
Here a spatial pattern is related to symmetry breaking what means a process where
the embryo loses homogeneity and cells develop specialisation. This is one of the
crucial issues in development together with growth regulation and the right timing
of these events |[Lew08].

Recent research in molecular biology has identified a huge amount of information
concerning gene regulatory networks, signalling cascades and metabolic pathways.
The next step is to understand how signals, exchanged inside and between cells, drive
the formation of macroscopic pattern that we observe. We aim to figure out how the
biochemical machinery is used for control of the behaviour of living cells |[Lan11].

1



2 INTRODUCTION

Basically, there exist two approaches how to apply modelling to investigate bio-
chemical mechanisms. In the bottom-up approach one starts with knowledge how
the parts of the system are connected to each other and infers the possible behaviour
of the system. The underlying strategy is that it is only possible to understand the
functioning of a system if one understands the functioning of its components and
interactions. In the top-down approach one starts with the knowledge of the desired
behaviour and constructs a system that fulfils this behaviour. Starting with such
high-level representation allows to comprehend the building blocks of biochemical
networks and guides the search for suitable components [TA07].

The most famous mechanism for pattern formation in biological systems is a top-
down approach going back to Alan Turing [Tur51]. The Turing mechanism needs
two diffusing molecules with different diffusion coefficients which react with each
other. Turing identified conditions on the nonlinear interactions under which dif-
fusion destabilises a stable spatially homogeneous stationary solution and may lead
to the formation of heterogeneous structures. Turing also introduced the notation
of a “morphogen”, a diffusing molecule determining the morphology of the embryo.
The concentration of a morphogen is supplying “positional information” to the cells
based on which cell fate decisions are made.

A well known implementation of this mechanism is the activator-inhibitor model of
Gierer and Meinhardt [GM72]. Models based on Turings mechanism have been used
to describe skin pigmentation patterning in fish [KA95|, the establishment of the
right-left asymmetry in vertebrates by the Nodal/Lefty system [Ham12], the cre-
ation of the Sog-Gradient related to dorsal-ventral polarity in Drosophila embryos,
and many others [Mur03] [KM10].

The Turing mechanism has been very successfully used to describe biological pat-
tern formation. But, for many biological systems it is still an open question which
molecules should play the role, for example of the activator or the inhibitor. More-
over, models implementing the Turing mechanism are able to describe de novo pat-
tern formation. Above a critical number of cells, they lose their homogeneity and
start differentiation processes. This happens spontaneously and the final pattern
does not depend on the initial perturbation.

In reality there is another kind of mechanism leading to pattern formation which
plays an important role. This mechanism is due to some external signal triggering
the differentiation. The signal can be set up by the maternal individual, for example
the Bicoid gradient in Drosophila embryos, [GWMT™07] or it originates from another
group of cells, for example the Spemann organizer in amphibians [Nie01|. The signal
must be sufficiently strong to generate patterns. The Turing mechanism cannot
describe pattern formation which is set up by some external signal.

Thus, it is becoming more clear that morphogens alone are not sufficient for sup-
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plying positional information in a robust and precise manner. Therefore additional
or alternative mechanisms involving interactions among cells are supposed to be
crucial [KWO07].

Besides classical reaction-diffusion equations, the class of receptor-based models con-
sisting of reaction-diffusion equations coupled to ODEs are very promising for ex-
plaining pattern formation. Pattern formation in such models can be due to the
Turing mechanism [MCO3] but a variety of other mechanisms is possible as well. Re-
cently, criteria which are leading to unstable pattern have been studied in [MCKS13]
for a certain class of kinetic functions.

1.2 The model organism Hydra

The fresh water polyp Hydra is the motivating example for our work. It is an
evolutionary old organism and is known for its high regenerative and inductive
capacities. Therefore, it has served as a model organism for developmental biology
for several years [Gall2].

Hydra has a 5 to 15 mm long, tubular body with a whorl of tentacles surrounding
the mouth at the upper end and a disk-shaped organ for adhesion at the lower end.
The axial pattern is subdivided into a head, a gastric region, a budding zone, a stalk
and a foot. The upper part of the head is called hypostome.

Hydra tissue is in a state of constant growth and tissue replacement, therefore axial
patterning processes are permanently active, not only during development.

There are two kind of basic experiments which should be explained by every theory
of pattern formation in Hydra.

Cutting experiments: The experiment consists of cutting a Hydra into parts.
One observes that all pieces of the Hydra body column having a minimal size
regenerate and form a normal Hydra. By cutting at different levels, one can
see that the same cells can form different parts of the body depending on their
position along the body axis. Thus, cutting experiments suggest that there
is a “positional information” telling the cells their position. Regeneration is
without growth, thus, axial patterning processes reorganise the tissue.

Grafting experiments: The experiment consists of a transplantation of tissue
from one Hydra to another one. The outcome of the experiment depends
on the change of position along the body axis. If the change is sufficiently big,
the transplantation yields the formation of a secondary body axis (Fig. [L.1)).
Using ink a difference between the hypostome and upper parts of the body
axis has been shown. Grafting of hypostome tissue leads to the formation a
secondary body axis, which consists mainly of host tissue. Grafting of upper
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Figure 1.1: The grafting experiment for Hydra [Courtesy of W. Miiller.

parts of the body axis leads to the formation of a secondary body axis, which
consists mainly of donor tissue [BB02]. Thus, the hypostome has the capacity
to induce the fate of neighboring cells. The body axis has a self-organising
capacity.

These experiments gave rise to the question how the positional information is trans-
mitted to the cells and how the self-organising and inducing capacities are obtained.

One common theory is claiming the existence of two morphogen gradients set up by
the hypostome - the head activation gradient and the head inhibition gradient - as
well as a head organiser which leads to the formation of the hypostome [BGRBO5|
[BB02|.

The questions related to the astonishing abilities of Hydra have motivated several
mathematical models. Gierer and Meinhardt developed a model (see Appendix
for the model equations) for the head activator and the head inhibitor which code
the positional information for the cells [GM72]. The model allows to describe the
self-organising capacities of Hydra, but fails to explain the grafting experiments.
Different pattern in models based on the Turing mechanism are usually obtained
due to growth of the domain.

In [SMJ95] a receptor-based model for pattern formation in Hydra has been intro-
duced. It is based on the idea that positional information is provided by the density
of bound receptors.

This idea has been further developed in [MCO03| and [MCO06] (see Appendix [A.2)),
where several models consisting of reaction-diffusion equations coupled with ordi-
nary differential equations have been proposed. These models describe binding and
dissociation of diffusing ligands to receptors. The model including a hysteretic de-
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pendence of the production of ligands on the amount of ligands present in a steady-
state can explain head formation as well as the grafting experiments. Without
hysteresis in the production rates for ligands and enzyme, the grafting experiments
cannot be explained [MCO03].

1.3 Bistability and hysteresis in cell signalling

The receptor-based model which could most suitable explain the axial patterning
process in Hydra included hysteresis and bistability in its kinetic functions. Both
processes are connected and play an important role in cell signalling for a variety of
biological systems.

Bistability and hysteresis are important mechanisms which are relevant in biological
systems to generate oscillations, switches between discrete states and to remember
transient stimuli [AFS04]. They can create an all-or-non-response and transform
a graded input signal into a discontinuous output. Moreover, it makes processes
irreversible, which is of particular importance in development [FX01].

Bistability (or more general multistability) is a phenomenon taking place in systems
which toggle between two (or more) stable equilibrium points. Between the stable
ones there is an unstable intermediate equilibrium point working as a threshold. A
mechanical example is a ball rolling between two different valley basins.

Hysteresis was first described for magnetic materials. It refers to a system where
the output does not only depend on the input, but also on the history of the system.
There may be different responses to the same input depending on the history of the
system. In systems with bistability the system state often has a hysteretic depen-
dence of a parameter involved. Below and above a certain range for the parameter
there is only one stable steady state, but in the intermediate region the system state
depends on the history.

One important example is the lactose operon in Escheria Coli. The allolactose, a
sugar molecule, binds to the lactose repressor which, finally, leads to the blocking
of a set of genes, the operon. The ordinary differential equation describing the
dynamics of the intracellular concentration of allolactose shows a bistability and
the extracellular concentration of allolactose has a hysteretic dependence of the
intracellular concentration in the steady-state [LK99].

In |QX10] a model with hysteresis for calcium-mediated ciliary beat frequency was
proposed. The efficiency of clearance of the mammalian airway is determined by the
tip velocity of cilia on the inner surface of the airway and the degree of co-operative
activity between cilia. Both are enhanced by increases in the ciliary beat frequency;,
which is related to intracellular Ca®" concentration.
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Another well-studied example is the Xenopus oocyte maturation [SMC™03] and early
embryonic cell cycle of the frog Xenopus laevis, where hysteresis and bistability have
been detected in the Cyclin-induced activation of Cdc2 |[PSJO03].

Bistability was also found in Dpp-receptor interactions during Drosophila dorsal-
ventral patterning [WF05] or in cell-fate choices in the Drosophila eye [GTDR10].

From the mathematical point of view it has been shown that bistability might occur
in systems of ordinary differential equations containing a positive feedback loop or
a mutually inhibitory feedback loop. A symmetrical set-up combining both kind
of loops was shown to make it substantially easier to generate a robust bistable
response [Fer08]. For more complicated systems conditions for the existence of
bistability have been analysed in [AFS04].

In [Wil09] the smallest chemical reaction with bistability was presented. Using only
the law of mass action, the minimal number of reactants, reactions and ordinary
differential equations was determined. This clarified that three conditions are nec-
essary for bistability: positive feedback, a mechanism to filter out small stimuli and
a mechanism to prevent explosions.

Biological processes are regulated by non-linear intra-cellular processes which may
be described by ordinary differential equations. Coupling such processes to cell-to-
cell communication of diffusing signalling factors leads to spatial models of partial
differential equations which also may include bistability and hysteresis.

A reaction-diffusion model with hysteresis for bacterial growth pattern has been
proposed in [HJP83].

In [LVHT08] a reaction-diffusion model of Hunchback transcription with Bicoid co-
operative binding and Hunchback selfregulation was used to show that bistability
generates hunchback Expression sharpness in the Drosophila embryo.

A bisubstrate kinetic system with substrate inhibition embedded in a metabolic
network may show hysteresis behaviour. Under certain conditions pattern which
are not of Turing-type emerge [Kle98|.

In [GT12] a reaction-diffusion equation involving a discontinuous hysteresis operator
was analysed. It was shown the uniqueness time-dependent solutions for a certain
class of initial conditions called transverse functions.

1.4 Outline of the thesis

The receptor-based model for pattern formation in Hydra proposed in [MCO06] showed
in numerical simulations the desired outcome which might explain patterning pro-
cesses in Hydra. But, due to its size (two reaction-diffusion equations coupled with
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four ordinary differential equations) it is difficult to analyse mathematically.

On this account, we present in this thesis a reduced version of the receptor-based
model with hysteresis (see Appendix for the models equations) which is called
the generic model. The advantage of the generic model is that the kinetic functions
are chosen in such a way that we are able to perform analytical investigations and
do not have to rely exclusively on numerical experiments.

The generic model consists of one reaction-diffusion equation coupled with one or-
dinary differential equation and describes the dynamics of diffusing molecules. The
model is a top-down approach to comprehend biological pattern formation in Hy-
dra. The variable x corresponds to the position along the body axis of Hydra and
u(t,z) is the concentration of a ligand at position z and time t. The production
rate v of the ligands is modeled by an ordinary differential equation with bistability,
which may be a macroscopic description of a more complicated biochemical network.
Qualitatively, the shape of the kinetic functions in the steady-state is the same as
for the original model in [MCO06).

The equations of the generic model read

1 1

U = —Uge + f(u,0) = —Upe + v — fu for x € (0,1),t € (0, 00,
7 v

vy = g(u,v) =u— (CZQ'U?) + a0 + agv) for x € (0,1),t € (0, 00].

These equations are supplemented with an initial condition and homogeneous Neu-
mann boundary conditions for w.

This thesis is focused on the analysis of the generic model. We compare two cases of
our model, one with bistability and a hysteretic dependence of the production rate
of the concentration of the molecule in the steady state and the second one with
bistability, but without hysteresis. We address the question of existence, uniqueness
and stability of nonhomogeneous stationary solutions.

In Chapter 2| we introduce the model and identify suitable ranges for the param-
eters to obtain both cases of the model.

The model admits global-in-time nonnegative and bounded solutions and it does
not exhibit diffusion-driven instability. Hence, all observed patterns are generated
by a mechanism which is essentially different from the Turing mechanism.

As a first step to understand the mechanism for pattern formation in the generic
model, we investigate the kinetic system and prove the existence of two stable steady
states and one saddle. The stable manifold of the saddle represents a separatrix,
i.e., trajectories starting on one side of the stable manifold are attracted by one of
the stable steady states and those starting on the other side are attracted by the
other one. We do not observe any essential difference between the two cases of the
model. Therefore, heuristically we expect pattern formation in both cases provided
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the initial condition has values on both sides of the stable manifold.

Chapter (3| considers the behaviour of the model with bistability in the kinetic
functions but without the hysteresis effect. We construct monotone and periodic
stationary solutions by phase plane analysis, which are twice continuously differen-
tiable. Analysing the spectrum of the system linearised at a stationary solution, we
prove that all spatially inhomogeneous stationary solutions are unstable.

Primary ideas of Section [3.2| have been published in [MCK13|

In Chapter [4] we construct monotone stationary solutions of the model incarnating
the hysteresis effect. Other than in the model without hysteresis it is not possible to
construct solutions which are twice continuously differentiable. We choose a “jump
value” which defines a switch between two branches of g = 0. For every jump there
is a unique monotone increasing stationary solution. This is shown by the analysis
of the time-map related to the equation. Every solution has a discontinuity in one
component called the “layer position”.

Next, we address the problem of stability of stationary solutions. We show the
asymptotic stability of solutions fulfilling a certain condition with respect to L*°
perturbations. The discontinuity of the stationary solution causes that the applica-
tion of spectral analysis to the linearised system is not possible. Therefore, a new
method using the semigroup representation of the solution is developed. We obtain
conditions for the parameters of the kinetic function and for the jump that lead to
the formation of stable pattern.

Simulations of the time-dependent system suggest that the layer position of a stable
stationary solution is set up by the choice of an initial condition. The layer position
is determining the final pattern selection.

Chapter [5|is motivated by the question how the layer position depends on the jump
and the diffusion coefficient. The aim is to understand for which kinetic functions
which choices of initial conditions lead to stable pattern.

Therefore, we consider all functions involved in the analysis of stationary solutions
as functions of the jump. We show that for the same conditions on the jumps
which lead to stable stationary solutions, the layer position is monotone decreasing
as a function of the jump. Moreover, this function has a steep slope at a certain
value u*, such that both local maxima of the potential are equal. For the jump u*,
the stationary solution has an interior transition layer, whereas it has a boundary
transition layer in all other cases. To better understand this behaviour, we showed
that the layer position is moving more to the boundary for decreasing diffusion
coefficient.

Hence, for kinetic functions such that there is a value u*, a big range of layer positions
is obtained for a very small interval of jumps near u*. If, moreover, u* lies in the
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interval of jumps leading to stable stationary solutions, we obtain for a big variety
of initial conditions stable stationary solutions.

Finally, we construct all possible stationary solutions of the problem. Besides pe-
riodic ones, there is another class of solutions which we call irregular. They are
composed out of monotone solutions which may have different jumps. We discuss
their existence as well as their layer positions. Importantly, we show under which
conditions an irregular solution exists with a prescribed set of layer positions de-
pending on the diffusion coefficient.
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Chapter 2

Presentation of the model and
basic properties

2.1 Presentation of the generic model

We study the system

U = %um—kf(u,v)
ve = g(u,v)

for x € (0,1), ¢t > 0 with homogeneous Neumann boundary condition for u
Uz (t,0) = u,(t,1) =0
and initial conditions
u(0,x) = ug(x) v(0, ) = vo(x).

The kinetic functions are chosen to be

f(u,v) = av — fu,
g(u,v) = u —p(v),

(2.4)

where «, § are positive constants and p(v) is a polynomial of degree three with only
one real root at v = 0. We assume that there are three intersection points of f =0

and g = 0 with nonnegative coordinates

S() = (0,0), Sl = (ul,vl) and SQ = (UQ,UQ).

(2.5)

This system is called the generic model. We will distinguish two cases of the

kinetic functions and use the following terminology:

Bistable case: The polynomial p(v) is monotone increasing.

11
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Hysteresis case: The polynomial p(v) is nonmonotone. In this case we denote by
H = (ug,vy) = (p(vy),vy) the local maximum of v — p(v) and by T =
(ur,vr) = (p(vr),vr) the local minimum of v — p(v). Moreover, we assume
that the coordinates of H and T are positive and that lim, ,, . p(v) = +o0
holds.

We will show in Section [2.2|that both cases show bistability. Thus, the bistable case
refers to a model with bistability, but without hysteresis, whereas the hysteresis case
refers to a models with both, bistability and hysteresis.

The generic model in the hysteresis case can be seen as a reduced version of the
receptor-based model with hysteresis of Marciniak-Czochra [MCO06| (cf. Appendix
for the model equations). We focus on the behaviour of the ligand concentration
in this model. Using a quasi-steady-state approximation the six-component model
can be reduced to equations of the form (2.1)) with v denoting the concentration
of the ligands and v the production rate of the ligands. x corresponds to the posi-
tion along the Hydra body axis and if the concentration of ligands is above some
threshold, there is the formation of a head. The properties of the kinetic functions
for this reduced model are the following: The kinetic system shows bistability. The
function f(u,v) is growing in v and decaying in u. Moreover, in the steady state the
production rate has a hysteretic dependence on the concentration of ligands. This
means that g(u,v) = 0 is S-shaped.

Our aim is to capture these properties of the receptor-based model, but with kinetic
functions which are as simple as possible. Therefore, we choose f as a linear function
which is growing in v and decaying in u. The term —pfu refers to the decay of
ligands and awv to its production. The simplest way of obtaining a function g, such
that g(u,v) = 0 is S-shaped, is by taking a polynomial of degree three, which is
nonmonotone.

As also a monotone polynomial of degree three can lead to a bistable system, but
without the hysteresis effect, we investigate the generic model for monotone and
nonmonotone polynomials. This allows us to grasp the key features of pattern
formation in such a system.

Remark 2.1.1. In the remainder of this thesis, we will state our choice of kinetic
functions by noting the function f(u,v) and the polynomial p(v).

First, we derive the parameter spaces leading to each of the cases.

Proposition 2.1.2. In both, the bistable and the hysteresis case, the coefficients of
the polynomial p(v) = asv® + a1v? + agv and the straight line f(u,v) = av — fu
satisfy

Q@

p

e
as >0, a; <0, ag > and af >4a2(a0—5).
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Furthermore, in the bistable case the condition

2
aj

Qa2

0< <3

has to be fulfilled, whereas in the hysteresis case the condition

2
aj

agas

3 < <4

1S necessary.

Proof. First, we notice that the polynomial p(v) has no constant term, as we assume
that p(0) = 0. Moreover, we observe that lim, ., p(v) = 400 holds in the hysteresis
case as well as in the bistable case, which induces that the leading coefficient as of
p(v) has to be positive.
We choose the coefficients to ensure the existence of three different intersection
points Sy, 51 and Ss. These points are solutions of f(u,v) = 0 and g(u,v) = 0,
therefore the v-coordinates of the intersection points are solutions of the following
equation

p(v) — %v = asv - (v + Z_;v + a%(ao - B)) = 0. (2.6)

The polynomial v? + v+ é(ao — %) has two solutions with positive real parts

if its trace 7t is negative and its determinant é(ao — %) is positive. This yields

the condition a; < 0 and a¢ > % These solutions are real if the discriminant

@(a% — 4das(ag — §)) is positive, which leads to the condition af > 4as(ap — §).

We have already shown that ag and as are positive and therefore the condition

0< -
0a2

discriminant 4a? — 4 - 3azag. In the bistable case, we want p(v) to be monotone,

2
hence the discriminant has to be negative and we obtain the condition QZ;Q < 3.
In the hysteresis case, we want p’(v) to have zeros and therefore the discriminant has

% olds. N ext, we calculate the derivative p/'(v) = 3av? + 2a;v + ap and its

2
ay

to be positive, which leads to anes 3. Moreover, we want p(v) to have exactly one
zero which is at v = 0 and therefore the polynomial asv? + a;v + ag is supposed to

have no real zeros. This induces that the discriminant a? —4agas has to be negative.

i < 4 holds. O

Hence

apaz

Lemma 2.1.3. The coordinates of the intersection points Sy, S1 and Sy are given
by

1 Q
vo=0 and vip= 2_a2< —a; £ \/a% — 4day(ag — E)) (2.7)
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(% (%
— f(u,v) =0
Vg b . V2 |
— g(“?”) =0 5’2 52
vy | vrl
S
— g(u,v)=0
U1l
1 - — flu,0)=0
s oo har()
""" - hr(u)
0 ‘ ‘ 0 .
0 Uy Uz Ourp Uy ug Uz g
(a) Bistable case (b) Hysteresis case

Figure 2.1: Typical configurations of the zero sets of the kinetic functions.

and
a
u;, = —v; for 1=0,1,2.

p

Moreover, in the hysteresis case the coordinates of H and T are given by

—ay ++\/a? — 3apas —ay — \/a? — 3agas (2.8)
3&2 ’

3(12 ’

Ur =

and vy =

respectively, and ug = p(vy) and ur = p(vr), respectively. Finally, the polynomial
p(v) has an inflection point W = (uw,vw ), where the coordinates are given by

vy = 3 nd uw = p(ow). (2.9)
3&2

a

Proof. The v-coordinate of the intersection points is determined by p(v) = 3.
ED

o3

Thus, we calculate the roots of v(ayv? + ajv + ag — ﬁ) = 0 which are given by

Then the u-coordinate is given by u = %v.

The v-coordinate of H and T are the roots of the derivative p'(v) = 3asv?+2a,v+ay,
which are given by . Whereas the inflection point is the root of the second

derivative p"(v) = 6agv + 2a;, which is (2.9)). ]

The main difference between the bistable and the hysteresis case is the different
behaviour of the kinetic function g concerning invertibility.



PRESENTATION OF THE GENERIC MODEL 15

Notation: In the bistable case, the equation p(v) = u can be inverted globally and
we call the inverse function h, i.e.,

p(v)=u <= h(u)=".

In the hysteresis case, the equation p(v) = u has three solution branches, i. e.,

hg(u) when v € (—o00,vy] and u € [—o0, ug],

v
p(v)=u <<= qv=hr(u) when v € [vr,00)and u € [ur, o],
v

ho(u) when v € [vr,vg] and u € [ur, uy).

In Figure[2.Ta] we see the typical shape of the zero sets f = 0 and g = 0 in the bistable
case and in Figure we see the typical configuration in the hysteresis case with
the local inverse functions hg and Ar. We remark that we omit the solution branch
ho in the plot, because it does not play a role in the further analysis.

Remark 2.1.4. The hysteresis case got its name from the fact that u = p(v) cannot
be solved in a unique way. For w € (ur,up), we always have three choices for v
fulfilling uw = p(v). Therefore the choice depends on the history of the system.

For the construction of stationary solutions in Chapter |3| and {4 we will need the
following functions.

Definition: In the bistable case, we denote by ¢ the function defined by
q(u) = f(u,h(u)) for all u € R.
In the hysteresis case we denote by gy and gr the functions defined by

qu(u) = f(u,hg(u)) for u < ugy

and
qr(u) = f(u,hr(u)) for ur > u.

We investigate the behaviour of these functions, which will be needed later on.

Lemma 2.1.5. The derivative p'(v) of the polynomial in the hysteresis case is posi-
tive for v € (—oo, vy )U(vr, 00) and negative for v € (vy,vr). The second derivative
p"(v) of the polynomial is negative for v < vy and positive for v > vy .

The functions hg and hy are continuously differentiable. The derivative hy(u) is
positive for all u < ug and the derivative hip(u) is positive for all w > ur. Moreover,
in the limat it holds

lim hy(u) =00 and lim hp(u) =0
U—UE u—ur



16 PRESENTATION OF THE MODEL AND BASIC PROPERTIES

Proof. The first part of the lemma is clear, because vy and vy are by definition
the zeros of p’ and, furthermore, we know that lim, ., p(v) = oo. The second
derivative p”(v) = 6agv + 2a, is a straight line with positive slope, because as > 0
(see Proposition [2.1.2). Its zero fulfills 6asv + 2a; = 0 which leads to v = vy (see
91.3).

For the results concerning hr and hy, we use the chain rule to obtain Ay (u) =
m and hp(u) = m. Therefore, hy is continuously differentiable, because
p is a polynomial. For u < ug, we have hy(u) < vy and thus p'(hgy(u)) > 0 and
the derivative is well-defined. Moreover,

1 1 1
lim A = li = == =00.
o () = @)~ o) 0
For hl.(u) we obtain the result using a similar argument. O

Lemma 2.1.6. The functions q,qy and qr are continuously differentiable.

Proof. Differentiability has been shown in Lemma [2.1.5for hy and hp. For h it

follows from h'(u) = m > 0.
The function f is continuously differentiable, because it is linear. Thus, ¢, ¢y and
qr are continuously differentiable as composition of continuously differentiable func-

tions. O

Definition: For the generic model in the hysteresis case, we call critical values
the values which fulfil

/

u(uf) =0 and  gp(uy) = 0.
Lemma 2.1.7. The critical values can be calculated by

ug =p(vy) and uy = p(vy).

Here, v§; < v are the solutions of the quadratic equation

Thus, the critical values are unique and it holds
ug <ug  and  up > up.

Proof. By definition, qy(u) = f(u,hy(u)) = ahgy(u) — fu. Thus, the derivative is

calculated by .
qpy(u) = ahy(u) — 8= O ) B.
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&

Therefore, g (u) = 0 corresponds to p'(v) = § where v = hy(u). This is a quadratic
equation

Y=o (2.10)

3as0? + 2a1v + (ag — B

which has the solutions

—ay — \/a% — 3az(ap — )
cr

/UH:

—ay + \/a% — 3az(ap — )
and vy = .

3&2 3CL2

The discriminant af—3az(ap— 3) of the quadratic equation ([2.10)) is positive, because

of Proposition|2.1.2] Using the formula (2.8]) for vy and vr in Lemma we obtain
vy < vy and v§ > vp. Using that p is monotone increasing for v < vy and v > vy,

we obtain the result. O

Remark 2.1.8. The the order relation between u§; and ug depends strongly on the
kinetic functions (compare Figure . We will show in Section that the most

interesting situation occurs, if the critical values fulfill
ug < ugy.

Lemma 2.1.9. The derivative qy(u) is negative for v < u§; and positive for
u € (u§,ug). The deriwative ¢p(u) is negative for v > u§ and positive for
u € (ur,u$). In particular, it holds

qy(0) <0 and ¢p(uz) <O.
Proof. The only zero of ¢}, is given by uf;. We calculate the second derivative

¢h(u) = — ap”(hy(u) _ _Oz(6a2hH(u) + 2a,)

(' (ha()))? (' (R ()

which is positive for all u < uy, thus in particular for all u < ug Therefore, ¢} (u)
is positive for u < u§; and negative for u > u§;. For ¢/ we argue similarly. O]

Lemma 2.1.10. The function qg(u) is negative for all u € (0,uy), whereas qr(u)
is positive for all u € (ur,us).

Proof. Replacing u = p(v), we obtain ¢y (p(v)) = av — Bp(v) and g¢r(p(v)) =
av — Bp(v). Thus, the only zeros of ¢y and ¢r can be at the wu-coordinates of
the intersection points. Therefore, 0 is the only zero of gy, because u; and uy are
not in the domain of definition of qy. Similarly, only wus is a zero of gr. Together
with Lemma 2.1.9] we obtain the result. O
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qm (u) qm (u)
— g7 () — 7 (1)

0 AN o \

cr cr u2 g 0 cr; cr uz u
Ougugz uf uH ufur ug ug

Figure 2.2: The functions gy (u) and gr(u) for different kinetic functions in the
hysteresis case. The length of the interval [ur, ugy], as well as the relative position
of the critical values u$; and uf depends on the kinetic functions.

Remark 2.1.11. Let us now explain that the configuration of the zero sets of f and
g 1s the most symmetric if the intersection point S1 equals the inflection point W,
that is

u = uw and v = vy. (2.11)
This is the case when the ratio % 1s chosen such that

1«
uw = p(UW) = BUW

holds true.

A polynomial of degree three is point symmetric with respect to the inflection point.
Therefore, condition induces that the coordinates of Sy are given by vy = 2v;
and uy = 2uy. Furthermore, the area enclosed by f = 0 and g = 0 is the same
between Sy and S1 as well as between S and Ss, but with a different sign.

2.2 Stability of constant steady states

In this section we discuss stability properties of constant solutions for system
. We show that Sy and Sy are always stable, whereas S; is unstable. On the
one hand, this shows bistability of the generic model. Moreover, the model does not
show diffusion-driven instability, which is a necessary condition for the mechanism
of pattern formation developed by Alan Turing.
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Lemma 2.2.1. In both, bistable and hysteresis, case the steady states Sy and Sy are
asymptotically stable solutions of the kinetic system

u = f(u,v) v = g(u,v). (2.12)
The steady state S, on the contrary, is a saddle.
Proof. The Jacobian matrix at a steady state (@, v) has the following form
- ful@, v) fv(u,v)) <—5 a )
J(u,v) = T )= - 2.13
wo=(ren mem) =7 (219)
Hence, we calculate

det J(a,7) = 5<p'(@) - %) and TrJ(@,7) = — (8 + /(7).

As g is the slope of f(u,v) = 0 solved with respect to v, we have p'(0) > § >
0,p'(v2) > § > 0. Hence det J(Sp) > 0 and det J(S3) > 0, whereas the trace is
negative for both steady states. Therefore, the linearisation of the generic model at
Sp and Sy has only negative eigenvalues.

For S; we have to distinguish between the hysteresis and the bistable case. In the
hysteresis case it holds p’(v1) < 0, hence det J(S;) < 0. In the bistable case it holds
p/(v1) > 0, but still p'(v1) < § and also det J(S1) < 0. Therefore, the linearisation

at S; has one positive and one negative eigenvalue. O

Theorem 2.2.2. The homogeneous steady states Sy, So are linearly stable as solu-
tions of the generic model (2.1)) in the bistable case and in the hysteresis case.

Proof. We consider the linearisation of equation (2.1 at a steady state (u,v)

E)- () e (919
(1) =0.

with boundary conditions ,(0) = @
= (;’Z) with boundary condition ¢, (0) = ¢, (1) =

The eigenvalue equation L <Z>

2= (B+Ne+ayp = 0
p =@+ = 0.

We denote ¢,, = cos(nmzx), the n-th eigenfunction of —

0 leads to the system

(2.14)
d2
dz?

mann boundary conditions corresponding to the eigenvalue w? = (%)2 The vector

(Z) = (glzn) with C1,Cs € R is a solution of system ([2.14}) provided
2¥Wn

with homogeneous Neu-

det(Ln — )\Eg) = 0.
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Here, the matrix L, is given by

Y B
L, = gl .
( 1 —p’(@))

Hence, the spectrum of L, spec(L), consists of solutions of the quadratic equation

0=X+(6+7'(0)+ %wi)k + P (0) — a4 %wip’(@)

for every n € N.

The solutions are all negative. This can be checked by calculation of the trace and
of the determinant of L,,. As Sy and Sy are stable solutions of the kinetic system,
it holds Tr J(u,v) < 0 for both steady states and therefore

1
Tr L, = Tr J(u,v) — —w? < 0.
7
Furthermore, det J(u,v) > 0 for Sy and Sy and therefore
1
det L,, = det J(u,v) + ~w?p/(v) > 0.
8

because p’(0) > 0 and p’(ve) > 0 for the hysteresis and the bistable case. O

Remark 2.2.3. The steady state Sy is unstable as solution of the kinetic system
and hence also for the reaction-diffusion system.

2.3 Global existence of solutions

In this section, we show existence and uniqueness of nonnegative global-in-time
solutions of the generic model - in both the bistable and the hysteresis
case for all bounded and nonnegative initial conditions.

There are different types of solutions which depend basically on the regularity of
the initial conditions and the nonlinearity. We refer to [MC04| for a review about
existence theorems for mild, weak and classical solutions for reaction-diffusion equa-
tions coupled with ordinary differential equations.

In Chapter [3|, we show that stationary solutions of the generic system in the bistable
case are in C?([0,1]). Therefore, it is suitable in this context to consider classical
solutions of the time-dependent system.

Remark 2.3.1. The kinetic function f(u,v) = av— pu is linear, thus globally Lips-
chitz continuous, and g(u,v) = u—p(v) is C°>°(R?), thus locally Lipschitz continuous.
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Theorem 2.3.2. For initial data ug,vo € C'([0,1]) fulfilling the compatibility con-
dition Lug(0) = Lug(1) = 0 the generic model - has a unique classical

solution (u(t,z),v(t,z)) € C*((0,T];C*([0,1])) x C*([0,T];C([0,1])) in both the
hysteresis and the bistable case.

Proof. For a proof of the existence of classical solutions for systems with reaction-
diffusion-equations coupled with ordinary differential equation and Neumann bound-
ary conditions, we refer to [Nak12]. The proof uses a representation of the solution
with Green’s function and Picard iterations. O]

However, in the hysteresis case, we will see in Chapter 4| that a stationary solution
(U(z),V(x)) is given by a function U(x) being only once differentiable and a func-
tion V' (z) which is even discontinuous. Thus, we need to consider solutions (u,v)
such that for a fixed ¢ u(t,-) and v(¢, -) are in suitable function spaces, e.g. Lebesgue
or Sobolev spaces.

We review the theory presented in [Brel(] to solve evolution equations. In the
following, we consider a Hilbert space H be with scalar product (-, -) and norm || - ||.

Definition: Let A: D(A) C H — H be a linear unbounded operator with domain
D(A)={ue H| A(u) € H}. A is called monotone if

(Av,v) >0 for all v € D(A).

A is called maximal monotone if it additionally holds that the range of A plus
the identity is equal to the Hilbert space, i.e. R(A+ 1) = H.

Proposition 2.3.3. Let A be a mazimal monotone operator. Then D(A) is dense
in H.

Proof. We refer to |Brel0|, Proposition 7.1] O
Definition: The operator A is called symmetric if it holds
(Au,v) = (u, Av) for all u,v € D(A).

A is called self-adjoint if

A* = A,
where A* is the adjoint operator defined by (Au,v) = (u, A*v) for all u € D(A). For
a self-adjoint operator it holds D(A*) = D(A).

Proposition 2.3.4. Let A be a maximal monotone symmetric operator. Then A is
self-adjoint.
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Proof. We refer to [Brel0), Proposition 7.6]. O

Theorem 2.3.5 (Hille-Yosida). Let A be a maximal monotone self-adjoint operator.
Then for all uy € H, there is a unique function

u € C([0,00); H) N C*((0,00); H) N C((0, 00); D(A))

which 1s a solution of the homogeneous Cauchy problem

%u + Au=0 fort € (0,00), (2.15)
2(0) = . (2.16)

Moreover, it holds

1
| u®)l = [Au@)] < Slluoll - for atit > 0.

Proof. We refer to |[Brel0, Theorem 7.7]. O

Definition: A family of linear operators {S(t)}+>o is called a strongly continuous
semigroup of contractions if it holds

i) for all ¢ > 0 the mapping S(t) : H — H is a linear continuous operator and it
holds ||S(t)ul| < ||u|| for all u € H,

11) S(O) =1 and S(tl + tg) = S(tl)S(tz) for all tl,tg Z 0,
iii) limy_0¢>0||S(t)u — || = 0 for all u € H such that the limit exists.

The generator A of S(t) is the operator defined by

D(A) = {u €H| . l(i)rrtl>0 S(ﬂ? —v exists}
_> ? -
Au = lim S)u —u for u € D(A).
t—0, £>0 t

Proposition 2.3.6. Let A be a mazimal monotone self-adjoint operator. Then, it
holds for all v e H

/t S(s)uds € D(A) and S(t)u € D(A).

Proof. The first part can be found in [Paz83, Theorem 2.4, the second part is in
the proof of |[Brel0, Theorem 7.7]. O
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Definition: For ¢ > 0, we define

SA(t) H—H
ug — u(t),

where u(t) is the solution of problem (2.15))- (2.16[). {Sa(t)}+>0 is a family of linear
operators which is called the semigroup generated by A.

Proposition 2.3.7. The family of linear operators {Sa(t)}i>0 is a strongly contin-
uous semigroup of contractions.

Proof. See [Brel(, Chapter 7, Remark 5]. ]

Remark 2.3.8. Let A be a maximal monotone symmetric operator and A € R.
Then, solving the problem

%ujLAu—l—)\u:O fort € (0,00),
u(0) = g
can be reduced to solving the problem
d
avthv:O fort e (0,00),
v(0) = ug
by setting v(t) = eMu(t).

Theorem 2.3.9. Let A be a mazimal monotone self-adjoint operator. Then, for all
ug € H and all f € C([O,T]; H), there is a unique function

ue C([0,T); H) nC'((0,T); H) N C((0,T]; D(A))

which is a solution of the inhomogeneous Cauchy problem

d
&u(t) + Au(t) = f(t) fort €10,T7,

Moreover, u is given by the formula

u(t) = Sa(t)ug + /Ot Sa(t —s)f(s)ds, (2.17)

where Sy (t) is the semigroup of linear operators generated by A.
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Proof. This is shown in [Brel0, Theorem 7.10] for f € C'([0,T];H). But, we
observe that if we assume less time regularity f € C’([O,T yH ) the solution given
by (2.17) still belongs to the desired function spaces. O

Now, we cast our problem into this context to be able to apply Theorem [2.3.9,

Notation: We denote the Sobolev space incorporating the Neumann boundary con-

dition of the generic problem - by
H3(0,1) :={u € H*(0,1) | uz(0) = uy(1) = 0}
Proposition 2.3.10. The unbounded operator A : L*(0,1) — L?*(0,1) defined by
D(A) = Hy(0,1),
Au = —%um + pu foru € D(A)

with positive constants v, 8 € R is a mazximal monotone self-adjoint operator and it
generates a strongly continuous semigroup denoted by S(t) which fulfils the estimate

IS®)ullz201) < e [lull 2o, (2.18)
for all w € L*(0,1).

Proof. The proof can be found in [BrelO, Theorem 10.1] for Dirichlet boundary
conditions, but we repeat it here for completeness.

i) A is monotone, because for all u € D(A) it holds
1 1 1 1 1
(Au, u)r2(0,1) = / (——Ugy + fu)ude = —/ uldr + 5/ udz > 0.
o 7 7 Jo 0

ii) A is maximal monotone because it holds R(I + A) = L?*(0, 1), which is equiva-
lent to the existence of a solution u € D(A) for all f € L*(0,1) of the equation

—%um + (B4 1u=f.

This follows from the standard theory for elliptic differential equations and
can be found e.g. in [Brel(, Theorem 9.26].

iii) A is self-adjoint. Using Proposition it is enough to show that A is sym-
metric. Indeed for all u,v € D(A) it holds

1 1 1

1 1

(Au,v) 201y = / (— =gy + Pu)vdr = —/ UV dX + 6/ uvdx,
0 Y Y Jo 0

1 1 1 1
(u, Av) 2001y = / U(— =gy + fv)dz = —/ Uy UpdT + 6/ uvdx,
0 Y Y Jo 0

thus (Au,v)r200,1) = (v, Av)r2(0,1)-
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iv) We use that the operator A := —;Yum with D(A) = D(A) is maximal mono-
tone and self-adjoint. Therefore, Proposition [2.3.7] yields that the associated
semigroup S;(t) fulfils ||Sz(t)ullr200,1) < ||lullr20,1). With Remark we
obtain the stronger estimate .

]

Proposition 2.3.11 (Local-in-time existence of solutions). Let (ug, vo) € L*(0,1)2.
Then there exists Ty > 0 such that the initial value problem — has a unique
solution

u € C([0,Tp); L*(0,1)) N C*((0, Tp); L*(0,1)) N C'((0, Tp); Hy (0, 1))

and
v e C'([0,Ty); L*(0, 1))
given by
u(t,z) = S(t)uo(x) +/0 S(t — s)av(s,x)ds, (2.19)
v(t, x) = vo(x) —|—/0 (u(s,z) — p(v(s, x)))ds, (2.20)

where S(t) is the semigroup defined in Proposition |2.3.1(} Moreover, it holds
u € L*(0,To; H'(0,1))
and for oll 0 <'T' < Ty the following equation holds

1 1
ST+ [ Tl gt +5 [ttt -

T
= 5”“0”%2(0,1) + O‘/O (u(t, ), u(t, '))L2(0,1)dt'

Proof. For some 0 < T < oo, which will be determined later, we consider the Banach
space
X(T) = C([0,T]; L*(0,1)) x C([0,T]; L*(0,1))

endowed with the norm
[ (w, v) || x 1y = max{||ullco.r;22 0,0 1Vllco:L2(0,1)) }
where

HUHC ([0,T);L2(0,1)) = OTEQ%{HU( )HLQ(OJ)}-
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We define an operator B : X (T') — X(T'). Given (u,v) € X(T'), we set
hi(t,z) = av(t, )

and observe that by € C'([0,77]; L?(0,1)). Because of Proposition [2.3.10} the oper-

ator Au = —2u,, + Bu fulfils the requirements of Theorem and the inhomo-
v

geneous evolution equation

%wl(t, x) — %(wl)m(t,x) + pws(t,z) = hy(t,z) fort >0, (2.22)

w1 (0, ) = up(x) (2.23)

with the boundary condition (w;).(¢,0) = (w).(¢,1) = 0 has a unique solution
wy € C([0,T]; L*(0,1)) given by

wi(t,x) = S(t)up(x) +/O S(t — s)hi(s,z)ds. (2.24)

Next, we set
ha(t, @) = glu(t, z), o(t,))
and observe
ho € C([0,T]; L*(0,1))
that because of continuity of g.

The equation

0
&’lﬂg(t, x) = ho(t, x)

for fixed x € [0,1] with initial condition ws(0,2z) = vo(z) has a unique solution
ws(t, z) given by the integral

ws(t, ) = vo(x) +/O ha(s, x)ds. (2.25)
Thus, ws(t, z) € C*([0,T7]; L*(0,1)).

Now, we define the operator

B: X(T) — X(T)
(u,v) = (w'w?)=w
and show that B is a strict contraction. To do so, let w = B(u,v) and @ = B(@, 0)
and set hy = av, hy = g(u,v), hy = av, hy = g(@,0). We show that for a suitably
chosen time interval [0, Ty, there exists a constant § < 1 such that

o —@llxryy = 1B, v) = B@, 8)lxcry < 0l (w,0) = (@ 9)llxry.  (2:26)
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To prove this inequality, we subtract equation (2.24]) for w; from that for @, and
obtain

(wy —y)(t, ) = /0 S(t = s)(hi(s,z) — hi(s, x))ds.

Multiplying the previous equation by (w; — ;) and integrating with respect to x,
this yields an estimate of the L?(0,1) norm using the Cauchy-Schwarz inequality
with €

I =)0y = [ 50— 5) (=)o) (wr = i) 1,2 o
< 2] S0 =3 (=) sl + el = 30

Taking 0 < € < 1 and using the estimate (2.18)), we obtain

(= = 20 o < & [ 15— )0 = b5, ) s,

< —/0 Alt=9) ||(h1 )( )||L2 01)d

€

Dividing by (1 — €) and taking the maximum over ¢t € [0,T] yields

t
[wi — leQC([o,T};Lz(o,U) < C; max {/0 e P [y (s, -) — ha(s, ')H%%o,nds}

te[0,7)
< O T||hy — iLlH%‘([O,T};LQ(O,l))
= 01042T||U - 17||20([0,T};L2(0,1))
= C1T|lv = 01130172201
Thus, it holds
w1 —1l[cqorrz1) < Ci1T||(u,v) = (@, 0) || x(1)- (2.27)

Now, we consider the equation (ws):(t,-) = ho(t,-) and (i@a)e(t,) = hao(t,-) with
initial conditions wy(0,z) = we(0,2) = vo(x). Subtracting equation (2.25) for wy
and W, from each other leads to

’lUQ(t, ) — UN)Q(t, ) = A (hg — ilg)(S, )dS

Multiplying the previous equation by (w; — w;) and integrating with respect to x,
it yields an estimate of the L?(0, 1) norm using the Cauchy-Schwarz inequality with e
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02 = )Moy < [ [ (= )(ss)ds? = )0, )
< 1l o) 005) = g€, 55, D)sl g + e = @)l

Taking 0 < € < 1 and using the Lipschitz-continuity of g, we obtain

(L=e)l[(w?=i®)(t, )[120.0) < C /max{llu = (s, M1z, 005, ) =0(s, )iz b

Dividing by 1 — € and taking the maximum over ¢ € [0, 7] yields

||w2 — w2||20([0,T];L2(0,1)) < GT maX{Hu - Z~LH%‘([O,T};L?(O,I))v ||v - 77||2C([0,T];L2(0,1))}’

thus
lwa — Wal|co,:22(00)) < CoT||(u,v) = (@, ) || x (1) (2.28)

Taking the maximum of equation (2.27)) and (2.28)) yields
[(w1, wa) = (W1, Wa)||x(r) < max{C1T, CoT}|(u,v) — (@, V)| x (1)

If 7§ is chosen sufficiently small that holds § = max{C, Ty, C2Tp} < 1, then the equa-
tion ([2.26]) holds and B is a strict contraction. Using Banach’s fixed point theorem

(see [Eva08]) yields existence and uniqueness of a solution (u, v) € C'([0, Tp]; L*(0, 1))2.

We obtain better regularity results by bootstrapping. Because

av(t, z) =u(t,z) — p(v(t, x)) € C([0,To]; L*(0, 1)),

we obtain v € C'([0,Tp); L*(0,1)). Moreover, av € C'([0,Tp}; L*(0,1)). Using
Proposition yields that fot S(t — s)avds € C((0,Tp]; H3(0,1)) for ¢ > 0 and
S(t)ug(x) € Hy(0,1) for all t > 0. The representation ([2.19)) yields that

ue C((0,To); H3(0,1)).
Furthermore, this yields that 1 = 5 Lw—Pu e C((0,Tp]; L*(0,1)) and thus

2,12 — Bu € C((0,Tp); L*(0,1))
atu— aQU av U y40], ) :

Therefore, it holds u € C*((0, Tp]; L*(0,1)).
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Finally, we show equation ([2.2I). To do so, we set ¢(t) = gllu(t, )72, €
C1((0,Ty); R). The derivative is calculated by

%gp(t) - (u(t, ), %u(t, '))LQ(O,l)

:(u(t,-),%% (t,-) +av(t, ) — Bul(t, ))L2(o,1)

1,0
= —;II%U(L Wiz = Bllult, Mz + alult, ), av(t,)) .-

For 0 < e < T < Ty, it holds
Td

T) — = t)dt

o) =l = [ Gl

o T
Lt Mgt = 5 [ e, s

T
+ a/ (u(t, ), av(t, '))LQ(O,l)dt'

Taking the limit lim._,o p(€) = L{juo|/r2(0.1), we obtain equation (2.21)) which yields
that u € L?(0, Tp; H'(0,1)). O

To obtain global existence of solutions we show boundedness of solutions.

Proposition 2.3.12. We choose values R, and R, subject to

R, > max{us,uy} and hr(R,) <R, < §Ru.

Let (ug,v) € L?(0,1)* and assume that (u,v) is a solution of the system -
on a certain time interval [0,T). If the initial conditions are bounded, i.e. ug < R,
and vy < R,, then the solution stays bounded from above,

u(t,z) < R, and ov(t,z) <R,.

Proof. We use the method of Stampaccia as it can be found in [Brel0, Theorem
10.3]. Let G € C*(R) be a function fulfilling

i) |G'(s)| < M for all s € R and some positive constant M,
ii) G'(s) > 0 for all s > 0 and
1)

iii) G(s) =0 for all s <0.
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We set H (s fo 5)ds for s € R and remark that G and H are positive for s > 0.
We deﬁne the functlons
1
ou(t) = / H(u(t,z) — R,)dx for t € [0,77,
0
1
u(t) = / H(v(t,z) — R,)dx for t € [0,7]
0

and verify that ¢,(0) = ¢,(0) = 0 and ¢, (t) > 0 as well as ¢, (t) > 0 holds. More-
over, we observe that ¢, € C’([O To; L*(0,1))NC* ((0, Tp); L*(0,1))NC((0, Tp); HZ(0,1))N
L2(0 To; H(0,1)) and ¢, € C*([0, To); L2 (0,1)).

Now, we calculate the derivatives

%¢u(t) :/o G(u(t,z) — R,) - %U(t z)dz,

G(u(t, x)
l/ G'(u(t,z) — Ry)ui(t, x)dz + /0 G(u(t,z) — Ry) f(u(t,z),v(t,z))dz.
G x)

Y Jo

0

”) 8t (t x)d

/01 (v(t,
/1 G(v(t,z) —

We would like to show that %g@u(t) <0 and %gpv(t) < 0 holds. Then, together with
the observations made above, this yields ¢, = ¢, = 0. And by definition of the
functions G and H this induces u(t,z) < R, and v(t,z) < R, as desired.

d
Zo,(t) = R
dtw()

— R

_ /0 (u(t. —Ru)-(%um(t,x)—l— Flult,2), o(t, 2)))d.
§ o) - g(ult,x), v(t, z))dz.

Indeed, we see that —= fo G'(u(t, ) — Ry)u2(t,z)dx < 0, thus it remains to show
that

/o G(u(t,z) — Ry) - (av(t,z) — Bu(t,z))dz <0, (2.29)

/0 G(v(t,z) — R,) - (u(t,z) — p(v(t, x)))dz < 0. (2.30)

For t = 0 we have by assumption that G(uo(m) — Ru) = 0 and G(vo(aj) - Rv) =
0. Because of the time-continuity we assume that there is ty and zy such that
u(t,z) < R, and v(t,z) < R, for all t < ¢, and all z € [0, 1], but v(tg, zg) > R,.
Then u(to, z9) — p(v(to, o)) < R, — p(R,) < 0 and the integral is negative.
Similarly, if v(¢,z) < R, but u(to,z9) > Ry, then it holds av(ty, zo) — Bu(ty, xo) <
aR, — R, < 0 and the integral is negative. O
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Proposition 2.3.13. Let (ug,vo) € L*(0,1)%. Assume that (u,v) is a solution of
system — on a certain time interval [0,T]. If ug and vy are nonnegative,
then the solution stays nonnegative.

Proof. We use the same method as in Proposition [2.3.12] and the same definitions
of G and H. We define the functions

1
ou(t) = / H(—u(t,z))dx for t € [0, 77,
0
1
u(t) = / H(—v(t, z))dz for t € [0, 7]
0
and we verify that ¢,(0) = ¢,(0) = 0 and gou( 0 as well as ¢, (t) >

> 0
1)) N C*((0,Tp}; L*(0,1)) N
0

)
holds. Moreover, we observe that ¢, € (O To); L (
and ([0, To); L*(0,1)).

C((0, Tp); HZ (0, 1)) N L2(0,To; H(0,1)) ou €C
Now, we calculate the derivatives

1

0
(

’ ( N %uwx(tvx) - f(u(tl‘),v(t,l’)))dx

G
=2 [ G (—utta)ittarie — [ G(=utt.0) Sttt 0). 000,
G

Go0= [ (=t

_/0 G(—v(t,2)) - (= glult,2),v(t, x)))da

Using the same kind of argumentation as in the proof of Proposition [2.3.12] we show
that S, (t) <0 and $¢,(t) < 0 holds. Then u(t,z) > 0 and v(t,z) > 0.

(—u(t,z
0
t,x

)
)) . (—%v(t,x))dm
)

Indeed, we see that —% fol G'(—u(t,z))ul(t,z)dz < 0, thus it remains to show that
it holds

/0 G(—u(t,z)) (Bult,z) — aw(t,z))dz < 0 (2.31)

/0 G(—v(t,z)) - (p(v(t,z)) — u(t,z))dz < 0. (2.32)

For t = 0 we have by assumption that G(—uo(z)) = 0 and G(—wvo(x)) = 0. Because
of the time-continuity we assume that there is to and zy such that u(¢,z) > 0 for
all t <ty and all x € [0, 1], but v(ty, x9) < 0. Then holds p(v(to, zo)) — u(to, z0) <0
and the integral is negative. Similarly if v(¢,x) > 0 but u(to, x¢) < 0 then it
holds Su(ty, zg) — av(ty, o) < 0 and the integral is negative. O
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Theorem 2.3.14 (Global existence of solutions). Assume that the initial conditions
(ug,v0) € L>(0,1)* are nonnegative. Then the generic model - has
a unique, nonnegative solution (u,v) in both the hysteresis and the bistable case
satisfying

u € C([0,00); L=(0,1)) N C*((0,00); L*(0,1)) N C((0,00); Hx(0,1))

and
v e C'([0,00); L=(0,1)).

Moreover, it holds
u € LQ(O, oo; HY(0, 1))

Proof. The solution constructed in Proposition [2.3.11] exists for all times 7" > 0.
Indeed, because it is bounded from below and above it cannot tend to infinity and,
therefore, it can be prolonged successively. Moreover, if we assume that the initial
condition is bounded, it is an element of L>°(0, 1) and also the solutions u(¢,-) and
v(t,-) are bounded and therefore they are in L>(0,1). O

2.4 Global attractors for the kinetic system

We have already seen in Subsection that the kinetic system has two stable
steady states Sy and Sy and a saddle S;. The Jacobian evaluated at the hyper-
bolic steady state S; has a positive and a negative eigenvalue, therefore the kinetic
system has an one-dimensional stable manifold W* and one-dimensional un-
stable manifold W* at S; (see Figure 2.4). We know as a special case of Theorem
that all solutions with nonnegative initial conditions (ug, vy) are bounded for
all times T and stay nonnegative. Now, we show that for all initial conditions the
solution will approach Sy or S,, except those lying on the stable manifold of Sj.

First, we investigate the location of the stable manifold W*. We use here similar
arguments as stated in [Nak12].

Proposition 2.4.1. The stable manifold W*# at the steady state S cuts the positive
u-azxis in one point (u®,0) in both the hysteresis and the bistable case.

For simplicity of the following arguments, we divide the phase plane Ri into five
subareas which are bounded by the nullclines f = 0 and g = 0, as one can see in
Figure [2.3
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Definition: We define five open sets by

Op = {(u,v) € R | f(u,v) <0,g(u,v) <0,u<u},
O; = {(u,v) € RZ | f(u,v) >0,9(u,v) > 0,u; <u < uy},
05 = (u,v)ERi|f(u,v)<0g(u,v)<0u2<u}
A= {(u,v) € R | f(u,v) >0, g(u,v) <0},

A, = {(u,v) € RY | f(u,v) <0,g(u,v) > 0}.

Proof of Proposition[2.4.1 We consider the Jacobian matrix J(uy,v;) of the kinetic
system (2.12)) evaluated at Sy (see equation (2.13])) and its eigenvalue equation for
the negative eigenvalue A < 0

—Buy + avy = Auy, (2.33)
uy — p'(v1)vy = Avy. (2.34)
Setting vy, = 1 in equation (2.34)), we obtain
Uy = A +p/(?]1).

In the hysteresis case we have p'(v1) < 0 and thus uy < 0. For the bistable case we
remark that A\ is given by

8+ p) _ VFFP )P A0 ) —a) _
2 2

A=— —(B+p(n)).

The previous inequality holds because det J(ui,v1) = (Bp'(v1) — «) is negative (see
Lemma 2.2.1)). Thus, in the bistable case uy = A+ p'(v1) < —(B+p'(v1)) + 9/ (v1) =
—[ is negative as well.

Now, observe that the scalar product of the eigenvector (u,\ l)T and the normal
vector of f(u,v) = 0 at S; which is given by (fu(ul,vl) fv(ul,vl)) = (—B a)

equals
<u1’\> : (_aﬁ) = —fuy + a = Auy > 0.

Thus, the angle 6 between these vectors (see Figure is smaller than 7.

The scalar product of the eigenvector (u A 1) and the normal vector of g(u,v) =0

at Sp equals
U\ 1 o o o
( 1 ) . (—p'(m)) == P(n) =A<0.

Thus, the angle 6, between those vectors is between 7 and 7. Therefore the tangent
vector of the stable manifold W? at S; in a neighborhood of 5 is included in the
set A; U A, U{S1} (compare Figure 2.3).
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S

u u
Figure 2.3: The phase plane for the kinetic system in the hysteresis case, divided by
the nullclines into five subareas. The value 6 (resp. 6,) denotes the angle between
the eigenvector of the negative eigenvalue at S; and the normal of f = 0 (resp.
g = 0) at S;. The stable manifold (darkgreen) cuts the u-axis in the point (u®,0)
and the v-axis in (0, v*).

Next, we investigate the behavior of the time-reversed kinetic system, where we set
a(t) = u(—t) and 0(t) = v(—t)

for an initial condition (g, 0y) € W* N A, close to S;. We will show that there is a
time 0 < Ty < oo such that holds (a(7p),0(Tp)) = (u®,0) with «* > 0.

In A, the vectorfield (—f, —g) is pointing down to the right. Thus, a trajectory
cannot enter O3 or O3. Moreover, (u(t),9(t)) cannot cross the nullcline g(a, v) = 0,
because the flux for the reversed system is pointing into A,.

Thus, we have to exclude the possibility that @(t) grows to infinity and o(t) does
not cross v = 0. Therefore, we assume that there is a time T}, such that u(t) — oo
for t = Tyax and 0(t) > 0 for all times ¢ € [0, Tinax]. But, then it necessarily holds
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Tax = 00 because of

which yields
g < U(t) < dg + e,

Moreover, £o(t) < 0 and thus 0 < 9(t) < Ty < v; for all t > 0. The polynomial p(v)

attains its maximum in [0, v,] at vg. This leads to

%ﬁ(t) = —g(a(t),0(t)) = —a(t) + p(o(t)) < —a(t) + plon) = —a(t) + upy.

We choose ty > 0 big enough such that @(ty) + uy < —1 holds. This is possible as
@ is growing to infinity. Then for ¢ > ¢4 it holds

0(t) < o(to) — (t = to),

which is negative for ¢ big enough. This yields the contradiction to the assumption.
[

Remark 2.4.2. Simulations suggest, that the stable manifold at Sy also cuts the
positive v-azis in one point (0,v*). Because of the fast growing term v3, we are not
able to prove this.

Using the previous Proposition, we see that the stable manifold W* divides the
phase plane ]Ri into two disjoint and connected subsets Uy, Us such that there is
the cover

R2 = {(u,v) |u>0,0>0} =Uy Ul UW".

The set U, contains Sy and is bounded whereas U contains S5 and is unbounded.

A trajectory (u(t),v(t)) with initial condition (ug,vo) € W* will approach S! by
definition of the stable manifold. For all other nonnegative initial condition one of
the two other steady states will be approached.

Proposition 2.4.3. A solution of the kinetic system in both cases, hysteresis
and bistable, with initial condition lying in Uy (resp. Us) tends for t — oo to Sy
(resp. to Ss).

Proof. At first we remark that no trajectory can cross the stable manifold W?#. To-
gether with the positivity of solutions, which follows as special case from Proposition

2.3.13] this yields that Uy and U, are invariant sets.
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/US
S
u® u®
(a) The phase plane of the kinetic system in (b) The phase plane of the kinetic system in
the hysteresis case. the bistable case.

Figure 2.4: The phase plane for the kinetic system in the hysteresis and the bistable
case. All trajectories starting below the stable manifold W* of S; tend for t — oo
to Sy whereas those starting above tend to Ss.

In the following we denote sets

Ao = A NUp Ao = ANy
Ao =A, NUs Ao = A NUs

and remark that holds
Uy = Ao U Ao UOp\{S,} Us = Ay U A2 UON{Ss} U O,

We show that solutions starting in Oq (resp. Os, O3) will tend to Sy (resp. Sz) using
the direct method of Lyapunov (see [RHL77]). Therefore, we define the function

Fo(u,v) = u* +v* >0
which fulfils F4(0,0) = 0 and

d

&Fo(u(t), v(t)) = 2uuy + 2vv.

In the set Oy it holds u,v > 0 as well as u; = f(u,v) < 0 and v; = g(u,v) < 0,
hence S Fy(u(t),v(t)) < 0 for all (u,v) € Op. Thus, Fy is a Lyapunov function for
the set Oy and shows that Sy is an attractor for all (u,v) € Oy.

Similarly, we define the function

F) (u,v) = (u—ug)? + (v —v2)* >0
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which fulfils )} (ug,v2) = 0 and

d
&le(u(t), v(t)) = 2(u — ug)uy + 2(v — va)vy.
In O} we have u < us,v < vy and u;, vy > 0, hence L F;(u(t),v(t)) < 0 for all

(u,v) € O4.

For O3 we set F3(u,v) = Fy(u,v) and observe that we have u > up,v > vy and
ug, vy < 0, hence S F#(u(t),v(t)) < 0 for all (u,v) € O3.

Next, we show that all trajectories starting in the first quadrant but not on W* will
reach one of the sets Oy, O3, O3.

In the set A, the flux is pointing above to the right. Because a trajectory cannot
leave Uy it has to enter Oy at some time ¢. In A; o the flux is pointing down to the
left and again a trajectory starting there has to enter Oy at some time ¢. The same
argumentation applies for the sets A, o and A, 5. O

In [Nak12] it was shown for a similar model that solutions of the time-dependent
system with initial conditions such that it holds

e | N
(o). Jmi o) €2 and (o), ) €

will approach the constant solution Sy for ¢ — oo. Similarly if

(xgl[%ﬁ] uo(x),xlél[(l]%] vo(z)) €Us and <xn€l[%§] ug(x),xrg[%’)lq] vo(z)) € Us

then it holds limy_,o (u(t, ), v(t, z)) = Ss.

We will not prove this here. But, we observe this behaviour in simulations. More-
over, we observe in simulations that for initial conditions fulfilling the weaker con-
dition (uo(z),vo(z)) € Uy (resp. Us) for all = € [0,1] the solution (u(t, ), v(t, z))
will approach Sy (resp. Ss).

Hence, we expect pattern formation in such system for initial conditions such that
there are at least two disjoint intervals I, I, C [0, 1] with (ug(z),ve(z)) € Uy for
z € I and (uo(x),vo(x)) € Us for z € L.

Example 2.4.4. We consider the generic model in the hysteresis case for kinetic
functions f(u,v) = 1.4v —u and p(v) = v® — 6.3v* + 10v. The saddle of the kinetic
system has the coordinates S; = (u1,v1) = (2.8,2). We perform simulations for the
wnitial condition

up(z) = {2’79 Jorz < 04 and vy(z) = 2. (2.35)

281 forxz>0.4
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The slope of stable manifold W* at Sy is negative, thus for x < 0.4 the initial
condition (uy(z),vo(x)) lies below W*, whereas it is above for x > 0.4. Although the
mitial condition is almost constant, this is enough to produce a pattern. Compare
Figure and[2.54.

Moreover, we perform simulations for initial conditions lying entirely in the set Uy
and Us, resp., a situation where we do not expect pattern formation.

The initial condition uo(x) = 6z and vo(x) = —Fuo(x) + 2 corresponds in the phase
plane (Figure to the blue line and lies below the stable manifold. Therefore,
the time-dependent solutions approaches the steady state So = (0,0), as on can see
m Figure [2.5d.

Similarly, the initial condition ug(x) = Tz and vo(x) = —2ug(x) + 3, which corre-
sponds in the phase plane to the red line and lies above the stable manifold. The
solution approaches the steady state Sy = (ug2,v2) = (6.02,4.3) as one can see in

Figure

2.5 Summary

We introduced the generic model which consists of one reaction-diffusion equation
coupled with one ordinary differential equation supplemented with homogeneous
Neumann boundary conditions and bounded and nonnegative initial conditions. We
showed the existence of nonnegative global-in-time solutions for this model.

We distinguish between two cases of the generic model. In the bistable case, the
kinetic functions are monotone increasing, whereas in the hysteresis case there are
overlapping branches of the nullclines.

We investigated the kinetic system for both cases, where we did not observe any
significant difference. Both systems show bistability which means they possess two
stable steady states and one saddle in between. The stable manifold of the saddle is
a separatrix for the kinetic system. This means that for initial conditions on one side
of the separatrix the solutions will tend to one steady state and for initial conditions
on the other side of the separatrix the solutions will tend to the other steady state.

We are interested in the ability of the generic model to produce patterns. We
showed that it does not exhibit diffusion-driven instabilities. Thus, if the model
allows pattern formation, then the mechanism cannot be of Turing-type, the most
frequently used mechanism for biological pattern formation.

The results for the kinetic system suggests that the generic model might allow
pattern formation for both cases, with the final pattern strongly depending on the
initial conditions. We do not expect pattern that arise spontaneously from small
perturbations.
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(a) The phase plane of the kinetic system (b) Simulations for the initial condition given by
with the stable manifold W* and initial (2.35)) lead to the formation of a nonhomogeneous
conditions lying entirely above (red line) stationary solution.

and below (blue line), resp., W?*.

(¢) Simulations for initial conditions given by (2.35) lead to the formation of a nonhomogeneous
stationary solution.
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(d) Simulations for initial condition correspond- (e) Simulations for initial condition correspond-
ing to the blue line in the phase plane (a), lying ing to the red line in the phase plane (a), lying
entirely below the separatrix entirely above the separatrix

Figure 2.5: Simulations of the generic model in the hysteresis case for initial condi-
tions with different position relative to the separatrix W?.
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Chapter 3

Instability of stationary solutions
for the bistable case

In this chapter we study system in the bistable case. We construct non-
homogeneous stationary solutions which do not bifurcate from homogeneous ones.
Moreover, we show that there is no pattern formation possible in the bistable system
by showing that all nonhomogeneous stationary solutions are unstable.

3.1 Construction of stationary solutions
The stationary solutions of ([2.1)) are solutions of

0 = 0.+ fOUV),

0 = g(UV) (3.1)

for z € (0,1) with the homogeneous Neumann boundary condition for U.

We recall that in the bistable case the equation u = p(v) can be uniquely solved
with respect to v and we call h the inverse function.

To simplify the notation we denote the value
2

o T
Mo == ah/(uy) — B

where u; is the u-coordinate of the unstable homogeneous steady state Sj.

(3.2)

Theorem 3.1.1. There is a monotone increasing nonhomogeneous stationary solu-
tion (U(z),V(x)) € C*([0,1])? of the generic model (2.1) in the bistable case for all
diffusion coefficients %y with v > 7.

41
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— U(z)
Uel|- — V()
— U,(x)
. /\

X

Figure 3.1: A stationary solution (U(z),V(z)) of system (2.I) together with the
derivative U,(x).

Definition: Let £ € N and & > 2. We call a function U € C([0,1]) a periodic
function on [0, 1] with k& modes if U(x) is monotone on [0, +] and

'k
2j 2j 2
U) = U(x‘— L) forze [FJ, ]TH] (3.3)
U2 forre [0

for every j € {0,1,2,...} such that 25 +2 < k.

Corollary 3.1.2. There is a monotone decreasing nonhomogeneous stationary so-
lution (U(z),V (z)) € C2([0,1])* of system in the bistable case for all diffusion
coefficients % with v > .

Furthermore, there is a nonhomogeneous stationary solution (U(z),V (z)) € C*([0,1])?
of system i the bistable case which is periodic with k modes for all diffusion
coefficients % with v > k*vp.

In summary, we obtain for every diffusion coefficient a finite number of stationary
solutions, three homogeneous ones and at least 2 b / %J nonhomogeneous ones.

Proof of Corollary[3.1.3. For the first part of the Corollary, we construct a mono-
tone increasing solution (U(z),V (x)) of (3.1) using Theorem m Then we set

U(x) =U(1l —x) V(z)=V(1—=x)
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which are monotone decreasing functions by definition. Moreover, because of
. 1 1 -~ .
g(U,V)=g(U,V)=0 and ;Uzm_f'f(U’V) = (_1)2§Uxm+f(U7V) =0,

(U(z),V(z)) is a solution of system (3.1).
For the second part of the Corollary, we construct a monotone (increasing or de-
creasing) solution (U(z),V(z)) of system (B.1) for the diffusion coefficient % This

is possible since v > k%yy. Now, we define the functions

i N 1
U(x) =U(kx) V(z) =V (kx) forx €0, E]

which we continue periodically for € [0,1] by formula (3.3) U(z) and V(z) are
periodic with & modes by construction. Moreover, (U(z),V (z)) is a solution of
system 1} for the diffusion coefficient % as

g(Uv V) = g(Uv ‘7) =0

and
2

%Um(ff) + f(U(x), V(x)) = %Um(kx) + f(U(kx), V (k) = 0.
O

For the proof of Theorem [3.1.1f we proceed by a standard method for solving bound-
ary value problems of second order ordinary differential equation. An introduction
to this topic can be found in [Forl0], for a more detailed analysis we refer to [Ver10]
or [Sch90].

For solving problem (§3.1)), we remind that equation g(U,V) = 0 can be uniquely
solved with respect to V. Hence, we plug V = h(U) into the first equation of .
We now observe that a solution (U(z),V(x)) of problem is given by a solution

of
0= %Um(x) +qU)), (3.4)

for z € [0,1] with U,(0) = U,(1) = 0 and V (z) = h(U(x)). Here, q(u) = ah(u)—fu,
as defined in Section 2.1

We want to construct a solution in the phase plane. We observe that equation (|3.4))
is equivalent to the system

Ux = VV7
To construct a monotone increasing solution of the boundary value problem ([3.4)),

we need to connect a point (ug,0) with a point (u.,0), where u, > wug, by a tra-
jectory (U, W) which has to be such that W(xz) > 0 for all z € (0,1) (cf. Figure

(3.5)
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Us

0 Up Uy Ue Ug U

Figure 3.2: The phase plane in the bistable case with a trajectory connecting (ug, 0)
with (ue, 0)

3.:2]). We see that for all values ug problem (3.5) together with the initial condition
(U(0), W(0)) = (uo,0) has a unique solution (U(x,uo), W (x,uo)). Hence, we have
to choose ug, such that W (1,ug) = 0 and U(1, up) = u, holds.

To find the appropriate value uy, we define the potential associated to equation

)
Definition: The function (), which is defined by

is called the potential of equation (3.4)).

By definition the potential fulfils Q'(u) = ¢(u) and Q(0) = 0. Moreover, it is
continuous. Using the change of variables v = h(u), we obtain Q(u) = F(h(u)),
where

F(v) = / (i — (@) ()b,

is a polynomial of degree 6 having a double zero at v = 0.
We can calculate the derivative

iF(v) = (av — Bp(v))p' (v),

dv
which has zeros 0, vy, v9. Since the leading coefficient —BT“% of F'is negative, Q(u) has
a minimum at u; and maxima at 0 and uy. See Figure for a possible behaviour
of the potential Q(u).
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0 ‘Ul uQ U
Figure 3.3: The potential () in the bistable case

Multiplying equation (3.4) by U, and integrating over z leads to

1
0 = ;UmUx—{—q(U)Ux, (3.6)

0 = %/% (U;> dm+/q(U)dU. (3.7)

For U being a solution of (3.4), we see that for all = € [0, 1] the condition

1Ui (@)

Y2 + Q(U(z)) = constant (3.8)

has to be fulfilled. The left-hand side of is called the “first integral” of system
(3.4). In a physical context the constant corresponds to the total energy of the
system and Q(U(z)) the potential energy (see [Arn06]).

The homogeneous Neumann boundary condition at x = 0 and x = 1 induces that
this constant equals

Q(uo) = Q(ue). (3.9)

This, furthermore, determines the connection between 1y and ..

Because of the shape of @) it is possible to find values 0 < uy < u; < Ue < Us
fulfilling the above condition such that Q(u) < Q(uo) for all u € (ug, ue).

Definition: We call I = (Umin, Umax) With 0 < Uy, and Umax < us the maximal
interval such that for all ug € I'\{u;} there exists a unique value u, € I with u, # uo,
such that Q(ug) = Q(ue) holds.
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Lemma 3.1.3. If the potential Q(uy) at the u-coordinate of the intersection point
Sy is nonnegative, then Uy, = 0 and Unax € (U1, us] is defined by Q(umax) = 0. If
Q(ug) < 0, then upax = Uz and Uy € [0,u1) is defined by Q(umim) = Q(uz). In
particular, if Q(ug) =0, then I = (0,uy).

Proof. The values 0 and wus are the local maxima of Q(u). Hence, we only need
to figure out at which of those values the potential is smaller. This provides the
assertion of the lemma, having in mind that Q(0) = 0. O

Remark 3.1.4. The case Q(uy) = 0 signifies that the area between the graph of q(u)
and the u-axis 1s the same between 0 and uy, as well as between uy and uy but with
different sign. By Remark|2.1.11| this corresponds to u; = uy and therefore q(u) is

point symmetric around ;.

So far there are many possible choices of the value uy and u.. To assure that a
solution connecting uy and wu, is a solution on the interval [0,1], we consider the
so-called “time-map” (see |Sch90| for a detailed exposition concerning time-maps).

Definition: We define the time-map 7'(uy) as minimal “time” = needed for a
trajectory of the phase plane associated to system (3.5)) starting at (ug,0) to reach
the u-axis again.

D(T) : = {up € R | Fz > 0 with W(z,up) =0 and ug < U(x,up)},
T(up) : = min{z > 0 | W(xz,up) = 0}, for up € D(T).

Lemma 3.1.5. The domain of definition for the time-map is given by
D(T) := (Upnin, U1)-

Proof. Finding x > 0 such that W (z,uy) = 0 requires U(x,uy) = u.. Hence, we
have to choose wuy such that there is u, with Q(ug) = Q(u.). This is by defini-
tion the interval I = (Umin, Umax). Furthermore, we require that wy < wu., hence
D(T) = (umin,ul). L]

Proposition 3.1.6. The time-map can be calculated by the formula

1 e du
V2w /Quo) — Q)

Proof. We deduce from (3.8)) the differential equation

T'(uo)

U, = %/27(Qu0) — QU(2))).
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We choose the positive branch, as we are interested in a monotone increasing solution
U(z), and solve the equation by separation of variables. Hence, we obtain a formula
for z in terms of U(z)

Xz

1 / Ut@) du
V2 Qo) — Qu)
In particular, we deduce the formula for the time-map. O

Proposition 3.1.7. The start value ug of a monotone increasing solution of equa-

tion 1s determined by

Theorem 3.1.8. The mapping uy — T(ug) is well-defined for all ug € D(T). Fur-
th it 1 ti ly ds, tiable with —— .
ermore, it is continuously differentiable with range (m, 00)

This is a standard result and can be found for example in [Sch90]. We will give here
a direct proof without using results on time-maps of problem (3.1)) with Dirichlet
boundary conditions.

Proof. As the potential Q(u) has a local minimum at wy, it is convenient to split
the integral defining 7'(ug) at u; into two parts.
Referring to the first part of the integral as

T

(u): 1 /“1 du
V2 S Qo) — Qu)

and to the second part as

15

1 te du
=75 |, Ve
we obtain the representation
T(uo) = Ti(uo) + Ta(ue(uo)),
where the dependence u(ug) is determined by Q(ug) = Q(u,).
We divide the proof of the theorem into three steps. After showing the continuity

of the time-map, we investigate its well-definedness and the behaviour for uy near
Umin- The last step is devoted to the behaviour of the mapping for ug near u;.



48 INSTABILITY OF STATIONARY SOLUTIONS FOR THE BISTABLE CASE

Continuity: The time-map T'(ug) is implicitly defined by
W(T(Uo),U()) =0.

Furthermore, we know by definition that uy < U(T'(uo), uo) = u. < ug and we

calculate
0 0?
W (T0), o) = 55U (T} ) = 14U (T ) o)) = (i) > 0.

Hence, using the implicit function theorem, we obtain that T(ug) has the
same regularity as W (x,ug). But, ¢(u) is at least C! (see [2. and therefore
W € C* as well by the standard regularity theorem for ODES (see [Chi00]).

Well-definedness and behaviour near u,,;,: The integral T}(ug) is improper,
because the denominator is zero for u = ug. Therefore, we choose § > 0
small, split the integral and investigate its behaviour near .

1 uo+9 du 1 u1 du
VB L Q) Q) VB s Qu0) — QL)

The second integral is proper, so we have to investigate the first one. We
remind that Q(u) = F(h(u)) with F' being a polynomial of degree 6 with a
double zero at v = 0. We write ¢,, for the coefficient in front of the monomial
v™in F(v). As vy := h(ug) is a zero of F(vy) — F(v), we can factor out (v—wvp)
to find an approximation of Q(ug) — Q(u) near uy.

Ti(uo) =

F(vo) — F(v) = (cev8 + csv + cqvs + c3vi + covl)
— (cev® + c50° + cqv* 4 c30® + cov?)
= (v — v)[ce(v] +U0U—|—UOU +UOU + vov* 4+ v°)+
cs(vg + viv + viv? + vev® + v+
ca(vy + vgv + vev® + v°) + e3(v] + vov + v*) + ca(vo + )]
~ (vg — v)(6cgvy + Sesvg + degvd + 3esvd + 2co1y)

= (vo = v)(=1) pol(vo)

As F(vy) — F(v) is positive for v > vy, but v close to vy, the expression pol(vg)
is positive and tends to zero for vy — 0. Furthermore, pol(vg) does not depend
on v = h(u) anymore, so we can pull the term out of the integral and obtain

uo+o du 1 uo+o du

v VE(m) — F((@)  /pol(h(uo)) Jue  /B(w) — hug)
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Now, we carry out the change of variables u = p(v) and use the notation
vs = h(ug + 0) and vy = h(ug) to write

/“‘“L‘S du v p(v)dv
ug

\/h(uo)—h(u): v VU =0

As p is a polynomial of degree 3 we use three times integration by parts and

obtain
ug+6 du 4 3 q 5
= 29 _ 5 __pl _ s .2 m _ 3
uo h(u) — h(uo) P (vs)(vs=vo)? 3P (vs)(vs Uo)2+15}? (vs)(vs—0)2

We check that the expression on the right hand side is positive. By assumption
p'(v) > 0 for all v, p”(v) = 6ayv + 2a; is a monotone increasing straight line
with positive zero at v = —g, cf. Proposition 2.1.2, Therefore, p” (vs) <0
for vy and 0 small enough. Finally, p”’(v) = 6as is a positive constant.

For § small we use the approximation h(ug+0) ~ h(ug)+ h'(ug)d and conclude
that

1 —_ = 1 / prm—
gli%(vo v5) (lsli%h(uo)é 0.

Therefore, the integral T} (ug) is well-defined.
Furthermore, we define the constants ¢y, ¢, ¢3 for a fixed 6 > 0 and ug > 0

c1 = 2p'(0) = p'(vs) > 0,
4

Cy = p”(O) ~ —gp"(v(g) >0
and 8 8 8
- /11 O _ /1 O 6 - i O
C3 1529 (0) 1517 (0)6as 1517 (vs) >
Therefore,
voto d oh’
v ~ (UO) (61 + 025h'(u0) + Cg(SQh/(UO)2)

w  F(h(ug)) — F(h(u)) pol(h(uo))
and we conclude that if vy, = 0 then

ulolgo Ti(uo) = o0,

because pol(h(ug)) tends to zero for ug — 0, whereas the numerator tends to
a positive constant. If wy;, > 0 then pol(h(ug)) does not tend to zero and

lim T)(up) = constant < oco.
UO—>Umin
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The integral T(u,.) is improper at u = u.. For showing well-definedness, we
can argue similarly as for T7(ug). If umax = ug, then by a similar argument as
for T1(up), we can show that

lim T5(ue) = oc.
Ue—U2

But, if uyay < us, then

lim Ty(u.) = constant < oo.

Ue —>Umax

Finally, we know by Lemma that either uyi, = 0 or umax = us. Hence,
we conclude that

lim T(u) = lim Ti(ug)+ lim Ty(ue(uop))

UO—>Umin UQ —Umin UQ —>Umin
= lim Ti(uo)+ lm To(ue)
UQ —Umin Ue—Umax
= OQ.

Behaviour near u;: For investigating the behaviour of the time-map integrals for
ug — uy, we use the Taylor expansion of () near u; remarking that u; is a
local minimum

Q) ~ Qlur) + %(u —u)2Q" (uy).

Furthermore, we use the change of variables u = (u; — ug)t + ug to get rid of
up and uy as integration limits. For /27T (ug), we obtain

lim Ul — U[))dt

ug—uU1 / A / uO UO_>U1 / \/Q UO Ul — uo)t + uo)

. / Ul — Up dt
- u(l)l_I}ql“ Q” ul / \/ u1 — UO Ul )—’LLO) (t — 1)2
B 2
|/ @"(w) \/—t t—2)
[ 2
Q” Ul /1 v1-— 52

Evaluating the primitive [ \/% = arcsin(s), yields

i b du = —4 / L arcsin(0)—arcsin(— 2 T
u(l)l_rgl /uo /—Q(Uo) — Q(u) - Q”(Ul)( <0> ( 1)) Q”( )2
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Because of the continuity of the potential and the relation Q(ug) = Q(u.), we

see that u, — u; when ug — uy. Hence, we find by a similar calculation as for
T1 (U,()) that

u

e du T
w VQu) — Q) 2Q"(w)

holds true. Putting this together we see that

lim /2vT5(u.) = lim

Ue—UL Ue—UL

1 T g T
wo—uy \/ﬂ(\/2Q//(u1) + \/QQ//(U1)> o /fYQ//(—ul).

Therefore, we conclude that the range of 1" is given by

(\/ Q" (ur) 7 OO) .
[

Proof of Theorem[3.1.1. We constructed a solution connecting ug € (tmin, 1) and
Ue € (Ug, Unmayx) Tequiring that Q(ug) = Q(u.) holds. This is a solution on the interval
x € [0,1] if and only if T'(ug) = 1. Theorem yields that T is a continuous

™

mapping with range | ———=—=
YQ" (u1)

,00 |. Observing that 1 is in the range if #21) <7
and that
Q" (uy) = ah’(uy) — 8 > 0,

we obtain the condition vy, = m < ~y for the existence of a monotone increasing

solution. [

For investigating the monotonicity of the time-map we need to know how u, depends
on uUg.

Lemma 3.1.9. The derivative of u. with respect to ug is given by

d q(uo)

—Ue(Ug) = <0
G ") = ()
Proof. Derivating equation (3.9 with respect to ug yields the result. m

Remark 3.1.10. Monotonicity of the time-map induces that the monotone increas-
ing solution of equation constructed in Theorem 1s unique. Simulations
(See Figure suggest that the time-map T(ug) is monotone decreasing for all
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possible kinetic functions in the bistable case.
We observe that if

d
—T 1
duo 1(U0) <0 (3 O)
and q
dueTQ(ue) >0 (3.11)
then
d d d d
—T = —T To(ue) - — U,
dug (o) dug (o) + du, 2(ue) duou (o) (3.12)
d d Q(Uo) '
= —T To(ue) - —= <0
dug (o) + du, 2(ue) q(ue) <
holds.

Unfortunately equations (3.10) and (3.11]) do not seem to be true in general as one

can see in Figure and [3.4kl But, at least (3.10]) or (3.11)) is always true.

Proposition 3.1.11. The derivatives of the time-maps in the bistable case have the

form
/ - q(uo) “OQ(u) —Q(ur)) g (u) 1 du
Ti(uo) = \/ﬂ(Q(uO)—Q(m))/uO ( q(u)? 2) Qo) =0 (3.13)
and
M) = — q(ue) e (Q(u)—Q(Ul))q/(u)_l du
T5(ue) \/ﬂ(Q(ue)—Q(ul))/ul < L 2) ARk (3.14)

Proof. Requiring that ¢(u) is monotone in a neighborhood of u;, this has been shown
by Loud in [Lou59]. Indeed, because of ¢’(u;) > 0 the assumption holds. O

Proposition 3.1.12. For the generic model in the bistable case fulfilling the condi-
tion Q(uz) > 0, it holds d;:LlOTl(uo) < 0. For the generic model in the bistable case
fulfilling the condition Q(usg) < 0 it holds d;;eTg(ue) > 0. In particular, if Q(uz) =0
then it holds T"(up) < 0.

Proof. We shown that the integrand of the derivative of the time-map given by
Proposition [3.1.11] is positive. Therefore, we denote the function
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0 /\ — T1(uo)
\ — T(ue)
0 ﬁl u‘g u Uy u2 0 uo ﬁl
(a) gq(u) for f(u,v) =34v—u  (b) Ti(up) and Ty(u,) (¢) T(uo)
— T1(uo)
— To(ue)
° \
0 ﬁl U2 4 Ul u2 0 ug @1
(d) gq(u) for f(u,v) =3.8v—u (e) Ti(up) and To(ue) (f) T(uop)
— T1(uo)
/\ J— Tg(ue)
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0 {L1 ué 0 Ul u 0 '211

u

(8) q(u) for f(u,v) =4v—u

O \
0 u1 ué w

G) q(u) for f(u,v) = 5v —u

(h) Ti(up) and To(ue)

— T (uo)
— 15 (ue)

K,

0 w1

(k) Ti(up) and Ty (ue)

uQ u1

(1) T(Uo)

Figure 3.4: Simulations of time-maps for different kinetic functions. We fix p(v) =
v3 —5.20%2 4+ 10v and 8 = 1 but vary a in f(u,v) = av — Bu. In the first column, we
plot the function ¢(u) = f(u, h(u)), in the second column we have the corresponding
time-maps 77 (ug) and T5(u,.), whereas in the third column there is the total time-
map T'(ug) = T (ugp) +Ta(ue(up)). We observe that %T(uo) < 0 holds even if either
ddToTl(uO) <0 or dquTQ(Ue) > 0 is not fulfilled.
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0 [\

N |

0 Uiy u 0 Upy u

(a) f(u,v) = 5v —u. The potential at ug is (b) f(u,v) = 4v — u. The potential at ug is
positive and hence uy < upy. negative and hence uy < u;.

Figure 3.5: Two kinetic functions in the bistable case. The polynomial p(v) =
v3 — 5v% + 10v is the same in both simulation. We vary f to have a different
potential at uy, which changes the relative position of u; and uyy.

and calculate

é%wmmwrﬂmm—me¢W>

This leads together with ¢(u)%l(u)]y=u, = 0 to

o) = [ (@(@) - Qua))q"(@)du. (3.15)
For all u € (ug,u.) C I we know that Q(u) — Q(uy) > 0. Hence, the sign of [(u) is
determined by the sign of ¢”(u). Using the chain rule we obtain

p"(h(u))
p'(h(u))*

By assumption in the bistable case, p'(v) > 0 for all v. Hence, the sign of ¢"(u)
depends only on p”(v) = 3asv + 2a;. We can see that the only zero of p”(h(u)) is
given by u = uy, which is the u-coordinate of the inflection point W (see Lemma
2.1.3). We remind that a; < 0, hence p”(h(u)) < 0 for all u < uw and p”(h(u)) > 0
for all u > uy .

Observing that u; = uy if and only if Q(uz) = 0 (see Remark and Remark
3.1.4), we can establish a connection between the potential at u; and the derivative
of the time-maps.

q"(u) = ah”(u) = —a
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If Q(ug) <0, then uy < u; and we obtain that
q¢"(u) <0 forall u e [ur,u.

This leads to I(u) < 0 and using representation ({3.14)) to Tj(u.) > 0 remarking that
q(ue)

Qe -q) ~

In a similar fashion we see that if Q(uy) > 0, then uy > u; and

q¢"(u) >0 forall u € [ug,u]

which leads as well to [(u) < 0 because we integrate backwards in equation ((3.15)).
Finally, we obtain T7(uy) < 0 using representation (3.13)) together with the obser-

: q(uo)
vation Qw00 < 0. O

3.2 Instability of stationary solutions

In this section we will show that there is no pattern formation possible in the system
in the bistable case. The proof is similar to the proof of nonexistence of stable
pattern for one-dimensional reaction-diffusion systems with homogeneous Neumann
boundary conditions (see for example [MCO04]).

Theorem 3.2.1. There exists no stable nonhomogeneous stationary solution (U, V)
of the generic model (2.1)) in the bistable case.

In the proof we use the Sturm comparison principle, whose proof can be found
in [MU78| and in [JK99].

Theorem 3.2.2 (Sturm comparison principle). Let ¢ and ¢y be non-trivial solu-
tions of the equations

Duyy + q1(z)u = 0 and
Duygy + go(z)u = 0,

respectively, for x € [0,1] and D > 0. We assume that the functions q; and g, are
continuous on [0, 1] and that

¢ (z) < qa(x)

holds for all x € [0, 1].
Then between any two consecutive zeros x1 and xo of ¢1, there exists at least one
zero of oo unless q1(x) = go(x) on [0, 1].
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Proof of Theorem[3.2.1. We consider system ({2.1]) linearised at (U(x),V (z))
~ 1 ~ ~
Ut _ ;Uaxv _6 « . u —. .
(5)=C5) (Vi) () == C)
with boundary conditions @, (0) = @,(1) = 0.
¥ ¥
L = A
(0)=2)
with boundary condition ¢,(0) = ¢,(1) = 0 reads

%@m_(ﬁ"i_)‘)(ﬂ"i‘aw = 0
o= @WV(x)+Ay = 0.

< &

The eigenvalue equation

(3.16)

We denote the function

O = vy

and define the operator depending on A
D(AN) = H2(0,1),
1
AN) i p ;gpm +7(A, z)p.

As p/(V(z)) > 0 for all z € [0, 1], we observe that for A > 0 the eigenvalue problem
(3.16)) is equivalent to the equation

AN)p = Ap.
Let us first explain that there exists C' > 0 independent of A > 0 such that
|7"()\, a:)} <C
for all x € [0,1]. Indeed, the denominator A + p/(V(x)) is positive and linearly
growing in A. Therefore, r(\, z) is decaying in A and it holds
a a
@) S )

where £ = mingejo,1) p'(V(x)). We observe that in the bistable case by assumption
x > 0 holds. Furthermore, = — # > 0, which is clear as this is necessary to have 3
intersection points. Now, we argue in the same way as it was done in [MC04] for
the instability of nonhomogeneous solutions of a single reaction-diffusion equation

—B=r(0,1)< 2=,
K
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(c) u(t,x) (d) v(t, z)

Figure 3.6: Two simulations of the generic model in the bistable case. The polyno-
mial is p(v) = v —4.6v2 4 10v, for the upper panel f(u,v) = 5v —u which leads to a
negative value of Q(ug), whereas in the lower one f(u,v) = 5.5v — u which leads to
a positive value of Q(uz). The initial condition is in both cases a small perturbation
of the respective steady state solution.
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with homogeneous Neumann boundary conditions. We denote by io(A) the largest
eigenvalue of the Neumann problem

AN =Ny and  ©.(0) = (1) =0,

and by vp(\) the largest eigenvalue of the Dirichlet problem

AN)p=v(N)p and ¢(0)=p(1)=0.

Using the Sturm comparison principle we can show that
to(A) > ()
holds. Indeed, pp(A) < () yields
@2(x) = 1A\ 2) — po(A) = r(A,z) — (A =t qi ().

By definition the principal eigenfunction of the Dirichlet problem is of one sign and
has its only zeros at x = 0 and z = 1. Hence, from the Sturm comparison principle,
we obtain that the principal eigenfunction corresponding to the Neumann problem
has a zero in (0, 1), but this is impossible because the principal eigenfunction is of
one sign (see [Smo83).

Next, we remark that U,(x) is an eigenfunction for the eigenvalue 0 of the Dirichlet
problem by derivating equation (|3.4])

1 1
0= ;(Ux)m +4 (U, = ;(Ux)m + ah/(U)U, — BU,

1 1
= _ Ux 2z T (O
e 0w
Therefore, v(0) > 0 and hence p(0) > 0.
Furthermore, we know that () depends continuously on A and can be calculated

by

= B)Uz = A(0)U,.

1
n(A) = sup [ — =(@a, 0a) + (r(X, )0, )] (3.17)
pEWL20,1) flplla=1 ~ Y

We obtain
1 1 1 1
—/ —goxgoxdx—i—/ r(\ z)p?dr < —/ —gozgoxdx—i—/ Codr < C.  (3.18)
o 7 0 o 7 0

Therefore, ;()\) is bounded and, hence there exists a value A > 0 fulfilling u(A\) = .
This induces the existence of an eigenfunction ¢ # 0 satisfying

AN @ = p(Np =g with $,(0) = ¢,(1) =0,
which proves the existence of a positive eigenvalue of problem (3.16]). H
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3.3 Summary

We showed that the generic model in the bistable case admits for every diffusion
coefficient % with v > 7y a monotone increasing stationary solution. The steady
state equation reduces to one differential equation of elliptic type with continuous
right hand side. We constructed a monotone increasing and a monotone decreasing
solution as well as periodic solutions of the problem. Simulations of the time-map
related to the steady state equation suggest that the monotone increasing solution
is unique. Thus, for every diffusion there is a finite number of stationary solutions.
The smaller the diffusion coefficient is the more solutions there are.

Next, we showed that all these spatially inhomogeneous stationary solutions are
unstable as solutions of the reaction-diffusion system. Thus, there is no pattern
formation in the generic model in the bistable case. This was not expected from
the observation of the kinetic system. Therefore, bistability in such system is not
enough to produce stable patterns.
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Chapter 4

Construction and stability of
discontinuous stationary solutions

In the previous chapter, we showed that bistability in the kinetic system is not suf-
ficient to obtain stable pattern formation in the generic system (2.1)). Therefore,
we turn our attention to the hysteresis case now. In the hysteresis case the kinetic
functions show bistability and, moreover, in the steady state there is a hysteretic
dependence of v from w.

We construct nonhomogeneous stationary solutions using the same method as for
the bistable case together with the ideas presented in [Gri91]. We show that there
is an infinite number of monotone increasing stationary solutions for every diffusion
coefficient, which have a discontinuous v-component.

Then, we derive a condition under which a stationary solution is stable with respect
to small L>°(0, 1) perturbations.

4.1 Phase plane analysis
The stationary solutions of system (2.1)) are solutions of

0 = UV, (4.1)

for x € [0, 1] and with the homogeneous Neumann boundary condition for U.

To construct a solution, we proceed in a similar fashion as in the bistable case: We
solve g(U, V) = 0 with respect to V' and to plug this into the first equation of .
We remind that equation g(U,V) = 0 has 3 local solution branches, but as the
unstable homogeneous steady state Sy is on the middle branch, we can only expect
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stable solutions of equation (4.1)) by plugging the outer branches V' = hy(U) and
V = hy(U) into the first equation. Hence, we would like to solve the equation

1
~Usa +qu(U) =0 (4.2)

or

1

both on the interval [0,1] with boundary condition U,(0) = U,(1) = 0. Here,
¢(U) = f(U,h;(U)), for i = H, T (compare Section 2.1)). We observe that equations

(4.2) and (4.3) are equivalent to the system

u, = W
v ' 4.4
W = —ya(v) 4
for : = H and @ = T, respectively. To construct a monotone increasing solution of
the boundary value problem, we need to connect a point (ug,0) with a point (u., 0),
where u, > ug, by a trajectory (U, W), which has to be such that W (z) > 0 for all
z e (0,1).

We show that it is not possible to construct a solution of problem (4.1f) by plugging
in just one solution branch of g(U, V) = 0 into the equation with diffusion.

Proposition 4.1.1. Neither the boundary value problem nor , both with

homogeneous Neumann boundary condition
U.(0) =U,(1) =0,
has a nonconstant solution.

Proof. We know that in the phase plane a solution has to connect the point
(uo, 0) with the point (u.,0). By definition, it holds that ¢z (0) = 0 and —qgy(U) > 0
for U € (0,uy) (Lemma [2.1.10). That means that the flux at the point (ug,0)
always points upwards and to the right. Consequently, a solution starting at (ug, 0)
for 0 < ug never reaches the U-axis again.

Similarly, ¢r(ug) = 0 and —qr(U) < 0 for U € (ur, us). Hence, all orbits ending at
(te, 0) with u, < uy have started at some point with positive W-component. O

As it is not sufficient to plug in one branch of ¢g(U,V) = 0, we try to use both
branches. We observe that the phase planes associated to the systems (4.4) over-
lap for v € (uy,ur). Heuristically, to construct a solution, we choose a value

u € (ug,ur) and ’glue’ the phase planes (4.2) and (4.3) together at u.
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U2

U

Figure 4.1: Phase planes for %Um +qu(U) = 0 and %UM + qr(U) = 0 'glued’
together at u. The red trajectory connects the points (ug,0) and (u,,0).

Definition: We denote by q; the function with discontinuity at u defined by

gu(u) when wu<u
qa(u) = _
gr(u) when wu > a.

Definition: A function U(z) € H%(0,1) is called a weak solution of the boundary
value problem

1
U + @(U) =0 with Uy(0) = Us(1) =0, (4.5)

if for all ¢ € C*°([0, 1]) it holds

% /0 U(@)pas(z)dr + /0 qa(U())p(z)dz = 0.

Definition: A pair of functions (U(z), V(z)) is called a solution with jump at @
of the stationary problem ({.1)), if U(z) € C'(]0, 1]) is a weak solution of the problem
(4.5). The function V' (z) € L*>(0,1) is given for almost all z € [0, 1] by

ha(U(z)) it Uz) <
hr(U(x)) if U(x)>

N

V(z) =

.Q I
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U(z) —
Ue V(z)
— U,(x)
U
Ug e
0 z 1

X

Figure 4.2: A monotone increasing stationary solution with jump at « of the generic
model in the hysteresis case. U(z) is connecting uy and u, and is a C' solution
of %Um + ¢a(U) = 0. The derivative U,(x) is continuous, but not differentiable,
whereas V'(z) is discontinuous.

Definition: The values 0 < Z < 1, where U(Z) = @ holds are called the layer
positions of the solution (U(z), V().

Remark 4.1.2. [t is indeed possible to construct solutions of problem which
are differentiable. In fact, for x such that U(x) < u the function U(z) is a classical
solution of %Um + qu(U) = 0 and therefore C*. Similarly, U(z) is a classical
solution of %Um +qr(U) =0 for x such that U(z) > u. Moreover, we will see that
it is possible to connect these branches such that U(z) € C*([0,1]) holds.

The function V(x) has by definition the same regularity as U(z) except for x such
that U(x) = u, where it is necessarily discontinuous.

The main theorem of this chapter reads:

Theorem 4.1.3. There is a unique monotone increasing nonhomogeneous station-

ary solution (U(:E), V(m)) of the generic model (2.1)) in the hysteresis case for all dif-
fusion coefficients % with v > 0 and with jump at u for every u € (uT, min(ug, ug))
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Corollary 4.1.4. There is a unique monotone decreasing nonhomogeneous station-
ary solution (U(z),V (z)) with jump at @ € (ur, min(uy, uz)) of system ([2.1)) in the
hysteresis case for all diffusion coefficients }/

Proof of Corollary[{.1.4 The proof of existence is identically to the one in the
bistable case, compare Corollary [3.1.2 The uniqueness follows from the unique-
ness of the monotone increasing solution. O

Theorem and Corollary will be the basis for the construction of all sta-
tionary solutions of the generic system, which will be done in Section [5.4]

To construct a solution we observe that the right-hand side of the system

U, = W,
W, = —yqu(U)

is Lipschitz-continuous. Therefore, the initial value problem (U(0), W (0)) = (uq,0)
solved forward has a unique solution for all uy € (0,ug). We call this solution
(U (z,u), We(z, uo)). Similarly, the right-hand side of the system

(4.6)

u, = W,

is Lipschitz-continuous. Hence, the initial value problem (U(0), W(0)) = (u.,0)
solved backwards has for all w, € [ur,us] a unique solution, which we call
(UT(x,ue), WT(x,ue)). Now, we fix the jump u and search for values ug, u, and
the layer position z € (0,1) such that

(4.7)

Un(Z,ug) = a = Up(Z, ue)
holds. Furthermore, we require that U is continuously differentiable and therefore
Wy (Z,ug) = Wr(Z, ue)
has to be fulfilled.

Then, the monotone increasing solution of system (|4.5)) is given by

Ulz) = Upn(z,ug) for :vg:z:c,
Ur(xz,u.) for z >z,

for suitable values of ug, u. and the layer position Z.

We emphasise that ug, u. and & depend on the diffusion coefficient % and the jump
u. We analyse this dependence in more detail in Chapter 5] In the remainder of the
current chapter we consider diffusion coefficient and jump as fixed.
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4.2 The potential

To find the appropriate values for uy and u., we define the potential.

Definition: The function )z, which is defined by
0
is called the potential of equation ({4.5]).

By definition )5 is continuous for all u but it is not differentiable in %, because its
derivative ¢z(u) is not continuous in @. Furthermore, it fulfils Q. (u) = gaz(u) and

Qa(o) =0.

Using the change of variables v +— p(0) = @ we obtain that Qz(u) can be written in
the form

Qalu) = {F(hH(u)) — F(hr(w) + F(hr(u)) it u>a, )

with F' defined by i
Fo) = [ 10(0). 0/ @),

a polynomial of degree 6 having a double zero at v = 0. We can calculate the
derivative d

@F(U> = (av — Bp(v))p'(v),

which has zeros 0, vy, vy, v, v9. Observing that the leading coefficient —ﬁTa% of F
is negative, we see that F'(v) has local minima at vy and vy. The jump u is
in the interval [ur,uy] and therefore it holds hy(u) < vy. Consequently Qg is
monotonically decreasing for u € [0, a]. Moreover, it holds vy < hy (@), but it is not
clear if also hr(@) < vy holds. Hence, we have to distinguish between two cases (see

Figure :

e If & < uy then hrp(a) < vy and @y is monotone increasing on [, us| and
monotone decreasing on [usg, 00].

o If 4 > uy then hp(u) > vy and Q5 is monotone decreasing on Rxg.

Proceeding as in the bistable case in (3.6]), we obtain the first integral of the system
(4.5)) which is given by

1Ui (@)

: + Qa(U(x)) = constant. (4.9)
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v 0
v2
o — gluv) =0 . /\
- f(ua ’U) =0
v1
VH|
0 ! ' ' . -
Oup Ul UQU u 0 vy VI UT V2, 0 u uz g,

(a) The nullclines of the ki- (b) The corresponding func-  (c) The potential for a @, such

netic functions f(u,v) =0and  tion F(v) that Qz(uz2) >0
g(u,v) =0
0 0
0
0 u us o, 0 u us o, 0 T

(d) The potential for a 4, such  (e) The potential for a @, such  (f) The potential Q4 for a @ >
that Qgz(u2) =0 that Qgz(u2) <0 U9

Figure 4.3: A possible configuration of kinetic functions f and g together with the
function F' and the potential )3 for increasing values of u. We see that the value
Qa(ug) is decreasing. Here uy < uy and we see that the potential has no local
minimum at u, if © > us.

The Neumann boundary condition at x = 0 and z = 1 determines this constant to
be

Qa(uo) = Qalue). (4.10)

If we choose @ in the interval (uT, min(uy, uz)) the potential (Q; has a minimum
at u = u. Therefore, it is possible to find values 0 < uy < @ < u, < uy fulfilling
condition (4.10) and such that Qz(u) < Qz(u) for all u € (ug, u,).

Definition: We call I = (Umin, Umax) With 0 < upi and tpax < ug, the maximal
interval such that for all ug € I'\{a} there exists a unique value u, € I; with u. # ug

fulfilling Qu(uo) = Qu(ue).
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The interval I; depends on the sign of the potential at the wu-coordinate of the
intersection point S5 and can be calculated in the same way as it was done in the
bistable case. (compare Lemma [3.1.3])

Lemma 4.2.1. If Qz(uz) > 0 then upin = 0 and umax € (4, uz] is defined by
Qa(Umax) = 0. If Qa(uz) < 0 then umax = us and uyy, € [0,a) is defined by
Qa(Umin) = Qu(ug). In particular if Qz(ug) =0, then Iz = (0, us).

4.3 The time-maps

To see if a monotone increasing solution connecting some values of uy and u, is a
solution of the stationary problem on the interval [0, 1], we have to verify that the
“time” x needed to go from ug to u. is equal to one. We proceed similar as in the
bistable case and define the time-maps following [Sch90]. But, unlike the bistable
case, the time-map in the hysteresis case tends to zero for ug — u. Moreover, we
prove monotonicity of the time-map.

Definition: We define 77 (uo) as “time” z a forward orbit in the phase plane asso-
ciated to system (4.6) starting at (ug,0) needs to reach the u = @ axis for the first
time.

D(T}) := {ug € (—oo,uy) | Iz > 0 with Uy (x,ug) = @ and Wy (z,ug) > 0},
T (up) := min{z € [0,00] | Ug(x,uo) = u} for ug € D(T}").

We define Tj'(u.) as “time” x a backward orbit in the phase plane associated to
system (4.7) starting at (u.,0) needs to reach the u = @ axis for the first time.

D(Ty) := {ue € (up,00) | Iz < 1 with Up(x,u.) = u and Wr(x,ug) > 0},
Ty (ue) == 1 — max{z € [—o0,1] | Ur(z,u.) = u} for u, € D(T3).

Furthermore, we define the sum of the time-maps T} and Tj', the total time-map

D(Ty) := {ug € D(T}") | Fue with Qu(ug) = Qalue)},
Ta(ug) := T (uo) + T5 (ue(ug)) for ug € D(T).

Remark 4.3.1. We could have defined Ty (u.) as well as the “time” x a forward
orbit starting at U(0) = w and ending at (u.,0). But, we wanted the definition to be
consistent with the definition of the trajectory Ur(x, u.).

Lemma 4.3.2. The domain of definition for the time-map is then given by

D(TT) = (0,a), D(TY) = (@, us) and D(Ty) = (tmin, ).
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Proof. For ug < 0 a trajectory starting at (ug,0) has a decreasing U-component
and will therefore not reach U = @ > 0. For uy > 0 the U-component is increasing,
hence we have to choose uy < u to be able to reach u in positive 'time’ z. We argue
similarly for D(T3"). Moreover, we remark that D(T3) = D(T}) N I; which leads to
the assertion of the lemma. O]

Remark 4.3.3. Another way of defining the time-map is to choose u. as independent
variable by setting

D(Ty) = {u. € D(T) | Juo with Qz(uo) = Qalue)},
Ta(ue) := T ug(ue)) + To'(ue)  for ue € D(Ty).

Now, the domain of definition is given by D(Ty) = (T, Umax)-
The connection between Ty and Ty is given by

TE(UO) = Tﬁ(ue(UO))a

where ug, u. € Iz and it holds Q(u, u.(up)) = Q(@,up).

The “time” a monotone increasing solution needs to connect ug with u.(ug) is the
same a monotone decreasing solutions needs to connect u.(ug) with ug. This follows
from the symmetry of the phaseplane (F'ig. with respect to the u-axis.

Proposition 4.3.4. The value uy which equals U(0) for a monotone increasing
solution U(z) with jump at @ on the interval [0, 1] is determined by

Ta(up) = 1.
Furthermore, the layer position T is given by
T =T (up).
Proof. This follows from the definition of the time-maps. m

Corollary 4.3.5. The layer position of a monotone decreasing solution with jump
at u is given by
T = Tg(ﬂ, UO),

where uy := U(0) > 1.
Proof. A monotone decreasing solution (U(z), V (z)) is constructed from a monotone
decreasing solution (U (), V(z)) by setting

U(x)=U1—-2z) and V(z)=V(1—x).
Hence, the layer position is given by

1—Ty(w,U0(0) = To(a,U(1)) = Tx(a,U(0)).
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Proposition 4.3.6. The time-maps can be calculated by the following formulas

“ du

\/_ wo \/F(hp(uo)) — F(hpr(u))

T (ug) =

and
du

\/_ \/F hr(ue)) — F(hp(u))

Ty (ue) =

Proof. The proof is the same as in the bistable case (compare Proposition [3.1.6]).
The difference is that we split the integral at u from the beginning and we use
formula (4.8]) for the potential. O

Theorem 4.3.7. The mapping
Ug > Tla(lb())

is well-defined, continuously differentiable for all ug € (0,u) and has the range
(0,00). Similarly the mapping
e > Ty (ue)

is well-defined, continuously differentiable for all u. € (u,us) and has the range
(0,00).

Proof. The proof of continuity, differentiability, well-definedness and the behaviour
of T1(ug) for ug — 0, respectively the behaviour of T3 (u.) for u. — us is the same
as in the bistable case and can be found in the proof of Theorem [3.1.8] We remark
that different to the bistable case, there is a priori no connection between T} and
T3, Therefore

lim T/ (ug) = oo and  lim Ty (u,) = 0o

ug—0 Ue—>U2

holds independently of the sign of Qg (uz).

For investigating the behaviour of the time-map integral T} for ug — @, we use the
Taylor expansion of @z near @ from the left remarking that ¢z(u) = qg(u) for u <

Qa(u) = F(hu(u)) = F(hg(u)) + qu(w)(u — w).

Furthermore, we carry out the change of variables u = (u — ug)t + ug to get rid of
up as bound of integration

(U — ug)dt

i) = \/_/ VE () = F(ha (@ — w)t + w0)

(4.11)




THE TIME-MAPS 71

We calculate the limit

. U — up)dt
limy, a7 (up) = lim (@ — o)

1
wo— /27 /0 Vau (@) (uo — @) — qu (@) ((@ — uo)t + uo — u)
— lim 1 V(@ — ug)dt
w—u /2y Jo Voar (@) (ug — a)t
1 M/
B Jato) Jy B

For investigating the behaviour of the time-map integral T3" for v, — @, we use the
Taylor expansion of (); near @ from the right

Qa(u) = F(hg(u)) — F(hy(u)) + F(hr(u))
(hu(w)) — F(hy(w)) + F(hr(a)) + qr(u)(u — u)

F
F(hg(u)) + qr(u)(u — )

Furthermore, we carry out the change of variables u = (u, — @)t + @ to get rid of u,
as bound of integration

U, — U)dt
L) \/_/ V F(hr(u.)) ( F(hT)((ue —a)t+1u)) (4.12)
and we can calculate in a similar way as for T (ug) that
lim T3 (u.) =0
Ue—T
holds. O

Remark 4.3.8. We conclude that the behaviour of the time-map near the minimum
of the potential is different then in the bistable case. The difference lies in the fact
that the potential in the bistable case is differentiable at its minimum, whereas it is
not in the hysteresis case. Therefore, in the hysteresis case it is enough to use the
Taylor expansion until the first order term, whereas we need the second order term
in the bistable case.

Finally, we show uniqueness of a monotone increasing solution of problem (4.1]) with
jump at u. To prove this we need the following representation of the derivatives of
the time-maps.
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Proposition 4.3.9. The time-maps are differentiable and the derivatives have the
following form

Ay Tvmm) 7 (Qalw) — Qul)ay(w) 1 du
dUOT1 (o) Qa(uo) — Qu(u) /uo( qu(u)? 2)\/Qu(uo) — Qau(u)
(4.13)
and
d e e (Qulw) — Qu(@)dr(w) 1 du
dueT2 ( e> B Qﬁ(ue) - Qﬁ(ﬂ) /ﬁ ( QT< ) 2)\/Qu(ue> - Q(u(u))
4.14

Proof. Differentiability has already been show in Theorem 4.3.7. To show the rep-
resentation of the derivatives we use the results from Loud in [Lou59|. The essential
assumption gz(@) = 0 is not fulfilled in the hysteresis case. Therefore, we repeat
Louds proof in our notation and show that the formula given by Loud still holds true.

In Theorem 1 in [Lou59] Loud shows that the derivative of T4 (u.) can be written
in the form

d 1 L qr(ue) — gr(u)
T2 Ue) = — du 4.15
due ( ) m\/@ﬁ(ue) - Qﬁ(ﬂ) 2\/57 /u (Qﬂ(ue) - Qﬂ(u)) ( )

Njw

Now, let be & < a < b < u, and observe that it holds

[ s e |
a (Qﬂ(ue)_Qﬂ<u>)§ Qﬁ \/Qu e - u( )
4z (0)(Qu() — Qu(w))du
’ @ﬂ<“e> ~ Qal®) / (Qulu) = Qa(w)®

Using a clever integration by parts of the second integral with

r(0)(Qa(u) — Qu(u)) / gr(u)
v(u) = q and w'(u) = 7
qr(u) (Qa(ue) — Qalu))?
hence
o (@) - Q@) 2
( ) QT<b) (1 qT(u)Q ) d ( ) \/Qﬁ(ue) — Qﬁ(u>
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yields

/b qr(b)du ~ Qa(b) — Qal(u) 2
o (Qu(ue) — Qa(w))?  Qalue) = Qu(@) /Qu(ue) — Qal(d)

 Qula) — Qul@) gr(d) 2
Qﬁ(ue) - ﬂ(i) 4r ((I) \/Qu( ) Qﬂ(a’>
w)ar(w) 1 du

2q7(D) " ((Qalu) — Qal 1
" Qulue) — Qul) / ( qr(u)? 2) VQa(ue) — Qalu)

Furthermore, we integrate by substitution

/” (wdu 2 - 9
o (Qu(ue) — Qu(0)?  VQalue) — Qa(®)  /Qualue) — Qula)
which yields
/b qr(b) — qr(u) du — 2 24/ Qu(ue) — Qu(b)
(Qﬂ(ue) - Q

S
£
e
O
S
—~
<
N
|
O
]
IS

2qr(b) " ((Qa(u) — Qu(@)ar(u) 1
(u)/a ( qr(u)? 2) VQa(ue) — Qu(u)

Finally, we let tend a — % and b — u. and obtain
[t —at_, 2
sdu =
i (Qa(ue) = Qa(w)?  VQalue) - Qu(®)

2qr (ue) (Qa(u) — Qu(w))gr(u) 1 du
" Qu(ue)_Qu(U)/ﬁ ( qr(u)? 2) VQa(ue) = Qulu)

Together with representation this integral leads to the formula in the propo-
sition. In a similar fashion we deduce the result for diuon‘(uo).

We remark that Loud assumes the function ¢z to be continuous With zero qz(u) = 0.
Therefore, he requires that lim, .z 50 ( = 0 holds in equation (4.16)). In our case
just the nominator but not the denommator is zero, hence the term is zero without
further assumptions. O

Theorem 4.3.10. We consider the generic model in the hysteresis case. For all
Jumps u € (uT,min(uH, ug)) the derivative of the time-map Ty is negative, i.e.,
d

—T; 0.
dUO <UO) <
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Moreover, the derivatives of Ty and Ty have the following signs

d U d u
d—uoT1 (ug) <0 and UeT2 (ue) > 0.

Proof. We start by showing diuon‘(uo) < 0. To this end we use Proposition
showing that the derivative of the time-map has an integral representation ((4.13])
which we rewrite in the form

qu(uo) du

V27(Qa(uo) — Qa(u)) ' /uo bl v Qa(uo) — Qu(u)

with a function [y defined by

d
T () = -

qm (u)? 2

We observe that for all u € (ug, @) it holds Qz(u) — Qz(@w) > 0. This leads together
g (uo)

V27(Qa(uo)—Qa(a))

with Lemma [2.1.10] to the positivity of — . Thus, it remains to show

that [y is negative for u € [ug, u].
Therefore, we multiply (g by the square of gz and calculate the derivative

d

du (qu(w)*li(u)) = (Qa(u) — Qa(@))qz (u)

which leads together with

1
41 ()"l ()= = —5qu(@)* =: Cu <0

to the representation

4110l () = Cr / (Qu(@)—Qul@)) (@) dit = Cy— / (Qu(@)—Qul@)) (i) dit

To see that this expression is negative, it remains to show that ¢} (u) = ah’(u) =
P (hr(u))
P/ (hp (u))?
P (hg(u)) > 0 as well as p”(hg(u)) < 0. Hence, we obtain [y (u) < 0, which proves
4T (y0) < 0.

dug

—

is of positive sign. Lemma [2.1.5| yields that for all u € (ug,w) it holds

We use the same reasoning for showing that --T5'(u.) > 0. The derivative is given
by the integral representation (4.14]) which we rewrite as

d U u = — QT(Ue) . " u du
dueT2 (1e) V27(Qa(ue) — Qu(u)) /u iz )\/Qa(ue) — Qa(u)
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using the function

() = (Qa(u) — Qu(@))gr(u) 1
qr(u)? 2
We observe that — \/E(QS(TU(:‘)GE gy 1S negative, because of Lemma|2.1.10[ Therefore,

it remains to show the negativity of Ir.
We obtain the representation

u

ar(w)?lr(u) = Cr + | (Qu(@) — Qul@))¢r()da

e

using
L) = (@ulw) ~ Qula))ah(w)
and
e (Wi ()]ums = ~ar(@)? = Cr <0,
For all u € (@,u.) it holds that Qz(u) — Qz(u) > 0, hence we have to show that
¢ (u) = ahf(u) = —041’;,/;2}?(5)”;% < 0 holds. Indeed, Lemma [2.1.5] shows that for

all u € (@,u.) it holds p'(hr(u)) > 0 as well as p”(hy(u)) > 0, which proves
ﬁTQE(ue) > 0.

To accomplish the proof, we deduce similarly as in the bistable case (cf. Lemma
3.1.9)

d o C]H(Uo)
d—uoue(uo) = gr(w) <0. (4.17)

by derivating equation (4.10)) with respect to ug. Therefore,

d d d d
& Tu(ug) = —T7 T uy) - ——u,
dUO (UO> dUO 1 (UO) + due 2 (U ) duou’ (UO) (4 18)
d = d = qH(Uo) '
— O qu T8 (u,) - .
dug i (o) + du, 2 (te) qr(ue) <0
]

Now, we finish the proof of Theorem [4.1.3] which states the existence of a unique
monotone increasing solution of equation (4.5)) for all diffusion coefficients.

Proof of Theorem[{.1.3. We have constructed a solution connecting uy < @ < u,
requiring that Qg(ug) = Qu(ue) holds. This is possible when @Qz(u) has a local
minimum at @ which is the case for all u € (uT,min(uH,UQ)). Furthermore, the
constructed solution is a solution on the interval x € [0, 1] if T;(ug) = 1.
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% ” u
(b) Ta(uo)
0 u Us O o u
(c) Ti'(uo) and T3 (ue) (d) Ta(uo)

Figure 4.4: The time-maps in the hysteresis case. The upper row shows simulations
for the polynomial p(v) = v* — 6.2v? + 10v, the line f(u,v) = 2v — u and jump
@ = 4.5 , whereas in the lower row we chose p(v) = v3 —6v*+10v, f(u,v) = 1.8v—u
and u = 3.6.

We remark that the simulations for 77" and T3 are only computed on the inter-
val (Umin, @) and (@, umay), respectively. We see that 77" is decreasing, whereas
T3 is increasing, which leads to %Ta(uo) < 0. Furthermore, we observe that
lim,,, 0 Ta(uo) = 0 in contrast to the bistable case.

It suffices to show that T} (ug) is a continuous mapping with range (0, c0).
Ty is continuous as sum and composition of continuous functions. Because of the
continuity of )z we conclude that uwg — u implies u, — u and, therefore,

lim Ty(uo) = lim TV (ug) + lim Ty (u.) = 0.

ug—uU ug—uU Ue—U

Finally, we know that by Lemma that either i, = 0 Or Upax = Us holds true
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and therefore

lim Ty(u) = lim Ty (ug) + lim Ty (u.) = oo,

UO—>Umin UQ—>Umin Ue—>Umax

because either the first or the second limit is infinite.

Therefore, we obtain that T3 is continuous with range (0,00) and, hence, for all
diffusion coefficients % it is possible to find wuy such that Tj;(ug) = 1. This value
is unique because of Theorem [4.3.10, which accomplishes the existence of a unique

monotone increasing stationary solution of system ([2.1)). O

4.4 Stability of discontinuous stationary solutions

In this section we derive a condition for the stability of stationary solutions of the
generic model in the hysteresis case.

A standard approach to show stability of stationary solutions is based on linear
stability analysis (see for example [Smo83|, [Hen93|). However, the linear stability
analysis cannot be applied to discontinuous steady states.

In [ATHS84| the stability of discontinuous steady states was analysed by excluding
the discontinuities. We use a new approach to show stability by applying a direct
method based on estimates.

We have to pay attention with respect to what kind of perturbations a stationary
solution can be stable. The generic model in the hysteresis case admits an infinite
number of monotone increasing stationary solutions. Simulations (see Figure
suggest that the stationary solution which is selected strongly depends on the initial
conditions. For this reason it is suitable to consider stability in L>(0,1) sense. A
perturbation which is small in L°°(0, 1) cannot move a point on the stationary solu-
tion (U(z),V(z)) lying on one side of the separatrix to the other side. In contrast, a
perturbation which is small in L?*(0, 1) may have high values on some small interval
leading to another stationary solution. Thus, a stationary solutions which is stable
in L°°(0, 1) sense might be unstable with respect to L?(0, 1)-perturbations.

Example 4.4.1. To show the difference between perturbations in L*(0,1) and L>(0,1),
we consider the generic model in the hysteresis case for the kinetic functions f(u,v) =
1.4v — u and p(v) = v3 — 6.3v? + 10v. Let (U(z),V(x)) be a monotone increasing
stationary solution with layer position at T = 0.4 (see Figure .

At first, we add to (U(z),V(z)) a random perturbation (po(x),o(z)) fulfilling
ol zo=0,1) = [[%0]|L(0,1) = 0.4. We see in Figure that the solution of system
with initial condition (U(z) + ¢o(x), V(z) + ¢o(z)) approaches (U(z),V (z)).
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6f
n
—V
21
—U
0
0 02 04 06 08 1, 0 02 04 06 08 1,
(a) A monotone increasing stationary solution (b) A perturbation which is small in the
(U(z),V(x)) with layer position at z = 0.4. L*>°(0,1) norm does not change the stationary
solution.
8 6!
ot
Al
4+ - U(tenda )
— U(tench ) 5 - Vo
BN ] .
2 —_— U(tenda ) u<t€”d’ )
“““ Ug o Ug
o 02 04 06 08 1, o 02 04 06 08 1,

(c) A perturbation which is small in the L?(0,1), (d) A perturbation which is small in the
but not the L>°(0, 1) norm that shifts the layer L?(0,1), but not the L>°(0,1) norm that leads
position. to a nonmonotone stationary solution.

Figure 4.5: Simulations of the generic model in the hysteresis case for different types
of perturbations of a stationary solution. The plots show the initial condition (dotted
lines) and the approached stationary solution (continuous lines) after a sufficiently
big time t.,q.

Next, we perturb with the step function

5 forx €[0.39,0.4]
0 else.

wo(z) = Yo(r) = {

This perturbation is small in L*(0,1) because ||¢o||12¢0,1) = 5+ 0.01 = 0.05, but it is
big in L>(0,1), where we obtain ||po|r~©1) = 5. We see in Figure that the
simulation leads to a stationary solution with layer position T = 0.39.
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Finally, the perturbation

5 forxz €10.19,0.2]

0 else

wo(x) = tho(x) = {
with norm ||ol|z2(01) = 0.05 and ||@ol|z=(0,1) = 5, leads to a stationary solution

which s not monotone anymore.

Let (U(z),V(x)) € H(0,1) x L**(0,1) be a nonhomogeneous stationary solution
of system (2.1)). We denote (u,v) a small nonlinear perturbation of the stationary
solution in the L*(0, 1)-norm, i.e.

u(t,z) = Ux)+ ot x), (4.19)
v(t,x) = Vi(z)+9Y(t ) (4.20)

with (¢, ) € C([0,00]; L=(0,1) x L>(0,1)).

We assume that o

essinf e p'(V(2)) == K > ik (4.21)
is fulfilled, which we call the stability condition.

We show in the following that a stationary solution fulfilling assumption (4.21)) is
asymptotically stable as a solution of the reaction-diffusion system.

Notation: For simplicity we write in this section || - || for the norm || - || e (0,1).-

We start with a technical result.
Lemma 4.4.2. For every real constant ¢ > 0 it holds

t 1
lim [ e <t=9ds = =,
t—o0 0 C

Proof. We calculate the integral

t t
/ e—c(t—s)ds _ |:l€—c(t—s):| _ 1(1 . e—ct)
0

C

and obtain that

holds true. [
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First, we consider a linearised system, where ¢, are small linear perturbations

given by
it 7) = %(pm(t,x) Fad(ta) — Bot,x),  t>0,z€0,1] (4.92)
Pi(t,x) = p(t,z) — p'(V(2)Y(t, ) t> 0,z €[0,1]. (4.23)

Proposition 4.4.3. The linear system - with bounded initial condition
©(0,2) = @o(x) € L*(0,1) and (0, z) = o(x) € L>=(0,1) and boundary condition
0. (t,0) = @ (t, 1) = 0 has a unique bounded solution

(0, 9) € C([0,00]; L<(0, 1) x L>(0,1))

gien by

o(t,x) = S(t)po(x) + a/ S(t — s)Y(s,x)ds, (4.24)
0
U(t, x) = e PV @y (z) + /t eI V@D (s, 1)ds. (4.25)
0

Here, S(t) is the semigroup generated by the operator
D(A) = {u € W**(0,1) | uz(0) = u,(1) = 0}, (4.26)
1
Au = ;um — pu Yu e D(A) (4.27)

which fulfils the estimate

1St)¢olloe < e™llollsc. (4.28)

Proof. Replacing L?(0,1) by L*°(0, 1), the proof can be performed in a similar way
as for Theorem 2.3.14] O

Theorem 4.4.4 (Linearised Stability). Let (¢, 1) € C([0, 00]; L*(0,1) x L**(0,1))
be a solution of system -, then it holds

i sup ([lp(t, ) os [42: ) o) = (0,0).

Proof. Using the integral representation (4.24) and (4.25)) we estimate the L>(0, 1)-
norm of the solution by

t
nwnwmsawwmm+a/€””WW@Nu@ (4.29)
0
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and .
[0t oo < €10l oo +/O e I |o(s, ) ||oods. (4.30)

In the next step, we define

®F = limsup [|p(t, )||e and U :=limsup ||¢(t, ). (4.31)
t—o00 t—o00

It holds @ < oo and UL < oo, because ¢ and 1 are bounded by Theorem [4.4.3]
Moreover, equation (4.29) yields the estimate

t
dF < limsup e ||@ol|oe + WX lim sup/ e Pt=9)ds.
t—o0 t—00 0
Using Lemma [4.4.2| we obtain
0< k< %\I/L. (4.32)
Similarly, we deduce from equation (4.30))
t
Ul < limsup e |thp| oo + @* lim Sup/ e K=9)gs
t—300 t—oo  Jo

and again by Lemma we obtain

L 1ar
0<U-< E(I) . (4.33)
Finally, the estimates and lead to
0< (- K)om
g
Because of the stability condition it holds % — K < 0, which induces & =
0. From estimate (4.33), we obtain WX = 0 as well. This shows that a linear
perturbation in L*°(0, 1) of a stationary solution decays to zero. O

Next, we investigate the behaviour of the system under nonlinear perturbations. We
show at first that for sufficiently small initial perturbations the perturbations stay
small. Then we will show in Theorem that they decay to zero.

Lemma 4.4.5. The nonlinear perturbation
(0, 9) € C([0,00]; L(0,1) x L*(0,1))
1s a solution of the system
1
Qt.2) = ~@rs(t,3) + cti(t.) = Bplt, ), t>0ze0,1] (434

Ui(t, z) = p(t,2) — p'(V(2))U(t, 2) + R(x)p*(t, ), t>0,z€[0,1] (4.35)

where R(x) is a bounded function.
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Proof. We use definition (4.19) to obtain
1 1
Oy = U = ;Umm + ;%w +a(V+4) = BU+¢)
1

Similarly, we find

hr=v=U+¢—pV+1)
=p+p(V)—p(V+19)
=+ (V(2)Y +p"(0(x))y?,

where we use the Taylor development of p(V(x)) for z fixed with 6(z) being the
rest. Observe that 6(x) € (0,vy) and that p”(v) = 6a;v + 2as is bounded for v being
in some interval. Hence, we conclude the proof by setting R(z) := p”(6(z)) which
is bounded. ]

Proposition 4.4.6. The nonlinear system — with bounded initial con-
dition p(0,2) = @o(x) € L>®(0,1) and ¥(0,z) = ¢o(z) € L*(0,1) and boundary
condition ¢,(t,0) = @.(t,1) = 0 has a unique bounded solution

(¢,¥) € C([0,00]; L=(0,1) x L=(0,1)).

given by

t

o(t,z) = S(t)po(x) + oz/ S(t — s)u(s,z)ds, (4.36)
0
t

blt,) = PV () 4 [ eIy )ds
, 0 (4.37)
+/ e~ V@) R(2)2 (s, 2)ds.
0
Proof. We refer to the proof of Proposition [4.4.3] O

Theorem 4.4.7 (Nonlinear Stability). If wo and 1 are initial perturbations of a

stationary solution fulfilling assumption with ||vollee and ||Vl sufficiently
small, then

le(t, Moo and [|9o(E, )]s

stay also small for all times t. More precisely, we set Ry = sup,cjoq R(z). Let the
wnitial perturbations fulfil

1 a2
K|[1o]loo o < — (K —=)7, 4.38
[Wolleo + lleolloe < 7= (K = 3) (4.38)
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and
ol < 5 (6 = 5) = \/ (K = 2)" = 4Ro(K[oll + llgoll)) (439
then the following estimates hold
a 1 «
lo(t, Moo < llpollo + 52—]%0(K - B>’
1 o'
[0(, )l < 2_R0(K - 3)

for all t € ]0,00).

Proof. We define increasing continuous functions

O(t) := sup [p(7,-)]o and  W(t) := sup [[¢(7, )|

0<r<t 0<r<t

Using the integral representations (4.36]), the estimate of the semigroup (4.28) and
taking the supremum over 7 € [0, ¢], we obtain the estimate

t
O(t) < |l@olloe + / e P (s)ds (4.40)
0
and similarly using (4.37)
t t
W(t) < oo + / e KO- (s)ds + R, / e KO=0G2 (5 s, (4.41)
0 0

Using that ®(¢) and ¥(¢) are increasing by definition, estimate (4.40)) leads together
with Lemma £.4.2] to

t
B(t) < [lgolle + a(t) / B9
0

a (4.42)
< lolloo + =T (2).
B
Similarly, we obtain from (4.41)) that holds
t t
W) < Wl +0(0) [ s+ R [ R,
’ 0 (4.43)

1 1
< — — RoU3(t).
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Substituting equation (4.42)) into equation (4.43) and multiplying by K, we obtain
the estimate

o
0 < Klvolloo + oo + (5 = K) () + RoT?(0). (4.44)
The graph of
«
y = Kl[tolleo + [l0]l00 + (B—K)y‘f'Ron (4.45)

is a parabola which is positive at y = 0. As the linear term is negative by the stability
condition (4.21)), this parabola has zeros if the constant term K|¢bo|le + [|¢00]|s0 18
small enough. Thus, because ¥(¢) is nonnegative for all times, it is bounded by the
smallest zero of the the parabola, provided ¥(0) = ||¢]|oo-

To be more precise, we calculate the discriminant of the parabola (4.45)

D = (K = 5) = 4Ro(K [vhl + ol

Therefore, under the condition (4.38) the discriminant D is positive, which yields
that the parabola has zeros, given by

1 o
Yij2 = 2—R0(K— Ei\/ﬁ)

The smallest zero is necessarily smaller than ﬁ (K — %), which leads the bound for

U(t). Together with equation (4.42)), we obtain the bound for ®(¢). O

Finally, we prove asymptotic stability of stationary solutions in the hysteresis case
with respect to nonlinear L>°(0,1) perturbations. This means that a perturbation
does not only stays bounded, it decays to zero.

Theorem 4.4.8 (Asymptotic Stability). Let (U(z),V(z)) be a stationary solution
fulfilling the stability condition . If o and 1y are initial perturbations, which
are sufficiently small, that means which fulfil the estimate , then for the non-
linear perturbation (p, 1)) holds

(H@(u ')HOO? ||¢(t’ )HOO) — (07 O)

fort — oo.

Proof. We define the values

OV = limsup [|o(t, |le and UNE:=limsup ||[¢(t, )| oo,
t—00 t—00

which are finite because of Proposition [4.4.6]
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Using the integral representation (4.36)) for ¢ yields

t
PN < limsup e || o ||oo + TN lim sup/ e Bt=9) s,
t—00 t—o0 0
Together with equation (4.28]) and Lemma we deduce that the inequality
PNE < %\If“ (4.46)

holds. From (4.37)) we deduce in the same way

t t
TNV < lim sup e 5|1 || so + PN limsup/ eK(ts)ds+R0(\IlNL)211msup/ e Kt=9) g
t—oo 0 0

t—o0 t—00
and, thus,
- K K ' '
Using the inequalities (4.46]) and (4.47)) leads to
0< (% — K)WNE 4 Ry(WNEY?,

We obtain that either ¥V = 0 or it fulfils the inequality 0 < (
which leads to UNE > RLO(K — %)

We know from Theorem that for initial perturbations fulfilling (4.38)), we have
that UV = lim,_,o U(t) < ﬁ(K — %), which contradicts TNt > RLO(K — %)
Therefore, UV = ( holds. [

& — K) + RyUN,

The stability condition seems to be difficult to check, because it requires the know-
ledge of the stationary solution. But, we can translate it into a condition for the
jump. Therefore, we remind that the critical values of a kinetic function are the
zeros of ¢}, and ¢

Definition: Kinetic functions in the hysteresis case are called admissible, if its
critical values are such that holds

up < uf.
We call a jump @ admissible, when it is in the interval @ € (u$, u%y).

Corollary 4.4.9. We consider the generic model in the hysteresis case with admis-
sible kinetic functions. Let (U(z),V(x)) be a stationary solution with jump @ which
is admissible, then (U(z),V(x)) is asymptotically stable.
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Proof. By definition of a stationary solution with jump @, the function V() is given
by hg(U(x)) for z € [0, 1] fulfilling U(z) < @. Therefore, for those x the requirement

p'(V(x)) > § is equivalent to

1 1 3
/
guU@)=a———-f=a|—+———) <0.

Ve =gt = ey o)
And ¢} (U(z)) < 0 holds exactly when U(z) < u$} using Lemma [2.1.9, Therefore,
@ < ufy is necessary for fulfilling the stability condition.
Similarly, for z € [0, 1] fulfilling U(z) > @ it holds V(z) = hy(U(x)) and the stability
condition requires

1 1 3
/
@) =0 L goa( 1)
rU) = gy P U@) o
Lemma shows that ¢ (U(z)) < 0 if uf < U(x), hence we deduce uf < u.
Thus, by definition of an admissible jump the stability condition is fulfilled. O

In the following examples, we perform simulations of the generic model in the hys-
teresis case for different choices of kinetic functions and different initial conditions.
We perform simulations for discontinuous initial conditions of type

and wvo(x) = (4.48)

0.3 forx <z,
up(w) =

0.5 forx <=z,
6 forxz >

8 for x > z,

for different z. The point (0.3, 0.5) is attracted by Sy and (6, 8) is attracted by S
(Compare the phaseplane for these kinetic functions in Figure [2.5a)). Moreover, we
perform simulations for continuous initial conditions of type

(0.3 ¢ < i,
wo(z) = 0.3+ 5.7sin (%) F1 < < B, (4.49)
\6 T > Ty
( ~
0.5 r < Iy,
volw) = 0.5+ T5sin () 3 <2<, (4.50)
k8 T > X
The diffusion coefficient is % = ﬁ in all simulations.

Example 4.4.10. We consider the admissible kinetic functions f(u,v) = 1.4v —u
and p(v) = v3—6.3v2+10v. The mazimal interval for @ is given by (up, min(ugy, us))
= (0.24365,4.7124) and the critical values are ug = 0.38264 and u§; = 4.5734. We
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perform simulations for initial conditions of type (4.48|) which are indicated by the
dotted lines in Figure . For all choices of T tested (z = 0.3 in Figure
and x = 0.6 in Figure and x = 0.95 in Figure , we observe a fast
formation of a stable stationary solution having a layer position exactly where it has
been prescribed by the initial conditions.

Moreover, we perform simulations for continuous initial conditions of type (4.49)-
forz; =0.1,2=0.9 (Figure and. We also obtained stable pattern
for this kind of initial conditions. In the layer position of the approached stationary
solution is approximately at * = 0.36. The value of the initial condition at this
position 18 (uo(i), vo(i’)) ~ (1.9,2.3). This is a point lying on the stable manifold of
the system (Compare the phaseplane in Figure. We observe a similar behaviour
for &1 = 0.2, = 0.5 in Figure[{.6¢

Example 4.4.11. We consider the admissible kinetic functions f(u,v) = 2.50 —
u and p(v) = v* — 602 + 10v. We calculate the interval (up, min(ugy,uz)) =
(2.9113,5.0887) and the critical values uf = 3.3876 and u§; = 4.6124. We ob-
tain results that differ from those in example for initial conditions of type
. For x = 0.4 the simulation shows a front moving to the left which
is leading to the stationary solution Sy = (10.56,4.22) (see Figure [{.7). But, for
z = 0.95 we observe the formation of a stable stationary solution (Figure and
4.7d).

Example 4.4.12. We consider the admissible kinetic functions f(u,v) = 1.6v —
u and p(v) = v¥ — 602 + 10v. We calculate the interval (up, min(uy,us)) =
(2.9113,5.0887) and the critical values u§ = 3.1236 and u§; = 4.8764. We ob-
tain results that differ from those in example for initial conditions of type
. For x = 0.8 and © = 0.4 the simulation shows a front moving to the
right which is leading to the stationary solution Sy = (0,0) (see Figure . But,
for & = 0.95 we observe the formation of a stable stationary solution (Figure

and .

Example 4.4.13. The kinetic functions f(u,v) = 2.53v —u and p(v) = v¥ —5.80? +
10v are not admissible, because uF = 4.9191 > 4.8421 = u$;. However, for initial
conditions of type with * = 0.2 and © = 0.4, we observe the formation of
a stable stationary solution. For T = 0.9 the solution approaches the homogeneous

solution Sy = (0,0) (Compare Figure[4.9).

We deduce from the previous simulations that if a stable stationary solution is
approached, its layer position is determined by the initial condition. For continuous
initial conditions the layer position is at the value Z fulfilling (uo(Z),vo(Z)) € W*.
For discontinuous initial conditions the layer position is at the initial discontinuity
providing that the values of the initial condition on both sides of the discontinuity
are are on different sides of the separatrix W=.
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(a) The solution (u(t,),v(t,z)) for an initial condition of
type (4.48) with = 0.3 leads to a stable stationary solution.

(¢) The solution (u(t,z),v(t,z)) for the continuous initial
condition of type (4.49)-(4.50) with &, = 0.1, Z2 = 0.9 leads

to a stable stationary solution.
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(e) The solution for the initial

condition (4.48) with & = 0.6

evaluated at a sufficiently big
time tend-
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(f) The solution for the initial
condition (4.48) with z = 0.95

evaluated at a sufficiently big
time tend~
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(b) The solution for the initial
condition (4.48) with £ = 0.3

evaluated at a sufficiently big
time tend-
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(d)  The solution for the
continuous initial condition of
type — with z; =
0.1, Z5 = 0.9 evaluated at a suf-
ficiently big time tcpgq.

0

0 0.25 0.5 0.75 1:5

(g) The solution for the
continuous initial condition of
type — with z; =
0.2, o = 0.5 evaluated at a suf-
ficiently big time t¢,q-

Figure 4.6: Simulations of the generic model in the hysteresis case for admissible
kinetic functions f(u,v) = 1.4v — u and p(v) = v3 — 6.3v* 4+ 10v of example
All choices of initial conditions lead to the formation of a stable stationary solution.
The layer position (where the red continuous line is perpendicular to the = axis) is
determined by the initial conditions (dotted lines).
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10
8
6
4 _U<tend7 )
Vo
2 _u(tenda )
0 ‘ 0, ‘
0 025 05 0.75 1 "
(a) The solution (u(t,x),v(t,z)) for an initial condition of (b) The solution for the initial
type (4.48) with = 0.4 becomes constant after a certain condition (4.48)) with £ = 0.4
time. evaluated at a sufficiently big
time tend-
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: _
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(c) The solution (u(t,z),v(t,z)) for an initial condition of (d) The solution for the initial
type (4.48)) with z = 0.95 leads to a stable stationary solution. condition (4.48) with £ = 0.95
evaluated at a sufficiently big
time tepnqg-

Figure 4.7: Simulations of the generic model in the hysteresis case for admissible
kinetic functions f(u,v) = 2.50 — u and p(v) = v® — 6v* + 10v of example [4.4.11}

Intuitively, one might expect that the formation of a stable stationary solution
starting at an initial condition of type is more probable for Z in the middle
of the interval [0,1]. But the simulations show that either, for a broad range of z,
we obtain a stable stationary solution or for z lying close to one boundary.

The results of the simulations in the examples [4.4.11}4.4.12| and [4.4.13| do not con-
tradict Theorem [4.4.7) and Corollary [£.4.9] The initial condition is setting up the
layer position Z of the stationary solution. But, we cannot say in advance, if there is
a stationary solution with layer position z. Moreover, if a stationary solution with
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(a) The solution (u(t,x),v(t,z)) for an initial condition of (b) The solution for the initial
type (4.48) with & = 0.4 becomes constant after a certain condition (4.48) with z = 0.1
time. evaluated at a sufficiently big

time t.,q leads to a stable sta-
tionary solution.

Figure 4.8: Simulations of the generic model in the hysteresis case for admissible
kinetic functions f(u,v) = 1.6v — u and p(v) = v* — 6v* + 10v of example |4.4.12

8 8 8
- U(tenda )
Vo
6 6 6 - u(tend7 )
4 4 g
_U(tenda ) —_ U(tenda )
2 Vo 2 Vo 2
_u(tenda ) - u(tenda )
0—"sr e 0 0
0 0.25 0.5 0.75 1 " 0 0.25 0.5 0.75 1 . 0 0.25 0.5 0.75 1 .
(a) T = 0.2 (b) z = 0.4 () & = 0.9

Figure 4.9: Simulations of the generic model in the hysteresis case for kinetic func-
tions f(u,v) = 2.53v — v and p(v) = v — 5.80% + 10v of example which are
not admissible. The solution for the initial condition (4.48)) with three different z
evaluated at a sufficiently big time t.,4.

layer position T exists, we do not know if the corresponding jump u is admissible.

Furthermore, Corollary is a sufficient condition for stability. We did not prove
that it is a necessary condition. Apparently, there is another condition which is also
important for stability which could be the explanation of Example [1.4.13]
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4.5 Summary

We showed the existence of monotone increasing and monotone decreasing stationary
solutions of the generic model in the hysteresis case. The steady state equation
reduces to one differential equation of elliptic type with a discontinuous right hand
side. The discontinuity is at the “jump” @, which can be each value in the interval
(uT, min(ugy, u2)) For every jump and every diffusion coefficient there is a unique
monotone increasing stationary solution. We proved this by analysing the range and
the monotonicity of the time-maps associated to the stationary problem.

The stationary solutions in the hysteresis case differ from those in the bistable
case. The u-component of the solution is continuously differentiable, whereas the
v-component has a discontinuity at a value z, which is called the layer position.
Moreover, there is an infinite number of monotone increasing stationary solutions
for every diffusion coefficient.

Furthermore, we introduced the notions of admissible kinetic functions and admis-
sible jumps @ € (u§, uf;). We proved that a stationary solution with an admissible
jump u is asymptotically stable with respect to small perturbations in L*°(0, 1).
Simulations showed that the layer position of a stationary solution is set up by the
initial condition. But, we observed significant differences between different admissi-
ble kinetic functions.

This is leading to the question how the layer position depends on the jump and
which values Z € [0, 1] are layer positions for stable stationary solutions depending
on the choice of kinetic functions.
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Chapter 5

Properties of stationary solutions

In the previous chapter, we showed for admissible jumps the stability of monotone
solutions of the generic model in the hysteresis case. Simulations gave rise to the
question for which choice of layer positions z, we obtain a stationary solution with
admissible jump .

Therefore, we consider in this chapter the potential, time-maps and the layer position
z as functions of the jump u. We show that for admissible kinetic functions there
is an interval of layer positions leading to a unique monotone increasing stationary
solution which is stable. We identify a condition for the kinetic functions leading to
a big interval of admissible layer positions. Moreover, we analyse the layer position
for decreasing diffusion coefficient % We prove that for one certain choice of the
jump, we obtain an interior transition layer, otherwise there is a boundary transition
layer.

Finally, we use monotone solutions to construct more complicated stationary solu-
tions. We introduce a definition of an irregular solution and we investigate their
existence, uniqueness and stability.

5.1 Dependence of the jump

We aim to analyse the layer position Z as a function of the jump u. To do so, we also
have to consider all other values and functions involved in the stationary problem
as depending on .

Notation: We denote the potential by

F(hg(u)) for u < u,
F(hy(@) — F(hp(a)) + F(hy(u)  for u> a.

93
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Figure 5.1: The potential Q(@, u) for the kinetic functions p(v) = v* — 6.3v* + 10v
and f(u,v) = 1.4v — w. It is continuous for all (@, u), but not differentiable at the
line & = u. Moreover, the local maximum Q(u, us) is decaying for increasing .

Proposition 5.1.1. The potential Q(u,w) is continuous as function of u. It is con-
tinuously differentiable with respect to u for all u, except at uw = u. The derivative
of the potential with respect to u has the following form

QQ(* - 0 foru < a,
90" T \qu(@) - qr(@) foru>a.

In particular, it holds
0
%Q(ﬂ, UQ) = qH(ﬂ) — qT(l_L) < 0.

Proof. The potential Q(u,u) is by definition continuous in @ for @ # u. But, for
u = u the term —F(hyp(w)) + F(hr(u)) cancels out and the limit is the same from
both sides.

To calculate the derivative with respect to u we observe that for u < w then, Q(u, u)
is not depending on @, hence the derivative is zero. For v > u we calculate

0

5 F (@) = f (p(hat (@), i () (o (1)) - Wy (@) = f (@, o (7)) = (@)
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and similarly 2 F(hp(a)) = gqr(u) using the chain rule.  This leads to
%Q(ﬁ,u) = qy(u) — gr(a) for v > @. Reminding that gy (u) < 0 for a € (0,uy)
and gr(u) > 0 for u € (ur,us) (see Lemma [2.1.10]), we obtain qy(u) — gqr(a) < 0.

Thus, £Q(,u) is not continuous for @ = u. O

Definition: In accordance with Lemma [4.2.1] we define the function uy,(z) by

setting umin (@) = 0 if Q(u, uz) > 0. In the case Q(u,us) < 0, we define it implicitly
by

Q(u, umin (1)) = Q(u, us), (5.1)

where we choose the unique solution um, (@) in the interval (0, ).

The function umax (@) is defined by umax(a) = ug if Q(w,uz) < 0. In the case
Q(@, ug) > 0, we define it implicitly by

0= Q(ﬂ, 0) = Q(aaumax<7j))> (52)

where we choose the unique solution .y (%) in the interval (@, us).

The value of the jump for which the sign of Q(u, us) is changing, will play a pivotal
role in the remainder of this thesis.

Definition: If there is a jump u € (uT, min(ugy, u2)) such that Q(u,us) = 0 holds,
we denote this value u*.

Lemma 5.1.2. The potential at the u-coordinate of Sy is positive, if u < u* and
negative if u > u*.

Proof. This follows immediately from the negativity of the derivative %Q(ﬁ, Up) =
qr (@) — qr(u). O

Proposition 5.1.3. The functions (@) and una, (@) are continuous for all @ and
continuously differentiable for all u except at uw = u*. The derwatives are given by

d (70) {O foru < u*
“T—Umin\U) = M ) )
du qH(“min(ﬂ)) > 0 fOT u>u

and

o tma(i) = P70
u

d w@-an@ - o for g <yt
0 foru > u*.
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Proof. The functions umy, (@) and uyay (@) are continuous for 4 # u* because of the
continuity of (@, u) and the implicit function theorem.

For u = u*, we observe that Q(u*,us) = 0 yields upin(u*) = 0 and upax(u*) = us.
Thus, the limits from right and left agree for both functions.

For u < u* the function umy, (@) is constant, thus it holds %umin(ﬂ) = (0. To obtain
the derivatives of i, (@) for u > u* we differentiate equation with respect to
u which yields

d . _ _ d
@Q(ua umin(u)) - @Q(U, u2>- (53)
uo does not depend on @ and therefore
LQ(,u2) = 2-Q(a,us) = g (@) — 4r(3) (5.4)
dﬂ U,UQ - 8ﬂ U,UZ —QH u QT u .
holds. Moreover,
d . _ _ a ., _ d 0 ., _
ﬁ@(uw umin(u)) - %Q(U, umin(u)) + ﬁumin@ﬁ) : —Q(u, umin(u))

) du (5.5)
=0+ Eumin(ﬂ) * ¢ (Umin (7)),

which yields the result by inserting (5.4) and (5.5)) in equation ([5.3)) which is solved
with respect to %umm(ﬂ).
Similarly, for 4 < u*, we obtain by derivating equation (}5.2))
d 0 d 0
0= @Q(ﬂ, umax('lj)) - %Q(a,umax@l)) + @umax(a) : %
d

= QH(H) - QT('L_L) + @umax(a) : QT<umax(a))a

Q(U, Umax (1)),

which is then solved with respect to dd_ﬂumax(a)- For w > u* the function upay (@) is
constant, thus %umax(ﬂ) = 0. O

Notation: In the following we denote by uy € (0, @), respectively u. € (@, us), the
values which are connected by a monotone increasing solution of

1

with the homogenous Neumann boundary condition, on the interval [0, L] for some
L > 0, which is determined by

L= T(ﬁ, Uo).
Here, the time-map 7' is defined as sum

T(u,up) = T1(u,ug) + To(u, ue(u, up)),
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with

1 w du
V27 Juy F(hir (o)) — Flhy(w))’

Tl (aa U’O)

and
du

) _ 1 /ue
V2y S JFlhr(ue) — Fh(w))

The function wu, (@, ug) is implicitly given by

T2 (aa Ue

Q(ﬂ>ue(ﬂ7u0)) = Q(ﬂ,UO) (57)

and leads to the value U(L) = u,(u, ug) for a solution starting at U(0) = uy.
Moreover, we denote by ug(u) the function which is implicitly determined by

T(u,up(w)) = 1. (5.8)
Finally, we set
Ue () = e (U, up(w)).

These two functions are the start and the end values for a monotone increasing
solution of (5.6)) on the interval [0, 1].

Proposition 5.1.4. The functions u.(a, ug), T1 (4, ug), To(@, ue), T(4, ug), up(a) and
ue(u) are continuously differentiable as functions of u.
The derivatives of these functions with respect to u have the following form and sign.

d ~qr(u) — qu ()

L. %ue(ﬁ, up) = 0r (4 (@, 1)) > 0.
S
’ 30 = ey
N N
N . v e



98 PROPERTIES OF STATIONARY SOLUTIONS

ug
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(a) Umin (@) and Umax (@) (b) up(@) and ue(u) for v = 50, resp. v = 200
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(€) Umin (@) and ug() near u* for v = 200 (f) Umax (@) and ue (@) near u* for v = 200

Figure 5.2: Plots of ug(u) and u.(u) as function of the jump w for the kinetic
functions p(v) = v® —6.3v? + 10v and f(u,v) = 1.4v —u. The function ugy (i) is close
t0 Umin (@), except in a neighborhood of u*. This follows from the fact that wug(a)
is smooth at @ = u*, whereas uy, (1) is not. For increasing v we see that ug(u) is
approaching i, (). The same holds for u.(u) and Upax ().
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Figure 5.3: Plots of ug(u) and u.(u) as function of the jump @ for p(v) = v*—6v?+10v
and f(u,v) = av—u, with two different a such that there is no u* with Q(u*, us) = 0.
For o« = 1.6 the potential Q(u,us) is negative for all u. Thus, u,. is always close
to uy and varies only in the order of 1074, whereas ug varies between 0 and 5. We
omit the plot of i, (@), because there is no visible difference between uy and i,
on the scale used. For av = 2.5 the potential Q (@, uz) is positive for all @. Thus, ug
is always close to 0 and varies only in the order of 10~*, whereas u, varies from 4 to
10. We omit the plot of umay (@), because there is no visible difference between u,
and um,.x on the scale used.

Proof. We observe that ug, u. # u and, therefore, Q(u,ug), respectively Q(u, u.) are
differentiable, which yields differentiability and continuity of all functions.
The sign of the derivatives can be seen, reminding that gy (u) < 0 for u € (0,ug),

gr(u) > 0 for u € (ur,us) (Lemma [2.1.10)) and using Theorem [4.3.10| for the sign of
the derivatives of the time-maps.
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To calculate the derivatives, we use the implicit function theorem.

1. We consider uy < u as fixed and observe that under this assumption

d 0
Q) = - Q1) = 0 (5.9
holds. When ug < @, then u, > 2 and we calculate the derivative

0 0 0
%Q(u, ue(, ug)) = 3 (U,ue(t,ug))+ %ue(ﬂ,uo)- u. Q(,ue(u,ug))

(5.10)
— 451 (8) — g (8) - (8, w0) g (e (8, w0)).

ou
The relation (5.7)) yields

d d
@Q@’ up) = @Q(TL» e (1, o)),

which leads to the result by inserting (5.9) and (5.10) and then solving this

equation with respect to & u. (i, ug).

2. As w appears only as integration limit of 7} (u, ug) this follows from derivating
the integral.

du

__1 qu
V2 fue o o) P () the rest follows from

3. We write at first Ty (u, u.) =

derivating the integral.

4. We consider ug as fixed and calculate

0 0
—T(ﬂ, Uo) = %

0
oy Ti(a, ug) + = To(a, ue (1, uo))

ou
o 0
+ %UG(U, U[)) . aue
qr(u) —qu(u) 0
QT<ue(aa 'LL())) aue

T2 (ﬂ, Ue(ﬂ, Uo))

=0+

To(w, ue(u, ug)),

where we have used that

o o,
£T1 (u,up) + %Tz(u, (T, up))
_ 1 1 N 1 -1
V27 \/F(hu(u)) — F(hu(v)) V27 /F(hr(u.)) — F(he(a))
1 1 1 1

=0

TV Q) - Qe V2 Qi (i w) — Qasa)
holds, because of .
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5. We differentiate formula (5.8)), which implicitly determines uy(@), with respect
to u and obtain

0 d .0
@) + () - o) = 0

This can be solved with respect to <ug() and leads together with point 4.
of this Proposition to

iu (ﬁ) - _ %T(ﬂ,u()(ﬂ)) _ QH(ﬂ) — qT(ﬂ) %TQ(ﬂaue(a))
du 0 %T(ﬂ, UQ(I_L)) qT(ue(ﬂ)) a;on(—’ Uo(ﬂ)) .

6. By definition, we have (@) = u.(4, uo(@)), which allows to use the chain rule

to obtain
d _ o _ d 0 _ _
e 00 () = e o))+ (@) 5 o)
_ (@) —gn(@) | gn(®) — qr(@) ooz T2 (1, 1e(0)) gy (o (1))
qr(ue()) qr(ue(®)  5o-T(u,uo(w)) qr(ue(d))
_ qr (@) — qu (1) _
gr(ue(a))? 55 T(a@, uo ()
.0 0 _ _
a4 (0)) 5, T, 0(0)) g (o)) - T, ()
= ar(t) — ¢ (1) (g (e (@) 27 (3, ol
" P Ty () Tl (@)
_ qT(ﬁ) - QH(a) %Tl(aa uO(a))
ar(Ue(@)) T (o ()

We used here for the last step equation (4.17) and (4.18]) to obtain

) 5o T (1)) = g ) 5T 0, ()

= gr(u( >>(ai 18 uo(@)) + %83

TQ(aa ue(ﬁ'))

T(a, ue(ﬂ)))

_ qT(uC,(u))a%Tl (@, uo ().
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Remark 5.1.5. In Fz’gure we remark a rectangular bend in the graph of tmin (@),
Tesp. Umax () at the value u = u*. We calculate

qu(u*) — qr(u”) qu(u*) —qr(u*)  qu(u*) — gr(u”)

lim — Ui (0) = = —~ = = = 00,
afu da (@) limg s @or (Umin(@)) q1(0) 0
whereas

]- mln 7] == 0‘

i g tmin ()

Thus, the graph of umin (@) is perpendicular at u = u*. Although uo( ) approaches
Umin (@) for increasing y z't 1s continuously differentiable at u = u*. But, we see in
Figure 5.4 that the slope Zug(a) is changing strongly near u*. An effect which is
getting stronger for mcreasmg Y.
The same is true for ue(u) and uma.x (@), because of

qr(v’) —qu(u’)  gr(u’) —qu(w’)  qu(’) —qu(u’)

lim —Upyax (T = = =
atu* du ( ) limg s+ g7 (UmaX<u>> QT<U2> 0

and

lim — max(U) = 0.
ﬂlfq? da" (@)

5.2 The layer position depending on the jump

In this section, we investigate the layer position Z as function of u. For admissible
jumps, we prove the monotonicity of this function. This allows the definition of
the admissible interval of layer positions, leading to a unique monotone increasing
stationary solution which is stable.

Definition: The layer position Z(#) of a monotone increasing solution of (4.5)) is
given by

z(u) = Ty (u, uo(u)).
Proposition 5.2.1. The layer position T(u) is continuous and its first derivative
with respect to u is given by

i:E(a) L !
a2 /Q

=

U,ug(n)) —Q(u,u)
(gu(a ) ( @) 5o=To (10, ue (@) o= T (1, uo (1))
CIT(Ue(U))auOTl(U uo(@))+qu (uo () 52 To (10, e ()

This is a negative function for all u fulfilling the conditions

qu(uo(u)) > qu(u) (5.11)

_|_
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and

qr(ue(t)) < qr(a). (5.12)

Proof. The function Z(u) is continuous as composition of continuous functions.
Derivating T} (u, ug(w)) yields

d_ .. 0 d o ..
ﬁx(u) = ;Tl(u up(u)) + —Uo( )a—uOTl(U  up(W)),
__ ! g1 (1) — qr() gu; T2(@ ue(®)) - 50T (3 uo(w))
VIE@ | ar(uc(a) =T (1, uo () ’

_ 1 (g1 (u) — qr(1)) = Ta(, u B
V2VE@)  qr(uc(u)) go=T1 (1, uo (@) + g (uo(u)

where we used Proposition and equation (4.18)). For simplicity of the exposition

we wrote

u) = \/F(hi(uo(w)) — Fhu(a) = VQ(a,u(1)) — Q(a,a).

We multiply equation (5.13) by
0

() 5T 01 0 (®)) + i (o()) 5T (1 . ()

and observe that this expression is negative because of Theorem Therefore,
showing the negativity of %f(ﬂ) is equivalent to show the positivity of

m%(mqﬂue(m)a%ﬂ(a, o()) + m%@qﬂ“o@)a%w’ ()

(5.14)
(0 (0) = a0 (0) 5T (0 0 (0)) - T3 (0, )

Proposition [4.3.9| allows us to write the derivatives of the time-maps in the form

9 __ au(uo(a))

8—UOT1(?1 up(u)) = V2VE (i) - inty (uo (@),
0 = D)y (),

0ueT2(ﬂ’ue(a))  V2yE(u)?
where we denote by intg(ug) and intr(u.) the functions

- ~[M((Qa,u) — Qa,u))qy(u) }) du

int g (ug) = /u0< ()2 N IR P10 <0,

: _ [ (Quv) — Qu, u)gp(u) 1 du
inty(ue) = /u < qr(u)? 2) \/Q(mue) —Q(a,u)

< 0.
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For better readability we write from now on only ug and u, and omit the dependen-
cies of u.

Using these representations of the derivatives of the time-maps we reformulate ex-

pression ([5.14)) as

g (uo)qr (ue) _ s : L .
ME@) <(C]H(U) —gqr(a)) inty (uo) intr(ue) — E(u) int g (uo) — E (1) 1ntT(u€)>
_ qr (uo)qr(ue) /. _\ . _ . N _
— —nyE(a)‘l (mt:r(ue) (qu () inty (uo)— E(a)) —int g (uo) (gr (@) lntT(ue)+E(U))> .

Remarking that qg(uo)gr(ue) is negative, the whole expression is positive, if the
term in the brackets is negative. This is the case if

qu () inty(ug) > E(u) (5.15)
and

— gr(u) inty(ue) > E(u) (5.16)
holds.

For showing estimate ((5.15]), we investigate in detail the integral int g (ug). Therefore,
we split the integrand into a suitable sum of two summands, which we abbreviate
by int}, and int?, (u, @) with (uo, %) indicating the bounds of integration.

() : / ((Q(u,u)q}[%(;;?, u)qy(u) % ) \/C;Q(u, uju_ —
/u ((Q(u,u)—Q(u,UO)+Q(u, o) —Q(, 0)) gy (u) 1 ’u)) du,

0 V@, uo) — Q(u, u)qf (u) 2/ Q(a,up) —Q(a
(P~ Q) ! o
Juo q(u) 2¢/Q(t,uo) — Q(u, u) )
E(7)? ! Irr(w) du
N NI T
int%; (uo,a)

We calculate the integral int}, using the fundamental theorem of calculus

intl, = / (—m(u, ) — Q(u, u)q () ! w) au.

a (u) 200, w) - Q@ -
_ /“ﬁ(m(a,uw —Q(ﬂ,U)>du _ E@)
w O ar (u) qu ()’
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For the integral int?{(uo, u) we need a distinction of cases. We remind that there is
the critical value u$} such that the derivative ¢}, (u) is negative for u < u$}, whereas
it is positive for v > u§j, see Lemma [2.1.9]
If & < u$; the integrand of int% (ug, i) is negative and we estimate
. ; o [ A
int%; (ug, u) = E(u)? du,
wo v/ Q@ uo) — Q(u, u) gz (u)
El(u 2 u d u d 1
< ) / qHﬁu) Ydu = E(a) _<_ )du, (5.18)
E(u) uQ qH(u) d
_ 1 1
= E(u)( - 7))

qu(w)  qu(u

We use here the estimate

1 1 1
> = — (5.19)
\/Q(ﬂ, Uo) - Q(ﬂa U) \/Q<ﬂ7 Uo) - Q(ﬂ, ﬂ) E(U)
which holds because Q(u, ) is monotone decreasing in u for v € (0, ).
Furthermore, qp is decreasing in the range u < uH Therefore, the inequality
0 > gu(uo(w)) > qu(u) always holds, Wthh yields — ()) > 1. Hence, we obtain

ug (1))
the estimate ((5.15]) by putting the results (5 and 8)) for both integrals together

g (@) int 7 (uo(w)) = qrr (@) (intpy +inty (uo, ),

— — 1 1 1
> QH<U>E<“>(QH<U> T gnluo(@) qH<u>>’
_ gy 2(@ i
= E( )qH(uO(ﬂ)) - B

If u > u$y we split the integral int3(ug, @) at u$ and denote in the brackets the
bounds of integration

int?; (uo, @) = int%; (ug, usy) + int% (usy, ).
We remark that for u € [ug, uj] the estimate

1 1 1

holds. Furthermore, the derivative ¢, (u) is negative in this domain, thus the integral
can be estimated in the same fashion as in the case u < u$j, compare (5.18):

E(u)?
du
uo \/Q(ﬂ’ UU) - Q(ﬂ, u)Q%{(“) : E<u%) (

int%l(uo, ugy) = E(ﬂ)2

1 1
r))

qu(uo) qu(uf
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For u € [u}, u] the estimate

1 1 1

VO u) - Qaw) — Qa) — 0w, B(ug)

holds in the opposite way compared to (5.20), but now ¢} (u) > 0 and we estimate
again similar as in ([5.18]):

ooy g [ qH(u) Lo B@re 11
iy 1) = £ | ) - Qo) < S @)

Thus, we obtain

qu (@) int g (uo()) = qu () (inty + inty (ug, ufy) + inty (ufy, @),

_ BE(a) E(a)? 1 11
2 (@) s+ 0O s (o]~ gt )~ @)
B(a)?

(@)
By i@y~ L)

Fmally, E( c,n) > 1 holds by setting v = u% in estimate ([5.19)), if © > uf;. Because

of assumption (5.11)) the estimate #gu()ﬁ)) > 1 holds, thus we obtain

To show the estimate (5.16)) we argue in the same way, which accomplish the proof
of this Proposition. O

Lemma 5.2.2. If u is admissible, then the requirements (5.11)) and (5.12)) of Propo-
sition are fulfilled.

Proof. When u € (u$, uf}), then it holds ¢} (u ) < 0 for all w € (0,u) and ¢/(u) <0
for all u € (@, us), which yields the conditions and (5.12)). O

It is possible to find kinetic functions which are not admissible, but meet the re-
quirements ((5.11]) and (5.12)). But, as we are mainly interested in stable stationary
solutions, we do not investigate further this situation.
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1 1
x x
0 » : 0l » :
our u U i our u Uy i
(a) v =50 (b) v = 100
Ly \ 1 \
x x
our u ug i our u ug i
(¢) v =200 (d) v = 500
0.271 17
T T
0 . ! 0.8 ! !
0 ur UH u 0 ur UH u
(e) v =200, = 1.6,Q(@,uz) <0 for all @ (f) v =200, = 2.5, Q(u, u2) > 0 for all @

Figure 5.4: The layer position Z(u) is decreasing as function of the jump @. The
upper four plots are made for the kinetic functions p(v) = v® — 6.3v? + 10v and
f(u,v) = 1.4v — u and for different diffusion coefficients % One can see that for
increasing «y the range of values which is attained for u € (u* — €, u* + €) is getting
larger. The last two plots are done for p(v) = v® — 6v? + 10v and f(u,v) = av — u,

with two different v such that there is no jump u* with Q(u*, us) = 0.
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Definition: For admissible kinetic functions, we define

*CT‘

Toin = T1(ufy, uo(ufy)) and . = Ti(uy, uo(uy))

and call I = (&, | T

min> the admissible interval for the layer position.

max)
The admissible interval depends on the diffusion coefficient. For emphasising this
dependence we sometimes write [ (). This dependence will be analysed in more
detail in Section 5.3

Theorem 5.2.3. We consider the generic model in the hysteresis case with admis-
sible kinetic functions. There is for every value T € (Z<. , T ) a unique monotone

max

increasing solution of the stationary problem (-) with layer position T.

mm ?

Proof. We consider the mapping

j : (ugr7uCHr) ( mln jf{?ax)
= I(w).
Proposition [p.2.1] yields the continuity and the monotonicity of this mapping. Thus,
it is invertible with monotone decreasing inverse function u(z) defined for all
T € (z&,,Te..). Therefore, there is a unique jump %(z) and using Theorem [1.1.3]

there is a unique monotone increasing stationary solution (U(z),V(z)) with layer
position . O

Corollary 5.2.4. We consider the generic model in the hysteresis case with admis-
sible kinetic functions. There is for every value & € (1 —z¢ ;1 — 5. ) a unique
monotone decreasing solution of the stationary problem | with layer position T.

Proof. We remind that the layer position of a monotone decreasing stationary so-
lution is given by T5(@, u.(@)) = 1 — z(u). This is a monotone increasing func-
tion because of Proposition with the range (1 — z¢ .1 — z¢. ). Therefore,

there is a unique jump @(Zz) and a unique monotone decreasing stationary solution
(U(z),V(x)) with layer position . O

5.3 The role of the diffusion coefficient

Looking at Figure we observe that for growing v the layer position Z(u) ap-
proaches more and more the values 0 and 1, respectively, and is rapidly changing
from 1 to 0 near u*.

To proof this, we consider in this section the jump u as fixed and investigate the

layer position and its derivative dd_ (u*) for v tending to infinity.
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— U(x) — U(x)
— V(z) — V(z)
uf U
0 T 1 0 T 1
(a) v = 73,7 = 0.8017 (b) v = 257, = 0.8939
— U(x) — U(x)
— V(x) — V(x)
ur U
0 Z 0 .
0 z 1 0 z1
(¢) v = 551, % = 0.9276 (d) ¥ = 956,7 = 0.945

Figure 5.5: Simulations of stationary solutions with jump at u = 2.9 for different
diffusion coefficients, but the same kinetic functions f(u,v) = 1.4v —w and g(u,v) =
u — (v3 — 6.3v% + 10v) with Q(u, us) > 0. One can see that the layer position 7 is
moving towards 0 for increasing ~.

Theorem 5.3.1. We consider the generic model in the hysteresis case and the jump
u e (UT,min(U/H,UQ)). If Q(a,us) > 0 then the layer position T of the monotone
increasing solution (U(z),V (z)) tends to 1 for v — oo, whereas if Q(u,us) < 0 then
z— 0 forv — oo.

Proof. Multiplying the equation 7' (%, ug) + To(@, uc(ug)) = 1 by /7 yields

i u du +i/“5 du
V2 Juo/F(hu(w0)) = F(hu(w)) V2 Ja  /F(hr(ue))—F(hr(u))

If Q(a,usz) > 0, then I = (0, Umax(@)) With umax(@) < us. Hence, for v — oo then

up — 0, whereas u, — Unax (@) and, therefore, the integral \/Li I L

= /7. (5.21)

0 \/F(hy(uo))—F(hg(u))
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tends to infinity by Theorem [4.3.7] whereas the second one is bounded

U 1 Umas (1) du

1 Ue d
ﬁ/ VEGr(w) — Flr() V2o F(r(ue) — Flhe(w)

< 0.

Therefore, the layer position z = T} (u, ug) tends to 1 for v tending to infinity.
For Q(u,us) < 0, we conclude similarly. Under this assumption Iz = (umin (@), us)
with 0 < Upin(#). Therefore, the first integral of (5.21) is bounded by the finite

integral \/Li f;min(ﬂ) F(ha (US’;_F(hH(u)), whereas the second integral tends to infinity

for v — oo. Hence 1 —Z = Ty(u, u.) — 1 and the layer position Z tends to zero. [

We apply this theorem for those layer position which are defining the admissible
interval I = (z&,, 7 ). We determine the length of this interval depending on
the diffusion coefficient %

min’ “max

Corollary 5.3.2. We consider the generic model in the hysteresis case for admissi-
ble kinetic functions . If u* € (u§,u§y), the the admissible interval I (7y) is getting
bigger for v — oo.

But, if uv* < uf', the admissible interval 1" is getting smaller for increasing v and
it is close to 1. Similarly, if u* > u;, the admissible interval I is getting smaller
for increasing v and it is close to 0.

Example 5.3.3. We calculate in Table the admissible interval 1°(y) using a

Matlab program for the functions which have been used in the examples[].4.10,
ond LT

f(u,v) l4v —u 1.6v —u 250 —u

p(v) v —6.3v% + 10v | v¥ — 6% + 10v | v* — 6v? + 10v
lur,ug] | [0.24365,4.7124] | [2.9113,5.0887] | [2.9113,5.0887]
e us] | [0.38264,4.5734] | [3.1236,4.8764] | [3.3876, 4.6124]

u* 3.0316 Q(ﬂ, UQ> <0 Q(ﬂ, UQ) >0

=10 | [0.127,0.974] | [0.093,0.305] | [0.634,0.792]

v=50 | [0.057,0.988 | [0.042,0.212] | [0.812,0.904]

7 | y=100| [0.041,0.992] | [0.030,0.150] | [0.867,0.932]

v =200 [0.029, 0.994] [0.021, 0.106] [0.906, 0.952]

v =500 | [0.018,0.996] | [0.013,0.067] | [0.940,0.970]

Table 5.1: The admissible interval I“" for three different kinetic functions. All
functions are admissible, but only for the first one holds u* € [uf', u$]. We observe
that I is getting bigger when - is increasing for the first kinetic functions, whereas
it is getting smaller for the other two.
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This table provides an explanation for the simulation performed in the end of Sec-
tion In Example the kinetic functions f(u,v) = 1.4v — u and p(v) =
v3 — 6.3v% + 10v have been used. All initial conditions which have been used had
a discontinuity lying in the admissible interval 7"(200) = [0.029,0.994]. Thus, all
simulation showed the formation of a stable stationary solution. In Example |4.4.11
simulations for the kinetic functions f(u,v) = 2.5v — u and p(v) = v* — 60? + 10v
have been performed. Only the layer position z = 0.95 lies in the admissible inter-
val 1¢7(200) = [0.906, 0.952], whereas Z = 0.6 is not lying in this interval. Similarly,
in Example simulations for the kinetic functions f(u,v) = 1.6v — u and
p(v) = v® — 6v? + 10v have been performed. The layer position Z = 0.1 lies in the
admissible interval 1¢(200) = [0.021, 0.106], whereas Z = 0.4 is not admissible and,
consequently, leading to a constant stationary solution.

Next, we investigate the layer position Z and its derivative %a‘c for the missing
case & = u* this means for Q(u,uz) = 0. Therefore, we need a lemma describing
the asymptotic behaviour of an integral involving a small parameter to understand
better the asymptotic behaviour of the time-map for uy — 0, resp. ue — us.

Notation: We use in the following the Landau notation which is defined by

f(z)

f € O(Q) = ill}(ll ’m’ =0, (522)
f€0(g) = liriljgp \%| < 00. (5.23)

Here f, g are real functions defined on some interval containing a. We will write o(g),
respectively O(g), to denote a function f, which is an element of o(g), respectively

O(g)-

Lemma 5.3.4. Assume that g(u) is a C* function defined on some open interval
including [0, 1] and satisfying the following assumptions:

1. g(0) = ¢'(0) = 0,

2. ¢'(u) <0 and ¢"(u) <0 foru e (0,1),

3. g(u) <0 foru e (0,1],

4. ¢"(u) is Hélder continuous with exponent 0 < vy < 1 on the interval [0, 1] that

18
lg"(u) — g"(v)] < Llu—v[" foru,v € 0,1].
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Define I(a) by

! du
0= [ et fraciol

Then I ]
I(a) = ——=log—+0O(1) asalO.
Vi0gr) e
Proof. This result can be found in [Nis82] and in [Nak12). O

This Lemma allows us to deduce the following Corollary.

Corollary 5.3.5. For all jumps u the following integrals can be approrimately writ-
ten by

1 . du 1 1
2 TEGato) =) e B TOW as L0 (5:24)

and

du 1 1

1 [
NG = lo O(1) as ue T us.
\/5/ V() — Flr(@) )] - us— u, +0(1) T

(5.25)

Proof. We choose 6 > ug > 0 small enough such that ¢, () < 0 holds and split the
integral at o

1 v du
V2 Juy /F(h(uo)) — F(hu(u))
1 0 du 1 v du
V2 Juy /F(hu(uo)) = F(h(w)) ! \/5/5 VF(hi(uo)) — F(h(u))
The second integral is bounded, because the denominator will never be zero, i.e. it

is O(1) as function of wuy.
Now, we observe that

9(u) := F(hu(du))
fulfils the assumptions of Lemma [5.3.4 We set a = %¢ and obtain

I(@):i 1 du _ 1 dii
6" V2w \/F(hu(u)) — F(hu(ou))  6v2 Juy \/F(hi(ug)) — F(hp())

which equals by Lemma [5.3.4]

o 1 1 1 1
(=)= log +0(l) = ———=1log— +0O(1) asugl0.
0 6243, (0)] /0 0/1du (0)]  uo
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Multiplying by 4, this yields the result.
Similarly, we choose § such that ¢/-(us — ) < 0 holds and split the integral
L 2
V2Ju Fhr(ee) - F(hr(w)
1 v du 1 [ du

" V)i VFRr() = Fr(@) V2 aes () — Flhr(a)

where the first integral is O(1) as function of u.. Then, we consider
g(u) := F(hr(d(uz — u)) — Q(a, up)
which fulfils the assumptions of Lemma and therefore leads to the result. [

For the analysis of %:ﬁ, we also need to understand the asymptotic behaviour of the
derivatives of the time-maps.

Lemma 5.3.6. For ug — 0 it holds

5, [ du 1 1
_— ) ———— 5.26
dug <\/§ wo / F(h(uo)) —F(hH(U))> , +otl >:20)

and for u, — uo it holds

0 1 te du 1 1
3_<ﬁ/ ¢F<hT<ue>>—F<hT<u>>>_\ﬁ|q;<u2>|uz—ue“(”' 520

Proof. We use Corollary and calculate the derivative of formula (5.24) and
(5.24)), respectively, with respect to ug and with respect to u., respectively, to obtain
equations (5.26) and ([5.27)). O

In the remainder of this section, we consider from now on the jump u = u* as fixed
and the diffusion coefficient as variable. We write ug(y) for the unique solution of
T(u*,ug(y)) = 1. The function u.() is determined by Q(u*, uo(y)) = Q(u*, uc(y))-

Lemma 5.3.7. u.(vy) can be written in terms of uo(7y) by

¢y(0)
qr(uz)

uz — ue(uo(y)) = uo(7y) + o(uo(v)), asy — oo

Proof. We use the Taylor development of gy (u) near 0

qr(u) = qg(0) + ¢4 (0)u + o(u) = ¢y (0)u + o(u), asu —0
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respectively of ¢r(u) near us
qr(u) = qr(uz) + ¢p(uz)(u — uz) + o(u — uz) = ¢p(uz)u + o(u —ug)  as u — us.

We calculate the values of the potential near 0, respectively near us

uo(7) uo ()
Qu",uo(y)) = /0 qr(u)du = /o (¢5(0)u + o(w)) du

= s (O)un(1)? + o(uo(1)?) a5y = o0
and
ue () ue(7)
QU ue(+)) = QUu* uz) + / g () = / () — ) + o (ut — 102))) s

= S (ua) (e (7) — w2 ol () — )?) a7 > o0,

where we used the defining relation Q(u*,uy) = 0 for u*.

From Q(u*, ug(y)) = Q(u*, uc(y)) we deduce the relation
S0 (0)uo(1)? + (o (1)?) = () (we() — o) + of(rcy) — w2)?).

Hence, we found the expression which allows to consider u.(vy) as function of ug (7).
We remind that both, ¢j(0) < 0 and ¢;(u2) < 0 (see Lemma , thus their
quotient is positive and we can take the squareroot. O

Corollary 5.3.8. For u = u* it holds

0 1 te du 1 1 1
— = — +o(—). 5.28
Ou. (ﬂ / NG —F<hT<u>>> Vi O

Proof. We use Lemma to replace us — u, in formula (5.27) and consider now
the limit for ug — 0

o (L [ du ) _ 1 ! +o(1)
due \ V2 Ja \/F(hT(Ue)) — F(hr(u)) \/|Q/T(U2)| \/qu(O) ug + o(ug)

@p(u2)
1 1 1
= +0(1)

Vg 0)] o 1+ o(1)
= e o)+ o)
— ;i + 0(i)
Vg (0)] w0 uo

where we used that IJ%Z =1—x+o(x) for z — 0. O
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Theorem 5.3.9. For the jump u = u*, a monotone increasing solution of the generic
model in the hysteresis case has an interior transition layer at the value which
tends for v — oo to

|97 ()]

VIdr(u2)l + v/1a5 (0]

xr =

Proof. Let (U(z),V(z)) be a monotone increasing solution with jump at @ and
layer position z. To find a more suitable representation of z we change variables
v+ n = (r—1x)/7 and set U(n) = U(x). Hence the bounds of integration are
mapped to

0= —z/y=—M(y) and 1+ (1—2)\/y=N(v).

We can easily calculate that the layer position is given by the relation

F(y) = — D (5.29)

The values M () and N(v) can be calculated in terms of time-maps

1 “ du

HOV= RO =5 o) VP Otiat) — Flh)
and
B B 1 ue(7) du
N(v) = 7 Ta(u, uc(7)) = E/u N TR BTN (5.31)

We are interested in the behaviour of N(vy) and M(y) for v — oo, which implies
uo(y) — 0 and ue(y) — ug, because of Q(u*, ug) = 0. Therefore, we use Corollary
0.3.0 to write

1

M(~) = 0] log e +0(1) asvy— o0 (5.32)
and
N(v) = ! log ! +0(1) as~vy— oc. (5.33)
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We replace the expression uy — u.(y) in N(v) by Lemma which leads to

1 1
lo o) log .
U — UelY / 3
: () wo() + ofuo()
2(0) \ 2
= —log ( (qu(ng) uo(7) + o(uo(7)))
T
0(0) ) *
= —log (uo(y ( +o(1
i ( ))2
= —logu —lo +o(1
1
= log () +O(1), as uo(y) 4 0
Finally, we obtain
L__log 1
z(y) = M(y) V8w + O
- M N - 1 1 1
() +N0) V43 (0)] log L5 + Vi (u2)] log “0(7 o)
1
1
B o T ol
= 1 ]
1
ol T Ve oW
Gl +ol)
V()] + V1a 0)] + o(1)
This yields the result. O]

Next, we need to understand how fast ug(7y) tends to 0 for v tending to infinity.

Lemma 5.3.10. We calculate the limit

i 2r0() _ [ 4y (0)

=00 qr(ue(7)) g (u2)

Proof. We remark that lim,_ . gy (uo(7)) = ¢u(0) = 0 and lim,_,o gr(uc(7y)) =
qr(ug) = 0, thus we can use L’Hopital’s rule

() 0 (uo(7)) 50 (7) (0 1
120 qr(ue(v)) =% gp(ue(v)) g e (uo(1) Fuo(v)  @r () lim, o 200l
where we used equation (4.17)). Thus, multiplying by lim,_,« 3’; ((ZS((;’)); and taking

the squareroot yields the result. We have to choose the negative root, because

% is negative for all . <
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Lemma 5.3.11. For u = u* we calculate the limit
lim uo(y)y/7 = 0.
F—00

Proof. We multiply the relation T'(u*,uo(7y)) = 1 by /7 and obtain

*

L v du +L/“5(7) du
V2 Juoe)V/F (hi(o(1)) = F(hu(w)) -~ vV2Jur \/F(hr(uc())) = F(hr(u))

The left hand side of this equation is only implicitly depending on v, thus calculating
the derivative with respect to v and using Lemma |5.3.6| and Corollary yields

=/

L d“ ) S ug(a)
duo \V/2 Juo\/F (hir (uo(7))) = F (hir (u))/ dy
i (% ujej)p(hT(ue( d;)L)—F(hT(u))) s “e(“m)%uom B %
( |qjlq(0)|uo_(’17) i |q}1{(0)|U01’Y) qﬁ<?3§2§)> +0(uotv))>%uow) - %
(-1+ % +o(m)( |q;(0)| uiw)%“o(” - %

We are interested in the behaviour of ug(7y) for « tending to infinity. Therefore, we
calculate the limit

¢u(0) _ —(VIau ) + vlar(u2)])

() )
fim, (=14 £r(uz) PAD)

(= oy W) =1

For large ~ the function ug(7) is approximately given by the differential equation

d VI 0) /1 (u2)] uo(y)

uo(y) = — :
dy Vg (0)] + Vldr(u2)] 2v7
Thus, we obtain
V1 ()] /] (u2)|
uo(7y) = exp ( - ﬁ)
|7 (0)] + V@ (u2)]
In particular, we calculate the limit lim,_,. uo(7),/7 = 0. O

Proposition 5.3.12. The derivative of the layer position evaluated at u = u* tends
to minus infinity for v tending to infinity.
d

ﬁi(u*) — —00  for v — oc.
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Proof. We consider again ug(y) as a function of v for the fixed jump u*.
We know from Proposition that the derivative of the time-map at u = u* is
given by

ij(u*) _ 1 1
du V27 /Qu, ue(7)) — Q(u*, ur)
(qu(u*) = qr(u*)) 3= To(u", ue(v))%T (u*, uo(7))

ar(ue(7)) s To(u*, uo (7)) + ar (uo(7)) 7= Ta(w*, ue (7))

The limit of the first term in this expression is zero,

1
lim =0,

woC’\/_\/QU up(7)) — Q(u*, u¥)

1
V@ uo (1) ~Q(u* u¥)
Corollary [5.3.8 to replace the derivatives of the time-maps in the second term.
(am(w”) — qr(w”)) go-Ta(u", ue(7)) gos 11 (0", uo (7))
07 (e(7)) g T2 (u 10 (7)) + (o (7)) o T (u” ue(7))
1 1 1 1 11 1 1
(g7 (u”) = gr(w’ ))(qu, o T )~ F 0 )\ wem T o))

ar (e = 75 Tgrmm T oG5+ 4w (G Tgram + o mem))

because is bounded by \/T We use Lemma [5.3.6| and

(QH C]T(“ﬂ)(% |q (0)|u0 7)+ (fuo(v)))
(a1 (10(1)) = g (e v)))(f s T o)

(gr(w”) = 4 () (5 rrmmm + <m))
(9 (u0(7)) = ar(ue(7))) '

Finally, we use Lemma [5.3.11] to calculate the limit

d_ g @) —gu(w) 1 1
Jim () =0 ¢ (0)] i uo(7)v/Y i qr (uo(y)) — qr(ue(7))
= 0 - (—OO) = —0Q

Hence, we have confirmed which can be observed in simulations.

The steepness of the slope of Z(u) also shows that for a small interval of @ around
u*, a large range of layer positions is attained.
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Theorem 5.3.13. We consider the generic model in the hysteresis case with admis-
sible kinetic functions and such that there exist the value u*. Moreover, we require
u* € (uf,uf). Under these conditions the following holds.

For every 6 > 0 small, there is a diffusion coefficient % such that for all

z € (6,1-9)

there is a unique monotone increasing and a unique monotone decreasing stationary
solution with jump at T. Moreover, these solutions are stable.

Proof. We choose an ¢, such that (u* — e, u* +¢€) C (u5, uf) holds. Z(u* — ¢€) tends
to 1 and Z(u* + €) tends to 0 for v — oo (Theorem [5.3.1]). Therefore, let v; such
that Z(u* —e€) > 1 — 4 for all v > ~;. Similarly, let 75 such that Z(u* 4 €) < 0 for all
v > Yo. For v > max{v;,72} we obtain that (5,1 — ) C I (v), which leads to the
result because of Theorem [5.2.3 O

5.4 Irregular solutions

So far, we have considered only monotone stationary solutions. But, in Figure
we observed the formation of a nonmonotone stationary solution.

In this section, we use the monotone solutions to construct all stationary solutions
of the generic model in the hysteresis case.

At first, we construct solutions, which are periodic in space.

Corollary 5.4.1. For the generic model in the hysteresis case, there are exactly
two nonhomogeneous stationary solution (U(z),V(z)), which are periodic with k
modes for all diffusion coefficients % Restricted to the interval [0, %] one of them is
monotone increasing, whereas the other one is monotone decreasing.

Proof. The proof of existence is identically to the one in the bistable case, com-
pare Corollary [3.1.2] The uniqueness follows from the uniqueness of the monotone
increasing solution. O

Corollary 5.4.2. A periodic solution (U(z),V (z)) with k modes and jump at u has
k layer positions T', ..., z", where the first one is given by

jl _ Tl(ﬂ, 'LL()) Zf Uy < U
Tg(ﬂ, U(]) Zf Uy > U

where ug := U(0). The other layer positions are given by

P .

s JE T for i even
i-1 | A1 :
==+ fori odd.
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— Ul@)
— V(z)
UU ‘ L
0z 3 i‘%i‘ z j%f : ®1

Figure 5.6: A periodic stationary solution (U(z),V(z)) with six modes, which is
decreasing on (O ) We observe that the layer positions are determined by z! +2% =

. 8= +i =+, PP=r"+2and 2% =22 +2

Proof. For a periodic solution the first layer position is calculated using the results
for monotone solutions. The second one is then given by 2 _ 7! because for a
periodic solution with k& modes U(z) = U(% — x) holds for = E [+, 2]. All other can
be calculated by adding successively %, which yields the formula stated above. [

Additionally to the periodic pattern, in the model with hysteresis there exists an-
other class of stationary solutions. It is a consequence from the fact that the phase
planes of %Um + qu(U) = 0 and %Um + qr(U) = 0 are overlapping. For a peri-
odic solution the switch between these phase planes takes always place at the same
value @, as one can see for the blue trajectory in Figure However, a similar
construction of discontinuous patterns can be performed with switches at different
values @!, @2, ... as one can see for the red trajectory in Figure Then there exist
subintervals of [0, 1] such that the solution restricted to them is monotone stationary
solution with jump at u',@?,... respectively.

We remind that the time-map 7'(, ug) is defined as the time a monotone stationary
solution with jump at @ needs to connect uy with ue(ug, @). This time is the same for
monotone increasing and decreasing solutions. Thus, T'(@, ug) is defined for uy < @
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Uy

==

3

o
<
T

wuu' utur U2
Figure 5.7: The phase planes of %Um + qu(U) = 0 and %Um + qr(U) = 0 are
overlapping. In blue we see a periodic solution with jump at u. We cannot determine
the mode of a periodic solution in the phase plane. It corresponds to how often the

trajectory has been traveled through. In red we see a irregular solution with three
different jumps.

as well as for ug > @ (see Remark [4.3.3). However, T}(u,ug) is only defined for
up < @ and T(@,u.) is only defined for u, > u.

Definition: A pair of functions (U(z), V(z)) € C*([0,1]) N HZ(0,1) x L>(0,1) is
called irregular stationary solution with jumps at @', @2, ..., @" of system (2.1
in the hysteresis case, if there are values
=0<a' < << <<l <=0
and jumps 4’ € (uT, min(ugy, u2)), for : = 1,...,k, such that the restriction of U to
the intervals [2'~!, 2] are alternately monotone increasing and monotone decreasing.
Thereby, Uljyi-1 44 is given by
v il

U(z) = UZ< ) for z € [271 2], (5.34)

xrt — pi—l

where U(z) is a monotone increasing (resp. decreasing) weak solution of the equa-
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tion ]
—————Us.(%) + @ (U'(2)) = 0, (5.35)
((L’Z _ Iz—l) ¥
for # € [0,1] and with the boundary condition U’(0) = Ui(1) = 0.
We denote the start and end values of each such solution by

U0) =:u) and U(1) =:u. (5.36)

e

The V-component of an irregular solution is given by

V(z) =

{hH(U(fc)) forz € [+, 2] if U(w) (5.37)

hr(U(z)) for z € [z 2% if U(z)

Proposition 5.4.3. Let (U(z),V(x)) be an irregular solution with jumps at
a',a?,...,u". Then, it holds ‘ A
ul = uft! (5.38)

foralli=0,...,k—1.
Moreover, the time-maps have to fulfil the relation

k

> T uf) = 1. (5.39)

i=1

Proof. The function U(x) has to be continuously differentiable, therefore the solu-
tions constructed on each subinterval [z~!, 2%] have to be connected to each other.
By definition and equation , ul is the value of U(z') = U(1). But,
U(z?) is also given by U**1(0) which leads to the condition (5.38).

The relation has to be fulfilled, because an irregular solution has to be a
solution on the interval [0, 1]. O

Proposition 5.4.4. There are at most two irreqular stationary solutions with jumps
at wl,...,uk. Restricted to the first subinterval [0,2'] one of them is monotone
increasing and the other one is monotone decreasing.

Proof. At first, we remark that for a given partition of the interval 0, ', ..., 2% 1,1
of the interval [0, 1] and fixed monotonicity of the interval [0, z!] an irregular solution
with jumps at @',...,u* is unique. This is clear as U [zi-124] 18 given by formula
and the function U’ is the unique monotone increasing (resp. decreasing)
solution of equation . Now, observe that

%Umx(l‘) = : U&( — x)

(LCi _ xi—1>2,-y xri—l gt
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U

[0,2]

[z,22]

S
I
g
(=)
T

m—Vlj0,21]
V‘ [x1,22]

|
0=2a" 7! x! 72 x? 1 =23
~ —~ S N U S N
Tl(alaué) TQ(ﬂlvué) TQ(a27ug) Tl("j27u£)
NS o\
vV Vv vV
T(alu} T(a2,u?)

Figure 5.8: An irregular solution (U(z),V(z)) with three jumps @', @? @*, which
is monotone increasing restricted to [0,z']. We see that for continuity of U(x)
we need to have u! = w2 and v? = « fulfilled. Furthermore, we see how the
partition of the interval is determined: z!' = T(a',u}),2* = x' + T(u?, u2) and
1 = 22 + T(u*,ud). And the layer positions are given by ' = Tj(a',u}) and
73 = 2% + Ty (u?,u3), because U(z) is increasing on the corresponding subintervals
and 7% = o' + Ty(u?, ud) = 22 — Ty (u?, u).

holds, which yields the scaling of the diffusion coefficient and shows that U];i-1 4
is a solution of system (4.1) with jump at @’ restricted to the interval [z*~!, z7].

Thus, for proving the proposition, it will be enough to show that for a fixed set of
jumps @', ..., @" and prescribed monotonicity on the first subinterval, there is only
one possible partition of the interval [0, 1].

Looking at the phase plane (Compare Figure [5.7)), we see that an irregular solution

which is increasing on [z~1, 2] has to be decreasing on [z%, '] and vice versa.

Therefore, if u} < @', then uj" > @'*! and vice versa. Moreover, using the relation
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u? = uftt, there is the connection

Qu', up) = Q(u', ug™) (5.40)
between two consecutive values ujy. Fixing the value uj, this successively determines
uf for i = 2,... k. Hence, the following sum of time-maps is well-defined

T(ﬂl,-..7’ak7u(1)) = T(,al’u(l)) +T(ﬂ2,ug) + ”__'_T(ak,ula:>.

We observe that in this sum all values u, which are larger than the corresponding

' can be replaced by ui™" < @'. This follows from the condition u! = uj"" and

equation (5.40). Therefore, it holds
T(u',up) = T(@', ug™)
if up > a.

In the case that U1 is monotone increasing, the sum of the time-maps can be
rewritten as

T(@', ... " ug) = T(a',up) + T(a®,ug) + T(a,ug) + T(a',ug) + (@, ug) + ...

Now, we set the index 7 in equation ((5.40)) to 1 and 2, and derivate the equality with
respect to uj. We obtain the relations

d d d
CIH(U(ID = dTg)(“g) ) QT(U?)) and d_u})(ug) ’ QT(U(%) = d_u})(ug) 'QH(Ug),
which yields
d - QH(U(l)) ~0
duf * qu(ug) ~

Repeating this procedure for increasing indices, we obtain for all odd ¢ that it holds

d QH(UO)
ub = =~ > 0. 541
Tl = gur(u) (5:41)

Finally, we calculate the derivative of the time-map

O rit ok

0 0 0
wT(u st ) = =T ug) + <T@ ud) + =T (@, uf) + ...
0

)= ouy ouy ouy

QH(U(l)) 0 _2 3 QH(“(l)) 9,
_ , _|_ _T
an(ad) o ) ) o

0
-7 —1 1
aué (U 7u0) +

which is negative using Theorem |4.3.10| and the positivity of relation ([5.41)).

(@, ud) + -+ <0,
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This result yields the uniqueness of a value u} such that
T(a',... "% uy) =1

holds, which in turn determines uniquely the partition of the interval [0, 1]. Indeed
the subintervals [x'1, 2] are given by

o =T, u). (5.42)
j=1

This proves the uniqueness of an irregular solution having jumps at @', @?,...,a"

which is monotone increasing on [0, z!].

In the case that Ujg ;1) is monotone decreasing the sum of the time-maps is given by
T(a', ... a" ud) = T(a'ud) + T(a?, ud) + T(a®, ug) + T(a*, ug) + . ...

Using again equation (5.40), we show that all u are determined by w3 and that

d | u?
Uy = a1 ( ?) > 0.
dug qrr (ugp)
holds for all even 7. This yields
0
—T(a,...,a" u?) <0
aug ( O)
and we accomplish the proof in the same way as we did in the case of an irregular
solution which is monotone increasing in [0, z']. O
Corollary 5.4.5. An irreqular solution with jumps at @', u?,...,u" has k layer
positions T+, 2%, ...,z%. They are given by the formula

i o+ Tl(ﬂ",'ué) if uf < ',

ot — Ty, uptt) if ul >
Proof. There is exactly one layer position Z' in every subinterval [x'~!, 2%]. Depend-
ing on the monotonicity of U|pi-1 .4 the layer position is given by x*~' + Ty (a', uf))

and 27! + Ty(a', uf), resp. We observe that by definition and because of formula
622)

ot =2 T uh) = 27+ Ty (at ul) 4 To(a', uf),
= 2" Ty (at uhtt) + T (', uf)
holds. Thus, if U

' =2 Ty (ut uh) + Ty(at, uhth) — Ty (a', ubt™) = o — Ty (a, ubt™h).

1,24 18 monotone decreasing the layer condition is given by



126 PROPERTIES OF STATIONARY SOLUTIONS

Having showed the uniqueness of irregular solutions, we now turn our attention to
their existence. The proof is not as obvious as it might seem. Actually there is
not necessarily for every set of jumps and every diffusion coefficient % an irregular
solution. To see the problem that occurs we consider the following situation.

Example 5.4.6. We consider kinetic functions, such that there is u* with Q(u*, uy) =
0. We choose jumps u' < u* < u? and, therefore, it holds

Q(u',uz) >0 and Q(u? uy) < 0.

We remind that to construct an irreqular solution with jumps u' and u* we need to
find values u,ul, u? and u? fulfilling

U'0) =), U'1)=ul, U*0)=u? and U*Q1)=1?

e’

where U and U? are monotone solutions of equation . We require U(x) to be
continuously differentiable and therefore the condition

1 -
ue

Ly
has to be fulfilled. .
Here, we require Ul ;1) to be monotone increasing, then U! has to be increasing and

U? decreasing. Hence, the possible ranges for ul and u} are given by

1

a' <ul<ub. <us and U <uj < uy

1
where .

tion .

For ~v small, it is possible to find these values. But, for v increasing the value
u? tends towards uy, whereas ul is bounded by ul . Hence, there will be a value
AL (@t u?) such that an irreqular solution with jumps at u',u* which is monotone
increasing on [0, x'] does not exist for diffusion coefficients %, with v > L. (', u?).
Compare Figure for the phase plane of this situation.

= Unmax (U') < ug, because of the assumption Q(u',uy) > 0 (See Proposi-

Example 5.4.7. We consider again kinetic functions, such that there is u*. The
same kind of problem as described in example[5.4.0 occurs when we want to construct
an irregular solution with jumps @' and u* which is monotone decreasing on [0, z'].
In this situation the possible ranges for ul and u3 are

2

0<ul<a' and 0<uly, <uj<u?

where 0 < uZ;, = Upin(U?).

Thus, for~y increasing the value ul tends to zero, whereas u? is bounded from below by
u?, . Hence, there is a value 2, (u', u?), such that there is no irreqular solution with
gumps at u' and u?, which is monotone decreasing on [0, x'] for diffusion coefficients
%, where v > 2, (a',u*). Compare Figure m
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| |
0 uy at u* u? ul  ud ur Uy,

(a) The phase plane shows a trajectory with jumps at @',u?, such that Ul 1) is monotone
increasing. It starts at uj = 107% and u! is close to ul .. For v > ~} . (u!,u?), the solution

(U (x),V(x)) restricted to the interval [z!, 1] corresponds to the red trajectory which cannot be
connected with the upper part of the blue one, because u? > ul .

1
1 2 = =
0 up o} u a' ut wtuy v ur uz .,

(b) The phase plane shows a trajectory with jumps at @', %2, such that U lj0,z1] is monotone
decreasing. If it starts at ul > @', then the trajectory reaches u! < u2;, and can be connected
with U|[;1,1). For growing v the solution restricted to the interval [0, 2] corresponds to the red

trajectory starting at uj closer to uz, which cannot be connected with a trajectory with a jump at

u?, because here u! < u?; .

Figure 5.9: Overlapping phase planes of %Um + gy (U) = 0 and %Um +qr(U) =0
with trajectories which cannot be connected.
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Example 5.4.8. Now, we compare the situation described in example |5.4.0/ and

to the case where u' < u* < u* and, therefore,
Q(ﬂla u2) > Q(TLQ, u2) >0 (543)

holds. For an irreqular solution which is monotone increasing on [0,x'] the same
problem as before occurs. The ranges for ul and u? are given by

1

max

2

at <ul <ub. <us and P <ul <ul, < uy

The order Umax (') = ul, < U2, = Unax(?) holds, because Proposition [5.1.1]
shows that Umax (@) is a monotone increasing function for u < wu*. Again for ~y
sufficiently large u3 has to be closer to uy then it is possible for ul.

Nevertheless, an irregular solution which is monotone decreasing on [0,z'] can al-
ways be constructed, because in this case ul and u} are both allowed to tend to zero.

Definition: We define the sets

1
(@', @, ...,a") = {y |Problem (#.1)) with diffusion coefficient — admits an
Y

2 ..., @", whichis

irregular solution with jumps at @',

monotone increasing on [0, z'].}

1
I?(a', @, ..., a") = {y |Problem (#.1)) with diffusion coefficient — admits an
v

irregular solution with jumps at @', @?, ..., ", which is

monotone decreasing on [0, z'].}

and denote the supremum of these sets by

S (TR T ,ﬂk) = sup ' (a', @2, . .. 7@’“)
PYIZrlax(ﬂla {LQ? SR aﬂk) ‘= sup F2('Ij1, ’L_L2, e ,ﬂk).

We call these values maximal diffusion coefficients.

Proposition 5.4.9. If all @’ = @ are equal, then the mazimal diffusion coefficient
18 infinite.

V2o (U, ... u) =00 and AL (4,4,... 1) = .
Proof. If all @' are equal, an irregular solution is a periodic solution, which exists
for all diffusion coefficients. Compare Corollary H
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Proposition 5.4.10. We consider the generic model in the hysteresis case and two
Jumps ut',u* € (uT,min(uH,UQ)), which are not equal. If the jumps are such that
Q(u',uz) <0 and Q(u?,uz) <0, then it holds

Va0, 4%) = 00,

otherwise if the potential Q(u', us) is positive at least for u' or u*, then

Vo (@, T?) < 00.

If u* and @? are such that Q(u',us) > 0 and Q(u?,us) > 0, then it holds
712na,x(alaﬂ2) = 00,

otherwise if the potential Q(u', uy) is negative at least for u' or u?, then
Vi (@' 0%) < 00.

Proof. We start by showing the construction of an irregular solution with jumps
u' and w?, which is monotone increasing on [0,x!], when Q(u',us) < 0 and
Q(u?,uy) < 0. When U l0z1] is monotone increasing, we have the ranges
' < ul < Upax (') and @? < Ul < Upax(u?) for the values ul, resp. wu2. When
Q(u,u) <0 and Q(u?, uz) < 0 holds, then Uyax (') = Umax(4?) = uy. Thus, for

all diffusion coefficients % it is possible to find suitable values u! = w2 and to con-

nect the solutions on the subintervals [0, 2'] and [z, 1].
If at least for @' or @? it holds Q(u’,uz) > 0, then min{umay (a'), Umax(2?)} < ug

and we obtain

711nax(a1>a2) = sup{y >0 | ui('}’) = ug('}’) < min{umaX(al)>umaX(ﬂ2)}}'
This supremum is finite. Indeed when we assume that @' < @2 then it holds
Umax (U') < Umax (4?), because of Proposition Therefore, u? tends to Uy (U?)
for v tending to infinity and reaches up.,(@') for some finite v. For @' > @?, we
argue similarly.

Next, we show that we can always construct solutions with jumps %' and %2 which is
monotone decreasing on [0, z'], if Q(@',uz) > 0 and Q(a?, uz) > 0. When Ul ,1) is
monotone decreasing, we have the range i, (0') < u! < @' and upa (') < w2 < @?
for the values w! resp. w2, which have to be equal. When Q(u',uy) >0 and
Q(u?,uz) > 0 holds, then up,(4') = umn(4?) = 0. Thus, there is a solution for
all ~.

If Q(ut,up) < 0 or Q(u?, ug) < 0, then max{umin ('), umin(a?)} > 0 and we obtain

Yamae (1, 0%) = sup{y > 0] g (v) = ug(y) > max{uumn ('), umin (a*)} },

which is finite using similar arguments as before. ]
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Remark 5.4.11. The functions umin(@) and um.x() are continuous because of
Proposition m Therefore, L. (u',u?) and L (u',u?) are bigger the more u'
and @? are close to each other.

The most interesting case for us is when u' and @* are close to u*, if it exists. Then
both L. (u',u?) and L, (u',u?) are big, because Unm, is zero or close to it, whereas
Umax 18 Us o7 close to it. Moreover, for i close to u* the corresponding layer position
is in the interval ['~1 + 6,2 — 8] for some small § (Theorem[5.3.15). Thus, we have
the biggest variety of irreqular solutions if we choose all @' close to u*.

Next, we investigate the maximal diffusion coefficient for irregular solutions with
more than two jumps.

Proposition 5.4.12. It holds the following rule for changing the order of the jumps

V(g e @) = Voo (@, @57 at) if ke is even,
maxte ey N2 (@k Akt oAt if kois odd
and
,}/2 (ﬂl ﬂ2 ﬂk) — Vglax(ﬂk7 ak717 s ,ﬂl) Zf k is even,
T Vi (@ 051t if K is odd,

Proof. We observe that if (l~] (x),f/(x)) is an irregular solution with jumps at
u',u?,...,u", then we obtain an irregular solution (U(:c),V(:c)) with jumps at

ak, akt .. u! by setting
Ux):=U(l—2z) and V(z):=V(1—uz).

Thus, if for a certain diffusion coefficient }{ the solution ([7 (x),f/(x)) exists, also
(U(z),V(z)) exists. Now, we need to figure out if U(x)|[p ;1) is increasing or decreas-
ing, thus the sign of U/ ;1. First, we observe that by definition U, (z) = —U,(1—x)
holds. Thus, if £ is even then

sgn Uy, |[0,1] = — sgn Um|[zk_1,1] = —(—sgn Ux|[07$1])

holds, because an irregular solution is alternately monotone increasing and decreas-
ing on consecutive subintervals [z, 77!]. Therefore, the sets I''/2(a', u?, . .., u*) and
LY2(@k a*=1, ..., a') are equal.

Similarly, if k£ is odd then

sgn Uz|p,1] = —sgn Ux‘[xk—171] = —sgn (~]x|[07x1]

holds. Therefore, I'V/2(w!, @2, ... @*) = %Y (a¥ a*', ..., a') holds. O
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Proposition 5.4.13. If kK > 3 we calculate

ind(4,5) ¢ —(i—1) i
i (-1 kY o Ymax ~ (U ) }
fymax(u yeee, U ) 221@‘1216 { (Zﬂ’ o Ii_g)g

where j € {1,2} indicates the monotonicity on the first subinterval and

ind(i, j) 1 if i+ 7 is odd,
J 2 ifi+7j is even.

Proof. At first we remind that for a solution with jumps at @', ..., %" the partition
0,2',...,2F71,1 of the interval [0,1] is unique (Proposition [5.4.4). If the solution
(U(z),V(x)) with jumps at @', @? ..., " exists for a certain diffusion coefficient %,
then its restriction to the interval [z72, 2] equals

1—2

Z — X

Ulx) = U(i_Q’i)< > for v € [272, 2] (5.44)

=2 gt
The function U029 (z) is an irregular solution with jumps at @' and @ of the
equation

1 o o o
0=———U2(3) + fF(U2D(2), VE2D(3)),
(zf = 272)"y (5.45)

0= g(U"29(2), VI=29(3)),

for € [0,1] and with the boundary condition U;Ei_zi)(O) = US*(1) = 0. Thus,
we obtain that the diffusion coefficient % fulfils (2% — a:i*Q)QV < L (@ a™th) or
(«" — xi_2)2’y < 2. (@', u), depending on the monotonicity of the solution on
[0, 2], because this is the condition for the existence of (U029 (x), V=29 (z)).
This shows that

ind(4,5) r—i—1 i
o _ Ymax (U, U)
Vi@, 0°) < (x — (5.46)

holds for all i € {2,...,k}.

On the other hand, if for for all i = 2,...,k a solution with jumps at #*~! and
@' and suitable monotonicity of equation exists, then they can be composed
by equation to the unique solution (U(z),V(z)). We have to show that the
definition of U agrees on the interval [z’, z'"!]. This means that

1

i—2 i—1
-2 (X T TN -y U T i—1 i
U <—$i_2 — x’> =U <—xi—l i for x € [z, 2'].
But this is true, because the restrictions of U249 and UG~1D to the interval
(71 x'] are both given by a solution of equation (5.35) with diffusion coefficient
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m Therefore, we obtain the opposite inequality of equation ([5.46)) and thus

equality.
The value of ind(7, j) follows from the fact that the restrictions of U(x) are alter-
nately increasing and decreasing. O

Remark 5.4.14. The more jumps an irreqular solution has the bigger the mazximal
diffusion coefficient will usually get. This follows from the fact that in formula
the demominator is a square of a value smaller than one. For example, we have

1 (71 22\ A2 (72 =3
1 -1 -2 =3\ __ : Vmax(u y U ) P)/max(u U )
Ve (U U, U) = mln{ G (1= 2))

1

We assume that z' ~ L and 2* ~ 2, then the denominator is approzimately 5

and L. (u',u? u3) is almost twice as big as the smaller value of v, (u',u?) and
Vonae (02, 0%).

We now perform simulations to calculate irregular solutions with jumps @!,. .., @°.

We choose three different kinetic functions which are the same as in example [4.4.10
[4.4.11) and |4.4.12] We write T; for a certain quintuple of jumps

T, = (a',*, @, u*,v°).
Motivated by Remark we compare irregular solutions for jumps which are all
close to u* to those where the jumps are more distant from u*. Moreover, we vary
the diffusion coefficients % to see the impact of these variations on the shape of the
solutions.
For all plots, we use the same color code. The U-component of the irregular solution
is plotted in blue, whereas the V-component is red. Moreover, the ticks on the z-axis
always correspond to 0, z', 2!, 22, 22, 72, 23, 7%, 2*, 7°, 1.
Example 5.4.15. We consider the generic model for the kinetic functions f(u,v) =
1.4v—u and p(v) = v3—6.30*+10v. In this situation u* is given by 3.0316, uy = 6.02
and [ur,uy] = [0.24365,4.7124]. In Figure we see plots of irreqular solutions
having jumps at the elements of the quintuples Ty, Ty and Tz for two different diffu-
sion coefficients %

Ty = (3.03155,3.03159, 3.03165, 3.0317, 3.0315)
T, = (3.02,3.04, 3.05, 3.03, 3.02)
T3 = (2.5,3,3.5,3,2.5)

For the elements of T, the variation around u* is of order 10~*. We observe that
the values uly and u’ are close to 0 and uy, respectively, depending on the sign of
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(a) jumps at the elements of T} and v = 3910 (b) jumps at the elements of T for v = 8626
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(e) jumps at the elements of T3 and v = 646 (f) jumps at the elements of T35 and v = 3088

Figure 5.10: Irregular solutions (U(z),V/(x)) with jumps @', ..., @" for the kinetic
functions f(u,v) = 1.4v — u and p(v) = v3 — 6.3v? + 10v (cf. Example[5.4.15)). The

diffusion coefficient is % and the jumps @’ vary near u* = 3.0316.
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(a) jumps at the elements of Ty and v = 351 (b) jumps at the elements of T5 and v = 590

Figure 5.11: Irregular solutions (U(z),V/(x)) with jumps @, ..., @" for the kinetic
functions f(u,v) = 1.4v — v and p(v) = v3 — 6.3v? + 10v (cf. Example [5.4.15)). The

jumps @' vary near near 2.5 and near 3.5, respectively.

Usligi ity For v = 3910 the solution seems periodic on the first glance, but for
v = 8626 it s obviously not periodic.

For the elements of Ty and T the variation of the jumps around u* is of order 10~2
and 0.1, respectively. Therefore, we observe that the values u}y and u’ are more
distant from 0 and usy, respectively, compared to those in Ty. Moreover, the length
of the subintervals [z, x| differ more.

In Figure [5.11) we see irregular solutions having jumps at the elements of the quin-
tuples Ty and T5.

T, = (3.49,3.51,3.5,3.52, 3.53)
Ts = (2.5,2.51,2.49,2.51, 2.52)

For all jumps in Ty it holds Q(u’,us) < 0 for all u'. Now, all u} and u’ which are
smaller than @' are far away from 0, whereas those above u' are close to us.

For all jumps in T it holds Q(u',ug) > 0 for all u'. All u}y and u’ which are smaller
than u® are close to 0, whereas those above u' are away from us.

Example 5.4.16. We consider the kinetic functions f(u,v) = 1.6v —u and p(v) =
v3 — 60 + 10v. In this situation there is no u*. The potential Q(u,us) is negative
for all w. The interval for @ is given by [ur,uy] = [2.9113,5.0887] and us = 6.0394.
In Figure we see irreqular solutions having jumps at the elements of the quin-
tuples

Ts = (2.92,2.94,2.91,2.92,2.93)
Tr = (3.5,3.52,3.54,3.51, 3.49)
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Figure 5.12: Irregular solutions (U(z),V (x)) with jumps @', ..., @" for the kinetic
functions f(u,v) = 1.6v —u and p(v) = v¥ — 6v? + 10v (cf. Example[5.4.16)). In this
situation Q(u,us2) < 0 for all .

In T the jumps are close to up and vary of order 1072, whereas in Ty they are more
distant from ur, but vary also of order 1072. The solutions resemble those for jumps
i Ty of Example because it holds Q(u,us) < 0 in both cases. The more the
Jumps are away from ur the smaller is the amplitude of the solution, because U, (1)
15 getting bigger.

Example 5.4.17. We consider the kinetic functions f(u,v) = 2.5v —u and p(v) =
v® —6v? +10v. In this situation there is no u*. The potential Q (1, us) is positive for
all w. The interval for w is given by [ur,uy] = [2.9113,5.0887] and uy = 10.04. In
Figure|5.15 we see irregular solutions having jumps at the elements of the quintuples

Ty = (5.04,5.06,5.03,5.02, 5.04)
Ty = (3.5,3.53,3.54,3.52,3.5)

In Ty the jumps are close to uy and vary of order 1072, whereas in Ty they are more
distant from uy, but vary also of order 1072, The solutions resemble those for jumps
m Ts in Example because it holds Q(u,uy) > 0 in both cases. The more the
Jumps are away from uy the smaller is the amplitude of the solution, because Umayx (1)
15 getting smaller.

We observe that for jumps @ such that Q(@’, us) < 0 the layer positions are close to
the 2, which correspond to the local minima of the irregular solution (U(z), V (z)).
Descriptively speaking, the solution has broad peaks and narrow valleys. If all jumps
u’ are such that Q(u’, uz) > 0 the layer positions are close to the local maxima of
the irregular solution which then have broad valleys and narrow peaks.
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(a) jumps at the elements of Tg and v = 1188 (b) jumps at the elements of Ty and v = 652

Figure 5.13: Irregular solutions (U(:c), V(J)) with jumps @!,...,u° for the kinetic
functions f(u,v) = 2.5v —u and p(v) = v¥ — 6v? + 10v (cf. Example[5.4.17)). In this
situation Q (@, uq) > 0 for all .

We see clearly that for kinetic function such that there exist the value u* fulfilling
Q(u*,uy) = 0, we can produce a huge variety of irregular solutions, including those
which can be produced by kinetic functions such that there is no u*.

Finally, we turn our attention to the stability of irregular solutions.

Theorem 5.4.18. We consider the generic model in the hysteresis case with ad-
missible kinetic functions. Let (U(x),V(z)) be an irregular solution with jumps

ul,...,u" which are all admissible, then (U(x), V(m)) is asymptotically stable.
Proof. The proof is the same as for Corollary [£.4.9 O

In time-dependent simulations we are able to set up the layer positions by our
choice of initial condition, but we do not know the jumps of an irregular solution.
We would like to obtain a theorem similar to Theorem [5.2.3, But, as the critical
interval depends on the diffusion coefficient, we also need to know the partition
0,2',..., 281 1 of the interval [0, 1] which is not possible. However, we derive a
connection between 27!, 2% and 7'

Proposition 5.4.19. We consider the generic model in the hysteresis case with
admissible kinetic functions. An irreqular solution (U(z),V (z)) with layer positions
(ﬁ)

z! < --- < 7% is a stable solution of the generic model (2.1) for the diffusion
coefficient %, requiring that for the partition 0 = 2°, ', ..., 2*71 1 = 2* it holds:

7 — ! er i i—12

T ey (@ - ), (5.47)
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when U|(zi-1 4 is monotone increasing and
T i1 ' ‘
- —— e I(y- (2" — 2" 1)?), 5.48
eIl — Y (5.45)

when U

(1,21 15 monotone decreasing.

Proof. For an irregular solution the restriction U
U‘( Lo ) The function U’(m) is monotone solution of the scaled equation ([5.35)).

[i-1 2i] 18 is determined by U(z) =

Pi—gi—1
An irregular solution is stable if all U’ are stable.
The layer position of U? is given by £=% z'=

—1 1—1 .
L— or 1 — £—=—= depending on the mono-

— ri—x

tonicity. The diffusion coefficient of the scaled problem is —L . Therefore, Ui
ziozi=1) 4

is stable, if its layer position lies in the critical interval I (v - (z* — 27 1)?). O

Now, we perform simulations of the generic model in the hysteresis case with initial
conditions, such that we expect the formation of an irregular stationary solution.
For determined positions 0 < T; < T3 < T3 < T4 < 1 we consider initial conditions
of type

(0.2 for & < iy (1.3 for & < i
6 for 31 <z < 29 5 for 7y <z < Iy
up(z) = €05 for iy <ax <73 and wvo(x)=<1 foray <z <a3. (5.49)
5 for 23 <2z <24 6 for 33 <z < Iy
kO forz,s <z \0.2 for 2, < x
The diffusion coefficient equals “lv = ﬁ for all simulations. We perform simulations

for three different choices of kinetic functions. We remark that for all choices the
points (0.2,1.3),(0.5,1) and (0,0.2) are attracted by the steady state Sy, whereas
(6,5) and (5,6) are attracted by Ss.
The discontinuities of the initial condition are given by a quadruple L; = (%1, T2, T3, Z4).
For all choices of kinetic functions we use the same six quadruples which are given
by

Li =1(0.2,04,0.6,0.8)

L, =(0.1,0.4,0.6,0.95)
Ly =(0.2,0.3,0.8,0.9)
Ly =(0.2,0.3,0.4,0.8)
Ls = (0.1,0.15,0.25,0.3)
Lg = (0.3,0.4,0.45,0.55).

For all plots we use the same color code which is in accordance with the one used
for irregular solutions (cf. Examples . The u-component of a solu-
tion at a certain time is blue, whereas the v-component is red. The initial condi-
tion (u(0,z),v(0,z)) = (uo(x),vo(x)) is indicated by dotted lines and the solution
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(u(tend,x),v(tend,x)) is indicated by continuous bold lines. Here, t.,q is a suffi-
ciently big timepoint, such that the solution (u(t,x),v(t,x)) does not change in
time anymore.

Example 5.4.20. We consider the admissible kinetic functions f(u,v) = 1.4v —u
and p(v) = v¥ — 6.3v% + 10v. It holds u* € (u§,usy). For all initial conditions of
type with discontinuities at L; for 1 = 1,...,6, we observe the formation of
a stable nonhomogeneous stationary solution (cf. Figure . These stationary
solutions are irreqular and have layer positions exactly at the discontinuities of the
wnitial condition.

Example 5.4.21. We consider the admissible kinetic functions f(u,v) = 1.6v —u
and p(v) = v3—6v*+10v. It holds Q(u,uz) < O for all u. For initial conditions with
discontinuities at Ls,Ls and Lg we observe the formation of the constant stationary
solution Sy = (0,0). For discontinuities at Ly we obtained a solution with two layer
positions, whereas for discontinuities at Ly and Ly we observe the formation of a
stable irregular solution with four layer positions exactly at the discontinuities of the
initial condition. (cf. Figure[5.15).

In Example we have investigated how irreqular solutions for these kinetic
functions look like. We observed that they all have broad peaks. Therefore, in time-
dependent simulations, we remark that narrow peaks which have been set up by the
wmiatial conditions disappear.

Example 5.4.22. We consider the admissible kinetic functions f(u,v) = 2.5v — u
and p(v) = v¥ — 6v? + 10v. It holds Q(u,uy) > 0 for all u. For initial conditions
with discontinuities at Ly, Lo, L3, Ly and Lg we observe the formation of the con-
stant stationary solution Sy = (ua,v2) (cf. Figure[5.16a) for a plot of the solution
(u(t,z),v(t,z)) fort € [0,tend] for the initial condition with discontinuities at Ly).
For discontinuities at Ly we observe the formation of a stable irreqular solution with
four layer positions exactly at the discontinuities of the initial condition (cf. Figure
1)

In Example we have investigated how irreqular solutions for these kinetic
functions look like. We observed that they all have narrow peaks. Therefore, in
time-dependent simulations, we remark that the initial condition with discontinuities
at Ly leads to peaks which are more narrow that for all other initial conditions.

To sum up, the simulations show that a solution of the generic model in the hysteresis
case strongly depends on the initial condition. When there exists a stable stationary
solution with layer positions where it has been prescribed by the initial condition,
we observe that the time-dependent solution is quickly approaching this stationary
solution. When there is no such stable stationary solution, we observe a moving
front finally leading to a constant solution or a stationary solution with less layer
position then prescribed by the initial condition.
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Figure 5.14: Simulations of the generic model in the hysteresis case for admissible
kinetic functions f(u,v) = 1.4v — u and p(v) = v* — 6.3v? + 10v, diffusion coeffi-
cient “lr = —L_ and initial conditions of type |D having discontinuities at L; (cf.
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Example [5.4.20)).
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Figure 5.15: Simulations of the generic model in the hysteresis case for admissible
kinetic functions f(u,v) = 1.6v—u and p(v) = v3—60?+10v, diffusion coefficient % =
L~ and initial conditions of type (5.49) having discontinuities at L; (cf. Example

1000
5.4.21)
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Figure 5.16: Simulations of the generic model in the hysteresis case for admissible
kinetic functions f(u,v) = 2.50—u and p(v) = v3—60?+10v, diffusion coefficient % =
L~ and initial conditions of type (5.49) having discontinuities at L; (cf. Example

000
5.4.22)

We never observed a moving front leading to a stable stationary solution with layer
positions at positions different from those prescribed by the initial condition.

We clearly see in the simulations that the most favorable situation to obtain a big
variety of stable stationary solutions are kinetic functions which meet the following
requirements:

e the kinetic functions are admissible, that means that v < u§ and
e there is a jump fulfilling Q(u*, ug) = 0 which lies in the interval u* € [u§', ug].

This is in accordance with Theorem for monotone increasing stationary solu-
tions.

The kinetic functions f(u,v) = 1.4v — u and p(v) = v* — 6.3v® + 10v meet these
requirement and, indeed, for all initial conditions used in this thesis, we obtained a
stable nonhomogeneous stationary solution (cf. Example [4.4.10| and [4.4.1| for more
simulations of the model for these kinetic functions). We can also show that these
functions are suitable to explain the outcome of grafting experiments in Hydra. We
assume that the concentration of the ligands is given by U (), such that (U(z), V (z))
is a monotone increasing stationary solution of the generic model with layer position
at z = 0.8.
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Figure 5.17: Simulations of the generic model in the hysteresis case which simulate
the grafting experiments for Hydra. The kinetic functions are f(u,v) = 1.4v — u
1

and p(v) = v* — 6.3v* + 10v and diffusion coefficient % = 555

To simulate the grafting experiments, we use initial conditions
uo(x) = U(z) + 5xr(x) and vo(x) = V(z)+ 5xs(x),

for intervals I C [0,1] of length 0.05. We observe in Figure the formation
of irregular stationary solutions for the intervals I = (0.7,75),1 = (0.5,0.55) and
I = (0.1,0.15). The different choices of I correspond to different positions of the
transplantation.

Finally, we describe here heuristically how the nullclines of kinetic functions meeting

the requirements look like. First, the polynomial p(v) = aov® + a1v? + agv has to be
af

curved and not only slightly bend. This is the case, when the coefficients fulfil v
is close to 4 (cf. Lemma [2.1.2). Moreover, the straight line f(u,v) = av — fu has
to cut the “S” described by p(v) in the middle.

5.5 Summary

In this chapter, we addressed the problem, how the layer position of a monotone
stationary solution depends on the jump and the diffusion coefficient. We proved
that for admissible jumps 4 € [uf}, u$| the layer position depends continuously on
the jump and is monotone decreasing. Therefore, for a value z € [z, , < ] there
is a unique monotone increasing stationary solution with layer position  which is
stable.

Moreover, we investigated the dependence of the layer positions on the diffusion
coefficient %y We showed that for the jump u* defined by Q(u*,uy) = 0, there is
an interior transition layer. For all other jumps the layer position is close to the
boundary. For v tending to infinity the layer position approaches 1 for v < u* and
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0 for u > u* with a steep slope at u*. The length of the interval [z&; .,z ] also
depends on the diffusion coefficient and, requiring that u* € [uf, u$], it contains
(0,1 —0) with 0 decreasing for 7 increasing.

In the last section of this chapter, we constructed all stationary solutions of the
generic model in the hysteresis case. Besides monotone and periodic solutions there
are also so-called irregular solutions. Irregular solutions restricted to some subinter-
vals are given by monotone stationary solutions. Restricted to certain subintervals
an irregular solution is monotone. The value of the jumps may be different on each
of the subintervals. We showed the uniqueness of these solutions for a prescribed
set of jumps and their existence for all diffusion coefficients % with v below a value
depending on the jumps.

The most interesting case is when all jumps are near u*, because this yields a
big maximal v and the highest variety of behaviour of the irregular solutions. If,
moreover, the kinetic functions are admissible and v* € [u$, u] holds, then all
irregular solutions with jumps at @* € [u$", u$y| are stable.



Chapter 6

Summary and Outlook

Mechanisms for pattern formation are an important topic in developmental biology.
We presented in this thesis a top-down approach to biological pattern formation
inspired by a model for head formation and regeneration in Hydra from Marciniak-
Czochra. It has been our aim to analyse under which conditions a model consisting
of one reaction-diffusion equation coupled with one ordinary differential equation
can describe patterning processes. We included bistability and hysteresis in the
kinetic functions and supplemented the model with homogeneous Neumann bound-
ary conditions, nonnegative, uniformly bounded and possibly discontinuous initial
conditions. The choice of kinetic functions is heuristic and allowed us to perform
analytical investigations and not only numerical ones. Thus, we have obtained math-
ematical insights which would have been impossible with more realistic, consequently
more complicated kinetics.

We distinguished between two cases of the model. In the “bistable case” the model
includes bistability in the kinetics, but not the hysteresis effect. The “hysteresis
case” refers to the model with hysteresis and also with bistability. Our aim was to
compare the abilities to form patterns of these two models.

Common properties of both cases of the model

We described the parameter spaces for the model in the bistable and the hysteresis
case and examined stability properties of spatially homogeneous steady states. The
kinetic system possesses two stable steady states and one saddle in both cases.
Moreover, these steady states are also stable as solutions of the reaction-diffusion
system. Therefore, the model does not exhibit diffusion-driven instability, thus,
pattern formation is not due to the Turing mechanism. Furthermore, the stable
manifold of the saddle serves as a separatrix for the kinetic system.

We addressed the problems of existence, positiveness and boundedness of time-
dependent solutions of the model for both cases. Existence was shown by a direct
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proof based on the theory of evolution equations [Brel0] and on Banach’s fixed point
theorem.

To sum up, on the level of the kinetic systems the model in the bistable and in the
hysteresis case exhibits the same dynamics.

The bistable case

We investigated stationary solutions in the bistable case and showed existence of a
finite number of monotone and space periodic solutions for every diffusion coefficient
smaller than some critical one. All stationary solutions are classical solutions of a
partial differential equation of elliptic type.

But, we also proved the instability of all spatially inhomogeneous stationary solu-
tions. Therefore, the model without hysteresis in the kinetic functions is not able
to explain pattern formation.

The hysteresis case

In the hysteresis case the situation is more complicated and thus more interesting.
The steady state equation reduces to one differential equation of elliptic type with
discontinuous right hand side. The discontinuity is at the “jump” @, which can be
each value in the interval (uT,min(uH,UQ)). For every jump and every diffusion
coefficient we proved the uniqueness of a monotone increasing stationary solution.
Therefore, in the hysteresis case, there is an infinite number of stationary solutions
for every positive diffusion coefficient. There is no upper bound for the diffusion
coefficient like in the bistable case, which has been proved by analysing the time-
map associated to the system.

Stationary solutions in the hysteresis case have properties which are different com-
pared to those in the bistable case. The u-component of the solution is continuously
differentiable, whereas the v-component has a discontinuity at the “layer position” z.

For the stability analysis we defined critical values u% and u which are related to
the derivatives of the kinetic functions. They always exist and their relative position
is important. The kinetic functions are called admissible when u$ < u$ holds.

For stationary solutions of the generic model in the hysteresis case with admissi-
ble kinetic functions and having the jump in the interval @ € [u$', u$], we proved
stability with respect to small perturbations in the L>°(0, 1) norm. The stability is
not in L2(0,1), which means in particular that shifting the layer position leads to a
different stationary solution. If the kinetic functions are admissible then an infinite
number of stationary solutions is stable in L>(0,1).
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We observed in simulations that the final outcome of a simulation of the generic
model in the hysteresis case strongly depends on the initial condition. The layer
positions are set up by the values where the initial condition changes from one side
of the separatrix, the stable manifold at S, to the other one. Therefore, we analysed
how the layer position depends on the jump « to understand which choice of initial
conditions leads to a stable stationary solution. We proved that for a € [u, ] the
layer position is monotone decreasing as a function of the jump. This shows that
there is an interval of layer positions such that for every prescribed layer position
in this interval there is a unique monotone increasing stationary solution, which is
stable. We defined the jump u* as the one fulfilling Q(u*, us) = 0 and showed that
for admissible kinetic functions with u* € [u%}, u$'], the interval of layer positions
leading to stable stationary solutions is the biggest. This interval is getting bigger
for increasing ~.

Finally, we constructed all stationary solutions of the model in the hysteresis case.
Besides monotone and periodic solutions, there are so-called irregular solutions. The
restriction of an irregular solution to certain subintervals are given by monotone
stationary solutions with possibly different jumps.

We proved the uniqueness of irregular solutions for a prescribed set of jumps and
their existence for all diffusion coefficients % with v below a value depending on the
jumps.

The biggest variety of irregular solutions exists when all jumps are near u*. On the
one hand the maximal ~ is bigger, when all jumps are close to each other, on the
other hand for u close to u* the layer position can achieve a big range of values.

In simulations of the generic model in the hysteresis case, we justified that admissi-
ble kinetic functions for which the value u* exists and lies in the interval [u$}, u$'] are
the most favorable for pattern formation. For a huge amount of initial conditions,
we observed the formation of a stable stationary solution with layer positions where
it has been prescribed by the initial condition.

The generic model in the hysteresis case is able to explain pattern formation trig-
gered by some external signal which yields a sufficiently strong initial perturbation.
Therefore, such mechanisms can explain grafting experiments for Hydra. It explains
pattern formation for different sizes of the transplant, bigger than a minimal size.

Outlook

The next step of our work is to apply the hysteresis-driven mechanism for pattern
formation in more realistic situations. It is well-known that the Wnt-pathway plays
a pivotal role in the head formation and regeneration in Hydra [HPAT10] [HRea00]
[BGRBO05]. The head activator is assumed to be a molecule in this pathway and
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could play the role of the diffusing molecule in our model. A detailed analysis of the
pathway may lead to a more realistic production rate which exhibits the hysteresis
effect. The hysteresis-driven mechanism might explain the inducing capacities of
the hypostome.

In combination with equations for the head organizer which should be based on
mechanism which is able to explain the self-organising capacities, for example the
Turing mechanism, this may lead to a full description of the patterning processes in
Hydra.



Appendix A

Models for pattern formation in
Hydra

A.1 Activator-inhibitor model

The activator-inhibitor model proposed by Gierer and Meinhardt in |[GM72| reads

0 _D 0? N a2+ B
ata’ - a@xQG p h Pa Ha@,
0 02

ah = Dh@h -+ pa2 —+ Ph — /th

Here, a denotes the concentration of the activator and h the concentration of the
inhibitor.
A.2 Receptor-based models

A receptor-based model for pattern formation in Hydra proposed by Marciniak-
Czochra in [MCO03| reads

0
5t = THITS + pr(ry) — bryl + dry,

0

a’l"b = —WUpTy + bel — d’f’b,

0 0?

al = dl@l — Mll — bel —f-pl(Tb) + d?“b — bele,
0 02

ae - de@e_:uee'i_pe(l)rb))
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Here, r; denotes the concentration of free receptors, r;, the concentration of bound
receptors, [ the concentration of ligands and e the concentration of an enzyme.
pr, p1 and p, are production rates which have been modelled by a Hill function.

For the receptor-based model with hysteresis, the production rates for ligands and
enzyme have been modelled by two ordinary differential equations:

0 _ S b n malry
o'~ T T (o — Bp) (1 + i)’
0 De msle

~, Me _56 + :
or’ T+ 22 " (1+ 02 — Bepe) (L + cuery)
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