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Zusammenfassung

Theoretische Behandlung diverser Frequenzverschiebungen in
PeENNINGfallen mittels klassischer Storungstheorie

Die ideale PEnNINGfalle besteht aus einem homogenen Magnetfeld und einem elektrosta-
tischen Quadrupolpotential. Aus klassischer Sicht hangen die drei charakteristischen Eigen-
frequenzen eines in dieser Anordnung gespeicherten Teilchens nicht von seinen Bewegungs-
amplituden ab. Diese dreifache Harmonizitat der Eigenbewegungen wird jedoch von hoheren
Beitrigen zum magnetischen Feld und elektrischen Potential sowie letztlich der speziellen Relati-
vitatstheorie aufler Kraft gesetzt. Fiir genaue Messungen ist es unabdingbar, den systematischen
Einfluss dieser Abweichungen auf die Bewegungsfrequenzen zu verstehen.

In dieser Arbeit wird mit klassischer Storungstheorie eine Vielzahl von Frequenzverschie-
bungen aus der Bewegungsgleichung des Teilchens hergeleitet. Ausgehend von einer Parame-
trisierung zylindersymmetrischer Feldfehler in Zylinderkoordinaten wird gezeigt, wie sich die
zugehorige Frequenzverschiebung konsistent in erster Ordnung berechnen lasst. Statt iiber einen
quantenmechanischen Operatorformalismus wird die relativistische Frequenzverschiebung mit-
tels der relativistischen Bewegungsgleichung behandelt. Weitere betrachtete Frequenzverschie-
bungen betreffen den Einfluss eines leicht elliptischen Quadrupolpotentials, die Wechselwirkung
des Ions mit seinen Bildladungen, die es in den Fallenelektroden influenziert, und eine schwache
Modulation des Quadrupolpotentials. Die so gewonnenen Frequenzverschiebungen werden in
eine Verschiebung im speziellen Betriebsmodus des THe-Trap-Experiments mit stabilisierter
Axialfrequenz umgerechnet.



Abstract

Theoretical treatment of miscellaneous frequency-shifts in PENNING traps
with classical perturbation theory

The ideal PENNING trap consists of a homogeneous magnetic field and an electrostatic
quadrupole potential. In this configuration, the three characteristic eigenfrequencies of a trapped
particle do not depend on its motional amplitudes from a classical point of view. However,
this three-fold harmonicity of the eigenmotions is compromised by higher-order terms in
the magnetic field and electric potential, and ultimately by special relativity. Understanding
the systematic effect of these deviations on the motional frequencies is crucial for accurate
measurements.

This thesis calculates numerous frequency-shifts in the framework of classical perturbation
theory working with equations of motion for the particle’s trajectory. Starting from a general
parametrization of cylindrically-symmetric electric and magnetic imperfections in cylindrical
coordinates, it is shown how to calculate the corresponding first-order frequency-shift con-
sistently. Relativistic frequency-shifts are handled perturbatively in the relativistic equations
of motion rather than via a quantum-mechanical operator formalism. Other frequency-shifts
considered include the effect of a slightly elliptic quadrupole potential, the interaction of an ion
with its image charges induced in the trap electrodes, and a small modulation of the quadrupole
potential. The frequency-shifts derived are translated into shifts under the operation mode of
locked axial-frequency used by the THe-Trap experiment.
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1. Introduction

The PENNING trap—a term [28] coined by 1989 NOBEL prize winner Hans Georg DEHMELT [31],
who also pioneered the device, honoring Frans Michel PENNING’s use of an axial magnetic field in
order to increase the path length of electrons in a glow discharge tube [119] that would become
a vacuum gauge [120]—is more than an apparatus for storing charged particles. Owing to the
storage by entirely static fields, the ion dynamics in a PENNING trap are much more conducive to
a theoretical treatment than in the oscillatory electric field of the PAur trap—a radio-frequency
trap named after 1989 NOBEL prize winner! Wolfgang PauL [117]. The spatial dependence of
the ideal electric field in both traps is the same, each component being proportional to the
corresponding coordinate, with the proportionality constants linked by the laws of electrostatics.
The PENNING trap features a homogeneous magnetic field in addition.

In the ideal PENNING trap, the three characteristic frequencies of a stored particle are simple
analytic functions of its charge and mass, and of two key parameters of the trap—the strength
of the magnetic and the electric field. Because the frequencies do not depend on the particle’s
motional amplitudes, measurements of frequencies are likely to be reproducible, yielding precise
results even when the initial conditions are not reproduced exactly before the next measurement.
However, there is more to a measurement than just precision. In order to extract, say, the mass
of an ion from a measurement of its eigenfrequencies, the relationship between this fundamental
parameter of the ion and the eigenfrequencies has to be understood in detail, which is more
complicated in a real PENNING trap, of course. Nevertheless, the influence of imperfections is
mostly known well from theory, which can often be checked in the experiment, and corrections—
either measured or calculated—are applied. It is this strong connection between theory and
experiment that allows for accurate measurements, making PENNING traps such a versatile
tool [10] for precision mass spectrometry [9, 50, 107].

Mass is not the only quantity that may be extracted from a measurement of the eigenfre-
quencies. By deliberately introducing an inhomogeneous magnetic field, the spin state of the
stored particle may be detected via the axial frequency [30]. This method of continuous STERN-
GeRrLACH effect has been demonstrated on free electrons [67, 160] and positrons [143, 161], elec-
trons bound in hydrogenlike [71, 153] or lithiumlike [169] ionic systems, protons [36, 104, 105]
and antiprotons [37], resulting in measurements of the corresponding (dimensionless) magnetic
moments given by the g-factors.

Even though this use of an inhomogeneous magnetic field represents a purposeful departure
from the ideal PENNING trap, it has undesired consequences, to wit, the eigenfrequencies depend
on the motional amplitudes. Such anharmonic frequency-shifts—whether an inadvertent, but
unavoidable and somewhat necessary side-effect, spurious because of residual imperfections

I The year is not a misprint. DEEMELT and PAUL shared half of the 1989 NOBEL prize in physics “for the development
of the ion trap technique” The other half was awarded to Norman Foster RAMsEY [129] “for the invention of the
separated oscillatory fields method and its use in the hydrogen maser and other atomic clocks.”
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1. Introduction

not to be compensated for, or useful for indirectly determining one eigenfrequency while
continuously measuring a different one [103]—are a major topic of this thesis. These amplitude-
dependent frequency-shifts are associated with higher-order terms in the electric and magnetic
fields, which also call for a coherent description based on physical constraints, and the thesis
takes a closer look at imperfections with cylindrical symmetry. Moreover, special relativity leads
to anharmonic frequency-shifts, thereby imposing a fundamental limitation on the harmonic
nature of the ideal PENNING trap.

Other deviations from the ideal PENNING trap lead to frequency-shifts that do not depend on
the amplitudes of the particle, or harmonic shifts. These are typically caused by modifications
of the trapping fields that keep the equations of motion linear in the particle’s coordinates and
velocities. Examples include a break of the cylindrical symmetry in the electric field and its
misalignment with respect to the magnetic field. The former is dealt with in this thesis. This
thesis also considers the interaction of an ion with the image charges it induces in the trap
electrodes and a modulation of the electric field.

Both types of shift—anharmonic and harmonic—have to be accounted for before making a
substantiated claim about accuracy. Perturbation theory turns out to be the adequate theoretical
tool of choice because the equations of motion can no longer be solved exactly for most
imperfections. This thesis uses a formalism based on the classical trajectory of the particle
and its equations of motions in order to extract frequency-shifts. First-order corrections to
the zeroth-order trajectory are considered when frequency-shifts of second order are to be
calculated, either because there is no first-order frequency-shift or in order to check its scope
when computationally feasible without excessive complication.

This thesis was carried out at the Max Planck Institute for Nuclear Physics in Heidelberg
(MPIK, with the letter K from the German “Kernphysik” for nuclear physics). The somewhat
unpredictable evolution of an experiment had it that the primary goal emerged to be the theo-
retical description and understanding of systematic effects at THe-Trap. The results, however,
pertain to PENNING traps in general.

THe-Trap is the successor to the University of Washington PENNING-trap mass spectrometer
(UW-PTMS) [125, 165]. The experiment was relocated to Heidelberg in 2008 and renamed THe-
Trap, short for tritium-helium trap, after briefly being referred to as the MPIK/UW-PTMS [35].
During commissioning, first mass-ratio measurements were performed [34, 148, 149].

As its name implies, the ultimate goal of THe-Trap is to measure the mass ratio of tritium
(*H) and helium-3 (*He), in order to determine the Q-value of the beta-decay that links both
isotopes. By pushing PENNING-trap mass spectrometry to its limits, the uncertainty of the
currently accepted value [108] might be reduced by almost two orders of magnitude. At an
uncertainty down to a few tens of millielectronvolts, an independent measurement of the
Q-value provides an important systematic check [114] for KATRIN, the Karlsruhe Tritium
Neutrino Experiment [40], an upscaled version of its precursor in Mainz [88]. The aim is to
extract—or put a model-independent upper limit on—the mass of the electron antineutrino from
the kinematics of the beta-decay by measuring the spectrum of the most energetic electrons.
Near this endpoint for the electrons, the neutrino carries away least kinetic energy. Its rest mass
may therefore account for a significant amount of the total decay energy that is not available
for the electrons.

12



From challenging experiments and elusive particles, let us return to something more tangible.
The thesis is structured as follows:

+ Chapter 2 provides the necessary background on PENNING traps, with Section 2.1 dis-
cussing the ideal one as a starting point for perturbation theory. Having the real PENNING
trap in mind, Section 2.2 parametrizes cylindrically-symmetric imperfections of the elec-
trostatic potential and magnetic field.

« Chapter 3 introduces the classical formulation of perturbation theory which will be used
to calculate frequency-shifts. The one-dimensional anharmonic oscillator of Section 3.2
serves as a first example, before the formalism is extended to the three-dimensional
PENNING trap in Section 3.4. There is Section 3.3 on second-order frequency-shifts in
between.

« Chapter 4 calculates anharmonic frequency-shifts with the first-order method of Sec-
tion 3.4, and it comprises the major share of my publications [83, 84] as a first author.
Section 4.1 deals with the frequency-shifts caused by cylindrically-symmetric imperfec-
tions of the electrostatic potential and magnetic field. Section 4.2 treats effects of special
relativity. Section 4.3 includes the impact of locking the axial frequency.

« Chapter 5 deals with additional frequency-shifts—namely, by image charges in Section 5.1
and by the modulation of the trapping potential in Section 5.2. These frequency-shifts do
not depend on the amplitudes of the particle.

+ The summary and outlook in Chapter 6 is followed by an appendix, Chapters A-F, mostly
with additional information on the mathematical background.

13






2. PENNING-trap theory

This chapter introduces the PENNING trap and highlights its intriguing properties for precision
measurements: simple analytic relations between a few key parameters of the trap, the mass
and charge of the stored particle, and its eigenfrequencies in the trap. Even more favorably, the
three eigenfrequencies do not depend on the particle’s amplitudes in the ideal PENNING trap,
which Section 2.1 describes. The results of this section will provide the starting point for the
perturbative treatment of effects in real PENNING traps, such as the cylindrically-symmetric
imperfections parametrized in Section 2.2.

2.1. The ideal PENNING trap
The ideal PENNING trap consists of a homogeneous magnetic field
Eo = Bogz (21)

that defines the z-axis and an electrostatic quadrupole potential

VoC 24y VoG 2
P, = Oz(zz—x y): Oz(zz—p—) . (2.2)

2d? 2 2d? 2

The prefactor will be explained shortly, whereas most of the physics is encoded in the spatial
dependence. Because of the potential’s azimuthal symmetry, it is convenient to introduce the

cylindrical coordinate
p=q/x*+y? (2.3)

which describes the distance from the z-axis. The spatial dependence of the quadrupole poten-
tial @, is such that it fulfills the LAPLACE equation A®, = 0 with the LAPLACE operator

o*  9* 6

A:w-i'a—yz+@ s (24)

as any electrostatic potential in the absence of charges has to. Thus, the spatial dependence
is courtesy of the laws of electrostatics. Cylindrically-symmetric contributions beyond the
quadrupole potential of the ideal PENNING trap will be discussed in Section 2.2.1.

As @, results from a homogenous linear differential equation, its prefactor is a matter of
convention, rather than a necessity dictated by the fundamental laws of nature. Of course, &,
should have the unit of voltage. The particular choice here—with three parameters for a single
degree of freedom—is understood best by considering how a quadrupole potential is generated

15



2. PENNING-trap theory

Figure 2.1.: Sectional drawing of finite hyperboloidal electrodes, formed upon rotation around

the z-axis, whose direction is indicated by the magnetic field B,. Apart from trunca-
tion, other imperfections, such as holes for the injection of particles, are not shown.
The shape of the electric potential inside the trap is determined by the inward-facing
surfaces of the electrodes. The electrodes’ bulk may therefore have a different shape
for practical reasons, such as minimizing the distortion of the magnetic field. The
inward-facing part of the ring electrode is a one-sheeted surface; the inward-facing
part of the endcaps form a hyperboloid of two sheets. Each of the two sheets is one
electrode. The distance from the geometric center of the trap to the ring and the
endcaps is p; and z., respectively. The geometric center is also the origin of the
coordinate system. The voltage V; is applied between the endcaps, which are both
at the same potential, and the ring.

in an experiment. Given that the equipotential surfaces of &, are hyperboloids of revolution, it
is only natural to approximate the quadrupole potential with hyperboloidal electrodes [122],
in order to provide adequate boundary conditions, with the electrodes forming the outermost
of the desired equipotential surfaces. Figure 2.1 shows a sketch of such a hyperboloidal trap,
where Vj is the voltage applied between the endcaps and the ring electrode.

The geometric parameter d, also called the characteristic trap dimension, depends on the

minimum distances of the endcaps and the ring from the center of the trap, given by z. and
pr, respectively. The link is established by considering the boundary conditions imposed by
the inward-facing surfaces of the electrodes. These surfaces set the boundary conditions that
determine the potential for a charged particle inside the trap.

16
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2.1. The ideal PENNING trap

The inward-facing surface of the ring electrode is described by

2 2
2 P Pr
-——=—= . 2.6
2 -5 5 (2.6)
Given that the electrodes are equipotential surfaces, their potential is
VWG [, PP W ,
®y(endcap) = —- [z - = = z: (2.7)
2d? 2 |endeap 2%
VG|, P VoCs pf
& _ _Pp &2 pr 2.8
2(ring) = [ A (28)

We have plugged in Equations (2.5) and (2.6) for the two points lying on the endcap and the
ring, respectively. Thus, the potential difference between any point on the endcap and a second
point on the ring is

VG, pE\ NG,
®,(end - = +—=|=—=—=2d"=V,C, . 2.9
»(endcap) — @,(ring) W (ze 5 ¥ 0Co (2.9)
We have chosen the characteristic dimension of the trap as
1 3
d= 3 (zg + %) , (2.10)

and we will justify this choice shortly based on the particular value of C;, it produces for perfectly
hyperboloidal electrodes that extend to infinity. As the potential difference should have the
unit of voltage already carried by Vj, C; must be a dimensionless parameter. For C, = 1, the
particular choice of the characteristic trap dimension d means that the potential difference
between the endcaps and the ring electrode is exactly equal to the voltage V; applied between
these electrodes.

At this point, it becomes obvious that a pure quadrupole potential is hard to produce, even with
hyperboloidal electrodes. Manufacturing tolerances aside, the electrodes have to be truncated
at some point, as they cannot possibly extend to infinity. For the particular choice of d in
Equation (2.10), a value of C; different from unity indicates that the quadrupole potential &,
alone does not describe the boundary conditions on the electrodes correctly. Hence, other
contributions must exist, and they will be present all across the trap, not just on the electrodes
where they set the boundary conditions right. A constant contribution @, will certainly not
get the job done, but the difficulties with the boundary conditions explain why we have not
yet introduced an offset potential that would shift the electrodes to the right absolute potential
with respect to ground. Adding

2

Dy = Vendcap - ‘;OTCZZZE = Vring + ZOTCZZ%

to Equations (2.7) and (2.8) shifts the endcap and the ring to the potential Vendcap and Viing,
respectively. However, the relationship

(2.11)

Vo = Vendcap - Vring > (2'12)

17



2. PENNING-trap theory

which the electric connections and the voltage-source in Figure 2.1 imply, is reproduced only for
C, = 1. As a constant potential does not give rise to a force on a charged particle, the absolute
value of the potential in the trap with respect to the outside world is only of interest when
injecting or ejecting particles. Unlike other non-quadrupole components, the constant term is
of no interest for the motion of a stored particle, and we will ignore it in the following.

Fortunately, the analytic form of the potential in the whole trap all the way out to the
electrodes does not need to be known for the accurate description of a charged particle’s eigen-
motions in the PENNING trap. An accurate description of the potential near the (electrostatic)
center of the trap, where the charged particle oscillates, suffices.

The dimensionless quadrupole-strength parameter C, has been introduced to allow for the
description of the quadrupole component generated by various trap geometries, for instance
cylindrical traps with flat-plate [51] or open [53] endcaps. Furthermore, cubic cells [27] feature a
dominant quadrupole component [90], and the quadratic dependence with cylindrical symmetry
also appears in elongated cells, if two faces are squares [76, 144]. Multitudes of trap geometries
have been used [63]. The quadrupole potential is also the basis of planar PENNING traps [59,
147, 166).

As hyperboloidal traps have C, = 1, their overall quadrupole component is sometimes defined
as 1+ C;, with C; = 0 describing the ideal case [47]. For maximum flexibility and the confusion
caused when C; = 1 does not hold [54], C; will not be omitted from the general formulas in this
thesis.

2.1.1. Equations of motion
In electromagnetic fields, a particle of charge q with velocity 0 is subject to the LORENTZ force
F=q(E+UxB) . (2.13)

The electric field E = -V is calculated by taking the negative gradient of the electrostatic
potential. For the quadrupole potential (2.2), the electric field in the ideal PENNING trap is

X
. Vol
Ep=-Vd,= 22| y | . (2.14)
2d?
-2z

Combined with the uniform magnetic field (2.1) and NEwTON’s second law

-

F=mi=mi , (2.15)

where m is the particle’s rest mass and d the acceleration, the classical equations of motion in
the PENNING trap become

X ] x
B Vo C
ijl= qbo x4 qVol2 y . (2.16)
- m 2md?
b4 0 -2z

Section 4.2 discusses the effect of special relativity, which is often sloppily depicted as relativistic
mass-increase. However, matters are more complicated than simply inserting the relativistic

18



2.1. The ideal PENNING trap

mass. In this thesis, the mass m always designates the particle’s rest mass, which is a constant
for the particular particle, of course.

Returning to the classical equations of motion (2.16), the axial motion is a one-dimensional
harmonic oscillator with the axial frequency

_ [V
W, = TRl (2.17)

Axial confinement requires gV,C, > 0. In other words, the particle must sit in a potential well
along the axial direction.

If there were no electrostatic potential, the particle would orbit around the magnetic field
lines with the free-space cyclotron-frequency

B
we=12 (2.18)
m

while drifting freely in the axial direction. In the light of typical experiments in persistent-mode
superconducting magnets, we will assume that there is always a magnetic field, By # 0, while
the electrostatic quadrupole potential is adjusted at will via the applied voltage V;. First and
foremost, the magnetic field is a—if not the—characteristic feature of the PENNING trap, the use
of static fields being another.

Mathematically, the radial equations of motion, the first two components of Equation (2.16),
decouple without magnetic field, and the individual solutions are those of a harmonic oscillator—
an inverted one for gVp,C, > 0 when there is axial confinement. In this case, the radial force is
repulsive and essentially leads to exponential growth, which is not the right solution for storing
a particle. Thus, the electric and the magnetic field have to cooperate for confinement in three
dimensions. In the presence of both fields, the radial equations of motion are conveniently
solved by introducing the complex variable [24]

u=x+iy . (2.19)
Multiplying the second component of the equations of motion (2.16) with the imaginary unit i
and then summing it with the first component yields the one-dimensional differential equation
2
®

il = —iwe u + fu (2.20)

for the complex variable u. Trying a solution of the kind
u = uge ! (2.21)
with a constant uy and the frequency w, which still has to be determined, results in the charac-

teristic equation
2

w
w* — wew + 72 =0 . (2.22)

Even though the treatment of relativistic effects in Section 4.2 is perturbative—as almost always in this thesis for
effects beyond the ideal PENNING trap—there is no expansion in the mass, which eliminates the need for the
subscript 0 in the rest mass.

19



2. PENNING-trap theory

It is solved by the two frequencies

1 W
Wi == (a)c + ——Jw? — Za)E) . (2.23)
2 ||

These are the frequencies of the two radial modes. Radial confinement requires that these
frequencies be real and distinct. When they are equal, @y = w_ = w./2 for w? = 2w?, the
ansatz (2.21) produces only one fundamental solution for the second-order differential equa-
tion (2.20). The second fundamental solution is of the kind u « ¢t exp (—iw.t/2), and the amplitude
of its oscillation grows with time. Thus, the argument inside the square root must be strictly
positive for radial confinement: w? > 2w?.

The condition qV,C; > 0, necessary for creating the potential well for axial confinement,
implies that in turn the charged particle sees a slope in the radial direction. If there were no
magnetic field, the particle would be lost by rolling down the potential hill. The condition
w? > 20?2 for radial confinement tells us that the same would also happen for too low a magnetic
field. In order to overcome the outward drag by the radial electric field, the magnetic field must
be greater than

VoC
2@02

B
0 > p 7

(2.24)

From Equation (2.23), the three following relations can be derived between (I) the free-space
cyclotron-frequency and the radial frequencies, (II) the axial frequency squared and the radial
frequencies, and (III) the frequencies summed in quadrature:

We = Wy + 0, (2.25)
w2 =20r0- (2.26)
0l =0k + i+’ . (2.27)

The first and the third relation are of practical importance in real PENNING traps because they re-
late the measurable frequencies in the trap to the free-space cyclotron-frequency—the frequency
with which the particle would orbit in a purely magnetic field without axial confinement by an
electrostatic potential. Since carefully-designed superconducting magnets [163] with additional
stabilization systems produce magnetic fields of extraordinary intrinsic temporal stability on
the order of a few parts in 10! per hour, they are the gold standard for relating a motional
frequency of a particle to its charge and mass via Equation (2.18). The temporal stability of the
magnetic field then enables meaningful comparisons of free-space cyclotron-frequency ratios
for different species, which are trapped and measured sequentially.

Equation (2.25), sometimes called the sideband-cyclotron identity, is the basis of the time-of-
flight ion cyclotron-resonance method [62, 87] and the phase-imaging ion cyclotron-resonance
technique [43]. PENNING traps at radioactive-beam facilities (“online traps”) preferably use
these methods on short-lived nuclides (with half-lives down to 10 ms [145]) produced at the
facility.

Equation (2.27), baptized the BROWN—-GABRIELSE invariance theorem by the second of its
eponyms [50], requires a measurement of all three eigenfrequencies in the trap to deduce the
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2.1. The ideal PENNING trap

free-space cyclotron-frequency w.. However, this extra effort compared with Equation (2.25) is
rewarded by the exact cancellation [19] of two imperfections in the invariance theorem: a tilt
angle (“misalignment”) between the z-axis of the electrostatic quadrupole potential @, and the
magnetic field By, and quadratic deviations from cylindrical symmetry in the quadrupole poten-
tial (“ellipticity,” see Section 3.4.4). Since these imperfections are independent, the cancellation
in the quadratic sum applies individually, too.

Having discussed relations between the three eigenfrequencies and the free-space cyclotron-
frequency, we return to the shape of the radial eigenmotions. Since Equation (2.20) for the
complex variable u is linear, the general solution is given by the superposition of fundamental
solutions, Equation (2.21) with the two frequencies (2.23), as

u(t) = ppei@stres) 4 5 emilo-tre) (2.28)

where the amplitudes gy and phases ¢y with k = (+, —) are real numbers chosen to satisfy the
initial conditions. The substitution (2.19) is undone with the help of EULER’s formula

e @ 0) = cos(wt + @) — isin(wt + @) . (2.29)

Identifying the real part of the solution (2.28) as x(¢) and the imaginary part as y(t) yields the
trajectory of a charged particle in an ideal PENNING trap:

x(t) = py cos(wit + @) + p—cos(w-t + p-) , (2.30)
y(t) = —ps sin(w+t + ¢4) — p-sin(w-t + ¢-) (2.31)
z(t) = Zcos(w,t + @) . (2.32)

We have also included the general solution of the one-dimensional harmonic oscillator for the
axial mode with amplitude z and initial phase ¢,. This solution is not correct in the case of
w, = 0—that is, no quadrupole potential—in which it should read z(t) = z(0) + z(0)¢. The initial
axial position and velocity are given by z(0) and 2(0), respectively. In this case, there is no
magnetron motion,? and its amplitude should be set to zero (5_ = 0), in order to remove this
motion from Equations (2.30) and (2.31). The degeneracy w; = w- = w./2 at the limit of stability
is not covered by such a simple replacement. The other cases without confinement even in the
presence of the magnetic field, gC,Vy < 0 and w? < 2w?, are described correctly by the use of an
imaginary axial phase and frequency (2.17), and complex radial frequencies (2.23), respectively,’
although there are more convenient ways to express the solutions for the trajectory with
exponential functions. Since this chapter is about the PENNING trap, we will focus on the
periodic motion brought about by three constant eigenfrequencies that are all real and different
from zero.

2Unlike for the axial motion, the vanishing magnetron frequency w—- = 0 does not mean that there is a new solution
of a different functional form. For w2 = 0, Equation (2.20) reduces to a first-order differential equation, which has
only one fundamental solution—the circular motion at the free-space cyclotron-frequency w.. A fundamental
solution with a different functional form shows up for wy = w_, however.

3The two cases are mutually exclusive because w? > 0 regardless, which means that w2 < 0 for gCaVp < 0
automatically ensures w? > 0 > 2wZ2. From the physical point of view, there is no radial instability when the
electric field (2.14) contributes to the radial restoring force. However, unlimited radial stability comes at the
expense of escape in the axial direction.
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2. PENNING-trap theory

The amplitudes in Equations (2.30)—(2.32) are typically taken as non-negative quantities—zero
would be fine in the classical case—with a possible sign absorbed in the choice of the initial
phase.* Because the time-dependence for the three eigenmodes has a similar structure, we
introduce the abbreviation

Xk = Ot + Qg (2.33)

for the total phase of all three modes, where k = (+, —, z).

Figure 2.2 illustrates the eigenmotions in a PENNING trap. Each of the two radial modes
alone is circular. When they are combined, the faster motions represents an epicycle, whose
center travels on the deferent described by the slower circular motion. For a classification of the
orbits, see Reference [68]. Despite the reference to the Ptolemaic system of astronomy here, the
epicycle may be larger than the deferent. The radii or amplitudes of the two circular motions
are unrelated, and the two radial modes are distinguished based on their frequencies, rather
than their amplitudes.

The radial frequencies are chosen such that |w,| > |w_|, with w; = «_ representing the limit
of radial stability. The frequency with the larger absolute value is referred to as the modified
or reduced cyclotron-frequency because |w;| < |w.| and wy — @, in the limit of V; — 0, that
is, vanishing electrostatic potential. Since the frequencies of the ion of interest stored in the
trap typically obey the hierarchy |w.| 2 |w+| > w, > |w_|, its modified cyclotron-motion is
dominated by the magnetic field. Note that the weaker version of the hierarchy with >-signs
rather than >-signs is not generally true, because |w,| < @, for w, > 2/3|w.|, see Figure 3.1.

The radial frequency with the lower absolute value is called the magnetron frequency w-.
The magnetron motion reflects a slow E x B drift around the center of the trap. Consequently,
it vanishes in the limit of no electric field: w_ — 0 as V; — 0. A TAYLOR expansion in the limit
of w, < |w.| shows that the magnetron frequency is independent of the particle’s charge and
mass to first order:

) 1 ) ) w?
w_ = _< ( — Q)g — 26{)2) = - 1-— | Cl 1-— 2—; (2343)
2 |C<)C| 2 |wC| (O
2 2
%) W W VoC
- (1-Z )| r o2 = 02 (2.34b)
2 We¢ 26()(; ZBodz

In the last step, we have used the Equations (2.17) and (2.18) for the axial frequency w, and the
free-space cyclotron-frequency w, respectively. When the magnetron frequency is proportional
to the voltage V;, the sideband identity (2.25) states that the reduced cyclotron-frequency also
depends linearly on the voltage Vj. The sum of the radial frequencies in the ideal PENNING trap
is equal to the free-space cyclotron-frequency ., which does not depend on the electrostatic
potential.

In contrast to the standard definition of the radial frequencies

1
W) = 5 (wc + \Jw? — Za)ﬁ) (2.35)

4To avoid negative amplitudes, send ¢y — @) + jm, where j is an odd integer (which may be negative). Conven-
tionally, the phase is chosen such that its range spans an interval of 27, either 0 < ¢ < 2mor —7 < @ < 1.
Never mind the overlap at the limits.
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2.1. The ideal PENNING trap

N>

Figure 2.2.: Eigenmotions of a charged particle in a PENNING trap. The three individual
eigenmotions—magnetron, cyclotron, and axial—are shown in green, red, and blue,
respectively. The corresponding amplitudes are p_, ., and z. The black line shows a
superposition of all the three eigenmotions. The brown line is a projection of the mo-
tion into the xy-plane (slightly offset for clarity), with the dotted green circle indicat-
ing the magnetron orbit. The frequency-ratio is chosen as w4 : w, : - =50:10: 1,
satisfying Equation (2.26). The frequencies being integer multiples of one another
leads to closed orbits. Such a commensurability condition will have to be ruled
out later on when dealing with imperfections of the trap because such a relation
between the eigenfrequencies may cause instabilities. This figure has been used
multiple times. The original version is from my diploma thesis [81].
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2. PENNING-trap theory

in the literature, Equation (2.23) contains essentially the sign of the free-space cyclotron-
frequency w, as an additional prefactor in front of the square root. This prefactor makes no
difference when «w. is positive, and it flips the sign when . is negative.

Figure 2.3 illustrates the problem of the standard definition for negative w.. When the sign of
the free-space cyclotron-frequency changes, not only do the radial frequencies change their
sign, which would be fine to indicate that the sense of rotation has changed, they also swap
their meaning:

1 1
WL (—we) = 3 (—wc + (k- ng) =3 (a)c F \Jw? - 2a)§) = —wi(w,) . (2.36)

In this case, the subscript no longer identifies the two radial modes reliably, and the amplitudes p..
would be falsely associated with the other mode. From a mathematical point of view, the
two radial modes possess an identical structure, and at least the pair of frequencies w. and
amplitudes g, is interchangeable. From the experimental point of view, the two radial modes
must be distinguished. Technically, the link between frequencies and amplitudes established
by the same subscript must be preserved. The problem of swapping the meaning is solved by
the additional prefactor. Only the change of sign, reflecting the change in the sense of rotation,
remains for the definition (2.23) chosen in this thesis:

1 -, 1 0]
0r(~0) = = |~we £ — 0l =202 | = == we £ —J0? = 202 | = —0s(we) . (2.37)
2 |we| 2 ||

At this point, it may not be immediately obvious why the sign of w. or w. might be of any
relevance. When the frequency is measured as the number of oscillations per time, the result is
positive (or at least non-negative). After all, the reported quantities are frequencies v = |w|/(27),
not angular frequencies w. So far, we have always referred to the angular frequencies w as
frequencies without distinguishing them from the actual frequencies v, and we will continue to
do so. The symbols w and v should make the difference sufficiently clear.

The axial frequency w, was chosen positive by convention in Equation (2.17) without giving
the sign any thought, because it does not represent an additional degree of freedom in the
one-dimensional harmonic oscillator. A change of sign in w, is equivalent to changing the sign
of the initial phase ¢, in the trajectory (2.32).

For the two-dimensional radial modes, the sign of w. encodes the sense of rotation in a
natural way not covered by alternative choices of the amplitudes p. and initial phases ¢..
This is also true for the cyclotron-motion with frequency w, in free space. Since we will work
with the particle’s trajectory later on—and not just the eigenfrequencies—in order to calculate
frequency-shifts, not having to distinguish two cases in x(t) or y(¢) depending on the sign of
. is very convenient.> However, the sense of rotation does not seem to have any important

SIf the radial frequencies w. were defined to be positive, the sense of rotation could be incorporated by multiplying
either x(¢) in Equation (2.30) or y(¢) in Equation (2.31) with the sign of gBy. Although carrying along this
additional factor is more cumbersome than allowing for a sign of the radial frequencies w. and the free-space
cyclotron-frequency wc, this alternative is more general than assuming a particular sense of rotation. Such
an assumption requires fixing the direction of the magnetic field as pointing along either the positive or the
negative z-axis, and a restriction to either positive or negative charge.
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2.1. The ideal PENNING trap
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Figure 2.3.: The two radial frequencies are calculated from the standard definition (2.35) as a
function of the free-space cyclotron-frequency w.. The orange line, representing .,
serves as a guide to the eye. It should be approached by the reduced cyclotron-
frequency wy for |w| large compared with the axial frequency w,. The red branch
has the plus sign in front of the square root; the green branch has the minus sign.
For w? < 2w?2, the real part is shown in blue. Note that the red branch is always
above the green one, and hence ), > w’. For w. < —V2w,, this property means
that |} | < |w”|. Thus, the frequency on the red branch describes the magnetron
frequency, while the green branch shows the modified cyclotron motion. This
misassignment is cured by the definition (2.23). By including the sign of w. as a
factor in front of the square root, the branches are flipped for negative w.. The plus
sign is then always associated with the reduced cyclotron-frequency; the minus
sign then belongs unambiguously to the magnetron frequency, regardless of the
sign of w.
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2. PENNING-trap theory

physical meaning. For instance, the sign of By and hence w, changes, when the z-axis is flipped.®
This degree of freedom in the choice of the coordinate system cannot possible have experimental
consequences, and the sign of By for the particular coordinate system is never reported. Of
course, the sign of @, also changes when the magnetic field is reversed, but this operation is
more complex than playing with a definition, and it corresponds to an actual change in the
experiment. The sign of w. changes for a particle of opposite charge, too. More precisely, the
sign of w, reflects the sign of the product gB, in Equation (2.18). The same holds true for the
radial frequencies w. as defined by Equation (2.23) and the standard definition (2.35), if negative
free-space cyclotron-frequencies w, are allowed.

Since the sense of rotation for a particle with a given sign of charge is determined by the
strong magnetic field of the ideal PENNING trap, it is not changed by small imperfections. What
would be lost if the associated frequency-shifts were calculated with the free-space cyclotron-
frequency w. and hence the radial frequencies w. defined to be positive? For cylindrically-
symmetric imperfections and the quasi-periodic motion in the PENNING trap, it is hard to imagine
that the sense of rotation as such could be important. However, the additional forces created by
magnetic imperfections depend on the particle’s velocity and, for the frequency-shifts caused, it
matters whether they add to or subtract from the main forces in the ideal PENNING trap. Thus,
the direction of the additional magnetic field E,, with respect to the original magnetic field By
has to be respected in the calculation. As described in Section 2.2.2, the relative orientation
is given by the sign of the parameter B, with respect to By. Concerning the calculation of
frequency-shifts, the main danger of defining the free-space cyclotron-frequency w. to be
positive is to forget the sign of By, when taking absolute values.” We shall see in Section 4.1.3
that the first-order frequency-shifts caused by cylindrically-symmetric imperfections all depend
on B, /B, as a global prefactor.

Devoting so much attention to the sign of the parameter B, with respect to B, is largely
academic. When the imperfection is caused by the magnetic susceptibility of the materials placed
in the originally homogenous magnetic field, the orientation of the imperfections typically
reverses when the homogenous magnetic field is flipped [20]. Consequently, the sign of B, /B
is determined by the properties of the setup. However, we want to keep the final expressions
for the frequency-shifts flexible, with as little assumptions or restrictions as possible. In short,
the definition of the radial frequencies (2.23) ensures that the signs of the charge g and the
magnetic field By are handled correctly.

The particular sense of rotation in a magnetic field has an experimentally-observable con-
sequence for the effect of the radial modes on the axial motion. It is such that the magnetic
moment associated with the radial modes is always antiparallel to the magnetic field. We will
prove that statement before exploring its experimental consequences.

In general, the orbital magnetic moment of a pointlike particle is defined as

x X yz — zy
ﬁ=g?><z7:g y|x|y|==|zx—-xz| . (2.38)
z z Xy — yx

SFlipping the z-axis also requires one of the other axes be flipped for the coordinate system to stay right-handed.
"Technically, the sign of the charge g is not important because it relates to all the (electromagnetic) forces, not just
the one generated by the magnetic field of the ideal PENNING trap.
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2.1. The ideal PENNING trap

With the coordinates (2.30)-(2.32) and their time-derivatives for the velocities, the components
of the magnetic moment of a particle in an ideal PENNING trap become

() = o2 sin(x) s sin(r) + p-sin(i)]

(2.39a)
+ zcos(x) @+ pr cos(xs) + w_p-cos(x)]}

py(8) = 2{o:2 sin(:)] 5+ cos(x:) + - cos(x-)] s0m
— 2 cos()z)|w+ps sin(y+) + w_p- sin()(_)]} ,

Uy (1) = —g {w+ﬁi +w_p? + (w4 + w0 )pyp_ cos[(wy — )t + @y — (p+]} . (2.39¢)

The radial components contain products of oscillatory terms at the axial frequency w, and either
of the two radial frequencies w.. Since w, # |w-| apart from two exceptions,® there are no
constant terms—see Equations (C.10)—(C.12) in the appendix for trigonometric product-to-sum
identities. With the constant terms in the axial component, and the time-averaged orbital
magnetic moment of the particle becomes

(Hhy =~ (0upt + 0 pt)E (2.40)
where €, is a unit vector in the z-direction, the only component with a nonzero entry.’ The
angle brackets with the subscript 0 represent picking the constant component. We will introduce
more of this notation in Section 3.1.

With our particular definition (2.23), the radial frequencies w. have the same sign as the
product gBy in the free-space cyclotron-frequency w.. Consequently, the prefactor of the unit
vector €, in Equation (2.40) has the sign of By, which means that this magnetic moment is
always antiparallel to the magnetic field. It is time to highlight one experimentally observed
consequence of this alignment.

The energy of a magnetic moment ji in a magnetic field B is given by Emag = —H - B.Fora
constant magnetic moment that is always antiparallel to the magnetic field—that is, i .B < 0—the
energy is non-negative and it decreases with decreasing absolute magnetic field strength |]§|
Thus, the magnetic moment of the radial modes makes the ion a low-field seeker, provided this
motional (or orbital rather than intrinsic) magnetic moment is a conserved quantity, rather
than a function of the magnetic field itself. Indeed, the magnetic moment associated with the
modified cyclotron-motion is an adiabatic invariant [23, 112]. Of course, an additional axial
force caused by the radial modes will come into play only in a spatially-dependent magnetic

8The two exceptions are w; = w- = 0 and w; = |w4| = 2/3|wc|. In the first case, the axial motion has a different
functional form than described by Equation (2.32), because, above all, there is no axial confinement. The second
case is easily avoided by changing the trap voltage Vp, and it is unlikely because of the typical hierarchy |w| > «,
for the ion-of-interest.

For the special case of w; = |wy| = 23|we|, the two radial components are (yix )y = 13qwep+Z cos(@z — we/lwelp+)
and </.ly >0 = 1/sq|wc|p+ 2 sin(@z — wc/|wc|@+). We will dismiss these particular relations between eigenfrequencies
as accidental, in the sense that they are not fundamental or natural in any way for the ideal PENNING trap, in
contrast to Equations (2.25)—(2.27), for instance.
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2. PENNING-trap theory

field, not in the uniform magnetic field of the ideal PENNING trap.!’ We will briefly return to the
concept of modeling the interaction of the radial modes with the axial mode via their magnetic
moment when Section 4.1.3 comes to axial frequency-shifts caused by magnetic imperfections.
Experimentally, the additional force in the direction of lower magnetic fields is exploited by the
time of flight ion cyclotron-resonance method [62] by measuring the ions’ time-of-flight from
the trap to a detector well outside the magnet. Because this ejection sends the ions through
a region of decreasing magnetic field, their time of flight is altered by their orbital magnetic
moment (2.40), which depends mainly on their cyclotron radius. In turn, radio-frequency
fields allow to manipulate the cyclotron radius of the stored particles [94], thereby probing the
resonance frequencies. Avowedly, the method would still work if the sense of rotation were
the other way around, in which case the ions with the largest cyclotron radius would have the
longest time-of-flight, because they would be slowed down most in the magnetic gradient.

2.1.2. Energies of the eigenmodes

The energy of a charged particle stored in a PENNING trap follows directly from the trajectory
without any analogies about magnetic moments. Because of the quadratic form of the quadrupole
potential (2.2), the radial displacement squared has to be calculated. Adding Equations (2.30)
and (2.31) in quadrature yields

p?=xt+y? = ph+ pt +2ppocos(yp) with b= xe - x- - (2.41)
The time-dependence is not shown explicitly. It is hidden in the total phase y; from Equa-
tion (2.33) The radial displacement squared oscillates back and forth between the minimum

value p?. = (p; — p-)? and the maximum value p2, = (p; + p_)? at the frequency

min
Wh =Wy —O- . (2.42)

With the quadrupole potential (2.2) and the axial frequency (2.17), the potential energy is
expressed as

VoC 2
Epot = qP; = % (zz - %) (2.43)
. 52 + p% + 2p.p_ cos(xyp)
= Emwg {22 [cos(x2)]? - P+ P ’Z*’D X } , (2.44)

barring an offset by a constant potential @j.

The velocity components are calculated by taking the time-derivatives of the trajectory (2.30)-
(2.32). To obtain the kinetic energy, the velocity components are summed in quadrature. The
contribution of the radial modes is

B+ 4 = (@1ps) + (efo) + 2050-pip- cos(xp) - (2.45)

10Because of the scalar product in the energy Emag, we could have ignored the radial components of the magnetic
moment right away, the magnetic field of the ideal PENNING trap having no entries there. However, Section 2.2.2
shows that an axial magnetic field with a spatial dependence always goes hand in hand with a radial magnetic
field. This is the more interesting case for a magnetic moment, unless its the size or orientation—projection in
the quantum-mechanical sense—can be changed, of course.
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2
z

With the help of Equation (2.26), the product of radial frequencies is expressed as 2w.w_ = ®
for the next step. Taking into account the axial oscillation, the kinetic energy becomes

1 1
Exin = Emv2 = Em(a'cz + y2 + 2-2) (2.46)

1 D R R A A
S {2 [sin(r)]* + (@0 pe)” + (@1p-)" + 0Zpsp-cos()} - (2.47)

Because the axial mode is an undamped one-dimensional harmonic oscillator, the perpetual
conversion of kinetic energy into potential energy and vice versa is clearly expected. For the
radial modes, there is a constant contribution from each of the modes and an oscillatory term at
the difference frequency wy,. The oscillatory term vanishes in case one of the radial modes has
zero amplitude. In this case, the particle goes around the trap center on a purely circular orbit
with constant radial displacement and velocity.

In any case, the total energy of the particle

2
z

1 R 1 R 1 .
Erot = Epot + Exin = Emw+(a)+ —w )Pt + Ema) 22— Ema)_(a)+ —w_)p* (2.48)

is conserved. Since there are no more cross-terms of the kind g, p_, the individual contributions
are readily attributed to the three eigenmodes as

1 2 1 .
&y = 5m0)+(0)+ —w)pi ~ Emwipi ; (2.49)
1 2 1 A2 1 2 A2
& = _Emw_(wJr —w )P ~ —omwopl = —omwpl (2.50)
1
&, = Emwgéz : (2.51)

The approximations use |w;| > |w-|. Additionally, the product of the radial frequencies
is expressed as 2w,w- = 2 with Equation (2.26). The energy of the modified cyclotron-
mode is dominated by kinetic energy, whereas the magnetron mode is dominated by potential
energy. Because the quadrupole potential @, is repulsive in the radial direction, the energy
of the magnetron mode decreases with magnetron radius g_. Hence, the magnetron mode is
metastable. Upon dissipating energy, the amplitude of the magnetron mode increases.

In the quantum-mechanical case, the total energy of a spinless particle in a PENNING trap

ot = ] (n+ + %) + ho, (nz + %) ~hlo.| (n_ + %) (2552)
is given by the sum of three independent harmonic oscillators [60, 146]. Here, 7 is the reduced
Planck constant, and the ny = 0,1, 2,3,... are the quantum numbers of the harmonic oscillator
associated with each of the three modes. Like in the classical case, the energy of the magnetron
mode is negative, because the magnetron mode actually represents an inverted harmonic
oscillator. The zero-point energy 1/2i|wy | each oscillator has for ny = 0 means that the classical
amplitudes of the modes cannot vanish.
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2. PENNING-trap theory

2.2. Cylindrically-symmetric deviations

This section discusses physical constraints on electromagnetic fields in free space, with the
interior of the PENNING trap in mind. These will be applied in Sections 2.2.1 and 2.2.2 to derive
the permissible spatial dependence of electrostatic potentials and static magnetic fields with
cylindrical symmetry, respectively. Sections 3.4.4 and 5.1 touch on effects beyond cylindrical
symmetry, and Chapter A in the appendix gives a more general parametrization.

Already when discussing the potential of the ideal PENNING trap in Section 2.1, it became
obvious that contributions beyond the quadrupole potential are practically unavoidable. Since
the electrostatic potential is produced with electrodes of cylindrical symmetry, its imperfections
are expected to have the same symmetry. Moreover, the particle averages over some deviations
from cylindrical symmetry, while it orbits around the center of the trap in the strong magnetic
field. Recently, a peculiar segmentation of a cell used for FOURIER-transform ion cyclotron-
resonance (FT-ICR) has been proposed [11] and demonstrated [111] to produce an effective
quadrupole potential upon averaging the actual electrostatic potential along the modified
cyclotron-motion, thereby harmonizing the cell dynamically. Because of this motional averaging,
many imperfections may be described as effectively cylindrically-symmetric. This is of particular
importance for the magnetic field [107, 150], whose symmetry axis does not have to run through
the electrostatic center of the trap, provided cylindrical symmetry is present at all. The magnetic
field is typically created by currents in solenoidal coils, but the trap may not sit on their central
axis. If the higher-order terms arise from the magnetic susceptibility of cylindrically-symmetric
electrodes placed in an originally uniform magnetic field, the symmetry carries over, but, outside
of the electrodes, rotational symmetry is typically a discrete one at best. The same breaking of
the continuous symmetry pertains to segmented electrodes, which affects the electric potential,
too.

Nevertheless, many dominant imperfections are expected to possess (effective) cylindrical-
symmetry, which warrants a general description of such terms in the electric potential and
the magnetic field. From the experimental point of view, the peculiar spatial dependence as
such is of little importance. It is simply necessary to calculate the associated frequency-shifts
(Section 4.1), which affect the most relevant observables—the eigenfrequencies. Since the fields
of a PENNING trap suspend a charged particle in free space, the fields at the position of the
particle are governed by MAXWELL’s equations in vacuum.!! In differential form, they read

5

VxE=-B , V-B=0 , (2.53)
V.E=% , VxB-= ,uof+ ,uoeoff . (2.54)
&o

The first line contains the homogeneous equations, which do not have any source terms. The
inhomogeneous equations in the second line contain the charge density p and the current
density j as sources. The vacuum permittivity is given by &; the vacuum permeability is given

by po.

HHere, free space refers to vacuum in contrast to matter. This should not be confused with the use in the free-space
cyclotron-frequency, which refers to the absence of an electric field, possibly because of the absence of trap
electrodes.
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2.2. Cylindrically-symmetric deviations

The fields B and E may also be expressed in terms of the vector potential A and the scalar
potential @ as

- -

=VxA |, E=-Vo- = | (2.55)

With these definitions, the homogeneous MAaXWELL equations (2.53) are automatically satlsﬁed
because VX V& = 0 and V - (V X A) = 0 for a scalar function ® and a vector function A in
general, assuming differentiability.

In most cases, describing the fields of the PENNING trap sufficiently well does not require the
most general expression, and a number of simplifications is typically applied. Here, the static
fields used for storing the particles in the PENNING trap are of primary importance, since they
are always present. Everything else is optional. Of course, there must be at least one charged
particle in the trap for experiments, and, in addition to the charge, there is a current associated
with this oscillating particle. Fortunately, these effects may be dealt with separately, because
MAXWELL’s equations are linear, and the superposition principle holds. The equations may
therefore be solved separately for fields of different origin. Furthermore, the coupling between
electric and magnetic fields brought about by the time-derivatives in Equations (2.53) and (2.54)
vanishes for static fields. In this case, the electric and magnetic fields are unrelated, and we
will deal with them individually. Even for time-dependent fields, such as the fields caused
by the oscillating particle, or oscillatory fields employed to excite or couple its eigenmotions,
the problem is treated as static one, when the frequencies are low enough. The solution from
the static case is used, with the fields then taking their instantaneous value for the particular
conditions at that very instant. When the time-derivatives and wave effects, such as propagation
delay or reflection, are negligible, oscillatory fields are not conceptually different from static
ones.

So far, the discussion applies to electric and magnetic fields in free space in general. For
possible solutions of MAXWELL’s equations in a PENNING trap, we will now restrict ourselves to
fields with cylindrical symmetry. In this way, we will learn about the general structure of the
solutions for this particular kind of symmetry without invoking the exact boundary conditions,
which differ from trap to trap. The fundamental solutions, however, are the same. Only their
contributions to the specific overall solution differ.

2.2.1. Electrostatic

Combining the inhomogeneous MAXWELL equation (2.54) for the electric field E with the scalar
potential @ defined by Equation (2.55) yields the PoissoN equation

6-5:6-(—%):—@:53 , (2.56)
0

where A = V - V is the LAPLACE operator, given for Cartesian coordinates in Equation (2.4).
Even though the charge-density o inside a PENNING trap is given by the oscillating ion, we
have neglected the time-derivative of the vector potential A. The dominant component of the
magnetic field is the static one. Interaction between ions is typically modeled by CourLomB
interaction or space-charge via electric rather than magnetic forces.
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2. PENNING-trap theory

While the limitation to a single ion eliminates ion—ion interaction and space-charge effects, the
single charge still interacts with the image charges it induces in the trap electrodes. For particles
heavier than electrons, the image charges mainly modify the electrostatic potential seen by the
particle, which results in a frequency-shift that can be treated as a small perturbation [127, 152,
162]. Section 5.1 takes a closer look. Although the distribution of image charges for a particle
displaced from the z-axis breaks cylindrical symmetry, the resulting potential at the particle’s
position is cylindrically-symmetric, provided the electrodes have that symmetry. However, the
link between the dependence on p and z we will establish in this section does not have to be
valid, because the ion samples the potential it generates via the image charges only at its own
position, and not in terms of a general coordinate elsewhere [157]. Because the potential of the
image charges is small compared with the potential generated by applying different voltages
on the trap electrodes, it is usually sufficient to include only the lowest-order terms, which are
quadratic in z and p at the position of the ion, as a modification to the quadrupole potential in
the ideal trap. In this case, the frequency-shift to the three eigenfrequencies does not depend
on the particle’s amplitudes.'?

From here on, we will focus on the external potential used for trapping the particle. Since the
image-charge interaction is expected to be attractive when approaching the trap electrodes, axial
confinement could not be guaranteed otherwise, no matter how slow the particle. Moreover,
the image-charge shifts are avoidable experimentally, because they are strongly suppressed for
larger traps.

In the empty trap with p = 0, the Poisson equation (2.56) simplifies to the LAPLACE equation

AD=0 . (2.57)

In the literature, cylindrically-symmetric solutions that do not diverge at the origin [170] are
typically expressed as

Vo
D,(r,0) = C,,ﬁr”P,,( cos(0)) (2.58)
in spherical coordinates,!* where Py is a LEGENDRE polynomial and n = 0,1,2,3,... a non-

negative integer. An explicit form of the LEGENDRE polynomials P;, is not needed in this section
and is therefore relegated to Equation (A.14) in the appendix. For curiosity, Table A.1 there
shows the first few P,. Making the substitution r”7 — r~(1*1) also results in a valid solution
to the LAPLACE equation (see Section A.1 in the appendix). However, the singularity for r = 0
would be associated with a point charge at the origin, and free charges are ruled out by selecting
the charge-density o = 0 inside the empty trap.

121 the potential of the image charges does not obey the form of the quadrupole potential (2.2), the shifted
eigenfrequencies violate the invariance theorem (2.27), even though an entirely quadratic potential in p and
z does not give rise to anharmonic frequency-shifts [25]. For such an electrostatic potential, which does not
couple the axial and the radial modes, the cyclotron-sideband identity (2.25) remains valid, because the shifts to
the radial modes are equal in magnitude, but opposite in sign.

13Tn some publications, for instance [3, 12, 99, 170], the distance from the z-axis is called r, whereas the distance
from the origin is called p (if used at all). In this case, the meaning of r and p is opposite to the definition used
here. See Equation (2.61) and Figure 2.4.
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2.2. Cylindrically-symmetric deviations

Other solutions with singularities exist, the natural logarithm In(p) of the radial coordi-
nate (2.3) being among the most simple functional dependencies.!* Clearly, In(p) diverges
for p = 0, that is, on the z-axis,!> Such a potential might be generated by a charged wire
running along this axis,'® and such an arrangement may also be used to trap ions [26, 121].
The concept has also been used for increasing the path length of electrons in electrostatic
ion gauges [106] and vacuum pumps [39] (“orbitron”). The KINGDON trap [58, 85, 86] and the
orbitrap [73, 100]—both of which operate without a magnetic field—come with a central wire
and an inner electrode, respectively, around which the ions orbit. Since the PENNING trap has
no electrodes in its trapping volume, mathematical solutions with singularities do not have to
be elaborated here, and we return to the standard solution in the literature.

Because @, of Equation (2.58) satisfies a homogenous linear differential equation, the spatial
dependence expressed by r”7Py(cos(0)) is the crucial part. Consequently, other prefactors have
been used.!” Here, the prefactor is chosen to match the definition (2.2) of the quadrupole
potential @, for 1 = 2. In the context of the experiment, V; is understood as an applied voltage.
The dimensionless parameter C, describes the strength of the contribution. The characteristic
trap dimension d, defined in Equation (2.10), removes the dimension of (length)” carried by r7,
such that the overall expression has the unit of voltage.

As the individual ¢, are fundamental solutions of the LAPLACE equation, the overall potential
is given by a suitable superposition, with the C,, adjusted to match the shape of the potential.
In the case of the PENNING trap, the overall potential is found by solving the LAPLACE equation
for the Dirichlet boundary conditions imposed by the electrodes. Without any dependence
on the azimuth angle ¢, the ¢, are indeed cylindrically symmetric, but they do not use the
natural coordinate system of the trap. The discussion of a particle’s motion in Section 2.1.1 has
distinguished between the axial mode and the two radial modes, and the potential was described
best with cylindrical coordinates. Therefore, we would like to find the coefficient a,(k) in

Ln/2]

rP,(cos(9)) = Z ay (k) 2172k 2k (2.59)
k=0

The upper limit of the sum is given by the floor function!®

N

14Rather than using the LAPLACE operator (2.4) in Cartesian coordinates on the radial coordinate expressed via
Equation (2.3), the statement about In(p) solving the LAPLACE equation is confirmed more conveniently with the
LAPLACE operator (2.63) in cylindrical coordinates.

I50ther solutions with a singularity on the z-axis are obtained by replacing the LEGENDRE polynomial Py by the
LEGENDRE function of the second kind, Qy., see Section A.1in the appendix.

16Inside the wire, the potential has a different form, and the singularity has no practical consequence.

7Most notably, the potential associated with odd 7 is often normalized to z, the distance from the trap center
to the endcap (see Figure 2.1), because the limiting values approached for large p?/(2z2) become independent
of pr/ze [48, 51, 53]. Moreover, the odd coefficients Cy are called ¢, or By in earlier papers, the latter choice
conflicting with the coefficients of higher orders in the magnetic field to be introduced in Section 2.2.2.

18Here, the floor function is defined only for integers, which is most convenient for our purpose. In general, the
floor function | x| gives the largest integer not greater than x.

if n is even,

L if  is odd.

= ol

(2.60)

l\-.>|
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2. PENNING-trap theory

Figure 2.4.: Coordinate system used in this thesis. The distance from the z-axis is given by p; the
distance from the origin by r. In radians rather than degrees, the azimuth angle ¢
runs from 0 to 27; the zenith angle 8 from 0 (pointing along the positive-z axis) to
7 (pointing along the negative z-axis).

Using the explicit expression (A.12b) for the LEGENDRE polynomials, it is easy to verify that
the right-hand side of Equation (2.59) must have this particular form (see Section A.2 in the
appendix). Section B.1 in the appendix verifies the polynomial form independently via BESSEL
functions—a nonpolynomial solution to the LAPLACE equation. Here, we will simply motivate
the choice and prove that it works.

Overall, the right-hand side has the dimension of (length)7, just like the left-hand side, and
the limits for the summation variable k are chosen such that there are no negative exponents,
neither for p nor for z, because the solution must not possess a singularity, neither at the origin
nor on on the z-axis.!® There are only even powers of p, because neither spherical coordinate

r=4p*+2% (2.61)

cos(0) = ; - (2.62)

[p? + 22
depends on the sign of p. Figure 2.4 illustrates the link between the coordinate systems, and it
clarifies the use of r and p.
It looks like the straightforward way to determine the coefficient a,(k) is to express the

spherical coordinates on the left-hand side of Equation (2.59) as a function of the cylindrical
coordinates, knowing an explicit expression for the LEGENDRE polynomial. However, Section A.2

19From the physical point of view, a singularity is associated with the presence of a pointlike charge, which we
have ruled out by assuming zero charge-density inside the trap. Moreover, several pointlike charges of different
sign would be necessary to create a potential that falls off more strongly than the usual 1/r dependence of the
CouLoMB potential.
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2.2. Cylindrically-symmetric deviations

in the appendix shows that this ansatz seems to require an elaborate knowledge of mathematical
identities. Consequently, we will follow a second route that requires almost no knowledge
about LEGENDRE polynomials.

Only very rarely are general expressions for the cylindrically-symmetric potential in cylin-
drical coordinates shown in the literature [99]. References [3, 99] both express r”7P,(cos(0)) as
a function Hy(p, z), but Reference [3] gives explicit expressions for the first few 7 only. When it
comes to finding a general expression in mathematical handbooks, it does not help that these
special functions come with different names: solid harmonics [99, 187] or (zonal) spherical
harmonics [3, 189]. Even with this name known, the coefficient a,(k) in Equation (2.59) is hard
to look up, and there seems to be little inspiration from other fields (of physics), despite the
multitude of applications with electric and magnetic fields.

The general solution (2.58) for the potential @, for a boundary value problem with azimuthal
symmetry seems to be inspired by the classical textbook [79]. A second textbook solution
with cylindrical symmetry involves a product of (modified) BEsskL functions with the radial
coordinate p as the argument and (complex) exponential functions of the axial coordinate z.
This factorization into functions of p and z is particularly helpful for the analytic calculation
of the potential in a cylindrical trap—most appropriately a can-shaped trap with a cylindrical
ring electrode and flat-plate endcaps [5, 13]—because on the electrodes, where the boundary
conditions hold, one of the two coordinates is a constant, rather than a function of the other coor-
dinate. In order to evaluate the multipole components of the potential, the solution is expanded
about the center of the trap in a polynomial of p and z. Analytically, the coefficients C;, may be
extracted by equating the solution on the z-axis alone [51, 53]. In this way, the dependence on
p of the polynomial solution (2.59) to the LAPLACE equation is not deduced independently by a
series expansion of the (modified) BEsseL function in its argument p, even though this would
avoid a conversion of coordinates. Instead, the dependence on p is borrowed from a known
polynomial solution to the LAPLACE equation, which typically involves a LEGENDRE polynomial.
Section B.1 in the appendix shows that there is no need to reintroduce the dependence on p by
hand because it carries over naturally to the polynomial solution with little mathematical effort.

As the PENNING-trap literature almost exclusively relies on the standard parametrization (2.58)
in spherical coordinates, converting to cylindrical coordinates manually for every 7 considered,
the general conversion is worth being presented here.?’ We shall see that the major step is more
about looking for a solution of the LAPLACE equation in cylindrical coordinates right from the
start than an actual conversion based on the explicit form of the LEGENDRE polynomial.?!

The approach starts by applying the LAPLACE operator [180] in cylindrical coordinates

10 0 1 0° 0°
A= (2.63)

“pop\"ap) T 2oy " oz

200f course, it speaks to the quality of a (quadrupole) trap that its potential is described by just a few low-order
terms, thereby rendering the general conversion (2.59) to cylindrical coordinates unimportant from a practical
point of view.

21The idea is similar to the description of the electrostatic potential in Reference [135], where the different coefficients
in the expansion of a potential in terms of polynomials in p and z are calculated from an analytic expression of
that very potential. However, no direct link between the expansion coefficients is given. Reference [134] does
that, without establishing the link to LEGENDRE polynomials though.
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2. PENNING-trap theory

to the right-hand side of Equation (2.59). We now consider the two terms that will have to cancel
after applying the LAPLACE operator, for the right-hand side to be a solution of the LAPLACE
equation, just like the left-hand side already is, thanks to the special properties of the LEGENDRE
polynomial. For a given value k of the summation variable, we pick the component with k + 1
for the radial part of the LAPLACE operator and obtain
10 0
. (p—) |ay(k + 127722 p2 42| = (2k + 2) ay(k + 1) 27252 p% (2.64)
pop \" dp
For the axial part of the LAPLACE operator, picking the component with k yields
0? _ —ok—
o7 lay (k)27 p** | = (n - 2k)(p — 2k = 1) @y (k) 2722 p% . (2.65)

In both cases, the exponents of z and p are the same. Thus, the prefactors have to vanish upon
summation, which results in the recursive relationship

(p-2k)(n—2k-1)

aplk+1) = 22 (k + 1)2

ay(k) . (2.66)

We try to guess an explicit expression after applying the recursion multiple times:

ar(d) = —(n —22)4(217 -7) ay(3) = —(n —22)4(2'7 -7) —=(n —2‘:)3(217 —5) ay(2) (2.67a)
_=(n —22)4(;7 -7) =(n —;)3(277 -5) =(n —22)2(217 -3) ay(1) (2.67b)
_—(n —22)4(211 —7) = —;)3(20 —5) =(n —22)2(2'7 —3) 1 2(;71; ) ay (0) (2.67¢)
- GBI B0 00 D ey e

In the last step, we have rearranged the factors to underline the general structure. Spotting the
pattern leads to the explicit expression

) = (=D*n(n—1)---(n— 2k - 2)(n — 2k - 1)
G Tk (k1)2

(- n!
T 22k (= 2k)!(k!)?

a,(0) (2.68a)

ay(0) . (2.68b)
In the last step, we have expanded the fraction with a factor of (y — 2k)!, where the factorial of
a non-negative integer n is as usual given by the product

n=nn-1)n-2)---3-2-1 with 0'=1 . (2.69)

This expansion is fine because the upper limit k < |5/2] of the sum (2.59) means that n — 2k > 0.
The explicit expression (2.68b) agrees with Equation (3.20) in Reference [134].

The recursive relationship (2.66) does not determine the absolute value of the coefficient a, (k).
The value has to adjusted to match some special value of the LEGENDRE polynomial, the property
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2.2. Cylindrically-symmetric deviations

Py(1) = 1, for example. In spherical coordinates, 1 = cos(0) describes a point on the positive
z-axis, where p = 0 and hence r = z according to Equation (2.61). Consequently, the only
contribution on the right-hand side of Equation (2.59) comes from k = 0, and the equation for
the remaining coefficient reads

r"Py(1)=r"-1=2"-1=ay(0)z" . (2.70)

Thus, a,(0) = 1, and the explicit expression (2.68b) for the coefficient simplifies to

(-=DF !
k) = 2.71
)= G =2y @7
As a cross-check, the recursive relation (2.66) is satisfied because
(= 2k) (n - 2k - 1) (n-2k)(n-2k-1) (-* 7!
- k)=- 2.72
2tz 9® 22 (k + 1)2 22k (17— 2k)! (k!)2 (2.72a)
(=D !
= = k+1) . 2.72b
2200 Ty =2k + D e+ o~ oK+ (272b)
At this point, we have found the general expression
Vi Ln/2]
-2k 2k
Py(p.2) = Cy Z ay(k) 2172 p? (2.73)

for cylindrically-symmetric solutions of the LAPLACE equation (2.57) that do not diverge at
the origin, and we have done so naturally in cylindrical coordinates without invoking special
functions. The result agrees with Equation (C.7) in Reference [99], which was derived from a
general expression for the LEGENDRE polynomial. Table 2.1 shows the spatial dependence of
Equation (2.73) for the first few 7.

As mentioned before to justify the ansatz (2.59), there are only even powers of p, but, as
the distance from the z-axis, p is typically taken to be a positive quantity anyway. With
this convention, the cylindrical symmetry is reflected by the absence of the azimuth angle ¢.
The fundamental solutions ¢, are even functions with respect to z when 7 is even, that is,
D,(p,—z) = ®y(p,z). They are odd functions when 7 is odd, that is, &, (p, —z) = —P;(p, 2).
Therefore, the terms with 7 odd are typically associated with a voltage applied asymmetrically
between the endcaps. Since the trap shown in Figure 2.1 has perfect reflection symmetry
about the xy-plane, the coefficients C;, with  odd would vanish in the configuration shown.
Fortunately, the prefactor of the sum may be changed at will, with @, staying a solution of the
LAPLACE equation as long as the spatial dependence is not altered.

We have yet to derive the electric field E,, associated with the electrostatic potential ¢, by
taking the negative gradient according to Equation (2.55). This will be done at the beginning of
Section 4.1.2 when the electric field has to be plugged into an actual equation of motion. Tradi-
tionally, the PENNING trap is characterized by its magnetic field and its electrostatic potential,
rather than its electric field. The electrostatic potential parametrizes the same information in a
more compact way because it is a scalar quantity.
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2. PENNING-trap theory

2.2.2. Magnetostatic

Unlike the electrostatic potential, the magnetic field is not calculated as easily from first princi-
ples because its boundary conditions are more intricate. Whereas the electrodes are equipotential
surfaces for the electric potential and hence free of (static) electric fields, thereby shielding the
ion from the outside electrically, they are penetrated by the magnetic field. Since the coils that
generate the magnetic field sit outside of the trap volume, the magnetic penetration is indis-
pensable from the experimental point of view, but for a theoretical description, the MAXWELL
equations in matter with interface conditions would have to be consulted. Even if the geometry
of the trap and its magnetic properties are known, an exact solution is difficult, because the
geometry of the coils in the magnet is often kept secret by the manufacturer. The coils would
therefore have to be modeled (or reverse engineered) based on a measurement of the magnetic
field without the trap in place. In many cases, considering the distortion of the measured field
by the trap apparatus is enough to estimate the influence on the trapped ion. Without going into
details about boundary and interface conditions, it is possible to derive some general properties
of the magnetic field inside the trap, simply from the fact the MAXWELL’s equations have to be
satisfied there, too.

Inside the trap, MAXWELL’s equations in free space hold. Most notably, there are no coils
carrying current. Neglecting the current by the oscillating ion, there is no current density
inside the trap, that is, j = 0. The fields caused by the ion aside, the problem is a static one,
and all the time-derivatives in Equations (2.53) and (2.54) vanish. With these simplifications,
the inhomogeneous MAXWELL equation for the magnetic field reads VxB=o. Naturally, the
magnetic field has no sources: V- B =0. These two equations are the same as for the electric
field E in the static case with no charge density p. Instead of deriving the magnetic field from a
vector potent1al accordlng to Equation (2.55), it is more convenient to use a scalar potential ¥
linked via B = —VV. Like for the electrostatic case with & in Equation (2.57), the scalar potential
¥ fulfills the LAPLACE equation AY = 0. Basically, the whole treatment carries over. Because
the magnetic field is more familiar than the scalar magnetic potential, we will derive the former
from the latter as soon as possible, even though the expression for the magnetic field is more
space-consuming than for the scalar potential.

Cylindrically-symmetric fundamental solutions for the potential ¥, without a singularity at
the origin or on the whole z-axis—with no free currents inside the trap, the magnetic field is
finite there—are written as

B
¥,(r,0) = > +’71 1Py 11 cos(0)) (2.74)
5 Lz
= o 2 a0 T =) (275)
k=0

in analogy to the electrostatic potential ¢, in Equation (2.58) with spherical coordinates. Again,
n=0,1,2,...1is a non-negative integer, and P, is a LEGENDRE polynomial. The transformation
to cylindrical coordinates is the same as in Equation (2.59), with the coefficient a,.,(k) defined
by Equation (2.71). The strength of a contribution is described by the parameter B,, and
the superposition principle holds for the ¥,. The choice of 1 + 1 will become obvious when
considering the exact form of the axial magnetic field that results from the potential ¥,,.
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2.2. Cylindrically-symmetric deviations

The additional axial and magnetic field associated with the scalar potential ¥, are calculated
by taking the negative gradient:

_aW,](p, z) S aWr](p’ z) o

By(p,z) = P e, ap €p (2.76)
= BP(p.2)¢, + B (p.2) €, . (2.77)
Here, €; and €, are the unit vectors in the axial and radial direction, respectively.
The axial magnetic field takes the form
Ln/2]
OV, (p,z) _
Bﬁf)(p, z) = —'78—2 =B, Z ay(k) 2772k p?k (2.78)

k=0
which has the same spatial dependence as the electrostatic potential ¢, (see Equation (2.73) for
the general expression and Table 2.80 for first few 7), because

n—2k+1 ") = (-1)k n!
n+1 T T = 2k

= a,(k) (2.79)

according to Equation (2.71). In the literature, the axial magnetic field is therefore often expressed
with LEGENDRE polynomials in spherical coordinates (see Equation (2.82)). This explains the
peculiar use of 77+1 when defining the potential ¥, in Equation (2.75). Note that we have lowered
the upper limit of the summation from [ ( + 1)/2] in Equation (2.75) to | /2] in Equation (2.78).
The factor n — 2k + 1, which results from taking the derivative with respect to z, ensures that
there is no contribution at the original upper limit, even for n odd. If 5 is even, then [(n + 1)/2]
= |n/2] anyway, see the definition (2.60) of the floor function for integer arguments. At this
point, it is better not to be sloppy about the limits because a,(k) from Equation (2.71) is not
defined for k > |n/2], since the argument of (n — 2k)! would become negative.

Because the axial magnetic field B%Z) (p, z) has the same spatial dependence as the electrostatic
potential @, the symmetry carries over. Concerning the radial displacement, there are only
even and no odd powers of p. The axial magnetic field is an even function of z for  even, and
an odd function for n odd.

The radial magnetic field is

v, (p, z
B (p, z) = —# =B, Y ay(k) 2172+ p2k (2.80)
p
k=1
with the coefficient
—1)k !
iy (k) = )k 7 (2.81)

22k=1 ( — 2k + 1)1 (k!)?

Note that the lower limit of the sum starts at k = 1 rather than at k = 0 for the scalar potential ¥,,.
Since the term in ¥, for k = 0 does not depend on p, it is removed by taking the derivative.
This is reflected in the factor of k that G, (k) contains. Because d,(0) = 0, not increasing the
lower limit by one would not be critical here.
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2. PENNING-trap theory

The radial magnetic field ng ) is an even function of z for n odd, and antisymmetric with
respect to z for 5 even. It comes with odd powers of p exclusively. This means that it vanishes
on the z-axis, where p = 0. It has to, because there is no direction to point to radially from
the z-axis without violating cylindrical symmetry. Table 2.1 shows the spatial dependence of
Equation (2.80) for the first few 7.

Due to convention, the parameter B, is not dimensionless for lack of a natural normalization
length-scale. Instead, B, bears the unit of magnetic field strength divided by (length)”, and it
should not be confused with the actual magnitude |§”| of the magnetic field E,], which becomes
a function of coordinates for n # 0. Apart from the homogeneous contribution, where By and
|]§0‘ differ by a sign at most, the spatial dependence of higher-order terms will have to be taken
into account for the calculation of frequency-shifts. The magnitude alone is not enough, and it
does not need to be designated. Consequently, the thesis uses B, exclusively for the strength
parameter of the contribution E,,.

When normalizing the coefficient B, with the help of By and some characteristic length d
taken to the 7-th power in order to arrive at a dimensionless coefficient similar to the C, for the
electrostatic potential, keep in mind that there is an extra factor of two in the denominators of
Equations (2.58) and (2.73).

In the literature, cylindrically-symmetric components of the magnetic field are typically
written in spherical coordinates as

- 1
By (r,0) = B,r" | P,(cos(0)) €, — ?qu( cos(0)) €, (2.82)
n

with the associated LEGENDRE polynomial

dP 0
Py1(cos(9)) = sin(6) (;f:%(ip()))

(2.83)
This definition of the associated LEGENDRE polynomial is from Reference [20], and it is important
because of different sign conventions (see CONDON—-SHORTLEY phase [177]). Care should
therefore be taken when evaluating Equation (2.82) for the radial field with a computer algebra
system or tabulated functions. Deviating from the original layout of Reference [20], we have
written the associated LEGENDRE polynomial with two subscripts rather than the subscript n
and the superscript 1 in order to distinguish the different sign conventions [172]. The general
relation is Py, = (=1)"P;", where m is an integer with 0 < m < n, not to be confused with the
rest mass of the particle. Table A.2 in the appendix shows explicit expressions of P,l7 for the first
few 1.

Here, the sign is not a global parameter that may be adjusted at will and eventually absorbed in
a different definition of By, because the two components of the magnetic field in Equation (2.82)
are affected differently. Since they are physically related by V. ]§,7 = 0, the sign of the radial
magnetic field must not be changed independently from the axial magnetic field. The explicit
expressions (2.78) and (2.80) for the two components of the magnetic field are unambiguous
because they do not rely on special functions. Moreover, they express cylindrically-symmetric
terms of the magnetic field naturally in cylindrical coordinates for all 7.
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2.2. Cylindrically-symmetric deviations

Nevertheless, Equation (A.36a) from the appendix offers a general expression of the product
rPi(cos(6)) in cylindrical coordinates. Using the expression for m = 1 on the radial magnetic
field in Equation (2.82), where the minus is removed by the different sign convention for the
associated LEGENDRE polynomial, yields

n-1
FIPT(CS(0)  (<1) (n+ 1)1 o] (1) g1tk ek
; ICVUESVES O I st
n+1 2 n+1 2%k kl(k+1)!(n—1-2k)!
[%J k+1 n-1-2k 1+2k
=7 ) k(kH) L7 (2.84b)
Lo TR [kt DIF (g 1 - 26)
VTHJ (—1)kk Zry—2k+1p2k—1
- . (2.84¢)

g2kt (k1) (n — 2k + 1)!
In the last step, we have shifted the summation variable according to k — k — 1, which
transformed the upper limit as 1+ | (y — 1)/2] = [(n + 1)/2]. The result is identical to the spatial
component of the radial magnetic field (2.80).

Other general expressions are hard to find in the literature, most notably those with cylin-
drical coordinates. Reference [6] from the field of atoms traps gives tabulated expressions for
cylindrically-symmetric magnetic fields in cylindrical coordinates, which may be compared
with Table 2.1. Apart from what seem to be a few misprints, there is agreement.?

Reference [99], which offers a parametrization of the cylindrically-symmetric electrostatic
potential in cylindrical coordinates, also gives such a parametrization for magnetic fields with
the same symmetry for n even. However, some derivatives still need to be evaluated before a
direct comparison with Equations (2.78) and (2.80) is possible. After all, the expressions agree.
Since Hamiltonian perturbation theory is used to calculate the frequency-shifts caused by the
imperfections there, the vector potential A rather than the magnetic field B is the relevant
quantity. In this thesis, we will tackle the problem with classical equations of motion, which
naturally require the use of fields, both electric and magnetic, instead of potentials, in order to
calculate forces.

ZInterestingly, the conversion of r"Py(cos(0)) to cylindrical coordinates is shown twice—once in Table I for the
scalar magnetic potential and once in Table II for the axial magnetic field—without mentioning the identical
nature of the expressions. Upon closer inspection the prefactors of the term z%p* differ: 4/s for L = 6 in Table I,
45/56 for n = 6 in Table II. Table 2.1 sides with the former result. Other discrepancies [with the suggestion from
this thesis shown in square brackets] include the exponent of p? [p3] and the term —332% [-32°p] in the radial
magnetic field for n = 3 and n = 6, respectively, as well as the numerical prefactors 1675 [1575] and —67 [—-63] in
the scalar magnetic potential for L = 0.
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2. PENNING-trap theory

Table 2.1.: The second column shows the spatial dependence of cylindrically-symmetric, poly-
nomial solutions to the LAPLACE equation. These show up in the electrostatic poten-
tial (2.73), the scalar magnetic potential (2.75) and the axial magnetic field (2.78). The
coefficient a, (k) is defined in Equation (2.71). All these solutions come with even
powers of p only. The solutions are symmetric (antisymmetric) with respect to z
when 7 is even (odd). The third column shows the spatial dependence of the radial
magnetic field (2.80) with cylindrical symmetry. The coefficient d,(k) is defined in
Equation (2.81). Apart from the exception for = 0, these solutions come with odd
powers of p only, and they are symmetric (antisymmetric) with respect to z when
n is odd (even). The divergence of a vector field with the corresponding entries
from the second and the third column taken as the axial and the radial component,
respectively, vanishes for each 7.

Ln/2] L(n+1)/2]
n Z ay (k) Zry—ka2k dq(k) Zq—2k+1p2k—1
k=0 k=1
0 1 0
1 z —%p
22— 3p? ~zp
23_%sz —%zzp+§p3

2t =328 + 2p?

-22%p + §zp3

2> —523p% + Ezp4

1523 5
_Zp+ zp 16p

26_1524p2+45 2 4 _

—3zp+15 23p% - 15 zp’

Z7 2125p2 + 105 105 3p4

146, 4 105,43 1052 5 7
2Pt zp 162/)"'128/)

[ || W DN

28—14zp 4 105 105 4p4 3522p6+ 128p

—4z7p +212°p% - 23p> + Bzp7
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3. Perturbation theory

This chapter! introduces the theoretical tool to calculate frequency-shifts caused by imper-
fections of the PENNING trap.? Since a general analytic solution for many effects beyond the
ideal PENNING trap is somewhere between impracticable and impossible [72, 95], the theoretical
treatment has to rely on approximative methods. Perturbation theory is one such method, and
it has been employed multiple times on issues regarding real PENNING traps. The situation for
frequency-shifts caused by cylindrically-symmetric imperfections of the electric and magnetic
field is summarized at the beginning of Section 4.1; the past treatment of relativistic effects is
reviewed in Section 4.2. In general, the focus has always been on the frequency-shifts associated
with the imperfections, because frequencies are the major observables in a PENNING trap, and
this thesis is no exception. However, modeling a particle stored in a PENNING trap is not all about
frequencies. In order to describe the electronic signal by the image charges the orbiting particle
induces on the electrodes, knowing the effect of imperfections on the particle’s trajectory would
be worthwhile, though difficult [93]. The trajectory also plays a key role upon excitation or
coupling of the eigenmodes. Nevertheless, static frequency-shifts as in the case of constant
motional amplitudes are important in their own right.

Perturbation theory builds the solution bottom up iteratively, starting from the ideal case,
which still has an exact solution. Additions beyond this foundation are then treated as small
imperfections, which slightly alter and add to the original solution. For the validity of the
perturbative approach, it helps that the real PENNING traps used for precision measurements
of motional frequencies are typically very good approximations of the ideal one. Even if the
PENNING trap is just used as a storage device, possibly for cooling and preparing a pure sample
of ions, a reproducible manipulation of the ion motion does not tolerate too large a deviation
from the ideal case. Meticulous care is taken designing, manufacturing and assembling the trap
electrodes, in order to produce as harmonic a potential as possible. Additionally, correction
electrodes [158] allow to tune contributions beyond the quadrupole potential. The homogeneity
of the magnetic field is optimized by shimming [133], and correction coils [1, 159]. In many
cases, alignment of the trap with respect to the magnetic field is possible.

Concerning our implementation of perturbation theory, we will try to work with as little
theoretical background as necessary, in order to demystify the calculation. The solution should
follow smoothly from simple assumptions, rather than from a sophisticated, but arcane theo-

IThe chapter is partly based on my earlier report [82] on cylindrically-symmetric imperfections of the electric
and magnetic field. A much-compressed version focusing on the actual method that is subsequently applied to
calculate first-order frequency-shifts in Chapter 4 is found in the paper [84]. Section 3.3 about second order is,
well, a first (at least for me).

2 For lack of a less cumbersome and more appropriate expression, and in the spirit of perturbation theory, we will
sloppily refer to everything that is not present in the nonrelativistic treatment of the ideal PENNING trap with its
uniform magnetic field By and the quadrupole potential @ as an imperfection, even though these imperfections
may be an integral part of the detection system by design [30, 103].
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3. Perturbation theory

retical framework. This pragmatic approach should make the calculation easy to comprehend,
even though the framework has to be established first. With no pre-built framework to invoke,
the basics make for a lengthy chapter. The imperfections will be treated classically based on
trajectories rather than quantum-mechanical states, as was the ideal PENNING trap in Section 2.1.
This result will provide the starting point. The rest of the treatment calls for perturbation theory,
which we will motivate in the following.

Suppose there is a hard problem with no obvious solution in a closed form.> Generally
speaking, a perturbative solution takes the following steps*:

1. Find or introduce a small parameter € in the hard problem, such that the problem reduces
to an exactly solvable—and hopefully solved—one for € = 0.

2. Try to solve the problem with a power series
f(6) = ko +ek; + Ezkg +... (31)

in the perturbation parameter €. The k; are coefficients or functions that need to be
determined from the fact that f(e) must solve the problem in each order individually.

3. Sum the series (3.1).

The last step is optional, and it requires several orders to be known. If all the terms were known,
the summation might not be trivial, and the radius of convergence must be checked. In the case
of the PENNING trap, calculating the first nonvanishing term is typically sufficient for a valuable
estimate at the experimental level of precision. Thus, the first two steps need to be applied to
the imperfections in the PENNING trap, hoping to read off a frequency-shift in the process.

Before we proceed, a clarification about orders is, well, in order, because we use the term
both for perturbation theory and the imperfections. In perturbation theory, the order of a term
counts the power of the perturbation parameter € in the prefactor. Hence, going from left to
right on the right-hand side of the expansion (3.1), the three terms are of zeroth, first and second
order, respectively. The dots indicate that terms of at least third order are not shown. When we
speak of a first-order frequency-shift, we mean that the perturbation parameter is present once
in the expression.

For the imperfections, order often refers to the index 7 in the components of the magnetic
field E,, and the electrostatic potential @,, without giving actual numbers for the order. For in-
stance, s—represented by the parameter Cs—is considered an imperfection of higher order than
&,, because the effect of the former is typically less important.> Accordingly for the magnetic

30f course, we are free to try perturbation theory on exactly solvable problems as a benchmark.

4These “axioms” of perturbation theory are inspired by a three-day lecture series given by Carl M. BENDER in
October 2010. He is a proponent of multiple-scale perturbation theory (MSPT), a theory so general that he calls
it the mother of all perturbation theories, because all the incarnations can be derived from it. Not surprisingly,
MSPT [4] handles the secular term encountered in Section 3.2.1, but we will not use its general form here, because
we opt for a dedicated formalism geared towards first-order frequency-shifts more than anything.

>In that sense, order may also refer to how strongly the frequency-shift depends on the particle’s amplitude or
energy, typically counting the exponent of the latter. However, the actual magnitude of the frequency-shift
depends on more than just the scaling with amplitude, which is also only revealed towards the end of the
calculation. Check the discussion at the beginning of Section 3.3.3 how the introduction of an order parameter
as an addition to the perturbation parameter might help.
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3.1. Powers of cosine

field, the component Ez—represented by its strength parameter B,—is deemed an imperfection
of lower order than By, because the effect of the former is typically more pronounced. Terms
beyond the ideal PENNING trap are generally referred to as higher order with respect to its
uniform magnetic field By and its quadrupole potential ;.

This chapter relates the power series (3.1) for the trajectory to the frequency-shift in the
PENNING trap, and it is organized as follows: In Section 3.2, we introduce the one-dimensional
anharmonic oscillator as a test bench for the perturbative approach. For the oscillatory problem,
a single power series in Section 3.2.1 will spell trouble. Section 3.2.2 offers a mathematical remedy;,
which Section 3.4 puts on more physical grounds. Section 3.4.2 generalizes this implementation
of first-order perturbation theory to the radial modes in the PENNING trap.

Perturbation theory uses the oscillatory solutions (2.30)—(2.32) from the ideal PENNING trap
as the zeroth-order input. These solutions contain trigonometric functions. From the functional
dependence of the higher-order electrostatic potential (2.73) as well as the magnetic field (2.78)
and (2.80), powers of trigonometric functions arise. The next section will therefore first provide
the mathematical tools to handle these powers adequately in the perturbative calculation.

3.1. Powers of cosine

Expressing powers of cosine as a sum of oscillatory terms at different individual frequencies—
possibly including a constant term at zero frequency—starts by writing cosine as a sum of
exponential functions according to 2 cos(y) = e'X + e™*X based on EULER’s formula. Powers of
cosine then follow as a sum of single-frequency terms from the right-hand side, rearranged after
binomial expansion to produce simple trigonometric functions. Section C.1 in the appendix
shows the details of the calculation.

For even powers of cosine, the result (C.3e) with wt as the argument® is

1 |(2 (2

[cos(wt)]*" = = ( n) + 22 ( " ) cos(2jwt) (3.2)

2m (\'n H\n—J
with the binomial coefficient defined as
n!
——— if0<k <n,
(Z) Akm—ky O (3.3)

0 otherwise.

Here, n and k are non-negative integers, for which the factorial is defined in Equation (2.69).
We will frequently use the identity
n n
= . 34
(=12 9

SFor the sake of space and clarity, we use wt rather than wt + ¢ as the argument of the trigonometric function in
this section, because a constant phase ¢ does not change the amplitudes or the frequencies of the individual
terms. Including the additional phase ¢ is straightforward by making the above substitution, something we will
do when returning to the oscillatory motion of the particle.
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3. Perturbation theory

So far, the limits of the sum over j in Equation (3.2) ensure that the binomial coefficient is
always given by its explicit expression (3.3) with factorials. However, this will no longer be the
case in Chapter 4. Particularly when evaluating the general expressions for frequency-shifts,
it is important to note that some binomial coefficients vanish. This is the case when n or k
are negative, and when k > n. We will mention these special cases in due time when they
occur, and we will still take care that the arguments n and k are integers in any case. Not using
the explicit expression (3.3) with its two cases for the binomial coefficient will allow for more
compact formulas, since the two cases do not have to be addressed individually—at least not
until evaluating the general expressions. Fortunately, computer algebra systems often come
with built-in functions for the binomial coefficient that are in line with the definition (3.3).

For odd powers of cosine, Equation (C.6e) from the appendix, with wt as the argument here,
reads

1 < (2n+ 1
Jj=0

[cos(wt)]*"*! = S Z iy ) cos[(2j + Dwt]| . (3.5)

At this point, we perform a general frequency-analysis, in order to identify the fundamental
differences between even and odd powers of cosine. Because the calculation of frequency-shifts
essentially requires the identification of terms at particular frequencies, these properties will be
very helpful for understanding where such terms may potentially originate from.

Even powers of cos(wt) come with a constant term and oscillatory terms at even higher
harmonics of the fundamental frequency w. There is no term at the fundamental frequency.
According to Equation (3.2), [cos(wt)]*" has frequency-components at 0, 2w, 40, . . .,2(n —
1w, 2nw.

Odd powers of cos(wt) do not come with a constant term. Instead, there is a term at the
fundamental frequency w, and there are higher harmonics at its odd multiples. According to
Equation (3.5), [cos(wt)]?"*! oscillates at the frequencies w, 3w, . .., (2n — 1)o, (2n + 1)o.

Fortunately, we do not have to consider all the frequency-components to calculate first-order
frequency-shifts. As it turns out, the two most important components are the constant one
(because it does not change the frequency of other terms in the product) and the one at the
fundamental frequency o (because such a term may be proportional to the original solution).

In order to facilitate the handling of terms at a particular frequency, we introduce the piece
of notation (-),,. It retrieves the term at the frequency w from the argument in angle brackets.
From Equation (3.2), we have

omy 1 (2n)  (2n)!
<[COS(0)t)] >0 = 2Tn( n) = W (36)
for the constant component and from Equation (3.5)
ont1\ _ [2n+1)cos(wt)  (2n + 2)! cos(wt)
<[COS((A)t)] >a) - ( n ) 92n T 92n+l [(n + 1)|]2 (3.7)

for the oscillatory term at the fundamental frequency w. In addition to the amplitude, the
whole oscillatory term is recovered, too. This includes a possible phase ¢ to go along with the
argument wt.
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3.2. The one-dimensional anharmonic oscillator

By approximating the factorials in Equations (3.6) and (3.7) for large n with STIRLING’s formula
n! ~ V2rnn"e™ | (3.8)
the asymptotic behavior” is identified as

2 cos(wt)
Va(n+1)

With the dependence on the inverse of the square root, these contributions fall off rather weakly
with n, and this scaling alone does not explain why higher-order imperfections are of lesser
importance. The suppression has to be mediated by a different mechanism, and we will examine
the functional dependence of the higher-order imperfections. We have not yet considered the
(constant) amplitude of the trigonometric functions, which has to be taken to the same power,
too, and will then remain as a prefactor of the selected frequency-component, without being
subject to any selection itself.

([cos(@t)]?)y = — ([cos(wt)]?"*1) = (3.9)

3.2. The one-dimensional anharmonic oscillator

In this section, we formulate the problem to which we apply perturbation theory based on the
steps outlined before, as a first test case. As the axial equation of motion (2.16) for a charged
particle in an ideal PENNING trap describes the one-dimensional harmonic oscillator, it is natural
to consider this equation with an anharmonic term. Such a term would arise for instance from
the cylindrically-symmetric imperfections of the electrostatic potential discussed in Section 2.2.
The additional electrostatic potential on the z-axis

@, = C,,z%z’7 (3.10)
is obtained from Equation (2.73) by setting the radial displacement p = 0, which corresponds to
a particle in a PENNING trap with vanishing amplitudes of the radial motions. In the classical
case, this is possible, and the treatment is indeed classical here. At this point, we are still
trying to model the problem with the extension to the PENNING trap in mind, for which the
one-dimensional case is already useful. The influence of the radial modes will be discussed in
Section 4.1.2.

As a reminder, 7 is a non-negative integer. For 7 even, the potential @, is symmetric with
respect to z, that is, &, (~z) = ¢,(z). For 1 odd, the potential ¢, is antisymmetric with respect
to z, that is, @,(~z) = —®,(z). Depending on the parity of 7, we will refer to the potential ¢, or
its dimensionless coefficient C;; as odd or even for briefness. Of course, the statement relates
to the index 7 and its role in the exponent of the potential, rather than the actual value of the
potential @, or the coefficient C;;, which are most likely no integers anyway.

From the electrostatic potential (3.10), the axial electric field follows as

@__ 0 __ Vo g
E, = aZ(D,,— nC,Izdnz , (3.11)

"The approximation is quite good, even for small n.

47



3. Perturbation theory

and its symmetry with respect to z is opposite® to the potential @,. Including the contribution
from the harmonic oscillator with 1 = 2, the equation of motion reads

29 _ 9 (po, p2) _ 9%V G n
t=-F _m(E2 +E7) = i 2t T . (3.12)

So far, we have included only one additional term. Of course, we could sum over r. However,
we shall see that the first-order frequency-shifts caused by terms with different n add linearly.
This is why we will work with only one higher-order term to yield the first-order frequency-
shift for n in general. Before we get to the perturbative calculation, two remarks concerning
nonperturbative treatments are in order.

First, the term associated with C; is not a source of anharmonicity, because it is eliminated
from the equations of motion by shifting the z-coordinate as

z=2—-—= . (3.13)

In the z’-coordinate, the equation of motion (3.12) looks like the ordinary harmonic oscillator.
In other words, the C;-term shifts the equilibrium position without affecting the frequency.
A linear potential alone, such as @; « z, has no influence on the effective curvature of the
potential, and hence leaves the frequency unchanged. For the remainder of this chapter, we
shall assume that the origin of the z-coordinate, where z = 0, coincides with the equilibrium
position, where C; = 0.

Second, there is an analytic expression for the period of oscillation T in this one-dimensional
case. The conservation of energy for the particle’s total energy & reads

1
Etot = Ekin + 8pot = -mz® + q Z QD;](Z) . (3.14)
2 e

The first term on the right-hand side is the kinetic energy; the second one the potential energy.
Because the analytic expression will turn out to be nonlinear, we have included a sum over all
&, in the potential energy. Solving for the velocity yields

2(Etot — Eno
stz (U8 = Ep) (3.15)
dt m

The sign in front of the square root is due to the fact that the direction of the particle is lost
when calculating its kinetic energy Eyiy,, because of the quadratic dependence on the velocity z.
Consequently, the direction of the velocity—a vector quantity—cannot be recovered from the
kinetic energy—a scalar quantity. The insensitivity to directions also explains why this approach
possibly fails when more than one spatial dimension is involved. Thus, it will be of no help for
the three-dimensional case of the PENNING trap. Here, we will pick the correct sign depending
on whether the particle goes in the direction of the positive or negative z-axis.

8To avoid confusion while actually talking about the same 7, convention disfavors speaking of even or odd electric
fields, and we will refrain from doing so.
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3.2. The one-dimensional anharmonic oscillator

Integrating the inverse of the velocity z over the coordinate z from one classical turning point
to the other one gives in the period of oscillation

T ¢ m
E B f \/2[8t0t - 8pot(z)] de (3'16)

At the classical turning points z., the particle is at rest (Exin = 0), and hence their coordinates
are found by solving’the equation Eo; = Epot(z+). For the choice z_ < z4, the velocity is
positive when traveling from z_ to z,, and the plus sign in Equation (3.15) was chosen.

Since there is the analytic expression (3.16) for the period of oscillation T, the benefit of
perturbation theory in the one-dimensional case might be in doubt. However, the analytic
expression (3.16) may require some approximations of its own to be useful, because analytic
antiderivatives for the integral may not exist for all potentials ®,, and the situation is even
worse for a sum of @,. Even if they existed, there may be no explicit expression for the classical
turning points z,. Numerical integration is likely to be delicate, owing to the singularity of the
integrand for z., where the velocity vanishes and its inverse diverges. The situation in these
critical areas is furthermore complicated by the use of numerical values for z.. Moreover, the
dependence of the frequency on parameters such as C, and the particle’s total energy is harder
to extract from a numerical calculation than from an analytic approximation. Of course, such
an approximation may be obtained from Equation (3.16), but approximations in integrals are
tricky, and a second step is required for the limits z.. Here, perturbation theory shows its merits
by building the solution from bottom up order by order natively, rather than top down with
adequate expansions of the most general result to be introduced afterwards, if the general result
is too complicated and unpractical.

With the unperturbed axial frequency w, from Equation (2.17), the equation of motion (3.12)
becomes

2
naw;

= 2, _ _ n-1 _
Z+w;z = —€ekyz", where k= —ZCZd'l—Z

(3.17)
We have chosen € = Cy, as the perturbation parameter. By speaking of the unperturbed axial
frequency, we have implicitly made the assumption that qV,C; > 0, which was necessary for
axial confinement in the ideal PENNING trap. Since the additional potential &, is considered
a small perturbation, it does create enough of a potential well in the region dominated by
@, to store the particle, even for ¢V,C, > 0 and 7 even. Do not think Mexican-hat potential
here. For typical parameters, the calculated minimum would lie outside the trap volume, which
makes it pointless, because the potential there is very different from the situation described
here. Conversely, the potential well created by &, is deep enough to prevent the particle from
reaching the slope created by @, for gV,C, < 0 and 7 even. For 7 odd, there is always a slope
on one side, no matter the sign of qV,C,, which precludes particle storage in such a potential
alone. The statement about the confinement by @, holds nonetheless.

® The turning points are not symmetric with respect to the origin (|z_| # |z, ), if terms with odd 7 are involved. In
this asymmetric case, the amplitude of the particle is hard to define, and the particle is better described by its
total energy.
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3. Perturbation theory

The exact choice of the perturbation parameter is uncritical. Its main purpose is to indicate the
order of a term in the perturbative expansion. In the end, the whole prefactor of the additional
term matters for the frequency-shift. For a perturbative ansatz to have some credibility, we
demand that the acceleration'® created by the (gradient of the) additional potential @, is always
much smaller than the acceleration resulting from the harmonic potential &,. Expressed as a
formula, the requirement is |6K,72’7_1| < |w?z| for all z. Having excluded!! the case of = 1, the
condition is easier to satisfy for small z. If it is satisfied at the classical turning points, where z
is maximum, the condition will be satisfied everywhere on the particle’s trajectory, apart from
at z = 0, where both accelerations vanish. Therefore, the special case at the origin is of no
concern from the physical point of view. We can avoid this peculiarity mathematically and be
somewhat more consistent for all z, by demanding that the ratio of accelerations be small:

n—1
€Kyz

w?z

en z172
2C, dn—2

<1 . (3.18)

With the prerequisites for perturbation theory laid out, we will try to determine frequency-
shifts from a simple power series ansatz in the perturbation parameter €.
3.2.1. Simplistic series solution

Inspired by the generic power series (3.1), we attempt to satisfy Equation (3.17) for the one-
dimensional anharmonic oscillator order by order with the power series ansatz

2(t) = zo(t) + ez1(t) + 2zo(t) + ..., (3.19)

where the z;(t) are unknown functions that need to be determined. Plugging the ansatz z(t)
into Equation (3.17) yields

Z0(t) + wizo(t) + € [£1(t) + 02z (B)] + ... = —e;c,][z()(t)]”_1 +... (3.20)

up to first order in the perturbation parameter €. The dots indicate that terms of at least second
order have been neglected. Since the additional contribution on the right-hand side is of first
order right away and

[z)]" = [2o()]"™" + e(n = DIz P za(t) + ..., (3.21)

only the zeroth-order solution zy(t) gives a first-order contribution in the equation of motion.
All other terms from the binomial expansion (3.21) are of higher order.

We will now solve the equations of motion (3.20) for the series solution order by order. For
the zeroth order, the differential equation

Zo(t) + wlzo(t) = 0 (3.22)

10Since there is only a factor of mass m between force and acceleration in the classical case, the same statement
applies to forces, too. We will use the two terms interchangeably.

1Tt looks like there might be a singularity at the origin for 7 = 0, but ko = 0. As expected, there is no force from the
constant potential @y.
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3.2. The one-dimensional anharmonic oscillator

is satisfied by
zo(t) = Zo cos(w,t + ¢;) . (3.23)

The amplitude Z; and the phase ¢, are determined by the initial conditions.
For the first order solution z(t), the differential equation reads

£1(8) + wiz (1) = —xylzo(O]" (3.24)

with the zeroth-order solution zy(t) as an inhomogeneous term. Other than that, z;(t) has the
same homogeneous solutions as z((t), because the homogeneous differential equation is the
harmonic oscillator with frequency w, again.

At this point, we need to illustrate a problem that arises when the right-hand side of, for
instance, Equation (3.24) drives this harmonic oscillator on resonance. To this end, we choose 7
to be even and write n = 2n. The same problem would also occur for odd 7, albeit in second
order (see Section 3.3). Since the problem is a conceptual one that necessitates an addition to
the simplistic series ansatz, we would like to uncover the limitations as quickly as possible—in
first order, that is.

As Equations (3.2) and (3.5) show, taking the cosine in zy(t) to the power of  — 1, results in a
sum of oscillatory terms (for > 2, which is the case for all anharmonic terms, = 2 being the
harmonic one), and a constant term if 1 is odd. For = 2n, the exponent n — 1 is odd, and the
right-hand side of Equation (3.24) contains an oscillatory term at the fundamental frequency w,,
as well as oscillatory terms at its odd multiples. The term at the fundamental frequency w,
drives the left-hand side on resonance; the higher harmonics are nonresonant drives.

For the sinusoidally driven harmonic oscillator

71 + wizy = dg cos(wat + pq) (3.25)

the response differs, depending on whether the frequency «wq is equal to the fundamental
frequency w, or not. Here, dq is the amplitude of acceleration by the drive and ¢4 is a phase.
In the nonresonant case (subscript “nr”)—that is, wq # w,—the general solution is

dq cos(@q) 21(0)  wq dgsin(pa) |
z1me(t) = |21(0) + ————| cos(w, 1) + -—— > | sin(@;t)
wd - w5 Wz Wy a)d — Wz

(3.26)

- % cos(wdt + @a)
w5 — 0

where the first line describes the homogeneous solution—an oscillation at the fundamental
frequency w,—and the second line is the inhomogeneous solution—an oscillation at the fre-
quency «wq of the drive. The initial amplitude and velocity at time ¢t = 0 are given by z;(0) and
21(0), respectively. Unless for very specific initial conditions, a nonresonant drive also triggers
some response at the fundamental frequency w,. If there is damping, this undriven compo-
nent fades. Without damping, it is here to stay. In the nonresonant case, the solution z; ,(t)
stays bounded; the amplitudes of the individual terms do not change with time. The only
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3. Perturbation theory

time-dependence is in the arguments of the trigonometric functions, which are periodic taken
on their own.!?
For a resonant drive (subscript “res”)—that is, wg = w,—the general solution is
z1(0)  aqsin aqt
O dasinten)]

Z1,res(t) = 21(0) cos(w,t) + 2
Wz 203 We

sin(wzt + @q) . (3.27)

The first two oscillatory terms are the homogeneous solution, which sets the initial conditions
right. The last term on the right-hand side is the inhomogeneous solution, and its amplitude
grows with time.!> Such a term is called secular. See Chapter D in the appendix for two
definitions of secularity. For our purpose of dealing with oscillatory problems, POINCARE’s
notion is sufficient. A secular term means that time is on the loose, having left the friendly
confines of the trigonometric function. However, unlimited growth does not seem to be the
right solution—certainly not for this problem, and maybe neither for others. Although z;(¢) is
suppressed by a factor of the perturbation parameter € in the series solution (3.19), the secular
term will dominate for large times. This growth violates the conservation of energy in the static
potential, where we expect a periodic solution, as the particle goes back and forth between the
classical turning points. If damping were present, the dissipation of energy could be explained.
However, the equation of motion (3.17) of the one-dimensional anharmonic oscillator does not
include damping at all, which means that even negative damping is not an option. Moreover,
there is no external drive, which could excite the particle. Consequently, the secular term is
unphysical. In fact, it is related to the perturbative method, rather than being a fundamental
problem from the physical perspective. POINCARE’s definition of secularity also comments on its
origin (see Chapter D in the appendix), and his explanation has to do with the frequency-shift
in the oscillatory system.

Looking back at the zeroth-order solution zy () in Equation (3.23), we now note that it oscillates
at the unperturbed frequency w,. Since we expect z(t) to be the major contribution in the
series solution for the trajectory z(t) in Equation (3.19), we should have questioned the ansatz,
even before the secular term occurred. The first order alone cannot set right the shortcoming of
having fixed the frequency to the unperturbed value, and it diverges. Reference [4] recovers the
first-order frequency-shift from the most secular terms in all orders. However, going through
all orders to set the first order right is not particularly appealing, and it partly goes against the
bottom-up approach of perturbation theory. Fortunately, there are alternatives, which prevent
the secular term from arising, directly when the corresponding resonant term appears.

3.2.2. A LINDSTEDT-POINCARE method

To remove the unphysical effect of resonant coupling between different orders of the perturbative
expansion, multiple time-scales or strained variables of time are often introduced. Inspired by

12Strictly speaking, the overall solution does not have to be periodic, because the fraction of wg and w, is not
necessarily a rational number. However, we may still consider the solution to be quasi-periodic.

13To emphasize that wq = w,, we have written w, rather than wq in the argument of the trigonometric function,
even though the combination of w, and ¢4 may look like a misprint. The phase ¢4 of the external drive, however,
is unrelated to the initial phase of the axial motion.
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3.2. The one-dimensional anharmonic oscillator

Reference [8], we expand the fundamental frequency (squared)'* as

Q2 =0l +ew +e*ws+... . (3.28)

. =

The coefficients w? are determined from the fact that we cannot have secularity. They will thus
absorb resonant terms in the different orders to prevent a secular term from arising. We have
written w? rather than w, for the coefficients in the expansion, in order to indicate that they
represent a change of the frequency squared. The use of the square is not meant to exclude
negative values for the w?. The perturbed fundamental frequency is given by Q.. For € = 0, it is
equal to the unperturbed frequency w, of the harmonic oscillator.

After substituting the ansatz (3.28) for the unperturbed fundamental frequency squared w?,
the original equation of motion (3.17) reads

P+ (Q—ew?-€wi—.. . )z= —ercnz”_l i (3.29)
The factor k,, also contains w?. Whether the expansion (3.28) is necessary there essentially
depends on whether the unperturbed frequency w, is known. If it is, we are free to work with
it, since w? is more convenient than its series representation with Q? and the ?. In fact, if w,
is known, we would most probably like to express the actual frequency Q, of the anharmonic
oscillator as a function of the particle’s amplitude, and Q, is unknown. However, if w, is to
be inferred from the perturbed frequency Q,, which has been determined for instance from a
measurement, expressing the frequency-shift in terms of the known quantity €, is favorable.
Substituting the expansion (3.28) for w? in k,, then eliminates the unknown frequency w, from
the determination of the w?. This statement is true either way. We solve for the unknown
quantity as a function of known ones, and we do not want the unknown frequency to be hidden
deep in the problem—eventually in the w?, that is.

Plugging in the power series (3.19) for z(t) into the equation of motion (3.29) yields

Zo + ngo +€ [21 + Qﬁzl - cofzo] +...= —ercnzg_l - (3.30)

up to first order in the perturbation parameter €. The dots indicate that terms of second order
and higher are not shown. For clarity, the time-dependence of the z;(t) has been suppressed.
The zeroth-order solution

zo(t) = 2 cos(Q2;t + @) (3.31)

is almost identical to Equation (3.23), but there is one very important difference. The oscillation
is at the perturbed frequency €, rather than the unperturbed one. Thus, the frequency-shift to
all orders shows up in the zeroth-order trajectory zo(t).

The differential equation for the first-order trajectory

. -1
3+ QP2 — iz = —K,,z(')7 (3.32)

contains one additional term compared with Equation (3.24). We will choose w? such that
the resonant term from the right-hand side is canceled, which prevents a secular term in the

14Since the term LINDSTEDT-PoINCARE method encompasses various expansions of the frequency or the time, we
have not used the definite article in the title of this section.
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3. Perturbation theory

inhomogeneous solution for z;(t). From Equations (3.2) and (3.5), and Section 3.2.1, we know
that a term at the fundamental frequency (2, is present in zg ! only if the exponent  — 1 is odd.
Thus, n must be even, and we write n = 2n. The cancellation of the resonant drive-term requires
(2n)! 2271 w! n(2n) £"?

cos(Q.t + ¢,) = C_Z—ZZ”—I(n!)Z T2 20

2
nw;

C2d2n—2 2211—1(”!)2

WPz = Kan (z(z)”_1>92 = , (3.33)
and hence «? is fixed. The oscillatory term at €, is given by Equation (3.7); the parameter k,
is defined in Equation (3.17), where 1 = 2n. In the last step, we have used one factor of Z, to
write the oscillatory term as proportional to z¢(t) from Equation (3.31). The overall phase was
right to do so, and w? turns out to be time-independent, just like we would wish for a quantity
that describes a static frequency-shift. With static we mean that the frequency is constant, as
long as no changes are made to the system. In the anharmonic oscillator (3.17) treated so far, all
the parameters were constant.

With the knowledge of w? from Equation (3.33), the first-order frequency-shift follows from
the series expansion (3.28) of the frequency squared. Since we expect the frequency-shift to be
small, we expand the square root for Iewf /w?| < 1 and obtain

2 s2n—2
€ W] 3 Con n(2n)! z;
Q, ~ w, + E_wz +... =W, + o, —C2 —22n(n!)2 T2 (3.34)

In the last step, we have undone the substitution € = C,,. The dots indicate terms of second
order and higher. As implied by the name anharmonic oscillator, the frequency-shift depends
on the amplitude of the particle. The sign is as expected. For C,,/C; > 0, the additional
potential (3.10) hardens the original quadratic potential, and the additional restoring force leads
to a faster oscillation with increased frequency. The opposite happens for C,,/C, < 0, where
the softening of the potential and the reduced restoring force slow down the oscillation and
decrease the frequency.!

The perturbative approach is backed by the fact that the relative frequency-shift is small,
provided the additional force by the anharmonic term is small. In this sense, there are no
surprises, which would enhance the effect of the anharmonic term, such as resonances. In fact,
the relative frequency-shift is smaller than the maximum ratio of the additional force and the
harmonic restoring force, mentioned in Equation (3.18) as a prerequisite for the application of
perturbation theory. From a physical point of view, it is understandable why the additional
force has a smaller impact on the frequency than the harmonic restoring force: only a part of
the former is actually resonant with the original motion fueled by the latter.!® We will return to
this aspect in Section 3.4.

In order to justify the above statements mathematically for all n, we have to show that

% < 1, which is the additional factor in the relative frequency-shift (3.34) compared with
22n(n!)

15Storing the particle in the quadratic potential required gVoCs > 0. Therefore, C; may have both sign (even though
the effective voltage V} is often defined such that Cy turns out positive), and the sign of Cy,, with respect to
C, matters for the interplay between the two potentials concerning hardening and softening, and hence the
frequency-shift.

16Tndeed, if the additional force were harmonic (7 = 2 and n = 1), the relative frequency-shift would exactly reflect
the relative strength (3.18), up to a factor of 1/2 resulting from the suppression of small changes by the square
root, when going from the force-gradient to the frequency of the harmonic oscillator.
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3.3. Second-order effects

the ratio of forces (3.18). To this end, we consider the binomial expansion

22" = (14 1) = i (2n)1k12”‘k = i (Zn) (3.35)
h a k B k ' '

k=0 k=0

According to their explicit definition (3.3), binomial coefficients are non-negative, which means
that a sum of them is not less than the largest binomial coefficient present. As the binomial
coeflicients in the sum above are all nonzero (for n > 1), each of them has to be smaller than
the sum as a whole. Therefore, we conclude

fork =2n . (3.36)

2 2 2n)!
24" > (kn) for all k, and in particular 22" > ( n) _

nl]  (n)?

The second inequality for the factorials had to be proven.!”

Upon closer inspection of the ratio of forces (3.18) and the relative first-order frequency-
shift (3.34), there is the difference between the maximum displacement of the particle and the
amplitude z, of the zeroth-order trajectory (3.31). As the power series (3.19) for the trajectory
shows, the difference is at least of first order in the perturbation parameter. As long as there are
no secular terms in higher orders, the difference is fine to ignore in the first-order frequency-
shift, just like higher-order contributions to the trajectory. This also explains why we have been
sloppy about initial conditions without negative consequences so far, leaving the amplitude 2,
and the initial phase ¢, in the zeroth-order solution (3.31) as free parameters.

3.3. Second-order effects

This section outlines the calculation of frequency-shifts beyond first order as an extended
demonstration of the LINDSTEDT-PoINCARE method from the previous section. It will become
clear why higher orders in the frequency-shift require much more computational effort, and
they are only considered in detail, when they are really of experimental relevance. A gen-
eral treatment, such as for first-order frequency-shifts in Chapter 4, is therefore hardly ever
attempted.

This section is meant to be self-contained. When skipping it, in order to continue with
Section 3.4 right away, understanding the calculation of first-order frequency-shifts should
be possible, because this section has nothing new to say about them. Since the perturbative
formalism is such that any given order does not require results from higher orders, the calculation
may be stopped at any order, at least from the mathematical point of view. Meanwhile, it remains
to be checked how well the experiment is described. It is our firm belief that higher orders in
perturbation theory play a lesser role in reality—at best no role at all at the experimental level
of precision.

17This factor is also present in the constant contribution (3.6) of [cos(wt)]?". Since |cos(wt)| < 1, and the oscillatory
terms cos(2jwt) with 1 < j < n from the decomposition (3.2) do not shift the baseline, the constant contribution
cannot be larger than unity. Equality would hold only in the absence of oscillations, that is, for = 0. In
Equation (3.9), we have used STIRLING’s formula (3.8) to identify the asymptotic behavior of the factor for large n
as a decay with the inverse of the square root, thereby already confirming the second inequality (3.36) for large
enough n. Here, we needed it to be valid for all n.
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3. Perturbation theory

By considering second order, thereby highlighting higher-order features, this section demon-
strates what our single-minded obsession with first-order frequency-shifts misses out on. More-
over, second order is not only required to constrain the validity of the first-order result (3.34),
but also to produce the first nonvanishing term for the frequency-shift caused by a potential @,
with 7 0dd.’® Consequently, we will at least provide some guidelines for going beyond first
order here.

In the light of frequency-shifts, the title of this section promises a little too much. Just like
we stopped the first-order calculation right after discovering the associated frequency-shift, we
will do the same here, without specifying the second-order trajectory z,(t). However, getting to
the second-order frequency-shift means that we will actually have to complete the first-order
calculation by finding the corresponding trajectory z;(t).

First, we will check what is required to determine the second-order frequency-shift. Using
Equation (3.21), the differential equation for the second-order term z,(t) in the power series (3.19)
for the trajectory becomes

Zy+ Qzy — Pz — Wiz = —ky(n — l)zg_zzl ) (3.37)
Like for the first order z; in Equation (3.32), the differential equation describes a harmonic
oscillator for z, with the natural frequency 2, and some inhomogeneous terms given by
solutions from lower orders. In analogy to w? in the first order, the parameter w2 from the power
series (3.28) for the perturbed frequency 2, (squared) will be chosen to eliminate resonant terms
at the natural frequency €,, because these would otherwise cause z,(t) to pick up secular term
and grow with time.

Before calculating the second-order frequency-shift parameter 2, the first-order trajec-
tory z;(t) has to be determined from Equation (3.32), taking into account the initial conditions.
Although these do not affect the frequency-shift for the periodic motion in the potential, certain
choices are more convenient for the calculation. We select z(0) = Z and 2(0) = 0 for the position
and the velocity at time ¢ = 0, respectively. In other words, the particle starts at rest from one
classical turning-point.!® The zeroth-order solution (3.31) for the trajectory then simplifies to

zo(t) = Zcos(2,t) (3.38)

where we have suppressed any subscript about the order in the amplitude to indicate that 2 is
a global property of the power series (3.19). Since z(0) = z¢(0) = Z, the initial positions of all
other orders vanish: z;(0) = 0 for all i > 0. No order of the power series (3.19) has any initial
velocity: 2(0) = 2;(0) = 0.

In the zeroth-order solution, the global starting position z clearly is an amplitude. However,
it is not necessarily equal to the maximum displacement of the particle in a potential with an

180f course, this could be considered checking the scope of zero as the first approximation.

YUsing the conservation of energy in this potential, Equation (3.14) yields the velocity for any position of the
particle. Conversely, it assigns (at least implicitly) two classical turning-points Z to any combination of initial
position z(0) and velocity 2(0). If the potential is not symmetric with respect to the reflection z — —z, the absolute
values of the two classical turning-points differ: |Z_| # |Z;|. It would be interesting to confirm that the power
series (3.28) indeed gives the same frequency for both starting positions. However, since the frequency-shifts
associated with odd terms in the potential are at least of second order, the calculation of higher orders would be
required to account for the difference between z_ and z,.
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3.3. Second-order effects

antisymmetric contribution. Moreover, we shall see that Z is not equal to the amplitude of
the particle motion at the fundamental frequency. Nevertheless, we will also refer to Z as an
amplitude for the sake of simplicity, which is fine to zeroth order.

3.3.1. Antisymmetric anharmonic potential add-on

When we demonstrated the problem of secularity as an unhandled consequence of resonant
terms for the simplistic series solution in Section 3.2.1, we chose n = 2n even, in order to
encounter the problem in first order. Although the potential associated with odd # does not
produce any resonant terms in first order, we claimed the same problem would occur in the
next order—second order, that is. We will now confirm the claim. Writing = 2n + 1, the
differential equation (3.32) for the first-order trajectory z;(t) has the inhomogeneous term z2"
on the right-hand side. Taking the cosine in the zeroth-order solution (3.38) to the power of 2n
results in a constant term and oscillatory terms at even higher-harmonics of the fundamental
frequency 2, according to Equation (3.2). Since there is no resonant term at the fundamental
frequency €, itself, there is no first-order frequency-shift (w? = 0), and the solution for the
first-order trajectory

29 n .
Kont1 2°" | (21 2n \ cos(2j2,t) — cos(£2,t)
t) = ——2Hls 1— cos(,1)] - 2 § 3.39
Zl( ) Zzngg ( n )[ COS( )] — (Tl _]) (2])2 1 ( )

is constructed from superpositions of Equation (3.26), which even has the constant term covered
with the choice wq = 0. Note the replacement v, — .. Apart from higher harmonics, there
are oscillatory terms at the fundamental frequency, which means that the amplitude Z of the
zeroth-order solution (3.38) is not equal to the amplitude of this frequency-component in the
series solution (3.19) for the trajectory z(t).

With the first-order solution completed, we turn the differential equation (3.37) for the second
order. For a second-order frequency-shift to exist, there must be resonant terms from the
inhomogeneous contributions. With no first-order frequency-shift (w? = 0), the resonant terms
to be absorbed by the second-order frequency-shift parameter w3 must originate from the
right-hand side. In the notation from Section 3.1 with angle brackets for selecting terms at a
particular frequency given as a subscript, the resonant terms at the fundamental frequency €2,
of the harmonic oscillator for z, are written as

w5z0(t) = Kaps1 21 (z1 z(z)"_1>Qz ) (3.40)

Both terms in angle brackets are explicitly time-dependent—a dependence we have suppressed
for conciseness here, hoping that zo(t) (on the left-hand side) and z, (on the right-hand side) are
not mistaken for two different quantities. The second-order frequency-shift does not depend on
the second-order trajectory z,, just like the first-order frequency-shift did not depend on the
first-order trajectory z;. As stated before, we will not determine z,, settling for the second-order
frequency-shift.

We will examine the frequency spectrum of the two time-dependent terms involved in
Equation (3.40), in order to understand how resonant terms come about via mixing. The basic
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3. Perturbation theory

message of Equation (C.10) for the multiplication of two cosines is that, when two oscillatory
terms are multiplied, the resulting two oscillatory terms are at the sum and the difference
frequency. The first-order solution z;(¢) from Equation (3.39) contains oscillatory terms at the
frequencies 02,, 1Q,,2Q,,4Q,, ...,(2n-2)Q2;, 2nQ,. The term at the fundamental frequency €2,
which bucks the trend of even multiples, is from the homogeneous solution, and it implements
the initial conditions. The other terms result from the anharmonic force along the zeroth-
order trajectory of the particle. According to Equation (3.5), z3" ! oscillates at the fundamental
frequency (2, and its odd higher-harmonics with a total frequency spectrum of 12,,3€,, ... (2n—
3)Q,,(2n — 1)Q,. There are three sources of terms at the fundamental frequency Q, in the
product z;z3"

2n-1

1. Preserve the resonant term in z;

by multiplying it with the constant term in z;.

2. Multiply the oscillating terms at the frequency 2Q,,4Q,, ..., (2n — 4)Q,,(2n — 2)Q, in z
with the oscillatory term at the same spot on the list 3Q2,,5Q,,...(2n — 3)Q,,(2n - 1),

from z2""!. The resonant terms are at the difference frequency Q, = (3 — 2)Q, =
(5-4)Q,=---=(2n-1) - (2n — 2))Q2, of the first, the second, ..., the last two terms.

3. Multiply the oscillating terms at the frequency 2Q2,,4Q,,...,(2n — 2)Q,, 2nQ2, in z; with
the oscillatory term at the same spot on the list 10Q,,3Q,,...(2n — 3)Q,,(2n — 1),

from z2"~!. The resonant terms are again at the difference frequency Q, = (2 -1)Q, =
(4-3)Q2, =---=(2n—-(2n - 1)), of the first, the second, ..., the last two terms.

Mixing reduces the amplitude by a factor of 2. For two cosines, the resulting term at the
difference frequency is a cosine with no additional phase, see Equation (C.10) in the appendix.

With z,(t) from Equation (3.38), and z;(t) from Equation (3.39), the resonant term in Equa-
tion (3.40) becomes

2
K 2n 2n\(2n-1
wgzo(t) = ——Z"il zin=2 zo(1) ( . )( )

24n-2()? n-1

nll(ZJ)z—l(n J)(nz—nl_—l) Z(21)2—1( )(2:—_]1)

J

(3.41)

s4n—1 22n—1

There is a total factor of 2 on the right-hand side—a factor of 22" from z;(t), a factor of 2

from 2(2)" !, One of these factors has been combined with cos(,t) to form the zeroth-order
solution z((t) according to Equation (3.38). The three terms in square brackets correspond to
the three prescription outlined above. The first binomial coefficient in each term results from
z1, the second one from z(z)”_l. For the third term, the summation variable in the equivalent of
Equation (3.5) for the exponent 2n — 1 (rather than 2n + 1) was shifted according to j — j — 1 as

in

1 2n—1
[cos(Q.1)]*"" = —— ( " ) cos[(2j + 1)Q2,t] (3.42a)
2en \n- 1—j
1 < (2n—-1
= 52n—2 ( " -)COS[(ZJ_ DQ.t] . (3.42b)
24n = n—j
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3.3. Second-order effects

For the same value of the summation variable j, the oscillatory terms in Equation (3.42b) then
match the ones in z;(t) from Equation (3.39) for the production of resonant terms via the third
mechanism. For the second term in square brackets in Equation (3.41), the summation in
Equation (3.42a) (without a change of the summation variable) starts at j = 1, because the first
odd higher-harmonic is cos(3£2,t) in the second production mechanism for resonant terms.
The first product of binomial coefficients in Equation (3.41) is simplified with the identity

2n—1\  (@2n-1)! n (2n)! 1(2n
(n—l)_(n—l)!n!_ﬁ(n!)z_E(n)

(3.43)

Two other binomial are summed as

(2n—1.)+(2n—.1)=(2n.) ' (3.44)
n—-1-—j n—j n—j

Equation (4.46c) proves this identity when the binomial coefficients are given by the explicit
expression (3.3) with factorials. Because the identity also holds when the first binomial coefficient
vanishes for j = n, we raise the upper limit of the first sum in Equation (3.41) fromn — 1 — n,
in order to have equal limits for both sums.

With the parameter «, defined in Equation (3.17) and the two identities above, the second-
order frequency-shift parameter becomes

1 o} n2n+1)>? 2n 2 zin-=2
SRl [ i Z[( J =

As a special case of Equation (3.75), which provided a spark (well after “completing” this section),
the term is curly brackets is simplified as

2n 2 1 (4n+1)! 346
[( )] Z[( )] @F -1 @+1F [P (346)

Up to second order, the perturbed frequency expressed by the power series (3.28) is given by

2

2, 2, 2 e’
Q, = wz+ea)z+...~wz+?—+ = wy+Aw, + ... (3.47)
Wz

where we have expanded the square root for |[e?w2| < w?. The first-order term ew? in the series
is absent, because there is no first-order frequency-shift for the imperfections of the electrostatic
potential without reflection symmetry about the z-axis. After undoing the substitution € = Cyp,41
for the perturbation parameter, the second-order frequency-shift for an additional potential &,
from Equation (3.10) is given by

Aw, Ci.i n (4n+1) 342
Wy - Cg 24n+1 [(271)!]2 d4n—2

(3.48)

To second order in the frequency-shift, we have ignored the difference between the perturbed
frequency ©, and the unperturbed frequency w, in @? from Equation (3.45). As Equation (3.47)
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3. Perturbation theory

shows, the difference between these two frequencies is at least of second order in the perturbation
parameter €, and hence of no relevance in the ratio w?/Q? from ?. Parametrized by €*w?, the
frequency-shift shown here is at least of second-order by design, because w3 does not contain
any term that is inversely proportional to (some power of) the perturbation parameter €. The
perturbation parameter € in the power series (3.28) for Q2 in the denominator of w2 will not
exactly cancel with €? in €®w?. Instead, there will be a modified power series, of which we
have picked the second-order contribution to the frequency-shift, by making the substitution
Q2 — w?, before using w? of Equation (3.45) in Equation (3.48)

With the choice 7,44 = 2n + 1 for the odd coeflicients, the exponent of the particle’s starting
position z is 4n—2 = 21,4q —4. Compared with the exponent feyen — 2 in the first-order frequency
shift (3.34) by an even coefficient C,_, , the two exponents are the same for neven = 210dd — 2.
With the exception of Cs, the first nonvanishing term in the frequency-shifts associated with
Nodd Scales more strongly with Z than for the neighboring #jeyven. This is a consequence of second
versus first order.

Table 3.1 shows explicit expressions for the second-order frequency-shift (3.48) by the first
few perturbation parameters C;, with odd 7. It is always negative. We do not expect the sign
of C, to matter, because the associated potential (3.10) is always hardening on one side of
the z-axis, leading to an additional restoring force, and softening on the other, weakening the
restoring force there. The sign merely determines on which side of the z-axis hardening or
softening occurs.?’ Since the particle spends more time in the softened region due to the reduced
restoring force, and it also travels further out there, before reaching the classical turning point,
the reduced frequency appears logical. Keep in mind the convex nature of the function 1/v (for
v > 0), where v stands for velocity, like z does in Equation (3.16). Speeding up by an amount Av
reduces the infinitesimal journey time less than slowing down by the same amount increases it.
Hence, the net effect of the antisymmetric potential with softening on one side and hardening
on the other is to increase the period of the oscillation, which is equivalent to a reduction of the
frequency.

Reference [59] gives the frequency-shift up to z’, and the applicable results shown for C2 and
C? agree. The agreement is comforting, since Reference [59] expands the perturbed frequency
rather than its square.

3.3.2. Symmetric anharmonic potential add-on

In this paragraph, we calculate the second-order frequency-shift for an additional potential &,
with n even. Unlike an antisymmetric potential with  odd, such a symmetric potential already
gives rise to a first-order frequency-shift (3.33). Hence, second-order perturbation theory is
not necessary to calculate the first nonvanishing term in the expansion (3.28) of the perturbed
frequency (squared). However, the second-order result gives an impression of how accurate

20The question of sign is more complex than it may seem at first. In higher orders, there are terms with odd powers
of Cy, which are of course sensitive to the sign [59]. For an antisymmetric potential associated with odd 7, the
overall oscillation does not seem to change when the sign of Cy, is flipped, and the existence of such a term
seems strange. However, the initial conditions strike. Because the particle starts at an initial displacement z, its
total energy depends on the sign of Cy. Indeed, these seemingly questionable terms are also sensitive to the sign
of z. Table 3.3 shows such second-order cross-terms, too.
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Table 3.1.: Second-order frequency-shift (3.48) caused by a potential ¢, with odd 5. The pa-
rameter Heyen sShows which coefficient C would result in a first-order frequency-
shift (3.34) with the same power of Z.

Heven

n 3 5 7 9 11

Ao, 15C32%  315C52°  9009C7 21 109395C5 2 4849845 CF, 2%

w,  16C3d?>  128C2d°  2048C2d"° 16384 C2d¥ 524288 CZd'®

Heven 4 8 12 16 20

the first-order approximation is for a given perturbation. This benchmark goes beyond the
finding at the end of Section 3.2.2 that small anharmonic forces (3.18) result in an even smaller
first-order frequency-shift, and it is quantitative. Of course, knowing the second-order result
still requires confidence that there are no surprises in third order or higher.?! As long as the
energy is conserved in the potential, wild excursions are not expected, and the experiment tests
the theoretical predictions.

The result (3.38) for the zeroth-order trajectory z((t) is identical to the case of odd 7 in
Section 3.3.1. We write n = 2n and solve the differential equation (3.29) for the first-order trajec-
tory z(t) by decomposing z5"~! into single oscillatory terms with the help of Equation (3.42a),
a descendant of Equation (3.5). So far, we have stopped the calculation in Section 3.2.2 after
absorbing the resonant term cos(2,t) as

2n — 1\ Kk, 2272
2 _ 2n
wl_(n—l)w (349)

in the expansion of the perturbed frequency (3.28). Apart from having fixed the amplitude z, of
the zeroth-order trajectory as z, the result is the same as in Equation (3.33). We will retain the
binomial coefficient here, because it will be contracted with similar terms more easily.

Having prevented secular terms from arising with the particular choice of w?, we turn to the
nonresonant terms in z2"~'. With the help of Equations (3.26) (replacing w, — Q) and (3.42a),
the first-order trajectory for the initial conditions z;(¢) = 0 and 2;(¢) = 0 becomes

2 1
KonZ™" " 2n- 2n—1 \cos[(2j + 1)Q,t] — cos(2,1)
t) = , 3.50
z1(t) = g2 Z;( —-1- ) jG+1) (350)
where we have written
2j+1)P%-1=4j(G+1) (3.51)

in the denominator. Like for z;(t) from Equation (3.39) for an odd anharmonic potential, there
are terms at the perturbed fundamental frequency 2,. The higher harmonics, or sidebands, are
at its odd rather than even multiples here, however; and there is no constant term.

Zparaphrasing the justification of perturbation theory in the words of Carl M. BENDER: Mathematicians are
pathological people, always looking for a pathological example to fool you. Nature is kind.
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3. Perturbation theory

With the entire first-order solution for both the frequency-shift and the trajectory known, we
turn to the differential equation (3.37) for second order. For the second-order frequency-shift,
we have to absorb resonant terms at the perturbed frequency ©, in the parameter w5, which is
written as

w5zp = Kap(2n — 1) (z1 Z(?;"_2>Q - ] <21>Q (3.52)

in our notation. The first-order solution z;(¢) from Equation (3.50) has oscillatory terms at
1Q,,30Q;,,...,(2n — 1)Q,. According to Equations (3.2) and (3.38), z 2" 2 comes with a constant
term and even higher harmonics of the fundamental frequency £2,. Its frequency spectrum is
09,,29,,...,(2n — 2)Q,. Thus, there are the following possibilities to produce resonant terms:

1. The second term on the right-hand side of Equation (3.52) naturally possesses a resonant
contribution—the oscillatory term at 2, in z;(t).

2. In the first term on the right-hand side of Equation (3.52), the oscillatory term at Q, in
z1(t) is preserved by multiplying it with the constant contribution from z2" 2.

3. Multiplying the oscillatory term at Q, in z;(t) with the term at frequency 2Q, in z2"*

results in an oscillatory term at frequency €,.

4. Multiplying the oscillatory term from z; at frequency 3Q,,5¢;,...,(2n — 1)Q, with the
corresponding term on the list 2Q,,40Q,, . .., (2n - 2)Q2, from zg"_z results in the resonant
term Q, =3-2)Q, =(6-4)2,=---=(2n-1)— (2n - 2))Q,.

5. Multiplying the oscillatory term from z; at frequency 3Q,, 5%, ...,(2n — 3)Q, with the
corresponding term on the list 4Q,,60,, . . ., (2n - 2)Q2, from zg"_z results in the resonant
term Q, = (4-3)Q, =(6-5)2, =---=((2n - 2) — (2n — 3))Q2,.

With w? from Equation (3.49) and z;(¢) from Equation (3.50), the first mechanism on the list is
written as

24t on 1 on—1 1
w1<21>9 ZO()24n ZQz(n 1)24(n11j—1)j(j+1) ’ (3.53)
]:

where we have absorbed a factor of Z and the oscillatory term cos(£2,t) in the zeroth-order solu-
tion zy(t) from Equation (3.38). This particular step will be repeated for all other contributions,
too.

The four remaining mechanisms for the production of resonant terms are summarized as
follows:

Kop2in—4 2n—2 m—2\13( 2n-1 1
<z1z >Q —Zo()24n2Q2 _[(n—1)+(n—2)]. (n—j—l)j(j+1)

S 2n-2\[2n—-1 1 -2 \[2n-1 1 -
* (n J—l)(n—J—l)(1+1)+ (n J'—Z)(n J—l)(/+1) - (339

J=1
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3.3. Second-order effects

The origin of the individual terms becomes more obvious after writing Equation (3.2) for the

even powers of cosine more appropriately for z2" 2 as
1 [(an-2) G
2n-2 _ -
[eos(@:t)"* = 2o ( . ) +2 ; (n B ) cos(2jQ,t) (3.55a)
1 [ _9 n-2
- m-2) 4y jJeostzG+ nozt]| (3.55b)
22n=2 1\ n—-1 \n-2-

In the last step, we have shifted the summation variable as j — j+ 1, because the fifth mechanism
on the list starts with cos(4€2,t), which is then produced for j = 1, just like the corresponding
term cos(392,1) in z{(1).

In Equation (3.54), the common binomial coefficient and the denominator j(j + 1) result from
z1(t). The other binomial coefficients are from 22” 2, and the factor of 2 that is still present in
front of the sum in Equations (3.55a) and (3.55b) is lost by mixing according to Equation (C.10)
from the appendix. The four different binomial coefficients in Equation (3.54) belong to the
production mechanisms 2-5 on the list. Similar to Equation (3.44), some binomial coefficients
are summed as

(2n—2) (2n—2) (Zn—l) (2n—2) (2n—2) (2n—1)
+ = and , + . = ) - (3.56)
n—1 n-—2 n-—1 n—j-—1 n—j—2 n—-1-—j

The particular definition (3.3) of the binomial coefficients allows to increase the upper limit of
the last sum in Equation (3.54) from n — 2 to n — 1, such that it becomes the same as for the
other two sums. Equation (3.54) is then summarized as

o o2t on—1 on—1 om—1
<Z1Zo >Q zo(t) 2in-232 Zj(j-i—l)(n—j—l) [(n—j—l)_(n—l)] . (3.57)

Jj=1

With the definition (3.17) of k5, and the result from Equation (3.53), the second-order frequency-
shift parameter «? is extracted from Equation (3.52) as
2n-1
ot n(2n - 1) #4420 [ 2n-1 1 1(2n-1
wl = 2% n(2n - 1) Z‘"‘” " —[1— ] " (3.582)
Qg 24n-2C2 din—4 = jG+1) |\n—j—-1 2n—11\n-1

_ 0z n2(2n—1)”4”4n1 1 2n—1 2n—1 2n —2
2 o4n-202 Jin—4 Z v o P B 2 . (3.58b)
Q7 242y jzlj(j+1) n—j—1)|\n—j—-1 n

In the last step, we have used

1 2n—1 2n—2
[1 - ] =2 , (3.59)
2n—-11\n-1 n
where the fraction results from the absence of the factor 2n—1 in Equation (3.53). Other than that,
the two terms on the right-hand side of Equation (3.52) share the same prefactor. The difference
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3. Perturbation theory

between the perturbed frequency 2, and the unperturbed frequency w, in the prefactor results
in additional terms of higher order. These will be ignored here for the frequency-shift up
to second order, because a)g with the zeroth-order substitution 2, — w, alone results in a
contribution of second order in the frequency-shift already.

Before turning to the actual second-order frequency-shift, we take a close look at the sign of
the coefficient w2, which is determined by the sum over the two binomial coefficients in square
brackets in Equation (3.58b). We shall show that all contributions are negative. Since the second
of the binomial coefficients in question does not depend on the summation variable j, we try
to estimate the sign by comparing the negative part with the positive contribution from the
largest of the first binomial coefficients. To this end, we need to figure out for which value of
Jj the first binomial coefficient reaches its maximum. If even the largest positive term cannot
compensate for the negative contribution, which is independent of j, the terms in the sum do
not have to be inspected individually, in order to know that the sum will turn out negative.

Generally, two subsequent binomial coeflicients are related recursively via

n\ n! 3 n! n—k+1_ n n+1 . 3.60
(k)_k!(n—k)!_(k—l)!(n—k+1)! k _(k—l)[ k _] ’ (3.60)

which means that the binomial coefficient does not decrease, while the term in square brackets
is at least unity. This condition requires k < (n + 1)/2, and hence a maximum?? is reached
for k = [(n + 1)/2], with the floor function defined in Equation (2.60). For the first binomial
coefficient in square brackets in Equation (3.58b), this condition k = n = n — j — 1 for the
maximum is not to be fulfilled. For the values of j permitted by the range of the summation, the
local maximum is reached for j = 1. The corresponding binomial coefficient is related to the

second one in square brackets via

(Zn - 1) @n-1D!  _ @n-2)!2n-1_ (2” - 2) [2 3 ] (3.61)

n-2] (m-2'(n+1! (-2)'n n+1 n n+1

<2

Since the term in square brackets here is always smaller than 2, the terms of the sum over j in
Equation (3.58b) are all negative, and so is w?.

With w? and w; from Equations (3.49) and (3.58b), respectively, the first two amplitude-
dependent terms in the expansion (3.28) of the perturbed frequency (squared) have now been
calculated. To obtain a power series for the frequency rather than its square, we expand the

square root for |e| <« 1 as

2

€ €
\/1+ezl+§—§+... (3.62)
up to second order this time. The perturbed frequency is then given by
2 2 4
® 12 ®
QZ:\/w§+ewf+ezw§+...zwz 1+€—12+€2 —22——14 +... (3.63)
205 20w; 8w,

22For n odd, the maximum is not unique. Identity (3.4) shows that the same value is also obtained for k = (n — 1)/2.
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3.3. Second-order effects

Table 3.2.: Explicit expressions for frequency-shift up to second order according to Equa-
tion (3.63) with the parametrization Q, = w,(1+e€k; +€%k,+. . . ) and the perturbation
parameter € = Cy).

n 4 6 8 10 12
. 3Cy 22 15 Cg 24 35 Cg 2° 315 Cy 28 693 Cyy 210
E —— — — — — — — — — — — — — ——
V40, d2 16 Cy d* 32 C, db 216 C, d8 512 C, d1°

21 C5 24 645 C2 38 8365C5 212 391365C3; 2! 4274655 C%, 320

2 I I i - I e e et ¥/ i
64 C5 d* 1024 C2 d® 8192 C; d' 262144 C; d'® 2097152 CZ d*

€k2

where the first-order contribution ew? in the frequency squared results in an additional second-
order contribution for the frequency as such because of the nonlinear transformation by the
square root. Unlike »? in Equation (3.58b), @? from Equation (3.49) does not contain the
perturbed frequency Q,, which has spared as from making the substitution Q, — o, to first
order in the frequency-shift. The absence of ©, in w? also means that there are no hidden higher-
order terms in it, and we are in particular not forgetting a secret second-order contribution
from ? here.

Plugging the explicit expression for w? and w? into Equation (3.63) would lead to a lengthy
expression, probably without any notable insights. Nevertheless, one general statement is
possible without evaluating the expression explicitly. Since w3 < 0 (and o} = (0?)* > 0, with
w? > 0 for Equation (3.49), anyway), the second-order contribution to the frequency-shift is
always negative, regardless of the sign of the perturbation parameter C,. Unlike for the case of
the antisymmetric anharmonic potential associated with # odd, there is no intuitive physical
explanation here.

Table 3.2 evaluates the expression for the first few even 5. Since Reference [59] shows
frequency-shifts up to 27, the comparison of second-order terms is limited to CZ, for which there
is agreement.

3.3.3. Cross-terms

In this paragraph, we consider how two anharmonic imperfections of the potential produce an
additional frequency-shift in concert. For judging the validity of the first-order approximation,
these cross-terms are as important as the previous second-order results for one imperfection
alone, because the electrostatic potential of PENNING traps is typically characterized by multiple
anharmonic coefficients C;. In this case, there may be an additional frequency-shift proportional
to Cy,,Cy, with weaker dependence on the axial amplitude—a smaller exponent of Z, that is—than
the second-order result proportional to C,27a or C? , for one anharmonic term alone. Moreover,
the subsequent calculation gives a good impression of the rich phenomena (and difficulties) in
perturbation theory beyond first order, where multiple effects would still add linearly. In higher
orders, the effects compound more intricately.

Unfortunately, our approach is not designed to go beyond first order with multiple imperfec-
tions, but we have gained enough experience in the course of this chapter to understand the
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3. Perturbation theory

second-order frequency-shift by cross-terms without reformulating the whole ansatz. Because
we have been so instructive about perturbation theory by introducing the strength parame-
ter C;, as the perturbation parameter €, we have given up the possibility to distinguish between
different imperfections. The proper way would be to introduce € in the series expansions (3.19)
and (3.28), as well as the equation of motion (3.17) as an order parameter, while retaining the
coefficient C;, in the prefactor x, of the anharmonic term. As its name suggests, the order
parameter keeps track of the order during the calculation, and it is set to unity at the end,
thereby disappearing from the final result. The strength of the perturbation is then described
by the actual perturbation parameter C,. However, we will not introduce an order parameter
here just for this section, appealing to the reader’s recognition of patterns instead, in order to
understand where cross-terms in the frequency-shift originate from. The key insights are as
follows:

+ The additional anharmonic forces add linearly, and the show up on the right-hand side of
the differential equations for the z; in the expansion (3.19) of the trajectory.

« The functional structure of the zeroth-order solution (3.38) does not depend on the
imperfections.??> Therefore, the same function for zy shows up in the inhomogeneous
term of the differential equations for higher-order z;.

« The differential equation (3.32) for the first-order trajectory z; is linear in z;. Therefore,
each imperfection C;,, and C,, independently creates its own first-order solution z; , and
z1,p, respectively.

« The differential equation (3.37) for the second-order trajectory z, is linear in z; and z;.
Consequently, the effect of two first-order solutions z; , and z; ;, adds linearly.

Thus, a second-order frequency-shift by cross-terms C,,Cy, arises from the resonant terms in

2 _ Na=2 Np=2
wz,abzo - KT]a(r]a - 1) <Zl,b Z()a >-Qz + Kr]b(nb - 1) <Zl,a 2y >Qz

) ) (3.64)
~ Wiq <Z1,b>QZ Wy <Zl,a>Qz

Essentially, the first-order trajectory z; , of the imperfection C,, creates an additional force
in the potential of the other imperfection C,,, and vice versa. From the series expansion of
the frequency, there is also the combination of the frequency-shift coefficient ? | from C,,
with the resonant terms of the first-order trajectory z; ; of the other imperfection Cy,, and vice
versa. In order to accommodate these cross-term, the expansion (3.28) of the frequency squared
then has to be amended as

Q) = Wl +eqf 4+ eba)ib +esw) 4 + 612;“)5,17 + eaebwiab +..0, (3.65)
where €, = C;, and accordingly for 7. The dots indicate that terms beyond second order have
been neglected. The term w? , is the actual cross-term; the terms with single indices a and b

2,ab
are also present for one imperfection alone. This situation is recreated by setting either €, or

230f course, the frequency Q, does, which is the main point of emphasis here.
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3.3. Second-order effects

€p to zero. With more than two imperfections, we would have to sum over the index a for the
effect of the C;, alone, and the combinations of a and b for the cross-terms C,,C,, . We omit
the sums here and pick any combination at will, resting assured that the second-order effects
add linearly, provided we keep track of the cross-terms.

By using the series expansion (3.62) of the square root on Equation (3.65), the perturbed
frequency ), is expressed as

Qo xw,(1+wg+wp+wgp+...) (3.66)
with the two abbreviations
2 2 4 2 2 2
wl,a 2 wZ,a wl,a wZ,ab wl,awl,b
Wq = €a— €, T and Wab = €4€p >~ I (3.67)
203 203 8w, 203 4w,

for the relative frequency-shift.?* The w? and w3 have already been calculated for their use in
w,. For even 1, = 2n, or n, = 2ny, they are given by Equations (3.49) and (3.58b), respectively
(with the proper replacement of n — n, or n — nyp). For odd 5, = 2n, + 1, Equation (3.45)
shows wg’ - Since wi o = 0 for odd coefficients, the product wi awib in the cross-term wyy

contributes only for two even coefficients. We will now calculate the unknown co; . for the
three different combinations of parities the two parameters 1, and n, may have: even—odd,

odd-odd and even—even.?®

Even-odd

We choose even 1, = 2n, and odd n, = 2np +1. There is no first-order frequency-shift associated
with odd coefficients: wi » = 0. The other contributions to Equation (3.64) in search of resonant
terms need more scrutiny, because the first two represent a combination that we have not
encountered so far—a first-order trajectory resulting from an antisymmetric potential @, 14
with the zeroth-order solution z; taken to the even power 2n, — 2 and vice versa. We will first
examine the other combination, zl,az(z)"” ~!_the first-order trajectory z;,, resulting from the
symmetric potential @;,, multiplied with the zeroth-order solution z, taken to the odd power
2np — 1. With z; from Equation (3.38) and the odd powers of cosine shown in Equation (3.42a),
7! features the frequencies 19,,3Q;, ..., (2ny — 1)Q,. In other words,
there is a term at the fundamental frequency, as well as its odd higher harmonics. The first-order
trajectory z;,, from Equation (3.50) (with the substitution n — n,) for a symmetric potential
features very similar frequencies: 1Q,,3Q;,...,(2n, — 1)Q2,. Only the upper limit may be
different. According to Equation (C.10) from the appendix, there is no chance to produce
a resonant term at the frequency Q, by mixing, because both the sum and the difference
frequencies in this case are even multiples of the fundamental frequency (or zero), and we

it becomes clear that zgn

24The different factor in the last denominator of Equation (3.67) is not a misprint. When calculating the frequency
squared from Q, in the expansion (3.66), there are two possibilities to produce the term w% aw% , With the
product w,wy,, whereas there is only one chance to obtain a)i o from w2, o

Z5We count even—odd as one possibility, because the cross-term w,;, is symmetric in the two parameters. It does

not matter which of the two is even and which one is odd.
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conclude
(zl,azf)”b‘l)Q =0 . (3.68)

The other cross-term of trajectories in Equation (3.64) is more involved. The first-order
trajectory z; , from Equation (3.39) (with the replacement n — ny,) for an antisymmetric poten-
tial has the frequency spectrum 0Q,, Q,,2Q,,4Q,, ..., 2n,Q,. According to Equation (3.55a),
the frequency spectrum of zg"“_z is 0Q,,2Q,,...,(2n, — 2)Q,. There are two mechanisms for
producing resonant terms at the fundamental frequency (2, here:

2ng— 2

1. Preserve the resonant term in z; ;, by multiplying it with the constant term in z;

2. Create a resonant term according to Equation (C.10) by multiplying cos(£2,t) in z; ; with
cos(2Q,t) from zg"“_2.

Other than that, the sum and difference frequencies of multiplying two terms at even harmonics

of the fundamental frequency will stay even harmonics (or zero). The two relevant mechanisms

listed above result in

<Z Zzna 2) _ K2nb+1 z 2
Lb Q, - 22anZ 22na—2 0

2np 2np 2ng, —2 2ng — 2
)2 S ) )

s2(ng+np)-3 b

K z 2n, — 1 2n 2n 1

_ Kenpt1 g Zo( a ) ( b) _9 § ( b )T . (3.69b)
22(ng+np)-2 Q2 ng—1 ng = ny —j) (2> - 1

52np ZZna -3

(3.69a)

As usual, we have absorbed the oscillatory term cos({2,t) and one factor of the amplitude Z in
the zeroth-order solution z, from Equation (3.38). In the last step, the two binomial coefficients
are added with the help of Equation (3.56).

The remaining term in Equation (3.64) is

s2np—1 42
Kon,+1 2 2np 2np 1
(z16)0. 22z ( np ) JZ:; (nb —j) (2))? -1 .

which needs to be combined with the first-order coefficient w} , from Equation (3.49) (with the
replacement n — n,). Fortunately, the two terms contributing to Equation (3.64) have a very
similar structure then, and even the sum is executed by hand with the identity

2ny, _Zi 2ny, L (3.71)
np ny,—jl2H2—-1 2np+1 ° ’

j=1

Because proving the identity is probably beyond the scope of this chapter (and I have no proof
in mind), we accept it as an unsolicited gift,?® which Wolfram Mathematica® 9 confirms on a
general basis with the command FullSimplify.

26The conjecture (3.71) was inspired by observing that the numerical prefactor of the explicit terms in Table 3.3
does not depend on ny,. Thus, a cancellation of the nj, from the term in square brackets in Equations (3.69b) and
(3.70) with the np, from K2nb+1/22”b was expected.
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3.3. Second-order effects

Overall, the second-order coefficient for cross-terms in the expansion of the frequency
(squared) then becomes

. Kon,Kanp+1 2ng — 2 (2ng — 1 s2natng)-3 _ lw_ina(”a — 1) (2ny)! 52na+np)-3
2,ab zzna—zgg 2np + 1 CS QE. 22na-1 (na!)z d2(na+np)-3

(3.72)

ng—1

The last step uses the definition (3.17) of the prefactor x,, and Equation (3.43) for the binomial
coefficient. The relative-frequency shift (3.66) due to the even—odd cross-terms is given by

2 ~ —
“5,ab _ ConoCany+1 na(ng — 1) (2n,)! g2nat+ny)-3
200 G} 2210 (ngl)? gna+ny)=3

Wab = CZnaCan+1 (3~73)

To second order in the frequency-shift, we have ignored the difference between the perturbed
frequency €, and the harmonic frequency w,, by sending 2, — w,. The prefactor of w, ; does
not depend on ny; the exponent of Z/d does.

The exponent for the second-order frequency-shift (3.48) by Cs,, 11 is 4np — 2. Thus, the
exponent of Z in this second-order cross-term is smaller than in the second-order term by
the odd coefficient itself for 2n, < 2n; + 1, or equivalently n, < np. For the second-order
frequency-shift (3.63) of the even coefficient Cy,, the exponent of 2 is 4n, — 4. The condition
for a lower exponent of the cross-term than for the second-order term itself is exactly opposite:
2ng > 2n4 + 1, or equivalently n, > 1. In either case, there will be a second-order term by one
coefficient with a lower exponent and one with a higher exponent of Z than the second-order
cross-term.

Table 3.3 evaluates the relative frequency-shift (3.73) first few even-odd cross-terms. There
is agreement with Reference [59], which shows the same for the six combinations C4Cs, C4Cs,
C4Cy, C4Cs, CsCs and CsCs, which are all the even—odd cross-terms with a dependence of at
most 27.

Odd-odd

We choose odd 15, = 2n,+1 and odd 1, = 2n;, + 1. Because there is no first-order frequency-shift
(a)i = a)i , = 0) for odd terms, only the products of coordinates in Equation (3.64) remain.
We will infer a lot from the calculation for one odd contribution to the overall potential in
Section 3.3.1, and we will work with analogies as much a possible. In fact, the only difference
between z; , and z; ; is the adequate replacement n — n, or n — ny, respectively, in Equa-
tion (3.39). Similarly, the switch from z(z)n“_1 (2)'1” ~!is made by selecting the adequate n in
Equation (3.42a). Therefore, resonant terms are produced in close analogy with Equation (3.41).
We simply have to recall where which term is from: the first binomial coefficient of each product
is from z;; the second one from z(z)”_l. Taking into account the two different solutions with n,

and nyp, the corresponding expression (barring the prefactor x;,,112n,, and the term with the

toz
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3. Perturbation theory

Table 3.3.: Relative frequency-shift w, ; from Equation (3.73) for even—odd cross-terms in the
expansion (3.66) of the frequency. For a given even coeflicient C;,, the numerical
prefactor does not depend on the index of the odd coefficients; the exponent of z/d

does.
Cs Cs C; Co
c 3C3Cy 23 3Cs5Cy 2° 3C;Cy 27 3CoCy 2°
SN RPE 4 C: 4c:d 4Cd
c 15 C3Cq 2° 15 C5Cq 27 15 C;Cq 2° 15 CoCy 211
¢ 8 § C2 d 8 C2 d° 8§ C2 dn
c 105 C3Cg 27 105 Cs5Cy 2° 105 C;Cg 211 105 CoCy 213
32 c2d 32 c2d 32 CZdl 32 (2 4B
c 315 C3Cy0 27 315Cs5Cyo 211 315C;C10 212 315 CoCy 210
10 - -

64 CZ d° 64 C2 dl 64 C2 d® 64 CI d°

indices a and b swapped) becomes

onp-1\ _ Kang41 22 221672 2nq ) (2np — 1
<Zl,a 2 >Qz - ZznaQE 22np-2 Z0 Ng np —1
o (3.74a)
Sl L) ()
2271\ i) [\ =1 7] " Ly
A2(na+nb)—2 Tmin -7 -
K z 2 2 n n
_ Ko 2 | (M) (B) -2 ) eI T (3.74b)
22(ng+np)-1 _Qg Ng ng = (2])2 -1

The oscillatory term cos(£2,¢t) and one factor of 2 are absorbed in the zeroth-order solution z,
from Equation (3.38). The last step simplifies the binomials with the help of Equations (3.43)
and (3.44). Although the summation over j should stop at the minimum of n, and nj, no harm
is done by exceeding this upper limit, because the explicit definition (3.3) nulls the unwanted
terms.?’ Fortunately for the use of analogies, the lower limit is the same in both cases.

The term in angle brackets with the binomial coefficients is simplified by executing the sum
with a more general version of Equation (3.46) as

(3.75)

2n, 2ny
(Zna) (an) . 'f (na —j) (nb —j) B 1 [2(ng + np) + 1]

na)J\mp ) "L @F-1 0 @ra+ D@y +1) [(na+ )]

27 That is also why have not bothered about using two different limits for the sum over j, which we still did in
Equation (3.41).
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3.3. Second-order effects

We have no proof to offer here.?® As a test with the command FullSimplify in Wolfram
Mathematica® 10 shows, an advanced knowledge of generalized hypergeometric functions
might help. The conjecture (3.75) has been tested numerically for combinations of n, and ny
well beyond experimental relevance.

With the prefactor x3,,2n, and the term with a and b swapped, the coefficient a)g ap 1D
Equation (3.64) becomes
K K 1 2(ng + np) + 1!
W = =2ng + np) e L2 p2natnp)=2 [2na + mp) + 11 e
4 22(na+np)-1 (32 (2ng + 1)2np + 1) [(ng + np)!)?

01 ng+ny  [2(ng + np)+ 1]t 22natns)=2

=——— (3.76b)
Qg C; [(na + nb)!]Z 22(ng+np) d2(natnp)-2

The last step plugs in the k, from Equation (3.17). As expected for the cross-term caused by
two odd 7, the final expression is symmetric in n, and np. For n, = nj the corresponding
expression (3.45) for the second-order effect of one odd coefficient Cy, 1 is not quite reproduced.
Because of the double counting in Equation (3.64) for n, = ny, the result (3.76b) has an additional
factor of 2.

With a) , from Equation (3.76b), the relative frequency-shift (3.66) by the odd-odd cross-
term follows from Equation (3.67) with €, = Cyp,,+1 (and accordingly for €,) as

C2na+lc2nb+1 ng + ng [Z(I’la + nb) + 1]! p2na+np)-2
Cg [(ng +np)'2  22na+tnp)+1 g2(na+np)-2

Wap = — , (3.77)

where the replacement 2, — w, in a)z » is fine to second order in the frequency-shift. The result

is always negative, and it depends on the sum of n, and np, rather than are more complicated
combination of the two. Thus, the cross-term is actually a function of the single variable n, + ny.
Table 3.4 evaluates the first few terms. There is agreement with the two odd-odd terms C5Cs
and C3C; shown in Reference [59].

The exponent of z for the second-order frequency-shift (3.48) by Cs,, 41 is 4n, — 2 (and
accordingly for np), which is also the result for n, = nj, in Equation (3.77). Consequently, the
second-order cross-term has a smaller exponent than the second-order term for Cy, 4+ for
np < ng, or equivalently 1, < n,. Without even coefficients, the second-order frequency-shift
with the lowest exponent of Z results from the odd C, with the smallest n rather than the
cross-term.

Even-even

We choose n, = 2n, and n, = 2nj both even. Similar to the odd—-odd terms, we will feast on
analogies with the second-order calculation for one even term C,, in Section 3.3.2, in order
to identify resonant terms in Equation (3.64). The four original mechanisms for producing

28] thank the On-Line Encyclopedia of Integer Sequences® (https://oeis.org) for helping me spot a pattern, after
having the hunch (from the explicit expressions partly shown in Table 3.4) that the frequency-shift (3.77)
depends only on the sum of n, and ny. Their sequence A002457 (formerly M4198 N1752), with the explicit
representation (2n+1)!/(n!)?, is produced by the left-hand side of Equation (3.75) multiplied with (2n4+1)(2n; +1),
while keeping n = n, + nj, constant.
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3. Perturbation theory

Table 3.4.: Relative frequency-shift w, ; from Equation (3.77) for odd—odd cross-terms of in
the expansion (3.66) of the frequency. Since the result is symmetric in the two odd
coefficients, it is printed only once, and hence the empty entries. Moreover, the
expressions are identical for two odd coefficients C,, whose indices sum to the same
value. Refer to Table 3.1 and Equation (3.48) for the second order shift by C2 41 alone.
The cross (X) indicates that Equation (3.76b) is not applicable (without an additional
factor of 1/2).

C5 C7 C9 Cll
105 C3Cs 2* 31566 z_6 3465 C5Co f 9009 C5Ciy 210
82l dt 64 (RS 512 CZ d8 1024 C2 dY
c y 3465 CsC; 28 9009 C5Cy £1° 45045 C5Cyq 212
’ 512 CZ d® 1024 C% 4V 4096 C2 dv
c " 45045 C;Co 212 109395 C,Cy; 21
! 4096 C2 dv 8192 (2 d“
2078505 CoCyy 2"
C9 % 9L11

131072 (2 die

resonant terms resulted in Equation (3.54), where the first binomial in each product is from
2n-2
z
0

isn — ng in Equation (3.50); in z; (with zo from Equation (3.38)), the replacement is n — ny
in Equation (3.55a). The extended version of Equation (3.54) then takes the form

, while the second one stems from z;. Here, the n is not the same. In z; 4, the replacement
2np—2

s2nqa—1 2

( 2ng — 1 )
2np-3 _ _ _
Kon 2 z 2n 2 2n 2 1
<Z1 . Zgnb 2> = 2 2n, ] b b Z —Jj

Q: 22na (2 22np=2 np—1 np — 2 G+

3.78a
( 2ng, — 1 ) ( )
Nypin—1 :
R 2np — 2 2np — 2 ng—j—1
= A A np—j—2 jG+1)
( 2ng — 1 )
22(ng+np)—4 Ma=1 i

Kon 2 n 1 2np — 1 2np — 1
= 79 e PP SO I s . (3.78b)

22(natnp)-2(32 £ jG+1) np—j—1 ny —1

Jj=1
The zeroth-order solution z, contains a factor of Z and the oscillatory term cos(Q,t). With
the help of Equation (3.56), the binomial coefficients are summed in the last step. Because
the explicit definition (3.3) of the binomial coefficient produces vanishing terms when the
summation variable j exceeds the nominal upper limit, we extend it at will.?? This allows

29In fact, we have not bothered about the two different upper limits of the sums in Equation (3.54) anymore.
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3.3. Second-order effects

us to use the upper limit n, — 1 for both sums in Equation (3.78a), with the second sum not
contributing once j has reached (or exceeded) the minimum of n, and ny.
With a) , from Equation (3.49), where n — n;, and z;,, from Equation (3.50), where n — ny,
the equlvalent of Equation (3.53) becomes
oy — con o ng—1 ( 2ng=1
2np — 1) Kany 227072 Ky, 32N~ M) (n:—l—j)
20 "
2nq O2
2maQ; o jG+1)

w1 2 (3.79)

oty erada, =

Similar two Equation (3.58b), Equations (3.78b) and (3.79) are summed (with the prefactors
mandated by Equation (3.64)) as

2n;-2
Kan, (2np — 1) <zl azyt” >Q + a)ib (zl,a>Qz =
z

20

( 2n, — 1 )
Kan, Kan, (215 — 1)A2(n oy 4"“21 ng—j—1 [( 2np, — 1 )—2(2"”_2)] (5.80)

22(na+ny)-2 (32 = jG+1) np—j—1 np

with the help of Equation (3.59). The resulting expression is not symmetric in n, and np, and
we define the abbreviation

e 2n, — 1 onp — 1 2ny — 2
s(na,np) = (2ny — )Z (;+1)(na j_l) [(nb_j_l)—z( y )] (3.81)

for the asymmetric part. To complete the right-hand side of Equation (3.64), Equation (3.80) has
to be added with n, and n; swapped. With the abbreviation (3.81) and the definition (3.17) of
the k,, the parameter wg b 18 given by

4 52(ng+np)—4
s _ wy 1 ngny ~ 2Anatne)

2,ab — Q_gggzz(na+nb)—2 dZ(na+nb)—4

w [s(ng,np) + s(np, ng)] . (3.82)

For the second-order frequency-shift, the replacement Q, — w, is fine. Because there is a
first-order frequency-shift associated with each even coefficient Cy,, the relative frequency-shift

2 2 2
0] 0)1 w
2,ab ,a 1,b> (3.83)

Wab = CZnQCan7 ( 202 - 4l
z z

in the expansion (3.66) also contains two w? from Equation (3.49) (with the adequate replacement
n — ng and n — np). Like for the odd—odd cross-term, the expression is not quite correct for
n, = np because of the double counting in Equation (3.64). Consequently, there is an additional
factor of 2 compared with Equation (3.63) for the second-order frequency-shift by one even
coefficient C,,. However, the exponent of Z is correctly reproduced for n, = n;. Consequently,
the exponent of 2 in the second-order cross-term is lower than in the second-order term for C,,,,
itself for n;, < 14, or equivalently 1, < n,. The dominant second-order frequency-shift—apart
from C5, 2 for the smallest n,—may well be the cross-terms with this Can,,, rather than the actual
second order contributions of the individual C;,,, themselves.
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3. Perturbation theory

Table 3.5.: Relative frequency-shift w, , from Equation (3.83) for even—even cross-terms in the
expansion (3.66) of the frequency. Since the frequency-shift is symmetric in the
coefficients, results from the upper corner of the table are not repeated in the lower
corner. The cross (X) indicates that Equation (3.83) (without a factor of 1/2) does not
apply to terms of the kind CZ, . Refer to Table 3.2 and Equation (3.63) instead.

Cs Cs Cio Ci2
c 57 CyCs z_6 561 CyCy z_8 1311 GGy z_10 5937 GyCry z_12
Yoed 2 odf 512 C2 df 1024 C2 d° 4096 C2 dv
c o 1629 C4Cy 21° 7755 C¢Cio 22 17 805 C¢Cyp 21
6 1024 CZ dv 4096 C% dv 8192 C2 d“
c o 20 145 C5Cyo 214 373305 CsCyz 21
’ 8192 CZ d* 131072 C? d'
912 345 Cy9Cyy 218
C10 x 10%~12

262144 C2 dB

For fear of wasting a lot of space while finding little to simplify in the meantime, we do
not plug in the full expressions here. Table 3.5 evaluates the relative frequency-shift (3.83) for
the first few terms. Reference [59] offers an expression for the frequency-shift by C4Cy, and
it agrees. In short, no discrepancy has been found. However, Reference [59] does not give a
general expression for the frequency-shift of first and second order, while showing many more
terms of higher order explicitly.

3.4. First-order perturbative method

The LiINDsTEDT-POINCARE method presented in Section 3.2.2 relies on expressing the fundamen-
tal frequency as a power series. The method works nicely, when then fundamental frequency
of the unperturbed system is easily spotted, which was the case for the one-dimensional anhar-
monic oscillator. For the radial modes in the PENNING trap, however, neither of the corresponding
frequencies w. from Equation (2.23) shows up directly in the equations of motion (2.16). There-
fore, an expansion of a single frequency will not suffice, and a more sophisticated approach
is required. It might consist in expanding the effective free-space cyclotron-frequency w. and
the effective axial frequency w,, which are both present in the equations of motion (2.16) and
the expression (2.23) for the radial frequencies w.. Section 5.2.2 gives an example. Fortunately,
there is a simpler formalism, if we are willing to settle for first-order frequency-shifts. The
formalism draws heavily from References [128, 155], and the concept of searching for resonant
terms is very similar, although the notation is somewhat different. We will demonstrate the
approach for the axial mode first, because we have a result to compare with.
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3.4. First-order perturbative method

3.4.1. The one-dimensional anharmonic oscillator revisited

For the LINDSTEDT-POINCARE method of Section 3.2.2, the first-order frequency-shift was deter-
mined by the zeroth-order solution alone, because the acceleration caused by the additional term
was of first order right from the start. Therefore, the first-order correction to the trajectory z(t)
did not have to be calculated, and we are free to drop its series expansion (3.19). The first-order
frequency-shift followed from absorbing a resonant term, which resulted entirely from the
zeroth-order solution being inserted into the additional term, as a frequency-shift. Therefore,
we will use the solution

Z(t) = Zcos(zt + @) (3.84)

from the unperturbed case with a little twist. The tilde on &, indicates that the frequency has
yet to be determined. In the perturbed case, it is not fixed by Equation (2.17).

From the physical perspective, the resonant term is interpreted as follows: while the particle
travels along the trajectory, the additional term gives rise to new forces, most of which are
nonresonant, and only lead to small oscillations at their nonresonant frequency. Since these
forces are essentially generated by the motion of the particle—they would not be present if the
particle were at rest>*—the particle’s response is like a motional sideband. The particle also
experiences resonant forces that look like the main force, which gave rise to the original motion.
If these resonant forces are always in phase with the main force, they do not act like a resonant
drive. Instead, they add coherently to the main force. When discussing the sinusoidally driven
harmonic oscillator (3.25), the phase ¢q of the drive was not related to the phase of the motion.
Since the phase of the motion with respect to the drive changes upon excitation, the drive term
could not be absorbed as a frequency-shift. Instead, the resonant drive resulted in a secular
term, which caused Equation (3.27) to diverge with time. For the motional drives generated
by the anharmonic terms, the situation is different, because the force is produced from the
motion itself. Therefore, the frequency and the phase-relationship are fixed—something not
accomplished with an external drive. Of course, Equation (3.27) suggests that a phase relative
to the drive is imprinted on the ion by exciting it long enough on resonance. However, the
anharmonic terms generate resonant terms with a phase relative to the motion, and not the
other way around, as the external drive would do.

In short, the resonant drive terms that are always in phase with the original (zeroth-order)
trajectory z(t) are absorbed by the dimensionless parameter ¢, in the effective equation of
motion®!

Z(t) + 0 (1+e)2t)=0 . (3.85)

The nonresonant terms are ignored because the do not cause a first-order frequency-shift. If
they were not present, @&, = w,V1 + ¢, would be the exact frequency. For |¢,| < 1, as in the

30To be more precise, we should say that the particle would not be subject to additional forces, if it sat at the
(unstable) equilibrium position of the electrostatic potential, which entails staying at rest in the PENNING trap.

31 Originally, when only cylindrically-symmetric imperfections were considered [82, 84], the parameter &, was
called y,, in order to avoid confusion with the perturbation parameter e. When the calculation was extended to
relativistic effects, the LORENTZ factor y posed the bigger threat. A similar parameter in Equation (3.105) was
renamed accordingly.
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3. Perturbation theory

case of small anharmonic perturbations, the relative first-order frequency shift is given by

Aw, &,
== 3.86
2 (3.86)

Wz

after expanding the square root. Generally speaking, we define the frequency-shift as the
difference between the perturbed frequency &; and the unperturbed frequency w;:

A(,()i = 6<~)i —wj . (387)

When we use this formalism that is specially geared towards first-order frequency-shifts, we
will not explicitly stress that Aw; is good to first order only.

With the technicalities laid out, we apply the formalism to the anharmonic oscillator (3.17).
Resonant terms to be absorbed in the effective axial equation of motion (3.85) are expressed as

e2(t) = — ([ )" 1) (3.88)

in our notation. Like in several sections before, Equations (3.2) and (3.5) show that an oscillatory
term at the perturbed axial frequency @, is present only if the exponent n—1 is odd. Consequently,
n has to be even, and we write n = 2n. With the help of Equation (3.7), the resonant contribution
is found as

z2n=1 (2n)!

<[2~'(t)]2n_1> .= cos(yt + @) =

@Dz 22n—1 (n!)z

£2n=2 (2n)!
22n—1 (n!)Z

i) . (3.89)

In the last step, one factor of Z is used to write the result as proportional to z(t), such that
it fits into the effective equation of motion (3.85) for the first-order frequency-shift. With
K2, from Equation (3.17) and the substitution € = C;,, the result is related to the first-order
frequency-shift

Aw, Cyp n (2n)! z2n-2
w,  Cp 227 (n!)2 g2n-2

(3.90)

with the help of Equation (3.86). This expression agrees with the result (3.34) from the LINDsT-
EDT-POINCARE method.

Quantum-mechanical analogy

The treatment of terms that are in phase with the zeroth-order solution as a frequency-shift
is similar to the calculation of the first-order energy-shift in quantum-mechanical perturba-
tion theory. Suppose there is no closed-form solution of the SCHRODINGER equation for the
Hamiltonian H = H, + eH where H describes the time-independent perturbatlon while
the eigenvalue problem Hj |%) =& |‘I/0) for the unperturbed operator Hy has an analytic
solution. The dimensionless perturbation®? parameter ¢ has already been introduced in the

32We could also consider it an order parameter, which will be set to unity at the end of the calculation. However,
we want to stress the similarity with our formalism of classical perturbation theory here.
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3.4. First-order perturbative method

Hamiltonian H to do the bookkeeping of the individual orders in the perturbative expansion of
the state®?

W) = [Wo) + €|¥1) + €2 |¥,) + . .. (3.91)
and its corresponding energy

E= 80 + 681 + 6282 +... . (392)

Setting € = 0 recovers the unperturbed case. For convenience, quantum-numbers are not shown;
the subscripts refer to the order of the expansion. Such an expansion is possible for all the
eigenstates. Of course, the wave functions ¥; and the coefficients &; will differ for different
quantum-numbers.

Since the SCHRODINGER equation has to be solved for eigenvalues and eigenstates, it is only
natural to expand both quantities in the perturbation parameter right away. When the original
state is affected by a perturbation, so is the corresponding energy. The expansions are not
independent, because the energy & is related to the state by the Hamiltonian H. Equation (3.92)
results by applying (¥|H from the left to Equation (3.91). On the right-hand side, the expansion
of (¥| in the perturbation parameter € is to be used.?* Despite this relation, the additional
expansion (3.92) for the energy & as an actual observable is convenient.

The situation was not quite so obvious in the classical case of the anharmonic oscillator,
and the need for two powers series expansion did not became clear at first sight. Because the
frequency-shift was supposed to be contained in the trajectory, Section 3.2.1 featured only
the power series (3.19) for the trajectory—the classical equivalent of expanding the quantum-
mechanical eigenstate (3.91). This ansatz was soon found to be too restrictive to account for
frequency-shifts. The LINDSTEDT-PoINcARE method of Section 3.2.2 added the expansion (3.28)
of the fundamental frequency—the equivalent of expanding the energy (3.92) here. Section 3.4.1
simplified the formalism by restricting it to the first-order frequency-shift.

Quantum-mechanical perturbation theory has a similar prescription for the first-order energy-
shift. Assuming that the energy & is a nondegenerate eigenvalue® of the unperturbed Hamil-
tonian Hy, the first-order coefficient &; in the series expansion (3.92) of the energy is

& = <% |Hp| %) (3.93)

in the usual bra—ket notation for the inner product. Like the first-order frequency-shift in the
classical case, the quantum-mechanical first-order energy-shift €&, is determined entirely by
the zeroth-order solution (and the perturbation, of course).2® Here, these are the eigenstate |¥)

33Unlike in the classical case, there are no initial conditions the pure state |¥) has to satisfy, provided the ion is not
in a superposition of states. However, the interpretation of the absolute value of the wave function squared |¥|?
as a probability density demands the normalization (¥|¥) = 1, because the total probability of the particle being
in this state has to be unity.

34The perturbation parameter € has to be a real number. With e complex, the Hamiltonian H would not be Hermitian,
even if Hy and Hp were.

351f several unperturbed eigenstates had the same energy, the first-order energy-shift &; would have to be calculated
for superpositions of these degenerate states.

36In second order, the situation is no longer that simple. Calculating &; requires the whole orthogonal set of
eigenstates and their eigenvalues for the unperturbed Hamiltonian Hy.
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3. Perturbation theory

and the Hamiltonian flp. In the classical case, the corresponding quantities are the zeroth-order
trajectory and the acceleration by the additional term in the equation of motion. Speaking in
orders of perturbation theory, the perturbation ﬁp may alter the energy of the state |¥) even
before it affects the wave function of the state as such. In the classical case, the additional
acceleration may shift the frequency before it adds new terms to the trajectory. The cautionary
“may” in both statements signals that not every perturbation causes a first-order energy-shift or
frequency-shift, respectively. However, a first-order change of the state or the trajectory is not
optional. If there is none, there is typically no need for perturbation theory.

Here, Equation (3.93) projects the perturbation I:Ip onto the original state |¥y). What remains
from the projection—the component that is not orthogonal to the original state—results in the
first-order energy-shift. The orthogonal components first manifest themselves in |¥;), as a
correction to the unperturbed state |¥y), which eventually results in higher-order energy-shifts.
Similarly, the first-order frequency-shift is determined by the component of the acceleration
that is in phase (and in resonance) with the original motion. In that sense, the nonresonant
contributions are orthogonal when averaged over one period of the original motion. They add
small oscillations to the trajectory without causing a first-order frequency-shift. Although the
functional form of the trajectory contains the frequencies of the motion, there is no general
recipe like Equation (3.93) to extract the frequency-shift. Instead, the additional acceleration
has to be translated into a frequency-shift based on the equation of motion.

3.4.2. Generalization to the radial modes

The implementation of first-order perturbation theory for the first-order frequency-shift to
the radial modes is very similar to the formalism from Section 3.4.1 for the axial mode. In fact,
it was developed with the radial modes in mind. We tested it on the simpler axial mode first,
which is one-dimensional and has only one characteristic frequency, in order to gain some
familiarity, before turning to the more complex radial modes here.

As the zeroth-order solution for the particle’s coordinates, we will use

X(t) = py cos(D4t + @y) + p—cos(o-t + 9-) , (3.94)
§() = —py Sin(Gst + @y) = psino_t +§.) (3.95)
Z(t) = Zcos(@,t + @) . (3.96)

To first order in the frequency-shift, the amplitudes p. and z of the zeroth-order solutions may
be thought of as the amplitudes of the eigenmotions. The zeroth-order solutions, indicated
with a tilde, almost look like the solutions (2.30)-(2.32) from the ideal PENNING trap, where
the frequencies w, and w, were given by Equations (2.17) and (2.23), respectively. However,
the tilde on top of the frequencies indicates that they need to be determined. To this end,
resonant terms at the radial frequencies have to be identified. Before we get to the details, we
will introduce some more pieces of notation.
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3.4. First-order perturbative method

The zeroth-order velocity follows from the time-derivative of the coordinate as

%(t) = =4 py sin(@dgt + ¢,) — d_p_sin(d_t + ¢_) (3.97)
§(t) = =iy py cos(@dyt + §y) — _p_cos(@_t + p_) (3.98)
Z(t) = =@,z sin(d,t + §;) . (3.99)

Because resonant terms occur at both radial frequencies, the abbreviations

)’Z—i = <j€->fbi = pAi COS(CDit + (ﬁi) N (3100)
Js = (§)p, = —P= sin(@st + o) (3.101)

for the coordinates of the two radial eigenmotions are convenient. The same holds for the
associated velocities

;éi = <)‘(L'> " - _d)iﬁi Sil’l(d)il' + (ﬁi) 5 (3.102)

. = <y>w =~ pe cOS(@at + Gi) . (3.103)
The zeroth-order solutions %, § and %, as well as the corresponding velocities &, §j and Z are
time-dependent—with and without the plus—-minus sign in the subscript—although we will
often suppress the time-dependence for the sake of space and the visual obstruction by the
extra brackets. The amplitudes p. and Z are constant.

Since the structure of the argument inside the trigonometric functions is very similar for all
three eigenmodes, the short-hand notation

Xi = it + @i (3.104)

similar to Equation (2.33) saves space.

After inserting the zeroth-order coordinates and velocities into the equation of motion beyond
the ideal PENNING trap, all the terms that are proportional to a component of the zeroth-order
solutions are to be collected in the effective radial equations of motion®’

(’y‘i) = o1+ Bs) (_y;) ¥ @ (’y‘z) . (3.105)

The change in frequency is expressed by the dimensionless parameters . and ¢... The subscript
indicates that they may be different for the two radial modes.*

Nonresonant terms are ignored by the effective equation of motion (3.105), because they
do not give rise to a first-order frequency-shift. If they were absent, the complete equation
of motion would have been solved by the zeroth-order ansatz, and the radial frequencies @&

37 The parameter ¢ was originally called y. for cylindrically-symmetric imperfections [82, 84]. It was renamed,
when the relativistic LORENTZ factor y came into play. A similar parameter in Equation (3.85) was also renamed.
Since the parameter . stayed, we will not use = v/c for the velocity v normalized to the speed of light c.

38Even though it also parametrizes frequency-shifts caused by higher orders in the magnetic field, the parameter S+
is not to be confused with the 8, used in some publication as the dimensionless equivalent of the B;;, which
characterize components of the magnetic field.
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would be calculated exactly by making the replacements w. — @.(1 + f+) and w2 — w2(1 + &)
in Equation (2.23). Note that the parameter f. describes a relative change of the effective
free-space cyclotron-frequency, whereas the parameter ¢, describes a change of the effective
axial frequency squared. Typically, neither w.(1 + f+) nor w, V1 + ¢ represent actual motional
frequencies in the problem. According to Equation (3.85), the actual axial frequency is given by
w1+ &,.

To warrant a perturbative treatment, we expect the anharmonic frequency-shifts to be small.
For |fi| < 1 and |ex| < 1, a TAYLOR expansion of Equation (2.23) about the unperturbed
frequencies w. and w? yields the first-order frequency-shift.>* Before taking the corresponding
derivatives of Equation (2.23), we use this equation to establish the link

w
Wy — - = —Jw? — 202 (3.106)
||

between the difference of the radial frequencies and the term with the square root. The pref-
actor w./|w.|, which gives the sign of the free-space cyclotron-frequency «, is of no concern
for the derivatives, because it is constant where the radial frequencies are real, that is, for
lwe|] = V2w,. At @, = 0, where the prefactor is discontinuous, the storage of a particle is not
possible, and this point is of no practical interest.

The derivative of the radial frequencies w. from Equation (2.23) with respect to the free-space
cyclotron-frequency «. is

dwe 2

dwy 1 (1 We¢ ) lowy — -+ (wy + ) _ +w, (3.107)

|@c| Vol — 202
The second step uses the sideband identity (2.25) and the property w./|w.| = |wc|/w, for

the prefactor of the square root in Equation (3.106). Similarly, the derivative of the radial
frequencies w. with respect to the axial frequency squared w? becomes

2 Wy — O— Wy — O—

ow 1 o, -1 F1
= = < . (3.108)

0w? 2 |wel Vo? — 202 2(w+ -w_)

Figure 3.1 shows the dependence of the radial frequencies on w. and w2, and it visualizes some
properties of the derivatives.
Finally, the first-order frequency-shift associated with the parameters f. and ¢, is given by

. 6
Dr = O+ wcﬁ+ a) Ext ... (3.109a)

Z
w+ w_

a)i We

Eat.o. . (3.109b)

Il
S
H

H+
=

i+
C{)+_CL)_ (L)+_O)_

In the last step, the axial frequency squared is written as a product of the radial frequencies
according to Equation (2.26), in order to express shifts to the radial frequencies as a function

39Since the radial frequencies w.. are a function of »?, and the parameter ¢ in the effective equations of motion (3.105)
describes a change of the effective w?, it is easier to work with the axial frequency squared here.
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3.4. First-order perturbative method

of these frequencies. The singularity for w; = w_ reminds us that we have to be careful at the
limit of stability.

As usual, the upper symbol has to be used for the shift Aw; to the reduced cyclotron-
frequency w, (indicated with a plus in the index), whereas the lower symbol has to used for the
shift Aw_ to the magnetron frequency w_ (indicated with a minus in the index). However, one
of the two expression suffices. The other one is then generated with the substitution + — ¥ in
the indices alone, while the denominator takes the role of swapping the plus—minus signs in
front of the fractions. We will use this technical symmetry later on for checking basic properties
of the frequency-shifts.

Although it may look like in the effective equations of motion (3.105) that the parameter f. is
associated with frequency-shifts caused by the magnetic field, while the parameter ¢, contains
frequency-shifts caused by the electrostatic potential, the parameters are interchangeable. There
are no strictly f.-like or e, -like shifts. Since the zeroth-order coordinates and velocities may
be interchanged as Xy = @&+74 and yLi = —@+X: according to Equations (3.100)—(3.103), a term
associated with f. in the effective equations of motion (3.105) is rewritten as

e ( Ys ) =~ Pros (in) (3.110)
Xz Ys
to take the form of a term associated with the parameter ¢., given by
20,0 N3]
er= T Pe=——— P . (3.111)
w5 W4 0-

We have used Equation (2.26) to remove the axial frequency, which is present in the effective
equations of motion (3.105), but absent in Equation (3.109b) for the frequency-shift. To first
order in this frequency-shift, the difference between &, and w.. in the prefactor is safely ignored,
because the frequency-shift (3.109b) is already of first-order due to the presence of . and ¢..
Consequently, the replacement &, — . is fine in the condition (3.111), and two parameters fS.
and e, with this relation give the same first-order frequency shift. For the actual calculation, it
is thus a matter of taste whether the resonant terms are written as proportional to velocities
and absorbed in f., or written as proportional to coordinates and absorbed in ¢,. Typically, the
origin of an additional term and its prefactors will favor one alternative.

3.4.3. Spurious motional resonances

The major part of calculating first-order frequency-shifts is to insert the zeroth-order solutions
from the ideal PENNING trap (with the perturbed eigenfrequencies left to be determined) into
the additional contributions beyond the ideal configuration. The resulting powers of oscillatory
terms are decomposed such that the frequency of the individual terms is readily analyzed. So
far, we have classified them as nonresonant and resonant terms. The former are ignored in the
effective equations of motion (3.85) and (3.105), because they do not give rise to a first-order
frequency-shift, whereas the resonant terms do. In order to incorporate these as a first-order
frequency-shift in the effective equations of motion, the resonant terms have to be proportional to
some component of the zeroth-order trajectory or velocity. For the one-dimensional anharmonic

81



3. Perturbation theory
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Figure 3.1.: Dependence of the radial frequencies w. from Equation (2.23) on the free-space
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cyclotron-frequency w, (left) and the axial frequency squared w? (right). For space,
negative radial frequencies (as a consequence of w, < 0) are not shown. The left
graph (apart from w,/w,) would be obtained by point reflection at the origin, see
Figure 2.3. The right graph would not change because of its normalization, which
cancels the overall sign. The frequencies are normalized to w, (left) and w, (right).
In both cases, there is a vertical derivative at the limit of stability—the singularity in
Equations (3.107) and (3.108) for w, = w_. The reduced cyclotron-frequency grows
more strongly with w. than the free-space cyclotron-frequency itself, and hence the
corresponding derivative (3.107) is larger than unity. The dependence of the radial
frequencies w. on w? is equal in magnitude but opposite in sign. Consequently,
the derivatives (3.108) sum to zero, as expected from the sideband identity (2.25),
because, as its name suggest, the free-space cyclotron-frequency does not depend
on the electrostatic potential.



3.4. First-order perturbative method

oscillator considered in Section 3.2, this was always the case—almost miraculously, to the extent
that it may seem natural for resonant terms come with the right phase no matter what. We
shall see that the preservation of the original phase is related to the conservation of energy.

For the one-dimensional anharmonic oscillator, conservation of energy implies that the
amplitude of the motion remains constant. In the PENNING trap, the exchange of energy between
the three eigenmodes is conceivable, while the total energy is still conserved in the absence of
damping. Additionally, the electrostatic quadrupole potential (2.2)—the dominant electrostatic
potential even in the non-ideal PENNING trap—falls off quadratically in the radial direction,
which results in a negative potential energy of the radial modes. As the total energy (2.49) of
the modified cyclotron mode is dominated by the kinetic energy, no energy is released when the
radius of this mode increases, and the reduced potential energy even further below the saddle
point remains inaccessible. For the magnetron mode, however, the negative potential energy
outweighs the kinetic energy, and the particle would happily roll down the hill in the radial
direction, if the excess energy could be transferred into a different mode.

Since the three modes and the shape of the quadrupole potential in the PENNING trap allow
for time-dependent phenomena beyond the oscillations with constant amplitudes at the eigen-
frequencies, we will investigate how higher-order terms may couple different eigenmodes. This
kind of coupling goes beyond the anharmonic effect that the frequency of one mode depends
on the amplitudes of other modes. In that sense, the frequencies rather than the modes as a
whole are coupled. The coupling meant here influences the amplitudes. Its discussion in this
section is not mathematically rigorous, because we will not be able to offer a treatment of
motionally-induced coupling via higher-order terms and the associated anharmonic frequency-
shifts. We will have to stick with the standard mode of operation with constant amplitudes, in
which the excitation or coupling of eigenmodes is accomplished by time-dependent fields. In
this mode, frequency-shifts are calculated for constant amplitudes—before and after, but not
during excitation or coupling.*’ Nevertheless, we need to understand when higher-order terms
possibly result in more than just static frequency-shifts, in order to rule out these conditions.
Typically, choosing a particular working point of the PENNING trap to realize the stable normal
mode of operation is not problematic.

Suppose a term like cos(ot) in the zeroth-order solution had incurred a phase-shift ¢ along
its way through the equation of motion, whereas the frequency has not changed. The resulting
term cos(&t + ¢) is not proportional to the zeroth-order solution cos(®t) (unless for ¢ = 0
or ¢ = 1), and the method from Sections 3.4 and 3.4.2 fails to absorb the resonant term as a
first-order frequency-shift. With the trigonometric identity

cos(dt + @) = cos(ot) cos(p) — sin(@t) sin(p) (3.112)

at least part of cos(ot + ¢), namely the first term on the right-hand side, has the correct form to
be dealt with in the usual way as a frequency-shift. However, the second term on the right-hand
side is still unaccounted for, and we need to understand what its consequences are. To this end,

“ODamping is typically so slow that the time-dependence of the anharmonic frequency-shift directly reflects the
time-dependence of the amplitudes (raised to the appropriate power).
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3. Perturbation theory

we consider the work*!
dW = —-Fdz = -Fzdt (3.113)

performed by a force F in the z-direction when moving along the way dz.

Basically, the additional terms in the equation of motion describe accelerations or forces.
Thus, the second-term on the right-hand side of Equation (3.112) corresponds to a force F o
sin(®t), when the zeroth-order trajectory put into the problem was z « cos(&t). As we are
mainly interested in the time-dependence, we will drop the prefactors and the signs, when
it comes to proportionality. With the zeroth-order velocity z o« sin(@t), the work becomes
dW o [sin(@t)]?dt. Clearly, the work performed by this additional force does not vanish
when integrated over one cycle of the main oscillation, and hence the energy of the particle
changes. Consequently, the amplitude of the zeroth-order trajectory becomes a dynamical
quantity.*? For the force F « cos(&t), which was incorporated as a frequency-shift, the work
dW o cos(@t) sin(wt)dt = 1/2 sin(20t)dt averages to zero over one cycle (even a half-cycle)—in
the same way as it does for the harmonic oscillator with its restoring force being proportional
to the displacement. As we have seen in Section 3.2.1, the secular term in Equation (3.27) with
its unbounded increase of the amplitude was an artifact of too simplistic a series solution. The
resonant terms that are in phase with the original motion shift the frequency rather than blowing
up amplitudes. The last statement is not to imply that a term that changes the amplitude has no
influence on the frequency. When the frequency depends on the amplitude, the influence is
obvious. However, even for the harmonic oscillator (setting € = 0 in Equation (3.17), for instance),
adding a damping term 2yz on the left-hand side, shifts the frequency w, — (w? — y?)"/2, in
addition to the exponential decay e " of the amplitude.

A force proportional to the velocity is the prototypical example of a phase-changing term.
Since the work dW then depends quadratically on the velocity, the energy of the system always
changes in the same direction. However, damping will not be considered here. Resonant terms
with a phase different from the components of the zeroth-order solution would have to result
from mixing terms at the different eigenfrequencies, see Section C.2 in the appendix. The
resulting terms would then have to be resonant at the eigenfrequency of the eigenmode whose
equation of motion is considered. Of course, we could calculate the whole frequency spectrum
for the specific imperfections rather than just searching for naturally-resonant terms, in order
to prohibit artificial resonance conditions.** Unfortunately, we would not see the full spectrum
of spurious resonance conditions because of our self-imposed restriction to first-order terms.
Higher orders in perturbation theory add to the frequency spectrum and offer new possibilities
for mixing. Thus, no general rule for avoiding spurious coupling between the modes is to be
expected from our implementation of first-order perturbation theory.

4IThe sign is chosen such that dW describes the change in potential energy, if the force originates from a potential.
For nonconservative or external forces, the other sign should be chosen, in order to describe the change of
energy in the system. Fortunately, the global sign is of no relevance for the argument here, which is all about
zero or nonzero net work performed by a force.

42We have assumed this change to be so slow over one cycle that this additional time-dependence does not have to
be considered for the integration of dW. The reasoning is hand-waving at best anyhow.

43The report [82] does so for cylindrically-symmetric magnetic and electrostatic imperfections, hoping to identify
all the conditions for spurious resonances. It was only afterwards that I realized how the sentence should go on.
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3.4. First-order perturbative method

A FourlikeR expansion of the electrostatic potential predicts instabilities when the commensu-
rability condition

J+@s +joO- +jo, =0 ,where |ji |+ -l + izl <n (3.114)

is fulfilled [89]. The j; are integers—positive, negative or zero—and the parameter 7 is the same
as in the electrostatic potential &, from Equation (2.73). Instabilities [142, 195] in PENNING traps
have been observed on trapped ions [75] and electrons [115] as a rapid loss of particles. Even
if a spurious resonance condition is fulfilled, it is hard to judge from the equations whether
the particle will be lost altogether or whether there will be periodic beating between several
modes. In the anharmonic PENNING trap, a change of the amplitudes also results in a frequency-
shift, which means that the resonance condition may no longer be satisfied. However, with no
damping present, even near-resonant excitation is likely to have a major impact, too. From the
experimental point of view, we may take the stance: motional instability—hard to predict, but
you know it when you see it. For meaningful ion work with the trap living up to its name by
serving as a storage device, an operating point far away from the instabilities has to be chosen
anyway. Pathological cases would have to be dealt with separately.

Our quest for first-order frequency-shift will thus focus on naturally-resonant terms. With
naturally resonant we mean that no assumptions about the frequencies are necessary for the
term to have the frequency of an eigenmode. These are also the terms that have the right phase
to be written as proportional to a component of the zeroth-order solution.

3.4.4. Conflicting-sign would-be resonant terms in two dimensions

This section deals with an additional effect of the two-dimensional radial modes: terms that do
not quite fit into the pattern for a first-order frequency-shift, even though they oscillate naturally
at the frequency of an eigenmode. Such a term may fit into the first component and the second
component of the effective equations of motion (3.105) individually, but globally it may not be
described by the same parameter f.. or ¢.. Such a term is related to a break of the cylindrical
symmetry and does not give rise to a first-order frequency-shift. It is tempting to dismiss the
effect as of higher order, and thus small. However, certain imperfections produce a harmonic
frequency-shift, which will not disappear in the limit of vanishing motional amplitudes, of
course. A misalignment of the electrostatic potential with respect to the magnetic field is one
example [14, 15]. Since harmonic shifts are hard to determine experimentally, unless they
depend on an easily adjustable parameter, a theoretical model is particularly valuable. We will
discuss the less cumbersome example of an elliptic electrostatic potential in the following.**

Suppose the potential®®
Co Ve m w?
Py e = 6% (x*-v") = 6;7‘2 (x* = %) (3.115)

44The difficulty of treating misalignment for arbitrary angles is also evidenced by the need for a recursive solution
in order to obtain the perturbed frequencies from implicit relations [99]. For the problem we will discuss
perturbatively here, an exact algebraic solution exists [92].

#In case you are enamored with spherical coordinates and associated LEGENDRE polynomials Py, the spatial
dependence is x? — 4% = %rng (cos(0)) cos(2¢), see Chapter A in the appendix. Clearly, cylindrical symmetry is
violated here.
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3. Perturbation theory

is added to the electrostatic quadrupole potential (2.2) of the ideal trap. Most of the prefactors
carry over from there; the axial frequency w, is from Equation (2.17). As a new feature,
the strength of the additional term &, . is given by the dimensionless ellipticity parameter €
(“ellipticity”). The ellipticity is not associated with a particular ellipse.

For 0 < |e|] < 1 and a given z, the equipotential lines of the overall potential, &, + @, ,
are ellipses in the radial plane, rather than circles.*® For |e| > 1, the equipotential lines are
hyperbolas, which leads to a hyperbolic magnetron orbit and precludes*’ trapping [92].

Including the acceleration by the additional electric field

- — a)z X
Eye=-VP,c = 672 y | . (3.116)
0

the radial equations of motion (2.16) of the ideal PENNING trap become

(:) = W (_yx) + %ﬁ (z) + e%‘?‘ (_yx) (3.117)

for the ideal elliptical PENNING-trap. The axial mode is not affected because the electric field
E, . has a zero z-component.

We will attempt a perturbative solution for |¢| < 1 here. Working with the zeroth-order
solutions % and g from Equations (3.94) and (3.95), respectively, would lead to the conflicting
choice ¢, = —¢ for the first component and ¢, = ¢ for the second component in the effective
equations of motion (3.105). The additional term, which violates cylindrical symmetry, does
not give rise to a first-order force that is resonant with the original radial modes. For the first
nonvanishing term in the frequency-shift we will have to go to second order with the ansatz

x:(t) = ps (1 + ki i€+ kz,iez +.. .)cos[(a)i + a)z,iez + . )+ o] (3.118)
y+(t) = =Pz (1 —ky €+ kyrer+ .. .)sin[(wi ‘g€l + . )t + i) . (3.119)

The dots indicate that terms higher than second-order are not shown explicitly. The coeffi-
cients k; 1 and k. for the relative change of the amplitude and w,, + for the frequency-shift*?
need to be determined by satisfying the equations of motion (3.117) order by order. The ansatz
is not the most general one; it capitalizes on the general structure of the problem for some
simplifications:

1. The problem is still linear. Therefore, mixing between the two eigenmodes will not occur,
and they may be treated separately. However, we have made provisions—indicated by
the +-sign in the index of the coeflicients—for different changes to the amplitudes and
frequencies of the two radial modes.

46The equipotential lines of the additional potential & ¢ alone are hyperbolas. That is why we refrain from calling
it an elliptic potential, even though it carries the ellipticity parameter €.

473ee Reference [126]—never mind the misplaced factor of /2 in Equation (1)—for the motion in the limit of |e| > 1,
that is, in the potential ¢, ¢ without the quadrupole component @,.

48Since we are expanding the frequency rather than its square as in Equation (3.28), the frequency-shift parameter
is called Wy 4 rather than a)g’ .. accordingly.
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3.4. First-order perturbative method

2. For € > 0, there is an additional restoring force in the x-direction and an additional
repulsive force in the y-direction. When € changes sign, the roles of x and y reverse, but
the magnitude of the effect remains the same. Consequently, the frequency should not
depend on the sign of €, and a term w, € is absent from the expansion of the frequency
inside the trigonometric functions.

3. When the roles of x and y reverse upon flipping the sign of €, the amplitudes should
exchange their roles, too. That is why the coefficient k; ., which is multiplied with the
sign-sensitive €, comes with different signs in Equations (3.118) and (3.119), while the
coefficient ky ., which is multiplied with the sign-invariant €, comes with the same sign.

Having justified the ansatz from Equations (3.118) and (3.119), we plug it into the equations
of motion (3.117). Defining ¢ = +1 for the first component and ¢ = —1 for the second one, the
constraints from both components are shown in one equation:

— 0 (01 + Wy, 1€ +. ..)2(1 + ok s€+hye€8 +...)

= —0w, (wi + wg,iez +.. )(1 —oky e+ kz,iez +.. )
a)ﬁ 2
+07(1 +okis€+ky€+...)(1—0e) , (3.120)

where we have already removed the common factors of g, and the trigonometric functions.
The power series expansion of the frequency is present because of the time-derivatives in the
velocity and the acceleration. After expanding the square of the series as

2
(a)J_, + a)z,iez +.. ) ~ wi + Zwiwz,iez +... (3.121)

correct to second order, we are ready to look at the orders individually.

Zeroth-order essentially yields the characteristic equation (2.22) of the radial frequencies
in the ideal trap and is satisfied by design.** Regardless of o, the terms of first-order in the
ellipticity parameter € impose the condition

2 2
1) w
—kl,twi = kl,twcwi + kl’if — ?z (3122)
on the coefficient k; .. This condition simplifies to
2 2 2
W w w
72 = kl,i(of_, + W + ?Z) = kl,i(a)i — W + 72 +2wcwt) = 2k1, 100+ (3.123)
————

0

with the definition (2.22) of the radial frequencies. Via Equation (2.26) for the axial frequency
squared, the coefficient becomes

2
w; g

kl,J_r =

= (3.124)
do.w+ 20

“That is good news. If the zeroth-order problem were not easy to solve, there would be no point in choosing
this particular form of the perturbative expansion. Fortunately, we have not been challenged concerning
the choice—or even introduction—of a small perturbation parameter, which has always suggested itself quite
naturally.
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3. Perturbation theory

Expanding the exact solutions (59)-(63) of Reference [92], which are too bulky to reprint here,
about € = 0 yields the same first-order correction.”

The shape of the magnetron mode is affected more strongly than the shape of the modified
cyclotron-motion. Given that the former motion is similar to an E x B drift, whereas the latter
motion is dominated by the magnetic field, it comes as no surprise that the influence of the
electrostatic field is more pronounced in the magnetron mode. This tendency also impairs
motional averaging of imperfections by the magnetron motion [160]. As discussed in Section 2.2,
averaging imperfections along a circular path leads to effective cylindrical symmetry, which
justified the corresponding parametrization. Violating cylindrical symmetry for an imperfection
of the lowest order already, the slow magnetron mode is the gateway for the effects of other
imperfections.

As usual with PENNING traps, we are more interested in the frequency-shift than in the
actual shape of the trajectory, and we will have to go to second order to extract the relevant
coeflicient w, .. It is related to the other coefficients by

2 2
w W
-0 (zwiwz,i + wikZ,i) =-0 (@cwik&i t+ W2+ — 7Zk2,i + ?Zkl,t) . (3.125)

Like in first-order, there is only one condition, regardless of o, which sounds like bad news,
because the coeflicient k; . is unknown, too. Before questioning and overhauling the ansatz, a
recurrent theme in this thesis saves us: the second-order frequency-shift does not depend on the
second-order change to the trajectory. The statement also holds for first order, of course. In its
incarnation here, this fundamental principle has it that the prefactors of the coefficient k; . fulfill
the characteristic equation (2.22) of the radial frequencies. With k, .. gone,’! the condition (3.125)
for the second-order frequency-shift parameter w, . reads

2
®
W+ 205 — W) = 2wy, 5 (Wy — 0-) = TZkl,i . (3.126)
With the first-order coefficient k; . from Equation (3.124), the result becomes
2 ©- _ W+ O- W5 0y 02
" 2wy — 0 )Wy + )

0]
W2, +

- o 3.127
’ 2(wy — w-) 20 ( )

t 2 2
2 0 —w

while using Equations (2.25) and (2.26) along the way.
Finally, the second-order frequency-shift due to the additional potential (3.115) is given by
2

Wz 2
o (3.128)

H

w
Awy = a)g,iez =+

9 2
2 0w -w

S0With respect to the quadrupole potential (2.2) of the ideal PENNING trap, we have defined the additional poten-
tial (3.115) with the same sign as in Reference [92]. In References [12, 19, 50] for instance, @2  comes with a
global minus, probably to match the negative sign of x? + y? in the quadrupole potential ;. The results should
be identical after flipping the sign of €, but one has to pay attention to the convention.

>INot being able to determine the coefficient here does not imply k2 + = 0. Expanding the exact solutions (59)~(63)
of Reference [92] shows that such a term should be present. Of course, only the calculation of more terms would
show whether the perturbative expansion here converges to the exact solution, even as |e| — 1.
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3.4. First-order perturbative method

The magnitude of the modified cyclotron-frequency increases; the absolute value of the mag-
netron frequency decreases. Like for the trajectory, the magnetron mode is also affected more
strongly concerning its frequency, both in the relative and the absolute sense. The explanation
carries over.

The result (3.128) agrees with the perturbative treatment in Reference [72], which leaves the
actual method unspecified. In the limit of |w_| < |w,|, which Reference [19] also used when
calculating the shifts via the characteristic equation for the three frequencies in a PENNING
trap perturbed by misalignment and ellipticity, there is agreement, too. The exact expression
—Equations (25) and (26) of Reference [92] (with angular frequencies defined to be positive)—

rewritten here as>?

1 1
w:(€) = \/5 (02 + w?) £ 5\/(wf —0?) +4twi0. (3.129)

using Equations (2.25)—-(2.27), produces the same second-order®® term (in €) when expanded
about € = 0.

When determining the free-space cyclotron-frequency via the sideband-cyclotron iden-
tity (2.25) from a measurement of both radial frequencies, the calculated frequency is shifted
from the true value w. by

2
D0 0 S (3.130)
W, 2 2

Awe = Awy + Ao = —

The last step is valid for w; =~ w,, or equivalently |w_| < |w4|, which is the case in typical
experiments. In this limit, the result of Reference [50] is reproduced. In any case, the shift due
to an elliptic potential does not vanish in the sideband-cyclotron identity (2.25).

Through the invariance theorem (2.27), the second-order shift vanishes:

(04 + Awy ) — 02 + (- + Aw_)? — 0% ~ 20, A0y +20_ Ao +...=0+... . (3.131)

The dots indicate the absence of terms higher than second order. This cancellation is more
general and should occur in all orders because the invariance theorem holds>* for all values of €
for which trapping is possible [19, 92].

Given these general results, the use of perturbation theory in this context—other than for a
pedagogical benchmark—may be second-guessed, asking whether it is not second best. However,
the nonperturbative inclusion of ellipticity via the exact result [92] necessitates more complicated
zeroth-order solutions of the PENNING trap as the starting point for the perturbative treatment
of other imperfections. Therefore, we wanted to check whether ellipticity lends itself to a

>2These radial frequencies are also obtained by solving the characteristic equation (13) of Reference [46] in the
absence of damping. Comparing their radial equations of motion (4)—(5) with our Equation (3.117) shows that
our ellipticity parameter € fits their notation with the replacements 2w2 — ©2(1 — €) and Zwi - wi(1+e).

%3 As we argued when justifying our ansatz, the frequency does not depend on the sign of e. Concerning the
frequency, but not the trajectory, an expansion in €2, with €2 counting as the first order, is practicable.

>4For ellipticity alone, this is obvious from the exact expression (3.129) for the radial frequencies in an elliptical trap.
Summed in quadrature, the remaining square roots cancel because of their different signs—their argument being
the same. The unperturbed radial frequencies squared remain.
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3. Perturbation theory

perturbative treatment—for |e| < 1, of course. It does, and, more importantly, it does so in
conjunction with the imperfections which this thesis considers in detail. To zeroth order in the
amplitude, the ansatz of Equations (3.118) and (3.119) is still identical to Equations (3.94) and
(3.95), which were inspired by solution in the ideal PENNING trap.

With the new ansatz, cross-terms of € with the perturbation parameter of other imperfections
will arise, while the pure terms remain. These cross-terms are of higher order, and, for most of
the imperfections considered in this thesis, they will depend on the particle’s amplitudes. Like
for other anharmonic frequency-shifts, their effect—if not small enough already—is removed
by extrapolating the measured frequencies to zero motional amplitudes, while the harmonic
shift by the ellipticity remains. If the ellipticity were large, the trap would most likely exhibit
higher-order imperfections beyond cylindrical symmetry, which would require a dedicated
treatment® anyway [92, 123]. Therefore, we will proceed with the original ansatz, retaining
only the harmonic frequency-shift by ellipticity as its major consequence.

Of the two low-order imperfections ellipticity and misalignment of the electrostatic potential
with respect to the magnetic field, ellipticity is probably much harder to tune in an experi-
ment, and hence deserved a closer look. Whereas appliances for in-situ alignment are often
installed, traps typically do not feature dedicated electrodes for tuning ellipticity, even though
the parameter € may incidentally be adjusted via segmented electrodes [16]. However, their
original purpose—manipulating the ion’s motion or picking up its signal—is different, and a
reduction in |e¢| may entail anharmonic terms in exchange. From the experimental side, the
tuning of ellipticity is paid little attention to, other than striving to eliminate it by manufac-
turing traps with perfect cylindrical symmetry. Either one inevitably has to live with a certain
amount of ellipticity as in the case of the time-of-flight ion cyclotron-resonance method, or its
effect—and the effect of misalignment—cancels in the invariance theorem (2.27) when all three
eigenfrequencies are measured.

5The same point must be made about misalignment, insofar as the electrostatic potential and the magnetic field do
share the same principle axes.
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4. Calculating first-order frequency-shifts

In this chapter, the perturbative method outlined in Chapter 3 is used to calculate the first-order
frequency-shifts caused by cylindrically-symmetric imperfections (Section 4.1) and relativistic
effects (Section 4.2). This succession reflects the chronological order of the original calculation.
These two sections are largely based on the two papers [84] and [83], respectively, of which
I am the first author.! There is also my earlier report [82] on the frequency-shifts caused by
cylindrically-symmetric imperfections, which still uses a different notation. The notation has
been improved over the course of some revisions. Apart from renaming a parameter y in
the paper [84] to ¢ in Section 4.1 to avoid confusion with the relativistic LORENTZ factor in
Section 4.2 (see footnotes 31 and 37 in Chapter 3), the notation should be consistent with the
papers. At times, the description is more detailed here in an attempt to be more pedagogical.
Owing to the synergy of presenting the calculation in a single chapter rather than as two
separate papers, some of the basics from Section 4.1 will not be repeated in Section 4.2. A
comparison shows that, while the method is the same, the equations of motion are so different
that cylindrically-symmetric imperfections and relativistic effects are not processed in one fell
swoop. In other words, it is not possible to design a cylindrically-symmetric potential such that
the equations of motion look like the relativistic ones. This being said, it is impossible to reduce
the relativistic equations of motion to the classical ones by adding a cylindrically-symmetric
potential. We shall also see that the relativistic frequency-shifts cannot be entirely compensated
for with the shifts caused by cylindrically-symmetric imperfections. As even the structure of
the frequency-shifts is quite different, two separate sections (and papers) are justified.

In Section 4.3, the results are then used to calculate the shifts for a specific mode of operation,
predominantly used by THe-Trap and its precursor, the UW-PTMS. The content of this section
has not been published because of its limited scope. Moreover, the results are readily obtained
without a new concept from the more general expressions of the prior sections.

The calculation is classical rather than quantum-mechanical because I was more intimidated
by a quantum-mechanical calculation than by the authoritative statement concerning frequency-
shifts from the classic review paper [20] on PENNING traps:

“This is a purely classical result, but, as we have just seen, its derivation is easy using
quantum mechanics. Indeed, the frequency shifts could, of course, be computed in
an entirely classical fashion, but they are most easily derived from the classical limit
of the more familiar energy shift formula, which is the path that we are following”

Apart from being less general, a classical treatment is not conceptually inferior to a quantum-
mechanical one, as long as quantization remains unobservable. Since any quantum theory
should in general reproduce the classical limit, knowing this limit from a classical calculation

IThe corresponding preprints 1305.4861 and 1310.4463 are on arXiv.
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is essential for comparison. Moreover, an exact solution that goes beyond the ideal PENNING
trap is impossible in either case, and all methods rely on perturbative techniques in order to
incorporate the effects of cylindrically-symmetric imperfections and special relativity.

From a practical perspective, giving the classical limit even after a quantum-mechanical
calculation [12, 20] underlines its usefulness, as many experiments are described well classically.
In this case, amplitudes and frequencies are more appropriate than quantum numbers and
energy levels. Because of the particular interest in the electron’s magnetic moment [160], the
theoretical description started from a quantum-mechanical perspective, in order to include spin.
Additionally, the quantization of the electron’s energy becomes important because the emission
of synchrotron radiation cools the modified cyclotron-motion into its quantum-mechanical
ground state. The electron will stay in this state provided thermal excitation by black-body
photons is suppressed. To reach a sufficiently low ambient temperature, a dilution refrigerator
is required [118].

For particles heavier than electrons, radiative cooling is inefficient [20]. Thus, the ground-
state is only accessible with laser cooling [192], and merely reaching the quantum-mechanical
regime with this method is hard enough. Even if the ion itself has a suitable cooling transition,
its energy levels will most likely be subject to large ZEEMAN shifts in the magnetic field of
the PENNING trap. Furthermore, the metastability of the magnetron mode poses an additional
challenge [77]. Despite the ground-state predicted to be in reach [193], laser cooling has not
been universally applied in PENNING traps. Instead, most PENNING-trap experiments for mass
measurements or the determination of g-factors in heavy systems rely on more universal cooling
methods [78]. Online traps use buffer-gas cooling [137] for ions of low charge. The effective
resistance of the LC tank circuit for nondestructive detection via image currents acts like a
thermal bath, thereby cooling the motion in resonance resistively [32]. Additionally, sideband
coupling [29] mediated by a radio-frequency pulse is used to transfer energy from an uncooled
mode into a cooled one, from which the energy can be removed. However, all these methods
typically leave the particle in the classical domain, technical improvements such as electronic
feedback [65] notwithstanding. Moreover, detecting the particle and measuring its frequencies is
not always possible in the thermal limit. Moving closer to the quantum-mechanical domain with
the help of advanced cooling methods would tremendously reduce systematic limitations arising
from anharmonic effects [151]. Because the anharmonic frequency-shifts given in this chapter
depend at least quadratically on the motional amplitudes, any reduction of the amplitudes
is rewarded disproportionately in the frequency-shifts. At the current level of precision, the
anharmonic shifts would probably become irrelevant in the quantum-mechanical domain, which
fits nicely because the classical calculation does not account for quantization.

For resistively-cooled protons, quantum jumps in the modified cyclotron-motion have re-
cently been on the verge of observation as a shift to the axial frequency in a huge magnetic
inhomogeneity. These ill-controlled jumps driven by noise are a spurious side-effect of the
extreme magnetic inhomogeneity, in which actually the frequency-shift caused by a spin flip
is to be observed [36, 104]. These fluctuations need to be suppressed in order to achieve the
experiment’s goal [105].

Unless for these very special circumstances, quantum jumps in the frequencies related to
changes of the motional quantum numbers are not seen when the experiment otherwise looks
classical. In most cases of large quantum numbers, a classical treatment still yields a relevant
result.
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4.1. Shifts caused by cylindrically-symmetric imperfections

Since this chapter is entirely theoretical, we are free to make assumptions at our own will,
as long as the mathematical treatment is sound. Of course, we must stay in touch with the
experimental reality for the results to have any significance. It is for the reader to decide how
well the assumptions are satisfied in a particular experiment, but it is for us to spell out the
assumptions explicitly. As far as I can say, they are quite generic and no different from previous
treatments of first-order frequency-shifts.

For the calculation, we assume a pointlike particle devoid of internal degrees of freedom that
could couple to electric and magnetic fields. Clearly, this restriction excludes spin and dipole
moments. Since strictly speaking among stable charged particles only electrons are pointlike,
the requirement should be relaxed in order to encompass the usual ions found in PENNING
traps. For a particle to be considered pointlike here, the extent of the charge distribution
must be small compared with the typical scales on which the fields change in a PENNING trap,
thereby ensuring that the whole charge distribution experiences the same field strength. For
atomic ions and small molecules, these length-scales are vastly different, and it helps that the
main component of the magnetic field is homogeneous. Although the electric field in the ideal
PENNING trap is spatially-dependent, its maximum gradient is limited, because eventually the
radial modes become unstable. At first sight, it seems like the fields of the PENNING trap have
little dynamics to add to the charge distribution, because the harmonicity in the ideal case
ensures that the charges orbit with identical frequencies regardless of their relative position,
as long the interaction in the charge distribution can be neglected. However, the fields of the
PENNING trap may rearrange the charge distribution as the charges interact with each other.
That is why polarizability may play the role of an effective mass [156]. The effect is small
enough to be treated perturbatively.

We will describe the “pointlike” particle entirely by its charge q and its rest mass m. We
consider only motional degrees of freedom, which are translational, not rotational for a pointlike
particle. Despite the mass m, we may safely neglect gravity for a charged particle, even more
so since the PENNING trap consists of more than just stray fields. Additionally, the mass of a
trappable particle is limited by the stability condition (2.24). As we assume the particle oscillates
with constant amplitudes, damping or external excitations are ignored. The restriction to a
single particle rules out ion—ion interactions.

4.1. Shifts caused by cylindrically-symmetric imperfections

Given the prevalence of cylindrically-symmetric imperfections in PENNING traps, at least the
frequency-shifts caused by the lowest-order imperfections have been calculated multiple times,
as they are of particular experimental relevance. Since the axial mode is often used for detecting
the trapped particle, shifts to the axial frequency by electrostatic imperfections were considered
in the design of traps [47, 158]. The axial line-broadening caused by fluctuations of the motional
amplitudes in combination with anharmonic terms presented a major obstacle to the detection.
With this limitation removed by tunable electrostatic anharmonicity courtesy of correction
electrodes, shifts to the radial frequencies were not dealt with on a general basis. Many results
of these day appeared as abstracts in the Bulletins of the American Physical Society, which
are hard to procure nowadays. However, the limited space means that there was probably not
enough room for an extensive calculation.
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4. Calculating first-order frequency-shifts

At least, it seems safe to say that there was no general publication dedicated to frequency-
shifts until the review article [20] offered a first comprehensive list for all three eigenmodes in
the PENNING trap (and the LARMOR frequency for the precession of the spin). Concerning the
paucity of references given, there was not too much prior work to rely on, and the expressions
seem to come out of nowhere. The energy-shift caused by the lowest-order electrostatic and
magnetic imperfections, C4 and By, respectively, were calculated with a quantum-mechanical
formalism and expressed as a function of the particle’s quantum numbers. For the classical limit
of large quantum numbers, this energy-shift was translated into a frequency-shift, expressed as
a function of the particle’s energy. In this step, the approximation |w,| > |w_| was used.? The
resulting expressions in the form of matrices are used in many theses and articles, for instance
Reference [168].

Reference [44] derived the frequency-shifts from the quantum-mechanical energy-shift [20]
without making any assumptions about the frequencies. Again, the result was expressed as a
function of the particle’s energies. Evaluating formulas using energies instead of amplitudes
requires some extra care, because the magnetron energy (2.50) is negative. Working with
equations of motions, as will be done in this chapter, naturally yields frequency-shifts as a
function of amplitudes.®

Reference [12] used the quantum-mechanical techniques [20] to calculate the frequency-shifts
caused by the electrostatic imperfections C4 and Cq, and gave the result in the classical limit as
a function of amplitudes. Moreover, the effect of the magnetic imperfection B, on the sideband
cyclotron-frequency (2.25) was calculated.

Without showing any details, Reference [57] used classical techniques to calculate the shifts
caused by (the equivalent of) C, and B, to the frequencies of the radial modes and the side-
band cyclotron-frequency. As often, amplitude-dependent terms multiplied with the mag-
netron frequency w_ were neglected against a corresponding term multiplied with the reduced
cyclotron-frequency wy in the frequency-shifts, provided the latter term exists.

Reference [22] gives the shifts caused by Cy4, Cs, Cg as well as B, and By to the sideband
cyclotron-frequency without making any assumptions about the hierarchy of the radial fre-
quencies. The calculation is not shown.

In the aforementioned papers, the frequency-shifts are embedded in a larger context, and
the focus is more on their impact than on their origin. Thus, details of the calculation are not
mentioned, and the results are hard to verify without the intermediate steps. References [89, 90]
outline the application of Hamiltonian perturbation theory, based on classical canonical action
and angle variables, to PENNING traps. Among other results, the shift caused by (the equivalent
of) C4 and Cg is given for all three eigenfrequencies. The former is expressed in terms of
amplitudes; the latter still uses canonical action variables, a result acknowledged to have “rather

2This is not to imply that the shift Aw_ to the magnetron frequency is neglected against the shift Aw, to the
reduced cyclotron-frequency, but it relates to approximations in the shifts themselves, where w_ is neglected
against w4, provided the corresponding term exists.

3We shall see that the frequency-shifts depend on even powers of the amplitudes. Consequently, a sign is not an
issue, unless the amplitudes are mistakenly considered complex quantities. As a reminder, the particle’s initial
phases are encoded as ¢; inside the trigonometric functions, and the frequency-shifts do not depend on this
component of the initial conditions. If they did, chaos is likely to ensue, and the usefulness of a PENNING trap for
precision measurements (characterized by repeatability and reproducibility) would be severely compromised. Of
course, corrections to obtain accurate measurements would be equally hard to apply.
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4.1. Shifts caused by cylindrically-symmetric imperfections

abstract appearance” [89]. The result for the frequency-shift caused by the very particular
inhomogeneous magnetic field is hard to generalize. Rather than treating higher orders in the
magnetic field independently, its total distortion is assumed to originate from the permeability
of the electrodes placed in an otherwise homogeneous magnetic field. Although this model
may describe the overall inhomogeneity sufficiently well in the absence of other magnetic
material nearby, provided the magnetic field originally has no higher-order terms itself, the
resulting magnetic field is calculated analytically only for one special set of electrodes. The
spatial dependence of the magnetic distortions caused by other trap geometries may be very
different, and the same holds true for the resulting frequency-shift. Moreover, apart from a
change of the uniform contribution, only a B;-like term in the particular magnetic field (or
magnetic vector potential, to be more precise) is finally considered, and B; is determined by the
choice of the geometry and the magnetic permeability of the electrodes. Of course, this quantity
in the prefactor may be adjusted to match any given By, but higher-order terms beyond B; have
yet to be included. For maximum flexibility and an increased scope, the frequency-shift should
be calculated for a more general parametrization of the magnetic field.

Imperfections of the magnetic field have also been considered in FOURIER-transform ion
cyclotron-resonance (FT-ICR) mass-spectrometry [96, 102, 138]. Employing the Hamiltonian
formalism [89, 90], Reference [102] calculated the frequency-shift caused by (the equivalent of)
B, and B, to all the eigenfrequencies. The final result contains the approximation w; — w_ ~ .
When calculated in the context of FT-ICR, frequency-shifts caused by imperfections of the
electric field [69, 101] may involve more than cylindrically-symmetric imperfections, because
this symmetry is not present in cubic trapping cells. In some cases, the theoretical framework
in the FT-ICR community is different from the one for PENNING traps with single particles. For
instance, the early papers [69, 138] use a SCHRODINGER wave-packet approach, and clouds of
ions are considered.

Because individual expressions for frequency-shifts are scattered throughout various pub-
lications without any general result or one comprehensive reference, it is not surprising for
Reference [155] to state:

“Because the two-ion technique requires exploring a larger fraction of the trap,
we need to know the frequency shifts associated with higher order terms in the
expansions of the fields. In previous theses, only expressions for frequency shifts
up to B, and C, were presented. These shifts also do not exist in the literature”

In the light of References [12, 89, 102], the last sentence must be argued with. At least, the
results for higher-order terms in the literature do not seem to be highly visible. Following the
shortage of such expressions, References [128, 155] calculate the frequency-shifts caused by the
electrostatic imperfections Cy, C¢ and Cg, as well as the magnetic imperfections B, and By, the
latter using the approximation |w,| > |w-|. In many experiments including theirs, these are
even more than the most relevant terms, and that is why the calculation stopped there. Using
two slightly different approaches, their results agree, thereby adding credibility.

If the results are to be trusted, why are they to be reproduced with a similar method? Maybe,
the approximation |w, | > |w-| could be dropped as it is not justified for all trappable ion. There
seems to be no immediate interest though.
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What could possibly be gained from calculating the frequency-shifts caused by imperfections
of higher order still? It is probably not out of pure curiosity without any motivation from the
experimental side that Cyy and B would be looked at, because as things stand, the specific
calculation would yield an even longer expression than for Cs and By. With the actual prefactors
of the amplitude-dependent terms looking more or less random, the calculation looms as
a dull exercise in number crunching. It was not with any specific cylindrically-symmetric
imperfection in mind that I looked at the problem of calculating the associated frequency-shifts
again. Reproducing a known result step by step may be learning experience, but whom do you
trust in case of a discrepancy? It does not help that most of the results follow from an undisclosed
calculation. Why have the shifts caused by the lowest-order cylindrically imperfections been
calculated multiple times when these imperfections are essentially the same because their spatial
dependence is constrained by nature? Of course, a consistent parametrization of imperfections is
desirable for easier comparisons, but one reliable result should do. The problem of discrepancies
in the literature is more frequent than expressed by the statement from Reference [128]:

“The expressions for the effect of Cy, Cg, and B, have been given in previous ICR
theses ...but they are not always consistent with each other. The fact is that in the
past nobody in this lab ever worried about the effect of any term beyond C4 and
B, quantitatively and there has never been a need for getting the right expression
within a factor of two (and the correct sign)””

In terms of replications by means of citations (not necessarily experimental consequences),
the most prominent case afflicts the shift caused by (the equivalent of) B, to the sideband
cyclotron-frequency. In Reference [12], which is cited in most publications on the time-of-flight
ion cyclotron-resonance method, a global factor of 1/2 is missing compared to other sources.*
Moreover, there is a sign error in the shift caused by C, to the sideband cyclotron-frequency,
which may me recognized more easily because of the individual results for the shift Aw, to
both radial frequencies alone.’

I do not intend to bash the seminal paper [12] or start a crusade lobbying for or against any
particular result; I merely find it surprising that the discrepancies have not caught anybody’s
attention despite the multitude of papers on the subject. Instead, doubtful results keep being
reprinted [136] or even strangely reshuffled® [18] as if for a lack of alternatives. This might
suggest that the exact result is either irrelevant or far from trivial. I believe that the problem
runs deeper than the usual propensity to cite what others have cited.

Unless the calculation is made explicit, its result is hard to verify. Even though everyone
should be given the chance to understand the frequency-shifts when they are important, the
results are not open to the public, partly because the calculation is never shown in a hands-on

4As most other sources use the approximation |w4| > |w-|, their result may not look as exact.

SThe shift Aw, caused by the Cs to the axial frequency has a functional dependence on the radial modes that is very
different from other results, with a partial cancellation for equal radial amplitudes and without a cross-term p2 p2.
However, Reference [12] is hardly quoted for this particular result.

%The frequency-shift [12] caused by the magnetic imperfection By to the sideband cyclotron-frequency «. depends
more strongly on the amplitude squared of the magnetron motion than on the amplitude squared of the modified
cyclotron-motion by a factor of w;/w—_. In Reference [18], the situation is approximately opposite, and the
dependence has the same sign.
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manner, and partly because of the sophisticated mathematical methods involved. Particularly in
the latter case, the final expressions look like a time-honored result, inherited from the ancestors
and passed on for generations. Of course, there is no need to verify what has been proven
correct. Truth does not age, but in science it comes with an explanation. Scientific results should
not be a matter of trust or faith, the controversies being reserved for their interpretation.

The perturbative approach [128, 155] based on classical equations of motion is understood
intuitively on physical grounds, but even then there seems to be something so cumbersome about
the calculation that the results look arcane. Talking about the n as in C,, and B,,, Reference [128]
states:

“The algebra becomes quickly overwhelming for n > 6 and so Mathematica was
used to generate all the expressions below.”

Because of this perception, the calculation had not realized its full potential, stopping at Cs and
B,. Sections 4.1.2 and 4.1.3 show how to calculate the first-order frequency-shifts associated with
C, and B, consistently. In this way, generating expressions are created from which the explicit
expressions for a specific 5 follow. Rather than calculating and showing the frequency-shifts
for different # individually, the generating expressions shown in the following sections have all
n covered. For explicit expression regarding the lowest-order imperfections, see Chapter E in
the appendix.

Such general expressions for the frequency-shifts caused by cylindrically-symmetric imper-
fections require a general parametrization of these very imperfections in cylindrical coordinates.
The typical parametrization with LEGENDRE polynomials and spherical coordinates in the lit-
erature, not just for PENNING or PAUL traps, but also for atom traps [6], has at least reduced
the appeal of a general treatment. It may have looked like there is no general expression for
the coeflicients (2.71) and (2.81) that describe the imperfections as a polynomial in cylindrical
coordinates. As the exact value of these coefficients does not have to be known beforehand
to identify the resonant terms that drive the frequency-shifts, a general treatment would still
be useful, even though evaluating the generating expressions would then involve inserting
specific values of the coeflicients from a different source. Here, Section 2.2 with its general
expressions for the coefficients a,(k) and d,(k) comes to the rescue, and its importance should
not be overlooked.

As a little known fact even in the PENNING-trap community, a general treatment has been
attempted before without resulting in a peer-reviewed publication so far. Reference [99] uses a
Hamiltonian formalism to calculate the first-order frequency-shifts caused by all cylindrically-
symmetric imperfections of the electric and magnetic field. These equally general results would
make for a great comparison with the expressions presented in the following section. In fact,
the first version of this calculation had been finished when I discovered the result [99], while
looking for a benchmark beyond Cs and By4. Unfortunately, the general expressions for the
frequency-shifts caused by magnetic imperfections do not depend on the perturbation parameter,
the equivalent of B, in our case. However, the explicit expressions shown have a different
prefactor which depends on the perturbation parameter. What might therefore look like a minor
misprint of the prefactor in the general expression, is in fact much harder to mend.

The general expressions for the frequency-shifts [99] have not been reprinted in the literature,
and they have not been commented on. A recent review article [107] on the most precise mass
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measurements in PENNING traps still cites Reference [128] as the source for the expressions
for frequency-shifts up to Cs and B4. Of course, the absence of evidence for a different general
treatment is not the same as evidence for its absence.” However, there is no point in having a
general treatment that goes unnoticed, and a possible cross-check with other general expressions
would not take away from this section, which does not have to be the first of its kind to be
useful.

4.1.1. Powers of radial displacement squared

Before getting to the actual calculation of the first-order frequency-shifts caused by static electric
and magnetic imperfections in Sections 4.1.2 and 4.1.3, respectively, it is helpful to derive two
identities for particular frequency-components contained in powers of the radial displacement
squared. For cylindrically-symmetric imperfections, powers of the radial ion displacement play
a crucial role, as they are ubiquitous in the electrostatic potential (2.73), as well as in the axial
magnetic field (2.78) and the radial magnetic field (2.80). The identities derived here are not
necessary to spot the pattern behind the terms that cause a first-order frequency-shift, but they
make the final result much more compact and easy to evaluate. That is why the calculation is
shown in this section in detail.

Summing the ansatz from Equations (3.94) and (3.95) for the zeroth-order trajectory in the
radial place in quadrature yields

F =i+ pE 4+ 2ppocos(ip)  with o= fe— Ao (4.1)

The result is virtually the same as Equation (2.41) for the ideal PENNING trap, apart from not
having the difference frequency

Oy = By — - (4.2)

fixed as in Equation (2.42). The tilde on top of the frequency indicates a possible deviation from
the radial frequencies (2.23) in the ideal trap.

During the calculation, it will become clear that only even powers of radial displacement
need to be dealt with. In other words, the calculation comes down to analyzing frequency-
components of powers of the radial displacement squared. This is quite fortunate since the
square root in radial displacement p alone would greatly complicate a frequency analysis.

The radial displacement squared p? comes with a constant component and an oscillatory
component at the frequency @y. Therefore, the frequency-spectrum of 5" possesses components
at 0&y, 1&yp, 20, 30p, - - . , N@p, With a constant component, the fundamental frequency @y, and
its even and odd harmonics. The individual contributions are analyzed best after converting
powers of cosine into a sum of cosines.

I am indebted to Robin GOLSER for using this pun in one of his talks. It could also come from Nassim Nicholas
TALEB’s book “The Black Swan: The Impact of the Highly Improbable.”

98



4.1. Shifts caused by cylindrically-symmetric imperfections

Taking Equation (4.1) to the power of n results in

pH = [p2 + P2+ 2p4p-cos()]" (4.32)
= [2pep-cos(n)] (92 + p*)"” (4.3b)
j=0
n n—j n fl-j ) ) )
= ()( L );31“";33("‘“‘1 [2 cos(i)) (4.3¢)
j=0 k=0 J

after applying binomial expansion twice. The truly resonant terms, which drive the first-order
frequency-shifts, are generated by two specific frequency-components of 52": the constant (or
time-independent) contribution and the oscillatory component at the difference frequency @y,
of the two radial modes. Both components are calculated starting from Equation (4.3c).

Constant contribution

Because Equations (3.2) and (3.5) show that only even powers of cosine come with a constant
term, the summation variable in Equation (4.3c) is transformed according to j — 2j. The
constant contribution by powers of cosine is given by Equation (3.6), which yields

S 2\ (0 (1= 20\ k0 on b
<,0 >0_ZZ(J)(2])( k )p+ P . (4.4)

j=0 k=0

The upper limit is given by the floor function as defined in Equation (2.60). Equation (4.4)
describes a polynomial of the radial amplitudes p.. In order to find the coefficient of a term
like ﬁip ﬁi(n_p ), the summation variables should be transformed such that there is one sum over
constant p = j + k. This sum over p would then create all the terms of the polynomial, whereas
the other sum would determine the coefficients. Figure 4.1 illustrates a suitable transformation

given by
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in formal terms. Here, f,(j, k) is a generic function of the two summation variables j and k,
whose transformation to p and q is indicated in the argument on the right-hand side. The
transformation of the limits is equally important. Even though j = ¢, it is not straightforward
since the order of the summation is changed with j aka ¢ moving from the outer to the inner
sum. Applying the full transformation (4.5) to Equation (4.4) results in

n 5-|3-p| 2g\(n\ (1 - 24\ 2 2mp)
~2n _ AP az(n—p
(» >°_Z (q)(Zq)(p—q)p+p‘ ‘ (*6)

p=0 q=0
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Figure 4.1.: Transformation of the summation variables and limits according to Equation (4.5)
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for n = 7. The green squares are combinations of (j, k) and (p, q) that are part of
the summation; the red triangles are not, because they lie outside the range of the
summation. Since all summation variables are non-negative, only the first quadrant
of the coordinate system is shown. The thick brown line in jk-parameter space
indicates the upper summation limit ky,.x = n—2j. The thin blue lines connect points
of constant j + k = p. Because these lines do not intersect and are not perpendicular
to the j-axis, a point on this line is uniquely identified by j and p. Following the
deliberate choice p = j + k, the other transformation of summation variables is now
fixed, as j retains its meaning and its limits. To minimize confusion, j is renamed g in
what is then to become the pg-parameter space. The constraints 0 < k < n — 2j for
k read j < p and j < n — p after making the substitution k = p — j. After switching
from j to g, the constraints are combined to give the upper limit ¢ < n/2 — |n/2 - p|
indicated by the thick orange line here. The dotted orange lines are continuations
of ¢ = p and g = n — p outside the range of the summation.
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Transforming the triple product of binomials as

(Zq)( n )(n - Zq) _ (29 n! (n—2q)! (472)
q/\2q)]\p-q] (g 29)!(n-29)! (p - @)!(n ~p ~ q)! '
n! p! (n—p)! (4.7b)

T pln-p)lqp-9lqn—p-q)!

i)

removes the summation variable g from one binomial coefficient,® reducing the sums to

LIRS il
COEDY C) >, (Z) (n ;p)ﬁip pre (4.8)
p=0 q=0

As intended by the original substitution p = j + k, the sum over p creates the polynomial, and
the sum over q determines the coefficient of the term ﬁip ﬁi(n_p ) Even more pleasantly, the sum

over q is executed by hand’® with the help of VANDERMONDE’s identity [178]

(- =
=0 \1/\r—4 r
where the variables r, n; and n; are integers in this context.

Without giving a rigorous proof here, VANDERMONDE’s identity is also understood from a
combinatorics perspective. The first binomial coefficient on the left-hand side describes the
number of possibilities to select g elements out of a total of n; elements, when the order of the
selection does not matter. Likewise, the second binomial coeflicient on the left-hand side gives
the number of possibilities to pick r — g elements out of n;. Summing over the possibilities to
select g elements with 0 < g < r out of n; and the remaining r — g elements withr > r—qg >0
out of n; is equivalent to choosing r elements from a total pool of n; + n.

Before applying VANDERMONDE's identity (4.9) to the sum over g, the two cases

n

. (4.10)

n_ ‘_ p forp <
2 - n—p forp>

NS S

8Because of the switch from binomial coefficients to the explicit expression (3.3) and back, some attention has
to be paid to whether the range of the explicit definition is preserved. For the first triple product of binomial
coefficients, these conditions are n > 2q > 0, p > g and n — 2q > p — q or, equivalently, n > p + q. If these
conditions are not fulfilled, the first triple product is given by zero rather than the explicit expression (4.7a).
For the second triple product (4.7c), the conditions for using the explicit expression (4.7b)are 0 < g < p < n
and n > p + q. When combined, these two conditions also resultin n > p + g > q + q¢ > 2q. Consequently, the
identity (4.7¢) holds for binomial coefficients, not just for the explicit expression with factorials. In retrospect, the
constraints also justify expanding with (n — p)!, which we have defined in Equation (2.69) only for non-negative
integer arguments.

%I am indebted to Martin HOCKER for simplifying this sum with Mathematica first. It was after seeing the sum
being executed with a computer algebra system that I started searching for a suitable identity to justify the
Mathematica result.
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in the upper limit have to be distinguished. The first case yields

A U G N S RAR

with 7 = p, ny = n —p, n; = p and the identity (3.4) for binomial coefficients. In the second case,
identifying r = n —p, n; = p and n, = n — p gives

S00-E000 )00 e

The result does not depend on the two case (4.10) for the upper limit of the sum. With the sum
over q executed by means of Equations (4.11) and (4.12), Equation (4.8) becomes

] e [ S ] P

p=0

In the last steps, we have transformed the summation variable as p — n — p, and we have used
the identity (3.4) for binomial coefficients, in order to show that the final result is symmetric
with respect to the amplitudes p.. This symmetry is expected because the radial displacement
squared p? in Equation (4.1) is itself symmetric with respect to p.. Preserving the symmetry
merely serves as a small check of the result.

The symmetry with respect to the amplitudes p. allows to write the constant contribution
from powers of the radial displacement squared as

=, [(p)] P (4.14)
p=0

We shall see that this result is particularly useful for expressing frequency-shifts to both radial
frequencies in a single formula.

Oscillatory component

As for the constant contribution, the starting point is Equation (4.3c). This time, Equations (3.2)
and (3.5) show that a component at the fundamental frequency @y, is present only for odd
powers of cosine. Therefore, the summation variable is transformed according to j — 2j + 1.
The contribution at the fundamental frequency is given by Equation (3.7). The oscillatory term
at the fundamental frequency becomes

| %2 | n-2j-1
<ﬁ2n>wb — en(l, k) ~2(j+k) 2(n—] k) (4‘15)
j=0 k=0
with the coeflicient
n—2j—1\(2j+1
LGk . 4.16
w60, )T @19
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4.1. Shifts caused by cylindrically-symmetric imperfections

As for the constant contribution, Equation (4.15) describes a polynomial of the amplitudes p..
The prefactor g, /p- has been factored out in order to make the terms inside the sums look
like pzp 52n=P) , with a similar transformation of summation variables as for the constant contri-
bution yielding their coefficients. However, the transformation (4.5) cannot be applied directly
at this point, because the upper limits are different here. They will have to be shifted up in order
to match the original transformation used for the constant component. For the sum over k,
there is no problem to go from n — 2j — 1 to n — 2j since the second binomial coefficient in
Equation (4.16) vanishes for k > n—2j—1 anyway. For the moving the upper limit of sum over j
from [(n — 1)/2] to [n/2], two cases have to be considered. If n is odd, then |(n — 1)/2] = |n/2],
and there is no problem. If n is even, then the first binomial coefficient in Equation (4.16)
vanishes for jm.x = [n/2] = n/2 because 2jyax + 1 = n + 1 > n. Consequently, the upper limits
in Equation (4.15) may rightfully be extended to be compatible with those mandated by the
transformation (4.5), which results in

R L5 ]n-2j
(5", = 225 cos() D 3 eali k) 020 (4.172)
pP- j=0 k=0
p 0, #-lg el 2p ~2(n—p)
= 2= cos(jpp) cn(gp—q) prp=" " (4.17b)
P- p=0 q=0

In terms of the new summation variables, the coefficient (4.16) becomes®

_ n n—2qg-1\({2g+1
enl(q.p—q) = (2q+1)( ba )( . ) 4152
- n (n—2¢-1)!  (2q+1)
T+ D(n-2g-D!'(p—q)!(n-p—qg—-1)!q!(g+1)! (4.18b)
n! p! (n—p)! wise)

T Pn-p)gip— 9! (1—p—g—Dilg+ D!

GGG w0

Like for the constant contribution, the summation variable ¢ has been removed from one of the
three binomial coefficients, and the remaining sum over g in

3- |% 24
N =P\ s2p s2(n—p)
4.19
NHIDYRAI LS @19

190nce again, we check the conditions for using the explicit expressions (4.18b) with factorial for the triple product
of binomial coefficients (4.18a). These conditions are n > 2q+1,p > q > 0,and n—2g—1 > p —q or, equivalently,
n > p+q+ 1. Otherwise, the first triple product is defined to give zero. For the second triple product of binomial
coefficients (4.18d), the use of the explicit expression (4.18c) requiresn > p > q > 0 andn—p > q + 1. These
conditions can be combinedasn > p+qg+12p+12pandn>2p+q+12=qg+q+12=2q+1inorder to show
that they are equivalent to those imposed by the first triple product. Hence, the overall identity (4.18d) is valid
for the whole range of input values covered by the definition of the binomial coefficient (3.3). Expanding with
(n — p)! was fine because n > p.

<152n>(;,b =
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4. Calculating first-order frequency-shifts

determines the coefficients of the terms p . p_ "P) in the polynomial. VANDERMONDE’s iden-

tity (4.9) is still the key to execute the sum over g, with the two cases (4.10) for the upper limit
as before.
For the first case, we find

;(z)(qu) (p )(q+1) (P+1—(q+l))( ) (4.200)

p+1 p+1
“2lpi-all'z ) Zlot-gl(y) e
+1- +1- q’
=(p+"_p)=(p" ) . (4.20¢)
p+1 +1

We have used the identity (3.4) for binomial coefficients in the first step. After transforming the
summation variable as g + 1 — ¢/, the lower limit was shifted from 1 to 0, in order to match
Equation (4.9) with r = p + 1. This shift is fine because the first binomial coefficient vanishes
forq’ = 0.

For the second case, the final result is identical:

206D ERED-E 00 e

q=0
n—-p-1 n—-p-1 +1

Apart from using the identity (3.4) twice, we have shifted the upper limit of the sum to take the
form on VANDERMONDE’s identity (4.9) with r = n — p — 1. No contribution is forgotten by this
step because the second binomial coefficient vanishes for g = n — p. With Equations (4.20c) and
(4.21b) for the sum over g, Equation (4.19) becomes

n n 2P A2(n—p)
. 4.22
)(P N 1) Py p- (4.22)

Sending the summation variable p — n — 1 — p in the amplitude-dependent part

n-1 n-1
n £2p+1 £2(n-p)-1 ( n )( n ) £2(n—p)—1 2p+1
p- o p- (4.23a)
N "2 li1-pllams

p p=

n—1
_ (P n ) (Z) 1 )1 (4.23b)
—\p+1

shows that the result is indeed symmetric with respect to the amplitudes p.. Again, the
symmetry serves as a check because it is expected from the same symmetry of the radial
displacement squared (4.1). We have also used the identity (3.4) for binomial coefficients. The
upper limit of the sum over p in Equation (4.22) could be lowered from n to n — 1 because the

~2 _ 2ﬁ+
<p n>¢bb - /3_

]
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4.1. Shifts caused by cylindrically-symmetric imperfections

second binomial coefficient vanishes for p = n. However, we will find it comfortable to have the
same limits as for the constant contribution (4.14), and we will therefore include a vanishing
contribution here.

Taking into account the symmetry with respect to the amplitudes p., the oscillatory term at
the fundamental frequency @y, is written as

. 20+ o (n\[ 1\ 2p 2nep)
2n _ 7Y P
(F") e, = o cos(m;:o (P)(Pﬂ)pi ps : (4.24)

We have factored out j../p= because this term will cancel nicely when calculating the first-order
frequency-shifts. The remaining amplitude-dependent parts in the sum have the same structure
as for the constant contribution (4.14).

4.1.2. Electrostatic imperfections

The permissible spatial dependence of cylindrically-symmetric electrostatic imperfections was
discussed in Section 2.2. As the perturbative formalism here uses classical equations of motion
instead of operators, the electric field rather than the potential is required. For a given poten-
tial @, from Equation (2.73), the corresponding electric field is calculated by taking the negative
gradient as

- 0Py(pz) . 0Py(p,2) |
Ey(p,z) = - P p € (4.25)
=EP(p,2)8 + EL(p.2) &, (4.26)
with the axial component
* Vi ln/2]
EY = oo Z ay (k) (n — 2k) 2772k p2k (4.27)
k=0
and the radial component
) Vi Ln/2]
EY = oy Z ay(k) k2772 pk1 (4.28)
k=1

As the radial electric field has no contribution for k = 0, we have raised the lower limit of the
sum from 0 to 1 straight away.

Clearly, the axial electric field comes with even powers of radial displacement p only. For
the radial axial field, the odd exponent associated with p is misleading. Since the equations of
motion use Cartesian coordinates, the radial unit vector is expressed as

g, = ! (z) (4.29)
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4. Calculating first-order frequency-shifts

partly in these coordinates, and the two radial electric field components become

(x) (p) Ln/2]
E Ery (x) Vo _ 9 [X
o= 2 7)) = -c, 2 E ay (k) k z17%k p2k=2 : (4.30)

At this point, it is obvious that there are only even powers of radial displacement, and the
identities from Section 4.1.1 for powers of radial displacement squared apply.

With the additional electric field, the equations of motion (2.16) from the ideal PENNING trap
pick up an additional term, and they read

x y x EX

VoC /
ij|=w|—x +% + 1 EY (4.31)
i 0 M\ o) T £

The additional term does not contain velocities; it is only a function of coordinates. Since
the velocity-dependent term will not be affected, we have already written its prefactor as the
free-space cyclotron-frequency . from Equation (2.18).

We will now search for resonant terms that change the axial and the radial frequencies sepa-
rately, because the first-order frequency-shifts result entirely from the zeroth-order trajectories.
Conceptually, the frequency-shift to the one-dimensional axial mode is the easiest to calculate,
and it provides a good starting point before turning to the more intricate shifts to the radial
modes.

Shifts to the axial mode

After plugging the additional axial electric field (4.27) into Equation (4.31), the axial equation of
motion reads

2 Ln/2]

. C a) - -—
Pt izt C_ZW D ayk) (g - 2k) 2k =0 (4.32)
k=0

The unperturbed axial frequency w, in the ideal PENNING trap is given by Equation (2.17). To
determine the first-order frequency-shifts, we will now plug in the zeroth-order trajectories z
from Equation (3.96) and ? from Equation (4.1) into the axial equation of motion (4.32), while
searching for terms that are proportional to the original ansatz z. These terms will be absorbed in
the effective equation of motion (3.85) and translated into a first-order frequency-shift according
to Equation (3.86). Clearly, we expect naturally-resonant terms at the axial frequency to result
from the axial motion at that very frequency. Powers of the radial displacement squared possess
the constant component (4.14), which means that a potentially resonant term resulting from
z172k=1 js preserved when multiplied with this constant contribution from 5%¢. Additionally, 5%
contains oscillatory terms at the frequencies 1oy, 2ép, 3@, - - - , kdp. However, this difference
frequency @y, = @4+ — - from Equation (4.2) is generally not an integer of the axial frequency @,.
Therefore, mixing this frequency and its higher harmonics with the axial frequency and its
higher harmonics will not result in resonant terms at the axial frequency unless for a very
specific choice of the three eigenfrequencies in the trap. Such a fine-tuning will be excluded

106



4.1. Shifts caused by cylindrically-symmetric imperfections

here, and we stick with the naturally-resonant terms, which arise, well naturally, with any
specific assumptions about the three eigenfrequencies.
In our notation, the naturally-resonant terms are expressed as

<Zr] 2k 1102k>(:)z — <z'7 2k 1>(:)z <p2k>0 ) (4.33)
For the sake of space and clarity, the time-dependence of the zeroth-order solutions is not
shown, but the oscillatory terms remain crucial for the analysis of the frequency-components.
Equations (3.2) and (3.5) show that only odd powers of Z come with an oscillatory term at
the fundamental axial frequency @,. Therefore,  must be even, which is incorporated by
writing 1 = 2n, where n = 2, 3,4, .. .. The additional resonant terms, caused by the anharmonic
electrostatic potential, then take the form

—_

n—

~ CZn 1
€22 = C_den—Z

azn(k) (n = k) (Z27271) (5), (4:34)

0

A
I

in the effective equation of motion (3.85). The upper limit of the sum has been lowered to n — 1,
because the factor n — k vanishes at the previous upper limit k = n. The terms in angle brackets
are evaluated with Equations (3.7) and (4.14); the coefficient a,(k) is defined in Equation (2.71).
The parameter ¢, that describes the strength of the additional resonant terms then becomes

G (en) O (-DF(n-k) & T\ TP £2p ~2(k=p) 52(n—k-1)
== C, 22n-1gan-2 Z [k!(n — k)!]? Z P P 2 . (4.35)
k=0 p=0

It is related to the first-order frequency-shift

o 2= C, 2 (4.36)

Aw, e % (2n)! "Z—i Zk: (_1)k (n-k) ﬁipﬁi(k—P)22(n—k—l)
S ln=R)pt(k - p)t] den

via Equation (3.86). Because the limits of the sum over p are such that no cases in the defini-
tion (3.3) of the binomial coefficient have to be distinguished, we have switched to the explicit
expression with factorials. Even though there is only a single frequency-shift to be expressed
here, we show the two alternatives offered by Equation (4.14) for the choice of the amplitudes p.,
in order to underline that the frequency-shift is symmetric with respect to the amplitudes of
radial modes. Moreover, the two alternatives will show their benefit later in Section 4.3.1, when
calculating frequency-shifts in axial lock. Even with a particular choice of either alternative
here, the symmetry with respect to the amplitudes of radial modes is confirmed by sending
p — k — p in Equation (4.36). It means that the first-order axial frequency-shift caused by
electrostatic imperfections does not change when the amplitudes of the two radial modes are
swapped. Essentially, this is due to the coupling being mediated nonresonantly through powers
of the average radial displacement squared. This degeneracy of the axial frequency-shift with
respect to the radial modes is lifted as soon as velocities play a role.

If the amplitudes of both radial modes vanish p, = p_ = 0, the only contributions to the shift
come from p = 0 and k = 0. As a small cross-check, the result (3.90) for the one-dimensional
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4. Calculating first-order frequency-shifts

case is reproduced. As a more comprehensive benchmark, the frequency-shift (4.36) agrees with
Equation (3.57) from Reference [99] assuming ¢, = 1 in their notation.!!

The linear gradient C; Even though the resonant terms that drive the first-order frequency-
shift of the axial mode have been identified and treated completely, one particular nonresonant
term deserves a special mention. The contribution by Cj is a constant one, whereas the effect
of all other odd terms on the fundamental mode essentially averages to zero in first order. As
in the one-dimensional case of Section 3.2, C; alone is not a source of anharmonicity, and it
could be dealt with exactly, if there were no higher-order terms, even when the radial modes
are included. As the corresponding potential ¢; « z without any dependence on the radial
coordinate p, the radial modes are not affected directly. Since ®; does not change the curvature
of the potential along the axial direction, the axial frequency is no affected either. In the
otherwise ideal PENNING trap, only the center of the oscillations will be shifted, which does not
matter in a uniform magnetic field. In reality, the particle will experience a different magnetic
field strength, which will change the radial frequencies (2.23) via the change of the free-space
cyclotron-frequency (2.18), even before considering anharmonic terms. Therefore, the effect of
C; must be examined more carefully than the impact of other odd terms. However, C; typically
does not come separately from other odd terms, because PENNING traps do not resemble plate
capacitors (for which the C; alone would describe the electric potential entirely). From first
principles such as the geometry of the trap, it is hard to argue that C; must be much larger
than other odd coefficients, whereas the dominance of C, over other even coefficients could be
ensured by the hyperboloidal shape of the electrodes. Moreover, a general comparison of even
and odd terms is difficult because the latter are created by applying an additional offset voltage
on top of the usual trap voltage Vj. Hence, there is no general estimate for their influence.

The first strategy is to treat C; perturbatively by working with the modified zeroth-order
solution

Z'(t) = z(t) - 2%d , (4.37)

which includes the shift of the equilibrium position in the absence of anharmonic terms.!?
Although calculating powers of z’(t) becomes more tedious, the first-order result is unchanged.

There is no direct effect of C; because the additional term has to propagate through the spatial

" Owing to their definition (3.38) of the electrostatic potential without the global prefactor of 1/2 present in Equa-
tion (2.58) here, the perturbation parameters c; in Reference [99] do not have the same value as the Cy; here, when
they describe an identical imperfection. In this case, their relation is ¢;; = 21-2)/ 2C,7, which means that at least
the parameter for the quadrupole contribution has the same value for both definitions: c¢; = Cy. The characteristic
trap dimension d from Equation (2.10) here is related to d; from Reference [99] as d; = V2d (with the subscript
added because the characteristic trap dimension uses the same symbol in both cases). The effect of the different
definitions cancels in the expression for the frequency-shift because of the prefactor ¢,/ dl “2-c nl d"72. In fact,
the prefactors c;/ df and Cy/(2d7) of the electrostatic potential represent only a single degree of freedom, and
the aforementioned two relations for the perturbation parameters and the characteristic trap dimension ensure
that this one factor is equal, if the same potential is described.

12The sign is different from a similar operation performed in Equation (3.13), because here a given solution is shifted
to oscillate around the new equilibrium position, whereas the coordinate system was shifted in Equation (3.13).
In both cases, the new equilibrium position is the same.
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4.1. Shifts caused by cylindrically-symmetric imperfections

dependence of the other imperfections before showing up as a frequency-shift. Being associated
with a product of other imperfections means that the frequency-shift caused by C; is at least of
second order. In fact, it is caused in combination with an imperfection, not by C; alone. The
other imperfections associated with an odd coeflicient give rise to a second-order frequency-
shift alone, which does not exclude combinations, of course. In the case of C;, the second-order
effects may partly lead to frequency-shifts independent of the motional amplitudes. When it
comes to the design of PENNING traps, the frequency-shift by C;C; to the axial mode is often
mentioned as a means to measure the product of the two coefficients, which are of the same
order of magnitude [48, 51, 53]. For such harmonic shifts caused by the electrostatic potential,
the mechanism is similar to the aforementioned one for the particle being moved to a different
position in the magnetic field. At the new equilibrium position, the higher-order terms in the
electrostatic potential also contribute to its local curvature, thereby changing the effective Cs.
While a global change of C; in the ideal PENNING trap shifts the eigenfrequencies individually,
Equations (2.25) and (2.27) for the free-space cyclotron-frequency w. remain valid. Therefore,
the major experimental concern is that the equilibrium position shifts over the course of a
measurement. If it is always the same, a different approach to C; may be more convenient.

The second strategy is to develop the electric potential and the magnetic field around the
new equilibrium position, where there is no local C; because of the saddle point in the potential.
The perturbative treatment then proceeds as before. Only the values of the parameters C,
and B, need to be adjusted accordingly. In particular, breaking the reflection symmetry of the
PENNING trap about the xy-plane results in perturbation parameters with odd coefficients, and
their associated frequency-shifts require second-order perturbation theory for a quantitative
statement as before.

Shifts to the radial modes

Inserting the two radial components (4.30) of the additional electric field into Equation (4.31)
yields the radial equations of motion

X y w? (x Cp 2 2! 2k 2k-2
coe| L) r =) - 2= n-2k pek-2| 4.
(ﬁ) “ (—X) T2 (y) C, 12 ; ay(k) kz""p (4.38)

with the unperturbed axial frequency w, defined in Equation (2.17). The strategy is the same as
for the axial mode: plug in the zeroth-order solutions from Equations (3.94)—-(3.96) and search for
additional terms that are proportional to components of these solutions. These resonant terms
as given by Equations (3.100) and (3.101) for the two radial modes are collected in the effective
equations of motion (3.105) and translated into the first-order frequency-shift according to
Equation (3.109b). At this point, it is obvious that additional resonant terms will originate from
the second term in square brackets in Equation (4.38). However, we must not simply average
over the term, considering only its constant contribution, because of resonant mixing of 5?K~2
with x and 7, which contain oscillatory terms at two frequencies, namely &.. Powers of the
radial displacement squared contain, among others, an oscillatory component at the difference
frequency @}, of the radial modes, and there is a fixed phase relationship with respect to the
two radial modes. This means that mixing can produce resonant terms. Formally, the laws of
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4. Calculating first-order frequency-shifts

multiplying two trigonometric functions (see Equations (C.10) and (C.11) in the appendix)

(cos(s = 7 cos(t), = 5 cos(is) (4:39)
(cos( = ) sin(e)), = 5 sin(fe) (4.40)

show that multiplying an oscillatory term at one radial frequency with a term at the difference
frequency @, results in a resonant term at the frequency of the other radial mode. The second
term at the frequency |@0. — 2é+| is dismissed as nonresonant. While there is the relation (4.2)
between @y, and the radial frequencies @., the axial frequency &, is generally not an integer of the
radial frequencies. Therefore, mixing oscillatory terms at the axial frequency @, and its multiples
with oscillatory terms at the radial frequencies ©. as well as the difference frequency @}, and
its multiples will generally result in nonresonant terms. The resonances in the radial modes
themselves are preserved by multiplying these naturally-resonant terms with the constant
contribution from the axial mode. In our notation, this is written as

<:~{q—2k'52k—23~6>(b+ — <2’7_2k>0 <'52k—z)z>£)+ (4.41)

with x as an example, which is no restriction. Equation (4.40) shows that the same mechanism
also works for 7 in the same way Equation (4.39) applies to x. Therefore, we will show the
calculation only for one of the two radial coordinates. The additional resonant terms are
described by the same parameter, ¢, in this case, for both radial coordinates, because cylindrical
symmetry does not allow a favored radial direction.

According to Equations (3.2) and (3.5), only even powers of zZ come with a constant contribu-
tion. Consequently, 7 in the exponent n — 2k has to be even, which is ensured by the choice
n = 2n. The additional naturally-resonant terms caused by the anharmonic electric field are
then included as

n

£aiy = —sz" 2> k) k(R (52 (4.42)

k=1 *

in the effective equations of motion (3.105). The coefficient a, (k) is defined in Equation (2.71);
the constant contribution from the axial mode is calculated with Equation (3.6). Given the two
mechanisms for creating resonant terms at the radial frequencies, the second term in angle
brackets needs a closer inspection. Formally, the two mechanisms read

( ﬁzk-z@@ = (p) qa+ << 2 ,;.¢> . (4.43)

@b (o

The abbreviation X, is defined in Equation (3.100). Firstly, the zeroth-order solution X already
contains the two resonant terms x., and these terms are preserved by multiplying them with the
constant contribution in 5?72, Secondly, multiplying an oscillatory term at the frequency &,
with a term at the radial frequency @z results in a resonant term at the other radial frequency @..

With these two mechanisms for producing resonant terms, there is no double counting; no
original term is used twice for the same purpose. Since X, is multiplied with clearly distinct
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4.1. Shifts caused by cylindrically-symmetric imperfections

components of p, the same term can rightfully influence the frequency @. directly, and the
frequency &z indirectly via the interplay of the two radial modes. The second possibility
vanishes if the other radial mode has zero amplitude, as ﬁz is constant in this case, with the
oscillatory term being absent.

In any case, the constant component of 5?72 is given by Equation (4.14) and the first term
on the right-hand side of Equation (4.43) becomes

k-1 k-1 2 f

~ok— ~ ~ - 2D A2(k—1—

<p2k 2>0 X = Xz § [( » )] Pipp¢( ” (4.44)
p=0

The oscillatory component of 5?2 at the frequency @y, is given by Equation (4.24). With these

two results, the second term on the right-hand side of Equation (4.43) becomes

26, "3 (k-1\ (k-1 v
((572),, %) = (eostin)costin), fﬁﬁ___Z( )(p )ﬁi"ﬁi( TP (4.459)

O o p +1
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= % ( )(P ) P pRk (4.45b)
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The second step uses Equation (4.39) for the product of trigonometric functions. The choice
of radial amplitudes p. is such that the prefactor p./p+ cancels the amplitude p from x+ and
creates the amplitude p. necessary to write the final result as proportional to x.. As discussed
before, the same mechanism also works for 7. from Equation (3.101) with the help of the
trigonometric identity (4.40). Basically, the substitution cos(ys) — — sin(js) is made as % is
replaced by 7.

The two terms in Equations (4.44) and (4.45b) share a common binomial coefficient. The two
different binomial coefficients are added using the identity

k=1)  (k=1) _ (k-1 (k - 1)!
(P )+(P+1)_P!(k—1—j7)!+(p+1)!(k—p_2)! (4.46a)
_ (k—1)!
T p+)k—-p-1) [ +1) +(k-p-1)] (4.46b)
- - - " 4.46
_(P+1)!(k—p—1)!_(p+1) ‘ (4.46¢)

Using the explicit expression with factorials for the second binomial coefficient is not fine
for p = k — 1, a case encountered at the upper limit of the sum over p in Equation (4.45b).
Fortunately, Equation (4.46c¢) still holds in this case as

(7)o

according to the definition (3.3) of the binomial coefficient. As p > k — 1 always gives zero in
Equations (4.46a) and (4.46c¢), this identity for binomial coefficients holds for p > 0 in general.
Here, it is sufficient to hold in the range of the summation from 0 to k — 1.
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4. Calculating first-order frequency-shifts

Finally, adding Equations (4.44) and (4.45b) yields
{ k
. A2p A2(k—1—
<p2k 2z =% Z( )(p )pipp; P) (448)
=0

for the resonant term in Equation (4.43). With this result, the parameter ¢, in Equation (4.42) is
expressed as

n k-1

Con (2n)! 1 (-1)*k k=1\( k \ .2p 20-1-p) $2n-K)
= —— . 4.49
7 7°C, gon1 gen2 2 [ki(n — k)2 Z_ p Np+1)P=P= (4:49)
k=1 =0

The first-order frequency-shift then results from Equation (3.109b) as

DFp+ 1) ppe T PE

[(n=K)!(k—p—Dp+ D!

+wr0- Cop (2n) 1
Aoy = wiw- Cop (2n) ZZ(

4.50

Wy — - Cz 22n-1 J2n-2 ( )
Because the limits of the sum over p allow to express the binomial coefficients explicitly in a
consistent manner with factorials, we have done so by writing

(k—1)(Pk )_ (k—1)! k! (451a)
P +1) plk=1=p)(p+ D! (k—p—1) '

_p+1 (k!)?
ok [(k—p-DIp+D2 (4.51b)

thereby facilitating the comparison with Equation (3.56) in Reference [99], even though the
expression do not yet have the identical form. After a few transformations not shown here,
including Equation (2.26) and a shift of the summation variable p — p — 1, there is agreement.

By sending the summation variable p — k — 1 — p in Equation (4.50), the exponents of the
radial amplitudes p. are swapped. The overall result

n k A2p 2(k ~2(n
M:immﬁﬂwl-zz(w&fW%?”Mk) w52
+ Wy — O Cz 22n-1 J2n-2 Pt (T’l—k)'p‘ (k—p)'] .

is different from the one obtained by simply substituting p. — p=. It becomes clear that, unlike
for the axial frequency-shift (4.36), the first-order frequency-shift to the radial frequencies @,
is not symmetric with respect to the amplitudes p. of the radial modes. Technically, this is
a consequence of the mechanism for creating resonant terms described by Equation (4.45a).
While the oscillatory components (4.24) at the fundamental frequency @, of powers of radial
displacement squared is still symmetric with respect to the amplitudes p., multiplying it with
Xz in order to create a resonant terms proportional to X, invokes the amplitudes g, in an
asymmetric way.

Although there is no symmetry for the frequency-shift to one radial mode when the two radial
amplitudes are swapped, Equations (4.50) and (4.52) show that there is a simple connection
between the shifts to the two different radial modes before and after swapping. In fact, the shift
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4.1. Shifts caused by cylindrically-symmetric imperfections

to the reduced cyclotron-frequency before swapping the amplitudes differs from the shift to the
magnetron frequency after the swapping operation only by a sign. The absolute value is the
same. As a formula, this statement reads

Aw, (,éset’ ,éCOOh 2) = -Aw_ (,éCOOh ﬁseta ZA') . (4-53)

The arguments in brackets are the amplitudes g, p_, z of the reduced cyclotron mode, the
magnetron mode, and the axial mode in this particular order. The peculiar subscripts will be
motivated in the next paragraph. Here, they merely serve to differentiate the variables p.
from specific values because using p. after swapping the values of the two radial amplitudes is
confusing.

The cyclotron sideband The cyclotron sideband is defined in Equation (2.25) as the sum of
the two radial frequencies. Consequently, the shift to the cyclotron-sideband frequency is given

by
Awe. = Awy + Ao— . (4.54)

Adding Equation (4.50) for Aw, and Equation (4.52) for Aw_ yields

Awe =

wyo- Cop (2n)! 1 Z(

1)k52(n=k) k-1 ﬁprAz(k—l—p) 1 1
. P_
Wy — 0O C2 22n—1 d2n 2 [ ]

(=R Zlptk—p-DIF [p+1 k-p
(4.55)

Sending the summation variable p — k — 1 — p swaps the exponent of the radial amplitudes.
Again, the result

won—k) k=1 x2p 2(k-1—
1)k 2(n—k) ppp( P)

[((n =R = [p!(k—p— D!

Awe = —

wyw- Cop (2n)! 1 Z(

Wy — 0O C2 22n—1 d2n 2

1 B 1
p+1 k-p

is not the same obtained by simply substituting . — P+, but, this time, the only difference is a
sign. Thus, the shift to the sideband cyclotron-frequency is antisymmetric with respect to the
radial amplitudes. In particular, the shift vanishes for equal radial amplitudes. In the explicit
expressions for the first few C,, in References [18, 99], the root (52 — p?) of the polynomial
for the frequency-shift is factored out, and the practical importance of the antisymmetry is
discussed in Reference [12]. The asymmetry is also seen in Reference [22]. Thanks to the general
treatment here, the antisymmetry is now understood as a general feature of the first-order
frequency-shift caused by cylindrically-symmetric electrostatic imperfections. Going back to
Equation (4.53), the antisymmetry of the shift to the sideband cyclotron-frequency with respect
to the radial amplitudes should come as no surprise. Swapping the radial amplitudes in the
shifts to the two frequencies that make up the sideband leads to

ch(ﬁsety ﬁcoola 2) = Aw+(ﬁset7 pcoola 2) + Aw—(ﬁseta pcooly 2) (4573)
= _Aw—(ﬁCOOls ﬁset, 2) - Aw+(pcoola ﬁset’ 2) = _ch(ﬁcooh ﬁset’ 2) . (4-57b)
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4. Calculating first-order frequency-shifts

The interest in, or obsession with, swapping the amplitudes of the radial modes is well motivated
by the experimental techniques exploiting the sideband identity (2.25). The time-of-flight ion
cyclotron-resonance technique [62] scans the conversion of an initial magnetron amplitude
into the amplitude of the modified cyclotron-motion. For a quadrupole coupling scheme, be it
single pulse [87] or RAMSEY [91], the parameters are typically chosen such that the conversion
is complete if the frequency of the coupling pulse coincides with the sideband frequency of the
trapped ion.

As an upgrade of the traditional method, the two radial frequencies have recently been
measured sequentially [42] by means of a phase-sensitive method [43] which images the ion’s
radial position in the trap at the moment of ejection. The two individually measured radial
frequencies are then added to determine the free-space cyclotron-frequency . via the sideband
identity (2.25). For measuring the radial frequency @., the corresponding radial mode is excited
to the amplitude p, = pget, and the phase is then allowed to evolve freely for some time. During
this evolution time, the amplitude of the other radial mode remains gz = pPcool. If the relevant
amplitudes are equal for both measurements, the identity (4.53) holds, and the anharmonic shifts
caused by cylindrically-symmetric electrostatic imperfections cancel in the sideband identity

We = @+(pset’ pcool’ 2) + w—(ﬁcool, pAset’ 2) . (4-58>

Of course, the sequential measurement offers no protection against harmonic frequency-shifts,
for instance caused by voltage drifts or fluctuations of the magnetic field. The anharmonic
shifts also depend on the harmonic frequencies in the ideal trap, but both the anharmonic shifts
and the harmonic shifts caused by fluctuations are expected to be small. Therefore, controlling
the amplitudes is probably the major challenge in maintaining the perfect cancellation of
anharmonic shifts in Equation (4.58). Depending on the scheme for biasing the trap electrodes,
the effective C;; may be a function of voltages and hence be effected by voltage drifts, too.
However, the anharmonic frequency-shifts depend most strongly, at least quadratically, on the
amplitudes.

4.1.3. Magnetostatic imperfections

Conceptually, the calculation of the first-order frequency-shifts caused by static cylindrically-
symmetric magnetic imperfections is very similar to the calculation for electrostatic imper-
fections in Section 4.1.2. In fact, the mechanisms for producing naturally-resonant terms are
the same, but, technically, deriving the expressions for the frequency-shifts is slightly more
complicated. Because the LORENTZ force (2.13) created by a magnetic field depends on the
velocity of the charged particle, plugging in the zeroth-order velocity components (3.97)—(3.99)
results in additional factors of &; for each eigenmode. This complication is not present for
electrostatic imperfections, where the additional terms contain coordinates, but not velocities.
Nevertheless, the calculation in this section is not just about velocities. The zeroth-order trajec-
tories (3.94)—(3.96) will be equally important, because the additional magnetic field is a function
of coordinates, too.

With the additional magnetic field EU from Equation (2.77), the original equations of mo-
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4.1. Shifts caused by cylindrically-symmetric imperfections

tion (2.16) in the ideal PENNING trap become

x y 4By - 2B 2 [ X
il = ol — e @25 _ 5@ |4 ©2
jl=w.|—-x|+ ZB,’ —XBy’ | + y . (4.59)
.. o\ . . _
z 0 xBEIy) _ yBEf) 2z
The unperturbed axial frequency w, is given by Equation (2.17). In order to move closer to the
form of the effective radial equations of motion (3.105), we have written the charge-to-mass ratio

as q/m = «w./By, in agreement with the definition (2.17) of the free-space cyclotron-frequency w..
By writing the radial unit vector with Cartesian coordinates as in Equation (4.29), the radial

magnetic field Bgf ) from Equation (2.80) is related to its two Cartesian components as

B(x) B(P)(p’ z) [”THJ i s )
(Bgy)) = "T (;) =B, Z ay (k) 272K+ k=2 (’;) : (4.60)

k=1

Like for the radial electric field (4.30), there are only even powers of radial displacement.
Consequently, the identities from Section 4.1.1 for powers of radial displacement squared apply.
As with electrostatic imperfections, we will deal with the axial and the radial modes separately.

Shifts to the axial mode

With the radial magnetic field (4.60), the axial equation of motion is read off from the third
component of Equation (4.59) as

| %]
B
i+ wiz - a)CB—Z Z ay(k) 2" p 2 NGy —gx) =0 . (4.61)
k=1

As usual, we will now plug in the zeroth-order trajectories (3.94)—(3.96) and velocities (3.97)-
(3.99), looking for terms that are proportional to these zeroth-order solutions. For the second
term in brackets, the cross-product of coordinates and velocities, we define and evaluate the
abbreviation

E(t) = X(y(t) - G(B)F(t) (4.62)
= Priy + PLo + Pap(@ + @) cos(r — 1) (4.63)

It has a constant term and an oscillatory term at the difference frequency @, = &4+ — @- of
the radial modes. Originating from the radial modes, there is no term related to the axial
frequency @,. As for electrostatic imperfections, naturally-resonant terms at the axial frequency
arise from the axial motion, and these terms need to be preserved by multiplying them only
with the constant contribution from the radial modes. As a formula, this mechanism reads

<5;7—2k+1/52k—zg> = <2U_2k+1>¢bz <ﬁzk—2é;>0 ) (4.64)

Wz

According to Equations (3.2) and (3.5), only odd powers of z possess an oscillatory term at the
axial frequency @,. Thus, 1 has to be even for the exponent  — 2k + 1 to be odd, and we ensure
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4. Calculating first-order frequency-shifts

this property by writing n = 2n. The additional resonant terms in the effective axial equation of
motion (3.85) are then given by

n

65 = _w_g Bz: kzz; i (K) <22(n—k)+1>d)z <ﬁ2(k—1)é;>0 ' (4.65)

The factor of w? in the denominator was introduced because the anharmonic term in Equa-
tion (4.61) does not contain the axial frequency, whereas Equation (3.85) does in w?e,z. The
coefficient a;,(k) is defined in Equation (2.81); the contribution by the axial motion is deter-
mined from Equation (3.7). It is the second term in angle brackets that needs a closer look. Both
k=1 and f have a constant component. For k > 1, they both have an oscillatory term at the
frequency &y, and these oscillatory terms may produce a constant component by mixing, too.
Formally, the mechanism for producing constant terms is written as

(08, = 0, (), + (). (0, 00

The first-term on the right-hand side becomes

k-1 k 1 2 ' ) k-1 k 1 2 ' )
~ _ ot ~ A - A2p A2(k—1— ~ A - A2p A2(k—1—
(#40) () = 5,2 Z[( . )} P T A G Z[( ; )} 520 j2k1p
p:O p:O
(4.67)

with Equations (4.14) and (4.63). The choice of the radial amplitudes p. in Equation (4.14) is
such that both terms on the right-hand side of Equation (4.67) have an identical structure with
respect to the substitution + — F, which would convert one term into the other.

With Equations (4.24) and (4.63), and the trigonometric identity

fcos(aIE = > [1 + cos(2)] (4.69

as a special case of Equation (3.2) or Equation (3.6) for n = 0, the second term on the right-hand
side of Equation (4.66) becomes

- k-1\(k-1 -
~2(k-1) _ o~ a2 a2p A2(k=1-p)
<<p >cbb<§>d>b>o_w+p+ Z( P )(P+1)p+p_
k-1
k-1\(k-1 1
~ A2 2p ~2(k=1-p)
+ &_p° Z( » )(P+1)p_ IR . (4.69)

p=0

Again, the choice of radial amplitudes g, in Equation (4.24) is such that the two resulting terms
on the right-hand side of Equation (4.69) have an identical structure upon the substitution + —
F. For this particular choice, the prefactor p./ps from Equation (4.24) cancels a factor of
p= in Equation (4.63). Hence, the prefactors of the sums in Equation (4.69) are @&.p2, like

116



4.1. Shifts caused by cylindrically-symmetric imperfections

in Equation (4.67). Aided by the similar form of the sums, adding these two equations is
straightforward and yields

= k-1 k (k )
~2(k-1)Z\ _ ~ A2 - A2p A2(k—1-p
(P"EVE) = a.pl Z ( » )(p+1)p+p_
p=0
= k-1 k (k )
. A2 - 2D A2(k=1—p
e Z‘( p )(p+1)p‘p+ -4

p=0

The common binomial coefficient in Equations (4.67) and (4.69) remains. The other two binomial
coeflicients were combined using the identity (4.46c¢).

So far, the particular choice of the radial amplitudes p. has enabled an easy summation of
the terms with the common prefactor ¢, 2. At this point, the two sums on the right-hand side
of Equation (4.70) should be combined to give a polynomial with terms that will turn out to be
of the kind p AZP Ai(k ) To this end, the summation variable is transformed as p — p — 1 in the

first term
k-1 .
k-1 k B .
~ A2 2p Az(k 1 p) 2p 2(k=p)
P Ly ( P )(p+ 1)” Z (p )(P) P (471)

p

and as p — k — p — 1 in the second term

o N (k_l)(Pk )ﬁZMk P _ i( _1)(1)) GG (47)
- =\ p +1 =0

Apart from using the identity (3.4) for the binomial coefficients in Equation (4.72), we have
included vanishing contributions at the lower and upper limits of the summation in Equa-
tions (4.71) and (4.72), respectively. In this way, the limits of the summation are equal, and both
sums are combined easily, finally completing Equation (4.66) for the constant contribution from
the radial modes as

k
(08 =Y (1;) [w+(l;: 1) s (k; 1)] o sHkp) (4.73)
p=0

Finally, the parameter ¢, in Equation (4.65) is given by

_ Bon @ (2n)! - ( 1)kk z2nk) ~ =1\ | L2p 2(k-p)
7 Bowzzznlz[k'(”—k)' n—k+1z(p)[ (p ) ( )]p”"

(4.74)

and it is related to the first-order frequency-shift by Equation (3.86), which would still contain
perturbed frequencies (namely @.) and ideal ones (notably w, and w.) at this point. However,
we are allowed to make the switch &, — w. without incurring an error of first order in the
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4. Calculating first-order frequency-shifts

frequency-shift. Since the presence of the perturbation parameter B,, signals that ¢, is at least
of first order right away, only the zeroth-order contribution in the perturbed frequencies &
will contribute to the first-order frequency-shift. What is the zeroth-order part of the perturbed
frequency @;? Well, that is the unperturbed frequency w;.

More practically, the argument concerning the replacement also works in the opposite
direction. For the calculation of first-order frequency-shifts, the frequencies w; the ion would
have in the ideal trap are allowed to be replaced by the perturbed frequencies ®;. Whereas
the latter are measured in the experiment, the former may not be known right away. If they
were known precisely enough, for instance from design considerations (and a superior mass
model or a different mass-measurement technique), there would be no point in measuring
them. Experiments work the other way around, inferring physical quantities from the measured
frequencies, possibly with a little help from corrections. The ideal frequencies are typically not
known until these corrections are applied.

Probably because the starting point of the theoretical treatment is the ideal PENNING trap, with
imperfections being considered an addition rather than a nuisance to be removed by correcting
for its effect, it is common to show the frequency-shifts in terms of the unperturbed frequencies.
In this tradition, the first-order axial frequency-shift caused by a static cylindrically-symmetric
magnetic imperfection becomes

n

Aw,  Bap i+ o- (2n)! (-Dkk
" B, Z[k!(n—k)!]zn—k+1

Wy By wiow_ 22n+l

22(n—k)

k=1

k
k k-1 k—1\| .2p .2(k-
Sl Gy EE

p=0 B p

where we have used Equations (2.25) and (2.26) in order to express all the frequencies on the
right-hand side in terms of the radial frequencies w.. Unlike for the frequency-shifts caused
by electrostatic imperfections, we will not use the explicit expression (3.3) for the binomial
coefficients because two cases would have to be treated separately, for instance by splitting
the sum over p. The binomial coefficient associated with the reduced cyclotron-frequency w.
vanishes for p = 0, and the binomial coefficient associated with the magnetron frequency w-
vanishes for p = k. Using the binomial coefficients rather than an explicit expression with
factorials has these exceptions covered conveniently with a single sum.

Because the binomial coefficient with w, vanishes for p = 0, the dependence on the amplitudes
would not be approximated correctly, if the binomial coefficient with w_ were dropped altogether
in general. Of course, it is tempting to neglect the term with w_ against the one with w, (provided
the second one exists), because a typical experiment often has |w,| > |w_|. However, the relative
scaling of the two binomial coefficients works against this property for large k and small p.
Since for 1 < p < k — 1, the ratio of the binomial coefficients inside the square brackets in
Equation (4.75) is given by

(k - 1) (k- 1)

Tk—1-p)n k-
p)_pk=1-pt k-p_k_, (4.76)

k-1 (k-1) P P
(.0—1) (- D!k -p)!

(4.75)
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4.1. Shifts caused by cylindrically-symmetric imperfections

the largest boost for a given k is achieved for the smallest p, the maximum boost factor being
k — 1 in the case of p = 1. Thus, a general approximation, for large n in particular, is impossible.
We will stick with the full expression (4.75), leaving possible approximations in a specific case
to the reader’s discretion.

Sending the summation variable p — k — p in Equation (4.75) swaps the exponents of the
radial amplitudes p. and ps, but the obtained frequency-shift

Aw; _ Bap s + w- (2n)! zn: (-1)kk  z2nh)
B [K'n—Kk)!]2Pn—k+1

Wy By wiow_ 22n+l e

k

k k-1 k=1\1 2p 2k
Z(P)[w+( )m_(p 1)]’)?’&& ?
p=0 P -

is not reproduced by simply substituting p. — p=. Thus, unlike the axial frequency-shift (4.36)
caused by cylindrically-symmetric electrostatic imperfections, this frequency-shift is not sym-
metric with respect to the radial modes. Given that velocities matter for the forces created
by magnetic imperfections, this lack of symmetry comes as no surprise, because amplitudes
typically enter with an additional factor of frequency for the corresponding mode. Mathemat-
ically, Equation (4.75) transforms into Equation (4.77) and vice versa upon the substitutions
p+ — pr and wi — w+, because these two quantities entirely characterize the effect of the
radial modes on the axial frequency-shift. When the frequencies are swapped, the amplitudes
change their meaning as well. Confirming this experimentally useless symmetry serves as a
minor cross-check of the frequency-shift.

The more comprehensive test would be Equation (3.73) in Reference [99]. Unfortunately, the
general expression for frequency-shift does not depend on the perturbation parameter bzn, the

(4.77)

equivalent of By, and it does not have the unit of frequency. Moreover, the expression Wl )
does not seem to be defined, the closest matches being Wl(zn), W(jn ) o 5@k,
In our case, Equations (4.75) and (4.77) are summarized as
Aw, BZ,, ws +w_ (2n)! < (-D)kk  z2nh)
w; Wy 22"+1Z[k‘(n—k)] n—-k+1
(4.78)

(p) s el

Even though there is no obvious application for the two choices of subscripts here, this expression
will be beneficial for calculating the shifts under lock in Section 4.3.1.

Some of the specific shifts to the axial frequency in this section have also been estimated
from the axial magnetic field alone without considering the equations of motion in the radial
magnetic field [96]. In this framework, the effect of the radial modes on the axial frequency
is modeled as the interaction of their magnetic moment with the imperfections of the axial
magnetic field, which works well for B, [150]. However, this method is hard to generalize. In
the case of By, the method profits from the quadratic dependence on z of the additional axial
field. The energy of a magnetic moment in this field then gives rise to an axial force that is
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4. Calculating first-order frequency-shifts

proportional to z, like the axial force caused by the electrostatic quadrupole potential of the
ideal PENNING trap. Thus, there are no anharmonic terms with respect to the axial amplitude,
which is no longer the case for higher-order terms in the magnetic field. Chapter F in the
appendix takes a critical look at the model. Fortunately, the concept of a magnetic moment is
not required when the axial equation of motion with the radial magnetic field is considered. It
is this field, not the axial one, that couples the radial modes to the axial motion. Of course, the
axial and the radial magnetic fields are related because, together, they have to fulfill MAXWELL’s
equation. Mathematically, this connection is expressed by the fact that both fields are derived
from the same scalar potential (2.75).

Coming back to the anharmonic frequency-shift as a function of the axial amplitude z, it is
worth noting that the sum over k in Equation (4.78) starts at 1 rather than 0. For k = p = 0,
there is no dependence on the radial amplitudes p. and p=. In all other cases, either p or k — p
is different from zero, and at least one of the two radial amplitudes remains. This means that
the axial amplitude Z always shows up in a product with at least one radial amplitude (both to
some power of at least 2). Thus, the axial amplitude Z never reaches the maximum exponent 2n
the two radial amplitudes have, when they show up on their own. In other words, there is no
solo 22" term, and the frequency-shift vanishes if the amplitudes of the radial modes are zero. A
look at the spatial dependence of radial magnetic field (2.80) or Equation (4.60) explains why
the axial amplitude Z must enter as a product with the amplitude of a radial mode. As the radial
magnetic field vanishes on the z-axis, an excursion in the radial direction is required in order to
sample the effects of this field.

Shifts to the radial modes

The radial equations of motion are the first two components of Equation (4.59). They contain
the axial magnetic field B%Z) from Equation (2.78) and the two components of the radial magnetic
field from Equation (4.60). The axial magnetic field is combined with a velocity component in
the radial plane; the radial magnetic field is multiplied with the axial velocity. Both combinations
will be examined for resonant terms at the radial frequencies separately. We have seen before
that naturally-resonant terms at the radial frequencies originate from the radial modes. Because
mixing such a resonant term with an oscillatory component at the axial frequency and its higher
harmonics generally leads to nonresonant terms, a constant contribution from the axial mode is
required to preserve the terms at the radial frequencies.

For the terms associated with the radial magnetic field (4.60), the dependence on the axial
coordinate and velocity takes the form

Z-zr]—2k+1 — ;izq—2k+2 ] (479)
n—2k+2dt

We have introduced the time-derivative in order to facilitate the frequency-analysis, after
plugging in the zeroth-order trajectory (3.96). With z oscillating at the axial frequency @,
taking z7-%*2 leads to higher harmonics, and to a constant term, if the exponent 7 — 2k + 2
is even, as shown by Equations (3.2) and (3.5). In any case, the constant, or time-independent,
term is removed by the time-derivative, whereas the frequencies of the individual oscillatory
terms are left unchanged. Therefore, z27~2*! does not possess a constant contribution, which
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4.1. Shifts caused by cylindrically-symmetric imperfections

excludes the radial magnetic field as a source of naturally-resonant terms, because oscillatory
terms at the radial frequencies cannot be preserved. This leaves the additional axial magnetic
field (2.78) as the remaining source of first-order frequency-shifts, and the radial equations of
motion simplify to

P y B’7 Ln/2] v ok 602 X
= — n-2k 2 _Z
(y) e (—x) 1+ By Z ay(k) 27" p™ | + 5 (y) (4.80)

k=0

for the search of naturally-resonant terms. As before, we will now plug in the zeroth-order
trajectories (3.94)-(3.96), and velocities (3.97) and (3.98), while looking for terms proportional to
the components %, and 7., defined in Equation (3.102) and (3.103). The mechanism for creating
and preserving oscillatory terms at the radial frequencies is formally expressed as

<2z7—zkﬁzkg>o~Ji _ <2r7—2k>0 <’52ky;>c:>i ) (4.81)

The naturally-resonant terms are preserved by multiplying them with the constant contribution
from the axial mode. For 2772F to have such a constant contribution, Equations (3.2) and (3.5)
require the exponent n — 2k be even. The obvious choice to guarantee this parity is 7 = 2n. The
additional terms in the effective equations of motion (3.105) are then given by

Budie = =2 3" (k) (Z0) (57G). (4.82)

The coefficient a,,(k) is defined in Equation (2.71); the constant contribution by the axial mode
is given by Equation (3.6). In analogy to Equation (4.43) for the radial frequency-shifts caused
by electrostatic imperfections, the dual mechanism for producing resonant terms at the radial
frequencies is written as

(43),, = (), b=+ (), ) (459)

Firstly, a resonant term at the frequency @. is preserved by multiplying it with the constant
contribution in 5?%. Secondly, mixing a resonant term at the frequency @&; with a term at the
frequency &y = @&, — @&_ results in a resonant term at the other radial frequency @.. The first
term in Equation (4.83) is directly evaluated with Equation (4.14) for the constant component of
p* . The second term requires Equation (4.24) for the oscillatory component of 5?¢, and the
trigonometric identity (4.39) to give

~2k L N 2P+ u k k ~2p 2(k—p)
-~ Y¥) o == b F FPF + Px .
<<p )wby > = —(cos(jv) cos(=)) ;. @=p (p)(p .\ 1)p p (4.84a)
p=0

Wy P

~ k
=55 ) o) (4.841)
©x 33

Like in the corresponding Equation (4.45a) for electrostatic imperfections, the prefactor p./p=
from Equation (4.24) is used to express the final result, which initially starts out with g, as
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4. Calculating first-order frequency-shifts

proportional to the velocity i/, of the other radial mode. Because of the velocities involved here,
the additional factor of &+/®. originates from the amplitudes of ﬁi = =@+ P+ cos(y+). Thanks
to the trigonometric identity (4.40), the mechanism carries over to X. = —@. . sin(7.) and
hence applies to the second component in the equations of motion (4.80), too.

With these results for the two terms on the right-hand side of Equation (4.83), the resonant
terms at the radial frequencies are

055005

The parameter . in Equation (4.82) is then identified as

By 2! (1R 2R E TR ek \] p aatkep)
Bs = B_o 92n ;) [k!(n - k)!]2 ; (P) [(P) + d)_i(P " 1)] P+ P=x (4.86)

and related to the first-order frequency-shift

_ By, +0_(2n)! 0 (-1)F 220 k) k\] a2p s20k-p)
Awy = iB—Ow+ Y Z [k!(n - k)!]2 ws| | +os w 1) [P P= (4.87)

with the help of Equation (3.109b). As for the axial frequency-shift (4.75) before, we have made
the switch @&, — w: from the perturbed frequencies to the frequencies in the ideal PENNING
trap. The frequency-shift remains correct to first order.

By sending the summation variable p — k — p, the exponents of the radial amplitudes j.. are
swapped. Rewritten in this way, it becomes obvious that the frequency-shift

A k
By, w4 + w_ (2n)! (—1)k z%n=k) k k 2p ~2(k—p)
Aw, = +— N i 2p 188
- +Bo Wy — w_ 220 Z [k!(n — k)!]? 2, W+ t+w _1 p3 Pa (4.88)

is not symmetric with respect to the radial amplitudes, because the result is not obtained from
Equation (4.87) by simply substituting p. — p=. The same was noted for the radial frequency-
shift (4.52) caused by electrostatic imperfections, and the technical explanation carries over
from there. Here, Equation (4.84a) shows that creating the resonant term i/, at the frequency @.
by mixing - at &+ with an oscillatory component at &}, does away with the symmetry that
is still present for the oscillatory component (4.24) at @y, in powers of the radial displacement
squared. Moreover, velocities matter for the additional forces created by magnetic imperfections,
and the velocities associated with the individual modes depend on the respective frequencies in
addition to the amplitudes. Therefore, a symmetry with respect to the amplitude of the radial
modes alone would be dubious.

52 pRkP) (4.85)

Of course, there is the technical symmetry of swapping the meaning of the modes, expressed
by the substitution p. — ps and w. — w<. This symmetry is expressed by the two alternatives
in Equations (4.87) and (4.88). It can be exploited when evaluating the general formula for
specific shifts. Suppose the shift to the reduced cyclotron-frequency has been coded as a
function Aw, (w4, p+, w—, p—, 2), with the five variables having their obvious meanings. The first
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4.1. Shifts caused by cylindrically-symmetric imperfections

two terms in brackets describe the modified cyclotron-mode, the following two the magnetron
mode, and the last one is the placeholder for the axial amplitude. Then, the shift to the magnetron
frequency for these conditions is calculated by evaluating Aw,(w_, p—, W+, P+, 2). In other words,
the values for the frequencies and amplitudes of the radial modes are plugged in at the opposite
spot for the other radial mode, which yields the shift to the other radial frequency. This
behavior is essentially the equivalent of Equation (4.53) for the shifts caused by electrostatic
imperfections to the radial frequencies. Equation (4.53) has an extra minus, because swapping
the frequencies was not considered back then with the frequencies showing up as a global
prefactor. In Equations (4.50) and (4.87), the term w4 — w_ in the denominator inverts the
sign upon swapping the frequencies such that the + sign for the shifts Aw.. to the two radial
frequencies is correctly reproduced from the single function Awy(w+, p+, w—, p—, 2). For these
considerations and exploitations of symmetries, it is of course crucial not to approximate the
denominator with w, or w., which provides one good reason for dropping the approximation
lws| > [o-|.

When comparing with Equation (3.74) from Reference [99] as a general test case, we face
the same problem as for the shift caused by magnetic imperfections to the axial frequency: the
general expression does not depend on the perturbation parameter and it fails dimensional
analysis.

Because the binomial coefficients nicely handle the exceptions for p = k and p = 0 in
Equations (4.87) and (4.88), respectively, we will not switch to the explicit expressions (3.3).
Partly because of these exceptions, we will not attempt any approximations despite the typical
relation |w4| > |w-| between the radial frequencies. Additionally, the scaling of the two
binomial coefficients that are multiplied with the radial frequencies w. and ws in Equations (4.87)
works against this relation for large k, which implies large n. According to Equation (4.76),
the most extreme ratios occur either for small or large p. The details about which of the two
binomial coefficients dominates in which of two cases are of little interest here. Having ruled
out an approximation valid for all n, we stick with the most general expression here, just like
for the axial frequency-shift (4.78) caused by magnetic imperfections.

The cyclotron sideband  According to the sideband identity (2.25), the shift to the cyclotron-
sideband frequency is given by the sum of the individual shifts to the radial modes. Thus, adding
Equation (4.87) for Aw, and Equation (4.88) for Aw_ leads to

¢ U 1yk s2(n—k) K
Aa)C:% ¢ (Zn).z( 1)~ 2 (‘i)

By wy —w_ 22" P [k!(n — k)!]? =

| {w+ [C) B (p f 1) (p i 1) - C)] } plr pHk)

(4.89)

+ w-
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4. Calculating first-order frequency-shifts

Alternately, adding Equation (4.87) for Aw_ and Equation (4.88) for Aw, leads to

¢ 1k s20n-k) K
Ao :_% w. (2n)! Z( 1)<z k
By wy —w_ 227 [k!'(n — k)!]? :

k=0 =0

(LG5 )

which is also obtained by sending the summation variable p — k—p in Equation (4.89). Together,
the Equations (4.89) and (4.90) show that the frequency-shift is symmetric under the combined
substitution w; — wz and p. — pz for radial frequencies and amplitudes. In this case, the
additional minus is compensated for by the denominator w, — w_. Mathematically speaking, the
variables are simply placeholders. They do not know which physical mode they are associated
with here because the sideband frequency treats shifts to both radial modes equally.

Although the symmetry provides no general test, it is tremendously helpful for spotting
dubious specific results. In our notation, Equation (3.79) from Reference [99] for the shift Aw,
caused by By contains a term like 4% + 5, which will not switch sign when swapping the radial
amplitudes. Thus, it will not undo the change of sign in the denominator w; — w_, and we
wonder about a misprint. A term like p* — p preserves the symmetry. Similarly, the same shift
in Reference [22] contains a term like w, p% + w_p?*, which faces the same problem.

(4.90)

+ w;

4.2. Relativistic effects

This section applies the classical perturbative method outlined in Chapter 3 to the relativistic
frequency-shifts caused by the motional degrees of freedom in the ideal PENNING trap. Although
the particular first-order formalism in Section 3.4.2 was originally conceived with cylindrically-
symmetric imperfections in mind, it extends to imperfections that do not break cylindrical
symmetry. Since special relativity does not introduce a preferred direction, the cylindrical
symmetry of the ideal PENNING trap is preserved, and this configuration, always considered in
the nonrelativistic classical limit so far, is the starting point for the perturbative treatment.

Speaking of the classical limit is ambiguous when considering the effects of special relativity
and quantum mechanics together, and a clarification is in order here. In the nonrelativistic
limit, the velocity of the particle is much smaller than the speed of light ¢, which means the
particle’s motion is described sufficiently well by the classical Newtonian equations of motion.
As there is no threshold for the onset of relativistic effects, an entirely classical regime does not
exist. It is merely characterized by the fact that relativistic effects are too small to be observed.
When trying to move further into the classical domain by reducing the particle’s velocity, or
equivalently its motional amplitudes in the PENNING trap, quantization would eventually set in.
For the quantum-mechanical calculation, the classical limit means that the quantum numbers
are high enough such that quantization remains unobservable. Instead, the classical notion
of a trajectory holds, and the eigenmotions in the PENNING trap are characterized by their
amplitudes rather than their quantum numbers. The eigenfrequencies are important in both
cases.

In contrast to the cylindrically-symmetric imperfections, the motivation behind the calculation
of relativistic frequency-shifts is not immediately obvious, neither from a mathematical nor
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4.2. Relativistic effects

from a physical perspective. The relativistic shifts have been calculated before [20, 61, 99, 132],
and as there is only one set of first-order frequency-shifts here, a more general result is not to be
expected. Quite on the contrary, the result will even be less general, because a classical method
fails to account for spin and quantization. Furthermore, the discussion in the previous paragraph
raises the question whether the classical limits for relativistic and quantum-mechanical effects
overlap. Indeed, most of the aforementioned references give the energy-shift of the particle as a
function of its quantum numbers rather than a frequency-shift as a function of the particle’s
total energy or amplitudes. Of course, spin is quantized, but for the motional degrees of freedom,
possible reservations against the classical limit are never made explicit. If the particle were
already highly relativistic when quantization begins to fade, a perturbative treatment based on
classical trajectories rather than operators and eigenstates would have little predictive power.
In this case, quantization would have to be included when a perturbative treatment is justified,
and once it could be neglected, the perturbative approach would become doubtful. Fortunately,
this is not the case.

The importance of relativistic frequency-shifts in PENNING traps is due to the precision with
which frequencies can be measured rather than the extreme energy of the trapped particle. A
small relativistic shift to the reduced cyclotron-frequency had to be accounted for in determining
the mass of the antiproton [55]. Even when quantum numbers are high enough for a description
with classical trajectories, the particle is barely relativistic, and a perturbative treatment is
justified. In this classical limit of the quantum-mechanical result, Reference [20] expresses the
relativistic energy-shift, given as a function of the quantum numbers, as a relativistic frequency-
shift in terms of the particle’s energy with the approximation |w| > |w_|. Like for the shifts
caused by C, and Bs, the quantum-mechanical result [20] is the starting point for expressing
the relativistic shifts in the classical limit without this approximation [44] (see Section 4.2.4).
Since a non-quantized result itself is useful for many experiments on light or highly-charged
ions [7, 17, 151] and there seems to be only one major source, a check via a different method
is worthwhile. In the best case, it would serve as an independent confirmation of the classical
limit.

Unlike the perturbation parameters C; and B, associated with the cylindrically-symmetric
imperfections, the relativistic perturbation cannot be tuned, and the resulting frequency-shift is
determined by the eigenfrequencies and the motional amplitudes alone. On the one hand, even
the ideal classical PENNING trap will possess some degree of anharmonicity. On the other hand,
relativistic shifts allow for a measurement of motional amplitudes—most notably the amplitude
of the modified cyclotron motion [107, 130]—in the absence of other imperfections. Here, the
speed of light ¢ as the perturbation parameter is set by nature, whereas it has be determined
separately for other imperfections. This determination from a measurement alone is difficult
because, even with only a single eigenmode involved, the measurable frequency-shift depends
on a product the perturbation parameter and powers of the amplitude.

So far, the treatment of relativistic frequency-shifts has mainly relied on quantum-mechanical
operator methods. When the treatment included equations of motion, the focus was more on
the excitation of the modified cyclotron-mode than on the frequency-shifts when the motional
amplitudes are static. In References [52, 80], a damping term due to the emission of synchrotron
radiation is considered for the modified cyclotron-motion of an electron in combination with
an external drive. Reference [64] from the field of FT-ICR deals with the resonant excitation of
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4. Calculating first-order frequency-shifts

the modified cyclotron-motion despite relativistic mass-increase. In both cases, only one of the
three eigenmodes in a PENNING trap is considered. The effect of relativistic shifts on the mass
determination in an FT-ICR spectrometer is mentioned in Reference [154] without going into
detail about the frequency-shifts involved. In short, I have not been able to find in the literature
a general calculation of all the relativistic frequency-shifts associated with the motional degrees
of freedom in the manner presented in this section.

In order to employ classical perturbation theory based on the trajectories of the nonrela-
tivistic case as the zeroth-order solution, the relativistic equations of motion will have to be
approximated in Section 4.2.1 by a power series of some perturbation parameter. Quite naturally,
the speed of light c takes this role. After calculating to first order the relativistic frequency-shifts
to the axial mode and the radial modes in Sections 4.2.2 and 4.2.3, respectively, Section 4.2.5
contemplates on the more familiar and intuitive picture of relativistic mass-increase.

4.2.1. Relativistic equations of motion

In close connection to the experiment, we will consider the particle in the laboratory frame,
where the electromagnetic fields of the ideal PENNING trap are known right away without any
LoRreNTZ transformations. This is the case in the rest frame of the PENNING trap, not of the
particle. With this choice, the time-derivatives shown in the following (including the implicit
ones hidden in velocities) are with respect to time in the lab, not to the particle’s proper time.
Not only are the electromagnetic fields known in the lab frame, they are also time-independent,
which eliminates the complications of retardation.!®> Furthermore, we will ignore radiation
damping, for instance by the emission of synchrotron radiation, which is a good assumption for
particles heavier than electrons [20].
In this framework, the relativistic equation of motion for a pointlike spinless particle of

charge g in electromagnetic fields is given by

L d, d - - 2 L=

p=gp= a(ymﬁ) =ymv+ymi=q(E+UXB) |, (4.91)
where p is the particle’s relativistic momentum. In addition to the rest mass m and the velocity ,
both known from the classical momentum, it comes with the LORENTZ factor

1
' isee

where c is the speed of light. We will use v = |0] and p = |p| as an abbreviation for the length of
the corresponding vectors. The right-hand side of Equation (4.91) is the LORENTZ force (2.13).
In addition to the time-derivative 7 of the velocity 0, which gives the acceleration known from
NewTON’s third law (2.15), the left-hand side contains a time-derivative of the LORENTZ factor.
It is conveniently related to the right-hand side of the equation of motion (4.91) by calculating

(4.92)

13This is no longer true for the fields caused by the image charges the particle induces in the trap electrodes. However,
this effect may be treated as an additional perturbation. Moreover, for typical trap sizes and frequencies, the
instantaneous component dominates unless for electrons [21, 67]. In any case, the shift discussed in this section
is the more fundamental one, since it does not depend on the cavity that forms the PENNING trap.
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4.2. Relativistic effects

the time-derivative of the particle’s total energy & = ymc?. With relativistic energy-momentum
relation, the result is

. 1.d _1d\/ﬁ]_5.ﬁ
y_mczdts_mcz dt[ (me®) + (pe) T ymc? (4.93)

in terms of a scalar product of the particle’s momentum p and its time-derivative p. The latter
is given by the right-hand side of Equation (4.91). Taking into account that the force by the
magnetic field is always perpendicular to the particle’s momentum, or equivalently 7 (X E) =0,
only the electric field contributes to the change of the LoRENTZ factor, and hence to a change of
the particle’s total energy. The magnetic field changes the direction of the particle’s momentum,
but not its magnitude. In the electromagnetic fields, the derivative of the LorenTZ factor
becomes

Y= yrzcz E-¥ (4.94)

and the relativistic equation of motion (4.91) is rewritten as

3:1(E+3x1§)— qzﬁ(ﬁ-ﬁ) . (4.95)
ym yme

The classical Newtonian equation of motion is recovered in the limit of ¢ — oo, and conse-

quently y — 1. Clearly, " would make for a good perturbation parameter, but at this point,

the LorRENTZ factor is a still a function of ¢ 2, rather than a power series in ¢2. For small

velocities v < c, the remedy is to expand the inverse LORENTZ factor as

1 v? v?
—=4fl-=x1-— = (4.96)
14 c? 2¢?

For an ion in a PENNING trap, the first-order approximation will typically do. With the expan-
sion (4.96), the exact relativistic equations of motion (4.95) is then approximated to first-order
as

L g AN L TR
v:—(l——)(E+va)—@v(E-v) . (4.97)
Because the last term is a relativistic correction, it came with a factor of ¢~2 from the beginning.
Therefore, only the zeroth-order contribution of the inverse LORENTZ factor has to be considered.
With the presence of ¢72, its first-order correction gives rise to a term of second order—that is,
¢~*—which we have neglected here.

So far, the treatment was general and did not assume any particular shape of the electromag-
netic fields. At this point, we will plug in the electric and magnetic fields of the ideal PENNING
trap: E, from Equation (2.14) and B, from Equation (2.1). The first-order relativistic equations
of motion then take the form

X 2 ]w| ¥ v? y 100%™ . ,
jl=11- 22| 3 y |+ [1- 5o We|—x |- ey Y |[%x + yy — 227] (4.98)
z -2z 0 Z
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4. Calculating first-order frequency-shifts

with the velocity squared

v = X%+ gF + 2P (4.99)
given by the quadratic sum of the components of the velocity vector o. The axial frequency w,
and the free-space cyclotron-frequency w. from the nonrelativistic case are defined in Equa-
tions (2.17) and (2.18), respectively. The dependence on the velocity squared results from the
expansion of the LORENTZ factor; the last term on the right-hand side of the equations of
motion (4.98) essentially results from its time-derivative.

Frequently used identities

For the calculation of the frequency-shifts caused by cylindrically-symmetric imperfections of
the magnetic and electric fields in Section 4.1, powers of radial displacement squared played a
crucial role. As the equations of motion (4.98) show, the velocity squared takes over this role for
the relativistic frequency-shifts considered here. Therefore, we will derive some identities to
be used universally throughout the calculation. Fortunately, arbitrary powers as for the radial
displacement squared do not have to be considered here.

In analogy to Equation (2.45), the radial contribution to the zeroth-order velocity squared is
given by

B4 = (@upa) + (O-po) + 2045 pupocos(p) with fo= 7o —f- . (4100)

where the unperturbed frequencies w; have been replaced by the perturbed or relativistic'*
ones @;. There is the constant component

( + %), = (@) + (@-p-)° (4.101)
and the oscillatory component
(¥ + 7). = 20.0psp- cos(@nt + fv) (4.102)
b

at the difference frequency @, = @; — @-. As a reminder of the abbreviation j; defined
in Equation (3.104) for the total phase, we have shown the explicit time-dependence for the
argument of the trigonometric function here. We have also used the notation -),, to retrieve
the oscillatory term at the frequency w from the term in angle brackets.

The last term in the equations of motion (4.98) contains products of the three coordinates
with their corresponding velocity components. As a special case of Equation (4.79), these terms
are expressed as

_1d ,
=-—Xx
2dt
14Gince, unlike the cylindrically-symmetric imperfections, relativistic effects cannot be eliminated, referring to them
as perturbations in the true sense of the word might not be doing them true justice. Perhaps, the classical limit
should instead be denounced as an effective theory that is far less general. However, the relativistic terms are

perturbations in the sense of perturbation theory, and we will therefore use perturbed and relativistic frequencies
interchangeably.

xx (4.103)
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4.2. Relativistic effects

with a time-derivative, where x is used as an example here. Of course, the same expression
also holds for y and z. For analyzing the frequency spectrum of these terms after plugging
in the zeroth-order trajectory (3.94)—(3.96) and velocity (3.97)—(3.99), the same argument as
before applies. Any constant (or time-independent) term in, say, X* is removed by taking the
time-derivative, whereas the frequency of the oscillatory terms is not affected. The oscillatory
terms will have to be calculated; the constant contribution does not exist:

(%), = (53), = (&), =0 - (4.104)
The overall contribution
X%+ G = —pep_ (O — &) sin(fy — 7o) (4.105)

from the radial modes oscillates at the difference frequency @y. As predicted by Equation (4.104),
there is no constant term in the sum, because there is none in the two individual terms.

4.2.2. Shifts to the axial mode

The axial equation of motion

.. 2 —
trol|z(1- 5 = =0 (4.106)

( v? ) zZ(xx + gy — 222)
z +

is the third component of Equation (4.98). As usual, we will now insert the zeroth-order
trajectories (3.94)—(3.96) and velocities (3.97)—(3.99), looking for terms that fit into the effective
axial equation of motion (3.85). For the axial mode, these are terms proportional to z. The
identities derived at the end of the last subsection will provide some shortcuts.

Naturally-resonant terms at the axial frequency @, originate from the axial motion itself, while
including the frequencies of the radial modes by means of mixing typically leads to nonresonant
contributions. In order to preserve terms at the axial frequency, a constant contribution is
required from the radial modes, whenever they are involved here. For the last term inside
the square brackets in the axial equation of motion (4.106), the mechanism for generating
naturally-resonant terms at the axial frequency @, is formally expressed as

(2 (%% + g5 - 222))@ = <z>w (%% + i), -2 <z22>w . (4.107)

As Equation (4.105) shows that there is no constant contribution from the radial modes, only
the last term remains. Its time-dependence is of the form

COS()ZZ) - COS(3)?Z)
4

COS()EZ)[Sin(f(z)]Z = COS()?Z) - [COS(;(Z)]B = , (4.108)

where we have used Equation (3.5) in order to express cosine cubed as a sum of oscillatory
terms. The component at the fundamental axial frequency @, is

Wz

. 1 1
(22) . = Za)gzﬁ cos(@,t + ¢,) = Z(cbzé)zi . (4.109)
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4. Calculating first-order frequency-shifts

We have absorbed one factor of z in the zeroth-order solution z from Equation (3.96). Overall,
Equation (4.107) evaluates to
Lo . . . 1
Lfin | Aa pis o [zi2 L~ a2
<z (xx + Uy 222) >d)z =-2 <zz >d)z = 2(cozz) z . (4.110)

Next, we examine the term v?z in axial equation of motion (4.106). Naturally-resonant terms

at the axial frequency &, are produced in the same way as before. Formally, this mechanism
reads

<2 (fcz + i+ 52)>0~JZ = <fc2 + §2>0 <2> .+ <2§2> . (4.111a)

[ [
(0:2)* .
z

4

= [(@4p4)* + (0-p-)*] 2 + (4.111b)
The final step uses the constant contribution (4.101) from the radial modes, and Equation (4.109)
for the contribution by the axial mode.

Collecting the resonant terms from Equations (4.110) and (4.111Db) leads to the effective
equation of motion

& 5)\2 ~ A2

. (J)+/3+)2 + (J)_,é_)2 + (022) (&22)

s g - 2
' ' - =0, 4.112
Z+ w3z > X ( )
from which the parameter

1 ~ A N2 ~ A N2 3 . 2

= g (@ + @0 + S0 (4.113)

in Equation (3.85) is read off. With the help of Equation (3.86), the parameter ¢, is related to the
first-order frequency-shift
Aw, &, 1

e 1 (Y WSS (4.114)

Here, we have switched from the relativistic frequencies o; to the frequencies w; in the classical
limit.!> As the difference between the two is at least of first order in the perturbation parame-
ter ¢72, this switch affects the frequency-shift only in the next order. Because of the perturbation
parameter ¢? as a prefactor, the frequency-shift as such is of at least of first order right from
the start, regardless of the frequencies its expression contains. This argument was the same
in Section 4.1.3 when switching from perturbed frequencies in Equation (4.74) to unperturbed
frequencies in Equation (4.75) for the axial frequency-shifts caused by magnetic imperfections.
The same switch is also made from Equation (4.86) to Equation (4.87) for the shifts to the radial
modes.

Since the relativistic effect of the radial modes on the axial frequency is mediated nonreso-
nantly via the first-order approximation of the LorRENTZ factor, the functional dependence of
Equation (4.114) on both radial modes is the same. Essentially, the velocity of each radial mode
matters. Section 4.2.5 will revisit this behavior in terms of relativistic mass-increase.

15In Reference [83], this switch is made a little early without announcing it. In Equations (44) and (45), which
correspond to Equations (4.111b) and (4.112), respectively, the tilde on top of the axial frequency is missing.
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4.2.3. Shifts to the radial modes

The radial equations of motions are the first two components of Equation (4.98). Three terms
need to be considered as a source of additional resonant terms when inserting the zeroth-
order trajectory (3.94)—(3.96) and velocity (3.97)—(3.99). Naturally-resonant terms at the radial
frequencies @, result from the radial modes themselves. Including oscillatory components at
the axial frequency @, and its higher harmonics typically leads to nonresonant terms. Terms at
the radial frequencies @.. are preserved by multiplying them only with the constant contribution
from the axial mode.

We will begin the search for naturally-resonant terms by examining the product of velocity
squared and radial coordinates, that is, v>x and v®y. Picking ¥ as the example, the naturally-
resonant terms at the radial frequencies @, are given by

(it e 2)2), = ((#+)3), +(2), (), - (a.115)

With the trigonometric identity

[sin(7:)]* = 1~ [cos(72)]* = % [1-cos(Zyx2)] . (4.116)

which is a variant of Equation (4.68), and ultimately Equation (3.2), the constant contribution
from the axial mode becomes

: a2 Jre e 1.
(), = @:2° ([sin(z)), = (@2 . (4.117)
Thus, the second term on the right-hand side of Equation (4.115) is
z ~ 1 . ..
(&), <x>@i = 5(@:2°%: (4.118)

where we have used the abbreviation (3.100) for the resonant term x. from the radial mode.
This result remains valid with the substitutions x — 7 and X, — 7., and it is applicable to the
%4 term in the second component of the radial equations of motion.

Evaluating the first term on the right-hand side of Equation (4.115) is trickier, because x
comes with two oscillatory terms—one at each radial frequency @.. Of course, these terms
are resonant, and they give a resonant contribution because the radial part (4.100) of the
velocity squared comes with a constant term. However, it also comes with an oscillatory
component at the difference frequency @y, of the radial modes. These two contributions are
given by Equations (4.101) and (4.102), respectively. As Equation (4.39) demonstrates, mixing
an oscillatory term at @y, with a term at the radial frequency @< results in an oscillatory term at
the other radial frequency @.. Both mechanism combine, yielding the resonant terms

<(;C2 + gz) £>(Z)¢ _ <;Cz " gz>0 <£>wi " <<)ch + gz)@b )~C¢>d) (4.119a)
= [(@+p4)* + (@-
= [(@154+)° + (&

|#s + B10- i pr cos(7) (4.119b)

po)’
PV + Qs pi]Ee . (4.119¢)
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4. Calculating first-order frequency-shifts

In the last step, a factor of p. is used to provide the amplitude of X, = p. cos(}.). With the re-
placement cos(y.) — — sin( ) and the trigonometric identity (4.40), the above transformations
also hold for § and . = —p. sin(}.) in

() d), = [@:po) + @-p) + drio-pi]is (4.120)

Second, we tackle the v®ij and v? terms in the radial equations of motion. Because the zeroth-
order velocities contain the same frequencies as the corresponding zeroth-order trajectories, the
treatment is essentially the same as for the 52X term in Equation (4.115). The only complication
is that the zeroth-order velocities come with an additional factor of frequency that is not present
in the coordinates. Naturally-resonant terms at the radial frequencies @, are written as

(3 +2)a), = (& +0)d),, + (&), (), - (4.121)

With the help of Equation (4.117) and the short-hand notation (3.103) for the resonant contribu-
tion g, from the zeroth-order solution ¢, the second term on the right-hand side becomes

<§2>0 <y>w = %(5)22)2 j. . (4.122)

This result also applies with the substitutions §j — X and . — .. In complete analogy to
Equation (4.119a), the first term on the right-hand side of Equation (4.121) is written as

((#+9)8), = (#+7),(5), + <<;c2 +i) y>w (4.123a)
= [(CZ)+/3+)2 + (CB—PA—)Z] gi — @4 O_pyp- 5Pz cos(Y+) (4.123b)
= [(@:+p1)° + (@-p-)?] Ui + (0pz) s (4.123c)
= [(@2p2)" + 2(02p=)"] 4 (4.123d)

In the second step, we have used a factor of —&.p; as the amplitude of the zeroth-order
velocity s = —@4py cos(fs). With the substitution cos(7.) — sin(7:) and the trigonometric
identity (4.40) in lieu of Equation (4.39), the transformations work accordingly for X and . =
—Q4 pz sin( ) with the result

(8 +5)5),, = [@upo) + 2epel] e (4124)

Third, we deal with the term that contains a product of velocity and coordinate. In the first
component of the radial equations of motion, naturally-resonant terms at the radial frequen-
cies @, are written as

<(xx + 47y — Zzz) x>d)i = <(xx + yy) x)(bi -2 <zz>0 <x>(bi . (4.125)
According to Equation (4.104), there is no constant contribution from the axial mode, and
only the first term on the right-hand side remains. The term in round brackets is shown
in Equation (4.105), and it oscillates at the difference frequency &y of the radial modes. As
there is no constant term, resonant contributions at the radial frequencies @&.. are only created
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4.2. Relativistic effects

from the component ¥+ at the other radial frequency @&-. With the trigonometric identity (see
Equation (C.12) in the appendix)

(sin(: - £)sin(f)),, = ¥ cos(Fe) (4.126)

the resonant terms become

((xx +99) x>w = ((#% + 9 x¢>w (4.127a)
= ([=psp-(Bs = 6) sin( e = )] [=Gps sin(7)]), (4.127b)
= %2 e 2(@s ~ 6) cos() (4.1270)
= :L%pi OBy — D)% . (4.127d)

For i instead of %, as is the case in the second component of the radial equations of motion, the
relevant trigonometric identity (see Equation (C.11) in the appendix) is

(sin(fs - 1) cos(ia)) 5, = +3 () (4.128)
and the result is
(% +49) 9) . 5 = (32 +99) g%t (4.1292)
- ([=prp-(o4 = &) sin(Fe = )] [~z cos(7)]) (4.129b)
= 2o n(@s ~ &) sin( ) (41290)
= %pi Oz(dy — O ) Gr . (4.129d)

In each of the last steps, we have absorbed a factor of p. and —p.. as the amplitudes of x. and
U+, respectively. In the beginning, the last term in the equations of motion (4.98) did not look
like any of the other terms to be fit into the effective equations of motion (3.105). Therefore, its
connection to a frequency-shift in the framework of cylindrical symmetry may have appeared
doubtful. As it turns out here at the end of the calculation, the resonant contribution from the
term fits nicely into the effective equations of motion. This compliance could have been guessed
beforehand. The relativistic effects considered here do not break the cylindrical symmetry of
the ideal PENNING trap, because the LORENTZ factor y as the only addition is isotropic, and
hence does not favor a velocity component.

With all the resonant contributions, the effective equations of motion (3.105) take the form

X\ _ 1_(cb+/3+)2+(d)-/5-)2+d)+cb—ﬁi+%(cbzi)z Fp5 0x(04 = 02) | 02 (e
Us 2c2 2c2 2 \§+

(4.130)

[ (Daps)? + 2(02ps) + %(@2)2]
+|1- e (_;; )

2¢2
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4. Calculating first-order frequency-shifts

The first line contains the contributions from Equations (4.118), (4.119¢c) and (4.120) in the first
fraction, and Equations (4.127d), and (4.129d) in the second one. The second line comprises
Equations (4.122), (4.123d) and (4.124). Using Fo+(&4 — @-) = @% — &4+@-, the parameters in
the effective equations of motion (3.105) are read off as

1
P = £x = —— |(@£p2)" + 2(@pz)" + 5(0322)2 . (4.131)

Because the two parameters f. and ¢, are equal, the numerators in Equation (3.109b) for the
first-order frequency-shift are simply added with the help of

010 F 010- = 04 (04 + 0_) F 00 = *0b (4.132)

and the expression (3.109b) for the frequency-shift simplifies to

w2 w?

fo=t—2 ¢, . (4.133)

CL)+_CL)_ 0)+_CL)_

Specifically, the relativistic frequency-shift to the radial modes is given by

Aor s (w:p2)? + 2(wps)* + %(wzé)z
oL = +OJ+ — 5o . (4.134)

Like for the relativistic shift to the axial frequency at the end of Section 4.2.2, we have replaced
the relativistic frequencies @; in the parameters . and €. by the frequencies w; in the classical
limit. This replacement is good to zeroth-order in the frequencies, but fine to first order in the
frequency-shift.

Ignoring the factor of 2 between the dependence on the amplitudes of the radial modes, the
absolute shift to the reduced cyclotron-frequency is approximately a factor of w? /w? larger
than the shift to the magnetron frequency. Consequently, the shift to the sideband cyclotron-
frequency (2.25), obtained by adding the shifts to the two radial modes, is largely dominated
by Awy:

(02 = 202) (@i po)? + (202 — ) (@-p)? + (02 — 02)(,2)
Aw, = — (0 — o) 22 (4.135a)

N — w? (0)+,5+)2 _
¢ wr— o 2c2

The last step uses the third binomial formula on w? — ©? = (04 + W)Wy — ©-) = V(W4 — ©-).

The technical symmetry between the shifts to the two radial frequencies is present once again.
Thus, knowing the functional dependence of the relativistic shift Aw,(w;, P+, w—, p—, w,, 2)
to the modified cyclotron-frequency, the relativistic shift Aw_ to the magnetron frequency is
calculated from the same function as Aw(w-, p—, W+, P+, Wz, 2) . This evaluation based on the
change of the arguments corresponds to the combined substitution w. — ws and p. — p5 for
the radial frequencies and amplitudes. The relativistic shift Acw,. to the sideband frequency is
invariant under this substitution.

0tV @p (@02

(o
Wy — O 2¢2 4c?

20c +

(4.135b)
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4.2. Relativistic effects

4.2.4. Comparison with other results

For easier comparison with results from the literature, it is useful to express the relativistic
frequency-shifts (4.114) and (4.134) as a function of the energies (2.49)—(2.51) associated with
the three eigenmotions instead of their amplitudes. The relativistic frequency-shifts then take
the form!®

Bo. _ “1f i ©0:8: ;6 : (4.136)
o m (-0 Ao —w) (-0
Aw, -1][ w;E; 3 w:&E-
_ -1 PP S e 4137
W me? | 2(wy —w-) 8 4o (0y — w_) ( )
Aow— _ 1 [ wiE, w-& w? & (4.138)
w-  me? |[(0y —w-)? 2wy —w-) (04 —w-)?

With the approximation w; — w_ ~ w, for |wy| > |w_|, the result agrees with the classical limit
given in Reference [20], after applying the identity (2.26) multiple times. The same reference
also shows the quantum mechanical result in terms of quantum numbers, a result picked up
and expressed as a function of the energies &; in Reference [44] without any assumptions
about the frequencies. Apart from the frequency-shifts caused by spin and the zero-point
shift caused by the fact that even the quantum-mechanical ground-state of each eigenmode
has nonzero energy—both being effects which our entirely classical treatment simply cannot
reproduce—there is agreement.

4.2.5. Estimates based on relativistic mass-increase

Because of the additional time-derivative of the LORENTZ factor, the relativistic equations of
motion (4.91) do not result from the classical ones by simply making the replacement m — ym
for the mass. Nevertheless, the concept of relativistic mass-increase at slow speeds [49] is widely
used to introduce the most important relativistic frequency-shifts, for which it turns out to
work nicely. This section explores why this model is tempting in the context of the PENNING
trap, and compares its estimates with the first-order result.

Without an electric field, the time-derivative (4.94) of the LORENTZ factor y vanishes, and the
relativistic equations of motion (4.91) look like the classical equations of motion for particle
of mass ym. Consequently, the motion in an entirely magnetic field supports the notion of
relativistic mass-increase as the major relativistic effect. In fact, it is the only one in this setting.
In a homogeneous magnetic field, the expression

_ah

e = (4.139)
ym

for the relativistic free-space cyclotron-frequency &, is exact. No approximations are required
to calculate the frequency-shift with respect to the classical case. However, the relativistic
frequency-shift is typically derived by starting from the classical case without discussing the

16Now, the substitution for making the switch Awy — Aws is vy = ws and &5 = —Ex.
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4. Calculating first-order frequency-shifts

relativistic solution. This approach will be extended to the three eigenfrequencies in the PENNING
trap. For small velocities, the relativistic mass of the particle is expanded as

m v?
ym = ~ml1+ —+.-. , (4.140)
1= 022 2¢?

which results in the velocity-dependent mass-increase

Am _ v° (4.141)
m 2 ’
Next, the mass-dependence of classical free-space cyclotron-frequency (2.18)
d
De o L (4.142)
dm m

is related to the relativistic frequency-shift by plugging in the velocity-dependence (4.141) of
the mass as
Aw Am v? (wcﬁc)z

T T T T e (4.143)

The velocity squared is the one of a circular motion at the free-space cyclotron-frequency o,
with cyclotron-radius p.. As usual, we do not distinguish between the relativistic frequencies &
and the classical ones w to first-order in the frequency-shift. Of course, the particle is free to
drift along the magnetic field-lines with constant velocity, but we do not show this contribution
to v? here, because it would eventually lead to a loss of the particle. It is for this reason
that the PENNING trap employs an electric field for axial confinement. In turn, the situation
becomes more complicated to the extent that an analytic solution of the relativistic equations
of motion (4.95) is impossible, because the time-derivative (4.94) of the LORENTZ factor does not
vanish. Instead, the time-dependent LORENTZ factor turns the relativistic equations of motions
into nonlinear ones. Nevertheless, the prediction (4.143) for the relativistic free-space cyclotron-
frequency w, is assumed to be valid for the shift to the modified cyclotron-frequency w..
When the trap is operated in the usual regime |w.| 2 |w+| > @, > |w_|, the magnetic field
is expected to dominate the modified cyclotron-mode, while the other, slower, modes give
negligible contributions to the total velocity, assuming similar amplitudes. If, furthermore, the
amplitudes of the other modes can be neglected, the main motion in the PENNING trap is still a
circular one.

The simple model of mass-increase will be applied more rigorously in the following. Generally,
the radial frequencies w. defined in Equation (2.23) depend on mass as

do:  Owido. o dw?

= —_— 4+ 4.144a
dm  dw. dm  Hw? dm ( )

+w ) 1 —w? 1 i F w+0—

=% e - 00 Ve _ - HERCT AR (4.144D)

Wy — - m 2wy —w_) m m  w;— -

1 w?

=F——= (4.144c¢)
mows — w_
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4.2. Relativistic effects

The derivatives of the radial frequencies with respect to the free-space cyclotron-frequency .
and the axial frequency squared use Equations (3.107) and (3.108). The derivatives of the fre-
quencies with respect to mass are calculated from Equations (2.18) (or directly Equation (4.142))
and Equation (2.17), respectively. In both cases, it is more convenient to use the axial frequency
squared as a variable, because the radial frequencies w. are a function of w?, and taking «?
eliminates the square root in the functional dependence of w, on mass m. In the second-to-
last step, the axial frequency squared is expressed as a product of the radial frequencies via
Equation (2.26). In the last step, the numerator is summed with the help of Equation (4.132).

With Equation (4.141), the mass-dependence (4.141) of the radial frequencies is linked to the
estimate

Aw ws Am Wt v?

=7F =F—— (4.145)
W+ Wy — - m Wy — w_ 2c2

for the relativistic frequency-shift. In an ideal PENNING trap, the kinetic energy (2.47) is not
constant, unless the trapped particle has no axial amplitude, and only one of its two radial
modes has nonzero amplitude. Thus, the velocity squared is generally a function of time. For the
estimate of the relativistic frequency-shift by means of relativistic mass-increase, we consider
the constant (or time-averaged) component

(), = (upa)? + (@_p_) + %(0322)2 , (4.146)

taken from Equations (4.101) and (4.117). To first order in the frequency-shift, the relativistic
frequencies & may be replaced by the frequencies w from the classical case. Since we do not want
to show an incorrect formula for the relativistic frequency-shifts, we will not plug this result
into Equation (4.145) explicitly. As it turns out, the simple model of relativistic mass-increase
fails to account for the factor of 2 in the dependence of the radial frequency w. on the amplitude
squared pZ of the other radial motion. Apart from missing this factor, the exact first-order
result (4.134) is reproduced, and the order of magnitude is certainly correct.
According to Equation (2.17), the dependence on the axial frequency on mass evaluates to

dw 1)
d”‘: = —ﬁ . (4.147)
With Equation (4.141), this result is related to the estimate
Aw Am v?
A (4.148)
W, 2m 4c2

for the relativistic frequency-shift. Again, we refrain from showing the full expression after
plugging in Equation (4.146) for the estimate of velocity squared because the exact first-order
result (4.114) is not completely reproduced. This time, the simple model of relativistic mass-
increase underestimates the dependence on axial amplitude squared by a factor of 3/2, but it
does not miss out on the right order of magnitude. Moreover, the dependence of the relativistic
frequency-shift on the radial modes is reproduced correctly.

Table 4.1 summarizes the successes and the pitfalls of the simple model based on relativistic
mass-increase. Because of the hierarchy |w;| > «w, > |w_| for the eigenfrequencies, relativistic
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4. Calculating first-order frequency-shifts

Table 4.1.: Comparison of the simple estimate based on relativistic mass-increase with the exact
first-order calculation for the dependence of the relativistic frequency-shift Aw; on
the amplitudes of the three eigenmotions. The checkmark (V) indicates agreement;
the cross (X) indicates a discrepancy. Even in case of a discrepancy, the order of
magnitude is correct.

Py 2 p-
Awy | vV VX
Aw, | v X
Ao | X V V

shifts to and by the modified cyclotron-mode are typically the most important ones, assuming
similar amplitudes. Apart from the least important shift to the magnetron mode, the simple
model agrees with the complete first-order result for these. Because of this coincidence or
authors’ awareness, the discrepancies have not played an important role. The discrepancy for
the dependence of the axial frequency on the amplitude of the axial motion is probably the
first one that could be of experimental relevance. However, corrections for this relativistic
frequency-shift seem to have been applied correctly, mainly because of the availability of the
earlier results based on operator methods. The only paper that I am aware of for incorrectly
using the simple model of relativistic mass-increase in this case is a theoretical one [110] without
any direct interpretation of experimental data.

It is worth noting that even if we hypothetically sought to eliminate the relativistic effects
beyond mass-increase from the equations of motion by ignoring the time-derivative of the
LoreNTZ factor, the first-order result would not agree with the simple model presented in this
section. If the time-derivative of the LOorRENTZ factor were dropped from the axial equation of
motion (4.106), the simple model of mass-increase would still not get the dependence of the
relativistic shift Aw, on the axial amplitude right. In this case, the last term in square brackets in
Equation (4.112) would be missing and the factor of 3/s in the frequency-shift (4.114) would read
1/s rather than 1/2 as predicted by the estimate of velocity (4.146). The discrepancy arises from the
fact that the relativistic mass is dynamical, rather than constant. When searching for resonant
terms that drive the first-order frequency-shift, terms like v?z need to be analyzed as a whole,
not just as individual factors. Although these mechanism of resonant mixing are even more
pronounced for the radial modes, we will not go into detail of what the first-order frequency-
shift would look like if the term F52 &+ (@4 — @-), which results from the time-derivative of
the LOoRENTZ factor, were missing in the effective radial equations of motion (4.130). At a first
glance, the contributions that look like (time-averaged) mass-increase remain unchanged, while
the dependence of the shift Aw. on the amplitude p; of the other radial motion would still
disagree with the estimate from the model of mass-increase. In reality, the time-derivative of the
LoRreNTZ factor is here to stay as a relativistic effect. The goal of this academic discussion was
to highlight the importance of correctly averaging the forces on the particle for the calculation
of first-order frequency-shifts.
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4.3. Shifts in axial lock

4.3. Shifts in axial lock

This section examines anharmonic frequency-shifts to the radial modes when the axial frequency
is held constant. This mode of operation is referred to as axial (frequency) lock, and the axial
frequency @, is called locked, in contrast to the free-running mode. Assuming a perfect locked
loop, the effective axial equation of motion (3.85) shows that w?(1+¢,) has to be kept constant for
the axial frequency @, to stay constant. Although the effective radial equations of motion (3.105)
also contain w,, this quantity is not equal to the actual axial frequency in the perturbed PENNING
trap. The radial frequencies @, depend on the effective curvature of the electrostatic potential
in the radial direction, just like the axial frequency &, depends on the effective curvature of the
electrostatic potential in the axial direction. Only in the case of the ideal PENNING trap are these
two curvatures related in a simple manner. If this relation is preserved by the imperfections,
the frequency-shifts cancel in the invariance theorem [25]. The parameters ¢, in the effective
radial equations of motion (3.105) show that the effective curvature in the radial directions
may differ for the two radial modes. If they are the same—that is, ¢, = e_—the first-order
frequency-shifts (3.109b) cancels in the sideband-identity (2.25).!

From the mathematical point of view, the actual axial frequency in lock is readily included in
the effective curvature of the radial electrostatic potential by means of

(1 +e)(1+er) 021 +ex)

21+e) = = 4.149
0z(1+e2) (1+2) (1+2) (4-1492)
~o(1+e)1—e+---) (4.149b)
~OF(1+es—e +-00) . (4.149¢)

In the first step, we have expanded with 1 + ¢, to write the actual axial frequency in lock as

O, =w V1 +¢&, . (4.150)

From this point on, we will indicate frequencies in lock with the inverted hat as ;. Under lock,
the axial frequency-shift vanishes: A@, = 0, in contrast to the free-running mode. We have then
approximated the denominator for |¢,| <« 1. The cross-term ¢.¢, has been neglected because
it is of higher order. If either ¢.. or ¢, were correct up to, say, second order, the second-order
contribution of the cross-term e, ¢, would have to be retained, in order to stay correct to second
order. However, all the frequency-shifts considered in this chapter are of first order only.

Substituting Equation (4.149c¢) into the effective radial equations of motion (3.105) in free-
running mode results in the effective radial equations of motion

(;i) = w(1+ f) (_y;i) + M (zi) (4.151)

under lock. The two differences are the substitution w? — ®2, and the addition of the pa-

rameter —¢,. The shift to the radial frequencies w. under lock is now calculated according to

17This is not the case for f; = f— = B. Rather, the associated two shifts would combine to increase the sideband
cyclotron-frequency by w¢f to the value of the effective cyclotron-frequency wc(1 + ).
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4. Calculating first-order frequency-shifts

Equation (3.105) for the free-running mode!® with the result

W+ Wy W—
Aoy =+— =B, F —— (e, — ;) (4.152a)
(.l)+ — (- CO+ — (-
Wy W—
= Aoy + ——— ¢, (4.152b)
CL)+ — (W—
20,0- Aw
= Aoy + —— —= (4.152¢)

Wy — O— Wy

The last step relates the parameter ¢, to the axial frequency-shift in free-running mode via
Equation (3.86). This is the same result as in Reference [44]. Without any specific expression
for the frequency-shifts, Equation (4.152c) shows that the shift to the sideband cyclotron-
frequency (2.25) is the same under lock as in free-running mode:

Ao = Aoy + A = Awy + Ao = Awe . (4.153)

Next, we consider shifts to the frequency determined via the invariance theorem (2.27). In
the ideal case and for some imperfections covered by the invariance theorem, such as an elliptic
quadrupole potential and a misalignment of this potential with respect to the magnetic field,
summing the three eigenfrequencies in the trap in quadrature yields the free-space cyclotron-
frequency (2.18) squared. However, the cancellation in the quadratic sum does not work for
arbitrary frequency-shifts. Consequently, the frequency determined by plugging the shifted
frequencies, which have not been corrected for that very shift, into the invariance theorem will
in general differ from the ideal free-space cyclotron-frequency w. given by Equation (2.18).

The free-space cyclotron-frequency «w. depends differentially on the three eigenfrequencies w;
in the trap as

ow, 0 Wj w;
€= 0 roitot s —m ——— = — (4.154)

(')a),- ('ia),- @, ’
2 2 2 c
Wy + w7 + w2

when it is determined via the invariance theorem. Thus, shifts Aw; to these frequencies result
in the shift

WA = WAy + W AW, + W_Aw- (4.155)

to the calculated free-space cyclotron-frequency.! Since estimating the shift Aw. with only the
first derivative neglects cross-terms and powers in the shifts Aw;, we are free to switch between
the perturbed frequencies, ©; and &;, and the unperturbed ones in this approximation. Taking
the difference between these frequencies into account would lead to powers in the shifts Aw;,
too. When higher-order derivatives are not considered, dropping these terms of higher order is
the honest thing to do.

18Because the effective radial equation of motion (4.151) under lock contain the locked axial frequency ¢, rather than
the axial frequency w; in the ideal trap, a little care has to be taken. The original calculation uses Equation (2.26),
©? = 2w40_, whereas now &2 = w2(1 + &) according to Equation (4.150). However, the difference is of higher
order and will hence be neglected here.

19We are talking about shifts in the sense of applying corrections. Propagating the uncertainties of these shifts is a

different matter.
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For shifts A®; under lock, which ideally means A®, = 0 as the axial frequency is held constant,
the shift to the calculated free-space cyclotron-frequency becomes

WAOe = Wi AD; + W_Ad- (4.156a)
12) 1)
= w; |Awy + —ZAQ)Z) + w_ (Aw_ - —ZAa)Z) (4.156b)
0)+ — W- CL)+ — (-
= w0 Aws + W Aw; + w_Aow— . (4.156¢)

The second step uses Equation (4.152c) in conjunction with Equation (2.26), w2 = 2w, w_. The
final result is the same as in Equation (4.155) without lock.

When it comes to the invariance theorem (2.27), applying the shifts to the radial frequencies
under lock without correcting the locked axial frequency is equivalent to applying the shifts for
free-running mode to all three eigenfrequencies. While locking the axial frequency seems like a
clever alternative to measuring it, there is no guarantee that the frequency to which the particle
locks is the unperturbed axial frequency the particle would have in the ideal trap. Consequently,
corrections of the axial frequency have to be implemented in the invariance theorem, even
under lock. This fact is expressed very clearly by Equation (4.156c), whereas these corrections
in Equation (4.156a) are hidden in the shifts A@, to the radial frequencies under lock.

At this point, we turn from the general relations for shifts to the specific frequency-shifts from
Sections 4.1 and 4.2 for cylindrically-symmetric imperfections and relativistic effects, respec-
tively, in order to calculate the corresponding shifts in lock in the following two subsections.

4.3.1. Cylindrically-symmetric imperfections

As in this whole chapter, the results will be kept general when possible. Explicit expressions for
the frequency-shifts caused by the lowest-order imperfections are shown in Chapter E of the
appendix.

Electrostatic imperfections

The exponent of the amplitude p. is not the same in the axial frequency-shift (4.36) as in the
shift (4.50) to the radial frequencies. Consequently, combining these shifts directly according to
Equation (4.152c¢) for the shift in lock would yield an unnecessarily complicated expression. By
transforming the summation variable in Equation (4.36) as k — k — 1, the axial frequency-shift
is rewritten as

Aw, _ Coy (2n)! Zn: kZ—i (—1)¥(n +1 - k) ﬁipﬁi(k—l—}’)éz(n—k) w5
0: G 2 L [(n+1-R)lp! (k- 1-p)Fd? -

with the same exponents for the amplitudes as in the shift (4.50) to the radial frequencies.
Moreover, the sums now have the same limits. Overall, the frequency-shifts are in the right
shape to plug them into Equation (4.152c), where the two expressions on the right-hand side
turn out to be almost equal up to factors of

1 1
p+1 n+1-k

p+1 n—k+1 1

(=R p+ DI [+ 1-RIpF  [(n— k)l pIP

(4.158)
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4. Calculating first-order frequency-shifts

The first term is from the radial modes; the second one from the axial mode. The signs shown
here reflect the situation for the modified cyclotron-frequency @, under axial lock. For the shift
to the magnetron frequency w_, there is a global minus sign.

Considering all the common factors not shown in Equation (4.158), the shift to the radial
frequencies in lock becomes

1)k 52(n=F)

wyo- Cop (2n)! 1 Z (-
[(n = k)1J?

60+—60_C_222n_1 d2n—2

k-1 £2p ~2(k-1—

, A I U
p+1 n+1-k

Zilptk=p— 1P

A(Z)izi

(4.159)

It vanishes for p = n — k, which means that there are no terms with Z and p. having the same
exponent. Moreover, the term pz(n Y with the strongest possible dependence on the amplitude
of the other radial mode is gone, because reaching this exponent requires k = n and p = 0,
which satisfies p = n — k.

Inserting the condition k = n — p for a vanishing contribution into the limits 0 < p < k -1
for the summation variable p yields the condition 0 < 2p < n— 1 for all possible values of p that
lead to a vanishing contribution. Overall, the shift (4.159) to the radial frequencies under axial
lock contains 1+ |(n—1)/2] = [(n+ 1)/2] fewer terms with distinct dependencies on amplitudes

than the corresponding shift (4.50) in free-running mode.

Static magnetic imperfections

For magnetostatic imperfections, the expressions for the shift (4.78) to the axial mode and
for the shift (4.87) to the radial modes have the right form to combine them according to
Equation (4.152c) for the frequency-shift in lock without any transformation of summation
variables. Although the lower limits of the summation over k are not the same yet, they are
matched readily, because both binomial coefficients inside the square brackets in Equation (4.78)
vanish at the new lower limit k = 0, where there is no additional contribution to be considered.
The frequency-shift in lock then becomes

1)k z2n-k)
[k!'(n - k)!]?

Z:)(];) {wi [(I;) _ﬁc:i)] (4.160)
(P-Ii 1) - ﬁ(k; 1)]}ﬁipﬁi(k—p)

Like for the magnetic shifts in free-running mode, we will not use the explicit expression (3.3)
for the binomial coefficients, because of the special cases for p = 0, p = k, and k = 0. These
vanishing contributions are included in the binomial coefficients without having to split the
sums. Anyway, the binomial coeflicients do not subtract nicely and possible cancellations are

+%w+ + w_ (2n)! Z (-

Aoy = £
* BO (/J+—(/J_ 2271

+ ws
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4.3. Shifts in axial lock

much harder to spot. Moreover, two cancellations are required for a particular dependence
on amplitudes to vanish. Thus, we will not attempt a general survey here, going with a
specific example instead. For the lowest-order term Bs, the shift A®. does not depend on the
amplitude pz of the other radial motion.

4.3.2. Relativistic effects

For the frequency-shifts in lock, Equation (4.152¢) combines the frequency-shifts in free-running
mode: Equation (4.114) for the axial frequency and Equation (4.134) for the radial frequencies.
The resulting shift

5 1 w? X w- R
Ao, = — —+ {(a)+p+)2 [1 + w— + 2((,0_,0_)2

2c2 wy — w_ .
£\2
o) 3w_
(@2 | Ba-
2 204

to the reduced cyclotron-frequency is largely dominated by the shift to that frequency in
free-running mode. Conversely, the shift

W
1+
204 ]

(4.161)

1 _
NG = L _@r0- {(w_ 5y

2c% wy — w_

w-
1+ 2—]

+

- A
1+ _] + (w4 p1)?
W+

3(w,2)? 200_
+ (©:2) 1422
4 3w+

(4.162)

to the magnetron frequency is dominated by the shift to the axial frequency that lock will undo.
In typical experiments, the factors of w_/w, may safely be neglected.
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5. Calculating other frequency-shifts

This chapter deals with two sources of frequency-shifts that did not fit into the context of
Chapter 4, either because no truly perturbative method is required as is the case in Section 5.1
on the frequency-shift caused by image charges, or because second-order perturbation theory is
required. In this regard, Section 5.2 on a modulation of the trapping potential extends Section 3.3
on second-order effects to the treatment of a time-dependent perturbation. The general methods
of Chapter 3, in particular Section 3.4, come in handy for Section 5.1, too.

5.1. Image-charge frequency-shift

Section 2.2.1 on the electrostatic potential in a PENNING trap mentioned the self-interaction of an
ion via the charges its electric field induces in the electrodes. This interaction is a consequence
of the electrodes being equipotential surfaces. Because the ion creates a nonzero potential there,
which depends inversely on the distance from the ion, there has to be an additional potential with
a nontrivial spatial dependence. This potential compensates for the ion’s CouLomB potential on
the electrodes, and it is present everywhere, in particular at the ion’s position. For the overall
electric field, the electrode being an equipotential surface means that the field lines have to be
perpendicular to it, or else the remaining parallel component would move charges along the
surface, until a new equilibrium is reached.

For particular geometries, the boundary conditions on the electrodes are satisfied by the
strategic placement of fictitious charges, and the electric potential and field are calculated
from this configuration. A point charge in front of an infinite conducting plate is the textbook
example. The fictitious charge which ensures that the plate remains an equipotential surface is
the mirror image of the original charge—opposite in sign and opposite the plate. That is why
the method for solving this boundary-value problem is called method of image charges.

As is customary in PENNING-trap physics, we will sloppily refer to the charge distribution
on the electrodes as image charges, even though no pointlike charges can be singled out there.
Mathematically, one would be hard-pressed to compensate for the ion’s finite potential on the
electrodes by placing pointlike charges, whose potential diverges at their location, right on the
electrodes.

Due to the ion’s motion in the PENNING trap, the image charges are not static. Section 4.2.1
mentioned the complication of retardation for the modified cyclotron-mode of electrons [21, 67]
when deriving relativistic equations of motion. The classical formalism of instantaneous fields
suffices for ions because the wavelengths associated with their eigenfrequencies are much
larger than the dimension of the trap. When neglecting the insignificant magnetic field created
by the orbiting ion and by the oscillating image-charges, the time-derivatives in MAXWELL’s
equations (2.53) and (2.54) play no role, and the problem looks like the electrostatic one again.
The ion’s position acts as a parameter whose time-dependence comes into play only after having
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5. Calculating other frequency-shifts

solved the electrostatic problem for the image-charge field and potential as a function of that
parameter without considering the ion’s motion yet. The ion’s trajectory is then determined
from the equation of motion that includes the force by the image charges.

The method of images has been employed multiple times to estimate the additional electric
field due to image charges in a PENNING trap with the goal of translating this field into frequency-
shifts [162, 191, 194]. We will skip the first part of determining the image-charge field for a
particular trap geometry, calculating the frequency-shifts for the generic lowest-order form this
field may have. Honoring the particularity of THe-Trap, we devote special attention to the shifts
under lock. In doing so, we extend the work of Reference [162] beyond an image-charge field of
spherical symmetry. Reference [124] gives corresponding formulas with going into detail about
their derivation. Shifts in free-running mode with the major focus on the modification of the
invariance theorem (2.27) are discussed by References [127, 152].

For an ion of charge q = ne, with n elementary charges e, that is,' the field of the image
charges at the position of this very ion is given by

Ei = n(E,x€y + E;yé’y + Elzé,) (5.1)

to lowest order. This field is linear in the position of the ion—not the general coordinates—and
the E/ describe the field’s gradient for one (positive) elementary charge e in the trap.?

When considering the image-charge potential, keeping track of two different sets of coordi-
nates is crucial. This potential depends on the position of the ion, but it is defined everywhere.
The electric field at any position is calculated by taking the negative gradient with respect to
the general coordinates, while the position of the ion is treated as a parameter. The electric field
at the position of the ion then follows by evaluating the resulting expression at the position of
the ion [127]. This operation is not equal to plugging in the position of the ion into the general
coordinate of the potential and then taking the negative gradient with respect to the position
of the ion. Even though a factor of !/2 cures the shortcoming of the second method [157], the
difference between the image-charge potential as a function of general coordinates with the
position of the ion as a parameter and the same potential evaluated at the position of the ion has
profound consequences. While the former fulfills the LAPLACE equation (2.57) (with the LapLACE
operator working on the general coordinates), the latter typically does not (with respect to
the position of the ion—the only variable that is left). Thus, the constraint E} + E; + E, = 0
for an electric field which is derived from a potential that is quadratic in the coordinates and
satisfies the LAPLACE equation is lifted. Other, less fundamental relations are established by the
symmetry of the trap.

A constant term in the image-charge field (5.1) is ruled out by the symmetry under point
reflection about the center of the trap. If cylindrical symmetry is present, as we shall assume

IFor N ions of the same species, assumed to occupy the same spot, the formulas in this section should hold with
the replacement n — Nn, as long as the ion—ion interaction is neglected.

2We are running short of symbols to distinguish the notation, the ordinary ES;) being used for the electric field.
The calligraphic & denotes the energy of the particle (Section 2.1.2). The two variants € and ¢ of the Greek
letter epsilon are used as the perturbation parameter (3.1) and as a relative change of effective electric field
(Equations (3.85) and (3.105)), respectively, both being related to frequency-shifts. Unfortunately, the capital
epsilon looks like a Latin E, and for the ease of copying the formulas by hand we do not want to switch to the
Fraktur or blackboard letters, € or E, KIEX has to offer from its math alphabets. Since the E: describe a field
gradient, the prime serves as a reminder of the derivative.
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5.1. Image-charge frequency-shift

here for the moment before getting to the most general case, the gradients in the radial directions
are described by the same parameter E/, = E{ = E/.

In the case of spherical symmetry, all three gradients are the same: E; = E, = E;. Even
though the trap is not spherical, this case makes for an interesting model because of the analytic
solution [162]

, 1 e
E. = yr— (5.2)
for the gradient® in a sphere of radius a. Analytic expressions for some other geometries
exist [157]. Unfortunately, traps with hyperboloidal electrodes are not among them, and
determining the gradients relies on a semi-analytic approach [127] or simulations [140].

As a general statement, we expect the particle to be attracted by the opposite-sign charges
on the electrodes (fractions of elementary charge actually), which is reflected by positive or
zero gradients E}, and E;. The gradient for one direction is zero when there is translational
invariance in this direction, for instance E, = 0 in an infinite cylinder stretching along the
z-axis, or E/, = 0 for an infinite plate perpendicular to the z-axis.

Like for the imperfections of the electric and magnetic field, we will calculate the image-charge
frequency-shifts in general terms, assuming that the relevant coefficients—the gradients E;, and
E’ in the case of cylindrical symmetry—can be procured from other sources. Turning things
around, the gradients might of course be determined from a measurement of the image-charge
frequency-shift. However, we shall see that such a measurement is virtually impossible with one
single ion because, for one species in a given trap, there are no suitable parameters to sample.
Unlike the imperfections of the electric and magnetic trapping fields, which can be varied and
whose frequency-shift depends on the amplitude of the particle, the image-charge effect is much
harder to tune. In short, it is hard to extrapolate to zero image-charge frequency-shift for a
single ion.

Axial mode
The additional axial acceleration Zj. = (q/m)nE.z by the image-charge field (5.1) is incorporated
into the axial equation of motion (3.85) with the parameter

El
£, = —ni—; (5.3)
m w?
and translated into the relative frequency-shift
Aw E;
B o pd = (5.4)
W, m 2wy,

via Equation (3.86) for |e,| < 1. Since the axial image-charge field (5.1) has the same spatial
dependence as the axial electric field (2.14) in the ideal PENNING trap, both being proportional
to z, perturbation theory is actually unnecessary, and the axial frequency squared is read off
directly from the equations of motion as

0 = w1 +¢,) (5.5)

3References [162] and [127] use Gaussian units, rather than SI units. We have included the vacuum permittivity &
together with a factor of 47 here.
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5. Calculating other frequency-shifts

without searching for resonant terms.* The axial frequency-shift due to image charges is a
harmonic one, which means that it does not depend on the motional amplitudes of the particle,
at least for the lowest-order image-charge field considered here.

For E. > 0 as expected for typical geometries, we have ¢, < 0, and the axial frequency-shift
is negative.’ Thus, the actual axial frequency is smaller than it would be if the image charges
were magically turned off.

Radial modes
For the radial modes, the additional acceleration

(;z) - n%E; (’;) (5.6)

by the image charges fits into the radial equations of motion (3.105) with the parameter

2E’

£y = €x = n%w_ﬁp . (5.7)
Like in the axial case, the spatial dependence of the cylindrically-symmetric radial image-charge
field (5.1) is the same as for the electric field (2.14) in the ideal PENNING trap. However, the
prefactors of the additional axial and radial acceleration are unrelated because there is no
fundamental link between the gradients E and Ej,, their ratio depending on the geometry of the
trap electrodes. With the radial image-charge field easily incorporated into the equations of mo-
tion (3.105) without an explicit search for resonant terms,® the modified radial frequencies (2.23)
become

. 1 @
Oy = = [wc + — \/wg - 2w3(1 +¢p) (5.8)
2 |coc]
For |e,| < 1, Equation (3.109b) gives the image-charge frequency-shift as
nE’ nE" v, + w_ nE’ WO nE’
Awi:¢i—p:¢—p+—wz¢—p 1+2—|~3—=2 | (5.9)
maow; — - By w; —w_ By Wy By

We have used the definition (2.18) of the free-space cyclotron-frequency «w. and the cyclotron-
sideband identity (2.25), before approximating the frequency-shift in the limit of w_/w; < 1.
When dropping the factor altogether, the image-charge frequency-shift is (approximately)
independent of the mass of the particle, depending only on its charge and two parameters of the
trap. This dependence also explains why the shift to radial frequencies is almost impossible to
measure with a single ion, in which case the only parameter to be varied would be magnetic field.
However, the radial frequencies w. as such, and not just their shift, depend on the magnetic

4We have made the reference to the effective axial equation of motion (3.86) though, because we did not want to
reprint a slightly modified version here, with just the tilde removed from Z and Z.

SFor a negative charge, both q = ne and n are negative. Thus, the product nq in Equation (5.3) is unchanged.

6 As for the axial mode, we could have modified the original equations of motion (2.16) in the ideal PENNING trap
with x and y rather than the zeroth-order trajectories X and g, but the effective equations of motion (3.105)
already contain the parameter ¢., to which we have assigned the meaning of ¢,.
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5.1. Image-charge frequency-shift

field, too. Even if the magnetic field were readily adjusted, which is difficult for superconducting
magnets in persistent mode, the change due the principal dependence (2.23) on the magnetic
field would overshadow the change in the image-charge frequency-shift.

For a radial gradient Ej, > 0, which describes an attraction by the image-charge distribution
on the electrodes, the absolute value of the reduced cyclotron-frequency w, decreases, while the
absolute value of magnetron frequency w_ increases.” This behavior is expected for a stronger
radial electric field. Since the image-charge shift (5.9) is caused by a rescaling of the radial
electric field, which is equivalent to a change of the trapping voltage V; when there is cylindrical
symmetry, the shift vanishes upon summing both radial frequencies in the cyclotron-sideband
identity (2.25).

Modified invariance theorem
As discussed in the introduction to this section, the electric field (5.1) of the image charges does
not have to originate from a potential that fulfills the LAPLACE equation (2.57) with respect to
the coordinates of the ion. Therefore, the overall effect of the image-charge field is not described
by a change of the effective trapping voltage V; in the quadrupole potential (2.2) of the ideal
trap, unless the gradients satisfy E; = —2E,. As a consequence, the invariance theorem (2.27) is
violated, when the image-charge frequency-shift has to be taken into account.

Summing the full expressions for the shifted axial frequency (5.5) and the shifted radial
frequencies (5.8) in quadrature yields

+&? (5.10a)

2
24
1
=+ [a)g + ch\/wg — 2041+ ¢£)) + 0F — 202(1 + é‘p)]

1
tg [wﬁ - 2wc\/wc2 — 2031 + £)) + 07 — 20%(1 + gp)] (5.10D)
+ wg(l + &)

= wf —wi(ep —€2) = ”%(ZE; +E) . (5.10¢)

In the last step, we have used Equations (5.3) and (5.7) for €, and ¢,,, respectively. The shifted free-
space cyclotron-frequency @ is not an actual frequency in the trap, and in general it is not equal®
to the true free-space cyclotron-frequency, with which the ion would orbit around the magnetic
field lines if there were no trap. The frequency &, merely results from stubbornly applying the
invariance theorem (2.27) beyond its scope. Consequently, the frequency determined in this
way is shifted from the coveted one by

Ao = 6 — = ‘E’? - w? N _n%(zE;, +E) _ _an;, +E,

Wc + e 2. 2B,

(5.11)

There is an approximate sign in between because we have used @. ~ @ in the denominator
after expanding with the sum of these two frequencies. For 2E], + E] > 0, which we expect

"This statement is true regardless of the signs of n and By, because these two also determine the sign of the
free-space cyclotron-frequency w. and hence the sign of the radial frequencies w... Thus the shift Aw, has the
opposite sign of w4, whereas Aw_ has the same sign as w_.

8 As predicted, equality holds for E, = —ZEI’), when the effect of the image-charge field mimics a change of the
trapping voltage Vp.
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5. Calculating other frequency-shifts

to be the usual case for the attraction by the image charges on the electrodes, the determined
frequency @, has a smaller absolute value’ than the “true” free-space cyclotron-frequency ..
Defining Aw, as the shift per elementary charge, the correction (5.11) is written as
5 ) 2E; +E;
We = O + nAw, with Awe = —— . (5.12)
ZBO

The shift Aw, per elementary charge depends on the magnetic field By and the two gradients Ej,
and E’, of the image-charge field (5.1), which are a function of the trap’s geometry. The result is
independent of ion’s mass. Moreover, there a no parameters, which are easy to vary for one
ion in a specific trap, which precludes a measurement of the shift without changing the ion
content of the trap, that is, varying the number of ions or the species. On the other hand, the
simple dependence on such a low number of parameters with very little temporal variation is a
blessing, provided the theoretical prediction is trustworthy.

Axial lock
Here we apply the methods of Section 4.3 for frequency-shifts to the radial modes when the
axial mode is held constant (“locked”) to the image-charge frequency-shifts. According to
Equation (4.150), the lock keeps @ = w?(1 + ¢,) constant, where the inverted hat on the
frequencies ®; indicates lock mode, in contrast to the perturbed frequencies @, with a tilde in
free-running mode.

Expressing the radial frequencies (5.8) as a function of the locked axial frequency «, rather
than the unperturbed axial frequency w, yields

1 L1+te
—w. £ — a)g—Za)g—p
2 |we| 1+e¢,

(5.13)
for the radial frequencies under lock. Making the corresponding substitutions in Equation (5.10b)
is now straightforward, and the shift in the quadrature relation, the invariance theorem (2.27),
becomes

OF — 0 = &2+ OF + 0% — (5.14a)
1+e¢
. P, .
= -t T+ e + 02 = -0 (1 + £p) + w2(1+¢;) (5.14b)
= —wi(ep — &) = —n%(zE; +E) . (5.14c¢)

As before, we have used Equations (5.3) and (5.7) for ¢, and ¢, respectively, in the last step. The
result is the same as in Equation (5.10c) for free-running mode, and hence Equations (5.11) and
(5.12) also hold under lock with the replacement &, — .. Of course, the conclusions apply, too.

The agreement is in line with Equations (4.155) and (4.156c), and we could have relied on
their statement. However, for the cylindrically-symmetric image-charge field (5.1), the shift
to the frequency determined via the invariance theorem is calculated here without having to

9The statement about n and By determining the sign of w. applies here again. Thus, the shift has the opposite sign
of w¢ (and &c).
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5.1. Image-charge frequency-shift

express the shifts Aw; to the individual frequencies, which involves first-order approximations.
Moreover, no additional approximations, such as the differential dependence (4.154) of the free-
space cyclotron-frequency w, had to be used with the approach including the full quadrature
relation here.!”

The shift to the radial frequencies under lock is calculated by plugging Equations (5.3) and
(5.9) into Equation (4.152b), or Equations (5.3) and (5.7) into Equation (4.152a). Both alternatives
use Equation (2.26), @2 = 2w;w_, and they neglect the difference between the perturbed
and unperturbed frequencies in the prefactor. Using the same steps as in Equation (5.9)—the
definition (2.18) of the free-space cyclotron-frequency w., the cyclotron-sideband identity (2.25)
and the approximation w_/w; < 1—yields

2E’ + E! 2E’ + E!
n Wy + -
Aoy = ¢—g P E_gp L I (5.15a)
2m wy — - 2By  wy —w-
2E, + E, - 2E, + E;
~ n——Z2|142— | Fn—2—Z% | (5.15b)
ZBO W4 2B0

Thus, the shift to the radial frequencies under lock has about the same magnitude as the
shift (5.11) to the free-space cyclotron-frequency determined via the invariance theorem (in
either operating mode of the trap, with our without lock). Taking the signs into account, we
have A®. = +Aw,. In addition to the approximate equality, the common sign for A@, and Aw,
reflects that, under lock, the image-charge frequency-shift via the invariance theorem (2.27) is
dominated by the shift to the modified cyclotron-frequency.

This relation also explains why References [162] and [127] compare so favorably, almost
fortuitously, without a closer inspection of the operating mode in which their results were
obtained. The former measures the image-charge frequency-shift to the radial modes under
lock; the latter estimates the image-charge frequency-shift to the free-space cyclotron-frequency
determined via the invariance theorem for that particular trap in order to test the theoretical
method developed in the paper.

Beyond cylindrical symmetry

So far, we have treated the problem of frequency-shifts by image charges as a cylindrically-
symmetric one. Fortunately, the generalization to a more complex situation with two different
radial gradients of the image-charge field, E}. # E;, is straightforward by defining

E, = (E; +E}) and E. = (E,-E,) . (5.16)

1
<2

N | =

The first gradient, E/,, has the same meaning as before. In this more general setting, it describes
a kind of effective or average cylindrical symmetry. The second gradient, E/,, describes a kind
of ellipticity in the sense of Section 3.4.4. By rewriting the additional radial field (5.1) by the

10The full quadrature relation would be inconvenient in Section 4.3 because in general the square root for the
perturbed radial frequencies (5.8) contains w2(1 + f+)? — 2w2(1 + £1). When the parameters . and e, from the
effective equation of motion (3.105) differ for the two radial modes, the square roots in Equation (5.10b) would
not subtract to zero, thereby necessitating an approximation to deduce a practical statement.
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image charges as

(x) ’

E. E' x x -

icil=n(7"| =nE + nE. 5.17
(Efcy)) (Eyy) , (y) ‘ ( y ) 17

and by comparing the result with Equation (3.116), we identify the ellipticity parameter

2 E!
e=nlZp =pd Zc

= 5.18
mw? € m @4 0— (5.18)

In the last step, we have used Equation (2.26) for the axial frequency squared in the ideal
PENNING trap. Actually, we should redefine the frequencies via Equations (5.5) and (5.8), thereby
accounting for the cylindrically-symmetric contribution by the image charges. However, we
will ignore the small image-charge shift in the frequencies that show up in prefactors because
the shift is treated as a perturbation rather than a major modification of the ideal PENNING trap.
The magnitude of the image-charge frequency-shift is essentially given by the gradients E; of
the image-charge field. Corrections to the prefactor are viewed as of higher order, and we are
more interested in shifts than absolute frequencies.

In principle, Equation (3.129) allows to calculate the radial frequencies exactly in the presence
of ellipticity, but again care must be taken how to incorporate the cylindrically-symmetric
contribution of the image-charge field in the radial frequencies. This is not trivial because the
axial and the radial field may be affected differently from what the constraint of a common
quadrupole potential (2.2) would permit. As a typical consequence, the uncorrelated change
invalidates the relation (2.26) and the invariance theorem (2.27), both of which were used to
rewrite Equations (25) and (26) of Reference [92] as Equation (3.129). The replacement w? —
w%(1 + ¢,) in all the terms related to the radial motions that do not contain the ellipticity
parameter € should correctly adapt the original version. Thus, the replacement excludes the
term e?w?. This recipe is equivalent to the general replacement w? — (1 + ¢,) and the
redefinition € — €/(1 + ¢,) of the ellipticity parameter. The characteristic equation (13) of
Reference [46] for the radial frequencies provides a suitable alternative because the axial
frequency is not used as a symbol in the radial equations of motion, which minimizes confusion.

However, it may not be necessary to recalculate the perturbed eigenfrequencies individually
because the effect of ellipticity is removed by the invariance theorem. Thus, Equations (5.10c),
(5.11), (5.12) and (5.14c) all remain valid [152] with the replacement 2E, — E{ + E;, which is
the use of £/, from Equation (5.16). In that sense, the average cylindrical symmetry counts,
and the dominant shifts (5.9) and (5.15b) to the radial frequencies in free-running mode and
lock, respectively, result from the same averaging procedure for the two radial gradients of the
image-charge field. The shift by the elliptic component is subdominant in trap geometries with
near cylindrical symmetry. Equation (3.128) and (5.18) produce the second-order estimate

Aws(e) = 22 @5 gL\’ _#_1(naEe 2 _ o (E 2 (5.19)
* a 2 \ mowso- 205 02 — 0?2\ m 204 0y — - \ By '

for the shift due to the elliptic image-charge gradient E. from Equation (5.16). We have in-
troduced the free-space cyclotron-frequency (2.18) in the last step and used the sideband
identity (2.25).

152



5.1. Image-charge frequency-shift

Assuming that the image-charge field has a cylindrical component—that is, E;, # 0—the
second-order elliptic shift becomes

Aws(€) = +

, ’ 2 ’
1 ws+ o (w+—w_Ee)2(”Epw++w—) _ Ym0 (Ee)z (Aos)* (5.20)

20+ 0y — - \w4 + - Ej, By wy — w_ wy + - \E, 20+

when related to the image-charge shift (5.9) due to average cylindrical symmetry. Apart from
expanding in order to introduce the dominant shift, we have used the sideband identity (2.25)
for the free-space cyclotron-frequency w.

Because the image-charge shift to the radial modes is equal in magnitude for cylindrical
symmetry (|Awy| = |Aw_]), the magnetron frequency is affected more strongly here by the
particular breaking of that symmetry. However, there are two suppression factors, which would
probably render the shift irrelevant taken on their own: Aw,/w., the ratio of the dominant
image-charge shift and the radial frequency, which may just be large enough for this relative shift
to be relevant, and (E /E;,)z, a measure of the departure from cylindrical symmetry. Because
the axial mode is not effected by ellipticity, there is no additional shift under axial lock.

Impact on cyclotron-frequency ratio

Finally, we discuss the impact of the image-charge shift on a ratio of cyclotron-frequencies.
Suppose w.(i) represent the true free-space cyclotron-frequencies, with the ion species indicated
in brackets. Furthermore, suppose the frequency @.(i) has been determined via the invariance
theorem (2.27) after a measurement of the three eigenfrequencies in the trap, which were
corrected for all systematic effects apart from image-charge frequency-shifts. With these
accounted for by Equation (5.12), where the ions carry n; elementary charges e, the true ratio R
is expressed a function of the measured (and partially corrected) ratio R as

Awe
02) B2+ nphoe  0:(2) 1T 51
= = — = — (5.21a)
wc(l) 6C)c(l) + n1Aw, wc(l) 1+ né)A((i))e
~ A A ~ A
~R[1+ nf e _ n~1 e +) zR(l#—&(mz—ml)wL...) . (5.21b)
wc(2) (1) eBy

In the approximation of the denominator for |n;Aw.| < |w(1)|, we have neglected higher-order
terms and cross-terms. Moreover, we have then used Equation (2.18) for the unperturbed free-
space cyclotron-frequency to approximate the perturbed frequencies @.(i) in the denominators,
additionally neglecting a temporal change of the magnetic field strength By between the two
measurements.

While the individual correction (5.12) to the free-space cyclotron-frequency calculated via the
invariance theorem!! depends on the charge of the ion, the image-charge correction to the ratio
depends on the mass difference between the two species. The correction vanishes for ions of
the same mass, which means that there is essentially no correction for different charge states of
ions that belong to the same atomic species, because only missing electrons (and their binding
energies) constitute the mass difference. This suppression of image-charge shifts is important

HThe shift (5.9) to the radial frequencies cancels in the sideband identity (2.25), but the invariance theorem has
other advantages that back its use.
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to keep in mind when doing consistency checks in this way, in which case the image-charge
shift remains hidden, until it shows up as a systematic between ions of different mass [164]. On
the bright side, a measurement of cyclotron-frequency ratios on mass doublets, such as *H and
3He, is virtually unaffected.

5.2. Modulation of the trap potential

This section calculates the frequency-shift caused by a modulation of the trapping potential.
Such a modulation creates sidebands, on which the ion motion can be driven. As a practical
benefit, the frequency of this external drive on the sideband differs from the frequency of the
detection system, which is tuned to an eigenfrequency of the particle. In this way, the ion signal
picked up by the detection system is not swamped by spurious radio-frequency feedthrough
of the drive [190], thereby enabling simultaneous excitation and detection of the ion as one
continuous operation.
Essentially, we will make the replacement

Vo — Vo(t) = Vo + Ve cos(w-t + @) = Vo [1 + € cos(x-)] (5.22)

for the voltage in the equations of motion (2.16) of the ideal PENNING trap, ignoring all the
terms beyond the quadrupole potential. Here, we have introduced the abbreviation (2.33) for the
argument of the trigonometric function with the frequency w. > 0 and an initial phase ¢.. The
amplitude of the voltage modulation is given by V.. The perturbation parameter € = V./V;, a
kind of strength of the modulation, suggests itself. For a perturbative treatment, we will demand
le| < 1 without any specific assumption for the modulation frequency «-.. In the course of the
calculation, we will exclude specific values, either because they counteract the original purpose
of modulating the trapping voltage, or because the lead to parametric excitation.

We will ignore the effect of the axial drive on the sideband, even though it represents an
additional nonresonant modulation for the radial modes. However, it is not described by a
global modulation of the trapping voltage V; because the excitation is only applied to specific
electrodes. See References [90, 116] for some ideas on how to calculate the frequency-shift by
the additional drive.

The oscillatory voltage Vp(t) brings to mind the PAUL trap, a storage device without magnetic
field. Adding the magnetic field of the PENNING trap can be thought of as creating a combined
trap. In fact, magnetic fields have been superimposed on PAUL traps since their inception,
for instance to increase the electron-impact ionization rate by extending the path lengths
of electrons [45] or to resolve magnetic sublevels of the stored ions [98, 139]. However, the
magnetic field was only a small perturbation for the ions, their storage being accomplished with
the radio-frequency field. For our purpose of precision mass spectrometry, we are interested in
the PENNING-side of the combined trap, with the modulation representing a minor perturbation,
whereas radial storage is ensured by the magnetic field. Even though the combined trap has been
treated quantum-mechanically [66] and classically [97], frequency-shifts are hard to extract
from these results because the focus was on the stability of the device, and the effect of the
radio-frequency field is modeled as an effective potential. This pseudopotential approximation
requires that the modulation frequency w. be much larger than the motional frequencies of
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5.2. Modulation of the trap potential

the ion in the static fields. This restriction pertains to many publications on combined traps,
even when the PENNING-trap side in the limit of V. — 0 is considered [2, 33], and analytic
expressions for the frequencies are given [72, 74, 109]. We are explicitly interested in the case
of w. <« w,, that is, a modulation frequency much smaller than the axial frequency, and we
will show in this section that the LINDSTEDT-POINCARE method from Section 3.2.2 also works
for this particular time-dependent perturbation.

5.2.1. Axial mode

With the replacement (5.22) for the trapping voltage Vj, the axial equation of motion (2.16) in
the ideal PENNING trap becomes

Z+wiz[1+ecos(y-)] =0 (5.23)

which is an equation of MATHIEU type. Rather than relying on the mathematical groundwork
(see Chapter 28 in References [38, 113], for instance), we attempt a perturbative solution for
le| < 1, using the series expansion (3.19) for the trajectory and the series expansion (3.28)
for the frequency squared. As usual, both are power series in the perturbation parameter e.
Plugging them into the axial equation of motion (5.23) yields

Zo+ €5+ €%+ ...
+[Q—ew? —€wi— ... ||zo+ ez + €z + ... |[1+ecos(yo)] =0 . (5.24)
For space, the time-dependence of the z; is not indicated explicitly. The dots indicate that
individual terms of third order and higher have been ignored. Of course, executing the multi-
plication with the terms shown will also result in terms beyond second order, but the terms
shown are necessary to get the second order right. As we shall see, the first nonvanishing term
in the frequency-shift is of second order, and we will not go any further.

The zeroth-order equation of motion is simply the harmonic oscillator with a characteristic
frequency Q.. The zeroth-order solution zy(t) = 2 cos(2,t + ¢.) from Equation (3.31) carries
over. The amplitude Z, and the initial phase ¢, are determined by the initial conditions for z(t).
Since the second-order frequency-shift does not depend on them, we will not specify them here.

Collecting all the term of order € in the axial equation of motion (5.24), the differential
equation for the first-order trajectory z;(t) becomes

7+ Q%2 = wizg — Q2z) cos(y-) (5.25a)

A

Z 4 ’
= wizy - Qi;o [cos(xl + x-) +cos(xs — x~)] - (5.25b)

In the last step, we have plugged in the specific form (3.31) of the zeroth-order solution z(t),
and we have used the trigonometric product-to-sum identity (C.10) from the appendix. Note
the difference between the time-dependent solution z, and its constant amplitude Z,. The
abbreviation (2.33) for the total phase of the cosine in zy(t) is written with a prime here, in order
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to indicate that the total phase y, = Q,t + ¢, depends on the perturbed frequency Q,, rather
than the unperturbed one.!?

The cosine terms in the differential equation (5.25b) for the first-order trajectory z;(t) are
nonresonant—that is, with a drive-frequency different from the axial frequency Q,—for w. # 0
and w. # 2Q,. The former case is easy to handle because the trapping potential V; loses its
time-dependence. The frequency-shift then results from a change of the static potential via
Equation (3.86). No perturbative approach is required. The case of w. = 2Q2, corresponds to
parametric excitation and is much harder to deal with. When the ion is supposed to be driven
on its sideband, this case has to be avoided, and we will ignore it.

With two nonresonant drive-terms, the particular solution follows from Equation (3.26) as

4 L — y. "+ y-
Z1p = —ng_o[ cos(xz =~ x-) 4 cosz + x-) 2] (5.26a)
2 Q2 - (2 -w) 2Z-(Q+0.)
_ g 2y [cos(x; —x~) cos(x]+ x~) (5.26b)
20~ 20, — w-~ 20, + w-

In the last step, we have simplified the denominators. Of course, z;(t) also contains a homoge-
neous solution—oscillatory terms at the perturbed axial frequency Q,—chosen to match the
initial conditions, which we have not specified. Fortunately, we shall see that the resonant
terms that drive a second-order frequency-shift do not depend on the homogeneous solution of
z1(t). Speaking of resonant terms, or the lack thereof in first-order, we set the frequency-shift
parameter w? = 0, indicating that there is no first-order frequency-shift."?

Terms of order € in the equation of motion (5.24) are

Zy + Qzy = 0Pz + wPzg cos(y-) + wizg — Q%zy cos(y-) . (5.27)

This differential equation for the second-order trajectory z(¢) is simplified in the particular
case of @? = 0. With the notation (-),,, which retrieves the term at the frequency o from the
argument in angle brackets (see Section 3.1), naturally-resonant terms at the fundamental axial
frequency Q, are written has

Zo 1 1 1
il - cos(y,)  (5.28a)

A2
(z1,p COS(X~)>QZ =4 20.2 |20, —w. 29, +w.

(21 cos(x-~)q,

2

IS (5.28b)

2 (ZQZ)Z - w?

We have used the trigonometric product-to-sum identity (C.10) from the appendix, dismissing
oscillatory terms at the frequencies 202, —w.. and w. as nonresonant. Therefore, the case 2, = w~
requires special attention mathematically. However, it is of little experimental relevance because
the whole point of the modulating the trapping potential is to avoid operating a frequency-
generator close to the axial frequency of the particle.

12 this thesis, the tilde on top of frequencies has mainly been used to include first-order shifts. The capital Omega
has been reserved for frequencies with effects of higher order. However, we do not want to use a capital Xi for
the total phase here because it looks like a Latin X.

13Such a term would indicate a phase-dependence of the frequency-shift because adjusting the phase as ¢ — @+
emulates a sign-flip of the perturbation parameter e.
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5.2. Modulation of the trap potential

In the step leading to Equation (5.28b), we have written zy = Z, cos(y~) for the zeroth-order
trajectory of the particle. Indeed, the naturally-resonant terms are proportional to zy, and they
are removed by choosing

42

4 2 2 2 2 \~1
Q 1 _ Q  4Q; _ 7 ( @ ) (5.29)
2 (2Q,)* - w? 8 402 — w? 8

for the second-order frequency-shift parameter. The series expansion (3.28) of the axial fre-
quency squared is then turned into an expression for the perturbed axial frequency with the
expansion (3.47) for the square root. To second order in the frequency-shift, we are allowed
to substitute Q, — ©, in @} of Equation (5.29), and the relative frequency-shift due to the

modulation becomes

Ao, @} 9 €’ . w. \|
= —€ = —— —_
w; 202 16

€
- —_ :———Z N —— . 530
— . (530

The last approximation is valid for w. < w,, and it reproduces the result from Reference [20].
The full expression agrees!* with Reference [90].

In the limit of w. < w,, it is tempting to include the time-dependent trapping voltage (5.22)
in the axial frequency (2.17) by defining the instantaneous axial frequency

w5(t) = wynf1 + €cos(y~) ® w,

In the last step, we have used the TAYLOR expansion (3.62) of the square root. For slow changes
of the trapping voltage during one oscillation period of the particle, it seems natural to average
the instantaneous frequency over time, provided the change is still fast enough to go unresolved
in the experiment:

2

1+ gcos()(w) - % [cos(y)* +... (5.31)

(5.32)

1 €2+
= W - —
% 16

2
(@) = |1+ 5 (cos(itD)y = S ([eost))g + .-

The constant components result from Equations (3.6) and (3.7). The shift to this average axial
frequency agrees with the perturbative result (5.30) in the limit of w. < w,.

5.2.2. Radial modes

Instead of the two-dimensional radial equations of motion (2.16), we will generalize the one-
dimensional equation of motion (2.20) for the complex variable u = x + iy from Equation (2.19).
With the replacement (5.22) for the trapping voltage, the equation reads

2
)
i + it — ?zu [1+ecos(y.)]=0 . (5.33)

l4Reference [116] deals with a similar problem, and the last part of its Equation (39) agrees with the full result here.
However, the intermediate expression does not seem to have the right unit of frequency. A factor of w3 in the
denominator, rather than w,, would cure the discrepancy.
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5. Calculating other frequency-shifts

Because it is still linear in u, we do not expect any mixing between the two radial modes, except
for very particular choices of the modulation frequency w.. Therefore, we will use the two
separate series expansions

ui(t) = uo’i + €u1’i + ezuz’i + ... (534)

for the trajectory of each radial eigenmode. Of course, the ansatz is still inspired by the series
expansion (3.19) for the one-dimensional case with only one eigenmode.

Unlike for the axial mode—a harmonic oscillator in the unperturbed case—the eigenfre-
quencies of the radial modes are not spotted directly even in the unperturbed equation of
motion (2.20). Since the modulation does not affect the magnetic field, which is contained in
the free-space cyclotron-frequency w, here, the series expansion for the frequency is limited to
the term characterized by the axial frequency in the ideal PENNING trap.' In analogy to the
series expansion (3.28) for the axial frequency, we use

Qii =+ csa)ii + eza)g,i +..., (5.35)

where the +-signs indicate that the frequency-shift may be different for the two radial modes.
With the two expansions (5.34) and (5.35) for the trajectory and frequencies, respectively, the
equation of motion (5.33) becomes

g+ + €ily g + €%llp x + ... + i (U + €y s+ + €Tp +...)
2

QZ,i
2

[uo,i +eup s + ezuz,t +... ] [1 + ecos()(N)] =0 . (5.36)

The dots indicate that terms which are at least of third order themselves are not shown. By the
design of the perturbative ansatz, the differential equation for the zeroth-order trajectory u,
is equivalent to Equation (2.20) for the ideal PENNING trap with the substitutions u — u and
w; = £, .. Thus, the ansatz

u(]’i = ﬁo’ie_l(git+¢i) = ao’ie_l)(i 5 (537)

very similar to Equation (2.21), yields the corresponding characteristic equation (2.22) for the
perturbed radial frequencies with the solutions

1 0)
Q== [a)c + — Jw? — 202 +] . (5.38)
2 |l .

In contrast to the radial frequencies (2.23) in the ideal Penning trap, the argument in the square
root might differ for the two radial modes due to the presence of Q? , rather than w2. Thus,
the cyclotron sideband-identity (2.25) does not have to be valid, and Equation (2.26) would
be modified, too. When Q, . is not equal to the actual axial frequency €, the invariance
theorem (2.27) does not hold either.

I5Keep in mind that w, in this context of the radial modes is no longer related to the actual axial oscillation
frequency €2 in the perturbed PENNING trap. The symbol (2.17) is just a convenient way to summarize all the
factors.
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5.2. Modulation of the trap potential

The terms of order € from the equation of motion (5.36) are given by

Q2 w? Q2
U,+ + iU, + — ;’i == ;’in,t + z’in,J_r cos(x~) (5.39a)
2 2
1) Q ey )
= —%uo,i +—2Ed0 [e_‘()‘i_x“) + e_‘(Xi”‘“)] , (5.39b)

where we have plugged in the specific form (5.37) of the zeroth-order solution in the last step.
For the analysis of frequency-components, it is convenient to express the cosine as exponential
functions with imaginary arguments via Equation (C.1) from the appendix.
Before we examine the two resulting drive-terms in detail, we take a step back for some
preparatory work by considering the simplified differential equation
QZ

.. .. z,+ .
Gy + + ity + — — s = dge i(wqt+pa) (5.40)

with a generic drive-term at the frequency wq. This drive-term on the right-hand side is
characterized by the amplitude dq of the acceleration, its frequency wq, and a phase ¢q. For a
nonresonant drive, the usual ansatz u; o exp[—i(wqt + ¢4)] leads to the particular solution

_a‘de_i(wd“"ﬂd)
u1p’i = . (5.41)
a)ﬁ — weg +

2
z,+

2

For wq = Q., that is, a resonant drive, the denominator vanishes because it is the characteristic
equation for the radial frequencies. In the case of the drive-terms in Equation (5.39b) for the first-
order trajectory uy, the resonant-drive condition is excluded by demanding that w. # |Q4 — Q_|.
Otherwise, there is parametric excitation of the radial modes [131, 141].

Generally, the two nonresonant drive-frequencies in Equation (5.39b) are w,, = Q. + 0.0-,
where o, = +1. We have introduced the extra parameter o, in order to distinguish the additional
choice of sign for the sideband from the two radial frequencies (2., which are also identified by
their sign. As a consequence of modulating the trapping potential, each radial motion develops
an upper sideband and a lower sideband in first order. The parameter o, is an additional degree
of freedom, chosen independently of the sign that identifies the radial frequencies.

By plugging in the frequencies w,, for wg in Equation (5.41) and using the superposition
principle on the linear differential equation (5.39b) for the first-order trajectory uy, its particular
solution takes the form

2, e-ilxi-x-) it xe) 642
[Z51 ,+ = - - u()’i + 5.42
! 4 Wi — 0w + 32, @i -y, + 3%,
2, e-ilxi-x-) e-i(xitx-)
==l + (5.43)
4. T | =2 —w.) o~ +(20Q: — w.)
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5. Calculating other frequency-shifts

The last step simplifies the denominators as

2 0?2
a)fyi - Weg, + % = (s + 0:0.) — w0 (s + 0200 + o (5.44a)
o2
= Qi — 0y + % 420, Q.0 + 02 — TLwc0-~ (5.44b)
=0
= w. [w. +0:(2Q: — 0.)] (5.44c¢)

where the underbraced terms vanish because they represent the characteristic equation for
the perturbed radial frequencies. Like for the axial mode, we shall see that the homogeneous
solution for the first-order trajectory u;(t), which consists of oscillatory terms at the radial
frequencies ., does not give rise to naturally-resonant terms. Thus, we do not have to bother
about initial conditions. Because there are no naturally-resonant terms in first order, we choose
wi . = 0 for the first-order frequency-shift parameter. Again, there is no first-order frequency-

shift due to the modulation.
The second-order terms in the equation of motion (5.36) for u, .. are

2 2

. .. Qg,i W7+ Wy 4 g,i

Ug,+ + oty 4+ — =T, [ul,t + U+ cos()(N)] - Tuo’i + Tul’i cos(y~) , (5.45)
of which only two terms remain on the right-hand side because w? , = 0. With the particular

solution (5.43) for the first-order trajectory, the naturally-resonant terms at the frequencies Q.
of the radial eigenmodes evaluate to

1 i i 1 i -
(uy, cos()(~)>Qi =3 (ur,« [eX +e XNDQi =3 <U1P,i [eX +e XNDQi (5.46a)
Qg + i ’ 1 1
= — iy —1X:
~ Yo,+€ [au - (2Q4 — w,) - w~ + (20, — wc)] (5.46b)
Qg + Uy, +
S = . (5.46¢)

4 02 - (2% - o)

Since these naturally-resonant terms are proportional to the zeroth-order trajectory ug . from
Equation (5.37), they are removed by the choice

Q 1 © 1 w 1
Wl = 22 ~~ 2 - == - (5.47)
. 4 0 - (20 - o) 4 20+ — w)” — @2 4 (0 —0-)" — 2

N
N

for the second-order frequency-shift parameter. To second-order in the frequency-shift, the
perturbed frequencies may be replaced with the frequencies in the ideal PENNING trap here,
because a)g’ .. enters in a product with €2, which is of second order itself. In the last step, we have
used the cyclotron-sideband identity (2.25) to write 2w: — W¢ = 20wz — (W4 + w-) = (w4 — ©-).
In fact, we might now drop the +-sign in the subscript of wg’ . because the parameter is the
same for both radial modes, but we will keep it in order to distinguish the parameters from the
ones in Section 5.2.1 on the axial mode.

160



5.2. Modulation of the trap potential

With @? , = 0, the series expansion (5.35) for the fictitious frequency squared in a configura-
tion with no magnetic field becomes

2
®
QL =i+ e+ =0 1+i;ez+... (5.48)
Jt % w2
to second order. This expansion describes the effective change of the electric potential, and it
could be translated into the actual perturbed radial frequencies via Equation (5.38). For small
frequency-shifts, it is convenient to express the effect in terms of the parameter

1)
£ = B2 (5.49)

from the effective radial equations of motion (3.105). For |¢.| < 1, Equation (3.109b) yields the
frequency-shift

—2 wﬁ 1 6_2 10)—;1_2 (5 50)
2(wy — 0 - —w P —w? 8 —w. )8 '
Wy —© Wy — 0 (0 — w_)° — w2 (04 — w-)

X

where we have used Equation (2.26), ®? = 2w, -, on the original product of radial frequencies.
The last approximation is valid for w. < |, — €_|. Since the shift to the radial modes is equal
in magnitude, but opposite in sign, it vanishes in the cyclotron-sideband identity (2.25).

The second-order frequency-shift (5.50) agrees with Reference [90], and it clearly disagrees
with the statement from Reference [116] that “the PAUL trap shift is not accompanied by changes
in the cyclotron or magnetron frequencies” The classic review paper [20] on PENNING traps
discusses the effect of the modulation on the axial mode without elaborating on the radial
modes. However, this omission is not justified with a statement that would rule out an effect
entirely.

Like for the shift to the axial frequency, we define the instantaneous radial frequencies

wi(t) = % [wc + |wZ| \/wg - 202 [1+ ecos()(N)]] (5.51a)
4
X Wy F e ecos(y~) F Dz €?[cos(y))* +... . (5.51b)

|C<)c|2ﬂa) —20) c|4( w§_2w§)3

The second step uses the TAYLOR expansion

Vb —ae~\/_

e — ... (5.52)

2\/_ 8Vh

for the square root, where b = w? — 202 and a = 2w?. In the limit of . < |w.|, we may expect
a decent estimate by averaging the instantaneous radial frequencies:

4 4
o) 10) 16)
(st =0 F——-E =, F——E——¢°

el (yo? = 202)° B(@r -0 )

(5.53)
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5. Calculating other frequency-shifts

The constant components of the cosines are from Equations (3.6) and (3.7), and we have used
Equation (3.106) for the square root. The result is the same as the perturbative expression (5.50)
in the limit of 0. <« |w; — w_|. Because |w;| > |w_| in typical experiments, this limit is less
restrictive than the condition w. < |w.|, which we assumed for averaging the instantaneous
radial frequencies. Since |w_| < |w.| for a trapped particle, the last condition boils down
to w. < |w_|. It is surprising that the concept of averaging the instantaneous magnetron-
frequency produces a valid estimate even beyond the limit of slow changes. However, unlike
for the axial mode, the modulation affects only part of the force that gives rise to the magnetron
mode.

Due to the constant neglect of the shift (5.50) to the radial frequencies in the literature, we
compare its magnitude with the corresponding shift (5.30) to the axial mode:

20 —w,€? 203
Awy ~ + — o~ —Aw, . (5.54)
(0s —-)” 16 (04 — @-)

Because we have neglected the modulation frequency w., we use the approximate sign. For
the typical hierarchy |w_| < w, < |w4|, there is quite a strong suppression, even considering
that shifts to the individual eigenfrequencies are scaled with the respective eigenfrequency
when calculating the free-space cyclotron-frequency via the invariance theorem (2.27), as
Equation (4.155) shows. Accordingly, the relative shift is given by

Aw. iAoy + w0, Aw, + w_Aw_

— = ; . (5.55)
C wC

This expression also holds for the frequency-shifts under lock, see Equation (4.156a). The
shifts (5.30) and (5.50) due to the modulation generally do not cancel.

Assuming the major contribution of the modulation to enter through the axial mode due
the suppression factor of about (w,/w;)? in Equation (5.54), the relative shift to the frequency
determined via the invariance theorem is approximated as

Co Vg

Ao. @2 € Sl m C, V2 (5.562)

~N ——s__ = _ = —— —_— .J0a
e w? 16 angé 16V¢  qV% d%Bj 16

2
__omd® G VE_ GV (5.56b)
- 412 - d2 )
qC2Vo d*B} 16 40,d?B,

We have used the unperturbed axial frequency (2.17), the free-space cyclotron-frequency (2.18),
and the definition (5.22) of the perturbation parameter €. Since two different ion species
are typically locked to the same axial frequency, the relative shift due to the modulation is
approximately the same for them, provided the amplitude V. of the modulation is not changed.'
Among the other parameters, the magnetic field is probably subject to the largest temporal
variations. Because a constant relative shift to the free-space cyclotron-frequency cancels in the
frequency ratio, see Equation (5.21a), corrections do not have to be applied to the two species
individually.

16 An adjustment of Vj is typically required to end up with the same axial frequency for both species.
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5.2. Modulation of the trap potential

For completeness, we mention the shift to the radial modes under axial lock. Using Equa-
tion (4.152c) with Equation (2.26), 20+w- = 2, to combine the shifts (5.30) and (5.50) to the
axial mode and radial modes, respectively, yields

2 2 2
w; € 205 ]

Aoy ~ F (5.57)

—= - |1+ -
Wy — W= 16 (a)+—a)_)
In line with typical experiments, we have neglected the modulation frequency w. against w,
and |w; — w-|. The modulation-shift to the radial modes under axial lock is dominated by the
shift to the axial mode.

5.2.3. Pseudopotential for high modulation-frequency

The perturbative approach did not require the modulation frequency w. to be small compared
with the motional frequencies of the ion in the static trap. Turning to a modulation frequency
much higher than all the eigenfrequencies in the static trap yields an analytic expression for
the slow motional frequencies, thereby allowing a cross-check of the perturbative result for the
frequency-shifts.
In this regime, the effect of a rapidly oscillating electric field E(t) = E- cos(w-t + ¢~) on the
slower eigenmotions is described by the static pseudopotential'’ [56]
. A

5.58
m 4w? (5:58)

The fast component of the motion at the frequency of the modulation (“micromotion”) is
supposed to be sufficiently small compared with the slow motion in the time-averaged fields
(“macromotion” or “secular motion”). With the oscillatory voltage from Equation (5.22), the
amplitude of the oscillatory field is given by E. = eE,, where E, is the electrostatic field (2.14)
that results from the quadrupole potential &, of the ideal PENNING trap. As before in this section,
we have neglected the effect of modulating higher-order potentials. With these choices, the
pseudopotential becomes
4 2

= %Z—g% (x* +y* +42%) . (5.59)
Clearly, it violates the LAPLACE equation (2.57), which is one of the reasons for calling it a
pseudopotential. More interestingly, the pseudopotential creates a potential well in all three
directions, thereby allowing confinement in three dimensions.!®
The electric field by the pseudopotential @.. results from taking the negative gradient. The

additional acceleration

;R
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oo

(5.60)
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17We have slightly modified the notation of Reference [56], because we want the pseudopotential .. to have the
unit of voltage in order to be in line with the electrostatic potentials @y in this thesis.

18Do not worry about the sign of the charge ¢. There is another factor of g in the potential energy Epot = qP-.,
which has a global minimum at the origin then. Because the pseudopotential depends on the magnitude (squared)
of the electric field, any field-free point constitutes a global minimum of the potential energy energy.
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5. Calculating other frequency-shifts

has to be included in the equations of motion (2.16) of the ideal PENNING trap. The spatial
dependence is very similar to the acceleration by the image charges in Section 5.1, and the
treatment carries over. In fact, the assumption of |e¢| < 1 for a perturbative treatment is no
longer necessary with this pseudopotential. We could give exact expressions for the radial
frequencies, like References [74, 109] do for the radial modes.!® We will content ourselves with
the limit of |e| < 1 here because we want to check our perturbative results from Sections 5.2.1
and 5.2.2.
The additional axial acceleration (5.60) is incorporated by choosing the parameter

W, €
£, = —— (5.61)

in the axial equation of motion (3.85). According to Equation (3.86), the corresponding frequency-
shift is

Ao, e €
_E_ 9 5.62
W 2 w? 4 (562)

which agrees with the perturbative result (5.30) in the limit of @? > 4w?.

The additional radial acceleration (5.60) is included in the radial equations of motion (3.105)
with the choice

g= 28 (5.63)

Equation (3.109b) translates this parameter into the frequency-shift

2 4 2

_ w5 W, 1 e
Aws = F £r = % —_— (5.64)
2(wy — w-) Wy — w— w2 8
where we have used Equation (2.26), 20,0- = w?. This result agrees with the frequency-

shift (5.50) from the perturbative treatment in the limit of (0, — w_)* < w?.

The sign of the frequency-shifts (5.62) and (5.64) for high-frequency modulation is opposite
to the case of a low modulation frequency w.. In the regime here, the well-shape of the
pseudopotential explains the sign intuitively. The axial frequency increases because of an
additional restoring force in the axial direction. In the radial direction, the field from the
pseudopotential counteracts the outward radial field of the ideal PENNING trap, thereby bringing
the modified cyclotron-frequency closer to the free-space cyclotron-frequency. Conversely, the
magnetron motion is slowed down due to the reduced net electric field.

19Because References [74, 109] consider linear combined traps, applying the oscillatory voltage only to the central
part of the trap, there is no modulation in the axial component.
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6. Summary and outlook

This thesis has used a classical formalism of perturbation theory in order to calculate miscella-
neous frequency-shifts in PENNING traps. The approach speaks the language of an experimen-
talist, working with equations of motions, amplitudes and frequencies, which are related more
closely to actual observables than canonical action and angle variables. The results are readily
adapted to numerous experimental scenarios. Moreover, the thesis has demonstrated that there
is no need for quantum-mechanical perturbation theory when the experiment is well within
the classical limit.

For first-order frequency-shifts, the perturbative formalism comes down to identifying the
terms that are in phase with the zeroth-order motion of the particle. Consequently, analyzing
the frequency spectrum of products and powers of oscillatory terms has been a vital ingredient.
For cylindrically-symmetric imperfections of the electric and magnetic field, it has been shown
in Section 4.1 that there is a general pattern behind those naturally-resonant terms. Identifying
this pattern has allowed to calculate the first-order frequency-shifts caused by these imper-
fections consistently in an all-encompassing manner, rather than individually for a particular
imperfection of this type as was customary in the literature. The general treatment has yielded
generating expressions for the associated frequency-shifts, which foster the link between the
separate formulas in the literature and allow for more comprehensive statements concerning
cancellations, for instance. Compared with the equally general treatment [99] via Hamiltonian
perturbation theory, the use of binomial coefficients in the generating expressions for the shifts
due to magnetic imperfections has proven to handle some special cases more conveniently,
thereby yielding more compact expressions. For cylindrically-symmetric electrostatic imperfec-
tions, agreement with Reference [99] was found. The disagreement for cylindrically-symmetric
magnetic imperfections was not to be resolved because the frequency-shifts given there lack
more than just the perturbation parameter in their prefactor. Nevertheless, it is encouraging
that a general treatment is possible, and this thesis provides a cross-check for future calculations
with other methods.

The consistent treatment of cylindrically-symmetric imperfections was enabled by their
parametrization in cylindrical coordinates in Section 2.2. Near the center of the empty trap,
both the electric and the magnetic field result from scalar potentials that fulfill the LApLACE
equation. Even though cylindrical coordinates are the natural choice for imperfections of
that symmetry, general expressions for polynomial solutions of the LAPLACE equation are
rare in the literature, which typically relies on a solution with a LEGENDRE polynomial in
spherical coordinates. However, analyzing the multipole components of the trapping fields
described by these polynomial solutions is a prerequisite for perturbation theory, which takes
the homogeneous magnetic field and the electrostatic quadrupole potential as its starting point.
When no recipe for the conversion of coordinates in these solutions is given, the general
parametrization in cylindrical coordinates remains elusive, detracting from the possibility of
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6. Summary and outlook

treating the frequency-shifts consistently. This thesis has shown how to derive polynomial
solutions from a power series ansatz. Knowledge about LEGENDRE polynomials was only
required to match the prefactor of the solutions with those in the literature. Moreover, the result
serves as an encouraging example that simple first principles can prevail against highbrow
mathematics with its special functions. Due to the ubiquity of the LAPLACE equation in physics,
the approach has been extended to solutions with discrete rotational symmetry featuring
associated LEGENDRE polynomials in Section A.3 in the appendix. In fact, parametrizing the
radial magnetic field without an associated LEGENDRE polynomial has greatly reduced the appeal
of modeling the impact of the radial modes on the axial mode via their magnetic moment. With
a polynomial parametrization in cylindrical coordinates, the radial magnetic field is no longer
more complicated than the axial magnetic field from a mathematical point of view, and it is
ready for use in the equations of motion.

Along the same lines of making results more comprehensible with less theoretical background,
relativistic frequency-shifts have been derived perturbatively in Section 4.2 from the relativistic
equations of motion rather than via a quantum-mechanical operator formalism, the standard
treatment in the literature. The results agree in the limit of high quantum-numbers when
quantization becomes unobservable and the particle is still only mildly relativistic. Prior
treatments based on equations of motion have often relied on the auxiliary concept of relativistic
mass-increase, which gives decent estimates in all cases, yet does not always reproduce the
exact result. Like the treatment with operators, the perturbative result here is exact to first
order.

Despite the focus on first-order frequency-shifts, the method of classical perturbation theory
is neither limited to this order, nor to anharmonic frequency-shifts. Second-order effects have
been considered for the one-dimensional anharmonic oscillator, again by spotting the pattern for
generating naturally-resonant terms. No equally general result has been found in the literature.
However, there is agreement with the specific expressions of Reference [59]. Because the
corrections to the trajectory had to be calculated, it became clear that perturbation theory grows
more tedious order by order for a single imperfection, not to mention the cross-terms different
imperfections produce in concert. With the one-dimensional case already being so complicated,
a general treatment of the PENNING trap seems unfeasible, or at least very arduous, because
solving the equations of motion is increasingly difficult in three dimensions. However, higher
orders are interesting in order to estimate theoretical uncertainties and to determine the scope
of the perturbative treatment. Moreover, the imperfections that are antisymmetric with respect
to the axial coordinate (“odd terms”) give rise to a frequency-shift only in second order. Rather
than attempting an all-embracing treatment, it seems more reasonable to pick the imperfections
that really matter in a particular experiment. The same point must be made for imperfections
without cylindrical symmetry.

While odd imperfections of the electrostatic field were dismissed as being small thanks to the
reflection symmetry when the trap is operated with symmetric voltages, the argument does not
hold for the external magnetic field. Unlike the electrostatic potential, which has no net gradient
at the particle’s equilibrium position—a saddle point in the potential—such a gradient in the
magnetic field cannot be ruled out. Therefore, it is worthwhile to use the classical formalism of
perturbation theory in second order on this term specifically.
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Not all known sources of frequency-shifts in a PENNING trap could be reconsidered, and
no new shifts were discovered. The absence of such unpleasant surprises underlines how
advanced (or narrow-minded) the theoretical description of the PENNING trap is. Apart from
misalignment, which cancels in the invariance theorem, the interaction of the trapped particle
with the detection system was ignored entirely. Even in a harmonic oscillator, there is a
frequency-shift due to damping. The anharmonic oscillator adds a dependence on the particle’s
motional amplitudes, which were assumed to be constant throughout the thesis. Obviously, this
is no longer the case when damping is present. Fortunately, the effect of damping in the axial
mode is balanced by the axial drive at THe-Trap, and the basic assumptions of this thesis are not
too far-fetched to render them unrealistic and the results irrelevant. Even without the damping
brought about by the resistance of the detection system, the complex impedance, which becomes
an issue when the resonant circuit is detuned from the particle’s eigenfrequency, leads to static
frequency-shifts. Prior treatments show that these static shifts are handled without advanced
methods. When damping is slow, the formulas for the anharmonic shifts given here carry over
by plugging in the particle’s instantaneous amplitudes.

Second-order harmonic effects include the treatment of a slightly elliptic quadrupole potential
and a small modulation of the ideal quadrupole potential. As a benchmark of the method, results
from the literature were reproduced in both cases. The latter case is particularly interesting
because it demonstrates that the classical perturbation method also handles periodic perturba-
tions, albeit nonresonant ones, which do not turn the amplitudes into time-dependent quantities.
Excitations of the particle remain a different story.

The thesis has stressed that all the frequency-shifts calculated for standard PENNING traps
have to be adapted to the specific operation mode with locked axial-frequency at THe-Trap. The
prescription for doing so has been given, thereby contributing to the understanding of axial lock
and the experiment in general. The largest theoretical leap for the ongoing measurements at
THe-Trap would be an improved model of the locked loop. So far, the driven ion is treated as a
voltage-controlled oscillator with the detection system generating an error signal that indicates
deviations from drive frequency [196]. While the error signal beyond the linear approximation
has been included in simulations [70], the effect of anharmonicity on the axial mode beyond
the frequency-shift has been ignored, even when the axial mode is not a harmonic oscillator
with respect to its amplitude. With enhanced theoretical understanding, the feedback signal by
the locked loop might serve as a much better diagnostic tool, possibly allowing to disentangle
voltage and amplifier noise from loop-induced oscillations and actual ion dynamics, potentially
triggered by anharmonic pulling or hysteresis.

As the locked loop is a much more dynamic feedback system, the time-dependence of the
particle’s amplitudes and frequencies upon continuous excitation will have to be considered
for a complete description. Even without lock, this is far more challenging than deriving static
frequency-shifts. For the axial mode, both damping and the axial drive have to be included.
Additionally, the excitation drive for the radial modes is typically swept in frequency. A line-
shape model beyond simple heuristics that allows to extract the initial radial frequency from a
fit to the measured response of the locked loop would be the ultimate achievement in terms
of theory. Despite the daunting task, the thesis shows that it is worth taking a fresh look at
problems that were considered either solved or too disjointed to solve in a general manner.
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A. LEGENDRE polynomials

This chapter revisits the standard parametrization of solutions to the LAPLACE equation in the
PENNING-trap literature. To begin with, Section A.1 shows how the LEGENDRE polynomials—
solutions to the LEGENDRE equation as their name suggests—turn into solutions to the LAPLACE
equation in spherical coordinates. The remaining chapter then deals with the conversion of this
solution to cylindrical coordinates.

Section A.2 attempts to answer the question why the conversion in Section 2.2.1 did not use a
general explicit form of the LEGENDRE polynomial P, with its argument cos(¢) and the factor r”
expressed in cylindrical coordinates. Instead, the coefficients of the polynomial in cylindrical
coordinates were derived from a recursive relationship that resulted from demanding that the
polynomial in p and z be a solution of the LAPLACE equation. We will examine the difficulties of
a direct conversion here.

Section A.3 expands the methods of Sections 2.2.1 and A.2—a power series solution of the
LAPLACE equation and the direct conversion, respectively—to associated LEGENDRE polynomi-
als P;". This more general results also serves as a cross-check of the prior result for m = 0.
In fact, Section A.2 may be skipped, since its specific result is covered by Section A.3.2. Even
though the methods are almost identical, they are introduced best on a simpler case, however.
The same also holds for the specific conversion in Section 2.2.1, which is a special case of
Section A.3.1.

A.1. LEGENDRE polynomials and the LAPLACE equation
For two integers n and m with 0 < m < 5, the associated LEGENDRE differential equation [171]

+ m’
1-2

d%[(l—?z)% n(n+1) -

]f:o (A.1)

is solved by the function f({) = P;"({), where P is an associated LEGENDRE polynomial.! For
m > 1, the associated LEGENDRE polynomials are the trivial solution P;*({) = 0. For m = 0,
Equation (A.1) becomes the LEGENDRE differential equation, and Pg = P, are the LEGENDRE
polynomials. We will turn to closed-form expressions for the P,(; later. In this section, they are
not yet necessary, and Equation (A.1) is the relevant properties.

IBecause of its link to the quantum number for orbital angular momentum when it comes to spherical harmon-
ics [186], the parameter 7 is often called [ in the literature. We will stick with our notation here. Despite our
commitment for consistency, we stick with (the magnetic quantum number) m—the symbol used for the rest
mass of the particle, too. Fortunately, the two do not appear in the same context.
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A. LEGENDRE polynomials

In order to the unveil the link between the associated LEGENDRE polynomials and the LAPLACE
equation (2.57), we consider the LAPLACE operator [180]

19 (,0 1 (. o 1 0?
-2 (2 g Iy — 7 A2
A= (r ar) * Zsin(0) 90 (Sm(@)ae) * [Fsin(O)] 3247 (A.2)

in spherical coordinates. The azimuth angle is denoted by ¢, both in spherical and cylindrical
coordinates (see Figure 2.4). Since we have mainly dealt with cylindrically-symmetric solutions
to the LAPLACE equation so far, the angle ¢ has received little attention. We like to recall its
presence in order to keep the solution more general here.

When switching from the polar angle 6 to cos(6) as the variable with

1  dcos(f) 1

1
. = —sin(§) ———— A3
90" "0 dcos@ " DFcose) (A3)
the LAPLACE operator takes the form
19 (,0 1 9 . , 0 1 9*
A=——[rP=|+=—— 0 — . A4
72 ar (r ar) T 2 9 cos(0) [[Sln( ) 6005(9)] T [rsin(O)FF 042 a9

Since cos(6) is the variable now, the sine functions will have to be expressed in terms of the
new variable as

[sin()]* = 1 — [cos(O)]* . (A.5)

Borrowing from the literature, the ansatz for a solution to the LAPLACE equation (2.57) takes
the form

CI:),’?”(r, 0,$) = r"P;*(cos(0)) [c,’? cos(mg) + s, sin(mgi))] , (A.6)

where c;" and s;" are two arbitrary factors. The tilde on top of (5,’7" serves as a reminder that
we consider generic solutions to the LAPLACE equation, which may not have the unit of an
electrostatic potential @. After all, the LAPLACE equation is a homogeneous one, and we are free
to choose a global prefactor, or ¢;* and s;* accordingly, for the ansatz (A.6) to have the right
dimension of the physical quantity that fulfills the LAPLACE equation.

We will now apply the LAPLACE operator (A.4) on the ansatz (A.6), abbreviating the new
polar-angle variable as { = cos(0). For clarity, we will show only the components that are
affected by the operator. The components that act like a constant factor with respect to a
particular part of the LAPLACE operator will not be shown.

The derivatives with respect to the distance r yield

10,0\ ,_ -2
re or (r (97’) r-= ’7(’7 + 1)7’ . (A7)
The derivatives with respect to the azimuth angle ¢ give
rf H? ) —-m*rmt o m
—6752 [c,’f cos(mg) + s,’7" sm(mgi))] = 1_—§2) [c,7 cos(m@) + s, sm(mng)] . (A.8)

rt(1-2%) (
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A.2. Direct conversion to cylindrical coordinates

The associated LEGENDRE polynomial P;" is only affected by the derivative with respect to {.
Rather than executing the derivatives in

10

r? 8{ (9{ 6{
further, we combine the three results (A.7)—-(A.9) to summarize the effect of the LAPLACE
operator (A.4) on the ansatz (A.6) as

A Cf),’,"(r, 0,¢)=r1"? [c,’;’ cos(me) + s, sin(mgb)]

0 » P
: {a—g [(1 -) =
Indeed, (13,'7” solves the LAPLACE equation because the associated LEGENDRE polynomial P;"
fulfills the associated LEGENDRE equation (A.1). Thus, we have constructed a solution to the
LAPLACE equation from a solution to the associated LEGENDRE equation. The latter equation is
also solved by the associated LEGENDRE function of the second kind [179], Q;"( ). Therefore, a
solution to the LAPLACE equation could be constructed according to Equation (A.6) with the
replacement P’ — Q. However, the Q7"({) diverge logarithmically for {’ = +1, which would
mean that there is a singularity on the z-axis, since { = cos(8). Such a singularity does not occur
in an empty trap because it is related to a line of charge or current. Therefore, the additional
solution is of little interest in the physical context here.

From solutions of the associated LEGENDRE equation (A.1), another solution with a different
dependence on r may be constructed. Applying the differential operator with respect to r in the
LAPLACE operator (A.4) on

ory

r1P() = 17 %) —- (A9)

(A.10)

+ [n(n+1)— ng ]Pm}zo

16( 0
——|r

—(+1) — 1) (1+3) A1l
r2 or 8r) =n(n+1r- ( )

reduces the exponent by 2, just like the factors of r~2 in front of the other differential operators
do. Since the prefactor here is the same as in Equation (A.7), the ansatz (A.6) stays a solution of
the LAPLACE equation upon the substitution 77 — r~(7*1)_ Because of the negative exponent of
r, such a solution diverges at the origin. From the physical point of view, the singularity might
be related to a point-charge at the origin, which does not play a role for the potential inside an
empty trap.

A.2. Direct conversion to cylindrical coordinates

In Section 2.2.1, the textbook solution (2.58) of the LAPLACE equation with cylindrical symmetry
was converted from spherical coordinates to cylindrical coordinates (compare Equation (2.73)):

] (-1)* ! k 2k

r"Py(cos(0)) = Z 25 (= 201 (KI)? 21172k 2 (A.12a)
L%J e
e R
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A. LEGENDRE polynomials

After expanding with ( — k)!, the coefficient a, (k) from Equation (2.71) has been rewritten here
as a product of two binomial coefficients in the last step. As a reminder, the floor function for the
upper limit of the sum is defined in Equation (2.60), and the binomial coefficient is introduced
in (3.3).

Given that a general explicit expression of the LEGENDRE polynomials for all 5 exists, the ap-
proach of determining a solution to the LAPLACE equation in cylindrical coordinates from scratch
does not appear straightforward. Therefore, the straightforward conversion of coordinates is
attempted here. From RopriGuEs’ formula

Py(0) = UWHW—)], (A.13)

the general explicit expression of the LEGENDRE polynomials [181] follows as

P@=i%ew”2“”wﬂ (A14)
n 21 = j n ’ )

Table A.1 shows the first few LEGENDRE polynomials.
In r"P,({) with the argument { = cos(6), there will be terms of the kind

rcos(O))"™% = r¥ [rcos(O)]T% = r¥2"T" % | (A.15)

where we have absorbed the cosine terms in the axial coordinate z = r cos(6). The remaining
spherical coordinate r is transformed into cylindrical coordinates with the help of binomial
expansion:

J
rd = (%Y = (p* + 2% = Z (k)kazz(’ ko (A.16)

k=0

Combining Equations (A.15) and (A.16) yields

J /. Joy.
F[cos(9)]TY = 21Uy = g2k Z (]Jc)pzkzz(j—k) _ Z (]Jc)zq—zkpzk (A.17)
k=0

k=0

as the intermediate result to be merged with the general expression of the LEGENDRE polyno-
mial (A.14). The solution of the LAPLACE equation is then expressed in cylindrical coordinates
as

L5] J ;
r1P, (cos(6)) = 2(2}7)]( )( )(2’7;2’) n-2k 2k (A.18)
j= =0

At this point, it has almost assumed the form of Equation (2.59), but the summation over j
would have to be executed before the summation over k in order to extract the coefficient a,(k),
which has yet to take its final form. Here, the upper limit of the sum over k still depends on j,
making the coefficient a, (k) hard to evaluate.
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A.2. Direct conversion to cylindrical coordinates

Table A.1.: The first few LEGENDRE polynomials. When 7 is even (odd), there are only even
(odd) powers of the argument {. The coefficients are such that P, (1) = 1 for all 7.

! Py(Q)
0 1

! ¢

’ L7 -1)

° (50 - 30)

! 1(35¢* - 3002 + 3)

> 1(63¢5 —702° +15¢)

6 L (2314 - 3150 + 10502 - 5)

7 L (42007 - 6935 + 3153 — 35()

8 2= (643578 — 120120 + 69300 — 12600 + 35)

? o2z (121550° — 257407 + 180180 — 46200 + 315()

10 1 (46189710 — 1093957% + 90090 — 30 030* + 34650 — 63)

256

k Jmax k=j
5 A A A A A
4 A A A A
3 A A A
2 A A
1 A
— ——>

| 1 2 3 4 5 J

Figure A.1.: lllustrating the transformation of the summation limits summarized by Equa-
tion (A.19) in jk-parameter space. The green squares are part of the summation; the
red triangles are not. The orange line is the boundary k = j; the blue line indicates
the maximum value of j, with jn.x = 4 in the example shown. Summing over k from
0 to j—that is, along vertical lines—and then over j from 0 to jyax (along horizontal
lines) is equivalent to summing over j from k to jn.x—that is, along horizontal
lines—and then over k from 0 to kpax = jmax (along vertical lines).
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A. LEGENDRE polynomials

Figure A.1 shows how to change the order of summation with a suitable transformation of
the limits, while the summation variables as such remain untouched. Expressed with a generic
function f(j, k) of the two summation variables, the recipe is

Jmax J Jmax Jmax
2.0 fGk =) Gk (A.19)
j=0 k=0 k=0 j=k

The limits of the summation over k on the right-hand side no longer depend on the current
value of j, and hence this sum can be executed last, after having summed over j. Applied to
Equation (A.18), the result is

r"P,(cos(0)) = j sz (] ( )( )(2’7 R Zj)Zn_Zk 2k (A.20a)
! - AN g '

n

In the last step, we have shifted the summation variable according to j — j + k such that the
sum over j starts at 0. The product of binomial coefficients is rearranged as

(j+k)(lf7 )_(i+k)! n! o (n—k)! _(U)(n—k) (A21)
k J\i+k) k! G+RN(p—k—=j)! K@=k @G-k=)j \k)\ j '

to give one binomial coefficient independent of j. Sorting the terms in Equation (A.20b) based
on the summation variables then gives

1] |21k
rﬂp,](cos(e))=2i,72(2)(—1)k (- )f( )(2’7 2’7" 2]) 12k pk (A 22)
k=0 J=0

Unfortunately, it is not obvious how to execute the sum over j. At least, we know that the final
result should look like Equation (A.12b), and we may conjecture that

LR ok 2 - 2k - 2) -k
IO [ R O =

Jj=0

is an identity.? It has to be if the calculation up to this point is correct. A rigorous proof
using the properties of binomial coefficients would probably require advanced knowledge
of hypergeometric functions. In any case, the straightforward conversion from spherical to
cylindrical coordinates using the general explicit expression of the LEGENDRE polynomial is not
intuitive when it comes to determining the explicit form of the coefficient a, (k). Without prior
knowledge of the final result, Equation (A.23) would certainly not occur very easily by staring
madly at its left-hand side.

2For k = 0, the left hand-side of Equation (A.23) closely resembles the general expression (A.14) of the LEGENDRE
polynomial (missing only the prefactor 277 and the argument {7~%), and Equation (A.23) then reflects the
property Py(1) = 1.

3When evaluating the left-hand side numerically for the first few 7 as a function of k, sequence A133156 in the

174


https://oeis.org/A133156
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A.3. Associated LEGENDRE polynomials

This section generalizes Sections 2.2.1 and A.2 to associated LEGENDRE polynomials.

A.3.1. Indirect conversion to cylindrical coordinates

Section A.1 showed that the ansatz (A.6)—r"P;"((cos(6)) times the trigonometric function
cos(mg@) or sin(mep)—solves the LAPLACE equation (2.57). Similar to the case of m = 0 in
Equation (2.59), we will now convert the more general ansatz (A.6) from spherical to cylindrical
coordinates. This conversion affects r and cos(0); the azimuth angle ¢ remains unchanged.
Based on the pattern of a few explicit conversions, we expect the polynomial in z and p to have
the form

=]
i);"(p, ¢,z) = Z ay' (k) ZN1-m=2k pm+2k [c,’;’ cos(mg) + s, sin(mqﬁ)] , (A.24)
k=0

where a;?(k) is the coefficient that needs to be determined. Based on the general explicit
expression (A.43) for the associated LEGENDRE polynomial P;"*, we will confirm this functional
shape more rigorously in Section A.3.2.

Following the approach of Section 2.2.1, we apply the LAPLACE operator (2.63) in cylindrical
coordinates to the ansatz (A.24). The equivalents of Equations (2.64) and (2.65) now become

1
—ai (pai) [a;"(k + l)z”_m_Zk_zpm+2k+z] =(m+ 2k + 2)2a,7m(k + 1)z mo2k=2 yme2k (A 95)
pap\" dp
and
82

£ [a,’i"(k) z”_m_kam+2k] = (n—m=2k)(n — m— 2k — 1)ay' (k) ZI-m-2k=2 ymizk (A 26)
respectively. For space, we have suppressed the dependence on the azimuth angle ¢ because this
part is unaffected by these two components of the LAPLACE operator. Although the coefficients
ay'(k + 1) and a;' (k) are not affected either, they are shown in order to emphasize which terms
of the polynomial in z and p will have to cancel for the ansatz (A.24) to solve the LAPLACE
equation.

In addition to Equations (A.25) and (A.26), there is the contribution

1 02

pr e [ay(k + 1) 277722 pm 242 cos(me) | = —m®ap(k + 1) 272K cos(mep)

(A.27)

from the dependence on the azimuth angle ¢. For space, we have shown only one of the two
trigonometric functions. Similar to Equation (A.8), the result also holds with the substitution

On-Line Encyclopedia of Integer Sequences® (https://oeis.org) shows that the right-hand side gives the absolute
value of the coefficient belonging to the term x7~2K in the CHEBYSHEV polynomial Uy (x) of the second kind.
This connection might serve as a hint for a different proof.
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cos(m@) — sin(me). Because of the double derivative, the trigonometric function is preserved.
Cosines do not turn into sines or vice versa. Taking into account that cos(m¢) and sin(m¢) are
linearly independent, no cancellations between these terms occur. Instead, the two products with
these trigonometric functions must solve the LAPLACE equation separately. This independence
is also reflected by the fact that there is no specific link between the two prefactors c;" and s
in Equations (A.6) and (A.24).

Combining Equations (A.25)—(A.27) for the full effect of the LAPLACE operator (2.63) on the
terms that will have to cancel afterwards, we find

[(m+ 2k +2)* = m?] @]’ (k + 1) + (n — m — 2k)(n — m — 2k — 1)a}' (k) = 0 (A.28)

for the prefactor of the term z7~™~2k=2 pm+2k _This prefactor has to vanish individually for all k
in the polynomial for Equation (A.24) to solve the LAPLACE equation. With the simplification

(m+2k+2°-—m?=m? +2mQk +2) + 2k +2)? —m* =4k + D(im+k+1) , (A.29

we establish the recursive relation

(m-m=2k)(n-m-2k-1)
4k +D)(m+k+1)

al(k+1) = a (k) (A.30)

between the adjacent coefficients a;'(k + 1) and a;(k). As a cross-check, we recover Equa-
tion (2.66) for m = 0. In analogy to Equation (2.67d), we will try to spot a pattern by repeating
the recursion multiple times:

-(n-m-4)(n-m-5)

ay'(3) = 2 3m+3) a,'(2) (A.31a)
_—(p=-m-49Y)(n-m-5-(n-m-2)(n-m-3)
B 4-3(m+3) 4-2(m+2) ay (1) (A.31b)
_—(p-m-4Y(n-m-5-(n-m-2)(n-m-3)-(n-m)(n-m-1)
B 4-3(m+3) 4-2(m+2) 4-1(m+1) @, (0) (A31c)
()P -mp-m-D(-m-2)n-m-3)n—m—-4)(n—m— S)am(o)
g 3-2-1)-(m+3)(m+2)(m+1) 7

(A.31d)

In the last step, we have regrouped some terms to emphasize the pattern. The general expression
becomes

Df(-m(n-m=-1)---(n—-m—-2k+1)
2k K(m+k)(m+k—1)---(m+1)
_(=DF (p-m)! mt

T 2K (p—m—2k) (m+ k)T © (A.32b)

ay' (k) = a,'(0) (A.32a)

where we have expanded with m! and (n — m — 2k)! in the last step. Since m is a non-negative
integer, there is no problem with the first expansion. The second expansion is also fine, because
n — m — 2k is non-negative within the limits of the sum in Equation (A.24). In fact, n — m — 2k is
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the exponent of z, and we do not consider solutions with singularities here, which means that
the exponent must not be negative.

As a cross-check, we recover Equation (2.68b) from Equation (A.32b) for m = 0. Determining
a,'(0) is not a easy as in the case of m = 0, when we used the property P, (1) = 1 for all  in
Equation (2.70) in order to conclude that a,(0) = 1. Assuming for the moment that a;*(0) = 1 and
dividing Equation (A.6) by Equation (A.24) leads to the sequence A001498—coefficients of BESSEL
polynomials [175]—in the On-Line Encyclopedia of Integer Sequences® (https://oeis.org). We
have ignored the sign of the ratio, which depends on the convention concerning the CoNpDON-
SHORTLEY phase [177] of the associated LEGENDRE polynomial. Including this factor of (—1)™
here, the coefficient aZ’(O) is determined* as

D™ (g +m)!
"0) = A.
@ (0) 2m ml(n-m)! (A.33)
and Equation (A.32b) for the explicit expression of the coefficient becomes
an(k) = ) (n+m) (A34)

2m+2k kl(m + k)!(n — m — 2k)!

This coefficient completes the ansatz (A.24). As a cross-check, Equation (2.71) is reproduced for
m = 0. Additionally, using the recursion (A.30) with the explicit form of the coefficient a;" (k)
from Equation (A.34) as

m _ (p=-m=2k)n-m-2k-1) (-1)m*k (n + m)!
k) = = T D m ek v ) 2 Rmi i —m—zk 3%
_pm (n + m): (A.35b)

om+2k+2 (k + D)i(m + k + 1)!(5 — m — 2k — 2)!

yields the explicit expression for a;’(k + 1).
Finally, upon comparing Equations (A.6) and (A.24), the more general version of Equa-
tion (2.59) for the conversion from spherical to cylindrical coordinates is

Ln;mJ k -m-2k -m+2k
e AT ek
Py (cos(0)) = (-1) ~om 24 3 Ki(m + )Ny — m — 26)! (A.36a)
_ (—zlrz (n ;'m)! Z (;21’3 (Z) (”77;7;) g2k 2k (A36b)
’ k=0

If the CONDON-SHORTLEY phase [172] is not included in the associated LEGENDRE polyno-
mial P}, the factor of (—1)™ is to be omitted. For m = 0, Equations (A.36a) and (A.36b)
reproduce Equations (A.12a) and (A.12b), respectively, for the conversion to cylindrical coordi-
nates with a LEGENDRE polynomial. To solve the LAPLACE equation (2.57) in the case of m # 0,
Equation (A.36b) still has to multiplied with cos(m¢) or sin(m¢), which does not affect the

4Section A.3.3 confirms this conjecture rigorously.
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conversion. Continuing to Cartesian coordinates via x = p cos(¢) and y = p sin(¢) is facilitated
by the multiple-angle formulas [182]

EY

cos(mg) = <—1y‘(’2"j) [sin($)]” [cos($)]™ ¥ (A37)
j=
=, | |

sin(mg) = » <—1>f(2j . 1) [sin(¢)]7*" [cos(@)]™ 5", (A.38)
j=0

and p? = x? + 2.

A.3.2. Direct conversion to cylindrical coordinates

In this section, we attempt the direct conversion of the ansatz (A.6) with an associated LEGENDRE
polynomial P;* from spherical to cylindrical coordinates. This direct approach is conceptually
identical to the conversion with the LEGENDRE polynomial P, in Section A.2, which should be
reproduced for m = 0.

This time, the starting point is the general expression

P = (~1)" (1 - )" fé,—mmp,]@) (A39)

for the associated LEGENDRE polynomial [172]. The factor of (—1) is the CONDON-SHORTLEY
phase, which we have included here, because the computer algebra system Wolfram Mathe-
matica® and the numerical computing environment MATLAB, which are commonly used at
the institute, use this definition.” The general explicit expression (A.14) for the LEGENDRE
polynomial P,({’) makes it clear that terms of the kind

a4

agnt’ = =20 =2 =D (=2 - m T (A.40)

will appear in the associated LEGENDRE polynomial P;*({). Since  — 2j is a non-negative
integer within the limits of the sum in Equation (A.14), the multiple derivatives yield zero after
n — 2j + 1 operations, when zero appears as a prefactor. Thus, Equation (A.40) is simplified by
distinguishing two cases:

dm . 0 form>n-2j ,
E o { e (A41)

dgm (7-2))! é'fty—Zj—m

m fOI'mST']—Zj

In the second case, Equation (A.40) has been expanded with (n — 2j — m)!, which is well-defined
in this case. Since j is a non-negative integer, the derivative and hence the associated LEGENDRE
polynomial vanish for m > n, which motivates the restriction 0 < m < n imposed in Section A.1.

5This choice differs from Equation (2.83), taken from Reference [20], where we have tried to underline the difference
by writing with two subscripts Pym = (=1)™P;" as Reference [172] suggests.
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A.3. Associated LEGENDRE polynomials

Table A.2.: The first few associated LEGENDRE polynomials P}]({ ). When 7 is even (odd), the
function is antisymmetric (symmetric) with respect to the argument {. For m > 7,
the associated LEGENDRE polynomial P;" vanishes, which is the case for = 0 here.

n Py({)

0 0

2 ST

3 SIVI- (50— 1)

4 —31 -7 - 30)

5 —B -2 (210t - 1407 +1)
6 —ET=17(33¢° =300 + 5¢)

7 —L 1= {2 (42900 — 4950 + 1352 - 5)
8 —2J1 =2 (71507 = 10014 + 385(> - 35()
90— 177 (24310% — 40040° + 20020* — 308(% +7)

10 —224/1—- 7% (4199¢° — 795607 + 49140 — 10920 + 63()

Combining the binomial coefficients in the general explicit expression (A.14) for the LEGENDRE
polynomial P, with the additional factors that result from the multiple derivatives yields

(77) (2n - ZJ') -2t __nt  @n-2)! (-2)! _ (2n - 2j)!
JIV o Jm=2j-m =D ntn -2 (n—2j-m)!  jl(n =)y —2j—m)!
(A.42)

Since the only contributions by the derivatives (A.40) are for 2j < n — m, the upper limit of the
sum over j is reduced from | /2] to [ (n — m)/2]. Overall, we have
|

e O S N e e LA

=0

for the general explicit expression of the associated LEGENDRE polynomial. Table A.2 shows the
first few P;, because these functions were mentioned by Equation (2.82) in the context of the
standard parametrization of the radial magnetic field in the literature.

With the argument { = cos(6), the term in front of the sum is rewritten as

[1 = (cos(8))2]™* = [(sin(0))2]™"* = |sin(O)|™ . (A.44)

Moreover, in the range of 0 < 6 < m, with 0 being a spherical coordinate here, sin(6) does
not take negative values—that is, sin(f) > 0—and the absolute value can be dropped. Thus,
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the associated LEGENDRE polynomial contains products of [sin(8)]™[cos(8)]7~™ %, which have
to be arranged as p = rsin(f) and z = r cos(f) for the conversion to cylindrical coordinates.
Ignoring the sum over j for the moment, such terms in r”7P,(cos(0)) take the form

r[sin(0)]™[cos(0)]""™ % = r""™[r sin()]™[cos(6)]""™ ¥ = p™[r cos(8)]""™ ¥ r¥ (A.45a)

J
= pmgTm2y o pmn-m=2j Z (k) pPk 2207k (A.45Db)
k=0
! ]' n—-m—2k _m+2k
_ Z mz p ) (A.45c¢)
k=0 " ’

In the second-to-last step, we have used Equation (A.16) to express the factor %, for which
there was no corresponding trigonometric function, as a polynomial in z and p by means of
binomial expansion. Combining Equation (A.45c) with the prefactors and the sum in the general
explicit expression (A.43) of the associated LEGENDRE polynomial P;"(cos(6)) yields

==

( 1)m Z Z 1)]' (2’7 _ 2])' Zry—m—zkpm+2k ' (A‘46)
Jj=0

rP*(cos(0)) = ) -2-m) K-k

Like in Equation (A.18) with the LEGENDRE polynomial P;, the two sums do not yet have the
right shape to identify the coefficient a;'(k) in the way it is defined in Equation (A.24). We
would like to be left with a sum over k, because this sum creates all the different exponents
of the polynomial in z and p, while the sum over j should determine the coefficient a;’ (k). To
this end, we apply the transformation of summation variables described by Equation (A.19) and
shown in Figure A.1. Since the summation variables as such are not transformed, the major
difference here is that the maximum value of j is [ (7 — m)/2] rather than |5/2]. In close analogy
to (A.20a) we have

L= 1 j - —m-2k  m+2k
n e S e e T
eSO =T 2 2 g RG-R (A472)

B (_1)m Z Z (_1)k+j (2’7 —2j— Zk)! Zr;—m—zkpm+2k
kit (m—j—-k)l(n-2j-2k—-m)

(A.47b)

In the last step, we sent the summation variable j — j + k, in order to shift the lower limit of the
sum over j to 0. By expanding with (n + m)! and (n — k)!, the latter being well-defined because
k < |(n — m)/2] also means k < n, the factorials are rewritten as

1 (2n — 2j — 2k)! _ (m—-k)! (@m+m) (2n — 2j — 2k)! (A48a)
(m=Jj=Rytn-2j-2k-m!  (-j-kY =k (-2 -2k-mlnp+m)! =
_(m+m)! (n—k\(2n-2k -2k
= O e s
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with two binomial coefficients. A third binomial coefficient may be created with the factor of k!
in the denominator on the right-hand side of Equation (A.47b) and by expanding with n!. After
rearranging the two sums as

n—m

m |. 2
P (cos(0)) = % (n + m)! Z (=1)k (Z)Zq—m—zkpm+2k
k=0

n!

e
‘ Z (_1)].(77 k)(Ziy 2k 2])
J n+m

the coefficient a;(k) from Equation (A.24) is clearly identified. Comparing with its explicit
form (A.34) or Equation (A.36b) for the conversion to cylindrical coordinates, the sum over j
must give

(A.49)

L5 ok -
(_1)j(q ; k) (2'7 — 2k - 2]) _ 2q—m—2k(’7 - k) _ (A.50)

= n+m m+k
Since n — m — 2k = (n — k) — (m + k), the right-hand side is described entirely by the two
variables  — k and m + k, which complicates the search for its mathematical provenance.
As a cross-check, setting m = 0 reproduces Equation (A.23), which resulted from the direct
conversion of r7Py(cos(6)) to cylindrical coordinates. As with Equation (A.23), the more general
identity (A.50) would be hard to spot without the direct comparison of Equations (A.36b) and
(A.49). Therefore, the indirect conversion in Section A.3.1 helps tremendously.

Specific comparison

Reference [92] offers a partial check of the conversion (A.36a) to cylindrical coordinates and the
explicit expression (A.43) for the associated LEGENDRE polynomial, because it shows a general
expression for

p2nrmp2n - (co5(0))

2(n+m)
pZn,Zm(n 0) = 2(n+m)nz;n (AS]')
r P2(n+m)(0)

in its Equation (76), where n and m are two non-negative integers. We have adjusted the
expression, Equation (75), to our notation here, using r for the distance from the origin, rather
than as the cylindrical radial coordinate called p in this thesis. The normalization factor py,
called ry in Reference [92], is the distance from the origin to the ring electrode, see Figure 2.1.

From the explicit expression (A.43) for the associated LEGENDRE polynomial, it is clear that the
only contribution in P;"(0) originates from the constant term ¢ 0, which means that 2j = n — m
is the only relevant value of the summation variable j. This also means that 7 — m must be even,
which is the case in Equation (A.51). After the particular replacements m — 2nand 5 — 2(n+m)
in P, the specific value of the associated LEGENDRE polynomial in the denominator becomes

(=)™ [2(2n + m)]!
22(ntm) m! (2n + m)!

Pzz&m)(o) = (A.52)
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Applying the conversion (A.36a) to cylindrical coordinates (with j instead of k as the summa-
tion variable) on the numerator of Equation (A.51) yields

[2(2n + m)]! i (-1y Z2m=2] pan+2j

2(n+m) p2n _ (_1\2n
r Patum(cos(9)) = (=1) 22n = 24 j!(2n + j)! (2m — 2j)! (A.53)
22n+m)]! , < (-1)" 2] p2m=j)
Jenaml pa s CORE_ 2 P E (s
22n = 22(m=)) (m — j)! (2n + m — j)! (2j)!

Since n is an integer, 2n is even, and hence (=1)?" = 1. In the last step, we have also shifted the
summation variable according to j — m — j, in order to end up with the same exponents of z
and p as Reference [92].

With Equations (A.52) and (A.54), Equation (A.51) is rewritten as

R iy 22 pm=j)

,2) =ml (2n+m)——— Y (=1y2% A.55
Penam(p:2) = i (2n m) E(nm) j—O( y (m—=)!2n+m-j)!(2)) ( )
2n m | ' )

p ; m! (2n + m)! 2ommj) (2]
= o 2.0 mD (2 . A.56
P2 JZ;( Y emm- st ) (A.56)

After some rearrangements in the last step, the expression closely resembles Equation (77)
in Reference [92]. The corresponding coefficient ¢, ,, ; from Equation (78) contains a double
factorial, which for integers is defined as

@eM=2j-2j-2)-(2j—4)---6-4-2 for even arguments and  (A.57a)
@2j-M=2j-1)-2j-3)-(2j-5)---5-3-1 for odd arguments. (A.57b)
In this definition, the arguments are chosen such that their parity is obvious for an integer j.

With the two identities j! = 27/(2j)!! and (2j)!! (2j — 1)!! = (2)!, the relevant coefficient ¢y, , ; is
transformed according to

o (-1y (m\ @n+m) (1Y m! (2n + m)! A58
‘nmi = G = (j)(Zn +m—j) (2j = DN j(m =) (@2n+m—j) (A.582)
_(-2) m! (2n + m)! (A.58b)

Clm=-)'2n+m-—j)!

and it agrees with the coefficient inside the sum of Equation (A.56). Thus, the partial cross-check
is fully successful.

A.3.3. Alternative route to matching the solutions

When converting r7P;(cos(0)) from spherical to cylindrical coordinates in Section A.3.1, a
specific value of the associated LEGENDRE polynomial P} (cos(8)) has to be known, in order to
determine the global prefactor, which the recursive relation (A.30) does not fix. At that point,
no explicit form or special value of P;"(cos(0)) was used, owing to a lack of availability. Instead,
the value of the coefficient a;’(0) was conjectured by observing a trend in the ratio of the two
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solutions (A.6) and (A.24) to the LAPLACE equation. The two solutions had the same spatial
dependence by design, but they differed by the factor (A.33) with a nontrivial dependence on 7
and m for m # 0, in which case the factor was known to be unity, see Equation (2.70). Now, the
direct conversion in Section A.3.2 provides the tools to determine a;'(0) rigorously.

Equation (A.47b) shows that there is only one value of j, namely j = 0, that contributes for
the maximum value of k, which is

P V—mJ 3 % for n — m even, (A59)
e 2 ”_'zn_l for n — m odd. '
Thus, the sum over j reduces to a single term, which yields the coefficient
— 1) Hmax (21 = 2kmay)!
A (i) = 2 7= 2 (A.60)

2" kmax! (’7 - kmax)! (77 -m- kmax)!

of the polynomial (A.24) in z and p. Solving the recursive relation (A.32b) for a;'(0) links the
coefficient aZ’(kmaX) to the desired one according to

(n (_’7"_" ;1)2!’“)! (’”;k)! am (k) (A61a)
_(=1)™ (27 = 2kpax)! (M + kmay)!
2n2kna ml (= m)! (7 = Kmax)!

ay'(0) = (-1)*2**k!

(A.61b)

The first line is a general one; in the second step, we have plugged in the specific coefficient (A.60),
additionally using (—1)%kmax = 1 for the integer kmax. If  — m is even, then m + kpax = 1 — kmax,
and Equation (A.61b) simplifies to

(=)™ (n+m)!
2™ ml(n —m)!

a,,’”(o) = (A.62)

If » — m is odd, the last fraction in Equation (A.61b) requires a little more scrutiny. However,
the final result

o D me ) (TF) COm g ama ) 2
ay (0)= 2t ml(n — m)! ('7+'2"+1)g Co2mtl o ml(p-m)! p+m+1 (A.632)
_(=D™ (n+m)!
= T i = m)! (A.63b)

is the same as in the first case. Consequently, Equations (A.62) and (A.63b) confirm the conjecture
of Equation (A.33).
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B. LAPLACE equation: Polynomial solutions
from BESSEL functions

Chapter A discusses the standard solution of the LAPLACE equation in spherical coordinates, and
it converts the solution, which involves a LEGENDRE polynomial, into cylindrical coordinates.
In this way, a polynomial solution in the radial coordinate p and the axial coordinate z is
obtained. In the context of cylindrical traps, Section 2.2.1 mentions BESSEL functions as a way
of expressing the electrostatic potential in cylindrical coordinates right away, thereby avoiding
the conversion of coordinates. This chapter shows that the polynomial solutions of the LAPLACE
equation are readily deduced from these general expressions with BEsSsEL functions. In fact, this
derivation is the most direct way if one is equipped with a textbook solution of the LAPLACE
equation and a handbook of mathematical functions.!

B.1. Solutions with cylindrical symmetry

In cylindrical coordinates, cylindrically-symmetric solutions to the LAPLACE equation (2.57),
which do not diverge on the whole z-axis, are given by

@5 (p, z) = Ip(xp) cos(kz) and @(p, z) = I(xp) sin(kz) (B.1)

where I, is a modified BEsSSEL function of the first kind. The modified BesseL function of
the second kind, Yy, also produces solutions, but the function is excluded here because of its
singularity [185] at p = 0. The tilde indicates that general solutions to the LAPLACE equation
rather electrostatic potentials with the correct unit are considered here. Since the LAPLACE
equation is a homogeneous linear differential equation, we are free to include prefactors and
add individual solutions. The overall solution is a sum over different values of the parameter x,
a real number with the dimension of inverse length, which is constrained by the boundary
conditions on the electrodes [13], typically by setting the potential to zero at some distance +z,
where the endcaps are. However, the exact value of x is of no importance here. The superscripts

s” and “a” distinguish between solutions that are symmetric and antisymmetric, respectively,
with respect to the axial coordinate z.

T wonder why this occurred to me only shortly before the deadline and after completing Section 2.2.1 and Chapter A.
However, this chapter does not supersede these previous derivations, which prove how far one may get based
on elementary math skills without an elaborate knowledge of special functions. Moreover, we had to match the
prefactor of the polynomial solutions, in order to complete the conversion of the standard parametrization with
LEGENDRE polynomials from spherical to cylindrical coordinates. This chapter will not provide an easier answer
for this global prefactor, because it depends on the properties of the LEGENDRE polynomials, whose relations to
BesskL functions we will not discuss here.
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We will now expand the solutions (B.1) about the origin, that is, p = 0 and z = 0. The modified
BEesskL function of the first kind is given by [184]

)Zk

Io(kp) = Z I (B.2)

the series expansions of the trigonometric functions are

00 (xz2)k (xz
costx) = DLy and SMW—Z(V%+W

)2k+1

(B.3)

The form of these expansion as infinite series makes it clear why the solutions (B.1) are non-
polynomial. Using the CaucnY product

00 00 oo j
(Z )(Z ﬂk) SDIPICT A B.4)
k=0 k=0 Jj=0 k=0

which shown here for two generic sequences, whose elements are o and S, we obtain

& = szZ]: (—1)/~k pk g2k and ¢ = iKZjH ZJ: (—1yF pkz2i=2k+1 (B.5)
R — 22K (K!)? (2 = 2k)! * = £ 22k (k)2 (2] - 2k + 1)! ’

Jj=0

for the solutions (B.1) to the LAPLACE equation. For space, we have suppressed the variables p
and z in the argument of &, Since the LAPLACE equation has to be fulfilled for arbitrary values
of the parameter k, the sums over k have to be solutions on their own for all values of the other
summation variable j. Therefore, all the prefactors that depend on j only play no role for the
polynomial solutions to the LAPLACE equation, and we will ignore the terms x** and (-1)/. Of
course, we must not drop 2;j in the exponent of the variable z.

Apart from the upper limit j, the sums over k in Equation (B.5) depend on 2j and 2j + 1.
The former is always even; the latter is always odd. Thus, we can rewrite the sums over k
in terms of a single integer parameter 1, where n = 2j in the first case and n = 2j + 1 in
the second. In the first case, the upper limit of the sum over k is /2; in the second case, it
is (n — 1)/2. Since /2 = |n/2] for n even and (n — 1)/2 = |n/2] for n odd according to the
definition (2.60) of the floor function for integer arguments, both cases for the upper limit are
handled by the choice |/2]. Because 2k is even for an integer k, we rewrite the sign-changing
factor as (-1) % = 1. (=1)7% = (=1)k(=1)7F = (~1).

Finally, the sums over k, which are polynomial solutions to the LAPLACE equation—their
upper limit being finite—take the form

Ln/2] (_l)kpzkzn—zk

4 22K (k)2(y - 2k)!

: (B.6)

where we have explicitly shown the impact of applying the LAPLACE operator (2.63), in order to
emphasize that the sum is a harmonic function. Up to a global factor of 5!, the sum is identical
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to the polynomial solution (2.73) with its coefficient (2.71). Here, including a factor of 5! ensures
that the coefficient of z” is unity, which matches a property of the solution (2.59) with LEGENDRE
polynomials, see Equation (2.70).

In addition to the solutions (B.1), the functions

(p.2) = Jo(rcp) cosh(z) and 2(p.2) = Jo(kp)sinh(cz)  (B.7)

also solve the LAPLACE equation. In fact, the two solutions (B.1) and (B.7) are linked by the
three relations Jy(ikp) = Ih(kp), cosh(ikz) = cos(kz) and sinh(ikz) = isin(xz) for imaginary
arguments. Because the BEssiL function of the first kind, Jj, has zeros, the parametrization
here is useful for a cylindrical trap with a grounded ring electrode and the endcaps at some
potential [5]. With the source-free and finite potential of an empty trap in mind, the solutions
with the BEssEL function of the second kind, Kj, are not shown because of the singularity [174]
for p = 0.

With the nonsingular solutions (B.7), the same polynomial solutions as before—possibly up
to a global prefactor—follow with the series expansions

S pye (€0
Joliep) = D (-1F 2 (B.3)
P 22K (k1)?
for the BEsSEL function of the first kind [173], and the hyperbolic functions
o (KZ)Zk . o (Kz)2k+l
h = h =) — . B.9
cosh(xz) kZ::‘) k) and sinh(kz) kZ:;) 2k + D)l (B.9)

Since the polynomial solutions are supposed to represent fundamental solutions of the LAPLACE
equation, thereby constituting a set of basis functions, they have to be unique, barring their
prefactor.? The only difference concerns how the fundamental solutions are combined in order
to reproduce specific boundary conditions. In the series (B.5), the sum over j composes special
functions from the fundamental polynomial solutions.

B.2. Solutions beyond cylindrical symmetry

The cylindrically-symmetric solutions (B.1) to the LAPLACE equation are special cases of the
general solutions

B} (0, §,2) = Im(icp) cos(kz) f(§)  and B}, (p, 4, 2) = In(icp) sin(xz) f($)  (B.10)

in cylindrical coordinates for m = 0. Here, there is the additional function

f(P) = cxem cos(m@) + sim sin(me) (B.11)

ZSince the basis functions are classified uniquely based on their degree, we brush aside a different set of ba-
sis functions, composed by superimposing the polynomial solutions of different degrees, as an unnecessary
complication.
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of the angle variable ¢, where c,,,, and s, are two coefficients. We have suppressed the super-
scripts “s” and “a” for convenience, even though the coefficients may be chosen independently
for solutions that are symmetric and antisymmetric, respectively, in the axial coordinate z.
The structure of f(¢) is the same as in the ansatz (A.6) with associated LEGENDRE polynomi-
als. Since the angle variable ¢ points to the same spot after a full turn of 2mx, the periodicity
f(¢ + 2m) = f(§) require that m be an integer. Without loss of generality, we take m to be
non-negative.

For a comparison with the associated LEGENDRE polynomials of Section A.3, we are interested
in the dependence of the solution (B.10) on the radial displacement p and the axial coordinate z.
With the series expansion [184], valid for non-negative integers m,

In(kp) = i (rp

k+m
L4 32m L (m + !

)2k+m

(B.12)

for the modified BessEL function of the first kind, the series (B.3) for the trigonometric functions,
and the Caucny product (B.4), the components without a dependence on the azimuth angle ¢
in the solutions (B.10) to the LAPLACE equation are written as the infinite series

> K2i+m J (_1)j—kp2k+m22j—2k

Ln(xp) cos(kz) = Z - Z p - , (B.13)
= am L 22k k! (m + k)! (2j — 2k)!
©  2jtm+l _J (_1)j—kp2k+m22j—2k+l

Ly (xp) sin(kz) = Z r

J=0

: (B.14)
am 22k k! (m + k)! (2j — 2k + 1)!

The polynomial component of the solution is now read off with the same reasoning as in
Section B.1. Since the result after applying the LAPLACE operator has to be independent of
the parameter k, the sums over k have to be individual solutions when multiplied with f(¢)
from Equation (B.11). The sums over k in Equations (B.13) and (B.14) depend on 2j and 2j + 1,
respectively, apart from their upper limit j and the factor of (=1). The latter is safely ignored
as a prefactor; the upper limit requires some attention. Because 2j, which is always even, and
2j + 1, which is always odd, eventually run through all non-negative integers, we condense the
two possibilities in one parameter n. With the definition (2.60) of the floor function for integer
arguments, the upper limit is summarized as |n/2] for both cases, and the sums over k take the
common form

152

[n/2] (_1)kp2k+mzn—2k 2 (_l)kp2k+mzr]—m—2k

£ PRI (m+ k)l (n—2k)! 4= 22KI(m + k)L (7 — m — 2K)!

(B.15)

In the last step, we have defined n = n — m, where 0 < m < 5, in order to close in on
Equation (A.36b), which gives the polynomial in p and z by converting rP;"(cos(0)) with the

3The sign of m does not matter in the even function cos(m¢), and the change of sign in the odd function sin(m¢) is
absorbed in the prefactor si,,. Moreover, the modified BesstL functions of the first kind, I,;,, do not depend on
the sign of m because the modified BesskL differential equation does not [183]. The second fundamental solution
to this second-order differential equation is not hidden in the sign of m; it manifests itself in the modified BEssEL
functions of the second kind, Yy,.
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B.2. Solutions beyond cylindrical symmetry

associated LEGENDRE polynomial P;"" from spherical to cylindrical coordinates. Up to a global
factor, which does not matter for the solution to a homogeneous linear differential equation,
the result is identical.

The solution (B.7) without singularities is extended beyond cylindrical symmetry by including
the azimuth angle ¢ via the function f(¢) from Equation (B.11) as

V3 (P §.2) = Jm(icp) cosh(kz) f(¢) and W2, (p,¢.2) = Jm(kp) sinh(xz)f(§) . (B.16)
With the expansion for the BEssiL function of the first kind [173]

(Kp)2k+m

22k+m 1 (m + k)! (8.17)

Jm(icp) = > (-1
k=0

and the hyperbolic functions (B.9), the CaucHy product (B.4) yields the polynomial (B.15) in p
and z again. Because they solve a homogeneous linear differential equation, the fundamental
polynomial solutions, of which all solutions to the LAPLACE equation are composed, are defined
up to a prefactor only.
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C. Trigonometric identities

C.1. Powers of cosine

A crucial part of the calculation is to expand the powers of a trigonometric function into a
sum of simple trigonometric functions in order to decompose the original function into its
individual frequency components. The two relevant identities are introduced without proof as
Equations (3.2) and (3.5) in Section 3.1. Although they can be found in the literature under the
name of trigonometric power(-reduction) formulas [188], we will derive them here. Because
they are an integral part of the thesis, we want to demonstrate that there is nothing arcane
about them.

The essential step of deriving a general formula for powers of cosine is to recall that the
cosine function can be expressed by exponential functions as

cos(y) = = (e + e_iX) : (C.1)

N | =

Therefore, calculating the powers of cosine can be reduced to calculating the powers of expo-
nential functions.

Even powers
We use binomial expansion to establish that

feosl” = [ L@+ )] 20
1RO (20) [ gk 2k
-5 2 (7]l e (c20)
k=0
2n
= zin (zkn) [eix]k (eix)_szrk (C.2¢)
k=0
1 & (Zn) . 12(k—n)
= o [e*] (C.2d)
2 P k

2% Z ([’i—nn) [eZiX]j ) (C.2¢)

We substituted j = k — n in the final step. The binomial coefficient is defined in Equation (3.3).
By decomposing the whole sum into individual sums for j < 0,j = 0, > 0 and by letting j — —j
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C. Trigonometric identities

in the first sum, we obtain

for binomial coefficients.

Odd powers
The starting point is the same as for even powers:

jeos( = [ e v em)]

1 = (2n+1

k [el)()k [e_ix]2n+1—k

2n+1

k=n+1
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(C.3a)

(C.3b)

(C.3¢)

(C.3d)

(C.3e)

(C.4)

(C.5a)

(C.5b)

(C.5¢)

(C.5d)

(C.5e)



C.2. Multiplication or mixing

Having decomposed the sum, we now substitute j = k — n in the first part,and j =k —n—1in
the second:

Lcos() [P = 1 {Z": (Zn + 1) e X]Z(k—n)—1 .\ sz (2n + 1) [eix]z(k—n)—l} (C.60)
22n+1 k .

k=n+1
- 22i+1 {]_Zoln 2Jn++n1 [ Z (Jinn++11) (] ZJH} (C.6b)
_ % {Zn: 2n +1 1)( ~@j+1) Z (Jinn++11) 1)( 2]+1} (C.60)
i 22’11“ .n (2::rj1) (i 4 eizenz] (C.6d)
=0
= zln S (Zn - 1) cos [(2j + 1)x] (C.6e)

Jj=

We substituted j — —j in the first sum and used the identity (3.4)

2n+1 _ 2n _ 2n+1 C7
(n—J')_(2n+1—(n—j))_(n+j+1) ()

for binomial coefficients.

C.2. Multiplication or mixing
The angle-sum and angle-difference identities

cos(a + f) = cos(a) cos(f) F sin(a) sin(f) (C.8)
sin(a + ) = sin(a) cos(f) = sin(f) cos(a) (C.9)

are linked with the product-to-sum identities

cos(a — fB) + cos(a + B)

cos(a) cos(f) = 5 , (C.10)
sin(ar) cos(p) = S0 =F) ; sin@+f) (C.11)
sin(a) sin(p) = S =F) - cos(a + ) (C.12)

The latter are frequently used in the thesis to identify resonant terms when two oscillatory
terms are multiplied, see the general prescriptions of Equations (4.39), (4.40), (4.126), and (4.128),
for example.

The identity (C.10) may also be used to verify Equations (C.3e) and (C.6e) for the frequency
components in powers of cosine without expressing cosine via exponential functions as in
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C. Trigonometric identities

Equation (C.1). Even though the new approach looks like a combinatorial one instead, it closely
resembles the rearrangements after binomial expansion in Section C.1. In fact, the combinatorial
meaning of binomial coefficients will play a key role.

Written as multiple products, there are 2n factors of cos(y) in [cos(y)]*". According to
Equation (C.10), every multiplication with cos(y) results in two terms: The prefactor of y in the
argument of the trigonometric function either increases or decreases by one. We will refer to the
former as mixing up and to the latter as mixing down. In this sense, we write the multiplication
of the constant term as cos(0) cos(y) = 1/2[cos(y) + cos(—y)]. Apart from possibly changing the
prefactor of y, every multiplication reduces the amplitude of the resulting terms by a factor
of two, and hence the overall prefactor 22" in the denominator of Equation (C.3e). Since every
multiplication with cos(y) changes the parity of the prefactor of y in the resulting terms, there
will be not change after the even amount of 2n multiplications. Consequently, the prefactor 2;j
of y in Equation (C.3e) is always even. There are no odd multiples of y on the right-hand side.
We will now examine the terms with even multiples of y, including the zero dependence on y,
also known as the constant term.

How many possibilities are there to produce a constant term via the 2n multiplications
in [cos(y)]*"? We have to mix up as many times as down—that is, n times. There are (2:)
combinations. Remember to interpret the binomial coefficient (Z) as “n choose k”—the number
of possibilities to select k elements out of n, disregarding the order of the draw. Here, we select
when to mix up (or down) in the 2n multiplications.!

How many possibilities are there to produce a term cos(2jy)? We have to mix up n + j times
and down n — j times, for which there are (nzfj) = (nzf]) possibilities. Since cosine is an even
function—that is, cos(y) = cos(— y)—the term cos(—2j y) contributes the same oscillatory term,
too. It is produced by mixing up n — j times and down n + j times, which essentially doubles the
possibilities of obtaining cos(2jy), where j is positive. Alternately, we could allow for negative j.
In any case, we have reproduced the prefactor of cos(2jy) in Equation (C.3e).

The same combinatorial strategy also works for the odd powers of cosine with 2n + 1 factors
of cos(y) in [cos(y)]*"*!. Because each multiplication with cos(y) changes the parity of the
prefactor of y, there are no even multiplies of y for the odd amount of 2n + 1 multiplications.
Therefore, all multiples of the argument y are odd. A term cos[(2j + 1) y] is produced by mixing
up n+ 1+ j times and mixing down n — j times. There are (*"} +1]) = (2:_+]1) possibilities to do so.
For the total number, the terms cos[—(2j + 1) y], which result from mixing up n — j times and
down n + j + 1 times, have to be counted, too. Overall, there are twice as many possibilities. The
additional factor of 2 combines with the 22"*! in the denominator from the 2n + 1 multiplications
to form the correct prefactor in Equation (C.6e), and the binomial coefficient fits, too.

]Zn

ISince we mix either up or down with no other alternative, opting against one operation is equivalent to choosing
the other. This is the meaning of Equation (3.4) in the combinatorial sense.
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D. Definition of secularity

In this chapter, we review proper definitions of secularity. The equation numbers are assigned
in this chapter; they are not from the original references. In contrast, the emphasis in italics is
not mine; it is from the original references.

The following quote is from Reference [4]:

“In general, secular terms always appear whenever the inhomogeneous term is itself
a solution of the associated homogeneous constant-coefficient differential equation.
A secular term always grows more rapidly than the corresponding solution of the
homogeneous equation by at least a factor of ¢t”

Note that this definition does not necessarily imply that secular terms diverge for ¢t — co as the
following example from Reference [4] illustrates.

“The solution to the differential equation
j-y=e" (D.1)

has a secular term because e™* satisfies the associated homogeneous equation. The
general solution is

1
y(t) = Ae™" + Be' - Ete_t . (D.2)
The particular solution —%te_t is secular relative to the homogeneous solution Ae™;
we must regard the term —%te_t as secular even though it is negligible compared
with the homogeneous solution Be’”
With respect to nearly periodic problems, Henri PoiNcARE offers a less mathematical but
more pictorial definition in the introduction of his 1892 book! “Les méthodes nouvelles de la
mécanique céleste”

« Ces méthodes, qui consistent a développer les coordonnées des astres suivant
les puissances des masses, ont en effet un caractere commun qui s’oppose a leur
emploi pour le calcul des éphémérides a longue échéance. Les séries obtenues
contiennent des termes dits séculaires, ou le temps sort des signes sinus et cosinus,
et il en résulte que leur convergence pourrait devenir douteuse si I’on donnait a ce
temps ¢ une grande valeur.

1 https://archive.org/details/lesmthodesnouv@@ipoin
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D. Definition of secularity

La présence de ces termes séculaires ne tient pas a la nature du probléme, mais
seulement a la méthode employée. Il est facile de se rendre compte, en effet, que si
la véritable expression d’une coordonnée contient un terme en

sin(amt) , (D:3)

« étant une constante et m 'une des masses, on trouvera, quand on voudra déve-
lopper suivant les puissances de m, des termes séculaires

a’m3e3

amt — (D.4)
et la présence de ces termes donnerait une idée trés fausse de la véritable forme de
la fonction étudiée. »

I offer my own loose translation (not taken from an English version of the book, which I failed
to procure).

These methods of developing the coordinates of the celestial bodies as powers of
the masses have a common feature which precludes their use for the calculation of
ephemerides on long time-scales. The series obtained contain so-called secular terms,
where the time leaves the sine and cosine symbols. As a result the convergence of
the series becomes doubtful if the time ¢ is given a large value.

The presence of these secular terms is not related to the nature of the problem,
but only to the method used. It is actually easy to note that if the real expression
for a coordinate contains a term like

sin(amt) , (D.5)

a being a constant and m one of the masses, one will find secular terms

. (D.6)

when developing in powers of the masses. The presence of these terms would give
a very wrong idea of the true shape of the function studied.

The introduction is also interesting from a physical point of view. POINCARE considers the
comparison of observations and calculations as a test of NEwTON’s law of gravitation.

« Le but final de la Mécanique céleste est de résoudre cette grande question de
savoir si la loi de Newton explique a elle seule tous les phénomeénes astronomiques;
le seul moyen d’y parvenir est de faire des observations aussi précises que possible
et de les comparer ensuite aux résultats du calcul. Ce calcul ne peut étre qu’ap-
proximatif et il ne servirait a rien, d’ailleurs, de calculer plus de décimales que les
observations n’en peuvent faire connaitre. Il est donc inutile de demander au calcul
plus de précision qu’aux observations ; mais on de doit pas non plus lui deman-
der moins. Aussi ’approximation dont nous pouvons nous contenter aujourd’hui
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sera-t-elle insuffisante dans quelques siecles. Et, en effet, en admettant méme, ce
qui est tres improbable, que les instruments de mesure ne se perfectionnent plus,
Paccumulation seule des observations pendant plusieurs siecles nous fera connaitre
avec plus de précision les coefficients des diverses inégalités. »

Here is my loose translation:

The final goal of celestial mechanics is to resolve that great question whether
Newton’s law alone explains all astronomical phenomena; the only way to do so
is to make observations as precise as possible, and then compare them with the
results of the calculation. This calculation can only be approximate, and calculating
more digits than the observations can yield would therefore amount to nothing.
It would hence be useless to demand more precision from the calculation than
from the observations, but one must not demand less. Also, the approximation we
can content ourselves with today will perhaps be insufficient in some centuries.
Even conceding that measurement instruments might not improve, which is very
unlikely, the mere accumulation of observations for several centuries will make
known to us the coeflicients of various inequalities with more precision.

Indeed, one of the astronomical problems of PoiNCARE’s time—the perihelion precession of
Mercury—is solved by general relativity rather than by a hypothetical planet (“Vulcan”) that
obeys NEwTON’s law of gravity [41].
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E. Explicit expressions for frequency-shifts

This chapter lists explicit first-order frequency-shifts for cylindrically-symmetric imperfec-
tions, thereby facilitating a comparison with the extensive compilation [128]. Table E.1 shows
which general expressions are evaluated. Even though they are shown separately here to
minimize clutter, the first-order frequency-shifts for multiple imperfections add linearly (to
first-order). The axial (angular) frequency w, in the ideal trap is given by Equation (2.17); the
unperturbed radial frequencies w. are defined in Equation (2.23). In the ideal trap, the sideband
cyclotron-frequency (2.25) is equal to the free-space cyclotron-frequency w. of Equation (2.18).
Equation (3.87) establishes the convention for the sign of a shift Aw; to these frequencies.

In cylindrical coordinates, the electrostatic potential @,,, is parametrized according to Equa-
tion (2.73), with the quadrupole potential @, of Equation (2.2) in the ideal trap. The axial and
radial magnetic field are given by Equations (2.78) and (2.80), respectively. The magnetic field By
of Equation (2.1) in the ideal trap follows for = 0.

Table E.1.: Links to the general expression for the first-order frequency-shifts by electrostatic
imperfections (represented by C,,) and magnetostatic imperfections (represented
by Bs,). Shifts to the radial frequencies under axial lock, as opposed to the normal
free-running mode, are indicated by the inverted hat as in A@.. These shifts are
related via Equation (4.152c). The shift to the sideband cyclotron-frequency is given
only once as Aw,, because it is the same in both modes of operation.

‘ C2n B2n
Aw, | Equation (4.36)  Equation (4.75)
Aw, | Equation (4.50)  Equation (4.87)
A& | Equation (4.159) Equation (4.160)
( (

Aw. | Equation (4.55)  Equation (4.89)

E.1. Electrostatic imperfections

Cq
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E. Explicit expressions for frequency-shifts
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E.2. Magnetostatic imperfections
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E.2. Magnetostatic imperfections
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F. Magnetic moment: impact on axial mode

This chapter reviews the model of describing the effect of the radial modes on the axial motion
in a nonuniform magnetic field via their average magnetic moment. We mentioned the model
in Section 4.1.3 in the context of axial frequency-shifts caused by magnetic imperfections. Here,
we will discuss one successful and very simple case, which has probably promoted the model
because it is so intuitive. However, we have to warn of its general limitations.

The key ingredient of the model is the averaged orbital magnetic moment of the ion in the
PENNING trap. Starting from the energy Emag = —fi - Bofa magnetic moment / in a magnetic

field B, the average magnetic energy of the orbiting ion in the trap is defined as

Eumag = ~ (1), B =~ {pz), B . (E.1)

The radial components (2.39a) and (2.39b) of the orbital magnetic moment generally do not
possess a constant component; the axial component (2.39¢) does and it is given by Equation (2.40).
Note that this time-averaging is not equal to selecting the constant component of the energy:

Emag # (Emag), = — (i B), - (F.2)

In the latter case, correlations between the magnetic moment of the ion and the magnetic field
the ion sees along its trajectory would be taken into account. Of course, the magnetic field in
Equation (F.1) has to be evaluated the ion’s position, whose time-dependence has been neglected
so far. Instead, the ion’s coordinates have been treated as general coordinates, even though the
solutions (2.30)—(2.32) for trajectory in the ideal Penning trap have been used to calculate the
average magnetic moment.

Part of the reason for treating the magnetic field independent of the ion’s motion is probably
related to the fact that the magnetic moment of the modified cyclotron-motion is an adiabatic
invariant [23, 112]. Moreover, ignoring the implicit time-dependence of the magnetic field
due to the ion’s motion is fine for the ideal PENNING trap with its constant magnetic field.
Additionally, the radial components of the magnetic moment do not matter because there is
no radial magnetic field. However, it remains to be seen whether the additional forces by
higher-order terms in the magnetic field are reproduced correctly.

Because the ion seeks to minimize its total energy, the magnetic energy (F.1) leads to an
additional force

dE OBk

(z) mag
F/ =— = () —— F.3
L P (Hz)g P (E3)

in the axial direction. With the additional acceleration 2z, = F‘(f) /m, the axial equation of
motion (2.16) becomes
o, )y 989

Z+wiz
z m 0Oz

(F.4)
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F. Magnetic moment: impact on axial mode

For a magnetic field with cylindrical symmetry, the axial magnetic field is given by a sum over
B%z) from Equation (2.78). Assuming that each of these terms is small, they are treated separately
to first order in perturbation theory. There is no contribution for = 0 because this component
of the magnet field has no spatial dependence and hence the derivative vanishes. Thus, we
did not miss out on an effect in the ideal PENNING trap. In fact, the model of describing the
impact of the radial modes on the axial mode via their magnetic moment should somehow
follow from the force (2.13) in the equations of motion, since we deal with a pointlike particle
without internal degrees of freedom.

Before attempting a general comparison of Equation (F.4) with the exact axial equation of
motion (4.61), we pick the famous example of n = 2, which leads to the equation of motion

(Hz)o

m

i+ iz - 2Bz =0 (E.5)
for a harmonic oscillator. See Table 2.1 or Equation (E.16) for the explicit form of B(ZZ). With the
average magnetic moment (2.40) and the free-space cyclotron-frequency (2.18), the frequency-
changing term becomes

A2

(Hz) X B . .
=00, = By L (0.2 + w0 p?) = 2w (02 + w0 p?) . (F.6)
m m By

Because the oscillator is still harmonic, the new frequency is simply read off as

B
wz\/1+—2w—;(a)+ﬁi+w_/33)zwz 1+—w—;(w+p++w_ﬁz)+... , (F.7)
B() wz 0]

where we have approximated the square root as usual for a small change of w,. After applying
Equation (2.26) in order express the axial frequency squared as a product of the radial frequencies,
the axial frequency-shift is given by

Aw, By wi+ w-

5. " 1By wio (w+ ﬁi + w_ pE) , (F.8)
and the result agrees with Equation (E.17), which was derived via first-order perturbation
theory.

There is a second case rather basic case. For = 1, the additional term in the axial equation
of motion (F.4) is constant, see Table 2.1. This term —Bj {y.), /m shifts the axial equilibrium
position by By (), /(mw?) without giving rise to an axial frequency-shift of first order, see
Section 3.2. However, the radial frequencies will change because the ion now orbits in a
different magnetic field, the magnetic gradient B; ensuring that the magnetic field is no longer
homogeneous. Because the change of the magnetic field seen by the ion is proportional to
By like the shift of the equilibrium position, this frequency-shift is of second order overall.
Therefore, we have no exact perturbative result here! to compare with the estimate via the
magnetic moment [167].

IElsewhere, there is Reference [123].
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In the other cases, the axial equation of motion (F.4) describes an anharmonic oscillator, and
the axial frequency-shift will most likely have to be determined with perturbation theory again.
Rather than doing so, we will examine whether agreement with the first-order result (4.75) is to
be expected.

With the free-space cyclotron-frequency (2.18) and the radial magnetic field (2.80), the axial
equation of motion (4.61) is indeed written as

(p)
Z+w§z+2ﬁBL=O (F.9)
m. p
in terms? of the magnetic moment (2.38). However, the magnetic moment y, is still a time-
dependent quantity here. No averaging has taken place.

A comparison of the axial equations of motion (F.4) and (F.9) requires a link between the
radial magnetic field and the derivative of the axial magnetic field with respect to the axial
coordinate. Such a link is for instance established via the divergence [176]

> 10 1BY  9B*)

VB ) e

(F.10)

of the vector field
B= B(p)g/J + B(¢)g¢ + B(Z)gz (F.11)

in cylindrical coordinates. The &; are the unit vectors in this coordinate system, and the B(")
describe the components of the vector field.

The divergence of a magnetic field vanishes (V - B = 0), because there are no sources. Since
we deal with a magnetic field of cylindrical symmetry, B?) = 0. Overall we have

) )
0B® _ 10 () 9B BY
P 5
P P
for the relation between the axial and the radial component. This relation does not transfer
Equation (F.4) into (F.9), even when the difference between the average magnetic moment (y,),
and the time-dependent magnetic moment i, is ignored. Apart from a factor of 2, there is the

derivative of the radial magnetic field (2.80). If it were equal to the second term on the right-hand
side of Equation (F.12), most of the discrepancy would be resolved. However, comparing

(F.12)

0z pdp

ap» L=
U ~ —2k+1 2k-2
—— =8B (2k — Vay(k) z" p (F.13)
ap n kZ:; n
and
2 =B, Gy (k) 2772k p2k=2 (F.14)
P k=1

2There is no such equivalent for the radial equations of motion (4.59) because B%z)/ zZ# Bgy)/ y and BEIZ)/Z * ng) /x,
compare Equations (2.78) and (4.60). Thus, there is no common magnetic field to factor out that would leave
behind the product of velocities and coordinates of magnetic moment (2.38).
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F. Magnetic moment: impact on axial mode

shows that only the terms for k = 1 are equal. These are the terms without a dependence on p
in Equations (F.13) and (F.14), the exponent of p being 0. Given the polynomial form of the
radial magnetic field (2.80), we should have guessed so because the two operations

0
o "= np"! and " =p (F.15)

are equal only for n = 1, if p is not assigned the special value of 0 afterwards.> Consequently,
the relations we had hoped for to reconcile the axial equations of motion (F.4) and (F.9) hold
generally only for vanishing radial displacement:

OB
dp

(2)
9B,
0z

(p)
By

p

(p)
_ By
p

and (F.16)

p=0 p=0 p=0 p=0

The cases of n = 1 and 5y = 2 are an exception® because Bgf ) o p, see Table 2.1.

ng ) /p not depending on p helps average the axial component (2.39c) of the magnetic moment
in Equation (F.9) to {y.),, despite the presence of oscillatory terms in the magnetic field due
to the ion’s motion. The oscillatory component® of the magnetic moment i, at the difference
frequency w,; — w_ is irrelevant then, because there is no component it could mix with in order
to produce naturally-resonant terms at the frequencies of the radial modes. Unfortunately,
demanding p = 0 in the other cases leaves us with a conceptual problem: there is no magnetic
moment of the radial modes if their amplitudes are zero. Concerning the lack of an axial
first-order frequency-shift (4.78) for vanishing radial displacement, we noted that there is
no cylindrically-symmetric radial magnetic field on the z-axial for reasons of that symmetry.
Equation (F.4) would probably get the frequency-shift by the term without dependence on p
right. It should be the same as the frequency-shift caused by the term term without dependence
on p in Equation (F.9). However, all other result obtained from the model of magnetic moment
via Equation (F.4) would be dubious.®

Unless for the special cases in which the model is known to work for a good reason, it is
more prudent to rely on the actual axial equation of motion (4.61) or (F.9), just like Section 4.1.3
does. Thanks to Equation (2.80), the radial magnetic field is ready for use.’

3The division by p requires the particular value of 0 not be assigned beforehand. Of course, the derivative must
always use p as a general variable.

4There is also the trivial case of 7 = 0 with constant Bgz) = By and vanishing ng )= o.

SWe ignore the difference from the perturbed frequencies & here because we do not actually plan to implement
perturbation theory here. The statement holds with the replacement wy — @x.

The approach of neglecting all other terms might be justifiable if the axial amplitude is much larger than the
amplitudes of the radial modes because the term with the smallest exponent of p has the largest exponent of z.

"I believe that the mathematical trouble of the standard representation (2.82) with an associated LEGENDRE polyno-
mial is largely responsible for the fact that the radial component of the magnetic field is almost never written
down explicitly, not even for the first few 1. The model of Equation (F.4) with the magnetic moment is so
appealing because it uses the axial magnetic field, which has the same spatial dependence as the electrostatic
potential, compare Equations (2.73) and (2.78). To be fair, part of the model originates from the semiclassical
description of an intrinsic magnetic moment carried by the stored particle, for which the axial magnetic field
provides the quantization axis for the projection.
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