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Abstract

In this dissertation we deal with the distribution of zeros of special
values of Goss zeta functions. Firstly, we prove an analogue of Riemann
hypothesis for curves defined over prime field of arbitrary genus as well
as for curves defined over F, with ¢ # p whose genus is bounded by
(p + q)/2. Secondly, we prove some results on partial zeta functions.
Thirdly, we apply the cohomological method to a specified curve and
prove an analogue of Riemann hypothesis for certain n. Finally, we set
up a relation between the oo-adic and v-adic zeta functions.

Zusammenfassung

In dieser Doktorarbeit wird die Verteilung der Nullstellen der speziellen
Werte der Goss Zeta-Funktionen untersucht. Zuerst beweisen wir ein
Analogon der Riemannschen Vermutung fiir Kurven von beliebigem
Geschlecht, die iiber einem Primkorper definiert werden, sowie fiir
Kurven definiert iiber F, von Charasteristik p, deren Geschlecht nicht
grofer als (p + ¢q)/2 ist. Zweitens beweisen wir einige Resultate fiir
partielle Zeta-Funktionen. Drittens wenden wir die kohomologische
Theorie der Kristalle auf eine gegebene Kurve an, um ein Analogon
der Riemannschen Vermutung fiir n, die eine spezielle Form besitzen,
zu beweisen. Schlieflich geben wir einen Zusammenhang zwischen den
oo-adischen und den v-adischen Zeta-Funktionen an.
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1. Introduction

1.1 Motivation

The study of Riemann zeta function dates back to the first half of the nineteenth
century when it was introduced and studied by Leonhard Euler even before the
development of complex analysis. It was named after Bernhard Riemann due to
his memoir “Uber die Anzahl der Primzahlen unter einer gegebenen Gréfe” in
1859, in which he extended Euler’s definition to a complex variable and proved
its meromorphic continuation and functional equation, as well as established a
relation between its zeros and the distribution of prime numbers. The Riemann
zeta function, usually denoted by ((s) is defined to be a function of a complex
variable s that analytically continues the infinite series

)
>
n=1

which converges when the real part of s is greater than 1. It has a simple pole at
s =1 and trivial zeros at negative even integers.

The famous Riemann hypothesis, proposed in the above memoir by Riemann, as-
serts that any non-trivial zero of the Riemann zeta function lies on the critical line,
i.e., has real part equal to 1/2. It has huge impacts on the development of number
theory, for example, as already been observed by Riemann, the distribution of its
zeros has a close relation to that of the prime numbers. Lots of mathematicians,
including Hardy, Littlewood and Selberg, made significant contributions to the
very problem. Although the Riemann hypothesis remains unproved in the classi-
cal case, progress has been made in some analogues of it, for example, the Riemann
hypothesis for varieties over finite fields was proved by Deligne in 1974. The Goss
zeta functions, which are analogues of Riemann zeta function in function field case,
were also shown to satisfy the analogous Riemann hypothesis by Wan in the case
of projective lines over prime fields and Sheats in the case of general projective
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lines. In this thesis, we will try to extend the result to the function field of more
general curves.

Algebraic function fields over finite fields represent a striking analogy with alge-
braic number fields, i.e., finite extensions of the field of rational numbers Q. They
often serve as an important model of the theory of algebraic number fields. So
it is a natural question to ask whether there exists a nice analogue of Riemann
hypothesis for function fields and, if so, whether we can get our hands on it. As
a first step, in his book [Gos98], Goss defined function field analogues of classical
L-functions and zeta functions, for instance the Carlitz zeta function, or the L-
function attached to a Drinfeld module in analogy to that of an elliptic curve. More
details can be found in [Gos98]. In their book [BP09], Bockle and Pink associated
a global L-function to a flat crystal. In particular, for the crystals associated to
Drinfeld modules, this gives a new way to study Goss L-functions.

As in the classical situation, the special values of a Goss zeta function may reveal
lots of facts concerning function field arithmetic which we are interested in. Goss,
Wan, Diaz-Vargas and various mathematicians working on this field developed
an analogue of the Riemann hypothesis in the function field setting. A Goss L-
function is a continuous map from Z, to a ring of power series, and the Riemann
hypothesis is an assertion on the distribution of the zeroes of these power series.
The special values of Goss zeta functions at negative integers are polynomials, and
the main subject we will study in this dissertation is the zero distribution of these
polynomials.

The investigation into the distribution of the zeros of special values of Goss zeta
functions, also known as the Riemann hypothesis of positive characteristic, dates
back to 1990’s when D. Wan in [Wan96], J. Diaz-Vargas in [DV96] and J. Sheats
in [She98] completed the problem for all rational function fields over a finite field
and a chosen rational point. In [Gos00], D. Goss gave an interpretation of the
analogue of the classical Riemann hypothesis, focusing on the distribution of the
zeros. Although predicted by Wan in [Wan96] that it should be possible to refine
and generalize this method to general A with a rational oo point, there was no
further success in this direction. However, as we will mention in Chapter 5, G.
Bockle solved the problem for the curve defined by y? 4y = 2® + 41 over Fy with
an Fy-rational infinite point with the help of cohomological method, see [Boc13].
In particular, this method provides us a polynomial time algorithm. More details
will come up in Chapter 5.
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1.2 Structure of the thesis

Let € be a smooth projective geometrically irreducible curve over a finite field IF,.
It is easy to show that the set of rational functions on € is a field of transcendental
degree one over I, i.e., a global function field, denoted by K. As an example,
the function field of the projective line over I, is isomorphic to F,(t) with ¢ tran-
scendental over F,. This is the analogue of the field of rational numbers Q. There
is a one-to-one correspondence between global function fields over I, and smooth
projective geometrically irreducible curves over the same finite field. Let co be a
fixed place of the function field, and by A we denote the ring of elements in K
which are regular away from oo, i.e., A :=T'(C—{o0}, O¢). We define K, to be the
completion of K at oo, and C,, to be the completion of an algebraic closure of K.
Note that K, is the analogue of R and C,, is that of C. It is necessary to point
out here that this is quite different from the number field case where the algebraic
closure of a number field completed at an infinity place is already complete. For
instance, when taking € to be the projective line P! over F,, the function field K is
F,(t), the field of rational functions in one variable. Furthermore if co denotes the
place defined by 1/t, then A is F,[t], the ring of polynomials, and K, is F,((1/t)),
the field of Laurent series over F,.

We can define the oco-adic Goss zeta function, which, after renormalisation, can
be interpolated as power series:

Ca(=n,T)=>"T* [ Y ai ],

d>0 a€J®,aCA
degog (a)=d
where n is an integer, J* is the group of all nonzero fractional ideals of A and
the oo-adic exponentiation al2 of an ideal a is as defined in Section 2.3.1.1. We
define also the co-adic Goss-Thakur zeta function, where, instead of summing up
the exponentiations of all ideals, we consider only the principal ideals, i.e.,

Ca(=n,T)=> T [ > a

d>0 aeA_hd

where Ay ; denotes the subset of A consisting of the elements which are positive
with respect to certain sign function and of degree d. If A = F,[¢], then the set
A, 4 contains all polynomials in A which are monic and of degree d. Clearly the
Goss zeta function and Goss-Thakur zeta function coincide when A has strict class
number 1. Although defined to be power series, thanks to Theorem 1 in [Tha95],
the value of Goss zeta function at any negative integer is in fact a polynomial.
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Furthermore, Thakur also gives an explicit upper bound of the degree of this
polynomial. On the other hand, after fixing a place v of K which is different from
0o, we can define the v-adic Goss zeta function as

KEnny =1 3 |,

d>0 ue?oov{”},aCA
degoo (a)=d

where n is an integer, J°1"} consists of all nonzero fractional ideals in J*° which
are prime to v and the v-adic exponentiation a7, , of an ideal a is as defined in

Section 2.3.1.2. Similarly, we also have v-adic Goss-Thakur zeta functions.

In his 1998 paper [She98], Sheats proved the following theorem for A = F,[t]:

Theorem 1.2.1. Fiz n € Z,. As a function in T, the zeros of Ca(—n,T) are
simple and lie in K. In fact, they have pairwise distinct valuations and lie in the
subfield F,((t71)).

The main tool he used to study the zero distributions is via Newton Polygons
associated to the power series, or in this case, polynomials, which is a piecewise
linear function from R to R and provides us insights on the valuations of the zeroes
of the power series. By associating a weight to any vector in N°| he turned the
problem into the uniqueness of the optimal element in certain subset of N°. With
the help of some combinatorical tools, he successfully proved the above theorem.
In Chapter 3, we will apply this method to a wider generality. To be more precise,
for any i = 0,1,..., let ¢; be the smallest integer n such that the dimension of the
Riemann-Roch space L(noo) is i + 1, and @, := ;41 — ;. Let Uy, (n) consist of
valid compositions of length m, as defined in Definition 3.2.7. We call an element
in U,,(n) greedy if it is in reverse order lexicographically largest, and an element
optimal if it has the maximal weight, as in Definition 3.2.6. We prove the following
theorem:

Theorem 1.2.2 (Theorem 3.3.2, Theorem 3.5.7). Suppose that either p = q or
p#qandg < ’%. Let n be a fized positive integer. The following holds:

(a) The x-coordinates of the break points of the Newton polygon associated to
Ca(—n,T) are ; for alli=0,1,....

(b) The slope of the i-th segment between p;_1 and @; is G%, where Gt appears as
the last entry of the greedy element in U;i1(n). In particular, the sequence
{G},G3,G3, ...} is strictly increasing.



1.2. Structure of the thesis

Let m < g be the smallest positive integer such that ¢; = 1 for all i > m. Ezcept
for the ., zeros of lowest valuations, all other zeros of C4(—n,T) are simple with
pairwise distinct valuations.

As a part of this chapter, we also consider some examples, among which are hyper-
elliptic curves and curves of strict class number one. The examples suggest that it
is possible to improve the upper bound of the genus to O(¢?). They also suggest
that we cannot expect to solve the problem completely by this method.

In Chapter 4, we will consider the special values of the partial Goss zeta functions.
Suggested by numerical experiments, the zeros of special values of partial Goss
zeta functions behave in a nice pattern. We only consider the case when A = TF[t]
and the degree of place v is either 1 or 2. Let I' be a function from N to N*, sending
any n to a vector (to,t1,...,ts—1) such that ¢; = 3", .4 o7y With n =37 n;p’
the p-adic expansion of n. Let I,, be a set of vectors consisting of ['(n) where n
has a valid composition of length m, as defined in Definition 3.4.8. When v is of
degree 1, we prove the following theorem:

Theorem 1.2.3 (Theorem 4.2.7). Suppose that both co and v are Fy-rational
places. Let n be any positive integer and b be a monzero congruent class with
respect to v.

(a) All segments of the Newton polygon associated to Cr,y(—n,T,b) have width 1.

(b) The d-th slope is Z;.l;} G—j where m is defined such that I'(n) € I,\I41
and G = (Go,...,Gpn-1,0) is the t-greedy element in V,,,(n).

In particular, all zeros of Cp,m(—n,T, b) have pairwise distinct valuations at v.
Hence they are all simple.

When v is of degree 2, we present a recursive formula and apply it to the case when
q = 2 in Section 4.3.1; and in Section 4.3.2, we investigate instead the valuation
of S(n) :== 1+ D ucw, (t +a)" which appears in the expansion of the coefficients
of partial Goss zeta functions. Theorem 4.3.9 provides a close formula to the
valuations as well as the leading terms of S’s.

In Chapter 5, we apply the cohomological method to the curve defined by y? =
2% — x — 1 over F3, which is one of the only four non-trivial curves of class number
1 with a rational point, see [Hay79]. We prove the following theorem for this

particular curve:



1. Introduction

!
Theorem 1.2.4 (Corollary 5.4.4). Let n = » 23" with ny < ny < ... < ny.
i=1
The slopes of the Newton polygon of za(—n,T) are:

2-3M,2-3™M,2-3" +2-3™,2-3" +2-32 423", ..,

in increasing order. In particular, apart from the first slope, all slopes occur with
multiplicity 1.

Note that although this particular case is treated in Example 3.6.5, even in more
generality, we hope this method can provide a polynomial time algorithm.

In Chapter 6, we compare the co-adic with v-adic zeta functions. By setting up a
joint uniformizer at both places co and v, we can compare the co-adic with v-adic
zeta functions twisted by a character. Denote by J°{"} (resp. J*{>}) be the group
of nonzero fractional ideals of A*> (resp A") which are prime to v (resp. o0).

{oo} {v}.(v)

Then we can define (}, >} and Chon 1) and their renormalisations Zyo o and zy

as in Section 6.4. We have the following result:
Theorem 1.2.5. (a) There exists a natural isomorphism ¢ : 3o — guidech

(b) Let (x,x’") be any pair of characters such that the diagram

goodvh X, [gals (1.1)

| <

Ju.{oo}

commutes. Let & : 31 — Fglg be the character of finite order sending any
a tow(o(al))) with w as in the definition of v-adic exponentiation of an ideal.
Then we have:

20 (=n, T, p(a) (mod '), x') = 252 (—n, T, a (mod g), x&™)

for any a € 71},

In Section 6.5, we have more general results where the sets {oo} and {v} are
substituted by some more general ones.



2. Drinfeld Modules and Goss
Zeta Functions

In this chapter, we provide the readers some background on Drinfeld modules and
Goss zeta functions.

2.1 Notation and Basic Definitions

Through out the dissertation, we fix the following notation.

e Denote by N the set of non-negative integers.

e Fix a prime number p. Given a positive integer n, let n = Zizo n;p’ be the
base p expansion of n, i.e., for 0 < i <[, we have 0 < n; < p—1, and n; # 0.
Then we define the p-degree of n as deg,(n) := [ = [log,(n)], and the p-digit
sum of n as digsum,(n) := Zi:o n;. We sometimes drop the index p if it is

clear from the context.

e We denote by € a smooth projective, geometrically irreducible curve over a
finite field k := F, of characteristic p, where ¢ = p®. The function field of C
is denoted by K.

e We denote a fixed infinite place of € by oo. Note that here we do not
assume that oo is F -rational, and the degree of oo is denoted by d.,. Set
A= H°C —{oc}, O¢). We denote by K, the completion of K with respect
to 0o, and its ring of integers is denoted by Oy. Set ky = Ooo /My Where
M 1S the maximal ideal of O,,. The completion of the algebraic closure of
K., is again algebraically closed, denoted by C.,. By [NX02, Proposition
1.2.5], the class number of A is hd.,, where h is the class number of K. The
tuple (K, 00, A) plays a role as analogous to (Q, 0o, Z).
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e For a nonzero ideal a of A, we define the co-degree of a to be deg. (a) :=
log,(|A/al). For an element a # 0 in A, the oo-degree of « is defined to be
deg.. (()). This definition extends to the fractional ideals of A by setting
deg (a/b) = deg. (a) — deg..(b) and deg. (0) = 0. We sometimes drop oo
if it is clear from the context.

e Fix a uniformizer 7., of the place oo, and fix a d..-th root of it, denoted by

T oo, %-

e A sign function sgn_ is an F,-homomorphism from K to kX . We call an
element f positive at 0o or co-positive if and only if sgn__(f) = 1, and the set
of such elements in A\{0} is denoted by A, __, or A, if no confusion is caused.
Denote by Ay 4 the set of co-positive elements of co-degree d. With respect
to a chosen sign function, the strict class number is hdy(¢%= —1)/(q — 1).
Fixing a uniformizer 7., at oo, we can define the corresponding sign function
by sending 7 - u with u in 0% to u mod Ta.!

Example 2.1.1. If we choose the curve € to be the projective line over F,, then K
is F,(t), the field of rational functions in one variable over [F,. Choose the infinite
place oo to be the “usual” infinite place (1/t), then A is the polynomial ring IF,[t],
K is F ((t71)), the field of Laurent series in 1/t and O is just F,[[t7']]. The
oo-degree of any o € A is just its degree as a polynomial in ¢. If we choose a
uniformizer at oo to be 1/t, then the canonical sign homomorphism sends any
a € A to its leading coefficient, which means that A, __ contains all the monic
polynomials over F,.

2.2 Drinfeld A-Modules

Drinfeld modules, named after Vladmir Drinfeld, were first introduced under the
name ‘elliptic modules’ in [Dri74] by Drinfeld. The name ‘elliptic module’ comes
from the analogy with elliptic curve, which we will briefly introduce here. An
elliptic curve over an algebraically closed field £ can be defined as a variety of
dimension 1 equipped with a Z-module structure, such that for any invertible
n, the kernel of multiplication by n consists of n? elements. By analogue: a
Drinfeld module of rank d over a scheme X is a group scheme G over X, locally
isomorphic to G, and equipped with an A-module structure, such that the kernel
of multiplication by any nonzero a is finite over X, of degree |A/a|? over X. The
action of A on Lie(G) gives rise to a homomorphism A — Ox; this makes X

I This is the canonical sign function we are going to use once we fix the uniformizer.
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a scheme over Spec(A). Note that here, the ring A can be defined for arbitrary
choice of the place co. Elliptic curves over C can be interpreted as classes of certain
lattices in C. Analogously, we can describe Drinfeld modules over C, in terms of
A-lattices in C,, defined over A.

In this section, we first introduce the algebraic definition and some important
properties of Drinfeld A-modules over an A-field; it is followed by the definition
of Drinfeld A-modules over a scheme X. We mainly follow [BP09], [DH87] and
[Gos98]. Then we will define 7-sheaves and A-motives, along with the 7-sheaf
corresponding to a given Drinfeld A-module. At the end of this section, we will in-
troduce two important examples of Drinfeld A-modules, namely the Carlitz module
and Drinfeld-Hayes module.

Throughout this section, we fix a curve €, a place oo and thus the affine coordinate
ring A.

2.2.1 Definition of Drinfeld A-modules over an A-field

Before defining Drinfeld A-modules, we would like to recall some results on ¢-linear
polynomials. For details, one may refer to [Gos98, Chapter 1] and [DH87]. Let L
be a field containing k.

Definition 2.2.1. A polynomial f(X) € L[X] is called additive if f(X +Y) =
f(X)+ f(Y) holds in L[X,Y].

It is called g-linear if it is additive and f(aX) = af(X) for any a € k.

It follows from the definition that all ¢-linear polynomials form a ring under addi-
tion and composition.

Now define L{7} to be a skew polynomial ring over L with commutating law

(Xiso aﬂ'i)<2j20 b7 = Zkzo(Zf:o ab?_)m*. We embed L{r} into L[X] via
S aim = S a; X9 Then L{r} can be identified with the set of all g-linear
polynomials in L[X]. One may think of L{7} as a ‘ring of operators’ with 7
being the Frobenius operator. Note that although L{7} can be embedded into
L[X], these two rings possess completely different multiplications. Moreover, it is
worthwhile to point out here that in L{7}, the constants are of the form ar® with
a € L,i.e., aX if considered as a ¢-linear polynomial. To avoid confusion, for a ¢-
linear polynomial f, we denote by deg(f) the degree of f as a polynomial in X and
by deg_ (f) the highest exponent of T appearing in the expression of f as an element
in L{r}, i.e., for f(X) = apX +a; XP+.. .+, X? with a; # 0, we have deg(f) = p!
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and deg_(f) = I. For a ¢-linear polynomial f(X) = aoX + a1 X? 4+ ... + u; X', we
define its derivative to be d(f(X)) := ag, which is the usual derivative of f as a
polynomial in X.

Now we give the definition of A-fields and Drinfeld A-modules over an A-field.

Definition 2.2.2. An A-field F is a field F' equipped with a fixed homomorphism
t: A — F. The homomorphism ¢ is called the characteristic of F. By abuse of
notation, we also call the kernel of ¢+ the characteristic of F.

From now on, let L be an A-field of characteristic ¢.
Definition 2.2.3. A Drinfeld A-module over L is a k-algebra homomorphism

p:A— L{r}

a+—> pg = Zui(a)Ti
=0

such that d o p = ¢ and p does not factor through L, i.e., there exists at least one
a € A such that p, & L.

Given two Drinfeld A-modules p and p/, a homomorphism f : p — p' of Drinfeld
A-modules over L is given by some f € L{7} such that fp, = p.,f holds for all
a € A

Remark 2.2.4. The nomenclature of ‘Drinfeld A-module’ emphasizes that the no-
tion gives any L-algebra S an A-module structure by a.s := p,(s).

Definition 2.2.5. The k-algebra homomorphism ch := dop: A — L is called
the characteristic or the characteristic homomorphism of the Drinfeld A-module
p. Its kernel is a prime ideal of A, denoted by py. We say that p is

(1) of generic characteristic if po = 0;

(2) of special characteristic otherwise.

By abuse of notation, the ideal pq is sometimes also called the characteristic of p.

Remark 2.2.6. The characteristic of a Drinfeld A-module over L is by definition
the same as the characteristic of L as an A-field.

The following proposition defines the rank of a Drinfeld A-module:
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Proposition-Definition 2.2.7 ([Gos98, Lemma 4.5.1, Proposition 4.5.3]). For
any Drinfeld A-module p over L, there exists a unique integer r > 0 such that for
all nonzero a € A, we have

deg,(pa) = r deg(a).
We call this r the rank of the Drinfeld A-module.

Remark 2.2.8. From the definition of homomorphisms between Drinfeld A-modules,
it is easy to see that there exist non-trivial homomorphisms between two Drinfeld
A-modules only if they have the same rank.

In number field case, the elliptic curves over C are equivalent to the rank 2 Z-
lattices in C, and this equivalence gives us some analytic insights into the theory
of elliptic curves. Similarly, we can also associate an A-lattice in C,, to any
Drinfeld A-module of generic characteristic over C,, and vice versa. To do this,
we consider C,, as an infinite dimensional vector space over K, equipped with
sup-norm extending the absolute value on K.

We first recall that for a normed vector space U, a subset S is called discrete in U
if every point u € U has a neighborhood W C U such that W NS = {u}.

Definition 2.2.9. A finitely generated A-lattice in C, is a finitely generated,
discrete sub-A-module of C.

Proposition-Definition 2.2.10. Given a Drinfeld A-module p of generic charac-
teristic over C, there exists a unique entire function exp, : Coo — Co satisfying

exp,(ar) = pg o exp,(z), Vo € Cy, a € A.
This function is called the exponential map associated to p.

Remark 2.2.11. We have the following commutative diagram, where the rows are
exact:

0 Coo —%3 Coo ——0
exppl Jexpp
0 —— pla] — Cog == Cog — 0.

In the above diagram pla] := Ker(p,) C C4 is called the torsion of a. The above
diagram remains true when we substitute C., by K8 or even K.

We slightly reformulate [Gos98, Theorem 4.6.9] which describes the correspondence
between Drinfeld A-modules and A-lattices.

11
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Theorem 2.2.12. Given a Drinfeld A-module p over C,, which is of generic
characteristic, let exp, be the associated exponential map. Let A be the kernel of
exp, in Coy. Then this A is an A-lattice in Cq.

Conversely, given a finitely generated A-lattice A in Cy, we define

x
expy(z) = H (1— E)
acN,a#0
Then there exists a Drinfeld A-module p such that
expy(ax) = pg o expy(x), for x € Cyp, a € A.

In fact, for any a € A, we have

pa(r)=ax J[ (1-—")

expy(a)”

The above correspondence gives an equivalence between the category of Drinfeld
A-modules of generic characteristic over Co, and the category of finitely generated
A-lattices in C.

Remark 2.2.13. Thanks to the above correspondence, we can complete the com-
mutative diagram in Remark 2.2.11 (where all columns and rows are exact):

0 0
0 A A AJah —0
0 Coo —% Co 0
exp exp
0 —— pla] Coo = Coo 0
0 0

Remark 2.2.14. We can define the rank of an A-lattice A to be the dimension of
K ®4 A as an K-vector space. It can be shown that the rank of an A-lattice is the
same as the rank of the corresponding Drinfeld A-module. Moreover, the homo-
morphisms of Drinfeld modules correspond to the morphisms of the corresponding
lattices.
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2.2.2 Drinfeld A-modules over a scheme X

Let X be a scheme.

Definition 2.2.15. A Drinfeld A-module of rank r > 0 on X consists of a line
bundle L on X and a ring homomorphism p : A — Endg(L), a — p,, such that
for all points x € X with residue field £, the induced map

pr : A — Endg(L|z) = k,[7],

o0
ar— Z ui(a)T’
=0

has coefficients u;(a) = 0 for ¢ > rdeg(a) and u, gega(a) € k.

A homomorphism (L,p) — (L', p') of Drinfeld A-modules over X is a k-linear
homomorphism of line bundles L — L’ that is equivariant with respect to the
actions p and p'.

The characteristic of (L, p) is the morphism of schemes ch, : X — Spec A corre-
sponding to the ring homomorphism dp : A — Endg, (Lie(L)) = I'(X, Ox).

Remark 2.2.16. In the special case when X = Spec R with R an A-field and the
line bundle L is free over X, the above definition is isomorphic to the algebraic
definition given in 2.2.3.

2.2.3 7-sheaves and A-motives

The notion of A-motives was first introduced by Anderson in [And86], or more
precisely ¢-motives since he only considered the case when A = F,[t]. In some
literature, the A-motives bear the name of abelian A-motives due to the similarity
to abelian varieties. In this section, we will briefly define 7-sheaves and A-motives,
then introduce the construction of the 7-sheaf corresponding to a given Drinfeld
A-module. Those who are interested may refer to the original paper [And86] by
Anderson or [BP09] for a more general theory.

Definition 2.2.17. A 7-sheaf # = (M ,7.4) over A on a scheme X consists of
a quasi-coherent sheaf .# on X x Spec A and an O x ygpec a-linear homomorphism
Tp ¢ (0 x id)*.# — .# where o denotes the absolute Frobenius on X over k.!

'We sometimes drop off the lower index of 7, when the sheaf is clear from the context.

13
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A homomorphism of T-sheaves (M ,T.4) — (AN, T.x) is a homomorphism f of the
underlying sheaves such that the following diagram commutes:

(o x id) .t — VT (o s id)
4 lw
M ) Vs

We denote by QCoh.(X, A) the category of 7-sheaves over A on X.

We call a 7-sheaf coherent if its underlying sheaf is coherent. The full subcategory
of coherent 7-sheaves is denoted by Coh, (X, A).

For any 7-sheaf .# we define the iterates 7", of 7., by setting inductively 79, := id
and 71 := 740 (0 x id)*7", for any n € N. For any n € N, each (0" x id)*.4 =
((o" xid)* A, (o™ x id)*74) is again a 7-sheaf, and 77, is a homomorphism of

T-sheaves from (" x id)*.4 to A .

Definition 2.2.18. A 7-sheaf .Z is called

(a) nilpotent if 77, vanishes for some n;
(b) locally nilpotent if it is a union of nilpotent T-subsheaves.

Definition 2.2.19. A homomorphism of 7-sheaves is called a nil-isomorphism if
both its kernel and its cokernel are locally nilpotent.

Proposition 2.2.20 ([BP09, Proposition 3.3.9]). A homomorphism of T-sheaves
fH — N is a nil-isomorphism if there exist n > 0 and a homomorphism of
T-sheaves o making the following diagram commute:

(0" x id)* . — VT (gn idy

If A and N are coherent, then the converse is also true.

Due to Drinfeld, we can associate a coherent 7-sheaf to any Drinfeld A-module
(L, p). We quote the construction from [BP09]. Note first that U — Homy(L|U, G, x
U) defines a quasi-coherent sheaf of O x-modules on X. By right composition with
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pa it becomes a sheaf of Ox ® A-modules. We let .#(p) be the corresponding
quasi-coherent O x xgpec 4-modules on X x Spec A, which is easily seen to be locally
free of rank r. Let now o € End,(G, x X) denote the Frobenius endomorphism
relative to X. Then left composition with o defines an Ox yxgpec 4-linear homo-
morphism #(p) — (o x id)..# (p), and thus via adjunction an O xyspec 4-linear
homomorphism 7 : (¢ X id)*.#(p) — #(p). We denote the resulting T-sheaf by
M (p). Clearly this construction is functorial in (L, p). Also it is easy to see that
Coker(7) is supported on the graph of ch, and locally free of rank 1 over X.

We fix a homomorphism ch : X — Spec A.

Definition 2.2.21. A family of A-motives over X, or in short an A-motive on X,
of rank r and of characteristic ch is a coherent 7-sheaf .# on X such that

(a) the underlying sheaf .Z is locally free of rank r, and

(b) the set-theoretic support of Coker(7) is a subset of the graph of ch.

The category of Drinfeld A-modules does not permit the formation of direct sums

or tensor products or related operations from linear algebra. The passage to An-
derson’s t-motives, and more generally A-motives, adds this missing flexibility.

2.2.4 An Example: the Carlitz module

The Carlitz module was first inspected by Carlitz in [Car35], even before the
invention of Drinfeld modules. It is a special kind of Drinfeld A-module over K of
rank 1 with A being k[t] and K being k(t).

Definition 2.2.22. The Carlitz module is defined to be

C:A— K{r}
ar——a-+T.

This is by definition a Drinfeld A-module of rank 1 of generic characteristic.

The next natural question is to write down the exponential map and the associated
A-lattice.

Definition 2.2.23. We define the following g-linear polynomials.

(1) Fori>1, [i] ==t —t.

15
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(2) Fori > 1, L; == [],.;;dls Lo :=1.

(3) Fori > 1, D; =[] ;1" s Dy = 1.

Note that by [Gos98, Proposition 3.1.6] L; is in fact the least common multiple
of all polynomials of degree i, while D; is the product of all monic polynomials of
degree i in A.

We can write down the exponential map of Carlitz module explicitly:

expo = Z DLTZ

i>0 ¢

By Remark 2.2.14 the associated A-lattice has rank 1. Let A be a (¢ — 1)-th root
of —[1] in K2 and &y := [];5,(1 — %) Define w := M. We can check that
wA is the A-lattice associated to the Carlitz module. For more details one may

refer to [Gos98, 3.2].

2.2.5 Another Example: Drinfeld-Hayes module

Another example of rank 1 Drinfeld A-modules is the Drinfeld-Hayes module, or
rank 1 sign-normalized Drinfeld module. We call a continuous homomorphism
sgn : KX — kX, a twisted sign function if there exists some o € Gal(ky/k) such
that sgn = o when restricted to k% .

Definition 2.2.24. A Drinfeld-Hayes module, or rank 1 sign-normalized Drinfeld
module (for sgn) is a rank 1 Drinfeld A-module p of generic characteristic over C,,
such that for any a € A, the leading coefficient of p, agrees with the image of a
under the restriction of a twisted sign function sgn to A C K, i.e., it is given by

p:A— Co{7}
rdeg(a) .
ar— pg = Z ui(a)T’,
i=0

where U, deg(a) (@) = sgn(a) for a twisted sign function sgn.

A result from Hayes states that any rank one Drinfeld module of generic char-
acteristic over C, is isomorphic to a Drinfeld-Hayes module. Therefore, we can
count the number of Drinfeld-Hayes modules. Let h be the class number of A.
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Proposition 2.2.25 ([Gos98, Proposition 7.2.17]). There are exactly h isomor-
phism classes of rank one Drinfeld modules over C.

Proposition 2.2.26 ([Gos98, Corollary 7.2.19]). There are ezactly h(q% —1)/(q—
1) Drinfeld-Hayes modules.

In particular, if A has strict class number 1, then there exists a unique Drinfeld-
Hayes module for a fixed sgn.

Remark 2.2.27. One big advantage of the introduction of Drinfeld-Hayes modules
is that it allows us to formulate the explicit class field theory for function field.
For details one may refer to [RS97].

2.3 Goss zeta functions and their variations

The study of Riemann zeta functions has a long and profound history, where
engraved lots of great names. The Riemann hypothesis is among the most chal-
lenging and famous unsolved problems. As we have discussed in Chapter 1, we
will work on the analogue of Riemann hypothesis for function fields, i.e., on the
zero distribution of special values of the Goss zeta functions. In this section, we
will introduce the definition of Goss zeta functions and some variations.

2.3.1 The Exponentiations of Ideals

In this section, we want to give some detailed description of the exponentiation
of ideals, oo-adically as well as v-adically, as the first step to define the Goss zeta
function.

In principal, the exponentiation map e : R*xZ — R*, (x,y) + z¥ is a bilinear map,
i.e., it is multiplicative at the first coordinate and additive at the second one. Here
we consider the domain of the first coordinate to be the group of fractional ideals,
with or without extra requirements, and the domain of the second coordinates to
be Z or more generally S, or S,, which will be defined later. In commutative
algebra, the integral powers of ideals are defined to be ideals, while in his book
[Gos98], Goss defined the oo-adic and v-adic exponentiations of fractional ideals
to be elements in C,,, and this is the definition we will introduce here.

17
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2.3.1.1 The ~c-adic Exponentiation

Recall that we fix a uniformizer 7., at oo and denote by sgn_ a fixed sign function
on K7 . Besides the ideal class group CI(A), we also have the strict ideal class
group Cl*(A) with respect to sgn,,. We can define the Hilbert class field H (resp.
the strict Hilbert class field HT) of K as the abelian extension of K which has
Galois group isomorphic to CI(A) (resp. CIT(A)). Corresponding to the field
extensions Ht D H D K, we have under the reciprocity map:

IT 05 x ker(sen,.) ¢ J] 05 x Kz < Ak

W00 w00

Let my, be the maximal ideal of O, then we have ker(sgn.,) = 72 x (1 + m).
By [B6c02, Proposition 10.4], there exists a unique homomorphism

()2 7% — e

where 9% is the group of nonzero fractional ideals of A, and U is the group of
1-units in the perfect closure of K., such that for any oo-positive element o in A,

we have
(@) = o m =),
i.e., for any ideal a of A, let a be an oo-positive generator of ah@>=1)  then
1

(a) = (a - 7o) a1 | where we take the I-unit root.

Remark 2.3.1. Note that the map (-) depends on the choice of 7. Suppose we
have two different uniformizers, say 17, and ,m.. We denote by (-); and (-)s
the corresponding 1-unit parts. Let u := 17 /27e0, then u is a l-unit in K.

It is stated in [Gos98, Proposition 8.2.15] that for any ideal a of A, we have
{a); = ude*{a)y with u, the 1-unit d,.-th root of u.

Lemma 2.3.2. Given m and n in Z, such that m = n (mod p*), for any ideal a
we have

()" = (@)™ (mod nL,).
Then we can define the co-adic exponentiations of ideals.

Definition 2.3.3. For any s = (z,y) € Sy := C}, X Z, and a a fractional ideal
in J*°, we define the oo-adic exponentiation of a as:

al = (a)¥ - g8,

Let 7o« € C% be a fixed doo-th root of 7.
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Proposition 2.3.4 ([Gos98, Proposition 8.2.6, Corollary 8.2.7]). Let s = (z,y) €
Seo and a = (a) € I such that « is co-positive. Then

In particular, for n € Z we have

Definition 2.3.5. For an integer n and a fractional ideal a of A, we define

(Tocyss

al = Oeo ™ for abbreviation.
Remark 2.3.6. In other words, we embed Z into S by sending an integer n to
(Tocir )-

Important properties of the oo-adic exponentiation defined above are that for any
a and b in J*, any s and t in S, we have

al, - b3 = (a-b)3, alal, =altt

(o ehdde o]

which implies that our map is bilinear, thus a well-defined exponentiation map.

Remark 2.3.7. The integral oo-adic exponentiation depends on the choice of 7 ..
For i € {1,2}, let ;mo be a uniformizer at oo and let ;7 . be a fixed du-th root
of ;T, then we denote by ;a., the corresponding oo-adic exponentiation of an
ideal a. Then [Gos98, Proposition 8.2.16] states that there exists a d-th root of
unity ¢ such that ja,.' = (4°8%a..! for any ideal a of A. To be more precise, let
U 1= 1Too /2o and let u, be the 1-unit de-th root of u, then ¢ = u, - 9o 4 /1700 4-

Example 2.3.8. As in Example 2.1.1, take A = [ [t]. Then the integral oo-adic
exponentiation of any ideal a of A can be given as a’, = f' with f, the monic
polynomial generating a.

2.3.1.2 The v-adic Exponentiation

To define the v-adic exponentiation, we need a bit more work. Recall that we fix
a place oo and let S be a nonempty set of places which does not contain oco. Fix
a place v € S and denote by d,, its degree. Let 3> contain all nonzero fractional
ideals of A which are prime to all places in S.

Let K, be the completion of K with respect to v, and o a homomorphism from
the value field V := K({al, : a € I°}) to K, over K. By [Gos98, Proposition
8.2.9], the field V is finite over K, thus K,, := K,(o(V)) is also finite over K.

19



2. Drinfeld Modules and Goss Zeta Functions

20

We denote by f the residue degree. Denote by O, , the ring of integers in K, ,.
Then every element a € O} , can be decomposed into

a = {a), -w(a),

where w(a) is a (¢%/ —1)-th root of unity in O,, and (), is a 1-unit. There exists
a unique homomorphism generalising (-), to the fractional ideals of K, ,, which is
denoted also by (-),. To be more precise, for any fractional ideal a of K, let a be a

1
doubly-positive generator of a™@"™>~D@" =1 then (a), = (a-w(a) ™) e D@m=
where we take the 1-unit root.

For the map (-),, we also have the interpolation lemma similar to Lemma 2.3.2.

Lemma 2.3.9. Given m and n in Z, such that m = n (mod p*(¢®™/ — 1)), for
any fractional ideal a € 3°°° we have

(a)” = (a)™ (mod 7*").

v v

The v-adic exponentiation map is defined as follows:

Definition 2.3.10. For any s = (z,y1,%2) € S, := C! x Z, x Z/(¢®/ — 1), we
define the v-adic exponentiation for any a € 3°°° as

A = (o(al )Y - w(o(al)))v . pdegas(a)

In particular, for a € A* positive at both oo and v and prime to all places in S,
we have that:

(@)L = (((a)L))" - w(o((a)L)" - 198

o0,V [e.e] v [e.e]

= (o)), -wlo(@)" = a”

Definition 2.3.11. For an integer n and a fractional ideal a in 75 we denote
by af, , = ag’,ﬁ’”) for abbreviation.

Remark 2.3.12. In other words, for v-adic exponentiation, we embed Z into S, by
sending n to (1,n,n).

Similar as the co-adic exponentiation, we have the following nice properties:

%o, - b3, = (a-b)3 a,al,, =al!

00,V 00,V 00,V Yoo,V 00,V
for any a,b € 3 and s,t € S,. Thus it is a well-defined exponentialtion map.
Remark 2.3.13. As we have seen in Remark 2.3.7, the integral oo-adic exponenti-
ation depends on the choice of the infinite place and 7 .. For the integral v-adic

exponentiation, it depends on the choices of both places v, oo, the embedding o,
the character w as well as mq 4.
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2.3.2 Definition of Goss zeta function

Thanks to the introduction of oo-adic and v-adic exponentiations, now we can
define the Goss oo-adic and v-adic zeta functions. Recall that S is a nonempty set
of places of K such that co ¢ S and v € S.

Definition 2.3.14. Let n € Z. We define the oo-adic Goss zeta function as

aeJ>® aCA

and the v-adic Goss zeta function as

GUEn Ty = 0 A, T,

ac€J>:S aCA

Thakur introduced a principal ideal version of Goss zeta function when the place
oo is k-rational, which, by its name, only sums over the principal ideals. Let P
(resp. P°>>°) be the subgroup of J*° (resp. J°¥) containing the principal fractional
ideals.

Definition 2.3.15. We define the oco-adic Goss-Thakur zeta function as

Ca(—n,T) = > al 7=,

aeP> aCA

and the v-adic Goss-Thakur zeta fucntion as

GUEn Ty = Y e, T,

agP>:S aCA

2.3.3 Goss zeta function as the dual characteristic polyno-
mial

In Chapter 5, we will use cohomological method to investigate the zeros of the
special values of Goss zeta function. Therefore, we would like to introduce an
alternative definition of the Goss zeta function here. To be more precise, in this
section we will define the L-function attached to a given A-motive or a given -
sheaf. One may refer to [BP09] and [Boc13] and the references stated there for
more details.

We first introduce the global L-function of certain 7-sheaf following [Boc13]. Let
X be a scheme of finite type over k and . is an A-motive over X of characteristic

21
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ch. For any closed point z € | X|, we denote by p, its image in Spec A under the
characteristic homomorphism. It is easy to see that dy, |d,. We denote by i, the
natural embedding of its residue field into X. Denote by A, =i 4 .

Definition 2.3.16. The global L-function of 4 over x is
L(x, #,T) ;= deto(id —=T7 | A,) € 1+ T% A[[T*]].
Definition 2.3.17. We define the global L-function of 4 as:
LE(X, M, 5) =[] L@, . T) pape—y € 1+ Co[T])-

z€|X|

As we have seen in Section 2.2.5, for any ring A we can define a Drinfeld-Hayes
module, and the number of Drinfeld-Hayes modules is the strict class number of A.
Now we consider the case when A has strict class number 1. Then there exists a
unique Drinfeld-Hayes module. Denote the structure morphism Spec O — Spec A
by s and the A-motive associated to this Drinfeld-Hayes module by .7¢,. Thus ¢,
is a locally free 7-sheaf on Spec Ot over A of rank 1. We quote the following
theorem from [Bocl3].

Theorem 2.3.18 ([Bocl3, Theorem 3.3]). Let A have strict class number one.
Let n € N. Let A, be a locally free T-sheaf on X over K whose restriction to
Spec A is nil-isomorphic to the n-th tensor power of 7¢,. Let

L(co,22,,T)™" € 1 + TA[T)

be the characteristic polynomial of the restriction F,, to Spec(keo X K). Then we
have:

(a) Ca(—n,T) = L(Spec A, 2, T).
(b) L(X,,,T)L(co, ,,T)"" = L(Spec A, A, T).

(c) H'Y(X x Spec K, JZ,) is a free finitely generated K-vector space which carries
an action H' () induced from the action of T on 3, via the functoriality of
cohomology.

(d) L(X,,,T) =detg(1 —TH (1) | H(X x Spec K, ,)) € 1 + A[T].

(e) Letk : (oxid),D(S,) — D(H,) denote the Cartier dual action on D(F,) =

Hom(H,,, Ux xspec i) induced from 7. Then I'(X x Spec K, D(J€,))) is a free

finitely generated K -vector space and for the action induced from k on global

sections, k: I'(X x Spec K, D(J£,,)) — I'(X x Spec K, D(J¢,,)), one has
L(X,,,T) =detg(1 — Tk | T(X x Spec K, D(A,))).



3. On The Riemann Hypothesis
of Positive Characteristic

3.1 Introduction

As we have discussed in Chapter 1, in this chapter, we would like to generalize the
result of Sheats to general A’s. Recall that for an arbitrary curve, we can define
the principal ideal Goss zeta function, or Goss-Thakur zeta function, as

Ca(—n,T) ::ZTd Z a”,

dZO a€A+7d

where A, 4 consists of all functions of degree d which are positive at co. For a
positive integer n, the special value of (4(—n,T) at —n is in fact a polynomial.
We would like to look at the zeros of this polynomial. A natural method to do so
is by looking at the break points of the associated Newton polygon.

But a direct shortage of using the method of Newton polygon is that we cannot
expect to show that all zeros are simple. When the genus of the curve is not
0, by the Riemann-Roch theorem there exists no function of degree d where d is
a Weierstrass gap. Thus for these d’s, the coefficient of 7% in the Goss-Thakur
zeta function is simply zero. In particular, one cannot expect a break point with
the z-coordinate being d. On the other hand, this situation can only happen for a
limited number of d’s, which, to be more precise, cannot exceed 2g and the number
of these d’s is exactly g. Hence we face an inevitable obstacle when dealing with
the zeros of small valuations.

However, we successfully generalize Sheats’ result to certain cases.

Theorem 3.1.1. Suppose that either p = q orp # q and g < ”Tﬂ. Let n be a fixed
positive integer. The following holds:

23
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(a) The x-coordinates of the break points of the Newton polygon associated to
Ca(—n,T) are @; for alli=0,1,....

(b) The slope of the i-th segment between p; 1 and p; is G%, where G appears as
the last entry of the greedy element in U;y1(n). In particular, the sequence
{G1,G3,G3, ...} is strictly increasing.

Let m < g be the smallest positive integer such that p; = 1 for all i > m. Fxcept
for the ., zeros of lowest valuations, all other zeros of Ca(—n,T') are simple with
pairwise distinct valuations.

Before going to an outline of this chapter, I would like to draw the reader’s atten-
tion to a question on the splitting field of (4(—n, T) posted by G. Béckle in [Boc13].
By the above theorem, there exists a trivial upper bound of the extension degree of
the splitting field, namely 2¢g. By the semigroup structure of the non-Weierstrass
numbers, the maximal multiplicity of a zero is ¢y, i.e., the distance between 0 and
the first positive non-Weierstrass number. Moreover, from the proof of the main
theorem, we can gain some knowledge on the valuations of these zeros. Hence if
the gap sequence of the given curve is known, we can expect to gain some more
insight into the splitting field.

Let us have a quick look at the proof of the main theorem. The proof follows the
method of Sheats in [She98], i.e., we first expand each coefficient of T-powers with
respect to a chosen basis of the Riemann-Roch spaces, then investigate the valu-
ation of each non-zero summand, which is called the weight of the corresponding
vector. The key point of the proof is to show that there exists a unique optimal
element in the set of valid compositions, and it happens to be the so-called greedy
element. To show this, we use combinatorical method developed in Sections 3.2
and 3.4. We will then prove in Section 3.3 the case p = ¢ and in Section 3.5 the
other case. To be more precise, in Section 3.5, we show that if there exists an
optimal element which is not greedy, then we can always construct a vector whose
weight exceeds that of the ‘optimal’ one, hence get a contradiction. After gaining
knowledge on the valuations of each coefficient, the theorem follows directly.

In Section 3.6, we will see an application of the above theorem to some special
curves, namely the curves whose A’s have strict class number 1, when the Goss
zeta functions are exactly the same as the Goss-Thakur zeta functions. Note that
as given in [Hay79]|, despite the projective lines, there exists exactly four curves
with the corresponding A of strict class number 1. In Section 3.7, we look at
some counter examples, when there exists an optimal element different from the
greedy one. This implies that we should not expect to generalize Sheats’ method
to full generality, while on the other hand, although we only proved the theorem
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for curves whose genera are bounded by O(q), the examples suggest that we may
expect to improve the upper bound to O(¢?) instead. In the last section, we can
see that for certain cases, namely for hyperelliptic curves or the curves with a
specified gap sequence, we are indeed able to achieve O(q?).

3.2 Basic Definitions and Results

In this section, we will introduce some basic definitions, e.g., the weight of a
vector, valid compositions, optimal and greedy elements, etc., as well as some
results regarding the weight. A particularly important result of this section is that
all greedy and optimal elements are 7-monotonic, which provides us some insights
on the structure of these elements. This result will play an important role when
we deal with the case ¢ # p.

By convention, we equip any vector space Q* with a partial ordering, namely for
x=(x1,...,2,) and y = (y1,...,yx), we say x < y if and only if x; < y; for all 4
we say ¢ < y if x <y and there exists at least one ¢ such that x; < y;.

Let L(n-o00) := {a € K* : divg(a) +n- oo is effective} U{0} be the Riemann-Roch

space for n € N. They form a sequence of finite dimensional sub-IF,-vector spaces
of A:

L(0-00) CL(1-00)C...CL((n—1)-00)CL(n-00)C...CA

Let [,, be the dimension of L(noco). One has |y = 1, and by the Riemann-Roch
theorem, lyg_14; = g + k for kK > 0. Then we can choose a sequence of functions
fo, f1i,-- -, fu, ... such that for any n, the first /,, functions form a basis of L(noo).
We define a map:
p: N—N
n— @, = deg(f,).

Note that this map is injective, and strictly increasing. By definition, for any
i1 < n < g, we have d = dimg, L(noo) and the positive integers which do not
occur as images of ¢ are exactly the Weierstrass gaps. It is easy to see that ¢y = 0,
and ¢; = 1 + g for any ¢ > g. Moreover, we define ¢; to be

Pj = Pi+1 — P
for j > 0.

We have some immediate properties of @;’s.
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Lemma 3.2.1. We have the following:
((l) 950 = ¥1;
(b)) 1<@;<g+1forany0<j<g—1;

(¢) ;=1 forany j > g.

Moreover, we have
-1

<

©; = 2g.

<.
Il
o

All ¢;’s form a semigroup, which is called the Weierstrass semigroup. It has the
following important property:

Lemma 3.2.2 ([Tor94, Lemma 2.1]). The following hold:

(a) The curve C is hyperelliptic if and only if p; = 21 fori=1,2,...,g;

(b) The curve € is non-hyperelliptic if and only if ¢; > 2i+1 fori=1,2,...,9—2
and pg_1 > 29 — 2.

By Lemma 3.2.2, we infer the following properties of ¢:

Corollary 3.2.3. The following hold:

(a) p; < Qo fori=1,2,...,9— 1.
(b) The curve C is hyperelliptic if and only if ¢; =2 fori=10,1,...,9— 1.
(c¢) If the curve C is non-hyperelliptic, then

(i) Po >3, Pg—1 < 2;

(ii)) i <g—1 fori=0,1,...,9—2.

We now define the weight of an m-tuple of rationals in terms of the ¢,’s:

Definition 3.2.4. Let X = (Xo,..., X,,1) € Q™. Its weight is defined as

U)t(X) = U}t(Xo, c. 7Xm—1> = SOOXO + QOle + ...+ Qom—le—l-
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Remark 3.2.5. Denote by X'j = X; + X1 + ...+ X the partial sums of the
coordinates, then we can apply Abel’s summation formula to rewrite the above as

wt(X) :melemfl - (ﬁmfZme2 ... 8505(0 (3.1)
=Pm-1M — @m—QXm—2 e T SBOXO-

Definition 3.2.6. For any subset S of Q™, we say that X = (Xo,..., X,,_1) € S
is

(1) an optimal element of S if it has maximal weight among the elements in S

(2) the greedy element of S if the tuple (X,,_1, ..., Xo) is lexicographically largest.

Note that for any given set S, the greedy element is unique by definition, whereas
it is likely to have several optimal elements.

Definition 3.2.7. An important subset of Q™ for our purpose will be the follow-
ing:

Um(n) = {X: <X07X17--~7Xm71) eNm ZXO+...+Xm,1 =n,

'f n
PIXo, X1, X))

X; is a positive multiple of ¢ — 1, for i = 0,1,...,m — 2}.

We call the elements in U,,(n) valid compositions.

We would like to make some observations regarding the greedy and optimal ele-
ments in Uy, (n).

Let 7(n) be the multiset consisting of all p-powers occurring in the p-adic expansion
of n. Thus for each p’, its multiplicity in 7(n) is exactly its coefficient in the p-adic
expansion of n. Let n = ng+nyp+nep®+. .. +np' with 0 < ng,nq,...,n_; <p—1
and 1 <n; <p-—1, then

0 0,1 1 l {4
T(n)=Ap,....,0°, D, Py D, D )
——— —— ——
no times ni times n; times

We align the elements in 7(n) in non-decreasing order, and denote by 7%(n) the
i-th element in 7(n). By convention, let 7°(n) be 0. It is easy to see that deg,(n) =
log,(max 7(n)).
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If ¢ # p, then let s be log,(q). Then we define for h = 0,1,...,s—1 a submultiset
7n(n) of 7(n), which containes all p*’s such that k¥ = h (mod s), i.e.,

m(n) == {p*: p* € 7(n) s.t. k =h (mod s)}.
Similarly, we can define 7{(n) to be the i-th element in 75,(n) and 77 (n) := 0.

Definition 3.2.8. We call an element X = (Xo, X1,..., X,;,_1) T-monotonic if
max 7, (X;) < min 7,(Xj;)
holds for any 0 < h < s—1and i < j.
Definition 3.2.9. Define a map I' as follows
I': N\{0} — N*\{0}
n— (|ro(n)l,...,|m_1(n)])"
By convention, set I'(0) := 0.

Remark 3.2.10. Note that this map [ is surjective, since for any s-tuple in N*\{0},
denoted by (ay,...,as_1), there exists a natural candidate for the preimage, given
as follows:

,_.

la;/(p—1)] )
min{a; — k(p—1),p — 1}p“’k8.

S—

Il
=)

k=

[e=]

i
An immediate consequence from the definition is that

(L,p,...,p" 1) -T(n) =n (mod p* — 1).

We denote by ¢ the row vector (1,p,...,p° ). Then we can rewrite the previous
statement as ¢ - I'(n) =n (mod p* —1).

We can extend the map I' to N as:
rm: N™ — Matsxm(N)
(Xoy- ooy Xme1) — (D(Xo)y -+, T(Xinz1)).
This map is again surjective following Remark 3.2.10.

Using the above notation, we can rewrite the conditions in the definition of valid
compositions. Recall that by Lukas’ lemma, the binomial coefficient (:,) equals
to the product of corresponding binomial coefficients of the p-adic expansion of n
and n’ in [F,, hence it is not divisible by p if and only if 7(n') is a subset of 7(n).
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(1) For non-negative integers Xg, X1,..., X,,_1 summing up to n, (Xo,le.,Xm_l)

is not divisible by p if and only if {7(Xy),7(X1),...,7(X,n-1)} is a partition
of 7(n), i.e., the disjoint union of all 7(X;)’s happens to be 7(n).

(2) Fori=0,1,...,m — 2, X; being a positive multiple of p* — 1 is equivalent to
that ¢, - I'(X;) =0 (mod p* — 1) and I'(X;) > 0.

In particular, if ¢ = p, then the second condition is equivalent to each 7(X;) being
a positive multiple of p — 1.

Lemma 3.2.11. The greedy and optimal elements of U,,(n) must be T-monotonic.

Proof. The greedy element is 7-monotonic by definition.

To show that an optimal element is 7-monotonic, we first observe that for any
non-7-monotonic element X = (Xo, X1,...,X,,—1) € Upn(n), there exists a pair
(4,7) with 0 <i < j <m—1and some h € {0,1,...,s—1}, such that we can find
some p! € 7,(X;) and some p* € 7,(X;) such that [ > k, then we can construct
another valid composition

X/ = (X07"‘7Xi_pl+pk7"'7Xj +pl_pk7"'7Xm—l>7

and wt(X") =poXo+ ...+ @i Xy — '+ 5 + .+ (X, + D - pF)
+ .o+ Omo1Xmo1
=poXo+ ... +@iXi+ ...+ X+ o1 X
+ (' = 1")(p; — @)
=wt(X) + (o' = p")(g; — i) > wt(X).
The above argument shows that whenever we have a non-r-monotonic element,

we can always construct another element with greater weight, hence an optimal
element must be T7-monotonic. O

Definition 3.2.12. Let B = (by, by, ...,b,,_1) be an s x m-matrix with integral
entries. Define the set of valid compositions of n with respect to B as

UP(n) :={X € Up,(n) : I"(X) = B}.

The following lemma follows directly from construction.

Lemma 3.2.13. IfUZ(n) is nonempty, then it has a unique T-monotonic element.
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3.3 The g =p case
Theorem 3.3.1. If ¢ = p, then any optimal element in U,,(n) must be greedy.

Proof. As shown in Lemma 3.2.11, the greedy element as well as all optimal ele-
ments in U,,(n) must be 7-monotonic. Denote by G the greedy element and by O
any optimal element. It suffices to show that both G and O lie in the same UZ (n),
ie., I'(G) =1T"™(0) =: B. In fact, we can write down B explicitly:

B=(p-1,p—1,....p—1,0(n)— (m—1)(p—1)).

If this is true, due to Lemma 3.2.13, for a fixed B, the set UZ(n), if non empty,
contains a unique 7-monotonic element, so the optimal element must be greedy.

That ['"(G) = B is clear by the greediness of G.

Suppose that there exists some optimal element O such that I'"™(O) = B’ for
some B’ # B. From the structure of valid compositions, we know that B’ must
of the shape (bo(p — 1),b1(p — 1),...,bm_o(p — 1), %) where * = I'(n) — (by + by +
oot by 2)(p—1) and b; € Z~ with at least one b; larger than 1. Let j be such
that b; > 1. Then we have that |7(O;)| = b;j(p — 1), so that we can split the
multiset 7(0;) into two multisets 71 ; and 75 ; such that 7(0;) = 7 ; U 15; and
|71;] = p— 1. Let @ be the sum of all elements in 7y ;. Then we construct a new
O = (0;,01,...,0. ) by

Q for i = 7;
0;=420,1—0;+Q fori=m—1;
O; for i # j, m — 1.

It is easy to see that O’ is again a valid composition of n and it has weight

wt(0') — wt(0) = ¢;(Q — 0) + Pm-1(Om-1 — Oj + Q — Op1)
= (0i = Q)(pm-1 — ;) >0

because both ¢,, 1 — ¢; and O; — Q are positive. This contradicts the optimality
of O. ]

Hence we can conclude that the zeros of large valuations are simple.

Theorem 3.3.2. Suppose that p = q. Let n be a fived positive integer. The
following holds:
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(a) The z-coordinates of the break points of the Newton polygon associated to
Ca(—n,T) are ¢; for alli=0,1,....

(b) The slope of the i-th segment between p;_1 and p; is G%, where G% appears as
the last entry of the greedy element in U;11(n). In particular, the sequence
{G},G3,G3, ...} is strictly increasing.

Let m < g be the smallest positive integer such that p; = 1 for all i > m. Fxcept
for the ., zeros of lowest valuations, all other zeros of C4(—n,T') are simple with
pairwise distinct valuations.

Proof. Recall that we define the Goss-Thakur zeta function as:

CA<—77,, T) = Z Tde(n),

d>0

where Sq(n) = 3-,c4, ,a". As we have seen, there exists no function of degree
d for d a Weierstrass gap, i.e., Sg(n) = 0, hence it suffices to consider only the
Sen(n)’s. Expanding S, (n) with respect to the basis of the Riemann-Roch spaces
we fixed in Section 3.2, we have

S@m(n) = Z a" = Z(a0f0+"-+am—1fm—1+fm)n

a€A+:<Pm ai GFP

= " aXo .. . a mot ‘KO...f _“17(‘(’”
0 m—1 JO m—1 Jm
Xo,...,Xm

aiele Xo+...+Xm=n

XeNm+l
where
X X X X. X U
n 0 m—1 0 m—1 : — .
Z (X(),A.-,Xm)ao coelpyy Joo e fmfl fmm7 if Z Xl =n;
TX = a;€Fp i=0

0, otherwise.

It is easy to see that Ty is nonzero if and only if X € U,,;1(n). Comparing the
definition of the weight of X € U,,1(n) and the valuation of T'x at oo, we see that
Voo (Tx) = —wt(X). Moreover, by Theorem 3.3.1, if the set U,,+1(n) is nonempty,
then it contains a unique optimal element, which is just the greedy element. Let
G™ ! be the greedy element in U,,,;1(n). Then Tgm+: is the summand with smallest
valuation hence it determines the valuation of S, (n).
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Write n = ng +ny + ... 4+ n; where

no=T7'(n) + ...+ P71 (n);

ny=7"(n)+...+ r2r=1).

ng_y = 7IDEUR ) 1 (),

n=n—n_—_—...—ny— No,
digsgfml”(n)] Hence [ is the largest integer such that U;,1(n) is nonempty
and the greedy element in U,,1(n) is just (ng,...,Nm_1,nm + ... + ny) for any
m <. We can thus compute the weight of Tizm+1 thus the valuation of S, (n):

where [ = |

Voo (S, (1) =Ve0 (Tgm+1) = —wt(G™)
== (SDOnO o Om—1Np—1 + Som(nm +...+ nl))

Therefore, we can compute the m-th slope as

Voo (S, (1)) — Voo (S, (7))
Pm — Pm—1

:—(nm—i-...—i—nl).

We can conclude that all of these points appear as break points of the Newton
polygon. In particular, when m > g, all the slopes have horizontal width one,
which means that except for the zeros of the lowest g valuations, i.e., the 2g zeros
of smallest valuations, all the other zeros are simple and have pairwise distinct
valuations. O]

3.4 Some facts for the case q # p

After dealing with the case ¢ = p, we now move on to consider the case ¢ # p.
In this section, we will see some results which help to prepare for the proof of the
main result for the case ¢ # p. We start by investigating some properties of the
structure of I'(n) when n is a positive multiple of ¢ — 1. This is followed by a
characterization of nonempty UZ(n)’s and how to construct an optimal or greedy
element from existing ones for some other n or m. Next, we define some special
subsets of N depending on the maximal length of valid compositions. We can then
locate most of the entries of optimal and greedy elements with respect to these
sets. At the end of this section, we will show Proposition 3.8.2, where an element
of special properties is constructed. This will be of importance in our proof of the
main theorem.
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From now on, we always assume that ¢ # p, i.e., s > 2.

Let ey, eq,...,€e,_1 be the standard basis of column vectors in Q°. We define the
sxs-matrix F := (&, €1,...,€6_1), wheree, = pe, ;—e; = (0,...,0,p,—1,0,...,0)
fori = 1,2,...,s — 1, and ¢, = pe, ; — ey = (—1,0,...,0,p)"; define R :=
(€1,€9,- 165 1,6), and Y. :=1 - R, e,

o p1 0 1
o p B = : . )
p o —pl 0 10
and . = (=i, psitL, L L),

Lemma 3.4.1 ([She98, Lemma 3.3, Lemma 4.2]). Let s > 2. For a vector X, we
denote by X; the j-th coordinate of X.

(a) Forn € N, we have that n = 1)

¢, T'(n) (mod p* —1).

(b) For X € Q°, we have that Y EX = Xi(p® —1).

(c) Let I, be the identity matriz of size s X s. We have that E+ I, = p- R~ and
RE = ER.

(d) For X € Z*, we have that yo -RX Ep-yo - X (mod p® —1).

(e) For X € Z*, we have that ¢ - X =p' -1 - X (mod p° —1).

(f) For any k € N, we have that R*T'(n) = I'(p*n).

Recall that we associate a partial ordering to the vector space Q° or Q™. The

following lemma concerns some basic properties of E with respect to this partial
ordering.

Lemma 3.4.2 ([She98, Lemma 4.2]). The following holds:

(a) {E7'X : X > 0} C (QF)°.

(b) If X > Y, then E7'X > E-'Y.
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We define J to be the set of all I'(n) where n is a positive multiple of p* — 1.
Lemma 3.4.3 ([She98, Lemma 3.4]). We have that

J = (EZ°) N (N\{0}).

In other words, J is a submonoid under '+’ consisting of all positive elements of
the Z-lattice generated by the ¢,’s.

Corollary 3.4.4. The set J is stable under left multiplication by R, i.e., Ry = J.

Proof. This follows directly from Lemma 3.4.3 and Lemma 3.4.1 (c). [

Lemma 3.4.5. Let B = (by,by,...,b,, 1) be an s X m-matriz with integral entries.

Then UEB(n) is nonempty if and only if the following two conditions are fulfilled:

(a) the columns of B sum up to I'(n);

(b) fori=0,1,...,m —2, we have b; € J.

Proof. 1f UZ(n) is nonempty, then there exists some X = (Xo, X1, ..., X,,_1) such
that I'(X) = B, i.e., b; = ['(X;). Conditions (a) and (b) follow directly from the
definition of a valid composition. The inverse follows directly from the surjectivity
of I'. ]

Remark 3.4.6. One may notice that the above Lemma is quite similar to Lemma
3.5 in [She98], but we should remember that in our case, the last column of the
matrix B can be the zero vector.

Proposition 3.4.7. Suppose X = (Xo, X1,...,X\n_1) is optimal (or greedy) in
Un(n), then

(a) If p* € 7(X,n 1), then (Xo, X1, ..., Xpm_o, Xpu_1 — p¥) is optimal (or greedy)
in Up(n —p").
(b) Ifn' is an integer such that T(n') C T'(X,n—1), then (Xo, X1, ..., Xm—2, Xpn-1—

n') is optimal (or greedy) in U,,(n—n'). In particular, in the case of ' = Xp,_1,
the tuple (Xo, X1, ..., Xin—2,0) is optimal (or greedy) in Uy (n — X,,—1).
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(¢)

For any integer k > 0, the tuple (p*Xo,p*X1,...,p"X,_1) is optimal (or
greedy) in Uy, (p™n).

Proof. The greedy parts for all three statements are clear. We only need to show
that these hold for optimal elements.

(a)

Suppose X' = (Xo, X1, ..., X;n_2, X;n_1 — p¥) is not optimal, then there exists
some Z = (Zy, Z1, ..y Zm-1) € Up(n — p*) such that wt(Z) > wt(X'). We
consider Z' = (Zo, Z1, ..., Zm—2, Zm—1 + P¥). Tt clearly lies in U,,(n) and we
can compute its weight as

wt(Z') = wt(Z) + Q10" > wt(X') + opm_1p" = wt(X),
and this contradicts the optimality of X.

This follows directly from (a).

It is easy to see that X' = (p*Xo,p*X1,...,p*X,,_1) is indeed a valid com-
position of p*n, since when looking at the p-adic expansion of n, multiplying
p* just means adding k to all exponents, while the coefficients stay invariant.
Therefore, for any p-power in 7(p*n), the exponent must be larger than k, i.e.,
each element in 7(p*n) is a multiple of p*.

Suppose that X is not optimal, then there exists some Z = (Zy, Z1, ..., Zm_1)
which is optimal in U,,(p*n) and wt(Z) > wt(X'). We define

Z/ = (pikZ()apikZh S 7p7kmel)'

Note that for any 4, p~%Z; is an integer, since all elements in 7(Z;) C 7(p*n)
are divisible by p*. Hence Z lies in U,,(n), and

wt(Z') = pFwt(Z) > pFwt(X') = wt(X),

which contradicts the optimality of X.

Now, we introduce two sets of vectors and will try to fully characterize them.

Definition 3.4.8. For any m € Z-, we define:

I, :=={T(n) : n € N and U, (n) # 0},
o= 30 (Lo \ L ).
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In other words, I,, contains all vectors corresponding to those k’s which have valid
compositions of length m, and J,, is the set of all vectors corresponding to the
positive multiples of p® — 1 whose longest valid decompositions have length exactly
m. Note that J; = 0, and for m > 2, for any k such that ['(k) € J,,, its valid
compositions of length m always has 0 as the last entry. The relations among
different m’s are

L DID ...DImDIm_H Do,

3 = l—lmzl Jm

Remark 3.4.9. Recall that in [She98], Sheats defined similar subsets, also denoted
by I,, and J,,. To distinguish these from the sets we defined here, let us denote the
sets defined by Sheats by I35 and J3 respectively. The main difference between I3
and I,, (resp. JS and J,,) is that the vectors in I3 (resp. J3) have by definition
nonzero last entries, but this condition does not apply to those in I,,, (resp. Jp,).
However, there is a simple relation between I3 and I, (resp. J2 and .J,,), which
will be given as follows:

I = 12 U Jp;
o = {( X0, ..., Xin_2,0) : (Xo,..., Xpmo) €J5 .}

Proposition 3.4.10. Let I, and J,, be defined as above. Then for m > 2, we

have:
I, ={ueN:3Juy,...,0, s €I st. u>vy+...+0, 5}
:{QENS:EIQO,...,Qm_QGTJs.t. u>mn > >ﬂo}
={Fa e N°:a€Q’,m—1<min{ag,...,as_1}};

Jm ={Ea € N°:a € Z°, m — 1 = min{ay, ..., as_1}}.

Proof. The proof follows from Remark 3.4.9 and [She98, p. 136]. In the first
equation, suppose that (Xo, X1,..., X 1) € Un(n), then we can just choose
those v,’s to be the I'(X;)’s; the Qj’s in the second equation are partial sums of

> v;; and the third equation follows from Lemma 3.4.2 and Lemma 3.4.3; the last
one follows directly from the third one. O]

Note that for any Ea € I,, or J,,, we always have that a; < mg*~L.

Definition 3.4.11. According to Proposition 3.4.10, we can define a sequence of
subsets: for i =0,1,...,s — 1, we define

J. :={EaeN*:acZ a=m—1=min{ag,...,a,1}}.

Note that J,, is the union of all J¢ ’s, but this is not necessarily a disjoint union!
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Lemma 3.4.12. Suppose that X = (Xo,X1,...,Xm_1) € Un(n) is greedy or
optimal. Then T'(X;) € Jy fori=0,1,...,m — 2.

Proof. Suppose that there exists some ¢ such that X; € J,. Then there exists a
valid composition of X; of length 3, say (o, v1,¥2), where yo and y; are positive
multiples of p®—1 and s is either 0 or a positive multiple of p*—1. We can construct
a new composition X’ of n, namely X = Xj for any j # i,m — 1, Xj = yo and
X = Xy 1+ 1 +yo. It is clear that X’ is again a valid composition and

m—1

XZI < Xi7 X7In—1 > X1

Then X cannot be greedy since (X, 4, ..., X]) is lexicographically larger than X;

on the other hand, X cannot be optimal either, since

wt(X') —wt(X) =(po X+ ...+ @ X[+ ...+ omoaX, o+ @m-1X,_1)
—(poXo+ .- +oXi+ ...+ omoXmo+ Om1Xm_1)
=0i(X; = Xi) + om1(Xpoy — Xn1)
=(om-1 — @)1 +y2) > 0.

Lemma 3.4.13. Let u € J,, for some m > 2. Suppose that v € N* such that
v<(p—-1,p—1,...,p—1) andv<wu. Thenu—v € I,_;.

Proof. By Lemma 3.4.3, we know that u = Fa for some a € Z° and v = Eb for
some b € Q. Then u —v = E(a—b). Sincev < (p—1,p—1,...,p—1)", Lemma
3.4.2 implies that b < E~'(p—1,p—1,...,p—1)" = (1,1,...,1)%. On the other
hand, since u € J,,, we know that m — 1 = min{ao, ..., a,_1}. Since v < u, we
have that a; — b; > m — 2 for any ¢, thus u —v € I,,,_4. O

Proposition 3.4.14. Suppose that n is a positive multiple of p° — 1, such that
I'(n) € Iy1. Let X be optimal or greedy in U,,(n). Then we have

¢mn S wt(X) S Pm—11,
where the ¢,,’s are given as follows:

qtp—2
O =0, pg = ———1,
q+p

m—2
qg+p—2 2 2
¢m = ( ) @1+--'+—S0m—2+¢m—1 .
q+p q+p q+p
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Remark 3.4.15. The reason to require I'(n) lying in I, is that in this case, for
G = (Gy,Gy,...,Gp1) the greedy element in U,,(n), we have that G,,_; must
be nonzero. Because U,,y1(n) # (), there exists some (X, X1,..., X\ 1, Xpm) €
Un+1(n), where X, 1 > 0 and X,,, > 0, hence (Xo, X1,..., X2, Xon_1 + Xin)
lies in Up,(n) and X,;,—1 + X, > X1 > 0. By the greediness of G, we must have
Gno1>Xn1+ X, >0.

Proof to Proposition 3.4.14. The upper bound is trivial since p; < ¢, for all
1 <m—1, and

wt(X) = poXo+ @1 X1+ ..+ 1 X
< QOm_l(Xo + X1 +...+ Xm—l) = Pm—1M.

Note that the upper bound is reached if and only if m = 2.

To prove the lower bound, it suffices to take only the greedy element G into
consideration. Let G be (Gy,Gy,...,Gpn_1). Then G,,_1 > 0 by Remark 3.4.15.
Let n = nop® + ... +mp' be the p-adic expansion of n, then let

—s+1

n' =mnp 4. ey +min {n;_q, (p — 1) —ny}p' %,

Clearly we have

F(TLI) S (p_ 17p_ 17 Y 2 1)t
By the greediness of G and the fact that G,,_; must be a positive multiple of
p® — 1, we have that G,,,_; > n/'.
Let us now compare n’ and n—n'. Denote by m := min{n;_,, (p — 1) — n;}. Then
n' > (mg+m)p=* and n —n’ < (nj_s +1 —m)p'~%. Hence

!
n n m
S 1q +

n—n " n_s+1—m

And we can estimate the right hand side in the following two cases; denote i := n,
for abbreviation:

1. whenn;_, =0,...,p—1—14, then m = n;_g, hence
1q + nj—g .
RHS = g l =1iq+ nj_s.
nl—s+1 —Nj—s

In this case, the lower bound is q;
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2. when n;_g > p—1—14, then m =p — 1 — i, hence

ig+p—1—i  i(g—1)+p—1

RHS = - = -
n_s+1—p+14+1 n s+2—p+1

In this case, the lower bound is

g-—Y+p-1 _~  a-p

p—1+2-p+i i1

Vary ¢ and we can get a lower bound of the right hand side:

RHS > 1P _
2
and we achieve this lower bound when n; =1, nj_; = p—1. Hence —=— > q“’ -1
and % n o> gtp—2
- gt+p

Now we prove the lower bound of wt(X) by induction:

for any m and the greedy element G = (G, Gy, ...,Gn_1), we know that G' =
(Go, Gy, ...,Gp_2) is the greedy element in U,,_1(n — G,,—1), hence
wt(G) = wt(G') + Spm—le—l
2 (bmfl(n - Gmfl) + Spmflefl
:¢m—1n + (Spm—l - ¢m 1) m—1

q+p—2
(Dm—1 + (Pm-1 — Om—1) —————— s

n.
The proposition follows straightforwardly. m

The next lemma concerns the size of ¢m compared with ¢,,’s. Recall that we

always assume that ¢ # p. Let x be —=— 5 +q

Lemma 3.4.16. For any g and m > g+ 2, we have that

(bm > (Pm72-
Proof. Recall that
q+p—2
o3} ®2 i+ ¥1 ( X)S(?l
q +p - 2 2 m—2 2
- 4= o+ Om
o=y () e [t ena)

=1 =) X" Yo1+ .o+ XPm—2 + Pra1)-
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Then

Gm = Pm—2 =1 = X)(X" 21+ .+ XPm2 + Pm1) = Pma
=1 =" o1+ A+ (L= X)XPm2 + (1= X)Pm1 — Pmo
=Pm-1— Pm—2— X(Pm-1— Pm-2) — X2<90m—2 — Pm-3) = ...
— X" (2 — 1) — X" on
= (1= X)Pm-2 = X*@m-s3— X’ Pm-s — .. — X" ' Po.

When m — 2 is at least g, then by Corollary 3.2.3 and the fact that y < 1, we have
an immediate lower bound of the above sum, which is reached when ¢; = 2 for
1=20,1,...,9 — 1, and we have:

Gm = Pm2 2(1=x) = X* = X° = = XTI =2 — =2
Lo 1 TXT XTI X
1 —x =X
m—g

>1 X+ X

> -

) x?

=1

Since 0 < y < %, 1 — 2y — x? must be positive, hence ¢,, > @ _s. O

The same holds for all m if we bound the genus g.

1

Lemma 3.4.17. Suppose that g < x 2 —x~ ' — 1, then for any m > 2, we always

have
¢m > ()Om—2‘

Proof. Same as above, we can compute the difference of ¢,, and ¢,, o as:

m—1 ~

Om — Pm—2 = (1 - X)¢m—2 - X285m—3 - X3¢m—4 —...— X ©o-

If m —2 > g, then we can use the same argument as in the proof to Lemma 3.4.16

to obtain m—g
¢m_¢mﬁzl_Ki1;_-
=X
As x <1, and m — 2 > g, we have
12
¢m_¢m7221_x X > 0.
L=x
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If m —2 < g, then all ¢;’s must lie between 1 and g+ 1, and we achieve the lower

boundwhen@:mni;gfori:(),l,...,m—?)andgbi:lforiZm—2,thenwe
have
m—2+¢g , m—2+g 4 m-—2+g .4
m—Pma>(1l—y)— —— Iy e ds 2T Im
¢ Pm—2 = (1 —X) m—9 m—9 m_9 X
m— g 2 m—1
=1—y—x’—...— .
X =X X 0 X
o X=X" g XX
1—x m—2 1—x
3
Y
=X
As g < x2—x"!t—1, then ¢, < Pp_o. O

From now on, we fix gy to be Y2 — xy~1 — 1.

Proposition 3.4.18. Suppose that g < gg orm > g+2. If X is optimal or greedy
in Up(n), then T(n — Xp1) € J.

Proof. Let X = (Xo, X1,...,X;n_1) be optimal or greedy in U,,(n). Clearly I'(n —
Xm-1) lies in JN I, since (Xo, X1,..., X;n-2,0) € Up(n — X,—1), and n — X, 1,
which is the sum of Xj,..., X,,_o, must be a positive multiple of p® — 1.

UT(n—Xpm-1) € Jm, then ['(n—X,,,_1) € JN1n41, in particular, U,,11(n—X,,—1) is
nonempty. Let G = (Gy, ..., G,,—1) be the greedy element in U,,(n — X,,—1), then
Gm-1 > 0, by Remark 3.4.15. We define G’ := (Gy,G1,...,Gm—2,Gn-1+Xn_1) €
Un(n). Then by Proposition 3.4.14, we have

wt(G') = wt(G) + em-1Xm-1 > dm(n — Xin1) + @m-1Xm_1.

On the other hand, we have a natural upper bound for the weight of X:

m—2

wt(X) = Z 0iXi + Om-1Xm-1 < Pm—2(n — Xpn_1) + @m-1Xm-1.
=0

Since m > g + 2 (resp. g < go), we have by Lemma 3.4.16 (resp. Lemma 3.4.17)
that ¢, > @m_2, hence wt(X) < wt(G'), contradicting the optimality of X. [

Corollary 3.4.19. Suppose that g < go or m > g+ 2. Let O = (Op,...,0pn_1)
resp. G = (Go,...,Gn_1) be optimal resp. greedy in U, (n). Then Op_q = 0 if
and only if G,,_1 = 0.
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Proposition 3.4.20. Suppose that g < gy orm > g+2. If X is optimal or greedy
in Uy (n), then there exists some i such that T'(X;) € Ji for all 0 < j <m — 2.

Proof. By Lemma 3.4.12, for 0 < j < m — 2, we always have ['(X;) € Js, i.e.,

min (E7'T(X;)); =1

i=0,1,...,5—1
where (E7'T'(X})); denotes the i-th coordinate of E~'T'(X;).

But by Proposition 3.4.18, we know that I'(n — X,,,_1) € Jp, i.e.,

min (E7'T(n — X,,_1)); =m — 1.

(2

Since there is no carryover of p-adic digits in the sum n = Z?:Ol X, we can rewrite
E~'T(n— X,, 1) as:

Eilf‘(n - mel) = Eilr(Xo + Xl + ..+ Xm72)
= E'D(Xo)+ E'T(X) + ...+ BT (Xomea),
hence the i-th coordinate of E~'T'(n — X,,,_1) is the sum of all i-th coordinates of

E7'T(X;) for 0 < j < m—2. But each of them is at least 1, so there must exist at
least one i such that (E7'T'(X;)); =1forall0 <j <m—2, ie, ['(X;) € Ji. O

Corollary 3.4.21. Suppose that g < go or m > g+ 2. If X is optimal or greedy
in Un(n), then (X, ..., Xm_2) is optimal or greedy in U,,_1(n — X,_1).

Corollary 3.4.22. Suppose that g < gy or m > g+ 2. Let m be such that
L(n) € In\Lnt1 and G = (G, ...,Gn_1) be the greedy element in U,,(n). Then
the greedy element in U;(n) for any i < m is

(GO, ooy Gi, G+ ..+ Gm—l)-

Proposition 3.4.23. Suppose that ¢ # p and g < go. If there exists some n’
and m’ such that in U,y (n') exists an optimal element O' = (Oy, ..., 0, .,_,) which
is different from the greedy element. Then there exist an n, an m and an O =
(O, O1,...,0m_1) optimal in U,,(n) satisfying the following properties:

(i) T(0;) € J, for 0 < j<m—2.

(ii) deg,(Om-1) < deg,(Gm-1), where G = (Go,G1,...,Gn-1) is the greedy ele-
ment in Uy, (n).

(ii1) T(Op1) # T (Grr).
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(iv) Opq = p* for some & € N.
(v) ¥y T(Om-1) = ¢y - T(Grmor).

Remark 3.4.24. We first make some observations on the size of m if there exists
an optimal element in U,,(n) which is not greedy. Firstly, m cannot be 1 since
Ui(n) = {(n)}, which is a singleton-set. It means that there is no room for optimal
elements being different from the greedy element. Secondly, m cannot be 2 either,
since Us(n) = {(n —a,a) | 0 < a < n,a =n (mod p* —1),7(a) C 7(n)}, and the
weight of such a typical element (n — a,a) is wt(n — a,a) = p1a, which is fully
determined by a, so the maximality of weight is equivalent to the maximality of a,
i.e., an optimal element must be greedy in Uy(n). Therefore, m must be at least
3. We will see some examples for m = 3 in Section 3.7.

Proof of Proposition 3.4.25. Recall that we denote by digsum,(n) the p-adic digit

sum of n, i.e., if the p-adic expansion of n is Zizo a;p' with 0 < a; < p — 1 for all
!

i, then digsum,,(n) := >, _ a;.

Let © be the set of pairs of integers (m, n) satisfying the hypothesis. It is nonempty
by assumption. Let (m,n”) be such that (m,digsum,(n")) is lexicographically
minimal. Note that in this case, the last entry of any optimal element in U,,(n") is
nonzero. Suppose the contrary, i.e., we have (O, ..., O,,_2,0) optimal in U,,(n").
By Corollary 3.4.19, the greedy element G is of the form (Gy, ..., G, _2,0). Then
by Corollary 3.4.21, (Oy, ..., Oy _2) resp. (Go,...,Gp_2) is optimal resp. greedy
in Uy,,_1(n"). Clearly they are different and both have last entries being nonzero,
thus (m — 1,n”) € © and it contradicts the choice of (m,n”). is not greedy. Also,
G _, must be positive since O/ _; must be so.

(i) By Proposition 3.4.20, there exists some h such that ['(O;) € J§ for 0 < j <

m — 2. If h = 0, then we just take n to be n”. Otherwise, let n := p*~"n”.
Then by Proposition 3.4.7(c), we know that O := (p*~"O},...,p* "0 )
resp. G := (p* "Gy, ..., p* "G’ ) is optimal resp. greedy in U, (n). It is
clear from construction that O # G and T'(O;) € J9 for 0 < j < m — 2.
We fix such an n from now on. Note that digsum,(n) = digsum,(n"),
so (m,digsum,(n)) remains lexicographically minimal. Note that for any
pair of integers (my,ny), if either m; < m or m; = m and digsum,(n;) >
digsum,,(n), we have (my,n1) ¢ ©.

Before continuing, we introduce the following notation:

0:=(00,...,06-1)" :=T(Op_1)
g = (907 s 7gs—1)t = F(Gm—1>
n:=(ng,...,ne1)" :=I(n).
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As O,,_1 > 0, we have that G,,_1 > O,,_1 > 0. We also define indices
0 < w,y < s—1such that w = @ := deg,(0,,-1) (mod s) and v = 7§ :=
degp<Gm—1)'

By the greediness of G, we have ¥ > @.

Suppose equality holds, then w = ~, in particular, both g, and o, are positive.
This contradicts the following lemma:

Lemma 3.4.25 ([She98, Lemma 5.3]). For any 0 < i < s — 1, we always
have either g; =0 or o; = 0.

By Lemma 3.4.25, we can also conclude that o # g, i.e., [(Op1) # ['(Gp-1).
To show the rest, we need to show the following two lemmas first.

Lemma 3.4.26. For any k such that o, > 0, we have
n—e, —¢e & In.

Proof. By Lemma 3.4.25, if o, > 0, then g must be 0. In particular, k& # ~
and n —e, — e, > 0.

Suppose that n — e, — € € L,. Then there exist vy, ...,v,, o € J such that
Yo+ F+ U, o <n—e, —e. Let p” be the largest element in 74(n). Then
L(n—p7)=n—¢. Setv, ;=0 —¢e)—(v+...+21,,) >e, >0 Let
B be the matrix (vy,...,v,, ;), then UZ(n — p?) is not empty by Lemma
3.4.5. Let X = (Xy,..., X,n_1) be the 7-monotonic element in UZ(n — p?).
Since v,,, 1 > e,, the y-th entry in T'(X,, ;) must be nonzero. By the 7-
monotonicity of X as well as the greediness of G, the largest p-power in
7,(n — p”), which is also the largest p-power in 7 jomme(n), must land in

T(Xim—1) N 7(Grr).

On the other hand, as assumed, op > 0, hence p” € 7(O,,—1) by the 7-
monotonicity of O. Thus Y := (Oq,...,0p_2,0,,_1 — p°) is optimal in
Un(n — p?) by Proposition 3.4.7(a). Since digsum,(n — p”) < digsum,(n),
the pair (m,n — p”) cannot be in O, hence Y must at the same time be the
greedy element in U,,(n — p”). But this cannot be since

dogy(Vin-1) = degy(Ops — 1) < deg, (Oyr)
< deg,(G-1) = deg,(X,,-1),

which contradicts the greediness of Y in U,,(n — p7). O
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Recall that for i =0,1,...,s — 1, we defined the following row vectors:

g‘ = (p87i7"'7p8717]‘7p7"'7p3717i)'

T

Lemma 3.4.27 ([She98, Lemma 5.5]). Let k be such that o > 0, and set

V= ('Uo, . 7v871)t = Eil(ﬂ_gk _Q’y)

Then there exists an h such that v, <m — 1.

Furthermore, for any such h we have
(@) ¥, g=1, -
(b) ¢, 0o<¥, e+, e
(c) yh ey < yh =2

Let k£ be w in Lemma 3.4.27, we have

IS

)

th 'Q<ﬁhw '§w+th R
Uh, & <Y, G
Combining the above two inequalities leads to

Y, o<2p e,

S0 0, < 2, hence must be 1.

Now we need to show that only o, is nonzero. If s = 2, then it holds
automatically since w,~y € {0,1} and they are distinct. Otherwise, suppose
there exists some w’ # w such that o, # 0. Then there exists an h, such

that
Yy, < th, = +%hw/ =

w

gh/'§7<th,'§w’

w

Since w’ # w and o, # 0, as shown in the proof to Lemma 3.4.27(c), we have

<Yy, Yyl <Y, ey

Then we have

%hw =% <th "y <th K

%hw/ "Ey < %hw, &y < ghw/ =

but this is impossible because of the following observation: for any a and
7 such that 0 < a,i < s — 1, letpal be%-ga, then 0 < @’ < s—1 and
a’'—a+1i=0 (mod s). More precisely, if a < i, then ¢’ =i —a; if a > i, then
a=i—a+s.
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(v) Again, let k be w in Lemma 3.4.27. Then it suffices to show that we can
choose h to be 0, i.e., vg < m — 1, since if so, then we can deduce (v) directly
from Lemma 3.4.27(a) with h = 0.

By (iv), we have that O,,_; = p*, hence I'(O,,_1) =0 =¢,.
n—e,=0I(Mn—0n,-1)=T(0) + ...+ '(On_2),

hence

m—2
v=E'n—e, — e,) = Z E7'T(0;) — E_IQV.
=0

By (i), I'(0;) € J? for all 0 < j < m — 2, thus

p’Y
pr—=1

vw=m-—1-— <m—1.

Now we can construct some Z € U,,(n) as follows:

o 0. = gZOF(Oi) for0<j<m-—1;

=J

o (tij)ij = (tor stm1) =E by .0, 1) = E7(0;)i-

We will need the following lemma to proceed. First recall that we have defined:

:=T(n) = (ng,...,ns1)%
= F(Om—l) = (007 s 705—1)t;
= F(Gm_1> == (go, oo ,gs_l)t.

e 10 |3

Lemma 3.4.28 ([She98, Lemma 6.1]). There exists some o with 0 < o < w such
that

(a) tim—o >m—1 fora<i<w;
(b) ta’m,gzm—l;

(c) if g >0, then a <i <w;

Fix such an o from now on. Now we can continue the construction of Z.
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e Define a matrix (d;;);; = (dy, . .., d,,_;) as follows:

C—lm—l = E_1F<TL) = tm—l

J Lim—2 fo<i<aorw<i<s—1;
im—2 - . . .
u min{t; o — 1,pdi1m—2} ifa<i<w.

P Lij fo<i<aorw<i<s-—1
E min{dmﬂ — 17pdi+1,j} if o <4 < w.
® (0ij)ij = (Ops-s0pm_1) = E(dij)ij;

o b, :=0,, and for ¢« = 1,2,...,m — 1, define b, := 9, — 9, ;. Define B =
(Bgs -+ by )

Definition 3.4.29. With same notation as above, we define Z to be the 7-
monotonic element of UZ(n).

An immediate question arousing is whether such a Z really exists or not, i.e.,
whether UZ(n) is nonempty or not. We will show this in Proposition 3.4.32.
Before we can do this, we will need some preparations. The next lemma concerns
some properties of the d;;’s.

Lemma 3.4.30 ([She98, Lemma 6.2]). As defined, §,, ; =n =T(n).
For §

m_o, We have

(a) Opm—2=mnp, for0<h<aorw<h<s—1;
(b) 0 < pm—2 <max{n, — (p—1),0}, fora <h < w;

(C) 0 S 5a,m72 S Ng —P.
For 0 <7 <m — 3, we have

(d) 6pj =6h;, for0<h<aorw<h<s-—1;

(e) 0 < 6p; <max{dy ;1 —(p—1),0}, fora <h<w.

For simplicity, from now on, 7/ := 7£(n).

Corollary 3.4.31. For 0 < j <m — 3, we have
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(a) T}‘jh,jﬂ > psTsh,j;

i oni s Ony Sn.
J hi P h.j 1 h,j+1 .
(b) Do < prei S S

Onj i o~ p°(p=1) Oh,; p—1  Onj41
(¢) 2o < prei e S i S

Now we are ready to prove the existence of such a Z, i.e., the set UB(n) is
nonempty.
Proposition 3.4.32. We use the same notation as above. Then the set UB(n) is

nonempty, i.e., the Z defined in Definition 3.4.29 exists.

Proof. By Lemma 3.4.5, UB(n) is nonempty if and only if the matrix B satisfies
the following two conditions:
(1) by+by+...+ by =T(n) =mn;

(ii) b; € Jfor j=0,1,...,m —2.

The first condition is fulfilled by construction:
Z_)O +Ql +... +bm—1 = ém—l = E_lc_im—l = F(n)

To show the second condition, we recall that b; = 6,,, — 9, = E(d;,, —d;). By
Lemma 3.4.3, J = FZ* N (N*\{0}), so it suffices to show that d, , — d; € Z* and
b; € N°\{0} . The first one is immediate by the definition of d. To show b; > 0
for 0 < 7 < m — 2, it is equivalent to show that §j+1 > éj.

For 0 < j <m — 3, we know from Lemma 3.4.30(e) that 0 < §5; < max{dp j11 —
(p—1),0} for « < h < w, thus 6y, ; < 05,41 for these h’s and the equality holds
when 05,; = 0541 = 0. By Lemma 3.4.30(d), for 0 < h < aorw < h <s—1,

Onj = Onj < Opjr1 = Opjp1. 1 b; =0, then 9, = 4, 4, but this cannot be since

doj = wo; = j for all j. Sob; >0 for 0 <j<m—3.

For j =m — 2:

(1) for0<h <aand w < h <s—1, by Lemma 3.4.30(a),
6h,mf2 =np = 5h,m71;

(2) for @ < h < w, by Lemma 3.4.30(b),

6w,m72 S max{nh - (p — 1)7 0} S Up = 5h,m71;
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(3) for h = a, by Lemma 3.4.30(c),

5a,m—2 S Ng — P < Ng = 604,777,—1-

So 5m71 > 5m72- ]

3.5 Proof of the main theorem

In this section, we will use the tools developed from the previous sections to prove
the main theorems given below. Suppose now g; = ’%.

Theorem 3.5.1. Suppose that g < g1. For any pair (m,n), if U, (n) is nonemtpy,
then any optimal element must be greedy.

We will prove it by contradiction. Suppose that there exists a pair (m,n) such
that U,,(n) is nonempty and contains an optimal element which is different from
the greedy element, such that the last entry in the optimal element is nonzero,
then we can construct a Z as in Definition 3.4.29. We will show that such a Z has
a larger weight than O. Before getting our hands on the proof, we first make some
observations.

Lemma 3.5.2 ([She98, Lemma 7.2]). deg,(Z,,-1) = deg,(Gp-1) > ©.

Define )
g m—2
Q= ZThh’ : (3.2)
h=«a

If @ # 0, then we define r to be its p-degree, and 7 = r (mod s) with 0 <7 < s—1.
The upcoming lemmas concern the p-degree of Q).

Lemma 3.5.3. Suppose Q) is not zero, then

deg,(Zm-1) > 1+ s.

Proof. Note that if 0p,,,—2 = 0, then T,fh’m_Q = 0 by definition. If nonzero, 77 is
a power of p whose exponent is congruent to h mod s. So the sum at the right
hand side of 3.2 is a sum of distinct p-powers, in particular, there can never be
carryovers. So r must be the exponent of some T,fh’m’2, say p" = 7';?7 "M with

a < h' <w—1. In particular, dp ,,—o is positive. By Lemma 3.4.30 (b) and (c),
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0 < dprm—2 <max{ny — (p—1),0} if A’ # o, or 0 < dp -2 < nyp — p otherwise.
In both cases, nj, — (p — 1) must be at least 0y ,,_2, hence

br m—2 = N — Oprm—2 > p — 1,
i.e., there exist at least p — 1 terms in 73,/(Z,,_1). Since p" € 7/(Z,_2), we get
max 7(Zy,_1) > max 7 (Zp,_1) > p'

by the 7-monotonicity of Z. m

Lemma 3.5.4. Suppose Q) is nonzero with p-degree r. Suppose k' #Z r (mod s)
and p* € 7(Z_1), then

deg,(Zm-1 — pk/) >r+s.
Proof. Let h' be such that 7';3,””"’2 = p". Then it is easy to see that r = h' #

k' (mod s), hence 1/ (Z—1 —pF) = T (Zm—1). The rest of the proof is exactly the
same as above. O

Corollary 3.5.5. Suppose Q is nonzero with p-degree r. Recall that O,,_1 = p®.
Suppose p“™t € 7(Z,,_1), then

deg,(Zm—1 —p*™) > r+s.

Proof. If @ +1 % r (mod s), then it follows directly from Lemma 3.5.4.
Otherwise, if @ + 1 = r (mod s), then we must have

w=s—1,a=0,and r =« (mod s).
By Lemma 3.4.30 (c), we have that

D < Ng — dam—2-

As p*tt € 7(Z,,_1), it must lie in 7,(Z,,_1). Hence

Ta(Zn-1 = ") = 7a(Zn-0)\{p* '}
contains at least p — 1 terms. By the 7-monotonicity of Z, we have

deg,(Zm—1 — p*™) > log,(max 7a(Zy_1 — p“*')) > r +s.



3.5. Proof of the main theorem

Next, we need some estimates on the weights. Let Z be as above. Then for
0<j<m—2, we define Zj and Oj’s in the same fashion as X in Section 3.2.5,
ie., B

Zj ZIZj—i-ijl—i‘...—i—Zo

Oj 2:Oj+0j_1—|—...+00.
Lemma 3.5.6. We have

2i(Z; = 0;) SM@ +0)(Q+p%),
where

0 ifm -8 2 g

otherwise.

o

I
—
o 3

Proof. For 0 <7 <m —3, ¢; < g, and by definition,

s—1 5h,j
Zj:Zj+Zj_1+...+Z0:ZZTZ
h=0 =0
s—1 eh,j
Oj:Oj—f—Oj_l—f—...—l—OO:ZZT]i
h=0 =0

Note that d;; and 6, ; might be 0 for some h and i. By Lemma 3.4.30 (d), we have
that 0y, =0y, for 0 <h<aorw<h<s-—1,s0

s—1 6h J Gh Ni
0i(Z; — 0;) E E T — E )
h=0 =0
w éh,] ehd
_ 5 i
= ¥j E ,( Th —
=a 1=0 =0

h
w 6h,j

D ZT}ZL
h =0

= 1=

By Corollary 3.4.31(c), we have

Oh,j s
. -1 . —1

E T;L S p (p )Tgh,] S p T;jh ]+1

i=0 pr—1 p—1
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Now we plug these arguments into the above estimate of ZT:_O?’ @i(Z; — 0;), we

have
m—3 m—3 w 5h,j
¢i(Z;— 05) < @](ZZT}ZL)
7=0 7=0 h=a 1=1
m—3 w 1
<> 0 )
7=0 h=a p
w p— 1 m—3 s min{m—3,g} 5
< — 1( T, Z (@; — 1)m,"7).
h=a p 7=0 j=0

min{m—3,g9}

m—3 w m—
-5 ~ p—1 s
2i(Z;—0;) <) 8—1(2 T Z ')
7=0 h:ap 7=0
- p—1 p° Oh,m—2
S s s (1+C) )
—p —1ps—1
where ¢ = p~s(m=2-9);
if m — 3 < g, then
m—3 w p—]. g m—3 5
¢i(Z; — 0;) < —(1+ ) ) T
7=0 h:ap -1 m—2 7=0
p—1 g P’ 5h —2
1 m
ps—l< +m—2)p 1 Th

In particular, we have that d, ,,—2 = n,,, hence Toem=2 — p®. Therefore,

5 (7 A ps(p — 1) I
¢i(Z; — 0;) <——3 (1 +)(Q +p%),
: (p*—1)
7=0
where
pim=2=9) ifm —3 > g;
CcC =
g otherwise.
Hence we have the desired inequality. O

Now we are ready to prove Theorem 3.5.1.
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Proof to Theorem 3.5.1: Recall that asin Remark 3.2.5, for any X = (Xo, ..., X;n_1)
in Uy, (n), we can write the weight of X as:

m—2

wt(X) = Pm—-1N — Z @j 7

=0

vzhere ij:@j_goj—l; ande:X0+...+Xj forj:m—2,...,0. Note that
X2 =n— X,_1.

Then with the help of Z’s and O’s, we can write the difference of the weights as:

3
N

wt(Z) —wt(0) =Y ¢;(0; — Zy).

J

I
o

For j = m — 2, since Op_9 =n — Op_y and Zp,_o =n — Zpm_1, where O,y = p®
by Proposition 3.4.23(v),

(ﬁm—2(0m—2 - Zm—2) = @m—Q(Zm—l - pw)

And it is at least Z,,_; — p® since @,,_o > 1. Together with Lemma 3.5.6 we have

S

wt(Z) = wt(0) > Zyyy — p° — (p — 1) —2—s (1 + )(Q + 7).

(pf—1)

Since g < ’% where s > 2. it is easy to see that when g # 4, we always have

S S

p
(P

Hence by Lemma 3.5.6:

1+¢) < b s(1+g) <1

(p*—1)

wt(Z) = wt(0) > Zpy —p* = (p— 1Q.

We want to show that this is positive. If it is true, then we get a contradiction to
the optimality of O.

Recall that we denote by Q) := ZZ;; Thonm_o a0d 7 = deg,(Q).

If p** & 7(Q), then in the summation p*™! + (p — 1)@, the greatest coefficient of
any p-power is at most p — 1, there cannot be any carryovers, hence

degp(p‘:’Jrl + (p—1)Q) = max{w + 1,r}.

As shown in Lemma 3.5.2 and Lemma 3.5.3, both @ and r are smaller than
deg,(Zm-1). Hence we consider the following two cases:
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e if deg,(Z,,—1) > @ + 1, then we have
deg,(Zm—1) > deg, (1" + (p — DQ);
e if deg,(Z,,—1) = @+ 1, then by Corollary 3.5.5 we have

deg,(Zm—1 — " >r4s>r= deg,((p — 1)Q).

Otherwise, if p*™ € 7(Q), then there will be carryovers, and we have

degp(pJJle +(p-1DQ) <r+1<r+s<deg,(Zm1).

Either way, we always get that Z,,_; > p“* + (p — 1)Q, hence

wt(Z) — wt(O) > 0.

When ¢ = 4, then for elements in J, must have the shape (1,1), (3,0)" or (0, 3)".
By Proposition 3.4.23, for j =0,1,...,m —2, I'(O;) must lie in J§, hence must of
the form (1,1)" or (3,0)". Moreover, I'(G,,_1) = (2,0)" by (iii) and (v).

Claim 1. For O, we have I'(Op) = (3,0)" and I'(O;) = (1,1)" forj =1,...,m—2.
For G, we have T'(G;) = (1,1)! for j =0,1,...,m — 2.

Proof. It T(0;) = (1,1)* for all j = 0,1,...,m — 2, then I'(n) = (m — 1,m)"
and I'(n — Gpo1) = (m —3,m)" € Jy,_1 which contradicts to the existence of
G = (G07 ceey Gm—Qa 0) € Um(n - Gm—l)-

Now let i be the largest such that I'(O;) = (3,0)". Suppose that i > 0. Observe
that n' := O; +. ..+ O,,_1, together with an optimal element (O;, O;11,...,Op1)
satisfies Proposition 3.4.23, but smaller than n, which contradicts to the minimality
of n as in the construction.

The statement concerning G is a direct consequence. [

We can write down O and G explicitly

1 2 3
00:7-0 +7—0 +7—07

43 j+1 :
O;j =774+, forj=1,...,m—2;
m,
Om—1:7—17
j+1 j+1 :
Gi=1" 4+ ,forj=0,1,...,m—2;

_.m m—+1



3.5. Proof of the main theorem

Now let us compare the weights of O and G:

m—2 m
wH(G) = wi(0) =@ (" = ") =Y G + Y (Pia + ioa)T
=1 =3

The aim is to show that wt(G) — wt(O) > 0, which contradicts to the optimality
of O.

If m — 3 > 0, follow the above strategy and we can get the desired; if m = 3, then

wt(G) —wt(0) > 73 — 77 — o1y > 0.

O

Theorem 3.5.7. Suppose thatp # q and g < 1%. Let n be a fized positive integer.

(a) The x-coordinates of the break points of the Newton polygon associated to
Ca(—n,T) are @; for alli=0,1,....

(b) The slope of the i-th segment between @; 1 and ¢; is G%, where G appears as
the last entry of the greedy element in U;y1(n). In particular, the sequence
(GY); is strictly increasing.

Let m < g be the smallest positive integer such that p; = 1 for all i > m. FExcept
for the v, zeros of lowest valuations, all other zeros of (a(—n,T) are simple with
pairwise distinct valuations.

Proof. Recall that the definition of Goss-Thakur zeta function (4(—n,T) is

Ca(=n,T) = T"Sy(n),

d>0

where Sy(n) :=3",c4, , 0"

Thanks to those fy, ..., f4,... we defined before, we can rewrite Sy(n) as follows:

o if d & p(N), then Sy(n) = 0;
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e if there exists some m € N such that d = ¢(m), then

Sa(n) = Z a" = Z a"

a€Aia a€AL om

= > (aofot .+ amrfuo1 + f)"

- < n )CLXO aXm—l Xo me
— 0 ERI G A | 0 e Jm
2 2 Xovo o X0

a0y am—1€Fg Xo+-+Xm=n

- ¥ )(XOW’I'?Xm)(_Dm KXo | fXm,

XEUm+1('rL

Denote by Tx the term corresponding to X. Clearly, v(Tx) = —wt(X). By
Theorem 3.5.1, when g < ’%, there exists a unique term with maximal weight,
which is the greedy element in U,,(n). Hence

V(Spm-1(n)) = —wt(G™),
where G™ denotes the greedy element in U,,(n).

Now we want to compare the differences of weights of G™’s. By greediness and
Corollary 3.4.22, for G™~! = (GF"1,...,G™"]) and G™ = (G, ...,G™), we have

Gm=1 _ G, fori=20,...,m—2;
oo lGr +Gr, fori=m—1.

Hence
wt(G™) — wt(G™ )
=00Gg 4 -+ om G+ omGin = (200G 4 4 om 1 G 1)
=om1Gn 1+ omGh — om1 (G +G)
=(m — Pm-1)Gp = Pm-1Gpp-

This implies that when we look at the Newton polygon attached to (4(—n,T'), the
points are (¢, —wt(G™)) and the line segments have slopes —GJ and horizontal
width ¢,,_1 for m = 1,2,.... They are clearly of strictly increasing order, hence
the Newton polygon consists of all these line segments.

Recall that the definition of m, ¢; = 1 for all ¢ > m. Hence except for the first m
slopes, all the line segments in the Newton polygon have horizontal width 1. This
is equivalent to say, that except for the zeroes of the lowest m valuations, which
mount to ¢, zeros, all other zeroes of ((—n,T) are simple and have pairwise
distinct valuations. O



3.6. Examples: Non-rational Class Number One Curves With a Rational Point

Remark 3.5.8. By Lemma 3.2.1, ¢; = 1 for ¢ > g. Hence a somewhat weaker
version of Theorem 3.5.7 states that all the zeros except for the 2g zeros with
smallest valuations are simple with pairwise distinct valuations.

3.6 Examples: Non-rational Class Number One
Curves With a Rational Point

In this section, we will look at those curves of class number 1. In these cases, we
have a better understanding of the slopes as well as the zeros.

Example 3.6.1. Our first example is the curve defined by 3% +y = 23+ 2 +1 over
Fy. This is the curve occurred in [Bocl3]. Note that in this case, p = ¢ = 2, and
this curve is an elliptic curve, i.e., g = 1. We can conclude from Theorem 3.3.2:

Proposition 3.6.2. Let n = 2™ 4 2™ + ...+ 2™ be the 2-adic expansion of a
positive integer n with ng < ny < ... <mn;. Then the Newton polygon of (a(—n,T)
has slopes

—(2M 4 2™ (2" 4 2™ =2

of increasing order. Furthermore, apart from the first one which has width 2, all
the other slopes have horizontal width 1.

In terms of zeros of Ca(—n,T), except for the two zeros of smallest valuation, all
the other zeros are simple with pairwise distinct valuations.

Compare with [Béc13, Corollary 6.3], we need to remember that an interpolation
form of (4(—n,T) is treated there. Using the formula (4(—n,T) = za(—n, T'7")
with 7., a uniformizer at oo, it is easy to see that they imply the same result.

Example 3.6.3. Let € be defined by y* + y = 2® + (3 over F; where (3 is a
primitive 3rd root of unity. In this case, ¢ = 4 = p? and the curve is also elliptic,
i.e., g = 1. Similar as the above example, we have

Proposition 3.6.4. Let n be a positive integer and n = ng + ny + ...+ n; where
n € 11\ L1+2 and (ng,ny, ..., ny) is the greedy element in U 1(n). Then the slopes
of Newton polygon of C4(—n,T') are

—(ny+...+n),—(no+...+n),...,—ny,

of increasing order. Furthermore, apart from the first one which has width 2, all
the other slopes have horizontal width 1.

In terms of zeros of Ca(—n,T), except for the two zeros of smallest valuation, all
the other zeros are simple with pairwise distinct valuations.
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Example 3.6.5. Let C be defined by y*> = 23 — 2 — 1 over F5. In this case,
p = q = 3 and the curve is elliptic, i.e., g = 1. Similarly, we have

Proposition 3.6.6. Let n be a positive integer and n = Zé:o 3% where | =
digsumgy(n), ko < k1 < ... < k; and at most two k;’s are the same. Set n; :=
32 - 3R2i41 fori=0,1,..., (1 —1)/2], and ny:=n— (no+...+n;_1). Then the
slopes of Newton polygon of (a(—n,T) are

—(ny+ ...+, —(na+...+n),...,—n,

of increasing order. Furthermore, apart from the first one which has width 2, all
the other slopes have horizontal width 1.

In terms of zeros of Ca(—n,T), except for the two zeros of smallest valuation, all
the other zeros are simple with pairwise distinct valuations.

Example 3.6.7. Let C be defined by y? +y = 2° + 2% + 1 over F,. Unlike the
previous cases, this curve has genus 2, and the gap numbers are 1 and 3.

Proposition 3.6.8. Let n = 2™ + 2™ 4 ... 4 2™ be the 2-adic expansion of a
positive integer n with ng < ny < ... <mny. Then the Newton polygon of (a(—n,T')
has slopes

—(2M 42 (2™ 2™ L =20

of increasing order. Furthermore, apart from the first two both of which have width
2, all the other slopes have horizontal width 1.

In terms of zeros of (a(—n,T), except for the four zeros of smallest valuation, all
the other zeros are simple with pairwise distinct valuations.

3.7 Some (Counter-)Examples

As we have seen from previous discussion, this method may fail for curves whose
genera are large with respect to p and ¢, where g # p. We first observe the following
examples.

Example 3.7.1. As the first counterexample, let us first consider the case ¢ = 4
and the point oo is an Fy-rational non-Weierstrass point. Hence its Weierstrass
gap sequence is by definition {1,2,3,--- ,g}. Then ¢; = g 4+ i for i > 1, hence
o, =1, 1> 1 ¢ = g+ 1. We would like to find a ’small’ counterexample
in the sense of the 2-digit sum of n. By Remark 3.4.24, we can only expect
counterexamples when m is at least 3. Hence let us set m to be 3, i.e., I'(n) € I4.



3.7. Some (Counter-)Examples

Observe that in this case, for any a € J3, it must be of one of the following forms:
(1,1), (3,0) or (0,3). To get a small digsum,(n), it is natural to consider 2 |/n and
L(n)=(3,0)+(1,1)+(1,1) = (5,2), i.e., n = 204201 422 4- 2% 23 4 Dl 4 D, 4 22
where 0 < i1 < iy < i3 < i4 are even and j; < jo are odd. To get an optimal O
different from the greedy G, Oy # G, hence I'(Op) # I'(Gy) by the T-monotonicity.
Therefore, we have I'(G) is either

3 1 1 1 1 3

01 1)W1 10)
If it is the first case, then we have j, > i3 and j; > i5. And it is easy to check that
O must be the same as G. So we can conclude that

11 3 311
G_(l 1 O)’O_(O 1 1)'
By the 7-monotonicity of G, we must have i3 > jo. Now let us compare the weights
of G and O:

wi(G) = (g+2)n— (20 +27 +2" +27) — (g + 1)(2" +27)
wt(0) = (g +2)n — (20 + 2 422 421 4 253) — (g + 1)(2° + 2™ + 27).

Then wt(0) — wt(G) = (g + 1)(29 — 272 — 211) — (2% + 22 — 272). Hence j; > ia.
Therefore we get the ordering of 7(n):

24 > 913 5 902 5 Qi1 5 92 5 9l 5 90

and thus a candidate of n as n = 2° 422 + 24 4+ 25 427 + 28 4+ 210 Tt is casy to see
that the greedy element in Us(n) is G = (20 + 25,22 + 27,24 4 28 4 210) " and the
element O = (20 + 22 + 2425 4 28 27 4 219) lies in Uz(n) and is the only optimal
element in Us(n)\{G}. By comparing the difference of the weights, we can see
that when g > 11, wt(O) > wt(G), i.e., an optimal element is not necessary to be
the greedy one. In particular, when g = 11, we obtain two optimal elements, G

and O.

When ¢g = 11, by computation, we can see that there are exactly two optimal
elements, namely O and GG. Both of them have weight 18432, while the sum of the
corresponding terms has degree 18428, which is exactly the degree of the coefficient

Syia.

For g > 11, the above optimal element O is the only optimal one and hence the
degree of the coefficient S, is just wt(O).
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Example 3.7.2. Suppose that co a non-Weierstrass point as in last example. For
any prime p and ¢ = p?, we consider n as follows:
n=p-Dp"+@(@p-1p*+...+(p—1)p*
+ (- D+ (p - 1)p7T
+ (p o 1)p2p+4 4 (p o 1)p2p+6.
The greedy element is
G=(p—-Dp"+...+ (= p? "+ (p—2)p" % + 7",
PP+ (p = 2)p + (p = 2)p™ T 4+
P+ (p = 2)p" + (p = Dp™ ™+ (p — 1)p™"°).
Its weight is

wt(G) =(g+2n—((p— D’ +...+ (p—1)p* > + (p— 2)p* + (p — Lp**!
+pP) = (g + (0= 1)p° + .o+ (p = D™ + (p — 2)p™ 7% + p ).

n)\{G} is

And the only optimal element in Us

—~

O=(p-1p"+...4+(p—1)p™,
(p—1)p + (p— 1p**,
(p— p*** + (p — 1)p™*o).

[ts weight is
wt(0) =(g +2)n — ((p = 1)p’ + ...+ (p = Dp™ + (p = 1)p” ' + (p — )p*™*)
—(g+D(p =" +...+ (0= 1)p).
By observing the difference of the weight, we can conclude that

(i) if g = p® —p*—p®—1, then there exist two optimal elements in Uz(n), namely
O and G;

(i) if g < p° — p* — p? — 1, then there exists a unique optimal element in Us(n),
and it coincides with the greedy element Gj

(iii) if g > p® — p* — p? — 1, then there exists a unique optimal element in Us(n),
which is just O.

In order to achieve a better bound of g, we vary n such that it is of the form
n=@p-0p"+...+(p—1)p*
+(p=1)p" + (p— 1p™?
+(p-1p +(p- 1P,
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where ¢ > 2p odd and j > i + 2 even. Using same method as above, the greedy
element GG is given by

Gy=(—-1)p"+(p—Dp + (p—2)p"* +p*,

Gi=(p—2p" +p* 2 +p ™"+ (p—2)p,

Go=(—=2p" 2+ (- " +...+(p—1p" + 7,
and the only optimal element in Us(n)\{G}, denoted by O, is given by

Oy =(p—1)p"+ (p—1)p™*?,
O1=p—-1)p +(p—1)p,
Oy = (p—l)p2p+...+(p—1)p0.

Their weights are

wt(G) =(g+2n—((p—1p°+ ...+ (p—p" >+ (p = 2p™ + (p — 1)p’ +p'*?)
—(g+ (= +...+ (= 1p* + (p—2)p™ 2 +p');

wt(0) =(g+2n = ((p—1)p° + ...+ (p—)p* + (p— )p' + (p — 1)p’)
—(g+ (=" +... 4+ (p— 1)p*).

Look at the difference and we can see that in order to assure the element O having
a larger weight than the greedy element, we must have that

(p—1)p —p*2 —p*
P —(p—1)p¥> —p¥»=2

When j =i+ 3 and i tends to oo, we get a lower bound of the right hand side,
which is

pt =’ —p’
Therefore, as long as g > p* — p® — p? — 1, we can always find some n of this form

such that wt(O) > wt(G). In particular, when p = 2, this bound coincides with
the bound we already have in the previous sections, namely (p + ¢)/2 = 3.

Example 3.7.3. When m = 4, suppose now that oo is a non-Weierstrass point
and n is an integer such that E~'T'(n) = (4,2p + 2). Then clearly I'(m) € J5. By
computation, we see that the following n contributes to an interesting example
n=(p—1p"+...+(p—1)p*
+(p—1Dp' +(p— p?
+p =P+ (o= D,

where ¢ > 2p odd and j > ¢ 4+ 2 even.
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Comparing with the above example, we see that gives the same bound on g in
order to make sure that the element O has a larger weight than the greedy one,
where O is given by

Os=(p— D™+ .+ (p—1)p*,
Oy =(p—1)p* +(p—1)p™"2,
O1=(p—1)p +(p— 1,
Oo=(p—Dp"+...+(—1)p"

and G is

( 1>py+2p+4 ( _ >pj+4

G =(p-r*+ (- 1)19] +p% + (p—2)p"?,

Gi=@—2)p" +p* 2 +p "+ (p - 2)1,

Go=@—-2p" 7+ (- 1p" " +.. .+ (- 1)p" +p"

In this case, the weights are computed as follows:

wt(0) =(g +3)n — ((p—1)p" + ...+ (p — Dp” + (p —p' + (p - 1)p'*?
+(p—1p' +(p— )p”z) (p=Dp"+ ...+ (= Dp" + (p— 1)p'
+(p=1p) = (g+1)((p—Dp" +.. (p—l)p2p);

wt(G) =(g+3)n—((p—1)p" +... + (p - )p2p +(p—1p' +(p—1)p*

(

+p—Dp' +(p - )p]”) (p—=1)p" + .4 (p = Dp* 2 + (p — 2)p™
+(p=Dp" +p7) = (g+ )((p - l)p o (=P (p - 2)p™
+7').

It is clear that we get the same asymptotic bound of g as in the above example,

namely
pt=p’—p* -1
Example 3.7.4. Let m and oo be as above. Suppose now p is an odd prime. Let

n be
n=p-1p"+...+(p—1)p*

+-1p + -+ (p—1)p™

-0+ -+ (-
where ¢ > 2p odd and j > i 4+ 4 even. Then as in the second example, the greedy
element G is given by

Gs=(p—1p™"+@@-1p"+ (p—1p +2p" + (p— 3)p"*",
Ga = (p— 3)p* +2p % + 2p"™ + (p — 3)p' 2,
Gi=(p—3)pP > +2p " + 20" + (p — 3)p',

=p=3)p* +(p-1)p"+. .. +(p—1)p"+2p".
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There exists a unique optimal element O in Uy(n)\{G}, which is

Os=(p—1)p"" + (p—1)p"™*,
Oy = (p— 1" + (p— p'*?,
Or=(p—1p +(p-1)p,
Oo=(p—1p*+...+(p—1)p"

Their weights are

wt(G) =(g+3)n—((p—1)p° + ...+ (p— Dp > + (p = 3)p™ + (p — 1)p’
+ -1+ 20" = ((p—1)p° + ...+ (p— Dp* + (p = 3)p™°
+-Dp +2p") = (g+D)((p—1)p"+ ...+ (p—Dp™° + (p
—3)p "+ 2p);

wt(0) =(g+3)n—((p—1)p° + ...+ (p—p* + (p— p' + (p — p'**
+-)pP + - = (-’ +...+ (- 1)p* + (p—1)p’
+-1)p) =g+ D)((p—-1)p"+... 4+ (p— 1p™).

The difference of the weights wt(O) — wt(G) is
wt(0) —wt(G) = — (2p" = 2" + (p = 1)p’ + (p — 1)p’*™?)

— 20"+ (p—1)p* =20 + (p—1)p)
+(g+ 1) (=2 = (p— 1)p* 7 = (p— 1)p™ + 2p").

In order to get that wt(O) > wt(G), we will need

(p =P +2(p = 1)p? = 2p"™* = 2" + (p + 1)p* + 2p* 2
2p' — (p—1)p* — (p— 1)p*=2 — 2p*~1 '

g+1>

Let j = ¢+ 5 and ¢ tend to infinity and we get a lower bound of the right hand
side, hence an asymptotic bound of the upper bound of g, which is

p—1
— P =1 —p =L

This bound is clearly worse than the one in the last example.

Example 3.7.5. Now let p = 2 and s = 3, i.e., ¢ = 8. Same as above, we suppose
that oo is a non-Weierstrass point. Let

n:20_‘_.“_'_218_*_219_‘_220_’_222+223+224+227.
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Clearly, it lies in 4. When we consider Us(n), we can see that the greedy element
G = (G, G1,Gy) is given by

GQ :218+223+224+227
Gl :215+220+222
Go=2"+...+212 4219

It is of weight
wt(G) =(g +2)n — (2° + ... + 2% 4 219 4 220 4 22%)
—(g+1)(2" +... + 22421,

One can show that there exists a unique optimal element in the set Us(n)\{G},
denoted by O = (Oy, Oy, O3), where

02 — 222+223+227
Ol :219+220+224
Op=2"+...+2'

Its weight is
wt(O) = (g+2)n — (2° + ... #2184 219 1220 1. 22) (g4 1)(2° +... +2'%).
Now we look at the difference of the weights:
wt(0) — wt(G) = —(2* — 222 +2'%) + (g + 1)(2" — 2! — 21%).

Hence, when g > 55, the weight of O is not smaller than that of G. In particular,
when g = 55, there exists exactly two optimal elements in Us(n), namely O and

G.

Similar as above, we can generalize this to arbitrary p and get an asymptotic bound
of the genus. Here

n=p-1p"+...+@-Dp"+{@-1)p""" + (p—1)p" 2+ (p - 1)p*H!
+(p— Dp*=*2 + (p— Dp*™ + (p— 1)p*™,
where i = p? +p < j1 < jo < k1 < ko.
The greedy element G is given by
G3 — p3i + (p o 2)p3j2+1 4 (p . 1)p3j2+2 + (p o 1)p3k1 + (p . 1)p3k2
Go=p"" V4 (p= 209" + (p = 2™+ (p — V2 4 p
Go=(p—1p"+...4+(p— 1P’ + (p—2)p" "V 4 p¥+L,



3.8. Example: Hyperelliptic curves and more

And the unique optimal element O in Us(n)\{G} is given by
Oy = (p— p*™ + (p— 1)p™> "2 + (p — 1)p*™
O1 = (p—p” '+ (p— Dp* 2 + (p — 1)p*™
Op=p—1p"+...+(p—1)p*.
Compare the weights and we get
wt(0) — wt(G) = — ((p — 1)p3Fr — p?72tt 4 p3
+(g+ 1"~ (p - 1)p* —p* ).

Hence we can get an asymptotic bound for g:

(p—1)p°—p°—1.

3.8 Example: Hyperelliptic curves and more

In this section, let € be a hyperelliptic curve. Then the gap sequenceis {1,3,...,2g—
1}, ie., ¢; = 2 for i < g. Recall that we have shown in Proposition 3.4.14 that the
weight of optimal or greedy element is bounded as follows:

¢mn S ’lUt(X) S @m—l(n)7

where ¢, are given as follows:

+p—2
o1 =0, ¢g = &9017
q+0p
qg+p—2 2 2
(bm = (( ) 2(101 +.. — Pm—2 + Spmfl)'

q+p q+p q+p

Lemma 3.8.1. For a hyperelliptic curve, we always have ¢, > @p_o.

Proof. Same as in the proof to Lemma 3.4.16, we have that

G~ Pm—2= (1= X)Pm-2 = X*Pms— - — X" Po.
If m —2 < g, then
2 m—1 L =X
¢m_90m72:2(1_X)_2X_"'_2X :2<2_ 1_X)>0
since x = ]%q < %
If m — 2 > g, then the statement follows directly from Lemma 3.4.16. m
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Hence we have an unconditional version of Lemma 3.4.17 or Lemma 3.4.16. Anal-
ogously, we can conclude that if X is either optimal or greedy in U,,(n), then there
exists some h such that ['(X;) € J! for all i =0,...,m — 1. Hence we can get an
unconditional version of Proposition 3.4.23:

Proposition 3.8.2. If there exists some n' and m’' such that in Uy, (n'), there ex-
ists an optimal element O' = (O, ..., 0..._,) which is different from the greedy ele-
ment. Then there exist ann, an m and an optimal element O = (Oy, Oy, ..., Op_1)
in Up(n) such that

(i) T(0;) € J, for 0 < j<m—2.

(ii) deg,(Op-1) < deg,(Gm-1), where G = (Go,G1,...,Gp 1) is the greedy ele-

ment in Uy, (n).
(iv) Op_y = p* for some @ € N.

(V) Y, - T(Om—1) =, - T(Gv).

Furthermore, assume that there exists such a pair m and n, then we can construct
an element Z in U,,(n) as in Section 3.4. Lemma 3.5.2, 3.5.3, 3.5.4 and Corollary
3.5.5 still hold. Then we have an analogue to Lemma 3.5.6 as follows

Lemma 3.8.3. The difference of the weight of Z and O s bounded by

wt(Z) — wt(0) > Zp_y — 2p° — Q.

Proof. Using the same method as in the proof to Lemma 3.5.6, we have

m—3
wt(Z) — wt(0) =Pm—2(Zm—1 —p°) = Y ¢i(Z; — O;)
=0
-~ m_3 ~ ~
> — 1" =Y @i(Z; — Oy)
=0
m—3 w




3.8. Example: Hyperelliptic curves and more

w

) 2<p - ]‘) ps 6h,m—2
>Zmn-1 =P _Z ps—1 p°— 1Th

h=«a
_ ) 2(p—1)ps &
=Zm-1—p —W(QJFP)

>Zm—1 - QpLD - Q
[]

Theorem 3.8.4. For any pair (m,n), if Un(n) is nonemtpy, then any optimal
element must be greedy.

Proof. Suppose the contrary, then we can find a pair (m, n) and an optimal element
O satistying Proposition 3.8.2. Then we can construct a Z as described in Section
3.4.

Recall that by Lemma 3.5.2 and Lemma 3.5.3, we have that
degp(Zm_l) = degp(Gm_l) > W

and
deg,(Zm-1) > 1+ s

where r := deg,(Q) if Q is nonzero.

If p > 3, then in the sum 2p® + @, the multiplicity of a single p-power is at most
2, hence )
deg,(2p* + Q) = max{@,r} < deg,(Zm-1).

Thus Z,,_1 — 2p* — @Q > 0.

If p = 2, then 2p® = p“*!. Recall that any p-power in @ is congruent to some p°
mod p* — 1, fori = a,...,w—1, and p® = p* (mod p* — 1).

If p“*1 ¢ 7(Q), then in the summation p**! + @, the greatest coefficient of any
p-power is at most 1, there cannot be any carryovers, hence

degp(p‘:’Jrl + (p—1)Q) = max{w + 1,r}.

As shown in Lemma 3.5.2 and Lemma 3.5.3, both @ and r are smaller than
deg,(Zm-1). Hence we consider the following two cases:

o if deg,(Z,,—1) > @ + 1, then we have

deg,(Zm—1) > deg,(p°*" + (p — 1)Q);
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e if deg,(Z,,—1) = @ + 1, then by Corollary 3.5.5 we have

deg,(Zm—1 —p*™) 21+ s>r =deg,((p—1)Q).

Otherwise, if p**1 € 7(Q), then there will be carryover, and we have

deg, "™+ (p—1Q) <r+1<r+s<deg,(Znm1).

Either way, we always have that

Tt —2p” — Q > 0.
Hence Z has a larger weight than O, which contradicts to the optimality of O. [

Now we can formulate the Riemann hypothesis for hyperelliptic curves.

Theorem 3.8.5. For any positive integer n, the break points of the Newton polygon
of (oo (—n, T') have x-coordinates p; fori = 0,1, ... with slopes G%, where G denotes
the last entry of the greedy element in U;11(n). Hence for 0 <i < g—1, there exist
exactly two zeros of valuation G%; for i > g, there exist a simple zero of valuation

G

Similarly, if the curve has gap sequence {1,2,4,5, ...}, ie., @ = 3 for i =

0,1,..., L%gj — 1. Note that for i = L%gj, we have

. J1 ifg=0,1(mod 3);
"2 else.

Using the same method, we can show that the same result holds.



4. Some Results on Partial zeta
Functions

4.1 Introduction

In Chapter 3, we have seen the Riemann hypothesis for global Goss zeta functions.
In this chapter, we will consider instead the Riemann hypothesis for partial Goss
zeta functions. As we have seen, when dealing with the global Goss zeta func-
tions, we can only expect the zeros to be simple when they have relatively large
valuations when applying the method of Newton polygons. But luckily, based on
some numerical tests, this disturbing phenomenon will not occur when we turn to
partial Goss zeta functions.

Recall that we fix two distinct places oo and v of the function field K of a smooth
geometrically irreducible curve over F,, where oo is Fy-rational. Denote by A the
ring of functions regular away from co. On this ring, we have a sign function and
a degree function with respect to the place oo. Hence for any d € N, we can define
a subset A, 4 consisting of oo-positive functions of degree d. Let b be a nonzero
congruence class with respect to v, then we can define the partial zeta function
with respect to b as follows:

Ca(=n,T,b) := > TSy(n,b)
d>0

where Sy(n,b) =

_an
aeAJﬁd,aGba :

Suggested by various numerical experiments, the Newton polygon of (4(—n,T,b)
for a given positive integer n and a fixed nonzero congruence class b behaves much
better than that of (4(—n,T), in the sense that all the slopes have width 1, which
means that all the zeros are simple with pairwise distinct valuations. Moreover,
we observe from the data that the Newton polygons are independent of the choice
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of the congruence class b, and this suggests that we should expect some carryover
of the leading coefficients when summing up all the partial zeta functions to get
the global one.

Throughout this chapter, we always assume that A = F,[t], and v = (f) with
f € A.. We denote by s, the valuation of Sy(n,b) at v.

In this Chapter, we will concentrate on the following two cases: Section 4.2 is
devoted to the case when deg(v) = 1, where we have a complete understanding
of s4’s based on the results from Chapter 3. The main results in this part are
formulated as Theorem 4.2.6 and Theorem 4.2.7. The first one states that there
exists a unique so-called t-optimal element, which is an analogue of optimal element
in Chapter 3, and it must be t-greedy, which is, similarly, an analogue of greedy
element in Chapter 3, while the latter concerns the zero distribution of the value of
Ca(—n,T,b) at a given positive n, and it states that all zeros are simple of pairwise
distinct valuations. In the next section, we focus on the case when deg(v) = 2,
and try to look at the problem from two different aspects. In Section 4.3.1 we
state a recursive formula and then apply it to get a nice result when ¢ = 2. In
Section 4.3.2 we will investigate the S’s appearing in the expansion of Sy(n,b) as
in Remark 4.3.1, and Theorem 4.3.9 offers a close formula to the valuations and
leading coefficients of S’s. However, this could not settle the general problem on
s4, since the formula of the valuation of S(n) depends significantly on the p-adic
expansion of n, on which we have not gained enough information.

4.2 Degree 1 place case

Throughout this section, we suppose that the place v = (f) is F,-rational, i.e.
deg(f) = 1. We fix a representative b of b such that deg(b) < deg(v), i.e. b € F}.
Then we can expand the sum as

Se(n,by= > a”
a€A+,d7aEb(f)
= Z (b+arf +asf>+... Fag f"r + fOH"

at,...,aq—1€F,

_ n pXo o X g Ya-1 fX1+...+(d71)Xd,1+dXd
= X X heagt) )
0y > d

apye-ey ag_1€Fq
X0+...+Xd:n

Definition 4.2.1. For any element X in N™! we define the t-weight as
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Let V be any subset of N™™1. We call an element X = (Xg, Xy,...,X,,) in V
t-optimal (resp. t-greedy) if it has minimal weight (resp. it is lexicographically
maximal).

Definition 4.2.2. We define the following subset of N™*1:

Vin(n) ={X = (Xo,..., Xg) e N"™ | Xo + ... + X,, = n,

'f n
b XO7X17"'7Xm ’

X; is a positive multiple of ¢ — 1 for i = 1,2,...,m — 1}.
The elements in V,,(n) are called the t-valid compositions of n of length m.

Remark 4.2.3. Since we consider the partial zeta functions in this chapter, the t
occuring in the above definitions is merely an abbreviation of ‘teil’, the German
word for ‘partial’.

Remark 4.2.4. Note that the definition of the t-weight here coincides with the
definition of weight in Definition 3.2.4 for the case g = 0.

Remark 4.2.5. Recall that in Definition 3.2.7, we have defined the set of valid
compositions of n of length m as follows:

Um(n) = {X: (Xo,Xl,...,Xm_l) e N" ZX0+...+Xm_1 =n,

J( n
P XD>X1>"'7Xm—1 ’

X; is a positive multiple of ¢ — 1, for i = 0,1,...,m — 2}.

Hence for n’ such that 7(n’) C 7(n), we can embed U,,(n') into V,,(n) by sending
(X0, X1, , Xm_1) to (X1, ..., Xo,n—n'). In this way, we can say that V,,,(n) is
the disjoint union of U,,(n) for all n’ such that 7(n’) C 7(n). For any X € V,,(n),
we have wt,(X) = mn —n' — wt(X') with X' = (X,,_1, X2, ..., Xo) € Un(n'),
n’ = n — Xy and wt is defined as in Definition 3.2.4 for ¢ = 0. Based on this
observation, it is immediate to see that I'(n) € I,,, if and only if V;,(n) # 0.

Theorem 4.2.6. There exists a unique t-optimal element in V,,(n) which is the
t-greedy element.

Proof. Let X = (Xo,X1,...,X,,) be a t-optimal element in V,,(n). We claim
that X,, = 0. Otherwise, let X be (Xo + X, X1,..., X;m_1,0). It lies in V,,(n)
by definition and has a smaller t-weight than X does since wt;(X) — wt,(X) =
—mXy < 0. Thus for any t-optimal element X = (Xo, X1,...,X,,) in V,,(n), we
have X' :== (Xp-1,..., X1, Xo) lying in U, (n). In Remark 4.2.5, we have that
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wty(X) =mn —n —wt(X') = (m — 1)n — wt(X’), hence X’ must be optimal in
Up(n) in the sense of Definition 3.2.6. By Theorem 3.5.1, when g = 0, there exists
a unique optimal element in U,,(n), and it must be the greedy one. Hence there
must exist a unique t-optimal element O in V,,,(n), which arises from the unique
optimal, hence the greedy element in U,,(n), thus O must be t-greedy in V,,(n) by
definition. O]

We can now conclude the following theorem concerning the distribution of zeros:

Theorem 4.2.7. Suppose that both oo and v are F,-rational places. Let n be any
positive integer and b be a nonzero congruent class with respect to v.

(a) All the segments of the Newton polygon associated to (g, (—n, T, b) have width
1.

(b) The d-th slope is Z?;i Gp—j where m is defined such that T'(n) € I,\Ini1
and G = (Go, ..., Gm-1,0) is the t-greedy element in V,,(n).

Hence all zeros of Cr,p(—n,T, b) are simple. Furthermore, all of the zeros have
pairwise distinct valuations at v.

Proof. From Theorem 4.2.6, we know that
v (Sa(n,b)) = wt,(X7)

where X7 is the t-greedy element in Vy(n). Since m is defined such that n €
I \Imi1, we have V,,(n) # 0 and V,,11(n) = 0. Let G = (Go, Gy, ...,Gm-1,0) be
the t-greedy element in V;,(n). Then d < m and for X% = (X¢,..., X4) € Vy(n)
t-greedy, we have

X4=0,

X =Ghgpi, fori=d—1,...,1,
X8 =Gpg+ ...+ G.

Hence we can compute sq := v,(Sg(n, b)) as

d—1
Sd = E 1Grm—di-
i=1

Then the slope of the d-th line segment between (d, sq) and (d — 1, s4-1) is

d—2

d—1 d—1
54 — Sd—1 = E 1Gm—dti — E 1Gm—dr11i = E Gm—j.
j=1

i=1 i=1
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So for 1 < d < m, the difference of the d + 1-th and the d-th slopes is

d d—1
($d+1 - Sd) - (Sd - Sd—l) = Z Gm—j - Z Gm—j = Gy—q > 0,
j=1 j=1

which means that the horizontal width of each line segment in the Newton polygon
of Cég)(—n, T,b) is always one, hence the statement follows. ]

4.3 Degree 2 Place

Suppose now that v is of degree 2, then b € (F,/v)* = F?, and deg(f) = 2. As
in the last section, we fix a representative b of b, such that deg(h) < 2. For any

n € N, we define
S(n) = Z a"=1+ Z(t+i)”.

a€Fpltl4 <1 i€l

Recall that in Chapter 3, we defined J and I,,,, J,, for m € Z-q as follows:

J={T(n) | nis a positive multiple of p — 1};
Ln = {T'(n) | Un(n) # 0} = {T'(n) | Vin(n) # 0};
I =30 (I \Lna1)-

Remark 4.3.1. Observe that similar as in the previous section, we can expand the
summands in the definition of Sy(n,b) as follows.

e [f the degree is even, i.e., of the form 2d, then

S2d(n; [_)) = Z a® = Z (b +a f+...+ adflfdil + fd)n

a€Ay og at,..., adfléFq[t]<1
a=b (mod f) -

n X4
= Z)X%Lf1 coeay Xit..+dXq
2 Xo. o Xy

a1,y a’d*leﬂrfl[t]gl
Xo+...+Xd:n

d—1

— n ) X; Xo £ X1t tdX
X II 2 : a bo fit d
Xo+...4+Xq=n ( 05 - 7Xd i1 \actier
_ Z n R B
X X ><_1)d1S(X1)"'S(Xd1)bXOfX1+~~~+dXd’
Oy d
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Wa(n) = {X = (Xo,...,Xq) E N | Xg+ ...+ Xy =n,

ri <X0, n ,Xd>

I'X;,)ednlzfori=1,...,d—1}.
In particular, to guarantee Soq(n,b) not vanishing, we need

F(n) = F(X()) + ...+ F(Xd) € Ihy 1.

e If the degree is odd, i.e., of the form 2d + 1, then

Sadar1(n, (_?) = Z a”

a€AL 2d+1
a=b (mod f)

= Y (taft.tagafT +afh)"

ay,..., ad—lqu[t]gl
ag€Fqltly 1

n

X Xa—1 Xg ¢X14..4dX
_ ona 1 a a df 1 d
- E E 1 - Ug—1 Yy
(XO,...,Xd)

ay,..., adflqu[t]Sl X0++Xd:n

ag€Fqltl4 1
n d—1
B X X Xo pX1+...4dX
KXot +Xg=n i=1 \a€Fqftl<1 a€Fqlt]+.1
Xo .o Xy
XeW/(n)
where

Win) ={X = (Xo,..., Xq) E N [ Xg+ ...+ Xy =n,

y n
PT\ xo,.... x,)
XiEHﬂlgforizl,...,d—l,

X4 € IQ}.

In particular, we need I'(n) € Iy to make sure that Ssyy1(n,b) does not
vanish.

Therefore, Sy(n,b) # 0 only if n € I;_;.
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By convention, for any polynomial g € F,[t], by the leading coefficient of f with
respect to v, we mean the coefficient of f*(9) in the v-adic expansion of g. Denote
the leading coefficient of S(n) with respect to v by I,(n). Sometimes we drop the
index v if it is clear from the context.

4.3.1 A Recursive Formula Within the same Congruence
Class And Its Application

In this section, we will first establish a recursive formula which connects partial
zeta functions with respect to the same congruence class. Afterwards, we will
apply this recursive formula to the case A = Fy[t] to get a nice result.

Let ¢ € Fp[t]<; be such that bt + ¢ = b (mod f). Then we have
{ala€A gaeby={at+c+if |a€Aiq1,a€b icF}.
Then we can rewrite the definition of Sy(n,b) as

Sy(n,b) = Z a”

ac€A, g4
a=b (mod f)

= Y D (at+c+if)

a€Ay g1 i€l
a=b (mod f)

. (4.1)
= 2 (ko,kl,kQ)( > ARy

ko+ki+ko=n acAy g1 i€Fy
a=b (mod f)
_ n S k l_) tko k1 rko
= - ke ki k d—1(ko, b)t™0c™ fr2.
0, V1, 2

ko+k1+ko=n
q—1]ko,ko>0

Now let A = Fyt], then the only degree 2 place is (v) = (t> +¢ + 1), i.e., we have
in this case f =t*+ ¢+ 1 and b € {1,¢,¢ + 1}. Note that in this case, p = q = 2,
hence I'(n) € I,,, is equivalent to that digsum,(n) > m — 1. By Remark 4.3.1, if
Sa(n,b) # 0, we must have digsumy(n) > d — 2.

To get the result, we will need the following conjecture:

Conjecture 4.1. Denote by ny the sum of the first d — 2 summands appeared in
the 2-adic expansion of n. Then we have

vv(Sd(n, l_))) = UU(Sd(ﬁd, B))
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We have computed for all n up to 2'° and the results suggest the above conjecture.

Theorem 4.3.2. Assuming Conjecture 4.1, we have

where n;’s are those appeared in the 2-adic expansion of n, i.e., n = Zﬁzl 2™ unth
ny < ng <...<nyg, and u; is defined as

Proof. As we have seen above, Sq(n,b) = 0 when digsum,(n) < d — 2. Assuming
the conjecture, w.l.o.g we can assume that digsum,(n) = d — 2. Then in the
recursive formula (4.1), the only summands which are nonzero are those with
k1 =0 and ks € 7(n). Hence we have

Sa(n,b) = — Z Saa(n —k,b)t"* .

ker(n)

Apply this recursively and we get:

Sa(n,b) =(—1)? Z Sa_a(n — ky — kg, D)t Frgn—hi—ka phaths

k1 ,k2 ET(TL) ,kl ;ﬁkg

T e e . (4‘2)
=(-1)47 Y Sy(2newn p)pme pr2
oEX 2
where ¥, o is the set of permutations of {1,2,...,d — 2}, and m, is defined as

follows:

My =1 —2"0 4 (n = 2%7W) = 2%@ 4 4 (n— Y 2%0) — 2el=a)

— ( QMo (2) .+ 2%(«172)) + ...+ Mo (d—2)
d—2

= (] — 1) . QMo (j)

=1

.
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By the definition of Sy(n,b), we can compute the S3(2"¢@-2 b) directly:

53(2710((172)’6) — Z az"cr(d—z) _ Z (fa i b)g "o (d—2)

aEA+’3,a€E a€A+71
= (tf+ )27 L (t+ 1) f+ b2

N (d— N (d— N (d— N (d—

f2 (d 2)t2 (d—2) f2 (d—2) ('[,' 1)2 (d—2)
"o (d—2)
= f? :

Plug the above into equation (4.2), we have

Sa(n,B) = (~1)70fm Y7 IO, (4.3)

OEX _o

Now the question is how to compute the valuation of dezd_Q #2051 (=120

which is the determinant of the following (d — 2) x (d — 2) matrix

Y

02U 402 0nde
t1-2n1 t1-2n2 . tl.g”d—2
A=
t(d—?;)?"l t(d—é)-Z"Q o t(d—3).~2nd*2

The above is a Vandermonde matrix, hence its determinant is

+ H (tQ”j N t2"z' )

1<i<j<d—2

Combine all the discussions above, we have now:

Sa(n,b) = (—=1)*1f™ - det(A)
=+ [ @ -7

1<i<j<d—2
Its valuation at v is: .
-2
i=1
with p; defined as in the statement. O]

Theorem 4.3.3. Assuming Conjecture 4.1, let n be a fized positive integer and b
be a monzero congruent class with respect to v. The we have the following:
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(a) All of the segments of the Newton polygon associated to C]P(‘f[:}rtﬂ)(—n, T,b) have
width 1.

(b) The d-th slope is
d—2
S
i=1
2lng_o—mn;

where n =2™ + ...+ 2™, ng < nj <...<n s the 2-adic expansion of n. In
particular, the slopes form a strictly increasing sequence.

(t241+1) 7 .
Hence all zeros of C]FQM (—n,T,b) are simple. Furthermore, all of the zeros have

pairwise distinct valuations at v.

Proof. By Theorem 4.3.2, we can directly compute the d-th slope of the Newton
polygon, which is

d—2 d—3 d—2
Sq— Sq_1 = 21142”2 _ Z:uz2m — Z oni
i=1 i=1 . i=1
ng—2—"ng
Hence
d—1 d—2
(8d+1 — Sd> — (Sd — Sd—l) = Z M — Z M
=1 =1
2lng_1—m; 2[ng_o—ny
d—2
>m— Yy M >0,
=1
2|ng_o—mn;
Then the statement follows. O

Remark 4.3.4. Unfortunately this method cannot be applied to cases when ¢q # 2,
since in these cases, we will need to face the fact that the elements in 7(n) may
have multiplicity at most p — 1, hence in equation (4.3), there may be more terms
with the same minimal valuations, therefore if we want to apply this method, we
also need to take the leading coefficients into consideration.

4.3.2 The Valuation of S

As we have seen, the method of Section 4.3.1 does not apply to the general case,
so we turn back to the expansion of Sy(n,b) in Remark 4.3.1. In this section,
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we will investigate the valuation of S’s and the leading coefficients. Although the
results cannot be applied directly to get the valuation of Sg(n,b), this may help to
get a deeper insight into the problem. As an outline of this section, the first part
provides an important division of N and the main result will be stated as Theorem
4.3.9. Sections 4.3.2.2 to 4.3.2.6 make up the proof to the main result.

Throughout this section, we always assume that p = q.

4.3.2.1 The Main Result

Definition 4.3.5. (1) We define the following subsets of N: for any i € N,

Ci={neN|@p+)p-1p <n<@+1)p-1)p"}
Cow={neN|n<(p+)p-1}

(2) For any i € NU {—o0}, we define subsets of C; as follows:

CY={neC;|p—1tn};
Cf :={n € C; | digsum,(n) = p — 1};
Cli={neCi|(p+1)p—1)|n}

p—1
C}={neC|n= Zp]’“ (mod (p* — 1)p") with 0 < j; < ... < jp
k=1

<i+1, and digsum,(n) > 2(p —1)};
Cl=C\(CY uC! uUC?uCy).

(2

Moreover, for any n € C3, we denote by Z,, = Z,,(n) the number of k’s such that
jk =1m.

The following are a few facts regarding the definition of C; and C’ij ’S.

Remark 4.3.6. Note that for n € N, p — 1 divides n if and only if p — 1 divides
digsum,,(n).

Remark 4.3.7. For any n € C?, we can write n as j(p® — 1)p’ + S_P_1 p/*, then 0 <
j < p—1 by the definition of C;, and we can substitute the condition digsum,(n) >
2(p—1) by

Zi < J.
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The reason is that writing out the p-adic expansion of n, we have
p—1
n=j(p* = 1p'+ > o
k=1
== Dp 2+ (p—Dp™ + (p— )P’ + Ziap™ + Zip’
p—1-Zi11—2Z;

+ > P
k=1

So if Z; > 4, then
p—1-Zip1—2Z;
n = jpl+2 + Zi+1pl+1 + (Zl — j)pl + Z p”“
k=1

Clearly, the p-digit sum of n must be p — 1.

Moreover, we can also conclude from the p-adic expansion above that n € C?
has p-digit sum either 2(p — 1) or 3(p — 1), where the former holds if and only if
Ziv1 > 0. In this case, we always have p'™? € 7(n).
Proposition 4.3.8. Following the definition, we have

C? =C*_=C*_ =C5=0;

C o=0C"_ ucC";

C; = Ui_,C) forieN.

Proof. The first line is clear from definition. It suffices to show that C7 N Cij,, =
for any (i,5) # (i/,5'). Clearly, C? ﬂC’ij/ = () for any 7 # . So we only need to
show that CY (€Y = @ for j # j'. For i = —oo, it is clear that C°(C! = 0.
From now on, we assume that ¢ € N.

By definition of C# and C?, together with Remark 4.3.6, they are disjoint with
any other set. For C}, we have that C! (" C? = 0 since each element in C? by

definition has p-digit sum not smaller than 2(p — 1). So we are left with the only
nontrivial parts of this statement, which are that C} (" C? = 0 and C? (" C? = 0.

For any n, we can always write n as ) )pi. Observe that

pieT(n
Z piE Z pimon (modpQ—l).
pteT(n) pteT(n)

Now for n € C? we have n = (p— 1)p+ (p — 1) (mod p* — 1). While for n € C},
we have n = a;p + ap (mod p* — 1) with a; + ag = p — 1. Clearly C} " C? = 0.
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For any n € C?, n = SP_1 p/* (mod p? — 1). By definition, S?_1 p/* € C} for
some 4’ and it cannot be a multiple of p* — 1 since C} () C% is empty for any ",
hence n & C?. We have therefore C? (N C} = 0.

]

Recall that S(n) = 1 + > icw, (t+14)" and 3(n) denotes the valuation of S(n) at

v, while l~(n) denotes the corresponding leading coefficient. Define D to be the
discriminant of f. The following theorem describes § and [.

Theorem 4.3.9. For any i € N J{oo} and any n € C;, we have the following
TECUTSIve recipe:

(0) if n € C?, then 5(n) = 0;

(1) ifn € C}, then S(n) = 0;

(2) ifn € C?, then 5(n) =0 and I(n) = 1;

(3) ifn € C3, ie., n =3P p'* :=n' (mod (p? — 1)p') for some 0 < j; < jo <

oo < Jpo1 < i+ 1, such that digsum(n) > 2(p — 1), then

p—1
3 ( k i i
S(n)=p' + E pF=pl + E P,
ker(n! k=1
kEpz 6(m(od>2) J=1 (mod 2)

- J p—1 P=1\ 4 z42zi btz
— . D 7 1—2 7
i) (Zz' + 1) (ZM) ( Zy ) ’

where 1 € {0,1} such that i =i (mod 2) and Z = #{p* € 7(n)};

and

(4) forn € C}, then let n' be such that n = n' (mod (p*> — 1)p*) and n' € Cy for
some i’ < i, then §(n) = 5(n') < oo and l(n) = I(n’

The theorem will be proved in Sections 4.3.2.2 till 4.3.2.6.

Let us first make the following observation regarding case (4).

Lemma 4.3.10. The procedure in case (4) always results in n' € CY for some
i" <iandj € {3,4}.
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Proof. Recall that for any n € C}, we let n’ € Cy for some i’ < i be such that
n’ =n (mod (p? — 1)p'). By Proposition 4.3.8, the subsets Cij’s are disjoint, so we
only need to show that n’ does not belong to C) | JC} | C7. It is easy to see that
n' & CJC% since the mod action preserves the divisibility of p—1 and p? — 1. If
n' € O}, then n' = P71 it with j, <i' +2 <i+ 1, hence n = j(p? — 1)p’ + n'.
But n cannot be in C?, hence by Remark 4.3.7, we must have #{k | jp =i} > j
and the p-digit sum of n is p — 1, thus n € C which contradicts the disjointness

of C} and C}. [

Remark 4.3.11. Since 4’ is strictly smaller than ¢, the procedure in case (4) of
the theorem stops after finitely many steps, which means that after finitely many
steps, we can get some n’ which belongs to case (3), i.e. there exists some n’ € C3
for some 7' < i such that ' =n (mod p* — 1).

To end this section, we present here a corollary to the theorem. This is merely
a special case of the above when digsum,(n) is exactly 2(p — 1), ie. n € Js.
The reason to focus on these n’s is that as we have seen in Remark 4.3.1, those
terms occurring in the final formula of Sy(n,b) are of the shape S(X;) where
’}/(XZ) c 3 N ]3 D) Jg.

Corollary 4.3.12. If n € C; has p-digit sum exactly 2(p — 1), then we have the
following possibilities:

(1) n € C} iff #{klp* € 7(n),k even} = #{k|p* € 7(n),k odd} = p—1. In this
case, §(n) =0 and l(n) = 1.

(2) n € C}UCHiff #{k|p* € 7(n),k even} # p — 1. In this case, let | be the
largest integer such that c;(n) = #{k|p* € 7(n),k > 1,k = [ mod 2} > p and
p' € 7(n), then
sn)=0-p+a)'+ > "

pker(n) k<l
k=l (mod 2)

Proof. Note that when digsum,(n) = 2(p — 1), we always have n € C? for some
i€ Nand j€{2,3,4}.

The first parts of both statements follow directly from the fact that n = Zpk er(n) pF =
D prerim P42 (mod p? — 1) and that the sets C7, G and C}f are disjoint by
Proposition 4.3.8.

The part concerning the valuation 5(n) and the leading coefficient in (1) follows
directly from the theorem. In (2), it suffices to show that
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(i) if n € C2, then i = I;

(i) if n € C}, then there exists some m € C} such that 3(n) = 35(m).

In case (i), following Remark 4.3.7, we know that the p-adic expansion of n is

i—1
n=jp? + (Zi = O + (0 =i+ 20+ ) Zipt,
k=0

where Z;,1 > 1, Z;, > 0for k=0,1,...,7 and Zizo Zy=p—1—Z;1. Then it is
easy to see that [ = i. The statement is just a reformulation of case (3) of Theorem
4.3.9. Otherwise, following case (4) of Theorem 4.3.9 and Remark 4.3.11, there
exists some n’ such that n = n’ (mod p? — 1) and n’ € C} for some i’ < i, then
5(n) = 3(n’). Note also that in this procedure, the p-digit sum remains invariant.
Also in this case, i > [, i.e. #{p'™ € 7(n)} + #{p" € 7(n)} < p, hence we have
that for any [, ¢;(n) = ¢;(n’), i.e. we get the same [ for n and n’. Then by case (i),
| = 4" and we define m such that m = n (mod (p? — 1)p'™!) and m € C). It is easy
to show that m lies in C} and 5(n) = §(m) by case (4) of Theorem 4.3.9. O

4.3.2.2 A proof of case (2)

To prove (2), we need to look at S(n) from a different perspective.

We know that in F,[t]/f with f an irreducible polynomial of degree 2, every
nonzero element has order dividing p? — 1. Thus for any a € F,, we always have
(t+a)”~" =1 (mod f), i.e. we can write (t+a)?"~' = 1+, f with some ¢, € F,[t].
Therefore if n € C?, say n = n'(p+1)(p — 1), then

S(n) = Z a"zl—i—Z(t—l—a)”

a€Fpltl<1,+ a€lFp
=1+ ((t+a )"
aclFy,
=14 > (16"
a€lFy
L k ok
=1+ 1+ a
Sz ()e

!/

:1+Z<Z)fk S| e+ E ).
k=1

a€lfp
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Therefore,
() = vy(S(n)) = 0/, 0(m) = 1.
4.3.2.3 A proof of case (1)

Recall that for p a prime, we always have

7 =
0, else.

i€F

By Lucas’ lemma, if a = Y a,p™ and b = >_ b,,,p™ are their p-adic expansions,

()-11(n)

Hence the above binomial coefficient is nonzero if and only if 7(a) C 7(b).

then we have

The following lemma shows a simplified expansion of S,

Lemma 4.3.13 ([Gos98]). The following holds:

Hence for any n € C}, i.e. digsum,(n) = p — 1, the only choice of k such that
7(k) C7(n) and p— 1| n — k is 0, hence

S(n)=1-1=0.

4.3.2.4 A proof of case (0)

The following lemma will be of great importance to proving the rest of the theorem.

Lemma 4.3.14. For ' =n (mod (p? — 1)p'), and 3(n’) < p', we have

S(n) = S(n') (mod f7).
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Proof. For n’ =n (mod (p* — 1)p'), say n = n' +m - (p*> — 1)p’, we have:

S(n) —S(n) = Z a’ — Z a”

a€Fplt]<1,+ a€fpltl<1,+

= D (t+a) (¢t +a) e -
a€lFy

= o+ a () - )
ackFy,

=Dt (L + 6™ — 1)
aclFy,

_ Z(t + a)n’ Z (W’;{:pl) df k
acF, k=1

:§2@+®”(§:<Z)dwﬁw>-
a€lfy k'=1

Hence the valuation of S(n) — S(n') is at least p’. Since we assume that 3(n’) is
smaller than p’, we hence have the desired equivalence. O

By Lemma 4.3.14, we only need to show that 5(n) = 0 for n € Cf. Using the
expansion of S(n) in Lemma 4.3.13

p—1ln—k

it is easy to see that there exists no non-zero summand, hence g(n) =1, ie.,

5(n)=0and l(n) =1.

4.3.2.5 A proof of case (3) and case (4)

Before we present the complete proof to case (3), we need to show some useful
lemmas first.

Lemma 4.3.15. For S defined as above, and any r, s € N, we have:

S(m)(#7" — ") =7 — 7" + S(m + p*) — S(m + p").
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Moreover, we have:

ot i+1

S — 7"y =S(n+ ptt — pPOET = ) — S(n + pf — pit?)
(tF

z+2 pi+1 )

Proof. The first statement follows directly from the definition of S:

Sm)(#" —17") ==(1+ Y _(t+a)™)("" — ")

a€lFy,
—° Z(t + a)m(tps _ tpr)
a€lFy,
=7 — "+ Y (t+a)"((t+a)” — (t+a))
a€lFy
=7 — "+ Y (ta)" =) (4 a)
a€clFp a€clFp

=7 — " + S(m+p°) — S(m+7p").

In particular, if we take m =n, s =r+1 =14+ 1, then

Sy =) =" — "' + S(n+ p) — S(n + p)
4 S+ ptY) = S(n+ pitt — it 4 )
— " "~ S(n+p) + S+ pf— pit? 4 pitY
=S(n+p™ = p )" =) = S(n +p = p )"
_ tp”l)

=P

]

The following two lemmas provide us the essential ingredients to prove the argu-
ment concerning the leading coefficients.

2
Lemma 4.3.16. The leading coefficient of tfp:tt with respect to any degree 2 ir-
reducible polynomial over I, always lies in Fy. Moreover, the leading coefficient
equals to 1/A where A denotes the discriminant of the chosen irreducible polyno-

maial.

Proof. Since t7° — ¢ (resp. tP —t) is the product of all degree less or equal to
2 (resp. degree 1) irreducible polynomials over F,, it is easy to see that the
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2
quotient tfp:tt has valuation 1 at any degree 2 irreducible polynomial, say f, thus
2
the leading coefficient is just (Yf:_—;)tf mod f. On the other hand, if we consider f as a

polynomial over F 2, it can be factored into a product of two degree 1 polynomials,
2
Le., f=(t—a)(t—a?). Hence F := (Zﬁ = HﬂeFPQ\FPU{maI,}(zﬁ - 0).

We can first compute F'mod (¢ — «) as follows:

Fmod (t—a) = H (a—=5)

,BEFPQ \FpU{a,aP}

aPtl a
= H (a — 3 ) = H _—ﬁ(ap —B)
ﬂEFpg\FpU{a,aP} BG]FPQ\FPU{Q,QP}
(8%
- 1 = 1 @-»
ﬂEFpg\FpU{a,aP} BEFPQ\FPU{a,aP}

Claim: HﬁeJsz\JFpu{a,ap} _iﬂ = 1.

The proof of the claim follows directly from computation:

LHS = (_a)pQ—p—2 H 5—1 _ P2t H 5—1

BEFP2 \FpU{a,a?} F 2 \Fp
= I s'=117"1II~
BF 2\Fp BEF 2 ~v€Fp
—1
=—=1.
-1

Therefore, we know that F'mod (t — a) = F'mod (t — o), hence by CRT, we have
that the residue equals to that of F' modulo f, hence must lie in ;.

We can get the explicit value of the residue by some further computation:

I @-o=—"TIle-n" I -5

BEF 2 \FpU{a,aP} YEFp BEF 2\{a}
1
:Oé—Oép'H(t_/Y)h:a. H 5
YeF, B/€F, 2\ {0}
1 1 1
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Recall that v = (f) with deg(f) = 2, and we denote by A the discriminant of f.

Lemma 4.3.17. Given any degree 2 irreducible polynomial f over F,, the leading
coefficient of (tP — t)P~1 with respect to f is always -1.

Proof. 1t is easy to see that (#* — t)P~! has valuation 0 at f, hence its leading
coefficient is the residue modulo f. Moreover, we have

. g
=0 =%
-
Tp i i
=—-1 (mod f).

]

Remark 4.3.18. An immediate consequence of the previous lemma is that for any
i € N, the residue of (t* — t)®~Y?" modulo f is always -1.

Before giving the proof to case (3), we need to note in particular that if S = S+ .55
with v,(S7) = v,(52), then by the ultrametric triangle inequality, we always have
v,(S) > v,(S1). Moreover, if we can show that the leading coefficients of S
and Sy with respect to v do not cancel, then the equality holds. In our case,

following Lemma 4.3.15, we can always write S(n) as the sum of S(nl)(tfj__f)pi

and —S(ny)(t? — t)P~VP' where ny = n — p™2 + pit! and ny, = n — (p> — 1)p'.
If we have 5(ny) 4+ p' = 3(ny), then we can conclude that 3(n) = §(ny) provided
[(n1)A™! 4+ 1(ny) does not vanish in F,; if so, then I(n) = I(n1)A™" + i(ny).

Now we can give the full proof to case (3) of Theorem 4.3.9 by induction on ¢ and
7.

First recall that for any n € C?, we can write n by definition as

i+1
n=jp—p"" +jip-1p+)_ Zip*
k=0

satisfying the following:

i) 1<j<p-1;

(i) i Ze =p—1land Z < j.
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e Fori=0and j =1, we have Zy =0 and Z; = p — 1, then

n="—1)+@-1p.

Following Lemma 4.3.15, we have:

Sln) = 8(n =+ p) G — B0 — (B = D) — 1P
= 8%~ 1) 5 — Sllp— VY - or!
= S(p* - 1)t;—__tt,

hence S(n) has valuation 1 and leading coefficient A~ by case (2) and
Lemma 4.3.16.

e Now let n € C§ be such that j := [n/(p* —1)| > 1, then we have Z, < j
and Z; = p— 1 — Zy. Suppose that the statement holds for all n’ € C} with
j' < j. Following Lemma 4.3.15, we have:

_ _ Wt
S(n) =S(n —p*+p) - —Sn—(p*=1)@t" —t)>!
- ) ' —t
=S =D =D+ —-1=Zp+(p+ 2~ 1)) —
~S(G -1 =1+ (p—1—Zo)p+ Zo)(t" — t)?
St~ Sy — e
= nq w1 N9 .
Hence
_J divisible by p?—1 if Zy=0;
G- D@ =)+ (- Zo)pt Zo— 1 i Zy > 1.

2
Meanwhile, ny, € C? if Zy < j — 1 and ny € C! otherwise. Recall that tfp:t”
has valuation 1 with leading coefficient A™!, and (# — ¢)P~! has valuation
0 with leading coefficient -1. Then we can calculate the valuation and the

leading coefficient of S(n):

(i) if Zo = 0, then S(ny) has valuation 0 and leading coefficient 1, while
S(ny) has valuation 1 and leading coefficient (j — 1)A™", hence the
valuation of S(n) is 1 = Zy + 1 and the leading coefficient is jJA™! =

(A7 = () an @
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(ii) if 0 < Zo < j — 1, then by the induction assumption, S(ny) has valu-
ation Z, and leading coefficient (jZ_O ")A=% while S(ny) has valuation

Zy + 1 and leading coefficient (Z];rll)A_(ZO“), hence the valuation of

S(n) is Zy + 1 and the leading coefficient is ((jz_ol) + (J7)AZtD =

. Zo+1
(Zoj-H) A (Fot),

(iii) if Zy = j — 1, then S (n1) has valuation Z and leading coefficient
(Jgol)A*ZO = A% while S(ny) = 0, hence the valuation of S(n) is
Zy + 1 and the leading coefficient is A~(%o+1) = (Zoj+1) A~(Zo+1)

e Let n € C? be such that + > 0 and j := |n/(p* — 1)p'| = 1, then we have
Zi=0and Z;y\1+ Zi 1+ Zi o+ ...+ Zy = p— 1. Suppose now that the
statement holds for all n’ € C for i’ < i. Recall that we denote by 7 the
residue of ¢ modulo 2. Following Lemma 4.3.15, we have:

N . , A v A ,
S(n) =8(n —p™* + p" ()" = S = (0 = p) (" = )"

2

3 . . - —t
:S(Zi+1pl+1 + (p - 1)]?1 + Zi,lpz ! + ...+ Zo)( Pr— )p
— S(Zl'+1pi+1 -+ Zi,lpifl + Zi,2pi72 4+ ...+ Z[))(tp — t>(p71)pi
G i+1 i i—1 " —t p’
=S(Zivp™ + (0 —1)p' + Ziap +~--+ZO)(tp_t)
L=t
_ . P
= S(nl)(tp—t) .
It is easy to see that n; € C?if Z;_y = Z;_4 = ... = Z; = 0; otherwise, let

k be the largest integer such that £k = i (mod 2) and Z; # 0. Note that
k=i=1 (mod 2). Then we have:
m =Zia(p* = Dp' ™+ (0= D — 1)p'?
+ (Zin+ Zi) @ =D P+ (p - 1" —1)p " + ...
+ (Zip1+ Zin+ Zig+ ..o+ Zias) 0 — 1P+ (p— 1) (p° — 1)p*
+ (Zi1 + Zin + Zicg + oo+ Zi + VP + (2 — 1) + Zppt !
+ ...+ 2y,

hence the valuation is
§(ny) = Zep" + Zp_op" 24+ Zip

with leading coefficient

. ~1\ (p—1 —1
o= (77 ) (27 1) (7 s o
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Then we can calculate the valuation and leading coefficient of S(n):

(i) if Zio=2;y=...=2; =0, then S(nl) has valuation 0 and leading
coefficient 1, hence the valuation of S(n) is

P =p +Zip+ Ziop P+ Zi g+ + Z{PE

and the leading coefficient is

_ ) -1\ /p—1 p—1 _ " , :
Al — < J ) (p ) ( ) ( >A (4 Zi+Zi—o+Zi—a+..+7Z;).
Zi+1 Zio Zi_y Z; ’

(ii) otherwise, let k be as above, then the valuation of S(n) is
P+ 2" + Zyopt P T
=P+ Zip + Ziop A Ziap) T+ + T

and the leading coefficient is

p—1\(p—1 . p—1 A~ 2+ Zh—zt.. 4 Z3)
Zy, Zi—2 Z;
_ ( J ) (p - 1) (p - 1) (p - 1) A-(+Zi+Zi ot Ziat. +27)
Zi +1 Zi—o Zia) O\ Z .

e Now let n € C? be such that i > 0 and j := |n/(p* — 1)p’] > 1, then we
have Z; < j. Suppose that the statement holds for all n’ € C3 for i’ < i, as
well as for n’ € C? with j' < j. Following Lemma 4.3.15, we have:

~ ~ ; ; th N ~ . i
S(n) =S(n —p™* +p ()" = S — (0" = )p) (" = )"

=5(( = DP* = ' + Zieap™ + (p = Vp' + Ziap™ + .+ Zo)

=t i i i i—
( r—t P =S =D =)'+ Zigap™ + Ziap T A Ziop'
ot Zo)(P = )
N A T ;
=: S(n1)( P — S(ny) (P — t)P~DP,
tr—1
Similar as above, we have that ny € C? if Z; = Z;_y = ... = Z; = 0, and

ny € C* otherwise; regarding ns, we have that ny, € C? if Z; < j — 1 and
TLQECQlel:j—l

In particular, if Z; = 0, then as we can see from the above case, the valuation
of S(n;) cannot exceed (p—1)p"~2. By Lemma 4.3.14, we can apply the above
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analysis of valuation and leading coefficient of S (nqy) directly. If Z; # 0, then
ny = (] — 1)(]92 — 1)])2 + (ZH—} + 1)pi+1 + (Zz — 1)]71 + Zi_lpi_l +...+ Z(), hencq
by induction assumption, S(n;) has valuation Zipt + Zi_op2 + ...+ Zpt
with leading coefficient (32) (5:_12) (2;14) e (pZ; YA~ it Zicatt %) To sum
up, we have the following cases for S(n;):

—if Z; = Z;_9 = ... = Z; = 0, then S(n;) has valuation 0 with leading
coefficient 1;

—if Z; # 0, then S(ny) has valuation Zip' + Z;_op™2 + ... + Zp' with

leading coefficient (];:) (5;12) (5:_14) . (pZi )A*(Zi+Zif2+-~+Z;);

k3

— if Z; = 0 but not all Zy for 7 =i (mod 2) are zero, then let k be the
biggest integer such that £ = ¢ (mod 2) and Z;, # 0, then S(n;) has
valuation Z,p* + Zy_op*~2 + ... 4+ Z;p' with leading coefficient

p— 1 p—- 1 o p—- 1 A—(Zk-i—Zk_Q-i-...-i—Z;)‘
Zy, Zk—2 Z;

For S(n,), we have:

— if Z; < j — 1, then by the induction assumption, S (ny) has valuation
Pl Zipt + Zi_opt 2+ Zi_qp'* + ...+ Z;zp' with leading coefficient

J— 1 p—1 p—1 p—1 A—(1+Zi+Z¢72+Zif4+---+Z;).
Zi+1 Zi—o Zi—y Z; ’

— if Z; = j — 1, then by case (2), S(ny) is zero.
Finally we can calculate the valuation and the leading coefficient of S(n):

() ifZi<j—land Z; = Z; 5= ... = Zimoa2 = 0, then the valuation of
S(n) is
S(n) =p' =p'+ Zip' + Ziop" P+ ..+ Zip

and the leading coefficient is

I(n)=A"+ (*7 B 1) AT = AT

_ J p—1 . p—1 A HZitZi ot +7;).
Zi+1)\ Zi_s Z; 7
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(2) if Zi = j — 1 %0, then S(ny) = 0, hence S(n) = S(n1)(£=t)". There-

tP—t
fore we have

§(n) =p' +8(n) = p' + Zip' + Ziop P+ Ziap" L+ Zpf

and

[(n) =1(n) - A7

_ J—1\(p—1\(p—1 . p—1 A~ ZitZio+Zicat.+2;)
Zi Zi—2 Zi-4 Z;
_ .7 p—= 1 p— 1 o p— 1 A—(1+Zi+Zi72+Zif4+~--+Z§).
Zi +1 Zi—o Zi—4 Z; ’

(3) if 0 < Z; < j — 1, then the valuation of S(n) is
§(n) =p' + Zip' + Ziap' P+ Ziap ™+ + Zpf
and the leading coefficient is

- 05)+ () 5

A*(1+Zi+Z«;—2+-..+Z;)

_ J p—1\(p—1 (P 1 A-+Zi4Zi ot 4 7).
Zi+1 Zi—o Zi_4 Z; 7

(4) if Z; = 0 and there exists at least one i’ < i such that i’ =i (mod 2)
and Z; # 0. Let k be as above, then the valuation of S(n) is

§(n) =p' + Zip' + Ziap' P+ Ziap L+ Zpf

since . )
P+ kak + Zk_gpk_Q “+ ...+ ngz

=P+ Zip' + Ziop A Ziap T L+ Zip

and the leading coefficient is

7 ) — 1 -1 -1 —1
Un) =L+ (J 1 )>(ka ) (ka 2) <p Z; )A_(HZHZICQJ“JFZZ‘)
= ] P 1 p= 1 p— 1 A—(1+Zi+Zi—2+Zi—4+--.+Z;)

Zi +1 Zi_g Zi—4 T Z; .
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4.3.2.6 A proof of case (4)

For case (4), we first observe the following:

Remark 4.3.19. According to the Lemma 4.3.10, we know that for any n € C for
some i, the corresponding n’ always satisfies that $(n’) exists. Moreover, assuming
(3), 8(n') is always smaller than p'.

Remark 4.3.20. The proof to case (4) therefore follows directly from case (3),
Remark 4.3.19 and Lemma 4.3.14.
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5.1 Introduction

In Chapter 3, we have seen that the Riemann hypothesis holds for the Goss-
Thakur zeta functions attached to certain curves. In particular, we explored some
examples in Section 3.6, where we used the same method to consider those curves
whose function fields have class number 1 and have at least one rational place.
In this chapter, we will look at one of these examples from another perspective,
namely using a cohomological method introduced by Béckle in his paper [Bocl3].
To be more precise, the special value of Goss zeta function at a negative integer can
be viewed as the dual characteristic polynomial of certain Cartier dual action on
the global sections of a locally free 7-sheaf. Hence by investigating the 7-sheaf and
its dual, we can gain some information on the corresponding Goss zeta function. In
particular, the leading coefficient is just the determinant of the matrix representing
the Cartier dual action.

In this chapter, we only consider the curve given by y? = 2® — x — 1 over Fs. This
is one of the only four non-trivial curves of class number 1 with a rational point
given in [Hay79]. As we have seen from Section 2.2.5, the number of Drinfeld-
Hayes modules attached to a given A is the same as the strict class number of
A. Hence there exists a unique Drinfeld-Hayes module attached to the coefficient
ring of this curve. The main result in this chapter provides a precise formula of

l

the slopes of the Newton polygon of z4(—n,T) with n of shape > 2-3™ with
i=1

ny < ng < ...<mny, and in particular, apart from the first slope, all other slopes

occur with multiplicity 1.

Note that the above theorem is a special case of Example 2.6.5 of Section 3.6, but
we will approach with a different method.

This chapter begins by determining the unique Drinfeld-Hayes module, thus the
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corresponding 7-sheaf and the Cartier operator. Next, we fix an integer n of
a special form and determine the locally free 7-sheaf which is nil-isomorphic to
the n-th tensor power of the 7-sheaf. Then we determine bases of the global
sections of the dual sheaf which provides us a matrix description of the Cartier
dual action. Therefore the leading coefficient of the dual characteristic polynomial
can be described by the discriminant of the very matrix, which is very explicit to
compute.

5.2 The Drinfeld-Hayes Module and 7-sheaf

Let us first recall some notation from Chapter 2. Let ¢ be a prime power, ¢ = p°
with p a prime and s a positive integer. Denote by k the finite field F,. By € we
mean a smooth projective curve over k whose function field is K, and we write
g = ge = g for its genus. Fix a place oo of K and denote by A the ring of
functions in K which are regular away from co. Assume that oo is k-rational.
exact sequence 0 — A, — A\{0} — F} — 0. For any d € N we define the set
Ay :={a € A|deg(a) = d} where deg(a) := log, (| A/ (a)|). Define A, 4 to be
the intersection Ay N Ay. Let B be the normalization of the ring A in the strict
Hilbert class field of K with respect to co. Then there exits a Drinfeld-Hayes
module over Spec(B) as we have discussed in Section 2.2.5. Moreover, the number
of Drinfeld-Hayes modules equals to the strict class number of A by Proposition
2.2.26. These Drinfeld-Hayes modules give rise to certain A-motives over B as
described in [And86, Section 1]. In this section, we will construct and try to have
a deep insight into this A-motive for A = F3[z,y]/(y* — 23+ 2 +1). Note that the
strict class number of A is 1, hence B = A and we have a unique Drinfeld-Hayes
module, thus a unique corresponding 7-sheaf.

The construction follows [B6c13]. More details concerning properties of A-motives
and 7-sheaves are referred to [Gos98, Chapter 5],[/And86] and [BP09].

We consider the elliptic curve defined by 4> = 2 — x — 1 over F3. Let oo be

the natural infinite place. Hence A = F3[z,y|/ (y* — 2® + x + 1) has strict class
number 1 ,thus we have a unique Drinfeld-Hayes module. We first compute its
corresponding Drinfeld-Hayes module. To distinguish the base ring from the co-
efficient ring, we use bold letters for the base ring A = k[x,y]/ (y? — x> +x + 1).
Similarly, we denote by E the elliptic curve defined by y? = x* — x — 1 over Fs.
The Drinfeld-Hayes module attached to A is the ring homomorphism

p: A— A{r}
a > pq



5.2. The Drinfeld-Hayes Module and 7-sheaf

where 7 is the Frobenius homomorphism and A{7} is the ring of skew polynomials
over A, given by

pm:X+(y2—|—1)T—|—7'2,
py=y+ (¥ =y)yr+y (-1 ¥ +y +y 1)+

This Drinfeld-Hayes module was computed by Hayes in [Hay91]. To outline the
computation briefly, we first note that it suffices to identify p, and p,. Let p, =
X+ a7+ 7% and Py =Y +biT +by7 + 73 with a1, by, by € A. By the commutativity
of p, and p,, we can get the above expressions for p, and p,.

Now we want to give the explicit construction of the corresponding A-motive
following [Bocl13]. Define S := A ®; A. We consider M := A{r} as the A-
A-bimodule such that an element a of A (resp. an element a of A) acts on M via
multiplication from the left by a (resp. via composition with p, from the right).
It is easy to see that the actions of A and A commute, hence M can be viewed as
an S-module. In fact, it is a projective S-module of rank 1. Next we would like
to describe M explicitly. In order to distinguish from 7 in A{7}, we denote by ®
the Frobenius as an element of M.

Following the same method as in [Boc13], we compute a minimal set of generator
of M over S, which is {1,5/a}, where a and § are computed by the formula
aP = -1in M, hence we have

f=-y@E@-x)-y+y
a=r—x—1.

In terms of these generators, the action of 7 on M from the left is given by
7(1) =® = (/a,
T(B/a)=(z-x)-1-(y"+1)y-

L™

Note that the map £ — E : (z,y) — (x — 1,y) is an isomorphism with inverse
E— F:(x,y)— (x+1,y). Let D’ be the restriction of the graph of the above
isomorphism to Spec S. Then we can show that the locally free sheaf .Z associated
to the projective module M is Ogpecs(D’). And let D = D’ U {oo x oo} be the
closure of D' in E x E. Then it is a divisor of degree 1 over both factors E and E.

To compute the associated 7T-sheaf, we first let og be the absolute Frobenius en-
domorphism of E. For a divisor D of E x E, its pullback under (og X idg)* is
again a divisor of E x E. Let X (resp. X) to be the smooth projective curve
obtained by base change E (resp. F) to the algebraic closure of K (resp. K). For
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any n € Z and D a divisor on E (resp. on X), we define D™ (resp. D) by
(a,b)™ = (a?" b"") (resp. ™(a,b) := (a?",b”")) on closed points. Note that for
a divisor D of E x E, we can base change it to X or X. Following [Boc13], the
base change of (og x idg)*D to X is 3D and to X is WD. In particular, the
degree of (og x idp)* D as a divisor on X is triple of the degree of D as a divisor
on X, and its degree as a divisor on X is the same as the degree of D as a divisor
on X. In particular, the base change of (og x idg)* [oo] to X is 3[oc] and to X is

Let A be the diagonal divisor on E x E and D be the divisor defined by a = 0
and 3 # 0. Let f be the section f8 /a. Then we can compute the divisors of f at
X and X respectively (note that the order of 0o as a pole of 3 is 3 on X and 5 on
X respectively):

divg(f) = [A] +3[DW] — [D] - 3[ec],

divg(f) = [A] +[VD] — [D] — [c0].

We have a 7-sheaf (Ox(D —300), s+ f-s) on E on K, which means that Ox(D —
300) is a coherent sheaf on E x Spec K, and s — f - s is a homomorphism from
(og X idg)" (Ox (D — 300)) to Ox (D — 300) with cokernel Oa 300-

By the equation of €, we have that dx = ydy and {2 = Ady. We need to describe
the Cartier operator C' : Ady — Ady as defined in [Béc13, Lemma 2.5]. In our
case, it is characterized by the following formulas:

C(dy) =0, C(xdy)=—dy, C(x*dy)=xdy,
C(ydy) =0, C(xydy)=0, C(x’ydy)=ydy.

Furthermore, C(f3g) = fC(g) for any f € A and g € Adx. By abuse of notation,
we denote also by C' the induced endomorphism €' ® id on A ® Kdx. Then we
have C(f3g) = fMC(g) for any f € A® K and g € A ® Kdx.

5.3 The Special Value at Certain Integers

From now on, we fix a positive integer n such that n = 2221 2p™i for np < ng <

. < ny. Then (4 (—n,T') has degree I. To simplify the notation, we denote by @Q;
the twist Q) of a point @ in X, and by h; the twist h() of a function. Recall
thatD:(x—l,y),A:(xy)andf (—y(z—x)—y+y)/(x—x—1). The
divisor of f on X is divg (f) = [A] + 3[DC 1 ] [D ] 3[oc]. For simplicity, we
define x; := 2", y; :== y?"", D; := D™ A; := A" and f; := f™). From now
on, the divisors mentioned will be the div1sors on X unless stated otherwise.
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Recall that Theorem 2.3.18 states the relation between Goss zeta function and the
global L-function associated to certain 7-sheaf. As stated in [Boc13, Remark 3.4],
it suffices to know 2, after change of coefficients to K. Hence in our case, we
can take

H, = ®;(0x(2D; — 300), s > [7s).

We consider the line bundle L, (3loc) = Ox (2[D1] + 2[Ds] + - - - + 2[ D] — 3lo0),
whose dual is L) (—3loo) = Ox (3loo — 2[Dy] — 2[Ds] — - -+ — 2[D;]) dx. Then

%Om(zn’ QXXSpeCF) = LX (—3ZOO) .

Set W,, := H° (LY (—3lo0)) to be the vector space of global sections of LY (—3lo0).
The Riemann-Roch theorem implies that dimg (W,,) = [. For simplicity, we some-
times drop dy from the notation of sections of LY (—3l00).

By Theorem 2.3.18(e), let £ : (o x id),D(,) — D(J,) denote the Cartier
dual action on D(J2,,) = Hom(IZ,,, Qxxspec i) induced from 7. Then x-action
on W, gives rise to the special value of Goss zeta function at —n. The next two

propositions describe the action of x and the structure of W, as a K-vector space.

Proposition 5.3.1. The homomorphism k : (o x id), L,/ (—=3loo) — Ly (—3lc0)
1S given on Sections as:

S = C((f1f2"'fl)28)

where C' 1s the Cartier operator.

Proposition 5.3.2. The following are bases of W,,:

(i) {s1,82, - ,s} where sy is the unique global section of L, (—3loo) with simple
zeros at Ay, Ao, Ag, -, Ay and with value 1 at Ay, fork=1,2,--- 1;

(i1) {51,382, -, 5} where 5y is the unique global section of L, (—3loo) with sim-
ple zeros at Aﬁ”, Agl), e ,A,il), e ,Al(l) and with value 1 at A,E:l), for k =
1a 27 e 7l:'

(7ii) {b1,bs,--- b} defined as follows: let by, be the function defining the line with
a double zero at the point Dy and (thus) a single zero at —2P, (defined under
the group law of elliptic curve) for k = 1,2,--- 1; let Bjk be the function
defining the line with single zeros at D;, Dy and (thus) —D; — Dy,. Set:

L.
1:[1 b; when k =1,
bk = = l

b - b3, when k > 2.
=2,k
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Remark 5.3.3. To make life easier, we compute the divisors of the above sections:

l

(1) div (sk) = > (2[D;] + [A;]) — [Ak]+[Rk] —3loo where Ry, =

j=1
Aj)) + Ay, defined by the group law of the elliptic curve;

(ii) div (5;) = i([ D] + (AW ]) (AW 4 [Ry] —3loo where Ry, :=

(iii) div (by) = i( 2[D;] + [-2D;]) — 3loo; for k > 2, div (by)

—_

—9D,]) + 2[~Dy — Dy] — [~2D1] — [~2Dy] — 3.

- (Zio eny+

- <Z§':1 (2Dj+

S @D+

j=2,j#k

Remark 5.3.4. We can write down the expllclt functions of by’s as follows: it is

easy to see that by, = —ypy +x + 1 — x5, + 3?2 and bjk =(z; —xp)y —

TrY; — LYk — Yr +y;. Thus for k = 1, we have
!
by :H(—yjy+x+1—xj+y]2.);
j=1

and for k > 2, we have

l

(y] - yk>x+

o= I (~wy+x+1—a2;+93) (21— 2)y — (- w)x

J=2,j7#k

TRy — TyE — 9+ )

Proof of Proposition 5.3.2. The first and second parts are straightforward. And

(iii) follows from Remark 5.3.3.

In the next step, we will look at the action of xk on these bases.
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The Action of x on {s1,s9, -, s}

By Proposition 5.3.1, we know that & (s;) = C ((fif2 - f1)*sx) where

div ((fifa-- Z( Dy~ —3oo> +i

Jj=1

— [Ag] + [Ri] — 3loo

= ([Aj] + 2[D§—1>]) —[Ay] + [Ry] — 90

l

=33 (7] +2[D{ ]+ [T] = (81 + 1) 00 ) + [Ri] — [A4]

— 3[T] 4 300

!
with T := — > <Aj + 2D](.71)>. Thus let ¢t be a meromorphic section such that
j=1

div (t) = Y [A] + 2[DS V] + [T — 81+ 1) o0

j=1

and let ty :== (fifoa--- fl)2 spt~2. By the properties of Cartier operator, we have
K (sp) = C (t,) = tWC(#;). Following the definition of ¢, we know that t(!) has
simple zeros at Agl)’s and double zeros at D;’s. Again by the properties of the
Cartier operator, we have that C(t;) has a simple pole at A,(:) and the residue
ReSAS) C(tx) = Resa, tx. Hence r(sy) has simple zeros at all A;l)’s except A,(fl),

i.e., it is a nonzero multiple of §;, and the constant is /ﬁ(sk)(A,(:)):

A(se) (A)) =100(t) = (10)(A]) - Resyo) C(t)
= (t'(Ar))° - Resa, 1

= () Crn =~ 7

— (1) - m") (Aw)
= ((<f1f2 s w—l) (&)

— ((fifo 43 ( it - f) f;sm,:1> (Ar)

J=1
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k

with 7, a uniformizer at Ay. Define py := ((hfz}—f/ SET), > (Ag). Note that by

definition, Ay is neither a zero nor a pole of s, (resp. f; for j # k), but it is a
simple zero of fi, hence it is neither a zero nor a pole of fkf,'g-wk_l, ie. ux # 0 or co.
Define p := diag(pq, - .-, tu)-

Therefore we have the action of k on {si, ss, -+, s} represented as

"1(817527”' 78l) — (517527'.' 7Sl) e

The Action of x on {by, by, ,b;}

Let v (resp. ) be the | x [ matrix with the (7, 7)-th entry defined to be b; (A;)
(resp. bj(Al(l))). It is easy to see that

(317827"' 7Sl)1/: (blaan"' 7bl>7 (5175%"' 7§l)ﬁ:<blab27'“ abl)'

Therefore, we can represent the action of £ with respect to {by,bs, - ,b;} by the
matrix

7w,

Valuations of the Determinants

The special value of our zeta function at n is the characteristic polynomial of the
action of k at the corresponding linear system W,,, which is just the characteristic
polynomial of the matrix 7~ uv. In particular, the leading coefficient of the special
value is just the determinant.

Our aim is to compute the valuation with respect to the place co. Note that we
have v (z) = —2 and v (y) = —3, hence by the definition of z; and y;, we have
v(z;)) = =2 -p" and v(y;) = —3 - p™. We will eventually show the following
proposition.that the valuation of the determinant of o~ 1uv is

Proposition 5.3.5. Let the matrices pu, v and v be defined as above. Then we
have

v(det(7 ™ uv)) Z2k’p”k
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Proof. The proof will be divided into two steps. Firstly, we compute the valuation
of the determinants of each matrix.

Lemma 5.3.6. We have

l

v(det(n)) ==Y Bk+4)p™ + Y 4

k=1 k=2
nk:nk71+l

Proof. Since p is a diagonal matrix, its determinant is just the product of all

diagonal entries
det H ks

where ju, = (HézL#k f]) S 2k sk (Ag). By definition f; = —(ZJJ:’;) Y

which has a simple zero at A, a triple zero at Pj(

sg by definition takes value 1 at Ay.

and a simple pole at P;, and

Hence we have for j # k

Fi(Ay) = —yr(r; — k) — Uk + 5

rj—a—1
whose valuation is
=3p™ it j < k;
v(fi(Ag)) = p™ if j=k+1andn; =n;+1;
—p™ else.

We still need to compute f - i—’; (Ag). Since Ay is a simple zero of fi, we have

that f, (Ax) = 7% (Ag). To compute this, we take an explicit uniformizer at Ay,
namely 7, =y — yi. We first compute the Taylor expansion of x — x at m: since

(x—xk)g—(x—:ck):x?’—x—l—(ivz—ivk—l)ZYQ—?/i
:ﬂ—]z_ykﬂ—k7

we have
_ 2 3
X — Tp =Yk — Tp + (X — )

3
=yem — T + (YT — T + (X — $k)3)

=Y — 77,3 + 0 (W,?;)
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It yields:
fo= Yot ) = () (X 2)
14 (x —xy) 14 (x— )
= (— () + yr) (ykﬂk — 71+ 0 (7?,?;)) - 7Tk) (1 — (ykﬂk — 71+ 0 (ﬂ,?;))
+ (e — 73 + 0 (2))* + 0 (%))
=((1- yi) T — ypme + O (71'2)) (1—yeme + (1 + y,%) i+ O (7?2))
= (L—yi) m + (L =y — y2) 7 + O ()

Hence we have f
k

Tk

fr (D) = = (Ap) = 1 — 3.

Thus for any k, we have

2pmeetif = 1

Parwl else

—6(k + 1)p™ — 2 Z o+ 4pnk+1 ey =m +1
Parwd) else

Therefore we have the valuation of the determinant of p:
! !

v (det (u Zv 28k+4p"’“+ Z 4p™.

k=1 k=1
ng= ”k 1+1

Lemma 5.3.7. We have
I

v(det(v)) = 3p™ =Y (6k —7)p"*

k=2

Proof. Recall that the matrix v is defined to be the | x [ matrix whose (i, j)-th
entry is b; (A;), where

! 2
by (Az):H( YrYi T Y k );

Yk

b (A) = ﬁ (xi_ykyi+yg_xk+l>'< ! (1 —yj) @i — (21 — ) v

r1 — X;
k=2 k] Yk L= %

+x1y]~ — XU + Y — yj))2 fOYj > 1.
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In order to compute the determinant, we write v as yp where

! 2
) ) Ti —YrYi T U —xp+ 1
p = diag (p;) := diag (| [ . > ,

2 Yk
Y= (Vij)idw
where

Tty o+ 1

Vi1 ‘= ;
n
2
- (Y1 — ) o — (01 — 25) i + 21y — Ty + Y1 — Y
Y Ty — Ty

-1
(xi — Yy Y] -+ 1)
Yj

For p, we have for any ¢ > 2

i—1 l
T SRS SU T S i S

2 k=i+1 k=i+1

B
||

and l
S
k=2

Therefore the valuation of the determinant of p is:
!
v (det (p Z v
=1
! l

SIS Sl CTEEEED )

k=2 1=2 k=i+1

!

=— ) 3(2k—4)p™

k=2

On the other hand, for v, we have for any i:

3p™ for i = 1;
v (vi1) = ,

—3p™  else;
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and for any ¢ and any j > 2, we have

v () =—v (l

J

(z — vy + 2 —

5y 1) ) 420 (S (- ) e

Ty — Xy

(x1 — ;) yi + 21y; — Y1 + Y1 — y]))

=(I)+2(I1I)
where
=3p" if i < g
(I)=q3p™  ifi=j;
—3p™if i > .
—p"i ifi=1orj;
(II) =< —p™ —2p"  if 1 <i < j;
—3p™ if 1> 7.
hence we have for j > 2:
P if i = 1;
p o —dp™i it 1l < < j;
v (i) = 5 e
—bp™i if v = 7;
—3p™ if i > 7.

Therefore, there exists a unique permutation o € ¥; such that the valuation of
HLZI Yk o(k) 18 minimal, which is 0 = id. The valuation of the determinant of v is

! !
v(det (y)) =v (H 7kk> = 3p" — Z 5p"k.
k=1 k=2
Thus
v (det (v)) =

:—23 (2k — 4)p™ + 3p™ —

k=2

(det (p)) + v (det (7))

>
l

=3p™ = (6k—T7)p"

k=2
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Lemma 5.3.8. We have

v(det(v)) =

MN

(127 — 3)p™ + Z Ap"*.

ng=ng—1+1

B
Il

1

Proof. Recall that the matrix 7 is defined as the [ x [ matrix <bj (Agl) > ~ . Similar
l’]
as above, we can write 7 as the product of p and 4 with p = diag; (p;) where

! 3 3 2
- H ry —ypy; + U —xp+ 1

k=2 Yk

and 7 = (9;;) where for any i and j > 2:
. -yt o+ 1

Vi1 = ;
hn
5 ((yl —y;) 2} — (v — x)) Y} + 21y — Tp + 0 —%)2
r1 — .CIZ']'
1
(w? — Yyl Yl — a4 1)
Y;
For p: since
—3pk ifi <k—1;
(w?—yky?+y,§—xk+1) —3p™ ifi=k—1and n;+1 < ny;
v —
Yk 3p"E ifi=k—1and n; +1 = ny;
—3pmitl if i >k —1,
we have:
6p" i iy =+ 1
e DD SRR
k=i+1 else
6pnitt if i+1 = Ny 1
—9(i —1)p" Z3pnk+{p if nip =n; + .
it 0 else

Hence

l .

- opmitt ifn; g =n;+ 1
v (det = —9(7 — 1 3p"k 4
) =3 00 00 = 3 {0 i
= 141
l l
=—12) (i—D1p + > 6p™
k=1 k=2
np=ng_1+1
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On the other hand, for 4, we have for any ¢ and 7 > 2:

v (Fan) = — 3p™H
v (%) = —v (i (I?—yjyf”ryf—fﬁﬁl)) +2U( : ((y1 — ;) 2}
Yj T — X
— (21— 2)) Y} + iy — 2y oy - yn))
= —(I)+2(1I)
where
Cgprtl i <
() = Jpnitt if‘]::z:+1andnj:ni+1
—3p™ itj=t+1landn; >n;+1
3 if il
—3pritl if j <i
(1) - _pm.—&-l | 1f] = z +land n; =n;+1
—p" —2p™tt if j=i+4+1and n; >n;+ 1

—pi — 2pmtlif >4 1.

Hence we have

—pritl itj=t+landn;=n;+1
—4pmtt gt if j=d+1and n; > n; + 1
_4pni+1 +ph ity >i+ 1.

v (i) =

Therefore, there exists a unique permutation ¢ € ¥; such that the valuation of
Hézl Yio(s) is minimal, which is the product of (i — 1,4) for all ¢ such that n; =
n;_1 + 1. The valuation of the determinant of 7 is

-1

v(det (7)) = — Z 9p™ — Z 15p™

=1

"i+1;”i+1 njp1=ni+1
l
k=1 k=2
nk:nk71+1
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Thus

v (det (7)) =v (det (p)) + v (det (7))
l

l l
SO VLD SRR U ML
k=1 k=2

= k=1 k=2
np=njp_1+1 np=ng—1+1

!
Z (124 — 3)p™ + Z 4p"*.
k=1 k=2

nk:”kfl"'l

O
Now we can compute the valuation of the determinant of 7~ uv directly:
v(det(v~ pv)) = —v(det(P)) + v(det(i)) + v(det(v))
! !
DD SIS MU SR IR D
k=1 k=2 k=1
np=ng_1+1 ng= "k 1+1
!
+3p™ =) (6k —T7)p
k=2
!
= — Z 2kp"*.
k=2
O
5.4 The Main result
We take 7, := x/y € K as a uniformizer at oo and recall that we define

z2a(—n, T) := Ca(—n, T ). We have the following interpolating lemma for z:

Lemma 5.4.1 (Goss). The polynomials z4(—n,T) lie in Ox[T] for n € N. If
n,n' € N satisfy that n =n' (mod 3%), then

2a(=n,T) = z4(—n/,T) (mod 7).

Now let us consider z4(—n,T)/(1 —T7Z) and (a(—n,T)/(1 —T). They are both
polynomials since the L-function possesses Euler product. Moreover, since the
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degree of (4(—n,T) is l+1 forn = Zizl 23" withn; < ng < ... < ny, the degree
of a(—n,T)/(1 —T) is | and we define the coefficients to be a;,: (a(—n,T)/(1 —
T) =3, anT'. By definition of z4(—n,T), we have that z4(—n, T)/(1 — T7)
is also a polynomial of degree I. We define the coefficients to be z4(—n,T)/(1 —
Trl) =: Zézo a; nT*. Then we have that a;, = a;,m%. Moreover, z4(—n,T)/(1—
Trll) satisfies the same congruence property as z4(—n,T') in Lemma 5.4.1.

Theorem 5.4.2. We have ay,, =1, a1, = 7%, and for 2 < j <1, we have

00’
j—1

(@) =23+ 2(j —i)3™.

=1

Proof. Since the constant term of (4(—n,T) is 1, we have the constant term of
za(—n,T)/(1 = TwL) is also 1, i.e., ap, = 1. Since A, ; = 0, the coefficient of T

in (4(—n,T) is 0, thus ay, = 7. Moreover, if [ > 2, then we can compute the

valuation of the leading coefficient following Proposition 5.3.5:

l l
U(al,n) = U<al,n> +in=1- 22 -3 — Z 27 - 3™
i=1 =2
-1

=2.3"+) 20 —i)3" <n <3t

=1

If I = 1, then we have nothing else to prove. If [ > 2, we apply induction on n.
Observe that for any n’ = Y._, 2-3% with n} < nj < ... < nj, and I’ > 2, we
have v(ay ) < 3™ 1. Now let n' = Zi;l 23", then n’ = n (mod 3™ *!). Then
by the congruence property, we have

za(—n,T) /(1 = Ta™) = z4(—n', T)/(1 — T7™) (mod 3™ *1).

Therefore we have for any 2 < I’ < [:

-1

v(arn) = vlap) =2-3" + > 2(I' —i)3™.
i=1

]

Remark 5.4.3. For A = TF,[t], we have a closed formula for the leading coefficient

of (a(—n,T) for n = Zizl (p— 1)p™ with n; < ny < ... < ny following Thakur

[Thal3, Corollary 6], which is
(_1)[ H (tp"j . tpni )pfll

1<i<j<l

In particular, the valuation of the leading term is no other than >\~ (p—1) (I—i)p™.
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The next corollary follows directly from Theorem 5.4.2 and the fact that z4(—n,T) =
(1= Tl (i @inT")-

Corollary 5.4.4. The slopes of the Newton polygon of za(—n,T) are:
2-3M,2.3M 2.3 +2.3" 2.3 4+2-3"4+2-3" ...,

in increasing order. In particular, apart from the first slope, all slopes occur with
multiplicity 1.
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6. On the Comparison of Goss
oo-adic and v-adic Zeta Functions

6.1 Introduction

In Chapter 2, we have defined the Goss oo-adic and v-adic zeta functions. However,
we only dealt with the oo-adic zeta functions in the previous chapters. In this
chapter, we will focus on setting up a relation between them.

Let co and v be two distinct fixed places and S be a finite set of places containing
v but not co. Define S’ := (S\{v}) U {oo}. Denote by I (resp. J*%') the group
of nonzero fractional ideals of A* (resp. AY) which are prime to all places in S
(resp. S’). We first show that there exists an isomorphism ¢ between these two
groups. Let J be a subgroup of J°° of finite index and let J' := ¢(J). We prove
the main result of this chapter as follows:

Theorem 6.1.1. Let (x,x') be any pair of characters such that the diagram

goos X, Kol (6.1)

d’l/

jv,S’

commutes. Let & : 3% — Fglg be the character of finite order sending any a to

w(o(al))) with w as in the definition of v-adic exponentiation of an ideal. Then

we have:
25.(—=n, T, ¢(a) (mod J'),x) = zj;zfv)(—n,T, a (mod g), x@™ )

for any a € I,

The first step is to fix a joint uniformizer which allows us to compare the v-adic and
oo-adic exponentiations, as we will do in Section 6.3.1. The next section is devoted
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to recalling the definition of Goss zeta functions and its twist by a character. Then
we will state the main theorem and the proof is given in Section 6.5.

6.2 Notation

In this chapter, we will consider co-adic and v-adic zeta functions, thus we will
slightly alter the notation of previous chapters. From now on, we fix two different
places oo and v.

e The ring of functions regular away from oo (resp. v) is denoted by A (resp.
AY). The group of nonzero fractional ideals of A* is denoted by J*. Denote
by Ky (resp. K,) the completion of K at oo (resp. v). Let Oy (resp. O,)
be the ring of integers in K., (resp. K,), and denote by ks = Oy /Mo
(resp. k, := O,/m,). We define a sign function sgn : KX — kX (resp.
sgn, : K — k). An element a of K* (resp. K}) is said to be oco-positive
or positive at 0o (resp. v-positive or positive at v) if and only if sgn(a) = 1
(resp. sgn,(a) = 1). We say an element of K is co-positive or v-positive if its
image under the canonical inclusion into K, or K, is so. In particular, an
element of K* can be positive at both oo and v, or in short, doubly-positive.

e Let d, be the degree of co and d,, be the degree of v. Denote by h the class
number of K. Then by [NX02, Proposition 1.2.5], the class number of A>
(resp. AY) is hdy (resp. hd,) and the narrow class number is hdy(qé> —

1)/(g—1) (resp. hdu(g™ —1)/(g - 1)).

e Let S be a finite set of places of K such that oo € S. Later we will assume
that v € S. The subgroup of J*° consisting of fractional ideals prime to
all the places in S is denoted by J>°. The subgroup of J°° consisting of
principal fractional ideals is denoted by P>°. For a positive integer d, we
define P>%(? to be the subgroup of P>, consisting of all principal ideals
whose order at oo is a multiple of d. Note that for an ideal (a) in P>*, we
have by definition that the order of o at any place in S is 0.

e The subgroup of P> generated by oo-positively generated principal ideals
is denoted by ?ij . Tts intersection with P>%(? is denoted by f]’io;os’(d).

e We define the group of doubly-positively generated principal ideals, denoted
by U’fj +,» to be the group of principal ideals in J°% which have doubly-
positive generators.
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e We denote by J a subgroup of J°° of finite index. Some possible J’s can be
Ppoo.S CPfO’OS and Tio;j ., defined above.

e Let S’ be a finite set of places of K such that v € S. Then we can define
verbatimly the groups of ideals v, PS5 Pv.S"(d) ﬂ’if , and Tif (),

6.3 Comparison of the Exponentiations

6.3.1 Joint Uniformizer

Recall that as we have seen in Section 2.3.1, the oco-adic (resp. v-adic) exponenti-
ation depends on the choice of the uniformizer 7, (resp. the uniformizers 7, and
7). In order to make the exponentiations ‘comparable’, our first aim should be
to find suitable uniformizers.

Firstly we want to find a divisor of K satisfying the following properties:

(i) it is principal;
(ii) its support contains only v and oo;

(iii) it is the divisor of a doubly-positive element in K*.

The existence of such a divisor satisfying these properties is as follows. Let D be
a divisor defined as:

dos " dy

D=d v—d- ith = g %W
v o0, Wi god(dy, o)’ gcd(dy, doo)

Clearly the divisor D is of degree 0. But it is not necessarily principal. The
following is an example.

Example 6.3.1. We choose the curve € to be y?> = 23 — 2 — 1 over F3, and the

places oo := (z%2+3z+3,y+r—1) and v := (z*+323+32%*+2—1, y+323+2?+2-1).
The degree of the place oo is 2 and the degree of v is 4, but the divisor v — 200 is not
principal. In fact by computation, we know that in this case, the principal divisor
of shape n - v — 2n - co with smallest positive n is 8v — 1600 and 8v — 1600 = (f)
with f given as follows

(zy+2+2)% (x+4)% (2* +323 + 322 + 2 +4)% - (2 + 227 + 32+ 1)y + 2F
+20° + 2t 323 22+ 1) (2P 4+ 2) - (0P + 2+ 3)y + 22t + 42 + 207
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Although D is not necessarily principal, we always have that h-D must be principal,
hence satisfies both (i) and (ii). To satisfy (iii), we need to turn to the narrow class
groups, i.e., we consider instead h%% - D, which has support {v,c0} and

is the divisor of some doubly-positive element in K*. Hence there exists a factor

m of hf’_—‘llqdqoil_l which is minimal such that m - D satisfies the above properties.

Let o be in K* such that div(a) = mD and « is positive at both places. Define
[ :=lem(d,, do). Fix a l-unit Im-th root o, € K8 of o, then we define:

7-[_007* - Oé* ) 7Tv,* - 05*7
_ -d _ . d
Too += 7T-oooiw Ty = ﬂ-v,v*

Observe that by construction 7, (resp. m,) has valuation 1 at co (resp. v) for any
embedding K?& — K¢ (resp. K?& — K?8).
Remark 6.3.2. By definition, oy, 7 . and 7, . are all doubly-positive.

Remark 6.3.3. Note that a, may not lie in K, but only in a finite field extension.
Thus it is possible that 7., and 7, are not in K. However, we always have that
certain powers of 7, and 7, lie in K, namely o /A ¢ K and wf,m/ “ ¢ K. Hence
in this case, we can compare the v-adic zeta functions and oo-adic zeta functions
when restricted to some ¢Z for ¢ being Im/dy or Im/d,. We will see more details

later.

To have a clearer idea of all the elements defined above, we can look at the following
diagram of fields:

Kl (T ) K. (7.0
K'(a.)
Kl = Koo (w2 K/ = K, (ml™)

\ /

K' = K(ai/l”m”)

where [, (resp. m,) is defined to be the p-power part of [ (resp. m). And we
“connect” the fields on the right hand side and those on the left hand side via
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the fields in the middle, where on the top row the correspondence is given by
QU > 71'0_017*, o, — T, .. In this diagram, the lower extensions are purely inseparable,
and the upper layer is separable and tamely ramified.

Recall that S is a finite set of places of K such that v € S and co ¢ S, and we
define S’ to be (S\{v}) U {oo}. Then we have the following isomorphisms:

jvfs’ = @ 7
wgS'U{v}

l:

o8 = @ I
wgSU{oo}

This induces an isomorphism between J°% and 7", denoted by ¢. We will show
that 7, and 7, give a description of this isomorphism.

Before proceeding, we first consider the restriction of ¢ to the following subgroups

of J: ,
Poe,S,(md”) {(a) € 1% |vso(a) € md"Z};

PrSmd) = £(b) € 3% | v, (b) € md'Z}.

Lemma 6.3.4. The subgroups P>>5md") gnd Pv-S"(md) gre isomorphic under the
restriction of ¢ (when by abuse of the notation, this map is also denoted by ¢):

:Poo,S,(md”) - :]:)U,S',(md’)
(a) = (ame )
(b-m®) A (b).

Note that one should keep in mind that by the definition of the 7., and m,, we
have
—md" _

md *
T =m"" =ac K"

Proof. 1t is quite straightforward to show that ¢ is well-defined: firstly, it is clear
that this map is independent of the choice of the generator. For any element in
Poo:S(md") - say (a), define o’ := a - 7= Note that @’ € K* since Uso(@) is by
definition a multiple of md”. Now we show that (a’) lies in P*5("?) by computing
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the valuations of @’ at v and co. Observe that v, (7)) = v,(a; %) = —C%”o. Hence
we have
Uoo(@') = veo(a - ﬂ-;ovoo(a)) = Voo (@) = Voo (@) * Voo (o) = 0;
vo(@) = vy(a- 71 =W) = v,(a) = veo(a) - vy (To0) (6.2)
_ oo Vol®) .;Oo(a) e md'Z,

since vy (a) € md"Z and dn.d” = d,d'. Clearly, this ¢ is a homomorphism.

For any element in P*%(m?) say (b), the order of b at v is divisible by md’. We

define ¥ := b -7, ") Same as above, we can show that (b) lies in P>-5(md") and
that ¢’ is a homomorphism.

The fact that they are inverse to each other follows directly from the fact that

— 1
7Too7* - 7T’U7* *

The claim that the ¢ is the restriction of the isomorphism J°% — 35" is shown
by checking the divisor maps:

div a0 (((@) = div.a(a - 7=
— Z Uw(a . W;Ov"o(a)) Cw

w#v

w¢SU{oo}

= Y vl 0t (@) — (@) () - o0

wgSU{oo}

= Z vp(a) - w = divas(a).

weSU{co}

Lemma 6.3.5. The following holds:

(a) For any a € 1%, we have deg,_(a) = deg,(¢(a)).

(b) When restricted to P>5md") ¢ preserves the signs at both co and v, i.e., for
some a in A® such that (a) € P>5md") there exists some b € A such that

(b) = o((a)), and sgn, (b) = sgn,(a), sgn(b) = sgny(a).

Proof. For (a), it suffices to consider the principal ideals, hence the statement
follows directly from (6.2). For (b), the b in the statement can be chosen to be as
in Lemma 6.3.4. O
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We define the following important subgroups of P> and P~
P, = (@) € PTI | sgu(a) = sgn,(a) = 1);
Pl =) € PR | sen, () = sgu(b) = 1}

By Lemma 6.3.5 (b), they are isomorphic under ¢ and ¢’ . Note that we omit the
degree constraints in the notation since m, d” and d' are uniquely determined by
the places v and co. Both subgroups are of finite index in J* and J* respectively.

Moreover, let J be a subgroup of Tf(f’ +,- We define
Ky :={a € K¥|sgny(a) = 1,(a) € 3},
and for any fractional ideal a of A*, we define

ag == an Kj.

6.3.2 Comparison of Exponentiations

Thanks to the 7o, Too «, ™y and 7, . defined above, we can define the corresponding
oo- and v-adic exponentiations following Section 2.3.1.

For an integer n, we define the oo-adic exponentiation of a nonzero fractional ideal
a as
at = <a>n . andegoo(a).

oo T o] 00, *

1
where ()5 sends any a to (@)oo 1= (b- o) #a®=1 € U with b an co-positive
generator of @™~ guch that it is oo-positive. We define the v-adic exponenti-
ation of a as

0%, = (0(a5)) 5 - w(o(a))",
1
where (-)oo, sends o(al.) to (0(al))acw = (b m )@= —10G@1 € U where
1

b is a generator of o(al )ie"™> D™ ~1) such that it is positive at co and v. We
can give an explicit description of (o(al ))e., as follows: for a in 3% let b be a

doubly positive generator of ah(qu—l)(qdv—U’ then
(0(al,))oow = (b- W;v“(b))m . 7Tlf)ie*goo(a)7

where we take the 1-unit root. By definition, the sign part w is a character of finite
order.

Lemma 6.3.6. We have the following

(@(a))s = (o(a5))oow-
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Proof. Let b be a doubly-positive generator of a™@*>-1D@" =1 Then deg,, (b) =
h(gq% —1)(¢g%™ — 1) deg, (a) for w € {v,00}. We have

(3(a))y = (b mndoEo(t) . rdeBu(60)) T ) (1)

1
doo _ dy _ h(gdoo —1)(q%v —1)
- (b.wgfioo(a)h(q (g 1)) (@%@l 1) | _dego(a)

= <O-(ac1>o)>007’U'

Combining the above lemma with Lemma 6.3.5 (b), we have

Lemma 6.3.7. For any a in 3%, we have

(b(a)n . 7Tndegoo(a) — W(O'(Cll ))fn

v V% 00,V

6.4 Goss Zeta Functions Twisted by a Character

Recall that we have seen Goss zeta functions in Chapter 2, as well as partial Goss
zeta functions in Chapter 4. In this section, we would like to introduce partial
Goss zeta function twisted by characters.

Note that we have defined 7., and 7, in Section 6.3.1 which may not be in K.
Nevertheless we can consider the corresponding co- and v-adic exponentiations. To
be more precise, the so-called co- or v-adic integral exponentiations of a fractional
ideal may not lie in K but in a finite field extension of K. Hence the following
definitions may not agree with the original definitions by Goss, but there is a close
relation between them.

Definition 6.4.1. Let J be a subgroup of 7> of finite index, x be a character
which factors through J°%/9. Let a be a representative of any equivalent class
of 3%/ such that a is an ideal of A>°. We can define the partial oo-adic zeta
function twisted by y resp. the partial v-adic zeta function twisted by x as:

S d
(3 (—n, T a (mod ), x) = x(a)"a% > T ) b |
d>0 bednla]—1,bcA>®
degoo (b)=d—degog (a)

3 (=n, T, a (mod ), v) = x(a)"aZ,, Y T oo,

d>0 bednla]—1,bc A>®
degoo (b)=d—degq (a)
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Remark 6.4.2. Here are some remarks on the indices of the zeta functions.

(1) The index S in (5 (—n, T, a (mod J), x) or C*j;(o”)(—n,T, a (mod J), x) means
that we consider the ideals which are prime to all the places contained in S.
Note that in the definition of co-adic zeta functions the set S can be empty
but in the definition of v-adic zeta functions the place v must lie in S}

(2) the index (v) in (S;(f)(—n,T, a (mod J),x) means that we apply the v-adic
exponentiation to the ideals;

(3) the index A% in (5. (—n,T,a (mod J), x) or j;(f)(—n, T,a (mod J), x) refers
to the open curve we work with in Definition 6.4.1;

(4) the index oo of a? is to remind us that we define the exponentiation of ideal
a with respect to the particularly chosen 7., and 7 . in Section 6.3.1;

(5) the index oo, v of af_, is to remind us that we define the exponentiation of ideal
a by first defining the oo-adic exponentiation -’ as above and then refining it
with respect to the place v and 7, , as in Section 6.3.1.

Remark 6.4.3. The definition of the partial zeta functions are independent of the
choice of the representative a. Given two different representatives of the same
equivalent class, say a and a’, then there exists some a € J such that a = a’-a. Then
deg. (a) = deg (a') + deg. (a). Now let us compare each term in the definition.
Since y factors through J, we have x(a) = x(a'). By the multiplicativity of co-adic
exponentiations, a” = a’” - d. And the two sets {b € JN[a]™! | deg. (b) =d —
deg..(a)} and {6’ € N [a’]7! | deg, (b') = d — deg.,(a')} coincide by sending each
b in the first set to b’ := b-a~! in the latter one. Thus (3 (—n,T,a (mod J), x) =
(5 (—n, T, a' (mod J), x). The same applies to partial v-adic zeta functions.

We introduce some variations of the co-adic and v-adic Goss zeta functions.

Definition 6.4.4. Use the notation as above, we can define the following Goss
zeta functions.

(1) If the character y is trivial, we call for abbreviation the partial co-adic and
v-adic zeta function, i.e.,

Cio (=, T a (mod J)) := (e (—n, T, a (mod J), 1),
8 (=n, T, a (mod g)) = ¢ (=n, T, a (mod J),1).
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(2) We define the global co-adic and v-adic zeta functions twisted by a character

as:
Ge(en T = 3, CGe(=nT,a (mod ), ).
[a]€To=-5 /3
0T = > GV (n, T (mod 9), ).
[a]€ge5 /g

(3) The oo-adic and v-adic global Goss zeta functions are defined as follows:

(oo (=1, T) i= (oo (=1, T, 1);
j;(ov)(—n,T) = flo(o (—n, T, 1).

Remark 6.4.5. Since y is chosen such that it factors through J°% /9, we have the
following

gjm(_n’Tv X) = Z X(a)”(ioo(—n, T’ a (HlOd 3))’

[a]€9°0:5 /3
<j70(0 ( n, T X Z X CAOO n7T7a (HlOd 3))

[a]€J>=:S /g

Remark 6.4.6. Equivalently, we can define the global Goss zeta functions as the
sum of the partial ones:

Ci"o(_an) = Z gjm(_anv a (mOd 8))7

[a]€T>=S /g

CAoo —n, T Z CAOO —n,T,a (mod J)).

[a]€Te=:5 /g

The following diagram describes the relations between the above variations of oo-
adic zeta functions:

(Aoo —n,T,a (mod J),

G
ulejoo S/g /

G (=

(i (—n, T, a (mod 7)) o (=1, T, X)

and we have a similar diagram for the v-adic zeta functions.
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For interpolating purpose, we introduce also the z functions as follows.

Zjoo(_n7 T: a (mod 3)7 X) = Cioo(_n7 T- Trgo,*a a (mod 8)a X)a
zil.(ov)(—n, T,a (mod J), x) := i;(ov)(—n, T,a (mod J), x).

And we can also define the global co-adic and wv-adic z functions in a similar
manner. [t is easy to see that the z functions interpolate by Lemma 2.3.2 and
Lemma 2.3.9.

Lemma 6.4.7. Given m and n in Z, such that m =n (mod p*), we have

250 (=n, T, a (mod J), x) = 25<(—m, T,a (mod J), x) (mod Wf)’:j).

Given m and n in Z, such that m = n (mod p*(¢®™/ — 1)), for any ideal a we have

zifov)(—n,T, a (mod J),x) = zj’g)(—m,T, a (mod J),x) (mod ng).

6.5 The Main Result

We hope to establish the comparison between v-adic Goss zeta functions and oco-
adic Goss zeta functions. Recall that we assume S to be a finite set of places of

C' such that v € S and co € S, and define S” to be (S\{v}) U {oc}. Throughout
this section, we will assume that

S s
=P 4 J = Pl
Recall that we have an isomorphism ¢ from J°°° to 35" and ¢(d) = J’. In Section

6.3.1 we had a detailed description of this map.

At the end of last section, we defined the z functions. Besides the interpolating
property, the introduction of the z functions is also motivated by the following
example.

Example 6.5.1. Let us look at the zeta functions with respect to the triv-
ial class and twisted by the trivial character, i.e., Ci;(f)(—n,T, 1 (mod g)) and
3.(=n, T, 1 (mod J")). Recall that we define Kj = {a € K* | sgn, (o) =1, (a) €
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J} and Ky = {a € K* | sgn,(a) =1, (a) € J'}. Then by definition we have:
Cho(=n, T, 1 (mod §)) = T Y~ b")

d>0 beK 4/
degy(b) d
T Y la)sen, (6(a)) )
d>0 acKy
degoo (a)=d
=T Y a s (o))
>0 a€Ky
degoo (a)=d
=TS s, () )
>0 acKy
voo (@)=—dmd!
= (T2 )™ > a"sen,(a)™);
d>0 aEKH
Voo (a)=—dmd!
G (-n, 71 (mod ) = D T Y )
d>0 acKy
degoo (a)=d
B ST SR
d>0 a€Ky,vo0 (a)=—dmd"

From the above computations it is evident that the ¢ functions only differ by a

‘twist” of roots of uniformizers. Note that by our choice of uniformizers, 7!, =

v« Hence if we turn to the z functions then we have:

zi;(—n,T, 1 (mod 7)) = zil.(ov)(—n,T, 1 (mod J),sgn, ).

the relation between the partial twisted z functions can be stated as follows:

Theorem 6.5.2. Let (x,x') be any pair of characters such that the diagram

00,8 X , K28 (6.3)

|7

jv,S’

commutes. Let & : 3% — Fglg be the character of finite order sending any a to
w(o(al)) with w as in the definition of v-adic exponentiation of an ideal. Then
we have:

25 (=, T, ¢(a) (mod &), x) = 252 (—n, T, a (mod J), x&™")

for any a € 3.
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Proof. We have the following

Go(=n,T,a’ (mod §'),x') = > T ()7 - X' (b))
d>0 b’ ela’],b/ CAY
deg, (b)=d
=T Y ()n@)('a))
d>0 b/ed’n(a’)— 10/ CcAv

degy (b/)=d—degy (a’)

- Z 7)™ (a)™( Z (65X (b))

d>0 b'ed’n(a’)— 16/ Cc AV
degv(b/):d—degv (‘1/)

=" T(é(a)ix (6(a)")( > (¢(6))sx'(0(b))")

d>0 begna—1l,bcA%®
degy (¢(b))=d—degy (¢(a))

= S () O S b0 O (b))
d>0 begna—1l,bc A
degog (b)=d—degqg (a)

=D (-7l )%l o) "x(@)" (Y bZ @ (B)"x(b)");

d>0 begna—1lpcAac®
degqo (b)=d—degg (a)

and on the other hand, we also have

AV (=0, Ta (mod 8), x@™) =Y T > b, - w(b)"x(b)")
d>0 belal,bC A
degoo (b)=d
=T > bl w000, - w(b)"w(a) " x(ba)")
d>0 begna—1l,bCcA®

deg oo (b)=d—degoo (a)

= Z Tz, w(a) " x(a)™( Z b, w(6) "X (6)").
d>0 begna—lbcAace
degog (b)=d—degg (a)

Thus by the definition of the z functions, we have:
230 (—n, T,a’ (mod §'),X) =5 (—n, T -7}, o’ (mod 3) X)
=7 (=n, T, a (mod J), x& )
:zj’o(o (—n,T,a (mod J), x&™ ).

6.6 Examples

In this section, we present several examples of zeta functions and explicit compu-
tations of them.
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Example 6.6.1. Take C to be the projective line over I, for any ¢ a prime power,
the places oo and v to be (1/t) and (t) respectively, and let S be {v}, then S’ =
{oo}. Then both places are [ -rational, and the rings A~ and A" are:

A% = Fq[t]v A" = Fq[l/t]’
both of which have strict class number 1. We choose the sign functions as:
sgn, : A\{0} — F/
f(t) — the leading coefficient of f;
sgn, : A\{0} — Fy
g(1/t) — the leading coefficient of g.
Note that in this case, the value field V is the same as K, thus the embedding o
is trivial and @ sends any (f) to sgn,(f) with f an co-positive generator. Then «
can be chosen as 1/t, with divg(a) =1-v —1- 00, and the uniformizers are then
Too = 1/t, m, = t. Note that in this case, the uniformizers 7., and , lie indeed in
K, hence we have the right definitions of oo— and v-adic Goss zeta functions. The

isomorphism from P = PooS to Pv.S (1 = PvS’ gends ( f ( ) to (f/tdeet ) Hence

the doubly positively-generated principal ideal groups P + =Jor Pu° =47
have index (¢ — 1) in the corresponding fractional ideal groups. Thus the partial
Goss zeta functions are:

(=0, T,1 (mod 3),671) = YT > f"-sgny ()™

d>0 fE€F[t], fmonic, deg(f)=d
=T > )
d=0 fER[t], £(0)=1, deg(f)=d

Civ( n, T, 1 mod 3 ZTd Z fnt—dn)

d=0 fEFq[t], f(0)=1, deg(f)=d

=D (T-m™) > I

d>0 fEFq [t]v f(o)zlvdeg(f):d

Thus we have
zflcfov)( n,T,1 (mod J),&™') = z5.(—n, T, 1 (mod J)).
And the relation of the global co-adic zeta function and v-adic zeta function is
S (—n, T, 07" = 25, (=n, T).

If the zeta function 23, is twisted by a character y’ which factors through J’, then
let ¥ be product of @~! and the composition of

00,8 ¢ v,S’ X' al
9 ] Kole,
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then
S, (v 4
ZAO(O ) (—TL, T7 X) - Ziv (_n7 T7 X,)

Example 6.6.2. Take C to be the projective line over Iy, the places oo and v to
be (1/t) and (t*+t+1), respectively, and S := {v}. Then we have d, = 1, d, = 2.
The rings of functions A*° and A" are:

AOO = FQ[t];

AV = Fpf — t

2+t+182+t+1

| = Fola,y]/(y* + 2y + 2> +1).

We choose sign functions as:

sgiy, : AT\{0} — Fy = {1}
f — the leading coefficient of f;
sgn,, : AU\{O} — IFZ = {1,t, 1+ t}

flE+t+1)" — f (mod t* +t + 1),

for some integer n such that f is not divisible by ¢ +¢ + 1. Same as the above
example, the value field V in this case is the same as K, thus the embedding o is
trivial and © sends any (f) to sgn,(f) with f an oo-positive generator. Then we
can choose a to be t? +t + 1, thus div(a) = v — 2 - 0o, where ' =1 and d" = 2.
Then the uniformizer 7, is a square root of @ and 7o, = 7, 1. Let S be {v},
then S’ = {o0}.

Therefore we can write down the groups of ideals explicitly:

PS5 = {(f)If € Faft], 2+t + 11 f} = P25,
P=SC) = {(f)|f €F[t), £ +t+ 11 1,2 | deg f} = P,

P = {(mﬂf € Folt], #* +t + 11 f,deg f < 2n} = P»50);
P = (i)l € Falfl. = 1 (mod £ £ 1).dog / = 2n)
)

And the isomorphism between P> and P51 is given by:

:Poo,S,(Z) :Pv,S’,(l)

¢
(f) ((t2+t+{)degf/2>
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Hence the doubly positively-generated principal ideal groups are:
PE =) | £ €Foft], f =1 (mod £+t + 1),2| deg f};

v,S’ f
fP+’f,+oo = {((t2—|—t+1)degf/2 | f €Fsft], f =1 (mod t* +t +1),2|deg f},

both of which are of index 6 in 9% and J*%", respectively. Let J be P

The partial Goss zeta functions are computed as below:

S, ~_
CAO(;))(—n,T,l (mod J), & ') = E T3¢ E 1
d>0 fEFy[t],deg f=2d
f=1 (mod t2+4t41)

Ci:,(—n,T, 1 (mod 3)) = ZT2d Z f” . (t2 4 1)—nd

d>0 fEF3[t],deg f=2d
f=1 (mod t2+4t+1)

Plug in the uniformizer m, ., then we get that

zf"cfov)(—n, T,1 (mod J),&™") = 25.(—n, T, 1 (mod J)).

Example 6.6.3. Take C to be the projective line over F,, the places oo and v
to be (1/t) and (g) with g in F[t], irreducible and of degree a, respectively, and
S :={v}. Then we have d, = 1, d, = a. The rings of functions A* and A" are:

A% = F,[1]

)
ta—l

q
1 ¢

R :IF(T,"',{EUL, [7
Tt g} a[To 1]/

A =T,

for some I an ideal in Fy[zg, - -, 2,-1]. Note that this I defines the relation of the
x;’s, refer to the remark below.

Remark 6.6.4. For instance if we take € to be the projective line over Fy, and the
place v to be (t*4+t+1). Then to write AV in the form of Fy[zg, z1, 22]/I, we have
that zo = 1/g, 1 = t/g, and x9 = t?/g, and the relations which generate I are

2
Ty + x0T + 2122 =0

ToTy + 27 = 0.

The sign function sgn_, is chosen as above, and sgn, sends f/g¢" to the residue
of f modulo g, where the integer n is uniquely chosen such that g { f. Similarly
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the embedding o is trivial and @ sends any (f) to sgn,(f) with f an oco-positive
generator. Choose « to be g, thus div(a) = v —a- 00, and d = 1 and d"’ = a.
Then we have that 7, , is a primitive a-th root of a and 7, = W;i Let S be

{v}, then " = {oo}. Therefore we have the following groups of ideals:

PoS = [(f)| f € F lt], gt f;

P ={(f)| f €F [t gt f}=P5

P = {(f)| f €F,lt]. gt foa|deg f};

PS5 = {(f) | f €F,[t], g1 foa|deg f} = P

P = {(gin) | f €F,[t], g1 f.deg f < an} =P

P = (L)1 5 € B, 11,7 =1 (mod ) deg f = an} = 9%

Q

And the isomorphism between P> and P*%" is given by:

¢ . :Poo,S' :Pv,S’

(f) — <gdg4f/a>
Hence the doubly positively-generated principal ideal groups are:

?iocf,ﬂ ={(f)| feF,t],f=1 (mod g),a|deg f, f is monic};

v,S’ f . .
P = {(W) | f € Fqlt], f =1 (mod g),aldeg f, f is monic},

both of which are of order a(q®—1) in 7> and J*%", respectively. Let J be ﬂ’ﬂ’r’f’;w.

The partial Goss zeta functions are computed as below:

GO(=n, T, 1 (mod 9)) = Y"1 > fm);

d>0 FEFq[tl4 s deg f=ad
f monic
’ —
Cr(=n,T,1 (mod g)) =Y 17 > fr.g).
dZO f€Fq[t]+v,dcg f=ad

f=1 (mod g)

By easy computation, we can see that

zj’g)(—n, T,1 (mod J), &%) = 25.(—n, T, 1 (mod g))
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Example 6.6.5. Take C to be the projective line over F,, the places oo and v
to be vy := (go) and vy := (g1) with g; irreducible and of degree a;, for i = 0,1,
respectively. Let S be {v;}, then S" = {vo}. Then we have d,, = ag, d,, = a;. For
i € {0, 1, }, the corresponding ring of functions A% is:

1t o=t
Avi :Fq[—,—,"' ,
gi Gi 9i

= Fq[ﬁo,iﬁ, T 7xai_1]/]i’

with sign function sgn,(f/g") = f modg; where n is an integer such that f € [F,[t]
hence f is not divisible by g;. In this case, © sends any (f/g%) to sgn,(f/gy)!
with f/g{ the oco-positive generator.

Then h can be chosen as ¢& g5, with d' := ag/ ged(ag, a1) and d” := a1/ ged(ag, ay),
thus div(h) = d' - vy — d"” - vy. Therefore we can write down the groups of ideals
explicitly:

P {(52)\fewq[ﬂ,gm,gmdegfSnao};

0

P {5 | £ € Fyl £ =1 (mod go). tf.deg [ = nao):

7S (L) | f € Rftlaot 1 .o < nap,d” | dex T

P = ()| £ €] =1 (mod gn). g1 1 . deg = o, "] des F);
7 ()| £ Rt t font fdex ] < na

P = {(5) 11 €F 1.1 =1 (mod 1).g0 t frdes f = nan

P8 (L) | F e Rylt)oit fg01 f.deg f < nay,d | deg f};

1

in) | feF[t], f =1 (mod g1), 90t f,deg f =nay,d' | deg f}.

1

v1,S"
Pl =
And the isomorphism between P05 and P*%" is given by:

¢ : Prod — Pos’
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Hence the doubly-positivelygenerated principal ideal groups are:

1—;—0@:‘—}—”1 _{( )’fEF [] fEl (mOdQO)ale (HlOdg,L> forz':O,l,degf:nao,

d’ ! degf},
q_fvfﬂo —{( )|f€IF [t], f =1 (mod ¢1), f =1 (mod g;) for i =0,1,deg f = nay,
d | degf}.

The partial Goss zeta functions are computed as below:

S’ 1 d _
(=0, T (mod 9)) = DT DT g™
d>0 fEFG[t], deg f=d''d
f=1 (mod gg)

(5o (=0, T, 1 (mod §)) ZTd/ Z fmegrm™.
>0 FEFq[t], deg f=d'd
f=1 (mod gq)

Thus if we consider the z functions, we have then

zjv(gjl)(—n, T,1 (mod J),& 1) = 23, (—n, T, 1 (mod J)).
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