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Abstract

In this paper we investigate the merits of using a data taper in non-inear functionals of
the periodogram of a stationary time series. To this end, we show consistency for a general
class of statistics of the form jnn A(®) {(IT(®)) do, where A(w) is afunction of bounded
variation and where { is allowed to be a non-inear function of the periodogram I+(w) of
the tapered data. The key step in deriving our asymptotic results is an Edgeworth
expansion for the finite Fourier transform of the tapered data, which do not have to follow
a particular distribution (i.e., we allow for non—Gaussianity). Important applications are
estimation of jnn A(o) g(f(w)) dw, choosing ¢ to be a suitable transform of a given
function g (see Taniguchi, 1980), the peak—insensitive spectrum estimator of von Sachs
(1992), where C is chosen to be a bounded (robustifying) W-function, and the parametric

approach of Chiu (1990) on robust estimation of the parameters of the continuous spectrum

of the time series.
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1. Introduction

Thereis quite anumber of important problems which demand for replacing alinear
functional of the periodogram of a stationary time series by a non—linear one (in
estimating the spectrum, autocovariance or related functionals): Either thisis motivated by
the goal of estimating itself a non-inear function of the spectral density (cf. Taniguchi,
1980). Or it is rather the situation of the data sampled from an underlying model which
demands for some modification of the pure periodogram (as in the peak—insensitive
approaches of Chiu, 1990, and von Sachs, 1992, i.e. in the situation of outliersin the
frequency domain).

However, one will hardly find the introduction of the use of data tapers into the
mentioned problems, though using ataper in periodogram—based estimation problemsisa
well-known remedy to reduce leakage effects (see, e.g., Tukey, 1967, Bloomfield,
1976, Dahlhaus, 1983). The difficulty in deriving both asymptotic and finite~sample
properties of these non-inear functionals with the use of data tapersliesin the changing
correlation structure of the tapered periodogram, which, up to now, was successfully
solved only for linear functionals (see Brillinger, 1981; Dahlhaus, 1985, 1990; Janas,
1993).

In this paper, we provide both the theoretical and practical background for using data
tapers. To this end, we show consistency of a genera class of these taper—modified non-
linear functionals, without assuming a particular underlying distribution of the considered
time series (as, e.g., the Gaussian, which facilitates proofs immediately; see the remark to
Theorem 3.1). This asymptotic result enables us to investigate how using a taper
considerably improves the performance of the mentioned estimating procedures. In
particular, this has an important application in the context of detecting periodic

components in a stationary time series (see Chen, 1988, and von Sachs, 1993): We show



how replacing classical (non—consistent and biased) linear spectrum estimators by
(consistent and asymptotically unbiased) peak—insensitive (i.e. non-linear) estimates
gains testing power, especially in situations where the detecting procedure would fail
without use of adata taper.

In the following preliminaries we give the global assumptions needed throughout the
whole work. The main results are collected in section 3, i.e. we give our main theorem on
consistency and all of the applications yielded. Section 4 deals with the key step in
deriving this theorem, i.e. Edgeworth expansion of finite Fourier transforms of tapered
data. In Section 5 we present some simulations, and, as a particular striking example, we
demonstrate the improvements of the taper—modified peak—insensitive estimator of von
Sachs (1992) in the problem of detecting periodic components. The last section, finally,

gives the proofs.

2. Preliminaries

We gather the assumptions needed in this paper:

(Al)  {X}, isared-valued linear process such that X,= Y7 &, ¢,  Where
e, are i.i.d. random variables satisfying Ee, =0,E €3 = 1, E €' < oo

for somefixed s> 3.

(A2) ¢, fulfills Cramer's condition, i.e.

36>0,d>0 V[t>d | E exp(ite,) [<1-8.

(A3)  Thefilter coefficients a, decrease exponentialy, i.e.

d0<p<1l Vlageu |au|<p|u|.



(A4)  h:R —[0,1] denotes adata taper with bounded variation,

1
h(x)=0 forx ¢ (0,1) and H, ::J h%(x) dx >0 .
0

Given asample X4,..., Xy of size T, let (hX;)t=1 .. 1 denote the sample based

on the tapered datawhere hy = h(t/T), t=1,..., T.

We consider the periodogram of (hy-X;)¢=1

(@) = (Hyp)™ dp(@) di(-w), oeIl:=(mnmn) , 2.1)
T :
where dy(w) = Z he Xt e10t jsthe finite Fourier transform of the tapered data and
t=1

.

where H, 1= Z htz denotes the appropriate norming factor (with H, + ~T H, ).
t=1

Let f(w), o € 1, denote the spectral density of X.

Finally, we assume

(A5) > =lim D((HZT)‘ﬂz(dT(ml), ,dT((od))') is positive definite for fixedd e N,
T—00 '

where D denotes the dispersion matrix.

3. Main Results
3.1 The main theorem

Given asample X,..., X1 of size T, consider the following kind of statistics

Hy = j_"n A) {(I7(0)) do . (3.1)

In (3.1) assume that
(Bl) A(w), e II, isarea-vaued function of bounded variation.
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Let M (m):=sup (1+ ||x||)_r [m(x)| (r e N) for any measurable functionm: R - R . (3.2)
X

Assume further that
(B2) € isameasurable function with M SO(CZ) <, wheres,issor (s—1) according

to siseven or odd.
Note that unlike in most of the classical problems { may be a non-inear function!

Of course, the choice of { depends on the kind of problem considered (cf. Introduction):
If one wants to estimate the theoretical counterpart H of the quantity Hy, e.g., acertain
(smooth) function g of the spectral density f(w), then { has to be chosen dependent on g
(asitisthe casein our first application below, in Theorem 3.2).

If, however, the choice of { is motivated by the sampling situation, i.e. the underlying
model (an outlier model, e.g.), then the form of H as asymptotic limit (in the mean) of
Ht,T — oo, determines the form of { (asit isin Theorem 3.6 below). Hence, we merely

define H to be the limit in the mean of Hr, i.e.
H = lim EHy, (3.3

T

and do not specify it further, at this place.

With this definition (3.3) the main theorem of thiswork states as follows:

Theorem 3.1: Assume (Al) — (A5) , (B1) and (B2). Then, for all £> 0,
P{|H—H|>¢e} >0 as T o,

I.e. Hy convergesweakly toH, as T — o

The proof is mainly a consequence of an Edgeworth expansion of the finite Fourier
transform of the tapered data X;. Asthisis aresult of its own interest, it is derived in

section 4. How thisis used to show Theorem 3.1 can be found in the appendix.



Remark: Assuming Gaussianity of the time series X facilitates proofs considerably,
because, in this case, the p.d.f of (HZ,T)‘M- dr(w) isthe same as its asymptotic limit,
i.e. Gaussian (all of the asymptotics is in the elements of the covariance matrix of
(H2’T)‘1/2- dr(w) , which still is not straightforward to handle, cf. the comments
introducing Theorem 4.3). In this case, under slightly more stringent moment conditions,
it is possible to derive asymptotic normality of the statistic Hy (see von Sachs, 1992,
Theorem 3.2).

Let us replace the integral Ht by the respective sum over the appropriate grid
frequencies of the interval 1, the so—called Fourier frequencies o, = 2_7|E—k , K==N,...,
N, N = [T/2]. This makes no difference for our result as the error of approximation is

always of smaller order than the convergence considered in Theorem 3.1.

We now give a list of important consequences of this main result, where the

following two theorems and their corollaries deal with a nonparametric set up:

3.2. Application: Estimating a function of the spectral density

First we consider the following situation: Let {(X) = L_l{ g(1/t) 1/t}{x} for an
arbitrary function g, such that {(x) fulfills Assumption (B2), where L_l{ G(u)}{x}
denotes the Laplace inverse transform of G(u) at argument x (see Taniguchi, 1980). Note

that
{00}y = r F(x) exp {—ux} dx

denotes the Laplace transform of F(x) at argument u, whereas the inverse writes as

(O+ioo

L= G(u)} {x} = (@ri)72 G(u) exp {ux} du ,

Jo—ieo

where ¢ is greater than the abscissa of absolute convergence.



With this, H = | A(w) g(f(m)) dw, and we have the following

Theorem 3.2: Under the assumptions of Theorem 3.1

(T

Hr = | A(w) LY{g(rt) Uthl (@)} do converges weakly to

=T

H = j_"n A(w) 9(f(w)) do , asT — co.

Note that (A1) and (A3) imply that the spectral density f(w) is bounded away from above
and below. Furthermore, we observe, for comparison only, that with (A1), (A3) and
(B2) the assumptions (1 — 3) of Taniguchi (1980) are either fulfilled or weakened asfar as
we are concerned with proving consistency results (by a completely different technique,
not restricted to the case of a Gaussian time series)! Note also that unlike Taniguchi we do
not restrict to A(w) being continuous; in particular we consider A(w) = x0,A)(®), for

fixed 0 <A <m, asachoice of interest.
Theorem 3.2 has a couple of corollaries for particular choices of g:

Corollary 3.3: Let g(x) = X' ,0< r < oo, If the number sy in (B2) obeys s5>4r,
then Theorem 3.2 provides a consistent estimate of a functional of the r—th power of the

spectral density with L_l{g(llt) 1/t}{u} =ul/IMr+1).

The next corollary provides an estimate of the prediction error variance. The following

additional assumption on the characteristic function of €, is needed:

(B3) For someinteger p>0, | | E exp(ite,) | Pt < c.

Corollary 3.4: Let g(x) = log x. Then, under the additional assumption (B3),
| A(w) log{ e I1(w)} do isa consistent estimate of | A(w) log{f(w)} dw , where o :=

exp y (with Euler's constant y= 0.57721...).
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This has important consequences. In situations which are governed by strong
leakage, the estimation of the prediction error variance, which is proportional to

j log{f(w)} dw, isheavily biased, if one does without using a data taper.

Corollary 3.5: Let g(x) = 1/ (x+¢), for some € > 0. Then, with L_l{ g(1/t) 1/t}{u} =
el exp (-u/e) a consistent estimate of the "almost—inverse" of the spectral density is

provided (which might be useful for deriving MA-type spectral estimates).

3.3. Application: Nonparametric peak—insensitive spectrum estimation

Secondly, we turn to the situation of peak—insensitive kernel spectral estimation, as
introduced in von Sachs (1992):
There we are dealing with a nonparametric spectral estimator f+(o:), which is defined as

theroot, pointwisein o € 1, of the following equationins>0

Hr(o9) = T Y, Kp(o—oy) ¥ ('T(g’k) -1 =0, (3.4)

where Kp(9) := bt K (9/b) with a smooth kernel function K with compact support, with

smoothing parameter (bandwidth) b=by -0 and Tb — «,asT — «, and where ¥

is some smooth bounded function (motivated by robust M—estimation in the frequency

domain), with | Y(x —1) eX dx =0 to ensure asymptotic unbiasedness of the resulting
J0

estimator (o). Note that (3.4) derives as a modification of the classical kernel spectral

estimator (smoothed periodogram) of the form,

fr(o) = T¢ k_z_) Kp(o—oy) I1(y) (3.5)

(choose W(x) = x to end up with an estimator being asymptotically equivalent to (3.5)).
For the following we need an additional set of assumptions (which correspond to the
respective onesin Theorem 3.1 of von Sachs, 1992, i.e., (A1) and (A5). — Note that (A4)

of that theorem implies our Assumption (A5)):



(B4) VY isabounded and Lipschitz—continuous real function with ¥(0) = 0, having
bounded derivative V' (except at a finite number of points) with W'(0) > 0. (If ¥ is not

differentiable at 0, we assume continuity of W' from the right and from the left with

¥'(0*) > 0 and ¥'(0-) > 0.). Further let [:‘P(x—l) eXdx =0.

(B5) For the bandwidth by in (3.4) assume that

Tbi2*€ 500 as T — oo, for somee > 0.

The convergence of f(a) to f(a), for afixed oo e I1, is studied by the convergence of
Hy(o,s) for s = f(a):

To match with our notation, A(w) = (2r)~1 K((o—m) / by) /by and {(x) = ¥(x/f(c) — 1)
such that, by the above assumption on P, Tllnw E {(I7(a)) = 0. Then, consider the

respective integral version of (3.4) withs=1f(a), i.e.

‘T

Hr = He() = ()L ’ br L K((a—w) / br) ¥(IT()/f(e) - 1) do

J=T

with  H = lim EHp = (2L K(B) dB - [ W(x—1) e*dx = 0

(note that Kp(®) is an approximate convolution identity). For details, see von Sachs
(1992), Theorem 3.3 for the convergence of Hy(a,f(c)) and Theorem 3.1 on the
consistency of f+(ct), where, in the proofs, the tapered situation for non-Gaussian data

was not covered. Thisgap is now closed by the following

Theorem 3.6: Under the assumptions of Theorem 3.1 and (B4) and (B5) the peak-
insensitive estimator f(o), implicitly defined by (3.4), is a consistent estimator of the

spectral density f(¢), for all o € [1.

Note that the consistency of f+(c) isyielded by the weak convergence of Hy to H (see the

proof in the Appendix), where again the error between sums and integralsis negligible.
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Moreover, as important application, Theorem 3.6 holds true for time series data Y which
are modelled as superposition of Xt with some periodic components S;, consisting of P
periodic components (P > 0 unknown) with unknown constantsAIO and Ap # 0, and with

phasasd)p uniformly distributed in (—m,m), i.e, Yy = § + X;, where
P
S = Apcosiipt+ @p} . (3.6)
p=1

|.e., the spectral density f of X can be estimated correctly even at the location of the deter-
ministic frequencies Ap, i.e. without an asymptotic bias due to the peaks caused by ;.
Note that Assumption (B5) implies the assumption (A5) of Theorem 3.1 of von Sachs
(1992) for amodel of the form (3.6).

While it is well-known how, for S = 0, the performance of classical nonparametric
spectral estimators are improved by the use of ataper (see, e.g., Dahlhaus, 1990, Fig. 1),
we now want to give an example which is typical for the situation in the presence of
periodic components:

Let X; be an AR[2] — process with a root of radius 0.88 at frequency 0.864r. In the
following figures the spectral density f(o) of X; isshown as 'true spectrum’. As periodic
signal we add S; = A-cos (0.487-t) with A = 4.0 and compare the performance of the
classical kernel estimator fT(oc) defined by (3.5) with the peak—insensitive f+(a), where
we use a monotone W—function with cut—off point ¢ = 1.0 (see (5.1)). Both estimators are
with and without tapered data (using a cosine taper, see (5.2)). While a detailed
simulation study is postponed to section 5, we want to present two realizations of the
simulation runs, where the sample size is chosen to be T = 512 and the bandwidth b =

0.08 for all estimators;



10

Figure 3.1: AR[2] — process with one periodic component at 0.48 1 (A = 4; T = 512):

I 1 I 1 T
0.00 0207 0.40m 0.60 7 0807 1.00 &
y —axis scaled logarithmically
—s—  true spectrum

——  non—robust kernel estimator, non — tapered, b = 0.08
_s— hon-—robust kernel estimator, 100% — tapered, b = 0.08

——  robust kernel estimator, non — tapered, monotone ¥,,,, ¢ = 1.0, b = 0.08
——  robust kernel estimator, 100% — tapered, monotone ¥'\,,, ¢ = 1.0, b = 0.08

In the next figure we present an even better performance in a different sample of the same

simulation run:
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Figure 3.2: same situation as in Figure 3.1, but a different sample of the same
simulation run:

0.00 020m 040 m 0.60 080T 1.00 &
y —axis scaled logarithmically

—s—  true spectrum

——  non—robust kernel estimator, non —tapered, b = 0.08
—a— hon-—robust kernel estimator, 100% — tapered, b = 0.08

—— robust kernel estimator, non — tapered, monotone ¥,,,, ¢ = 1.0, b = 0.08
——  robust kernel estimator, 100% — tapered, monotone ‘¥'\,,, ¢ = 1.0, b = 0.08

In this second sample of the same simulation run as in Figure 3.1 the 100% —tapered
robust estimator nearly performs perfectly: it is completely insensitive to the
comparatively strong contamination at frequency 0.48 t, whereas in the true spectral

autoregressive mode at frequency 0.864r it estimates close to the true spectrum!
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It might be interesting also to ask whether using a taper has some influence on the
choice of the smoothing parameter by: From this example one immediately observesthat it
can be crucial to be able to choose by smaller (without losing robustness!) in order not to
underestimate spectral modes of the noise Xt (i.e. not to treat them as outliers in the
spectral domain). Heuristically, the leakage of the peaksis reduced by using a data—taper.
Indeed, it can be shown theoretically, by some algebra, that, with ataper of degreek > 0
(see Dahlhaus, 1988, Def. 5.1, where k = 0 denotes the nontapered case), we end up
with a consistent estimator f-+(cr) in the presence of periodic components of type (3.6) if

the bandwidth by fulfills the following condition :
To1H(1+e)/(Zk+1)] -5 o as T — o, for somee > 0. (3.7)

A proof of (3.7) isdelivered by Lemma 3.11 of von Sachs, 1992.

With (3.7) we have the justification for imposing Assumption (B5) in Theorem 3.6.

For non—tapered data by should be at least of order T~Y2*¢, where (3.7) alows for a
smaller bandwidth if using ataper (i.e., k > 1), and, in principle, for a smaller bandwidth
the higher k is.

So this is another important aspect why one should use data tapers, in particular in the

context of peak—insensitive, i.e. non-inear, spectral estimators.

The considerations for the peak—insensitive estimator f+(o) have an important impact
on the use of nonparametric spectral estimators in combination with a detecting procedure
for hidden frequencies (like that of Chen, 1988). Due to the danger of overestimating the
spectrum of X at the location Ap of the peaks, there might be a substantial loss of power
of the resulting test procedure which can be overcome by using a peak—insensitive
estimator (for details, see von Sachs, 1993). However, in the situation of spectral leakage
(e.g., if one spectral line is masked by a nearby second one of stronger signal—-to—noise
ratio), it is often necessary to use ataper to detect all periodicities! We will examine this

very situation in the section 5 on ssimulations.
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3.4. Application: Parametric peak—insensitive spectral estimation

A third field of applications, which we only want to mention rather than study in
detail is a parametric one, namely peak-insensitively estimating a parametric spectral
density f(c,0¢), 6 € © (or itsrelated functionals) as considered in Chiu (1990): In a set
up somewhat similar to the one of von Sachs (1992), i.e. with model (3.6), Chiu studies
three robustified modifications of traditional estimators. All of them are based on

replacing the pure periodogram by a modified one of the form TT(oc) =p oflt(a) /

f(oc,g)} f(oc,g) , Whereg is an estimate for 6y, and where p isan unbiased factor to make
the means of the modified periodograms approximately equal to f(o). First, Chiu (in his
Theorem 2) considers a modified sample autocovariance function from which one can
obtain an estimate of 8, by the method of moments (such as Y ule-Walker equations).
Another modification (Theorem 3) is the one for the "approximate’ maximum-ikelihood
estimate (also known as Whittle estimate), which, in its tapered version, is covered by
Janas (1993). A third one, finally, deals with an estimate which minimizes a weighted
sum of sgquares of deviations of the (modified) periodogram and the spectrum (see Chiu,
Theorem 4). Note that in contrast to our second application in Theorem 3.6 (i.e. the work
of von Sachs, 1992) Chiu's estimators are iterative ones. So they heavily depend on the
robustness properties of the respective initia estimates.

Chiu's Theorems 1 — 4 deal more generally with asymptotic normality in case of a
Gaussian non-tapered time series. Our Theorem 3.1 shows that the consistency
assertions of these theorems continue to hold for the tapered, not necessarily Gaussian,

casel

Finally we would like to mention that, in general for non-inear functionals, it is still

an open problem how to prove asymptotic normality for non—Gaussian time series data:
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Regardless to the use of a taper, the proofs (as in von Sachs, 1992) only work with

Gaussian data as they heavily depend on the use of the normal distribution function.

4. Edgeworth expansions

In this section we establish Edgeworth expansions for sums of dependent random vectors
using the results of Gotze and Hipp (1983) (henceforth referred to as GH). The theory of
Edgeworth expansionsis our predominant mathematical tool and therefore shall be treated
in detail. After giving the general framework we derive expansions for finite Fourier
transforms of tapered data.

Let {Z;}=y . 7 beatriangular array of d-dimensional, real-valued random vectors

.....

on an abstract measure space (22, A, P) with E Z;y=0 Vvt and

Sp =2 i AT (4.1)
t=1
where c; isanorming constant of order T to be specified. The function W ¢ represents
thefirst (s— 1) terms of the Edgeworth expansion of the distribution of S; whenever such
an expansion isvalid. For any random vector Z, D(Z) denotes the dispersion matrix of Z.
Let o5 be the normal density with mean zero and dispersion matrix Y, ,and @y the
corresponding distribution function. ¢ stands for a generic constant. For fixedr € N let

f: ROI — R be ameasurable function with M (f) = sup (1 + ||x||)_r [f(X)| < == (cf. (3.2)).
X

Define the average modulus of oscillation of f with respect to a finite measure P by

o (fe,P) = J' sup  [f(y) —f(x)| dP(x). Now we give the result of GH:

lly—x||<e

b
Let Dj be o-fields on (Q,A,P) (writec (\U D) = D?) and 0 < p < 1 such that
j=a
(Cl) EZ;,=0 V.

s+l

(C2)  E||Z1 " <Bgy <o Vit forsomes>3.
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(C3)  3IYy me DR with E|IZr — Y1l < p™.

T,tm

(C4) VAeD. ,BeDy, [P(AnB)-PA)PB)<p™.

(C5) Je,m,p>0 VI]o|2e Vpl<m<T
#{te{l, ..., THE|Eexp(i0(Zryn* -+ Zrpum I Dyi# 9] <1-m} 2pT.

t+p

(c6) vAe Db

Vt,p,m E|P(A|Dj:j¢t)—P(A|Dj:0<|j—t| <m+p)|<p™.

(C7) lim D(Sy) = Y, existsand is positive definite.
T—eo

Remark: The Cramér type condition (C5) is a weaker assumption than the condition
(2.5) in GH. Nevertheless, it suffices for the results of GH to hold as is pointed out by
remark (3.44) in GH. The weaker condition (C5) means that Cramér's condition is
fulfilled for a sufficiently large number of t's. Whereas condition (2.5) cannot be fulfilled

in the situations we will discuss, by some effort it is possible to verify (C5).

Let s, besor (s—1) according to sis even or odd.

Theorem 4.1: Assume that (C1) — (C7) hold. Then there exists a positive constant &
not depending on f and MSO(f), and for arbitrary x > 0 there exists a positive constant

¢ depending on Mso(f) but not on f such that
|Ef(Sp) - [ f v, | < coff, T, dg) + 0 (T52972)

The term o (-) depends on f through M SO(f) only.

Corollary 4.2: Assume (Cl1l) — (C7). Then the following approximation holds
uniformly over convex measurable C ¢ R

P(S;e ©) = W1 (O + o (T2,
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4.1 Expansionsfor finite Fourier transforms of tapered data

For fixed d and integersj(1), ... , j(d) in (0, T/2) let

-
dr(0g, ..., 0g) = (D Xeexp(—i o 1) , k=1,..,d (4.2)

t=1
be the finite Fourier transform of X, ... , X, at Fourier frequencies o, := 2rj(k) /T

(see Brillinger 1981).

Under suitable conditions on the sequence { X} of random variables the distribution
of dr admits a higher order approximation. Chen and Hannan (1980) have shown the
validity of such an expansion when { X} arei.i.d. (and fulfill Cramér's condition as well
as certain moment conditions). GH have generalized their result for strictly stationary
Markov-dependent sequences satisfying certain regularity conditions. Here, a
generalization of the result of Chen and Hannan (1980) is given for linear processes
{ Xt} ez With i.i.d. innovations {¢;},_,. Moreover, we allow the data to be tapered.
Whereas the generalization for linear processes is relatively easy to handle by the
mathematical tools of GH, tapering destroys the orthogonality relations of sine and cosine

functions which causes more trouble.

Theorem 4.3: Assume (A1) — (A5) . Then Theorem 4.1 and Corollary 4.2 hold for

-
St = (Hyr )_1/2 2 he X¢ &y
t=1
whereiT,t .= (cos(m,t), ..., cos(myt) , Sin(m,t), ... ,sin(wdt))'.

The proof is given in the appendix.

Remark. The expansion above alows to compute cumulants for non-linear functions of
the periodogram, as, for d = 1, I = STST'. Thus the consistency results for these

statistics are byproducts of Theorem 4.3 (cf. proof of Lemma6.1).
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5. Simulations and applications to detecting periodicities

5.1 A simulation study for the peak—insensitive spectral estimator:

First we want to add a more detailed simulations study of the illustrating example of
section 3 on the improvement of the peak—insensitive estimator f(o) by using a data taper
(see Figures 3.1 and 3.2). To X; being an AR[2] — process with aroot of radius 0.88 at
frequency 0.864rn, we add S; = A-cos (0.487-t) with A = 4.0 and compare the
performance of the classical kernel estimator fT(oc) defined by (3.5) with the peak-

insensitive f(ct), where we use a monotone ‘P—function ¥\, with cut—off point ¢ = 1.0:

_ Qﬁl- max {—c, X} forx<0
) = { min {x, c} forx>0 ®1)
where Q=[5 Pu(x-1) eX dx / [ Wr(x-1) e X dx |
and Yh(x) = max{—c, min{x,c}} (seeHuber, 1975).

Note that Q is used to cope with the asymmetric periodogram distribution, in order to
ensure asymptotic unbiasedness of the resulting estimator f(c).
We want to compare non—tapered and 100% — tapered versions of both non—robust and

robustified kernel estimator, using a so-called 'cosine taper’

(U/2) [1 —cos(2nx/p)] , x € [0, p/2),
ho(¥) = 1, xe [pl2, 12] , (5.2)
hp(1-x), xe (1/2,1] .

where p = 1 in this case. We do this by using a familiar error criterion, the Mean

Integrated Relative Squared Error (MIRSE)

L[ (ron)fie) -1)? do] (53)
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over the number n of Monte—Carlo replications (ssmulation runs) for fixed samplesize T.
(We also give confidence sets belonging to the normal approximation, to roughly indicate
significant differences.) The smoothing kernel is chosen to be a Bartlett—Priestley Kernel
K(9) = 3/(4r) {1— (8/m)2} with compact support [—, 7).

In the following n = 50 simulation runs (which are sufficient to demonstrate the different

performance) the sample sizeis T = 512 and the bandwidth b = 0.08 for al estimators:

estimator | bandwidthb | MIRSE |  confidence sets
non-robust, non-tapered | 008 | a2 | [4426; 4517)
nonobust, tapered | 008 | 4579 |  [4520; 4638
robust ¥, , non-tapered | 008 | 5252 |  [50.23; 5481
robust¥,,, tapered | 008 | 0147 |  [0.127;0.168]

For this comparison see also Figures 3.1 and 3.2 in section 3, which show two different
samples out of this simulation run. With both presentations it can be seen clearly that
tapering improves the peak—insensitive procedure drastically, where for the usual kernel
estimator it has no significant effect apart from reducing leakage outside the peak-
contaminated region of the spectral domain (for the price of an increased variance leading

to an even higher MIRSE).

5.2 Detecting periodic components:

Now we choose both a simulated example and an interesting data set to demonstrate
the ability of our estimator to detect periodic components in situations where it is

necessary to use a datataper (as mentioned in the introduction): In the procedure of Chen
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(1988) we use the peak—insensitive estimator f+(w) for the noise spectrum f(w) as a
normalization of the periodogram I%(m). Roughly speaking (for details, see the given
reference), this procedure is based on the statistic
7z = (o) /{tr(@)logT} , j=1...T, (5.4)

where %J- >1+¢ should indicate the presence of a periodic component at or close to
frequency OF (for details on the appropriate choice of € > 0 see also von Sachs, 1993).

As stated in section 3, choosing the peak—insensitive estimator fT(wj) will face the danger
of losing power of %J- at the location of the peaks. Note that in Chen (1988) it was shown
that, in contrast to f+(o), his estimator for the noise spectrum (a kernel estimator of type
(3.5), modified by leaving—out afixed number of periodogram values) is not consistent at
the locations of the occurring periodicities. We now want to show that it is not only of
theoretical interest to deliver a (non-inear) estimator which is consistent even with the use

of ataper.

Our simulated example is a superposition of two periodic components of different
signal—-to—noise ratio in Gaussian white noise Xt with T = 512: onewith A; =10 and A,
= 0.60r, the other closely located at A, = 0.63t with A, = 1. Simulations show that the
procedure based on the classical estimator fT(oc) is not able to detect the small periodicity

at A,, regardless to the use of a data taper. However with f(c) it is successful ending up

with esti mat%?il = 0.598, 7?2 = 0.631, but only with 100% of the data tapered. |.e, in
any case without using a taper it would not be possible to cope the leakage and unmask
the small periodicity!

In Figure 5.1 we get an impression of the improvement of f(o) by using a taper. Note
that the amplitude of the strong periodicity is very high, such that complete insensitivity

cannot be expected for finite sample size (T = 512).
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Figure5.1: White noise with two periodic components: A, =10 at A, = 0.60r,
A, =latA,=0.63r (T=512):

0.00 020 040 0.60 0.80 & 1.00rn

— two periodic components defined: A1 = 0.60, Ao = 0.63
—»— peak-insensitive estimator, non — tapered, b = 0.03,c =15

_a peak-insensitive estimator, 100% — tapered, b= 0.03,c= 1.5

Looking on the window in Figure 5.2 one observes that with the non-robust estimator

fT(oc) only the strong periodicity can be detected; using a taper does not help at al. Note
that the presence of a periodic component isindicated by avertical line crossing the critical

bound 1 + € at any place where the test statistic Ej exceeds this bound, here with € = 0.40:
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Figure 5.2: Detecting procedure based on z in awindow around 0.6 & of Figure 5.1:

1.00

063

1 L 1

049 n 054 = 058w 063w 0.68

—  two periodic components defined: A1 = 0.60, A = 0.63
—o— Z based on non—robust estimator, non — tapered, b = 0.03, € = 0.40: only A1 = 0.60 detected

—— Z based on non—robust estimator, 100% — tapered, b = 0.03, € = 0.40: only A1 = 0.60 detected

The same window is shown in Figure 5.3 for the detecting procedure based on the
peak—insensitive f1(o): Only with the use of ataper the test statistic Z exceeds the critical

bound, again chosen to be 1.40, at the location 0.63r of the weak periodicity, too!
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Figure 5.3: same situation asin Figure 5.2,
but with Z based on peak—insensitive estimator:

0491 0547 0587 0637 0687
— two periodic components defined: A1 = 0.600, Ao = 0.630
—s— Z based on peak-insensitive estimator, non — tapered, b = 0.03, ¢ = 1.5: only A1 = 0.600 detected

. Z based on peak-insensitive estimator, 100% — tapered, b = 0.03, c = 1.5: A1 = 0.598, A» = 0.631

For the application to areal data—set we choose the following data (which are from
Tamar Breus at the Space Research Institute in Moscow and were kindly provided by G.
Cornélissen and F. Halberg, University of Minnesota, Minneapolis): It is a segment of
length T = 512 of atime series of daily collected data, describing the rate of medical
infarctions, based on daily ambulance calls in Moscow from Jan 1st, 1979 through Dec
3lst, 1981 (i.e., 1096 data points: Note that the procedure is successful with this chosen

smaller segment of size 512; there is no difference to the analysis with full data size!):
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Figure 5.4: Moscow daily infarctions data May 28, 1980 — Oct 21, 1981 (512 data):

Y
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e '| '"’w' ‘||' :ullllllH i .||| .
H h]I: Iﬂf Ii"' l!lll:'ﬂlh;

. "'u

I”l

0 102 204 306 408

From the time series plot one might expect along—term cycle in addition to the apparent
short-term (weekly) periodicity: Obviously, any of the following detecting procedures
shows the peak at 0.285rt = 2r /7, which isindeed due to a weekly periodicity (and also
thefirst harmonic at 0.571r = 4w /7). Less obvious, but arather difficult task, isto detect
the yearly cycle at 0.006r = 3rt /512, which, for this kind of procedure, is only possible

with the use of data taper — we compare Figure 5.5 with Figure 5.6, both with € = 0.48:
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Figure5.5: detection of periodicitiesin the infarctions data of Figure 5.4:

test statistic z, based on peak—insensitive estimator, no taper, b = 0.05, ¢ = 1.5:

Lo (1.42)

0.00 & 020 & 040 0.60 & 0.80 & 1.00 &

2 periodicities detected: 0.285r = 2t /7 (weekly cycle) and 0.571r = 4n /7 (first

harmonic)
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Figure 5.6: same procedure asin Figure 5.5 but now with the use of a data taper:

test statistic z, based on peak—insensitive estimator, 100% taper, b = 0.05, c = 1.5

| I Lo (1.42)

0.00 1 0.20 0401 0.60 1 0.80 1 1.00 T

3 periodicities detected: 0.006n = 3n/ 512 (yearly cycle), 0.285r = 2r /7 (weekly cycle)
and 0.571x = 4m /7 (first harmonic).

Note that this analysisis completely in accordance with the results of different detecting

procedures (which are not based on Fourier transform analysis).
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6. Appendix: Proofs

Proof of Theorem 3.1: With Theorem 4.3, i.e. the Edgeworth expansion of the finite
Fourier transform of X for the tapered case, this proof runs quite analogously to the
proof of Theorem 3.1 of von Sachs (1992), which was for the particular statistic H(o.,S)
asin (3.4), but excluding the tapered case. Note that we replace integrals by sums of
Fourier frequencies as the error of approximation is of smaller order than the convergence
considered in the theorem. For the reader's convenience we summarize the steps. First,

and thisisthe key step, we use aresult smilar to Lemma5.1 of von Sachs (1992):

Lemma 6.1: Let I be the periodogram of {h; X{} asin (2.1), and let Z denote a

standard exponentialy distributed rv (i.e. with parameter 1). Then

(i) E C(IT(coj)) = Eg(f(®)Z) +o(T —12y uniformly in e ,

(ii) Var{C(IT(oaj))} = Var{ {(f(e) Z)} + o(T Y2y yniformly in o,

(iii) CoW{ C(IT(cojl)), C(IT(cojz)) } =o(T Y2y yniformly in o FE O
Proof:
We only prove (i). By the expansion given in Theorem 4.3 we get, withs=3and d = 1,

;
as () = ST((J)J-)ST((»J-)', where St(;) = (Hyp y 2 2 h, X, (cos(wjt), sin(wjt))' :
t=1

00

ECr(p) = 'R2C<y12+y22) dVr 5(y1Yp) = [ C(fa) x) eXdx+ o (T 3.

Jo

Note that the second order term of the mentioned expansion yields the remainder whereas
the first order term cancels due to symmetry arguments: Both £ and ¢, are even functions
of y, andy,, whereas the polynomials occurring in the derivatives of ¢, areoddiny;, or
y,. Thisis completely analogous to the proof of Lemma5.1 of von Sachs (1992).

(i) and (iii) can be shown quite analogously withs=3 and d = 2. O
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With the definition (3.3) of H = TIim E Hy itissufficient for proving Theorem 3.1 to
—> oo

P
show that Hr—EHy > 0 as T— o, (6.1)

whichwill beimpliedby var{H;} - 0 a T—c. (6.2)

By Assumption (B2) Var{{(2)} isfinite such that (6.2) follows by Lemma 6.1 (ii), (iii). []

Proof of Theorem 3.2: With assumption (B2) on {(x) = L‘l{ g(1/t) 1/} {x} with sy
= 2, thisis an immediate consequence of Theorem 3.1 noting that

-1 _ -1 -1/2 ; ;
E L™{g(1/t) 1/t}{|T((,Jj)} = E L™Hg(1/t) 1/t}{f((0j) 7y tO (T %) , uniformly in
;, due to Lemma 6.1 (i), and that E L—L{g(11t) 1/t}{f(®j) z} = 9(f(w))), by the

definition of the inverse Laplace transform.

Proof of Corollary 3.4: Like Theorem 3.1 and Theorem 3.2 this result is a
consequence of the Edgeworth expansion for the finite Fourier transform. However the
singular behaviour of log x at x = 0 causes some trouble. Therefore, Theorem 4.3 is not
sufficient. The distribution of the finite Fourier transform has to be absolutely continuous.
Under the additional assumption (B3) on the characteristic function of €, this can be
proved in the white noise case for tapered data by applying the techniques developed in
the proof of Theorem 3.1. The assertion for the general case now follows analogously to

the proof of Theorem 1 in Chen and Hannan (1980).

Proof of Theorem 3.6: The proof is analogous to the proof of Theorem 3.1 in von
Sachs (1992); we want to give the main ideas: With H = 0, Theorem 3.1 yields Ht =
Ht(o,f(a)) —P> 0 as T — «. Then, using standard arguments of local monotonicity,

as, e.g. in Huber (1964, Lemmata 2 and 3), the weak consistency of f+(a) can be

deduced by the one of Hr.
In extension of Theorem 3.6, consistency in the situation with periodic components S; #
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0, see (3.6), is completed by Theorem 4.1 of von Sachs (1992), which holds regardless
to the use of a data taper. Note that for periodicities as in (3.6) the conditions for this

Theorem 4.1 are fulfilled by our Assumption (B5). O

Proof of Theorem 4.3: We have to check (C1) — (C7) to hold for the process {Z} .
Let DJ- = cs(ej) . Conditions (C1), (C4) and (C6) hold trivialy. (C7) is assumption (A5).
By (A1), (C2) follows from

s+l _ s+l s+l

E [zl E e X Er I

(s+1)/2

IN

d
E X, (D) (co(tor) + sin(tw;)))
i=1

(st1)/2 s+l s+l
d” 70 Al Eleyl < e

ueZ

(C3) can be verified by taking Y+, e D'l defined by

m
Yrim = hy( 2 aetu) S

u=—m

12 m
ENlZri=YromlI=Eh 2 aed &7, I X IEJyld <p

[u>m [u>m
by the exponentia decay of the coefficients [g | and the moment conditions on e,.
It remains to check a Cramér type condition. The usual condition (2.5) in GH is not

fulfilled in our set up, but we will show the weaker condition (C5).

D Zri= Y b D gue gy,

[t=jl<m [t=jlsm  uez
_ m
- 2 &y Z ht+j at+j—u ‘th,t+j :
ueZ j=—m
EtAT,t,m + g ’

where Aq, 1= Zj”l_m hij& &y and L denotes a random vector stochastically

independent of ¢,. Thus, with 8':= (6,, 01, 0,, 02, ..., 0y, 84) e R
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t+m
E|Eexp(i6 ), Zrj|Dyj=b)

j=t—=m

=|E exp(i € 6 Ar, |- E|exp(i 6°C) |

<1-n,n>0
by Cramér's condition on g, (i.e. (A2)), if |6'AT’t,m| is bounded away from zero. Thisis

verified in the next technical lemma from which the assertion follows. ]

Lemma 6.2: Assume the conditions of Theorem 4.3. Then

Je,p>0 VI[Ol=1 Vp  <m<T: #{te{l, ..., T}: [0A; ['2e} > pT.

Proof: By the Schwarz inequality we obtain the following upper bound
2 2
< [I6l" 1| 2 he & Erpeg |l
j=—m

< () lghd<a, (6.3)

jez

L} 2
|9 AT,t,ml

where a is a positive constant only depending on {a]-} and d. Further, assume for a

moment that the following lower bound holds for all |[8]| = 1 and m < T large enough

T 1
1Yo Areml>0b (6.4)
T 3 -
with b being a positive constant independent of T and m. Assume w.l.0.g. a> max (b,1).
Let c:% <landp = ;%i . If lessthan p - T terms had the property |(9'AtT,m|2 > g, we

could bound the left-hand side of (6.3) by

LI
12010 Arenml < @-p)e+pa <a((L-p)e+p) = b,
t=1

which isacontradiction to (6.4). It remains to show the lower bound (6.4).

T, T ,
since it Y, 10 Atiml® = 8'cE Y. Atim AT md , itisenough to show that
t=1 t=1

.
Y ArimArim = 2 form<Tandm — oo, (6.5)
t=1
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because Y. is assumed to be positive definite (assumption (A5)). Note that here cr = H 2T

The left-hand side of (6.5) can be written as a dispersion matrix, i.e.

;
D(T? Y & D, i d&rp) - (6.6)
t=1  Jj|<m
T
Theright-hand sideiis lim D(c;Y? ), X&) - (6.7)
T— t=1 ’

We show the convergence of (6.6) to (6.7) for the corresponding complex-valued

counterparts, that iswe replace the vectors

&T,S = (cos(®; 9), ..., COS (4 S), SiN (W 9), ... , SN (wy s))' (6.8)

by &%s: (exp(=i @, 9), ..., exp(-imy9)) . (6.9)
Then the assertion follows, since the real-valued versions (6.6) and (6.7) can be

reconstructed, e.g.

ReY® —ImX°
_1
> =5 . | (6.10)
ImY° Re)

where X' denotes the dispersion matrix corresponding to &%s (cf Brillinger, 1981, p. 89).

T
D(CT'l/Z 2 €t 2 ht+U aJ &%,H‘U )r,s

t=1  Ju£m

=t Y Y aahh., ep-i o t+u) expl o t+V)

t=1 Ju|,jv[Em

.
=t ) aaexp-iou-ov) Y h, h, exp-i(o -o)t)  (6.11)
t=1

|ul,lvI<m

By lemma P4.1 in Brillinger (1981) we can substitute the term
T
> iy My exp(=io, — o) 1) (6.12)
t=1

by H, (0, —0y) = Zthl h? exp(~i (o, — ) t) within the error bound O(|u| + |v) ,

which does not cause trouble because of ZUE z lulla,| <ee.
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Thus, continuing in (6.11),

¢ Hat (0, —0g) D, aga exp(=i (o,u —og V) + O

|ul,lv|<m

= ¢ Hot (0, —00g) D, a,exp(=i o, u) Y, a exp (i ov) + O(ct)

ueZ veZ

=Hy 1 (0, —0g) /Hy+ - (o) + oY , (6.13)
and for r # susing the differentiability of the transfer function and the inequality

| Hy (0, —0g) [<K o, —of ", K being aconstant. (6.14)
(see Dahlhaus, 1988, p. 822).
Thelast expression in (6.11) is the element (r,s) of the matrix in EC (see Brillinger, 1981,
lemma 4.3.2.). L]
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