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Abstract. In this paper we develop a Conditional Least Squares (CLS) procedure for
estimating bilinear time series models. We apply this method to two general types of
bilinear models. A model of type | is a special superdiagonal bilinear model which
includes the linear ARMA model as a submodel. A model of type Il is a standardized
version of the popular bilinear BL(p, O, p, 1) model (see e.g. Liu and Chen (1990),
Sesay and Subba Rao (1991)). For both models we show that the limiting distribution of
theresulting CLS estimates is Gaussian and the law of the iterated |ogarithm holds.

Keywords. Estimation; bilinear time series; central limit theorem; law of the iterated
logarithm; conditional moments.

1 Introduction

In the last 20 years there has been a growing interest in the nonlinear modelling of time
series data (for areview see e.g. Andel (1989), Tong (1990) and Tj@stheim (1992)). This
interest is motivated mainly by the fact that a lot of real data sets exhibit features e.g.
occasional sharp spikes, which cannot sufficiently explained by the theory of linear time
series.

One of the approaches to nonlinear time series modelling is the bilinear one. In the
context of time series, bilinear models have been introduced by Granger and Andersen
(1978). A real valued stochastic process in discrete time { X} . 7 is said to be a bilinear
time series of type BL(p, 0. k, r) if it satisfies the difference equations

bij € Xt_j + g, (1.1)

r
=1

p q
Xy = o +Z g X *+ 2, Ggy * .
i=1 =1 i=1j

foreachte Z, where{e} .~ isaniid zero mean white noise process.

Such abilinear time seriesis particularly attractive in modelling processes with sample
paths exhibiting occasional sharp spikes as they occur in vibration wave, econometrics
and control theory (see e.g. Mohler (1973)).



Here we will present a new approach to solve the estimation problem for two submodels
of the general bilinear model defined in (1.1). The model of our major interest is the
specia bilinear extended ARMA model of the type

p

q
) X, = Z a Xy + 21 C gy + bij € xt-j + g, (1.2
]:

i=1

r
i=1 j=w

withw = max {q, k} + 1.

The other model which we consider here, is one of the most often considered bilinear
modelsin the literature. It is defined by the difference equations

p r
1= ]:k

with by, # O for at least onej, k <j <r, o =~y .6 and &, ~ N(0, 57).

For a stationary and ergodic bilinear time series many different ideas to solve the
estimation problem have been proposed in the literature (see e.g. Subba Rao (1981),
Pham and Tran (1981), Subba Rao and da Silva (1989), Liu (1990), Liu and Chen
(1990), Sesay and Subba Rao (1992)), but the asymptotic properties of the deduced
estimates are known in some very restrictive models only. The approaches differ not only
in the method of estimation they use but also in the type of bilinearity they can capture
and in the results which are attainable. The most frequently applied methods for
estimating the parameter of the bilinear process are the Least Squares (LS) method (e.g.
Pham and Tran (1981), Guegan and Pham (1989)) and the Method of Moments (MM)
(e.g. Tang and Mohler (1988), Kim, Billard and Basawa (1990), Liu and Chen (1990)).

In the case of LS estimation up to now even in the simple bilinear model considered by
Pham and Tran (1981) nothing is known about the limiting distribution of the LS
estimates. Simulations of the distribution of the estimates sometimes indicate an
asymptotic normal behaviour and sometimes they do not (cf. Kim and Billard (1990) and
Subba Rao and da Silva (1989) respectively).

If we restrict our considerations to a Gaussian innovation process, in most of the cases
where we fail to prove an asympotic normal behaviour of the LS estimates, the



application of the MM method yields to strong consistent and asymptotic normal
estimates (e.g. Kim, Billard and Basawa (1990), Liu and Chen (1990)). But until now
the bilinear BL(p, 0, 1, 1) model is the most general bilinear model which has been
shown to be asymptotic normal estimable (in Liu and Chen (1990)).

Here we propose a new method for estimating the parameter of bilinear time serieswhich
is based mainly on a Conditional Least Squares (CLS) approach applied to the AR

residuals of the bilinear process.

We will show that this procedure supplies estimates for the parameter of both models
(1.2) and (1.3), where the method of estimating the model 11 is applicable also to the case
of amore general innovation sequence { &} .  whose first eight cumulants coincide with
that of the Gaussian distribution N(0, 62). We will prove that as well in model | asin
model Il the estimators defined by means of this CLS method satisfy both the Central
Limit Theorem (CLT) and the Law of the Iterated Logarithm (LIL).

In view of theseresultsit is possible for the first time that we can estimate the parameter
of abilinear time series which includes a non zero moving average part (i.e. ¢; # 0 for
somej in (1.2)) by an asymptotic normal estimate. Furthermore, in estimating the model
(1.2) we do not need to impose the common assumption of Gaussian innovations neither
for the definition of the estimation procedure nor for proving the asymptotic properties of
the estimates. Up to now in the literature for proving an asymptotic normal behaviour of
bilinear estimates it is usually required that the innovations follow a Gaussian law (e.g.
Kim and Billard (1990), Kim, Billard and Basawa (1990)). Thus the results concerning
the estimation of the bilinear model in (1.2) obtained here, are fundamental theoretical
results for improving the general linear (Gaussian or nongaussian) ARMA approximation
to time series data by applying this bilinear extension. It is our hope that basing on our
results, in practice in many cases forecasts deduced from the usual ARMA fit can be
improved by fitting the bilinear extended ARMA modd (1.2) to the data.

Furthermore, we are not aware of any comparable results in estimating the model (1.3),
which state the CLT or the LIL for the estimates under consideration, though this model
is one of the most often considered bilinear models (mainly in the case o = 0) in the
literature (e.g. Subba Rao and Gabr (1984), Jou (1989), Wittwer (1989), Sesay and
Subba Rao (1988, 1991)).

To prove our results we need to impose some appropriate moment conditions on the



process { X}z and akind of 'linear' invertibility of the underlying bilinear process. The
required moment conditions are weak since we can prove the strong consistency of the
suggested estimates under the assumption of the existence of the fourth moment of the
process { X}z only. In acertain sense thisis a minimum regquirement since even in the

case of the ssimple bilinear model
X,=be X, ,+¢g, giid~N(0,0?), te Z. (1.4)

the fourth order mixed moments are necessary to identify the parameter (b, 62) from the
moments. Note the following result whose proof is given in chapter 4:

Lemma 1.1

Let {X}cz denote the bilinear time series defined by the equation X, = b g, ; X, + &,
where {&}., denotes an iid sequence with E(&2") < o for somen >1, and E(gM) = 0
for all 1 <m<2n- 1, modd. Then we have the following assertions:

(i) Ifb2E(g?) < 1,then{X}.; isastationary, ergodic and causal process.
(i) EX2M < oo < bME((g2) < 1.

(iii) Inthe special case of Gaussian innovationswith 1/4 < b%c* < 1/3 we have:
The bilinear process {X}., defined by X, = b & ; X, , + & with an iid
Gaussian sequence {&},., where b := (1/bo?) —b, 62 := (bo?)/b and o2 and
o2 respectively denotes the variance of the innovations, is a stationary, ergodic
and causal process. Moreover the fourth moment of the process exists and the
first, second and third order moments of the processes {Xg}., and {Xi}.

coincide.

The assertion (iii) makes the identification problem obvious. Even in the Gaussian
innovation case we require the first four moments of the process to identify the parameter
determining the bilinear process by its moments only. If we apply the assertion (ii) of this
lemma to the bilinear model (1.4) we see that the requirement E[X 4| < e is equivaent to
bo* < 1/3 and E|X 8| < = corresponds to b8c8 < 1/105.

The paper is organized asfollows:



In chapter 2 the CL S procedure for estimating the parameter of the bilinear models (1.2)
and (1.3) is presented explicitly.

In the third chapter the results on the asymptotic behaviour of these parameter estimates
are summarized.

The main proofs are given in the fourth chapter then.

2 Conditional Least Squares estimation of bilinear time series

To motivate the application of the CLS method to bilinear models first we restrict our
attention on the bilinear model (1.4).

One of the most often considered methods for estimating bilinear models is the method of
Least Squares (LS) (e.g. Pham and Tran (1981), Wittwer (1989)). In the Gaussian
innovation case this method coincides with the method of Conditional Maximum
Likelihood estimation.

Given observations X ..., X, generated by the difference scheme in (1.4) according to
the concept of LS we try to minimize the sum

N N
Y {e®}2=Y {X;—be y(b) X_,}2 (2.1)
t=3 t=3

with respect to b which provides us with an estimator BLS of the parameter b.

In the literature it is well known that there exist at least three problems in applying this
method. The first is that we need to ensure the invertibility of the bilinear process,
because otherwise the residuals €;.4(b) in (2.1) cannot be estimated from the observations
Xy,..0, Xy ONly. To guarantee the invertibility of the process we have to restrict the space
of the admissable parameter values in a complicated manner (see e.g. Pham and Tran
(1981)). A further problem is that to make inference on the limiting distribution of the

standardized quantity N2 (BLS —b) we have to require that all moments of the bilinear
process exist. In model (1.4) this requirement forces b to be zero (cf. Lemma 1.1)!

Apart from these problems arising in the deduction of the asymptotic behaviour of the LS
estimate we are also faced with finite sample problems. For minimizing the sum of the
least squares we need a numerical minimization procedure which requires aninitial value
placed in aneighbourhood of the value of the true parameter. To find such an initial value
isalso far from being trivial.



Minimizing the sumin (2.1) can be interpreted as searching for that parametervalue which
minimizes the empirical expectation of the quadratic distance between X, and its forecast
E(X¢ | &1, &.5---) Which is based on the information contained in the past innovations
g, 1 = L. (If we assume the process { X} . 7 to beinvertible, the ¢ - field generated by
g 1 2 1, and that generated by X, ;, i = 1, coincide.) If we relinquish the information
contained in the recent innovations we can forecast X; by E(X; | €., €.;_4,...) fori >1
too. But for each i > 1 we get E(X; | £, &.;.1,---) = 0 (=E(X{)) such that each of these
forecasts is only as good as the best forecast of X; if no more information is available.
Moreover they do not contain any information on the parameter b and 62 determining
the bilinear series.

The idea now isto consider not only forecasting X; but to study also forecasting products
like X Xt.s» S= 0 with the hope that these forecasts contain more information on the
underlying parameter. Applying thisideato model (1.4) we obtain

f 62+ b262 X2, ,5=0
EX, Xio| € Epprr) = | bo2Xpp , S=1 - (2.2)
\ 0 , S22

This result now motivates the following procedure to estimate the parameter b and ¢?
determining the bilinear model in (1.4). First we apply the equation in (2.2) for s= 0 and
try to minimize

N
Z {XZ- (Byq *+ Byo X222
=3

inB, = By, By,)! to get an estimate B3 = (B11, P12)! of (02, b20?)". And analogously
we apply the equation (2.2) for s= 1 aso and try to minimize

N
2 {tht-l - Bzxt-z}z
t=3

inp,togetan estimate B, of bo?.

By taking these estimators into account in a second step we can define estimates of the
parameter band o? by b= 62 /311 and 62 = [A311 respectively. Due to the conditioning in
(2.2) these estimates are called Conditional Least Squares (CLS) estimators.



We will show that these estimates are strong consistent estimates provided E(X4) < eo.
Moreover, if also E(X8) < e then the limiting distribution of the vector N2 ( b-b, o2

— 09! follows a centred Gaussian law.

The ideato analyze the second order conditional moments of the bilinear process to define
CLS estimators of the underlying parameter can also be applied to the more general
bilinear models (1.2) and (1.3).

In these more general bilinear models first we estimate the AR coefficients &, ..., @, of
the process separately and afterwards we apply the CLS approach to the process { i} . »
of the AR residuals defined by v, = X, — > | & Xy.

So in thefirst step of the estimation procedure we take the Y ule - Walker equations into
account to define estimates for the AR coefficients a, ..., &, Then, in the second step we
make use of the CL S method to estimate quantities which are uniquely determined by the
conditional second order moments of the AR residual process and which can be applied
to define an estimator of the parameter 6° which we are really interested in. The main task
in applying this method is to prove the identifiability of the parameter 6°. We have to
check whether 8° is uniquely determined by the set of quantities, each of them
minimizing the expected value of a conditional sum of squares, or not. E.g. in the case of
model (1.4) this corresponds to checking whether 8° = (b, 62)! is uniquely determined
by argminﬁ1 E[{X2- (By; + Byp X,,%)}?] and argmin‘[i2 E[{ XX, - B,X,,}? or not.

The proof of the identifiablity of the parameter is divided up into two parts. The first part
isgiven in the proof of the asymptotic properties of the CL S estimates where it is shown
that the minimizer of the expected value of the conditional sum of squares is uniquely
determined for any conditional sum of squares considered. The second step which
consists in proving that these minimizer uniquely determine the parameter of interest 6°
will be given here.

To this purpose we consider the quantities which are estimated by the CL S estimates in
more detail. We will need the following theorem which is applicable not only to the
special bilinear models (1.2) and (1.3) but also to general standardized superdiagonal
bilinear models. A bilinear model is defined to be of a superdiagonal type iff bij =0fori
<] in(1.1). Moreover the model is called standardized iff E(X;) = 0. (In contrast to the

linear ARMA case the mean of a bilinear process usually depends on the parameter



determining the process. For a further discussion of the standardization of bilinear
processes we refer to the appendix.)

Since we restrict ourselves to the study of stationary bilinear time series only, here we
always assume

(AO) {X{}iz isastationary, ergodic, causal and square integrable solution of the
bilinear equations (1.1) where {&}. 7 is such that E(e;#) < - and E(g;3) = 0.

Later, in Theorem 3.1 we will give conditions for this assumption to be satisfied for the
types of bilinear models we consider.

In the following we use cov(-, -| t-m) as an abbrevation for cov(-, | €.y, €m-1»---)-

Theorem 2.1
Let {Xi};., be a standardized superdiagonal bilinear time series with E|X;|* < .
Under (AO) the following equations hold for m>1ands>0:

(i)  cov(u, Ug| t-s-m)

r ka(stm1)
= Y by P EX I tsm + 8002+ Y Y b {8 (bgps i+ oY)+
j=s i:S+1i<j j=st+1

r
+ Z bi-s,n o? E(Xt-j Xi.sn | t-5-m) },

n=i-s

where b; = 0for i > kand cf denotes the fourth cumulant of ;.

(i)  cov(v, Vig| t-sm)

ga(stm-1)
= ) cC 0%+ c P {l<s<ga(stml)} +
i=st1
ga(stml)
+ Y g b sj 0% E(Xsj | tsm) +
i=st1 j=i-s
aga(m1)
+ ) D Gbg P E(X[tsm) + cov(u, Uyg | t-sm),
i=1  j=i+s '
withcy:= 1



(iii) cov(X;, Xig | t-sm)

M-

g coV(Xj, Xig| t-sm) + cov(v, Vig|t-sm) +

1
=

1 PA(TL)  PA(T-Lrit.-in-])

2 X A ey OV, Vegi i | tsm),
= =1

where7:= ((Qvk) +1—5) A m.

For the proof of this theorem we refer to Grahn (1993, chapter 3).

Moreover the corresponding results for the (unconditional) covariances of the several
processes can be deduced from studying the a.s. behaviour of the conditional covariances
for m — oo. Thisisthe content of the following corollary.

For brevity here we additionally apply the notationw=(qv k) + Land w' = (q + 1)
v k.

Corallary 2.2
Under the assumptions stated in Theorem 2.1 the following equations hold for s >0 :

k r
(i) cov(u, us)=do0%+ 3 3 by {6 (bgq(ci+ o) +
i=st1 j=st1
1<)

r

+ Z bi-s,n 62 E(xt-j Xt-s—n) }

n=i-s

q
(i) cov(vi,Vis) = D, CC 0% + ¢, 02 {1<s<q} + cov(y, Ug)
i=st1

p
(i) cov(X;, Xis) = D, @ cov(Xei, Xed + COV(V, Vi) +
i=1
W-s—1 PAW-s1)  pA(W-s-1-it-..-in-1)

+ ) Y . D 8 dy COV(Vy, Vg i )-
n=1 i1=1 i1

Now we apply Theorem 2.1 to the AR residuals v; = X; — 'iozl g Xy of the bilinear
models defined in (1.2) and (1.3) and show their relevance for the definition of
estimators for the parameter determining the bilinear models (1.2) and (1.3). First we
discuss the case of the bilinear model (1.2). In model (1.2) we get:

10



cov(vy, Vs | t-w) (= E(v; Vi s | t-W))

-ZC. SRS Y S XTI PN 35 sE S

j=w =1 ]W|S+l

r r
+2 D bj; bj_ 0 02 Xej Xeesn

j=w MFW j=s+1

r+s ror
=AY+ DA Xy + D D MinlS Xej Xesn s (2.3)
j=w j=w n=w

where y(s) denotes the covariancefunction of a MA(q) process with the parameter ¢, ..,

¢ and o2,
w-1+s K
d; (S) = b o2+ 2 b sj-s* Cis blj ) % and hj,n(s) = Z bij bi‘s’“ o’
i=st+1 i=stl

and ¢, = 0fori>qandb;=0fori, | out of the summation domain.

The representation of c(v;, v | t-w) in (2.3) shows that the conditional covariances
depend on the parameter and afinite set of X;'s only!

The egtimation procedure in mode |

Step (i). In model (1.2) the Yule — Walker equations with a,..., &, hold for s> w'
(cf. Corollary 2.3 applied to model (1.2)), and thus we can define an estimator afor a by
solving the empirica Yule - Walker equations

6\:p,w‘-l ?—i: ﬁ, (2-4)

where Cp w1 = {eW-1+ i-))} 1< Ji<p - = (e(W"),.., c(w'+p))t and ¢(s) denotes the
empirica estimate of the covariancefunction c(s) (= cov(X(,Xt.g) Of the process { X} < 7.
If the matrix 6p,w'-1 is invertible, at least asymptotically, the solution a of (2.4) is
asymptotically uniquely determined, and we can define the estimated AR residuals by V;

=X - Z 1%\Xt|

Step (ii). In view of equation (2.3) now we try to minimize the conditional sum of
sguares

N
> {U Vs~ gV | tw))2 (2.5)
t=(r+s)vp+1

11



with respect to 3 to obtain an estimate of
Be = (¥(9); di(9), W< <r+s (9, w<j,n<r)t, (2.6)

for 0 < s<w-1. If aminimum of the penalty function exists we denote it with B_S and call
it the CL S estimator of 52.

Step (iii). Now in the third step of the estimation procedure we give the algorithm for

L. 0
i» G and 62 from the the minimizer Bs of E[{v, v, —

Ep(ViVis| tW)}]2, 0 < s<w-1.

identifying the parameter b;

The estimation of ﬁg includes the estimation of y(s), 0 < s< w-1. The function y(s) can
be interpreted as the covariancefunction of the MA(q) process {Z;}., defined by Z; =
Z?:O '€, withcy' =1, ¢'=¢, 1<i<q, and E(g2) = 6. If the process {Z} .7 iS
invertible, its covariancefunction y(s) uniquely determines the underlying parameter.
Wilson (1969) gave an explicit algorithm for evolving c,..., ¢, and 62 from the
covariances y(0),..., y(q). Since w - 1 > g we can apply this algorithm here also. The
esimates ¢y,..., Gyand o 2 resulting from the application of this algorithm to the estimated
covariances¥(0),..., Y(q) are called the Wilson - estimates with g covariances. If w-1is

strictly greater than g moreover we can make use of the additional information involved
in the estimated covariances y(g+1), ..., y(w-1) for improving the asymptotic efficiency of
the estimates of the parameter ¢;;..., Cq and 62.

What remains now isto define an algorithm for identifying the quantities by; fromc,;...,
Cyp 62 and ﬁ%, 0 < s<w-1. Thisagorithm will be applied |ater to define estimates of the
bjj's from the estimates s, ?:] and g 2. To this aim we consider di(s) for w < j < r+s,
which is part of ,[i(s), 0<s<w-1, in more detail. By definition (see (2.3)) we have

w-1+S

dj(s) == by + 2 by_gj-s * Ciis Byj)s (2.7)

i=s+1
where for simplicity we suppose 62 = 1 (if not, we consider di(s)/c?).
Thus the task to identify the bilinear parameter by; reduces to proving the invertibility of
the transformation from by; to dy(s), given ¢;. Since thistransformation is alinear one, we
have to check whether or not the matrix T defined by

Tb=d, (2.8)

12



is an invertible matrix, whereb= (by ., by . ,..., by.;.)t and d = (d.(0), d.(1),...,
d.(w-1))t with b; . denoting the components by;, w < j < r+i, and d.(i) is defined
analogously. According to (2.7) the matrix T can be computed as

DO UO,l ...... UOW 1
L1o
T = ,
UW-2,W-1
Lw-10 -+ Lwaiw2 Dwa
1
0
with D, = 0 e M{(h+i)x(h+i)},0<i<w1,
i+1- CZi_
' 0...0 1
Gj-i
0 -
2¢j :
Uo, = » Uiy = 0 e M{(h+i)x(h +])},
2 i+1 | Cj+i
G+ 0---0 G L
1<i<j<sw-1
0
I e M{(h+])x(h+ D)}, 1<]<i<w-1,
i+1- | Ci+j

.Ci+j O .--0
and L =0, whereh :=r —(w-1).

For proving the invertibility of this matrix, we consider it as a special case of the more
genera matrix

13



50 UO’]_ ...... UO,W-l

Lio
T= ,
GW-2,w-1
Lw-10 Lw-iw-2 Dwa
N 1 0\ * 0 B 0 0 -
where D; = e Ujj= yLij= andLjo=0.
* 1 * * * 0

The matrix T can easily be seen to be equivalent to a lower triangle matrix. Beginning
with the last but r row up to the first row we can transform T by elementary row
operations to alower triangle matrix. During these operations the main diagona remains
unchanged, which implies det [T| = 1 and hence the invertibility of T too.

Thus the coefficients by; are uniquely determined by equation (2.8), and we can define
asymptotically unique estimators for by; by solving the equation

(o)
o)

Tb =

(2.9)

with respect to b. Here d denotes the estimate for d which we implicitely obtain by
estimating the whole vector ﬁ%, 0 < s<w-1, and T denotes the estimate of the matrix T
defined in (2.8) which corresponds to estimating the parameter of the MA part by the
Wilson algorithm.

In a similar way we can proceed in estimating model (1.3). First we consider the
quantities which can be estimated by the CL S approach and second we give an algorithm
for identifying the true underlying parameter from these quantities.

As it was the case in analyzing model (1.2) the CLS approach heavily relies on the
structure of the conditional covariances of the AR residuals of the bilinear process.
According to Corollary 2.2 applied to the bilinear process defined in (1.3) the covariances
fulfill the equation

14



cov(Vy, Vis| t-k-1) (= E(vpVis | t-k-1))

r
= Sok {by 0% EX [ k) + ) by 0% Xy} +
=kt (2.10)

I I
+ 63’0.{62 + b2 o* + Z Z by by 0% E(Xyj Xen | t-k—l)}.
j=k n=k

In contrast to the representation in (2.3) the representation in (2.10) still includes
quantities which are difficult to estimate, e.g. E(X;,, | t-k-1). Thiswill cause a problemin
the estimation of the parameter of this kind of bilinear models and we have to introduce
an additional step in the estimation procedure to avoid this difficulty.

The egtimation procedure in moded 11

Step (i). Analogously to step (i) in model | we use the second order moment structure
of the process to define the estimator of the AR parametervector a. Here the Yule -
Walker equations with AR parameter a even hold for s> 1 such that we can define an
estimator afor a by

~

Cpo8=t (2.12)

with CA:p,O ={¢(i - )} 1<ijep - € = (©(2),.., Sp + 1))t The asymptotic invertibility of the
matrix 6p,0 is already guaranteed by the condition c¢(0) > O (Brockwell and Davis (1991,
Prop. 5.1.1)) which always holds in the cases we consider here. Thus as well the

estimator aas V; dso are at |east asymptoticaly uniquely determined.

Step (ii). While in the first step the definition of the estimate is independent of the
distribution of the innovations, in this step we will make use of the supposed Gaussian
distribution explicitely in the sense that we make use of the knowledge about the first
eight moments of the distribution of the innovations. Analogously to step (ii) in model |
we consider the conditional covariance E(v, v;_¢ | t-w) in (2.10) to deduce CL S estimates.

If we consider equation (2.10) in more detail the specia difficulty in analyzing model |1
becomes obvious. Unlike to model 1, in the case by, # O we cannot parametrize the
conditional covariance in 6%, by, and by by, 62

We can avoid this problem if first we estimate b, 62 by byxo2, second we minimize

15



N —_—
2 {/ljt /ljt-k - bkk(y2 xt_k —_ Eﬁ(ut ut_k — bkkcz Xt-k | t'k'l)} 2 (212)
t=(r+l)vp+1

with respect to 3, where 3 denotes the vector (bkj o2, k+1<j <1t and third we deduce
an estimator for 62 by using some higher order moment properties of the bilinear
process.

To estimate by, % we make use of the relation

E(u-u?) = 2b,, 02 E(u?) (2.13)

which can be proved easily.

Given asample X4,..., Xy according to this equation now we can estimate b, .62 by

biko? = { i U, 023 /2 i . (2.14)
t=k+p+1 t=k+p+1

Having estimated by, 52 we define an estimator B for B0 = (b, ,,,62,..., b, ,62)" by
trying to minimize the penalty function defined in (2.12). Here, in contrast to the
procedure applied to model (1.2) we cannot make use of the equation (2.10) to deduce an
estimator for 62 since in the above model for by # 0 the troublesome product by, 2
E(Xi.k | t-k-1) appears which cannot be represented as a deterministic function of the
sample Xy,...,X only. Hence we will suggest another procedure for estimating 62 in
this model.

Step (iii). The crucial relation we need is the following one

I

E(Vt4) =3Var { (Z bij Xt-j )2} + 6bkk62{ E(Vt3) -2 (bkkGZ)S} +6 (bkk62)4' (215)

j=k
The proof of (2.15) isgiven at the end of this chapter.
The main utility of the equation (2.15) isthat we can estimate C := Var { (zgzk by O Xt
)2} only by replacing b,,c? by its estimate defined in (2.14) and by replacing the
theoretical moments of v; with their empirical counterparts.
On the other hand also 6*-C = Var {(Z;:k bkjcs2 X;)?} can be esti mggd by replacing
the theoretical moments with their empirical counterparts and bkjcs2 by bkjcz only.
Provided that C # 0 thus an estimator for 62 is defined by

o2=|c%C/ C| V2 (2.16)
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where C and 64C denotes the estimator of C and 6*-C respectively.
Studying the case C = 0 in detail we get

r
C=0 & Y byoX =0as & Vjbg=0 bylemma4s
=k

According to this equivalence now the additional assumption included in the bilinear
model (1.3), namely that there exists at least one bilinear coefficient by, k <j <r, with
by; # 0, ensures C # 0. If we prove that C converge to C we may use o2 defined in
(2.16) as an estimator for 2.

Then an estimator by; for by, k <j <, can be defined by

by = byjo2 / o2 (2.17)
with o2 defined in (2.16) and byjo2 being the component of .
PROOF OF (2.15).

By definition of v, and taking the Gaussian assumption into account we obtain
(we use 'c' as an abbrevation for ‘cumulant’ here)

E(vi*) = c(ve, iy iy W)
r
= D by by by b Clerk Xei + €k X+ €k Xet » €k Xem)
ij.m=k

and by applying the product theorem for cumulants (see e.g. Brillinger (1981)) further
we obtain

r
D, bbby by { 30% c(Xei\ Xej o Xt Xem) + 60% (X, X )

il m=k

C(Xget s Xiem ) + 3602 C(&p i s Xeii ) CEpk Xij ) C(Xey s Xeem ) +

+ 6 C(Ex Xeei ) C(Erk » Xij )-CErk » Xeer )€€k s Xeem) }

r r
30% Y by by by by cXei s Xej s Xt Xem) + 6{ D, by by 02
i,j,I,mzk i,j:k

r
C(Xei s % )}2 + 36 (b 022 D) by by; 02 (i, Xij) + 6 (b 024
=k
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I r
= 3Var {( 3, b 6 %)%} + 36 (b 692 Y by by 02 c(Xei, Xij) + 6 (b 09
=k =k

Thusit remainsto prove, that

r
6 (b 02 D, by by; 02 c(Xi, Xej) = E(v3) — 2 (b 02)3.
ij=k
But this equation can immediately deduced from the product theorem for cumulants as

follows:

E(v) = c(v, Vi, W)

r
by by by C(Erk Xei + €k Xy + Etk Xt )
ijI=k

r
=2 ) by by by {302 c(Xei s Xej ) ek Xer) + (e Xei ) ek, Xej)-
D

C(Epk » Xt )}

r
= 6 (b 02 D, Dby 62 c(Xei, %) + 2 (b 0934
=k

3 Results

Theorem 3.1 is the basic result for proving the asymptotic properties of the estimators
deduced in chapter 2. We prove the CLT and the LIL for the empirical moments of the
process { X} z. As afirst application we obtain a result concerning the asymptotic
behaviour of the Yule Walker estimator of the AR parameter in the general standardized
superdiagonal bilinear model. This is the result of Theorem 3.2. Since both bilinear
models under our consideration belong to this special class of bilinear models this result
will be applied to the estimation aswell in model (1.2) asin model (1.3) too.

Before we state Theorem 3.1 we give some preliminary computations which are useful

not only for formulating the assertions of Theorem 3.1 but also for a better understanding

of the proof of the theorem.
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In Theorem 3.1 we establish conditions for both guaranteeing the existence of a
stationary, ergodic and m - times integrable solution of the bilinear equations (1.1) and
implying the CLT and the LIL for the empirical moments of the bilinear process to hold.
These conditions shall be motivated by the following considerations.

First we rewrite the bilinear processin (1.1) as a vectorprocess by introducing the vectors
X = (Xi s Xig oo Xppep)h @ i=(at, 0,.., 0)tand D := (1, 0 ,.., O)te Rhwith h :=

max{p, 1}, & 1= (&, €4 . &4 € RI*!, and the matrices

a---a& 0---0 bi---b, O... 0
1 0......... 0 O..-vviviit 0
A= o ilBi=]| - | e M(h, h) and
0 .. : :
10 O vt 0
1Cl"'cq
C= 0 ...... 0 e M(h, g+1).
0...... 0

With this notation the bilinear equations (1.1) can be represented in state space form as

K
Xi=a+AX ,+ Z g Bi X, +Cg
=1 (3.1)

X, =D X,.

Applying the notation used in (3.1) the idea underlying the proof of the first part of the
Theorem 3.1 can be motivated easily. The proof is based on the study of the sequence of
the vectorvalued stochastic processes defined by

f 0 N<O
S\ = Ceg N=0 te Z, (3.2
\C g+ y(t)Sna(t-1) ,N>0

where () = A + ¥ &, B;.
For the results of Theorem 3.1 to hold we require some conditions which are imposed
mainly for proving the following statements concerning the behaviour of S(t):

(i) Foreachte Z: Sy(t) convergesin L™ for N — oo
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(i) Theprocess{Y} 7z withY,:=as.- Iir’(?_> Sy(®) fulfills
the bilinear equations (1.1) with o = 0.

Here L™ denotes the space of all functions f such that [ [f|™ dP < cs.

Now we show how the conditions required in Theorem 3.1 arise in the proof of the
assertions (i) and (ii) above. As the conditions required for verifying (i) guarantee the
validity of (ii) also, we restrict our attention on proving (i) here.

For m = 2 the proof of (i) has been worked out explicitly by Liu and Brockwell (1988,
proof of Theorem 3.1). Analogously to the method they suggest, Liu and Liu (1990)
extended the ideato the case m > 2. Thus we only give a sketch of the proof here.

Since for any m > 2 the space L™ is a complete space, (i) can be verified by proving that
foreachte Z : {Sy(t)} nen 1S @ Cauchy - sequencein L™. To prove this property we
consider the sequence of thefirst differences of Sy(t)

0 N<O
AN = Su(t) —Syalh) = Ce N=0. (3.3)
\w(t)-AN-l(t-l), N>0

According to its definition { An(t)} 7 IS astrictly stationary process for each N > 1 with
Ap(t) being measurable with respect to the o-field Fy_1, generated by €, i = 1, for each t
e Z.

Now the main effort is to prove that there exists an 6 € (0,1) such that

E{1IA I} < const:3N2 for N2 N, (3.4)

holds, where || x ||l =Y. Ix]|™ for x = (Xy,..., X,)t, such that we immediately can
deduce the Cauchy - convergence of { Sy(t)} yen in L™ then.
In view of the inequality

E{llan@I B} < [E{A 0™},

where | x | =Y x| , for proving (3.4) it suffices to study the behaviour of V :=
E{ AN(t)®m} only (here ® denotes the tensor product and ®" its m - fold application).

Our aim now is to deduce a recursion formula for V| such that by controlling the
behaviour of the transition matrix appearing in the recursion formula we can gain the
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geometrical decrease which we requirein (3.4). By some tedious computations and under
some additional assumptions on the behaviour of the higher order moments of the
innovation process, we can deduce both a vector Y which contains V| as a component
and amatrix I',,, such that for N > N the following recursion is valid:

YN = Fm YN-l = sz YN-2 = ... = FmN'No XNO' (35)

(For m = 2 the vector Y, and the matrix I',;, has been computed explicitely in the bilinear
model with k = 2 by Liu and Brockwell (1988, Y\, = uy, therein) and for m =4 by Liu
and Liu (1990).)

Let us now assume p(I',,) < 1. Then we can further conclude (cf. Proposition 2.1 in Liu
and Brockwell (1988)) that

V] < 1YN| < const:3N2 for N> N,

Since E{ ||[AyMII B} < |V |, by means of the inequality above and applying the
recursion in (3.5) we obtain (3.4).

Obvioudly the condition p(T',;,) < 1 isthecrucia condition in this argumentation and thus
we impose this condition in Theorem 3.1.

If we replace the matrix C in the definition of S (t) by another matrix C we recognize
that this causes no difference in the evaluation of the vector Y, and the matrix I',,,, since
we only make use of the recursive definition of Ay (t) and the measurability and
stationarity properties of Ay(t). Thus the matrix I',, isindependent of the moving average

part of the bilinear process which is represented by the matrix C!

After these preparations now we state the announced theorem.

(Notice that in contrast to the definition in (1.1) where we defined the bilinear BL(p, q,
k, r) model, in formulating the subsequent result the quantity 'k’ is used with another
meaning such that here we consider a bilinear BL(p, g, s, r) model!)

Theorem 3.1

Let {X},., be the bilinear BL(p, g, s, r) process defined in (3.1) with « = 0. If for
some v eN the corresponding innovation sequence {&},_, isa 2vs - th order

symmetric innovation sequence and if moreover p(I5,) < 1, where I, is implicitely
defined in (3.5), then the following assertions hold:
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(i) There exists a strictly stationary, causal and ergodic solution {X},_- of (3.1)
with E[X;?'] < <. The unique strictly stationary solution X, is the first

component of the vector

0 n
X,= Y [[] #t+1-)] Cen* Co,
n=1 i=1
with ¥(t) defined in (3.2) and the infinite sum can be interpreted either as an
almost sure or L2 limit.

(i) To give the result concerning the asymptotics of the empirical mixed moments of
he process { X},_, moreover we need the following definitions:
Let K := {(O, ky,..., k) :k; <..< k,0<i< v-1k e Ny for 0 <j <i}
denote the set of indices for identifying the several mixed moments of the process
up to the order v. For k= (0, ky,..., ki) eK we further define y, := E[ X,
X weoee in] and 0, := X Ko "o+ K ~ M

Moreover for u €[0,1] we define the process of the partial sums § ,(u) :=

[Nu]

S and a continuous version 5N,|_<(U) = SN,I_<(U) + (Nu-— [Nu])-nl_(,[Nu] ‘1

Then for all k e N and for all y= (73 ,.., %)t € Rkand kieK , 1 <i <k, we

have
k
{N_llz Z " 5N,l_<i(u) }56[0,1] i {Cy B(u)}ue[o,l]
i=1 clo,l

where {B(u)} (o ; denotes the standard Brownian motion and
c,:= limy,.. €[ (é e )?] IN exists with 0 sc < o,
and the law of the iterated logarithm
{N-loglog(Nv €)} /2 Zk' ¥ éN,I_q- isrelative compact in (C[0,1], [|][.)
i=1

holds.

REMARK.
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Snce the assumptions of Theorem 3.1 do not depend on the moving average part of the
bilinear process (cf. the discussion before Theorem 3.1), the theorem remains valid even
If we admit processes with o # 0, provided that the matrix | — Aisinvertible. Thisis due
to the fact that for oo # 0 the process in (3.1) can be transformed equivalently to a
process with o = 0 by changing the MA part of the model only if we suppose the matrix
| — Ato beinvertible (cf. the appendix). In the case of a general superdiagonal bilinear
processes (bij = O for i > j) Liu (1992) proved that the condition p(I5,) < 1 always
implies p(A) < 1 and hence the invertibility of | — A. Thusin this case we do not need to
Impose any additional assumption even in the case o # 0.

In view of this remark, for applying Theorem 3.1 to the bilinear processes defined in
(1.2) and (1.3), we impose the following assumption on these bilinear BL(p, q, k, r)

processes.

(A1) {X{}z isagenera superdiagonal bilinear process driven by a 4k-th order
symmetric innovation sequence{ e}, such that p(I'y) < 1.

According to assertion (i) of Theorem 3.1 this assumption implies our basic assumption
(AO).

Furthermore we will make use of the following assumptions for proving the CLT and the
LIL for the various estimates under consideration:

(A2)  Cpyn1:={cW-1+ i)} 1< j<p isinvertible, where c(i) := cov(X;, X ;) and p
corresponds to the order of the AR part of the bilinear process

(A3) TheMA - part of the bilinear model, defined by the MA coefficients cy,..., ¢,

and 62, isinvertible

(A4) & cannot take on only two values a. s.
Now we come to the study of the asymptotic properties of the estimates of the parameter
determining the bilinear process. In chapter 2 we suggested first to fit an AR(p) process

to the bilinear process. To this purpose we applied the Y ule - Walker equations. Now we
give the theoretical judtification for proceeding in such away.
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Theorem 3.2 (Estimation of the AR parameter)
In the general standardized superdiagonal bilinear model which fulfills (A1) and (A2),
we obtain the following result

N2 (a—a) is asymptotically normal distributed with expectation zero
and

the LIL, i.e. a—a= O(Ly) a.s. with Ly = {N/loglog(Nv €)}~*2, holds

where a denotes the w'-th order Yule-Walker-estimator of a.
(Remind that w' = max{q + 1, k}.)

Now we look for theoretical results attainable in the estimation of the remaining parameter
of the bilinear model. To this purpose we consider each bilinear model ((1.2) and (1.3))

separately.

3.1 Asymptotics in model |

In this part we will prove that the estimates of the parameter determining the bilinear

model | satisfy both the CLT and the LIL. In model | defined in (1.2) the parameter of

0
ij

theindex '0' to denote the true parametervalue. The estimator of 8° is defined in chapter

our interestis@° = (&,..., &b, 1<i<k w+l<j<r cd,..., ¢, o), where we use

2. Here we consider 8° € © with

©={(a,.... &y by, 1<i <k, wHl<j<r; .y G 69t e RPHKI-WHAX RY:

(A1), (A2) and (A3) are fulfilled}

For 8 € © as well the maximum eigenvalue of ', (see assumption (Al)) as aso the
zeroes of the polynomials occuring in (A2) and (A3) are continuous functions in the
parameter 0. Thus for any 6 € ® we aways find an open neighbourhood of 6 such that

each parameter in this neighbourhood belongs to ©® too. Hence © is an open subset of
Rp+K(r-w)+q x RS)__

24



Theorem 3.3

In a bilinear model of type | defined in (1.2) fulfilling the assumptions (Al) - (A4), the
estimator 8 of 6°, where 8 is defined by means of the estimation procedure worked
out in the equations (2.4) - (2.9), has the following asymptotic properties:

() 6 —0° as.

(i) if moreover p(I'g) < 1 holds and {¢;},_, isan 8k-th order symmetric innovation

sequence, then

N2 (§— §°) is asymptotically normal distributed with expectation zero
and
the LIL, i.e. & —6° = O(Ly) a.s., holds.

REMARK.

From the proof of Theorem 3.3 it becomes obvious that we can define a moment
estimator of 82 which has the same asymptotic distribution as the estimator 0 since as
well a defined in (2.4) as Bs from (2.5) also can be represented as differentiable
functions of the empirical mixed moments of the process {X};.> only. The moment
estimator which corresponds to the estimator 0 isa minimal one in the sense that it
depends on the first four moments of the bilinear process only.

The great advantage of the CLS procedure in comparison to the usual MM procedure
consists in the ability to solve the identification problem by means of the uniqueness of
the minimizer of the conditional variance. In the MM case the identification of the
parameter determining the process from the moments is the main problem in applying

MM to bilinear time series. (cf. Introduction)

According to this theorem the CL S procedure works well in the sense that it produces
asymptotic normal estimates which moreover fulfill the LIL. In principleit is possible to
compute the corresponding asymptotic covariance matrix aso. But since even in the very
simple bilinear model (1.2), the evaluation of this matrix needs extensive computations,

we restrict ourselves on proving the asymptotic normal behaviour here.
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3.2 Asymptotics in model 11

Here we will prove as well the CLT as the LIL for the parameter estimates defined in
chapter 2 part 2. In model |1 the parameter of interest is8 = (a,..., 8y by, K<j <r; o)t
e RpP+(r+1-k) x R9__

The main results are summarized in the following theorem.

Theorem 3.4

In a bilinear model of type Il defined in (1.3) fulfilling the assumptions (A1) and (A4)
the estimator 8 = ((Q)t, bi, o2 tof 80 with a denoting the first order Yule-Walker-
estimator of a defined in (2.11), and b;;, and o 2 are defined in (2.14) - (2.16), has the
following asymptotic properties:

() 6 —8° as

(ii) if moreover p(Ig) < 1 holdsthen

N2 (§— §°) isasymptotically normal distributed with expectation zero
and
theLIL, i.e. § —6° = O(L,) as., holds

REMARK.

As it was the case in the bilinear model of type | here also the deduced estimator 9 is
asymptotically equivalent to a moment estimate. This becomes obvious from the proof of
the Theorem which shows that approximately 6 can be represented as a differentiable
function of the empirical mixed moments of the process only.

For afurther discussion of this property we refer to the remark after Theorem 3.3.

3.3 Asymptotics in the unknown mean case
The results obtained in the sections 3.1 and 3.2 are stated for the case that we know the

mean of the process {X}.z to be zero. Here we consider the case of an arbitrary
unknown mean u. Thus p is an additional parameter which have to be estimated also.
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Given the sample X, ..., X an obvious estimate for u is the empirical mean i := N-1
't\‘z . X:. We will show that the results of the previous chapters remain valid even if we
include the estimation of the mean.

If the mean of the process have to be estimated the Yule - Walker estimates defined in
(2.4) and (2.11) respectively will be modified in the way that c(i) is replaced with &(ii) =
N-2 YN (X;—W)(Xy; — ). The modified Yule - Walker estimator shall be denoted
with & With these notations we get the following result, which is an extension of
Theorem 3.2.

Theorem 3.5 (Estimation of the AR coefficients in the unknown mean case)
In a standardized superdiagonal bilinear model with expectation u which fulfills (A1)

and (A2), we obtain the following result

NL/2 (((é)t, 1) — (@), w))tisasymptotically normal distributed with expectation zero

and
the LIL, i.e. (A, [1) — (@)t 1) = O(Ly) a.s., holds

In view of this generalization of Theorem 3.2 subsequently we will generalize the results
of the parts 3.1 and 3.2 to the case of a standardized superdiagonal bilinear model with
expectation u, where u is estimated by J.

Theorem 3.6

If instead of the zero - mean processes considered in the Theorem 3.3 and 3.4 now we
consider the corresponding i - mean processes with unknown u and if we estimate u by
11, the deduced results concerning the estimation of 8% can be carried over to the
estimation of the extended vector Q,? = (u, (8°)Ht too.

REMARK.

If we study the proof of Theorem 3.6 carefully we recognize that estimating ¢ has an
influence on the asymptotic distribution of the parameterestimates which is not
neglectable. The estimates are still asymptotic normal distributed but their asymptotic
variance doesincrease if u have to be estimated also.
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4 Proofs

Proof of Lemma 1.1

Proof of (i). See e.g. Guegan (1981).

Proof of (ii).

From the causality property of { X}z whichisdueto (i), we can conclude that not only
the quantitiese,_;-X,_, and g, but also the variables e, ; and X, are independent for each
te Z. Thusitisastraightforward matter to compute the 2n-th moment of X, as

2n
E(X¢) = 2 (Zln) b' E(e{') E(e22™) E(X{)
i=0

2

~
5

-1)

M

11
o

(2) b E(e/) E(e2™) E(K) + b2 E(e) E(X2")

2

en

where in the last equation we applied the assumptions on the distribution of the
innovations. As afirst consequence we get the equivaence

E(X@2M) < & { E(X2MD) <o} A{ b?NE(e?) <1}
& b2mE®E2m) <1 foral 1<m<n

Taking Jensen'sinequality into account moreover we remark that
b2m E(g;2m) > b2(m-1) E(g,2M1) forme N

such that the assertion is obvious now.

Proof of (iii).
From the equation
5262 = 1 — b252 (1)

we conclude that 62 > 0 and B262 < 1, such that according to assertion (i) of the lemma
the process { X} . 7 isa stationary process. Moreover due to (1) we have

BAo? = (1 - b262)2 = bho4 — 2b262 + 1.

From the requirement 1/4 < b4c4 < 1/3 further we deduce that B4c* < 1/3 which
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according to assertion (ii) ensures the existence of the fourth moment of the process
{X}icz- Thus it remains to prove that the first three mixed moments of the processes
{X¢ez and {X}c 7z coincide. From Guegan (1984) and Kumar (1986) we know the
explicit form of these moments. For 0 < s< uwe have

E(Xy) =0, E(XX.g) = 8500%/(1 — b%0?), E(X X X)) = 8510, 2-b0%(1 — b2G?).
Straightforward computations show that also
E(Xy) =0, (XX = 85562/(1 - b%6?), E(XX;.sX1.) = 8510, 2b5%/(1 — b2G2)

holds. A

Proof of Theorem 3.1.

Proof of (i).

In the case v = 1 this result is due to Liu and Brockwell (1988). Applying the same
method as Liu and Brockwell (1988), Liu and Liu (1990, cf. (3.1) - (3.10)) generalized
thisresult tov > 2 also. Inthe case v > 2 Liu and Liu (1990) state the result without
performing the proof explicitly. But the explicit proof is obvious as well from the way of
proving the casesv = 1 and v = 2 as from some additional arguments [(2.21) - (2.25) in
the reference above] also, though alot of straightforward but tedious computations are
necessary to write down the proof in a closed form.

Proof of (ii).

The first who recognized this result were Liu and Liu (1990, cf. Theorem 4.3 and
Theorem 4.4). But they gave the explicit proof for v = 1 only. Since some more
considerations are needed for proving the most general case v > 1 we will give the
explicit proof for any arbitrary ve N here.

Anaoguously to the way inwhich Liu and Liu (1990) used to prove their Theorem 4.2 (v
= 1) here we will verify the conditions for applying Corollary 5.4 and Theorem 5.5 of
Hall and Heyde (1980) for proving the case v > 1. To show the assertion (i) the main
step is to verify these conditions for ybeing an unity vector in Rk, ke N arbitrary, but
fixed. In view of the structure of the necessary conditions in Hall and Heyde (1980,
Theorem 5.5) the generalization to any y e Rk isimmediatethen. Thus we restrict the

proof to the case of ybeing an unity vector in RK here.
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In this case the linear combination of processes considered in assertion (ii) reducesto a
single process {iN,K(u)} ue [0.1] with k € K,. According to Corollary 5.4 of Hall and
Heyde (1980) the crucia condition to verify is

21 {E[EMyo | F_)AY2 + E[(no—EMyo | Fn )Y <o, (01
m=

where F_ =o(g ,t<m).

According to the theory developed by Hall and Heyde (1980) this condition is used for
approximating the sequence {n, }1cz Which is involved in {éNYK(u)} ue [0,1] by a
sequence of martingale difference schemes to which we can apply the classical martingale
limit theory then.

If k=(0, ky ..., kj), the definition of n, , implies E[ng,o_ EMyo ! Frm )] =0for m>k;,
such that ( [)i8 aready fulfilled if

Y {ElEM o IF )2} <o (1)
m=1

holds. For proving (1), the following decomposition of X, turns out to be the basic tool.
According to the proof of assertion (i) of Theorem 3.1, for m > s it is possible to
represent X, as

oo

m-s-1

X =SM+ D A + Y, AL, (2)
n=1 n=m-s
with S (t) and A(t) from (3.2) and (3.3) respectively, and where the infinite sumin (2)
converges almost surely and in L2V also. We want to remind that the variable 's'
corresponds to the bilinear BL(p, g, S, r) model we consider here.
By the definition of S (t) and A, (t) we observe that for each n > 0 there exist measurable
functionsf, ; and f, , such that for all t e Z we have

§n(t) = fn,l(et 1 gt-s-n) and An(t) = in,2(£t-1 10 8t-s—n)'

Hence, for m > s, the sum U, (t) := Sy(t) + er?:";_’lén(t) is independent of F__ for all t

e No, whereas T (1) := >

—m-s An(t) still depends on F_.. In view of (2) these

definitions yield a decomposition of X, in

X, = Up(®) + Z,00). (2)
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Now we take the vector form of X, stated in (3.1) into account to obtain the following
representation of 1

f h' X oX'k;hh' X X'h . X X'h —wy;  ifiiseven
Nko =

| X oX XX i .. X h — i if i is odd

whereh= (1, 0 ,..., 0)t e RP¥". Applying the decomposition (2') to n, , for m > swe
obtain (we consider the case 'i is even' only, because the case 'i is odd' can be treated
analogoudly):
Ny o = MU ()Y, I(k)hh'U  (kp)U (kg)h .. htU (ki 1)U (ki) —
— E[the same expression] +

3)

+ meancorrected terms, where in each term at least one Z, (k;) for 0 <j<i occurs

If now we consider E(n, o | F_,,) for m> s, the first term in (3) vanishes by applying
the conditional expectation since it isindependent of F__. Thus we restrict our attention
to the other meancorrected terms, where in each term at least one (k) for 0<j <

occurs. Introducing the definition
Vi={V,, 1V (k) € {U(k), Z(k)}, 0<j<i, such that 3 0< jo <i with
Vin(ki) = Zm(kjo)}
the conditional expectation E(, , | F_,,) can be computed as
EMgo | Fm)
=E[ 3, bV (0OV, [(kphhV, (k)V, t(kgh .. htV, (ki )V, (kph | F_ ] -

VeV
—{ the corresponding unconditioned expectation} .

By means of theinequality

E[{E(XX | F) - E(X)}?] < Var(X) < E(X?)

appliedto X = Y hV_(0)V, t(k)hhtV _(K))V, t(koh .. itV (ki )V, t(kph further

we obtain VmeV
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E[EMo | F )7

<E[{ X hV OV, {(kphhtV, (k)V (ke .. BV, (ki)Y (Kb} 2,
VmeV

< K- Y, E[{htY, OV, i(kph .. htV, (ki)V,i(kph} 2], (4)
VmeV

where K is aconstant independent of m.

Hence for proving (1) it suffices to consider each summand in (4) seperately. Without

loss of generality now we consider a summand with V_ (k) = Z,, (k;). In this case we

obtain

E[{h'V (0V,{(kph .. htV, (ki.)V, (k)h}?]

= S S htV (0)V,(kph .. htV (k1) A,(k)hht4, (k)V, t(ki.)h ..
N=M-S k=m-s

-tV (k). {(O)h]

<Y X E[hV () |V, (kohl.[htV_(ki)| 14 k)bl |04, ()] [V, KKki)h ..

N=mM-S k=m-s

0V (k)] 1V H(O)h]

< D Y EINAOIS NN kolIZ - VoK D13 AR 2y 1AL 2]

N=M-S k=m-s

with |[x|2Y :=2ir=1 x?V for xe R,

i-1 i
< [TELINWRUISTY@{ 3 B llIa(k)lIZ] VE}2 5)
=1

n=m-s

by an application of Holder's inequality.

Now we make use of a property of A (t) which was used implicitely for proving our

assertion (i), namely the validity of the inequality (3.4) which says

ForeachteN : E{ ||An(t)||%§} < const-3"2, § e (0,1) for n large.

Thisresult implies

Y. E{lIa(k)IBY} < constA™forand e (0,1)

n=m-s
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and
E{IV(k)Ibv} <const forO<j<i-landm>s,

where the constants can be chosen independently of m > s. Thus we can estimate (5) by

K'A™V with a constant K' independent of m > s.
Since the number of summands occuring in (4) isafinite number which isindependent of
m, and since each summand in (4) can be estimated by const-A™V with A € (0,1) (A
possibly changes from summand to summand), (1) and thus also ( [) i3 proved now.
Hence we can apply Theorem 5.5 and Corollary 5.4 of Hall and Heyde (1980) which
yields the assertion (ii) for ybeing an unity vector in Rk for any ke N.

In the general case of y being any realvalued k—dimensional vector as well the validity of
the crucia condition ( D) ab the validity of the other conditions required for applying the
results of Hall and Heyde (1980) also, can be reduced easily to the basic case considered
above. A

The basic tool for proving the results concerning the asymptotic behaviour of the defined
estimatesis included in the following obvious result.

Lemma 4.1

Let {Xn}nen D€ @ sequence of random kx1 - vectors and f = (fy,..., f)t: Rk > Rm
be a function which is continuously differentiable in a neighbourhood of x; € Rk.

Then we have

(i) If NV2(X\ —Xo) isasymptotically (for N — o) normal distributed, then
NV2{f(X,) —f(xo)} isasymptotically normal distributed also

(i) 1f Xy —%o = O(Ly) as., then f(X,) —f(Xp) = O(Ly) as.

In view of Theorem 3.1 and Lemma4.1 above for proving the CLT and the LIL we will
apply the following considerations.
Let 60 =((Q%)t, (Q%)t)t denote the true parameter where Q? are allowed to be of different

dimension and let Ei denote the corresponding estimators. Furthermore let us suppose
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that 67 = fi(M;), 1 =1, 2, for some continuously differentiable functions f; and vectors M;
whose components belong to the set of the theoretical mixed moments of the process
{Xi}icz. Often we can observe that within a small error term we can represent the
estimates §; as 6 = fi(I\A/Ii), i =1, 2, where Mi denotes the empirical estimate of the
vector M;. If now for eachi =1, 2, I\7Ii —M; fulfills the requirements of Lemma 4.1 we
can conclude that both the multidimensional CLT and the LIL hold for the vector 8 =
(81" (Y.

For the estimates we consider here the conditions for applying Lemma 4.1 can be
satisfied by taking Theorem 3.1 into account which states the CLT and the LIL for the
empirical mixed moments of the process { X} 7.

Thus a desirable property for proving the asymptotic behaviour of an estimator z of z0 in
the way described above, is that the pair (Z°, 2) fulfills the condition (CA) with moments
of the order m, i.e.

(i) there exists both an finite dimensiona vector M,,, whose components belong to
the set of the theoretical mixed moments of the process { X}z up to the order
mand afunctionfe C1{N(M,)} suchthat 20 =f(M,,)

N . N-V2
(i) |2 f(My)| = {SFEN) .

empirical estimates of the theoretical moments M,

(4.1)

,where mm denotes the vector of the corresponding

Here we use C1 {U} as an abbrevation for the set of functions {f :U — V, f is
continuoudly differentiable in U} and N(x) denotes a suitable neighbourhood of x.

The condition (CA) isthe crucial condition we will verify for the several estimates under
our consideration.

Since often we will prove part (ii) of the condition (CA) for both error terms at the same
time, for smplicity we introduce the following abbrevation.

NOTATION
/Op(N'llz)

Any sequence ry with the propertiesry = \o(L ) as
N .

will be denoted by oy.

Now we apply this concept to the estimators of our interest.



Proposition 4.2

Under the assumptions of Theorem 3.2 the pair (a, 3 fulfills the condition (CA) with
moments of the order 2.

Proof.
According to Corollary 2.2 the standardized superdiagonal bilinear process satisfies the
Y ule-Walker-equations with AR parametervector afor s> w, i.e.

prw‘-l Q- = g)

where ¢ = (¢(W),..., c(w'+p))tand C, g ={c(W'-1+i-))} 1 <ij<p-

Due to the assumption (A2) the vector afulfills part (i) of the condition (CA) withm =2
because both the vector ¢ and the matrix (Cp -1 )-1 are continuoudly differentiablein its
components in a neighbourhood of the second order mixed moments of the process.
Since the Yule - Walker - estimator ais defined by replacing the theoretical momentsin
the above equation with its empirical counterparts, the second part of the condition (CA)
Is satisfied too. A

In view of this proposition now the proof of Theorem 3.2 isimmediate.

Proof of Theorem 3.2

According to Theorem 3.1 the assumptions of the Theorem 3.2 imply that the conditions
for applying Lemma 4.1 are fulfilled if we choose Xy as ﬁz and x0 as M,, where M,,
denotes the vector of the first w'+p second order mixed moments of the process and mz

itsempirical counterpart. In view of the Proposition 4.2 the result is obvious then. A

For proving the Theorem 3.3 first we verify the condition (CA) in (4.1) for the pair (ﬁg,
E_S), 0 < s<w-1, where ﬁ% and the corresponding estimate B_s are defined in (4.6) and
(4.7) respectively.

Proposition 4.3

In a bilinear model of type | fulfilling the assumptions (Al) - (A4), we have for each 0 <

s<w-1
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() Bs — B2 as.

(i) ifmoreover p(I'y) < 1and{g},_, isan 8k-th order symmetric
innovation sequence, then the pair (ﬁg , ES) fulfills the condition (CA)
with moments of the order 4.

Proof.
In (2.5) we defined ﬁ_s , 0 < s<w-1, to be the minimizer of the penalty function

~S N ~ o~
QB = Y {ViVis—Ep(vivys | tw)}2, (4.2)

t=(r+s)vp+1

if such a minimum exists. According to the linear representation of Eg (v;vis| t-w) in
terms of B¢ in (2.3), we recognize that Qﬁ, Is a quadratic function in the components of
B Thus for minimizing (5,5\1 we consider the solutions of the equation

VOy=0 1)

with V(Agﬂ being alinear function of the parameter Bs. Hence, in general, the equation (1)
has an unique solution which moreover can be computed explicitly. According to the
linearity of VO, we have the expansion

VN By = VR (BY) + Bs— Bt V2R (B2). 2

Thus, for proving the aimost sure convergence of B_s to ,B_% we only have to verify the
following conditions:

(C1) NIVREBY)—>0 as
(C2) N-2Vv2 QB - VO>0 as.
To prove part (ii) of the Proposition 4.3 moreover we need the condition
(C3) thepair (0, N1V QN (B2)) fulfills the condition (CA) in (4.1) withm = 4

to be satisfied.

According to Theorem 3.1 the general assumptions of Proposition 4.3 imply E|X;| 4 < eo.
Hence we can take the ergodic theorem into account to deduce I\A/I4 -M, =0(1) as. So
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the condition (C3) implies the condition (C1). Thus we restrict our effort on proving the
conditions (C2) and (C3) only.

It should be noted here that for verifying these conditions we only apply the general
assumptions of the proposition but not the additional assumption required for assertion

(ii).

Check of (C2).

If we compute the second order derivatives of Qn with respect to 3 at ﬁos we obtain

/\S N
VZQR(B)=2 Y (VEg) (VEy).

t=(r+s)vp+l

This equation holds due to the linearity of Eg in Bs (cf. equation (2.3)) which implies V2
Eps = 0 (Eg, is used as an abbrevation for Eg(vivy.s | t-w) here). Since V Eg, moreover is
linear in (1; X5 Xij Xegs LSi<r+s, w<j<r, wts<k <r+s)t and the assumptions

of Theorem 3.3 imply E|X;| 4 < e, we can apply the ergodic theorem to deduce

N-1V2QR (B3) — V :=2E{(VEy) (VEy)} as.

From the definition of the matrix V it isimmediate that we always have V > 0. Thus for
verifying the condition (C2) it remains to prove that if o' V o = 0 for some o then we
have o = 0.

Since Eg isstationary int e Z we get

aVa =0 E[(gtVEﬁg)z] =0 & a'VEg =0 as fordlte Z.

According to Lemma 4.6 now the last equivalence implies o. = 0 such that we can
deduce V > 0 which proves the condition (C2).

Check of (C3).
For verifying this condition we need to analyse the penalty function @E in more detail. To

this purpose we define
Q3(Bs, & My) = E[{vy(8) vi.{(@) — Ep(V; Vi.s | t-w)} 2] (4.3)

where M, denotes a suitable vector of theoretical mixed moments of the process { X} . 7
up to the order four and vi(a) = X, — 2?:1 g X jandas= (ay,..., a)t

37



The fact that for B fixed the conditional expectation Eg, belongs to span{ 1; Xy ; X¢j X
;1<i<r+s,w<j<r,w+s< k <r+s} together with the linearity of v(a) in X;,0<i <
p imply that Qs isreally afunction of the moments up to the fourth order only. Thus Qsis
a polynomial in M. These features combined with the linearity of Eg,in B moreover
imply that Qs and hence its partial derivatives 8/8,[1S {Qs(ﬁos , +, )} are arbitrarily often
differentiable functions a so.

According to Proposition 4.2 now there exists a continuously differentiable function g
with a0 =g(M9) (= g(M9), since MS can be chosen such that M3 = M ) and 2 = g(M,) +
Oy, Such that further we can conclude that there exists a continuously differentiable
function f with the properties

(M3 = 53 (B2, 20, M)
and

f(Mg) = -0 Qs(B2 , & My) + oy 3)

(In order to avoid misunderstandings caused by the notation, we denote the true
underlying AR parametervector and the true theoretical moments of the process by a2 and
MO respectively.)

On the other hand we can represent the quantity of interest, N-1 V (ﬁs) by means of
the function Qs defined in (4.3) asfollows

aﬁsQ(,[iSaan4)_vaQN(ﬁs)+oN (4)

According to its deflnltlon,[iS minimizes QS( -, 8%, M9) and we get B/Bﬁs {QS(,[iS ao,
4)} = f(MQ 2) = 0, which together with (3) and (4) proves (C3).

Hence the conditions (C1) - (C3) are verified (reminding that (C3) implies (C1) here) and
it remains to show how these conditions can be used to deduce the assertions of the

Proposition 4.3.

Since the proof of the assertion (i) is obvious we restrict our effort on proving the
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assertion (ii) here.
Since V Qy (ﬁ_s) = 0inview of the expansion in (2) we obtain

N1V QR BY = (Bs—BYENL V2 QR (B).

By means of (C2) moreover we get

—(VOIN1 V QR (B2) = Bs—BYt {1+ 01)} as. 5)

At this stage we make use of the additional assumptions presumed in part (ii) of the
proposition. According to Theorem 3.2 these assumptions imply that m4 and Mﬂ fulfill
the requirements of Lemma 4.1 with Xy = m4 and x0 =M9. Hence according to this
Lemmaand in view of the equation (5) the validity of the condition (C3) can be applied to
deduce

(Bs—B2)t - o(1) = oy

A second application of the condition (C3) moreover ensures the existence of anf e C1
{N(M9} such that

Bs—B2t= (VO {f(M,) —f(M} + oy

If now we define

h() = (VoL {f() —f(M9} + B2,

then hisa continuoudly differentiable function with the properties h(Mﬁ) = ﬁos and h(m 2)
= ,[Ais + 0y such that the pair (,[i%, B_S) fulfills the condition (CA) with m= 4, which proves
(ii).a

Proof of Theorem 3.3

According to the propositions 5.14 and 5.15 the pair (2, 7) := { ((29)t, (B)))t , (& ,
(,[Ais)t)t} satisfies the condition (CA) in (4.1) with m = 4. Moreover, by means of
Theorem 3.1, the assumptions of Theorem 3.3 imply that Mg and ﬁ4 hold the
requirements for applying Lemma4.1 to the pair (°, &). Thus the vector N1/2 (5{ —yOtis
asymptotically jointly normal distributed and the LIL isvalid also.

The asymptotic behaviour of the estimator of interest 8 now can be deduced from the
asymptotics of the estimator 5{ by applying continuoudy differentiable mappings to 3{
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According to our procedure for estimating 82 we apply the Wilson algorithm to a
selection of the components of the vector S{ first. Since in the neighbourhood of the true
value this algorithm can be regarded as a continuously differentiable transformation, an
application of Lemma 4.1 implies the desired asymptotic behaviour for the vector ((5( —
P, G-, 1<j<q; 62 — 52)t to hold also. Furthermore the mapping from (¥, G, 1<
] £q; c?z)t to 0 (see (2.9)) is continuously differentiable in a neighbourhood of the true
parameter. Again applying Lemma4.1 now implies the assertion of the Theorem 3.3. 4

For the proof of Theorem 3.4 first we consider the estimates defined in the steps (ii) and
(iii) of the estimation procedure seperately. This is the content of the following

proposition.

Proposition 4.4

In a bilinear model of type Il fulfilling the assumptions (A1) and (A4) we have

(i) the pair (bo?, bo?) fulfills the condition (CA) with moments of the order
4, where by,o? is defined in (2.14)

(i) B — ﬁo a.s, WhereB minimizes the penalty function defined in (2.12).
If moreover p(I's) < 1and{&},_, isan 8k-th order symmetric innovation
sequence, then the pair (ﬁo : B ) fulfills the condition (CA) with moments of the

order 4.

(iii) thepair (02, ¢2) fulfills the condition (CA) with moments of the order 4,
where o2 is defined in (2.16).

Proof.

Proof of (i).

First we observethat Uy (= X, — X0 § X )islinear aswell inaasin X,;, 1<i<p
aso. Sincein the bilinear model of type Il the Yule - Walker - equations already hold for
s> 1, the assumption (A2) is aways fulfilled here and we can apply Proposition 4.2 to
deduce that the pair (g, @) fulfills the condition (CA) in (4.1) with m = 4. If now we
consider the equation (2.14) defining W we recognize that it is possible to find both a
vector M, and a continuously differentiable function f such that by,c2 = f(m4) + oy and

bo? = f(M,) also. Thusthe assertion is proved since both requirements of the condition
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(CA) are stisfied.

Proof of (ii).
In (2.12) we defined B_ to be the minimizer of

N
PuB = D {T Uy~ beo? Xek — EpUy Uy — by 02 Xy | tk-1)} 2.
t=(r+l)vp+1

Inview of the explicit representation of Eg () in terms of 3 in (4.15) we notice that I?’N IS
aquadratic function in 3 and that it depends on the estimated values a and W. Since
both the pair (a, 3 and the pair (b, 02, W) fulfill the condition (CA) in (4.1) with m
= 4 the main characteristics of the function IADN coincides with those of the penalty
function Qﬁ, defined in (4.2). Thus we can prove the stated assertion by going along the
lines of the proof of Proposition 4.3 (ii).

Proof of (iii).
The proof isanalogoudly to the proof of (i). A

Proof of Theorem 3.4.

From the propositions 5.14 and 5.17 we conclude that the pair (2, y) := { (a!, by 02
(BO)t, 52)t ; (&, bo?, (B)L, 02)} fulfills the condition (CA) in (4.1) with m = 4.

Due to Theorem 3.1, the assumptions of Theorem 3.4 imply that the theoretical moments
gathered in M, and their empirical counterparts m4 from the proof of Proposition 4.4
hold the requirements for applying Lemma 4.1 too. So we can conclude that the vector
NL/2 (y — y9)t is asymptotically jointly normal distributed and the LIL holds. Obviously
thisis also tue for the transformed quantity N2 (E -69)t. A

Proof of Theorem 3.5.
Analogously to the proof of Theorem 3.2 the following proposition is the crucial result

we need for proving the Theorem.

Proposition 4.5

In a standardized superdiagonal bilinear model with expectation u which fulfills (Al)
and (A4), the following assertions hold:
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(i) thepair (a, é) fulfills the condition (CA) in (4.1) with moments of the order 2
(ii) thepair (u, 1) fulfillsthe condition (CA) with moments of the order 1

Proof.

Proof of (i).

The proof goes aong the lines of the proof of Proposition 4.2 and thus is omitted.
Proof of (ii).

Choosef =id.a

The proof of Theorem 3.5 now isimmediate since the assumptions of the theorem imply
that we can take Theorem 3.1 into account to verify the conditions (i) and (ii) of Lemma
4.1 by choosing Xy = MZ and X, = M,. The assertion follows from the above

proposition then. A

Proof of Theorem 3.6.

The influence of estimating . on the estimation of the AR coefficients of the bilinear
model is studied in Theorem 3.5. Thusit remains to consider the effect of estimating L on
step (ii) and (iii) here. We have to replace the sample { X4,..., Xp} with the sample { X,
—W ..., XN — 1} . But in the deduction of the desired results this replacement cauises no
major difficulties. According to Proposition 4.5 we can make use of the same arguments
as they were applied in the proof of the Theorems 5.3 to cope with the fact that the true
parameter ais not available, but only its estimated version a In both cases the influence
of first estimating a and ((a)t, )t respectively is not neglectable but treatable.

4.1. Auxiliary Results
The following Lemma is basic for proving the parametrization properties of the

conditional expectations of the bilinear process (cf. chapter 2). Although our emphasis

here is on analyzing bilinear processes only the result is given in amore general context.
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Lemma 4.6
Let X; = f(&.1, &0, -..) + & for t € Z with a measurable function f and an iid sequence
{&}iez such that the assumption (A4) isfulfilled. If for all t € Z

r m n
b+ Z Ci Xt-i Z Z d]k Xt-j Xt_k =0 a.s., where b, Ci and djk eR
i= =1l k=1
then
b= ¢ =dy=0foralli,j, kinthe summation domain.
Proof.

A proof of thisresult can be found in Grahn (1993, proof of Lemma5.20). A

Appendix: Standardized bilinear time series

If {X{}cz follows a stationary linear ARMA model we know that E(X,) = 0 independent

of the choice of the parameter a;, G,

sets with unknown mean pu # 0 we extend the model class by admitting processes

and o2 determining the model. For modelling data

{X}tez such that { X; - u} .z isazero mean ARMA process also where i istreated as
an additional parameter then.

But in the bilinear case in general the mean of the bilinear process is a function of the
parameter &, ¢;, by; and 62. For example, let us consider the bilinear time series defined
by X;=o +be,. 1Xt 1+ &. Then we obtain E(X;) = a + bo2. In most of the 'classical’

literature concerning bilinear time series (e.g. Granger and Andersen (1978), Subba Rao
and Gabr (1984), Liu and Brockwell (1988)) only the case o. = 0 is considered such that
the expectation of the bilinear series is uniquely determined by the parameter of the

process.

Here we introduce the definition of standardized bilinear time series which have the
common property of azero mean. Especialy for fitting bilinear processes to real data sets
we find it more natural to classify the bilinear models with respect to its mean than to the

parameter o in (1.1) which would be possible also.
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Definition (standardized bilinear time series)

A bilinear time series of type BL(p, q, k, r) defined by means of the equations (1.1) is
said to be a standardized bilinear time seriesif o € R is such that E(X;) = 0. Moreover

in accordance with the ARMA case we call {X};.> a standardized bilinear time series
with expectation u if the process {X; - u}.7 isa standardized bilinear time series.

In a standardized bilinear time series with expectation u the parameter of interest is the

vector 8 = (W, &, ¢, by; o2)t with o excluded since due to the standardization of the

1)
bilinear process the value of « is uniquely determined by the parameter 6 (e.g. the
standardized version of the bilinear time series X, = o + b g,_1X;.1 + & corresponds to o

= —bo?). The models defined in (1.2) and (1.3) are standardized bilinear models too.

Moreover both models belong to the more general class of superdiagonal bilinear models.
In the literature there is some confusion concerning this naming (cf. Tong (1990), p.
112) but here we will call agenera bilinear time series to be of the superdiagonal type iff
b; =0fori>j. Analogously we define the subdiagonal bilinear model (b; =0 fori <j)
and the diagonal bilinear model (b; =0 fori#j).

A general result of Liu and Brockwell (1988, Theorem 3.1) provides us with sufficient
conditions guaranteeing the existence of a stationary, ergodic and causal solution of the
bilinear equations (1.1) in the case o = 0. In order to apply this result to the case o # 0
also we make use of the following considerations where we apply the state space
representation of the bilinear process givenin (3.1).

If we assume the matrix | — A defined therein to be invertible, which e.g. isfulfilled if
p(A) < 1, we can apply the equation in (3.1) to X, to conclude that

{Xt - (I_A)-lg }

k
=a+A{X, - (Ao} +A(-A)la + D e B {X,; - (-A) 1o} +
i=1

K
+Y g, B (IFA) e + Cg, —(I-A) '
i=1



K Kk
=A{X; —(-A) e} + Z € B {X; 1~ (1-A) '} + Cg, + Z & Bi(I-A) '
1=1 i=1

snce o + A(I-FA) 1o — (I-FA)la = a + (A-)(-A)1a = 0,

k
=A{X; - (-A)a} +Y &, B {X,;—(-A) e} +Cg,
i=1

1 Ci - Cyk
With e 1= (g, , €y £ g 0t ad C=Clay=| O 7 0 le M(h, quk+1),
0 ...... 0

where the coefficients ¢ are uniquely determined by the moving average coefficients G
and the first components of the vectors B, (1-A)1a,1<i<k.(Here'qvk' denotes the
maximum of q and k.) Hence we recognize that provided that the matrix | — A is
invertible, the process { X, — (1-A) 1o } ez Setisfies the state space equation

k
Y =AY, + 2 €iBj Y, + Cér,
=1 (1)
Y, =DY,

Thus a change of o in (3.1) effects the bilinear representation in (1) only in the moving

average part.

Liu and Brockwell (1988) proved the existence of an ergodic and strictly stationary
solution of (3.1) in the case o = 0. The crucia condition for their result to hold isp(T') <
1, where I'is amatrix defined implicitely in their equation (3.8). Going along the lines
of the proof of Liu and Brockwell's Theorem 3.1 (cf. the first part of chapter 3 also) we
notice that the matrix I"is independent of the moving average coefficients of the bilinear
process under consideration. Hence the condition p(I") < 1 is sufficient for bilinear
processes defined by means of the equations (1) too. If oo # 0and | —Aisinvertible, this
result carries over to the transformed process { X, — (1-A) 1o } iz @l'so since the process
fulfills (1) then. Thusfor any a € R the value of o does not influence the validity of the
condition p(T") < 1 aslong as we only consider bilinear processes where the matrix | — A

isinvertible.

Thus, analogously to the linear case in the bilinear case also the condition guaranteeing
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the stationarity and ergodicity of the bilinear process does not depend on the moving
average part of the process.
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