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Abstract

This thesis deals with various problems regarding automorphic forms
of small weight. We study the continuation of Poincaré and Eisenstein se-
ries, as well as more abstract construction principles for harmonic Maass
forms. Further, we show by using Riemann-Roch that the automorphic
forms we constructed provide us with a basis for the weakly harmonic
Maass forms. The difficulties encountered are solved by the introduction
of a new type of vector space for square integrable automorphic forms, the
Petersson-Sobolev spaces, which are defined in analogy to functional ana-
lytic Sobolev spaces. We show that these spaces provide us with a notion
of invertibility of the Laplace operator as well as regularity theorems for
the Petersson-Sobolev spaces, which are similar to the Sobolev imbedding
theorems of functional analysis. The properties of the Petersson-Sobolev
spaces then provide us with the tools required to solve the problems stud-
ied.

Diese Arbeit behandelt verschiedene Probleme in der Theorie automor-
pher Formen, unter anderen betrachten wir die Fortsetzung von Poincaré-
und Eisensteinreihen und weitere Konstruktionsmethoden harmonischer
Maassformen. Mit Hilfe von Riemann-Roch zeigen wir, dass die so kon-
struierten automorphen Formen ein Erzeugendensystem des Raumes der
schwach harmonischen Maassformen bilden. Hierbei ergeben sich einige
Schwierigkeiten die wir durch Einfiihrung einer neuen Art von Vektorrdu-
men fiir quadratintegrierbare automorphe Formen 16sen, der sogenannten
Petersson-Sobolev Rdume, in Analogie zur Definition der funktionalan-
alytischen Sobolevriaume. Wir zeigen dann, dass diese Rdume es uns
erlauben, den Laplaceoperator zu invertieren und uns zusétzlich mit Reg-
ularitétsaussagen, dhnlich der Sobolevschen Einbettungssétze, ausstatten
die wir dann als Werkzeuge nutzen um die analysierten Probleme zu l6sen.



Introduction

In this thesis, we study the vector space of automorphic forms Ay 1,(I') with
respect to some congruence subgroup I' C Mpo(Z) for intergal or half integral
weight k and a lattice L. Then, if we denote the dual lattice by L’, the discrim-
inant group L'/L is finite. For us, an element of Ay 1, is a smooth function

f:H— C[L'/L],

that for all M € T is invariant under the Petersson slash operator |i r M.
There are two important operators defined on spaces of automorphic forms, the
Laplace operator

0 0 0
Ak = —455 — 27;]{1%,

which is an endomorphism of Ay, ;, and the £-operator, given by

0
— _9s.,k
& = —2iy P

Let L~ denote the lattice L with the conjugated Weil representation on C[L’/L].
Then the operator §, maps Ay 1, to As_j - and satisfies

Ay = & ik

To each of these operators a sub vector space of Ay, 1, is associated. The first
vector space is the space of weakly harmonic Maass forms H}, r, which are all
elements of Aj ; that are of at most exponential growth at each cusp and are
annihilated by Ag. The second vector space is the space of weakly holomorphic
modular forms M,L7L, i.e. those elements of Hy ; that are holomorphic as a
function on H. Equivalently they are the elements of Hj, ;, that are annihilated
by &,. From these definitions it follows that the operator &, maps Hj  to
Mjy_y, .-, the proof of which, however, involves some calculations.

These definitions give rise to several questions. The first one that arises is
the one of examples of weakly holomorphic modular forms, or, alternatively,
weakly harmonic Maass forms. If the weight is sufficiently big, namely k& > 2,
examples of weakly holomorphic modular forms are readily constructed. If one
considers the stabilizer subgroup I', of " that stabilizes the cusp ioco, one knows

that it is of the form
+1 Nz

for a suitable N € N. If m € +Z and e, is a basis vector of C[L'/L], one
can give standard examples of weakly holomorphic modular forms, the so called
Poincaré series
Pk(ma 7, ’7) = Z (eQﬂzmTe’y) |k M7
MET \I



which converge absolutely for & > 2 and as such, are holomorphic. One can use
a trick and define Poincaré series that analytically depend on some parameter
s € C via
Py(m,7,8,7) = Z (y*e*™™Te ) |, M.
MET o \I'

These series converge absolutely as long as the real part o of s satisfies 20+k > 2.
If k£ > 2, the holomorphic Poincaré series are obtained by evaluating the series
at s = 0. For k < 2, the question arises whether these series have a contin-
uation to 20 + k < 2 and hence can be evaluated in s = 0. We will show
that analytic continuation to the set 20 + k > 1 is indeed possible, as long as
k # 1. The problem that arises in the case k = 1 is that the continuation
involves inverting the Laplace operator Ay, which we will see is only possible if
k # 1. We will further see that there is a way to extend the definition to the
set {s € C|20 +k ¢ 1 — 2Ny}, however, the extension to this set is not analytic
as the set is not connected.

After finishing this thesis, the author was kindly informed by Kathrin Mau-
rischat that similar methods are used in the as of yet unpublished paper [7] to
study the continuation of scalar valued Poincaré series of weight k = 2 for m > 0.

One requires however a different approach to continue Eisenstein series, i.e.
Poincaré series for m = 0. The question of their continuation was first answered
positively in [8, [12]. In this thesis we use an innate connection between the
Fourier coefficients of Eisenstein series and the constant coefficients of the series
for m # 0 to prove this result.

Another question one can ask is whether the map & is surjective. If 2 — k > 2,
it is well known that the Poincaré series Po_x(m, T,7y) generate a basis of the
weakly holomorphic modular forms and in a recent preprint of Andersen, Bring-
mann and Rolen titled “Images of Maass-Poincaré Series in the Lower Half
Plane”, preimages of P,_(m,7,7) under & were constructed for unimodular
lattices by continuing Fourier coefficients to the lower half plane, hence proving
the surjectivity in that case. In a similar manner to Poincaré series, one can
construct Maass forms for weights & > 2. The challenges of construction using
these methods thus only arise for small weights, i.e. k € {0,1/2,3/2,2}, hence
the title of this thesis. Note that regardless of this fact, our methods of con-
struction work for all weights k& # 1.

The most general result pertaining to the surjectivity of &, was already de-
rived in the paper “On two geometric theta lifts” by Bruinier and Funke (see
[4]), where they prove the surjectivity of & for arbitrary half integral weight
and all lattices. The method employed in this paper relies on the theory of
logarithmic sheaves on analytic curves.

Encouraged by their result, it is the aim of this thesis to provide a proof of



the surjectivity of &, by means of explicitly constructing a generating system
for the weakly holomorphic modular forms. We will see that not only we can
construct such a generating system, but also can extend it to a generating system
of the weakly harmonic Maass forms for arbitrary lattices and all half integral
weights k #£ 1.

The method of construction primarily relies on a theorem by Roelcke, as found
in [9,10]. In the two papers, Roelcke shows that, when one considers unimodular
lattices (and so C[L’/L] = C) and the space of square integrable automorphic
forms of weight k with respect to the Petersson scalar product

(f0 k—/f 8,

the operator Ay, — )\ is, essentially, invertible if A ¢ [(k—1)2/4, c0). Note that one
needs to take some more care regarding the notion of invertibility, which will be
discussed in detail in this thesis. We generalize this result to arbitrary integral
lattices, as long as k # 1. This then allows us to invert Ag. The problem that
arises in weight one is that A is not invertible as 0 is in its continuous spectrum,
as already indicated above. Hence, we only consider weights k # 1 in this thesis.

Another problem one encounters when inverting Ay is that one needs to es-
timate the cuspidal growth of A;l f, for a suitable square integrable automor-
phic form f of weight k, as we defined Maass forms to be of at most exponential
growth.

The central input of this thesis is the introduction of the Petersson-Sobolev
spaces, which can be seen as a generalization of square integrable automorphic
forms. They are an inductively defined family of vector spaces Hj ; such that
’Hg ;, is the space of square integrable automorphic forms and Hj; , consists of

the elements f of HY 1, such that & f is in Hay~ ; - Their most important prop-

erty is that they pr0v1de us with bounds for the cuspidal growth of elements
therein. The main results can be briefly summarized as follows. First, we show
that for any Fourier coefficient

N
/f x—i—zy —27rina: dil?
0

of an element f of ’H}%L, one has

faly) = O(yB=M72)

at every cusp. For elements of ’Hﬁ’ 1> we have a stronger result, namely that

fly) =0 =h/2)



at every cusp. Further, for suitable square integrable f, the element A;l fis
in Hj ;. This provides us with the desired growth estimates at each cusp and
allow us to prove that the automorphic forms we construct are indeed weakly
holomorphic modular forms, respectively weakly harmonic Maass forms.

Last, we show using Riemann-Roch that the set of weakly holomorphic modular
forms we construct are indeed a generating system for the space M, ,'C 1, in the
sense that any weakly holomorphic modular form is a finite linear combination
of elements in the generating system. We proceed to construct preimages under
&y for those, where again we need our theory of Petersson-Sobolev spaces to
prove that the preimages are indeed weakly harmonic Maass forms. This method
of construction then proves the surjectivity of & for all weights k # 1. As a
consequence of this proof, we will also see that we obtain a natural generating
system for the weakly harmonic Maass forms.

10



Contents

1__Maass Forms on Lattices| 12
[LI TIntroduction and Notationl . . . . . . .. . ... ... ... .... 12
|1.1.1  Complex Variables and Functions|. . . . . . . .. .. ... 12

I1.1.2  The Metaplectic Group, Lattices and Weil Representations| 12

[1.2 Maass Formdl . . . . ... . ... ... ... ... 14
I1.3__The Petersson Inner Productl . . .. .. ... ... ........ 20
1.4 Congruence Subgroups, Inclusions and Iraces| . . . . . ... ... 21

2 Petersson-Sobolev Spaces| 22
2.1 _Introduction and Definition| . . . .. .. ... ... ... ..... 22
RII1 Definitionl . . . . . . . ... 22

2.1.2 A Note on Classical Sobolev Spaces|] . . .. ... ... .. 22

2.2 Density of Petersson-Sobolev spaces| . . . . ... ... ... ... 24
2.3 Estimates on Cuspidal Growth| . . . . . ... .. .. ... ... 26
2.4 The Laplace Operator| . . . . ... ... ... ... .. ...... 31
[2.4.1 The Scalar Spectrum of Ag| . . . .. . ... ... ..., 33

242 The Vector-valued Casel . . .. ... ... .. ... .... 33

[2.4.3  The Meromorphic Operator (Ay, —s(1—s—k))~"'|. ... 36
[3_Poincaré Series| 38
8.1 _Continuation of Poincaré Seriesf . . . . . . . .. ... ... ... .. 38
3.1.1 Equivalent Statements to Theorem (3.1).] . . ... .. .. 38

[3.1.2 Continuing Poincaré Series| . . . . . . ... ... ..... 39

B2 TheCaseof Small £]. . . . ... ... ... ... .. ... ..., 41
8.3 Further Continuation in 20 + k <1|. . . . . .. ... ... .... 42

4 Analytic Continuation of Eisenstein Series| 45
4.1 Fourier Coefficients of Poincaré Seriesl . . . . . . . ... ... .. 45
4.2 Continuation theorems for Fisenstein seriesl . . . .. ... .. .. 48

[ The ¢-Operator and Harmonic Maass Forms| 54
.1 Integrable Holomorphic Modular Forms and Poincaré Series| . . . 54
[5.2 More on Weakly Harmonic Maass Forms|. . . . . .. ... .. .. 57
5.2.1 eakly Holomorphic Modular Forms|. . . . . . .. .. .. 58

5.2.2  Harmonic Maass Formdl . . . . ... ... ... ... ... 63

11



1 Maass Forms on Lattices

1.1 Introduction and Notation
1.1.1 Complex Variables and Functions

In the following, we will be considering Maass forms and as such, functions
fs: M x H — V with M being some discrete parameter space and V a suitable
vector space, that analytically depend on some parameter s. We will denote the
argument of fs in H by 7 € H and decompose it into real and imaginary part,
denoted by x and vy, i.e.

T =1+ 1y.

Here, s will be an element of C such that
o = Re(s) > Const..

Another thing we will commonly need is a concept of a square root. By the
square root ,/, we always mean the principal part, such that for z € C\{0}

—7/2 < Arg(v/z) < m/2.

Lastly, we abbreviate '
e(z) = e2mie, (1.1)

1.1.2 The Metaplectic Group, Lattices and Weil Representations

The first object we need to define is the metaplectic group.

Definition 1.1. The metaplectic group Mp,(Z) is the set of pairs (M, ¢) where

M = < CCL Z ) € SLy(Z) and ¢ : H — C such that ¢ is holomorphic and
¢*(t) = cr + d. The multiplication is defined via (M,¢) - (M',¢') = (M -

M’ (¢ o M') - ¢') where (¢ o M') - ¢/(1) = ¢(M'T) - ¢/ (7).

Is is easy to see that this is indeed a group; as for (M, ¢) and (M’',¢")

. a b , a b .
in Mp,(Z) we denote M = (. ), M"={ , _ | and then quickly

calculate
a'T+ v
(o(M'7)-¢/(1))* = (C(m) +d)- (T +d)
= (ca' +dc)T+ (b +dd'),
as well as

MM — ( aa’ + bc ab’—l—bd’)

ca' +dcd b +dd

12



Remark 1.2. The canonical projection 7 : Mpy(Z) — SLa(Z), defined via
m((M,¢)) = M

is a twofold cover as there are precisely two square roots of any function c¢7 + d.

Lemma 1.3. The metaplectic group Mpy(Z) is generated by the elements S =

(V7)) omar= (o 1) 1)

Proof. We use the generally known fact that SLo(Z) is generated by S’ =
< (1) _01 ) and 77 = ( (1) 1 > Let G be the subgroup of Mp,(Z) gener-
ated by S and T. Thus 7|g : G — SL2(Z) is surjective as 7(S) = S and
7(T) = T'. Further, S* = (( (1) (1) ) ,—1) is in G, hence for any (M, ¢) € G,
sois (M, ¢) - (id, —1) = (M, —¢). Since for any M € SLy(Z), there are exactly

two preimages under 7, we must have G = Mp,(Z). O

Next, consider an integral lattice L of signature (b4,b_) and scalar product
(+,+). For us, an integral lattice L is a Z-submodule of rank n in R™ such that
(RL) = R™. The scalar product on L is the one induced by the euclidean scalar
product on R™. By denoting its dual lattice by L’, it is well known that L'/L is a
finite abelian group. We can next consider the associated monoid ring C[L/L'],
whose base elements we denote by ¢, v € L'/L, and define a representation of
Mp,(Z) thereon. As Mp,(Z) is generated by S and T, it is sufficient to define
it on those two elements.

Definition 1.4. The Weil representation of Mpy(Z). Let e, € C[L'/L]. We
define

\[14 b

L S N = )

P ( )2 \/WJG;L 35
pr(T)ey = e(5 (1),

and extend py to a representation of the full metaplectic group using these
relations. The extension is outlined, for example, in [14, Lemma 1.3]. We use
this opportunity to point out the e(-) notation as defined in (1.1).

If L is unimodular, and hence C[L'/L] = C , the representation on elements
of
I'(4) .= ker(Mp,(Z) — SL2(Z/47))

a b\ _J (£e" if 2kisodd,
po c d o 1 otherwise,

where (=) denotes the Kronecker symbol (as defined in [13]) and

is given via

_ | 1 if d=1mod 4,
=9 i if d=3mod 4.

13



We also expand our previous shorthand

ey(z) = e(x) - ey,

where ¢, € C[L'/L] is one of the generators. Lastly, we consider the conjugated
representation, i.e. conjugation of the matrix entries, with respect to L as the
one given by pr. We denote this representation by L~ .

1.2 Maass Forms

When considering Maass forms for lattices apart from the trivial lattice 0, it
is important to note note that there are no non zero Maass forms unless 2k =
bt —b~ mod 2. This statement will only be marginally relevant later, specifically
for deriving by using the explicit representations. To see that there are no
Maass forms if 2k # b™ — b~ mod 2, let us first give the following

Definition 1.5. The Petersson slash operator. Let f be some function that
takes its values on the upper half plane H. Let M be an element of the meta-
plectic group Mp,(Z). Then we define the Petersson slash operator |, M
by
1
(f le,p M)(7) = ————ppr (M) f(MT).
Vet + a"

Further, we need the notion of a congruence subgroup, which is given by

Definition 1.6. Congruence subgroups of Mp,(Z). Let T' be a subgroup of
Mpy(Z). We say T is a congruence subgroup if it contains contains the preim-
age m~L(I) for some congruence subgroup I" of SLy(Z) under the canonical
projection 7 : Mpy(Z) — SLo(Z).

Definition 1.7. An automorphic form of half integer weight k w.r.t. a lattice
L and some congruence subgroup T' C Mp,(Z) is a smooth function f : H —

C[L’/L] such that for M = <( Z Z > ,(;5) € I', we have

(f e M)(r) = [f(7).

We denote by A (') the space of all automorphic forms of weight &k for

L and I". Note that our definition of automorphic form slightly deviates from
the convention as we require only invariance under the group action and no
restriction on growth in the cusps. If L is unimodular, we further allow dropping
the subscript L and just write A (T") instead. Now, to prove the claim that there
are no non vanishing automorphic forms if 2k # b™ — b~ mod 2, consider the
4 10

element S* = (( 01
and by definition, we have for any base vector e, of C[L’/L]

) ,—1). It is contained in any congruence subgroup,

jbr—b-
pr(8Pey = Tprprdel=(19) = (5.)es
5,8

14



Z'b+—b,

- TﬁﬁJE:d—wﬁvyMﬂ.

5,8’

Next, note that

Se-an = { M E

> 0 otherwise,

and thus
pr(8)%ey =i ""e,

and
pL(S)I=(-1)" -
Thus for any f € Ay (T)

fo= fles
= ()P

ie. f=0unless 2k +by —b_ =0 mod 2.

There are two important operators defined on automorphic forms, the Maass
lowering operator (see [4],[5])

lk:Ak7L(F) — .Ak_27L(F)

.5 0f
e 9,29
f = 21y 5=
where
o 10 0
or T 20 oy
o 10,0
or ~ 2%0x oy’

as well as the conjugation
X - Ak’L(F) — A—k,L— (F)
wf = Y f.

We will see that all these are well defined. These further define the Maass raising
operator

Tk:.Ak,L(F) — Ak+2,L(F)

T = *,kfgl,k X .

To give a coordinate representation, note that

o=y iR ()

T

15



.0
= 2iy ka(y’“f)

_LOf K

Next we define £-operator
&t Ap(l) = As g r-(T)
§k = *kp—alg,
for which we have the coordinate representation
of
or’

The last operator we need is the Laplace operator

& f = 2iy"

Ak : Ak,L(F) — Ak,L(F)
A = =&k
= —Tralk

= *lk+27"k — k. (12)

To prove the last line and derive a coordinate representation, observe that

Apf = —rialpf
_4y7k+2£( k%)
= —4y2_’“8%( k%)

8(97"257 + 2ik%

= 2iy2%(2i% + Sf) —kf
= —Apjporif —kf.

The well-definedness of all of these operations follows from the commutation
relations for arbitrary M € Mps(Z)

() k-2 M = L((-)|r, M),
e )mk- M = % (()|k, M).

Proof. Let f : H — C[L’/L] be a smooth function. Let M = << Ccl Z > 7:I:l) €
Mp2(Z). By using the chain rule we obtain

b(flep M)(1) = *Qin% (\/%CFCPL(M)lf(MT))

16



S — 71 [
N
—92iy? . 1 af
|c¢+d|4pL(M) mQ(k 2)$(M )

I
—N
\

[\~
.
<

S
QJ‘ Q
S~
N——
e
|
N
~
—
—
2

= ((lef)lk—2,L M)(7).
Now, let f € Ay (T). Let M’ € I'. Then, by definition, f|, M’ = f and

(ef)k—2, . M = U(flr, M)
= lkf7

hence I f € Ap—o ().

As to *, let again f be smooth (but not necessarily invariant under | 1) and

M = << Ccl b > ,j:1> € Mpo(Z) as above. Then

d
G (floe M) = v (flee M)(7)
— Y D) (M)
cT+d

_ 1 -1 y* v
- C'r+d_2ka ( ) ‘CT+d|2kf( )
= (W N)l-p,.- M)(7)
= (k) op,o- M)(7),

and, for f € Ay (I') and M" €T,

o f)—pp- M = sp(fle,p M)
= *kfa
hence f S A—k,L* (F) O

Note that in the progress of this thesis, when applying |5 1 it will always be
to elements of a certain Ay 1, which is known beforehand. Thus, we can drop
the subscript L of |, 1 and simply write | instead for easier reading. The next
important space are the harmonic Maass forms, which we define via

Definition 1.8. The harmonic Maass forms Hy, 1,(T') are the subspace of f €
Ap. . (T) that, for arbitrary M € Mps(Z), satisfy

([ M)(r)| < O(eY),
as well as

Apf =0.

17



Harmonic Maass forms have been discussed to great extent in the literature. At
this point, we would like to give a review of some structural results, all of which
are found in [4]. Note that by definition of congruence subgroups, there is some
N such that, for

[(N) = ker(Mps(Z) — SLy(Z/NZ)),

f(N) < T. Thus, TV = (( (1) Jf ),1) € I'. And therefore, for any f €
Hy, (),
fr+N) = flpTV
s

i.e. f has period N. Since f is smooth, it has an absolutely converging Fourier
expansion
flr)= Z c(n,y)e(nx).

TLG%Z
Note that in contrast to, e.g. [4], we do not expand our constants c¢(n,y) with

respect to the basis {e,} of C[L’'/L]. Instead, we just take them as constant
vectors in C[L'/L] . Further

1

c(n,y) = N f(z + iy)e(—nz) dz,

ot~——z

where n € %Z. Applying Ay, yields

>c(n,y) de(n, y)
—Age(n,yle(nz) = ¢ 0 T,

+  (=(2myn)? + 27kyn)c(n, y)

N
/ (—Auf (@ + iy))e(—nz) da
0

If n = 0, this implies that

c(0,y) = car + cgyl_k

for some constants ¢ € C[L//L]. If n # 0, we set w = 27ny and set c(n,y) =
b(n,w). Inserting this into above equation yields

0= (82b(n,w) N k 9b(n, w)

Ow? w  Ow

—b(n,w) + gb(n, w)) .

18



One solution to this is e™™. The other solution is given by the Whittaker
function

H(w) = Msgn(n)k/2,(k—1)/2(|w]),
which is in great detail discussed in [I]. It contains the estimates

—k _
2w el as w — —oo,
H(w) ~ { (—2w)Fel®l  as w — 4oo0.

[4] also gives the integral representation

H(w)=¢e" / etk dt, (1.3)

—2w

where one needs to take appropriate values of w and k for convergence and
eventually continue analytically in £ and w. Hence we can uniquely decompose

c(n,y) = e ™ 4+ ¢ H(2mny).

Now, note that, by definition of harmonic Maass forms,

N
) = |5 [ S+ ime(-na)da
0

< e
for some constant C' > 0. By above estimates, we further have

e ™Y forn < 0 as y — oo,
—4mny)~*c, e¥™  for n >0 as y — 00.

)~ {
(
Thus, ¢ =0 for n < oo and ¢,, =0 for n > —oco. We can then define

[rr) = ) cle(nr),

ne 7
o) = qytTt Y e H(2mny)e(na),
n€x&7Z\{0}
which implies
f=fr+f. (1.4)

As each sum has only finitely many positive resp. negative coeflicients, they
both converge absolutely. We say f* is the holomorphic part of f.

A second subspace of importance are

Definition 1.9. The weakly holomorphic Maass forms M ;(I') are the sub-
space of f € Hy, (T") such that

Lef = 0.

19



Note that this is equivalent to saying that f is holomorphic on H with poles
of finite order at the cusps.

Lemma 1.10. The restriction of £ as an operator
e Hip(T) = My, (1) (1.5)
is well defined.

Proof. We only need to consider k # 1 as the weight k£ = 1 is not studied in this
thesis. Let f € Hy r(I'). We can then decompose

f=rr+f
as in (1.4). Then, by holomorphy of f and absolute convergence of the series
of f~,
&ef = &f™
= 21 —k)c,

0
+ oF Z c;(a——i-Qﬂ'n)H(Qﬂ'ny)e(—nx).
ne xZ\{0}

Now, by the integral representation (1.3)), it becomes obvious that

0OH

7w H = (—2w) "e(-w),
and thus

&f=2(1-k), +2 Z ¢, (—4mn)"Fe(—nr).
n€ { Z\{0}

Since the Fourier series has only finitely many non vanishing coefficients for
n > 0, it is of at most polynomial growth in ico. Since for any harmonic Maass
form f, for any M € Mps(Z), f|x M is a harmonic Maass form as well, f must
be of at most exponential growth at the other cusps too. O

As part of this thesis, we will prove surjectivity of & by constructing a
suitable basis. For an alternative proof of this, see e.g. [4], where the mentioned
result is derived using complex analysis of fiber bundles.

1.3 The Petersson Inner Product

We let F denote a fundamental domain for I'. For f,g € A (T, L) we define
the scalar product to be
dzx - dy

7 (1.6)

(f. o) = /ykfé

].'

where fg is the scalar product of two vectors in C[L’/L]. This enables us to
define the space of square integrable automorphic forms.

20



Definition 1.11. We denote by E%L(I‘) the vector space of square integrable
automorphic forms, which is the completion of the pre-Hilbert space X =
{f € Ak, (D)|(f, f)r < oo} with respect to the scalar product (, ).

As we will see a later, this space will play a crucial role in continuing the
soon to be defined Poincaré series and finding a basis of the harmonic Maass
forms.

1.4 Congruence Subgroups, Inclusions and Traces

Let in the following denote B an element of the set {£2 A, H, M'}. For two
congruence subgroups IV < T' there exists a natural inclusion

L3Bk,L(F) — Bk,L(F/)
=17

and trace, which is defined via a set of representatives {c;} of I"\I" by
™ Bk,L(F/) - Bk,L(F)
1

It is easy to see that
mour=idp, . (1)

We can use this in the following way: when we want to show that a Maass form
is well defined, it will suffice to do so for a perhaps smaller subgroup. We define

[(N) = ker(Mps(Z) — SLy(Z/NZ)).
Since for any congruence subgroup I', by definition, there is an N such that
I(MN)<T(N)<T, (1.8)

it will suffice to show our continuation theorems for a certain suitable subgroup
I'(MN), which will allow us to assume without loss of generality 8|V, simplifying
our notation.
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2 Petersson-Sobolev Spaces

2.1 Introduction and Definition
2.1.1 Definition

In this section, we would like to introduce the Petersson-Sobolev spaces H} (I'\H, L).
At first, recall the definition of £3(I'\H, L), which denotes the space of square
integrable, vector valued, modular forms of weight k with respect to the Peters-
son scalar product as in Definition (L.11)).

Definition 2.1. Define #(I\H, L) = £2(I\H, L). Let Xy ,41(T\H, L) ==
{f e AL (D\H) | f €L} lifeH(T\H,L)}. Further, define the scalar prod-
uct (f, )k = (£, + S k@ r—2.n—1 With (f,g)ro = (f,9)r. Clearly,
Xin(T\H, L) together with the scalar product (,)x, is a pre-Hilbert space.
We denote the completion of the X}, , (I'\H, L) with respect to the scalar prod-
uct by #7(I'\H, L) and call them Petersson-Sobolev spaces. If the lattice L and
congruence subgroup I' are fixed, we allow dropping the indices I'\H and L and
just write H} instead.

Remark 2.2. Note that this definition is perfectly natural as we could replace [x
with ry as by (2.3) they would generate equivalent norms on the Xy, ,,(I'\H, L).

The importance of the Petersson-Sobolev spaces follows from as by this
all the integrable Poincaré series Py defined in the next section (see Theorem
) lie in H}(I'\H, L). Moreover, we will see that these spaces allows us to
make two fundamental estimates, one on the asymptotics at the cusp and on
the Fourier coefficients of elements therein.

The reason for our choice of name is simple. The spaces just constructed have a
striking similarity in manner of construction and behavior to the Sobolev spaces
of functional analysis, as we will see in the next section. However, Petersson-
Sobolev spaces are not truly Sobolev spaces; one can, however, consider them
as a generalization of Sobolev spaces to complex analysis, i.e. they deal with
manifolds over complex variables instead of real analytic manifolds.

2.1.2 A Note on Classical Sobolev Spaces

The reason we speak of Sobolev spaces is a fundamental one that directly relates
to the Sobolev spaces from functional analysis, which we will relate our defini-
tion to for a better understanding of the intuition behind the just introduced
spaces.

All of the following is found in any book on functional analysis dealing with
Sobolev spaces, for example [2].

In functional analysis on a manifold, let us say R, the Sobolev spaces arise
in a similar manner. Our notion of Petersson-Sobolev spaces for automorphic
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forms is a generalization of this concept: Consider the space of square integrable
(complex valued functions) L?(R). One defines the scalar product

()= [ do g
Next, one considers the set

Yo ={f € C*®R)[{f, f) < o0}

The space Lo (R) then is the completion of the pre-Hilbert space Y, with respect
to the scalar product. To define the Sobolev spaces, one proceeds inductively:
We define H°(R) := L?(R) and defines the pre-Hilbert spaces Y,

of

R 0o 2 YJ n—1
Y, ={feC (R)|feL,ax€H 1

with the scalar product

of o
(.90 = {0+ (oL, 20y,

and sets the Sobolev spaces H™ to be the completion of Y,, with respect to the
scalar product (,),,. Our definition for Petersson-Sobolev spaces of automorphic
forms is directly analogous. The statement of smoothness is equivalent to our
concept of automorphic forms, and the role of the derivative in complex coordi-
nates is taken by i (or, as we have seen, equivalently 7). The classical Sobolev
spaces satisfy various well known embedding theorems, the so called Sobolev
inequalities, which yield inclusions, for example

H'(R) € C°(R),

i.e. all elements of H! are, up to definition on a set of measure zero, continuous
functions. The notion of continuity for Fréchet spaces implies that for each
compact set K and x € K there is some C'(K) such that

[f(@)] < CK)VA{S, -

To see why being in a Sobolev spaces of higher degree imposes regularity, con-
sider a function that has compact support, is smooth everywhere except in z = 0
and in some small neighborhood of zero is given by

fa(z) = lz|”. (2.1)

Clearly, we see that f,, € L? whenever o > —1/2. However, while —1/2 < a < 0,
fa is not smooth. Evidently, in a small neighborhood of zero,

Ofa
ox

which is in L? while o > 1/2. Hence, % € L? imposes continuity on f,.
The lemmas in the next section will be in the spirit of the Sobolev inequalities,
providing us with estimates on the growth of functions in our Sobolev spaces
of automorphic forms. The more derivatives are integrable, the more regularity
we can impose on the functions.

() = a7,
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2.2 Density of Petersson-Sobolev spaces

To simplify the discussion in the following chapters, it becomes necessary to
classify dense subspaces of the Petersson-Sobolev spaces. Definition (2.1]) implies
the obvious inclusion

HPHH(T\H, L) C Hp(T\H, L).

As this inclusion is dense in the case of classical Sobolev spaces, a natural
question to ask is whether the respective generalizes, i.e. we have

Lemma 2.3. The inclusion H} ™ (T\H, L) C H(T\H, L) is dense.

Following the analogy to classical Sobolev spaces, one state a stronger density
lemma which has the previous one as a direct corollary.

Lemma 2.4. The compactly supported automorphic forms Ai’L(F\H) ={f¢€
A, (T\H) | f has compact support on I'\H} are a dense subspace of H}}(T'\H, L).

Proof. By compactness of the support, it is clear that Aj, ; (I'\H) € H (I'\H, L).

For ¢ € A7, (I'\H) define
/ 0 "
K /2 -
y <y (&)) ¢(7)

10) 2 = sup

| |k " grer\ﬂ

The proof now proceeds by twofold induction in n. At first, let ¢ be as above.
Then there is some constant C'(k,k’,n) such that for any f € Ay (I'\H) N
Hy(D\H, L)

2

£l < O K 0) (8] 5 1 fllagg
The induction start is clear for n = 0 as f¢ is in Aj,,, (P\H). If f is in
A NHT! then, by Cauchy-Schwartz
||f¢H§{ (fo, fO)krrr + (e f)Dy Uk f)D) ket —2,n—1

(flerd)s [l ) ke —2,n—1

2Re((f(lxr @) (I f)P) khr —2,n—1)

(fD, fO)kanr + 20k f)D, (I f) D) kthr—2,n—1

2(f (L @), f(lkr D)) ket ke’ —2,n—1

COb K, 0) 102 11 +2C kKo — 1) 6y Iy

20(k, k' = 1) [las @l gy | F1l5
(C(k, K,0) +4C (k, K, = 1)) (67, , 152 -

n
k+k’

IN + IN + +

IN +

Next, let mg be big enough such that for y > 2™° there are only two equivalent
points on the fundamental domain. Let ¢(y) be a smooth function satisfying

_J 0 ify<2,
90(3“/)'_{ 1 ify>3.
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Define

pm(y) = p(y'/™).
Then, if m > mg, ¢m is in Ag(T\H). Let {M;} C Mpz(Z) be such that
{M; Yico} is the set of cusps. Then

—1—Z<pm |kM

vanishes in a neighborhood of any cusp, hence is in A§(T\H). Let f € Ay, (T\H)N
HP(T\H, L). We claim that fi,, converges to f in H}(I'\H, L), hence proving
the lemma, as, by construction, Ay (I'\H) N Hp(I'\H, L) is a dense subspace
of HP(I'\H, L). The proof of this is again done by induction. If n = 0, we have

[fm ()] < £ (7)]

and f1),, converges pointwise to f. Hence, by the dominated convergence the-
orem, fi,, — f in H) . Now, for f € A NH}T!

1P =)l = I =m0 + N (F (= m)) 30
< PO = )l + 21N = )l
+ 2[1f (o1 = vm)) 5

By the induction hypothesis, fi,, — f in HY_, and (Ixf)¥m — lf in HY_,,
hence the first two terms vanish as m — oco. By the previous induction,

1t = )3, < C) £ 115 [(To(1 = )|,

k—2

-2

-2

Since
lo(1 = ¥m) =D (lowm)|-2 M;
it is in A° 5(T'\H) and further
llo(1 = 4m)(1)2,,, < Const llowm|2,,, -
Note that by definition

. 2

IN

Const -

lom|> m
|0(10 |—2,n 61n( ) RV 4 (y)

0<7’<nTe \H

= Const - Z m~" sup
0<r<n Te—\H

Const
o

2
(y"™)

Oln(y)"

Thus

C ~
1ot = om)y , < =,

2 m

and hence f(1 —¢,,) — 0 in HPTH(T\H, L). O
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2.3 Estimates on Cuspidal Growth

In the following section, we fix some lattice L. For any topological space U, we
denote the space of continuous, C[L’/L] valued functions on U by C°(U). We
equip this space with the topology of uniform convergence on compact subsets.
Thus, C°(U) is a Fréchet space. As previously discussed, we will show that the
concept of Petersson-Sobolev spaces provides us with estimates on the cuspidal
growth of elements therein. The first estimate we have on Petersson-Sobolev
spaces is the one pertaining to the Fourier coefficients.

Lemma 2.5. The Fourier coefficients as a map between topological vector spaces

Y™ HE = C%(Rsg)
N

PR / f (@, y)e(—mz) dz
0

are continuous and bounded as y — 0.

Proof. Let k be fixed. Suppose f is in the space of compactly supported au-
tomorphic forms Af. As, by Lemma , the space A{ is dense in H}, we
only need to consider such elements, as it suffices to show that the Fourier
coefficients define smooth maps on a dense subset. It is evident that ¥™(f)
is indeed continuous, i.e. an element of C°(Rs). All that is left to show
is that the map ¢™(f) is bounded by [|f|, ;- Take c andyy > ¢ such that
Fyo =FN{7 | Im(7) > yo} = {7 | Im(7) > yo, 0 < Re(r) < N} for all such yp.
Then, for € > 0, since f has compact support on the fundamental domain,

0 ks
g(yT*f(x,y)

cg\;g

e(—mz)) dy dx
= i/y%%a—{e(—mx) dy dx
or

]:'y[)

+ 27rm/y%75f(x,y)e(—mx) dy dz
Fuo

+ k—3—2¢
2
[ s pe-ma) dy da.
Fuo
Further, Cauchy-Schwarz implies
o) N
S
dyy = | f(z,y) | dx
Yo 0
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IN

[ 1 dyde- [ y-ayds

]:'y[) ]:y()

1
< — e
= \/Z || f ||k’1 Yo

Using Cauchy-Schwarz again for the different terms allows us to estimate

| / (—max) dy dx |

< —1—¢
= m || f ||k?,1 Yo ’
I/yz‘ (z,y)e(—mz) dy d |

IN

T | f k1 w0
|/y2‘ (z,y)e(—mz) dy dz |

1—e¢

< - _
= \/m || f ||k,1 Yo

Hence
W™ (f)(yo)l < C(m,€) || f [|k,1, (2.2)

for yo > ¢. For arbitrary y > 0, Now fix arbitrary ¢ > 0. For ¢ < y <
Yo, note that finitely many copies of the fundamental domain cover the set
{7 | Im(7) > ¢, 0 <Re(x) < N}. The proof proceeds analogously, albeit with
some prefactor relating to the number of these copies. This proves the continuity
of the map 9™ and moreover

N
/ f(,y)e(~ma) dx = O(y3/2).
0

Remark 2.6. If m = 0, we can improve the estimate to

N
/ f(x,y) de = O(y=72)
0

as we can set e = —1 + € in above equations.
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Secondly, we want to obtain an estimate on the growth of functions f for
y — oo. Fourier coefficients, with one integral in their definition, admit a bound
in H; and we will see that the limit y — oo is nice for elements of H3. Let us
state

Lemma 2.7. There is a continuous inclusion of Fréchet spaces H3 — C°(H).
Moreover, any f € H2 is O(y%) at each cusp.

Proof. Take an arbitrary f € A§. Clearly, f is continuous, i.e. in C°(H). To
prove the continuity of the inclusion, first, note that

2y2£ = Lo+ y°re — ky,
dy

2iy2i = y’rp — U — ky.
or

It suffices to assume that yo > ¢ such that there are only two equivalent points
on the fundamental domain, as in the previous Lemma. Now set

oy N y
Then
/g(w,y)dy < /\g(%y)\dy
Yo Yo
< 2/ 9 (z,y)| dydx
< 5o 9@ y)| dy
0 0
- 9 —1/2—¢,k/2-3(,2 9 (2 9 ] 24
/y Yy Yy 8m(y ayf) y dx
]:z/o
+ |k+1-—2¢
0
—1/2—¢, k/2—2|,2 9
/y Yy Yy aI(f)‘ dy dx.
f

Yo

For the first inequality, we used that

N
/ g(w,y)dr =0,
0

hence there exist xo(y), z1(y) such that Re(g(zo(v),y) = Im(g(z1(y), y) = 0 and
hence we can bound ¢ by the integral over the absolute value of its derivative.
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Now, applying Cauchy Schwartz yields:

IN

IN

IN

<

2

2 0
Yy 8x(f) dy dx

9 / y—1/2—eyk’/2—2

Fuo

—2e 2

Yo (k—2)—2 2&

; /y yax(f) dy dx

-7:y0

—2¢

Y _9)_ 2

(’T/y“c D72 |(yPre — e — ky)(f)|” dy da
]:yl)

—2e¢

Y
O (Wl ez + e o + 1)

726

Y
O If .o

and in a similar manner we find

IN

IA

IA

IN

2

9 /y—l/Q—eyk/2—3 Y2

8, ,0
ot ayf)‘ dy dz

.Fyo
—2€ 2
Yo k—6 2a 2 0
20 — 2 (= dyd
; /y yaxy(ayf) ydx
]:'.'40
—2¢ 2
0
yoi/y’Hi v — (s + y°re — ky)f| dydz
€ ox
‘FQO
—2¢ 8 2
0 k—6|,2 9
C(k) . (/y via S| dyde
./"-'yO
yk—? QQW‘ dy da
]:"/0
2
Y P =—f| dydzx)
fyO
—2€
Ck) 2o
€

(/y’“-ﬁ\ymz—z“—(k )l f| dy de

}—yO

/yk72| (Vris2 — lepa — (k+2)y ka| dy dzx

‘FHO
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_ 2
+ /yk WP — b — ky) f|” dyda
].'

)
—2e¢

< ClE—|f]

2
k2"

By applying Cauchy-Schwarz sufficiently often, we see that the right hand side
is bounded by expressions of types || rxrorif |lg+a, | 7e—2lcf || etc., all of
which are bounded by || f[[, , yielding the estimate

oo

y76
[ @l dy <L ifl,.

Yo

Now, we recall the previous lemma, (2.2)), and continue by considering

k1l

Yo® 6f(f]cvyO)‘

Yo
T o
k4
— —y z “fdxd
+ N//ayw fdxdy|
yo O
o0

IA
Q
—
&
<
=
ISH
<

Yo
N
1 B4,
oy [ W f(z,y0) dx

Const. - ||f||k2 : yéie

IN

If, for yo < ¢, we need more than a single copy of the fundamental domain to
cover the set {7 | Im(7) > ¢, 0 < Re(z) < N}, the proof proceeds analogously
noting that we again obtain a prefactor relating to the finite number of such
copies. Thus the inclusion A§{ — C°(H) is continuous in the norm on H3,
hence extends to an inclusion of HZ, i.e. any element of H?Z is continuous, up
to redefinition on a set of measure zero. The growth estimate for the cusp
100 follows directly from the proof. It holds on the other cusps as well as the
Petersson-Slash operator defines an isometry on H3. O

Remark 2.8. One can interpret the lemmas in the sense of Petersson-Sobolev
spaces. Elements of £7 are limits of sequences of integrable smooth functions,
however, they might not be smooth themselves, similar to the “classical” example
discussed in the previous section. However, as we consider elements of H},
their Fourier coefficients satisfy certain regularity conditions, the function itself
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may not be smooth enough to allow estimates on its growth, i.e. its Fourier
expansion might not sufficiently converge. Only once we consider elements of
H3 we have sufficient regularity to allow estimates on the function itself.

2.4 The Laplace Operator
By definition, the map

M, — LI,
is continuous as for any f € Hi(I\H, L),

e fs e for—2 < (f, fhra-
Recall (see (1.2))

lk+27"k = —Ak — k?,
re—oly = —Ag,
l;i = —Tk_2, (23)

where by T we denote the adjoint operator. In the following, we will denote the
fundamental domain for a congruence subgroup I' by I'\H to signify the depen-
dence of the fundamental domain on I'. This contrasts the previous sections
where the fundamental domain and subgroup were fixed, hence we used F to
denote the fundamental domain therein. As for all f, g € H;. sufficiently smooth
we have, by partial integration,

Arf, i = flkfr—2

_ orof
=4 ot ot Y do - dy
I\H
- dx - d
= /((Akf)f~y’“y72y
T\H

= (refyref ke — K, Pk,

Ay is a positive operator and hence Spec(Ay) C [max{0,—k},00). As a direct
consequence, there are no integrable modular forms of weight £ < 0. Further-
more, Ay as a map

Ap: H: — L}

is evidently continuous. Note that the adjoint of this yields a map (which we
denote by A})

Ab: LE = HE
o= {he (f, Arh)i}
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We thus have a notion of applying Ay, to elements of £7. Let f be in £3. We
say that Ay f is in £3 if there is some g in £ such that for all h € H}

(f, Arh)e = (g, h)k-
We then write
Apf =g

By Lemma (2.4), H3 is dense in HY, hence, if it exists, g is unique. This provides
an alternative definition of H3:

Lemma 2.9. We have H; = {f € L3| Anf € L3 }.

Proof. The inclusion “C” follows directly from the definition. First of all, note
that the right hand side is a Hilbert space with respect to the scalar product

<f7 g>;c,2 = <f7g>k: + <Ak:f7 Akg>k-

To prove this, we have to show that it is complete with respect to the norm.
S~uppose that {vq}aen is a Cauchy sequence in the set {f € LI|Avf € L1} =
’Hi. Then , by definition, both v, and Av, are Cauchy sequences in Li. Hence

there exists a v and w in E% such that v, converges to v and Ajv, converges to
w in ﬁi. As
(Va, Agh)p = (Agva, b))k

for all @ and h € H}, we must have
(v, Aph)k = (w, k)

and thus v € 7—2% Hence, it is complete with respect to the norm and as such,
a Hilbert space. Note that this is also an equivalent scalar product on 7—[% as

(e f e fi—2 = (fs Ar Sk

Now let f € H3 be in the orthogonal complement of H3 as a subspace of H7. It
suffices to show that f = 0. As H3 is dense in L3, there is a sequence f, € Hi
such that f, — f in £3. Since

(Akfa, Wk = (fa, Axh)i = (f, Axh)r = (Axf, h)k
for all h € H2, Ay f, weakly converges to Ay f. Now, by orthogonality of f
<f7f>;c,2+<faafa>/k,2 = <.f—fa7f_fa>;c,
= (f—far [ = fa)k

= (f ~ far f — fadi
— 2Re((Akfa, Ak f)r)-

Rearranging the terms yields
<fu f>k + <fa7fa>k = <f - faa f - fa>k - 2Re(<Ak:fa7Ak:f>k)'

Since Ay f, converges weakly to Ay f in £2, the right hand side is non positive
as a — 00, hence we have a contradiction unless f = 0. O

2
+ (A(f = fa)s Ak(f = fa))k
+ <Akfa Akf>k + <Akfaa Akfa>k
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Thus, H} is the maximal space which maps subsets of £7 into L3 by Ay,
hence we can consider its spectrum as defined via the map Ay : H; — £ and
view H3 as the natural domain of Ag.

2.4.1 The Scalar Spectrum of Ay

The spectrum of Ay in £2(I'\H), i.e. the space of scalar integrable automorphic
forms, has been analyzed in great detail in [9] and [I0, Satz 12.3], however,
as far as we can say, the result has not been generalized to L£3(I'\H, L), i.e.
vector valued integrable automorphic forms, yet. However, the Hilbert space
and Laplace operator treated therein are not quite the one we study, yet they
are related by a simple transformation. We define

" o 0 0
AL =422 L iy L
E= 5 07 T ez

It is densely defined on the Hilbert space

—_~

L}(D\H, L) = y*/*L}(T\H, L)

with the scalar product chosen such that the relation is an isometry. We further
have

k k

KIZA k2 = A, — S8
Y Ay ke ol=3)
as
k k 0
k/2_27_k7 —k/2 - (1= fy—
Y YVigE MY ] 51=3)+ Yo,
where [, -] is the commutator bracket for two operators. Thus,
N k k
Spec(Ay) = Spec(Ay) + 5(1 - 5)

The full result of [9, [I0] pertains to SpeC(Ak), but since both Hilbert spaces are
isometric, it is readily adapted as follows.

Theorem 2.10. Let Ei’dis'(F\]H[) be the subspace of L3(T'\H) spanned by the
eigenfunctions of Ap. The spectrum of Ay in its orthogonal complement,
Ei’cont'(l"\H), which is closed under the operation of Ay, is continuous and
contained in [(k — 1)? /4, ).

We now want to generalize this to lattices.

2.4.2 The Vector-valued Case

We prove this by reducing the vector to the scalar case. Let

I" = T(N) == ker(Mp(Z)) — SLy(Z/NZ)

33



such that N < v,y >€ 2ZV~y € L' and 8| N. If 2k is odd, the Weil representation
on I is inferred from [14] Proposition 1.6]. If 2k is even, we have a stronger
result available; the Weil representation is known for arbitrary matrices. The
full representation in the even case was first derived in [11I]. Using both, for

MZ((C; Z>7il> €I if 2k +by — b =0 mod 2, we find

c\ 2k 1
feylw M = (g) Wf(MT)ev-
Ver

Here (—) denotes the Kronecker symbol as defined in [I3]. Without loss of

generality we choose N such that T(N) C I. If we denote by Ay 1,(T') the space
of C[L'/L]- valued modular forms with respect to I" and by A;(T') the space of
C- valued modular forms, this implies an isomorphism

A (F(N)) 2 Ap(B ()1 E7E, (2.4)
As we further have the inclusion
Apn(T) = Ap (T(N))

and the trace

AL (T(N)) = Ay, (T)

we have the following
Lemma 2.11. The maps above induce continuous maps

HLCN\ELL) = 3 (D)) 1P/, (2.5)

v HL(D\HL L) = Hj(D(N)\H, L),

7 HLUO(N)\H, L) — HL(D\H,L).
Proof. Note that it suffices to prove the statements for [ = 0 by the usual
commutation rules for lz. To prove the first isomorphy, note that for f =
S fnen € Hi o(T(N)\H, L), the isomorphy is simply given by
h
= (fan

which is an isometry of Hilbert spaces as

(£, Fer = Z/ fhfh'ykdzyigdy

b r\m

The inclusion ¢ is evidently injective and continuous as, by choosing a system
of representatives {v;} of I'(N)\T,

<f7f>k7f(1v) = / ffyk

L(N)\H

dx - dy
Y2
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:Z/ff kd:cdy

* 3 (T\H) v
- dx - dy
= D | s
NEE
- _ dr - d
= |wtev] [t

I\H

[0 EVI| (. Hrr

The continuity of the trace follows from (where we use Cauchy-Schwarz)

dz - d
whafler = [ wfafo
T\H
< [ wmrapt
y?
L(N)\H
1
= ﬁ
I T
_ dr - d
> / Fleve- flev; -y yQy
" f(N)\H
< QZ\/ﬂk’Yz»ﬂk% k]_“
e

\/<f|k Vi fle Vi) P

= zzf» k,T(N)

‘[F vy 5

Having proven this, we can show

Theorem 2.12. (Generalization of Theorem to lattices.) The continuous
spectrum of Ay in L3(T\H, L) is contained in [(k—1)?/4,00). Furthermore, the
discrete spectrum is spanned by eigenvalues of Ay, which form a discrete subset
of [0, 00).

Proof. Now, as Axm = mAj, we must have

m(Lpd™ (D(N)\H, L)) = L™ (T\H, L)
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and R
RUEE (F(N)\H, 1) = £5°™ (VL L),

To see this, suppose g is an eigenfunction in Ci’dis'(F\H, L),
h € L™ (T(N)\H, L) and {v,} is our usual system of representatives. Then

1 - dr - d
<9a77h>zi(r\H,L) = Niz / g flk %"yk ) Y
C:T(N)]| = o Y
1 — dx - d
- Ly / g Tt
[0 DOV ey g’
1
= . <gvh> 2 (f
T E()] £2(P(N)\H,L)

Now further suppose that A is not in the spectrum of Aj as an operator on

L3°°" (D(N)\H, L). Then

-1
((Ak = A) |Li’c°““'(F\H,L))
= 7w(Ax— )\)71L,

i.e. A is not in the spectrum of A, as an operator on £ ™ (T\H, L) , i.e.

Spec(Ak|£i,wnt,(F\H’L)) C SpeC(Ak‘Li’“‘”‘t'(f(N)\H,L))
S [(k—1)*/4,00),

proving the theorem. O

This allows us to invert expressions involving the Laplace operator in the
next section.

2.4.3 The Meromorphic Operator (A; —s(1 —s—k))~*

At first, we briefly recapitulate the concept of a meromorphic operator in a
Hilbert space.

Definition 2.13. Let U C C be an open set and H a Hilbert space. Let S C U
be discrete and T : U\S x H — H be a continuous map. 7 is meromorphic
if for any holomorphic function f : U — H and any g € H the function
(T'(s, f(s)),g)m : U\S — C is meromorphic.

Now, set U = {36C|Re(s)>%} and S = {s € U|ls(l —s—k) €
Spec(Ag)}. By the previous section, S is a finite subset of U and entirely on
the real axis as
(1—Fk)?

s(1—-s—k)eR < (Re(s)= )
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or Im(s)=0)

Thus, (Ar — s(1 — s — k))~! is well defined and continuous as a map from
U\ S x L into £3. Now, take f: U — L3 be holomorphic. Let Ci’com' again
be the orthogonal complement of the eigenfunctions in £3. We further set Ei’dis'
to be the space spanned by the eigenfunctions. As the continuous spectrum is
contained in [(k — 1)2/4,00), for any g € L™, (A, —5(1 —5—k))"'g € L}
is anti-holomorphic while s € U. Thus

(Ak —s(1—s—k)"f(s) )
= (f(s),(Ar =501 =5- k)" g

for all s € U\ S and the meromorphicity is obvious. Now, suppose that g € E;dis.
. We may further suppose that it is an eigenfunction, i.e. Axg = Ag. Then

(A =35(1=5-k) 9= 79

and hence

(A = s(1—s=k)7 f(s) )

= (f(s).(Ar=3(1 = 5= k)" g
1

= m@[(s),g)m

which is meromorphic in U as well. Hence, (Ay — s(1 —s —k))~! is a well
defined meromorphic operator mapping Ei onto itself. However, we could, by
the same principles, also regard it as a meromorphic operator mapping [,2 onto
H32, simply by noting that
Ak(Ak - S(]. — 85— k))71
= id+s(1—s—k)(Ar —s(1—s—k))"!,

the proof of which is analogous to the above.
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3 Poincaré Series

3.1 Continuation of Poincaré Series

We formulate our first theorem pertaining to Poincaré series, but first we need
to introduce a little more notation. If I' is some congruence subgroup, we define

I ={M €T| Mico =icc}.
This allows us to formulate our first

Theorem 3.1. For any smooth function f: R — C real-analytic around zero
and any congruence subgroup

I' < Mp2(Z)

of level N and any lattice L, the related Poincaré series for m € +-Z\{0}, given
by
Pu(fm,7,8,7) = Y (W fy)es(mx)) [ M,
MeTD\I'

converges absolutely for 20 + k > 2. It has a meromorphic continuation to
20 + k > 1 with at most finitely many simple poles on the real axis for both
o(l—o0—k)>max{0,—k} and 20 + k < 2.

3.1.1 Equivalent Statements to Theorem (3.1)).

Since f as in the statement of the theorem above is analytic around zero, we
can expand it

fly) =C+yri(y)

such that
Ir(y)] < D

for some positive constants C, D while y is sufficiently small. Hence

Pk(f7ma7-a 837) = C Z (yse’Y(mx)) |k M
MEeT \T

+ ) (e, (ma) [k M.
MEeT \T

We do note the absolute convergence of the first term for 20 + &k > 2. Moreover,
the second term converges absolutely while 20 + &k > 0 as ry is bounded as
y — 0. As the analytic properties of the first term do not depend on f and
the holomorphicity of the second term is guaranteed by absolute convergence,
P, has a meromorphic continuation if and only if it the theorem holds for one
arbitrary but fixed f(y). An ideal candidate is f(y) = e(i |m|y), where we refer
the reader to equation for notation. Thus we have shown that Theorem
(3.1) is equivalent to
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Theorem 3.2. For any congruence subgroup T' < Mpo(Z) and any lattice L,
the related Poincaré series form € 3-Z\{0}, given by

Py(m,7,579) = Y (yPey(mz+ilm|y)) | M
MEeT\I'

has a meromorphic continuation to 20 +k > 1 with at most finitely many simple
poles on the real azxis for o(1 — o — k) > max{0, —k} and 20 + k < 2.

Furthermore, note that while m # 0 we estimate
|Pk(m7 T, S?V)"C M| < C(M) yl_a_k

as y — oo for all MeMpy(Z) and 20 +k > 2. This estimate is crucial! If m = 0,
the case of Eisenstein series, the best estimate is

|PL(0, 7, 5,7)|e M| < C(M) max{y'~7*,y7}

which will make it far more difficult to employ spectral theory as the Eisenstein
series are not square integrable.

Remark 3.3. To prove the estimate for m # 0 and M such that Mioco # ico
note that we can write

y 2 Pe(m s e ME< {0 Y Im(My)7 2 =yt (3.1)
MeMp2(Z)

If however Mioo = ico we can bound the sum by
yk/2|Pk(m7T757fY)|k M| < ya+k/2€_|m‘y
+ Z Im(My)‘ﬁLk/z _ ok, (3.2)

M eMp2(Z)

3.1.2 Continuing Poincaré Series

Recall

Pe(m,7,5,7) = 3 (e, (ma + i m| y)) 1 M,
M

where m # 0. By the equations (3.1)) and (3.2)), we have the estimate
|Pk(m’ 75, 7)|k M‘ < O(M)ylikia

for all M € Mpy(Z). Next, let us momentarily denote by

0 ifz<0,
Q(x){ 1 if >0,

the heavyside step function. A straightforward calculation shows

Iy Pr(m,T,5,v7) = sPi_o(m,7,5+1,7)
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— Ar|m| (1 —0(m))Py_o(m,7,s+2,7), (3.3)
rePe(m,7,8,v) = (s+k)Pry2(m, 7,8 —1,7)
4m | m | o(m)Pk+2(m7Ta 537)'
Thus, Py is in the Petersson-Sobolev space ’H% for 20 + k > 2 since
¥ 72 Py(m, 7,8, 9) [ MI” = Oy~ ")

in all cusps. Lastly (by using equation (1.2))), we have

—ApPy(m,7,8,7) = s(s+k—1)Py(m,7,s,7)
dr |m | (s + k(1 —6(m)))
Py(m, 7, s+ 1,7). (3.4)
Let us define
Qr(m,7,8,7) = 4w |m| (s+ k(1 —6(m)))- P.(m,7,s+ 1,7),

which by the previous arguments again must be in H? for 20 + k > 1. This
allows us to state the

Proof. (Of Theorem (3.1))) As Qx(m, 1, s,7) is square integrable, it satisfies
Py(m,7,5,7) = (A = 5(1 =k — 5)) "' Qx(m, 7,5,7).

The right hand side is holomorphic while s(1 — s — k) is not in Spec(Aj) C
[max{0, —k}, 00) and 20+k > 0. This can happen at most if s = o or 20+k = 1.
Hence, the right hand side and thus the left hand side has a continuation to
20 + k > 1. Furthermore, it is obvious that, by definition, the Poincaré series
are holomorphic in s while 20 + k£ > 2. To see that the continuation indeed has
poles, by discreteness of the spectrum, we can expand Py

Pk(maTaS77) = P];(m,T,S,’)/)
+ Zak,l(m,S»’Y)fk,z(T)
l

such that the f;; are an orthonormal basis for the eigenvalues < (k—1)2/4 and
P/ lies in the orthogonal complement. As (A, —s(1—s—k))~! is holomorphic
on the orthogonal complement, since 20 + k£ > 1, and by the uniqueness of the
decomposition, P} (m,7,s) must be holomorphic for 20 + k > 1. Now,

(Ak — 8(1 — S — k))fk,l = (/\l — 8(1 — S — k))fk,l-
The decomposition then implies

N —s(l—s—k)agi(m,s,y) = 4r|m]| (s+k(1—6(m)))
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ak,l(mv s+ 1a’y)

Since J

%(Al—s(l—s—k)):%-i—k—l
we see that the af (m, s,v) can have at most simple poles at A\, —s(1—s—k) = 0,
and hence the same is valid for Py proving our theorem. O

3.2 The Case of Small k&

Since one of our goals is constructing holomorphic Poincaré series, we will ex-
perience some difficulties defining them whenever 0 < k < 2. To deal with this,
we will show

Theorem 3.4. If 3/2 < k <2, there is no pole at s =0. If 0 < k < 1/2, there
is a simple pole at s =1 —k only if m > 0.

Proof. The proof is rather straightforward. At first, we recall isometry * and
the &-operator
*p o ,C% — £2—k
gk(f) = ykfa
fk- . H% — ‘Cg—k
f—= ol f).

This induces a map
&My — L5,

Since
*k(Pk(m7T7 577)) = P—k(fma 7,5+ ka’Y);
we have
(ngk)(m7T757’Y) = gPQ—k(_m,T,§+k— 1,’y)
dr |m | (1 —0(m))
P27k(_mv T, 8+ ku ’V) (35)

If2 >k > 3/2, as s — 0, the right hand side has no pole (since the poles of Py_
are all simple). Since [10] implies invertibility of Ay on the subspace orthogonal
to ker £, we have that

&' =il
Thus, & is invertible on the same subspace and Py can have poles only parallel
to its holomorphic coefficients. We decompose

Pk(m77-78)7) = Pk/;l(ma7-7 Sﬂfy)
+ Z’Yk,l(m, 8, 9) fiea(T)
]
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such that the f; ;are an orthonormal basis of the zero eigenvalues, i.e. integrable
holomorphic modular forms. We know that P/'(m,7,s,~y) can not have a pole
in s = 0, thus all poles in that point must be poles of the v(m, s, ). However,
the relation

Vlk(m,s,'y) = <Pk(mﬂ'a877)7flk>
- /Z(ysew(mfﬂ+i|m|y))\kM~f7€dxdy
F M

. — dxdy
— // e,y(mw + 1 |m| y)flk W
00

= [l D(s+k=1)(4m |m])' 7" (3.6)

for the Fourier coefficients fF,, _ of fF holds. We also note that the integral
vanishes if m < 0, since there are no non trivial holomorphic modular forms.
The coefficients are thus obviously holomorphic for o > 1—k and hence P3/; has
no pole in s = 0. We also see that there is a poleif s =1—k if 0 < k < 1/2 and
m > 0 if there are non vanishing integrable holomorphic modular forms. O

Corollary 3.5. If 3/2 < k < 2 the Poincaré series {Py(m,7,0,7)|m > 0}
generate ker(Ag)o) = ker(lg/z), i.e. they are a generating system for the holo-
morphic integrable modular forms. If k = 1/2, the same holds true for the
holomorphic Poincaré series {5R1e/szpl/2(m’ 7,8,7)|m > 0}. If k = 0, the set

{1} U{ R?/SZPl/Q(m, 7,8,7)|m > 0} provides a basis.
S=

Proof. If m > 0 and 3/2 < k < 2, by (3.5), the Py(m,7,0,v) are certainly
holomorphic as Py_p(—m, 7,k — 1,7) has no pole. For 0 < k < 1/2, the holo-
morphicity of E{leskPk(m,T,s,’y) is obtained by applying the residue to 1}

and noting the simplicity of the pole. implies that the space generated by
them is dense in ker(Aj) as a holomorphic modular form vanishes iff all non
constant Fourier coefficients vanish, unless & = 0, in which case the modular
form must be a constant. O

3.3 Further Continuation in 20 + k < 1

The continuation theorem in the penultimate section is not yet the best we can
do. Consider the equation (3.4) once more:

Pk,L(m7T757’Y) = 47r\m\ (8+k(1 _e(m)))
(Ap —s(1—s—k)!

42



Pk,L(m7T7 s+ 177) (37)

We have just shown that P ; has a natural extension to 1 < 20 + k, hence
Py, r.(m, 7,5+ 1,7) is well defined for —1 < 20 4+ k. On the other hand, (A —
s(1—s—k))~!is well defined for 20 +k # 1, hence the left side is well defined for
—1 < 20+ k < 1. By induction, this yields a continuation to 20 +k ¢ 1 — 2Ny.
This allows us to state

Lemma 3.6. The Poincaré series Py r(m,T,s,v) has a natural extension to

{2€C|20 + k ¢ 1— 2Ny}, given by satisfying .

Proof. We use to define Py 1,(m, 7, s, 7). In the next step, we need to show
that is compatible with the extension. The reason for this is that the set
20 + k&1 — 27 is not path connected and hence the uniqueness principles of
the holomorphic extension do not apply, hence the equation might be violated.

However, note that
lkAk = Ak_glk — (]{5 — Q)Zk

And hence
(Ag—o — (s+ 1)(2—s— k)l = (A — s(1 —s — k)).
Hence, for 20 + k&l — 27,

I Pe,L(m,7,8,7) = 4m|m|(s+k(1—0(m)))
(Ap_o—(s+1)(2—s5—k) !
lgPen(m,7,s +1,7)
= dr|m|(s+ k(1 —0(m)))
(A2 —(s+1)(2—s—k)™*
((s+ 1) Pr—a(m, 1,8+ 2,7)
— dr|m | (1 —6(m))Pr_a(m, 7,5+ 3,7))
= sPr_o(m,7,s+1,7)
47t |m| (1 — 6(m))Pi—2(m, 7, s + 2). (3.8)

To check this, apply (Ax_2 — (s +1)(2 — s — k))~! to both sides and note that

(Akz— (s+ 12— 5— k)
Pi_o(m,7,s+1,7)

= Ar|m|(s+ 1+ (k—2)(1 —0(m)))
Pi_o(m, 7,58+ 2,7)

on —1 < 20 + k < 1 by definition. Next,
(Ap—a—(s+1)(2—s—k))Pr_2(m, 7,8+ 2,7)
= (Ak—Q - (8+2)(1 787k))Pk—2(m,T,s+277)
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(28 4+ k)Py—o(m, 7,8+ 2,7)

= 4dr|m|((s+2)+ (k—2)(1 —0(m))
Py.(m, 7,54 3,7)

— (28 +k)Py_a(m, 7,8+ 2,7).

Lastly, we note that
4 ] (1 = 0(m))
drim| ((s+2) + (k—2)(1 — 0(m))

= (4m|m[)*(1 = (m))((s + k)
= (4m|m])*((s + k(1 = 0(m))(1 — 6(m))

and
4 |m| (s + k(1 —0(m)))(s + 1)
= s(s+14+(k—2)(1—-0(m)))
+ (2s+k)(1—0(m)),
hence all the terms in (3.8) match up, finishing the proof. O

Remark 3.7. The continuation is not an analytic one in the classical sense since
the continued function is not defined in a domain, as there is no definition on
the lines where 20 + k € 1 — 2Z. However, the definition “leaks” through the
lines and has a continuation beyond.
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4 Analytic Continuation of Eisenstein Series

In this section, we will discuss the analytic continuation of Eisenstein series. The
issue has been treated in the literature before, in [8] or [I2], who also employ
spectral theoretic proofs. In this section, we will offer a new method to prove
the continuation while outlining a close connection between Eisenstein series
and Poincaré series. We will see that the Fourier coefficients of Eisenstein series
correspond to the constant coefficients of Poincaré series. To show this, let us
note that Eisenstein series are essentially Poincaré series for m = 0. Let us
briefly define the Poincaré series

Pk(m,T,S,’}/) = Z (yse’Y(mT))lkM
MET(N) oo \['(N)

where we allow m € %Z. By Theorem , the series have a meromorphic
continuation to 2s 4+ k > 1 if m # 0. Since Eisenstein series are the case m = 0,
we want to show that the continuation theorems hold for them as well. To prove
this, we need to examine their Fourier coefficients.

4.1 Fourier Coeflicients of Poincaré Series

Let o € Mpy(Z) and c¢;*(m,y,s,v) denote the n—th Fourier coefficient of
am  bum

> the matrix com-
CM dM

Pr(m,7,s,7)|i @ where n € &Z. Denoting by <
ponents of M € Mp,(Z)) and defining

5(M) =

{ 1 if Mico =i, (4.1)

0 otherwise,
we compute

NCZ’Q(TTL Y, S, ’7)
N
- Y[ wemnh M)

MEeT(N)o\I'(N)a "o
MET(N) oo \['(N)a/T(N) o

MET(N)oo
—+oo
/ (yey(mT))|x M e(—nz) dx

+  0(a@)dm,ny ey (tmy)

- S R )

MET(N) oo \D(N)ar/T'(N) oM
MET(N)oo
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+oo

1 1 -m
/ 7\/01\477'% 7‘CMT|2S e(—nz)e(——)dx

5(a)5m,nys €y (imy)

+
— ylfsfk Z

MET(N) oo \T(N)or/T(N) oo
ndyr + mayy _1 j—k(—sgn(enr))
M M M .
e( on )pr(M)™"ey) By |28+k

“+o0

| e nmel e d

se(—nyzr)e(————)dx
Jovar it i)’ chry(@ + 1)
+  0(a)dm ny ey (imy).

Note that 1 1
—-m
e(—————=) =1+ ; fm ~ )5
G0 T e Gy
where we define f,,, such that the equation holds. It is analytic and globally
bounded in x. We abbreviate

Kk(Oé, s, m, n7’7)

ndyr + maps
- S e tme,
CMm
MET(N) oo \['(N)or/T(N) oo
. j—k(1—sgn(car))
(pL(M) ™ ey)———57—
||

The K here stands for Kloosterman as the sum is indeed a Kloosterman sum in
the classical sense. This allows us to write
NCZ7a(m7 Y, S, 7)
= 0(a@)dm,ny ey (imy)
+ yl_s_kKk(avs7mvna ’Y)
—+oo

/ 2k 2s ( )
- - el—nyx dx
VTt |.’IJ+Z|

+ yisikKk(a,s+1vmvna’Y)
—+o0

1 1
_'/(><> \/m2k+2 |x+l|25

1
) dx

e(—nym)fm(m

The definition also implies

Kk(oz,s,m,n,’y) :Kk+2(06,8—1,m7n,’}/), (42)
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as well as

<€,Y/ aKk (aa s, m,n, 7)>
ndyr + maps
- > et ma,
—cup
MET(N) oo \[(N)ar/T(N)oo

Z‘k(lfsgn(cM)) .
w(ev’apL(M) ey)

lem
. ndy; + mays
= > oML T
MET(N) oo \['(N)or/T(N) oo

j—k(1—sgn(—cum)) 1
|C|—23+1€<PL(M )7 eyrsey)
M

= i%(Kk(a_l,S,n,m,’y/),%/). (43)
Here, we used that the mapping M ~ M~ is a bijection of the residue classes

in T(N)oo\I'(N)a/T(N)s to those of T'(N)o\['(N)a™/T'(N)s. To further
simplify the expressions for the Fourier coefficients, let us define

+oo

( ) / Vo + xr +
E\S, Y, N, : s
- ,L.2k: | 2‘2

1
Ay(x+1)

e(—nyz) f( ) dx

for an arbitrary f which is globally smooth and analytic at 0. Then, we can
further simplify to

Nep®(m,y,s,7) = 6(0)0mny ey (imy)

y R K (o s, mym, Y)er(s, g, m, 1)
y_s_kKk(ms +1,m,n,y)

ek+1(8,9,71, fn). (4.4)

+ o+

Ideally, we want a result about the absolute convergence of the Fourier series.
To prove this, we need some results that bound each term independently of n,
which will be partly done in the next subsection. However, the bounds for the
function e are easily derived.

Lemma 4.1. There is some constant C(€,d,1, f) > 0 such that for 20 + k > ¢,
y > 6 and n # 0 the estimate

er(s,y,n, f) < Clk,e, 6,1, f)(|n|y) ™ (4.5)

holds.
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Proof. We show this by induction on [. The hypothesis holds for | = 0 and
20 + k > 2 by boundedness of the integral. The induction step follows by
partial integration:

Gk(S, y,n, f)
“+o0

—0o0

1o} 1 1 £ 1 ) d
a " X
O | ot it e+ yle+i)
1
- (27Tmy) {7k€k+l(s7yanaf)
- 25(€k71(8+17yana f)_i€k<s+17yanvf))

1
- 7€k+2(sanay7.f’) .
Ay }

Since all the arguments on the right hand side converge uniformly for 204k > 1
and satisfy a sufficient estimate therein as f’ is also globally smooth and analytic
in zero, we are done. O
4.2 Continuation theorems for Eisenstein series

This analysis now allows us to construct analytic Eisenstein series. To do that,
at first we apply (4.4) to m = 0, i.e. the n—th coefficient of the Eisenstein series

Ey(,8,7)|ka = > (y"ey) |k May,
MET(N)oo\I'(IN)

which is given by

NCZ,OL((): Y, s, ’Y)

6(a)do,ny ey

Yy K (a5, 0,1, 7)er (s, 4,1, 1)
y*S*kKk(a,s +1,0,n,7)
ex+1(8,9,1n,1).

+ o+

By equation , the function Ky («, s,0,n,7) is bounded by K («, s, n,0,7),
which is a term appearing in the constant coefficient of the Fourier series
Pi(m,7,8,7)|r . Hence, we can relate the Fourier coefficients of the Eisen-
stein series to the constant coefficients of Poincaré series. By definition

Kk(aa S, 07 n, ’7) < C<€)
while 20 4+ k > 2 + € as the sum absolutely converges. Hence

|Kk:(a7 s+ 1,0,7’1,’}/) : €k+1(57y7na 1)| < C(ka 6757 l)(|ny|)7l
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by while 20 +k > 1 4+ ¢,y > 6. If we can now bound K(c,s,0,n,7)
uniformly for 20 +k > 1 +¢, also implies convergence of the sum over the
non constant Fourier coefficients of the Eisenstein series. We can now bound
the Kloosterman sum Ky (v, s,0,n,7) in 20 +k > 1 by our theory of Petersson-
Sobolev spaces. The bound is given by the following

Lemma 4.2. The Kloosterman sums are bounded in compact subsets s € D of
20+ k> 1 via

[(Ap —s' (1 =5 — k)7
K <
| k(a,s,n,0,7)| < C |€kI(SI,1a071)|

(4.6)

where k' denotes the unique element in {—1,—1/2,0,1/2} such that k = k' mod
2 and s’ = s+ (k—k')/2. Moreover, the constant C only depends on k and the
subset D.

We briefly remark that our choice of k¥’ will make the following proof easier
as it is short to argue that the factor ez (s',1,0,1) is meromorphic and not zero
if K € {—1,-1/2,0,1/2}.

Proof. We know that by (4.2)), | Ky (, s,1,0,7)| = |Krta(a, s F1,1,0,7)|. Hence
we can replace k by &/, s by s’ and for simplicity assume that k = k' as well
as s = s'. Next, it is sufficient to bound the constant coefficient of the
Poincaré series, Ki(a, s,n,0,7), for 20 + k > 1 + ¢, as it implies that

| Ky (c, s,0,n,7v)| < Const. - |Kk(a_1,s,n70,'y)| .

Let n # 0. Then, by (4.4),
Kk(aasanaovv)

1

1
T a(sp.0.1) ' d
ek(s’yvoa 1) ({ P(n’x_’_ly’s”y”ka X

1
- QK]{;(O[,S—F 17n7oa7)6k+1(85y707fm))' (47)

To show that this is indeed well defined, we need to show that the factor
m is defined. We can divide by €x(s,y,0,1) if it is not identically zero
as it is meromorphic. To see this observe that ex(s,y,0,1) is constant in y and
has no zeroes for —1 < k < 1/2 on the real axis, as by definition

+oo

1 1
€k(87 1703 1) ::/ 2k 2s dx
J o Vati |2+ il

Hence, vz + i% is always in some half plane and hence the integral converges
absolutely while 20 + k > 1 and does not vanish for real valued s, hence it

is meromorphic and non vanishing, and so m is well defined. Now, we
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focus our attention on the above sum (4.7)). The second term in it is obviously
uniformly bounded while 20 + k£ > 1 4 € as the Kloosterman sum absolutely
converges, thus we can simply ignore it. To show that

1

/ Pk(nvx + Zya37’7)|k04d$
0

is sufficiently bounded requires arguments from the previous section. First, let
n > 0. Then
Pi(n, x + iy, s,7)|k o € Hj,

and

Pk(n,$+iy,$,’y)|ka
= (Ap—s(1—s—Fk)™*
(4msnPr(n, x + iy, s + 1,7)|r a).

Which, by (2.2)), yields

1
/Pk(n,m + iy, 8,7) |k adx
0

< Ak =s(T—s—k)7"
Const. - [Pa(n, 5 + 1,71 (48)
The function norm [Py (n,-, s + 1,7)||; , is uniformly bounded (independently

of n) while 2s 4+ k > € by absolute convergence of the Poincaré series. Note that
the constant in this equation only depends on D and k. To summarize, if n > 0

1
/Pk(n,x—kiy,s,’y)\kadx SConst.-H(Ak—s(l—s—k))_lH
0

and thus

||(A;€ —s(l—s— k))’1||

K 0 < Const. -
| k(a,s,m 77)' = Lons ek(S,y’O’l)

(4.9)

Now, for n < 0, we can write, by recalling the notion of integrable Poincaré
series Py (see (3.4)),
Pk(na T, S, 7)|k o
— (Bk-s(-s— k)"
(4mn(s + k))Pp(n, 7,8 + 1,9)|r
- > (y° (ey(nx)(e(—iny) — 1))k M|k o

MEeT(N)oo \I'(N)
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+ > (v° (e (n) (e(+iny) — 1)) | M|z .
MET(N) oo \I'(N)

The last two terms admit an absolute estimate for 20 + k& > ¢, the first one
an integral estimate similar to the previous one and hence (4.9) holds for all
n # 0. O

Using this lemma, we can bound the Fourier coefficients using (4.5) and
(4.6) (recall that ¥’ = k mod 2 such that ¥’ € {—1,-1/2,0,1/2} and s’ =
s+ (k—£k)/2)

-1 C(e’kJ) yl—a—k

|6k/(8/, ]., 0, 1)|

(A — /(1= — k)|

lep “(n,y, 7)< (In])

which means that the sum comprising

Oa(

Ek(7—7s7’7>‘ka_ck’ anvs7’7) = Ek(T7S,’7)‘kOC

converges absolutely except for a discrete subset in 2s + k > 1, which corre-

(A —s'(1—s"—k)) ™t
sponds to the poles of I klék/(8’71,071)| I

meromorphic function that is bounded by

. As such, above equation defines a

’Ek(Ta S, ’Y)‘k o — Cg’a(O, Y, Sa’Y)’
Cl(eﬂ k) l—o—k
lexs(s',1,0,1)] 4
||(Ak/ —s'(1-8 - k))’lﬂ . (4.10)
To fully prove the continuation of Ej, we still need to examine the constant
coefficient for one such a. The ideal candidate is the natural choice a = id. It

is well known that the set I'(N)o\I'(V) has representatives uniquely classified
by their second line, i.e. the map

<Z Z>—>(c,d)

By this, it trivially follows that we obtain the representatives

D(N)oo\F(N)/T(N)oe
= {(0,1}
{(c,d)|gcd(c,d) =1,0<d < N|c|,d=1(N),c=0(N)}.

C-

As such, if N is sufficiently big (i.e. using the argumentation presented in ([1.8))
we obtain by again considering (2.4)

A
Ki(id,5,0,07) = 1+C )3 (C) e

0<d<N|c|,d=1(N),c=0(N)
c>0

o1



If 2k is even, this simplifies to
. c’ 9 1
Ky (id, 5,0,0,7) =1+ WZ@(N C)W7
c>0

whose meromorphy is easily derived from the Euler product of the sum (such
that N =[] p;* for pairwise distinct primes p; with a; > 0)

1 9 1 1 1
NSZ%O(N C)g =N Z@(C)g

c>0 c>0

s—1

(pi + (s — Dpi™ )

, 4 1) P
% (pz + (pz 1)17:_171)

Now, if 2k is odd, we need some more work. Notice that

> ()=, Z, 0o (l)

d=1(N) XN 0<d<Ne
0<d<Nc

where we sum over all characters xy modulo N. Hence, the sum vanishes unless
there is some character mod N such that xn(-) (%) is the trivial character mod

Ne. This happens if and only if ¢ = p% - ... - p?»r2 such that ged(r, N) = 1 and
p; defined as above with b; > 0, in which case we have

d=1(N)
0<d<Nec

Hence

<d> :
§ : c/) ¢S
0<d<Nl|c|,d=1(N)c=0(N)

c>0

1 2, b b, 2
= — e(N?p} .. phre?)
N#p(N) bigw '
ged(N,c)=1

1

(B - P e?)?

_ #Z ( )L
- Ns(p(N)DO‘p ¢ c25—1
s—1

(1 = pi)p}* TPy

17;0?_

2(3—1) ’

i (pi+(1 *M)%)
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which is globally meromorphic as

thus finishing the proof of analytic continuation for the constant coefficient, and
hence the Eisenstein series can be continued as well.
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5 The ¢&-Operator and Harmonic Maass Forms

5.1 Integrable Holomorphic Modular Forms and Poincaré
Series

In this section, we would like to explicitly construct integrable holomorphic
modular forms, i.e. cusp forms if £ > 1 and holomorphic modular forms for k& <
1. While the construction could be done, in general, as in the next subsection, in
this subsection we would like to outline an approach that focuses on the analytic
continuation of Poincaré series.

M} = ker(&) N L3 (5.1)

Recall the notion of weakly holomorphic modular forms M ,'c 1, in Definition (1.9).

By Lemma (2.7))

int !
Mk},L g Mk),L‘

Further recall the definition of weakly harmonic Maass forms Hy, j as in Defi-
nition (1.8). We want to prove

Theorem 5.1. If k # 1, Mérltk’Lf C Im(&lmy ,)

Note that we have nothing to prove if & > 2 as there are no integrable
holomorphic modular forms of weight 2 — k. Else, for m > 0, define the series

Rk,L(ma T,S,’}/) = Z (ysfmﬁ(y)e’)’(_m?)) Ik,L M7
MeT o \I
Prer(m,msy) = Y. (ey(mn)) kL M.
MeT o \IY

Proof. Let f,, s solve the differential equation

$fm,s + yf'r/n,s —dmmy fm,s = 1.

Then f,, s is analytic in y with its coefficients given by
fm,s(y) = Zanyn
n

where
(4mm)™ T(s+1)

s T(s+n+1)
The equation is obtained by noting that for n > 0

ap =

0 = sa,, + na,, — 4mma,—_1.

Note that
Fns(y) = (dmmy) ~*e*™ ™V (s, dwmy),

o4



where (-, -) denotes the lower partial gamma function. Now

ke (ysfm’s(y)ev(—mi’))

= y§+k_1(8fm,s + yfrln,s - 47rmyf’rﬂ,5)€7(m7—)
= y‘“‘k_ley(mr).
Hence
(fkRk,L)<m>T>Sa’y) = 7)2—k’,L’ (m77-7*§+ k— 17’7)7
(&kPr,L)(m,7,8,7) = Py -(-m,7,5+k—1,7). (5.2)

O

Notice that since f,, s is analytic and exponentially bounded, both Ry 1,
and Py, 1, are well defined. For 3/2 < k < 2, we define the functions (where p.p.
denotes the Cauchy principal value)

e (m,7,7) = Res Ri,r.(m,7,5,7),

p%:k(m, T, ’Y) = ngle_SkPk,L* (m7T7577)a

whereas for k£ < 1/2 we define

té(maTa 7) = b-p- Rk,L(m7T7577)a
s=1—k
p%:k(m,T, 7) = ppO 7DQ—!C,L* (m777577)~
S=

These are well defined for all m # 0 as 2s + k > 1. Then, by construction (as
taking the residue in s commutes with &, as the integral over a circle and the
derivative commute)

gktﬁ(maTa ’7) = pé:k(maTa ’7)

Note that we could extend these constructions to all k # 1. If k£ < 0, the non-

holomorphic Poincaré series tZ would correspond to those in [3]. By Theorem

(3.1), however, the series in [3] must have an analytic continuation to s = 0 for
all kK < 1, yet we can say little about the nature of the continuation and possible
poles as their construction differs from ours.

Now, we have three lemmas finishing the proof of the theorem.
Lemma 5.2. The estimate v (m, 7,7v) = O(e“Y) holds at each cusp.

Proof. By definition

1
Rin(mm57) = > (0" (fmaly) = J)es(m?) lsp M
MEeT  \I
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1
+ glpk,L(imaTa 5,7)'

Let « be an element of Mpa(Z). Note that as the first term converges absolutely
for 20 + k > 0, it grows as 6(a)O(y*(fs(y) — 1) + O(y'~*~*) at the cusp aioco
per the usual estimate. Furthermore, again by definition,

Per(m,7,8,v) = Per(m,7,s,7)
— (1=0m)- Y (e (ma)(e(=imy) = 1)) [ M
MeT \I
b)Y (e (ma)(elimy) - 1) s M.
MeET o \I”

By Lemma , the first term is at most polynomial at every cusp while the
second and third term are absolutely converging sums for 20 4+ k > 0 and grows
like 6(a)O(y*e(mT) + e(m7)) + O(y'~*~F) at each cusp aico and hence all
vk (m, 7,7) are harmonic Maass forms if we prove the following: O

Lemma 5.3. &pl(m,7,7) =0 if m > 0.
Proof. Consider (5.2). If 3/2 < k < 2, it implies

fkpﬁ(mv'ra ’7) =

as Po_j - (—m, 7,5+ 1/2,7) has no pole for m > 0 by (3.6) as 2 -k < 1/2. If
k<1/2,

&pk(m,m7) = Res 5Py - (—m,7,5+k—1,7)
= Res 5Py p-(-m,75+k—1,79)
= 0
which has no pole and hence vanishes by . O

To finish the proof, we show two more lemmas. The first one is

Lemma 5.4. The {pL(m,7,7)|m > 0} form a generating set ofM,icr,‘}J ifk £0,1.
If k=0, {f,} U{pE(m,7,7)|m > 0} is a generating set of M};‘tL, where f. are
suitable constant functions.

Proof. This is a direct corollary of (3.6) as any integrable holomorphic modular
form that is orthogonal to all p,? (m, T,7) must be constant, hence vanishes unless
k=0. O

All that remains now is to show that all constant elements of M{"} are in
the image of £&;. We state this as
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Lemma 5.5. Let f € Mé“E(I‘) be constant. Then f is in the image of &s.
Proof. Consider the non holomorphic Eisenstein series

_ ¢(2) 1
Ga(1) = 2¢(2)+ 4@2 oi1(n)e(nt) + —

1 87y

and via, , its lifts to Eisenstein series G2 ,(7) by means of the trace formula
as follows: We choose N big enough (recall ) such that holds and hence
G>(7)e, is an element of the automorphic forms A, - (I'(NV)). Now, consider
the trace map y
T - = Az - (T'(V)) = Ao, (I).
We define
Gy = Ga(T)e,.

which is Hy - (T(N)). Then

§2Gay = &Ga(T)e,

1
= —)e
52(87Ty) Y
1
B
Now, since f is constant, we can write
—a,
= [0
/ ; 8r 7

Hence

52(Za7G277) =/
¥
Composing this with the projection 7 1,- yields
527T2,L*(Za'yG2,v) = 7TO,L(§2(ZOWG2,7))
v B!
= mo.(f)
= fa
finishing the proof as my - (3-ayGa ) is in Hy - (I'). O
B

5.2 More on Weakly Harmonic Maass Forms

Lastly, we want to investigate the construction of weakly harmonic Maass forms,
which is a somewhat more challenging task. This section will at first deal with
the construction of weakly holomorphic modular forms, then we will show that
all those lie in the image of £, which will then allow us to prove the surjectivity
of the latter operator.
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5.2.1 Weakly Holomorphic Modular Forms

To simplify notation, let us introduce the notion of quasi analytic functions. We
say a function f is quasi-analytic in zero if

fly) =y“g9(y)

for some a € R such that g is real analytic in zero. Notice that for any f
quasi-analytic at zero such that f = O(y') at zero, 2 +k > 2 and m > 0 the
series

Rk,L(f7 m,T, 7) = Z (f(y)e’Y(mT)) |/€,L M

MeT  \T

converges absolutely. Moreover, we have seen that (with the d-notation and
estimates as in (4.1))

R (fym,7,7) |k M = 8(M) f(y)e,(m7) + O(y' ')

at each cusp Mioco. Furthermore

GRer(f,mmy) = & Y, (FWey(mr)) [kr M

METD\I'
= Y U @e(mn) g M
MET \T
- Z " ') - ex(—=m7)) la—pL- M
MET \T

= R2—k.L’ (ykf/(y)a _m777-77)a

which is in £2_, if y*f'(y)e 2"™Y vanishes sufficiently fast as y — oo. Note
that for any g € Mi™, , _, we have

(Ror - (4" £ (1), —m.7,7). 9) / S G Wer(—mP) ko M

F METo\I'
g_pdrdy
7
- Y / £ (W)er(—m7)
METo\T 311
g(7)dx dy
o N
- / ) / ey (—m7) - g(, 7)dz)dy
0

0

g(m)y

= Gomn | fy)dy (5.3)
/
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where, as previously, g,y denotes the m-th Fourier coeflicient w.r.t. the base
vector e¢,. We now choose some constant ¢ > 0 and some smooth ¢y,

2HELif 0 <y < ¢/2
_J VY 1 Y )
@k(y)_{ 1 ify>ec

The idea behind is that the Poincaré series defined by ¢y will absolutely con-
verge. By definition, ¢y, is quasi-analytic. Since ¢} (y) = 0 for y > ¢,
Ry - (y* ¢ (y), —m, 7,7) is square integrable. Further, by (5.3), we have

<R2—k,L* (ykfl(y>7_m77i77)?g> = J-m,y / f/<y)dy
0

= G-m~- (5.4)
This suggests the following lemma.
Lemma 5.6. The series Ry, (k. m,7,7) is in Hi_,.

Proof. We know that

gkRk},L(@k7m7T7 7) = RQ—k,L* (ykSOk(y)/, _mv’fa’y)
= S(M)y"eh(y)ey (—mT) + Oy~
O(y~>~1*)

as y — 00, hence & Ry, 1.(¢k, m,7,7) is in £3_,. Now,

ArRi(prm,my) = Y Aler®)ey(mm)) [kp M
MET o\l
= ) we(mr) [k M
MET \T

with
Ur(y) = —y*or(y)” — kyer(y) + 4mmy® or(y)'.
Clearly, 11 (y) = 0 for y > ¢ and ¥p(y) = O(y*T!*) as y — 0. Hence, for

thle same reasons as before, ARy, 1, is in £7 and thus & Ry 1 (¢k, m,7,7) is in
Hy g [

Now, consider the space of square integrable holomorphic modular forms,

M;“_tk,L, C Hl .. Denote by

Mog s HGE — (MP )"

the projection operator. By Theorem ([2.10), we can apply the inverse Laplace
operator A;_lk to Mo_ &k R, L(pasm, T,7). (Note that here we use k # 1. If
k = 1, the continuous spectrum includes 0 and we can not invert Ay) and define

Rer(m,7,7) = Rir(pr,m,7,7)
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— & kA Tk &k Ry (0r, m, T, ), (5.5)

which, since §k§2_kA2:1k = id, satisfies

&Ry, (m, 7,7) = (id — Mo 1) & R, 1. (01, m, 7, 7),
thus is an element of Mé“_tk ;- We see that the Rk, 1, are not weakly holomor-
phic.
Remark 5.7. Since 527kA27_1kH27k£kRk7L(90k,m77—7 v) is in 'H%Ek, by Lemma
(2.7), at each cusp Mioco as y — oo:

Ry ,(m,7,7) |k M = 6(M)ey(m7) + Oy ~H7?). (5.6)

One might now wonder what use the }?k’ 1, are if they are not weakly holo-
morphic The answer to this is given by the following

Theorem 5.8. For k # 1, any element of M,!C,L is a finite linear combination
of elements in

Thr = {& rRo jo(m,7,7)|s M, Ryp(m,,7)|r M
1
| me~Zom <0 M e Mpy(2),

Proof. At first let us remark that by 1} all non constant elements in M ,‘cnz

are a finite linear combination of elements in the set {fg,kRg,;ﬁL(m, T,y)|m €
%27 m < 0}. To obtain estimates on the dimensions involved and prove our
theorem, we will need to employ Riemann-Roch, for which we need to assume
that I" operates freely on H. This, however can be achieved by passing to a
suitable T'(IV), the results of this theorem then hold by surjectivity of the trace
map. We split the proof into two cases, the first one being k > 1. For n € %Z,
let Ty denote the set { Ry r(m,7,7)|x M |M € Mpy(Z),—n < m < 0} and
V(Tk,n,1) the finite vector space generated by it. Let d denote the number of
cusps. By (5.6), we have

dim(V (Tyn 1)) = d(nN + 1) |L' /L],
since, at the cusp M ~lico, the definition implies
Rie,p(m, 7,7)|x M = e, (m7) + O(y ' ~H72),
and, by (5.6), at all other cusps,
Ry p(m,7,7)|x M = Oy ~M7?),

i.e. Ry r(m,7,7)|x M vanishes therein. Since (1 —k) < 0, and all e, (m7) are
linearly independent for m < 0, the Ry, (m,,7v)|x M are linearly independent
for different cusps M ~'ico. Clearly, &, defines a map

&t V(Tn,r) = Mzinjk,Lf-
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The analysis that follows is certainly inspired from [4]. Consider the compact
closure of the fundamental domain F as a complex manifold X. Denote by
D = )"s; the divisor that is 1 at each cusp s;, Op the sheaf associated to the

divisor and Oy, the sheaf of holomorphic modular forms of weight k. Then,
since 2 — k < 1 and any holomorphic modular form of that weight is integrable

and vice versa
int o 0
MyZy - =H (X, 05k, )

Denote by K (Tj n,1) the kernel of & in V(Tk.,,.1.). By (5.6),

K (Ty,n,)\{0}
C H°X,Onn+1)p ® Op @ O )\H*(X,0p ® Oy 1), (5.7)

i.e. any non zero element in K (T} ) does non vanish in at least one cusp.
Now, let €2 denote the principal bundle of X. We then have

ngZ@(_D)a

i.e. the principal bundle on X are the cusp forms of weight 2. Next, let us
state Riemann-Roch for holomorphic vector bundles. If X is an algebraic curve
of genus g and A, B are complex vector bundles of dimension a resp. b on X,
A~! B~ the corresponding dual bundles and h° the dimension of the cohomol-
ogy groups and c¢; the Chern class. Then (see [6, Thm. 21.1.2])

(X, Ao B ") —h(h,A"' @ BoQ)
= bei(A) —aci(B) + ab(l — g).
Hence, for a third bundle C' of dimension b,
(X, A B -hr'(X,A2C™ ") = r'h A '@BxQ)
RO(h,A™' @ C®Q)
+ a(c1(C) — a1 (B)).
Now, we set A = Ok, Bl = O(Nn+1)D ® O_p = Onnp, C~! = Op. As for

any divisor Y, ¢1(Oy) = deg(Y), hence deg(D) = d, the number of cusps, and
by (5.7) and Riemann-Roch,

IN

dim (K (Ty n.1.)) h(X, ONnt1yp ® O—p @ O 1)

- W(X,0_p®01)

= |L'/JL|(Nn+1)d

+ WX, (Ownt1yp @ (D) © Ok 1) ' @ Q)
hY(X,((—D) ® Or,1)~' @ Q)

= |L'/L|(Nn+1)d

+ B(X,0_(Nps1)p ® Oz 1)

- h(X,05 k1)
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since k > 1, for n big enough,
h(X, O_(Nn+1)p ® Oz 1-) =0

as the number of zeroes of globally holomorphic modular forms is bounded.
Further, as any holomorphic modular form of weight 2 — k is integrable and vice
versa

hO(X,O27k,L7) = dim(M;rick7L—)
dim(fk(V(Tk,n,L))'

And hence

dim(K (Tyn,z)) + dim(Ex(V (Tk,n,1))

IN

|L'/L| (Nn+1)d
= dim(V(Tk’n,L)).

By the usual kernel and image formula for finite dimensional vector spaces, the
inequality must already be an equality. Thus

dim(K (Ti,n,z)) + dim(M;"}) = h°(X, Onnp ® Ok, 1).

Since K (Th,n,z) N M;*; =0, linear algebra implies that
H(X,0nnp @ Ok,1) = K(Tin,1) © ML,

i.e. for £ > 1 any element of M,!“L that has has at most a pole of order n in each
cusp is a linear combination of elements in T} ,, .. Now, consider the case k < 1.
We need a slight variation of above as all holomorphic forms are integrable, i.e.

M = H(X,Op,1).

We proceed analogously and define the set Ty, 1 = {Rk7L(m,T, 7)) —n <

m < 0} and the vector spaces V (T}, 1) and K (T} 1) in an analogous fashion.
Analogously to the previous section one argues that

dim(L(Tyn,1)) = d|L'/L| Nn,
since again all elements of T}, ,, ;, are linearly independent. Further, as before,
K(Tyy,n,)\{0} € H*(X,Onnp ® Ok, )\H®(X, Ok,1),

i.e. all non zero elements of K (T}, 1) are not integrable and have a pole in ico
of at most order n, Riemann-Roch again implies

dim(K (Tyn,r)) < h%(X,Onnp ® Ok.) — h°(X, Op.1)
|L'/L| Nnd + h°(X, (O—nnp © Op,p) "' ® Q)
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— hO(X, (Ok’L)_l ® Q)
= |L'/LINnd+ h°(X,0-Nnup @ O—p @ Oy}, 1-)
h(X,0-p @Oy 1)

Now, since k < 1, the integrable holomorphic modular forms of weight 2 — k are
precisely the cusp forms, we have

W(X,0_p®@0Oy pp-) = dim(M;n—tk,L*)
dim({k(V(Tk,nyL)).

And thus for n big enough

dim (K (Tx.p.1.)) + dim (& (V (Thon.z))

IN

|L'/L| Nnd
= dim(V(Tk,nyL)).

And once again equality must hold and we have
H(X,0nnp @ Ok 1) = K(Tgn,1) © M}

proving the statement for £ < 1 as well.

5.2.2 Harmonic Maass Forms

To construct a preimage under & of the Rk, L, for f quasi-analytic, define the
operator

Yy

Bem(f)(y) = 674”my/e4”mxf(x)x7kdx.

0

By assuming y to be sufficiently small, we see that By, ,,,(f) is quasi-analytic, as
for f=0(y*) asy — 0

Brm(f) = O@*™F).

We also note that the integral operator By, (f) is only defined if a+1—k > 0,
whereas otherwise we have divergences of the integral. We will ensure this to
hold later on, assume it holds in the following. Further

§k(Brm(f)(w)e(mT)) = fy)e(=mm),

and thus, if 2a+ (2 — k) > 2,

Ee R, L (Bem (f), —m, 7,7)
> G(Brm(H)W)er(—mT)) loop- M

MET o\

= R2—k,L* (f7m77-7 7)
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for all such quasi analytic f as then the series converges absolutely and By(f)
is well defined. Now, we set

S, n(m,7,7) = Rir(Brm(p2—k),—m,T,7)
- A;1Hk£2—kR2—k,L(Qp2—k7m7T77)7

which satisfies (we recall (5.5)):

EkRi,r.(Br,m (02-1), M, 7,7)

— &AL 6 Ry pn-(pr,m,T,7)

= Ry pr-(p2-k,m,7,7)

— &AL &k Ry g (po—k,m, T,7)
= R27k,L*(mv7—v ).

§xSk,n.(m, 7,7)

To construct Maass forms from the Sy 1, we must first prove:
Lemma 5.9. Sj 1 is of at most exponential growth at any cusp.

Proof. By definition, By ,(p2_x) = O(y**1¥I=%) as y — 0. By definition,
Br.m(p2-x) = O(y* ~FetmIv) as y — co. Hence

Se.n(m,7,7) s M = §(M)O(e®Y) + O(y~2I*1)
at each cusp Mioo. 0

A direct consequence of this lemma is (where & is an operator as in Lemma
(1.10))

Corollary 5.10. For k # 1, & is surjective.
Proof. Consider the set Ty 1, as in Theorem (j5.8). Define the set

TkL = {Rk,L(mvTv’YMka Sk,L(mvTvly”kM

s

1
| m e NZ,mﬁO,MGMpQ(Z)}

Consider the vector spaces spanned by finite linear combinations of those sets,
denoted Vi, = V(T),r) and Wy_y - = V(To_j -). Then, &, defines a se-
quence

13 ok .
Vier, = Wa g - 5 WL (5.8)

as fk(rf’k)Lf) = Ty_j - Since, by Theorem 1} M), = ker(&—y :
Wo_k,L- — M"}) and above lemma, we see that the vector space ML, ) C
Vi, consists only of harmonic Maass forms.

Furthermore, another corollary is
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Corollary 5.11. Every harmonic Maass form of weight k is a finite linear
combination of elements of the set

Thr = ThpUThr.

Proof. Consider a harmonic Maass form f of weight k. Now, by the first corol-
lary and using the sequence , we know there is a finite linear combination
of elements in Tk,L, which we denote by fy such that & f = & fo. Hence f — fy
must be in M, ,L 1, i.e. f—fo = f1, which is a finite linear combination of elements
in Ty, 1 by Theorem (5.8)). Hence f = fo + fi and the corollary is proven. O
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