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Abstract

The notion of positive TFT as coined by Banagl is specified by an axiomatic system based on
Atiyah’s original axioms for TFTs. By virtue of a general framework that is based on the concept
of Eilenberg completeness of semirings from computer science, a positive TF'T can be produced
rigorously via quantization of systems of fields and action functionals - a process inspired by
Feynman’s path integral from classical quantum field theory.

The purpose of the present dissertation thesis is to investigate a new differential topological
invariant for smooth manifolds that arises as the state sum of the fold map TFT, which has
been constructed by Banagl as a example of a positive TFT. By eliminating an internal technical
assumption on the fields of the fold map TF'T, we are able to express the informational content
of the state sum in terms of an extension problem for fold maps from cobordisms into the plane.
Next, we use the general theory of generic smooth maps into the plane to improve known results
about the structure of the state sum in arbitrary dimensions, and to determine it completely
in dimension two. The aggregate invariant of a homotopy sphere, which is derived from the
state sum, naturally leads us to define a filtration of the group of homotopy spheres in order to
understand the role of indefinite fold lines beyond a theorem of Saeki. As an application, we

show how Kervaire spheres can be characterized by indefinite fold lines in certain dimensions.

Der von Banagl geprigte Begriff einer positiven TFT wird durch ein Axiomensystem festgelegt,
dem Atiyahs urspriingliche Axiome fiir TFTs zugrunde liegen. Vermége eines allgemeinen Frame-
works, das auf dem Konzept der Eilenberg-Vollstandigkeit von Semiringen aus der Informatik
aufbaut, kann eine positive TF'T mathematisch streng durch Quantisierung von Systemen von
Feldern und Wirkungsfunktionalen erzeugt werden - ein Prozess, der von Feynmans Pfadintegral
aus der klassischen Quantenfeldtheorie inspiriert wird.

Das Ziel der vorliegenden Dotkorarbeit besteht darin, eine neue differentialtopologische Invari-
ante glatter Mannigfaltigkeiten zu untersuchen, die als Zustandssumme der Faltungsabbildungs-
TFT, die von Banag]l als Beispiel fiir eine positive TE'T konstruiert wurde, auftritt. Durch Beseit-
igung einer internen technischen Annahme an die Felder der Faltungsabbildungs-TFT kénnen wir
den Informationsgehalt der Zustandssumme durch ein Ausdehnungsproblem fiir Faltungsabbil-
dungen von Kobordismen in die Ebene ausdriicken. Anschliefend verwenden wir die allgemeine
Theorie von generischen glatten Abbildungen in die Ebene, um bestehende Resultate iiber das
Aussehen der Zustandssumme in beliebiger Dimension zu verbesseren, und um sie in Dimension
2 vollstandig zu bestimmen. Die aus der Zustandssume abgeleitete Aggregatinvariante einer
Homotopiesphére fithrt uns in natiirlicher Weise auf die Definition einer Filtration der Gruppe
von Homotopiesphéren, mittels der sich die Rolle von indefiniten Faltungslinien in Anknipfung
an ein Theorem von Saeki verstehen lasst. Als Anwendung zeigen wir, wie Kervaire-Sphéren in

gewissen Dimensionen durch indefinite Faltungslinien ausgezeichnet werden.






Acknowledgements

First and foremost, I would like to thank my supervisor Professor Markus Banagl for his men-
torship and his continuous support at all stages of my work, be it in the suggestion of interesting

topics or in plenty of valuable and insightful conversations.
My special thanks goes to Timo Essig for numerous stimulating mathematical discussions.

Furthermore, I would like to thank Juan Cervino, Felipe Miiller, Sebastian Nill and Franz

Schléder for helpful mathematical discussions.
Additionally, I am in gratitude of Laura Landau for her advice in linguistic issues.

Besides, I am very much obliged to the faculty of Mathematics and Computer Science of Hei-

delberg University for the administrative attendance.

Finally, I would like to express my deep gratitude to the National German Merit Foundation for

long-lasting financial and ideational support.






Contents

Abstract iii
Acknowledgements v
Introduction xi
Positive Topological Quantum Field Theories . . . . . . .. ... .. ... .. ..... xii
Fold Maps . . . . . . . . . e e xiv
Overall Structure . . . . . . . . . . XV

I Three Examples of Smooth Positive TFTs in Singularity Theory 1
1 The Turning Number TFT 3
1.1 System of Fields . . . . . . . .. . . 3

1.2 System of Action Functionals . . . . . . ... ... .. .. oL 8

2 The Relative Stiefel-Whitney Number TFT 11
2.1 A Smooth Setting for Positive TFTs . . . . . . . . . .. .. ... ... .. .... 14
2.2 Background on Transversality . . . . . . .. .. ... L 15
2.2.1 Whitney Stratifications . . . . . .. ... oo 15

2.2.2  Generic Smooth Vector Bundle Morphisms . . . . . .. .. .. ... ... 17

2.2.3 The Intersection Product . . . . . .. .. ... .o L. 22

2.3 System of Fields and System of Action Functionals . . . . . ... ... ... ... 25
2.3.1 Systemof Fields . . . . ... ... ... 25

2.3.2  System of Action Functionals . . . . . . . ... ... ... ... 33

2.4 Quantization . . . . . ... 37
2.5 Proof of Theorem 2.0.1. . . . . . . . .. .. . 38

3 Banagl’s Fold Map TFT 41
3.1 Review of Definitions and Outline of New Results . . . . . . ... ... ... ... 41



viii

3.2
3.3

3.4

3.1.1 Cobordisms . . . . .. ... ..
3.1.2 Fold Maps and System of Fields . ... ... ... .. ..

3.1.3 Brauer Category and System of Action Functionals

3.1.4 Boundary Conditions . . .. ... ... ... .. .....
3.1.5 State Module and State Sum . . .. ... ... ... ...
3.1.6 State Sets . . . . . .. ...
3.1.7 The Aggregate Invariant . . . . . . ... ... ... ....
The Brauer Category and its Linear Representations . . . . . . .
Background on Fold Maps . . . . . ... ... ... .
3.3.1 Jet Manifolds . . . . . ... ... oL
3.3.2 Definition of Fold Maps . . . . . .. .. ... .. .....
3.3.3 Determination of Fold Maps . . . . . ... ... ... ...
3.3.4 Local Normal Form of Fold Maps . . . . ... ... ....
3.3.5 Perturbation of Fold Lines . . . . . . .. ... ... ....
Turning Fold Maps into Fold Fields . . . . . .. ... .. ... ..

3.4.1 Construction of Fold Fields form Fold Maps . . . . . . ..

3.4.2 Construction of Stable Fold Maps from Fold Maps

II Fold Maps from Cobordisms into the Plane

4 Generic Smooth Maps into the Plane

4.1
4.2
4.3
4.4
4.5
4.6
4.7

One-generic Maps into the Plane . . . . .. . ... ... .....
The Intrinsic Derivative . . . . . . ... .. .. ... ... .. ..
(Two-)generic Maps into the Plane . . . . . ... ... ... ...
Extension of Generic Smooth Maps . . . . . . ... ... ... ..
Practical Determination of Fold Points and Cusps . . .. .. ..
Elimination of Cusps . . . . . . . . . ... ... .. L.

Creation of Cusps . . . . . . . .. ..

5 Fold Maps on Two-dimensional Cobordisms

5.1
5.2
5.3
5.4

Introduction and Statement of Results . . . . . .. ... ... ..
Elimination and Creation of Cusps in Dimension Two . . . . . .
The Cusp Invariant . . . . . . .. .. ... o L.
The Boundary Turning Invariant . . . . .. .. .. ... ... ..

5.4.1 Definition for Boundary Conditions on the Circle . . . . .

CONTENTS



CONTENTS

5.4.2  Oriented and Reduced Boundary Turning Invariant . . . . . .. .. .. ..

5.4.3 Boundary Turning Invariant and Euler Characteristic . . . . ... .. ..
5.5 Proof of Theorem 5.1.1. . . . . . . . .. .. .
5.6 Admissible Open Brauer Morphisms . . . . . ... ... ... ... ........
5.7 Proof of Theorem 5.1.3 . . . . . . . . . . . .
5.8 Proof of Theorem 5.1.4 . . . . . . . . . . .
5.9 Proof of Corollary 5.1.5 . . . . . . . . . .

6 Fold Maps on Higher-dimensional Cobordisms
6.1 Modifying Generic Smooth Maps to Fold Maps . . . . .. .. .. ... ... ...
6.2 Cusps and Euler Characteristic . . . . . .. .. .. .. ... ... ...

6.3 Implications for Higher-Dimensional State Sets . . . . . ... .. ... ... ...

ix

IIT Detecting Exotic Smooth Structures on Spheres via Indefinite Fold

Singularities

7 Constructing Fold Maps from Cobordisms into the Plane
7.1 Standard Morse Functions . . . . . . . . .. ..o
7.2 Constructing Fold Maps from Local Handles into the Plane . . . . .. .. .. ..
7.3 Proof of Theorem 7.0.1 . . . . . . . . . . . .

8 Extending Boundary Conditions Generically over the Cylinder
8.1 Smoothing of Paths in a Diffeomorphism Group . . . . . . .. .. ... ... ...
8.2 Cerf Theory . . . . . . . . .
8.3 Adapted Homotopies . . . . . . . . . . . ..
8.4 Proof of Theorem 8.0.1. . . . . . . . .. .. . .

9 Modifying Indefinite Fold Maps via Stein Factorization
9.1 Stein Factorization for Indefinite Fold Maps . . . . . . . . .. .. ... ... ...

9.2 Local Modification of Stein Factorization. . . . . . . . . . . . ... ... .....

10 Detecting Exotic Spheres via Indefinite Folds
10.1 Introduction and Statement of Results . . . . . . ... .. ... ... ... ....
10.2 About Groups of Homotopy Spheres . . . . . . . .. .. ... ... .. ......
10.3 Proof of Theorem 10.1.3 . . . . . . . . . . . . . e
10.3.1 Proof of the Inclusion 6; CGL

10.3.2 Proof of the Inclusion G!, C 551_1 ......................

171

173
175
178
188

199
200
204
210
217

221
222
230

239



10.4 Detecting Kervaire Spheres via Indefinite Fold Singularities
10.5 The Aggregate Invariant of a Homotopy Sphere
10.6 Outlook

Appendix

A Transversality
A.1 Transversality
A.2 Transversality in Jet Manifolds
A.3 An Application of the Thom Transversality Theorem

A .4 Transversality in Vector Bundles

B Collar and Tubular Neighbourhoods

C Some Morse Theory

CONTENTS

293



Introduction

The notion of a topological quantum field theory (TFT) was axiomatically coined by Atiyah [3]
who succeeded in packing common underlying principles of various low-dimensional geometric-
physical theories (among others, Witten’s quantization of Chern-Simons theory [61]) into a single
mathematical axiomatic system. Atiyah’s axioms are strongly related to Segal’s mathematical
framework of conformal field theories [50], which is however not purely topological due to the
conformal structure. Roughly speaking, an (n + 1)-dimensional TFT assigns to any closed n-
manifold M a state module Z(M) (i.e., a finitely generated module over a fixed ground ring),
and to any cobordism W™l between two closed n-manifolds a state sum Zy € Z(OW). Ac-
cording to Atiyah this assignment is most notably required to obey a multiplicative gluing axiom.
More precisely, the gluing axiom postulates for any triple (M, N, P) of closed n-manifolds the

existence of a product
(,): Z(IMUN)® Z(NUP)— Z(MUP)

such that, whenever a cobordism W results from gluing a cobordism U from M to N and a
cobordism V' from N to P along the common boundary part N, one has Zw = (Zy, Zy) .
The gluing axiom is of particular value because it allows in principle to calculate the state
sum of a cobordism from a decomposition into simpler ones. Note that, in contrast to ho-
mological invariants well-known in topology such as the Euler characteristic (which satisfies
x(W) = x(U) + x(V) — x(N) in the above situation), the gluing axiom does in general not
require extra contributions from the common boundary part N. In a compressed form, a TFT
can be formulated as a symmetric monoidal functor from the bordism category to the category
of vector spaces. As emphasized by Atiyah, his axiomatic system should not be considered as
rigid, but instead as a flexible theoretic framework that allows for various adaptions to con-
crete situations while preserving essential characterstics such as the gluing axiom. Furthermore,
Atiyah points out that his axioms can be of purely mathematical interest. While originating
from theoretical physics, the concept of a TFT could therefore as well stimulate the construction

of new topological invariants for manifolds.

Followed by a thorough outline of the overall structure of the present thesis, the upcoming
sections introduce the two main themes of the thesis, namely Banagl’s concept of positive TFTs

and fold maps.
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Positive Topological Quantum Field Theories

In [5] Banagl presents an individual approach to the construction of certain TFTs of any dimen-
sion by involving the notion of a semiring from computer science. The resulting concept of a
positive TFT follows Atiyah’s original ideas with a few necessary modifiactions in the axioms.
In this context, positivity means that the state sum of the theory takes values in a complete
semiring, which helps to avoid set theoretic trouble that generally arises in the definition of
the Feynman path integral from quantum field theory. Compared to a ring, a semiring is not
required to have additive inverses, i.e. “negative” elements, which motivates the choice of the
name positive TFT. The minimal example of a semiring that is not a ring is given by the
Boolean semiring B. This is the set B = {0,1} equipped with addition defined by 1 +1 =1
and multiplication given by 0-0 = 0 (where 0 and 1 serve as identity elements for addition
and multiplication). Distributivity holds, but in B there exists no additive inverse for 1. The
loss of additive inverses offers the chance to consider complete semirings, in which the sum of
a familiy of elements indexed by an arbitrary index set can be formed in a well-defined way.
However, a complete semiring that is even a ring can be shown to be trivial. The concept of
a complete semiring goes back to Eilenberg [12] and incorporates ideas due to Conway from
automata theory and formal languages. Inspired by Feynman’s path integral, positive TQFTs
can be produced through quantization. The use of Maslov’s idempotent integration [34] based
on Eilenberg’s completeness of semirings makes this method mathematically rigorous. Positive
TQFTs have the potential to motivate the construction of new invariants for smooth manifolds,
an important example being the aggregate invariant of an exotic sphere. In contrast to Atiyah’s
classical axioms a positive TFT is based on a pair (Q¢ Q™) of semirings with the same un-
derlying additive monoid ). The state modules Z (M) are (in general not finitely generated)

semialgebras over both semirings.

An (n 4+ 1)-dimensional positive TFT can be constructed via quantization from given systems
of fields and action functionals. A system F of fields assigns to every closed manifold M™
and to every bordism W7"*! the sets of fields F(M) and F(W). (By definition, F(0) is a set
with one element.) Fields on a bordism can be restricted to subbordisms and to codimension 1
submanifolds. Apart from a desirable behaviour under the action of homeomorphisms and under
disjoint union, fields are especially required to glue under the gluing of bordisms. A system T of
action functionals (or action exponentials) over a fixed strict monoidal category C axiomatizes
the exponential of the action from physics that appears in the integrand of the Feynman path
integral. It assigns to every bordism W a map Ty : F(W) — Mor(C) in such a way that a
disjoint union of bordisms is reflected by the tensor product of morphisms in C and a gluing of
bordisms corresponds to composition of morphisms. More precisely, it is required that Ty (f) =
Ty (fly)@Ty(f|v) for fields on the disjoint union W = UUV , and Tw (f) = Tu(f|v)oTv(f|v)
for fields on the gluing W =UUxV of U and V along N . Furthermore, the action functional
is invariant under the action of homeomorphisms. A convenient choice for C is the category
Vect of real vector spaces with linear maps as morphisms. As described in [5, Section 8.1, p.
42ff], Vect is promoted to a strict monoidal category with unit object R by introducing the

Schauenburg tensor product.

We next describe the process of quantization, which produces a positive TF'T from given data
F and T. The first step is to construct a complete additive monoid ¢ from a fixed complete

semiring S and the strict monoidal category C. The elements of @) are just maps Mor(C) — S.
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By equipping @) with two different multiplications via the completeness of S, one obtains a pair
(Q° Q™) of complete semirings. Multiplication in Q€ is based on the composition of morphisms
in C, whereas multiplication in Q™ exploits the monoidal structure of C. Given a bordism
W let Ty: F(W) — @ denote the composition of Ty : F(W) — Mor(C) with the map
Mor(C) — @ that assigns to every morphism in C its characteristic function. In analogy
with the quantum Hilbert state from physics, the state module Z(M) of a closed manifold M"
consists of all maps (“states”) F(M) — @ that satisfy a certain constraint equation. The state
sum Zy : F(OW) — Q is defined on f as

Zw(f)= Y. Tw(F)eQ,

FeF(W.f)

where the sum ranges over all fields on W that extend f. The state sum is defined in analogy

with the Feynman path integral from quantum field theory,

/ 5w (E) g
FeF(W,f)

whose integrand depends on the exponential of the action Sy . The counterpart of the observa-
tion that the amplitude of the integrand is 1 is the fact that the values of Ty are characteristic
functions. Note that the definition of Zyy is rigorous due to the completeness of (), whereas the
existence of a rigorous definition for the measure py is in general doubtful from a mathematical
point of view. It can be shown that Zyy satisfies the constraint equation and is thus an element
of the state module Z(OW). Furthermore, the state modules and state sums thus defined can
be shown to satisfy all axioms of a positive TFT. In particular, the gluing axiom holds, where
the definition of the product (-,-): Z(0U) ® Z(0V) — Z(OW) involves the multiplication in
Q°. For a topologically meaningful choice of fields and the action functional the state sum Zy,
of the induced positive TFT can be expected to be an interesting invariant of bordisms W that

can be investigated further.

Crucial for Banagl’s main example of a smooth positive TFT in [4] is the general observation
that cobordism groups of smooth maps with prescribed singularity type are in principle capable
of distinguishing exotic smooth structures on spheres. For instance, the oriented bordism group
SI(n,1) of codimension 1 immersions M™ — R"*! (with immersions of oriented (n + 1)-
cobordisms into R™ X [0,1] serving as bordism relation) can detect whether a given homotopy
n-sphere can be bounded by a parallelizable bordism (i.e., whether it lies in the subgroup bP, 1
of the group ©,, of homotopy n-spheres) as follows. As explained in [54, Sections 2.1 and 2.2,
p. 101], the group SI(n, 1) is known to be isomorphic (via suspension and slight perturbation of
representatives M™ — R"*1) to the bordism group Qf" of stably (normally) framed embeddings
M"™ — R™*  which is in turn isomorphic via the Pontjagin-Thom construction to the n-th
stable homotopy group 77;? of spheres. A given homotopy sphere X" can always be promoted
to an element in SI(n,1) by choosing an immersion f: X" — R"*!1. (The resulting element in
SI(n,1) might depend on the chosen immersion.) Varying over all possible f, the corresponding
element in SI(n,1) = Q" = 75 can by [27, Lemma 4.2, p. 510] happen to be the zero element
if and only if 3™ bounds a parallelizable cobordism. Thus, for dimensions n in which bFP,
forms a proper subgroup of the group of homotopy n-spheres, this demonstrates how SI(n, 1)
could in principle be used to detect exotic spheres in the complement ©,, \ bP,y;. Another

more recent result is due to Saeki [47] and gives an isomorphism between the n-th oriented
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cobordism group of so-called special generic functions and ©,. The type of singularities of
the maps on cobordisms that are involved here are fold singularities, and will be focused on in
the next section. Inspired by the potential of fold maps to detect exotic smooth structures on
spheres, Banagl employs in [5] certain fold maps into the plane as fields of his smooth positive
TFT.

Fold Maps

A fold map is a smooth map M™ — N™ between smooth manifolds of dimensions m > n > 1

that takes around each of its critical points the form
(1, Zm) = Y1y yn) = (@1, .. Ty, £22 £ - £ 22))

in suitable charts (x1,...,2,) and (y1,...,yn) centered at the critical point and its image
point. Note that the normal form of a fold singularity is just the multiple suspension of the
standard normal form of a Morse singularity. The singular locus of a fold map M™ — N™ is
a smooth submanifold of M of dimension n — 1. To each of its components one can assign
an integer called absolute inder that can be calculated in terms of the number of minus signs

occuring in the local normal form of a fold point. The following are interesting ideas to study:

(a) What does the existence of a fold map M — R™ reveal about the topology of M, e.g. in
terms of characteristic classes of M ?
For instance, Levine [32] proved that a closed oriented manifold of dimension > 2 admits
a fold map into the plane if and only if its Euler characteristic is even. Eliashberg [13]
studied fold maps between equidimensional manifolds. More recently, Saeki [49] and others

studied fold maps from closed smooth 4-manifolds into R3.

(b) Construct a fold map M — R™ with desired properties such as prescribed boundary condi-
tions, or constraints on the components of its singular locus.
A general tool for the construction of fold maps is Eliashberg’s folding theorem [14]. This is
an h-principle that produces a fold map with prescribed singular locus from more algebraic
data, namely certain morphisms of tangent bundles. One essential condition for this method

to work is that all possible values for the absolute index are required to occur.

The present thesis is specifically focused on fold maps from cobordisms into the plane that
satisfy given boundary conditions, and such that the occuring absolute indices of fold points
are required to lie in a prescribed set. The main techniques to handle fold maps in this setting
are Levine’s elimination of cusps [32] paired with the complementary process of creating cusps,
Cerf theory [9], Stein factorization [47], and recent ideas due to Gay and Kirby [28] that were
motivated by the study of broken Lefschetz fibrations in symplectic geometry. As an interesting
feature, fold maps fit into Banagl’s framework of positive topological quantum field theories
[5]. In this context, the aggregate invariant of homotopy spheres can be defined via fold lines
to detect exotic smooth structures on spheres, and we will study it by means of the above

techniques.
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Overall Structure

The thesis is divided into three parts, all of which combine known results with new material.

Firstly, Part I discusses three examples of smooth positive TFTs in the context of singularity
theory of smooth maps. They all have in common that certain smooth maps on spaces related
to the given cobordism serve as fields, and the action functional is in some way related to the
singular locus of a field. The turning number of regular closed curves in the plane serves as input
for the positive TFT presented in Chapter 1. Although this is a very simple one-dimensional toy
example, it already requires some technical effort to make the axioms hold rigorously, which is
why it is presented in detail. Moreover, Chapter 2 introduces a positive TF'T that arises naturally
from the construction of relative Stiefel-Whitney numbers in the spirit of Stiefel [52]. However,
the main focus lies on the investigation of the third example, namely Banagl’s fold map TFT
(see Chapter 3). This is the most complicated of the three examples since the existence of fields
that extend given boundary conditions and have prescribed values under the action functional
is related to difficult questions about the existence of fold maps with desired properties on their
singular locus. On top of that, in the construction of the fold map TFT there arises the technical
difficulty that an additional condition has to be imposed on a fold map to make it a fold field. On
the one hand, this condition grants that the indispensable gluing formula holds. On the other
hand, the condition imposed on fold maps is quite intransparent, which makes the computation
of state sums even less accessible. The heart of Chapter 3 is the proof of Theorem 3.4.9 in
Section 3.4, which essentially allows to circumvent this condition in practice. More precisely,
any pattern of the singular locus of a fold map can also be produced by that of some fold field.
Furthermore, it is shown in Section 3.1.6 that the informational content of the state sum can
precisely be described by state sets, namely sets of integers that occur as the number of loops
in fold maps (whose singular locus is subject to a constraint) on the given cobordism. For this
purpose, we prove in Section 3.2 that, roughly speaking, all linear representations of the Brauer
category are faithful. As it turns out, the other two examples of smooth positive TFTs presented
in Part I are in some way related to the fold map TFT. In fact, another reason for discussing
the rotation number TFT is that the additivity of its action functional under gluing of fields
will be employed for the complete computation of the state sum of the 2-dimensional fold map
TFT that is pursued in Chapter 5. Furthermore, see Remark 5.3.3 (i) for a possible connection
of fold fields with fields in a stable version of the relative Stiefel-Whitney number TFT.

Motivated by questions that arise from the study of the fold map TFT, the purpose of the
subsequent two parts of the thesis is to go deeper into singularity theory of smooth maps, which
will eventually result in new theorems about fold maps. More precisely, Part II opens with a
study of fold maps (see Chapter 4) from the general perspective of the theory of Thom-Boardman
singularities. From this point of view one considers generic smooth maps from cobordisms into
the plane, i.e. smooth maps with only fold and cusp singularities. The major part of the
material is taken from [17] and Levine’s article [32]. This allows to deduce some general theorems
concerning the form of the state sum of the fold map TFT in Chapter 6. These results are in
accordance with Eliashberg’s folding theorem [14] in that they show the stronger statement that,
in the presence of all possible absolute indices, the fold locus of a fold map into the plane carries

no homological information about the manifold on which the fold map is defined.
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Finally, working more concretely with fold maps defined on cobordisms that are bounded by
exotic spheres, Part III sheds some light on the informational content of their indefinite fold
lines. For this purpose, one needs to know how to construct fold maps on cobordisms in a
controlled way (see Chapter 7), and how to extend Morse functions that are defined on the two
ends of a cylindrical cobordism generically (see Chapter 8). Furthermore, Chapter 9 gives a
detailed review of the method of Stein factorization of certain indefinite fold maps. With all
these techniques at hand, we proceed to prove our main theorem in Chapter 10 which studies
a certain filtration of the group of homotopy spheres and can be seen as a continuation of
Cerf theory. These insights culminate in the detection of Kervaire spheres via fold maps, a
result which is of independent interest, but can as well be interpreted in terms of the aggregate

invariant, an invariant of exotic spheres that arises naturally within the fold map TFT.

Finally, the appendix covers various fundamental subjects in differential topology, ranging from
background on the technique of transversality in Appendix A over issues concerning the con-
struction of collar and tubular neighbourhoods with specific properties in Appendix B to Morse
theory in Appendix C. The main reasons for the selection of this material are to supply rigorous
proofs where results are declared as folklore in the literature, and to present it in a form that is

convenient for the use in the main body.
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Chapter 1

The Turning Number TFT

We present a simple example of a 1-dimensional positive TFT defined on smooth oriented
1-dimensional bordisms. Roughly speaking, fields (see Section 1.1) on a given bordism are im-
mersions into the plane, and a real-valued extension of the turning number to non-closed regular
curves serves as action functional (see Section 1.2). Additivity of this action exponential under
gluing of cobordisms plays a role (see Proposition 5.4.22) in the calculation of 2-dimensional

state sums of Banagl’s fold map TFT presented in Chapter 3.

1.1 System of Fields

In the following, W denotes a smooth oriented 1-dimensional bordism. (Ingoing and outgoing
boundaries are also fixed, but suppressed in the notation. For instance, there are several different
ways to consider the (oriented) interval [a,b] (a < b) as a 1-bordism.) The term regular curve

will always mean a smooth immersion W — R? for some bordism W .

Lemma 1.1.1. To a regular curve « : [a,b] — R? we assign the map

Wa : [a,b] = ST, wa(t) =

Given the regular curve «, the assignment w has the following transformation properties:

(1) If v : [a,b] — [a,b] is given by u(t) = a+b—t, then wg = —wq o ¢ for the regular curve
Bi=aor:[a,b] = R2.

(it) If &: [a', V'] — [a,b] is an orientation preserving diffeomorphism, then wg = wq 0§ for the
regular curve f:=aof: [a' V] — R2.

(iii) If ¢ : R? — R? is given by ¢(z,y) = (x,—y) (note that ¢ corresponds to complex
conjugation under the identification R? = C ), then wg = @ owqy for the reqular curve
Bi=¢oa:[ab — R2.

() If [a',0'] C [a,b], then waljary) = Wal iy 4 (This is clear by definition of w.)

Proof. (i). The chain rule implies 3'(t) = (a0 ) (t) = J/(t)a’(1(t)) = —a'((t)) . Hence,

S AU 4CO) = —we(t(t)) = —(wa ot
B H/B’(t)” - HO‘/(L(t))H = a( (t)) ( Iy )(t)

ws(t)
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(ii). The chain rule implies 8'(t) = (a0 &)'(t) = ()’ (¢(t)) . Hence, using £'(t) > 0 for all ¢,

LB emEw) e
80 = 150N =~ @00 e~ T ~ <o) = (wao O).

(iii). Linearity of ¢ implies 8'(t) = (p o )/ (t) = p(d/(t)) and

sty = 2D SO _ (e

= 501 = Tt = (o) = 7o) = (o))

O

Loops in a space X can either be thought of as maps 9¥: S1 — X or as maps 6: [0,1] — X
such that 6(0) = 6(1). Let p := e|pqj: [0,1] — S be the restriction to [0,1] of the universal
cover

e:R— St e(s) = exp(2mis).

We will identify the quotient space of m: [0,1] — [0,1]/{0,1} with S! via the unique homeo-
morphism p: [0,1]/{0,1} =, S such that pom = p. With this identification the above two
versions of loops in X mutually determine each other via 6§ = 9 o p. Fixing the basepoint

zg := p(0) = p(1) = (1,0) € S*, this applies in particular to loops in m(S*, z0).

Definition 1.1.2. Based on the assignment w of Lemma 1.1.1 we will assign to a regular curve

a: W — R? its turning map we: W — St as follows. We distinguish the following three cases:

e If there exists an orientation preserving diffeomorphism : [a, b] = W, then we define
Wa = Waoy © oW — St

Note that the definition of w, does not depend on the choice of @ and is in particular
compatible with the assignment w of Lemma 1.1.1. In fact, a second orientation preserving
diffeomorphism ¢': [a/,b] — W is related to ¢ via ¢’ = 1 o £ for some orientation
preserving diffeomorphism &: [a', V] — [a,b]. Hence, by Lemma 1.1.1(ii),

1

Waoy' © (¥') T = Waoyog © €T 0P = Waoy 0 £ 0T 0T = waoy 0P

e If there exists an orientation preserving diffeomorphism : S* = W, then we define
— —1. 1
Wo :=Aop" W — §°,

where the loop A: S' — S' is uniquely determined by Ao p = Waoyop - Note that the
definition of w, does not depend on the choice of ¢ and is in particular compatible with
the assignment w of Lemma 1.1.1. Indeed, a second orientation preserving diffeomorphism
W' St =5 W oisrelated to v via 1)’ = 1pon for some orientation preserving diffeomorphism
n: St =5 8. Let o p: [0,1] — R be a lift of no p under e. Note that 705 restricts
to an orientation preserving diffeomorphism &: [0, 1] = 7o p(]0,1]) =: [a,b]. Noting
that ¢/ op = ponop =1oeonop = Poe|gy o0&, Lemma 1.1.1(ii) implies that
Waoyop = Waoyoely, ,; © - 1t follows from Aop = waoyo, that Aoeljap) = Waotpoel 4.4 (In fact,
as 0 := aoypoe is 1-periodic, we have wyoyoe|, ,, (1) = () /110" ()|] = &' (t—k) /|0 (t—Fk)|| =
Waoyop(t—k) = (Aop)(t—k) = (Noe|(,)(t) for t € [a,b] and k € Z such that t—Fk € [0,1].)
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Hence, waoyrop = A0 e€ljqp 0§ =Aoeonop = Aonop. Thus, the loop Ni=Xonpis

uniquely determined by A o p = wyoyrop, and we obtain

No (@)= Aomo(on™t=roy
e If W is not connected, then we define w, on every component Wy C W by

Walw, = Way, -

Lemma 1.1.3. If a: W — R? is a regular curve and W' C W is a subbordism, then oy is

a regular curve, and the turning maps of a and aly are related by wq|w: = Wayr -

Proof. Tt suffices to show that the desired equality holds on every component of W'. Let

W{ be a component of W’ and let W, denote the component of W that contains W. If

Wayw, Wy = Waly - then the claim follows: (walw)lwy = walwy = (Walwo)lwy = wajy, lwy =

Waly, = Wal ,lw . In order to show that Waly: lwr = Wal,,, » we distinguish the following three
WO w 0 0 0 W0

cases:

~Y

o If Wi = [0,1] and Wy = [0,1], then we choose an orientation preserving diffeomor-
phism ¢: [a,b] =4 W, and note that v restricts on [a’, 0] := ¢~ (W) to an orientation
preserving diffeomorphism v': [d, ] —s W{. Lemma 1.1.1(iv) implies Walyw,onl[ab] =
Walwy o)l jar,y) = Walygov' - Hence,

—1 -1 -1
woz|WO ’Wé = (wa\woo¢ o )|W6 = wa\woow’[a’,b’] 0 (¢,) = woz\wéo¢v’ © (¢,) = woz\w(/)'

o If W/ =[0,1] and Wy = S!, then we choose an orientation preserving diffeomorphism
¥: ST =5 Wy and note that top: [0,1] — Wy restricts on [/, V] := (Yop) (W) C [0,1]
to an orientation preserving diffeomorphism ¢’: [da’, '] = W{. Lemma 1.1.1(iv) implies
wa\woowOp‘[a’,b’} = W(alwyovop)iw b = wa|W60w/. Hence, if the loop A: S' — S' is uniquely

determined by Ao p = then

woa|Woo1pop7

wa\wo |Wé = (>‘ © w_1)|Wé = ()‘ © p)|[a’,b’} © (¢/)_1 = wa|W(/Jow’ © (1/}/)_1 = Walyr -

0

o If W)= S' then Wy = W] and there is nothing to show.
O

In Theorem 1.1.7 we introduce the system J of fields on smooth oriented 1-bordisms W' and
closed smooth oriented 0-dimensional manifolds M° (note that the underlying space M is a
finite set). Intuitively, a field on the bordism W is a piecewise immersion of W into the plane
such that the normalized tangent vector fields of the immersed pieces in the plane given by the
orientation of W fit together continuously. A field on M assigns to each point in M a point

in the plane and a unit tangent vector in the tangent space at that point.

Definition 1.1.4. Let (a,w): W — R? x S! be a continuous map. We say that a subbordism
W' C W is compatible with (a,w) if afy is a regular curve and wly’ = wy|,, . Moreover, we
say that a finite cover W = (Jycp W by subbordisms Wy C W is a compatible cover for (a,w)
if every W)y is compatible with (a,w).
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Example 1.1.5. The bordism W = [-1,1] from {—1} to {1} can be obtained from gluing
W =W/ UyW", where W' := [—1,0] is a bordism from {—1} to N := {0} and W" :=[0,1] isa
bordism from N to {1}. The immersions «': [-1,0] — R?, o/(t) = (¢,0), and «”: [0,1] — R?,
a’(t) = (2t,0), glue to a continuous map a = o Ua”: W — R? and the turning maps
wa = (1,0) and wy = (1,0) glue to the continuous map w = (1,0): W — S'. Note that W
is not compatible with («,w) as « is not even differentiable at 0. However, W’ and W are
compatible with («,w) by construction (aly = o’ and a|y~» = o” are regular curves with
wlwr = we and w|wr = wer ), which makes W = W/ U W” a compatible cover for (o,w).
As this example shows, gluing of two immersions will in general not yield an immersion, which
forces us to allow for fields (a,w) where « is a piecewise immersion rather than an immersion
(see Theorem 1.1.7). Continuity of w is required to define the restriction of fields to subbordisms

of codimension 1 in a reasonable way.

Lemma 1.1.6. Let (a,w): W — R? x S! be a continuous map. Suppose that there exists a
(not necessarily finite) cover W = Uycp W by subbordisms Wy C W such that every Wy is
compatible with (o, w). If W C W is a subbordism such that o|w: is a regular curve, then W’

is compatible with (a,w) .

Proof. We have to show that w|y’ = Walyy, - As both sides are continuous, it suffices to show
wly = Walyr |y for some dense subset V' C W'. Setting V) := int W/ Nint W), for all A € A and
V :=Uxea Vi, we check that V' has the desired properties:

® wly = wy,,|v: It suffices to show that if [0,1] = K C W is a subbordism such that
K C V, for some A, then w|g = Wa\W/|K- This follows from Lemma 1.1.3 for the
subbordisms K C Wy and K C W': w|g = (w|w,)|x = WalwA‘K = Walx = Waly K -

e V is dense in W’: It suffices to show that U NV # () for any open subset () 2 U Cc W'.
Given such U, note that U Nint W’ # (. (Indeed, one can use the general fact that if
) # U C W is an open subset and W C W is a subbordism such that U NW # 0,
then U NintW # ().) By the same argument, it follows from W = [J,cn Wy that
UnNint W Nint Wy, # 0 for some index A\g € A. This implies UNV D UNV,, =
UNint W Nint Wy, # 0.

O]

Theorem 1.1.7. A system F of fields on smooth oriented 1-dimensional bordisms W and
closed smooth oriented 0-dimensional manifolds M can be defined as follows. Let F(W') be
the set of continuous maps (c,w): W — R? x S for which there exists a compatible cover of
W. Let F(M) be the set of maps (a,w): M — R? x S'. Restriction of fields on W to a
subbordism W' C W and to a closed (as a manifold) submanifold N C W of codimension 1,
and restrictions of fields on M to a submanifold M' C M of codimension 0 are defined by

restriction of maps.

Proof. (FRES) Restrictions: It is clear that restriction F(W) — F(N), (o,w) — (o,w)|n =
(a|n,w|n), of fields on W to a closed (as a manifold) submanifold N C W of codimension
1 and restriction F(M) — F(M'), (a,w) — (a,w)|pr := (a|ar, w|prr), of fields on M to a

submanifold M’ C M of codimension 0 are well-defined.

Let us check that the restriction (a,w)|w := (a|wr,w|w) of a field (,w) on W to a subbor-

dism W’ C W is in fact a field on W’. Given x € W', we have to show that z is contained in
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a subbordism W’ C W’ which is compatible with («|y/,w|w-). For this purpose, choose a de-
scending sequence W{J D W{' O ... of subbordisms [0,1] = W/ C W’ such that € W/ and
Nien W' = {z}. Choose a compatible cover W = (Jycp W) for (a,w). It suffices to find i € N
and A € A such that W” := W/ C W,. (In fact, since a|y, is a regular curve, Lemma 1.1.3
then implies that wlw» = (w|w,)|lw» = (wa\wk)’W” = Wal,,, » Which shows that W" is com-
patible with (a|w,w|wr).) If = € int W) for some A € A, then one can find i € N such that
W/ C Wy. If x € Uyep OWy, then there exists i € N such that W} NUJycp OWa = {z} because
A is finite. Then one can find XA € A such that W} C Wj.

It is clear that all restriction maps commute with each other.

(FHOMEO) Action of homeomorphisms: An orientation preserving diffeomorphism ¢: W =
W' induces contravariantly a map ¢*: F(W') — F(W) by precomposition with ¢. It suffices to
check that for some compatible cover W’ = |Jycp W5 for (o/,w') € F(W'), W = Uyep ¢ HWY)
is a compatible cover for (a,w) = ¢*(a/,w') = (&/ 0 ¢,w’ 0 ¢). By Lemma 1.1.3 we may
assume that W} = [0,1] for all A € A. Given A € A, Wy = ¢~1(W{) is a subbordism of
W such that «|w, is a regular curve because o |W; is a regular curve. It remains to check
that wlw, = waly, - If éx: Wi = W3 denotes the restriction of ¢ and ¥ : [0,1] = Wi
is an orientation preserving diffeomorphism, then composition yields an orientation preserving
diffeomorphism 1y := ¢! o} [0,1] =, Wy. Hence, wlw, = (W' 0 B)lw, = W'lw; o dx =

el © = Warlyyy ovh © (W37 e dr = Walw, ovx © (V)= Walw, -

Similarly, an orientation preserving diffeomorphism ¢: M =5 N induces contravariantly a map
¢*: F(N) = F(M). Tt is clear that the induced maps ¢* commute with restrictions.

(FDISJ) Disjoint Unions: If W = W/ UW" | then the map F(W) — FW') x F(W"), (a,w) —
((a,w)|wr, (a,w)|wn), is a bijection. In fact, any field («o,w) € F(W) is uniquely determined
by its restrictions to W’ and W”. Conversely, if (o/,w’) € F(W’) and (" ,w") € F(W"), then
(a,w) := (o/ Ua",w Uw") defines a continuous map W — R? x S'. A compatible cover for
(o, w) is obviously given by taking the union of a compatible cover for (o/,w’) and a compatible

cover for (o, w").

(FGLUE) Gluing: Let W' be an oriented bordism from —M to N and let W’ be an oriented
bordism from —N to P. Let W = W/UxyW" be the oriented bordism resulting from gluing. (W
is equipped with a smooth structure such that the inclusions of W/ and W” into W are smooth.)
It is obvious that fields on W are uniquely determined by their restrictions to the subbordisms
W', W" C W. On the other hand, suppose that (o/,w’) € F(W') and (¢,w") € F(W") satisfy
(o, )|n = (,w")|§. Since o/|xy = o”|y, we can define a continuous maps a: W — R?
by requiring a|ps = o and alyr» = «”. Similarly, w'|y = w”|y implies that there is a
continuous map w: W — S! such that w|y = &’ and w|y» = w”. It remains to check
that there exists a compatible cover W = [Jycp Wy for (o,w). For this purpose we choose
compatible covers W' = Uy cp W, for (o/,w') and W = Uyicpn WY, for (o/,w”) and claim
that Uyen Wi U Uyrepr Wy (which is already a finite cover of W by subbordisms) is a
compatible cover for («,w). This can be shown as follows. Let X € A’. Then W}, C W is a
subbordism on which « restricts to the regular curve oz\W;/ = (05|W’)|W;, =a ]W;, . Moreover,

wlyr, = (Wlw)|lw', = w'lwr, = war|,, - An analogous argument holds for all \” € A”.
A A A
>\/

O
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1.2 System of Action Functionals

To every path w: [a,b] — S! (with a < b) we associate a real number v(w) € R as follows (see

[23]). If @: [a,b] — R denotes any choice of a lift of w under the universal cover
e:R— St e(s) = exp(2mis),

(i.e. @ is a path that satisfies eow = w), then we set vy(w) := w(b) —w(a) € R. (Note that
this difference is independent of the choice of the lift @ since any other lift of w under e is of
the form w+ k with k€ Z.)

Lemma 1.2.1. Let w: [a,b] — S be a path.
(i) If v : [a,b] — [a,b] is given by (t) = a +b—t, then the path v == wo : [a,b] — S*
satisfies y(v) = —vy(w).
(ii) If &: [a', V'] — [a,b] is an orientation preserving diffeomorphism, then the path v :=wof :
[a',b'] — St satisfies y(v) = y(w).
(iii) If a <c<b, then y(w) = v(wla,q) +7(w

o)

Proof. (i). If w is a lift of w under e, then

U:=woy is a lift of v under e since eo T =
eowor=wor=uv. Hence, y(v) =7(b) —v(a) = w(a
o¢

) — w(b) = —(w).
(ii). If @ is a lift of w under e, then T :=wo¢ is a lift of v under e since ecT=eowof =
) -

wo§ =wv. Hence, 7(v) = (b) = 0(a) = w(b) - w(a) = v(w).

(iii). Let @ : [a,b] = R be alift of w under the universal cover e: R — S*. Then wly, := ©[a,

and gy := W[y are admissible lifts of wlj, and w|p . All in all,

Y(Wlia,q) + Y(Wliep) = Wlia,q(€) = Wlia,q (@) + Wl (b) — wliep(€) = Dliep (b) — Dlia,q(a) = y(w).

O

Recall that the degree of a continuous map ¢: S' — S! is the integer deg(¢) € Z that is
uniquely determined by deg(¢)d = ¢.(d) where § denotes any generator of Hi(S!).

Lemma 1.2.2. If ¢: St — St is any loop, then (¢ o p) = deg(¢), where p = eljo,1] -

Proof. Fix the basepoint zg := p(0) = p(1) = (1,0) € S*.

It is a well-known fact (see [20, Theorem 1.7, p. 29]) that v induces an isomorphism
e (St o) — 2, F([¢]) = (b0 p).
Moreover, by [20, Corollary 4.25, p. 361], the degree map induces an isomorphism

deg: m (S, m0) — Z, deg([¢]) = deg(9).

The isomorphisms 4 and deg coincide. (In fact, the calculation deg([idg:]) = 1 = ~(p) =
7([idg1]) shows that 7 and deg agree on a generator of (S, z¢).)
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Given a loop ¢: S* — S' we choose a homotopy h: [0,1] x S* — S! such that hy = idg
and hi(é(zg)) = x0. As ¢ = hp o ¢ is homotopic to ¢1 := hy o ¢ and ¢1(xg) = xo, We
have deg(¢) = deg(¢1) = deg([¢1]) = F([¢1]) = 7(d1 0 p) = (b1 0 w) where w := dpop. Let
h:[0,1] x R — R be a homotopy such that eo hy = hyoe for all ¢ and hy =idg. Let @ be a
lift of w under e. Then h; o @ is a homotopy between @ and hj o@ that lifts the homotopy
ht ow between w and hj ow since eoh;ow = hioeow = hyow for all ¢t. For all ¢t we have
y(ht ow) = (hy ow)(1) — (hs ow)(0) which is obviously continuous in ¢. Moreover, y(h;ow) € Z
for all ¢ since (hiow)(0) = (hyow)(1) for all ¢ (using p(0) = p(1)). Hence, y(hiow) is constant
in t and y(h) ow) =v(w).

O]

Definition 1.2.3. To a continuous map w: W — S we assign its turning number (w) € R

(which depends on the orientation of W) as follows. We distinguish the following three cases:

e If there exists an orientation preserving diffeomorphism : [a, b] =, W, then we define
v(w) = y(wo ). (Indeed, the definition of (w) does not depend on the choice of
since a second orientation preserving diffeomorphism ¢': [a/, V] =L W s related to 1 via
' = 1) o & for some orientation preserving diffeomorphism &: [a, V] =, [a,b]. Hence, by
Lemma 1.2.1(ii), y(wov') =y(wo o &) =vy(wo1)).)

e If there exists an orientation preserving diffeomorphism 1: S' — W, then we define
Y(w) := deg(w o). (In fact, the definition of «(w) does not depend on the choice of
1 since a second orientation preserving diffeomorphism ¢: S* =4 W is related to P
via ¢/ = 1 on for some orientation preserving diffeomorphism 7: S* =, st Hence,
deg(w 0 ¢') = deg(w 0 1p o) = deg(w o 9) deg(n) = deg(w o v).)

e If W is not connected, then we define v(w) := ZW()GcompW Y(wlwy) -

Theorem 1.2.4. A system T of R-valued action exponentials can be defined by Ty (a,w) :=
v(w) for fields (a,w) € F(W) on smooth oriented 1 -dimensional bordisms W .

Proof. (TDISJ): Note that for all (a,w) € F(W),

TW(a7w) = ’7("‘]) = Z ’Y(C‘}’Wo) = Z TWO((aaw)’WO)‘
WoEcomp W WoEcomp W
In particular, if W’ L W” is the ordered disjoint union of the bordisms W’ and W, then
Twuwr (o, w) = Ty (o, w)|w)+Twr (o, w)|wr) = Twruw (a,w) forall (a,w) € fTr(W/LlW”> .

(TGLUE): Suppose that W = W/ Uy W” is obtained by gluing a bordism W’ with outgoing
boundary N to a bordism W” with ingoing boundary —N. We claim that Ty (o,w) =
Tw ((e,w)|wr) + Twr ((o,w)|wr) for all (a,w) € F(W). Assuming that W is connected (and

N =# () without loss of generality), we distinguish the following two cases for the proof:

o If W = [0,1], then there exists an orientation preserving diffeomorphism : [a, b] =W
There exists n > 0 such that ¥ '(N) = {c1,...,c,} where a =1 ¢g < ¢; < -+ <
Cn < Cpt1 = b. For all ¢, 1 restricts to an orientation preserving diffeomorphism
Wit [eis civ1] — ¥([ci, cis]) =t W;. Moreover, set W := Li=j) Wi for j € {0,1}.
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Note that {W° W1} = {W’ W"}. Hence, Lemma 1.2.1(iii) implies

Tw (o, w) =y(w) = y(w o)
= 27((w ° w)‘[ci,cwﬂ) = Zf)/(w‘wi ° 1/%)
=0 1=0
= ZV(W’WJ = ZTWi((a7w)|Wi)

=l
nh o

=0

i

=

D

D Ty (e, w) o) + Ty (@) lw)

w (e, w)lw) + Ty ((a, w)lwn).

|
=

o If W = S| then there exists an orientation preserving diffeomorphism 1: S! =w
such that v(1,0) € N. There exists n > 0 such that (¢ o p)~Y(N) = {co,...,cn}
where 0 =: ¢g < --- < ¢, := 1. For all i, 1 o p restricts to an orientation preserving
diffeomorphism (¢ o p);: [¢;, Cit1] = (¢ o p)([ci, civ1]) =: W;. Moreover, set W/ =
Lli=j2) Wi for j € {0,1}. Note that (WO W1} = {W' W"}. Hence, Lemma 1.2.1(iii)
implies Ty (av,w) = y(w) = deg(w 0 ) "2 y(w o0 p) =TI 1(w 0 ¥ 0 p)lje 001) =
S Al 0 (¥ 0 p)) = i v(wl) = S0 T (@) lw) 2 T w)lwe) +
Ty (o, w)lw) = Twr (o, w)|wr) + Twr ((a,w)[we) -

The case of a general bordism W can be deduced from (TDISJ) and the case where W is
connected as follows. For every component Wy of W, let W/ be the union of all components
of W’ that are subbordisms of Wy and let W{ be the union of all components of W” that
are subbordisms of Wy. Note that Wy = WUy, W is obtained by gluing Wy with outgoing
boundary Ny := WyN N to W} with ingoing boundary Ny = WJ N N. Also note that
W' = Lo ecomp w W, and W" = Uwiecomp w W{ . Hence,

Tw(ow) T2 S Ty (s w)lwe)

WoEcomp W
(TGLUE)
= Yo Twillewlw) + > Twr((e,w)lwy)
WoEcomp W WoEcomp W
(TD_ISJ)

= Tw((a, w)lwr) + Twr (e, w) lwn)-

(THOMEO): We have to show that any orientation preserving diffeomorphism ¢: W =ow
satisfies Ty (¢*(o/,w)) = Ty (o, ') for all (o/,w’) € F(W'). For every component Wy of W,
¢ restricts to an orientation preserving diffeomorphism ¢y, : Wy = W{ = ¢(Wy) . Note that
Y(w'lwy 0 dwy) = y(W'lwy) - (In fact, if Wo = [0,1], then there exists an orientation preserving
diffeomorphism 1: [a,b] — Wy, and (' lwgodw,) = ¥(W'lwy 0Py o) = v(w'|wy) . Similarly,
if Wy = S', then there exists an orientation preserving diffeomorphism 1/: S! = Wy, and
Y(W'lwgodwy) = 1(W'|lwyodw, 0vop) = y(w'lwy) ) Hence, T (¢*(af,w')) = Tw(a'og,w'og) =
Y(w'og) = - Woecomp W (W' o) lw,) = > Woecomp W ’Y(w/’W[; o pw,) = ZWéEcomp w! ’Y(W"Wé) =
V(W) =Ty (o, o).

O



Chapter 2

The Relative Stiefel-Whitney
Number TFT

As explained in [5, Section 11.2, p. 55f], an interesting perspective on Novikov additivity of the
signature is supplied by its reformulation in terms of a positive TFT. In this context, Novikov
additivity ensures that the gluing axiom holds, which is significant for the construction pursued
by Banagl in [5] of a positive TFT from a system of fields and a system of category-valued action

functionals on fields via the process of quantization.

In contrast to the resulting signature TF'T, it appears at first glance vague what it should mean
for characteristic numbers to behave additively under gluing of smooth bordisms. For instance,
when writing the real projective plane RP? as the gluing of a small 2-disc and the Mébius
strip along their common boundary S', it turns out that the Stiefel-Whitney number ws[RP?]
is the non-trivial element of Z/2 (see [38, p. 47]), whereas both the 2-disc and the Mé&bius
strip obviously have vanishing second Stiefel-Whitney class. An analogous observation is made
in the introduction of [4, p. 4] for the Pontrjagin number p;[CP?]. These examples indicate
that one should in general not attempt to define characteristic numbers of smooth manifolds
with boundary in terms of their (absolute) characteristic classes if additivity of characteristic

numbers under gluing of bordisms is required to hold.

Under the assumption that the middle-dimensional homology groups of the common bound-
ary OWy = OWs of two oriented bordisms WP and W3 vanish, Milnor [39] shows additiv-
ity of the Pontrjagin number p? under the gluing Wi U W5 in the course of the construc-
tion of his A-invariant. The Pontrjagin number p?[W] of such a bordism W is by definition
the Kronecker product of a certain relative class o € H®(W,0W) and the fundamental class
[W] € Hg(W,0W). Concerning the construction of «, the homological vanishing assumption
on OW ensures that the homomorphism H*(W,0W) — H*(W) induced by inclusion is an iso-
morphism. Hence, the first Pontrjagin class p1(W) € H4(W) can be viewed as a relative class
B € HY(W,0W), and one defines o := 2. As H*(W,0W) — H*(W) needs not be bijective
for general W, one would have to associate to W relative characteristic classes as elements in

H*(W,0W) from the outset to have characteristic numbers available in full generality.

The construction of characteristic classes in relative cohomology is implemented in [26] via the
obstruction theoretic approach (see [38, 51]) that was historically one of the motivations to study

characteristic classes. As it turns out, the definition of relative Stiefel-Whitney characteristic
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classes on a bordism W requires to specify boundary conditions as additional data, namely a

suitable number of linearly independent sections of TW gy .

Thus, if one wants to capture the essence of relative Stiefel-Whitney numbers in a positive TF'T,
then it is natural to introduce fields on a bordism W as certain families of sections of the
tangent bundle TW . (Not just over W since fields must be restrictable to any subbordism.)
Involving the principle of transversality, the action functional will then extract information from
the singular locus of these fields. This perspective will be employed in the present chapter to
introduce the (n+ 1)-dimensional relative Stiefel- Whitney number TFT Zk, that is associated
to the relative Stiefel-Whitney number w; corresponding to an integer partition I = (i1,...,1,)
of n+ 1. For this purpose, we will crucially exploit the geometric approach to characteristic
classes pursued in [1], where characteristic classes are expressed in terms of the singular locus

of generic vector bundle morphisms from certain product bundles to the tangent bundle.
The present chapter is structured as follows.

We work throughout in the category of smooth manifolds and smooth maps, and the smooth
setting that is convenient for defining fields that obey the gluing axiom is carefully introduced
in Section 2.1. Here, the essential technical item is that all codimension 1 submanifolds of a
given smooth bordism, and in particular its boundary, are assumed to be equipped with a germ

of tubular neighbourhoods (or collars).

Section 2.2 lays the technical foundations for subsequent sections by collecting aspects of transver-
sality within the areas of Whitney stratifications (see Section 2.2.1), generic smooth vector
bundle morphisms (Section 2.2.2), and the intersection product (Section 2.2.3). Of particular
importance is the concept of a transverse system (see Definition 2.2.4) of Whitney stratified
subspaces of a smooth manifold, which basically requires that the intersection of some of these
subspaces is transverse to any other subspace. This notion turns out to be the appropriate ge-
ometric requirement that is needed to express the iterated cup product of characteristic classes

by the intersection product.

The system of fields F and the system of category-valued action functionals T on fields that
determine the positive TFT Zéw will be specified in Section 2.3. Fields on a smooth bordism
Wt (see Definition 2.3.9) are defined in Section 2.3.1 essentially as 7-tuples of generic smooth
bundle morphisms from product bundles on W (whose ranks depend on the chosen partition
I = (i1,...,ir)) to the tangent bundle TW with the additional property that the singular loci
of these morphisms form a transverse system. Roughly speaking, fields on a closed manifold
M™ (see Definition 2.3.2) are germs of fields on the cylinder of M such that the corresponding
r bundle morphisms have no simultaneous singularities. Let N denote the monoidal category
determined by the monoid (N,+,0) (see [5, Lemma 4.6, p. 19]). The system T of N-valued
action functionals of fields is introduced in Section 2.3.2. The map Ty : F(W) — Mor(N) =N
of a given bordism W (see Definition 2.3.13) assigns to a field F' € F(W) the (finite) number

of simultaneous singularities of the corresponding r bundle morphisms.

The process of quantization is indicated in Section 2.4. The shape of the state sum Zéw on closed
bordisms inspires the definition of an N-valued invariant |x!| for closed smooth manifolds (see
Definition 2.4.2) that generalizes the absolute value of the Euler characteristic, |x"*Y| = |x|,
and reduces mod 2 to the Stiefel-Whitney number w;[W] (see Corollary 2.4.3).

Finally, the project culminates in Section 2.5 in the proof the following theorem which asserts
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that Zéw reproduces the characteristic number w; on closed smooth manifolds:

Theorem 2.0.1. If W is a closed smooth bordism, then every field F € F(W) satisfies

Ty (F) mod 2 = wi[W] €Z/2.

It remains to be shown in future work that the invariant Ty (F') mod 2 coincides with the relative

Stiefel-Whitney numbers supplied by the obstruction theoretic approach of [26].

Remark 2.0.2. For simplicity, the present chapter focuses on Stiefel-Whitney characteristic
classes. It can be expected that a relative Pontrjagin number TFT could be implemented in an
analogous way, by working with certain families of generic sections of the complexified tangent
bundle of a bordism. Furthermore, one should clarify the relation to relative Pontrjagin numbers
as discussed in [28, Appendix A, p. 109f].
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2.1 A Smooth Setting for Positive TFTs

The desired relative Stiefel-Whitney number TFT will be constructed in Section 2.3 by specifying
a system of fields and an N -valued action functional on these fields obeying the axioms stated
in [5, section 5, p. 20ff]. As pointed out in [5, Remark 5.4, p. 23|, it might be necessary
to adapt this axiomatic framework to the situation of interest by introducing additional data
on the manifolds. In our case, working in the smooth category requires to equip codimension
1 submanifolds with germs of collars or tubular neighbourhoods. The advantage of working
with smooth mapping germs is that one does not need to impose transversality conditions for
fields. The purpose of the present section is to state in detail the necessary modifications of the

topological setting described in [5, section 5, p. 20].

Fix an integer n > 0. An (n + 1)-dimensional (smooth) bordism is a quintuple (W, M, u, N,v)
consisting of a compact smooth manifold W"*! of dimension n+1 with boundary OW = MLN ,
an M -germ p represented by collar neighbourhoods M x [0,¢) of M x 0= M in W, and an
N -germ v represented by collar neighbourhoods N x (—¢,0] of N x 0= N in W. (We say
that two collar neighbourhoods M x [0,¢) and M x [0,&’) of M x 0= M in W represent the
same M -germ p if they restrict to the same collar neighbourhood M x [0,&”) of M x0 = M in
W for suitable 0 < &’ < €,&’, and similarly for N-germs.) A framed (smooth) codimension 1
submanifold of the bordism (W, M, u, N,v) is a pair (P, 7), where P" is a smooth submanifold
of W of codimension 1 such that every component C' of P satisfies either C' C OW or
CNOW = (), and such that 7 is a P-germ given on components C of P by 7|c = plc
whenever C' C M, 7|c = v|c whenever C C N, and the C-germ 7|c can for C NOW = ()
be represented by a trivial tubular neighbourhood C x (—¢,¢), ¢ >0, 0f C x0=C in W.
In particular, (M,p) and (N,v) are framed codimension 1 submanifolds of W . The disjoint
union of framed codimension 1 submanifolds is defined as (P,7)U (P',7’) = (PU P, 7 Ux’).

The disjoint union of bordisms is given by
(W, M, u, Nv)u (W' M" ', N,y =(WUW MUM puu, NuN vuv).
Recording germs of collar neighbourhoods allows us to canonically equip the glued manifold
(W, M, u, N,v)Uy (W' N,V P,w) = (WUny W' M, pu, Px)

with the smooth structure given by the requirement that (N,vUyv') is a framed codimension 1
submanifold of WUNW'. A diffeomorphism of bordisms ¢: (W, M, u, N,v) — (W' .M’ 1/, N', /)
is a diffeomorphism ¢: W — W’ such that ¢(M) = M', ¢(N) = N’, and such that there exists
e > 0 with @|arxjoe) = (#lamr) X idjge) and ¢|nx(—c0) = (¢In) X id(_c . Finally, a quintuple
(Wo, Mo, 110, No, 1) is called a (smooth) subbordism of the bordism (W, M, u, N,v) if (M, po)
and (Np,1p) are framed codimension 1 submanifolds of W, and (Wy, My, Ny) is a subbordism
of (W,M,N) in the topological sense (i.e. Wy is a codimension 0 submanifold of W such
that for every connected component C' of My either CNOW =) or C C M, and for every
connected component C of Ny either C NOW = () or C C N). In particular, note that
(Wo, Mo, olwys No, volw,) is itself a bordism.
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2.2 Background on Transversality

Transversality is the key concept in our implementation of the relative Stiefel-Whitney number
TFT. For convenience, the present section collects background material concerning the role of
transversality in the context of Whitney stratifications (see Section 2.2.1), generic smooth vector

bundle morphisms (Section 2.2.2), and the intersection product (Section 2.2.3).

Throughout the present section it is assumed that X is a fixed smooth manifold (without

boundary) of dimension m.

2.2.1 Whitney Stratifications

The relevance of Whitney stratifications in the context of the present chapter comes from the
fact that the singular locus of a generic smooth vector bundle morphism is a Whitney stratified
space (as explained in Section 2.2.2). For a brief introduction to Whitney stratified spaces see |6,
Section 6.2, p. 127ff]. Roughly, a Whitney stratification of a closed subset W C X is a locally
finite partition of W into certain pieces (see [6, Definition 6.2.1, p. 128]) which are required
to be locally closed smooth submanifolds of X that fit together via Whitney’s condition B.
(Whitney’s condition B in turn implies Whitney’s condition A, compare [6, Definition 6.2.2,
p. 128]). The concept of transversality carries over from submanifolds to Whitney stratified
subspaces of X (see [6, Definition 6.2.3, p. 130]):

Definition 2.2.1. Two Whitney stratified spaces W7 € X and Wy C X are called transverse
in X (in short: Wj th Ws in X)), if each stratum of Wj is transverse in X to each stratum of

W (in the sense of smooth submanifolds of X ).

Consequently, the transverse intersection W1 N Ws of the two transverse Whitney stratified
spaces W1 C X and Wy C X is again a Whitney stratified space that is canonically stratified

by mutual intersections of strata.

A noteable consequence of Whitney’s condition A is that transversality of a map to a Whitney

stratified space is an open condition:

Proposition 2.2.2. Let f: X — Y be a smooth map between smooth manifolds. Suppose that
W CY is Whitney stratified. If p € X is a point such that f is transverse to W at p, then
there exists an open neighbourhood U of p in X such that f is transverse to W on U .

Proof. Consider the jet extension j'(f): X — JY(X,Y) of f. By the sufficiency part of the
proof of [58, §3, Lemma 1, p. 757f], V := {z € JY(X,Y); 2 h W} is an open subset of J*(X,Y).
(Note that W C Y is by our definition assumed to be a closed subset.) Hence, it follows from
7 (f)(p) € V that U := j1(f)~1(V) is the desired open neighbourhood of p in X . O

Remark 2.2.3. In [58, §3, p. 756ff], Wall considers stratifications of not necessarily closed
subsets X of a smooth manifold M . Therefore, in [58, §3, Lemma 1, p. 757f] closedness is an
additional condition of the stratified space X . However, as pointed out in [55, Note (iv), p.
274], there are counterexamples to the closedness of X in the necessity part of [58, §3, Lemma
1, p. 7571].
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Definition 2.2.4. A finite set {Wi,...,W,} of Whitney stratified subspaces of X is called a
transverse system in X if for every permutation o of {1,...,r} the following condition holds

for s=1,...r—1:
(x)7 Wg(erl) M Wg(l) NN WJ(S) in X.

Remark 2.2.5. It is clear that any Whitney stratified subspace W of X forms a transverse
system {W} in X . Furthermore, two Whitney stratified subspaces of X form a transverse
system {W1, Wy} in X if and only if W h Wa. Given a set {Wi,...,W,} of Whitney stratified
subspaces of X for r > 3, note that condition (*)? inductively implies for s € {1,...,r — 2}

that the intersection Wy1y N -+ N W) N Wy(s41) is a Whitney stratified subspace of X.

Consequently, condition ()7, ; is meaningful.

Lemma 2.2.6. Let W, W1, Wy C X be Whitney stratified subspaces such that Wy h W in X
and Wo MW in X. Then, Wi hWonNW in X if and only if Wo "MW1 NW in X .

Proof. By symmetry of the claim it suffices to show that Wi m Wo N W in X implies that
Wo h Wi NW in X. Furthermore, it suffices to consider the case that W, Wi,Wy C X are
submanifolds. Supposing that z € Wo N (Wy; N W) and V € T,X, one has to show that
Ve T,Wy+ T, (Wi nNW). It follows from Wy i W in X that there exist Vo € T, Wy and
U e T,W such that V = V5 + U. Moreover, it follows from Wi m Wy N W in X that there
exist V1 € T,W; and Uy € T,(WoN W) =T, Wo N T, W such that U = V; 4+ U,. Hence,

Vi=U-U, e T, WinNnT,W = Tx(Wl N W)
All in all,

V=W+U=V+Vi+Uy= U+ Vo) + Vi € TWo+ T, (Wi NW).

The following criterion allows to extend a given transverse system in X :

Proposition 2.2.7. Let {W1,..., W}, r > 1, be a transverse system in X . Suppose that
Wii1 is a Whitney stratified subspace such that W11 th (\;e; W for every subset J C {1,...,r}.
Then, {Wi,..., W11} is a transverse system in X .

Proof. Let o be a permutation of {1,...,r +1}. We have to check condition (%)7 for every
se{l,...,r}. If te{1,...,r+ 1} is such that o(t) =+ 1, then we distinguish between the

g

following three cases for s € {1,...,r} to check the validity of condition (x)?:

e s {l,...,t—2}. In this case, (x)J claims that W1y 0 WoyN--- N Wy in X,
which is true because {Wi,...,W,} is a transverse system in X by assumption.

e s=1t—1. In this case, (¥){_; claims that W,y h Wy N N Wy;_qy in X, which is
true by assumption on Wy

e s&{t,...,r}. In this case, (x)¢ claims that W,y O Wy N - N Woopy N Wep1 N

Wo(tr1) N - N Wy in X. By assumtion the Whitney stratified subspaces W,1; and
We(s4+1) of X are both transverse to W := W) N+ N Wo_1)y 0O Wy N N Wo(
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in X. Hence, it follows from Lemma 2.2.6 that W41 ® W,y N W in X implies
Wa(s+l) MW NWin X

O

2.2.2 Generic Smooth Vector Bundle Morphisms

Following the presentation of [1, Section 4, p. 1223f], let us briefly recall the notion of a generic
smooth vector bundle morphism. Smooth vector bundle morphisms ¢: ( — £ between smooth
vector bundles ¢ and { on X correspond obviously to smooth sections s,: X — Homg((, &)
of the smooth vector bundle 7: Homg((,§) — X, and we will sometimes identify ¢ = s,
by abuse of notation. For any open subset U C X let C*°(U,Hompg((,&)) denote the real
vector space of smooth sections of m over U. Whenever U C V are open subsets of X,
there is obviously a restriction map C*°(V,Homg((,§)) — C°(U,Homg((,§)). Note also that
C>(U,Homg((,&)) = C*°(U,Homg (|, &|y)). A smooth vector bundle morphism ¢: ¢ — &

gives for every integer j € {0,...,rank (} rise to a subset

Zj(p) = {z € X; dimgker p, = j} C X.

What can be said about the structure of the sets Z;(y), at least in the case of a “generic”
vector bundle morphism ¢: ( — £7 Given smooth vector bundles ¢ and £ on X, a key role
is played by the subsets Z;(7) C Homg((,&) that belong to the tautological bundle morphism
T: ¢ — 7w*¢ over the base space Hompg((,€&). In fact, as explained in [1, Section 4, p.
1223], the subset Z;(r) C Homg((,&) is a submanifold of codimension j(I — k + j), where
k :=rank ¢ and [ := rank{. Moreover, it is a subbundle of Homg((,§) with fiber Z;(7), =
{A € Hompg((;, &, ); dimker A = j}. Furthermore, the sets Z,(7) with p > j form a Whitney

stratification of Z;(7) = U,>; Zp(7).

Definition 2.2.8. A smooth vector bundle morphism ¢: ( — £ (or its corresponding section
s, € C*°(X,Homg((,&))) is called generic if s, is transverse to Z;(7) for all j > 0. Let
Cgon (X, Homg((, §)) € C*°(X, Homg((,&)) denote the subset of generic smooth sections.

As a consequence, for every generic smooth vector bundle morphism ¢: ( — &£ the set Z;(¢) =
s;l(Zj(T)) is a submanifold of X of codimension j(l—k+j) where k :=rank  and [ :=rank¢,
and the subsets Z,(¢), p > j, form a Whitney stratification of Z;(¢) = U,>; Zp(¢). In
particular, the singular locus Zi(p) C X of ¢ is a Whitney stratified space of dimension
m — 1+ k —1. (Recall that m denotes the dimension of X .) In particular:

Remark 2.2.9. Let ¢ be a smooth vector bundle of rank k over X . If ¢: ( — T X is a generic

smooth vector bundle morphism, then Zi(p) C X is a Whitney stratified space of dimension
k—1.

Let /i’}"( denote the product bundle of rank k over X . Given a smooth vector bundle £ over X
of rank n, it is shown in [1, Proposition 5, p. 1224f] that the singular locus Z1(¢) of a generic

smooth vector bundle morphism ¢: H')“( — & possesses a canonical “desingularization”

To: Z(p) = Z1(p)
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given by restriction of the projection mx: X x RPF™! — X to the (m+ k —n —1)-dimensional

smooth submanifold

Z(¢) = {(z,L) € X x RP*L; (z,L) C ker .} C X x RPF1,

(If X is assumed to be compact, then Z() is compact as well by [1, Proposition 7, p. 1225].)

Remark 2.2.10. By construction, 7, is surjective and restricts to a bijection

Z°(p) =1, (Z1(p)) = Z(p) N 71X (Z1(0)) = Z1()-

(If X is assumed to be compact, then this restriction is a diffeomorphism by [1, Proposition 7,
p. 1224f].)

Lemma 2.2.11. Suppose that A: (—e,e) — Mat,,«x(R) is a smooth map for some € > 0
such that the the matriz A(t): R¥ — R™ has the same rank for every t € (—e,e). Given
0 # v € ker A(0), there exists ¢ € (0,e) and a smooth map ~: (—¢',e') — R* such that
v(0) =v and 0 # ~(t) € ker A(t) for all t € (—&',€’).

Proof. Let a;(t) € R™ denote the i-th column of A(¢) for ¢ = 1,...,k. If r denotes
the rank of A(0), then there exist ij,...,4, € {1,...,k} such that im A(0) is spanned by
a;,(0),...a;(0). Let {a; (0),...a;.(0),b1,...,bym—r} be an extension of the linear indepen-
dent system {a;, (0),...a;.(0)} to a basis of R™. Then there exists ¢ € (0,e) such that
{ag (t),...a; (t),b1,...,bjm—r} is a basis of R™ for all t € (—¢’,¢’).

Let {ji,..-,jk—r} = {1,...,k} \ {i1,...,ir}. Note that &k —r > 1 since 0 # v € ker A(0)
by assumption. For every [ = 1,...,k —r and all ¢t € (—¢’,&’) there exists a unique linear

combination

a;,(t) =\ Oai, () + - + DB as, ) + P 0y + -+ )by

For every [ =1,...,k —r it follows from Cramer’s rule that the coefficient functions
l l l
,u(l),...,ug),uf),...,um)_r: (-, ') =R

depend smoothly on ¢. (Indeed, they are rational functions in the coefficients of A(t).)

As A(t) has rank r by assumption, and {a;, (t),...a;, (t)} is a linear independent system for

all t € (—¢',¢’), we conclude that Vfl)(t) = .. = V,S?_T(t) =0 for all t € (—€',¢') and
l=1,....k—r.
Hence, we obtain for every [ =1,...,k —r a smooth map
W, =i,
wl) = (w%l),...,w,(fl)): (=€, e) — R*, wlm =4q-1, i=7j,
0, else.

By construction, {w®(¢),..., w*=")(#)} is a basis of ker A(t) for all t € (—¢’,&’). Write

v =cwM(0) + - + cp_,w*(0).
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Then, a curve vy with the desired properties is given by
7 (<€) 2 B (1) = e () + 4 ().
O

Proposition 2.2.12. Let r > 1 be an integer. Suppose that pg: n§§ —TX,se{l,...,r}, are
generic smooth vector bundle morphisms. For every s € {1,...,r} use the projection wg” X x

RPFI1 .o x RPF 1 5 X x RPF1 4o define
Z0 = (x0) M Z(ps)).

If {Z1(¢1),---, Z1(r)} is a transverse system in X (see Definition 2.2.4), then {Zfr), e 7@}

is a transverse system in X x RPF1™1 x ... x RPF 1,

Furthermore, the projection X x RPF1=1 x ... x RP* 1 — X restricts to a surjective map
a: 27020 5 Zi(e) NN Za(er)

with the following properties:

1) a X Zi(e)N - NZ1(er) = (T Zo(01)N - 0w (22 (,)) . (Recall the definition
of Z°(ps) from Remark 2.2.10.)

(2) The restriction of « to the following map is a bijection:

a N Zi(e1) NN Zi(er) = Zi(pr) N -+ N Zi(r).

Proof. We prove the claim by induction on r > 1 with the case r = 1 being trivial. Suppose
that the statement of the Proposition holds for some integer r > 1. Let ¢s: & ’;g — TX,
s € {1,...,7+1}, be generic smooth vector bundle morphisms such that {Z1(¢1),..., Z1(prs+1)}
is a transverse system in X . In the following we will use Proposition 2.2.7 to show inductively
for s=1,...,7+1 that {er+1 ,...,Z (r+1) } is a transverse system in X x RPF1 =1 ... x RPFs—1
with the case s = 1 being trivial. Suppose that {Z TH ey Ds (r+1) } is a transverse system in
X xRPF1=1s. .5 RPF L for some s € {1, . ri.In order to show that {Z (r+l), Zgjl }is
a transverse system in X x RPF1=1x ... x ]RIP”“”rl L it suffices by Proposition 2.2.7 to show that

Sfll N Neer Z; AR % ]RIP’]€1 L ..o x RPP+171 for every given subset T' C {1,...,s}.
For this purpose, fix such a subset T = {t;,...,t;} C {1,...,s} where t; < --- < t;. Set
S:=TU{s+1} C{l,...,s+1}. Define the projections

a0 X x RPM U x - x RPFH! 5 X RPP L oo x RPFa 1 x RPFs 11,
5 X x RPPM1—L oo x RPP L RPFs+171 5 X x RPP 7L 6/ € 8.

Note that there is the factorization 7r(,+1) 7rf, o WEJH) for all s € S. Setting
Z5 = (2) "N Z(py)) € X x RPF1 L x ... x RPFu 1 x RPFs171 o' e S,

one obtains for every s’ € S that

70 = (20N Z () = (x0T 1 (Z5).
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Note that {Z;,...,Z]} is a transverse system in X x RPFo =1 % ... x RPFa—1 % RPFs+1-1

because {ZYH), s Z§r+1)} (and hence, {Zt(fﬂ), ey Zt(lrﬂ)}) is a transverse system in X X

RP* 1 % ... x RP**~! by induction hypothesis, and it suffices to show that Z% 1 N Mer Z7 in
X xRPF1 L. .. x RPFe 1 5 RPFs+171 | (Indeed, observe that if A and B are smooth manifolds
and 7m: A X B — A denotes the projection, then two submanifolds M, N C A are transverse in
A if and only if 7=}(M) h 7~Y(N) in Ax B, and one has n='{(M NN) =7"1(M)n7"1(N).)

Given a point
p= (2L, ..., Ly, Les1) € Zp NN Zp N Z5, C X x RPFaT! <o x RPF T x RPFe1 !
one has to show that any given vector

(Va th ey Wt“ W3+1) S Tp(X X RPktl*l X o0 X R]P)ktl*1 % R]P)ks-}—lfl)
= TxX X TLtl R]P)ktlfl X oo X TLtl R]P)ktlfl X TLS+1R]P)]€S+171

is contained in 7,251 + Tp(Myer Z7) -
Note that = € Z1 (¢, )N---NZ1(py,) N Z1(psy1) . (In fact, if 7%: X x RPE<~1 — X denotes the
projection for s’ € S, then z = 7% (75(p)) € 7 (75(Z3)) = 7% (Z(¢s)) = Z1(ps).) Hence, for

every s € S there exists an integer jy > 1 such that z € Z;,(py).

As {Z1(¢1),...,Z1(pr)} is a transverse system in X by assumption, one can conclude that
T X =T Zj,, (0s+1) + T Nier Zj, (p1) - Therefore, there exist vectors Viy1 € T Zj,  (¢st1)
and Vr € T, (Ver Zj, (1) such that V =V, 1 + Vp in T, X . For suitable € > 0 we fix smooth

curves

As41: (_575) - st+1 (()084-1)7 >‘S+1(0) =, ls+1(0) = Vs,
Ar: (—g,e) = () Zj. (), Ar(0) = z, M (0) = V.
teT

Note that (z,Ly) = 75 (p) € 75(Z5) = Z(py) for every s' € S. By Lemma 2.2.11 there exists

for every s’ € S (and suitable £’ € (0,¢)) a smooth curve

Aoi (—€l,e) = Z(py)  (C X x RPF )

such that Ay (0) = (z,Ly) and 7% o Ay = Ast|(—erery, where Ay := Ap for every t € T'. (In
fact, choose €” € (0,¢) so small that the image of Ay|(_ov oy is entirely contained in a chart
U =R" of X. On this chart the section ¢y € HomR(Fal)ﬂ(S’ ,TX) has for every s’ € S the form

U—UxR(m,ky), T (z, 09 (2)),

for a suitable smooth map ¢y : U — R(m, ky), where R(q,p) denotes the real vector space of
(g x p)-matrices with real coefficients. As Ay is a curve in Z;,(¢y), it follows that the image

of the smooth curve Ay := ¢y 0 )\3/|(_6u75u) is contained in
Rk.s/—js/ (m, ksl) = {A S ]R(m, ksl); rank A = kg — jsl}.

Application of Lemma 2.2.11 to the smooth curve Ay: (—¢”,¢") — Ry, _; ,(m, ky) and some



2.2. BACKGROUND ON TRANSVERSALITY 21

0# vy € Ly C ker¢g(x) C RF yields ' € (0,€”) and a smooth curve vy : (—¢’,&') — RFs
such that vy (0) = vy and 0 # v (u) € ker Ay (u) for all u € (—¢’,&’). Then, the smooth curve

Ko = Olcorey Bow): (—€1€) = Zlpw)  (C X x RPR )

has the desired properties.) Set V; := Vp for every t € T'. For every s’ € S it follows from
7o 5\3/ = )\s/|(_8/75/) that there exists Ws/ S T,;S,R]Pks/_1 such that

X (0) = (Vor, W) € Tia ) Z(psr) C Tiap, ) (X x RP* 1) = T, X x Ty, RP*

For every s € S it follows from Z95 = (75)7(Z(py)) that
T,Z5 ={Y € Tp(X x RPF1 1 x ... x RPF 1 x RPF+171): dpn3(Y) € Tiyp ) Z(0s0)}-

Consequently,

(ViWeysoo o, Wy, W)
= (Vs—&-la th — th, ce th — th, Ws+1) =+ (VT, th, R th, Ws—i—l — Ws+1)

€ TpiH + ﬂ 1,7 = TPZ§+1 + Tp(ﬂ Zp).
teT teT

Next, note that for every s € {1,...,r} the projection 7 X x RPF 1 x ... x RPF1 5 X

factorizes as (") = 7% o né” , where 7%: X x RP¥s=! — X . Therefore, for every s € {1,...,r},

7z -0 200) € x(ZD) = 70 (w1 D(20)) = 7(Z(ps) = Zals).
Hence, (") restricts to a surjective map
a: 270020 5 Zi(e) NN Za(er).

It remains to check the desired properties (1) and (2):

(1). Claim: a=Y(Z1(¢1)N---N Z1(pr)) = (WgT))_l(Zo(sol)) N---N (Wgr))_l(zo(@r))-
(r)

Since 7(" =1%o s, it is clear that

Conversely, suppose that the point p := (w, L1,...,L,) € Z{r) N---N Zy) C W x RPF~1 x
- x RPF~1 satisfies a(p) € Z1(1) N---N Zy (@) . One has to show that ﬂgr)(p) € Z°(yp,) for
every s € {1,...,r}. For this purpose, fix s € {1,...,r}. It is clear that w@(p) € wgr)(ZgT)) =
(7r§’"))—1(7r§’">(2§”)) = Z(ys) . Therefore, it follows from the assumption ws(wgr) (p)) = 7 (p) =

a(p) € Zi(ps) that 77 (p) € Z(ips) N (7°) 7 (Z1(05)) = Z°(ps) -
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(2). Claim: « restricts to a bijection

a N Zi(p1) NN Zi(r)) = Zi(p1) N -+ 0 Zy(pr).

In order to prove surjectivity, suppose that w € Zi(p1)N---NZi(py). For every s € {1,...,r}
it follows from 7%(Z(ps)) = Z1(ws) that there exists L, € RP™ % such that (w, L) € Z(ys).
Hence, the point p := (w, L1, ..., L,) € W xRP™ 4 x ... x RP"™ " satisfies ) (p) = (w, Ls) €
Z(yps) forevery s € {1,...,r}, thus being an element of (7r§r))_1(2(g01))ﬂ- : ﬂ(m(f))_l(Z(gor)) =
ZY) n---n2z". Finally, a(p) = 7 (p) = w € Zi(p1) N--- N Zi(p,) implies that p €
a Y Zi(p1) N---N Z1(p,)) as required.

As far as injectivity is concerned, suppose that two points
b= (’U), L17 s 7L7’)7p/ = (w/7 Lllv s 7L;) € a_l(Zl(gpl) n---N Zl(@?‘))
have the same image under «, i.e.

w=7"(p) = a(p) = ap’) =7 ) =w' € Zi(p1) NN Zi(er).

Given s € {1,...,r}, it remains to show that Ly = L. Property (1) implies that the points
ps == " (p) = (w, Ls) and pl, := ") (p') = (w, L) are both contained in Z°(ip,). Moreover,
™ (ps) = (78 () = 7 (p) = alp) = ap) = 7O (@) = 7*(x{"” (p')) = 7(p},) . Finally, since
7% restricts to a bijection Z°(¢s) = Z1(¢s) by Remark 2.2.10, one obtains (w, Ls) = ps = pl, =
(w,L). O

2.2.3 The Intersection Product

This section employs the intersection product e as defined in [7, Chapter VI.11, p. 366ff].

All homology and cohomology groups are assumed to have Z/2-coefficients. Hence, note that

every closed smooth manifold X" possesses a fundamental class [X] € Hp,(X).

Given a closed connected smooth manifold W™ | let D = Dy : H (W) — H,,_;(W) denote the
inverse of the Poincaré isomorphism. In other words, D[w] N [W] = [w] for all [w] € H;(W).

Recall that the intersection product e: H;(W)®H;(W) — H;yj_m(W) is by definition Poincaré
dual to the cup product:
[w] & [1] := D~ (D[w] U D).

The following classical result (see [7, Theorem 11.9, p. 372]) gives a geometric interpretation of

the intersection product of homology classes represented by smooth submanifolds:

Theorem 2.2.13. Let W be a closed connected smooth manifold. If wk;: K; — W, i =
1,2, are smoothly embedded submanifolds that are transverse to each other, K1 h Ko, then
the intersection product of the fundamental classes k14[K1] and kou[K2] in H. (W) equals the
fundamental class of the smoothly embedded submanifold x: K1N Ky — W given by the physical

intersection of K1 and Ko :

Hl*[Kl] ° K/Q*[KQ} = K*[Kl N KQ]
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The following proposition shows that the intersection product is in some sense compatible with

the fibered product of smooth product bundles:

Proposition 2.2.14. Let X, X1, Xo be closed smooth manifolds. For i = 1,2 let g;: X %
X — X, 11t X x X1 x X9 = X xX; denote the projections. Then the projection p: X X X1 X
Xo — X clearly satisfies p=o;071; for i =1,2. Suppose that co;: A; — X x X; is for i = 1,2
a closed smooth submanifold. Let 5;: B; — X x X1 X X9 denote the inclusion of the closed
smooth submanifold B; == 7; ' (A;) of X x X1 x Xo. Then,

01501+ [A1] ® 02x02:[A2] = pi(B14[B1] ® B2+[Ba]).

Proof. As we are working with 7Z/2-coefficients, all signs that occur in the following computa-

tions are only virtual and can hence be neglected.

Consider the left-hand side of the claim:

o1:01x[A1] ® To 2. [As] = Dogsan,[A2] N o1ca14[A1]

= 0y Doz, [As] N o101, A1

!
0 02+(Dags[A2] N oo101.014[A1])

= 02+(02101x014[A1] ® a2, [A2]).

(The equality sign marked with the shriek (!) is property (4) of [7, Proposition 14.1, p. 394]
applied to the map o9: X x X9 — X \)

Consider the right-hand side of the claim:

p«(B1+[B1] ® 2. [Ba]) © px (1004 [A1] ® Torc2, [A2])
= pu(D7orcgs[A2] N Ty [A1])
= pu(73 Dag.[As] N D7 Dan[A1])
= 09:72x (75 Dagi[A2] N (1] Do [A1] N [X x X7 X X3)]))
— pu(Dasu[As] N 7o (7} Daru[A1] A [X x X1 x Xa]))
= 09.(Dag.[As] N (377 Dar[A1] N [X x X3)))
= 02.((Dag«[As] U D79, D7 15 D, [A1]) N [X x X3))
= 09:(D(a2+[A2] ® ToxTr1014[A1]) N [X X X3])
= 0. (a2 [A2] @ o001 [A1])
(

= 024 (T2xTn14[A1] @ Q24 A2]).

(The equality marked with (%) is an application of [1, Lemma 8, p. 1226] to the projection
f := 7;. The equality sign marked with the shriek (!) is property (1) of [7, Proposition 14.1,
p. 394] applied to the projection 72: X x X1 x Xo — X x X2.)

Comparing the two sides of the claim, it remains to show that o9io1.a1.[A1] = To.T101.[41].

Setting [w] := o1.a1.[A1] € H,(X), r:=dim Ay, one obtains

ono1s01:[A1] = D7 ol D(w]
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and
T T1101 [A1] = Tox 14 B1]
= (01 X idXQ)*<Oc1 X idXz)*[Al X XQ]
= ((o1 0 a1) X idx, )+ (x ([A1] ® [X2]))
= [w] x [Xa].
Therefore, it suffices to show that D~ loiD[w] = [w] x [Xg] for all [w] € H,.(X), or, as

D: H.(X) — HP™"(X), p := dim X, is an isomorphism, D~ 'o3[n] = D~!([n]) x [Xa] for
all [n] € HP7"(X). In fact,

D™to3[n) = o3[n] N [X x Xo]
= x([n] ® 1) N x([X] ® [X2])

2 x (@ nIXD @ (10 [Xa])
= D~ ([n]) x [X2].
(The equality sign marked with the cross (x) is [7, Theorem 5.4, p. 337].) O

Remark 2.2.15. The equality oo101.01.[A1] = Taxm11001.[A1] should be compared to [1, Propo-
sition 9, p. 1226], see also [1, Remark 10, p. 1227]. It might be interesting to investigate in
what way Proposition 2.2.14 can be generalized to the fibered product of smooth fiber bundles
Y; — X with fiber X;, i=1,2.

Theorem 2.2.13 and Proposition 2.2.14 directly combine to the following

Corollary 2.2.16. Let X, X1, Xs be closed connected smooth manifolds. For i = 1,2 let
oi: X X X; = X, 1,0 X x X1 X Xoa = X X X; denote the projections. Then the projection
p: X x X1 X Xog — X clearly satisfies p=o;071; for i =1,2. Suppose that a;: A; — X x X;
is for i = 1,2 a closed smooth submanifold. Let B;: B; — X x X1 X Xo denote the inclusion of
the closed smooth submanifold B; := Tfl(Ai) of X x X1 x Xo. Suppose that B1 M By, and let

()

B: B—= X x X1 x Xo denote the inclusion of the smooth submanifold B := By N Bs. Then,

01015 [A1] ® T2a2:[A2] = p.Bi[B].
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2.3 System of Fields and System of Action Functionals

Let n > 0 be an integer. Fix a partition I = (i1,...,4,) of m:=n+1 (ie. i1+ ---+i, =n+1
and 1 < 43 < -+ < 4.). We proceed to define the system of fields F and the N-valued
action functional T of the (n+ 1)-dimensional relative Stiefel-Whitney number TFT Z%;; that

corresponds to the Stiefel-Whitney number w; = wj, ... w;

e

2.3.1 System of Fields

Let M denote a closed smooth (nonempty) manifold of dimension n = m—1. The open subsets

of M x R of the form M x (0,¢), € > 0, form a directed set via inclusion.
Definition 2.3.1. Let k € {1,...,m}. The set of (outgoing) k-fields on M is

GH(M) := lim Cge (M % (0, ), Homg (g, T(M x R))).
e>0

Explicitly, an element f € G*(M) is represented by a generic smooth vector bundle morphism
p: H'IXJX(O’E) — T(M x (0,¢)), e > 0.

Moreover, two such morphisms ¢: /iﬁ/lx(w) — T(M x(0,¢)) and ¢': Hﬁ/[x(075/) — T(M x(0,¢"))
represent the same element in G¥(M) if and only if there exists ¢” € {0, min(e,&’)} such that

¢ and ¢’ restrict to the same morphism ’{Ifwx(o o =T (M x (0,€")).

Definition 2.3.2. The set F(M) of fields on M consists of all r-tuples
f = (flv"‘7fr) c 9m—i1+1(M) e X 9m—ir+1(M)

with the following property. There exist ¢ > 0 and for every s € {1,...,7} a representa-
tive (g: /@T/[_XZ(SO?) — T(M x (0,¢)) of fs € gnist1(M) SlEh that {71(@71),...,71(907")} is a
transverse system in M x (0,¢) (see Definition 2.2.4), and Z1(p1)N---NZ1(pr) =0.

Note that if f = (f1,..., fr) € F(M) satisfies the property of Definition 2.3.2 for some £ > 0 and
some representative g: /i’]\'};i(soJ“;) — T(M x(0,¢)) of fs € g™+ (M) for every s € {1,...,7},
then f satisfies this property of Definition 2.3.2 also for any ¢’ € (0,e) and the restriction

@s|Mmx(0,er) as representative of fs.
Definition 2.3.3. The set F(M) of left-extendable fields on M consists of all r-tuples
f=f 1oy fr) € GO M) x - x G (D)

with the following property. There exist € > 0 and for every s € {1,...,r} a generic smooth
vector bundle morphism ¢ /47]\72;"(3:;175) — T(M x (—¢,¢)) such that {Zi(¢1),...,Z1(pr)} is
a transverse system in M x (—¢,¢), and such that og|px(0.) is a representative of fs €
gmistL(M) for every s € {1,...,r}.

Proposition 2.3.4. We have the inclusion F(M) C F(M).
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Proof. Fix f = (fi,...,fy) € To(M). Let ¢ > 0 and @,: mﬁj(sj;a) — T(M x (—¢,¢)),
s € {1,...,r}, be as in Definition 2.3.3. Hence, by Definition 2.3.2, it suffices to show that
there exists ¢’ € (0,e) for which the restrictions ¢} := @s|pxey, s € {1,...,7}, satisfy
Zi(p) NN Zi(¢h) = 0. As explained in Remark 2.2.9, Z;(ys) is for every s € {1,...,7} a

Whitney stratified subspace of M X (—e&,¢) of dimension m — is.

As {Z1(p1),...,Z1(pr)} is a transverse system in M x (—e,¢€), it follows that the intersection
Z = Z1(p1) NN Zi(pr) is a Whitney stratified subspace of M x (—&,¢) of dimension
(m—iy)+---+(m—1,) — (r—1)m = 0. Hence, Z is a discrete (and closed) subset of
M x (—¢,€). Therefore, the intersection ZN (M x [0,e/2]) is finite, so the desired &’ exists. [

In the following, let (W, M, u, N,v) denote a (nonempty) smooth bordism of dimension m =
n+1. Let Wy denote the smooth manifold (W \ M) Unxo N X [0,00) (without boundary).
The open subsets of Wy, of the form W, := (W \ M) Unxo N x [0,¢), € > 0, form a directed

set via inclusion.

Definition 2.3.5. Let k € {1,...,m}. The set of (outgoing) k-fields on the bordism W is

HE (W) = lim Cye, (W, Homg (kfy,_, TWeo))-

e>0

Explicitly, an element F' € J*(W) is represented by a generic smooth vector bundle morphism
D: /i{ivs — TW,, € > 0. Two vector bundle morphisms ®: ﬁ’ﬁvs — TW, and ®': ’ﬁljv, — TW

are equivalent if there exists £’ € {0, min(e,&’)} such that ® and @’ coincide over W .

Remark 2.3.6. If N = ), then 3*(W) is just the set of all generic smooth vector bundle
morphisms F = &: “]év\ v — T(W\ M). The symbol H is chosen in order to distinguish
H*(W) from G*(W) when OW = (. (Note that Definition 2.3.1 also applies literally to closed

smooth manifolds of dimension m.)

However, the suspension of an element of H*(W) produces in fact an element of G*+1(WW):

Proposition 2.3.7. Suppose that OW = (). There is a canonical injective map (suspension
map)
f}{k(W)—>9k+l(W)

given by assigning to every generic smooth vector bundle morphism F': /<;I§V — TW the class in

G (W) represented by its suspension

Fiwpflon = TW x (0,1))

which is defined at (w,t) € W x (0,1) by the homomorphism

Flug = Fu % idp: (555 0 1)) = RS = RE X R = Ty (W x (0,1)) = T,W x RL.

Proof. Let F € H*(W). Hence, F: k¥, — TW is a smooth vector bundle morphism that is
generic, i.e. the corresponding section sp: W — Homg(kY,, TW) is transverse to Z;(r) for all
j, where 7 denotes the tautological bundle over HomR(mlﬁv, TW). It suffices to show that the

smooth (k + 1)-field F is generic, i.e. the corresponding section

spr W x (0,1) = Homg (/! 1), T(W x (0,1)))
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is transverse to Z;(7T) for all j € {0,...,k+ 1}, where T denotes the tautological bundle over
HomR(RII}}LXI(OJ),T(W % (0,1))). Recall that Z;(7) is a subbundle of HomR(nl;;er(o,l),T(W X
(0,1))) with fibers

Zj(?)(w,t) = {A € HomR((K];[j—i((),l))(w,t)vT(w,t)(W X (07 1)))
= Homp (R*1, T, (W) x R); dimker A = j}.

If R(q,p) denotes the real vector space of (g x p)-matrices with real coefficients, then [1, Lemma
2, p. 1223] states that

R,(q,p) :={A € R(q,p); rank A = r}, r € {0,...,min(q,p)},

is a smooth submanifold of R(q,p) of codimension (¢ —r)(p — 7).

Lemma 2.3.8. The embedding

R 0O
lg,p: R(Qyp) — R(Q+ Lp+ 1)7 Lq,p(R) = (0 1) )

is for every r € {0,...,min(q,p)} transverse to the submanifold R,11(¢ + 1,p+ 1) C R(q +
Lp+1), and 1, (Re1(g+1,p+ 1)) = Re(q,p).

Proof. Given a matrix R € R(q,p) such that S := 1,,(R) € Ry41(¢ + 1,p + 1), one has to
show that TsR(q+ 1,p + 1) = digp(TrR(q,p)) + TsRy41(¢+ 1,p+1). For (i,5) € {1,...,q+
1} x {1,...,p + 1} the matrices Eg]*l’pﬂ with (7', j)-entry 6;#0;; form a basis of R(q +
L,p+1) = R@t)x+) >~ T6R(g 4 1,p + 1). Hence, it suffices to construct for every pair
(4,7) € {1,...,¢+ 1} x {1,...,p+ 1} either a smooth path p: (—e,e) — R(q,p) such that
p(0) = R and diqp(p'(0)) = E;?Ll’pﬂ, or a smooth path o: (—e,e) = R,41(¢+ 1,p+ 1) such
that o(0) = S and o’(0) = ESTHPH

If (i,5) € {1,...,q} x {1,...,p}, then the smooth path p: R — R(¢q,p), p(t) = R+1t- E}",

satisfies p(0) = R and dig,(0'(0)) = (tgp © p)'(0) = L (1gp(R) +1- Effl’pﬂ)\tzo = E;?Ll’pﬂ.
If, however, i =g+ 1 or j = p+ 1, then one constructs a path ¢ of the above form as follows.
The proof of [1, Lemma 2, p. 1223] shows that there exists a permutation 7: R,y1(q¢ + 1,p +
1) = Ry11(¢ + 1,p + 1) of matrix entires (given by a change of rows and columns) leaving
the last column (i,p 4+ 1) and the last row (¢ + 1,7j) fixed, and such that a chart of 7(S) in
m(Ry41(¢+ 1,p+ 1)) is given by matrices of the form

CcCB C
® (AB A),

where A € R(r+ 1,7+ 1) is invertible, and B € R(r+1,p—r), C € R(¢—r,r+ 1), and there
exists an invertible matrix Ay € R(r,r) and matrices By € R(r,p —r) and Cy € R(q — r,7)

such that
C()Bo Co 0

m(S) = | AoBy Ay 0
0 0 1
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If it=¢g+1 or j =p-+1, then define the smooth path
o: (-L1) = Rra(g+1,p+1), o(t) = (w(S)+t- Ezq]%erJrl).

We distinguish between the following four cases for (i,j) to verify that o(t) € R,11(¢+1,p+1)
for every t € (—1,1):

o If (i,5) e{qg—r+1,...,q+1} x {p+ 1}, then 7m(c(t)) is of the form (x) for the choice

AO 0 r+1,r+1 BO
A:(O 1)+t.EZ._q+W+1, B={"") 0:((;0 0).

Note that A is invertible also for ¢ = ¢+ 1 since t # —1.
o If (i,5) e {qg+1} x{p—r—+1,...,p}, then 7(c(t)) is of the form (x) for the choice

AO 0 r+1,r4+1 BO
A — + t . E ’, , B = 5 C — C 0 3
(& ) remtste 5= (g, ,.) o=@

where (Bp);j—p4r denotes the (j —p + r)-th row of the matrix By.
o If (i,j) € {g+1} x{1,...,p—r}, then w(o(t)) is of the form (x) for the choice

_ Ao 0 _ By r+1,p—r _
A_<o 1)’ B_<0>+t'Er“’j . C=(c 0).

o If (i,75)e{l,....,q—7r} x{p+ 1}, then w(o(t)) is of the form (x) for the choice

o AO 0 - BO - q—r,r+1
(3 o (2). o oo

It is clear that o(0) =S and ¢/(0) = Effl’p *1 (Recall that the permutation 7 leaves the last
column (7,p+ 1) and the last row (¢ +1,7) fixed.) O

By construction of F it is clear that sH(W x (0,1)) N Zp4a(T) = 0. For j € {0,...,k}, it
suffices to check sz M Z;(7) on all local charts on W x (0,1). Let R™ be any local coordinate

system on W . Then sp is locally in this coordinate system a smooth section of the form
s: R™ = R(m, k) x R™, s(w) = (o(w),w),

that is for all j € {0,...,k} transverse to Ry_;(m, k) x R™. Consequently, in the corresponding
coordinate system R™ x (0,1) on W x (0,1), s is given by the section

5:R™ x (0,1) > R(m+1,k+1) x R™ x (0,1),

(w,8) = (tm k(o (w)), w, 1) = (a(w), w, 1),

|

and the claim is that 5 is transverse to Ry 1(m+1,k+1) x R™ x (0,1) for all j € {0,...,k}.

Since a smooth map ¢: A — B is transverse to a submanifold M C B if and only if the
map A - Ax B, a — (a,¢(a)), is transverse to A x M, we know that the smooth map
o: R™ — R(m, k) is transverse to the submanifold Ry_;(m,k) C R(m,k), and have to show
that the smooth map @ = ¢y, 00: R™ — R(m + 1,k + 1) is transverse to the submanifold
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Ri—jr1(m+1,k+1) C R(m+ 1,k +1). This is a direct consequence of Lemma 2.3.8. O

Definition 2.3.9. The set F(W) of fields on the bordism W consists of all r-tuples
F=(F,....,F.) € j‘cm_iﬁ_l(W) X oo X j—(m—ir-l-l(W)

with the following property. There exists € > 0 and for every s € {1,...,r} a representative
P /{%:is—i_l — TW, of F, € H™ (W) such that {Z1(®1),...,Z1(®,)} is a transverse
system in We, and such that the r-tuple (®1]nrx(0,),---> Prlarx(0,)) represents an element in
F(M) C G Y M) x -+ x Gt (M),

Let us check the axioms that are required for fields in our smooth setting (compare [5, p. 20f]):

(FRES). Restrictions: All restrictions of fields are defined by restriction of representatives. Note
that our implementation of fields on bordisms treats incoming and outgoing boundaries asym-
metrically. It follows from Definition 2.3.9 that there exists a restriction map F(W) — F(M)
of fields on W to the incoming boundary. The restriction map F(W) — F(NN) to fields on the
outgoing boundary exists by Proposition 2.3.4. For the same reasons one obtains a restriction
map F(W) — F(P) to framed codimension 1 submanifolds (P,7) of W. In order to de-
scribe the restriction map F(W) — F(Wy) of fields on W to a subbordism (W, My, po, No, o)
of (W, M, pu,N,v) one just has to note that (W), is canonically an open subset of W, for
sufficiently small ¢ > 0. There is also a restriction map F(M) — F(My) for codimension 0
submanifolds My C M . All restriction maps commute with each other since they are all defined

by restriction of representatives.

(FHOMEO). Action of diffeomorphisms: A diffeomorphism «: M — M’ induces contravariantly
a bijection a*: F(M') — F(M) as follows. Given an element f' = (fi,..., fl) € F(M’), choose
e > 0 and for every s € {1,...,r} arepresentative ¢/,: Hﬂ,_is(a“’i) — T(M'x(0,¢)) of f, with the
properties of Definition 2.3.2. Then the element o*(f’) € F(M) is represented by the r-tuple
(¢1,.-.,%r), where the generic smooth vector bundle morphism ¢;: m%;i(sozl) — T(M x (0,¢))
is for every s € {1,...,r} given by ¢, = (d(a X id(g))) " 0 ¢}, 0 (a X id(g ) X idgm-is+1). Note
that (idy)* = idg) and (8o )" = o o f* for a diffeomorphism 3: M' — M". A diffeo-
morphism ¢: (W, M, u, N,v) — (W', M’ 1/, N',v') of smooth bordisms (i.e., a diffeomorphism
¢: W — W' such that ¢(M) = M', ¢(N) = N’, and such that there exists ¢ > 0 with
Blarxjo,e) = (@lar) X idjoe)y and @|nyw(—c,0) = (¢|n) x id(—c0)) induces contravariantly a bijection
¢*: F(W') — F(W) as follows. Given an element F' = (Fy,...,F}) € F(W'), choose ¢ > 0
and for every s € {1,...,r} a representative ®.: m%g,‘ierl — TW/ of F! with the properties
of Definition 2.3.9. Note that the diffeomorphism ¢: W — W’ induces in an obvious way a
diffeomorphism ¢.: W, — W/.. Then the element ¢*(F’) € F(W) is represented by the r-tuple
(®1,...,P,), where the generic smooth vector bundle morphism ®: /ﬁ%j”l — TW, is for
every s € {1,...,r} given by ®s = (d¢:) ™" o ®} 0 (¢ X idgm-i.+1). Note that (idy)* = idgy
and (Yo @)* = ¢* op* for a diffecomorphism ¢: (W', M' p/, N', V') — (W' M", ", N" V"). Tt
is easy to show that these induced maps commute with the resriction maps of (FRES).

(FDISJ). Disjoint unions: Given smooth bordisms (W, M, u, N,v) and (W', M’ ', N’ "), the
product of restrictions F(W UW') — F(W) x F(W') is a bijection, i.e. any field on WU W’ is
uniquely determined by its restrictions to W and W', and a field on W together with a field
on W’ give rise to a field on W UW’. Similarly, F(M UN) — F(M) x F(N) is a bijection in

dimension n.
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(FGLUE). Gluing: Let (W,M,u,P,7) = (W',M,u,N,v") Uy (W”,N,V", P,w) denote the
smooth bordism obtained by gluing two smooth bordisms (W', M, u, N,v') and (W", N,v", P, )

along their common boudary part N. Then the map
FW) = {(F',F") e W) x F(W"); F'|y = F'|n},  F= (Flwr, Flwr),

is a bijection. (Note that the map is well defined since (N,v/ Uv") is a framed codimension 1
submanifold of (W, M, u, P,w), and (F|w/)|n = F|n = (F|lw~)|n by (FRES).)

Proposition 2.3.10. For all boundary conditions f € F(M) and g € F(N), we have

g€ F<(N) & TW,fg9):={FeIFW); Flu=/f Flx =g} #0.

Proof. Tt is obvious from Definition 2.3.3 that F(W, f,g) # 0 implies g € F(N).

Conversely, suppose that g € F-(N). Choose £ > 0 such that M x (0,2¢) C W, and N X
(—e,e) C W, are disjoint, and such that there exist for every s € {1,...,r}

e a generic smooth vector bundle morphism
@s € Coon(M x (0,2€), Homg (k™ TW,))

representing fs € §™ %+ (M) such that {Z1(p1),...,Z1(¢r)} is a transverse system in
M x (0,2¢), and such that Z1(p1)N---NZ1(p,) =0 (see Definition 2.3.2), and
e a generic smooth vector bundle morphism

Vs € Coon (N X (—6,6),H0mR(H%€_iS+1,TWE))

gen

such that {Z1(m1),...,Z1(y-)} is a transverse system in N x (—¢,¢), and such that
Ys|Nx(0,¢) 18 & representative of g € G *1(N) (see Definition 2.3.3).

It suffices to construct for every s € {1,...,7} a generic smooth section

®, € g, (We, Homp (sfy_ "+, TWS))

gen

such that ®s|arx(0,e) = Pslmx(0,e) and Ps|nx(0,e) = Vslvx(o,e) for all s € {1,...,r}, and such
that {Z1(®1),...,2Z1(®,)} is a transverse system in W, . Hence, if Fy denotes the class of @,
in Hm~i (W), then F := (Fy,...,F,) defines an element in F(W, f,g) # () as required.

By Proposition A.4.3 it is possible to construct for every s € {1,...,r} separately a generic
smooth section ®,; that extends ¢, and ~s as required. However, in order to achieve in
addition that {Z1(®1),...,Z1(®,)} is a transverse system in W, one has to construct the
section ®, by induction on s € {1,...,r}. Suppose that ®1,..., P, have been constructed for
some s € {1,...,r} such that {Z1(®1),...Z1(®)} is a transverse system in W, (which is no
condition for s = 1). If s < r, then we explain in the following how to construct a generic smooth
section @1 that extends ¢si1 and 7s41 as required, and such that {Z1(®1),...,Z1(®Psy1)}

is a transverse system in W-;.

As {Z1(®1),...,Z1(Ps)} is a transverse system in W, by assumption, one obtains for every
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subset J C {1,...,s} a Whitney stratified subspace Z; C W, (where Zj := W, ) via

Zy = NjesZ1(2y).

Define an open subset U C W, by

U:=W:\ (M x (0,e] UN x [0,¢)).

In the following, we will use Proposition A.4.3 to produce inductively for ¢ = s+ 1,...,0 a
compact subset C; C U and a generic smooth section

o), € 5, (We \ C;, Homg (k= +1, TW.))

gen

with the following properties:

(1) (I)g:)-ﬂWE\U = Pst1]mx(0,e] Us+1INx[0,6) 5
(2); Zl(égl) M Z; in W, for all subsets J C {1,...,s},
(3); CinZy=10 for all subsets J C {1,...,s} with (at least) i elements.

Note that ®gy; = @821 will have the desired properties. (Indeed, property (3)p implies
that Cy = 0 since Zy = W.. Thus, ®44q € ngn(Wg,HomR(ﬁ%;is+1,TW€)). Furthermore,
Pst1|mx(0,0) = Pst1lmrx(0,e) and Psti|nx(0,e) = Vs+1/nx(0,e) follows from property (1)o. Fi-
nally, {Z1(®1),...,2Z1(®Ps41)} is a transverse system in W, which follows from property (2)o
and Proposition 2.2.7 because {Z1(®1),...,Z1(®s)} is by induction hypothesis a transverse

system in W;.)

Initially, for i = s + 1, fix some &’ € (¢,2¢) and define a compact subset Csy1 C U by
Cor1:=W\ (M x (0, )UN x (e =€, ¢)).
Furthermore, define a generic smooth section

oY € 029, (Wi \ Cypr, Homp (k1 TWL))

gen

+1 +1
by (I)gj-l )‘MX(O,a’) = ‘;Os+1|M><(O,€’) and (I)gj-l )|N><(6—a’,e) = 78+1|N><(5—6’,5) :

Note that property (1)s+1 holds by construction and property (3)s4+1 is tautological. Prop-
erty (2)sy1 follows from 71(<I>gi+11)) = Z1(pst1) N M x (0,€") U Z1(ys+1) NN x (e — €,¢)
since {Z1(¢1),...,2Z1(pr)} is a transverse system in M x (0,2¢) and {Z1(71),...,2Z1(7)} is

a transverse system in N X (—¢,¢).

® , has been constructed for some i € {1,...,s+1}. In the following, we

s+ ’
explain the construction of <I>gl+_11) .

Next, suppose that &

By property (3); it is possible to choose an open subset U;—; C W, such that C; C U;_1,
mwg CU,and U1 NZ; =0 for all subsets J C {1,...,s} with (at least) i elements.
Therefore,
Zi1:=U1N U Zy
JC{1,...,s},|J|=i—1
is a Whitney stratified subspace of U;_;. (Note that (U;—1NZ;)N(U;—1NZy) = Ui—1NZ gy =0
for all subsets J,J' C {1,...,s} with i — 1 elements such that J # J'.)
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Let HomR(n"MZiSH, TW.) — W, denote the projection map. Note that

Zi_q = Zl(T) N 7T_1(Zi_1)

is (by transversality of Z(7) and 7~ 1(Z;_1) in HomR(/ﬁ;%jSH,TWE)) a Whitney stratified
subspace of 7~} (U;_1).

~ ~ ~7Ws
Choose an open subset U;_; C W, such that C; C U;—1 and U;—y CU;_;.

Application of Proposition A.4.3 to <I>221|Ui71\ci and C; C U;_4 yields a smooth section
ol € O Uiy, Homg (k5 +1, TW.))

that is transverse to Z;_; and satisfies (i)giJr_ll)’Ui,l\Ui,l = (DS)H‘U%l\UFl' (In order to show

that @g?_l M Z;_1 on Uj_q \ C;, one employs the following

Lemma 2.3.11. Let f: X — Y be a smooth map between smooth manifolds, and let B CY be
a submanifold such that f h B. Then, for any submanifold A C X, the following statements
are equivalent:

(i) AhfH(B).
(ii) The smooth map F = (idx, f): X — X XY is transverse to A x B.

The statement of the Lemma generalizes directly to the case of Whitney stratified subspaces
ACX and BCY.

Proof. (ii) = (i). Given x € AN f~Y(B) and V € T, X, one has to show that V € T, A +
T.f~*(B). Since F(z) = (z, f(z)) € Ax B and (V,0) € TpX X Tp)Y = Tpy(X x Y), it
follows from (i7) that there exist Vy € T, X and (W4, Wg) € T, A X T't(x)B such that

(V,0) =d F(Vx) + (Wa,Wg) = (Vx + Wa,d f(Vx) + Wp).

In particular, V = Vx + Wy, where W4 € T, A, and Vx € T, f~1(B) since d,f(Vx) = —Wpg €
Tty B. (Here we have used that T, f~1(B) = {U € T, X; dof(U) € Ty)B}.)

(1) = (ii). Given x € X with F(z) = (z, f(v)) € Ax B and (Wx,Wy) € T, X x Ty,)Y =
Tr(z) (X xY), one has to show that (Wx, Wy) € dp F(T: X) + Tz (A x B).

Since f(x) € B and Wy € Ty,)Y, it follows from f th B that there exist Vy € T, X and
Wp € Tj(y)B such that Wy =d, f(Vx) +Wg.

Furthermore, since x € ANf~1(B) and Wx —Vx € T, X, (i) implies that there exist V4 € T, A
and Vg € T,f~1(B) such that Wx — Vx = V4 + V. Hence, the sum of d.F(Vx + Vg) €
dIF(TxX) and (VA, Wpg — dxf(VB)) e T, A x Tf(m)B = Tp(x)(A X B) is given by

de F(Vx+VB)+(Va, Wp—d, f(VB)) = (Vx+VB)+Va,do f(Vx+VB)+Wp—d. f(VB)) = (Wx, Wy).

O]

It suffices to show that every w € U;_; \ C; has an open neighbourhood U, such that <I>(82 M

Zi—1 on Uy . Given w € U;_1\ C;, choose an open neighbourhood U, over which the bundle =

trivializes, i.e. there exists a vector bundle isomorphism 7~ !(U,,) = U,, x Homg (R™ %+ R™).
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Under this isomorphism, Z;(7)N7~1(U,) corresponds to Uy, x Uj>1R;j(m,m —is+1), and the
section @gi)rl\Uw is of the form (idy,,, ¢): Uy — Uy X Homg (R™ %+ R™) for some smooth map
¢: Uy — Hompg (R™ %1 R™) . Genericity of @er implies that (idy, ,¢) M Uy xU;>1R;(m, m—
is + 1). The latter is equivalent to ¢ M U;>1R;(m,m — is + 1). Property (2); implies that
71(@)&1\%) M Zi—1NU, in U, . Consequently, ¢~ (R;(m,m—is+1)) th Z;_1NU, . Therefore,
by the implication (7) = (i7) of Lemma 2.3.11 applied to the smooth map f := ¢ from X := U,
to Y := Homg (R™ “+1 R™) which is transverse to B := U;>1R;(m,m —i5 + 1) and satisfies
fYB) h A for A:= Z;_1NU,, one obtains that (idy,,¢) is transverse to A x B. This

corresponds to the desired statement that ®g21|Uw is transverse to Z;_y N7 Y(Uy).)

It follows from Q>(+1) M Z;_1 that (I>(+1) is on Z;_ 1 transverse to Z1(7) N7 1(Z;) for all

subsets J C {1,...,s} with at most i — 1 elements. By Proposition 2.2.2 there exists an open
neighbourhood V;_1 of Z;_1 in U;_; such that i)gﬁr_ll) ison V;_1 transverse to Z1(7)N7~1(Z;)
for all subsets J C {1,...,s} with at most ¢ — 1 elements. In particular, the choice J = ()

implies that <i>g+_11) is transverse to 71( ) on V;_1. Consequently, the implication (ii) = (4)

of Lemma 2.3.11 implies that Zl( ort ’V ) M Zy for all subsets J C {1,...,s} with at most

7 — 1 elements.

Let us define the required pair (C;_1, <I>g+1 )) Set C 1= U@ 1 \V 1, which is a compact
subspace of U. Note that W, \ C;—1 = (W¢ \UZ 1 )U Vi_1. Define the section

gen We

] &)(i_l) ) € Vvi— ;
B0 € C (WACk 1 Homa(sy 1T, 80 () = { Dot (W W eV
CI)erl(w), we W\ Ui—y

(Indeed, @giﬁl) is a generic smooth section because the two generic smooth sections @gl:ll) lvi_,

We

and @gﬂ w. agree by construction on the intersection V;_1 N (W \Ui_1 ) = Vi \

WA\Ui—1
S — W
U-—1 CcU=\U-1 )

It remains to check the desired properties (1);—1, (2);—1 and (3);—1. Property (1);—; follows

o } —W.

from property property (1); and <I>(;+11)]WE\U = <I>§21!w \v since Uiy C U. To check
=W

property (2);_1, suppose that w € W. \ Cij_1, ie. w € Vi_; or w € W.\ U;_; . Fix

a subset J C {1,...,s}. If w € V;_1, then the claim follows since Z;(® ;_HU\V ) hZy

whenever J has at most ¢ — 1 elements, and V;_1 N Z; C U;—1 N Z; = 0 whenever J has at

~7W5
least ¢ elements. Furthermore, if w € W, \ U;—1 , then <I>;+11)\

E

[6)) .
Wo\Ti—1 S“'WE\UZ .
W\ Uiy 1 * © W.\ C;, and property (2); imply that Zl(q)sJrl )M Z; at w. Finally, property
(3);—1 holds since C;_1 N Zy; C Z;—1 \ Vieqy = 0 for all subsets J C {1,...,s} with i — 1

elements. ]

We

2.3.2 System of Action Functionals

Let N denote the (small strict) monoidal category determined by the commutative monoid
(N,+,0) (see [5, Lemma 4.6, p. 19]). Thus, ObN = {I}, Endn(/) = N = {0,1,2,...},
I®1I=1,and all a,b €N satisfy aocb=a+b=a®b.

Lemma 2.3.12. Suppose that F € F(W) is a field on a smooth bordism (W, M, u, N,v) that is

represented by an r -tuple of generic smooth vector bundle morphisms (®1,...,®,) on W, € >
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0, with the properties of Definition 2.3.9. Then, Z1(®1)N---NZ1(®;) = Z1(®1)N---NZ1(D,.).
Furthermore, for sufficiently small € > 0, the intersection Z1(®1) N --- N Z1(®,) is a finite
subset of W that does not depend on the choice of the representative (<I>1, .., ®,.) of F.

Proof. First of all, note that Z;(®s) is for s € {1,...,r} a Whitney stratified subspace of W
of dimension m — is; by Remark 2.2.9. Consequently, as {Z1(®1),...,Z1(®,)} is a transverse
system in W, the intersection Z := Z1(®1)N---N Z1(®,) is a Whitney stratified subspace of

W of dimension
(m—i))+-+m—i,)—(r—1)m=m-—(i1+---+14,) =0.

It follows that Z1(®1)N---NZ1 (@) = Z1(P1) N -+ N Z1(®,) because any other intersection of
strata Zp, (®1)N---NZ;, (P,) with g > 1 for every s € {1,...,r} has dimension strictly smaller
0 and is hence empty. Moreover, Z is a discrete and closed subset of W,. The assumption on
the behaviour of ®; near the boundaries of W implies that Z is contained in a compact subset
of W, that is independent of € for suitably small € > 0. O

The previous Lemma permits the construction of the system of N-valued action functionals T.

Definition 2.3.13. Let (W, M, u, N,v) be a smooth bordism. The evaluation of the N -valued
action functional Ty on a field F' € F(W) is defined by

Tw(F) = |71((I)1)ﬂ"'ﬂ71(q)7~)| 6{0,1,2,...},

where F' is represented by an r-tuple (®1,...,®,) of generic smooth vector bundle morphisms

on W, with the properties of Definition 2.3.9, and & > 0 is sufficiently small.

Let us verify the required axioms for the system of action functionals (compare [5, p. 25]):

(TDISJ) Given two smooth bordisms (W, M, u, N,v) and (W', M’ ', N',v'), one has
Twouw: (F) = Tw (Flw) @ Tw(Flw)

for all F € F(W LU W') because ® in N corresponds to addition of natural numbers.

(TGLUE) Let (W, M, u, P,7) = (W', M, u, N,v') Uy (W” N,V P ) denote the smooth bor-
dism obtained by gluing two smooth bordisms (W' M, u, N,v') and (W” N,v" P,x) along
their common boudary part N . Then,

Tw (F) = Tw (Flwn) o Tw (Flw)

for all F' € F(W) because o in N corresponds to addition of natural numbers.

(THOMEO) If ¢: (W, M, pu, N,v) — (W', M’ 1/, N',v/') is a diffeomorphism of smooth bor-
disms, then for any field F' € F(W'), one has

Tw (¢ F) = Ty (F)

under the bijection ¢*: F(W') — F(W) of (FHOMEO).

By Theorem 2.0.1 the parity of Ty (F) is a Stiefel-Whitney number of the closed smooth
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bordism W and hence independent of the choice of the field F' € F(W). Moreover, bordism
invariance of Stiefel-Whitney numbers implies that the parity of Ty is a bordism invariant.
The following Proposition indicates a geometric proof of these properties of Ty, without using
Theorem 2.0.1.

Proposition 2.3.14. If V is an (m + 1) -dimensional smooth manifold, then

Toy =0 (mod 2).

Proof. Since W := 0V is an m-dimensional closed smooth bordism, Remark 2.3.6 implies that
HEW) = C2, (k¥,, TW) for all k € {1,...,m}. Hence, fields F' € F(W) (see Definition 2.3.9)

gen

are just r-tuples F' = (Fy,..., F,) of generic smooth vector bundle morphisms
Fy: W — Homg(kj ™, TW)

such that {Z1(F),...,Z1(F,)} is a transverse system in W . By Proposition 2.3.7 the suspen-

sion F: H%j(lo)z)iﬁl — T (W x (0,1)) represents for every s € {1,...,r} an element

gs € UM (QV),

Choosing a W-germ w of collar neighbourhoods of W in V', one can interpret (V, W, w,0,vp)
as an (m + 1)-dimensional smooth bordism with incoming boundary W and empty outgoing
boundary. By arguments analogous to the proof of Proposition 2.3.10 there exists for every

se{l,...,r} an element

G, € }C(m+1)7is+1(v) — O (Rg/m\‘iv‘vl)—is-i-l’T(V \ W))

gen

that extends gs, and such that {Z;(G1),...,Z1(G,)} is a transverse system in V \ W.

By Remark 2.2.9 the dimension of the Whitney stratified subspace Z1(Gs) C VAW is m—is+1.
Hence, the dimension of the Whitney stratified subspace Z1(G1)N---NZ1(G,) CV \W is

m—i+1)+--+(m—i,+1)—(r—1)(m+1)
=rm—(i1+-+i)+r—(r—1)(m+1)

=rm—-m+r—(r—(m+1)=rm—m+r—rm—r+m+1=1.

If W x(0,¢) is a representative of w in V' \ W for sufficiently small € > 0, then the intersection
(W X (0,6)) ﬂ?l(Gl) M- ﬂZl(Gr) = (W X (0,8)) N Zl(Gl) N---N Zl(Gr) =7Z X (O,E)

is the suspension of Z := Z1(Fy)N---N Z1(F,) C W. Hence, if Z1(G1)N---N Z1(G,) was
a 1-dimensional manifold, then the cardinality of Z would automatically be even. However,
Z1(G1) N -+ N Z1(G,) might have 0-dimensional singularities. Nevertheless, passing to the
desingularizations Z(Gs) — Z1(Gs), s € {1,...,7}, and the submanifolds

21 = ()TN Z(GL)) € (V\ W) x REOHD=0FD L RplmD=irt,

it is easy to check that the intersection Z r) .= ZY) N---N ZT(T) is a 1-dimensional smooth
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submanifold, and that the projection
(W x (0,¢)) x RP(MTD=a+1 o RPOMHD=IHL 17 5 (0, )
restricts to a diffeomorphism
ZM A (W x (0,e)) x RPMTD=0FL o Lo RPMFD=ir+L) 75 (0, ¢).

(In fact, use that Z(Gy) C (V \ W) x RP™F)=1+1 hag dimension (m + 1) — 4, . Furthermore,
the construction of the suspension in Proposition 2.3.7 implies that Z(Gy) N (W x (0,¢€)) x
RP(™+1)=is+1) g the cylinder on

Z(Fy) x RP" 7+ < Z(F,) x RPMA) i+

and its projection to Z1(Gs)N((W x (0,¢)) is given by the suspension of the projection Z(Fy) x
RP™ %t 7, (F,). Finally, these statements can easily be carried over to the iterated product

of projective spaces.) O

Corollary 2.3.15. If (W, M, u,N,v) is a smooth bordism and f € F(M), g € F(N), then
Tw(F1) = Tw(Fz) (mod?2) for any two fields Fy, Fo € F(W; f,g).

Proof. The idea is to consider extensions Fy and F, of Fy and F, on the double DW of W
that agree on the other half. (If f is not left-extendable, then one chooses a representative of
f defined on some cylinder M x (0,¢), and defines a new boundary condition [’ € F(M) by
shifting the values of the interval (0,¢) slightly to the left. This modification has no effect on
the evaluation of Ty .) Since DW is the boundary of an (m+1)-dimensional smooth manifold,
Proposition 2.3.14 implies that Tpyw (Fy) and Tpw (F») are even. Now additivity of the action
functional under gluing of two copies of W along the common boundary implies that Ty (F})

and Ty (F3) have the same parity. O
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2.4 Quantization

Given a partition I = (i1,...,4,) of n+ 1, the process of quantization described in [5, Section
6, p. 28] can now be applied to the system of fields F and the system of N-valued action
functionals T defined in the previous section, resulting in the (n + 1)-dimensional relative
Stiefel-Whitney number TFT Zg«W. Let (W, M, u, N,v) be a smooth bordism. As usual, the
evaluation of (ZL,,)w on boundary conditions (f,g) € F(M) x F(N) is given by

FeF(W;f,g)

where Ty is defined in terms of Ty, and the sum is well-defined since it takes place in a

complete semiring. (For more details, see [5, Section 6, p. 28ff], and in particular [5, p. 30].)

Remark 2.4.1. Consider the partition I = (i1) = (m) of m. In this case fields on a bordism
W are represented by generic smooth vector fields ¢ on W., and Zi(p) is a finite number
of points. Suppose that W is oriented and closed. Then the equality of the self-intersection
number of the zero section of TW to the Euler characteristic x(W) implies that the absolute
value |x(W)] is a lower bound for Ty . According to [7, p. 382] it can be shown that intersection
points of complementary sign can be cancelled. This point of view is also presented in [15, p.
5]. Hence, the lower bound |x(W)| for Ty is indeed realized. The lower bound of Ty for a

general partition remains to be investigated.

The previous Remark inspires the following
Definition 2.4.2. Let (W,M,u, N,v) be a smooth bordism. Given boundary conditions
(f,9) € F(M) x F(N) (compare Proposition 2.3.4), define

Xty |(f, 9) == minpeyaw, ) Tw (F) eN.

Corollary 2.4.3. The invariant W ‘XII/V| is a diffeomorphism invariant on closed smooth
manifolds W . Furthermore, Theorem 2.0.1 implies that, for closed W, |XII/V‘ reduces mod 2 to
the Stiefel-Whitney number wr[W]. Whenever W is closed, the previous Remark 2.4.1 states

that the invariant |X§/7[;+1)| coincides with the absolute value of the Euler characteristic of W .

The complete calculation of Zéw remains an open problem.
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2.5 Proof of Theorem 2.0.1

Without loss of generality one may assume that W is connected.

Suppose that F' = (Fi,...,F.) € F(W) (see Definition 2.3.9). By Remark 2.3.6, the assumption
OW = ) implies that every Fs, s € {1,...,7}, is a generic smooth vector bundle morphism
Fy=®g: w5 TW, and {Z1(®1),...,2Z1(®,)} is a transverse system in W .

Let (s: Zs = Z(CDS) C W x RP"™ % denote the desingularization of Z1(®s). Let ms: W x
RP™ % — W be the projection. Hence, ms(Z,) = Z1(®s).

For every s € {1,...,r} define the projection maps
Al W X RPH x - x RP™E o W RP™ S s e {1, s}

Moreover, let 70 := 7y o wgf): W x RP™™ x ... x RP™ % — W (this is independent of the
chosen s’ € {1,...,s}). Forevery s’ € {1,...,s} we define the smoothly embedded submanifold

¢ 28 = (7)) (Zy) o W x RE™H o x RP

Proposition 2.2.12 implies that {Zfs), ce ZS(S)} is a transverse system im W x RP™ ™4 x ... x
RP™ % for every s € {1,...,r}. We prove by induction on s € {1,...,r} that the smoothly
embedded submanifold

(@726 =7 Az S W x RPE x L x RPT

satisfies
7T>$<S)C>»(<S) [Z(S)] = 771*41*[21] ®---0 TrS*CS* [Zs] (*)s

(1)

Concerning the induction basis s = 1, the claim (*); obviously holds since 7"’ = idy,, gpm—i,
implies that
¢V zV] = D (V12{0] = mcul Z.

Next, supposing that (x)s holds for some s € {1,...,7—1}, one has to conclude that (x)s41 is
valid. Indeed, the right-hand side of (x)s4+1 is given as

(Wl*gl*[zl] ®:---0 WS*CS* [Zs]) L4 7Ts+1*<s+1*[Zs+1]

A L RN )

C’orollag/ 2.2.16 F£S+I)C£s+1)[z(s+1)]-

(Let us explain how Corollary 2.2.16 is applied in the last equality. Consider

X =W,

X1 = RP™1 x o x RP™ s
Xo 1= RP™ iet1,

Al = Z(S),

AQ = Lig41-
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Then, o1 = 78, g9 = Ts+1, T1 is the projection

T RPTTI e x RPTI o RPTTH xx RPTT

1
T = ng—’i ) , pP=090Ty = m(s+1) ,and a; = C(s) , g = (gy1. Furthermore,

= ()7 (A1) = (x5 ) (2W)

(WF“ 2 00 2)

(ﬂ_és-&-l 1 Z9)yn-n (W((j;rl))_l(ng))

(Trés+1 )~ ((W(S))il(Zl)) AN (W((z;rl))fl((ﬂgs))il(zs))
O (s+1)) Yzyn--n@®o 7T((z;rl))—l(Zs)

( (s+1) ) (Zl) N---N (W£5+1))_1(Zs)

Z(SH) N Z(s+1)
with inclusion f1: By < W x RP™~i x ... x RP™ #+1  Moreover,
By = (r2) M A2) = (n{5)) 7 (Zown) = 250

with inclusion Sz = ¢ éf:{l) . Note that B; h By because {le e ﬁs)} is a transverse system
im W x RP™ 1 x ... x RP™ " . One has B := BiNBy = 2™ n...n 28T 0z = z6+1)
with inclusion 8 = ¢t1) . All in all, Corollary 2.2.16 yields

S)C 8)[ ] hd 7T5+1*C5+1*[Zs+1] = Ul*al*[Al] b 0'2*a2*[A2] = P« D [B] = W4(<S+1)<£5+1)[Z(s+1)]-)

This completes the proof of (x)s for all s € {1,...,7}.
By [1, Theorem 11, p. 1227] and [1, Theorem 15, p. 1233] we have

Wi, = Dﬂ's*{s* [Zs] .
Therefore,

wiW] =wiy ... w;, [W] = ex((Dm14C1£[Z1) U - - - U D7pic (s [ Z2]) O [W])
er(D(m1aCialZa] o - 0 Trulral Z2]) N W)

= cu(M14C14[Z1] @ - - - @ Tpu (i Z])

W e, (7DD [z
=&,[2M] = 12" mod 2.

Finally, it suffices to show that Z(") and Z;(®;)N---NZ1(®,) have the same cardinality. For this
purpose, one just has to note that the projection 7("): W x RP™ % x ... x RP™ % — W restricts
to a bijection Z(") — Z1(®1) N ---NZ1(®,). This is just the map a from Proposition 2.2.12,
and it is a bijection by property ( ) of the same Proposition because Z1(®1)N---NZ1(P,) =
Z1(®1)N---NZ1(P,) by Lemma 2.3.12.

This completes the proof of Theorem 2.0.1.
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Chapter 3

Banagl’s Fold Map TFT

3.1 Review of Definitions and Outline of New Results

Based on the general method of quantization Banagl [4] introduces a concrete positive TFT
defined on smooth cobordisms of any given dimension n > 2. In the following sections the
basic definitions from [4] are presented in condensed form since they are crucial as a reference
for subsequent sections. Furthermore, we give an outline of the results of Chapter 3 in order to

motivate the approaches pursued in Part II and Part III.

Let n > 2 be an integer.

3.1.1 Cobordisms

Closed (n — 1)-dimensional smooth manifolds will be referred to as M, N, P etc. in the
following. Fix an integer D > 2n + 1. In Chapter 3 the notation M C RP always means that
M is smoothly embedded in R” | and that every connected component of M is contained in a
hyperplane of the form {k} x RP~! where k € {0,1,2,...}.

Definition 3.1.1. A cobordism from M to N is a compact smooth n-dimensional manifold

with boundary W C [0,1] x RP (smoothly embedded) with the following properties:

(1) OW = M][N, where M C RP = {0} x R” and N c RP = {1} x RP|

(2) W\OW C (0,1) x RP,

(3) there exists 0 < e < 3 such that W N [0,e] x RP = [0,e] x M and WN[l—¢,1] xRP =
[1 —¢e,1] x N are product embeddings (any such e will be called cylinder scale),

(4) every connected component of W is contained in a set of the form [0,1] x {k} x RP~!
where k€ {0,1,2,...}.

The requirement that cobordisms are embedded in a high-dimensional Euclidean space can
always be achieved due to a variant of Whitney’s embedding theorem for smooth manifolds with
boundary. However, the advantage of this assumption is that any cobordism W C [0, 1] x RP
is naturally equipped with a time function w: W — [0,1] given by projection to the first

coordinate.
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3.1.2 Fold Maps and System of Fields

Suppose that W is a cobordism from M to N. The definition of fields on W is based on
the notion of fold map into the plane R? = C. The actual definition of a fold map between
smooth manifolds without boundary is given in Section 3.3.2. By Section 3.3.4 fold maps can

equivalently be defined by the local normal form of their singular points, namely
(t, @1, .y Tp1) (t, —(@ 42+l g+t :p%_l) :

The singular locus of a fold map turns out to be a 1-dimensional submanifold.

What do we mean by a fold map W — R? (where the source manifold is allowed to have a

boundary)?

Definition 3.1.2. A smooth map F: W — R? is called fold map if it extends to a fold map
F:((—,0] x M)UW U ([1,14¢) x N) — R? for some £ > 0.

Note the technical subtlety that a condition on the singular locus S(F') of F' like S(F') h OW is
to be read as S(F) h OW for some (and hence, any) extension £ of of F' as in Definition 3.1.2.

Remark 3.1.3. The conditions that make a smooth map a fold map can be reformulated in
terms of properties of its jet extensions (see Remark 4.3.12). These are pointwise conditions that
are shown in Lemma 4.3.9 to be open (i.e., they extend to a neighbourhood of a point at which
they hold). Hence, it would suffice to require in Definition 3.1.2 that these conditions hold on
W for one (and hence any) smooth extension E': ((—¢,0] x M)UW U ([1,1+¢) x N) — R? of
F.

For every regular value ¢ € [0, 1] of the time function w: W — [0,1] the preimage w™!(t) is a

codimension 1 submanifold of W'.
Definition 3.1.4. Given a fold map F: W — C, let

M (F) = {t € [0,1]; t is a regular value of w and S(F) w_l(t)} C [0,1].

Definition 3.1.5. A fold map F: W — C has generic imaginary parts over t € [0,1] if the
restriction ImoF|: S(F)Nw™1(t) — R is injective. Let

Genlm(F) = {t € [0,1]; F has generic imaginary parts over t}  C [0,1].

For given k € {0,1,2,...} let F(k) denote the restriction of a fold map F': W — C to the part
of W that lies in [0,1] x {k} x RP~1:

F(k)=F|:WnJ0,1] x {k} xR~ = C.

Fields on W are now fold maps F: W — C with certain properties concerning the subsets
M (F(k)) and Genlm(F'(k)) of [0,1]:

Definition 3.1.6. A fold field on W is a fold map F: W — C so that for all k € {0,1,2,...}

the following conditions hold:

(1) 0,1€  (F(k)) N Genlm(F(k)).
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(2) Genlm(F'(k)) is residual in [0,1].

Condition (1) is needed for the definition of the action functional S: F(W) — Mor(Br). Con-
dition (2) is crucial for the proof of the indispensable gluing theorem of [4, Section 7.7, p.
57H].

Let F(W) denote the set of all fold fields on W. If W = ), then one puts F(W) = {x}

(set with a single element). Fields on closed (n — 1)-dimensional manifolds are introduced in
Section 3.1.4, which completes the definition of the system F of fields.

3.1.3 Brauer Category and System of Action Functionals

Let Vect denote the category of real vector spaces with linear maps as morphisms. As described
in [5, Section 8.1, p. 42ff], the introduction of the Schauenburg tensor product makes Vect a
strict monoidal category with unity object R. Based on the construction of [5, Section 8.2,

p.43ff] the system T of action functionals is for every cobordism W defined as
Tw : F(W) Sw, Mor(Br) RN Mor(Vect).

Here, the Brauer category Br (see Definition 3.1.7) is a strict monoidal small category, S is a
system of Br-valued action functionals, and Y : Br — Vect denotes a linear representation of
the Brauer category (i.e. an appropriate strict monoidal functor). Roughly speaking, S takes

the fold lines of a field on W and interprets these as a morphisms of the Brauer category.

Definition 3.1.7. The Brauer category Br consists of the following objects and morphisms:

e The objects are given by [0],[1],[2], ..., where [0] = denotes the empty set, and [m] is
the set {1,...,m} C R for all integers m > 0. In the following, [m] will be identified with
the 0-dimensional submanifold {1,...,m} x {0} x {0} C R3.

e A morphism [m] — [m/] between two given objects in Br is represented by a compact
smooth 1-dimensional manifold W C [0,1] x R? (smoothly embedded), such that proper-
ties (1), (2) and (3) from Definition 3.1.1 hold, where M = [m], N = [m/] and n =1.
Two such manifolds W and W’ represent the same morphism in Br if there exists a
smooth isotopy on [0,1] x R? which maps W to W’ and restricts to the identity map
near {0,1} x R?. A representativefor the composition of two morphisms [m] — [m/] (rep-
resented by W C [0,1] x R?) and [m/] — [m”] (represented by W’ C [0,1] x R?) can be
constructed as follows. First one glues W along {1} x [m/] C {1} x R? with the transla-
tion of W’ to [1,2] x R? | and then one rescales [0,2] x R? to [0,1] x R?. The identity
morphism idg is represented by W = (). For an integer m > 0 idp,,) is represented by
W =10,1] x [m].

There exists a morphism between two objects [m] and [m/] in Br if and only if m+m’ is even.
The morphisms of the Brauer category run between a finite number of ordered points. Thus,
they contain more combinatorial information than, for instance, the morphisms in the category

of 1-cobordisms between (-dimensional compact manifolds.

The Brauer category is a strict monoidal category when equipped with with unity object [0]
and the tensor product ®: Br x Br — Br which is introduced as follows. On the object
level, let [m] ® [m'] = [m+m']. The tensor product ¢ ® ¥ : [m+p] — [m' +p'] of two
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morphisms ¢ : [m] — [m’] (represented by W C [0,1] x R®) and 1 : [p] — [p] (represented by
W’ C [0,1] x R?) is represented by the “stacking” of W’ above W .

An important morphism in Br is the loop A : [0] — [0] which is represented by a smooth
embedding of the circle S* < (0,1) x R®. Given two objects [m] and [m/] in Br, let OP,, v C
Homg,([m], [m’]) denote the (finite!) subset of open morphisms [m] — [m’], i.e. morphisms
that are represented by some W without closed components. For every morphism ¢ : [m] — [m/]
in Br there exists a uniquely determined number [ > 0 and a uniquely determined morphism
@o : [m] — [m/] in OP,,,, such that ¢ = A®! ® ¢. (Here, A®" denotes the [-fold tensor
product A®@---® A.)

Let us proceed to describe the system S of Br-valued action functionals. Let W be a cobordism
from M to N. If W is empty, set S(x) = idjg) . Next suppose that W # () is contained in a set
of the form [0, 1] x {k} x RP~! with k € {0,1,2,...}. Let F (= F(k)) € F(W) be a field on W .
By property (1) of Definition 3.1.6 we have 0,1 €M (F'), so that S(F)NM ,and S(F)NN C W
is a 0-dimensional compact submanifold. Let m denote the cardinality of S(F) N M, and
let m’ denote the cardinality of S(F)N N. We aim at the definition of a Brauer morphism
S(F): [m] — [m']. By property (1) of Definition 3.1.6 F has generic imaginary parts over 0
and 1, i.e. each of the restrictions of ImoF : W — R to S(F)NM and S(F)NN is injective.
Consequently, there exist numberings S(F) N M = {p1,...,pm} and S(F)NN ={q1,-..,G¢m' }
such that (ImoF)(p;) < ImoF)(pj) & i < j and (ImoF)(g;) < (ImoF)(gj) & i <j. A well-
defined morphism ¢: [m] — [m] in OP,, s is represented by connecting for every non-closed
component ¢ of S(F) the two points in {0} x [m]U{1} x [m/] that correspond to the boundary
points of ¢ by a suitable arc in [0, 1] xR3. Now let S(F) = A*!®¢, where [ denotes the number
of closed components of S(F). Finally, for arbitrary W # 0, let S(F) = @z S(F(k)). (The
tensor product is finite since W is compact.) Note that the definition of S(F') makes actually
only use of condition (1) from Definition 3.1.6. Condition (2) is specifically designed for the

proof of the gluinng theorem.

The construction of a suitable linear representation Y : Br — Vect is not pursued here. Nev-
ertheless, it is convenient to record a few observations. Being a monoidal functor, Y preserves
the unity objects, Y([0]) = R. Application to the loop A results in a scalar A = Y/()\) €
Homvect (Y([0]),Y([0])) = R. If V =Y ([1]), then Y ([m]) = Y ([1]¥™) = V®™ for all integers
m > 0. Given [m],[m’] € Ob(Br), let

Hyppr = Y (Homp,([m], [m'])) € Homveet (VE™, VE™).

How do the elements of H,,,, look like? Every ¢ € Homg,([m],[m’]) has a unique rep-
resentation of the form ¢ = A®' @ ¢y with I € N and ¢y € OP,, . Thus, Damit ist
Y(p) =Y (X' ® ) = XZY(@O) . In consequence, the following (well-defined) map is surjective:

N X Y(OPppm) = Hpry, (L) = Ay

Y can be constructed in such a way that it is faithful on loops: Any two morphisms ¢ and
¥ in Br that satisfy Y(¢) = Y (¥) have the same number of loops. If Y is faithful on
loops, then the above map turns out to be a bijection. (In fact, AV (¢g) = MY (g}) implies
Y (A @) = Y (A @¢)), so I =I'. Therefore, N(Y (¢0)—Y (})) = 0. Under the assumption

A = 0 one would obtain Y(A®! @ ¢y) =0 = Y(A\*2 ® ) in contradiction to Y ’s faithfulness
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on loops. Consequently, A # 0, and Y () = Y(ep)- )

3.1.4 Boundary Conditions

To every closed (n — 1)-dimensional smooth manifold M C R” one assigns the set F(M) of
fields on M , which have the role of boundary conditions, as follows. If M is non-empty, then
set

F(M)={f e F(0,1] x M); S(f) =id € Mor Br}.

In the case that M =0 let F(M) = {x} (set with a single element).

3.1.5 State Module and State Sum

Recall that the Boolean monoid (B,+,0) is the set B = {0,1} equipped with addition given by
1+1=1 (0 serves as identity element). One can consider B as N-semimodule in a natural
way. One necessarily has 0-b=0 and 1-b=0 forall b€ B. Since b+b=10 forall b€ B, it
follows that m -b =10 for all integers m > 0.) Let N[r] denote the polynomial semiring in one
variable over the semiring N. The monoid B [[g]] of formal power series in one variable over B

is a N[r]|-semimodule, where 7 acts via formal multiplication with ¢.

Let FM(H,, ) denote the free commutative monoid generated by H,, . If Y is faithful
on loops, then H,, s can be identified with N x Y(OP,, /), and one obtains the following

isomorphism of monoids:

FM(Hp)= @ N = N{r],
(lvy)EHm,m’
0 1
(M) @)ty (”"L(o,y)T TmayT ~--)yey(opm’m,) :
The N|[7]-semimodule structure of the monoid @yey(opmym/) N[7] on the right induces by the
above isomorphism the structure of a N [7]-semimodule on the monoid FM(H,, ;7). Multipli-
cation with 7 on the right-hand side corresponds in FM(H,, ,,,y) to multiplication with X on

the generators of H,, ., . One defines

Q(Hm,m’) = FM<Hm,m’> ®N[T] B HQH = @ B [[QH :
y€Y (OP,, /)

The image Y (¢) € Hym of the morphism ¢ = A®! ® ¢g: [m] — [m’] in Br corresponds in
Q(Hp ) to the element with entry ¢' € B[[q]] at Y(go), and zero elsewhere. Therefore, ¢ is

also called loop parameter.

Note that Q(Hy, ) is a complete idempotent N [7]-semimodule since the same is true for

B[g]]. One now defines the complete idempotent N [7]-semimodule

Q= H Q(Hm,m’)-

m,m’eN

Composition and tensor product of linear maps in suitable H,,,, can be used to equip @
with two products - and x. With respect to each of these products ) becomes a complete

idempotent semiring.



46 CHAPTER 3. BANAGL’S FOLD MAP TFT

Let M,N C RP be closed (n — 1)-dimensional smooth manifolds.

Definition 3.1.8. A state is a map F(M) — Q. The state module Z(M) of M is defined as
the set of all states, Z(M) ={F(M) — Q}.

Let X be a closed smooth manifold, and let a < b and a’ < ¥ be real numbers. For two smooth
functions f: [a,b] x X — C and g¢: [d/,b'] x X — C the notation f &~ g means that there
exists a diffeomorphism £: [a,b] — [@/,V'] with £(a) = d’, and such that f(t,z) = g(£(¢),z) for
all (t,z) € [a,b] x X .

Let now W be a cobordism from M to N with cylinder scale €.

Definition 3.1.9. Given a boundary condition (fas, fv) € F(M) x F(N), let

FOV; far, fn) = {F € F(W); ¥k € N 3e(k), & (k) € (0, e) :
Flocyxary = far(k), Flu—egyyxne = fn(k)}

Definition 3.1.10. The state sum Zy : F(M) x F(N) — Q is given by

Zw (fur, fn) = > YS(F)®@1 €Q.

FeF(W;fa,fN)

It is shown in [4] that Z defines a positive TFT. Of course, the required axioms are to be
adjusted to the category of smooth manifolds. In particular, the gluing axiom holds, as well as

a time consistent version of diffeomorphism invariance.

3.1.6 State Sets

What is the informational content of Zw (far, fnv)? If m and m' are chosen such that S(far) =
ld[m] and S(fN) = id[m/], then Zw(fM,fN) S Q(Hm7m/) . For every y € Y(OP), Zw(fM, fN)
is given by a power series 372, ¢;¢!, for which the coefficient ¢; € B takes the value 1 precisely
if there exists a fold field F': W — C extending the boundary condition (fjs, fx) in such a
manner that Ty (F) = Ay. We will show in Theorem 3.2.6 that Y can (and will) always
be chosen in such a way that Y restricts to a bijection OP — Y (OP). Thus, the statement
Tw(F) = My is equivalent to S(F) = A*' ® ¢, where ¢ € OP is uniquely determined by
Y () =y. (In fact, writing S(F) = A\® @ ¢/ for suitable I/ € N and ¢’ € OP, one concludes
from

YOO @¢) =Tw(F) =Ny =Y (A" @)

that I =1’ and Y (¢') = Y(¢) by faithfulness of Y on loops. But then, ¢ = ¢’ because Y
restricts to a bijection OP — Y (OP).)

Definition 3.1.11. The family of state sets for a boundary condition (fus, fv) € F(M) x F(N)
is given by

Lw(fu, fni) == {1l €N; IF € F(W; fur, fn) : S(F) = ¢ @ A®'}, ¢ € OPpigng -

In consequence of our argument above, the informational content of Zy (far, fv) is precisely
encoded in the family {Lw (fum, fn; @)}, of state sets. Thus, we have reduced the problem of

calculation of state sums to state sets.
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Without loss of generality we may assume that W is a simple cobordism. (By Definition 3.4.1
this means that W = W (k) for some k € N.) Indeed, the state sum Zy for an arbitrary
cobordism W can then be calculated from the state sums Zyy ;) of the simple cobordisms
W(k), k € N, as shown in [4, Theorem 7.22, page 55].

The computation of state sets becomes accessible through Lemma 3.4.11 which implies that
Lw (fur, fv¢) = {L € Ny IF € F(W; far, f) : S(F) = ¢ ® A*'}
for all ¢ € OPy,4 ng, where for the simple cobordism W we have by Definition 3.4.10

FP(W; far, ) == {F: W — C fold map; 3e,¢" € (0,ew): Fliggxm = fur, Flp—o 1jxn = fn}-

For the study of state sets in the future one can always assume that W is connected. (In fact,
if W is simple but not connected, say W = W7 U --- U W, with W; connected for all i and
equipped with cylinder scale ey, then

Lw (fu, fnse) ={li+ -+ 1e; li € Lw,(far, s 9a) -

Here we have defined M; := MNOW;, fu, = fuljo1)xa, and N = NNOW;, fn, = fnljoaxnw; s
and the open Brauer morphism ¢;: [m;] — [n;] denotes the obvious restriction of ¢, where m;
and n; denote the number of components of S(fas,) and S(fn,), respectively. If ¢; does not
exist for some i, then we set Ly, (far,, ;i) =0.)

The determination of these sets requires more input from the singularity theory of fold maps,
and motivates the material presented in Part II, where the state sum for any two-dimensional
cobordism is entirely computed in Chapter 5, and some general consequences of the results of

Chapter 6 for the state sum of higher-dimensional cobordisms are discussed in Section 6.3.

3.1.7 The Aggregate Invariant

An important application of the theory presented so far is the one on the exotic spheres of
dimension n > 5. Such a sphere is a smooth manifold ™ that is homeomorphic but not

diffeomorphic to the standard sphere S™.

Suppose M is a closed smooth n-dimensional manifold being homeomorphic to S™. For a map
f: M —Rlet f:[0,1] x M — C denote the suspension (z,t) — (f(z),t). The suspension of

Morse functions M with precisely two critical points are of great interest:

Co(M) :={fp;:[0,1] x M — R; fay : M — R is a Morse function

with precisely two critical points} C F(M).

Let Cob(S™, M) denote the set of all cobordisms W C RP from S™ to M.

Definition 3.1.12. The aggregate invariant from [5, Definition 6.11, p. 38] is in our situation

AM) == ) S Zw(fs,fu) €QH22)= B  Bllq].

Far€Ca(M) WECob(S™,M) y€Y (OP2,2)

Corollary 10.4 in [4, p. 85] implies that the invariant 2 detects exotic differentiable structures
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on n-spheres:

Theorem 3.1.13. Suppose that X" is an exotic n-sphere. Then, A(X™) # A(S™) holds in the

semiring Q.

An exotic n-sphere can hence be distinguished from the standard n-sphere. In proving this
statement results by Saeki [47] are used. On the other hand, it is worth noticing that the gluing

theorem for the state sum provides in principle a certain predictability of this invariant.

The further study of the aggregate invariant motivates the material of Part III, which is also of
independent interest. The results obtained there have in turn consequences for the computation
of the aggregate invariant. In fact, we will return to the aggregate invariant in Section 10.5, where
it is shown in Proposition 10.1.5 that the informational content of the aggregate invariant can be
encoded in a natural way in a map of the form ©, — N. Furthermore, by Corollary 10.5.1, this
map takes the value 1 on all non-trivial elements of the subgroup bFP,+; C ©,. In particular,
it follows from bFPs = ©7 that the aggregate invariant cannot distinguish between individual

exotic 7-spheres.
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3.2 The Brauer Category and its Linear Representations

We assume familiarity with the basic properties of the Brauer category and its linear represen-
tations as reviewed in Section 3.1.3. For more details, in particular on its representations, we
refer to [4, Section 2, p. 7 ff].

Let V' be a finite dimensional real vector space of dimension d and let (i,e) be a duality
structure on V' (see [4, Definition 2.5, p. 9]). By [4, Theorem 2.18], there exists a uniquely

determined symmetric strict monoidal functor
Y : Br — Vect,

such that Y ([1]) = V and duality is preserved, that is, Y (i1) =4 and Y (e;) = e. Since Y is
required to be symmetric, we also have Y (b11) = b, where b: V@V — V ® V is the braiding
automorphism induced by v®@w — w®v. (Note that ® always denotes the Schauenburg tensor

product, which turns Vect into a strict monoidal category.)

Recall that Y is called faithful on loops, if any two Brauer morphisms ¢, € Homgp,([m], [n])
with Y(¢) = Y (¢)) contain the same number of loops.

Remark 3.2.1. Assume d > 2. If ¢: [m] — [n] and ¢: [m/] — [n/] are morphisms in Br such
that Y (¢) = Y (¢), then we have m = m’ and n = n/. (In fact, these equalities follow from
Vem — y@m’ and Ve = Ve for dimV =d > 2.) Thus, Y is faithful on loops if and only
if any two morphisms ¢ and ¢ in Br with Y (¢) = Y (¢) contain the same number of loops.
(This is the original definition given in [4, Proposition 2.21].)

Y is called a faithful functor, if any two morphisms ¢, € Homp,([m], [n]) with Y (¢) =Y ()
are equal, ¢ = 1. The main result of this chapter states that Y is a faithful functor for d > 2
(and for any duality structure (i,e)). This is the content of Theorem 3.2.6. In particular, Y
is injective on the set OP,,, of loop-free (or “open”) Brauer morphisms [m]| — [n] for d > 2.

Hence, throughout the present section, we will assume that d > 2.

We fix a basis v1,...,v4 of V. For every positive integer r, we equip V& with the lexi-
cographically ordered basis {v;; ® -+ ® v;,; 41,...,4r € {1,...,d}}. With respect to these
bases, the matrix representation of a tensor product of linear maps is the Kronecker product
of the matrix representations of these maps. More precisely, if a,a’,b, b’ are positive integers
and A: V® — V® and B: VO — V&Y are linear maps, then the matrix representation of
A® B: v®@td) _, ye(a+h) g given by the Kronecker product of the matrix representations of
A and B.
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Let us first study the behaviour of Y on isomorphisms in Br. Note that if ¢: [m] — [n] is an

isomorphism in Br, then m = n. Moreover, for every m € N there is an obvious correspondence

between isomorphisms [m] — [m]| and permutations of the set {1,...,m}. If ¢: [m] — [m] is
an isomorphism in Br, then the corresponding permutation of {1,...,m} will also be denoted
by ¢.

Lemma 3.2.2. If v: [m] — [m] is an isomorphism in Br, then
Y() (w1 @ @wm) = w,-1(1) @ - @ W,—1(my  for all wy,..., wy € V.

In particular, Y (1) permutes the basis elements of V™. Thus, the matriz representation of

the linear isomorphism Y (1): V™ — V™ s a permutation matriz.

Proof. The permutation of {1,...,m} which is associated with ¢ can be written as the compo-
sition of adjacent transpositions. Hence, the isomorphism ¢ can be written as the composition

of isomorphisms |[m] — [m] of the form
Oy =1 @ @1 @b 1 @1 ®- - @1y, wed{l,...,m—1},

where by 1: [2] — [2] is the u-th factor in §,. Note that d,, corresponds to the permutation of
{1,...,m} given by d,(u) = u+1, d,(u+1) =w and 6,(j) = j forall j € {1,...,m}\{u,u+1}.

It suffices to show the following statements:

(i) The claim holds for the isomorphisms d,: [m| — [m], v € {1,...,m —1}.
(ii) If the claim holds for two isomorphisms «,3: [m| — [m], then it also holds for their

composition foa: [m] — [m].

(i). Let wy,...,wy € V. It follows from Y (b; 1) = b that

Y0 ) w1 @ Quwp)=1ly® - @ly@bly®@ - @ 1y)(w @+ ® wpy)
=W R @ Wy—1 R bWy @ Wyt1) @ Wyt2 @ -+ ® Wy
=W Q- QUWy—1 Q@ Wyt1 @ Wy @ Wy42 Q@+ Q Wiy

= Wa 1) @ O Wa -
(ii). Let wi,...,wn € V. Setting w; := wq-1(; for all i € {1,...,m}, we obtain

V(80 0)(w @+ @ wy) = Y(B)Y (@)1 - D)
=Y(B)(Wa-11) ® -+ @ Wam1(m))
=Y () (i @ @wjy) = w1y @ -+ @ Whor gy
— wa_l(ﬁ_l(l)) ® - ® wa_l(ﬁ_l(m))
= W(Boa)-1(1) @ *** @ W(Boa)~1(m)-
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An immediate consequence of Lemma 3.2.2 is that Y is faithful on isomorphisms in Br for
d>2:

Corollary 3.2.3. Assume d > 2. If 11,12: [m] = [m] are two isomorphisms in Br such that
Y(t1) =Y (12), then 11 =1o.

Proof. Let us assume that ¢ # 2. Then, there exists ¢ € {1,...,m} such that ¢(t) #
1p(t). Set v =@ RV VOV Q- @v € VO™ where vy is the i-th factor in
v'. (The existence of vy is ensured by the assumption d > 2.) Note that if ¢: [m] — [m)]
is an isomorphism, then we have Y (¢)(v") = v*¥) by Lemma 3.2.2. (In fact, if w; := vy and
wj = vy for j # i, then w,—1(y = v2 for k = 1(i) and w,-1¢4) = v1 for k # «(i). Hence,
V()W) =Y () (w1 ®@ - @ W) = w-1(1) @« @ Wy—1(y) = v by Lemma 3.2.2.) Therefore,
we obtain v1®) = Y (11)(v?) = Y(12)(v?) = v*2® in V™ This is a contradiction to the linear

independence of v"'®) and v2® for 1;(t) # 1a(t). Hence, 11 = 1o. O

The idea of the proof of the following result is taken from [42, Proposition 5.8, p. 70].

Proposition 3.2.4. Assume d > 2. If Y is faithful on loops, then Y is a faithful functor.

Proof. Let ¢,1 € Homgp,([m],[n]) be two morphisms in Br such that Y(¢) = Y (¢p). We
have to show that ¢ = 1. The main idea is to compare the morphisms ¢ and ¥ by pre- and
post-composing them with suitable Brauer morphisms. Exploiting the facts that Y is faithful
on loops by assumption and faithful on isomorphisms by Corollary 3.2.3, we will be able to

compare these compositions after the application of the strict monoidal functor Y .

As Y is faithful on loops, we may assume that ¢ and v are loop-free. (In fact, it follows
from Y (¢) = Y () that ¢ and ¢ have the same number of loops. As Y (\) = d, we obtain
Y (¢0) = Y (¢bo), where ¢¢ and 1)y are the loop-free parts of ¢ and 1. Hence, by what we will

show, ¢g = 1g. Since ¢ and v have the same number of loops, we also have ¢ = 1).)

We represent ¢ and ¢ by compact smoothly embedded 1-manifolds W (), W(z) C [0,1] x R3.
Note that all components of W (¢) and W () are intervals with endpoints in {0,1} x R3,
because ¢ and 1 are loop-free by assumption. It suffices to show that for every component C'
of W(¢) there exists a component C’ of W () such that C and C” have the same endpoints
in {0,1} x R3, that is, CN({0,1} xR3) = "N ({0,1} x R3). Let C be a component of W (¢).

We distinguish the following cases, where case (III) occupies the rest of the proof:

Case (I): Both endpoints of C' are in 0 x M[m] x 0 x 0 (C 0 x R3), say C N (0 x R3) =
{(0,a,0,0),(0,b,0,0)}. Let C’" denote the unique component of W (%) such that (0,a,0,0) €
C’. We construct a Brauer morphism ¢ € Homgp,([m — 2],[m]) by connecting the points of
0x M[m—2]x0x0 and 1 x M[m] x 0 x 0 by smooth arcs in [0,1] x R? in the following
manner. Connect (1,a,0,0) and (1,b,0,0) by an arc. Fix any bijection w: {1,...,m —2} —
{1,...,m} \ {a,b}. For all i € {1,...,m — 2} we connect (0,7,0,0) and (1,w(i),0,0) by an
arc. Assume that (0,b,0,0) ¢ C’. Then, by construction, ¢o¢ contains one loop, whereas 1o ¢
is obviously loop-free. However, we obtain Y(¢po&) =Y (¢) oY () =Y (¢) oY (&) =Y (¢ 0 &),
which is a contradiction to the assumption that Y is faithful on loops. Hence, (0,b,0,0) € C’
and C'N({0,1} x R3) =C"N ({0,1} x R3).

Case (II): Both endpoints of C' arein 1x M[n]x0x0 (C 1xR3). Analogous to case (I), one can
show that there exists a component C” of W (1) such that C'N({0,1} xR3) = C'N({0,1} xR3).
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Case (III): One endpoint of C isin 0 x M[m] x 0 x 0 and the other is in 1 x M[n] x 0 x 0,
say CN(0xR3) ={(0,a,0,0)} and C' N (1 x R3) = {(1,,0,0)}.

Let p be the number of components of W (¢) whose endpoints are both in 0 x R3. We construct
a Brauer morphism o € Homp,([m — 2p|, [m]) by connecting the points of 0 x M[m—2p] x0x0
and 1x M[m]x0x0 by smooth arcs in [0,1] xR? in the following manner. For every component
Co of W(¢) whose endpoints are both in 0 x R?, say Cp N (0 x R3) = {(0,¢,0,0), (0,d,0,0)},
we connect (1,¢,0,0) and (1,d,0,0) by an arc. Let X, C {1,...,m} = M[m] denote the set of
the remaining m — 2p points which have not been realized in 1 x M[m| x 0 x 0 as the endpoint
of an arc. Fix any bijection w,: {1,...,m —2p} = M[m — 2p] — X,. For all i € M[m — 2p],
we connect (0,7,0,0) and (1,w,(7),0,0) by an arc.

Analogously, let ¢ be the number of components of W (¢) whose endpoints are both in 1 x R3.
We construct a Brauer morphism 7 € Homp,([n],[n — 2¢]) by connecting the points of 0 x
M[n] x0x 0 and 1 x M[n —2g] x 0 x 0 by smooth arcs in [0,1] x R? in the following manner.
For every component Cy of W (¢) whose endpoints are both in 1 x R?, say Co N (1 x R?) =
{(1,¢,0,0),(1,d,0,0)}, we connect (0,¢,0,0) and (0,d,0,0) by an arc. Let X, C {1,...,n} =
M n] denote the set of the remaining n—2¢ points which have not been realized in 0x M[n]x0x0
as the endpoint of an arc. Fix any bijection w,: {1,...,n —2¢} = M[n — 2q] — X,. For all
j € Mn —2q], we connect (0,w-(j),0,0) and (1,7,0,0) by an arc.

By construction, the Brauer morphism 7 o0 ¢oo: [m — 2p] — [n — 2¢] can be written as the

tensor product of a Brauer isomorphism t4: [m — 2p] = [n — 2¢| and (p+ ¢q) loops:

Togoo=NT1®.,. (3.1)

Choose i € M[m — 2p| and j € M[n — 2q| such that wy(i) = a and w;(j) = b. We represent
Ly by a compact smoothly embedded 1-manifold W (r,) C [0,1] x R®. By construction, there
exists a component of W(t,) which connects the points (0,¢,0,0) and (1,4,0,0).

Given ¢,d € M[m], there exists a component Cy of W (¢) whose endpoints are (0,¢,0,0) and
(0,d,0,0) if and only if there exists a component C{, of W () which has these endpoints.
(Indeed, this follows from case (I) and the symmetric result which is obtained by interchanging
the roles of ¢ and v in case (I).) Analogously, by case (II) and its symmetric counterpart,
given ¢,d € M|n], there exists a component Cy of W(¢) whose endpoints are (1,¢,0,0) and
(1,d,0,0) if and only if there exists a component C{, of W () which has these endpoints.
Hence, by construction, the Brauer morphism 7o oo: [m —2p] — [n —2¢| can also be written

as the tensor product of a Brauer isomorphism ¢y: [m — 2p] — [n — 2¢] and (p + ¢) loops:

Tooo=NT1®.y,. (32)

Let C’ denote the unique component of W () such that (0,a,0,0) € C’. Then, the other
endpoint of €’ isin 1x M[n]x0x0, say C'N(1xR3) = {(1,¥',0,0)}. (Otherwise, both endpoints
would lie in 0x M[m]x0x0. Therefore, there would exist a component of W(¢) with the same
endpoints. However, this contradicts the existence of C'.) Choose j' € M[n — 2¢g| such that
w-(j') = b'. We represent ¢, by a compact smoothly embedded 1-manifold W () C [0, 1] xR3.
Then, there exists a component of W(¢y) which connects the points (0,4,0,0) and (1,5",0,0).

Application of the monoidal functor Y to equations (3.1) and (3.2) yields dP*7Y (14) = Y (7 0
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poo)=Y(royoo) = dPT?Y (). Using Corollary 3.2.3, it follows from the assumption
d > 2 and Y(ts) = Y(ty) that vy = t. Therefore, W(iy) and W(ry) represent the same
Brauer isomorphism. In particular, (0,4,0,0) is connected with (1,7,0,0) = (1,5’,0,0). Hence,
j =7 and b= w,(j) = w,(4') = V. This shows that (1,b,0,0) € C’ and CN ({0,1} x R3) =
' N ({0,1} x R?). O

The next crucial step is to compute the preimage under Y of scalar square matrices for d > 2:

Proposition 3.2.5. Assume d > 2. If ¢ € Homgy([m],[m]) satisfies Y(¢) = p- lyem for
some p € R, then there exists | € N such that = d' and ¢ = &' ® Lim) -

Proof. The usual normal form of ¢ is given by ¢ = A®' ® (8o ¢ o a), where | € N, «
and B are isomorphisms [m] — [m], and ¢o = 1}, ® e?q ® i?q for some ¢ € N with
2¢ <m. As Y(A\) =Y(egoi1) = eoi = Tr(i,e) = dimV = d by [4, Proposition 2.9], we
obtain Y (¢) = d' - (Y(B) oY (¢o) o Y()). Setting v := "L oa~!: [m] — [m], the assumption
Y(¢) = p- lyem reads

i

B Y () = Yo (33)

Let us assume that ¢ > 0. Then, the matrix representation of Y (¢) = 1y am-29 ® €4 ® i®?
contains at least one column with at least two nonzero entries. (In fact, since (i,e) is a duality
structure on V', the symmetric (d x d)-matrix Mat(e) = (e(v; ® vg));, is invertible by [4,
Proposition 2.6], and its inverse is given by Mat(i) = (ijx);jx, where i(1) = 37, ijkv; @ v
Thus, it follows from d > 2 that the (d x d)-matrix Mat(e) contains at least two nonzero
entries. Hence, the (1 x d?)-matrix corresponding to the linear map Y(e;) =e: V@V — R
(in the usual basis of V ® V = V®2) also contains at least two nonzero entries. Furthermore,
the matrix representation of e®?, which is the (1 x d??)-matrix given by the g¢-th Kronecker
power of the matrix representation of e, also contains at least two nonzero entries, since ¢ >
0. Analogously, the (d?? x 1)-matrix representing i®¢ contains at least two nonzero entries.
Therefore, the Kronecker product e®? ® i®9 contains at least one column with at least two
nonzero entries. Hence, the same is true for the matrix representation of 1y, g(m-2) ®€®1®7%9.)
On the other hand, it follows from Lemma 3.2.2 that Y () is represented by a permutation
matrix, because «y: [m] — [m] is an isomorphism. In particular, every column of Y(v) has
exactly one nonzero entry, which yields a contradiction in equation (3.3). Consequently, ¢ = 0.
This implies ¢o = 1f,) and Y (¢o) = lyem . Thus, it follows from equation (3.3) that p = d' and
Y(v) = lyem = Y (1},) - Because of the assumption d > 2, we can apply Corollary 3.2.3 to the
Brauer isomorphisms 7, 1, : [m] — [m] to obtain v = 1j,,;. Allin all, ¢ = Nl @ (Bopgoa) =
/\®l®(ﬁol[m]oa):)\®l®(/80fyoa):)\®l®l[m]. O
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As a sharpening of [4, Proposition 2.21], we finally prove the following

Theorem 3.2.6. Assume d > 2. Then, Y: Br — Vect is a faithful functor.

Proof. By Proposition 3.2.4, it suffices to show that Y is faithful on loops. Assume that Y (¢) =
Y () for two given morphisms ¢, € Homp([m/], [n]) in Br. The usual normal form of ¢ is
given by ¢ = A*'® (Bopgoa), where | € N, a: [m] — [m] and B: [n] — [n] are isomorphisms,
and ¢o = 1[n_gp) ®e?p ®i?q for some p,q € N with 2p < m, 2¢ <n and m —2p =n — 2q.
Analogously, we can write 1) = A% @ (B otpgoc), where I € N, o/: [m] — [m] and §': [n] — [n]
are isomorphisms, and g = 1j,_gy ® e?p/ ® i?q, for some p’,¢' € N with 2p' < m, 2¢ <n
and m — 2p’ = n — 2¢’. We have to show that ¢ and 1 have the same number of loops, that
is, I =1". In the following, we will only show [ <[’. Then, | = [’ follows by symmetry.

We will use Proposition 3.2.5 to reduce the assumption Y (¢) = Y (¢)) to equation (3.4), which is
a statement in the Brauer category. Define a :=a~'o (Lpm—2p ® itP) € g Homg,([m — 2p], [m])
and b:= (1p,_gq ® P o B~ € Hompy([n], [n — 2¢]). Then, one calculates

bogoa=(lig@b)o (A& (Bodgoa))o(lg®a)
= \9'® (boBodgoaoa)
= 2@ (Lo ® €77) 0 ¢ 0 (Ljm_op ®i17))
=A@ ((Lpn—2p) ® 110y ® €17) © (Lo ® €7 @77) 0 (Lpn9p) @877 ® 1[g)))
= 2@ (1yn2p) © Lm-—2) © Lim—25)) ® (Lgj 0 €77 0 i5”") @ (e’ 017" 0 1))
= A @ 19y © (€1 001)P @ (€1 001)®*

— >\®l+p+q ® 1[m72p]'
Applying the monoidal functor Y to the previous equation and using Y (¢) = Y (¢), we obtain
Y(bopoa)=Y(bopoa)=d P 1, eum 2.
Since d > 2 and bo ¢ oa € Homp,([m — 2p|, [m — 2p]), it follows from Proposition 3.2.5 that
boypoa= NP g1, o (3.4)

It suffices to show that I’ + p + ¢ is an upper bound for the number of loops contained in the
composition bo oa. (Indeed, then it follows from equation (3.4) that I +p+q <U'+p+q.
Thus, [ <1'.)

Setting ¢ := 7 o opod/ oo, ag = lyy_oy ® P and by := ljn—2g ® e we have

booa=((1_a9 ®ef?) 0p™) oA @ (B othgoa))o(a™ oy gy @i"))
= )‘®l/ ® ((1[n—2q] ® 6(18(]) 0 ¢[/) © (1[m—2p] ® Z(181)))
=\ (bo 0 Wy 0 ap).

It suffices to show that the number of loops in by o ¥ o ag is < p+q.
We choose 1-manifolds Wy C [0,1] xR3, W’ C [1,2] x R? and Wy C [2,3] x R? which represent

(up to translations along the first coordinate) the Brauer morphisms ag, ¢ and by respectively.

Then, by o 1) o ap is represented (after reparametrization of the first coordinate) by the union
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W =W UW UW; C[0,3] x R3.

For a 1-manifold X C [s,#]xR3 which represents some morphism in Br, let X{e} (respectively,
X{i}) be the set of components of X whose endpoints are both contained in s xR? (respectively,
in ¢t x R?). Moreover, denote by X{1} the set of components of X which have one endpoint in
s x R? and the other one in s x R3. Finally, let X{\} be the set of closed components of X .

Note that the number of loops in by o 1) 0 ag is given by the cardinality of W{A}, and we have
to show that this number is < p+¢. By definition of ag and by, [Wo{i}| = p and |Wi{e}| = q.
Hence, it suffices to construct an injective map W{A} — Wy{i} UWi{e}.

Let L € W{A} be a closed component of W. The intersections LN Wy, LNW’' and L NW;
can be written as the disjoint union of components of Wy, W’ and Wj respectively. It follows
from LN (0 xR3) =0, Wo{e} =0 and Wy{\} = 0 that LNW, is a disjoint union of elements
of Wo{i}. Analogously, it follows from LN (3 x R3) = 0, Wi{i} = 0 and Wi{\} = () that
LN W; is a disjoint union of elements of Wi{e}. Moreover, L has nonempty intersection
with Wo U W;. (In fact, 1 is a loop-free Brauer morphism, being the composition of the
loop-free Brauer morphism 1y and Brauer isomorphisms. Therefore, W’ does not contain
any closed components: W{A} = (). Hence, L cannot be entirely contained in W’. Thus,
LNWyUW; #0.) Hence, we can pick an element of Wy{i} UW;{e} which is contained in L.
This defines a map W{\} — Wy{i} UWi{e}. By construction, this map is injective. (Indeed,
assume that L,L' € W{A} are mapped to the same element C € Wy{i} U Wi{e}. Then,
0#ACcLNL implies L=1L".) O
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3.3 Background on Fold Maps

In Definition 3.3.1 we recall the central notion of a fold map between smooth manifolds with-
out boundary. Fold maps are sometimes called “submersions with folds”, see [17, Definition

I11.4.1(a)).

Proposition 3.3.4 is a local key observation, which is a direct application of [17, Proposition
I1.4.3]. It generalizes the case ¢ = 1 which is considered in [17, Proposition I11.6.4]. Proposi-
tion 3.3.4 is used to prove one direction of Proposition 3.3.5, which is a characterization of fold
maps by a local normal form. Moreover, it can be used to prove Lemma 3.3.6, which shows that
the local normal form of a fold map into the plane can be locally perturbed in such a way that its
fold locus remains unchanged, whereas its image in the plane can be perturbed in a controllable
way. This turns out to be essential for the construction of fold fields (see Section 3.4.1) and

stable fold maps (see Section 3.4.2) from given fold maps.

3.3.1 Jet Manifolds

In the following, let n > g > 1 be integers and let M™ and Q9 be smooth manifolds without
boundary.

For an integer k > 0, let J*(M,Q) denote the set of k-jets from M to @, see [17, Definition
11.2.1]. Moreover, let j*(f): M — J*(M,Q) denote the k-jet extension of a smooth map
f: M — Q. By [17, Theorem 11.2.7(1)], J¥(M,Q) is a smooth manifold whose dimension
can be expressed in terms of n, ¢ and k. By [17, Theorem I1.2.7(4)], the k-jet extension
F¥(f): M — J*(M,Q) of f is a smooth map.

Let us describe J!(M, Q) more explicitly. As a set, J'(M, Q) is the space of all triples (z,y, A),
where x € M, y € Q and A: T, M — T,Q is R-linear. Moreover, the 1-jet extension of a
smooth map f: M — @ is given by

M= THM,Q),  5H(f) (@) = (2, f(z),df (x)).

The smooth structure on J'(M, Q) is explicitly defined as follows. If U is an open subset of
R™ and V is an open subset of R?, then

JYU, V) =U x V x Hom(R",R?),

~Y

where Hom(R" R?) = R?*"™ = R?" is the real vector space of real ¢ x n-matrices. Thus,
JY(U,V) can be considered as an open subset of J!'(R",RY) = R" x RY x R" = Rr+atna  [f
a:U" — U isachart on M and 8:V’ — V is a chart on @, then the bijection

Tap: JHU V) = JHUV),  Tap(a,y, A) = (a(x), B(y), dB(y) o Ao (da(z)) ™),

is required to be a chart on J'(M,Q). (In particular, the subset JYX(U', V') C JY(M,Q) is
required to be open in J'(M,Q).) This yields a well-defined smooth structure on J(M, Q).

For an integer 0 < r < ¢, let S,.(M,Q) denote the set of points (z,y, A) in J*(M,Q), such
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that A drops rank by r:
Sy(M, Q) := {(x,y,A) e JYM,Q); corank A = r}.

By [17, Theorem I1.5.4], S,.(M, Q) is a submanifold of J!(M, Q) with codim S,.(M,Q) = r(n —
g+ r). (Note that ¢ := min{n,q}.) For instance, if U is an open subset of R” and V is an
open subset of R?, then

S (U,V)=U xV x L"(R",RY),

where L"(R",R?) := {A € Hom(R",R?); corank A = r} is a submanifold of Hom(R",R?) of
codimension r(n — g+ r) by [17, Proposition I1.5.3].

For a smooth map f: M — @ and an integer 0 < r < ¢, the set of points x € M such that
df (z) drops rank by r is given by S.(f) := j'(f)"'(S.(M,Q)) C M. In particular, So(f) is
the set of nonsingular points of f and S(f) :=U!_,S,(f) is the set of singular points of f.

3.3.2 Definition of Fold Maps

Definition 3.3.1. A smooth map f: M — Q is called a fold map, if

(fm1) j'(f) hS1(M,Q).
(fm2) S(f) =51(f).
(fm3) Si(f) C M is a submanifold of dimension ¢ — 1, and

T:51(f) +ker Dy f =T, M for all x € S1(f).

Remark 3.3.2. Let f: M — Q be a smooth map.

(i) If f satisfies (fml), then Si(f) = j'(f)"1(S1(M,Q)) C M is a submanifold of codi-
mension n — g+ 1 by [17, Theorem I1.4.4]. Therefore, if (fm1) holds, then the first part
of (fm3) is automatically satisfied.

(ii) f satisfies (fm2) if and only if j1(f)(M) C So(M,Q) U S1(M,Q). This means that for
all singular points of f the differential drops rank by 1, i.e. D,f has rank ¢ — 1 for all
zeS(f).

(731) Suppose that Si(f) C M is a submanifold of dimension ¢—1. In particular, dim 7,.S;(f) =
q—1 for all x € Si(f). Moreover, for all x € S1(f), we have corank D, f = 1, and thus

dimker D, f =n —dimim D, f =n — (¢ — corank D, f) =n — ¢+ 1.

Thus, dim 7,51 (f)+dimker D, f =n = dim T, M for all z € S1(f). Hence, if S1(f) C M
is a submanifold of dimension ¢ — 1, then the following statements are equivalent:

o f satisfies (fm3).

o T.51(f)Nker D, f =0 for all z € S1(f).

e The restriction flg (r): S1(f) — @ is an immersion.

In particular, if f satisfies (fm3), then the sum in (fm3) is a direct sum.

Remark 3.3.3. It follows from Definition 3.3.1 that the restriction of a fold map to open
subsets is again a fold map. (In particular, condition (fml) is a local condition, which can
be seen as follows. If f: M — @ restricts to a map fo: U — V between open subsets, then
JYU,V) is an open subset of J'(M,Q) and S (U, V) = S1(M,Q)NJY (U, V). On top of that,
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JHf): M — JYM,Q) restricts to j'(fo): U — JY(U,V). Thus, one can conclude that for
every point p € U, j(fo) is transversal to S1(U,V) at p in JY(U,V) if and only if j'(f) is
transversal to S1(M,Q) at p in JY(M,Q).)

Furthermore, pre-composition and post-composition of a fold map with diffeomorphisms are

again fold maps.

3.3.3 Determination of Fold Maps

Let n > ¢ > 1 be integers. Assume that f: X — R is a smooth function which is defined
on an open subset X C RI7! x R*9tl = R™. In the following, we will use the notation
p=(t,r) € R® = RI~!1 x R" 4% for points p € R". Given a point (t,z) € X, let f; denote
the restriction of f to the nonempty open subset X; := {2’ € R"~9+L; (t,2') € X} Cc R»9+1,
The following lemma presents a criterion for the map F: X — R?, F(t,z) = (¢, fi(z)), to be a
fold map. Concerning notation, the Jacobians of f with respect to the first and second factor
of R® = R4~ x R"~9+! will be denoted by

D'f: X = R*WV =R DLf = (84, f(p) -+ 0yr f (),
D*f: X —» R0t — R DEF = (03, f(p) -+ Ongya [ (D))-

Proposition 3.3.4. If X C R ! x R" 9t is an open subset and f: X — R is a smooth

function, then for the smooth map
F: X =R p=(ta)w F(tz) = (t f(p),

the following statements hold:

(a) The singular set of F is given by S(F) = S1(F) = (D*f)~Y(0). Hence, F satisfies (fm2).
(b) For all po € Si1(F') the following statements are equivalent:
(i) FL1(F) is transversal to S1(X,R%) C JL(X,RY) at pp.
(ii) D*f : X — R>X(=at1) = Rr=a+1 45 o submersion at py .
In other words, {p € S1(F); j*(F) th S1(X,RY) at p} = S1(F) N Se(D*f).
In particular, F satisfies (fml) if and only if S1(F) C So(D*f).
(c) The map F is a fold map if and only if 0 € R" 9L s a regular value of D*f and the
restriction F|g: S — R? to the (¢—1) -dimensional submanifold S := S(F) = (D*f)~1(0) C
X is an immersion.

(d) The map F is a fold map if and only if the Hessian H,(f;) is non-degenerate for every
point p € (D*f)~1(0).

Proof. (a). The Jacobian of F' at a point p = (t,z) € X C R"® = RI~! x R"~¢*! i5 given by

I, 0
D,F = ( o ) :
D,f Dyf
The rank of the matrix D,F is at least ¢ — 1, since its first ¢ —1 lines are linearly independent

in R". Thus, Si(F') = S(F). Moreover, the last line of the matrix D,F' is a linear combination
of the first ¢ —1 lines at a point p € X if and only if Dy f = 0. Thus, (D*f)~1(0) = S1(F).
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(b). If Hom(R™,RY) := R?*™ =2 R is the space of ¢ X n-matrices with real coefficients, then
JYX,R?) = X x R? x Hom(R", RY),

and j!(F) is given by
FHE): X = JHXRY),  HF)(p) = (0. F(p), DpF).

Moreover, if L'(R" R?) denotes the submanifold of Hom(R" R?) which consists of all real

q X n-matrices of corank 1,
LY(R™ RY) := {H € Hom(R",RY); corank H = 1} ¢ Hom(R",RY),
then the submanifold S1(X,RY) C J1(X,RY) is given by
S1(X,RY) = X xR?x LYR™,RY) < JYX,R9).

Let po € Si(F). In order to show the equivalence (i) < (i7), we will apply [17, Lemma
.43, p. 52 to X, Y = JYX,RY), W := S1(X,R%) and the map j'(F): X — Y.
(Note that j'(F)(pg) € W, because py € S1(F) = jY(F)"1(S1(X,R%)) = jY(F)"{(W).)
For this purpose, one defines an open neighbourhood U of j'(F)(po) in Y and a submer-
sion ¢ : U — R" 9! such that W NU = ¢ !(0) as follows. The open subset U’ :=
{H € Hom(R",RY); det(H;j)1<ij<q—1 # 0} of Hom(R" ,RY) gives rise to the open subset U :=
X xRIx U of Y = JY(X,R9). Note that U contains the image of j'(F) because the left
upper (¢ — 1) x (¢ — 1)-matrix of D,F is the unit matrix I, for all p € X . In particular,
Y (F)(po) € U. Next, define the submersion

A B
¢: U — RIX(=atl) —gr=atl (pv Y, (c D>> =D-cA”5,

where the block matrix consists of A € GL,_1(R), B € R-Dx(n=atl) = & ¢ RI*@=1) and
D e R*(n—at1) (Note that ¢ is indeed a submersion because for fixed values of p, y, A, B

and C, it restricts to the diffeomorphism

RIX(n—g+1) _ ]R1><(”—q‘*‘1)7 Dw— D — CA_IB,

where R (=¢+1) ig considered as a submanifold of U via D (p,y, (é i)) )

By [17, Lemma I1.5.2] and since {H € U’; rank H = q — 1} = U’ N L'(R",RY), we have
p10)=XxRIx {HeU;rankH=q—1} =UNS(X,R)=UNW.

By [17, Lemma I11.4.3], j'(F) is transversal to W at pg (which is statement (7)) if and only if

X — RXmat) —prmatl -y 6 (7H(F)(p) = Dif,

is a submersion at py (which is statement (i7)). (Note that this map is well-defined, because

the image of j!(F) is contained in U.) This shows the equivalence of statements (i) and (i) .
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Equivalently,

{p € Si(F); 51 (F) M S1(X,RY) at p} = S1(F) N So(D” ).
Finally, F satisfies (fml) if and only if j'(F) is transversal to S;(X,R?) at all points in
FHEF)TY(S1(X,RY)) = S1(F). By the above result, this is equivalent to Sy (F) = S1(F) N
So(D* f), which is furthermore equivalent to S1(F') C So(D*f).
(¢). Note that F is a fold map if and only if F' satisfies (fml) and (fm3) because (fm2)
is automatically satisfied by part (a). By part (b), F satisfies (fml) if and only if S;(F) C
So(D®f). The latter statement holds if and only if 0 € R"79t! is a regular value of D*f,
because (D®f)~1(0) = Si(F) by part (a). If these equivalent conditions are satisfied, then
S := (D*f)~10) = S1(F) is a (¢ — 1)-dimensional submanifold of X . By Remark 3.3.2 (i)
one can conclude that F' satisfies (fm3) if and only if the restriction Fl|g : S — R? is an
immersion.

(d). We make use of part (c).

First, note that 0 € R"~9*! is a regular value of D*f: X — R™9%! if and only if the Jacobian
of D*f, which is given at p € X by

atlaﬂflf(p) s a75(1—18961 f(p)
Dp(D*f) = : : Hy(f2) |
6151(91'r7,7q+1 f(p) tee 8tq718xn7q+1f(p)
has maximal rank n—q+1 for all p € (D*f)~1(0). In this case, S := (D*f)~(0) isa (¢—1)-

dimensional submanifold of X , and the tangent space of S at some point p € S is given by the
(¢ — 1)-dimensional vector subspace T),S = ker D,(D*f) C R™.

Moreover, note that ker D,F' = 0 x R"~4*! holds for all points p € (D*f)~1(0) because the
Jacobian of F at p € (D*f)~1(0) is given by

I, O
D,F = ( o ) .
Dyf 0
Therefore, if 0 € R*79F! is a regular value of D*f, then D,F is injective on T,S for a given
point p € § if and only if
0= T,S Nker D,F = ker D,(D"f) N (0 x R"~7H1).

Equivalently, H,(f;) is non-degenerate, where p = (¢t,x) € S. (In fact, for all v € R(r—a+1)x1

0
we have <
v

if and only if 0 # ker D,,(D* f) N (0 x R*4+1)))

) € ker D,(D” f) if and only if H,(f;)v = 0. This implies that H,(f:) is degenerate

All in all, if 0 € R" 9! is a regular value of D*f and F|g is an immersion, then H,(f;)
is non-degenerate for all p = (t,z) € S. Conversely, if H;(f;) is non-degenerate for all p =
(t,x) € S, then 0 € R" 9" is a regular value of D*F (since D,(D*F) has maximal rank for
all pe S = (D*f)~1(0)), and D,F is injective on T,,S for all p € S. O
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3.3.4 Local Normal Form of Fold Maps
For every integer 0 < i <n — q+ 1, define the quadratic form
A R LR Ai(x) = — (l’% +..+ 1‘3) + 1‘?+1 +..+ aji_qﬂ.

Proposition 3.3.5. A smooth map f: M™ — Q1 is a fold map if and only if for every p € S(f)
there exist local coordinates (t,z) € R" = RI~1 x R"™9T1 centered at p and (y1,...,y,) centered
at f(p), such that, for a suitable integer 0 <i <mn—q-+1, f takes the form

(t,z) — (t, Xi(x)).

Proof. If f: M™ — Q7 is a fold map, then f has the required normal form by [17, Theorem
I11.4.5]. Conversely, suppose that f has the local normal form described above around all of its

singular points. By Remark 3.3.3, it suffices to show that every map of the form
g: X - RY, p=(t,x) — (t, \i(z)),

where X C R® = R?! x R" 9! is an open neighbourhood of 0, is a fold map. For this
purpose, we apply Proposition 3.3.4(c), using the function

h: X - R, p=(t,x) — \i(z).
The Jacobian map D%h: X — RI*(n—a+1) — Rn—a+1 ig given at p € X by
Dih = (ile . i2xn_q+1) :
Note that D®h is a submersion, since for all p € X we have
D,(D*h) = (o diag(£2, ..., i2)) .
In particular, 0 € R* 9t is a regular value of D*h, and
S =D hH(0) = X N (R x {w € R 2y = . = 422, 411 = 0}) = X N (RI™! x 0)

is a (¢ — 1)-dimensional submanifold of X . Finally, the restriction g|S: S — R? is of the form
p=(t,0) — (£, X:(0)) = (¢,0) and hence an immersion. O
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3.3.5 Perturbation of Fold Lines

From now on, we specialize to n > ¢ =2 and Q = R?.

For any integer 0 < ¢ < n — 1, the local normal form for fold maps into the plane,
A RP=R xR 5 R?  Ai(t,z) = (t, M),

is a fold map with fold line S(A;) = R x 0 by Proposition 3.3.5.

Given two smooth functions «, 8: R — R with compact support, define
A:R"=R xR =R At,z) = (0,a)8(]|z]*)).
Obviously, the perturbation A; of A, by A,
A=A+ ARXRYY SR Ag(t,z) = (8 Ni(@) + a(t)B([|z])),

agrees with A; outside of a compact subset of R".

The following Lemma 3.3.6 shows that, for suitable choices of o and [, the perturbed map

A; is still a fold map with the same fold locus as A;, S(A;) = S(A;) = R x 0. Note that
the absolute index max {i,n —1 — i} of the (connected) fold line S(A;) is conserved under the
perturbation, since the absolute index is constant along components of the fold locus, and the
modification is performed on a compact set. However, the image of the fold locus S(A;) = R x0

in the plane is perturbed. In fact, the perturbation is determined by « and 3(0):

(Ai)(t,0) = (¢, a(t)B(0)), teR.

Note that this is just the graph of ¢ +— «(¢)5(0).

Lemma 3.3.6. If |a(t)f'(r)| < 1 for all (t,r) € R?, then A; + A is a fold map with one fold
line S(Ai + A) =S(A;) (=Rx0).

Proof. We apply Proposition 3.3.4 to X :=R", g:=A; + A and
h: X =RxR"' SR, (t2) = X))+ a@®)8(|z]?).
The Jacobian D*h: X — R (=1 =R~ at p = (t,2) € X =R x R*! is given by
Dh = (201 (x1+a@F(le]*) - 2ep1 (1 +a)B (J2]%) -
Since |a(t)B'(r)] < 1 for all (t,7) € R? by assumption, one can conclude that
S:=S8(A+A)=D"R"1(0)=Rx0CRxR"
The Jacobian D(D*h): X — RM=DX" at p = (t,2) € X =R x R*! is given by
210/ (05 (o)

Dy(D*h) = : co 2e(EL+ a(®)F (|2]?) + dagara(t) 8 ()

2010 (t) 8 (]|) :
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For points p = (¢,0) € S =R x 0 this reduces to

0 2(£1+ a(ty)s'(0)) 0
Dp(th) = 1: .
0 0 2(£1 4 alty)8(0))

Since |a(t)B'(r)| < 1 for all (t,r) € R? by assumption, one can conclude that the matrix
D,(D*h) has maximal rank n — 1 for all points p € S. This shows in particular that 0 € R~}
is a regular value of D*h. Furthermore, the restriction of ¢ = A; + A to the 1-dimensional
submanifold S =R x 0 of X =R x R""! is given by

Q‘S: S — X, (t’ 0) = (Al + A)(t,O) = (t’a(t)ﬁ(o))7

which is obviously an immersion. O

Proposition 3.3.7. Let F: U — V be a fold map, where U is an n-dimensional smooth
manifold without boundary and V is an open subset of R%. Let py € S(F) be such that
F(po) # F(p) for all p € S(F)\ {po}. Then there exists a fold map F: U — V with the

following properties:

(1) There exists a compact subset K C U such that ﬁ\U\K = Fling -
(2) S(F) = S(F).
(3) F(po) ¢ F(S(F)).

Proof. By Proposition 3.3.5, there exists a chart ¢: Uy — U; C R™ around pg in U and a chart
¥: Vo — Vi CR? around F(pg) in V, such that ¢(pg) =0 € Uy, F(Up) C Vo and ¥(F(pg)) =
0 € V1, and there exists an integer 0 < i < n — 1, such that for all (¢,z) € Uy CR® = R xR*"!
we have ¥(F(¢~1(t,z))) = Ai(t,x) (= (¢, \i())). In particular, A;(Uy) C V7.

Since 0 € Uy, one can choose § > 0 and p > 0 such that K; := [=§,6] x {z € R*1; [|z]* <
p} C Up. Choose a smooth function f: R — R such that 5(0) =1 and gB(r) =0 for |r| > p.
Choose R > 0 such that |3(r)| < R and |f'(r)] < R for all » € R. Choose d € (0, 1] such that
ly — z|| > d for all y € A;(K;) and all z € R?\ V. (This is possible, since A;(K;) and R?\ V;
are disjoint subsets of the metric space (R2|-||), where A;(K;) is compact and R?\ V; is a
closed subset.) Choose a smooth function a: R — R such that «(0) # 0, «a(t) =0 for |t| >4
and |a(t)] < £ for all t € R,

Since |a(t)B'(r)] < |a(t)|R < d < 1 for all (t,r) € R?, it follows from Lemma 3.3.6 that the
perturbation
A RXRY SR Ai(t,x) = (& () + a()B([1])),

of A; is a fold map such that S(A;) = S(A;). Note that A;(U;) C V4. (In fact, assume that
there exists a point (t,z) € Uy such that A;(t,z) € R2\ Vi. Then it follows from Ay (U \ K;) =
A;(Up \ K1) € Vi that (t,z) € K;. But then, by choice of d, we obtain the contradiction
4 < it 2)— Ralt, 2)]) = 10, a®)8(l2lPDI = a8l I?)] < |a(IR < d.) Thus, & induces
a fold map
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The compact subset K := ¢ 1(K1) C Uy gives rise to the open covering U = Uy U (U \ K).
Since /~\z‘\U1\K1 = Aily,\k, by construction, we have ﬁb]UO\K = F|y,\x - This shows that the
fold maps Fp and Fly\k agree on the intersection Uy N (U \ K) = Up \ K and can thus be

assembled to a fold map

N N Fy(p), for p € Uy,
FiUSV, F(p—{o(p) orpE o

F(p), for p ¢ Uy.

Let us check that F satisfies the claimed properties:
(1). We have U\ K = (U \ Up) U (Up \ K). By definition, Fliny, = Fliny,. Moreover,
Flupx = Folupx = Flug\k - Thus, Fling = Flo\k -

~ ~ ~ 1 ~
(2). As U =UpU (U \K), we have S(F) = S(F|y,) U S(F|p\k) 2 S(Fo) U S(Flink) =
S(Flug) US(Flonk) = S(F).-
(3). We have F(S(F)) = F(S(F)\ K)UF(S(F)NUp). Since pg = ¢~ 1(0) € ¢ (K1) = K
we have F'(pg) # F(p) for all p € S(F)\ K. Thus, F(py) ¢ F(S(F)\ K) W F(S(F)\ K)
Moreover, it follows from «(0) # 0 and $5(0) =1 that

)

(0,0) & {(t,a(t)); t € R} = Ai(R x {0}) = A;(S(Aq)) D Ai(S(Ay) N L),
Thus, it follows from (F(pg)) = (0,0) and A;(U;) C Vi = ¢(Vp) that
F(po) =9 7((0,0)) ¢ ¥ (A:(S(A)) N T1)) = Fo(o~ 1 (S(Ay) N T1)) = F(S(F) N Uy).

All'in all, F(po) ¢ F(S(F)\ K)UF(S(F)NUy) = F(S(F)).
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3.4 Turning Fold Maps into Fold Fields

In the following, we cope with local modifications of fold maps on a given cobordism W .
“Local” refers to the fact that all modifications of a given fold map on W will take place in
local coordinates on W or in a tubular neihbourhood of a submanifold of W . In particular, no

topological information about W is incorporated in the constructions.

We discuss several constructions of stable fold maps and (stable) fold fields from certain fold
maps. Theorem 3.4.9 states that if F': W — C is a fold map on the cobordism W such that
S(F') is transversal to OW and ImoF: W — R is injective on certain subsets of S(F) N oW
(such an F will be called fold pre-field, see Definition 3.4.3), then there exists a fold field
F: W — C such that F and F agree in a neighbourhood of W and induce the same Brauer
morphism. The proof modifies the given fold pre-field F' in two steps. The first step consists of
a slight perturbation of the image of the fold locus F(S(F)) C C which does not affect the fold
locus S(F) itself. In the second step, the perturbed fold map is precomposed with a suitable
diffeomorphism W — W to obtain the desired fold field. In consequence of Theorem 3.4.9,
it is shown in Proposition 3.4.12 that the value of the state sum Zy on arbitrary boundary
conditions can also be calculated by admitting in the defining sum all fold maps (not only fold
fields) which satisfy the given boundary conditions. Theorem 3.4.14 asserts that if F' is a fold
pre-field on W which is stable in a neighbourhood of OW , then there exists a stable fold pre-
field F such that F and F agree in a neighbourhood of W and induce the same Brauer
morphism. Moreover, an analysis of the proof of Theorem 3.4.9 shows that if one starts with a
stable fold pre-field on W, then the construction can be adapted in such a way that the resulting
fold field is also stable (see Theorem 3.4.15).

3.4.1 Construction of Fold Fields form Fold Maps

In the following, W C [a,b] x RP denotes an n-dimensional cobordism from M to N with
time function w: W — [a,b] (where a < b are real numbers) and cylinder scale ey > 0. (The
term cobordism is always used in the sense of Definition 3.1.1.) Using a reparametrization of
the embedding W C [a,b] x R, we can assume that [a,b] = [0,1]. Set Wy := w™1(A) for
subsets A C [0,1] and W; := Wy, for a one-point set {t} C [0,1]. For k € N we write
W (k) := WnJ0,1] x {k} x RP~L. (By definition, W (k) is the union of connected components
of W that lie in the slice [0,1] x {k} x RP~1.)

Definition 3.4.1. The cobordism W is called simple, if W (k) = W for some k € N. (This

means that W is entirely contained in some slice [0,1] x {k} x RP=! ke N.)

Recall the definition of a fold field on W from Definition 3.1.6:

Definition 3.4.2. A fold field on a simple cobordism W is a fold map F: W — C such that

(ff1) 0,1 e (F)N Genlm(F).
(ff2) Genlm(F) is residual in [0, 1].

A fold field on an arbitrary cobordism W is a fold map F: W — C such that the restriction
F(k): W(k) — C of F to W(k) is a fold field on W (k) for all k € N.

Analogously, fold pre-fields are now defined by only requiring property (ff1):
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Definition 3.4.3. A fold pre-field on a simple cobordism W is a fold map F: W — C such
that (ff1) holds. A fold pre-field on an arbitrary cobordism W is a fold map F: W — C such
that the fold map F(k): W (k) — C is a fold pre-field for all k¥ € N. The collection of all fold
pre-fields on a nonempty cobordism W is denoted by FP*(W) C C*°(W,C). Moreover, we set
Frre(()) = {*}, a set with one element.

Note that for any cobordism W, we have F(W) C FP*(W). Moreover, as the construction of
the action functional S: F(W) — Mor(Br) as explained in Section 3.1.3 does not use property
(ff2), it extends literally to the construction of an assignment S: FP**(WW) — Mor(Br).

An inspection of the proof shows that [4, Lemma 7.11] can be reformulated for fold pre-fields:

Lemma 3.4.4. Let W be a simple cobordism, F € FP*(W), and suppose that t € (0,1)N h
(F) N Genlm(F). Let F<;: W<y — C and Fs;: W — C denote the restrictions of F to
Wep == WN[0,¢] x RP, Wsy := W N[t 1] x R, respectively. Then F<; € FP(W<y),
Fsi € 3P*(Wsy), and the Brauer morphism identity S(F>¢) o S(F<¢) = S(F) holds.

As the proof of [4, Lemma 7.18] shows, Brauer invariance can be reformulated for fold pre-fields:

Lemma 3.4.5. Suppose that two cobordisms W C [0,1] x RP and W’ C [a,b] x RP are related
by a diffeomorphism a: W' — W of the form a(t,z) = (7(t),z), (t,z) € W', t € [a,b],
r € R, where 7: [a,b] — [0,1] is a diffeomorphism with 7(a) = 0. Given F € FP(W),
the composition F, := F o a satisfies F, € FP**(W'), S(F,) = a(S(F)), and the Brauer
invariance S(Fy) = S(F).

The following defines clearly an equivalence relation on the collection of fold pre-fields on W:

Definition 3.4.6. Two fold pre-fields F,G € FP*(W) are equivalent, written F ~y G, if
F|y = G|y on a suitable neighbourhood U of W in W and S(F) = S(G).

The following Lemma yields another version of Brauer invariance for fold pre-fields:

Lemma 3.4.7. Let W be a cobordism and let ® : W — W be a diffeomorphism such that
®(x) =z for all x in suitable neighbourhood of OW in W . Given F € FP*(W), the compo-
sition Fgp := F o ® satisfies Fg € FP(W), S(Fp) = ® 1 (S(F)), and Fp ~w F.

Proof. There exists an open neighbourhood U of W in W such that Fg(x) = (F o ®)(z) =
F(z) for all z € U. Thus, Fg|y = F|y. Fs is a fold map, since the precomposition of a fold
map with a diffeomorphism is again a fold map. As @ is a diffeomorphism, we have S(Fg) =
®~1(S(F)). For all k € N it follows from 0,1 e (F(k)) N Genlm(F(k)) and Fo(k)|yrw k) =
F(k)lunw) that 0,1 €h (Fp(k)) N Genlm(Fg(k)). Therefore, Fp € FP*(W). Moreover,
it follows from Fg|y = F|y and S(Fp) = @ 1(S(F)) that S(Fp) = S(F). Consequently,
Fp ~w F. 0

The following notation will be used frequently in the proofs of Theorem 3.4.9 and Theorem 3.4.14.
Let Reg(wg(r)) be the set of regular values of the restriction wg(py := w|g(p): S(F) — [0,1].
If 0 <u<wv <1 and u,v € Reg(wg(py), then S(F) N W, = (wS(F))*l([u,v}) is the
disjoint union of a finite number of circles and intervals. Let Cj,,) be the set of components of

S(F) N Wiy which are diffeomorphic to the circle .S 1 and let I [u,w] be the set of components
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of S(F)NW},, which are diffeomorphic to the interval [0,1]. Note that if [u,v] C Reg(ws(r)),
then Cp, ) = 0, and w: W — [0,1] restricts to a diffeomorphism wp: T = [u,v] for every
T € Ijy) - Moreover, set C':= Cg ) and I := I ;.

Lemma 3.4.8. Let F: W — C be a fold map such that 0,1 €th (F). (Equivalently, S(F') rh
OW .) Then there exists €9 € (0,ew) such that for all € € (0,e9) the following properties hold:

(1) w: W —[0,1] restricts to a diffeomorphism
T =5 w(T)

Jor all T € Ijg g and all T € Ij_. y-
(62) C[O,a] = @ and 0[1_571] = @

In particular, S C W 1_¢) forall S€C.

Proof. Since 0,1 € (F) and M (F) is open in [0,1] by [4, Corollary 7.8], there exists ¢ €
(0,ew) such that [0,e] U [l —¢,1] Crh (F). By [4, Lemma 7.7], we have th (F) C Reg(wg(r)) -
Thus, it follows from [0,e] Crh (F) C Reg(wg(r)) that Cjpg = 0 and that w restricts to a
diffeomorphism wr: T = [0,¢] for every T € Ij0,e - Analogously, Cy_. 1) = (), and w restricts
to a diffeomorphism wr: T — [1 —¢,1] for every T € Iji_c1). This shows (1) and (£2).
Moreover, we have S C W, 1_.) forall S€C. O

Theorem 3.4.9. If F' € FP**(W), then there exists G € F(W) such that F ~yw G.

Proof. Let F € FP*(W). Let us first assume that W is a simple cobordism. Thus, by Defini-
tion 3.4.3, we know that F': W — C is a fold map and 0,1 € (F') N GenIm(F').

Using 0,1 e (F) and Lemma 3.4.8, we can choose ¢ € (0,ey) such that (¢1) and (£2) hold.
Therefore, for every S € I there exists a unique subset {Tg ,T; } C Tio. o) U I e (where
Tg # T4 ') such that SN Wi eui—e1] = Tg U T4 . Furthermore, for every T € Tioq U I
there exist a unique S € I such that T € {T5,Td}.

Set f := ImoF: W — R. For every S € C UI we denote the restriction of f to S by
fs: S — R. For every S € C' the compact interval f(S) C R has positive length. (Indeed, if
f(S) = {t} for some t € R, then F restricts to a submersion S' = S — R x {t} & R. This
is impossible, since S! is a closed manifold.) As S(F) N Wio,1y is a finite set, one can choose
for every S € C a nonempty open subset Us C R such that Us C f(S) \ f(S(F) N Wy 1y)
and UsNUg = 0 for all S # S" in C. As the set Reg(fs) of regular values of fg is dense
in R by the Morse-Sard theorem [22, Chapter 3, Theorem 1.3], we have Reg(fs) NUs # 0 for
all S € C'. Thus, we can choose for every S € C' a point bg € S such that f(bs) € Reg(fs),
f(bs) & fF(S(F)NWig1y) and f(bs) # f(bsr) forall S# 5" in C.

It follows from f(bs) ¢ f(S(F) N Wy 1)) that we can choose ¢ € (0,ew) so small that f(bs) ¢
f(T) for all § € C and all T € Ijgq U Ijj_. ;). Moreover, since 0,1 € Genlm(F), we can
choose ¢ € (0,ew) so small that f(T) N f(T") = 0 for all T # T" in Ijg U I_. ) such that
w(T) =w(T).

Given S € I, we would like to choose points b§ € TéEﬂW(Oja)U(l_al) such that f(bfsc) € Reg(fs).
However, the image f(T. é“) might consist of only a single point. Therefore, in construction I,

we use Proposition 3.3.7 to perturb F' on a finite number of compact subsets of Wg yu(1—¢,1)
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such that the resulting fold map F; € FP**(W) inherits all properties of F', and, in addition,
fi(T) C R (where fi :=ImoF} ) is a compact interval of positive length for all 7" € Ijg Ul 1) -

CONSTRUCTION I. There exist a fold map F1: W — C and a compact subset K1 C Wg o)u(1—e,1)
with the following properties (where f; :=ImoF}):

(1) Filw\g, = Flw\k, -

(2) S(F1) = S(F).

(3) fi(bs) ¢ f1(T) forall Se C andall T € I[O,E] U 1[17571] .

(4) A(T)Nf(T) =0 for all T,T" € Ijg U I—cq) with T # T and w(T) = w(T").
(5) The compact interval f1(T) C R has positive length for all T' € Ijg U Ij;_. ;-

Let © be the set of all T' € Ijg U I;;_. ) such that f(T) = {tr} for some tr € R. Thus, if
T € Q, then F restricts to an immersion T — Im~!(t7) = R x {t7}. Hence,

(%) F restricts to an embedding T'— R x {tp} for every T € Q.

By (*), we can choose for every T' € Q a point pr € TNW g yu(1—c,1) such that F(pr) # F(pr)
for all T,7" € Q with T # T'. For every T €  we choose an open neighbourhood Vi of
F(pr) in C such that

(V1) f(bs) ¢ Im(Vr) forall Se C and T € (2.

(V2) Im(Vp)n f(T') =0 for all T € Q and all T" € I,y with T" # T.

(V3) Ve Vi =0 forall T,T' € Q with T #T".

(V4) Im(Vp) NIm(Vpr) =0 for all T,7" € Q with T # T and w(T) = w(T").

(In fact, fix T € Q. Since f(bs) ¢ f(T) for all S € C, it follows that V;} := Im™*(R\
{f(bs)}sec) is an open neighbourhood of F(pr) in C such that (V1) holds. Moreover,
since f(T) N f(T') = 0 for all T' € I, gy with 7" # T, it follows that VZ := Im (R \
{f(T’)}T/eIw<T)\{T}) is an open neighbourhood of F(pr) in C such that (V2) holds. Further-
more, as the points F(pr), T' € Q, are pairwise distinct, there exist open neighbourhoods V3,
of F(py+) in C for all 7" € Q such that (V3) holds. Additionally, since f(7)N f(77) =0 for
all T,T" € Q with T # T’ and w(T) = w(T"), there exist open neighbourhoods V3 of F(pr)
in C such that (V4) holds. Finally, the neighbourhoods Vi := VA NVZNVE NV} satisfy all
required properties.)

For every T € Q, define Ur := F~1(Vy) N Wo,e)u(1—e,1) N W) - By construction, Ur is an
open neighbourhood of pr in Wig¢)y(1—e,1) such that F(Ur) C Vp. Thus, F restricts to a fold
map Fp: Up — Vp. The fold locus of Fp is given by

(xx) S(Fr)=S(EF)NUpr=TNUr forall T € Q.

(In fact, it follows from Ur C Wy that

S(Fr)=S(F)NUr =S(F)N Wy NUr = U 7' NUr.
T/EIM(T)

Thus, it suffices to show that 7" NUr = () for all T € I,¢p) with T # T'. Indeed, for such 7,
we have f(T'NUp) C f(T")N f(Ur) = f(T")NIm(F(Ur)) C f(T) NIm(Vy) =0 by (V2).)

Note that Fr(pr) # Fr(p) for all p € S(Fr) \ {pr}. (In fact, by (x), F(pr) # F(p) for all
p € T\{pr}. Inparticular, by (xx), Fr(pr) # Fr(p) forall p € (T\{pr})NUr = S(Fr)\{pr}.)
Application of Proposition 3.3.7 to Fp yields a fold map Fp: Up — Vp with the following

properties:
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(1) There exists a compact subset Kp C Ur such that FT’UT\KT = Frlu,\kp -

(2)) S(Fr)=S(Fr).

(3) Fr(pr) ¢ Pr(S(Fr)).

Define K := | |pcq K7 and U; := |Upecq Ur. (Note that the pairwise disjointness of the Up
follows from (V3).) By (1), K1 is compact, and K1 C Uy C W(g)u(i—e,1)- Consider the open
covering W = Uy U (W \ K1). The fold maps Fi := | |pcq Fr on Up and Flyng, on W\ K
agree by (1°) on the open subset Uy N (W \ K1) = U1 \ K1 = |lpcq Ur \ K1 of W. Thus, we

can assemble these maps to obtain the fold map

Fi(p), for p € Uy,
Fi: W = C, Fi(p) = 1), for p '
(p), for p ¢ U;.

We consider the sets F(T) for T € Ijg U Ip_cq. T ¢ Q, then TNUp =TNS(F)NUp =
TNT NUp =0 by (xx) for every T" € Q. Therefore, TN U; = (). Hence, we obtain

(i) F(T)=F(T) forall T € Ijg U Ijj_. 1) with T ¢ .

If T € Q, then we write T = (T'NUz) U (T \ Ur). We have F\(T NUr) = Fp(TNUp) C Vr.
Moreover, (T'\ Ur) NUp = (T\Up)NS(F)NUp = (T \Up) NT' NUp = by (xx) for all
T" € Q. Therefore, (T'\ Ur)NUy = 0. Hence, Fy(T \Ur) = F(T\Ur) C F(T). All in all,

(ii) Fl(T) = Fl(Tﬂ UT) U F(T \ UT) cVru F(T) forall T € Q.
Let us check that F) satisfies the claimed properties:

(1). We have W\ Ky = (W\U1)U (U1 \ K1), where Uy \ K1 = | peq Ur \ K. By definition, F}
and I agree on W\ Uy . Moreover, for every T € Q2 we have Fi|y\ g, = ﬁT’UT\KT = Flu\ky
by (1). Thus, Fy and F also agree on Up \ K1. Hence, Fily\g, = Flw\k, -

(2). As W :~U1 U W\ Ki), we have S(F1) = |req S(Fi1luy) U S(Filwnk,)- We have
S(Filuy) = S(Fr) = S(Fr) = S(F|uy) by (2'). Moreover, it follows from (1) that S(Fi|p\x,) =
S(Flunk,) - Thus, S(F1) = Ureq S(Flus) US(Flunk,) = S(F).

(3). Let S € C and T € I U ;1. Since K1 C W oyua—c1y) and w(S) C (g,1 —¢),
it follows from (1) that fi(bs) = f(bs). If T ¢ Q, then it follows from (i) that fi1(bs) =
flbs) ¢ f(T) = f1(T). If T € 2, then it follows from (ii) that f1(7) C Im(Vy) U f(T'). Since
f(bs) ¢ Im(Vr) by (V1), and f(bs) ¢ f(T), it follows that fi(bs) = f(bs) ¢ f1(T).

(4). Let T,T" € Iy U Ip_cq), T#T', w(T) =w(T"). There are three cases to consider:

o T.7T" ¢ Q. It follows from (i) that fi(T)N f1(T") = f(T)N f(T")=0.
e T'¢Q and T' € Q. It follows from (i) that fi(T ) = f(T) and from (ii) that f1(7") C
Im(Vp) U f(T") . Hence, f1(T)Nf1(T") € (F(T)NIm(V)) U (f(T) N F(T7)) = 0 by (V2).
o 7.7 € Q. It follows from (ii) that f1(T) C Im(Vp)U f(T) and f1(T") C Im(Vp)U f(T7).
Hence, f1(T)N\1(T") € (Im(V) NTm(Vir)) U (Tm(Vir) 0 £(T7) U (F(T) NIV )) U (F(T) 0
f(T) =0 by (V2) and (V4).
(5). Let T € Ijgq U lji_.q). If T ¢ Q, then, by (i), fi(T) = f(T). By definition of , this
is a compact interval of positive length. Now assume that T € . In this case, we note that
F(pr) ¢ Fi(T). (Indeed, write Fy(T) = F\(T'\Up)UF\(TNUyr) = F(T\Ur)UFr(S(Fr)). We
have F(pr) ¢ F(T \ Ur), because pp € Up NT and F is injective on T by (). But by (3),
we also have F(pr) = Fr(pr) ¢ Fr(S(Fr)).) Let = and z' be the endpoints of the interval
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T. Tt follows from Ur C Wy oui—e,1) and w(z),w(z’) € {0,6,1 —¢,1} that x,2" ¢ Ur. Thus,
fi{z,2'}) = f({z,2'}) = {tr}. In particular, t7 € f1(T). Assume that f1(T) = {tr}. Then,
using F(pr) ¢ F1(T), we have F1(T) C Rx {tr} \{F(pr)}. As Fi(T) is connected, it follows
that Fy(xz) = F(x) and Fy(2') = F(2') lie in the same component of R x {t7}\ {F(pr)} (note
that F(pr) € Rx{tr}). But this is impossible, since F' restricts to an embedding 7" — Rx{tr},
which implies that F(z) and F(z’) lie in different components of R x {t7} \ {F(pr)}. Thus,

the compact interval f1(T") consists not only of the point ¢7.
This completes construction I.

For all S € C we have S C W(.;_.y and for all S # S’ in C we have f(bs) # f(bs'). Thus, it
follows from (1) that f; restricts to an injective map {bs}gc — R. Forevery T' € Ijg qUI;_.
we use (5) to choose a nonempty open subset Ur C R such that Up C f1(T)\{f1(bs); S € C}.
Moreover, we may assume that Ur N Ug =) for all T # T" in Ijg U ;i) As Reg((f1)s)
is dense in R for every S € I by the Morse-Sard theorem (where (fi)s: S — R denotes the
restriction of fi: W — R to S), we have Reg((f1)s) NUr # 0 for all T € Ijgq U Ip_. 1.
Thus, for every S € I we can choose points b§ € Téﬁ N Wo,e)u(i—e,1) such that fl(bﬁ) €
Reg((fl)g)ﬂUTSlL . By construction, f restricts to an injective map {bg,b&}serU{bs}gec — R.

Let C C C be the subset of all S € C' which are not contained in a single slice W; for
some t € [0,1]. For every S € C; we proceed in the following way. As the compact interval
w(S) consists of more than one point, there exists a nonempty open subset Vg C R such that
Vs C w(S)\ {w(bs)}. As th (F) is dense in [0, 1] by [4, Corollary 7.8], we have th (F)NVs # ().
Thus, one can choose a point ag € S\ {bs} such that w(ag) €h (F'). We fix an immersion
ag: [-1,1] — S, such that ag(—1) = ag(0) = as(l) = as and «g restricts to diffeomorphisms
ag: (=1,0) — S\ {as} and af: (0,1) — S\ {as}. Define zg := (arg)~*(bs) € (—1,0) and
zd = (ak)71(bs) € (0,1). Note that ag restricts to a diffecomorphism (zg,z¥) =8 \ {bs}.

For every S € I we proceed in the following way. It follows from ¢,1 —¢ e (F) and SN
Wi 1<y # 0 that there exists a nonempty open subset Vs C R such that Vs C w(S)N(e,1—¢).
As h (F) is dense in [0,1] by [4, Corollary 7.8], we have  (F)NVg # (). Thus, one can choose a
point ags € SN W, 1_.) such that w(ag) €n (F). We fix a diffeomorphism ag: [~1,1] = 9,
such that ag(0) = ag. Thus, there exist unique tg € (—1,0) and tf € (0,1) such that
Ty = as([~1,t5]) and Td = ag([tf,1]). Define zg = ag'(bg) € (~1,t5) and zf =
a5 (%) € (t,1).

By construction, fioag is nonsingular at a;g: for every S € C.UI. Thus, for every S € CLUTI
we can choose yg € (z5,0) and y& € (0,z&) such that fi is injective on By := as([zg,yg])
and on B = ag([yd,zd]). For all S € I we may assume that yg € (zg,tg) and y& €
(tf,2k). As fi restricts to an injective map {bg,bd}ser U{bs}gcc — R, we may assume that
f1 restricts to an injective map Ugee, ur(Bg U BY) = R.

CONSTRUCTION II. There exist a diffeomorphism ¥: W =, W, a compact subset L C W 1_.),
and for every S € Cy UI points zg € (y5,0) and zj{ € (O,y;f), such that the following
properties hold (where ¥Ug := ¥ o ag):

(¥1) W¥(p)=p forall pe W\ L.

(92) S(F)NLC Usec,uras((ys,yd))-
(¥3) For every S € CUI we have Ug([zg,2d]) C Wy

as) -

Let S € C4 UI. By construction, the point as € SN W, ) satisfies w(ag) €h (F). In

as)
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particular, W) is a (n —1)-dimensional smooth submanifold of W and S th W, (,,) at as.
By [17, Lemma I11.3.10], S and W(4)
of ag. More precisely, there exists an open neighborhood Xg of ag in W, ;_.) and a diffeo-

can be simultaneously linearized in a neighbourhood

morphism ¥g: Xg — R® such that H; := Ys(XsNS) is a 1-dimensional vector subspace of
R™ and Hy := 9s(Xs N W) is a (n — 1)-dimensional vector subspace of R", such that
H, ® Hy = R™. After a base change we may assume that H; =0 x R and H, = R""! x 0 in
R"! xR = R". The charts 1s: Xg — R™ can be chosen for all S € C; UI in such a way that
XsNXg =0 forall S#£ S5 in CLUI.

Let S € Cy UI. Choose Rg > 0 such that S(F)N Lg C as((yg,ys)), where Lg denotes the
compact subset ¥g'({z € R ||z|| < Rg}) C Wiz, 1—¢)- Choose a smooth map pg: [0,00) —
R such that pg(r) = 1 for r € |0, %] and pg(r) = 0 for r > Rg. Using the notation
r = (21,...,7,) = (Y, 2n_1,7,) for points x € R", where y = (x1,...,2,_2) € R"2, and the
identification R2 ——» C, (zp-1,2zpn) — 2z = Tp_1 + iz, € C, we define the smooth map

vs: R" — R", vs(x) = (y’eigps(llx\\)z)'
(Note that vg is clearly smooth in all points = € R"\{0}. Moreover, if x € R” and ||z|| < 75,
0.)
Obviously, s is a diffeomorphism, whose inverse is given by the smooth map R" — R",
— (y, e—igps(Hﬁ?H)z).

then vs(z) = (y,¢'22) = (y,i2) = (¥, —Tn,Tn_1). Thus, g is also smooth in = =

Consider the open covering W = (Ugec, ur Xs) U (W \ {Ls}sec,ur), where the open subsets
Xg C W are pairwise disjoint, and Lg C Xg are compact subsets. For every S € Cy U, the
diffeomorphism ¢§1 ovgog: Xg = Xg restricts to the identity map on Xg\ Lg. (In fact,
if p€ X5\ Ls, then [[¢os(p)|| > Rs and ps(|[¢s(p)|]) = 0. Hence, (5" oys0ts)(p) = (5" o
¥s)(p) = p.) Thus, the diffecomorphism Ug (15 oygotig): Usec,ur Xs =, Usec,ur Xs agrees
with the identity map on the open subset (g, ur Xs)N(W\{Ls}sec,ur) = Usec,ur Xs\Ls

of W . Thus, we obtain a diffeomorphism

(1/1510750@05)(19), if p e Xg for some S € CL U,

W SW, U)p) =
D, ifp¢ Xgforall SeCLUI

Let us check that ¥ satisfies the desired properties:

(¥1). By construction, ¥ is the identity map outside the compact subset L :=Ugec,ur Ls C
W(Evlfe) :

(2). We have S(F)NL = S(F)N(Usec, ur Ls) = Usec,ur(S(F)NLs) € Usec, ur @s((vg,y2))-
(¥3). Let S € CyUI. The interval Jg := 0 X [_%’T] C H; satisfies ¢5'(Js) C Lg and

Vvs'(Js) C gl (H1) = Xs NS C S(F). Therefore, ¥5'(Js) C S(F)N Ls C as((yg,yd)). As
wSI(O) = ag, we have (g0 ag) 1 (0Js) C (yg,0) U (0,yd). Define zg := (g 0 ag)~H(0Jg) N
(y5,0) and z& := (Ysoag) HDJs)N(0,yd). Then, as([zg,2E]) = 15! (Js) C Xg. Moreover,
s (Y, Tp_1,2n) = (0, —1,,0) € R""2xR xR for all points (y, z,_1,2,) = (0,0,2,) € Js. Thus,
vs(Js) C Ha and ¥5'(ys(Js)) C ¥g5'(Hz) = Xs N Woiag) C Waas) - Finally, Vg([z5,28]) =
U(as([zg,2¢)) = ¥(vg' (Js) = (V5" 075)(Js) C Wi(ag) -

This completes construction II.
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o~

CONSTRUCTION III. There exist a diffeomorphism ®: W — W and a compact subset P C
Wio,1) with the following properties:

iS)

1) ®(p)=p foral pe W\P.

(®1)

(®2) U(S(F)) NP C Usec,ur Ys((zg,25))-

(®3) For every S € Cy UI we have @(Ws([yg,yg])) C \PS([zg,z;f])
(®4)

(

i

4) For every S € Cy UI we have ®(¥(S)) = ¥(S).
®5) For every T € I[O,E] U 1[176,1] we have ®(7) N W[O,E}U[I*E,l} cT.

Let S € Cy UI. We choose a tubular neighbourhood of ¥(S) in W. (This is possible by [22,
Chapter 4, Theorem 6.2], because ¥(S) is a neat submanifold of W.) As Ug((zg,z§)) C W)
is an embedded interval, any vector bundle on Wg((zg,z)) is trivial. Therefore, the tubular
neighbourhood of ¥(S) in W yields an embedding ¢s: (zg,2§) x R*™! — W(o,1) such that
¢s(t,0) = Ug(t) for all t € (zg,zd) and Ys = ¢g((zg,zd) x R"1) is an open subset of
Wio,1)- The embeddings ¢s: (zg, ) x R — Wio,1) can be chosen for all S € C UI such
that YsNYg =0 forall S# S5 in CLUI.

Let S € Cy UI. We choose points wg € (zg,y5) and wé € (y&, &) and a diffeomorphism
7¢: R — R such that 7s(lyg,yd]) C [25,24] and 75(t) =t for all t € R\ (wg,wd). Thus,
the smooth map

os: RxR — R, os(s,t) = sts(t) + (1 — s)t,

satisfies og(s,t) =t forall s € R and t € R\ (wg,wd). Choose rg >0 such that the compact
subset Pg := ¢g([wg,w§] x {z € R*™! [|z|] < rg}) C Y C W(g) satisfies W(S(F)) N Ps =
Us([wg, w]). Choose a smooth function pg: [0,00) — R such that pg(r) =1 for r € [0, %],
ps(r) =0 for r > rg, and pg(r) € [0,1] for all r € [0,00). Define the smooth map

ns: R x R - R x Rn_la 7’]5(t,$) = (O’S(pS(HiUH),t),.CE).

(ns is clearly smooth at all points in R x (R"~!\ {0}). Moreover, if (t,z) € R x {x €
R™ Y ||z]| < %2}, then ng(t,z) = (0g(1,t),2) = (15(t),z). Thus, ng is also smooth at all
points in R x 0.) It follows from pg(r) € [0,1] for all r € [0,00) that ng is bijective. (Note
that og restricts to a diffecomorphism {s} xR =5 R for every s € [0,1]. In fact, it follows from
s €[0,1] and 74(t) > 0 that d;o5(s,t) = s7g(t) + (1 —s) > 0 for all t € R.) Moreover, ng is
a diffeomorphism. (Note that detdng(t,z) = dios(ps(||z]]),t) > 0 for all (t,z) € R x R*71))
Note that ng restricts to a diffeomorphism (xg,xg) x Rn—1 = (xg,:n‘S*') x R"~!. (In fact, if
t e R\ (zg,2k), then 75(t) =t and og(ps(||z|[),t) =t for all z € R*71.)

Consider the open covering W = (Ugec, ur Ys) U (W \ {Ps}sec,ur), where the open subsets
Ys C W are pairwise disjoint, and Pg C Yg are compact subsets. For every S € Cy U,
the diffeomorphism ¢g o ng o ¢§1: Ys =, Ys restricts to the identity map on Yg \ Ps. (In
fact, every point p € Yg \ Ps is of the form ¢g'(p) = (t,z) € (zg,2) x R*™ | where t ¢
[wg,wE] or ||z]| > rg. If t ¢ [wg,wk], then 75(t) = t, os(ps(||z]]),t) =t and (pgons o
65" )(p) = (¢s o ns)(t,x) = ¢s(t,x) = p. Moreover, if |[z|| > rg, then pg(||z||) = 0 and
(s onsodg)(p) = (¢s 0 15)(t, ) = ¢s(05(0,1), ) = ¢s(t,2) = p.) Thus, the diffeomorphism
Us(psons oqﬁgl t Usec,ur Ys — Usec, ur Ys agrees with the identity map on the open subset
(Usec,ur Ys)N(W\{Ps}sec,ur) = Usec,ur Ys\ Ps = (Usec,ur Ys) \ P of W, where we have
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defined the compact subset P := Ugec, ur Ps € Wig,1)- Thus, we obtain a diffeomorphism
~ ongodat)(p), if p € Yg for some S € Cy UI,
W W o) = (¢somnsodg )(p) pEYs +

D, if p¢ Ygforall SeCyUI

By construction, the following holds for every S € C; U1 and all ¢ € [zg, qur] :

(x)  (Po¥s)(t) = (¢s(t,0)) = (ds0ns)(t,0) = ds(as(1,1),0) = ¢s5(75(t),0) = (Vs 075)(?).

Let us check that ® and P satisfy the desired properties:
(®1). This is clear by construction.

(#2). This follows from W(S(F)) NP = W(S(F)) N (Usec,ur Ps) = Usec,ur(¥(S(F)) N Ps)
and U(S(F))N Ps = Vg([wg,wd]) C ¥s((zg,z8)) forall Se CLUI.

(®3). Let S € Cy UI. By construction, we have 7s([yg,yd]) C [25,25]. Thus, we obtain
from (x) that ®(¥s([ys,ys])) = Cs(rs(lys,ys])) € Ts(lzg, 24)).

(®4). Let S e CLUI. By (®1), we have ®(U(S)\ P) = ¥(S) \ P. Moreover, U(S)NP =
U(S)NPs = Vg([wg,wt]). (Note that for every S’ € C+UI we have ¥(S)N Py C ¥(S(F))N
Py = Vg (lwg,wd]) C ¥(S'). Thus, if S# S5, then ¥(S)N Py C ¥(S)NT(S") =0. Hence,
U(S)NP = V(S) NUgec,ur Ps = ¥(S) N Ps.) As the diffeomorphism 7g restricts to the
identity map on R\ [wg,w{], we have 7¢([wg,wi]) = [wg,wd]. Thus, we obtain from ()
that B(U(S) N\ P) = (Ws((wg, wh])) = Us(rs(fuwg. ) = s([wg,wg)) = W(S) N P.

(®5). Let S € I. For all t,t/ € R, t < t', we have 75(t) < 75(t'). Thus, it follows from
tg <0< th <yd that 75(ty) < 7s(yd). By choice of g, we have Ts(yd) < z&. Moreover,
z; < t;. (In fact, if we assume that zg > t;f, then ag(z;r) € Wioeufi—e1]- Thus, using (V1)
and (¥3), we obtain ag(zd) = U(ag(zd)) = Ug(2d) € Wesas
as(z8) € Wiag) N Wi gupi—ea] = 0.) All in all, we obtain 75(tg) < 75(yg) < 2§ < t§.
Hence, 7s([—1,tg]) C [-1,t&). Comsequently, 7s([—1,t5]) N ([-1,t5] U [t&,1]) C [—1,t5].
Application of Wg and (x) yields ®(Tg) N (Tg UTS) C Tg . Note that ®(Tg) N (Tg U
Td)=o(Tg)N(T(S)N Wiocuii—e,1) = @(Tg) N Wig gjufi—e,1] - Analogously, one can show that
O(T$) N W aui—e1) € Ty -

) - This leads to the contradiction

This completes construction III.

The diffeomorphism = := ® o U: W —» W and the subset Q := L U v-Y(P) c Wio,1y satisfy

the following properties (where Zg := Z o ag):

—_

E is the identity map outside the compact subset @ C W(q 1) .

E(S(F)) N Q € Usee, ur Zs((ag.2)).

For every S € Cy U we have Zg([yg,ys]) C Wesas) -

For every S € C'UI we have Z(S) N W quji—e,1) € Z(5 N0 W quji—e,1) -
For every T € 1[075} U I[l_&” we have Z(T") N W[O,e}u[l—a,l} cT.

o

™™ W

Ut

Let us check the claimed properties:

(

(
(23). This follows from (¥3) and (P3).

[1]

1). This follows from (V1) and (®1).

[1]

2). This follows from (¥2) and (92).
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(E4). Let S € CUI and p € Z(5) N W qupi—c,1)- We have to show that the point ¢ :=
Z7Y(p) € S lies in Wioeupi-e,1]- By (®4), there exists ¢’ € S such that p = Z(q) = ¥(¢).
Hence, it follows from p € Wi Jupi—e1) and (¥1) that W(p) = p = ¥(q') and thus p=¢ € S.
In particular, we obtain from p € SN W qupi—e1) that S € I. Next, it follows from p €
Wioqui—c1) and (23) that ¢ ¢ as([yg,ys]). Moreover, we have yg € (zg,tg) and y& €
(t&,28), as S el. Finally, ¢ € as([—1,y5) U (y5,1]) C as([—1,t5] U [t 1]) € Wi qup—c1) -

(25). This follows from (¥1) and (®5).

Define G := (F1)=-1. By construction I, we have F} € FP*(W). By (1) and (2) we have F} ~y
F. By (21) and Lemma 3.4.7, we obtain G = (F})z-1 € FP(W), S(G) = S((F1)z-1) =
E(S(F1)) = 2(S(F)), and G = (F1)=-1 ~w F1 ~w F. It remains to show (ff2), which states
that Genlm(G) is residual in [0, 1].

[0, 1]\ ({w(as)}sec,ur Y {w(bs)}secnc, ) is residual in [0,1], since a finite number of points is
deleted. Let ¢ € [0,1]\ ({w(as)}sec,ur Y {w(bs)}secnc, ) - It suffices to show that g :=TIm oG
restricts to an injective map S(G) N W; — R. Assume that p,p’ € S(G)NW,; and p # p’. We
have to show that g(p) # g(p'). Since S(G) = Z(S(F)), we can write p = Z(q) and p' = Z(¢)
for ¢ # ¢ in S(F). Since g = ImoG = Imo(F})z—1 = ImoF; 0o Z~! = f; 0 271 it suffices to
show that fi(q) # fi(q).

Choose S,5" € CUI such that ¢ € S and ¢’ € S". Then it follows from t ¢ {w(bs)}gecnc,
that S, 5" € CL UTI. (Indeed, assume S € C'\ Cy . Since ¢ € S, it follows from (Z1) and (=2)
that p = Z(¢) = ¢. Hence, we obtain ¢ = w(p) = w(q) = w(S) = w(bs), a contradiction to
t ¢ {w(bs)}sec\c, -) Thus, we can choose u,u’ € [~1,1] such that ¢ = ag(u) and ¢’ = ag/(u').
If S € C4, then we may assume without loss of generality that u € [xg,mg} Analogously,
if $ € Cy, then we may assume that v’ € [zg,zd]. It follows from ¢ ¢ {wlas)}sec,ur
that v ¢ [yg,yd] and v ¢ [yg,yd]. (In fact, assume that u € [yg,yd]. Then, by (E3),
p = Es(u) S Ww(as)‘
Thus, we have shown that if S € C4 then w € [zg,yg) U (yg,xﬂ, and if S € I, then
u € [—1,y5) U (yd,1]. Analogously, if S’ € C4 then v’ € [zg,ys) U (yd,zd], and if S € 1,
then v’ € [—1,yg) U (v, 1].

Thus, t = w(p) = w(as), a contradiction to t ¢ {w(as)}tgec, ur-)

If u€ [zg,yq) U (yd,zd] and o' € [zg,yq) U (y&,2k], then ¢ = ag(u) € BY U By and
¢ = ag(u) € B&, UBg. As fi is injective on Usrec,ur(Bgn U BY,)) and ¢q # ¢, we
obtain fi(q) # fi(¢’). Thus, we may assume that S € I and u € [~1,25] U [z, 1]. Then,
it follows from (=2) that p = Eg(u) ¢ Q. Thus, by (E1), we have Z(p) = p = E(¢) and
p = q. Now we obtain from ¢ = ag(u) € ag([~1,t5] U [t 1]) = SN Wio,ejui—e,1) that
t=w() =wp) =w(q €[0,e]Ul —¢1]. Thus, p' € Z(S") N Wjgqun—e1)- By (E4) we
can conclude that ¢ = Z71(p') € Wjpqup—c1)- Since ¢,¢" € S(F) N Wi quji—e,1]» there exist
T,T" € Ijg g UIp_cq) such that g € T and ¢ € T'. As ¢ € T' and E(¢') = p' € Wi qupi—e,1]»
it follows from (Z5) that p' € E(T') N Wioqup—-ey € T'. Tt follows from w(T),w(T") €
{[0,¢],[1 —&,1]} and t = w(q) = w(p) = w(p’) € wW(T) Nw(T”) that w(T) = w(T"). Moreover,
we have TNW; = {q} = {p} # {p'} = T' N W;. Finally, by (4), it follows from w(T') = w(T")
and T # T that f1(T)N f1(T’) = 0. In particular, fi(q) # f1(¢).

After the theorem has been proven for all simple cobordisms W, the proof for arbitrary W

(#0) is as follows. By Definition 3.4.3, the restrictions of F' to the simple cobordisms W (k),
F(k): W(k) - C, k € N, are fold pre-fields on W (k). Application of the theorem separately
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to F(k) € FP(W(k)) yields for every k € N a fold field G(k): W (k) — C such that F(k) ~w
G(k). The fold fields G(k) € F(W(k)) give rise to a fold field G := ||,y G(k) € F(W) by
Definition 3.4.2. Finally, it follows from F(k) ~w G(k) for every k € N that F ~y G. (In
fact, since F'(k) and G(k) agree on an neighbourhood U(k) of o(W(k)) = (OW) N W (k) in
W (k) for every k € N, it follows that F' and G agree on the neighbourhood U := | e U (k)
of OW = | |penO(W(E)) in W = |peny W (k). Moreover, we obtain from S(F'(k)) = S(G(k))
for every k € N that S(F) = @ren S(F (k) = Qren S(G(E)) = S(G) )

O

Definition 3.4.10. For a nonempty, closed, smooth (n — 1)-dimensional manifold P C RP,
set
FPE(P) :={f € FP*°(]0,1] x P); S(f) =1 € Mor(Br)}.

Let W be a cobordism from M to N and let (fas, fn) € FP(M) x FP*®(N) be a boundary

condition. If W is simple, set
FP(W; far, ) =={F: W — C fold map; Je,&’ € (0,ew): Fliogxm = far, Fli—erajxn = [N}
For arbitrary W, we set

FPEWs fu, ) = A{F: W = C; F(k) € FP(W(k); fm(k), fn(k)) for all k € N}.
Note that F(P) = FP*(P) N F([0,1] x P). Moreover, if (far, fn) € F(M) x F(N), then
FW; far, [n) = FPW5 fur, fv) NF(W).
Lemma 3.4.11. If (far, fn) € FP(M) x FP*(N), then FP(W; far, fn) C FPre(W).
Proof. By Definition 3.4.10 elements in FP*(W; fyr, fv) are maps F: W — R? that restrict

for every k € N to a fold map F(k): W(k) — R? such that there exist e(k),e’(k) € (0,ew)
with

F(E)|(0,.etkyx mynw k) = faua(k),
Fk)| (1= (k) 1 x Mynw (k) = fn(K).

Here, far(k): ([0,1] x M)(k) — R? and fy(k): ([0,1] x N)(k) — R? are fold maps satisfy-
ing property (ff1) of Definition 3.4.2 by Definition 3.4.10 and Definition 3.4.3. Therefore,
Lemma 3.4.5 implies that, if F € FP*(W; far, fv), then F(k): W(k) — C is a fold map
satisfying (ff1) for all £ € N. The claim now follows from Definition 3.4.3. O

Proposition 3.4.12. If (fa, fn) € F(M) x F(N) and (g, gn) € FP(M) x FP(N) are
boundary conditions such that fur ~p11xm g and fn ~p1xn 9N, then

w(fm, fn) = > Y (S(G)) @ 1.

GeTrre(Wignr,gn)

Proof. Let us first assume that W is a simple cobordism. Define the sets

S(W) :={S(F); F € FW; fum, fn)}, SP*(W) :={S(G); G € F***(W; gm,9n)}-
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In the following, we will show that &(W) = &P*(W). Consequently, applying the functor
Y: Br — Vect, one obtains Y (&(W)) = Y (&P**(W)). By [4, Proposition 6.16] the semiring

(Q,+, x) is continuous. Thus, the claim of the proposition follows from [4, Proposition 4.3]:

Zw(fus )= Y, YSE)el= Y ¢l

FeF(W;fu,fn) PEY (&(W))
- > pR1= > Y(S(G)) ® 1.
¢EY(6prC(W)) GE?prC(W;g]\/j,gN)

Let us show &(W) C &P**(W). Given F € F(W; far, fn) , we have to produce G € FP*(W; gar, gn)
such that S(F) = S(G). Since W is a simple cobordism, there exist ¢, € (0,ep) such that
Flogxm = fu and Flp_oxn = fn. By [4, Definition 7.16], there exist diffeomorphisms
Emv: [0,e] — [0,1] with &u(0) = 0 and &y: [1—¢',1] — [0,1] with £x(1) = 1, such that
Flioexam = fam o (S x idy) and Fljj_orqxn = fy o (§n x idy). Define gus := gn o (§ar X
idar): Wipe = [0,6] x M — C and gy := gy o (§n xidn): Wp_oy=[1—-¢€,1]x N = C. As
gum ~ gy and gy &~ gy, we obtain from (gpr, gn) € FP(M) x FP*(N) and Lemma 3.4.5 that
gm € FP([0,e] x M), S(gnr) =S(gnm) =1, and gy € FP([1 — €', 1] x N), S(gn) = S(gn) =
1. It follows from far ~o1jxnmr g and fy ~p1jxny gn that there exist compact subsets
Ky € Wiy and Ky C Wq_q) such that F‘W[O,a]\KM = gM‘W[o,E]\KM and F|W[1_5/71]\KN =
§N]W[175,’1]\KN . Consider the open covering W = (W \ (Ky U Kn))U (W UW(i_e 1)) The
fold maps Flun(kpury) on W\ (Ky UKN) and gulw, ., UInIw, .y on Wioe UWa—e )
agree on the intersection (W\(KMIJKN))ﬂ(W(O’E)UW(1,€/71)) = (W(O,z-:)\KM)I—l(W(lfs’,l)\KN) .
Thus, we obtain a fold map

. {@Mw(o,g) Ugnlw, . )@B).  iEpe Ky UKy,

F(p),  ifpeW\ (KyUKy).

It follows from F|W[o,a]\KM = §M|W[0,51\KM and F‘W[lfe',u\KN = §N|W[1,€/’l]\KN that G|W[0,s] =
gy =~ gy and G|W[1—€/,1] = gn =~ gn . Consequently, G € FP*(W;grr,gn). By Lemma 3.4.11,
we have G € FP*(W). It remains to show that S(F) = S(G). It follows from fur ~o1)xm
gm that S(ga) = S(fum). By Lemma 3.4.5, it follows from F|gqxar &~ fu that S(fu) =
S(F|W[07€]). All in all, S(ﬁM) = S(gM) = S(F|W[07€]). Analagously, S(ﬁN) = S(F|W[1—5’,1])'
It follows from G € FP*(W;gn,gn) and (gar,gn) € FP(M) x FPe(N) that ,1 — &' €
(0,1)N M (G) N Genlm(G). Thus, by Lemma 3.4.4, we have S(G) = S(gn) o S(Flw,_, ) o
S(gm) = S(F|W[17€,,l]) o S(F|W[s’175,]) o S(Flwy,.,)- It follows from F € F(W; fu, fy) and
(far, fn) € F(M) x F(N) that e,1 —€" € (0,1)N M (F) N Genlm(F). Thus, by Lemma 3.4.4,
we can conclude S(G) = S(F).

Conversely, let us show that S(W) O &P*(W). Given G € FP*(W;gnr,gn), we have to
produce F € F(W; fu, fn) such that S(G) = S(F). Since W is a simple cobordism, there
exist ¢,&" € (0,ew) such that Gl xm = gy and G|p_oqjxn = gy - By [4, Definition 7.16],
there exist diffecomorphisms &pr: [0,e] — [0,1] with £3,(0) = 0 and &n: [1—¢',1] — [0,1]
with §n (1) = 1, such that Gljggxn = gnm o (§m x idy) and Gl_o yjxn = gy o (§n X idy).
Define fis := faro (Ear xidar): Wi = [0,¢] x M — € and fv = favo(En xidy): Wy _w g =
[1—€&,1]xN = C. As fy = fy and fy =~ fn, we obtain from (fys, fv) € F(M) x F(N) and
[4, Lemma 7.17] that far € F([0,¢] x M), S(far) = S(far) =1, and fy € F([1 —€,1] x N),
S(fn) =S(fn) = 1. We have G|W[s’17€/] € FP(W.1—o1) - Thus, by Theorem 3.4.9, there exists
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F € F(Wj.1_o) such that Glw,, oy ~Wii o F. Therefore, there exists a compact subset
K C W, _o such that G‘W[E,l—e’]\K = F‘W[s,l—a’]\K' It follows from far ~o1jxm gu and
IN ~01xn gn that there exist compact subsets Ky C W(o,.) and Ky C W(;_. 1) such that
G|W[0,5]\KM = fM’W[O@]\KM and G|W[1,5/,1]\KN = fN|W[1,8/,1]\KN' Consider the open covering
W=WN\(KnUKUKN))UWoe UWeionUWao ). The fold maps Glw (kyukuky)
on W\ (KM UK |_|KN) and fM’W(O,s) U F’W(a,l—s’) L fN’W<17€,71) on W(O,E) U W(a,l—g’) (] W(l—a’,l)
agree on the intersection (W \ (Ky UK UKN)) N (Wige) UWiei—oy UWia_o 1) = (Wioe) \
Ky) U (Wigi—eny \ K) U (Wi—o 1y \ Kn). Thus, we obtain a fold map

F:W — (C, F(p) _ (fM‘W(Oyg) U F’W@,l,al) U fN‘W(lfs/yl))(p)a 1fp € KM UK U KN7

G(p), iprW\(KMUKHKN).

It follows from G’W[075]\K1M = fM|W[O,E]\KM and G‘W[l—e’,l]\KN = fN‘WU_E,J]\KN that Flw, , =
fum =~ fu and F‘Wuff/,u = fv = fn. Consequently, F' € FP*(W; far, fv). By Lemma 3.4.11,
we have I € FP°(W). Let us check that F' satisfies (f2). In fact, it follows from Flw,, =
fu € F([0,e] x M) and Flw, = fv€F(1- e/;1] x N) that [0,e]n M (F) N Genlm(F) is
residual in [0,¢] and [1—¢’,1]Nn M (F)NGenlm(F) is residual in [1 —¢’,1]. Moreover, it follows
from Flw_, ., = F e F(Wi1_.) that [e,1—¢|nrh (F) N Genlm(F) is residual in [e,1 —¢'].
Thus, it follows from [4, Lemmas 7.4, 7.5] that M (F') N Genlm(F') is residual in [0,1]. Hence,
F' satisfies (ff2), and we can conclude that F' € F(W). Thus, F € FP*(W; far, fnv) NF(W) =
FW; fuar, fv) - It remains to show that S(F) = S(G). It follows from F € F(W; far, fv) and
(far, fn) € F(M) x F(N) that e,1—¢" € (0,1)Nh (F) N Genlm(F). Thus, by [4, Lemma 7.11],
we have S(F) = S(Flw, ) ©S(Flw,, .,) ©S(Flw,.,) = S(fx) o S(F) o S(far) . Tt follows
from far ~jo11xm gm that S(far) = S(gnr). By Lemma 3.4.5, it follows from Gljgxm = gum
that S(gar) = S(Glwy,,). All in all, S(far) = S(fm) = S(Glwy,,,). Analagously, S(fy) =
S<G’W[175/,1]>' Moreover, S(F) = S(Glw,,_.,), because Glw_,__,
we obtain S(F) = S(G’W[l—s’,l]) o S(Glwy.,_.) © S(Glw, ). Finally, it follows from G €
Frre(Wsgnm, gn) and (gar,gn) € F(M) x F(N) that ,1 — & € (0,1)Nn i (G) N Genlm(G).
Thus, by Lemma 3.4.4, we can conclude S(F) = S(G).

e,1—¢/

~Wi o F. Therefore,

Let W be an arbitrary cobordism. By [4, Theorem 7.20],

Zw (fars ) = 2wy Oefar(R), U fv (k)
= Zyw(0)(fm(0), fn(0)) x - X Zyy ) (far(k), fn(K)) x -+ -,

where the product in @ is finite, since W (k) is empty for all but finitely many k& € N. As the

theorem is already shown for simple cobordisms, we obtain for every k£ € N that

Zway (fm(k), fn(k)) = > Y (S(Gy)) @ 1.

Gregere(W (k);gn (k),gn (k)

Hence, using the law [4, Equation (9)] in the complete semiring (@, +, X),

Zw (fm, fn) = > (Y(S(G(R))) @1) x--- x (Y(S(G(k))) ©1) x---).

GeTrre(Wignr,gn)

(Here, we have used the identification FP*(W; gar, gn) = [pen FP(W (K); gri(k), gn(k)).) By
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[4, Lemma 6.14], and since Y is a monoidal functor, we obtain for every k € N that

(Y(S(G(k)))®@1) x - x (Y(S(G(k)) ®@1) x -+ = Y(® S(G(k))®1=Y(S(F)) ® 1.
keN

3.4.2 Construction of Stable Fold Maps from Fold Maps

Definition 3.4.13. Let FY5 (W) C FP*(W) denote the subspace of all fold maps F: W — C
in FP**(W) such that F'(k): W(k) — C is stable in a suitable open neighbourhood of 0W (k)
in W(k) for every k € N. Let FP*(W) C FP**(W) denote the subspace of all fold maps
F: W — C in FP(W) such that F(k): W(k) — C is stable for every k € N. Moreover, set

Fo(W) == FPe(W) A F(W).

Thus, we have the inclusions F(W) C FE*(W) C FL5(W).
Note that if F € FY5 (W) and G € FP*(W) with F ~y G, then G € FY5(W).
Theorem 3.4.14. If F € FV5 (W), then there exists G € FP™(W) such that F ~w G.

Proof. Let F € Er"gze(W). Let us first assume that W is a simple cobordism. Then, by
Definition 3.4.13, F' € FP*(W) is already stable on an open neighbourhood of OW in W.
In the following, we will use Lemma 3.3.6 to perform a finite sequence of perturbations of F
on compact subsets of W 1, such that the resulting fold map G is stable. Note that G will
agree with F in an open neighbourhood of OW in W, because F' was only perturbed on a
compact subset of W 1y. In particular, G € FL*(W). Moreover, since the perturbations of
Lemma 3.3.6 do not affect the fold locus, we will have S(G) = S(F') and thus S(G) = S(F).
Hence, F ~yw G.

For every S € C, we fix an embedding [0,1] — S. Let Bg denote the image of [0,1] under
this embedding, and set B :=| |gcc Bs. Since F' restricts to an immersion S(F) — C, we may
assume that F restricts to an embedding B — C. Moreover, since S(F')N Wy 1y is a finite set
because of 0,1 € (F'), we may in addition assume that F'(B) N F(S(F)NWgy) =0.

Since 0,1 e (F), it follows from Lemma 3.4.8 that there exists ¢ € (0,ew ) such that (¢1) and
(€2) hold for all ¢ € (0,&¢). In particular, if € € (0,&0), then Tjy ) := |_|TeI[0 LT = S(F)NWigq
and Tjy_. ) == UTEI[PE , T = S(F)NWi_c 1) by (€2). We choose € € (0,e0) with the following

properties:

(T1) F restricts to an immersion with normal crossings F: Tioe) U Tj1—c 1) — C.
(T2) F:(p) is not a double point of F. for every p € (9Tjg o U ITj1—c17) N Wio,1)-
(T3) F(B)NF(Tjs UTj1—cq) =0.

(In fact, by assumption, there exists an open neighbourhood U of 0W in W, such that F
restricts to an immersion with normal crossings U N S(F) — C. As OW = M U N is compact,
one can choose ¢ € (0,e9) such that Wiy qup—c1] = (M x [0,e]) U (N x [1 —¢,1]) C U for all
€ € (0,ep) . This implies (T1), since Ty o UTj1—c 1) = S(F) N Wi gupi—e,1) € S(F)NU . Property
(T2) can be deduced from (el) and (T1), since the restriction of F' to the immersion with
normal crossings Tjg . U 71,1 — C has only finitely many double points. Finally, property
(T3) can be obtained by using (e1), (T1) and F(B)NF(S(F)NWiy1y) =90.)
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Let Jo,...,Ju—1 be an enumeration of the intervals in {S\ int Bs}sec U I 1—o. We define
Yo 1= Tip,q) UT—cy U B. Moreover, for m € {1,...,u}, we define %, inductively by 3, :=
Ym—1U Jm_1. Note that for every m € {0,...,u}, ¥y, is a 1-dimensional compact manifold
with boundary 9%, = (S(F) N Wig1y) UULS, 8J;. Note that ¥, = S(F).

Set Fp := F'. The restriction Fp|g,: X9 — C is an immersion with normal crossings. (This
follows from (T1) and (T3), and since Fj restricts to an embedding B — C.) Moreover, using
(T2), we can conclude that Fy has the following property for m = 0:

(Fy) Fnls,, is an immersion with normal crossings, and F,,(p) is not a double point of Fy,|5 .
for every p € 0%, N W 1) = Uf:_nl,L 0J; . Moreover, F,, ~w F.

Assume that we are given F,_1 € FP*(W) for some m € {1, ..., u}, such that (F,,—1) holds. In
the following, we will use Lemma 3.3.6 to perform a finite sequence of perturbations of F;,_1 on
compact subsets of W(q 1), such that the resulting fold map F,, satisfies (Fy,) . Eventually, the
fold map G := F), will satisfy (F},). In particular, F' ~y G, and G restricts to an immersion

with normal crossings on X, = S(F) and is hence stable.
For simplicity, we will write £ := F,, 1, X :=%,,_1 and J := Jp,_1. Thus, ¥,, =X UJ.

Fix a diffeomorphism [0,1] = J. This diffeomorphism will be used in the following to identify
points in J with points in [0, 1]. For every point p € J, Proposition 3.3.5 enables us to choose
charts ¢,: X, = X, C R" around p € W) and ¢,: Y, — Y, C C around E(p) € C, such
that E(X,) C Y, and ¢,(E(¢, ' (t,2))) = Ay (t,2) for all (t,2) € X, C R x R"! and some
integer 0 <i(p) < n—1. Application of the Lebesgue lemma to the open covering J C U,e; Xp
yields an integer D > 0 such that each of the intervals [%, %} clo,1]=J,de{0,..,D -1},
is completely contained in Xy := X4 for some p(d) € J. In particular, we have {%} =
[45L, 41N [%,%] C Xg-1NXy forall d € {1,...,D—1}. For every d € {1,...,D — 1} we
choose x4 € ( ,D) such that [z4, 4 51 C Xq ﬂXd

CONSTRUCTION L. There exists a fold map E: W — C with the following properties:

There is a compact subset K C W1y such that S(E)N K C int ¥ and E wi\k = Elw\k -
(0,1) \ \

@) S(B)- 52 i

(3) For every d € {1,...,D — 1}, there is a point yq € [xq, %] such that E(yg) ¢ E(X).

(4) E(p) ¢ E(E \ {p}) for all pe XN Wy -

()

5) The restriction of E to X is an immersion with normal crossings.

Since E restricts to an immersion with normal crossings on ¥ (with finitely many double
points, since ¥ is compact!) and to an immersion on [xg4, %] for every d € {1,...,D — 1}, we
can choose for every d € {1,...,D — 1} a point y4 € [vq, 5] such that E(ys) ¢ E(0%), and such
that there exists at most one point pg € int ¥ with E(pg) = E(yq). Let Q C {1,...,D — 1} be
the subset of all d € {1,..., D — 1} such that the point p; exists. In addition, we may assume
that E(pq) # E(pe) for all d,e € 2 with d # e. For all d € Q, we have

() E(pa) = E(ya) ¢ E(0X) U E(int £\ {pa}) = E(X\ {pa}).

Proposition 3.3.5 enables us to choose for every d € Q charts ¢4: Ug — U) C R" around p,4 in
W1y and v4: Vg — Vj C C around E(pg) € C, such that E(Uy) C Vg and Va(B(oy ' (t,2))) =
A, (t,z) for all (t,z) € Uj C R x R"! and some integer 0 < iy < n — 1. Without loss of

generality, we may assume that

(Q1) VgnVe=0 for all d,e € Q with d#e.
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(Q2) UgNS(E)CintX forall d e Q.
(Q3) EX\Ug)NVy=0 forall de .

(In fact, (©22) can be achieved by avoiding the compact subset ¥\ int ¥ C W, using pg € int &
forall d € Q. In order to obtain (1), one uses that E(pg) # E(p.) forall d,e € Q with d #e.
In order to obtain (023), one can restrict the charts to the open subsets Vy := V;\ E(X\Uy) C Vy
and Uy := UyNE~Y(V;) C Uy. Then, (Q1) and (Q2) will still be valid, and E(U,;) C V;. Note
that it follows from py € Uy and E(pg) ¢ E(X\ Uy) (by (%)) that pg € Ugn E~Y(V,) = Uy.
Moreover, E(X\ Ug)NVy=0. (In fact, if o € ¥ such that E(o) € Vy =V, \ E(Z\ Uy), then
ceU;NEY(Vy) =U,.))

It follows from E(Uy) C Vy that E restricts to a fold map Ey: Uy — Vg with fold locus
S(Eq) = S(E|ly,) = UgnN S(E). Moreover, Ei(pq) # Eq(p) for all p € S(Eg) \ {pa} by (x).
Following the proof of Proposition 3.3.7, there exist fold maps FE4: Uy — V3 and compact
subsets Ky C Uy for every d € 2, such that

(i) Ed’Ud\Kd Ed|Ud\Kd for every d € .

(ii) S(Eq) = S(Ey) for every d € Q).

(iii) Eq(pg) ¢ Eq(S(Fy)) for every d € Q.

(iv) Eq restricts to an embedding S(E,) — C for every d € Q.

Define K :=|lgcq Ka, U :=UgeqUaq and V :=|ycq V. (Note that the pairwise disjointness
of the Uy follows from (Q21).) K C W is a compact subset, and K C U C W ;). Consider
the open covering W = U U (W \ K). The fold maps Ey := |l4eq £qg on U and Ely\g on
W\ K agree by (i) on the open subset UN (W \ K) =U\ K = | |geqUa\ Kq of W. Thus, we

can assemble these maps to obtain the fold map

EU(p)a for pE Ua

E:W —C, E(p):{E(p) for p ¢ U

Let us check that E satisfies the claimed properties:

(1). It follows from (£22) that S(E)NK C S(E)NU = ljeq S(E)NUg C intX. We have
W\K=W\U)U(U\K), where U\ K = ||;cq Us \ K. By definition, E and E agree on
W\ U. Moreover, for every d € §2, we have E‘Ud\Kd = Ed’Ud\Kd = Ealy,\k, by (i). Thus, E
and E also agree on U \ K. Hence, E]W\K = Elyn\k -

(2). As W =UU (W \ K), we have S(E) = |lyeq S(E|u,) US(Elyrk). For every d € Q
we have S(E]Ud) = S(Ey) = S(BEy) = S(E|y,) by (ii). Moreover, it follows from (1) that
S(Elw\x) = S(Elwnr) - Thus, S(E) = Ugeq S(Elv,) US(Elux) = S(E).

(3). Let de {1,...,D—1}. Write ¥ = (X\U)U(XNU). Since pg € Ug C U, it follows from (x)
that E(yg) ¢ E(2\U) = E(2\U). Moreover, E(2NU) = | lcq Eo(ENT.) C oeq Eo(S(E.)),
which uses S NU, € S(E)NU, = S(E,) = S(E.) (by (ii)) for all e € Q. By (Q1), we have
Eq(yq) ¢ Ee(S(E,)) for all e € Q with d # e, since Eq(yq) € Vy and E.(S(E,.)) C V.. By (ii)
and (iii), we have Ey(yq) ¢ Ea(S(Eq)). Thus, Ey(yq) ¢ E(XNU). Allin all, Eg(ys) ¢ E(Z).

)N

(4). Let p € 080 Wy Wiite S\ {p} = ((2\ {p}) 1 0) U ((S\ {p})\ ). We have
E((2\ {Np}) NU) = Ey((X\ {p}) ONU) C V. By (92), we have p ¢ U. Hence, by (Q3),
E(p) ¢ E(X\{p})NU). Moreover, E((X\{p})\U) = E((X\{p})\U) C E(£\{p}). Thus, by
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(Fin-1), we have E(p) ¢ E(Z\{p})\U). Allinall, E(p) ¢ E(E\{phNU)UE(S\{p})\U) =
E(Z\ {p}).

(5). We have the open covering ¥ = (XNU)U(X\ K). It follows from (1) that E’]Z\K = Eln\k,
which is by assumption an immersion with normal crossings. Moreover, E lsno = Ugeo Ed\gmU 4
is an immersion with normal crossings as well. (In fact, by (iv), E, is an embedding on
S(Ey) = S(E)NUy for every d € Q, and Eg(SNUy)NE.(ENU.) CVyNVe=0 by (Q1) for
all d,e € Q with d # e.) Thus, it suffices to show that E(XNU)NE((Z\ K)\ (ZNU))=0.
In fact, we have E((Z\ K)\ (2NU))=E(X\U) = E(2\U), and hence, by (Q3),

EENU)NE(S\K)\(EnU)) = | | E4(EnUy) NEE\U) C | | Van E(E\ Uy) = 0.

de deQ
This completes construction I.
For every d € {1,...,D — 1} we choose an interval Ay := [wy, z4] C |24, & 5] with wg < yq < 24
and define A := [[?' A;. Note that E(yq) ¢ E(X) for all d € {1,...,D —1}. (In fact,

let d € {1,..,D—1}. As yq € J, it follows from (1) that E(ys) = E(yq). Hence, by (3),
E(yq) ¢ E(X).) As E restricts to an immersion [z, %] — C for every d € {1,...,D — 1}, we
may assume that E restricts to an embedding A — C. Moreover, as > is compact, we may
in addition assume that E(A) N E(X) = . Hence, it follows from (5) that E restricts to an
immersion with normal crossings % 1A — C.

Set 19 = 20 =0 and zp = wp = 1. In partlcular Tg < 24 < 15 < Tgq1 < wgqq < dzr)l for
all d € {0,...,D —1}. For all d € {0,...,D — 1}, define Z; := [Zd,wd+1]. Define Il := X U A.
Moreover, for d € {1,...,D}, we define II; inductively by IIz := II;1 U Z4—1. Note that
for every d € {0,.. D} IT; is a 1-dimensional compact manifold with boundary 9Il; =

(S(E)NWioq1y) UULZ m+1 0J; U U J 0Z;. Note that IIp =X UJ =%,
CoNSTRUCTION II. For every d € {0, ..., D}, there exists a fold map G4: W — C such that

(1) There is a compact subset Ly C W1y with Ly N S(E) C [0,wq] Uint X and Gglwr, =
Elw\r,- (As wp is not defined, we understand [0, wo] = 0.)

(27) S(Ga) = S(E).

(3") Galp) & Ga(llg \ {p}) for all p € ALy N Wiq ).

(4) Gg|n, is an immersion with normal crossings.

The construction will be done by induction on d. For the induction basis, set Gy := E and
Ly := K. We have to check the properties (1) to (4’) for d = 0. The properties (1’) and (2’)
follow from (1) and (2). Property (3’) says for d = 0 that E(p) ¢ E((XU A) \ {p}) for all
p € (0XNW/q, 1))U8A Ifpe G'EQW(O 1) » then it follows from (1), (4) and E(2)NE(A) = 0 that
B(p) = B(p) ¢ BE\{p))UE(A) = E(SUA)\(p)). 1 p € 94, then E(p) ¢ E(S)LE(A\{p}) =
E((ZUA)\{p}), since E(Z)NE(A) =0, and E restricts to an embedding A — C. Moreover,
by choice of A, E restricts to an immersion with normal crossings on Iy = ¥ LU A, which is
(4.

Assume that for some d € {0,...,D — 1}, we are given a fold map G4: W — C with the
properties (1’) to (4’). Let us construct a fold map Ggy1: W — C such that (1) to (4’) hold.

By construction, there exist charts ¢: X — X' C R" on W) and ¢:Y — Y' C C on C

such that [z, d+1] [Zd, %] U [%, M] CX, E(X)CY and ¢(E(¢~1(t,x))) = Ai(t,z) for all
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(t,z) € X' C R x R*! and for some integer i € {0,...,n — 1}. In particular, A;(X’) C Y.

Note that it follows from x4 < zg and wgy1 < % that Z; = [z4, wat1] C [za, %] c X.
By (1°), we have Z;N Ly = (. Thus, after restricting ¢ to a chart X \ Ly — ¢(X \ Lg), we
may assume without loss of generality that X N Ly; = () and we still have Z; € X. Again
by (1’), we obtain Gy|x = E|x. Thus, G4(X) C Y and ¥(Gy(¢~1(t,7))) = Ai(t,z) for all
(t,z) € X' CR x R L.

Since Zy C S(E) N X, the chart ¢: X — X’ C R x R*! restricts to an embedding Z; —
R x {0} N X’. In particular, there are real numbers s < s’ such that Z; can be identified with
$(Zq) = [s,s'] x {0} € X'. Choose p > 0 such that [s,s'] x {z € R*1; |z||* < p} € X’. Define
the compact subset P := ¢~ 1([s,s'] x {x e R*1; ||z]|* < p}) € X.

Choose a smooth function 5: R — R such that 5(0) = 1 and S(r) = 0 for r > p. Choose
R > 0 such that |8(r)| < R and |8’ (r)] < R for all » € R. (In particular, R > |3(0)| =1.)

Choose 0 € (0,1] such that ||y — z|| > § for all y € A;j(¢(P)) and z € C\Y'. (This is possible,
since A;j(¢(P)) and C\Y’ are disjoint subsets of the metric space (C, ||-||), where A;(¢(P)) is
compact and C\ Y’ is a closed subset.) Note that [s,s'] x (—%, %) C Y. (In fact, suppose
that z := (a,b) € [s,5'] x (—%, %) satisfies z € C\ Y’'. We have (a,0) € [s,s'] x {0} C ¢(P).

Setting y := (a,0) = Ai(a,0,...,0) € A;j(¢(P)), we obtain % <o <|ly—z|| = b].)

Choose u € (0, SJQS,) and v € (0, %) so small that [s, s+u]x [—v, v]NY(G4(II4)NY) = (s,0) and
[¢" —u, '] x [—v,v]NY(Gy(I1g) NY) = (¢/,0). (This is possible by (3’), using that (G4(Ilz)NY)

is a closed subset of Y’ and that G4(Il;) has only finitely many double points.)

Define Y] := (s,8') x (—v,v), Yy := ¢~ 4(Y]) and Xo := (Gq)"'(Yo). IIzN Xy is a (not
necessarily compact) 1-dimensional manifold with boundary. The map Hy: Iz N Xy — Yy,
Hq(p) = ¥(G4(p)), is an immersion with normal crossings by (4’). Let Ay C Yj be the
(finite!) set of double points of H,. By construction, Hy(Il; N Xo) C Yy NY(Ga(lly) NY) C
(s +u,s —u) x (—v,v).

Set hg :=ImoH;. By Brown’s theorem, Reg(hy) is residual in R. Hence, there exists a point
vg € (—v,v) NReg(hy) such that Im™*(vg) N Hy(dlg N Xo) = 0 and Im ™ (vg) N Ag = 0.

Choose a smooth function a: R — R such that a(t) = 0 for ¢t € R\ (s,5'), a(t) = vy for
tels+u,s —u| and |a(t)] <v forall t € R.

By construction, the graph T'y, := {(t,a(t)); t € (s,8')} C Yy of o on (s,s’) satisfies

(al) ToNHy(0IlzNXo) = 0. (In fact, it follows from H,y(0Il;N Xo) C (s+u, s’ —u) x (—v,v)
and Ty N (s +u,s —u) x (—v,v) = (s +u,s —u) x {vg} that T, N Hy(0lly N Xp) =
(s +u,s" —u) x {vg} N Hy(dlg N Xo) € Im~L(wg) N Hy(0Ily N Xo) = 0.)

(a2) ToNAg=0. (In fact, it follows from Ay C Hy(Ily N Xg) that Tp, N Ay = (s +u, s —
u) x {vo} N Ay CTm™Hwg)NAg=10.)

(a3) HgqhT,. (In fact, assume that there exists p € II;N Xy such that Hy is not transversal
to Ty, at p. In particular, Hy(p) € o N (s+u, s —u) X (—v,v) = (s +u, s —u) X {vp}.
This implies that p € II;N X( is a singular point of hy = ImoHy with hg(p) = v, which
is a contradiction to vy € Reg(hg). Therefore, Hy h 'y .)

Since |a(t)B8'(r)| < |a(t)|R < vR < § <1 for all (t,r) € R? it follows from Lemma 3.3.6 that
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the perturbation
A Rx RIS R? At a) = (8 Mi(@) + a()B(|z))%),

of A; is a fold map such that S(A;) = S(A;). Note that A;(X’) C Y’. (In fact, assume that
there exists a point (t,z) € X’ such that A;(t,z) € C\Y’. Then it follows from A;(X’\¢(P)) =
Ai(X'\ ¢(P)) C Y’ that (t,z) € ¢(P). But then, by choice of d, we obtain the contradiction
5 < [|Ai(t,x) = Ai(t, )| = 110, &) B(I|2)*))I| = la@®)B(ll*)] < Ja(t)|R < vR < §.) Thus, A

induces a fold map

Gyt X =Y,  Galp) = v (Ni(6(p)))-

The compact subset P C X gives rise to the open covering W = XU(W\P). Since /N\i\X/\¢(p) =
Ai|xng(p) by construction, we have éd|X\P = Gg|x\p- This shows that the fold maps G4 and
Galw\p agree on the intersection X N (W \ P) = X \ P and can thus be assembled to a fold
map

Ga(p), for p € X,

Gd+1l W — (C, Gd+1(p) =
Gd(p)7 for b ¢ X.

Let us check that G4y satisfies the properties (1) to (4'):

(1’). Define the compact subset Lqy1 := LqgUP C W ). Let us first show that Lqy1NS(E) C
[0, wgs1]Uint ¥ It suffices to show that L;NS(E) C [0, wg]Uint X and PNS(E) C [z4, wiyt1]-
The first statement follows from (1’). Moreover, since P C X, we have PN S(F) = PN
dHSA)NX") = Hd(P)NS(A;)) = ¢~ ([s,8'] x {0}) = Zg = [24, was1] . Tt remains to show
that Gar1lw\r,,, = Elw\Ly,, - Since P C Lgy1, we have by construction that Gay1lw\r,,, =
Galw\Ly,, - Since Lq C Lg1, it follows from (1') that Galwr,,, = Elw\Ly,, -

(27). Using the open covering W = XU(W\ P), we have S(Ggy1) = S(Gar1|x)US(Garilwnp)-
We have S(Gay1lx) = S(Gq) = ¢~ H(S(A) N X') = ¢~ (S(A) N X') = S(Gg) N X = S(Gylx)-
Moreover, by construction, S(Ggr1lw\p) = S(Galwrp). Thus, S(Gay1) = S(Gg). Further-
more, by (2°), S(Gq) = S(F). Hence, S(Ggy1) = S(F).

(3"). Let p € Ollgy1 N Wg 1. It follows from Tlgyy =TIy U Zy and p ¢ Zy that Tl \ {p} =
(I14 \ {p}) U Z4. Hence, in order to show that Ggi1(p) ¢ Ga+1(Ilg+1 \ {p}), it suffices to
show that Gai1(p) ¢ Gar1(Ilg \ {p}) and Gay1(p) ¢ Gapa(int Zg). (Note that Iz N Z; =
0Z4.) As in the proof of (1’), we have PN S(E) = Zz. Thus, it follows from p € S(E) \ Z4
and Z; C P that Gai1(p) = Ga(p) and Gai1(Zg) = Ga(Zg). Moreover, Gar1(Ilg \ {p}) =
Ga(IIg\ {p}). (Use PNIl; = 0Z4 and check explicitly that G4 and G441 agree on 0Z,.)
Hence, G4(p) ¢ Gq(Ilz\ {p}) by (3)). It remains to show that Gq(p) ¢ Ga(int Zz). In fact,
Ga(int Zg) = ¢ 1(As(d(int Zg))) = ¢~ 1 (Ai((s,s') x {0})) = ¢~ 1(T4). By (al), we obtain
Y (To) N Gq(dT1y) = 0. Hence, Gy4(p) ¢ v (Ta) = Gq(int Zg).

(47). Using that P N S(E) = Zg, g1 = lgU Z; and g N Zy = 0Z;, we obtain 11z, \
P = Hd+1 \ Zd = Hd \ (9Zd = Hd \ P and Hd+1 NP = Zd. It follows from Gd+1’Hd+1\P =
Garilngyp = Galnpp and Gayiloz, = Galoz, that Gayiln, = Galn, . Thus, by (47), Gayiln,

is an immersion with normal crossings. In order to show that G441 is an immersion with

’Hd+1
normal crossings, it suffices to note the following:

e (441 restricts to an embedding int Z; — C. (In fact, since int Z; C X and ¢(int Z;) =
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(s,8') x {0} C X', it suffices to show that (s,s’) x {0} — C, (,0) = Gay1(61(t,0)),
is an embedding. Indeed, we have Ggi1(¢~(t,0)) = Ga(¢~1(t,0)) = pL(Ai(t,0)) =
P71t at)) for all (t,0) € (s,s') x {0}.)

e Ggy1(int Z;) does not contain any double points of Ggiilm,. (Since Ggyi(int Zg) =
Y~ YT,) C Yo, it suffices to show that 1~1(I'y) does not contain any double points of
Gati1lnynx, = Galmynx, - This is equivalent to (a2).)

o Gayilm, M Gay1(int Zg) . (Since Ggy1(int Zg) = w‘l(l“a) C Yy and Ggiiln, = Galny, ,
suffices to show that Gg|m,nx, M ¥~ 1(I's). This is equivalent to (a3).)

t

—

This completes construction II. Eventually, the fold map F), := Gp satisfies condition (Fp,).
(In fact, Fp,|x,, = Gpln, is an immersion with normal crossings by (4’). Moreover, Fy,(p) is
not a double point of Fp,|s,, for all p € 0%, N W1y by (3’). Furthermore, it follows from (1’)
and (2’) that F,,, ~w F'.)

After the theorem has been proven for all simple cobordisms W, the proof for arbitrary W
is as follows. By Definition 3.4.13, the restrictions of F to the simple cobordisms W (k),
F(k): W(k) — C, k € N, are fold pre-fields such that F(k) is stable in a suitable open
neighbourhood of OW (k) in W (k) for every k € N. Application of the theorem to F(k) €
Fvy (W (k)) yields for every k € N a fold map G(k) € FP*(W (k)) such that G(k) ~pw ) F(k).
The fold maps G(k) € FP*(W(k)) give rise to a fold map G := |,y G(k) € FP(W) by
Definition 3.4.13. Finally, it follows from F(k) ~w G(k) for every k € N that F ~y G. (See
the end of the proof of Theorem 3.4.9.)

O
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Theorem 3.4.15. If F € FP™(W), then there exists G € Fs(W) such that F ~yw G.

Proof. We return to the proof of Theorem 3.4.9 and assume that F' is stable. By Defini-
tion 3.4.13, we may assume that W is a simple cobordism. Then it suffices to show that
construction I can be performed in such a way that the resulting fold map Fj is stable. (In

this case, G := F; o = will also be stable, being the precomposition of a stable map with a
diffeomorphism. Hence, G € FP"*(W)NF(W) = Fs(W) and F ~w G.)

Since F' is stable, the restriction of F' to S(F') is an immersion with normal crossings. The set
of normal crossings (double points) is given by D(F) := {z € C; |S(F)N F~!(z)| > 1}. Since
S(F) is compact, D(F) is a finite set. As F is stable, we have

(i) F restricts to an embedding S(F)\ F~}(D(F)) — C.

We may assume that F(pr) ¢ D(F) for every T € Q. Thus, for the choice of the open
neighbourhoods Vr of F(pr) in C, we may in addition to (V1), (V2), (V3) and (V4) assume
that

(V5) VN D(F) =0 for every T € Q.

The modification of F' in construction I is based on the application of Proposition 3.3.7. Fol-
lowing the proof of Proposition 3.3.7, we choose for every T € 2 a chart ¢r: Urg — Uy C R
around pr in Upr and a chart ¢p: Vg — Vpy € C around F(pr) in Vp, such that ¢r(pr) =
0 € Ur, F(Upg) C Vg and ¢(F(pr)) = 0 € V1, and there exists an integer 0 < i(T) <n—1,
such that for all (t,z) € Ury € R = R x R*™! we have ¢r(F(¢5'(t, 7)) = Ay (t, o)
(= (t, X\i(r)(z)) ). Without loss of generality, we can assume that

(ii) F(S(F)\ Uro) NVrg =0 forall T € Q.

(In fact, fix T € Q. Define the open subsets Vi, := C\ F(S(F) \ Uro) C C and Up, :=
Uro N F~1 (V) € Wigeyu(i—e1y- 1t follows from (i) and (V'5) that F(pr) ¢ F(S(F)\ Uro).
Therefore, pr € Urg N F~1(Vi}y) = Ujy. Moreover, F(S(F)\ Uj) NVig = 0. (In fact, if
o € S(F) such that F(o) € Vjy =C\ F(S(F)\ Uro), then o € Upo N F~1(V}y) = Ulq.))

For every T € 2 we follow the proof of Proposition 3.3.7 and introduce the perturbed fold map

Fro: Uro — Vo, Fro(p) = ¥7' (Aigr) (67())).-

Define Uy := I_lTEQ Urg and Vy := LITGQ Vro. Note that K1 C Uy C Uy, since Kp C Upg C Ur
forall T € Q.

Consider the open covering W = (W \ K1) UUy. Fy restricts to a stable fold map on W'\ K7,
since, by (1), Fy ]W\ Kk, =F \W\ K, » Which is stable. Moreover, F} restricts to a stable fold map on
on Up. (In fact, Fily, = (Filvy)|ve = Filve = Urea Frlvge = Ureq Fro. This is stable, since
Frg is stable for all T € Q and the Vg C Vi are pairwise disjoint by (V3).) We have (W\ K1)\
Up = W\Up and Up\ (W \ K1) = K. It suffices to show that F;(S(F1)N(W\Up))NF1(S(F1)N
K1) = 0. Note that Fy(S(F1)N(W\Up)) = F1(S(F)N(W\Uy)) = F1(S(F)\Uy) = F(S(F)\Uy)
and Fi(S(F1)NK1) = Fi(S(F)N K1) C F1(Us) = Ureq Fro(Uro) € Ureq Vo = Vo Finally, it
follows from (ii) that F'(S(F)\Uo)NVo = Ureq F(S(F)\Uo)"Vro C Ureq F(S(E)\Uro)NVro =
0. O
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Fold Maps from Cobordisms into the

Plane






Chapter 4
Generic Smooth Maps into the Plane

Let X denote a smooth manifold of dimension n > 2 (without boundary).

Generically, the singular locus S(F) of a smooth map F: X — R? will not only consist of
fold singularities (as studied in Section 3.3), but will also contain so-called cusps. It turns out
that the set of cusps of F' forms a discrete subset of the 1-dimensional submanifold S(F') of
X . Historically, the equidimensional case n = 2 has been studied by Whitney in [60]. Based
on [17], the theory of fold and cusp singularities is systematically introduced in Section 4.1
and Section 4.3. Furthermore, using the concept of intrinsic derivative, Section 4.5 presents a

method to determine cusps and the absolute index of fold points in practice.

The determination of the state sets defined in Section 3.1.6 requires to extend given boundary
conditions to fold maps from a cobordism into the plane while controlling the number of loops.
The following two-step program indicates that the study of fold maps from the perspective of

generic smooth maps is a promising approach to this construction problem:

1. Extend the given boundary conditions to an arbitrary generic smooth map from the cobor-
dism into the plane.
2. Use suitable local modifications for generic smooth maps to produce a fold map with the

desired properties.

Step 1. is solved in Section 4.4 by employing a relative version of the Thom transversality
theorem (see Proposition A.3.2). As far as step 2. is concerned, the present chapter will present
two local modifications for generic smooth maps that will be combined in Chapter 5 (when
n = 2) and Chapter 6 (when n > 2) to control to some extent the number of components of

the singular locus of a generic smooth map into the plane:

e Elimination of cusps (see Section 4.6) due to Levine [32]. In order to make this process
applicable as a local modification, [32, Lemma (4.9), p. 293] modifies the homotopy of the
local normal form that describes the elimination of cusps carefully to maintain the identity
map outside a compact subset.

e Creation of cusps (see Section 4.7). By lack of a detailed reference, we give an ad hoc
construction that makes the homotopy of the local normal form that describes the creation

of cusps into the identity map outside a compact subset.

Note that the cases n = 2 and n > 2 are different to handle since in dimension 2 it is not

always possible to choose a suitable path between two cusps.
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With regard to further investigations of the state sets defined in Section 3.1.6 one has to focus on
the problem of modifying in a desired way the singular set S(F) of a given generic smooth map
F: X — R? defined on a smooth n-dimensional manifold X™ without boundary. Assuming
that S(F') consists of a finite number of components, the task is to modify F' in such a way

that the number of components changes in a controlled way.

All modifications considered in the present chapter are local in the sense that F' is modified in
small neighbourhoods of certain critical points. Therefore, the results can be applied to study
generic smooth maps on cobordisms. (The modifications will not affect the behaviour near the

boundary.) However, no topological phenomena are investigated.
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4.1 One-generic Maps into the Plane

In this section, we collect general facts about one-generic smooth maps from X" (n > 2) into
the plane. Recall from Section 3.3 that for r € {0,1,2} a submanifold S,(X,R?) of J'(X,R?)
is defined by

S.(X,R?) := {0 € JYX,R?); coranko = r}.

In order to simplify the notation, we set S, := S,.(X,R?). The codimension of S, in J!(X,R?)
is given by r(n — 2+ ). The jet manifold has the decomposition J!(X,R?) =Sy U S US,.

Lemma 4.1.1. (a) The submanifold Sy C J'(X,R?) is an open subset of J'(X,R?).
(b) The submanifold Sy C J'(X,R?) is a closed subset of J'(X,R?).

Proof. (a). The codimension of the submanifold Sy in J!(X,R?) is given by r(n —2+7) =0
since 7 = 0. Hence, Sy is an open subset of J1(X,R?).

(b). Let a: J'(X,R?) — X denote the source map and let 3: J'(X,R?) — R? denote the
target map. It is well-known that a x 8: J'(X,R?) — X x R? can be considered as a vector
bundle over X x R? with fiber Hom(R",R?). Moreover, the restriction (a x 3)|: Sy — X x R?
is a subfiberbundle of this vector bundle with fiber

LQ(Rn,RZ) ={Ae HOH](]R”,RQ); corank A = 2} = {0}.

Thus, the total space Sy of the fiber bundle (a x 3)|: So — X x R? can be identified with
the image in J'(X,R?) of the zero section of the vector bundle a x #: J}(X,R?) — X x R2.
Hence, Sy is a closed subset of J!(X,R?). O

Lemma 4.1.2. Let f: X — R? be smooth and let © € X be a point.

(a) 1(f) Sz at x if and only if j*(f)(z) & Sa.
(b) If 71(f) th So at x, then there ewists an open neighbourhood U C X of = such that
GHf)h Sy on U.

(c) If jl(f) M Sy at x and Jl(f)(:r) es—lJl(X,Rz)

, then j'(f)(z) € S1.

Proof. (a). If j1(f)(z) ¢ Sa, then jl(f) h Se at z by Definition A.1.1. Conversely, assume
that j1(f) m Sy at x. The codimension of the submanifold Sy in J!(X,R?) is given by
codimSy = r(n —2+7r) = 2n since r = 2. As dim X = n < 2n = codim Sy, we obtain from
the proof of [17, Proposition 11.4.2, page 51] that j(f)(x) ¢ Sa.

(b). Let j1(f) M Sy at x. By part (a) we have j'(f)(z) ¢ Sz. Hence, = is an element of
U =5 ()7 (THX,R%)\ S).

It follows from Lemma 4.1.1(b) that U is an open subset of X . By construction, we have
H(f)(2') ¢ Sy for all 2’/ € U. Therefore, part (a) implies that j*(f) h Sz on U.

(c). We have j'(f)(x) € JY(X,R?) = SoUS1 US,y. It follows from j'(f) h Sy at = and part
(a) that j(f)(x) ¢ So. Therefore, it suffices to show that j!'(f)(x) ¢ Sp. By assumption,
we have j!(f)(z) € EJI(X’RQ). Since S; NSy = () and Sy is an open subset of J!'(X,R?) by
Lemma 4.1.1(a), we obtain SilJl(X’W) NSy = 0. In particular, j*(f)(x) & So. O
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Definition 4.1.3. Let f: X — R? be smooth.

(a) Given a point = € X, we say that f is one-generic at x if j'(f) M Sy at z and j'(f) th Sy
at x.

(b) Given a subset A C X, we say that f is one-generic on A if f is one-generic at x for all
reA.

(c) Finally, we say that f is one-generic if f is one-generic on X .

The following Lemma shows that the property of being one-generic is compatible with restriction

to open subsets:

Lemma 4.1.4. Let f: X — R? be smooth and let X' C X be an open subset. Then the
restriction f': X' — R? of f to X' is one-generic if and only if f is one-generic on X'. In

particular, if f is one-generic, then f' is one-generic.

Proof. The restriction f': X’ — R? of f to X’ is one-generic if and only if j1(f’) h S, (X', R?)
at x for all z € X’ and r € {1,2}. This holds if and only if j!(f)|x h S, Na }(X') at =
for all z € X’. By Lemma A.1.2(b) this is equivalent to j'(f) M S, Na~1(X’) at z for all
r € X'. By Lemma A.1.2(b) this is equivalent to j'(f) h S, at x for all z € X’. (In fact,
note that S, Na~!(X’) is an open subset of S.. Moreover, j!(f)(2') ¢ S, Na~1(X') implies
JHF) (@) ¢ S, for all 2/ € X’ since j1(f)(z') € a 1(X') for all 2’ € X'.) Equivalently, f is

one-generic on X'. O

Lemma 4.1.5. Assume that f: X — R? is a smooth map which is one-generic at a point
x € X. Then there exists an open neighbourhood U C X of x such that f is one-generic on
U.

Proof. By assumption, f is one-generic at x. Hence, by Definition 4.1.3(a), j'(f) m S1 at =
and j1(f) M Sy at x. Set y := j'(f)(x). By Lemma 4.1.2(a), j1(f) h Se at z implies that
y & Sy. Since y € JHX,R?) = Sy U S; U Sy, we can distinguish the following two cases:

e yc Sy. Note that Sy is an open subset of J'(X,R?) by Lemma 4.1.1(a). Thus, Uy :=
1 (f)7(Sp) is an open neighbourhood of = in X such that j'(f)(xg) ¢ S; U Ss for all
zo € Up. Hence, for every zo € Uy we have j'(f) m S; at 29 and j'(f) h Sy at zg.
Therefore, f is one-generic on U := Uj.

e yc 5. Since j'(f) M S at =, Lemma A.1.3 implies that there exists an open neighbour-
hood U; C X of x such that j'(f) M Sy on Uy. Since j(f) M Sy at o, Lemma 4.1.2(b)
implies that there exists an open neighbourhood Us of z in X such that j'(f) m Sy on
U, . Hence, f is one-genericon U :=U; NUs.

O
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4.2 The Intrinsic Derivative

Following [17, Section VI.3, p. 149 ff], we present briefly the concept of intrinsic derivative,

which will be employed in Section 4.5 to define the index of fold lines and to determine cusps.

The intrinsic derivative allows to differentiate smooth vector bundle homomorphisms in a way

that is related to the vector bundle structure. First consider trivial vector bundles £ := X x R"”

and F:= X xR? over X. Let p: E — F be a smooth vector bundle homomorphism (covering

the identity map on X ). Note that p is nothing but a smooth map p: X — Hom(R",RY).

Evaluation at a given point p € X yields a linear map o := p(p): R” — R?. Let (,: K, — R"”

denote the inclusion of the kernel K, := keroc C R” and let 7m,: R? — L, denote the canonical
R4

projection to the cokernel L, := cokero = ¢ — . The differential of p at p € X is a linear map

D,p: T,X — T, Hom(R",R?) = Hom(R",R?).
Definition 4.2.1. In this situation, the intrinsic derivative of p at p is the linear map

Dpp: T, X — Hom(K,, Ly), Dpp(v) = 75 0 Dpp(v) © 4.

It is shown in [17, Section VI.3] that the intrinsic derivative of p at p transforms as B(p) o
Dpp(v) o A(p)~! under changes of trivializations A: X — GL(R") of E and B: X — GL(RY)
of F'. (The proof exploits the reduction Hom(R",R?) — Hom(K,,L,).) Hence, the above
definition of a linear map Dpp: T,X — Hom(K,, L) carries over to homomorphisms p: £ — F

between arbitrary smooth vector bundles over X (covering the identity map on X ), where now
F,
Impcr :

K, :=kero C E, and L, := cokero =

Remark 4.2.2. There also exists the following description of the intrinsic derivative whose
formulation does not rely on the choice of local trivializations of vector bundles. Consider
p: E — F as a section p: X — Hom(E, F) of the vector bundle Hom(FE, F') over X. Let
p € X and o := p(p). In contrast to the above construction on trivial bundles, the tangent map
D,p: T,X — T, Hom(E, F) does not induce a map 7,X — Hom(E,, F},) because there is in
general no canonical projection of the form T, Hom(E, F) — T,(Hom(E, F),) (= Hom(E,, F},)) .
Nevertheless, if r denotes the corank of ¢ € Hom(E,F), then o € L"(E,F), and one can
compose Dpp with the projection at ¢ to the normal bundle N of L"(E, F) in Hom(E, F),

T,Hom(E, F) — T, Hom(E, F)/T,L"(E, F) = N,.

Now the trick is to note that N, is also the normal space at o of L"(E,, F),) in Hom(E,, F}).
This normal bundle can naturally be described as N, = Hom(K,, L,) because the tangent

space T,L"(E,, F,) can be shown to be the kernel of the natural surjection
T, Hom(E,, F,,) = Hom(E,, F},) - Hom(K,, L), A my0A01,.

Finally, the resulting linear map 7, X — Hom(K,, L,) can be shown to be the intrinsic deriva-
tive D,p defined above. It is surjective if and only if p: X — Hom(FE, F) is transverse to
L"(E,F) at p (see [17, Proposition VI.3.7, p. 151]).

Of particular interest is the following application to smooth maps f: X — Y. Setting £ :=
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TX and F := f*TY, the tangent map of f can be considered as a smooth vector bundle
homomorphism p := Df: E — F (covering the identity map on X ). Let p € X and o :=
p(p). In this concrete situation, we have K, = kero C E, = T,X. Therefore, with the
canonical identification Hom(7, X, Hom(K,, L,)) = Hom(7,X ® K, L,) the intrinsic derivative
Dpp: T, X — Hom(K,, L,) restricts to a linear map K, ® K, — L, . It can be shown (see [17,
Exercise VI.3(3), p. 152]) that this linear map is symmetric, that is, it takes the same value on

v®w and w® v for all v,w € K,. Hence, it induces an element
5> f € Hom(K, 0 Ky, L),

where VoV :=V@V/{(v; ®ve —v2®@v1; v1,va € V) denotes the symmetric product of a vector
space V with itself.

Remark 4.2.3. In the special case that Y = R and that p is a critical point of f, 5%]” can be
identified with the Hessian of f at p, whose symmetry is a consequence of Schwarz’s theorem
(see [17, Exercise VI.3(4), p. 152].)

Let 7: J?(X,Y) — JY(X,Y) denote the canonical projection described in [17, Exercise I1.2(1),
page 42]). By [17, Exercise VI.3(2), p. 152], there exists for every o € J1(X,Y) = Hom(T X, TY)

with source p:= (o) a map
Iy: 7 Yo) = Hom(K, o K,, L,)

such that T',(52(f)(p)) = 5%]" for all smooth maps f: X — Y with j'(f)(p) = 0. Note that
77 1(0) is diffeomorphic to a Euclidean space, but does not possess a canonical linear structure
(compare [17, Remark II1.2(1), p. 41]). However, choosing local coordinates on X and Y,
7~ 1(o) inherits a linear structure, and I', turns out to be linear in these coordinates. It follows
from [17, Exercise VI.3(2), p. 152] that I', is surjective (compare the argument after [17,
Formular VI.3(4.1), p. 153]). This shows that I', is a submersion.

Finally, varying over o € S, for fixed corank r, K, and L, form vector bundles K and L

over S, , and the maps I', fit together to a map
I: 7 1(S,) = Hom(K o K, L)
of fiber bundles over S, such that I' is a submersion. Define a smooth map
¥: Hom(K o K, L) — Hom(K,Hom(K, L))

by composing a vector bundle homomorphism K o K — L with the canonical projection K ®

K — K o K, and then viewing the composition as a map K — Hom(K,L). Note that the

two-jet extension j2(f): X — J*(X,Y) restricts to a map j2(f)|: S,(f) — St because

PSP =27 N (S)) = (o 2N TS = 31 THSH) = Se(f)-

By construction, X oT o j2(f)|s,(s) = D(Df)|x for all smooth maps f: X =Y.
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4.3 (Two-)generic Maps into the Plane

Generalizing Definition 4.1.3, a smooth map f: X™ — Y™ is called one-generic if j1(f) th S,
for all 7. (The definition of S, := S,(X,Y) is as in Section 3.3. Note that S, is a submanifold
of J}(X,Y) of codimension (n —q+ r)(m — q+r), where ¢ = min(n,m).) If S.(f) denotes
the set of points z € X where D,f: T, X — T})Y drops rank by r, then by construction
S-(f) = j5(f)~1(S,). Assuming f: X — Y to be one-generic, S,(f) is a submanifold, and
we define S, s(f) as the set of points = € S,(f) where Dy fl|r, s, (5): TeSr(f) = Tf(z)Y drops
rank by s. The following theorem (see [17, Section VI.4, p. 152ff]) states that there exist
universal submanifolds S, C J*(X,Y) such that S, s(f) = j2(f)"(S,s) for any one-generic
map f: X — Y.

Concerning notation, let a: J?(X,Y) — X denote the source map and let 3: J2(X,Y) — Y
denote the target map. Furthermore, let S = 7 1(S,), where 7: J3(X,Y) — JY(X,Y)
denotes the canonical projection described in [17, Exercise I1.2(1), page 42]). Finally, we will
frequently use (for fixed r) the smooth vector bundles K and L over S, whose fibers at
o€ S, =L (TX,TY) are given by K, =kero and L, = cokero.

Theorem 4.3.1. For all pairs (r,s) of non-negative integers there exist fiber subbundles
Srs i =5rs(X,Y) > X xY
of the smooth fiber bundle a x B: J*(X,Y) = X x Y such that

x € Srs(f) & 72(f)(x) € Srs

for all one-generic maps f: X —Y (see [17, Theorem VI.4.7, p. 154]).
Moreover, Sy is a submanifold of 5 of codimension (see [17, Formula VI(4.4), p. 153])

l

ik(kﬂ)—é(k—s)(k—sﬂ)—s(k—s),

where k:=rank K =n—q+7r and [ :=rankL=m —q+r.

Furthermore, Sy s is natural with respect to restriction to open subsets of X . (More precisely, if
X' C X is an open subset, then 1(S,s(X',Y)) = S.5(X,Y)Na HX'), where v: J2(X',Y) —

J?(X,Y) denotes the canonical inclusion.)

Proof. We briefly indicate the construction of S, s given in [17, Chapter V1.4, p. 152 ff], which
is based on the concept of intrinsic derivative of Section 4.2. Recall that the intrinsic derivative

induces a map of fiber bundles over S, ,

r: 5? — Hom(K o K, L).

It is shown in [17, Proposition VI.4.3, p. 153] that a submanifold of Hom(K o K, L) is given by

Hom(K o K, L), := 1 (L*(Hom(K,Hom(K, L))),
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where the smooth map
¥: Hom(K o K, L) — Hom(K,Hom(K, L))

composes a vector bundle homomorphism K o K — L with the canonical projection K ® K —
K o K, and then views the composition as a map K — Hom(K, L). Note that X is in general
not transverse to L*(Hom (K, Hom(K, L)), which makes the proof that Hom(K o K, L)s is in
fact a manifold more involved (it uses the “Grassmannian trick”). In fact, the codimension
of L’(Hom(K,Hom(K, L)) in Hom(K,Hom(K, L)) is given by a different formular than the
codimension of Hom(K o K, L)s in Hom(K o K, L) (see [17, Formula VI(4.4), p. 153]).

Finally, the desired submanifold S, s C J(X,Y) is defined via the submersion I' as
Sy =T (Hom(K o K, L)s).

O]

Following the theory of Thom-Boardman singularities (see [17, Chapter VL.5, p. 165 ff]), the

notion of two-generic maps can now be defined in terms of the S, .

Definition 4.3.2. A one-generic map f: X — Y is called two-generic if j2(f) M S, s for all
r,s. If Y = R?, then two-generic maps X — R? are called generic.

A consequence of the proof of the previous theorem is the following sufficient criterion for
checking that the two-jet extension of a one-generic map is transverse to S, ;. It will be helpful
for identifying cusp singularities in Section 4.5. (Indeed, given smooth vector bundles E and F
over X, the condition that a section X — Hom(FE, F') of the vector bundle Hom(E, F) — X
is transverse to L*(FE, F') can be checked by means of [17, Proposition VI.3.7, p. 151].)

Proposition 4.3.3. Let f: X — Y be one-generic. If the intrinsic derivative
D(Df)|k: Sr(f) = Hom(K, Hom(K, L))

is transverse to L*(K,Hom(K, L)), then j?(f): X — J*(X,Y) is transverse to Sys.

Proof. The following lemma will be employed in the proof.

Lemma 4.3.4. Let f: X =Y and g: W — X be smooth maps of smooth manifolds. Suppose
that Z is a submanifold of Y such that f=1(Z) is a submanifold of X . If the composition fog
is transverse to Z , then g f~1(Z).

Proof. Let w € W such that z := g(w) € f~1(Z). It suffices to show that g h f~1(2) at w.
The proof makes use of [17, Lemma 11.4.3, p. 52].

As Z is a submanifold of Y of, say, codimension a, there exist an open neighbourhood U of
f(z) in Y and a submersion ¢: U — R® such that ¢~1(0) =ZNU.

Since the composition fog is transverse to Z and (fog)(w) = f(x) € Z, [17, Lemma I1.4.3, p.
52] implies that the composition ¢o fog is a submersion at w. Hence, ¢o f is a submersion at
x = g(w). (Note that, again by [17, Lemma II1.4.3, p. 52], f is transverse to Z at z.) Choose



4.3. (TWO-)GENERIC MAPS INTO THE PLANE 97

an open neighbourhood V C f~1(U) of z in X such that ¢ o f restricts to a submersion
¥: V — R%. Note that the submanifold f~!(Z) of X satisfies

FH2) 0V =(flv)™H2) = (flv)"H(ZnU) = (flv) (@671 (0) = (o flv)H(0) = ¢7(0).

Finally, since g(w) € f~1(Z) and it was shown above that 1) o g = ¢ o f o g is a submersion at
w, [17, Lemma 11.4.3, p. 52] implies that g h f~1(Z2). O

Recall from Section 4.2 that the intrinsic derivative D(Df)|x factorizes as
2
S, () “A 5@ Ly Hom(K o K, L) =5 Hom(K, Hom(K, L)).

Since the intrinsic derivative D(Df)|x is by assumption transverse to L°(K,Hom(K, L)),
Lemma 4.3.4 implies that the restriction j2(f)|: S.(f) — St?) is transverse to Srs = (Zo
D)"Y L¥(K,Hom(K, L))).

Furthermore, j2(f): X — J2(X,Y) is transverse to st (Indeed, the one-jet extension
7Y (f): X = J%(X,Y) is by assumption transverse to S, , and factorizes as

2
XYW 2x vy s X, Y.

Hence, Lemma 4.3.4 implies that j2(f) is transverse to 7~ 1(S,) = 7T_1(7T(Sq(«2))) =5 )

All in all, j2(f): X — J?(X,Y) is transverse to S,s. (In fact, let p € X such that ¢ :=
72(f)(p) € S5 Tt suffices to show that any vector v € T,J?(X,Y) can be written as the sum of
a vector in D,j2(f)(T,X) and a vector in T,S, 5. Since j2(f): X — J?(X,Y) is transverse to
St and y € St? | there exist vectors u; € T,X and v € Tqu(P) such that v = Dpj2(f)(u1)+v'.
Moreover, since j2(f)|: S.(f) — S,@ is transverse to S, there exist vectors us € 1,5, (f)
and w € T,S,s such that v/ = D,j?(f)(u2) + w. Finally, v = Dpj2(f)(u1 + ug) + w is the

desired decomposition.) O

In the following, we focus on the case Y = R? and n = dim X > 2. A smooth map f: X — R?
is one-generic if and only if j1(f) M Sy and j1(f)(X)NSy =0. Let f: X — R? be one-generic.
Consequently, So(f) is an open subset of X, S1(f) is a submanifold of X of codimension r(n—
2+4r)=n—1,and Sy(f) =0. In particular, X = Sy(f)US1(f), and Si(f) is a 1-dimensional
submanifold of X which is closed as a subset. Note that X = Spo(f) U S1,0(f) U S11(f) by
definition of the sets S, s(f). Therefore, j2(f)(X) C SooUS10US11.

Lemma 4.3.5. (a) The submanifold Spo C S(()Q) is an open subset of J*(X,R?).

(b) The submanifold Sio C 5’52) is an open subset of S§2) )

Proof. Setting s = 0, we obtain that the codimension of S, in 5’7(,2) is zero. This shows that
Sy is an open subset of IS particular, part (b) follows. Note that 562) = 771(Sp) is an

open subset of J?(X,R?) by Lemma 4.1.1(a). This implies part (a). O

Lemma 4.3.6. Assume that the smooth map f: X — R? is one-generic at a point z € X .
Then j*(f)(x) € So0 U S1,0 U S,1-



98 CHAPTER 4. GENERIC SMOOTH MAPS INTO THE PLANE

Proof. Since f is one-generic at x, Lemma 4.1.5 implies that there exists an open neighbourhood
X' C X of z such that f is one-generic on X’. By Lemma 4.1.4, the restriction f’: X’ — R?
of f to X' is one-generic. Hence, z € X' = Sy o(f") U S1,0(f") U S11(f"). Consequently, [17,
Theorem VI.4.7, page 154] implies that j2(f')(z) € SjoU SjoU ST, . Hence, j(f)|x/(z) €
(5070 U Sl,o U 5171) N a‘l(X’) . O

Lemma 4.3.7. Assume that the smooth map f: X — R? is one-generic at * € X. If

() € S M) then 2(f)(x) € S11.

Proof. We assume that f is one-generic at = and that the point y := j2(f)(z) satisfies y €
J?(X,R?)
S1,1

Hence, in order to show that y € S; 1, it suffices to show that y ¢ Spo and y ¢ Si:

. Since f is one-generic at x, it follows from Lemma 4.3.6 that y € SooUS10US1 1.

e By Lemma 4.3.5(a), Sop is an open subset of J?(X,R?). Hence, we obtain from S;; C
(2) 2 2 () 2 2 <A (X.R?) 2 2
P xR\ S c JAX,R?)\ Soo that y € Si C J2(X,R2)\ Soo.
Consequently, y ¢ Soo.

e By Lemma 4.3.5(b), Si is an open subset of 552). Thus, there exists an open subset
U C J2(X,R%) such that S1o = UN S . Note that S;,NU = S, nSPNU =
S1,1 N S1p =0 because Si; C 5’52). Hence, we obtain from S;; C J2(X,R?)\ U that

72 2
yeSi FF) ¢ 22X, R\ U c J2(X,R?)\ Si0. Consequently, y ¢ Sio.

O]

By Lemma 4.3.6, a one-generic map f: X — R? is (two-)generic (compare Definition 4.3.2)
if and only if j2(f) M Soo, j2(f) M Sio and j2(f) M Si1. Note that j2(f) M Soo holds
automatically since Spo is an open subset of J2(X,R?) by Lemma 4.3.5(a). Furthermore, it
follows from j1(f) h Sy and Lemma 4.3.5(b) that j2(f) h Si1o. Hence, a one-generic map
f: X — R? is generic if and only if j2(f) h S1,1. One can consider this property pointwise:

Definition 4.3.8. Let f: X — R? be a smooth map.

(a) Givenapoint x € X, we say that f is generic at x if f is one-generic at = and j2(f) h Sy 1
at x.

(b) Given a subset A C X, we say that f is generic on A if f is generic at x for all z € A.

In particular, a smooth map f: X — R? is generic if and only if f is generic on X .

The following lemma states that genericity is an open condition.

Lemma 4.3.9. Assume that f: X — R? is a smooth map which is generic at a point © € X .
Then there exists an open neighbourhood U C X of x such that f is generic on U .

Proof. By assumption, f is generic at x. Hence, by Definition 4.3.8(a), f is one-generic at
x and j2(f) M S11 at x. Since f is one-generic at z, Lemma 4.1.5 implies that there exists
an open neighbourhood U; C X of = such that f is one-generic on U;. We distinguish the
following two cases for the point y := j2(f)(z):

e y e S;. Since j2(f) M Si1 at , Lemma A.1.3 implies that there exists a neighbourhood
Us C X of z such that j2(f) M S11 on Us. Hence, f is generic on U :=U; NUs.

e y ¢ S11. Since f is one-generic at z, Lemma 4.3.7 implies that V := J?(X,R?) \
S1 1J2(X’R2) is an open neighbourhood of y in J?(X,R?). Hence, Uz := j2(f)"(V) is an

)
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open neighbourhood of z in X such that j2(f)(Us) N Si1,1 = 0. Thus, 72(f) Si,1 on
Us. Hence, f is genericon U :=U; NUs.

O

The following lemma shows that genericity is compatible with restriction to open subsets.

Lemma 4.3.10. Let f: X — R? be a smooth map and let X' C X be an open subset. Then the
restriction f': X' — R? of f to X' is generic if and only if f is generic on X' . In particular,

if f is generic, then f’ is generic.

Proof. By Lemma 4.1.4, f’ is one-generic if and only if f is one-generic on X’. Hence, by
Definition 4.3.8, it suffices to show that j2(f') M Si, if and only if j2(f) h Si; on X'.
In fact, we have j2(f) h Si, if and only if j*(f)[x» M Si1Na H(X') at x for all = €
X', By Lemma A.1.2(b) this is equivalent to j2(f) M S11 Na }(X’) at = for all z € X'.
By Lemma A.1.2(b) this is equivalent to j2(f) h S11 at z for all z € X'. (In fact, note
that S11 Na~1(X’) is an open subset of Sy1. Moreover, j2(f)(z') ¢ S11Na }(X’) implies
F2(f)(2') ¢ S1. for all 2’ € X' since j2(f)(z') € a 1(X') for all 2’ € X'.) Equivalently,
F2(f)h S11 on X'. O

We end this section with the definition of fold and cusp singularities of a generic smooth map
X — R? (compare [17, Exercise VI.4(7), page 156)).

Definition 4.3.11. Let f: X — R? be a generic smooth map. Since f is one-generic, the
singular locus of f is given by S(f) = S1(f) = S1,0(f) US1,1(f) of X. The points of S1o(f)
are called fold points of f, and the points of Si1(f) are called cusps of f.

Theorem 4.3.1 implies that S11(f) = j2(f)"'(S11) is a 0-dimensional submanifold of X .

Hence, cusps are isolated points on the 1-dimensional submanifold Si(f) of X.

Remark 4.3.12. One observes directly that a smooth map f: X — R? is a fold map in the
sense of Definition 3.3.1 if and only if f is a generic map whose singular points are all fold
points. (Indeed, f satisfies conditions (fml) and (fm2) if and only if f is one-generic. In
this case, condition (fm3) is by Remark 3.3.2(ii7) equivalent to saying that f restricts to an
immersion S1(f) — R?, which means S1(f) = S10(f) or S11(f) = 32(f)"*(S11) =0.)
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4.4 Extension of Generic Smooth Maps

Proposition 4.4.1. Let C C U C X, where C is compact and U is an open subset of X .
Given a generic map f: X \ C — R?, there exists a generic map F: X — R? such that

Flx\v = flx\v -

Proof. By Lemma A.3.1(b) there exist open subsets U; C X for i € {0,1,2,3,4} such that
C; = ﬁiX is compact for i € {0,1,2,3,4} and C C Uy, C; C U1 for i € {0,1,2,3} and
cyCU.

We choose a smooth map Fj: X — R? such that F1]X\U1 = f\X\U1 . F1 can be constructed in
the following way. By [22, Chapter 2, Theorem 2.1, page 43| the open cover X = U;U(X\Cp) has
a subordinate smooth partition of unity. In other words, there exist smooth maps p,v: X — R
such that u(X),v(X) C [0,1], suppu C Uy, suppr C X \ Cy and p(z) + v(z) = 1 for all
x € X . In particular, we have v(z) =0 for all x € Cyp and v(z) =1 for all x € X \ U;. We
define the map

v(z)- f(x), forx e X\ C,

Fi: X - R*  Fi(z)=
0, for z € C.

In order to show that F; is smooth, we consider the open covering X = Uy U (X \ C). The
restriction of F; to X \ C is a smooth map, since v/ x\c and f are smooth. Moreover, the
restriction of Fy to Uy is identically zero, since Fy(z) =0 for all z € C(C Up) by definition of
Fy and Fi(z) = v(z)-f(z) = 0-f(z) =0 for all z € Up\C(C Cp). Hence, F; is smooth. Finally,
Fi(z) =v(z)- f(x) =1 f(z) = f(x) for all x € X \ U;. This completes the construction of
Fy . Note that Fi| x\c; = [ | x\c, is generic by Lemma 4.3.10, since [ is generic by assumption.
Hence, Lemma 4.3.10 implies that F} is generic on X \ C7, that is, j1(Fy) h S; on X \ Oy,
GUF) M Sy on X\ Cy and j2(Fy) M S11 on X\ Cy.

We apply Proposition A.3.2 to the smooth map Fj: X — R?, the subsets C; C Uy C X
(where C; is compact and Us is an open subset of X with compact closure Co in X ) and
the submanifold Sy C J'(X,R?). (Indeed, condition (1) is satisfied since j'(Fy) th Sy on
X\ Cy . Moreover, note that condition (2) is satisfied since Sy is a closed subset of J*(X,R?) by
Lemma 4.1.1(b).) Hence, there exists a smooth map Fb: X — R? such that Fa|x\¢, = Filx\r,
and j'(Fy) M Sy.

Application of Corollary A.2.3(b) to the submanifold Sy C J(X,R?) (which is a closed subset
of J1(X,R?) by Lemma 4.1.1(b)) yields the open subset

Vo := {h € C®°(X,R%); j1(h) h S5 on So} = {h € C®(X,R?); j'(h) h Sa}

of C*°(X,R?) in the C*° topology. By construction of Fy, V5 is an open neighbourhood
of F € C*(X,R?). We apply Proposition A.3.2 to the smooth map Fy € Vs, the subsets
Cy C U3 C X (where Cy is compact and Us is an open subset of X with compact closure C5 in
X) and the submanifold S; C J}(X,R?). (Indeed, condition (1) follows from Lemma A.1.2(b)
since Fa|x\c, = Filx\c, and j'(F1) M S1 on X\ Cy. Moreover, note that condition (2) follows
from Lemma 4.1.2(c) since j!(F) th So.) Hence, there exists a smooth map F3 € V; such that
Blx\vs = Folx\v; and j'(F3) h Sy
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K = jY(F3)(Cy4) is compact. Note that L := K NSy is also compact. (In fact, it follows from
71 2
F;3 € V5 and Lemma 4.1.2(c) that S{J XE) | = S1N K = L. Hence, L is compact, being

: s < J! (XzRQ) 1 2
the intersection of the closed subset Sy C J*(X,R?) and the compact space K .)

As L is a compact subspace of the manifold S;, Lemma A.3.1(b) implies that there exists an

open subset Z C S; such that L C Z and 77 s compact.

1 2 < JH(XR?) -1
Let a: J'(X,R*) — X denote the source map. Note that A := (5; \Z)Na " (Cy)

is a closed subset of J'(X,R?). (In fact, since Z is an open subset of the submanifold S; C
JYX,R?), Lemma A.3.1(a) implies that A’ := STJI(X’RQ) \ Z is a closed subset of J!(X,R?).
Note that a~1(Cy) is also a closed subset of J'(X,R?). Consequently, A= A'Na"1(Cy) is a
closed subset of J!(X,R?).) Hence, it follows from Corollary A.2.3(a) that

Va:={h € C®(X,R?); j}(h)(X)N A =0}

is an open subset of C*°(X,R?) in the C*° topology. Note that F3 € V4. (In fact, we have to
show that j1(F3)(z) ¢ A for all € X. Assume that j'(F3)(x) € A for some = € X. Then
r = a(j1(F3)(z)) € a(A) C Cy. Therefore, j'(F3)(z) € ANK C STJl(X’RZ) NK=5nNK-=
L C Z. Hence, we obtain the contradiction j'(F3)(z) € ANZ C (EJI(X’RQ) \Z)NnZ=10.)

As 77" is compact, it is in particular a closed subset of J!(X,R?) which is contained in the
submanifold S; C J'(X,R?). Hence, Corollary A.2.3(b) implies that

T:={h e C®(X,R%); j'(h) h S; on Z°'}

is an open subset of C*°(X,R?) in the C* topology. Note that F3 € T since j'(F3) th S;.

We apply Proposition A.3.2 to the smooth map F35 € Vo NV NT, the subsets C3 C Uy C X
(where C3 is compact and Uy is an open subset of X with compact closure Cy in X ) and
the submanifold S;; C J?(X,R?). (Indeed, condition (1) follows from Lemma A.1.2(b) since
Fslx\c, = F2lx\c; = Filx\c, and §2(F1) th S11 on X \ C3. Moreover, note that condition
(2) follows from Lemma 4.3.7 since j'(F3) h S; and j'(F3) M Sy.) Hence, there exists a
smooth map F' € VaNV4NT such that F|x\y, = F3|x\y, and §2(F)  S11. In particular,
Flxwv = Fslx\v = P2lx\v = Filx\v = flx\v- It follows from F' € V5 that GHF) M Sy, Tt
remains to show that j!(F) h S;. We fix a point € X and have to show that j!(F) M S; at
2. By Definition A.1.1(a), we may assume that j'(F)(z) € S1. Note that F|x\c, = F3|x\c,
and j!(F3) h S;. Hence, if + € X\ Cy, then we can apply Lemma A.1.2(b) to obtain j'(F) S,
at . Next, we assume that x € Cy. Thus, setting y := j1(F)(z), we have y € a~1(Cy). It
follows from F € V4 that y ¢ A = (STJI(X’RQ) \ Z) N a1 (Cy). Hence, y € a~1(C,) implies
that y ¢ EJI(X’RZ) \ Z. On the other hand, we have y € S; by assumption. Therefore, y € Z.
(In fact, if y ¢ Z, then we obtain the contradiction y € S1\ Z C Fljl(X’RQ) \ Z.) Finally, we
obtain from F € T and y € Z C 7" that GHF) M Sy at x. O
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4.5 Practical Determination of Fold Points and Cusps

Let n > ¢ > 1 be integers. Suppose that F': X" — Y9 is a fold map, and that p € S(F)
is a fold point of F'. As usual, set o := D,F € Hom(T,X,Tpy)Y), and let K, := kero
and L, := cokero = % Since S(F) is a (¢ — 1)-dimensional submanifold of X, and
T,X =T,5(F) ® K, by the end of Remark 3.3.2 (¢i¢) , we conclude that dim K, =n —q+1.
Hence, dimlmo =n—(n—q+1) =¢—1, and dim L, = g — (¢ — 1) = 1. Therefore, L, is
linearly isomorphic to R. As explained in Section 4.2, the intrinsic derivative D,(DF') induces
a linear map

§F: Ky 0Ky — Lo.

Up to the choice of a linear isomorphism L, = R, the map 5]2,F is nothing but a symmetric
bilinear form on the real vector space K,. We claim that this bilinear form is non-degenerate for
any fold point p of F'. Before we check this, we use this bilinear form to define the non-reduced

and the absolute index of a fold point:

Definition 4.5.1. Given an orientation of L, = %(2 R), the index A(p) of the result-
ing symmetric bilinear form 612)F , i.e. the number of negative diagonal entries of 512,F after
diagonalization, is called non-reduced index of F at p. (For instance, L, inherits an ori-
entation by choice of an orientation of Tp(,Y and of T,S(F) = Imo, where the isomor-
phism is the restriction of o: T, X — TF(p)Y.) If no orientations are given, then the number
7(p) == max{A(p),n—q¢+1—A(p)} is still well-defined for any choice of orientation on L, , and

is called the absolute index of F' at p.

Example 4.5.2. We illustrate the calculation of the non-reduced index for the fold points of
the stable Whitney cusp (compare Proposition 4.5.4, whose proof gives the steps of the following

calculation in full detail)

n—2
F:R"=R xR xR" 2 R, F(u,v,21,...,2%0—2) = (u,uv + 0> + Zsizg),
i=1
where n > 2 is an integer and € = (e1,...,e,-2) € {—1}""% is an (n — 2)-tuple of signs. The

singular locus S(F') can be parametrized via
a: R — S(F), a(v) = (=302, 0,0),

and «(0) = 0 is the unique cusp of F'. What is the non-reduced index of F' at the fold point
p = a(v) for fixed v # 0?7 Concerning the orientations required by Definition 4.5.1, we assume

that the target space R? has the canonical orientation, and that S(F) is oriented via a. It can

be shown that, for v # 0,
100 ... 0
o:=D,F =
v 00 ... 0

and

1 0 0 0
Dy(DF): R" — Hom(R",R?), (a,b,c1,...,Cn2) .
b a+6vb 2e1c1 ... 2ep_9Cn_9
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Note that

K, :=kero =0xR" ! cR",
RZ

LO— := cokero = m

What is in our situation the correct orientation of L, = R? The orientation of S(F) at
p is determined by the tangent vector w := (—6v,1,0). As remarked in Definition 4.5.1,
o(w) = (—6v,—6v?) defines an orientation of imo. Since R? is equipped with the standard
orientation, the isomorphism L, = R induced by the inner product of vectors in R? with
the rotation (6v%, —6v) of o(w) by /2 will define the correct orientation on L, . All in all,
the symmetric bilinear form 51%F :R* 1 x R*"! — R is then given by the diagonal matrix
diag(—36v2, —12¢1v, ..., 12, 2v). Consequently, if v is the number of negative signs in
e =(e1,...,en—2), then the non-reduced index of F' at a(v) is n—1—v for v <0 and v +1
for v > 0. In particular, the non-reduced index remains unchanged after passage through the
cusp if there is an equal number of positive and negative signs in . This is for instance case

when n = 2.

To check that the above bilinear form 6§F is non-degenerate it suffices by definition of the in-
trinsic derivative in terms of local trivializations to work in convenient local charts around p and
F(p). For instance, one could use charts in which F' has the normal form of Proposition 3.3.5,
but we work a bit more general in the setting of Proposition 3.3.4 in order to have a practical

method for computing indices of fold points.

Proposition 4.5.3. Following the notation of Proposition 3.5.4, let X C RI~! x R"~9+1 pe an

open subset, let f: X — R be a smooth function, and consider the smooth map
F: X —>RY p=(tz)— Ft,z) = (¢, f(p))

Then, for every p = (t,x) € (D*f)~1(0), there exist bases of K, and L, in which 512,F is the
Hessian H,(f;). In particular, by Proposition 3.3.4(d), F is a fold map if and only if 512,F is
non-degenerate for all p € (D*f)~1(0). Furthermore, if F is a fold map, then the orientation

of Ly = % determined by any basis of L, as above is induced by the standard orientations
of TppR" 1t =R" 7" and Imo = o(RI™! x 0).

Proof. The Jacobian of F': X — R? can be considered as a smooth map
p: X — Hom(R",RY) p(p) = D, F = <I"1 0 )
° I ) - D - ¢ .
D,f Dyjf
In particular, evaluation of p at p € S(F) = (Df)~1(0) (see Proposition 3.3.4 (a)) yields

I,

O n
o:=p(p) = (Df,f 0) € Hom(R", RY).
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We define

K, :=keroc =0 x R4 c RI-! x RP-4H = R,
RY

Imo’

Ly, := cokero =

Note that {0;,} is a basis of K,. Let ¢: K, — R" denote the inclusion, and let 7: R? — L,

denote the canonical projection.

As Imaz{(

(DL f) ) NS R(q_l)X1} is the kernel of the linear map
v
P

w1

we obtain an induced linear map A: L, — R, A(n(w)) = A(w). Note that A is surjective

since dimImo = ¢ — 1. Hence, A is an isomorphism.

The Jacobian of p at p is a linear map
D,p: T,X — Ty Hom(R",R?) = Hom(R",RY),

which is explicitly given on the basis {0y, } U{0,,} of T, X by

0 0
Dypp(0r,) = Or,p(p) = <8tith(p) @tlif(p)) 7

0 0
Dypp(0z;) = 0z, p(p) = <5x]-th(p) ‘%ﬂjsz(p)) |

The intrinsic derivative of p at p is given by
Dpp: TpX — Hom(K,, L, ), v o Dpp(v) ot

In particular, we have

0 0
Do) = (&iDmf(p)) 7 Por(0n,) =7 <8ijwf(p)> ‘

The intrinsic derivative of p at p can also be considered as a map

Dpp: T, X @ Ky — Ly,

0
81®8m = T )

0
Op. @Oy, — T )
! g <aa:J8xkf(p)>
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Restriction to K, ® K, C T,X ® K, yields the map

0
K, ® K, = Ly, axj®ax — T .
* (f%cj Oy f (p)>

(By construction, this map corresponds to 6£F: Ky, 0 K, — L,.) Composition with the iso-
morphism A: L, — R yields the bilinear form K, ® K, — R which is given by the Hessian
H,(ft) in the basis {0, } of K,. O

Next, we turn to the practical determination of cusps. Let m > 2 be an integer. Points

p € R" will be written as triples p = (u,7,2) € R x R x R""2. Given an (n — 2)-tuple

£=(e1,...,6n_2) € {—1}""2 of signs, define the quadratic form Q.(z):= 7" ¢;2?.

Proposition 4.5.4. Given an (n—2)-tuple € = (e1,...,64_2) € {—1}""2 of signs and a smooth
function h: R — R, consider the smooth map

F:R" — R?, F(u,z,2) = (u,h(x) + uz + Q:(2)).

The singular locus of F' is given by the image of the embedding ¢: R — R™ | o(x) = (—=h'(z),z,0).
Fiz x € R. The point p(z) € S(F) is a fold point of F if and only if h"(x) # 0. Furthermore,
if W'(x) =0 and B (x) #0, then p(z) € S(F) is a cusp of F.

Proof. The tangent map DF: R™ — Hom(R", R?) is given at p = (u,z,2) € R" by

1 0 0 .. 0
D,F = ,
x W(x)4+u 26121 ... 2652259

This matrix has not maximal rank 2 if and only if 21 = -+ = 2,9 = 0 and h'(z) +u = 0.
Hence, S(F') is just the image of the embedding ¢. The characterization of fold points ¢(x)
of F by the condition h”(x) # 0 follows from Proposition 3.3.4 (d) .

Finally, suppose that h”(x) = 0 and h”'(z) # 0 for some fixed z € R. Set p := (u,z,z) :=

1 00 ... 0
o(x) = (=h'(z),z,0) € S(F) and ¢ := D,F = . Then,
z 00 ... 0

Ky:=kero =0xR" ! cR",
]R2

La— := cokero = m

We will use the linear isomorphism A: L, —» R, (a,b) +R-(1,z) = b—za.

The tangent map D(DF): R® — Hom(R", Hom(R", R?)) is given at p' = (v/,2,2') € R" by

R™ — Hom(R", R?),

0 0 0 e 0
(V1,...,0n) = Dp(DF)(v1,...,05) = v .
vy v+ h (.’E )1}2 2e1v3 ... 2e,_9Up

Thus, the intrinsic derivative D(DF): S(F) — Hom(R™, Hom(K, L)) is given at p’ = (uv/,2/,2") €
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Dy (DF): R" — Hom(R" ™ R),

(V1,0 Up) > (vl + 1 (2" vg 2eqv3 ... 2en,2vn) ,

where ¢’ := Dy F, and we have identified K, = 0 x R* ! =R*» ! and L, =R via A. In
particular, F' is one-generic because the linear map D,/ (DF) is surjective for all p’ € S(F).

By Proposition 4.3.3 it suffices to show that the map
A: S(F) — Hom(K,Hom(K, L)), A(p') = Dy (DF)|k,,,

is transverse to L'(K,Hom(K, L)) at p = o(x). Using the identifications K, = 0 x R"~! =
R" ', Ly = R via X, and the diffeomorphism ¢: R = S(F'), one has to show by [17,
Proposition VI.3.7, p. 151] that the intrinsic derivative

Dy TR — Hom(ker 7(x), coker 7(z))
of the vector bundle homomorphism

7: R — Hom(R" ™!, Hom(R" "}, R)),

7= [(ve,. .. v,) — (h”(:c’)vg 2e1v3 ... 25n,2vn)],
is surjective. Under the canonical identification Hom(R"~!,R) = R"~! one has
7: R — Hom(R" 1, R"1), 7(2') = diag (h”(l’l) 261 ... 25,1,2) )
The tangent map of 7 at 2’ € R is given by
Dyr: TyR = Ty(y Hom(R"L,R"™) Dyr(v) = diag (W(a/) 0 ... 0)-v.
Since h”(x) =0 by assumption, it follows that

kerm(z) =R =R x 0 C R"!,
R7—1 R—1
im 7(x) T OxRn2

12

R.

coker 7(z) =

Therefore, the intrinsic derivative of 7 at z is given by
D,7: TR — Hom(ker 7(z), coker 7(x)) = Hom(R,R) = R, D,7(v) = h" () - v.

Since h"'(z) # 0 by assumption, it follows that the linear map D,7 is indeed surjective.
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4.6 Elimination of Cusps

Let X™ be a smooth manifold (without boundary) of dimension n > 2, and let f: X — R? be
a generic smooth map as defined in Definition 4.3.2. Recall that the singular set S(f) of f is
a 1-dimensional submanifold of X and consists of fold points and cusps of f. The set of cusps

is a 0-dimensional submanifold (i.e., a discrete subset) of S(f).

Based on the choice of an orientation of R?, Levine [32] defines an index
I(p) €{0,...,n —2}

for every cusp p of f. In the following, we assume that R? is equipped with the standard
orientation. Levine also gives a description of the cusp index via local coordinates. This de-
scription can be explained as follows. It is a fact that if p is a cusp of f, then there are charts
¢: U — U CR™ around p and ¢: V — V' C R? around f(p) such that f(U) C V, and there
is some k € {0,...,n — 2} such that the composition 1) o f o $~! has the normal form

n—2
(w0f0¢_1)(u,v,z1,...,zn,Z) UU + uv — ZZ + Z Zi2 .

i=k+1

(Note that this normal form does indeed describe a cusp at the origin by Proposition 4.5.4.)

If we require in addition that v is orientation preserving, then the index of p is given by k:

Lemma 4.6.1. Let p be a cusp of f. Then there exist charts ¢: U — U’ C R™ around p
and ¥:V — V' C R? around f(p), where f(U) C V and 1 is an orientation preserving
diffeomorphism, such that the composition o fo¢~': U’ — V' has the form

(o fod M (u,v,21,...,20-0) = (u,v® +uv — Zz + Z

i=k+1

for some k € {0,...,n—2}. In this situation, I(p) = k. If, instead, v is orientation reversing,
then I(p) =n—2—k.

Proof. As p is a cusp of f, there are charts (5: U — U’ c R™ around p and 12: V —» V' c R?
around f(p) such that f(U) C V and there is some [ € {0,...,n—2} such that the composition
Yo fod t: U — V' has the normal form

(Jjofogg_l)(uvv’zla"-7Zn72) UU + uv — ZZ + Z

i=l+1

.

If ¢ is orientation preserving, then we may take U’ := U, ¢ := ¢, V' := V', ¢ := 1), and
k:=1.

If 1[1 is orientation reversing, then we define the following diffeomorphisms:

. n n —
a: R" — R", (U, v, 21, oy 2n—2) = (Uy =V, 21415« oy 202y 21y« -5 21)5

B: R? = R?, B(a,b) = (a,—b).
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Setting U’ := a(U’) and V' := B(V'), we define the compositions

p:=alod:U— U,
Y :=plo: V=V

Hence, 1 is orientation preserving, and we obtain

(Yofo (ﬁil)(u’ V21, 2n2) = ﬁ((@ ofo (571)(0571(%”7 21y 7Zn—2>))
= B((o fod ) (U —v,2n 10s- s 202,21, s Zn_2-1))
n—2 n—2—I
= B(u, —v> —uv — Z 22 + 22)
i=n—1-—1 =1
n—2 n—2—1
= (u,v® + uv + Z 22 — 22).

i=n—1-1 =1

Therefore, we may take U’, ¢ and V', 1) as defined above and k:=n—2 —1.

Finally, as v is orientation preserving, we can deduce from [32, §4.3, page 284] that I(p) =
k. O

The following result is [32, Lemma (3.2)(2), p. 274].

Lemma 4.6.2. Let p be a cusp of f and let C denote the component of S(F) which contains
p. If n is even and I(p) = § — 1, then the two arcs abutting p on C have absolute index % .
If I(p) # 5 — 1, then the two arcs abutting p on C have absolute indices T and T+ 1, where

T:=max{I(p),n—2—1I1(p)}.

Proof. Set k := I(p). Then there exist charts ¢: U — U’ C R™ around p and ¢: V — V' C R?
around f(p), where f(U) C V and v is an orientation preserving diffeomorphism, such that
the composition f:=1o fo¢~': U’ — V' has the form

n—2
Flu,v, 21,00y 2n0) = (u,v® 4+ uv — Zz + Z 22).

i=k+1

The singular set of f is given by
S(f) =U'Nn{(-3v*v,0) ER xR x R"?; v € R}.
Set hy(v, 21, ..., 2n_9) = V®+uv— S8 2 2ypyn? i1 20 Let p' € S(F)\{p}, so p’ = (=3v%v,0)
for some v # 0. By Definition 4.5.1 and Proposition 4.5.3 the absolute index of p’ is given by
max{A,n —1— A}, where A\ denotes the index of the Hessian of h_z,2 at (v,0):
H — (v,0)(h_3,2) = diag(6v, 2ay,...,2an_2),
where a; := —1 for i € {1,...,k} and a;:=1 for i € {k+1,...,n —2}. Therefore,

\ k+1, ifv <0,
k, if v > 0.
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Set 7 := max{I(p),n—2—I(p)} = max{k,n—2—k}. We distinguish the following three cases:

o k< 5 —1. In this case, n —2—k > 5 — 1. Therefore, 7 =n—-2—-Fk. If v <0,
then A = k+1< % and n—1—-X > % — 1, so the absolute index of p’ is given by
max{\,n—1-A} =n—1-X=7. (Infact, if n iseven, then A< Z -1 and n—1-X> %,

so max{\,n—1—A} =n—1-X. If n is odd, then A < ”T_l and n—1-\ > "TH—I = ”T_l,
so again max{\,n—1-A} =n—1-X.)Ifv>0,then A\=k< G-l and n—1-X> 7%,
so the absolute index of p’ is given by max{A\,n —1—-A}=n—-1-A=7+1.

e nisevenand k=4 —1. If v <0, then A\=k+1=7%5 and n—1-X= 3 —1, so the
absolute index of p’ is given by max{A\,n —1—-A} = 5. If v >0, then A=k =5 -1
and n —1— X = 5, so the absolute index of p is given by max{\,n —1—- A} =3.

e k> 5—1. Inthiscase, n—2—k < 5—1. Therefore, 7 =Fk. If v <0, then A =k+1> 5
and n—1—X < §—1, so the absolute index of p' is given by max{\,n—1-A} = A =71+1.
If v>0,then A=k > 5 —1and n—1— X< %, so the absolute index of p is given by
max{\,n —1—A} =X =r7. (Infact, if n is even, then A > 5 and n—1-A< 5 —1, 50
max{\,n —1— A} = \. If n is odd, then Az%“—lz% and n—l—Ag%,so
again max{\,n —1— A} = \.)

O]

Definition 4.6.3. A pair of cusps (p,p’) of f is called a matching pair if
I(p) +1I(p') =n—2.

A pair of cusps (p,p’) of f is called a removable pair (see [32, Definition (4.5), p. 285]) if there
exists a joining curve for p and p’ which is a suitable embedding A: [0,1] — X such that
A0) =p, A1) =p', and A71(S(f)) = {p,p’} (for the other required properties see [32, Section
(4.4), p. 285)).

The following is Levine’s main theorem on elimination of cusps (see [32, p. 286ff.]).

Theorem 4.6.4. Every matching pair (p,p’) of [ that is also removable can be eliminated.
More precisely, if A\: [0,1] = X is a joining curve for p and p’, then (after a local homotopy
of f in a neighbourhood of A([0,1]) C X that makes f o A an embedding) there exist local
coordinates around \([0,1]) C X and f(A([0,1])) C R? on which f has the local form shown
in [32, Lemma (4.9), p. 293 ff.]. Therefore, during the elimination of p and p', f needs only
to be modified on an arbitrarily small neighbourhood of A([0,1]) C X (see property (1) of [32,

Lemma (4.9), p. 293 ff.]).

The case n = 2 of the cusp elimination theorem is exploited in Chapter 5. If n > 3 and X
is connected, then any matching pair of cusps of f is automatically a removable pair by [32,
Lemma (4.3)(a), p. 284] and [32, Lemma (4.4)(1), p. 285], and can thus be eliminated.

Remark 4.6.5. An examination of the local form shown in [32, Lemma (4.9), p. 293 ff.] reveals
that the image f(S(f)) C R? in the plane before and after the elimination of the pair (p,p’) of
cusps looks as in Figure 4.1. This gives control over the way the arcs that abut the cusps are

connected to each other after the elimination.
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Figure 4.1: Effect of cusp elimination in the plane
4.7 Creation of Cusps

Let X™ be a smooth manifold (without boundary) of dimension n > 2. Having presented
Levine’s cusp elimination theorem in the previous section, we now discuss the complementary
process of creating a pair of cusps on a given fold line of a generic smooth map X — R?. For
this purpose, points p € R™ will be written as triples p = (u,z,2) € Rx RxR™ 2, (If n = 2,
then there are no z-coordinates.)

Let i € {0,...,n—2}. Setting a; := —1 for j € {1,...,i} and aj :=1 for j € {i+1,...,n—2},

the standard quadratic form of index ¢ is given by

Q:R"? SR, Q(z) = Z ajzjz.

We consider the homotopy F: R x R™ — R? which is given at ¢t € R by

x? z?
FiR' =R R(p) = (u, 55—t +ur+ Q(2) = (u, fip))
where f;: R™” — R is given at p € R™ by
x? x?
fi(p) = 5 t? +ux + Q(z2).

The following lemma is actually a direct corollary of Proposition 4.5.4.

Lemma 4.7.1. Given t € R, the singular set of Fy is given by the image of the embedding

3

o RSRP=RxRxR"2,  px) = (—% +tx,z,0).

If t <0, then F} is a fold map and the fold locus S(F;) = p¢(R) has absolute index max{i,n —
1—id}. If t >0, then (pi(—V/1),0:(\/1)) is a matching pair of cusps of Fy, the points ()
for |x| > \/t are fold points of Fy of absolute index max{i,n —1—1i}, and the points @(x) for
|z| < v/t are fold points of F; of absolute index max{i+1,n —2 —i}.

Remark 4.7.2. The homotopy F' is part of the flipping move discussed as “Deformation 3” in
[31, p. 24]. For n =2, the map R3 — R3, (t,u,z) — (t,u, fi(u, 7)) is discussed in [17, Exercise
VIL.3(1), page 176]. The image of its singular set is called the swallow’s tail.
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Proposition 4.7.3. If U C R"™ is an open neighbourhood of the origin 0 € R™, then there exist
a smooth map G: R™ — R?, a compact subset K C U and an embedding ¢: R — R™ with the
following properties:

(i) G(p) =F_1(p) forall pe R"\ K.

(i) The singular set of G is given by the image of ¢, S(G) = ¢(R).

(iii) If |s| < 1, then @(s) is a fold point of G of absolute index max{i +1,n —2 —i}.

(iv) (p(—1),(1)) is a matching pair of cusps of G.

(v) If |s| > 1, then @(s) is a fold point of G of absolute index max{i,n —1—1i}.

Proof. Choose & > 0 such that {(0,0,2z) € R x R x R""2; ||z|]| < §} € U. Choose a smooth
map v: R — [0,1] such that v(r) =1 for r < % and (r) = 0 for r > §2. Choose ¢ > 0 so
small that

(e1) 8e(e+1) -max{|y/(r)); re R} < 1.
(€2) K = {(u,2,2); u] < 2B, [e] < 4VE, [I2]| < 6} C U

Choose a smooth map a: R — [0,1] such that a(r) =1 for r < &3 and a(r) =0 for r > 4e3.
Choose a smooth map 3: R — [0,1] such that §'(r) <0 for all r € R, g(r) =1 for r < 9e
and B(r) =0 for r > 16e. Define

R = [0,1],  n(p) = a(w?)Ba®)y(2]]*).

Finally, define the smooth map

G:R" = R%  G(p) = (u,n(®)(f-(p) — f-1(p)) + f-1(p)) = (u, 9(p)),

where g: R” — R is given by

2

9(p) = n(P)(fe(p) = f-1(p)) + f-1(p) = —n(p)(e + 1) + f-1(p).

Note that property (i) holds because we have n(p) = 0 for all p € R™\ K by construction.

As the Jacobian of G at p € R™ is given by

DpG:< 1 0 0 0 )
2ug(p) 0zg(p) 0:9(P) .- 02, ,9(p)

we conclude that S(G) = {p € R"; 0,9(p) = 0»,9(p) = ... =0,, ,9(p) =0}.
In the following, let E := R xR x 0, which is the plane in R x R x R"~? = R" defined by z = 0.

Let us show that S(G) C E. For n = 2 this follows from F = R? = R". If n > 2, then
suppose that there exists p = (u,z,2) € S(G) with z; # 0 for some j € {1,...,n —2}. It
follows from p € S(G) that

.T2

0= 0:,9(p) = —2za(u?)B(z*)7 (|21") (e + DT + 2052
.’I,'2

_ —22j(0é(u2)ﬁ(1‘2)’7/(‘|ZH2)(€ + 1) 2

aj).

Since z; # 0, we obtain a(u?)B(x?)y/(||2|*)(e + 1)% = a; € {£1}. We distinguish between



112 CHAPTER 4. GENERIC SMOOTH MAPS INTO THE PLANE

the following two cases:

e |z| < 4y/z. In this case, we use a(u?),B(x?) € [0,1] and (e1) to deduce the following

contradiction:

2 2\ 1 ? (e1)
1= |a(u?) By (|22 (e + 1) 5 5| =8¢ e+ DYl < 1.

e |z| > 4/. In this case, 3(z%) = 0. Therefore,

£U2
0= 0:,9(p) = =22(a(u)B*)Y (|2l*) (e + 1)5 — ;) = 2452

in contradiction to a; € {#1} and z; # 0.
All in all, we have shown that S(G) C E.
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Figure 4.2: Open subsets Uy, Uy and Us of the u-x-plane E.

Consider the following open subsets of E (see Figure 4.2):

Up:= EN (R"\ K),
Ur = {(u,2,0); |ul < (v&), || < 3Ve},

Uy i= {(u,2,0); lul > 2 (&), la] < 3VE},
Let us show that S(G) C Uy U U; UUsy. Suppose that p = (u,x,0) € S(G) (C E). First
assume that |z| < 3/2. If |u| < (V&)?, then p € Uy. Otherwise, if |u| > (v2)* (> 2(Ve)?),
then p € Us. Therefore, we may assume that |z| > 31/ in the following. Moreover, we may
assume in the following that p € K. (Indeed, if p ¢ K, then p € Up.) In particular, we have
lu| < 2(\/€)®. Now it suffices to show that the assumptions |z| > 3/ and |u| < 2(y/€)? lead

to a contradiction. The point p = (u,z,0) € S(G) satisfies

0 = 0x9(p) = 0x(n(p) fe(p) + (1 — n(p)) f-1(p))
= (9un(p)) - (fe(p) — f-1(p)) + ()3 fe(p) + (1 =n(p))0zf-1(p)
a(u?)2z8' (2*)v(10]*) (f=(p) — f-1(p)) + n(p)Oxfe(p) + (1 — n(p)) Oz f-1(p)-
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Using v(||0]|?) =~(0) =1 and f.(p) — f-1(p) = —(c + 1)%, multiplication with x yields

0 =2*(e + 1)a(u?)(—F'(2%)) + n(p)xds f=(p) + (1 — 1(p))20x f1(p).

As a(r) >0 and f'(r) <0 for all r € R, we obtain

0 > n(p)xdsfe(p) + (1 — n(p))z0:r f-1(p).-

Observing that x0,f_1(p) = % + 22 4+ ur > % —ex? + ur = 10, f-(p) and n(R™) C [0,1], we

get
3

() 02 a0ufe(p) = a( —ex+u) = a(u - g:(a)),

—

where we have introduced the function g.: R = R, ¢.(y) = —% +ey. Note that ¢. is strictly
decreasing on (—o0, —3+/¢] and on [31/c,00) because ¢.(y) < 0 for all y € R with |y| > /c.
Since |z| > 3y/e, we distinguish between the following two cases:

o < -3/c. As £ <0, (%) implies that u > ¢-(x) > ¢-(—3v/2) = 6(\/€)3.

e >3c. As 2 >0, () implies that u < ¢.(z) < ¢-(3/€) = —6(/€)3.
Both cases are in contradiction to |u| < 2(y/€)? < 6(/)3.

All in all, it follows that S(G) C Uy UU; UU;. Let us consider the intersections S(G)NU, for
v €{0,1,2} in more detail:

S(G)NUy:
Set Vo :=R"\ K. As n(p) = 0 for all p € V| by construction, we obtain G|y, = F_1ly, .
Hence, by Lemma 4.7.1, G|y, is a fold map with fold locus

S(Glvy) = S(F-alvy) = S(F-1) NVo = 1 (R) N EN Vo = 1 (R) N U,

where ¢_1(z) = (¢-1(z),z,0) = (—% —z,2,0). As S(Gly,) =S(G) NV =SG)NENV =
S(G)NUp, we obtain

S(G) NUy = <,0_1(R) N .
Since the function ¢_1: R — R, ¢_1(y) = —% — vy, is strictly decreasing and |q_1(+4/€)| =
4y/2(3e+1) > 2(y/2)?, we conclude that S(G)NUp has two components, namely ¢_1((—o0, —z))
and ¢_1((wo,0)), where zg is uniquely determined by the equation q_1(z¢) = —2(v/2)®. By

the above consideration, we have |zg| < 4/¢.

S(G) NU;p:
Set Vi := {(u,z,2); |u| < (vV2)3, |z| < 3v&, ||2]] < §}. Obviously, Uy = ViNE. As n(p) =1
for all p € Vi by construction, we obtain G|y, = F.|y, .

Hence, by Lemma 4.7.1, G|y, is a generic smooth map with singular set
S(Glv) = S(Felwy) = S(Fe) Vi = e (R) N EN VI = o (R) N Uy,

where @ (z) = (¢e(2),2,0) = (—% + ez, x,0). Recall from Lemma 4.7.1 that the cusps of F
are the two points p-(F+v/€). As S(Gly,) = S(G)NVL = S(G)NENVL = S(G)NU;, we obtain

S(G)NUL = ¢:(R) N V1.
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A curve sketching of ¢, reveals that

e(R) N UL = {p=(x); v € R, [ge(z)] < (\/5)3} = @e((—z1,71)),

where x; € R is the point that is uniquely determined by the equation ¢.(x1) = —(v/2)®. It

follows from

- (Fve) = i(\f)g ¥ (Ve)? = qt%(x/é)g

that -(F+/€) are the two cusps of G|y, = Fely; .

S(G)NU;:
Set Vo = {(u,z,2); |ul > 2(v2)3, |z| < 3/, [|2]| < §}. Obviously, Uy = Vo N E. For all
p=(u,x,z) € Vo weset y:= (z,2) and

1.2

gu(y) = g(p) = —a(u’)(e+ 1) + f1(p).

Next, we show that G|y, is a fold map. By Proposition 3.3.4(d), it suffices to show that the

Hessian of g, at y = (z,2),

Hy(gu) = diag(@igu(y), 2a1,...,2ap—2),

is non-degenerate for all p = (u,z, z) € S(Gly,) = S(G) N Va. Since 0 # 2a; € {£2} for all j,
it suffices to show that 92g,(y) # 0 for all such p. If p € S(G|y,) = S(G) N V4, then

3 3
0= 0xgu(y) = —a(u®)(e + 1)z + % +r+u= % —z(a(w?)(e+1) - 1) +u.
Suppose that 0 = 92g,(y) = 2% — (a(u?)(e + 1) — 1). Hence, a(u?)(e +1) —1 = 22 > 0 and

xT

z = +y/a(u?)(e + 1) — 1. Consequently, we obtain from 9,g,(y) =0 that

3 3
T 2 _ .2 2
u=-" t (e e +1) - 1) =+ (\/a(u Net1)— 1) .
Hence, from 0 < a(u?)(e +1) — 1 < ¢ (which uses that a(r) < 1 for all » € R) we obtain
lu| < %(\/5)3 This is a contradiction to p € Vo. This shows that G|y, is a fold map with fold
locus S(Gly,) = S(G)NVa=S(G)NENU;=S5(G)NUs.

Next, we prove that if p,p’ € S(G)NU; and v =1, then p=1p’.
Since p = (u,z,0) and p’ = (u,2’,0), the claim is that z = 2/. Since p,p’ € S(G) N Uz, we
have 0 = 0,9(p) and 0 = 9,9(p’), which yields

333 $/3

g—x(a(tﬁ)(s—kl)—l)—ku = 0 = ?—az/(a(lﬂ)(e—kl)—l)—ku.

In other words, the function ¢: R — R, ¢(y) = —%3 +y(a(u?)(e + 1) — 1), satisfies

() = u = g(a’).

By Rolle’s theorem, ¢ must have at least one critical point ¢. Hence, 0 = ¢/(§) = —£2 +
(a(u?)(e +1) — 1) implies that a(u?)(e +1) —1=¢2 > 0. A curve sketching of ¢ implies that
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(@) q(y) >qy) >0 forall y <y < —3(a(u?)(c+1)— 1)
3
() law) <3 (Va)E+1) 1) forallye [—/3a@(E+ 1) - 1), /3a@)(E+ 1) - 1),
() q(y) <q(y) <0 forall y >y > 3(a(u?)(c+1)—1).
It follows from p € Uy that |u| > 2(,/€)®. Since € > a(u?)(e + 1) —1 > 0, we have
! 2 3 2 2 3

lg(@)| = la@)] = [ul > S(VE)* > £ (yalu)e+1) 1) .

Therefore, it follows from (b) that z,2' ¢ [—/3(« —1),v/3(a(u?)(e + 1) — 1)]. But

then, (a) and (c¢) imply that = =a’.

As S(G)NU, is a 1-dimensional submanifold of U, for v € {0,1,2} by the previous results,
we conclude that S(G) is a 1-dimensional submanifold of E. Therefore, every component of
S(G) is either an embedded circle in E or an embedded real line in E. Being the singular set
of G, S(G) is a closed subset of R™ and hence a closed subset of E. Therefore, all components
of S(G) are closed subsets of E as well. (In fact, let C' be a component of S(G). As S(G) is
a submanifold of E, any point p € S(G) \ C' has an open neighbourhood W), in E such that
S(G) N W, is contained in the component of p in S(G). Therefore, C' can be written as the
intersection of S(G) and E\U,cg(q)\c Wy, which are both closed subsets of E'.) In particular,

if a component of S(G) is an embedded real line, then it is unbounded in both directions.

Recall that S(G)NUp consists of two components, namely ¢_;((—o00, —z¢)) and ¢_1((xg,0)),
and these are both unbounded in one direction. Therefore, S(G) has exactly one compo-
nent which is an embedded real line, say C, and we have S(G) N Uy C C. We choose an
embedding ¢: R — E such that ¥(R) = C. As C is a closed subset of E, it follows
from ¢_1((—00,—x¢)) C C and ¢_1((xg,00)) C C that ¢_1(—x¢) € C and ¢_1(zxg) € C.
Hence, there exist a_,ay € R such that ¥(a_) = p_1(—x0) and ¥(as) = ¢_1(xg). Then we
have S(G) N Uy = Y((—o0,a—)) Up((ar,00)). Moreover, note that ¢([a—,as]) C Uy UU; =
{(u,z,0); |z| < 3y/z}. (In fact, this follows from 9 ([a_,ay]) NUy =0 and ¢ ([a_,as]) C C C
S(G) - U[)UUlUUQ.)

Next, we show that S(G)NU; C C. As S(G) NU; = pe((—z1,71)) is connected, it suffices to
show that S(G)NU1 NC =CNU; # 0. Note that ¢.(2.1y/) € S(G)NUL NUs. (In fact, we
have . (2.1E) = (=W 4 02.1/2,2.1/2,0) = (=0.987(V/2)?,2.1/&,0) € Uy N Uy. Thus,
0e(2.1y/e) € p(R)NU; = S(G)NU;.) As the u-component of ¥ (a_) = ¢_1(—x¢) is given by
2(1/€)? and the u-component of 1 (ay) = ¢_1(xg) is given by —2(1/€)3, there must be a point
a € (a—,by), such that the u-component of 1(a) is given by —0.987(1/€)? € (—2(1/€)3,2(\/2)?),
which is the u-component of p.(2.1y/¢) € S(G)NUz. Moreover, 1(a) € S(G)NUsz. (In fact, the
u-component of (a) is given by —0.987(,/€)3. Since ¢ ([a_,a,]) C Uy UUs = {(u,x,0); |z| <
3ve}, we have |z,4| < 34/, where x, denotes the z-component of ¢ (a). By definition of Us,
we can conclude that 1(a) € Us.) Hence, p.(2.1y/c) = ¢(a) € C. Since p.(2.1y/¢) € Uy, it
follows that C NU; # 0. Therefore, S(G)NU; C C'.

Next, we show that S(G)NUy C C. Given p = (u,z,0) € S(G) N Uz, we may assume that
p ¢ Up. (Indeed, if p € Uy, then p € S(G) N Uy C C.) Hence, it follows from p € R" \ Uy = K
that |u| < 2(y/€)3. Therefore, there must be a point a € [a_,ay] such that (a) = (ug, Ta,0)
satisfies u, = u. Note that ¥(a) € S(G) N Usz. (In fact, we have |z,| < 31/ since ¢(a) €
¥([a—,ay]) C Uy UUs = {(u,2,0); |z < 3/}. Moreover, we have |u,| = |u| > 2(,/€)% since
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p € Uy.) Thus, we conclude that p =¢(a) € C.

All in all, we have shown that S(G) = S(G)N(UyNU1 NUz) = (S(G)NUy) N(S(G)nU;p)N
(S(G)NUy) C C. Hence, S(G) = C is connected.

Finally, an embedding ¢: R — R™ with the desired properties (ii) to (v) can be defined as
p:=1 oo, where o is an automorphism of R with the property that (¢ oo)(F1) are the two
cusps of G. O



Chapter 5

Fold Maps on Two-dimensional

Cobordisms

The purpose of the present chapter is to determine the state sum of any given 2-dimensional
cobordism W within the fold map TFT studied in Chapter 3. Recall from Section 3.1.6 that the
entire information of the state sum evaluated at a given boundary condition is precisely encoded
in the family of state sets. Every such state set consists of those natural numbers that arise as
the number of loops (i.e., closed components of the singular locus) of a fold map W — R? which
extends the given boundary condition, and whose singular locus induces a Brauer morphism with
prescribed open (i.e., loop-free) part. Creation and elimination of pairs of cusps as discussed
in Chapter 4 will serve as the basic techniques to control the number of loops in the singular
locus of a given generic smooth map. In Section 5.2 it is shown how these two fundamental local

modifications can be combined in a careful way to define more complicated modifications.

Theorem 5.1.3 characterizes the non-emptiness of every state set in terms of the given boundary
condition and properties of the prescribed open Brauer morphism ¢. This characterization
requires ¢ to be index-preserving (see Definition 5.1.2) and admissible (see Section 5.6). Fur-
thermore, it involves the vanishing of the Z/2-valued cusp invariant (see Section 5.3), which is
defined on boundary conditions and measures the parity of the number of cusps of any generic
smooth map that extends the given boundary condition. According to Theorem 5.1.1, the cusp
invariant can in turn be calculated in terms of the newly introduced boundary turning invariant
(see Section 5.4) which by construction measures the “turning” of boundary conditions in the

plane.

Non-empty state sets are explicitly computed in Theorem 5.1.4 (and Corollary 5.1.5). If the
underlying cobordism W is orientable, then the informational content of the state set is encoded
in a certain integer A%, where ¢ denotes a suitable orientation of W . Intuitively, given a fold
map F: W — R?, A% measures the difference between the number of certain handles of W
that are disjoint to S(F'), and certain loops of S(F'). As it turns out, A? is independent of
F', and can be calculated from the data that describe the state set, i.e. the given boundary
condition and the prescribed open Brauer morphism. For a non-orientable cobordism W the
state sets turn out to be either N or N\ {0}, a result which exploits the existence of M6bius
bands.
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5.1 Introduction and Statement of Results

Throughout the present chapter we fix a 2-dimensional connected cobordism W from M to
N in the sense of Definition 3.1.1. (In particular, W? C [0,1] x R? is smoothly embedded with
time function w: W — [0,1] and cylinder scale ey > 0.)

Let (far, fn) € F(M) x F(N) be a pair of boundary conditions. If mg and ng denote the
number of components of S(fys) and S(fn), respectively, then S(fys) = idp, ) and S(fy) =
idj,s - Note that every Brauer morphism [mg] — [ns] contains the same number kg :=

(mg +ng)/2 of intervals. Let ¢ € OPy,, s be an open Brauer morphism.

The computation of Ly (far, fa; ) is the content of Theorem 5.1.3 and Theorem 5.1.4 formu-
lated below. (See Section 5.7 for the proof of Theorem 5.1.3 and Section 5.8 for the proof of
Theorem 5.1.4.) The computation is completed by Corollary 5.1.5, which is shown in Section 5.9.

More precisely, Theorem 5.1.3 characterizes the non-emptiness of the state set Ly (far, fn; @) -

In preparation of the formulation of Theorem 5.1.3 we introduce in Section 5.3 the cusp invariant
tw: F(M)x F(N) = 7Z/2

that is defined as the parity of the number of cusps of any generic smooth map that extends
the given boundary condition (fas, fv). An explicit formula for tw(far, fn) is deduced in
Theorem 5.1.1 (see Section 5.5). This formula involves the new concept of oriented boundary

turning invariant (see Definition 5.4.6)
we: F(P) — Z,

which is defined for any closed smooth 1-dimensional manifold P equipped with an orientation
o . Composition with the quotient map Z — Z/2, m > m, yields the reduced boundary turning
nvariant

w: F(P)—7Z/2,

which does not depend on an orientation of P any more.

Theorem 5.1.1. For every connected 2 -dimensional cobordism W from M to N, the value
of the cusp invariant on (fur, fn) € F(M) x F(N) is given by

tw (fars fv) = X(W) + ks +@(fur) +@(fn) € Z/2.

The formulation of Theorem 5.1.3 involves further properties of the open Brauer morphism ¢.

Recall the concept of non-reduced index (see Definition 4.5.1), which assigns to every oriented
fold line of a fold map from a surface into the plane an element in {0,1}. Given the boundary
condition (fs, fn), we use the convention that the orientation of every component of S(far)
points inwards and the orientation of every component of S(fx) points outwards of W . Hence,

by means of these orientations, one can assign a non-reduced index to each component of S(fys)U

S(fn)-

Definition 5.1.2. The open Brauer morphism ¢ € OP,,  , is called index-preserving with
respect to (far, fn) if the non-reduced index is preserved in the obvious way for all pairs of

components of S(fa) LU .S(fn) that are connected by .
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Furthermore, by Definition 5.6.5, the open Brauer morphism ¢ is called admissible if the points
of (S(far)NOx M)U(S(fy)N1x N)C IOW can be connected in pairs by disjoint arcs in W

as dictated by ¢. This condition is of course only relevant for 2-dimensional cobordisms.

Theorem 5.1.3. Let W be a connected 2-dimensional cobordism from M to N. For all
boundary conditions (far, fn) € F(M) x F(N) and any ¢ € OPpyg ng the following statements
are equivalent:

(i) Lw(far, fnie) #0.

(i) tw(fum, fn) =0, and ¢ is both index-preserving and admissible.

If the state set Ly (far, fn; ) is non-empty, then it can be computed explicitly according to The-
orem 5.1.4. We distinguish between the two cases that W is either orientable or non-orientable.

If W is orientable and o denotes any orientation of W, then we put (see Definition 5.8.3)

A7 = (W) + s = Wiy, (far) = woiy (3))/2 = o (Far, S 9).

Here, the cycle number c,(far, fn;¢) € N (see Definition 5.8.1) captures the combinatorial
interplay between (fas, fn) and ¢ for given o.

It can be shown that A, A7 € Z, A + A7 = 0mod 2.

Theorem 5.1.4. Let W be a connected 2-dimensional cobordism from M to N . Suppose
that Ly (far, fn;p) # O (compare Theorem 5.1.3). Furthermore, suppose that ks > 0. For the
computation of Lw (fur, [n; ) we distinguish between the case that W is orientable and the
case that W is non-orientable:

o Let W be orientable and fix an orientation o of W . Then, A + A77 <0, and

AT 492N, if A% >0,
Lw (fm, fnsp) = ¢ AT + 2N, f A7 >0,
NN (A7 +2N) =NN(A77 +2N), else.

Note that this can be summarized by the formula
Lw (fm, Inie) = NN (A7 +2N) N (A7 +2N).
o If W is non-orientable, then Ly (far, fn;p) = N.

Note that Theorem 5.1.4 does not cover the case that kg = 0. Nevertheless, this case can be

deduced as a corollary from Theorem 5.1.4. Note that kg = 0 implies that mg = ng = 0 and

Corollary 5.1.5. Let W be a connected 2-dimensional cobordism from M to N . Suppose
that Lw (far, fn; o) # 0 (compare Theorem 5.1.3). Furthermore, suppose that kg = 0. For the
computation of Lw (fur, fn; ) we distinguish between the case that W is orientable and the

case that W 1is non-orientable:

o Let W be orientable and fix an orientation o of W . Using [11] one can in principle decide
whether (far, fn) extends to an immersion W — R2. If so, then Lw (far, fn; 1) = 2N.
Otherwise, there must be at least one loop in the singular set of any fold map W — R?
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that extends the boundary conditions (fur, fn), and we have
Lw (fum, fn; 1[0}) =14+NN((A7=1)4+2N)N((A™7 — 1) + 2N).

o If W is non-orientable, then Ly (fum, fn; 1) =1+ N.
Remark 5.1.6. The special case of a closed cobordism W is covered by Corollary 5.1.5 because
OW = () implies that kg = 0. As W is closed there cannot exist an immersion W — R?, so
1+ NN ((A —1)+2N)N ((A™7 —1) +2N), if W is orientable,

Lw (fu, i ) =
1+ N, else.

If W is orientable and ¢ is an orientation of W, then A* = x(W)/2 = 1—g, where g denotes
the genus of W . Hence,

1+ 2N, if g is even,

Lw(fum, fni 1) =
242N, else.

These results for OW = () are in accordance with [25, Theorem 2.5, p. 314].
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5.2 Elimination and Creation of Cusps in Dimension Two

Throughout the present section let F: W — R? denote a generic smooth map that is the
restriction to W of a generic smooth map F: ((—¢,0] x M)UW U ([1,1 +¢) x N) — R? for
suitable ¢ > 0 such that S(F)  OW, and such that W contains no cusps of F. Hence,
the singular locus S(F') is a 1-dimensional submanifold of W that consists of fold points and

cusps, where the set of cusps is a 0-dimensional submanifold of S(F')\ OW .

Remark 5.2.1. The presentation will be supported by pictures of the singular locus S(F') on
open U of the cobordism W . The boundary of U will be indicated by a grey line. With S(F’)
being a smooth 1-dimensional submanifold of W that is closed as a subset of W, S(F)NU
will be represented by massive lines, and S(F) N (W \ U) will be indicated by spotted lines in
the figures. The cusps of F' form a discrete subset of S(F') and can hence be represented by
marked points on the massive lines. (The remaining open arcs on the massive lines consist of
fold points.) Every cusp is furthermore equipped with a tangent vector that points downward
in the sense of Levine [32, Definition on p. 284]. (A tangent vector points downward at a cusp
if its image in the plane points in the direction of the cusp. Intuitively, the vector itself points
into the half plane into which the cusp can propagate.) The direction of a downward pointing
tangent vector will be referred to as the direction into which the cusp points. Finally, joining

curves (see [32, section (4.4), p. 285]) between cusps will be symbolized by dashed lines.

The main technical tool to control the number of closed components of S(F') (and in particular
the number of loops of F') will be to modify F' locally by creating and eliminating pairs of cusps
on S(F) in a careful way. Let us start with the presentation of these two fundamental local
modifications since they form the building blocks for all other local modifications of F' that will

be introduced in the present section:

e (F) Elimination of cusps (see Section 4.6 and [32, Fig. 3, p. 286]):

Figure 5.1: Elimination of cusps

A given pair of cusps of F' can be eliminated if the cusps point into a common component
of W\ S(F). In fact, it follows from the proofs of [32, Lemma (1), section (4.4), p. 285]
and [32, Lemma (2), section (4.4), p. 285] that such a pair of cusps can be connected by
a joining curve (see the dashed line in Figure 5.1). As W is a 2-dimensional cobordism,
such a pair of cusps of F' is thus a matching pair in the sense of [32] and hence removable
(see [32, Definition, section (4.5), p. 285]). As explained in [32, p. 286], the pair of cusps

can therefore be eliminated by a homotopy of F' that modifies F' only in an arbitrarily
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small neighbourhood of the image of the joining curve. The singular locus S(F") is changed
by this process as pictured in Figure 5.1.

e (C) Creation of cusps (see Section 4.7 for a formal construction):

Figure 5.2: Creation of cusps

In an arbitrarily small open neighbourhood of a fold point of F' a pair of two new cusps
can be introduced on the fold line by a homotopy of F' that modifies F' only in this

neighbourhood in such a way that the cusps point into opposite directions of the fold line.

Definition 5.2.2. A loop of F is a component of S(F') that is diffeomorphic to the circle. (In
general, loops may contain cusps.) A loop of F' which does not contain any cusps will be called
a fold loop. A fold loop C of F is called trivial if W\ C' has two components, and at least one
of them is contractible and contains no singular points of F'. A fold loop C' is called Mdbius
loop if the normal bundle of C' in W is the Mobius bundle.

It is helpful to have a loop contained only in parts in the neighbourhood shown in a figure since
the the normal bundle of the loop might be nontrivial. (The parts of the loop that lie outside
the neighbourhood will as usual be indicated by spotted lines.)

Figure 5.3: Creation and elimination of cusps near a Mobius loop.

Remark 5.2.3. Note that a pair of cusps that is created in a given neighbourhood U of a
fold point p of F via (C) cannot be eliminated in general via (F). In fact, the two new
cusps do not point into the same component of U N (W \ S(F)), and different components of
UnN (W \ S(F)) cannot be expected to be contained in the same component of W \ S(F).
However, if the component in S(F') that contains p happens to be a Mobius loop, then the
new cusps can indeed be eliminated via (E). Note that this modification increases the total
number of fold loops of F' by one by producing a new trivial fold loop (see Figure 5.3). This
is essentially the reason why any higher number of loops can be realized on a non-orientable

cobordism W (see Proposition 5.2.9), whereas it will be shown that the number of loops of
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any fold map that extends prescribed boundary conditions has the same parity when W is
orientable. See Figure 5.17 for a local modification that increases the number of fold loops by

two in the presence of a fold line.

As a first application, we combine the two fundamental modifications (E) and (C) to obtain

Proposition 5.2.4. Any pair of cusps of the generic map F: W — R? can be eliminated.

: :
.
- .
/ . s~
s -~ ese
H o 2
H : :
H :
:
H

Figure 5.4: Global elimination of cusps in dimension 2.

Proof. As W is connected, the given pair of cusps can be connected by a smoothly embedded
curve which is a joining curve (in the sense of [32, section (4.4), p. 285]) except for the fact
that it intersects S(F') transversely in a finite sequence pi,...,p, of fold points. A tubular
neighbourhood of this curve looks like in Figure 5.4. In a small open neighbourhood of every
point p; we create a pair of cusps via (C'). Now one can find r + 1 joining curves to eliminate

the 2r + 2 cusps in pairs via (E) as shown in Figure 5.4. O

In the following we present five modifications of F' that arise from convenient combinations
of the fundamental modifications (E) and (C). (The proofs are given by illustration.) These
modifications of F' happen on compact subsets of int W and do not change the combinatorics of
how the fold points in S(F)NOW are connected by the 1-dimensional submanifold S(F) C W.

However, these modifications will affect the number and other properties of the loops of S(F').

Proposition 5.2.5. (Trivialization.) If C is a fold loop of F and S(F)\C # 0, then C can

be turned into a trivial fold loop.

Proposition 5.2.6. (Absorbtion.) Two fold loops of F', say Cy and Cy, can be “absorbed”
(see Figure 5.6) by a component L of S(F)\ (CoUC) if there exists a smoothly embedded path
v: [0,1] = int W such that y(i) € C; for i € {0,1}, and 7|1y intersects S(F) transversely

and in a single point of L.

Proposition 5.2.7. (Tunneling.) A loop of F (possibly containing cusps) with trivial normal

bundle can pass through an even number of fold lines.

Proposition 5.2.8. (Balancing.) Two trivial fold loops of F', say Cy and Cy, can be “bal-
anced” (see Figure 5.8) with an embedded handle H: [0,1] x S' — int W \ S(F) if there exists
a smoothly embedded path ~y: [0,1] — int W such that v~(C;) = {i} for i € {0,1}, and there
exist 0 < sg < tg <ty <s1 <1 such that
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S
= :;'-- 7 .-

Figure 5.5: Trivialization. If S(F)\ C # (0, then there always exists an embedded open 2-disc
in int W which intersects C' and another component of S(F') as indicated.

f@é

Figure 5.6: Absorbtion. Given +, there always exists an embedded open 2-disc in int W which
intersects S(F') as indicated in Cp, C1 and L.

~i 3 :
/7 TS
-~
(
y - W
s

Figure 5.7: Tunneling. The modification takes place on an embedded open annulus in int W .
Note that in the last step the two additional trivial fold loops that were produced by earlier
modifications are eliminated by absorbtion.
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® |(0,) intersects S(F) transversely, and only in the points v(so) and y(s1).
o for i €{0,1}, 7|1y intersects H(i,S') transversely, and only in the point ~(t;) .

Figure 5.8: Balancing. The modification takes place on an embedded open annulus in int W .

Proposition 5.2.9. (Mobius.) Let C' C int W be a smoothly embedded circle whose normal
bundle is the Mobius bundle, and such that C th S(F'). Then, F can be modified on an arbitrarily
small tubular neighbourhood of C to obtain a generic smooth map G: W — R? that has a
Mébius loop. Furthermore, G can be modified on the same tubular neighbourhood of C to
obtain a generic smooth map H: W — R? with the following properties:

(7) S(H) contains exactly one more loop than S(F'), namely a trivial fold loop.
(1) S(H) connects the same fold points of S(F)NOW as S(F).

Proof. Tt follows from C' M S(F') that the finite set C'N S(F) has odd cardinality. (Indeed, an
even cardinality would induce an orientation of a tubular neighbourhood of C' because crossing
a fold line in W alternates the property of F|yngr) of being an orientation preserving or
orientation reversing local diffeomorphism.) Therefore, as indicated in Figure 5.9, it is possible
to modify F' on a suitably small tubular neighbourhood of C' to obtain a generic smooth map
G: W — R? that has a Mobius loop. The generic map H with the desired properties can be

constructed from G via the following three steps:

(1) Since G has a Mdbius loop in the tubular neighbourhood of C', Remark 5.2.3 allows to
modify G there in such a way that a new trivial fold loop arises in the singular locus of
the resulting generic map G’.

(2) One can eliminate the cusps of G’ that were produced during the construction of G from F
in pairs as indicated in Figure 5.9. The resulting generic map G” already satisfies property
(77) , but the elimination of cusps has produced an even number of fold loops in addition to

the trivial fold loop constructed in step (2).
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(3) The even number of fold loops that were additionally produced in step (2) can be eliminated
via tunneling and absorbtion. The resulting generic map H then satisfies both property

(1) and property (ii).
O

Figure 5.9: Md&bius. The modification takes place on an embedded open Mébius band in int W .
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5.3 The Cusp Invariant

Proposition 5.3.1. Given (fa, fn) € F(M) x F(N), there exists a generic smooth map
F: W — C such that Flgqxm = fur and Flp_oxy = fn for some e,&" € (0,ew). More-

over, any two such generic smooth maps have the same number of cusps mod 2.

Proof. The first statement is a direct consequence of Lemma 4.3.9 and Proposition 4.4.1. To
show the second statement, recall the fact from the theory of Thom polynomials that if V™
is a closed smooth n-dimensional manifold, then the number of cusps mod 2 of any generic
smooth map V' — C equals the Stiefel-Whitney number w,[V] (see [32, Theorem (1.2), p.
264]). Taking V' to be the double of W, which is a closed manifold that can be realized as the
boundary of a compact smooth 3-dimensional manifold, we conclude that the number of cusps
of any generic map V' — C is even. Given a generic map F': W — C such that Fl qun = fu
and F|[1_€,71]XN ~ fn for some e, € (0,ew ), we choose a generic map G: W — C such that
Glogxm =~ far and Glj_o1jxn ~ fn. (Recall that f denotes the map f(t,s) = f(1—t,s)
for any map f:[0,1] x S* — C.) Gluing of F' and G yields a generic map H:V — C whose
number of cusps is necessarily even. Hence, F' and G have the same number of cusps mod 2.

The claim follows because G was chosen independently of F'. O

The previous result enables us to define a Z/2-valued invariant

tw(fa, fn) €Z/2

by taking the number of cusps mod 2 of any generic map F': W — C such that Flj qxn = fu
and Flj_o1jxn = fn for some g, € (0,ew). It is clear by construction that ty (fas, fn) is

an obstruction to the existence of an element in FP**(W; fas, fn) .

Proposition 5.3.2. (Recall that W is connected.) The following statements are equivalent:

(i) tw(fum, fnv) =0mod?2.
(ii) FP(W; far, fn) # 0.
(iii) There exists ¢ € OPpg ng such that Ly (fur, fn; @) # 0.

Proof. 1t is clear that (iii) < (i) = (i). Suppose that tyw(far, fnv) = 0. Then there exists
a generic map F': W — C with an even number of cusps and such that F|j .y = fu and
F|[1_5,71]XN ~ fn for some e, € (0,ey). By Proposition 5.2.4 the cusps of F' can now all be

eliminated in pairs. O

Remark 5.3.3. (i). The arguments of Section 5.3 are still valid for higher-dimensional cobor-
disms as studied in Chapter 6. In paricular, Proposition 5.3.2 holds for cobordisms of any

dimension n > 2.

(7). In the spirit of the positive TQFTs of Part I one could define a family of action exponentials
T that count the number of cusps of generic smooth maps W — R? which extend cusp-free
boundary conditions. In this context tw (fas, fy) would just be the parity of Tw (far, fn)-
Furthermore, it should be possible to relate generic smooth maps F': W — R? to fields within a
stabilized version of the relative Stiefel-Whitney number TQFT discussed in Chapter 2 as follows.
The differential DF: TW — R? induces a vector bundle homomorphism ®: TW &R — R? that

is surjective everywhere except at the cusps of F'. As TW ® R is trivial, the one-dimensional
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bundle ker @[y cusps(r) can be trivialized by a section W'\ cusps(F) = TW &R of TW &R —
W . One would then have to show that this vector field can be modified in a small neighbourhood
around every cusp of F' to yield a generic section W — TW @R with singular locus cusps(F).
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5.4 The Boundary Turning Invariant

In Section 5.4.1, the boundary turning invariant w(f) of a boundary condition f € F(S') is
introduced in Definition 5.4.6 as the degree of the tangential Gauss map of the composition
foa: St — R? for a so-called f-adapted embedding a: S' — [0,1] x S* (see Definition 5.4.4).
Thus, the resulting map

w: F(SH =7

measures the “turning” in the plane of the regular part ([0,1]x.S1)\S(f) of a boundary condition
f:10,1] x St — R2. In particular, Example 5.4.11 will show that w vanishes on boundary
conditions that are given by the suspension of a Morse function S' — R. Proposition 5.4.10
studies the transformation behaviour of w under automorphisms of the cylinder [0,1] x S*

induced by time inversion (i.e., the automorphism ¢+ 1 —t of [0,1]) or automorphisms of S?.

As shown in Section 5.4.2; the boundary turning invariant can be extended for any closed smooth

1-dimensional manifold P to the oriented boundary turning invariant
we: F(P) — Z,

where o denotes a fixed orientation of P. Composition with the quotient map Z — Z/2,

m — T, then yields the reduced boundary turning invariant
w: F(P)—7Z/2,

which does not depend on an orientation of P any more.

Eventually, Section 5.4.3 reveals the importance of w for Chapter 5, which is based the fact that
Proposition 5.4.22 expresses certain seemingly global information of a pre-field FP*(W; fas, fn)
on the cobordism W purely in terms of the boundary condition (far, fv) € F(M) x F(N).

Remark 5.4.1. We use the following convention for the induced orientation on the boundary
of an oriented surface. If the first vector of an oriented frame points out of the surface at a

boundary point, then the second vector defines the orientation of the boundary at that point.

5.4.1 Definition for Boundary Conditions on the Circle

In the following, the circle S' ¢ R? ¢ RP is equipped with the orientation determined by the
canonical orientation of the unit disc D? as a submanifold of R?. According to Remark 5.4.1

this orientation is pointwise given by the vector field
u: S' — TS' c TR?, u(z1,x2) = (—w2,21).
Moreover, the cylinder [0,1] x S! will always be oriented by the product orientation.

Definition 5.4.2. Let F: X — R? be a smooth map defined on a 2-dimensional smooth
manifold X (possibly with boundary). A smooth curve a: S' — X is called F-regular if
ax(u(s)) ¢ ker D,F for all s € S*, where ay := Dsa. (In particular, any F-regular curve is

regular.) If a is F'-regular, then the composition F o« is a regular closed curve in the plane,
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so its turning number y(F o «) (see [59]) is defined and will be called F -turning number of «:

Tr(a) == Y(F o).

Two F-regular curves a,3: S' — X are called F-regularly homotopic if there exists a C'-
homotopy A: [0,1] x S' — X between Ag = a and A; = 3 such that A; := A(t,—): S' = X
is F'-regular for all ¢ € [0, 1].

Lemma 5.4.3. If the F -regular curves o, 3: S' — X are F -reqularly homotopic, then their
F -turning numbers agree: yp(a) = vr(8).

Proof. This is a direct consequence of the well-known fact that two regular closed curves in the
plane that are C!-homotopic through regular closed curves have the same turning number (see
[59, Theorem 1, p. 279)). O

Given a boundary condition f € F(S'), the fold locus S(f) C [0,1] x S* is a disjoint union of
embedded intervals with one endpoint contained in 0 x S! and the other endpoint contained in
1 x S1. We equip each of these intervals with the orientation that points from 0x S' to 1 xSt.
Since f is a fold map, we have T.J @ ker Df|; = T([0,1] x S')|; for any of these intervals
J . Hence, the orientations of T'J and of T([0,1] x S!) determine a unique orientation of the
1-dimensional vector bundle ker Df|; over J. For every J we choose trivializations v; of
TJ and wy of ker Df|; that determine the chosen orientations of these trivial 1-dimensional
vector bundles. (Note that v; and w; are determined up to multiplication with continuous
functions J — Rso.) By construction, the pair (vs(s),ws(s)) gives the orientation of the
cylinder [0,1] x St at s for all points s € J.

Given an embedding a: S' — [0,1] x S*, let C, := a(S') denote the image curve and let

Uq 1= @y (u) denote the induced orientation on C, .

Definition 5.4.4. Let f € F(S!) be a boundary condition. An embedding a: S' — [0,1] x S*
is called f-adaped if every interval J of S(f) intersects C, in a single point s; € J (see
Figure 5.10), and the pairs of vectors (uq(ss),vs(ss)) and (uq(ss),ws(ss)) both form oriented
bases in the tangent space of the cylinder [0,1] x St at s;.

w

Figure 5.10: Definition of f-adapted embeddings.

Note that any f-adapted embedding « is f-regular because uy(sy) and wy(sy) are linearly
independent for every interval J of S(f).
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Proposition 5.4.5. Let f € F(S) be a boundary condition. There exists an f -adapted embed-
ding a: St — [0,1] x S*. Moreover, any two f -adapted embeddings are f -reqularly homotopic.

Proof. We construct an f-adapted embedding a: S1 — [0,1] x St. For every interval J in S(f)
we choose a point s; € intJ. Then, we choose for every J a tangent vector u; € T, ([0, 1] x
S1) such that the pairs of vectors (us,vs(s;)) and (us,w;(ss)) both form oriented bases in
Ts,([0,1] x SY). If § > 0 is sufficiently small, then we can choose for every J an embedding
ay: [6,0] = [0,1] x S* such that o' (S(f)) = {0}, a;(0) = s; and a,.(0:)o) = uy. Finally,
it is not hard to extend the embeddings «; to the desired embedding « by connecting a.;(0)
and «y(—0) whenever J and J' are intervals of S(f) that bound the same component of
([0,1] x S\ S(f), and u; points into this component.

Consider two f-adapted embeddings a, 3: S' — [0,1] x S'. We may assume that a~'(J) =
B7L(J) for every interval J of S(f). (In fact, this can be achieved by precomposition of 3 with
a suitable orientation preserving diffeomorphism S' — S'. Note that this modification of f is
f-regularly homotopic to 8.) Now, [ is f-regularly homotopic to an f-adapted embedding
Br: St —[0,1] x S! that changes 3 only in small pairwise disjoint open ball neighbourhoods
of the finitely many points in S~1(S(f)) in such a way that B '(S(f)) = a~'(S(f)) and
ug, (C) = uq(C) for every c € S(f)NCy . (Here, one exploits that o and § are both f-adapted.
In fact, one may construct a homotopy of S that is at every time an f-adapted embedding.)
Furthermore, 31 is f-regularly homotopic to an embedding (o that coincides with « in small
pairwise disjoint open ball neighbourhoods of the points in 85 *(S(f)) = a~*(S(f)). Finally, 3,
is f-regularly homotopic to a by a regular homotopy of B2 supported in S*\ a=1(S(f)). O

Lemma 5.4.3 and Proposition 5.4.5 enable us to give the following definition:

Definition 5.4.6. The boundary turning invariant
w: F(SH - 7

is defined on f € F(S') to be the f-turning number of a for any f-adapted embedding
a: St —1[0,1] x St:
w(f) =(a).

Remark 5.4.7. The definition of w(f) is also valid if S(f) = (. In this case an f-adapted

curve is just an embedding of S' into the cylinder.

Example 5.4.8. Consider the generic smooth map f: W — R? (see Figure 5.11) given by the
stable Whitney cusp z = (t,z) ~ (t,tx + 2®) on the annulus W = {z € R?; 1/2 < ||2]| < 4}
seen as a cobordism from M = {z € R?; ||z|]| = 4} to N = {z € R?; ||z|| = 1/2}. We equip
W with the orientation that is opposite to the orientation induced by the inclusion W C R?.
Hence, fixing a diffeomorphism p: [0, 1] — [1/2,4] such that p(0) = 4, we may identify W with

the cylinder [0,1] x S? via the orientation preserving diffeomorphism
[0,1] x S = W, (t,s) — p(t) - s.

Under this identification f can be considered as an element f € F(S'). (Note that Imof[gy
is injective, where the imaginary part Im: C — R is identified with the projection C =2 R? — R
to the second factor.) Let us show that w(f) = £1. (The fact that w(f) is odd will play a key
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Figure 5.11: Boundary turning invariant around Whitney cusp.

role in the proof of Theorem 5.1.1.) For this purpose, we claim that an f-adapted embedding
is given by
a: St W, a(zy, ) = (—2x1, 229 — 1).

(The image C, of « is a circle of radius 2 around (0,—1) as shown in Figure 5.11. Note that
a induces the clockwise orientation on C,.) The tangent vector field v on S(F) points in
the direction of the origin, and the vector field w that spans ker Df[g;y = 0 x R has to be
chosen to point parallel to the negative x-axis. Thus, it is evident from Figure 5.11 that « is in
fact f-adapted. In the following, we will show that the immersion foa: S' — R? is injective.
(Hence, Hopf’s Umlaufsatz will imply that w(f) = v(f o «) = £1.) In the parametrization of
St given by 7+ (cos(r),sin(r)), r € [0,27), « takes the form a(r) = (=2cos(r),2sin(r) —1).
To show that foq is injective, suppose there are 7,7’ € [0,27) such that (foa)(r) = (foa)(r')

and 7 < 7. Writing ¢() = cos(r()) and s() = sin(r()), this means that
(—2¢, —2¢(2s — 1) + (25 — 1)3) = (=2¢/, —2¢ (25’ — 1) + (25’ — 1)®).

In particular, it follows from ¢ = ¢ and r,v' € [0,27), r # ', that r + 1’ = 27. Therefore,

s’ = —s. Hence, by equality of the second components,

—2¢(25 — 1) + (25 — 1) = —2¢(—25 — 1) + (25 — 1)>.
Consequently, —2¢(2s — 1) 4+ 2¢(—2s — 1) = —8¢s implies that
—8cs = (=25 —1)3 — (25 — 1) = —4s((—25 — 1) + (=25 — 1)(2s — 1) + (25 — 1)?)
= —45(4s® +4s+1 — 45> + 1+ 45 —4s + 1) = —4s(4s* + 3).

Combining r < ', r,r' € [0,27) and r + ' = 27, we obtain r € (0,7) and thus, s # 0.
Division by —4s yields 2c = 4s? 4+ 3. This is impossible since 45> +3 >3 > 2 > 2c¢.

The boundary turning invariant of f € F(S!) can still be computed from embeddings a: S* —
[0,1] x St that satisfy the definition of f-adapted embeddings (see Definition 5.4.4) up to a

certain sign:

Lemma 5.4.9. Let f € F(S') be a boundary condition. Suppose that a: S* — [0,1] x St is an
embedding such that every interval J of S(f) intersects Cy in a single point sy € J, and the
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pairs of vectors (uqg(sy),vs(sy)) and (—ua(sy), ws(sy)) both form oriented bases in the tangent
space of the cylinder [0,1] x S' at s;. Then, w(f)=vs(a).

Figure 5.12: Alternative computation of boundary turning number.

Proof. Consider the sequence of local modifications of « near every point = € C, N S(f)
shown in Figure 5.12. It is clear that « is f-regularly homotopic to a1, @; is f-regularly
homotopic to as, and as is f-regularly homotopic to agz. Therefore, it suffices to show that
v¢(or) = v¢(@r). (Indeed, noting that «sz is f-adapted, Lemma 5.4.3 will then imply that
w(f) = vs(as) = vf(ar) = v¢(a1) = vs().) Note that @7 is obtained from «; by inserting
two loops at every point x € C,, NS(f). These are symbolized by dashed lines in Figure 5.12.
The concatenation of the two loops at x € Cy, N S(f) is an immersion B,: S* — [0,1] x St.
How does this affect the f-turning number ~;7 Using the relative turning number of Chapter 1

one sees that

@) =yrlan)+ D (Be)-
2€CayNS(f)
Since f is a fold map, it follows that for every = € Co, NS(f) the value of v¢(f3,) is either +1
or —1, and both values occur an equal amount of times. (In fact, f restricts on every compo-
nent of ([0,1] x S*)\ S(f) either to an orientation preserving or an orientation reversing local
diffeomorphism, and this orientation is different on any two such components with a common

boundary part.) Hence, the sum vanishes. O

Recall from [4, Lemma 9.13, page 76] and [4, Lemma 9.14, page 77] that a diffeomorphism
¢: S — S! induces a homeomorphism ¢epseq: F(ST) — F(S') in the following manner. A
boundary condition f € F(S!) is mapped by ¢cosed t0 f © ¢, where ¢ denotes the diffeo-
morphism [0,1] x St — [0,1] x St given by (¢,7) — (t,¢(x)). The following lemma clarifies
the behaviour of w under composition with ¢ceseq and under composition with the boundary
inversion operator

v F(SY — F(SY, (tf)(t,x) = f(1—t,z).

Proposition 5.4.10. The boundary turning invariant w: F(S') — Z has the following trans-

formation properties:

(i) The boundary inversion operator fits into the following commutative diagram:
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F(sh)

N

L

F(S1) Z

(ii) EBvery diffeomorphism ¢: St — S induces a commutative diagram

F(Sh Z
Pclosed deg ¢
F(SY) —— Z

Proof. Let f € F(S1). If a: S' — [0,1] x S isan f-adapted embedding, then w(f) = vf(a) =
v(f o ). Recall from Definition 5.4.4 that every interval J of S(f) intersects C, in a single
point sy € J, and when the vector fields v; and wj; on J are chosen as required, then the
pairs of vectors (uq(s7),vs(ss)) and (uq(ss),ws(ss)) both form oriented bases in the tangent
space of the cylinder [0,1] x St at s;.

(i). Let n denote the automorphism of [0,1] x S! given by (t,z) — (1 —t,z). Let g := 1f =
fon € F(SY), and define the embedding 3 :=n~toa: S* — [0,1] x S*. It suffices to show that
w(g) = 74(B) because then,

w(g) =79(B) =v(goB) =7(fonon ' oa)=r(foa)=w(f).

It follows from S(g) = n~1(S(f)) that the components K of S(g) correspond to the components
J of S(f) via K = n~1(J). Hence, every such component K = n~!(J) of S(g) intersects
Cs =n"1(C,) in the single point s} :=n~!(s;). Fix a component K =n"1(J) of S(g). Set
! —1 A |
Vg = — Tk (/UJ)a Wi = Mk (’UJJ)
Now v} is a trivialization of TK that defines the orientation of K that points from 0 x S* to
1 x St because 1(0x S') =1 x S and n(1x S') =0x S'. Moreover, w) is a trivialization of
ker Dg|k such that (v, wh) = (=n;1(vs), n7 (wy)) is an oriented frame of [0,1] x S* along K

1

because (vs,wy) is an oriented frame of [0,1] x St along J, and n~! reverses orientation. Note

that ug = Bi(u) = 1y (uq). Since the pairs of vectors (ua(sy),vs(ss)) and (ua(ss), wy(sy))
both form oriented bases in the tangent space of the cylinder [0,1] x S* at sy, it follows that

(us(sk), vic (sk)) = (3 (uals)), =05 (va(s1))),
(up(sk), —wic(sk)) = (1" (wa(s.)), =1 (wi(s.))),

both form oriented bases in the tangent space of the cylinder [0,1]xS? at s;. Thus, Lemma 5.4.9
implies that w(g) = v4(5) .

(ii). Let g = delosed(f) = fod € F(S!), and define the embedding 3 := 671 oao¢p: ST —
[0,1] x St. It suffices to show that w(g) = v,4(3) because then,

w(g) =4(8) =v(goB) =1(fodod ocaog) = (dege) y(foa)=w(f).
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It follows from S(g) = ¢
J of S(f) via K = a_l(J). Hence, every such component K = g_l(J) of S(g) intersects

Cs=1¢ 1(Ca) in the single point s} := 571(31]). Fix a component K = afl(J) of S(g). Set

(S(f)) that the components K of S(g) correspond to the components

Vi =6y (vg),  wh o= (deg) - b, (wy).

Now vl is a trivialization of TK that defines the orientation of K that points from 0 x S L to
1 x St because ¢(0 x S') =0 x St and @(1 x St) =1 x S'. Moreover, w) is a trivialization
of ker Dg|k such that (v, wl) = (5;1@]), (deg ¢) -$;1(wJ)) is an oriented frame of [0, 1] x
S along K because (vy,wy) is an oriented frame of [0,1] x S' along .J, and 5_1 reverses

orientation if and only if (deg¢) = —1.

Let A\: ST — R\ {0} be the smooth function such that ¢.(u(z)) = A(x)-u(¢(x)) for all z € ST.
Note that, for all z € S*,

-1

ug(B(@)) = Bu(u(@)) = 6, (M) - w(6(x))) = M) - 8, (ua(a(6(x)))).

Since the pairs of vectors (uq(sy),vs(sy)) and (uq(ss),ws(ss)) both form oriented bases in
the tangent space of the cylinder [0,1] x S' at sy, it follows from (deg¢)- A > 0 that, for

=7 (sk),

(us(sk), v (sk)) = (AM@) - 6 (ua(s)),
(up(sk), (deg @) - wi (sk)) é

Il
—
>
—

8
S~—

both form oriented bases in the tangent space of the cylinder [0,1] x S' at s;. Thus, Defini-
tion 5.4.4 (for deg¢ = 1) and Lemma 5.4.9 (for deg¢ = —1) imply that w(g) = v4(3). O

Example 5.4.11. An important class of elements in F(S!) are suspensions of Morse functions.
We use the invariance of w under time inversion from Proposition 5.4.10 (i) to show that the
boundary turning invariant of the suspension of a Morse function on S' vanishes. In fact,
let : S' — R be a Morse function with set of critical points ¥ C S'. Then the suspension
fo=idpgq xp: [0,1] x ST — R?, f(t,z) = (t,u(x)) is a fold map with singular locus S(f) =
[0,1] x X. If p is excellent (i.e. injective on X), then f € F(S'). Note that «(f) = ¢ o f,
where the diffeomorphism ¢: R? — R? is defined by ¢(z,3) = (1 — z,y). (Indeed, all points
(t,s) € [0,1] x St satisfy («(f))(t,s) = f(1—t,8) = (1 —t,u(s)) = (po f)(t,s).) Therefore, if
a: St —10,1] x St is an f-adapted embedding, then « is also an (¢ o f)-adapted embedding.
(Indeed, this is clear from Definition 5.4.4 because ker D(po f) =ker Df and S(pof) = S(f).)

All in all, invariance of w under time inversion implies that w(f) = w(tf) = Y(¢f o ) =
Ypofoa)=—(foa)=—w(f).
5.4.2 Oriented and Reduced Boundary Turning Invariant

Proposition 5.4.10 (i7) enables us to define the boundary turning invariant for boundary condi-

tions on arbitrary closed 1-dimensional manifolds as follows.

Definition 5.4.12. Let P be a closed smooth 1-dimensional manifold and let o be an orien-

tation of P. For every component () of P we choose an orientation preserving diffeomophism
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YQ: ST — @Q (where the orientation of @ is given by o|g) and obtain an induced homeomor-
phism
wclosed (Q) - 3:(51)’ wclosed(f) = f © ¢Q,

where 9@ denotes the diffeomorphism [0,1] x @ — [0,1] x Q given by (t,q) — (t,99(q)). The

oriented boundary turning invariant
we: F(P) > Z
is defined on f € F(P) by

Zw Closed f|[0 l]XQ))
Q

where the (finite) sum runs over all components @ of P. (Note that f[1xq € F(Q) for all
@.) Note that Proposition 5.4.10(i7) ensures that the definition of w, is independent of the
choice of ¥ .

Remark 5.4.13. Note that if p denotes the standard orientation of S, then w,(f) = w(f)
for all f € F(SY).

The following is a simple consequence of Definition 5.4.12:

Lemma 5.4.14. Let P be a closed smooth 1-dimensional manifold and let o be an orientation
of P. Then for all f € F(P) we have

£) = wolo (flo1x0);
Q

where the (finite) sum runs over all components Q of P.

The following observation is a consequence of Definition 5.4.12:

Proposition 5.4.15. Let P be a closed connected 1 -dimensional smooth manifold and let o be

an orientation of P. Then, every diffeomorphism ¢: P — P induces a commutative diagram

F(P) —— 7
¢closed =
W(deg ¢)
F(P) =2 7,

Proof. Let v: S* — P be an orientation preserving diffeomorphism, where P is equipped with
the orientation o. Then, ¢~ ' o1: S' — P is an orientation preserving diffeomorphism when

P is equipped with the orientation deg¢. Therefore, it follows from Definition 5.4.12 and from
(d)_l ° ¢)closed = Yclosed © qsa(:)lsed that for every f € ?(P),

W(deg¢)~a(f) = w((¢_1 0 Y)closed (Pelosed (f))) = w(Wetosed (f)) = wo ().
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The following is a direct consequence of Proposition 5.4.10:

Proposition 5.4.16. Let P be a closed smooth 1-dimensional manifold and let o be an ori-

entation of P. Then the following statements hold:

(i) The boundary inversion operator
i F(P) S F(P), (f)(tw) = F(1—t2),

fits into the following commutative diagram:

F(P) z
F(P) —— 7

(ii) If P is connected, then every diffeomorphism ¢: P — P induces a commutative diagram

Wo

F(P) Z
¢closed deg ¢
F(P) —— Z

Corollary 5.4.17. Let P be a closed smooth 1-dimensional manifold and let o be an orienta-

tion of P. Then the following diagram commutes:

Proof. By Lemma 5.4.14 we may assume that P is connected. Then, any diffeomorphism
¢: P — P satisfies

_ 5.4.15 _ 5.4.16
W(deg ¢)o = w(deg @)-o o ¢closed o ¢Clgsed = Wg© ((;5 1)Closed = (deg ¢) cWo-

The claim follows by choosing ¢ to be orientation reversing. O

Corollary 5.4.17 implies the existence of a mod2 reduced version of the boundary turning

invariant, which will appear in Theorem 5.1.1.

Definition 5.4.18. For a closed 1-dimensional manifold P the reduced boundary turning in-
variant
w: F(P)—7Z/2

is defined on f € F(P) by
W(f) = we(f) mod2,

where o denotes a chosen orientation of P. Note that Corollary 5.4.17 ensures that the definition

of W is independent of the choice of o.
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Reduction modulo 2 of Lemma 5.4.14 implies

Proposition 5.4.19. Let P be a closed smooth 1 -dimensional manifold. Then for all f € F(P)

we have

w(f) = Zw(ﬂ[o,l}xQ)-
Q

5.4.3 Boundary Turning Invariant and Euler Characteristic

The following lemma gives a method to compute the oriented boundary turning invariant on a

connected boundary by means of the relative turning number of Chapter 1.

Figure 5.13: Setting of Lemma 5.4.20 for r = 4.

Lemma 5.4.20. Let @ be a closed connected smooth 1-dimensional manifold, and let o be
an orientation of Q. Let f € F(Q) be a boundary condition. Let ji,...,j, be a labeling of
the finite set of points (Q x 0) N S(f) in Q@ x0 = Q, and let uy,...,u, be a labeling of the
components of Q\ {j1,...,Jr} such that, for all s (see Figure 5.13),

o Ous = {js,js+1}. (Indices are understood modr, so jri1 = j1.)
e the restriction of the orientation —o to us points from js to jsi1. (By Remark 5.4.1,
—0 s the restriction of the product orientation of [0,1] X @ to 0 x Q =Q.)

For all s, let Js denote the component of S(f) satisfying JsN (0 x Q) = js, and let Us denote
the component of ([0, 1]xQ)\S(f) satisfying UsN(0x Q) = us. Finally, let vs be a trivialization
of T'Js of the form vs = (¢s)«(0:) for some diffeomorphism ¢s: [0,1] — Js with ¢s(0) = js.
Fiz for every s a point qs € intJs, and let ag: [0,1] — [0,1] X Q be an embedding such that
OCS(O) =ds, Oés(l) = ds+1; as(ov 1) C Us and (as)*(at‘o) = _US(QS): (as)*(at‘l) = 'Us—i-l(QS—H) .
Then ,
we(f) = ZV(wfoas)'
s=1

Here, Wfoq,: [0,1] = S' denotes the rotation map of foas from Definition 1.1.2, and v(w) € R
denotes the turning number of a map w: [0,1] — S! from Definition 1.2.3. (Note that v has

another meaning than in the context of Definition 5.4.2.)

The conclusion of the lemma remains true if one replaces the requirement —(aw)«(Oilo) =

Us(‘]s) = (as)*(atll) by (as)*(at|0) = US(QS) = _(as)*(ath) .

Proof. Let ¢: S' — @Q be an orientation preserving diffeomorphism. Let ¢ denote the ori-
entation preserving diffeomorphism [0,1] x S — [0,1] x @ given by (t,x) — (¢,¢(z)). By
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Definition 5.4.12 we have w,(f) = w(Pelosed([f)) = w(f’) 5413 wy(f"), where we have defined
[l = fod = daosed(f) € F(S'), and o' denotes the standard orientation of S'. More-
over, setting j, = & ' (js), ul 1= ¢ (u), =0 (J), U= (Us), v} = b, (vs),
q, = afl(qs), al = 4 ' oa,, we have ¢, € intJ., and o.:[0,1] — [0,1] x St is an
embedding such that of(0) = ¢, aj(1) = qipq, @4(0,1) C U} and (o)«(0fo) = —vi(ql),
(o) (9¢|1) = vl y1(ql4 1) - Hence, it suffices to assume that @ = S* and o =o’.

We use the embeddings a,: [0,1] — [0,1] x S to construct an f-adapted embedding «: St —
[0,1] x ST such that (w,(f) =) yr(a) =01 Y(Wsoas) -

Figure 5.14: Local modification around gs.

For every s choose an immersion fs: [0,1] — (0,1) x St as shown in Figure 5.14. In particular,

Bs(0) = Bs(1) = g5, Bs(0,1) C Us and (Bs)«(0)o) = us(qs) = —(Bs)«(0¢]1). Furthermore, by
working in a sufficiently small neighbourhood of ¢,, we may suppose that fo Bs|(071) is injective.

An application of axiom (TGLUE) of Theorem 1.2.4 to the C! concatenation & := 31 * aj *
<ok Bk e yields

Y5(@) = Y(Wroa) = Y V(Wroa,) + > V(wrop,)-
s=1 s=1

Note that v(f o 8s) = +(—1)*/2 = —y(f o Bs41) for all s because f o f](,) is injective by
construction. Furthermore, r is even. (In fact, crossing a fold line of f in [0,1] x S! alternates
the property of f |([0’1]X sins(s) of being an orientation preserving or orientation reversing local

diffeomorphism.) Consequently, > ¢ y(wfog,) = 0.

Note that & is f-regularly homotopic to an f-adapted embedding « (see the dashed line in
Figure 5.14). Therefore, v¢(&) = v¢(«) by Lemma 5.4.3.

Finally, if one replaces the requirement —(as).«(9¢lo) = vs(qs) = (as)«(0|1) by (as)«(0tlo) =
vs(gs) = —(as)«(0¢]1), then the proof is analogous, but one requires —(55).(9:|0) = us(gs) =
(Bs)«(0¢]1) for the choice of S5, such that the equality w,(f) = v¢(«) will hold by Lemma 5.4.9.
(The embedding « will not be f-adapted.) O

Definition 5.4.21. Suppose that W is orientable. Given an orientation o of W and a fold
pre-field F' € FP*(W; far, fn), let W5 be the closure in W of the union of the components V'
of W\ S(F) for which the local diffeomorphism F|y is orientation preserving (R? is equipped
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with the standard orientation).

Note that W7 is a 2-dimensional smooth manifold with corners. (The corner points are S(F)N
OW'.) Moreover, we have W = Wg U W7 . In addition, OWZNOWL7 = S(F) = WgnWy7.

Furthermore, note that every component of S(F') is contained in the boundary of exactly two
different components of W\ S(F') as W is orientable. One of these components belongs to W,
and the other component belongs to W7 .

Proposition 5.4.22. Assume that W is orientable, and let o be an orientation of W . Let
F € FP(W; far, fn) be a fold pre-field for the boundary conditions fyy € F(M) and fn €
F(N). Then

X(WE) = x(Wg7) = —wo,, (far) — W (fN)-

Proof. Since F € FP*(W; fur, fn) and W is connected, there exist £, € (0,ey) such that
Flogxm = fu and Flp_o jxn = fn. Hence, there exist diffeomorphisms £: [0,1] — [0, €]
and (:[0,1] — [1 —€,1] with £(0) =0 and ((0) =1 —¢’, and such that fi; = F o (§ x idp)
and fy = F o (¢ xidyy).

Fix a component V of W\ S(F), and let V denote the closure of V in W. If VNoW =0,
then V is a submanifold of W with boundary, and we set V :=V. If VN OW # (§, then V
is a submanifold of W with corners. In this case, let V denote a fixed smooth manifold with
boundary obtained by cutting off the corners of V' (which are all contained in S(F) N oW )
along a smooth curve in V in such a way that V \ V C ([0,e) x M) U ((1 —¢',1] x N) and
V ~ V. In any case, we equip V with the orientation oly. Thus, AV is a 1-dimensional
closed manifold that inherits an orientation as the boundary of V according to Remark 5.4.1.

Note that the fold map F' restricts to an immersion
By = F|8\~/: 8‘7 — RQ,

which in turn induces a field (By,ws, ) on V (see Theorem 1.1.7) within the turning number
TFT of Chapter 1. (Here, wg, : V — S! denotes the rotation map of By from Definition 1.1.2.)
Since V ~ V and F|y is an immersion, a theorem by Haefliger [18] implies that

— - Y(wg, ), if V isa component of Wg,
(V) =x(V) = { ) iy

—(wg, ), if V isa component of W,

where v(w) € R denotes the turning number of a map w: V — S from Definition 1.2.3,
which is by definition just the sum of the F-turning numbers yr(¢g) (see Definition 5.4.2)
of orientation preserving parametrizations ¢g: St — Q of the components Q of V. (To be
technically proper, consider a submanifold with boundary V of V such that V \ intV is a
closed collar neighbourhood of 8V, and let By := F |- Note that V ~V and OV = 9V .
Since F' is an immersion on V', the claim follows for [y instead of By . But 'y(wBV) = v(ws,)
by Lemma 5.4.3 because [y is regularly homotopic to Sy .) Furthermore, application of axiom
(TGLUE) of Theorem 1.2.4 to the gluing

OV = (0V N Wigq) Ugprw. (OV N Wi 1_e) Upvamw, OV N Wy_er 1))
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yields

Y(Wov) = 1Wsy o )T V(Mﬁvlav/mws ) YWy

[0,e] [e,1—€] [1—€/,1] ’

Hence, varying over all components V' of W \ S(F'), one obtains

)+Z 7<w5V‘aVnW

v [1—¢/,1]

1—¢’]

XWE)—x (W) = 2 2(@s0) = 218wy, IH 2T @ lop,
14 \%4 ’ \%4 ’

The second sum vanishes. (Indeed, axiom (7'DISJ) of Theorem 1.2.4 allows to rewrite the sum
/]) + V(WBV‘BW; ) by noting that OV N Wi 1_.1 = OV N W1

e,1—¢’]

and by splitting the original sum up into two sums according to whether V is a component of

as ’Y(wﬁvbwgmw[a e

"mw[
Wg or of W7, The resulting two summands cancel each other because OWg N W, 1_. and
oW’ N Wie1-e) are the same cobordism equipped with opposite orientations.)

The first sum is equal to w_,,, (far) ST ~Wgly; (far) - (In fact, by Lemma 5.4.14 and by axiom

(TDISJ) of Theorem 1.2.4, it suffices to show that, for every component @ of M,
Z 7<WBV|8VH([O,E]><Q)) = w—o"Q (fM|[0,1}>(Q)'
%

Fix a component U of (]0,e] x @)\ S(F) and let Vy denote the component of W \ S(F) that
contains U . By construction of Vi there exists an embedding ag: [0,1] — [0,1] x Q such that
ay = (£ xidg) o ay is an orientation preserving parametrization of 8‘7(] NU. Then,

1.2.3
) =

7( ’Y(WBVUOCYU) = ’Y(WBVUOCYU) = ’Y(waOC!U)

w R
BVU‘E)VUHU

Therefore, the claim follows from Lemma 5.4.20. (Note that the curves ay have to be moved

by an fjs-adapted homotopy to produce the desired curves as.))

The third sum is equal to w_g|, (¢afN) SAITDA10 —Weo|y (fn) . (In fact, by Lemma 5.4.14 and

by axiom (T'DISJ) of Theorem 1.2.4, it suffices to show that, for every component @ of N,

Z’Y(W'BV‘BVO(D—E/J]XQ)) = w—U‘Q(LQfN [O,I]XQ)’

%

Fix a component U of ([1 —¢',1] x Q) \ S(F) and let Vi; denote the component of W\ S(F)
that contains U. By construction of Vi there exists an embedding o : [0,1] — [0,1] x Q such
that &y := ({ X idg) oo ay is an orientation preserving parametrization of OVy NU , where
the automorphism 7: [0,1] x @ — [0,1] x @ is given by (¢,z) + (1 —t,z). Then,

1.2.3
) =

7( W(W,BVUO&U) = W(W,BVUO&U) = W(WfNOOéU)

oy R
5VU|aVUmU

Therefore, the claim follows from Lemma 5.4.20. (Note that the curves oy have to be moved

by an fjs-adapted homotopy to produce the desired curves «s.)) O
Note that x(Wg)+x(Wy?) = x(W)+ks holds in the situation of Proposition 5.4.22. Combined
with the difference x(Wg) — x(Wr7) = —wq|,, (fm) — Wy (fN), one obtains the following

Corollary 5.4.23. Assume that W is orientable. Let o be an orientation of W . Let F €
FPe(W; far, fn) be a fold pre-field for the boundary condition (fur, fn) € F(M)x F(N). Then,
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the integer X(Wﬁf") is given by the formula

W k O|\M O|N
V(VE) = 37 1 X(W) + ks Fw 2(fM)3Fw (fN)7

and s in particular independent of F'.
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5.5 Proof of Theorem 5.1.1

The proof of Theorem 5.1.1 consists of showing the following two statements:

(i) If Tw(fu, fv) =0, then x(W) + ks 4+ ©(far) +w0(fn) =0.
1

(Zl) If fw(fM, fN) = T, then X(W) + % + W(fM) + w(fN) =

We start with the proof of statement (i), which will then be used in the proof of statement
(7). Suppose that tyw (far, fv) is even. By Proposition 5.3.2 there exists a fold pre-field F' €
FPe(Ws far, fn) . If W is orientable and o denotes an orientation of W, then Corollary 5.4.23
implies that x(W)+ks —we|,, (far) —we|y (fn) = 2X7 is even. If, however, W is not orientable,
then there exists an integer h > 1 and embedded loops C,...,C, C int W whose normal
bundles v(C;) = U; € W are Mobius bundles, and such that V := W \ |, U; is orientable.
After some perturbation of C; and some modification of F' we may assume that U;NS(F) = C;
forevery i € {1,...,h}. (In fact, C; can be slightly moved in int W to achieve that C; h S(F).
Then one modifies F' on U; as in the first part of Figure 5.9.) For every i set P; := oU;(= S1).
Furthermore, fix a suitably small collar neighbourhood [0, 1] X P; of 0 x P; = P; C V such that
([0,1] x )N S(F) = 0. Thus, fp, := Flp1xp, € F(P;) with S(fp,) = idjy. If one considers V'
as a cobordism from MU P;LI---U P, to N, then F restricts on V to an element G := F|y €
EFPre(V; fMuPll_l-uuPh, fN), where fMuP1u~~-uPh = far U fp1 L. fph S ?(M upP - Ph) .
Since V' is orientable, we have already shown that

0 =ty (fmupu-up,, fN) = X(V) + ks + ©(fmupiu-up,) + ©(fn)-

(Note that S(fp,) =1idg for all i implies that mg and ng are still the number of components
of S(fmup,u--up,) and S(fn), so that kg = (mg + ng)/2 is still the number of intervals of
S(G).)

Since for all i, P; = S' and ﬁiw ~ S! is a Mébius band, we obtain

h

T = x(|] P) = x(v).
=1 =1

=

xX(W) = x(V) + x(

Note that @(faupu-up,) = @(fm) +@(fp)+---+@(fp,) by Proposition 5.4.19. Finally, note
that @(fp,) =0 for all 7. This completes the proof of statement (7).

In order to show statement (ii), we assume that ¢y (far, fv) is odd. Hence, any generic
smooth map F: W — R? with Fljxam = far and Flj_o qj«n = fy for some e,&" € (0,ew)
has at least one cusp, say ¢ € S(F). Let U C int W be a small Euclidean open ball with
origin ¢ on which F looks in local coordinates like the stable Whitney cusp. Consider the
cobordism V := W\ U. Set P := 0U(= S'). Fix a suitably small collar neighbourhood
[0,1] x P of 0 x P = P C V such that fp := Fljgyxp € F(P) with S(fp) = idpj. If
one considers V' as a cobordism from M U P to N, then F restricts on V to an element
G := Fly € FP*(V; fmup, fn), where fyup = far U fp € F(M U P). As G has an even

number of cusps, we have already shown in statement (i) that

0=ty (fuup, In) = x(V) + ks + 1+ @0(faup) + O(fn).

(Note that S(fp) = idjy implies that the number of intervals in S(G) is by 1 bigger than the
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number kg of intervals in S(F).) Now, x(W) = X(V)+x(UW) —X(P) = x(V)+1 implies that
X(V) = x(W)+1. Furthermore, @w(fyup) = w(fum)+w(fp) =w(far)+1 by Proposition 5.4.19
and Example 5.4.8. All in all, statement (i7) follows.

This completes the proof of Theorem 5.1.1.
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5.6 Admissible Open Brauer Morphisms

Recall that M[r] (r € N) denotes the set [r] := {0,...,r} seen as a 0-dimensional submanifold
{0,...,7} C R. Throughout this section we fix non-negative integers p,q € N and an injective
map

a: Mp|U Mg — oW

such that P := a(M[p]) C M and Q := a(M]g]) C N.

Remark 5.6.1. Any given pair of boundary conditions (fas, fn) € F(M) x F(N) gives rise to
such amap « for p:=mg and ¢ := ng. In fact, recall that fp; induces a canonical identification
between the points of S(fa) N (0 x M) and the points of [mg]. Analogously, fn induces a
canonical identification between the points of S(fx)N(1xN) and the points of [ng]. Identifying
0x M with M C OW and 1x N with N C W, we obtain canonical embeddings M[mg] C M
and M[ng] C N which can be combined to the desired map «a: M[mg|]U M[ng] — OW .

Definition 5.6.2. An arc of an open Brauer morphism ¢: [r] — [s] is a subset {z,y} C
M[r]UM]s], x # vy, such that the corresponding points in (0 x M|[r] x0x 0)L (1 x M(s] x0x0)
are connected by an arc of some (and hence, any) representative V' C [0,1] x R? of ¢. Note
that the arcs of ¢ form a partition of M[r|U M|[s] by k(p) := (r + s)/2 subsets.

Definition 5.6.3. Given an open Brauer morphism ¢ € OP,,, a ¢-model is a pair (X,¢)
consisting of a compact smooth 2-manifold X with boundary, and a diffeomorphism £: OW =
O0X with (€0a)™1(QY) # 0 for all components Y of X such that there exist smooth embeddings

~i: [0,1] = X, i=1,...,k(p),

with the following properties:

(i) 7([0,1]) N ~;([0,1]) = 0 for all 7 # 7.
(#) ~; h OX for all i. (In particular, v;((0,1)) N9X =0 for all 7.)

(131) For every arc {x,y} of ¢ there exists an index ¢ such that

7i({0,1}) = {&(a(x)), £(a(y))}-

(In particular, v;({0,1}) C £&(PU Q) for all i.)

Two p-models (X,¢) and (X', ¢') are equivalent if there exists a diffeomorphism =: X =X
such that ¢ = Z|sx o &. Let Mod(p) denote the set of all equivalence classes of p-models.

Remark 5.6.4. Let us check that Mod(y) is indeed a set. Recall that the diffeomorphism
classes of compact smooth 2-manifolds with boundary form a countable set. Let {X;}ien be a
set of representatives. Now given any ¢-model (X&), there exists ¢ € N and a diffeomorphism
=0 X —5 X;. Setting & = Eilax o&, it is now clear that (X;,&;) is also a ¢-model which is by
construction equivalent to (X, ). Thus, every equivalence class of ¢-models has a representative
in the set {(X’,&)|X" € {Xi}ien, &1 OW — 0X' is a diffeomorphism}.

Definition 5.6.5. An open Brauer morphism ¢ € OP,, is called admissible if (W,idgw ) is a
p-model. Note that Ly (fu, fn;¢) # 0 implies that ¢ is admissible, where « is chosen as in
Remark 5.6.1.
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5.7 Proof of Theorem 5.1.3

If Lw(fa, fn;e) # 0 for some ¢ € OPyyg g, then obviously tw(far, fv) = 0, and ¢ is
index-preserving with respect to (fas, fx) (see Definition 5.1.2) and admissible with respect to
a(fur, fn) (see Remark 5.6.1). Refining Proposition 5.3.2, we prove the remaining implication
(ii) = (i) of Theorem 5.1.3. Suppose that statement (i7) holds. We have to construct a fold
map F: W — R? such that

o Fliogxm = fur and Flp_ gy = fn for some €,¢" € (0,ew).
e S(F) =@\ for some [ € N.

This can be achieved via the following three steps:

STEP 1. Choose a generic map Fy: W — R? such that Foljo,ex v =~ fur and Folp—o 1jxn = [N
for some €,e’ € (0,ew).

STEP 2. As ¢ is index-preserving and admissible, we can modify Fy locally on W ;_.y via
(E) and (C) to produce a generic map Fy: W — R? such that the components of
S(Fy) that are intervals do not contain any cusps, and S(F}) = ¢ ® A& for some
I"eN.

STEP 3. Since tw (fu, fv) =0, we can use (E) and (C) to modify Fy locally on W, 1_ to
produce the desired fold map F: W — R2.

STEP 1 is clear by Proposition 5.3.1. In order to produce the desired fold map F', we have
to eliminate the cusps of Fy in the remaining two steps more carefully than in the proof of
Proposition 5.3.2 because the open Brauer morphism ¢ must be realized by the singular locus
of F'. In particular, the modification of Fj in the third step must be careful enough to keep
the properties of F;. Also note that the resulting fold map F will satisfy the correct boundary

conditions since Fp does, and the local modifications (£) and (C) are supported on W ;_.).
We are left with the discussion of the remaining two steps:

STEP 2. For every point p € S(Fy) NOW = M[mg| U M[ng] we choose a fold point p’ in the
same component of S(Fy) as p such that p’ € W\ (([0,e] x M) U ([1 —€,1] x N)), and such
that there are no cusps on the fold line segment between p and p’. Since ¢ is admissible for
(W, fum, fn), there are embeddings v;: [0,1] — W ;_. for i =1,... ks such that

e For every index i, we have {7;(0),7i(1)} = {p},q}} for some points p;, q; € M[mg|UM[ng].
e Given two points p,q € M[mg| U M[ng], there exists an index i such that p’ and ¢’ are
the endpoints of +;([0,1]) if and only if {p, ¢} is an arc of ¢ (see Definition 5.6.2).
e Each ~; is transverse to S(Fp) and does not contain cusps of S(Fp).
e 7;([0,1]) Nv;([0,1]) =0 for all 7 # j.
Choose a small open tubular neighbourhood U; C W(, ;_.) around ~; for every ¢ such that
UinU; =0 for all i # j. We may also assume that S(Fp) N U; does not contain any cusp of

Fy for every i.

Fix an index 7 and set v :=;, (p,q) := (pi,¢;) and U := U;. The intersection U NS(Fp) then
looks as in Figure 5.15. As indicated in Figure 5.15, we insert via (C') on every component of
S(Fo) NU a pair of cusps in such a way that elimination of cusps on neighbouring components
via (E) produces a fold line that connects p with ¢. This is possible since ¢ is index-preserving

by assumption, and the non-reduced index of the fold points of an oriented component of S(Fp)
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Figure 5.15: Realizing an arc between p and gq.

is constant even in the presence of cusps by Example 4.5.2.

Repeating the above modifiactions of Fy on U; for all ¢, we obtain a generic map Fy: W — C
such that for any two points p,q € M[mg] L M[ng] the following property is satisfied: p and ¢
are connected by a component of S(F;) without cusps if and only if p and ¢ are connected by
. Consequently, all components of S(F}) that are intervals do not contain cusps. It remains

to eliminate the remaining cusps of Fj in the last step without losing this property.

STEP 3. Since tw(fur, fn) = 0, the generic map Fy: W — R? with Filjoexm = fu and
Filp—eryjxn =~ fn for some e,&’ € (0,ew) has an even number of cusps. In consequence of
the previous step, all cusps of Fj lie on the closed components of S(Fy). Let T C S(Fy)
denote the union of the components of S(F}) that are intervals. On each component of W\ T'
one can eliminate the cusps up to at most one cusp by the same argument as in the proof of
Proposition 5.3.2. As a result, we may assume that every cusp c¢; is the unique cusp on a
closed component C; of S(Fj). Moreover, by an adaption of the argument of Remark 5.2.3
one can achieve that the closed components C; have trivial normal bundles in W . Fix an
interval J of S(Fy). (If S(F1) contains no intervals, then W\ T is connected, so that all cusps
have already been eliminated.) Since W is connected, it can be achieved by tunneling that the
cusps c¢; are as shown in Figure 5.16 collected in a tubular neighbourhood V' of J such that
VNS(F)=JulUVNCy), where ¢; € VN Cj. By a single application of (C') and (E) we
may also assume that all cusps point into the component of W\ S(F}) bounded by J as shown
in Figure 5.16.

If each of the two components of V'\ J contains an even number of cusps, then one can eliminate
all cusps in V'\ J by the same argument as in the proof of Proposition 5.3.2, which finishes the
construction of F». Otherwise, the same method can be applied with the result that there is
precisely one cusp left on each of the two components of V'\ J. These last two cusps can finally
be absorbed by J. (Indeed, insert a new pair of cusps on J via (C) and eliminate the four

cusps in pairs via (E).)

This completes the proof of Theorem 5.1.3.
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Figure 5.16: Elimination of cusps near .J.
5.8 Proof of Theorem 5.1.4

Fix a boundary condition (far, fv) € F(M)xF(N) and an open Brauer morphism ¢ € OPy, ¢
such that Ly (far, fa; ) # 0. Moreover, assume that kg > 0. Given a fold pre-field F €
Fere(Ws far, fn), let wop € OPyygng be the unique open Brauer morphism such that S(F) =
Yr ® \®F | where I denotes the number of loops of S(F). The task is to to reduce lp as

much as possible by the local modifications of Section 5.2, and to determine this number.

First, suppose that W is non-orientable. Then it is claimed that Ly (far, fn,¢) = N. Since
l € Lw(fum, fn,e) implies 1 + 1 € Lw (fua, fn, ) by Proposition 5.2.9, it suffices to show that
0 € Lw(fm, fn,). For this purpose, choose a fold pre-field F € FP*(W; far, fn) satisfying
S(F) = p @ A®!'F for some even integer [p > 0. (Such an F exists because Ly (far, fv,¢) # 0
by assumption, and N+ Ly (far, fn, ) € Lw(fm, f,¢).) Finally, since kg > 0 and W is
connected and non-orientable, it is possible to eliminate all loops of F' in paris via tunneling and

absorbtion. This completes the proof of Theorem 5.1.4 in the case that W is non-orientable.

From now on one may suppose that W is orientable. Fix an orientation o of W . We start by

introducing the cycle number c,(far, fn; ) > 0 in Definition 5.8.1.

Recall that fps induces a canonical identification between the points of S(fas) N (0 x M) and
the points of M[mg|. Analogously, fx induces a canonical identification between the points of
S(fn) N (1 x N) and the points of M[ng|. Identifying 0 x M with M C W and 1 x N with
N C W, we obtain canonical inclusions M[mg] C M and M|[ng] C N.

Fix collar neighbourhoods [0,1] x M of 0 x M =M C W and [0,1] x N of I1x N=N CW.
Then o induces orientations of the cylinders [0,1] x M and [0,1] x N. Let ([0,1] x M);+ and
([0,1] x N)+ denote the closures of the unions of the components of ([0,1] x M)\ S(fa) and
([0,1] x N)\ S(fn) where fyr and fn are orientation preserving. Set My = (0 x M)N([0,1] x
M)+ and Ny = (1 x N)N([0,1] x N)4. Due to the identifications 0 x M = M and 1 x N =N
we have inclusions M C M and N, C N. By construction, M, and N, are 1-dimensional
cobordisms with boundaries OMy = M[mg] and ON; = M|ng]. Note that M, and N
may have closed components since an element f € F(P) might restrict to an immersions on
components of [0,1] x P. The given ¢ € OP,,¢ n is represented by a 1-dimensional cobordism
V C [0,1] x R® with boundary (0 x M[mg] x 0 x 0) U (1 x M[ng] x 0 x 0).

Definition 5.8.1. The cycle number c,(far, fn; @) is defined to be the number of components
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of the 1-dimensional closed manifold MUV UN, which is obtained by gluing the boundaries of
My, V and N, under the identifications 0 x M[mg]x0x0 = M[mg] and 1x M[ng]x0x0 =
Ming].

The cycle number is constructed in such a way that the number of boundary components
of W§ (see Definition 5.4.21) is given by Ir + c¢o(fum, fn;pr) for every fold pre-field F' €
Fere(Ws fum, fn), where ¢ € OPg ng is the unique open Brauer morphism such that S(F') =
©r@A®F and Ip denotes the number of loops of S(F). Consequently, Corollary 5.4.23 implies
the following

Proposition 5.8.2. Let F' € FP*(W; far, fv) be a fold pre-field, and let o € OPg ng be the
unique open Brauer morphism such that S(F) = ¢p @ A9 | where Iy denotes the number of
loops of S(F'). Then, there exists an integer h% > 0 such that

X7 =lp+co(fu, v or) — 2h%.

In fact, h% is the number of handles that have to be attached to the disjoint union of lp +
co(fr, Ny or) 2-discs to obtain Wi .

The following definition results from Proposition 5.8.2:

Definition 5.8.3. Let F' € JP**(W; far, fn) be a fold pre-field, and let pp € OPp, ng be the
unique open Brauer morphism such that S(F) = pr ® \9F where I denotes the number of
loops of S(F'). Define the following difference, which is independent of F':

A% = lF—2h,% :XU *Co'(fMafNawF)

By construction, A7, A7 € Z. Moreover, for any F', A°+A~7 = 2lp—2(h%+hp") = 0mod 2.

Next, we show that A% + A7 < 0. For this purpose, we start with any fold pre-field F €
FPre(W far, fv) and use trivialization (note that kg > 0) in order to achieve that all loops in
S(F) are trivial (see Definition 5.2.2). Note that every trivial loop in S(F) has exactly one
contractible component because W is connected, and kg > 0 implies that W # (). Using
tunneling and absorbtion (note that kg > 0), one can then achieve that all (trivial) loops of
S(F) are boundary components of the same component of W \ S(F), say a component V
of WE for suitable p € {—0,0}, in such a way that for every (trivial) loop C' of S(F), the
contractible component of W\ C belongs to W,”. In this situation, one has lp < hf.. (In
fact, recall from Proposition 5.8.2 that W£ can be obtained by attaching k. handles to the
disjoint union of Ip + ¢,(far, fn; ¢r) 2-discs. In each step of this handle attaching process the
number of components decreases by at most 1. Furthermore, every such component contains
at least one of the Ir + ¢,(fa, fn;¢r) boundary components. Now, note that the boundary
of V' contains by construction the [r trivial loops of S(F'), and must have at least one more
component because otherwise V' would be part of a closed component of W. But then, W7,
can have at most c¢,(fm, fn;@r) components. Consequently, at least Ip handle attachments
are needed to produce W¥ from the disjoint union of ip + ¢,(far, fn; ¢r) 2-discs. This shows
that indeed Ip < hf..) Hence, h” > 0 (see Proposition 5.8.2) implies that

A7 + A7 =20p — 2(h% + h3%) = 2(lp — hG — h7) < 2(lp — h2) < 0.
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Therefore, we have either A >0 or A7 >0 or A%, A7? < 0. We proceed to show the claim

A% £ 9N, ifA° >0,
Ly (fm, fvie) = A7 +2N, if A= >0,
NN (A7 +2N) =NN(A77 +2N), else.

In order to prove that Ly (far, fa;¢) is included in the sets on the right-hand side, it suffices
to note that every | € Ly (fa, fn; ) satisfies | = APmod2 and | > AP for p € {—o,0}.
(In fact, given | € Lw (fa, fn; @), there exists a fold pre-field F' € FP™(W; far, fv) such that
S(F) = ¢@A®!. Then, Definition 5.8.3 implies that A? = [—2h%, = Imod 2 and [ > [—2h%, = AP
since hf, >0.)

Figure 5.17: Creation of two additional fold loops.

Conversely, to show that the sets on the right-hand side are contained in Ly (far, fa;¥), it
suffices to prove that [ + 2 € Lw(fu, fn;p) for every | € Lw(fa, fn;e), and min(N N
(A +2N)N (A7 +2N)) € Lw(fum, fv;¢). To show the first claim, let I € Ly (fur, fv; @) -
Then, there exists a fold pre-field F' € FP*(W; far, fv) such that S(F) = ¢ ® A®!. Since
S(F) # (0, Figure 5.17 shows how one can use (C) and (F) to modify F to a fold pre-field
Fy € FP(W; far, fn) that satisfies S(F1) = ¢ @ A®20+2) . Hence, 1 4+ 2 € Lw(fu, fn; o).
Finally, let us show that min(NN (A% +2N) N (A7 +2N)) € Lw (fu, fn; ). As in the proof
of A% + A=? < 0 above, one can construct a fold pre-field F € FP*(W; far, fn) satisfying
S(F) = pr ® A2'F for some integer Ir > 0, and with the additional property that all loops of
S(F) are trivial and are contained in the boundary of the same component of W\ S(F), say a
component of W for suitable p € {—0, 0}, so that the contractible component of W\C' belongs
to Wp" for every (trivial) loop C of S(F'). As shown above, [p < h%. in this situation. Then,
note that AP =lp — 2h§f7 <lp— h% < 0 because h% > 0. Therefore, using A = A7 mod?2,

min(N N (A% + 2N) N (A~ 4 2N)) = min(N 0 (A~ + 2N)).

Finally, repeated balancing (see Proposition 5.2.8) of two loops of F for one handle of W,"”
(see Figure 5.8) yields a fold pre-field G € FP*(W; fas, fn) satisfying S(G) = ¢ ® A®l¢ with
lc =min(NN (A7” +2N)). (Indeed, if A= =Ip —2h” > 0, then one repeats balancing until
no handles are left in W,” to obtain I = A™”. If, however, A" = lp — 2h,” < 0, then
one repeats balancing until at most one loop is left in S(F') to obtain lg € {0,1} such that
lc = A7Pmod2. In both cases, g = min(NN (A7 +2N)).)

This completes the proof of Theorem 5.1.4.
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5.9 Proof of Corollary 5.1.5

Our argument will reduce the case ks = 0 to the case kg > 0 of Theorem 5.1.4. We may
suppose that (far, fv) does not extend to an immersion W — R2. (This is automatically the
case if W is non-orientable. If W is orientable, then it can in principle be checked by using the
results of [11].) Hence, S(F) # 0 for all F € FP*(W; far, fn)-

Let V' denote a cobordism from M U P to N that is obtained by deleting a small open ball
from int W whose boundary is P = S!. (Strictly speaking, V is not a cobordism in the sense
of Definition 3.1.1. Nevertheless, the arguments that are used in the proof of Theorem 5.1.4 do

not make use of the special embedding requirements.)

Fix a collar neighbourhood [0,1] x P of 0 x P = P C V and a diffeomorphism P = S!', and
let fp:[0,1] x P — R? denote the fold map fp = goa that is given by the composition of the
embedding a: [0,1] x P — R%, a(t,p) = (2 — t)p, (where P = S' C R?) with the fold map
g: R? = R?, g(x,y) = (2%,y). It can be checked that fp € F(P) and S(fp) = idfy . Hence, it
follows from S(fyr) =0 that fyUfp € F(MUP) and S(farUfp) = idpy . Moreover, S(fy) =0
implies that S(fx) = idj). Let ¢ denote the unique open Brauer morphism [2] — [0]. Since
any element G € FP*(V; fyy U fp, fn) can by construction of V' and fp be extended to an
element F' € FP*(W; fur, fn) such that S(F') contains exactly one loop more than S(G), it
follows that

L+ Ly (fa U fp, fn; ) C Lw (fums s 1))

If W is non-orientable, then so is V', and Theorem 5.1.4 implies that Ly (fa U fp, fa; ) = N.
Thus, 1+ N C Lw(fum, fn;lj) . As S(F) # 0 for all F' € FP*(W; fr, fn), we also have
Lw(fM, fN; 1[0]) C1+N. All in all, the claim Lw(fM, fN; 1[0}) =1+ N follows.

From now on, we may assume that W is orientable. Let o denote an orientation of W. Since

XW) =x(V)+1, co(fm U fr, fn;e) = co(furr, fn; ) + 1 (the boundary component of V&
that has points in P is disjoint to OW') and wy|,(fp) = 0, Theorem 5.1.4 implies

Ly (fau U fp, fn;e) = NN ((A7 = 1) +2N) N ((A™7 = 1) + 2N),

where A% and A7 are defined with respect to the cobordism W . Therefore, 1+ NN ((A? —
1)+ 2N)N((A77 = 1) +2N) C Lw(fum, fn; 1jg)) - Finally, let us show that the converse inclusion
is also valid. For every F € FP*(W; far, fv) one constructs a subcobordism Vg of W with
boundary OVy = OW U Pp, Pr = S' and fp, € F(Pr) with S(fp,) = idp), such that F
restricts on Vp to an element G € FP(Vp; far U fp,, fv) in such a way that S(F') contains
exactly one loop more than S(G). (Indeed, recall that S(F') # 0 for all F € FP*(W; far, fn) .-
Hence, Vi can be chosen by deleting from int W a small open ball with boundary Pr = S!
around a point of S(F'). Moreover, fp, is obtained by restriction of F' to a fixed suitably small
collar neighbourhood [0,1] x Pr of 0 x Pr = Pr C Vp.) Hence, 1+ Ly, (far U fr., fn; ) C
Lw (far, fN; ljp)) . Note that, with the same arguments as for V' above, Theorem 5.1.4 implies
as desired that

Ly (fm U frp, fn; ) = NN ((A7 = 1) +2N) N ((A™7 = 1) + 2N).

This completes the proof of Corollary 5.1.5.
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Chapter 6

Fold Maps on Higher-dimensional

Cobordisms

6.1 Modifying Generic Smooth Maps to Fold Maps

Let X be a connected smooth manifold with boundary of dimension m := dim X > 3. (The
case that X is a surface is treated separately in Chapter 5. In the present section we exploit
Levine’s method of elimination of cusps [32] and the complementary procedure of creating a pair
of cusps on a given fold line in order to construct a fold map with few closed fold lines starting

from a given generic smooth map X — R2.

Definition 6.1.1. A subset A C {|%],...,m — 1} is called nice if either A = {3} (where m

is necessarily even) or A = {a1,a1 +1,...,a2} for suitable integers ay,a2 € {[F],...,m — 1}
such that a1 < az. Given two subsets A, A" C {|%],...,m — 1}, we write A > A" if there
exists i € {|5],...,m — 1} such that a >i > d’ for all (a,a’) € Ax A,

Consider a generic smooth map G: X — R? such that S(G) h 90X . It is always assumed that
G has a finite number of cusps and that S(G) consists of a finite number of components. (This
is satisfied whenever X is compact.) Recall that {|%],...,m — 1} is the set of possible values

for the absolute index of a fold point of G.

Definition 6.1.2. For every component J of S(G) let Ag(J) C {|%],...,m —1} denote the
subset of integers that occur as the absolute index of a fold point of G on J. Moreover, let
Ag C {[%],...,m —1} denote the subset of integers that occur as the absolute index of a fold
point of G'. In other words, Ag is the union of the sets Ag(J), where J runs through the
components of S(G).

Observe that if J is a component of S(G) that contains at least one cusp of F', then Ap(J) is

a nice subset of {|%],...,m —1}. (In fact, the map that assigns to every fold point of G' on

J its absolute index is locally constant. Furthermore, if two fold arcs in J abut on the same
m

cusp, then their absolute indices are equal if the cusp has index % — 1 (this can only happen if

m is even), and differ by 1 else.)

Now suppose that A¢ is contained in the union A;U- - -UA, of suitable nice subsets Aq,..., A, C

{l%],.-.,m =1}, » > 1, such that A; > --- > A,. Then for every component J of S(G)
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there exists a unique s € {1,...,7} such that Ag(J) C As. For every s € {1,...,r} let Js
denote the union of all components J of S(G) that satisfy Ag(J) C As.

Assume for simplicity that all components of S(G) are diffeomorphic to S!, and that S(G) = Js
for some s € {1,...,r}. The purpose of the present section is to modify G on a compact subset
of X\ dX to obtain a fold map F: X — R? whose fold lines (i.e. components of S(F))
correspond bijectively to the elements of Ag by assigning to every component of S(F) its
absolute index. Note that F' has few closed components in the sense that it gets on with a
single component per element of A;. However, the more difficult problem of eliminating all fold
points of GG of a given absolute index during the construction of F' seems to be inaccessible
with the methods used here. The construction of F' from G is realized in Proposition 6.1.3
in the general setting of a cobordism X = W, where boundary conditions are also taken into
account. One should remark that the proof of Proposition 6.1.3 could also be adapted to the

case of a non-compact manifold X .

Roughly speaking, Proposition 6.1.3 reduces the problem of constructing a fold map F: W — R?
with desired pattern of fold lines to the construction of a suitable generic smooth map G: W —
R?. Apart from such a map G, Proposition 6.1.3 requires as input a set R of fold components
of S(G) that provides the relative character in the sense that G will not be modified in a
neighbourhood of the components that are contained in R, a certain set P that encodes the
combinatorics of how the fold lines of F' will end in the boundary of W , and certain nice subsets
Ar,..., A, C{[%],...,m—1} that cover the absolute indices of fold points of G' on components
not in R in an efficient way. (Note that there is in general no unique efficient choice of the sets
Ag since all nice subsets apart from {%§'} contain at least two adjacent integers according to
Definition 6.1.1. For instance, there is in general more than one way to cover the subset of
{l%],...,m =1} of odd integers efficiently by nice subsets.) Given these data, a fold map F
with few closed fold lines can be produced that agrees with G near OW .

Proposition 6.1.3. Let (W, Wy, W1) be a smooth manifold triad of dimension m = dim W > 3

such that W 1is connected.

Suppose that G: W — R? is a generic smooth map such that

Glwyxo,e) = fo x idjg ) Wo x [0,6) = R x [0,¢),
Glw,x(1-e1) = J1 X id(1_c 1) Wix(l—eg1] = Rx(1-e¢1]
where fo: Wy — R and fi: Wi — R are Morse functions, and Wy x [0,¢) and Wy x (1 —¢€, 1]
are suitable collar neighbourhoods of Wy x 0 =Wy CW and Wy x1=Wy CW, €>0.
If m is even, then suppose in addition that G has an even number of cusps.
Let R be a set of components of S(G) that are fold lines. (The choice R =0 is always possible.)

Let P be a partition of the set
{c € OW; c is a critical point of fo or fi} \{RNOW; R € R}

such that every P € P consists of two points, and

o if PCW,; for i=0 ori=1, then the indices of the two critical points of f; in P add

up to m—1,
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e if PNW; #0 for i =0 and i = 1, then the critical point P N\ Wy of fo has the same
index as the critical point PNW1 of f1.

Let Ay,...,A. C{|%],...,m—1}, r > 1, be nice subsets such that Ay > ---> A, and every
component J of S(G) with J ¢ R satisfies Ag(J) C A1 U---UA,.

Then there exists a fold map F: W — R? with the following properties:

(1) Flwoxoe/2) = Glwoxioesz and Flwyxi—ej21) = Glwix(1—e/2,1] -
(ii) There exists an open subset U C W that contains all R € R, and such that F|y = G|y .
(In particular, R is also a set of components of S(F).)
(131) Every component J ¢ R of S(F) has absolute index in Ay U---U A, , and
o if 0J =10, then Ap(J) # Ap(J') for all components J" # J of S(F) with J ¢ R.
o if OJ £, then JNOW € P.

Proof. Starting from the given generic smooth map G := G, we will inductively modify
GE=D for s e {1,...,7} by a finite sequence of creations and eliminations of cusps to obtain a

generic smooth map G®): W — R? with the following properties:

(15) There exists a compact subset K, C W such that
(a) KsNWyx[0,e/2] =0 and KsNWy x [1—¢/2,1] =0,
(b) KsNR=10 for every R € R,
(¢) if J is a component of S(G(*)) such that KN J # 0, then Ay (J) C As,
(d) G(S)|W\K5 = G(Sil)‘W\Ks .
(25) Every component J ¢ R of S(G)) with Ay (J) C Ay is a fold line of G(®) | and
o if 3J =0, then Ay (J) # Age(J') for all components J' # J of S(G®)) with
J ¢ R.
o if J #0, then JNOW € P.

Suppose that G has been constructed for some s € {1,...,r}. By property (1;)(d), t €
{1,...,s}, G coincides with G(®) = G on the open subset WA\Ui_; Ks of W. In particular,
property (14)(b), t € {1,..., s}, implies that the components of S(G) in R are also components
of S(G®)). Furthermore, the properties (1;) and (2;), t € {1,...s}, imply that

(2.) Every component J ¢ R of S(G®)) with Ay (J) C A;U---U Ay is a fold line of G,
and
o if 3J =0, then Ag(J) # Age (J) for all components J' # J of S(G*)) with
J ¢ R
o if 07 £ 0, then JNOW € P.

(In fact, property (2,) follows by induction on t € {1,...s}. The induction basis (¢ = 1) is
provided by the fact that property (21) coincides with property (2}). Furthermore, the inductive
step for ¢ > 2 is supplied by properties (1;)(c), (1¢)(d), (2;_;) and (2¢) as follows. One has to
check property (2}). Let J ¢ R be a component of S(G®) such that Agw (J) C AjU---UA,;.
If Acwy(J) C A, then the claims of property (2;) hold by property (2;). Therefore, we may
assume in the following that A w (J) C Ay U---U A;—1. In this case, property (1;)(c) implies
that .J is contained in the open subset W\ K; of W . Hence, by property (1;)(d), G~ and
G® coincide on an open neighbourhood of J in W . Consequently, J is also a component of
S(G=1) such that Aci-(J) C Ay U---UA—1. Thus, using J ¢ R, property (2;_;) implies
that J is a fold line of G~V | and
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o if 3J =0, then Agu—1)(J) # Agu-n(J') for all components J' # J of S(G*V) with
J ¢ R.
o if 3J # 0, then JNOW € P. (This coincides with the second item of property (2}).)

As G Y and G® coincide on an open neighbourhood of J in W, J is also a fold line of
G® . Tt remains to show the first item of (2}), i.e. if &J = 0, then Agw(J) # Agw (J)
for all components J' # J of S(G®) with J' ¢ R. Indeed, assuming 9.J = 0, let J' # J
be a component of S(G®) with J' ¢ R. Suppose that Agw (J) = Agw (J'). Consequently,
J' is a component of S(G®) with Agw (J') = Agw(J) € A;U---U A;_;. Therefore, we
obtain as above from property (1;)(c¢) and (1;)(d) that G¢~D and G® coincide on an open
neighbourhood of J/ in W . In particular, J’ # .J is a component of S(G¢~V) with J' ¢ R.
However, by the first item of property (2;_;), this results in the contradiction Agw (J) =
Ace-(J) # Age-1(J') = Agw (J'). This completes the proof of property (2;).)

Next, one shows that F := G(") is a fold map with the desired properties (i) to (iii). First of
all, recall that F' = G coincides with G = G(®) on the open subset U := W\ J/_; K, of W
by property (15)(d), s € {1,...,r}. This implies property (i) because Wy x [0,e/2], W7 x [1 —
€/2,1] C U by property (15)(a), s € {1,...,r}. Moreover, property (ii) follows from F|y =
G|y and R C U for all R € R, which is a consequence of property (15)(b), s € {1,...,7}.
In order to check property (iii), it suffices by property (2!) to show that every component
J ¢ R of S(G")) satisfies Agw(J) € Ay U---UA,. (Indeed, one shows by induction on
s €{0,...,r} that Ay (J) C A1 U---U A, for every component J ¢ R of S(G®)). The
induction basis (s = 0) holds by assumption on G(®) = G. Furthermore, the inductive step
for s > 1 is supplied by properties (15)(c) and (15)(d) as follows. If J ¢ R is a component
of S(G®), then either K;NJ # () or KsNJ = 0. In the first case, property (1)(c) yields
Aq(J) C As. In the second case, property (15)(d) implies that G and GG coincide on
the open neighbourhood W\ K, of J in W. Hence, J is also a component of S(G*~1), and
Aqo(J) = Agi-n(J) C AjU---UA, , which completes the proof.) It remains to show that F' is
a fold map. Let J be a component of S(F). If J € R, then J C U is a fold line of F|y = G|y
by assumption on G. If J ¢ R, then it was already shown that Ap(J) C A1 U---U A, , which
implies by property (2/) that J is a fold line of F'.

Let us now turn to the recursive construction of the maps G®). Fix s € {1,...,7r} and
suppose inductively that G~ has already been constructed. Let Js denote the union of all
components J ¢ R of S(G~V) with the property that Ag-1)(J) C As. As W is connected

and of dimension m > 3, it follows that
Us := W\ (S(GE™D)\ J,)

is a connected open subset of W such that U, N S(GE~Y) = J,. Writing H := G|y, , note
that S(H) = S(G®V|y,) = S(GEV)NU, = J,. All local modifications of G*~1) will take
place on compact subsets of Us \ (Wy x [0,6/2] UW; X [1 —&/2]). By Definition 6.1.1 one can

distinguish between the following two cases for the nice subset A; C {[%],...,m — 1}:

o T ¢ A, (this always holds if m is odd). Note that in this case the absolute indices
of any two fold arcs of H that abut on the same cusp differ by exactly 1. Moreover,
Definition 6.1.1 implies that A, has cardinality at least 2.

In a first step we modify H on a compact subset K C U\ (Wp x [0,e/2]UW; X [1 —e/2])
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in such a way that the modified map H’: Uy — R? is a generic smooth map such that
every component J' of S(H') with 9J" # 0 is a fold line of H', and J' NoW € P.
Secondly, we modify H’ on a compact subset K’ C U, \ (Wy x [0,&/2]UW; x [1 —¢/2]) in
such a way that the modified map H”: U, — R? is a fold map such that every component
J" of S(H") satisfies Agn(J") C Ag, and

— if 0J" =0, then Agn(J") # Agn(J") for all components J" # J" of S(H"),

— if 8J" # 0, then J"NOW € P.
Finally, using H”, it follows directly that

" .
GO W — R?, GO (w) = H"(w), it w e U,
GGED(w), else,

is a generic smooth map with the desired properties (15) (set Ks:= K UK') and (2s).

In order to construct H’, we consider the subset
Ps:={Pe?P, PCJ,NnoW} c?
It follows from the assumptions on P that P, is a partition of

Js NOW = {c € S(G) N OW; ¢ has absolute index contained in Ag}.

Given P = {c,d} € P, we proceed as follows. Let J¢ denote the component of S(H)
that contains ¢ and let J¢ denote the component of S(H) that contains d. Let v denotes
the absolute index of the fold points ¢ and d of G. Choose u € As such that |u—v|=1.
(Recall that A, has cardinality at least 2.) We use Proposition 4.7.3 to introduce a
removable pair (ci,c2) of cusps of H on the fold arc of J¢ that contains ¢ in such a way
that the fold arc between the cusps ¢; and ¢y has absolute index g, and such that H is
only modified on Wy x (¢/2,e)UW; x (1 —¢,1—¢/2). Similarly, we introduce a removable
pair (di,ds) of cusps of H on the fold arc of J¢ that contains d in such a way that the
fold arc between the cusps d; and ds has absolute index p, and such that H is only
modified on Wy x (¢/2,¢) UW; x (1 —¢,1 —¢/2). If we suppose that c¢; lies between ¢
and co on the component J¢ = [0,1], and ds lies between d; and ¢ on the component
J4210,1], then (c1,ds) will form a removable pair. (This fact follows from Lemma 4.6.1
using the assumptions on the indices of the critical points ¢ and d of the Morse function
fiU fo.) Finally, elimination of the cusp pair (¢1,ds) will produce a fold component J’
of H such that J' N OW = P. Repetition of this argument for all elements of P, yields
the desired map H’.

Let us proceed to the construction of H”, which is an inductive construction over the
elements a € As. As long as a is not the smallest element of Ay, repeat the following
procedure, starting with the greatest value a in Ay and decreasing the value of a by 1
after each step. Consider the union J) of those components of S(H’) that contain fold
points of absolute index a. (If there are no fold points of index a, then modify H' on a
compact subset of Uy \ (Wy x [0,e/2] UW; X [1 —&/2]) by introducing a pair of closed fold
components of absolute indices a — 1 and a.) We distinguish between the following two
cases:

— None of the components of J/, is diffeomorphic to [0,1]. If some of the components are
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fold lines, then introduce a removable pair of cusps of H’ on each of these components
such that the new fold arc between the created cusps has absolute index a — 1. Then
it is possible to eliminate all cusps that bound fold lines of absolute index a in a
cycle, forming a single fold line of H’ of absolute index a.

— At least one of the components of J/ is diffeomorphic to [0,1]. In this case, use
an analogous procedure as in the previous case to “absorb” all fold arcs of H’ of
absolute index a that do not lie on a component diffeomorphic to [0, 1] in one of the
components of J, that is diffeomorphic to [0,1].

Finally, if a is the smallest element of A, then do the same as before, but introduce
removable pairs of cusps that abut on a new fold arc of absolute index a+ 1. Then collect
all the fold points of absolute index a in a single fold line of H' as before. In order to
avoid the production of an additional fold line of absolute index a + 1, use an existing
fold line of H' of absolute index a+ 1 in order to “absorb” the fold arcs of absolute index
a + 1. This completes the construction of the desired fold map H": U, — R?.

m is even, and 5 € Ag. (In particular, it follows from A; > --- > A, that s =r.) Note
that [32, Lemma (3.2)(2)(i), p. 274] implies that H may have cusps of index § —1, which

m

have the property that the abutting fold arcs have absolute index % . It is important to
note that any two cusps of index %t —1 form a removable pair. The absolute indices of
any two fold arcs of H that abut on the same cusp of index greater than % — 1 differ by
exactly 1 just as in the case 7§ ¢ As.
Firstly, if {%} C A, , then we proceed as in the case % ¢ A, above, and ignore the cusps
of index % —1 by treating them as fold points of absolute index % . Hence, we can apply
the arguments of the case % ¢ A, above to obtain a generic smooth map G W — R2
that has all properties of the desired map G( with the exception that the components
of S(G) whose fold points are all of index % might contain cusps of index % —1. The
same situation is found for G in the case {Z} = A, (but possibly with more than
one closed component whose fold points are all of index % ), so we finally treat these two
cases in one go by considering the case {3} = A,.
In the case {#} = A, the purpose of the remaining argument is to show that H can be
modified on a compact subset of U\ (Wy x [0,e/2]UW; x [1 —¢/2]) via elimination and
creation of pairs of cusps of index % —1 in such a way that the resulting map H”: U, — R?
is a fold map such that every fold line J” of S(H") satisfies Agn(J") ={%}, and

— if 9J” =0, then J” is the only component of S(H"),

— if 8J" # 0, then J"NOW € P.
As in the case 7§ ¢ As above we need an intermediate construction of a generic smooth
map H': U; — R? such that every component J' of S(H') with 0J' # {) is a fold line of
H',and J'NOW € P. The only difference to the corresponding construction of H' in the
case 5 ¢ Ay above is that we introduce here removable pairs of cusps of index %3 —1. In
particular, the fold arc between two new cusps has still absolute index % . It can still be
shown that one can analogously eliminate pairs of cusps in the correct way. (Again, this
follows from Lemma 4.6.1 and the assumptions on the indices of the critical points ¢ and
d of the Morse function f; U f3.)
The construction of H” is performed in the following three steps:
STEP 1. Using Levine’s elimination of cusps as described above, one eliminates all cusps

of H' in pairs. Note that H’ has in fact an even number of cusps. (Indeed, G has an
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Figure 6.1: Combinatorics of how the four cusps of H) on C are connected to each other in
the plane: for each of the six possible constellations (first and third column) the corresponding
figure on the right shows the connected fold line resulting from the indicated eliminations

even number of cusps by assumption because m is even. Now in the preceding steps s < r
of the induction we always worked in the case %3 ¢ A, above. In this case cusps were
always eliminated in pairs, so that the parity of all cusps has not changed in the sequence
G =GO, . .. GV The same holds for the construction of H’ from H, where H has
the same number of cusps as G("~1).) Thus, we end up with a fold map H|:Us — R?

whose fold lines have absolute index %

STEP 2. On each loop of H{ one introduces a new pair of cusps of index Zt—1. Afterwards,

m_
one eliminates pairs of cusps in such a way that one ends up with a generic smooth map
U, — R? with at most one closed singular component (namely one if there are no singular

components with nonempty boundary, and no closed singular component otherwise) and

& — 1) lying on the same singular component C' (of

%—1 on C to

obtain a generic smooth map Hj: Us — R? with at most one closed singular component

exactly two cusps (both of index

absolute index ). Finally, we introduce a second pair of cusps of index

(namely one if there are no singular components with nonempty boundary, and no closed

m

singular component otherwise) and exactly four cusps (all of index % —1) lying on C' (of

absolute index % ).

STEP 3. For the image of C' under H) in the plane we can distinguish (up to symmetry)
between six cases depending on how the four cusps are connected with each other by
H,(C) (see Figure 6.1). In each of these cases we are able to eliminate the cusps in two

pairs in such a way that the resulting fold map H”: U, — R? has the desired properties.
O
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6.2 Cusps and Euler Characteristic

Lemma 6.2.1. Let f: (W, My, My) — ([0,1],0,1) be a Morse function on a smooth manifold
triad. Then the number of critical points of f has the same parity as x(W) + x(My) .

Proof. By the alternate version of the rearrangement theorem [41, Theorem 4.8, p. 44| we may
assume that f is a self-indexing Morse function (see [41, Definition 4.9, p. 44]). It is well-known

that there exists a chain complex of free abelian groups (or Z-modules)

d o 9 o d
Cho— —Crp1 —Cp, — - — ()

such that the rank of C) is given by the number of critical points of f of index A (see [41, page
89] and [41, Section 3, page 36]), and H.(C\) = H,.(W, My) (see [41, Theorem 7.4, page 90]).
Hence, the proof of [20, Theorem 2.44, p. 146f] implies the formular

Z( ) rank C; = Z ) rank H;(C,).

7

The long exact homology sequence of the pair (W, M) yields

> (=1) rank Hy(W, Mo) = > (—1)"rank H;(W) — > (—1)" rank H;(My) = x(W) — x(Mo).

(Indeed, consider a bounded exact sequence of finitely generated abelian groups of the form
B1+1 Vit1 a; Bi Yi ai—y
CH—I A—)BZ—>CZ—>AZ_1—>

The three exact sequences

. il .
0 — im~y;41 — A; —|> ima; — 0,

0— ima; — B; 2 im B — 0,
imply that

rank A; = rankim ;41 + rank im oy,
rank B; = rankim «; + rank im j;,

rank C; = rankim (5; 4+ rank im ;.

Hence, by boundedness of the exact sequence,
Z(—l)i rank B; = Z(—l)i rank A; + Z(—l)i rank Cj
Setting A; := H;(My), B; := H;(W) and C; := H;(W, My) yields the claim.)

The claim now follows from the fact that rank C; is the number of critical points of f of index
i. O
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For a unit vector v € S* € R? let 7,: R? — R denote the linear projection given by 7,(w) = v-w
for all w € R?.
Lemma 6.2.2. Let (W, Wy, W1) be a smooth manifold triad of dimension m = dim W > 2.

Suppose that F: W — R? is a generic smooth map such that

Flwoxo,e) = fo x idjg o : Wy x [0,e) = R x [0,¢),
Flw x(-e1 = fi xida_c1): Wi x(1-¢1] = Rx(1-¢1]
where fo: Wo — R and fi: Wi — R are Morse functions, and Wy x [0,¢) and Wy x (1 — ¢, 1]
are suitable collar neighbourhoods of Wy x 0 =Wy CW and Wy x1=Wy CW, €>0.
Furthermore, suppose that F~Y(Rx[0,¢)) = Wy x[0,¢) and F7}(Rx (1—¢,1]) = Wy x (1—¢,1].
Then the following statements hold:

(a) There exists an open neighbourhood V C S' of (0,1) € S such that for every v € V , the

composition T :=m, 0o F: W — R induces a smooth manifold triad
(le W(;v W{) = (T_l([tO’ tl])v T_l(tﬂ)v T_l(tl))

(for a suitable interval [to,t1] C R, to < t1 ) with the following properties:
(i) There exists a diffeomorphism W =L W' that restricts to diffeomorphisms W; = w/
for i=0,1.

(ii) The composition T = m, 0 F: W — R restricts to a smooth map
7' (W/, Wé, Wll) — ([to, tl], to, tl)

without critical points near the boundary, and such that (7')~Y(t;) = W] for i =0,1.

(iii) The restriction F' := Fly gives rise to the smooth manifold triad
(S(F'), S(F') N W, S(F') 1 W),

Moreover, there exists a diffeomorphism S(F") = S(F) that restricts to diffeomor-
phisms S(F")NW/ =5 S(F)NW; for i=0,1. (Recall that (S(F),S(F)NnWy, S(F)N
Wh) is a smooth manifold triad.)
(b) There exists a dense subset A C V such that for every v € A, the map 7" of part (a)(ii)
has the following properties:

(i) 7' is a Morse function such that every critical point of 7' of index j € {0,...,m} is
a fold point of F of absolute index

max{j —1,m — j} or max{j,m—1—j}, if0<j<m,
m— 1, ifj=0o0rj=m.

(i) 7' restricts to a Morse function
" S(F) N (W Wo, W) — ([to, t1], to, t1)

whose set of critical points is the union of the cusps of F' and the critical points of T’ .
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Proof. (a). Construction of V. Choose R > 0 (see Figure 6.2) such that

F(W) c (=R, R) x [0,1].

Figure 6.2: Existence of the lines Ly and L;

For suitable u € ST\ {(0,1)} (see Figure 6.2) there exist lines Lo, L1 | Ru such that

If t; := my(L;) for i =0,1, then f;1(t;) = F~Y(m; (t;)) = F~*(L;), where f, :=m,oF. The
above properties of the lines Ly and L; imply that

fl(to) © Wo x (0,6),  fi'(t) C Wix (1=e,1).
(Indeed, if w € f; 1(tp) = F~1(Lo), then

F(w) e Lon F(W)
C (Lo N (fo(Wo) x [0,€))) U (Lo N ([R—, Ry] X [e,1 = ¢€])) U (Lo N (f1(W1) x (1 —€,1])))
= Lo N (fo(Wo) x [0,¢])
C fo(Wp) x (0,¢).

Hence, w € F7Y(R x [0,¢)) = Wy x [0,¢). Thus, it follows from Flwyxjo,e) = fo x idjp) that
w € Wy x (0,e). Analogously, using F~'(R x (1 —¢,1]) = Wy x (1 — &,1], one shows that
fol(t) c Wy x (1 —¢,1).) Set §:=|(0,1) —ul|.

Define the desired open neighbourhood V' of (0,1) in S by

Vi={ve S |(0,1) — vl < d}.
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Fix v € V.. We show first that (W', W{,W]) is a smooth manifold triad. For this purpose,
observe that 77! ([to, t1]) = (Tlurow) ' ([to,t1]). (Indeed, it suffices to show for any w € W
that 7(w) € [to,t1] implies w ¢ OW . But this follows from m,(F(w)) = 7(w) € [to,t1] and
T (F(OW)) = my(fo(Wo) x OU f1(W1) x 1) C R\ [to,t1].) Next, note that ¢y and ¢; are regular
values of T|yrow . (Indeed, if w € (fulwrow) H(t:) = fi ' (t:), i = 0,1, then w is either a
regular point of F' or a fold point of F' such that im(dF|g())w is not perpendicular to v being
parallel to the y-axis. In both cases it follows that w is a regular point of f,.) Hence, [22,
Exercise 5, p. 32] implies that W’ is a smooth submanifold of W with boundary W{ U W7.
Moreover, W' = 771([to,t1]) is compact being a closed subset of the compact space W . All in
all, (W', W{, W]) is a smooth manifold triad. It remains to check properties (i) to (iii):

(i). Let ¢ denote the cobordism from (W/v)o to (W/v); given by (W /v, (W/v)o, (W/v)1;id,id)
(see [41, Definition 1.5, p. 2]). Choose Morse functions with Morse number 0 on the two smooth
manifold triads (W<, Wy, (W/v)) and (W, (W/v)1, W1), where W< := (f /v)~((—o00,t0]) and
W == (f/v)"([t1,00)). (Take the central projection to the line R(0,1) with centre L;N((0,1)+
R(1,0)).) Consequently, the tuples (W<, Wy, (W/v)o; ¢o,id) and (W<, (W/v)1, Wi;id, ¢1) de-
fine the identity cobordism classes ¢y on (W/v)g and ¢; on (W/v); for suitable diffeomorphisms
@i W; =, (W/v)i, i = 0,1. Therefore, the composition cyce; of cobordism classes is on the one
hand equal to ¢ and on the other hand represented by the tuple (W, Wy, Wi; g, ¢1). Hence,
there exists a diffeomorphism W = W/v that restricts for ¢ = 0,1 to the diffeomorphisms
¢i: Wi = (W/v);.

(ii). Note that the restriction 7' := 7|y = (7|w\ow)lw’ has no critical points near oW’
as to and t; are regular values of Tly\gw . In addition, W/v = f;!([to,t1]) implies that
(f/v)7 1) = (folwy) () = f(t:) = (W/v); for i =0,1.

(iii). This is clear from the behaviour of F' near the boundary and the choice of v. As S(F) is

1-dimensional, it is also not hard to construct the desired diffeomorphism.

(b). Construction of A. Recall that S(F') is a 1-dimensional neat smooth submanifold of W .
Let S C W denote the set of fold points of F'. In particular, S(F')\ S is the (finite) set of
cusps of F'. Moreover, the restriction a: S — R? of the fold map F: W — R? to S is an

immersion. Since F' is a fold map, we have:

(1) TsW =ker(dF)s @ TS for all s € S.

If G: S — S denotes the Gauss map of the immersion a: S — R?, then we have:
(2) G(s)Lim(da)s for all s € S.

Let ¢: S* — S be given by «(z) = —x for all z € St.

Recall that im(dF). is of dimension one for all cusps ¢ of F'. Define

U :={ve S im(dF).Nkerm, =0 for every cusp c of F}
B:=Un{v e S vis aregular value of both G: S — S* and 1o G: S — S'}

It follows from the Morse-Sard theorem that B is a dense subset of S'. (In fact, by the Morse-
Sard theorem, the sets of regular values of G and ¢ o G are both residual in S'. Moreover,
U is an open dense subset of S! being the complement of a finite subset of S'. Hence, the
intersection B is residual and in particular dense in S' containing a countable intersection of

open dense subsets of S'.) Consequently, A := BNV is a dense subset of V (recall that V is
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an open subset of S'). This completes the construction of A. Fix v € A. For simplicity, we

will also write 7 := m,. It remains to check properties (i) and (ii):

(i). Let us show that 7' is a Morse function. By property (a)(i) it suffices to show that all
critical points of 7/ on W'\ W’ are non-degenerate. For this purpose, let w € W’ such that
7(w) € (to,t1). By construction, v € A is a regular value of both G: S — S! and t0G: S — S*.
The subset

C:=G')U(o@) ) =G H{{-v,0}) cS

has the following properties:

(C1) (dG).#0 forall ce C.
(C2) For s € S we have im(da)s C ker7 if and only if s € C'.

Note that (C2) holds by construction of C'. (Indeed, for s € S, we have s € C' if and only if
G(s) € Ruv. By (2), the latter is equivalent to im(da)sLRv.)

First, we show that C' is the set of critical points of 7/. Since F restricts to a submersion W\
S(F) — R? and 7: R? — R is a submersion, it follows that the composition f = mo F restricts
to a submersion W\ S(F) — R. Moreover, if s € S\C, then (df)s: TsW — Ty»)R is surjective.
(In fact, (df)s(TsS) = (dmyodF)s(TsS) = (dm)a(s)((da)s(TsS)) = w((da)s(TsS)) # 0, where the
last inequality follows from (C2).) Furthermore, if c is a cusp of F', then (df).: TeW — Tr R
is surjective by construction. (Indeed, (df)c(T.W) = (dm o dF)(TW) = (dr)p(e)(im(dF).) =
7y (im(dF).) # 0 because v € A C U.) Finally, if s € C, then G(s) = tv and df,(TsW) =
(dr 0 dFYT W) L (dry 0 da)(TuS(F)) = +G(s) - da(ToS(F)) £ 0

Next, we show that the critical points of 7/ are nondegenerate. Let ¢ € C'. Since C' C S(F),
there exist charts p: U — U' C R™ = Rx R™! and ¢: V — V' C R?, where F(U) C V,
ce U, ¢(c) =0, and such that, for some i € {0,...,n — 1},

H=(H,,H) =v¢poFop U =V, H(t,x) = (t,\i(x)).

In particular, the absolute index of F' at c¢ is given by max{i,m — 1 —i}.

Define the compositions p:=7o4¢ ™ 1: V' - R and g:=poH = foe ': U — R. We have
to consider the Hessian of g at ¢(c) = (0,0) € U’ C R x R*""!. For all u € {1,....m — 1}, we
have by the chain rule

(02,9)(t, x) = (Ox, (p o H))(t, x)
= (O1p)(H(t, ) - O, (H1(t, x)) + (92p) (H(t, )) - Ox,, (Ha(t, 7))
= (O1p)(H(t,)) - Oa,, () + (O2p) (H (£, %)) - O, (Ni())
= 0i(p)2,, - (O2p) (H (L, ).

Hence, for all u,v € {1,...,m — 1}, we obtain by the product rule

(Or, 0, 9) (t, ) = O, (0 (1) 22, - (Bap) (H (2, 1))
= 0i(1)20 - (O2p)(H(t, 7)) + 0i(14) 22 - (O, ((2p) 0 H))(E, ).
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Moreover, the product rule also yields

(0:02,9)(t, ) = Oy(0i(p) 22y - (O2p)(H (t,2)))
= 0i(p)2y, - (0:((92p) o H))(t, ).

This shows that the Hessian H()(g) of g at (0,0) € U’ has the form
Hio,0)(g) = diag ((31529)(07 0) 20i(1) - (92p)(0,0) ... 204(n)- (02p)(0, 0)) :

We have to show that all diagonal entries of Hqq) (9) are nonzero. To see this for the last
(n — 1) diagonal entries, it suffices to show that (d2p)(0,0) # 0. This can be shown in the
following way. Since c is a critical point of f and ¢: U — U’ is a diffeomorphism, we conclude
that o(c) = (0,0) is a critical point of foo ™! =g =po H: U — R. Hence, the chain rule

implies 0 = (dg)(0,0) = (dP)m(0,0) © (dH)(0,0) = J(p, (0,0))J(H, (0,0)). This yields

0= ((210)(0.0) (22p)(0,0)) (1 0 - 0)2((611))(0,0) 0 ... 0).

0 0 ... 0

This shows that (91p)(0,0) = 0. One concludes that (92p)(0,0) # 0, since p = o ¢~}
is a submersion, being the composition of the diffeomorphism ~!: V/ — V and the linear

projection m: R? — R.

It remains to show that (82¢)(0,0) = (029)(t,0)|;=0 does not vanish. Note that (S(F) N
U) = ¢(S(F|y)) = S(H) = (R x {0}) N U’. Thus, there exists ¢ > 0 and an embedding
v: (—€',e") — S(F) such that o= 1(¢,0) = ~(t) for all ¢t € (—¢’,¢'). In particular, v(0) =
©1(0,0) = c¢. Choose a chart ¢: S — R C R such that ¢ € S and &(¢) = 0. We may assume
that y(—¢’,¢’) C S and set 7* := £ oy: (—¢',¢') = R. For all t € (—¢’,¢') we have

9(t,0) = (fo o™ 1)(t,0) = (foy)(t) = (o F o )(t) = m(a(v(t))) = m(ag(*(1))).
Therefore, using the linearity of 7: R? = R,

(079)(t,0) = 07 (7 0 ag 0 ) (1)

= m((0F (ag ©7%))(1))
((2((v*) ()
( ol
9 ot

I
3

¢
= 7((v*)" (t)ag(
= (")) (ag

Using 7£(0) = £((0)) = &(c) = 0, we obtain

(979)(0,0) = ()" (0)m(c (0)) + ((v*)'(0))*m (e (0))-

Since ¢71(0) = ¢ € C, it follows from (C2) that m(ag(0)) = 0. Moreover, it follows from (C1)
that m(aZ(0)) # 0. (In fact, it follows from [|G(s)|| =1 for all s € S(F) that G(c)LG(0). We
have ag(0) # 0, since a is an immersion. By (2), we have G(c)Lag(0). As G¢(0) # 0
by (C1), there exists a scalar 0 # x € R, such that a;(0) = kG¢(0). By (2), we have
Ge(t) - ag(t) = 0 for all t € (—¢',¢'). This yields G¢(0) - a;(0) + G(c) - a¢(0) = 0. Hence,
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m(af(0)) = £G(c) - af(0) = FGL(0) - af(0) = Fr(G}(0))* # 0.) In conclusion, (87¢)(0,0) # 0.

The index j of f at c is the number of negative diagonal entries of H g o)(g). If (02p)(0,0) > 0,
then j € {i,i + 1}, depending on the sign of (9%¢)(0,0). If (92p)(0,0) <0, then j € {n —1—
i,n — i}, depending on the sign of (97¢)(0,0).

(ii). First of all, S(F) N (W', W}, W]) is a smooth manifold triad by part (a)(iii). It is clear
that 7/ restricts to a smooth map 7": S(F)n (W', W{,W{) — ([to,t1],t0,t1) without critical
points near the boundary and such that (7")~(¢;) = S(F)NW/, i = 0,1. Given a point
s € S(F)NW’, we distinguish between the following cases:

e s is a fold point of F and no critical point of 7, i.e. s € S\ C'. In this case, it was shown
in the proof of part (b)(i) that (d7')s(7sS) # 0. This shows that s is a regular point of
™ =1s(m)nw -

e s is a critical point of 7/, i.e. s € C. Thus, ker(dr’)s = TsW’, which shows that s is
also a singular point of 7" = 7'|g(pp . It remains to show that s is a non-degenerate
critical point of 7. For this purpose, recall from the proof of part (b)(i) that there
exists an embedding v: (—=\,A) — S such that v(0) = s and §(t) := (7 o ¥)(t) satisfies
(029)(0) # 0. This shows that s is a non-degenerate critical point of 7.

e s = c is a cusp of F'. In this case, choose local coordinates ¢ = (¢,z1,22,...,Tm—1)
around (0,0,...,0) = p(s) € W and ¢ = (p,q) around (0,0) = @(F(s)) € R? such that
F takes the form

A

F:=@¢oFopl: (t,z1,...,0m_1) — (t,itz; + 25 + Q(z2, ..., Tm_1)).

The Jacobian at (t,z1,...,2zm,m—1) of this local normal form of the cusp is given by
. 1 0 0 ce. 0
J(F,(t,l‘l,...,xmfl)): 9
1 t+3x] 20272 ... 20m-1Tm—1

The singular locus of F s parametrized by the embedding ~: (A, A\) — R™, u +—
(=3u?,u,0,...,0), and T'(u) := (Fo7)(u) = (—3u?, —2u3).
Hence, the embedding ¢! o~: (=\,\) — W parametrizes S(F) around the cusp ¢ =

(¢~ 07)(0).
It suffices to show that the composition 7: (=X, \) — R? given by

A

Fi=To(p loy)=mop loFoy=myop ol

satisfies 7/(0) = 0 and 7”(0) # 0. Writing ¢~ = (o, 3): R? — R?, one obtains

_ iﬂ a(l(u)) o = —0 - Oha(T(u)) - 6u+ da(T(u)) - 6u? o = 0
' i O1B(T(u)) - Gu+ D B(0(w) - 6u2) =

v-J((a, B),(0,0)) -im J(E, (0,0,...,0))

0 ) ‘ <1> R (61a((0,0))>
0 a15((0,0)) )

o
o
4
B8
=~
S
(@]
>
B
=
S
!
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Therefore,

The following Proposition is implicitly shown in [24].

Proposition 6.2.3. Let (W, Wy, W1) be a smooth manifold triad. Suppose that F: W — R?

s a generic smooth map such that

F‘W()X[O,a) = fo X id[O,a): Wo x [075) — R x [075)>
Flw, x(1—e) = f1 X id(1—c 1 Wix(1-g1 -Rx(1-e¢1]

where fo: Wy — R and fi: W7 — R are Morse functions, and Wy x [0,¢) and Wi x (1 —e¢,1]
are suitable collar neighbourhoods of Wy x 0 =Wy CW and Wy x1=W; CW, €>0.

Let k denote the number of components of the compact 1-dimensional smooth manifold S(F')

that are diffeomorphic to [0,1]. Moreover, let ¢ denote the number of cusps of F'. Then

x(W)=c+k (mod?2).

Proof. By a modification of F' as in the proof of [4, Theorem 10.2, p. 81f.] we may assume that
F7YR x [0,e)) = Wy x [0,¢) and F~Y(R x (1—¢,1]) = Wi x (1 —¢,1]. Note that this does not

change k£ and c.
By Lemma 6.2.2 there exists v € S such that all properties of the lemma hold.
We apply Lemma 6.2.1 thrice:

e Application to the Morse function
forWog—=R
on the closed manifold Wy yields
No=x(Wo)  (mod?2),

where Ny denotes the number of critical points of fj.

e Application to the Morse function
7‘,: (W/, Wé, Wll) — ([to, tl], to, tl)

yields
N' = x(W) +x(Wg)  (mod2),

where N’ denotes the number of critical points of 7.

e Application of Lemma 6.2.1 to the Morse function

" S(F) N (W, W W) = ([to, t1], to, t1)
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yields
N"=x(S(F)NW') + x(S(F) nW{) (mod 2),

where N” denotes the number of critical points of 7.

Addition of the three obtained equations yields

No+ N+ N"+ x(Wo) + x(W') + x(Wg) + x(S(E) N W) + x(S(F)NW§) =0 (mod2).

This equation can now be simplified by using various properties of Lemma 6.2.2:

(1) By Property (b)(ii), N”" =c+ N'.

(2) By Property (a)(iii), x(S(F)NW’') = x(S(F)) = k. (For the second equality, note that
S(F) is a compact smooth 1-dimensional manifold. Each component J of S(F) is either
diffeomorphic to the circle S! or to the interval [0,1]. If J = S then x(J) = 0. If
J = [0,1], then x(J) = 1. Hence, x(S(F)) is equal to the number k of components of
S(F') that are diffeomorphic to the interval.)

(3) By Property (a)(iii), x(S(F)NW{) = x(S(F)NWp) = Ny. (Note that the Euler character-
istic of a finite discrete set is equal to its cardinality, and the cardinality of S(F) N Wy is
given by the number Ny of critical points of fo because F|y,xjo.) = fo X idjo)-)

(4) By Property (a)(i), x(Wg) = x(Wo).

(5) By Property (a)(i), x(W') = x(W).

Finally,

02 No+ N'+ N" + x(Wo) + x(W') + x(Wg) + x(S(F) nW') + x(S(F) n W)

= No -+ e x(Wo) + X(W') + x(W5) + X(S(F) W) + X(S(F) 1 1W5)

—
N
~

I

No + ¢+ x(Wo) + x(W') + x(Wg) + k + x(S(F) N W)

—
w
=

1

¢+ x(Wo) + x(W') + x(Wg) + &

—
W~
=

12

c+x(W)+k

—

5)

12

c+x(W)+k.

An important special case of the previous Proposition is the following

Corollary 6.2.4. Let (W, Wy, W1) be a smooth manifold triad and let fo: Wy — R and
fi: Wi — R be Morse functions. Suppose that F: W — R? is a generic smooth map such
that

F|W0><[0,6) = fo X id[O,a): Wo X [0,6) — R x [0,6),
F|W1><(1—5,1] = f1 X id(l—e,l}: Wi x (1 - & 1} — R x (1 - & 1]7
where Wy x [0,e) and Wi x (1 —e,1] are suitable collar neighbourhoods of Wy x 0 =Wy C W
and Wi x1=Wi CcW, €>0.
If fo and f1 have the same number of critical points and (W, Wy, W) = (Wy x [0, 1], Wy X
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0, Wy x 1) is a cylinder, then F has an even number of cusps.

Proof. First of all, x(W) = x(Wp) holds because W = Wy x [0,1] ~ Wy. Let k denote the
number of components of the compact 1-dimensional smooth manifold S(F') that are diffeomor-
phic to the interval [0,1]. As fy and f; have the same number of critical points, this number is
also equal to k. Application of Lemma 6.2.1 to the Morse function fy: Wy — R on the closed
manifold Wy yields k = x(Wy) (mod 2). Furthermore, if ¢ denotes the number of cusps of F',
then Proposition 6.2.3 implies that x(W) =c¢+ k (mod2). All in all, ¢ =0 (mod?2). O
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6.3 Implications for Higher-Dimensional State Sets

Fix an integer m > 3. In the present section some direct consequences on the state sets of a

connected m-dimensional cobordism W from M to N are formulated.

In an analogous manner to Theorem 5.1.3 there is the following criterion for the vanishing of

state sets (compare also Remark 5.3.3(7)).

Theorem 6.3.1. For all boundary conditions (fur, fn) € F(M) x F(N) and any ¢ € OPpyg ng

the following statements are equivalent:

(ii) tw(fa, fn) =0, and ¢ is index-preserving.

As a reformulation of Proposition 6.2.3, one obtains the following higher-dimensional version
of Theorem 5.1.1 in the special case that the boundary conditions are suspensions of Morse
functions. The computation of the cusp invariant for general boundary conditions remains

open.

Theorem 6.3.2. Suppose that fyr: M — R and fn: N — R are excellent Morse functions
with mg and ng critical points. Let ks := (mg+ng)/2. Then, the value of the cusp invariant
on the suspensions (fur, fn) € F(M) x F(N) is given by

tw(far Fn) = x(W) + ks € Z/2.

One notable consequence of Proposition 6.1.3 is the following result, which implies that state
sums are rational with linear denominator (compare [4, Theorem 8.3, p. 71]), and the degree of

the polynomial in the nominator can be estimated in terms of the dimension m of W.

Theorem 6.3.3. Let (fur, fn) € F(M) x F(N), and let ¢ € OPygng be an open Brauer
morphism such that Ly (far, fn;p) # 0 (see Theorem 6.3.1(i) ). Let r denote the cardinality
of the set of absolute indices that occur among the fold lines of far and fn. Then:

(i) Given a fold pre-field F € FP*(W; far, fn) such that S(F) # 0, there exists a fold pre-
field F* € FP(W; far, fn) such that S(F') = S(F) @ A (compare [5, Lemma 8.1, page

67]).
(ii) There exists a fold pre-field G € FP*(W; far, fn) such that S(G) = o @ ALm=D/2+1=r

Consequently,

[(m—=1)/2] +1=r+NC Lw(fu, fn; ¢)-

Remark 6.3.4. The complete computation of the state sets Ly (far, fn; ) remains an open
problem. Note that Eliashberg’s method for the construction of fold maps [14] cannot be used

for this purpose since it requires the presence of all absolute indices in the singular set.
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Chapter 7

Constructing Fold Maps from

Cobordisms into the Plane

The main result of the present chapter is the following

Theorem 7.0.1. Fiz integers m > 8, k€ {4,...,|%|} and X € {k,...,m—k}. Suppose that
(W, Wy, W1) is a smooth manifold triad of dimension m = dimW (see Figure 7.1) such that
Wo and Wy are (k — 2)-connected. Furthermore, let

7 (W, Wy, W1) — ([0,1],0,1)

be a Morse function with only critical points of index M\ that are all contained in 771(1/2).

Then there exists a smooth map
o: W —=R

with the following properties:

(i) o restricts for every t € [0,1]\ {1/2} to an excellent Morse function 7-(t) — R.

(i1) o and T form the components of a fold map
F:=(o,7): W—=Rx|[0,1],
and the absolute index of every fold line of F is contained in {[F],...,m—k}U{m—1}.

The proof of Theorem 7.0.1 (which will be given in Section 7.3) makes use of techniques due
to Gay and Kirby [28], notably standard Morse functions (see [28, p. 26]) and forward handles
(see [28, Fig. 29, p. 44]). Their original intention is to navigate generically between Morse 2 -
functions, i.e. generic smooth maps from a cobordism into a 2-dimensional manifold. Motivated
by the study of Lefschetz fibrations in the context of complex and symplectic geometry, they
focus on Morse 2-functions without definite fold points and with connected fibers. However,
according to [28, Remark 1.6, p. 8], they do not impose further constraints on the occuring

indefinite absolute indices of fold points (as of interest in Theorem 7.0.1).
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(N \ W, W W,‘

Figure 7.1: Construction of ¢ as the height function on a 2-dimensional cobordism W . The
fold lines of (o, 7) are marked as bold lines. Note that o restricts to an excellent Morse function
on Wy that is standard with respect to the left-hand sphere of the critical point ¢ of 7 in Wj.

The main ideas that will be used for the construction of the desired smooth map o can be
illustrated on a 2-dimensional cobordism W by means of Figure 7.1, where o could be taken
to be the height function. Let ¢ be a critical point of 7 (of index A). In some local chart
centered at ¢ in which 7 has the usual normal form of a Morse critical point, consider the
so-called forward \-handles (see [28, Fig. 29, p. 44])

R*xR™ =R, (,9) = (g1, —|l=]* + [lyl[* + 1/2),

which can be shown to be a fold map with a single fold line, namely the y; -axis, of absolute index
max{A,m — 1 — A}. Still working in the local chart around ¢, the proof of Proposition 7.2.6 in
Section 7.2 uses a bump function to modify this forward handle outside a compact neighbourhood
of the origin in a way that is convenient for extending it to the desired function ¢ on all of W'.
Then the use of integral curves of a gradient-like vector field of 7 reduces this extension problem
for suitable ¢_ € (0,1/2) to the construction of an excellent Morse function o_: 771(t_) = R
with index constraints such that o_ is in addition standard (see [28, p. 26] and Definition 7.1.2
of Section 7.1) with respect to the left-hand spheres of the critical points of 7. Requiring o_
to be standard is needed to fit it together with the forward handles that have been constructed
locally around every critical point of 7. Finally, as indicated in Figure 7.1, the fold lines of o
will correspond to the suspended fold points of o_ , plus one new indefinite fold line of absolute

index max{\,m — 1 — A} per critical point of 7 coming from the forward handles.
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7.1 Standard Morse Functions

Consider a Morse function
fr (Y% YY) = ([0,1],0,1)

on a smooth manifold triad (Y,Y?, Y1) (see [41, Definition 1.3, p. 2]) of dimension n = dimY’.
Definition 7.1.1. Following [28, Definition 2.11, page 17|, we call the Morse function f in-
definite if it has neither critical points of index 0 nor of index n. Furthermore, following [28,
Definition 2.12, page 17], f is called ordered if f(p) < f(q) whenever p and ¢ are critical points
of f such that the index of p is strictly smaller than the index of ¢q. We call f well-ordered
if f is ordered and, in addition, f(p) = f(¢) whenever p and ¢ are critical points of f of the

same index.

Suppose that (¢, z) is a pair consisting of an embedding
¢: L x int(e - D""%) — Y\ 8Y, >0,

where L denotes a closed smooth manifold of dimension d, and a real number z € (0,1).

Definition 7.1.2. Following [28, page 26], the Morse function f is called (¢, z)-standard if,

for some ¢’ € (0,¢),

flo(u,v)) =v1 + 2, (u,v) € L x int(g" - D"_d).

In particular, if f is (¢, z)-standard, then the submanifold ¢(L x 0) C Y lies in the fiber
f~1(2) of f. Furthermore, the tubular neighbourhood of ¢(L x 0) in Y induced by ¢ is nicely
compatible with f in such a way that f has no critical points on the image ¢(L x int(e-D"~%)).

The notion of a standard Morse function will eventually be brought to bear in the case where
L =S¢ and the embedding ¢ plays the part of an attaching map of a (d + 1)-handle.

We need the following result on the existence of standard Morse functions with index constraints:

Lemma 7.1.3. Let (Y,Y° Y) be a smooth manifold triad of dimension n = dimY > 7.
Suppose that Y, YO and Y1 are nonempty and simply connected. Let | € {3,..., [5]—1} be

an integer such that
(%) H;(Y,Y7) =0, i=0,...,1—1, j=0,1.

(All homology groups in the present statement are taken with integer coefficients.)

Let € be a finite set. Suppose that L., c € C, are closed smooth manifolds of the same dimension
de{l,....,[§] =1}. For every c € C let z. € (0,1) be a real number such that z. # zo for

c # c . Furthermore, for some € > 0, suppose that
¢e: Le x int(e - D" - Y\ Y, ce@,
are pairwise disjoint embeddings. Then, there exists an excellent Morse function

f: (v, Y% vh = ([0,1],0,1)
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with the following properties:

(i) For every c € C, [ is (de, 2c) -standard, i.e. there exists €' € (0,€) such that
fl@pe(u,v)) = v1 + 2, (u,v) € L x int(e’ - D"id).

(7i) All indices of critical points of f are contained in the set {l,...,n —1}.

Proof. Given i € {0,...,n} and 0 <a < b < 1, call a Morse function

g: (VY% ¥v") = ([0,1],0,1)
i-[a, b] -separated if every critical point s of g of index < i satisfies g(s) < a and every critical
point s of g of index > i satisfies g(s) > b.

Set z_ :=min{z.}cce and zy := max{zc}.cc-

By [28, Theorem 4.2, page 27|, there exists an indefinite ordered Morse function
for (.Y, Y1) = ([0,1],0,1)

which is d-[z_, 2, ]-separated and (¢, z.)-standard for all ¢ € C. (In fact, note that (Y, Y Y1)
fits the requirement (1), and the pairs (¢, z.), ¢ € €, fit the requirements (2) and (3) stated
in [28, p. 26]. Moreover,

n+1 n+1 _ n

-1< 1< —.
2J - 2 <2

d:dimch(g1—1:L

Moreover, note that Y% and Y! are assumed to be non-empty.)

Additionally, fy can be assumed to be well-ordered (see Definition 7.1.1) by [41, Theorem 4.4,
p. 40] and [41, Theorem 4.2, p. 39].

In the following, assumption (%) will be exploited in order to cancel critical points of fp in
such a way that the resulting Morse function f satisfies (i) and (i7). Afterwards, one can in
addition assume that f is excellent. (In fact, small perturbations of f around its critical points
as described in the proof of [41, Lemma 2.8, p. 17] have no effect on the properties (i) and
(i2).)

As Y and Y? are simply connected and n = dimY > 7, it follows from [41, Theorem 8.1, page
100] that all critical points of fy of index 1 can be traded for an equal number of critical points
of index 3. (Note that fp has no critical points of index 0 being indefinite.) Thus, there exists

a well-ordered Morse function
fl : (K Yoa Yl) — ([07 ”7 07 1)

without critical points of index contained in the set {0,1}U{n} that is still d-[z_, z|-separated
and (¢¢, z.)-standard for all ¢ € €. (Indeed, fy needs only be modified on a compact subset of
fo1([0,2-)) because fq is ordered and d-[z_, z,]-separated, where 3 <1<d.)

Next, we use Lemma C.0.1(b) and H;(Y,Y") = 0 iteratively for i = 2,...,l — 1 to produce a
well-ordered Morse function
fir (v, Y%, Y1) = ([0,1],0,1)
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without critical points of index contained in the set {0,1,...,l—1}U{n} that is still d-[z_, z4]-
separated and (¢, z.)-standard for all ¢ € € by cancelling all critical points of f;_1 of index i
against an equal number of critical points of index i+ 1. (Indeed, f;—1 has only to be modified
on a compact subset of f;([0,2z_)) because f;_; is ordered and d-[z_, z;]-separated, where
i+1<1<d.)

Turning the smooth manifold triad (Y,Y?,Y!) around yields a well-ordered Morse function
go:=1—fi_i: (V,Y', Y% — ([0,1],0,1)

with no critical points of index in {0}U{n+1—1,...,n} thatis (n—1—d)-[1 — 24,1 —2_]-
separated and (¢,,1 — z.)-standard for all ¢ € C, where ¢.(z,y) = ¢(x, —y) for all (z,y) €
L. x int(e - D""9), ¢ € €. By the same arguments as before (and noting that I < n —1—d
because I,d < [2] — 1 < “71), we can now iteratively cancel the critical points of gy of index

i=1,...,1 —1 to obtain a well-ordered Morse function
g1t (Y, Y1, Y0) = ((0,1],0,1)

that has only critical points of index contained in the set {I,...,n—I} and is (¢,, 1—z.)-standard
for all ¢ € €. Hence, f:=1— g;_1 will be the desired Morse function. O
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7.2 Constructing Fold Maps from Local Handles into the Plane

Fix a pair (m,A) consisting of integers m > 2 and A € {1,...,m — 1}.

Writing |z|? := 2} + -+ + 22 for © = (21,...,2,) € R", the standard Morse function p on

R™ = R* x R™™* with a single critical point of index \ at the origin is given by

pi R R™A SR u(p,q) = —[pl* +|al*.

The standard gradient-like vector field v for p is given by

(O R)\ X Rmi)\ — Rma U(p7 q) = (_p7 q)

Note that the flow n of v is given by
n: R* x R™* x R — R™, n(p,q,t) = (e 'p,e'q).
Indeed, for any point = = (p,q) € R* x R™™ | the integral curve
ne: R = RY R () = n(p, g, t) = (e 'p, e'q),

satisfies 1,(0) =z and 7, (t) = (—e"'p,elq) = v(n(t)) for all t € R.

In the following, let
Z =R x 0)U (0 x R™™?),

Throughout the present section, let § > 0. (Note that § will have to be chosen sufficiently

small in Proposition 7.2.6.)

Note that the composition pon, yields for every x = (p,q) € (R* xR™~*)\ Z a diffeomorphism
pon,: R =R, t —e 2 p|? + e*|q)?.

(In fact, its first derivative is given by the positive function t ~— 2e~2%!|p|? + 2¢%|q|?, and
(o ng)(t) — oo for t — +00.) In particular, for any = = (p,q) € (R* x R™ )\ Z, there
exists a unique 6(z) € R such that (uon,)(8(x)) = —62. (In other words, 1,(0(z)) is the unique
intersection point of 7, (R) with the (n—1)-dimensional submanifold p~'(—6%)\Z C R*xR™~A,
Note that 6 depends on § > 0 which has been fixed before.) Explicitly, if ~v: (0, 00) — (0, 00)
is given by ~(r) 0° . then

:27.27

0: (R xRN\ Z 2R, 0(@) = 1/2-log (—1(lal) + 1 (aD? + b/ 1al)

(Indeed, writing S := \/7(|q[)2 + |p|?/|q|?, one obtains

(Long)(0(z)) = —Ipl*(—(lal) + )"+ [al*(—(la]) + S)
= —p*(=v(lal) = S)(v(la})* = S*)~" + |aI* (= (lq]) + S)
= lql*(=(lg) = S) + la* (=~ (|al) + §) = —62.)

Lemma 7.2.1. Let § > 0 and z = (p,q) € (R* x R™A)\ Z. Then, —6% < p(x) if and only
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if O(x) < 0. Moreover, u(z) < 6% if and only if 0(x) < log(|p|/|q|). The statements also hold

113 2

with all inequality signs “< 7 replaced by equality signs “=".

Proof. Suppose that —62 < u(z) = —|p|® + |q|?. Equivalently, |p|?> < 6%+ |q|?, or |p|?/|q* <

*/lal> +1 = 2y(|ql) + 1. This is equivalent to v(|g|)* + [p[*/lq|* < ~(la])* + 27(la]) +1 =
(v(lgl) +1)*. This holds if and only if \/y([a[)2+ [p[*/[¢[* < v(lal) + 1, or O(z) < 0.

Suppose that —|p|*> + |g|* = p(z) < 6%. Equivalently, |q|* < 6%+ [p|?, or 1 < 2y(lq|) + |p*/]al?.

This is equivalent to y(|g)* + |p|?/la|* < ~(la)* + Ip[*/lal*2v(lq]) + [p[*/1a/*) = (v(lq]) +
Ip|2/|q|*)?. This holds if and only if €@ = —v(|q|) + v~(a)Z + [pI?/[aZ < |p|*/la?, or

0(x) <log(|pl/lql). m

Lemma 7.2.2. If 6 > 0, then n restricts to a diffeomorphism

(1H(=6%)\ Z) x R = (R* x R™)\ Z,
(yv t) = (u> v, t) = Uy(t) = ?7(“7 v, t) = (e_tua etv)7

with inverse

R x R™ M\ Z =5 (u (=69 \ Z2) x R,
z=(p,q) = (0(0(x)), —0(x)) = (7" @p, "W q, —6(x)).

Proof. 1t is clear that both maps are smooth maps between smooth m-dimensional manifolds.
It remains to check that the maps are inverse to each other. Given (y,t) = (u,v,t) € (u=1(—=6%)\
Z)xR,let x = (p,q) = (e"tu,etv) € (R* x R™~M\ Z. Since —6% = u(y) = —|u|>+ |v|? implies

|u|?> = §2 + |v|?, we have

2
'Y(|q’)2 + |p’2/|Q|2 _ 64+4|p|2|q’2 _ 54+4|U|2|U|2 _ 64+4(52+ |U|2)|’U|2 _ (52 +2|’U|2>

4|ql* 4|ql* 4)q|* 2|q|?
Hence,
52 + 2lv 2 v 2
0(z) = 1/2-log (—qu 2O g nog (1)
2|q| lq]
All in all,

z = (p,q) > (e @p,e!@q, —0(x)) = (ele tu, e~ telv, t) = (y,1).

Conversely, given z = (p,q) € (R* x R™" M\ Z, let (y,t) = (u,v,t) = (e~ /@p, @, —0(z)) €
(u'(=6%)\ Z) x R. Then

(y,t) = (u,v,t) = (e "u, elv) = ("@e @y e~ @) g) = 4.

Definition 7.2.3. For any £,0 > 0 one defines the local handle (see Figure 7.2) by

HS = {(p,q) € R x R" ™Y =62 < —[p]* + g < 62, [p| - |a] < - Ve + 2.

The following result is essentially observed in the proof of [41, Theorem 3.12, page 30].
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i

Figure 7.2: The local handle Hj for (m,\) = (2,1)

Proposition 7.2.4. For any €,0 > 0, H§ is an m-dimensional submanifold of R™ = RN x
R™= with boundary OH§ =T° UTS, where TS := H§ N~ (£62). There are diffeomorphisms

— T, ¢ (u,v) \/]v|2+52 u,v)
T%, % (u,v) = (u,y/|u? + 62 - v)

Moreover, n restricts to a diffeomorphism (with inverse given in Lemma 7.2.2)

¢° - S xint(e - DY) =
¢% : int(e - DY) x §"ATE =,

{(y,t) = (u,v,t) € TS x R; v #0, 0 <t <log(Jul/|v])} — Hj \ Z,
(y,t) = (u,v,t) = ny(t) = n(u,v,t) = (e tu, elv).

Proof. It is clear that p~'([—62,02%]) is an m-dimensional submanifold of R™ with boundary
“1(=6%)up1(6%). By definition, H is the intersection of u~1([—46%,2]) with the open subset
{(p,q) € R» x R p| - |q| < e-Ve2+462} € RN x R™ | and OHj is the intersection of
~1(—6%) U u~1(6%) with this open subset.
The map ¢° is well-defined and smooth. (In fact, it suffices to note that the image of the smooth
map SN xint(e- D™ ) — R™ | (u,v) = (\/[v]2 + 62-u,v), lies in the submanifold 7° C R™.)
Moreover, the smooth map R x R™™* — R x R™=A | (p,q) — ((+/]q]? + 62)~' - p,q), restricts
to a smooth map ¢ : T — S*~! xint(e- D™ ). (In fact, if (p,q) € T¢, then |p| = /]q|? + 62
and |p|-|q| < e-Ve2 + 2. Hence, |(v/[q[? +02)" -p| =1 and |q| < £.) Obviously, ¢° and °

are mutually inverse to each other. Analogously, one can show that ¢% is a diffeomorphism.
It remains to show that the diffeomorphisms considered in Lemma 7.2.2 restrict in the desired
way.

Suppose that (y,t) = (u,v,t) € T¢ x R such that v # 0 and 0 < ¢ < log(|u|/|v]). To show that
ny(t) = n(u,v,t) = (e tu,e'v) € HE \ Z, one checks the following:
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o (e7tu,elv) € Hi,ie. —62 < —|e tul? + |etv|? < 6% and |e~tu| - [elv| < & Ve2 + 62. The
second statement holds since |e~‘u| - |e'v| = |u| - |v| < € - V&2 + 2. To show the first
statement, use that y(|e/v|) = e"?v(|v|) and note that §(u,v) =0 by Lemma 7.2.1:

0(e tu, e'v) = 1/2 - log (—’y(|etv|) + \/’y(\etv])z + |e_tu|2/\etv]2) =0(u,v) —t = —t.

Using Lemma 7.2.1, we obtain from (e 'u,elv) = —t <0 that —§2 < —|e"tu|? + |efv|2.
Moreover, by the same lemma, it follows from 6(e~tu,elv) = —t < log(|ul/|v]) — 2t =
log(le~tu|/|e'v|) that —|e~tul? + |efv]? < 62.

o (e tu,elv) ¢ Z,ie. etu # 0 and elv # 0. Indeed, —|u|?> + |[v]? = p(y) = =62 < 0
implies that u # 0. Moreover, v # 0 holds by assumption.

Suppose that = = (p,q) € Hi\ Z. One has to check that (e=%@p, @)g —0(x)) € (R x
R™=*)\ Z) x R has the following properties:
o (e7@p @) e T2 ie (e @p f@)g) € p1(—6%) and (e @p, @) € H; . The
first statement holds by Lemma 7.2.2. Hence, the second statement follows from ]efa(x)p] .
" g =Ip| - lg| <e- Ve + 62
e 0 < —0(z) < log(le=@p|/|e?@yq|), ie. O(z) <0 and O(z) < log(|p|/|q|). This follows
directly from Lemma 7.2.1 since —6% < u(z) < 62.

o /@g 0 is immediate.

O

Note that ¢ (S*~! x 0) is the left-hand sphere of the critical point 0 of p in p~'(—d2) with
a tubular neighbourhood given by T° .

Lemma 7.2.5. For all €,0 >0, H§ has the following properties:

(i) Hj is a bounded subset of R™.
(it) If ¢ >0, then c¢- H; = HS .
(iii) If e > ¢ >0 and § > §' >0, then H5 C HS.

Proof. (i). Suppose that z1,x2,... isasequence of points in H§ such that |z;| — oo for i — oo.
Writing z; = (pi, ;) € R* x R™=A for all 4, one of the sequences p1,ps,... and ¢i,qa,... has
a subsequence ri,79,... such that |r;] — oo for i — oo. (Indeed, if both pi,pa,... and
q1,q2, .. are bounded by some C > 0, then |z;| = /[pi]> + [¢:]? < VO? + C2 = C/2 for all

i in contradiction to |z;| — oo for i — 00.) By passing to subsequences, we may assume that

|pi] = oo for i — oo or |gi| — oo for ¢ — oco. If |p;| — oo for i — oo, then it follows from
Ipi| - |gi] < &-+/€2+ 62 for all i that there exists 49 such that |g;| < 1 for all i > ig. But
then —0% < —|p;|? + |g;|?> for all 4 implies that |p;|> < 62 + |g;|?> < 62+ 1 for all i > g, a
contradiction. Analogously, the assumption |g;| — oo for i — oo leads to a contradiction.

(ii). Given ¢ > 0, we have (p,q) € c- H§ if and only if there exists a point (p',¢') € Hf
such that p = ¢p’ and ¢ = ¢¢’. Now it suffices to note that —6%2 < —[p/|> + |¢|> < 62
is equivalent to —(c8)? < —|p|2 + |g|? < (¢8)? and |p/| - |¢'| < €-Ve2+ 62 is equivalent to
Pl - la| < (cg) - V/(ce)® + (cd)?.

(iii). If e > &’ >0, § > ¢ >0 and (p,q) € Hg , then it follows from —§% < —§"2 < —|p[>+|q?> <
6 < 6% and |p|-|q| <& - V2 + 52 <e-e2+ 42 that (p,q) € Hj. O
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Recall that § > 0 is fixed. For ¢’ € (0,9] define

RSg = Hf N Y(£57).

Note that R%; = T% . By construction, RS is an open subset of p~1(4+6).

The rest of the present section is concerned with the proof of the following result, which imple-
ments the method of forward handles (see [28, Fig. 29, p. 44]):

Proposition 7.2.6. Let € > 0. For any sufficiently small 6 > 0 there exists a smooth function
v: Hy — R with the following properties:

(i) The map (p|lps,v): Hf — R? 4s a fold map whose singular locus is the fold line 0 x
[—8,0] x 0 C R x R x R™~1=2 of absolute indexr max{\,m —1 — \}.
(ii) If &' € (0,9], then I/‘RE_(V: R® 5, — R has no critical points. Moreover, the restriction
vlire : T — R is the projection (p,q) — qi1 .
(iii) If 6" € (0,0], then the set of critical points of the restriction V|R§,2 R5, — R s given by

RS N (0% [=4,8] x 0) = {(0, £, 0)} = {z4}.

The critical point x_ is non-degenerate of indexr A and the critical point xy is non-
degenerate of index m — X\ — 1. Moreover, v(zy) = £’ .

(iv) There exists & € (0,¢) such that v(ny(t)) = v(ny(0)) for all y = (u,v) € ¢¢.(S* 1 x {v €
R™A & < |v| <e}) =T\ T and all t € [0,log(|u|/|v])] (compare Proposition 7.2.4).

Proof. We begin with the construction of v. Set ¢y :=¢/3. Given any § > 0, we construct a
smooth map v.: H;® — R on the open subset H;° C H; and a smooth map v~: H; \ Z = R
on the open subset H5\Z C Hj such that v. and v~ agree on the intersection H;°N(H5\Z) =
H;°\ Z. Afterwards, v will be defined to be the glued map on the union H;°U(H; \ Z) = Hj .
To satisfy property (i), it will be necessary to choose § > 0 sufficiently small.

Let v be the smooth map given by the projection to the (A + 1)-st coordinate:

ve: H{® =R, r=(p,q) — q.

For the construction of v~ , choose a smooth map &: [0,00) — R (see Figure 7.3) such that
£([0,00)) C [0,1], £(t) =1 for t < e and &(t) =0 for t > (2e0)?.

+ >
Gy T

Figure 7.3: Graph of the bump function &
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We first define the following smooth map:

pot {(ut) = (w,0,1) € TS X B; w0, 0< ¢ < log(ful/Jo])} — R
(y,t) = (u,v,t) — et'§(|“|2)v1.

Recall from Proposition 7.2.4 that the inverse of the diffeomorphism n: (u=1(—6%)\ Z) x R =
(RN x R™=A)\ Z from Lemma 7.2.2 restricts to a diffeomorphism

DL HEN Z 2 (HE\ 2) = (0, 0) = (w,0,0) € T2 x Bs 0 £0, 0< ¢ < log(Jul/Jo))},
z=(p,q) = ((0(x)),—0(x)) = (e *@p, e W g, —0(x)).

Define v~ : H§ \ Z — R to be the composition v~ =05 o',

To complete the construction of v, we have to show that v. and v~ agree on the intersection
H° N (H§ \ Z) = H{® \ Z. In fact, given = = (p,q) € H;* \ Z, we set (y,t) := (u,v,t) :=
(e=@p, e?®)q, —0(x)). Using &(Jv|?) =1 (note that |v|? < &2, which follows from (u,v) € T
and the definition of ¢° in Proposition 7.2.4), we obtain

v (2) = 75 (1,0, 8) = €0y = D EOPI@ ) = g = ().

Finally, define the well-defined smooth map

ve(z), if ze H°,
v: Hf - R, V(x):{ <@)

vs(z), if xeH;\Z

It remains to show that v has the desired properties for § > 0 sufficiently small.

(i). Given z = (p,q) € H5°, we have (u(z),v(z)) = (—|p|* + |¢|>,q1). This is the forward X-
handle (see [28, Fig. 29, p.44]). Postcomposition with the diffeomorphism R? — R?, (a,b)
(b,a — b?), yields the fold map

z=(p,q)— (g1, —(PI++D3)+ B+ + @),

whose singular locus on H;° is the fold line 0 x [-4,6] x 0 C Z C R* x R x R™™17* of absolute
index max{\,m —1—A}. As H§ = (H§\ Z) U Hg°, it remains to show that (u|ps,v) is a
submersion on Hj \ Z (for a sufficiently small choice of § > 0). For this purpose, we will show

that the precomposition a of (u|ge,v) with the diffeomorphism T'! (=1]|) is a submersion:

a:nH(H;\ Z) = R?,
(1:1) = (w,0,) > (u(y (1)), v (my (1)) = (=€~ [uf* + X [o[2, 0 Fpy),

By Proposition 7.2.4 we have a diffeomorphism ¢ : S*~! x int(e - D™ ) =5 T¢ which is given
by ¢° (u,v) = (y/|v]? + 62 - u,v). This gives rise to a diffecomorphism S from

SA L {(v,t) €int(e - D™ M) x R; v #0, 0 <t <log(y/|v|2 4 62/|v])}
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to 7 (H \ Z) = {(y1) = (w0,8) € TS x R; v #0, 0 < ¢ < log(Jul/|o])} given by

(u,v,t) = Bu,v,t) = (1/|v|2 + 62 - u,v,t).

As the composition a o 3 is constant in the variable u € S*~! (because |u| = 1), it suffices to

show that the following map (f,7) is a submersion:

(7, 7): {(v,t) e R" A xR; 0 < |v| <e, 0<t<log(y/|v]2+62/|v])} = RZ,

(v,t) = (—e 2 (Jv]* + 6%) + e*|v]?, et'5(|”|2)v1) = (—0%e7 2 4 JuA(e*t — e, et'5(|”|2)v1).
The Jacobian of (7z,7) at (v,t) is given by the 2 x (m — A + 1) -matrix

20 (e — 72 209 (e — 72t e 20y, (e* — e7?) 26%e72 1 2|v|2(e* + e7?)
(14 2t€' (Ju2)v2)et €M1 21’ (Juf2)vrvaet €D 26 (|u]2)v1vm et S0Y1) 0Py g (Ju]?)

For i € {2,...,m — A} consider the 2 x 2-submatrix given by the first and the i-th column:
. 201 (62t _ e—zt) 2Ui(62t _ 6—2t)
e
(1 + 26€ (Jul?)o)e M) 24€! (ju[2)urvet ()
= 201 (e — e 202t/ (|v]?)v10:e E1P) — 20(e2 — e72) (1 + 2t€! (|v]?)v?) et €1V
_ . 2

= 20 — e72)e ) [t/ (fo[2)of — (1 + 26€'(|v[2)0?)]

= —2u;(e* — efzt)etf(‘”m.
This determinant vanishes if and only if ¢t = 0 or v; = 0. Thus, the rank of the Jacobian of

(7, 7) at (v,t) remains to be investigated only in the case that ¢t =0 or vy =--- = v,y =0.

In these cases we consider the 2 x 2-submatrix given by the first and the last column:

(14 218/ (jof*)v)e S0 e <€ (|uf?)
= 201 (e — e72)e I ([u]?) — (20272 + 2Ju[2 (e + 7)) (1 + 2t/ (Ju[2)vd)et <.

< 21)1(62t o 6_2t) 2526_2t + 2‘v|2(62t + 6_2t)>

If t =0, then this determinant is further equal to —(26% + 4|v|?), which is negative for all v.
Now suppose that vy = --- = v,,_x = 0. In this case we have |v|?> = v% . Hence, the determinant

vanishes if and only if the following term vanishes (extracting the global factor 2et€(vl?) #0):

vi(e® — eHE(v]) — (%7 i (e + e7H))(1+ 2 (w])vf) (%)

If v? <&, then £(v]) =1 and &' (v?) =0, so () reduces to

v%(e% _ e—Qt) _ (526—21: + U%(e% + e—Qt)) _ v% [(e% _ e—Qt) _ (621: + e—?t)} o §2e2

= —wie 2 — 527 = — (207 4 6%)e % < 0.

Hence, we may assume that €3 < v? < &2 in the following. Choose § > 0 so small that

1
2e2 maxer |€'(s)|

log(1 + 02 /3) < min{ ,sinh~1(1/4)}.
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(This is exactly the point in the proof where § > 0 has to be chosen sufficiently small.) Then it
follows for all vy satisfying €3 < v? < &2 and for all ¢ satisfying 0 <t < log(y/Jv[% + §2/|v|) =

log(y/1 + 02/v?) = 1/2 - log(1 + 6% /v}) that

o 1+ 2t¢'(v¥)v? > 1/2. In fact, it follows from ¢ > 0 and
t <1/2-log(1+6%/v?) <1/2-log(1 + 62 /e2) < 1/(4e® max,er |€(s)|)

that —4t&' (v3)vd < 4t| — & (v?)|v? < 4t¢' (v?)|e? < 42t maxer €/(s)| < 1.
o e — e % < 1/2. In fact, we have €2 — e~2! = 2sinh(2t) < 1/2 because

t <1/2-log(1+6%/v?) <1/2-log(1 + 6?/e2) < 1/2-sinh~1(1/4).

Hence, 1+ 2t&'(v3)v > 1/2 > €2 — e 2" > 0 (as t > 0). Therefore, combining the statements
v >0, e —e 2 >0, £(]0,00)) C [0,1], 6% 2 >0, €2 + e 2 = 2cosh(2t) > 2 > 1 and
14 2t€'(v?)v? > 0 to show the first inequality, and using v? > 0 and 1+ 2t&'(v?)v? > €2t — e~

in the second inequality, we obtain the following estimate for the expression (x):

vi(e® — e 2)g(v]) = (8262 4 v (e + e72)(1 4 268 (v])o})
< od(e? — ™) — o} (1+ 2t€ (v])ed) = v} [(e¥ = ) — (1+ 26€ (v])0})]

< 0.

(ii). Let ¢’ € (0,0]. Suppose that ¢ € R®y is a critical point of V|Ri5/' Then it follows
from RSy C p~1(—46) that c is also a critical point of (#lmg,v). (In fact, assuming that c
is not a critical point of (u|ms,v), the kernel of the tangent map of (u|ms,v) at c, which is
kerd.u Nkerd.v, is of dimension m — 2 by the dimension formula. In contradiction to that,
T.R® 5 is a (m — 1)-dimensional subspace of kerd.u Nkerd.v.) Hence, part (i) implies that
c€0x[-5,8 x0CR"xRxR™*1. This results in the contradiction —d? = pu(c) > 0.

Therefore, v|,- has no critical points.
e,8/

Let = (p,q) €T . If z € HE/S, then v(z) = v<(x) = ¢1 by definition of v. If z € H5 \ Z,
then, setting (y,t) := (u,v,t) := (e ?@p, @ q, —0(z)), we obtain v(z) = v () = i (u,v,t) =
et €0y, | Tt follows from 2 = (p, q) € T¢ that 6(z) = 0 by Lemma 7.2.1. Hence, (y,t) = (z,0).
Consequently, v(z) = b€y, = 60'5(|q‘2)q1 =q.

(iii). Let ¢ € (0,d]. Let = = (p,q) € R . First suppose that = ¢ (0 x [—4,d] x 0), i.e.
x # {0} x {£6'} x {0}. Then it follows from part (i) that the linear map dy(p|ms,v): R™ — R?
is surjective, so dim ker dgc(,u|H§,V) = m — 2. As z is a nonsingular point of u, we have
dimkerd,u = m — 1. Hence it follows from ker dx(,u|H§,1/) = kerd,u Nkerd,y C R™ and
dimkerd,v € {m — 1,m} that dimkerd,v = m — 1. Moreover, there exists a vector w €
ker dyp = T, R5, such that w ¢ ker d,v. Therefore, x is a nonsingular point of v| R, R — R.
Now suppose that x € (0 x [=4,6] x 0), i.e. z is one of the points x4 := {0} x {£d'} x {0} €
RMxRxR™1=* As x4 are fold points of (1lms,v) by property (i), we conclude that the linear
map da:i(,u‘Hg, v): R™ — R? hasrank 1, so dimkerd,, (M]Hg, v) =m—1. Hence it follows from
kerdmi(u\Hg,u) = kerd, pNkerd, v C kerd, p =T, R that T, R5 = kerdwi(umg,l/) C
kerd, v (because T, Rj and kerdy, (u|ms,v) are both of dimension m —1). Therefore, x4

are in fact critical points of v/ RE,: R; — R. It remains to show that they are nondegenerate
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critical points of v[ge, (or of v|peo = v|pzo because z+ € H3? N p~1(6”) = RyY). For this
5/ 5!

purpose, we use the diffeomorphism

050 int(eo- DY) x S"TN S RP, 6 (ww) = (u,\/|uf? + 87 ),
of Proposition 7.2.4, and the inverses of the stereographic projections

or: R = g {(F1,0,...,0)},

lwl> —1 2wy 2Wpm—x—1
w2 +1" |w2+1"""" Jw2+1 )’

w= (W1, .., Wy_x_1) <:F

to calculate the Hessian of the composition
vy i=ve 0 g3 o (id xoy): int(gg - DY) x R™™A1 5 R

at the origin 0 € int(go-D*) x R™~A~1 ¢ R™~1. (Note that (¢5o(id xo1))(0) = ¢5?(0,£1,0) =
(0,46",0) = 2+ .) For all w= (w1,...,wn_x_1) € R™A1 and all u € int(gg - D*) we have

vsl,) = (v 05 (. 02(0) = vein P+ 7 () = F P+ 07 (1= ).

For i,j € {1,..., A} one has the following partial derivatives:

U
Ou/|Jul? + 072 = ——=,
Usg | | /|U|2+6/2

w 1 u?
02/ Iul? + 67 = 9, ——"— = - —
u\ﬁ V6 uf? + 67 [+ o2
U Uy

s
Oy Oy /ul2 + 62 =9, ! = — £ 7).
J 7 ‘U’ + J |'LL‘2 + 5/2 |u|2 + 6/23 (Z ?é -])

Moreover, for i,j € {1,...,m — XA — 1}, one calculates
2 4wi
Ow. [1— = 7
wz( |w|2+1> (lw* +1)?
o2 (1 2 ) _s dw; 4 16wy
v T Tl ) T P12 T (P2 (P + )P
2 4wi 16wl-w- . .
Ow, O, |1 — —5——= ) = Ow, =— J .
oo (1= s) ~ O R E T b a7

All in all, the Hessian of vy at the origin (u,w) = 0 is given by the diagonal matrix
diag (£1/8, ..., £1/8, F48, ..., F45).

Therefore, x4 is a non-degenerate critical point of index m —A—1 and z_ is a non-degenerate

critical point of index .
Finally, v(z4) = v<(z4+) = £’ because z+ € Hg".

(iv). Set &’ := 2eq. Suppose that y = (u,v) € ¢° (S 1 x {v e R™" ™, & < |v| <e}) C T¢ and
t € R such that 0 <t <log(|u|/|v|). By Proposition 7.2.4 we have n,(t) = n(u,v,t) € H§ \ Z.
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Therefore, using £(|v|?) =0 (as |v|> > &2 = (2¢0)?),

(i7)

v(ny(8) = vs (n(u, 0,1)) = 7 (u,0,) = 0 = o) = u(n,(0)).
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7.3 Proof of Theorem 7.0.1

Let C denote the finite set of critical points of 7. By assumption, all critical points of 7 have
index A\, and 7(C) = {1/2}. Let & be a gradient-like vector field for 7 (see [41, Definition 3.1,
p. 20]). It is well-known that every point w € W lies on a uniquely determined maximally

extended integral curve with respect to &, say
Y I(w) — W.

Here, I(w) C R denotes a suitable interval such that 0 € I(w), and 7, : I(w) — W is a smooth
map such that v,,(0) = w and ~,(t) = &(1w(t)) for all t € I(w).

Remark 7.3.1. (i) Observe that, for fixed t € I(w), the shifted smooth curve
vi L(w) ={t' eR; t+t € [(w)} — W, t' = vt + 1),

is maximally extended with the properties 0 € I;(w), v(0) = v, (¢) and ~'(¥') = ~.,(t +
t') = E(yw(t + 1)) = &(y(t')) for all ¢’ € I;(w). Hence, by uniqueness, we conclude that

(77) Note that, for all w € W and all w' € v, (I(w)), we have

Yur (I(w')) = Yo (I(w)).

(In fact, choose t € I(w) such that w’ = 7, (t). Then, by part (i), every t' € I(w') =
I(v(t) = {t' € R; t +t' € I(w)} satisfies yur (') = 7y, 1) (t') = Y (t + 1) . Therefore,

Yur (I(w'))

{
{

Yo () ¢ € I(W)} = {yu(t +1); ' €R, t +1' € I(w)}
Yu(t"); " € I(w)} = yu(I(w)).)

For any subset A C [0,1] we define W4 :=771(A). If A= {a} consists of a single point, then
we write Wy := W4 . Furthermore, let We := Wg /9y and W := Wy/91)-

As € C Wyjy, one can distinguish between the following three cases for a point w € W\ €
(compare the proof of [41, Theorem 4.1, p. 37 f.]):

o 7, goes from Wy to Wi. In this case, I(w) is of the form I(w) = [a,b], where

Yw(a) € Wo, Yw(b) € W1,

o

and 7 restricts to a diffeomorphism ~,,(I(w)) — [0, 1].

e v, goes from Wy to some critical point of 7. In this case, I(w) = [a,00), where

"Yw(a> € Wo, limy o0 "Yw(t) € C,

and 7 restricts to a diffeomorphism ~,,(I(w)) = [0,1/2).

e 7, goes from some critical point of 7 to Wj. In this case, I(w) = (—o0,b], where
limy o Y (t) € C, Yw(b) € Wi,

and 7 restricts to a diffeomorphism ., (I(w)) = (1/2,1].
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For every c € € let K(c) denote the union of all points in W that lie on integral curves with
respect to £ going to or from ¢ (this includes the integral curve 7. = const.: R — {c}). Note
that Ky(c) := K(c) N W; = S*~1 is the left-hand sphere (see [41, Definition 3.9, p. 28]) of ¢ in
Wy for all ¢ € [0,1/2). (As all critical points of 7 are of index A, all left-hand spheres are of

dimension A — 1.) Moreover, the sets K(c) C W, ¢ € C, are compact and pairwise disjoint.
Let K denote the union of all K(c), ¢ € C, and let K; := KNW,; for t € [0,1]. Set
KS =KnN W[O,l/?] and KZ =KnN W[I/Q,l] .

For every t € [0,1] let ¥;: W \ K — R be the map that assigns to w € W \ K the unique
element ¥4(w) € I(w) C R such that 7(7y,(9(w))) = t, i.e. Y (Pe(w)) = W Ny (I (w)). It
follows from the implicit function theorem that ¥ is smooth for fixed ¢ € [0,1] (compare the

proof of [41, Assertion 4), pp. 53-54]). Therefore, we obtain for every t € [0,1] a smooth map

m: WAK = Wi\ Ky, m(w) =v(9e(w)) (= WeNyw(l(w))).

For all ¢,t € [0,1] we have 7y om = mp . (In fact, fix w € W\ K and let ' := m(w) = Wi N

~vo(I(w)). Then, by Remark 7.3.1 (i) , 7o (w') = Wy Ny (1)) @ Wi N ye (I(w)) = 70 (w) )

Thus, it follows from 7|y,\ x, = idw,\k, for all ¢ € [0, 1] that for all ¢, € [0, 1] the restrictions

7Tt’1 Wt’ \Kt/ i) Wt\Kt,
7Tt/’1 Wt\Kt i Wt/\Kt’a

are mutually inverse diffeomorphisms. Hence, for every ¢ € [0, 1] there is a diffeomorphism
I: 0,1] x (W \ K;) — WA\ K,  IL(r,z) = m(2),
with inverse
I WAK -5 [0,1] x (W \Ky), I Hw) = (r(w), me(w)).

(In fact, given ¢ € [0, 1], the maps II; and II; 1 are well-defined and mutually inverse. Moreover,
11 1 is smooth because 7 and m; are smooth. To see that II; is smooth as well, it suffices by

the inverse function theorem to show that the tangent map
dw(Hgl) = (dwT’ dwTrt) : Tw(W \ K) - TT(w) [07 1] D T?Tt(w)(Wt \ Kt)
is for every point w € W\ K an isomorphism. Indeed, consider the direct sum decomposition

Tw(W \ K) = RW{U(O) @ Tw(WT(w) \ KT(’IU))’

~

which results from the fact that 7oy, is an isomorphism I(w) —> [0,1]. One finds that d,7
has kernel Ty (Wr () \ Kr(w)) , Whereas dy,m; restricts to an isomorphism Toy (W () \ K7 () =
T, (w) (Wi \ Ky) . Tt follows directly that dy, (IT; 1) is an isomorphism.)

For every t € [0,1/2) let ¥<;: W — R be the smooth map that assigns to w € W, the unique
element ¥« y(w) € I(w) C R such that 7(y, (V< (w))) =1t, ie. yp(P<(w)) = W Nyp(L(w)).
Moreover, for every ¢ € (1/2,1] let 95 +: W5, — R be the smooth map that assigns to w € W
the unique element 9 ;(w) € I(w) C R such that 7(y,(9s¢(w))) = t, Le. (s (w)) =
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Wiy (I(w)) . Note that by construction of ¥, we have ¥« ;|yw_\x = Jilw._\x forall t € [0,1/2)
and 79>,t’W>\K = ﬁt|W>\K for all t € (1/2, 1] .

We will briefly write 7 := mg and II := Ilj.

Analogous to the construction of 7, and II; for ¢ € [0,1], there exist smooth maps

Tep: We — W, Te (W) = Y (V< ¢ (w)), for all t € [0,1/2),
Ts it Ws — W, s (W) = Y (s t(w)), for all t € (1/2,1],

and diffeomorphisms

e ;:[0,1/2) x Wy = W, e i (r,2) = m<r(2), for all t € [0,1/2),
oy (1/2,1] x Wy — W, Tsy(r,z) =ms,(2),  forallte (1/2,1],

with inverses

o

IZh: We —[0,1/2) x Wy,
L We — (1/2,1] x W,

“hw) = (r(w), mep(w)),  forallt € [0,1/2),
“hw) = (r(w), s 4 (w)),  forall t € (1/2,1].

1%

We will brleﬂy write T< = T<0, H< = H<70 and T> = T>1, H> = H>71 .

By construction, m<; (respectively, 7~ ;, II«;, II. ;) coincides with m; (respectively, m;, I,
I1; ) whenever both are defined.

As Ky € Wy is a (A — 1)-dimensional smooth submanifold (namely the disjoint union of the

left hand spheres Ky(c), ¢ € €), we may choose disjoint embeddings

LO,Lli Dm_l — W()\KQ.

We will frequently use the notation X := §™~2 = 9gD™m1.

For j = 0,1 we define the following cylinders in W :

VI =TI([0,1] x ¢/ (S™2)) = T1(]0, 1] x ¢/ (X)).

Moreover, define

Vo= W\ T([0,1] x (:°>int DY) U ot (int D™LY)).

For any subset A C [0,1] let V4 :=V NWy and, for j =0,1,let V4 :=VinW,. If A= {a}
consists of a single point, then we write V, := V4 and VJ := Vj for j =0,1.

Note that (V;, V2, V;!) is a smooth manifold triad for every ¢ € [0,1]\ {1/2}. If ¢t < 1/2, then
Il induces a diffeomorphism (Vp, VY, Vi) = (Vi, VO, VY via v+ o (t,v), and if ¢ > 1/2,
then Il induces a diffeomorphism (V4, VP, Vi) = (W, VOV via v Ts (8, 0).

By definition of gradient-like vector fields (see [41, Definition 3.2, p. 20]), every critical point

¢ € € of the Morse function 7 is the center of a chart

Ve Ue i Uéa 1/%:(0) =0,
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from an open neighbourhood U. C W of ¢ to an open neighbourhood U/ of 0 € R™ such that,

in the notation introduced in the beginning of Section 7.2,

To, ! = plu +1/2,
dipe o Eop ! = vy

It follows from the uniqueness of integral curves that for all w € U, and z := v.(w) € U,
the integral curve 7,,: I(w) — W with respect to £ and the integral curve 7,: R — R™ with
respect to v (see Section 7.2) correspond to each other via 1,07, = 1, on the component of 0 of
Yo} (U.) C I(w). Consequently, ¥.(K(c)NU.) = ZNU.. (Recall that Z = (R*)U (0 x R™~*).)

Without loss of generality, we may assume that U. N Uy, = @) for ¢ # ¢, ¢, € €, and
U.CV\9V forall ce € and j=0,1.

By statements (i) and (i7) of Lemma 7.2.5 there exist €, > 0 such that

Hi c (U,
ceC

and by statement (i7i) of Lemma 7.2.5, this will still hold when we make € or § smaller.

Choose ¢ > 0 so small that there exists a smooth map v: H; — R with the properties listed
in Proposition 7.2.6.

Setting t4 := 1/2462, note that t_+t, = 1. Write 74 := m;, , 4 :=II;, and (Vg, V2, V}) :=
Ve, VO VE), Voo :=Vioue 1, Veq i= Vi 415 Vi == Vi, 1)

Note that for every ¢ € € we have K(c)NV_, C U, and

Ye(K(e)NVoy) = ((6-D*) x 0)U (0 x (6 DY)).

For every ¢ € € we fix z. € (0,1) such that z. # z» for ¢ # ¢ .

Using Lemma 7.1.3, we construct in the following an excellent Morse function
¢ (v, vo vl = ([o,1),0,1)

with the following properties:

((~1) There exists a constant C' > 0 such that for all ¢ € C we have

CW'pa)=C-q1 +2, (p,q) €T=E.

(In particular, (_ has no critical points on 1 (T%).)
(¢~2) All indices of critical points of (_ are contained in {k —1,...,m —k}.

((—3) For every c € C, z is not a critical value of (_.

Proof. We wish to apply Lemma 7.1.3 to the smooth manifold triad (Y,Y?, Y1) := (V_, V9 V1)
of dimension n := m — 1 = dimV_, to the chosen numbers {z.}.ce C (0,1) and, setting
l:=k—-1€{3,....[%] -1}y ={3,...,[5] =1} and d := A — 1, to the pairwise disjoint
embeddings

be: S xint(e - D™ — VL, ceC,
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defined for every ¢ € C by the composition
Al L Ay P8 e vl
S xint(e - DY) — T — U.NV_ — V_,

where the diffeomorphism ¢° : S¥=1 x int(e - D™?) =5 T* is defined in Proposition 7.2.4. At
this point it is important to note that we may assume \ € {k,..., ||}, sothat d =X —1¢
{I,...,[5] — 1} as required. (In fact, if the given X\ € {k,...,m — k]} satisfies A\ > |F],
then m — A < [F] and thus m — A < []. But replacing 7 by 1 — 7 in the statement of
Theorem 7.0.1 does not affect the claims, but changes A to m—\.) Furthermore, note that V_,
VY and V1 are simply connected because (V_, V9 V1) = (V4, VP, V{}), where VY =V} = §m2,
and Vo = Wy \ (:°(int D™=1) LM (int D™~ 1)), where Wy is simply connected. As Wy is even
(k — 2)-connected, it follows easily that

Hy(V_, V) = Hi(Vo, Vi) = Hi(Vo, V§) = Hi(Vo) =0,  i=0,...,k=2, j=0,1

Hence, we obtain from Lemma 7.1.3 an excellent Morse function
£ (v, v vh — ([0,1],0,1)

with the following properties:

(i) fis (¢, 2c)-standard for all ¢ € €, i.e. there exists &’ € (0,¢) such that
F(de(u,v) =vi + 2z, (u,v) € S xint(e - D).

(74) All indices of critical points of f are contained in {k —1,...,m —k}.

Setting (_ := f, property (i7) will yield the desired property ((_-2). However, to satisfy
property (¢_1) in addition, we have to precompose f with a suitable automorphism  of
V_ (which restricts to the identity map outside a compact subset of V_ \ 9V_) that will be
constructed next. Property ({_3) can finally be achieved afterwards by perturbing (_ slightly
in a neighbourhood of its critical points as described in the proof of [41, Lemma 2.8, p. 17].
Of course, this little perturbation does not violate properties ((~1) and ({-2), and leaves (_

excellent.
Let us turn to the construction of the automorphism Q of V_. Set C :=¢'/e € (0,1), where
e’ € (0,¢) is given by property (i).

Choose a diffeomorphism
p: int(2e - D™H) = int(2¢ - D™

such that p(v) = C-v for |v| < e and p(v) =v for |v| > 3¢/2. (In fact, such a diffeomorphism
p can be obtained by applying the isotopy extension lemma [22, Theorem 1.3, p. 180] to
the isotopy of the compact submanifold € - D™~ C int(3¢/2 - D™~ ) given at s € [0,1] by
v+ (1 —s+s-C)-v. The automorphism of int(3/2 - D™~*) thus obtained at s = 1 has

compact support and can hence be extended to the desired automorphism p.)
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The automorphism p gives rise to an automorphism
w, = ¢* o (idgro1 xp) o (¢%)~': T = T%

that restricts to the identity map outside the compact subset

T = (' x (3¢/2- D)) € T

and satisfies

p

V0P + 6%

(Indeed, if (p,q) € T° and (u,v) := (¢*) " (p,q) = (¢°)'(p,q) € S¥~! x int(e - D™~*), then
(p,q) = ¢*(u,v) = (\/]v]2 + 82 - u,v). As |v| < e implies p(v) = C - v, we obtain

wo(p,q) = ¢=( C-q), (pqeT:cT® (CR*xR™™M).

_ p

Wp(p, q) = ¢2—€(U7P(U)) = ¢2_6(W7

p

C-q) = ¢6—(W>C'Q)a

where the last equality holds since |C-q| =C - |v| < |v| < €.)
Recall that T% C HZ® C U/ for every ¢ € €, and the domains of the diffeomorphisms t.: U. =

U! are pairwise disjoint and contained in V' \ 9V .

For every ¢ € € let w, denote the automorphism of . 1(T2%%) given by the composition of

diffeomorphisms

-1
we: 1 (T2) Leb e ey p2e WL o1 p2ey

Note that 1, 1(72¢) is an open subset of V_\ 9V_ for every ¢ € C. (Indeed, T2 is an open
subset of U.N pu~1(—42) by construction. Hence, 1, 1(T2¢) is an open subset of

v Uen = (=0%) = v (T oy ) THE-)) = Ue N7 H(to) = Ue N (V2 \ OV2).)

As w, is an automorphism of ¢ 1(72%) that restrict to the identity map outside the compact

subset 1. 1(T§5/ %) C 7 1(T%), we obtain a well-defined automorphism

o

Q: (Vo VO Vh S (v, VO v

via extension of Ll.cew. by the identity map. (Recall that the subsets . 1(T2¢) C V_\ 9V_

are open and pairwise disjoint for ¢ € C.)

It remains to verify that the excellent Morse function
¢ = foQ: (Vo,VO V1Y) — ([0,1],0,1)

has the desired properties ((_1) and ({-2):
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(C_1) Forall ¢ € € and all (p,q) € T%(C T2) we have, by property (i) of f,
(P g) = FQW (9,0) = Flwe(w: ' (p,0) = F(:  (w,(p,q)))
= 65 g C )
= J6e =g € ) B C ot e

(¢~2) This follows immediately from property (ii) of f.

O
Next, extend (_ to an excellent Morse function
o_:W_ =R
such that all indices of critical points of o_ are contained in {k —1,...,m —k} U{0,m — 1}.

(In fact, recall that V_ can be obtained from W_ by deleting the interiors of two embedded
disjoint (m — 1)-balls BY, B ¢ W_. Therefore, one can use [41, Lemma 3.7, p. 26] to glue (_

and the Morse function
¢ (B,oBY) = (D™ S 5 (R, )), () =4+ (=1) - (jz)? - 1),

for j =0,1 along V’ = 0BJ )

In the last step we construct a smooth map
O_4: W_+ — R

with the following properties:

(0_41) If t € [t_,t4] and t # 1/2, then o_, restricts to a Morse function
o =0_4|w,: Wy = R.

Moreover, there exists ¢/, € (1/2,t1] such that oy is excellent for all ¢ € [t_,#/ ]\{1/2}.

(0-4+2) 7| and o_4 form the components of a fold map
(T|7O'_+)I W_+ — [t_7t+] x R

whose fold points have all an absolute index contained in the set {[%],...,m —k} U
{m —1}.
(Note that, given o_4, the desired smooth map o: W — R can then be obtained by the
following argument. Construst a diffeomorphism ®: W’ := 77 1([t_, ¢ ]) =5 W covered by a
diffeomorphism ¢: [t_,¢/] — [0,1] (i.e. To® = ¢o7|w_, ) such that ¢(1/2) =1/2. Then
the smooth map o :=0_, 0o ®71: W — R satisfies

(idg x¢ ™) o (0,7) = (01 0@ ¢ or) = (04, Tlw_,) 0 @ .

Hence, property (o0_2) implies the desired property (ii) for o. Moreover, the desired property
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(i) follows from (o_41).)

Proof. Fix ¢ € €. Set H(c) := 1, (H$) C U.. Observe that H(c) is an open subset of W_
since H is an open subset of ¢.(U.NV_4) = U.Npu~1([—6%,6%]) (C R™) by Definition 7.2.3.
Note that H(c) N H(d') = 0 for ¢ # ¢, ¢,d € €, as U.NUys = 0. Let £ be taken from
property (iv) of Proposition 7.2.6. Let Hg' denote the closure of Hg/ in R™ (equivalently,
the closure of HS in pu~'([—62,6%])). Note that H is bounded by Lemma 7.2.5 (i) and thus
compact. Moreover, Definition 7.2.3 implies that H§ = Nee(e o) H . Hence, it follows from
Lemma 7.2.5 (iii) that Hf = Nee(er,e) Hi C Hi C U.. Hence, H(c) := o, (HS) C V_ is

compact, and H(c) C H(c). Therefore, one obtains the open cover

Wi = (Woy\ | H(0) U || H(e).

ceC ceC
Define

o_(m_(w)), if we W_y\ e H(c),

o_+: W_i =R, o_4(w) =
C-v(e(w)) + zc, if w € H(c) for some ¢ € C,

where C' > 0 is the constant of property ((_1) and v is the map of Proposition 7.2.6.

First, one has to check that o_ is well-defined. (In fact, if w € H(c)\ H(c) = ¢ (HS) \
¢51(H7§/) = . L(HS \Hig/) for some ¢ € €, then the point x := ¢.(w) € Hf \ Hf C H;\ Z
is by Proposition 7.2.4 of the form z = n,(¢) for suitable (p,q) =y € T° \T¢ (C T¢\ Z)
and ¢t > 0, and we have 7,([0,t]) C H\ Z. As n,(s) = (e" Ve tp es~telq) = n.(s —t) for
all s € R, this reads 7,([—t,0]) C H5 \ Z. By uniqueness of integral curves, we conclude that
(W' one)lir0) = Yl - Allin all, ¥ (y) = ¢ (1y(0)) = ¥ ' (n2(—1)) = Yu(—t) is the

unique point contained in the intersection W_ N~y (I(w)). Therefore, 7_(w) = 1. (y). Hence,

property (_1 applied to y € T¢ yields

o (r_(w)) = o_ (W Y) = C g1+ 20 = C - v(Rhe(w)) + 2.

The last equality holds since properties (iv) and (i) of Proposition 7.2.6 imply that

v(e(w)) = v(@) = vy ®) C v ) = vy) L a1

As o_ is by definition smooth on the open subsets W_, \ | |.ce H(c) and | ].ce H(c) of W_1,

we conclude that o_; is a smooth map.
It remains to check the desired properties for o_ :

(0_4+1). First suppose that ¢ € [t_,1/2). We have to show that o, := o_4|w, restricts on
each of the open subsets W; \ |.ce H(c) and |l.ce H(c) N W; of W; to a smooth map that
possesses only non-degenerate critical points. Recall that 7_ restricts to a diffeomorphism
Wi\ K =W \ K. As Wi\ Leee ﬁ(c) is an open subset of W; \ K;, we deduce that
OLJr|Wt\|_|Cec fi(e) = O-OT— ’Wt\l—lce(? () Possesses only non-degenerate critical points. Moreover,

note that these critical points are on pairwise different levels since o_ is excellent. Next, by
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definition of o_

J—+|H(c)ﬁWt =C-(vo ¢c’H(c)ﬂWt) + Ze, cecC.

Therefore, it follows from .(H(c) N W;) = H N pu~(t — 1/2) and property (ii) of Proposi-
tion 7.2.6 that o |g(;)nw, has no critical points. All in all, o; is for ¢ € [t_,1/2) an excellent

Morse function with the desired properties.

Now suppose that t € (1/2,t4]. Again it suffices to show that o, := o_4|w, restricts on
cach of the open subsets W; \ |.ce H(c) and |l.ce H(c) N W; of W; to a smooth map that
possesses only non-degenerate critical points. Analogous to the case ¢ € [t_,1/2) it follows that
U,Jr|Wt\|_|cEG f(e) = 0—© 7L|Wt\|_|cee fi(c) Possesses only non-degenerate critical points. Next, by

definition of o_

0—+|H(c)th =C-(vo ¢c’H(c)ﬂWt) + Ze, ceC.

Therefore, it follows from .(H(c) N W;) = H? N p~'(t — 1/2) and property (iii) of Proposi-
tion 7.2.6 that o_| H(c)nw, Dossesses two critical points, and these are non-degenerate, namely
one of index m — XA — 1 and one of index A. All in all, o, is a Morse function with the desired

properties for t € (1/2,t4].

It remains to show that there exists ¢/, € (1/2,t4] such that o, is excellent for all ¢ € (1/2,¢,].
Recall that o_ is excellent, and the levels of the critical points of o_ are all different from
the numbers z. by (¢_3). Moreover, we have seen that the set of critical points of oy for
t € (1/2,t4] is the union of the set of critical points of o_ and two more critical points for
every ¢ € C that are arbitrarily near to z. for ¢t € (1/2,¢+] near 1/2 by property (iii) of
Proposition 7.2.6 (and are on different levels). Hence, by choosing t/, € (1/2,t4] sufficiently

near to 1/2, one can achieve that the critical levels of o, are pairwise different.

(0-4+2). Recall that II_ restricts to a diffeomorphism
[t t ] x (Wo\K) = W_y \K,  (t,w) — m(w).

This can be further restricted to a diffeomorphism

I [t ) x (W N H @) > Wor\ U H (o), (tw) = m(w).
ceC ceC

(In fact, one has to show that TI_([t_,t] x (W_ \ Upee H(c))) € W_i \ Upee H(c) and
I (Woi \Ueee H(e)) C [t-, 4] x (W-\Ueee H(c)) . Suppose that (t,w) € [t—,t+]x (W-\K)
satisfies w’ :=II_(t,w) € H(c)\ K for some ¢ € €. This implies that z := ¢.(w') € Hf \ Z =
Nee(er o) H: \ Z. By Proposition 7.2.4 there exists (p,q) = y € Nee(e o) T¢ \ Z such that
2 € 1,([0,log((pl/lal)]) = 1,(R) " (HZ \ 2). Tet ¢ € [0, og(|pl/Ial)] such that n,(¥) = z. As
ny(s) = nu(s —t') for all s € R, we have n,([—t',0]) C H§ \ Z. By uniqueness of integral

curves, we conclude that (o1 o me)|_p g = Yurloro- All in all, ¥71(y) = ¥ (ny(0)) =
Y (e (—1)) = Y (—t) is the point W_ Ny (I(w')) = 7 (w') = 7_(m(w)) = w. Therefore,
w =1 (y) € W_N(H(c)\K). This implies TT_([t_,t]x (W_\Ueee H(c))) € W_\Upee H(c).
Conversely, suppose that w € W_, \ K satisfies (t',w’) := II"Y(w) = (7(w), 7_(w)) € [t_,t4] x
(Ueee H(e)\ K), ie. w':=7_(w) € H(c)\ K for some ¢ € €. This implies that y := 1.(w') €
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p (=6 n Higl\ Z = Nee(er ) T¢ \ Z. Hence, Proposition 7.2.4 implies that there exists t > 0
such that n,(t) € p=1 (' —1/2) N (H§ \ Z) and n,([0,t]) C H§ \ Z. By uniqueness of integral
curves, we conclude that (7 ony)|j04 = Yurljos - Hence, v (t) = v7 H(ny(t)) € WyN(H(c)\K)
is the point Wy Ny (I(w')) = 7y (w') = II_(¢,w') = w. Therefore, w = v (t) € H(c) \ K.
This implies TT-1(V_y \ Upee H(€)) C [t—,t4] x (Vo \ Upee H(c)) )

The composition (7],0_1)oTI_| is given at (t,w) € [t_,t4] x (W_\ Upee H(c)) by

(t,w) = (7],0-4) o IL|(t, w) = (T(mt(w)), 0y (m(w))) = (¢, 0 (7 (me(w)))) = (¢, 0 (w))

and is hence the suspension of a smooth function with only non-degenerate critical points. As

o_ has only critical points of index contained in {k —1,...,m — k} U {0,m — 1}, we conclude
that the restriction of (7],0_4) to the open subset W_y \ Uqce H(c) of W_y is a fold map
whose fold lines have all absolute index contained in {[%|,...,m —k}U{m — 1}.

Next, we consider the restriction of (7|,0_1) to the open subset H(c) C W_ for some c € C.

By definition, we have o_, o w(jl\Hg =C- 1/|H§ + 2.. Moreover, 7o ! = ply: +1/2. Hence,
(], 0-4) 0 . ms)(t,w) = (ulms +1/2,C - v]gs + ).

This is up to the automorphism (z,y) + (z +1/2,C -y + 2.) of R? equal to (M‘Hg‘v v), which
is by property (i) of Proposition 7.2.6 a fold map with a single fold line, whose absolute index
is given by max{\,m —1 - A} € {|%],...,m — k}.

All in all, (7|v_,,0-1) is a fold map whose fold points have all absolute index contained in
{1g),.-.,m—kyu{m—1}.
O

This completes the proof of Theorem 7.0.1.
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Chapter 8

Extending Boundary Conditions
Generically over the Cylinder

Playing a major role in the proof of Theorem 10.1.3, the main result of the present chapter is

the following

Theorem 8.0.1. Fiz integers m > 8 and k€ {4,...,|%|}. Let M™1 be a closed connected

smooth manifold of dimension m — 1. Suppose that
fig:[0,1] x M - R

are smooth maps such that f; := f(t,—) and g, := g(t,—) are for every t € [0,1] excellent Morse
functions M — R with only critical points of index contained in {k—1,...,m—k}U{0,m—1}.

Then there exists a generic smooth map
F:[0,1] x M — R?

such that the absolute index of every fold point of F' is contained in the set {|%],...,m—k}U
{m — 1}, and such that

F($7t) = (ft(x)7t) (l‘,t) €M x [07 1/4]7
F(z,t) = (gt(x),t) (x,t) € M x [3/4,1].

The preparation of the proof of Theorem 8.0.1 makes massively use of the content of Cerf’s
fundamental article “La stratification naturelle des espaces de fonctions différentiables réelles
et le théoreme de la pseudo-isotopie” [9]. In particular, Cerf’s valuable theorem [9, Théoréme
2, V.2.1, p. 100] (see Theorem 8.2.6) is a major ingredient of our construction. Therefore,
following [9], we recapitulate all the necessary notation in Section 8.2, and we give a careful
exposition of the material of interest. Afterwards, the main purpose of Section 8.3 is to prove
Corollary 8.3.11, which is the result from Cerf theory that flows into the proof of Theorem 8.0.1
(see Section 8.4).
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8.1 Smoothing of Paths in a Diffeomorphism Group

The main result of the present section (see Corollary 8.1.4) states that the endpoints of any
continuous path in the diffecomorphism group of a smooth manifold with boundary (equipped
with the Whitney C* topology) are isotopic. For the proof we exploit the general setting
of [37], where spaces of smooth maps between smooth manifolds with corners are studied. A
major insight is that this kind of spaces can be given the structure of a C2° -manifold (see [37,
Definition 9.1, p. 83]), which roughly means that they can be locally modeled on certain (in
general infinite-dimensional) locally convex vector spaces. We make use of the explicit form of

charts for the diffeomorphism group to construct the desired isotopy.

Let X and Y be smooth manifolds with corners. Let 7o~ denote the Whitney C*° topology
(see [37, 4.4, page 33]) on C°(X,Y). Besides, C*(X,Y) can be equipped with the FD-
topology Tpp as defined in [37, Definition 4.10, page 40]. The advantage of the FD -topology
is that one can equip C*°(X,Y) (at least when 9Y = ), see [37, Theorem 10.4, p. 91]) with
the structure of a CZ°-manifold (compare [37, Remark 4.9, page 39 f.]).

Remark 8.1.1. The F®-topology has been designed by Michor to handle the case of a non-
compact source manifold. We are eventually interested in the diffeomorphism group of a compact
manifold. Then, the F®-topology coincides by definition with the (in general coarser) © -
topology defined in [37, 4.7, p. 36]. Nevertheless, we do not assume compactness in the present

section because the arguments are substantially the same.

Lemma 8.1.2. The topological spaces (C°(X,Y),7pn) and (C®°(X,Y),7c~) have the same
paths, i.e. a map [0,1] — C>®°(X,Y) is continuous for the Whitney C*° topology if and only if
it is continuous for the F® -topology.

Proof. According to [37, Remark 4.11.1, page 40], it follows from [37, 4.4.3, p. 34] and [37,
4.7.7, p. 38] that a sequence ap,ai,... converges to some a in (C®(X,Y),7c) if and only
if ap,ai,... converges to a in (C®(X,Y),7pp). The claim now results from applying the

following fact to S : = C>®(X,Y), 1 :=Tc~ and 7o := 7pp (or T := 7o~ and 71 1= Tpp ):

Let S be a set and let 7 and T be two topologies on S with the following property: If a
sequence si,82,... in S converges in (S,T1) to some s € S, then s1,S2,... also converges to
s in (S,72). Then any path f:[0,1] — S in (S,71) is also a path in (S, 72).

The above fact can be proven as follows. Let V be open in (S,72). We have to show that
U := f~%V) is open in [0,1].

Let ¢t € U. Suppose that for every integer n > 0 there exists t,, € (t—1/n,t+1/n)N[0,1] such
that t, ¢ U. Then s, := f(t,) ¢ V.

Since t1,ta,... converges to t in [0,1] and f: [0,1] — (S,71) is continuous, and in particular
sequentially continuous, we conclude that si,sa,... converges to s:= f(t) in (S,71). Hence,
$1,82,... converges to s = f(t) € V in (S,72) by assumption. However, this contradicts the
fact that s, ¢ V for all n. Therefore, there exists an n such that (t—1/n,t+1/n)N[0,1] C U.
This shows that U is open in [0,1] as ¢ was arbitrary. O
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Proposition 8.1.3. Let X be a smooth manifold with boundary. Every fy € (Diff(X),7pop)
has an open neighbourhood U with the following property. For every fi € U there exists a

smooth map
v:[0,1] x X — X, v(x) :=v(t, ),

such that v; = f; for i € {0,1} and v, € U for all t € [0,1].

Proof. Given a smooth manifold W with corners, the subset “I'W C TW of all inner tangent
vectors is defined as in [37, 2.6, p. 20]. (Note that, if W has no boundary, then ‘TW = TW .)
As pointed out in loc.cit., TW is alway a manifold with corners, whereas ‘TW fails to be a
manifold with corners in general. Nevertheless, the notion of smooth maps on ‘TW is still
available (see [37, 10.1, p. 90]).

Recall that the concept of a local addition 7 on W is introduced in [37, 10.1, p. 90] as a smooth
map 7: ‘TW — W with the following properties:

(1) (mw,7): "TW — W x W is a diffeomorphism onto an open neighbourhood of the diagonal
in W x W. (Here, my: TW — W denotes the tangent bundle map.)
(2) 7(0w(w)) =w for all w € W. (Here, O : W — “T'W denotes the zero section.)

Now let Z denote a smooth manifold with corners, and let Y denote a smooth manifold without
boundary. According to the proof of [37, Theorem 10.4, p. 91] a chart of the C2°-structure of
C>*(Z,Y) centered at a given point f can be constructed as follows. Fix a local addition 7
on Y. (This is always possible by [37, Lemma 10.1, p. 90].) An open neighbourhood of f in
(C>®(Z,Y),Trp) is defined by
Up:={9g€C™(Z,Y); g~ fand g(z) € Tf(z)(in(z)Y) for all z € Z}
= {g € C®(Z.Y): g~ [ and (£.9)(2) C (my.7)(TY)},

where f ~ g means that the set {z € Z; f(z) # g(z)} has compact closure in Z (see [37,
Definition 4.10, p. 40]).

The space of all vector fields along f with compact support is defined as

D42, TY):={s€ C®(Z,TY); nyos=f, s~0yo f}.

Equipped with the F'®-topology, ©f(Z,TY") can be shown to be a certain locally convex vector
space. In particular, its origin Oy o f possesses a neighbourhood basis consisting of convex open

neighbourhoods.

The canonical chart of C*(Z,Y) centered at f (and induced by 7 ) is the homeomorphism

or:Up = Dp(Z,TY),  ¢i(g) = (zy,7) Lo (f,9),

(i.e., vf(g)(2) = Tf_é)g(z) for all z € Z), whose inverse is given by

Vp: Dp(Z,TY) = Us,  g(s)=Tos.

Note that ¢y maps f € Uy to the origin Oy o f of D(Z,TY).

In the present proof we are in particular interested in the case that X =Y = Z is a smooth
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manifold with boundary. As explained in [37, 10.16, pp. 106-107], the case that Y has corners
can be handled via the following modifications. The local addition 7: ‘TY — Y is chosen to be
boundary respecting (see [37, Remark 10.3, p. 91]). In contrast to 9Y = ), one cannot expect

@5 to be surjective because it can be shown that

or(Up) = {s € D(Z,TY); s(Z) C 'TY}.

Let C2.(Z,Y) denote the subset of all g € C°°(Z,Y) such that g~ 1(07Y) = 877 forall j >0

nice

(see [37, page 107]). It can be shown that ¢ (UrNCE..(Z,Y)) is a certain closed linear subspace

nice

'Dp(Z,TY) C D¢(Z,TY). Hence, the restrictions of the maps ¢ to homeomorphisms

UrNCe(Z,Y) — "D4(Z,TY)

nice

serve as charts of a C2°-structure (without boundary) on Cg5..(Z,Y), see [37, Theorem 10.16,

page 107]. In particular, if X =Y = Z, then the open subset Diff(X) C C%. (X, X) of all

nice

smooth automorphisms of X is a C2°-manifold (without boundary).

To prove the claim, let fy € (Diff(X),7r9). As explained above, a chart in CS5..(X, X) centered

nice

at fo is given by restriction of ¢y, to the homeomorphism

Up, NCEo(X, X) = D4 (X, TX).

nice

Since "D, (X, TX) is a locally convex vector space, the open neighbourhood ¢, (Ug, NDiff (X))

of the origin contains a convex open neighbourhood V' of the origin 0 = 0x o fy. Define

U= (V) =g (V).

Given f; € U, the desired smooth map v: [0,1] x X — X is constructed as follows. Set
51 := @, (f1) € V and consider the well-defined map

v:[0,1] x X = X,
vi(a) = vt ) = (Yp(t-s1))(2) = (7o (t-s1))(x) = 7(( - 51)()) = 7(t - 51(2)).

Note that t-s; € V forall t € [0,1] because V is convex and contains the points ¢, (fo) = 0 and
s1. Therefore, v, € 7 (V) =U for all t € [0,1], and vy = ¥y, (0) = fo and v; =g (s1) = f1-

Finally, v is smooth as the composition of the smooth maps 7: ‘TX — X and

[0,1] x X — 'TX, (t,x) =t - s1(z).

Corollary 8.1.4. For any path p: [0,1] — (Diff (X), 7ce) there exists a smooth map
v:[0,1] x X — X, v(x) = v(t, x),

such that v; = u(i) for i € {0,1} and v; € Diff(X) for all t € [0,1].

Proof. By Lemma 8.1.2, u can be considered as a path in (Diff(X), 7pp). For every ¢ € [0, 1] let
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U; denote a neighbourhood of pu(t) € (Diff(X), 7pp) with the property of Proposition 8.1.3. As
Utepo,1 Ut is an open cover of the compact space 4([0,1]), there exists a finite subset T' C [0, 1]
such that 1([0,1]) C U,er Us. Define a finite graph I' by taking 7' as the set of vertices, and
by connecting two vertices ¢, € T by an edge if and only if U; N Uy # (. The connectedness
of ©([0,1]) implies that T' is connected, too. Consequently, there exists a sequence ty,...,t, of
elements in T such that u(e) € Uy, for € € {0,1}, and Uy, NUy,,, # 0 for i € {0,...,7 — 1},

say g; € Uy, NUy,,, . For any two subsequent points po,p1 in the sequence
11(0), u(to), gos f1(t1), g1, - - - pltr—1), gr—1, p(ty), (1)
there exists by Proposition 8.1.3 a smooth map
A [0,1] x X — X, M(z) := A(t, ),

such that \; = p; for i € {0,1} and A\, € U for all ¢ € [0,1]. By means of an appropriate
smooth map [0,1] — [0,1] one may in addition assume that A\, = v, for ¢ near ¢ € {0,1}.

Finally, the smooth maps A can be combined to desired smooth map v. O
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8.2 Cerf Theory

Throughout the present section, let (Y,Y?,Y!) denote a fixed smooth manifold triad (in the
sense of [41, Definition 1.3, p. 2]) of dimension n = dimY .

The fundamtental object of interest is the space F of all smooth functions (Y,Y°? Y1) —
([0,1],0,1) without critical points on the boundary (see [9, 1.3, p. 22]). (F and all spaces of
smooth functions that occur in the present section are equipped with the Whitney C'*° topology
as defined in [37, 4.4, p. 33].) Note that F itself is contractible, being a convex subset of the real
vector space of all real-valued functions on Y (see [9, p. 10]). Hence, one is rather interested in

the study of certain natural subspaces of F.

In [9, 1.3, p. 22 ff.], Cerf defines a sequence F°, F',... F7 ... of subspaces of F that form the
natural stratification of F (see [9, 1.3, p. 23]). Particular attention is paid to the pair of strata
(39, F1) which forms a stratifiaction of codimension 1 of F°UJ! according to [9, 1.3.1, p. 24].
(The concept of a stratification of codimension 1 is introduced in Definition 1 in [9, 1.2.1, p.
17]).

A function in ¥ is called Morse function if all its critical points are non-degenerate (see Definition
4in [9, 1.3.2, p. 25)).

Remark 8.2.1. By definition, a function in ¥ maps Y \ dY not necessarily into (0,1). Hence,
the notion of Morse function adopted in [9, Definition 1.3.2.4, p. 25] is slightly more general
than that used in [41] as the image of a critical point is allowed to lie on the boundary of [0, 1].
However, as such a critical point is necessarily definite, the two notions coincide for Morse

functions without definite critical points.

Explicitly, 7% € J is the subspace of excellent Morse functions (see [9, 1.3.1, p. 24]), i.e. Morse

functions whose critical values lie on pairwise different levels.

Proposition 8.2.2. Let fo, fi € F be excellent Morse functions that lie in the same path
component of F°. Then there exist paths r: [0,1] — Diff(Y) with origin ko = idy and
A: [0,1] — Diff ([0, 1]) with origin Ao = idjg 1) such that fi = A1 o foo k1.

Proof. The group G := Diff(Y,Y? Y1) x Diff([0, 1],0,1) operates from the left on F via (g,¢’)-
fi=gofog™!
identity element e := idy xidp ). In [9, 1.3.2, p. 25] two elements of J are called isotopic if

(see 9, 1.3, p. 22]). Let G, denote the (path) component of § containing the

they lie in the same orbit of the action of G, on F.

By assumption, the Morse functions fo and f; lie in the same path component of F, that is,
they are contained in the same cocell of F in the sense of Definition 1 in [9, I.1.1, p. 15]. Hence, it
follows from [9, 1.3.2, p. 25] that they are isotopic, which means that fi = (g,9')-fo = g'ofoog™!
for a suitable element (g,¢') € 9. Let Q:[0,1] — G. be a path between Q(0) = e and

Q1) = (g,¢'). Then the desired paths are defined by the components = (A, x71). O

The stratum F' is the union F' = FL U &"é of two disjoint subspaces, where . C F denotes
the subset of functions of birth and 3’% C F is the subset of functions of crossing. (For the
precise definitions, see [9, p. 10] and [9, p. 24]).

Cerf studies certain paths in F° U F' that lie in F0 except for a discrete set of parameters at
which they pass through F'. More precisely:
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Definition 8.2.3. A traversing path in F° U F' (see Definition 1 in [9, L.2.1, p. 18]) is a
continuous map v: [0,1] — FOUTF?! such that y~1(F') consists of a single parameter to € (0, 1),

and such that for some (hence, any) choice of embeddings

the compositions v o :t— and vy oty do not lie in the same path component of the space of
all continuous maps ([0,1],0,(0,1]) — (F° U T, v(t0),F°) (equipped with the Whitney C°
topology, which is by [37, 4.4, p. 33] nothing but the graph topology defined in [37, 3.2, p.
26]). A good path is a path that can be written as the concatenation of finitely many traversing
paths. (Every path in F° is also a good path, as it can formally be understood as the empty

concatenation which is not excluded by the definition.)

Next, we introduce the space T of all traversing paths in F° U J', and the subspace TJpCT
of all traversing paths v € T with fixed origin 7(0) = f € 9 (equipped with the Whitney C°

topology).

A traversing path v in FOUJ?! either passes through F. (this case is studied in chapter IIT of
[9]; v is called a path of birth/death in [9, II1.1.3, p. 66]) or through 3’% (this case is studied
in chapter II of [9]; v is called a path of 1-crossing in the more general context of [9, I1.3.1, p.
48]). In both cases, Cerf introduces specific smooth models of traversing paths called elementary
paths as announced in [9, 1.3.1, p. 24]. The elementary paths relative to F. are introduced
as elementary path of birth in [9, II1.1.2, p. 66] and elementary path of death in Definition 1
and 1’ of [9, II1.2.3, p. 71]. The elementary paths relative to "fé are introduced as descending
elementary path of 1-crossing in [9, I1.1.2, p. 42] and [9, I1.3.1, p. 48].

As an application of Cerf’s “lemme des chemins élémentaires” (see [9, 1.2.2, p. 20]), any travers-
ing path v in 3% U F' can be related to an elementary path of the corresponding type by

deforming ~ through traversing paths rel origin. This fact underlies the following result:

Proposition 8.2.4. If fo, fi € F° can be connected by a traversing path in FOU F! | then they
can also be connected by a path that is the concatenation of an elementary path with origin fo

and a path in FO with endpoint f .

Proof. Let v be a traversing path in F° U F! such that ~(i) = f; for i = 0,1. We have to
construct an elementary path v, with origin fo and a path e in F9 with endpoint f; such
that 7e1(1) = Yreg(0) . For this purpose we distinguish between the following two cases:

e 7 passes through F. .
Following the argument in [9, I11.1.3, p. 67], let € denote the space of paths of birth
(equipped with the Whitney C° topology, compare Lemma 2 in [9, 1.2.1, p. 18]). (Note
that €' is a union of path components of the space of traversing paths in ¥ UJ'.) Let
G’fo denote the subspace of €' of paths of birth with origin fy. Supposing that v is a
path of birth, we have v € €% . By Proposition 1 in [9, ITL.1.3, p. 67] there exists a
path I': [0,1] — €/ such that 7 := I'(0) is an elementary path of birth with origin
fo and T'(1) = v. Let 7reg: [0,1] — F° be the path that is given at ¢ € [0,1] by the
endpoint of I'(t) € €} . (Indeed, let us show that the map ez is continuous. By [22,
p. 34f] the Whitney C° topology (i.e. the graph topology, or strong topology) coincides
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with the compact-open topology (or weak topology) on G”fo because the unit interval is
compact. Since the unit interval is locally compact, [20, Proposition A.14(a), p. 530]
implies that the evaluation map evy: G}O — F% o = (1), is continuous. Hence, the
composition 7reg = evyol' is continuous, too.) In particular, the origin of s coincides
with the endpoint of v.1. Moreover, the endpoint of 7yee is the endpoint of v, namely f;.
In an analogous way one uses Proposition 2 in [9, II1.2.3, p. 71] to construct e and Yreg
in the case that ~ is a path of death.
e ~ passes through 3%{.

Following the notation in [9, I1.3.1, p. 48] and setting p = 1, let Cy,5, denote the space
of traversing paths of 1-crossing with origin fy. In particular, v € Cy,5,. Moreover, let
€1;5, C Cy,5, denote the subspace of descending elementary paths of 1-crossing with origin
fo. By [9, 11.3.2, p. 50] we have

7TO(ehfo? 81;f0) =0.

Consequently, there exists a path I': [0,1] — Cy.f, such that ¢ :=I'(0) is a descending
elementary paths of 1-crossing with origin fy and I'(1) = . Let Yyeg: [0,1] — F° be the
path that is given at t € [0,1] by the endpoint of I'(¢). (Note that g is continuous by
[20, Proposition A.14, p. 530] as the unit interval is locally compact.) In particular, the
origin of veg coincides with the endpoint of 7. . Moreover, the endpoint of e is the

endpoint of v, namely f;.
O

A Morse function f € F is ordered (see [9, V.1.1, p. 95]) if and only if for every pair (c,c’) of
critical points of f such that the index of ¢ is strictly smaller than the index of ¢’, we have
f(e) < f(¢'). Note that there is no condition for critical values of the same index. The space of

ordered excellent Morse functions is denoted by 0 c 0.

Proposition 8.2.5. Every f € 30 can be realized as the origin of a good path ~ in F° U JF!
whose endpoint (1) lies in O° such that the set of integers that occur as the index of a critical

point of ¥(1) is contained in the set of integers that occur as the index of a critical point of f .

Proof. In [9, V.1.3, p. 96] a traversing path with origin fp and endpoint f; is called decreasing
if the number of inversions of f; is strictly smaller than the number of inversions of fy. (Recall
that a set {c1,ca} of Morse singularities of fy of indices A; and Ay is called an inversion of fj
if (f(e1)— f(e2))(A1—A2) <0.) The desired good path is now obtained as the concatenation of
the decreasing paths of 1-crossing obtained by an iterated application of statement (x) in [9,
V.1.3, p. 96], which says: If fy € F° has at least one inversion, then there exists a decreasing
path of 1-crossings with origin fj. O

Next, we specialize to the cylinder Y = Y?x[0, 1], where Y denotes a closed connected smooth

manifold of dimension n —1 > 0.

Given a pair of integers (4,q) such that 0 <i <n—1 and ¢ > 0, let F;, C O denote the
subspace of ordered Morse functions with precisely 2q critical points, where ¢ critical points
have index ¢ and ¢ critical points have index ¢ + 1 (see [9, V.2.1, p. 100]). Moreover, let

Figa C O be the subspace of ordered functions whose set of critical points consists of a point
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of birth ¢ of index ¢ and 2¢ non-degenerate critical points, among which ¢ are of index ¢ and
situated below the level of ¢, whereas ¢ are of index 7 + 1 and situated above the level of c.
Define
Fi = |J(Fiq UFiga) Co.
q=>0
It can be shown that &F; is an open subset of F. Finally, set 3"? =F,NF° and 3’"@-1 =FNFL.
Note that a good path in 3? UJ?} as defined in [9, V.1.3, p. 96] is the same as a good path in

)

FYU T that lies entirely in F9 U F}.

With the above notation, Theorem 2’ in [9, V.2.1, p. 100] states the following:

Theorem 8.2.6. Let Y =Y" x[0,1]. If n > 6, m(Y?) =0 and 2 <i <n—3, then any pair
of elements in F? can be connected by a good path with values in T U F} .

7

Recall from [9, p. 100f.] that Err{[)a b] denotes for integers 0 < a < b < n the subspace of all
f € 0° such that J(f) C [a,b]. Furthermore, for an integer [ >0, ?Fmb];l denotes the subspace
of all f € 3{[31 b with at most [ critical points of index a.

Replacing the assumption that Y is a cylinder by the weaker assumption that (Y,Y?) is highly

connected, [9, Lemma 0, p. 101] admits the following direct generalization:

Lemma 8.2.7. Suppose that n > 6. Suppose that the pair (Y,Y?) is i-connected for some
integer 0 < i < m — 4. Furthermore, assume that Y° is simply connected. Given integers

i+2<j<n and k> 1, every good path of the form (]0,1],{0,1}) — (B‘N&J];k,?{[;j],k%) is
homotopic rel endpoints to a good path of the form ([0,1],{0,1}) — (?Ei,j];kfl’g{[)ij]-k—l)'

Proof. The proof is verbatim to the proof of [9, Lemma 0, p. 101]. In fact, the original assump-
tion that Y is a cylinder is only used to justify statement (x*) in [9, p. 102]. If (Y, Y?) is only

known to be highly connected, then the statement still holds in a suitable range:

(+%)" Suppose that (Y,Y?) is i-connected for some integer 0 < i < n — 4. Given integers
1+2<j<n and k> 1, every point in ?%,j];k is the origin of a path of Smale (see the
definition in [9, V.2.3, p. 101]) with endpoint in 3’"&].];k_1.

The existence of a path of Smale in statement (xx)" is granted by the proof of [57, Theorem 3,

p. 601]. In fact, the path of Smale is just a one-parameter implementation of Smale’s trick for

trading critical points of a Morse function. A critical point of index 4 is traded for a critical

point of index i+ 2 by first introducing a cancelling pair of critical points of subsequent indices
i+ 1 and 7+ 2 and then cancelling the critical point of index ¢ with the critical point of index

1+ 1. O

Based on the previous lemma, an adaption of the inductive structure of the proof of [9, Theorem
2’) p. 100] yields the following

Theorem 8.2.8. Suppose that n > 7. Assume that (Y,Y?) and (Y,Y') are (k—1)-connected
for some integer 0 < k < [n/2]—1. (Note that there is no assumption for k =0.) Furthermore,
suppose that YO and Y1 are simply connected. Then, any pair of elements in ff?k’nik] can be
connected by a good path with values in "Jr{[)k,n_k} U .’7'"[1,€’n_]ﬂ .

Proof. According to Theorem [9, Theorem 17, p. 96|, the given elements f, f' € ?Fk,n—k] can be
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joined by a good path 7 of the form ([0,1],{0,1}) — (?I[)O’n], Sr?k n_k]). If £ =0, then there is

nothing else to show. Therefore, we may assume that £ > 1 in the following.

Following the original proof of Theorem [9, Theorem 2’, p. 100], there is a filtration

Fivr) = Figro © Fipa © - C 5 c 3

Z Zj]l lj]’ 0§2<]S7’L

=0
Every good path of the form (]0,1],{0,1}) — (?[iyﬂ,?[oiﬂ’j]

fore, noting that k —1 < n — 4, iterated application of Lemma 8.2.7 to the (k — 1)-connected
pair (Y,Y"Y) yields

) has image in some 5”?@,]@;1- There-

(1) Given integers 0<i<k—1andi+2<j<mn,every good path of the form ([0,1],{0,1}) —

(T34

is homotopic rel endpoints to a good path of the form ([0,1],{0,1}) —

i3]0 Y [i+1 ]
(?[[1+1,j]’ 3:%+17j]) ’

Similarly, exchanging the roles of Y and Y!, iterated application of Lemma 8.2.7 to the
(k — 1)-connected pair (Y,Y!) yields (after changing the roles back)

(1) Given integers n —k+1 < j < n and 0 < i < j — 2, every good path of the form
=0
([0,1],{0,1}) — (3’[10])??

l’j_l]

(10.11.{0.1}) = (1 T )

) is homotopic rel endpoints to a good path of the form

Note that v can be considered as a good path between f and f’ of the form

yo: (10,11, £0,13) = (T s Fh )

For i =0,...,k—1 (in increasing order) and j = n we repeatedly apply (1) to the good path

%it ([0,1],{0,1}) = Ty Tosrm)

to conclude that ~; is homotopic rel endpoints to a good path of the form

([O? 1]’ {07 1}) - (?Ei—f—l,nb?EJrl,n])'

If ¢ <k —1, then this can be considered as a path of the form

Yirr: (10,10, £0,13) = (T 1ngs Flnm)

since the path still connects the given elements f, f’ € 3’0 . If ¢ =k —1, then we end up
with a good path between f and f’ of the form

80 ([0,1],{0,1}) = (Fn)s Fohon1))-

Next, for i =k and j =n—k+1,...,n (in decreasing order) we repeatedly apply (1’) to the
good path
85 ([0,1),40,13) = (T s 1)

to conclude that ¢; is homotopic rel endpoints to a good path of the form

(10,11, {0, 13}) = (Fpj 13> T j1))-
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If j >n—k+1, then this can be considered as a good path of the form

Gja1: ([0,1],{0,1}) = (Tps 13 T o)

since the path still connects the given elements f, f' € 3[0k k] - If j=n—k+ 1, then we end
up with the desired good path between f and f’ of the form

(10,1, {0, 1) = (Fon 4> Thniy)-
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8.3 Adapted Homotopies

Throughout the present section, let (Y,Y?,Y!) denote a fixed smooth manifold triad (in the
sense of [41, Definition 1.3, p. 2]) of dimension n = dimY .

The nature of our problem requires to consider smooth homotopies of the form
h:[0,1] x (Y, YO,YI) — ([0,1],0,1), (t,y) — h(t,y) =: h(y),

such that the following properties are satisfied:

(¢) If t €]0,1] is near ¢ = 0,1, then h; is an excellent Morse function
(v, Y%, Y") = ([0,1],0,1).

(ii) For all t € [0,1], h; has no critical points on Y =YY,
(7i7) The track

A~ A~

hi[0,1] xY —[0,1] x [0,1],  A(t,y) = (&, Iu(y)),
of the homotopy & is a generic smooth map.

Definition 8.3.1. In the following, a homotopy h with the above properties (i) to (ii) will
be called an adapted homotopy between the excellent Morse functions hy and h;. Given an
adapted homotopy h, let J(h) C Z denote the set of all integers that occur as the absolute
index of a fold point of the track h.

The definition of an adapted homotopy can of course be stated more generally by replacing the
unit interval [0,1] in the domain of h with any interval of the form [a,b], a < b. Note that
if &: [d, V] = [a,b] is a diffeomorphism and h: [a,b] X Y — [0,1] is an adapted homotopy,
then k := ho (£ x idy) is also an adapted homotopy, and J(k) = J(h). (Indeed, use that
= (&1 xidpy) o ho (€ xidy).)

If h: [a,b]xY — [0,1] is an adapted homotopy and h. is an excellent Morse function for all ¢’ in
a neighbourhood of some ¢ € (a,b), then the restrictions h< := hljgqxy and hx> := h|.pxy are
adapted homotopies, and J(h) = J(h<)UJ(hs). (Note that he = ﬁ|[a76]xy and hs = ﬁ|[c,b}xy )
Conversely, if h: [a,b] x Y — [0,1] is a smooth map and there exists ¢ € (a,b) such that the
restrictions h< 1= h|yxy and h> = k|4 xy are adapted homotopies, then h is an adapted
homotopy as well, and J(h) = J(h<) UJ(h>).

Remark 8.3.2. Since adapted homotopies will be used as building blocks for the construction
of certain generic smooth maps on topologically more complicated spaces than cylinders, it is
necessary to have some control over the behaviour of the corresponding track near the boundaries
of the smooth manifold [0,1] x Y with corners. In fact, property (i) refers to the behaviour of
the track near {i} x Y, ¢ =0, 1, whereas property (i) is concerned with the behaviour of the
track near [0,1] x Y7, j =0,1.

Given a Morse function f: (Y,Y° Y1) — ([0,1],0,1), let J(f) denote the set of all integers of
the form max{i,n —i}, where i occurs as the index of a critical point of f.

Lemma 8.3.3. Let h: [0,1]x (Y, Y% Y1) — (]0,1],0,1) be a smooth map such that hy := h(t,—)
is a Morse function for every t € [0,1] and hy is excellent for t near i =0,1. Then, h is an
adapted homotopy whose track h is a fold map, and d(h) = J(hy) for every t € [0,1].
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Proof. 1t is clear that h satisfies properties (i) and (i7) of an adapted homotopy. Furthermore,
Proposition 4.5.3 implies that h also satisfies property (ii7). (In fact, h is a fold map by parts
(i) and (7i) of Proposition 4.5.3.) Hence, h is an adapted homotopy.

It remains to show that J(h) = J(h:) for every t € [0,1]. First, note that for every fold line
S c[0,1] x Y of h the composition of h|g with the projection 7: [0,1] x [0,1] = [0,1] to the
first factor is a diffeomorphism ﬂoiz| 5: S = [0,1]. (In fact, it follows from Proposition 4.5.3 (4)
that around any point (tp,yo) € S, S is the zero locus of (dyh)(t,y) = 0 in local coordinates
y around yo € Y. By the implicit function theorem, we can now solve y for ¢ locally around
(to,yo0) since H(hs(yo)) is non-degenerate by Proposition 4.5.3(iii).) Given ¢, € [0,1],
t # t', a bijection between the critical points of the Morse functions h; and hy can be defined
as follows. Every critical point y of h; is mapped to the critical point y’ of hy that is uniquely
determined by (,y) = S N7~ (t'), where S denotes the fold line of A that contains (t,y).
(By parts (i) and (i) of Proposition 4.5.3, (t,y) is in fact a fold point of h, and 3’ is in fact
a critical point of hy.) As the absolute index is constant along fold lines, the bijection thus
obtained perserves the index of the critical points (at least its absolute value max{i,n —i}).
Consequently, J(h) = J(h:) for every t € [0,1]. O

Corollary 8.3.4. Any adapted homotopy h: [0,1] x Y — [0,1] satisfies J(ho) Ud(h1) C J(h).

Proof. Choose a € [0,1/2) such that h; is an excellent Morse function for all ¢ € [0,2a). Thus,
h< := hljg,q)xy and h> := h|j41)xy are adapted homotopies, and J(h) = d(h<)UJ(h>). Hence,
Lemma 8.3.3 implies that J(ho) = d(h<) C d(h). Analogously, it follows that J(h1) C g(h). O

It is convenient to introduce a smooth version of concatenation for adapted homotopies. For
every € € (0,1) we fix once and for all a smooth map p.: [0,1] — [0, 1] (see Figure 8.1) such that
pe(t) =t/2 for t € [0,1/2 —¢/2], p(t) =1/2 for t € [1/2 —¢/4,1/2+ /4], p(t) =t/2+1/2
for t € [1/24¢/2,1] and p.(t) > 0 for all ¢t € [0,1/2 —¢/4) U (1/2+ ¢/4,1]. (Note that the
condition on p. can be achieved since p.(1/2 —¢/2) < 1/2 < p(1/2+¢/2).)

Let h,k: [0,1]xY — [0,1] be adapted homotopies such that h; = ko. Property (i) for adapted
homotopies allows for choosing € € (0,1/2) such that h; is an excellent Morse function for all
t € [1 —¢,1] and k; is an excellent Morse function for all ¢ € [0,e]. In this situation the

€ -concatenation of h and k is defined by

h(2p:(t),y), t€0,1/2),

B ke [0, Yy J1], hx: k)(t,y) =
01> = 0.1, (hx)(ty) {k(m(t)—l,y)» tell/z 1)

Proposition 8.3.5. The ¢ -concatenation | := h x. k of two adapted homotopies h and k is

again an adapted homotopy such that Iy = hy for t near 0 and ly = ki for t near 1. Moreover,

(1) =3d(h) L A(k).

Proof. By definition, l; = ho,_«y for t € [0,1/2) and l; = ky,_)—1 for t € [1/2,1]. Observing
It =h1=ko for t € [1/2 —¢/4,1/2+ /4], it follows that [ is a smooth map of the form

1:[0,1] x (Y, Y°, Y1) — (]0,1],0,1).
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'
rlm

Figure 8.1: Graph of p,

Note that Iy = hy, 1) = he for t € [0,1/2 —¢/2] and Iy = kop_1y—1 = k¢ for t € [1/24¢/2,1].
As indicated in Figure 8.1 one may choose ¢ € (£/4,¢/2) such that

(1/2—=6,1/2+06) C pz*((1/2 —/2,1/2 +£/2)).

(This is possible since p-([1/2 —¢/4,1/2+¢/4]) = {1/2}.) Consequently, p.([1/2 —,1/2]) C
[1/2 —¢/2,1/2] and p:([1/2,1/2+d]) C [1/2,1/2 + /2]. Therefore, I; is a Morse function for
all t € [1/2—6,1/2+ ¢]. (Indeed, by choice of £ € (0,1/2), this follows for ¢t € [1/2 — 4,1/2]
from Iy = hop_ ;) and 2pc(t) € [L —¢,1], and for ¢ € [1/2,1/2 + ] from I; = ko, ;y—1 and
2p:(t) —1 € [0,¢].) Hence, Lemma 8.3.3 implies that [|;;/2_51/245)xy 1S an adapted homotopy,
and J(l|[1/2-5,1/248)xy) = (l1/2) . Moreover,

Uio,1/2-81xy = P o (2pc][0,1/2—5) X idy),

Upjatsyxy = ko (2pel/24s,1) % idy),

are adapted homotopies such that J(I[jo,1/2-s)xy) = d(h) and J(l|[1/2451)xy) = (k). (In fact,
note that 2pc|(g1/2—5 and 2pc|(1/245,) are diffeomorphisms onto their images in [0, 1] because
d>e/4 and pL(t) >0 forall t €[0,1/2—¢/4)U(1/2+¢/4,1].) Consequently, [ is an adapted
homotopy, and

(1) = 3(h) U(l1y2) UI(k) = d(h) U (),

where the last equality follows from Corollary 8.3.4 since ly/5 = ko .

O

Remark 8.3.6. Given an excellent Morse function f: (Y,Y? Y!) — ([0,1],0,1), the constant
homotopy f:[0,1] x Y — [0,1] given by f; := f for all ¢t € [0,1] is an adapted homotopy by
Lemma 8.3.3. Hence, if h is any adapted homotopy with hy = f, then k := h . f is (for
suitable € € (0,1)) an adapted homotopy such that k; = h; for ¢t near 0, k; = f for ¢ near 1,
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and J(k) =43(h).

The object of the following considerations is to study the relationship of adapted homotopies to
good paths in FOU I,

Given a good path v in U !, let

= U an6@)cz

tey=1(39)

This definition implies that the concatenation v %+’ of two good paths ~,7 in F° U F' with
v(1) = +(0) satisfies J(v *~") = () Ud(y'). Moreover, J(7) = (), where 7 denotes the
good path in FOUJF?t given by F(t) = v(1 —t) for all ¢ € [0,1].

Lemma 8.3.7. If v is a path in F°, then there exists an adapted homotopy h: [0,1]xY — [0, 1]
such that hy € F° for all t € [0,1] and h; = (i) for i = 0,1. In particular, Lemma 8.5.3
implies that J(h) = d(~(i)) for i =0,1. Consequently, J(~y(t)) = d(~y) for all t € [0,1].

Proof. Fix t € [0,1]. By Proposition 8.2.2, there exist paths x: [0,1] — Diff(Y) with origin
ko = idy and A: [0,1] — Diff([0,1]) with origin A9 = idjg; such that (1) = A1 0¥(0) o x1 .
Corollary 8.1.4 implies that there exist smooth maps &#: [0,1] x Y — Y and A: [0,1] x [0,1] —
[0,1] such that & := &(t,—) € Diff(Y) and \; := A(t,—) € Diff([0,1]) for all ¢ € [0,1], and
f(i,—) = k; and A(i,—) = \; for i = 0,1. Define the smooth map

hi[0,1] xY = [0,1],  he(y) = h(t,y) = (A\r 0 7(0) 0 &) (y).

Since hg = ¥(0), h1 = (1), and h; is an excellent Morse function for every ¢ € [0,1], the

remaining claims follow from Lemma 8.3.3. O

Lemma 8.3.8. Every elementary path v in F°UJF' induces an adapted homotopy
h:[0,1] x Y —[0,1],  h(t,y) =v(t)(y)-
Moreover, J(h) =3d(v) .

Proof. Let ~ be an elementary path. We distinguish between the following two cases:

e ~ is an elementary path of birth or death.
It suffices to assume that v is an elementary path of birth. (In fact, if v is an elementary
path of death, then the good path 7 in FOUTJ! given by F(t) = v(1—t) forall t € [0,1] is
by Definition 1 in [9, III.2.3, p. 71] an elementary path of birth. If 4 denotes the adapted
homotopy induced by 7, then ¢+ hj_; is the desired adapted homotopy induced by -.)
Let i denote the index of ~.
In the notation of [9, IIL.1.1, p. 65], the model of birth of index i is a suitable closed
cylinder B x J C R* ! xR where B = p- D" ! and J = p- D' for some p > 0, and the
standard path of birth of index ¢ on R™ is a certain smooth map b: [0, 1] x R” — R such
that the support of b is contained in the interior of B x J, suppb C ¢(int B x int J).
By [9, III.1.2, p. 66], there exists an embedding ¢: B x J — Y and an orientation
preserving embedding ¢’: J — [0,1] that misses the critical values of (0) such that
(a) ~(t) =~(0) on the complement Y \ ¢(B x J).
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(b) y(t)op=¢ ob; forall tel0,1].

As suppb C p(int B x int J), it follows from (a) and (b) that h; = ho on the open subset
Y \ ¢(suppd) C Y for all ¢t € [0,1]. This implies that h is smooth on the open subset
[0,1] x (Y'\ o(suppb)) C [0,1] x Y. Note that hs(Y?) = ho(Y?) = {i} for i = 0,1 and all
t € [0,1] because dY C Y \ ¢(suppb). Furthermore, (b) implies that h is smooth on the
open subset [0, 1] X ¢(int B x int J) C [0,1] x Y because b is smooth. Therefore, h is a
smooth map. One has to check that h has the properties of an adapted homotopy:

(ii). Tt follows from 9Y C Y \ ¢(suppb) and hy = hg € F° on Y \ ¢(suppb) for every
t € [0,1] that h; has no critical points on 9Y =Y L Y?!.

(i). As hp € F° and Pl \p(supps) = holy\gpsupps) for every t € [0,1], h; has only
non-degenerate critical points on the open subset Y \ p(suppb) C Y. Since suppb C
o(int B x int J) , it remains to consider h; on the open subset ¢(int B xint J) C Y, where

it is by construction of the form

htosf’@@IObt:SOlolw;tolfl

for a certain automorphism 1 of R™. Here, [; is the standard form for a path of birth of
index i (see [9, IIL.1.1, p. 64]), and lz; is a modified version of [; that coincides with I
in a neighbourhood of all its critical points and has compact support.
Note that /; has no critical points for ¢t € [0,1/2), Iy /2 has exactly one critical point at
the origin that is degenerate, and [; has two non-degenerate critical points for ¢ € (1/2,1],
which lie on different levels, and on levels different from those of hg (see [9, III.1.1, p. 65]
and [9, II1.1.2, p. 66]). Consequently, using (ii), h: is an excellent Morse function for
t #1/2. In particular, property (i) for adapted homotopies holds.
(i73). Since hg € FY and Pty \p(supp) = Poly\psuppr) for every t € [0,1], parts (i)
and (ii) of Proposition 4.5.3 imply that h is a fold map on [0,1] x (Y \ ¢(suppb)).
Hence, it remains to consider A on on the open subset p(int B x intJ) C Y, where
hiop=¢ olgso 1! as shown above. Since lz,+ coincides with [; in a neighbourhood
of all its critical points, and [; has only non-degenerate points for all ¢ € [0,1] except
for 1;/o at the origin of R", parts (i) and (i) of Proposition 4.5.3 imply that his a
fold map on ¢(int B x int J) \ ¢(0). In a neighbourhood of the origin, the track of Iz,
(t,x) = (t,lzt(z)) = (t,l¢(x)), is the standard form of the Whitney cusp. All in all, this
shows that £ is a generic smooth map.
Finally, J(h) = J(v). (In fact, as shown above, h; = () is an excellent Morse function
for all ¢ € [0,1] \ {1/2}, and the non-degenerate critical points of h;,, are contained in
Y\ p(suppb), where h|y\gsupps) = holy\p(supps) for all ¢ € [0,1]. Hence, Lemma 8.3.3
implies that J(h) = J(h1) U d(h1). On the other hand, v~1(F°) = [0,1] \ {1/2} and
Lemma 8.3.3 imply that J(v) = 3d(h1) Ud(h1).)

e 7 is a descending elementary path of 1-crossing.
By Lemma 8.3.3, it suffices to show that h is smooth and that h; is a Morse function for
all t € [0,1] that is excellent for ¢ near 0 and 1.
By [9, I1.3.1, p. 48] ~ is in particular a descending elementary path for some critical point
c of index i of the Morse function 79 € F° as defined in [9, I1.1.2, p. 42]. Following
the notation of [9, II.1.1, pp. 40-41], let M; denote the Morse model of index i and let

k; denote the standard descending path, which is by construction smooth in ¢ and has
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support in int M; .
By [9, I1.1.2, p. 42] there exists an embedding ¢: M; — Y such that ¢(0) = ¢ and an
orientation preserving embedding ¢’: [—1,1] — [0, 1] such that
(a) 74 =0 on the complement Y \ ¢(M;).
() vrop=¢ ok forall tel0,1].
As suppw C M; by construction, it follows from (a) and (b) that 74 = 70 on the open
subset Y \ p(suppw) C Y. Hence, we conclude from vy € F0 that for every ¢ € [0,1], 7
has only non-degenerate critical points on Y \ ¢(supp@) which lie all in the interior of ¥
and y(Y?) = {i} for i =0,1.
As suppw C M;, it remains to consider 7, on @(M;). It follows from Lemma 1 in [9,
I1.1.1, p. 41] that k; has a single non-degenerate critical point in int M; for all ¢ € [0, 1].
All in all, it follows from (b) that ~; is a Morse function for all ¢ € [0,1]. (In particular,
v has no critical points on the boundary of Y).
Finally, properties (a) and (b) imply that h is smooth because k; has compact support
in int M;.

O

The following theorem answers the question of when two given elements of F° that can be

connected by a good path can also be connected by an adapted homotopy.

Theorem 8.3.9. If v is a good path in F° U F', then there exists an adapted homotopy h
between hg = v(0) and hy = y(1) such that J(h) = J(v) .

Proof. As every good path v in F0 U J! is the concatenation of a finite number of traversing

paths, it suffices by Proposition 8.3.5 to prove the theorem in the following two special cases:

e v isa path in J°.
This case is considered in Lemma 8.3.7.

e 7 is a traversing path in F°UJ?!.
Proposition 8.2.4 states that « can be replaced by the concatenation ' *+” of an elemen-
tary path 7/ such that 7/(0) = v(0) and a path 4” in F° such that ”(0) = /(1) and
7"(1) = 4(1). Moreover, Lemma 8.3.7 implies that J(v) = J(7')Ud(7”). By Lemma 8.3.8,
7' induces an adapted homotopy h’ such that h, = /(i) for ¢« = 0,1 and J(h') = J(v').
As shown in the first special case of the present proof, there exists an adapted homotopy
R" between hy = ~"(0) and h{ = ~”(1) such that J(h"”) = J(v”). Hence, by Proposi-
tion 8.3.5, the desired adapted homotopy can be chosen to be h := h' x. h” (for suitable
e€(0,1)).

O

Next, we specialize to the case that Y is a cylinder.

Corollary 8.3.10. Suppose that (Y, Y, Y1) = ([0,1] x Y, 0 x YV, 1 x Y1) is a cylinder of di-
mension n > 6, and let Y° be simply connected. Suppose that fo, f1: (Y,Y?, Y1) — ([0,1],0,1)
are excellent Morse functions without critical points of index different from k — 1 and k for

some integer 3 < k < n — 2. Then there exists an adapted homotopy h between hg = fo and
h1 = f1 such that

J(h) C {max{k — 1,n+ 1 — k}, max{k,n — k}} = Jj.
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Proof. By Proposition 8.2.5, there exists for i = 0,1 a good path 7; in F° U F' with origin
7:(0) = fi such that ~;(1) € O° and J(v;) C Ji. In particular, the endpoint g; := v;(1) has
no critical points of index different from k& — 1 and k. As Y = [0,1] x Y? is the cylinder,
Lemma C.0.1(a) implies that g; has an equal number of critical points of index & — 1 and k
for ¢ = 0,1. Consequently, g; € 9271. It follows from Theorem 8.2.6 for ¢ = k — 1 that there
exists a good path v: [0,1] — F)_, UFL ;| between v(0) = gop and (1) = g;. In particular,
d(v) C Jg . Therefore, the concatenation ¢ := 7 *y*77 is a good path from fy to f; such that
3(6) = () Ud(y) Ud(n) C Ji. Finally, an application of Theorem 8.3.9 yields the desired
adapted homotopy h. ]

Similarly, there is also the following corollary of Theorem 8.2.8:

Corollary 8.3.11. Suppose that (Y,Y°,Y') is a smooth manifold triad of dimension n =
dimY > 7 such that the pair (Y,Y?) is (I — 1) -connected for some integer 0 <1< [n/2] —1,
and Y is simply connected for i = 0,1. Suppose that fo, f1: (Y,Y°, Y1) — ([0,1],0,1) are
excellent Morse functions such that every critical point of f; has index in {l,...,n — 1} for

i =0,1. Then there exists an adapted homotopy h between hg = fo and hy = f1 such that
dh) c {[n/2],...,n—1} = J.

Proof. By Proposition 8.2.5, there exists for i = 0,1 a good path 7; in F° U F! with origin
7:(0) = f; such that ~;(1) € O° and J(y;) C J;. In particular, the endpoint g; := 7;(1) lies
in ?B,n—l] for i =0,1. It follows from Theorem 8.2.8 that there exists a good path ~: [0,1] —
SF{[)l,n—l] U ?[1l,n—l] between v(0) = go and (1) = ¢1. In particular, J(v) C J;. Therefore, the
concatenation § := yp*y*77 is a good path from fy to fi such that J(6) = J(y0)Ud(vy)Ud(11) C
Ji. (Recall that 77 denotes the good path in FYUJ?! given by t +— 41 (1 —¢) for all ¢ € [0,1].)
Finally, an application of Theorem 8.3.9 yields the desired adapted homotopy h . O
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8.4 Proof of Theorem 8.0.1

Applying Remark 8.3.6 to the adapted homotopies f|1/41/3xm (at t =1/3) and gl[2/3.3/4)x 1

(at t =2/3), it suffices to construct a generic smooth map
F:[1/3,2/3] x M — R?

such that the absolute index of every fold point of F is contained in {|%],...,m—k}U{m—1},
and such that F/34xp = idj1/34 X f1/3 and Flpa/3xm = idjp2/3) Xg2/3 for suitable a €
(1/3,1/2) and b€ (1/2,2/3).

In the following, by abuse of notation, we will write fy for fi,3 and fi for go/3. Furthermore,
without loss of generality, we will replace the interval [1/3,2/3] by [0,1]. In particular, the
desired F will be a generic smooth map F': [0,1]x M — R? such that the absolute index of every
fold point of F' is contained in {|% |,...,m—k}U{m—1}, and such that Fljg 4. = id[,q X fo
and F|p 1« = idp,1) xg1 for suitable a € (0,1/2) and b€ (1/2,1).

Lemma C.0.4(a) implies that M is orientable, and by part (b) of the same Lemma, f; has
for ¢ = 0,1 exactly one critical point cg of index 0 and exactly one critical point c} of index

m—1.

Without loss of generality, we may for i = 0,1 in addition assume that fz(cf )= for 7=0,1.
(In fact, by means of a suitable isotopy of R, one can construct for i = 0,1 an adapted homotopy
h' with h¢ = f;, and such that all hi:= h'(t,—), t € [0,1], are excellent Morse functions with
the same critical points of the same indices, and such that h’i_i satisfies h’l_l(cg ) = j for

j =0,1. The claim then follows from Proposition 8.3.5.)

For suitable € > 0 there exist orientation preserving embeddings
2Dt 5 M, 0,5 €{0,1},
such that ¢](0) = ¢/ and

(fiod)@) = ([elP) = j+ (~17]2l®,  we2e-D™ (x)

In addition, possibly making ¢ > 0 smaller, there exists a diffeotopy G: [0,1] x M — M (i.e.,
G is a smooth map such that Gy = idy, and Gy := G(t,—): M — M is a diffeomorphism
for every t € [0,1]) such that G o Lg = L{ for j = 0,1. (In fact, to construct G, note first
that there exists a diffeotopy of M that maps ¢}(0) to 2 (0) for j = 0,1. Hence, we may
assume without loss of generality that p’ := L%(O) = L{ (0) for j = 0,1. Note that 3 U ¢} and
19 U} define partial tubular neighbourhoods of {p",p'} in M. As explained in [22, p. 109],
1) U} contains for 4 = 0,1 a tubular neighbourhood &; of {p",p'} such that & =) U} near
{p° p'}. Then, [22, Theorem 5.3, p. 112] implies that & and & are isotopic in the sense of
Definition B.0.5. Note that, since 3 Ut} and «§ U} are both orientation preserving, we may
achieve that the linear isomorphism §y — & described in property (ii) of Definition B.0.5 is
the identity map. The claim now follows from the isotopy extension theorem [22, Theorem 1.3,
p. 180].)

Set g; == fioG;: M — [0,1] for ¢ = 0,1. By construction, g; has the same critical point of
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index 0 as go = fo, namely cJ, and the same critical point of index m — 1 as go = fo, namely
c§. Moreover, g; oy = fiou! for i,j € {0,1}. As f; 04! is independent of i by (x), one can

conclude that gg o Lé =gyod for j=0,1.

It suffices to construct the desired F' with respect to go and g; (instead of fy and f;). In
fact, if F' has been constructed between gg and g;, then one just has to precompose it with
the diffeomorphism [0,1] x M — [0,1] x M, (t,y) — (t,G; (y)).

Let V := M\ (§(c- D™ ) Uid(e- D™ 1)) and VI := (d(e - D™ 1)) = §7=2 for j = 0,1.
Finally, let U7 := i)(e - D™ 1).

Note that g; restricts to an excellent Morse function
hi = gilv: (V, VO V) = (62,1 —€2],e%,1 — &%)

such that J(h;) =d(fi) \ {O,m —1} C{k—1,...,m —k}.

Corollary 8.3.11 yields for [ := k — 1 an adapted homotopy
h:[0,1] x (V, VO V1Y) = ([€%,1 —€?],e%,1 — £2)

between hg and h; such that J(h) C {k—1,...,m—k}. (Note that the pair (V,V7) is (k—2)-
connected for j = 0,1 by Lemma C.0.3 and the long exact sequence of homotopy groups for
the pair (V,V7) because V7 = 8§™=2 and J(hy) =C {k—1,...,m —k}.) By Remark 8.3.6 we

may in addition assume that h; = h; for ¢ near ¢ =0,1.

There exists a diffeomorphism p: R — (0,2) such that p(r) = v +1 for r € (—1/2,1/2).
(In fact, let po: R —+ (—1,00) be a diffeomorphism such that po(r) = r for r > —1/2.
Furthermore, let p;: (—1,00) = (0,2) be a diffeomorphism such that pi(r) = r+1 for
r € (—1,1/2). Then the desired diffeomorphism is given by the composition p := pjopg: R =

(0,2).)

For j =0,1, p gives rise to a tubular neighbourhood a’ of V7 in U’ via
¢ Rx VI U, dd(u,0) = gp(u) - ()7 (v)),
that restricts to a diffeomorphism

a|: ([0,00) x VI, 0x VI) S5 (VAU VI, al(u,v) = d(p(u) - () (v)).

Moreover, a’ gives rise to a tubular neighbourhood o of [0,1] x V7 in [0,1] x U7 via

o 0,1 x R x VI = [0,1] x U7, o (t,u,v) = (t,d’ (u,v)).

Fix j € {0,1}. The composition
B =€l oh|: [0,1] x (VNU?, V) = ([e2,00),€?)

is a smooth map such that h := hJ (t,—) has no critical points on V7 for every t € [0,1] and

h{:hg for t near 1 =0,1.

Moreover, using the diffeomorphism a’/| mentioned above, we have for ¢ near i = 0,1 and
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(u,v) €[0,1/2) x V7 that

(h] 0 @) (u,v) = & (hi(a! (u,0)) = (7 o hy 0 ) (p(w) - ()~ (v))
= (¢ o fio i) (p(w) - (1) 7' (v) = llp(w) - ()" (W)II* = (u+ 1)

Therefore, by Proposition B.0.1 (applied to X := 0 x VJ/, Y := [0,00) x VI, and f; :=
1/e2(hJ 0 a’|) — 1), there exists (for suitable § > 0) a smooth map

V0,1 % [0,8) x VI = [0,00) x VI, (t,u,v) — b (t,u,v) =: b (u,v),

such that b/ is a collar of V7 x 0 in V7 x [0,00) for all ¢ € [0,1], b(u,v) = (u,v) for ¢ near
i =0,1, and the composition hJoa’ob!: [0,8) x VI — [¢2, 00) is of the form (u,v) > e2(u+1)
for all t € [0,1].

Application of Proposition B.0.3 yields a smooth extension

b:[0,1] x (—=6,8) x VI 5 R x V7
of b such that l}z

:= b/ (t, —, —) is a tubular neighbourhood of 0x V7 in Rx V7 forall ¢ € [0, 1],
and b (u,v) = (u,v) for

t near 1 =0,1.

We apply Proposition B.0.7 (compare Remark B.0.8) to the cylinder [0,1]x V/ and the (partial)
tubular neighbourhood (7 of [0,1] x V/ =1[0,1] x 0 x V7 in [0,1] x R x V7 given by the track
of ¥,

B:00,1] x (=6,8) x VI 5 [0, 1] x Rx VI, BI(t,u,v) = (t,b(u,v)),

to obtain for i = 0,1 tubular neighbourhoods (l%f ,&7) (where & denotes the trivial vector bun-
dl'e [0, 1] xR x Vj — [O, 1] X VJ) such that k6|[0,1]><(—6”,6”)><\/j = id[O,l]XRXVj [0,1]x (—6",6")x VI and
k{’[o,l]x(fé”,é”)x\/j = IB']’[O’I]X(i(S//’éH)XVj for a suitable §” S (O, 6) (SuCh that [O, ” X (—5”, (5”) X
V7 plays the role of the neighbourhood U in Proposition B.0.7), and an isotopy

K7:[0,1] x [0,1] x R x VI = [0,1] x R x V¥

of tubular neighbourhoods from (l?:g,ﬁj) to (l%{,&j) such that K’{ = ];:{ It follows from
B (t,u,v) = (t, IN)g(u, v)) = (t,u,v) for all (t,u,v) € [0,1] x (=§,8) x V7 such that t is near
i = 0,1, that K7 can be chosen to satisfy KJ(t,u,v) = (t,u,v) for all s € [0,1] and all
(t,u,v) € [0,1] x (=48",08") x VI such that t is near i = 0,1, say t € [0,¢9) U (1 — to,1] for
suitable to € (0,1/2).

Next we apply the isotopy extension theorem [22, Theorem 1.4, p. 180] to the open subset
U :=[0,t0) x M Ua’([0,1] x (=6",8") x VYU al([0,1] x (=6",8") x VIYU (1 —tg, 1] x M

of the manifold [0, 1] x M and the compact subset A :=[0,1] x VOU[0,1] x VIUOx M U1 x M
of U and the isotopy of U in [0,1] x M given by

K:[0,1]xU — [0,1]x M, K(t,2) = {(t,:n), if t € [0,t9) U (1 — to, 1],

od (KI(t,u,v)), if x = a’ (u,v) € a?((—=0",8") x V7).
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Note that the image of [0,1] x U under the track K of K is an open subset of [0, 1] x [0, 1] x M .
(In fact, the argument is analogous to that in the last part of the proof of Lemma B.0.4, where
the role of K is played by G. For this purpose, we may assume without loss of generality that
Ks; = K; for s near i € {0,1}. Then, all that remains to check is that Ks: U — [0,1] x M is
for every s € [0,1] an embedding such that K,(0U) C 9([0,1] x M). This holds because a’, o/
and K7 are for j = 0,1 embeddings, and K7 restricts to the identity map U = {0,1} x M =
0([0,1] x M).)

This yields a diffeotopy of [0,1] x M that agrees with K in a neighbourhood of [0,1] x A in
[0,1]xU, say on [0,1)x MU ([0, 1] x (=", 8" ) x VUl ([0, 1] x (=", 8" ) x VHUu(1—t1,1]x M
for suitable ¢ € (0,¢”) and t1 € (0,%9).

In particular, the endpoint of the diffeotopy is an automorphism
©: ([0,1] x M,0x M,1 x M) —» ([0,1] x M,0 x M,1 x M)

with the following properties:

(©1) O restricts to an automorphism of ([0,1] x V,[0,1] x V°,[0,1] x V1),
(©2) © restricts to the identity on ¢ x M for ¢ near 0 and 1.
(@3) For ] = 0, 1 we have (C"’) o O[j)|[0’1]><(75///’5///)ij = (Of‘] o ﬂj)|[0,1]><(75”’,5”’)><Vj .

It follows from (01) and (©2) that H :=ho Olo,1]xv (h denotes the track of h) is a generic
smooth map whose fold points are all of absolute index contained in {k—1,...,m—k}, and H

is the suspension of H; = h; in a cylinder neighbourhood of i x M in [0,1] x M.
Moreover, by (©3), for all (t,u,v) € [0,1] x [0,8"”) x V7 we have

(Hoo?)(t,u,v) = (hod! o) (t,u,v) = €& (h (o (t, b (u,v))))
= &l (h{(a? (b](u,)))) = &/ (*(u+ 1)).
For 7 =0,1 define the (definite) fold map

HI: 0,1 x U7 = [0,1] xR, HI(t,2) = (t,5 + (=1)’1|(:) " (@)[]*) = (&, €/ ([|(:) " @)I*)).

Then, for all u € [0,6"”) C [0,1/2), t € [0,1] and v € V7, we use p(u) = vu+1 and
()1 (v)]|* = €2 to obtain

(H 0 a?)(t,u,0) = HI (8, (p(u) - (1)~ (©))) = (8, ([Ip(w) - ()" (0)|P)) = (¢, € (€% (u + 1))

This shows that H7 and H coincide on a neighbourhood of [0,1] x V7 in [0,1] x V.

Finally, the desired generic smooth map F': [0,1]x M — [0,1]x [0, 1] is defined by F|jgjxv = H
and F‘[O,I]XUj = 1{‘7 .

This completes the proof of Theorem 8.0.1.



Chapter 9

Modifying Indefinite Fold Maps via

Stein Factorization

Stein factorization is a powerful tool for the study of smooth mappings that has been introduced
by Burlet and de Rham in [8]. It has been employed by Saeki (see e.g. [48] and [47]) for the

study of special generic functions.

Let us recall the notion of Stein factorization of an arbitrary continuous map f: X — Y between
topological spaces (see for instance [21, Definition 2.1]). Define an equivalence relation ~; on
X as follows. Two points x1,z2 € X are called equivalent, x1 ~ x2, if they are mapped by f
to the same point y := f(z1) = f(x2) € Y, and lie in the same connected component of f~!(y).
The quotient map 7y: X — X/ ~; gives rise to a unique set-theoretic factorization of f of the

form

X f

o 5

X/ ~y¢

Y

(Note that f is well defined by setting f(ms(z)) := f(x) since my(z) = my(2’) implies by
definition of ~y that x and ’ lie in the same fiber of f.) If we equip Xy := X/ ~; with the
quotient topology induced by the surjective map m¢: X — Xy (i.e. a subset U C X is open
in Xy if and only if wj?l(U ) is an open subset of X ), then it follows that the maps 7¢ and f

are continuous. Then, the above diagram is called the Stein factorization of f.

If the spaces X and Y and the map f carry more structure, then one can also expect to say

more about their Stein factorization (see [29]).

If f happens to be a special generic map, then X, even carries a smooth manifold structure
(see [47]). A detailed account is worked out in [19].

Section 9.1 gives an individual proof of a version of this fact in the setting of indefinite fold lines
(see Theorem 9.1.7). Afterwards, in Section 9.2, we formulate some techniques of modifying Stein

factorizations. This culminates in a gluing theorem for Stein factorizations (see Theorem 9.2.4).
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9.1 Stein Factorization for Indefinite Fold Maps

Let f: X — Y be a continuous map between topological spaces. Eventually, in Theorem 9.1.7,
f will be a suitable fold map between certain smooth manifolds. In order to construct charts

on Xy, we prepend the following convenient notion for subsets of X:

Definition 9.1.1. A subset S C X is called Stein adapted for f: X — Y if SN f~1(y) forms
a component of f~1(y) for every point y € f(5).

The next goal is to give conditions that suffice to show that Xy is a manifold. The method is
to construct charts on Xy from suitable Stein adapted open subsets of X . For this purpose, U

needs to be chosen in such a way that f(U) C Y := R? is an embedded manifold with corners.

Lemma 9.1.2. If S CY 1is Stein adapted for f: X — Y, then

(i) §=m7'(ms(9)).
(ii) f: Xy —Y restricts to a (continuous) bijective map ¢ (S) = f(9).

Proof. (i). It is clear that S C 7rj71(7rf(S)). Conversely, given x € 7r]71(7rf(S)), there exists
s € S such that 7y(x) = m¢(s). By definition of the quotient map 7¢: X — X this means that
z and s lie in the same component C of f~1(y), where y := f(z) (= f(ms(x)) = f(rs(s)) =
f(s)). Since S C Y is Stein adapted for f, it follows from y = f(s) € f(S) that C = SNf~1(y)
because s € CN (SN f~1(y)). In particular, z € C C S.

(i3). Observe that f: Xy — Y restricts to a (continuous) surjective map 7¢(S) — f(7¢(S9)) =
f(S). To show injectivity, suppose that the elements z,z’ € 77(9) satisfy f(z) = f(z’). Writing
z=ms(z) and 2’ = mp(2') for suitable x,2’ € S, this amounts to y := f(z) = f(2) = f(2/) =
f(z') € f(S). Consequently, since S C Y is Stein adapted for f, the points =, 2’ € SN f~1(y)
lie in the same component of f~!(y). Hence, 2 = ms(x) = ms(2') = 2/ by definition of the
quotient topology on X. O

Corollary 9.1.3. Suppose that X is compact and Y +is a Hausdorff space. If there exists a
finite cover X = U;c; Ai by closed subsets A; C X, i € I, such that A; C X is Stein adapted
for f for every i € I, then f restricts to a closed map wr(A;) — f(A;) for every i € I, and

¢ 18 a closed map.

In particular, if X is a Hausdorff space, then Xy is a Hausdorff space by [36, Theorem 5.4, p
252].

Proof. Fix i € I. In order to show that f restricts to a closed map ms(4;) — f(4;), let A be
a closed subset of 7;(A;). Observe that 7;(A;) is a closed subset of X;. (Indeed, as A; C X
is a Stein adapted subset for f, Lemma 9.1.2(¢) implies that A; = 7r]71(7rf(Ai)). Hence, by
definition of the quotient topology the claim follows.) Therefore, we conclude that A" := 7 7 1(A)
is a closed subset of X that is contained in W;l(ﬂ'f(Ai)) = A; (note that 7y is surjective). As
f(A) = T(?Tf(ﬂ';l(A))) = f(A), it remains to show that f(A’) is a closed subset of f(A;). In
fact, f(A’) is a closed subset of Y because f is a continuous map from the compact space X
to the Hausdorff space Y. Moreover, A" C A; implies f(A’) C f(A;), which shows that f(A’)
is a closed subset of f(A;).
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It remains to show that 7y is a closed map. If B C X is a closed subset, then B; := BN A; is
a closed subset of X for every i € I. As f is a continuous map from the compact space X to
the Hausdorff space Y, f(B;) is a closed subset of Y for every i € I. Therefore, f_l( f(Bi)) is

a closed subset of Xy for all i € I. Note that f_l(f(Bi)) =f 1(f(7rf(Bi))) = 7y(B;) because
mp(B;) C my(A;) and f restricts to a bijection 7p(4;) = f(A;) by Lemma 9.1.2(i7) (recall
that A; is by assumption a Stein adapted subset of X for f for all ¢ € I'). Finally, being
the union of a finite number of closed subsets, 7¢(B) = 7¢(U;er Bi) = Ujer 7f(B;) is a closed
subset of Xy. O

Corollary 9.1.4. Suppose that there exists an open cover X = ;e U; such that f restricts to
an open map U; — f(U;) for every i € I. If U; C X is Stein adapted for f for every i € I,
then f restricts to an open map ws(U;) — f(U;) for every i € I, and ws is an open map.

In particular, if X is second countable (e.g. if X is a manifold), then Xy = mp(X) is second

countable as well.

Proof. Fix i € I. In order to show that f restricts to an open map 7¢(U;) — f(U;), let V be
an open subset of m¢(U;). Observe that 7,(U;) is an open subset of X;. (Indeed, as U; C X
is a Stein adapted subset for f, Lemma 9.1.2(:) implies that U; = W;l(ﬁf(Uz‘)). Hence, by
definition of the quotient topology the claim follows.) Therefore, we conclude that U := 77]?1(V)
is an open subset of X that is contained in 7TJ71(7rf(Ui)) = U; (note that 7y is surjective). As
flU)= T(?Tf(ﬂ';l(V))) = f(V), it remains to show that f(U) is an open subset of f(U;). This

is in fact the case because f restricts by assumption to an open map U; — f(U;).

It remains to show that m¢ is an open map. If U C X is an open subset, then U] := UNU; is an
open subset of U; for every i € I. As f restricts by assumption to an open map U; — f(U;),
it follows that f(U]) is an open subset of f(U;). Recall that f restricts to a continuous map
7¢(U;) — f(ms(Ui)) = f(U;). Therefore, f_l(f(Ui’)) is an open subset of 7¢(U;) for all i € I.
Note that f_l(f(Ui’)) = f_l(f(ﬁf(Ui’))) = 7(U}) because m¢(U!) C 7¢(U;) and f restricts
to a bijection 7¢(U;) = f(Ui) by Lemma 9.1.2(i7) (recall that U; is by assumption a Stein
adapted subset of X for f for all i € I'). As above, Lemma 9.1.2 (i) implies that 7(U;) is an
open subset of Xy. Thus, we have shown that 7¢(U;) is an open subset of X for all i € I.
Finally, being the union of open subsets, 7¢(U) = 7f(U;cr Uj) = U;er m¢(U;) is an open subset
of Xy. O]

Lemma 9.1.5. Let W be a compact smooth manifold with boundary OW of dimension m :=
dimW > 2. Set L := Rx 0 C R?. Suppose that F: W — R? is a fold map such that
LNF(OW) =0 and F|g) is transverse to L. Then, M := F~Y(L) is a closed submanifold of
W such that S(F) h M . Furthermore, for suitable € > 0, there exists a tubular neighbourhood
M x (—e,e) of M = M x0 in W on which F is of the form F(z,t) = (f(z,t),t), (z,t) €
M x (—e,¢).

Proof. Let 7p: R? — R denote the projection to the second component. (In particular, L =
771(0).) Then,
Frp:=npoF: W —R

is a smooth map such that F;'(0) = M. Moreover, as F| s(r) is transverse to L, it follows

that 0 is a regular value of Fj,. As W is compact and F; '(0) = M, we conclude that there
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exists g9 > 0 such that F;'((—eg,c0)) NOW = (), and every t € (—&g,&0) is a regular value
of Fr. (In fact, as Fp is a submersion at every point in M , there exists a neighbourhood
U of M in W such that Fy is a submersion on U. As F (W \U)U Fr(0W) C R\ {0}
is compact, there exists g9 > 0 such that Fj '((—eo,c0)) C U\ OW. Consequently, every
t € (—e0,e0) is a regular value of Fr.) Fix € € (0,g0). Then, [22, Exercise 5, p. 32
implies that F; !([—¢,¢]) is a smooth submanifold of W of codimension 0 with boundary
F;'(—e) U F;'(¢), and such that F; '([—¢,e]) NOW = 0. As Fy, restricts to a Morse func-
tion (F'([—¢,¢]), Fy ' (—e), Fy ' (e)) — ([—¢,¢€], —¢,€) without critical points, it follows that
F; Y ([~¢,€]) is diffeomorphic to the cylinder M x [—¢,¢] in such a way that F, becomes the

projection to the second factor.

O

The following Lemma provides the local prototype of Stein factorization for indefinite fold maps.

Lemma 9.1.6. Let M be a connected closed smooth manifold of dimension m —12> 2. Let F
be a fold map of the form

F= (f,pr[071]): M % [0,1] - R x [0, 1], F(x,t) = (f(x,t),t),

without fold lines of absolute index m — 2. Then the following statements hold:

(1) All fibers of F are connected.
(ii) F(M x [0,1]) C R? is the image of an embedding ® of the form

® = (¢, prigy): [0,1] x [0, 1] — R x [0, 1].

(7i1) F restricts to an open map M x [0,1] — F(M x [0,1]).

Proof. For every t € [0,1] let fi: M — R be given by fi(z) = f(z,t). By Proposition 4.5.3, f;
is a fold map without critical points of index 1 and m—2 for all ¢ € [0,1]. (To apply the lemma
formally correct, one has to extend F for some € > 0 to a fold map M x (—¢,1+¢) — R? and
then applies Lemma 9.1.5 to construct suitable tubular neighbourhoods of M x0 and M x 1 in
M x (—e,1+¢).) Hence, by Lemma C.0.4(c), the fibers of f; are connected for all ¢ € [0,1].
This implies property (i) because F~'(F(x,t)) = f; '(f(x,t)) x t for all (2,t) € M x [0,1].

Concerning property (ii), observe that fy has precisely one minimum »y € M and one max-
imum pg € M by Lemma C.0.4 (b). Each of these points lies on a definite fold line of F' by
Proposition 4.5.3. It follows from pryy ;) oF" = pryy ;) that these definite fold lines are given by

the images of embeddings

v:[0,1] = M x [0,1], v(0) = (19, 0),
e [0? 1] — M x [07 1]a N(O) = (MO)O)a

such that prp ;jov = idjg 1) and pry;jop = idjg ). Now Proposition 4.5.3 implies that f; has
for every t € [0,1] a minimum at v(t) € M xt = M and a maximum at u(t) € M xt =M,
and these are unique by Lemma C.0.4 (b). Hence,

F(M x [0,1]) = {(s,t) e R*; t € [0,1], f(v(1)) < s < flul(t))}-
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As f(v(t)) < f(u(t)) for all ¢t € [0,1], the desired smooth map ¢: [0,1] x [0,1] — R can be

chosen to be
Po(a) == ¢(a,b) = a- f(v(b) + (1 —a)- f(v(b))
Finally, property (iii) follows from property (i) and Lemma C.0.4 (d). (In fact, it suffices to
show that
S Lo R Mx[0,1] = [0, 1% [0,1],  (&,6) > (¢ o f)(@),)
is an open map.)

O]

The following theorem clarifies the structure of Stein factorization in the case of a fold map

without fold lines of absolute index m — 2 from a cobordism W™ into the plane.
Theorem 9.1.7. Let (W, My, M3) be a smooth manifold triad of dimension m :=dimW > 3.
Suppose that F: W — R? is a fold map with the following poperties:

(i) F has no fold lines of absolute index m — 2.
(13) For suitable £ > 0 there exist collar neighbourhoods M x [0,¢) and Ma x (1 —¢e,1] of
My x0=DM; and My x 1 =My in W such that

F(z,t) = (fi(z),t),  (z,t) € My x [0,¢) UM x (1—¢,1],

where f; is a Morse function My — R for all t € [0,¢), and a Morse function My — R
forall t € (1—¢,1].

Consider the Stein factorization of F',

%% R2

Wg

Then, W can be given the structure of a compact smooth manifold of dimension 2 with corners
such that wp is a fold map and F is a submersion. Furthermore, if D(F) denotes the union
of the definite fold lines of F', then the boundary of W decomposes as

OWp = np(OW)Unp(D(F)),

where Tp(OW)Nwp(D(F)) = np(OW N D(F)) is the set of corners of Wg, and mp restricts
to an embedding D(F) — OWp .

Proof. For every point w € W, we will construct subsets w € V,, ¢ A, C U, C W with the

following properties:

(1) Uy, Vy C W are open subsets and A,, C W is a closed subset such that U, , V,, and A,
are all Stein adapted for F'.
(2) F restricts to an open map U, — F(Uy).
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(3) There exists a smooth manifold with corners Z,, of dimension 2 and an embedding a,,: Z,, —
R? such that ay(Zy,) = F(Uy).

Then W can be given the structure of a 2-dimensional compact smooth manifold with corners

as follows.

By property (1) we obtain an open cover W = ,cw Uw by Stein adapted subsets U, C
W such that F restricts to an open map U, — F(U,) for every w € W by (2). Hence,

Lemma 9.1.2 (ii) and Corollary 9.1.4 imply that F restricts to a homeomorphism g (U,) —
F(Uy) for every w € W. Invoking (3), we claim that a smooth atlas of W is given by

{poagtoF|.— ;we W, ¢: A— B is a chart of Z,,

F o (aw(A))
where A C Z,, and B C [0,00) % [0,00) are open subsets}.

(In fact, as mp is an open map by Corollary 9.1.4, it is clear that the family {Fﬁl(aw(A))}w, A
forms an open cover of Wg. Let us check that coordinate changes are smooth. Let ¢: A — B
and ¢': A’ — B’ be charts of Z,, and Z,, for points w,w’ € W such that the open subset
X :=F "(aw(A)NF (aw(A) C Wp is nonempty. Note that F(X) = ary(A) N (A') is
an open subset of F(U,) and of F(Uy,), so ap'(F(X)) C Z, and o/ (F(X)) C Z, are open

subsets. The coordinate change is of the form
(poaytoFlx)o (¢ oay o Flx)™t: ¢/(ay (F(X))) = ¢lay (F(X))),
where

(poay' oF|x)o (¢ oay oF|x) ™ =poay' o Flx o (Flx) ™ oaw o ¢ Y 01mx))
=poay o aw o -1 Fix)):

The latter expression is smooth since the restrictions

Q| : a;l(F(X)) — R?,
ek a;,l(F(X)) — R?,

are embeddings with the same image F(X).) Note that Corollary 9.1.4 also implies that W is
second countable since W is a manifold. Finally, one uses Corollary 9.1.3 to show that Wy is
a Hausdorff space. (Indeed, note that W is a compact Hausdorff space and R? is a Hausdorff
space. From the open cover W = UJ, ey Viw (see property (1)) we can extract a finite cover
W = Uier Vw, as W is compact. Therefore, still by property (1), we obtain a finite cover
W = Upew Aw by closed subsets that are all Stein adapted for F'. Hence, Corollary 9.1.3
implies that Wp is a Hausdorff space.)

Observe that by the above construction of a smooth atlas for Wy it is clear that F is locally
an embedding (or equivalently, as dim W = 2, an immersion). In particular, by commutativity
of the Stein factorization diagram, mr turns out to be smooth, and in particular a fold map

since F' is a fold map.

Given a point w € W, let us construct subsets w € V,, ¢ A, C U, C W with the desired
properties (1) to (3). First consider the case w ¢ OW . Fix an (affine) straight line L C R?
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through the point z := F'(w) such that F|g(py is transverse to L and LNF (W) = . (In fact,
note that (F|gr)) " (2) is finite because S(F) is compact. Let T’ denote the finite set of lines
in R? that are tangent to F(S(F)) at F(c), ¢ € (F|g)) ' (2). Let V denote the open subset
of R?\{z} consisting of those points v € R?\ {2} for which the line L, through v and z is not
parallel to 0 x R C R? and satisfies L, N F(OW) = (. (This can only be done if z ¢ F(OW).
Otherwise, if z € F(0W), then replace W by W\ (M; x [0,e/2] U Ma x [1 —¢/2,1]) in the
present argument.) Consider the smooth map p: V' — R that maps every point v € V' to the
intersection of the line L, and the line 0 x R € R?. Then one can choose L := L, , where
v € V is chosen such that p(v) is a regular value of po Fgp), and L, ¢ T'.) By composition
of F with an affine linear map R? — R? we may assume that L = R x 0 C R?. Hence, by
Lemma 9.1.5, M := F~1(L) is a closed submanifold of W such that S(F) M . Furthermore,
for suitable § > 0, there exists a tubular neighbourhood M x (—2§,20) of M = M x 0 in W
on which F' is of the form F(z,t) = (f(x,t),t), (z,t) € M x (=24,25). Let M,, denote the
component of M that contains w. Set Uy, := M, x (=9§,0), Ay, = My x [—=0/2,0/2] and
Vi 1= My x (=0/2,6/2). By Lemma 9.1.6, the fold map F,, := F|p, «[-54 Without fold lines

of absolute index m — 2 has the following properties:

(a) All fibers of F,, are connected.
(b) Fyu(My x [-8,0]) C R? is the image of an embedding ® of the form

B = (6, pri_sz): [0,1] x [6,6] — R x [~5,].

(c) Fy restricts to an open map M, X [=0,0] = F,(My x [=9,6]).

It remains to check the desired properties (1) to (3) for U, , A, and V. In fact, property
(1) follows from property (a) because U, , A, and V,, are unions of fibers of F,. Moreover,
property (2) is an immediate consequence of property (¢). Finally, property (3) follows from
property (b).

If we oW, say w € My, then one extends the fold map F|y, «jo.) slightly to a fold map
Fy: My x (—¢,¢) — R? without fold lines of absolute index m — 2. Setting L := R x 0 C R2,
one can then proceed exactly as in the case w ¢ OW . However, the correct choice of U, , Ay
and V,, will be the intersection of the choice above with M; x [0,¢). Moreover, the above
embedding M; x (—¢,e) = Fy,(M; x (—¢,£)) must be restricted to an embedding of the form
My x [0,e) = F(M; x [0,¢)), which produces the desired charts for the corners of Wp.

O]
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The following result shows that the definite fold lines of a fold map without fold lines of absolute
index m—2 behave in some sense rigid along m -dimensional cylinders. The proof demonstrates
impressively that Stein factorization can help to reduce certain problems about fold maps to

purely topological questions.

Corollary 9.1.8. (cylindrical rigidity of definite fold lines)

Let M be a connected closed smooth manifold of dimension m —1 > 2. Suppose that
F=(F,F): W:=Mx|0,1] — R?

s a fold map with the following properties:

(i) F has no fold lines of absolute index m — 2.
(ii) There exists € € (0,1/2) such that, for all t € [0,e] U[1 —e,1], Fy restricts to a Morse
function M = M xt — R, and Fy(x,t) =t for all z € M.

Then the Stein factorization Wr of F (see Theorem 9.1.7) is diffeomorphic to [0,1] x [0,1].
Consequently, F has exactly two definite fold lines, and these are intervals with one end in
M x 0 and one end in M x 1.

Proof. The proof exploits the following well-known topological fact:

Suppose that X is a connected compact 2 -dimensional topological manifold with boundary. If
X has a boundary component that is contractible in X , then X is homeomorphic to the disc
D?.

Let mp: W — Wpg be the Stein factorization of F' (see Theorem 9.1.7). Wpg is a connected
compact smooth manifold of dimension 2 with corners. Note that 7p(M x 0) and 7p(M x 1)
are intervals that are contained in OWp. Let C be the boundary component of Wr that

contains the interval 7z (M x 0). We distinguish between the following two cases:

e mr(M x 1) is not contained in C'. In this case C' is the union C' = 7p(M x 0) Unp(S)
of two intervals along the endpoints, where S is a definite fold line of F'. Since M is
connected, there exists a continuous map a: S' — W and two distinct points a,b € S*
such that one arc between a and b in S! is mapped homeomorphically to S and the other
arc is mapped to M x 0. Since M is simply connected by Lemma C.0.4 (¢) (here, one uses
that M admits a Morse function without critical points of index 1 or m—2, which follows
from Definition 4.5.1 and Proposition 4.5.3), W = M x [0, 1] is simply connected as well,
so the loop « is contractible in W . Hence, the loop 7r o « is contractible in Wg. Then
the topological fact above implies that Wr is homeomorphic to the disc D?. However,
OWp must have at least two boundary components since 7p(M x 1) is by assumption not
contained in C', contradiction.

o wp(M x 1) is contained in C'. In this case C is the union C = 7wp(M x 0) U mp(S) U
(M x1)Ump(S’) of four intervals along the endpoints, where S and S’ are two definite
fold lines of F'. Since M is connected, we may assume that there exists a continuous
map «: S' — W and four pairwise distinct points a,b,c,d € S! such that the arcs ab
and cd are mapped homeomorphically to S and S’, and the arcs be and da are mapped
to M x 0 and M x 1. The same argument as in the case above that wp(M X 1) is not
contained in C' now yields that Wg is homeomorphic to the disc D?. As OWp contains
four corners, it follows that W is diffeomorphic to [0, 1] x [0,1].
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O]

Remark 9.1.9. Suppose that m = 2 in Corollary 9.1.8. Then property (i) is meaningless
because 0 is not an admissible value for the absolute index of a fold line. Figure 9.1 gives a

counterexample to the conclusion of Corollary 9.1.8.

| =
| . ; T

Figure 9.1: A fold map F: S! x [0,1] — R?
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9.2 Local Modification of Stein Factorization

Lemma 9.2.1. Given € > § > 0, there exists a smooth map

F=(F,F): R+ \ {0} — R2, y=(t,z)=(t,z1,...,2n) — F(y),

with the following properties:

(i) F s a special generic map such that S(F) = (R x0)\0CR x R".
(i) The Stein factorization of F (see Figure 9.2) is given by

Wr = F(R"\ {0}) c R?.

A

Figure 9.2: Stein factorization of the special generic map F: R*T1\ {0} — R?

(i) F(y) = {(t7 =), Iyl >, for a suitable constant ¢ > 0.
/lylslyl =), iffyl <6,
-1, if s <0,
(iv) sgn(Fi(t,x)) =sgn(t), where sgn(s) =< 0, if s=0, for s e R.
1, if s >0,

Proof. Choose ¢’ € (§,¢) and ¢’ € (4,€).

Choose smooth maps «, 3,7: R — R with the following properties:

0, ifr <é,
e a(r) = , a(r) >0 for r > ¢, and o/(r) > 0 for all » € R. In
1, if r>e,
particular, a(r) >0 for all r € R.
c—r, ifr<é,
e 3(r) = for some suitable constant ¢ > 0, and 5'(r) < 0 for all
0, if r > ¢,

r € R. In particular, 5(r) > 0 for all r € R.

T, if r <6,
o (r)= , y(r) >0 for > 0.
1, if r > ¢,
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Define an open subset of R? by
U:={(p,q) €R; p*+q > 0}.

Let p: R2 — R be given by p(p,q) = VP> +q. As p(z) >0 for all z € U and ~(r) > 0 for all

r > 0, the following smooth map is well-defined:
®:U =R 2= (p,q) = 2(2) = (0/1(p(2)), a(p(2)) - 4 = B(p(2)))-

We will show that & restricts to an embedding on D := (R x [0,00)) \ {0} € U. For this
purpose, define the open cover U = Us s UU. by

Uss = {2 = (p,q) € U; p(z) > &'},
Ucor :i={2=(p,q) € U; p(z) <¢'}.

The Jacobian of ® at a point z = (p,q) € D N Usy is of the form

1 *
J @,Z = o' (o(2))- e
(®,2) (0 D 4 o(p(2)) — B2 ))))

since y(p(z)) =1 for all z € Uy . Hence, its determinant is given by

det J(®, 2) = ——(a/(p(2)) - 4 — B'(p(2))) + al(p(2)):

2p(2)

Note that ¢ > 0 (because z € D), & > 0 and —f" > 0, p(z) > 0 and a(p(z)) > 0.
Hence, det J(®,z) = 0 implies that a(p(z)) = 0 and §'(p(z)) = 0, simultaneously. However,
a(p(z)) = 0 implies that p(z) <&’ by construction, which yields 3'(p(z)) =1 in contradiction
to #'(p(z)) = 0. This shows that ® restricts to a local diffeomorphism U’ — R? on an open
neighbourhood U’ of DNUsg in U.

It suffices to show that ® is injective on D N Usg .
If 2= (p,q) € Ucer, then a(p(z)) =0 and B(p(z)) = ¢ — p(z) imply that ® is of the form

®(z) = (p/p(2), p(z) — ©).
Define the smooth map
¥: R? — R?, T(a,b) = (a(b+c), (b4 c)*(1 — a?)).
Note that if z = (p,q) € U~/ , then
(Vo @)(2) = U(p/p(2), p(2) = ¢) = (p, p(2)> = p°) = (p,q) = 2.
In particular, ®(U../) C V.. for the open subset

Vee = (R x (—¢,00)) N ¥ HU.) c R2
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By construction, every point (a,b) € V.o satisfies ¥(a,b) € U, and b > —c. Hence,

(® o W)(a,b) = ®(a(b+¢), (b +c)*(1 —a?) = (a(b+¢)/|b+¢c|, |b+c| — ¢) = (a,b).

Consequently, @ restricts to a diffeomorphism U,/ = V.o whose inverse is given by the

restriction of W.

All in all, we have shown that & restricts to a submersion D — R?. Next let us show that ®
is injective on D. (This will imply that ® restricts to an embedding D — R2.) Let z = (p, q)
and 2’ = (p/,¢) be two points in D such that ®(z) = ®(2). Setting r := p(z) and ' := p(2’),
this implies p/v(r) = p'/v(r') and a(r)-q— B(r) = a(r’) - ¢ — B(r"). In order to show z = 2’

we distinguish between the following three cases:

o)

e 2,2 € U.o. As ® restricts to a diffeomorphism U.., — V.., it follows in this case
from ®(z) = ®(2) that z = 2.

e Exactly one of the points z and 2z’ is contained in U, say z € U.o and 2/ ¢ U_.r.
Hence, r € (0,&') and ' > &'. It follows from B(s) = c—s for s < & and ['(s) <0
for all s € R that 8(r) > (). Using a(r) =0 (since r < '), a(r’) >0 and ¢ >0
(recall that 2’ € D), we obtain —f(r) = a(r’) - ¢ — (') > —=B(r') in contradiction to
B(r) > B().

e 2,2 ¢ U_.o. In particular, r,7’ > & > ¢'. Thus, it follows from ~(r) = v(r') = 1 that
p = p'. Therefore, it suffices to show that r = r’. Without loss of generality, we assume
that » < 7/, ie. ¢ < ¢'. It follows from ' > r > ¢ that «(r’) > 0. First suppose
that 7 = &’. In this case, we have «a(r) = 0. Consequently, using ¢’ > ¢ > 0 (because
q € D), we obtain —8(r) = a(r') - ¢ — B(r') > —B(r") in contradiction to f'(s) < 0 for
all s € R. Therefore, we may assume that r > ¢’ in the following. Then, a(r) > 0 and
q < ¢ yield a(r)-q < a(r) - ¢ . Finally, the facts ¢ > 0 (since 2’ € D), a(r) < a(r')
and —f(r) < —p(r") (recall that o/(s) >0 and f'(s) <0 for all s € R) imply

ar)-q—B(r) <a(r)-¢ —B(r) <a(r)-q—B(r")

in contradiction to «(r)-q— B(r) = a(r’) - ¢ — S(r"). Consequently, z = 2’ in this case.

Finally, define F' to be the composition of ® with the map A: R"*1\ {0} — R?, A(t,z) =
(t, |2]*):

F:R"\ {0} — R?, y=(t,z) = (t,21,...,2,) — F(y) = &(t, |z]*).

Note that this is a well-defined smooth map since the image of A is just D = (R x [0,00))\{0}.

It remains to check the desired properties (i) to (i7):

(i) . This follows from F = Wo A since the special generic map A: R**1\ {0} — R?, A(t,z) =
(t,|z|?), satisfies S(A) = (R x 0)\ 0 C R x R", and ® restricts to an embedding on D =
AR A{0}).

(73) . The Stein factorization of A is given by D = (R x [0,00)) \ {0}, the upper half-plane
minus the origin. Its boundary R\ {0} is transformed by the embedding ®|p to the boundary

shown in Figure 9.2.

(iii). If the point y = (t,x) = (t,21,...,2,) € R*1\ {0} satisfies p(t, |z|?) = /12 + |22 =
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ly| > e, then a(ly|) =1, B(ly[) =0 and ~(|y|) =1 imply that

F(y) = @(t, [2]*) = (¢/7(|y]), aly]) - |=[> = B(|y]) = (£, |z[*).
If p(t, |z|*) = [y| <3, then a(|y|) =0, B(|yl) = ¢ — |y| and y(|y[) = |y| imply that

F(y) = @(t,[2*) = t/v(yl), allyl) - |2* = B(JyD) = /Iyl lyl - c).

(iv). Tt suffices to note that Fy(y) = t/y(|y|) for all y = (¢t,z) = (¢t,21,...,2,) € R*1\ {0}.
O

Lemma 9.2.1 has the following consequences which we formulate in two Propositions:

Proposition 9.2.2. Let (W, My, Ms) be a smooth manifold triad of dimension m := dim W >
3. Suppose that F: W — R? is a fold map with the poperties (i) and (ii) of Theorem 9.1.7.
Let w,w' € W\ OW , w # w', be two definite fold points of F. Let U and U’ be open chart
neighbourhoods of w and w' diffeomorphic to the open ball {y € R™; |y| < e} € R™ for
some € > 0, and let V., V' be open chart neighbourhoods of F(w) and F(w') in R? that
are orientation preservingly diffeomorphic to open neighbourhoods of the origin in R?, such that
F(U)CV and F(U') C V', and in each of these coordinates F takes the form (t,z) — (t,]z|?).
Set Wy := W\(UUU'), and let W' := W/ ~ denote the smooth manifold obtained by 0 -surgery,
identifying r-yo ~ (0 — 1) -yo, r € (0,0), |yo| = 1, in the balls U and U’ for some 6 > 0.
Then there exists a fold map F': W' — R? such that F'|y, = Flw,, F'lwnw, s a fold map
with only definite fold lines, and Wy, is obtained from Wpg by attaching a 1-handle between
the points F(w) and F(w') in Wg.

Proof. Consider the Stein factorization 7wp: W — Wpg of F. Apply Lemma 9.2.1 for ¢ > 4 > 0
to replace 7p in the given local coordinates on U\ {w} and U’\ {w'} with the map constructed

there. By construction, the modified map nr takes the form

(t,x) =y =r-yo = (t/r,r —c) = ((wo)1,r —¢),  7€(0,0), |yl =1,

in the given local coordinates around w and w’. Hence, when identifying r - yo ~ (6 — 1) - yo,
one can also identify ((yo)1,7—¢) ~ ((y0)1, (6 —c) —7) in W := Wg\ {r;(w), 7p(w')} to obtain
a well-defined smooth map W’ — W/ ~. Note that W/ ~ is the result of attaching a 1-handle
between the points F(w) and F(w') in Wp. Furthermore, W/ ~ can be identified to be the
Stein factorization Wy, of a suitable extension of F|w, to a fold map F’: W' — R? such that
F'lynw, is a fold map with only definite fold lines. O
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Proposition 9.2.3. Fiz integers n > 6 and l € {2,...,[5] —1}. For i =1,2 let f;: M = R
be an excellent Morse function without critical points of index in {1,...,1—1}U{n—1+1,...,n—
1} on a connected closed smooth n -dimensional manifold M. (In particular, Lemma C.0.4(a)
implies that My and My are orientable. Moreover, by Lemma C.0.4(b), f; has for i = 1,2
exactly one critical point of index 0 and exactly one critical point of index n.) For i =1,2 and
A€{0,...,n} let VZ~(>\) denote the number of critical points of f; of index ).

There exists a compact smooth manifold W™TL of dimension n+1 with boundary diffeomorphic

to OW =2 (—My)iM18Mot(—Ms) , and a fold map F: W — R? with the following properties:
(i) For suitable € > 0 there exists a collar neighbourhood OW x [0,e) of OW x 0 = OW in
W on which F is of the form
F(z,t) = (fi(x),1), (x,t) € OW x [0,¢),
where fy: OW — R is an excellent Morse function for all t € [0,¢) .
(i) The number 1/(())‘) of critical points of fo of index A € {0,...,n} is given by

O I S T O ()

(iii) All fold lines of F' have absolute index in {[5],...,n—1}U{n}, and the Stein factorization
Wg of F (see Theorem 9.1.7) is diffeomorphic to the half-disc

{(z,y) €R?, 22 +y* < 1, z > 0}.

Proof. As all Stein factorizations considered in this proof coincide with the images of the un-

derlying fold maps in the plane, we will not make a formal distinction.

For i = 1,2 consider the fold map

Fi = fl X id[071}: Wi = Mi X [0, 1] — RQ.

Figure 9.3: Stein factorizations (W;)g,, i = 1,2

Figure 9.3 shows their Stein factorizations (W;)g = fi(M;) x [0,1] C R? (see Theorem 9.1.7),
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where the bold parts of the boundary represent the image of the definite fold lines of F; in Wg,,
and the dashed lines indicate the image of the indefinite fold lines of F; in Wg,. (The same

conventions will hold in all figures featuring Stein factorization.)

Let V := WihW5 denote the the boundary connected sum of W; and Ws with respect to the
boundary components M; x 0 of W; for ¢ = 1,2 (see [27, Addendum, pp. 507-508]). Note that
V' has three boundary components, and these are diffeomorphic to —M;, —Ms and MiM>.
Using Lemma 9.2.1 (iv), arguments analogous to those in the proof of Proposition 9.2.2 show
that one can construct a fold map G: V — R? whose Stein factorization Vi C R? is given by
Figure 9.4. In particular, all fold lines of G' have absolute index in {[5],...,n =} U{n}.
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Figure 9.4: Cutting the Stein factorization Vi along L

We cut Vi along the dotted smooth curve L = [0, 1] indicated in Figure 9.4. As L is transverse
to G(S(Q)), the preimage G~!(L) is a closed smooth submanifold of V' that is diffeomorphic
to (—My)EMgMsof(—Ms). (In fact, fix a diffeomorphism L = [0, 1] and introduce four points
ai,...,aq € [0,1] as indicated in Figure 9.4. Then there are diffeomorphisms

G71([0,a9)) = (=My1) \ pt, G '((as,1]) = (—My) \ pt,
G~ ((a1,a4)) = (M1§M>) \ {pt, pt'},
G_l((al,ag)) & G’_l((ag,a4)) = (0,1) x sn—t,

Finally, note that the direct sum operation is associative up to orientation preserving diffeomor-
phism.) The result of cutting Vi along L is evidently a smooth 2-dimensional manifold with
corners with two components. Let Y denote the component that corresponds to the shaded
region in Figure 9.4. Note that W := G~1(Y) is a compact smooth manifold of dimension
n + 1 with boundary OW = (—Mi)g Mg Maf(—Ms). Furthermore, G restricts to a fold map
F := G|w: W — R? whose Stein factorization Wp is diffeomorphic to Y. It is obvious from
Figure 9.5 that Y satisfies property (iii). As L is transverse to G(S(G)), there exists by
Lemma 9.1.5 a collar OW x [0,e) of OW x 0 = OW C W such that x — Fi(x,t) := fi(x) is
an excellent Morse function for all ¢t € [0,¢e) and Fy(z,t) =t for all (z,t) € OW x [0,¢), which
proves (i). By choice of L, it is clear that the numbers of critical points of fy are as required

in ().
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Figure 9.5: Wr 2 Y is diffeomorphic to the half-disc
O

The following result implements the gluing of fold maps with suitable boundary conditions,
which is needed in the proof of the inclusion G!, C 65;1 (see Section 10.3.2):

Theorem 9.2.4. Let (W;, M;, N;), i = 1,2, be smooth manifold triads of the same dimension
m = dim W; > 8. Suppose that N1 and Ms are connected and diffeomorphic to each other.

Let F;: W; — R?, i = 1,2, be fold maps with only fold lines of absolute index contained in
{1%),-. o m—=1=1yu{m—1} for some l €{2,...,[5] —1} such that, for suitable € >0 and
i = 1,2, there exist collar neighbourhoods M; x [0,e) and N; x (1 —¢e,1] of M; x 0 = M; and
N; x 1= N; in W; on which F; is of the form

Fi(xat) = ((fi)t(‘r)’t)v (l’,t) € M; x [075)7
Fi(xvt) = ((gi)t(x)at)7 (.%',t) € Nj x (1 - & 1]7

where (f;)¢ is an excellent Morse function M; — R for all t € [0,€) and (g;)¢ is an excellent
Morse function N; — R for all t € (1 —¢,1].

Suppose that (g1)1 and (f2)o have the same number of critical points of index X\ for every
Ae{0,...,m—1}.

Let h: Ny = M> be a diffeomorphism and let W := WU Wo be the gluing along the boundary.
Suppose that W is equipped with the unique smoothness structure (see [41, Lemma 3.7, p. 26])
determined by the requirement that M := h(Ny) = My C W has a closed tubular neighbourhood
M x [—€/2,e/2] CW such that the canonical embeddings p;: Wy — W satisfy

501(711,25) = (h(nl),t — 1), (nl,t) € Ny x [1 — 5/2, 1] (C Wl),
(pz(mg,t) = (mg,t), (mg,t) € M2 X [0,8/2] (C Wg).

Then the fold maps F; can be “glued” to a fold map F: W — R? with the following properties:

(1) Foptlw\ (N x[1—e/4,1)) = F1lwi\ (v x[1=2/4,1)) and Fop2|ywo\ My x[0,c/4]) = F2lwa\ (M x[0,¢/4]) -
(it) The Stein factorizations behave under gluing as Wr = (W1)r Up (N))=F(My) (W2)F -
(iii) F has only fold lines of absolute index contained in {|%],...,m —1—1}U{m —1}.

Proof. Property (i) tells us how to define F' on the open subset W \ (M x [—¢/4,¢/4]) of W.
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Therefore, it suffices to construct a fold map
Fur: M x [—¢/2,¢/2] — R?

with the following properties:

(1) Faowt|nyxpi—e/21-2/8) = F1lny x[1—e/2,1—/8) a0d Faro@a|ag,x(e/8,/21 = F2lMax(e/8,6/2) -
(#4)" The Stein factorization of Fjs is diffeomorphic to [0,1] x [—¢/2,¢/2].
(ii1)"  Fpr has only fold lines of absolute index contained in {|%],...,m —1 -1} U{m —1}.

The desired fold map F' will then be given by

Fuy(w), ifweM x|[—e/2,e/2] (CW),
F:W =R F(w) = Fer'(w), ifwep(Wr\ (N x[1-¢/8,1])),
Fy(pz ' (w)), if w € @a(Wa\ (My x [0,2/8])).

(In fact, note that F is a well-defined smooth map by property (i)’. Moreover, F is a fold
map that satisfies property (iii) because F)s is a fold map that satisfies property (iii) and
F;, i = 1,2, are by assumption fold maps with only fold lines of absolute index contained
in {[22],....,m —1—1}U{m —1}. Furthermore, observe that F satisfies property (i)
by construction. Finally, property (i7) follows from property (ii)’ and the definition of Stein

factorization.)

By Theorem 8.0.1 there exists a generic smooth map
Guy: M x [—€/2,e/2] = R x [—¢/2,¢/2]

such that Garowr| N x[1-e/2,1-¢/8) = 1INy x[1-¢/2,1-¢/8) and Garow2|aryx(e/8.e/2) = Folaix(e/8,/2) »
and such that the absolute indices of indefinite fold points of Gj; are all contained in the set
{1%],....m—=1—1}U{m —1}. The generic smooth map G has an even number of cusps
by Corollary 6.2.4. As the Morse functions g; and fo have the same number of critical points
of index A for every A € {0,...,m — 1} by assumption, we may eliminate all cusps by Propo-
sition 6.1.3 to obtain the desired fold map Fjs. Indeed, properties (i)’ and (iii)" are satisfied
by construction. Hence, property (ii) follows from cylindrical rigidity of definite fold lines (see

Corollary 9.1.8).
0
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Chapter 10

Detecting Exotic Spheres via
Indefinite Folds

10.1 Introduction and Statement of Results

In recent years, various results in the literature have been pointing to a deep relationship be-
tween surgery theory and the theory of singularities of smooth mappings. This perspective
is spectacularly underlined by a theorem due to Saeki [47] (see Theorem 10.1.1 below) which
provides a link between the study of exotic differentiable structures on spheres and the theory
of fold maps with only definite fold singularities, also known as special generic maps. Going
further, the purpose of the present chapter is to investigate in this context the role that is played

by indefinite fold singularities for the detection of exotic spheres.

Recall that a special generic function on a closed smooth manifold P of dimension > 1 is a
Morse function f: P — R with only minima and maxima. Note that the existence of a special
generic function on P is a strong condition which already implies that P is homeomorphic to
a finite disjoint union of standard spheres (see [47, Lemma 2.2]). Furthermore, a smooth map
F: @ — R? defined on a smooth manifold @ (possibly with boundary) of dimension > 2 is
called a fold map if for every singular point ¢ of F' in () there exist suitable coordinate systems

around ¢ and F(q) in which F takes the form

(ty 21,y xn) o (=2 — o —a? fa? 4+ ad),
where n + 1 denotes the dimension of ) and i € {0,...,n} is a suitable integer. (If ¢ lies on
the boundary of @), then we require F' to be in some boundary chart around ¢ the restriction to
the upper half space of a fold map defined on an open subset of R"™1.) For 9Q = 0 it is a well-
known fact that the singular locus of the fold map F is a 1-dimensional smooth submanifold
of @@ that is closed as a subset. The absolute index of F' at the singular point ¢,

max(i,n — i) € {[g},,n},

is intrinsically defined and is constant along components of the singular locus (so-called “fold
lines”). Fold lines of absolute index n are referred to as definite fold lines, otherwise they are

called indefinite fold lines. Finally, F' is a special generic map if all of its fold lines are definite.
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Throughout the present chapter, let n > 6 denote a fixed integer. The protagonists of Saeki’s

theorem are two abelian groups dependent on n that we shall introduce next.

Let ©,, denote the well-known group of homotopy n -spheres as defined for instance in [27]. Its
elements are represented by oriented homotopy n-spheres subject to the equivalence relation of
h-cobordism. The group law is given by taking the connected sum of two representatives, the
identity element is the class of the standard sphere with its standard orientation, and inverses

are given by reversing the orientation of a representative. This makes ©,, into an abelian group.

The (oriented) cobordism group of special generic functions f(n, 1) is defined as the set

[(n,1) == {(M", f); M"™ closed oriented smooth manifold of dimension n,

f: M — R special generic function}/ ~,

where two admissible pairs (M7, f1) and (M3, f2) are equivalent, (M7, f1) ~ (M3, f2), if there
exists a pair (W™ F) consisting of a compact oriented smooth manifold W"*! of dimension
n + 1 such that OW = M; U —M>, and a special generic map F: W — R? such that

Flanxj0,e) = f1 X idjg¢): My x [0,6) — R x [0,¢),
F|M2><(1—e,1] = fa X id(l—a,l]: Mj % (1 - & 1] — R x (1 -5 1]7

where M;x[0,e) and My x(1—¢,1] are collar neighbourhoods of M;x0 = M; and Myx1 = Mo
in W for suitable ¢ > 0. (Note that ~ is indeed an equivalence relation: symmetry is immediate
from the definition, transitivity is ensured by the form of F' near the boundaries, and reflexivity
(M"™, f) ~ (M™, f) is obtained by considering the suspension F' = f X idjg ;) on the cylinder
W = M x [0,1].) The composition law is given by disjoint union, [(M7, f1)] + [(MZ, f2)] :=
[(M7'U M3, fi U f2)] (observe that the manifolds in admissible pairs are not required to be
connected), the identity element is the class [(0), fy)] of the unique function f; from the empty

set to R, and inverses are given by —[(M", f)] := [(—=M™, —f)]. This gives I'(n, 1) the structure

of an abelian group.

Saeki’s theorem now provides an isomorphism between these two groups:

Theorem 10.1.1. For n > 6, the group homomorphism
®: 0, — ['(n,1)
given by ®([X"]) = [(X", f)] for any choice of special generic map f: ¥ — R is an isomorphism.

Let us remark that the tilde in the notation for I'(n,1) reflects the fact that the manifolds
in admissible pairs are equipped with an orientation. Neglecting orientations, there exists an
unoriented version of Saeki’s theorem involving the analogously defined cobordism group I'(n, 1)

of special generic functions, but our focus lies on the oriented version.

Philosophically, Theorem 10.1.1 asserts that special generic maps are closely related to the
study of exotic differentiable structures on manifolds (see [47, Remark 3.6]). One might wonder
whether indefinite fold lines do also measure any interesting features related to exotic smooth
structures. And if so, what kind of information about exotic spheres do they detect? The
present chapter is devoted to give first answers to this type of questions which recently came

to the fore in the context of the so-called aggregate invariant that has been defined by Banagl
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within his framework of positive TFTs [4]. In the light of Theorem 10.1.1, the aggregate invariant

is designed to distinguish the standard sphere from exotic spheres.

The major idea is now to relax the equivalence relation ~ that occurs in the definition of the

group f‘(n, 1) by means of an additional parameter

lefl....[5]-1)

which controls the permitted values for the absolute index of fold lines, and to use the resulting

equivalence relation ~; to define the set

Ii(n,1) := {(M", f); M" closed oriented smooth manifold of dimension n,

f: M — R special generic function}/ ~; .

More precisely, two admissible pairs (M{', f1) and (M3, f2) are equivalent, (M7, f1) ~; (M3, fa),
if there exists a pair (W"™! F) consisting of a compact oriented smooth manifold W"*+! of
dimension n+ 1 such that OW = M; U —Ms>, and a fold map F: W — R? whose fold lines are
now allowed to have their absolute index contained in {[%],...,n — 1} U {n} (this is the only

novelty compared to the definition of ~), and such that

F‘M1><[O,a) = f1 X id[075): My x [0,6) — R x [0,6),
Flatyx(i—eq) = fo xidg—e 1y Ma x (1 —¢,1] = R x (1 —¢,1],

where M x [0,¢) and My x (1 —¢,1] are suitable collar neighbourhoods of M; x 0 = M; and
My x 1 = My in W for some € € (0,1/2). (Note that ~; is indeed an equivalence relation
because symmetry, transitivity and reflexivity hold for the same reasons as for ~. As far as
reflexivity is concerned, note that the suspension of a special generic map is still an ~;-admissible
fold map on the cylinder!) The definition of the group structure on f‘l(n, 1) is literally the same
as that on I'(n,1): the composition law is given by disjoint union, [(M7, f1)] + [(M%, f2)] :=
[(M7* U My, f1 U fa)], the identity element is the class [((), fp)] of the unique function fj from
the empty set to R, and inverses are given by —[(M", f)] := [(=M",—f)].

Remark 10.1.2. For the lowest value [ = 1 results by Ikegami [24] imply that T';(n,1) = 0
(see Proposition 10.3.1). However, the calculation of the groups I'y(n,1) for general [ has
the difficulty that it requires the construction of fold maps into the plane whose fold lines have
absolute indices in a prescribed set. Well-known methods from the literature such as Eliashberg’s
machinery [14] are not applicable here since they produce fold maps with no control over the

set of occuring absolute indices.

Observe that decreasing the parameter | makes ~; coarser, i.e. if I' < [, then (M}, f1) ~;
(MZ, f2) implies (M7, f1) ~¢ (M3, f2). Hence, the highest value [ = [§] — 1 corresponds to

the finest of the equivalence relations ~;. For the choice | = [§] — 1 one obtains

{k,k+1}U{n}, n = 2k even,

{(21""’n_l}u{n}:{{k+1}u{n}, n =2k + 1 odd.

In particular, if n = 2k is even, then the set {k} U {n} is not included (it would have corre-
sponded to the choice | = [5]| = k).
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As (M7, f1) ~ (M3, f2) implies (M7, f1) ~ (M3, f2) for all 1 € {1,...,[5] — 1}, there is for

every such [ a natural epimorphism of abelian groups given by
Ty - f(n71) _»fl(nvl)v ﬂ-l([(Mn»f)]) = [(Mn7f)]’

whose kernel
kerm; = {[(M", f)] € D(n,1); (M", f) ~ (0, fp)}

corresponds under the isomorphism & of Theorem 10.1.1 to the following subgroup of ©,,:

Gfm = {[En] € Oy; (Enaf) ~1 (®7f0>

for some (any) choice of special generic function f: ¥ — R}.

(Note that the condition for an element [X"] € ©,, to lie in G!, does not depend on the chosen
special generic function f: 3 — R. Indeed, if f,g: ¥ — R are special generic functions,
then (X", f) ~ (¥",¢g) by [46, Lemma 3.1, p. 4]. Hence, (X", f) ~; (£",g). Consequently,
(S, f) ~1 (0, fp) if and only if (X7, g) ~; (0, fy).) Explicitly, an element [£7"] € ©,, lies in G,
if and only if there exists a pair (W"*!, F) consisting of a compact oriented smooth manifold
WntL of dimension n 4 1 such that OW = X, and a fold map F: W — R? whose fold lines
are allowed to have an abosolute index contained in {[§],...,n—1}U{n}, and such that there

exists a special generic function f: ¥ — R with
Flsxjo,e) = f xidjge): X x [0,6) = R x [0,¢),

where ¥ x [0,¢) is a collar neighbourhood of ¥ x 0 =¥ in W for suitable ¢ > 0.

As GL, C Gt forall 1€ {2,...,[2] — 1}, we have a filtration of ©,, by subgroups

R e cq?cql co,.

In order to study this filtration whose definition is strongly related to fold maps into the plane,

we introduce two more filtrations of ©, by subgroups. For every I € {0,...,[5] -1} we define

C! = {[2"] € ©,,; 3 compact oriented smooth manifold W"*! of dimension n + 1

such that OW = ¥ and W is l-connected},
l

C,, := {[X"] € ©,; 3 compact oriented smooth manifold W"! of dimension n + 1

such that OW = ¥, W is [-connected and x(W) =1 (mod 2)}.

Observe that these are indeed subgroups of ©,,. To show this for C?,, observe that [S"] € C!,
since the standard sphere bounds the standard (n + 1)-ball which is contractible. Moreover,
if [X"] € CL, then —[X"] = [-X"] € C!, because if " bounds W, then —%" bounds —W .
Finally, to see that C’,l1 is closed under composition, let £ be for ¢ = 1,2 a homotopy n-sphere
that bounds an [-connected compact oriented smooth manifold W[hLl of dimension n+ 1. By
[27, Addendum, pp. 507-508] the connected sum ¥ := ¥;f3s is bounded by the boundary
connected sum W := WitWs. By construction, W is a compact oriented smooth manifold
with OW = X. Moreover, W is [-connected being homotopy equivalent to Wi V Wa. (Indeed,

first use the Seifert van Kampen theorem to show that W is simply connected. Afterwards,
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use [20, Corollary 2.25, p. 126] to show that the homology groups of W vanish up to degree
[. Finally, the Hurewicz theorem implies that W is [-connected.) The same reasoning can be
applied to show that 6; is a subgroup of ©,,. In fact, one only has to check in addition that
W has odd Euler characteristic if this is true for W7 and Wy. As W ~ W; V W, this follows
from the formula x (W) = x(W1) + x(Wa2) — x(W1 N Wa) (see [20, Exercise 21, p. 157]).

Therefore, we have filtrations of ©,, by subgroups

2l e colccd co,,

¢l c..ca c co,.

Now we are prepared to state the main theorem of the present chapter:

Theorem 10.1.3. For n > 6 every [ € {1,...,[5] — 1} we have éil cGlc 65;1 in ©.

Theorem 10.1.3 has the following non-trivial application to a concrete family of homotopy spheres
that can be obtained from a plumbing construction (see [30, p. 162]), namely the Kervaire
spheres. Recall that Kervaire spheres occur in dimensions of the form n =1 (mod4), and there
is a unique Kervaire sphere of dimension n for every such dimension. For n =1 (mod4) it is

well-known (see [35, Corollary 6.43, p. 136]) that

_)z/2, if n # 29 — 3 for all integers 7,
an+1 =
0, if n € {5,13,29,61}.

If bP,+1 = Z/2, then the unique exotic sphere in bP,; is the n-dimensional Kervaire sphere.

If bP,+1 =0, then the Kervaire sphere of dimension n is diffeomorphic to the standard sphere.
From the perspective of fold maps, Theorem 10.1.3 implies the following result (see Section 10.4).

Corollary 10.1.4. Suppose that the integer n satisfies n = 13 (mod16) and n > 237. If
bP,, 1 = 7/2 (this holds whenever n # 27 — 3 for all integers j ), then for any exotic n -sphere
X" (ie. [E"] #[S™] in Oy ) the following statements are equivalent:

(i) X" is the Kervaire sphere of dimension n, i.e. the unique exotic sphere in bP,y1 .

(ii) There exists a pair (W™ F) consisting of a compact oriented smooth manifold WnH1
of dimension n+ 1 such that OW =X, and a fold map F: W — R? with S(F) having a
single closed component, namely of absolute index [5] = "TH , and such that there exists

a special generic function f: Y — R with
Flsxjoe) = f xidpe: ¥ x [0,6) = R x [0,¢),

where 3 x [0,€) is a collar neighbourhood of ¥ x 0 =% in W for suitable € > 0.
Moreover, bP,+1 € ©, holds (at least) for n € {237,285,333,381,445,461,477} , which shows

that indefinite fold lines of middle absolute index [5] can in fact distinguish the Kervaire sphere

from other exotic n-spheres in these dimensions.

Finally, the results of this chapter have remarkable consequences on the study of Banagl’s
aggregate invariant. Recall from [4, Section 10, p. 81f] that the definition of the aggregate
invariant 2A(X") of a homotopy sphere ™, n > 6, involves a priori the choice of special generic

maps fg: 5™ — R and fx: 3™ — R. The following result is shown in Section 10.5:
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Proposition 10.1.5. (a) The value A(X") € Q of the aggregate invariant on a homotopy
sphere X" of dimension n > 6 is independent of the choice of fs and fs. Moreover,
A induces a well-defined map A: ©,, — Q by setting A([X"]) = A(X™) for every class
(X" € O,.

(b) There exists a map a: ©,, — Ny with the following properties for every [E"] € ©,, :

(i) A = (Sisagee 0. Sisaqsry ) € Bllal] © Blla]) © Bllq] = Q(Hzz) € Q.
where the isomorphism ¢ is defined in the proof of [4, Corollary 10.4, p. 85].
(13) If X" 2 8™, then a([X"]) > 0. Moreover, a([S™]) =0.
(i1i) If [E"] € GL, then a([E"])) < (n—1) —[3]1+1=[2]+1-1.

Finally, Theorem 10.1.3 and Proposition 10.1.5 imply that, unlike Milnor’s A-invariant, the ag-
gregate invariant cannot detect individual exotic 7-spheres. (Use bPs = ©7 in Corollary 10.5.1.)
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10.2 About Groups of Homotopy Spheres

The following Proposition 10.2.1 is an immediate consequence of Wall’s work [56] on smooth
highly connected almost closed manifolds of even dimension. In his study of the diffeomorphism

classification of such manifolds, Wall defines a homomorphism
0: Gk — Ogp—1,

where Gj denotes the Grothendieck group of k-spaces (see [56, pp. 169-171]). Furthermore, he
gives a complete calculation of G that distinguishes between seven cases with respect to k (see
[56, pp. 171-177]). The subgroup 05 C O9;_1 given by the image of the homomorphism o is of
particular interest to us. This group seems to be not fully understood in the literature (see [53]).
However, an important observation is that bPs; C 0G;. The group 09 can be characterized

(at least for k # 8) via Morse theory as follows:

Proposition 10.2.1. Let X2 be a homotopy sphere for some integer k > 3. If k # 8, then

the following statements are equivlalent:

(i) The element [S2F~1] € Oqy_1 is contained in the subgroup 0Gy C Oop_1 .
(ii) There exists a smooth manifold triad (W?2k S2k=1 $32k=1) that admits a Morse function

(W2k, §2k=1 32k 5 ([0,1],0,1)

with an even number of critical points that are all of index k.

For k = 8 we only have the weaker statement that [%'9] € bPig implies (ii), whereas the
implication (i) = (i) is still valid.

Proof. (i) = (ii). Suppose that [£2¥71] € 0G), for k # 8 and [%!°] € bPig for k = 8. In
both cases, it suffices to construct a (k — 1)-connected smooth manifold V¥ with boundary
$2k=1 such that the rank of the finitely generated free abelian group Hy(V?*) is even. (In fact,
having constructed such a manifold V2*, the proof of (ii) can be completed as follows. Delet-
ing a small 2k-ball in the interior of V¥ yields a smooth manifold triad (W?2*, §2k—1 n2k—1),
As W2 is still (kK — 1)-connected, Lemma C.0.3 then implies that there exists a Morse func-
tion (W?2k §2k=1 $32k=1) 5 ([0,1],0,1) with only critical points of index k. By [41, page
36], the number of critical points of this Morse function can be interpreted as the rank of
Hy (W2 8%=1) = [ (V?F), and is thus even.) For the construction of V¥ we distinguish

between the following two cases (note that bPs = 094 = O for k =4):

o i ¢ {4,8}. In this case we conclude from the construction of the homomorphism o
(see [56, pp. 169-171]) that there exists a (k — 1)-connected smooth manifold V2* with
boundary £2*~1. It then follows from Wall’s calculation of G in [56, Theorem 2, page
176] that the rank r of the k-space Hy(V?*) corresponding to the almost closed smooth
manifold V2 is even. (Note that we avoid case (2) in Wall’s theorem since k ¢ {4,8}.)

o k¢ {4,8}. (In fact, this argument works whenever [2%~1] € bPy;, and k is even.) In this
case the homotopy sphere $2~1 can be realized as the boundary of a compact paralleliz-
able connected smooth manifold V2*. By [27, Theorem 5.5, page 514] we can additionally
assume that V?* is (k — 1)-connected. (Note that the concepts of parallelizability and

s-parallelizability coincide for a smooth connected manifold with nonempty boundary by
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[27, Lemma 3.4, page 509].) Using that k is even, [33, Theorem 3.3, page 73| implies that
the signature 7 of V?¥ is divisible by 8. (Recall that 7 is by definition the signature of

the integral symmetric bilinear form

Hk(VQk, 221671) % Hk(VQk, 22]’671) N Z,
(z,y) = (z Uy, VM),

where [V2¥] € Hyy, (V2 %261 denotes the fundamental class determined by the orien-
tation of V¥, The signature of V?¥ is given by 7 = a — b, where a (b) is the number
of positive (negative) diagonal entries when the above integral symmetric bilinear form is
diagonalized over R.) As 7 is in particular even, it now follows from case (2) of Wall’s
calculation of G in [56, Theorem 2, page 176] that the rank r of the k-space Hj(V2¥)

corresponding to the almost closed smooth manifold V2* is even.

(i3) = (i). By [41, page 36], W2¥ is homotopy equivalent to S**~1(J/_; D¥. Therefore, W?2*
is (k—1)-connected. (In fact, it follows from Seifert-van Kampen’s theorem that W?2* is simply
connected, compare [41, Remark 1), page 70]. Afterwards, one can use the Hurewicz theorem.)
By gluing W?* and a 2k-disc D?* along the common boundary S2¢~!

(k — 1)-connected smooth manifold V? with boundary %2*~!. Consequently, [%2¢~1] € 0Gy.

O]

, we hence obatin a

The next proposition collects properties of the groups 651 and C’fL that are implied by results

from the literature. However, the entire calculation of these groups seems not accessible.

Proposition 10.2.2. For l € {1,...,[5] — 1} the following statements hold:

(i) 6ln C CL, and equality holds (at least) in the following cases:
e [ =1
e n=0,1,2 (mod4)
e n>7,n#15, n=3(mod4) and | =(n—1)/2
(i) C}=0,.
(i) éln C 65;1 and C', C CI=1 for 1 > 2, and equality holds (at least) if

[=3,5,6,7 (mod8).
(iv) P41 C CL%FI , and equality holds (at least) in the following cases:
e n+1¢€{2k,2k+ 1} for some integer k > 10 with k =2 (mod 8)
e n+1=2k for some integer k > 113 with k=1 (mod 2)
o n+1=2k+1 for some integer k > 113 with k # 1 (mod 8)

Proof. (i). The inclusion éﬁl C C! holds by definition. We prove equality in the following

three cases:

e [ = 1. It suffices to show that 6711 = ©,, because 5711 C C! c ©, then implies 6:1 =
C} = ©,,. Note that this also shows (ii). In order to establish éi =0,,let [E"] € O,.
Choose a special generic function f: ¥ — R. It follows from Proposition 10.3.1 that
(27, f)] = 0 € T'1(n,1). Explicitly, there exists an oriented compact smooth manifold
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WL of dimension n + 1 such that OW = ¥, and a fold map F: W — R? such that
F‘ZX[O,E) =[x id[(),a): My x [075) — R x [016)7

where ¥x [0, €) is a suitable collar neighbourhood of ¥x0 =X in W for some ¢ € (0,1/2).
Thus, Proposition 6.2.3 implies that x(W) =1 (mod2) since F has no cusps and S(F')
has only one component diffeomorphic to [0,1]. It remains to make W 1-connected by
a finite sequence of surgeries (see [40, Theorem 3, p. 49]). Note that this does not affect
OW =% and x(W) =1 (mod2). Hence, [X"] € 62.

e n=0,1,2 (mod4). If [¥"] € C!, then there exists an [-connected compact oriented
smooth manifold W™*! of dimension n + 1 such that W = X. It suffices to show that
x(W) =1 (mod2). As " is homeomorphic to S™, W := W Ugpagpne D" is a closed
oriented topological manifold of dimension n+1, and x (W) = x(W)+x(D"*!)—x(S") =
X(W)+1 (mod2). A closed oriented topological manifold M™ can only have odd Euler
characteristic if its dimension m is divisible by 4. (In fact, if the dimension of M is odd,
then the Euler characteristic of M is zero by [20, Corollary 3.37, p. 249]. Now suppose
that m = 4k + 2 for a suitable integer k. In this case it is well-known that the rank of
H¥Y(M;7Z) is even (for instance, see the argument on [20, p. 252]). Hence, x(M) is even
as a consequence of Poincare duality.) As n+ 1 # 0 (mod4) by assumption, it follows
that y(W) is even, which means that x(W) is odd. In consequence, [2"] € Uﬁl.

en>7,n#15 n =3 (mod4) and | = (n —1)/2. Note that C!, = 0G;,1 C O,.
Hence, if [X"] € C!, then the proof of the part (ii) = (i) of Proposition 10.2.1 implies
for k:= (n+1)/2 that ¥ bounds an [ = (k — 1)-connected smooth manifold V"*! which
is of the form V = W Ugn D", where (W?2*, 5261 %2k—1) i5 a smooth manifold triad
that admits a Morse function (W?2* §2+=1 %12k=1) 5 (]0,1],0,1) with an even number of
critical points. Lemma 6.2.1 implies that 0 = x(W) — x(S™) = x(W) (mod2). Thus,

X(V) = x(WUgn D" 1) = x (W) + x(D") — x(S™) = 1 (mod 2) . As a result, [¥"] € 6;.
(74) . The proof of statement (7i) is given in the proof of the case [ =1 in statement (7).

(73i). The inclusions 6; C éi;l and C! C C'=' hold by definition for I > 2. We have to
show that éfl = él{l whenever [ = 3,5,6,7 (mod8). (The equality C!, = C.~! can be shown
analogously by ignoring the condition on the Euler characteristic.) If [X"] € 62_1, then ¥
bounds an (I — 1)-connected compact smooth manifold W"*! of dimension n + 1 such that
X(W) =1 (mod2). Fix a CW-structure on W . In particular, W is (I — 1)-parallelizable (i.e.,
parallelizable over the (I — 1)-skeleton as defined in [40, p. 49]). The obstruction to make W
I-parallelizable vanishes if m;,_1(SO(n)) = 0. (In fact, let a: (D', S""1) — (W, W!=!) be the
characteristic map of any [-cell of the CW-structure of W. As D! is contractible, we may
choose an isomorphism o*(TW) = D! x R™. Moreover, as T W1 is trivial, we may choose
an isomorphism (0a)*(TW) = S'=1 x R™, where da: St — W=! denotes the restriction of
«.) By Bott periodicity (see the proof of [27, Theorem 3.1, p. 508]), this is indeed the case
since [ = 3,5,6,7 (mod8) and 2 <! <n—2. Finally, if W is [-parallelizable, W can be made
[-connected by a finite sequence of surgeries by [40, Theorem 3, p. 49]. Note that this does not
affect OW =% and x(W) =1 (mod2). Hence, [X"] € 6,11.

(tv). The inclusion bP,4+1 C 0755171 holds since any parallelizable compact smooth manifold

W™ of dimension m = n+1 can be made ([5]—1) = (5| —1)-connected by a finite sequence

of surgeries without changing OW . Then a result by Stolz (see [53, Theorem B, p. XIX]) implies
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for m :=n+ 1 that equality holds in each of the following cases:

e n+1¢€{2k,2k+ 1} for some integer k£ > 10 with k& =2 (mod38).
This follows from part (i) of [53, Theorem B, p. XIX] applied to d € {0,1}.
e n + 1 =2k for some integer k > 113 with k£ =1 (mod?2).
This follows from part (i7) of [53, Theorem B, p. XIX] for d = 0. Note that m # 0(mod 4)
because we have chosen k to be odd.
e n+1=2k+1 for some integer k > 113 with k& # 1 (mod8).
This follows from part (ii) of [53, Theorem B, p. XIX] for d = 1. Note that one has to
require k # 1 (mod8) then, and m =n+ 1= 2k + 1 # 0(mod 4) is satisfied.
0

Remark 10.2.3. Note that Crowley (see the proof of [10, Lemma 2.16, p. 22 f.]) observes
that equality in statement (iv) of Proposition 10.2.2 holds whenever n + 1 = 2k, k > 1,

k=0,4,6,7 (mod8).
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10.3 Proof of Theorem 10.1.3

Recall that n > 6 is a fixed integer. Theorem 10.1.3 claims that, for all [ € {1,...,[§] — 1},
C cGlcaoit,

This claim comprises two statements about how certain subgroups of ©,, are included in each
other. Therefore, the proof of Theorem 10.1.3 also decomposes into two halves, which turn out
to differ massively in character. The proof of the inclusion éln C G, (see Section 10.3.1) requires
the controlled construction of a fold map on a given highly connected cobordism, whereas the
proof of the inclusion G!, C 6;_1 (see Section 10.3.2) starts out with a certain fold map on a
quite arbitrary cobordism and exploits the given properties of the fold map in order to improve

the connectedness of the cobordism via specific modifications.

The validity of Theorem 10.1.3 for [ = 1 follows from the following proposition. (In fact,
Proposition 10.3.1 implies that G = & '(kerm) = & 1(I'(n,1)) = ©,, by definition of GJ.
Furthermore, properties (i) and (i) of Proposition 10.2.2 imply that ©, @ cl 2 6,11 - 62 =
O .)

Proposition 10.3.1. T';(n,1) = 0.

Proof. Let [(M™, f)] € T'i(n,1), ie.,, f: M — R is a special generic function on the closed
oriented smooth manifold M of dimension n. It follows from [24, Theorem 2.8, p. 215] (if
n # 1 (mod4)) and [24, Theorem 2.9, p. 215] (if n = 1 (mod4)) that f: ¥ — R represents
the identity element in the cobordism group M, of Morse functions on oriented manifolds of
dimension n. (In fact, note that ¥([f]) = [¥"] = 0 € Q, in the n-dimensional oriented
cobordism group {2, since any homotopy sphere bounds an oriented compact smooth manifold
by [4, Lemma 10.1, p. 81]. Moreover, ®([f]) =0 € ZL3) because f has exactly two critical
points, one of index 0 and one of index n. Furthermore, if n = 4k + 1 for some integer k,
then A([f]) = o([f]) — o(M,Q) = 0 € Z/2 because o([f]) = 38, Cr(f) = 1 (mod?2) (see
[24, Definition 2.5, p. 214]) and o(M,Q) = 2 dim H;(2; Q) = 1 (mod 2) (see [24, Definition
2.6, p. 214]).) Hence, by definition of M,, (see [24, Definition 2.1, p. 212]), there exists an
oriented compact smooth manifold W"*! of dimension n + 1 such that OW = X, and a fold
map F: W — R? such that

F’EX[O,E) =[x id[O,e): My % [076) — R x [075),

where ¥ X [0,¢) is a suitable collar neighbourhood of ¥ x 0 =% in W for some ¢ € (0,1/2).
This shows that [(M", f)] =0 € Ti(n,1). O

The statement of Theorem 10.1.3 obviously holds for n = 6 because in this case, ©¢ = 0.
Therefore, we may assume that n > 7 and [ € {2,...,[§]—1} in the following. It then suffices
to prove Theorem 10.1.3 for I € {3,...,[5] =1} (# 0 for n > 7). (Indeed, the case | = 2
will follow from éi C G2 (which is the case | = 3) and ©,, = 6711 (see the case | = 1) in

combination with property (iii) of Proposition 10.2.2: éi - éi CGcGico,= 5711 )

From now on we may assume n > 7 and [ € {3,...,[§] — 1} in the proof of Theorem 10.1.3.
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10.3.1 Proof of the Inclusion C', C G.

It is claimed that 651 C G!, for all integers n > 7 and [ € {3,...,[2] —1}.

Explicitly, given an element [¥X"] € éfl, one has to show that (X", fs) ~; (0, fy) for some (and

hence, any) special generic function fy: ¥ — R. Fix special generic functions
oY =R, fs: 8" —=R.

Then it suffices to show that (X", fx) ~; (S™, fs). (In fact, Theorem 10.1.1 implies that

[(S™, fs)] = ®([S™]) = [(D, fp)] in T'(n,1). Thus, (S, fs) ~ (0, f) and therefore (S™, fg) ~

(0, fp).) By definition of the equivalence relation ~;, one has to construct a pair (W, F') con-
sisting of

e a compact oriented smooth manifold W of dimension n+1 with boundary W = XU—S",
and

e afoldmap F: W — R? all of whose fold lines have absolute index contained in {[%],...,n—
[} U{n}, and such that

Flsxjo,e) = fo xidpe: ¥ x [0,6) = R x [0,¢),
Flgnx-eq = fsxida_cy: S" x (1—¢,1] > R x (1 —¢,1],

on suitable collar neighbourhoods ¥ x [0,¢) and S™ x (1 —¢,1] of ¥ x 0 = ¥ and
S"x1=58"in W, e€(0,1/2).

As far as the construction of W is concerned, the assumption [X"] € 6; ensures by definition of
62 the existence of an [-connected compact oriented smooth manifold W’ of dimension n + 1
with boundary OW’ = ¥ such that x(W’) is odd. Deleting a small open (n + 1)-ball from
W'\ OW’, we obtain an [-connected compact oriented smooth manifold W of dimension n+ 1
with boundary OW = ¥" LU —S™ and even Euler characteristic x(W). Take this manifold W

to be the desired cobordism.

The strategy for the construction of F' is to construct first a generic smooth map F’': W — R?

all of whose fold points have absolute index contained in {[%],...,n —{} U{n}, and such that

Fllsxioe) = fo xidpz: B x [0,6) = R x [0,¢),
F/‘S”X(l—s,l] = fs X id(l—s,l]: Sn X (]. — g, 1] — R x (]. — &, 1],

on suitable collar neighbourhoods ¥ x [0,¢) and S™ x (1 —¢,1] of ¥ x0 =% and S" x1= 5"
in W, e € (0,1/2). Once F’ is constructed, Proposition 6.1.3 can be applied as follows to
the smooth manifold triad (W, %", S™) and the generic smooth map F': W — R? to produce
the desired fold map F by elimination of all cusps of F’. First of all, W is by construction
connnected and has dimension n 4+ 1 > 8 > 3. Note that the number ¢ of cusps of F’ is even
by Proposition 6.2.3. (Indeed, this follows from x(W) = ¢+ k (mod2) since x(W) is even by
construction and k£ = 2 because each of the special generic functions fy, and fg has exactly
two critical points, one minimum and one maximum, by Lemma C.0.4(b).) Choose R to be
the union of components of S(F’) that contain at least one definite fold point. (Note that
every R € R is in fact a fold line of F’. In fact, if R contains at least one cusp of F’, then
Ap/(R) C {[5],...,n} is a nice subset in the sense of Definition 6.1.1. However, n € Ap/(R)
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would imply n—1 € Ap/(R) in contradiction to Ap(R) C {[%],...,n—{}U{n} and I >3 >1.)
Then one necessarily has to choose P = (). (In fact, as all critical points of fs and fs are minima
and maxima, they are all definite fold points of F’ and do thus lie on components of S(F’)
that are contained in R.) Finally, set 7 =1 and choose the nice subset A; := {[5],...,n—1}.
(Note that if a component of S(F”) is not contained in R, then all its fold points have absolute
index in A; by construction of R.) Finally, Proposition 6.1.3 yields a fold map F: W — R?
all of whose fold points have absolute index contained in {[5],...,n — I} U {n} by properties

(7i) and (i4i). Moreover, property (i) implies that F' has the desired boundary conditions.

It remains to construct the smooth generic map F’. For this purpose, W will first be cut into
a sequence of cobordisms such that on each piece one can carefully construct with the help of
Theorem 7.0.1 a fold map into the plane all of whose fold points have absolute indices that
lie in {[%],...,n =1} U{n}. In a second step these individual fold maps will be joined near
the common boundary components of subsequent cobordisms to produce the generic smooth
map F’ on W with the correct behaviour near the boundary of W and with the correct index

constraints.

By Lemma C.0.3 (set m := n+ 1 and k := [+ 1) and the alternate version of the final

rearrangement theorem (see [41, Theorem 4.8, p. 44]) there exists a self-indexing Morse function
T (W, 5", 8") = ([-1/2,n+1+1/2],-1/2,n+1+1/2)

such that all critical points of 7 are contained in 771([l + 1,n —[]), i.e. all indices of critical
points of 7 liein {{+1,...,n —1I}. (Note that this set is always nonempty since | < [§] —1 =

|nil ] 1 <ol g = 22l mplies that [ 4+1<n—1.)

Note that 771(¢) is an (I — 1)-connected closed manifold for all ¢t € [-1/2,n + 1+ 1/2]\ Z.
(Indeed, this is certainly true for the homotopy spheres ¥ = 771(—~1/2) and S =7 '(n+1+
1/2). By an argument analogous to [41, Remark 1), p. 70], the Seifert van Kampen theorem
implies that 771(¢) is simply connected for all t € [~1/2,n + 1 + 1/2] \ Z. This uses that
An+1—A>3 forall Ae{l+1,...,n—1} and that W is simply connected. The claim now
follows from the Hurewicz theorem since by [44, Proposition 4.19(iii), p. 56] the effect of a p-

surgery on a closed smooth manifold of dimension d > p+2 does not affect its homology groups

in dimensions strictly below min(p,d —p —1). In our case, d=n and p€ {l,...,n—1—1}.)
n U n
z O S

W Yy Vo V‘“i Vn-zﬁ Vn}Z Vg
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~
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Figure 10.1: Decomposition of W

For any subset A C R define Wy := 771(A). If A = {a} consists of one element a € R,
then write W, := W4. For every A € {{+1,...,n — [} define the smooth manifold triad (see
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Figure 10.1)
(Vs Wiaz1/2, Wagiy2) == (Wp—1/2a+1/2) Wa—1/2, Wag1/2)-

Moreover, define the smooth manifold triads (see Figure 10.1)

\ W—1/27 VVl+1/2) = (W[—1/2,l+1/2]7 W—1/2>VV1+1/2),

Vot Wasi172s Wiga172) = Winmis1/2n4141/2) Wa—ig1/2; Wagi41/2)-

By construction, 7 restricts for every A € {{+1,...,n — 1} to a Morse function
TX: (V/\,W)\_l/Q,W/\+1/2) — ([)\ — 1/2, A+ 1/2], A — 1/2,)\ + 1/2)

with only critical points of index A, all contained in 77!()\). Moreover, 7 restricts to Morse

functions

T - (W?W—l/Qam—i—l/Q) — ([*1/2,l+ 1/2], *1/2,l —+ 1/2),
Tnait1: (Vaeigt, W12, Wasaga2) = ([n =1+ 1/2,n+1+1/2[n -1+ 1/2,n+1+1/2).

without critical points. Therefore, we may fix diffeomorphisms

Zi: (Vi, Woi)2, Wiy y2) ([=1/2,1+1/2], -1/2,1 + 1/2),

N Y
S x (In—1+1/2,n4+1+1/2,n—1+1/2,n+1+1/2),

En—t41: Vo, Woig1/2, Wagi41/2)

such that pryo=; =7 and pryo=, ;41 = Tp—i+1-

All in all, there is the following decomposition of W where gluing is performed along common

boundary components of subsequent cobordisms:
W = ‘/l UWZ+1/2 ‘/2"'1 UW1+1+1/2 W+2 U e U Vn—l—l UWn—l—l/Q Vn—l UWn_l+1/2 Vn—l+1-

For m:=n+1>8, k:=1+1c{4,....[F]} andevery A€ {I+1,...,n -1} = {k,m -k},

there exists by Theorem 7.0.1 a smooth map
o) V)\ —R

that restricts for every ¢ € [A —1/2, A+ 1/2] \ {\} to an excellent Morse function 7-%(t) = R,

and such that o) and 7y, form the components of a fold map
Fy = (ox72): Vi — R?

all of whose fold lines have absolute index in {[5],...,n — 1} U{n}.

Furthermore, define the fold maps

Fy:=(fy X id[—l/Q,l—i—l/Z]) oZ;: Vi=>Rx[-1/2,1+1/2],
Fo 141 = (fS X id[n—l-l—l/2,71-1—1—}—1/2}) 0 Zp—i+1: Va—i41 = R X [TL -1+ 1/27n +1+ 1/2]
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For every integer p € {l,...,n — 1} define the smooth manifold triad (see Figure 10.1)

(U 1/2: W14 Wirsga) = Wipgrya v 3saps Wisr 74 Wi ja)-
As 7 restricts for every integer p € {l,...,n — 1} to a Morse function

Ups172 W74, Wyga) — ([n+1/4, 0+ 3/4], i+ 1/4, p + 3/4)

without critical points, we may fix a diffeomorphism

ot

Epr12t Uiy Weg1ya Waasza) — Wogap X ([0 +1/4, 0+ 3/4) p+ 1/4, 1+ 3/4)

such that pr, OEuH/? = T|Uu+1/2 :

Fix p e {l,...,n—1}. Consider the restrictions
FulvunU,ir o (Vi N U2 Wi ja Wy j2) — R,
FyiilnU, 0t Vet VU012 W12, Wiz a) — R?.

In general, these maps not fit together along the common boundary W, ;/o. Under the diffeo-

morphism =,/ these maps correspond to maps

G
G

Wiy x ([0 +1/4 i+ /2] p+ /4, + 1/2) — B2,

W;H—I/Q X ([M+1/27M+3/4]7M+1/2,M+3/4) _>R27

pt1/2°
+ )
p+1/2-

such that

GM+1/2 © :u+1/2‘Wu+1/2X[u+1/4yu+1/2] - F”‘VHmUqul/Z’

+ = _
Gu+1/2 °© “M+1/2‘WM+1/2><[M+1/27M+3/4] - FM+1‘V#+1HUH+1/2‘

It follows from the construction of F), that

_ o ——1
Pr OGM+1/2 = pro oFulv,nu,,, 5 © _'u+1/2’WM+1/2><[H+1/47#+1/2]
=70= 1w 1/4,41/2
uA1/21W, g1 72X [ut+1/4,041/2]

= Pry.

Analogously, it follows from the construction of F), 1 that pry oG: +1/2 = Pra.

Moreover, pry oGu+1/2

restricts for every t € [u+ 1/4, 1+ 1/2] to an excellent Morse function
Wit12=Wyp12 xt =R

that has only critical points of index contained in the set {l,...,n —1} U{0,n}.

+

Similarly, pry OGM+1/2

restricts for every t € [+ 1/2, 1+ 3/4] to an excellent Morse function
WH+1/2 = W,u,—i—l/? xt—R

that has only critical points of absolute index contained in the set {l,...,n —1}U{0,n}.
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Hence, Theorem 8.0.1 applied to m :=n+1>8 and k:=1+1¢€ {4,...,[F]} implies that

there exists a generic smooth map
Guirja: Wigaye X ([u+1/4, p+ 3/4), p+ 1/4, p + 3/4) — R?

that agrees with G;+1/2 near W, /o X (u+1/4) and with G:H/Z near W, 119 x (u+3/4),
and such that every fold point of G4/ has absolute index contained in the set {[5],...,n —

U {n}.

All in all, the generic smooth map F’ with the desired properties can be defined as

(Gﬂ+1/2 (¢] E;j—l/Q)(w)7 if w € UM+1/2’ 1% S {l, ey — l},

F':W—=R?  Flw)=
Fy(w), else, where w € V\,A € {l,...,n — 1+ 1}.

This completes the proof of the inclusion 651 C G!, in Theorem 10.1.3.
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10.3.2 Proof of the Inclusion G, c C.

Recall that the claim G!, C 55;1 has to be shown for all integers n > 7 and [ € {3,...,[§]—1}.

Let [Z"] € GL . As ¥" is a homotopy sphere, one may fix a special generic function f: ¥ — R.
By definition of G!, there exists a pair (W, F) consisting of a compact connected oriented
smooth manifold W"*! of dimension n + 1 such that W = X, and a fold map F: W — R?

whose fold lines have an abosolute index contained in {[5],...,n —{} U{n}, and such that
Flsxjo,e) = f xidjge): B x [0,6) = R x [0,¢),

where ¥ x [0,¢) is a collar neighbourhood of ¥ x 0 =3 in W for suitable € > 0.

Consider the Stein factorization of F (see Definition 9.1.1), which can be expressed in the

diagram

w R2

Wg

By Theorem 9.1.7, Wg can be given the structure of a compact smooth manifold of dimension 2
with corners such that 7 is a fold map and F is a submersion. Furthermore, if D(F) denotes

the union of the definite fold lines of F', then the boundary of W decomposes as
OWp = 7p(5) Unp(D(F)),

where 7p(X) N7p(D(F)) = mp(X N D(F)) is the set of corners of W, and 7 restricts to
an embedding D(F) — OWg. Since F is locally an embedding, the properties of F imply
that mp: W — Wy is a stable fold map whose fold lines have all absolute index contained in

{I51,....n=1yu{n},and S(rp)NE=SF)NE=DF)NE =D(rp)NX.

Let Xo:= {(z,y) € R; 22 +%? <1, y > 0} denote the unit half disc in the upper half plane.
Given an integer g > 0, let X, denote a fixed smooth manifold of dimension 2 with corners that
is obtained from the half disc X by smoothly attaching g handle pairs (h;,h}), j € {1,...,g},
to the part y > 0 as shown in Figure 10.2. By construction, X, is naturally equipped with an

immersion ;: X, — R2.

By Proposition 9.2.2 we may assume that OWp is connected, where D(p) denotes the union
of definite fold lines of p. Moreover, as F is locally an embedding into R?, W is orientable.
Hence, the classification of compact oriented smooth surfaces implies that there exists for a

suitable integer g > 0 a diffeomorphism

2 Wp — X, = X

lIIZ

[1]

such that the immersion ¢ := &;: X — R? restricts to a diffeomorphism Z(7p (X)) [—1,1] x

0. The properties of mr imply that the composition

p=zomp: W =X
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Figure 10.2: £4(Xy)
is a fold map whose fold lines have all absolute index contained in {[%],...,n =1} U{n}, and

S(p) NX = D(p) NX. Moreover, the boundary of X decomposes as
OX = p(S) U p(D(p),

where p(X) = €1(=1,1] x 0), p(E) N p(D(p)) = p(E 1 D(p)) = {€-1(=1,0),€1(L,0)} is the
set of corners of X, and p restricts to an embedding D(p) — 0X . The properties of p imply
that the composition

G:=¢op: W — R?

is a fold map whose fold lines have all absolute index contained in {[%],...,n — [} U {n},
and S(G)NY = D(G)NX. Concerning the behaviour of G near ¥, there exists a collar
neighbourhood ¥ x [0,e) of ¥ =% x 0 in W on which G is of the form

G(z,t) = (h(z,1),t), (z,t) € ¥ x [0,¢),

where x — h(z) := h(z,t) is a special generic function on ¥ for all ¢ € [0,¢). (In fact, set
L:=Rx0. As G(¥) C L, G|g) is transverse to L, and S(G) "X = D(G) N, the claim
follows from Lemma 9.1.5. In order to apply the lemma formally, one first has to extend G from
a collar neighbourhood ¥ x [0,00) of ¥ =X x 0 in W to a fold map on 3 x (—¢,00) for some

e > 0, compare Remark 3.1.3.)

Note that the following diagram can be considered as the Stein factorization of G':

%

As in Saeki’s proof of [47, Lemma 3.3], our strategy is to reduce this general situation inductively

R2

in g to the special case that g = 0 by a careful modification of the pair (W, G). More precisely,
every induction step modifies (W, G) to a pair (W', F') with the following properties:
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o F': W' — R? is a fold map whose fold lines have an abosolute index contained in
{13, =1} Un},

e OW' =%, and F'lsype) = Gluxjo,e) on a suitable collar neighbourhood ¥ x [0,¢) of
Y x0=2X in W’ for suitable € >0,

~

L] Wlljv = Xg_l .
The role of the new pair (W,G) with g reduced to g — 1 is adopted by the pair (W' G’)
obtained from (W', F') by identifying W}, = X,_; in the same way as the old pair (W,G) was
obtained from (W, F') above.

Note that ¢ = 0 will imply the claim [X"] € 65:1 because W is then an (I — 1)-connected
compact oriented smooth manifold of dimension n + 1 such that OW = ¥ and x(W) =
1 (mod2). In fact, W is a compact oriented smooth manifold of dimension n + 1 such that
OW = X. Moreover, Proposition 6.2.3 implies for (W, Wy, W1) = (W, X,()) and the fold map
G: W — R? that x(W) =1 (mod2). (Indeed, in order to obtain the correct behaviour of G
near the boundary ¥ of W, one applies Remark 8.3.6 to the collar neighbourhood ¥ x [0, ¢)
of ¥ =¥ x0 in W on which G(z,t) = (h(z,t),t) for all (z,t) € ¥ x [0,¢). Note that this
modification of G does not change the number ¢ = 0 of cusps of the fold map G and the number
k of components of S(G) that are diffeomorphic to [0,1]. Hence, x(W) = c+ k (mod2). Note
that k is half of the number of critical points of the special generic function hy = G|: ¥ —
R x 0 = R. As special generic functions on a connected closed manifold have exactly two
critical points by Lemma C.0.4, it follows that & = 1.) It remains to show that W is (I —1)-
connected. For this purpose, one applies Lemma 6.2.2 to (W, Wy, W7) = (W, X,0) and the
fold map G: W — R? (see Figure 10.3). (In order to obtain the correct behaviour of G near
the boundary ¥ of W, one applies Remark 8.3.6 to the collar neighbourhood ¥ x [0,¢) of
Y. =X x0 in W on which G(z,t) = (h(z,t),t) for all (z,t) € ¥ x [0,e). Analogous to the
proof of Lemma 8.3.3 one can show for the modified map G that the image of S(G)N (X x0,¢))
under G in the plane is nowhere tangent to the x-axis. This fact will be used in the argument
below.)

Figure 10.3: Critical levels of 7/, where S denotes an indefinite fold line of G

By part (b)(i) of Lemma 6.2.2 there exists a linear projection 7,: R? — R (for suitable v € S!)



258 CHAPTER 10. DETECTING EXOTIC SPHERES VIA INDEFINITE FOLDS

such that the composition 7 := m,0G: W — R restricts to a Morse function 7/: (W', W{, W|) —
([to, t1],to,t1) . (By choosing v € S! sufficiently near to the north pole (0,1) one can achieve
that the image of S(G) N (X x [0,¢)) under G in the plane is nowhere tangent to R - v since

it is nowhere tangent to the x-axis.)

Now one exploits parts (b)(7) and (b)(ii) of Lemma 6.2.2 to show that all critical points of 7/
have index in {l,...,n+1—1}U{n+1}. In fact, by part (b)(i), every critical point of 7’ of
index j € {1,...,1 — 1} (respectively, j € {n+2—1,...,n}) is a fold point of G of absolute
index max{j —I,n+1—j}=n+1—j>n+2—-1or max{jn—j}=n—j7>n+1-1
(respectively, max{j —1,n+1—j}=7—-1>n+1—-1 or max{j,n—j}=j7>n+2-1).
(Use I < [§] —1 for the calculation of the maxima.) Since all fold lines of G have absolute
index contained in {[%],...,n — I} U {n}, one concludes that all critical points of 7/ have
index in {0,1} U{l,...,n+1—1} U{n,n+ 1} such that those critical points of 7" of index
in {0,1} U{n,n + 1} are definite fold points of G. But by part (b)(i7) the critical points of

7/ = 7, 0o G|y are also the critical points of the Morse function
T” = T/‘S(G)HW’ = Ty O G|S(G)0W’ : S(G) N (W/, Wé, W{) — ([t(), tl],to, tl).

Note that G restricts to an immersion G|g(q), and the image G(D(G)) is a half-circle because
X = Xo. (As G was modified on ¥ x [0,¢), the shape of X will deviate from a half-circle near
the z-axis. However, as the image of S(G)N (X x [0,¢)) under G in the plane is by choice of
v nowhere tangent to R - v®, it follows that 7 has no critical points on S(G) N (X x [0,¢)).)
Hence, Figure 10.3 shows that 7" has a unique critical point on D(G)NW', and this is obviously
the global maximum of 7/. All in all, if ¢ € W’ is a critical point of 7/ whose index is
contained in {0,1} U {n,n + 1}, then ¢ € D(G) implies that ¢ is the unique critical point
of 77 on D(G) N W' and thus the unique critical point of 7' of index n + 1. Hence, by
Lemma 6.2.2(a)(7), there exists a Morse function (W,%) — ([0,00),0) whose critical points
have index in {l,...,n+1—1} U{n + 1}. Finally, an argument analogous to the proof of the
implication (i7) = (i) in Lemma C.0.3 shows that W is (I — 1)-connected.)

In the case g > 0, let us explain the procedure that modifies (W,G) to a pair (W', F’) with
the desired properties. Consider the handle pair (h,h') := (h1,h]) of X = X,.

Theorem 3.4.14 implies that we may additionally assume that p is a stable fold map, i.e. p has
only double points with normal crossings. Then, we may introduce smooth curves L = [0,1] in h
and L' 2 [0,1] in k' corresponding to straight lines £(L) and &(L') in R? (see Figure 10.4) such
that L and L’ are transverse to p(S(p)) and miss all double points of p. Note that M := p~1(L)
and M’ := p~1(L') are connected closed smooth manifolds of dimension n, and p restricts to
excellent Morse functions f: M — L =2 [0,1] C R and f': M’ — L' = [0,1] C R with only
critical points of index contained in {0,[,...,n —[,n}. It follows from Lemma C.0.4 (e) that
M and M’ are simply connected (and in particular orientable). Moreover, by Lemma C.0.4 (b),
f and f’ have exactly one critical point of index 0 and n each. Let vy and v} denote the

number of critical points of f and f’ of index A€ {l,...,n—1}.

Next, consider the smooth curve K = [0,1] in X, where £(K) is indicated as a dashed curve in
Figure 10.4. Then the submanifold P := p~1(K) of W is an oriented closed smooth manifold
of dimension n that is diffeomorphic to MiM't(—M)i(—M"). (In fact, fix a diffeomorphism
K =0,1] and introduce six points ay,...,as € [0,1] as indicated in Figure 10.4. Then there
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- aa

Figure 10.4: Cutting a handle pair of X

are diffeomorphisms

p N ([0,a2)) = M\ pt,  p'((as,a6)) = M\ {pt,pt'},
p~ ' ((a1,a4)) = M\ {pt,pt'},  p~'((as,1]) = M’ \ pt,
p~ (a1, a2)) = p~((as,a4)) = p~ ' ((as,a5)) = (0,1) x S*71.

Finally, note that the direct sum operation is associative up to orientation preserving diffeomor-
phism.) Furthermore, p restricts to an excellent Morse function P — K = [0, 1] whose set of
critical points consists of vy + v} + v, + v/, critical points of index X € {l,...,n — [} and

exactly one critical point of index 0 and n.

The result of cutting X along K is a smooth 2-dimensional manifold with corners. Let Y
denote the arising component that contains p(3). Note that Y is diffeomorphic via a diffeo-
morphism ¥:Y =5 7 to the smooth 2-manifold with corners Z shown in Figure 10.5 that is

immersed in R? via an immersion ¢: Z — R2.

Note that V := p~1(Y) is a connected oriented smooth manifold of dimension n + 1 with
boundary ¥ U P, and the composition ¥ o p restricts to a fold map H: V — R? such that
H'Rx1)=P.

Using Lemma 9.1.5, there exists a collar neighbourhood P x (1 —¢,1] of P in V and a suitable
€ > 0 on which H is of the form

H(x,t) = (r(x,t),t), (xz,t) € P x[0,¢),

where = — ri(x) := r(z,t) is an excellent Morse function on P for all t € [0,¢).

Application of Proposition 9.2.3 to the excellent Morse functions f: M — R and f': M’ —
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Figure 10.5: Gluing of fold maps

R yields a pair (U, E) (see Figure 10.5) consisting of a compact smooth manifold U"*! of
dimension n + 1 with boundary OU = (—M){MtM'#(—M’) and a fold map E: U — R? with

the following properties:

(7) For suitable £ > 0 there exists a collar neighbourhood 9U x [0,¢) of U x 0 =90U in U

on which FE is of the form
E(z,t) = (e4(x), 1), (x,t) € U x [0,¢),

where e; is an excellent Morse function OU — R for all ¢ € [0,¢).

(74) The number of critical points of ep of index A\ € {0,...,n} is given by
Ux+VUp_)+ VS\ + 1/7'1_/\.
(77) All fold lines of E have absolute indexin {[5],...,n—{}U{n}, and the Stein factorization

Ug of E (see Theorem 9.1.7) is diffeomorphic to the unit half-disc Xj .

By commutativity of the connected sum operation, there exists a diffeomorphism &: U = p.
Therefore, by Theorem 9.2.4 we may glue the fold maps E: U — R? and H: V — R? along
OU = P to obtain the desired fold map F’: W/ — R?.

This completes the proof of the inclusion G!, C Uﬁ;l in Theorem 10.1.3.
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10.4 Detecting Kervaire Spheres via Indefinite Fold Singulari-

ties

We give here the proof of Corollary 10.1.4.

Proof. By Proposition 10.2.2 (iv) , the equality bP,y; = TE%W_I holds because n is by assump-
tion of the form n + 1 = 2k for a suitable odd integer k > 113. (In fact, writing n = 16a + 13
for a suitable integer a, one obtains k = %H =8a+7=1(mod2). Moreover, n > 237 implies
that k = 241 ? 113.1) Setting [ := [§]-1=k—1=8a+6 =6 (mod38), Pr(l)position 10.2.? (iu)
implies that C,, = 6,:1 . Furthermore, Proposition 10.2.2 (7) implies that C,, = C!, and C,, = =
C!=! because n =1 (mod4). All in all, bP,41 = clE™! = érflﬂ_l = érflﬂ_Q —clzl?

Invoking Theorem 10.1.3 for n and [ = [5]| — 1 as above, one obtains 651 C Gl c éi;l in ©,.

Hence, one finds
GLE]A = 0P, 1.

Since n = 1 (mod4) and n is not of the form 2/ — 3 for an integer j > 1 by assumption, it
follows from [35, Corollary 6.43, p. 136] that bP,41 = Z/2. The unique non-trivial element of
bP, 11 is represented by the Kervaire spere, say X" . Therefore, as [¥"] # [S"] in O,,, statement
(7) holds if and only if [¥"] € bP,4+1, or equivalently [¥"] € GL%Fl. This holds if and only
if there exists a pair (W™ F) consisting of a compact oriented smooth manifold W"*!1 of
dimension n+1 such that OW = ¥, and a fold map F': W — R? whose fold lines are allowed to
have an abosolute index contained in {[5],...,n—l}U{n} = {k}U{n} (recall that n =2k —1
and [ = k — 1), and such that there exists a special generic function f: 3 — R with

F|E><[O,a) =[x id[O,e): 2% [0,5) - Rx [075)7

where ¥ x [0,¢) is a collar neighbourhood of ¥ x 0 =3 in W for suitable ¢ > 0.

By a modification of W and F', one may assume that S(F’) has precisely one closed component,
and this has absolute index k. (Indeed, closed components of S(F') of absolute index n can be
absorbed in the components of S(F') diffeomorphic to [0,1] (which have necessarily absolute
index n) by Proposition 9.2.2. Finally, the closed components of S(F') of absolute index k can

be connected to a single one by Proposition 6.1.3.)

It remains to check that bP,+1 C O, for n € {237,285,333,381,445,461,477}. Indeed, it
follows from the classification of homotopy spheres (see [35, Theorem 6.1, p. 123f]) that

coker J,, = 0,,/bP, 41,

where J,,: m,(SO) — 75 denotes the J-homomorphism. Therefore, it suffices to show that
coker J,, is non-trivial. But Bott periodicity (see the proof of [27, Theorem 3.1, p. 508]) implies
that 7,(SO) = 0 because n =5 (mod8). Hence, coker J, = 77 . Finally, [45, Table A3.5, p.
370ff] proves that w5 # 0 for the desired values of n. O
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10.5 The Aggregate Invariant of a Homotopy Sphere

First, we give here a proof of Proposition 10.1.5.

Proof. Theorem 3.4.9 allows the calculation of the state sum of a given cobordism by means of
fold maps rather than fold fields. Since the aggregate invariant is defined in terms of state sums,

we do not have to care about whether a fold map is a fold field in the following.

(a). Fix a homotopy sphere X" of dimension n > 6. Given two pairs of special generic functions
f P s s v fD B s LR,
the proof of [47, Lemma 3.1] implies that there exist smooth maps
Fg: 8™ x[0,1] - R x [0, 1], Fy: 8" x[0,1] — R x [0,1],

with only definite fold lines such that, for suitable ¢ € (0,1/2),

Fslgnxjo,e = fé?) xidje,  Fslonxp—e1 = fé}) X id[—¢ 1]
Fslsnyjo,e = £ x idpe,  Felsnxji—en] = £ % idj_c -

Let W € Cob(S™, %) be any oriented cobordism from S™ to ¥. Then it follows from cylindrical
rigidity (see Corollary 9.1.8) of Fs and Fx that

—=(1) (1 —=(2) (2
2w (7S 1) = 2w (7S 72,
Consequently,

m<2n> = Z Z ZW(?SaYE) = Z ZW(?SaTE) € Q

FseCo(x) WECob(S™,X) WeCob(S™,%)

does not depend on the choice of fg and fx. Finally, if [X7] = [£3] in O,,, then we claim that
A(XT) = A(X3). In fact, let V be an h-cobordism between ¥; and ¥3. Given two special

generic functions

f1221—>R, f2222—>R,

the proof of [47, Lemma 3.1] implies that there exists a smooth map
F: V=% x[0,1] - R x[0,1]
with only definite fold lines such that, for suitable ¢ € (0,1/2),
Fls5 xjo,e] = J1 x idp Fls,xpi—e1) = f2 x idp—c 1,

on suitable collar neighbourhoods of ¥; C V and ¥y C V. Fix a special generic function
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fs: 8™ = R. Then it follows from cylindrical rigidity (see Corollary 9.1.8) of F' that

2[(2711) = Z Zw, (va fl) = Z Z Y(S(Fl))

W1€Cob(S™,31) W1eCob(S™,21) FLeF(W1;fs,f1)
= > Y. Y(S(R) = > Zw,(fs, f2) = A(X5).
WoeCob(S™,%0) FoeF(Wa;fs,f2) WaeCob(S™,55)

(b). Concerning property (i), note that the first and third component of A([X"]) € B[[¢]] @
B[[q]] ® B][g]] are equal and of the desired form by Proposition 9.2.2. (In fact, the attachment
of handles to analogous to Proposition 9.2.2 allows us to perform surgery on the definite fold
lines of a fold map without changing the indefinite fold lines. Therefore, given a fold map F
that is relevant to the calculation of 2((3™), one can exchange the open Brauer morphisms DC
and = in S(F') without changing the number of loops in S(F), or introduce precisely one more
loop without changing the open part of the Brauer morphism S(F').) Furthermore, the middle
component vanishes because the non-reduced index is always constant along fold lines, which
is not the case for a fold line that connects the minimum of fg with the maximum of fy (or
vice versa). Property (ii) is a reformulation of the results of the proofs of [4, Theorem 10.2,
p. 81] and [4, Proposition 10.3, p. 84]. Finally, in order to show property (iii), suppose that
[¥7] € GL . By definition of G!, there exists a pair (W, F), where W is a (connected) oriented
compact smooth manifold of dimension n + 1 such that OW = X, and F: W — R? is a fold
map whose fold lines have absolute index in {[5],...,n — 1} U{n}, and such that F is the
suspension of a special generic function > — R in a suitable collar neighbourhood of ¥ C W.
By Proposition 9.2.2 we may in addition assume that F' has no definite loops. Then, application
of Proposition 6.1.3 relative to the set R consisting of the unique definite fold line of F' and to
the nice subset Ay :={[5],...,n =1} of {[5],...,n}, we may modify F' in a compact subset
of W\ OW in such a way that the resulting fold map has exactly (n—1)—[5]+1=[5]+1-1
loops. Hence, property (i) implies that a([¥"]) < [5]+1—1. O

Combining Proposition 10.1.5 and Theorem 10.1.3, one obtains the following

Corollary 10.5.1. Suppose that n > 7 and n # 15. Then, a([E"]) =1 for all [S"] # [E"] €
an_H CO,.

Proof. As bP,y1 = {[S"]} for n even, we may assume that n is odd. In this case properties
(iv) and (i) of Proposition 10.2.2 imply for | = [§] —1 = (n —1)/2 that

bPoys & /2 g2,

Therefore, bP, 1 C 65{1_1)/2 c G2 by Theorem 10.1.3. Finally, if [S™] # [£"] € P41 C
©,,, then properties (i7) and (iii) of Proposition 10.1.5(b) imply that

(i4) (idi)

1< a(Z") < ng—i—l—lz(n—l)/2+1—(n—1)/2:1.
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10.6 Outlook

Finally, let us indicate some remarks and open questions that arise from our results:

e Are there more cases than that presented in Proposition 10.2.2 in which the groups 651
and C!, can be calculated? Is there an example where 551 ¢ C! in Proposition 10.2.2 (1) ?

e What is the acutal size of the group G, in Theorem 10.1.37 At present, no example is
known to the author where 6; CGlor G C 6271 for some pair (n,l). It would be
desirable to have éln =G.,.

e What happens for the value | = [§] in Theorem 10.1.3? (Here, one has to extend the
definition of G, and 6; to | = [§] in the obvious way.) If n is odd, then the statement
of Theorem 10.1.3 holds trivially because G!, = 0 by Theorem 10.1.1 and also éln =0.
If n = 2k is even, then the inclusion 52 C G is trivial since 6ln = 0 as almost closed
k-connected (2k + 1)-manifolds are contractible, so the boundary is the standard sphere.
However, concerning the other inclusion, the author can currently only show Gil C 65;2
for the value | = [§], which is basically due to the fact that one needs critical points
whose indices are in two subsequent dimensions to apply the Smale trick.

e Consider a homotopy sphere X" with the following property. There exists a pair (W™ F)
consisting of a compact oriented smooth manifold W™+ of dimension n + 1 such that
OW =¥, and a fold map F: W — R? with a single closed fold line, and such that there

exists a special generic function f: Y — R with
Flsyjoe) = f xidpe: ¥ x [0,e) = R x [0,¢),

where 3 x [0,¢) is a collar neighbourhood of ¥ x 0 = ¥ in W for suitable ¢ > 0.
Are there similar conclusions to that of Corollary 10.1.47 (Note that the difference to
Corollary 10.1.4 is that the absolute index of the unique closed fold line of F' here is not
required to have absolute index [§].)

e If one refines Banagl’s positive TF'T based on fold maps in such a way that fold loops of
different absolute indices are counted separately (which would require a certain enrichment
of the Brauer category that assigns numbers to loops and arcs), then Corollary 10.1.4
implies that the redefined aggregate invariant can detect the Kervaire sphere in certain

dimensions.
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Appendix A

Transversality

The underlying reference for the present chapter is [17].

In the following, X and Y denote smooth manifolds (without boundary). The purpose of the
following sections is to prove Proposition A.3.2. This can be considered as a relative version of
the Thom transversality theorem and allows to extend transversality conditions in a jet space

of smooth maps X — Y over compact subsets.

A.1 Transversality

In the present section we recall the fundamental principle of transversality. We start with the
definitions given in [17, Definition II1.4.1, page 50] and [17, Definition I1.4.8, page 54)):

Definition A.1.1. Let f: X — Y be smooth and let W be a submanifold of Y .

(a) Given a point = € X, we say that f intersects W transversally at x (and write f m W
at x) if either (i) f(x) ¢ W or (ii) f(z) € W and Ty(p)Y = Tp)W + (df )2 (T2 X) -

(b) If A is a subset of X, then we say that f intersects W transversally on A (and write
fW on A)if fMW at  forall z € A.

(c) If B is a subset of W, then we say that f intersects W transversally on B (and write
fOW on B)if fhW on f~4B).

(d) Finally, we say that f intersects W transversally (and write fh W) if fh W on X.

The following Lemma is an immediate consequence of Definition A.1.1(a):

Lemma A.1.2. Let f: X =Y be smooth and let W be a submanifold of Y .

(a) Assume that x € X is a point and W' C W is an open subset. (Note that W' is also a
submanifold of Y .) Then the following holds:
(1) If fMW at x, then f AW’ at x.
(2) If fOW' at x and f(x) e W, then fhW at x.

(b) Assume that x € X', where X' is an open subset of X. Let f': X' — Y denote the
restriction of f to X'. Then fhW at x if and only if f' AW at x.

Proof. (a). Note that if f(z) € W', then Ty W' = TpyW in Ty(,)Y as W' is open in W .
(1). We may assume that f(z) € W’. Since f MW at z by assumption and f(z) e W C W,
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Definition A.1.1(a) implies that Ty Y = TyoyW +(df )2 (Te X) = Ty@yW'+(df ) (T X) . Hence,
f MW" at x by Definition A.1.1(a

(2). Since f h W’ at x and f(z) € W’ by assumption, Definition A.1.1(a) implies that
Ti@)Y = Tpay)W' + (df)o(TeX) = Tpy)W + (df )o(T: X). Hence, f th W at z by Defini-
tion A.1.1(a).

(b). Set y := f(z) = f'(x). If y ¢ W, then we have f M W at = and f' h W at z
by Definition A.1.1(a). If y € W, then Definition A.1.1(a) implies that f M W at z if and
only if T,)Y = T,W + (df)z(T»X). Equivalently, T,Y = T,W + (df’).(TX'). (Note that
(df)(TuX) = (df")(T,X') as X’ is an open subset of X .) The previous equality holds if and
only if f/h W' at z.

O]

Lemma A.1.3. Let f: X — Y be smooth and let W be a submanifold of Y . Assume that
x € X is a point such that f MW at x and f(x) € W . Then there exists an open neighbourhood
UCX of z such that fthW on U.

Proof. Let m: R™ = R™ % x RF — R™F denote the projection to the first factor. Since
Wk C Y™ is a submanifold, there exists a chart ¢: V — V' C R™ around f(x) € Y such that
WNV =¢Y(V'NN), where N := {z € R"; 2y = -+ = 2,1, = 0} = 7 1(0). Being the
composition of submersions, the map v¢: V' — R™ % defined by ¢(y) = n(¢(y)) forall y € V is
a submersion. Note that W NV =¢~1(0). (In fact, z € V satisfies ¥(z) = m(4(2)) = 0 if and
only if ¢(z) € V' N7=1(0) = V'NN. Equivalently, z € ¢~1{(V'NN) =WnNV.) By [17, Lemma
11.4.3, page 52], the composition g := 1 o f, which is defined as a map g: f~1(V) — R™* is
a submersion at x. Hence, there exists an open subset U C X such that x € U C f~1(V) and
such that ¢ is a submersion at all points of U. It remains to show that fh W on U. We fix a
point 2’ € U and have to show that f M W at a’. By Definition A.1.1(a), we can assume that
f(2') € W. By construction, f(z') € f(U) C f(f~1(V)) C V,so V is an open neighbourhood
of f(z') in Y. Recall that the submersion 9: V — R™ % satisfies W NV =¢~1(0). Applying
[17, Lemma I1.4.3, page 52| again, we obtain f h W at 2’ since f(2') € W and g =1 o f isa

submersion at 2. O
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A.2 Transversality in Jet Manifolds

Lemma A.2.1. Let A be a closed subset of Y and let W be a submanifold of Y such that
ACW. Then

(a) {f € C®(X,Y); f(X)NA=0},

(b) {f € C®(X,Y); fhW on A}

is an open subset of C°°(X,Y) in the Whitney C' topology, and thus, C* topology.

Proof. (a). Let f: JY(X,Y) — Y be the target map. Since A is a closed subset of Y,
U := 7YY\ A) is an open subset of J'(X,Y). By definition of the Whitney C' topology, see
[17, Definition I1.3.1(iii), page 42], we conclude that

MU) :={f € C¥(X,Y); (' f)(X) C U}
is an open subset of C*°(X,Y) in the Whitney C' topology. Set
T = {f € C¥(X,Y); f(X)NA=0}.

By construction, M(U) = T'. (In fact, given f € C*(X,Y), we have f € T if and only if
f(x) e Y\ A for all z € X. Since B((j1f)(z)) = f(z) for all z € X, we have f € T if and
only if (j1f)(z) € B71 (Y \ A) = U for all z € X. Hence, f € T if and only if f € M(U).)
This completes the proof of (a).

(b). The argument is an adaption of the proof of [17, Proposition 11.4.5, page 52]. For com-

pleteness, we present it in full detail.

In the following, let o € J'(X,Y) be a 1-jet with source € X and target y € Y and let
f: X — Y bearepresentative of o. (In particular, y = f(x), and the linear map (df),: T, X —
T,Y does not depend on the representative f.) Define a subset U C J LX,Y) as follows. We
require that o € U if and only if either y ¢ A or y € A and T,)Y = T,W + (df ).(T.X). We

set

M(U):={f € C*(X,Y); (' /)(X) C U},
T:={feC®X,Y); fh W on A}.
By construction, "= M(U). (In fact, given f € C*(X,Y), we have f € T if and only if
fOW at z for all z € f~1(A) (see Definition A.1.1(c)). Since A C W, this is satisfied if and

only if Ty()Y = Ty)W+(df )o (T2 X) forall z € X with f(z) € A. Equivalently, (j'f)(z) € U
for all x € X . This holds if and only if f € M(U).)

By definition of the Whitney C' topology, see [17, Definition I1.3.1(iii), page 42], it suffices
to show that U is an open subset of J'(X,Y). (Then T = M(U) will be an open subset of
C*™(X,Y) in the Whitney C' topology, which completes the proof of (b).)

Consider the complement
Vi=J (X, V)\U={oeJ'(X,Y); y€ Aand Ty,)Y # TpiyW + (df )« (T X)},

where o denotes a 1-jet with source x € X and target y € Y ,and f: X — Y isarepresentative
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of o. It suffices to construct for every o € J'(X,Y) an open neighbourhood T, C J'(X,Y)
of o such that the intersection V N T, is a closed subset of T,. (In fact, this implies that U
is an open subset of J!(X,Y) as follows. Note that for every o € J'(X,Y) the complement of
VNT, in T, is given by U NT,. By construction, U NT, is an open subset of T, , and hence
an open subset of J'(X,Y). Therefore, the union

U wnT,)=un( |J T,)=UnJ'(X,Y)=U
ceJH(X)Y) ceJI(X)Y)

is also an open subset of J'(X,Y).)

Let 0 € JY(X,Y) be a 1-jet with source z € X and target y € Y and let f: X — Y be a
representative of o. Let us construct the desired open neighbourhood T, of o in J'(X,Y). If
y ¢ A, then o is an element of T, := 371(Y \ A). Note that T, is an open subset of J!(X,Y)
because A is a closed subset of Y by assumption. Obviously, V NT, = (), which is a closed
subset of T, . This completes the construction of T, in the case y ¢ A. Next, we assume that
y€ A. Set n:=dimX, m:=dimY and k:=dimW . Since W is a submanifold of Y and
y € W, there exists a chart ¢: Y’ —5 Y” C R™ around y such that W NY’ = e L(Y"NN),
where N := {z € R™; z; = -~ = 2z, = 0}. Let ¢: X' —» X" C R" be a chart around
such that f(X’) C Y. By definition of the manifold structure on J!(X,Y’) in the proof of [17,
Theorem 11.2.7(1), page 40], a chart around o is given by

¢: Jl(X/ Y) i J! (X// Y//) X" x V" % Hom(Rn,]Rm),
£(0”) = (U(@'), 0(y"), dpy o dfys o (dow)™"),

where o’ € JY(X',Y") is a 1-jet with source 2’ € X’ and target ¢/ €Y', and f': X' =Y’ isa
representative of o’. In particular, T, := J!(X’,Y’) is an open neighbourhood of o € J'(X,Y).
It remains to show that V NT, is a closed subset of T .

Let o/ € T, Cc JY(X,Y) be a 1-jet with source 2’ € X’ and target ' € Y' and let f': X =Y
be a representative of o’. We have ¢’ € V if and only if v/ € A and T,Y # T,W +
(df) o (T X), ie. f/(a') € A and f' does not intersect W transversally at z'. Let m: R™ =
R™k x R¥ — R™ % be the projection to the first factor. The submersion ¢: Y’ — R™F
defined by ¢(z) = 7w(p(2)) for all z € Y’ satisfies ¢~1(0) = WNY’'. (In fact, z € Y’
satisfies ¢(z) = 7(p(z)) = 0 if and only if ¢(z) € Y" N x~1(0) = Y”" N N. Equivalently,
z€o Y (Y'"NN)=WnNY'.) By [17, Lemma I1.4.3, page 52], we obtain

VNT,={c" €T,y € Aand ¢o f": f’_l(Y’) s R™ % is not a submersion at x'}.

Note that ¢ o f" is not a submersion at «’ if and only if d(¢ o f'),y = 7o dyp,y o df., has rank
< m — k. Equivalently, n(£(¢’)) € F', where

n: JHX",Y") = Hom(R",R"™"),  p(z,y,B) =7o B,
and F := {B € Hom(R",R™%); rank B < m — k}. All in all, we have shown
EVNT,) =X"xp(ANY") x n71(F).

©(ANY’) is a closed subset of Y as A is a closed subset of Y. Moreover, note that F' is a
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closed subset of Hom(R™, R™~¥) . (Indeed, by [17, Proposition I1.5.3, page 60] the complement
Hom(R",R™~ %)\ F = LO(R",R™~¥) is a submanifold of Hom(R",R™~¥) of codimension (n —
g+r)m—k—q+r)=0, where r =0 and ¢ = min(n,m — k).) All in all, we conclude that
V NT, is a closed subset of Ty . O

Remark A.2.2. Part (b) of the previous Lemma is used in the proof of the Thom transversality
theorem [17, Theorem 11.4.9, page 54]. It is a slight generalization of [17, Proposition 11.4.5,
page 52]. In fact, [17, Proposition I1.4.5, page 52] is the special case that W is closed as a subset
of Y and A:=W.

Corollary A.2.3. Let A be a closed subset of J¥(X,Y) and let W be a submanifold of
JF(X,Y) such that AC W . Then

(a) {f € CX(X,Y); jH(f)(X)NA=0},
(0) {f € C(X,Y); j*(f) MW on A}

is an open subset of C*°(X,Y) in the Whitney C>° topology.
Proof. 1t follows from Lemma A.2.1 that

S:={g € C®(X,J"X,Y)); g(X)n A =0},
T:={geC>®X,JNX,Y)); gh W on A}

are open subsets of C*°(X,J*(X,Y)) in the Whitney C* topology. Since
JPOR(XY) = CX(XJHXY)), g i),
is continuous in the Whitney C*° topology by [17, Proposition I1.3.4, page 46|,

(7)7HS) = {f € XX, Y); JH(HX)NA =0},
(7*)"HT) = {f € C¥(X,Y); j*(f) h W on A}

are open subsets of C*°(X,Y) in the C* topology. O
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A.3 An Application of the Thom Transversality Theorem

The following Lemma collects some elementary statements which will be used in the proof of

Proposition A.3.2.

Lemma A.3.1. (a) Let U C W C X, where W is a submanifold of X and U is an open
subset of W . Then w \ U is a closed subset of X .

(b) Let C C U C X, where C is compact and U is open in X . Then there exists an open
subset V.C X such that C CV and V' isa compact subset of U .

(¢) Let K and A be disjoint subsets of a metric space (Z,d), where K is compact and A is
a closed subset of Z . Then there exists 6 > 0 such that d(z,a) > § for all z € K and all
acA.

Proof. (a). It suffices to construct an open subset V' C X such that W nv=U. (In fact,
W \U = wr \ (WX nvV) = w \ V' will then be a closed subset of X .)

Every point x € W has an open neighbourhood V, C X such that V; "W is a closed subset
of V.. (In fact, since W* is a submanifold of X", there exists a chart ¢: V — V' C R?
of X around any given point z € W such that VW = ¢~ 1(V' N N), where N := {z €
R™; zgy1 = -+ = 2z, = 0}. Noting that N is a closed subset of R™, we may take V, := V)
Fix a point € W. By construction, U, := V, \ W is an open subset of V, (and thus, of
X ) such that WNU, = 0. Thus, W N Uy, = 0. Since V, = U, U(W NV,), this implies
WX NV, = WX NWnNV,=WnV,. Hence, V' := Uzew Ve is an open subset of X such that

Wrav=wn(Uw=UWnv=Jwnva=wn({J Va)=wnV"
xeW xeW zeW xeW

Since U is an open subset of W, there exists an open subset U’ C X such that U =W NU’.
Finally, using W C V', the open subset V := V' NU’ of X satisfies

WAV =W NV nU =wnvV' Al =wnuU' =U.

(b). V' can be constructed in the following way. For every z € C' we choose a compact neigh-
bourhood C; of x in U and an open subset U, C U such that z € U, C C,. Consequently, U,
is an open neighbourhood of x in X such that mX C C,. (Note that C, is a closed subset of
X, since C,, compact and X is a Hausdorff space.) As C' is compact, we can extract a finite sub-
covering (J,cx, Uy from the open covering C C |J,cc Uy . We can conclude that V :=J,cx U,
is an open subset of X which contains C'. Furthermore, v ¢ Uzex ij C UpexCz CU.
(Note that the first inclusion uses the finiteness of ¥. In fact, U,ex mX is a closed subset of

X .) Finally, v s compact, being a closed subset of the compact space (J,cx Cs -

(c). If there is no such §, then there exist sequences z1,22,... in K and aj,ag,... in A such
that d(z;,a;) < % for all integers ¢« > 0. Since K is compact and metrizable, we may assume
that z1,29,... has a limit point z € K by passing to a subsequence. The triangle inequality
d(ai, z) < d(a;, zi) + d(zi,z) shows that z is also the limit point of the sequence ai,as,... .
Since A is a closed subset of Z, we conclude that z € A. This yields the contradiction
zeKNA=1. O
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The following Lemma is essentially an application of [17, Corollary 11.4.11, page 56], which in
turn follows from the proof of the Thom transversality theorem [17, Theorem I11.4.9, page 54].
Roughly speaking, assume that f: X — Y satisfies a certain transversality condition in a jet
space on the complement of a compact subspace in X . In this situation, the following result
shows that f can be approximated rel boundary conditions by a map g: X — Y which satisfies

this transversality condition on all of X .

Proposition A.3.2. Let f: X — Y be smooth, C C X a compact subspace and W C J*(X,Y)
a submanifold such that the k-jet j*(f): X — J*(X,Y) has the following properties:

(1) 3*(f)h W on X\ C.
W k() (X 0) = WA ),

(2) W
Given an open subset U C X such that C C U and T s compact and an open neighbourhood
N of f € C®(X,Y) (in the C™ topology), there exists a smooth map g € N such that

glx\w = flxw and j5(g) h W .

Proof. Using Lemma A.3.1(b), we choose open subsets V,V’ C X such that C C V, 7 ¢
V' and V" C U. By assumption, C’ := 7Y s compact. Note that C” := C"\ V' is a
compact subspace of X \ C', as V'’ is an open subset of the compact space C' and C C V’.
Hence, K := j*(f)(C") is a compact subspace of j*(f)(X \ C). It follows from (2) that
R:=j*(f)~*(W)N (X \ C) is a closed subset of X \ C. (In fact, let x1,72,... be a sequence
in R with limit point x € X \ C'. It suffices to show that € R as the manifold X \ C is a
first-countable topological space. Application of the continuous map j*(f) yields the sequence
3 () (@), 75 () (@2), ... with limit point j*(f)(z) in J*(X,Y). As j*(f)(21),5"(f)(z2),. ..
is a sequence in W by definition of R, we conclude that j*(f)(z) € WY, Hence, it
follows from z € X \ C and (2) that j*(f)(x) € W) N3%(f)(X \ C) € W. Therefore,
z € j*()'(W)N (X \ C) = R.) In particular, the intersection C” N R = C” N j*(f)~* (W)
of the compact subspace C” C X \ C and the closed subset R C X \ C' is compact. Thus,
L:=j*(H(C"n*(H)~TW)) = 5 () (C")NW = KNW is compact.

Recall that the source map a: J¥(X,Y) — X satisfies oo j*(I) = idy for all | € C®(X,Y).
We have a(L) € a(K) = (a0 j*(f)(C") =C" =C'"\V' C X\VX —: V. Consequently,
LcWna Y(V)=W. Using Lemma A.3.1(b), we choose an open subset Z C W such that
L C Z and 7V s a compact subset of w. (Indeed, we have L C W c W, where L is
compact and W = W Na~}(V) is an open subset of the manifold W.) Note that Z" isa
closed subset of J¥(X,Y), because ART compact and J*(X,Y) is a Hausdorff space. Hence,
Corollary A.2.3(b) implies that

T:={heC®X,Y); j*(h) "h W on Z"}

is an open subset of C*°(X,Y) in the C* topology. Note that f € T'. (In fact, by Defini-
tion A.1.1, we have to show that j*(f) M W at z for all z € jk(f)*1(7w). Given such an =,
we observe j*(f)(z) € Z" CW. As @ € j*(f)"L(W) C ()L (V) = (aoi*(£)"H(V) =
V=X \VX C X\ C, we have j*(f) h W at z by assumption (1). Since W = W Nna~ (V)
is an open subset of W and j*(f)(x) € W, Lemma A.1.2(a) yields j*(f) h W at z.)

We choose a metric d on the smooth manifold J¥(X,Y) such that d is compatible with the
topology on J*¥(X,Y). (This is possible by [17, Lemma 1.5.9, page 24].) Choose § > 0 such
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that d(a,b) > § forall a € K and all b€ W\ Z. (Indeed, we can apply Lemma A.3.1(c) to the
subsets K and A := W~ &Y \ Z of the metric space (J¥(X,Y),d). Note that K is compact
and A is a closed subset of J¥(X,Y) by Lemma A.3.1(a). Furthermore, K and A are disjoint,
since K C j5(f)(X\ C) tmplies KW XY — KnW =L c Z by (2).) By [17, page 43],

Bs(f) == {h € C¥(X,Y); d(j*(f)(x), j*(h)(z)) <& Ve X}

is an open neighbourhood of f in C°°(X,Y) in the C*, and thus C°°, topology.

Set W’ := Wna~!(V'), which is an open subset of W . By [17, Corollary I1.4.11, page 56|, there
exists a smooth map g: X — Y such that g € NNTNBs(f), 7*(g) h W’ and glx\v = flx\v-
(In fact, W = W N a~ (V') is a submanifold of J*(X,Y) such that mx cV*t cU.
Moreover, by construction, N N1 N Bs(f) is an open neighbourhood of f € C*°(X,Y).) In
particular, we have g € N and g|x\y = f|x\v . It remains to show that *(g) MW . We fix a
point x € X and have to show that j¥(g) M W at z. By Definition A.1.1(a), we may assume
that j%(g)(z) € W. We distinguish the following three cases:

e V' It follows from (a0 j%(g))(x) =z € V' that j5(g)(z) € WNna 1 (V') =W'. As
7%(g) M W' at z by construction of g and W’ is an open subset of W, Lemma A.1.2(a)
implies that j*(g) M W at .

e 1€ X\ Since x € X\ ' C X\C, we have j*(f) M W at x by assumption (1). As
glx\cr = flx\¢cr and X\ C’ is an open subset of X, it follows from Lemma A.1.2(b) that

*(g) MW at 2. (Note that j*(f)lx\cr = i*(9)lx\c )
e e C'\ V' =C". Tt follows from g € Bs(f) that

A5 (f)(x), % (g)(x)) < 6.

As §%(f)(z) € j*(f)(C") = K and j*(g)(x) € W, we obtain j*(g)(z) € Z by the choice
of §. In particular, = € jk(g)_l(ZW). Hence, g € T implies that j*(g) M W at =. It
follows from = € C'\ V' C X\VX =V = (a0 j*g) (V) = j*(g) " (a=*(V)) that
%(g)(x) e WNa (V) = W. Since W is an open subset of W, Lemma A.1.2(a) yields
F(g) MW at .

O]
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A.4 Transversality in Vector Bundles

Recall from Section 2.2.1 the notion of a Whitney stratified subspace of a smooth manifold.

Proposition A.3.2 can be generalized to Whitney stratified subspaces of the jet space:

Corollary A.4.1. Let f: X =Y be smooth, C C X a compact subspace, and W C Jk(X,Y)
a Whitney stratified subspace such that the k-jet j*(f): X — J¥(X,Y) satisfies j*(f) M W on
X\ C. Then, given an open neighbourhood U C X of C, there exists a smooth map g: X —Y
such that g|x\v = flx\v and *(g) h W .

Proof. Let S; denote the stratum of W of dimension 0 < ¢ < n:=dim W . (Hence, S; is the
union of all i-dimensional pieces of W.) Note that the closed subset W; := U;-:O S; C JHX,Y)

is a Whitney stratified space of dimension i. (The pieces of W; are unions of components of
the Sj )

Using Proposition A.3.2, we construct inductively for i = 0,...,n a compact subset C; C U

and a smooth map f;: X — Y with the following properties:

(i filx\v = flx\v
(2)1' ]k<fl) rh W on X \ Ci7
(3)i J*(fi)(C)NW; =0.

Note that the smooth map g := f,,: X — Y will have the desired properties since g|x\v = f|x\v
by property (1), and j%(g) m W follows from properties (2), and (3), as W, = W .

To construct fy, we apply Corollary A.4.1 to the smooth map f: X — Y, the compact subspace
C C X, the submanifold Wy € J*¥(X,Y), and an open subset Uy C X such that C' C Uy and
such that U[))( C U is compact. (Note that the required properties (1) and (2) of Corollary A.4.1
are satisfied since j*(f) h Wy holds on X \ C' by assumption, and Wy is a closed subset of
JF(X,Y).) Hence, Corollary A.4.1 implies that there exists a smooth map fy: X — Y such
that folx\v, = flx\v, and j*(fo) h Wo. As j*(fo) d W on j*(fo)~*(Wo), there exists by
Proposition 2.2.2 an open neighbourhood Vp € X of j*(fo)~'(Wy) such that j*(fy) m W on
Vo. Set Cp := Ué( \ Vo, which is a compact subset of U. It remains to check the desired
properties (1)o, (2)o and (3)g. Property (1) follows from fo|x\r, = flx\v, since Ué( cU.
In order to check property (2)o, note that X \ Cp = Vp U X \Ug(. Note that j*(fo) M W on
Vo by choice of V. Furthermore, fO|X\ﬁ§ = f‘X\U? implies that jk(fo)‘X\Ug( = jk(f)’X\ﬁg"
so it follows from X \ Ty € X \ C and j5(f) h W on X \ C that j%(fo) h W on X\ T; .
Finally, property (3)g holds since j*(fo)~'(Wo) N Coy C Vo N Cy = 0 by construction of Cp.

For ¢ > 1, the construction of f; from f;_; is as follows. Let X; C U be an open neighbourhood
of C;_1. By property (3);_1 one may additionally assume that X; N j*(f;_1) " (Wi_1) = 0
because W;_1 C J¥(X,Y) is a closed subset. Hence, Lemma A.2.1(a) implies that N; := {h €
C>®(X;,Y); j*(h)~Y(W;_1) = 0} is an open neighbourhood in C*®°(X;,Y) (in the Whitney
C* topology) of the restriction h; := f;_1]: X; — Y. Apply Proposition A.3.2 to the smooth
map h;: X; — Y, the compact subspace C;_1 C X;, the submanifold S; C Jk(X,Y), and
an open subset U; C X; such that C;,_; C U; and such that Ul-X C X; is compact. (Note
that the required properties (1) and (2) are satisfied. Indeed, j¥(h;) th S; holds on X;\ C;_1
by property (2);_1. Moreover, j*(h))"'(Wi_1) = X; N j¥(f;i1) Y (W;_1) = 0 implies that
() (XAC)NG XY = b (h) (X\Ci—1)NS: because ;7 XY\ S, € Wi_,.) Thus, there
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exists a smooth map g;: X; — Y with g; € N; such that g;|x,\v, = hi|x,\v, and 3%(gi) M S;. As
3%(g;) MW on j*(g;)71(S;), there exists by Proposition 2.2.2 an open neighbourhood V; C X;
of 5%(g:)~1(S;) such that j*(g;) h W on V;. Let us define the pair (C;, f;). Set C; := UZX\V;,
which is a compact subset of X;, and hence of U. Note that X = X; U (X \ﬁ;x) is an open

cover of X . Define the smooth map

gi(x), r e X,

fir X =Y, fi(if):{ —x
fi—1($)7 S XP\UZ .

(Indeed, f; is a well-defined smooth map since the smooth maps ¢g; and f;—1 coincide with h;
on Xiﬂ(X\UiX) = XZ-\U;-X C X;\U;.) It remains to check the desired properties (1);, (2); and

(3);. Property (1); follows from f;] x and property (1);—1 since Ug( cU.

X\T; ¥ = fi- 1’X\U
In order to check property (2);, note that X \ C; = V; U (X \ Ui ). We have j*(f;) i W on
V; because fi|v; = gilv., and j*(g;) h W on V;. Moreover, j*(f;) M W on X\ﬁf{ because
fily\px = fim1l\px and j “(fis)) MW on X\ Ciy (D X\T; ) by property (2);—1. Finally,

property (3); holds because g; € N; and j*(g;)~1(S;) C V; imply that
F) T W) N Ci = g) W) N Ci = (5% (g:) T (Wi UM (g0) 71 (S) N G C Vin G = 0.

O]

Lemma A.4.2. Let f: X — Y be a submersion of smooth manifolds. Given a Whitney strati-
fied subspace M C X and a smooth submanifold N C Y, the following statements hold:

(a) The smooth submanifold f~Y(N) C X satisfies f~1(N) th M in X if and only if the
restriction f|: M —'Y s transverse to N CY .

(b) Suppose that the conditions of part (a) hold. Let g: Y — X be a smooth section of f such
that the restriction g|: N — f~Y(N) is transverse to f~Y(N)N M C f~'(N). Then, for
every smooth submanifold N C N' C Y, there exists an open neighbourhood f~'(N) C
V C f7YN') such that V (h M in X, and such that the restriction g|: g~ (V) — V s
transverse to VN M on N.

Proof. (a). It suffices to assume that M is a smooth manifold. One has to show the equivalence

of the following two statements for every point p € M with ¢ := f(p) € N:

(i) Tof *(N)+T,M =T,X.
(44) df(TM)+TN T,Y .

(i) = (it). Let v € T,Y . Since f is a submersion, there exists w € T, X such that v = df,(w).
By (i) there exist wy € T, f~ Y(N) and wy € T,M such that w = wn + wyr . Hence,

v = dfy(w) = dfy(wy) + dfp(war) € dfp(Tpf (N)) + dfp(T,M) C df,(T,M) + T,N.

(i7) = (i). Conversely, let w € T, X . By (ii) there exist wy € T,M and vy € T;N such that
dfp(w) = dfp(war) + vn . Hence,

w—wy € (dfy) " (vn) C (dfy) " H(T,N) = T,f ' (N).
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(b). It suffices to assume that M is a smooth manifold. By means of Proposition 2.2.2, it follows
from the assumption f~1(N) h M in X from part (a) that there exists an open neighbourhood
f~YN)cV c f~Y(N') such that V th M in X. Note that ¢g~(V) is an open neighbourhood
of N in N’ since g is a section of f (thus restricting to a map g|: N’ — f~1(N')).

It remains to show that, for every point ¢ € N with p:=g(¢) € M,
dyg(Tyg™ (V) + To(V 0 M) = T, V.

For this purpose, let w € T,V . Since T,f 1(N)+ T,M = T, X by the conditions of part (a),
there exist wy € Tpffl(N) C T,V and wyr € TpM such that w = wy + wpr. Note that
wy = w —wy € T,V implies that wyr € T,V NT,M = T,(V N M). Next, it follows from
deg(TyN) + T,(f Y (N) N M) = T,f1(N) (which holds by assumption on g) that there exist
vy € TyN and wn € T,(f~1(N)N M) C T,(V N M) such that wy = dyg(vy) + wn. Hence,

w=wy +wy = dgg(vn) + (wn + war).

This is the desired composition since dyg(vy) € dgg(T;N) C dgg(Ty;N') = dug(T,g~1(V)) and
wn+wy € T,(VNM). O

The following Proposition deals with the extension of sections of a smooth vector bundle that
are transverse to a given Whitney stratified subspace of the total space. Note that the case
of a product bundle is covered by the case k¥ = 0 and Y = R" in Corollary A.4.1 since
JOX,R") = X xR".

Proposition A.4.3. Let 7: E — X be a smooth vector bundle. Suppose that W C E is a
Whitney stratified subspace. Let C C X be a compact subspace, and let f: X \ C — E be a
smooth section of m such that f th W . Then, given an open subset U C X such that C C U,
there exists a smooth section F': X — E of m such that F MW and F|x\v = flx\v -

Proof. During the proof, we adopt the notation of [62] for smooth triangulations of smooth

manifolds as defined there.

There exists a compact codimension 0 submanifold with boundary V' C U such that C' C
V' \ 0V, and a smooth triangulation (K,n) of V extending a smooth triangulation (L, \) of
OV such that m|g is transverse to 7|int, for every stratum S of W and every simplex o € K .
(Indeed, V with its desired smooth triangulation can be constructed as follows. By [43, Theorem
10.6, p.103f] there exists a compact codimension 0 submanifold with boundary V' C U such that
C Cc V\9V, and a smooth triangulation (K,n) of V extending a smooth triangulation (L, \) of
OV . The task is to modify V in such a way that the required transversality conditions hold. Note
that [62, Proposition 2, p. 2] generalizes to a finite number of smooth maps h;:Y; = Xo, j =
1,...,d, which is essentially possible because the transversality condition is achieved by choosing
a regular value of a certain smooth map in the course of the proof of [62, Lemma 6, p. 4]. Using
our generalizations, we then follow the proof of the main theorem indicated in [62, Section 2, p.
2] noting that the diffeomorphisms v, that are chosen have support in stars of the barycentric
subdivision of K. Hence, if the originial smooth triangulation (K,n) of V is fine enough,
then the finally obtained diffeomorphism v¢: U — U will have the property that C C ¥(V) \
¥(0V'). Finally, replacing V' by ¢ (V) and (K,n) by (K,¥ on), the required transversality
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properties will be satisfied.) Consequently, Lemma A.4.2(a) implies that 7= !(int o) h W for
every simplex o € K. (By abuse of notation, we write into instead of n(int o) etc.) Thus,
if P:=|K;|\ (|JKi—1|U|L|) C intV is the i-dimensional smooth submanifold given by the
union of the interiors of the i-simplices of K \ L, and m;: E; — P; denotes the restriction of
m: F — X to P, then E; M W, and the transverse intersection W; := E; N W is a Whitney
stratified subspace of FEj;.

For i = —1,...,m (where m = dim V') we construct inductively a pair (U;, F;) consisting of

e an open neighbourhood U; of |K;|U|LIU(U\V)=|K;|U(U \intV) in U, and
e a smooth section F;: U; - E of &
with the following properties:
(1); F;hW.
(2); For every j € {0,...,i}, the restriction Fj|: P; — Ej is transverse to W; C Ej.
(3); F; coincides with f in a neighbourhood of U \intV in U.

Finally, since U,, = U, the desired smooth section F': X — FE of 7w can be chosen to be the
gluing of Fy,: Uy, = U — E and f|x\y along the open subset Uy, N (X \V)=U\V C X.

Initially, set (U-1, F_1) := (U\C, f|pn¢) - Supposing that the pair (U;, F;) has been constructed
for some i € {—1,...,m — 1}, the pair (U;;1, F;+1) can be constructed as follows.

Let 0 € K\ L bean (i+1)-simplex. It suffices to extend F; in the desired way over a tubular
neighbourhood of into C int V' rel an open neighbourhood of do in U;. Repetition of this
process for every (i 4+ 1)-simplex of K \ L then yields the desired map Fj 1.

Since (K,n) is a smooth triangulation of V', the embedding i,: A*! — U of the standard
(i + 1)-simplex Al C R that corresponds to o is the restriction of an embedding of an
open neighbourhood of A™! ¢ R™*! into U whose image is an (i + 1)-dimensional smooth
submanifold ¥ C U. For every j € {0,...,i}, property (2); allows us to apply Lemma A.4.2 (b)

to the following constellation:

f: X—=Y VRN 7| 7 YW (U;) = Uy,
McX “ wWnr Y U;) c Y (h),
NcCcNcY “ UnNnP,CcUNxcCU,,
Y =X & Fi|: Uy — 7 Y(U).

(Indeed, note that 7—1(U;) — U; is a submersion, and W N7~ 1(U;) is a Whitney stratified
subspace of 7~1(U;). Furthermore, condition (a), i.e. transversality of =|: W N#=1(U;) — U;
to U;NP; C U;, holds by choice of the triangulation (K,7n). Finally, since f ~1(N) corresponds
to 7~ H(U; N pPy) = LU N E;, the requirement on the smooth section Fj|: U; — 7 1(U;) of
7|: 77Y(U;) — U; is satisfied by property (2);.) Hence, there exists an open neighbourhood

Y U)NE; cV;cn  (U;nY)

such that V; h (W N7~1(U;)) in 7#~(U;), and such that the restriction F|: F; '(V;) — Vj is
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transverse to V; N W N1 (U;) on U; N Pj. Therefore, the open subset

Vo=V c Y U;NY)
j=0

is transverse to W N~ 1(U;) in 7~ 1(U;), and the restriction Fj|: F; '(V)) — Vi, is transverse
to VunWnz=YU;) on U; N Ué':o P; . In particular, Fi_l(VU) is an open neighbourhood of do
(CUinUj—o Pj) in U;NX. Thus, by Proposition 2.2.2, there exists an open neighbourhood
U, of 0o in Ffl(Vu) such that the restriction Fj|: F;l(VU) — W, is on Uy, transverse to

Vonwna Y ) =vona  un L) nWna L (U) = Vona Y U; n L) n WL

Therefore, Oy := into N Uy is an open subset of int o such that the complement into \ Oy is

compact, and the restriction F;|: Oy — Vi, is transverse to
Vona WU nS) nW =Vuna {Un2)nWna Y 0y) = VunW nat(0y).

(Here one uses that F; is a section of 7.) Now, m !(into) M W by construction of the
triangulation (K,n) of V, so the restriction Fj|: Oy — 7~ (int o) is transverse to the Whitney
stratified subspace W N7~ (into) of 7= 1(into). (Note that F;(Oy) C Vi .)

Hence, by Corollary A.4.1 (applied for k£ = 0; note that 7 restricts to a product bundle on
the contractible subspace into C U ), there exists a smooth section g,: into — 7 !(int o) of
7|: 7~(int o) — into that is transverse to W N7 !(into), and coincides with F; outside a

compact subset of into.

Finally, use a smooth partition of unity to extend g, to a section f,: 1T, — E of 7 over
some tubular neighbourhood 7T, = into x R™7*~! of inte C intV in such a way that f,
coincides with F; in an open neighbourhood of do in U;. (Note that the restriction of E
to T, is isomorphic to the trivial bundle T, x R", where r denotes the rank of E.) Now,
Lemma A.4.2(b) implies that f, t W on into because f,| = g,: intec — 7 !(into) is
transverse to WN7~!(int o). (Note that one can work with N’ =Y and V = X in the notation
of the Lemma.) Hence, Proposition 2.2.2 implies that f, M W on an open neighbourhood of
into in T, . All in all, the resulting section F;y; will have the desired properties by construction

of the extensions f, of F; over tubular neighbourhoods of the (i+1)-simplices o of K\ L. O
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Appendix B

Collar and Tubular Neighbourhoods

Throughout the present subsection, let X denote a closed smooth manifold.

Proposition B.0.1. Suppose that X (compact) is the boundary of a smooth manifold Y . Let

F10,1] x (Y, X) = ([0,00),0),  (t,y) = f(t,y) =: fi(y),

be a smooth map such that f; has no critical points on X for all t € [0,1] and f; = f; for t

near i = 0,1. Then there ezists (for suitable € > 0) a smooth map
k:[0,1] x [0,e) x X =Y, (t,u,x) — k(t,u, ) =: Ke(u, x),
such that k¢ is a collar of X in Y for all t € [0,1], Kk = K; for t near i = 0,1, and the

composition fyok: [0,e) X X — [0,00) is of the form (u,z) — u for all t € [0,1].

Moreover, if (Y,X) = ([0,00) x X,0 x X) and fi = prjg o for t near i = 0,1, then one can

achieve that ki = 1d[g oo)x x l[0,e)xx for t mear i =0,1.

Remark B.0.2. The assumption that f; = f; for ¢ near i = 0,1 could be eliminated (together
with the analogous requirement for x;), but we keep it to avoid manifolds with corners in the

proof.

Proof. Tt suffices to construct the desired x; for ¢t € (0,1).

Let ¢: [0,00) x X — Y be a collar of X in Y (see [22, Theorem 6.1, p. 113] and [22, Theorem
2.1, p. 152]). By the assumptions on f, the composition

g = fo(id,) xc): (0,1) x [0,00) x X — [0, 00), (t,u,x) — g(t,u,x) =: g:(u,x),

is a smooth map such that ¢((0,1) x 0 x X) = f((0,1) x ¢(0 x X)) = f((0,1) x X) = {0} and
such that ¢g; = fioc has no critical points on 0 x X for all ¢t € (0,1). Consequently, the smooth
vector fields £ :=0x 9, x 0 on (0,1) x [0,00) x X and v:= 9, x 0 on [0,00) x X satisfy

d d
§(9) (t1,0) = — gt ) awm = 00 () = (1) (1,)

for all (t,u,z) € (0,1) x [0,00) x X, and

f(g)(f,o,x) = U(gt)(()»x) > 0, (t,x) S (0, 1) x X.
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(Indeed, concerning the second claim, note that

gt(uv :L‘) 2 0
u

d .
f(g)(t, 0, l’) = Igt(uv $)|u:0 = hmu\o
u
for all (t,z) € (0,1) x X . The tangent space of [0,00) x X at (0,z) is the direct sum of the
tangent space of 0 x X at (0,z) and Rv(0,z). As ¢:(0 x X) = {0} and ¢; has no critical
points on 0 x X | it follows that &(g)(¢,0,2) = v(g¢)(0,x) = dg¢(v(0,x)) #0.)

As X is compact and g; is independent of ¢ for ¢ near i = 0,1, it follows from £(g)|(0,1)x0xx >
0 that there exists 0 > 0 such that £(g)|z > 0, where Z := (0,1) x [0,d) x X .

Fix t € (0,1). The restriction hy := giljo,5)xx : [0,6) x X — [0,00) is a submersion because

v(he)(u, ) = v(ge)(u, x) = &(g)(t,u, ) > 0, (u,z) €10,9) x X.

In consequence, h;'(0) = 0 x X. (In fact, if (u,z) € [0,8) x X satisfies hs(u,z) = 0 and
u > 0, then the smooth map ~: [0,u] — R given by v(u') = hy(u/, z) takes the value 0 at both
boundary points. Hence, by Rolle’s theorem, there exists ug € (0,u) such that 0 = +'(ug) =
v(ht)(ug,z) > 0, a contradiction.) Similarly, one obtains min g((0,1) x 6 x X) > 0. (In fact,
if the point (t,z) € (0,1) x X satisfies g(¢,d,2) = 0, then the the smooth map ~: [0,0] — R
given by y(u) = g¢(u,x) takes the value 0 at both boundary points. Hence, by Rolle’s theorem,
there exists ug € (0,0) such that 0 = ~/(up) = v(g¢)(uo,z) > 0, a contradiction.) If we choose
e € (0,ming((0,1) x § x X)), then the preimage V; := h;1([0,¢]) satisfies

Vi = (9tlp0.61xx) ([0, €]).

In conclusion, V; is compact (being a closed subset of the compact set [0,0] x X ). Moreover,
as V; is the preimage of [0,e] under the submersion h; and h,(0 x X) = 0, Exercise 5 in
[22, p. 32] implies that V; is a submanifold of [0,0) x X . All in all, V; is a cobordism from
V0 :=h;10)=0x X to V' := hy'(e).

By construction, the submersion h; restricts to a Morse function
ly: (V;fv ‘/toa V;tl) — ([07 5]7 0, 5)

without critical points. Moreover, it follows from v(h¢)(u,z) > 0 for all (u,z) € [0,6) x X that

1
vy = vy,
et

is a gradient-like vector field for I on V; that satisfies vy(l;) = 1.

Hence, the proof of [41, Theorem 3.4, pp. 21-23] yields a diffeomorphism of the form
b [0,e] x V2 =2 Vi ha(u, (0,2)) = g 0 (),

where

oz [0,€] = Vi

denotes for every x € X the integral curve with respect to the vector field v, (i.e. &LWEOJ) (u) =

Ut(¢7(507 m)(u)) for all uw € [0,¢]) which is uniquely determined by requiring that it passes through
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(0,z) and satisfies lt(wfo,x)(“)) = u for all u € [0,¢]. Equivalently, wf(],a:) is uniquely de-
termined by 1/12(50736)(0) = (0,z). (In fact, concerning the (=) direction, if v € [0,¢] is such
that ¢€0,$) (u) = (0,z), then application of [; yields uw = 0. Conversely, if wl(to,:c) (0) = (0,x),
then 1!)’(50@) passes through (0,z) and the composition a := [; o ¢€0,x) satisfies a(0) = 0 and
() = di(dtly 1) (Dula)) = dls (Dl 1y (1)) = vulle) (g () = 1.)

Let h:=g|z. (Note that hy = h(t,—,—).) As &|z(h) =&(g)|z > 0, we can define the smooth

vector field ¢ := g\Zl(h) -&ly on Z.

Let pi: Vi = Z, pi(u,x) = (t,u,z). (This is well-defined since V; is contained in [0,4) x X for
all t € (0,1).) Note that (o p; =0 x vy. (In fact, if (u,z) € V4 and z := p(u,z) € Z, then
§z(h)(2) = £(9)(2) = v(g)(u, ) = dgi(v(u, x)) = dli(v(u, z)) and £(z) = 0 x v(u,t) imply

Clprl,2) = (=) = s - £(2) = 0 x <W ‘

€lz(h)(2) v(u,t)) =0 x (Ut)(u,:r).)

By [22, page 151] there exists an open neighbourhood € of 0 x Z in [0,00) X Z on which the
flow of ( is defined as a smooth map
n:Q— Z

(Following the remarks in [22, page 151] about the flow of a vector field on a manifold with
boundary, one first extends ¢ over the double Z of Z. The flow of this extension C is then a
smooth map of the form 7: Q — Z, where Q is an open neighbourhood of 0 x Z in R x Z such
that for every z € Z the intersection QN (R x z) is of the form J(z) X z, where J(z) is the
maximally extended open interval around 0 on which the integral curve of ¢ at z is defined.
As ( is by construction nowhere tangent to 9Z = (0,1) x 0 x X and points into Z, 7 restricts
to the desired smooth map 7: Q — Z, where Q := QN ([0,00) x Z).) In particular, for every
z € Z the intersection 2N (R x z) is of the form J(z) x z, where J(z) is an interval of the
form J(z) =[0,a(z)) such that the smooth curve n*: J(z) = Z, n*(s) = (s, z), is an integral
curve of ¢ at z (i.e,, n*(0) = z and 9sn*(s) = ((n*(s)) for all s € J(z)). Moreover, J(z)
is the maximally extended interval of the form [0, a(z)) on which the integral curve of ¢ at z
is defined. Given (t,z) € (0,1) x X, the curve 7v: [0,e] = Z, vy(u) = (t,1/ﬂ(507x)(u)), satisfies
3(0) = (65, (0)) = (1,0,2) and

Buut, Yo 2y (1)) = 0 X V(Y0 ) (W) = (e (o, (1)) = C(E, (g 4 ()

Hence, [0,e] C J(t,0,2) and (t,z/;fo (W) = 702 (u) for all u € [0,¢]. Therefore, [0,e] x
(0,1) x0x X C Q. Let m: Z —1[0,0) x X, w(t,u,z) = (u,x). Define the smooth map

ki (0,1) x [0,6) x X = [0,6) x X, k(t,u,z) = w(n"0) () = 9f; 4 () = ki(u, (0,2)).
Finally, a smooth map is defined by the composition
k:=cok:(0,1) x [0,e) x X =Y, (t,u,z) = k(t,u,x) = Ke(u, ).

It remains to check the desired properties:

e For every t € (0,1), Kt = cok; is a collar of X in Y since it is the composition of
embeddings, and x¢(0,x) = ¢(k(t,0,x)) = c(v,/JfO 2) (0)) =c(0,2) =x forall x € X.
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e For ¢ near i = 0,1, k; is independent of ¢. (In fact, for ¢t near ¢ = 0,1, [; and hence v,
is independent of ¢. Thus, the integral curve wfo,x) of v; is also independent of ¢ for all
x € X, which implies the claim because x; = co wl(t(],x) (u).)

e Finally, for every ¢ € (0,1) and all (u,z) € [0,e) x X we have

(fe 0 k) (u, @) = fe(e(W{om) () = g1(¥{o,2) (1) = (Vg 0y () = u,

noting that g|v, = h|v, = Uiy, -

Finally suppose that (Y, X) = ([0,00) x X,0x X) and f; = pryg o for ¢ near i =0,1. Under
these assumptions, one may choose the collar ¢ to be the identity map of Y, which implies
that g = f. In particular, v(g;) = 1 and V; = [0,¢] x X, Iy = prjg, vt = vy, for ¢ near
i = 0,1. Hence, ¢€0,m) can be chosen to be given by w + (u,z) for ¢ near ¢ = 0,1. Thus,

ke =kt = id[p 0oy x X [0,e)xx for t near i =0,1.

O

It is well-known that any collar of 0 x X in [0,00) x X can be extended to a tubular neighbour-
hood of 0 x X in R x X . The following proposition shows that an isotopy of such collars can
always be extended to an isotopy of tubular neighbourhoods between given extensions of both

ends of the isotopy.

Proposition B.0.3. Suppose that
f:0,1] x [0,00) x X — [0,00) x X, (t,u,z) — f(t,u,x) = fi(u,x),

is a smooth map such that fi is a collar of X = 0x X in [0,00) x X for all t € [0,1], and
fi=fi fort mear i =0,1. If f,: RxX — Rx X are extensions of f; to tubular neighbourhoods
of X=0xX in Rx X for i=0,1, then f extends to a smooth map

fi0,1] xRx X - Rx X, (t,u, ) = f(t,u,z) = fi(u,z),

such that f; is a tubular neighbourhood of X = 0x X in Rx X for all t € [0,1], and f; = f,

for t near i =0,1.

Proof. In order to avoid the appearance of corners, we will prove a statement equivalent to the
proposition, replacing the closed unit interval [0, 1] in the domain of f by the open unit interval
(0,1).

We will work with the track of the isotopy f (see [22, p. 178]) given by

A N

f:(0,1) x [0,00) x X — (0,1) x [0,00) X X, flt,u,x) = (¢, f(t,u,x)).

Note that f |(0,1)X[071)X x is an embedding. (In fact, it is an injective immersion because f; is an
embedding for every ¢ € [0,1]. It is also a homeomorphism onto its image since X is compact,
f+ is independent of ¢ for t near i = 0,1, and the image is a Hausdorff space.) Thus, after a

permutation of factors f ’(0,1)><[0,1)>< x can be interpreted as a collar

F:[0,1) xV —[0,00) x V
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of (0,1)x X =V =0xV in [0,00) x V because f(t,0,z)= (t, f(£,0,z)) = (¢,0,z).

It suffices to extend F' to a partial tubular neighbourhood
F:(-1,1)xV -RxV, (u,t,z) — F(u,t,z) = Fy(u,z),

of V=0xV in RxV such that prq; oF = Pr(0,1) (i.e. F is level-preserving in the sense of
[22, p. 178]) and prg, yx oF; = f; for t near i = 0,1. The desired map f will then be given by
fi := prpy x oF; for all t € (0,1).

In the construction of F we will use a smooth partition of unity to glue vector fields that are
induced by local extensions of F'. The flow of the resulting vector field will then be used to

construct the desired level-preserving extension F'.
Let € € (0,1) such that f; = fo for t € (0,¢) and f; = f; for t € (1 —¢,1). Fix § € (0,¢).

Fix a point v = (t,x) € (0,1 —0) x X C V. As X is a smooth manifold, we may choose r > 0
and open neighbourhoods J C (4,1 —6) of t and U C X of z such that Fl,)xsxp extends
to a smooth map

FO.y®W — (—rr)x JxU —RxV

such that pr ) oF(®) = pr;. As F) has maximal rank at (0,v), it follows from the inverse
function theorem that for a sufficiently small choice of Y, F(®) becomes an embedding.
In particular, the image Z*) := F®)(Y(®)) is an open neighbourhood of F(0,v) = (0,v) in
R x (8,1 —0) x X. In addition, setting Jy := (0,e) and J; := (1 —¢,1), and extension of
Fllo,00)xJ;xx 18 given for i = 0,1 by the embedding

FO = (prg oy, pry, pry o ): YO = R x Jy x X 5 Rx V.

Note that prg ) o () = pr;, . Moreover, the image 7z .= FO(Y®) is an open neighbourhood
of Ox J;xX in RxJ; xX.

We thus obtain a family {F(i)}i:m U {F(”)}Ue((;’l_(;)xx of embeddings that extend F' locally
around all points of 0 x V. C R x V. In general, these embeddings will not fit together to an
embedding of an open neighbourhood of 0 x V' into R x V', so we pass on to vector fields which

can be glued via a partition of unity.

For every v € (6,1 —6) x X let £®) := dF®) (9, x 0 x 0) denote the smooth vector field on the
open subset Z(*) := F®)((—r,r) x J xU) C R x (6,1 —6) x X which is induced via F®) by the
vector field 9, x 0 x 0 on (—r,7) x J x U. Hence, dpr(o,l)(g(”)) = d(pr(p,1) oF(®))(8, x 0 x0) =
dpr;(d, x 0 x 0) =0. In addition, for i = 0,1 let £® := dF®(d, x 0 x 0) denote the smooth
vector field on the open subset Z() := F()(R x J; x X) € R x J; x X which is induced via F'®)
by the vector field 9, x 0 x 0 on R x J; x X . By construction, dpr(o’l)(f(i)) =0.

Let {A\®};20, U {)\(v)}ve((g’l_(g)xx be a smooth partition of unity subordinate to the open cover
{Z(i)}izo’l U {Z(”)}ve((;’l_(;)xx of Z:=20uzW Une(s,1-8)x X Z®) . Note that Z is an open
neighbourhood of 0 x V' in R x V. Define a smooth vector field £ on Z via

£ =200 L MW 4 Z A e)
vE(4,1-0)x X

If & := dF(0, x 0) denotes the smooth vector field on the open subset Z> := F([0,00) X V) C
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[0,00) x V' which is induced via F' by the vector field d,, x 0 on [0,00) x V', then £ = &> on
ZNZs = F(YN([0,00)xV)). (In fact, note that £) =& on ZNZs forall v € (6,1-8)x X
and £0) = &> on AQNS Z> for i =0,1.)

It follows from supp A(*) ¢ Z(") C R x (6,1 —6) x X for all v € (6,1 —§) x X that £ =£© on
ZN(Rx(0,6)xX) and € = M on ZN(Rx (1-6,1)x X). Moreover, note that dpr1)(§) =0.
There exists an open neighbourhood Q of 0 x Z in R x Z on which the flow of & (see [22, page

151]) is defined as a smooth map
n:Q— Z

In particular, if z € Z and € > 0 is so small that (—e,e) x z C Q, then the smooth curve
n?: (—e,e) = Z, n*(u) = n(u, z), satisfies n*(0) = z and dn?(Oylu) = £(n*(w)) for all w.

Note that Qp:= QN (R x 0 x V) is an open neighbourhood of 0 x 0 x V' in Rx 0 x V. (In
fact, Q is open in R x Z which is open in R x R x V. Moreover, 0 x 0 x V C 0 x Z C Q.)
As X is compact, there exists p > 0 such that (—p,p) x 0 x [0/2,1 — /2] x X C Qp and
(—=p,p) x[6/2,1=6/2] x X CY (recall that Y is an open neighbourhood of 0 x V' in R x V).

We define the smooth map

F:(=p,p)x[6/2,1-6/2] x X >R xV, F(u,v) = n(u,0,v) = n(o’”)(u).

It remains to check that F possesses the desired properties:

e F agrees with F on [0,p) x [6/2,1 —§/2] x X .
In fact, given v € [§/2,1 — §/2] x X, consider the smooth curve

§7:10,p) = RxV, ¢%(u) = F(u,v).

Note that §°(0) = F(0,v) = (0,v) and d0"(Oulu) = dF((Ou x 0)|(uw)) = §>(6°(u)) =
€(6%(u)) for all u € [0,p) (using that (u,v) € Y N ([0,00) x V)). Consequently, ¢"
77(0’”)\[07/)) by local uniqueness of integral curves. All in all, F(u,v) = n®%) (u) = 6¥(u) =
F(u,v) for all u € 0,p).

e F is level-preserving, i.e. Pro,1) oF = Pri5/2,1-5/2] -
Fix v:= (t,x) € [6/2,1 — /2] x X . Then the smooth curve

8% (=p,p) = (0,1), W (u) = pr(g 1y (") (w)),

satisfies 6V(0) = pr((),l)(n(o’”)(O)) = pr(o,1)(0,v) =t and d6"(0ylu) = dpr(oyl)(dn(o’”)(au\u))
dpr(o’l)(f(n(o’”) (u))) =0 for all u € (—p,p). Hence, it is a constant curve, and therefore
pr(o.) (F(11,v)) = pro.y (1) (w)) = 6%(u) = 6°(0) = t for all u € (—p,p).

o F agrees with F(O on (—p, p)x(6/2,6)x X and with F(!) on (—p, p)x(1—8,1—8/2)x X .
Fix v € (0/2,0) x X and consider the smooth curve

3% (=p,p) > R XV, 8V (u) = FO(u,v).

Note that 6°(0) = F(0(0,v) = F(0,v) = (0,v) and d6®(Oulu) = dFO((9y x 0)](y,0)) =
ED(FO (y,v)) = £FO (u,v)) = £(6%(u)) for all u € (—p,p) (using that FO(u,v) €
Z N (R x (0,6) x X)). Consequently, 0¥ = n(o’”)|(_p’p) by local uniqueness of integral
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curves. All in all, F(u,v) =1 (u) = FO (u,v) = F(u,v) for all u € (—p,p).
Analogously, one shows that F agrees with F() on (—p,p) x (1 — 6,1 —6/2) x X .

To produce the desired map F: R x V — R x V, one extends the above map F via F©) on
R x (0,6) x X and FM on R x (1 —4,1) x X to a smooth level-preserving map defined on
(Rx(0,0) x X)U((=p,p) x[0,1 =] x X)U(R x (1—146,1) x X). Finally, one precomposes with
a suitable embedding of R x V' into this set that restricts to the identity map on [0,00) x V.

O]

Let M be a smooth submanifold with boundary of a smooth manifold V' with boundary.
Following [22, p. 109], a tubular neighbourhood of M in V is a pair (f,£) consisting of a
smooth vector bundle ¢ = (p, E, M) and an embedding f: E — V such that f|y = idy
(where M is identified with the zero section of &) and f(F) is an open subset of V.

The following Lemma supplies a useful characterization of the openness of f(F) in V:

Lemma B.0.4. Let P and @ be smooth manifolds with boundary such that dim P = dim Q) .
Suppose that ¢: P — Q is an embedding. Then, ¢(P) is an open subset of Q if and only if
w(0P) C 0Q.

Proof. Note that A := ¢(P) is a smooth submanifold of  with boundary 0A = ¢(JdP) in the
sense of [22, p. 30]. (To show this, adapt the proof of [22, Theorem 3.1, p. 21].)

The condition A C 9Q holds if and only if A = ANAQ. (In fact, suppose that z € ANOQ .
Then [22, Exercise 2, p. 31] implies that z € Q) cannot lie in p(P\JP) as ¢ is an embedding.
Thus, z € A\ (P \ OP) = 0A.) The latter is equivalent to the statement that A is a neat
submanifold of @ since ¢ is an embedding and dim P = dim @. (In fact, note that T, A is not
contained in T,(0Q) for all z € OA and use [22, p. 31]). Finally, a submanifold of @ is neat
if and only if it admits a tubular neighbourhood by [22, Theorem 6.3, p. 114] and [22, p. 109].
As the codimension of A in @ is zero, having a tubular neighbourhood in @ just means for A

to be an open subset of Q. O

Recall the notion of isotopy of tubular neighbourhoods defined in [22, p. 111f]:

Definition B.0.5. Let (fi,& = (pi, Ei, M)) be a tubular neighbourhood of M in V for i =
0,1. An isotopy of tubular neighbourhoods from (fy,&) to (f1,&1) is a rel M isotopy (recall
from [22, p. 111] that the track of an isotopy is required to be an embedding)

F:[0,1] x Eg— V

from Ey to V such that the following properties hold:

(1) Fo=fo.
(it) F1(Eo) = fi(E1), and fl_lFlz Ey — FEj is an isomorphism &y — & of vector bundles.

A

1
(131) F([0,1] x Ep) is an open subset of [0,1] x V.
We will content ourselves with the following sufficient criterion for the existence of an isotopy
of tubular neighbourhoods:

Lemma B.0.6. Assume that M is compact. Let (f;,§& = (p, E, M)) be tubular neighbourhoods
of M in 'V for i =0,1. Given a smooth map F:[0,1] x E — V such that (F; :== F(t,—),§)
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is a tubular neighbourhood of M in V for all t € [0,1] and such that F; = f; for i = 0,1,
there exist tubular neighbourhoods (ﬁ,ﬁ) of M inV for i=0,1 with the following properties:

(i) There exists a neighbourhood U of M in E such that fily = fily for i =0,1.

(ii) There exists an isotopy of tubular neighbourhoods
G:[0,1]xE—=V
from (fg,{) to (fl,ﬁ) such that G1 = fi and Gloxv = Flpxu

Proof. Choose a smooth map p: [0,1] — [0,1] that maps a neighbourhood of ¢ in [0,1] to ¢
for i = 0,1. Moreover, using that M is compact, choose a tubular neighbourhood (g,§) of M
in F such that g: E — FE restricts to the identity map in a neighbourhood U of M in E and

such that the closure of g(E) in E is compact. We claim that the smooth map
G:=Fo(pxg):[0,]]xE—=V

is an isotopy of tubular neighbourhoods from (fy, &) := (foog,€) to (f1,€) := (f10g,€) in the
sense of Definition B.0.5. By choice of g, ( fi,g) are tubular neighbourhoods of M in V for
i = 0,1 that satisfy claim (i) for U as above. Hence, it remains to show that G is a rel M

isotopy that satisfies properties (i) to (iii) of an isotopy of tubular neighbourhoods.

In order to show that G is an isotopy, we have to show that the track G': [0,1]x E — [0,1]x V is
an embedding (see [22, p. 111]). As Gy := G(t,—) = F,)0g is an embedding for all ¢ € [0, 1], it
follows that the track G is an injective immersion. To see that G restricts to a homeomorphism
[0,1]xE — G([0,1]x E), we set H := Fo(pxidg): [0,1]xE — V and write G = HO(ld[O 1] X9) -

Now note that idjg ) xg restricts to a homeomorphism [0,1] x £ — [0,1] x g(E) as g is an
embedding. Moreover, the track H: [0,1] x E — [0,1] x V is injective because H; := H(t,—) =
Fp
any compact subset K C [0,1] x E (noting that [0,1] x V' is a Hausdorff space). Hence, taking
K to be the closure of [0,1]x g(E) in [0,1] x E, it follows that G restricts to a homeomorphism
[0,1] x E — G([0,1] x E). Allin all, G is a rel M isotopy. (It is clear that G; = Fyog leaves

M pointwise fixed for all ¢t € [0,1].)

() is an embedding for all ¢ € [0, 1], and thus restricts to a homeomorphism K — H(K) for

Note that G satisfies properties (i) and (ii) of an isotopy of tubular neighbourhoods because
Gi = Fyi0g = fiog for i = 0,1. It remains to check property (iii), which states that
G([0,1] x E) is an open subset of [0,1] x V. By choice of p we have Gy = G; for t near
i = 0,1. Hence, G can be extended to a smooth map D: R x E — V by setting D; := Gg
for t <0 and D; := Gy for t > 1. Since DR x E) N ([0,1] x V) = G([0,1] x E), it suffices
to show that ﬁ(R x FE) is an open subset of R x V. For this purpose, note that D is an
embedding. (In fact, D is an injective immersion since D; is an embedding for all ¢ € [0,1].
Furthermore, D|: R x E — D(R x E) is a homeomorphism. To show this, choose & > 0 so
small that Gy = Gg for ¢t € [0,e) and G = G for t € (1 —¢,1]. Now it suffices to note that

the following restrictions of D| to open subsets of domain and codomain are homeomorphisms:

id(_ooe) XGol: (—00,8) x E 5 (—00,€) x Go(E) = D(R x E) N ((—o00,¢) x V),
G|: (0,1) x E = G((0,1) x E) = D(R x E) N ((0,1) x V),
x B —»

id(1-c00) XG1: (1 —,00) x (1 —€,00) x G1(E) = DR x E)N ((1 —¢,00) x V).)
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Hence, by Lemma B.0.4, it suffices to show that D(R x dE) C Rx dV . Equivalently, G4(dE) C
dV for all ¢t € [0,1]. The latter holds by Lemma B.0.4 as G;: E — V is for all t € [0,1] an
embedding such that G¢(F) is open in V.

O]

Proposition B.0.7. Consider the cylinder Z := X x [0,1]. Suppose that
f=z=(Ix: fon) fr): (Z xR, Z x(0,00)) = (Z xR, Z x (0,00))
s a tubular neighbourhood of Z = 7Z x 0 in Z x R which is for t near i = 0,1 of the form
flz,t,u) = (fx(z,i,u),t, fr(x,i,u)), (x,u) € X x R.

If & denotes the trivial vector bundle Z x R — Z, then there exist for i = 0,1 tubular neigh-
bourhoods (ﬂ,f) of Z x0 in Z xR with the following properties:

(i) There exists a neighbourhood U of Z x 0 in Z x R such that foly = idgxr |y and
hlv = flu-

(ii) There exists an isotopy of tubular neighbourhoods

F:[0,1]x ZxR— Z xR, F(s,z,u) =: Fg(z,u),

from (fo,€) to (f1,€) such that Fy = f;.

Moreover, if fx(z,i,u) =z and fr(z,i,u) =u for i = 0,1 and all (z,u) € X xR, then F
can be chosen to satisfy Fi(x,t,u) = (z,t,u) for all s € [0,1], where t € [0,1] is near 0 or 1,
and (z,u) € X xR is such that (z,t,u) € U.

Remark B.0.8. As an inspection of the proof shows, Proposition B.0.7 is also valid in the case
of a partial tubular neighbourhood (Z x (—9,9),Z x (0,00)) = (Z xR, Z x (0,00)), § >0, of
Z =7 x0in Z xR. This is the form in which it will be applied in the proof of Theorem 8.0.1.

Proof. In order to apply Lemma B.0.6, we adapt the proof of [22, Theorem 5.3, page 112].

Consider the function .
o: Z =R, ¢(z) =limy EfR(Z’ w).

Note that ¢ is smooth and ¢(z) >0 for all z € Z. (Indeed, as @(z,t) = limy 0 fr(z,t,u) =
lim,_0 %fR(x, i,u) = ¢(x,i) for t near i = 0,1 and all x € X, it suffices to show these claims on
an open subset V' C int Z = X x (0,1) that is part of a chart v: V S,V CR" of Z (where n
denotes the dimension of Z). Note that the embedding g = (97, gr) := flo(y ! xidr): VxR —
Z x R satisfies g(v,0) = f(7 (v),0) = (y"*(v),0) for all v € V’'. Therefore, for all z € V,

gr(v(2),u) — gr(7(2),0)
u—0

B(2) =l © fi(2,u) = lim g = 9up192((2),0).

This shows that ¢ is smooth on V. Next, we show that ¢(z) > 0 for all z € V. It follows from
fr(Z x (0,00)) C (0,00) that ¢(z) >0 for all z € Z. Suppose that ¢(z) =0 for some z € V.
Then, the above calculation implies that 9,419r(7(2),0) = 0. Moreover, for 1 <i <mn,

g]R(/Y(Z) +T€i70) _QR(V(’Z%O) 0-0

= lim;, 9

=0.
r—0 r—0

digr(7(2),0) = lim; o
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(Here, e; denotes the i-th standard unit vector in R™.) Hence, the gradient of gr vanishes at
(7(2),0), which is a contradiction to the fact that ¢ is an embedding. Thus, ¢(z) # 0 for all
z € V'.) The tubular neighbourhood of Z =0 x Z in R x Z given by

O: Z xR — Z xR, O(z,u) = (2,0(2) - u),

is called fiber derivative in the proof of [22, Theorem 5.3, p. 112].

Since s-¢(z) +1—s >0 for all z € Z, the smooth map
FU0,1]x ZxR—ZxR,  FY(zu)=(z(s - ¢(z) +1—5)-u),

defines for every s € [0,1] a tubular neighbourhood (Fs(l) : ZXR = ZxR,€)of Zx0in ZxR.

Moreover, we claim that

2) (2) O(z,u), s=0,
FA:00,1]xZxR—ZxR,  F?zu)=
(fZ(Z,SU),%f]R(Z,SU)), 0<s< 17

is a smooth map such that (F§2): Z xR — Z xR¢) is for every s € [0,1] a tubular neigh-
bourhood of Z x 0 in Z x R. Once smoothness of F(® is checked, the claim of the proposition
follows directly from the application of Lemma B.0.6 (note that X is compact) to the smooth
map

e

. se0,1/2),
F:[0,1]x ZxR — Z xR, Fsz{fézs) s €[0,1/2)

Fﬂg(;s—l)’ s € [1/27 1]1

where 7:[0,1] — [0,1] is a chosen smooth map such that 7(t) = ¢ for ¢ near ¢ = 0,1. (Note
that, by construction, F' is a smooth map such that Fy = idgzxr, F1 = f, and Fs: Z xR —
Z x R is a tubular neighbourhood of Z x 0 in Z x R for all s € [0,1].)

Obviously, FS(Q) is for every s € [0, 1] a tubular neighbourhood of Z =0x Z in Rx Z. (Indeed,
note that F0(2) = @, and for every s € (0,1],

F@) = (idy x mult, /5) o f o (idz x multy).)

It remains to check that F2) is smooth. (This corresponds to the proof of smoothness of the

homotopy H in the proof of [22, Theorem 5.3, page 112].)

If ¢ is near i = 0,1, then we have for all (z,u) € X x R that

FO0,2,t,u) = (z,t,u) = (z,t, ¢(x, ) - ),
1 1
F(Q)(vavtau) = (fZ(LL',t,SU), ;fR(l'at SU)) = (fX(xazv SU),t, ;fR(l’,Z.,SU)), s € (07 1]
Hence, it suffices to show that F(2)][O,1]XVXR is smooth for any open subset V C X x (0,1)
that is part of a chart ~v: V SV C R of Z. As above, we define the embedding g :=

flo(y ! xidg): V' xR — Z x R. Using gg(v,0) =0 for all v € V', Taylor’s formular implies
that for all (v,u) € V' x R,

gR</U7u) = 8n+1gR(U7 0) U+ O'(U,’LL) U,
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for some smooth function o: V' x R — R such that o(v,0) =0 for all v € V'. Then
FP. RxV xR = Zx R, Fg)(z,u) = (fz(z,su), (¢(2) + o(v(2), su)) - u),

is a smooth function that satisfies F\°) l[0,1]x VxR = F(2)|[071}XVXR. In fact, for all (z,u) € ZxR,

Py (2,u) = (£2(2,0), (6(2) + 0(1(2),0)) - u) = (2,6(2) - w) = Fy (2, w).

Moreover, for s € (0,1] and all (z,u) € Z x R, the equation

() = Lgr(1(2),50) = Ousigr(1(2),0) - u a(3(2), 1) u = (6(2) + 01 (), 5u) - w

implies that
FO e, 0) = (e, 50), (6(2) + 01 (2), 50) - 0) = (22 50), oz, 50)) = FO (5, w),

All in all, this shows that F®) is smooth.

Finally, suppose that fx(z,i,u) =z and fr(z,i,u) = u for i = 0,1 and all (z,u) € X x R.
Let ¢t € [0,1] be near 0 or 1, and let (z,u) € X x R such that (z,t,u) € U. Since the desired
F is constructed from F®) by means of Lemma B.0.6, we have F.|y = Fi|y for all s € [0, 1]
by property (ii) of Lemma B.0.6. Hence, to prove the claim Fs(x,t, u) = (z,t,u), it suffices to
show that Fy(z,t,u) = (x,t,u). For this purpose, we distinguish between the following three

cases for s € [0,1]:

e 5€[0,1/2). Then,
Fu(w, tou) = FL o (0, tu) = (3,8, (7(25) - ¢, 1) + 1= 7(25)) <) = (x,,u).

Here, we have used that ¢(x,t) = lim,_0 %fR(x, t,u) =1, where fr(z,t,u) = fr(z,i,u) =
u since t is near ¢ =0, 1.
e s=1/2. Then, using again that ¢(x,t) =1 since ¢ is near i =0,1,

2)

Fy(w, tou) = Flo, |

(@, tu) = By (@t u) = @(x, tu) = (2,8, ¢, 1) - u) = (x,1,u).

e s¢€(1/2,1]. Then, using fx(v,t,7(2s—1)u) = fx(v,i,7(25—1)u), fo,1)(x,t,7(2s—1)u) =
t and fr(x,t,7(2s — 1)u) = fr(z,i,7(2s — 1)u) for ¢ near ¢ =0,1,

Fy(z,t,u) = Fﬁ?%s_l)(x,t,u)

= (.t 7(25 — 1)), 7_(281_1)fR(:c, £ (25 — 1))

= (fx(z,t,7(2s = Du), floa)(z,t,7(25 — 1)u), T(2sl—l)fR(x’ t,7(2s — 1)u))
= (fx(a,i, (25 — ). t, T(Zsll)fR(a:,i,T(Zs ~1)u))

(ot T<2;_1> (28 — 1)) = (2,4, w).
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Appendix C

Some Morse Theory

The purpose of the present section is to present some fundamental material on Morse theory

that will serve as a convenient reference for Part III.

Following the presentation in [41], we will make use of the notion of Morse functions (see [41,

Definition 2.3, page 8]) on smooth manifold triads (see [41, Definition 1.3, page 2]).

The following result is a careful reformulation of [41, Theorem 7.8, page 97]:

Lemma C.0.1. Let (W,Vp, Vi) be a smooth manifold triad of dimension n := dimW > 6.
Given an integer 2 < r < n — 2 and a self-indexing (see [41, Definition 4.9, p. 44]) Morse
function

f: (W, Vo,W1) = ([-1/2,n+1/2],-1/2,n+1/2),

the following statements hold (where all occurring homology groups are taken with integer coef-
ficients):

(a) If H.(W,Vp) = H,11(W,Vy) =0 and f has no critical points of index different from r and
r+ 1, then f has an equal number of critical points of index r and r+ 1.

(b) Suppose that W, Vi and Vi are all simply connected. If H,(W,Vp) = 0 and f has no
critical points of index < r, then the critical points of f of index r can be cancelled against
an equal number of critical points of f of index r + 1. More precisely, there exists a self-
indexing Morse function g: (W, Vo, V1) — ([-1/2,n+1/2],—1/2,n + 1/2) that agrees with
f outside a given neighbouhood of f~'([r,r+1]) and has no critical points of index < r+1.

Proof. We reproduce the proof of [41, Theorem 7.8, page 97] with the necessary modifications.

It is well-known that there exists a chain complex of free abelian groups (or Z-modules)

Coy Do Do Do Dy 00
such that the rank of C) is given by the number of critical points of f of index A (see [41, page
89] and [41, Section 3, page 36]), and H.(C,) = H,(W,Vp) (see [41, Theorem 7.4, page 90]).

(a) Since every critical point of f has index r or r+1, we have C\ =0 for A ¢ {r,r+1}. As
H,(W,Vy) = Hy11(W, V) = 0, the above chain complex reduces to an isomorphism 9: Cy41 =
C. In particular, these two free abelian groups have the same rank, which implies that f has

an equal number of critical points of index r and r+ 1.
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(b) Since f has no critical points of index < r, we have C) =0 for A <r. Let z1,...,2; be a
basis of the free abelian group C, . (In particular, & denotes the number of critical points of f
of index r.) It follows from H,(W,Vy) = 0 that the above chain complex is exact at C, . Hence,
there exist by,...,bx € Cpq1 such that 0(b;) = z; forall i =1,...,k. Let y1,...,y; be a basis
for the kernel of 9: C,y1 — C,. Then y1,...,y;,b1,...,br constitutes a basis for C,41. Since
2<r<r+1<n-—2and W is connected, we can use the basis theorem [41, Theorem 7.6, page
92] to find a Morse function h and a gradient-like vector field ¢ such that the left-hand discs
of the critical points of f of index r represent the basis {z1,...,2r} of C, and the left-hand
discs of the critical points of f of index r + 1 represent the basis y1,...,y;,b1,...,bx of Cryq.
Finally, the process described in the proof of [41, Theorem 7.8, page 97ff] allows us to eliminate

the pairs (z;, b;) successively for i =1,... k. O

Lemma C.0.2. Let (W, Vy, V1) be a smooth manifold triad of dimension n:=dimW > 2 that
admits a Morse function (W, Vy, V1) — ([0,1],0,1) without critical points of index < 2. If Vj

is simply connected, then W is simply connected as well.

Proof. By Morse theory there is a sequence of cobordisms
Wi =V, x [0,1] CWyC---CWy:=W,

such that W,y is for i = 1,...,k—1 homotopy equivalent to W; with a (v; 4+ 1)-ball attached
along an embedded v;-sphere (v; > 1). Hence, if W; is simply connected, then W;;; is simply
connected as well by the Seifert van Kampen theorem. (Note that if v; = 1 for some i, then
the embedded 1-sphere is not simply connected, but the 2-ball and W; are.) Thus, it follows
inductively that W is simply connected.

O]

The proof of (i) = (i7) in the following Lemma is an adaption of the proof of Smale’s h-
cobordism theorem in [41, Theorem 9.1, page 107].

Lemma C.0.3. Fiz integers m > 8 and k € {1,...,[F]}. If (W,X0,%1) is a smooth manifold
triad of dimension m = dim W such that g and 31 are homotopy spheres, then the folowing

statements are equivalent:

(1) W is (k—1)-connected.
(1) (W, X0,%1) admits a Morse function with only critical points of index {k,...,m —k}.

Proof. (All homology groups in the present proof are taken with integer coefficients.)

(1) = (79) . In preparation of the construction of the desired Morse function, we first show that

(*) HZ(VV,EO):O:HZ(‘/V,Zl) forz':(),l,...,k—l.

In fact, consider the following portion of the long exact sequence of reduced homology groups
for the pair (W, %) (see [20, page 118]):
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As the occuring reduced homology groups of the homotopy sphere ¥y vanish, we conclude that

H;(W,%0) = Hy(W, %) = Hy(W) fori=0,1,...,k—1.

Analogously, H;(W, %) = H;(W) for i =0,1,...,k—1. As W is (k — 1)-connected by (i),
the Hurewicz theorem implies that ﬁZ(W) =0 for i=0,1,...,k — 1. This proves (x).

By [41, Theorem 4.8, page 44], there exists a self-indexing Morse function

1 1 1 1
f. (VI/, 20,21) — ([—§,m+ 5],—§,m+ 5)

(see [41, Definition 4.9, page 44]), i.e. any critical point p of f has index f(p). In order to
construct the desired Morse function, we will use (x) to simplify f via a finite sequence of
eliminations of critical points of successive indices. Since Ho(W, %) = 0, it follows from [41,
Theorem 8.1, page 100] that all critical points of f of index 0 can be cancelled against an
equal number of critical points of f of index 1. Moreover, for k£ > 1, as W and Xy are simply
connected, all critical points of f of index 1 can be traded for an equal number of critical points
of f of index 3 by the same theorem. Thus, we may assume that f has no critical points of
index 0 and 1. Next, if & > 2, then we repeatedly use Lemma C.0.1(b) and H;(W, %) =0 for
1 =2,...,k —1 to cancel all critical points of f of index ¢ against an equal number of critical
points of f of index i+ 1. Consequently, we may assume that f has no critical points of index
0,1,...,k —1. Replacing f by m — f, we obtain a self-indexing Morse function on the triad
(W, 31,3%0) with no critical points of index m — k + 1,...,m. By the same arguments as for
f, we can now use (x) to eliminate the critical points of m — f of index 0,1,...,k — 1. This

results in a Morse function f with only critical points of index k.

(i) = (i). As in the proof of (i) = (ii) one can show that H;(W,¥q) = H;(W) for i =
0,...,k—1. Hence, the beginning of the proof of Lemma C.0.1 and (ii) imply that H;(W) =0
for 1 =0,...,k— 1. Finally, if kK > 2, then W is simply connected by Lemma C.0.2. O

Lemma C.0.4. Consider a Morse function f: M — R without critical points of index 1 and
n — 1 on a connected closed smooth manifold M™ of dimension n > 2. Then the following

statements hold:

(a) M is orientable.

(b) [ has precisely one critical point of index 0 and precisely one critical point of index n .
(c) All nonempty fibers f=1(t), t € R, are connected.

(d) f restricts to an open map M — f(M).

(e) M is simply connected.

Proof. (a). Since C,_1 = 0 yields H,_1(M) =0, M is orientable by [20, Corollary 3.28, p.
238]. Alternatively, use (e).

(b). (All homology groups in this proof are understood with integer coefficients.) It is well-

known that there exists a chain complex of free abelian groups (or Z-modules)

) ) d ) ) 9
Cph— - —Cpqg —C — - —C1 — ()

such that the rank of C) is given by the number of critical points of f of index A (see [41,
page 89] and [41, Section 3, page 36]) and H.(C.) = H.(M) since IM = () (see [41, Theorem
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7.4, page 90]). Observe that Hy(C,) = Cy because C; = 0 by assumption. On the other hand,
Hy(C,) = Z because M is connected. Therefore, Cy = Z, which shows that f has precisely one
critical point of index 0. Application of the same argument to the Morse function —f (which
has no critical points of index 1 as well) shows that f has precisely one critical point of index

n.

(¢). The claim follows for non-singular fibers of f from the fact that by [44, Proposition
4.19(iii), p. 56| the effect of a p-surgery on a closed smooth manifold of dimension d > p + 2
does not affect its homology groups in dimensions strictly below min(p,d —p —1). In our case,
d=n-—1and p € {1,...,n —3}. As far as singular fibers of f are concerned, recall that
the fiber f~1(¢) of a singular value ¢t € R of f of index \ is homeomorphic to the cone the
inclusion SA1 x §7AL sy §ATL 5 DA & #=1(#) | where « is a tubular neighbourhood of
the left-hand sphere in a nearby regular fiber f~1(¢/), ¢ < t. If more than one critical point

lies on the same level ¢, then one cones off the corresponding inclusions separately.

(d). It suffices to cover M by open subsets such that f restricts on each of these subsets
U to an open map U — f(M). One of these open subsets can obviously be taken to be the
complement of the critical points of f in M. It remains to consider the image of sufficiently
small open neighbourhoods of the origin under the the local normal form of a non-degenerate

critical point of index A € {0,...,n},
PRRAX R SR, (2,y) = el + [yl

We distinguish between the following two cases:

o If Ae{l,...,n—1}, then p} maps an open r-ball centered at the origin onto the open
subset (—r?,7?) C R.

e For A € {0,n} let ¢\ denote the unique critical point of f of index A\ (see part (b)),
and set ay := f(cy). Since f(M) = [ap,ay], it suffices to observe that uf maps an open
r-ball centered at the origin onto the open subset [0,72) C [0,00) and p? maps an open

r-ball centered at the origin onto the open subset (—r2,0] C (—oc,0].

(e). This follows from Lemma C.0.2. O
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