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"It’s quite easy if you don’t know how."

Arthur Dent, Hitchhiker’s Guide to the Galaxy
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ZUSAMMENFASSUNG

Bewegungen des Menschen sind das Ergebnis komplexer und fein abgestimmter Interaktionen zwischen
den Körpersegmenten. Das Gehen sowie das Aufstehen aus der Sitzhaltung gehören dabei, aufgrund
der hohen Anforderungen an die Koordination und den starken Belastungen, zu den anspruchsvollsten
solcher Bewegungen. In dieser Arbeit stellen wir die modellbasierte nichtlineare Optimalsteuerung als
Methode vor, um diese Art von Bewegungen unter Berücksichtigung der Bewegungsdynamik über den
gesamten betrachteten Zeitraum zu rekonstruieren und zu generieren. Aufgrund der Redundanz und
dem hohen Grad an Nichtlinearität der untersuchten Bewegungen bietet es sich an, das Mehrzielver-
fahren anzuwenden, um das Optimierungsproblem zu diskretisieren. Das Ziel ist es, dadurch Grund-
prinzipien zu identifizieren, die es uns ermöglichen die Muster dieser Bewegungen zu beschreiben.

Wir betrachten die menschliche Gehbewegung aus der Sicht von unbeeinträchtigten Personen sowie einer
unilateral mit Oberschenkelprothesen versorgten Person. Dazu rekonstruieren wir deren Gehbewegun-
gen aus Bewegungsaufnahmen aus dem Ganglabor. Dazu werden probandenspezifische dreidimension-
ale Mehrkörpermodelle erstellt und in mehrphasigen Optimalsteuerungsproblemen mit der Methode
der kleinsten Fehlerquadrate an die gemessenen Bewegungen eines ganzen Doppelschritts approx-
imiert. Eine Auswertung der rekonstruierten Bewegungen nach der individuellen Positionierung des
Fußes der Probanden legt nahe, dass diese dem Konzept der Capturability gerecht wird. Es werden
solche Positionen angestrebt, die den inhärent widersprüchlichen Zielen zwischen einer Fortbewegung
mit geringem Aufwand und einer schnellen Anpassung an äußere Störeinflüsse ausgleicht. Zusätzlich
spielt die Anpassung der Auftrittkräfte bei Fersenauftritt eine große Rolle in der schrittweisen Stabil-
itätsstrategie. Aufbauend auf diesen Erkenntnissen regen wir das Konzept der Capturability als ein
ergänzendes Kriterium zu etablierten klinischen Methoden zur Stabilitätseinschätzung an.

Die Aufstehbewegung aus der Sitzposition ist, aufgrund der hohen Gelenkbelastungen, die notwendig
sind, um den Körper in the stehende Position zu heben, insbesondere herausfordernd für Menschen
mit eingeschränkter Mobilität. Wir generieren optimale Aufstehbewegungen mithilfe zweiphasiger Op-
timalsteuerungsprobleme. Wir setzen voraus, dass die Aufstehbewegung wesentlich durch eine Vorbere-
itungsphase vor dem eigentlichen Aufstehen charakterisiert wird. Die dazu aufgestellten Ganzkörper-
modelle enthalten Modellparameter, die eigens die dynamischen Segmenteigenschaften älterer Men-
schen aus unterschiedlichen Mobilitätsklassen repräsentieren. Für Menschen mit eingeschränkter Mo-
bilität wird angenommen, dass eine generelle Art von Mobilitätsassistenz geleistet wird. Aus den Op-
timalitätsrechnungen resultieren unterschiedliche Bewegungsmuster, die signifikante Armbewegungen
in beiden Phasen enthalten. Dadurch bestärken die Ergebnisse unseren Ansatz, den Menschen für die
Aufstehbewegung durch ein Ganzkörpermodell zu repräsentieren, sowie ein zweiphasiges Optimals-
teuerungsproblem zu betrachten.

Durch die Berechnung optimaler unterstützter Aufstehbewegungen mobil eingeschränkter Menschen,
bietet es sich an, optimale Konstruktionsparameter für Mobilitätsassistenzsysteme zu bestimmen, die
entsprechende Unterstützung bieten. Auf der Grundlage der unterstützenden Maßnahmen für die Auf-
stehbewegungen, die für zwei unterschiedliche Klassen der Mobilitätseinschränkung optimiert wurden,
berechnen wir die optimalen Konstruktionsparameter für zwei unterschiedliche Assistenzgeräte. Durch
unseren Ansatz, die Mensch-Maschine Interaktion an ihrer Schnittstelle zu trennen, kann sichergestellt
werden, dass die optimale Unterstützung am Menschen nicht durch dynamische Kopplung mit dem
Assistenzgerät beeinträchtigt wird. Durch Lösung umfangreicher mehrphasiger nichtlinearer Optimal-
steuerungsprobleme erhalten wir Konstruktionsparameter, welche die Optimalitätsbedingungen hin-
sichtlich des abzudeckenden Arbeitsraums sowie des aufzubringenden mechanischen Aufwands er-
füllen.
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ABSTRACT

Human motions result from a complex and well-coordinated interaction between the body segments.
Walking and the sit-to-stand transfer are amongst the most challenging human motion in terms of coor-
dination and internal loads, respectively. We propose model-based nonlinear optimal control methods
to reconstruct and synthesize these motions while considering the dynamics of the motion over the
whole time horizon. The redundant and highly nonlinear character of the computed motions encour-
ages to discretize the optimization problem according to direct multiple-shooting methods. The goal is
to identify principles which enable us to describe the patterns of these motions.

We approach human walking from the perspective of unimpaired subjects and subjects walking with uni-
lateral transfemoral prostheses. Their walking motion is reconstructed from motion capture data using
subject-specific threedimensional multibody models. The motion of the models is fitted to the recorded
data for a whole stride in a least-squares sense in multi-stage optimal control problems. Analyzing the
reconstructed motion for the individual foot placement of the subjects suggests that it relates with the
Capturability concept: foot locations are chosen by the subjects which enable a balance between the
inherently conflicting goals of effortless progression and quick response to perturbations. In addition,
the modulation of the ground collision impact forces at heel strike is found to play a major role in the
step-by-step stability strategy. Based on these findings, we propose Capturability as a complementary
criterion to the established clinical stability assessment methods.

The sit-to-stand motion is particularly demanding for humans with mobility impairments, due to the
high joint loads required to lift the body into the standing pose. We synthesize optimal sit-to-stand by
solving two-stage optimal control problems. We presume that the sit-to-stand motion is substantially
characterized by a preparation phase prior to the actual lift-off. Full body models are established with
dynamic model parameters which specifically represent elderly humans from different levels of mobility.
For impaired subjects, mobility support is assumed to be provided by generic support actions. The
optimization computations result in different patterns which include significant arm motion in both
phases. Therefore, the results support our approach to choose a full body representation of the human
as well as to consider two stages in the optimal control problem.

The computation of optimal assisted sit-to-stand motions of impaired humans offers the opportunity
to optimize design parameters for mobility assistance devices providing adequate support. Based on
the support actions for the sit-to-stand motions computed for two different levels of impairment, opti-
mal mechanical design parameters for two different sit-to-stand assistance devices are generated. Our
approach to separate the human-device interaction at their interface ensures that the optimal support
provided to the human by the device is not compromised by any dynamic coupling between them. Solv-
ing large-scale nonlinear optimal control problems with multiple stages, we obtain design parameters
for the devices which are optimal in terms of the workspace and the mechanical effort required.
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0. INTRODUCTION

Self-reliance in everyday tasks is essential for human beings in order to maintain their quality
of life and self-confidence. Being able to independently locomote in public environments is one
of the skills which strongly facilitate participation in social life. While it may seem trivial for
unimpaired adult humans, locomotion often poses a major challenge to humans affected by
mobility impairment, such as elderly humans or humans with lower-limb amputations. Elderly
subjects are often provided with mobility assistance by caregivers and/or assistive devices. For
amputee subjects, a range of sophisticated prosthetic devices has been developed during the
last decades to replace the functions of physiological human legs. However, the questions still
arise: How is stable motion defined? Are the prosthetic devices able to adequately replace the

human limbs? Is the provided mobility assistance appropriate for the elderly human? How can

mobility assistance devices be designed to provide suitable support?

In terms of physical mobility, elderly humans and humans walking with transfemoral prosthe-
ses are faced with two fundamental challenges:

On the one hand, the limited abilities in responding to sudden perturbations require to adapt
the strategies to maintain gait stability. The postural stability of transfemoral amputee subjects,
i.e. their ability to maintain standing balance, has greatly improved with the recent develop-
ment towards microprocessor-controlled prostheses [77]. Yet, it is still significantly reduced
compared to unimpaired subjects [87]. Unimpaired humans are able to instantly react on
sudden perturbations by actively shifting their intended foot location or applying appropriate
counter-torques on the joints of the lower limbs. Subjects walking with transfemoral pros-
theses, however, usually have no access to actuation in the artificial limb and need to rely
on other strategies to respond to perturbations. Such strategies could be based on compen-
satory motions of other limbs or integrated in a prosthetic design which preventively induces
stable gait. The exact stability strategies underlying human gait, however, are still to be identi-
fied. Thoroughly understanding them is crucial for any advances in the design of transfemoral
prostheses and facilitates the choice of appropriate prosthetic components towards a safer and
more efficient gait.

On the other hand, rising from the sitting position represents one of the most demanding hu-
man motions. Lifting the major part of the body weight into the standing position imposes
high demands on muscular strength and endurance. In elderly sit-to-stand (STS) motions,
age-related deficits in muscle strength and joint functions often lead to compensatory motion
patterns adapting to the abilities of the impaired part of the body [136]. In case additional
assistance is required for the elderly human to successfully perform the STS-motion, several
techniques are applied by caregivers to provide support to the subject and ensure a safe trans-
fer. STS assistance can also be externally provided by technical equipment such as exoskeletons
or mobility assistance devices. Simulating the STS-motion of elderly humans using optimiza-
tion methods can help to identify optimal motion sequences and support the design of suitable
assistive devices: Considering local impairments in the formulation of the optimization prob-
lem results in motion sequences which potentially prevent stress on the affected body parts and
might find their application in physical therapy. Additionally incorporating external assistance
into the simulation allows for the computation of optimal support actions and might, even-
tually, lead to design recommendations for an STS assistance device which provides support
suitable for the individual needs of the impaired elderly subject.
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Similar questions are approached in related work, however with different methods and out-
comes. Several studies investigate the stability strategies in human walking based on common
criteria borrowed from the research field of humanoid robotics. Most of these criteria do not
prove meaningful for human walking since, according to their context, humans tend to walk
unstable.
Questions related to optimal STS motions are frequently approached by simulating the motion
and focusing on detailed musculoskeletal models of the lower body. However, the influence of
the upper body on the whole body dynamics is most often entirely neglected.
Several projects also address the design of STS assistance devices. While optimal support of
the STS motion is often strived for, these projects rely only on heuristics and simple assump-
tions for the supported motions.
In addition to simulation, human motions are commonly analyzed using recorded data ob-
tained in motion laboratories. Usually, the motions are reconstructed using inverse dynam-
ics. This way, however, the reconstructed motion does not satisfy the dynamics of the model
throughout the entire time horizon but only on discrete time steps. Furthermore, the skeletal
structure of the human is often reconstructed based on joint locations estimated from bony
landmarks by linear regression. This method often leads to non-consistent geometrical prop-
erties of the body segments.

Scope of this Thesis

In this thesis, we develop scientific computation methods to approach challenging clinical
questions from three different angles:

(i) optimization-based motion reconstruction,
(ii) optimization-based motion prediction, as well as

(iii) human-centered design optimization.

We reconstruct human walking motions of unimpaired subjects and subjects walking with pros-
theses from motion capture data using subject-specific threedimensional multibody models
and optimal control. The motion of the models is fitted to the recorded data for a whole stride
in a least-squares sense in large-scale multi-phase nonlinear optimal control problems. This
approach allows us to identify gait parameters which potentially describe the strategies un-
derlying unimpaired human walking and evaluate them on the gait of the subject walking
with prostheses.

In order to predict sit-to-stand motions which protect the joints and require less effort, we
synthesize optimal sit-to-stand by solving multi-phase optimal control problems. The cost-
functions are formulated using terms which have been heuristically determined in consultation
with clinical experts. Full body models are established with dynamic model parameters which
specifically represent elderly humans. For impaired subjects, mobility assistance is assumed to
be provided by a generic source of support actions.

Based on optimal sets of generic support forces assisting the sit-to-stand motions of impaired
subjects we optimize design parameters for mobility assistance devices providing suitable sup-
port. We compute optimal mechanical design parameters for two different assistance devices
providing the sit-to-stand support actions for subjects representing two different levels of im-
pairment. The human-device interaction is separated at their interface to ensure that the opti-
mal support provided to the human by the device is not compromised by any dynamic coupling
between them.

2
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In all three cases, the dynamics of human motions are modeled as multi-phase nonlinear op-
timal control problems of an underactuated hybrid differential algebraic system. Due to this
approach, we ensure that the dynamics of the system are fulfilled for the entire motion. We
model the human body in terms of a multibody system and derive the system’s equations of
motion considering subject-specific model parameters. The resulting highly nonlinear optimal
control problems are solved using the direct multiple-shooting method [17].

Contributions of this Thesis

During the research for this thesis, scientific contribution has been made in several topics:

Regression Equations for Dynamic Model Parameters of Elderly Humans:

We develop regression equations which improve the formulation of mathematical models.
These equations provide the dynamic model parameters for elderly humans which are difficult
to obtain on living humans. The regression equations facilitate the creation of parameterized
multibody models since they are based on the full body mass and length, respectively. Generic
models of the body of an elderly human can be established with realistic dynamic parameters
using the equations and values presented in this thesis.

Stability Strategies in Human Walking:

In this thesis, we propose an optimal control based method for providing physiologically sound
reconstruction of unimpaired and prosthetic gait to analyze subject-specific walking motions
in a clinical context. Using such methods we ensure that the dynamics of the system are satis-
fied throughout the entire motion. Along with the reconstructed motions, we propose a non-
standard stability criterion - the Capture Point - as an intuitive and comprehensive reference to
evaluate stability strategies in human gait based on the coordination of the gait velocity, step
length, step timing and ground collision impact. We encourage the application of Capturability
as a complementary criterion to the established clinical stability assessment methods.

Optimal Assisted and Unassisted Sit-to-Stand Motions:

We propose optimal control formulations to synthesize STS motions assuming different mobil-
ity levels for elderly subject. Recommendations for motion sequences can be derived from the
results that take into account the full amount of body dynamics available to an unimpaired
elderly human. For severely impaired elderly subjects, we compute assistive force profiles and
trajectories which can be used as requirements for an assistance device providing suitable STS
support. In addition, the results support our approach to consider a full body model of the
human as well as a multi-stage optimal control problem.

Optimal Design Parameters for a Sit-to-Stand Assistance Device:

Optimal control methods are applied to obtain sets of mechanical design parameters for two
different kinds of STS assistance devices. The parameters are computed to provide support for
the 20th to the 80th body height percentile of both male and female elderly subjects. Prototypes
of the sit-to-stand assistance devices have been manufactured based on the results presented
in this thesis.

3
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Thesis Overview

This thesis is organized in four major parts preceded by a preliminary chapter:

Chapter 1 provides a brief introduction into the fundamental concepts and approaches in the
research field of biomechanics and, in particular, human gait. It discusses the challenges in
dynamic human locomotion with a particular focus on balance and stability.

Part I describes the theoretical and computational principles underlying our applications. Chap-
ter 2 explains the methods to model the human body in terms of a multibody system and
deriving the system’s equations of motion considering subject-specific model parameters. In
Chapter 3 we elaborate on the optimal control framework used in this thesis along with direct
multiple shooting methods to optimize human motions. Chapter 4 summarizes common stabil-
ity criteria used for bipedal walking and compares them with mathematical criteria. We discuss
their implications for human motions with a particular focus on the Capturability concept.

Part II is dedicated to the application of the described methods on challenging clinical ques-
tions. In Chapter 5 we reconstruct human walking from the perspective of subjects walking
with unilateral transfemoral prostheses. We describe the dynamic human model used for this
task and establish the optimal control problem which fits the motion of the model to the
recorded data. The resulting gait parameters are discussed for their relevance to describe the
individual gait motion and, in particular, the stability strategy of each subject. In Chapter 6,
we present how optimal STS motions are synthesized by solving multi-stage optimal control
problems. The model formulation as well as the formulation of the optimal control problem are
described for assisted and unassisted STS motions. Chapter 7 describes our approach to per-
form human-centered optimization of mechanical design parameters for mobility assistance
devices. We present the established models and the large-scale optimal control problems for
two different devices based on two levels of desired mobility assistance.

Part III concludes the thesis and provides a brief outlook.

Part IV contains supplementary material provided in the Appendices A and B.
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1. PRELIMINARIES IN HUMAN MOTION ANALYSIS

During the course of evolution, the anatomy of the human body has evolved to enable effi-
cient locomotion in upright posture on two legs. Walking and running, i.e. different modes of
locomotion which a human chooses depending on the desired gait speed, are made possible
through a sophisticated interplay between muscles, elastic tendons and the skeletal structure.
Different shapes of the joints such as ball and socket joints, e.g. in the hip, or hinge joints, e.g.
in the knee, allow for complex motions that combine both rotational and translational degrees
of freedom. Elastic articular discs located in the joint spaces between the bones absorb shocks
and reduce friction. A system of redundant muscles, some of them spanning over multiple
joints, is responsible for both actuating and stabilizing the skeletal system.

This chapter provides a brief introduction into the common terminology in the research field
of biomechanics in Section 1.1 as well as into the fundamentals of human gait in Section 1.2.
Section 1.3 introduces the methods applied to record and analyze the human motions used
in this thesis. Section 1.4 describes our approaches to obtain subject-specific parameters for
the multibody models of the human body. We elaborate on the challenges in dynamic human
locomotion in Sections 1.5 with a particular focus on balance and stability in human gait.
Section 1.6 and 1.7 summarize the most important systems to assist and restore impaired
human walking.

1.1. Anatomical Terms in Biomechanics of Humans

According to clinical standards, motions of body segments can be described with respect to
a set of planes and main axes [141]. Based on an upright posture, the human body can be
divided along the sagittal, horizontal and frontal plane. As shown in Figure 1.1, the sagittal
plane divides the human body into right and left parts, the frontal plane cuts the body into front
and back parts and the horizontal plane is parallel to the ground. Rotations can be specified
with respect to the sagittal, transversal, and longitudinal axes.

Locations and directions within the human body can be specified in both absolute and relative
terms with respect to specific landmarks or, if not further specified, relative to the center of
the body, see Table 1.1 for a compilation of the most important of such expressions.

1.2. Fundamentals of Human Gait

Walking is a repetitive sequence of coordinated motions of the lower limbs. In a reciprocal
manner, motions are performed with the right and left leg segments that alternately carry the
human body into the gait direction and swing the foot forward again resulting in a step [125].

Considering the periodicity of this repetitive motion, a complete gait cycle (or: stride) comprises
of two steps, see also Figure 1.2. A step can be subdivided into the stance and the swing phase

denoting the periods in which the foot is in contact with the ground or being swung forward.
These phases are separated by the gait events heel strike (or: initial contact) and toe off. The
heel strike denotes the instance in which the heel touches the ground after the swing phase
and initiates the stance phase whereas the toe off denotes the event in which the toes leave
the ground and initiates the swing phase. In physiological walking the stance phase typically

5
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Figure 1.1: Anatomical planes and axes of the human body. Base image from [36].

Table 1.1: Anatomical terms for locations and directions in the human body.

Frontal planes planes parallel to the front of the body. Divides the body into a front
and a back section. The coronal plane is the frontal plane that con-
tains the body center of mass.

Sagittal planes planes orthogonal to the frontal planes which divide the body into
a left and a right section. The median plane is the sagittal plane that
contains the body center of mass.

Horizontal planes planes orthogonal to the longitudinal axis of the body. Divides the
body into an upper and a lower section. The transversal plane is the
horizontal plane that contains the body center of mass.

Sagittal axis intersection line of the median and the transversal plane.
Transverse axis intersection line of the coronal and transversal plane.
Longitudinal axis intersection line of the coronal and median plane.

medial towards the center
lateral towards the side
proximal towards the trunk
distal away from the trunk
anterior (also: ventral) situated at the front
posterior (also: dorsal) situated at the back

lasts for approximately 60% of a gait cycle leaving 40% of the stride for the swing phase [125].
The stance phase can further be separated into the phases loading response, mid stance, termi-

nal stance, and its last phase the pre-swing which initiates the transition into the swing phase

6
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Figure 1.2: Gait phases and events during gait cycle in healthy walking. The figure shows two consec-
utive steps forming one stride beginning and ending with the toe off of the right foot. Base
image from [2].

separated into the initial swing, mid swing and, finally, the terminal swing phases. The biome-
chanics community has agreed on using the heel strike as the delimiting event to define a gait
cycle [125]. However, since the focus of this research work is rather directed towards swing
phase phenomena, throughout this thesis, a gait cycle is defined to begin with a swing phase
and, thus, initiated by a toe off.

Walking is characterized by the existence of the gait phase double support in which both feet
are in contact with the ground versus the single support when only one leg is in contact with
the ground. In contrast, running can be distinguished from walking by the existence of a flight

phase in which no ground contact occurs at all.

1.2.1. Basic Gait Parameters

Gait performance is often assessed using temporal-spatial parameters such as the gait velocity,

step length, step width, and step duration. Other common parameters are the ratio between the

durations of the single support and the double support phases as well as the cadence measured in
steps per minute [1, 47, 68, 70, 146]. In this work, we define the step length as the distance

7
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of one heel strike location to the location of the same event in the previous step in anterior-
posterior direction (1.1) and the step width as the distance of the same events in medio-lateral
direction (1.2).

lstep,x = rheel,front,x − rheel,rear,x (1.1)

lstep,y = rheel,front,y − rheel,rear,y (1.2)

The step duration is the time ∆tstep between two consecutive heel strikes. The gait velocity is
defined as the velocity of the center of mass location vcom = ṙcom and will be further defined
in Chapter 2.

Further meaningful conclusions about human gait can be drawn by sub-dividing the step length
into two components reflecting the COM-heel distances in gait direction at heel strike. Con-
sidering the heel position rheel, rear,x of the rear leg in terminal stance and position rheel, front,x

of the front leg at initial contact we introduce the gait parameters

Rear foot outreach: RFO= rcom,x − rheel, rear,x (1.3)

Front foot outreach: FFO= rheel, front,x − rcom,x . (1.4)

Figure 1.3: The step length can be subdivided into the two components rear foot outreach (RFO) and
the front foot outreach (FFO).

1.3. Camera-Based Motion Capturing

One of the major interests in understanding the fundamentals of human motion and in par-
ticular human gait lies in quantifying the complex interaction between the body segments of
a human on a musculoskeletal level. For the kinematic part of this, camera-based Motion Cap-

ture Recordings (MoCap) using passive reflective markers are a reliable tool, combining good
precision with an acceptable effort required for set-up and maintenance.
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(a) Heidelberg Motion Laboratory (b) Temporary Motion Capture Laboratory

Figure 1.4: (a) Heidelberg Motion Laboratory equipped with infrared cameras and force plates. A mark-
ered subject is participating at motion capture recordings. Picture with courtesy of Heidel-

berg MotionLab. (b) Temporary motion capture laboratory set-up at the geriatric hospital
equipped with infrared cameras. A markered subject performs motion capture experiments
with a rollator prototype.

For this thesis, MoCap recordings are used which were obtained from two different labs:

• Walking of healthy subjects and prosthetic walkers have been recorded in the Heidelberg

Motion Laboratory1 located in the Heidelberg University Orthopedic Hospital equipped
with a Vicon MoCap system [152] and three Kistler [78] force plates (Figure 1.4a)

• Sit-to-stand motions as well as assisted and unassisted gait of elderly humans were
recorded in a temporary gait lab set-up at the Clinic for Geriatric Rehabilitation2 equipped
with a Qualisys MoCap system [134] (Figure 1.4b).

The motion capture systems in both laboratories record the position of passive-reflective mark-
ers using infrared cameras. Three dimensional spatial trajectories of each marker are recon-
structed by the post-processing software from the calibrated camera signals and provided as
output.

1.3.1. Marker Sets and Spatial Reconstruction

The spatial position and orientation of body segments can be obtained from the threedimen-
sional positions of markers attached to them. In case of a passive-reflective MoCap system, the
markers have a spheric shape and a retroreflective surface which enables them to reflect light
into the same direction of its source. By attaching infrared light sources to cameras capable of
recording in the infrared spectrum the markers can be separated from their surroundings in
the captured images. In a calibrated Motion Capture Laboratory, the threedimensional position
of each marker can then be reconstructed using triangulation and the synchronized frames of
at least two cameras.

1Heidelberg MotionLab, www.heidel-motionlab.de
2Agaplesion Bethanien Hospital Heidelberg, www.bethanien-heidelberg.de
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During human motions, recording artefacts may occur, amongst other reasons, due to markers
being occluded by body segments, poor placement of the markers on the body surface, or
markers being placed too close to each other. Different measures can be taken to avoid such
artefacts [24], e.g.

• providing redundancy by increasing the number of cameras: although only two per-
spectives are necessary to perform triangulation, between 6 and 12 cameras are often
used in Motion Capture laboratories to maximize visibility of all markers from various
perspectives.

• providing redundancy by increasing the number of markers per body segment: the posi-
tions of only three markers are necessary to uniquely define a segment’s spatial orienta-
tion. Since single markers are often occluded by body segments, e.g. markers attached
to the pelvis being hidden behind the arm during arm swing, the segment orientation
can still be reconstructed if at least one additional marker is attached to the segment
and visible during that time.

• minimizing relative movement of markers: to ensure repeatability of the experiments
and to minimize soft tissue movement between the bones and the skin, the markers are
attached to bony landmarks of the subjects’ body.

Recommendations for specific marker sets to satisfy the requirements in different recording
scenarios are provided from various sources. One example is the PlugIn-Gait (PiG) marker set,
proposed by Vicon [153], which establishes a model of the human body by reconstructing
joint centers from the measured marker positions. This method, however, does not rely on
rigid bodies and the lengths of the body segments, which are defined as the distances between
the joints, are variable.

Less than three markers can be used per segment by relying on a multibody model and com-
puting joint angles from the marker trajectories in case of an Inverse Kinematic fit. This method
exploits the fact that the position and rotation of a rigid body in a kinematic chain is fully deter-
mined by the position and rotation of its neighboring segments and the coupling constraints
between them. In this thesis, motion resulting from recordings which involved walking are
reconstructed based on whole body Inverse Kinematics implemented in PUPPETEER [38].

1.4. Modeling Dynamic Human Locomotion

Dynamic modeling of the human body is an important part of describing the fundamentals of
the biomechanics of human movement. In human movement science, the human body is com-
monly modeled in terms of a multibody system where the major body parts are represented by
rigid bodies connected by simple joints. This is possible since the range of the regarded motions
can be considered as larger scale phenomena which render most of the complex combinations
of translational and rotational degrees of freedom and minor elasticities negligible. Depend-
ing on the research question at hand, the multibody model can be refined and enhanced e.g.
by equations to describe the muscle dynamics or by detailed foot models. There has been a
variety of research into human walking, e.g. the emotional aspects of human walking have
been described in [36] using a 3D model of the human body in which the actuating torques
are applied directly on the joints. A 2D musculoskeletal model has been proposed by [5] to
evaluate different fatigue and energy-related cost functions for optimal control problems that
are potentially involved in human walking. Human walking has also been simulated using a
3D neuromusculoskeletal model in [10] while it has been verified that metabolic energy per
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unit distance traveled is a valid measure for gait performance. A review of common concepts
to model human motions with various levels of complexity is provided by [164].

1.4.1. Dynamic Model Parameters

The inertial and geometric properties of body segments are reflected in the rigid bodies as
segment lengths, segment masses, center of mass positions, and inertia matrices. To establish
individual models it would be most desirable to have access to subject-specific parameters.
However, such anthropometric parameters are extremely difficult to obtain on living humans
making it practically impossible to gather them on an individual basis.

Regression data provided by de Leva [29] and Dumas [32] have proven to be helpful in de-
termining anthropometric parameters in a sufficient approximation for young adults. While
both sources are useful for the modeling task, the widely used de Leva data provides a more
meaningful segmentation of the human body. Another common, however incomplete, set of
dynamic data has been compiled from various sources by Winter [161]. The mass distribution
of the segments of the elderly human body, although lacking the geometric properties of the
body segments, has been addressed by Jensen and Fletcher [71].

The de Leva data has been used in many different biomechanical applications involving the
dynamics of human motions and modeling in terms of rigid body systems, e.g. to perform
inverse dynamic analysis and estimate the energy expenditure in human motions [3], to ex-
amine causes for injury during sudden motions [95], to study emotional body expressions in
human walking [39], or to investigate foot placement during human locomotion after pertur-
bations [99]. It has also been used in computer graphics to ensure generated animations of
human characters obey the laws of physics [130] and in orthopedics medicine to describe the
effect of foot orthoses on the kinematics and dynamics of human gait [113]. Because of its
versatility and comprehensiveness the de Leva data provides a solid foundation for deriving a
comprehensive set of anthropometric parameters for elderly humans.

Age related pathologies such as intervertebral disc degeneration, arthrosis, or osteoporosis
cause the human body to decrease in height and change the overall body proportions. Large
studies aimed on gathering the weight, height and body dimensions of male and female hu-
mans from various ages and social backgrounds have been summarized in Panero et al. [123],
Stoudt et al. [145], Pheasant [126] and NASA [111]. The body dimensions obtained in these
studies are specified with respect to reference points which are not commonly used for creat-
ing dynamic models. Furthermore, these ergonomic tables focus on workspace problems and
do not necessarily contain meaningful body parameters which could be directly used for es-
tablishing dynamic models of a human. However, they can provide insights into the amount
of age-related changes in body parameters if the data for younger people is compared with
those for elderly humans. In addition, the mass distribution over the whole body changes due
to degeneration of muscular mass, fat deposition, water retention and changes in tissue com-
position.

1.4.2. Adjusted Anthropometric Parameters for Elderly Humans

In Section 2.4, we provide regression equations for the geriatric dynamic parameters by com-
bining existing sources for dynamic parameters of young and healthy humans with others
about the age-related changes in body proportions. These equations are formulated to facili-
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tate the creation of parameterized multibody models by relating all parameters to the full body
mass and length, respectively. Furthermore, the reference points in each segment are chosen
according to a tree-structured modeling approach where the tree originates from the Pelvis

segment. Applying the regression equations on body dimensions which were gathered from
subjects in recent studies [57] yields absolute values that represent the anthropometric data
of the average elderly population living in the early 21st century.

The equations and values presented in Section 2.4 are useful to establish generic models of
the body of an elderly human using parameters which otherwise would be difficult to obtain
on living humans. The equations provide an estimation for the body parameters of an average
elderly human. The methods presented here are designed in such a way that the model can
be individualized by replacing the parameters of a given body segment by measured parame-
ters. Adjustment coefficients in the regression equations allows for tuning the anthropometric
parameters to mass and length proportions that differ from the proportions of a young and
healthy population. Although different coefficients are presented for the adjustment of each
segment’s mass properties, in this thesis we apply only three different coefficients to adjust for
changes in segment lengths in the upper and lower body and the arms. This simplification is
justified by the assumption that a similar bone structure within these body parts stressed by
the usual loads lead to a similar decrease in segment length.

1.5. Challenges in Dynamic Human Locomotion

Human locomotion results from a sequence of well-coordinated motions of a complex articu-
lated system of limbs and joints which enable an energy-efficient and versatile way to travel
short distances. The articulated system is redundant, i.e. its number of available degrees of
freedom (DoF) is greater than necessary to perform the locomotion task [110, 165]. At the
same time, the system is also underactuated since the number of actuators is lower than the
system’s number of DoFs [34]. Due to the underactuation, the entire system’s motion can only
be manipulated through the contacts with the environment [86].

The dynamics in human locomotion has been of major interest in the field of biomechan-
ics with some early work on the biomechanics of human gait [92, 156], on generally un-
derstanding the interaction between motion and reaction forces [108], on the balancing be-
havior and risk of fall in the elderly population [120] and on modeling the dynamics in hu-
man locomotion [42, 94, 143] often also proposing first approaches to recording human mo-
tions [22, 41, 109, 162]. With the rise of high-performance computing technologies starting
from the second half of the 20th century, simulation of the human locomotion became increas-
ingly prevalent mostly focusing on model-based optimal control methods to obtain physically
consistent results [5, 9, 12, 23, 25, 121]. Since then and due to increased computational power
and improved algorithms, research questions have advanced from the general understanding
of human locomotion towards addressing increasingly complex problems through modeling
and simulation. Some of these problems are related to the metabolic cost of human locomo-
tion [2, 14, 138, 151], the muscle force distribution during human walking [4, 164] and the
neuromuscular control of human locomotion [21, 76] which has been disputed whether it ex-
ploits muscle synergies [8, 30, 150]. The insights gathered from these fields are increasingly
merging with research on humanoid robots performing human-like tasks [86, 105], on assis-
tive robots supporting human motions [15, 61, 67, 81, 91] and on microprocessor controlled
prostheses replacing human limbs [60, 62, 148, 163].
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1.5.1. Stability in Human Walking

During walking, one leg serves as a body support while the opposite leg is moved towards the
next support location. The legs alternate their roles repeatedly with reciprocal timing until the
subject stops [125]. While performing this repetitive sequence, one of the major objectives in
human locomotion is to maintain stability not only on flat ground but also on rough surfaces
and inclinations. With an elevated center of mass balancing over a small contact surface, the
human body is an inherently unstable system if it weren’t for a continuously acting control
system [160]. Stability and balance control in human walking have been approached from dif-
ferent perspectives. This includes describing the human body as a hybrid dynamic system and
examining its properties in terms of Lyapunov stability [19, 58, 104]. Although, this approach
has led to meaningful insights into the self-stabilization properties of the human locomotion,
modeling the human response to unpredictable changes in the environment in terms of a hy-
brid dynamic system has so far been an unsolved task [20]. Fundamental knowledge about
the feedback loops which are active during human locomotion has not yet been gathered in
sufficient accuracy.

Other approaches which have been proven useful to clinical applications and the humanoid
robotics community seek to explain foot placement during walking and fall prevention as a re-
sponse to pushes based on ground reference points which require only little computational effort
to be obtained and can be evaluated in real-time. The most common ground reference points
are summarized in Chapter 4. The present thesis, however, focuses on describing the foot place-
ment strategy of human subjects in terms of the velocity-based Capture Point (CaP) [83, 132]
(also known as the Extrapolated Center of Mass (xCoM) [69]) since it is able to describe gait
phenomena in the future and, therefore, provides a versatile method to predict and evaluate
the gait of individual subjects. The Capture Point concept has been successfully implemented in
the gait control of humanoid robots [33, 84, 85]. It has also been described as a recovery strat-
egy applied by humans as a response to unexpected perturbations in everyday situation [6].
Furthermore, based on the Capture Point, strategies to adapt temporal-spatial gait parame-
ters to varying environmental conditions [53, 54] and asymmetric step lengths in transtibial
prosthetic gait [55] have been associated with functional compensation strategies in order to
reduce the risk of falling backwards. Unfortunately, these studies suffer from a misconcep-
tion of the Capturability concept and, in case of [55], from the unjustified assumption that
transtibial gait is asymmetric.

1.5.2. Foot Placement in Unimpaired Walking and Walking with Prostheses

In Chapter 5, we elaborate on the foot placement strategies of unimpaired subjects and a sub-
ject walking with transfemoral prostheses. The walking motion is reconstructed from recorded
motion data obtained in a gait laboratory. The motion of multibody models with subject-
specific model parameters is fitted to recorded motions in a least squares sense. The fitting
problem is approached using nonlinear optimal control with multiple stages and multiple-
shooting discretization. This approach leads to physiologically consistent simulation results in
which the individual gait patterns are preserved. The reconstructed walking motions are an-
alyzed for general full-body gait patterns as well as the foot placement behavior with respect
to the Capture Point.
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With micro-processor assisted passive prosthetic devices that make use of sensoric information
and passive-adaptive mechanical elements highly dynamic locomotion became possible for the
patient. Nevertheless, stable walking is still challenging for above-knee amputee patients due
to the lack of active control of the knee and ankle motion of the prosthetic devices. Under-
standing the strategy of unimpaired humans in maintaining balance while walking is the key
task for developing more versatile and safe prosthetic components.

In previous studies, dynamic stability of prosthetic walking has been investigated in a biome-
chanical analysis for common microprocessor-controlled knee joints [13]. The risk of falling
with transfemoral prostheses has been investigated in everyday situations such as abruptly
stopping and side-stepping, stepping on an obstacle and stumbling. However, a measure to
quantify stability has not been formulated. Stability in terms of variability and symmetry of
prosthetic gait has been studied in [31, 87]where unstable walking was connected to deviation
from symmetric motion patterns. In the present thesis, however, it is shown that asymmetric
gait might play a role in achieving stability.

1.7. Assisted and unassisted Sit-to-Stand

Rising from sitting into the standing position, commonly referred to as the Sit-to-Stand transfer

(STS), belongs to the most demanding motions in everyday life of a human [103]. Several
studies have simulated this type of motion using optimization methods [7] while seeking to
generally describe the STS motion [122] and focusing on optimal strategies to reduce the
mechanical demand [16] for simplified musculoskeletal models of the human body. None of
them, however, considered full body models during the STS-task or a preparation phase in
which specific motions are executed to initiate the STS transfer.

In Chapter 6 of this thesis, STS motions are optimized using full body models. It is shown
that arm swing is intentionally applied in the preparation phase of the STS task right before
the subject actually lifts off the chair and can be exploited to reduce the load on the joints of
the lower limbs. Therefore, it is crucial to consider a full body model for analyzing the STS-
transfer and to treat the STS-motion as a multi-phase problem. Furthermore, based on the
assumptions of how to provide external support to two different levels of impairments in the
elderly population, optimal assisted STS-motions are obtained which are used as an input for
the computations in Chapter 7 in which optimal mechanical design parameters are computed
for an STS-assistance device.

1.7.1. Mobility assistance devices

Recent technological progress brings robots not only into industrial buildings and research labs
but also into our homes, e.g. as assistance robots. The medical sector, in particular, allows for
an effective application of robots which may assist both patients and medical staff during the
therapy and in the clinical routine. In the long term, as soon as direct human-robot interaction
has become a common scenario, assistance robotics is supposed to grow out of the protected
clinical environment and extend into the private setting.

The group of subjects potentially benefiting the most from medical assistance robots are hu-
mans which are physically limited to an extent where they are unable to independently perform
everyday tasks. Also, there is a huge benefit to subjects which are given the chance to enhance
or recover important physical and cognitive functions by the additional support provided by
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an assistance robot. Hence, medical robots find their way into important fields of applica-
tion which enable almost autonomous mobility for impaired people as well as adopt essential
tasks in therapy, training, clinical diagnostics and medical monitoring during rehabilitation.
Assistive tasks in clinical care are usually carried out by specially trained staff. However, the
demographic shift in the industrialized countries leads to a dramatic disequilibrium between
a low amount of manpower and a great number of subjects in need of care. This discrepancy
could be reduced by the employment of assistive robots in clinical care. In addition to that, a
close interaction between medical staff and adaptive assistive systems leads to an ergonomic
work environment which reduces the risk of physical stress.

Within the field of rehabilitation robotics one can generally distinguish between assistance and
therapy robots [142]. Therapy robots are operated by at least two persons: on the one hand the
patient, on the other hand the therapist who supervises the process of the therapy and adjusts
the robots behavior to the individual needs of the patient. Movement therapy for upper and
lower extremities following a stroke or communication therapy for autistics are potential fields
of application. In contrast, assistance robots are supposed to be included into daily life rather
than only used during therapy. Their tasks are related to situations in which a subject, due
to limited cognitive or motor capabilities, needs support in order to independently perform
everyday tasks. In this context, assistance robots can be grouped into cognition, manipulation,
and mobility assistance robots, respectively. Cognition assistance robots provide support to sub-
jects with limited cognitive functions which might be caused by dementia, autism or multiple
strokes in perception of and communication with their environment. This kind of support can
be provided by navigation robots such as the cane robot GuideCane [18] or by systems which
transform an individualized form of input into speech output such as the speech synthesizer
used by the Stephen Hawking [59].

According to the type of platform, manipulation assistance robots can be categorized into sta-

tionary and portable. Work spaces in which a subject is supported by a robot to accomplish
complex physical tasks are typical environments for stationary manipulation robots. Portable
manipulation robots solve very similar tasks, however, they can be relocated, e.g. by mounting
them to a wheelchair. A special case of portable manipulation assistance robots are exoskele-

tons which are worn by the user and used as an direct amplification of his own strength. Fa-
mous examples are the ReWalk [144], Cyberdyne HAL5 [155], ekso Bionics [82], and the IHMC

Mina v2 [50] shown in Figure 1.6, which can be used to assist paraplegic subjects ascending
and descending stairs and slopes or walking over uneven terrain.

Figure 1.6: Subject operating IHMC Mina v2 exoskeleton (Image: ETH Zürich/Nicola Pitaro).
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Mobility assistance robots are mobile systems which provide passive or actuated mobility sup-
port to subjects with limited mobility to enable them to locomote stably and reduce the risk of
fall. Oftentimes, additional systems for manipulation and cognition assistance are integrated
on the same platform. An example for a passive system is the RT Walker [64], shown in Fig-
ure 1.7a, which uses laser range sensors to scan its environment and is able to steer the user
into predefined trajectories and avoid obstacles by appropriate braking of the right or the left
wheels, respectively. Actuated mobility assistance robots are able to change their location in-
dependently without any active control by the user. This ability can be used to additionally
support the user’s mobility or provide manipulation and cognition assistance from a distance.
While in its first version the mobile platform Care-O-Bot was designed to perform interactive
social communication with the user [140] its second evolution was enhanced by an adaptive
gait assistance as well as a gripper arm to pick up and transport smaller items [48], see Fig-
ure 1.7b. Subsequent generations of the platform omitted the mobility assistance and focused
on home assistance tasks [49, 79, 93].

(a) RT Walker (b) Care-O-Bot 2

Figure 1.7: The mobility assistance devices RT Walker [64] and Care-O-Bot 2 [40] providing walking
support to subjects.

To date, two projects have addressed walking assistance combined with STS-assistance. The
Monimad device mainly consists of a mobile platform and an STS-mechanism, made of two
robotic arms with two degrees of freedom [96, 97, 98]. Although it is claimed that the mechan-
ical design parameters were optimized, no objective function has been specified in the litera-
ture. The support trajectories during STS-transfer are predetermined and were created based
on experimental data gathered in a clinical environment involving physiotherapists helping the
patients standing up using handles attached to force-sensors. Because of the non-repeatability
of the experiments and since only a small number of patients was included in these studies, the
measured support trajectories show a huge variety and have no statistical relevance. However,
in [124] a method for the Monimad device is proposed to select and adjust predefined assis-
tance trajectories to minimize the user effort. The Chugo device provides both walking and
STS assistance, while support is not only provided at the hands, but also at the forearms and
the trunk [26]. The STS-transfer motion supported by this device is based on typical motions
performed by physiotherapists during STS-assistance [75].
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Figure 1.8: Prototype of the Chugo device providing STS support to a subject [26].

1.7.2. Optimal mobility assistance devices

Although a lot of practical and theoretical experience leads to the support motions applied
by clinical staff during STS-support, these actions are mainly determined by the anatomical
structure and ergonomic requirements of the human body of both patient and caregiver and
are not necessarily optimally adjusted to the patient’s needs. During the task of developing an
assistive device, however, the limits imposed by the supporting part can be omitted and an
optimal set of support actions can be identified and applied which serves to entirely comply
with the subject’s ergonomic needs. This approach has been applied with the optimization
computation for the mechanical design parameters of the MOBOT device in Chapter 7. The
mobility assistance devices, which the design of the STS support has been optimized in this
thesis for, has been developed within the scope of the EU-project MOBOT [100]. The main
functionalities of the MOBOT devices are the adaptive walking assistance as well as the sit-
to-stand (STS) transfer assistance which supports the patient during the STS-transfer motion
using optimal support patterns. The elderly humans in the subject group of the project are
suffering from mobility disabilities e.g. due to Parkinson’s disease, dementia or strokes. For the
use of these specific devices it is assumed that the subjects are able to walk with assistance once
they have risen from the sitting position. Prototypes of both devices have been manufactured
by a project partner based on the optimized design which resulted from this thesis (Figure 1.9).

(a) First MOBOT prototype (b) Second MOBOT prototype

Figure 1.9: Elderly subjects walking assisted by prototypes of the MOBOT device during the motion
capture recordings and validation studies, respectively.
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In this work, we propose methods to support the mechanical design process by applying opti-
mal control methods, which lead to optimal assistive actions performed by the device as well
as optimal design parameters that satisfy the requirements in terms of desired work-space
and applied torques. In order to perform this design optimization, it is sufficient to focus on
the class of STS motions since in terms of loads and work-space they are more challenging
than walking. Therefore, we choose to direct our attention towards the optimization of the
STS-mechanism design since we consider that part of the design the most crucial.
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2. MODELING OF HUMAN MOTIONS

Modeling human motions for optimization and simulation purposes is faced with the chal-
lenge to reproduce the structure the human musculoskeletal system as realistically as possible
while, at the same time, keep the computational complexity as simple as possible. Considering
that human gait results mostly from redundant and nonlinear larger scale motions [125], as-
sumptions can be made that allow phenomena of smaller scale e.g. elasticities in the skeletal
structure or non-trivial joint kinematics to be neglected. Therefore, the human body can be
considered as a mechanical system which can be represented using multibody systems (MBS).

We introduce the basic concept of multibody systems in Section 2.1 and derive the equations

of motion of multibody systems in the context of human motion modeling in Section 2.2. The
models of the human body used in this thesis are described in Section 2.3. In Section 2.4,
we derive regression equations which provide geometrical and inertial model parameters for
elderly humans.

2.1. Basics of Multibody systems

According to the methods of multibody modeling [139], a mathematical model of a mechanical
system can be established using a finite number of rigid bodies, mass-less linking and coupling
elements as well as ideal joints. Figure 2.1 illustrates the most common elements used in
multibody modeling and the symbols commonly used to visualize them. A rigid body includes
the mass and inertia properties of the modeled system specified as the position of its Center

of Mass (COM) and the radii of inertia with respect to a body-specific local coordinate system
(COS).

Figure 2.1: Elements of a multibody model

A model of a mechanical system can be established by connecting rigid bodies with ideal,
i.e. friction-less, joints as well as constraint elements and coupling elements to a multibody
system. The rigid bodies B0, B1, . . . , BnB

(nB: no. of rigid bodies) can be connected by the joints
J1, J2, . . . , JnJ

(nJ : no. of joints) to a system with a chain topology, a tree topology or a closed-

loop topology, refer to Figure 2.2. Systems with closed loop topology can be considered as tree
topology systems with additional loop constraints.
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(a) Chain topology (b) Tree topology (c) Closed-loop topology

Figure 2.2: Rigid bodies can be connected to multibody systems with (a) chain topology, (b) tree topol-

ogy or (c) closed-loop topology.

2.1.1. Generalized Coordinates

The position and orientation of a single rigid body in a multibody system can be described by
three translational and three rotational variables, the so-called Cartesian coordinates. The state
of the whole multibody system can then be described by a total of 6nB variables. This formula-
tion suffers from the drawback that it has redundant coordinates and allows for states that are
infeasible due to constraints imposed by the coupling and constraint elements in the system.
Using generalized coordinates, the state of the system can be described using a number of coor-
dinates equal to the number of system’s degrees of freedom. Disregarding possible constraints
on the joint angles or to prevent collision of the segments any vector in Rndof characterizes a
valid state of the model.

2.1.2. Kinematics

A holonomic multibody system consisting of p (p ∈ N) rigid bodies and subject to nc (nc ∈ N)
holonomic constraints has ndof = 6p − nc (ndof ¾ 0) degrees of freedom (DoF) and the same
number of generalized coordinates

y =
�

y1 y2 . . . yndof

�T
(2.1)

The rotation and translation of the i-th rigid body in the inertial system Θ is described by the
rotation matrix

Si = Si(y , t) ∈ R3×3 (2.2)

of the body-fixed local COS and by the translation vector

ri = ri(y , t) ∈ R3 (2.3)

with respect to the origin of the same COS, respectively. The time derivative of (2.3) yields the
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translational velocity of the rigid body

vi = ṙi =
∂ ri

∂ y T
ẏ +
∂ ri

∂ t

= JTi(y , t) ẏ + v̄i(y , t). (2.4)

where JTi ∈ R
3×ndof denotes the Jacobian of translation and v̄i ∈ R

3 the vector of the local
translational velocity.

Similarly, the angular velocity can be derived from the time derivative of (2.2)

ωi = Ṡi = JRi(y , t) ẏ + ω̄i(y , t) (2.5)

with the Jacobian of rotation JRi ∈ R
3×ndof and the vector for the local angular velocity ω̄i ∈ R

3.
Both the local translational velocity v̄i and local rotational velocity ω̄i vanish for skleronomic
systems. The angular velocity vector ωi = [ω1 ω2 ω3]

T results from the corresponding skew-
symmetric rotation tensor [137]

ω̃i =





0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0



 = SiS
T
i . (2.6)

The translational and rotational accelerations ai and αi are obtained by the time derivative
of (2.4) and (2.5), respectively, as well as introducing the local translational and rotational
accelerations āi and ᾱi

ai = v̇i =
∂ ri

∂ y T
ÿ +

∂ vi

∂ y T
ẏ +
∂ vi

∂ t
= JTi(y , t) ÿ + āi( ẏ , y , t) (2.7a)

αi = ω̇i =
∂ Si

∂ y T
ÿ +
∂ωi

∂ y T
ẏ +
∂ωi

∂ t
= JRi(y , t) ÿ + ᾱi( ẏ , y , t) (2.7b)

2.1.3. Kinetics

The motion of a rigid body results from the forces and moments acting on it while consider-
ing its inertial properties. The relationship between the motion of the i-th rigid body Ki of a
multibody system and the forces and moments applied on it is described by the Newton-Euler

equations [139]

miai = f r
i + f e

i (2.8a)

Θiαi + ω̃iΘiωi = l r
i + l e

i (2.8b)

where (2.8a) describes Newton’s law of conservation of linear momentum and (2.8b) describes
Euler’s law of conservation of rotational momentum. The mass mi and the inertia tensor Θi ∈
R

3×3 with respect to its center of mass indicate the inertial properties of the rigid body. The
forces and moments acting on the body with respect to the center of mass can be distinguished
between the vectors for the resultant reaction (or constraint) forces f r

i
∈ R3 and resultant ap-

plied forces f e
i
∈ R3 as well as the resultant reaction (or constraint) moments l r

i
∈ R3 and

resultant applied moments l e
i
∈ R3. Applied forces and moments are determined by equa-

tions relating them to the motion of the multibody system imposed by weight, actuation, and
elements such as springs and dampers. In contrast, reaction forces and moments are due to
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contacts and elements such as joints which impose kinematic constraints on the system.

With (2.7a) in (2.8a) and (2.7b) in (2.8b), respectively, we receive

mi JTi ÿ +mi āi
︸︷︷︸

c̄Ti

= f e
i + f r

i (2.9a)

Θi JRi ÿ +Θiᾱi + ω̃iΘiωi
︸ ︷︷ ︸

c̄Ri

= l e
i + l r

i (2.9b)

The 6p scalar equations of the p rigid bodies of the multibody system can be summarized in
the 6p-Newton Euler equations of the entire system

¯̄MJ̄ ÿ + c̄ = τ̄i + τ̄r (2.10)

with the block diagonal matrix of mass and inertia tensors

¯̄M(y , t) =













m1I 0
...

mp I

Θ1
. . .

0 Θp













∈ R6p×6p (2.11)

the global Jacobian

J̄(x , t) =













JT1
...

JT p

JR1
...

JRp













∈ R6p×ndof (2.12)

and the vector c̄ as the generalized bias force term which includes the nonlinear effects, such
as the Coriolis, centrifugal and gyroscopic forces, τ̄e for the applied forces and moments as
well as τ̄r for the reaction forces and moments

c̄ =













c̄T1
...

c̄T p

c̄R1
...

c̄Rp













∈ R6p, τ̄e =













f e
1
...
f e
p

l e
1
...
l e
p













∈ R6p, τ̄r =













f r
1
...
f r
p

l r
1
...
l r
p













∈ R6p (2.13)
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2.2. Equations of Motion for Multibody Systems

The global Newton-Euler equations (2.10) describe the motion of a multibody system with 6p

equations for ndof degrees of freedom and nc constraints using the full number of equations
which also include the reaction forces and moments occurring in constraint systems. Applying
the Principle of d’Alembert, the reaction forces and moments can be eliminated and the equa-
tions (2.10) can be written in their minimal form using the system’s generalized coordinates and
only as many as ndof equations. This reduction exploits the generalized orthogonality between
the direction of motion and reaction, respectively, which causes the reaction to be ineffective
towards the motion. According to the Principle of Virtual Work [139] we obtain J̄ T τ̄ = 0.

The state of mechanical systems is uniquely defined by its positions q ∈ Rndof and its corre-
sponding velocities q̇ ∈ Rndof indicated by the vector of state variables x ∈ R2ndof

x =

�

q

q̇

�

(2.14)

Hence, (2.10) can be transformed into an explicit first-order system of ordinary differential

equations (ODE) in x

q̇ = v (2.15)

v̇ = a = H(q)−1(τ(q , v)− C(q , v)) (2.16)

with the symmetric and positive-definite mass matrix H = J̄ T ¯̄MJ̄ ∈ Rndof×ndof , the generalized
nonlinear effects C ∈ Rndof and the generalized internal forces τ ∈ Rndof .

According to the specific kind of problem to be solved, the connection between the forces and
moments acting on a multibody system and the resulting motions can be used to investigate
the dynamics of a multibody system in two fundamental ways.

For Forward Dynamics problems, (2.16) provides the accelerations a for given q , v and τ:

a = H(q)−1(τ(q , v)− C(q , v)) (2.17)

For Inverse Dynamics problems, the generalized forces τ can be computed for given generalized
coordinates, velocities and accelerations q , v and a as

τ(q , v) = H(q)a+ C(q , v) (2.18)

2.2.1. Modeling of Contacts

Mechanical systems such as a walking human are in perpetually changing contact with the
environment, in this case the ground, which additionally constrains the motion of the system
and causes external forces acting on the system. The ground contacts occurring during human
walking can be described as holonomic skleronomic constraints

g (q) = 0 (2.19)

For point constraints which restrict a given body point to a specific location g (q) ∈ R3 where
the entries correspond to the x , y and z-coordinate, respectively, and g (q) represents the dis-
tance of the point from its desired position.
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Introducing the vector of Lagrange multipliers λ and the contact Jacobian G(q) = ∂
∂ q g (q), the

equations of motion for a rigid body model subject to an external contact can be described by
the differential algebraic equation (DAE) of differential index 3 in descriptor form

H(q)a+ C(q , v) = τ(q , v) +G(q)Tλ (2.20a)

g (q) = 0 (2.20b)

Here, the Lagrange multipliers λ can be interpreted as the contact forces.

Differentiating (2.20b) twice provides the index 1 system which can be easily transformed into
a first order ODE:

q̇ = v (2.21a)

v̇ = a (2.21b)

H(q)a+ C(q , v) = τ(q , v) +G(q)Tλ (2.21c)

G(q)a+ Ġ(q)v = 0 (2.21d)

or written as a linear system

�

H(q) G(q)T

G(q) 0

��

a

−λ

�

=

�

−C(q , v) +τ(q , v)

γ(q , v)

�

(2.22)

with the differential variables q and v , the algebraic variables a and λ and the contact Hessian

γ(q , v) = −Ġ(q)v = −v T dG(q)

dq
v . (2.23)

For non-redundant constraints g (q) the contact Jacobian G(q) has full rank and (2.22) can
be uniquely solved. In addition, the invariants of the constraints on position and velocity level
have to be satisfied to ensure equivalence of (2.20) and (2.22):

g (q) = 0 (2.24)

G(q)q̇ = 0 (2.25)

These conditions are only required at the beginning of the contact since (2.21d) ensures on
acceleration level that the conditions are satisfied for the rest of the contact. With numerical
integration, (2.21d) can not be solved exactly leading to a drift due to accumulating errors.
This drawback, which occurs particularly for large step sizes and long time horizons, can be
treated using Baumgarte stabilization [11].

Different contact configurations of mechanical systems require corresponding sets of equations
of motion (2.22). In an optimal control context, if the contact sequence is known, these con-
figurations can be implemented in dedicated phases. These phases are separated by implicitly
defined switching points where a switching function equals zero

s(t,q , v) = 0 (2.26)

and discontinuities of the velocities ∆v(t,q , v) and the accelerations ∆a(t,q , v) can occur.

27



CHAPTER 2
�
� M O D E L I N G O F H U M A N M O T I O N S

2.2.2. Modeling of Collision Impacts

A multibody system gaining a contact with the environment is exposed to high forces acting in
a short amount of time. Due to the high forces, a physical body would compress and, depending
on its physical properties, remain in contact or bounce off. The first case is called the perfect

inelastic collision while the latter case represents the perfect elastic collision. For multibody
systems these elasticities are often neglected and the contact gain is treated as an instantaneous
collision. A restitution parameter e ∈ [0,1] is introduced where e = 0 denotes the perfect
inelastic collision and e = 1 the perfect elastic case.

The contact gain causes a discontinuous transition from the generalized velocity v− before the
collision to the generalized velocity v+ after the collision. The transition is determined by

�

H(q) G(q)T

G(q) 0

��

v+

−Λ

�

=

�

H(q)v−

−eG(q)v−

�

(2.27)

where Λ denotes the contact impulse. The first line of (2.27)

H(q)v+ −H(q)v− = G(q)TΛ (2.28)

is the change of the system’s momentum caused by the collision, while the second line

G(q)v+ = −eG(q)v− (2.29)

determines the contact velocity after the collision.

2.2.3. Efficient Computation of Equations of Motion

For modeling and efficient computation of the equations of motion for a rigid-body model we
use the code library Rigid Body Dynamics Library (RBDL) [37] which has been developed and
implemented based on the Spatial Algebra notation [35]. Instead of the traditional notation for
rigid body dynamics using two sets of 3D vectors Spatial Algebra follows a 6D vector notation
and allows for a efficient expression of rigid-body motions. The Recursive Newton-Euler Algo-

rithm (RNEA) is used for the inverse dynamics, the Composite Rigid Body Algorithm (CRBA)

for the joint space inertia matrix, and the Articulated Body Algorithm (ABA) for the forward
dynamics computations.

2.3. Multibody Model of a Human

As mentioned before, neglecting small-scale phenomena in the course of motion during human
gait, the human body can be modeled as a multibody system consisting of rigid bodies which
represent the major body segments of a human connected by ideal joints.

2.3.1. Segmentation and Model Complexity

In the context of modeling human walking by means of a multibody system, it is apparent to
represent the human body according to the structure of the human skeletal system. The lower
body of a human can then be represented by the rigid body segments pelvis, left and right

thighs, left and right shanks as well as left and right feet and the upper body by the segments
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mid and upper trunk, left and right upper arms, left and right lower arms, left and right hands

and head. These segments are connected by the joints left and right hips, left and right knees, left

and right ankles, Lumbo-Sacral joint, Xiphoid, Cervicale, left and right shoulders, left and right

elbows as well as left and right wrists. Figure 2.3 provides an overview over the body segments
and the joints chosen in this thesis for the multibody model of the human body. According to
this segmentation a multibody system is established. The 34 degrees of freedom of the model
including their ranges are listed in Appendix B.

Since, during walking, the back bends only in minor ranges the complex behavior of the 24
articulating vertebrae of the spine can be reduced to four parts. Each of these parts is con-
sidered rigid and represents the anatomical regions of the spine: the cervical, thoracic, lumbar

and sacral curves. In the multibody model, these curves are included into the body segments
head, upper trunk, mid trunk and pelvis, respectively. The multibody model of the human body
can then be build in the tree topology shown in Figure 2.3.

Shank

Foot

Thigh

right left

Pelvis

Head

Upper trunk

Mid trunk

Upper arm

Forearm

Hand

Shoulder

Elbow

Wrist

Ankle

Knee

Hip

Xiphoid

Lumbo-Sacral joint

Cervicale

(a) Segmentation of the body parts of the human body
and the connecting joints.

(b) Multibody system to represent the hu-
man body according to the segmenta-
tion shown in (a). Segment-specific lo-
cal coordinate systems are shown in
each segment’s origin as well as the seg-
ment’s centre of masses.

Figure 2.3: Segmentation of the human body for the modeling in terms of multibody systems.

The absolute position of the model in Euclidean space is defined by the position

r0,1 = (xO,1, yO,1, zO,1)
T (2.30)

of the root segment 1 with respect to the origin O of the global coordinate system. The absolute
rotation SO,1 of the model is then described by the elemental rotations of the three Cardan
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angles θ ,ϕ,ψ.

SO,1 = θO,1 ·ϕO,1 ·ψO,1 (2.31)

where θO,1,ϕO,1, and ψO,1 denote the rotations in the sagittal, frontal, and transversal plane,
respectively. In order to consistently describe all kinds of human motion and exploiting the
skeletal structure of the human body it is common in human motion analysis to choose the
pelvis as the root segment and treat the other segments as branches in the tree topology.
Subsequently, the position and rotation of the other body segments can be uniquely expressed
in terms of the generalized coordinates, in this case the relative rotations of the next distal
body segment with respect to its next proximal neighbor. Typical human locomotive tasks
such as walking and sit-to-stand transitions consist of combinations of intersegmental rotations
that mainly occur in the sagittal plane, followed by the frontal and the transversal plane. In
order to prevent singularities in the definition and expression of the Cardan angles and the
occurrence of the Gimbal Lock rotation sequences should be avoided for which the first and
the third rotations are likely to be driven into a parallel configuration by the second rotation.
Considering this, in case the largest motions are expected to occur in the sagittal plane, it is
common to choose the rotation sequence

Si, j = θi,i ·ϕi, j ·ψi, j (2.32)

to represent the rotation of the j-th body segment with respect to the i-th segment in the
sagittal, frontal and transversal plane, respectively [24]. For lower limb motions these planes
represent the flexion-extension, abduction-adduction, and internal-external rotation of the hip,
knee or ankle joint.

The model establishes ground contact with the foot which, in this work, is represented by a
rigid triangular segment spanned by the three contact points Heel, Hallux and Meta5.

Figure 2.4: Foot model with the three contact points Heel, Hallux and Meta5.
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2.4. Dynamic Model Parameters for Adults and Elderly Humans

The inertial parameters, center of mass positions, and body segment lengths of the multibody
models representing young adult humans are determined using the regression equations pro-
vided by de Leva [29]. Adjustments are made to the reference points of the parameters for
the upper body segments as they are chosen in a more practical way in the context of cre-
ating a multibody model in a tree structure with the pelvis representing the most proximal
segment. The relative and absolute values for the adjusted parameters of young adult humans
are summarized in the Tables A.1 - A.3 in Appendix A.

These regression equations are further adjusted to reflect the changes in proportion of the
body parts of male and female humans due to aging. The relative and absolute values for the
adjusted parameters of elderly humans can be found in the Tables 2.4 - 2.6.

The purpose of this part of the thesis is to compute the segment lengths, segment masses, radii
of inertia, and the center of mass (COM) position for each major body segment of an elderly
human (above 65 years) based on regression equations and knowledge of the full-body height
and weight of the person. The distances, lengths, radii, and masses are provided as fractions
of the full-body height and mass, respectively.

Due to age-related pathologies the human body parts are decreasing in length and altering
the overall proportions of the body. Joint wear in the human vertebral column consisting of
24 articulating vertebrae causes the upper body to shorten by a higher amount than the lower
body where only the hip, knee, and ankle joints are significantly exposed to joint degeneration.
Since the arms, in contrast to the legs, do not mainly support body weight during the span of a
human life-time only negligible wear and, thus, no changes in length of the joints is expected.

We derive the changes in body proportions due to aging effects from the ergonomic tables
provided in [123]. In order to adapt the regression equations from [29] to the change in body
proportions, the coefficientsαs are introduced enabling the separate linear scaling of the length
of each body segment s. The coefficients for the length decrease in the upper body αup and the
lower body αlo can be estimated from the tables in [123] as the ratio of the values for elderly
humans and younger adults. For the length of the arms we assume αarm = 1.

Additionally, based on the tables provided in [71]we adjust the changes in mass distribution to
the body segments which are caused by muscle degeneration and changes in tissue composition
using the coefficients βs. The ratio of the relative body segment masses of elderly humans [71]
and younger adults [29] provides the changes in the relative mass of each segment s with
respect to the full body mass. The coefficients for changes in both segment lengths and relative
masses are summarized in Table 2.1.

2.4.1. Coordinate systems

The local coordinate system x ′ y ′z′ of each segment is located at the joint which connects the
segment with its next proximal neighbor with the Pelvis being the most proximal segment. The
local coordinate system of the Pelvis originates from the middle of the connecting line between
the left and right Hip Joint Centers. Except for the foot, the local coordinate systems of all
segments are oriented such that the z′-axes are aligned with each segment’s longitudinal axis
and point towards the distal joint of each segment. The x ′-axes point into the ventral direction
and the y ′-axes into the lateral direction. The length of the foot segment, however, is specified
along the x ′-axis and the foot height along the z′-axis.
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Table 2.1: Shortening coefficients for upper and lower body αp and mass distribution coefficients βs for
female and male subjects. These coefficients were used to derive the values in the Tables 2.4,
2.5 and 2.6.

Symbol Female Male

Shortening coefficients αp

Upper body αup 0.9488 0.9614
Lower body αlo 0.9923 0.9793
Arm αarm 1.0000 1.0000

Mass distribution coefficients βs

Head βhead 1.1063 0.9996

UPT βupt 1.0081 0.9079
MPT βmpt 1.1297 1.3463
Pelvis βpelvis 1.1297 1.3463

Upper arm βupperarm 1.2717 1.1872
Forearm βforearm 0.8134 1.0861
Hand βhand 0.8909 1.0713

Thigh βthigh 0.8629 0.6692
Shank βshank 0.9043 0.9868
Foot βfoot 1.2207 1.0278

Table 2.2 summarizes the proximal and distal endpoints of the body segments. The proximal
endpoints represent the origins of the segment-specific local coordinate systems. Figure 2.5
shows the major body segments of the human body as well as the location and orientation of
the local coordinate systems of the segments Pelvis, Upper Arm and Thigh.

2.4.2. Regression equations

The regression equations are formulated such that the anthropometric parameters can be com-
puted in relation to the whole-body height and mass. Furthermore, adjustment coefficients are
introduced to consider for the changes in length and mass related body proportions due to age.

Segment lengths and masses

In a first step, the de Leva-tables are re-formulated as functions of the whole-body length and
mass. The relative length λs,dL of the segment s with respect to the whole-body height łtot,dL

provided by [29] is obtained by

λs,dL =
łs,dL

łtot,dL
(2.33)

In order to relate the measured body dimensions of an elderly person to the tables provided
by [29], the total adult body height l̃tot can be determined from the measured body height ltot
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Head
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Middle part of trunk (MPT)
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Figure 2.5: The major body segments of the human body are shown with the segment lengths ls of each segment s as well as the center of mass locations dcom,s

assigned with respect to the origin of the segments’ local coordinate systems x ′ y ′z′. As shown e. g. for the Upper arm and the Thigh, the origin of the
local coordinate systems are located at the joints which connect the segments with their next proximal neighbor with the Pelvis being the most proximal
segment. The local coordinate system of the Pelvis originates from the middle of the connecting line between the left and right Hip Joint Centers. The
local coordinate systems are oriented such that z′ is aligned with the segment’s longitudinal axis and y ′ points into the lateral direction.
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Table 2.2: Proximal and distal endpoints of the body segments. The proximal endpoints are also the
origins of the segments’ local coordinate systems. UPT and MPT stand for Upper part of
trunk and Middle part of trunk, respectively.

Proximal endpoint Distal endpoint

Head Cervicale Cranial Vertex
UPT Xiphoid Cervicale
MPT Lumbo-Sacrum Xiphoid
Pelvis Mid-point between hip joint centers Lumbo-Sacrum
Upper arm Shoulder Elbow
Forearm Elbow Wrist
Hand Wrist Dactylion
Thigh Hip Knee
Shank Knee Ankle
Foot Ankle Plantar surface

of the elderly subject and the segment-specific length adjustment coefficients αs by

λ̂s = αs ·λs,dL (2.34)

l̃tot =
ltot

λ̂head + λ̂torso + λ̂pelv + λ̂leg

(2.35)

while only those body parts are considered that actually contribute to the full-body-height, i.e.
s ∈ {Head, UPT, MPT, Pelvis, Thigh, Shank, Foot}.

Similarly, the adult mass m̃tot of the subject can be computed from the subject’s measured
body mass mtot and the length adjustment coefficients αs. Additionally, the mass adjustment
coefficients βs are introduced to account for changes in mass proportions due to loss of muscle
mass or changes in tissue composition

µ̂s = αs · βs ·µs,dL (2.36)

m̃tot =
mtot

µ̂head + µ̂torso + µ̂pelv + 2 (µ̂leg + µ̂arm)
(2.37)

considering all body segments
s ∈ {Head, UPT, MPT, Pelvis, Upper Arm, Forearm, Hand, Thigh, Shank, Foot}.

The fraction of the segment masses with respect to the full body massµs,dL are directly provided
by [29]. The measured height ltot and mass mtot of the average of 116 elderly female subjects
(F; body mass = 65.26 kg, body height = 158.6 cm) and 31 elderly male subjects (M; body
mass = 74.97 kg, body height = 170.59 cm) participating at a clinical study [57] as well as
the reconstructed height l̃tot and mass m̃tot of the subjects as younger adults are contained in
Table 2.3.

The absolute values of the elderly human’s actual segment lengths ls and masses ms are then
determined by

ls = λ̂s · l̃tot (2.38)

ms = µ̂s · m̃tot (2.39)
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Table 2.3: Measured body height and mass of elderly female and male subjects [57] as well as the
calculated adult body height and mass reconstructed using the regression equations in this
paper (Section 2.4.2). These parameters were used to derive the values in the Tables 2.4,
2.5, and 2.6.

Female Male

no. of subjects n 116 31
Measured elderly height ltot [cm] 158.60 170.59
Measured elderly mass mtot [kg] 65.26 74.97
Calculated adult height l̃tot [cm] 163.83 175.76
Calculated adult mass m̃tot [kg] 69.49 77.51

and, eventually, the relative values λs and µs defined as

λs =
ls

ltot
(2.40)

µs =
ms

mtot
(2.41)

These absolute and relative values are provided in the Tables 2.4 and 2.5.

Center of mass location

In [29], the relative center of mess (COM) positions δ̃s for the upper body parts are specified
with respect to their distal reference points. For the sake of consistency, we convert the COM
positions δ̃upperbody from the original de Leva value δupperbody,dL for each upper body segment
s ∈ {Head, UPT, MPT, Upper Arm, Forearm, Hand} to be specified with respect to their proximal
reference points using

δ̃upperbody = 1−δupperbody,dL (2.42)

The locations of the COM of each segment are assumed to be aligned with the principal longi-
tudinal axes of the rigid bodies and scale linearly with the segment lengths. They are computed
for the segment s as the distance from the proximal endpoint of the segment to the segment’s
COM as absolute values (2.43) and relative values (2.44)

dcom,s = δ̃s · ls (2.43)

δs =
dcom,s

ltot
(2.44)

where δ̃s is taken from [29] for lower body segments and derived by (2.42) for upper body
segments.

The absolute and relative values for the COM location of each segment are summarized in
the Tables A.1 and A.2 in Appendix A for young adult humans and in the Tables 2.4 and 2.5
for elderly humans. For every segment s the COM is specified with respect to the origin of
the segment’s local coordinate system which is located at the joint that connects the segment
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with its next proximal neighbor with the Pelvis being the most proximal one. The Pelvis COM
is specified with respect to the middle point between the left and right hip centers.

Radii of gyration and moments of inertia

The moments of inertia with respect to the principal axes x , y and z of each segment s are
given by

Θs =





θs,x 0 0
0 θs,y 0
0 0 θs,z



 (2.45)

where each principal moment of inertia θs,p , p ∈ [x , y, z] can be expressed by its radius of
gyration rgyr,s,p as

θs,p = r2
gyr,s,p ·ms (2.46)

and the absolute (2.47) and relative (2.48) values for the radii of gyration can be determined
by

rgyr,s,p = ̺s,p,dL · ls (2.47)

̺s,p =
rgyr,s,p

ltot
(2.48)

where ̺s,p,dL is the de Leva value for the relative radius of gyration of the segment s with
respect to the axis p. The radii of gyration rgyr,s,p are parallel to the axes of the segments’ local
coordinate systems as described in Section 2.4.1 and specified with respect to each segment’s
COM. The radii are linearly proportional to the segment lengths ls and according to (2.40)
also to the whole-body height ltot.

Equations (2.41) and (2.48) in (2.46) lead to the moments of inertia with respect to a subject’s
full body length ltot and mass mtot and, thus, (2.45) can be expressed as

Θs = µs mtot l2
tot





̺2
s,x 0 0

0 ̺2
s,y 0

0 0 ̺2
s,z



 (2.49)

Again, the values for rgyr,s,p, ̺s,p, and θs,p can be found in the Tables 2.4 and 2.5 and Table 2.6,
respectively.
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Table 2.4: Adjusted absolute values for the longitudinal lengths, masses, longitudinal center of mass (COM) position as well as the radii of inertia of the body
segments of an average elderly female (F; body mass = 65.26 kg, body height = 158.6 cm, αup = 0.0386, αlo = 0.0207) and male (M; body mass =
74.97 kg, body height = 170.59 cm, αup = 0.0567, αlo = 0.0077) subject. The relative values are specified with respect to the full body height and mass,
respectively. The segment lengths and COM positions are given with respect to the origin of the appropriate segment’s coordinate system as described in
Section 2.4.1 and displayed in Figure 2.5. The radii of inertia are specified parallel to the axes of the segments’ local coordinate system and with respect
to each segment’s COM.

Radii of Gyration

Longitudinal COM position Sagittal Transversal Longitudinal
length ls [mm] Mass ms [kg] dcom,s [mm] rgyr,s,x [mm] rgyr,s,y [mm] rgyr,s,z [mm]

Segment F M F M F M F M F M F M

Head 217.7 235.8 4.8 5.2 112.3 117.8 59.0 71.4 64.2 74.3 56.8 61.5

UPT 203.7 235.0 10.2 10.9 100.8 115.9 94.9 118.7 64.0 75.2 91.5 109.3
MPT 183.4 209.2 10.8 16.5 100.7 115.0 79.4 100.8 64.9 80.1 76.1 97.9
Pelvis 162.2 141.4 9.2 11.3 82.4 54.9 70.2 87.0 65.2 77.9 72.0 83.0

Upper arm 259.1 284.4 2.1 2.4 110.0 120.2 72.0 81.1 67.4 76.5 38.3 44.9
Forearm 248.9 271.5 0.7 1.3 135.4 147.3 65.0 74.9 64.0 71.9 23.4 32.9
Hand 73.5 87.0 0.3 0.5 18.6 18.3 39.2 54.7 33.4 44.6 24.6 34.9

Thigh 344.3 417.4 8.3 7.1 124.4 170.9 127.1 137.3 125.3 137.3 55.8 62.2
Shank 403.9 429.1 2.8 3.2 178.4 191.3 109.5 109.4 107.9 106.8 37.6 44.2
Foot 215.0 260.6 1.0 1.1 86.3 115.0 64.3 67.0 60.0 63.8 29.9 32.3
Foot height 70.7 38.2 - - 35.4 19.08 - - - - - -

3
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Table 2.5: Adjusted relative values for the longitudinal lengths, masses, longitudinal center of mass (COM) position as well as the radii of inertia of the body
segments of an average elderly female (F; body mass = 65.26 kg, body height = 158.6 cm, αup = 0.0386, αlo = 0.0207) and male (M; body mass =
74.97 kg, body height = 170.59 cm, αup = 0.0567, αlo = 0.0077) subject. The relative values are specified with respect to the full body height and mass,
respectively. The segment lengths and COM positions are given with respect to the origin of the appropriate segment’s coordinate system as described in
Section 2.4.1 and displayed in Figure 2.5. The radii of inertia are specified parallel to the axes of the segments’ local coordinate system and with respect
to each segment’s COM.

Radii of Gyration

Longitudinal COM position Sagittal Transversal Longitudinal
length λs [%] Mass µs [%] δs [%] ̺s,x [%] ̺s,y [%] ̺s,z [%]

Segment F M F M F M F M F M F M

Head 217.7 235.8 4.8 5.2 112.3 117.8 59.0 71.4 64.2 74.3 56.8 61.5

UPT 203.7 235.0 10.2 10.9 100.8 115.9 94.9 118.7 64.0 75.2 91.5 109.3
MPT 183.4 209.2 10.8 16.5 100.7 115.0 79.4 100.8 64.9 80.1 76.1 97.9
Pelvis 162.2 141.4 9.2 11.3 82.4 54.9 70.2 87.0 65.2 77.9 72.0 83.0

Upper arm 259.1 284.4 2.1 2.4 110.0 120.2 72.0 81.1 67.4 76.5 38.3 44.9
Forearm 248.9 271.5 0.7 1.3 135.4 147.3 65.0 74.9 64.0 71.9 23.4 32.9
Hand 73.5 87.0 0.3 0.5 18.6 18.3 39.2 54.7 33.4 44.6 24.6 34.9

Thigh 344.3 417.4 8.3 7.1 124.4 170.9 127.1 137.3 125.3 137.3 55.8 62.2
Shank 403.9 429.1 2.8 3.2 178.4 191.3 109.5 109.4 107.9 106.8 37.6 44.2
Foot 215.0 260.6 1.0 1.1 86.3 115.0 64.3 67.0 60.0 63.8 29.9 32.3
Foot height 4.5 2.2 - - 2.2 1.1 - - - - - -

3
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Table 2.6: Adjusted absolute values for the segments’ moments of inertia of an average elderly female
(F; body mass = 65.26 kg, body height = 158.6 cm) and male (M; body mass = 74.97
kg, body height = 170.59 cm) subject using the segment masses and radii of gyration from
Table 2.4. The moments of inertia are specified in the local coordinate system and with
respect to the COM of each segment.

Moments of Inertia [kg ·m2]

Segment Gender θx θy θz

Head
F 0.0168 0.0199 0.0156
M 0.0265 0.0287 0.0197

UPT
F 0.0916 0.0416 0.0850
M 0.1530 0.0614 0.1297

MPT
F 0.0681 0.0455 0.0626
M 0.1675 0.1058 0.1579

Pelvis
F 0.0453 0.0391 0.0477
M 0.0853 0.0684 0.0777

Upper arm
F 0.0110 0.0096 0.0031
M 0.0158 0.0141 0.0049

Forearm
F 0.0031 0.0030 0.0004
M 0.0074 0.0068 0.0014

Hand
F 0.0005 0.0004 0.0002
M 0.0015 0.0010 0.0006

Thigh
F 0.1344 0.1307 0.0259
M 0.1340 0.1340 0.0275

Shank
F 0.0340 0.0330 0.0040
M 0.0383 0.0366 0.0063

Foot
F 0.0042 0.0037 0.0009
M 0.0047 0.0043 0.0011
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3. OPTIMAL CONTROL FOR HUMAN MOTIONS

In the previous chapter, we described methods to model the human body in terms of a multi-
body system. These models are used in this thesis in the context of optimal control computa-
tions in order to reconstruct and to predict human motions. Using the same methods, models
of mobility assistive devices are established to compute optimal mechanical design parameters.
This chapter presents the general expressions for the optimal control problems (OCPs) formu-
lated within the scope of this thesis to solve these optimization problems considering multiple
model phases (Section 3.1) and multiple-shooting discretization (Section 3.2). Application
specific expressions of the OCP will be further elaborated in each relevant section in Part II.

3.1. Multi-Phase Optimal Control Problems

Due to the hybrid-dynamic, redundant and nonlinear nature of human motions multi-phase
optimal control problems using the direct multiple-shooting method as well as the Sequential

Quadratic Programming (SQP) method are suitable tools to solve the optimization problems
in this thesis. Human gait can be decomposed into a sequence of finite disjoint phases. Each
phase is characterized by a different set of ground contacts and, thus, a different set of external
forces acting on the system. In addition, discontinuities might occur at phase transitions due
to contact collisions. In the model formulation, external contacts are imposed on the system
as model constraints (Section 2.2) and a separate constraint set is defined for each of the nph

phases. During each phase, the dynamics of the model can then be expressed with the ordinary

differential equations (ODE) described in Section 2.2:

ẋ = fi(x (t), u(t)) (3.1)

where u(t) ∈ Rnu and i ∈ nph, nph ∈ N is the index of the current model phase and

x (t) = (q(t), q̇(t))T ∈ Rnx (3.2)

is the differential state with the generalized states q(t) ∈ Rndof and velocities q̇(t) ∈ Rndof . For a
given sequence of phases, we define a multi-phase optimal control problem with discontinuities

as an OCP with nph phases. The time horizon T := [t0, T] ⊂ R is divided into the subintervals
T j := [τ j−1,τ j] where j ∈ J := {1, . . . , nph}, τ0 = 0 and τnph

= T . This defines a constrained
infinite-dimensional optimization problem

min
x ,u,p,t1,...,tnph

Φ(x , u, p) (3.3a)

subject to:

ẋ (t) = f j(x (t), u(t), p), t ∈ T j , (3.3b)

x (t+j ) = h j(x (t
−
j )), j ∈ J , (3.3c)

0¶ g j(t, x (t), u(t), p), t ∈ T j , (3.3d)

0= r eq(x (0), . . . , x (T ), u(0), . . . , u(T ), p) (3.3e)

0¶ r ineq(x (0), . . . , x (T ), u(0), . . . , u(T ), p) (3.3f)
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where the objective function Φ : X × U ×Rnp → R with the set of all dynamics trajectories X :
T → Rnx as well as the set of all control trajectories U : T → Rnu is minimized by determining
a piecewise continuous dynamic process x (t) : T → Rnx , controls u(t) : T → Rnu , the time

instances for the phase transitions ta, . . . .tnph
, and the finite dimensional vector including the

free parameters p ∈ Rnp while satisfying the path constraints gi : Rnx ×Rnu ×Rnp → Rng , j ∈ J
as well as the equality point constraints r eq : Rnx × Rnu × Rnp → Rnre and inequality point

constraints r ineq : Rnx ×Rnu×Rnp → Rnri . For each of the nph model stages the dynamics of the
process are described by a set of ordinary differential equations (ODEs) with right hand sides
f j : Rnx ×Rnu ×Rnp → Rnx , j ∈ J . Using the phase transition functions h j : Rnx ×Rnp → Rnx

from the right-side limit t−
j

of T j to the left-side limit t+
j

of Ti+1 allows the handling of the
discontinuities of x (t) and u(t) at t j .

The Bolza-type objective function (3.3a) of an optimal control problem is commonly defined
as

Φ(x (t), u(t), p) =

nph∑

j=1

�∫ T

0

ΦL j(t, x (t), u(t), p)dt +ΦM j(t j , x (t j), p)

�

(3.4)

and consists of Lagrange terms ΦL j : T j ×R
nx ×Rnu ×Rp → R which are integrated over the

entire subintervals T j as well as Mayer terms ΦM j : {t j} ×R
nx ×Rp → R which are evaluated

at the end of phase j. Lagrange terms and Mayer terms can be considered equivalent since
the Lagrange terms can always be reformulated into Mayer terms and vice-versa. However,
certain optimization problems suggest themselves to be formulated as either a Lagrange-type
or a Mayer-type objective function.

As explained in Section 2.2, the dynamics of a multibody system with contacts is described by a
set of DAEs. However, the optimal control problem is formulated based on a set of ODEs (3.3b)
equivalent to the reduced index 1 DAEs (2.20) with the corresponding constraints on the initial
values. The algebraic variables are computed implicitly during the integration of the equivalent
set of ODEs and evaluated as constraints of the optimization problem. The phase transition
equations (3.3c) determine how the differential states change between the phases. They are
used to model contact collisions as instantaneous discontinuities in the differential states, e.g.
occurring when the foot touches the ground. Upper and lower bounds for differential states
x (t) and controls u(t) and other general path constraints are expressed using (3.3d). In ad-
dition, nonlinear point constraints necessary to express constraints such as contact forces,
periodicity or end effector positions are defined in (3.3e) and (3.3f).

3.2. Direct Multiple-Shooting Method

In order to solve the optimal control problems formulated within the scope of this thesis,
we use the Direct Multiple-Shooting method which is implemented in the software package
MUSCOD-II [89] along with sophisticated integrators and SQP solvers.

3.2.1. Discretization of the Continuous Optimal Control Problem

Formulated in terms of the continuous functions x (t) and u(t), the optimal control prob-
lem (3.3) is also known as the continuous optimal control problem. Direct methods distinguish
themselves from indirect methods by following the "first discretize, then optimize" approach.
Hence, the continuous OCP is discretized before it is solved.

41



CHAPTER 3
�
� O P T I M A L C O N T R O L F O R H U M A N M O T I O N S

Control Discretization

In order to discretize the controls u(t) we define a grid on the time horizon T = [t0, T] with
m nodes:

t0 < t1 < · · ·< tm−1 < tm, (3.5)

T j = [t j , t j+1], for tm = T and j = 1, . . . , m.

On each subinterval T j we formulate a finite dimensional representation of the controls using
base functions ϕ and parameters c j as

u(t)≈ u(t, c j) = ϕ j(t, c j), (3.6)

c j ∈ R
kunu ,

t ∈ T j = [t j , t j+1], for j = 1, . . . , m.

In most cases ϕ j are vectors of polynomials. Since ϕ j is only defined on the subinterval T j , this
results in piecewise polynomial representation of u. The two simplest cases are the piecewise
constant discretization, where ku = 1 and ϕ j(t, c j) = c j and, as shown in Figure 3.1, the
piecewise linear approximation with ku = 2 and the basis function

ϕ j(t, c j) = c1
j +

t − t j

t j+1 − t j

(c2
j − c1

j ), c j =

�

c1
j

c2
j

�

∈ R2nu . (3.7)

Continuous piecewise linear controls are ensured by constraining the discretized optimal con-
trol problem to c2

j
− c1

j+1 = 0, i.e. by demanding that the parameter c at the end point of
the subinterval T j has the same value as at the start point of the subinterval T j+1. The dis-
cretized controls are summarized in u(t, c), where c = (c0, . . . , cm−1)

T is the vector of control
parameters.

Figure 3.1: Piecewise linear control discretization of a scalar control function.

Differential State Discretization using Multiple-Shooting

The direct multiple shooting method is a numerical method for solving boundary value problems

(BVPs). Entire optimization intervals are solved by reducing them to the solution of initial value

problems (IVPs) of several subintervals and imposing additional matching constraints between
these subintervals. In contrast, the simpler single shooting method treats the entire integration
interval of the BVP at once and varies the initial values of the integration until a trajectory
is found that has the desired boundary values. However, compared to the multiple shooting
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method, with the single shooting method it is difficult - if not impossible - to find a solution if
the IVP solution is very sensitive to variations of the initial values.

Multiple shooting exploits the fact that the impact of the sensitivity is reduced with smaller
integration intervals. The OCP is subdivided into m multiple-shooting intervals delimited by
the m+1 multiple shooting nodes t0, t1, . . . , tm. At each node s j ∈ R

nx specifies the differential
states and can be used to initialize the problem according to prior knowledge about the optimal
process.

In combination with (3.7), IVPs can be formulated for each of the m multiple-shooting intervals

ẋ = f (t, x (t),ϕ(t, c j−1)), for j = 1, . . . , m and t ∈ T j (3.8a)

x (t j−1) = s j−1 (3.8b)

The solution of the initial value problem starting at t j−1 with the initial value s j−1 and dis-
cretized controls ϕ(t, c j−1) evaluated at t can be summarized in ξ(t; t j−1, s j−1, c j−1). Since
the values of ξ at the end point of each multiple-shooting interval do not necessarily coincide
with the value of the start point of the next interval the resulting trajectories are generally
not continuous (Figure 3.2). Continuity can be ensured, however, by introducing additional
continuity conditions

ξ(t j; t j−1, s j−1, c j−1)− s j = 0 for j = 1, . . . , m and t ∈ T j (3.9)

Summarizing the state parameters into s = (s0, . . . , sm), the continuous solution is then de-
scribed by the solution of the nonlinear problem

h(s , c) =








ξ(t1; t0, s0, c0)− s1
...

ξ(tm−1; tm−2, sm−2, cm−2)− sm−1

ξ(tm; tm−1, sm−1, cm−1)− sm







= 0. (3.10)

(a) non-continuous inital guess for discretized differ-
ential states.

(b) continuous solution of (3.10).

Figure 3.2: State discretization according to the multiple-shooting method.

Although it is not necessary to choose the same grid for the discretization of both the controls
and the differential states, for this thesis, the same number of nodes within the subintervals is
used for the discretization of states and controls for the sake of simplicity.
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Constraint Discretization

In case small violations of the path constraints (3.3d) can be neglected, a straight-forward
approach to discretize them exists in evaluating them directly on the multiple-shooting nodes
while ignoring their behavior between the nodes:

g (s j , c j)¾ 0 for j = 1, . . . , (m− 1) (3.11)

More precise methods which also ensure that the constraints are satisfied between the nodes
are introduced in [131].

The point constraints (3.3e) are defined on a time grid. If the multiple-shooting grid is chosen
such that the point constraint grid is a subset of it

r (x ( t̂0), . . . , x ( t̂k))¾ 0, t̂0, . . . , t̂k ∈ [t0, T] (3.12)

where

{ t̂0, . . . , t̂k} ⊆ {t0, . . . , tm} (3.13)

satisfying the point constraints can then be ensured by adjusting the state parameters s j , j =

1, . . . , m.

Free Parameters

In addition to the states x (t) and the controls u(t), problem specific free parameters p ∈ Rnp

can be included into the optimization problem. Such parameters can consist e.g. of a desired
step length, spring coefficients, geometric properties of the model or other optimizable values
that remain constant for the whole time horizon. The free parameter vector p is included into
the optimization problem as an argument both in the objective and the constraint function.

Multiple Phases, Discontinuities and Free Phase Durations

As mentioned earlier in this chapter, some problems, such as human walking, can be divided
into a fixed sequence of phases. In the context of an optimal control problem, each of these
phases are formulated using a different right hand side in (3.3b).

With a total number of mnph
multiple-shooting intervals, the first m j , 0 < m j < mnph

, j =

1, . . . , (m− 1) intervals are assigned to the j-th phase, the intervals (m j + 1), . . . , m j+1, m j <

m j+1 < mnph
to the ( j+1)-th phase, and so on, until the intervals mnph−1

, . . . , mnph
, mnph−1

< mnph

are assigned to phase mnph
.

To ensure continuity of the states between the phases, the continuity conditions formulated
in (3.9) can be used. However, in case discontinuities between the phases are desired, e.g.
to model the contact collision at touchdown of the foot, the transition between the phases is
described in a dedicated infinitesimal model stage by the phase transition function σ j : Rnx →
R

nx

σ j(ξ(tm j
; tm j−1, sm j−1, cm j−1))− sm j

, t ∈ [tm j−1, tm j
], j = 1, . . . , ( j − 1) (3.14)

which replaces the continuity condition (3.9).
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The optimal control problem (3.3) is defined on the fixed time horizon T := [t0, T] ⊂ R.
However, (3.3) can also be re-formulated such that it includes free phase durations which are
then part of the optimized variables. By introducing the duration d = T − t0, d ∈ R and the
time transformation

t(τ) := t0 + dτ (3.15)

the optimal control problem (3.3) can be re-written (for the sake of simplicity in a more general
way) as

min
x (t),u(t),d

Φ(x (t(1))) (3.16a)

subject to:

ẋ (τ) = f (x (t(τ)), u(t(τ))), τ ∈ [0,1], (3.16b)

0¶ g (x (t(τ)), u(t(τ))), t ∈ [0,1], (3.16c)

0¶ r ineq(x (t(τ̂0)), . . . , x (t(τ̂k))), τ̂0, . . . , τ̂k ∈ [0,1]. (3.16d)

3.2.2. Discretized Optimal Control Problem

The multiple-shooting discretization (3.10) and phase discontinuities (3.14) provide the dis-
cretized variables c and s , the free parameters p, as well as the durations d1, . . . , dnph

of the
nph phases which can be combined in the vector

y = (s0, c0, . . . , sm−1, cm−1, sm, p, d1, . . . , dnph
). (3.17)

Also using the discretized path constraints (3.11), the discretized optimal control problem can
be written as a nonlinear program:

min
y

F(y) (3.18a)

subject to:

h(y) = 0 (3.18b)

g (y)¾ 0 (3.18c)

with the total number of variables [88]

ny = nx(m+ 1) + nukum+ np + nph (3.19)

where ku ∈ N depends on the chosen type of control discretization.

3.2.3. Sequential Quadratic Programming

Due to the redundant and highly nonlinear structure of the problems within this work, Se-

quential Quadratic Programming (SQP) methods are suitable to solve the discretized optimal
control problems stated in (3.18). SQP arises from the application of the Newton method on
the Karush-Kuhn-Tucker (KKT) conditions - the first-order necessary conditions for optimality
of nonlinear constrained optimization problems. A detailed discussion of SQP methods can be
found in [43, 114].
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At first, the values of the cost function and the constraint functions as well as their gradients
are evaluated for a feasible initial point. The search direction δyk is estimated by an additional
minimization of a quadratic approximation of the Lagrangian by a second-order Taylor-series

min
d∈Ωk

∇F(yk)
Tδyk +

1
2
δy T

k
Hkδyk (3.20)

subject to:

h(yk) +∇h(yk)
Tδyk = 0 (3.21)

g (yk) +∇g (yk)
Tδyk ¾ 0 (3.22)

where Hk is the Hessian of the Lagrangian which is initiated as the identity matrix. Using an
appropriate line search method and considering the constraint functions the step length αk >

0 ∈ R can be estimated which, together with the step direction δyk, provides the subsequent
iteration

yk+1 = yk +αδyk. (3.23)

This procedure is iterated until a termination criterion is satisfied or the cost function has been
sufficiently minimized. As long as the termination criterion has not been met, Hk is updated
according to its increasing convergence towards the true Hessian using so-called Quasi-Newton

methods before the search direction is estimated in the next iteration. For the optimal control
problems discussed in this thesis the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm has
been used to update Hk.

Due to the direct multiple-shooting approach, the approximate Hessians Hk and the Jacobians
∇h(yk) and ∇g (yk) are sparse and highly structured. These structures can be exploited to
remove the sparsities caused by the additional variables introduced by multiple-shooting and
transform the quadratic problem into a dense one with a greatly reduced size using Condensing

algorithms [17]. Standard QP solvers such as QPOPT [44] can be used to solve the condensed
quadratic problem.
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4. STABILITY CRITERIA FOR HUMAN LOCOMOTION

One of the main motivations of this thesis is to describe human movement related to balance
and stability in both healthy and pathological walking. Walking on two legs in an erect pose
enables for fast, efficient and versatile locomotion. However, walking is a highly complex, well-
coordinated and, yet, instable motion which is prone to failure in case of unexpected events.
Tripping over an object lying in the way of a walker, placing the foot at a wrong position or
touching the ground out of time can lead to fall even at very low walking speeds. It seems that
a certain amount of insecurity is risked in favor of a rapid and energy efficient progression.

In order to understand the walking motion of humans, i.e. where and when the swing foot
is placed at the next step, it helps to make use of an analogy which compares walking with a
recurring well-controlled falling motion followed by a well-timed and well-placed capture mo-
tion performed by the swing foot. Both the research community working on humanoid robots
as well as the human movement sciences have been facing the problems of fall detection and
push recovery for a long time and have already developed intuitive and straight-forward mea-
sures for stability and balance behavior of legged walking systems in occurrence of a sudden
perturbation [45, 69, 132, 154]. Some effort has been conducted to establish criteria that de-
scribe gait stability as generalized as possible to enable legged robots to walk over uneven
ground [33, 157, 160]. Eventually, predicting the stability and balance behavior in human
walking motions enables advances in the fields of fall prevention, gait classification and move-

ment therapy for elderly people.

The Chapters 2 and 3 provided the frameworks required to perform physiologically consistent
simulation of human motions considering the dynamics of the system throughout the entire
time horizon. We simulate human walking and analyze the motion for potential strategies
to maintain stability while walking smoothly. In this Chapter we define basic definitions for
stability (Section 4.1) and introduce stability of dynamic systems in the sense of Lyapunov

(Section 4.2). We present ground reference points commonly used in the context of bipedal
gait (Section 4.3) with a particular focus on the Capture Point (Section 4.3.4). Finally, we
elaborate on the implications of these criteria on human motions in general and on human
walking in particular (Section 4.4).

4.1. Basic Definitions for Stability Analysis

Describing stability in human walking involves the evaluation of a subject’s motion. Definitions
for fall and stability are provided in this chapter to enable a consistent discussion within the
scope of this thesis.

Definition 1 (Fall)

Consider a legged locomotion system in a standing position or during walking. This system has

fallen if its velocity equals zero and it is in contact with the ground with a set of points which is

not a subset of the foot contact points.

Definition 2 (Stability)

Consider a legged locomotion system in a standing position or during walking subject to a set of

initial conditions. This system is stable if it is able to maintain its intended motion over a finite

time period without falling also after small external perturbations.
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The meaning of the term stability in more general terms also considering the concepts of ro-

bustness, constancy, and resilience is discussed in [56].

The discussion on stability of legged-systems strongly relies on the description of the behavior
of reference points into which certain whole body properties are united. A widely used refer-
ence is given by the full body center of mass (full body COM) which can be computed as the
weighted sum of the segment centers of masses (segment COM). Since, for the relevant research
questions, one mainly talks about full body phenomena, the full body COM is simply expressed
as the center of mass (COM).

As described in Section 1.2, human walking is a balanced motion in which the limbs are swung
in an antiphased manner. Due to that behavior, for natural human motions performed in an
erect pose, the effective COM does not change significantly and can be assumed to maintain
its position close to the pelvis center. However, the COM does significantly move away from
the pelvis center in non-erect poses such as sitting, crouching, etc. and can be computed as the
sum of the n segment COMs weighted by the segment masses mseg,i

rcom =

∑n

i=1 mseg,i rscom,i
∑n

i=1 mseg,i
(4.1)

where the position rscom,i of the segment COM of the i-th segment can be estimated using
the methods described in Section 2.4. A comparison of different popular COM approximation
methods for simulating humanoid walking is included in Appendix 5.3.3.

The area of pressure forces applied by the foot in contact with the ground can be summarized
in one resultant force vector which emanates from the point where the resultant moment
vanishes, the Center of Pressure (CoP) [135]. Considering the normal vector n of the contact
surface and assuming the strictly unilateral contact forces fc and moments τc are known, the
CoP can be computed as

rcop =
n ×τc

fcn
(4.2)

Stability criteria are mainly formulated based on the behavior of a reference point with respect
to the Base of Support (BoS) which is defined as the convex hull spanned by all ground contact
points. In the single stance phase, the BoS corresponds to the actual footprint of the stance
foot. During double stance or other contact scenarios the BoS is the convex hull of the two or
more discrete contact areas.

4.2. Stability of Dynamic Systems

In the sense of Lyapunov, a solution x0(t) of a n-dimensional system of non-autonomous dif-
ferential equations

ẋ = f (t, x (t)) (4.3)

(i) is stable, if for each ε > 0 ∃ δ > 0 such that all solutions x1(t) with |x1(t0)− x0(t0)|< δ
satisfy |x1(t)− x0(t)|< ε ∀ t ¾ t0
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Figure 4.1: Stability in the sense of Lyapunov.

(ii) is asymptotically stable, if it satisfies (i) and additionally

lim
t→∞
|x1(t)− x0(t)|= 0

Figure 4.2: Asymptotic stability in the sense of Lyapunov.

Considering the repetitive motions during locomotion including both continuous and discon-
tinuous dynamics, a walking legged system can be regarded as a hybrid dynamical nonlinear
system performing periodic motions. In this context, stable bipedal gait can be expressed math-
ematically in terms of Lyapunov’s first method as a periodic limit cycle of the system [65, 101]
and the following theorem can be applied to describe the stability of periodic solutions of non-

autonomous systems [101]:

Theorem 1 (Stability of periodic solutions of non-autonomous systems)

Given a non-autonomous T-periodic nonlinear system ẋ = f (t, x(t)) with f (t + T, ·) = f (t, ·)
and f ∈ C2. In case the periodic solution xp(t) = xp(t+ T ), T 6= 0 exists, its variational equation

relative to xp(t) is given by

∆ ẋ =
∂ f

∂ x
(t, xp)∆x + h(t,∆x) (4.4)

where it is assumed that

lim
||∆x ||→0

||h(t,∆x)||
||∆x ||

= 0 (4.5)

The periodic solution xp(t) is asymptotically stable if |λi | < 1 for all eigenvalues λi of the mon-

odromy matrix

M(t, t + T ) =
∂ x(t + T )

∂ x(t)
. (4.6)

The Lyapunov criterion provides an elegant formulation for the stability analysis of dynamic
systems. In fact, several solutions have been found for self-stabilizing open-loop motions like
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hopping and running based on simple models [102, 106]. It has been used to design bipedal
walking systems such as passive-dynamic walkers [27, 28, 51, 52]. However, due to several
reasons it does not qualify as a suitable method for the stability analysis of individual humans
conducted in the present thesis. First of all, a dynamic model (4.3) that adequately represents
the full body kinematics during human motions would require equations that describe at least
the most significant feedback loops which enable changes in human behavior due to perturba-
tions and other unforeseen events. To this date, such equations are unknown [20]. Secondly,
the methods proposed within the scope of this thesis to assess the human walking motion are
supposed to provide reliable predictions with minimal computational effort in order to persist
in a clinical routine. Unfortunately, the Lyapunov criteria are too complex in both modeling
and computation to meet this requirement. Lastly, as will be shown in Section 5.3, the class
of human motions analyzed in this thesis cannot be considered periodic which, however, is a
condition in Theorem 1.

4.3. Ground reference points in bipedal locomotion

Ground reference points provide a clear and intuitive description of motion characteristics
and control behavior in two-legged locomotion. The locations, directions of progression and
velocities of the reference points with respect to each other can be interpreted in terms of
whole-body movement and exploited as measures for the stability and balance state of the
whole system. Various of such reference points have been proposed within both the biome-
chanics as well as the humanoid robotics research community. This thesis summarizes some
of the most important reference points.

4.3.1. Center of Mass Projection

The balance state of entirely static poses and quasi-static motions in which neither any velocity
nor any acceleration is involved at all or only to an negligible extent can be described by the
vertical projection of the Center of Mass to the ground (gCOM) and its location with respect
to the Base of Support (BoS). Assuming neither external forces nor any accelerations due to
movement, the Newton-Euler equations of the inverted pendulum model with respect to an
arbitrary reference point O can be expressed as

fcop −mg = 0 (4.7)

rcom ×mg − rcop × fcop = 0 (4.8)

The balance of forces (4.7) shows that, in case of static balance, the reaction forces are entirely
vertical, since mg has no vertical component and fcop = mg . Since rcom 6= rcop, the balance of
moments (4.8) can only be fulfilled if fcop and mg are collinear. Hence, in the static balance
scenario, the CoP is the projection of the COM on the ground. By definition, the CoP exists
only within or on the border of the BoS. Therefore, static balance exists as long as the gCOM
is within or on the border of the BoS.

The balance condition related to the gCOM is intuitive and easy to validate. However, it is
insufficient to characterize dynamic motions where balance can still be maintained with the
gCOM outside the BoS. Approaches to quantify balance and stability in dynamic motions also
account for the velocity of the COM and/or the whole-body angular momentum about the
COM.
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4.3.2. Zero Moment Point

The Zero Moment Point (ZMP) is defined as the point on the ground where the component of
the inertia-gravitational moment tangential to the support surface vanishes [135]. The ZMP
has been widely used in balancing biped robots and controlling their behavior such as foot
placement etc. [45, 154]. The ZMP is located at the intersection of the axis of application
of the inertia-gravitational moment τig and the ground for which the axis is parallel to the
surface normal. Also considering the dynamic case, i.e. acceleration of the COM and angular
momentum about the COM, the ZMP can be written as

τig
zmp = (rcom − rzmp)×mg − (rcom − rzmp)×macom − Ḣcom (4.9a)

τig
zmp × n = 0 (4.9b)

and its location on level ground computed as

rzmp =
mgz × rcom × z + z × Ḣ

mg +macom · z
(4.10)

It has also been shown in [135] that the CoP and ZMP coincide where the CoP is associated with
contact forces and the ZMP with inertia-gravitational forces. A dynamic legged locomotion
system is considered in balance if the ZMP is inside the BoS.

Figure 4.3: Location of Zero Moment Point.

4.3.3. Centroidal Moment Pivot, Foot Rotation Indicator, Zero Rate of Angular Mo-

mentum

Other ground reference points have been proposed to enable discussion about different phe-
nomena in human walking also considering dynamic behavior and non-zero moments [129].

The Centroidal Moment Pivot (CMP) has been proposed around the same time by [46] and [128]
to quantify the whole-body rotational dynamics around both horizontal axes. It can be con-
structed by a parallel translation of the action line of the ground reaction force fgrf such that
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it passes through the COM. The intersection point of this translated line and the ground is
defined as the CMP.

(rcmp − rcom)× fgrf = 0 (4.11a)

rcmp,z = 0 (4.11b)

The location of the CMP can then be computed by expanding the cross product

rcmp,x = rcom,x −
fgrf,x

fgrf,z
rcom,z (4.12a)

rcmp,y = rcom,y −
fgrf,y

fgrf,z
rcom,z (4.12b)

or in terms of the ZMP location using (4.10)

rcmp,x = rzmp,x +
τcom,y

fgrf,z
(4.13a)

rcmp,y = rzmp,y −
τcom,x

fgrf,z
(4.13b)

One can see by (4.13) that if the CMP and ZMP coincide the line of application of fgrf passes
right through the COM indicating rotational equilibrium of the body. In contrast, it indicates
an increasing non-zero whole-body angular momentum the further it moves away from the
ZMP, refer also to Figure 4.4.

(a) τy,com = 0 (b) τy,com 6= 0

Figure 4.4: Centroidal Moment Pivot in case of (a) τy,com = 0 and in case of (b) τ̇y,com 6= 0.
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4.3.4. Capture Point

Further approaches towards the quantification and control of balance and stability are moti-
vated by the presence of unexpected loss of balance, e.g. when a sudden perturbation occurs.
The so-called push recovery problem led to the introduction of the Extrapolated Center of Mass

(xCoM) [69] as well as, at the same time, of the Capturability concept and the herein proposed
Capture Point (CaP) [132]. Both rely on the inverted pendulum model and the linear inverted
pendulum model, respectively, to represent whole-body dynamics of the legged system. The
xCoM and the CaP describe the same quantity.

Inverted Pendulum Model

Meaningful knowledge about the full body dynamics of a legged locomotion system can often
be obtained based on strongly simplified models of the system. Considering human walking
and in particular the balance and stability behavior the Inverted Pendulum Model [74] has been
widely used in the past [33, 69, 83, 132].

In the single support phase, when one foot maintains ground contact and the opposite leg
swings forward, the dynamics of the human walker supported by the stance leg can be ap-
proximated by a single inverted pendulum composed of a mass point representing the full
body center of mass of the human and a massless telescopic link with constant length. The
pivot point of the inverted pendulum represents the ankle joint of the stance leg. In an even
more abstract manner, the link length of the Linear Inverted Pendulum Model changes such that
the vertical position of the mass point stays constant. Refer to Figure 4.5 for a comparison of
both models.

(a) (b)

Figure 4.5: Representation of (a) an Inverted Pendulum Model (IPM) with the pendulum length l and
(b) a Linear Inverted Pendulum Model (LIPM) with the mass point height rcom,z,0 = const.

The dynamics of an inverted pendulum can be expressed by Euler’s equation

∑

τ = Iα (4.14)

With the inertia of the inverted pendulum

I = ml2 (4.15)

for the pendulum length l and the point mass m as well as the gCOM-position rgcom, its mo-
tion parallel to the xy-plane rgcom,xy as well as the CoP-position rcop we receive for small tilt
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angles α [160]

(rcop − rgcom)mg = Iα≈ −ml2
r̈gcom,xy

l
(4.16)

Introducing the angular eigenfrequency of a simple-pendulum ω0 =
p

g/l, (4.16) can be sim-
plified to

(rcop − rgcom) = −
r̈gcom

ω2
0

(4.17)

or as the dynamics of the gCOM location

r̈gcom =ω
2
0(rgcom − rcop). (4.18)

The gCOM accelerates backward if it is located behind the CoP and forward if its position
is in front of the CoP. It will remain in balance if it coincides with the CoP, which is also in
accordance with the definition of the static balance provided in section 4.3.1.

Introducing the initial COM position rcom,0 as well as its initial velocity vcom,0 and assuming a
constant rcop solving (4.18) provides [149]

rcom(t) = (rcom,0 − rcop) cosh(ω0 t) +
vcom,0

ω0
sinh(ω0 t) (4.19)

Referring to the interpretation of (4.18) and considering the initial velocity vcom,0, stability can
be maintained, i.e. balance re-gained after perturbations, if rcom,0 ¶ rcop at all time instances
or with (4.19)

rcop − rcom,0 ¾
vcom,0

ω0
tanh(ω0 t) (4.20)

and since −1< tanh(ω0 t)< 1∀t

rcom,0 +
vcom,0

ω0
¶ rcop (4.21)

where [69]

rxcom = rcom +
vcom

ω0
(4.22)

Since the CoP is only defined within the BoS (see section 4.3.1), the condition (4.21) can be
formulated as
Definition 3 (Extrapolated Center of Mass Stability)

Consider a legged locomotion system in a standing position and an initial velocity v0 acting on

the center of mass. Stability can be maintained if the Extrapolated Center of Mass does not exceed

the base of support at any considered time instance.

Theoretically, this can only be achieved if vcom,0 is sufficiently small. In case vcom,0 is too large to
fulfill (4.21), balance maintaining actions need to be applied such as the ankle strategy which
shifts the CoP in front of the xCoM fast enough by applying positive torque on the ankle. If the
ankle torque is not sufficient to capture the xCoM in time, it will travel beyond the BoS and
balance is lost.
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The xCoM concept also provides an intuitive measure for dynamical stability [69]. The margin

of stability can be defined as the Euclidean distance between the xCoM and the border of the
BoS in the direction of travel of the xCoM

b =
�
�rcop,max − rxcom

�
� (4.23)

Alternatively, the maximum impulse allowed to maintain stability m∆v has been proposed
which evaluates the additional velocity ∆v = ω0 b allowed to capture the xCoM right at the
border of the BoS.

Equation (4.18) has been derived assuming small tilt angles α. This assumption is valid in case
of standing where the COM of the legged system does not translate far distances. However,
the same assumption is not per se valid for larger displacements which occur during walk-
ing or recovering from a push using multiple steps. In human walking motions, the vertical
displacement of the COM is typically rather small compared to the horizontal displacement.

Linear Inverted Pendulum Model

This motivates the introduction of the Linear Inverted Pendulum Model (LIPM) [72, 74] illus-
trated in Figure 4.6, which further restricts the motion of the inverted pendulum’s point mass
to a constant vertical component zcom,0 realized by an actuated telescopic pendulum leg and
an actuation force flipm which keeps the motion of the point mass in that constant plane par-
allel to the xy-plane. This assumption facilitates the computation of the dynamics because of
its linear dynamic equations.

Figure 4.6: Three-dimensional Linear Inverted Pendulum Model with mass point m and linear force
flipm which keeps the mass point on the constant height zcom,0. The position of the ankle
is denoted with rcop. The projection of the mass point’s position r on the ground provides
rgcom.

Considering this assumption, the LIPM possesses the same dynamical properties as the Inverted
Pendulum model for small tilt angles from (4.18), refer to [74].

r̈com =ω
2
0(rgcom − rcop) (4.24)

with the only difference that, due to the variable leg length l, the eigenfrequency of the pen-

55



CHAPTER 4
�
� S TA B I L I T Y C R I T E R I A F O R H U M A N L O C O M O T I O N

dulum is defined by means of rcom,z,0

ω0 =

√
√ g

rcom,z,0
(4.25)

The same quantity as the xCoM has been proposed and named the (Instantaneous) Capture

Point (ICaP) [83]. However, the Capturability concept goes beyond the scope of the xCoM [69]
and also addresses the case when the xCoM, or in this case, the (Instantaneous) Capture Point
exceeds the BoS [132]. Capturability expresses the ability of a legged system to recover from a
sudden push and to come to a complete stop after an appropriate foot placement considering
the legged system’s dynamics and actuation limits. The concept has also been extended to cover
N -Step Capturability where the Capture Point moves away so fast that it cannot be reached
with one step anymore but only after N steps.

A captured state of a legged system is defined as a state where it is in balance and its kinetic
energy equals zero after an internal or external perturbation. Accordingly, Capturability is
provided if the same legged system subject to a non-zero initial velocity v0 is able to reach a
captured state without falling.

Definition 4 (Instantaneous Capture Point)

Given a legged system with the initial velocity v0, the Instantaneous Capture Point (ICaP) is the

ground reference point where the legged system could instantaneously place its Center of Pressure

(CoP) upon to achieve a captured state.

The Instantaneous Capture Point neglects the physiological limits of the legged system and
since it is derived from only the position and velocity of the COM it has a continuous trajectory.
In reality, however, the ICaP cannot always be reached. In the time instances right after a step
has been taken, the swing foot requires some time to be located towards the ICaP. On the other
hand, the swing foot might have been brought forward too slowly and the ICaP has moved
too far to be reached by a single step. Considering the minimum step duration as well as the
maximum step length, there is only a finite time horizon in which the ICaP can be reached by
the legged-system. It is only in these time instances in which the actual Capture Point exists.
During its existence its location equals the ICaP location.

Definition 5 (Capture Point)

The Capture Point corresponds to the ICaP at time instances equal or greater than the time to

place the CoP on the ICaP and at distances that are less or equal the maximum step length.

The computation of the (Instantaneous) Capture Point assumes on the Orbital Energy of the
Linear Inverted Pendulum Model [73, 83, 133]. The threedimensional orbital energy of the
system is a conserved quantity which can be derived by interpreting the horizontal components
of (4.24) as two decoupled mass-spring systems with unit mass. Also assuming zero torque at
the ankle, we obtain the orbital energy Elip of the legged-system by integrating (4.24)

Elip,x =
1
2

ṙ2
com,x −

1
2
(rcom,x − rcop,x)

2ω2
0 (4.26a)

Elip,y =
1
2

ṙ2
com,y −

1
2
(rcom,y − rcop,y)

2ω2
0 (4.26b)

where the term on the right resembles the potential energy of a spring with a stiffness of
c = −ω2

0. Physically, the spring stiffness has to be negative in order to maintain the COM
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at a constant height. Since the vertical component of the force flipm,z generated by the leg
is constant, the horizontal components flipm,x and flipm,y must be greater the greater the leg
angle with respect to the vertical.

The sign of the orbital energy determines three fundamental cases of the behavior of the linear
inverted pendulum. When the point mass moves towards the pendulum’s pivot point in x-
direction:

1. Elip,x > 0: The point mass position rcom,x approaches the pivot point position rcop,x ,
passes over it and accelerates away from it in the same direction.

2. Elip,x < 0: The point mass position rcom,x approaches the pivot point position rcop,x , does
not reach it and returns in the opposite direction.

3. Elip,x = 0: The point mass position rcom,x approaches the pivot point position rcop,x and
comes to a rest right above it.

The dynamical system (4.26a) has two eigenvectors defined by the equilibrium state Elip,x = 0:

ṙcom,x ,equi,1,2 = ±rcom,xω0 (4.27)

which represent a saddle point with one stable (rcom,x approaches rcop,x) and one unstable
(rcom,x diverges from rcop,x) eigenvector. Choosing the stable eigenvector and including the
location of the pendulum’s pivot point rcop, we obtain the location of the Instantaneous Capture
Point in the global coordinate system

ricp = rcop +
ṙcom

ω0
(4.28)

which is exactly the same quantity as (4.22). In further evolutions, the Capturability concept
has also been enhanced by a finite size foot instead of a point foot, to determine Capturability
considering the modulation of the CoP by actively applying ankle torques as well as a reaction
mass wheel instead of the mass point to account for angular momentum applied by upper body
actuation [83].

4.3.5. 3D Foot Placement Estimator

Modeling human motions based on the linear inverted pendulum model is connected to strict
model assumptions which might not be suitable to describe a broad variety of natural motions.
While the assumption that the center of mass maintains a constant height rcom,z,0 and that the
impact at heel strike as well as the upper-body angular momentum can be neglected might
be appropriate for walking and standing, the same assumptions fail to realistically describe
running and jumping.

To overcome these limitations the 3D Foot Placement Estimator (3DFPE) [99] is based on the
planar foot placement estimator [158] and the Euler pendulum which connects the inverted
pendulum with a circular foot model perpendicular to the leg. It is assumed that the foot-
ground contact occurs along the circular line including rolling resistance and spin friction to
ensure asymptotic stability by means of Lyapunov (Section 4.2).

A legged system placing a step in order to maintain balance can be modeled as a state change
in the Euler pendulum to transit from an unstable to a statically stable state. An analysis
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Figure 4.7: Euler pendulum with reaction mass m connected to a circular foot with radius a by a mass-
less rod with the length l. The outer circumference of the disc always touches the ground.
The ground reaction force fgrf is caused by contact and friction forces, τR by rolling resis-
tance and τF by spin friction.

of the phase portrait of the threedimensional Euler pendulum reveals three different stabil-
ity regions which can be distinguished by the family of initial conditions for the state vector
(β ,α,θ , β̇ , α̇, θ̇ ) which lead the pendulum to its equilibrium point (α, β̇ , α̇, θ̇ ) = 0.

- Stable Region 1: With smaller absolute values for the initial conditions the pendulum’s
system energy U0 is less than the maximum potential energy

T0 + V0
︸ ︷︷ ︸

U0

¶ mgrcom,z,max (4.29)

with T0 and V0 being the potential and kinetic energy, respectively, at ground contact. In
this case, the energy well created by the foot cannot be escaped by the system energy.

- Stable Region 2: Considering that energy dissipates when impacts occur at and after
ground contact, Stable Region 1 can be enlarged allowing for a higher system energy U+
after ground contact.

T+ + V+
︸ ︷︷ ︸

U+

¶ mgrcom,z,max (4.30)

- Stable Region 3: Taking into account that energy also dissipates when the system rotates
around its contact point, the pendulum is able to transit into stable regions 1 and 2 even
coming from an unstable state. In this case the system energy U+ after ground contact
has to be larger than the maximum potential energy to transit into stable regions and
energy is assumed to be dissipated right after it enters a stable region

T+ + V+
︸ ︷︷ ︸

U+

¾ mgrcom,z,max (4.31)
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Neglecting the cases for which the pendulum’s motion is not restricted to a vertical plane, the
location of the 3DFPE can be obtained by

rfpe = rcom,z,− tanϕ−u (4.32)

where, right before ground contact, the pendulum’s point mass travels in a direction parallel
to u and has the vertical position rcom,z,− and the leg angle ϕ−.

Experimental validation [99] has shown that foot placement in human walking and gait ter-
mination can be predicted equally well using the 3DFPE and the CaP. Since the stiffness of a
human leg is supposed to be somewhere in between a very compliant leg represented by the
linear inverted pendulum and a perfectly stiff leg represented by the Euler pendulum, a pre-
cise ground reference point to place the CoP on in order to come to a stop would be located
somewhere between these two points. In jumping, however, the FPE clearly outperforms the
CaP which shows that the limitation of a constant COM height of the linear inverted pendulum
is not suitable for this particular task.

4.4. Implications for Human Motions

Although the stability measures summarized in this chapter are based on very simple represen-
tations of the complex structure of the human body such as a single mass-point, an inverted
pendulum and a linear inverted pendulum, respectively, much of human-like behavior in lo-
comotion can be explained using these tools.

While standing, depending on the magnitude of an external perturbation a human would
apply the so-called ankle, hip, arm, or suspensory strategy to recover balance or even take a
well-placed step in case this is necessary [112], as illustrated in Figure 4.8.

(a) Upright standing (b) Ankle strategy (c) Hip strategy (d) Suspensory
strategy

(e) Step

Figure 4.8: Recovering strategies to react on perturbations while standing.

The ankle strategy describes actively applying torque to the ankle joint in order to modulate the
CoP within the boundaries of the BoS such that it is vertically aligned with the COM (according
to the gCOM criterion) or to shift the inverted pendulum’s pivot point into a position in which
the COM comes to a stop above the BoS (according to the xCoM and Capturability concept).

In case the velocity of the COM, possibly induced by a stronger perturbation, is too large to
be covered by only the ankle strategy humans would need to apply a more effective strategy
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to maintain balance. Actively applying torque to the hips causes the whole-body COM to shift
and the underlying inverted pendulum to change its shape. This way, the COM can be shifted
back to come to a stop above the BoS.

In addition, due to the large inertia of the upper body, the hip strategy can be used to apply
angular momentum on the system and bring the ZMP back into the BoS. Additional angular
momentum can also be applied by swinging the arms. Another method to alter the shape of
the underlying inverted pendulum is provided by the suspensory strategy where the COM is
lowered by progressing into the squating position.

If all these strategies fail due to very large magnitudes of perturbations balance might still be
recovered by placing a step on the Capture Point, i.e. enlarging the BoS towards a position
where the COM would come to a stop over the CoP defined by where the swing foot has been
placed after the step.

4.4.1. Capturability applied to walking motion

A popular analogy describes the two-legged walking motion as a well-controlled sequence of
intended falls followed by well-timed capture. The Capturability concept provides the suitable
tools to describe human walking and establishes a foundation to develop an intuitive measure
to assess the quality of two-legged walking.

However, in order to achieve an energy-efficient locomotion task, humans do not intend to
come to a complete stop after each step and, hence, to not place the CoP right on the Capture
Point. Rather than that, a residual orbital energy is maintained by stepping right before the
Capture Point in order to exploit the progression in walking direction and fall into the next
step. Hence, a certain risk of fall is accepted for the sake of energy efficiency.

Equation (4.28) quantifies this behavior and can be used as a tool to measure and compare
risk of fall between different bipedal walking systems or human subjects. Similarly, (4.28)
can be solved for a foot location to result in desired orbital energies and, consequently, in a
desired COM velocity. In Chapter 5 the Capture Point location is compared vs. the actual foot
placement for healthy and prosthetic walkers.

In order to enable a discussion about the foot location with respect to the Capture Point and
establish a measure for the non-zero COM-CoP distance at the event of foot placement the two
quantities Residual Orbital Energy and Instantaneous Orbital Energy are introduced here:

Definition 6 (Residual Orbital Energy)

The Residual Orbital Energy Eres,lip of the LIPM is defined as a non-zero value of the orbital energy

expressed in equations (4.26) which results from a foot location unequal to the Capture Point

(rcap 6= rcop). It provides a generalized expression for the distance between the foot location and

the actual Capture Point.

Definition 7 (Instantaneous Orbital Energy)

Since the COM does not necessarily maintain a constant height during human walking we extend

the expression of the orbital energy Elip in (4.26) towards the Instantaneous Orbital Energy Einst

which expresses the orbital energy at a given time step taking into account the current COM height.

It is further assumed that the velocity vector is directed horizontally. According to Definition 6 we

can also formulate the quantity of Residual Instantaneous Orbital Energy Eres,inst.
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5. MODEL-BASED OPTIMIZATION OF HUMAN WALKING

The dynamics of the walking motion of three subjects, one of them walking with transfemoral
prostheses, has been reconstructed from recorded motion capture data using individualized
multibody models of the subjects and optimal control methods. The states of the subject-
specific multibody models are fitted to the recorded motion in a least squares sense. This way,
the individual patterns of the walking motion are preserved for the analysis of the subject-
specific walking motion. Based on the reconstructed dynamics, general gait parameters are
computed and compared between the subjects. Rather than assessing traditional gait parame-
ters, the analysis conducted in this part of the thesis is focused on the behavior of the Instanta-

neous Capture Point (ICaP) during the different subject-specific modes of walking. In particular,
we are interested in the characteristics of each subject’s foot placement with respect to the ICaP
right after the swing phase.

We describe the dynamic human model used to reconstruct the walking motions in Section 5.1.
The least-squares optimal control problem formulation to fit the motion of the models to the
recorded motion capture data is included in Section 5.2. The results obtained from the recon-
structed walking motions are presented in Section 5.3 and discussed in Section 5.4.

5.1. Dynamic Human Model for Gait Reconstruction

Optimization is used to reconstruct the gait of two unimpaired adults and a young adult walk-
ing with two different transfemoral prostheses. The human body is modeled as a 34 degrees of
freedom (DoFs) multibody system according to methods described in Section 2.3. The dynamic
body segment parameters are computed using the regression equations for adults introduced
in Section 2.4 and listed in Table A.2 in Appendix A. In case of prosthetic walking, the geomet-
ric and inertial parameters of the prosthetic legs have been experimentally determined and
used instead of the values of the left unimpaired leg. In order to avoid additional distraction
of the subject, arm motion has not been included into the recordings involving the prostheses.
Hence, the joints Elbow, Shoulder and Neck have been modeled as rigid joints reducing the
model for prosthetic gait to 25 DoFs. The models used for both the optimization of prosthetic
and unimpaired walking are illustrated in Figure 5.1.

5.2. Least-Squares Reconstruction of Human Walking Motions

In this part of the thesis, unimpaired and prosthetic human walking motions are reconstructed
by fitting the motions of subject-specific dynamic models to motion capture data by formulat-
ing and solving least-squares (LSQ) optimization problems. In addition, in order to minimize
the dimension of the optimal control problem it is a reasonable choice to perform the motion
fitting along the generalized coordinates of the model instead of the Cartesian coordinates.
Due to skin artifacts and measurement errors the markers attached to a segment do not keep
a fixed distance but move with respect to each other causing the marker configuration to be
distorted from its reference configuration. Also the fact that a multibody model is an abstract
representation of the human body which assumes rigid bodies and ideal joints stands in con-
trast to the complex kinematic behavior of the body segments in reality and causes a mismatch
of the measured marker positions and their ideal positions on the model.
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(a) Unimpaired subject (b) Impaired subject

Figure 5.1: Different multibody models are used to model the gait of (a) unimpaired humans (34 DoFs)
and (b) the humans walking with a prosthesis (25 DoFs). The prosthetic leg is indicated in
yellow. Note that for model (b) the arms are assumed to be fixed with respect to the upper
part of the trunk. The DoFs of both models are listed in Appendix B.

The reference motions for the optimal control problems are created by converting the mea-
sured motion capture data from marker trajectories into trajectories in joint angle space. This
can be performed by using Inverse Kinematics (IK) to approximate the motion of a subject-
specific multibody model such that the distance between virtual markers defined on the model
and the appropriate measured marker positions are minimized for each time frame considered.
The Inverse Kinematics fit is performed in a least-squares sense and considers the entire kine-
matic chain of the multibody model. Both steps, creating a subject specific model as well as
converting the reference motion in its generalized coordinates are performed using the soft-
ware tool PUPPETEER [38] which implements the Sugihara algorithm based on the Levenberg-
Marquardt method [36, 147].

The walking motion has been reconstructed for three different subjects in four scenarios: Unim-

paired male, unimpaired female, Transfemoral Prosthesis Generation 1 (TransFem Gen 1), and
Transfemoral Prosthesis Generation 2 (TransFem Gen 2). Further details about the scenarios are
discussed in Section 5.3. The LSQ fitting errors for each marker resulting from the inverse
kinematics fit are listed in the Table 5.1 for the upper body and in Table 5.2 for the lower body.
Table 5.1 also contains the average over the errors of all markers as well as their standard
deviation. The largest deviations occurred on lower body markers likely due to the great skin
movement caused by the high oscillations of the legs during walking (highlighted in bold in
Table 5.2).
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Table 5.1: Inverse Kinematics fitting errors in average and standard deviation over all markers. Ab-
solute deviations are listed for the upper body markers in the scenarios Unimpaired male,

unimpaired female, Female walking with the Transfemoral Prosthesis Generation 1 (Female w/

TransFem Gen 1), and Female walking with the Transfemoral Prosthesis Generation 2 (Female

w/ TransFem Gen 2). The error is provided in centimeters [cm]. Arm motion was not mea-
sured in the case of prosthetic walking.

Unimpaired Unimpaired Female w/ Female w/
male female TransFem TransFem

Gen 1 Gen 2

Average 2.0±1.3 2.0±1.1 1.6±0.8 0.8±0.4

STRN Sternum 1.3 1.4 - -
T10 10th Thoracic 1.1 1.6 - -

Vertebrae
C7 7th Cervical 2.8 2.8 2.0 0.4

Vertebrae
CLAV Clavicula 2.9 3.1 2.5 0.9
LSHO Left Shoulder 3.6 3.0 2.1 1.6
RSHO Right Shoulder 2.6 2.9 2.2 0.9

RELB Right Elbow 0 3.0 2.8 - -
RELBW Right Elbow 1 3.1 2.9 - -
RHUMS Right Humerus 2.8 2.4 - -
RRAD Right Radius 2.9 1.1 - -
RULN Right Ulna 2.8 1.5 - -

LELB Left Elbow 0 2.3 3.8 - -
LELBW Left Elbow 1 2.2 3.0 - -
LHUMS Left Humerus 1.8 2.5 - -
LRAD Left Radius 1.1 2.1 - -
LULN Left Ulna 1.6 1.0 - -

HEAD Forehead 0.5 1.5 - -
LMAS Left Mastoid 0.8 1.2 - -
RMAS Right Mastoid 0.7 1.0 - -
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Table 5.2: Inverse Kinematics fitting errors for the lower body markers in the scenarios Unimpaired male,

unimpaired female, Female walking with the Transfemoral Prosthesis Generation 1 (Female w/

TransFem Gen 1), and Female walking with the Transfemoral Prosthesis Generation 2 (Female

w/ TransFem Gen 2). The error is provided in centimeters [cm]. The largest fitting errors per
scenario are highlighted as bold numbers.

Unimpaired Unimpaired Female w/ Female w/
male female TransFem TransFem

Gen 1 Gen 2

LASI Left Anterior Superior 1.7 2.0 1.1 0.8
Iliac Spine

RASI Right Anterior Superior 1.6 2.6 2.2 0.8
Iliac Spine

SACR Sacrum 2.1 1.5 0.9 1.1

RKNE Right Knee 1.7 1.6 2.7 0.8
Lateral Epicondyles

RMEP Right Knee 2.8 2.5 2.4 1.8

Medial Epicondyles
RTHI Right Thigh 2.2 1.9 3.5 1.0
RTIB Right Tibialis 3.1 3.3 2.6 1.5
RANK Right Ankle 1.6 1.5 1.0 0.7
RD2T Right Hallux 1.0 0.8 0.5 0.4
RHEE Right Heel 1.8 1.7 1.3 1.1
RMMAL Right Medial Malleolus 1.7 1.1 0.7 0.6
RTOE Right Toes 0.8 0.6 0.6 0.5

LKNE Left Knee 1.4 1.5 2.0 0.5
Lateral Epicondyles

LMEP Left Knee 2.7 4.0 1.3 1.3
Medial Epicondyles

LTHI Left Thigh 2.2 1.4 1.3 0.9
LTIB Left Tibialis 8.9 7.1 2.0 0.6
LANK Left Ankle 1.5 2.0 1.0 0.3
LD2T Left Hallux 0.8 0.9 0.9 0.2
LHEE Left Heel 1.9 2.1 0.7 0.4
LMMAL Left Medial Malleolus 1.8 1.6 1.4 0.4
LTOE Left Toes 0.7 1.2 0.8 0.2
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5.2.1. Optimal Control Problem for Human Motion Reconstruction

The least-squares optimal control problem approximates the motion of a subject-specific dy-
namic model to recorded reference data of a whole stride starting with the lift off of the left
foot and ending with the same event two steps later (Figure 1.2).

The reference data can be summarized in a set of time discrete postures expressed in terms of
the generalized coordinates q ik

j
∈ Rndof , j = 0, . . . , m at the time instances t0, . . . , tm ∈ R. The

least-squares problem is then described for the nph = 12 model stages by

min
x (·),u(·)

m∑

j=1

1
2
||q ik

j − q(t j)||
2
2dt (5.1a)

subject to:

ẋ (t) = fi(x (t), u(t)), (5.1b)

x (t+i ) = hi(x (t
−
i )), (5.1c)

0¶ gi(t, x (t), u(t)), (5.1d)

0¶ r ineq(x (0), . . . , x (T ), u(0), . . . , u(T ), (5.1e)

for t ∈ [τi−1,τi], i = 1, . . . , 12,τ0 = 0,τ12 = T

with the differential states

x (t) =

�

q(t)

q̇(t)

�

∈ R2ndof (5.1f)

and the model’s generalized coordinates q(t) ∈ Rndof , generalized velocities q̇(t) ∈ Rndof and
the controls u(t) ∈ Rnact which are modeled as torques that act directly on the model’s joints.

The objective function (5.1a) minimizes the sum of squared differences between the model
joint angles q(t) j and the joint angles q ik

j
from the inverse-kinematics analysis of the motion

capture recordings. The ODEs (5.1b) describe the model dynamics in each phase where the
right hand sides fi : Rnx ×Rnu ×Rnx are characterized by the different constraint properties
as explained later in this chapter. Discontinuities in the generalized velocities q̇(t) that occur
due to the model specific perfectly rigid impact at ground collision in case of touch-down
events are handled using the phase transition functions (5.1c). Upper and lower bounds for the
differential states x (t) as well as the controls u(t) are covered by the path constraints (5.1d).
The path constraints for the generalized coordinates x (t) are chosen to reflect the ranges
for the typical walking motions. The generalized velocities and the controls are constraint to
values of realistic magnitude [125] by path constraints which are summarized in Appendix B.
Additional constraints that, e.g., ensure physical feasibility such as unilateral ground contacts
are contained in the interior point constraints (5.1e). These constraints distinguish the several
gait phases from each other and will be further explained in Section 5.2.2.

5.2.2. Phase Descriptions

The gait phases can be distinguished by the different contact configurations between the hu-
man and the environment which also change the dynamics of the system. Accordingly, these
contact properties are expressed in the model as nonlinear point constraints which define the
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several phases of the optimal control problem. In reality the complex anatomical structure of
a foot allows for a smooth rocking motion throughout the stance phase of a leg. Due to the
model formulations in this thesis which assume rigid flat feet a rocking motion is not possible
and an additional event is required in the OCP which reflects the ground collision impact of
the forefoot. We will call this model-specific additional event the toe strike.

The point constraints are formulated as equality or inequality constraints on the position
r

s,p
a (x (t)), the velocity ṙ

s,p
a (x (t)), and the ground reaction force f

s,p
a , respectively, acting at

the point p ∈ {Heel, Hallux, Meta5} on the s ∈ {left, right} foot in the direction of the axis
a ∈ {x , y, z} in the global coordinate system (Section 2.3). Constraints are defined for the
beginning of each of the n phases, at time step t i , i = 1 . . . n, for time steps t ∈ Ti within the
phases as well as for the very last time step tn,end of the gait cycle.

The physiological sequence of gait phases in human walking, as illustrated for a whole stride
in Figure 1.2, is translated into the optimal control problem as a fixed sequence of 12 model
stages (Figure 5.2). This includes four transition phases with a duration ∆t = 0 to model the
discontinuities occurring on the velocities at the inelastic touch-down of the heels and the toes,
respectively.

• Phase 1: Flat Right Foot Contact

The beginning of the gait cycle is defined by position constraints on the contact points
of the entire right foot and the left Hallux, constraints to impose zero initial velocity at
the contacts as well as force constraints to ensure that unilateral contact forces. Within
the first phase, only the direction of the contact forces is constraint.

rright, heel
z (x (t0)) = 0 f right, heel

z (x (t0), u(t0)) ¾ 0

rright, hallux
z (x (t0)) = 0 f right, hallux

z (x (t0), u(t0)) ¾ 0

rright, meta5
z (x (t0)) = 0 f right, meta5

z (x (t0), u(t0)) ¾ 0

r left, hallux
z (x (t0)) = 0 f right, heel

z (x (t), u(t)) ¾ 0, t ∈ T1

ṙright, heel
x (x (t0)) = 0 f right, hallux

z (x (t), u(t)) ¾ 0, t ∈ T1

ṙright, heel
y (x (t0)) = 0 f right, meta5

z (x (t), u(t)) ¾ 0, t ∈ T1

ṙright, heel
z (x (t0)) = 0

ṙright, hallux
y (x (t0)) = 0

ṙright, hallux
z (x (t0)) = 0

ṙright, meta5
z (x (t0)) = 0
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Figure 5.2: Model stages implemented in the optimal control problem according to the physiological gait sequence described in Section 1.2. The upper part shows
the left swing phase, the lower part the right swing phase. The model stages are distinguished by the different number of constraints determined by
the changing contact configurations with the ground. Transition stages have a duration of∆t = 0 and are required to handle the discontinuities caused
by the ground collision impacts occurring when a contact is newly established. For each stage, the existing contact points are illustrated as blue dots,
ground collision impacts are shown as blue stars.
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• Phase 2: Right Forefoot Contact

The second phase is initiated when the heel contact to the ground is removed and the
heel contact force vanishes. During the second phase, constraints are formulated to en-
sure that the points not in contact with the ground are maintained above ground-level
and that the forces at the contact points remain positive.

f right, heel
z (x (t1), u(t1)) = 0 f right, hallux

z (x (t1), u(t1)) ¾ 0

f right, meta5
z (x (t1), u(t1)) ¾ 0

r left, heel
z (x (t1)) ¾ 0

r left, hallux
z (x (t1)) ¾ 0

r left, heel
z (x (t)) ¾ 0, t ∈ T2

r left, hallux
z (x (t)) ¾ 0, t ∈ T2

rright, heel
z (x (t)) ¾ 0, t ∈ T2

f right, hallux
z (x (t), u(t)) ¾ 0, t ∈ T2

f right, meta5
z (x (t), u(t)) ¾ 0, t ∈ T2

• Phase 3 (Transition): Left Heel Collision

The touch-down occurring at heel strike of the left foot marks the first discontinuity in
the gait cycle. Both constraints on the left heel are formulated to ensure that the heel
touches the ground and maintains its position.

r left, heel
z (x (t2)) = 0 ṙ left, heel

z (x (t2)) ¶ 0

r left, meta5
z (x (t2)) ¾ 0

r left, hallux
z (x (t2)) ¾ 0

rright, heel
z (x (t2)) ¾ 0

• Phase 4: Right Forefoot and Left Heel Contact

At the beginning and during the fourth model phase, it is ensured that the points not
explicitly in contact with the ground remain above ground-level and that the forces at
the contact points are positive.

r left, hallux
z (x (t3)) ¾ 0

rright, heel
z (x (t3)) ¾ 0

f right, hallux
z (x (t3), u(t3)) ¾ 0

f right, meta5
z (x (t3), u(t3)) ¾ 0

f left, heel
z (x (t3), u(t3)) ¾ 0

r left, hallux
z (x (t)) ¾ 0, t ∈ T4

rright, heel
z (x (t)) ¾ 0, t ∈ T4

f right, hallux
z (x (t), u(t)) ¾ 0, t ∈ T4

f right, meta5
z (x (t), u(t)) ¾ 0, t ∈ T4

f left, heel
z (x (t), u(t)) ¾ 0, t ∈ T4
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• Phase 5 (Transition): Left Forefoot Collision

The touch-down of the left forefoot indicates the second discontinuity in the gait cycle.
Again, the constraints on the sign of the velocity of the colliding points are formulated
to ensure that the touch-down is directed in the intended direction.

r left, hallux
z (x (t4)) = 0 ṙ left, hallux

z (x (t4)) ¶ 0

r left, meta5
z (x (t4)) = 0 ṙright, meta5

z (x (t4)) ¶ 0

rright, heel
z (x (t4)) ¾ 0

f right, hallux
z (x (t4), u(t4)) ¾ 0

f right, meta5
z (x (t4), u(t4)) ¾ 0

f left, heel
z (x (t4), u(t4)) ¾ 0

• Phase 6: Right Forefoot and Left Flat Foot Contact

At the beginning and during the sixth model phase, it is again ensured that the points
not explicitly in contact with the ground remain above ground-level and that the forces
at the contact points are positive.

rright, heel
z (x (t5)) ¾ 0

f right, hallux
z (x (t5), u(t5)) ¾ 0

f right, meta5
z (x (t5), u(t5)) ¾ 0

f left, hallux
z (x (t5), u(t5)) ¾ 0

f left, meta5
z (x (t5), u(t5)) ¾ 0

f left, heel
z (x (t5), u(t5)) ¾ 0

r left, hallux
z (x (t)) ¾ 0, t ∈ T6

f right, hallux
z (x (t), u(t)) ¾ 0, t ∈ T6

f right, meta5
z (x (t), u(t)) ¾ 0, t ∈ T6

f left, hallux
z (x (t), u(t)) ¾ 0, t ∈ T6

f left, meta5
z (x (t), u(t)) ¾ 0, t ∈ T6

f left, heel
z (x (t), u(t)) ¾ 0, t ∈ T6

• Phases 7-12

Due to the symmetry of a gait cycle, the model phases 7 to 12 are sequenced according to
the phases 1 to 6, however with the right and left sides interchanged. Additionally, end
constraints are formulated at the last time step t12 of the 12th model phase to conclude
the entire gait cycle.

f left, hallux
z (x (t12), u(t12)) = 0 r left, heel

z (x (t12) ¾ 0

f left, meta5
z (x (t12), u(t12)) = 0 f right, heel

z (x (t12), u(t12)) ¾ 0

f right, hallux
z (x (t12), u(t12)) ¾ 0

f right, meta5
z (x (t12), u(t12)) ¾ 0
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5.3. Numerical Results for Reconstructed Human Walking Motion

The characteristics of the human walking motion are described based on experimental data
gathered during camera-based motion capture recordings in a gait lab as shown in Section 1.3.
Two unimpaired subjects and one transfemoral amputee subject walking with two different
prosthetic legs participated in the trials. The recorded motion is reconstructed using individual
multibody models of the subjects and optimal control methods. This way, it could be ensured
that the resulting motion is physiologically consistent and that the dynamics of the system is
satisfied throughout the entire motion.

5.3.1. Unimpaired Walking Motion

The analysis of gait patterns, and in particular the foot placement strategy with respect to the
Instantaneous Capture Point, in unimpaired walking is based on motion capture recordings of
the walking motion of two unimpaired subjects walking at self-selected speeds (Figure 5.3).
Both subjects exercise on a regular basis. The gait of the male subject (41 yrs., 1.88 m, 89 kg)
could be described as strong and forward-driven the gait of the female subject (30 yrs., 1.68 m,
54.1 kg) appears quick and casual. The appearance of both gait motions would be considered
healthy without any physical limitations. While no asymmetric patterns can be observed for
the unimpaired male subject’s gait on visual inspection, it can be noticed that the unimpaired
female subject has an asymmetric arm swing pattern. The right arm has a significantly smaller
range of motion than the left arm. The dynamic model parameters for all subjects were ob-
tained using the regression equations provided by [29] for adults and summarized in Table A.1
in Appendix A.

5.3.2. Unilateral Amputee Walking with Transfemoral Prostheses

The characteristics of human walking after unilateral transfemoral amputation, and replace-
ment of the leg by state of the art transfemoral prostheses, is analyzed using motion capture
recordings of a young female subject (12 yrs., 1.67 m, 51.9 kg). The subject was individually
fitted with two different prosthetic knees which also includes a customized socket and appro-
priately selected prosthetic components (Figure 5.4). The subject’s walking motion is smooth
with a slightly excessive lateral swing of the upper body and an asymmetric leaning towards
the unimpaired side during the swing phase of the prosthetic side. However, the gait involved
no significant arm swing. For the sake of simplicity and in order to avoid additional distraction
of the subject, no markers were placed on the arms and their motion not included into the
recordings. For the simulation, the arms of the subject were assumed to remain static with
respect to the upper part of the trunk.

Both prosthetic legs, the Otto Bock C-Leg [118] and its successor the Otto Bock Genium [119]
are micro-processor controlled and able to adapt their swing phase behavior to the current gait
situation. Compared to the C-Leg, the Genium leg features improved control algorithms and
additional functionalities which a prosthetic walker can apply to maintain a slightly flexed knee
during the stance phase. This provides the subject the possibility to exploit a softer damping
during load and a more physiological gait. Based on these advancements we refer to the C-Leg
as the Transfemoral Prosthesis Generation 1 (TransFem Gen 1) and to the Genium leg as the
Transfemoral Prosthesis Generation 2 (TransFem Gen 2) throughout this thesis. Both prosthetic
legs are combined with an Otto Bock 1C60 [117] carbon spring foot.
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(a) Unimpaired male subject (b) Unimpaired female subject

Figure 5.3: The unimpaired (a) male subject (41 yrs., 1.88 m, 89 kg) and (b) female subject (30 yrs.,
1.68 m, 54.1 kg) participating in motion capture recordings in the gait lab.

The recordings of both prostheses were performed within a time span of four weeks to ensure
a comparable physical constitution of the subject. While the subject had already been using
the TransFem Gen 1 for several years, the TransFem Gen 2 had been tested by her in everyday
life for two weeks prior to the experiments. Therefore, it can be assumed that the subject was
sufficiently accustomed to the prostheses. Subjectively, the test person reported that she felt
slightly insecure walking with the TransFem Gen 1 and more confident using the TransFem Gen
2. The dynamic model parameters for the prosthesis were obtained by simple experiments
involving scaling, balancing and oscillating the two prosthetic legs similar to the procedure
described in [66] and used in the model instead of the parameters of an unimpaired left leg.
The dynamic model parameters for the two prosthetic devices are summarized in Table 5.3.

Table 5.3: Experimentally obtained dynamic model parameters of the TransFem Gen 1 and 2.

Parameter Axis Symbol Unit TransFem Gen 1 TransFem Gen 2

Length longitudinal ls [cm] 41.0 41.0
COM position longitudinal dcom,s [cm] 11.5 11.5
Mass - ms [kg] 1.36 1.52

Radii of Gyration
sagittal rgyr,s,x [cm] 1.8 2.1
transversal rgyr,s,y [cm] 3.0 3.4
longitudinal rgyr,s,z [cm] 1.3 1.4

72



M O D E L - B A S E D O P T I M I Z AT I O N O F H U M A N WA L K I N G
�
� CHAPTER 5

(a) Female w/ TransFem Gen 1 (b) Female w/ TransFem Gen 2

Figure 5.4: The young female subject (12 yrs., 1.67 m, 51.9 kg) performing motion capture recordings
in the gait lab with (a) the TransFem Gen 1 and (b) the TransFem Gen 2. No reflective
markers were placed on the arms of the subject.

Reconstructed Walking Motion

Using the optimal control approach to reconstruct the walking motions ensures that the dy-
namics of the body are satisfied throughout the motion. The motions which resulted from the
optimal control problems described in this chapter are illustrated in Figure 5.5 for the sagittal
plane and in Figure 5.6 for the frontal plane. The resulting generalized positions, generalized
velocities and torques are shown in the Figures 5.7 - 5.10, for the upper and the lower body
segments, respectively.

It is noticeable from the flexion of the right knee (rKnee rotY) that the swing phase of the
unimpaired side in prosthetic walking begins later in the gait cycle and lasts for only half of the
cycle. The unimpaired male and female walking show an physiological pattern with the swing
phase lasting for approximately 60% of the gait cycle. In contrast to that, the knee flexion of
the affected side (lKnee rotY) of the prosthetic gait shows a pattern that is more in accordance
with the unimpaired subjects. The asymmetric arm swing pattern applied by the unimpaired
female subject (see Section 5.3.1) can be observed by comparing the shoulder motion shown
in rShoulder rotY and lShoulder rotY. The upper body of the gait involving the prostheses shows
an asymmetric rotation around the x-axis towards the prosthetic side during the swing phase
of the unimpaired side. According to clinical evaluation1, this pattern is adapted in order to
compensate for the reduced muscular strength in the residual limb. By applying upper body
momentum the pelvis is leaned towards the weaker side to reduce the hip abduction moment
required to prevent the pelvis from collapsing during the swing phase of the stronger side.

1provided by our partners at the Heidelberg MotionLab, www.heidel-motionlab.de
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(a) Unimpaired male subject

(b) Unimpaired female subject

(c) Female w/ TransFem Gen 1

(d) Female w/ TransFem Gen 2

Figure 5.5: The simulated walking motion of the unimpaired (a) male and (b) female subject as well as
the young female subject walking with (c) the TransFem Gen 1 and (d) the TransFem Gen
2 in the gait events left toe off, left heel strike, left toe strike, right toe off, right heel strike, and
right toe strike in the sagittal plane. The prosthetic legs are indicated in yellow.
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(a) Unimpaired male

(b) Unimpaired female

(c) Female w/ TransFem Gen 1

(d) Female w/ TransFem Gen 2

Figure 5.6: Sequence of motion for a full step for (a) unimpaired male and (b) unimpaired female
walking as well as the female subject walking with (c) TransFem Gen 1, and (d) TransFem
Gen 2, respectively, in front view. Again, the prosthetic legs are indicated in yellow.
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Figure 5.7: Generalized positions for the lower body resulting from the gait optimization. The first row
shows the absolute translation of the pelvis [m]. The remaining plots contain rotations given
in [rad].
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Figure 5.8: Generalized positions [rad] for the upper body resulting from the gait optimization. Arm
motion has not been recorded for the female subject walking with transfemoral prostheses.
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Figure 5.9: Generalized velocities for the lower body resulting from the gait optimization. The first
row contains translational velocities [m/s]. The remaining plots show rotational velocities
[rad/s].
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Figure 5.10: Generalized velocities [rad/s] for the upper body resulting from the gait optimization.
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Figure 5.11: Generalized torques [Nm] for the lower body resulting from the gait optimization.

80



M O D E L - B A S E D O P T I M I Z AT I O N O F H U M A N WA L K I N G
�
� CHAPTER 5

-100

0

100

LumbSac rotY

-100

0

100

LumbSac rotX

-50

0

50

LumbSac rotZ

-50

0

50

rShoulder rotY

-25

0

25

rShoulder rotX

-5

0

5

rShoulder rotZ

-30

0

30

rElbow rotY

-30

0

30

lShoulder rotY

-20

0

20

lShoulder rotX

-5

0

5

lShoulder rotZ

-20

0

20

lElbow rotY

-50

0

50

Neck rotY

-30

0

30

Neck rotX

-3

0

3

Neck rotZ

Unimpaired male

Unimpaired female

Fem. TransFem Gen1

Fem. TransFem Gen2

Figure 5.12: Generalized torques [Nm] for the upper body resulting from the gait optimization.
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5.3.3. Comparison of Methods Used to Approximate the COM Location During

Human Walking

Walking is a highly balanced motion characterized by anti-phased motions of the limbs main-
taining the full body COM close to the body center. Depending on the desired complexity of
the model in simulation tasks of human motions the full body COM of a human is often ap-
proximated by

• the center of mass of the pelvis rcom,pelv,

• the weighted sum of the segment COMs rcom,real as described in (4.1).

These two COM approximation have been implemented in the computations for human walk-
ing and plotted in the Figures 5.13 - 5.14 for the sagittal and the horizontal plane, respectively.
The deviations of both methods in the x , y, and z-directions are listed in Table 5.4.
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Figure 5.13: Trajectories of the Center of Mass (COM) of the subjects in sagittal plane estimated using
the weighted sum of segment COMs (solid) and the pelvis COM (dashed).

In all considered scenarios, the vertical COM positions based on the two different approxima-
tion methods follow very similar trajectories only with a vertical offset of a few centimeters.
While in the case of unimpaired humans rcom,real is located a few centimeters below rcom,pelv,
a much smaller deviation can be observed in case of the prosthetic walker. Since the mass of
the prostheses is only about half of the mass of an unimpaired shank rcom,real is shifted closer
towards rcom,pelv.
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Figure 5.14: Trajectories of the Center of Mass (COM) of the subjects in horizontal plane estimated
using the weighted sum of segment COMs (solid) and the pelvis COM (dashed).

Table 5.4: Deviations between the full body COMs in x , y and z-direction approximated by the pelvis
COM and the weighted sum of the segment COMs. The deviations are provided as average,
standard, minimum and maximum values in centimeters [cm].

Direction Deviation Unimpaired Unimpaired Female w/ Female w/
male female TransFem Gen 1 TransFem Gen 2

x

ave -0.3±0.5 -0.1±0.8 0.4±1.1 0.4±0.9
min -1.3 -1.4 -1.6 -1.5
max 0.7 1.5 2.3 1.9

y

ave 0.4±0.3 0.2±0.6 0.4±0.9 0.5±0.7
min -0.4 -0.5 -0.9 -0.5
max 0.8 1.1 1.9 1.6

z

ave -4.1±0.2 -2.3±0.3 0.7±0.3 0.5±0.2
min -4.4 -2.7 -0.2 -0.2
max -3.7 -1.7 1.7 1.4
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Although the two approximation methods lead to very similar trajectories in the horizontal
plane for the unimpaired male and female subjects, a larger deviation can be observed for
the later part of the walking motion involving the prosthetic legs. As described earlier in this
chapter, the upper body of the prosthetic walker leans towards the prosthetic side of the body
during the right swing phase. Obviously, this lateral shift of the upper body COM, which repre-
sents almost 50% of the full body weight (Table 2.5) cannot be reflected by approximating the
full body COM only by the pelvis COM. In case of asymmetric and other irregular motions ap-
proximating the full body COM by the weighted sum of the segment COMs should be favored.
The computations performed in this thesis are based on this method for COM approximation.

5.3.4. Foot Placement Considering Instantaneous Capture Point

The walking motion recorded for the four scenarios unimpaired male, unimpaired female, Fe-

male w/ TransFem Gen 1, and Female w/ TransFem Gen 2 have been described using the location
of the Instantaneous Capture Point (ICaP) and the touch-down location of the foot with re-
spect to it. Based on the gait characteristics elaborated in this part of the work, we consider the
gait patterns of the unimpaired male subject as regular and aiming at a well-adjusted relation
between energy-efficiency and safety. On the other hand, we consider the unimpaired female
subject’s gait patterns irregular based on the asymmetry as well as less consistent choices re-
garding safety and energy-efficiency. We analyze the prosthetic gait patterns and put them into
context with the unimpaired ones.

For all four scenarios, Figure 5.15 visualizes the footprints as well as the trajectories of the
ICaP and the gCOM for one stride with the gait directed into the positive x-direction. The
location of the ICaP and the gCOM are highlighted for the time instances around the event of
heel strike of the right and left foot, respectively. Significant gait parameters according to the
definitions from to Section 1.2.1 are summarized in Table 5.5.

General Gait Patterns

The gait pattern of the unimpaired male subject shown in Figure 5.15a appears symmetric and
well-balanced due to the trajectories of the ICaP and the gCOM which both have a symmetric
shape and lie well in between the right and left footprints. The step width is relatively wide
but remains very similar for both sides (Table 5.5). Although both the step length and the step
width are very consistent for the unimpaired male subject, the durations of the left and right
step deviate by almost 50%. The ratio of the stance phase to the swing phase conforms to
physiological patterns [125].

Despite the perfectly regular appearance, the unimpaired female’s ICaP and gCOM trajecto-
ries reveal a tendency into the left direction, refer to Figure 5.15b. The gait parameters in
Table 5.5 show a stronger deviation in step lengths between the right and left step, respec-
tively, compared to the unimpaired male subject’s gait as well as a very narrow step width.
The large relative deviation in the unimpaired female’s step width can be explained by the
effect of moderate absolute deviations on small absolute values. The step durations deviate
by more than 30%. Similar to the unimpaired male subject, the stance-swing phase ratio is
according to physiological behavior.

The asymmetric behavior of the unimpaired female subject’s ICaP and gCOM can be traced
back to the subject’s full body motion patterns. Observing the shoulder motion in sagittal
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Figure 5.15: Footprints of left (green) and right (left) feet in relation with the trajectories of Instan-
taneous Capture Point (ICaP, solid) and ground Center of Mass (gCOM, dashed) of (a)
unimpaired male, (b) unimpaired female subjects as well as of the female subject walking
with the unilateral transfemoral prosthetic (c) TransFem Gen 1 and the (d) TransFem Gen
2 replacing the left leg of the subject. The figure also includes the position of the ICaP right
before (△) and after (◦) ground contact of the left and right foot, respectively, as well as
the position of the gCOM right at ground contact (+). The gait direction is in positive
x-direction.

plane shows that the unimpaired female subject (Figure 5.5b) has a dominant swing in the
right arm while the left arm remains almost static. Oppositely, the unimpaired male subject
has an elaborative and almost symmetric arm swing behavior (Figure 5.5a).

The gait of the subject walking with prosthetic legs is slower than the unimpaired gait adjusted
by both, shorter steps and longer step durations, refer to Table 5.5. In case of the TransFem
Gen 1, both the step lengths and step durations are highly symmetric. The step width is rather
wide and deviates by more than 20% which gives the gait motion a slightly unsteady appear-
ance. While walking with the TransFem Gen 2 results in quite consistent step durations and
rather narrow step widths, the step lengths deviate by 18%. The stance-swing phase ratio de-
viates significantly from the physiological pattern and indicates a shorter noticeably shorter
stance duration on the prosthetic leg.

The front view of the walking motions shown in Figure 5.6 confirms the wide step width for the
unimpaired male (a) and the rather narrow steps and irregular appearance for the unimpaired
female subject. The subject walking with both the TransFem Gen 1 (c) and the TransFem Gen 2
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Table 5.5: Gait parameters from the scenarios unimpaired male, unimpaired female, Female w/ TransFem

Gen 1, and Female w/ TransFem Gen 2. Step lengths and widths are evaluated as the distance
in x and y-direction, respectively, between the heel positions of the consecutive steps. Fur-
thermore, the durations of the single support (SS) and double support (DS) phases as well
as the ratio of the swing phase to the stance phase are listed for the left and the right step, re-
spectively. The front foot outreach (FFO) and the rear foot outreach (RFO) are fundamental
segments of the step length and have been introduced in Section 1.2.

Gait parameter Unit Unimpaired Unimpaired Female w/ Female w/
male female TransFem TransFem

Gen 1 Gen 2

Gait velocity [m/s] 1.42 1.72 1.22 1.15

Left

Step length [cm] 74.0 83.2 51.5 57.6
Step width [cm] 19.4 6.4 18.8 9.7
SS duration [s] 0.35 0.37 0.47 0.46
DS duration [s] 0.15 0.11 0.15 0.12
Stance/swing [s/s] 0.65/0.35 0.61/0.39 0.55/0.45 0.53/0.47
FFO/RFO [cm/cm] 33.5/40.5 34.7/48.5 22.2/29.3 23.5/34.1

Right

Step length [cm] 68.2 73.6 63.0 54.7
Step width [cm] 19.8 2.1 23.1 14.3
SS duration [s] 0.37 0.39 0.33 0.33
DS duration [s] 0.13 0.09 0.08 0.07
Stance/swing [s/s] 0.59/0.41 0.68/0.32 0.46/0.54 0.50/0.50
FFO/RFO [cm/cm] 33.4/34.8 29.7/43.9 27.9/35.1 21.8/32.9

(d) tends to lean strongly towards the prosthetic side during the swing phase of the unimpaired
side. As explained earlier in this chapter this pattern is adapted to compensate for a lack of
muscular strength in the residual limb of the impaired leg.

Instantaneous Capture Point Patterns

Figure 5.15 shows that during human walking step locations are chosen such that the ICaP
is approximately reached by the toes of the anterior foot in sagittal direction. Due to the loss
in kinetic energy during the touch-down impact and the corresponding loss in gait velocity
(see Figure 5.16), the ICaP moves back closer to the mid foot Generally, well-balanced gait
maintains the ICaP between both feet in lateral direction simplifying the lateral oscillation
from one stance leg to the other.

Capturability in Human Walking

In case of the unimpaired male subject (Figure 5.15a) both feet are consistently placed such
that the ICaP is reached by the forefoot and the touch-down impact is scaled such that the
ICaP moves under the mid foot This behavior enables the subject to quickly navigate the CoP
onto the ICaP only by applying ankle torque in case a sudden stop should be desired. Although
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Figure 5.16: Step-by-step gait velocity in sagittal plane. The gait phases heel strike (solid), toe strike
(dotted) and toe off (dashed) are indicated for the left (green) and right (red) foot, re-
spectively.

the average gait velocity differs slightly between the two steps, the velocity loss at heel strike
is consistent for both feet with ∆vx ≈ 0.17 m/s, refer to Figure 5.16a.

The asymmetric gait patterns of the unimpaired female subject is also reflected in the ICaP
behavior (Figure 5.15b). While the left foot touches the ground with a rather great impact
and the ICaP is brought right under the forefoot in both sagittal and lateral direction, the right
foot is placed much further from the respective ICaP location and the lower impact at ground-
contact fails to bring the ICaP significantly closer to the foot. In case of a sudden perturbation,
the unimpaired female subject would have to apply additional strategies other than the ankle
strategy in order to come to a complete stop.

The prosthetic gait patterns seem well-balanced with both the ICaP and gCOM trajectories
running almost symmetrically between the footsteps. Walking with the TransFem Gen 1 results
in more conservative gait patterns with the ICaP being reached with the forefoot in sagittal
plane. TransFem Gen 2 gait patterns show a more dynamic behavior since the ICaP is located
further from the heel and barely reached by the toes. For both prosthetic devices, the pre-impact

locations of the ICaP are symmetric for the right and left leg.

For walking with both prosthetic devices, the velocity loss at touch-down of the unimpaired
leg matches the values for the unimpaired subjects bringing the ICaP closer to the mid foot.
However, the velocity loss becomes much smaller when the prosthetic leg touches the ground
and, in consequence, the ICaP does not significantly move towards the mid foot.
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The ICaP allows for further analysis of the gait behavior in terms of the Orbital Energy Elip of the
Linear Inverted Pendulum Model (LIPM) representing the human body during gait. As defined
in Definition 7 in Section 4.4.1, we extend the orbital energy Elip towards the Instantaneous

Orbital Energy Einst which expresses the Orbital Energy of the LIPM at a given time instance
taking into account the current COM height and assuming that the velocity vector is horizontal.

In order to assess the gait quality of a subject, we analyze the foot placement strategy which
includes the location where the subject chooses to place the swing foot, the step duration after
which the swing foot is placed as well as the self-selected impact occurring at heel strike. We
put our particular interest upon the value of the Instantaneous Orbital Energy in the instances
right before and after the heel strike. Figure 5.15 confirms the hypothesis formulated in Sec-
tion 4.4.1: Human walking is performed in a such manner that the ICaP is not directly reached
by the CoP. Rather than that, a positive residual amount of the orbital energy is maintained in
order to progress into the next step.

Based on that notion, we introduce the expression Residual Instantaneous Orbital Energy Eres,inst,
the non-zero amount of Einst at heel strike, to provide a measure for the foot placement strategy
during walking. Furthermore, we differ between

(i) Eres,inst,-: the Residual Instantaneous Orbital Energy right before the impact,
(ii) Eres,inst,+: the Residual Instantaneous Orbital Energy right after the impact and

(iii) ∆Eres,inst = Eres,inst,- − Eres,inst,+: the loss in Residual Instantaneous Orbital Energy due to
the impact.

In particular, the value of Eres,inst,- allows for an evaluation of the temporal-spatial gait pa-
rameters step length and step duration adjusted by the subject based on the parameters gait
velocity, gCOM-CoP distance and COM height right at heel strike (Equation (4.26)). The value
of∆Eres,inst is determined by the loss of kinetic energy and, thus, gait velocity due to the ground
collision impact at heel strike. Eventually, Eres,inst,+ can be interpreted as the actual Residual
Instantaneous Orbital Energy which characterizes the specific gait behavior of the subject es-
tablished by the self-selected combination of the temporal-spatial gait parameters mentioned
above and the magnitude of the heel strike impact.

Figure 5.17 shows Einst during Left Swing/Right Support (green) and Right Swing/Left Support

(red), respectively. The Residual Instantaneous Orbital Energy Eres,inst are highlighted right
before (Eres,inst,-,△) and after (Eres,inst,+,◦) heel strike. The transition from the green to the
red curve, and vice-versa, is not necessarily continuous since a new LIPM configuration is set
up at each heel strike. With each step, the new LIPM is based on a continuous COM trajectory,
however, also using a discrete CoP position when the pendulum’s base is switched from the
CoP position rcop,rear of the rear foot in terminal stance to the CoP position rcop,front of the front
foot just about to touch the ground, refer also the illustration in Figure 5.18. In fact, according
to (4.26), the discontinuity at the heel strike event (ths) in

Einst,hs =

¨

Einst,rear for t < ths

Einst,front for t ¾ ths

(5.2)

is caused by the loss in gait velocity ∆ẋ 2 (Figure 5.16) and the difference between the rear

foot outreach (RFO) and the front foot outreach (FFO) ∆(rcom,x − rcop,x)
2 such that

∆Einst,hs ∼∆ẋ 2 −
∆(rcom,x − rcop,x)

2

ω2
0

. (5.3)
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Figure 5.17: Step-by-step Instantaneous Orbital Energy Einst,x in sagittal plane. The curve is divided
into parts corresponding to the Orbital Energy of the LIPM during Left Swing/Right Sup-

port (red) and a part for the Right Swing/Left Support (green), respectively. The Residual
Instantaneous Orbital Energy Eres,inst,x is indicated for the left (green) and the right (red)
heel strike right before (△) and after (◦) the respective impact.

The unimpaired subjects show a strongly asymmetric orbital energy behavior which is mostly
caused by the inconsistent step-by-step gait velocity, compare to Figure 5.16. A noticeable
symmetric behavior can be observed in the orbital energy losses ∆Eres,inst between the right
and left heel strike of the unimpaired male subject reflecting a well-controlled ground impact
behavior and, thus, a consistent balancing strategy in moving the ICaP close to the mid-foot
area in sagittal plane after each heel strike.

In contrast to that, the asymmetric gait patterns of the unimpaired female subject lead to a
very large Eres,inst,- before the left heel strike caused by the step location chosen very far from
the ICaP and to a even larger value before the right heel strike. A noticeably large impact after
this subject’s left heel strike causes a great loss in orbital energy. The combination of a great
loss of energy due to the large impact and a great CoP-ICaP distance implies a walking motion
that is possibly neither aimed at being energy efficient nor particularly secure.

The prosthetic gait patterns resemble the assumption of an energy conserving LIPM closer than
the unimpaired gait patterns, since over most of the swing phases of each leg the Instantaneous
Orbital Energy varies less than in unimpaired gait. For both feet a symmetric combination of
gait velocity, step length and step timing at the respective heel strikes leads to almost symmet-
rical values for Eres,inst,-. However, the losses ∆Eres,inst occurring at the heel strike impacts of
the prosthetic legs are remarkably low compared to the unimpaired legs. This behavior indi-
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Figure 5.18: With each heel strike the linear inverted pendulum underlying the just ending single sup-
port phase LIPMrear is replaced by the newly established LIPMfront representing the subse-
quent single support phase. The distance between rcop,rear and rcom,x indicates the rear foot

outreach (RFO). The adjacent double support phase is not further regarded here.

cates that the subject avoids greater impacts at the prosthetic leg to prevent pain and injuries
in the socket-stump interface, i.e. the region where the prosthetic device is attached to the
subject. Because of this, the ICaP remains out of reach for the prosthetic foot and since joint
torques cannot be actively applied in the prosthetic leg, the subject must fully rely on more
extensive compensation strategies other than the ankle strategy to come to a stop in case of
an unexpected perturbation. Enhancing the prosthetic design such that a greater amount of
energy is dissipated and the gait velocity is further reduced at heel strike would cause the ICaP
to move closer towards the CoP and provide better security in terms of Capturability.

Table 5.6: Residual Instantaneous Orbital Energy Eres,inst [m
2/s2] for left and right heel strike in unim-

paired male, unimpaired female, Female w/ TransFem Gen 1, and Female w/ TransFem Gen 2

gait before (Eres,inst,-) and after (Eres,inst,+) the impact at hell strike. ∆Eres,inst refers to the loss
of orbital energy due to the impact.

Event Unimpaired Unimpaired Female w/ Female w/
male female Trans Fem Gen1 Trans Fem Gen2

Left HS
Eres,inst,- 0.0693 0.0588 0.0695 0.0838
Eres,inst,+ 0.0495 0.0206 0.0592 0.0709

∆Eres,inst −0.0198 −0.0382 −0.0103 −0.0129

Right HS
Eres,inst,- 0.0566 0.0795 0.0618 0.0811
Eres,inst,+ 0.0367 0.0587 0.0314 0.0588

∆Eres,inst −0.0199 −0.0208 −0.0304 −0.0223

Based on the interpretation of the ICaP and the orbital energy and considering the gait pat-
terns analyzed in this section, we formulate following statements which indicate the trade-off
between energy-efficiency and security in well-adjusted gait:
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• The farther a step is placed behind the ICaP the greater amount of Residual Instanta-
neous Orbital Energy can be exploited to propel into the next step leading to a more
energy efficient gait.

• The closer a step is placed to the ICaP the quicker the CoP can be aligned with the ICaP
to come to a complete stop leading to a more capturable gait.

• Well-adjusted gait is oriented towards a trade-off between these two strategies by placing
the foot such that the ICaP is aligned with the forefoot right before heel strike

• The amplitude of the ground collision impact force is adjusted such that the ICaP is
aligned with the mid foot right after heel strike.

In consequence, greater values for Eres,inst, refer to the definition in equation (4.26), come
along with a greater CoP-ICaP distance and indicate that the steps are inappropriately short
for the selected gait velocity in terms of Capturability, however, lead to a more energy-efficient
gait. Based on these criteria, the prosthetic gait analyzed in this thesis can be regarded as
energy-efficient and well-adjusted. In case of walking with the TransFem Gen 1, the gait pat-
terns are more conservative and capturable with wider steps and the ICaP kept underneath
the forefoot. The gait patterns using the TransFem Gen 2 resembles slightly more dynamic gait
with narrower step widths and the ICaP a little further out of reach. Considering the whole
body motion, the asymmetric appearance and temporal-spatial gait patterns of the prosthetic
gait compensate for a lack of muscular strength in the residual limb and for asymmetric dy-
namic body segment properties. Their application leads to a symmetric and well-adjusted foot
placement strategy in terms of Capturability.

5.4. Discussion

It has been shown in this chapter that, during walking, foot placement represented by the
CoP position is correlated to the ICaP location. However, humans do not align the CoP with
the ICaP but place it on a further lateral-posterior location such that the ICaP lies just me-
dial to the forefoot. This way they are able to maintain energy efficient locomotion, however,
sacrifice a small amount of security in terms of being unable to come to a stop without any
additional effort. In fact, a foot position is chosen which enables the human to progress in
forward direction while exploiting a positive residual orbital energy. Ground contact collision
occurs at the event of heel strike and causes a loss in kinetic energy and, thus, a reduction of
the gait velocity. Due to the collision impulse, the ICaP is brought closer back to the CoP and
its magnitude is adjusted such that the ICaP moves right underneath the mid foot. This way,
propelling Residual Orbital Energy is maintained while, in case of an unexpected perturbation,
it is still possible for the human walker to come to a stop in one step by applying a quick and
appropriate torque on the ankle.

A similar pattern could be observed in the cases of prosthetic walking analyzed in this thesis.
Asymmetry in terms of step length, upper body motion, and impact force at right and left
heel strike, respectively, as well as a combination of a slower gait velocity during swing of
the prosthetic leg and a shorter step enables the prosthetic walker to maintain a symmetric
step duration as well as a symmetric CoP-ICaP distance right before both the unimpaired and
prosthetic heel strike.

Prosthetic gait is associated with hard impacts which should be avoided in order to prevent
pain in the interface region between the residual limb and the prosthetic socket [80, 127].
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However, due to the the lack of a significant ground collision impact at heel strike of the
prosthetic leg the subject fails to move the ICaP towards the mid foot area. Since no active
ankle torque can be applied on the prosthetic foot, in case of an unexpected emergency the
subject would have to place an additional step or apply extensive upper body momentum to
come to a stop on the prosthetic leg. A possible measure to ensure a more conservative ICaP
position right after heel strike of the prosthetic side, and to maintain a higher level of security,
could be to enhance the design of the prosthetic leg such that it dissipates energy at ground
collision impact to an amount similar to the unimpaired side.

A major drawback in this part of the thesis is the lack of recorded arm motion for the subject
walking with prostheses. Placing markers on the arms of the subject has been omitted during
the preparation for the experiments in order to avoid additional distraction of the subject.
Although the subject’s arm motion has been observed to be minimal on video recordings of
the experiments, we cannot entirely excluded any influence on the upper body dynamics.

Capturability has not yet been considered in traditional movement analysis. Based on these
findings, we propose Capturability, evaluated on walking motions reconstructed using optimal
control, as a complementary criterion to the traditional clinical stability assessment methods.
Due to the novel perspective in the interpretation of human walking stability it might lead to a
further progress in target-oriented clinical diagnostics. However, in order to be able to deliver
reliable clinical results it is crucial to gain more experience in clinical experiments.
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6. OPTIMAL SIT-TO-STAND MOTIONS

In the field of motion analysis a particular interest lies in optimizing the motion transfer from
sitting to standing, commonly called the sit-to-stand (STS) motion. Large torques are applied
on the joints of the lower body in order to lift the better part of the body mass into an erect
pose. This way, the STS transfer can be considered one of the most physically demanding
everyday tasks in a human life, especially for elderly people.

In Chapter 5, human walking motions are reconstructed from recorded motion data using opti-
mal control methods and subject-specific multibody models. This approach allows for analysis
of individual gait patterns based on physiologically consistent motions considering the entire
dynamics of the system.

In this part of the thesis, however, model-based optimal control methods are applied to pre-

dict the STS motion. We consider models representing elderly humans in three different cases
reflecting different levels of mobility capabilities: high-dynamic, unimpaired and severely im-

paired, respectively. In contrast to the unimpaired STS motion, the high-dynamic case is an
example to study motion sequences which would arise if a greater amount of the full body
dynamics would be exploited by unimpaired humans. Severely impaired describes geriatric
subjects with a stroke history or suffering from Parkinson’s disease, dementia or other diseases
that affect mobility and cognitive functions. Due to their high level of immobility, the group
of impaired subjects is not able to perform the STS transfer without assistance. Consequently,
the STS optimization for the geriatric subjects includes assistive forces applied at suitable body
parts. The terms for the cost function of the optimal control problem have been heuristically
determined in consultation with clinical experts.

In Section 6.1, we establish the model for the STS simulation including external support forces
which are supposed to assist the unimpaired subject. The optimal control problem for the STS
motion generation is described in Section 6.2. The Sections 6.3 and 6.3 present the simulation
results for the unassisted STS and the assisted STS motion, respectively.

6.1. Modeling of Sit-to-Stand Motions

For the optimization of the STS motion the human body is modeled according to the proce-
dure described in Section 2.3. However, since STS transfers can be assumed to be symmetric
with respect to the sagittal plane, the model can be reduced to an 2-dimensional 8-segmented
multibody system where the right and left arm and leg segments are merged into combined
segments, respectively. Since in this STS problem, the feet are not supposed to move with rel-
ative to the global coordinate system, they are chosen as the root segment of the multibody
model exploiting their constant position and orientation to define the absolute position and
orientation of the whole model. This way, the model consists only of rotary DoFs and their
number can be reduced to 8 (Figure 6.1).

The model is actuated by 8 torques acting on the joints ankle, knee, hip, Lumbo-Sacral joint,

Xiphoid, Cervicale, shoulder and elbows. In order to realistically reflect motions of elderly hu-
mans, dynamic model parameters are implemented in the models which are specifically ad-
justed to the body proportions of elderly people using the regression equations from Sec-
tion 2.4.2. The resulting parameters can be found in Table 2.4.
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Figure 6.1: The multibody model based on the model described in Section 2.3. Since the STS motion
is assumed to be symmetric, the model can be reduced to the sagittal plane. Since also the
feet are chosen as the root segment, the model can further be reduced to 8 rotary DoF.

The STS motion of the geriatric subjects is assumed to be supported by external forces. Hence,
the equations of motion introduced in Section 2.2 are enhanced by a term for external forces

�

H GT

G 0

��

q̈

−λ

�

=

�

C +τ+τext

γ

�

(6.1)

where H is the inertia matrix in joint space, G the point Jacobians of the contact points, q̈ the
joint accelerations, andλ the contact forces. C is the vector of generalized nonlinear effects that
contains the Coriolis, centrifugal and gravitational forces, γ the part of the contact point accel-
erations which are independent from the generalized accelerations, and τ the joint torques.
External forces fext are included into the equations of motion (6.1) in state space as the prod-
uct of the forces and the translated Jacobian GT

ext of their application points τext = GT
ext fext.

For the unassisted STS motions τext remains zero since no assistive force is applied.

6.2. Optimal Control Problem for Sit-to-Stand Motions

The multi-phase optimal control problem for the STS motion can be formulated as

min
x (·),u(·),τ

2∑

i=1

∫ τi

τi−1

 
nact∑

j=1

�

αu2
j + β |u jq̇ j |
�

+ γq̇2
head +δ

next∑

k=1

u2
ext,k

!

dt (6.2a)

subject to:

ẋ (t) = fi(t, x (t), u(t), p) (6.2b)

0¶ gi(t, x (t), u(t), p) (6.2c)

0= r eq(x (0), . . . , x (T ), p) (6.2d)

0¶ r ineq(x (0), . . . , x (T ), p) (6.2e)

for t ∈ [τi−1,τi], i = 1, 2, τ0 = 0,τ2 = T

The objective function (6.2a) is a weighted combination of four cost terms which have been
heuristically determined in consultation with clinical experts1 to underlie human motion. In
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these cost terms following quantities are minimized:

(i) joint torques u j

(ii) mechanical power u j q̇ j

(iii) angular velocity of the head q̇head

(iv) external support forces uext,k to smoothen the support force profiles

The weighting factors for these terms are listed in Table 6.1 and are chosen such that joint
power is stronger penalized the higher the impairment level. Furthermore, the optimal con-
trol problem is defined by the equations of motion (6.2b), path constraints (6.2c), equality
constraints (6.2d), and inequality constraints (6.2e), respectively. In order to include the ex-
ternal forces into the optimization, the controls u (Appendix B) are enhanced by uext = fext.

Table 6.1: Weighting factors for the cost terms in the objective function (6.2a) for the three mobility
levels high-dynamic, unimpaired and severely impaired.

Mobility level α β γ δ

High-dynamic 0.4 5.0 15.0 -
unimpaired 0.4 10.0 15.0 -
Severely Impaired 0.4 15.0 15.0 0.05

6.2.1. Phase Descriptions

The STS motion is divided into two phases distinguished by the lift-off which occurs in the
instance when the contact to the chair is lost (Figure 6.2).

Figure 6.2: 8-segmented multibody model of human performing sit-to-stand (STS) motion divided in
preparation and transfer phase. The STS motion is assumed to be symmetric with respect
to the sagittal plane.

1Agaplesion Bethanien Hospital Heidelberg, www.bethanien-heidelberg.de
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• Phase 1: Preparation Phase

During the first phase the subject maintains contact with the chair and performs prepara-
tory actions for the actual STS transfer, such as building up momentum. The preparation
phase is initiated with a straight sitting pose and zero velocities.

rpelvis
x (x (t0)) = 0

rpelvis
z (x (t0)) = 0

qankles(t0) + qknees(t0) + qhips(t0) = 0

qLumbSac(t0) = 0

qXiphoid(t0) = 0

qCervicale(t0) = 0

qshoulders(t0) = 0

qelbow(t0) = 0

q̇(t0) = 0

• Phase 2: Transfer Phase

The second phase begins as soon as the contact force between the subject and the chair
vanishes and terminates in the upright standing pose.

q(t1) = 0

q̇(t1) = 0

Switching from the first into the second phase occurs as soon as the vertical contact force
at the chair vanishes according to the switching function (see also (2.22))

f chair
z (x (t1), u(t1)) = 0

6.3. Optimal Unassisted Sit-to-Stand Motions

The optimal unassisted STS motions have been computed for a 50th body height percentile
elderly male subject (¾ 65 yrs., 1.705 m, 75.3 kg). The resulting motions are shown in Fig-
ure 6.3.

With the weaker weight on minimizing the mechanical power in the joints (see Table 6.1)
the solution for the high-dynamic subject is more dynamic and faster than for the unimpaired
subject (Table 6.2). Allowing for higher mechanical power and, thus, for higher angular veloc-
ities in the joints results in motions with a higher range as shown in Figure 6.6. Furthermore,
a greater amount of angular momentum is built up in the arms to facilitate the load in the
legs during the STS transfer. In fact, Figure 6.7 shows that while the joint torques in the up-
per extremities increase the torques in the lower extremities are reduced. The results from
the high-dynamic case imply that the load applied on the lower body during the STS motion
could be reduced by exploiting the dynamics of the upper body to a greater extent. In contrast,
since with increasing age and diseases like arthritis and rheumatism humans lose their ability
to move the joints with high velocities joint-friendly motion patterns are adopted, however,
greater leg muscle forces have to be applied.
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(a) High-dynamic STS

(b) Unimpaired STS

Figure 6.3: Optimal STS motion for the (a) high-dynamic and (b) unimpaired subject.

6.4. Optimal Assisted Sit-to-Stand Motion

Elderly people suffering from diseases which affect motoric and cognitive functions such as
dementia or Parkinson’s disease are often strong enough to navigate through familiar environ-
ments once they are standing. However, they are often no longer strong enough to perform
the STS motion and to reach the standing position independently. In this work, two mobility
levels are defined for subjects requiring additional support for the STS task:

(i) moderately impaired: The subject’s strength in the legs is not sufficient to perform the
STS motion independently. However, there is enough strength in the arms to hold on a
device and maintain a balanced position. Support actions can be applied to the hands of
the subject.

(ii) severely impaired: The subject’s strength in both the legs and the arms is not sufficient to
perform the STS motion independently. Additional support is required to keep the subject
in a balanced position. Support actions need to be applied directly to the subject’s body.

Computing an optimal solution for the STS motion of geriatric subjects with generic assistance
forces results in force profiles which are not influenced by the design of any preexisting assis-
tive device concept and its inherent limitations. However, the locations of the force application
points are predefined such that the support actions can be transmitted most efficiently while
ensuring that the subject is highly secured from falling and slipping. Hence, the optimal solu-
tion furthermore provides trajectories for the support force application points which depend
on the kinematic solution of the model.

This approach can be applied since we assume that it is possible to design a fully actuated
assistive device which is able to apply the exact force profiles along the precise trajectories
which result from our computations. With a passive (or semi-actuated) assistive device such
as a crutch or a cane, the motion of both the subject and the device would be influenced by
each other, leading to dynamic coupling. In case of fully actuated devices, no dynamic coupling
occurs between the subject and the device during the human-machine interaction. The assistive
action can then be determined according to the free body diagram methods commonly applied
in rigid body dynamics while assuming an unknown design of the supporting part.
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6.4.1. Optimal Assisted Sit-to-Stand Motion for Severely Impaired Humans

The assisted STS motion of severely impaired subjects has also been optimized for a 50th body
height percentile elderly male subject (1.705 m, 75.3 kg). Three kinds of support actions are
provided to the severely impaired human during the STS-transition at three locations of the
subject’s body as shown in Figure 6.4.

(a) (b)

Figure 6.4: (a) STS assistance as practiced in clinical environments. (b) Support actions applied by a
generic assistive device acting on the model as external forces.

These actions are chosen to resemble the support provided by a nurse or caregiver in rehabil-
itation hospital:

• Drag force acting at mid-trunk:
rather than a vertical force simply pulling the subject upwards, the support action applied
to the mid-trunk is supposed to resemble a nurse’s flat hand placed on the back of the
subject and drags the trunk horizontally. The drag force acting at the origin of the mid-
trunk segment is the main contributing force for the STS-assistance. The vertical force
component of the drag force is constrained to not exceed 50% of the patient’s body
weight since a certain amount of self-effort is desired to be allocated to the subject during
the STS-transition for therapeutic reasons such as prevention of muscle loss.

• Pushing force acting at the knee:
a caregiver places his knees against the subject’s knees to prevent him from slipping
from the chair. The support force points into the posterior direction and is constrained to
fmax,knee,x = −50 N in horizontal direction and to fmax,knee,z = ±5 N in vertical direction.
In the natural initial pose of the STS-motion, the knees are located right above the toes.
During the STS-transition it follows a curve to eventually reach its final location right
above the ankle.

• Arm support applied to the forearm:
the subject places his arms on the nurse’s shoulders to enhance the lateral stability in the

98



O P T I M A L S I T - T O - S TA N D M O T I O N S
�
� CHAPTER 6

upper body. The force application point is located with a distance of l f ,forearm = 0.2 m

from the elbow towards the wrist. The forearm is kept in anterior direction within an
angle between 12◦−15◦ with respect to the horizontal. At any time, the upper arm main-
tains a slight angle in forward direction while the wrist is kept lower than the shoulder.
The support forces of the forearm support are limited to fmax,forearm,z ¶ 100 N in order
to avoid the subject to exploit the forearm support to push himself upwards. However,
resting the full weight of his arms as well as a small amount of leaning his upper body
weight against the support is tolerated.

All three kinds of support can be regarded as external forces acting on the corresponding body
parts and are included into the problem formulation (6.2) as uext considering appropriate
constraints.

The resulting STS motion sequence with the duration listed in Table 6.2 is shown in Figure 6.5.
The strong weight on the mechanical joint power (β = 15.0) causes rather small ranges of
motion (Figure 6.6). The upper extremities can not be used to build up a significant angular
momentum to facilitate the STS transfer. Hence, the preparation phase remains short.

Figure 6.5: Motion sequence of the optimal STS motion for the severely impaired subject. The arrows
show the support force vectors originating from the three support force application points
chosen to provide nurse-type assistance.

Table 6.2: Resulting durations of the STS motion comprised of the preparation phase and the transfer
phase for high-dynamic, unimpaired and severely impaired subjects.

STS Phase High-dynamic Unimpaired Severely impaired

Preparation phase [s] 0.91 1.09 0.22
Transfer phase [s] 0.67 0.78 0.74

Sum [s] 1.58 1.87 0.96

Although the STS motion of the severely impaired subjects is less dynamic than the unassisted
STS motions in Section 6.3 and no significant amount of upper body momentum contributes to
the transfer, the joint torques shown in Figure 6.7 are slightly lower than in the high-dynamic
case. However, since the support action is limited to 50% of the subject’s body weight, a sig-
nificant part of the joint load remains to be applied by the subject.

With regard to optimizing the design of a STS assistance device to support severely impaired
persons performing the STS transfer the optimal assisted STS motion has been computed for
six different models of the human body representing the dynamic and geometrical body pa-
rameters for male and female subjects of the 20th, 50th, and 80th body height percentile. The
total height ltot and total weight mtot listed in Table 6.3 have been derived from ergonomic
tables [123] and the dynamic body parameters are obtained using the regression equations
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from Section 2.4.2. For these six scenarios Figure 6.8 shows the resulting support forces along
with the trajectories of their application points. Table 6.4 summarizes the corresponding phase
durations.
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Figure 6.6: Joint angles for the high-dynamic, unimpaired and severely impaired subjects performing
the STS motion.
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Figure 6.7: Joint torques required for the high-dynamic, unimpaired and severely impaired subjects to
perform the STS motion.

Table 6.3: Total height ltot and total weight mtot of elderly subjects, 20th, 50th, and 80th percentile.

Percentile ltot [m] mtot [kg]

Female
20 1.530 53.0
50 1.585 64.3
80 1.630 75.3

Male
20 1.640 68.2
50 1.705 75.3
80 1.756 82.0
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Figure 6.8: Support forces and the trajectories of their application points for 20th, 50th, 80th body height
percentile of severely impaired female and male subjects during the assisted STS.

Table 6.4: Durations of the preparation and transfer phases, respectively, for the simulation of the sit-
to-stand motion of severely impaired elderly subjects, 20th, 50th, and 80th percentile.

Percentile Preparation Phase [s] Transfer Phase [s] Total [s]

Female
20 0.20 0.90 1.10
50 0.21 0.71 0.92
80 0.23 0.72 0.95

Male
20 0.22 0.71 0.93
50 0.23 0.73 0.96
80 0.25 0.76 1.10
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6.5. Discussion

In this part of the thesis, the sit-to-stand (STS) motion has been simulated based on realis-
tic two-dimensional models of the adult and geriatric human body. The adult STS transfer
has been simulated for unimpaired humans. The resulting motion sequence has a natural ap-
pearance without any exaggerating patterns and is subject to realistic joint torques. The high-

dynamic case exploits the full amount of full-body dynamics which can be applied by a healthy
human body. Motion in the arms is strongly increased in order to apply a significant amount
of momentum and to facilitate the lower-body torques required to lift the body up. Due to
the constraints induced by the hypothetical assistive device, the assisted STS motion of the
severely impaired subject has a rather static appearance. The torques required to perform the
STS motion are reduced by the STS support forces, albeit not to a great amount, since the
support has been limited to 50% of the subject’s weight to allocate some effort to the subject.

For the mobility levels defined in this thesis, the optimization computations predict different
patterns which include significant arm motion in both phases. Therefore, the results support
our approach to choose a full body representation of the human as well as to consider two
stages in the optimal control problem.
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7. OPTIMAL DESIGN OF SIT-TO-STAND ASSISTANCE DEVICES

Elderly people with moderate to severe mobility impairments are often able to independently
perform basic everyday tasks provided a suitable form of mobility assistance and a minimal
amount of self-effort. Standing up from the sitting position and navigating through familiar
surroundings are such tasks which observably benefit from the support of assistive devices.
Typically, STS assistance tasks are adopted by nurses and caregivers in home or clinical en-
vironments with the suitable expertise and physical abilities. However, this demanding task
can be facilitated by the support of robotic devices which are specifically designed to provide
appropriate STS assistance considering the individual physiological conditions of the subject.

Based on the results from Chapter 6, this part of the thesis proposes model-based optimal con-
trol methods to compute optimal design parameters for two different kinds of STS assistance
devices, the nurse-type device to support severely impaired subjects (Sections 7.1-7.2) and the
rollator-type device to provide assistance for moderately impaired subjects (Sections 7.3-7.4).

7.1. Human-Centered Approach for Severely Impaired Subjects

In this part of the work, we apply the optimal assistance trajectories and forces from the pre-
vious section as desired trajectories and external forces, respectively, on an initial model of
an assistive device. Optimal control methods are used to compute the states and controls as
well as the set of mechanical design parameters that enables the device to provide optimal
STS-assistance. Since the purpose of the assistive device is to provide STS support based on
the techniques of a human nurse or caregiver in a clinical environment, in the remainder of
this thesis, it is referred to as the nurse-type device.

7.1.1. Multibody Model of Assistance Device for Severely Impaired Subjects

A threedimensional rigid-body model of the device has been established to be included into an
optimal control problem (Figure 7.1a). We assume the STS-transfer to be a symmetrical mo-
tion occurring mainly in the sagittal plane in which both arms and both legs perform the same
motions. Using this assumption it can be simplified to a two-dimensional problem. Although
a drivable platform is considered to prepare the device to provide a walking support function-
ality, during the STS-support, the position of the device is assumed to be fixed. Furthermore,
the model also includes the location and mass properties of a control unit consisting of a base

consisting of two PCs and batteries.

The threedimensional model of the device consists of 19 rigid bodies where the control unit

and four wheels belong to the base and the STS-mechanism is represented by the levers 1-6

and the knee support (Figure 7.1a). The rigid bodies of the STS-mechanism are connected
by the rotary joints AS1-2, MTS1-3 and KS1, which, on each side, allow for three degrees
of freedom in the sagittal plane at each of the supports for the arms, trunks and knees. No
degrees of freedom have been allowed between the Control Unit and the Wheels as well as
for the Wheels with respect to the ground, constraining the device to stay at its place. Since
the STS-transfer is reduced to a two-dimensional problem assuming symmetric behavior with

1ACCREA Engineering, www.accrea.com
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(a) nurse type model (b) nurse type prototype

Figure 7.1: In the multibody model (a) of the nurse-type device the position of the actuators (in capi-
tals) and the lengths of the levers (lowercase) are optimized model parameters. The local
coordinate systems of each lever are located in each lever’s origin and their x ′-axes (red)
aligned with the longitudinal axes of the levers. A prototype (b) has been built by ACCREA
Engineering1 based on the optimized design which resulted from this thesis.

the left and right levers of the STS-mechanism performing the same motion, in the model,
they can be combined into virtual levers with double mass and inertia. The joint torques and
actuator forces determined by the computations based on this model will then have to be split
in half in order to determine the necessary torques and forces on each lever and actuator of
the real device. The local coordinate systems of the STS-mechanism segments are located in
the joint that connects one segment with its next proximal neighbor with the base being the
most proximal segment. The axes of the local coordinate system in each segment are oriented
such that the local x ′-axis points away from the segment and is aligned with its longitudinal
axis. The local y ′-axis points into the same direction as the global y-axis. The segments lever5
which provide the trunk support are required to be aligned parallel to the xy-plane at all times.
This turns the joint angle of MTS3 to a function of the angles MTS1 and MTS2 and introduces
the explicit constraint on the joint angles ϕi of MTS{i}, i = 1, ..., 3

3∑

i=1

ϕi = 0 (7.1)

Equations of Motion

Considering the external support forces acting at the support points, the equations of motion
for the model of the nurse type device are formulated in terms of the generalized coordinates,
which in this case are the absolute position of the device’s base with respect to the global
coordinate system as well as the joint angles of the model’s rotational degrees of freedom. The
external forces fext,opt are included into the equations of motion (6.1) as generalized forces
τext,opt = GT

ext,opt fext,opt.
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where fext,opt are the optimized assistive forces obtained by the optimization of assisted STS
motions described in Section 6.4 and Gext,opt is the Jacobian of the support force application
points. In order to induce fext,opt onto the model during the optimization the appropriate values
are fixed on every discretization node of the multiple shooting process.

Model Parameters

To include the mechanical design as part of the optimization problem, model parameters p

are introduced to represent the lengths l j of lever{ j}, j = 1, ..., 5 as well as the location of the
actuators AS1, MTS1 and KS1. The locations of AS2 and MTS2-3 are then implicitly determined
by the lengths of the levers.

7.1.2. Optimization of Support Action and Design Parameters

Computations are performed for the optimal trajectories and forces computed in Section 6.4,
see Figure 6.8. The optimization computations in this part of the work are aimed towards a
single set of mechanical design parameters p for an assistive device that equally serves all
subjects from all six scenarios considered. To achieve this, all six scenarios are combined into
a single optimal control problem which will result in a common set of parameters for all sub-
problems. A large-scale optimal control problem with 17 stages is formulated where the six
sub-problems with each two stages are put in consecutive order while five transition stages
are formulated to allow for discontinuities between the sub-problems in both the states and
controls (Figure 7.2). Since the velocities are required to be zero at the beginning and the
end of each sub-problem, no discontinuities need to be regarded on velocity level. Phase du-
rations for these computations are fixed to the values determined for the human motions in
Section 6.4. A similar approach would be to arrange the sub-problems in parallel order. How-
ever, this requires that all sub-problems have the same stage durations which is not the case
here.

Figure 7.2: The six scenarios (female/male, 20th/50th/80th body height percentile) are arranged sub-
sequently to a single large-scale optimal control problem in order to obtain a single set of
model parameters for all considered scenarios. In this figure, the subproblems are illustrated
by the z-coordinate of the support force application point at the trunk over time. Each sub-
problem consists of the two model stages (i) Preparation and (ii) Transfer phase altogether
leading to 12 model stages and 5 transition stages to deal with the discontinuities between
the subproblems.
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The model states x (t) contain the degrees of freedom q(t) of the model as well as their ve-
locities q̇(t). The controls u(t) are represented by the torques τi(t), j = 1, ..., 5 in the joints
yielding in 10 states and five controls. The objective function (7.3a) minimizes the square of
the controls u.

Considering also the model parameters p, the nonlinear optimal control problem can be for-
mulated as

min
x (t), u(t), p

17∑

i=1

∫ τi

τi−1

u2(t)dt (7.3a)

subject to:

ẋ (t) = fi(t, x(t), u(t), p) (7.3b)

x ( t̂+i ) = h(x ( t̂−i )), (7.3c)

0¶ gi(t, x (t), u(t), p) (7.3d)

0= r eq(x (0), , ..., , x (T ), p) (7.3e)

0¶ r ineq(x (0), , ..., , x (T ), p) (7.3f)

for t ∈ [τi−1,τi], i = 1, , ..., , 17, τ0 = 0,τ17 = T

where the objective function is minimized by modifying x (t), u(t) and p. The right hand side
of the equations of motion (7.3b) is formulated separately for each of the nph = 17 model
stages. Equation (7.3c) treats the discontinuities of the positions and controls between the
scenarios.

Phase Descriptions

Each of the six subproblems consists of two stages which have the same number of multiple
shooting nodes as well as the same stage durations as the corresponding problem from Sec-
tion 6.4. According to the optimal STS motions, the two stages of each subproblem are denoted
the Phase 1: Preparation Phase and the Phase 2: Transfer Phase and are defined by a specific
set of constraints.

The equality constraints (7.3e) contain the conditions that the handle maintains a horizontal
position (7.1) and q̇(t) = 0 at the beginning and the end of each sub-problem. The difference
between the optimal support point positions ropt,m(t) and the desired support point positions
rdes,m(t) from Section 6.3 is constrained to be equal zero at every discretization node m

rdes,m(t)− ropt,m(t) = 0. (7.4)

The inequality constraints (7.3f) contain the condition for unilaterality of the ground reaction
forces.

Specific Parameters for the Optimal Control Problem

Within each scenario, the states and controls are continuous between the preparation phase
and the STS-transfer phase. However, combined to a single large-scale optimal control prob-
lem, the generalized positions and controls are discontinuous at the transitions between the
subproblems. Since there is no physical connection between the end of one scenario and the be-
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ginning of the next scenario, sudden transitions must be allowed at these points. Such disconti-
nuities on the generalized positions and controls can be handled using transition phases (7.3c).

Solution of the Optimal Control Problem

Due to the complexity and nonlinearity of the problem, we choose to discretize the optimal
control problem using the direct multiple-shooting method applying a piecewise linear con-
trol discretization and solve the discretized problem using SQP methods. The methods are
described in further details in Section 3.2.

7.2. Optimal Design Parameters for Nurse-Type Device

The optimal control problem (7.3) results in segment lengths and joint positions which enable
the device to follow the desired trajectories of all scenarios considered and, at the same time,
minimize the torque in the joints of the STS-mechanism. Table 7.1 summarizes the resulting
optimal values for the model parameters from the optimal control computations. The result-
ing motion sequence for the assisted STS motion of severely impaired subjects is shown in
Figure 7.3 for the combination of both subject and device.

Following the desired trajectories shown in the left most column of Figure 6.8 with the sup-
port points at the arms, trunk, and knees, respectively, has been included into the optimal
control problem as an equality constraint. Since the mechanical design parameters of the STS-
mechanism are also optimized variables a unique set of parameters p can always be found
which enables the fulfillment of (7.4).

The resulting optimal joint angles are shown in Figure 7.4a. The angle of MTS3 is a function
of the angles in MTS1 and MTS2 as constrained by (7.1). The joint angle velocities are shown
in Figure 7.4b and the joint torques in Figure 7.4c. The resulting joint torques and angular
velocities can be directly interpreted as the required actuator torques and speeds to apply the
desired STS support forces on the subject.

Figure 7.3: Motion sequence of the optimal STS motion for the severely impaired subject assisted by
the design optimized nurse-type STS assistance device.

7.3. Human-Centered Approach for Moderately Impaired Subjects

Moderately impaired subjects are assumed to have enough strength to support themselves
with their arms and to securely grasp a handle with their hands. While STS assistance to a
reduced amount might still be necessary, the most effective way to transfer support actions
from the hands to the body is through stretched arms oriented along the direction of the
effective support force vector. The support motion profiles as well as the mechanical design
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Figure 7.4: Resulting optimal states and controls for the actuators AS1-2 and MTS1-3.

parameters of an STS-assistance device for moderately impaired subjects have been optimized
with the same methods as described in Section 6.4.

In order to identify the best possible way to provide such kind of STS-assistance by any kind of
external assistance, an optimal control problem has been formulated similar to (6.2) including
dynamic models as described in Section 6.1 reflecting the 20th, 50th and 80th body height
percentile of female and male subjects. These computations have been performed in the scope
of related work [103]. The support force profiles as well as their application points resulting
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Table 7.1: Resulting model parameters of the optimal model.

Symbol Description Value [m]

AS1x Horizontal coordinate of actuator AS1 -0.0010
AS1z Vertical coordinate of actuator AS1 0.9498
MTS1x Horizontal coordinate of actuator MTS1 -0.2979
MTS1z Vertical coordinate of actuator MTS1 0.8837

llever1 Lever 1 length 0.2095
llever2 Lever 2 length 0.2524
llever3 Lever 3 length 0.2096
llever4 Lever 4 length 0.1741
llever5 Lever 5 length 0.1602

from that work are used in this part to compute the optimal states and controls as well as
optimal design parameters of an STS assistance device. Due to resemblance of such a device
with a rollator we refer to it as the rollator-type STS assistance device.

7.3.1. Multibody Model of Assistance Device for Moderately Impaired Subjects

A threedimensional rigid-body model of the rollator-type device has been reduced to a two-
dimensional problem due to the symmetry underlying the STS motion and included into the
optimal control computations (Figure 7.5a). In addition to the STS-mechanism, a drivable
platform was considered to enable possible walking support functionality. Furthermore, the
model also includes the location and mass properties of a control unit.

The model of the rollator-type device consists of 13 rigid bodies where the base includes the
control unit and four wheels. The STS-mechanism comprises the STS frame, Segment 1, Seg-

ment 2 and Handle (Figure 7.5a). The rigid bodies of the STS-mechanism are connected by the
rotary joints Joint 1, 2 and 3 creating three degrees of freedom in the sagittal plane on each
side. The STS frame, the control unit and the wheels are not allowed to move with respect to
each other. Similarly, there is no degree of freedom of the wheels with respect to the ground.
Due to the symmetry of the STS-problem, both arms of the model can be combined into one
virtual arm with double mass and inertia. The joint torques and actuator forces resulting from
the computations based on this model will then have to be split in half in order to determine
the torques and forces on each arm and actuator of the real device.

The local coordinate systems of the STS-mechanism segments are located in the joint that
connects one segment with its next proximal neighbor with the STS frame being the most
proximal segment. The axes of the local coordinate system in each segment are oriented such
that the local x ′-axis points away from the segment and is aligned with its longitudinal axis.
The local y ′-axis points into the same direction as the global y-axis.

2ACCREA Engineering, www.accrea.com
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(a) rollator type model (b) rollator type prototype

Figure 7.5: (a) Rigid body model of the rollator-type STS assistance device for moderately impaired
subjects consisting of 13 segments. The external support force is modeled to be applied at
mid-handle (green dot). (b) Elderly subject operating a prototype of the device manufac-
tured by ACCREA Engineering2 based on the results presented in this thesis.

Linear Actuators

In the final device, the joint torques will be applied to the Joints 1 and 2 by linear actuators
(compare Figure 7.5). We include the location of the connecting points of the actuators with
the appropriate segments as well as the lengths of the linear actuators into the optimal control
problem as model parameters. During optimization, the locations of the connecting points
are computed to minimize the lever arms that map the linear actuator force into the joint
torques. Minimizing the lever arms results in minimizing the linear actuator velocities and
maximizing the actuator forces. The lengths lact,i of the Actuators{i}, i ∈ [1, 2] are determined
by their stroke sact,i and a constant length for the housing of the actuator control unit, i. e.
sact,i + 0.170 ¶ lact,i ¶ 2 · sact,i + 0.170. The linear forces of the actuators are constrained to
fact = 550 N. No constraint has been formulated for the velocity of the linear actuators.

Equations of Motion

The equations of motion for the model of the assistive device are formulated according to (7.2)
in terms of generalized coordinates, i.e. the absolute position of the device’s base with respect
to the global coordinate system as well as the joint angles of the model’s rotational degrees of
freedom.

Optimal support trajectories and forces (Figures 7.6) as well as phase durations (Table 7.2)
have been computed in previous work [103] for six scenarios reflecting the 20th, 50th and
80th percentile of the body heights and weights of female and male subjects. The optimal
support forces fext applied to the subject’s hands during the assisted STS-transfer are imposed
as external forces fext,opt to the middle of the handles of the STS mechanism, i.e. fext,opt is
multiplied by the translated Jacobian GT

ext,opt of the mid-handle location and added as τext,opt

to the right hand side of the equations of motion in (7.2).
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Figure 7.6: Desired STS support action from [103] for the six scenarios F20, F50, F80, M20, M50,

and M80. Left plot: Desired handle trajectories in the sagittal plane. For all scenarios, the
trajectories are shown in the global frame which is located on ground level right below
the ankle of the human model. They all start in the lower left and end in the upper right
corner of the plot. Middle and right plot: Support forces applied as external forces on the
mid-handle of the device in horizontal (x) and vertical (z) direction, respectively.

Table 7.2: Durations of the preparation and transfer phases, respectively, for the simulation of the sit-
to-stand motion of moderately impaired elderly subjects, 20th, 50th, and 80th percentile.

Percentile Preparation Phase [s] Transfer Phase [s] Total [s]

Female
20 1.16 1.10 2.26
50 1.23 1.04 2.27
80 1.35 1.09 2.44

Male
20 1.29 1.08 2.37
50 1.35 1.05 2.40
80 1.40 1.04 2.44

Model Parameters

To include the mechanical design into the optimization problem, model parameters p are
introduced to represent the lengths l j of the Segments {j} and j = 1,2 as well as the location
of Joint 1. The locations of Joint 2 and 3 are then implicitly determined by the lengths of
the segments, as can be seen in Figure 7.5. Furthermore, the connecting points of the linear
actuators to the segments A, B, C and D as well as the actuator strokes sact are included as
parameters. Table 7.3 lists the initial values for the free parameters of the model. These values
correspond to the geometrical properties of the prototype shown in Figure 7.5b which were
not sufficient to cover the range of desired trajectories (Figure 7.6).

7.3.2. Optimization of Support Action and Design Parameters

Computations are performed for the optimal trajectories and forces in the six scenarios inves-
tigated in [103], see Figure 7.6. In each scenario, the optimal control problem is divided into
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two stages to distinguish the preparation phase in which the subject prepares for standing up
from the phase in which the subject performs the actual STS-transfer. The six scenarios are re-
lated to different percentiles of patients with respect to their dynamic data: male and female,
20th, 50th and 80th percentile of the population older than 65 years. In the optimization study
in this paper, however, the goal is not to provide a different optimal design for each of these
classes, but to give one that equally serves all considered patients.

We therefore aim to find a single set of model parameters p that minimizes the objective
function and satisfies the constraints of all scenarios at the same time and combine all six
scenarios into a single large-scale optimal control problem similar to the procedure illustrated
in Figure 7.2. The phase durations for these computations are fixed to the values determined
for the human motions in [103].

Objective Function

The model states x (t) contain the degrees of freedom q(t) of the model as well as their veloc-
ities q̇(t). The controls u(t) are represented by the torques τ j(t) in the Joints{j}, j = 1, ..., 3,
yielding six states and three controls. The objective function (7.5a) contains the square of the
controls u as well as the square of the lever arms ract which are established by the connecting
points of the linear actuators with the segments, while the weighting factors α and β is used
to adjust the influence of these different terms.

Considering also the model parameters p, the nonlinear optimal control problem can be for-
mulated as

min
x (t),u(t),p

17∑

i=1

∫ τi

τi−1

αu2(t) + β r 2
actdt (7.5a)

subject to:

ẋ (t) = fi(t, x (t), u(t), p) (7.5b)

x ( t̂+i ) = h(x ( t̂−i )), (7.5c)

0¶ gi(t, x (t), u(t)), (7.5d)

0= r eq(x (0), , ..., , x (T ), p), (7.5e)

0¶ r ineq(x (0), , ..., , x (T ), p), (7.5f)

for t ∈ [τi−1,τi], i = 1, , ..., , 17, τ0 = 0,τ17 = T

where x (t), u(t) and p are modified to minimize the objective function (7.5a). The right hand
side of the equations of motion (7.5b) is formulated separately for each of the nph = 17 model
stages. Equation (7.5c) allows the handling of the discontinuities of the positions and controls
between the scenarios.

7.3.3. Phase Descriptions

The path constraints (7.5d) define general limits to the states such as maximum joint angles
and velocities. The equality constraints (7.5e) contain the condition that the handle main-
tains a horizontal position and the optimized handle trajectory ropt,m(t) follows the desired
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trajectories rdes,m(t) at all m discretization nodes (7.6)

rdes,m(t)− ropt,m(t) = 0. (7.6)

The inequality constraints (7.5f) contain the condition for unilateral ground reaction forces,
the ratio between the minimal and maximum lengths of the linear actuators, as well as the
maximum value for the linear force of the actuators.

Specific Parameters for the Optimization Problem

Within each scenario, the generalized positions and controls are continuous between the prepa-
ration phase and the transfer phase. However, combined to a single optimal control problem,
the positions and controls are discontinuous between the scenarios. Since there is no physical
connection between the end of one scenario and the beginning of the next scenario, sudden
transitions must be allowed at these points. These discontinuities can be handled using tran-
sition phases (7.5c).

7.4. Optimal Design Parameters for Rollator-Type Device

The segment lengths and joint positions which result from the optimal control problem (7.5)
enable the device to follow the desired trajectories of all scenarios and simultaneously min-
imize the torque in the joints of the STS-mechanism. Locations for the connecting points of
the linear actuators to the segments are computed for which the linear actuator force is max-
imized while minimizing the linear actuator velocity. The desired trajectories (7.6) could be
approximated by the force application point without any deviation.

The resulting optimal joint angles are shown in Figure 7.7a. In order to remain horizontal at
all times the angle of Joint 3 is a function of the Joints 1 and 2. The joint angle velocities
are shown in Figure 7.7b and the joint torques in Figure 7.7c. The joint torques show a steep
increase right in the instance in which the subject loses contact from the chair.

Optimal Design Parameters

Table 7.3 summarizes the resulting optimal value for the design parameters of the model from
the optimal control computations along with their initial values. The segment lengths l1,2 are
greater than their initial values since, initially, the segments were too short to cover the whole
range of desired trajectories from all six scenarios. The optimal location of Joint 1 as well as of
the Joints 2 and 3 changed due to the first part of the objective function (7.5a) in which the joint
torques τ are minimized. As expected, the connecting points A, B, C and D of the Actuators 1

and 2 changed due to the second part of (7.5a) where the lever arms are optimized to minimize
the linear velocity of the actuators. The difference in the design of the rollator-type assistive
device due to the optimal control computations are illustrated in Figure 7.8.

Optimal Linear Forces and Velocities

In order to gain knowledge about the specifications of the linear actuators, which are supposed
to create the joint torques in the final device, we compute the optimal forces and velocities of
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Figure 7.7: Resulting optimal states and controls for the Joints 1, 2 and 3.

the linear actuators from the optimal joint torques and angular velocities. The linear forces of
the actuators can be computed using the lever arms which result from the optimal locations
of connecting points A, B, C and D of the actuators to the segments. The linear velocities of
the actuators are determined by computing the difference of the global velocities of these
connecting points. The results for the optimal actuator forces and velocities are shown in the
Figures 7.9a and 7.9b, respectively.

7.5. Discussion

Based on the results obtained from the computations for the severely impaired subject as well
as for a mildly impaired subject published in [103] optimal support force profiles and the
trajectories of their application points have been used as requirements for the design opti-
mization of two different kinds of STS assistance devices. Using optimal control methods, sets
of design parameters for the devices have been computed which enable the devices to provide
STS support with minimal effort and to cover the workspace required to provide support for
subjects ranging from the 20th up to the 80th body height percentile of both male and female
elderly subjects. Prototypes of the STS assistance devices have been manufactured based on
the results presented in this thesis. However, a rigorous validation of the devices to prove their
applicability and user acceptance is still to be undertaken.
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(a) initial design (b) optimized design

Figure 7.8: (a) initial design and (b) optimized design of the assistive device with the location and
orientation of the global and local coordinate systems. The geometrical properties are sum-
marized in the Table 7.3.
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Figure 7.9: (a) Resulting linear actuator forces and (b) velocities for the Actuators 1 and 2.
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Table 7.3: Initial and optimized values for the model parameters of the optimal model. The coordinates
are specified in the global frame (*), in the Joint 1 frame (#), and in the Joint 2 frame (†).

Symbol Description initial values [cm] optimized values [cm]

Joint1x Horizontal coordinate of Joint 1∗ 30.5 22.5
Joint1z Vertical coordinate of Joint 1∗ 41.5 43.9
lsegment1 Segment 1 length 30.0 44.5
lsegment2 Segment 2 length 20.0 35.0
Ax Horizontal coordinate of A∗ 7.5 16.5
Az Vertical coordinate of A∗ 26.5 23.5
Bx Horizontal coordinate of B# −20.0 −23.6
Bz Vertical coordinate of B# −5.0 −3.5
Cx Horizontal coordinate of C# 7.0 12.0
Cz Vertical coordinate of C# 10.0 6.2
Dx Horizontal coordinate of D† 6.0 3.9
Dz Vertical coordinate of D† 8.6 10.0
sact1 Actuator 1 stroke 12.6 13.4
sact2 Actuator 2 stroke 14.7 20.7
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CONCLUSION

In this thesis, optimal control methods are applied to combine approaches from scientific com-
puting and human motion analysis seeking to provoke progress in these both fields and, ad-
ditionally, in the fields of mechanical engineering and physical rehabilitation. We approach
challenging clinical questions from three different perspectives: motion reconstruction, motion

prediction, as well as design optimization. Using optimal control methods ensures that the dy-
namics are satisfied for the entire motion.

The human walking motion has been recorded in a motion capture laboratory with unim-
paired subjects and subjects walking with transfemoral prostheses. The recorded motions have
been reconstructed based on individualized threedimensional multibody models of the subjects
which have been included into a multi-stage optimal control problem. Furthermore, optimal
sit-to-stand motions have been generated for several levels of mobility among the elderly pop-
ulation. Finally, optimal mechanical design parameters for a novel approach to mobility assis-
tance devices have been obtained for the group of elderly humans with mobility disabilities.
In summary, dynamic modeling and numerical optimization prove to be appropriate tools to
realistically simulate challenging human motions. As shown in this thesis, such physiologically
consistent simulation results can be exploited to describe fundamental patterns of human mo-
tions.

Dynamic Model Parameters for Elderly Humans

Regression equations which provide the dynamic model parameters for elderly humans are de-
rived by combining existing sources for dynamic parameters of unimpaired adults with other
sources for the age-related changes in body proportions. The resulting parameters are related
to the full body mass and length, respectively, facilitating the creation of parameterized multi-
body models. Using the equations and values presented in this thesis generic models of the
body of an elderly human can be established with realistic dynamic parameters which are
difficult to obtain on living humans.

Foot Placement in Human Walking

Realistic, i.e. non-periodic and asymmetric, unimpaired and prosthetic human walking motions
have been reconstructed for a whole stride from motion capture data recorded in a gait labora-
tory by formulating multi-stage nonlinear optimal control problems and least-squares objective
functions as well as applying multiple-shooting discretization and Sequential Quadratic Pro-
gramming methods. Physiologically consistent simulation results are ensured by formulating
appropriate constraints on the ground contacts as well as on the ranges of joint angles, angular
velocities and torques. It has been shown that the upper-body dynamics have a strong influence
on the lower-body dynamics. On one hand, gait patterns originating from a lower-body with
symmetric properties can be strongly asymmetric due to asymmetric upper-body motions. On
the other hand, upper-body asymmetry can be intentionally applied to compensate for asym-
metric lower-body properties and result in symmetric gait patterns. Foot placement during
human walking has been shown to correlate with the Capture Point while, apparently, the
subjects aim at trading off between effortless progression and quick response to perturbations.
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The amplitude of the ground contact collision force has been found to play a major role in the
strategy to maintain step-by-step stability. In fact, a loss in Capturability due to the reduced
ground collision impact force at the prosthetic leg of the subject walking with prostheses can
possibly be counteracted with prosthetic components which dissipates more energy at heel
strike. These findings encourage us to propose Capturability, evaluated on walking motions
reconstructed by optimal control, as a complementary criterion to the already existing clinical
stability assessment methods. Since it presents a novel interpretation of stability in human
walking, it might lead to a further progress in goal-oriented clinical diagnostics.

Optimal Assisted and Unassisted Sit-to-Stand Motions

Three different cases of sit-to-stand motions have been synthesized based on two-dimensional
multibody models of adult and elderly humans and assumptions on their levels of mobility. The
unimpaired sit-to-stand simulation leads to a natural and conservative motion with healthy ap-
pearance based on increased weights on the mechanical work term in the objective function.
The high-dynamic sit-to-stand simulation results in exaggerating arm motions due to the fact
that a greater, however, still realistic amount of body dynamics is assumed to be available to the
model to perform the sit-to-stand task. For the severely impaired sit-to-stand simulation addi-
tional external assistive forces are included into the model acting at predefined force insertion
points to represent the support provided by a caregiver to an elderly human. The resulting
sit-to-stand motion along with the resulting assistive force profiles as well as the trajectories
of their insertion points can be used as requirements for the optimization of the mechanical
design parameters for an assistance device providing nurse-type sit-to-stand support. In addi-
tion, the differences between the predicted motions show that it is crucial for analyzing the
sit-to-stand motion to consider a full body model of the human and that the preparatory mo-
tions performed right before the actual lift-off significantly contribute to the entire sit-to-stand
transfer.

Optimal Design Parameters for a Sit-to-Stand Assistance Device

The resulting optimal support force profiles and the trajectories of their application points
obtained from the sit-to-stand simulations for the severely impaired subject as well as for a
mildly impaired subject published in [103] have been used as requirements for the design
optimization of two different kinds of sit-to-stand assistance devices: the rollator-type device
to assist the sit-to-stand motion of the mildly impaired as well as the nurse-type device to
assist the sit-to-stand motion of the severely impaired subjects. Formulating multiple-stage
nonlinear optimal control problems, design parameters for the devices have been computed
which cover the workspace required to provide support for subjects ranging from the 20th to
the 80th body height percentile of both male and female elderly subjects and, at the same
time, enable the devices to provide sit-to-stand support with minimal effort. Prototypes of the
sit-to-stand assistance devices have been manufactured based on the results presented in this
thesis.
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OUTLOOK

The results presented in this thesis promote the use of model-based numerical optimization
to approach clinical questions related to human motions. Novel findings have been gained
towards the step-by-step stability strategies in human walking as well as the assisted and
unassisted sit-to-stand motions which encourage a further elaboration of the topics into the
following directions:

Distinguishing Individual from Stereotypical Gait Patterns

The findings about foot placement during human walking presented in this thesis are based
on the reconstruction of a whole stride from recorded motion data of three subjects in four
different walking scenarios. In order to gain a high threshold of statistical confidence for the
observations made with regard to both individual as well as stereotypical gait patterns it is
necessary to analyze the gait of significantly greater number of subjects. It is also of particular
interest to what extent a subject maintains a certain behavior over a sequence of several strides.

Foot Placement in Other Types of Locomotion

Human walking has been shown to aim at trading off between effortless propulsion and prompt
responsiveness to perturbations. Other types of locomotion, such as long-distance running or
sprinting with transtibial prostheses serve different purposes. Foot placement with respect to
the Capture Point should, therefore, also reflect the objectives of these types of gait and enable
motion recommendations, e.g. in sport sciences, from a different perspective.

Motion Synthesis for Humanoid Robots

Just as in human walking, energy-efficiency and safety are both amongst the primary, however,
conflicting goals in synthesizing gait for humanoid robots. While the different morphologies of
the many existing humanoid robots results in a great variety of accomplishable motions, foot
placement with respect to the Capture Point might serve well as a motion primitive used in
the objective function of an optimal control problem to generate walking motions which are
energy-efficient, natural and dynamic and, at the same time, enable fast response to perturba-
tions.

Multi-Contact Capturability

Human locomotion is rarely restricted to flat and regular surfaces. Many situations require
humans to walk on stairs, slopes and through rough environment. In certain circumstances,
humans increase their maneuverability by additionally establishing contact to the environment
with their hands, e.g. by holding to a handrail or leaning against a wall. Generalizing the
Capturability concept towards multiple contacts subject to arbitrary contact surface normals
and surface-specific friction properties allows for understanding a significantly wider range of
types of locomotion.
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Asymmetric Sit-to-Stand Motions

The sit-to-stand motion has been synthesized in this thesis using a two-dimensional model of
a human assuming perfectly symmetric behavior. However, subjects requiring mobility assis-
tance are often unilaterally affected. Future studies might consider the sit-to-stand motions
of elderly people using threedimensional models possibly including muscle models and asym-
metric constraints on the ranges of joint angles, angular velocities and joint torques.

Optimization of Future Sit-to-Stand Assistance Devices

Sit-to-stand assistance is assumed in this thesis to be provided by a mobile rollator-type device
through the hands and a mobile nurse-type device through the trunk, the forearms and the
knees. The recent technological development towards smaller and more efficient electronic
components, batteries and actuators enable the design of inconspicuous assistive devices such
as wearable exoskeletons or suits made of actuated fabrics. The design of such can be optimized
by a profound knowledge of the human anatomy and the methods proposed in this thesis.
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A. ANTHROPOMETRIC PARAMETERS FOR THE HUMAN BODY
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Table A.1: Adjusted absolute values for the longitudinal lengths, masses, longitudinal center of mass (COM) position as well as the radii of inertia of the body
segments of an average young adult female (F; body mass = 61.9 kg, body height = 173.5 cm) and male (M; body mass = 73.0 kg, body height = 174.1
cm) subject. The segment lengths and COM positions are given with respect to the origin of the appropriate segment’s coordinate system as described
in Section 2.4.1 and displayed in Figure 2.5. The radii of inertia are specified parallel to the axes of the segments’ local coordinate system and with
respect to each segment’s COM.

Radii of Gyration

Longitudinal COM position Sagittal Transversal Longitudinal
length ls [mm] Mass ms [kg] dcom,s [mm] rgyr,s,x [mm] rgyr,s,y [mm] rgyr,s,z [mm]

Segment F M F M F M F M F M F M

Head 243.7 242.9 4.1 5.1 125.7 121.4 66.0 73.6 71.9 76.5 63.6 63.4

UPT 228.0 242.1 9.6 11.7 112.9 119.5 106.3 122.3 71.5 77.5 102.4 112.6
MPT 205.3 215.5 9.1 11.9 112.7 118.5 88.9 103.9 72.7 82.5 85.2 100.8
Pelvis 181.5 145.7 7.7 8.2 92.2 56.6 78.6 89.6 73.0 80.3 80.6 85.5

Upper arm 275.1 281.7 1.6 2.0 116.8 119.1 76.5 80.3 71.5 75.8 40.7 44.5
Forearm 264.3 268.9 0.9 1.2 143.8 145.9 70.0 74.2 67.9 71.3 24.8 32.5
Hand 78.0 86.2 0.4 0.5 19.7 18.1 41.7 54.1 35.4 44.2 26.1 34.6

Thigh 368.5 422.2 9.2 10.3 133.1 172.9 136.0 138.9 134.1 138.9 59.7 62.9
Shank 432.3 434.0 3.0 3.2 190.9 193.5 117.2 110.7 115.4 108.1 40.2 44.7
Foot 228.3 258.1 0.8 1.0 91.6 114.0 68.3 66.3 63.7 63.2 31.7 32.0
Foot height 75.7 38.6 - - 37.9 19.3 - - - - - -

1
2
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Table A.2: Adjusted relative values for the longitudinal lengths, masses, longitudinal center of mass (COM) position as well as the radii of inertia of the body
segments of an average young adult female (F; body mass = 61.9 kg, body height = 173.5 cm) and male (M; body mass = 73.0 kg, body height =
174.1 cm) subject. The relative values are specified with respect to the full body height and mass, respectively. The segment lengths and COM positions
are given with respect to the origin of the appropriate segment’s coordinate system as described in Section 2.4.1 and displayed in Figure 2.5. The radii
of inertia are specified parallel to the axes of the segments’ local coordinate system and with respect to each segment’s COM.

Radii of Gyration

Longitudinal COM position Sagittal Transversal Longitudinal
length λs [%] Mass µs [%] δs [%] ̺s,x [%] ̺s,y [%] ̺s,z [%]

Segment F M F M F M F M F M F M

Head 14.1 14.0 6.7 6.9 7.3 7.0 3.8 4.2 4.1 4.4 3.7 3.6

UPT 13.1 13.9 15.5 16.0 6.5 6.9 6.1 7.0 4.1 4.5 5.9 6.5
MPT 11.8 12.4 14.7 16.3 6.5 6.8 5.1 6.0 4.2 4.7 4.9 5.8
Pelvis 10.5 8.4 12.5 11.2 5.3 3.3 4.5 5.2 4.2 4.6 4.6 4.9

Upper arm 16.9 16.8 2.6 2.7 6.7 6.8 4.4 4.6 4.1 4.4 2.4 2.6
Forearm 16.1 16.1 1.4 1.6 8.3 8.4 4.0 4.3 3.9 4.1 1.4 1.9
Hand 5.2 5.2 0.6 0.6 1.1 1.0 2.4 3.1 2.0 2.5 1.5 2.0

Thigh 21.2 24.3 14.8 14.2 7.7 9.9 7.8 8.0 7.7 8.0 3.4 3.6
Shank 24.9 24.9 4.8 4.3 11.0 11.1 6.8 6.4 6.7 6.2 2.3 2.6
Foot 15.4 15.4 1.3 1.4 5.3 6.6 3.9 3.8 3.7 3.6 1.8 1.8
Foot height 4.4 2.2 - - 2.2 1.1 - - - - - -

1
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Table A.3: Adjusted absolute values for the segments’ moments of inertia of an average young adult
female (F; body mass = 61.9 kg, body height = 173.5 cm) and male (M; body mass = 73.0
kg, body height = 174.1 cm) subject using the segment masses and radii of gyration from
Table A.1. The moments of inertia are specified in the local coordinate system and with
respect to the COM of each segment.

Moments of Inertia [kg ·m2]

Segment Gender θx θy θz

Head
F 0.0180 0.0214 0.0167
M 0.0274 0.0297 0.0204

UPT
F 0.1080 0.0490 0.1002
M 0.1742 0.0699 0.1477

MPT
F 0.0717 0.0479 0.0658
M 0.1286 0.0812 0.1213

Pelvis
F 0.0477 0.0411 0.0501
M 0.0655 0.0526 0.0596

Upper arm
F 0.0092 0.0081 0.0026
M 0.0128 0.0114 0.0039

Forearm
F 0.0041 0.0039 0.0005
M 0.0065 0.0060 0.0013

Hand
F 0.0006 0.0004 0.0002
M 0.0013 0.0009 0.0005

Thigh
F 0.1692 0.1646 0.0326
M 0.1994 0.1994 0.0409

Shank
F 0.0409 0.0397 0.0048
M 0.0387 0.0369 0.0063

Foot
F 0.0037 0.0032 0.0008
M 0.0044 0.0040 0.0010
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B. PATH CONSTRAINTS FOR HUMAN WALKING
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Table B.1: Upper and lower bounds for the generalized positions x in human walking reconstruction
specified as translational (trans) and rotational (rot) degrees of freedom (DoF) along the
X , Y, and Z-axis, respectively.

Joint DoF Description Min Max

Pelvis transX Pelvis translation in forward direction [m] −2.0 2.0
transY Pelvis translation in lateral direction [m] −0.2 0.2
transZ Pelvis translation in vertical direction [m] 0.7 1.0
rotY Pelvis tilt [rad] −0.3 0.2
rotX Pelvis roll [rad] −0.3 0.3
rotZ Pelvis yaw [rad] −0.5 0.5

Hip right rotY Right hip flexion/extension [rad] −0.8 0.6
rotX Right hip abduction/adduction [rad] −0.7 0.4
rotZ Right hip outer/inner rotation [rad] −0.6 0.3

Hip left rotY Left hip flexion/extension [rad] −0.8 0.6
rotX Left hip adduction/abduction [rad] −0.4 0.7
rotZ Left hip inner/outer rotation [rad] −0.3 0.6

Knee right rotY Right knee extension/flexion [rad] 0.03 1.2
Knee left rotY Left knee extension/flexion [rad] 0.03 1.2
Ankle right rotY Right ankle dorsal/plantar flexion [rad] −0.4 0.4

rotX Right ankle valgus/varus [rad] −0.3 0.3
rotZ Right ankle outer/inner rotation [rad] −0.3 0.3

Ankle left rotY Left ankle dorsal/plantar flexion [rad] −0.4 0.4
rotX Left ankle varus/valgus [rad] −0.3 0.3
rotZ Left ankle inner/outer rotation [rad] −0.3 0.3

Middle trunk rotY Middle trunk tilt [rad] −0.3 0.15
rotX Middle trunk roll [rad] −0.25 0.25
rotZ Middle trunk yaw [rad] −0.7 0.7

Shoulder right rotY Right shoulder flexion/extension [rad] −0.5 0.8
rotX Right shoulder abduction/adduction [rad] −0.7 −0.1
rotZ Right shoulder horizontal ext./flex. [rad] −0.1 0.8

Shoulder left rotY Left shoulder flexion/extension [rad] −0.5 0.8
rotX Left shoulder adduction/abduction [rad] 0.1 0.7
rotZ Left shoulder horizontal flex./ext. [rad] −0.8 0.1

Elbow right rotY Right elbow flexion/extension [rad] −1.2 −0.2
Elbow left rotY Left elbow flexion/extension [rad] −1.2 −0.2
Head rotY Head tilt [rad] −0.8 0.8

rotX Head roll [rad] −0.8 0.8
rotZ Head yaw [rad] −0.8 0.8
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Table B.2: Upper and lower bounds for the generalized velocities ẋ in human walking reconstruction
specified according to the translational (trans) and rotational (rot) degrees of freedom (DoF)
along the X , Y, and Z-axis, respectively.

Joint DoF Description Min Max

Pelvis transX Pelvis translation in forward direction [m/s] −10.0 10.0
transY Pelvis translation in lateral direction [m/s] −10.0 10.0
transZ Pelvis translation in vertical direction [m/s] −10.0 10.0
rotY Pelvis tilt [rad/s] −10.0 10.0
rotX Pelvis roll [rad/s] −10.0 10.0
rotZ Pelvis yaw [rad/s] −10.0 10.0

Hip right rotY Right hip flexion/extension [rad/s] −10.0 10.0
rotX Right hip abduction/adduction [rad/s] −10.0 10.0
rotZ Right hip outer/inner rotation [rad/s] −10.0 10.0

Hip left rotY Left hip flexion/extension [rad/s] −10.0 10.0
rotX Left hip adduction/abduction [rad/s] −10.0 10.0
rotZ Left hip inner/outer rotation [rad/s] −10.0 10.0

Knee right rotY Right knee extension/flexion [rad/s] −10.0 10.0
Knee left rotY Left knee extension/flexion [rad/s] −10.0 10.0
Ankle right rotY Right ankle dorsal/plantar flexion [rad/s] −10.0 10.0

rotX Right ankle valgus/varus [rad/s] −10.0 10.0
rotZ Right ankle outer/inner rotation [rad/s] −10.0 10.0

Ankle left rotY Left ankle dorsal/plantar flexion [rad/s] −10.0 10.0
rotX Left ankle varus/valgus [rad/s] −10.0 10.0
rotZ Left ankle inner/outer rotation [rad/s] −10.0 10.0

Middle trunk rotY Middle trunk tilt [rad/s] −10.0 10.0
rotX Middle trunk roll [rad/s] −10.0 10.0
rotZ Middle trunk yaw [rad/s] −10.0 10.0

Shoulder right rotY Right shoulder flexion/extension [rad/s] −10.0 10.0
rotX Right shoulder abduction/adduction [rad/s] −10.0 10.0
rotZ Right shoulder horizontal ext./flex. [rad/s] −10.0 10.0

Shoulder left rotY Left shoulder flexion/extension [rad/s] −10.0 10.0
rotX Left shoulder adduction/abduction [rad/s] −10.0 10.0
rotZ Left shoulder horizontal flex./ext. [rad/s] −10.0 10.0

Elbow right rotY Right elbow flexion/extension [rad/s] −10.0 10.0
Elbow left rotY Left shoulder flexion/extension [rad/s] −10.0 10.0
Head rotY Head tilt [rad/s] −10.0 10.0

rotX Head roll [rad/s] −10.0 10.0
rotZ Head yaw [rad/s] −10.0 10.0
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Table B.3: Upper and lower bounds for the controls u in human walking reconstruction which act as
torques directly on the rotational degrees of freedom (DoF) with respect to the X , Y, and
Z-axis, respectively.

Joint DoF Description Min Max

Hip right rotY Right hip flexion/extension [Nm] −50.0 50.0
rotX Right hip abduction/adduction [Nm] −50.0 50.0
rotZ Right hip outer/inner rotation [Nm] −50.0 50.0

Hip left rotY Left hip flexion/extension [Nm] −50.0 50.0
rotX Left hip adduction/abduction [Nm] −50.0 50.0
rotZ Left hip inner/outer rotation [Nm] −50.0 50.0

Knee right rotY Right knee extension/flexion [Nm] −50.0 50.0
Knee left rotY Left knee extension/flexion [Nm] −50.0 50.0
Ankle right rotY Right ankle dorsal/plantar flexion [Nm] −50.0 50.0

rotX Right ankle valgus/varus [Nm] −50.0 50.0
rotZ Right ankle outer/inner rotation [Nm] −50.0 50.0

Ankle left rotY Left ankle dorsal/plantar flexion [Nm] −50.0 50.0
rotX Left ankle varus/valgus [Nm] −50.0 50.0
rotZ Left ankle inner/outer rotation [Nm] −50.0 50.0

Middle trunk rotY Middle trunk tilt [Nm] −50.0 50.0
rotX Middle trunk roll [Nm] −50.0 50.0
rotZ Middle trunk yaw [Nm] −50.0 50.0

Shoulder right rotY Right shoulder flexion/extension [Nm] −50.0 50.0
rotX Right shoulder abduction/adduction [Nm] −50.0 50.0
rotZ Right shoulder horizontal ext./flex. [Nm] −50.0 50.0

Shoulder left rotY Left shoulder flexion/extension [Nm] −50.0 50.0
rotX Left shoulder adduction/abduction [Nm] −50.0 50.0
rotZ Left shoulder horizontal flex./ext. [Nm] −50.0 50.0

Elbow right rotY Right elbow flexion/extension [Nm] −50.0 50.0
Elbow left rotY Left shoulder flexion/extension [Nm] −50.0 50.0
Head rotY Head tilt [Nm] −50.0 50.0

rotX Head roll [Nm] −50.0 50.0
rotZ Head yaw [Nm] −50.0 50.0
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[86] D. Kulić, G. Venture, K. Yamane, E. Demircan, I. Mizuuchi, and K. Mombaur. An-
thropomorphic movement analysis and synthesis: A survey of methods and applica-
tions. IEEE Transactions on Robotics, 32(4):776–795, Aug 2016. ISSN 1552-3098. doi:
10.1109/TRO.2016.2587744.

[87] C. J. C. Lamoth, E. Ainsworth, W. Polomski, and H. Houdijk. Variability and stability
analysis of walking of transfemoral amputees. Medical Engineering and Physics, 32(9):
1009–1014, November 2010. ISSN 1350-4533. doi: 10.1016/j.medengphy.2010.07.
001.

[88] D. Leineweber. The theory of MUSCOD in a nutshell. Technical Report 96-19, Interdis-
ciplinary Center for Scientific Computing (IWR), 1996.

[89] D. Leineweber, I. Bauer, A. Schäfer, H. Bock, and J. Schlöder. An efficient multiple shoot-
ing based reduced SQP strategy for large-scale dynamic process optimization (Parts I
and II). Computers and Chemical Engineering, 27:157–174, 2003.

[90] E. A. Lewis. Fluid-controlled knee mechanisms clinicl considerations. Bulletin of Pros-

thetic Research, 1965.

[91] P. Manns, M. Sreenivasa, M. Millard, and K. Mombaur. Motion optimization and param-
eter identification for a human and lower-back exoskeleton model. IEEE Robotics and

Automation Letters, 2017.

[92] E.-J. Marey. Le Mouvement. G. Masson, 1894.

[93] M. Mast, M. Burmester, B. Graf, F. Weisshardt, G. Arbeiter, M. Španěl, Z. Materna,
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