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Abstract

In this thesis, we investigate optimization problems with partial differential equation
(PDE) constraints. In particular we are concerned with the efficient numerical solution
of optimum experimental design (OED) problems for parameter estimation (PE) with
PDE models, among them sampling design problems. We consider two dimensional
(2D) stationary diffusion advection reaction PDE models, including the challenging
case of an advection dominated PDE.

For the simulation of the PDE boundary value problem, we utilize discontinuous
Galerkin finite element methods and adaptive spatial grid refinement. We solve
the optimization problems with derivative-based algorithms. For the optimization
algorithms to converge fast and to converge to the "true* optimum, we need to provide
accurate sensitivities. It is a challenge to evaluate the sensitivities, which correspond
to the approximate solution of the primal PDE model and are in this sense consistent.
In this thesis we develop efficient and accurate methods for sensitivity generation.
We transfer the principle of internal numerical differentiation (IND) from ordinary
differential equations (ODE)s to PDEs. That means, we incorporate the sensitivity
generation in the solution process. The standard upwind discontinuous Galerkin
method is not differentiable. Therefore, we propose a differentiable discontinuous
Galerkin method and give a rigorous convergence analysis of it. We develop methods
for structure exploitation of the primal and tangential discretization schemes to
efficiently generate the sensitivities with automatic differentiation (AD). Furthermore,
we establish methods for frozen adaptivity to generate consistent sensitivities. We
are especially concerned with frozen spatial grid refinement and the adaptive step
number of the linear solver.

We implement the developed methods in the software SeafaND-Optimizer, short for
structure exploiting and frozen adaptivity numerical differentiation optimizer. It is a
software for efficient and accurate simulation, PE and OED with PDE models. We
perform numerical case studies for PE and OED problems with advection dominated
2D diffusion advection PDE models. With the structure exploiting techniques devel-
oped in this thesis, the example problems are solved with efficient memory usage. Due
to the frozen adaptivity methods, we computed efficiently the consistent sensitivities.
We test the PE algorithm with different noise levels. We perform a case study with
different diffusion coefficients for sequential OED. Finally, we investigate, whether
the developed methods are stable under mesh refinements.



Zusammenfassung

In dieser Dissertation untersuchen wir Optimierungsprobleme mit partiellen Differ-
entialgleichungen (PDE) als Nebenbedingungen. Wir beschéftigen uns insbesondere
mit der effizienten numerischen Losung von Problemen der optimalen Versuchspla-
nung (OED) fiir Parameterschétzung (PE) mit PDE Modellen, darunter das Problem
der Stichprobenplanung. Es werden zweidimensionale (2D) stationdre Diffusion-
Advektion-Reaktions-PDE Modelle betrachtet, einschliellich der anspruchsvolle Fall
eines advektionsdominierten PDE Modells.

Um das PDE Randwertproblem zu simulieren, nutzen wir diskontinuierliche Galerkin
Finite Elemente Methoden und adaptive rdumliche Gitterverfeinerung. Die Opti-
mierungsprobleme werden mit ableitungsbasierten Algorithmen gelost. Damit die
Optimierungsalgorithmen schnell und zum ,wahren“ Parameterwert konvergieren,
miissen wir prézise Sensitivitdten bereitstellen. Es ist eine Herausforderung, Sensi-
tivitdten auszuwerten, die konsistent zur approximativen Losung des primalen PDE
Problems passen. In dieser Arbeit entwickeln wir effiziente und prézise Methoden
zur Ableitungserzeugung. Wir iibertragen das Prinzip der Internen Numerischen
Differentiation (IND) von gewthnlichen Differentialgleichungen (ODE) auf PDE. Das
heifit, die Ableitungserzeugung wird in den Losungsprozess inkludiert. Die standard-
méfige Upwind diskontinuierliche Galerkin Methode ist nicht differenzierbar. Eine
differenzierbare Upwind diskontinuierliche Galerkin Methode wird vorgeschlagen und
eine ausfithrliche Konvergenzanalyse der Methode wird durchgefiihrt. Wir entwickeln
Methoden zur Strukturausnutzung der primalen und tangentialen Diskretisierungss-
chemata, um effizient die Sensitivitdten mit Automatischer Differentiation (AD) zu
erzeugen. Auflerdem werden Methoden mit eingefrorenen adaptiven Komponenten der
PDE-Simulation erstellt, um konsistente Ableitungen zu erzeugen. Wir beschéftigen
uns im Besonderen mit adaptiver rdumlicher Gitterverfeinerung und der adaptiven
Schrittanzahl des iterativen Losers.

Die entwickelten Methoden haben wir in der neuen Software SeafaND-Optimizer,
kurz flr structure exploiting and frozen adaptivity numerical differentiation optimizer,
implementiert. Es ist eine Software zur Simulation, Parameterschdtung und optimalen
Versuchsplanung mit PDE Modellen. Es werden numerische Fallstudien mit den
PE und OED Problemen mit advektionsdominierten 2D Diffusion-Advections-PDE
Modellen durchgefiihrt. Mit den in dieser Arbeit entwickelten strukturausnutzenden
Methoden wurden die Beispielprobleme mit effizienter Speichernutzung gelést. Durch



die Methoden mit eingefrorenen adaptiven Komponenten wurden die konsistenten
Sensitivitdten berechnet. Wir testen den PE-Algorithmus mit unterschiedlich hohen
Messstorungen. Fiir sequenzielles OED fiihren wir eine Fallstudie mit verschiede-
nen Diffusionskoeffizienten durch. Schliefllich untersuchen wir, ob die entwickelten
Methoden stabil unter Gitterverfeinerungen sind.
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1. Introduction

Mathematical models describe many processes in physics, chemistry, biology, engi-
neering and even in social sciences and psychology. With a mathematical model it is
possible to gain more insight into the underlying mechanisms and to predict future
behavior. This is of great importance for practitioners and scientists.

Often, a mathematical model consists of a system of differential equations accom-
panied by a set of unknown, or little known, parameters. In this thesis we are
particularly concerned with partial differential equation (PDE) models. To describe
the process precisely, it is crucial to estimate the parameters accurately. We formulate
a parameter estimation (PE) optimization problem, which minimizes the difference
between experimentally obtained measurement data and simulated model response
by varying parameter values. After estimating parameters, an important question is:
how can we measure the quality of the estimation? One possibility to answer this
question is to examine the statistical significance of the estimation. It can be described
quantitatively by confidence regions, which depend on the variance of the estimates.
Optimum experimental design (OED) aims at improving this statistical significance
by minimizing the confidence regions of the parameters by changing the experimental
conditions. The experimenter sets controls, which lead to a specific experimental
design. These controls are included in a nonlinear optimization problem and those
controls are searched for which the experimental setting leads to the statistically most
significant parameter estimates. In particular, we treat the special case of sampling
design, here the controls are sampling decisions to choose individual measurement
points. Thus, in this thesis we consider optimization problems with PDE constraints,
in particular OED problems for PE.

OED problems with PDE models are rarely investigated. So far, OED problems are
mainly treated with ordinary differential equation (ODE) models. In [75], [16], [66],
[96] and [56] the authors consider OED with ODE and differential algebraic equation
(DAE) models. They treat the underlying PE problem as a constrained optimization
problem and solve it by an all-at-once approach. They transfer the OED problem into
a finite dimensional nonlinear programming problem (NLP) and solve it by sequential
quadratic programming (SQP) methods. For an one-dimensional PDE constraint,
which is reduced by the method of lines to an ODE constraint, [7] and [6] use a similar
approach.

14



For OED with PDE models and finitely many parameters, recently [79] and [50] solved
an OED problem for an application in material science. In [39], the authors combined
OED and shape optimization: they treat the shape as an experimental control. All of
them use derivative-based optimization algorithms. Furthermore, in the recent paper
[76], the authors propose an OED problem with a measurement setup based on a
positive Borel measure. As solution method they present a generalized conditional
gradient method in measure space.

Preliminary work similar to our approach for OED with PDE models has been done by
[34], [33], [97], [63] and [70]. In contrast to the ODE case, they solve an unconstrained
PE problem and use a reduced approach for the underlying PE problem. This reduced
approach for PE problems with PDE models has been extensively researched, see for
example [I7], [I8], [34], [22], [52], [3]. To solve the OED problem, which is a nonlinear
constrained optimization problem, [34] and [33] use a derivative-free method, whereas
[97], [63] and [70] utilize derivative based optimization algorithms. Particularly, they
use SQP methods to solve the nonlinear OED problem.

Simulation of the PDE model

Before discussing methods for optimization problems, we concentrate on simulation
problems for PDE models. We consider stationary 2D diffusion advection reaction PDE
models. To cover a wide range of parameters, which is important in applications, we
include advection dominated PDE models. The simulation of this advection dominated
PDE model is a challenge per se, because the standard continuous Galerkin finite
element method produces spurious oscillations [58]. A solution to that problem is the
use of discontinuous Galerkin finite element methods. For the diffusion part of the
PDE model, we select the symmetric interior penalty discontinuous Galerkin method
[9], [10]. For the advection part, we choose the upwind discontinuous Galerkin method
[84]. For the reaction part, we add an additional mass matrix.

A further challenge for the simulation of the PDE model is to compute a solution
with low effort for a prescribed accuracy. If we achieve this, it is possible to apply
our methods even to large-scale PDE models. Therefore, we investigate the well-
established technique of adaptive grid refinement for the spatial finite element grid
183], [94].

15



1. Introduction

Optimization: sensitivity generation

To solve PE and OED problems with derivative-based algorithms, we require in
particular sensitivities of the underlying PDE boundary value problem, that means
the forward or adjoint variational differential equations. The variational differential
equations are also called tangential PDEs or adjoint PDEs. We need accurate and
consistent sensitivities, otherwise the optimization algorithms could converge to a
false parameter value or converge slowly. Furthermore, the sensitivity generation is,
besides the simulation of the PDE model, the numerically most expensive part of
the optimization algorithm. Thus for an efficient algorithm it is crucial to compute
sensitivities with low numerical costs. Another error prone aspect is the operation of
the program: if the user has to provide sensitivities and thus variational differential
equations, this easily leads to errors. Therefore the sensitivities should be generated by
the program. Thus the challenge here is to efficiently generate and compute consistent
sensitivities.

Presently, two main approaches for sensitivity generation exist in the literature. First,
analytically derive the variational differential equations by the sensitivity or adjoint
approach. Then discretize these PDE problems and solve the originating systems.
Second, use automatic differentiation (AD) to calculate sensitivities. That means
differentiate the code, which means the programmed version of the discretization.

For the first approach some work exists for PE with non-advection dominated PDE
models, for example [17]. Few work exists for PE with advection dominated PDE
models: in [I8] a PE problem with an advection dominated PDE model is investigated.
The PDE model is spatially discretized by conforming finite elements. In [52], [22]
and [34], the authors consider a PE problem with an advection dominated flow. The
PDE model is discretized by a continuous Galerkin method with stabilization. Of
the aforementioned publications, [I7], [22] and [34] use the technique of adaptive grid
refinement.

The second approach is rarely investigated, because in the PDE framework it quickly
leads to memory issues, which makes the sensitivity generation with AD far too
expensive or even impossible [91]. To our knowledge, there are no publications for
PE or OED problems. In previous work the whole code has been processed by an
AD tool to build the sensitivities [46]. When the problem is large-scale, which is
easily the case in the PDE framework, the algorithm is not able to derive and store
the sensitivities. In spite of this black box approach, there exist few publications
where the structure of the discretization is considered [91], [55], [90], [49], [36]. In [91],
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1.1. Results of this thesis

[55] and [90] an optimal control problem with a PDE model is treated. The PDE is
discretized by a discontinuous Galerkin method. The authors exploit the structure of
the discontinuous Galerkin method by differentiating only parts of the discretization
with AD, namely the formula of the reference finite element. In [49] and [36], the
authors consider a shape optimal design problem. The PDE model is discretized by a
finite volume and finite element discretization. All of them differentiate only parts of
the discretization with AD to avoid memory issues. They do not use adaptive grid
refinement.

Both just presented approaches possess disadvantages. In the first approach, which is
mostly used for PE with PDE models, the user has to differentiate and implement
the sensitivities by hand. This procedure is very error prone. The second approach is
rarely used with PDE models, because it easily leads to severe storage space issues,
which makes it impossible to generate the sensitivities.

Furthermore both approaches do not consider the adaptive components of the solver
when generating the sensitivities. The adaptive components change depending on the
input, they are not differentiable. If the adaptive components are chosen differently for
the solving of state and sensitivity equations, it is not clear, if consistent sensitivities
are computed. The error in the generated sensitivities can become arbitrary large.

To circumvent these problems, we utilize a different way: we transfer the principle of
internal numerical differentiation (IND) to PDEs. This principle was first introduced
by Bock for ODEs [25], [26], [27] and extended amongst others by [4], [5], [I5]. For a
comprehensive overview see [4] and [89]. Following the principle of IND, we include
the sensitivity evaluation into the numerical scheme. That means, we differentiate the
discretization of the PDE model to get the accurate and consistent discrete sensitivities
that approximate the continuous counterparts. First steps in this direction are made
in [70], [63] and [97]. In [70] and [63] the discretization is differentiated by hand
without AD. In [97], the author differentiates parts of the discretization by AD. In
contrast to our problem, the PDE model is not advection dominated and solved with
the continuous Galerkin method. All of them do not use adaptive grid refinement.

1.1. Results of this thesis

The aim of this thesis is the efficient numerical solution of OED problems for PE
with PDE models. We especially include the case of advection dominated PDE
models. As OED problem we treat a sampling design problem. To efficiently generate
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1. Introduction

the consistent sensitivities, we transfer the principle of IND to PDE models. We
include the sensitivity generation into the numerical scheme. We differentiate the
discretization of the PDE model to get consistent sensitivities. More precisely we
investigate three relevant topics regarding the transfer of IND to PDE models: First,
we propose a differentiable upwind discontinuous Galerkin discretization for the
advection part of the PDE model and give a rigorous theoretical analysis of it. Second,
we propose two ways to exploit the common structure of primal and tangential
discretization schemes. This results in an efficient memory usage and improved
computational performance. The program generates the sensitivities automatically
and accurately, the user does not have to provide them. Third, we freeze the adaptive
components of the simulation algorithms. This must be done to generate consistent
sensitivities. In contrast to existing literature, we apply adaptive grid refinement and
investigate the influence of the adaptive iterative solver on the sensitivity generation.
We have implemented all developed methods in the new software SeafaND-Optimizer,
short for structure exploiting and frozen adaptivity numerical differentiation optimizer
(SeafaND-Optimizer). We demonstrate the efficiency and accurateness of the methods
by several numerical test cases.

Thus, this thesis presents novel efficient methods for sensitivity generation in the field
of PDE constrained optimization problems. In the following we describe the main
findings in detail.

OED for PE with advection dominated PDE model

We propose advanced methods for sensitivity generation to solve OED and PE
problems with PDE models. In contrast to existing approaches, we use derivative-
based optimization methods combined with a discontinuous Galerkin discretization and
adaptive grid refinement. That way, we develop algorithms, that can be applied to a
broad class of problems. The discontinuous Galerkin method is robust, it is especially
suited for advection dominated PDE models, but also suitable for non-advection
dominated PDE models.

Differentiable discretization: theoretical analysis and numerical results
To transfer the principle of IND to PDE models, the discretization of the PDE model

has to be differentiable. The standard upwind discontinuous Galerkin method [84],
[74], [59] is non-differentiable, because of the choice of the numerical fluxes. In [91]
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the authors avoid the problems arising by this discontinuity in manually constructing
an algorithm such that the fluxes are chosen correctly. To overcome this problem of
non-differentiability in a more general way we propose a new differentiable stabilization
for the advection in the upwind discontinuous Galerkin method. A detailed theoretical
convergence analysis of the new differentiable upwind discontinuous Galerkin method
is presented, including stability estimate and error estimate. The differentiable upwind
method has the same properties and error estimates as the standard upwind method.
In addition it is differentiable. Furthermore, numerical results show the predicted

behavior.

Structure exploitation of primal and tangential discretization schemes

Following the principle of IND, we use the same discretization for primal and tangential
PDE models. Therefore, we determine two possibilities to exploit the common
structure of primal and tangential discretization schemes. First, we exploit the
problem structure. We reuse parts of the discretized primal problem for the generation
of the discretized tangential problems as well as for the computational solution of the
discretized problems. Second, we exploit the structure of the finite element method.
We employ tailored algorithmic differentiation for the elements of the discontinuous
Galerkin method. In contrast to [91], we go one step further and differentiate the
innermost formula with AD to generate code to approximate the tangential PDEs.
That means, instead of differentiating the formula of the reference element such as [91],
we differentiate the core part of the quadrature formula. In only differentiating core
parts of the code, we save a considerable amount of memory space in comparison to
black box AD, where the whole code is differentiated. Furthermore, we obtain a much
higher accuracy than for example evaluating the sensitivities with finite differences.
Furthermore, the user does not have to provide sensitivities. The program generates
them automatically and accurately. We demonstrate the efficiency of the developed
structure exploiting methods by numerical examples.

Freezing of adaptive components

To transfer the principle of IND to PDE models, we freeze all adaptive components
to generate consistent sensitivities. Possible adaptive components are adaptive grid
refinement with an error indicator of the spatial finite element grid and the adaptive
step number of an iterative solver of the linear system, which we solve for the simulation
of the PDE models. We must discretize all PDE problems, that means primal and
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tangential problems, on one common finite element (FE) grid to generate consistent
sensitivities. We develop a heuristic: the error sum strategy for grid refinement. The
error sum strategy generates one adaptively refined grid which is suitable for the
simulation of primal and tangential PDE problems. With regard to the adaptive
step number of an iterative solver, we analyze two possible options to solve the linear
systems of all PDE models with an iterative solver. We select the option, which in
our scenario approximates the consistent sensitivities. We demonstrate the developed
methods for the evaluation of sensitivities by numerical examples.

Implementation: software SeafaND-Optimizer

We implemented all developed methods in a software called SeafaND-Optimizer,
which is short for structure exploiting and frozen adaptivity numerical differentiation
optimizer. It is a software for simulation, parameter estimation and optimum exper-
imental design with PDE models. In existing software for optimization with PDE
models, for example DOpElib [44] or RoDoBo [19], the user has to set up the tangential
PDE problems by hand. The software dolfin-adjoint [40], [4I] utilizes symbolic
differentiation to compute the sensitivities. To our knowledge, the authors [40], [41]
do not yet apply their technique to an optimization example with adaptive FE grids.
In the software SeafaND-Optimizer we implemented our approach for sensitivity
generation to transfer the principle of IND to PDE models. That means to develop a
differentiable upwind discontinuous Galerkin method, to exploit the structure and
to freeze all adaptive components to efficiently generate consistent sensitivities with
AD. Furthermore, we utilize adaptive FE grids. For simulating the PDE models, all
functionalities of dealii and amandus are available inside the SeafaND-Optimizer.
For the optimization problems the VPLAN interface and optimization algorithms are
provided. For PE we select a Gauss-Newton algorithm with step size control in the
extension PAREMERA and for OED a SQP algorithm implemented in SNOPT. Thus with
the SeafaND-Optimizer we efficiently and accurately solve PE and OED problems
with PDE models.

Case studies for PE and OED

We illustrate the efficiency of the developed methods by several example PE and OED
problems with advection dominated 2D diffusion advection reaction PDE models.
Because of our developed structure exploitation methods, no memory issues occur
while generating the tangential problems. With the error sum strategy for adaptive
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grid refinement, the PDE models are simulated with low computational effort for a
prescribed accuracy. The number of degrees of freedom for each PDE model problem,
one primal and two tangential problems, is approximately 131,500. The PE algorithm
converges linearly for different noise levels. We perform successfully sequential OED
for different diffusion coefficients. Thus the developed methods are suitable for a class
of problems. Furthermore, we execute a numerical study on mesh independence for
both, PE and OED problems. We conclude, that the study gives strong evidence that
the developed methods are stable under grid refinements.

1.2. Thesis overview

This thesis is divided in five parts, which comprise twelve chapters.

Part [I| introduces the problem formulation. In Chapter [2] we depict a general class of
PE problems with PDE models. We formulate two PDE model problems, which will
be revisited at later points in this thesis. With that we formulate the PE problem as
a constrained optimization problem. We reformulate this constrained optimization
problem with the reduced approach to an unconstrained PE problem. As a numerical
solution method for this unconstrained PE problem, we present a Gauss-Newton
method. We conclude this chapter with a statistical setting and a sensitivity analysis
of the PE problem. This sensitivity analysis is needed to formulate the OED problem
in Chapter |3l We define the experimental design and formulate a nonlinear OED
problem. As OED problem we treat the special case of sampling design, also called
optimal placement problem, optimization of sensor locations or measurement selection.
We vary measurement points to enhance the significance of parameter estimates and
minimize the uncertainty of the parameter estimation. Furthermore, we treat the
relaxation of integer constraints and survey problem variants of OED problems. After
that, we give optimality conditions for the OED problem. As a numerical solution
method we present the sequential quadratic programming (SQP) method.

Part [[T] gives an overview of the status quo in PDE discretization and sensitivity
evaluation techniques. Chapter [4] presents the foundations of the discontinuous
Galerkin methods. We especially outline the standard upwind discontinuous Galerkin
method, which we later on extend to a differentiable version. We present the discrete
problem for the diffusion advection reaction model problem. With that, we introduce
the discrete optimization problems. Finally, we recall the finite element algorithm to
simulate the PDE models. In Chapter [5| we survey sensitivity evaluation techniques.
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First, we state which sensitivities we would like to generate. Afterwards, we discuss
the principle of IND, analytical sensitivity evaluation and automatic differentiation.

In Part [ITT] we propose and theoretically analyze a differentiable upwind discretization.
In Chapter [6] we propose a differentiable upwind discontinuous Galerkin discretization
and recapitulate some basic approximation formulas. We perform a theoretical analysis
for the pure advection model problem based on a standard procedure for convergence
analysis of finite element discretizations. This analysis includes consistency of the
discretization, coercivity, a stability estimate, an error estimate for the £? projection,
an estimate for the bilinear form, an error estimate in the energy norm and a
superconvergence result. Furthermore, we show that our analysis holds as well for a
diffusion advection reaction model problem. In this case, we have to make changes.
Therefore, we again follow the standard procedure to finally show an error estimate
in the energy norm. For the case of a non normalized advection coefficient, we proof
an error estimate in the energy norm. We show that in this case the convergence
analysis changes, the constant is now dependent on the advection coefficient. All
other properties remain unchanged for the differentiable upwind discretization for the
non normalized advection coefficient. We close the chapter by numerical examples,
which confirm the developed theory.

In Part [V] we develop new methods for sensitivity generation. We transfer the
principle of IND to PDE models. In Chapter [7] we propose structure exploiting
methods for the primal and tangential discretization schemes. We exploit the problem
structure by reusing common parts of the primal and tangential discretization schemes.
Furthermore, we develop an algorithm to exploit the structure of the discontinuous
FE method. We demonstrate the efficiency of the developed methods by numerical
examples. In the next Chapter [§] we propose methods to freeze the adaptive com-
ponents of primal and tangential discretization schemes. We investigate sensitivity
generation with regard to adaptive grid refinement of the spatial FE grid. We give a
literature overview and identify possible difficulties. We develop a heuristic, the error
sum strategy for grid refinement, to generate a common spatial adaptively refined
FE grid for primal and tangential problems. After that we investigate two options
to apply an iterative solver to the linear system: the piggyback approach and the
two-phase approach. Again, we close this chapter with numerical examples.

In the last Part [V] we present the software SeafaND-Optimizer and demonstrate the
efficiency and accurateness of the developed methods for sensitivity generation by
numerical results for PE and OED problems. In Chapter [0] we explain the functionality
of the SeafaND-Optimizer. We give an overview over the software package, explain
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the program structure and the workflow of the SeafaND-Optimizer. In Chapter
we show numerical results for PE and OED problems with 2D advection dominated
diffusion advection PDE models. We first test the developed methods by a PE problem
with three different noise levels. After that, we perform a case study with different
diffusion coeflicients for sequential OED. That means, we test if the algorithms are
applicable to a class of problems. In the last Chapter we execute a numerical
study on mesh independence. We begin with a PE problem. We compare the results
of the optimization algorithm for different grid refinements of the underlying PDE
simulation. Finally, we test an OED problem for different grid refinements of the
PDE simulation to determine whether the developed algorithms are stable under

mesh refinement.
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2. Parameter estimation with PDE

models

In this chapter we introduce the parameter estimation problem for PDE models.
First we formulate PDE boundary value problems. After that we begin with a
constrained parameter estimation problem and utilize a reduced approach to attain
the unconstrained parameter estimation problem. To solve it numerically we utilize the
Gauss-Newton method. Finally we investigate the statistical setting of the parameter
estimation problem to establish the optimum experimental design problem, which we
describe in the next chapter.

2.1. PDE boundary value problem

Spaces, norms and derivatives We begin with defining two associated function
spaces and their corresponding norms: the Lebesgue space and the Sobolev space.

2.1.1 Definition. For any number p,1 < p < oo, let the Lebesgue space LP(2) be
the space of functions which are p-integrable on ). A

The corresponding Lebesgue norm is defined by
1
P

0]l 2o () = /\v[pdx , if1<p<oo.
Q

We are especially using the Lebesgue space for p = 2. The corresponding Lebesgue
norm will be abbreviated by ||.|| := [|.|| ;2(q)- If it is not clear on which domain the
norm operates, we write |||l := [|.|| ;2(q) - We shorten the notation in the usual way
by defining the £2(£2) scalar product

(- 0)a = [ yods.
Q

Similarly, we define a Lebesgue space for the boundary of the domain 02, with the
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Lebesgue norm

D =

ol nomy = | [ olPds | . 1< p< oo,
o0

and £2(09) scalar product

(y,v)o0 = / yvds.
o0

Furthermore, we define Sobolev spaces W’; (Q) to include information about the partial
derivatives in the function space.

2.1.2 Definition. For any integer k£ > 0 and any number p, 1 < p < oo, the Sobolev
space Wﬁ(Q) consists of all functions v € LP(Q2) for which all partial derivatives 0“v
with |w| < k belong to the space £P(Q) [35], [1I. A

The corresponding Sobolev norm is defined by

[l = | 3 / 0%vPdz | | if1<p< oo,

lw|<k G
and the Sobolev semi-norm is
’U|W;§(Q) = Z /\8”v\pda: , i1 <p<oo.
lwl=k O

For p = 2 together with the scalar product

<yvv)W§(Q) = Z /(‘Wyawvdm‘,
wi<k G

the Sobolev spaces are Hilbert spaces. Following the commonly used notation we write
HF () == WE(Q). We indicate by HE(2) the closure of C5°(£2) in the space H*(Q).
For further definitions and basic properties of Sobolev spaces see [1], [35], [47].

Moreover, we define directional derivatives and Fréchet derivatives [54], [89].
2.1.3 Definition. Let A : X — Y be an operator. For Banach spaces X and Y, the
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2.1. PDE boundary value problem

operator %&v is named directional derivative on Xg C X at x € X, if the limit

%51‘ = lim Alw + hor) = Alw) ey,
dx h—0 h
exists for directions dx € X. AN

We use this notation for directional derivatives, because we will be concerned with
directional derivatives of matrices.

2.1.4 Definition. Let A : X — Y be an operator with X,Y Banach spaces. The
operator A is named Fréchet differentiable on Xg C X at x € X, if there exists a
linear bounded operator A’(z) : X — Y, that means A'(z) € L(X,Y), such that

|A(z + b2) — A(x) - A’(x)éa:HY = o(||0x||y), for ||6z] 5 — O.

We indicate that A is continuously Fréchet differentiable if A is Fréchet differentiable
and A is continuous. A

The definitions hold in our setting, because Hilbert spaces are a special case of Banach
spaces.

PDE boundary value problems We start with two examples: a diffusion advec-
tion reaction PDE boundary value problem and a pure advection PDE boundary
value problem.

2.1.5 Example. Diffusion advection reaction boundary value problem. We consider
the following partial differential equation in diffusion advection reaction form, which
acts as a constraint of the parameter estimation optimization problem,

~V - (aVy) + B(p) - Vy + p(p)y = f(p) on Q, (2.1a)
y=yp(p) onl. (2.1b)

Our goal is to estimate the unknown parameters p € P C R". The state variable
y € Y is characterized by the partial differential equation boundary value problem
. The state space Y is a Hilbert space H*(Q),k > 1. Let Q be a convex domain
in RY, d = 2, with boundary I" := 9.

The operator Vy designates the gradient, Vy := (O1y,...,05y)7, with 9; partial
derivative with respect to the spatial variable x;,7 = 1, ...,d. The divergence operator
V -y is defined by V -y = Zfl:l 0;y;. Furthermore, we establish the advection operator
B(p)-Vy = 5:1 Bi(p)0iy, where the advection direction B(p) is a constant vector in
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R<.

The diffusion coefficient o > 0 and the reaction coefficient p(p) > 0 are constants.
Furthermore, let f(p) € £2(Q) be the right hand side function and yp(p) € L2(I")
the Dirichlet boundary function with I" the boundary of the domain 2. The reaction
coefficient p(p), the advection direction 3(p), the right hand side function f(p) and
the Dirichlet boundary function yp(p) are allowed to be parameter dependent.

2.1.6 Remark. The ratio between diffusion and advection rate can be expressed by
the Péclet number P, := % [85]. The constant h, is defined as the characteristic
length scale of the problem setting [92]. To calculate it, the finite element grid size h
is used. We are primarily interested in the advection dominated case with a large
Péclet number P, [85]. In practical applications that means P, is much larger than 1.
Conversely, P, much smaller than 1 represents a diffusion dominated case. A Péclet

number around 1 expresses that advection and diffusion are equally important [82],
[92]. AN

For a homogeneous Dirichlet boundary condition y = 0 on I', we get the weak or
variational form of the partial differential equation boundary value problem by
multiplying with test functions v € V(Q) := HE(Q2), k > 1, building the integral over
the domain 2, using integration by parts and the fact that the advection direction
B(p) is defined as a constant vector, independent of the spatial variables. The weak
form reads: Find y € HE(Q) such that

aa(y,v) + b(p;y,v) + pc(p; y,v) = f(p;v), Vv e V(Q). (2.2a)

The left hand side splits into a diffusion part

a(y,v) = /(Vy,Vv)d:E, (2.2b)
Q
an advection part
bipiy,v) = = [ (0 B(p) - Vo)do (22¢)
Q
and a reaction part
C(p;yvv) = (y,U)dJJ. (22d)
Q
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The right hand side reads

_ / (F(p), v)dz. (2.2¢)
Q

For a non-homogeneous Dirichlet boundary condition y = yp(p) on I', we assume
that yp € L£2(2) so that there exits an extension of yp. Let this extension be
qp € H*(Q),k > 1, such that gp = yp(p) on I'. With y := qp + Yu, Y € HE(S), the
variational form (2.2)) also holds for the inhomogeneous case with y € H*(Q) [35].

We define a short notation by F : P xY xY — R,
F(pyy,v) = aa(y,v) + b(p; y,v) + pe(p; y,v) — f(p;v).
The weak form written in short notation reads
F(p;y,v) =0, YveV(Q).

This way, we are able to pose the parameter estimation problem in a more elegant
form in the next paragraph. Furthermore the sensitivity generation in Chapter [7] and
Chapter [§ will be easier to read and understand in this short notation. A

If y is the solution of the weak form , with sufficient regularity it is also a classical
solution of the strong form of the differential equation boundary value problem
[38], 58, p.37f], [82]. Thus it suffices to solve the weak form (2.2, to obtain a solution
for the partial differential equation boundary value problem . The well posedness
of the weak form of the PDE follows e.g. from [82], [38]. The approximation of the
solution of the weak form will be explained in detail in Chapters [ and [6]

2.1.7 Example. Pure advection boundary value problem. The pure advection bound-
ary value problem reads

B(p)-Vy=f(p) on, (2.3a)
y=yp(p) onI_(p), (2.3b)

for ||B(p)|| # 0. As before, the unknown parameters p lie in the parameter space
P C R™. The domain Q is a convex domain in R¢, d = 2.

The inflow boundary is defined as I'_(p) := {z € 9Q|n(x) -
boundary is the complement of the inflow boundary I} (p) :=
yp(p) € L2(I'_(p)) is the inflow boundary function and f(p)

B(p) < 0}, the outflow
F\F (p). As before
€ L£%(Q) is the right
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hand side function.
The variational form of (2.3]) reads

b(p;y,v) = f(p;v), YveV(Q). (2.4a)

The left hand side consists only of an advection part

i) == [0.50)- Voda+ [ (80)-myopds, (24D)

Q I+ (p)

and the right hand side additionally possesses an inflow boundary term

1) = [G@)0de = [ (B0) - nyp.v)ds. (2.40)

Q I'-(p)

This variational form is well defined if y and v belong to the test space V(Q2) = V5(Q),
defined by

VA(Q) :={v e L£2(Q): 8- Vve LX)}

Again, we define a short notation, bilinear form F°(p;y,v) reads
F(p;y,v) := b(p;y,v) — f(p;v).
The weak form (2.4)) in short notation is

F(p;y,v) =0, YveV(Q).

General operator form In the next step, we formulate the weak PDEs in operator
form. Therefore we define an operator for the diffusion advection reaction Example
by D: P xY — Y* here Y* is the dual of Y, < .,. >y«xy denotes the duality
pairing between Hilbert space Y and its dual Y™,

< D(p;y),v >y+xy= F(p;y,v), YveV(Q).
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The weak form (2.2)) in operator form reads

D(p;y) = 0.

Analogously for the pure advection Example the operator D® reads
<Da(p;y)7U>Y*><Y: Fa(P§yaU)7 Vo € V(Q)
The weak form (2.4]) in operator form is

D%(p;y) = 0.

2.2. Parameter estimation problem

Constrained Parameter Estimation Problem The model responses, or in other
words the measurement functions, h : P x Y — Z map the parameters p and the
state variable y to the measurement space Z = R™. The vector h consists of single
measurement functions h;(p;y),i = 1, ...,m. The dimension of the measurement space
is assumed to be greater or equal than the dimension of the parameter space m > n,,.
Both, parameter and measurement space are assumed to be finite dimensional.

The measurement data 1 € Z consists of single measurements n; € R,¢ = 1,..,m,
which are the values of measurement functions h; with respect to the true parameters

p*, plus measurement errors &;,
m=hi(p*iy) +ei, i=1,.,m

We assume the errors to be independent and normally distributed with zero mean
and variances o2, g; ~ N(0,02).

The least squares functional G : P x Y — R calculates the difference between the
model response hi(p;y),i = 1,...,m, and the measurement data 7;. We define a
weighted least squares functional by

m R 2 m
Glpry) = 23 (W) L (2.5)
2 2
=1

i=1 i

The residuals 7;(p; y) are functions from P x Y to R. We assume, that the residuals
are continuously differentiable.
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With these ingredients we define a constrained parameter estimation problem:
2.2.1 Problem. (Constrained Parameter Estimation Problem) Minimize the
least squares functional G

min G ;
Lopin G (p;y)

subject to
F(p;y,v) =0, YveV(Q),

which is given as a weak form of a partial differential equation boundary value problem
defined in Section [2.1]

The least squares functional G : P x Y — R is minimized subject to the parameters
p and the state variables y. We are not including inequality constraints in the
optimization problem. The weighted least squares functional G(p;y) is known to
deliver a maximum likelihood estimate, see the following Section

Unconstrained / Reduced Parameter Estimation Problem We reformulate
the constrained parameter estimation Problem [2:2.1] as an unconstrained or reduced
problem. Up to now, the optimization variables are the states y and the parameters p.
In the reduced problem, the optimization variables are only the parameters p. In that
way the optimization problem has a lower dimensionality. The storage requirements
are reduced during the solution of the optimization problem, see for example [93],
[54]. Let us make two assumptions: first let G(p;y) and F(p;y,v) be continuously
Fréchet-differentiable. Second let the state equation F(p;y,v) = 0 possess for each
p € P a unique corresponding solution y(p) € Y, which follows directly from the
well-posedness of the weak formulation of the PDE. Then there exists the solution
operator S(p), S: P — Y. It satisfies the state equation

F(p;S(p),v) =0, YveV(Q).

We insert this operator S(p) into our constrained parameter estimation Problem
and obtain the corresponding unconstrained or reduced problem.

The reduced cost functional G : P — R is defined by inserting the solution operator
S(p) in the constrained cost functional G(p;y)

G(p) = G (p;S(p)) - (2.7)
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Next we define in the same manner the reduced measurement functions h; : P — Z,
hi(p) := hi(p; S(p)), and the reduced residuals r; : P — R, r;(p) := 7;(p; S(p)). Thus
the reduced cost functional G(p) altogether reads

a<p>:;z(“z<p>) =23 20,

i=1 i

We collect the single elements h;(p), ri(p),7; and &; in vectors h(p),r(p),n and e,
respectively.

Now we can state the unconstrained parameter estimation problem.
2.2.2 Problem. (Unconstrained Parameter Estimation Problem) Minimize
the reduced least squares functional G(p)

min G(p).

peP

The solution of a weak form of a PDE boundary value problem enters the uncon-
strained parameter estimation Problem via the solution operator S(p). The only
optimization variables are the parameters p.

The existence and uniqueness of a solution to the parameter estimation problems is
highly problem dependent. We assume that solutions to both the constrained Problem
2.2.7] and the unconstrained Problem 2.2.2] exist. Later in this thesis we obtain
discrete optimization problems, which are discrete with regard to the underlying PDE
boundary value problem. We assume that solutions to these corresponding discrete
optimization problems exist.

A detailed investigation of existence and uniqueness of the solution of the considered
problems, the constrained Problem and the unconstrained Problem for
various problem settings is found in [3], [54], [89], [93], [95]. For necessary optimality
conditions of first and second order and for sufficient optimality conditions see [54],
[93].

2.3. Numerical solution method: Gauss-Newton

To solve the unconstrained optimization problem described in Section [2.2] we utilize a
Gauss-Newton type algorithm. The Gauss-Newton algorithm iteratively approximates
the solution. This is required, because the least squares functional G is in general
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nonlinear. In the next paragraph, we mainly follow [77, pp.245ff].
Starting from an “initial guess” pg, the new iterate pi1q of the Gauss-Newton method
is

Pr+1 =Pk + Udpr, 0 <t <1,
where tj, is the step length and the increment dpi€ R™ is the solution of the linearized
problem at p = p;

1

. ) ) 2
6;1611}{1}’1’ 5 Hrz(p) + Jl(p)(spHQ . (28)

As before, the residuals are functions r : P — R"™. The Jacobian J(p) € R™*" is
defined by

Vpri(p)
J(p) = &) [dm(p)] _ | Ver20)”
dp dp; Zfllzz :
S Vprm(p)T

The optimality condition of the linearized problem ([2.8) with solution dp is:
J(p)" I (p)sp = =T (0)"r(p). (2.9)

Instead of solving the standard Newton equation V2G(p)p = —VG(p) = —J(p)Tr(p),
the Gauss-Newton algorithm approximates the Hessian by a product of the Jacobian:
V2G(p) ~ J(p)TJ(p). This is possible, because of the special structure of the least
squares problem. With help of the chain rule the Hessian V2G(p) can be expressed
as:

m

V2G(p) = J(p)" J(p) + > ri(y(p), p)Vri(p). (2.10)
i=1

If we omit the second term on the right side, we get the approximation made above.

Local convergence of the Gauss-Newton method The local convergence of
the Gauss-Newton method is proven in the local contraction theorem by Bock [27].
The conditions introduced there can be interpreted such that the Gauss-Newton
method only converges to statistical relevant minima [27, p.72]. The convergence is
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linear [27], [77]. In addition, for small residuals the approximation of the Hessian by
the product of the Jacobian is a good approximation. This enables a fast convergence
of the Gauss-Newton method, which is almost as good as a second order convergence
[89], [75], [T7]. Because of these two advantages, we choose the Gauss-Newton method
to solve the parameter estimation problem numerically.

The Gauss-Newton algorithm proceeds as follows: we solve the linearized problem
to compute the increment dp. As long as the gradient of the least squares
functional VG = J7r is non-zero and the Jacobian has full rank the increment dp
is a descent direction for our Newton-type iteration [77, p.254]. Hence, we compute
the new iterate pgy1. After that the loop starts again, until the stopping criterion
|0p|l, < tol is fulfilled. For the Gauss-Newton algorithm in the unconstrained case
this is a suitable stopping criterion, because of

op=—(J(P)"IP)) I r(p") =0, (2.11)
& JEH)Trp) = CZ); lr(p")]|> = 0, (2.12)

a zero increment 0p, in (2.11]), is equivalent to a zero derivative of the objective
function with respect to the parameters (2.12)), [89]. In particular, the stopping
criterion

13pII% < tol? -, (2.13)

where tol is a given tolerance and c¢ a constant scaling factor, for example the number
of variables, has been successfully approved in practice in the softwares PAREMERA [63]
and PARFIT [25], [88].

To solve equation we need to calculate the entries of the Jacobian J(p) of the
residuals r(p). In our setting, the Jacobian is equal to the directional derivatives of
the model responses h;(y(p), p) with respect to the parameters, multiplied by the
weighting factor U% The entries of the Jacobian are

Jii) = L) d(m”wﬂ

dpj o dpj ag;
__ 1dh(p)
B oF) dpj ‘

The main computational effort of the algorithm, besides the evaluation of the partial
differential equation boundary value problem, lies in the building and evaluation of
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2. Parameter estimation with PDE models

these derivatives. Especially the accurate, automatic and efficient derivation of the
needed derivatives is considered in Chapters [7] and

2.4. Statistical setting and sensitivity analysis

The measurement data 7; are uncertain in the way that measurement errors ¢; are
introduced. Through the least squares functional G this uncertainty is embedded
in the parameter estimation optimization problem. Let us take a closer look at the
statistical framework. A comprehensive treatment of the topic is found in [13], [14].
A similar approach is taken in [97], [27], [66].

We first give a statistical derivation of the least squares approach. After that, we
approximate the covariance matrix in order to analyze the significance of the parameter
estimates. Finally, we approximate the confidence regions to get an explicit expression
for the statistical uncertainty of the estimates.

Statistical derivation of the least squares approach A probability distribution
function f;(ai) describes the uncertainty of the measurement errors ¢;,¢ = 1,..,m,
given the true parameter values p*. Let us make the first of two assumptions.

2.4.1 Assumption. The errors are statistically independent. A

With this Assumption we define a joint probability distribution function for all
errors by the product of the single probability distribution functions

Fo(e) = [T fi(eo)-
i=1

Furthermore, we model the measurements by the following relation
ni = hi(p*) + &,

the measurements consist of model response plus measurement errors. This measure-
ment model is specified along with a joint probability distribution function f,(e).

As we have seen before, the residuals represent the error between the measurements
and the model response r;(p) = 1; — hi(p). This error should be near the true
measurement error, in case we are near the true values of the parameters. Thus, we
insert the residuals in the joint probability distribution function and replace the errors
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2.4. Statistical setting and sensitivity analysis

e by the residuals r(p)

L(p,e) := fp(r(p)) = fp(n — h(p)). (2.14)

This function is called likelihood function. We get the maximum likelihood estimate
by taking the maximum of this likelihood function over the parameters

max L(p,e). (2.15)

This is done for given measurements n with measurement errors €. Thus, by maxi-
mizing with respect to p we get the most likely parameters p for given measurements

n.

What is missing is the shape of the probability distribution function for our errors .
Let us make a second assumption.

2.4.2 Assumption. The errors ¢; are normally distributed with zero mean and
variance o7, g; ~ N(0,02). A

For the probability distribution function for the normal distribution N'(0,c?) the
joint probability distribution function is

(2.16)

m 1 1
fple) = H exp (—52>.
i=1/2m0? 207"

If we insert the joint probability distribution function for the normal distribution
(2.16)) in the likelihood function ([2.14)), we get

L(p.e) = fp(n—h(p))

The goal is to maximize this function L(p,e) over the parameters p. If we instead
maximize the logarithm of L(p, €) over the parameters p, we obtain the same maximum
for p. We use the fact that the logarithm of a product is the sum of the logarithm of
the factors and get two terms. The first one is independent of p. The second one is
the negative counterpart of our least squares functional. Therefore we rewrite the
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2. Parameter estimation with PDE models

maximization problem as a minimization problem.

argmax L(p, e) = argmaxlog(L(p,¢))
p P

1 (mi — hi(p))2>
= argmax log H exp (—
i=1 /2702 207

= argmax E log 72
[on , o}
=1 ?
1o~ (=
. 7
= argmin — E 7.
p 2 i— 0'22

The maximum likelihood estimation problem is equivalent to solving the
minimum least squares problem. Or in other words: our minimizing least squares
problem is a maximum likelihood problem. If we solve it, we obtain an estimator
P, which is the most likely value of p given the measurements n with measurements
€rTors €.

Approximation of the covariance matrix In the next step, we want to verify
the statistical significance of the estimated parameters. If the estimated parameter
value is influenced strongly by insignificant variations in the data, it is ill-determined.
This is expressed by a large variance of the estimate. To analyze the significance of the
estimates we therefore compute the variance-covariance matrix, or shorter covariance
matrix, C'. The idea behind this is, if we repeat the experiments often, how would
the estimates differ from one repetition to another [13]?

We examine the solution p of the Gauss-Newton algorithm. The increment dp, which
is the solution of the linearized problem , is a random variable, because the
measurements are random variables. The increment is determined by the optimality
condition for the linearized problem . We compute the expected value of the
increment, by first inserting this formulation (2.9). After some transformations we
arrive at an expected value of zero

Elop) = B [-(JT7) 1"
= —(JT)LITE[r]
= (T ITE 27 (- b))
=—Jtn~tsto
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2.4. Statistical setting and sensitivity analysis

=0,
where X' := diag (0,7 = 1,..,m). For clarity, all arguments are omitted here.
For the expected value of the product of the residuals we have
E {TTT} =F [271(77 —h)(n— h)TEfl}
—y g [nnT} sl yig2yl o,

With that, we get for the covariance matrix, which is defined as the expected value of
a product of increments,

C:=FE [5p5pT}

[~ L) (=T Ty~ T )T ]

(T I T ()7

= TR [ ()

=t tutgatnt

= Jt~L (2.17)

:E(
:E(

We arrive at a term, which is only dependent on the Jacobi matrix . Thus we
are able to compute the covariance matrix by evaluating the Jacobi matrix.

2.4.3 Remark. Another way to arrive at this representation of the covariance matrix
is to use a Taylor expansion of the optimality condition of the reduced parameter
estimation problem instead of using the linearized problem of the Gauss-Newton
algorithm. Retaining only terms of first order and applying these terms to compute
the covariance matrix leads to representation (2.17)), see [13], [33], [97]. A

Confidence region For a more explicit expression of the significance of the param-
eter estimation, we employ the concept of confidence regions.

A nonlinear confidence region for the true parameter p* in our setting is defined by
[97]

Gn(ap,p):={peR™: Hr(p)H2 — Hr(p*)H2 <72 (ay)}, (2.18)

where v2(,) is the quantile of the x? distribution for value «,. € [0,1] and n, degrees
of freedom. That means, that with probability 1 — a,. the true parameter values p*
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2. Parameter estimation with PDE models

lie inside the nonlinear confidence region.

Because we do not know the true parameter values p*, we perform the computation
with the estimated parameters p. If we would repeat the experiments one hundred
times, each experiment would produce a different estimate p. For each such estimate
we could build the confidence region . Then the values of the true parameters
p* should be included in about (1 — «;) - 100 of these confidence regions. For example
ar = 0.1, then the true parameter values should be included in ninety of these
confidence regions [13].

We approximate the nonlinear confidence region by first linearizing it and after
that showing that the linearized confidence region is part of a cuboid. A linearized
confidence region reads

Gr(arp) = {p €R™: [r(p") + T ") — p)|* = [r(@")* < 27 (en)}
The residual r(p*) vanishes, thus it follows

Grlop,p) ={peR™: (p—p) " (JTT)(p—p*) < ¥ (ew)}

Note, that the inverse of the covariance matrix C~! is a core part of the formula for
the linearized confidence region. Instead of the unknown true parameter values p*,
we approximate the confidence region with the estimated parameters p

Grlamp)={peR™: (p—p)TC ' (p—p) <7 ()} (2.19)

In the next step, let us show that the linearized confidence region G, (a.,p) is part of
a cuboid, whose side lengths are dependent on the diagonal elements of the covariance
matrix C.

2.4.4 Lemma. Let

0; =y (0p)vVCiiy, i=1,..,np

with Cy; the diagonal elements of the covariance matriz C. Then the linearized

confidence region is part of a cuboid
Gr(ar,p) C[P1—01,P1 + 01] X ... X [Pn, — On,ys Py, + On,)-

Proof. The definition of the linearized confidence region G («,, p) contains the inverse
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2.4. Statistical setting and sensitivity analysis

of the covariance matrix
(p—p)"C p—p) < 7ilar).
We treat the inequality component-wise and apply transformations

(pi — 5)TC;  (0i — pi) < 2 ()

s (pi—pi)? < v2(ay)Cii
& |pi — Dil < (0 )/ Cii = 6,

which lead to the claim that the linearized confidence region is part of a cuboid with
side length 2 - 6;. O

The significance of the estimated parameters is expressed by the “size” of the confidence
region for given «,.. The “smaller” the confidence region, the more significant are the
estimated parameters. As we have seen, the confidence regions can be approximated
with the help of the covariance matrix. We will utilize this relation in nonlinear
optimum experimental design in the next Chapter [3] by assigning a scalar value to
the “size” of the confidence region. For that, we will use an information function or
criterion, which operates on the covariance matrix.
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3. Optimum experimental design with
PDE models

The present chapter deals with the optimum experimental design problem for param-
eter estimation with PDE models. First the optimum experimental design (OED)
problem, specifically the sampling design problem, is presented. We first depict the
measurement design. After that we present the OED problem formulation. Thereafter
we relax the integer constraints for the numerical solution of the OED problem. Then
we present two problem variants. After that the optimality conditions for the relaxed
OED problem are formulated. Afterwards a numerical solution method for the OED
problem based on sequential quadratic programming (SQP) methods is depicted.

A similar OED setting for ordinary differential equations is presented in [66], [96] and
[56]. For PDEs, [97] and [63] investigate a similar setting. We follow them in most
points in this chapter.

3.1. Measurement design

Measurement grid A finite grid of possible measurement points

xtxy, L xn €Q (3.1)

' VN

is constructed, see Figure [3.1] where n,, is the number of possible measurement
grid points. The point measurements at these grid points are incorporated in our
measurement functions

with ng the number of possible measurement functions. Every measurement function
describes a point measurement at a measurement point. We assume the function y to
have sufficiently many weak derivatives, such that the state space Y = H*(Q) embeds
in continuous functions. With that, the point measurements are well-defined.

The measurement points, which exhibit the most information for the parameter

estimation, are chosen by the optimum experimental design algorithm. It is possible,
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3.1. Measurement design

that two measurement functions hy and hy are available at the same measurement
point z%*: hy(p; x7'), ha(p; 7*). The construction of the grid may be prescribed by
the measurement methods present or by the process under investigation.

L] L] L] [ ]
o o o o
o o o o
L] L] ° L]

Figure 3.1.: Setup sampling design. The picture shows an example domain {2
with circles for possible measurement points and points for realized
measurement points.

Sampling decisions For the algorithmic selection of measurement points we in-
troduce a vector of sampling decisions w = (w1, ..., wy, g)T. The sampling decisions

are assumed to be integer variables w; € {0,1},i = 1,...,ny. If the sampling decision

m
J
optimum experimental design and if the sampling decision w; is one, the measurement

wj is zero, the measurement is not realized in measurement function h;(p;z’") in an

is realized. Out of ny possible measurements those measurements are selected, which

contain the most information for the parameter estimation.

Inequality constraints The number of measurements to select is constrained by
an upper bound m. The sum of all sampling decisions should be below the bound

g
Z w; < m.
i=1

This guarantees that only m measurements are chosen by our algorithm. Addi-
tional constraints on the measurement design, for example a maximum number of
measurements per measurement method, can be formulated by linear functions of w;.

Another possibility to constrain the number of measurements is via costs. For example
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3. Optimum experimental design with PDE models

we have costs ¢; per measurement ¢. With a linear cost model we get

Ng
E cw; < Mg,
i=1

where m. is the maximum costs we would like to spend. This concept is flexible
with regard to different costs for different measurement points or different costs for
different measurement methods. The constants c; are set before the optimization, the
sampling decisions w; are the free variables.

We combine all inequality constraints, which depict the measurement design, in the
linear constraint function ¢,, with

0 < e (w).

Variances We weight the variances o; of the measurement errors with the sampling

decisions w;. Thus the measurement errors are normally distributed with variances
2 2

[n . (o

wsle g~ N(0, 1)

7wi

PE problem for OED Let us state the parameter estimation problem, which
underlies the optimum experimental design problem.

3.1.1 Problem. (Unconstrained parameter estimation problem for OED)
Minimize the reduced least squares functional G(p)

ng . 2 ng
min G(p) = 3 > w (”ﬁ hz(p)) =23 7).
=1

P .
pe =1 o

As before, the solution of the weak form of the PDE boundary value problem enters
the Problem via the solution operator S(p), where G(p) = G(p; S(p)).

Notice the slgght difference to the preceding parameter estimation Problem [2.2.2}
variance is % instead of o2 before. This way the sampling decisions w; enter the
parameter estimation problem. Because of that the residuals change as well to

i — hi(p i — hi(p
742,([)):77L():\/@n U‘().

Additionally the sum adds the set of all possible measurement functions i = 1,...,n4
instead of m functions before. The selection of m functions is done via the sampling
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3.2. OED problem formulation

decisions w;. Only the number of m sampling decisions is equal to 1, the remainder
is equal to 0. The sampling decisions w; are fixed during the parameter estimation.
Contrary the parameters p are fixed during the optimum experimental design.

3.2. OED problem formulation

Criteria The goal of optimum experimental design is to improve the statistical
significance of the estimated parameters. The "size” of a confidence region expresses
the quality of the estimated parameters. The ”"smaller” the region, the more significant
are the estimated parameters. A question arises: How to measure the ”size” of the
confidence region? We will make use of information functions [81], which are in the
context of OED also called criteria.

The classical optimum experimental design criteria operate on the covariance matrix
C of the parameter estimation problem. Let us introduce three classical optimum
experimental design criteria [81), p.135ff]

o average-variance criterion (A-criterion)

Dy(C) := ni tr(C),

e determinant criterion (D-criterion)

1

&p(C) = det(C’)@,

o smallest-eigenvalue criterion (E-criterion)

P (C) := max{\;|\; eigenvalue of C'} = ||C||2,

and one additional criterion, indroduced by [75],

o confidence region criterion (M-criterion)

D) (C) :=max{y/Cj,i=1,...,np}.

In Figure 3.2 a geometrical interpretation of these four criteria in comparison to the
confidence region (2.19)), or confidence ellipsoid in two dimensions, is shown. The
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3. Optimum experimental design with PDE models

A-criterion is proportional to the average half-axis length of the confidence ellipsoid.
The D-criterion can be visualized by the volume of the confidence ellipsoid. The
E-criterion is proportional to the largest half-axis length of the confidence ellipsoid.
The M-criterion can be depicted by a box around the confidence ellipsoid, we have
shown this connection in Lemma [2.4.4 By minimizing one of the criteria, we minimize
the confidence region [66], [15], [96].

objective functions

4.0
3.5
3.0
2.5

2.0 o p: STV, SO E S—
i : : ellipsoid
1.5 A-crit.
1.0 E-crit. |4
M -crit.
0.5 : ! ‘ D-crit.
0'00 1 2 3 4 5 6 7

Figure 3.2.: Confidence ellipsoid and geometrical interpretation of A-, D-, E- and
M-criteria, taken from [96].

Other criteria based on the Fisher information matrix, which is the inverse of our
covariance matrix C', are also possible. In that case, we get a maximization problem,
see [81], [87].

A different idea is the minimization of a key performance indicator also referred to
as quantity of interest. Instead of minimizing a function of the covariance matrix
of the parameter estimation problem, another important indicator in the problem
formulation is minimized. That means, not the significance of the parameter estimation
is optimized, but an important output of the model. For OED with DAE and ODE
this idea was first introduced by [67]. In [72], [73] OED and optimal control objectives
are combined for ODE models. A user defined interest functional is presented in [22]
for model calibration with a PDE model.

3.2.1 Remark. Scaling. The A-, D-, E- and M-criteria, which we will use in this
work, are not invariant to the size of the parameters. A difference in magnitude of
the individual parameters leads to a unilateral preference of the parameters with
the biggest absolute value. A solution to this problem is scaling. In most cases the
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3.2. OED problem formulation

parameters are all scaled to one. Parameters, which are considered more important,
could be scaled to a higher value than the other parameters. That way, these
parameters are estimated with higher accuracy than the rest [I5], [66]. A

OED problem Let us formulate the OED problem. The OED or sampling design
problem is a constraint nonlinear optimization problem. It consists in minimizing
criterion @(C'(w, p)), under constraints on the sampling decisions w;:

3.2.2 Problem. (Optimum experimental design problem)

min &(C(w,p))
subject to

0 § Cm(w)a
w; € {0,1}, i=1,..,ng.

Every sampling decision w; corresponds to one potential measurement function
hi(p; x}”),z =1,..,n4, which describes a point measurement at a spatial measurement

point z7",j = 1,...,ny. Finding the minimizing sampling decisions w; leads to a
m

selection of measurement functions hs(p;xj ),s = 1,..,m, and thus a selection of

spatial measurement points.

As defined before the objective function of Problem [3.:2.2] i.e. the optimum experi-
mental design criterion, is dependent on the covariance matrix C

C=Jrnt

in the solution point of the underlying reduced parameter estimation Problem [3.1.1]
The entries of the Jacobian J are

Lritp) = D)

Jij(p) = 5—r;

The solution of the PDE model enters here via the solution operator S(p), according to
the definition of the reduced residuals r(p) = 7(p; S(p)) and the reduced measurement

functions h(p) = h(p; S(p)), see Section

Regarding the evaluation or generation of the Jacobian J there exist different possibil-
ities. These possibilities will be investigated in detail later in the separate Chapters
and B
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3. Optimum experimental design with PDE models

3.2.3 Remark. Parameter dependence. The covariance matrix C' depends on the
parameters p. Usually we evaluate the covariance matrix in the solution point of the
parameter estimation Problem [3.1.1} Thus it is dependent on the parameter estimate
and indirectly also on the measurements 7;. Solution strategies to take into account
bad parameter estimates are sequential OED and robust OFED, for details see the
following Section [3.4] A

The sampling design problem investigated in this thesis is a special case of the general
optimum experimental design problem. The optimization variables only enter the
least squares functional of the parameter estimation problem, not additionally the
partial differential equation boundary value problem.

3.3. Relaxation of integer constraints

Relaxed OED problem For the numerical solution of the optimum experimental
design problem, we relax the mixed-integer constraint w € {0, 1} to

w € conv({0,1}), (3.2a)
&S 0<w; <1, i=1,..,ng4, (3.2b)

where conv(.) is the convex hull. The formulation is in contrast to the mixed-
integer variant continuous. The resulting relaxed optimum experimental design
problem reads

3.3.1 Problem. (Relaxed optimum experimental design problem)

min &(C(w,p))

subject to

An important question is, if the solution of the relaxed OED Problem [3.3.1] with the
relaxed sampling decisions formulation (3.2)) as a constraint, is a reasonable solution
for the OED problem with the mixed-integer constraint, Problem

There are two possibilities to obtain an integer solution from a fractional solution: use
a rounding strategy [16], [66] or refine the possible measurement grid. As a rounding
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3.4. Problem variants

heuristic we could use a simple round up and off strategy, that means round up the
biggest sampling decisions and round off the smallest ones, keeping the sum of all
sampling decisions equal or below the maximum number m. Another possibility is
the sum up rounding strategy, where the sampling decisions are summed up until the
sum reaches one. This strategy is used in time-dependent problems. We could adapt
it to our spatial setting. In [87] it is showed, that using the sum up rounding strategy
is possible. But it could have a so-called chattering behavior, that means switching
often between yes and no. That is, why the authors in [87] recommend to refine the
possible measurement grid.

Another point investigated in [87] is the ill-posedness of the OED problem, if the
maximum number of measurements m is set too high. Additional measurements
contribute little to the minimization of the objective function, because the placed
measurements are already placed optimal. As a solution they propose a £! penalization
in the objective function, which couples the cost of a measurement to a minimum
amount of information it has to contribute. Another possible solution is a sequential
or greedy placement of the measurement points [51].

Regarding the existence and uniqueness of a solution of the mixed-integer constrained
OED Problem and of the relaxed OED Problem to our knowledge results
only have been proven for DAE and ODE constraints [16], [56], [66], [75], [96]. For
PDE constraint OED problems, in [76] a unconstrained version of the OED problem
is investigated. In this thesis we do not answer the open question of existence and
uniqueness and assume, that a unique solution to both problems exists.

3.4. Problem variants

Parameter dependence As addressed in Remark the covariance matrix and
thereby the objective function of the OED problem, is dependent on the parameter
estimate p. To decrease this influence, two solution approaches are possible, sequential
OED and robust OED. Let us sketch them briefly.

In sequential OED a cycle of practical experiments, parameter estimation and optimum
experimental design is performed. The estimates are enhanced by performing new
optimized experiments in practice. The OED objective is no longer dependent on
one set of measurements, but on multiple ones, which are performed in different
experimental settings. For further details, see [15], [16], [66], [68].

The idea of robust OFED is to take a closer look at the worst case scenario. Namely
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3. Optimum experimental design with PDE models

the parameters are estimated extremely poor. A min-max optimization problem is
considered: the minimum of the maximum value of the objective function &(C') over
the confidence region is computed. Fur further details, see [28], [69].

Multiple experiments Instead of performing one single experiment, we could
perform multiple experiments. From multiple experiments we gain more information,
which we can use to estimate the unknown parameters. Especially when applying OED
to optimize the experimental setting, the optimized experiment should be performed
in practice. With the new measurements from the optimized experiment we once
again estimate the parameters.

All methods, which we present and discuss in this thesis, are also applicable and avail-
able for the multiple experiment setup. For details on PE with multiple experiments
see [63], [64], [65], [88] and for OED with multiple experiments see [56], [57], [66]. In
the following we present the case for a single experiment.

3.5. Optimality conditions

In this section we follow [77, chapter 12] and [97, section 4.3]. We set up the optimality
conditions for the relaxed OED Problem B.3.1]

We reformulate the relaxed OED Problem [3.3.1] as a general constrained optimization
problem. Therefore we distinguish equality and inequality constraints. We aggregate
each of them in index sets, index set £ for the equality constraints and Z for the
inequality constraints.

3.5.1 Problem. (Relaxed optimum experimental design problem revisited)

min &(C(w,p))

subject to

cj(w) =0, je¢g,

cj(w) >0, jeZ.

We need this distinction between equality and inequality constraints, because the
inequality constraints need special treatment in the setting up of optimality conditions.
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3.5. Optimality conditions

Therefore we use the concept of active and inactive inequality constraints and define
the active set A(w) as follows.

3.5.2 Definition. The active set A(w) at any feasible w contains the indices of the
equality index set £ and the indices of the inequality constraints, which take equality
in w

A(w) :==EU{j € I|cj(w) = 0}.
The inequality constraint j € 7 is said to be active at w, if ¢;(w) = 0. A

Let us define a condition on the gradients of the constraints c¢;, which we will need to
set up the optimality conditions.

3.5.3 Definition. (LICQ) Given a vector of sampling decisions w and the correspond-
ing active set A(w), Definition the linear independence constraint qualification
(LICQ) holds, if the set

{Vej(w),j € A(w)}

is linearly independent. A

Furthermore the Lagrange function L(w,l) of the relaxed OED Problem reads

L(w,1) = &(C(w,p)) = Y ljcj(w),

jeEUT

with the vector | of Lagrange multipliers l;,j € £ UZ. With these ingredients, the
necessary optimality conditions for the relaxed OED Problem are

3.5.4 Lemma. Necessary optimality conditions (Karush-Kuhn-Tucker conditions) Let
w* be a local solution of Pmblem the functions ®(w, p) and cj(w) be continuously
differentiable and let LICQ) in Definition[3.5.5 hold at w*. Then there exists a Lagrange
multiplier I*, with components [5,j € € UL, such that the following conditions are
satisfied at (w*,1*)

Vo L(w*, 1) =0,
cj(w*) =0, foralljeé,
cj(w*) >0, foralljeI,
>0, foralljel,
Giej(w®) =0, forallje&UL.
Proof. A proof can be found in [77, section 12.4]. O
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3. Optimum experimental design with PDE models

3.6. Numerical solution methods: Sequential quadratic
programming

In this section we follow [77, chapter 18] and [97, pp.67ff]. To solve the nonlinear
problem with equality and inequality constraints, the relaxed OED Problem
effectively, we approximate it by a quadratic program. Iteratively a sequence of
constrained quadratic subproblems of the form

I%lin %(5U)TH(UJ, Déw + V& (w,p)’ sw
st Vej(w)Tdw + cj(w) = (3:3)

Vej(w)'ow + cj(w) >

9y jeg?
) j€I7

are solved. The objective function of the subproblem (3.3)) is composed of a approxi-
mation of the Hessian of the Lagrange function with respect to sampling decisions
w

H(w,l) ~ V2 L(w,1),

and the gradient of the objective function of the relaxed OED Problem [3.5.1] The
constraints are the linearized constraints of the relaxed OED Problem B.5.1l We
minimize the quadratic subproblem (3.3|) with respect to search direction dw.

In Algorithm [1| the complete sequential quadratic programming (SQP) algorithm
is presented. First, start values are set, functions and gradients of the objective
function @(C(w,p)) and the constraints ¢;(w) are evaluated. The Jacobian of the PE
Problem [3.1.1]is computed for a fixed parameter value p. This value p could originate
from a preceding parameter estimation. A convergence test is performed before each
iteration, to check if we can stop the algorithm. After that the search direction is
obtained by solving the quadratic subproblem (3.3)) with the approximation of the
Hessian of the Lagrange function. The next step is to find a step size and finally we
update the iterates and compute the function and gradient values of the objective
function @(C'(w,p)) and the constraints ¢;j(w) for the new iterate.

There are many variants of SQP methods: they differ in the choice of the Hes-
sian approximation, the approximation of the quadratic subproblems, the step size
computation and the choice of the convergence test.

Computing the Hessian of the Lagrange function is computationally expensive. There-

fore we approximate it. One possibility is a quasi-Newton approximation, which
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3.6. Numerical solution methods: Sequential quadratic programming

Algorithm 1 SQP algorithm for relaxed OED problem

1:
2:

3:
4:

Start values wq, lg, Hy. Set k = 0.

FEvaluate @(C(wo, p)), VO(C(wo,p)), cj(wo), Vej(wo),j € EUL

and the Jacobian J(p), with value p fixed.

Convergence test, if satisfied stop, if not satisfied go to [

Compute search direction

if k > 0 then

Compute an approximation of the Hessian of the Lagrange function

Hy(wyg, ly) ~ Viﬁ(wk, Ik)-

end if
Solve 1
min o’ HY (wy, 1) ow + V&(wy, p)” dw

ow
sit. Vej(wg) ow + ¢j(wy,) =0, jeé,
Ve (wi) T dw + cj(wg) > 0, jeT,

obtain dwy, search direction and [}, Lagrange multiplier. Go to

5. Find step size oy Go to[0]

Tterate
W1 = Wk + ag dwg, (3.4)
1 =l + ag (I — k).

Evaluate

O(C(wry1,p)), VO(Clwii1,p)), cj(wpr1), Vej(wprr), jeEEUTL,

k:=k+1,gotofd
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means the use of Broyden-Fletcher-Goldfarb-Shanno (BFGS) or symmetric rank one
(SR1) update formulae. For the approximation of the quadratic subproblems
active set or interior point methods can be utilized. We will use a active set strategy
[56], [T7]. For choice of step size and convergence test we refer to literature [56],
[77]. As a stopping criterion the Karush-Kuhn-Tucker conditions in Lemma are
eligible.

Specially in the utilized software in SNOPT [43], [42] a limited memory BFGS is imple-
mented, where former iterates are ignored occasionally. In blockSQP [56] partitioned
quasi-Newton updates are implemented, including SR1 and BFGS updates.

Local convergence SQP The convergence properties of a SQP method are mostly
dependent on the choice of the approximation of the Hessian of the Lagrangian. With
an exact computation of the Hessian, the SQP method is equivalent to Newton’s
method with local quadratic convergence. When approximating the Hessian with
a BFGS update, under some additional conditions the local convergence rate is
superlinear. For global convergence, the choice of the step size is crucial. Hence for
proofs and further investigation of the convergence properties see [77].
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4. Discontinuous Galerkin finite

element methods

In this chapter, we focus on the discretization of the underlying PDE boundary value
problem, which is a stationary 2D diffusion advection reaction PDE boundary value
problem, see Example We are particularly interested in an advection dominated
case, with a Péclet number much larger than 1. For a definition of Péclet number
number see Remark This leads to a symmetry loss, which in turn results in
a coercivity loss. Therefore, the solutions of continuous Galerkin methods oscillate
[38, p.166]. A standard finite element method is not suitable for this problem [5§].
Hence, we use a discontinuous Galerkin method. We discretize the diffusion advection
reaction PDE boundary value problem by two discontinuous Galerkin methods: the
advection part is discretized by the upwind method [84] and the diffusion part by the
interior penalty method [9], [10]. For the reaction part an additional mass matrix is
added.

In this chapter, we first present the standard upwind discontinuous Galerkin method
for the advection part. In Chapter [6] we extend this method to a differentiable
version. After that, we state a discretization for the diffusion advection reaction PDE
model. With this dicretization for the PDE model, we formulate discrete optimization
problems. Finally, we give a short overview over the finite element algorithm. We
start with notation and definitions.

Grid cells and faces The convex domain Q in R%, d = 2, with boundary I, is sub-
divided into a triangulation Tj. The triangulation T} consists of closed quadrilateral
grid cells T'. The set of closed faces F' of the grid cells is denoted by Fj. We define
the subsets of boundary faces and interior faces of Fj,, respectively:

Fj == {F € Fy|F € T},

Fi"t .= {F € Fy|F ¢ T'}.
With that, we set F, = Fﬁ U Fflnt. The index h stands for the mesh size function
hr = diam(T') = maxy, g,e7 |21 — 22|, T € T),. The mesh size function represents

a level of refinement of the grid. For the overall triangulation, it is defined by
h := maxrer, hr.
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Jumps and Averages Let the values y; and y» denote the traces of the function
y on F' taken from T} and T5, respectively. On an interior face F' separating the two
cells T1 and T5, we define the average operator {-} as follows

@) = 5 (@) + @),

Let n = n(x) be the outward unit normal vector and n; and ns the corresponding
outward unit normal vectors for 77 and T5. Then, the term

2{yn} =1 -1 +y2 - n2 = (1 — y2)n1 = (y2 — y1)ne, (4.1)

defines a vector valued jump operator on y in a fashion that is oblivious to the choice
of T1 and T,. Additionally, we define the short hand notation for a jump operator [-]
as follows

[y] (%) = y1(x) — y2(2),

which will only be used squared, such that its sign does not matter. In particular, we
will use this short form for the term

(Iv1.101) , = 4(fyn} fond) . (4.2)

In the same way as before (y,v)r is the £2(F) scalar product on a face F: (y,v)p =
[ yvds.

Norms and spaces The Lebesgue space £P(2) and the Sobolev space W;f(ﬂ) are
defined in Chapter [2] Section For the discontinuous Galerkin discretization, we
additionally need the broken Sobolev space on the triangulation Tj. It consists of
functions v that belong to the Sobolev space W]’j (T) for each grid cell T

4.0.1 Definition. Thus, the broken Sobolev space Wi (Ty) is defined by [58]

Wy (Tn) = {v € L2(Q)] vlr € Wi(T), T € Tp},

with corresponding broken Sobolev norm defined by

RS

Il e, = (Z va;vm)

TeTy,
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4. Discontinuous Galerkin finite element methods

A

For p = 2, we similarly abbreviate H*(T},) := W§(T},).
4.0.2 Definition. Let us define the finite element space V3. Limited to each grid cell
T the function vy, belongs to the space of polynomials

Vi i={vp, € L2(Q) s vyl € P(T), T € Ty}

Where P(T') is a polynomial space on T, for instance the space of polynomials of
degree k > 0 with no continuity requirements across interelement boundaries [58]. A
4.0.3 Definition. We define the reference element T’ with vertices (—1,—1), (1, —1),
(1,1) and (—1,1). For each physical element T exists a mapping M from the reference
element to the physical element

@h:?}hOM.

If T is a parallelogram, the map M is affine. A

We perform all computations on the reference element. Hence, we use the finite
element space on the reference element V.

4.0.4 Definition. Finite element space on the reference element. Limited to each
grid cell T' the function vy, belongs to the space of polynomials

Vh = {vh S £2(Q) tvpo M € P(T),T S Th}.

Where P(T') is a space of polynomials on the reference element 7', A

For parallelograms in 2D, the finite element space on the reference element has the
same approximation properties as the finite element space on the physical element

from Definition [4.0.2] [85].

To simplify the notation we omit the dependency on the parameters p in this chapter.

4.1. Upwind method for advection problems

We begin by discretizing the advection part. The pure advection model problem

Example reads

4.1.1 Example. Pure advection model problem revisited.

B-Vy=f on{,

58



4.1. Upwind method for advection problems

y=yp onl_,

for ||B]| # 0. As before we have the inflow boundary I'_ = {z € 9Q|n(x) - < 0}, an
inflow boundary function yp € £2(I'_) and a right hand side function f € £L3(Q). A

For this pure advection model problem the upwind discontinuous Galerkin discretiza-
tion is: Find yp, € Vj such that

bu(Yn,vn) = fr(vn),  Vup € Vi, (4.4a)

where

ba(ynon) === Y (WnB-Vor)p+ > <;5 “nYp + ;Uupw(ﬁan)yhyvh>

TeTy FeFl F
> b 2ens oD+ X (50wl >[[yh]],[[vh]]> . (44D)
FeFint FeFint F

and right hand side

f}(zl(vh) = Z (f7 vh)T - Z (;B *NYp — ;Uupw(ﬁan)yngh> 5 (44C)

with stabilization function

Tupw(B,n) =10 -nl. (4.5)

Instead of two separate terms for inflow and outflow element boundaries, we choose a
flux function [32], which selects inflow or outflow element boundary by addition and
subtraction

Hys,m,m) o= 61y} + Soup(B.m) [o].

We see, that this numerical flux function can also be written as

B B-nya, if f-n(x)<0,
H(y17y27n)_{ B'nylv zfﬁn(x)zo

As before, y; and yo are the traces of y on elements T} and 715, respectively.

The numerical flux function is already included in the discretization (4.4]) on interior
faces F' € Fmt and on boundary faces F' € F£ . On the interior faces, we arrive at the
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4. Discontinuous Galerkin finite element methods

first term by using the symmetry of the £2 scalar product and the definition of the
vector valued jump operator:

Y. Bnfundlol)p = > {wnd 2ons - n})p-

int int
FeFin FeFin

4.2. Diffusion advection reaction discrete problem

In this section we consider the diffusion advection reaction model problem Example
215 Tt reads

4.2.1 Example. Diffusion advection reaction model problem revisited.

=V - (aVy) + B(p) - Vy +p(p)y = f(p) on Q
y=1yp(p) on I = 0N.

for diffusion coeflicient o > 0 and reaction coefficient p > 0. A

The discretization of this model problem is obtained by combining the individual
discretizations for diffusion, advection and reaction. We discretize the diffusion part
with the interior penalty method. The advection part is discretized by the upwind
method from the last Section For the reaction part we utilize an additional mass
matrix. The right hand side of the discretization consists of the term for the right
hand side function f and the face terms resulting from the interior penalty and the
upwind discretization, which contain the Dirichlet boundary function yp.

For the discrete test space we choose the finite element space V},. For the interior
penalty method we define a penalty factor . It is dependent on the polynomial
degree k; and the mesh size function h;(z) = diam(7T),z € T, of both adjacent cells
i=1,2,

1
= (it L )
Y 2 (71 '.)/2) P Vi hz , 1 )

The discrete problem for the diffusion advection reaction model problem thus reads:
Find gy, € V}, such that

aan(Yn, vn) + bu(0; Y, vn) + p(P)cn(D; Yn, vu) = fa(psvn), Yo, € Vi, (4.7a)
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4.2. Diffusion advection reaction discrete problem

where the diffusion part reads

an(yn,vn) == Y (Vyn, Von)p
TeTy

+ 3 [~ 2(0mb o) =2 Qnnd, AV o)+ ([ [enl) |

FEant

+ ) { (OnYnsvn) g _(yh;anvh)F"Fz’V(yhavh)F} (4.7b)
FeF]

the advection part reads

bh(P; yn,vn) = = Y, (n, B®) - Vor)p + Y ({un}. 2vn BO) - n}) p+

TET), FeFint
1 1
> (G G@. w0 Bl ) + 3 (5800 nn+ 5ou(30) monn)
FeFint FeFl
(4.7¢c)
the reaction part reads
cn(p; yn, vn) = Z (Yn, vn)p 5 (4.7d)
TeTy,
and the right hand side is
falpson) == D (f(0)on)p+ D [2’704 (yp(p),v) p — (@yD(P), Onvh)
TEeTh FeFl
= 3 (5500 o) ~ 50w BE).Wup @) o) - (A7)
2 " P

FeFF

For shorter notation we define
Ey(p; yn, vn) = aan(yn, vn) + bn(p; yn, vn) + p(P)cn(p; Yns vn) — fa(pivn).  (4.8)
The discrete problem (4.7) in this short notation reads: Find yp € V}, such that

Fyp(psyn,vn) =0, Vop € V. (4.9)
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4. Discontinuous Galerkin finite element methods

4.3. Discrete optimization problems

With this discrete PDE problem the optimization problems change. Similar to the
continuous case in Problem the discrete constrained PE problem reads

4.3.1 Problem. (Discrete constrained parameter estimation problem) Min-
imize the least squares functional G

Gl
e piin, (D yn)

subject to
Fn(p;yn,vn) =0,  Vop € Vp,

which is given as the discretized partial differential equation problem defined in equa-

tions , @ and @

With the same assumptions as in Section [2.2] we define a discrete solution operator
Sh(p). The two assumptions for the continuous bilinear form F(p;y,v), should now
hold for the discrete bilinear form F} (p;yp,vn). Then the discrete solution operator
Sy, P — V), exists and satisfies the discrete state equation

Fu(p; Sn(p),vn) =0, Vo € V.

By inserting this operator Sy (p) into Problem we obtain the corresponding
discrete unconstrained or discrete reduced problem.
4.3.2 Problem. (Discrete unconstrained parameter estimation problem)

Minimize the discrete reduced least squares functional Gp(p) :== G (p; Sn(p))

min Ghr(p).

Similar to the continuous problem, the solution of the discretized PDE problem
enters the discrete unconstrained parameter estimation Problem via the discrete
solution operator Sy (p).

In the same manner we define the discrete reduced measurement functions h;p : P —

R, hin(p) == hi(p; Su(p)), and the discrete reduced residuals r;;, : P — R, 75 (p)
:= 7i(p; Sp(p)). With that, the entries of the dicrete Jacobian J, of the discrete
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4.4. Finite element algorithm

unconstrained PE problem, Problem [4.3.2] are

wy dhi
Jijn(p) = —L A7)

g; dp i

The discrete Jacobian enters the discrete covariance matrix Cp= (JI J;)~!. Thus we
arrive at the discrete OED problem including the discrete OED criterion @4 (Ch(w, p)):
4.3.3 Problem. (Discrete optimum experimental design problem)

min @,(Cy(w. p))
subject to

0< Cm(w)v
w; € {0, 1}, 1 =1, ey Ng.

As before the OED problem includes sampling decisions w;, 1, ...,n4 and linear con-
straint function ¢, (w).

As mentioned before in Chapters [2] and [3] existence and uniqueness of solutions are
highly problem dependent. We assume, that solutions to the discrete parameter
estimation problems exist. Detailed investigations of existence and uniqueness of a
solution can be found in [3], [54], [89], [93], [95]. For the discrete OED problem we
assume, that a solution exists.

4.4. Finite element algorithm

In this section, we explain the generation of a finite dimensional problem and the
process of assembling stiffness matrix and load vector. We follow [47], [85].

Generating the finite dimensional problem To solve the discrete PDE problem
or computationally, we reformulate it into a system of equations. We
introduce a basis {¢;}:*;, with n;, number of basis functions. The discrete solution
yp, has the representation

np
Yyn =Y il
=1
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4. Discontinuous Galerkin finite element methods

We use this basis representation to reformulate the discrete problem, with g (p; yn, v ):=
aap(Yn, vr)+on(P; yn, vi)+p(p)en(p; yn, vr) including all terms on the left hand side of

the equation ,

Fy,(p; yn,vn) =0,
S gn(Diyn,vn) = fu(pson),

np
& > g ei)ii = falpies), Vi=1..,m. (4.11)
=1

We rewrite the last line (4.11)) as a system of equations
Andi = Jn, (4.12)
with entries

aji = gn(D; Pirpj)s  Jri=1,..,mp,
frg = Iies), G=1,..m.

The matrix Ay, is called stiffness matriz , the vector fj, is called load vector. The
included integrals are approximated by numerical quadrature. Furthermore, we
compute the integrals on a reference element and map it afterwards to the real
elements. This way we efficiently compute the integrals.

Assembling of stiffness matrix and load vector Before we solve this system
of equations with an iterative solver, we compute the entries of the stiffness
matrix Ay, and the load vector f),. Therefore, we first compute the single contributions
of the cells, interior faces and boundary faces. Then we sum all single contributions
to arrive at the entries of the stiffness matrix and of the load vector. This process of
summation is called assembling of A, and fj,.

In detail, the assembling algorithm proceeds as follows: We first compute values of the
basis functions ¢; and ¢; at the quadrature points. Then we compute the full discrete
terms for the single elements, that means for cells, interior faces and boundary faces.
We name a local matrix for cells Ap € R™de*"de it comprises the contribution of one
cell T', with ng. number of degrees of freedom (DoFs) per cell. Similar, matrices
Apint € R"e®Mde and Apr € R"de™de comprise the contributions of an interior face
or a boundary face, respectively. The last step is the summation of single summands.
We sum up the single contributions (local matrices) to arrive at entries of A, and fn
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4.4. Finite element algorithm

(global matrices). An entry ary;,; of a local matrix corresponds to the global matrix
entry a;;. Similar an entry of a local interior face matrix apins[; ) or a local boundary
face matrix apry; ;) corresponds to a global matrix entry a;;. Thus by summation of
the local entries we arrive at a global entry

Qi = D arpg)t Y apmepg) Y aprjg)

TET, FeFint FeFl
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5. Sensitivity evaluation

In this chapter we consider sensitivity evaluation techniques. We begin with presenting
the sensitivities for the two optimization problems, the PE problem and the OED
problem. After that, we introduce the principle of internal numerical differentiation
(IND), which we will further develop in this thesis. We explain the approach of
analytical sensitivity evaluation, especially the sensitivity approach. Finally, we treat
automatic differentiation (AD).

5.1. Sensitivities for parameter estimation and optimum
experimental design

We are interested in the sensitivities for PE and OED, which involve the PDE model
problem. The remaining sensitivities, which are independent of the PDE model
problem, are computed in the same way as in the ODE or DAE setting. That is, the
derivative of the model response with respect to the parameters w and the
gradient of the constraints Ve;,j € £ UZ, of the relaxed OED Probleljm For
details on these derivatives see [66], [97], [56].

Sensitivities for parameter estimation As depicted in the problem setting
Chapter [2], Section to solve the optimization parameter estimation Problem
with the Gauss-Newton method, we need to calculate the entries of the Jacobian J(p)
of the residuals 7(p). The Jacobian consists of the directional derivatives of the model
responses h;(p) with respect to the parameters p, multiplied by the weighting factor
U%_. Thus the entries of the Jacobian are

oy @ _d (mi—hp)\ . 1dhi(p).
Jij(p) = @Tz(p)fspy = dp; (Ui opj = —— —0p;. (5.1)

The solution of the PDE model problem S(p) enters the sensitivity (5.1]) via the model
response function h;(p) = hi(p; S(p)).

Sensitivities for optimum experimental design In the OED setting, the eval-
uation of the derivative of the objective function ¢(C(w,p)) with respect to the
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5.2. Principle of internal numerical differentiation (IND)

sampling decisions w is of interest. Again we compute a directional derivative. Here
we use the definition of directional derivatives for matrices [66]. We utilize the chain
rule for matrices

e dbdCdJ
dw’’ T dc ag aw’"

We are mainly interested in the last term %&u. The entries of the Jacobian of the
PE problem for OED, Problem are

o) = g (20 )

o oi  dp;

Thus the directional derivative of the Jacobian with respect to sampling decisions w
reads

dp 2

]

d—Jéw = —diag d \/E'(Sw‘ dhip) _ _1 diag Ow; 7dh(p)'
dw dw; o; Vwio; | dp

We observe that the PDE model problem only enters the derivative via the last term
%ﬁf}). Moreover the sensitivity of the PE problem li already contains this term.
Thus we need to compute the same derivative involving the PDE model problem for

PE and OED.

Notice furthermore that the sensitivity %;p) only changes with different parameters,

not with different sampling decisions. Thus for OED we only need to compute that
part of the sensitivity once. In OED the parameters stay fixed, we perform the
optimization with the sampling decisions.

5.2. Principle of internal numerical differentiation (IND)

Let us review methods to calculate the sensitivities for PE and OED from Section [5.11
We could treat the solver as a black box and use finite differences to calculate the
sensitivities. That approach is called external numerical differentiation (END). It is
the easiest way, but it has some disadvantages: the calculated sensitivities introduce
an error, they are not accurate. On top, the adaptive components of the solver are not
considered. The adaptive components change depending on the input and they are
not differentiable. This introduces an additional error, which can become arbitrary
large.

67



5. Sensitivity evaluation

A second way to calculate the sensitivities is to analytically differentiate the primal
PDE problem by for example the sensitivity approach. There, we apply the implicit
function theorem and arrive at tangential equations. These tangential PDE problems
can be derived analytically and after that discretized and solved. The analytically
differentiate approach is extensively used, see for example [17], [18], [22], [23], [34],
[83]. A drawback of this approach is, first, that we have to derive the equations
analytically by hand, and, second, that again the adaptive components could be
differently chosen for primal and tangential equations. That way it is not clear if the
computed sensitivities are consistent. The error can become arbitrary large.

A third way to calculate sensitivities is automatic differentiation (AD). Here, the
computational code is processed by an AD tool, which generates new code to calculate
the sensitivities [46]. In black box AD, the complete code is processed. In the context
of PDE-constrained optimization, this easily leads to storage space problems [91].
Despite of this black box approach, there exist few publications where the structure
of the discretization is considered [36], [48], [55], [91]. Again a problem with this
approach are the adaptive components. Either there are no adaptive algorithms used,
which leads to more computing costs than necessary, or the adaptive components
are not considered. As explained before, this means that it is not clear if consistent
sensitivities are computed.

Because of these problems, we utilize a different way: the principle of internal
numerical differentiation (IND), first introduced by Bock for ODEs [25], [26], [27]. It
was extended amongst others by [4], [5], [15], see [4] and [89] for an extensive overview.
We follow the principle of IND and therefore include the sensitivity evaluation into
the numerical scheme. We transfer the principle of IND to PDEs.

We characterize the principle of IND by two aspects

1) We freeze all adaptive components and differentiate the discretized PDE problem
with fixed spatial grid, order and step size.

2) We choose the adaptive components such that all PDE problems, the primal
problem and the tangential problems, are solved well with similar accuracy.

This definition is suitable with the characterizations in [80], [89]. With the principle
of IND we obtain the exact derivative of the solution of the discretized PDE. This is
referred to as the “analytical limit of IND” [26].

We have two possibilities to differentiate the discretized PDE: finite differences or
automatic differentiation (AD). Again finite differences introduce an error, while AD
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5.3. Analytical sensitivity evaluation: sensitivity approach

does not introduce truncation errors. Therefore we will use AD.

In the following two sections we depict analytical sensitivity evaluation and automatic
differentiation, because we will make use of both for realizing the transfer of the
principle of IND to PDEs. In the following Chapters [6] [7] and [§] we will investigate
the transfer in detail and develop methods to apply the principle of IND to PDEs
and especially the discontinuous Galerkin method.

5.3. Analytical sensitivity evaluation: sensitivity
approach

To evaluate the sensitivities analytically we have two options: the sensitivity approach,
which is also called the forward mode, and the adjoint approach, also called the reverse
mode [54], [17]. Because of the small number of parameters compared to the number
of states the sensitivity approach is an efficient way to compute the derivatives. Thus
to compute the directional derivatives of the model responses we utilize the sensitivity
approach. Let us recapitulate it shortly, we follow [54].

We utilize the chain rule for the directional derivative of the measurement function

hi(p) = hi(p; S(p)) with respect to the parameter p;. For clarity we omit the direction
0p; in the following. We need the partial derivatives with respect to the second

argument %5(7’)) 1Y — R and with respect to the first argument %ﬁ(l’)) : P —R.
We define the partial derivative of the solution operator with respect to a parameter
p; by Sp, = 85}23). We obtain

dhi(p; Sp)) _ OhitpiS) o

dhi(p; S(p))
dpj oS ’

8])]'

(5.2)

In equation (5.2]) the only derivative we are not able to calculate directly is .5, .

In Section [2.2f we assumed that the bilinear form F'(p; S(p), v) is continuously Fréchet-
differentiable. Let us make two additional assumptions.
5.3.1 Assumption. The partial derivative of F' with respect to S

OF(p; S(p),v)

s (5.3)

is in the normed space of all linear and continuous mappings from Y to R, that means
aF(PéS;P):U) c E(Yv, R) —Y*. A
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5. Sensitivity evaluation

5.3.2 Assumption. The derivative (5.3) is continuously invertible. A

With these assumptions, we can apply the implicit function theorem. It ensures that
the solution operator S(p) is continuously differentiable with respect to p. The partial
derivative of the solution operator S with respect to the j-th parameter S, solves
the tangential equation, also called sensitivity equation, which is a direct result of the
implicit function theorem:

dF(p; S(p),v) _ OF(p; S(p),v)

dpj B oS Spj +

OF (p; S(p),v)

=0, YveV(Q). 5.4
o ). (54

To solve the tangential equation 1) we need to calculate two derivatives, %g(p))

and %}f(p)). After calculating these two derivatives, we obtain the requested one
J

Sp; = ((jg—;;”) by solving the tangential equation 1' Note that the tangential equation

(5.4) is a weak form of a PDE problem.

For every parameter p; one tangential equation has to be prepared and solved. The
calculation of the Jacobian consists of two steps:

1) solve tangential equations (5.4)) for p;,j =1,..,np,

2) insert solutions Sy, in equation (5.2)), respectively, and compute the entries of
the Jacobian ({5.1]).

Discrete setting We derive the tangential equation in a similar way for the discrete
setting, which we introduced in Section

The discrete directional derivative of the measurement function h; ,(p) = hi(p; Sh(p))
with respect to the parameter p; reads

dhi(p; Sn(p)) _ Ohi(p; Sh(p))Sh . Ohi(p; Sh(P))‘

= 5.9
dpj &Sh (3pj ( )

We make similar Assumptions and for the discrete derivative

OFy(p; Sn(p), vn) .

aSp
This ensures that the discrete solution operator Sy (p) is continuously differentiable
with respect to p. With the discrete analogue Sy, ;,; 1= 8%#1)57’), we obtain the discrete
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5.4. Automatic differentiation

tangential equation

dFy(p; Su(p),vn)  OFw(p; Sn(p),vn) g OFy(p; Su(p), vn)
_ -
dpj 6Sh apj

=0, Yo, € V.
(5.6)

The partial derivative of the discrete solution operator S, with respect to p; solves
the tangential equation: Sp ..

5.4. Automatic differentiation

We now present the approach of automatic differentiation (AD). We follow [77] in this
section. For an extensive treatment of the topic of AD see the textbook of Griewank
and Walther [46).

Automatic differentiation (AD) calculates derivatives by directly differentiating the
programming code, which evaluates the function value. An AD tool processes the
programming code. Thus the derivatives are calculated automatically, not by hand as
in the analytical setting depicted in the preceding Section A big advantage of
AD is that compared to finite differences no truncation errors arise [46].

Any function is evaluated by performing a sequence of simple elementary operations,
which contain one or two arguments. Two argument operations are for example
addition, multiplication and division. Single argument operations are trigonometric,
exponential and logarithmic functions. We segment the function into these elementary
operations. After that, the chain rule is used to arrive at the derivative.

We distinguish two basic modes of AD: the forward mode and the reverse mode. In
the forward mode, we split the function evaluation in simple elementary operations
and compute one after another. The results of intermediate computations are called
intermediate variables. The input variables are called independent variables. We
evaluate function values at the independent and intermediate variables and compute
with the help of the chain rule the derivatives of the intermediate variables. Finally,
we arrive at the function and gradient values of the overall function.

Contrary, in the reverse mode, we do not evaluate function and gradient values
concurrently. Instead, after the evaluation of the function value, the partial derivatives
with respect to intermediate and independent variables are computed by a reverse
sweep and the chain rule is applied backwards. Here we have to save the function
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5. Sensitivity evaluation

values, that means we need more memory than in the forward mode.

Computational costs The costs of the forward mode grow linearly with the
number of directions and thus independent variables. In the reverse mode the cost
grow linearly with the number of backward directions and thus with the number
of dependent variables [46]. In the parameter estimation setting, we have a low
number of parameters, that means, independent variables, compared to the number
of dependent variables. Thus the forward mode is more efficient and we choose it in
the following.

Software Regarding AD software, we distinguish two approaches: source code
transformation and operator overloading. In source code transformation, the AD
tool processes the code before compile time and creates new code for the derivative
evaluation. In operator overloading, for each elementary operation the meaning of
the corresponding operator is redefined. The operator does not only evaluate the
elementary operation, but also the associated gradient object [24].

We shortly recap advantages and disadvantages of these two approaches from [24].
An advantage of operator overloading is that only one additional class is needed
and changes in the differentiation procedure only need to be done in this class, the
source code remains unaffected. Compared to that, in source code transformation
the implementation is complex. If the given source code exceeds a certain level of
complexity, a black-box source code transformation is infeasible. Disadvantages of
operator overloading are the lack of transparency and dependent on the compiler the
runtime overhead can be substantial. In contrast, the code generated by source code
transformation is simple, which also facilitates compiler optimizations. Furthermore,
in source code transformation, there is more flexibility in applying derivative rules.
The context of the specific computation is available, not only one elementary operation
[24].

By transferring the principle of IND and therefore exploiting the structure and only
differentiating parts of the code, we circumvent the problem of high complexity in the
implementation of source code transformation. With that, the advantages of source
code transformation exceed the disadvantages. Thus, we choose code transformation.
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Discretization: New
differentiable discontinuous
Galerkin finite element method
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6. Analysis and numerical results of

differentiable upwind method

In this chapter we propose a differentiable discretization for the advection part of the
PDE problem. The standard upwind discontinuous Galerkin method is not continu-
ously differentiable. Therefore, we first propose a differentiable upwind discontinuous
Galerkin method. Thereafter, the analysis of the new method follows, including
consistency and coercivity of the discretization, stability estimate, error estimate for
the £2-projection, error estimate in the energy norm and superconvergence result.
After that, we consider the diffusion advection reaction PDE model and show that
the error estimates also hold in this setting. Thereafter we investigate the case of a
non normalized advection coefficient, we show that the convergence analysis changes,
the constant is now dependent on the advection coefficient. We show, that all other
properties of the error estimates remain unchanged. Finally, numerical results for the
developed differentiable discretization are presented.

6.1. Upwind method with differentiable stabilization

In this section we are concerned with the upwind discretization of the advection part.
To simplify the notation we omit the dependency on the parameters p in this chapter.
We are analyzing in the next subsections the pure advection problem Example

B-Vy=f onQQ, (6.1a)
y=yp onl_, (6.1b)

for ||B]| # 0.
The corresponding discrete problem derived in Section is: Find y;, € V}, such that

bh(yh,vh) = fﬁ(vh), VUh S Vh, (6.2&)
where

bu(ynon) == Y (Un, B-Vun)p+ D (;5 “nyp + ;Uupw(ﬁan)yhavh)
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6.1. Upwind method with differentiable stabilization

> Wmb 2w ol + X (oG bl [nl) L (6:2b)

int t
FeFin FeFin

and right hand side

fio) = 3 Goonr= X (587000 = goum(Bnup.vn) - (620)

TETy, FeF]

In Section [6.3] we come back to the whole diffusion advection reaction problem and
show that our analysis can be generalized.

We replace the absolute value function in the stabilization term of the standard

upwind discretization (4.5)

Uupw(ﬁvn) - ’/3 ’ n’ )

by a continuously differentiable approximation o, (3, n) with variable u € R,

V(8- n2 + 181 2
Vit

ou(B,n) = (6.3)

Let us make one assumption and let us prove two properties of the proposed stabi-
lization function o,(8,n). The following assumption simplifies the analysis.
6.1.1 Lemma. We assume that (8 is normalized, i.e.

18]l = 1.

The differentiable approximation ¢, (5, n) reduces to

(B-n)? +p?
Vi+p2 oo

At the end of this chapter, in Section the case ||| # 1 will be addressed.
6.1.2 Lemma. The following inequality holds

Uu(ﬁa”) =

1B-n| <ou(B,n), for B-ne[-1,1].
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6. Analysis and numerical results of differentiable upwind method

Proof. Because it holds (3 - n)2 <1 for §-n € [—1,1], the inequality holds:

(B 7

O'M(IB,TZ) = m

2
e B ) ) R

1+ p?
O
This will be important in the following proofs of error estimates.
6.1.3 Lemma. Furthermore, 0,(5,n) is bounded from above
UH (/87 TL) S 1
Proof. This holds true, because
187l < Bl nll =1
= (B-n)? <1
= (B-n)’+p® <1448
= B2 <142
m
_ VB
V14 p?
O

6.1.4 Remark. Numerical flux function for selection of inflow and outflow boundaries.
To ensure that equation holds for all faces of the boundary FI', I" = I"_ U Iy,
the inflow boundary function yp is continued on the outflow boundary I'y. For the
upwind stabilization oy, (5, n) equation this continuation will never actually be
evaluated. We choose the inflow and outflow faces via the numerical flux function, see
Section [A.1} In the case of an outflow face F' € Iy, the terms including yp cancel out
and contribute a zero. For the proposed differentiable stabilization o, (53, n) equation
, on the outflow faces the terms including yp do not cancel out completely,
depending on the size of the variable p. This results in an artifact due to this

continuation.

We use a continuation instead of defining separate terms for inflow and outflow
boundary, because of the optimization problem. If we estimate the components
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6.1. Upwind method with differentiable stabilization

of the advection direction, the direction changes in the course of the optimization.
The inflow boundary is dependent on this direction and thus changes, too. With
a continuation it is not necessary to assign the boundary faces to inflow or outflow
boundary. Thus if the inflow and outflow boundary change, we do not have to change
this assignment. A

6.1.1. Basics

We recapitulate some basic approximation formulas and the reformulation of the
advective bilinear form. Both ingredients are used at several places in the proofs in
this chapter.

Approximation The £2-projection IT : £L2(Q2) — Vj, is defined by the orthogonal-
ity condition [5§]

(y = py,vn)q =0, Vo, € Vp. (6.5)

The following inequalities are used at several places of the proofs.

Cauchy-Schwarz inequality: y,v € L2(Q),

(o)l <lyllvl < =) ==lylllvl A (yv) = =llyllllvll. (6.6)

Inequality of Schwarz: yi,y2,v1,v2 € R,
1 1
y1v1 +y2v2 < (yi +93)7 - (0F +03)?, (6.7)

It is the algebraic form of the Cauchy-Schwarz inequality.

Young’s inequality: v >0, a,b € R,

L o Vo
b < —a?+ b .
ab_2ya —|—2b (6.8)
Trace inequality: y € H*(Ty),

1 _1

lyllor <Ch2 [Vyllp +Ch™2 |lyllp (6.9)
1

& h2|yllgr <CR|Vyllp +Cllylir (6.10)
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6. Analysis and numerical results of differentiable upwind method

with constant C' independent of the mesh size function h.

Trace inequality for polynomials: yp € P(T),

18 Vonllor < CR72118 - V- (6.11)
Inverse estimate: y, € P(T), k > 1,

1
IVyrlly < Cg lynllr (6.12)
with constant C' independent of h.

Green’s formula of integration by parts for the advection is

(y,8-Vu)p=—(B-Vy,v)p+(B-ny,v)sp - (6.13)

Reformulation of the advective bilinear form For later use we rewrite by, (yp,, vp).

Recall by, (yp, vp) from equation (6.2b)):

bh(ynon) = — Y (n.B-Vor)p+ Y ({un},2{vnB-n})p

TeT), FeFint

13D Sl ETAERO] AN ES) IEED Dl IR PACROYTY

Fernt F FEFQ F

6.1.5 Lemma. For yp, v, € V}, it holds

bn(ynson) = Y (B Vyn,on)p — Y (; [[ﬁ'nyh]]v[[vh]DF

TEeT FeFint

+ 5 (GrBmblnl) + X (=58 mt gouEnn.o)

FEant FE]FF F

Proof. First, we use integration by parts (6.13))

(16.13)

ba(yn.vn) = D (B Vyn,vn)p — > (B nyn, vh)ar
TeTy, TeT),
> b2 s nh) e+ X (ol o)
FeFint FeFint
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6.1. Upwind method with differentiable stabilization

1 1
+ Z <2/8 s NYhp + iau(/ga n)yh7 Uh)F

r
FeFL

After that we reorder the sum from cell boundaries 9T to faces F' and summing up
with the terms on interior and boundary faces:

= > Bnynvn)or+ Y, v} 2{onB - n})p+ > (;B'Ryh,vh>
TETy, FeFint FeF? F
(6.14)

On the boundary IF£ we get

= (Bnynon)p+ > (;B'nyhﬂ}h) = > (_;ﬂ'nyh,vh>F

FeFl FeFl F perr
For the reordering of the first sum in (6.14) with respect to inner faces let us consider

an inner face F' of two adjacent cells 77 and 75 and let ny be the outward pointing
normal vector of T7 at I

- ((5 “n1y1, v1) pery) + (B n??/?y”?)F(Tg)) =— /(ﬁ “n1y1v1 + B - nayavz)ds.
F

The summand in the second sum of (6.14)) is

(R 2005 - 01) g = [ 500+ )01 11 + 028 - ma)ds

F
1
= / 3 (Y1018 - n1 4+ Y1025 - na + Y2015 - N1 + Y225 - n2) ds.
F
Adding these two terms yields

1
/5 (—y1v1B - n1 + y1v2f - na + yov1 B - 1 — yav2 B - no) ds.
b

On the other hand, it holds

503 nnd TonDe = =5 [ — B nagn) (o1 — v2)ds

F
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6. Analysis and numerical results of differentiable upwind method

1
=3 /(5 “my1v1 — B niyive — B nayavr + B - nayava)ds.
F
Thus, the equality in Lemma holds true. O

6.2. Analysis of differentiable upwind method

For the analysis of the proposed differentiable upwind method we mainly follow the
standard procedure for convergence analysis of finite element discretizations:

[6.2.1] Consistency of the discretization

Coercivity of the bilinear form and definition of energy norm
Stability estimate for bilinear form

[6.2.4] £2-projection error estimate

Estimate for bilinear form and error estimate in the energy norm
Superconvergence result

An analysis of the upwind discontinuous Galerkin method for advection problems
without differentiable stabilization can be found in [45], [58], [59], [60].

6.2.1. Consistency of the discretization

6.2.1 Definition. ([38]) The discretization is called consistent, if by(.,.) can be
extended from V}, x V3, to [V(Q) + V3] x V3, and if the exact weak solution y € V()
of problem (6.1]) solves the discrete problem (/6.2)). That means

bu(y,vn) = fn(vn), vn € Vi,
A

Assume y € V(Q) to be the exact weak solution of (6.1).
6.2.2 Lemma. The discretization is consistent. That means the exact weak solution

y of satisfies the discrete problem .

Proof. Using the facts that all jumps vanish [y] = 0, the averages are {y} = y and
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6.2. Analysis of differentiable upwind method

y = yp on I, the remaining parts of (6.2)) are

- Z (y7 ﬁ : vvh)T + Z (y7 2{{vh6 : n}})F

TeTy, Fe]Fint
+ Z ( /8 nyD+ 10#(/87 )yD)Uh> (615&)

FeFy F

= > (fon)p— Y ( B-nyp — sou(B, )yD,Uh)
TeTy, FeFL F

S = > WB-Vou)p+ Y W 2{unB-n})p+ D (B-nyp,vn)p

TeTy FG]F;LLnt FE]FF

= > (fion)p (6.15b)
TeTy,

for all v, € V3. Using integration by parts (6.13]), equation (6.15p) is equivalent to

> (B-Vyon)p— > (B-ny,vn)p

TeTy, TeT),
+ Z y72{7}h5 n}} + Z /B nyD’Uh)F - Z (f? vh)T
FeFint FeFf TeTy,
s D (B-Vy,un)p= > (fion)r
TGT}L TeTh
s Z(/B'V?J_fﬂ)h)T:O-
TeTy
Hence, the exact solution of (6.1)) satisfies the discretization (6.2)). O

6.2.2. Coercivity
6.2.3 Lemma. The bilinear form by(.,.) of (-) 1s positive definite.

Proof. Let v, € Vj,. According to Green’s formula for integration by parts (6.13]) we
have

(vn, B - Vup)p = — (B - Vo, vp)p + (B - nuw, vp)gp -

Due to symmetry of the £2 scalar product this gives

2(vp, B-Vup)p = (B-nvp,vn)gr = (v, B-Vup)p = % (B - nup,vp) gp
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6. Analysis and numerical results of differentiable upwind method

Now summing up over all cells yields
1
Z (vn, B - Vop)p = 3 Z (B - nup,vp) oy - (6.16)
TeT), TeT),
We now reorder the sum with respect to faces. Let us consider an inner face F' of two

adjacent cells T7 and T and let be n; the outward pointing normal vector of 11 at F,

1 1 1
5 (8- nivy,vi)pey) + 5 (B - n2v2, v2)r(ny) = 5 /(5 -n1vf + B - ngv3)ds.
F

On the other hand, on an inner face F' it holds

(fon}, 2fvnB - n}) /2 (v1 + v2)2 (015 ni + veff - ng)ds

F
= /5( 2B m1 4 01028 - g + vov1 B - N1 + V3B - ng)ds
F
1
= /5(”% ‘ny +vva(f-ne+ L -ny) + v%ﬁ -ng)ds
F
1
= /5(”%5 -y +v1v9(B - g — B-n2) 4+ 36 - no)ds
F
1
= /5(7)%'”1 + 03 - n2)ds
F

Hence, the right hand side of (6.16]) is

B Z nop,v)or = Y (fund, 2fonB - n})p + > (B nvp,vp)p. (6.17)

TGTh FeFint Fe]FF

Now we evaluate the bilinear form by, (6.2b)) in (vp,vy) and insert (6.16]) and (6.17) to
obtain

bn(vp, vp) =
- Z (v}hﬁ'vvh)’f
TET,
BN CYRICY I PSS Sl ETACRII A N E)
FeFint FeFint F
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6.2. Analysis of differentiable upwind method

1 1
+ Z (5 NV, + Uu(ﬂa”)”hﬂ’h) (6.18a)
2 2 -
FeFf
- > (o} 2fonB-n})p— 5 Z (B - nup,vp) p
Fe]ant FE]FF
S (o} 2fon B-n})p+ D ( ou(B,n) [va], [[’Uh]])
FE]FZ”t Fernt a
1 1
+ Z (5 - Ny, + Uu(ﬁ,n)vh,vh) (6.18b)
r 2 2 F
FeFl
1
= > <2Uu(5,n) [vn], [[Uh]]> + > ( ou(B,n Uh,vh> (6.18¢)
FE]F;:”’ FEFF F
> 0, Yoy, € Vp,. (6.18d)
The last inequality holds, if o,(8,n) > 0. This is the case for p # 0. O

Since the bilinear form is positive definite, the linear system (6.2) has a unique

solution.

Energy norm Motivated by the coercivity we define the energy norm

Iyl = baly,9) + D k18- Vyl7. (6.19)
TeTy

Note that the norm depends on o,(3,n) via by(y,y).

6.2.3. Stability estimate or inf-sup condition

We have to prove that for all y; € Vj there exists a v, € V3, such that

bn(yns vn) = Clllynlllllvnll (6.20)

holds with C' > 0 independent of h.
6.2.4 Lemma. For y, € V}, arbitrarily we set vy, := Coyp + h - Vyp, with Cy > 0. It

llvalll = llCayn + hB - Vynlll < Clliyall
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6. Analysis and numerical results of differentiable upwind method

where C' is independent of h.

Proof. We verify this by

I1Coyn + 3 - Vynlll < Calllyalll + (128 - Vynll
< Golllynlll + Cllynll

= (Ca+ O)lllynll-
Let us validate the second inequality. The energy norm with bilinear form by as in
(6-159) reads
2 1
A8 - V> = > 5%(5,”) [hB - Vyn]l, [hB - V] B (6.21)

FeFint

+ 3 ( 0(B, )5 - Ty, hf - Vyh> PR ERUER Y]

FeFl ey,

We first reformulate the face terms

> (;au<ﬁ,n> [[hﬂwhﬂ,[[hﬁ-whu) S S (EACROVER PWER Y

FEFZ”t FGFF F
= Y SouB ) 18-Vl + X 50u(8m) 06 Tyl
FeFint FeJFF

We relate the faces to the boundary of one element T'. Let F' be the inner face between
cells 71 and T5. By the triangle inequality it holds

1118 - Vynlllz = W 18- Vyr = 8- Vapllh: < B3(I8 - VyulF + 18- Vyel 7). (6.22)

With Lemma we have that %U#(ﬁ,n) is bounded from above by some x > 0,
this yields

> 5o 108Vl [+ X 5ou(Bom) 105 Vunlld < sl 3 116+ Vanly

FeFint FGIFF TETy

Now we apply the trace inequality (6.11]) to obtain for the face part

kB2 > 18- Vil < khC Y 18- Yl (6.23)
TeTy, TeTy,
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6.2. Analysis of differentiable upwind method

Second, we transform the cell part of equation (6.21]) with the Cauchy-Schwarz
inequality and with the inverse estimate ((6.12)

ST h|B-V(RB - V) H < Z W85 IV (hB - Vyn) ||
TeTy, TeT),
< C > BVl
TeTy,

Note that we used the Assumption |8l = 1. Altogether we have

> (3o 08 Vonl 108-unl) + 3 (3u(Bnh5 - Vunhs - Vin)

FGF;;” FEFF
+ 37 h|B-V(hB - V)3
TeTy,
<khC " 18- Vonlp+C > hlIB- Voull7-
TET}L TET}L

We add face terms to arrive at the energy norm. The inequality still holds with these
additional face terms

- Zul? <] 3 (3ou@m bl fond) + 3 (GoutGmmn)

FeFint FeF!
+ 3" )8 Vynllz
TeTy,
=c[bh<yh,yh>+ 3 h||ﬁ-whu%] = Oyl (6.24)
TeTy

Thus it holds

178 - Vynlll < Clliynll-

Therefore it is enough to prove that
bu(yn,vn) = Clllynlll?,  for vy := Coyp + hB3 - Vi,

which we do in the next lemma.
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6. Analysis and numerical results of differentiable upwind method

6.2.5 Lemma. There exists a constant Co > 0 such that for all y, € Vi,

b (Yn, Coyn + hB - Vyn) > Clllynlll.

Proof. We follow the proof of Lemma A.1 in [45]. Since our discretization of the
advection differs from [45] we now consider the advection parts of their proof. Hence
we have to show that for any Co there exists a constant ¢4 > 0 such that

bh(Yn, Coyn + hB - Vyr) > Cobn(Yn, yn) — chbn(yn.yn) + 1113~ Vynlg /2. (6.25)

This is enough to prove, because if we choose Cy > ¢, the inequality in Lemma
holds. We mainly follow the proofs of [45, Lemma A.1] and [60, Lemma 1.4.11].
However, for completeness we sketch all details. We use the reformulation of the
bilinear form by as in Lemma Applying Cauchy-Schwarz inequality and
afterwards Young’s inequality to all products yields

bi(yn, Coyn + hB - Vyn) = Cabn(yn, yn) + 1|18 - Vuu |2
1
- > (2 [B-nyn] , [hB - Vyh]]) + > ( ou(B,m) [yn] . [RB - Vyh]])F

FeFint FeFint
1
- Z (25 : nyhahﬂ : v?Jh) + Z ( Uu /67 yh7h’ﬁ Vyh>
FeFl FeF? F
(6:6).©3) 1 1 S
> Cobn(yn,yn) +h 1B Vynlt — % > 3 1B-nynl|| — 5 > 8- Vorll
FeFint F Fefint
1 1 2 v 2
—— > 50 ]| -5 > 8- Vs
21/ it 2 F 2 it
FeFir FeFin
1 1 21
w2 |, 2 LB —22 X Ih- vl
14 2 2 F
FeFE eFl F FL

Let us sort the terms and bound them bit by bit afterwards

by (yn, Coyn + hB - Vyp)

>Cabn (Y, yn) + 1|8 - Vyn | (To)
1 1 2
- 27 Z 70‘#(67 [[yh]] + Z U,u 67 (Tl)
1% - 2
FeFint FeFl
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6.2. Analysis of differentiable upwind method

14
—5 12 X Mns -Vl +2 X 18-Vl (T2)
FeFint FeF}]
11 2 2
— oo | 22 B -nmndle+ X 18- nymly (T5)
Fefint FeF}

Let us begin with T1. Assume that 50,(5,n) is bounded from above by x and use

m to obtain

1 2

le—g Z

1
> —E”bh(yha Yn).
FeFint

Lou(8.m) ]

+Z

FeFl

Uu 57

(6.27)

For the second term 75, we proceed in the same fashion as in the proof of the preceding
Lemma, We relate the faces to the boundary of one element 7. Let F be the
inner face between cells T and T5. With the triangle inequality it holds

1148 -Vl = 1218 Vo — - Vanl% < B3(I8 - Vunlla + 16~ Tualld). (6:29)
This then yields
Ty=—v| > (k8- Vunllz+ > 188 Vunlz | = b > (18- Vunll3y-
FeFint FeF] TeTy,

Now we apply the trace inequality (6.11)) to obtain

Ty > —h*v Y (18- Vnlgr = —vhC Y7 18- Vunly - (6.29)
TeTy TeT

Let us finally bound the term T3

> 08 nandll+ 32 18- namll (6.300)
FeRint FeFy
> ([8-nynl, 18- nyn])r+ Y (B 1w, B nyn)r. (6.30b)
FeRint FeF}

We begin with the sum over the interior faces. We use the definition of the jumps
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6. Analysis and numerical results of differentiable upwind method

(4.2) and reformulate

([8 - nynl , [8 - nynl)r = 4({B - nyn ¥, {8 - nyn ) F (6.31)

’1'_1\

(B-nayr + B - nay2)(B - may1 + B - nay2)ds
= (8- n1)* ||[val |-

It holds —1 < 8-n < 1 since|B-n| < ||8]|||n]| = 1 due to Assumption [6.1.1] Thus we
estimate

(8- n0) lyad[* <18 - mal (Tynl » [yaD) -

Furthermore, according to Lemma the differentiable stabilization is greater or
equal the absolute value function: 5 -n <|3

n| < ou(B,n). That means,

18 na| ([ynl , [yl P < (0u(8,7) [ynl s [yn]) -

In the same way we proceed for the term over the boundary faces
(8- nyn, B-nyn)r = (8- 1) (Y, yn) F

<[8 -l (Yn-yn)F

< (Uu(ﬁv n)yhv yh)F-

Finally, the interior and boundary faces together with the formulation of by, (yn, yp)
(6.18¢) read

S (18- nunl 18- nun)r + > (B nyn, B - nyp)
FeFint

FeF]
< > (ouBn) [ynl s el e + Y (0u(B,n)yn, yn)F
FeFint FeFf
(GEx)

26y, (Yn, yn)-

(6.32)
Putting all the pieces together, it holds

To+T1 + 15 + T3

1
>Cobn (Yn, yn) + 1|8 - Vynll3 — =—kbn(yn, yn)
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6.2. Analysis of differentiable upwind method

11
—vhC > |18 VnllF — 25 1200 (Yns yn)

TeTy,
>Cabp(yn, yn) + (1 = vO)R |18 - V|7 — %("& + 2)bn(Yn, Yn)-
We choose v := % and Co > 5 (k +2) = C(k + 2) to complete the proof. O
The main assumption of Lemmas [6.2.4] and [6.2.5)] is
%au(ﬁ,n) <k Vn. (6.33)

With Lemma [6.1.3] such a « is easily found.

6.2.4. Error estimate for the £2-projection

Now we derive an error estimate for the £2-projection . This will be used in the
next step to get an estimate for the overall error.

6.2.6 Lemma. For any function v € H*1(Ty), the error for the L%-projection in
the energy norm can be bounded

1
llo = Iyl < CR* 2 [olgg -

Proof. Again we follow the beginning of the proofs in [45, Theorem 5.1] and [60,
Theorem 1.4.13]. The standard estimates for the L2-projection are, see [35, Theorem
3.1.5],

Z HU — Hh’UHT S Chk+1|U|Hk+1(Th), (634)
TeTy,
and
Z HV(U — UhU)HT S Chk|U’Hk+1(Th). (6.35)
TeTy,

Due to the definition of the energy norm, the error of the £2-projection in the energy
norm reads

1
2

(v — o) ||| = [bu(v — Mo, 0 — M) + Y k| V(v —)|5] . (6.36)
TeTy
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6. Analysis and numerical results of differentiable upwind method

We begin by estimating the first term. The bilinear form equation (6.18c) is

bu(v — Mo, v — M) B2 (%ﬁ,WwJMWM—HmD
FeFint F

+ Z o,(B,n)(v — Ipv), (v — IIHv)
Ferl < g )F

For the interior faces, we get with Young’s inequality and with %O‘u(ﬁ, n) <1
due to Lemma [6.1.3]

(QM@mM—HWN“‘”WDF

1
= /i%(ﬁ,n) ((U1 — ITyv1)? = 2(v1 — Hpvr) (ve — Hpvo) + (v — Hhvz)2>d3
1
< /Ciau(ﬁ,n) ((’01 — Hhv1)2 + ('UQ — Hhv2)2>ds
F
< C/(Ul — Hhv1)2 + (’Ug — HhUQ)QdS
F
=C ((Ul — 1, v1 = pv1) pry) + (v2 — Hpva, vg — Uhv2)F(T2)> :
In the same way with %Uu(ﬁ, n) < 1, Lemma we get for the boundary faces

(3outB o — M), — 1)) < Z (v — My)*ds.

Altogether, we estimate the first term with bilinear form by writing the interior and
boundary faces in terms of the boundaries of the the single elements T'. Thereafter,
we use the relation that the square root of a sum is less or equal a sum of square
roots. The third inequality holds, because of the trace inequality . The last step
follows directly form the standard estimates , .

(v = Ip)[l| = [bh(v — yv,v — Oyo) + Y h|[V(o— Hh“)“?r]
TeTy,

[SIES

C > o= Iwl3e+ Y h||[V(v— D)l
TeTy, T€eT
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6.2. Analysis of differentiable upwind method

1
<C| Y v—Mpollyp + Y h2 HV(U—HW)HT]
TeTy, TEeT
<O\ R o=yl + > hE (Vo - Tyw)];
TET}L TET}L
©-39),(6-35)

< ORME folggess (-

6.2.5. Estimate for bilinear form and error estimate in the energy
norm

6.2.7 Theorem. Let y € HFTY(T),). Suppose y solves equation and yp, € Vy
solves equation . Then the error y — yn admits the following estimate

e+l
ly — ynlll < CR* 2 |ylygmeacr,y,

with C' independent of the mesh size h.

Proof. As before we mainly follow the proofs in [45, Theorem 5.1] and [60, Theorem
1.4.13]. We begin the proof by applying the triangle inequality to the energy norm

ly = wnll < ly = 1yl + llyn — Hryll-

For the first term, we use the error estimate for the £2-projection of the previous para-
graph Lemma the second term is estimated now. The consistent discretization,
see Lemma implies Galerkin orthogonality

bh(y — yh,vh) =0 forall Vp, € Vh. (6,37)

With the stability result Lemma [6.2.5] applied to y5, — IIyy € V3, and the Galerkin
orthogonality (6.37) we have

Cllyn — Hypyll* <bn(yn — Hyy, Co(yn — Iny) + hB - V(y, — Ly)) (6.38)
-6.37
="bn(y — ny, Co(yn, — Hpy) + hB - V(yn — py)). (6.39)

For abbreviation, we set z := y — IIy and w := yp, — IIpy. We split equation (6.39) in
two terms and estimate them separately. There are two formulations of the bilinear
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6. Analysis and numerical results of differentiable upwind method

form by (yn,vp). For the ﬁrst term we use the formulation of equation - In
addition we use that h=2 - h3 = h% = 1 and the symmetry of the £2-scalar product.
The first term then reads

b (z, Cow) = Y (h—%z, _hi- VC’Qw)T

TETy
Fe% ({=}.2{Cow B - n}) F;F: ([[z]] L8, )[[ogw]])F
+ F%sz <z, %5 . nCQw> + F%B;F ( —o,(B,n ng>F

For the second term we use the reformulation of the bilinear form in Lemma [6.1.5]

and apply the same idea of splitting A in two portions

bu(z,hB - Vw) = 3 (h%ﬁ-w,h%ﬁ-Vw)T

TET)
1
+ % (30l vel) + X (oum 18 V)
FeFyrt FeFint
1 1
—~B-nz,hB-V - h3 -V
+F§Fj}€( 38z hf ‘”>F+F§F:£(2”“(ﬁ’”)z’ §-vu)
First we apply the Cauchy-Schwarz inequality , and get
bn(z, Cow + hB - Vw)
=bp(z, Cow) + by (z,hf3 - Vw)
CS 1
> el - [-rie-vOu,
X W G e X Il 3o el
FeFint FeFint
£ Y el 38 nCan] + 5 el |ouamCan
FeFl FeF? F
+ 3 |t ve - [nis - T,
TeTy
1
+ Z —iﬂﬁ-m]] H[[hﬁ Vw]]”p"‘ Z Uu (B,n) [] F‘Hﬂhﬁ'Vw]]HF
ant

FeFint
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6.2. Analysis of differentiable upwind method

o Ing - Vullp+ >

FeF}

: ||h5 Vuwllp.

p>

FeFy

_,5 nz

Uuﬁv )

In the next step, we use the inequality of Schwarz (6.7) and sort the single terms to
estimate them step by step in the course of this proof

br(z, Cow + hf - Vw)
2

<o ¥ |z ni] + £ [zouem (13)
FeFint FeFl

+ 3 |gpen] + ¥ [-380ne (@
FeFint FeFl

o] LR @)
TETy,

3l UaE WD ol [ O TAES D15/ -EE3 D E RS

TeTh FeFint FeFint FeFl
1 2
> s et + 3 Ao mom (1)
int r F
FeFy FeF}
2
+ 3 |2fCowB-n}n + Y 5B.nCQw (Tio)
FeFint FeFL F
2 2
+ X [ -n8- VOl hip- v,
TETh
1
2
+2 Y 08 Vull+2 3 b8 Tl | (Tw)

int r
FeFin FeFL

1

2 2
=C {TE) + T+ 17 + Tg] . {Tg + Tho + T11:|

One row corresponds to one variable 75,7 = 5, ..., 10, the last two rows are summarized

in T11 .

We first estimate the terms T and Ty, which are the same terms only differing in the
variable z and w, respectively. Assume that %au(ﬁ ,n) is bounded from above by k.
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6. Analysis and numerical results of differentiable upwind method

Then use ([6.18¢)) to obtain

1 2
Ts= ) 5%(& [[Z]] + > Uu (B,n)z|| < kby(z,2) (6.41)
FEF;‘;"t Fe ]FF F
1 2
Ty = Z §Ju(ﬁ’ + Z Uu (B,n)Cow|| < KC3b(w,w). (6.42)
FE]F;LL"t FE]FF F

The next two terms are Ty and T7¢. The term Ty reads

5> >

FeFRint FeFr

2

-5 [[ﬂ nz]

F

For the sum over the interior faces we get with the same arguments as for the term

T35 in the proof of Lemma see the equations (6.30)) to (6.32)),

—

08021, 18- nal)r = (B =} 4B - neh)r (6.43)
w? |1
518l =1

< (ou(B.m) 1. 121

IN
e S
~~

N

Applying the same arguments for the boundary face sum, it follows for Tg

= ¥ D>

FeFint FeF]
1
< Y (oL E) + X (Roun)
FeFint (2 ' ) Fe]FF( ' )F
6159 bn(z, 2).

518 -n7] 58

(6.44)

Taking a look at T1g

2

To= Y [20Cow s ny+ 3 |58 nCau (6.45)

int r
FeFin FeFf
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6.2. Analysis of differentiable upwind method

we notice, that we have an average term, which equals the jumps in (6.43)) or (6.31]),

2{Cowp - n}, 2{Cowp - n})r = ([Cowp - n] , [Cowp - n]) F.

Thus again with the same arguments, for the term T7¢ it holds

2

1
T10 = Z ||2{{ng6 . n}}H; + Z 5,8 . HCQQU
FeFint FeFy) F
< Y C3ou(Bon) [w], [whE + Y. CF (0u(8,n)w, w)
FeFint FeFy)
< 2C3by, (w, w). (6.46)
After this we estimate the terms 7% and 173
2
=3 ‘h%B-VzHT, (6.47)
TeTy,
2 2
Tn=Y |-h28-VCu| + > |28 Vo (6.48)
TeTy TeT
+2 3 [ln8- Vel +2 3 158 Yl (6.49)
FeFint FeFl

Similarly as in equations ((6.27]) -(6.29)) we apply the trace inequality (6.11) to the

face terms of 171

2 N |- vallln+2 Y 18- Vu|h <2 Y (18- Vg,

FeFint FeF}] TeTy

©11
?hC > 18-Vl

TeTy

Thus, with this trace inequality we have for the entire term 771

Tu=Y |-h6-vou| + 3 [nis- vul|, (6.50)
T€eT), TEeT
+2 5 |[[r8 - Vul|n+2 Y (h8 - Vw3 (6.51)
FeFint FeFl
<y H—héﬁ-VCZwHQT+ 3 \héﬁ-VwHQT (6.52)
T€ET), TeT
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+hC Y ||B V|7 (6.53)
TeTy,
<(C3+1+C) > h|B-VulF. (6.54)
TeTy,

The next step is summing up the estimates for Ty, equation (6.41)), T4, equation (6.44)
and T%, equation (6.47)), which belong to the first pair of parenthesis of ((6.40))

Ts + T + Tr < Kby (z,2) + 20p(2,2) + > k|- V2|7 (6.55)
TeTy
2
< (rC +20) - (bh(z,z)—i— 3 h||ﬁ-Vz||T) (6.56)
TeTy
= C||=]I*. (6.57)

For the energy norm of z we already have an estimate, because z was defined as the
projection error z = y — IT,y. With the error estimate for the £2-projection in Lemma

(6.2.6|) we have

Ts + Ts + Tr < C|||2|? (6.58)
2
< c<h’f+%\yy%1m)) . (6.59)

For the second pair of parenthesis in (6.40) we sum up the estimates of Ty, equation

(6:42), T1o, cquation (646), and Ti1, equation (5-54)

Ty + Tio + T < £C3by(w, w) + 2C3by(w,w) + (C5+1+C) > kB Vul3

TET,

(6.60)

< C(bh(w,w)—i— 3 huﬁ-waT) (6.61)
TET),

= Clw|f. (6.62)

Term Ty is left

To= Y [+ X R+ X MR +2 X eE 663)

TeT FeFint FeFint FeF]

We apply the trace inequality to relate the face terms of Ty to the cell terms.
Therefore we rewrite the face terms in terms of cell boundaries. With the triangle
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6.2. Analysis of differentiable upwind method

inequality we get for the jump term
2 2 2 2
[T=D]l7 = llz1 = 22ll” < llzall” + 22"

This yields

SR+ X lelE= 30 e =zl + X2 zlE < D l=ll3e-

int r int I
FeFin FeF}, FeFin FeFy, FeT

For the average term we get in the same way with triangle inequality

1
€37 = 7 llz + 220 <l + ]2

and hence
1
SR+ X Nz = X glatali+ X R < Y =l
FeFint FeFy FeFint FeF} FeTy

since % < 1. In total we get by applying the trace inequality to the cell boundary
term

Ts< Y bt zlz+2 > lzl5r (6.64)
TeTy TEeT),
< S R 420 Y hVEE 20 Y B e (6.65)
TETh TET}L TET}L
<o X nt s+ 3 Ve ). (6.66)
TeTy, TEeTy

Because z is defined by z = y — Iy, we use the standard estimates for the £2-
projection (6.34)) and (6.35]) in the form

W2 Y llelly < CRE 2yl s (6.67)
TET,
and
hs Z IVzllp < Chk+%|y\yk+1(1rh)- (6.68)
TeTy,
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6. Analysis and numerical results of differentiable upwind method

Squaring and after that summing of (6.67)) and (6.68) leads to the estimate

_ 1 2
BNl R Y IVElE < C (Bl r,))

TeTy, TEeT),
Equation thus reads
_ 1 2
<o SR X RIVAR ) <€ (W b)) (669)
TeTy TeTy,

Putting all pieces together, equation (??) reads with the estimates (6.59), (6.69),
6.62)

1

1
2 2

bn(z,Cow + hf - Vw) < C |:T5 + T+ T7 + T8:| . {Tg + T + T11:|

1 1
. 2 ) 213 3
< C{C (hk+2 ‘y’Hk+1(']1‘h)) +C (hk+2 ‘y’HkH(Th)) } : {CH‘WHP]

<C

1
B gy | - Il

Altogether, with our abbreviations z = y — IIy and w = yp, — Iy, the error estimate
of the discretization error in the energy norm in Theorem follows from

62
Clllyn — pylll> < by — My, Co(yn — Mpy) + B - V(y, — Iy))
1
< ChF 2yl ygins my) llyn — Myl
1
& Cllyn — Dpylll < CH* 2 [ylyperr, -

6.2.6. Superconvergence result

6.2.8 Corollary. Let the grid be a Cartesian grid and the polynomial space P(T)
the space of piecewise polynomials of degree k. Let y € HF2(T},). Suppose y solves
equation and yp €V, solves equation . Then the error y — yn admits the
following estimate in the £* norm

ly —ynll < Chk+1|y’7{k+2(m)v
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6.3. Diffusion advection reaction

with C' independent of the mesh size h.

Proof. For a proof of this result see [74, Theorem 6. O

6.3. Diffusion advection reaction

In this section, we show, that the results of the previous subsections also hold for the
diffusion advection reaction problem, Example In this case, we have to adjust
the test functions [II], [45]. The diffusion advection reaction PDE reads

-V -(aVy)+5-Vy+py=f onQ (6.70a)
y=yp onl. (6.70b)

The corresponding discrete problem is, see (4.7, find y, € V} such that

aan(yYn, vn) + bu(yn, vn) + pch(Yn, vn) = fu(vn), Yoy € Vi (6.71)

Here we use the same discretization as in the previous sections with the proposed
differentiable stabilization o, (3, n) for the advection and the standard discretization as
depicted in Chapter 4| for the diffusion part ay(yn,vs) and the reaction part cp(yp, vn)
. The advection vector [ is normalized, ||3|| = 1. We define a different energy norm
for this diffusion advection reaction problem [I1], [60]:

9 llZar = allylliz + Mlyll* + ollyll- (6.72)

This energy norm consists of the energy norms of the three parts. The advection
norm |||y||| is the same as in (6.19)). The diffusion norm is defined as [60]

2
lld = S 0wl + > IVvAlE+ 3 ||vew|,. (673
FeFf

TeT FeFint

and the energy norm of the reaction part is

. 2
gl = >_ llyllz-

TeT

With these definitions we state an estimate for the £?-projection and a stability
estimate. After that we derive an error estimate in the energy norm for the diffusion
advection reaction problem.
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6. Analysis and numerical results of differentiable upwind method

6.3.1 Lemma. The error of the L2-projection in the energy norm for any function
v € HFY(T),) can be estimated by

v = Iyolllaar < € max(yah®, B3, /B o] g,

Proof. To proof Lemma [6.3.1| we take a look at the separate parts. An estimate for
the diffusion part is found in [9], [10]:

|”U — Hhvmd < Chk|U‘Hk+1(Th). (674)
For the reaction part we use the standard estimate for £2-projection (6.34)

o~ oll, = 3 o~ Havlly < OB oy, . (6.75)
TeTy,

Summing up the estimates for diffusion (6.74)), advection in Lemma and reaction
(6.75), we arrive at the statement

lv = Tpolldar < Velllv = Hyollla + v — Hpolll + /ol — Dyl
< \/&Chklv‘ﬂk+1(qrh) + Chk+%]v|Hk+1(Th) + \/ﬁChk+1‘U’Hk+1(Th)
< Cmax(vah®, W2, ph* ) ol r, ),

see also [45] for diffusion advection. O

In contrast to the standard approximation results for the diffusion and reaction,
where for the stability v := y is used as a test function, in the diffusion advection
reaction case we have to use augmented test functions, which we used for the advection
vy, := Cyp, + hB3 - Vyp,, see Lemma This is because of the additional term in the
energy norm of the advection, which is important when the advection term dominates.
In the same manner as in the stability proof of the advection Lemma we have
to show that for all y; € V}, there exists a vy, € V}, such that

aan(yn, Cyn + hB - Vyp)
+ by (yn, Cyn + hB - Vyp)
+ Pch(yha Cyn + hp - vyh) > C|||yh|||darH|Uh|”dar

holds with C' > 0 independent of h. We proceed in the same manner as in the stability
proofs of the advection part.
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6.3. Diffusion advection reaction

6.3.2 Lemma. For the diffusion advection reaction energy norm with aug-
mented test functions, it holds

1Cyn + hB - Vynlldar < Clllynllldar + 178 - Vyn|lldar
< Clllynllldar + Clllynllldar
< C|||yh|||dar-

Proof. The first inequality holds, because of triangle inequality. We now prove the
second inequality, by showing

1B - Vynlldar < Clllynllldar-

We begin with the reaction part of the diffusion advection reaction energy norm. With
the Cauchy-Schwarz inequality, HﬁHQ =1 and the inverse estimate (6.12) it holds

IhB - Vyulll? = D 188 - Vunllz

=
s
2 2
< > BIF 1AVl
TeT
©12) )
< O lynliz = Clliyalll?-
TeT

Furthermore we estimate the diffusion part in the same manner as we did for the
advection part in proof of Lemma [6.2.4 The diffusion part reads

125 - Vynlll3
= IR0 T+ 3 ATl 3 vl
TeT Fernt

We first reformulate the sums over the faces. In the same manner as in equation
(6.22) we get with triangle inequality

VA [h8 - Vynl||7 = B2 | yAhB - Vyr — AhB - Vs
< 1? (IvAhB - Vol|* + [[vAhB - Ve *)
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6. Analysis and numerical results of differentiable upwind method

Thus we relate the face terms to the boundary of the elements T’
2
S s vulli s S [vans vul
FeFint FeF}

< Ch? > IWAB - Vo -

TeT

Now we apply the trace inequality (6.10) and get

Ch? Y~ |VAB - Vunlgr < Ch > VAB - Vil

TeT TeT

Secondly we reformulate the cell part. We use the inverse estimate (6.12]) and the
Cauchy-Schwarz inequality

STIVGRB-V)z < €S8 Vinllz

TeT TeT

cs
< CY N8I IVunl7 -
TeT

The estimates for cell and face part together thus read

S IVGE-Vua+ X IvAls-Vull:+ X |vEms - vul,

T€T FeFint Ferl
<CY IVunlF + Ch Y VAB - Vil
TeT TeT

The inequality still holds, if we add face terms to arrive at the energy norm for the
diffusion part

C YVl +Ch Y- VA8 - Vunl7

TeT TeT
2
<O IVmld+on Y yas- Vil + X IWAlndlE+ X Ve
TeT TeT FeFint FeFy
=Ch > VA8 - Vynllm + CllylI3.
TeT

For the advection part it holds with equation (6.24]) in the course of the proof of
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6.3. Diffusion advection reaction

Lemma [6.2.4]

A8 - Vynll?

< C{bh(yh,yh)*- > hHB'Vth%}
TeTy

We get for the overall diffusion advection reaction energy norm, where the remaining
term of the diffusion estimate enters the advection energy norm

178 - VynlllFar
=al[[nB - Vynlllg + k5 - Vynll? + pllhs - Vynll?

<aCh 3 |38 - V2 + aCllyll
TeT

+ Cbp(yn,yn) +C > h|1B- Vynllz + pClllynll?
TeTy

<aCllynll7 + Clllynll* + pCllynll?
=ClllynlllZar-

Thus we have

IhB - Vynlldar < Clllynlllaar-

O
6.3.3 Lemma. There exists a constant C > 0 such that for all y, € Vp,
aan(yYn, Cyn + hpB - Vyp)
+ 0n(Yn, Cyn + hB - Vyp)
+ pcn(yn, Cyn + b - Vyn) = Clllynl7ar-
Proof. We investigate the three parts separately, because the energy norm |||.|||gar i8

a sum. For the advection part, the stability estimate is shown in Lemma which
states

b (Yn, Cyn + hB - Vyr) > Olllynlll. (6.76)

For the diffusion part, a proof is found in [45], proof of Lemma A.1. An important
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6. Analysis and numerical results of differentiable upwind method

step is the use of the inverse inequality and the trace estimate. It concludes
aap(yn, Cyp + B - Vyp) > Coz||]yh||]?l (6.77)

The stability estimate for the reaction part can be proven by applying the inverse
estimate [60, Lemma 5.1.5]

pcn(Yn, Cyn + hB - Vyn) > Cplllynl||?- (6.78)

Altogether we get

aap(yn, Cyn + b3 - Vyp)

+ b (yn, Cyn + 53 - Vyp)

+ pen(Yn, Cyn + hB - Vyp)
>Clllynlll* + Calllynlllz + Colllynll?

=C|llyalGar-
O

6.3.4 Theorem. Let y € H*1(T},). Suppose y solves equation and yp, € Vj,
solves the discrete problem equation . Then the error y —yp, admits the following
estimate

1
Iy — ynllldar < C max(v/ah®, hFF2, \fphkﬂﬂy’ﬂkﬂ(m),

with C' independent of mesh size h.

Proof. The proof follows the same steps as the proof of Theorem With the
previous Lemmas [6.3.1] and [6.3.3] the estimate in Theorem follows. First we
apply the triangle inequality

Ny — ynlllder < llly — nyllldar + llyn — Iyl dar- (6.79)

The first part of (6.79) is estimated by the projection estimate in Lemma The
second part is estimated now. In a first step we use the stability estimate of Lemma
and, because the discretization is consistent, the Galerkin orthogonality:

lyn — HpylllGar <can(yn — Hny, Cyn — py) + hB -V (yn — 11y))
+ by (yn — py, C(yn — py) + hB - V(y, — ILy))
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+ pen(yn — My, Clyn — ny) + hB - V(yn — Ipy))
=aap(y — py, Cyn — py) + hB - V(yn — Ipy))

+ bn(y — Ipy, Cyn — Hpy) + hB - V(yn — Iny))

+ pen(y — My, Clyn — py) + hB - V(yn — Ihy)).

We need to use the augmented test functions here, too. Thus we have to show

aap(y — Hpy, Clyn — py) +hB - V(yn — Hpy))

+ 0n(y — Iy, C(yn — py) + b3 - V(yn — yy))

+ pen(y — My, Cyn — py) + hB - V(yn — yy)) (6.80)
<Cmax(vVah®, B3, ol Yyl o, llyn = Tyl dar-

Then the error estimate in Theorem [6.3.4] follows with:

llyn — TpylllFar <can(y — Myy, Clyn — Huy) + hB - V(yn — hy))
+ bn(y — py, Cyn — Hpy) + hB - V(yn — Iny))
+ pen(y — py, C(yn — Hpy) + hB - V(yn — py)) (6.81)
<Cmax(vah®, B2 Ryl n,) lyn = Tnylaar
& lyn — nyllaar <Cmax(Vah®, h¥E, /BhE ) [yl ).

Again, we investigate the three parts, advection, diffusion, reaction, separately. The
advection part was proven in Theorem see (77):

br(y — Ipy, Clyn — py) + hi - V(yn — py))
1
< CR 2 |ylypersgry) llyn — nylll, (6.82)

1
< Chk*2 \y|Hk+1(Trh)|||yh — Y| dars

the diffusion part is shown in [45], proof of Theorem 5.1,

aan(y — Iy, C(yn — Hpy) + hB - V(yn — y))
< CahFlylyess e, llyn — Tnyllla,

i Vallyn — Ihylla
< OValTybosamy T

< CvahFlylyes e — Tayllldar-

lyn — Iyl dar (6.83)
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For the reaction part we have to proof:

pen(y — Iy, C(yn — yy) + hB -V (yn — Ixy))
< Cy/ph* ™ Mylygesr o) lyn — Iyl dar- (6.84)

This follows by applying the Cauchy-Schwarz inequality , the inequality of
Schwarz (6.7)), the projection estimate (6.75) of Lemma and the inverse estimate

©-12),

pen(y — Iy, Clyn — Hpy) + b - V(yn — py))
=p > (y— Iy, Clyn — Mpy) + hB - V(yn — Ipy))r
TeT

Py = Mhylr (HC(yh = 1ny) || + |18 -V (yn — Uw)HT)
TeT

p (Z ly — th/”%) (Z (Hc(yh — ) || + [|hB - V (yn — th)HT)Q)
TeT TeT

-

N|=

p ((Chkﬂlylwwm)?) 5 (Z (ICn = Ty)|l7 + |28 - V(g - th)HTf)

TeT

1
€2 ’
< pCR ylgg ) (Z Clign - thHQT)

TeT

pwyh — th”"”
< ChF+! Ylyr+1 v
NG 0 g, = gl

< \/ﬁCth\y|Hk+1(Th)|Hyh — Ipy || dar

Nlyn — nyll|dar

Altogether, with the estimate for advection (6.82)), for diffusion (6.83)) and reaction
(6.84)), equation (/6.80f) follows and with (6.81]) the estimate in Theorem m O

6.4. Non normalized advection coefficient

In the case that Assumption does not hold, i. e. |||l # 1, we have to adjust
several ingredients. The main assumption originating from ||5]| = 1, see for example

equations (6.30))-(6.32)), is

-1<p-n<1
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and thus (8-n)? <|B-n|. For ||3| # 1 this equation changes

— 8l <B-n <18,

o <Py

With the weighting factor ﬁ, the term belongs always to the interval [—1,1]. There-

fore it holds
(22 <l
18l ) = 18l

& (B-n)? <IBIIIB nl.

Check assumptions Let us examine the two remaining Lemmas and

Lemma [6.1.2] holds for a non-normalized advection coefficient
6.4.1 Lemma. The following inequality holds

|ﬁ : n| S O-M(/Bun)‘

Proof. Because of |3 -n| < ||B]| it holds (8-n)? < ||8]|>. Therefore, the inequality
holds:

V(B -n)? + 8] 2
V14 p?

1222
1+ Gy

1+ p?

O-H(ﬁv TL) =

= /(8- n)?

>|B-n|.

An adjusted variant of Lemma holds as well:
6.4.2 Lemma. The continuously differentiable stabilization o,(5,n) is bounded from
above

1
mau(ﬂ,n) <1
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Proof. This holds true, because

1 n| <181l Inll = 18]
= (8-n)? <18

(ﬁﬁﬁbf + p? <1+ 42
= (ﬂéﬁlfw? <1+ p?
= H;Hau<ﬁ,n):M¢<ﬁ-3f:ﬁnf||2u2 .

O]

Error estimates By including an additional term m, we adjust the energy norm

e

lyllF = baly.y) + > 18- Vylz,

& 18]

and the augmented test functions vy, g := ﬁvh = ﬁC’yh + ”—g“ﬁ -Vyp.

With these adjusted energy norm and augmented test functions, the stability analysis
and error estimates of the preceding Lemmas and Theorems hold for ||3]| # 1.
6.4.3 Theorem. Let y € HFTY(T),). Suppose y solves equation and y, € Vi
solves equation . Then the error y — yn admits the following estimate

k41
ly = ynlls < Coh* 2 |ylggesrr, ),

with Cg independent of the mesh size h, but it depends on |||

Proof. We do not show all steps in detail, because the proof proceeds in the same way
as in the preceding Lemmas and Theorems. As mentioned before, now the energy
norm and the augmented test functions are weighted with II%’H At the points in the

preceding proofs where we used ||3|| = 1 and therefore (5 -n)? <|3 - n|, now it holds
(B-n)%2 < ||B|||B - n|. Additionally, we use Lemma and Lemma which hold

for non-normalized advection coefficient. With these changes, all other steps stay the
same. In contrast to before, the constant Cz now depends on ||3]. O

For a diffusion reaction advection problem, the authors in [II] investigate error
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estimates for a non normalized advection coefficient with a more sophisticated aug-
mentation of the test function. They use the standard upwind discretization for the
advection part.

6.5. Numerical results

To verify the theory developed above by numerical examples, we define two quantities:
the error e; and the experimental order of convergence (EOC). We use both to
investigate the convergence of the discretization method. We perform successive
global mesh refinements and compare the computed solutions.

6.5.1 Definition. The error e;, between a global refinement step is defined by

en = |ly(h) — y(h/2)|-

A
6.5.2 Definition. The experimental order of convergence (EOC) is defined by
ly(h) —y(h/2)| ) L
EOC :=log .
(Hy(h/?) —y(h/4)|| ) log(2)
A

The finer the mesh refinement, which means the smaller h, the smaller this error ey,
should become. The experimental order of convergence should be 2 with linear finite
elements, and 3 with quadratic finite elements with respect to the £2-norm.

We test these theoretical findings for our newly developed differentiable discretization
in comparison with the standard upwind discretization. First we test it with an
example with a smooth solution, after that we show results for a nonsmooth solution.
6.5.3 Example. Smooth solution. As a first example, we take example 1 from [11].
They consider a diffusion advection problem with small diffusion. We change it to
a pure advection problem, that means @ = 0 and p = 0, see Example 2.1.7 We
take 8 = (0.71,0.71), instead of § = (1,1) in [I1], because 8 = (1,1) would yield the
same value for both o, (3,n) and oupw(6,n) and thus a comparison is not possible.
The right-hand-side f and the inflow boundary condition are chosen such that the
analytical solution is y = sin(27x1) sin(27z2), that means yp = sin(27z) sin(27x2).
As domain we choose the rectangle Q = [—1, 1]

Tables[6.1and [6.2|show the computed errors ep, and experimental orders of convergence
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6. Analysis and numerical results of differentiable upwind method

(EOC) for three different settings: the differentiable discretization with o,(5,n) from
with p = 0.01, the extreme case u = 1.0, and the standard upwind discretization
with oyupw (8, n) from (4.5)), which is the same as 0, (6, n) with = 0. The first rows
of Tables and show the number of degrees of freedom (DoFs) which illustrate
the refinement of the mesh. Table [6.1] shows results for linear finite elements, while
Table [6.2] shows results for quadratic finite elements. All errors are computed in the

L£2-norm.
ou(B,n), p=1.0 ou(B,n), p=0.01 Tupw (B, 1)
#DoFs en EOC en EOC en EOC
64 1.5046 - 101 - 1.4357 - 1071 - 1.4356 - 101 -

256 | 4.1625-1072 | 1.8539 | 4.1502- 1072 | 1.7905 | 4.1502- 1072 | 1.7904
1,024 | 8.8261-1073 | 2.2376 | 9.7460 - 102 | 2.0903 | 9.7463 - 10~3 | 2.0903
4,096 | 1.8906-1073 | 2.2229 | 2.1208- 1073 | 2.2002 | 2.1209 - 103 | 2.2002
16,384 | 4.4762-107% | 2.0785 | 5.0049 - 10~* | 2.0832 | 5.0051 - 10~* | 2.0832
65,536 | 1.1024- 104 | 2.0216 | 1.2308 - 10~* | 2.0237 | 1.2309 - 10~* | 2.0237

Table 6.1.: Linear finite elements. Errors e¢;, and EOC for differentiable discretization
o,(B,n) and standard discretization oypw (8, n).

ou(B,n), p=1.0 ou(B,n), p=0.01 Tupw (B, 1)
#DoFs en EOC en EOC en EOC
576 9.7877-1073 - 9.8133-1073 - 9.8133-1073 -

2,304 | 4.4884-1073 | 1.1248 | 4.4401-103 | 1.1441 | 4.4401-1073 | 1.1441
9,216 | 5.8977-10~* | 2.9280 | 5.2576-10~* | 3.0781 | 5.2575-10~* | 3.0782
36,864 | 7.6045-10° | 2.9552 | 6.5406 - 10~° | 3.0069 | 6.5405-10~° | 3.0069
147,456 | 9.6173-1076 | 2.9832 | 8.1726 - 1075 | 3.0006 | 8.1723-107% | 3.0006
589,824 | 1.2072-1076 | 2.9940 | 1.0215-107% | 3.0001 | 1.0215-107% | 3.0001

Table 6.2.: Quadratic finite elements. Errors e, and EOC for differentiable dis-
cretization o, (3, n) and standard discretization oypw (5, n).

As expected from the theory developed above, the errors converge with order 2 for
linear finite elements (Table and order 3 for quadratic finite elements (Table

6.2). This is true for all examined discretizations. The developed differentiable
discretization with o,(f,n) shows a similar convergence behavior as the standard
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upwind discretization with oy, (3,n). We notice that the choice of p has a slight
influence on the computed numbers. With u = 1.0 we get different errors, the order
of convergence is still the same as for the upwind discretization. AN
6.5.4 Example. Nonsmooth solution: Riemann problem. Again we compute a pure
advection problem, Example [2.1.7] to compare the two discretizations. The special
feature of the Riemann problem are the boundary conditions, on the inflow boundary
it is yp =0 for x <0 and yp = 1 for z > 0. The right hand side is f = 0. We choose
advection direction 8 = (0.03125,1.0). This results in a discontinuity for the solution
y, which is nearly along the xs-axis but slightly rotated. The domain is the rectangle
O =[-1,12

Figure[6.1|shows the computed results for a global refinement with mesh size h = 0.0625
that results in a rather coarse grid consisting of 2,304 DoFs. The left column depicts
a three-dimensional view on the solution y;, while the right column shows the
corresponding cross section along the x1-axis at zero, respectively. The first row shows
the computed solution y;, for the standard upwind discretization oyp, (8, 1) ,
the second row shows the computed solution ¥ for the differentiable discretization
ou(B,n) with g = 0.01 and the third row shows the computed solution y; for
w=1.

The results of the first two rows are almost identical. The third row with ¢ = 1 shows
that the choice of the variable p is important. If it is chosen too high, as in this
example, the approximation of the solution is no longer as good as the approximation

by the upwind discretization. The choice of p has to be further investigated. A
dependence on the mesh size h or the advection parameter 8 should be studied. A
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Figure 6.1.: Nonsmooth solution, Riemann problem. Computed solution g for
upwind discretization with o, (8, n) and differentiable discretization
with ¢,(8,n) for p=0.01 and p = 1.
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Part IV.

Sensitivity generation: Transfer
of the principle of IND to PDEs
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7. Structure exploitation of primal and

tangential discretization schemes

This chapter deals with novel sensitivity generation methods for parameter estimation
and optimum experimental design with PDE models. We transfer the principle of
IND to PDEs. Because of freezing the adaptive components and thus using the same
discretization for primal and tangential problems, structure exploitation becomes
possible. We exploit the common structure of primal and tangential discretizations and
develop tailored methods for algorithmic differentiation. That leads to a significant
saving of memory in comparison to differentiating the complete code as in black box
AD. Thus we develop methods to efficiently and automatically generate sensitivities.

We proceed as follows: we investigate two possibilities for structure exploitation, first
the problem structure, which means the structure of the primal and the tangential
problems derived in Chapter [5 Second, we develop a method to exploit the structure
of the finite element method. Finally, we demonstrate the efficiency of the developed
methods on numerical examples.

7.1. Problem structure

As we have seen in Chapter [5], for algorithmic solutions of both optimization problems,
the PE problem and the OED problem, the Jacobian of the PE problem is required.
The Jacobian consists in particular of directional derivatives of the model response
with respect to the parameters. To evaluate those directional derivatives, we select
the sensitivity approach, it is depicted in Section For that, we have to set up and
solve tangential PDE problems. Following the principle of IND to generate consistent
sensitivities, we solve these tangential PDE problems with the same discretization as
the primal PDE problem. This creates possibilities to exploit the common structure
of primal and tangential discretization schemes.

The primal PDE problem in short notation is
F(p;S(p),v) =0, Vv e V(Q), (7.1)

with solution operator S(p), see Section
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7.1. Problem structure

The corresponding tangential equation 1' revisited with 5), = %}? reads
dF(p; S(p),v) _ OF(p;5(p),v) o, OF(p;S(p),v)

) =0, V V(Q). 7.2
dpj a8 p; T+ p; ) v e V(Q) (7.2)

Again, we omit the direction dp; of the directional derivatives for clarity.

We solve the tangential PDE problem and get as solution the derivative of
the solution operator S(p) with respect to the j-th parameter: Sp,;- We repeat
this procedure for every p;,j = 1,..,n,. With these derivatives Sp,,j = 1,..,np, we
calculate the Jacobian, which we need in the course of the optimization algorithms
for parameter estimation and optimum experimental design.

We compute the tangential solutions Sy, j = 1,..,np, in two steps:

1) set up tangential equations (7.2]), j =1,..,np,
2) solve primal and tangential PDE problems by FE method.

In the following we explain these two steps in more detail. For each step we examine
the structure exploitation.

Tangential equations set up We begin with examining the structure exploitation
for the tangential equations (7.2)) set up for j = 1,..,n,. The tangential equation (7.2)
depends on the parameter p;. We take the discretized version of the primal equation

(E9)
Fh(piyn,vn) =0, Vou € Vp, (7.3)
and use it to generate a discretized version (5.6 of the tangential equation

OF,(p; Sh(p), vn) OF,(p; Sh(p), vn)
= — . A4
a5, Sh,p; op; , Vup €V (7.4)

To generate the tangential equation, we need to calculate two partial derivatives: one
with respect to the discrete solution operator Sp,

OFy,(p; Sn(p), vn)
oSy,

Sh.p; (7.5)
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and another one with respect to parameter p;

OF(p; Su(p), vn)

= (7.6)

For derivative we exploit the problem structure, which means the linearity of
the model problem. The derivative is dependent on parameter p;. For the
generation of this derivative we cannot reuse parts of the primal problem. Instead
we have to differentiate the primal discretization with respect to every parameter
pj,J = 1,..,np. How we do this efficiently by exploiting the structure of the finite
element (FE) method is depicted in the next Section

7.1.1 Example. Diffusion advection reaction model problem. We illustrate the
structure exploitation due to the linearity of the model problem by the diffusion
advection reaction model problem, Example 2.1.5] The discrete PDE model problem,
the primal problem, in short notation reads

Fi(p; Su(p), vn) = aan(Sk(p), vn) + bn(p; Sh(p), vn) + p(p)cn(p; Su(p), vr) — fu(p; vn)-

We calculate the derivative of the discrete bilinear form Fj,(p; S (p), vs) with respect
to the second argument ((7.5)) for the primal problem

OF,(p; Su(p), vn)
a8,

0
Sh(p), vn)Shp; + 5 br(P; Sh(p), va) Shp,

Sh’pj - a8y,

0
a5,
0 0
+ P(P)TS}LCh(p; Sh(p), vn)Sh,p; — éTghfh(p; V) Shp; s

=aap(Shp; s vn) + bn(p; Shp;s vn) + p(P)cn(p; Shp,> vn)
=Fn(p; Shp; > vn) + fu(p;vn)-

We observe that the diffusion advection reaction structure remains unchanged. Except
for the right hand side function f5(p;vy), which is not dependent on the solution
operator Sj, and thus cancels out, we can reuse the primal bilinear form Fj(p;., vp)
to compute this derivative. A

As we have seen in the example, the derivative is the same as the left hand side
of the primal problem . Indeed, the only difference lies in the solution operator:
in the primal problem S} (p) solves the equation, in the tangential problem Sy, ;,. solves
the equation. Thus if we add the right hand side of the primal problem fy,(p;vy) to
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Fy(p; -, vp), the right hand side cancels out and we can write for the derivative ([7.5))

OFy(p; Sh(p), vn)
a5y,

Shp; = Fn(D; Shp; > vn) + fr(p;vn).

In other words, the left hand side of the tangential problem is identical with left
hand side of the primal problem . We exploit this linearity of the model problem
by reusing the already existing discretization of the left hand side of the primal
problem to generate the left hand side part of the sensitivity equation.

Solve primal and tangential PDE problems by FE method After setting up
the tangential problems, we solve primal and tangential PDE problems with the FE
method. In the first step of the FE algorithm we assemble stiffness matrix and load
vector, see Section [£.4] For the computation of the left hand side the stiffness matrix
is assembled. We have seen in the last paragraph that the left hand sides of primal
and tangential problems are identical due to our linear problem setting. Therefore
the stiffness matrix is identical for primal and tangential equations. Thus it does not
need to be assembled newly for every tangential PDE problem. We can built it once
for the primal problem and reuse the stiffness matrix for the solution of the tangential
problems.

7.1.2 Remark. Matriz-free simulation. This approach of storing requires memory
space. Recent approaches in the simulation of PDE problems [71], [78] propose to not
store this matrix and to not even built it up completely. Instead, recomputing single
values is cheaper than storing the whole matrix. The developed methods for structure
exploitation of primal and tangential PDE problems can be directly transferred to
matrix-free simulation methods. A

7.2. Structure of finite element method

In this section we exploit the structure of the FE method and therefore apply
algorithmic differentiation to core parts of the discretized primal PDE problem. We
begin with describing our general approach. After that we go into more detail and
investigate the structures induced by the FE discretization. Finally we illustrate the

structure exploitation on the algorithm level.
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General approach The derivative of the discrete bilinear form Fj,(p; Sk(p),vp)
with respect to the parameter p; ([7.6) has to be set up newly for every parameter

p]?] = 17 "7np

OFy(p; Sr(p), vn) ’

= (7.7)

It corresponds to the right hand side of the tangential equation , because it is
independent of the tangential solution operator Sp ;. We set up and compute the
derivative by exploiting the structure of the FE method. We apply algorithmic
differentiation to the discretized primal PDE problem . That means we process
the discretized primal PDE by an automatic differentiation tool to generate
the discretization of the tangential problem . We only process that part of
programming code, which implements core parts of the discretization of the PDE
problem.

Structure exploitation FE discretization The discontinuous Galerkin FE dis-
cretization comprises of three major sums: one sum over the cells T € T}, another
sum over the interior faces F' € Fmt and a third one over the boundary faces F' € Fﬁ .
The summands of these sums consist in the integrals over each cell, interior face
and boundary face. We define a short notation for the terms belonging to these
integrals: gr(p;yn,vp) for the cell integral, gin:(p; yn,vn) for the interior face integral
and gr(p; yn,vn) for the boundary face integral. The discretization of the primal
problem in this short notation reads

Fr(psyn,vn) = Y /gT PiYn,vh)dz + Y /gmt P; Y, vh)ds
TeThT Fernt

+ 3 / (03 Y, v ds. (7.8)
Fe]FF

Our goal is to differentiate this discretization (7.8) with respect to the parameter p;

0
5, Fn(pin o) = 3 /a 91 (p; yn, vp)dx + Y / ——Gint(D; Y, vn)ds
pj TET FE]F'Lnt
+ Z /a ar(p; yn, vn)ds. (7.9a)
FeFl p
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Notice that a generation of the tangential discretizations from the primal discretization
is only possible, if we are operating on the identical sets Ty, F}'Z”t and Fﬁ . That means
the triangulation of primal and tangential problems has to be identical. We use
the same triangulation with frozen adaptive components for primal and tangential
discretizations, due to the transfer of the principle of IND, see Section [5.2]

Thus the structure of the FE method consists in summing over cells, interior faces
and boundary faces and integrating over each single cell, interior face and boundary
face. We exploit this structure by differentiating the single integrands by automatic
differentiation. An automatic differentiation tool processes these parts of code and
generates via code transformation the derivatives of the integrands with respect to
parameter p;. Details about this procedure are depicted after the subsequent example
in the next paragraph.

7.2.1 Example. Structure exploitation for the diffusion advection reaction model
problem. We calculate the derivative of the discrete bilinear form with respect to
parameter p; by the presented procedure. We use the discrete primal problem of
our diffusion advection reaction model problem Example 2.1.5 to set up the discrete
tangential problem. Thereby we exploit the structure of the FE method by only
deriving the single integrands in the discretization.

The discrete problem for the diffusion advection reaction model problem reads, see
Section and Section [6.3} Find vy, € V}, such that

Fy(p; yn, vn) = aap(yn, va) + ba(p; yn, o) + p(0)cn(p; Yns o) — frn(pion),  (7.10a)

the diffusion part reads

an(Yn,vn) = Z /Vthvhdx
TET)

+ 5[] -2AVn Mo - 2y Tond + [ [ | ds

FeFint

+ Z / { — VROnYn — YnOnvp + 2fyyhvh} ds, (7.10b)
FeFl

the advection part reads

bn (D Ynsvn) = — Y /yhﬁ(p)-Vvhda:+ > /{{yh}}Q{{vhB(p)-n}}ds (7.10¢)
F

TETh T FeFint
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+ 3 [ 300l s+ 3 [ (55000 + 30u(80) mm)on ds,

FeFint i FeFl

the reaction part reads

cn(P; Yn, vn) = Z /yhvhdx, (7.10d)

TeTy T
and the right hand side is
n(ivn) = > /f Jopdz + /[2'7?JD v, — ayp(p)On Uh]d
TET), 7 FeFl i

= 3 [](350) mo) ~ gou(B).munt) )] ds. (7100

FeFl p

We regroup the terms in a cell integral, a interior face integral and a boundary face
integral. Therefore we define a function for all cell terms

g1 (p; yn,vn) = aVyy Vo, — ynB(p) - Vuy, + p(p)ynvn — f(p)vn,

a function for all terms corresponding to interior faces

Gint (D3 Yns Vh) iza( = 2{Vyn i {oan} — 2Qynn F{Vor} + v [yr] [ve] )

+ funb2en Be) b+ 50u(B), ) L] [on]

and a function for all boundary face terms

1

5ou(Bp); n)yn)vn

Sou(5®) My (p)) o

1
gr(p; yn, vn) = a( — vROnYn — YnOnvp + QWyhvh) + <§5(p) -nyp +

— (209p(p)vn — ayp (P)uvn) + (%B(p) ~nyp(p) —

With these definitions, we rewrite the discretization of the primal problem ((7.10a)) of
the diffusion advection reaction model problem as

Fn(p; Yn,vn) =
> /gT(Z% Yh vn)dz + Y /gmt s Yn,vp)ds + /gr 5 Yn, vn)ds = 0.
TETy FeFirt p FeFl
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In the next step we derive the single integrands according to equation ([7.9)). We begin
with g7 (p; yn, vn):

a(;gT(p, Yn, Vn) ;(aVthvh)—ai(yhﬁ( ) - Vup) (7.11a)
+ g () = 5 (Fn). (711b)

Furthermore we derive gin:(p; yn, vn)

0

@gint(p;yhvvh) = (7.12a)
2o~ 24Ty Honn} — 2B Ten} + lond [on] ) (7.120)
Dj
+ o (w200 80) - 1) + 5o (GouBE) il ) (7120
and gr(p; yn, vn)
a(‘) gr (P Yn, vn) Ejoja( OnYnvn — YnOnvp + 2’Yyhvh> (7.13a)
0 (5500 + 50 (B(0). mhun) o (7.13b)
5;(2’7311) v, — ayp(p )&wh) (7.13c)
o (5500 np(e) = o, (B) ) an. (13

Thus by summing up the derivatives of the single integrands, we arrive at the derivative
of the primal discretized bilinear form with respect to parameter p;. Note that some
terms are independent of p; and thus cancel out. We get

OF(p; yn,vn)

7.14
Ip; ( a)
= Z / = 97(P; Yn, vn)dz + Z / - Gint (D Yn, vn)ds (7.14b)
T Ip; Ipj
ET Fernt
+ ) / r(p; Yn, vn)ds (7.14c)
FeFl' p
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-y / {88 (ynB(p) - wh)+£(p(p)yhvh) (.3?%(f(p)vh)}d:C (7.14d)

TeTy p J
+ 2 {a Lo h2{vn 8) - n}) +ai(;““(5(p)’"> [yn] [[vh]])}ds (7.14e)
FeFint @ J
+ F%;F / {36 oP\P) - Tn ;Uu(ﬁ(p)m)yh)vh (7.14f)
- 8(;(273/13( Jun — ayD(p)anvh) (7.14g)
+ g (3000 - 0 () = 50,5 ) (7.14n)

As mentioned above, the derivation of the single integrands, performed in equations

(7.11)), (7.12)) and (7.13)), is done by an automatic differentiation tool in our algorithm.

The calculated derivative of the discrete bilinear form with respect to parameter p;
represents the right hand side of the tangential problem belonging to p;. Thus
with equation and the problem structure exploitation presented in the previous
Section @ we set up the full discrete tangential problem for p; for the diffusion
advection reaction model problem:

Fr(p; yn, vn) — [ (05 vn)

=y /8 gr(P; Yn, vp)dz + Y /8 Gint (D; Yn, vn)ds

TeTy Fernt

+ > /7% P Yn,vn)ds,  Vup € Vj,
FeFl p

=

aap(Shp,>vn) + bh(p; Shop;sVh) + p(P)en(P; Shop;» Vn)
0 0
—= 3 [ [ g 80 T + o) () = - () [

TeTL 7 apj
-/ [%({{yh}}z{{vhm )-n}) + 5 (iam(p),n) [n] [vn] )]ds
FeFprtp -
S / [az(;ﬁ(p) -y + %Uu(ﬁ(p)7n)yh)vh (7.15)
FeFl J
- £)j (27yD (p)vn — ayp (P)an”h)
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+ 50 (550 (o) = 5ou(B0).myolr) o s, o € V.

A

Structure exploitation FE algorithm Let us examine this structure exploitation
on algorithm level. Before solving the system of equations by an iterative solver,
we assemble the stiffness matrix to compute the left hand side and the load vector
to compute the right hand side of the PDE problem. This assembling is done by
computing the local matrices over cells, interior faces and boundary faces and after
that summing the local contributions to the global stiffness matrix. Therefore the FE
algorithm loops over all cells, interior faces and boundary faces of the grid elements.
We do not have to differentiate all these loops, but rather the inner parts, where
the mathematical formulation is encoded. For each cell, respective interior face or
boundary face, there holds the same analytical formula. That is g7 (p; @i, ¢;) on cells,
Gint(D; i, ;) on interior faces and gr(p; i, ¢;) on boundary faces.

We split the cell term into a matrix contribution and a right hand side contribution,
the matrix contribution depends on both basis functions ¢; and ¢;, the right hand
side contribution only depends on ¢;,

ar(p; i, ©5) = 91.m(D; i, ;) + 970 (P; ;).

In the same manner, we split the interior face term gint(p; i, ©5) =t Gint,m (D; vi, ©;) +
int,r(P; ;) and the boundary face term gr(p; i, ©j) = grm(p; vi, ©;) + 9r.-(p; ©;)-

Algorithm [2] shows three loops for assembling of local stiffness matrices Ay for cells,
Apine for interior faces and Apr for boundary faces. We loop over all cells T € Ty,
interior faces F' € ant and boundary faces F' € Fﬁ . Each of these loops contains
three additional loops: a loop over quadrature points z4,q = 1,...,n4, Where n, is
the number of quadrature points per element, and two loops over degrees of freedom
(DoFs) of a cell, ng. is the number of DoFs per cell. We evaluate the test functions ¢;
and ¢; at quadrature point x, and multiply the evaluated integrand with quadrature

weight wyg.

Lines 7, 18 and 29 contain the inner part, where the mathematical formulation is
encoded. Only these lines are parameter dependent. Thus we only differentiate these
lines. The automatic differentiation tool takes the computational formulation of
91,m(D; i, ¢;) and generates a code that contains the computational formulation of
the derivative % 91.m(D; i, ;). We use this generated derivative in the assembling
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7. Structure exploitation of primal and tangential discretization schemes

Algorithm 2 Primal problem: assembling of local stiffness matrices. Loops over
cells, interior faces and boundary faces.

1: Initialize matrices Ar, Apint, Apr € R™de™Mde to zero.

2: > cells
3: for T € Ty, do

4 forg=1,..,n,do

5 fori=1,...,n4. do

6: for j=1,...,n4. do

7 compute gr,m (p; pi(2q), 5(24))

8 Ar(i,j) = Ar(i, j) +gT,m(p; gpi(xq),@j(xq))wq
9

: end for
10: end for
11: end for
12: end for
13: > interior faces
14: for F € Fi"t do
15: forg=1,..,n,do
16: fori=1,...,n4. do
17: for j=1,...,n4. do
18: compute Gint.m(p; i(xq), pj(xq))
19: Apint (Za ]) = Apint (Zv .7) + gint,m(p; Spi($q)> Pj (xq))wq
20: end for
21: end for
22: end for
23: end for
24: > boundary faces
25: for F' € IF;; do
26: forg=1,..,n,do
27: fori=1,...,n4. do
28: for j=1,...,n4. do
29: compute grm(p; i(2q), ¢5(2q))
30: Apr(i,j) = Apr(i,J) + grm(p; @i(q), ¢j(2q))wg
31: end for
32: end for
33: end for
34: end for
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7.2. Structure of finite element method

of the right hand side load vector of the j-th tangential problem. We proceed just
the same for the two remaining derivatives % Gint,m (D5 @i, @) and % arm(p; i, ¢j)-

In the same manner we generate the remaining derivatives from the assembling of
the right hand side local load vectors of the primal problem. Algorithm [3] shows
the corresponding loops for a local vector fr for the terms over cell sums, met
for the terms over interior face sums and fpr for the terms over boundary face
sums for the right hand side vector. As before in the matrix assembling loops,
lines 6, 15 and 24 contain the inner part, which is parameter dependent. We take
the computational formulation of g7.(p; ©;), gint,r(P; ¢;j) and gr,(p; ¢;) and process
these lines by an automatic differentiation tool. We get code for the derivatives
%g;ﬁ,r(p; ©;), %gint,r (p; ¢;) and %gp,r(p; ©;). We use the generated code in the
assembling of the tangential right hand side load vector of the j-th tangential problem.

Algorithm [4 depicts the assembling of the right hand side load vector for tangential
problem of parameter p;. Again, we see the loops over cells, interior faces and
boundary faces. In lines 5 and 6 the generated derivatives of the cell terms from local
stiffness matrix assembling and local right hand side load vector assembling of the
primal problem are evaluated. Similarly in lines 16, 17, 26 and 27 the derivatives
of the interior face terms and the boundary face terms are evaluated, respectively.
Note that depending on the problem setting the solution of the primal problem y,
can enter the tangential problem through derivatives of stiffness matrix contributions
of the primal problem.

Thus, the structure of the FE method is exploited by differentiating the single
integrands of the cell sums, interior face sums and boundary face sums. In this way,
we efficiently and automatically generate the derivatives to set up the tangential
problems.
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7. Structure exploitation of primal and tangential discretization schemes

Algorithm 3 Primal problem: assembling of local load vectors.

interior faces and boundary faces.

Loops over cells,

1
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

: Initialize vectors fr, fpint, fpr € R to zero.

. for T € Ty, do

forg=1,..,n,do
for j=1,...,n4. do
compute gz, (p; ¢;j(2q))
fr(5) = fr(3) + 91, (05 pj(2q) ) wg
end for
end for
end for

for F € Fi"t do
forg=1,...,n4 do
for j =1,...,n4. do
compute gz@t,r(P; @j(xq))

fFi"f (7) = frint(3) + Gint,r (D3 05 (24))wy

end for
end for
end for

for I’ € IF}; do
forg=1,...,n4 do
for j=1,...,n4. do
compute gr.(p; p;j(zq))
Frr () = Frr(3) + gr (s o5(x0) g
end for
end for
end for

> cells

> interior faces

> boundary faces
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7.2. Structure of finite element method

Algorithm 4 Tangential problem: assembling of local load vectors. Loops over cells,
interior faces and boundary faces.

1: Initialize vectors fr, fFint, fFr € R™e to zero.

9. > cells
3: for T € T}, do

4 forg=1,..,n,do

5: for j=1,...,n4. do

6 compute z0-g7,m (13 Yn(2q), ()

7 compute 097, (p; 95 (24))

8 Fr() = Jr(5) — g5 9mmwe + - 97,rw0q

9 end for

10: end for

11: end for

12: > interior faces
13: for F € Fi"t do

14: forg=1,...,n4 do

15: for j=1,...,n4. do

16: compute g0 gint,m (i Yn(24q), 0 (2q))

17 compute 50~ gint,r (15 ¢5(2q))

18: fF'mt (.7) = fF’i"t (.7) - %gint,qu + %gint.rwq

19: end for

20: end for

21: end for

22: > boundary faces

23: for F € IF;; do
24: forg=1,...,n4 do

25: for j=1,...,n4. do

26: compute z0-grmn (93 yn(q), 5 (24))

27 compute z0-gr(p; 95 (24))

28: frr(j) = frr(j) — %gﬂqu + %gqu
29: end for

30: end for

31: end for
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7. Structure exploitation of primal and tangential discretization schemes

7.3. Numerical results

7.3.1 Example. Structure exploiting sensitivity evaluation for advection dominated
diffusion advection PDE problem. We illustrate the structure exploiting sensitivity
evaluation with the unconstrained parameter estimation optimization Problem
respectively the discrete version Problem The underlying PDE model problem
possesses a small diffusion coefficient o = 0.001, a constant right hand side f =1
and a constant Dirichlet boundary condition yp = 1. The domain 2 consists of the
rectangle [—1,1]?. The strong form reads

—0.001Ay + B(p) - Vy =1 on ,
y=1 on I =09.

The unknown parameter vector p € R? consists of the two components of the advection
direction 3(p) = (p1,p2)’. Because of the small diffusion coefficient, the PDE model
problem is advection dominated as long as the parameters do not get as small as the
diffusion coefficient.

The corresponding discrete PDE problem reads: Find y; € V}, such that

aan(Yn,vn) + bn(p; yn, vn) = fu(vn), Yo € Vi,

with ap (Y, vn), by (p; yn, vn) and fr(vy) defined as above, equation ([7.10). We use the
differentiable discretization o,(f,n) (6.3) with ;= 0.1. In this example, only the
advection part by (p; yn,vn) depends on the parameters.

The model response consists of point measurements given by the value of the discrete
PDE solution operator at the measurement points h; »(p) := Sh, (p)‘ . Thus the
$:.Z’i

discrete parameter estimation problem reads

2
1Y (m-hz‘,h(p)>
min — B — .

peP 24— o

We generate the two tangential problems, one for the first parameter and one for the
second parameter, with the structure exploiting technique depicted in the previous
sections. Thus, we derive small parts of the primal discretization by an AD tool and
generate the discrete tangential problems. With this generated code, we compute the
tangential solutions as depicted above in Algorithm 4 We perform all computations
on an uniformly refined grid with 147,456 DoFs. We use quadratic discontinuous finite
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7.3. Numerical results

elements for all computations. We compute on a desktop computer with a Pentium®

Dual-Core CPU E5400 with 2.70GHz x 2 processor on Ubuntu 14.04 LTS with a
memory of 12GB RAM.

Figure shows the simulation of the primal problem for the parameter values
p1 = —0.2 and ps = 0.3. Figure shows on the left the simulation of the tangential
problem for the first parameter p; and on the right the solution of the tangential
problem for the second parameter ps. We see the influence of the advection direction
on the PDE solution in all three figures. The advection direction points from the
lower right corner to the left half of the upper boundary. If we compare the two
tangential problems, we see that the solutions of them are mirrored at the advection
direction: while the solution of the tangential problem for p; is zero on the left side
and has very high values on the right side, the solution of the tangential problem for
po has very low values on the left side and is zero on the right side.

10

05

I o

N

M\Hm\mmmm

Figure 7.1.: Simulation of the primal PDE problem.

With this structure exploiting approach, the tangential problems are generated
efficiently. No memory issues appear while generating the tangential problems. In
contrast to using black box AD, we exploit the problem dependent structure and
the structure of the FE method and therefore only differentiate small parts of the
code with AD. This leads to a considerable saving of memory space, no memory
issues occur. In comparison to finite differences, we obtain a much higher accuracy
for the sensitivities. Furthermore, the user does not have to provide sensitivities. All
sensitivities are generated by the program. A
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Figure 7.2.: Simulation of tangential PDE problems for p; (left) and py (right).
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8. Freezing of adaptive components

The main part of the principle of IND is frozen adaptivity. By freezing the adaptive
components, for example grid, order, step size, and using the same discretization
scheme for the primal and the tangential problems, the consistent derivatives of the
model response are computed. Possible adaptive components are frozen, so that no
problems arise with discontinuities from the adaptivity.

In our setting, potential adaptive components are the adaptive grid refinement with
an error indicator of the spatial finite element grid and the adaptive step number of
an iterative solver of the linear system. Both have to be frozen to obtain consistent
sensitivities. How to treat these adaptive components in a suitable way is discussed
in this chapter. We start with the adaptive FE grid and develop a heuristic, the error
sum strategy for grid refinement. It generates one adaptively refined grid for primal
and tangential PDE problems per Gauss-Newton iteration. After that we consider
the iterative solver of the linear system. We analyze two possible options to solve the
linear system of all PDE models. Finally, we present numerical results obtained with
the developed methods.

8.1. Adaptive finite element grid

We begin this section with a general overview of grid refinement for a finite element grid.
After that we consider the case of optimization: here we need multiple simulations of
different PDE problems. Does that mean we need multiple grids? We give a short
literature overview. Finally we propose the error sum strategy for grid refinement,
which generates one adaptively refined grid for all PDE problems, that means for
primal and tangential PDE problems, per Gauss-Newton iteration. The error sum
strategy is in accordance with the principle of IND.

Grid refinement We perform the simulation of a PDE model problem on a grid,
which is composed of closed quadrilateral grid cells. One possibility to generate such
a grid is to start with a coarse grid and uniformly refine each grid cell to arrive at a
finer grid. On the one hand, the finer the grid, the more accurate is the simulation.
This is expressed by a small discretization error. On the other hand, the finer the
grid, the more computationally expensive is the simulation.
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8. Freezing of adaptive components

To circumvent this problem, we use adaptive grid refinement [83], [94]. Instead of
refining the grid uniformly everywhere, we only refine a subset of grid cells. We use an
error indicator to select the grid cells, which we refine afterwards. For each element
we compute an a posteriori error indicator for the discretization error. The cells with
a high error are refined, while the cells with a low error are coarsened. This strategy is
called fixed fraction strategy. With this procedure, we need less computational effort
while the discretization error remains small. Figure shows on the left hand an
uniformly refined grid and on the right hand an adaptively refined grid.

Figure 8.1.: Left hand: uniformly refined grid, right hand: adaptively refined grid.

Optimization: multiple simulations and therefore multiple grids? In our
setting of derivative based optimization methods we simulate more than one PDE
problem. We simulate primal and tangential PDE problems. To solve the optimiza-
tion problems with derivative based algorithms, we need accurate and consistent
sensitivities. Otherwise the optimization algorithm could not converge or it could
converge to a false parameter value. Thus we need to solve all PDE problems, primal
and tangential problems, as accurate as possible. That means the discretization error
of primal and tangential problems should be low. If we use adaptive grid refinement
straight forward we get for each PDE problem one individual adaptively refined grid.
Each grid is refined such that the discretization error for the corresponding PDE
problem is small. Figure [8.2] shows two different adaptively refined grids.

With this straightforward application of adaptive grid refinement, we observe two

main problems that arise with different grids:

1) Practical problem: we set up the tangential problems with the help of the primal
problem, because we exploit the common structure of primal and tangential
problems. This is difficult with different grids. We need the identical sets
’]I'h,IFﬁL”t and FL', otherwise our structure exploitation techniques cannot be
applied. Additionally, in some cases we need the solution of the primal problem
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8.1. Adaptive finite element grid

Figure 8.2.: Two different adaptively refined grids.

in the right hand side of the tangential problems.

2) Quality problem: the principle of IND shows that the sensitivity calculated with
different grids does not correspond to the computed solution of the simulation
of the primal problem. It is not clear, if this sensitivity is consistent, which
introduces an error, which can become arbitrary large. We need accurate
and consistent sensitivities for the optimization algorithms. Otherwise the
optimization algorithms could converge to a false value or converge slowly.

We explain briefly two possible ways to solve practical problem 1). First we could
use the smallest common grid. Figure [8.3] shows the building of the smallest common
grid from two different adaptively refined grids. On the smallest common grid of a
primal and a tangential problem, an exact integration is possible. A drawback of this
procedure is the costly implementation. The second way is to interpolate between

Figure 8.3.: Smallest common grid. Left: grid of primal problem, centre: grid
of tangential problem, right: smallest common grid for primal and
tangential problem.

grids. By interpolating we introduce an additional error.

Both ways do not solve the quality problem 2). To solve the quality problem 2) and
thus transfer the principle of IND to PDEs, we use one grid for all PDE problems. That
means we develop a strategy to generate one frozen adaptive grid per optimization
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8. Freezing of adaptive components

iteration. In this way we ensure to compute tangential solutions, which correspond to
the primal solution. Thus the computed sensitivities are consistent.

8.1.1 Remark. Freeze grid for more than one optimization iteration It is also possible
to generate a new adaptive grid not in every optimization iteration, but after several
iterations. As long as the discretization errors do not get too large, we can use the
same grid. That way we freeze the grid for more than one iteration and thus reduce
computational effort [17], [53]. A

Literature overview A sophisticated and evidenced solution are tailored error
estimators. For a survey on adaptive mesh refinement with tailored error estimators
with the dual-weighted residual method for optimal control problems see [83]. For
parameter estimation problems, tailored error estimators, which include the primal
and tangential or adjoint solution, are proposed in [I7], [21], [22], [34]. They all
use continuous finite elements. To our knowledge, for discontinuous finite elements
tailored error estimators for parameter estimation problems are not yet developed.

First steps for an a posteriori error estimator for optimum experimental design
optimization problems are undertaken in [33]. The author also uses continuous finite
elements.

Error sum strategy for grid refinement How do we obtain one grid, which is
suitable for primal and tangential PDE problems? We present a possibility to generate
one common grid for primal and tangential PDE problems by an a posteriori error
indicator.

We first solve the primal and tangential problems on the same coarse mesh. After
that, we estimate the errors per cell individually for primal and tangential problems
with the help of an error indicator. Before, the individual errors per cell were used to
generate individual grids. Instead we now sum up the individual errors cell by cell to
obtain the error sums per cell. We use these sums as an error indicator. We refine
the 30% cells with the largest values of error sum and coarsen the 3% cells with the
lowest values of error sum. Of course, we could choose other percentages to refine and
coarsen. With the chosen percentages we approximately double the number of cells
in two dimensions. That way, we obtain one adaptively refined grid that is suitable
for primal and tangential problems. Algorithm [5] depicts the procedure.

We illustrate the error sum strategy by a small example.
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8.1. Adaptive finite element grid

Algorithm 5 Error sum strategy to obtain one common adaptively refined grid.

1: Calculate error per cell individually for primal and for tangential problems.
2: Sum up errors per cell of primal and tangential problems.
3: Refine grid according to this error sum indicator.

8.1.2 Example. Error sum strategy for grid refinement. After computing the primal
and tangential solutions on a coarse mesh, we get errors per cell for primal and
tangential problems from an error indicator. The errors of the four cells of the coarse
grid sorted by size for the primal problem are egl) > egl) > egl) > eil) and for the
tangential problem are ef) > egz) > egz) > ef). In the top line of Figure M we see
the primal grid with corresponding errors, the middle line shows the tangential errors.
If we refine the cell with the largest error in each case, we would get the upper right
grid for the primal problem and the middle right grid for the tangential problem.

Thus we would get two differently refined grids.

Instead, we sum up the errors per cell and get the sum of errors per cell. We sort the
sums by size and get for this example 7, eg) >3, e:(,f) >y7, egi) >3, eii).
In Figure the bottom line depicts on the left the sums of errors and on the right
the corresponding grid, which results in refining the cell with the highest sum of

€rTors. A

The proposed error sum strategy results in one adaptively refined grid. The refinement
is based on the discretization errors of primal and tangential solutions. Different
orders of magnitude of the primal and tangential errors could lead to an emphasis on
primal or on a tangential problem. This means on the adaptively refined grid based
on the error sum strategy, the discretization error of this emphasized PDE problem is
much lower than the discretization errors of the remaining PDE problems. A solution
for this issue is scaling or weighting the individual discretization errors such that
every error contributes the same proportion to the overall error.
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Figure 8.4.: Error sum strategy for grid refinement. It shows errors per cell and
corresponding adaptively refined grids for the primal problem (top),
the tangential problem (middle) and the sums of errors (bottom).

8.2. Iterative solver of linear system

To solve the linear system of equations in the course of the finite element algorithm
we utilize an iterative solver, because the dimension of the linear system of equations
is usually very large. Furthermore, iterative methods take advantage of the sparsity
of the stiffness matrix. In our examples we use GMRES [86]. The considerations in this
section also hold for other iterative solvers.

In the context of sensitivity generation with the principle of IND, the adaptive
number of steps taken by the iterative solver is of interest. Depending on the stopping
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criterion, the iterative solver takes a different number of steps for primal and tangential
problems.

For the sensitivity generation, we have two possibilities to handle the iterative solver
[46, Chapter 15]:

1) Piggyback approach: we apply automatic differentiation to the iterative solver
in every iteration. That means, we compute the solution of the primal problem
and of the tangential problems in every iteration step. This leads to the use of
the same iterative solver and the same grid for all PDE problems.

2) Two-phase approach: we assume a negligible residual of the linear system and
use the implicit function theorem. We solve the primal and the tangential
problems independently by the same iterative solver on the same grid.

Let us investigate these two approaches under the principle of IND. How does the
adaptive number of iterations behave?

Piggyback approach The piggyback approach leads to the same number of iter-
ations for primal and tangential problems, because we solve all problems together.
The stopping criterion for the iterative solver depends on the accuracy of all solutions.
This corresponds to the principle of IND and leads to consistent derivatives.

A practical observation is the following [46]: in the early phase of an iteration process,
the convergence behavior of the primal problem is not smooth. Varying step lengths
could lead to severe non-differentiablities. In [46], the authors propose a “delayed
piggyback” approach. There the derivative evaluation starts later in the iteration
process, when the convergence of the primal problem is smooth.

Furthermore, in the piggyback approach, we have to consider the differentiation of
a preconditioner and of other sophisticated solution techniques. On the one hand,
this introduces difficulties, which have to be investigated in detail to arrive at the
accurate sensitivities. A short overview of possible difficulties and solution ways is
presented in [46]. On the other hand, the piggyback approach offers possibilities to
exploit the structure of the iterative solver and the preconditioner. In the context of
DAEs, the author in [15] investigated ways to exploit the structure of an iterative
solver under the principle of IND.

Two phase approach The two phase approach leads not necessarily to the same
number of iteration steps. Therefore, we iterate until the residual error of the linear
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equation system is very small. Additional iterations would lead to nearly the same
computed solution. So there is no influence of the adaptive number of iteration steps
in this very accurate computation setting. Thus, the sensitivities are consistent.

In [46, Lemma 15.1], the authors propose a “consistency check” for the computed
sensitivities. It depends on the residuals of primal and tangential problems. Thus
if we solve the primal and tangential equation systems until the errors and thus the
residuals are very small, we ensure the consistency of the computed sensitivities.

Conclusion We conclude that the piggyback approach is preferable if we desire
low accuracies. With the piggyback approach, the adaptive number of iteration steps
influences the computed solutions. To get consistent sensitivities in this setting, it is
important to use the same number of iteration steps for the primal and the tangential
problems. Contrary, if we need high accuracies, the two-step approach computes
consistent sensitivities, too. With the two-phase approach, we do not have to consider
the differentiation of a preconditioner or other solver-dependent specialities. Thus, we
will utilize the two-phase approach with a very accurate stopping criterion of 1071°,
8.2.1 Remark. In the model problems treated in this thesis, high accuracy does not
lead to high computing times. This can be the case for three dimensional problems
or other large-scale PDE problems. If high accuracy is a major reason for slow
convergence, it is advisable to use the piggyback approach with lower accuracies. A
8.2.2 Remark. Additional adaptive components There are additional adaptive com-
ponents, which should be frozen in the sensitivity generation with the principle of
IND. Possible additional adaptive components are the order of the finite element and
the choice of the finite element. Following the principle of IND, those adaptive compo-
nents must be chosen the same in primal and tangential problems. Sometimes in the
simulation of the primal PDE, to estimate the error by a tailored error estimator, the
dual problem is computed on a finer grid or with a more accurate finite element order
[30], [31], [33]. In the context of optimization, those are adaptive components, which
must be frozen, too. That means, the same finite element with the same order as used
for the solution of the primal problem must be used for the tangential problems. A

8.3. Numerical results

8.3.1 Example. Sensitivity evaluation with frozen adaptivity for advection dominated
diffusion advection PDE problem. We utilize the same example as in Chapter [7] on
structure exploitation, Example to illustrate the frozen adaptivity for sensitivity
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evaluation. The underlying PDE model problem is an advection dominated diffusion
advection problem. The domain © consists of the rectangle [—1,1]%. The strong form
reads

—0.001Ay + B(p) - Vy =1 on €,
y=1 on I = 0.

As before the unknown parameters are the two components of the advection direction
B(p) = (p1,p2)T. The corresponding discrete PDE problem reads: Find y, € Vj, such
that

aan(Yn,vn) + bn(D; yn,vn) = fu(vn), Vo € Vi,

with ap(yn,vn), bn(p;yn,vn) and fi(v,) defined in equation . We use the
differentiable discretization o, (/3,n) defined in equation with © = 0.1. The
model response consists of point measurements given by the value of the discrete PDE
solution operator at the measurement points h; ,(p) = Sj, (p)‘x_wm. Thus the discrete

7

parameter estimation problem reads

2
.1M<m—mﬂm>
min — _— .

peP 2 Pt

First we present the non-frozen setting, afterwards we apply the developed error sum
strategy, Algorithm [5| to realize the frozen adaptivity and get one common grid. For
the simulations in this example, we choose p; = —0.2 and ps = 0.3. As before, we use
the same quadratic discontinuous finite elements for all computations.

In the non-frozen case we get three different grids, one for each PDE problem:
the primal problem, the tangential problem with respect to parameter p; and the
tangential problem with respect to parameter po. Each grid is refined with respect to
the discretization error of one of the just listed PDE problems. For the discretization
error indication we use the Kelly refinement indicator [37], [62] which approximates
the discretization error per cell of a PDE solution by the integration of the jump of a
gradient between cells. For further details on the choice of error indicator see Remark
B:3:2l We start on a uniform refined grid with 2,304 DoFs and perform 3 refinement
cycles. We arrive at adaptively refined grids with approximately 15,800 DoFs. Figure
shows the resulting grid, which is refined with respect to the primal problem.
Figures and show the grids, which are refined with respect to the tangential
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problems. Figure [8.5b|shows the grid for the first parameter p; and Figure [8.5¢ shows
the grid for the second parameter ps.

In contrast to that, our aim in the frozen adaptivity case is to generate one grid for all
three PDE problems per Gauss-Newton iteration. Therefore we apply the developed
error sum strategy, depicted in Section It includes the discretization errors of all
three PDE problems to refine the grid. The error sum strategy leads to the grid in

Figure

We compute the solutions of all three PDE problems on this common grid with 15,885
DoFs. Furthermore, we use the two-phase approach and solve the three PDE problems
independently with a very accurate stopping criterion of 10710 for the iterative solver.
Figure [8.6] shows the simulation of the primal problem on the common grid generated
by the developed error sum strategy. Figure [8.7] shows the simulation of the first
tangential problem (left) and the simulation of the second tangential problem (right).
Compared to the simulations on the uniform grid in the previous chapter, these
simulations on the adaptive grid look the same. Thus we successfully simulated the
primal and tangential PDE problems on one adaptive grid. A
8.3.2 Remark. Choice of error indicator. The Kelly refinement indicator approx-
imates the discretization error per cell of a PDE solution by the integration of the
jump of a gradient between cells. For an advection dominated problem, sharp edges
are part of the solution. Thus this error indicator is not the best choice in this setting.
A residuum based error estimator, see for example [94], or a duality based error
estimator [20] are better suited. Nonetheless our aim to show the generation of one
common grid is illustrated well with this error indicator. A

By utilizing the frozen adaptivity case and computing all PDE problems on one
common grid, we get accurate sensitivities. The computed sensitivities correspond
to the solution of the primal problem and are thus consistent. This consistency of
the sensitivities is important for the optimization algorithms to converge and to
converge to the "true“ optimum. Thus, with our developed error sum strategy for grid
refinement to generate one common grid which is suitable for primal and tangential
problems and the selection of the two-phase approach for the adaptive step number
of the iterative solver, we evaluated the consistent sensitivities. With these sensitivity
generation techniques we numerically solve the PE and OED optimization problems
in the next chapters.
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8.3. Numerical results

(a) Mesh adaptively refined with respect (b) Mesh adaptively refined with respect
to the primal problem. to the tangential problem for p;.

(c) Mesh adaptively refined with respect (d) Mesh adaptively refined with the er-
to the tangential problem for p ror sum strategy. It includes the dis-

z cretization errors of primal problem,

tangential problem for p; and tangen-

tial problem for py for the grid refine-
ment.

Figure 8.5.: Different adaptively refined grids. Three grids (a), (b), (c¢) for the

non-frozen adaptivity case and one grid (d) for the frozen adaptivity
case.
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8. Freezing of adaptive components

05

o

-10 0.5 00

IR
I o (2}

N

05 10

Figure 8.6.: Simulation of the primal problem on the common grid generated by the
developed error sum strategy with 15,885 DoFs, see Figure
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Figure 8.7.: Simulation of the tangential problems with respect to p; (left) and
p2 (right) on the common grid generated by the developed error sum
strategy with 15,885 DoFs, see Figure
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9. The software SeafaND-Optimizer

In this chapter the developed software SeafaND-Optimizer, short for structure exploit-
ing and frozen adaptivity numerical differentiation optimizer, is introduced. First we
give an overview over the software SeafaND-Optimizer. After that, we explain the pro-
gram structure. Finally, we describe the workflow of the software SeafaND-Optimizer.

9.1. Overview

The SeafaND-Optimizer is a software for simulation, parameter estimation and
optimum experimental design with diffusion advection reaction PDE models. For
simulation of stationary 2D diffusion advection reaction PDE models, the discontinuous
Galerkin methods depicted in Chapter [] are implemented. Due to the modular
architecture, an extension to other PDE model problems is possible. The core part
of the software SeafaND-Optimizer consists of the efficient implementation of the
developed techniques for sensitivity generation for PE and OED depicted in the three
previous chapters on differentiable stabilization Chapter [6], on structure exploitation
Chapter [7] and on frozen adaptivity Chapter [8f With these techniques, the solution of
the PE and OED problems is possible with low memory usage and low computational
effort.

A benefit of the software SeafaND-Optimizer is that the user does not have to set up
the sensitivities, that means the tangential problems. Only the primal problem has
to be characterized by domain, boundary conditions, right hand side and parameter
values. Consistent tangential equations are generated by the program.

In addition, further options of optimization software and finite element library are
available in the program. For example globalization strategies in optimization or
different finite element mesh designs can be selected by the user.

9.2. Program structure

The SeafaND-Optimizer consists of a modular structure. For the simulation of the
PDE models, the functionalities of the finite element library dealii [§], [12] and the
experimentation suite Amandus [61] are available in the SeafaND-Optimizer. For the
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9.2. Program structure

optimization problems, we use the data interface and optimization algorithms of VPLAN
[66]. We follow an object-oriented approach by establishing a new class in VPLAN,
wherein the simulating and differentiating of the PDE problem takes place. The
advantage of this approach is that in every optimization step the whole information
about the structure of solution and sensitivities is available. We implemented the
developed techniques for sensitivity generation in this new class.

VPLAN [66] is a software for simulation, parameter estimation and optimum experi-
mental design with ordinary differential equations (ODE) and differential algebraic
equations (DAE). It consists of a modular structure with individual modules for
simulation of ODEs and DAEs, sensitivity generation, parameter estimation and
optimum experimental design. In the software SeafaND-Optimizer we utilize the
VPLAN modules for optimization, that means for parameter estimation and optimum

experimental design.

e )

VPLAN data structures
SeafaND modules
simulation of integrands of
/* primal <—> | primal -\
PDE problem discretization K
Optimizer ||
[ PE, OED ] ) pmmmm e AD
' integrands of | ;
[ Sensitivity ) | tangential P <
\ evaluation: — discretizationsi
> simulation of Trmmmmmmmmmmees
tangential
| PDE problems )
[ PAREMERA ] Anandus [ TAPENADE ]
SNOPT | deal.ii )

Figure 9.1.: Structure of the SeafaND-Optimizer.

Figure [0.I] shows the modular structure of the software SeafaND-Optimizer. As
mentioned before, it is embedded in the data structures of VPLAN. Depending on the
task, simulation, PE or OED, the optimizer provides all necessary information for
the SeafaND modules. Here, the simulation and differentiation of the primal PDE
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9. The software SeafaND-Optimizer

problem takes place.

For simulation of stationary 2D diffusion advection reaction PDE models, the interior
penalty discontinuous Galerkin method and the standard upwind discontinuous
Galerkin method are implemented. Furthermore, we implemented the developed
differentiable stabilization for the upwind discontinuous Galerkin method from Chapter
[6] for the advection part of the PDE problem. The simulation relies on the finite
element library dealii and the experimentation suite Amandus.

For sensitivity generation, we transferred the principle of IND to PDEs. One main
aspect of this transfer are the structure exploitation techniques developed in Chapter
In particular, we exploit the structure of the FE method by only deriving single
integrands. We do not derive the complete FE code. To realize this structure
exploitation, we outsource the single integrands of the FE discretization to a separate
file. Only this file is differentiated by an AD tool. In Figure the box “integrands
of primal discretization” represents those inner parts. The dashed line shows the
generation of the sensitivity-files by an AD tool. For each tangential problem, the
AD tool generates the “integrands of tangential discretization”. We discretize the
tangential problems by taking the generated sensitivity files (“integrands of tangential
discretization” in the figure) for the discretization of the right hand side of the
tangential problem. For the left hand side of the tangential problems we reuse the
discretization of the left hand side of the primal problem. That way, we efficiently
and automatically generate the tangential PDE problems. With the generated code,
we simulate the tangential PDE problems and set up the required sensitivities for the
optimization algorithms.

Figure further depicts the state-of-the-art software utilized in the single steps of
the procedure. In the optimizing steps, we use PAREMERA [63] to solve the PE problem
or SNOPT [42], [43] to solve the OED problem. The computational solution of the
PDE model problems is implemented with the help of Amandus [61] and deal.ii [§],
[12]. The inner part files are automatically differentiated by the AD tool TAPENADE
[48]. The packages TAPENADE, PAREMERA and SNOPT can be interchanged with other
packages that are interfaced with VPLAN. For example, we could also use PARFIT [25],
[88] for the PE problem.

Another main aspect of the transfer of the principle of IND to PDEs for sensitivity
generation is the frozen adaptivity depicted in Chapter We implemented the
developed methods. For the iterative solver of the linear system we choose the
two-phase approach, that means we solve each primal and tangential PDE problem
independently. One adaptive grid is generated for all PDE problems via the developed
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9.3. Workflow of the SeafaND-Optimizer.

error sum strategy in Section

Algorithm 6 Frozen adaptivity in the software SeafaND-Optimizer

: for n =1 to n. do
if n =1 then
generate coarse start grid
else

1
2
3
4
5: refine grid adaptively by error sum strategy
6 end if

7 Assemble and solve primal and tangential equation systems independently.
8: end for

9: Evaluate measurement points for primal and tangential problems and transfer

values to optimizer.

Algorithm [6] depicts the setting. In the first step, we generate a coarse start grid.
After that, we assemble and solve primal and tangential problems independently but
on the same coarse grid. In the next iteration, we refine the grid adaptively with the
developed error sum strategy. Thereafter, primal and tangential problems are again
assembled and solved independently on the same adaptively refined grid. We repeat
this procedure, until we reach the number of refinement cycles n, prescribed by the
user. Finally we evaluate the solutions of the primal and tangential problems in the
measurement points and transfer the values to the optimizer.

9.3. Workflow of the SeafaND-Optimizer.

domain primal.vtk
boundary conditions tangentiall.vtk

right hand side tangential2.vtk
amandus.prm \ .
/—> SeafaND-
vplan.ini Optimizer —\

exp.ini vplan.ini
sigma.f exp.ini

mess.dat

Figure 9.2.: Input and output of the SeafaND-Optimizer.
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9. The software SeafaND-Optimizer

Figure shows the workflow of the SeafaND-Optimizer. As input, the user has to
provide two kinds of information, that is information about the PDE model problem
and about the optimization problem. First, for the PDE model problem, we need
the domain, the boundary conditions, the right hand side and the initial parameter
values. We define the parameter values concerning the PDE model problem in a
prm-file. With that we specify a diffusion advection reaction PDE model problem.
As default the domain is the unit rectangle, the boundary conditions are constant
Dirichlet boundary conditions along the whole boundary and the right hand side is a
constant function. Many examples of more complicated domains, boundary conditions
and right hand sides can be found in the deal.ii-library [8], [I2] and can be applied
within the SeafaND-Optimizer.

Second, for the optimization problems, the user has to specify ini-files, fortran-files
and mess-files. There is one main input file, vplan.ini, where we specify which
action the program performs: (S)imulation, (P)E or (V) for OED. Furthermore, for
every experiment we create a separate exp.ini file. The most important specification
for PE is, which parameters to estimate. For OED, an important specification is
the placement of the possible measurement points with the corresponding sampling
decisions. We use the main fortran-file differently than in the ODE or DAE case. In
our PDE setting, the small inner parts with the integrands of the primal discretization
are contained in the ffcnode.f file. That means, the user does not have to specify the
dynamic model. Finally, the mess-files contain the measurement values. There are
many more options, which can be set for the optimization, see [56], [63], [66] for more
details.

After the run of the SeafaND-Optimizer, we get as output files vtk-files and ini-files.
The vtk-files contain the simulation of the primal and tangential PDE model problems.
They can be visualized by for example the software ParaView [2]. The ini-files contain
all information regarding the optimization run: estimated parameters, optimized
sampling decisions and values of the least squares functional.
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10. Numerical results for PE and OED

This chapter presents the numerical results obtained with the developed methods
implemented in the software SeafaND-Optimizer depicted in Chapter 0] We in-
vestigate the parameter estimation problem and the optimum experimental design
problem constrained by a stationary 2D advection dominated diffusion advection PDE
boundary value problem. The main challenge in the simulation of this PDE model
is the small diffusion factor, which leads to advection domination. Furthermore, for
the optimization problems, we are concerned with the correctness of the computed
sensitivities. Without consistent sensitivities, the optimization algorithms are likely
to not converge or they could converge to a wrong parameter value.

We begin this chapter with a section about the parameter estimation problem. First,
we describe the problem formulation. After that, we show results obtained using
three different sets of measurement data perturbed by different amounts of noise.
The subsequent section shows results for the optimum experimental design problem.
We begin with the problem formulation for sequential OED. After that, we show
computational results for sequential OED. Finally, we perform a numerical study
for different diffusion coefficients. This study demonstrates the applicability of the
developed methods not only for one specific setting, but for a class of problems.

Throughout this chapter, we generate measurement data 7; by simulating the PDE
model problem on a very fine grid. The grid is uniformly refined with 589,824 degrees
of freedom (DoFs). For the simulation of measurement data, we use the standard
upwind discretization and quadratic discontinuous finite elements. For the
optimization algorithms for PE and OED, we use for the simulation of the PDE
problems the differentiable discretization o, (3,n) defined in equation with
1 =0.1. We select for the iterative solver GMRES of the PDE simulation an accurate
stopping criterion of 107!°, due to the considerations on the handling of an iterative
solver in Section 8.2

10.1. Parameter estimation with different noise levels

In this section we perform parameter estimation with a stationary 2D advection
dominated diffusion advection PDE problem. We select the same PDE model problem
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10. Numerical results for PE and OED

as in Examples and The sensitivities computed there are utilized here in
the Gauss-Newton algorithm for parameter estimation.

10.1.1. Problem formulation: Parameter estimation with 2D
advection dominated diffusion advection PDE problem

The strong form of the underlying PDE model problem reads

—0.001Ay + B(p) - Vy =1 on §,
y=1 on I =09.

The domain  consists of the rectangle [—1,1]2. The corresponding discrete PDE
problem reads: Find y, € V}, such that

aap(Yn, vn) + bu(p; Y, vn) = fu(vn), Yoy € V,

with ap(yn, vp), br(p;yn, vp) and fr(vp,) defined in equation ((7.10]).

The discrete parameter estimation problem reads

min 1 (771 hz,h(p)> ]

0

We estimate two parameters, which are the components of the advection direction
B(p) = (p1,p2)T. The model response 7; consists of point measurements given
by the value of the discrete PDE solution operator at the measurement points
hin(p) == Sh (p))ac?zm. There are eight measurement points with coordinates

i

2 = (—0.5,0.8), =(0.5,0.8),

27" = (0.8,0.5), a:4 = (0.8,—0.5),
2 = (0.5, —0.8), = (—0.5,—0.8),
2l = (—0.8,-0.5), = (—0.8,0.5).

Figure shows the placement of the measurement points in the domain Q = [—1, 1]2.

The “true” parameter values we use for the generation of the measurement data are

p; =-0.2, p3=0.3.
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10.1. Parameter estimation with different noise levels
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Figure 10.1.: Placement of the measurement points z}*,7 = 1, ..,8, in the domain
0 =[-1,12

We generate three different sets of measurement data. We disturb the values of the
measurement functions by an additive normally distributed error with zero mean and
three different standard deviations, o; = 0.1,0; = 0.2, and ¢; = 0.3, = 1,..,8. This
results in variances of o7 = 0.01,07 = 0.04, and o7 = 0.09,i = 1, .., 8, respectively.
Hence, we get three sets of measurement data with 1%, 4% and 9% noise and
corresponding perturbations:

1% : &= (0.040, —0.066, —0.019, —0.004, 0.023, —0.009, 0.019, —0.008),
4%: = (0.048,0.197,—0.150,0.121,0.157,0.048, 0.312, 0.095),
9% : &= (—0.390,0.393,0.251,0.488, 0.355, 0.352, —0.536, 0.034).

We choose the start values of the parameters for the parameter estimation as
0 0

Note that the start value of the second parameter p has a different sign than the "true*
parameter p5. This introduces a difficulty for the optimization algorithm, because the
outcome of the PDE simulation changes.

Figure shows a simulation of the primal PDE model problem for the “true”
parameter values on the very fine uniform refined grid with 589,824 DoFs, with the
standard upwind discretization. Figure [I0.2D]shows a simulation with the start values
on a grid, which is adaptively refined by the developed error sum strategy. The grid
has 131,148 DoFs and is simulated with the developed differentiable discretization.
We see the influence of the parameters on the state: the “true” advection direction

points from the lower right corner to the upper left corner, while the start advection
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10. Numerical results for PE and OED

direction points from the upper right corner to the lower left corner. Moreover the
numerical values of the states differ: for the “true” parameters they are much lower
than for the start parameters.

o
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(a) Simulation primal problem with ”true“ pa- (b) Simulation primal problem with start val-

rameter values, pj = —0.2 and p5 = 0.3, ues, pJ = —0.1 and p§ = —0.1, with devel-
on very fine uniform refined grid with oped error sum strategy adaptively refined
589,824 DoFs, with standard stabilization grid with 131,148 DoFs, with developed
upw(B,1). differentiable stabilization ¢,,(5,n).

Figure 10.2.: Simulations of primal PDE problem with different parameter values,
grid refinements and stabilizations.

For the sensitivity generation, we use the structure exploiting techniques depicted in
Chapter [7] Furthermore we realize the frozen adaptivity from Chapter[8] We simulate
the primal PDE problem and the two tangential PDE problems on one common grid.
In each Gauss-Newton step, the error sum strategy depicted in Section [8.1] generates
one new common grid. We start on a uniform refined grid with 36,864 DoFs and
perform three refinement cycles. The generated grids consist of approximately 130,000
DoFs. Figure shows the generated grid for the first optimization step with start
values p{ = —0.1 and p) = —0.1 for the parameters.

We choose for the Gauss-Newton algorithm as step size strategy a sophisticated
globalization strategy: the restricted monotonicity test (RMT) developed by [29],
implemented in the software PAREMERA by [63].
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10.1. Parameter estimation with different noise levels

0,5

-0,5

Figure 10.3.: Mesh adaptively refined with error sum strategy with 131,148 DokFs,
for start values p? = —0.1 and pJ = —0.1.

10.1.2. Comparison of noise levels

We perform parameter estimation with three sets of measurement data, each one
disturbed by a different amount of noise with a different perturbation: 1%, 4% and 9%
noise. We perform all computations with the developed software SeafaND-Optimizer,
depicted in Chapter [9}

Table shows results of the parameter estimation with the Gauss-Newton algorithm
including our developed sensitivity generation methods for these three different noise
levels. In the case of a rather high amount of 9% noise, the algorithm needs 4
(respectively, 3) iteration steps more to reach the stopping criterion in equation
with tol = 1079 compared to the lower amounts of 1% (respectively, 4%) noise.
Similarly, the estimated values for p; and ps are the more far off the higher the noise
level gets. That is what we expect, with a higher amount of noise it is more difficult
to estimate the parameters correctly.

Figure depicts for the three noise levels in Figure the error in the Euclidian
norm between estimated parameters p and "true“ parameters p* for every iteration
k of the Gauss-Newton algorithm. In Figure the increment ||dpy||, for every
Gauss-Newton iteration k for the three noise levels is shown. Note that we use a semi
logarithmic scale.

Let us begin with the errors in Figure In the first iterations, the errors increase,
after that they decrease rapidly. We see linear convergence for all three noise levels
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10. Numerical results for PE and OED

noise level P1 Pa # iteration
1% -0.2033 | 0.3004 11
4% -0.1857 | 0.2991 12
9% -0.1862 | 0.2807 15

Table 10.1.: Results of the parameter estimation with the Gauss-Newton algorithm
for different noise levels, 1%, 4% and 9%. The first column depicts the
noise level, the second and third column depict the estimated parameter
values p1 and po and the fourth column depicts the number of iterations.

after iteration k = 5. This is what we expected from the convergence theory of
the Gauss-Newton algorithm. For a lower noise level of 1% the errors get much
smaller than for the higher noise levels of 4% and 9%. For a lower noise level, the
measurements are more exact and thus the parameters can be estimated more precisely.
After iteration 10 or 12, respectively, we see an asymptotic behavior of the error, the
values do not decrease any more. Why does the Gauss-Newton algorithm not stop, if
no improvement is made? An explanation for this question can be found in Figure
110.4bl The increment decreases until the last iteration step. The Gauss-Newton
algorithm will only stop if the stopping criterion in equation is fulfilled, which
corresponds to a small increment || 6p||,. Here, we set tol = 107°.

T T ] 7\ T T ]
——1% || 100 b ——1% |
——4% || ——4% |
——9% g 1071 ¢ ——9% |
1071 ¢ : : g E
2| i
8 = 10

1072 ¢ o 3

F 15
1074 ¢ £
10_3 ; | | | | | | | E 10_5 ; | | | | | | | \E
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16

Gauss-Newton iteration k Gauss-Newton iteration k

(a) Error ||pr —p*|, in the Euclidian (b) Norm of the increment |[|dpgl|, for

norm between estimated parameters every Gauss-Newton iteration k is
pr and “true“ parameters p* for ev- shown.

ery iteration k of the Gauss-Newton

algorithm.

Figure 10.4.: Results of the parameter estimation with the Gauss-Newton algorithm
for different noise levels, 1%, 4% and 9%.
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10.1. Parameter estimation with different noise levels

Tables[10.2] [10.3]and [10.4 report the results of the parameter estimations corresponding
to Figure for 1%, 4% and 9% noise, respectively. The objective functional values
(LS) and the increment values are reduced until the increment ||dpy||, fulfills the

stopping criterion in equation ([2.13]).

Finally, let us take a closer look at the individual parameters. Figure shows
the relative errors in parameters p; and po during the course of the Gauss-Newton

iterations k for the three noise levels. We see in all three noise levels a similar
behaviour: the relative errors in both parameters at first increase, after the third and
fifth iteration, respectively, they decrease rapidly. In the fifth iteration the signs of the

second parameter estimate po change, see Tables[10.2} [10.3| and |10.4l That leads to

different outcomes of the PDE simulations. After this difficulty of changing the sign
is solved, all relative errors decrease rapidly. After the tenth and twelfth iteration,
respectively, we see for all noise levels an asymptotic behavior of both parameters. In
Figure for 9% noise, in iteration 11 the relative error of parameter p; decreases
rapidly, but after that iteration, the error increases again. This behavior can be
explained by the values in Table the estimate of p; , surpasses the true value
p] = —0.2:

Prio = —0.2185, p1.11 = —0.2003, py1o = —0.1893,

and converges to the value —0.1893. Due to the high noise level, only this less accurate
value of —0.1893 is achievable.

Taking a closer look at the asymptotic behavior, we see that the parameters p; slightly
increase, while the parameters po slightly decrease. This leads to the decrease of
the norm of the increment as we have seen in Figure But the overall error
|p — p*|5, in Figure does not improve. The algorithm reached the asymptotic
area where no overall improvement is possible any more. A stopping criterion with
tol = 10~* would lead to a similarly good estimation.

Altogether, the parameter estimation algorithm converges linearly for different sets
of measurement values disturbed with different sizes of standard deviations. This
is a hint, that the developed methods for sensitivity generation produce consistent
sensitivities.
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10. Numerical results for PE and OED

Iteration k LS Increment ||dpy||, | Step size ¢ il Do
1 4.1104 - 10* 1.2138 - 1071 1.0000 -0.1000 | -0.1000
2 1.4856 - 10* 1.8401 - 1071 1.0000 -0.1795 | -0.1558
3 6.3022 - 103 3.4892 - 107! 0.8048 -0.3237 | -0.1855
4 2.3067 - 103 1.0149 - 10° 0.6299 -0.4767 | -0.0211
5 1.7297 - 103 6.9071 - 1071 0.4386 -0.5317 | 0.4874
6 4.4066 - 102 1.8156 - 101 1.0000 -0.3113 | 0.3866
7 3.6135 - 10° 1.0795 - 1072 1.0000 -0.1923 | 0.3032
8 6.6654 - 10~! 2.7054 - 1073 1.0000 -0.2007 | 0.3010
9 5.1025 - 107! 5.8114-1074 1.0000 -0.2028 | 0.3005
10 5.0331- 107! 1.2005 - 1074 1.0000 -0.2032 | 0.3004
11 5.0302 - 107! 2.4177-107° 1.0000 -0.2033 | 0.3004

Table 10.2.: Results of the parameter estimation with the Gauss-Newton algorithm
for 1% noise level. The first column depicts the iteration number k, the
second column the least squares objective value (LS), the third column
the norm of the increment ||dpg||,, the fourth column the step size y,
the fifth and sixth column depict the estimated parameter values pq
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(c) Results obtained for 9% noise level.

Figure 10.5.: Results of the parameter estimation with the Gauss-Newton algorithm
for different noise levels, 1% (a), 4% (b) and 9% (c). Relative errors
in the single parameters p; (purple) and po (green) for every Gauss-
Newton iteration k.
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10. Numerical results for PE and OED

Iteration LS Increment ||dpk||2 | Step size P1 Do
1 1.0064 - 10* 1.1987 - 1071 1.0000 | -0.1000 | -0.1000
2 3.6418 - 103 1.7990 - 1071 1.0000 | -0.1786 | -0.1549
3 1.5419 - 103 3.3766 - 107! 0.8082 | -0.3200 | -0.1816
4 5.6578 - 102 9.0849 - 107! 0.7029 | -0.4669 | -0.0201
5 4.4952 - 102 6.7136 - 107! 0.3150 | -0.5199 | 0.4880
6 2.1038 - 102 2.6090 - 10~ ! 1.0000 | -0.3727 | 0.4047
7 1.5069 - 10! 2.8411-1072 1.0000 | -0.2073 | 0.2774
8 4.7236 - 10° 8.2261-1073 1.0000 | -0.1927 | 0.2949
9 4.1204 - 10° 1.5849 - 1073 1.0000 | -0.1870 | 0.2982
10 4.0956 - 10° 3.2211-10~4 1.0000 | -0.1860 | 0.2989
11 4.0946 - 10° 6.6987 - 107° 1.0000 | -0.1858 | 0.2991
12 4.0945 - 10° 1.3293-107° 1.0000 | -0.1857 | 0.2991

Table 10.3.: Results of the parameter estimation with the Gauss-Newton algorithm
for 4% noise level. The first column depicts the iteration number k, the
second column the least squares objective value (LS), the third column
the norm of the increment [|dpg||,, the fourth column the step size y,
the fifth and sixth column depict the estimated parameter values p;
and po.
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10.1. Parameter estimation with different noise levels

Iteration LS Increment ||dpg||2 | Step size P1 Do
1 4.4598 - 103 1.1904 - 1071 1.0000 | -0.1000 | -0.1000
2 1.6433 - 103 1.8507 - 1071 0.9554 | -0.1796 | -0.1522
3 6.7221 - 102 2.8486 - 107! 0.7764 | -0.3211 | -0.1533
4 2.8738 - 102 3.2037-107! 0.4600 | -0.4583 | -0.0416
5 2.5397 - 102 1.7441 - 1071 1.0000 | -0.4868 | 0.0728
6 1.2009 - 102 1.3663 - 1071 1.0000 | -0.3707 | 0.1502
7 4.3211 - 101 6.5917 - 102 1.0000 | -0.2741 | 0.2013
8 2.5033 - 10! 4.8742 - 1072 1.0000 | -0.2687 | 0.2538
9 1.2678 - 10* 1.9997 - 102 1.0000 | -0.2338 | 0.2712
10 1.0881 - 10* 2.3448 - 102 1.0000 | -0.2185 | 0.2759
11 9.3447 - 10° 1.3687- 1072 1.0000 | -0.2003 | 0.2803
12 8.8875 - 10° 3.0424 - 1073 1.0000 | -0.1893 | 0.2807
13 8.8613 - 10° 6.8301 - 104 1.0000 | -0.1869 | 0.2807
14 8.8599 - 10° 1.5801-10~* 1.0000 | -0.1863 | 0.2807
15 8.8598 - 10° 3.7061-107° 1.0000 | -0.1862 | 0.2807

Table 10.4.: Results of the parameter estimation with the Gauss-Newton algorithm
for 9% noise level. The first column depicts the iteration number k, the
second column the least squares objective value (LS), the third column
the norm of the increment ||dpg||,, the fourth column the step size t,
the fifth and sixth column depict the estimated parameter values pq

and po.
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10. Numerical results for PE and OED

10.2. Sequential optimum experimental design: Case
study with different diffusion coefficients

In this section we show an optimum experimental design problem. We perform
sequential optimum experimental design, that means we first perform parameter
estimation, after that we perform optimum experimental design and finally a second
parameter estimation with the optimized sampling points. We generate the sensitivities
by the strategies developed in Chapter [6] on the differentiable upwind discontinuous
Galerkin discretization, Chapter [7] on structure exploitation and Chapter [§]on frozen
adaptivity.

We begin this section with the problem formulation of sequential OED. After that,
we show computational results. In the last subsection we show results for a numerical
study with different diffusion coefficients. This study confirms that the developed
methods are suitable for a whole class of problems.

10.2.1. Problem formulation: Sequential OED with 2D advection
dominated diffusion advection PDE problem

We begin the sequential optimum experimental design with a first parameter estimation.
The setting is basically the same as in the preceding Subsection The true
parameter values are again pj = —0.2 and p5 = 0.3. We choose for the standard
deviation of the measurement errors o; = 0.1,7 = 1, .., 8 and get the perturbation

e = (—0.123,-0.204, 0.006, —0.088, —0.033, 0.140, —0.017, —0.012).

We have eight measurements at the same points as in Figure [10.1

The start values are p’= (—0.1,—0.1). We adaptively refine the grid with the error
sum strategy from Section starting on a grid with 36,864 DoFs we perform 3
refinement cycles. This procedure leads to a grid with approximately 130,000 DoFs.

For the OED run, we define 81 possible measurement points, which are equidistantly
placed in the domain = [-1,1]?,

2 = (—08,0.8), al'=(-0.6,0.8), ..., a'=(0.8,0.8),
o™ = (—0.8,0.6), a7 =(—0.6,0.6), ..., a7 =(0.8,0.6),
am = (—0.8,-0.8), 2 =(—0.6,—-0.8), ..., 2@ =(0.8,—0.8).
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10.2. Sequential optimum experimental design: Case study

Thereof, we choose a maximum number of 8 points, which are selected by the optimiza-
tion algorithm. We determine the optimum placement of the measurement points by
optimizing the sampling decisions w;. Every sampling decision w; corresponds to one
possible spatial measurement point z}",7 = 1, ..,81. Initially, we weight all possible
points uniformly. Therefore we choose the start values for the sampling decisions
as w? = 0.098765,7 = 1, ..,81, because the sum of all sampling decisions equals the
number of points to select: ), w; = 8. We scale all parameters to 1, see Remark
3.2.1, That means B(p) = (p1p1,P2p2) and p1 = py = 1, p1,Po are the estimated
parameters from the preceding PE. As objective function we choose the A-criterion
Dy(C) = n%, tr(C'(w)), that means we minimize the average half-axis length of the
confidence ellipsoid of the parameters.

As the last step of the sequential OED, we perform a second parameter estimation.
Now we apply the optimized measurement point setting. We generate measurement
values for the optimized measurement point setting. As before, we choose for the
standard deviation of the measurement errors o; = 0.1 and get a new perturbation

e = (0.073,0.290, 0.195, —0.090, —0.006, 0.014, —0.072, 0.028).

As start value for the parameter estimation, we take the estimated value from the
previous parameter estimation, p) = p; and pj = p1.

10.2.2. Computational results for sequential OED

In this subsection, we show results for the diffusion coefficient a = 0.001 as depicted
in the preceding problem formulation. Figure [I0.6] shows the error between estimated
parameters p of the PE before OED and "true“ parameters p* for every iteration
k of the Gauss-Newton algorithm. The parameter estimation convergences after
10 iterations. We choose the stopping criterion in equation with tol = 1072
Table depicts the estimated parameter values and the corresponding standard
deviations. The goal of optimum experimental design is to reduce the standard
deviations of the parameters to enhance the significance of the parameter estimates.

We scale all parameters to 1, see Remark That means §(p) = (—0.2164p;, 0.3014ps)
and p; = po = 1. The A-optimal design algorithm converges after 20 major iterations.
The determined optimal values for the sampling decisions ; sorted by size are

Wy = W5 = Wg = W14 = Weo = 1,
w19 = 0.8569, wg = 0.7426, w9 = 0.7056, w15 = 0.6949.
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10. Numerical results for PE and OED

T =
—o— |5 — p*lly ||

Error

1()*2 E | | | | I
2 4 6 8 10

Gauss-Newton iteration k

Figure 10.6.: Results for first parameter estimation in sequential optimum exper-
imental design. Error in the Euclidian norm between estimated pa-
rameters P and “true“ parameters p* for every iteration k of the
Gauss-Newton algorithm.

D standard deviation
—0.2164 +6.86%
0.3014 +2.40%

Table 10.5.: Estimated parameter values and corresponding standard deviations
after the first parameter estimation, before optimum experimental
design.

All remaining sampling decisions are @; = 10757 ¢ {4,5,6,8,9,10, 14,15,60}, which
is a lower bound to prevent numerical difficulties for w; = 0. The optimization
algorithm computes the derivative of \/wj;, close to w; = 0 this term becomes very
large. To prevent numerical difficulties arising from this, we set a lower bound
wW; > 1076.

We observe a fractional solution, not all sampling decisions are integers. Therefore
we use a heuristic: the round up and off strategy. We round up the largest sampling
decisions and round off the smallest ones, keeping the sum of all sampling decisions
equal or below the maximum number, see Section [3.3] Thus the selected measurement
points z* are i € {4,5,6,8,9,10,14,60}.

Figure [10.7] shows the result of the OED. Three of the four measurement points with
a fractional solution are selected. We notice that two of the measurement points with
a fractional solution are neighbors. One of those neighbors is selected, the other one
is not selected. That is a hint, that a point in between these two points is optimal,
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10.2. Sequential optimum experimental design: Case study

which is not part of our fixed grid.
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Figure 10.7.: Result of OED. The left picture shows the fractional solution with
blue points for w; = 1, blue circles for w; € (1,107%) and black circles
for w; = 1075, The right picture shows the selected measurement
points (blue points) and the not selected points (black circles).

With these optimized measurement points, we perform a second PE. Starting values
for the parameters are the estimated p from the preceding PE, p? = —0.2164 and
py = 0.3014. The Gauss-Newton algorithm converges after 4 iterations with the
same tolerance of tol = 1074, The estimated parameter values are p; = —0.1934 and
P2 = 0.3011. Again we examine the standard deviations of the parameters. Table
shows the estimated parameters and the corresponding standard deviations. We
managed to reduce the standard deviation by 5.45 percentage points for the first
parameter and by 0.66 percentage points for the second parameter. That means the
uncertainty of the parameters is reduced by applying sequential OED.

Furthermore, Table depicts the four OED criteria after the first PE (before
OED) and after the second PE (after OED). All criteria are reduced. That means
the linearized confidence regions of the parameters are reduced.

In summary, we solved the OED problem with an advection dominated diffusion
advection PDE constraint by utilizing the developed sensitivity evaluation techniques,
the differentiable upwind discontinuous Galerkin discretization from Chapter [6] the
structure exploitation from Chapter [7] and the frozen adaptivity from Chapter
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10. Numerical results for PE and OED

before OED after OED

D std. dev. D std. dev.
—0.2164 6.86% -0.1934 1.41%
0.3014 2.40% 0.3011 1.74%

Table 10.6.: Estimated parameters and corresponding standard deviations of esti-
mated parameters after the first PE (before OED) and after the second
PE (after OED).

Criterion A D E M
before OED | 1.362-1074 | 5.829-107° | 2.594-10~4 | 1.484 - 102
after OED | 1.739-107° | 1.364-107° | 2.818-107° | 5.228 - 103

Table 10.7.: Values of the OED criteria after the first PE (before OED) and after
the second PE (after OED).

We reduced the linearized confidence regions of the parameters by selecting opti-
mal measurement points. That way we increased the significance of the estimates
considerably.

10.2.3. Comparison of diffusion coefficients

In this subsection, we test the algorithms with different diffusion coefficients:
a=10"2,10"3,1075,107?. That way we investigate if the developed methods are
suitable not only for one specific setting but for a class of problems.

The setting is the same as in the preceding subsection, we perform sequential OED
with a diffusion advection PDE model problem. We vary the diffusion coefficient a.
The smaller the diffusion coefficient, the more advection dominated the PDE model
becomes.

For the four choices of the diffusion coefficient o, we generate measurement data with
4% noise, that means a standard deviation of o; = 0.2,7 =1, ..,8. We get four sets of
measurement data, with four different perturbations:

a=10"2%2: =
a=10"3: ¢
a=10"%: ¢

a=10"7: e¢=

—0.163,0.014, —0.183, —0.158, —0.225,0.208, —0.118, 0.184),
—0.246, —0.407,0.012, —0.175, —0.066, 0.281, —0.034, —0.024),
—0.340,0.031, 0.276, —0.001, 0.326, 0.025, 0.056, 0.166),

0.075, —0.192, —0.201, —0.245, 0.045, 0.106, —0.122, —0.016).

~—~ o~ —~
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10.2. Sequential optimum experimental design: Case study

Figure shows the results for the PE before OED. For all four tested diffusion
coefficients, the Gauss-Newton algorithm converges linearly. The increment value gets
smaller than the stopping criterion in equation with tol = 10~%. The larger
the diffusion coefficient, the less iterations are needed to reach the stopping criterion.
That means the more advection dominated the PDE model gets, the more difficult
the solution of the parameter estimation problem gets. That is what we expected.
Nonetheless, all tested cases converge within 13 iterations.

100 L —— = 1072 H 101 F T - T .

8 ——q =103 | g ——a=10""||
LN ——q=10"° || 100 —ea=10""})
a=10"7 || i //\‘/\ ——a=10"" ||

5 | = 10-1 L !/:/ a=107%[|
o 1 N £ 10 E - 1
= 10 1 g ‘ r \/ 1
§ 1072 L N

L i 10—3 ? \ |

10-2 L | & ]

L | | ! ! ! ! d 1074 E \“‘ E

0 2 4 6 8 10 12 14 b | | | | | | J

0 2 4 6 8 10 12 14
Gauss-Newton iteration k

Gauss-Newton iteration k

(a) Error ||pr —p*|, in the Euclidian
norm between estimated parameters
pr and “true“ parameters p* for ev-
ery iteration k of the Gauss-Newton
algorithm.

(b) Increment ||dpi|l, for every Gauss-
Newton iteration £ is shown.

Figure 10.8.: Results of the parameter estimation with the Gauss-Newton algorithm
for four different choices of the diffusion coefficient a.

The error between estimated and “true” parameters is reduced in all four cases, see
Figure[I0.8a] Regarding the size of the error between estimated and “true” parameters
for the different diffusion coefficients, we do not see such a clear picture as for the
number of iterations: for a = 1072 we get the largest error for the four tested cases.
That can be caused by the different perturbations of measurement errors. Taking the
same perturbation or no measurement error could lead to a different result.

In the next step of sequential OED, we perform an OED run with the A-criterion.
As before, out of 81 possible measurement points, the OED algorithm selects 8 mea-
surement points via the sampling decisions w;,i = 1,..,81. For a = 1072, the SQP
algorithm converges after 20 major iterations. For o = 1073, it takes 18 major
iterations, for & = 1075 it takes 16 major iterations, and for a = 107 it takes 18
major iterations. Thus all OED problems are solved within a similar number of
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10. Numerical results for PE and OED

iterations.

a=10"%2 | =103 | a=10"° a=10"Y
w1 - - 1 X 1
Wy - 1 1 1
wWs 1 X 1 1 1
We 1 x | 0.4125 | x | 0.2026 -
wry 1 X - - -
wg 1 X 1 0.9490 | x 1 X
wg | 0.6090 | x 1 0.5060 | x | 0.2671
wio | 0.9079 | x 1 0.8708 | x 1 X
w11 - - 0.8708 | x 1 X
W14 - 1 X 1 X 1 X
w15 1 x | 0.4070 0.2026 -
wie | 0.5879 - - -
wig | 0.8952 | x | 0.9732 | x - -
Wa4 - 0.2073 0.2026 -
w33 - - 0.1955 0.7328 | x

Table 10.8.: Sampling decisions w; > 10~ for different diffusion coefficients o.. The
symbol x marks selected measurement points.

Table depicts the sampling decisions w; which are greater 107%. Figure m
shows the position of these optimized sampling decisions. We see, that the selected
measurement points shift to the left as the diffusion coefficient gets smaller. As the
solution of the PDE model gets more advection dominated, different measurement
points are optimal.

For each diffusion case, we perform a second PE with the optimized measurement
points from the preceding OED runs. Therefore, we round up the largest fractional
weights until the number of eight measurement points is reached. In Table the
symbol x marks the selected measurement points.

The second PE converge after 3, 5, 3 and 4 iterations for o = 1072,1073,107° and
1077, respectively. Table m shows the value of the objective function 4. We see
that the objective function values are reduced for all four diffusion cases. Table
shows the standard deviations of the two parameters for the four different diffusion

coefficients a. For all diffusion coefficients, the standard deviations of both parameters
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10.2. Sequential optimum experimental design: Case study

a | @9 before OED | &) after OED
1072 | 8.55769-10~* | 1.03212-107*
1073 | 7.08039-10"% | 4.51676-107°
1075 | 3.51241-10"* | 5.48265-107°
1079 | 4.23966-10~* | 6.19242-107°

Table 10.9.: Values of the OED criteria after the first PE (before OED) and after
the second PE (after OED) for the four different choices of the diffusion
coefficient o

are reduced. Thus, they are estimated more significantly. Regarding the choice of
the diffusion coefficient, we cannot see any patterns influencing the reduction of the
standard deviations.

std. dev. before OED std. dev. after OED

« P1 P2 P1 D2
1072 17.14% 7.34% 4.34% 3.82%
1073 | 14.52% 5.57% 2.44% 2.78%
107° 11.77% 4.01% 2.58% 3.04%
1079 | 12.26% 4.31% 3.33% 2.97%

Table 10.10.: Standard deviations of estimated parameters after the first PE (std.
dev. before OED) and after the second PE (std. dev. after OED) for
the four different choices of the diffusion coefficient a.

We conclude that we successfully applied the developed methods and algorithms to a
class of PDE problems. The methods work well for advection dominated diffusion
advection reaction PDE model problems. For all four tested diffusion coefficients, the
uncertainty of the parameters is reduced with the developed methods.
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Figure 10.9.: Result of OED. The top left picture shows the solution for av = 1072,
the top right picture shows the solution for a = 1073, the bottom left
picture shows the solution for v = 10™° and the bottom right picture
shows the solution for o = 1079, Blue points stand for w; = 1, blue
circles for w; € (1,107%) and black circles for w; = 1076,
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11. Numerical study on mesh
independence for PE and OED

In this chapter we study the mesh independence of the developed optimization
methods. We first investigate a parameter estimation problem starting with the
problem formulation. We compare the output of the PE algorithm for different refined
grids of the underlying PDE simulation. In the next section we are concerned with
an OED problem. We first introduce the problem formulation. We investigate if
the developed methods are stable under grid refinement. Therefore, we compare
the output of the OED algorithm for different refined grids of the underlying PDE
simulation.

Throughout this chapter, we proceed in the same manner as in the preceding chapter:
we generate measurement data by simulating the PDE model problem with the
standard upwind discretization . We use for the optimization runs the developed
differentiable discretization o,(5,n) defined in equation with p = 0.1. As
accuracy of the iterative solver GMRES we choose 10! for all simulations, because of
the considerations regarding the handling of the iterative solver in Section [8.2

11.1. Parameter estimation

In this section we study mesh independence for parameter estimation with an advection
dominated diffusion advection reaction PDE model problem. We solve this PE problem
for different uniform grid refinements without measurement noise.

11.1.1. Problem formulation

We now investigate a different underlying PDE model problem: besides different
numerical values for diffusion and advection factors, we include a reaction rate. The
strong form reads

—0.0001Ay + B(p) - Vy+ 0.5y =2  on Q, (11.1a)
y=0.5 onlI =00. (11.1Db)
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11. Numerical study on mesh independence for PE and OED

The domain 2 comprises the rectangle [0, 1] x [1,2]. The discrete PDE problem is:
Find y, € V}, such that

aap(Yn, vn) + bn(p; yn,vn) + cn(yn, vn) = fu(vn), Yo, € Vi,

with ap(yn,vr), br(D; Yn, vr), ch(yn,vp) and fr(vy,) defined in equation ([7.10)).

The discrete parameter estimation problem reads

min — 1 (771 hl’h (p) ) .
=1

peP 2 0;

The components of the advection direction 5(p) = (p1, p2)’ are the two parameters

to be estimated. Point measurements given by the value of the discrete PDE solution

operator at the measurement points h;;(p) := Sh(p)‘ ..» constitute the model
T=X;

response. We define eight measurement points with coordinates

= (0.2,0.25), = (0.4,0.25),
(0.6,0.25) (0.8,0.25),
2 = (0.2,1.75), x* = (0.4,1.75),
2 = (0.6,1.75), 2" = (0.8,1.75).

33‘3— 7$4_

Figure visualizes the placement of the measurement points in the domain [0, 1] x
[1,2].

[ ] . .
x5 g xy xg

A A
[ ] [ [ ] [ ]

Figure 11.1.: Placement of the measurement points z*,¢ = 1, ..,8, in the domain
Q=1[0,1] x [1,2].
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11.1. Parameter estimation

For this study on mesh independence, we generate measurement data n; without noise,
that means ¢; = 0,i =1, ..,8. The “true” parameter values are

pi=1, p;=5.

We investigate two sets of start values for the parameters
(a) pY=3, pJ=7 and (b) p?=6, pJ=6.

For the sensitivity generation, the structure exploiting techniques depicted in Chapter|7]
and the frozen adaptivity techniques from Chapter [§| are applied. Per Gauss-Newton
iteration, we simulate the primal PDE problem and the two tangential PDE problems
on one common grid, which is generated by the error sum strategy depicted in
Section [8.I] As before, we choose for the Gauss-Newton algorithm as step size
strategy the RMT globalization.

11.1.2. Comparison of grid refinements

We perform parameter estimation with the Gauss-Newton algorithm for different
uniform grid refinements and the stopping criterion in equation with tol = 1075,
Figure shows the error ||p; — p*||, in the Euclidian norm for every iteration of
the Gauss-Newton iteration for a uniform refinement with 147,456 DoFs. We see the
results for the two sets of start values (a) p° = (3,7) and (b) p" = (6,6). Compared
to the example before in Section the error decreases linearly in every iteration.
Here, we do not have a sign change in the parameters, therefore, the error decreases
from the first iteration. Furthermore, we did not add any noise to the measurements,
that is why the error is much smaller in the final iteration. Comparing the two sets of
start values, we see that start values (a), which are closer to the “true” parameters,
need 3 iterations less to converge than start values (b), which are not as close to the
“true” parameters.

Table |11.1{ depicts the relative errors Hﬁ;—f*H2 in the final iteration and the number of

iterations needed for five different refinements (number of DoFs) for the two sets of

start values. For both sets of start values the relative error decreases, the finer the
grid, the better the estimated parameter values. Considered separately, each set of
start values needs the same number of iterations for all evaluated grid refinements.
That gives strong evidence that the proposed methods and algorithms are mesh

independent.
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11. Numerical study on mesh independence for PE and OED

Gauss-Newton iteration k

Figure 11.2.: Error ||p; — p*||, in the Euclidian norm between estimated parameters
Pr. and "true® parameters p* for every iteration k of the Gauss-Newton
algorithm for two sets of start values:

(a) p° = (3,7) and (b) p’ = (6,6).

(a) p° =(3,7) (b) p° = (6,6)

# DoFs | rel error # iter | rel error # iter
D76 0.003839896 9 0.003843293 12
2,304 | 0.001272682 0.001271076 12
9,216 | 0.000223607 0.000224018 12

36,864 | 0.000014000 0.000014000 12

147,456 | 0.000003000 0.000003000 12

O © © ©

Table 11.1.: Number of DoFs vs. relative error Hﬁ—;f -

for two sets of start values: (a) p’ = (3,7) and (b) p° = (6,6).

‘2 and number of iterations

Comparing the two sets of start values, we see a difference between the relative errors
only in the sixth decimal place. On the two finest refinements the relative errors are
identical. For all grid refinements set (a) needs 3 iterations less than set (b). This
can be explained by the fact, that set (a) is closer to the “true” parameter values
than set (b).

Figure depicts the relative error vs. the number of DoFs for the two sets of start
values (a) and (b), corresponding to Table Again, we see that for a finer grid
refinement, the relative error decreases rapidly. On a finer grid, the estimation is
more accurate. That gives strong evidence that the developed methods are stable
under grid refinement.
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1073 |

1074 ¢

Relative error

Lyl ! Lol ! L1l
103 10* 10°
number of DoFs

Figure 11.3.: Relative error Hﬁ;—f

‘2 in the Euclidian norm between estimated pa-

rameters p and "true“ parameters p* vs. number of DoFs for uniform
mesh refinement for two different sets of start values: (a) p° = (3,7)
(blue) and (b) p' = (6,6) (green). Note, that the curves overlap each
other.

11.2. Optimum experimental design

Let us now investigate mesh independence for OED. We study the same underlying
PDE model problem as in the previous section for PE. We solve the OED problem
with the same start values for different spatial uniform grid refinements.

11.2.1. Problem formulation

The setting is basically the same as in the preceding Section[I1.1} The underlying PDE
model is an advection dominated diffusion advection reaction PDE model problem,
equation (|11.1)).

We define 135 possible measurement points x}*,¢ = 1, .., 135. The measurement points
are equidistantly placed in the interior of the domain ©Q = [0,1] x [1,2]:

2™ =(0.1,0.125), &7 = (0.1,0.25), ..., @7, = (0.1,1.875),
2 =(0.2,0.125), &7 = (0.2,0.25), ..., a7 = (0.2,1.875),
z = (0.9,0.125), 7% = (0.9,0.25), ..., zTs = (0.9,1.875).

The OED algorithm selects 8 of these points. The optimization variables are the
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11. Numerical study on mesh independence for PE and OED

sampling decisions w;,7 = 1,..,135, each possible measurement point corresponds
to one sampling decision w;. As starting point for the optimization we weight
all possible points uniformly and choose as start values for the sampling decisions
w? = 0.05926,i = 1, ..,135. The sum of all sampling decisions equals the number of

points to select: Y, w; = 8.

We scale all parameters to 1, such that a difference in magnitude does not lead to a
unilateral preference of a parameter in the OED, see Remark That means we
choose 3(p) = (1.5p1,4.6p2) and p; = pa = 1. As objective function we choose the
D-criterion ¢p(C) = det(C)%, that means we minimize the volume of the confidence

ellipsoid of the parameters.

11.2.2. Comparison of grid refinements

We perform D-optimal design for five different uniform grid refinements. Table
reports the objective function value ¢p(C) before and after the OED run and the
standard deviations of p; and pe (std. dev. pp, std. dev. ps) before and after the
OED run for the five different refinements (# DoFs).

&p(C) std. dev. p; std. dev. po
# DoFs | before after before after before after
576 2.21705 | 0.507429 | 222.09% | 104.46% | 124.15% | 62.86%
2,304 | 2.15159 | 0.506812 | 216.49% | 103.91% | 122.14% | 64.77%
9,216 | 2.10972 | 0.49649 | 212.69% | 103.13% | 121.15% | 66.36%
36,864 | 2.07964 | 0.481361 | 209.95% | 100.75% | 120.51% | 66.87%
147,456 | 2.0708 | 0.479062 | 209.02% | 99.15% | 120.42% | 66.45%

Table 11.2.: Objective function ¢ (C) and standard deviation (std. dev.) of param-
eters p; and p2 before and after the OED runs for five different grid
refinements (# DoFs).

We see, that for all five grid refinements, the objective value and the standard
deviations of both parameters are reduced substantially. Nevertheless, the standard
deviation of p; is even after the OED runs large, the parameter is still undetermined.
Perhaps in this setting more than 8 measurements are needed to reliably estimate p;.

Comparing the different refinements for the objective value we see that the finer the

grid, the smaller the objective value. Even though the difference in the objective value
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11.2. Optimum experimental design

between the coarsest and finest grid is small. Comparing the standard deviations of
p1 and po for the different refinements, we see in parameter p; a decrease for finer
grids, whereas we see in parameter ps an increase of the standard deviation for finer
grids. That is because of the choice of the objective D-criterion. In the objective,
both parameters are considered and overall, the standard deviations are reduced.

In Table all sampling decisions w; with w; > 1076 are depicted for the five differ-
ent mesh refinements. Except for the two coarsest grids, the same measurement points
are determined to be important: wi13, w114, W115, W122, W123, W14, W130, W131, Wiz2 and
w133 are greater than 1076, In Table the symbol x marks selected sampling
decisions after rounding. We see, that although the fractional solution differs, in the
rounded solution, exactly the same 8 measurement points are chosen on the three
finest grids. Thus, on a sufficiently fine grid, the algorithm converges to the same
optimal solution.

576 2,304 9,216 36,864 147,456

wio3 | 0.502395 - - - -

wies | 0.962958 | x - - - -

wirz | 0.707485 | x - - - -

w113 - 1 b 1 X 1 x | 0.806951 | x
W114 - 1 x | 0.180861 0.238939 0.232441
w115 1 x | 0.803007 | x | 0.429423 0.227388 0.23245
W1922 1 X 1 X 1 x | 0.875151 | x | 0.866228 | x
w123 - - 1 X 1 X 1 X
W124 1 X 1 X 1 X 1 X 1 X
wisg | 0.827037 | x | 0.856859 | x | 0.744777 | x | 0.688066 | x | 0.880984 | x
w131 1 X 1 X 1 x | 0.970331 | x | 0.98082 | x
w132 - 0.340009 0.644813 | x 1 X 1 X
w133 1 X 1 X 1 X 1 X 1 X

Table 11.3.: Sampling decisions w; > 107° for different numbers of DoFs. The
symbol x marks selected measurement points.

Figure visualizes the solutions for the five different grid refinements. For all
grid refinements, the chosen measurement points are in the upper central area of the
domain. That means, the developed algorithms compute similar solutions for different

grid refinements, which is a desirable property. The finer the grid, we see convergence
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11. Numerical study on mesh independence for PE and OED

to a set of measurement points. As we have seen before in the Table even
though the fractional sampling decisions are changing from finer grid to finer grid,
the rounded solution chooses the same measurement points (right bottom picture).
For a sufficiently fine grid, the solutions converge and the same measurement points
are chosen. That gives strong evidence that the developed methods and algorithms

are stable under grid refinement.
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11.2. Optimum experimental design
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Figure 11.4.: Top (from left to right): 576 DoFs, 2,304 DoFs, 9,216 DoFs,
Bottom: 36,864 DoFs, 147,456 DoFs and rounded weights for 147, 456
DoFs. Blue dots represent a selected measurement point w; = 1,
blue circles represent a measurement point with fractional sampling
decision 107 < w; < 1 and black circles represent a not selected
measurement point w; = 1076,
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12. Conclusion

In this thesis we successfully solved optimum experimental design (OED) problems
for parameter estimation (PE) with PDE models. We developed efficient and accurate
methods for sensitivity generation.

We proposed and analyzed a differentiable upwind discontinuous Galerkin discretiza-
tion. We performed a rigorous convergence analysis for the differentiable discretization
and finally arrived at an error estimate in the energy norm and a superconvergence
result. We showed that the analysis also holds for a discretization of a diffusion
advection reaction PDE model. We showed that the assumptions for the convergence
analysis hold for a non normalized advection coefficient of the differentiable stabiliza-
tion. In accordance with the standard upwind discretization for a non normalized
advection coefficient [I1], the convergence behavior changes, the non normalized
advection coefficient influences the estimation constant. We showed that this behavior
also holds for the differentiable stabilization. Numerical tests confirm the predicted
behavior.

Furthermore, we developed methods for structure exploitation of the primal and tan-
gential discretization schemes. We exploited the problem structure and reused the left
hand side of the primal discretization when generating the tangential discretizations.
Moreover, we exploited the structure of the discontinuous Galerkin finite element
method. We differentiated only the core parts of the discretization by AD to efficiently
generate the tangential discretizations. Numerical examples confirm the efficiency
of the structure exploiting method. No memory issues appear while generating the
tangential problems.

We froze all adaptive components to generate the consistent sensitivities. We developed
a heuristic, the error sum strategy for grid refinement, to generate one common
spatial grid, which is suitable for primal and tangential problems. Furthermore, we
investigated the influence of the adaptive step number of the iterative solver. We
concluded, that the two step approach with an accurate stopping criterion for the
iterative solver is preferable in our setting and leads to consistent sensitivities. We
demonstrated the developed methods for frozen adaptivity by numerical examples.

We implemented the developed methods in the new software SeafaND-Optimizer,
short for structure exploiting and frozen adaptivity numerical differentiation optimizer.
It is a software for efficient simulation, parameter estimation and optimum experimen-
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tal design with PDE models. The core part of the software is a consistent sensitivity
generation with the aforementioned methods. Furthermore, the SeafaND-Optimizer
provides functionalities of dealii and Amandus for PDE simulation and of VPLAN,
PAREMERA and SNOPT for optimization. This leads to an accurate and fast solution of
the PE and OED optimization problems.

Numerical case studies for PE and OED problems with advection dominated 2D diffu-
sion advection PDE models demonstrated the efficiency and accuracy of the methods.
Each PDE simulation, one primal PDE problem and two tangential PDE problems,
had approximately 131,500 degrees of freedom. With the developed methods for sen-
sitivity generation, we efficiently and automatically generated consistent sensitivities.
We tested the PE algorithm with three different noise levels. The behavior was as
expected: the higher the noise level, the less accurate are the parameter estimates.
We successfully performed a case study with different diffusion coefficients. Thus, the
developed methods are suitable for a class of problems. We performed a numerical
study on mesh independence for PE and OED problems. We concluded, that the
study gives strong evidence that the developed algorithms are stable under mesh
refinements.

Directions for future research

Let us finally state some promising directions for future research, which came up
during the work on this thesis.

In this thesis we were concerned with the sampling design problem. For more
complicated OED problems, where the controls directly enter the PDE model, we
need second order sensitivities. The developed methods for structure exploitation
of the discretization schemes and for frozen adaptivity lay a solid groundwork and
can be extended to second order sensitivities. This requires generating and solving of
second order sensitivity or adjoint PDEs.

Another interesting question for future research is the development of tailored error
estimators for adaptive grid refinement for discontinuous Galerkin methods for PE
and OED. The error estimators should incorporate the discretization errors of the
sensitivities. The goal of the error estimators should be the accurate simulation of all
PDE problems, the primal problem as well as the sensitivity problems.

179



List

of Figures

[3.1. Setup sampling design. The picture shows an example domain ¢ |
| with circles for possible measurement points and points for realized |
[ measurement poinfs. | . . ... ..o o000 43

13.2. Confidence ellipsoid and geometrical interpretation of A-, D-, E- and |
| M-criteria, taken from [96]] . . . . . .. ... ... ... ... .. ... 46

|6.1. Nonsmooth solution, Riemann problem. Computed solution g for |
| upwind discretization with oy, (/5,n) and differentiable discretization |
| with 0,(8,n) for p=00land p=1[. . . .. ... ... ... ... .. 112

[7.1. Simulation of the primal PDE problem. . . .. .. ... ... ... .. 129

[7.2. Simulation of tangential PDE problems for p; (left) and py (right).[ . . 130

[8.1. Lett hand: uniformly refined grid, right hand: adaptively refined grid.| 132

[8.2. Two ditterent adaptively refined grids.| . . . . . . ... ... ... ... 133

18.3. Smallest common grid. Lett: grid of primal problem, centre: grid |
| of tangential problem, right: smallest common grid for primal and |
| tangential problem. . . . . . .. ... oo oo 133

[8.4. Error sum strategy for grid refinement. It shows errors per cell and |
| corresponding adaptively refined grids for the primal problem (top), |
| the tangential problem (middle) and the sums of errors (bottom). | . . 136

[8.5. Different adaptively refined grids. Three grids (a), (b), (¢) for the |
| non-frozen adaptivity case and one grid (d) for the frozen adaptivity |
L case]l - o o o 141

[8.6. Simulation of the primal problem on the common grid generated by |
| the developed error sum strategy with 15,885 Doks, see Figure [8.5dl| . 142

[8.7. Simulation of the tangential problems with respect to p; (left) and |
| p2 (right) on the common grid generated by the developed error sum |
| strategy with 15,885 Doks, see Figure|8.5dl| . . . . .. ... ... ... 142

[9.1. Structure of the SeafaND-Optimizer.| . . .. .. .. ... ... .... 145

[9.2. Input and output of the SeafaND-Optimizer, . . . . . . . . . ... .. 147

[10.1. Placement of the measurement points z;"*,7 = 1,..,8, in the domain |

Q=[-1,11°] . . 151

180



List of Figures

[10.2.

Simulations of primal PDE problem with different parameter values,

grid refinements and stabilizations.| . . . . . . ... ..o

152

[10.3.

Mesh adaptively refined with error sum strategy with 131,148 DokFs,

for start values pj = —0.1 and p5y = —0.1] . . .. ... ... ... ...

[M0.4.

Results of the parameter estimation with the Gauss-Newton algorithm

for different noise levels, 1%,4% and 9%.|. . . . . . . ... . ... ...

154

[10.5.

Results of the parameter estimation with the Gauss-Newton algorithm

for different noise levels, 1% (a), 4% (b) and 9% (c). Relative errors

in the single parameters p; (purple) and ps (green) for every Gauss-

Newton iteration EJl. . . . . . . . . . .

[10.6.

Results for first parameter estimation in sequential optimum experimen-

tal design. Error in the Euclidian norm between estimated parameters

pr, and “true” parameters p* for every iteration £ of the Gauss-Newton

algorithm.| . . . . . . . . . L

162

[0.7.

Result of OED. The left picture shows the fractional solution with blue

points for w; = 1, blue circles for w; € (1,107°) and black circles for

w; = 10~°. The right picture shows the selected measurement points

(blue points) and the not selected points (black circles).| . . . . . . ..

[10.5.

Results of the parameter estimation with the Gauss-Newton algorithm

[10.9.

Result of OED. The top left picture shows the solution for @ = 10~2,

the top right picture shows the solution for & = 10~°, the bottom left

picture shows the solution for o = 10~> and the bottom right picture

shows the solution for & = 10~°. Blue points stand for w; = 1, blue

circles for w; € (1,107°) and black circles for w; = 107°| . . . . . . ..

[MT.T.

Placement of the measurement points z;*,7 = 1,..,8, in the domain

TE e

170

(T.2.

Error ||pr, — p*||, in the Euclidian norm between estimated parameters

pr. and “true® parameters p* for every iteration k of the Gauss-Newton

algorithm for two sets of start values: (a) p” = (3,7) and (b) p’ = (6,6).[172

11.3.

*

p—p

Relative error o

) in the Euclidian norm between estimated pa-

rameters p and "true” parameters p* vs. number of Dok's for unitform

mesh refinement for two different sets of start values: (a) p’ = (3,7)

(blue) and (b) p” = (6,6) (green). Note, that the curves overlap each

181



List of Figures

[11.4. Top (from left to right): 576 DoFs, 2,304 DokFs, 9,216 DoFs, Bottom:

36,864 Doks, 147,456 Doks and rounded weights for 147,456 Doks.

Blue dots represent a selected measurement point w; = 1, blue circles

represent a measurement point with fractional sampling decision 10~° <

w; < 1 and black circles represent a not selected measurement point

182



List

of Tables

16.1. Linear finite elements. Errors e; and EOC for difterentiable discretiza- |
| tion 0,(8,n) and standard discretization oyp,(5,7) . . . . . .. ... 110
16.2. Quadratic finite elements. Errors e, and EOC for differentiable dis- |
| cretization o, (/5,n) and standard discretization oy, (3,7) . . . . . . 110
[10.1. Results of the parameter estimation with the Gauss-Newton algorithm |
[ for different noise levels, 1%,4% and 9%.|. . . . . . .. ... ... ... 154
[10.2. Results of the parameter estimation with the Gauss-Newton algorithm |
[ for 1% noise level.l . . . . . . ... ... 156
[10.3. Results of the parameter estimation with the Gauss-Newton algorithm |
[ for 4% mnoise level.l . . . . . . ... .. 158
[10.4. Results of the parameter estimation with the Gauss-Newton algorithm |
[ for 9% mnoise level.l . . . . . . ... 159
[10.5. Estimated parameter values and corresponding standard deviations |
| after the first parameter estimation, before optimum experimental design.|]162
|10.6. Estimated parameters and corresponding standard deviations of esti- |
| mated parameters after the first PE (before OED) and after the second |
| PE (after OED).| . . . . .. ... . ... 164
[L0.7. Values of the OED criteria after the first PE (before OED) and after |
| the second PE (after OED).[. . . . .. ... ... ... ... ...... 164
[10.8. Sampling decisions w; > 10~° for different diffusion coefficients a. The |
| symbol x marks selected measurement points.| . . . . . . . .. ... .. 166
[L0.9. Values of the OED criteria after the first PE (before OED) and after |
| the second PE (after OED) for the four different choices of the diffusion |
[ coefficient arl . . . . .. L. 167
[L0.10Standard deviations of estimated parameters after the first PE (std. |
| dev. before OED) and after the second PE (std. dev. after OED) for |
[ the four different choices of the diffusion coefficient ol . . . . . . . .. 167
11.1. Number of DoFs vs. relative error ﬁ;—f* ) and number of iterations
| for two sets of start values: (a) p’ = (3,7) and (b) p’ = (6,6). 172
[L1.2. Objective function ¢p(C) and standard deviation (std. dev.) of |
| parameters p; and po before and after the OED runs for five different |
| grid refinements (# DoFs).| . . ... .. ... oo oo 174

183



List of Tables

[11.3. Sampling decisions w; > 10~° for different numbers of DoFs. The |

symbol x marks selected measurement points.| . . . . . . . ... .. .. 175

184



Bibliography

1]
[2]

[3]

[10]

[11]

R. A. Adams. Sobolev spaces. Academic Press, 1975.

J. Ahrens, B. Geveci, and C. Law. Visualization handbook, chapter 36 - ParaView:
An end-user tool for large-data visualization, pages 717-731. Elsevier, 2005. [14§]

S. Akindeinde and D. Wachsmuth. A-posteriori verification of optimality con-
ditions for control problems with finite-dimensional control space. Numerical
Functional Analysis and Optimization, 33(5):473-523, 2012.

J. Albersmeyer. Adjoint-based algorithms and numerical methods for sensitiv-
ity generation and optimization of large scale dynamic systems. Dissertation,
Heidelberg University, 2010. [I7}, [68]

J. Albersmeyer and H. G. Bock. Efficient sensitivity generation for large scale
dynamic systems. Technical report, Deutsche Forschungsgemeinschaft, 2009.
Priority program 1253 optimization with partial differential equations. [I7} [68]

A. E. Altmann-Dieses, J. P. Schléder, H. G. Bock, and O. Richter. Optimal
experimental design for parameter estimation in column outflow experiments.
Water Resources Research, 38(10):1186, 2002.

A. E. Altmann-Dieses [A. Dieses|. Numerical methods for optimization problems
in water flow and reactive solute transport processes of xenobiotics in soils.
Dissertation, Heidelberg University, 2000.

D. Arndt, W. Bangerth, D. Davydov, T. Heister, L. Heltai, M. Kronbichler,
M. Maier, J.-P. Pelteret, B. Turcksin, and D. Wells. The deal.II library, version
8.5. Journal of Numerical Mathematics, 25(3):137-146, 2017.

D. N. Arnold. An interior penalty finite element method with discontinuous
elements. SIAM Journal on Numerical Analysis, 19(4):742-760, 1982.

D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini. Unified analysis
of discontinuous Galerkin methods for elliptic problems. SIAM Journal on
Numerical Analysis, 39(5):1749-1779, 2002.

B. Ayuso and L. D. Marini. Discontinuous Galerkin methods for advection-
diffusion-reaction problems. SIAM Journal on Numerical Analysis, 47(2):1391—

1420, 2009. [} [T08} [T09} [I7]

185



Bibliography

[12]

[13]

[14]

[17]

[18]

[22]

[23]

186

W. Bangerth, R. Hartmann, and G. Kanschat. deal.II — a general-purpose
object-oriented finite element library. ACM Transactions on Mathematical Soft-

ware, 33(4):24/1-24/27, 2007.
Y. Bard. Nonlinear parameter estimation. Academic Press, 1974.

D. M. Bates and D. G. Watts. Nonlinear regression analysis and its applications.
Wiley series in probability and mathematical statistics: Applied probability and
statistics. Wiley, 1988. [36]

I. Bauer. Numerische Verfahren zur Lésung von Anfangswertaufgaben und
zur Generierung von ersten und zweiten Ableitungen mit Anwendungen bei
Optimierungsaufgaben in Chemie und Verfahrenstechnik. Dissertation, Heidelberg

University, 1999. [0, [47], [49]

1. Bauer, H. G. Bock, S. Korkel, and J. P. Schléder. Numerical methods for
optimum experimental design in DAE systems. Journal of Computational and

Applied Mathematics, 120(1-2):1-25, 2000.

R. Becker, M. Braack, and B. Vexler. Parameter identification for chemical models
in combustion problems. Applied Numerical Mathematics, 54(3-4):519-536, 2005.

(L5} [L6} [68}, {69 [134]

R. Becker, D. Meidner, and B. Vexler. Efficient numerical solution of parabolic
optimization problems by finite element methods. Optimization Methods and

Software, 22(5):813-833, 2007.

R. Becker, D. Meidner, B. Vexler, and K. Pieper. Rodobo: A c++ library for
optimization with stationary and nonstationary pdes. http://www.rodobo.org.
120

R. Becker and R. Rannacher. An optimal control approach to a posteriori error
estimation in finite element methods. Acta Numerica, 10:1-102, 2001. [T40]

R. Becker and B. Vexler. A posteriori error estimation for finite element discretiza-
tion of parameter identification problems. Numerische Mathematik, 96(3):435-459,
2004. 134

R. Becker and B. Vexler. Mesh refinement and numerical sensitivity analysis for
parameter calibration of partial differential equations. Journal of Computational

Physics, 206(1):95-110, 2005.

R. Becker and B. Vexler. Optimal control of the convection-diffusion equation


http://www.rodobo.org

Bibliography

[24]

using stabilized finite element methods. Numerische Mathematik, 106(3):349-367,
2007.

C. H. Bischof and H. M. Biicker. Computing derivatives of computer programs.
In J. Grotendorst, editor, Modern methods and algorithms of quantum chemistry:
proceedings, second edition, volume 3 of NIC' Series, pages 315-327. John von
Neumann Institute for Computing, Jiilich, 2000. [72]

H. G. Bock. Numerical treatment of inverse problems in chemical reaction
kinetics. In K. H. Ebert, P. Deuflhard, and W. Jager, editors, Modelling of

chemical reaction systems, volume 18 of Springer Series in Chemical Physics,

pages 102-125. Springer, Heidelberg, 1981. [17} [35], [68]

H. G. Bock. Recent advances in parameter identification techniques for ODE. In
P. Deuflhard and E. Hairer, editors, Numerical treatment of inverse problems in
differential and integral equations, pages 95-121. Birkhauser, Boston, 1983.
03]

H. G. Bock. Randwertproblemmethoden zur Parameteridentifizierung in Syste-
men nichtlinearer Differentialgleichungen, volume 183 of Bonner Mathematische

Schriften. Universitdt Bonn, 1987.

H. G. Bock, S. Korkel, E. Kostina, and J. P. Schléder. Robustness aspects in
parameter estimation, optimal design of experiments and optimal control. In
W. Jager, R. Rannacher, and J. Warnatz, editors, Reactive flows, diffusion and
transport. From experiments via mathematical modeling to numerical simulation

and optimization: final report of SFB (Collaborative Research Center) 359, pages
117-146. Springer, 2007. [50]

H. G. Bock, E. Kostina, and J. P. Schléder. On the role of natural level functions
to achieve global convergence for damped Newton methods. In M. J. D. Powell

and S. Scholtes, editors, System modelling and optimization. Methods, theory
and applications, pages 51-74. Kluwer, 2000.

M. Braack. An adaptive finite element method for reactive-flow problems. Disser-
tation, Heidelberg University, 1998. [I38]

M. Braack and R. Rannacher. Adaptive finite element methods for low-Mach-
number flows with chemical reactions. In H. Deconinck, editor, 80th computational
fluid dynamics, volume 1999-03 of Lecture Series. Karman Institute of Fluid
Dynamics, Brussels, 1999.

187



Bibliography

32]

[33]

[34]

[41]

[42]

188

F. Brezzi, L. D. Marini, and E. Siili. Discontinuous Galerkin methods for first-
order hyperbolic problems. Mathematical Models and Methods in Applied Sciences,
14(12):1893-1903, 2004.

T. Carraro. Parameter estimation and optimal experimental design in flow

reactors. Dissertation, Heidelberg University, 2005.

T. Carraro, V. Heuveline, and R. Rannacher. Determination of kinetic parameters
in laminar flow reactors. I. Theoretical aspects. In W. Jager, R. Rannacher, and
J. Warnatz, editors, Reactive flows, diffusion and transport. From experiments
via mathematical modeling to numerical simulation and optimization: final report
of SFB (Collaborative Research Center) 359, pages 211-249. Springer, Berlin,

2007. [13} 16} [68} [134]
P. G. Ciarlet. The finite element method for elliptic problems. North-Holland,

1978. 26} 9]

F. Courty, A. Dervieux, B. Koobus, and L. Hascoét. Reverse automatic differen-
tiation for optimum design: from adjoint state assembly to gradient computation.

Technical Report RR-4363, INRIA, 2002. 68|

J. P. de S. R. Gago, D. W. Kelly, O. C. Zienkiewicz, and 1. Babuska. A posteriori
error analysis and adaptive processes in the finite element method: Part IT —
Adaptive mesh refinement. International Journal for Numerical Methods in
Engineering, 19(11):1621-1656, 1983.

A. Ern and J.-L. Guermond. Theory and practice of finite elements, volume 159
of Applied Mathematical Sciences. Springer, New York, 2010.

T. Etling and R. Herzog. Optimum experimental design by shape optimization of
specimens in linear elasticity. SIAM Journal on Applied Mathematics, 78(3):1553—
1576, 2018. [I5]

P. E. Farrell, D. A. Ham, S. W. Funke, and M. E. Rognes. Automated derivation
of the adjoint of high-level transient finite element programs. SIAM Journal on

Scientific Computing, 35(4):C369-C393, 2013.

S. W. Funke and P. E. Farrell. A framework for automated PDE-constrained
optimisation. CoRR, abs/1302.3894, 2013. (submitted).

P. E. Gill, W. Murray, and M. A. Saunders. SNOPT: An SQP algorithm for
large-scale constrained optimization. SIAM Review, 47(1):99-131, 2005.



Bibliography

[43]

[44]

[45]

[46]

[47]

[48]

[49]

P. E. Gill, W. Murray, M. A. Saunders, and E. Wong. User’s guide for SNOPT
7.6: Software for large-scale nonlinear programming. Center for Computational
Mathematics Report CCoM 17-1, Department of Mathematics, University of
California, San Diego, La Jolla, CA, 2017. [54] [146]

C. Goll, T. Wick, and W. Wollner. DOpElib: Differential equations and opti-
mization environment; A goal oriented software library for solving PDEs and
optimization problems with PDEs. Archive of Numerical Software, 5(2):1-14,
2017.

J. Gopalakrishnan and G. Kanschat. A multilevel discontinuous Galerkin method.

Numerische Mathematik, 95(3):527-550, 2003.

A. Griewank and A. Walther. Fvaluating derivatives, principles and techniques

of algorithmic differentiation. SIAM, Philadelphia, 2008. [16} [68] [71] [72} [137] 13§

C. Grofimann and H.-G. Roos. Numerik partieller Differentialgleichungen. Teub-
ner Studienbiicher Mathematik. Teubner, Stuttgart, second edition, 1994. [26]
05

L. Hascoét and V. Pascual. The Tapenade automatic differentiation tool: Prin-
ciples, model, and specification. ACM Transactions on Mathematical Software,

39(3):1-43, 2013.

L. Hascoét, M. Vazquez, and A. Dervieux. Automatic differentiation for optimum
design, applied to sonic boom reduction. In V. Kumar, M. L. Gavrilova, C. J. K.
Tan, and P. L'Ecuyer, editors, Computational science and its applications —
ICCSA 2003, volume 2668 of Lecture Notes in Computer Science, pages 85—94.

Springer, Berlin, 2003.

R. Herzog and F. Ospald. Parameter identification for short fiber-reinforced
plastics using optimal experimental design. International Journal for Numerical
Methods in Engineering (NME), 110(8):703-725, 2017.

R. Herzog and 1. Riedel. Sequentially optimal sensor placement in thermoelastic
models for real time applications. Optimization and Engineering, 16(4):737-766,
2015.

R. Herzog [R. Griesse] and B. Vexler. Numerical sensitivity analysis for the
quantity of interest in PDE-constrained optimization. SIAM Journal on Scientific

Computing, 29(1):22-48, 2007.

189



Bibliography

[53]

[54]

[55]

190

H. Hesse. Multiple shooting and mesh adaptation for PDE constrained optimiza-
tion problems. Dissertation, Heidelberg University, 2008.

M. Hinze, R. Pinnau, M. Ulbrich, and S. Ulbrich. Optimization with PDE con-
straints, volume 23 of Mathematical modelling: theory and applications. Springer,

2009. [26] [32}, [33] [63}, [69]

D. Holfeld, P. Stumm, and A. Walther. Structure exploiting adjoints for finite
element discretizations. In G. Leugering, S. Engell, A. Griewank, M. Hingze,
R. Rannacher, V. Schulz, M. Ulbrich, and S. Ulbrich, editors, Constrained
optimization and optimal control for partial differential equations, volume 160 of
International series of numerical mathematics, pages 183-196. Springer, Basel,

2012. [T6} [I7), 63

D. Janka. Sequential quadratic programming with indefinite Hessian approxima-
tions for nonlinear optimum experimental design for parameter estimation in
differential-algebraic equations. Dissertation, Heidelberg University, 2015. [14] [42]

H9}, B0 B4 [66} (148

D. Janka, S. Korkel, and H. G. Bock. Direct multiple shooting for nonlinear opti-
mum experimental design. In T. Carraro, M. Geiger, S. Korkel, and R. Rannacher,
editors, Multiple shooting and time domain decomposition methods, volume 9
of Contributions in mathematical and computational sciences, pages 115-141.
Springer, Cham, 2015.

C. Johnson. Numerical solution of partial differential equations by the finite
element method. Dover Publications, Mineola, New York, 2009. [15] 29} 56} 57}

B8, [77), BO

C. Johnson and J. Pitkdranta. An analysis of the discontinuous Galerkin method
for a scalar hyperbolic equation. Mathematics of Computation, 46(173):1-26,

1986. T8,

G. Kanschat. Discontinuous Galerkin methods for viscous incompressible flow.
Advances in Numerical Mathematics. Teubner Research, first edition, 2007.

186} B9, 0T} [09} [104]

G. Kanschat, P. Esser, N. Sharma, D. Arndt, A. Bettendorf, J. Gedicke,
D. Jando, A. Khan, P. Lucero, S. Meggendorfer, P. Siehr, N. Shakir, and
M. Pesarin. Amandus: Simulations based on multilevel Schwarz methods.
https://bitbucket.org/guidokanschat/amandus, 2017. Accessed: 2017-06-

09. [T44} [T45


https://bitbucket.org/guidokanschat/amandus

Bibliography

[62]

[66]

[67]

[69]

[70]

D. W. Kelly, J. P. de S. R. Gago, O. C. Zienkiewicz, and 1. Babuska. A posteriori
error analysis and adaptive processes in the finite element method: Part I -
error analysis. International Journal for Numerical Methods in Engineering,
19:1593-1619, 1983. [L39]

R. Kircheis. Structure exploiting parameter estimation and optimum experimental
design methods and applications in microbial enhanced oil recovery. Dissertation,

Heidelberg University, 2015.

R. Kircheis and S. Korkel. Parameter estimation for DAE models in a multiple
experiment context. In Proceedings in applied mathematics and mechanics
(PAMM), volume 11, pages 715-716, 2011.

R. Kircheis and S. Koérkel. Parameter estimation for high-dimensional PDE
models using a reduced approach. In T. Carraro, M. Geiger, S. Korkel, and
R. Rannacher, editors, Multiple shooting and time domain decomposition methods,
volume 9 of Contributions in Mathematical and Computational Sciences, pages

143-157. Springer, Cham, 2015.

S. Korkel. Numerische Methoden fiir Optimale Versuchsplanungsprobleme bei
nichtlinearen DAE-Modellen. Dissertation, Heidelberg University, 2002.

M2} 16, A7}, [A8} (A9}, 0, 66} [67), (145} [118]

S. Korkel, H. Arellano-Garcia, J. Schéneberger, and G. Wozny. Optimum
experimental design for key performance indicators. In B. Braunschweig and
X. Joulia, editors, Proceedings of 18th european symposium on computer aided
process engineering ESCAPE 18, volume 25, 2008. [40]

S. Korkel, I. Bauer, H. G. Bock, and J. P. Schléder. A sequential approach for
nonlinear optimum experimental design in DAE systems. In F. Keil, W. Mackens,
H. Vo8, and J. Werther, editors, Scientific computing in chemical engineering II,

Simulation, image processing, optimization, and control, pages 338-345. Springer,
1999.

S. Korkel, E. Kostina, H. G. Bock, and J. P. Schléder. Numerical methods for
optimal control problems in design of robust optimal experiments for nonlinear
dynamic processes. Optimization Methods and Software, 19(3-4):327-338, 2004.
l510]

G. Kriwet. Methods for model calibration and design of optimal experiments for
partial differential equation models. Dissertation, Philipps Universitdt Marburg,

2016. [T5}, [T7]

191



Bibliography

[71]

[72]

73]

[77]

78]

[79]

[80]

[81]

[82]

192

M. Kronbichler and K. Kormann. A generic interface for parallel cell-based finite
element operator application. Computers € Fluids, 63:135-147, 2012.

H. C. La. Dual control for nonlinear model predictive control. Dissertation,
Heidelberg University, 2016. [40]

H. C. La, A. Potschka, J. P. Schléder, and H. G. Bock. Dual control and
online optimal experimental design. SIAM Journal on Scientific Computing,
39(4):B640-B657, 2017.

P. Lesaint and P. A. Raviart. On a finite element method for solving the neutron
transport equation. In Publications mathématiques et informatique de Rennes,

number S4, pages 1-40, 1974. [99]

T. Lohmann, H. G. Bock, and J. P. Schléder. Numerical methods for parameter
estimation and optimal experiment design in chemical reaction systems. Industrial

and Engineering Chemistry Research, 31(1):54-57, 1992.

I. Neitzel, K. Pieper, B. Vexler, and D. Walter. A sparse control approach to
optimal sensor placement in PDE-constrained parameter estimation problems.
Numerische Mathematik, 2019. [49]

J. Nocedal and S. J. Wright. Numerical optimization. Springer series in operations
research and financial engineering. Springer, second edition, 2006.

B2 B4 [

S. A. Orszag. Spectral methods for problems in complex geometries. Journal of
Computational Physics, 37(1):70-92, 1980.

F. Ospald and R. Herzog. Optimal experimental design to identify the aver-
age stress-strain response in short fiber-reinforced plastics. In V. Bach and
H. Fassbender, editors, Special issue: Joint 87th annual meeting of the interna-
tional association of applied mathematics and mechanics (GAMM) and Deutsche
Mathematiker- Vereinigung (DMV), Braunschweig 2016, volume 16 of Proceedings
in applied mathematics and mechanics (PAMM), pages 673-674, 2016.

A. Potschka. A direct method for the numerical solution of optimization problems
with time-periodic PDE constraints. Dissertation, Heidelberg University, 2011.

F. Pukelsheim. Optimal design of experiments. Wiley series in probability and
mathematical statistics. Wiley, New York, 1993. [45] [46]

A. Quarteroni and A. Valli. Numerical approximation of partial differential



Bibliography

[89]

[90]

[91]

[92]

[93]

equations, volume 23 of Springer series in computational mathematics. Springer,

Berlin, 2008.

R. Rannacher and B. Vexler. Adaptive finite element discretization in PDE-based
optimization. GAMM-Mitteilungen, 33(2):177-193, 2010.

W. Reed and T. Hill. Triangular mesh methods for the neutron transport equation.
Technical Report LA-UR-73-479, Los Alamos Scientific Laboratory, Los Alamos,

New Mexico, 1973.

B. Riviere. Discontinuous Galerkin methods for solving elliptic and parabolic
equations, theory and implementation. Frontiers in applied Mathematics. STAM,

Philadelphia, 2008. [63]

Y. Saad and M. H. Schultz. GMRES: A generalized minimal residual algorithm for
solving nonsymmetric linear systems. SIAM Journal on Scientific and Statistical
Computing, 7(3):856-869, 1986.

S. Sager. Sampling decisions in optimum experimental design in the light of
Pontryagin’s maximum principle. SIAM Journal on Control and Optimization,

51(4):3181-3207, 2013.

J. P. Schléder. Numerische Methoden zur Behandlung hochdimensionaler
Aufgaben der Parameteridentifizierung, volume 187 of Bonner Mathematische

Schriften. Universitdt Bonn, 1988. [35] 50}, [146]

A. Schmidt. Direct methods for PDE-constrained optimization using derivative-
extended POD reduced-order models. Dissertation, Heidelberg University, 2014.

17, 26, B3} 35 63} [63)

P. Stumm. Strukturausnutzende Adjungiertenberechnungen fiir die nichtlineare
Optimierung. Dissertation, TU Dresden, 2011.

P. Stumm, A. Walther, J. Riehme, and U. Naumann. Structure-exploiting
automatic differentiation of finite element discretizations. In C. H. Bischof,

H. M. Biicker, P. Hovland, U. Naumann, and J. Utke, editors, Advances in
automatic differentiation, volume 64 of Lecture Notes in Computational Science

and Engineering, pages 339-349. Springer, Berlin, 2008.

K. Stiwe. Geodynamics of the lithosphere: an introduction. Springer, Berlin,
second edition, 2007. [2§|

F. Troltzsch. Optimal control of partial differential equations, theory, methods
and applications, volume 112 of Graduate studies in mathematics. American

193



Bibliography

194

Mathematical Society, Providence, Rhode Island, 2010. Translated from the 2005
German original by Jiirgen Sprekels.

R. Verfiirth. A review of a posteriori error estimation and adaptive mesh-
refinement techniques. Advances in numerical mathematics. Wiley, 1996. [15] [I32]
40

B. Vexler. Adaptive finite element methods for parameter identification problems.
Dissertation, Heidelberg University, 2004.

S. F. Walter. Structured higher-order algorithmic differentiation in the forward
and reverse mode with application in optimum experimental design. Dissertation,

Humboldt-University at Berlin, 2011. [42], [46] [49]

C. K. F. Weiler. Optimum experimental design for the identification of Gaussian
disorder mobility parameters in charge transport models of organic semiconductors.

Dissertation, Heidelberg University, 2014.



Erratum

After the completion of this thesis, I observed a mix-up of nomenclature in Chapter
[I0] The numerical results remain unchanged.

On page 151 the original text is

We disturb the values of the measurement functions by an additive normally distributed
error with zero mean and three different standard deviations, o; = 0.1,0; = 0.2,
and o; = 0.3,1 = 1,..,8. This results in variances of 02-2 = 0.01,(72-2 = 0.04, and
012 =0.09,7 =1, ..,8, respectively. Hence, we get three sets of measurement data with
1%, 4% and 9% mnoise and corresponding perturbations:

1% : e =(0.040,—0.066,—0.019, —0.004, 0.023, —0.009, 0.019, —0.008),
4% : e =(0.048,0.197,—-0.150,0.121,0.157,0.048,0.312,0.095),
9% : e=(-0.390,0.393,0.251, 0.488,0.355, 0.352, —0.536, 0.034).

Instead of stating the measurement noise in terms of percentage points, it is more
precise to state the different standard deviations. The text changes to

We disturb the values of the measurement functions by an additive normally distributed
error with zero mean and three different standard deviations, o; = 0.1,0; = 0.2,
and o; = 0.3,i = 1,...8. This results in variances of c? = 0.01,02 = 0.04, and
02 =0.09,i =1, ..,8, respectively. Hence, we get three sets of measurement data with
corresponding perturbations:

o;=0.1: &= (0.040,—0.066,—0.019, —0.004, 0.023, —0.009, 0.019, —0.008),
0;=02: e=(0.048,0.197,—0.150,0.121,0.157,0.048,0.312, 0.095),
0;i=03: &=(—0.390,0.393,0.251,0.488,0.355,0.352, —0.536, 0.034).

In the same manner throughout the rest of Chapter the percentage points 1%,
4% and 9% have to be replaced by the standard deviations o; = 0.1,0; = 0.2, and
o; = 0.3, respectively. In particular, they have to be replaced on pages 153 — 164,
including Table [I0.I] and the captions of Table [10.2} Figure[10.5] Table [I0.3]and Table
0.4
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