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Zusammenfassung

Aquipartition und Massensegegation

Die dynamisché&ntwicklungvonisolierten selbstgraitierendenSystemenvird unterdenGesichts-
punktender Massensgregation und Aquipartition untersuchtWir analysiereridealisierteStern-
haufenmit zwei unterschiedlicheMassenkmponentenderenindividuellesMassenerhéltnisy =
mz/my zwischenl,25 und 50 variiert. Der Gesamtanteitler schwererKomponentebetragtzwi-
schen5% und 40% desHaufens Wir untersucheulie Eigenschaftenvie denKernkollaps,die Ent-
wicklung desZentralpotentialsgie radialeMassenschichtungbensavie entweichend&terne Wir
stellenneuePréazisionsrechnungesogenanntéV—body—Simulationenyor, die mit demProgramm
NBODY6++ gevonnenwurden.Wir modelliertenbis zu 20.000Teilchenauf dem Parallelrechner
CRAY T3E, wéhrenddie statistischeSignifikanzder Simulationenmit niedrigerenTeilchenzahlen
durchMittelung mehrereRechnungererhdhtwurde.

UnserZiel ist es,die unterschiedlichefTheorienzur Sternentstehungnd die dynamischeent-
wicklung zu untersuchenwir habenwesentlicheAbweichungerder Entwicklungszeitskalam Be-
reichu — 1 erkannt.Die Aquipartition bremstdie gravothermisché<ontraktionim Kernleichtah
JenseitgineskritischenWertesvon i ~ 2 kannsich keine Aquipartition unterdenMasseteilchen
einstellen ein Phanomengdasals “Spitzerschef\quipartitionsinstabilitat’oekanntist; die schwere
Komponenteentkoppeltsich undkollabiertunterdemEinflufd der eigenergravothermischennsta-
bilitéat. Die kritische Grenzezwischenden Spitzerstabilenund —unstabilenSystemerwurde zum
ersterMale in direkten N—body—Modelleraufgezeigt.

Abstract

Equipartition and masssegregation

The dynamicalevolution of anisolatedself-gravitating systemis studiedunderthe aspect®f mass
segregationandequipartitionprocessediVe analyseheidealizedcaseof a clusterwith two distinct
masscomponentsThe individual ratio of the heavy to light bodies,;u = mg/m;, is variedfrom

1.25to0 50.0andthefraction of thetotal heary masss alteredfrom 5% to 40% of thewhole cluster

We alsoexaminethe clusterpropertiedik e the corecollapse the evolution of the centralpotential,
the radial stratificationof massesaswell asescapersWe presentnew, high—accurag collisional
N-bodysimulationsusingthe high—ordetintegratorNBODY 6++. We modelledupto N = 20,000

particleson the parallelsupercompute€RAY T3E, andthe statisticalsignificang of thelowe—N

simulationswasimprovedby ensembleverages.

Our objectie is to checkthe varioustheorieson early starformationanddynamicalevolution.
We find significantdeviations of the evolutionarytime scalein the regime 4 — 1. Equipartition
slows down the gravothermalcontractionof the core slightly. Beyond a critical valueof p =~ 2,
no equipartitioncanbe achieved betweenthe differentmassesa phenomenorknown asthe Spit-
zer equipartitioninstability; the heary componentdecouplesand collapsesunderthe influenceof
the gravothermalinstability of its own subsystemFor the first time the critical boundarybetween
Spitzer-stableand—unstablesystemss demonstrateth direct N—bodymodels.
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4 1 Introduction

1 Intr oduction

Stellar clusterslike globular or openstar clustersare a collection of mary starsheld togetherby
their aggreyategravity. The simplecaseof a certainnumberof point—like massesuffering nomore
thanthe Newtonianlaw of gravity hasincited modernastronomyto constructmathematicamodels
in orderto traceits global properties.Their researcicoversa vastamountof territory, e.g.stellar
evolution, chemicalenrichment,origins of the Universe,or galacticdynamics.Star clustersnow
sene aslaboratoriedor testingastrophysicatheories Extensvely studiedfor morethana century
they continueto yield surprisingresultsandchallengeour understanding.

It wasonly in therecentfour decadeshatthis field of researchgrew dramatically while giving
new andsurprisingnsightsinto theastrophysicaprocessesOnthetheoreticakide thedevelopment
of high—speed¢omputerventurechumericalsimulationswith hardwareandsoftwareimprovements
providing modelswith high particle numbersand excellentaccurag. On the obsenational side,
CCD-techniqueombinedwith high spatialresolutionallowedthe analysisof faint objectsevenin
the star-crovdedfields of globular clusters.Theseclustersturnedout to be a fundamentalnit of
astrophysicsThey aretheoldestknown objects closein proximity to the origin of the Universeand
the solesurviving structuresof the first stagesn the formationof the Galaxy As suchthey give us
“an unparalleledpportunityto probethe depthsof time thataretheremotesto reach”(lvanKing).

In this broadandfascinatingfield of researchof star clusters,we presenta work particularly
dealingwith the segregation of massesdn suchstellar systems.Taken for itself, this subjecthas
beentouchedseveraltimesin literatureon stellardynamicsbut we wish to contributeto therapidly
adwancingscienceby the presentthesis,and try to reveal new, unknovn details explaining how
segregationworks. Thethesisis dividedin two parts:In amoregeneralone,we introducestepwise
the theoreticalconceptsof equipartitionand the segregation of massesAlthough the handling of
the computationamethodis alsoa significantpart of the work, we will sketchthe mainfeaturesof
the software only briefly andrefer to the more detailedpublications.In the second more specific
part,we describeghe simulationmodelsaswell astheirinitial conditions.We presentheresultsof a
wide parametespacewhich hasbeenexploited by direct N—bodymodellingfor thefirst time. We

alsoextractthe importantparametergoverningthe speedup of core collapseandequipartitionof
enegies.

Figurel.1: Glohular clusterM 12 ata distanceof 5 kpc hasa diameterof 20 pc.



2 Historical cornerstones

During thefirst two centuriesin the modernage,whenstellar clusterswererealizedto be a huge
swarm of starsin close vicinity to eachother the intereston them was ratheran obsenational
one:descriptionf appearancdocationson the sky, andfirst starcountsfor estimationpurposes.
This obsenationalbranchbroughtto light a heapof milestonesn astrophysicatesearcrand still
continuegielding moredetailednformationaboutthedynamicsthestructuresandtheconstitueng
of clustersaswell asthe propertiesof someof their particularmembers.

In the early yearsof the 20" century thefirst theoreticalaspectsvereawaken by somestudies
of theradialdensityprofilesandtheir physicalcauseThestatisticalarrangementf starsin globular
clusterswas describedby H.C. Plummer(1911),who found by meansof starcountsthat the law
p(r)  (1+r2)~% fits the obseneddistribution best,wherep denotesthe densityat the radiusr
from the centre.

At the beginning of the 19405, the clustertheorywasextendedto the formulationof the basic
equationow a starassemblybeharesand“relaxes” underits self-gravity (Spitzer1940,Chandra-
sekhar1942). Essentialcontributionswere madeon stellar encountersinvestigatinghow a stars
orbit would changef it is drownedinto a seaof otherstarsthatbuild up anapproximatelysmooth
potential(Fig. 2.1). Theideaof therelaxationprocessewasintroducedaswell asthecorresponding
time scales.

Anotherbreakthrougloccurredn theearly 1960's with a burstof papershy King (1962,1966),
Michie (1963)andHénon(1965)amongothers.They analyzedhelong-termconsequenced stel-
lar encounterandconcludedhata clustermustevolve dynamicallyto variousphasesOn onehand
the slow dissolutionby evaporationdue to escapingstars,on the otherhanda rapid infall of the
centralpartsmeiginginto a singularity This latterconceptwascalledthe“core collapse”andit was
further investigatedby Antonov (1962)and Lynden—Bell& Wood (1968).1t becameobvious that
the structureof the clusteris intimately linked with its evolutionarystage andvice versa.However,
bothmodels— the evaporationby King andMichie aswell asHénons corecollapse— turnedout
very successful.

Figure2.1: Trajectorief astellarencountemodelledwith cardboardso illustratedeflectiongChandrasekhar
1942).

Themodelswereaccompaniedby a third branchof researchnumericalsimulations.In his pio-
neeringwork, von Hoerner(1960) performedcalculationswith N = 16 particleson the bestcom-
putersavailableatthattime. Suchdirectintegrationsof the gravitationalforce betweereachparticle
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have memgedinto the so—called' N—bodysimulations”.Rapidimprovementsn computertechnolo-
gy (both hard—and software) soonfacilitatedlarger aswell asmore accuratecalculations By the
end of the 20" century the amountof 10,000particleswas bridged (Spurzem& Aarseth1996),
and parallelmachinesand specialpurposecomputersdo even manageten times more novadays.
The simulationshadto be comparedwith theory andthe plausibility of a theorywas controlled
by the obsenationalreality. For suchcomparisonsmodelsshouldbe assimpleaspossibleandthe
simulationsasrealisticaspossible.

N-body calculationshave the advantageto yield mostaccurateresults,but computationakf-
fort restrictsthemto relatively smallparticlenumbersOtheralgorithmshave beendevelopedwhich
enabledynamicalsimulationsof galaxiesor large—scalestructuresof the Universe.The statistical
methodscould replacethe “exact” solutionsanddisclosenew physicalprocesseds=luid—dynamical
models Monte—Carlo—techniquekijerarchicallystructurednesh—codeaswell asmixturesof them.
Studyingthe post—collapse@volution of globular clusterswith a gaseousnodel, Sugimoto& Bett-
wieser(1983)discoveredgravothermaloscillations,i.e. a multiple contractionandexpansionof the
high—densitycore. The oscillationsshoved an amplitudeof a factoraslarge as10° in the central
density(Fig. 2.2). Their simulationsresolhed the long—standingjuestionwhy thereareonly some
few globular clustersthatare obsenedin a collapsedstage:The re—expansionof the corerestores
the systento alow—densitystatewhereit spendsnostof its time.
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Figure2.2: Centraldensityplottedagainstime in units of therelaxationtime (Sugimoto& Bettwieser1983).

Onthe obsenationalsideagain,the Hubble SpaceTelescopepenedup new horizonsandgave
an opportunityto a checkthe theories.Being able to dissohe individual starseven in the most
crovdedareasof a collapsedclusterlike M 15, it fixesa momentof positionswhich may be able
to illustratemovementavhensuccessie obsenationswould follow. Also, thetheoreticakesearclis
still onwork: Stepby step,realisticmodelsof starclustersarebuilt up containinga massspectrum,
early—phaséormation,stellarevolution, gasdynamicsor chemistry

A recentreview on the scientificstagecanbe foundin Meylan & Heggie (1997)or in the Pro-
ceedingof the star2000—Conferend®eitersetal. 2001)andthereferencesherein.



3 Analytical modelsfor clusters

A numberof analyticmodelshasbeenobtainedto characterizestarclustersmathematicallyThese
modelsarebasedon simplifying assumptionsegardingthe environmentandtheinitial conditions,
andthey aresolutionsof moregeneralkequationsThe commonestvay of definingamodelof a star
clusteris in termsof its distribution function f(r,v,m), which definesthe numberof starswith
positionsin a smallvolumeof spacef®r, velocitiesin theranged®v andmassesn theinterval dm;
if evolution is consideredthe function dependsalsoon time ¢. In termsof this descriptiona fairly
generakquationfor the dynamicalevolutionis Boltzmanns equation:

of of _ (of
EJ”'W_WE_V_(E)W’ (1)

where® is thesmoothedyravitationalpotential,andtheright—-handsidedescribeshe effect of two—
body encountersUnder certainassumptionshowever, the Boltzmannequationcan be simplified
greatly If the systemis self—graitating, the distribution function f mustcorrespondo the density
p in orderto provide its own potential® (Poissons equation):

V23 = 4rGp, )

with G beingtheGravitationalconstantEquationg1) and(2) aregenerallyalid andmaybeapplied
to the evolution of a system.Dependingon the approachmary differentkind of modelscanbe
constructedBinney & Tremainel987;Spitzer1987;Meylan & Heggie 1997).

1. Thesimplestmodelis a spherewith the starsmoving aroundthe centre For aconstantensity
p, the tangentialvelocity v is just balancingthe centrifugalforce, while the radial distance
remainsunchangedv; varieswith r as

v? =GM(r)/r and v, =0. 3

All starshave the sameperiod of revolution aboutthe centre,but a randomdistribution of
orbital planes.

2. In theisothermakpheretheradial densitydistributionis

(v?)
= 4
p(/r) 27TGT2 Y ( )
and(v?) meanghe velocity dispersionThe distribution of velocities(dispersion)s isotropic
everywhereasfoundin gase®f statisticalequilibrium.Unfortunatelythis modelcannotsene
asarealisticonebecausét hasinfinite mass,M (r) = [ p(r)4rr?dr « r. Neverthelessit is
ausefulapproximatiorfor partsof a cluster

3. The Plummersphereis frequentlyusedby theoristsfor analyticalcorveniencelt providesa
goodfit to the obsenationsof someglobular clusterswith a compactcore and an extended
outerervelope.Theradialdensitydistributionis

_3M 1 5)
~ 47R3 (1 +72/R2)5/2
with M beingthe total massand R a scalingradius(seeCh. 8.3). On applicationto real

clustersthis modelfails atlargeradii, becausehe outerpartsof elliptical galaxiesfall off less
steeplythanp o 7—* while the Plummemodelcontinuests declineoc r—>.

It canbe shown thattheisothermalandthe Plummerspheregpursuethe densitydistribution of
a polytropic gasspherewhich is describedby p = k p7, wherep is the pressurghat varies
with thedensityp, k is a constantnd-y the “polytropic (adiabaticlindex”, identicalwith the
ratio of heatcapacitiesyy = ¢, /cy (Binney & Tremainel987).

p(r)



8 3 Analyticalmodelsfor clustes

ST RSN SRR RS FEAR T S s O R S B B AL LR
i fe ]
0 «i—‘fo i
| ]
a ]
S 2f -

(@)
g F ]
-3 —
I T S R 2 0 AN AN )
ERERERCACACACR A

4+ .
_ L u v NN

P PO I TN 034 SROPY vt M il WA SESRES SIS SRR AT o ot TN SN VNS M

0 1 2

logr/rg, —

Figure 3.1: Surfacedensity profiles as a function of the radiusscaledto the coreradius,r., for a family of
dynamicalKing models.The numberassociatedvith eachcune is aconcentratiopparametee = log(r/rc)
(Elson1999;afterKing 1966).

4. TheKing model| alsocalled“LoweredMaxwellian”, providesan ideal combinationof both
theoreticakonstructiorandobsenedstructurelt incorporateghreeessentialynamicalpro-
cesses(i) dynamicalequilibrium, (ii) the effect of gravitationalencountersvhich tendto set
up a Maxwelliandistribution of velocities,and(iii) a cut—of in enegy above which starsare
deemedo have escapedrom thecluster(Meylan & Heggie 1997).Unfortunatelythedensity
cannotbegivenasafunctionof r but of the potentialenegy W (King 1966);p is constructed
numericallyfrom suitableboundaryconditions(centraldensityp., a specialparametefor the
centralvelocity dispersions2, andthetidal radiusr;). Thedistribution functionof enegiesis
givenby

1) = Grmayara (¢ 7" =75/, (6)

(2wo?

where€ = v?/2 + ®(r) is the dimensionles®negy per unit massof a star and&; is the
enegy of a starthatjust reacheghe edgeof the cluster;starsof higherenegy would escape
entirely, sothat f(£ > &) = 0 (Binney & Tremainel987).An examplefor a setof King
modelswith differentboundaryconditionsis shovn in Figure3.1.

Takinginto accounthevelocityanisotropy expectedn thehalo,thesemodelscanbeextended
to King—Michie models(Michie 1963).Here thevelocity distributionis isotropicatthecentre
andnearlyradialin the outerparts.

Othermodelshave beendesignedo satisfy the Boltzmannequation,someof themincluding

rotationor a multiple masseshowever, the few mentionedaborve have achieredthe greatespromi-
nencein applications.



4 Evolutionary processesn star clusters

The internalevolution of a starclusteris governedby its tendeng towardsa Maxwellian velocity
distribution. Thesmallenegy change®f eachstarduringseveralencountersumup onarelaxation
time scale(Ch. 5.2), which tries to “smoothout” the enegetic differencesSincea gravitating sy-
stemis liable to anattractve force, the collapseof the centralcoremakesup animportantphaseand
probablythe mostfascinatingaspecbf thedynamicalclusterevolution. Therearethreemechanisms
actingin differentwaysin orderto achiese the collapse gravothermalinstability, equipartition,and
evaporation.In a real clusterof starsall of theseprocessesccursimultaneouslybut in the idea-
lized models,which we construct,t is possibleto isolatethe specificprocessesndto gain some
understandingn the particulareffects.

4.1 Gravothermal instability

By analogywith the particlesin anidealgas,thekineticenegy K in aself-graitating systemof N
equalpoint masseganbe expressedy its meantemperature:

1 . 3
wherem is the stellarmass,kg is Boltzmanns constantand (v2) and (T') arethe meanveloci-

ty dispersionandtemperaturerespectiely, both usually dependingon the positionin the cluster
Accordingto thevirial theorem2K + W = 0, thetotalenegy is

E=K+W:_K=_;NkB<T). )
Thus,the heatcapacitye turnsout to be negative:
dE 3
=— = —ZNkg.
¢ d(T) 2 ks ©)

Thisresultis valid for any bound,self-gravitating systemandit exhibits a quite unusuabehaiour:
The systembecomedotterasit losesenegy andcoolsasit is heated!f suchanapparentlyparadox
systemis in thermalcontactwith a heatsink at someconstantemperaturea smallinstability would
causeheheatflux goinginto the sink. This enegy lossincreaseshekinetic enegiesof the remai-
ning particles(heating) andthetotal bindingenegy W becomegvenmorenegative. Consequently
the systemcontracts.The temperaturaifferencebetweenthe boundsystemandthe sink becomes
largerand,again,the heatflux is intensified— arunavay processakesplace.The centralcoreof a
clustercanberegardedasanisothermabkystenmbeingin contactwith anouterhalo;theformeris the
heatsourcethelattersenesastheheatsink. Thus,it is possiblefor the coreto loseenegy, contract
andheatup.

The situationis summarizedn Fig. 4.1, wherethetotal enegy (verticalaxis)is comparedvith
thethermalenegy (horizontalaxis).At temperaturesery muchlargerthanthe gravitationaleneny,
asystemof ary particlesbehaveslike anidealgaswith thetotal enegy savedin therandomkinetic
motions(point A). If thetemperaturés reducedthe systemmovesdown alongthe curve. At point
B theenepgy passeshroughzero,andthegravitationalattractionbecomesignificant.As thetempe-
ratureis decreasedurtherto point C, the systemwill be dominatedby self—gravity andit becomes
unstablebetweenC andD for thereasongyivenabove: Heatflows from the shrinkingcentreto the
sink, andthe temperaturesf boththe coreandthe halorise. Beyond point D, any isothermalgas,
even without a heatsink, would collapseand develop a core—halo-structur@Binney & Tremaine
1987).

The collapseof a starclusteris stoppedy theformationof binariesin the very centre With the
densityrising high, triple encountersarelik ely to take place. Theorbital motionsof temporarytriple
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Figure 4.1: Relationbetweenthe total enegy andtemperaturdor an isothermalgas.The marked pointsare
explainedin thetext, thesubscriptsn bracletsdenotethedensitycontrasbetweerthe centreandtheoutermost
layer, pc/ps, (Binney & Tremainel987).

starshave a lot of chaoticaspectsfor the particlesexchangean enormousamountof enegy while
acceleratingdeceleratingandscatteringNumericalstudiesof the three—bodyproblemrevealthata
binarystaris formedattheendof theinteractionprocessandonestarrecevesakineticenegy high
enougho bepushedo largerdistanceseventuallyescapingBinarieswill absorbmoregravitational
enegy eitherby hardeningduring subsequentncountersr by breakingupin collisionswith other
stars,especiallyother binaries;thenthey transferthe binding enepgy to the other system.In ary
case binariesopenup a vastrangeof parameterge.g. crosssectionsmasseseccentricitiesthat
will dominatethe internalevolution of the cluster The heatflux canindeedbe broughtto anend,
andthe collapseof thecoreis halted.

The consequencesf all theseinteractionsalter the dynamicsand physicsof the systemasa
whole.For example they channetheformationof blue stragglersmasstransferbetweerthebinary
componentsandX—ray sourcesSeeBailyn (1992)for moredetailson the astrophysicaéffectsthat
arisein realstarclusters.

4.2 Escapingstars

Stars,whosevelocity exceedthe local escapervelocity, leave the clustercausinga slow but irrever-
sible leakage During eachrelaxationtime an approximatelyconstantfraction of starsis scattered
to enegiesabove that velocity. If they areremoved, the escapeenegy alsodropsin proportionto
theremainingmass.Theenepgy requiredto remove a unit of mass,% (vi.), equals—2W /M, sowe
have

<U§sc> = _4W/M' (10)

Recallingthevirial theorem~W = 2K, whereK = 1M (v?) is thetotal kinetic enegy, onefinds
that

(Vse) = 40?), (11)
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Position of all particles N = 1000
———

Position of all particles N = 915
D A B e e LS AR

= of g >  of g
sk 4 sk i
Time= 0 ) . ’ Time= 900
—-10 S N I S S SO S S SO B S SR —10 A T S S S SN S SO N S SR

-10 -5 0 5 10 -10 -5 0 5 10
X x

Figure 4.2: lllustration of the evaporationprocessdue to escapingstars.This simulation startedwith 1000
particlesin a Plummersphergleft) andit haslost 85 of its starsafter~ 50 relaxationtimes(right; Ch.5.2).

i.e.themeanescapespeeds justtwice thevelocity dispersion.

Theescapeanhapperby two conceptionallydifferentmechanisms(a) A closeencountemwith
anotherstarcanproducea velocity changewith the speedexceedinghe escaperelocity — we shall
call that process'ejection”; (b) a myriad of weak (i.e. more distant)encountercan continuously
accumulatehekinetic enepgy of a star until onesingleweakfly—by givesthestaraslightly positive
enegy andit escapes— this effectis termed‘evaporation” Evaporations amorecomplicatedoro-
cesssinceit ismuchlik e adiffusionin enegy spacgHénon1969).An examplefrom oursimulations
is shavn in Figure4.2,wherethe positionsof the starsare projectedontothe z—y—plane.

In tidally truncatecclusterghe escapeatesarehigherthanin isolatedclustersandanintroduc-
tion of a massspectrumalsoleadsto an enhancednassloss(Wielen 1975).Evaporationheadsor
a completedisintegrationof the cluster whereits final stagewould be representetdy a hardbound
binaryon aKeplerorbit thathas“survived”.

The escapeof single starscausesa kind of core collapse:When a star leaves the cluster it
takesaway someenepgy — kinetic aswell aspotential.In orderto keepthe virial equilibrium,the
reductionof the total kinetic enegy makesthe potentialW’ becomemore negative. The starsget
strongerboundandthe clustercontracts.The remainingstarsneedto find a nev Maxwellian, but
meanwhiledevelopanew “Maxwellian tail” with someotherstarsexceedinghe escape/elocity.

In addition,the tidal borderof a hostGalaxyreinforcesthe dissolutionof the cluster:It shrinks
becausef losingits membersandthetidal bordermoving inwards,strippingaway the stars.Many
factorsconcerningthe ervironment(presenceof a disk and passageshroughthe galacticplane,
bulge, molecularcloudsetc.)shortenthetime scalefor evaporation More detailson the dissolution
aregivenin Baumgard{2001).

4.3 Equipartition

Additionally to the previoustwo effects,this mechanisnoccursin multi-masssystemsnly. Starsof
all massesry to balanceouttheirenegy differencesTheheary masseslow down, while thelighter
onesgainkinetic enegy. If the numberof the heary starsis sufficiently large, they will continueto
give up their enegy to the lighter starswithout reachingequipartitionand hencedraw closerand
closer The subsystenof heary massegontractgapidly andleadsto a coreinstability. The details
aresubjectof theupcomingchapters.



12 5 Evolutionarytimescales

5 Evolutionary time scales

In asystemof mary particles,anestimationof thetime scalegells oneaboutthe physicalprocesses
thatarelikely to governtheparticulardynamicalstate Thetime scalesarenotindependeniput relate
to overall change®f the spatialdistribution, neverthelessthey provide a usefulguidewhenviewed
from aninitial state.

5.1 Crossingtime

Thecrossingime is anapproximataime thata starwith velocity v needdo traversehalf of its orbit
with radiusr:

for = . (12)
v

A commoncorventionis the choiceof the size of a cluster R (more specifically the virial radius,
but the half-masgadiusis alsoa goodapproximation¥or the orbit andthe velocity dispersion(v?)
(Meylan & Heggie1997).

Thecrossingtime is approximatelyequalto the dynamicaltime, which expresseshe motion of
aharmonicoscillatorin a gravitational potential,

P P 1 27r

WY T Ty
with P beingtheorbital period,andv,. thecircularvelocity atdistance. Sincethevelocity depends
onthelocaldensity v, = \/47Gp/3 - r, we have

3r
=) Aty 1
tdyn 16Gp t ( 3)

Therefore,no matterwhatis theinitial distancefrom the centre,a masspatrticle at restwill reach
r = 0 in thistime or aquarterof a“period” (Binney & Tremainel987).

5.2 Relaxationtime

Themostimportanttime scalefor theevolution of aglobular clusteris thetwo—bodyrelaxationtime.
It is the time after which a stars moving directionhasbeendeflectedby 90 degreesrelative to its
original direction: (A©?)'/? ~ % . This deflectionhasbeenaccumulatediue, not to a singleclose
encounterbut to the cumulative effect of mary distantencountersThesemary mild encounters
producemajor changesn the structureof the cluster without significantlydisturbingits dynamical
equilibrium.Equivalently; it is thetime requiredfor a starto suffer a velocity changecomparableo
its original velocity: (Av?) = v?.

Therelaxationtime depend®nthedensityandis thereforeafunctionof theradiusin thecluster
Althoughseveral precisedefinitionsexist, amongdynamicistsvidely accepteds the oneby Spitzer
(1987,eq.2-62):

_0.065(v?)3/?
= @ mp(N) as

Here, (v?) is the velocity dispersionof the stars,p the massdensity (m) the averagestellarmass,
G the Gravitational constantandln(yN) the Coulomblogarithmwith a value for v favouredin
this work to be about0.11 (Giersz& Heggie 1994a).This will be matterof detaileddiscussionn
Chapte9.6.
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In differentregionsof a starcluster the relaxationtime usuallyvariesby several ordersof ma-
gnitude.Theinnerregionswill relax mostquickly, while in the halothe time may be muchlonger
thantheageof the Universe For roughestimates usefulglobalquantityis thehalf-masgelaxation
time. It is obtainedwhenthe densityp is replacedy the meandensityinsidethe half-masgsadius,
andthevelocity dispersionwhich is alsoa local quantity is obtainedfrom the virial theorem.The
resultis

L PP L

i =0138——— b L —
e = 038 e e n (7 V) (GM) PIn(vN)

(15)
with M, r, and N beingthe total massthe half-masgadiusandthetotal numberof stars,respec-
tively. The half-massrelaxationtime hasthe advantagethatit changegelatively little during the
evolution.

Whencomparingthetime scaleof relaxationin eq.(15) with thecrossingtime atry, in eq.(13),
afundamentaproportionalityturnsoutthatis of high interestfor internaldynamics:

teh N

ter x In(yN)~

(16)

5.3 Corecollapsetime

Two—bodyrelaxationcausestarclustersto redistritute the thermalenegy amongstars.Sincethis
kind of heattransferactson the relaxationtime scalea corecollapseis similarly ensuedn gravita-
tionally unstablesystemsin generalthetime of corecollapsedepend®n theinitial massfunction
(IMF), the initial density andthe degreeof anisotrog. In addition,tidal shockingmay accelerate
thecollapse while masdossdueto escapersnaydelayit (Elson1999).

The corecollapsetime is beststudiednumerically For equal-massodelsit rangesabout330
centralrelaxationtimes (¢,x,core) OF @about12—19half-masgelaxationtimes, ¢.,. Quinlan(1996)
givesatime scaleof 15.7 t,, for anisolatedcluster if anisotropicvelocity distributionis assumed.
Takahash{1995)modelledPlummerspheredor an anisotropiccase,anddeterminedhe collapse
timeto aboutl7.6t,,,. Otherauthordfind similar factors(Fig. 5.1),andwe shalladopt

tee ~ 17.5tm. (17)

Thoughthe valuesare usedin moststudiesof the core collapse they area poor guidefor real
starclusterse.g.globular clustershave centralrelaxationtimesthataretypically ten, sometimesa
hundredimesshorterthantheir half-masselaxationtimes(Quinlan1996).Sofar, thecorecollapse
time is only found empirically from a large numberof numericalsimulations,for thereexists no
analyticaltheorywhichwould predictit apriori from clusterpropertiese.g.thestarnumbeyIMF, or
concentratiomparameterdOneof theproblemsn its determinations thelargestatisticaluncertainty
particularlywhenthe numberof starsinvolvedin the collapseis small.

5.4 Equipartition time

Whendifferentmassesre on work, two—bodyrelaxationturnsalsointo an equipartitionprocess:
Theexchangeof enegiesbetweeright andheavy starsproceed®ntherelaxationtime scale sothe

time at which equipartitionwill be achievedis of the sameorderof magnitude Thetime scalewas

introducedby Spitzer(1969)as:

_ (o) + (u3))??
teq - 8(6W)1/12G2m22p1]n(7]\7) . (18)
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Figure5.1: Factorof therelaxationtime at which the corecollapseoccurs asdeterminechumericallyby some
authorsFor smallparticlenumberghedeterminationis ratherunsureput it dependslsoon assumptionsnade
in thetheory

If thermsvelocitiesof the two stellartypesareequal,theratio of ¢, /¢« is aboutproportional
tomy /ms. In orderto beableto establistequipartition the systemhasto fulfill the stability criteria
which arediscussedn Chapter6.

5.5 Evaporation time

Facingthe differencedetweerthe ejectiontime andevaporationtime (Ch. 4.2), the meantime for
astarto beejectedn athree—bodyencounteis

tej = 1.1-10° In(yN) tyn, (19)

wherethe valueis expressedn units of the half-masgelaxationtime (Binney & Tremainel987).
Therateby which the clusterlosesits starsis then

dN N N
— = =-88x107"—. 20
dt tej 8 ten In(yN) 20
The evaporationtime andratecananalogoushbe estimatedo
dN N
tevap ~ 100,  and  —— = —-3-10°—, (21)
dt trh

respectiely. For typical valuesof theCoulomblogarithm,In(0.1NV) = 10, onefindsthattheejection
time is muchlongerthanthe evaporatiortime.
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6 Theorieson equipartition

In a particlesystemwith several differentmassesencounterbetweerthe objectstendto produce
an equipartitionof kinetic enegy. The exchangeof enegiestakesplacevia heatfluxes,andequi-
partitionis achiezedwhenthethermalgradientsvanish.A self—gravitating systemsuchasa cluster
of starsalsotendsto a thermalequilibrium (equipartition)disregardedwhetherit is in dynamical
equilibrium (virial) or not.

Equipartitionis extremelyimportantin constructingnodelsof stellarclusterscontaininga rea-
listic distribution of massesWe considetthe caseof a systemwith two massegor simplicity. In the
following, the quantitiesof the lighter particleswill be denotedby the subscriptl, andthe heavier
onesby 2:

m1, ma: light andheary masse®f theindividual particles,

Ni, Ny: theirtotalnumbers,

M, M,: totalmassof thetwo components,

Ry, Ry:  radii of spheresontaininghalf of theindexedmass(closeto virial radii),
P, P2 meandensitiesnsidea spherewith radiusR;,

(v?), (v2): velocity dispersion®f the starsof massl and2, respectiely.

The clusterasa whole consistof Ny + N, = N particles,andits total massis my Ny + myNa =
My + My = Mo Theratio of theindividual massess denotedoy 1 = my/my, thetotal fraction
of theheary componenby ¢ = My /M;ot.

6.1 The heuristical picture

During two—bodyencountersll starsexchangeheir enegiesandtry to find athermodynamiequi-
librium. The maindistinctionbetweensystemsof equalandunequalmassesoncernshe question
of equipartition,or, moregenerally how the velocity dispersiondiffers from one particle populati-
on to another Equipartitionbetweenthe populationss obtained whenthe kinetic enegiesof the
individual particlesarethesame:

my(v}) = ma(v3). (22)

Assuminganisotropicvelocity distribution for all massesnitially, the mostmassve starshave
on averagethelargestkinetic enegy at ary pointin the cluster andin the courseof encountershey
loseit to thelighter onesandslow down. Attractedby the centralpotential the heaviesareaccelera-
tedtowardsthe gravitational centre.This new gain of kinetic enepy, they loseagainin subsequent
two—bodyinteractionsThus,the heariesbecomeselectvely concentrateéh theinnerpartsandha-
ve lower randomvelocitieson average.They alsowill not rise sofar out againstthe gravitational
potentialof the cluster On the otherhand,thelight starsspeedup andtheir orbits expand;they re-
mainmostof their orbitaltime in theouterpartsof thesystemThestarclusterappeardik e stratified
by mass.Hence,masssegyregationis an associateadonsequencef the equipartitionprocessThe
congreyationof heary masse#n theinnerregionshaswidely beenobsenedthroughouall kinds of
stellarclustergBonnell& Davies1998).

If the massstratificationproceedgar enough thenthe self-gravity of the heavier starswill do-
minatethe potentialin thecore.Their subsystemwill undego gravothermalcollapsewhile thelight
oneswill not. In his pioneeringpaperon equipartition,Spitzerjr. (1969) predictedthe conditions,
for which the stability prevails. His mainideasandthe impacton otherworkswill bereiteratedn
thefollowing sections.

6.2 Conditions for equipartition

We limit the discussioron two casesOn onehand,we assumeahatthe massfraction of the heary
componentg, is sufficiently smallsothat p, is everywherenegligible comparedo p,, andon the
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otherhand,vice versathatgq is sufficiently largeandp, canbe neglected.The formercaseis more
importantfor theinitial setupof actualclusters.But, wheremassstratificationincreaseg, in the
centralregions,we shallseethatthelattercasetakesovertheequalizatiorprocesdocally andcauses
the collapseof the subsystenof heavy stars.

As for the first case the velocity dispersionof the heary componenican be derived from the
virial theorem,

2K + (W2 =+ Wl,z) =0, (23)

whereK, = 1 M>(v2) is thekinetic enegy of the heary stars, W, = — fGMZ /R is the potential
enegy arisingfrom the interactionsof the heavy starswith themseles, andW; » is the potential
enegy from the interactionsof the heary with thelight stars.We will computethe lattertermfirst.
SinceM, is assumedo besmall,the contribution of the heary starsto thetotal clusterpotentialwill
alsobesmall,i.e. &, ~ ®,. Fortheheavies,thepotential®, causedy thelight starsappeardike
an‘“external” potential,andwe may write

—GM1 (’f‘)

Wia = / p2®1dV = / pa(r) 4rrdr. (24)
0

We replacelM; (r) by 47p; R? /3, andsetthe densityof the light starsto its constantentralvalue,
because¢heheary systemwill notstronglyperturbit, p; (1) = pe,1. We get

* 4
Wl,z = —47TGpc’1 / P2 (7’) §r4d7'
0
(R3)
3
47
= _?Gpc,1<R%>M2-

= —4rGpe, / pa(r)dmr” dr (25)
0

Here,we approximatedheintegral of v for onepartby the meansquaredvalueof r of the heavy
starsusingthe theoremof the meanvalueintegral anddenotedthis by {R2), andthe other part of
theintegral we solvedfor the sphere.

Puttingnow the threetermsin eq. (23) togetherand solving for the velocity dispersionof the
heavies,onefinds:
GM2 47TG

2
—pe1{R5). 2
R2+ 39,1< z) (26)

(v3) = f

An analogouwirial (23) for thelight componentanbeconstructed2K; + (W; + W5 1) = 0.
The correspondinderm of componentwisénteraction,W> 1, is negligible, provided that A/> (and
consequentlyp,) is smallandhasno significanteffect on the velocity dispersiorof the light stars.
We get

GM;
Ry -

(i) =f 27)

When substitutingthe velocity dispersiong26) and (27) in the equationfor equipartition(22), it
reads:

m1M1 -m (M2 47
= 9 | —

- gl @®)

11 is adimensionlessonstanbetweerD.44and0.38for polytropesof index n betweer? and5, respeciiely. Thevalue
of 0.4adoptedoy Spitzer(1969,1987)shouldbe a reasonabl@pproximatiorfor mostsystems.
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Somelengthybut straightforvardreorganizationof thesetermsleadto the stability conditionfound
by Spitzer(1969).Usingthe definitions1 M, = X R3p, and(R1/Rs)® = (M1/M2)(p2/p1), One
finally obtains:

M, (m_)/ _ (/e (29)
My \m L4 L pen (B 5\
2f p1 R3 p2

We definethe left handsideas x andexpresstheratios M, /M; andmg/m; in termsof ¢ and
definedatthe beginningof this chapter:

1/2
X = (1%) //,3/2 = M)m < Xmax- (30)
q (1+api/p2)

The function x = x(g¢, x) dependon the densityratio of the two subsystems&nd hasgot a

maximumvalue xmax, Which is determinedbelown. The quantitya = %”;—f(f;@ introducedcan
be consideredas a constantof value 5.6 for the following reasonsThe root méansquareradius,
(R2), equalsl.13 R, in aparabolicpotentialwell. This resultsfrom a constanip, ; in thecore,and
a Maxwellianvelocity distribution of the heavy stars(Spitzer1987).Theratio p.,1 /p1 represents
densitycontrastbetweerthe centreanda confininglayer closeto the half-masgadius. Thoughwi-
delyvariable,it is acriterionfor thegravothermalktability of thesystemIf thisratiodoesnotexceed
unity much,the self-gravitationalattractionwill bearelatively smalleffectandthe systemremains
stable;only for largevaluesthe self—attractiorof the coreoutweighshepressuref the surrounding
shells,andthe clusterbecomeghermallyunstable The critical ratio, at which it becomesinstable,
is about709for theisothermakphergFig. 4.1), but for polytropeswith n betweer8 and5, its value
increasesathermoderatelyfrom 2.5 to 4.4 (Spitzer1987).We shall setherep. 1/p1 equalto 3.5
(Spitzer1969). So, the constanta. canbe computedto 5.6, andit appeardo be insensitve to the
detaileddensitydistribution.

Thus, the condition for equipartition(30) dependsonly on the densityratio betweenthe two
particlespeciesp; /p2. Thefunctiony = X(’;—;) hasgot a maximumatthe point p; /p2 = 1/(2a).
With 5.6 assumedor «, thefunction’s maximumvalueis

Xmax = 0.38a~/? ~ 0.16. (31)

The physicalmeaningof the maximumis that equipartitionwill only be possible,if theleft hand
sideof (29) doesnot exceedthis critical value.In caseof x > xmax, the conditionis not fulfilled,
inferring thatthe heary starscannotfind anappropriateequilibriumwith thelight stars;eithertheir
total massfraction q is too large to validate our assumptiorof a negligible p,, or the ratio of the
particle masseg:, indeed.This boundaryconditionis dravn asa dottedline in the ¢—u—planeof
Fig. 8.1.

It become®bviousthatthe equipartition—basedollapseis a somavhatself—limiting phenome-
non.Also, whenthe heavy starsfar outnumbetthelight ones(this s likely to happenin the central
coreduringthe proces®f masssggregation),therelatve numberof thelighter starsis inadequateo
carrythe enegy rapidly away from the core. The heavieswill continuesinking towardsthe centre,
increasetheir kinetic enegy andthusincreasethe departurefrom equipartition. They make up a
subsystemwhich rathercollapsedueto the own gravothermalinstability thanto the equipartition
instability. In this sensesimultaneoushermalanddynamicalequilibriumis impossible.

6.3 Multiple equipartition solutions

Anothertheoryfor theevolution of atwo—componenstarclusterwasdevelopedby Lightman& Fall
(1978).Their approactdiffersto Spitzersin thatsensehatthey usea homogeneouspherenstead
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Figure6.1: The two spatiallydistinctcoreregionsof thelight andheary stars.The heary particlesarelocated
with constantlensityp, in regionll, R < R, (shaded)thelight onespopulatebothregions,eachwith different
densitiesp; andg: . At alaterevolutionarystage someheary particlesof region Il will evaporatento I. After
Lightman& Fall (1978).

of apolytrope.They distinguishtwo separateegionsfor thelight andheavy starswith radii R; and
R,, respectiely. Exactly, theseregionsaretheassociateavith the sizesof thehomogenouspheres,
but one canalsoidentify themwith the coreradii of thetwo subsystemsgFig. 6.1). The constantf,
which Spitzerintroducedor polytropeqseefootnoteon pagel6), turnsoutto be 3/5. Fromseparate
virial relationsfor eachmassgroup,thevelocity dispersionganbe derived:

Wy = §GM1+§GM2_3GM235
Y7 5 R 2R 10 R}

(32)
3GM, 3GM;R}

A A

(v3) =

Puttingthe dispersionsgnto therequiremenfor thermalequipartition,eq.(22), oneobtains

Ro\® (ms 3 M, Ry 5 M, me Mo
(= ATt Ih BTN i) I S g 33
<R1> (ml + 2M1 * + 2M1 miq M1 0 ( )

This is a cubic equationfor the ratio of the two radii Ry/R;. As such,it may have maximally
threesolutions.As the authorspoint out, the interestingresultis that theremay be two different
equilibrium configurationsfor a given system.Physicallyit is understoodrom the fact that the
heary massesnay achieve either a hydrostaticequilibrium in the whole systemas given by the
virial theorempr athermalequilibriumwith thelight masse#n thecore,dependingonwhich of the
two termsin the equationg32) dominates.

Avoiding complex solutions the cubicfunctionhasgot a maximumvalueat point

R2 5 M2 1/2 mo 9 Mg —1/2
2) =(1+=2 324222 . 34
(Rl)crit ( +2M1) mq +2M1 ( )

Wheninsertingthatinto eq.(33), onefindsthevalueof the maximum;in analogyto Spitzerstheory,
eg.(29) and(30), it is theborderconditionunderwhich equipartitionwill be possiblefor the caseof
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theisothermalkphere:

3 —-37 32 1
M2 meo 2 3m1 M2 5M2 4 2
=2 (= 142222 (14222 <(=) . 35

In the notationof ¢ andy, it is

N (13 Y (100 T s (36)
1—q¢)" 2nl—q 21—¢ = TS
or afterfurthersimplifying
s 3 3\°|°
qu 1+ —q—q ) (1+ =q <0.38. (37)
2u 2

As visible from eq. (36), the functionaltermis in agreementith Spitzers condition,but theterm
in bracletsdependsiponthe particulardensitydistribution. Accordingto Lightman& Fall’stheory
equationg35)to (37) describethe criterionfor simultaneouslynamicalandthermalequilibrium; if
it is satisfiedthesystemwill bestable Moreover, athermallyunstableconfiguratiorarisesvhenthe
ratio of thetwo regionsizes,R, /R, , is lessthanthe critical valuein eq.(34); then,the self-gravity
of the heary subsystenwill dominateandcollapseunderits gravothermalinstability. Otherwisea
thermally stableconfigurationappearswhen Ry /R, exceedsthat critical value, meaningthat the
heary subsystenis a “non—self-graitating” one;then,thelight starscanfind an equipartitionwith
theheavies. Theconditionborder eq.(37),is dravn asa dot—dashedine in Fig. 8.1.

6.4 Other theories

A theoryvery similar to Spitzers hasbeenderived by Inagaki& Wiyanto (1984). They actually

combineboth previoustheories\While Spitzerincorporateshetotal masse®f the two components
whencalculatingthe velocity dispersionsthe latterconsidefjust the situationin the core.Theequa-

tions look virtually the sameasegs.(26) and (27), but they requirethe additionalindex ¢ for the

core:

GM 172,
.AL—CTYZ\/IC’1 and (v3) = 0.4 GMe.» + o1 Te2

vy =0 38
< 1) Tc,l Tc,2 7'2 L ( )

During theproces®f equipartitionin the early stagesf the evolution, the quantitiesi, 1, ¢ 1,
andM,, arenearlyconstantbut r. » shrinks.(vZ) will alsohave aminimumthatcanbefoundfrom
the derivationof the secondequationin (38):

2 M M,
d<U1> _ _04G . c,2 + 2G c?zl Tc,2 -0
dre,2 Te2 Te
— Te,2 = 0.21/3 (Mc,2/MC,1)1/3 Te,-

Thus,whenthe coreradiusof the heavies, ¢ », shrinksto thatvalue,the minimumvelocity disper
sionof theheavy starsis attainedwe have

2/3 3 r1/3

(V3 Y min = 1.026%‘ .
C,
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Equipartitionis achiezedwhenms (v3) min = m1 (v?), or

3/2
() (2" <o

Mc,l ma

This conditionjust differs from the one by Spitzer eq. (29), in the upperborderwhich we called
Xmax- 1heline runsparallelto Spitzers but shiftedslightly upwards(the dot—dot—dot—dashdihe
in Figure8.1).— In fact, Inagaki& Wiyanto did not explicitly pointto the formula, eq. (40), but
obtainedanequationfor the temperaturalifferencebetweerthe two mass—components.

Anotheranalysisof modelsin thermaland dynamicalequilibrium was provided by Watterset
al. (2000).Without deriving ananalyticaltheoryasin theforegoingtheoriesthey performedvionte
Carlosimulationswith two masshinsin acertainparameterange g andu, to checkfor equipartition
of enegies.They madea fit to their resultsand acquiredan empirical formula that rendersmore
preciselythe borderbetweerthe stableandunstableregime:

(%) (Z—DM <0.32. (41)

The boundaryis strictly valid for 1.75< u < 7. For smalleryu, equipartitionwasalwaysachievedin
their simulations Thefunctionis plottedasa dashedine in Fig. 8.1.
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7 Simulation tools: NBODY6++

Numericalsimulationsgive us a powerful tool to examinethe basicprocessesf stellardynamics
and checkthe hypothese®n massstratificationpresentedn the previous chapter But, however,
the numericalsimulationof a simple clustercontainingsomehundredthousandor even a million
membersstill placesheary demand®n the availabletools. A balancehasto befound betweentwo
constraintsOn onehandtherealism i.e. theinput of profoundphysics,nclusionof all the physical
effectsmentionedabove, andalsothe maintenancef the accurag of calculationsandon the other
hand,the efficiency i.e. the limitations given by the computationakffort and suitablecodesto be
finishedin areasonabld¢ime. Many differentkinds of approachefave beenundertalento sufice
both:

e codeshasednthedirectforceintegration(Aarseth1985and1999b),

e statisticalmodels,which themselesdivide into seseral subgroupgFokkerPlanckapproxi-
mationby Cohn1980;Monte—Carlomethodby Hénon1971;Gasmodelsby Spurzenml994),

e usageof high-performancearallelcomputergSpurzeml999),
e ortheconstructiorof specialhardwaredevotedfor thesepurposegMakinoetal. 1997).

All theaspecthavetheiradvantagesswell asdisadwantagesThemostpromisingwayto follow
accuratelythe evolution of starclustersis basedon the direct methodof integratingthe Newtonian
equationof motion. The designof an efficient algorithmfor this haspealedin the NBODY6—code
by Aarseth(1999a),sofar, which hasbeenextendedto its latestversion,NBODY 6++, suitablefor
parallelcomputergSpurzeml999).The basicfeaturesof the codeincreasinghe efficiency maybe
consideredinderfour separatéieadingsPrediction—correctiomethod(Hermitescheme)individu-
al andblocktime—stepstegularizationof closeencountersandaneighbouschemgAhmad—Cohen
scheme)Wedescribébriefly thesddeas while adetaileddescriptiorcanbefoundin Aarseth(1993).

7.1 The Hermite integration method

Eachparticleis completelyspecifiedby its massm, positionry, andvelocity vy, wherethe sub-
script0 denotesaninitial valueat atime to. The equationof motion for a particle: is givenby its
momentaryacceleratiorg ; dueto all otherparticlesandits time derivative ag ; as

R
ag,; = — Zijﬁ’ (42)
i#j
. vV 3R(V:-R
i = —» Gm; [ﬁ + % ; (43)
i#£]

whereG is thegravitationalconstantR = rq ; —ro ; is therelative coordinateR = |r ; — o ;| the
modulus;andV = vq; — vy ; therelative spacevelocity to the particle j. The NBODY6++ code
follows the trajectoryof the particleby firstly “predicting” a new positionandnew velocity for the
next time stept. A Taylor seriesfor r;(t) andv;(t) is formed:

2 3
w + éo,i %7
(t —to)”

—

The direct valuesof r, andv,, which resultfrom this simple force calculation,do not fulfill the
requirementgor an accuratehigh—orderintegrator;they give justa clueto the "real” r; andv; at

rpi(t) = ro+vo(t—to)+ag; (44)

Vp,i (t) = Vo +tag,; (t — t(]) + é()’z' (45)
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theupcomingtime ¢;. Evenif thetime step,t; — to, is chosenmpracticablysmall,a considerable
errorwill quickly occur, let alonethe inadequateomputationakffort. Therefore animprovement
is madeby the Hermiteinterpolationwhich approximateshe higheracceleratingermsby anown
Taylor series:

. 1 . 1
ai(t) = ag;tag;- (t - to) + Ea(()zﬂ) - (t — t())2 + ga(()i) - (t - t0)3, (46)
. . 1
ai(t) = aoi+ag) - (t—to) + ag) - (¢~ to). (47)

Here,thevaluesof ay ; anday ; arealreadyknown, but a furtherderivationof equation(43) for the
two missingorderson theright handsideturnsoutto be quitecumbersomensteadpnedetermines
the additionalacceleratiortermsfrom the predicted(“provisional”) r, and v,; we calculatetheir
acceleratiorandtime derivative accordingto the equationg42) and (43) anav andcall thesenew
termsa,; anda, ;, respectrely. Becausehesevaluesoughtto be generatedy the former high—
ordertermsalso(which we avoided),we puttheminto theleft—handsidesof (46) and(47). Solving

equation(47)for a((fz thensubstitutingt into (46) andsimplifying yieldsthethird derivative:

(3) _ 19R0i @i  A0itap 48
205 (t —t0)? - (t—t0)? (48)
Similarly, substituting(48) into (46) givesthe secondlerivative:
(2) Ag,i — Ap,i 2a9,; +ap,i
. = —6 -2 . 49
Bo,: (t — to)> t— to (49)

Note,thatthedesirechigh—orderaccelerationarefoundjustfrom thecombinationof thelow—order
termsfor ry andr,. We never derivedhigherthanthefirst derivative, but achievedthe higherorders
easilythrough(42) and(43). This is calledthe Hermite schemeThe accurag of the integratoris
virtually the sameasin the caseof anexplicit high—ordemerivation(Makino & Hut 1988).

Finally, we extendthe Taylor seriesfor r;(t) andv;(t), egs.(44) and(45), by two moreorders,
andfind the“corrected”positionr; ; andvelocity vy ; of the particle: atthecomputatiortime ¢; as

(2) (t — to)* +a® (t — to)®

rii(t) = rpi(t) tag; Y 0i 139 (50)
— 4.3 PRV
viit) = vpa(t) +al) % +aj) %- (51)

Theintegrationcycle for otherupcomingstepsmay now be repeatedrom the beginning, eqs.(42)
and(43). Theerrorin r andv within thetwo time stepsAt = ¢, — tg is expectedto be proportional
to At* (Makino 1991).

7.2 Individual and block time steps

Stellarsystemsarecharacterizety afair rangeof densitieswhich givesriseto differenttime scales
of the orbital parametersin the classicalpicture,the two closestbodieswould determinehetime—
stepof force calculationfor the whole rest of the system.However, bodiesin regionswherethe
variationin forceis relatively small,apermanente—computingf theforcetermsis time consuming,
so0,in orderto economizehe calculation,theseobjectsshall be allowed to move a longerdistance
beforearecomputatiobecomesecessaryrhisis theideaof a vital methodfor assigningdifferent
time—-steps At = t; — to, betweenthe force computationsthe so—called‘individual time—step
scheme’(Aarseth1963).

Eachparticleis assignedts own At; whichis first illustratedfor the caseof “block time—steps”
in Figure 7.1. The particlenamed:i hasthe smallesttime stepat the beginning, so its phasespace
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Figure7.1:Block time stepsexemplaryfor four particles.

coordinatesare determinedat eachtime step. The time stepof k is twice aslarge asi’s, andits
coordinatesrejust extrapolated“predicted”)at the oddtime stepswhile afull forcecalculationis
dueat the dottedtimes. The stepwidth may be alteredor not after the end of the integrationcycle
for thespecialparticle,asdemonstratefbr k£ and/ beyondthelabel“8”". Thetime stepshaveto stay
commensurablvith both, eachotheraswell asthetotal time, suchthata hierarchyis guaranteed.
Thisis theblock stepscheme.

As afirst estimatetherateof changeof theacceleratiorseemdo beareasonablguantityfor the
choiceof thetime step:At; « /a;/a;. Butit turnsout thatfor specialsituationsin a mary-body
system,it provides someundesirednumericalerrors. After someexperimentationthe following
formulawasadoptedAarseth1985):

2 .
|a i [al?)] + [ay,i]?

At; =
. 3 2 ’
lagq|al)] + [al?) 2

(52)

wheren is a dimensionlessccuray parametefvhich controlsthe error. In mostapplicationst is
takento ben =~ 0.02to 0.04,seealsonext section.

For the block—timestepsthe synchronizations madeby taking the next—lowestintegerof At;;
the time stepsare quantizedto powers of 2 (Makino 1991). Then, therewill be a group (block)
of several particleswhich are due to movementat eachtime step.If one keepsthe exact At;’s
evaluatedfrom (52) for eachparticle,the commensurabilityis destrgyed, andwe arrive at the so—
called“individualtime steps”;in this casethereexistsonesoleparticlebeingdue.Thelatterconcept
is realizedin thecodeNBODY4, wherea neighbourschemes renouncedseenext section).

In therunningcode thetime—stepsreadjustedo theirappropriatevaluesfairly quick. Although
successie stepsnormally changesmoothly it is prudentto restrictthe growth by a stability factor
of 1.2.

7.3 The Ahmad-Cohenscheme

The computationof the full force for eachparticlein the systemmakes simulationsvery time—
consumingor large membershipsThereforejt is desirableto constructa methodin orderto speed
up the calculationawhile retainingthe collisionalapproachOneway to achieve thisis to employ a
“neighbourscheme” suggestedy Ahmad& Cohen(1973).
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[e]

Figure7.2:lllustrationof the neighbourschemédor particlei marled asthe asterisk(after Aarseth1985).

The basicideais to split the force polynomialon a given particle: into two parts,anirregular
andaregularcomponent:

a; = A irr + A reg- (53)

Theirregularacceleratiom; ;.. resultsfrom particlesin a certainneighbourhoof . They giverise
to a strongerfluctuatinggravitationalforce,soit is determinednorefrequentlythantheregularone
of themoredistantparticlesthatdo notchangeheirrelative distanceo i soquickly. We canreplace
the full summationin eq. (42) by a sumover the N,,;, nearesparticlesfor a; ;,, andadda distant
contributionfrom all theother Whethera particleis aneighbouror notis determinedy its distance;
all membersnsidea specifiedsphere(“neighboursphere’with radiusrg) areheldin alist, which

is modifiedat the end of each“regular time—step”whena total force summationis carriedout. In

addition,approachingarticleswithin a surroundingshell satisfyingR. - V < 0 areincluded.This
“buffer zone” senesto identify fastapproachingparticlesbeforethey penetrateoo far inside the
neighboursphere.

Figures7.2and7.3shav how the Ahmad—Coheschemeavorksfor oneparticle(Makino & Aar-
seth1992).At the beginningof theforcecalculation alist of neighboumbjectsaroundthe particles
is createdirst (filled dots).Fromthis neighboutist theirregularcomponent, ;. is calculatedand
thenthe summationis continuedto the distantparticlesobtaininga; ;.;. At the sametime we also
calculatethefirst time derivative. From the equationg46) and(47) the positionandvelocity of the
particlei arepredicted At time ¢, ;,» we apply the “corrector” only for a; ;;» from the neighbours;
the regular componente do not correctbut obtainby extrapolatinga; res. At the next step,ts i,
the samepredictor-correctormethodproceeddor the neighbourparticles,while the correctionof
thedistantacceleratioriermis still neglected Whent; is reachedthetotal forceis calculatecbnthe
basisof thefull applicationof the Hermitepredictorcorrectomethod Also, anew neighboutist is
constructedisingthe positionsattime ¢ .

For aneighboutist of size Ny, < N, this procedureanleadto a significantgainin efficiengy,
providedtherespectietime scaledor a; ;,, anda; .., arewell separatedTheactualsizeis control-
led by choosingan appropriateadiusfor the neighboursphereys. Practically thisis controlledby
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Figure7.3: Regularandirregulartime stepgafterMakino & Aarseth1992).

somekind of “contrastof thelocal density” (Aarseth1985):

Mo () 1, 54
N/2 \ re Nh
where N is the total particle number;r, andrs are the half-massradius and the radius of the
neighboursphereandn,, andny arethe particledensitiesnsidethe neighboursphereandinside
thehalf-massadius respectrely. Theapproximatiorin theequatioris dueto thefact,thatone—half
of thetotal particlenumberis not necessarilghe half of the total massto whichry, is related.
Themethodof thetwo particlegroupsis squeezethto thehierarchicatime—stepschemanaking
theoverallview quitecomplec. Eachparticleis moveddueto its time—steprderandthetime—steps,
becauseheforcecalculationis divided:In eq.(52) afurthersubscripis neededvhich distinguishes
theregularandirregulartime step.Theaccurag canbetunedby ;. ~ 0.02 andn,.; ~ 0.04, again.
Both, the neighbourschemeandthe hierarchicaltime—stepschemehave in commonthat they
arecenteredn oneparticles, andthey distinguishbetweemearbyandremotestars,andthey save
computationatime.Onemayask:Whatis theintriguingdifferencebetweerthem?— Theneighbour
schemels a spatial hierarchy which avoids a frequentforce calculationof the remotepatrticles,
becauseheir totality providesa smoothpotentialwhich doesnot vary so muchwith respecto the
particles; thatpotentialis rathersuperposetly somefluctuatingpeaksof close—bystarswhich will
be “workedin” by the moreoften force determinationThe time stepschemeijn contrast,exhibits
the tempoal behaiour of theintervals for re—calculatiorof the full forcein orderto maintainthe
exactnes®of thetrajectory;time stepschosertoo small slov down the advancingcalculationlosing
the computers efficiency.

7.4 KS—Regularization

Thefourth mainfeatureof the Nbody6—codas the treatmenbf closeencountersThis is to happen
in the clustercentrewhentwo (or even more) starscomevery closetogetherin an hyperbolicen-
counteror uponthe presencef binaries.As their relative distancedecomesmall (R — 0), strong
singularitieswould occuraccordingto equationg42) and (43). The “regularization”is an elegant
trick in orderto dealwith suchparticleswhich areascloseasthediamondin the Figure7.2.

The ideais to take both starsout of the main integration cycle, replacethem by their centre
of massandadvancethe usualintegrationwith this compositeparticleinsteadof resolvingthe two
componentsTheorbit of thepairwill bedeterminedy switchingto adifferent(regularized)coordi-
natesystemThistransformationnvolvesa setof four regularspatialcoordinategndafictioustime.
A 4x4 matrix transformgshe spaceandvelocity into a form resemblinga harmonicoscillator The
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equationsof motion becomeregularthen. The methoditself goesbackto Kustaanheim@& Stiefel
(1965)andmakesan accuratecalculationof a perturbedwo—bodymotion possible . The time—step
of sucha “KS—regularizedpair” is independenbf the eccentricityandthe KS—periodcaninvolve
severalKeplerorbitsin caseof a physicalbinary.

Closeencounterdetweensingle particlesandbinary starsare alsoa centralfeatureof cluster
dynamics.Suchtemporarytriple systemsoften reveal irregular motions,rangingfrom just a per
turbedencounteto a very complex interaction,in which disruptionof binaries,exchangeof com-
ponentsandejectionof onestarmay occut Although not analytically solvable,the generalthree—
body problemhasreceved muchattention.The KS—regularisationwvasexpandedo theisolated3—
and 4—-bodyproblem,and later on to the perturbed3—, 4—, and N—-body problem.Thesefeatures
weredevelopedin the 1970iesand 1980iesandtermed“Chain Regularisation”. The mathematical
methodis describedn moredetailby Aarseth(1993),Mikk ola (1997)andreferencesherein.
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8 Organization of the simulations

Althoughmary studiedn stellardynamicsusesinglemasanodelsit is essentiato take into account
arealisticmassspectrumandthe simplecaseof a bimodalmassspectrums regardedasafirst step
towardsthat. Suchtwo—masssimulationsare exclusively studiedin this work. Sincethis analysis
aimsto isolatethe essentiaphysicalproces®of masssegregation,we ignorestellarevolution, cluster
rotationandneglectatidal field aswell asprimordial binaries;binaryformationoccursonly during
thelate stageof the evolution anddo not effect our objectives.

8.1 Nomenclature

All simulationsreportedhere startas PlummersphereqCh. 3) in global virial equilibrium. The
particlesare treatedas point massesij.e. without softeningof the gravitational force, but regula-
rization of closeencountersnstead(Ch. 7.4). In our notation,a model will be determinedby its
fractionof theheary masscomponentq = M, /M,., andthemassatio of theindividual particles,
u = my/my. The modelis assignedo a capital Romanletter Eachmodelconsistsof a number
of runs thatdiffer only in their randomnumberseed;it returnsno morethananotherinitial setup
of positionsandvelocitiesof the particles.Therunsarephysicallyequivalent.Modelsmakingup a
logical unit for comparisoraregatheredo a series seeTablel.

Tablel: Overview of thesimulations A modelis describedy ¢ andy andassignedo a capitalRomanletter.
RND = randomsetup;INS = all heary masseplacedinside;OUT = all heary massesutside.

Series| Distribution q p—models| Remarks
I RND 0.1 A ..H | variousN
Il INS, OUT 0.1 A..H all my inside/ outside
I RND 0.05 K..R | N=2500
v RND 0.2 T..Z N = 2500
Vv RND 0.4 T..Y" | N=2500
VI RND,INS,OUT | 0.26 20.0 N = 5000, Orion Nehula

Inspiredfrom aresultof Inagaki& Wiyanto (1984)that a clusterevolvesfastestfor ¢ = 0.1,
we concentrat®ur main investigationson that value (Seriesl), and studythe evolution for a wide
rangeof u's (from 1 to 50). This choiceis guidedby obsenationsin youngessstarclusterslike the
Trapeziumin the Orion Nehkula Cloud, wherea massrangeof = 0.1-50Mg, is found (Hillenbrand
& Hartmann1998). This clusteralso exhibits clear masssegregationthat cannotbe explainedby
the simpletheoryof “general”’ masssegregationdrivenby two—bodyrelaxation.Giventhe extreme
youth of the starswith highestmass,a primordial sggregationhasbeensuggestedin which they
wereformedby arunavay growth atlocationscloseto thedensecentre(Bonnell& Davies1998).

We examinethetime scaledor arandomsetupof particles(RND) thatis realizedby assigning
amassm; andms to eachbody With x4 beinga relative quantity we fix m; to unity, andvary mo
in stepsthat are givenin the top row of Table 2. So, the two masspopulationshave got V; and
N> membergfor the determinationof their numbersseenext section),whosespatialcoordinates
aregivenby randomnumbersplacingthemalongthe Plummersphergmethodby Aarseth,Henon
& Wielen 1974).The velocitiesare scaledin accordto the virial ratio of the kinetic and potential
enegy.

In Seriedl, we placetheheary particlescompletelyeitherin the centre(INS) or to the outskirts
(OUT) and comparethe evolutionary patternswith the randomsetupof Seriesl. In Serieslll, 1V
andV we alterthefractionof heary massesy, to testfor this parameterThefull parametespacds
graphicallyillustratedin Figure8.1.Moreover, we performedsimulationsof a specialconfiguration,
whichis relatedto amassratioin the Orion Nekula Cloud (Seriesvl).



28 8 Organizationof thesimulations
Equipartition instability and simulation models
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Figure 8.1: Parameteispaceof the modelsexaminedin this work. The positionof the Romanlettersindicate
a model determinedby its ¢ and u. The dottedline is the boundaryof the equipartitionstableregion after
Spitzer(1969),eq.(30); Thedashed—dottelihe is thestability criterionafterLightman& Fall (1978),eq.(37);
the dot—dot—dot—dashelhe is the formula eq. (40) by Inagaki& Wiyanto (1984);andthe dashedine is the
empirically proposedtonditionby Watterset al. (2000),eq.(41).

Usually, we arenotinterestedn theresultsof oneparticularrun, but in the averagebehaviour of
severalrunswith identicalparameters,e. we areinterestedn the propertiesof themodel.In order
to reducethe statisticalnoise,we performeda large numberof runsandaveragedthe datasetinto
anensemble—modeT he statisticalquality of suchanensemble—zeragingis comparablevith one
singlecalculationcontainingthefull particlesetof all runs(Giersz& Heggie 1994a).For example:
Sincemostof our modelsareclusterswith N = 2500 particles(our “standard’case)we carriedout
20 runsandthe whole setwould represenbnesinglerun containing N = 50,000. In Seriesl, we
alsoperformedb0runsfor N = 1000, and10runsfor N = 5000. Theserunswereperformedonthe
PCsof the Linux—clusterof the Astronomische®echen—Institutieidelbeg, Germaty. Onetypical
5000—particleun of Model A lastedabout160 CPU-hourg7—38 days)on an800MHz Pentiumlll
until it reachedtcorecollapse.

Additional modelscontaining10,000particles(4 runs)and20,000particles(1 run) werecalcu-
latedon the CRAY T3E parallelcomputerat the HochleistungsrechenzentrumStuttgart.The run
with N = 20,000 was startedon 128 processorshut whenit approachedaore collapse the num-
ber of processorsvasreducedo 16. This A—-modelusednearly 1350 CPU-hourgtwo months)till
collapse.

8.2 Parametersof two—massmodels
In orderto describea model,a setof threeparameterss needed:

N = N; + No; p=ma/ma; q = My /M. (55)
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Sincethe numberof the force calculationsscaleswith N2, computationakfforts restrictthe choice
of N, thereforethis valuehasto befixedaswell asanappropriatenumberdistribution V; for thei-th
mass—componemfbund.While N is choserto theaptitudeof the computersised particularmodels
arecorvenientlydistinguishedy p andg. Thedefinitionsgive:

M, maNo
M + M, o mi N1 + maNy
S L \F - (56)
m1 N1 + mipuNs
PN — N1)

Ny + pu(N — Ny)°

Theabsolutenumberof light particlesis then

Ny = Lz N (57)
q—pg+p
Someauthorge.g.Inagaki& Wiyanto1984)defineaslightly differentparamete§ = M, /M, then
equation(57)turnsinto Ny = uN/(G + u). In thefollowing, we continueto stick to the notationof
Spurzem& Takahash{1995),asdefinedin (55). In the modelsof Seriesl (¢ = 0.1), the absolute
numbersf the heavy particles,No = N — Ny, areshavn in Table2. 4 is givenin bracketson top
of eachcolumn.

Table2: Absolutenumbersof heary starsfor modelsof Seriedl.

N[A@25[B(@5) | C(20) | D(@3.0) | E®GO)] F(10.0)] G(25.0)] H (50.0)
1000 82 69 53 36 22 11 ] -
2500 204| 172|132 89 54 27 11 6
5000 408| 345| 263 179| 109 55 22 11
10,000 816| 690| 526| 357| 217 110 44 22
20,000 1633| 1379| 1053| 714| 435 220 88 44

A differentway of fixing the massratio i is by meansof theaveragemassof thestars:

where(m) = Mo /N andm is thei-th componentn a multi-masscluster With ¢; = M; /M,
we have for the generalkcaseof k differentmasscomponents

_ N
fbi m; m;

_ maN _ M;

N;

(59)

particlesin thei—th massbin. The advantageof this expressioriesin the simplerhandling,if more
thantwo massesirepresentin theequation(57), (k — 1)! parametersf m; /m; would benecessary
for k masscomponentswhile herethe usageof (m) reduceghe amountof the a—priori—definitions
of m;’stok — 1.

8.3 Nbody-units

Dimensionlessinits,so—called'Nbody units”, wereusedthroughoutthe calculationsThey areob-
tainedwhensettingthe gravitational constaniz andtheinitial total clustermassiM equalto 1, and
theinitial totalenegy E to —1/4 (Heggie& Mathieu1986;AarsethHénon,Wielen1974).
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Sincethetotalenegy F of thesystenmis E = K + W with K = 2 M (v?) beingthetotal kinetic
enegy andW = —(37/32)GM?/ R the potentialenegy of the Plummerspherewe find from the
virial theoremthat

1 3r GM?

E_EW_—a 7 (60)
R is a quantity which determineghe length scaleof a Plummersphere namelyits virial radius.
Using the specificdefinitionsfor G, M, and E above, this scalingradiusbecomesk = 37/16 in

dimensionlessnits. The half massradiusr, caneasily be evaluatedby the formula (e.g. Spitzer
1987):

r3/R?

MO =M

(61)

whensettingM (ry) = 1M. It yieldsr, = (22/% — 1)~'/2R = 1.30 R. The half-massadiusis
locatedatthe scalelengthof R = 0.766, or about3/4 “Nbody—radii”.

It is alsoconvenientto choosea unit of time thatis proportionalto the relaxationtime, rather
thanto the crossingtime. Theinitial half-massrossingime of a particleis

GM5/2
tCr = W. (62)
Sincethe Nbody—unitof time, txg, is 1 when
GM5/2
Ing = (4B’ (63)

immediatelyfollows thatt../txg = 24/2. In fact, this time is not relatedto ary meaningin cluster
physics,but it is just an easyhandlingof the time measuremerih simulations However, it canbe
shown that the factor 24/2 is rathercloseto the crossingtime at half-massradiusin a Plummer
sphere.
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9 Resultsfor ¢ =0.1

This chapterdealswith theresultsof the simulationson two—componenstarclusterevolutionif the
fractionof heary starsmake up 10%of thewholeclustermassWe investigateéhe physicalprocesses
occurringfrom arandominitial distribution andcompareghemwith previousstudies.The essential
factsaboutthe evolution have beenintroducedin Chapter4 andare qualitatively visible in Figure
9.2: Thecoreradiusshrinkswith time, andtheclustercollapsesinderits self—graity. Thetime scale
for the collapseis the moreshortenedhelargerthe ratio of individual starsgets.The corecollapse
is shiftedto smallertime values.The formation of binariesin the core stopthe collapseandlet it
expandagain.We directour attentionon the variationsof the evolutionaryprocessefor different.

9.1 Data of ensembleaverages

We variedy from 1.25to 50.0andobtainedthe corecollapsetime, t.., for eachrun by considering
two values:first, the momentof the minimum coreradius, ¢(r. = min) and, secondthe deepest
centralpotential,t(® = min). The outputdatawaswritten eachNbodytime unit. Becausef large
fluctuationsbetweerntwo subsequerdatapoints,we applieda “smoothingfunction” overr, and®,
which returnsan averagedvalue of a boxcarof the specifiedwidth w (“smoothingwindow”). The
functionworksby the algorithm

w—1
1
Ri=— Z Aivjw/2s (64)
=0

whereR; is theresultingvalueof theoriginal variableA; having beenaveragedamongw neighbou-
ring datapoints.Thechoiceof w = 5 turnedoutto beusefulwith respecto both, clearingout noisy
peaksandmaintainingprecision(an examplefor the raw datais shovn in Figure9.9). The median
of thetimesfoundfrom theminimaof r. and® wastakento bethatspecialrun’s corecollapsetime:

_ tr, +to

teo = 7 (65)
Potential minima Minima of core radius
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Figure9.1:ModelsA, C, D, andF of Seried with N = 2500. Eachpointrepresentthe minimumvalueof the
centralpotential®. (left) andcoreradiusr. (right) at the time whentheseparametersttaintheir minimum.
Theaveragevaluesfor all modelsarelistedin the Appendix.
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Figure9.1lillustratesthedistribution of thedatapointsof r. and®,;, attheircorrespondingore
collapsetimesfor four selectednodels.Thelogarithmicaltime—axiswaschoserto shav therelative
scattetbetweerthe point clouds.Whenviewedat a particularrun, the corecollapsetimesarelik ely
to shav a significantdiscrepang betweerthe determinatiorfrom the potentialor from thecore,i.e.
tg doesnotnecessarilequalt,, , but theaverageof bothkinds, (¢, ) and(ts), coincidewell for the
wholemodel.So, {(t..) is agoodvalueto characterizéhe corecollapsetime of the model,aryway:

2 (b, +t0)/2] _ (tr) + (ta)
(fec) = S A= S (66)

As seenin thefigure,therelative varianceof the corecollapsetimesincrease$or smallervalues
of {t..). Sincethe corecollapseis drivenby two—bodyrelaxation,it shavs virtually the equivalent
problemsin its determinationfor high u's, the relaxationtime becomesrery shortin the centre,
and, consequentlythe exact momentof the minima & andr. is difficult to fix. Additionally, the
depthof the collapseis not clearly distinct (seenext section)suchthat an ambiguity ariseswhen
fixing a peakfor the momentof collapse.

Themeanvaluesfor the eightmodelsof our Seriesl aresummarizedn the Tablein the Appen-
dix. Theerrorsgiventherearethe standardleviation from theruns’ meant.., divided by the square
root of the numberof the runs /Nyuns. The error of (t..) is roughly 2-5% for mostof the mo-
dels,consistentith therelative errorsdeterminedy Spurzem& Aarseth(1996)andthe half-mass
evaporatiortimesby Baumgard{2001).

9.2 Evolution of the coreradius

Theevolutionof thecoreradiifor themodelsA—G is plottedin Figure9.2.Eachcurveis anensemble
averageof 20 runs.For modelswith p approachingo unity, the coreradiusshrinksasin anequal—
masssystem(at late collapsetimes,to theright). A lineartime scale(not shovn here)suggestshat

the collapsephasesetsin whenthe core radiushascontractedto about25% of its initial radius.

This is in agreementvith the resultsof Giersz& Heggie (1994a).For high u's, the infall begins

immediatelyfrom the startof the simulations Therapidcontractionof r. is dueto thevery massie

starsfalling quickly to thecentreonthecrossingime scale Thecontractiorstopsathigherr.—values
thanfor thelow—u models,anda quick expansiornof the corefollows.

The behaiour at the momentof corebounceis illustratedin Figure 9.3, wherethe minima of
the potentialandthe coreradiusareplottedversusu. For afixed N andmoderateu =~ 3 — 10, the
core collapseis carriedout by approximatelythe samenumberof particles,but they do not draw
togetherascloseasfor theequal-massaseor very smally’s. Therefore the densityandthecentral
potentialarelessdeepthanfor p < 2, andthe minimum of the coreradiusis not so profound.At
extraordinaryhigh u's, the effectis reversed Evensomefew heaviesaremassve enoughto deepen
thepotentialdueto theirmereexistenceThecollapsatselfis lessdistinct,asseerfrom theshallaver
r. in theright panel.In theintermediateu—regime ~ 3 — 10, the depthof the potentialresultsfrom
the combinationof thesetwo effects: Heary massesuild up a stronggravitational field, but their
kinetic motion doesnot allow a long—lastingvicinity. It is only naturalthat equipartitionbecomes
impossible(Chapter11). The differencesf the depthsfor various N arediscussedn Section9.6
below.

Thedevelopmengfterthecollapseappearsndifferent. Thetheoryby Goodman(1987)proposed
anexpansionof both,the half-massandthe coreradius,as

re o (t— tcc)2/3. (67)

This resultsfrom the fact, that the cluster maintainsa constanttotal massduring the expansion
(ejectionfrom three—bodynteractionss ignored):

M, (t) o< perd = const., (68)
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RND: Models A—G with N=2500
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Figure9.2: Comparisorof the shrinkingcoreradiusin the modelsA—G of Seriedl.

wherethe index ¢ denotesthe quantitiesfor the core. Sincethe centraldensity p decreasegro-
portionalto t 2 (Spurzem& Takahashil995),the post—collaps&volution goesasthe two—thirds
powerlaw in theformula(67).

We measuretheslopesf theexpandingr.'sin Figure9.2by fitting two straightinesembracing
the fluctuatingdataof eachmodelto constructan upperanda lower mamgin. Theselines give two
(moreor less)independenineasurement®r the slopeandarepresentedn Table 3, andthey shav
adecreasingrendfor higherp.

Table3: Measuredslopesof the coreradii in the post—collapsg@hase.

slope A B C D E F G

up 0.631 0.666 0.680 0.525 0.522 0.490 0.420
low 0.940 0.864 0.662 0.615 0.524 0.517 0.445
mean| 0.7855 0.765 0.671 0.570 0.523 0.5035 0.4325

The resultsactually incorporatetwo biases First, the lower lines seemto be steeperthanthe
upperonesfor the mostof the models.Thereasorfor thatis not clear, butit is likely anerrorin the
precisedeterminatiorof the cutting pointsat the logarithmicalaxes.Secondthe simulationsreach
differentstageof the post—collapsevolution, andtheexpandingbranchesxhibit differentlengths.
Especially the low—y models(A andB) arenot far advancedfor precisemeasurementsyhile the
high— models(F and G) appeadistortedtoo muchaboutthe time of collapsesuchthatthe onset
of the self—similarexpansionis difficult to find (seealso Giersz& Heggie 1994b).So, we cannot
judgedefinitively whetheror not the core expansionis really the samefor all of our models.From
the theoreticalpoint of view, thereis no argumentfor a differentbehaviour of the core expansion
whenunequaimassesrepresent.
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Figure9.3: Minima of potential(left) and coreradius(right) at the momentof core bounce.The collapseis
carriedout by alessnumberof coreparticleswheny rises.Seetext for explanationgn moredetail.

9.3 Corecollapsetimes

It wasstatedbeforethatthe nucleusconsistingof two mass—component®llapsesn atime shorter
thantheequal-masslusterby afactorof 1/u (Khalisi & Spurzen001;Fregeauetal. 2002).This
is reasonablebecausehe equipartitiontime is shortenedaccordingto eq. (18). The left panelof
Figure 9.4 shawvs newv and more detailedcalculationsin a wider y—range.The meantimes, (t¢.),
have beenplottedversusu for the completesampleof our modelsin Seriesl, the simulationswith
N = 2500 are connectedwvith a solid line for optical clarity. The circles at left are the collapse
timesfor an equal-masslusteraccordingto eq.(17), andthe dottedline is the stability boundary
by Spitzerwith xmax = 0.16, €q.(29).

In the left panel,the core collapsetimes corverge smoothly againstthe collapsetime for an
equal-massluster t..,1, asy approachesnity. The non—linearityin this regionis a clearevidence
that equipartitionmingleswith the gravothermalinstability. Betweenu = 2 and 10, a somavhat
lineardeclineis visible, but far beyondthe stability boundarythe corecollapsetimesrun towardsa
constantvalue.Thatconstantanberegardedasthe minimumtime for the high masseso reachthe
clustercentreandcollapsen the frameof their own subsystem.

In the right panel,the factor of “collapseacceleration’is plotted for variousy’s. It is to be a
measurdo which percentage clusterwith two masse®f ratio y evolvesfasterthanits analogue
with equalmassesThe dashedine is the u~!—declineof expectationj.e. a clusterwith two mass—
specieshaving a ratio p would collapsepu-timesearlierthanits single-masquialentaccording
to

1
tcc,u x ;tcc,l- (69)

At p = 2 thedecouplingof the equipartition—baseihstability andthe gravothermalinstability takes
place.For u — 1, theevolution proceedslowlier thanthe 1/ u—decreasehecauseéhetendenyg to
equipartitiondrivesthe initial evolution andslows down a “purely” gravothermalcollapse.As the
massdifferencebetweenm, andm, becomesnaminally, the systemcollapsedike a single—-mass
cluster Beyondthecritical valuey, = 2, anearlydecouplingof thetwo masspopulation®ccursThe
heaviestry to reducetheir large velocity dispersion put they rapidly accumulateat the centreand
interactpreferablywith themseles.As aconsequencesquipartitionis harderandharderto achieve
andthe evolution proceednly dueto the redistritution of heatwithin the two, almostseparated
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Figure9.4: Left Corecollapsetimesof themodelsin Seriesl. Thetimesshortennon—linearlywith increasing
p. Thedottedline aty = 1.275 is Spitzers (1969)equipartitioncriteriongivenin eq.(29) for valueof Xmax =

0.16 andg = 0.1. Thecorecollapsetimesof thecorrespondingqual-masslustersareindicatedby filled dots.
Theerrorbarsaresmallerthanthesymbols.Right All collapsetimesdividedby thet..,1 of thecorresponding
equal-massimulation.

componentgBettwieser& Inagaki1985).The light starsevaporateout of the core andtake away
thethermalenenpy to the outskirts,while the heariesincreaseheir binding enegy. The latterones
collapselike a single—-massubclusterThe combinedprocessthe releaseof enegy by shrinking
of the heavty componentandthe heattransferby the light stars,works effectively andleadsto an
acceleratedollapse.

If 4> 1, thesituationturnsinto a caseof dynamicalfriction: A handfulof particlesaredrowned
into a homogeneouseaof light stars,and,like in anordinaryfrictional drag,their motionsuffersa
decelerationThecorecollapseof thesystemis notadirectmatterof thefew heary massesinymore,
sothe curvatureof the solid line at high u’s shouldbe consideredwvith care.lt is instructie to see,
thatonly for large N, the absolutenumberof heary starsseemssufficient enoughto maintainthe
linear slopeof acceleratealusterevolution. The slopefollows the dashedine a bit longerbefore
bendingtowardsthatconstantalue.We expectthatthe ,~!—decreasvill be seenmoreclearlyfor
evenlargerparticlenumbers.

9.4 Masssegiegation

The processof masssegregationfor the six modelsA—F is illustratedin the Figure 9.5, wherethe
meanmassof the stars thatareinsidea specified'Lagrangianshell”, is shovn (a Lagrangiarshell
is the volumebetweertwo Lagrangiarradii, which containa fixed massfraction of the boundstars
in thesystemsee[21]). Themeanmasss computeddy (m) = (m1 N1 +ma2N2) /(N1 + N2); since
the total massof the systemis scaledto 1 for the sale of N—body units (Ch. 8.3), onelow mass
star becomesactually slightly smallerthan1/N, while a heavy oneis larger. This doesnot alter
the discussionpecause is a relative quantity of masseswhich is always exactly kept. In Figure
9.5, the y—axiswas multiplied by N for handyvalues,andthe meanmassfor eachmodelis also
indicated.

Theprocesof masssegregationproceedasfollows. With thelight andheary massesandomly
distributed, eachshell exhibits the sameaveragemassat the beginning. In the courseof the evo-
lution, theinner shellsassembldhe heary bodies,andraisethe meanmass.The half-masgadius
andtheoutershellslosetheir heary starsratherquickly andremainbelow the valuefor the average
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mass becausehe light onesoutnumbetthe heavies significantly The clusteris stratifiedby mass,
then.Note,thatall shellsremainratherstaticthroughouthe calculation.

A: Mean star mass in shells B: Mean star mass in shells
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Figure9.5: Averagemassin Lagrangiarshellsfor modelsA—F shaw the stratificationof massesn the cluster
Thesegregationof heary massegproceedsn agreementvith theglobalevolution of the cluster Themeanmass
is indicated.
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GO5_RND/Run04: Segregation of heavy particles
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Figure9.6: Distancemoduli of 18 heary massparticlesin Model G with N = 5000. Eachof the particleshas
gotamass25timeslargerthana light particle(their orbits not shawvn). The corecollapseof this run occurred
attce = 33.5.

The sgyregationof massepropagatesimultaneouslyvith the contractionof the core.Giersz&
Heggie (1996) have alreadynoticedthe self—similarity of this processin the modelsA andB it is
nicely seerhow theinnerlayersdecouplestepwiseoneaftertheotheruntil thefinal stages reached.
After the collapse the profile doesnot changemuch, so, the effect hasonly influenceon the early
evolutionaryphaseasexpectednotin the post—collapseThe moderatedeclinein themodelsk and
F canbeexplainedby theheavy particlesescapingBecaus®f theirrelatively smallabsolutenumber
(seeTable?),they getejectedrom thecoreandleave theclustersuchthatthesurplusof smallbodies
depleteghe meanvaluein the shells.A handfulhigh—masstarsin the centreinteractstronglyin a
few—bodyprocessandkick outeachother, andthecoreis gradually“evacuatedfrom theperturbers.
In our datawe find an enhancedraction of high—-massescaperoccuringimmediatelyafter the
collapseconfirmingthis scenariomary of themexhibit enormouskinetic enegiesandsomeeven
escapesboundbinaries(seeSec.9.5). However, someheayy latecomersenterthe inner regions,
but a balanceis found betweenthe incoming and outgoingmassflux. In general,the dynamical
processem the coredo notinfluencethe propertiesof theclusterasawhole.

Themeanmassn the 1%—Lagrangiarshellnever attainsits full “capacity”,i.e.thevalueof ma,
which could principally be gainedif this shell wascompletelypopulatedby heary stars.lt means
thatthereis alwaysanumberof low—massstarsintrudingandleaving theinnermostregionthatkeep
(m),9 ataconstanfractionof the maximally attainabldevel. This level is at about0.8m if p is
small, anddropsto 0.5m for the highesty’s. In this sensethe system“adjusts”its layersto an
appropriateratio of light and heary stars,and picks up a constantflux of incomingand outgoing
particles.The heightof (m) in the innermostshell may dependon N slightly, but this kind of
variationis notasclearasthevariationson p.

Another illustration of the segregation processis given in Figure 9.6. It shows the shrinking
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distancanoduliof 18 heary—massstarsof onetypical run of amodelwith ahigh mass—ratigModel
G, p = 25, Runno. 4, N = 5000); this modelconsistsof 22 heary massstarsinitially, but 4 stars
escapedt sometime beforethe final plotting time unit, andthey wereexcludedfrom the plot. 17
dashedines were overlappeddemonstratindiow the orbits of mostparticlesdraw rapidly closer
The core collapseoccuredat .. = 33.5. A solid line lifts off one particle of examplethat was
knockedout of the chaoticregion dueto a closeencounterbut its kinetic enegy wasnot sufiicient
enoughto leave the system.lt sggregatedinwardsagain.One other particle,whosepericentemwas
at 0.9 Nbody-radii,remainedin the halo and did not take partin the collapse,but it sankto the
intermediatalistancest aboutt.. = 70.

9.5 Escapers

The escapef starshasbeenstudiedmary timesin the past.The estimationof escapeatesis often
basedon idealizedmodels,whosesimplifying treatmentsometimedeadto differentresults.The
compleity of this topic is reviewed by Meylan & Heggie (1997).We just give somekeywordsin
orderto outlinethe scopeof the problem:

e Theorieshasedn relaxationphenomengield a differentescapeatethantheoriesinvolving
individual two—body encountersthe former is often denotedas “evaporation”,the latter is
relatedto “ejections”.

e Therateof escapés not a constantwhile the evolution of the systemproceedsevenin the
pre—collaps@hase.

e An increasingconcentrationn the coreaswell asthe growth of anisotrojy tendsto enhance
theescapeate.

e Furthermorethe escapeateis stronglymassdependentdifferentmassspectraandsegrega-
tion alterit.

o A tidal field lowersthethresholdfor escape.

o A sufficientabundanceof binaries(both, primordialandformedones)hasa substantiakffect
on high—welocity escapersvhich take away enegy from the systemandchangethe erviron-
mentalconstraints.

In view of thesecomplicationscaremustbetakenin theinterpretatiorof the data.Neverthelesswe
wantto contribute to the list of simplified theoriesby our latest N—body simulationsinvestigating
theratesfor variousparticlenumbersandthevariationon g, in particular

An escapes definedby a particle having both positive enegy andits distancefrom the density
centreexceedinga limiting radius.We have choserthedistanceo be 20 timesthe half-massadius,
rn. Theparticleswereremovedfrom thecalculationfrom atime whenbothconditionswerefulfilled,;
we shallcall them“removedescapers”We will draw our attentiononly to escapersccuredbefore
thetime of corecollapset... Besideghat,onerun containsanumberof particleswhich have gained
positive enegy but notreachedhedistanceor aremoval yet. Suchkind of particlesdominatewvhen
tec IS extremelyshort.In particular the high—-u modelscollapsewithin a few tensof Nbody—time
units, and a large numberof particles,that are going to escapewould be missed.This condition
resembleghe “enegy cut—of” (Baumgardt2001),andwe shall call theseparticles“potential es-
capers”.Whethersomeof themwill be scatteredbackto becomeboundmembersagainor really
escapeis acomple procesghatis out of the scopeof our subject Baumgard{2001)estimatedhat
a fractionof 2% of the potentialescapersnight returnto the system As afirst approactto the ge-
neralpropertief escapersye will accounto thenumberN,,. all removedescaperpluspotential
escapersattheepochof ¢... Becausef thescatterof thecorecollapsetimes(Section9.1),eachrun
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Escapers in Model C / Run04
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Figure9.7:Model C (1 = 2.0), Runno.04,with N = 5000. Enegy of anescapingarticleis givenin unitsof
ksT andplottedagainstits escapdime scaledo the corecollapse Diamondsdenoteheary masses.

waschecledseparatelyor its escapershatoccuredbeforethatrun’s individual corecollapsetime
— nottheensembles (t..). (Nesc) is the averageamongthe theseindividual Neg.'s, divided by the
squareroot of thenumberof runsperformed.

Figure9.7 givesatypical examplefor the enegy distribution of all removedescaperg onerun
of Model C with N = 5000; the potentialescaperare disregardedhere.The enegy is measured
in unitsof kg T' andplottedagainsthetime of removal; light bodiesarerepresentedby filled dots,
heavy onesof ms = 2.0 by diamondsThe collapseoccuredatt.. = 643.5 for thisrun. In the be-
ginning,thelight particlesdiffuseslowly from the systemwith smallenegies(evaporationakffect).
After the core collapse the massdependencé more complicatedfor a secondclassof escapers
joins: high—enegy particles,whoseenepgiesarehigherby two ordersof magnitudeA fair fraction
of the escapersire heavy stars.As in the statisticsfor equal-massesy Giersz& Heggie (1994a),
it is naturalto associatehemwith ejectedstarsthatgo backto three—bodyinteractionsn thevery
centre Masssegregationhaswidely finishedatthetime of corecollapse andinteractionsn thecore
startdepletingthe high—masgpopulation Otherrunsof the samemodelexhibit a similar picture.

Theanalysisof themodelsin regardto p revealsinterestingviews on the escapanechanismA
summarnyis shavn in Figure9.8,andthelegendfor thesymbolsis givenin panel(e). Theerrorbars
areusuallyomitted,thoughthey aregivenfor the N = 2500 set(triangles)exceptin the panels(c)
and(d); the error barsarealmostinvisible in (c), andlargerthanthe panelsizein (d), becausehe
numberof high—-mas®scapersariesalot amongonemodel.

Panel(a) givesthe fraction of escapedtars,(Nesc) /N. In asingle—-massluster(y = 1) about
2.5%of the starsleave the systembeforeit collapsesWhenintroducinga secondnassthisfraction
dropsto 0.2-0.5%until i &~ 3. The reasonis that the rate of escapgpanele) is nearly constant
for small i, but the shortercollapsetimes causea smallerprogresf the escapanechanismthus
a smaller Nesc. When massie bodiesms > m; are present,a larger fraction of starsreceves
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positive enegy andturnsinto potentialescapersThe N—dependenspreads dueto the fact that
theindividual massof a particle,m, scaleswith 1/N in our Nbody units, thusthe thresholdfor an
escapes lower.

Panel(b) givesthe ratio of the removed escaperso the potentialescaperasdescribedabore,
(Nrem)/{Npot). For p closeto theequal-massasethe corecollapsetime is large. Thus,theaccu-
mulatednumberof removed particlesis largerby = 10 timesthanthe numberof potentialescapers
at the momentof t... For high u’s, removed particlesare scarce while potentialescaperslid not
have time to crossthe clusterandturn into removed ones.Thus, the potentialescapersnake the
overwhelmingmajority. The slopeof the decreasés —1 , andit is identical with the shortening
of t.c wheny increasesThe vertical dependencen N mirrors the increasingamountof removed
escaperslueto thelongert..—timesfor larger N.

Panels(c) and (d) dealwith the individual massesf the escapersWhenonem, escapesit
raisesthe averageescapemass.in themodelsy 2 10, the absolutenumberof high-massscapers
is zerofor mostof theruns.This is the corversesituationof panel(a): For massve stars theescape
is difficult. It is just 1 or 2 heavies appearingnoreor lessaccidentallyandtake away a significant
fractionof massrom thecluster They areratherevaporateabjectsthanejectedn acloseencounter
for their enegiesarerelatively small. Their statisticsareextremelypoor, andthe errorbarsareclose
to zeroin panel(c) andextraordinarylargein (d) for the shortageof me—countsUsually, the heary
escapersccurin thelate post—collaps@haseanddo not receive our attentionhere.From panel(d)
andu < 5, wefind thata 3% of all escaperareheaieswhich leave the systembeforet,...

Panel(e) presentsheratesof escapeavithin acrossingime for differenty. Thecomputationwas

adoptedrom Wielen(1975)as
dN Nesc
(G )t (70)

dt (tec)

wherethe bracletsdenoteaveragesamongtherunswithin amodel.For equal-masslustersourrate
is ~# 0.2—0.3in pretty accordancevith other N—-bodyresultslisted by Giersz& Heggie (1994a).
The slight declinetill 4 ~ 3 andthe strongerincreaseafterwardsis in excellentagreementvith
the theoreticalexpectationby Hénon(1969), his Figure 1. Thoughhis modelsdiffer from oursin
g, the branchof the curve relatedto our modelsexhibits the sameshape We interpretthe curve
suchthattwo differentmechanismgroduceescaperi the pre—collapsg@hasainderconsideration:
Relaxationdominatesf theindividual masseslo not differ much,thusevaporationcauses steady
massloss from the system.When y is increasedslightly, t.. drops,andthe effect of evaporation
cannotadwancesofar. Theescapeateis alsoreducedhen.For highery's anothemechanismakes
over: Massve starsexhibit a stronggravitationalfocusing.The gravity of onesingleheavy particle
attractamorelight starsandits enegy is distributedamongthem.So,amultitudeof light starseasily
gainspositive enegy andheaddor escapeThefrequentwo—bodyencounteref oneheavy particle
leadsratherto ejectionsinvolving high enegiesthananaccumulatiorof smallescapenegies.

Panel(f) of Figure9.8 shavs the meanenegy carriedaway by the stars.The nearconstang
suggestainindependencé&om g, but asubdvisioninto removedandpotentialescapergnot shavn
here)revealsdifferencedetweerthetwo groups.For removedescaperghe meanenepgy increases
asmuchasafactorof 10 overthewhole y—range This confirmsthe ejectionscenaricexplainedfor
panel(e). On the otherside, the potentialescapershav a constantout somevhat lower enegies
on average.Sincethey make up the larger fraction, the meanis depletedin the high— regime.
However, a more careful computationis neededo confirm this point andto checkhow the mean
enegy is evolving whenexpandingthe view to thesepotentialescaperso the momentwhenthey
areremovedin the post—collaps@hase.

Finally, we canconcludethat modelsresemblinghe equal-massodeltendto losetheir mass
by a slow evaporationprocesswhile enegetic ejectionsoutweightin high—-u models.At u ~ 3,
both processeareexchangingtheir dominantrole. After masssegregationhascometo a stopnear
corebouncethree—bodyencounterén the corestartdepletingthe populationof my—stars.
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Figure9.8: Summaryof escapedatafor thedifferentmodels (a) Fractionsof remosedescaperbeforethecore
collapseplus potentialescapersit t... (b) Ratio of removed escaperso potentialescapers(c) Mean massof
escapergd) Relatve numberof mo—escaperamongall escapingarticles.(e) Escapeaates.(f) Meanenegy

of escaperin k™.
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9.6 Largeparticle numbers

Somedependenciesn differentparticlenumbershave alreadybeentouchedn the foregoingsecti-
ons.Here,we presentadirectcomparisorof theclusterevolution for the A—-modelsfirst. This model
is closeto the uniform masscaseandhasthe longestevolution time. Figure9.9 shavs the raw data
of the minimum potentialfor five runs,i.e. we appliedno smoothingor averaging,but remosed a
coupleof disturbingpeaks.They arecausedy two approachingarticlesthatfailedto regulariza-
tion becausehey did not momentanyfulfill the necessargriteria, but usuallythey are“caught” by
the codein thesubsequertime step(Ch. 7.4).

Themostobviousfeature of coursejs theincreasingcorecollapsetime in prettyaccordancéo
theincreasingelaxationtime proportionalto N/In(yN), eq.(15). Note, thatthe fluctuationsof the
datain the pre—collaps@hasearesmallerfor higher N, becausehe globalpotentialis smootherin
thepost—collapsehefluctuationsarenearlythe same for thenumberof coreparticles,N,, is of the
sameorderfor eachof thefive runs.

Fvolution for various N
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Figure 9.9: Evolution of the centralpotentialof selectedunsof Model A for N = 1000,2500,5000,10,000
and20,000particles.

Theassumedonstang of N, leadsto asecondopic concerninghedifferentamplitudesof the
potentialminima. This hasalreadybeenmentionedin connectionwith Figure 9.3, thoughthe left
panelof Figure9.10 pointsto the variationson N clearer For modelsresemblingthe equal-mass
casethe maximumdepthis afunctionof N. Thereasoris thatthe collapseis only haltedwhenthe
rateof enegy productionin thecorebecomeshesameastheenegy rategoingin via theheatflux of
the gravothermalinstability (Goodman1987).The outflowing enegy is producedy the formation
of binariesin three—bodyencountersandthelatterbecomemportantwhenthedensityis sufiiciently
high. As the coreradiusof alarge—V clustercontainsa largernumberof starsinitially, it hasto get
rid of almostall of them.Sincethefinal N, atcorebounces nearlya constantthe evolution of the
coreradiushasto advancedeepelin orderto provide the densitynecessaryor binary formation.
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Figure9.10:Left The meanpotentialminimaatthe momentof corebounceasasfunction of thetotal particle
numberN. Modelscloseto theequal-massaseshav adeepempeakwhen N is rising thanthe high-u models.
Explanationis givenin thetext. Right The meancorenumberincrease®nly slightly with N. Disregardingthe
two highestu, the numberof minimum coreparticlesis betweenl0 and40.

Giersz& Heggie (1994b)describedhe samething in termsof the fraction of coreradiusto half—
massradius,r./r,: thelarger NV, the smallerthatfraction. Thisis visible for modelswith u closeto
unity in Figure9.10. Though,theright panelsuggests slightincreaseof coreparticlesfor large—-V
models theabsolutevaluesof IV stayin theorderbetweernl0and40.

The situationlooks somevhat differentfor modelswith high g, in particularfor p = 25 and
50. The massve starsreachso fastly the centrethat an “incomplete” evolution of the coreoccurs.
The heary masse<ollapseapartof any dynamicalequilibrium, becausehe interactionsamong
themselesaremoreimportantthanthosewith thelight stars.Thecentralpotentialshovsits deepest
valuewhensomefew of themhave gatheredn the core,while thelight starshave notchangedheir
densitydistribution. The deepepotentialis rathera matterof the presencef the massie starsthan
of a substantiatollapseandit appearsiot asprofoundasfor nearlyequalmassegseeFigure9.3
for comparison)Thereforethe amplitudeof the collapse{®in ), depend®n N, only weakly; if at
all. — It shouldalsoberecalledthatthe datafor N = 20,0000 arebasedn onesinglerunfor each
1, andtheir significancehasto be takenwith care:On onehand,thelarge N providesa numberof
44 massve particlesasa goodbasisfor an analysisof the segregationprocesspn the otherhand,
onesinglerun canjust beconsideredsatrend,but its statisticalvalueis low.

Now, we will focuson the coeficient+y in the Coulomblogarithm,In (vV). It hasbeensubject
of discussiorseveraltimes,e.g.Giersz& Heggie (1994a)amongothers.Its valuewasestimatedo
be~y = 0.11 for a single—masgluster but the variationson p are not known precisely Oneway
to determinethis quantityis by comparingthe evolution of the samemodelbut for differentV. We
briefly repeatheir method:Theleft panelof Figure9.11shavstheensemble—zeraged.agrangian
radii of our Model A for two differentNV. For thetime stept, thevalueof a Lagrangiarradiusin the
2500-bodymodelwasdeterminedandthenthe correspondingime ¢’ atwhich the samevaluewas
reachedn the 5000-bodymodel.Becausef thefluctuationsthereareusuallymorethanonesuch
times,but choosingthefirst of themreturnsan appropriateesultthatis widely insensitve to other
times.Theratio of thesetwo timesis a scalefactor, S¢, thatshouldbe alsoequalto theratio of the
relaxationtimesfor thedifferentV:

t' _ N'In(yN)

= St

t ~ Nln(yN")" (1)
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Figure9.11:Left Five selected agrangiarradii of Model A for N = 2500 and N’ = 5000. Right Scalefactor
St for this modelcomputedrom the comparisorof the Lagrangiarradii.

Repeatingthis procedurefor eachtime stepand for eachLagrangianradiusyields an S¢ that is
plottedin theright panelof Figure9.11.Beforethe corecollapsethetime ratiosshov aremarkable
constany (disregardingthe initial settlingperiod),andtheinner Lagrangiarradii agreevery well.
TheotherLangrangiamadii (e.g.50%r radius)expandtoo earlyfor ausefulanalysisThescalefactor
in the constantpre—collapseangeis S; = 1.675 for this model. With the definitiony = N'/N, a
re—arrangemerdf eq.(71) yields

&ln('yN') = In(yN)
v
exp [In(yN")%/"] = exp[In(yN)]
,YSf/V(NI)Sf/V — ’YN
N
Sf/V*l —
v - (N/)Sf/u
N Sp—v

We computedthe v's for eachmodelusingthe datasetsof N = 2500 and N' = 5000. The
resultsaregivenin Table4 andplottedin Figure9.12. The first two rows definethe u—model;the
third givesthe scalefactor as determinedfrom the figuresanalogto 9.11; the fourth is the error
measuredrom the widths of the fluctuatinglinesin the stableregime (horizontalpart); the fifth is
the outerexponentin eq. (72) with v = 2; the sixth andthe seventhrow arethe resultingy’s and
their errors,respectiely.

The comparisorof the datasets*2500 — 5000” providesa moreaccuratescalefactorthanthe
otherdatasetswith lower N, becausehey restupona higherstatisticalsignificang: Our setwith
N = 10,000 canbe averagedover 4 runsonly, andthe 1000-seis biasedto low—N physics.The
resultsgivenin Table4 show that~y actuallyvariestoo muchfor a meaningfulinterpretationVery
smallvariationsin S; causdargefluctuationsn thetwo exponentof eq.(72) andaltery enormous-
ly; theformulais “oversensitre” to both, Sy andv. The errorwascomputedasthe differenceof an
“upper” anda“lower” « thatresultsfrom the thicknes=of the S¢—line. Systematierrorsandbiases
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Figure 9.12: Left Scalefactorsmeasuredrom figuresanalogto 9.11 for various . Right Coulomb= as
determinedrom N—bodysimulationswith differentparticlenumbersrom eq.(72). The error barsarelarger
thanthe panelsize.

Table4: Scalefactorsand~y’s for themodelswith differentu. Thedataweredeterminedy comparingthe data
setsN = 2500 and N’ = 5000, giving a particleratiov = 2.

model A B C D E F G

I 1.25 1.5 2.0 3.0 5.0 10.0 25.0

St 1.675 1.800 1.785 1.750 1.775 1.845 1.680
AS; 0.045 | 0.010 | 0.035 | 0.030 | 0.175 0.045 0.190
v/(Sf —v) | —6.154| —10.00 | —9.302| —8.000| —8.889| —12.903| —6.250
5 0.0142 | 0.2048 | 0.1263 | 0.0512 | 0.0948 | 1.5321 | 0.0152
Axy 0.0198 | 0.1477 | 0.3912 | 0.0808 — — —

in their estimationarevery strong,but cannotbe avoided. Therefore the errorsmay give no more
thananimpressiorandrecallthe dangersf theinterpretation.

As for differenty, we presentanotherexampleillustratingthe greatvariationswhendetermining
the Coulomb-. Table5 shavstheresultsfor theequal-masmodelsusingvariousparticlenumbers
N andN'. The S; shawvs a reasonabléehaviour for differenty’s andis conformto the resultby
Giersz& Heggie (1994a)showvn in the lastcolumn. The resultingry, however, differsat leastby a
factorof 5.

Thevaluey = 0.11 mentionedabove is actually found due to the comparisorof Nbody and
Fokker-Plancksimulationsof equal-massnodels(Giersz& Heggie 1994a,their figure 6). From
their Nbody—Nbodysimulationswith particlenumbersof N = 500 and N’ = 2000 (their Figure
5), it is easyto extractan Sy = 2.95 andgetay = 0.098. For the samepatrticleratio, v = 4.0, we
obtaina+ thatis half of theirs(lasttwo columnsin Table5). But, our absoluteparticlenumbersare
5 timeslarger. From thesediscrepanciesve just canconcludeso far, thatthe choiceof N and N’
essentiallycontritutesto the Coulomb-.

Finally, we areleft with a fair rangeof possiblevaluesfor the~v. They may be wrong by one
orderof magnitudesodoesModel E for examplewhenanalyzingdifferent V- — N’ likein the
Table 5. However, a crudeestimateindicatesthat v rangessomeavherebetween0.01and0.20. A
similar rangewas given by Giersz& Heggie (1996) for the caseof a powerlaw massspectrum:
0.016 < v < 0.26. Dueto the uncertaintiesand dangersof interpretationwe cannotdefinitively
judge whethera two—componensystemwould really influencethe Coulomblogarithm as much
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Table5: Comparisorof our equal-massnodelswith four differentparticle numbersandthe Nbody—analysis
by Giersz& Heggie (1994a)in thelastcolumn.

Eq.Ms 1000— 2500 1000— 5000 2500— 5000 2500— 10,000  [21]

v 2.5 5.0 2.0 4.0 4.0
St 1.96 3.21 1.60 3.09 2.95
v/(St — v) —4.630 ~2.793 ~5.00 —4.396 ~3.810
7 0.028 0.018 0.006 0.044 0.098

asa continuousmassspectrumdoes.lt is unclearhow the fraction of heary massesg, could alter
the results.A comparisorof our two—massnodelswith analogFokker—Plancksimulationswould
provide a morereliableresult. The ratherconstanscalefactors,St, for the majority of modelsgive
justaweakhint thatthe dependengof v on u couldbe marginally.
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10 Extremelimits of segregation

The simulationsof Seriesll discussedereareratherexotic ones.All the heary massesn, were
artificially placedatthetwo extremeparts:

e inside of the 10% Lagrangianradius, suchthat the two componentsvould alreadybe ma-
ximum segregatedand no further processof stratificationexpected— thosemodelswill be
calledINS;

e andin the outsideregionsbeyond the 90%—Lagrangiamadius,in orderto constructa most
possible‘anti—segregation”— thesemodelsarenamedOUT.

Thoughunrealistic,suchextremecasesareof specialinterestfor investigatingthe full rangeof the
sggregationprocess.

10.1 Motivation and setup

Theideafor suchaconfigurationgoeshackto theinfraredobsenationsof theyoungTrapeziunclu-
sterin the Orion Nehula Cloudby Hillenbrand& Hartmann(1998).They discorereda considerable
amassingf heary starsto the centre:The averagemasswithin the coreradius(0.205pc) is three
timeslargerthanthe averagemasswithin 2 pc. Bonnell& Davies (1998)simulatedyoungclusters
betweerb00and1500starsusingthe NBODY2 codeandconcludedrom their resultsthatthetime
scalefor a dynamicalmasssegregationis muchtoo long thanis reflectedby the positionsandages
of themostmassve starsin the TrapeziumBoth papersarguefor a primordialmasssegregation.

Thestarformationtheoryby Murray & Lin (1996)alsopredictsaformationof themostmassie
starsnearthe clustercentre,sincetheir proto—stellarcloudsrequiremary dissipatve memgerswith
low—mas<loudletsfor thegrowth. They happenpf coursejn thedenseaegions.Suchnewly formed
clusterawill remaingravitationallyboundwith themassve starsremainingpreferentiallyin theinner
partsof thecluster Ontheotherside,Podsiadlavski & Price(1992)drav aschemeén whichmassve
starscould alsoform in somecold gaseouslumpsin the outskirtsof a star-forming region. These
individual massie starssink to the centre(possiblywhile still forming), and are likely to affect
theformationof otherstars,for exampleby heatingor disruptingtheir gascloud. It is only the later
phase®f starfformationthatwill bedominatedy asequentiaformationof massve starssurrounded
by previously formedlow—massstars.However, the differentresultsareconflicting.

We want to checkthe limits for masssegregationand core collapsein orderto figure out the
shortesaindlongesttime scalefor this processAs before q is heldfixedto 10%o0f the clusterstotal
massandthesameu—modelsareassumedsin therandomparticledistribution of Seried. Thetwo
populationsN; and N5, consistof 2500particlesin total,andthey areseparatelplacedattheinner
andouterregions.This is doneby firstly selectinga distancer for onestarfrom the formulawhich
createghe Plummerprofile

r= (M7 1)V (73)

whereM (r) is theaccumulatednassof thebodiesinsider; M (r) is gainedby iteration.So, thefirst
starof massn; = (1—myN>)/N; hasgotadistanceof » = 0.074 Nbodyunits. Theactualposition
(z,y, z) is now computeddy two randomnumberghatgeneraterojectionsrom the surfaceof that
spherewith radiusr (seeAppendixof Aarseth,Hénon,Wielen 1974). This procedureplacesone
bodyaftertheotheralongthemassunction M (r). Themeandistances predestinedhecoordinates
areoptional.Whenplacingall light bodiesfirst, onegetsthe OUT-model,andvice versathe INS—
model.
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10.2 Mixtur e of the components

Figure 10.1 shavs how the radial profile changesn the D—OUT simulationin an examplerun.
Eachpanelis a snapshobf the momentarydistribution of starnumberswithin a specifieddistance
interval from the centre.Thetimesaregivenin the upperright corner Heavy starsarethreetimes
moremassive andare marked asa shadedarea,all of themplacedfar outsideat the foothill of the
Plummerprofile atthe startof the simulation.Thosestars whosevelocity vectorpointsaccidentally
inwards,are favouredfor segregationand headfor the centreassoonasa few crossingtimes but
long beforethe collapseanyway. The bulk of the otherheavieswidensandits memberdiffuseall
overthespacamakingupamoreor less“flat” profile halfwaysto thecollapseTheirstrongtendenyg
to theinnerregionsis visible. Whentheir numberin the inner shellshasbecomesuficiently large
(att =~ 250), thecollapsephasesetsin. For this run, the collapseoccurredat .. = 300.5.

Now we turnto the contrarymodel,D—INS, presentedh Figure10.2. Theheary starsexpandin
all directionsimmediatelyfrom the startandform an own subsphereThis is becausehey arenot
in anenegeticbalanceinitially. Also, the light starsfall into the coreandbegin to mingle with the
heavies from the very beginning. Relaxationbetweeneither componentsadjuststhe enegy distri-
bution in the system Both speciedry for the establishmentf thermalanddynamicalequilibrium.
Whetheiit is achievedor not,depend®nthemasgatio i (thisis discussedh moredetailin the next
chapter).Theseparticlesstay closeto the potentialwell, andonly a few of themsucceedo reach
out to the half-masgadius.While both speciegjuickly mix andexchangeheir kinetic enegieson
the shortrelaxationtime scalein the core,the gravothermalinstability becomeseffective andlets
the corefall in. The collapsetime proceedsy about8% fasteron averagerelative to the random
setup.Thedifferencebetweerthe INS—andthe RND—-resultsof Seried is notvery large.Sincethe
intermediatgartsof the clusterdo notexertaninfluenceonthe collapsetheinitial expansionof the
heavy starsdoesnot have aneffect, either The collapseis only slightly faster

Another comparisonof the mixing processs shovn for Model B (¢ = 1.5) in Figure 10.3.
The meanmassbetweentwo Lagrangiarnradii is ensemble-geragedover 20 runs(seealsoFigure
9.5b for the correspondingRND simulation).In the right panel,the clusterstartsfrom the INS—
configuration:The 1%—Lagrangiarshellhasgot a meanmassthatis p—timeshigherthanthe outer
layers.Thelight starspenetratémmediatelyafterthe startinto theinnermosthellandreduce(m),
asseemattheveryleft mamgin. Thesphereof heary bodiesexpandsalittle andraiseshemeanmass
in the outersphereglower curves).After the shortsettling period of somefew crossingtimes,the
modelturnsinto a configurationasin the RND—model.Thatis obsenedfor ary u.

In theleft panelof Figure10.3,it is visible how slowly the heary massesink from the outskirts
to the centre;the decreasinglashedine is the meanmassof the 75-95%shell. Its slow decline
indicatesthat fair numberof heavies remainsin the halo for a long time beforethey startfalling
inwards.Their orbital velocity is alsosmall, andtheir motion startsfrom a ratherinert state.The
collapseis performeda by thosefew heavry bodiesthat by chancemoved quicker to the centre.
As seenfrom the lower (m) in the innermostshell, the numberof the heavies responsiblgor the
collapseis smallerthanin the INS—andRND-models.

Besideghat, the stability of the shellsin the post—collapsés remarkableThereis afair balance
in theamountof light andheavy massegar beyondthe collapse Onemight expectthatall shellsof
the INS— andOUT-modelswould strive for the samelevel of (m), namelythoseof the analogous
RND-model,within somerelaxationtimes. Surprisingly the differentheightof the levelsindicate
that evolution of the systemhasapparentlysloved down after the collapse.However, it is not fi-
nishedat all, for relaxationcontinuessegregatingthe massego the final state,which is given by
the RND—model,indeed.The apparenstability is probablyan effect which restson the formation
of binaries.In this phasethe enegy productionwill be conductednto the core,while the outside
regionsexpand.The expansionprohibitsa subsequerinfall. After very muchlatertimes,the shells
reachthe final {m)—level of the RND—-modelwhenthe mixture of the componenthiasproceeded
further.
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Figure10.1:Model D-OUT, Run 19, with all heary starsplacedbeyondthe 90%—Lagrangiashell.Eachpanel
shavs a snapshobf theradialdistribution of the heary (shadedpndlight stars.Their logarithmicalnumberis
plottedversusa distanceintenall of bin width 0.2in Nbody units of length(the half-massadiusis locatedat
0.766).Thetimeis givenin Nbody—unitsandin crossingimes,respectrely. The corecollapseoccuredattime
=300.5tnB / 106.2¢c,.
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Figure10.2:Model D-INS, Run08, with all heavy stars(shadedJilling the 10%—Lagrangiashellcompletely;
thelight starswereplacedthereafterThe axesandlabelsarethesameasin Figure10.1,but thesnapshotsvere
takenon differenttimes.The corecollapseoccuredattime = 124.0txs / 43.8tc:-
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Figure 10.3: Comparisorof the meanmassbetweenLagrangianradii for Models B-OUT (left) and B—INS
(right). The datawasaveragedver anensemblef 20 Runs;eachrunhasN = 2500 particles.

10.3 The range of core collapsetimes

The corecollapsetimesfor the p’s with N = 2500 aresummarizedn Figure 10.4. The triangles
indicatethe valuesfrom the randomsetupof Seriesl (Fig. 9.4),andthe dashedinesarethe INS—
andOUT-modelsdiscussednhere.The errorbarsarealsogiven,thoughthey areagainsmallerthan
thesymbols.

A remarkablefeatureis that the curved shapeof the tubeis presentor all threeconfiguration
models(RND, INS, andOUT). We discussthe OUT—cas¢first. The core collapseis delayedby a
factorbetweerl.0and2.4with respecto therandommodels.Theheary masseslowly startfalling
from theirremotepositionstowardsthe centre Theflatteningof the OUT—curve for high i indicates
that thereis a minimum of time neededor the massve starsto spiralinwards.This minimum is
plausiblytakento be the crossingtime. In fact, taking into consideratiorthat the crossingtime is
large in the halo (t.. &~ 7—15time units, dependingon the actualdistance)oneheavy particle of
Model H needssome3—4 orbital revolutionsto meetthe otherheasies andperforma collapse The
collapseis not so profoundin termsof the coreradiusr., asalreadydiscussedn connectiorwith
Figure9.3. As anexamplefor this scenariotheleft panelof Figure10.5shows the shrinkingorbits
of the massve starsin Model H-OUT. It consistsof 6 very heary particles(u = 50), oneof them
is far outsideat about31 Nbody—radiianddoesnot take partin the evolution. This run collapsesat
tec = 50.

On the otherside, the INS—modelsavolve fasterthanthe RND—modelsby about10-20%.The
reasonis thatthe densitycontrastbetweerthe coreandthe confininglayersis built up quicker with
respecto the RND—configurationThe heary massesiraw togetherwhile thelight onesenterand
leave the core;the latter function efficiently asmessengerthat carry away the liberatedheatfrom
thecore.In theRND—modelsthe heary massefiave to assembldirst beforethe collapsesetsin.

Theflankingdashedinesin Figure10.4shouldnotbeconsideredssharpborderspeyondwhich
collapsesvould absolutelybeimpossible Somefew testsimulationsshaw thattheseboundariegan
actuallybecrossedif thereis justverylittle “soiling” of the purelyheavy—starregion by afew light
stars.Thesefew light starsin theforeignfield cancauseaslight, but not significantlyfastercollapse.
However, thedashedinesareanexcellentapproximatiorto the generalimits of collapsingspheres,
ary tilted massdistribution shouldroughlyfall betweerthegivenranges.
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10.4 Resume

The INS—andRND-modelsxhibit quite similar behaiour for their dynamicalevolution. The core
collapseis slightly fasterif all heary massesreinitially placedcloseto the centre but thespeedip
is ratherlow. Thus,we concludethata newly formedclusterlike the Orion Nekula Cloud (ONC),
which hasobviously a mass—sgregatedcore, cannotbe relaxed. This confirmsthe characteristics
found by Hillenbrand& Hartmann(1998): The morphologyof the core,i.e. the Trapeziumarea,
supportsa picture in which the structureis morelikely a resultof the initial conditionsthanthe
resultof dynamicalevolution. Whenincluding violent relaxation(Binney & Tremainel987),the
massie starscould sink to the centreon the time scaleof a single crossingtime. The processhy
which they losekinetic enegy to the lessmassve stars,becomesinnecessaryBonnell & Davies
1998).

Of coursepurhighly idealizednodelsarenotintendedo answeiall question®nthesegregation
of astar-formingregion, becausa lot of factorsremainneglected For example:Simulationswith a
massspectrunmayrevealafasterevolution thanthe simpletwo—componeniodelbut alsoimply a
morecomplicatedreatmen{Giersz& Heggie1996);thetotal gravitationalpotentialinsidethe ONC
hasa significantcontribution from the moleculargascomponenthatis usuallythoughtto impede
dynamicalsggregation(Hillenbrand& Hartmann1998);stellarevolution, especiallymasdossfrom
rapidly evolving stars,is alsoa causefor differentdynamics(Chernof & Weinbeg 1990);another
guestionis connectedo the formationof starsin clustersin general— it is known thatonly some
2% of the starsarereally bornin a gravitationally boundcluster while the overwhelmingmajority
is bornin looseassociationgWielen 1971).In spiteof the difficulties mentionedwe simulatedthe
exceptionalconfigurationsof INS andOUT in this chapterin orderto focuson the aspectwhether
puredynamicds fastenoughto disentanglenasseso the obsenedstratification.Themainproperty
of thesemodelsis our analysisof the sggregationtime scaledor differentmassratiosy for thefirst
time. Figure 10.4 provesthat ary u (eventhe largestat 50), doesnot provide a time scaleshort
enoughto explain the obsenationssatisfctorily.
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0 20 40 80 80 100 0 20 40 60 80 100 0 20 40 80 80 100
Nbody time Nbody time Nbody time

Figure10.6: As in Figure10.3.Meanmassin Lagrangiarshellsfor a modelwith parameterg = 0.26, u =
20.0, and N = 5000. The datawasensemble~geragedrom 10 runswith differentrandomseedfor the setup.
Left Model RND, positionsof the heary massedlistributedat randomacrosshe Plummersphere The mean
corecollapsetimeis (t..) = 49.6. Middle: Model OUT, all heary starshave beenplacedto theremoteregions.
The corecollapseoccuredat (t.c) = 44.2 on average Right Model INS, all heariesarefilling theinnerparts
initially, (tcc) isat12.0.

Our choiceof ¢ = 0.1 is to facilitate a comparisorwith the resultsof Seriesl, but lesswith
the actualsituationin the Trapezium.Neverthelessa numberof additionalsimulationshave been
madeusingthe extremerangespresentn the starfield of the ONC. With ¢ = 0.26, 4 = 20, and
N = 5000 taken from Hillenbrand & Hartmann(1998), we performed10 runsfor eachof the
distributionsRND, INS, andOUT in orderto testa two—componentasewith the parametersf the
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Orioncluster Figure10.6shovsthemeanmasshetweerthe Lagrangiarradii similarto Figure10.3.
Thebasicfeaturesarethe sameasin the othermodelsof thatkind. Theresultsof thesesimulations
will bepublishedn moredetailelsavhere(SpurzemKhalisi, Lin 2002).
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11 Variations of the massfraction g

Sofar, we have presentedesultson masssegregationfor variousu. This chapterdealswith three
additionalseries,in which we alteredthe fraction of the heary massesg. Suchkind of studyhas
beendiscussedn detail by Inagaki& Wiyanto (1984)who simulatedtwo—componentlustersby
meansf Fokker—Planckmodelling. They fixed i to 2.0 andinvestigatedhe corecollapsetimesas
well asthe achievementof equipartition.Figure11.1shows the evolution of the centralpotentialin
unitsof thehalf-masgelaxationtime, ¢y, for 4 differentq’s. The evolutionis fastestivheng ~ 0.1.
Watterset al. (2000) repeatedhesesimulationswith a Monte Carlo codeand addedsomemore
modelsatverylow ¢'s (seebelow).
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Figurel1.1:Time dependencef thecentralpotentialfor ¢ = 0.01,0.05,0.1,0.5,andanequal-massase(after
Inagaki& Wiyanto1984).

Our main aspecthereis a comparisonof the N—body datawith the simulationsmentioned,
and also the questionwhetherequipartitioncan be achievzed betweenthe two componentsvhile
segregationis on work. We investigatehe equipartitionparameter

2
= J2% (74)
my0y
which givestheratio of thekinetic enegiesbetweerthehheary andlight starsin thecore.At thestart
its valueis abouty andheaddor unity. Whenbothmassspeciedind a stateof enegy equipartition,
¢ = 1 isreachedandwe call the system‘equipartitionstable”astermedby Spitzer(1969;seealso
Chapter), otherwisea £,,,;, indicatesthe closestapproacho it.

In a particularrun, the dataof £ is very noisy, especially for small-ZV simulations.This fact
aggravatesthe circumstancesf analysisIn somecasesgventhe very roughmeandoesnotimme-
diately tendto equipartition,but staggeraip anddown beforeit meets(or evennot) the valueof 1.
The main causeof thesedifficulties is the small numberof particlesinside the coreradius,andit
eventuallybecomegoo smallfor a decentcomputationof the temperatureatio at late time steps.



56 11 Variationsof themasdractiong

Model B / Run no. 03 Model F / Run no. 04
1T T 10‘}U‘
141 7

wo1.2rF B %
] R ILA LY || SIS . :
2, -
08l v Ol
0 500 1000 1500 2000 0 100 200 300
Nbody time Nbody time

Figure11.2: Equipartitionparameteffor two runsfrom modelB (left) andF (right), respectiely, containing
10,000 particles.The datawassmoothedutwith asmoothwidth w = 5 asdescribedn Chapter9.1.

For this reasonwe decidedto evaluatefor the particlesinsidetwice the coreradius,andthenapply
the smoothingprocedureof Section9.1. We defineémin = 1, if eq. (74) dropsbelow unity at ary
time during the evolution; otherwisewe setit to the deepespeak.Figure 11.2 showns an example
for the parameteg from two modelswith N = 10,000. The B-modeldoesreachequipartitionat
t = 1157, S0&min is setto 1; theF—modelapproacheto it upto &min = 2.95 att = 106.

The averagefrom all the runs’ particularé&min’s is denotedby (£min) and taken asthe most
reliabledatafor themodel.Neverthelessin somefew caseswhereén,in wasnotdeterminabletall
becausef thereasonsbove,therunswereexcludedfrom averaging The (£, ) Sareplottedversus
w1 in Figure11.3.Thesymbolsbelongall to the Seried with ¢ = 0.1, but adifferentparticlenumber
The solid line connectghe N = 2500 values(triangles).The additionalSerieslll (¢ = 0.05), IV
(g = 0.2), andV (¢ = 0.4) areshavn assolid lineswithout a symbol.Error barsaregivenonly for
thefour setswith N = 2500; they aresmallerthanthe symbolsin mostcases.

As expectedthegraphicshavs thatequipartitiontakesplacefor smallu's, but wheny becomes
significantlygreaterthan2, (£min) recededrom unity. At ¢ = 2, abouthalf of the individual runs
with ¢ = 0.1 did succeedo reaché,;, = 1, atleastfor amoment.Thoseruns,which did not find
a stateof full equipartition tried to reducethe kinetic differencehalfwaysto the core collapse but
thendepartedshortly afterthe closestapproach.

Table6: Valuesof ;1 atwhich {min > 1.05. Equipartitioncannotbe attainedarymore. Seetext.

Series g | ferit

Il 0.05| 2.49
2.032 (N = 1000)
2.048 (N = 2500)

I 0.10| 2.03 2.197 (N = 5000)
2.111 (N = 10k)
1.762 (N = 20k)

v 0.20| 1.87

\% 0.40| 1.75
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Closest approach to equipartition
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Figure 11.3: The averagedminimum of the equipartitionparametei for starsinside twice the coreradius.
Whenboth masscomponentsarein equipartition,£émin equalsl. The solid lines connectthe datapoints for
q = 0.4 (SeriesV), ¢ = 0.2 (SeriedV), ¢ = 0.1 (Seried with triangles),andg = 0.05 (Seriedll). Thesefour
simulationseriesweremadewith N = 2500 particles,anderrorbarsaregivenfor them.Thedottedline is an
arbitrarythresholdfor equipartitionstability at 1.05asexplainedin thetext.

That figure provides a good basisfor the judgementon equipartitionstability astheoretically
introducedin Chapter®. It is obviousthat (¢, ) variesfor differentfractionsof heary massesy:
Thelessamountof heary massesn a cluster the closerequipartitionis reachedThis is consistent
with theresultsby both Inagaki& Wiyanto (1984)andWatterset al. (2000). The latter explore an
evenwider rangeto verylow ¢'s down to 0.0015(their set“B”).

Now, it is desirableo find a“critical p” atwhich equipartitionstability is not given.Thisenables
usto checkthe stability border Insteadof the orthodoxrequirementthatequipartitionis to happen
for (¢min) = 1 only, we will give a small toleranceand definethe point of “turning away” from
equipartitionarbitrarily at (£,:,) = 1.05, asWatterset al. (2000)did. It is denotedby the dotted
horizontalline in Figure11.3.By linearinterpolationbetweernthe lowernext anduppernext data
point, oneobtainsthatthis thresholds exceededat the points .,y givenin Table6.

The valuefor Seriesl was averagedirom all simulationsetsfor differentN. All {£,in)’'s are
plottedin the upperpanelof Figure11.4,andcomparedwvith the Monte Carloresultsfrom Watters
etal. (2000)below. The positionsof our p.rit aremarked by a smallfilled dot. The symbolshave
thesamemeaningasin thelower panel(seelegend),andthelinesarevirtually thesameasin Figure
8.1, but re—dravn in a dashedr in a solid style. The apparentifferencefor the line by Lightman
& Fall (1978)is just anoptical one: Watterset al. (2000)definedtheir fraction of heary massess
G = M>/M,, while thiswork usesqg = M, /M,., SeeChapter8.2. For this reasonthe axeshave
alsobeenaccommodatetb thelower panel Anyway, thegraphicsandtheresultsareconsistentith
eachotherandeasethe comparison.
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Figure 11.4: Closestapproachto equipartitionfor the modelsin our parameterange(asin Figure8.1). The

lower panelrepeatgheresultsby Wattersetal. (2000 their Fig. 6) for comparisonAll symbolsaxes,andlines

areaccommodatedsexplainedin thetext. Thesolidline is their stability criterion,eq.(41); thestraightdashed
line is from Spitzer(1969),eq.(30); andthe curved dashedine is from Lightman& Fall (1978),eq.(36).
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Althoughwe have gotjustfour pointsfor p..; in orderto checktheequipartitionboundarythey
follow thetheoreticafunctionby Lightman& Fall (1978)in fair agreementTheformulasuggested
by Watterset al. (2000)is cannotbe ruled out, for it is basedon modelsin a low—q regime,which
is difficult to accessvith our Nbodysimulationsyet. However, our experimentaldataseento shav
that Spitzers (1969) criterion for the stability boundary eq. (30), appeargoo strong,especiallyat
masgratiosy closeto 1. This hasalsobeenfoundby similar studies.

Anotherfactconcernghe factthat iy =~ 2 is the point, which wasalreadyrecognizedasthe
transitionof an equipartition—dominatednd a gravothermal-dominatedollapse(Ch.9.3).Below
Lerit, the corecollapseproceedsslowlier thanthe theory proclaims,becausequipartitiongoverns
theinitial phaseWhenu > pucrit, thegravothermalinstability alwayswins the competitionbetween
thetwo effects:Beforethethermalequilibriumcanfully besettledthemassie starshavealreadyse-
gregatedto thecentreandcollapsendependentlfrom thelight stars With thetotal fractiong being
high, the massve componentippearalmostself—gravitating andis decoupledrom the beginning.
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Figure11.5:Corecollapsetime t.. asafunctionof q. Theindividual massratio, u, wasfixedto 2.0.Left Gas
modelsby Bettwieser& Inagaki(1985) shav a broadminimum for the core collapsetimesin termsof the
relaxationtime. The valueof ¢ for fastestevolution is ~ 0.1-0.2.Right Resultsof the Nbody modelsfor the
four seriediscussedhere.Thetime ontheverticalaxisis givenin Nbody units.

Bettwieser& Inagaki(1985)shavedthatthereis an“optimal” ¢, thatfavoursthe collapseof a
two—componensystemlf g is small,the collapseof the heavier componenproceedsn theexternal
field of thelighter stars,andthecollapsetime decreasespidly. Ontheotherhand,if ¢ is verylarge,
the amountof thermalenegy containedn the core of the massve starsis so large thatthe core of
thelight onescannotreceve all theredundantnegy. Hencethetendeng to collapseis postponed,
becausdhe heatgainedhasto be dumpedaway into the halo andthis processs slowlier thanthe
tendenyg to equipartition.Finally, the extremecases; — 0 andq — 1 approactthe single-mass
valuefor anegligible contribution of the heavy andlight componentrespectiely. Thisis thereason
why the corecollapsetime attainsa minimumata certainfractionof the heavier stars(Bettwieser&
Inagakil985).The Nbody modelsconfirmthis, indeed(Figure11.5).
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12 Summary and outlook

We have studiedmasssegregationand equipartitionin idealizedstar clusterscontainingtwo mass
componentsTheresultsprovide potentialinsightinto theevolution of youngstarclustersdynamics
of starforming regions,andthe degreeof initial segregationwhich is neededo matchthe obsera-
tions. Also, this studyis of theoreticalinterestto checkthe classicalideason equipartitionandthe
thermodynamidehaiour of self-gravitating systems.

The modelspresentedhereareto isolatethe relevantphysicalprocessesTherefore we neglec-
ted stellarevolution, primordial binaries,anda tidal field. Point massesre usedfor the numerical
simulationswhich only have two differentmassspeciesasthe mostsimpleapproximatiorof area-
listic massspectrum.The parametespacewas widely analysedor both parametersthe ratio of
individual starmassesy. = my/m;, thatwasvariedfrom 1.25to 50; andthe fraction of the total
heary massesq = Ma> /M, that was chosento be 0.05,0.1, 0.2, or 0.4. We alsodirectedour
attentionto thevalueq = 0.1, whichwasclaimedby Inagaki& Wiyanto(1984)to exhibit thefastest
evolutiontime. For this fraction,we modelleddifferentparticlenumberswith N rangingfrom 1000
to 20, 000. For all othercaseswve useda particlenumberof N = 2500. The statisticalsignificany
of the datawas considerablyimproved by ensemble—~zeragesA large numberof physicallyequi-
valentrunsdiffering justby arandomseedor aninitial setupwasperformedandthe databasewas
gatheredor anoverall average.

For thefirst time we have empirically checled the bordersbetweenan equipartitionstableand
unstableconfigurationas given by Spitzer(1969) with the accuratedirect N—body method.His
criterion involves the parametergy and . andis givenin eq. (30). We also testedother theories
differingin theassumptionandfind thatthebasicprocessediffer only by arelatively smallamount
when predictingthe approacho equipartition.Moreover, we determinedhe rangesof the longest
andshortestcorecollapsetime by comparingdifferentinitial setupsof the particles:On onehand,
the pre—s@regatedstatewith all the heary massedeingalreadyin theinnerregionsof the cluster
and,on the otherhand,the anti-s@regatedmodelswith the heavies having thelongestway to sink
to thecentre.

From the resultsof our simulationswe draw the following conclusionson the global cluster
evolution:

1. Theevolutionof aself—graitating systenmwith two mass—componentiependstronglyonthe
ratio of theindividual massesy = ms /m;. Wheny is largerthan= 2, theheary massegall
to the centreandreducetherelaxationtime proportionatlto 1/u. Subsidiarythe corecollapse
time is shortenedn the sameway (Fig. 9.4). Smalleru’s go into equipartitionwhich slows
down theevolution. Extraordinarylarge i’s give riseto asmallnumberof heary particlesand
thesituationturnsinto a procesf dynamicalfriction.

2. Thereis a competitionbetweenequipartitionof enegiesand gravothermalinstability. If u
is closeto unity, equipartitionhindersthe gravothermalcollapsein the initial phase but will
never preventit. As the heary starscongrejatein the centreregions,they decouplefrom the
light componentndperformtheir own collapse Whenu exceedsa critical valueof about2,
equipartitioncanneverbeachieved(Fig. 11.3).

3. The boundarybetweenthe stableand unstableregimesis closeto the theory by Lightman
& Fall (1978)whengq is 2> 0.2. For ¢ lower than= 0.1, all othertheorieson equipartition
(Ch. 6) seemto show a betteragreementbut it is difficult to assesshatrangewith N—body
simulationsbecausehe absolutenumberof very heavy particlesis too low in our standard
N (Fig. 11.4).Whengq becomedargerthan0.1, Spitzers (1969)criterionappearsoo strong,
andhistheoryfails: Accordingto eq.(30) no equipartitionshouldbe possibleatall, while our
modelsaswell asthe Monte Carlo simulationsby Watterset al. (2000) show the contrary
The causeis probablythat Spitzerassumed global equilibriumwhenderiving the analytical
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formulae.His basicideason the processeshowever, are still in fair accordancewith our
results.

4. Sgyregationproceedn the relaxationtime scalesimultaneouslywith the evolution of the
cluster Themaximumlevel of segregationis attainedvhenthe corehascollapsedandbegins
to expand.Then,the massshellsin the clusterhave also adjustedto a stablebalanceof an
in—goingandoutgoingmassflux (Fig.9.5).After the corecollapse the degreeof stratification
remainsconstant.

5. In the extremerangesof segregation, we find that the core collapsetimes are too long in
eithercasesthepre—andanti—s@regation,to explaintheobsenedmassstratificationin young
starforming regionsdynamically(Fig. 10.4).1t is likely thata primordial segregationof the
gascloud occursbeforethe first heary starsform in the centre.The adoptionof a realistic
massspectrummayacceleratéhe segregationtime evenmoreandwould revealnew insights,
though.

6. The escapeate showvs two branchesalongthe y—axisindicatingtwo differentmechanisms
beingonwork (Fig. 9.8e).For massratiosresemblinghe equal-massase the escapeseems
to begovernedby evaporationakffectsin the pre—collaps@haseSincethe corecollapsetime
decreasefor amoderatelyrising u, evaporationdoesnot advancefar, suchthatthe masdoss
is alsoreducedFor high p's (> 3), we believe thatescapesrerathera matterof ejectionsthe
very massve particlesdistributetheirkinetic enegy to alarge numberof stars,andtheescape
rate increasesoughly with x. The detailsof theseprocesseshowever, needmore analysis
tracingthe pathof the escapersr a countercheckvith othersimulationmethodsAs for the
equal-massasethe escapeateis about0.25andconsistentvith other N—bodysimulations
(Wielen1975,Giersz& Heggie1994aBaumgardetal. 2002).

7. Light masse@lay animportantrolein the heattransferfrom the coreto thehalo.Evenasmall
fraction of themmoderateghe heatflux betweenthe centralsourceandthe outersink. The
“optimal” fractionq of heary to light starsis about0.15-0.20n accordwith previousresults
from gaseousnodels(Fig. 11.5).

Our resultsgainedwith the N—body methodconfirm previous simulationswith other techni-
gues(gasmodels,Monte Carlo), but alsoreveal hiddeneffectslik e the small “deceleration”of the
gravothermalcollapsedueto equipartition.Furtherastrophysicahssumptionsirelik ely to alterthe
results,e.g.theintroductionof primordial binariesin variousfractions,a tidal field thataccelerates
the collapseaswell asthe dissolutionof clusters,or rotation.Multiple masscomponent®r a con-
tinuousspectrummalke the analysismore complex but areimportantfor the understandingf the
obsenations.Ourvariationof y canprincipally begeneralizedy memginginto amulti-masanodel,
but carehasto betakenwhendefiningthe parametersThe new parameterappearingor themodels
areto be checled, e.g.the slopeof theinitial massfunction (if a power-law is assumed)andhow
theratio of the highestmassto the meanmassmmax/(m), influenceshe segregation.

Anothersubjectis the long—termevolution facing gravothermaloscillations(asin Figure2.2).
Sofar, this hasbeenanalysedandsimulatedfor single—massystemnly. Questionsarerelatedto
theoscillationperiod,its amplitude andthe minimum particlenumberfor obtainingthe oscillations
whenatleasta secondmasss present.

Practicalapplicationsof suchtwo—componentstudiescanbeimaginedfor arny kind of model-
ling wheregravitation playsa significantrole. Examplesnay bethe strataof the upperatmosphere;
melging of chemicalalloys underweightlessnesg spacemissions;nuclearand plasmaphysics;
coagulationof rocky—sizedasteroidgo form planetesimaland protoplanetsgollisionsof galaxies
with differentmassesFinally, demandsn large—particlecomputationalsodrive the technicalde-
velopmentsto new limits suchthat theoriescan be verified (hot even not) by simulationsas an
alternatve to commonobsenations.
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Appendix:Datatables

Appendix: Data tables

Thefollowing tablescontainthe meanvaluesof the simulationsof starclustersandareorganisedas
follows. Thetitle specifieghe Seriesg, andparticlenumber
Column1: modelnameandu
Column2: {t..), meancorecollapsetime

Column3: (®,,;,), depthof centralpotential
Column4: (r.), meancoreradiusin themomentof corebounce

Column5:

Column7: (Nese), numberof escapedtarsuntil corecollapsetime

Column8: (Ees.), meanenegy of escapers

(

(

(N¢), numberof particlesin thecoreatthetime of smallestcoreradius
Column6: (£min ), meanof the closestapproacho equipartition

(

(

Equal-mass:N = 1000

model (tee) (®Pmin) (re) (Ne) (€min) | {(Nesc) (Eesc)
EQMASSO01| 345.84+5.2 | —4.724+0.10 | 0.0208+0.0020| 11.2+0.4 — 26.6+1.1 | 0.88+0.18
Equal-mass:N = 2500

model <tcc) (q)min> <7'c) (Nc> <§min) <Nesc> <Eesc>
EQMASS02| 716.0+£12.0 | —6.02+0.16 | 0.0086+0.0006 | 14.8+0.8 — 64.2+3.1 | 0.89+0.24
Equal-mass: /N = 5000

model (tcc) <‘I)min) <"“c) (Nc> ('gmin) (Nesc> <Eesc>
EQMASS05| 1210.2+10.6 | —7.58+0.27 | 0.0045+0.0003| 17.7+0.8 — 117.1+£5.0 | 0.71+0.26
Equal-mass:N = 10,000

model (tcc) <‘I>min) <7'c) (Nc) <£min) (Nesc> <Eesc)
EQMASS10| 2312.9+34.7 | —8.75+0.47 | 0.0025+0.0004| 21.3+2.2 — 256.3+7.1 | 2.55+1.43
Seriesl: ¢=0.1,N =1000

model(u) <tcc> <(I>min> <Tc> <Nc> <§min> <Nesc> <Eesc>

A (1.25) 309.1+5.8 | —4.60+0.11 | 0.0206+0.0009| 11.14+0.4 | 1.002+0.002 | 22.9+1.2 | 0.70+0.17
B (1.5) 256.0+5.1 | —4.10+0.07 | 0.0275+0.0011| 11.7+0.3 | 1.011+0.005| 18.4+1.1 | 0.70+0.11
C(2.0) 162.64+3.5 | —3.524+0.04 | 0.0400+0.0016| 12.0+0.5 | 1.043+0.010| 9.5+0.5| 0.78+0.24
D (3.0) 86.1+2.1 | —3.27+0.06 | 0.0596+0.0026| 12.0+0.6 | 1.264+0.033| 4.8+0.4 | 1.02+0.26
E (5.0) 458+1.4 | —3.244+0.06 | 0.0797+0.0040| 12.5+0.8 | 1.892+0.071| 0.0+0.0 | 0.00+0.00
F (10.0) 25.4+0.9 | —3.65+0.08 | 0.0954+0.0039| 12.14+0.7 | 3.426+0.187| 4.1+0.4| 1.28+0.33
G (25.0) 18.0+0.7 | —4.72+0.12 | 0.0785+0.0030| 7.3+0.4| 4.992+0.237| 12.94+0.2 | 1.094+0.12
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Seriesl: ¢=0.1,N =2500
model(y) (tee) (@ rmin) (re) (Ne) (émin) {Nesc) (Eesc)
A (1.25) | 677.84£8.1 | —5.51+0.12 | 0.01004+0.0005| 15.9+0.7 | 1.000+0.000 | 61.3+2.0 | 0.77+0.27
B (1.5) 558.4+8.8 | —5.02+0.11 | 0.0137+£0.0006| 15.9+0.8 | 1.001+0.000| 45.2+2.2 | 0.55+0.14
C(2.0) 366.6+8.4 | —4.06+0.11 | 0.0207+£0.0011| 14.44+1.0 | 1.043+0.028| 24.9+1.6 | 1.184+0.28
D (3.0) 180.1+2.9 | —3.50+0.10 | 0.0336+0.0019| 16.2+2.3 | 1.188+0.017| 9.7+0.6 | 0.70+0.12
E (5.0) 86.1+3.3 | —3.17+0.10 | 0.0567+0.0043| 17.0+1.4 | 1.807+0.056| 7.3+0.8 | 1.43+0.27
F (10.0) 40.2+2.0 | —3.45+0.15| 0.0811+0.0054| 19.9+1.8 | 3.218+0.086| 8.0+0.7 | 0.89+0.12
G (25.0) 21.8+1.1 | —4.114+0.18 | 0.0905+0.0048| 19.7+1.7 | 7.150+0.282| 12.4+0.9 | 0.86+0.15
H (50.0) 17.9+1.1 | —6.16+0.36 | 0.0792+0.0039| 11.7+1.0 | 11.245+0.556 | 25.2+2.6 | 0.98+0.15
Seriesl: ¢=0.1, N =5000
model(x) (tec) (®Pmin) (re) (Ne) (§min) (Nesc) (Eesc)
A (1.25) | 1183.7£17.7 | —6.92+0.18 | 0.0055+0.0004 | 19.8+0.7 | 1.000+0.000| 103.9+5.0 | 0.44+0.13
B (1.5) 993.8+10.3 | —5.85+0.12 | 0.0071+0.0003 | 16.9+1.0 | 1.000+0.000| 76.9+3.2 | 0.57+0.14
C(2.0) 642.6+ 4.4 | —4.62+0.20| 0.0117+0.0011| 15.84+1.4 | 1.016+0.008| 38.0+1.9 | 0.47+0.09
D (3.0) 331.5+11.6 | —3.72+0.08 | 0.0204+0.0013| 16.8+1.4 | 1.189+0.037| 19.3+2.6 | 1.08+0.45
E (5.0) 157.9+ 6.3 | —3.36+0.12 | 0.0302+0.0025| 14.9+1.1 | 1.7154+0.039| 14.2+1.9 | 1.38+0.27
F (10.0) 64.3+ 3.5| —3.11+0.09 | 0.0742+0.0055| 29.4+2.8 | 3.738+0.256| 10.4+1.0| 2.17+1.01
G (25.0) 33.3+ 0.9 | —4.43+0.34 | 0.0842+0.0025| 29.1+1.4 | 7.394+0.214| 17.7+1.2| 0.97+0.09
H (50.0) 2244+ 0.7 | —5.64+0.43 | 0.0789+0.0089 | 26.2+3.5 | 12.962+0.358 | 25.8+3.1 | 1.15+0.18
Seriesl: ¢=0.1,N =10,000
model(x) (tec) (®min) (re) (Ne) (€min) (Nesc) (Besc)
A (1.25) | 2169.9+24.7 | —8.35+0.52 | 0.0027+0.0003 | 20.0+2.7 | 1.000+0.000| 227.3+3.9 | 0.40+0.11
B (1.5) 1886.8+ 8.6 | —7.05+0.39 | 0.0042+0.0001| 20.8+1.0 | 1.008+0.006| 172.3+9.3 | 0.35+0.06
C(2.0) 1218.0+20.1 | —5.85+0.37 | 0.0053+0.0007 | 15.8+1.8 | 1.035+0.014| 91.3+4.3 | 0.78+0.17
D (3.0) 595.1+ 85| —3.97+0.17 | 0.0107+0.0010| 15.0+1.9 | 1.170+0.024| 35.3+3.4 | 1.03+0.27
E (5.0) 277.6+ 9.7 | —4.18+0.32 | 0.0235+0.0004 | 19.8+1.4 | 1.700+0.029| 19.3+1.4 | 0.63+0.08
F (10.0) 123.5+ 2.1 | —3.80+0.31 | 0.0351+0.0055| 22.3+3.9 | 3.0654+0.108| 25.5+2.0 | 1.19+0.04
G (25.0) 52.44+ 2.3 | —4.924+0.42 | 0.0741+0.0108 | 36.84+6.1 | 8.040+0.440| 29.0+£2.9 | 2.05+0.82
H (50.0) 37.5+ 0.6 | —6.82+0.95 | 0.0894+0.0059 | 47.84+8.9 | 14.478+0.859 | 42.3+5.3 | 0.93+0.28
Seriesl: ¢=0.1,N =20,000
model(x) (tec) (®Pmin) (re) (Ne) (§min) (Nesc) (Eesc)
A (1.25) | 3859.0+00.0 | —8.62+0.00 | 0.0021+0.0000| 33.0+£0.0 | 1.000+0.000 | 422.0+0.0 | 0.52+0.00
B (1.5) 3318.0+ 0.0 | —9.09+0.00 | 0.0030+0.0000| 36.0+0.0 | 1.016+0.000 | 292.0+0.0 | 0.79+0.00
C(2.0) 2236.0+ 0.0 | —5.64+0.00 | 0.0044+0.0000| 23.0+0.0 | 1.081+0.000| 140.0+0.0 | 0.34+0.00
D (3.0) 1094.0+ 0.0 | —3.84+0.00 | 0.0114+0.0000| 34.0+0.0 | 1.170+0.000| 55.0+0.0 | 0.56+0.00
E (5.0) 608.0+ 0.0 | —4.21+0.00 | 0.0103+0.0000| 16.0+0.0 | 1.770+0.000| 65.0+0.0 | 2.82+0.00
F (10.0) 213.0+ 0.0 | —3.70+0.00 | 0.0241+0.0000| 24.0+0.0 | 2.950+0.000| 38.0+0.0 | 1.34+0.00
G (25.0) 78.0+ 0.0 | —4.95+0.00 | 0.0863+0.0000| 88.0+0.0 | 7.680+0.000| 30.0+0.0 | 1.41+0.00
H (50.0) 48.5+ 0.0 | —7.92+0.00 | 0.0447+0.0000| 25.0+0.0 | 14.046+0.000| 48.0+0.0 | 0.78+0.00
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Appendix:Datatables

Seriesll: ¢=0.1,N = 2500,INS

model(y) {tec) (®Prmin) (re) (Ne) (€min) (Nesc) (Eesc)

A (1.25) | 623.9411.1| —5.64+0.10| 0.0098+0.0005| 15.2+05| — 57.5+2.8 | 0.89+0.22

B (1.5) 501.5+ 9.1 | —5.05+0.10 | 0.0133+0.0008| 14.4+0.8| — | 42.0+£2.5| 1.30+0.56
C(2.0) 304.4+ 8.0 | —4.09+0.12 | 0.0225+0.0018| 15.2+1.0| — 16.9+1.1 | 0.35+0.18

D (3.0) 139.4+ 4.6 | —3.51+0.07 | 0.0330+0.0023| 13.5+0.9 | — 8.5+0.9 | 0.15+0.11

E (5.0) 73.6+ 3.0 | —3.51+0.08 | 0.0437+0.0026 | 12.3+0.8 | — 8.4+0.8 | 1.43+0.40

F (10.0) 324+ 1.7| —3.58+0.13 | 0.0722+0.0059| 16.3+1.9| — 5.9+0.8 | 1.01+0.29

G (25.0) 18.3+ 0.9 | —5.28+0.33 | 0.0845+0.0070| 16.3+2.9 | — 13.6+1.5 | 0.78+0.11

H (50.0) 15.2+ 0.9 | —5.52+0.27 | 0.0892+0.0050| 13.9+1.4| — 25.7+2.2 | 0.82+0.10
Seriesll: ¢=0.1,N =2500,0UT

model(x) (tec) (®Pmin) (re) (Ne) (§min) (Nesc) (Eesc)

A (1.25) | 673.7+ 8.6 | —6.08+0.16 | 0.0088+0.0004| 14.8+0.6 | — 61.4+2.5| 1.03+0.41

B (1.5) 646.1+11.3 | —5.12+0.14 | 0.0129+0.0008| 17.1+09 | — 50.1+2.5| 0.66+0.14
C(2.0) 508.5+10.8 | —4.16+0.12 | 0.0227+0.0014| 18.2+1.2| — 32.6+1.6 | 1.77+£0.42

D (3.0) 304.1+ 7.3 | —3.23+0.05 | 0.0476+0.0026| 24.8+1.8| — 13.0+0.8 | 1.10+0.30

E (5.0) 153.7+ 4.7 | —2.98+0.06 | 0.0756+0.0042| 29.6+2.8 | — 8.5+0.6 | 1.40+0.32

F (10.0) 92.7+ 3.0 | —3.23+0.08 | 0.0892+0.0033 | 23.8+1.6 | — 10.0+0.9 | 2.17+0.47

G (25.0) 52.5+ 1.5| —4.58+0.27 | 0.0857+0.0037 | 17.5+1.2 | — 17.0+1.6 | 1.76+0.26

H (50.0) 47.6+ 2.3 | —6.86+0.29 | 0.0664+0.0032| 9.7+0.7| — 32.0+2.8 | 1.94+0.32
Serieslll: ¢ =0.05,N =2500

model(x) (tec) (®Pmin) (re) (Ne) {€min) (Nesc) (Eesc)

K (1.25) | 689.3+ 7.8 | —5.88+0.21 | 0.0094+0.0005| 16.0+0.6 | 1.000+0.000 | 60.7+2.5 | 0.53+0.12
L (1.5) 605.3+11.8 | —5.194+0.19 | 0.0140+0.0009| 17.2+0.8 | 1.001+0.000 | 51.0+2.7 | 0.61+0.16
M (2.0) 428.8+ 9.8 | —3.89+0.11| 0.0264+0.0022| 19.2+1.4 | 1.009+0.008 | 25.8+1.7 | 0.82+0.28
N (3.0) 219.3+ 7.4 | —3.20+0.06 | 0.0443+0.0028 | 19.5+1.6 | 1.092+0.034| 9.3+1.1 | 0.85+0.27
P (5.0) 96.1+ 4.5| —3.07+0.06 | 0.0672+0.0046 | 23.6+2.4 | 1.510+0.034| 4.3+0.7 | 1.60+0.54
Q(10.0) 449+ 14| —3.34+0.11| 0.0896+0.0053| 23.5+2.4 | 2.638+0.068| 4.2+0.6 | 1.06+0.19
R (25.0) 27.6+ 1.2 | —4.53+0.21 | 0.0903+0.0046 | 19.0+1.9 | 4.348+0.290| 9.0+1.4 | 1.37+0.44
SerieslV: ¢ =0.2, N = 2500

model(x) (tec) (Pmin) (re) (Ne) (§min) (Nesc) (Eesc)
T(1.25) | 657.1+11.0| —5.88+0.17 | 0.0102+0.0006 | 15.2+0.9 | 1.001+0.000| 62.5+ 2.6 | 0.81+0.21
U (1.5) 549.4+ 7.6 | —5.00+0.14 | 0.0134+0.0009 | 14.6+0.8 | 1.000+0.002 | 49.5+ 2.7 | 1.17+0.28
V (2.0) 343.8+ 95| —4.51+0.11 | 0.0166+0.0011| 12.3+0.6 | 1.067+0.012 | 26.7+ 2.2 | 1.04+0.35
W (3.0) 174.0+ 3.9 | —3.87+0.11 | 0.0244+0.0020| 11.8+0.8 | 1.334+0.016 | 16.9+ 1.3 | 0.61+0.04
X (5.0) 86.3+ 2.2 | —3.55+0.09 | 0.0391+0.0028 | 12.0+0.9 | 2.069+0.059 | 13.9+ 0.8 | 0.81+0.08
Y (10.0) 48.6+ 2.4 | —3.97+0.16 | 0.0564+0.0041| 11.9+1.0 | 4.063+0.161| 21.1+ 1.6 | 1.06+0.11
Z(25.0) 227+ 1.0 | —4.724+0.24 | 0.0869+0.0049| 15.5+1.6 | 9.676+0.267 | 30.1+1.97 | 0.74+0.07
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SeriesV: ¢ = 0.4, N = 2500

model(y) {tec) (®Prmin) (re) (Ne) (€min) {Nesc) (Eesc)
Tr(1.25) | 639.7+ 9.9 | —5.79+0.16 | 0.0092+0.0007 | 14.0+0.8 | 1.000+0.000 | 63.0+2.4 | 0.68+0.13
Ur (1.5) 523.2+ 8.2 | —5.24+0.12 | 0.0117+0.0006| 14.44+0.8 | 1.007+0.003 | 51.44+2.7 | 0.81+0.22
Vr(2.0) 372.3+10.3 | —4.95+0.15 | 0.0149+0.0007| 13.3+0.6 | 1.094+0.013 | 42.3+2.9 | 0.85+0.24
Wr(3.0) | 212.8+ 4.3 | —4.27+0.10 | 0.0195+0.0014 | 11.3+0.6 | 1.436+0.039 | 38.7+2.4 | 0.57+0.03
Xr (5.0) 130.7+ 4.0 | —4.194+0.14 | 0.0274+0.0015| 10.4+0.6 | 2.200+0.047 | 43.7+2.9 | 0.81+0.05
Y7 (10.0) 66.8+ 2.5| —4.26+0.12 | 0.0440+0.0026| 9.9+0.5| 4.316+0.087 | 50.9+3.5 | 0.88+0.05
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List of symbols

gravitationalaccelerationeg.(42)

heatcapacitydE/d(T'); eq.(9)

totalenegy of aclusterE = K + W; eq.(8), (60)

distribution function,eq.(1)

gravitationalconstant5.67210~!! m*kg~'s~2, in NB-unitssetto 1.
Boltzmanns constantkg = 1.3806 - 10~2% JK~1; eq.(7)
totalkineticenegy K = 1 M (v?); eq.(23), (60)

massof anindividual particle

total massof specieg in amulti-componentluster;Ch.6

total massof thecluster;Ch. 6

total numberof stars;Ch.6

numberof starsinsidecoreradius;Ch.9.6

numberof escapedtarsbeforecorecollapsetime; Ch.9.5
numberof particlesof species in amulti-componentluster;Ch.6; eq.(57)
massfractionof heary componentCh. 6, eq.(55), (56)
distancerom clustercentre

Te coreradius;Ch.(9.1)

Z2zZ2EIRNFQ-mo S
IS

@
73
g}

=R
2

Th radiuscontaininghalf the clustermass

R sizeof thecluster equivalentto thevirial radiusR = —GM?2/W; eq.(60)
St Scalefactorfor evolutionarytime scalesCh. (9.6),eq.(71)
tee corecollapsetime; eq.(17), (65)

ter crossingime t., = r/v; eq.(12),

tdyn dynamicaltime tqyn = +/37/16Gp; eq.(13)

teq equipartitiontime; eq.(18)

trx localrelaxationtime; eq.(14)

t:h relaxationtime at half-massadiusry; eq.(15)

tNB timein Nbodyunits;Ch.8.3,eq.(63)

T Temperaturef a point—-massystemgeq.(7)

v velocity of astar

Vese escapevelocity; eq.(10)

w total gravitationalenegy of the cluster;eq.(23), (60)

factorin the Coulomblogarithm;Ch.9.6

accurag parametefor time stepsieq.(52)

ratio of individual high andlow massstars;Ch. 6; eq.(55)
equipartitionparametereq.(74)

valueof closestapproactto equipartition;Ch. 11
meandensityinsidethe half-masgsadius

densityat clustercentre;Ch.6

gravitational potential;eq. (2)

critical valuefor massinstability; eq.(30)
averagevalueof a quantity

TR AR D HMTE S 2
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