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Zusammenfassung

Äquipartition und Massensegregation
Die dynamischeEntwicklungvonisolierten,selbstgravitierendenSystemenwird unterdenGesichts-
punktender Massensegregation und Äquipartition untersucht.Wir analysierenidealisierteStern-
haufenmit zwei unterschiedlichenMassenkomponenten,derenindividuellesMassenverhältnis����
	����� zwischen1,25 und 50 variiert. Der Gesamtanteilder schwerenKomponentebeträgtzwi-
schen5% und40%desHaufens.Wir untersuchendie Eigenschaftenwie denKernkollaps,die Ent-
wicklungdesZentralpotentials,die radialeMassenschichtungebensowie entweichendeSterne.Wir
stellenneuePräzisionsrechnungen,sogenannte� –body–Simulationen,vor, die mit demProgramm
NBODY6++ gewonnenwurden.Wir modelliertenbis zu 20.000Teilchenauf demParallelrechner
CRAY T3E, währenddie statistischeSignifikanzder Simulationenmit niedrigerenTeilchenzahlen
durchMittelungmehrererRechnungenerhöhtwurde.

UnserZiel ist es,die unterschiedlichenTheorienzur Sternentstehungunddie dynamischeEnt-
wicklung zu untersuchen.Wir habenwesentlicheAbweichungenderEntwicklungszeitskalaim Be-
reich ����� erkannt.Die Äquipartitionbremstdie gravothermischeKontraktionim Kernleicht ab.
JenseitseineskritischenWertesvon ����� kannsichkeineÄquipartitionunterdenMasseteilchen
einstellen,ein Phänomen,dasals “SpitzerscheÄquipartitionsinstabilität”bekanntist; die schwere
KomponenteentkoppeltsichundkollabiertunterdemEinflußdereigenengravothermischenInsta-
bilität. Die kritischeGrenzezwischendenSpitzer–stabilenund –unstabilenSystemenwurdezum
erstenMale in direkten � –body–Modellenaufgezeigt.

Abstract

Equipartition and masssegregation
Thedynamicalevolution of anisolatedself–gravitatingsystemis studiedundertheaspectsof mass
segregationandequipartitionprocesses.We analysetheidealizedcaseof a clusterwith two distinct
masscomponents.The individual ratio of the heavy to light bodies,��� �
	������ , is variedfrom
1.25to 50.0andthefractionof thetotalheavy massis alteredfrom 5%to 40%of thewholecluster.
We alsoexaminetheclusterpropertieslike thecorecollapse,theevolution of thecentralpotential,
the radial stratificationof massesaswell asescapers.We presentnew, high–accuracy collisional� –bodysimulations,usingthehigh–orderintegratorNBODY6++. Wemodelledup to �������! �"�#�
particleson theparallelsupercomputerCRAY T3E, andthestatisticalsignificancy of the lower–�
simulationswasimprovedby ensembleaverages.

Our objective is to checkthevarioustheorieson earlystarformationanddynamicalevolution.
We find significantdeviationsof the evolutionary time scalein the regime �$�%� . Equipartition
slows down the gravothermalcontractionof the coreslightly. Beyond a critical valueof �&�'� ,
no equipartitioncanbe achieved betweenthe differentmasses,a phenomenonknown asthe Spit-
zer equipartitioninstability; the heavy componentdecouplesandcollapsesunderthe influenceof
the gravothermalinstability of its own subsystem.For the first time the critical boundarybetween
Spitzer–stableand–unstablesystemsis demonstratedin direct � –bodymodels.
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4 1 Introduction

1 Intr oduction

Stellarclusterslike globular or openstarclustersarea collectionof many starsheld togetherby
their aggregategravity. Thesimplecaseof acertainnumberof point–likemassessufferingno more
thantheNewtonianlaw of gravity hasincitedmodernastronomyto constructmathematicalmodels
in orderto traceits global properties.Their researchcoversa vastamountof territory, e.g.stellar
evolution, chemicalenrichment,origins of the Universe,or galacticdynamics.Star clustersnow
serve aslaboratoriesfor testingastrophysicaltheories.Extensively studiedfor morethana century,
they continueto yield surprisingresultsandchallengeour understanding.

It wasonly in therecentfour decadesthat this field of researchgrew dramatically, while giving
new andsurprisinginsightsinto theastrophysicalprocesses:Onthetheoreticalside,thedevelopment
of high–speedcomputersventurednumericalsimulationswith hardwareandsoftwareimprovements
providing modelswith high particle numbersand excellent accuracy. On the observational side,
CCD–techniquecombinedwith high spatialresolutionallowedtheanalysisof faint objectsevenin
the star–crowdedfields of globular clusters.Theseclustersturnedout to be a fundamentalunit of
astrophysics:They aretheoldestknown objects,closein proximity to theorigin of theUniverseand
thesolesurviving structuresof thefirst stagesin theformationof theGalaxy. As suchthey give us
“an unparalleledopportunityto probethedepthsof time thataretheremotestto reach”(IvanKing).

In this broadand fascinatingfield of researchof starclusters,we presenta work particularly
dealingwith the segregation of massesin suchstellar systems.Taken for itself, this subjecthas
beentouchedseveraltimesin literatureonstellardynamics,but wewish to contributeto therapidly
advancingscienceby the presentthesis,and try to reveal new, unknown detailsexplaining how
segregationworks.Thethesisis dividedin two parts:In a moregeneralone,we introducestepwise
the theoreticalconceptsof equipartitionand the segregationof masses.Although the handlingof
thecomputationalmethodis alsoa significantpartof thework, we will sketchthemainfeaturesof
the softwareonly briefly andrefer to the moredetailedpublications.In the second,morespecific
part,wedescribethesimulationmodelsaswell astheir initial conditions.Wepresenttheresultsof a
wide parameterspace,which hasbeenexploitedby direct � –bodymodellingfor thefirst time.We
alsoextract the importantparametersgoverningthe speedup of corecollapseandequipartitionof
energies.

Figure1.1:Globular clusterM 12at a distanceof 5 kpc hasa diameterof 20pc.
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2 Historical cornerstones

During the first two centuriesin the modernage,whenstellarclusterswererealizedto be a huge
swarm of starsin closevicinity to eachother, the intereston them was ratheran observational
one:descriptionsof appearance,locationson thesky, andfirst starcountsfor estimationpurposes.
This observationalbranchbroughtto light a heapof milestonesin astrophysicalresearchandstill
continuesyieldingmoredetailedinformationaboutthedynamics,thestructuresandtheconstituency
of clustersaswell asthepropertiesof someof their particularmembers.

In theearlyyearsof the20-/. century, thefirst theoreticalaspectswereawakenby somestudies
of theradialdensityprofilesandtheirphysicalcause.Thestatisticalarrangementof starsin globular
clusterswasdescribedby H.C. Plummer(1911),who found by meansof starcountsthat the law02143�57681 �:9 3 	 5<;>=? fits the observeddistribution best,where 0 denotesthe densityat the radius 3
from thecentre.

At thebeginningof the1940’s, theclustertheorywasextendedto the formulationof thebasic
equationshow astarassemblybehavesand“relaxes”underits self–gravity (Spitzer1940,Chandra-
sekhar1942).Essentialcontributionsweremadeon stellar encounters,investigatinghow a star’s
orbit would changeif it is drownedinto a seaof otherstarsthatbuild up anapproximatelysmooth
potential(Fig. 2.1).Theideaof therelaxationprocesseswasintroducedaswell asthecorresponding
time scales.

Anotherbreakthroughoccurredin theearly1960’swith a burstof papersby King (1962,1966),
Michie (1963)andHénon(1965)amongothers.They analyzedthelong–termconsequencesof stel-
lar encountersandconcludedthataclustermustevolvedynamicallyto variousphases:Ononehand
the slow dissolutionby evaporationdue to escapingstars,on the otherhanda rapid infall of the
centralpartsmerginginto asingularity. This latterconceptwascalledthe“corecollapse”andit was
further investigatedby Antonov (1962)andLynden–Bell& Wood (1968).It becameobvious that
thestructureof theclusteris intimatelylinkedwith its evolutionarystage,andvice versa.However,
bothmodels— theevaporationby King andMichie aswell asHénon’scorecollapse— turnedout
verysuccessful.

Figure2.1:Trajectoriesof astellarencountermodelledwith cardboardsto illustratedeflections(Chandrasekhar
1942).

Themodelswereaccompaniedby a third branchof research:numericalsimulations.In his pio-
neeringwork, von Hoerner(1960)performedcalculationswith �@�A��B particleson thebestcom-
putersavailableat thattime.Suchdirectintegrationsof thegravitationalforcebetweeneachparticle
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have mergedinto theso–called“ � –bodysimulations”.Rapidimprovementsin computertechnolo-
gy (both hard–andsoftware)soonfacilitatedlarger aswell asmoreaccuratecalculations.By the
endof the ��� -�. century, the amountof 10,000particleswasbridged(Spurzem& Aarseth1996),
andparallelmachinesandspecialpurposecomputersdo even manageten timesmorenowadays.
The simulationshad to be comparedwith theory, and the plausibility of a theorywas controlled
by theobservationalreality. For suchcomparisons,modelsshouldbeassimpleaspossibleandthe
simulationsasrealisticaspossible.� –bodycalculationshave the advantageto yield mostaccurateresults,but computationalef-
fort restrictsthemto relatively smallparticlenumbers.Otheralgorithmshavebeendevelopedwhich
enabledynamicalsimulationsof galaxiesor large–scalestructuresof the Universe.The statistical
methodscouldreplacethe“exact” solutionsanddisclosenew physicalprocesses:Fluid–dynamical
models,Monte–Carlo–techniques,hierarchicallystructuredmesh–codesaswell asmixturesof them.
Studyingthepost–collapseevolution of globular clusterswith a gaseousmodel,Sugimoto& Bett-
wieser(1983)discoveredgravothermaloscillations,i.e. a multiple contractionandexpansionof the
high–densitycore.The oscillationsshowed an amplitudeof a factoraslarge as �C�#D in the central
density(Fig. 2.2).Their simulationsresolvedthe long–standingquestionwhy thereareonly some
few globular clustersthatareobserved in a collapsedstage:The re–expansionof the corerestores
thesystemto a low–densitystatewhereit spendsmostof its time.

Figure2.2:Centraldensityplottedagainsttime in unitsof therelaxationtime (Sugimoto& Bettwieser1983).

On theobservationalsideagain,theHubbleSpaceTelescopeopenedup new horizonsandgave
an opportunity to a checkthe theories.Being able to dissolve individual starseven in the most
crowdedareasof a collapsedclusterlike M 15, it fixesa momentof positionswhich may be able
to illustratemovementswhensuccessiveobservationswouldfollow. Also, thetheoreticalresearchis
still on work: Stepby step,realisticmodelsof starclustersarebuilt up containinga massspectrum,
early–phaseformation,stellarevolution,gasdynamicsor chemistry.

A recentreview on thescientificstagecanbe found in Meylan & Heggie(1997)or in thePro-
ceedingsof thestar2000–Conference(Deitersetal. 2001)andthereferencestherein.
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3 Analytical modelsfor clusters

A numberof analyticmodelshasbeenobtainedto characterizestarclustersmathematically. These
modelsarebasedon simplifying assumptionsregardingtheenvironmentandthe initial conditions,
andthey aresolutionsof moregeneralequations.Thecommonestway of defininga modelof a star
clusteris in termsof its distribution function E 14F  HGI �
5 , which definesthe numberof starswith
positionsin a smallvolumeof spaceJ#K F , velocitiesin therangeJLKMG andmassesin theinterval J � ;
if evolution is considered,the functiondependsalsoon time N . In termsof this descriptiona fairly
generalequationfor thedynamicalevolution is Boltzmann’sequation:O EO N 9PG�Q�RSEUTPRWVPQ O EO G � X O EO N2Y:Z\[^]  (1)

where V is thesmoothedgravitationalpotential,andtheright–handsidedescribestheeffectof two–
body encounters.Undercertainassumptions,however, the Boltzmannequationcanbe simplified
greatly. If thesystemis self–gravitating, thedistribution function E mustcorrespondto thedensity0 in orderto provide its own potential V (Poisson’sequation):R 	 V��`_"acb 0  (2)

with b beingtheGravitationalconstant.Equations(1)and(2) aregenerallyvalid andmaybeapplied
to the evolution of a system.Dependingon the approach,many differentkind of modelscanbe
constructed(Binney & Tremaine1987;Spitzer1987;Meylan& Heggie1997).

1. Thesimplestmodelis aspherewith thestarsmoving aroundthecentre.For aconstantdensity0 , the tangentialvelocity d - is just balancingthe centrifugalforce,while the radial distance
remainsunchanged.d - varieswith 3 asd 	- �`b7e 143�5f�3hg"i�j dkI�`�!+ (3)

All starshave the sameperiodof revolution aboutthe centre,but a randomdistribution of
orbitalplanes.

2. In theisothermalspheretheradialdensitydistribution is0l1/35 � m d 	�n��acb 3 	  (4)

and m d 	�n meansthevelocitydispersion.Thedistributionof velocities(dispersion)is isotropic
everywhereasfoundin gasesof statisticalequilibrium.Unfortunately, thismodelcannotserve
asa realisticonebecauseit hasinfinite mass,e 143�5 �po 0l1/35 _"a 3 	 J 3S6�3 . Nevertheless,it is
ausefulapproximationfor partsof acluster.

3. ThePlummersphereis frequentlyusedby theoristsfor analyticalconvenience.It providesa
goodfit to the observationsof someglobular clusterswith a compactcoreandan extended
outerenvelope.Theradialdensitydistribution is02143�5 � q e_"acr K Q �1 �s9 3 	 � r 	 5ut<v 	 (5)

with e being the total massand r a scalingradius(seeCh. 8.3). On applicationto real
clustersthismodelfailsat largeradii, becausetheouterpartsof elliptical galaxiesfall off less
steeplythan 0w6*3L;lx while thePlummermodelcontinuesits decline 6`3L; t .
It canbeshown thattheisothermalandthePlummerspherepursuethedensitydistributionof
a polytropic gassphere,which is describedby yz�|{ 0L} , wherey is thepressurethat varies
with thedensity 0 , { is a constantand ~ the“polytropic (adiabatic)index”, identicalwith the
ratioof heatcapacities,~������ � ��� (Binney & Tremaine1987).
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Figure3.1: Surfacedensityprofilesasa function of the radiusscaledto the core radius, �M� , for a family of
dynamicalKing models.Thenumberassociatedwith eachcurve is a concentrationparameter�>�����C�������\�M� �f�
(Elson1999;afterKing 1966).

4. The King model, alsocalled“LoweredMaxwellian”, providesan ideal combinationof both
theoreticalconstructionandobservedstructure.It incorporatesthreeessentialdynamicalpro-
cesses:(i) dynamicalequilibrium,(ii) theeffect of gravitationalencounterswhich tendto set
up a Maxwelliandistribution of velocities,and(iii) a cut–off in energy abovewhich starsare
deemedto haveescapedfrom thecluster(Meylan& Heggie1997).Unfortunately, thedensity
cannotbegivenasafunctionof 3 but of thepotentialenergy � (King 1966); 0 is constructed
numericallyfrom suitableboundaryconditions(centraldensity0 ] , aspecialparameterfor the
centralvelocitydispersion� 	 , andthetidal radius3 - ). Thedistribution functionof energiesis
givenby

E 14��5 � 0 ]1 ��ac� 	 5 K v 	���� ;2� v�� ? T � ;l�^� v�� ?^   (6)

where � �¡d 	 � �79pV 143�5 is the dimensionlessenergy per unit massof a star, and �£¢ is the
energy of a starthat just reachestheedgeof thecluster;starsof higherenergy would escape
entirely, so that E 14�¥¤��£¢u5 �¡� (Binney & Tremaine1987).An examplefor a setof King
modelswith differentboundaryconditionsis shown in Figure3.1.

Takinginto accountthevelocityanisotropy expectedin thehalo,thesemodelscanbeextended
to King–Michiemodels(Michie 1963).Here,thevelocitydistributionis isotropicat thecentre
andnearlyradialin theouterparts.

Othermodelshave beendesignedto satisfy the Boltzmannequation,someof themincluding
rotationor a multiple masses,however, thefew mentionedabovehave achievedthegreatestpromi-
nencein applications.



9

4 Evolutionary processesin star clusters

The internalevolution of a starclusteris governedby its tendency towardsa Maxwellianvelocity
distribution.Thesmallenergy changesof eachstarduringseveralencounterssumuponarelaxation
time scale(Ch. 5.2), which tries to “smoothout” the energeticdifferences.Sincea gravitating sy-
stemis liable to anattractiveforce,thecollapseof thecentralcoremakesupanimportantphaseand
probablythemostfascinatingaspectof thedynamicalclusterevolution.Therearethreemechanisms
actingin differentwaysin orderto achieve thecollapse:gravothermalinstability, equipartition,and
evaporation.In a real clusterof starsall of theseprocessesoccursimultaneously, but in the idea-
lized models,which we construct,it is possibleto isolatethe specificprocessesandto gain some
understandingin theparticulareffects.

4.1 Gravothermal instability

By analogywith theparticlesin anidealgas,thekineticenergy ¦ in aself–gravitatingsystemof �
equalpointmassescanbeexpressedby its meantemperature:

¦�� �� � � m d 	 n �Aq� �§{"¨ m4© n  (7)

where � is the stellarmass,{ ¨ is Boltzmann’s constant,and m d 	�n and m4© n are the meanveloci-
ty dispersionandtemperature,respectively, both usuallydependingon the position in the cluster.
Accordingto thevirial theorem,��¦ª9��«��� , thetotalenergy is¬ �`¦A9�®�$T:¦��¥TUq� �§{ ¨ m4© n + (8)

Thus,theheatcapacity� turnsout to benegative:

�:� J ¬J m4© n �¥TUq� �§{"¨I+ (9)

This resultis valid for any bound,self–gravitatingsystem,andit exhibitsaquiteunusualbehaviour:
Thesystembecomeshotterasit losesenergy andcoolsasit is heated.If suchanapparentlyparadox
systemis in thermalcontactwith aheatsinkatsomeconstanttemperature,asmallinstabilitywould
causetheheatflux goinginto thesink.This energy lossincreasesthekinetic energiesof theremai-
ningparticles(heating),andthetotalbindingenergy � becomesevenmorenegative.Consequently,
the systemcontracts.The temperaturedifferencebetweenthe boundsystemandthesink becomes
largerand,again,theheatflux is intensified— a runawayprocesstakesplace.Thecentralcoreof a
clustercanberegardedasanisothermalsystembeingin contactwith anouterhalo;theformeris the
heatsource,thelatterservesastheheatsink.Thus,it is possiblefor thecoreto loseenergy, contract
andheatup.

Thesituationis summarizedin Fig. 4.1,wherethetotal energy (verticalaxis) is comparedwith
thethermalenergy (horizontalaxis).At temperaturesverymuchlargerthanthegravitationalenergy,
a systemof any particlesbehaveslike anidealgaswith thetotal energy savedin therandomkinetic
motions(point A). If thetemperatureis reduced,thesystemmovesdown alongthecurve.At point
B theenergy passesthroughzero,andthegravitationalattractionbecomessignificant.As thetempe-
ratureis decreasedfurther to point C, thesystemwill bedominatedby self–gravity andit becomes
unstablebetweenC andD for thereasonsgivenabove: Heatflows from theshrinkingcentreto the
sink, andthe temperaturesof both thecoreandthehalo rise.Beyondpoint D, any isothermalgas,
even without a heatsink, would collapseanddevelop a core–halo–structure(Binney & Tremaine
1987).

Thecollapseof a starclusteris stoppedby theformationof binariesin theverycentre.With the
densityrisinghigh,triple encountersarelikely to takeplace.Theorbitalmotionsof temporarytriple
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Figure4.1: Relationbetweenthe total energy andtemperaturefor an isothermalgas.The marked pointsare
explainedin thetext, thesubscriptsin bracketsdenotethedensitycontrastbetweenthecentreandtheoutermost
layer, ¯ � �M¯"°²± (Binney & Tremaine1987).

starshave a lot of chaoticaspects,for theparticlesexchangeanenormousamountof energy while
accelerating,deceleratingandscattering.Numericalstudiesof thethree–bodyproblemrevealthata
binarystaris formedat theendof theinteractionprocess,andonestarreceivesakineticenergy high
enoughto bepushedto largerdistances,eventuallyescaping.Binarieswill absorbmoregravitational
energy eitherby hardeningduringsubsequentencountersor by breakingup in collisionswith other
stars,especiallyother binaries;then they transferthe binding energy to the other system.In any
case,binariesopenup a vast rangeof parameters(e.g.crosssections,masses,eccentricities)that
will dominatethe internalevolution of the cluster. The heatflux canindeedbe broughtto an end,
andthecollapseof thecoreis halted.

The consequencesof all theseinteractionsalter the dynamicsandphysicsof the systemasa
whole.For example,they channeltheformationof bluestragglers,masstransferbetweenthebinary
components,andX–raysources.SeeBailyn (1992)for moredetailsontheastrophysicaleffectsthat
arisein realstarclusters.

4.2 Escapingstars

Stars,whosevelocity exceedthe local escapevelocity, leave theclustercausinga slow but irrever-
sible leakage.During eachrelaxationtime an approximatelyconstantfraction of starsis scattered
to energiesabove that velocity. If they areremoved,the escapeenergy alsodropsin proportionto
theremainingmass.Theenergy requiredto removea unit of mass,

�	 m d 	Z\³4] n , equalsT´�#� � e , sowe
have

m d 	Z\³4] n �$Tµ_L� � e�+ (10)

Recallingthevirial theorem,T´�¶����¦ , where ¦·� �	 e m d 	�n is thetotal kinetic energy, onefinds
that

m d 	Z\³4] n �*_ m d 	 n  (11)
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Figure 4.2: Illustration of the evaporationprocessdue to escapingstars.This simulationstartedwith 1000
particlesin a Plummersphere(left) andit haslost 85of its starsafter ¸z¹Cº relaxationtimes(right; Ch.5.2).

i.e. themeanescapespeedis just twice thevelocitydispersion.
Theescapecanhappenby two conceptionallydifferentmechanisms:(a)A closeencounterwith

anotherstarcanproduceavelocitychangewith thespeedexceedingtheescapevelocity— weshall
call that process“ejection”; (b) a myriad of weak(i.e. moredistant)encounterscancontinuously
accumulatethekineticenergy of astar, until onesingleweakfly–by givesthestaraslightly positive
energy andit escapes— thiseffect is termed“evaporation”.Evaporationis amorecomplicatedpro-
cesssinceit is muchlikeadiffusionin energyspace(Hénon1969).An examplefrom oursimulations
is shown in Figure4.2,wherethepositionsof thestarsareprojectedontothe » –¼ –plane.

In tidally truncatedclusterstheescaperatesarehigherthanin isolatedclusters,andanintroduc-
tion of a massspectrumalsoleadsto anenhancedmassloss(Wielen1975).Evaporationheadsfor
a completedisintegrationof thecluster, whereits final stagewould berepresentedby a hardbound
binaryon aKeplerorbit thathas“survived”.

The escapeof single starscausesa kind of core collapse:When a star leaves the cluster, it
takesaway someenergy — kinetic aswell aspotential.In orderto keepthevirial equilibrium,the
reductionof the total kinetic energy makesthe potential � becomemorenegative. The starsget
strongerboundandthe clustercontracts.The remainingstarsneedto find a new Maxwellian,but
meanwhiledevelopanew “Maxwellian tail” with someotherstarsexceedingtheescapevelocity.

In addition,thetidal borderof a hostGalaxyreinforcesthedissolutionof thecluster:It shrinks
becauseof losingits membersand thetidal bordermoving inwards,strippingaway thestars.Many
factorsconcerningthe environment(presenceof a disk and passagesthroughthe galacticplane,
bulge,molecularcloudsetc.)shortenthetime scalefor evaporation.More detailson thedissolution
aregivenin Baumgardt(2001).

4.3 Equipartition

Additionally to theprevioustwo effects,thismechanismoccursin multi–masssystemsonly. Starsof
all massestry to balanceouttheirenergydifferences:Theheavy massesslow down,while thelighter
onesgainkinetic energy. If thenumberof theheavy starsis sufficiently large,they will continueto
give up their energy to the lighter starswithout reachingequipartitionandhencedraw closerand
closer. Thesubsystemof heavy massescontractsrapidly andleadsto a coreinstability. Thedetails
aresubjectof theupcomingchapters.
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5 Evolutionary time scales

In asystemof many particles,anestimationof thetimescalestellsoneaboutthephysicalprocesses
thatarelikely to governtheparticulardynamicalstate.Thetimescalesarenot independentbut relate
to overall changesof thespatialdistribution,nevertheless,they provideausefulguidewhenviewed
from aninitial state.

5.1 Crossingtime

Thecrossingtime is anapproximatetimethatastarwith velocity d needsto traversehalf of its orbit
with radius3 : N ] k½� 3d + (12)

A commonconventionis the choiceof the sizeof a cluster r (morespecifically, the virial radius,
but thehalf–massradiusis alsoagoodapproximation)for theorbit andthevelocitydispersionm d 	�n(Meylan& Heggie1997).

Thecrossingtime is approximatelyequalto thedynamicaltime,which expressesthemotionof
a harmonicoscillatorin a gravitationalpotential,

N\¾M¿ [ �AÀ _ � �_ Q �a 3d"Á  
with À beingtheorbitalperiod,and d Á thecircularvelocityatdistance3 . Sincethevelocitydepends
on thelocaldensity, d Á �ÃÂ _"acb 0!� q Q 3 , we have

N\¾^¿ [ �ÃÄ q a�CB"b 0 �*N ] k�+ (13)

Therefore,no matterwhat is the initial distancefrom the centre,a massparticleat restwill reach3 �`� in this timeor a quarterof a “period” (Binney & Tremaine1987).

5.2 Relaxation time

Themostimportanttimescalefor theevolutionof aglobularclusteris thetwo–bodyrelaxationtime.
It is the time after which a star’s moving directionhasbeendeflectedby 90 degreesrelative to its
original direction: m�ÅWÆ 	�nf� v 	 ��Ç 	 . This deflectionhasbeenaccumulateddue,not to a singleclose
encounter, but to the cumulative effect of many distantencounters.Thesemany mild encounters
producemajorchangesin thestructureof thecluster, without significantlydisturbingits dynamical
equilibrium.Equivalently, it is thetime requiredfor a starto suffer a velocitychangecomparableto
its original velocity: m�Å d 	 n �*d 	 .Therelaxationtimedependsonthedensityandis thereforeafunctionof theradiusin thecluster.
Althoughseveralprecisedefinitionsexist, amongdynamicistswidely acceptedis theoneby Spitzer
(1987,eq.2–62):

N k�È � �!+ �"BLÉ m d 	^n K v 	b 	 m � n 0sÊËiÌ1 ~2� 5 + (14)

Here, m d 	�n is the velocity dispersionof thestars,0 themassdensity, m � n the averagestellarmass,b the Gravitational constant,and Ê,iÌ1 ~2� 5 the Coulomblogarithmwith a value for ~ favouredin
this work to be about0.11(Giersz& Heggie1994a).This will be matterof detaileddiscussionin
Chapter9.6.



5.3 Core collapsetime 13

In differentregionsof a starcluster, therelaxationtime usuallyvariesby severalordersof ma-
gnitude.The inner regionswill relaxmostquickly, while in thehalo the time maybemuchlonger
thantheageof theUniverse.For roughestimatesausefulglobalquantityis thehalf–massrelaxation
time. It is obtainedwhenthedensity 0 is replacedby themeandensityinsidethehalf–massradius,
andthevelocity dispersion,which is alsoa local quantity, is obtainedfrom thevirial theorem.The
resultis

N k . �`��+Ë� q"Í e � v 	 3 K v 	.b � v 	 m � n ÊËiÌ1 ~2� 5 �`��+Ë� q"Í � 3 K v 	.1 b7e 5 � v 	 ÊËi�1 ~Î� 5  (15)

with e , 3 . and � beingthetotal mass,thehalf–massradiusandthetotal numberof stars,respec-
tively. The half–massrelaxationtime hasthe advantagethat it changesrelatively little during the
evolution.

Whencomparingthetime scaleof relaxationin eq.(15) with thecrossingtime at 3 . in eq.(13),
a fundamentalproportionalityturnsout thatis of high interestfor internaldynamics:N k .N ] k 6 �Ê,i�1 ~Î� 5 + (16)

5.3 Core collapsetime

Two–bodyrelaxationcausesstarclustersto redistributethethermalenergy amongstars.Sincethis
kind of heattransferactson therelaxationtime scale,a corecollapseis similarly ensuedin gravita-
tionally unstablesystems.In general,thetime of corecollapsedependson theinitial massfunction
(IMF), the initial density, andthe degreeof anisotropy. In addition,tidal shockingmay accelerate
thecollapse,while masslossdueto escapersmaydelayit (Elson1999).

Thecorecollapsetime is beststudiednumerically. For equal–massmodelsit rangesabout330
centralrelaxationtimes( N\k�ÈÏ ]\Ð k Z ) or about12—19half–massrelaxationtimes, N\k . . Quinlan(1996)
givesa time scaleof ��É!+ÒÑÓN k . for anisolatedcluster, if anisotropicvelocity distribution is assumed.
Takahashi(1995)modelledPlummerspheresfor an anisotropiccase,anddeterminedthe collapse
time to about17.6 N k . . Otherauthorsfind similar factors(Fig. 5.1),andwe shalladoptN ]\] �¥��Ñ£+ÒÉÔN\k . + (17)

Thoughthevaluesareusedin moststudiesof the corecollapse,they area poor guidefor real
starclusters,e.g.globular clustershave centralrelaxationtimesthataretypically ten,sometimesa
hundredtimesshorterthantheirhalf–massrelaxationtimes(Quinlan1996).Sofar, thecorecollapse
time is only found empirically from a large numberof numericalsimulations,for thereexists no
analyticaltheorywhichwouldpredictit apriori from clusterproperties,e.g.thestarnumber, IMF, or
concentrationparameters.Oneof theproblemsin its determinationis thelargestatisticaluncertainty,
particularlywhenthenumberof starsinvolvedin thecollapseis small.

5.4 Equipartition time

Whendifferentmassesareon work, two–bodyrelaxationturnsalsointo an equipartitionprocess:
Theexchangeof energiesbetweenlight andheavy starsproceedsontherelaxationtimescale,sothe
time at which equipartitionwill beachievedis of thesameorderof magnitude.Thetime scalewas
introducedby Spitzer(1969)as:

N Z\Õ � 1 m d 	� n 9 m d 		 n 5 K v 	Í 1 B�a 5 � v 	 b 	 ��	^0���ÊËi�1 ~Î� 5 + (18)
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Figure5.1:Factorof therelaxationtimeat which thecorecollapseoccurs,asdeterminednumericallyby some
authors.For smallparticlenumbersthedeterminationis ratherunsure,but it dependsalsoonassumptionsmade
in thetheory.

If thermsvelocitiesof thetwo stellartypesareequal,theratio of N Z\Õ � N\k�È is aboutproportional
to � � �� 	 . In orderto beableto establishequipartition,thesystemhasto fulfill thestabilitycriteria
which arediscussedin Chapter6.

5.5 Evaporation time

Facingthedifferencesbetweentheejectiontime andevaporationtime (Ch. 4.2), themeantime for
a starto beejectedin a three–bodyencounterisN Z�Ö �p�#+Ë�µQ���� K Ê,iÌ1 ~Î� 5 N\k .  (19)

wherethevalueis expressedin units of thehalf–massrelaxationtime (Binney & Tremaine1987).
Therateby which theclusterlosesits starsis thenJL�J"N �$T �N Z�Ö �¥T Í + Íw× ��� ;Øx �N k . ÊËi�1 ~Î� 5 + (20)

Theevaporationtime andratecananalogouslybeestimatedto

N ZÚÙHÛ � �p�C�#�½N k . g"i�j JL�J"N �$T q Q"��� ; K �N k .  (21)

respectively. For typicalvaluesof theCoulomblogarithm,ÊËiÌ1 �!+,�C� 5 �$�C� , onefindsthattheejection
time is muchlongerthantheevaporationtime.



15

6 Theorieson equipartition

In a particlesystemwith severaldifferentmasses,encountersbetweenthe objectstendto produce
an equipartitionof kinetic energy. The exchangeof energiestakesplacevia heatfluxes,andequi-
partitionis achievedwhenthethermalgradientsvanish.A self–gravitating systemsuchasa cluster
of starsalso tendsto a thermalequilibrium (equipartition)disregardedwhetherit is in dynamical
equilibrium(virial) or not.

Equipartitionis extremelyimportantin constructingmodelsof stellarclusterscontaininga rea-
listic distributionof masses.We considerthecaseof asystemwith two massesfor simplicity. In the
following, thequantitiesof the lighter particleswill bedenotedby thesubscript1, andtheheavier
onesby 2:� � , � 	 : light andheavy massesof theindividualparticles,� � , � 	 : their totalnumbers,e � , e 	 : totalmassof thetwo components,r � , r 	 : radii of spherescontaininghalf of theindexedmass(closeto virial radii),0 � , 0 	 : meandensitiesinsidea spherewith radiusrÝÜ ,m d 	� n , m d 		 n : velocitydispersionsof thestarsof mass1 and2, respectively.

Theclusterasa wholeconsistsof � � 9Þ� 	 = � particles,andits total massis ��� � � 9 �
	 � 	 =e � 9Þe 	 = e - Ð - . Theratio of the individual massesis denotedby �ß� ��	������ , thetotal fraction
of theheavy componentby (à��e 	�� e - Ð - .
6.1 The heuristical picture

During two–bodyencountersall starsexchangetheirenergiesandtry to find athermodynamicequi-
librium. Themaindistinctionbetweensystemsof equalandunequalmassesconcernsthequestion
of equipartition,or, moregenerally, how thevelocity dispersiondiffers from oneparticlepopulati-
on to another. Equipartitionbetweenthe populationsis obtained,whenthe kinetic energiesof the
individualparticlesarethesame: ��� m d 	� n � �
	 m d 		 n + (22)

Assumingan isotropicvelocity distribution for all massesinitially, themostmassive starshave
on averagethelargestkineticenergy at any point in thecluster, andin thecourseof encountersthey
loseit to thelighteronesandslow down. Attractedby thecentralpotential,theheaviesareaccelera-
tedtowardsthegravitationalcentre.This new gainof kinetic energy, they loseagainin subsequent
two–bodyinteractions.Thus,theheaviesbecomeselectively concentratedin theinnerpartsandha-
ve lower randomvelocitieson average.They alsowill not rise so far out againstthe gravitational
potentialof thecluster. On theotherhand,the light starsspeedup andtheir orbitsexpand;they re-
mainmostof theirorbital timein theouterpartsof thesystem.Thestarclusterappearslikestratified
by mass.Hence,masssegregationis an associatedconsequenceof the equipartitionprocess.The
congregationof heavy massesin theinnerregionshaswidely beenobservedthroughoutall kindsof
stellarclusters(Bonnell& Davies1998).

If themassstratificationproceedsfar enough,thentheself–gravity of theheavier starswill do-
minatethepotentialin thecore.Theirsubsystemwill undergogravothermalcollapse,while thelight
oneswill not. In his pioneeringpaperon equipartition,Spitzerjr. (1969)predictedthe conditions,
for which thestability prevails.His main ideasandthe impacton otherworkswill be reiteratedin
thefollowing sections.

6.2 Conditions for equipartition

We limit thediscussionon two cases:On onehand,we assumethat themassfractionof theheavy
component,( , is sufficiently small so that 0 	 is everywherenegligible comparedto 0 � , andon the
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otherhand,vice versa,that ( is sufficiently largeand 0 � canbeneglected.Theformercaseis more
importantfor the initial setupof actualclusters.But, wheremassstratificationincreases0 	 in the
centralregions,weshallseethatthelattercasetakesovertheequalizationprocesslocally andcauses
thecollapseof thesubsystemof heavy stars.

As for the first case,the velocity dispersionof the heavy componentcanbe derived from the
virial theorem, ��¦ 	 9 1 � 	 9�� � Ï 	 5 �*�! (23)

where ¦ 	 � �	 e 	 m d 		 n is thekinetic energy of theheavy stars,� 	 �&T´E2b7e 		 � r 	 is thepotential
energy arisingfrom the interactionsof the heavy starswith themselves1, and � � Ï 	 is the potential
energy from the interactionsof theheavy with thelight stars.We will computethelatter termfirst.
Sincee 	 is assumedto besmall,thecontributionof theheavy starsto thetotalclusterpotentialwill
alsobesmall,i.e. V - Ð - ��V � . For theheavies,thepotential V � causedby thelight starsappearslike
an“external”potential,andwemaywrite

� � Ï 	 ��á 0L	 V � J£â¥��á�ãä 0L	#143�5 T:b7e ��1/353 _#a 3 	 J 3 + (24)

We replacee �143�5 by _"a 0!� ràK � q , andsetthedensityof the light starsto its constantcentralvalue,
becausetheheavy systemwill notstronglyperturbit, 0���143�5 � 0 ] Ï � . We get

� � Ï 	 � Tµ_#acb 0 ] Ï � á ãä 0£	"143�5 _"aq 3 x J 3� Tµ_#acb 0 ] Ï � Q m r 		 nq á ãä 0£	"143�5 _"a 3 	 J 3 (25)

� T _#aq b 0 ] Ï � m r
		 n e 	 +

Here,we approximatedthe integral of 3�x for onepartby themeansquaredvalueof 3 of theheavy
starsusingthe theoremof the meanvalueintegral anddenotedthis by m r 		 n , andtheotherpartof
theintegral wesolvedfor thesphere.

Puttingnow the threetermsin eq. (23) togetherandsolving for the velocity dispersionof the
heavies,onefinds:

m d 		 n ��E b7e 	r 	 9 _"acbq 0 ] Ï � m r 		 n + (26)

An analogousvirial (23) for thelight componentcanbeconstructed:�"¦ � 9 1 � � 9�� 	 Ï �M5 ��� .
The correspondingterm of componentwiseinteraction,� 	 Ï � , is negligible, provided that e 	 (and
consequentlyV 	 ) is smallandhasno significanteffect on thevelocity dispersionof the light stars.
We get

m d 	� n ��E b7e �r � + (27)

Whensubstitutingthe velocity dispersions(26) and(27) in the equationfor equipartition(22), it
reads: � � e �r � � �
	 X e 	r 	 9 _#aq E 0 ] Ï � m r

		 n Y + (28)

1 å is a dimensionlessconstantbetween0.44and0.38for polytropesof index æ between2 and5, respectively. Thevalue
of 0.4adoptedby Spitzer(1969,1987)shouldbea reasonableapproximationfor mostsystems.
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Somelengthybut straightforwardreorganizationof thesetermsleadto thestability conditionfound
by Spitzer(1969).Usingthedefinitions

�	 e 	 � x ÇK ràK	 0 	 and 1 r � � r 	 5 Kç� 1 e � � e 	 5^140 	 �0 � 5 , one
finally obtains: e 	e � X �
	��� Y K v

	 � 140!�C�0L	C5 � v 	� �s9 �	<èsé�ê\ë ìéMì�íËî ??�ïî ?? éMìé ?
  K v 	 + (29)

We definethe left handsideas ð andexpressthe ratios e 	�� e � and ��	������ in termsof ( and �
definedat thebeginningof this chapter:

ð�� X (�µTß(2Y � K v 	 � 140!�^�0L	�5 � v 	1 �s9zñ 0 � ��0 	 5 K v 	�ò ðÌó Û È£+ (30)

The function ðô�õð 1 (£ H� 5 dependson the densityratio of the two subsystemsandhasgot a

maximumvalue ð�ó Û È , which is determinedbelow. The quantity ñÃ� �	<è é êÚë ìé ì í,î ?? ïî ?? introducedcan
be consideredasa constantof value5.6 for the following reasons:The root meansquareradius,m r 	 n , equals�#+Ë� q r 	 in a parabolicpotentialwell. This resultsfrom a constant0 ] Ï � in thecore,and
a Maxwellianvelocity distribution of theheavy stars(Spitzer1987).Theratio 0 Á Ï �^�0�� representsa
densitycontrastbetweenthecentreanda confininglayercloseto thehalf–massradius.Thoughwi-
delyvariable,it is acriterionfor thegravothermalstabilityof thesystem.If thisratiodoesnotexceed
unity much,theself–gravitationalattractionwill bea relatively smalleffectandthesystemremains
stable;only for largevaluestheself–attractionof thecoreoutweighsthepressureof thesurrounding
shells,andtheclusterbecomesthermallyunstable.Thecritical ratio,at which it becomesunstable,
is about709for theisothermalsphere(Fig. 4.1),but for polytropeswith ö between3 and5, its value
increasesrathermoderatelyfrom 2.5 to 4.4 (Spitzer1987).We shall sethere 0 Á Ï � ��0 � equalto 3.5
(Spitzer1969).So, the constantñ canbe computedto 5.6, andit appearsto be insensitive to the
detaileddensitydistribution.

Thus, the condition for equipartition(30) dependsonly on the densityratio betweenthe two
particlespecies,0 � �0 	 . Thefunction ðz��ð 1 éMìé ? 5 hasgot a maximumat thepoint 0 � �0 	 �ô� �!1 �"ñ 5 .
With 5.6assumedfor ñ , thefunction’smaximumvalueisð ó Û È �`��+ q#Í ñ ; � v 	 ���!+,�CB�+ (31)

The physicalmeaningof the maximumis that equipartitionwill only be possible,if the left hand
sideof (29) doesnot exceedthis critical value.In caseof ð ¤ ð ó Û È , theconditionis not fulfilled,
inferring thattheheavy starscannotfind anappropriateequilibriumwith thelight stars;eithertheir
total massfraction ( is too large to validateour assumptionof a negligible 0£	 , or the ratio of the
particlemasses� , indeed.This boundarycondition is drawn asa dottedline in the ( –� –planeof
Fig. 8.1.

It becomesobviousthat theequipartition–basedcollapseis a somewhatself–limiting phenome-
non.Also, whentheheavy starsfar outnumberthelight ones(this is likely to happenin thecentral
coreduringtheprocessof masssegregation),therelativenumberof thelighterstarsis inadequateto
carry theenergy rapidly away from thecore.Theheavieswill continuesinkingtowardsthecentre,
increasetheir kinetic energy and thus increasethe departurefrom equipartition.They make up a
subsystem,which rathercollapsesdueto theown gravothermalinstability thanto theequipartition
instability. In this sense,simultaneousthermalanddynamicalequilibriumis impossible.

6.3 Multiple equipartition solutions

Anothertheoryfor theevolutionof atwo–componentstarclusterwasdevelopedby Lightman& Fall
(1978).Their approachdiffersto Spitzer’s in thatsensethatthey usea homogeneoussphereinstead
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Figure6.1:Thetwo spatiallydistinctcoreregionsof thelight andheavy stars.Theheavy particlesarelocated
with constantdensitȳ#÷ in regionII, ø�ù�ø>÷ (shaded);thelight onespopulatebothregions,eachwith different
densities,̄�ú and û¯�ú . At a laterevolutionarystage,someheavy particlesof region II will evaporateinto I. After
Lightman& Fall (1978).

of apolytrope.They distinguishtwo separateregionsfor thelight andheavy starswith radii r � andr 	 , respectively. Exactly, theseregionsaretheassociatedwith thesizesof thehomogenousspheres,
but onecanalsoidentify themwith thecoreradii of thetwo subsystems(Fig. 6.1).TheconstantE ,
whichSpitzerintroducesfor polytropes(seefootnoteonpage16),turnsout to be3/5.Fromseparate
virial relationsfor eachmassgroup,thevelocitydispersionscanbederived:

m d 	� n � q É b7e �r � 9 q � b7e 	r � Týü�C� b7e 	 r 		r K�
(32)m d 		 n � q É b7e 	r 	 9 q É b7e � r 		r K �

Puttingthedispersionsinto therequirementfor thermalequipartition,eq.(22),oneobtains

T X r 	r � Y K X � 	��� 9 q � e 	e � Y 9 r 	r � X �s9 É� e 	e � Y T � 	��� e 	e � ���µ+ (33)

This is a cubic equationfor the ratio of the two radii r 	 � r � . As such,it may have maximally
threesolutions.As the authorspoint out, the interestingresult is that theremay be two different
equilibrium configurationsfor a given system.Physically it is understoodfrom the fact that the
heavy massesmay achieve either a hydrostaticequilibrium in the whole systemasgiven by the
virial theorem,or athermalequilibriumwith thelight massesin thecore,dependingonwhichof the
two termsin theequations(32) dominates.

Avoidingcomplex solutions,thecubicfunctionhasgot amaximumvalueat pointX r 	r � Y´] k4þ - �
X �s9 É� e 	e � Y

� v 	 X q ��	��� 9 ü � e 	e � Y ;
� v 	 + (34)

Wheninsertingthatinto eq.(33),onefindsthevalueof themaximum;in analogyto Spitzer’stheory,
eq.(29)and(30), it is theborderconditionunderwhichequipartitionwill bepossiblefor thecaseof
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theisothermalsphere:

e 	e � X � 	��� Y ÿ?
� X �s9 q� � ��
	 e 	e � Y X �s9 É� e 	e � Y ; K�� ì?�� X _�#Ñ2Y ì? + (35)

In thenotationof ( and � , it isX (�µTß(2Y � ÿ?
� X �s9Ãq� �� (�µTß(2Y X �s9 É� (�µT�(2Y ; K � ì?�� �!+ q"Í  (36)

or afterfurthersimplifying

(�� K � X �s9 q�� (ÝT�( Y X �s9 q� ( Y ; K�� ì?�� �!+ q"Í + (37)

As visible from eq.(36), the functionaltermis in agreementwith Spitzer’s condition,but the term
in bracketsdependsupontheparticulardensitydistribution.Accordingto Lightman& Fall’s theory,
equations(35) to (37) describethecriterionfor simultaneousdynamicalandthermalequilibrium;if
it is satisfied,thesystemwill bestable.Moreover, a thermallyunstableconfigurationariseswhenthe
ratio of thetwo regionsizes,r 	 � r � , is lessthanthecritical valuein eq.(34); then,theself–gravity
of theheavy subsystemwill dominateandcollapseunderits gravothermalinstability. Otherwise,a
thermallystableconfigurationappears,when r 	�� r � exceedsthat critical value,meaningthat the
heavy subsystemis a “non–self–gravitating” one;then,thelight starscanfind anequipartitionwith
theheavies.Theconditionborder, eq.(37), is drawn asa dot–dashedline in Fig. 8.1.

6.4 Other theories

A theoryvery similar to Spitzer’s hasbeenderived by Inagaki& Wiyanto (1984).They actually
combinebothprevioustheories:While Spitzerincorporatesthetotal massesof thetwo components
whencalculatingthevelocitydispersions,thelatterconsiderjust thesituationin thecore.Theequa-
tions look virtually the sameaseqs.(26) and(27), but they requirethe additionalindex � for the
core:

m d 	� n ���!+ _ b7e ] Ï �3 ] Ï � g�i�j m d 		 n ���!+ _ b7e ] Ï 	3 ] Ï 	 9 b7e ] Ï �l3 	] Ï 	3 K] Ï � (38)

During theprocessof equipartitionin theearlystagesof theevolution, thequantitiese ] Ï � , 3 ] Ï � ,
and e ] Ï 	 arenearlyconstant,but 3 ] Ï 	 shrinks. m d 		 n will alsohaveaminimumthatcanbefoundfrom
thederivationof thesecondequationin (38):J m d 	� nJ 3 ] Ï 	 � T:�!+ _ b7e ] Ï 	3 	] Ï 	 9�� b7e ] Ï ��3 ] Ï 	3 K] Ï � �`�

��� 3 ] Ï 	 � �!+Ò� � v K 1 e ] Ï 	 � e ] Ï � 5 � v K 3 ] Ï � +
Thus,whenthecoreradiusof theheavies, 3 ] Ï 	 , shrinksto thatvalue,theminimumvelocity disper-
sionof theheavy starsis attained;wehave

m d 		 n ó½þ [ �p�#+ �L��B b7e
	 v K] Ï 	 e � v K] Ï �3 ] Ï � + (39)
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Equipartitionis achievedwhen � 	 m d 		 n ó½þ [ � � � m d 	� n , orX e ] Ï 	e ] Ï � Y X � 	��� Y K v
	 � �!+ _ K v 	 �*�!+Ò�"Éµ+ (40)

This conditionjust differs from the oneby Spitzer, eq. (29), in the upperborderwhich we calledð ó Û È . The line runsparallelto Spitzer’s but shiftedslightly upwards(thedot–dot–dot–dashedline
in Figure8.1). — In fact, Inagaki& Wiyanto did not explicitly point to the formula,eq. (40), but
obtainedanequationfor thetemperaturedifferencebetweenthetwo mass–components.

Anotheranalysisof modelsin thermalanddynamicalequilibrium wasprovidedby Watterset
al. (2000).Withoutderiving ananalyticaltheoryasin theforegoingtheories,they performedMonte
Carlosimulationswith two massbinsin acertainparameterrange,( and � , to checkfor equipartition
of energies.They madea fit to their resultsandacquiredan empirical formula that rendersmore
preciselytheborderbetweenthestableandunstableregime:X e 	e � Y X �
	� � Y

	
	 x � �!+ q �>+ (41)

Theboundaryis strictly valid for 1.75< � < 7. For smaller � , equipartitionwasalwaysachievedin
their simulations.Thefunctionis plottedasa dashedline in Fig. 8.1.
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7 Simulation tools: NBODY6++

Numericalsimulationsgive us a powerful tool to examinethe basicprocessesof stellardynamics
andcheckthe hypotheseson massstratificationpresentedin the previous chapter. But, however,
the numericalsimulationof a simpleclustercontainingsomehundredthousandor even a million
membersstill placesheavy demandson theavailabletools.A balancehasto befoundbetweentwo
constraints:Ononehandtherealism, i.e. theinputof profoundphysics,inclusionof all thephysical
effectsmentionedabove,andalsothemaintenanceof theaccuracy of calculations;andon theother
hand,the efficiency, i.e. the limitations given by the computationaleffort andsuitablecodesto be
finishedin a reasonabletime. Many differentkinds of approacheshave beenundertakento suffice
both:�

codesbasedon thedirectforceintegration(Aarseth1985and1999b),�
statisticalmodels,which themselvesdivide into several subgroups(Fokker–Planckapproxi-
mationby Cohn1980;Monte–Carlomethodby Hénon1971;Gasmodelsby Spurzem1994),�
usageof high-performanceparallelcomputers(Spurzem1999),�
or theconstructionof specialhardwaredevotedfor thesepurposes(Makinoet al. 1997).

All theaspectshavetheiradvantagesaswell asdisadvantages.Themostpromisingwayto follow
accuratelytheevolution of starclustersis basedon thedirectmethodof integratingtheNewtonian
equationof motion.Thedesignof anefficient algorithmfor this haspeakedin theNBODY6–code
by Aarseth(1999a),sofar, which hasbeenextendedto its latestversion,NBODY6++, suitablefor
parallelcomputers(Spurzem1999).Thebasicfeaturesof thecodeincreasingtheefficiency maybe
consideredunderfour separateheadings:Prediction–correctionmethod(Hermitescheme),individu-
al andblocktime–steps,regularizationof closeencounters,andaneighbourscheme(Ahmad–Cohen
scheme).Wedescribebriefly theseideas,whileadetaileddescriptioncanbefoundin Aarseth(1993).

7.1 The Hermite integration method

Eachparticle is completelyspecifiedby its mass� , position F ä , andvelocity G ä , wherethe sub-
script � denotesan initial valueat a time N ä . Theequationof motion for a particle � is givenby its
momentaryacceleration ä Ï Ü dueto all otherparticlesandits timederivative � ä Ï Ü as ä Ï Ü � T�� Ü����� b � ���r K  (42)

� ä Ï Ü � T�� Ü����� b � �����r K 9Ãq � 1 � Q � 5r t �  (43)

whereb is thegravitationalconstant;� � F ä Ï Ü T F ä Ï � is therelativecoordinate;r���� F ä Ï Ü T F ä Ï � � the
modulus;and � �&G ä Ï Ü TzG ä Ï � the relative spacevelocity to theparticle � . TheNBODY6++ code
follows thetrajectoryof theparticleby firstly “predicting” a new positionandnew velocity for the
next timestepN . A Taylorseriesfor F Ü 1 N 5 and G Ü 1 N 5 is formed:F�� Ï Ü 1 N 5 � F ä 9zG ä 1 NÔT�N ä 5 9  ä Ï Ü 1 NÔT�N ä 5 	� 9!� ä Ï Ü 1 NÓT�N ä 5 KB  (44)

G � Ï Ü 1 N 5 � G ä 9  ä Ï Ü 1 NÓT�N ä 5 9 � ä Ï Ü 1 NÔT�N ä 5 	� + (45)

The direct valuesof F � and G � , which result from this simple force calculation,do not fulfill the
requirementsfor anaccuratehigh–orderintegrator;they give just a clue to the ”real” F � and G � at
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theupcomingtime N � . Evenif thetime step,N � TPN ä , is chosenimpracticablysmall,a considerable
errorwill quickly occur, let alonethe inadequatecomputationaleffort. Therefore,an improvement
is madeby theHermiteinterpolationwhich approximatesthehigheracceleratingtermsby anown
Taylor series: Ü 1 N 5 �  ä Ï Ü 9 � ä Ï Ü Q 1 NÔT�N ä 5 9 �� #" 	%$ä Ï Ü Q 1 NÓT�N ä 5 	 9 �B #" K $ä Ï Ü Q 1 NÓT�N ä 5 K  (46)� Ü 1 N 5 � � ä Ï Ü 9  " 	&$ä Ï Ü Q 1 N�T�N ä 5 9 ��  " K $ä Ï Ü Q 1 NÔT�N ä 5 + (47)

Here,thevaluesof  ä Ï Ü and � ä Ï Ü arealreadyknown, but a furtherderivationof equation(43) for the
two missingordersontheright handsideturnsout to bequitecumbersome.Instead,onedetermines
the additionalaccelerationtermsfrom the predicted(“provisional”) F�� and G � ; we calculatetheir
accelerationandtime derivative accordingto the equations(42) and(43) anew andcall thesenew
terms  � Ï Ü and � � Ï Ü , respectively. Becausethesevaluesoughtto be generatedby the former high–
ordertermsalso(which weavoided),we put theminto theleft–handsidesof (46)and(47).Solving
equation(47) for  " 	%$ä Ï Ü , thensubstitutingit into (46) andsimplifying yieldsthethird derivative:#" K $ä Ï Ü � ���  ä Ï Ü T' � Ï Ü1 NÔT�N ä 5 K 9B � ä Ï Ü 9 � � Ï Ü1 NÔT�N ä 5 	 + (48)

Similarly, substituting(48) into (46)givesthesecondderivative: " 	%$ä Ï Ü � T:B  ä Ï Ü2T' � Ï Ü1 NÓT�N ä 5 	 TP� �(� ä Ï Ü�9)� � Ï ÜNÓT�N ä + (49)

Note,thatthedesiredhigh–orderaccelerationsarefoundjust from thecombinationof thelow–order
termsfor F ä and F � . We neverderivedhigherthanthefirst derivative,but achievedthehigherorders
easilythrough(42) and(43). This is calledthe Hermitescheme.The accuracy of the integratoris
virtually thesameasin thecaseof anexplicit high–orderderivation(Makino & Hut 1988).

Finally, we extendtheTaylor seriesfor F Ü 1 N 5 and GcÜ 1 N 5 , eqs.(44) and(45),by two moreorders,
andfind the“corrected”position F � Ï Ü andvelocity G � Ï Ü of theparticle � at thecomputationtime N � asF"� Ï Ü 1 N 5 � F�� Ï Ü 1 N 5 9 #" 	&$ä Ï Ü 1 N�T�N ä 5\x�_ 9*#" K $ä Ï Ü 1 NÔT�N ä 5 t�����  (50)

G � Ï Ü 1 N 5 � G � Ï Ü 1 N 5 9  " 	&$ä Ï Ü 1 NÓT�N ä 5 KB 9+ " K $ä Ï Ü 1 NÔT�N ä 5ux�_ + (51)

The integrationcycle for otherupcomingstepsmaynow berepeatedfrom thebeginning,eqs.(42)
and(43).Theerrorin F and G within thetwo timestepsÅ N �ÞN � T§N ä is expectedto beproportional
to Å N x (Makino1991).

7.2 Indi vidual and block time steps

Stellarsystemsarecharacterizedby afair rangeof densitieswhichgivesriseto differenttimescales
of theorbital parameters.In theclassicalpicture,thetwo closestbodieswould determinethetime–
stepof force calculationfor the whole rest of the system.However, bodiesin regionswherethe
variationin forceis relativelysmall,apermanentre–computingof theforcetermsis timeconsuming,
so, in orderto economizethecalculation,theseobjectsshallbeallowed to move a longerdistance
beforea recomputationbecomesnecessary. This is theideaof a vital methodfor assigningdifferent
time–steps,Å N��@N � T�N ä , betweenthe force computations,the so–called“individual time–step
scheme”(Aarseth1963).

Eachparticleis assignedits own Å NuÜ which is first illustratedfor thecaseof “block time–steps”
in Figure7.1.The particlenamed� hasthe smallesttime stepat the beginning,so its phasespace
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Figure7.1:Block time stepsexemplaryfor four particles.

coordinatesaredeterminedat eachtime step.The time stepof { is twice as large as � ’s, and its
coordinatesarejust extrapolated(“predicted”)at theoddtimesteps,while a full forcecalculationis
dueat thedottedtimes.Thestepwidth maybealteredor not after theendof the integrationcycle
for thespecialparticle,asdemonstratedfor { and

-
beyondthelabel“8”. Thetimestepshaveto stay

commensurablewith both,eachotheraswell asthetotal time,suchthata hierarchyis guaranteed.
This is theblockstepscheme.

As afirst estimate,therateof changeof theaccelerationseemsto beareasonablequantityfor the
choiceof the time step: Å NuÜ 6 Â !Ü � ��Ü . But it turnsout that for specialsituationsin a many-body
system,it provides someundesirednumericalerrors.After someexperimentation,the following
formulawasadopted(Aarseth1985):

Å NuÜÓ� .//0 1 �  � Ï Ü �2� #" 	%$� Ï Ü �C93�&� � Ï Ü � 	�&� � Ï Ü �2� #" K $� Ï Ü �^93� #" 	&$� Ï Ü � 	  (52)

where 1 is a dimensionlessaccuracy parameterwhich controlsthe error. In mostapplicationsit is
takento be 1 � 0.02to 0.04,seealsonext section.

For theblock–timesteps,thesynchronizationis madeby takingthenext–lowestintegerof Å N Ü ;the time stepsare quantizedto powers of 2 (Makino 1991).Then, therewill be a group (block)
of several particleswhich are due to movementat eachtime step.If one keepsthe exact Å N Ü ’sevaluatedfrom (52) for eachparticle,the commensurabilityis destroyed,andwe arrive at the so–
called“individualtimesteps”;in thiscase,thereexistsonesoleparticlebeingdue.Thelatterconcept
is realizedin thecodeNBODY4, wherea neighbourschemeis renounced(seenext section).

In therunningcode,thetime–stepsareadjustedto theirappropriatevaluesfairly quick.Although
successive stepsnormallychangesmoothly, it is prudentto restrictthegrowth by a stability factor
of 1.2.

7.3 The Ahmad–Cohenscheme

The computationof the full force for eachparticle in the systemmakes simulationsvery time–
consumingfor largememberships.Therefore,it is desirableto constructa methodin orderto speed
up thecalculationswhile retainingthecollisionalapproach.Oneway to achieve this is to employ a
“neighbourscheme”,suggestedby Ahmad& Cohen(1973).
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Figure7.2: Illustrationof theneighbourschemefor particle 9 markedastheasterisk(afterAarseth1985).

Thebasicideais to split the forcepolynomialon a givenparticle � into two parts,an irregular
andaregularcomponent:  Ü �: Ü4Ï þ k4k 9+ Ü/Ï k Z�; + (53)

Theirregularacceleration Ü/Ï þ k/k resultsfrom particlesin acertainneighbourhoodof � . They giverise
to a strongerfluctuatinggravitationalforce,soit is determinedmorefrequentlythantheregularone
of themoredistantparticlesthatdonotchangetheir relativedistanceto � soquickly. Wecanreplace
the full summationin eq. (42) by a sumover the � [=< nearestparticlesfor !Ü/Ï þ k4k andadda distant
contributionfrom all theother. Whetheraparticleis aneighbouror not is determinedby its distance;
all membersinsidea specifiedsphere(“neighboursphere”with radius 3 ³ ) areheld in a list, which
is modifiedat the endof each“regular time–step”whena total forcesummationis carriedout. In
addition,approachingparticleswithin a surroundingshellsatisfying � Q � ò � areincluded.This
“buffer zone” servesto identify fastapproachingparticlesbeforethey penetratetoo far insidethe
neighboursphere.

Figures7.2and7.3show how theAhmad–Cohenschemeworksfor oneparticle(Makino& Aar-
seth1992).At thebeginningof theforcecalculation,a list of neighbourobjectsaroundtheparticle �
is createdfirst (filled dots).Fromthisneighbourlist theirregularcomponent Ü/Ï þ k4k is calculated,and
thenthesummationis continuedto thedistantparticlesobtaining  Ü/Ï k Z�; . At thesametime we also
calculatethefirst time derivative.Fromtheequations(46) and(47) thepositionandvelocity of the
particle � arepredicted.At time N � Ï þ k4k we apply the “corrector” only for  Ü/Ï þ k4k from theneighbours;
the regularcomponentwe do not correctbut obtainby extrapolating Ü4Ï k Z�; . At thenext step, N 	 Ï þ k/k ,
the samepredictor–correctormethodproceedsfor the neighbourparticles,while the correctionof
thedistantaccelerationtermis still neglected.When N � is reached,thetotal forceis calculatedonthe
basisof thefull applicationof theHermitepredictor–correctormethod.Also, anew neighbourlist is
constructedusingthepositionsat time N � .

For a neighbourlist of size � [=<?> � , thisprocedurecanleadto asignificantgainin efficiency,
providedtherespectivetimescalesfor !Ü/Ï þ k4k and !Ü/Ï k Z�; arewell separated.Theactualsizeis control-
led by choosinganappropriateradiusfor theneighboursphere,3 ³ . Practically, this is controlledby



7.4 KS–Regularization 25

N � Ï þ k4k N 	 Ï þ k4k ... N �&@ Ï þ k4k N 	�@ Ï þ k4k

N ä N � N 	

AB Å N\þ k4k

B Å N\k Z�; A

Figure7.3:Regularandirregulartime steps(afterMakino & Aarseth1992).

somekind of “contrastof thelocaldensity”(Aarseth1985):� [=<� � � X 3 .3 ³ Y K � ö [=<ö .  (54)

where � is the total particle number; 3 . and 3 ³ are the half–massradiusand the radiusof the
neighboursphere;and ö [=< and ö . aretheparticledensitiesinsidetheneighboursphereandinside
thehalf–massradius,respectively. Theapproximationin theequationis dueto thefact,thatone–half
of thetotal particlenumberis not necessarilythehalf of thetotalmass,to which 3 . is related.

Themethodof thetwo particlegroupsis squeezedinto thehierarchicaltime–stepschememaking
theoverallview quitecomplex. Eachparticleis moveddueto its time–steporderandthetime–steps,
becausetheforcecalculationis divided:In eq.(52)a furthersubscriptis neededwhichdistinguishes
theregularandirregulartimestep.Theaccuracy canbetunedby 1 þ k4k �*��+ �L� and 1 k Z�; �`��+ �"_ , again.

Both, the neighbourschemeandthe hierarchicaltime–stepschemehave in commonthat they
arecenteredon oneparticle � , andthey distinguishbetweennearbyandremotestars,andthey save
computationaltime.Onemayask:Whatis theintriguingdifferencebetweenthem?— Theneighbour
schemeis a spatial hierarchy, which avoids a frequentforce calculationof the remoteparticles,
becausetheir totality providesa smoothpotentialwhich doesnot vary somuchwith respectto the
particle � ; thatpotentialis rathersuperposedby somefluctuatingpeaksof close–bystarswhich will
be “worked in” by the moreoften forcedetermination.The time stepscheme,in contrast,exhibits
the temporal behaviour of the intervals for re–calculationof the full force in orderto maintainthe
exactnessof thetrajectory;time stepschosentoo smallslow down theadvancingcalculationlosing
thecomputer’sefficiency.

7.4 KS–Regularization

Thefourth mainfeatureof theNbody6–codeis thetreatmentof closeencounters.This is to happen
in the clustercentrewhentwo (or evenmore)starscomevery closetogetherin an hyperbolicen-
counteror uponthepresenceof binaries.As their relative distancesbecomesmall ( rÃ� � ), strong
singularitieswould occuraccordingto equations(42) and(43). The “regularization”is an elegant
trick in orderto dealwith suchparticleswhich areascloseasthediamondin theFigure7.2.

The idea is to take both starsout of the main integrationcycle, replacethemby their centre
of massandadvancetheusualintegrationwith this compositeparticleinsteadof resolvingthetwo
components.Theorbit of thepairwill bedeterminedby switchingto adifferent(regularized)coordi-
natesystem.This transformationinvolvesasetof four regularspatialcoordinatesandafictioustime.
A 4 × 4 matrix transformsthespaceandvelocity into a form resemblinga harmonicoscillator. The
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equationsof motionbecomeregular then.Themethoditself goesbackto Kustaanheimo& Stiefel
(1965)andmakesanaccuratecalculationof a perturbedtwo–bodymotionpossible.Thetime–step
of sucha “KS–regularizedpair” is independentof the eccentricityandthe KS–periodcaninvolve
severalKeplerorbitsin caseof a physicalbinary.

Closeencountersbetweensingleparticlesandbinary starsarealsoa centralfeatureof cluster
dynamics.Suchtemporarytriple systemsoften reveal irregular motions,rangingfrom just a per-
turbedencounterto a very complex interaction,in which disruptionof binaries,exchangeof com-
ponentsandejectionof onestarmayoccur. Althoughnot analyticallysolvable,the generalthree–
bodyproblemhasreceivedmuchattention.TheKS–regularisationwasexpandedto theisolated3–
and4–bodyproblem,and later on to the perturbed3–, 4–, and � –bodyproblem.Thesefeatures
weredevelopedin the1970iesand1980iesandtermed“Chain Regularisation”.Themathematical
methodis describedin moredetailby Aarseth(1993),Mikkola (1997)andreferencestherein.
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8 Organizationof the simulations

Althoughmany studiesin stellardynamicsusesinglemassmodels,it is essentialto takeinto account
a realisticmassspectrum,andthesimplecaseof a bimodalmassspectrumis regardedasafirst step
towardsthat.Suchtwo–masssimulationsareexclusively studiedin this work. Sincethis analysis
aimsto isolatetheessentialphysicalprocessof masssegregation,weignorestellarevolution,cluster
rotationandneglecta tidal field aswell asprimordialbinaries;binaryformationoccursonly during
thelatestageof theevolutionanddo noteffectour objectives.

8.1 Nomenclature

All simulationsreportedherestart as Plummerspheres(Ch. 3) in global virial equilibrium. The
particlesare treatedaspoint masses,i.e. without softeningof the gravitational force, but regula-
rization of closeencountersinstead(Ch. 7.4). In our notation,a model will be determinedby its
fractionof theheavy masscomponent,(à��e 	�� e - Ð - , andthemassratioof theindividualparticles,��� �
	����� . The model is assignedto a capitalRomanletter. Eachmodelconsistsof a number
of runs thatdiffer only in their randomnumberseed;it returnsno morethananotherinitial setup
of positionsandvelocitiesof theparticles.Therunsarephysicallyequivalent.Modelsmakingup a
logical unit for comparisonaregatheredto a series, seeTable1.

Table1: Overview of thesimulations.A modelis describedby C and D andassignedto a capitalRomanletter.
RND = randomsetup;INS = all heavy massesplacedinside;OUT = all heavy massesoutside.

Series Distribution ( � –models Remarks
I RND 0.1 A ... H various�
II INS, OUT 0.1 A ... H all �
	 inside/ outside
III RND 0.05 K ... R �����"É��#�
IV RND 0.2 T ... Z �����"É��#�
V RND 0.4 T E ... Y E �����"É��#�
VI RND,INS,OUT 0.26 20.0 ����É��"�#� , Orion Nebula

Inspiredfrom a resultof Inagaki& Wiyanto (1984)that a clusterevolvesfastestfor (§�ª��+Ë� ,
we concentrateour main investigationson that value(SeriesI), andstudytheevolution for a wide
rangeof � ’s (from 1 to 50).This choiceis guidedby observationsin youngeststarclusterslike the
Trapeziumin theOrion Nebula Cloud,wherea massrangeof � 0.1–50M F is found(Hillenbrand
& Hartmann1998).This clusteralsoexhibits clearmasssegregationthat cannotbe explainedby
thesimpletheoryof “general”masssegregationdrivenby two–bodyrelaxation.Giventheextreme
youth of the starswith highestmass,a primordial segregationhasbeensuggested,in which they
wereformedby arunawaygrowth at locationscloseto thedensecentre(Bonnell& Davies1998).

We examinethetime scalesfor a randomsetupof particles(RND) that is realizedby assigning
a mass��� and �
	 to eachbody. With � beinga relative quantity, we fix ��� to unity, andvary ��	
in stepsthat aregiven in the top row of Table2. So, the two masspopulationshave got � � and� 	 members(for the determinationof their numbersseenext section),whosespatialcoordinates
aregivenby randomnumbersplacingthemalongthePlummersphere(methodby Aarseth,Henon
& Wielen 1974).The velocitiesarescaledin accordto the virial ratio of the kinetic andpotential
energy.

In SeriesII, weplacetheheavy particlescompletelyeitherin thecentre(INS) or to theoutskirts
(OUT) andcomparethe evolutionarypatternswith the randomsetupof SeriesI. In SeriesIII, IV
andV wealterthefractionof heavy masses,( , to testfor thisparameter. Thefull parameterspaceis
graphicallyillustratedin Figure8.1.Moreover, weperformedsimulationsof aspecialconfiguration,
which is relatedto a massratio in theOrionNebulaCloud(SeriesVI).
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Figure8.1: Parameterspaceof themodelsexaminedin this work. Thepositionof the Romanlettersindicate
a model determinedby its C and D . The dottedline is the boundaryof the equipartitionstableregion after
Spitzer(1969),eq.(30);Thedashed–dottedline is thestabilitycriterionafterLightman& Fall (1978),eq.(37);
the dot–dot–dot–dashedline is the formula eq.(40) by Inagaki& Wiyanto (1984);andthedashedline is the
empiricallyproposedconditionby Watterset al. (2000),eq.(41).

Usually, wearenot interestedin theresultsof oneparticularrun,but in theaveragebehaviour of
severalrunswith identicalparameters,i.e. we areinterestedin thepropertiesof themodel.In order
to reducethestatisticalnoise,we performeda largenumberof runsandaveragedthedatasetinto
anensemble–model.Thestatisticalquality of suchanensemble–averagingis comparablewith one
singlecalculationcontainingthefull particlesetof all runs(Giersz& Heggie1994a).For example:
Sincemostof ourmodelsareclusterswith �8���"É"�"� particles(our“standard”case),wecarriedout
20 runsandthewholesetwould representonesinglerun containing� �|É��� �#�"� . In SeriesI, we
alsoperformed50runsfor ���$�C�"�#� , and10runsfor ����É��"�#� . Theserunswereperformedonthe
PCsof theLinux–clusterof theAstronomischesRechen–Institut,Heidelberg,Germany. Onetypical
5000–particlerunof ModelA lastedabout160CPU–hours(7—8days)onan800MHz PentiumIII
until it reachedcorecollapse.

Additional modelscontaining10,000particles(4 runs)and20,000particles(1 run) werecalcu-
latedon theCRAY T3E parallelcomputerat theHochleistungsrechenzentrumin Stuttgart.Therun
with � �A�"�! �"�#� wasstartedon 128 processors,but whenit approachedcorecollapse,the num-
berof processorswasreducedto 16.This A–modelusednearly1350CPU–hours(two months)till
collapse.

8.2 Parametersof two–massmodels

In orderto describeamodel,a setof threeparametersis needed:���`� � 9z� 	HG ��� � 	 ��� �IG ()��e 	 � e - Ð - + (55)
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Sincethenumberof theforcecalculationsscaleswith � 	 , computationalefforts restrictthechoice
of � , thereforethisvaluehasto befixedaswell asanappropriatenumberdistribution � Ü for the � -th
mass–componentfound.While � is chosento theaptitudeof thecomputersused,particularmodels
areconvenientlydistinguishedby � and ( . Thedefinitionsgive:

(%� e 	e � 9e 	 � �
	 � 	��� � � 9 �
	 � 	� ��� �c� 	��� � � 9 ��� �c� 	 (56)

� � 1 �8Tß� �^5� � 9P� 1 �¡T�� �M5 +
Theabsolutenumberof light particlesis then

� � � 1 �µT�( 5 �c�( Tß�c(>9z� + (57)

Someauthors(e.g.Inagaki& Wiyanto1984)defineaslightly differentparameterJ(à��e 	 � e � , then
equation(57) turnsinto � � �`�c� ��1 J(µ9z� 5 . In thefollowing, we continueto stick to thenotationof
Spurzem& Takahashi(1995),asdefinedin (55). In the modelsof SeriesI ( ( �ô��+Ë� ), the absolute
numbersof theheavy particles,� 	 �p� TP� � , areshown in Table2. � is givenin bracketson top
of eachcolumn.

Table2: Absolutenumbersof heavy starsfor modelsof SeriesI.� A (1.25) B (1.5) C (2.0) D (3.0) E (5.0) F (10.0) G (25.0) H (50.0)
1000 82 69 53 36 22 11 4 –
2500 204 172 132 89 54 27 11 6
5000 408 345 263 179 109 55 22 11

10,000 816 690 526 357 217 110 44 22
20,000 1633 1379 1053 714 435 220 88 44

A differentwayof fixing themassratio � is by meansof theaveragemassof thestars:K�cÜ�� � Ü � m � n  (58)

where m � n �Ãe - Ð - � � and � Ü is the � -th componentin a multi–masscluster. With ( Ü �Ãe Ü � e - Ð - ,
we havefor thegeneralcaseof { differentmasscomponents

� Ü � ( Ü �K�cÜ � m � n ( Ü �� Ü � e Ü� Ü (59)

particlesin the � –th massbin. Theadvantageof this expressionlies in thesimplerhandling,if more
thantwo massesarepresent.In theequation(57), 1 {>T�� 5ML parametersof � Ü �� � wouldbenecessary
for { masscomponents,while heretheusageof m � n reducestheamountof thea–priori–definitions
of � Ü ’s to {çT�� .
8.3 Nbody–units

Dimensionlessunits,so–called“Nbody units”, wereusedthroughoutthecalculations.They areob-
tainedwhensettingthegravitationalconstantb andtheinitial total clustermasse equalto 1, and
theinitial totalenergy

¬
to T)� � _ (Heggie& Mathieu1986;Aarseth,Hénon,Wielen1974).
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Sincethetotalenergy
¬

of thesystemis
¬ �`¦$9§� with ¦õ� �	 e m d 	Cn beingthetotalkinetic

energy and � �|T 1 q a � q � 5 b7e 	 � r thepotentialenergy of thePlummersphere,we find from the
virial theoremthat ¬ � �� �®�pTUq aB�_ b7e 	r + (60)

r is a quantitywhich determinesthe lengthscaleof a Plummersphere,namelyits virial radius.
Using the specificdefinitionsfor b , e , and

¬
above, this scalingradiusbecomesr � q a � ��B in

dimensionlessunits. The half massradius 3 . caneasilybe evaluatedby the formula (e.g.Spitzer
1987):

e 143�5 ��e 3 K � rÝK1 �s9 3 	 � r 	 5 K v 	 (61)

whensetting e 143 . 5 � �	 e . It yields 3 . � 1 � 	 v K T�� 5 ; � v 	 r¡���"+ q �Ir . The half–massradiusis
locatedat thescalelengthof r����!+ ÑB#B , or about3/4 “Nbody–radii”.

It is alsoconvenientto choosea unit of time that is proportionalto the relaxationtime, rather
thanto thecrossingtime.Theinitial half–masscrossingtime of aparticleis

N ] k � b7e t<v 	1 � ¬ 5 K v 	 + (62)

SincetheNbody–unitof time, N�N ¨ , is 1 when

N�N ¨ � b7e t<v 	1 Tµ_ ¬ 5 K v 	  (63)

immediatelyfollows that N ] k � N�N ¨ �$�PO � . In fact,this time is not relatedto any meaningin cluster
physics,but it is just aneasyhandlingof the time measurementin simulations.However, it canbe
shown that the factor � O � is rathercloseto the crossingtime at half–massradiusin a Plummer
sphere.
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9 Resultsfor Q�RTSVU=W
Thischapterdealswith theresultsof thesimulationson two–componentstarclusterevolution if the
fractionof heavy starsmakeup10%of thewholeclustermass.Weinvestigatethephysicalprocesses
occurringfrom a randominitial distribution andcomparethemwith previousstudies.Theessential
factsaboutthe evolution have beenintroducedin Chapter4 andarequalitatively visible in Figure
9.2:Thecoreradiusshrinkswith time,andtheclustercollapsesunderits self–gravity. Thetimescale
for thecollapseis themoreshortenedthelargertheratio of individual starsgets.Thecorecollapse
is shiftedto smallertime values.The formationof binariesin the corestopthe collapseandlet it
expandagain.We directourattentionon thevariationsof theevolutionaryprocessesfor different � .

9.1 Data of ensembleaverages

We varied � from 1.25to 50.0andobtainedthecorecollapsetime, N ]\] , for eachrun by considering
two values:first, the momentof the minimum core radius, N 1YX ] �[Z�\ iØ5 and,second,the deepest
centralpotential,N 1 V��[Z�\ iØ5 . Theoutputdatawaswritten eachNbodytime unit. Becauseof large
fluctuationsbetweentwo subsequentdatapoints,we applieda “smoothingfunction” over 3 ] and V ,
which returnsan averagedvalueof a boxcarof the specifiedwidth ] (“smoothingwindow”). The
functionworksby thealgorithm

r Ü � �]_^ ; ���&� äa` Ü2b � ; ^ v 	  (64)

wherer Ü is theresultingvalueof theoriginalvariable` Ü having beenaveragedamong] neighbou-
ring datapoints.Thechoiceof ]���É turnedout to beusefulwith respectto both,clearingoutnoisy
peaksandmaintainingprecision(anexamplefor theraw datais shown in Figure9.9).Themedian
of thetimesfoundfrom theminimaof 3 ] and V wastakento bethatspecialrun’scorecollapsetime:

N ]\] � NdcdeÓ9zNdf� + (65)

Figure9.1:ModelsA, C, D, andF of SeriesI with gÃ� h�¹^º�º . Eachpoint representstheminimumvalueof the
centralpotential i � (left) andcoreradius � � (right) at the time whentheseparametersattaintheir minimum.
Theaveragevaluesfor all modelsarelistedin theAppendix.
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Figure9.1illustratesthedistributionof thedatapointsof 3 ] and Vsó½þ [ attheircorrespondingcore

collapsetimesfor four selectedmodels.Thelogarithmicaltime–axiswaschosento show therelative
scatterbetweenthepoint clouds.Whenviewedat a particularrun, thecorecollapsetimesarelikely
to show asignificantdiscrepancy betweenthedeterminationfrom thepotentialor from thecore,i.e.Ndf doesnotnecessarilyequalN k e , but theaveragesof bothkinds, m N k e n and m Ndf n , coincidewell for the
wholemodel.So, m N ]\] n is agoodvalueto characterizethecorecollapsetime of themodel,anyway:

m N ]\] n �kjml 1 N k eÔ9zNdf 5�� �In�7kYo [^³ � m Ndcpe n 9 m Ndf n� + (66)

As seenin thefigure,therelativevarianceof thecorecollapsetimesincreasesfor smallervalues
of m N ]\] n . Sincethecorecollapseis drivenby two–bodyrelaxation,it shows virtually theequivalent
problemsin its determination:For high � ’s, the relaxationtime becomesvery short in the centre,
and,consequently, the exact momentof the minima V and 3 ] is difficult to fix. Additionally, the
depthof the collapseis not clearly distinct (seenext section)suchthat an ambiguityariseswhen
fixing apeakfor themomentof collapse.

Themeanvaluesfor theeightmodelsof our SeriesI aresummarizedin theTablein theAppen-
dix. Theerrorsgiventherearethestandarddeviation from theruns’meanN ]\] , dividedby thesquare
root of the numberof the runs O � kYo [^³ . The error of m N ]\] n is roughly 2–5%for mostof the mo-
dels,consistentwith therelativeerrorsdeterminedby Spurzem& Aarseth(1996)andthehalf–mass
evaporationtimesby Baumgardt(2001).

9.2 Evolution of the core radius

Theevolutionof thecoreradii for themodelsA–G is plottedin Figure9.2.Eachcurveis anensemble
averageof 20 runs.For modelswith � approachingto unity, thecoreradiusshrinksasin anequal–
masssystem(at latecollapsetimes,to theright). A lineartime scale(not shown here)suggeststhat
the collapsephasesetsin when the core radiushascontractedto about25% of its initial radius.
This is in agreementwith the resultsof Giersz& Heggie (1994a).For high � ’s, the infall begins
immediatelyfrom thestartof thesimulations.Therapidcontractionof 3 ] is dueto theverymassive
starsfalling quickly to thecentreonthecrossingtimescale.Thecontractionstopsathigher3 ] –values
thanfor thelow–� models,anda quickexpansionof thecorefollows.

The behaviour at the momentof corebounceis illustratedin Figure9.3, wherethe minima of
thepotentialandthecoreradiusareplottedversus� . For a fixed � andmoderate��� 3 — 10, the
corecollapseis carriedout by approximatelythe samenumberof particles,but they do not draw
togetherascloseasfor theequal–masscaseor verysmall � ’s.Therefore,thedensityandthecentral
potentialarelessdeepthanfor �rq�� , andthe minimumof the coreradiusis not soprofound.At
extraordinaryhigh � ’s, theeffect is reversed:Evensomefew heaviesaremassive enoughto deepen
thepotentialdueto theirmereexistence.Thecollapseitself is lessdistinct,asseenfromtheshallower3 ] in theright panel.In theintermediate� –regime � 3 – 10, thedepthof thepotentialresultsfrom
the combinationof thesetwo effects:Heavy massesbuild up a stronggravitational field, but their
kinetic motion doesnot allow a long–lastingvicinity. It is only naturalthatequipartitionbecomes
impossible(Chapter11). Thedifferencesof the depthsfor various � arediscussedin Section9.6
below.

Thedevelopmentafterthecollapseappearsindifferent.ThetheorybyGoodman(1987)proposed
anexpansionof both,thehalf–massandthecoreradius,as3 ] 6¥1 NÔT�N ]\] 5 	 v K + (67)

This resultsfrom the fact, that the clustermaintainsa constanttotal massduring the expansion
(ejectionfrom three–bodyinteractionsis ignored):e ] 1 N 5 6¡0 ] 3 K] �:sMt ivupw +� (68)
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Figure9.2:Comparisonof theshrinkingcoreradiusin themodelsA–G of SeriesI.

wherethe index c denotesthe quantitiesfor the core.Sincethe centraldensity 0 decreasespro-
portional to N ; 	 (Spurzem& Takahashi1995),the post–collapseevolution goesasthe two–thirds
power–law in theformula(67).

Wemeasuredtheslopesof theexpanding3 ] ’sin Figure9.2byfitting two straightlinesembracing
the fluctuatingdataof eachmodelto constructan upperanda lower margin. Theselinesgive two
(moreor less)independentmeasurementsfor theslopeandarepresentedin Table3, andthey show
a decreasingtrendfor higher � .

Table3: Measuredslopesof thecoreradii in thepost–collapsephase.

slope A B C D E F G
up 0.631 0.666 0.680 0.525 0.522 0.490 0.420
low 0.940 0.864 0.662 0.615 0.524 0.517 0.445
mean 0.7855 0.765 0.671 0.570 0.523 0.5035 0.4325

The resultsactually incorporatetwo biases.First, the lower lines seemto be steeperthan the
upperonesfor themostof themodels.Thereasonfor thatis not clear, but it is likely anerrorin the
precisedeterminationof thecuttingpointsat the logarithmicalaxes.Second,thesimulationsreach
differentstagesof thepost–collapseevolution,andtheexpandingbranchesexhibit differentlengths.
Especially, the low–� models(A andB) arenot far advancedfor precisemeasurements,while the
high–� models(F andG) appeardistortedtoo muchaboutthe time of collapsesuchthat theonset
of the self–similarexpansionis difficult to find (seealsoGiersz& Heggie 1994b).So,we cannot
judgedefinitively whetheror not thecoreexpansionis really thesamefor all of our models.From
the theoreticalpoint of view, thereis no argumentfor a differentbehaviour of the coreexpansion
whenunequalmassesarepresent.
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Figure9.3: Minima of potential(left) andcoreradius(right) at the momentof corebounce.The collapseis
carriedoutby a lessnumberof coreparticleswhen D rises.Seetext for explanationsin moredetail.

9.3 Core collapsetimes

It wasstatedbeforethatthenucleusconsistingof two mass–componentscollapsesin a time shorter
thantheequal–massclusterby a factorof � � � (Khalisi & Spurzem2001;Fregeauet al. 2002).This
is reasonable,becausethe equipartitiontime is shortenedaccordingto eq. (18). The left panelof
Figure9.4 shows new andmoredetailedcalculationsin a wider � –range.The meantimes, m N ]\] n ,have beenplottedversus� for thecompletesampleof our modelsin SeriesI, thesimulationswith� �'�"É"�"� areconnectedwith a solid line for optical clarity. The circlesat left are the collapse
timesfor an equal–massclusteraccordingto eq.(17), andthe dottedline is the stability boundary
by Spitzerwith ð ó Û È ���!+,�CB , eq.(29).

In the left panel,the core collapsetimes converge smoothlyagainstthe collapsetime for an
equal–masscluster, N ]\] Ï � , as � approachesunity. Thenon–linearityin this region is a clearevidence
that equipartitionmingleswith the gravothermalinstability. Between�p��� and10, a somewhat
lineardeclineis visible,but far beyondthestability boundary, thecorecollapsetimesrun towardsa
constantvalue.Thatconstantcanberegardedastheminimumtime for thehighmassesto reachthe
clustercentreandcollapsein theframeof their own subsystem.

In the right panel,the factorof “collapseacceleration”is plotted for various � ’s. It is to be a
measureto which percentagea clusterwith two massesof ratio � evolvesfasterthanits analogue
with equalmasses.Thedashedline is the � ; � –declineof expectation,i.e. a clusterwith two mass–
specieshaving a ratio � would collapse� -timesearlier than its single–massequivalentaccording
to

N ]\] Ï x 6 �� N ]\] Ï � + (69)

At ����� thedecouplingof theequipartition–basedinstabilityandthegravothermalinstability takes
place.For �ßTl� � , theevolutionproceedsslowlier thanthe � � � –decrease,becausethetendency to
equipartitiondrivesthe initial evolution andslows down a “purely” gravothermalcollapse.As the
massdifferencebetween��	 and ��� becomesmarginally, the systemcollapseslike a single–mass
cluster. Beyondthecritical value���`� , anearlydecouplingof thetwo masspopulationsoccurs.The
heavies try to reducetheir large velocity dispersion,but they rapidly accumulateat the centreand
interactpreferablywith themselves.As aconsequence,equipartitionis harderandharderto achieve
andthe evolution proceedsonly dueto the redistribution of heatwithin the two, almostseparated
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Figure9.4:Left: Corecollapsetimesof themodelsin SeriesI. Thetimesshortennon–linearlywith increasingD . Thedottedline at DU�ry{z h{|C¹ is Spitzer’s (1969)equipartitioncriteriongivenin eq.(29) for valueof }�~����µ�º�z�y=� and C>�ºHz�y . Thecorecollapsetimesof thecorrespondingequal–massclustersareindicatedby filled dots.
Theerrorbarsaresmallerthanthesymbols.Right: All collapsetimesdividedby the �\�/�d� ú of thecorresponding
equal–masssimulation.

components(Bettwieser& Inagaki1985).The light starsevaporateout of the coreandtake away
thethermalenergy to theoutskirts,while theheavies increasetheir bindingenergy. The latterones
collapselike a single–masssubcluster. The combinedprocess,the releaseof energy by shrinking
of the heavy componentandthe heattransferby the light stars,works effectively andleadsto an
acceleratedcollapse.

If ��� � , thesituationturnsinto acaseof dynamicalfriction: A handfulof particlesaredrowned
into a homogeneousseaof light stars,and,like in anordinaryfrictional drag,their motionsuffersa
deceleration.Thecorecollapseof thesystemis notadirectmatterof thefew heavy massesanymore,
sothecurvatureof thesolid line at high � ’s shouldbeconsideredwith care.It is instructive to see,
thatonly for large � , the absolutenumberof heavy starsseemssufficient enoughto maintainthe
linear slopeof acceleratedclusterevolution. The slopefollows the dashedline a bit longerbefore
bendingtowardsthatconstantvalue.We expectthatthe � ; � –decreasewill beseenmoreclearlyfor
evenlargerparticlenumbers.

9.4 Masssegregation

The processof masssegregationfor the six modelsA–F is illustratedin theFigure9.5,wherethe
meanmassof thestars,thatareinsidea specified“Lagrangianshell”, is shown (a Lagrangianshell
is thevolumebetweentwo Lagrangianradii, which containa fixedmassfractionof theboundstars
in thesystem;see[21]). Themeanmassis computedby m � n � 1/��� � � 9 �
	 � 	C5���1 � � 9�� 	C5 ; since
the total massof the systemis scaledto 1 for the sake of � –bodyunits (Ch. 8.3), one low mass
starbecomesactuallyslightly smallerthan � � � , while a heavy one is larger. This doesnot alter
the discussion,because� is a relativequantityof masses,which is alwaysexactly kept. In Figure
9.5, the y–axiswasmultiplied by � for handyvalues,andthe meanmassfor eachmodel is also
indicated.

Theprocessof masssegregationproceedsasfollows.With thelight andheavy massesrandomly
distributed,eachshell exhibits the sameaveragemassat the beginning. In the courseof the evo-
lution, the innershellsassemblethe heavy bodies,andraisethemeanmass.The half–massradius
andtheoutershellslosetheir heavy starsratherquickly andremainbelow thevaluefor theaverage
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mass,becausethe light onesoutnumbertheheaviessignificantly. Theclusteris stratifiedby mass,
then.Note,thatall shellsremainratherstaticthroughoutthecalculation.

Figure9.5:Averagemassin Lagrangianshellsfor modelsA–F show thestratificationof massesin thecluster.
Thesegregationof heavy massesproceedsin agreementwith theglobalevolutionof thecluster. Themeanmass
is indicated.



9.4 Masssegregation 37

Figure9.6:Distancemoduli of 18 heavy massparticlesin Model G with g|�Þ¹CºCº�º . Eachof theparticleshas
got a mass25 timeslargerthana light particle(their orbitsnot shown). Thecorecollapseof this run occurred
at � ��� �+����z ¹ .

Thesegregationof massespropagatessimultaneouslywith thecontractionof thecore.Giersz&
Heggie(1996)have alreadynoticedtheself–similarityof this process:In themodelsA andB it is
nicelyseenhow theinnerlayersdecouplestepwiseoneaftertheotheruntil thefinal stageis reached.
After the collapse,theprofile doesnot changemuch,so, theeffect hasonly influenceon theearly
evolutionaryphase,asexpected,not in thepost–collapse.Themoderatedeclinein themodelsE and
F canbeexplainedby theheavy particlesescaping:Becauseof theirrelativelysmallabsolutenumber
(seeTable2), they getejectedfrom thecoreandleavetheclustersuchthatthesurplusof smallbodies
depletesthemeanvaluein theshells.A handfulhigh–massstarsin thecentreinteractstronglyin a
few–bodyprocessandkick outeachother, andthecoreis gradually“evacuated”from theperturbers.
In our datawe find an enhancedfraction of high–massescapersoccuring immediatelyafter the
collapseconfirmingthis scenario;many of themexhibit enormouskinetic energiesandsomeeven
escapeasboundbinaries(seeSec.9.5). However, someheavy latecomersenterthe inner regions,
but a balanceis found betweenthe incoming andoutgoingmassflux. In general,the dynamical
processesin thecoredo not influencethepropertiesof theclusterasa whole.

Themeanmassin the1%–Lagrangianshellneverattainsits full “capacity”, i.e. thevalueof � 	 ,
which could principally be gainedif this shell wascompletelypopulatedby heavy stars.It means
thatthereis alwaysanumberof low–massstarsintrudingandleaving theinnermostregionthatkeepm � n �p� at a constantfractionof themaximallyattainablelevel. This level is at about0.8 �
	 if � is
small, anddropsto 0.5 �
	 for the highest � ’s. In this sense,the system“adjusts” its layersto an
appropriateratio of light andheavy stars,andpicks up a constantflux of incomingandoutgoing
particles.The height of m � n in the innermostshell may dependon � slightly, but this kind of
variationis not asclearasthevariationson � .

Another illustration of the segregationprocessis given in Figure 9.6. It shows the shrinking
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distancemoduliof 18heavy–massstarsof onetypical runof amodelwith ahighmass–ratio(Model
G, �z�Ã�#É , Runno. 4, � �&É��"�#� ); this modelconsistsof 22 heavy massstarsinitially, but 4 stars
escapedat sometime beforethefinal plotting time unit, andthey wereexcludedfrom theplot. 17
dashedlines wereoverlappeddemonstratinghow the orbits of mostparticlesdraw rapidly closer.
The core collapseoccuredat N ]\] � q#q +ÒÉ . A solid line lifts off one particleof examplethat was
knockedout of thechaoticregion dueto a closeencounter, but its kinetic energy wasnot sufficient
enoughto leave the system.It segregatedinwardsagain.Oneotherparticle,whosepericenterwas
at 0.9 Nbody–radii,remainedin the halo anddid not take part in the collapse,but it sankto the
intermediatedistancesat aboutN ]\] ��Ñ�� .
9.5 Escapers

Theescapeof starshasbeenstudiedmany timesin thepast.Theestimationof escaperatesis often
basedon idealizedmodels,whosesimplifying treatmentssometimesleadto differentresults.The
complexity of this topic is reviewedby Meylan & Heggie (1997).We just give somekeywordsin
orderto outlinethescopeof theproblem:�

Theoriesbasedon relaxationphenomenayield a differentescaperatethantheoriesinvolving
individual two–bodyencounters;the former is often denotedas “evaporation”,the latter is
relatedto “ejections”.�
Therateof escapeis not a constant,while the evolution of the systemproceeds,even in the
pre–collapsephase.�
An increasingconcentrationin thecoreaswell asthegrowth of anisotropy tendsto enhance
theescaperate.�
Furthermore,theescaperateis stronglymassdependent;differentmassspectraandsegrega-
tion alterit.�
A tidal field lowersthethresholdfor escape.�
A sufficientabundanceof binaries(both,primordialandformedones)hasasubstantialeffect
on high–velocity escaperswhich take away energy from thesystemandchangetheenviron-
mentalconstraints.

In view of thesecomplications,caremustbetakenin theinterpretationof thedata.Nevertheless,we
want to contribute to the list of simplified theoriesby our latest � –bodysimulationsinvestigating
theratesfor variousparticlenumbersandthevariationon � , in particular.

An escapeis definedby a particlehaving bothpositive energy andits distancefrom thedensity
centreexceedinga limiting radius.Wehavechosenthedistanceto be20timesthehalf–massradius,3 . . Theparticleswereremovedfrom thecalculationfrom atimewhenbothconditionswerefulfilled;
we shallcall them“removedescapers”.We will draw our attentiononly to escapersoccuredbefore
thetimeof corecollapse,N ]\] . Besidesthat,oneruncontainsanumberof particleswhichhavegained
positiveenergy but not reachedthedistancefor aremoval yet.Suchkind of particlesdominatewhenN ]\] is extremelyshort.In particular, the high–� modelscollapsewithin a few tensof Nbody–time
units, anda large numberof particles,that aregoing to escape,would be missed.This condition
resemblesthe “energy cut–off ” (Baumgardt2001),andwe shall call theseparticles“potential es-
capers”.Whethersomeof themwill be scatteredbackto becomeboundmembersagainor really
escape,is acomplex processthatis outof thescopeof oursubject.Baumgardt(2001)estimatedthat
a fractionof 2% of thepotentialescapersmight returnto thesystem.As a first approachto thege-
neralpropertiesof escapers,wewill accountto thenumber� Z\³4] all removedescaperspluspotential
escapersat theepochof N ]\] . Becauseof thescatterof thecorecollapsetimes(Section9.1),eachrun
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Figure9.7:ModelC ( DW� hHz º ), Runno.04,with gÃ�z¹Cº�ºCº . Energy of anescapingparticleis givenin unitsof�H���
andplottedagainstits escapetimescaledto thecorecollapse.Diamondsdenoteheavy masses.

wascheckedseparatelyfor its escapersthatoccuredbeforethatrun’s individual corecollapsetime
— not theensemble’s m N ]\] n . m � Z\³4] n is theaverageamongthetheseindividual � Z\³4] ’s,dividedby the
squarerootof thenumberof runsperformed.

Figure9.7givesa typicalexamplefor theenergy distributionof all removedescapersin onerun
of Model C with � �¡É��#�"� ; the potentialescapersaredisregardedhere.The energy is measured
in unitsof { ¨ © andplottedagainstthetime of removal; light bodiesarerepresentedby filled dots,
heavy onesof ��	 �&��+ � by diamonds.Thecollapseoccuredat N ]\] �ÃB�_ q +ÒÉ for this run. In thebe-
ginning,thelight particlesdiffuseslowly from thesystemwith smallenergies(evaporationaleffect).
After the corecollapse,the massdependenceis morecomplicated,for a secondclassof escapers
joins: high–energy particles,whoseenergiesarehigherby two ordersof magnitude.A fair fraction
of theescapersareheavy stars.As in the statisticsfor equal–massesby Giersz& Heggie(1994a),
it is naturalto associatethemwith ejectedstarsthatgo backto three–bodyinteractionsin thevery
centre.Masssegregationhaswidely finishedat thetimeof corecollapse,andinteractionsin thecore
startdepletingthehigh–masspopulation.Otherrunsof thesamemodelexhibit a similarpicture.

Theanalysisof themodelsin regardto � revealsinterestingviewson theescapemechanism.A
summaryis shown in Figure9.8,andthelegendfor thesymbolsis givenin panel(e).Theerrorbars
areusuallyomitted,thoughthey aregivenfor the �'�$�#É��"� set(triangles)exceptin thepanels(c)
and(d); theerrorbarsarealmostinvisible in (c), andlarger thanthepanelsizein (d), becausethe
numberof high–massescapersvariesa lot amongonemodel.

Panel(a) givesthefractionof escapedstars, m � Z\³4] n � � . In a single–masscluster( �z�|� ) about
2.5%of thestarsleavethesystembeforeit collapses.Whenintroducingasecondmass,this fraction
dropsto 0.2–0.5%until �$� q . The reasonis that the rateof escape(panele) is nearlyconstant
for small � , but theshortercollapsetimescausea smallerprogressof theescapemechanism,thus
a smaller � Z\³4] . When massive bodies � 	 � � � are present,a larger fraction of starsreceives
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positive energy andturns into potentialescapers.The � –dependentspreadis dueto the fact that
the individual massof a particle, � , scaleswith � � � in our Nbodyunits,thusthe thresholdfor an
escapeis lower.

Panel(b) givesthe ratio of the removedescapersto the potentialescapersasdescribedabove,m � k Z ó n � m � � Ð - n . For � closeto theequal–masscase,thecorecollapsetime is large.Thus,theaccu-
mulatednumberof removedparticlesis largerby � 10 timesthanthenumberof potentialescapers
at the momentof N ]\] . For high � ’s, removed particlesarescarce,while potentialescapersdid not
have time to crossthe clusterand turn into removed ones.Thus,the potentialescapersmake the
overwhelmingmajority. The slopeof the decreaseis T)� , and it is identicalwith the shortening
of N ]\] when � increases.Theverticaldependenceon � mirrors the increasingamountof removed
escapersdueto thelonger N ]\] –timesfor larger � .

Panels(c) and (d) dealwith the individual massesof the escapers.Whenone � 	 escapes,it
raisestheaverageescapermass.In themodels���&��� , theabsolutenumberof high–massescapers
is zerofor mostof theruns.This is theconversesituationof panel(a):For massivestars,theescape
is difficult. It is just 1 or 2 heaviesappearingmoreor lessaccidentallyandtake away a significant
fractionof massfrom thecluster. They areratherevaporatedobjectsthanejectedin acloseencounter,
for theirenergiesarerelatively small.Theirstatisticsareextremelypoor, andtheerrorbarsareclose
to zeroin panel(c) andextraordinarylargein (d) for theshortageof ��	 –counts.Usually, theheavy
escapersoccurin thelatepost–collapsephaseanddo not receiveour attentionhere.Frompanel(d)
and � � É , wefind that � 3%of all escapersareheavieswhich leave thesystembeforeN ]\] .

Panel(e)presentstheratesof escapewithin acrossingtimefor different � . Thecomputationwas
adoptedfrom Wielen(1975)as � JL�J"N�� �*N ] k m � Z\³4] nm N ]\] n  (70)

wherethebracketsdenoteaveragesamongtherunswithin amodel.For equal–massclustersourrate
is � 0.2—0.3in prettyaccordancewith other � –bodyresultslisted by Giersz& Heggie (1994a).
The slight declinetill �¥� q andthe strongerincreaseafterwardsis in excellentagreementwith
the theoreticalexpectationby Hénon(1969),his Figure1. Thoughhis modelsdiffer from oursin( , the branchof the curve relatedto our modelsexhibits the sameshape.We interpretthe curve
suchthattwo differentmechanismsproduceescapersin thepre–collapsephaseunderconsideration:
Relaxationdominatesif theindividual massesdo not differ much,thusevaporationcausesa steady
masslossfrom the system.When � is increasedslightly, N ]\] drops,andthe effect of evaporation
cannotadvancesofar. Theescaperateis alsoreducedthen.For higher � ’sanothermechanismtakes
over: Massive starsexhibit a stronggravitationalfocusing.Thegravity of onesingleheavy particle
attractsmorelight starsandits energy is distributedamongthem.So,amultitudeof light starseasily
gainspositiveenergy andheadsfor escape.Thefrequenttwo–bodyencountersof oneheavy particle
leadsratherto ejectionsinvolving high energiesthananaccumulationof smallescapeenergies.

Panel (f) of Figure9.8 shows the meanenergy carriedaway by the stars.The nearconstancy
suggestsanindependencefrom � , but asubdivisioninto removedandpotentialescapers(notshown
here)revealsdifferencesbetweenthetwo groups.For removedescapers,themeanenergy increases
asmuchasa factorof 10 over thewhole � –range.This confirmstheejectionscenarioexplainedfor
panel(e). On the otherside,the potentialescapersshow a constantbut somewhat lower energies
on average.Sincethey make up the larger fraction, the meanis depletedin the high–� regime.
However, a morecarefulcomputationis neededto confirm this point andto checkhow the mean
energy is evolving whenexpandingthe view to thesepotentialescapersto the momentwhenthey
areremovedin thepost–collapsephase.

Finally, we canconcludethatmodelsresemblingtheequal–massmodeltendto losetheir mass
by a slow evaporationprocess,while energetic ejectionsoutweightin high–� models.At ��� q ,bothprocessesareexchangingtheir dominantrole.After masssegregationhascometo a stopnear
corebounce,three–bodyencountersin thecorestartdepletingthepopulationof ��	 –stars.
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Figure9.8:Summaryof escaperdatafor thedifferentmodels.(a)Fractionsof removedescapersbeforethecore
collapsepluspotentialescapersat � �/� . (b) Ratioof removed escapersto potentialescapers.(c) Meanmassof
escapers.(d) Relative numberof � ÷ –escapersamongall escapingparticles.(e) Escaperates.(f) Meanenergy
of escapersin

�H�P�
.
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9.6 Lar geparticle numbers

Somedependencieson differentparticlenumbershave alreadybeentouchedin theforegoingsecti-
ons.Here,wepresentadirectcomparisonof theclusterevolutionfor theA–modelsfirst.Thismodel
is closeto theuniform masscaseandhasthelongestevolution time.Figure9.9shows theraw data
of the minimum potentialfor five runs,i.e. we appliedno smoothingor averaging,but removeda
coupleof disturbingpeaks.They arecausedby two approachingparticlesthat failed to regulariza-
tion becausethey did not momentaryfulfill thenecessarycriteria,but usuallythey are“caught” by
thecodein thesubsequenttime step(Ch.7.4).

Themostobviousfeature,of course,is theincreasingcorecollapsetime in prettyaccordanceto
theincreasingrelaxationtimeproportionalto � ��Ê,ic1 ~Î� 5 , eq.(15).Note,thatthefluctuationsof the
datain thepre–collapsephasearesmallerfor higher � , becausetheglobalpotentialis smoother. In
thepost–collapse,thefluctuationsarenearlythesame,for thenumberof coreparticles,� ] , is of the
sameorderfor eachof thefive runs.

Figure9.9: Evolution of thecentralpotentialof selectedrunsof Model A for gª� 1000,2500,5000,10,000
and20,000particles.

Theassumedconstancy of � ] leadsto asecondtopic concerningthedifferentamplitudesof the
potentialminima.This hasalreadybeenmentionedin connectionwith Figure9.3, thoughthe left
panelof Figure9.10pointsto the variationson � clearer. For modelsresemblingthe equal–mass
case,themaximumdepthis a functionof � . Thereasonis thatthecollapseis only haltedwhenthe
rateof energyproductionin thecorebecomesthesameastheenergy rategoingin via theheatflux of
thegravothermalinstability (Goodman1987).Theoutflowing energy is producedby theformation
of binariesin three–bodyencounters,andthelatterbecomeimportantwhenthedensityis sufficiently
high.As thecoreradiusof a large–� clustercontainsa largernumberof starsinitially, it hasto get
rid of almostall of them.Sincethefinal � ] at corebounceis nearlya constant,theevolutionof the
coreradiushasto advancedeeperin order to provide the densitynecessaryfor binary formation.
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Figure9.10:Left: Themeanpotentialminimaat themomentof corebounceasasfunctionof thetotal particle
numberg . Modelscloseto theequal–masscaseshow adeeperpeakwhen g is risingthanthehigh–D models.
Explanationis givenin thetext. Right: Themeancorenumberincreasesonly slightly with g . Disregardingthe
two highestD , thenumberof minimumcoreparticlesis between10and40.

Giersz& Heggie (1994b)describedthe samething in termsof the fraction of coreradiusto half–
massradius,3 ] ��3 . : thelarger � , thesmallerthatfraction.This is visible for modelswith � closeto
unity in Figure9.10.Though,theright panelsuggestsaslight increaseof coreparticlesfor large–�
models,theabsolutevaluesof � ] stayin theorderbetween10 and40.

The situationlooks somewhat different for modelswith high � , in particularfor � = 25 and
50. Themassive starsreachso fastly the centrethatan “incomplete”evolution of the coreoccurs.
The heavy massescollapseapartof any dynamicalequilibrium, becausethe interactionsamong
themselvesaremoreimportantthanthosewith thelight stars.Thecentralpotentialshowsits deepest
valuewhensomefew of themhavegatheredin thecore,while thelight starshavenot changedtheir
densitydistribution.Thedeeperpotentialis rathera matterof thepresenceof themassivestarsthan
of a substantialcollapse,andit appearsnot asprofoundasfor nearlyequalmasses(seeFigure9.3
for comparison).Therefore,theamplitudeof thecollapse,m V ó½þ [ n , dependson � ] only weakly, if at
all. — It shouldalsoberecalledthatthedatafor �õ���"�! �"�"�#� arebasedon onesinglerun for each� , andtheir significancehasto betakenwith care:On onehand,the large � providesa numberof
44 massive particlesasa goodbasisfor an analysisof the segregationprocess,on the otherhand,
onesingleruncanjust beconsideredasa trend,but its statisticalvalueis low.

Now, we will focuson thecoefficient ~ in theCoulomblogarithm,ln 1 ~2� ). It hasbeensubject
of discussionseveraltimes,e.g.Giersz& Heggie(1994a)amongothers.Its valuewasestimatedto
be ~`�¡�!+,�"� for a single–masscluster, but the variationson � arenot known precisely. Oneway
to determinethis quantityis by comparingtheevolution of thesamemodelbut for different � . We
briefly repeattheir method:Theleft panelof Figure9.11shows theensemble–averagedLagrangian
radii of ourModelA for two different � . For thetimestepN , thevalueof aLagrangianradiusin the
2500–bodymodelwasdetermined,andthenthecorrespondingtime N E at which thesamevaluewas
reachedin the5000–bodymodel.Becauseof thefluctuations,thereareusuallymorethanonesuch
times,but choosingthefirst of themreturnsanappropriateresultthat is widely insensitive to other
times.Theratio of thesetwo timesis a scalefactor, ��� , thatshouldbealsoequalto theratio of the
relaxationtimesfor thedifferent � :N EN �:� � � � E Ê,iÌ1 ~Î� 5� Ê,iÌ1 ~2� E 5 + (71)
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Figure9.11:Left: FiveselectedLagrangianradii of ModelA for gÃ� h�¹^º�º and g��!�z¹^º�º�º . Right: Scalefactor���
for this modelcomputedfrom thecomparisonof theLagrangianradii.

Repeatingthis procedurefor eachtime stepand for eachLagrangianradiusyields an � � that is
plottedin theright panelof Figure9.11.Beforethecorecollapse,thetime ratiosshow aremarkable
constancy (disregardingthe initial settlingperiod),andthe innerLagrangianradii agreevery well.
TheotherLangrangianradii (e.g.50%radius)expandtooearlyfor ausefulanalysis.Thescalefactor
in theconstantpre–collapserangeis ���Ý�A�"+ BLÑ"É for this model.With thedefinition �§�&� E � � , a
re–arrangementof eq.(71)yields ���� Ê,iÌ1 ~Î� E 5 � Ê,iÌ1 ~Î� 5�
� � l Ê,iÌ1 ~Î� E 5p¡{¢ v�£ ný� �
� � l ÊËiÓ1 ~Î� 5 n~ ¡ ¢ v�£ 1 � E 5 ¡ ¢ v�£ � ~ �

~ ¡{¢ v�£ ; � � �1 � E 5 ¡{¢ v�£
~ � X �1 � E 5 ¡{¢ v�£ Y¥¤¦ ¢�§ ¤ + (72)

We computedthe ~ ’s for eachmodelusingthe datasetsof �¶� �#É��"� and � E � É��#�"� . The
resultsaregiven in Table4 andplottedin Figure9.12.Thefirst two rows definethe � –model;the
third gives the scalefactorasdeterminedfrom the figuresanalogto 9.11; the fourth is the error
measuredfrom thewidthsof thefluctuatinglines in thestableregime(horizontalpart); thefifth is
the outerexponentin eq. (72) with �ß�ª� ; the sixth andthe seventhrow arethe resulting ~ ’s and
their errors,respectively.

Thecomparisonof thedatasets“ �"É"�"�w� É"�"�#� ” providesa moreaccuratescalefactorthanthe
otherdatasetswith lower � , becausethey restupona higherstatisticalsignificancy: Our setwith� � �C�! �"�#� canbe averagedover 4 runsonly, andthe1000–setis biasedto low–� physics.The
resultsgiven in Table4 show that ~ actuallyvariestoo muchfor a meaningfulinterpretation.Very
smallvariationsin �#� causelargefluctuationsin thetwo exponentsof eq.(72)andalter ~ enormous-
ly; theformulais “oversensitive” to both, � � and � . Theerrorwascomputedasthedifferenceof an
“upper” anda “lower” ~ thatresultsfrom thethicknessof the � � –line.Systematicerrorsandbiases
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Figure 9.12: Left: Scalefactorsmeasuredfrom figuresanalogto 9.11 for various D . Right: Coulomb–̈ as
determinedfrom g –bodysimulationswith differentparticlenumbersfrom eq.(72). Theerrorbarsarelarger
thanthepanelsize.

Table4: Scalefactorsand ¨ ’s for themodelswith different D . Thedataweredeterminedby comparingthedata
setsg&� hC¹Cº�º and g©�!�z¹Cº�ºCº , giving aparticleratio ª)� h .

model A B C D E F G� 1.25 1.5 2.0 3.0 5.0 10.0 25.0��� 1.675 1.800 1.785 1.750 1.775 1.845 1.680Å ��� 0.045 0.010 0.035 0.030 0.175 0.045 0.190� �!1 ���ÔT'� 5 T 6.154 T 10.00 T 9.302 T 8.000 T 8.889 T 12.903 T 6.250~ 0.0142 0.2048 0.1263 0.0512 0.0948 1.5321 0.0152Å ~ 0.0198 0.1477 0.3912 0.0808 — — —

in their estimationarevery strong,but cannotbe avoided.Therefore,theerrorsmaygive no more
thananimpressionandrecallthedangersof theinterpretation.

As for different � , wepresentanotherexampleillustratingthegreatvariationswhendetermining
theCoulomb–~ . Table5 showstheresultsfor theequal–massmodelsusingvariousparticlenumbers� and �«E . The � � shows a reasonablebehaviour for different � ’s andis conformto the resultby
Giersz& Heggie (1994a)shown in the last column.The resulting ~ , however, differsat leastby a
factorof 5.

The value ~��8�!+,�"� mentionedabove is actually found due to the comparisonof Nbody and
Fokker–Plancksimulationsof equal–massmodels(Giersz& Heggie 1994a,their figure 6). From
their Nbody–Nbodysimulationswith particlenumbersof � � É��#� and � E �A���#�"� (their Figure
5), it is easyto extractan ���:�¥�!+ ü É andgeta ~��Ã�!+ � ü Í . For thesameparticleratio, ���p_Ø+ � , we
obtaina ~ thatis half of theirs(lasttwo columnsin Table5). But, our absoluteparticlenumbersare
5 timeslarger. From thesediscrepancieswe just canconcludeso far, that the choiceof � and � E
essentiallycontributesto theCoulomb–~ .

Finally, we areleft with a fair rangeof possiblevaluesfor the ~ . They may be wrong by one
orderof magnitude;sodoesModel E for examplewhenanalyzingdifferent � TØ� �«E like in the
Table5. However, a crudeestimateindicatesthat ~ rangessomewherebetween0.01and0.20.A
similar rangewasgiven by Giersz& Heggie (1996) for the caseof a power–law massspectrum:��+ ���CB�qª~[q¡��+ �"B . Due to the uncertaintiesanddangersof interpretation,we cannotdefinitively
judge whethera two–componentsystemwould really influencethe Coulomblogarithm as much
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Table5: Comparisonof our equal–massmodelswith four differentparticlenumbersandtheNbody–analysis
by Giersz& Heggie(1994a)in thelastcolumn.

Eq.Ms 1000 � 2500 1000 � 5000 2500 � 5000 2500 � �C�� �#�"� [21]� 2.5 5.0 2.0 4.0 4.0��� 1.96 3.21 1.60 3.09 2.95� ��1 ���ÓT¬� 5 T 4.630 T 2.793 T 5.00 T 4.396 T 3.810~ 0.028 0.018 0.006 0.044 0.098

asa continuousmassspectrumdoes.It is unclearhow the fractionof heavy masses,( , couldalter
the results.A comparisonof our two–massmodelswith analogFokker–Plancksimulationswould
provide a morereliableresult.Theratherconstantscalefactors,� � , for themajority of modelsgive
just a weakhint thatthedependency of ~ on � couldbemarginally.
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10 Extr emelimits of segregation

The simulationsof SeriesII discussedhereareratherexotic ones.All the heavy masses� 	 were
artificially placedat thetwo extremeparts:�

insideof the 10% Lagrangianradius,suchthat the two componentswould alreadybe ma-
ximum segregatedandno further processof stratificationexpected— thosemodelswill be
calledINS;�
andin the outsideregionsbeyond the 90%–Lagrangianradius,in order to constructa most
possible“anti–segregation”— thesemodelsarenamedOUT.

Thoughunrealistic,suchextremecasesareof specialinterestfor investigatingthefull rangeof the
segregationprocess.

10.1 Moti vation and setup

Theideafor suchaconfigurationgoesbackto theinfraredobservationsof theyoungTrapeziumclu-
sterin theOrionNebulaCloudby Hillenbrand& Hartmann(1998).They discovereda considerable
amassingof heavy starsto the centre:The averagemasswithin the coreradius(0.205pc) is three
timeslarger thantheaveragemasswithin 2 pc. Bonnell& Davies (1998)simulatedyoungclusters
between500and1500starsusingtheNBODY2 codeandconcludedfrom their resultsthatthetime
scalefor a dynamicalmasssegregationis muchtoo long thanis reflectedby thepositionsandages
of themostmassivestarsin theTrapezium.Bothpapersarguefor a primordialmasssegregation.

Thestarformationtheoryby Murray& Lin (1996)alsopredictsa formationof themostmassive
starsneartheclustercentre,sincetheir proto–stellarcloudsrequiremany dissipative mergerswith
low–masscloudletsfor thegrowth.They happen,of course,in thedenseregions.Suchnewly formed
clusterswill remaingravitationallyboundwith themassivestarsremainingpreferentiallyin theinner
partsof thecluster. Ontheotherside,Podsiadlowski& Price(1992)draw aschemein whichmassive
starscouldalsoform in somecold gaseousclumpsin theoutskirtsof a star–formingregion.These
individual massive starssink to the centre(possiblywhile still forming), andare likely to affect
theformationof otherstars,for exampleby heatingor disruptingtheir gascloud.It is only thelater
phasesof starformationthatwill bedominatedbyasequentialformationof massivestarssurrounded
by previously formedlow–massstars.However, thedifferentresultsareconflicting.

We want to checkthe limits for masssegregationandcorecollapsein order to figure out the
shortestandlongesttimescalefor thisprocess.As before,( is heldfixedto 10%of thecluster’stotal
mass,andthesame� –modelsareassumedasin therandomparticledistributionof SeriesI. Thetwo
populations,� � and � 	 , consistof 2500particlesin total,andthey areseparatelyplacedat theinner
andouterregions.This is doneby firstly selectinga distance3 for onestarfrom theformulawhich
createsthePlummerprofile 3 � 1 e 143�5 ; 	 v K T�� 5 ; � v 	  (73)

wheree 1/3�5 is theaccumulatedmassof thebodiesinside 3 ; e 143�5 is gainedby iteration.So,thefirst
starof mass��� � 1 �ÎT �
	 � 	C5f� � � hasgotadistanceof 3 �*��+ �£Ñ�_ Nbodyunits.Theactualposition1 »Ì H¼2 % 5 is now computedby two randomnumbersthatgenerateprojectionsfrom thesurfaceof that
spherewith radius 3 (seeAppendixof Aarseth,Hénon,Wielen 1974).This procedureplacesone
bodyaftertheotheralongthemassfunction e 143�5 . Themeandistanceis predestined,thecoordinates
areoptional.Whenplacingall light bodiesfirst, onegetstheOUT–model,andvice versatheINS–
model.



48 10 Extremelimits of segregation

10.2 Mixtur e of the components

Figure 10.1 shows how the radial profile changesin the D–OUT simulation in an examplerun.
Eachpanelis a snapshotof themomentarydistribution of starnumberswithin a specifieddistance
interval from thecentre.The timesaregiven in the upperright corner. Heavy starsarethreetimes
moremassive andaremarkedasa shadedarea,all of themplacedfar outsideat the foothill of the
Plummerprofileat thestartof thesimulation.Thosestars,whosevelocityvectorpointsaccidentally
inwards,arefavouredfor segregationandheadfor the centreassoonasa few crossingtimesbut
long beforethecollapse,anyway. Thebulk of theotherheavieswidensandits membersdiffuseall
overthespacemakingupamoreor less“flat” profilehalfwaysto thecollapse.Theirstrongtendency
to the inner regionsis visible. Whentheir numberin the innershellshasbecomesufficiently large
(at NI�`�"É"� ), thecollapsephasesetsin. For this run, thecollapseoccurredat N ]\] � q �#�!+ÒÉ .Now weturn to thecontrarymodel,D–INS,presentedin Figure10.2.Theheavy starsexpandin
all directionsimmediatelyfrom the startandform anown subsphere.This is becausethey arenot
in anenergeticbalanceinitially. Also, the light starsfall into thecoreandbegin to minglewith the
heavies from the very beginning.Relaxationbetweeneithercomponentsadjuststhe energy distri-
bution in thesystem.Both speciestry for theestablishmentof thermalanddynamicalequilibrium.
Whetherit is achievedor not,dependsonthemassratio � (this is discussedin moredetailin thenext
chapter).Theseparticlesstaycloseto the potentialwell, andonly a few of themsucceedto reach
out to thehalf–massradius.While bothspeciesquickly mix andexchangetheir kinetic energieson
the shortrelaxationtime scalein the core,the gravothermalinstability becomeseffective andlets
the corefall in. The collapsetime proceedsby about8% fasteron averagerelative to the random
setup.ThedifferencebetweentheINS–andtheRND–resultsof SeriesI is not very large.Sincethe
intermediatepartsof theclusterdonotexertaninfluenceonthecollapse,theinitial expansionof the
heavy starsdoesnot haveaneffect,either. Thecollapseis only slightly faster.

Anothercomparisonof the mixing processis shown for Model B ( �ô� �#+ É ) in Figure 10.3.
Themeanmassbetweentwo Lagrangianradii is ensemble–averagedover 20 runs(seealsoFigure
9.5b for the correspondingRND simulation).In the right panel,the clusterstartsfrom the INS–
configuration:The1%–Lagrangianshellhasgot a meanmassthat is � –timeshigherthantheouter
layers.Thelight starspenetrateimmediatelyafterthestartinto theinnermostshellandreducem � n ,asseenat thevery left margin.Thesphereof heavy bodiesexpandsa little andraisesthemeanmass
in theouterspheres(lower curves).After theshortsettlingperiodof somefew crossingtimes,the
modelturnsinto a configurationasin theRND–model.Thatis observedfor any � .

In theleft panelof Figure10.3,it is visiblehow slowly theheavy massessink from theoutskirts
to the centre;the decreasingdashedline is the meanmassof the 75–95%shell. Its slow decline
indicatesthat fair numberof heavies remainsin the halo for a long time beforethey start falling
inwards.Their orbital velocity is alsosmall, andtheir motion startsfrom a ratherinert state.The
collapseis performeda by thosefew heavy bodiesthat by chancemoved quicker to the centre.
As seenfrom the lower m � n in the innermostshell, the numberof the heavies responsiblefor the
collapseis smallerthanin theINS–andRND–models.

Besidesthat,thestabilityof theshellsin thepost–collapseis remarkable:Thereis a fair balance
in theamountof light andheavy massesfarbeyondthecollapse.Onemightexpectthatall shellsof
the INS– andOUT–modelswould strive for thesamelevel of m � n , namelythoseof the analogous
RND–model,within somerelaxationtimes.Surprisingly, thedifferentheightof the levels indicate
that evolution of the systemhasapparentlyslowed down after the collapse.However, it is not fi-
nishedat all, for relaxationcontinuessegregatingthe massesto the final state,which is given by
the RND–model,indeed.Theapparentstability is probablyaneffect which restson the formation
of binaries.In this phase,the energy productionwill be conductedinto the core,while theoutside
regionsexpand.Theexpansionprohibitsa subsequentinfall. After very muchlatertimes,theshells
reachthe final m � n –level of the RND–modelwhenthe mixture of the componentshasproceeded
further.
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Figure10.1:ModelD–OUT, Run19,with all heavy starsplacedbeyondthe90%–Lagrangianshell.Eachpanel
shows a snapshotof theradialdistributionof theheavy (shaded)andlight stars.Their logarithmicalnumberis
plottedversusa distanceintervall of bin width 0.2 in Nbodyunitsof length(thehalf–massradiusis locatedat
0.766).Thetime is givenin Nbody–unitsandin crossingtimes,respectively. Thecorecollapseoccuredat time
= 300.5��® � / 106.2� � ° .
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Figure10.2:ModelD–INS,Run08,with all heavy stars(shaded)filling the10%–Lagrangianshellcompletely;
thelight starswereplacedthereafter. Theaxesandlabelsarethesameasin Figure10.1,but thesnapshotswere
takenondifferenttimes.Thecorecollapseoccuredat time = 124.0��® � / 43.8� � ° .



10.3 Therangeof corecollapsetimes 51

Figure10.3: Comparisonof the meanmassbetweenLagrangianradii for ModelsB–OUT (left) andB–INS
(right). Thedatawasaveragedover anensembleof 20Runs;eachrunhas gÃ� h�¹CºCº particles.

10.3 The range of core collapsetimes

The corecollapsetimesfor the � ’s with �ý�A�#É��"� aresummarizedin Figure10.4.The triangles
indicatethevaluesfrom the randomsetupof SeriesI (Fig. 9.4),andthedashedlinesarethe INS–
andOUT–modelsdiscussedhere.Theerrorbarsarealsogiven,thoughthey areagainsmallerthan
thesymbols.

A remarkablefeatureis that the curvedshapeof the tubeis presentfor all threeconfiguration
models(RND, INS, andOUT). We discussthe OUT–casefirst. The corecollapseis delayedby a
factorbetween1.0and2.4with respectto therandommodels.Theheavy massesslowly startfalling
from their remotepositionstowardsthecentre.Theflatteningof theOUT–curvefor high � indicates
that thereis a minimum of time neededfor the massive starsto spiral inwards.This minimum is
plausibly taken to be the crossingtime. In fact, taking into considerationthat the crossingtime is
large in the halo ( N ]\] � 7–15time units, dependingon the actualdistance),oneheavy particleof
Model H needssome3–4orbital revolutionsto meettheotherheaviesandperforma collapse.The
collapseis not soprofoundin termsof the coreradius 3 ] , asalreadydiscussedin connectionwith
Figure9.3.As anexamplefor this scenario,theleft panelof Figure10.5shows theshrinkingorbits
of themassive starsin Model H–OUT. It consistsof 6 very heavy particles( ���É�� ), oneof them
is far outsideat about31 Nbody–radiianddoesnot take part in theevolution.This run collapsesatN ]\] ��É�� .

On theotherside,the INS–modelsevolve fasterthantheRND–modelsby about10–20%.The
reasonis thatthedensitycontrastbetweenthecoreandtheconfininglayersis built up quickerwith
respectto theRND–configuration.Theheavy massesdraw together, while the light onesenterand
leave the core;the latter functionefficiently asmessengersthatcarryaway the liberatedheatfrom
thecore.In theRND–models,theheavy masseshaveto assemblefirst beforethecollapsesetsin.

Theflankingdashedlinesin Figure10.4shouldnotbeconsideredassharpborders,beyondwhich
collapseswouldabsolutelybeimpossible.Somefew testsimulationsshow thattheseboundariescan
actuallybecrossed,if thereis justvery little “soiling” of thepurelyheavy–starregionby a few light
stars.Thesefew light starsin theforeignfield cancauseaslight,but notsignificantlyfastercollapse.
However, thedashedlinesareanexcellentapproximationto thegenerallimits of collapsingspheres,
any tilted massdistributionshouldroughlyfall betweenthegivenranges.
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Figure10.4:Corecollapsetimesfor modelswith gA�:h�¹CºCº of SeriesI (triangles)andII (dashedlines).The
filled circle representsthevalueof theequal–masssystem,andthedottedline is theSpitzer–instabilityborder.
Thesmallerrorbarsarealsoindicated.

Figure10.5:Similar to Figure9.6.Distancemoduli of 5 heavy–massparticlesin Model H versustime. Left:
Model H–OUT, Run11, thecorecollapseoccuredat � ��� ��¹^º�z º . Right: Model H–INS, Run06,with a � �/� �yMh¯z º . Thesolid line highlightstheorbit of anescaper.
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10.4 Resume

TheINS–andRND–modelsexhibit quitesimilar behaviour for their dynamicalevolution.Thecore
collapseis slightly fasterif all heavy massesareinitially placedcloseto thecentre,but thespeedup
is ratherlow. Thus,we concludethata newly formedclusterlike the Orion Nebula Cloud (ONC),
which hasobviously a mass–segregatedcore,cannotbe relaxed.This confirmsthe characteristics
found by Hillenbrand& Hartmann(1998):The morphologyof the core, i.e. the Trapeziumarea,
supportsa picture in which the structureis more likely a result of the initial conditionsthan the
resultof dynamicalevolution. Whenincluding violent relaxation(Binney & Tremaine1987),the
massive starscouldsink to the centreon the time scaleof a singlecrossingtime. The process,by
which they losekinetic energy to the lessmassive stars,becomesunnecessary(Bonnell & Davies
1998).

Of course,ourhighly idealizedmodelsarenotintendedto answerall questionsonthesegregation
of astar–formingregion,becausea lot of factorsremainneglected.For example:Simulationswith a
massspectrummayreveala fasterevolutionthanthesimpletwo–componentmodelbut alsoimply a
morecomplicatedtreatment(Giersz& Heggie1996);thetotalgravitationalpotentialinsidetheONC
hasa significantcontribution from the moleculargascomponentthat is usuallythoughtto impede
dynamicalsegregation(Hillenbrand& Hartmann1998);stellarevolution,especiallymasslossfrom
rapidly evolving stars,is alsoa causefor differentdynamics(Chernoff & Weinberg 1990);another
questionis connectedto the formationof starsin clustersin general— it is known thatonly some
2% of thestarsarereally born in a gravitationally boundcluster, while theoverwhelmingmajority
is bornin looseassociations(Wielen1971).In spiteof thedifficultiesmentioned,we simulatedthe
exceptionalconfigurationsof INS andOUT in this chapterin orderto focuson theaspectwhether
puredynamicsis fastenoughto disentanglemassesto theobservedstratification.Themainproperty
of thesemodelsis our analysisof thesegregationtime scalesfor differentmassratios � for thefirst
time. Figure 10.4 provesthat any � (even the largestat 50), doesnot provide a time scaleshort
enoughto explain theobservationssatisfactorily.

Figure10.6:As in Figure10.3.Meanmassin Lagrangianshellsfor a modelwith parametersCç��º�z h�� , D��hCºHz º , and gô�z¹CºCº�º . Thedatawasensemble–averagedfrom 10 runswith differentrandomseedfor thesetup.
Left: Model RND, positionsof theheavy massesdistributedat randomacrossthePlummersphere.Themean
corecollapsetime is °±�\�/�&²c�'³I´Hz � . Middle: ModelOUT, all heavy starshavebeenplacedto theremoteregions.
Thecorecollapseoccuredat °±� �/� ²Ô�*³{³�z h on average.Right: Model INS, all heaviesarefilling theinnerparts
initially, °±� �/� ² is at 12.0.

Our choiceof (P� ��+Ë� is to facilitatea comparisonwith the resultsof SeriesI, but lesswith
the actualsituationin the Trapezium.Nevertheless,a numberof additionalsimulationshave been
madeusingthe extremerangespresentin the starfield of the ONC. With (
�A�!+Ò��B , �*� ��� , and� � É��#�"� taken from Hillenbrand& Hartmann(1998),we performed10 runs for eachof the
distributionsRND, INS, andOUT in orderto testa two–componentcasewith theparametersof the
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Orioncluster. Figure10.6showsthemeanmassbetweentheLagrangianradii similar to Figure10.3.
Thebasicfeaturesarethesameasin theothermodelsof thatkind. Theresultsof thesesimulations
will bepublishedin moredetailelsewhere(Spurzem,Khalisi, Lin 2002).
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11 Variations of the massfraction Q
So far, we have presentedresultson masssegregationfor various � . This chapterdealswith three
additionalseries,in which we alteredthe fraction of the heavy masses,( . Suchkind of studyhas
beendiscussedin detail by Inagaki& Wiyanto (1984)who simulatedtwo–componentclustersby
meansof Fokker–Planckmodelling.They fixed � to 2.0andinvestigatedthecorecollapsetimesas
well astheachievementof equipartition.Figure11.1shows theevolution of thecentralpotentialin
unitsof thehalf–massrelaxationtime, N k . , for 4 different ( ’s.Theevolution is fastestwhen ()�*��+Ë� .
Watterset al. (2000) repeatedthesesimulationswith a Monte Carlo codeandaddedsomemore
modelsat very low ( ’s (seebelow).

Figure11.1:Timedependenceof thecentralpotentialfor C = 0.01,0.05,0.1,0.5,andanequal–masscase(after
Inagaki& Wiyanto1984).

Our main aspecthere is a comparisonof the � –body datawith the simulationsmentioned,
and also the questionwhetherequipartitioncan be achieved betweenthe two componentswhile
segregationis on work. We investigatetheequipartitionparameterµ � � 	 � 		��� � 	�  (74)

whichgivestheratioof thekineticenergiesbetweentheheavy andlight starsin thecore.At thestart
its valueis about� andheadsfor unity. Whenbothmassspeciesfind astateof energy equipartition,µ �Ã� is reached,andwe call thesystem“equipartitionstable”astermedby Spitzer(1969;seealso
Chapter6), otherwisea

µ ó½þ [ indicatestheclosestapproachto it.
In a particularrun, the dataof

µ
is very noisy, especially, for small–� simulations.This fact

aggravatesthecircumstancesof analysis.In somecases,eventhevery roughmeandoesnot imme-
diately tendto equipartition,but staggersup anddown beforeit meets(or evennot) thevalueof 1.
The main causeof thesedifficulties is the small numberof particlesinsidethe coreradius,andit
eventuallybecomestoo small for a decentcomputationof the temperatureratio at late time steps.
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Figure11.2:Equipartitionparameterfor two runsfrom modelB (left) andF (right), respectively, containingy�ºH¶ ºCº�º particles.Thedatawassmoothedoutwith a smoothwidth ·z�z¹ asdescribedin Chapter9.1.

For this reason,we decidedto evaluatefor theparticlesinsidetwice thecoreradius,andthenapply
the smoothingprocedureof Section9.1.We define

µ ó½þ [ �¡� , if eq. (74) dropsbelow unity at any
time during the evolution; otherwisewe set it to the deepestpeak.Figure11.2shows an example
for the parameter

µ
from two modelswith � � �C�� �#�"� . The B–modeldoesreachequipartitionatNI�$�#��ÉLÑ , so

µ ó½þ [ is setto 1; theF–modelapproachesto it up to
µ ó½þ [ ����+ ü É at N½�¥�C�#B .

The averagefrom all the runs’ particular
µ ó½þ [ ’s is denotedby m µ ó½þ [ n and taken as the most

reliabledatafor themodel.Nevertheless,in somefew cases,where
µ ó½þ [ wasnotdeterminableatall

becauseof thereasonsabove,therunswereexcludedfrom averaging.The m µ ó½þ [ n ’sareplottedversus� in Figure11.3.Thesymbolsbelongall to theSeriesI with (7�*��+Ë� , but adifferentparticlenumber.
The solid line connectsthe � �ª�"É"�"� values(triangles).The additionalSeriesIII ( (
���!+ �#É ), IV
( (ç���!+Ò� ), andV ( (ç����+ _ ) areshown assolid lineswithout a symbol.Error barsaregivenonly for
thefour setswith �����"É��#� ; they aresmallerthanthesymbolsin mostcases.

As expected,thegraphicshowsthatequipartitiontakesplacefor small � ’s,but when � becomes
significantlygreaterthan2, m µ ó½þ [ n recedesfrom unity. At ���&� , abouthalf of the individual runs
with (W�Ã�!+,� did succeedto reach

µ ó½þ [ �|� , at leastfor a moment.Thoseruns,which did not find
a stateof full equipartition,tried to reducethekinetic differencehalfwaysto thecorecollapse,but
thendepartedshortlyaftertheclosestapproach.

Table6: Valuesof D atwhich ¸M~�¹ º¼» y{z º�¹ . Equipartitioncannotbeattainedanymore.Seetext.

Series ( � ] k4þ -
III 0.05 2.49

I 0.10 2.03 ½¾¾¾¾¿ ¾¾¾¾À
��+ � q � 1 ���¥�C�#�"� 5��+ ��_ Í 1 �����"É"�"� 5��+,� ü Ñ 1 ����É��#�"� 5��+,�"�"� 1 ���¥�C��Á 5�"+ ÑB#� 1 ��������Á 5

IV 0.20 1.87
V 0.40 1.75
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Figure11.3: The averagedminimum of the equipartitionparameteŗ for starsinside twice the core radius.
Whenboth masscomponentsare in equipartition,̧M~�¹ º equals1. The solid lines connectthe datapoints forC:�Pº�z ³ (SeriesV), C:�Pº�z h (SeriesIV), Cµ�Pº�z�y (SeriesI with triangles),and C>�zºHz º�¹ (SeriesIII). Thesefour
simulationseriesweremadewith g��*h�¹CºCº particles,anderrorbarsaregivenfor them.Thedottedline is an
arbitrarythresholdfor equipartitionstability at1.05asexplainedin thetext.

That figure providesa goodbasisfor the judgementon equipartitionstability as theoretically
introducedin Chapter6. It is obvious that m µ ó½þ [ n variesfor differentfractionsof heavy masses,( :
Thelessamountof heavy massesin a cluster, thecloserequipartitionis reached.This is consistent
with theresultsby both Inagaki& Wiyanto (1984)andWatterset al. (2000).The latterexplorean
evenwider rangeto very low ( ’s down to 0.0015(their set“B”).

Now, it is desirableto find a“critical � ” atwhichequipartitionstability is notgiven.Thisenables
usto checkthestability border. Insteadof theorthodoxrequirement,thatequipartitionis to happen
for m µ ó½þ [ n � � only, we will give a small toleranceanddefinethe point of “turning away” from
equipartitionarbitrarily at m µ ó½þ [ n �õ�"+ �#É , asWatterset al. (2000)did. It is denotedby the dotted
horizontalline in Figure11.3.By linear interpolationbetweenthe lower–next andupper–next data
point,oneobtainsthatthis thresholdis exceededat thepoints � ] k/þ - givenin Table6.

The valuefor SeriesI wasaveragedfrom all simulationsetsfor different � . All m µ ó½þ [ n ’s are
plottedin theupperpanelof Figure11.4,andcomparedwith theMonteCarloresultsfrom Watters
et al. (2000)below. Thepositionsof our � ] k4þ - aremarkedby a small filled dot. Thesymbolshave
thesamemeaningasin thelowerpanel(seelegend),andthelinesarevirtually thesameasin Figure
8.1,but re–drawn in a dashedor in a solid style.Theapparentdifferencefor the line by Lightman
& Fall (1978)is just anopticalone:Watterset al. (2000)definedtheir fractionof heavy massesasJ(��ªe 	�� e � , while this work uses(��|e 	�� e - Ð - , seeChapter8.2.For this reason,theaxeshave
alsobeenaccommodatedto thelowerpanel.Anyway, thegraphicsandtheresultsareconsistentwith
eachotherandeasethecomparison.
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Figure11.4:Closestapproachto equipartitionfor the modelsin our parameterrange(asin Figure8.1). The
lowerpanelrepeatstheresultsby Wattersetal. (2000,theirFig. 6) for comparison.All symbols,axes,andlines
areaccommodatedasexplainedin thetext. Thesolid line is theirstabilitycriterion,eq.(41); thestraightdashed
line is from Spitzer(1969),eq.(30); andthecurveddashedline is from Lightman& Fall (1978),eq.(36).
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Althoughwehavegot just four pointsfor � ] k/þ - in orderto checktheequipartitionboundary, they
follow thetheoreticalfunctionby Lightman& Fall (1978)in fair agreement.Theformulasuggested
by Watterset al. (2000)is cannotberuledout, for it is basedon modelsin a low–( regime,which
is difficult to accesswith our � bodysimulationsyet.However, ourexperimentaldataseemto show
thatSpitzer’s (1969)criterion for the stability boundary, eq. (30), appearstoo strong,especiallyat
massratios � closeto 1. Thishasalsobeenfoundby similar studies.

Anotherfactconcernsthe fact that � ] k/þ - �ô� is thepoint, which wasalreadyrecognizedasthe
transitionof an equipartition–dominatedanda gravothermal–dominatedcollapse(Ch.9.3).Below� ] k4þ - , thecorecollapseproceedsslowlier thanthe theoryproclaims,becauseequipartitiongoverns
theinitial phase.When � ¤ � ] k4þ - , thegravothermalinstabilityalwayswins thecompetitionbetween
thetwo effects:Beforethethermalequilibriumcanfully besettled,themassivestarshavealreadyse-
gregatedto thecentreandcollapseindependentlyfrom thelight stars.With thetotal fraction ( being
high, themassivecomponentappearsalmostself–gravitatingandis decoupledfrom thebeginning.

Figure11.5:Corecollapsetime � ��� asa functionof C . Theindividual massratio, D , wasfixedto 2.0.Left: Gas
modelsby Bettwieser& Inagaki (1985)show a broadminimum for the corecollapsetimes in termsof the
relaxationtime. Thevalueof C for fastestevolution is ¸ 0.1–0.2.Right: Resultsof theNbodymodelsfor the
four seriesdiscussedhere.Thetime on theverticalaxisis givenin Nbodyunits.

Bettwieser& Inagaki(1985)showedthat thereis an“optimal” ( , that favoursthecollapseof a
two–componentsystem.If ( is small,thecollapseof theheavier componentproceedsin theexternal
field of thelighterstars,andthecollapsetimedecreasesrapidly. Ontheotherhand,if ( is very large,
theamountof thermalenergy containedin thecoreof themassive starsis so largethat thecoreof
thelight onescannotreceiveall theredundantenergy. Hencethetendency to collapseis postponed,
becausethe heatgainedhasto be dumpedaway into the haloandthis processis slowlier thanthe
tendency to equipartition.Finally, the extremecases(��®� and (
� � approachthe single–mass
valuefor anegligible contributionof theheavy andlight component,respectively. This is thereason
why thecorecollapsetimeattainsaminimumatacertainfractionof theheavier stars(Bettwieser&
Inagaki1985).TheNbodymodelsconfirmthis, indeed(Figure11.5).
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12 Summary and outlook

We have studiedmasssegregationandequipartitionin idealizedstarclusterscontainingtwo mass
components.Theresultsprovidepotentialinsightinto theevolutionof youngstarclusters,dynamics
of starforming regions,andthedegreeof initial segregationwhich is neededto matchtheobserva-
tions.Also, this studyis of theoreticalinterestto checktheclassicalideason equipartitionandthe
thermodynamicbehaviour of self–gravitatingsystems.

Themodelspresentedhereareto isolatetherelevantphysicalprocesses.Therefore,we neglec-
tedstellarevolution, primordial binaries,anda tidal field. Pointmassesareusedfor thenumerical
simulations,which only have two differentmassspeciesasthemostsimpleapproximationof a rea-
listic massspectrum.The parameterspacewaswidely analysedfor both parameters:the ratio of
individual starmasses,�*� �
	������ , thatwasvariedfrom 1.25to 50; andthe fraction of the total
heavy masses,(P�'e 	�� e - Ð - , that waschosento be 0.05,0.1, 0.2, or 0.4. We alsodirectedour
attentionto thevalue (à���!+,� , whichwasclaimedby Inagaki& Wiyanto(1984)to exhibit thefastest
evolutiontime.For this fraction,wemodelleddifferentparticlenumbers,with � rangingfrom 1000
to ���! !�#�"� . For all othercaseswe useda particlenumberof �@�$�#É��"� . Thestatisticalsignificancy
of thedatawasconsiderablyimprovedby ensemble–averages:A largenumberof physicallyequi-
valentrunsdiffering justby a randomseedfor aninitial setupwasperformed,andthedatabasewas
gatheredfor anoverallaverage.

For thefirst time we have empiricallycheckedthe bordersbetweenanequipartitionstableand
unstableconfigurationas given by Spitzer(1969) with the accuratedirect � –body method.His
criterion involves the parameters( and � and is given in eq. (30). We also testedother theories
differingin theassumptionsandfind thatthebasicprocessesdiffer only by arelatively smallamount
whenpredictingthe approachto equipartition.Moreover, we determinedthe rangesof the longest
andshortestcorecollapsetime by comparingdifferentinitial setupsof theparticles:On onehand,
thepre–segregatedstatewith all theheavy massesbeingalreadyin the innerregionsof thecluster,
and,on theotherhand,theanti–segregatedmodelswith theheavieshaving thelongestway to sink
to thecentre.

From the resultsof our simulationswe draw the following conclusionson the global cluster
evolution:

1. Theevolutionof aself–gravitatingsystemwith two mass–componentsdependsstronglyonthe
ratioof theindividualmasses,�§� � 	 ��� � . When � is largerthan � 2, theheavy massesfall
to thecentreandreducetherelaxationtimeproportionalto � � � . Subsidiary, thecorecollapse
time is shortenedin the sameway (Fig. 9.4). Smaller � ’s go into equipartitionwhich slows
down theevolution.Extraordinarylarge � ’sgiveriseto asmallnumberof heavy particles,and
thesituationturnsinto a processof dynamicalfriction.

2. Thereis a competitionbetweenequipartitionof energiesandgravothermalinstability. If �
is closeto unity, equipartitionhindersthegravothermalcollapsein the initial phase,but will
never prevent it. As theheavy starscongregatein thecentreregions,they decouplefrom the
light componentandperformtheir own collapse.When � exceedsa critical valueof about � ,
equipartitioncanneverbeachieved(Fig. 11.3).

3. The boundarybetweenthe stableandunstableregimesis closeto the theoryby Lightman
& Fall (1978)when ( is � 0.2. For ( lower than � �!+,� , all other theorieson equipartition
(Ch. 6) seemto show a betteragreement,but it is difficult to assessthat rangewith � –body
simulationsbecausethe absolutenumberof very heavy particlesis too low in our standard� (Fig. 11.4).When ( becomeslargerthan0.1,Spitzer’s (1969)criterionappearstoo strong,
andhis theoryfails:Accordingto eq.(30)noequipartitionshouldbepossibleatall, while our
modelsaswell as the Monte Carlo simulationsby Watterset al. (2000)show the contrary.
Thecauseis probablythatSpitzerassumeda global equilibriumwhenderiving theanalytical
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formulae.His basic ideason the processes,however, are still in fair accordancewith our
results.

4. Segregationproceedson the relaxationtime scalesimultaneouslywith the evolution of the
cluster. Themaximumlevel of segregationis attainedwhenthecorehascollapsedandbegins
to expand.Then,the massshellsin the clusterhave alsoadjustedto a stablebalanceof an
in–goingandoutgoingmassflux (Fig.9.5).After thecorecollapse,thedegreeof stratification
remainsconstant.

5. In the extremerangesof segregation,we find that the core collapsetimes are too long in
eithercases,thepre–andanti–segregation,to explaintheobservedmassstratificationin young
starforming regionsdynamically(Fig. 10.4).It is likely thata primordial segregationof the
gascloud occursbeforethe first heavy starsform in the centre.The adoptionof a realistic
massspectrummayacceleratethesegregationtimeevenmoreandwouldrevealnew insights,
though.

6. The escaperateshows two branchesalongthe � –axis indicating two differentmechanisms
beingon work (Fig. 9.8e).For massratiosresemblingtheequal–masscase,theescapeseems
to begovernedby evaporationaleffectsin thepre–collapsephase.Sincethecorecollapsetime
decreasesfor a moderatelyrising � , evaporationdoesnot advancefar, suchthatthemassloss
is alsoreduced.For high � ’s (> 3), webelievethatescapesareratheramatterof ejections;the
verymassiveparticlesdistributetheirkineticenergy to a largenumberof stars,andtheescape
rate increasesroughly with � . The detailsof theseprocesses,however, needmoreanalysis
tracingthepathof theescapersor a countercheckwith othersimulationmethods.As for the
equal–masscase,theescaperateis about0.25andconsistentwith other � –bodysimulations
(Wielen1975,Giersz& Heggie1994a,Baumgardtet al. 2002).

7. Light massesplayanimportantrole in theheattransferfrom thecoreto thehalo.Evenasmall
fraction of themmoderatesthe heatflux betweenthe centralsourceandthe outersink. The
“optimal” fraction ( of heavy to light starsis about0.15–0.20in accordwith previousresults
from gaseousmodels(Fig. 11.5).

Our resultsgainedwith the � –bodymethodconfirm previous simulationswith other techni-
ques(gasmodels,MonteCarlo),but alsorevealhiddeneffectslike thesmall “deceleration”of the
gravothermalcollapsedueto equipartition.Furtherastrophysicalassumptionsarelikely to alter the
results,e.g.the introductionof primordialbinariesin variousfractions,a tidal field thataccelerates
thecollapseaswell asthedissolutionof clusters,or rotation.Multiple masscomponentsor a con-
tinuousspectrummake the analysismorecomplex but are importantfor the understandingof the
observations.Ourvariationof � canprincipallybegeneralizedby merginginto amulti–massmodel,
but carehasto betakenwhendefiningtheparameters.Thenew parametersappearingfor themodels
areto bechecked,e.g.theslopeof the initial massfunction(if a power–law is assumed),andhow
theratioof thehighestmassto themeanmass,� ó Û È � m � n , influencesthesegregation.

Anothersubjectis the long–termevolution facinggravothermaloscillations(asin Figure2.2).
Sofar, this hasbeenanalysedandsimulatedfor single–masssystemsonly. Questionsarerelatedto
theoscillationperiod,its amplitude,andtheminimumparticlenumberfor obtainingtheoscillations
whenat leasta secondmassis present.

Practicalapplicationsof suchtwo–componentsstudiescanbe imaginedfor any kind of model-
ling wheregravitationplaysa significantrole.Examplesmaybethestrataof theupperatmosphere;
merging of chemicalalloys underweightlessnessin spacemissions;nuclearandplasmaphysics;
coagulationof rocky–sizedasteroidsto form planetesimalsandprotoplanets;collisionsof galaxies
with differentmasses.Finally, demandson large–particlecomputationalsodrive the technicalde-
velopmentsto new limits suchthat theoriescan be verified (not even not) by simulationsas an
alternative to commonobservations.
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Appendix: Data tables

Thefollowing tablescontainthemeanvaluesof thesimulationsof starclustersandareorganisedas
follows.Thetitle specifiestheSeries,( , andparticlenumber.
Column1: modelnameand �
Column2: m N ]\] n , meancorecollapsetime
Column3: m Vsó½þ [ n , depthof centralpotential
Column4: m 3 ] n , meancoreradiusin themomentof corebounce
Column5: m � ] n , numberof particlesin thecoreat thetimeof smallestcoreradius
Column6: m µ ó½þ [ n , meanof theclosestapproachto equipartition
Column7: m � Z\³4] n , numberof escapedstarsuntil corecollapsetime
Column8: m ¬ Z\³4] n , meanenergy of escapers

Equal–mass:� = 1000
model m N ]\] n m Vsó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³/] n m ¬ Z\³4] n
EQMASS01 345.8 Â 5.2 T 4.72 Â 0.10 0.0208Â 0.0020 11.2 Â 0.4 — 26.6 Â 1.1 0.88 Â 0.18

Equal–mass:� = 2500
model m N ]\] n m V ó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³4] n
EQMASS02 716.0 Â 12.0 T 6.02 Â 0.16 0.0086Â 0.0006 14.8 Â 0.8 — 64.2 Â 3.1 0.89 Â 0.24

Equal–mass:� = 5000
model m N ]\] n m V ó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³4] n
EQMASS05 1210.2Â 10.6 T 7.58 Â 0.27 0.0045Â 0.0003 17.7 Â 0.8 — 117.1 Â 5.0 0.71 Â 0.26

Equal–mass:� = 10,000
model m N ]\] n m Vsó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³4] n
EQMASS10 2312.9Â 34.7 T 8.75 Â 0.47 0.0025Â 0.0004 21.3 Â 2.2 — 256.3 Â 7.1 2.55 Â 1.43

SeriesI: ( = 0.1, � = 1000
model( � ) m N ]\] n m Vsó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³4] n
A (1.25) 309.1 Â 5.8 T 4.60 Â 0.11 0.0206Â 0.0009 11.1 Â 0.4 1.002 Â 0.002 22.9 Â 1.2 0.70 Â 0.17
B (1.5) 256.0 Â 5.1 T 4.10 Â 0.07 0.0275Â 0.0011 11.7 Â 0.3 1.011 Â 0.005 18.4 Â 1.1 0.70 Â 0.11
C (2.0) 162.6 Â 3.5 T 3.52 Â 0.04 0.0400Â 0.0016 12.0 Â 0.5 1.043 Â 0.010 9.5 Â 0.5 0.78 Â 0.24
D (3.0) 86.1 Â 2.1 T 3.27 Â 0.06 0.0596Â 0.0026 12.0 Â 0.6 1.264 Â 0.033 4.8 Â 0.4 1.02 Â 0.26
E (5.0) 45.8 Â 1.4 T 3.24 Â 0.06 0.0797Â 0.0040 12.5 Â 0.8 1.892 Â 0.071 0.0 Â 0.0 0.00 Â 0.00
F (10.0) 25.4 Â 0.9 T 3.65 Â 0.08 0.0954Â 0.0039 12.1 Â 0.7 3.426 Â 0.187 4.1 Â 0.4 1.28 Â 0.33
G (25.0) 18.0 Â 0.7 T 4.72 Â 0.12 0.0785Â 0.0030 7.3 Â 0.4 4.992 Â 0.237 12.9 Â 0.2 1.09 Â 0.12
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SeriesI: ( = 0.1, � = 2500
model( � ) m N ]\] n m Vsó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³4] n
A (1.25) 677.8 Â 8.1 T 5.51 Â 0.12 0.0100Â 0.0005 15.9 Â 0.7 1.000 Â 0.000 61.3 Â 2.0 0.77 Â 0.27
B (1.5) 558.4 Â 8.8 T 5.02 Â 0.11 0.0137Â 0.0006 15.9 Â 0.8 1.001 Â 0.000 45.2 Â 2.2 0.55 Â 0.14
C (2.0) 366.6 Â 8.4 T 4.06 Â 0.11 0.0207Â 0.0011 14.4 Â 1.0 1.043 Â 0.028 24.9 Â 1.6 1.18 Â 0.28
D (3.0) 180.1 Â 2.9 T 3.50 Â 0.10 0.0336Â 0.0019 16.2 Â 2.3 1.188 Â 0.017 9.7 Â 0.6 0.70 Â 0.12
E (5.0) 86.1 Â 3.3 T 3.17 Â 0.10 0.0567Â 0.0043 17.0 Â 1.4 1.807 Â 0.056 7.3 Â 0.8 1.43 Â 0.27
F (10.0) 40.2 Â 2.0 T 3.45 Â 0.15 0.0811Â 0.0054 19.9 Â 1.8 3.218 Â 0.086 8.0 Â 0.7 0.89 Â 0.12
G (25.0) 21.8 Â 1.1 T 4.11 Â 0.18 0.0905Â 0.0048 19.7 Â 1.7 7.150 Â 0.282 12.4 Â 0.9 0.86 Â 0.15
H (50.0) 17.9 Â 1.1 T 6.16 Â 0.36 0.0792Â 0.0039 11.7 Â 1.0 11.245Â 0.556 25.2 Â 2.6 0.98 Â 0.15

SeriesI: ( = 0.1, � = 5000
model( � ) m N ]\] n m V ó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³/] n
A (1.25) 1183.7Â 17.7 T 6.92 Â 0.18 0.0055Â 0.0004 19.8 Â 0.7 1.000 Â 0.000 103.9 Â 5.0 0.44 Â 0.13
B (1.5) 993.8 Â 10.3 T 5.85 Â 0.12 0.0071Â 0.0003 16.9 Â 1.0 1.000 Â 0.000 76.9 Â 3.2 0.57 Â 0.14
C (2.0) 642.6 Â 4.4 T 4.62 Â 0.20 0.0117Â 0.0011 15.8 Â 1.4 1.016 Â 0.008 38.0 Â 1.9 0.47 Â 0.09
D (3.0) 331.5 Â 11.6 T 3.72 Â 0.08 0.0204Â 0.0013 16.8 Â 1.4 1.189 Â 0.037 19.3 Â 2.6 1.08 Â 0.45
E (5.0) 157.9 Â 6.3 T 3.36 Â 0.12 0.0302Â 0.0025 14.9 Â 1.1 1.715 Â 0.039 14.2 Â 1.9 1.38 Â 0.27
F (10.0) 64.3 Â 3.5 T 3.11 Â 0.09 0.0742Â 0.0055 29.4 Â 2.8 3.738 Â 0.256 10.4 Â 1.0 2.17 Â 1.01
G (25.0) 33.3 Â 0.9 T 4.43 Â 0.34 0.0842Â 0.0025 29.1 Â 1.4 7.394 Â 0.214 17.7 Â 1.2 0.97 Â 0.09
H (50.0) 22.4 Â 0.7 T 5.64 Â 0.43 0.0789Â 0.0089 26.2 Â 3.5 12.962Â 0.358 25.8 Â 3.1 1.15 Â 0.18

SeriesI: ( = 0.1, � = 10,000
model( � ) m N ]\] n m V ó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³/] n
A (1.25) 2169.9Â 24.7 T 8.35 Â 0.52 0.0027Â 0.0003 20.0 Â 2.7 1.000 Â 0.000 227.3 Â 3.9 0.40 Â 0.11
B (1.5) 1886.8Â 8.6 T 7.05 Â 0.39 0.0042Â 0.0001 20.8 Â 1.0 1.008 Â 0.006 172.3 Â 9.3 0.35 Â 0.06
C (2.0) 1218.0Â 20.1 T 5.85 Â 0.37 0.0053Â 0.0007 15.8 Â 1.8 1.035 Â 0.014 91.3 Â 4.3 0.78 Â 0.17
D (3.0) 595.1 Â 8.5 T 3.97 Â 0.17 0.0107Â 0.0010 15.0 Â 1.9 1.170 Â 0.024 35.3 Â 3.4 1.03 Â 0.27
E (5.0) 277.6 Â 9.7 T 4.18 Â 0.32 0.0235Â 0.0004 19.8 Â 1.4 1.700 Â 0.029 19.3 Â 1.4 0.63 Â 0.08
F (10.0) 123.5 Â 2.1 T 3.80 Â 0.31 0.0351Â 0.0055 22.3 Â 3.9 3.065 Â 0.108 25.5 Â 2.0 1.19 Â 0.04
G (25.0) 52.4 Â 2.3 T 4.92 Â 0.42 0.0741Â 0.0108 36.8 Â 6.1 8.040 Â 0.440 29.0 Â 2.9 2.05 Â 0.82
H (50.0) 37.5 Â 0.6 T 6.82 Â 0.95 0.0894Â 0.0059 47.8 Â 8.9 14.478Â 0.859 42.3 Â 5.3 0.93 Â 0.28

SeriesI: ( = 0.1, � = 20,000
model( � ) m N ]\] n m Vsó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³/] n
A (1.25) 3859.0Â 00.0 T 8.62 Â 0.00 0.0021Â 0.0000 33.0 Â 0.0 1.000 Â 0.000 422.0 Â 0.0 0.52 Â 0.00
B (1.5) 3318.0Â 0.0 T 9.09 Â 0.00 0.0030Â 0.0000 36.0 Â 0.0 1.016 Â 0.000 292.0 Â 0.0 0.79 Â 0.00
C (2.0) 2236.0Â 0.0 T 5.64 Â 0.00 0.0044Â 0.0000 23.0 Â 0.0 1.081 Â 0.000 140.0 Â 0.0 0.34 Â 0.00
D (3.0) 1094.0Â 0.0 T 3.84 Â 0.00 0.0114Â 0.0000 34.0 Â 0.0 1.170 Â 0.000 55.0 Â 0.0 0.56 Â 0.00
E (5.0) 608.0 Â 0.0 T 4.21 Â 0.00 0.0103Â 0.0000 16.0 Â 0.0 1.770 Â 0.000 65.0 Â 0.0 2.82 Â 0.00
F (10.0) 213.0 Â 0.0 T 3.70 Â 0.00 0.0241Â 0.0000 24.0 Â 0.0 2.950 Â 0.000 38.0 Â 0.0 1.34 Â 0.00
G (25.0) 78.0 Â 0.0 T 4.95 Â 0.00 0.0863Â 0.0000 88.0 Â 0.0 7.680 Â 0.000 30.0 Â 0.0 1.41 Â 0.00
H (50.0) 48.5 Â 0.0 T 7.92 Â 0.00 0.0447Â 0.0000 25.0 Â 0.0 14.046Â 0.000 48.0 Â 0.0 0.78 Â 0.00
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SeriesII: ( = 0.1, � = 2500,INS
model( � ) m N ]\] n m Vsó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³4] n
A (1.25) 623.9 Â 11.1 T 5.64 Â 0.10 0.0098Â 0.0005 15.2 Â 0.5 — 57.5 Â 2.8 0.89 Â 0.22
B (1.5) 501.5 Â 9.1 T 5.05 Â 0.10 0.0133Â 0.0008 14.4 Â 0.8 — 42.0 Â 2.5 1.30 Â 0.56
C (2.0) 304.4 Â 8.0 T 4.09 Â 0.12 0.0225Â 0.0018 15.2 Â 1.0 — 16.9 Â 1.1 0.35 Â 0.18
D (3.0) 139.4 Â 4.6 T 3.51 Â 0.07 0.0330Â 0.0023 13.5 Â 0.9 — 8.5 Â 0.9 0.15 Â 0.11
E (5.0) 73.6 Â 3.0 T 3.51 Â 0.08 0.0437Â 0.0026 12.3 Â 0.8 — 8.4 Â 0.8 1.43 Â 0.40
F (10.0) 32.4 Â 1.7 T 3.58 Â 0.13 0.0722Â 0.0059 16.3 Â 1.9 — 5.9 Â 0.8 1.01 Â 0.29
G (25.0) 18.3 Â 0.9 T 5.28 Â 0.33 0.0845Â 0.0070 16.3 Â 2.9 — 13.6 Â 1.5 0.78 Â 0.11
H (50.0) 15.2 Â 0.9 T 5.52 Â 0.27 0.0892Â 0.0050 13.9 Â 1.4 — 25.7 Â 2.2 0.82 Â 0.10

SeriesII: ( = 0.1, � = 2500,OUT
model( � ) m N ]\] n m V ó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³4] n
A (1.25) 673.7 Â 8.6 T 6.08 Â 0.16 0.0088Â 0.0004 14.8 Â 0.6 — 61.4 Â 2.5 1.03 Â 0.41
B (1.5) 646.1 Â 11.3 T 5.12 Â 0.14 0.0129Â 0.0008 17.1 Â 0.9 — 50.1 Â 2.5 0.66 Â 0.14
C (2.0) 508.5 Â 10.8 T 4.16 Â 0.12 0.0227Â 0.0014 18.2 Â 1.2 — 32.6 Â 1.6 1.77 Â 0.42
D (3.0) 304.1 Â 7.3 T 3.23 Â 0.05 0.0476Â 0.0026 24.8 Â 1.8 — 13.0 Â 0.8 1.10 Â 0.30
E (5.0) 153.7 Â 4.7 T 2.98 Â 0.06 0.0756Â 0.0042 29.6 Â 2.8 — 8.5 Â 0.6 1.40 Â 0.32
F (10.0) 92.7 Â 3.0 T 3.23 Â 0.08 0.0892Â 0.0033 23.8 Â 1.6 — 10.0 Â 0.9 2.17 Â 0.47
G (25.0) 52.5 Â 1.5 T 4.58 Â 0.27 0.0857Â 0.0037 17.5 Â 1.2 — 17.0 Â 1.6 1.76 Â 0.26
H (50.0) 47.6 Â 2.3 T 6.86 Â 0.29 0.0664Â 0.0032 9.7 Â 0.7 — 32.0 Â 2.8 1.94 Â 0.32

SeriesIII: ( = 0.05, � = 2500
model( � ) m N ]\] n m V ó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³4] n
K (1.25) 689.3 Â 7.8 T 5.88 Â 0.21 0.0094Â 0.0005 16.0 Â 0.6 1.000 Â 0.000 60.7 Â 2.5 0.53 Â 0.12
L (1.5) 605.3 Â 11.8 T 5.19 Â 0.19 0.0140Â 0.0009 17.2 Â 0.8 1.001 Â 0.000 51.0 Â 2.7 0.61 Â 0.16
M (2.0) 428.8 Â 9.8 T 3.89 Â 0.11 0.0264Â 0.0022 19.2 Â 1.4 1.009 Â 0.008 25.8 Â 1.7 0.82 Â 0.28
N (3.0) 219.3 Â 7.4 T 3.20 Â 0.06 0.0443Â 0.0028 19.5 Â 1.6 1.092 Â 0.034 9.3 Â 1.1 0.85 Â 0.27
P (5.0) 96.1 Â 4.5 T 3.07 Â 0.06 0.0672Â 0.0046 23.6 Â 2.4 1.510 Â 0.034 4.3 Â 0.7 1.60 Â 0.54
Q (10.0) 44.9 Â 1.4 T 3.34 Â 0.11 0.0896Â 0.0053 23.5 Â 2.4 2.638 Â 0.068 4.2 Â 0.6 1.06 Â 0.19
R (25.0) 27.6 Â 1.2 T 4.53 Â 0.21 0.0903Â 0.0046 19.0 Â 1.9 4.348 Â 0.290 9.0 Â 1.4 1.37 Â 0.44

SeriesIV: ( = 0.2, � = 2500
model( � ) m N ]\] n m V ó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³/] n m ¬ Z\³4] n
T (1.25) 657.1 Â 11.0 T 5.88 Â 0.17 0.0102Â 0.0006 15.2 Â 0.9 1.001 Â 0.000 62.5 Â 2.6 0.81 Â 0.21
U (1.5) 549.4 Â 7.6 T 5.00 Â 0.14 0.0134Â 0.0009 14.6 Â 0.8 1.000 Â 0.002 49.5 Â 2.7 1.17 Â 0.28
V (2.0) 343.8 Â 9.5 T 4.51 Â 0.11 0.0166Â 0.0011 12.3 Â 0.6 1.067 Â 0.012 26.7 Â 2.2 1.04 Â 0.35
W (3.0) 174.0 Â 3.9 T 3.87 Â 0.11 0.0244Â 0.0020 11.8 Â 0.8 1.334 Â 0.016 16.9 Â 1.3 0.61 Â 0.04
X (5.0) 86.3 Â 2.2 T 3.55 Â 0.09 0.0391Â 0.0028 12.0 Â 0.9 2.069 Â 0.059 13.9 Â 0.8 0.81 Â 0.08
Y (10.0) 48.6 Â 2.4 T 3.97 Â 0.16 0.0564Â 0.0041 11.9 Â 1.0 4.063 Â 0.161 21.1 Â 1.6 1.06 Â 0.11
Z (25.0) 22.7 Â 1.0 T 4.72 Â 0.24 0.0869Â 0.0049 15.5 Â 1.6 9.676 Â 0.267 30.1 Â 1.97 0.74 Â 0.07
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SeriesV: ( = 0.4, � = 2500
model( � ) m N ]\] n m Vsó½þ [ n m 3 ] n m � ] n m µ ó½þ [ n m � Z\³4] n m ¬ Z\³4] n
T Ã (1.25) 639.7 Â 9.9 T 5.79 Â 0.16 0.0092Â 0.0007 14.0 Â 0.8 1.000 Â 0.000 63.0 Â 2.4 0.68 Â 0.13
U Ã (1.5) 523.2 Â 8.2 T 5.24 Â 0.12 0.0117Â 0.0006 14.4 Â 0.8 1.007 Â 0.003 51.4 Â 2.7 0.81 Â 0.22
V Ã (2.0) 372.3 Â 10.3 T 4.95 Â 0.15 0.0149Â 0.0007 13.3 Â 0.6 1.094 Â 0.013 42.3 Â 2.9 0.85 Â 0.24
W Ã (3.0) 212.8 Â 4.3 T 4.27 Â 0.10 0.0195Â 0.0014 11.3 Â 0.6 1.436 Â 0.039 38.7 Â 2.4 0.57 Â 0.03
X Ã (5.0) 130.7 Â 4.0 T 4.19 Â 0.14 0.0274Â 0.0015 10.4 Â 0.6 2.200 Â 0.047 43.7 Â 2.9 0.81 Â 0.05
Y Ã (10.0) 66.8 Â 2.5 T 4.26 Â 0.12 0.0440Â 0.0026 9.9 Â 0.5 4.316 Â 0.087 50.9 Â 3.5 0.88 Â 0.05
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List of symbols

Ä gravitationalacceleration;eq.(42)� heatcapacity, J ¬ � J m4© n ; eq.(9)¬
totalenergy of a cluster

¬ ��¦A9� ; eq.(8), (60)E distribution function,eq.(1)b gravitationalconstant,6.672Q 10; �f� mK kg ; � s; 	 , in NB-unitssetto 1.{ ¨ Boltzmann’sconstant,{ ¨ �p�#+ q#Í �#B´Q#�C� ; 	 K JK ; � ; eq.(7)¦ total kinetic energy ¦õ� �	 e m d 	�n ; eq.(23), (60)� massof anindividualparticlee Ü totalmassof species� in a multi–componentcluster;Ch.6e� �e - Ð - totalmassof thecluster;Ch.6� totalnumberof stars;Ch.6� ] numberof starsinsidecoreradius;Ch.9.6� Z\³4] numberof escapedstarsbeforecorecollapsetime;Ch.9.5�çÜ numberof particlesof species� in a multi–componentcluster;Ch.6; eq.(57)( massfractionof heavy component;Ch.6, eq.(55), (56)3 distancefrom clustercentre3 ] coreradius;Ch. (9.1)3 . radiuscontaininghalf theclustermassr sizeof thecluster, equivalentto thevirial radiusr��¥T:b7e 	 � � ; eq.(60)��� Scalefactorfor evolutionarytime scales;Ch.(9.6),eq.(71)N ]\] corecollapsetime; eq.(17), (65)N ] k crossingtime N ] k � 3"� d ; eq.(12),N ¾M¿ [ dynamicaltime N ¾M¿ [ �¥Â q a � �CB#b 0 ; eq.(13)N Z\Õ equipartitiontime; eq.(18)N k�È local relaxationtime;eq.(14)N k . relaxationtimeat half–massradius3 . ; eq.(15)N�N ¨ time in Nbodyunits;Ch.8.3,eq.(63)© Temperatureof a point–masssystem;eq.(7)d velocityof a stard Z\³4] escapevelocity;eq.(10)� totalgravitationalenergy of thecluster;eq.(23), (60)~ factorin theCoulomblogarithm;Ch.9.61 accuracy parameterfor timesteps;eq.(52)� ratioof individualhigh andlow massstars;Ch.6; eq.(55)µ
equipartitionparameter;eq.(74)µ ó½þ [ valueof closestapproachto equipartition;Ch.110 meandensityinsidethehalf–massradius0 ] densityatclustercentre;Ch.6V gravitationalpotential;eq.(2)ð critical valuefor massinstability; eq.(30)m +,+Ë+ n averagevalueof a quantity
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