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Zusammenfassung

Quantensimulationen mit ultra-kalten Atomen außerhalb des Gleichgewichts

Der rasche technologische Fortschritt ultrakalter Quantengasexperimente führte
zu starken Bemühungen Quantensimulatoren zur Lösung grundlegender Fragestel-
lungen der modernen Physik zu entwickeln. Die weitreichenden Anwendungen
beinhalten verschiedenste Forschungsgebiete - von der Hochenergiephysik und
Kernphysik, über die Kosmologie, bis hin zur Festkörperphysik und Chemie. Spe-
ziell die Beschreibung von evolvierenden Quantenfeldern, die vielen Forschungs-
aktivitäten zugrunde liegt, ist dabei häufig nicht mit klassischen Computern zu
bewältigen. Diese Dissertation beschäftigt sich mit solchen Quantensimulationen
im Zusammenhang der komplexen Nichtgleichgewichtsdynamik ultrakalter Quan-
tengase, sowie deren Verwendung zur Beschreibung von Eichtheorien. Zunächst
präsentieren wir einen skalierbaren Vorschlag zur Implementierung einer eindimen-
sionalen Gittereichtheorie in einem groß-skaligen Bose-Hubbard Quantensimulator.
Die experimentelle Realisierung des Vorschlags erlaubt uns die Thermalisierungsdy-
namik der Eichtheorie zu untersuchen. Zweitens, wird ein skalierbarer Vorschlag zur
Quantensimulation von Eichfelddynamik in zwei Raumdimensionen ausgearbeitet.
Ein Baustein des Vorschlags wird mit Hilfe eines Quantengasxperiments untersucht,
wobei das Vielteilchenproblem durch die Untersuchung der Fluktuationsdaten
charakterisiert wird. Zuletzt widmen wir uns der Echtzeitdynamik von Quanten-
feldern über eine zeit-lokale effektive Wirkung. Wir leiten kinetische Gleichungen
für nicht-perturbative Bosefelder ab und etablieren eine Verbindung von effekti-
ven Beschreibungen mit Beobachtungsgrößen, die mit gegenwärtiger Technologie
verfügbar sind.
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Abstract

Quantum simulations with ultra-cold atoms out of equilibrium

Recent technological advances in ultra-cold atom experiments have triggered strong
efforts to develop quantum simulators for solving fundamental questions in modern
physics. Far-reaching applications range from quantum chemistry and condensed
matter physics to high-energy physics, nuclear physics and cosmology, where the
evolution of underlying quantum fields is often difficult to compute with classical
simulations. This dissertation contributes to the field of quantum simulations for the
complex out-of-equilibrium dynamics of gauge fields and the ultra-cold quantum
gases realized in current experiments and their applications to gauge theories. First,
we present a scalable scheme to engineer a one-dimensional lattice gauge theory
using ultra-cold atoms in a large-scale Bose-Hubbard quantum simulator, which
is demonstrated in an experiment. The implementation allows us to furthermore
investigate the thermalization dynamics of the gauge theory. Secondly, a scalable
cold-atom quantum simulator for gauge-field dynamics in two spatial dimensions
is proposed. We investigate an experimental building block of the proposal, where
the many-body problem is characterized using the fluctuations in the data. Finally,
we present an equal-time approach to the real-time dynamics of quantum fields
through the non-equilibrium effective action. Focusing on non-perturbative Bose
fields, we derive kinetic equations to establish a link between effective theories and
observables accessible with current technology.
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Chapter 1

Introduction

1.1 Motivation

Gauge fields mediate the fundamental forces in the Standard Model of particle
physics and hence describe the interactions among elementary particles such as elec-
trons or quarks [9–11]. For example, the positively charged nuclei attract electrons to
form atoms through the electromagnetic force described by quantum electrodynam-
ics (QED), and are held together by the strong force exhibited by the gluon fields of
quantum chromodynamics (QCD). Typically, detailed theoretical investigations into
the workings of these forces require costly numerical simulations, which challenge
the largest computing facilities across the globe.

A typical problem in high-energy physics concerns the time evolution of gauge
fields during and after the collisions of heavy nuclei. For instance, such experiments
are currently conducted at the large-hadron collider at CERN [12], where lead
nuclei are first accelerated to velocities close to the speed of light, and subsequently
collided. At high energies the remnants of the collision are believed to form a plasma
of deconfined quarks and gluons [13]. This plasma constitutes the hottest known
phase of matter and its investigation promises insights into properties of the early
universe shortly after the Big Bang. The theoretical description of the collision and
the ensuing dynamics toward the thermal plasma is challenging and to date there
is no first-principle method to describe the phenomenon with classical computing
techniques [14].

In this context, the possibility of applying quantum technology to such dynami-
cal quantum phenomena has recently triggered strong international research efforts,
where current platforms termed quantum simulators are often based on ultra-cold
atoms [15], trapped ions [16] and superconducting circuits [17]. Such quantum sim-
ulators can be used to investigate a wealth of quantum systems for regimes where
classical computations fail as a consequence of complexity [18]: While microscopic
interactions of constituents are known in many cases, the theoretical description of
emergent phenomena for large systems requires extensive computing resources [19,
20]. Besides the thermalization dynamics of gauge fields, the difficulty of describing
complex systems affects major research directions today, for example investigations
of strongly-correlated phases for condensed matter systems, or the description of
large molecules in chemistry.
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Quantum simulators make use of their many constituents’ quantum nature as a
resource for computations, where microscopic interactions in these systems may be
tuned precisely to realize a variety of many-body target theories. For instance, ultra-
cold atoms may be used to represent atomic nuclei and electrons in a simulation of
large molecules [21], or even quarks and gluons of the collided nuclei [22]. Here,
target scenarios may drastically differ in size and energy from corresponding scales
of the simulating platform. While heavy-ion collisions happen within femtoseconds,
the same phenomena might take place in ultra-cold quantum gases on the order of
milliseconds or even seconds. Quantum simulators exploit that physical systems
can be described in dimensionless ratios of relevant energy or distance scales, and
the freedom of choosing the absolute energy scale allows us to study high-energy
physics at ultra-cold temperatures. The change of scales subsequently enables the
extraction detailed observables in space and time, such as correlation functions [23,
24] or measures of entanglement [25, 26], to investigate the complex quantum
dynamics in ways which are impossible to access in collider experiments.

However, quantum simulators face the problem of implementing the extensive
set of local constraints in time and space implied by gauge symmetry. Such con-
straints tie the evolution of matter particles to the corresponding gauge fields and
embody the nature of these forces and their emergent properties. Examples are the
transversal polarization of photons, the long-ranged Coulomb law, or the absence of
single quarks due to their confinement in hadrons [9, 27].

In recent years, an extensive set of techniques to quantum simulate gauge the-
ories has been developed [28, 29], and current theoretical [30–50] and experimen-
tal [51–60] efforts are devoted to developing, testing, and applying protocols for
different platforms. Despite great success in these developments, many challenges
remain to be overcome [61, 62]. The central motivation of this thesis is based on a
selection of these challenges summarized as follows:

(i) Scalability:

To establish quantum simulators of gauge theories with synthetic quantum
matter, strategies to realize the local constraints between microscopic con-
stituents must be applicable in the limit of large systems. The many degrees of
freedom [63] are an important prerequisite to reaching the quantum field limit
for realistic applications. One possibility to achieve this is to exploit symmetry
properties of the underlying architecture [30, 52, 64].

(ii) Dimensionality:

Nature exhibits three spatial dimensions, but, so far, most experimental real-
izations of synthetic gauge theories are based on implementation schemes for
the simpler case of a one-dimensional universe. Despite being an important
proof-of-principle step, one-dimensional setups must be extended to higher
dimensions for many applications in high-energy physics [65]. A major obsta-
cle toward this goal concerns the realization of four-body terms for magnetic
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field interactions, which are not present in one dimension, and which typically
require precise control over higher-order interactions.

(iii) Characterization:

Characterizing quantum simulators with experimental measurements is a
non-trivial task. How can we access the underlying state of the system with ef-
ficiently obtainable observables? Can such observables be used to benchmark
the quantum simulator model-independently or even learn new approxima-
tion schemes for efficient descriptions? These questions especially affect the
quantum field limit where classical simulations of the quantum simulator
often become unfeasible.

In general, the quest of realizing quantum simulators for realistic applications is
demanding. Achieving progress along the items (i)-(iii) will pave the road to artifi-
cial equilibrium and non-equilibrium gauge fields for applications in high-energy
physics, or condensed matter. This thesis addresses quantum simulation in the
context of high-energy phenomena such as confinement [27], phase transitions [66],
thermalization dynamics [67], instabilities [68] or turbulence [69], where we demon-
strate the current capabilities of quantum simulators or propose new protocols for
experiments.
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1.2 Outline

This dissertation contributes to the field of quantum simulations for applications to
quantum field theories such as lattice gauge theories. We describe the engineering
of gauge symmetries at the microscopic level and highlight their importance for
the resulting system evolution. In the following, we discuss quantum simulations
of gauge theories first in one spatial dimension and secondly for two-dimensional
setups. Third, we describe the real-time dynamics of scalar quantum fields within an
equal-time framework, which is well-suited to address current quantum simulation
experiments.

The thesis is organized into the following chapters:

In the remainder of Chapter 1, we introduce the underlying concepts relevant for
the contents of this thesis. We cover quantum field theory and gauge theories, and
discuss a Hamiltonian formulation of the gauge fields and their finite dimensional
representations for applications in quantum simulation. We furthermore introduce
Bose gases and how they are used in optical potentials.

In Chapter 2: “Large-scale quantum simulation of a U(1) gauge theory in one dimension
(1D)", we devise a scalable scheme to realize a synthetic U(1) lattice gauge theory
coupling gauge fields and matter. Our scheme is realized with ultra-cold bosonic
atoms in a one-dimensional optical lattice with up to 71 sites. It implements the
gauge symmetry by penalizing unwanted tunneling processes of the atoms with
a staggered external potential. To demonstrate the feasibility of our approach, the
synthetic gauge theory is investigated experimentally. We explore two different
equilibrium phases by driving the system across a quantum phase transition in a
quasi-static evolution. To validate our results, we experimentally quantify gauge
invariance in the system during the evolution.
Subsequently, the quantum simulator is applied to investigate the non-equilibrium
dynamics of the gauge theory. We observe that late-time steady states of the evo-
lution agree with predictions from a gauge-invariant thermal ensemble. The ther-
malization dynamics is characterized by an effective loss of information during the
unitary dynamics, where initial states with equal energy evolve toward the same
steady-state values. To probe the importance of gauge symmetry in the complex dy-
namics, we also perform quantum simulations with loosened symmetry constraints
which relax toward different ensembles.

In Chapter 3: “Quantum simulation and gauge field dynamics in two dimensions (2D)",
we propose a scalable scheme to engineer U(1) gauge fields with ultra-cold atoms
in two spatial dimensions. Our proposal employs spin-changing collisions of the
atoms to engineer the required four-body interaction terms. Applying our scheme
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to the gauge fields of compact QED, we discuss how charge confinement could be
observed in a quantum simulator.
We subsequently investigate the non-equilibrium dynamics of gauge fields within
an experimental realization of our scheme for the simpler case of a single plaquette.
The spin-changing collisions are realized with a mixture of ultra-cold sodium (23Na)
and lithium (7Li) atoms. We characterize the dynamics in terms of three non-
equilibrium regimes: a long-lived metastable state, an instability regime with growth
of fluctuations, and a regime that exhibits signatures of fast relaxation toward
thermal equilibrium. The various types of dynamics are identified and related
to effective potentials through theoretical modelling of experimentally measured
fluctuations in the system.
The non-equilibrium dynamics of two-dimensional gauge fields is furthermore
studied for a Z2 lattice gauge theory by computing entanglement spectra. The
spectra reveal different stages of the dynamics such as level repulsion, self-similar
dynamics and the approach to equilibrium at late times.

In Chapter 4: “Quantum field dynamics from the equal-time effective action", we consider
the non-equilibrium dynamics of an ultra-cold Bose gas. Using an equal-time formu-
lation of quantum field theory, we derive an exact evolution equation for a time-local
effective action of the non-relativistic fields. This allows us to formulate correspond-
ing evolution equations coupling equal-time correlations and vertices, which we
solve in two approximations resulting in effective late-time kinetic equations: A
perturbative expansion for weakly interacting, dilute gases and an expansion in
the number of field components to describe the non-perturbative dynamics of over-
occupied Bose fields. We furthermore present an experimental strategy to extract
the correlations of underlying Bose fields.

The results of these main chapters are summarized and discussed in Chapter 5:
“Conclusion", followed by an outlook on future extensions and applications of the
presented work.
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1.3 Main concepts

In this section we give an introduction to the main concepts relevant for the contents
of this thesis - references to more detailed literature are presented. We start by
introducing the concept of quantum fields in general, before specifying gauge
theories. For practical applications, gauge theories are often considered in finite
dimensional representations, where their configuration space is truncated in a
controlled manner to match experimental resources. We give the two representations
used in this thesis before ending this chapter by explaining quantum gases and
optical lattices.

1.3.1 Quantum field theory

Quantum field theory (QFT) [9] is the modern tool to address many-body quantum
systems, as realized in nature from the highest known energy scales down to the very
coldest conditions explored so far. Quantum field theoretical methods have become
powerful tools to investigate the laws of elementary particles and fundamental forces
in the Standard Model of particle physics, as well as the complex interplay of non-
relativistic matter in condensed matter systems or ultra-cold atoms and molecules.
The description of many-body systems in terms of field theory is ubiquitous, and
also extends to classical complex systems.

QFT is usually formulated in terms of path integrals acting as generating func-
tionals for correlations of fields at different positions and times

Z[J ] =

ˆ
Dφ eiS[φ]+iJ ·φ . (1.1)

The scalar field φ(x) represents a real number at every point in space and time,
where J(x) is an external source field, and · implies an integral over all spacetime
coordinates. The path integral sums over all possible field configurations, which
are weighted with a complex phase factor carrying the microscopic action of the
theory. This complex weight factor induces interferences between different evolution
histories of the system and eventually determines the propagation of particles or,
more generally, information in a field theory. The path integral highlights the
statistical nature of QFT, i.e., it predicts expectation values, or correlation functions of
fields

〈T φ(x1) . . . φ(xn)〉 =

ˆ
Dφ φ(x1) . . . φ(xn) eiS[φ]+iJ ·φ, (1.2)

which typically involve an field ordering prescription, here the time ordering T . The
microscopic action of a QFT is motivated by fundamental constraints such as locality
and symmetries, for example Lorentz invariance. Motivated by this reasoning, we
consider the action of a relativistic, free, real scalar field theory in 3+1 spacetime
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dimensions with Minkowski metric ηµν = diag(1,−1,−1,−1),

S0[φ] =

ˆ
x

(
1

2
ηµν(∂µφ)(∂νφ)− m2

2
φ2

)
, (1.3)

where we integrate over all four-vectors x = xµ = (t,x)µ with spacetime index
µ = 0, 1, 2, 3, and we abbreviated

´
x =
´

d4x. Coupled by the partial derivatives ∂µ,
the field represents a set of harmonic oscillators which evolve in freely propagating
waves. In this case, the path integral is exactly solvable in terms of Gaussian integrals.
In general, this is not the case once interactions are introduced, i.e.,

S[φ] = S0[φ] + λ4

ˆ
x
φ4 + λ6

ˆ
x
φ6 + . . . , (1.4)

where interaction strengths are quantified by the couplings λi. This classical action
is associated with a corresponding microscopic or ultra-violet (UV) cutoff scale Λ.
For typical energies Λ it describes the physics of the fields through the variational
principle δS = 0. However, in practice we are interested in the properties of quantum
fields at macroscopic or infra-red (IR) scales k. The path integral systematically
includes quantum fluctuations into correlation functions when moving from UV to
IR, where the scale-dependent fluctuations enter corresponding coupling constants
of effective actions Γk

eiΓk[Φ]+iJ ·Φ =

ˆ
Dφk eiS[φ]+iJ ·φ , (1.5)

where Φ(J) =
´
Dφk φ exp(iS[φ] + iJ · φ) is the field expectation value and Dφk

takes into account field fluctuations with spatial size < k−1. The scale-dependent
couplings of Γk run from UV (where Γk=Λ = S) to IR scales, and the IR physics at
typical energies k becomes accessible through the variational principle δΓk = 0.

The power of QFT is rooted in the classification of interactions in terms of relevant
and irrelevant operators. At any scale k, all interaction terms in accordance with the
symmetries of the theory are generated through quantum fluctuations1. Relevant
operators are those which we need to take into account in the running of observable
quantities, while the effects of irrelevant operators wash out toward the IR. To
identify the relevant operators of a theory, it is often sufficient to consider a naive
power-counting in terms of mass or energy dimensions of coupling constants. While
λ4 is a dimensionless number, λi>4 carry units of energy (and higher powers thereof)
and are irrelevant in 3+1 spacetime dimensions. In this case, we may set λi>4 = 0,
and also discard terms with higher powers of derivatives without loss of generality.

In general, the introduction of microscopic interactions with different symmetry
properties may change the entire process of the outlined running of observables,
which poses a major challenge for quantum simulation: To reach the desired IR

1In the present case, we consider interaction terms symmetric under φ→ −φ.
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physics of target theories a meticulous control of the microscopic symmetry proper-
ties is of utmost importance, which, for large-scale systems involves an extensive
number of degrees of freedom, and efficient mechanisms to protect the symmetries
are required.

While scalar field theories are the prototypes of QFTs, and their non-relativistic
counterparts are often naturally implemented in ultra-cold quantum gases, quantum
simulations of gauge theories require more complex fields. In the next section, we
consider fermionic fields, which constitute the fundamental building blocks of
matter, and how they interact via gauge fields resulting from a local U(1) symmetry
of the fermions.

1.3.2 Gauge theory

Continuum gauge theory

U(1) symmetry is an invariance of the action2 under local transformations of the
fermionic matter fields with the abelian group U(1)

ψ(x) 7→ ψ′(x) = eiα(x)ψ(x), (1.6)

where ψ is a four component Dirac spinor, see e.g. Ref. [11] for details. Here, we dis-
tinguish a global symmetry with α = const. from a local or gauge symmetry for space
and time dependent phases α(x). Global continuous symmetries lead to classical
conservation laws3 via Noether’s theorem. Examples are electric charge conserva-
tion in QED or particle number conservation in non-relativistic low-energy effective
field theories. In contrast, gauge symmetries introduce entirely new structures to
the theory. The necessity to introduce covariant derivatives in order to “compare”
fields with different transformation behavior at different spacetime points yields a
new dynamical degree of freedom

∂µ → Dµ = ∂µ + iAµ, (1.7)

where Aµ is the four component gauge field equipped with the transformation behav-
ior Aµ(x) 7→ Aµ(x)− ∂µα(x). The continuum action of QED is given by

S[ψ†ψ,A] =

ˆ
x

(
− 1

4e2
FµνFµν + ψ†γ0(iγµDµ −m)ψ

)
. (1.8)

where we included the gauge-invariant QED field strength tensor Fµν = ∂µAν −
∂νAµ as a relevant extension of the fermion action which respects the underlying
symmetries. The field strength term allows for the propagation of gauge fields which
mediate interactions between the elementary fermion particles with interaction

2and the path integral measure
3In cases where the path integral measure is not invariant under the symmetry group this conser-

vation law is broken by quantum fluctuations. This is called a quantum anomaly [70].
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strength e, and we also introduced the gamma matrices γµ as a representation of
the Clifford algebra γµγν + γνγµ = 2ηµν [11]. The concept of gauge theories may be
generalized to more complex symmetry groups, such as non-abelian gauge groups,
e.g., SU(3) in the case of QCD, or even to the symmetry groups realized in the
Standard Model of particle physics.

Complex calculations beyond the analytically accessible regimes (e.g. perturba-
tion theory) require numerical computing techniques to solve the path integral. In
this context, lattice field theory [10, 11, 71] has been developed to map a field theory
of infinitely many degrees of freedom onto a finite lattice which may be addressed
with classical computers. In quantum simulation, we make similar use of lattice
representations to represent field theories with finite experimental resources in the
laboratory.

Lattice gauge theory

In order to formulate quantum field theories on lattices, the continuous spacetime
is replaced with a discrete set of points on which matter fields reside. The lattice
provides cutoffs to both IR and UV scales - by definition the lattice spacing is the
smallest possible separation between two points and the extent of the lattice is the
largest accessible scale. This allows the controlled investigation of field theories
with a finite number of degrees of freedom, where continuum and thermodynamic
limits are reached by demonstrating the independence of results with respect to the
details of the cutoffs.

To formulate the action on a lattice4, derivatives of fields are replaced by finite
differences

∂µψ(x)→ ψ(x+ aeµ)− ψ(x)

a
, (1.9)

where a ∼ 1/Λ is the lattice spacing and eµ is a lattice unit vector in direction µ.
There are various choices of discretizing quantum fields on the lattice - typically
they differ by irrelevant terms and agree for small lattice spacings. Specifically, for
fermions there are subtleties associated with their descritization termed the fermion
doubling problem: The naive discretization procedure outlined above leads to an
enhancement in the number of fermionic degrees of freedom, rather than describing
a single flavor of fermions in the continuum limit (a→ 0) [72]. There exist several
procedures to circumvent this issue, typical choices being staggered fermions [73],
as employed in Chapter 2, or Wilson fermions [71]. To illustrate the emergence of
gauge fields on the lattice, we outline a naive discretization of lattice fermions here,
which reads for free fermions

SF[ψ†, ψ] =
1

2a

∑
x

(
ψ†(x)γ0γµψ(x+ aeµ) + c.c.

)
−m

∑
x

ψ†(x)γ0ψ(x), (1.10)

4For the remainder of this section we consider a four-dimensional Euclidean hyper-cubic spacetime
lattice.
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where c.c. abbreviates complex conjugation. To “compare” the fermion fields at two
neighboring lattice points we introduce the Wilson line or gauge link variable Uµ(x),
rather than a covariant derivative as in the continuum field case considered above.
With the transformation behavior

Uµ(x) 7→ U ′µ(x) = eiα(x)Uµ(x)e−iα(x+aeµ) , (1.11)

the phase of the gauge link changes by the discrete expression −a∂̂µα(x) ≡ α(x)−
α(x+ eµ). The following replacement renders products of fermion fields on neigh-
boring sites gauge-invariant:

ψ†(x)ψ(x+ aeµ)→ ψ†(x)Uµ(x)ψ(x+ aeµ). (1.12)

Comparison with the definition of gauge fields in continuum suggests the identifica-
tion

Uµ(x) = eiaAµ(x) . (1.13)

The gauge links are promoted to dynamical degrees of freedom through the gauge
field action

Sgf [U ] =
1

2e2

∑
x,µν

(1− Re(Uµν(x))) , (1.14)

where we defined the plaquette operatorUµν(x) = Uµ(x)Uν(x+aeµ)U †µ(x+aeν)U †ν (x).
It is a product of four gauge links closing in a square (or “plaquette”), which repre-
sents a closed Wilson loop. Using Eq. (1.13), the gauge field action yields the field
strength term of the continuum action (1.8) in the limit of small lattice spacings

Sgf [U ]
a→0−→ − 1

4e2
FµνFµν . (1.15)

Hamiltonian formulation of gauge theories

To quantize the gauge theory outlined in the previous section, one can evaluate
a path integral analogous to Eq. (1.1) with the action of the lattice gauge theory
S[ψ†, ψ, U ] = Sgf [U ] + SF[ψ†, ψ, U ]. Throughout this thesis, we quantize the theory
canonically using a Hamiltonian formulation instead. This turns out to be beneficial
for their implementation in quantum simulation experiments, where typical tools
and methods are often described with Hamiltonians. The Hamiltonian of the lattice
gauge theory will generate the continuous time evolution for discretized gauge
fields and fermions on a spatial lattice.

To obtain the Hamiltonian of the lattice gauge theory from the action one may
apply the transfer matrix approach [74]. Choosing temporal-axial gauge, we use
the gauge-invariance of the action to eliminate the A0 degree of freedom, i.e., to
set U0(x) = 1 everywhere. By considering the change of matrix elements from one
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infinitesimal time slice to the other, one finds the Kogut-Susskind Hamiltonian [75]

Ĥ =
e2

2

∑
x,i

Ê2
x,i −

1

2e2a2
s

∑
x,ij

(
Ûx,ij + h.c.

)
+

1

2a

∑
x,i

(
ψ̂†xγ

0γiÛx,iψ̂x+ei + h.c.
)

+m
∑
x

ψ̂†xγ
0ψ̂x, (1.16)

where x is a three dimensional index labeling the sites of the spatial lattice with
spacing as and h.c. abbreviates hermitian conjugation. ψ̂

(†)
x , Û (†)

x,i , and Êx,i are
quantum field operators with commutation relations

{ψ̂x, ψ̂
†
y} = δxyδij , (1.17a)

[Êx,i, Ûy,j ] = Ûx,iδxyδij , (1.17b)

[Û †x,i, Ûy,j ] = 0, (1.17c)

where [A,B] = AB − BA is the commutator and {A,B} = AB + BA the anti-
commutator, and i, j represent vector indices for gauge fields, but also the indices of
spinor components which we suppressed in our notation. We defined a spatial pla-
quette operator Ûx,ij in analogy to the plaquettes in the previous section. Although
we used the gauge symmetry to eliminate the temporally oriented gauge links, there
is a residual symmetry under time-independent choices of α. Such “spatial” gauge
transformations are generated by the so-called Gauss operators

Ĝx =
∑
i

(Êx,i − Êx−ei,i)− eQ̂x , (1.18)

with charge operator5 Q̂x = ψ̂†xψ̂x, and they are given by

Ô 7→ Ô′ = eiαxĜxÔe−iαxĜx , (1.19)

for field operators Ô. Invariance under these transformations can be expressed
as [Ô, Ĝx] = 0, which is fulfilled by the Hamiltonian (1.16) as well as all physical
observables [76]. Quantum states which are part of the physical subspace need to
be invariant under such transformations, too, and thus require fulfilment of the
condition Ĝx |ψphys〉 = 0 for all x co-ordinates6. This is the quantum analog of Gauss
law, which is also known in classical electrodynamics.

1.3.3 Finite dimensional representations

To represent gauge theories with synthetic quantum systems, where one typically
only has control over a finite number of degrees of freedom, we resort to finite

5Its explicit form depends on the fermion discretization and is different for e.g. staggered fermions.
6In the presence of classical external charges Qx they acquire a global phase, i.e., Ĝx |ψphys〉 = Qx.
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dimensional representations of the gauge fields. In this section, we briefly intro-
duce two representations - one in terms of spin variables (quantum link models),
and a second where gauge link operators are represented by rescaled bosonic cre-
ation/annihilation operators. Both will be used to represent gauge theories in one-
and two-dimensional settings in later chapters.

The operator algebra introduced in Eq. (1.17) spans an infinite dimensional
Hilbert space on each link. This can be understood from the fact that gauge link
operators Û/Û † act as raising/lowering operators on electric field eigenstates with
Ê |E〉 = E |E〉 (illustrated here for a single gauge link). Using the commutation
relations (1.17), one finds

Ê
(
Û |E〉

)
= Û

(
Ê + 1

)
|E〉 = (E + 1)

(
Û |E〉

)
→ |E + 1〉 = Û |E〉 . (1.20)

As a consequence, the gauge link operators indeed generate an infinite set of (or-
thonormal) basis states, such that the single-site Hilbert space is given by

H = span{|E〉 |E ∈ Z}, (1.21)

where Z denotes the set of integer numbers.

Quantum link model (QLM)

To reduce the size of the Hilbert space, we approximate the algebra of the QED
gauge fields with an algebra of spin S. Here, S is a free parameter which controls
the truncation of the Hilbert space dimension and the infinite-dimensional gauge
field algebra is recovered in the limit S →∞. However, it is important to note that
gauge symmetry is manifest at any value of S, yet, the physics may in general be
different from the phenomena known from QED.

To formulate a QLM we employ the replacements

Ê → Ŝz, (1.22a)

Û → Ŝ+√
S(S + 1)

, (1.22b)

Û † → Ŝ−√
S(S + 1)

, (1.22c)

where Ŝ± = Ŝx± iŜy, and the spin operators fulfill commutation relations [Ŝi, Ŝj ] =

εijkŜ
k, with i, j, k ∈ {x, y, z} and ε being the anti-symmetric Levi-Civita tensor. The
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commutation relations of the gauge fields are thus replaced by[
Ŝz,

Ŝ±√
S(S + 1)

]
= ± Ŝ±√

S(S + 1)
(1.23a)[

Ŝ−√
S(S + 1)

,
Ŝ+√

S(S + 1)

]
=

2Ŝz

S(S + 1)
. (1.23b)

The first relation (1.23a) ensures gauge-invariance under gauge transformations
generated by the QLM Gauss operators

Ĝx =
∑
i

(Ŝzx − Ŝzx−ei)− Q̂x. (1.24)

The second relation (1.23b), however, differs from the corresponding relation in
QED (see Eq. (1.17)) - while gauge link operators are unitary in QED, correspond-
ing operators in QLMs are not. In general, this discrepancy leads to observable
differences between both theories, however, for bounded fluctuations of Ŝz one
expects convergence to QED for S →∞, as for instance shown in Refs. [77, 78] for
dynamical phenomena and Ref. [79] for equilibrium properties.

QLMs may in turn be expressed with bosonic operators using the Schwinger
boson representation, i.e., for a set of two bosonic modes â(†) and b̂(†) one has the
identities

Ŝx =
â†b̂+ b̂†â

2
, (1.25a)

Ŝy =
â†b̂− b̂†â

2i
, (1.25b)

Ŝz =
â†â− b̂†b̂

2
(1.25c)

where [â, â†] = [b̂, b̂†] = 1. Here, the parameter S is given by the combined atom
number â†â+ b̂†b̂ = 2S, with physical states being in corresponding atom number
eigenstates.

The representation of gauge fields in terms of QLMs will be employed for the
case of S = 1/2 in Chapter 2.

Bosonic representation

In this section we turn to a different strategy of representing gauge fields, see also
previous works [31, 34, 80]. For each link, we use a single bosonic mode with
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creation and annihilation operators â† and â, and replace gauge field operators with

Û → â†√
n̄
, (1.26a)

Û † → â√
n̄
, (1.26b)

Ê → â†â− n̄. (1.26c)

This mapping of operators is in spirit similar to a Holstein-Primakoff transformation
to represent a spin algebra with a single bosonic mode. The identification of link
operators with bosonic creation and annihilation operators will enable the construc-
tion of spatial plaquette operators with the existing scattering interactions of Bose
gases in Chapter 3. In this case, the present mapping yields an advantage over the
Schwinger boson representation of QLMs, where plaquette operators would require
eight-body interactions of the underlying bosons.

The commutation relations are given by[
â†â− n̄, â

†
√
n̄

]
=

â†√
n̄
, (1.27a)[

â√
n̄
,
â†√
n̄

]
=

1

n̄
, (1.27b)

where we used the bosonic commutation relation [â, â†] = 1. Similar to the previ-
ously discussed QLMs, the first commutation relation, and thus the transformation
behavior of operators under gauge transformations generated by Gauss operators

Ĝx =
∑
i

(n̂x − n̂x−ei)− Q̂x, (1.28)

is preserved. However, the second relation is again altered compared to the QED
case, due to the creation and annihilation operators not being unitary. For small
number fluctuations around a background number n̄, the approach to QED is
approximated in a number-phase representation of the operators

â√
n̄

=

√
n̂eiφ̂√
n̄
−→ eiφ̂ = Û †, (1.29a)

â†√
n̄

=

√
n̂e−iφ̂√
n̄
−→ e−iφ̂ = Û , (1.29b)

where [n̂, φ̂] = −i. In Chapter 3 we explore the relation of such a representation with
QED for equilibrium and non-equilibrium aspects of the gauge fields.

1.3.4 Ultra-cold atoms and quantum simulation

In recent years, quantum simulation has become a powerful tool to investigate
fundamental questions for quantum systems. This involves phenomena both in and
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out of thermal equilibrium, and examples range from equilibrium quantum phase
transitions [66] to the complex dynamics of large-scale quantum systems [81, 82].
Examples include the thermalization process of isolated quantum systems [67, 83],
quantum many-body scars [55, 84–86], many-body localization [87], or universal
dynamics [88–90].

A strong motivation for quantum simulation experiments is the numerical sign
problem [19]. It prevents the efficient simulation of certain classes of problems
in quantum field theory, such as real-time dynamics, or equilibrium properties of
systems including fermions with a non-zero chemical potential [19]. In both cases,
the problem originates from strongly oscillating factors inside the path integral,
see Eq. (1.1). Quantum simulators offer the promising prospect of circumventing
the sign problem to yield a “quantum advantage” over classical computing tech-
niques [91]. The idea is to realize a resource system with microscopic interactions
described by Ĥresource to simulate a target system Ĥtarget. We hence require

Ĥresource =̂ Ĥtarget, (1.30)

where =̂ refers to the equivalence in terms of relevant operators, i.e., for macroscopic
scales. One typically distinguishes analog quantum simulation schemes from digital
simulations or quantum computations. Both schemes are illustrated in Fig. 1.1.

t
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FIGURE 1.1: Analog vs. digital quantum simulations: A prominent differ-
ence between analog and digital quantum simulation concerns time: Analog
simulators realize a continuous time evolution of quantum systems. Con-
versely, digital quantum computations use a stroboscopic, discrete sequence
of individual operations.

Quantum simulation of large systems described by QFT require very precise
control over the synthetic quantum systems in question. They need to be sufficiently
cold as well as isolated from the environment to observe the many-body quantum
dynamics. It is important to thoroughly realize the symmetries of the target theory
and closely monitor their potential violations, since even small relevant microscopic
perturbations might dominate the system’s large-scale behavior. The central idea
for high-energy physics applications is then to find efficient mappings between
high-energy target theories, such as gauge theories, and synthetic quantum systems
in the laboratory to realize the associated constraints implied by gauge symmetry.
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Ultra-cold atoms as a quantum field theory

We introduce the quantum field theory description of ultra-cold atoms at the example
of a Bose gas. We consider the Hamiltonian

Ĥ =

ˆ
x

[
ψ̂†x

(
−∇

2

2m
− µ+ V (x)

)
ψ̂x + gψ̂†xψ̂

†
xψ̂xψ̂x

]
, (1.31)

with atomic mass m, chemical potential µ, potential V (x) and interaction strength g.
Here, ψ̂x represents a bosonic field operator, at spatial position x, which fulfills
canonical commutation relations [ψ̂x, ψ̂

†
y] = δxy. The quantum fields ψ̂† (ψ̂) are the

creation (annihilation) operators of atomic field excitations, where the total number
of atoms is set by the operator N̂tot. =

´
x ψ̂
†
xψ̂x. V (x) is the spatial potential seen

by the individual atoms. For instance, this could be an optical potential created by
detuned laser beams, or the gravitational potential.

The Bose gas is an example of a low-energy effective theory7 - while in principle
there is additional structure underlying the composition of atoms, their long-distance
properties are well-described by this scalar non-relativistic field theory. At leading
order, the resulting contact interaction is given by a four-vertex with coupling
constant g - the s-wave scattering constant. Microscopically, the scattering constant
quantifies the rate of two-particle scattering events, which may individually be
computed by solving Schrödinger’s equation for single atoms scattering off an inter-
atomic potential in the long-distance limit. It is given by g = 4πas-wave/m, where
as-wave is the scattering length which depends on the details of the inter-atomic
potential. We will frequently consider such Bose gases throughout this thesis. In
Chapter 4 we compute the dynamics of Bose gases and their generalization to more
field components or species with an equal-time formulation of the effective action.
Furthermore, we consider Bose gases in Chapters 2 and 3 to construct and investigate
cold-atom gauge theories. To realize the discrete spatial structure of lattice gauge
theories, the Bose gases will be trapped in periodic optical lattices, which we explain
next.

Optical lattice

An elegant way of realizing the aforementioned lattice field theories in quantum
simulations is by loading ultra-cold atoms into optical lattices [92]. The idea is to
trap the atoms in the evenly spaced potential minima, where they realize the local
lattice degrees of freedom of the target theory.

To realize an optical lattice, one uses standing light waves to create a sinusoidal
single-particle potential V (x). In the tight-binding limit, the atoms will localize at
the minima of the optical potential to form the lattice degrees of freedom. We may

7Actually, the previously considered theories, QED and λφ4, are low-energy effective theories as
well, since they have a Landau pole and are therefore not renormalizable.
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expand the field operator as

ψ̂x =
∑
n

wn(x)b̂n, (1.32)

where wn(x) are Wannier functions localized around the minima at positions x0 =

nas, and we restrict ourselves to the lowest band. For the example of a one-
dimensional lattice, we consider the potential

V (x) = V0 sin2(kLz)e
−α⊥(x2+y2). (1.33)

Here, kL = 2π/λ is the wave vector of the standing lattice wave with wavelength λ,
as for instance created by two counter-propagating laser beams. The perpendicular
confinement of the atoms in the xy-plane α⊥ and the lattice depth V0 are set by
beam waist and intensity. For deep lattices, the atoms experience an approximately
harmonic potential resulting in Wannier functions with approximate Gaussian
envelope8. Atoms on different sites are coupled by quantum tunneling whenever
wave functions transmit the potential barriers of the lattice lasers. The overlap
reduces exponentially with distance and lattice depth such that we only consider
tunneling between nearest neighbors.

Denoting the position index of the one-dimensional lattice’s minima by n, we
obtain the effective Hubbard Hamiltonian

Ĥ =
∑
n

(
J(b̂†nb̂n+1 + h.c.)− µ̃b̂†nb̂n +

U

2
b̂†nb̂
†
nb̂nb̂n

)
, (1.34)

with tunneling rate J , lattice chemical potential µ̃ and on-site energy U . The interac-
tion constants emerge from the underlying microscopic couplings (see Eq. (1.31)) in
combination with overlap integrals of wave functions

J ≈
ˆ
x
w∗n(x)Φ∗(y)Φ∗(z)

(
− ∇

2

2m
− µ+ V (x)

)
wn+1(x)Φ(y)Φ(z), (1.35a)

µ̃ ≈
ˆ
x
w∗n(x)Φ∗(y)Φ∗(z)

(
− ∇

2

2m
− µ+ V (x)

)
wn(x)Φ(y)Φ(z), (1.35b)

U ≈ g
ˆ
x
|wn(x)Φ(y)Φ(z)|4, (1.35c)

where we separated the wave functions for the different spatial directions as Ψ(x) =

wn(x)Φ(y)Φ(z). As we show for two examples in the upcoming chapters, such
optical lattices can be used to realize lattice gauge theories with ultra-cold Bose
gases.

8The details of the spatial shape of the wave function are important when calculating overlaps.
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Chapter 2

Large-scale quantum simulation of
a U(1) gauge theory in 1D

Parts of this chapter have previously been published in the following articles:

• B. Yang, H. Sun, R. Ott, H.-Y. Wang, T. V. Zache, J. C. Halimeh, Z.-S. Yuan,
P. Hauke, and J.-W. Pan, “Observation of gauge invariance in a 71-site bose–
hubbard quantum simulator”, Nature 587, 392–396 (2020), see [1].

In collaboration with the co-authors, I developed the theoretical framework,
performed numerical calculations and compared them with experimental data.
Furthermore, I significantly contributed to the presentation of the results in
the main text and figures.

• Z.-Y. Zhou, G.-X. Su, J. C. Halimeh, R. Ott, H. Sun, P. Hauke, B. Yang, Z.-S.
Yuan, J. Berges, and J.-W. Pan, “Thermalization dynamics of a gauge theory
on a quantum simulator”, arXiv preprint arXiv:2107.13563 (2021), see [4],
submitted to Science.

In collaboration with the co-authors, I developed the theoretical framework,
performed numerical calculations and compared them with experimental data.
Furthermore, I significantly contributed to the presentation of the results in
the main text and figures.

• J. C. Halimeh, R. Ott, I. P. McCulloch, B. Yang, and P. Hauke, “Robustness of
gauge-invariant dynamics against defects in ultracold-atom gauge theories”,
Physical Review Research 2, 033361 (2020), see [2].

I contributed to the development of the theoretical concept, the interpretation
of numerical results, and their presentation in main text and figures.

Large parts of the text as well as figures are taken from these publications, where
the experimental results presented in this chapter have been obtained by the group
of Zhen-Sheng Yuan and Jian-Wei Pan. Specifically, Section 2.2 and 2.3 are based on
Refs. [1, 4], Sections 2.4.1-2.4.2 on Ref. [1], Section 2.4.3 on Ref. [2], and Section 2.5 is
taken from Ref. [4]. Section 2.6 summarizes the contents of this chapter and relies on
all references [1, 2, 4]. These references also apply to the corresponding appendices.
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2.1 Overview

Recent years have seen great progress in the engineering of gauge-invariant synthetic
quantum systems, where successful realizations are based on ultra-cold atoms [52–
54], trapped ions [48, 51, 56] or superconducting qubits [57]. As outlined in the
previous Chapter 1, crucial challenges toward realistic applications in high-energy
physics include the development of faithful strategies to realize the many constraints
imposed by the local symmetry. The scaling-up of these strategies in macroscopic
quantum systems poses a major challenge for current setups.

In this chapter, we demonstrate the realization of a lattice gauge theory in a
large-scale quantum simulator through a scalable implementation scheme based
on ultra-cold neutral atoms in optical lattices. It employs the local potentials from
a spatial super-structure of the lattice to enforce the relevant gauge constraints.
We subsequently probe the gauge theory experimentally for system sizes of up to
71 sites, where we focus on two complementary scenarios: The near-equilibrium
evolution across a quantum phase transition, and the non-equilibrium thermaliza-
tion dynamics starting from highly excited initial states. Our results demonstrate
the controlled operation of the quantum simulator, even in the strongly correlated
regime close to a phase transition as well as during the complex far-from-equilibrium
dynamics of the gauge theory.

2.2 Model and implementation with ultra-cold atoms

In this section, we present the scalable scheme to implement the symmetry con-
straint in detail. Our proposal for the quantum simulator builds on defect-free
arrays of ultra-cold atoms in an optical lattice. The constraints are realized by a
combination of a suitable alternation of the lattice structure (“super-lattice”) and
repulsive interactions between the atoms, which allows us to suppress unwanted
processes. The resulting effective theory describes a lattice gauge theory coupling
charged matter with spin-1/2 quantum-link gauge fields.

2.2.1 U(1) lattice gauge theory

Our target theory is a U(1) lattice gauge theory on a 1D spatial lattice, described by
the Hamiltonian

Ĥ =
∑
`

[κ
2

(
ψ̂`Ŝ

+
`,`+1ψ̂`+1 − h.c.

)
+mψ̂†` ψ̂`

]
. (2.1)

It is motivated by the QED Hamiltonian (see Chapter 1) in one spatial dimension,
often referred to as the Schwinger model [93]. The theory describes the gauge-invariant
interaction of relativistic fermionic quantum fields on sites ` and gauge fields on links
`, `+1 in-between, reflecting the typical alternating structure of lattice gauge theories.
In this discrete “quantum link” representation [94], gauge fields are represented by
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spin-1/2 operators on the links connecting neighboring lattice sites, where electric
fields and link operators are identified as Ê`,`+1 → (−1)`+1Ŝz`,`+1 and Û`,`+1 →
Ŝ+
`,`+1, for ` even, and conversely Û`,`+1 → Ŝ−`,`+1, for ` odd. For spin-1/2, the

electric fields are restricted to two eigenvalues, such that the usual electric field
energy Ê2 is a constant which can be dropped from the Hamiltonian.

The fermionic matter is represented by the field operator ψ̂`, where we employ
the staggered fermion formulation to discretize the relativistic Dirac spinors [73]. The
central idea is to distribute its two components on even and odd sub-lattices which
are then associated with even and odd indices `. Excitations of the field represent
either particles with positive charge (even sites) or anti-particles with negative charge
(odd sites), as summarized in the alternating charge operator Q̂` = (−1)`ψ̂†` ψ̂` and
shown in Fig. 2.1. We furthermore employ a particle-hole transformation to express
the Hamiltonian in a “charge basis”. Here, excitations of the fermion fields on matter
sites relate to the presence of electric charges as illustrated in Fig. 2.2. To this end,
we have replaced

ψ̂†2lψ̂2l → 1− ψ̂†2lψ̂2l, (2.2a)

ψ̂2l → ψ̂†2l, (2.2b)

Ŝz2l,2l+1 → (−1)Ŝz2l,2l+1, (2.2c)

Ŝ±2l,2l+1 → Ŝ∓2l,2l+1, (2.2d)

for even and odd sites, respectively. This maps the QLM Hamiltonian Ĥ =∑
l

[
κ
2

(
ψ̂†l Ŝ

+
l,l+1ψ̂l+1 + h.c.

)
+m(−1)lψ̂†l ψ̂l

]
onto Eq. (2.1).

b

Gauge theory 
dynamics

Unconstrained 
dynamics

a

| ⟩Ψ(") ℋ

JU δ +∆ ∆
Matter fields Gauge fields

Gauge invariant 
initial states

… …

… …

En
er

gy
 d

en
si

ty

Gauge theory 
equilibrium

1 0
�%matter

… …

…
… 71 Sites

c

�% matter

" (ms)

0

1

0 50 100 150

κ
FIGURE 2.1: Quantum simulator for the gauge theory: Matter and gauge
fields are represented by occupations of bosonic atoms in an optical superlat-
tice. Here, charges are illustrated as red (positive) and blue (negative) circles
and electric flux is shown as yellow arrows. On matter sites, the presence of
an atom (red dot) signals a corresponding charge in the gauge theory. Figure
taken from [4].

Using these transformations, the U(1) gauge transformations are generated by
the Gauss operators

Ĝ` = Ŝz`,`+1 + Ŝz`−1,` + ψ̂†` ψ̂` . (2.3)

Gauss law requires the operators Ĝ` to be conserved quantities for each matter site
`, which yields an extensive set of constraints for the quantum state |ψ〉. Specifically,
we consider the subspace where Ĝ` |ψ〉 = 0, ∀`. Ensuring adherence to this local
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conservation law is the main experimental challenge, as it intrinsically constrains
matter and electric fields across three neighboring lattice wells, see Fig. 2.2. Besides
these local conservation laws, the system furthermore carries a global U (1) symmetry
which entails global charge conservation. Hence, starting from charge-neutral initial
states, the system will remain neutral throughout the gauge-invariant evolution,
i.e.,

∑
` Q̂` |ψ(t)〉 = 0.
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FIGURE 2.2: Gauss law: The figure shows locally gauge-invariant states
fulfilling Gauss law and illustrates the state-correspondences between original
gauge theory and quantum simulator. Figure taken from a revised version
of [4].

2.2.2 Realization with ultra-cold atoms

To realize this gauge theory with quantum technology, we first map the Hamilto-
nian (2.1) to ultra-cold bosons in a 1D optical super-lattice as sketched in Fig. 2.1.
Microscopically, the atoms’ dynamics is governed by the Bose–Hubbard Hamilto-
nian (BHM)

ĤBHM =
∑
j

[
−J(b̂†j b̂j+1 + h.c.) +

U

2
n̂j(n̂j − 1) + εjn̂j

]
, (2.4)

where b̂†j , b̂j are atomic creation and annihilation operators, n̂j = b̂†j b̂j is the atom
number operator, J represents the rate of tunneling across neighboring lattice
wells, and h.c. denotes hermitian conjugation. The single particle energies εj =

(−1)j δ/2 + j∆ contain the staggering potential δ, as formed by the super-lattice
structure, and a linear tilt ∆ = 57Hz from the gravitational potential, which we
use to suppress unwanted tunneling processes across two or more lattice sites. The
characteristic super-lattice structure allows us to represent both matter and gauge
field degrees of freedom by suitable site occupations of atoms. Choosing δ � J and
an approximately resonant on-site repulsion potential U ∼ 2δ, we restrict the system
to the number states |0〉, |2〉 on odd wells (gauge links) and |0〉, |1〉 on even wells
(matter sites). As a consequence, our system is effectively constrained to an (excited)
sub-manifold of the global Hilbert space, where the gauge symmetry is realized.
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Within this manifold, the dynamics is described by the effective Hamiltonian

Ĥeff =
∑
j∈e

[
κ

2
√

2

(
b̂†j b̂

2
j+1b̂

†
j+2 + h.c.

)
+mb̂†j b̂j

]
, (2.5)

to order O(J2/U), where j ∈ e runs over even lattice wells. At this order, a pair of
atoms on neighboring sites has mass 2m = 2δ−U , which is set by the energy balance
of the gauge-invariant basis states. The corresponding gauge-invariant interaction
process is realized with strength

κ = 2
√

2J2

[
δ

δ2 −∆2
+

U − δ
(U − δ)2 −∆2

]
. (2.6)

Close to resonance, i.e., U ≈ 2δ, and using ∆ � δ, U , we have κ ≈ 8
√

2J2/U .
To obtain the effective bosonic Hamiltonian, we used an approximate Schrieffer-
Wolff transformation to second order in the tunneling coupling, as outlined in the
appendix 2.A. One approximately block-diagonalizes the Hamiltonian by use of
a unitary transformation Û = exp(iT̂ ), with a hermitian generator T̂ = O(J/U).
While this transformation generates the effective Hamiltonian up to corrections of
order O(J3/U2), it also transforms the initial states and observables. This second
aspect, which is expected to influence the interpretation of our measurements at
order O(J2/U2), is not considered in this thesis - gauge invariance is considered
with respect to the bare Gauss operators. A technique to improve measurements in
such perturbative realizations of many-body systems has recently been proposed in
Ref. [95].

To identify the effective Hamiltonian (2.5) with the original gauge theory we
replace the operators on odd wells (gauge links) as

b̂2j∈o →
√

2Ŝ−`,`+1, (2.7a)

n̂j∈o → 2Ŝz`,`+1 + 1. (2.7b)

Additionally, using a Jordan–Wigner transformation, we map the boson operators
on even lattice wells, 2` = j ∈ e, to the fermion field operators ψ̂` fulfilling the
anti-commutator relations {ψ̂†` , ψ̂`′} = δ``′ ,

b̂
(†)
j∈e → (−1)le(−)iπ

∑
`′<` ψ̂

†
`′ ψ̂`′ ψ̂

(†)
` , (2.8a)

n̂j∈e → ψ̂†` ψ̂`, (2.8b)

which implies the replacement b̂2`(b̂
†
2`+1)2b̂2`+2 →

√
2ψ̂`Ŝ

+
`,`+1ψ̂`+1 in the Hamilto-

nian and for the considered subspace of the global Hilbert space. These mappings
yield the Hamiltonian of the lattice gauge theory, Eq. (2.1).
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2.3 Experimental set-up

In the experiment, we consider a system of approximately 105 ultra-cold rubidium
atoms (87Rb) [96]. Using laser light, the atoms are confined to a pancake-shaped
cloud aligned with the two-dimensional x-y plane. Here, transversal degrees of
freedom are effectively frozen by a steep potential along the perpendicular z-axis,
such that the system is quasi two-dimensional. Additional laser beams create an
optical lattice in the x-y plane to form a Mott insulator with near-unity filling (99.2%),
across approximately 10,000 lattice sites, see Fig. 2.3a. To quantum simulate the one-
dimensional gauge theory the system is split into an array of one-dimensional chains,
such that an average over several realizations can be taken in a single experimental
cycle. For the evaluation of observables we choose a region of interest of 36 chains
with a length of 71 lattice wells each.

A second laser beam creates the optical super-lattice which allows us to differ-
entiate between alternating deep and shallow lattice wells. This structure is the
basis for our implementation scheme - it reflects the characteristic structure of lattice
gauge theories, where we distinguish between matter sites and gauge links. The
optical potential along the one-dimensional lattice is given by

V (x) = V1 cos2(ksx) + V2 cos2

(
ksx

2
+ φ

)
, (2.9)

where V1/2 are the lattice depths, ks = 2π/λs is the wave-number of the “short”
lattice laser with wavelength λs = 767nm, and φ is a relative phase. Two configura-
tions of the lattice phase are used: at φ = π/4, one has symmetric tunneling rates
of atoms in both directions, at φ = 0 the atoms are isolated into double wells for
state preparation and read-out. The starting point for both following experiments
is the staggered initial state where odd lattice wells are empty. To achieve this, the
corresponding atoms are removed by first transforming them to another hyperfine
state and subsequently exciting them from the lattice using resonant laser light, see
Fig. 2.3b. The remaining atoms on the even sites of the 1D chains correspond to
an overall charge neutral configuration in the target gauge theory. They form its
ground state, Eq. (2.1), at m→ −∞ in the Ĝ` |ψ〉 = 0 sub-sector.



2.4. Gauge-invariance and quantum phase transition 25

ba

even site 

odd site

ba Initialization

Evolution

In situ detection of p   (n)

71 sites

Mott insulator

100 sites

100 sitesy
x

ROI ... ...
odd even o e

... ...

c

-39.8 11.60-11.4 -2.4 0.53 2.3

P
op

ul
at

io
n 

of
 e

ve
n 

si
te

s D
oublons on odd sites

0 12010080604020

t (ms)

P
ar

tic
le

 d
en

si
ty

D
eviation of electric field

m / t~

-200

200

0m / h (Hz)

t (ms)
0 1208040

0

100

J / h (Hz)

State flip
Site-selective addressing( i )

PA light
Parity projection( ii )

Split atoms
For( iii )  > 2n

0

1

0

1

Ramping

0.2

1.0

0.8

0.6

0.4

0 0

0.4

0.3

0.2

0.1

0.5

matter

gauge field

p  (0)
(m)

p  (1)
(m)

p  (2)
(m)

p  (3)
(m)

p  (0)
(g)

p  (1)
(g)

p  (2)
(g)

p  (3)
(g)

(m / g)

FIGURE 2.3: Initial state preparation: (a) The experiment starts with a near-
unity filling Mott insulator. (b) The staggered initial state is prepared by re-
moving the atoms on odd wells corresponding to gauge links. Figure adapted
from [1].

2.4 Gauge-invariance and quantum phase transition

In this section, we explore gauge-invariance in the Bose-Hubbard quantum simula-
tor, which we apply to study a near-equilibrium evolution of the gauge theory by
adiabatically “ramping” the system couplings. We consider our cold-atom gauge
theory in two different phases: one phase where matter sites are filled with excita-
tions of charge pairs, and a second phase where the charges become energetically
costly and annihilate. The two phases are separated by a quantum critical point
(QCP), where the system exhibits a second-order phase transition. At a quantum
critical point energy gaps close and the system is subject to strong fluctuations. It
is thus especially interesting to study the gauge symmetry at this point. By tuning
the mass m, we drive the system across this quantum phase transition from the
“charge-dominated” phase to a second, “vacuum” phase, which is characterized by
the spontaneous breaking of charge and parity (C/P) symmetries [93, 97].

2.4.1 Many-body dynamics across a phase transition

We start the evolution in the initial staggered state, i.e., the instantaneous ground
state for m→ −∞, see Fig. 2.4a. In this scenario, the system prefers a full occupation
of matter sites, corresponding to a mean density of 〈n̂matter〉 =

∑
j∈m〈n̂j〉/Lm = 1,

where Lm is the number of even “matter site” lattice wells (j ∈ m). To initiate
the quasi-static evolution of the many-body system, we slowly adjust the system
parameters to reach the vacuum phase corresponding to the gauge-invariant ground
state at m → ∞. If controlled precisely, the system approximately follows the
instantaneous ground state of the model during its evolution, which allows us
to access the phase transition. For the successful quantum simulation, we expect
the annihilation of the charged matter occupations on even lattice wells and the
emergence of ordered domains with electric field pointing either to the left, or to the
right. The domains are a consequence of the spontaneous breaking of Z2 symmetries
in the many-body system: While the QLM Hamiltonian Eq. (2.1) is invariant under
both parity transformation (P) and charge conjugation (C) of field operators [97], the
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ground state for large and positive values of m does not necessarily respect these
symmetries. An example of such a domain is illustrated in Fig. 2.4b for both gauge
theory and quantum simulator.
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FIGURE 2.4: Schematic ground states: Starting from the staggered initial
state in the charge-dominated phase (a), we expect the formation of ordered
domains of homogeneous electric field configurations (b). Figure adapted
from [1].

In the experiment, the evolution is initiated by tuning the super-lattice structure
to slowly adjust the Hubbard parameters. Their time-dependent values are shown
in Fig. 2.5(a): While the staggering strength is kept at a fixed value δ = 0.73(1)Hz,
the onsite interaction strength U is changed to dynamically tune the mass parameter
m = δ − U/2 from negative to positive values. Simultaneously, we increase the
interaction strength κ in the first half of the 120ms evolution time and reduce it back
to the initial value again afterwards. The details of this process have been chosen
to minimize both non-adiabatic excitations, as well as undesired heating effects for
long evolution times in the experiment. Throughout the experiment, we keep a
linear tilt of 57Hz to suppress tunneling across two or more lattice wells.

The resulting dynamics is displayed in Fig. 2.5. It shows the system’s evolution
from the initial state in the charge-dominated phase toward the final vacuum state,
where atoms on matter sites have combined to form doublons on the neighboring
lattice wells associated with gauge links. Here, the mean matter density 〈n̂matter〉
acts as an order parameter to detect the transition. As the data shows, approximately
80(3)% of the atoms leave the even lattice wells during the 120ms evolution time,
while simultaneously, we observe an increase of atom numbers on the neighboring
gauge links. Extracting the detailed single-site counting statistics during the evolu-
tion [1] reveals that the atoms on gauge links appear in pairs (or doublons) rather
than single atoms, which indicates the successful suppression of direct tunneling
and the emergence of dynamics as described by the effective theory, see panel a.
The dynamics results in the formation of 39(2)% such double occupancies. Due to
the finite speed of the ramp, as well as experimental imperfections, the transition
is, however, not complete - the system is excited from the target ground state and
approximately 22(5)% of the atoms remain on even sites. In panel b we compare
the experimental data with numerical simulations of gauge theory and experiment,
where our real-time calculations of the unitary dynamics are based on exact diago-
nalization and the time-adaptive density matrix renormalization group (t-DMRG).
The curves are generally in good agreement with the experimental data, but predict
a slightly higher amount of formed doublons.



2.4. Gauge-invariance and quantum phase transition 27

a

even site 

odd site

ba Initialization

Evolution

In situ detection of p   (n)

71 sites

Mott insulator

100 sites

100 sitesy
x

ROI ... ...
odd even o e

... ...

c

-39.8 11.60-11.4 -2.4 0.53 2.3

P
op

ul
at

io
n 

of
 e

ve
n 

si
te

s D
oublons on odd sites

0 12010080604020

t (ms)

P
ar

tic
le

 d
en

si
ty

D
eviation of electric field

m / t~

-200

200

0m / h (Hz)

t (ms)
0 1208040

0

100

J / h (Hz)

State flip
Site-selective addressing( i )

PA light
Parity projection( ii )

Split atoms
For( iii )  > 2n

0

1

0

1

Ramping

0.2

1.0

0.8

0.6

0.4

0 0

0.4

0.3

0.2

0.1

0.5

matter

gauge field

p  (0)
(m)

p  (1)
(m)

p  (2)
(m)

p  (3)
(m)

p  (0)
(g)

p  (1)
(g)

p  (2)
(g)

p  (3)
(g)

(m / g)

even site 

odd site

ba Initialization

Evolution

In situ detection of p   (n)

71 sites

Mott insulator

100 sites

100 sitesy
x

ROI ... ...
odd even o e

... ...

c

-39.8 11.60-11.4 -2.4 0.53 2.3

Po
pu

lat
ion

 of
 ev

en
 sit

es Doublons on odd sites

0 12010080604020

t (ms)

Pa
rtic

le 
de

ns
ity

Deviation of electric field

m / t~

-200

200

0m / h (Hz)

t (ms)
0 1208040

0

100

J / h (Hz)

State flip
Site-selective addressing( i )

PA light
Parity projection( ii )

Split atoms
For( iii )  > 2n

0

1

0

1

Ramping

0.2

1.0

0.8

0.6

0.4

0 0

0.4

0.3

0.2

0.1

0.5

matter

gauge field

p  (0)
(m)

p  (1)
(m)

p  (2)
(m)

p  (3)
(m)

p  (0)
(g)

p  (1)
(g)

p  (2)
(g)

p  (3)
(g)

(m / g)

0

100200

−200

b

even site 

odd site

ba Initialization

Evolution

In situ detection of p   (n)

71 sites

Mott insulator

100 sites

100 sitesy
x

ROI ... ...
odd even o e

... ...

c

-39.8 11.60-11.4 -2.4 0.53 2.3

P
op

ul
at

io
n 

of
 e

ve
n 

si
te

s D
oublons on odd sites

0 12010080604020

t (ms)

P
ar

tic
le

 d
en

si
ty

D
eviation of electric field

m / t~

-200

200

0m / h (Hz)

t (ms)
0 1208040

0

100

J / h (Hz)

State flip
Site-selective addressing( i )

PA light
Parity projection( ii )

Split atoms
For( iii )  > 2n

0

1

0

1

Ramping

0.2

1.0

0.8

0.6

0.4

0 0

0.4

0.3

0.2

0.1

0.5

matter

gauge field

p  (0)
(m)

p  (1)
(m)

p  (2)
(m)

p  (3)
(m)

p  (0)
(g)

p  (1)
(g)

p  (2)
(g)

p  (3)
(g)

(m / g) even site 

odd site

ba Initialization

Evolution

In situ detection of p   (n)

71 sites

Mott insulator

100 sites

100 sitesy
x

ROI ... ...
odd even o e

... ...

c

-39.8 11.60-11.4 -2.4 0.53 2.3

P
op

ul
at

io
n 

of
 e

ve
n 

si
te

s D
oublons on odd sites

0 12010080604020

t (ms)

P
ar

tic
le

 d
en

si
ty

D
eviation of electric field

m / t~

-200

200

0m / h (Hz)

t (ms)
0 1208040

0

100

J / h (Hz)

State flip
Site-selective addressing( i )

PA light
Parity projection( ii )

Split atoms
For( iii )  > 2n

0

1

0

1

Ramping

0.2

1.0

0.8

0.6

0.4

0 0

0.4

0.3

0.2

0.1

0.5

matter

gauge field

p  (0)
(m)

p  (1)
(m)

p  (2)
(m)

p  (3)
(m)

p  (0)
(g)

p  (1)
(g)

p  (2)
(g)

p  (3)
(g)

(m / g)

J/h
<latexit sha1_base64="RqPoEvI+xiIY+YTebZF4jj/x/8s="></latexit><latexit sha1_base64="RqPoEvI+xiIY+YTebZF4jj/x/8s="></latexit><latexit sha1_base64="RqPoEvI+xiIY+YTebZF4jj/x/8s="></latexit><latexit sha1_base64="RqPoEvI+xiIY+YTebZF4jj/x/8s="></latexit>

m/h
<latexit sha1_base64="IAs6+lb83FLi77jLKYoKFBGYcMs="></latexit><latexit sha1_base64="IAs6+lb83FLi77jLKYoKFBGYcMs="></latexit><latexit sha1_base64="IAs6+lb83FLi77jLKYoKFBGYcMs="></latexit><latexit sha1_base64="IAs6+lb83FLi77jLKYoKFBGYcMs="></latexit>

(Hz)
<latexit sha1_base64="Z4ntT0561/QTxMWbPmVq91eclO0="></latexit><latexit sha1_base64="Z4ntT0561/QTxMWbPmVq91eclO0="></latexit><latexit sha1_base64="Z4ntT0561/QTxMWbPmVq91eclO0="></latexit><latexit sha1_base64="Z4ntT0561/QTxMWbPmVq91eclO0="></latexit>

(Hz)
<latexit sha1_base64="Z4ntT0561/QTxMWbPmVq91eclO0="></latexit><latexit sha1_base64="Z4ntT0561/QTxMWbPmVq91eclO0="></latexit><latexit sha1_base64="Z4ntT0561/QTxMWbPmVq91eclO0="></latexit><latexit sha1_base64="Z4ntT0561/QTxMWbPmVq91eclO0="></latexit>

m/
<latexit sha1_base64="K8OojHTyrccgrRiFEuV6MviGg00="></latexit><latexit sha1_base64="K8OojHTyrccgrRiFEuV6MviGg00="></latexit><latexit sha1_base64="K8OojHTyrccgrRiFEuV6MviGg00="></latexit><latexit sha1_base64="K8OojHTyrccgrRiFEuV6MviGg00="></latexit>

1

0

time t (ms)
<latexit sha1_base64="+uVXX2nkgkDTruMXkQtyIu+FCL0="></latexit><latexit sha1_base64="+uVXX2nkgkDTruMXkQtyIu+FCL0="></latexit><latexit sha1_base64="+uVXX2nkgkDTruMXkQtyIu+FCL0="></latexit><latexit sha1_base64="+uVXX2nkgkDTruMXkQtyIu+FCL0="></latexit>

m
at

te
r

d
en

si
ty

<latexit sha1_base64="aZPJM2+xZz+t7GRCupvL3h07Jlg="></latexit><latexit sha1_base64="aZPJM2+xZz+t7GRCupvL3h07Jlg="></latexit><latexit sha1_base64="aZPJM2+xZz+t7GRCupvL3h07Jlg="></latexit><latexit sha1_base64="aZPJM2+xZz+t7GRCupvL3h07Jlg="></latexit> d
ou

b
lo

n
d
en

si
ty

<latexit sha1_base64="tHAblllAoAMFoRxgVSpYCz/Bp64="></latexit><latexit sha1_base64="tHAblllAoAMFoRxgVSpYCz/Bp64="></latexit><latexit sha1_base64="tHAblllAoAMFoRxgVSpYCz/Bp64="></latexit><latexit sha1_base64="tHAblllAoAMFoRxgVSpYCz/Bp64="></latexit>

m
a
tt

er
<latexit sha1_base64="eByVYuTcMtmHcBqI2nLMjkqQoFU="></latexit><latexit sha1_base64="eByVYuTcMtmHcBqI2nLMjkqQoFU="></latexit><latexit sha1_base64="eByVYuTcMtmHcBqI2nLMjkqQoFU="></latexit><latexit sha1_base64="eByVYuTcMtmHcBqI2nLMjkqQoFU="></latexit>

ga
u
ge

<latexit sha1_base64="KScUWD6hFy5oSjYUrChArTFKPok="></latexit><latexit sha1_base64="KScUWD6hFy5oSjYUrChArTFKPok="></latexit><latexit sha1_base64="KScUWD6hFy5oSjYUrChArTFKPok="></latexit><latexit sha1_base64="KScUWD6hFy5oSjYUrChArTFKPok="></latexit>

FIGURE 2.5: Time-resolved transition: (a) (Top) The system is driven with
time-dependent parameters m = δ − U/2 and J . In-situ occupation probabil-
ities indicate the transition of single atoms from matter sites (middle panel)
into gauge links (bottom panel), where they form doublons. (b) The integrated
signal is compared to theoretical predictions from the time-adaptive density
matrix renormalization group (t-DMRG, solid), including sampling over noisy
experimental parameters. The dashed lines represent real-time calculations of
the lattice gauge theory with exact diagonalization, see appendix 2.C for de-
tails. Error bars and shaded regions represent standard deviations throughout
this section. “Doublon density” is defined as p(g)(2) averaged over all gauge
links, “matter density” is given by 〈n̂matter〉. Figure adapted from [1].

The final state of the system may be characterized in terms of the ordered do-
mains in the symmetry broken state. Assuming their separation with domain walls,
as given here by the 22(5)% remaining atoms on the matter sites (see Fig. 2.4b), the
averages size of ordered domains can be estimated as 9(2) lattice wells. To exper-
imentally confirm the formation of domains we measure the density correlations
C(i, j) = 〈n̂in̂j〉 among the lattice wells in the final state [98–100]. As illustrated
in Fig. 2.4b, the correlation functions within domains are expected to show a char-
acteristic separation of the atoms by four lattice wells. The correlation functions
may be extracted directly in momentum space by a time-of-flight measurement,
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where one lets the atoms expand for a duration of 8ms. Peaks in the resulting signal
indicate the formation of corresponding patterns. For instance, a bosonic Mott state
with unity filling [99] corresponds to a pair of peaks at momentum positions ±2~ks,
where ks = 2π/λs is the wave vector of the short lattice laser, with λs/2 being the
smallest separation of neighboring atoms. As shown in Fig. 2.6, the measurements
of the expanded cloud exhibit such a peak structure. To demonstrate the formation
of domains, we compare the correlation signal of the final state to a corresponding
measurement of the initial state. Initially, the correlation function shows peaks at
positions ±2~ks and ±~ks. The second set of peaks indicate the “staggered” initial
state, where the atoms are separated by two lattice sites, see Fig. 2.4a. Since the
fidelity for the creation of the staggered initial states is high (99.2%), the peak widths
are mainly determined by the finite spatial resolution of the absorption imaging.
In the final state, we discover additional peaks at momenta ±~ks/2 and ±3~ks/2.
The peaks at the smallest momenta ±~ks/2 indicate states with average separation
of atoms by four lattice sites, which we interpret as evidence for the formation of
ordered domains. To estimate the size of the domains from these measurements,
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FIGURE 2.6: Density correlation: We show the correlation signals of initial
and final state of the quasi-static evolution (after subtracting background).
During the evolution, additional peaks at momenta±0.5~ks appear, indicating
the emergence of domains. The data sets for initial and final state have been
averaged over 523 and 1729 images, respectively. Adapted from [1].

we extract the average correlation length ξ of the final state. Specifically, we as-
sume an ordered correlation signal which we augment by an exponential decay as
C(i, j) ∝ exp(|i− j|/ξ), and estimate the width of the corresponding peak signal as
follows [99, 101]. We consider the normalized connected density correlation function

C(d) =

´
dx〈n̂(x− d/2)n̂(x+ d/2)〉´

dx〈n̂(x− d/2)〉〈n̂(x+ d/2)〉 − 1, (2.10)

where n̂(x) is the density operator at position x of the expanded cloud, and the
subtraction by one removes the disconnected density correlations from the signal.
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Assuming, the system is in a superposition of “domain states” we may write [101]

C(d) ∝
∑
i,j

eimRb
d
~t (xi−xj)C(i, j), (2.11)

wheremRb is the mass of the rubidium atoms, and the momenta of the atoms enter as
kd = mRbd/~t after the free expansion with duration t = 8ms, see section 2.B in this
chapter’s appendix. We compare the data with a numerical evaluation of Eq. (2.11)
for a system with 100 lattice wells after subtracting the finite optical resolution of the
imaging technique. We obtain a correlation length of ξ = 4.4+2.0

−1.0 for the final state,
which exceeds the size of the gauge-invariant unit cells, and confirms the formation
of ordered domains in the symmetry broken state.

2.4.2 Quantifying gauge invariance

Having established the system’s transition to ordered domains in the previous
section, we quantify the local violation of Gauss law next. As sketched in Fig. 2.2,
Gauss law restricts the local configurations of the atoms to three number states

|ψ1,j〉 = |0j−11j0j+1〉 , |ψ2,j〉 = |0j−10j2j+1〉 , |ψ3,j〉 = |2j−10j0j+1〉 , (2.12)

where the indices are centered around matter sites with j even. To access their
population in the system, it is necessary to access correlated information of atom
numbers of neighboring sites, unlike the approach in Fig. 2.5b, which does not give
access to such quantities. We use the tunability of the super-lattice structure to
isolate pairs of neighboring sites into double wells, where their occupation states
may be distinguished by their oscillation frequencies. For instance, we make use of
the fact that the rate of tunneling processes |1j0j+1〉 → |0j1j+1〉 is much higher than
the frequency of super-exchange |2j0j+1〉 → |0j2j+1〉.

The amplitudes of the corresponding oscillation signal yield the probabilities
p|njnj+1〉 and p|nj−1nj〉 of finding the respective local configurations, averaged over
the entire one-dimensional chain. For large systems close to the gauge-invariant
limit, we may write

p|nj−11jnj+1〉 = p|1j0j+1〉 + p|0j−11j〉 − p|0j−11j0j+1〉 + rest, (2.13)

from which we may compute a lower bound for the desired probability as p|0j−11j0j+1〉

≥ p|1j0j+1〉+p|0j−11j〉−p|nj−11jnj+1〉 through the identification p|nj−11jnj+1〉 = p
(m)
j (1).

Similar reasoning yields a corresponding bound for the remaining occupation states
|0j−10j2j+1〉 and |2j−10j0j+1〉 [1]. From these measurements, one can extract an
average degree of gauge violation. To this end, we define the violation measure

ε(t) = 1− 〈ψ(t)| P̂` |ψ(t)〉 , (2.14)
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FIGURE 2.7: Local gauge invariance: (Top) During the evolution the average
population of “matter states" (|010〉) reduces and the system occupies the “mat-
ter vacuum" states (|002〉 and |200〉), see insets. Solid lines are obtained from
exact diagonalization of the gauge theory with 26 matter sites and periodic
boundary conditions. (Bottom) The gauge violation defined by ε is monitored
during the evolution. Experimental bounds (see main text) are in quantita-
tive agreement with ε extracted from t-DMRG calculations for the isolated
Bose–Hubbard system (red curve). Figure taken from [1].

where P̂` projects the system state |ψ(t)〉 onto the locally gauge-invariant configura-
tions centered around matter site ` as outlined above, and our measured quantities
provide an upper bound for the violation measure ε. In Fig. 2.7, we give the experi-
mentally obtained upper bound during the 120ms ramp evolution, and compare it to
numerical real-time calculations of ε, finding overall good agreement. Throughout
the experiment, our measure remains on the order of 10%, from which we conclude
a high-level of gauge invariance for our quantum simulator.

2.4.3 Violations and imperfect state preparation

While the violation measure ε remains small throughout the many-body evolution,
the indefinite suppression of unwanted processes is challenging. To identify the
relevant violation processes, we numerically investigate the various non-gauge
invariant quantum states remaining at the end of the ramp evolution next. We
furthermore investigate the role of defects in the initial state preparation, finding
that gauge-invariance remains approximately intact for certain classes of initial state
defects where they remain localized during the ramp evolution. Others, however,
spread through the system, accompanied with growth of average gauge-symmetry
violation.
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In the experiment, the initial Mott insulator is prepared with an approximate
probability of 99.2%. The atoms are prepared via a so-called staggered-immersion
cooling technique [96], where atoms are cooled by transferring entropy to con-
stituents of the system which are subsequently removed. During this process errors
may occur, which in most cases result in occupation states |0〉 or |2〉 locally, rather
than the unity-filling Mott insulator state, which is the basis of the experiment. The
probability for such defects can be estimated as approximately 0.4(1)% each [2].
Given the large system of 71 sites the probability of finding at least one defect is
thus approximately given by 1 − (0.992)71 ≈ 57%1. To investigate the dynamics,
we show calculations via t-DMRG for a system size of 32 lattice wells. We simulate
the dynamics of the underlying Bose-Hubbard Hamiltonian (2.4) with couplings as
employed in the ramp procedure, see Fig. 2.5a.

First, we consider the “clean” case without defects. Here, we expect the dominant
violation processes to originate from the insufficient suppression of the direct, first-
order tunneling in the effective realization of the gauge theory, and the expected
violation processes are sketched for a smaller system in Fig. 2.8.

Ideal case

Matter hole

Matter impurity

Gauge impurity
dominant violations

dominant violations

dominant violations

dominant violationsClean case Violation processes

FIGURE 2.8: “Clean case” without defects: Dominant violations of gauge-
symmetry are expected to originate from direct tunneling. Adapted from [2].

Secondly, we consider defects on matter sites, where we distinguish between a
matter hole (occupation state |0〉, MH) and a matter impurity (occupation state |2〉,
MI). These states are highly detuned when isolated and are therefore expected to
remain localized. In that case the dynamics of the one-dimensional chain is approxi-
mately frozen at the defect position and it splits into two smaller subsystems. At last,
we consider the case of a gauge link impurity (GI), i.e., a single-atom occupation of a
gauge link. Here, we expect further violation processes from remaining higher-order
processes, as shown in Fig. 2.9, where we focus on the lowest order processes which
are approximately resonant.

The time evolution of the violation is shown in Fig. 2.10 for the different cases:
“clean” initial state, MH and MI, as well as the GI. Here, we consider the violation

1Note that the system is not “cut off” at the boarders, i.e., no sharp boundary exists and processes
outside of the ROI might still influence the dynamics. This aspect is neglected throughout this thesis.
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Ideal case

Matter hole

Matter impurity

Gauge impurity
dominant violations

dominant violations

dominant violations

dominant violations

Gauge impurity Violation processes

FIGURE 2.9: “Gauge impurity” defect: We sketch the higher-order processes
which are expected to contribute dominantly to the spectrum of final states.
Adapted from [2].

measure

ε̃(t) =
∑
j∈e

εj(t)− εj(0)

L
, (2.15)

where L counts the number of matter sites and εj(t) = 1− 〈ψ(t)| P̂j |ψ(t)〉2 with P̂j
projecting onto locally gauge-invariant states, see Fig. 2.2. While gauge symmetry
is rather robust for the cases of “clean” initial state and matter defects, the gauge
impurity indeed leads to enhanced violation during the second half of the evolution.
We furthermore list the distribution of final state populations in Fig. 2.11, where
the discussed processes can be identified. Specifically, the figure shows that the
dominant final states which do not fulfill Gauss law are those sketched in Fig. 2.8
and Fig. 2.9. The analysis confirms the appearance of states from the expected
underlying processes.

Specifically, the identification of gauge impurities as problematic error source
helps to improve the experimental sequence, where the initial state preparation can
be further developed to avoid such imperfections. For the clean case, the violation
was dominated by individual direct tunneling processes, where p(m)(1) can already
serve as an efficient measure to detect such processes. We exploit these findings
to extract gauge-violation during the dynamics more efficiently compared to ε in
the next section, where we apply the Bose-Hubbard simulator to investigate the
complex thermalization dynamics of the gauge theory.
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FIGURE 2.10: Effect of initial state defects: The build-up of gauge violation
during the dynamics is shown in comparison with the “clean” case for various
defect types: (a) matter hole (MH), (b) matter impurity (MI) and (c) the gauge
link impurity (GI). Adapted from [2].
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FIGURE 2.11: Final state distribution after the ramp: We show the popula-
tion of states according to their configuration at the central nine wells around
the center of the chain for the “clean” case (a) and the gauge link impurity
(GI, b). Here, we focus on populations above a threshold of 10−3 (top) and
2× 10−3 (bottom), respectively. States which lead to an increase in ε̃ are shown
in orange. Adapted from [2].
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2.5 Thermalization dynamics

Having demonstrated the controlled operation of the quantum simulator near equi-
librium, we turn to its many-body dynamics far from equilibrium next. Establishing
the emergence of complex dynamical phenomena such as thermalization in gauge
theories from first principles is an outstanding challenge in physics. While much
progress on emergent phenomena has been achieved for simpler systems [67, 83],
the direct connection of far-from-equilibrium behavior at early evolution times with
thermalization at late times remains an outstanding task for gauge theories.

In this section, we perform quantum simulations of the far-from-equilibrium
dynamics of the U(1) symmetric gauge theory and demonstrate the approach to
thermal equilibrium. Exploiting the full experimental tunability of the super-lattice
structure, we explore the influence of the gauge-symmetry constraints on the evolu-
tion and establish the thermalization dynamics of the U(1) gauge theory. Starting
from gauge-invariant initial states far from equilibrium, we observe emergent many-
body oscillations through the dynamical annihilation and creation of fermion pairs.
We demonstrate an effective loss of information about the system’s initial state by
starting from different initial conditions with the same conserved quantities and ob-
serving relaxation toward a common steady state at longer times. The thermalization
dynamics is illustrated in Fig. 2.12.
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κFIGURE 2.12: Schematic non-equilibrium evolution toward steady states:
Under the constrained (gauge) condition, we find that different initial states
with the same energy density evolve to a common thermal state of the gauge
theory. Conversely, the system relaxes to different states at late times when
gauge constraints are relaxed. Figure adapted from [4].

2.5.1 Non-equilibrium dynamics

After the preparation of the initial staggered state (see Section 2.3), the atoms are
isolated in deep lattice wells (J, κ ≈ 0). To initiate the non-equilibrium evolution of
the atoms, the Hubbard parameters are tuned to realize the desired values of κ and
m from a broad range. Subsequently, the system undergoes coherent many-body
oscillations, and the resulting atom numbers on even (matter sites) and odd (gauge
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links) lattice wells are extracted via site-selective addressing and absorption imaging
techniques [1, 4]. Each data point is measured by averaging over 6 realizations of
the experiment, where the one-dimensional gauge theory is realized in multiple
chains simultaneously. In-situ data of the experimental non-equilibrium evolution
up to times t ≤ 150ms is shown in Fig. 2.13 for κ = 14.5Hz and m = 0.

For a broad range of model parameters, we observe relaxation to a steady state
already after a few oscillations. The oscillation frequency is mildly affected by the
inhomogeneous Gaussian profile of the optical trap toward the edges of our region
of interest (∆U ∼ 10Hz). Overall, the system retains a high degree of homogeneity
throughout the tractable evolution times, as demonstrated in Fig. 2.13.
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FIGURE 2.13: Non-equilibrium evolution of the matter density: (Top) Start-
ing from initially unity-filled matter sites 〈n̂matter〉 = 1 (see inset), we observe
the evolution of in-situ matter densities for “violent” quenches (m/κ = 0).
(Bottom) The non-equilibrium evolution of the mean matter density relaxes
toward a steady state at late times. The signal is averaged over the 36 mat-
ter sites of the one-dimensional super-lattice and error bars denote standard
deviations. Adapted from [4].

2.5.2 Approach to gauge theory

In Fig. 2.14, we show the system evolution for the most “violent” quench tom/κ = 0,
corresponding to U ≈ 2δ. The real-time dynamics at various microscopic Bose–
Hubbard parameters, which all map to the same m/κ but with different strengths of
the gauge constraint (cases 1-3), is compared to theoretical estimates. Panel a shows
the result for the ideal gauge field dynamics obtained through exact diagonalization
of the Hamiltonian Eq. (2.1) for a smaller system with 18 matter sites. Conversely,
panels b-d give the experimental results for the observable along with numerical
estimates based on the time-dependent density matrix renormalization group (t-
DMRG) [102] for a Bose–Hubbard chain of 32 sites. In the gauge-theory regime (case
1), we fit the evolution with a damped sine function to extract the characteristic
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FIGURE 2.14: Controlled approach to gauge-theory dynamics: The exper-
iment approximates the ideal gauge-theory dynamics (a) well for case 1
(U, δ � J , b), while cases 2 and 3 fail (c and d). The time-dependent gauge
violation η (see main text for definition) decreases from case 3 to case 1 and
remains bounded throughout the tractable evolution dynamics. Solid curves
are numerical t-DMRG results. Adapted from [4].

damping time scales γ−1 = 63 ± 9ms (experiment) and 64.4 ± 0.4ms (t-DMRG),
where earliest times can be sensitive to small differences in initial conditions.

The different levels of constrained dynamics are realized by tuning the Bose–
Hubbard parameters from δ/J = 1 (case 3) to δ/J = 16 (case 1). This is reflected in
the gauge violation η, which tends to zero in the gauge-theory regime. It is defined
as the odd atom number expectation value on gauge links, i.e.,

η =
∑
j∈g
〈n̂j mod 2〉/Lg, (2.16)

where Lg is the number of odd (gauge link) lattice wells. This violation measure
is extracted by removing pairs of atoms in the same well with a photo-association
laser, and selectively addressing the gauge links for imaging, where site occupations
≥ 3 are neglected, see also Fig. 2.5. We use η as a measure to validate our quantum
simulation of the gauge theory. In Fig. 2.15 we give the time averaged η̄ for the con-
sidered evolution times, finding a controlled decrease from large violations in case
3 to η̄ ≈ 0 in case 1. While the violation measure η is different from the previously
considered ε and it gives less detailed insight into possible gauge violations, it can
be measured more efficiently and is therefore in practice well-suited to validate the
present non-equilibrium scenario.

To characterize the dynamics as a function of the staggering δ/J and onsite po-
tential U/J , which are used to enforce the gauge constraint, we extract the oscillation
frequency of the matter density by fitting the data with damped sine functions. In
Fig. 2.15, our results show a fast approach to the gauge theory upon increasing δ/J
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0

1

FIGURE 2.15: Controlled approach to gauge-theory dynamics: The frequen-
cies of many-body oscillations (fexp) show a fast approach to the gauge theory
(fgauge) for increasing onsite potential U ≈ 2δ. Data points are given as the
smaller frequencies of dual-frequency damped sine fits of the early-time dy-
namics. (Inset) The time-averaged gauge violation η̄ falls off toward zero for
the strongly constrained system with U/J � 1. Adapted from [4].

and U/J simultaneously, thus quantifying the apparent success of realizing the
gauge field dynamics observed in Fig. 2.14.

2.5.3 Thermalization and importance of Gauss law

We further investigate the role of the gauge constraints in the relaxation dynamics
of the gauge theory by considering quenches to non-zero values of the mass m.
This amounts to regions away from the resonance characterized by U = 2δ, where
the annihilation of fermion pairs is strongest. For m = −0.8κ, the resulting time
evolution is displayed in Fig. 2.16 with both weakly (δ/J ∼ 2) and strongly con-
strained (δ/J ∼ 11) dynamics. Here and in the following, we focus on a region of
interest of 50 chains each with an extent of 50 sites, which limits the influence of
the inhomogeneous trap profile. We compare the strongly constrained dynamics
with the thermal prediction of the gauge theory, finding good agreement within
experimental precision at late times. In contrast, the unconstrained system evolves
to a very different state, characterized by a thermal ensemble of the Bose–Hubbard
system away from the gauge-theory regime.

The thermal predictions are obtained from the numerical evaluation of corre-
sponding canonical ensembles with partition sums

Zgauge = Tr
(
P̂Ge

−βĤ
)
, (2.17a)

ZBHM = Tr
(
e−βĤBHM

)
. (2.17b)

For the gauge theory, the trace is restricted to physical states, where Ĥ refers to
the Hamiltonian Eq. (2.1), and P̂G denotes the projector onto the gauge-invariant
subspace characterized by Ĝ` |ψ〉 = 0, for all matter sites `. We extract the respective
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FIGURE 2.16: Thermalization dynamics with and without gauge-symmetry
constraint: We investigate the real-time evolution of two data sets toward late-
time steady states for constrained (blue) and unconstrained (red) dynamics.
Dashed lines show exact-diagonalization predictions from canonical thermal
ensembles for the gauge theory (blue) and the Bose–Hubbard model (red)
with the same energy density. Insets show relevant processes with (top) and
without (bottom) gauge-symmetry constraint. Figure taken from [4].

temperatures as shown in Fig. 2.16 by setting the (conserved) energy density of
the ensembles equal to that of the pure initial state, i.e., −∂β log

(
Zgauge/BHM

)
≡

〈ψ0| Ĥgauge/BHM |ψ0〉.

2.5.4 Effective loss of information

As a next step, we investigate the role of the initial state in the thermalization
dynamics of the gauge theory. If the system approaches thermal equilibrium, its
late-time behavior is entirely characterized by conserved quantities. As shown in
the previous section 2.4, the tunability of Hubbard parameters allows us to access a
broad range of gauge-symmetric initial states with an adiabatic ramp, ranging from
the fully filled state (〈n̂matter〉 = 1) to states where a large fraction of fermion pairs
have annihilated (〈n̂matter〉 ≈ 0.21), see Fig. 2.17a. For the quench dynamics, we
compare initial states with the same mean energy density with respect to the quench
Hamiltonian, see Fig. 2.17b. To achieve this, we numerically follow the experimental
sequence outlined in the previous section 2.4 and determine suitable ramp times
as outlined in panel c for two sets of couplings, m/κ = −0.8 and m/κ = 0. For
m/κ = 0, the initial states with the same mean energy density are prepared with
the ramp times τ = 1.2ms and τ = 20ms, corresponding to 〈n̂matter〉 = 1 and
〈n̂matter〉 ≈ 0.21 respectively. For m/κ = −0.8, the ramp times are τ = 0ms and
τ = 6.8ms, corresponding to initial states with 〈n̂matter〉 = 1 and 〈n̂matter〉 ≈ 0.71.

The ensuing dynamics is characterized by transient many-body oscillations,
where the different initial states relax to a common steady state at long times,
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FIGURE 2.17: Initial state preparation and schematics of thermalization:
(a) We prepare various initial states ranging from the “charge-dominated” state
(〈n̂matter〉 = 1, blue box left) to the “vacuum” state (〈n̂matter〉 ≈ 0.21, yellow
box right) using the adiabatic ramp discussed in section 2.4. The prepared
mass parameter mPre/κ as a function of the ramp time τ is shown in the inset.
(b) For two sets of quench parameters (m = 0 and m = −0.8κ) we choose two
initial states with equal energy density each. The thermalization dynamics is
expected to evolve toward steady states in agreement with canonical thermal
ensembles with corresponding temperatures. Energy densities are given with
respect to the ground state of the evolution Hamiltonian. Adapted from [4].

see Fig. 2.17c and d. During the evolution, the information about initially different
matter densities is seen to be effectively lost in the quantum many-body system.
We again find the long-time steady states to be well-described by gauge-invariant
thermal ensembles with the same conserved charges as the initial state. We observe
this thermalization dynamics for different values of couplings in the gauge theory.
Specifically for m = 0 our initial states are distributed symmetrically around the
center of the energy spectrum, see appendix 2.D. In this case one observes a fast
effective loss of initial-state memory, and the experiment relaxes to the steady-state
value of the infinite-temperature state, see Fig. 2.17b.

In general, the emergence of effectively irreversible behavior, such as thermaliza-
tion from the underlying reversible time evolution, concerns only typical thermo-
dynamic quantities and initial conditions that do not violate essential ingredients
for a thermodynamic description such as clustering properties [103]. Despite the
non-integrability of the U(1) QLM [79, 85, 104], certain fine-tuned quenches give
rise to weak ergodicity breaking due to the presence of special eigenstates in the
spectrum of the quench Hamiltonian [85, 104]. This could manifest in persistent
oscillations around the thermal-ensemble prediction [55]. Currently, the level of
control in our experiment limits us from probing such possible behavior in part due
to an inherent residual inhomogeneity across the lattice. Thus, in our experiment
we observe equilibration close to the thermal ensembles for the performed quenches
and considered observable.
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FIGURE 2.18: Effective loss of initial-state information: We show the ther-
malization dynamics for the chosen quench parameters and initial states (see
Fig. 2.17). Experimental data is compared to predictions from corresponding
gauge theory thermal ensembles (dashed lines) at temperatures kBT =∞ for
m/κ = 0 (a) and kBT = 4.6κ for m/κ = −0.8 (b). Insets show the changing
energy density during state preparation (with respect to instantaneous ground
states), circles mark the chosen initial states. Figure adapted from [4].
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2.6 Summary

We have demonstrated the controlled operation of a highly-tunable platform for
quantum simulations of a lattice gauge theory. Specifically, we have shown that
gauge symmetry remains intact to a good degree - even when the system is driven
across a quantum critical point or operated far away from thermal equilibrium.
Furthermore, initial-state defects have been identified as a source of errors and their
influence on the observed near-equilibrium dynamics was characterized.

Subsequently, the quantum simulator was applied to explore the non-equilibrium
dynamics of the gauge theory. We established the thermalization dynamics by com-
paring the late-time evolution of our quantum simulator to corresponding gauge-
invariant thermal ensembles. To highlight the importance of gauge symmetry, we
contrasted the relaxation dynamics with quantum simulations lacking the symmetry
constraints. Finally, universality of thermalization was demonstrated by showing
that late-time steady states of the evolution agree for different initial states with
same energy.
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2.A Perturbation Theory

To construct the effective Hamiltonian (2.1), we employ a Schrieffer-Wolff transfor-
mation to second order [105, 106]. In this section, we demonstrate the emergence of
the effective Hamiltonian for a unit cell (see Fig. 2.19) and discuss its generalization
to the larger systems considered in the main text. We follow Ref. [105].

For the simple case illustrated in Fig. 2.19 the Hamiltonian is given by

Ĥ = J(b̂†0b̂1 + b̂†1b̂2 + h.c.) +
∑
j

(
j∆ + δ

1 + (−1)j

2

)
b̂†j b̂j +

U

2

∑
j

b̂†j b̂
†
j b̂j b̂j , (2.18)

where lattice wells are labeled from the left as j = 0, 1, 2. We may write the four-state
Hamiltonian (with fixed atom number n = 2) in matrix notation

Ĥ =


2δ + 2∆ J J 0

J δ + ∆ 0
√

2J

J 0 δ + 3∆
√

2J

0
√

2J
√

2J U + 2∆

 , (2.19)

where the basis vectors are given by the four occupation states |1〉 = |101〉, |2〉 =

|110〉, |3〉 = |011〉, and |4〉 = |020〉. The Hamiltonian can be split into a diagonal part
Ĥ0 = diag(2δ+ 2∆, δ+ ∆, δ+ 3∆, U + 2∆), and a remaining off-diagonal interaction
Hamiltonian JV̂ , such that Ĥ = Ĥ0 + JV̂ . We consider the regime, where the
dominant scales are given by δ, and U , i.e., where J,∆� δ, U .

J
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FIGURE 2.19: Perturbation theory of effective interactions: Shown are the
different unit cell configurations for two atoms. The effective theory couples
the gauge-invariant states (left and right) through intermediate states (top
and bottom) with rate κ. The system potential V (x) is tuned such to yield
parameters for direct tunneling J , staggering δ, onsite interaction U , and linear
tilt ∆.

To derive an effective Hamiltonian in this regime, we use a unitary transfor-
mation Û = exp(iT̂ ) with hermitian generator T̂ . The transformed Hamiltonian
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reads

Ĥeff = ÛĤÛ † . (2.20)

For Û being close to unity, we may expand

T̂ = αT̂0 +
α2

2
T̂1 +O(α3), (2.21)

where α is a small parameter. We subsequently get

ˆ̃H ≈ Ĥ + [iT̂ , Ĥ] +
1

2
[iT̂ , [iT̂ , Ĥ]] + . . . , (2.22)

approximated to given order in α. At order O(α) we choose the generator to
eliminate the interaction Hamiltonian i.e.,

JV̂ + α[iT̂0, Ĥ0] = 0 . (2.23)

Multiplying the resulting equation with the above basis states one obtains

J 〈i| V̂ |j〉+ iα 〈i| T̂0 |j〉 (Ej − Ei) = 0, (2.24)

which implies the matrix elements

α 〈i| T̂0 |j〉 =
iJ 〈i| V̂ |j〉
Ei − Ej

. (2.25)

Here, the right-hand side involves factors on the order J/δ, and J/U , which can be
identified with the perturbative expansion parameter α. At second order (O(α2)),
the effective Hamiltonian couples the states |ψ1〉 = (1 0 0 0) = |1〉, and |ψ2〉 =

(0 0 0 1) = |4〉, which for U ≈ 2δ are (approximately) energetically resonant. The
coupling matrix element is given by

κ

2
≡ 〈ψ1| Ĥeff |ψ2〉 =

1

2
αJ 〈ψ1| [iT̂0, V̂ ] |ψ2〉+O(α3). (2.26)

Furthermore, we get

〈ψ1| iT̂0V̂ |ψ2〉 =
∑
k

〈ψ1| iT̂0

(
|k〉 〈k|

)
V̂ |ψ2〉

= 〈ψ1| iT̂0

(
|2〉 〈2|+ |3〉 〈3|

)
V̂ |ψ2〉

= 〈ψ1| iT̂0 |2〉 〈2| V̂ |ψ2〉+ 〈ψ1| iT̂0 |3〉 〈3| V̂ |ψ2〉 , (2.27)
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such that

κ

2
=
αJ

2
〈ψ1| iT̂0 |2〉 〈2| V̂ |ψ2〉+

αJ

2
〈ψ1| iT̂0 |3〉 〈3| V̂ |ψ2〉

− αJ

2
〈ψ1| V̂ |2〉 〈2| iT̂0 |ψ2〉 −

αJ

2
〈ψ1| V̂ |3〉 〈3| iT̂0 |ψ2〉

=

√
2

2

(
− J2

δ + ∆
− J2

δ −∆
+

J2

δ − U −∆
+

J2

δ − U + ∆

)
, (2.28)

which corresponds to Eq. (2.6) in the main chapter. Analogously, the states |ψ1〉 and
|ψ2〉 get renormalized energies

∆E1 ≡ 〈ψ1| Ĥeff |ψ1〉 (2.29a)

∆E2 ≡ 〈ψ2| Ĥeff |ψ2〉 . (2.29b)

The difference ∆E1 − ∆E2, however, enters only at higher orders and will be
neglected. The present analysis generalizes to extended systems, where no further
resonant processes appear at this order.

In this analysis, the linear tilt has been used to avoid second-order processes of
the kind |001〉 → |100〉, as illustrated in Fig. 2.20. Such configurations did not appear
in the above unit cell, but are relevant in the extended many-body system. Corre-
sponding unwanted tunneling processes are indefinitely suppressed for ∆� J2/U .
While this condition cannot always be upheld in the experiment, we nevertheless
observe good levels of gauge invariance, see also section 2.4.3.

J
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FIGURE 2.20: Suppression of second-order tunneling with a tilt: The tilt
turns initial and final configurations off-resonant. Ideally, the tilt is much larger
than the corresponding second-order tunneling strength, i.e., ∆� J2/U .

2.B Correlation length

In this section we give further details on the extraction of density correlations of the
atoms and the corresponding correlation length ξ of the final state. We consider the
expression

C(k) ∝
∑
i,j

e2πk(i−j)C(i, j), (2.30)
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where k = kda is a dimensionless momentum variable, where a is the spacing
between atoms. In the final state, we assume the lattice correlations

C(i, j) = 〈n̂in̂j〉 = 〈n̂in̂j〉c − 〈n̂i〉〈n̂j〉, (2.31)

where 〈·〉c indicates connected correlations. We furthermore assume an exponential
decay of connected correlations

〈n̂in̂j〉c ∝ Re(i|i−j|)e
− |i−j|

ξ . (2.32)

To compare to the experiment, we compute expression Eq. (2.30) for 100 lattice wells.
Motivated by the Fourier transform for infinite systems and long correlation lengths

ˆ
ds e

iλskds

8 e
− |s|

ξ ∝ 1

k2
d + (λsξ/8)2

, (2.33)

we fit the resulting curve with Lorentzian functions for different values of ξ. Results
are compared to the peak width of the data, where the optical resolution (width of
neighboring peak) is subtracted (quadratically), see Fig. 2.21.

FIGURE 2.21: Extraction of the correlation length: The final state correlation
length is extracted through the peak widths of the density correlation signal.
The solid lines are Lorentzian fits to the data after subtracting background.
(Inset) The peak width is compared to the correlation signal of a domain state
with length 100 sites and exponentially decaying density correlation. Figure
taken from [1].

2.C Numerics

To benchmark the experiment, we perform numerical simulations involving both
the QLM as the “ideal” theory evolution as well as numerical t-DMRG simulations
of the experimental system (Hubbard Hamiltonian). We compare the evolution
for systems with different total numbers of lattice wells L, observing convergence
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around L = 40-50. The curves have been obtained by numerically computing the
evolution with time-dependent parameters shown in Fig. 2.5, and the numerical
calculation of the bosonic system excludes local atom populations n > 2, which
are suppressed, see Fig. 2.5. To account for experimental imperfections, t-DMRG
simulations of the experiment furthermore include a small homogeneity of the
laser intensity resulting in a quadratic profile of the onsite potential which shifts
by ∆U ≈ 10Hz towards the edges of the 71-site region of interest. The results
of the numerical analysis are shown in Fig. 2.22. Furthermore, in Fig. 2.5 of the
main chapter, the t-DMRG simulations include an additional average over several
runs with Gaussian fluctuations of the staggering potential with standard deviation
σδ = 4.5Hz.
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FIGURE 2.22: System size dependence: We compute the quasi-static evolu-
tion across the quantum critical point by comparing numerical simulations for
different system sizes (number of optical lattice wells). We consider the gauge
theory (a) using exact diagonalization and the Hubbard Hamiltonian (b) for
t-DMRG simulations. The insets show the absolute difference with respect to
the respective largest system size. Taken from [1].

To achieve the large system sizes for the ideal gauge theory with exact diagonal-
ization [107], we explicitly make use of the gauge symmetry to remove un-physical
states. To achieve even larger system sizes, a complete elimination of un-physical
states can be obtained by considering the PXP model [55, 79, 104] which can be
mapped to the S = 1/2 quantum link model. For instance, numerical simulations
for chains of corresponding length L = 64 have been conducted in Ref. [85].

2.D Thermal states

In the main chapter we consider various quenches evolving the system from different
initial states towards steady states at long times. In this section we give additional
details on the thermal equilibrium states at infinite temperature.
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Infinite-temperature state

We consider the fully filled initial state with 〈n̂matter〉 = 1 in the gauge theory, which
corresponds to |ψ0〉 = |...10101...〉. For the evolution with mass parameter m/κ = 0,
we have

E0 = 〈ψ0| Ĥ |ψ0〉 = 0 , (2.34)

for the “ideal” gauge theory with Hamiltonian given by Eq. (2.1). The operator

V̂ =
∏
`

Ŝz`,`+1 (2.35)

anti-commutes with the Hamiltonian, {V̂ , Ĥ} = 0, such that for any eigenstate
|e〉 with Ĥ |e〉 = E |e〉 there is an associated state |ẽ〉 = V̂ |e〉 with eigenvalue
Ĥ |ẽ〉 = −E |ẽ〉. Hence, the spectrum is symmetric around E0 = 0. Since |ψ0〉
is an eigenstate of V̂ with eigenvalue ±1 it is symmetrically distributed in the
spectrum which is in conflict with a thermal state except for T =∞.

System size dependence of matter density

In the case of the most extreme quench from m/κ = −∞ to m/κ = 0, we consider
the thermalization dynamics towards a steady state with infinite temperature. In this
section, we employ the method outlined in Ref. [79] to compute the matter density
in the infinite temperature state and for the case of periodic boundary conditions.

The configuration of gauge fields (|↑〉 and |↓〉) on neighboring links may be
labeled using 2× 2 matrices(

|↑↑〉 |↓↑〉
|↓↓〉 |↑↓〉

)
→
(

1 0

1 1

)
≡ C (even), (2.36)(

|↑↑〉 |↓↑〉
|↓↓〉 |↑↓〉

)
→
(

1 1

0 1

)
≡ CT (odd), (2.37)

where states labeled with ones are allowed by Gauss law, while zeros indicate the
opposite. Due to the staggered fermions, the matrices alternate between even and
odd matter sites. Here, the off-diagonal terms indicate the presence of a charged pair,
where the electric field eigenvalue changes from one gauge link to its neighboring
link. To compute the pair density, we use the following matrix as an observable to
project onto “pair” states

p̂ =

(
0 1

1 2

)
, (2.38)

i.e., the entries count the number of pairs on two neighboring matter sites for any
configuration of the “external” gauge fields. The thermal expectation value in the
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infinite temperature state (β = 0) for a system of N = L/2 matter sites is then given
by

1

2
〈n̂` + n̂`+1〉 = Tr

[
e−βĤ(n̂` + n̂`+1)

]
= Tr [n̂` + n̂`+1]

= tr
[
(CCT)(N−2)/2p̂

]
= tr

(3+
√

5
2

)N−2
2 0

0
(

3−
√

5
2

)N−2
2

 ˆ̃p

 (2.39)

where “Tr” is the trace over a basis of the large Hilbert space and “tr” represents
a trace over the two-dimensional matrix space. We evaluated the expression in
the eigenbasis of the matrix CCT, with accordingly transformed operator ˆ̃p. The
results for various N can be obtained for very large system sizes, where the final
value is approached to precision ∼ 10−14 for system sizes of about ∼ 35 matter sites.
We show the results in Fig. 2.23. For N = 2 matter sites, the Hilbert space is three
dimensional; it consists of one “pair” state and two “vacuum” states and the particle
density is 〈n̂matter〉 = 1/3. The shown extrapolated value for infinite systems is in
good agreement with the experimental data within errors, see Fig. 2.18.
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FIGURE 2.23: System size dependence of matter density for infinite tem-
perature state: The matter density 〈n̂matter〉 for β = 0 and periodic boundary
conditions monotonically increases with the number of matter sites N (top).
The relative error (〈n̂matter〉 − 〈n̂matter(N = 40)〉)/〈n̂matter〉 decreases approxi-
mately exponentially (bottom).
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Chapter 3

Quantum simulation and gauge
field dynamics in 2D

Parts of this chapter have previously been published in the following articles:

• R. Ott, T. V. Zache, F. Jendrzejewski, and J. Berges, “Scalable cold-atom quan-
tum simulator for two-dimensional qed”, Physical Review Letters 127, 130504
(2021), see [3].

I developed the theory, performed analytical and numerical calculations, and
presented the results in text and figures in collaboration with the co-authors.

• A. Hegde, R. Ott, A. Xia, V. Kasper, J. Berges, and F. Jendrzejewski, “Non-
equilibrium dynamics of fluctuations in an ultra-cold atomic mixture”, arXiv
preprint arXiv:2204.06456 (2022), see [7].

I developed the theory, performed numerical and analytical calculations as
well as their comparison to experimental data, and presented the results in
text and figures in collaboration with the co-authors.

• N. Mueller, T. V. Zache, and R. Ott, “Thermalization of gauge theories from
their entanglement spectrum”, arXiv preprint arXiv:2107.11416 (2021), see [5],
under review in Physical Review Letters.

N. Mueller, T. V. Zache, and R. Ott, “Quantum thermalization of gauge theories:
chaos, turbulence and universality”, arXiv preprint arXiv:2111.01155 (2021),
see [108].

I contributed to the interpretation and presentation of the results, as well as
the data generation.

Text and figures are largely taken from these publications, where the experimental
results shown in Section 3.4 were obtained by the group of Fred Jendrzejewski and
have partly been published in Ref. [52]. Specifically, Sections 3.2 and 3.3 are taken
from Ref. [3], Section 3.4 from Ref. [7], and Section 3.5 builds on Refs. [5, 108]. The
experimental results of Section 3.4 have partly also been included in the doctoral
theses of A. Mil [109] and T. V. Zache [110]. These references also apply to the
corresponding appendices.
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3.1 Overview

In this chapter, we consider lattice gauge theories in two spatial dimensions, thus
going beyond the one-dimensional system considered in the previous chapter. While
gauge symmetry heavily constrains the dynamics of gauge fields in a single spatial
dimension, two-dimensional setups allow for the complex interplay of gauge fields
in ground state physics or non-equilibrium dynamics, even without the inclusion of
fermions. In this chapter, we consider two different approaches:
First, we propose a new scheme to quantum simulate U(1) gauge fields in two
spatial dimensions. To achieve this, we employ a two-species mixture of ultra-
cold spinor Bose gases trapped in an optical lattice. Our scheme is applicable in
both equilibrium, and out-of-equilibrium scenarios. In equilibrium, we discuss the
emergence of charge confinement at zero temperature in the quantum simulator.
Subsequently, we apply the proposal to an experimental implementation of an ultra-
cold atomic mixture. We investigate the non-linear evolution of the atoms, where
we focus on the dynamics of fluctuations.
Secondly, we explore the thermalization dynamics of a Z2 gauge theory, by studying
its entanglement structure. The entanglement spectrum reveals different stages of
the complex evolution from early-time level repulsion to self-similar dynamics and
relaxation at later times.

3.2 Scalable cold-atom quantum simulator

As also demonstrated in Chapter 2, much progress has been achieved for quantum
simulations of gauge theories in one spatial dimension, and first experimental real-
izations of small systems in two dimensions have been shown [111–113]. However,
scalable experimental implementations of two- and higher-dimensional setups are
still elusive. Here the main challenge is the efficient construction of gauge invariant
plaquette terms of the lattice field theory, corresponding to magnetic field interac-
tions. So far, proposals to engineer the magnetic field interactions using atoms in
optical lattices rely mainly on perturbative constructions [31, 32, 37, 80, 114, 115].
Other approaches, using Rydberg atoms in optical tweezers [50], two-dimensional ar-
rays of superconducting qubits [35, 116], Floquet engineering in optical lattices [117],
or universal quantum computers [41, 42, 46], currently focus on gauge theories
with small local Hilbert spaces, which are typically unable to describe important
far-from-equilibrium phenomena with large fluctuations of electromagnetic fields.

Here, we propose a new scheme to quantum simulate the gauge fields of compact
QED in two spatial dimensions using a two-species mixture of ultra-cold spinor Bose
gases trapped in an optical lattice. We represent electric fields by site occupations on
a lattice [31, 34, 80] and the electric field energy results from on-site interactions. The
engineering of gauge invariant plaquette terms is based on hetero-nuclear atomic
collisions similar to those successfully demonstrated in the recent experiment of
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Ref. [52]. Neighboring unit plaquettes are connected by forming superpositions
of the atomic clouds. This can be realized via resonant microwave dressing or
laser-assisted tunneling. We exploit that our cold-atom system approaches QED by
putting Bose-Einstein condensates (BECs) with large numbers of atoms on the lattice
[30, 64, 118], rather than single atoms [31]. The high tunability of the proposed
approach gives access to a wide range of coupling strengths, including regimes of
QED in which perturbative treatments are poorly controlled.

3.2.1 Gauge field theory

In the Hamiltonian formulation of compact QED we introduce electric fields and
gauge links as outlined in Chapter 1. Presently they are positioned at links between
sites n = (nx, ny) of a two-dimensional spatial lattice, as sketched in Fig. 3.1a. On
a link at site n, and pointing in direction i, the field operators act on electric field
eigenstates as Ên,i |j〉n,i = j |j〉n,i and Ûn,i |j〉n,i = |j + 1〉n,i, with j ∈ Z [119]. The
conserved Gauss operators take the form Ĝn =

∑
i=x,y(Ên,i− Ên−î,i)−Qn/e, where

î is the unit vector in direction i. Here, we consider the pure gauge fields of compact
QED, such that Qn represent classical static charges. In temporal-axial gauge, the
Hamiltonian reads in two dimensions

ĤQED =
e2

2

∑
n

(Ê2
n,x + Ê2

n,y)−
1

2a2
se

2

∑
n

(
Ûn,xÛn+x̂,yÛ

†
n+ŷ,xÛ

†
n,y + h.c.

)
, (3.1)

with spatial lattice spacing as. The central result of this section is a scheme to
implement both the electric field energy (first term in (3.1)) as well as the magnetic
field energy (plaquette operators in second term) with sizable strength. Electric field
operators have been made dimensionless by rescaling with appropriate powers of
as, and we define a dimensionless coupling parameter as g2 = e2as.

3.2.2 Cold-atom implementation

We propose to realize a quantum simulator for Hamiltonian (3.1) using an atomic
mixture of two spinor Bose gases [120] in a two-dimensional optical lattice, see
Fig. 3.1a. For the mapping we associate the gauge links of the original formulation
with bosonic annihilation/creation operators, and electric fields with respective
number operators. More precisely, within each well labeled n according to its lower-
left corner, we focus on two spin states for both species A and B: |0〉n,A/B and
|1〉n,A/B . We then couple neighboring wells through laser-assisted tunneling with
appropriately chosen frequencies, which yield the superposition states |+〉n,x =

(|0〉n−ŷ,B + |1〉n,B)/
√

2 and |+〉n,y = (|0〉n−x̂,A + |1〉n,A)/
√

2, see Fig. 3.1a. Here, we
use a tilted optical lattice to ensure the corresponding detuning of single particle
energy levels, see also the appendix 3.A for details on our implementation scheme.
The superposition states |+〉n,i are the ones which are identified with the gauge link
degrees of freedom of link (n, i) of the original lattice gauge theory formulation,
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FIGURE 3.1: Proposed implementation:(a) Sketch of the implementation
scheme. Atomic clouds are trapped in the minima of the optical lattice at
the center of the plaquettes (dark gray shaded regions). The gauge field de-
grees of freedom (ellipses) are formed by creating superpositions of the four
hyperfine levels in each well with neighboring clouds along the x- or y-axis,
respectively. (b) Magnetic plaquette interactions of four neighboring links are
formed by atomic scatterings within the minima of the optical lattice (left). The
electric field energy is given by homo-nuclear density interactions forming an
on-site potential (right). The electric field strength is represented by the atom
number on each link relative to a background number n̄. Taken from [3].

and the associated creation (annihilation) operator we denote by b̂†n,i (b̂n,i). Hence,
the wells of the optical lattice are centered in the associated plaquettes of the lattice
gauge theory. The appropriate gauge field dynamics arises then from the on-site
homo- and hetero-nuclear contact interactions between the atoms within each well.
This construction constitutes the crucial ingredient for our proposed implementation:
it allows gauge fields on links to interact with two neighboring plaquettes, thus
realizing the gauge-invariant plaquette interaction for magnetic fields via atomic
collisions of sizable strength.

The construction yields the cold-atom Hamiltonian

ĤCA =
χ

2

∑
n

∑
i=x,y

b̂†n,ib̂
†
n,ib̂n,ib̂n,i − λ

∑
n

(
b̂†n,xb̂

†
n+x̂,y b̂n+ŷ,xb̂n,y + h.c.

)
+
δ

2

∑
n

(b̂†n,y b̂n,y + b̂†n+x̂,y b̂n+x̂,y)× (b̂†n,xb̂n,x + b̂†n+ŷ,xb̂n+ŷ,x) , (3.2)

as detailed in appendix 3.A. Here, the first term in the first line encodes intra-species
density interactions corresponding to the electric field energy, see Fig. 3.1b. The
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inter-species collisions in the second term describe the desired magnetic plaquette
interaction. There are also additional gauge-invariant interaction terms, described
by the terms in the second line, which represent inter-species density interactions.
Direct tunneling is considered to be sufficiently suppressed through an external
gradient such that associated processes can be neglected and do not appear in
Eq. (3.2). Since we are dealing with a lattice field theory, we furthermore exploited
that processes of order O(as) vanish in the continuum limit as → 0. We also
considered an equal strength of homo-nuclear density interactions in both species.
All coupling constants are assumed to be positive χ, λ, δ > 0, which depends, in
general, on the choice of species. The sign of λ can always be chosen by appropriate
initialization of the condensate phases, see section 3.A.

To explain the relation of our cold-atom Hamiltonian with the Hamiltonian (3.1),
we employ a number-phase representation of the bosons, where b̂†n,i =

√
n̂n,iexp(iφ̂n,i)

with commutation relations [n̂m,j , exp(iφ̂n,i)] = exp(iφ̂n,i)δnmδij . We expand the
Hamiltonian (3.2) around a large background atom number n̄� 1 and find

ĤCA = ĤQED +O
(
n̂− n̄
n̄

)
+
δ

2

∑
n

(Ên,y + Ên+x̂,y)(Ên,x + Ên+ŷ,x) , (3.3)

where we dropped irrelevant constants. To identify the leading cold atom con-
tribution with compact QED, we represent the atomic electric field operators as
deviations of the boson number occupation from the background, Ên,i = n̂n,i − n̄,
and the corresponding gauge links by the approximately unitary operators, Ûn,i =

b̂†n,i/
√
n̄ = exp(iφ̂n,i) +O(Ên,i/n̄) [31, 34, 80]. This identification fulfills the commu-

tation relations of compact QED with the exception of [Û†n,i, Ûm,j ] = 1/n̄→ 0, which
becomes accurate in the limit of large background atom numbers n̄� 1, see also the
explanations in Chapter 1.

While all terms in the effective cold-atom Hamiltonian (3.2) are gauge-invariant,
the interaction ∼ δ does not lead to a Lorentz scalar in the continuum limit. Thus,
for a given lattice size, one has to limit the strength δ with respect to the electric field
energy. Experimentally this may be efficiently achieved by reducing the inter-species
overlap with respect to the homo-nuclear one, for instance through an off-resonant
laser beam creating a species-dependent dipole force or by the gravitational po-
tential. The overall time scale of the experiment is of the order 100 Hz as will be
demonstrated in the experimental setup of Section 3.4. In the limit of negligible δ we
then identify the atomic QED coupling constants as e2 = χ, a2

s = 1/(4χλn̄2), which
yields the dimensionless coupling g2 =

√
χ/4λn̄2. By appropriate choice of param-

eters one can in principle tune g2 across a wide range of values reaching both the
strong and the weak coupling regime. However, one needs to ensure convergence
of physical observables with respect to further increases of n̄ while keeping the di-
mensionless gauge coupling fixed by, e.g., decreasing λ. Experimentally this can be
achieved by reducing the ratio of inter-species to homo-nuclear overlaps in a similar
way as for δ. Varying total atom numbers will mainly translate to fluctuations in
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n̄ and hence in a2
s and g2. This can be closely monitored during the experiment to

estimate and control resulting errors.
Having introduced our implementation scheme, we apply it to the phenomenon

of charge confinement next. In our setup, confinement will be directly detectable as
a finite change in occupation number on the links that connect two static charges,
even for increasing distance D → ∞ between the charges. As an illustration, we
discuss the emergence of confinement in compact QED in the weak coupling regime,
using a variational ansatz for the ground state wave function [121]. We explain that
confinement will be robustly observable for the proposed cold-atom implementation
against experimental imperfections due to finite boson numbers and unwanted
inter-species density interactions ∼ δ of the atoms.
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3.3 Charge confinement

Gauge field dynamics in two or more spatial dimensions can give access to one
of the most intriguing phenomena: confinement. The most prominent example
is the confinement of quarks into colorless hadrons, forming the basis for nuclear
matter in quantum chromodynamics [11]. Here, we apply our implementation
scheme for two-dimensional gauge fields to confinement of electric charges in
compact quantum electrodynamics [122]. Its description can be a difficult problem
for classical computational techniques and quantum simulators promise important
progress in our abilities to address equilibrium as well as dynamical properties out
of equilibrium from first principles.

In compact QED, charge confinement manifests itself as a string of electric flux
connecting two static sources of opposite electric charge. While for g2 →∞, the flux
string carries unit electric field strength along the shortest path between the charges,
it is delocalized by fluctuations due to magnetic interactions or finite temperature.
However, in two spatial dimensions and for small temperatures, a finite flux string
persist at arbitrarily weak coupling (g2 → 0). The energy of this string increases
linearly with the separation D of the charges, which are thus confined [121–123].

As an illustration of our approach, we characterize confinement in the weak cou-
pling regime employing the variational technique of Ref. [121], which makes use of
a dual description of the gauge fields as outlined in more detail in the appendix 3.B.
Choosing a gauge-invariant superposition of quadratic trial wave functionals, one
minimizes the Hamiltonian energy density under the Gauss constraint of two ex-
ternal charges with separation D. For large separation D, this procedure yields the
energy 〈ĤQED〉 ∼ σD, where σ = (π2 − 4)µ2/2π3 is the string tension1 and

µ2a2
s = 4π2 exp

(
− 1

(2g)2

ˆ π

−π
d2k

1√
4− 2 cos(kx)− 2 cos(ky)

)
, (3.4)

is a characteristic infrared scale, generated by self-interactions of the gauge fields,
and setting the length scale of confinement DC = e2/µ2 [121].

3.3.1 Confinement in the cold-atom quantum simulator

We now turn to the cold-atom implementation of compact QED, (3.2) and (3.3),
which includes the two main imperfections of a finite boson number and the inter-
species density interactions. In the following, we account for both of them using
a perturbative analysis around the variational ground state wave functional in the
limit n̄→∞ and δ/χ→ 0 for small couplings g2 to compute atom numbers 〈n̂n,i〉
and the ground state energy 〈ĤCA〉.

Since the perturbations enter the ground state only in second order, the leading
result for the atom number gives the same electric field as in compact QED, 〈Ên,i〉 =

1We have a factor 2 difference compared to Ref. [121], see also the appendix 3.B.
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FIGURE 3.2: Flux string: (Top) The relative atom number on the x-links,
〈n̂n,x〉 − n̄, exhibits a confining string (top) between two opposite external
charges in the quantum theory. Here, the distance is D = 100as with g2 = 1
and µ2/e2 ≈ 0.071/as. (Bottom) The corresponding classical Coulomb case is
shown by switching off quantum fluctuations (g2 → 0). Taken from [3].

〈n̂n,i〉 − n̄ = 〈Ên,i〉. For the atom number on x-links in the center of the string
we find 〈n̂x〉 ≈ n̄ − µ2as/(πe

2) log
(
µ2as/(πe

2)
)
, for y-links we get 〈n̂y〉 ≈ n̄ in the

limit of infinite volume and charge separation, see also the derivations outlined
in Section 3.B. For finite lattices, which are relevant experimentally, we show the
result in Fig. 3.2 where one observes that the atoms form a confining flux tube
between two external charges at n+ = (-D/ (2as) , 0) and n− = (D/(2as), 0). The
result is obtained on a 200× 200 square lattice with periodic boundary conditions,
where the detailed expressions which we evaluate numerically are presented in the
appendix 3.B. While our theoretical estimates are strictly valid only in the g2 � 1

region, confinement is expected to persist for all values of the gauge coupling.
For the illustration of Fig. 3.2 we have evaluated our theoretical results at g2 = 1,
i.e., extrapolating beyond the well-established weak coupling regime. The validity
of such a procedure could be tested in a future quantum simulation experiment at
intermediate to strong couplings [124].

The result for the energy expectation 〈Ĥ〉 of the ground state is shown in
Fig. 3.3. Results are obtained on a 4000 × 4000 lattice for g2 = 1, correspond-
ing to µ2/e2 = 1/DC ≈ 0.069/as, where we again refer to the appendix 3.B for
the detailed numerical formulae. While at short distances (D . DC) the classical
Coulomb energy contribution is visible, at large distances (D � DC) the ground
state energy is dominated by the linear confining potential generated from quantum
fluctuations. The first correction to the QED Hamiltonian due to the finite boson
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FIGURE 3.3: Confinement: Ground state energy 〈ĤQED〉 in presence of two
external opposite charges at separation D. The linear confining potential
dominates at large D � DC. The inset shows the ground state energy on
a logarithmic scale, as well as the leading finite n̄ corrections for n̄ = 10
(red dashed-dotted) and n̄ = 100 (red dotted). The dashed gray line is the
leading analytic asymptotic result from Ref. [121], with string tension σ =
(π2− 4)µ2/(2π3). (We have a factor 2 difference compared to Ref. [121]). Taken
from [3].

number of the cold-atom realization (3.3) is given by

δĤn̄ = − 1

4n̄a2
se

2

∑
n

(Ên,x + Ên,y + Ên+x̂,y + Ên+ŷ,x + 2)

× cos
(
φ̂n,x − φ̂n,y + φ̂n+x̂,y − φ̂n+ŷ,x

)
, (3.5)

which, close to the continuum limit (as → 0), reduces to

δĤn̄ → −(2n̄a2
se

2)−1
∑
n

cos
(
φ̂n,x − φ̂n,y + φ̂n+x̂,y − φ̂n+ŷ,x

)
, (3.6)

up to an irrelevant constant. With the identification Ûn,i ≈ exp(iφ̂n,i) this term is of
the same structure as the plaquette term in (3.1). Hence, at leading order, we obtain
a correction to the string energy 〈δĤ〉n̄ = −2µ2D/(π3n̄), which smoothly goes to
zero for large n̄, see the inset of Fig. 3.3.

The second correction concerns the inter-species density interactions with strength
δ. We find their contribution vanishes to linear order in δ within our perturbative
analysis. This follows from the symmetry property of the ideal QED ground state
(with external charges at y = 0) under the parity transformation Py = −y: electric
fields transform as vectors; they are antisymmetric along y-direction. While the lead-
ing (δ → 0) part of the Hamiltonian is invariant under this transformation, the linear
δ-correction is antisymmetric and vanishes. We hence conclude that confinement
persists against first-order corrections in our proposed implementation scheme.
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3.3.2 Initial state preparation and observables

To observe confinement in our 2D quantum simulator we propose to prepare the
system in its electric ground state in the limit g2 →∞, corresponding to spatially
separated species, i.e., λ→ 0. We assume that within each well of the optical lattice
the atoms initially condense in the spin state |1〉 for both species. Then, electric field
eigenstates are obtained by ramping up the coupling of the respective neighboring
clouds to form the symmetric superpositions |+〉2.

Introducing a pair of external charges ±Q requires single-site control over the
atom number on a single-particle level. This allows to choose the initial state |ψ〉
as a product state of electric field eigenstates in accordance with the Gauss sectors
Ĝn± |ψ〉 = ∓Q/e |ψ〉 and Ĝn |ψ〉 = 0 elsewhere.

The two species are slowly brought into spatial contact to adiabatically decrease
the coupling g2, where |ψ〉 stays close to the instantaneous ground state under the
Gauss constraint, see also 2. This adiabatic sweep, see e.g. Ref. [32], is possible in two-
dimensional compact QED which does not exhibit a confinement-deconfinement
transition as a function of the coupling [121, 122]. Since its spectrum is gapped for
any value of g2, the adiabaticity condition can in principle be upheld deep into the
weak coupling region. However, in order to reach weak couplings, long coherence
times are required. Throughout this protocol, the flux tube can be observed as shown
in Fig. 3.2 via the local expectation values 〈Ên,x〉 = 〈n̂n,x〉 − n̄. The number expecta-
tion value 〈n̂n,x〉 therein is obtained as the total atom number in the corresponding
underlying spin states |0〉n−ŷ,B and |1〉n,B .

Having illustrated the physics of confinement for a quantum simulation exper-
iment in this section, we turn to the real-time dynamics of gauge fields next. We
focus on the case of a single plaquette, the physics of which will be discussed with
an explicit experimental realization.

2Alternatively one can choose the antisymmetric state |−〉 for each species.
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3.4 Experimental realization of a unit plaquette

In the previous section we have established confinement as an intriguing equilib-
rium phenomenon which could be accessed in cold-atom quantum simulators. In
this section, we turn to the non-equilibrium dynamics of synthetic dynamical gauge
fields, where we investigate an ultra-cold atomic mixture of 23Na and 7Li atoms.
Such mixture experiments provide versatile platforms for quantum simulations of
physical systems. Besides the simulation of artificial gauge fields, applications in-
clude for instance implementations of the Bose polaron problem [125, 126]. By using
the spin-changing collisions [127] to couple the two atomic species, the experimental
setup implements a scalable building block of the scheme outlined in the previous
sections. While the present setup [52] was previously analyzed with respect to the
dynamics of mean fields, we investigate the evolution of spin fluctuations across a
wide range of non-equilibrium initial conditions in this section. Fluctuations can
be crucial in out-of-equilibrium situations, such as instabilities [128], the build-up
of structure far from equilibrium [88, 89, 129], or the fate of the “false vacuum” in
tunneling decays toward equilibrium [130]. Here, cold-atom simulators promise
unique insights into the dynamics of fluctuations in quantum many-body systems.

We identify different dynamical regimes of our system and characterize the
evolution in terms of phenomena such as instabilities and the onset of thermal-
ization. Depending on the initial spin imbalance of our mixture, we identify the
three regimes: a long-lived metastable regime, an unstable region showing strong
growth of fluctuations, and a fast relaxing regime approaching thermal equilibrium.
We compare our data to theory by extending an earlier mean-field model [52] to
incorporate the dynamics of fluctuations. Experimentally extracting the fluctuations
allows us to reconstruct the effective potentials that characterize the various types
of dynamics. Our approach enables a detailed characterization of the complex
many-body states out-of-equilibrium in atomic mixture experiments.

3.4.1 Experimental setup and state preparation

The experiment is initiated by preparing an ultra-cold bosonic mixture of sodium
(Na) and lithium (Li) atoms in a crossed optical dipole trap. After cooling and
condensation, the sample consists of approximatelyNNa ≈ 3×105 sodium andNLi ≈
3× 104 lithium atoms in overlapping atomic clouds. The two species are prepared
in their spin F = 1 manifolds, where the application of an external magnetic field
(B = 2.118(2)G) leads to an energy splitting between three internal hyperfine states
[120]. Suitably choosing such energy separations allows us to confine the atoms to
their lowest lying states, |F = 1,mF = 0, 1〉, for both species, see Fig. 3.4a.

Initially, the atoms are prepared in mF = 1 corresponding to their single-particle
ground state. To initialize the non-equilibrium dynamics, we follow the experi-
mental sequence described in Ref. [52]. We transfer an average fraction η̄Na of Na
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FIGURE 3.4: Dynamics of spin fluctuations induced by spin changing col-
lisions: (a) The ultra-cold atomic mixture is coupled through spin-changing
collisions between sodium and lithium atoms realizing effective spins de-
grees of freedom. (b) Varying initial conditions probe the mixture in three
different regimes as illustrated with effective potentials: a meta-stable state,
an instability with growth of fluctuations, and fast relaxation. Solid lines
show numerical real-time calculations of our effective model (appendix 3.C.3).
(c) The fluctuations of the data (shaded blue) around mean values (red) grow
in time, where grey circles show single realizations of preparation, evolution
and measurement (see inset). Solid lines are smoothed interpolations of data
points. Figure taken from [7].

atoms to the energetically higher mF = 0 state, thereby exciting the atoms out of
equilibrium. To achieve this, the internal Na states are coupled with a highly tunable
microwave setup, where a two-pulse sequence transfers the atoms through the
intermediate state |F = 2,mF = 2〉. While this provides an efficient passage for Na
atoms, corresponding internal states of Li are kept out of resonance, and it remains
polarized in |F = 1,mF = 1〉 for all considered initial states at time t0 = 0ms. We
prepare a wide range of Na initial states η̄Na(t0), which also sets the total (conserved)
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magnetization for the dynamics and allows us to tune the effective system parame-
ters to explore non-equilibrium physics in different regimes. The various types of
non-equilibrium phenomena are illustrated in Fig. 3.4b, where the dynamics can be
understood from effective potentials, which we reconstruct in the following.

3.4.2 Non-equilibrium dynamics

After state preparation, we let the system evolve for times of up to t = 100ms,
during which the atoms exchange spin, resulting in oscillatory dynamics as shown
in Fig. 3.4c. The spin dynamics is made possible through a precise control of the
external magnetic field, such that spin states of Na and Li are kept in resonance
during the evolution. To investigate the dynamics, we detect the resulting spin pop-
ulations of lithium by performing state-selective time-of-flight (TOF) measurements
(“Stern-Gerlach method” [52]). Here, atoms in different spin states are spatially
separated with a magnetic field gradient before imaging, which gives access to the
individual atom populations NLi,mF and hence the spin imbalance η̂Li = N̂Li,0/N̂Li,
where N̂Li = N̂Li,0 + N̂Li,1, as shown in Fig. 3.4b. We repeat the experimental cycle
up to 20 times per evolution time t to observe the fluctuating signal. From our mea-
surements, we extract the mean values (η̄Li = 〈η̂Li〉) and second-order correlations
(∆ηLi =

√
〈η̂Liη̂Li〉 − 〈η̂Li〉2) in order to characterize the non-equilibrium dynamics 3.

For the initial state with η̄Na = 0.4, the experimentally observed spin evolution
is displayed in Fig. 3.5. As panel a shows, the signal of the mean Li imbalance η̄Li

rises rapidly initially, and it is strongly damped toward a steady state at late times.
Furthermore, we investigate the data beyond mean populations by considering the
dynamics of corresponding imbalance fluctuations (∆η̄Li), see panel b. Fluctuations,
being small initially, build up quickly during the first 30ms, and they approach an
approximately constant value of ∆ηLi ≈ 0.01 at later times.

3.4.3 Effective spin model

To diagnose relevant processes and access the effective potential landscape of the
many-body problem, we compare our measurements to numerical real-time calcula-
tions. In the experiment, the atoms are localized in a deep harmonic trap. Hence,
we describe the coupled system of sodium (a = Na) and lithium (a = Li) with single
spatial modes for each magnetic sub-state mF = 0, 1, where the bosonic creation
(annihilation) operators b̂†a,i (b̂a,i) fulfill commutation relations [b̂a,i, b̂

†
b,j ] = δijδab.

In view of the atoms’ SU(2) symmetry, we introduce collective spin operators us-
ing the Schwinger boson representation, i.e., L̂a,+ = b̂†a,0b̂a,1, L̂a,− = b̂a,0b̂

†
a,1, and

L̂a,z = (b̂†a,0b̂a,0 − b̂†a,1b̂a,1)/2. The evolution of the atoms is modelled by the Hamilto-
nian (see section 3.C.1 for derivational details)

Ĥ = χL̂2
Na,z + ∆L̂Li,z + λ

(
L̂Na,+L̂Li,− + h.c.

)
, (3.7)

3Definitions of imbalances for Na are analogous.
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b
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FIGURE 3.5: Time evolution of mean and fluctuations: (a) We show the evo-
lution of mean lithium spin transfer η̄L for evolution times t ≤ 100ms starting
from a mean sodium imbalance of η̄Na = 0.406. The damped-oscillatory
behaviour of the data (red circles) is well-described by our semi-classical cal-
culation (solid line) which accommodates initial state fluctuations. (b) The
two-point correlation data (blue circles) shows an initial growth of fluctuations
(see Fig. 3.4c) and reaches an approximately constant value at later times. The
late time data is in approximate agreement with a thermal calculation for a
temperature T = 630nK (dotted line). Error bars represent standard error
on the mean. Our detection of spin fluctuations has a systematic offset of
0.0040(1) for ∆η̄Li (grey shaded area), which we added to the numerical curve
in panel b. Figure taken from [7].

where h.c. denotes hermitian conjugation. The spin-changing dynamics is driven by
the interaction coupling λ. The term ∆ models the effective energy offset between
magnetic sub-states, and χ characterizes intra and inter-species interaction strengths
from atom collisions without changes in spin. Here, ∆ depends only on the total
numbers of Na and Li atoms and the total magnetization (M̂ = L̂Li,z + L̂Na,z).
They are modelled as conserved quantities during the evolution, but depend on
the details of the initial condition. Carefully choosing these conserved quantities
hence enables the controlled investigation of our system in different parameter
regimes. We consider a semi-classical (truncated Wigner [131]) approximation to
describe the large condensates realized in the experiment. The effective spin degrees
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of freedom are simulated with classical evolution equations, and quantum effects
are implemented as the Gaussian initial state fluctuations of the initial coherent
spin states. Furthermore, we average over initial atom number fluctuations, which
vary for different realizations by about 10% for both Na and Li. The initial state
fluctuations and the model parameters are detailed in the sections 3.C.2 and 3.C.3.

In addition to the coherent spin dynamics, the spatial excitations of the atomic
cloud are expected to interact with spin degrees of freedom and exchange energy.
To account for such an effect in our model, we include a friction term for the
spin as given by a Landau-Lifshitz-Gilbert-type damping [132] ∂tLLi = {LLi, H} −
γ(LLi,zLLi − L2

Liez), where LLi is the three-component lithium spin, ez is the unit
vector in z direction, and {LLi, H} represents the (undamped) classical evolution
equations via Poisson brackets. Here, we choose a damping rate of γ = 1.8×10−3Hz,
and furthermore adjust the sodium spin accordingly to conserve the system’s total
magnetization, see 3.C.3. With this friction term, we observe a fast damping at long
times, see Fig. 3.5.

To characterize the dynamics observed in the present experiment, we compare
our data with thermal equilibrium. To this end, we define a canonical ensemble by
the partition sum Z = Tr[P̂Mexp(−βĤ)], where P̂M projects the system to a fixed
magnetization which is set by the initial state 〈ψ0| M̂ |ψ0〉. Furthermore, β = 1/(kBT )

sets the (inverse) temperature of the system, where kB is the Boltzmann constant.
In Fig. 3.5 we compare our results to a thermal ensemble with the temperature of
the condensate T = 630(20)nK as obtained by extracting the atoms’ momentum
distributions with TOF-measurements [109]. At late times, both mean value and
fluctuations of the Li imbalance oscillate around these thermal estimates.

3.4.4 Probing the non-equilibrium regimes

To explore the dynamics in different parameter regimes, we consider the system
evolution for different initial states in the following. In Fig. 3.6 we show the Li
imbalance after 30ms evolution time for a range of Na initial states. We observe a
pronounced resonance shape in the mean imbalance value, with a sharp transition
around η̄Na ≈ 0.2, as illustrated in panel b. On the left side of the transition,
η̄Na < 0.2, the Li imbalance stays small. On the other hand, it decays on the
right side of the resonance for larger values of η̄Na. The transition is accompanied
with a sharp peak in the fluctuations ∆ηLi, as displayed in panel c. This peak
indicates an enhanced sensitivity of the dynamics, leading to a fast growth of
fluctuations in the data. The data is in good agreement with the results from our
semi-classical numerical calculations, as shown in Fig. 3.6, and our calculations
recover the essential features of the spin-changing dynamics.

As illustrated for η̄Na = 0.4 in Fig. 3.5, data taken as early as 30ms may already
provide valuable insight for the approximate late-time evolution of the system. In
fact, for the given initial conditions, the experimental data in Fig. 3.6 shows an excel-
lent agreement with late-time numerical results at t = 150ms. To characterize our
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FIGURE 3.6: Non-equilibrium regimes: (a) We indicate the different dynami-
cal regimes with sketches of the potential landscape (see main text). (b) After
30ms evolution time, the mean lithium imbalance η̄Li reveals a sharp reso-
nance behavior for changing initial conditions set by η̄Na. (c) The fluctuation
signal shows a large peak around η̄Li ∼ 0.2, indicating an instability regime
characterized by the fast growth of fluctuations. We find an overall good
agreement with numerical real-time calculations at 30ms (solid colored) and
a late time calculation at 150 ms (dashed), indicating the robustness of our
results. On the right-hand side of the transition we find good agreement with
a (classical) thermal ensemble at temperature 630(20)nK (dotted). The shaded
area in (c) indicates the fluctuation offset from detection noise, which we add
to the numerical curve in panel c. Figure taken from [7].

system in the regime η̄Na > 0.2, we compare the data to corresponding predictions
from the thermal ensemble, finding an overall good agreement on the right-hand
side of the resonance shape, where the agreement is especially precise on the mean
imbalance of Li. We thus observe indications for an onset of thermalization in
our system. Conversely, on the left-hand side of the transition the spin-changing
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dynamics is strongly suppressed, and thermalization dynamics is not initiated on
observable time scales. In our theoretical modelling, this suppression extends to
evolution times beyond 150ms, indicating a long-lived metastable state.

These qualitative features of the system dynamics may be illustrated in terms of
an evolution within effective potentials for mean fields. For fixed conserved charges,
the classical evolution of the Li imbalance, as relevant for the early time dynamics,
may be written as a second-order differential equation ∂2

t η̄Li = −∂V (η̄Li)/∂η̄Li with
a quartic potential V [110], see Section 3.C.5. In Fig. 3.6 we show three configurations
of the potential for different values of the total magnetization as set by the initial
state of Na. For small initial Na imbalances η̄Na < 0.2 the system is constrained
to small Li imbalances, as indicated by a second, local minimum in the effective
potential. Conversely, for larger η̄Na > 0.2, the system evolution is governed by
oscillations around a single global minimum which approximately corresponds
to the thermal mean value. These regimes are separated by a sharp transition at
η̄Na ∼ 0.2, where the system dynamics becomes unstable with respect to the second
minimum. Corresponding mean and fluctuation values are expected to rapidly rise
to similar magnitudes, as confirmed by the data in Fig. 3.6.

3.4.5 Identification with single-plaquette gauge theory

The model Eq. (3.7) may be identified with a single-plaquette realization of an atomic
synthetic gauge theory, similar to the cold-atom Hamiltonian Eq. (3.2) proposed
earlier in this chapter (see Section 3.2.2). By using the conservation laws of the
dynamics and employing the original bosonic operators, Eq. (3.7) is equivalent to
the following Hamiltonian,

Ĥ = χ̃(N̂2
n0,x + N̂2

n0+x̂,y + N̂2
n0+ŷ,x + N̂2

n0,y)

+ µ(N̂n0,x − N̂n0+ŷ,x − N̂n0,y − N̂n0+x̂,y)

− λ(b̂n0,xb̂n0+x̂,y b̂
†
n0+ŷ,xb̂

†
n0,y + h.c.), (3.8)

where n0 marks the base position of the plaquette, see Fig. 3.7. We identified the
indices for Na as mF = 0 → n0, mF = 1 → n0 + ŷ, and correspondingly for Li,
as mF = 1 → n0, mF = 0 → n0 + x̂. Here, Na plays the role of gauge fields in x

direction and Li correspondingly represents the gauge fields along y direction, and
the parameters χ̃, and µ may be straightforwardly derived from the model Eq. (3.7).
The Hamiltonian is invariant under the gauge transformations

b̂n,i → ei
∑

m αmĜm b̂n,ie
−i

∑
m αmĜm , (3.9)

with arbitrary phases αm, and Gauss operators

Ĝn = N̂n0,x + N̂n0,y − N̂n0−x̂,x − N̂n0−ŷ,y −Qn. (3.10)
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FIGURE 3.7: Identification of the mixture with a single-plaquette gauge
theory: (a) The gauge links of a single plaquette may be identified with the
magnetic sub-states of the mixture experiment. (b) The system can be scaled
up to a gauge field theory by coupling multiple unit cells, following the scheme
outlined in section 3.2.2.

Here, we included the classical chargesQn, and employed fixed boundary conditions
where all fields outside of the plaquette n0 are set to zero. In the experiment, gauge
invariance of the evolution corresponds to the conservation of total atom numbers
and magnetization.

In contrast to Eq. 3.2, the Hamiltonian includes an additional single-particle
energy offset ∼ µ. In the experimental realization, we required a non-zero value
of µ owing to the large occupation difference in the initial spin states and in or-
der to realize gauge-invariant dynamics on observable time scales. To approach
the Hamiltonian for QED on the single plaquette, we consider initial states with
〈b̂†n,ib̂n,z〉 ≈ n̄ � 1, which translates to the condition 〈L̂a,i〉 ≈ 0, for |La| � 1. Such
initial states can be prepared experimentally, for instance with additional microwave
pulses. For such initial conditions, one may tune the experimental parameters, for
instance the external magnetic field, to set µ = 0. The instability phenomenon
discussed in the previous section translates to the continuous variable gauge fields
of QED. Specifically, it can be observed through exponential growth of fluctuations
in time, where the dynamics of QED gauge fields is obtained for large values of n̄,
as detailed in the appendix 3.C.6.

In this section, we have explored the non-equilibrium dynamics of gauge fields
with mean values and second order correlations. In the following, we consider a
different route, where we investigate the non-equilibrium dynamics of a Z2 lattice
gauge theory through the entanglement spectrum.
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3.5 Non-equilibrium entanglement spectrum of a gauge the-
ory

In the previous sections, we considered the time-evolution of mean-values and
second-order correlation functions to investigate the dynamics of cold-atom gauge
theories. In this section, the non-equilibrium dynamics of gauge fields is investigated
through their entanglement structure [133, 134].

Entanglement describes the non-local quantum correlations of microscopic parti-
cles [135], and thus may serve to characterize their interactions in space and time.
While the spread of information in quantum many-body systems is often described
with entanglement entropies between (bipartite) sub-systems [26], the reduced den-
sity matrix encodes the complete entanglement structure [133]. Here, we focus
on the entanglement structure of a Z2 lattice gauge theory [54, 59] in two spatial
dimensions. The complex evolution of the gauge fields is found to undergo a series
of regimes, which we characterize by the non-equilibrium entanglement spectrum:
level repulsion at earliest times, self-similar evolution at intermediate times and
eventually relaxation [136].

3.5.1 Model and Hamiltonian

The lattice gauge theory is formulated on a two-dimensional spatial lattice labeled by
sites n = (nx, ny), and the gauge fields are situated on the links (n, x) and (n, y) along
x and y directions of the lattice. Their dynamics is governed by the Hamiltonian

Ĥ = −
∑
n

σ̂zn,xσ̂
z
n+x̂,yσ̂

z
n+ŷ,xσ̂

z
n,y − ε

∑
n,i

σ̂xn,i, (3.11)

where σ̂jn,i are Pauli-j operators on links (n, i) which fulfill the commutation relations
[σ̂jn,i, σ̂

k
n′,i′ ] = iεjklσ̂

l
n,iδnn′δii′ . Here, the first term represents the magnetic field

interactions, while the term ∼ ε is the electric energy.
Analogous to the previously considered U(1) gauge fields, gauge invariance in

the evolution of the system is expressed in this model as the condition [Ĥ, Ĝn] = 0,
where

Ĝn = σ̂xn,xσ̂
x
n−x̂,xσ̂

x
n−ŷ,yσ̂

x
n,y (3.12)

are the Z2 Gauss operators. Physical states fulfill the condition Ĝn |ψ〉 = |ψ〉, which,
once enforced for the initial state, continues to hold due to the gauge invariance of
the evolution.

To investigate the entanglement properties of this gauge theory, we employ a
dual description, which we illustrate here for an infinite system following Refs. [137,
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FIGURE 3.8: Two-dimensional lattice geometry theory: The Z2 lattice gauge
theory is studied on a two dimensional torus, with entanglement cuts along
∂A, separating the system into subsystems A and B. Figure taken from [5].

138]. One defines a second set of operators

µ̂zn = σ̂zn,xσ̂
z
n+x̂,yσ̂

z
n+ŷ,xσ̂

z
n,y, (3.13a)

µ̂xn =
∏
j≥0

σ̂xn−jŷ,x, (3.13b)

where µ̂xn and µ̂zn fulfill the commutation relations {µ̂xn, µ̂zn} = 0, and [µ̂xn, µ̂
z
m] = 0

for m 6= n. Explicit computation shows that the dual operators are manifestly gauge
invariant, and their implementation results in a simplified dual Hamiltonian, which
involves only products of up to two operators, i.e.,

Ĥ = −
∑
n

µ̂zn − ε
∑
n,i

µ̂x
n−îµ̂

x
n

≡ B̂ + ĤE,x + ĤE,y, (3.14)

where we used that µ̂xnµ̂xn−ŷ = σ̂n,x, and, by employing Gauss law for the infinite
system, µ̂xnµ̂xn−x̂ = σ̂n,y. Furthermore, we defined electric energies ĤE,i and the mag-
netic energy ĤB . In Ref. [5] we present a dual description with virtual boundaries,
where the Hamiltonian involves corresponding boundary terms, which arise from
the string of operators in Eq. (3.13b) and enter the definitions of energies.

3.5.2 Non-equilibrium dynamics and approach to equilibrium

We consider numerical real-time calculation using exact diagonalization [107]. The
non-equilibrium dynamics of the Z2 gauge fields is studied on the two-dimensional
lattice with periodic boundary conditions, which results in the torus configuration
shown in Fig. 3.8. The lattice is separated into two sub-systems A and B along
the “entanglement cuts” ∂A. Here we distinguish between local observables, such
as the mean energies in the electric and magnetic sectors of the theory, and the
entanglement properties of the system. We define the entanglement Hamiltonian
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FIGURE 3.9: Non-equilibrium dynamics of the Z2 lattice gauge theory: (a)
The non-equilibrium dynamics of the entanglement spectrum approaches
thermal equilibrium. (b) The time-dependent expectation values of magnetic
and electric field energies relax after the quench, approaching approximate
thermal expectation values at late times. Figure taken from [5].

Ĥent as

ρ̂A = TrB(ρ̂) =

χ∑
n=1

Pn |ψnA〉 〈ψnA| ≡ e−Ĥent . (3.15)

Here, ρ̂ is the time-dependent density operator on the entire system, and ρ̂A its
reduced density operator on sub-system A. We used a Schmidt decomposition
into an orthogonal set of states |ψnA〉 living in A, where n counts the dimensions
of the reduced density operator up to the Schmidt rank χ. The spectrum of the
entanglement Hamiltonian is also encoded in the Schmidt coefficients Pn = e−ξn ,
which are the central objects of this section. For χ = 1 the system is in a product state
with respect to the bi-partition A/B, while the state is entangled in the cases where
χ > 1. Starting from systems with small Schmidt rank, one generally expects χ to
grow during the initial stages of the dynamics which entangles both sub-systems.

To probe the non-equilibrium dynamics quantitatively, we consider a quench
of the coupling parameter ε. We start from a randomly chosen eigenstate |ψ0〉 of
the spectrum for ε = 0.1 but subsequently evolve the system with ε = 1. During
the evolution, the ξ(t) are time-dependent parameters which encode the quantum-
chaotic evolution of the system. In Fig. 3.9 we show the entanglement spectrum as a
function of the state index n for a system with size (nAx +nBx )×ny = (3 + 5)×3. One
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FIGURE 3.10: Evolution of gap ratio: The non-equilibrium dynamics of the
average gap ratio of the entanglement spectrum approaches the expected
value for a Gaussian unitary ensemble (green dotted) compared to the values
of Gaussian orthogonal (dashed) and Poisson ensembles (blue dotted). The
inset shows the corresponding von-Neumann entanglement entropy, which
saturates on much longer time-scales. Figure adapted from [108].

observes the Schmidt rank χ to be maximized rapidly during the early evolution
t < 1/ε. For later times 1 < t/ε < 4, the evolution of the probabilities slows down
and approaches a constant distribution. The Schmidt spectrum is compared to a
thermal canonical ensemble, which is computed from the approximate thermal
state ρ̂β = e−βĤA/Tr(e−βĤA), where we neglect the inter-system coupling between
sub-systems A and B for simplicity. The corresponding entanglement spectrum
of the thermal state is shown for the temperature β = (0.30± 0.04)ε−1, which has
been extracted by matching the thermal entropy with the (saturated) entanglement
entropy of the evolution after t = 4/ε [5]. One finds that that the general shape of
the thermal distribution is approached, even for the small system sizes considered
in the numerical calculation.

Relaxation is furthermore observed in the local correlations of the system on
similar time scales. Panel b shows the non-equilibrium evolution of the mean
electric energies along direction i, 〈ĤE,i〉 as well as the magnetic field energy 〈ĤB〉,
where both quantities have been adapted to the system with size ((nAx + nBx )× ny =

(3 + 3)× 3). After the quench, the energy is rapidly re-distributed between electric
and magnetic sectors of the theory. For times t > 2/ε the system approximately
equilibrates, where it approaches a thermal state with temperature β = (0.26 ±
0.04)ε−1.

We subsequently probe the dynamics of the gauge fields for a second quench,
where the initial state is chosen as a random eigenstate of the Hamiltonian with
ε → ∞. In this limit, eigenstates of the Hamiltonian are also eigenstates of the
single-body electric field operators, thus being entirely unentangled, and χ = 1

initially. The dynamics rapidly entangles the sub-systems A and B, thus again
maximizing the Schmidt rank χ. The early stages of the entanglement dynamics are
shown in Fig. 3.10, where we display the evolution of the average gap ratio of the
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FIGURE 3.11: Self-similar dynamics: The entanglement spectrum undergoes
a regime of self-similar dynamics (left), where curves at different times collapse
for suitable scaling exponents (right, and main text), and suitably chosen
τ = ε(t− t0), where εt0 = 1.8± 0.2. Figure adapted from [108].

entanglement spectrum, i.e.,

rn =
min(δn, δn−1)

max(δn, δn−1)
, (3.16)

where δn = ξn − ξn−1 is the spacing of neighboring spectrum levels, which are
resolved into symmetry sectors with respect to the center of the algebra of field
operators in sub-system A [5]. The gap ratio exhibits level repulsion in agreement
with a Gaussian unitary ensemble on earliest time scales t ∼ 1/ε [139]. Conversely,
the corresponding entanglement entropy TrA[ρ̂Aln(ρ̂A)] indicates equilibration for
much longer times t ∼ 200/ε [140].

In Fig. 3.11 we investigate the time-dependent Schmidt coefficients during this
saturation dynamics. At late times, the Schmidt spectrum again approaches an ap-
proximately constant (equilibrium) distribution. In-between, however, for evolution
times 2/ε . t . 100/ε, the system undergoes a self-similar regime, where curves at
different times collapse onto each other when rescaled with exponents α = 0.8± 0.1

and β = 0.0± 0.1. Similar cases of self-similar dynamics are often discussed in the
context of classical turbulence for distribution functions [69, 141].
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3.6 Summary

In this chapter, we proposed a scalable implementation scheme to realize cold-
atom gauge fields in two spatial dimensions. The challenge was to engineer the
notoriously difficult magnetic field interactions, which we proposed to implement
via spin-changing collisions in an ultra-cold atomic mixture.

Our scheme was applied in two different regimes. First, we considered the non-
perturbative physics of confinement for the vacuum state of the gauge field theory,
where we demonstrated the stability of the phenomenon against small imperfections
of the implementation. Secondly, we considered the non-equilibrium dynamics of
the gauge fields for a single plaquette, which we investigated experimentally in an
ultra-cold mixture. Here, we characterized the gauge field dynamics in terms of
various non-equilibrium phenomena such as instabilities or the onset of thermaliza-
tion, which was enabled through the experimental extraction of fluctuations beyond
standard mean-field observables [23, 24, 142, 143].

Finally, we explored a different route to gauge field thermalization, by com-
puting the non-equilibrium time-evolution of the entanglement spectrum for a Z2

lattice gauge theory across bipartite entanglement cuts. The approach illustrated
the relaxation of the system, which subsequently approached corresponding quan-
tities computed from thermal density matrices. During quantum dynamics of the
system undergoes an intermediate regime where the entanglement spectrum ex-
hibits signatures of universal scaling, which is often associated with classical wave
turbulence [69, 141].
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3.A Detailed derivation of cold-atom Hamiltonian

In the following we briefly outline the derivation of the effective Hamiltonian (3.2).
We consider two species A/B of spin-1 Bose gases with field operators ψ̂s=A/B,m. For
each species, we restrict the dynamics to two hyperfine states m = 0, 1 by detuning
the m = −1 state using a magnetic field B. To engineer the electric and magnetic
terms of the gauge theory, we introduce suitable energy separations and initial
conditions to suppress unwanted processes, and couple neighboring plaquettes
with laser-assisted tunneling, see Fig. 3.1.

A mixture of ultra-cold spinor Bose gases is described by the free and interaction
Hamiltonians [120]

Ĥ0 =

ˆ
d3x

[
ψ̂†s,m

(
− ∇

2

2Ms
δmm′ + Vs,mm′(x, t)

)
ψ̂s,m′

]
(3.17a)

Ĥint =

ˆ
d3x

[
css
′

0 : n̂sn̂s′ : +css
′

1 : F̂ as F̂
a
s′ :

]
, (3.17b)

where summation over repeated indices is implied. The potential terms are sum-
marized in Vs,mm′(x, t), Ms denotes the atomic mass of species s and the colon
represents normal ordering. The density and spin operators in the interaction terms
are given by n̂s = ψ̂†s,mψ̂s,m and F̂ as = ψ̂†s,mfam,m′ψ̂s,m′ , respectively. Here the fam,m′
denote the spin-1 matrices and css

′
0 , css

′
1 are the coupling constants for the density-

and spin interactions. In a deep optical lattice, we expand the field operators in
terms of localized basis functions Φs

n(x) as ψ̂s,m(x) =
∑

n Φs
n(x)ân,m.

3.A.1 Quadratic terms

For the quadratic terms Eq. (3.17a) we hence only keep on-site or nearest neighbor
couplings. The time-independent part takes the the form

Ĥ0 =
∑
n

(
εA,m,nâ

†
n,mân,m + εB,m,nb̂

†
n,mb̂n,m

)
+

∑
n,i=x,y

(
JAâ†n,mân+î,m + JB b̂†n,mb̂n+î,m + h.c.

)
, (3.18)

where we ignored irrelevant zero-point energies. The tunneling elements JA/B are
equal in each direction and for both species. Direct tunneling is suppressed by a
linear potential in εs,m,n = Es,m(B) + ∆s

xnx + ∆s
yny, including the Zeeman energies

Es,m(B). The laser-assisted tunneling introduces time-dependent terms, where we
only keep the transitions which are driven resonantly

Ĥ0,drive =
∑
n

(
Ωxe

iωxt+iϕx â†n,0ân+ŷ,1 + Ωye
iωyt+iϕy d̂†n,0d̂n+1̂,1 + h.c.

)
, (3.19)

with respective amplitudes Ωi, phases ϕi and frequencies ωi. Here, the Ωi depend
on the nearest-neighbor overlap and the intensity of the coupling lasers. In the next
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step, we switch to the rotating frame

Ĥ0 → Ĥ ′0 = i(∂tÛ(t))Û†(t) + Û(t)Ĥ0Û†(t) , (3.20)

by performing the unitary transformation Û(t) = exp
(
iT̂ t
)

, with

T̂ =
∑
n

(
ny(∆

A
y − EZ,A(B))(â†n,0ân,0 + â†n,1ân,1)

+ nx(∆B
x − EZ,B(B))(b̂†n,0b̂n,0 + b̂†n,1b̂n,1)

)
. (3.21)

Here we defined the Zeeman splittingEZ,s(B) = Es,1(B)−Es,0(B). The transformed
quadratic Hamiltonian is given by

Ĥ ′0 =
∑
n,m

(
ε̃A,m,nâ

†
n,mân,m + Ωxe

iωxt+iϕxe−iαAtâ†n,0ân+ŷ,1 + h.c.

+ε̃B,m,nb̂
†
n,mb̂n,m + Ωye

iωyt+iϕye−iαBtb̂†n,0b̂n+x̂,1 + h.c.
)
, (3.22)

with the shorthand notations for the phase αA = ∆A
y −EZ,A(B), αB = ∆B

x −EZ,B(B)

and the transformed single-particle energies ε̃A,m,n = EA,m(B)+EZ,A(B)ny +∆A
x nx,

and ε̃B,m,n = EB,m(B) + ∆B
y ny + EZ,B(B)nx . On resonance, ωx = αA and ωy = αB ,

and dropping the fast rotating terms (rotating wave approximation) we get

Ĥ ′0 =
∑
n

(
ε̃A,1,n(â†n,1ân,1 + â†n+ŷ,0ân+ŷ,0) + ε̃B,1,n(b̂†n,1b̂n,1 + b̂†n+x̂,0b̂n+x̂,0)

+
(

Ω̃xe
iϕ̃x â†n,0ân+ŷ,1 + Ω̃ye

iϕ̃y b̂†n,0b̂n+x̂,1 + h.c.
))

. (3.23)

Here, we absorbed the phase of Ωi into ϕ̃i to obtain real amplitudes Ω̃i. The Hamil-
tonian Ĥ ′0 is diagonal in the |±〉-basis, defined by

ân,± =
ân−ŷ,0 ± exp(iϕ̃x)ân,1√

2
, (3.24a)

b̂n,± =
b̂n−x̂,0 ± exp(iϕ̃y)b̂n,1√

2
. (3.24b)

Up to an irrelevant constant it reads

Ĥ ′0 =
∑
n,±

[ (
ε̃A,1,n ± Ω̃x

)
â†n,±ân,± +

(
ε̃B,1,n ± Ω̃y

)
b̂†n,±b̂n,±

]
, (3.25)

where we sum over the |+〉- and |−〉-states. In our proposal we neglect the |−〉-states
since for proper initialization, i.e., starting with zero occupation in the |−〉-states,
they stay unpopulated. The detuning of the magnetic field interactions is set by the
difference of the Zeeman splitting for both species. The interaction can be made
resonant by tuning the magnetic field. On resonance, Ĥ ′0 is constant throughout the
dynamics and decouples.
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3.A.2 Scattering terms

Next, we focus on the scattering terms, which then become the gauge-invariant
magnetic and electric field energy terms in the Hamiltonian (3.2). In the m-basis, the
inter-species spin-changing collisions (SCC) are represented by

ĤSCC =
∑
n

(XSCCa
†
n,0an,1b

†
n,1bn,0 + h.c.) . (3.26)

Note that the SCC-term is not affected by the resonant driving but remains time-
independent. Writing this in the new basis, and dropping the contributions from
the |−〉-states, we get

ĤSCC =
XSCC

4

∑
n

(
ei(ϕ̃y−ϕ̃x)â†n+ŷ,+ân,+b̂

†
n,+b̂n+x̂,+ + h.c.

)
. (3.27)

With the definitions b̂n,+ → b̂n,y and ân,+ → b̂n,x we obtain the magnetic field energy
term in Eq. (3.2). The sign of the interaction λ is chosen positive, by phase-locking
the driving lasers. The same-species density interactions within one hyperfine state
take the form (illustrated for species A)

ĤA-A
m=0 = XA-A

0000

∑
n

a†n,0a
†
n,0an,0an,0

=
XA-A

0000

4

∑
n

b†n,xb
†
n,xbn,xbn,x , (3.28a)

ĤA-A
m=1 = XA-A

1111

∑
n

a†n,1a
†
n,1an,1an,1

=
XA-A

1111

4

∑
n

b†n,xb
†
n,xbn,xbn,x , (3.28b)

where we used an index shift in the first line. The density interactions between the
two hyperfine states of the same species read

ĤA-A
m=0,1 = XA-A

0110

∑
n

a†n,0a
†
n,1an,1an,0

=
XA-A

0110

4

∑
n

b†n+ŷ,xb
†
n,xbn,xbn+ŷ,x

=
XA-A

0110

4

∑
n

b†n,xb
†
n,xbn,xbn,x +O(as) . (3.29)

Together, these terms yield the first term of Eq. (3.2). The remaining inter-species
density interactions are given by

ĤA-B =
∑
n

(
XA-B

0000â
†
n,0ân,0b̂

†
n,0b̂n,0 +XA-B

0110â
†
n,0ân,0b̂

†
n,1b̂n,1

+XA-B
0110â

†
n,1ân,1b̂

†
n,0b̂n,0 +XA-B

1111â
†
n,1ân,1b̂

†
n,1b̂n,1

)
. (3.30)
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For the coupling constants of the scattering terms we consider same species (U s-s)

and inter-species (UA-B) overlap integrals

U s-s =

ˆ
d3x |Φs

n(x)|4, (3.31a)

UA-B =

ˆ
d3x |ΦA

n (x)|2|ΦB
n (x)|2. (3.31b)

The same-species scattering constants are given by (see also Ref. [118])

Xs-s
0000 = U s-s g

s-s
0 + 2gs-s

2

3
, Xs-s

1111 = U s-sgs-s
2 , Xs-s

0110 = 2U s-sgs-s
2 , (3.32)

where gs-s′
i = 2π~2as-s′

i /µs-s′ is linked to the corresponding scattering length as-s′
i

between atoms of species s and s′. Here, µs-s′ denotes the reduced mass and ~ is the
reduced Planck constant. Assuming approximately equal interaction strengths for
both species, we identify χ = U s-s(gs-s

0 + 11gs-s
2 )/3 which is typically positive [120].

Regarding the inter-species density interactions one finds

XA-B
0000 = UA-B g

A-B
0 + 2gA-B

2

3
, XA-B

1111 = UA-BgA-B
2 , XA-B

0110 = UA-B g
A-B
1 + gA-B

2

2
.

(3.33)
We identify δ = XA-B , where we assume XA-B = XA-B

0000 ≈ XA-B
1111 ≈ XA-B

0110, i.e.,
approximately equal scattering lengths as for the sodium-lithium mixture of Ref. [52].
This yields the second line of Eq. (3.2) in the main text. While this assumption allows
for a compact form of the unwanted inter-species density interactions, our results
do not depend on it. In the main text we assumed δ > 0 motivated by the scattering
lengths for the sodium-lithium mixture, see Ref. [52]. However, the sign of δ does
not enter our calculations at leading order. At last, the coupling of the spin-changing
collisions is given by XSCC = UA-B(gA-B

2 − gA-B
1 )/2.
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3.B Flux fields and potential

To calculate the expectation values of electric fields and the Hamiltonian in this
section, we introduce and employ the methods presented in Ref. [121].

We separate the electric field into a classical (longitudinal “L”) Coulomb field
EL and a fluctuating (transversal “T”) ’quantum field’ ÊT . The Coulomb field is
derived from the classical potential φn governed by Poisson’s equation ∇2φn = ρn,
where ∇2 is the (symmetric) lattice Laplacian and ρn denotes the external charges.
The expression for the energy presented in Fig. 3.3 is the sum of the resulting
classical Coulomb energy and a quantum correction originating from fluctuations
of ÊT . This correction of the field energy is given by a string-string and a string-
Coulomb contribution. In the following, we derive the formulae used to compute the
numerical results presented in the main chapter. We furthermore give approximate
analytical results for gauge fields and string tension in the limit of large separation
D and infinite volume, closely following Ref. [121] throughout this section.

We consider a two dimensional square lattice with nx = 0, ..., N − 1 and ny =

0, ..., N − 1, with N even. We define a Fourier transformation of a field φn, and its
inverse, as

φ̃k =
1

V

∑
nx,ny

ei
2π
N

knφn (3.34a)

φn =
∑
kx,ky

e−i
2π
N

knφ̃k . (3.34b)

The physical momenta are given by K = 2π
Nas

k, and kn = kxnx + kyny denotes
the scalar product. The integer momenta are summed over kx = −N

2 , ...,
N
2 − 1

and ky = −N
2 , ...,

N
2 − 1. In the following we will drop the tilde on the Fourier

transformed quantities. The volume is given by V = N2a2
s. For the remainder of

this section we will set the lattice spacing to unity, i.e., as = 1.
To perform explicit calculations Ref. [121] uses a dual formulation of the lattice

gauge theory. Analogous to the classical potential one defines a quantum “potential”
for the fluctuating electric field

L̂n ≡
ny∑

my=−∞
ÊTm,x, (3.35)

such that the electric field operator is given by the lattice curl ÊTn = ∇× L̂n

Ên,x = −(φn+x̂ − φn) + (L̂n − L̂n−ŷ) (3.36a)

Ên,y = −(φn+ŷ − φn)− (L̂n − L̂n−x̂) (3.36b)
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Similarly, the conjugate variable to L̂ is given by the lattice curl of the vector potential,
i.e., the magnetic field B̂n = ∇× Ân. Specifically, we have

B̂n ≡ Ân,x + Ân+x̂,y − Ân+ŷ,x − Ân,y, (3.37)

where the vector potential is the exponent of the link operator, i.e., Ûn,i = exp(ieÂn,i).
The field operators fulfill the commutation relations

[L̂n, B̂m] = iδn,m. (3.38)

With this, a dual Hamiltonian may be formulated in terms of gauge-invariant
conjugate operators

Ĥ =
1

2

∑
n

(ELn)2 +
1

2

∑
n,i

(L̂n+î − L̂n)2 − 1

e2

∑
n

(1− cos(eB̂2
n)), (3.39)

where B̂ is a periodic angular variable. Focusing on the weak coupling regime,
e2 � 1, the Hamiltonian is approximately quadratic, and we consider the trial wave
function

ψ(B) =
∏
n

( ∞∑
nn=−∞

)
e2πi

∑
m εmnmψ0(Bn − 2πnn), (3.40)

with phases 2πε determined by the configuration of external charges. The summa-
tion over 2πnn accounts for the periodicity of the magnetic fields, and

ψ0(Bm) = e−
1

2e2

∑
nmBnGnmBmδ

(∑
n

Bm

)
, (3.41)

where the δ-distribution fixes the boundary condition and G is the equal-time
propagator of the system, see also Chapter 4. Minimization of the ground state
energy yields a propagator including the mass gap µ (see Eq. (3.4)) which acts as
an infrared regulator for fluctuations and eventually yields confinement. For the
specific case of two opposite external charges, we subsequently get the expressions
for flux fields and ground state energies outlined in the following.

3.B.1 String-string contribution to the ground state energy

We compute the string-string contribution, following Eq. (4.46) of Ref. [121], by

δ〈Ĥ〉s−s =
π2 − 4

2π2g2
µ4
∑
n,m,i

Est
n,iInmE

st
m,i , (3.42)
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with interaction kernel

Inm =
1

V

∑
k

ei
2π
N

k(n−m) 1

(
√

4− 2 cos
(

2π
N kx

)
− 2 cos

(
2π
N ky

)
+ µ2

g2
)2
, (3.43)

corresponding to Eq. (4.47) of Ref. [121], and translated to our notation of momenta.
The integral kernel involves the propagator including the mass scale µ set by the
quantum fluctuations of the system. The string fields are given by

Est
n,x =

1 nx ∈ [−D
2 ,

D
2 − 1] and ny = 0

0 else
, Est

n,y = 0 , (3.44)

which ’connect’ the classical charges at positions nx,+ = −D/2 and nx,− = D/2.
Using this, we obtain the expression

δ〈Ĥ〉s−s =
π2 − 4

2π2g2
µ4

D
2
−1∑

nx,mx=−D
2

1

V

∑
k

ei
2π
N
kx(nx−mx)

× 1

(
√

4− 2 cos
(

2π
N kx

)
− 2 cos

(
2π
N ky

)
+ µ2

g2
)2
. (3.45)

Let us first calculate the spatial sums

D/2−1∑
nx=−D/2

ei
2π
N
kxnx = e−i

2π
N
kx

D
2

1− ei 2πN kxD

1− ei 2πN kx
=

sin
(

2π
N
kx
2 D
)
e−i

2π
N
kx
2

sin
(

2π
N
kx
2

) , (3.46a)

D/2−1∑
mx=−D/2

e−i
2π
N
kxmx = ei

2π
N
kx

D
2

1− e−i 2πN kxD

1− e−i 2πN kx
=

sin
(

2π
N
kx
2 D
)
ei

2π
N
kx
2

sin
(

2π
N
kx
2

) . (3.46b)

Plugging this into the above expression yields

δ〈Ĥ〉s−s =
π2 − 4

2π2g2
µ4 1

V

∑
k

sin
(

2π
N
kx
2 D
)2

sin
(

2π
N
kx
2

)2 1

(
√

4− 2 cos
(

2π
N kx

)
− 2 cos

(
2π
N ky

)
+ µ2

g2
)2
.

(3.47)

This is the formula we implement for our numerical results presented in Fig. 3.3.
To make analytical progress, let us go to infinite volume and large separations, and
employ the replacement

1

V

∑
k

f

(
2π

Nas
k

)
→ 1

(2π)2

ˆ π

−π
d2kf(k) , (3.48)

where k is a two-dimensional momentum vector. At large separations, the sine
factor sin(πkxD/N) in Eq. (3.47) is rapidly oscillating and confinement is dominated



3.B. Flux fields and potential 83

by infrared modes. We hence consider the approximation(s)

cos(ki)→ 1− k2
i

2
, (3.49a)

sin(ki)→ ki, (3.49b)
1

(2π)2

ˆ π

−π
d2kf(k)→ 1

(2π)2

ˆ ∞
−∞

d2kf(k). (3.49c)

With this, we obtain

δ〈Ĥ〉s−s ≈
π2 − 4

2π2g2
µ4

ˆ π

−π

d2k

(2π)2

sin
(
kx
2 D
)2

k2
x

4

(
√
k2
x + k2

y + µ2

g2
)2
, (3.50)

where we kept the integration boundaries at±π for now. This expression is identical
to the first line of Eq. (4.48) in Ref. [121] up to a factor of 2 in the argument of the sine
function and an overall factor π2. To compute the string tension, we differentiate
with respect to the distance D

lim
D→∞

∂

∂D
δ〈Ĥ〉s−s ≈ lim

D→∞

π2 − 4

2π2g2
µ4

ˆ ∞
−∞

d2k

(2π)2

sin(kxD)kx2
k2
x

4

(
√
k2
x + k2

y + µ2

g2
)2

≈ π2 − 4

2π2g2
µ4

ˆ ∞
−∞

d2k

(2π)2

πδ(kx)

2

4

(
√
k2
x + k2

y + µ2

g2
)2

=
π2 − 4

2π2g2
µ4 1

2π

ˆ ∞
−∞

dky
1

(
√
k2
y + µ2

g2
)2

=
π2 − 4

2π2g2

1

2π
µ4 2g2

µ2

=
π2 − 4

2π3
µ2 . (3.51)

Indeed, the mass scale µ acts as an infrared regulator which yields a finite string
tension, in other words confinement. In the second line we approximated the
infrared behavior of the integrand with the identification

lim
D→∞

sin(Dkx)

kx
→ πδ(kx) . (3.52)

Our result for the string-string energy at large separation is

δ〈H〉s−s = σD , σ =
π2 − 4

2π3
µ2 , (3.53)

up to sub-leading corrections, and σ is the string tension. Our result is by a factor 2
larger than the result of Ref. [121] in the last line of its Eq. (4.48).
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3.B.2 Coulomb interaction

Coulomb potential

The classical potential φ is given by Poisson’s equation

∇2φn = ρn . (3.54)

Note that this definition differs by a minus sign with respect to [121], which becomes
important when calculating the string-Coulomb interaction. On the lattice, the
equation reads

φn+x̂ + φn−x̂ + φn+ŷ + φn−ŷ − 4φn = (δnx,−D/2 − δnx,D/2)δny ,0 . (3.55)

For periodic boundary conditions we get the following expression in Fourier space

V = φk

[
exp

(
−2πi

N
kx

)
+ exp

(
2πi

N
kx

)
+ exp

(
−2πi

N
ky

)
+ exp

(
2πi

N
ky

)
− 4

]
= exp

(
− iπD

N
kx

)
− exp

(
iπD

N
kx

)
. (3.56)

Using the boundary condition φq=0 = 0, it can be inverted to yield

φk =
1

V

−2i sin
(
πDkx
N

)
2 cos

(
2π
N kx

)
+ 2 cos

(
2π
N ky

)
− 4

=
1

V

2i sin
(

2π
N
Dkx

2

)
4− 2 cos

(
2π
N kx

)
− 2 cos

(
2π
N ky

) . (3.57)

Transforming back to real space gives

φn =
1

V

∑
k 6=0

e−i
2π
N

kn 2i sin
(

2π
N
Dkx

2

)
4− 2 cos

(
2π
N kx

)
− 2 cos

(
2π
N ky

) , (3.58)

where we do not sum over k = 0 due to the choice of boundary condition.

Coulomb fields

The Coulomb electric fields are defined as

ELn,x = φn − φn+x̂ , (3.59a)

ELn,y = φn − φn+ŷ . (3.59b)

Plugging in the expression (3.58) yields

ELn,x =
1

V

∑
k 6=0

(
1− e−i 2πN kx

)
e−i

2π
N

kn 2i sin
(

2π
N
Dkx

2

)
4− 2 cos

(
2π
N kx

)
− 2 cos

(
2π
N ky

) , (3.60a)

ELn,y =
1

V

∑
k 6=0

(
1− e−i 2πN ky

)
e−i

2π
N

kn 2i sin
(

2π
N
Dkx

2

)
4− 2 cos

(
2π
N kx

)
− 2 cos

(
2π
N ky

) . (3.60b)
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These are the numerical expressions we compute for the data shown in the lower
panel of Fig. 3.2.

Coulomb energy

The classical Coulomb energy is defined as

HCoul. =
g2

2

∑
n

(
(ELn,x)2 + (ELn,y)

2
)
. (3.61)

Consider first the x-part

Hx
Coul. =

g2

2

∑
n

(ELn,x)2

=
g2

2

1

V 2

∑
n

∑
k 6=0

∑
k′ 6=0

(
1− e−i 2πN kx

)(
1− e−i 2πN k′x

)
e−i

2π
N

(kn+k′n)

× 2i sin
(

2π
N
Dkx

2

)
4− 2 cos

(
2π
N kx

)
− 2 cos

(
2π
N ky

) 2i sin
(

2π
N
Dk′x

2

)
4− 2 cos

(
2π
N k
′
x

)
− 2 cos

(
2π
N k
′
y

)
=
g2

2

1

V

∑
k 6=0

(
1− e−i 2πN kx

)(
1− ei 2πN kx

) 4 sin
(

2π
N
Dkx

2

)2(
4− 2 cos

(
2π
N kx

)
− 2 cos

(
2π
N ky

))2
=
g2

2

1

V

∑
k 6=0

(
2− 2 cos

(
2π

N
kx

))
4 sin

(
2π
N
Dkx

2

)2(
4− 2 cos

(
2π
N kx

)
− 2 cos

(
2π
N ky

))2 . (3.62)

Similarly, we get for the y-part

Hy
Coul. =

g2

2

∑
n

(ELn,y)
2

=
g2

2

1

V 2

∑
n

∑
k 6=0

∑
k′ 6=0

(
1− e−i 2πN ky

)(
1− e−i 2πN k′y

)
e−i

2π
N

(kn+k′n)

× 2i sin
(

2π
N
Dkx

2

)
4− 2 cos

(
2π
N kx

)
− 2 cos

(
2π
N ky

) 2i sin
(

2π
N
Dk′x

2

)
4− 2 cos

(
2π
N k
′
x

)
− 2 cos

(
2π
N k
′
y

)
=
g2

2

1

V

∑
k 6=0

(
1− e−i 2πN ky

)(
1− ei 2πN ky

) 4 sin
(

2π
N
Dkx

2

)2(
4− 2 cos

(
2π
N kx

)
− 2 cos

(
2π
N ky

))2
=
g2

2

1

V

∑
k 6=0

(
2− 2 cos

(
2π

N
ky

))
4 sin

(
2π
N
Dkx

2

)2(
4− 2 cos

(
2π
N kx

)
− 2 cos

(
2π
N ky

))2 . (3.63)

These are the formulae we implement numerically as contributions to the ground
state energy shown in Fig. 3.3.
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3.B.3 String-Coulomb contribution to the ground state energy

We also include the string-Coulomb contribution, starting from Eq. (4.46) of Ref. [121].
It reads

δ〈Ĥ〉s−c =
π2 − 4

2π2g2
µ4
∑
n,m,i

ELn,iInmE
st
m,i , (3.64)

which needs to be subtracted from δ〈Ĥ〉s−s. Again, only electric fields in x-direction
enter and one finds

δ〈Ĥ〉s−c =
π2 − 4

2π2g2
µ4
∑
n,m

1

V

∑
k 6=0

2i sin
(

2π
N
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To simplify things, let us first consider
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In summary, we get

δ〈Ĥ〉s−c =
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This is the formula we compute numerically to obtain the string-Coulomb interaction
for the ground state energy in Fig. 3.3. Again, to make analytic progress we employ
the usual approximations and limits to obtain the string-Coulomb interaction energy
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π2 − 4
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. (3.68)
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Differentiation with respect to the distance D yields
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∂
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(3.69)

Hence, we conclude that the string-Coulomb energy scales sub-linearly and becomes
unimportant for large distances, in accordance with the conclusions of Ref. [121]
and our numerical findings in Fig. 3.3.

3.B.4 Flux fields

We furthermore use the variational approach [121] as outlined above to derive the
electric field expectation value via the "quantum potential" and to compute the flux
string displayed in Fig. 3.2. We get
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(3.70)

The electric field expectation values are given by 〈Ên,y〉 = φn−φn+ŷ+〈L̂n−x̂〉−〈L̂n〉
and 〈Ên,x〉 = φn − φn+x̂ + 〈L̂n〉 − 〈L̂n−ŷ〉. Using the previous approximations, the
x-field at the center of the string can be expressed as
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for spatial coordinates |x| = |nx|as � D, y = nyas = 0 and for D →∞. From this,
we conclude the result for the field strength of the flux field stated in the main text

〈Êx,n〉 =
µ2

g2

4π

(2π)2
log

 µ2

g2
+ π
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g2
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πg2
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πg2

µ2

)
. (3.72)

The corresponding expression for 〈Êy,n〉 vanishes in this limit.
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3.C Details on the theoretical modelling of the experiment

3.C.1 Model Hamiltonian

In this section, we motivate the choice of Hamiltonian (3.7) through the microscopic
theory of F = 1 spinor Bose gases [120], see also Ref. [52] and Section 3.A. We
consider the microscopic Hamiltonian

H0 =
∑
mF

ˆ
d3x

[
ψ̂†x,mF

(
− ∇

2

2m
− µ+ VmF (x)

)
ψ̂x,mF+ : c0n̂

2
x + c1F̂

2
x :

]
, (3.73)

with atomic mass m, chemical potential µ, and scattering constants c0, c1 for local in-
teractions of density n̂x =

∑
mF

ψ̂†x,mF ψ̂x,mF and spin F̂x=
∑

mF ,m
′
F
ψ̂†x,mF fmFm′F ψ̂x,m

′
F

.

Here, ψ̂x,mF = ψ̂mF (x) are the bosonic field operators for hyperfine states mF =

−1, 0, 1 with commutation relations [ψ̂x,mF , ψ̂
†
y,m′F

] = δmFm′F δ(x − y), where f =

(fx, fy, fz) are the spin-1 matrices, and the colon represents normal ordering of
operators.

The atomic mixture combines two such Bose gases: Na and Li. They are coupled
through an interaction Hamiltonian

Ĥint = cNaLi
0 n̂Na

x n̂Li
x + cNaLi

1 F̂Na
x · F̂Li

x , (3.74)

such that the total Hamiltonian reads

ĤNaLi = ĤNa,0 + ĤLi,0 + Ĥint . (3.75)

In the experiment the atoms are strongly confined in a crossed optical dipole trap,
i.e., they are tightly bound by optical potentials to suppress spatial dynamics in the
gas. The system may effectively be described by a model with a single spatial mode
for each magnetic substate. Detuning the mF = −1 subspace from the dynamics,
the free quadratic part of the resulting effective Hamiltonian reads

ĤNaLi,0 =
∑

a,mF=0,1

εa,mF b̂
†
a,mF

b̂a,mF , (3.76)

wheremF sums are restricted to 0 and 1 in the following. The single-particle energies
εa,mF are set by the trapping frequencies, external fields, fluctuations of spatial
modes and we absorb further terms which arise from reordering the interaction
operators. For fixed total atom numbers and magnetization, it may be expressed in
a rotating frame as

ĤNaLi,0 =
∆̃

2

∑
mF

(−1)mF b̂†Li,mF
b̂Li,mF = ∆̃L̂Li,z. (3.77)
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In this approximation, the interaction Hamiltonian is given by

Ĥint =
∑
a,mF

χa,mF N̂
2
a,mF

+ χNaLi(N̂Na,0 − N̂Na,1)(N̂Li,0 − N̂Li,1)

+ λ
(
b̂†Na,0b̂

†
Li,1b̂Na,1b̂Li,0 + h.c.

)
, (3.78)

and all other combinations of operators have been absorbed into single-particle
couplings. The effective interaction constants involve experimental details such as
the scattering lengths, the atomic masses, magnetic fields and the spatial overlap of
the condensates. We simplify the expression by using

χa,mF N̂
2
a,mF

= χa,mF

(
M̂a

2
+ (−1)mF L̂a,z

)2

= χa,mF

(
N̂2
a

4
+ L̂2

a,z + (−1)mF N̂aL̂a,z

)
. (3.79)

By collecting all terms, assuming conservation of total atom numbers and magneti-
zation during the dynamics, and dropping irrelevant constants, we may write the
Hamiltonian as in Eq. (3.7) with the identifications

∆ = ∆̃ + 4χNaLiM̂ + 2M̂(χLi,0 + χLi,1) + (χLi,0 − χLi,1)N̂Li − (χNa,0 − χNa,1)N̂Na,

χ = χNa,0 + χNa,1 + χLi,0 + χLi,1 − 4χNaLi. (3.80)

For the chosen initial states, the magnetization is set by L̂Na,z(t0)−N̂Li/2. Neglecting
fluctuations of the Li atom number in the model parameters,NLi = 〈N̂Li〉 is absorbed
into the parameters, and we get

∆ = ∆0 + 2∆LL̂Na,z(t0) + ∆N N̂Na, (3.81)

where, specifically, we defined

∆L = 2χNaLi + (χLi,0 + χLi,1) , (3.82a)

∆0 = ∆̃−∆LNLi , (3.82b)

∆N = χNa,1 − χNa,0 . (3.82c)

In our numerical calculations we consider ∆ including fluctuations of L̂Na,z(t0), and
N̂Na in the initial state as given in (3.81)

3.C.2 Model parameters

In this section, we determine the coupling parameters entering our model in the
Hamiltonian given by Eq. (3.7). To achieve this, we post-select the experimental
data to analyze the dependence of model parameters on the number of Na atoms in
the atomic cloud. We assume that the atom number of Na has a relatively bigger
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impact on the parameters compared to Li, as it is significantly higher, and hence we
only consider atom number fluctuations of Na in this section. We focus our analysis
on the data-set used in Fig. 3.6.

For the considered data set we measured the atom number of Na at t = 30ms as
NNa = (376.5 ± 20.4) × 103, where the atom number fluctuation σ = 20.4 × 103 is
the standard deviation of the distribution of all experimental realizations. We split
the data set into six “bands” of different mean atom numbers but fixed width set by
σ/2, and selectively extract the lithium imbalance values ηLi. We then fit numerical
calculations to the data to extract parameters for the different total atom numbers.

We extract the atom number dependence of parameters by fitting the data
to a mean-field calculation of our model. As shown in Fig. 3.5, the observed Li
imbalance at evolution time t = 30ms is an estimate for stationary states at late
times. Using this reasoning, we extract an estimate for our model parameters by
fitting the data to the numerical calculation at t = 150ms with a damping rate
γ = 2.2 × 10−3Hz. For example, two such fits corresponding to the mean atom
numbers N̄Na = 397× 103 and N̄Na = 346× 103 are shown in Fig. 3.12a. Matching
the resonance requires a fine-tuning of χ and ∆. In Fig. 3.12 we show parameter
sets obtained from these fits. Panel b indicates that χ and ∆L are approximately
equal on the percentage level. Further, both the ratio ∆L/χ as well as the rate of
the spin-changing collisions only weakly depend on the Na atom number N̄Na

in the considered range, while χ and ∆L show a stronger dependence. From the
procedure explained above, we obtain λ/2π = 2.038× 10−5Hz, χ/2π = 0.0092Hz,
∆L/2π = 0.00941Hz, ∆N/2π = −1.298× 10−4Hz and ∆0/2π = 43.30Hz, by fitting
the values in Fig. 3.12 with our model parameters. The similar values ∆L ≈ χ as well
as the relatively smaller ∆N � χ suggest that the dynamics of density interactions
are dominated by the Li scattering constants χLi,mF

.
We use these parameters as a starting point to match both the mean and fluc-

tuation data for both Fig. 3.5 and Fig. 3.6, and obtain λ/2π = 1.8× 105Hz, χ/2π =

0.00943Hz, ∆L/2π = 0.00961Hz, ∆0/2π = −73.81Hz, ∆N/2π = 2.108 × 10−4Hz,
and γ = 1.8× 10−3Hz.

3.C.3 Numerical evolution

In our numerical real-time calculations we compute the classical evolution equa-
tions for an ensemble of initial states. The ensemble is characterized by Gaussian
distributions of total atom numbers and magnetization. For the distribution of
atom numbers we use the respectively measured mean values and standard de-
viations as NNa = (313.2 ± 18.3) × 103, NLi = (34.6 ± 3.2) × 103 for Fig. 3.5, and
NNa = (376.5 ± 20.4) × 103, NLi = (29.0 ± 2.3) × 103 for Fig. 3.6. Further, we first
consider the atoms in their respective |F = 1,mF = 1〉 state as also prepared in the
experiments. Here, we take into account the (Gaussian) quantum fluctuations via
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FIGURE 3.12: Model parameters: (a, b) We fit the data with the simulation
result for t = 150ms (dashed) for two different mean Na atom numbers N̄Na

(as a comparison we also show the numerical result for t = 30ms (solid)). (c-f)
The parameters we obtain from fitting six different mean atom numbers are
fitted to the model parameters. Figure taken from [7].

the following distributions of the (classical) boson variables

〈ba,i〉 = 〈b∗a,i〉 = 0 , 〈b∗a,iba,i〉 = Ña,i +
1

2
, (3.83)

where Ña,i are given by ÑNa,1 = NNa, ÑLi,1 = NLi, and ÑNa,0 = NLi,0 = 0, with Na

being the total atom numbers in each realization for the two species. Subsequently,
we simulate the initial state preparation with the (classical) Hamiltonian

Hprep = −iΩ(b∗Na,0bNa,1 − c.c.), (3.84)

where c.c. denotes complex conjugation. To prepare the initial state, we apply the
Hamiltonian Hprep for a time duration of tprep/~ = 2πη̄Na(t0)/Ω.

For the curves shown in Fig. 3.5 and Fig. 3.6, we average the dynamics over 100
realizations of the above procedure. During the simulation of the system evolution,
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we evolve the coupled spins with their classical equations of motion given by

∂tLLi,x = 2λLLi,zLNa,y + γLLi,xLNa,z, (3.85a)

∂tLLi,y = −2λLLi,zLNa,x + γLLi,yLNa,z, (3.85b)

∂tLLi,z = 2λ(LLi,yLNa,x − LLi,xLNa,y)− γ(L2
Li,x + L2

Li,y), (3.85c)

∂tLNa,x = (−2χLNa,z + ∆)LNa,y + 2λLNa,zLLi,y − γLLi,xLLi,z, (3.85d)

∂tLNa,y = (2χLNa,z −∆)LNa,x − 2λLNa,zLLi,x − γLLi,yLLi,z, (3.85e)

∂tLNa,z = 2λ(LNa,xLLi,x − LLi,yLNa,x) + γ(L2
Li,x + L2

Li,y), (3.85f)

including the coherent evolution and the phenomenological damping with rate γ.
Here, we transformed the equations into a rotating frame to reduce numerical cost.

The sketches of the dynamics of mean imbalance and fluctuations in Fig. 3.4
were plotted for the same parameters but with mean value and standard deviation
of total atom numbers taken from the data of Fig. 3.6. The initial Na imbalance
values are η̄Na(t0) = 0.15, 0.2, 0.5 from left to right.

3.C.4 Thermal ensemble

We compare the data against a thermal ensemble with temperature T = 630(20)nK,
as extracted from TOF-measurements [144]. Specifically, we compute observables Ô
in the canonical ensemble as

〈Ô〉 =
1

Z
Tr
(
ÔP̂Me−βĤ

)
, (3.86)

where Z = Tr
(
P̂Mexp(−βĤ)

)
is the canonical partition sum. Here, we focus on the

gauge-invariant ensemble with fixed total magnetization M̂ . As our system evolves
at high energies, we consider the classical thermal limit in the following, which is
valid for high temperatures. We compute the classical partition function as

Zcl =
[ ∏
a,mF

ˆ
dba,mF db∗a,mF

]
e−βH({ba,mF }), (3.87)

where H is the Wigner-Weyl transform of the system Hamiltonian ĤNaLi [142]. For
fixed total atom numbers and magnetization, we consider the following Hamiltonian
in the classical limit

H = χL2
Na,z + ∆LLi,z + 2λ(LNa,xLLi,x + LNa,yLLi,y), (3.88)

where La,± = La,x ± iLa,y. The integral can be transformed to the coordinates

Zcl = N
ˆ

dsdφ e−βH(s,φ), (3.89)
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where N is an (unimportant) normalization, and s, φ are the two remaining degrees
of freedom of the classical system after using the conservation of magnetization, par-
ticle number and integrating out irrelevant absolute phases. Physically, φ represents
the relative azimuthal angle between both spins and s = 2ηLi − 1 is the normalized
z component of lithium. In this representation, the Hamiltonian is given by

H(s, φ) = χ`2Lis
2 + (∆− 2Mχ)`Lis

+ 2λ`Li`Na

√
1− s2

√
1− (M − `Lis)2

`2Na

cos(φ), (3.90)

where we defined the spin lengths `a = Na/2. To derive Eq. (3.90), we used

La,x =
√
Na,0Na,1 cos(φa), (3.91a)

La,y =
√
Na,0Na,1 sin(φa), (3.91b)

La,z =
Na,0 −Na,1

2
, (3.91c)

where φa are the relative phases between the magnetic substates for each species.
We then set sa = (Na,0 −Na,1)/(Na,0 +Na,1), and used

N0,aN1,a =

(
Na

2
+ Lz,a

)(
Na

2
− Lz,a

)
(3.92)

=

(
Na

2

)2

− L2
z,a (3.93)

= `2a(1− s2
a), (3.94)

which allowed us to rewrite the interaction term as

LNa,xLLi,x + LNa,yLLi,y

= `Li`Na

√
1− s2

Na

√
1− s2

Li × (cos(φNa) cos(φLi) + sin(φNa) sin(φLi))

= `Li`Na

√
1− s2

Na

√
1− s2 cos(φNa − φLi) . (3.95)

Eq. (3.90) is obtained by further using M = `Lis+ `NasNa and defining the relative
phase φ = φNa − φLi while integrating out the absolute phase φNa + φLi.

Observables are subsequently obtained by numerical integration of the partition
sum. For instance, for the expectation value of the lithium z-spin, we get

〈LLi,z〉 =

ˆ
dsdφ `Lise

−βH(s,φ) , (3.96)

and its fluctuations are computed as

〈L2
Li,z〉 =

ˆ
dsdφ `2Lis

2e−βH(s,φ) . (3.97)
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In the main text we show connected moments, which are defined as the correspond-
ing variance

σ2
LLi,z

= 〈L2
Li,z〉 − 〈LLi,z〉2. (3.98)

Besides the thermal fluctuations represented by this partition sum, we average the
results over 20 realizations of Gaussian atom number fluctuations for Na and Li
with NNa = (313.2 ± 18.3) × 103, NLi = (34.6 ± 3.2) × 103 for Fig. 3.5 and NNa =

(376.5± 20.4)× 103, NLi = (29.0± 2.3)× 103 for Fig. 3.6, where the values are mean
and standard deviation of the measured overall atom number distributions. In our
numerical evaluation of corresponding integrals for mean values and fluctuations
of the ensemble, we discretize the integration domain from φ ∈ [0, 2π) in 60 evenly
spaced intervals and similarly for s ∈ [−1, smax) in 150 intervals, where we chose
a cutoff smax = 0.4. We checked the insensitivity of our results to these choices by
varying the cutoff and the number of intervals.

3.C.5 Effective potentials

In this section we give a more detailed explanation of the effective potentials for
mean fields as shown in the main text, see also [110]. Starting from the model Hamil-
tonian, the coherent evolution equation relevant for early times are given by the
classical equations of motion ∂tLLi = {H,LLi}, where {·, ·} denote the fundamental
Poisson brackets with {La,i, Lb,j} = εijkδabLa,k. Using the conservation of energy
(H), magnetization (M ), and total atom numbers (NNa, NLi) the evolution may be
expressed as

∂2
t LLi,z = −∂V (LLi,z)

∂LLi,z
, (3.99)

where V is a quartic potential V (x) =
∑4

i=1 cix
i/i and the coefficients ci are given

by

c1 = (2χM −∆)(H − χM2)− λ2MNLi, (3.100a)

c2 = (2χM −∆)2 + 2χ(χM2 −H) + λ2(N2
Na +N2

Li − 4M2), (3.100b)

c3 = −3χ(2χM −∆) + 12λ2M, (3.100c)

c4 = 2χ2 − 8λ2. (3.100d)

Straightforward rescaling with the total atom number of Li yields the equations in
the main text. In Fig. 3.13 we show the normalized potentials V (x)/|V (−1)| for the
imbalance values η̄Na(t0) = 0.15, 0.2, 0.5. In Fig. 3.4 these potentials are drawn (from
left to right) with arbitrary units on the y-axis.
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FIGURE 3.13: Effective mean-field potentials: We show the effective mean-
field potential for η̄Li for the values η̄Na(t0) = 0.15, 0.2, and 0.5. Figure taken
from [7].

3.C.6 Identification with QED and gauge field instability

In this section, we numerically investigate the real-time dynamics of a quantum
simulator in the minimal case of a unit plaquette of the QED field theory. We demon-
strate the phenomenon of a non-equilibrium instability for this model, and illustrate
how the quantum simulator would approach the QED result with increasing atom
number. As an experimental signature, we discuss growth rates of the electric field
evolution for mean field and two-point functions. We furthermore comment on the
identification of observables in the quantum simulator. The four-mode system is
illustrated in Fig. 3.14.

̂Ei, Ûi

y

x
i = 1

i = 2

i = 3

i = 4

Q1 Q2

FIGURE 3.14: Single plaquette of the lattice gauge theory: We establish the
non-perturbative dynamics of electromagnetic fields for the simplest case of a
single plaquette.

The Hamiltonian for this unit building block of the two dimensional lattice field
theory reads

Ĥ =
g2

2

4∑
i=1

Ê2
i −

1

2g2

(
Û1Û2Û

†
3 Û
†
4 + h.c.

)
, (3.101)
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where the (dimensionless) operators fulfill the gauge field commutation relations
[Êi, Ûj ] = Ûjδij

4. For the four links of the model there are four associated Gauss
operators

Ĝ1 = Ê1 + Ê4 −Q1, (3.102a)

Ĝ2 = Ê2 − Ê1 −Q2, (3.102b)

Ĝ3 = −Ê2 − Ê3 −Q3, (3.102c)

Ĝ4 = Ê3 − Ê4 −Q4, (3.102d)

with classical charges which we choose to be zero here, Qi = 0. To simulate the
real-time dynamics of the gauge fields we compute the operator evolution equations
via the Heisenberg equation i∂tÔ = [Ô, Ĥ], see the following section 3.C.7 for
details. We first solve the dynamics in a classical mean-field approximation which
is expected to hold for small couplings and large occupations or mean fields5. The
non-equilibrium evolution starts from the initial conditions

〈Ê1(t0)〉 = E0, (3.103a)

〈Ê2(t0)〉 = −E0, (3.103b)

〈Ê3(t0)〉 = E0, (3.103c)

〈Ê4(t0)〉 = −E0, (3.103d)

〈B̂(t0)〉 = −π, (3.103e)

with E0 = 4 and at first we neglect initial (co-)variances. Here, we introduced the
magnetic field variable of the present system, B̂ = φ̂1 + φ̂2 − φ̂3 − φ̂4. It is the single
physical combination of the gauge field potentials φ̂i (where Ûi = exp[iφ̂i]), which is
a direct consequence of gauge-invariance.

The resulting evolution of the electric field at link i = 1, as well as the magnetic
field are shown in Fig. 3.15 for the coupling value g2 = 0.01. The initial dynamics is
characterized by an exponential growth of the electric field value, which is followed
by periodic oscillations. Conversely, the magnetic field increases monotonically,
with branch cuts whenever it reaches the value 〈B̂〉 = π. The instability can be
understood as a “rolling down” of the mean field variable, which initially evolves
in the negatively curved region of a one-dimensional periodic potential. To derive
the growth rate in the linear growth regime, we apply the duality, which we outline
in the appendix 3.B for the field theory, to the single plaquette [121]. We define
the operator L̂ = (Ê1 + Ê2 − Ê3 − Ê4)/4 which fulfills the commutation relations
[L̂, B̂] = i, i.e., the electric field potential L̂ is conjugate to the magnetic field B̂.
Using the Gauss operators for the charge-neutral sector (Qi = 0) we identify the
electric field operators as Ê1 = Ê2 = −Ê3 = −Ê4, such that the dual Hamiltonian

4Compared to 3.1, we made the Hamiltonian dimensionless by multiplying with the length scale
as.

5The applicability is justified since the system quickly evolves toward large mean field values.
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FIGURE 3.15: Gauge field instability in a single plaquette: We compare the
classical evolution of QED gauge fields and ultra-cold atoms for different
values of atom number offsets n̄. The exponential growth is indicated by the
dashed line.

reads

Ĥ = 2g2L̂2 − 1

g2
cos(B̂). (3.104)

The corresponding operator evolution equations are given by

∂tB̂ = −4g2L̂ , ∂tL̂ = − 1

g2
sin
(
B̂
)
, (3.105)

and they encode the non-linear evolution of the gauge fields. At early times, where
〈B̂〉 ≈ −π, we may expand sin(B̂) ≈ B̂ + π and thus approximate Eq. (3.105) with
linear evolution equations which are exact at the classical level, i.e.,

∂2
tB = 4(B + π). (3.106)

Solutions are given by

B(t) ∝ A1e
γt +A2e

−γt + 2πA3t
2, L(t) = −∂tB(t)

4g2
, (3.107)

where B = 〈B̂〉, and L = 〈L̂〉 denote the gauge field mean values, the constants Ai
are fixed by the initial conditions, and γ2 = 4. The growing mode quickly dominates,
and thus leads to the exponential growth observed in Fig. 3.15, until higher-order
terms become relevant and the linearization breaks down.

The proposed cold-atom Hamiltonian for the single plaquette (c.f. Eq. (3.2) with
δ = 0 for simplicity) is given by

Ĥ =
χ

2

4∑
i=1

b̂†i b̂
†
i b̂ib̂i − λ

(
b̂†1b̂
†
2b̂3b̂4 + h.c.

)
, (3.108)

with coupling constants χ, λ representing density self-interactions and spin-changing
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FIGURE 3.16: Growth of mean field and fluctuations: We compare the
classical-statistical evolution of mean electric fields 〈Ê(t)〉 and correlations
〈Ê2(t)〉 − 〈Ê(t)〉2 for QED and ultra-cold atoms with different values of atom
number offsets n̄. The dotted line indicates twice the growth with rate com-
pared to Fig. 3.15.

collisions of the atoms respectively. To approximate QED, we identify the couplings
as χ = g2 and λ = 1/(n̄2g2).

As outlined in Chapter 1, we expect the atoms’ dynamics to converge to QED
for sufficiently large n̄� 1, thus working in the limit of Bose-Einstein condensates
rather than individual atoms. This allows us to investigate the convergence toward
continuous variable gauge fields (as realized in QED) for the above non-equilibrium
dynamics. We employ the corresponding classical limit for the atomic condensates,
where annihilation and creation operators are effectively replaced with complex
numbers, see the next Section 3.C.7 for the detailed classical evolution equations.
The atoms are initiated with mean atom number b∗i bi = n̄ and a relative phase
φ1 + φ2 − φ3 − φ4 = ±π. By choosing these initial conditions, the atoms are effec-
tively quenched out-of-equilibrium, thus initiating their dynamics. We show the
subsequent dynamics in Fig. 3.15 for various values of n̄. The controlled approach to
the QED evolution, as specified by Eq. (3.101), is demonstrated in the limit n̄→∞.
Here, we defined the electric field in the quantum simulator as Ê = b̂†i b̂i − n̂ as
outlined in Chapter 1. Conversely, the magnetic field represents the relative phases
of the condensates. Both quantities are accessible with current technology [23].

To go beyond the mean-field dynamics and investigate the evolution of correla-
tion functions, we employ a classical-statistical approach next [131, 145, 146]. Here,
we consider the same classical evolution equations but average the dynamics over
Gaussian initial conditions to account for quantum fluctuations. In analogy with
vacuum initial conditions in field theories, where initial fluctuations are described
by the “quantum 1/2”, we choose the initial conditions as 〈L̂2〉 = 1/2, for the gauge
fields and correspondingly (1/2)〈{b̂†i , b̂i}〉 = n̄+ 1/2 for the ultra-cold condensates.
In Fig. 3.16 we show the classical-statistical evolution of the two-point function of
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the electric field

C(t) = 〈Ê(t)2〉 − 〈Ê(t)〉2, (3.109)

where we compare the ultra-cold condensates for several values of n̄ with QED. We
find the two-point function to exhibit exponential growth at early times with twice
the growth rate, i.e., C(t) ∝ exp(2γt).

Gauge field theory

The instability extends to the gauge field theory, as described by the Hamiltonian
Eq. (3.1). In its dual form (see Eq. (3.39)), and for fixed external charges, it may be
written as

Ĥ =
g2

2

∑
n,i

(L̂n+î − L̂n)2 − 1

g2

∑
n

(1− cos(B̂2
n)). (3.110)

For the initial condition of a homogeneous magnetic field with 〈B̂n〉 ≈ π and weak
coupling, we may approximately write for early times

Ĥ =
g2

2

∑
n,i

(L̂n+î − L̂n)2 − 1

2g2

∑
n

B̂2
n, (3.111)

where we dropped an irrelevant constant. Rewriting the expression in Fourier space
yields

Ĥ = 2g2
∑
q,i

sin2(2qi)L̂
2
q −

1

2g2

∑
q

B̂2
q. (3.112)

The resulting Hamiltonian describes a collection of Fourier modes q, each following
the same evolution equations as the previously considered single plaquette degrees
of freedom, but with momentum dependent growth rate, i.e.,

γq ∝
∣∣∣√sin2(2qx) + sin2(2qy)

∣∣∣. (3.113)

3.C.7 Evolution equations of gauge fields

In this section, we give further details on the numerical calculations presented in
the previous Section 3.C.6.

Evolution equations

The numerical calculations are performed in the classical-statistical approxima-
tion [131, 145, 147]. For the case of small couplings and highly occupied one- or
two-point functions, the dynamics is well-described by the following procedure: We
compute the dynamics with classical (mean-field) evolution equations and average
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a series of simulation runs over an ensemble of initial conditions specified by the
quantum two-point functions of an initial Gaussian density matrix.

The operator evolution equations for the four-mode single plaquette dynam-
ics are given by the Heisenberg operator equation i∂tÔ = [Ô, Ĥ], with Hamilto-
nian (3.101),

i∂tÊ1 = − 1

2g2
(Û1Û2Û

†
3 Û
†
4 − Û †1 Û †2 Û3Û4), (3.114a)

i∂tÊ2 = − 1

2g2
(Û1Û2Û

†
3 Û
†
4 − Û †1 Û †2 Û3Û4), (3.114b)

i∂tÊ3 = +
1

2g2
(Û1Û2Û

†
3 Û
†
4 − Û †1 Û †2 Û3Û4), (3.114c)

i∂tÊ4 = +
1

2g2
(Û1Û2Û

†
3 Û
†
4 − Û †1 Û †2 Û3Û4), (3.114d)

i∂tÛ1 = −g
2

2

{
Ê1, Û1

}
, (3.114e)

i∂tÛ2 = −g
2

2

{
Ê2, Û2

}
, (3.114f)

i∂tÛ3 = −g
2

2

{
Ê3, Û3

}
, (3.114g)

i∂tÛ4 = −g
2

2

{
Ê4, Û4

}
, (3.114h)

where {·, ·} denotes the anti-commutator. In the classical-statistical approxima-
tion the operator valued fields are “replaced" with classical variables and the anti-
commutators become

{
Êi, Ûi

}
→ 2EiUi.

The corresponding evolution equations of the ultra-cold atoms described by the
Hamiltonian (3.108) are given by

i∂tb̂1 = χ(b̂†1b̂1 − n̄)b̂1 − λb̂3b̂†2b̂4, (3.115a)

i∂tb̂2 = χ(b̂†2b̂2 − n̄)b̂2 − λb̂†1b̂3b̂4, (3.115b)

i∂tb̂3 = χ(b̂†3b̂3 − n̄)b̂3 − λb̂1b̂†4b̂2, (3.115c)

i∂tb̂4 = χ(b̂†4b̂4 − n̄)b̂4 − λb̂1b̂†3b̂2, (3.115d)

where we switched to a rotating frame to reduce the amount of required evolution
steps and thus save computational costs. For the classical-statistical approximation,
we again replace observables with their mean values after symmetrically ordering
the expression [131]. We get

i∂tb1 = χ(b∗1b1 − (n̄+ 1))b1 − λb3b∗2b4, (3.116a)

i∂tb2 = χ(b∗2b2 − (n̄+ 1))b2 − λb∗1b3b4, (3.116b)

i∂tb3 = χ(b∗3b3 − (n̄+ 1))b3 − λb1b∗4b2, (3.116c)

i∂tb4 = χ(b∗4b4 − (n̄+ 1))b4 − λb1b∗3b2, (3.116d)
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We solve the dynamics using a numerical Runge-Kutta scheme with relative toler-
ance 10−8.

Initial conditions

To employ the classical-statistical approximation, we consider an average over
Gaussian initial state distributions involving one-point and connected two-point
functions. In analogy with vacuum initial conditions in QED we set the initial
two-point functions to

〈L〉 = 0, (3.117a)

〈L2〉 =
1

2
. (3.117b)

Correspondingly, for the ultra-cold condensates we choose the set-up

〈bi〉 = 0, (3.118a)

〈b∗i bi〉 = n̄+
1

2
. (3.118b)

to represent the quantum initial conditions. While these initial conditions lead to an
average over different external charge sectors for the ultra-cold atoms, this detail can
be addressed with an appropriate initial state preparation using Fock states, rather
than coherent states. Also, the influence of this aspect on the dynamics quickly
becomes negligible once fluctuations become large during the instability dynamics.
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Chapter 4

Equal-time approach to quantum
field dynamics

The contents of this chapter have been published in the following article:

• R. Ott, T. V. Zache, and J. Berges, “Equal-time approach to real-time dynamics
of quantum fields”, arXiv preprint arXiv:2204.06463 (2022), see [6].

I performed the analytical calculations, and prepared the main text and figures
in collaboration with the co-authors.

Large parts of the text as well as figures are taken from this publication. Parts of the
calculations were previously presented in the doctoral thesis of T. V. Zache [110].

4.1 Motivation and Overview

Ultra-cold atom measurements are typically done at snapshots in time with the
important ability to extract equal-time correlations to high orders [23, 24]. Equal-
time correlations are highly suitable for the description of non-equilibrium systems,
similar in spirit – but not limited to – kinetic descriptions in terms of single-time
distributions. However, in contrast to these time-local approaches the conventional
formulation of non-equilibrium quantum field theory is based on the closed-time-
path contour [148–150] involving multiple-time correlations, which are difficult
to access experimentally. In particular, standard derivations of effective kinetic
descriptions from quantum field theory start from non-local equations in time which
become time-local only after a series of approximations [146, 151].

In this chapter we derive effective kinetic theories for an ultra-cold Bose gas
starting from an equal-time formulation of quantum field theory [142, 143, 152].
The central quantity is the time-dependent quantum effective action Γt, which
contains the same information as the density operator at time t, but is expressed
in terms of equal-time correlations. From the functional evolution equation for
Γt [152] we derive evolution equations for equal-time vertices, which may be directly
extracted from quantum simulation results as pioneered in Refs. [142, 143]. Here
we demonstrate that the two- and four-point correlation functions at equal times
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contain the complete information for the derivation of effective kinetic equations for
time-dependent distribution functions fp(t)

∂tfp(t) =

ˆ
q,r,s
|Tpqrs(t)|2

(
(fp(t) + 1)(fq(t) + 1)fr(t)fs(t)

− fp(t)fq(t)(fr(t) + 1)(fs(t) + 1)
)
, (4.1)

which shows characteristic “gain” and “loss” terms describing (in this case) 2↔ 2

scattering into and out of the momentum mode p with matrix element |Tpqrs(t)|2.
We first compute the dynamics of the Bose gas using a perturbative expansion

in the small interaction strength g � 1 in section 4.4, where (4.1) reduces to the
Boltzmann equation describing a dilute medium with occupancy fp � O(1/g) such
that particles stream freely in between individual scatterings. In this simplest case
one finds from the (irreducible part) of the equal-time four-point function a time-
and momentum-independent matrix element |Tpqrs(t)|2 = g2/2(2π)3δ(p+ q − r −
s)(2π)δ(∆ωpqrs), where ∆ωpqrs = ωp + ωq − ωr − ωs is the single-particle energy
difference of in- and out-going particles. Therefore, one recovers that the scattering
rate is given by the asymptotic T-matrix elements |Tpqrs|2 in vacuum in this case.

In section 4.5 a non-perturbative approximation scheme is considered, where
we employ an expansion in the number of field components N . At next-to-leading
order in the large-N expansion we again recover an effective kinetic equation of the
form (4.1), however, in this case with a time- and momentum-dependent |Tpqrs(t)|2.
We demonstrate that the latter is also fully determined by the irreducible part of the
equal-time four-point function, which implements a geometric series resummation
of the distribution fp(t) itself such that one obtains a closed equation for the time
evolution. The importance of the large-N kinetic theory is that it can describe also
strongly correlated systems with non-perturbatively high occupancies [153].

While these results establish a direct link between equal-time correlations and
typical observables underlying effective kinetic theories, the exact quantum evo-
lution equations we derive from the equal-time effective action are not limited to
kinetic theory approximations. In section 4.6 we discuss an experimental protocol of
how the exact equations could be established in quantum simulations with ultra-
cold atom platforms, extending the procedures of Refs. [142, 143] to the Bose fields
appearing in the defining Hamiltonian.



4.2. Correlations in a Bose gas 105

4.2 Correlations in a Bose gas

In our computations, we consider an N -component non-relativistic scalar field
theory with Hamiltonian

Ĥ =

ˆ
x

[∇Ψ̂†x∇Ψ̂x

2m
− µΨ̂†xΨ̂x +

g

4N
: (Ψ̂†xΨ̂x)2 :

]
. (4.2)

Here Ψ̂x = (ψ̂x,1, ..., ψ̂x,N ) is the N -component field operator at spatial position
x, g is the scattering constant, m denotes the mass of the atoms, µ represents the
chemical potential and the colons indicate normal ordering of operators. The field
operators fulfill canonical commutation relations [ψ̂x,i, ψ̂

†
y,j ] = δ(x− y)δij , where we

employ natural units with setting ~ = 1. Here and in the following, we use short-
hand notations for integrals over spatial coordinates

´
x =
´∞
−∞ d3x and momenta´

k =
´∞
−∞ d3k/(2π)3. We focus on three spatial dimensions where Eq. (4.2) may be

considered as a low-energy effective theory for ultra-cold Bose gases with a U(N)

symmetry.
We define a generating functional for equal-time correlations as [152]

Zt[J
(∗)] = Tr

(
ρ̂te
´
x(Ψ̂†xJx+J∗xΨ̂x)

)
, (4.3)

where ρ̂t denotes the time-dependent density operator and J
(∗)
x = (J

(∗)
x,1 , ..., J

(∗)
x,N )

are the N -component source fields. The generating functional contains the same
information as the t-dependent density operator and fully describes the underlying
quantum system at time t. With this representation the system is completely charac-
terized by its set of equal-time correlations and its evolution is determined by the
Hamiltonian of the theory. Repeated differentiation with respect to the sources, and
evaluation for vanishing sources, yields symmetrically ordered correlation functions

G(n)
α1..αj ,αj+1..αn(t) =

1

Zt[J(∗)]

δ

δJ∗α1

· · · δ

δJ∗αj

δ

δJαj+1

· · · δ

δJαn
Zt[J

(∗)]
∣∣∣
J,J∗=0

, (4.4)

where we abbreviated the spatial and component indices as αi, e.g. α1 = (x1, i1).
According to (4.4) we associate fields ψ̂ with the indices to the left (here α1 · · ·αj),
and conjugate fields ψ̂† with the rightmost indices (αj+1 · · ·αn). Throughout this
chapter we consider the case of U(N) invariant correlations in the non-relativistic
theory. By choosing a U(N) invariant initial state the symmetry is preserved for the
dynamics with Hamiltonian (4.2). As a consequence, all non-vanishing correlation
functions involve an equal number of field and conjugate field operators. Specifically,
this yields one type of two-point function which is given by

G(2)
α1,α2

(t) =
1

2
〈{ψ̂x1,i1 , ψ̂†x2,i2}〉t , (4.5)
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FIGURE 4.1: Connected correlation functions from irreducible building
blocks: We show the diagrammatic contributions to the 1PI connected six-
point function (Gc,(6)). The first term involves a 1PI six-vertex, the second is
assembled from two four-vertices. Field indices and permutations of external
legs are implied and the number of in- and outgoing arrows is conserved due
to U(N) invariance. For details, see also appendix 4.B. Figure taken from [6].

where {·, ·} denotes the anti-commutator of operators, and the expectation value is
given by the trace with respect to the density operator at time t.

In general, we distinguish between connected and disconnected correlation
functions. Connected correlation functions (superscript “c”) are obtained by differ-
entiating with respect to the equal-time Schwinger functional Wt = log(Zt),

Gc,(n)
α1..αj ,αj+1..αn(t) =

δ

δJ∗α1

· · · δ

δJ∗αj

δ

δJαj+1

· · · δ

δJαn
Wt[J

(∗)]
∣∣∣
J,J∗=0

. (4.6)

At order 2n, they contain information about correlations of n bodies. Conversely,
n-th order disconnected correlation functions are given by sums of all combinations
of connected correlations involving in total n/2 bodies. For example, for n = 4 one
gets (for the U(N)-invariant case)

G(4)
α1α2,α3α4

= Gc,(4)
α1α2,α3α4

+Gc,(2)
α1,α3

Gc,(2)
α2,α4

+Gc,(2)
α1,α4

Gc,(2)
α2,α3

, (4.7)

and for n = 2 we have Gc,(2)
α1,α2 = G

(2)
α1,α2 since the one-point function vanishes.
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4.3 Equal-time 1PI effective action

In this section, we introduce the equal-time effective action and the corresponding
time-dependent vertices, which are the irreducible building blocks of all connected
equal-time correlation functions. The equal-time one-particle irreducible (1PI) effec-
tive action [142, 143, 152], analogous to the free energy, is defined as the Legendre
transform

Γt[Ψ
(∗)] = −Wt[J

(∗)] +

ˆ
x

(
Ψ†xJx + J∗xΨx

)
, (4.8)

with field-dependent sources J(Ψ), J∗(Ψ∗), and Ψ
(∗)
x (J(∗)) = 〈Ψ̂(†)

x 〉J , where the
expectation value is defined with respect to the trace in Eq. (4.3) in the presence of
sources. The effective action can be expanded in terms of the fields as

Γt[Ψ
(∗)] =

∞∑
n=2

Γ
(n)
x1...xn,i1...,in

(t)× ψ∗x1,i1 ...ψxn,in , (4.9)

with 1PI equal-time vertices that are obtained by differentiation as

Γ
(n)
x1...xn,i1...,in

(t) =
δnΓt

δψ∗x1,i1 ...δψxn,in

∣∣∣
Ψ∗,Ψ=0

. (4.10)

These 1PI vertices are the irreducible building blocks for connected correlation
functions. Specifically, this means that any equal-time connected correlation function
is a combination of equal-time vertices and two-point functions. Important relations
of correlation functions and effective vertices can be obtained by the definitions of
the Schwinger functional and effective action, in combination with the chain rule
for derivatives with respect to fields and sources. As an example, one finds for the
two-point functions the relation Gc,(2)

α1α2 = (Γ(2))−1
α1α2

, and for four-point functions

Gc,(4)
α1α2,α3α4

= −Gc,(2)
α1α′1

G
c,(2)
α2α′2

G
c,(2)
α3α′3

G
c,(2)
α4α′4

Γ
(4)
α′1α

′
2α
′
3α
′
4
. (4.11)

Here, every index α′i of the four-vertex is contracted with an equal-time two-point
function also carrying a corresponding external index αi. To illustrate this relation
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graphically, we introduce the following notation

Gc,(2)
α1α2

≡ , (4.12)

Γ(2)
α1α2

=
(
Gc,(2)

)−1

α1α2

≡ , (4.13)

Γ(n)
α1..αn ≡ , (4.14)

where each ending line represents an index α, and 1PI vertices are amputated (red
bars). Lines can furthermore meet at bare vertices, which in the evolution equations
arise in combination with either one or three inverse two-point functions attached
to them, as we will establish shortly.

In general, diagrams are assembled by connecting lines with vertices, which is
accompanied by integration and summation over vertex positions and component
indices as summarized by α. Importantly, the arrow indicates the flow of particles,
such that all diagrams should conserve the arrows along the attached lines. While
this diagrammatic language is very similar to perturbation theory in conventional
quantum field theory, the equal-time correlation functions here depend on spatial
coordinates and an overall time argument, rather than a set of spacetime coordinates,
and no time-integrals appear.

Assuming spatial translation invariance, it will be beneficial to transform these
objects and their evolution equations to Fourier space, where two-point functions
and vertices are assigned momentum variables. Overall, momentum variables
are assigned in a momentum conserving manner, i.e., a δ-distribution (2π)3δ(p1 +

p2 − p3 − p4) is implied at each vertex with ingoing momenta p1, p2 and outgoing
ones p3, p4. While connected four-point correlations originate from the four-vertex,
all connected n-point correlations with n > 4 are built from sums over different
diagrams involving vertices Γ(4), ..,Γ(n). For example, the diagrams correspond-
ing to the connected six-point function are displayed in Fig. 4.1. To clarify the
diagrammatic rules, explicit formulae for diagrams are given in appendix 4.B.

In the following, we first consider N = 1. The straightforward generalization
to the N component field theory will become important later for non-perturbative
approximations based on an expansion in powers of 1/N .
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The effective action obeys an exact flow equation [152], which for the current
model reads (see 4.A for derivational details),

i∂tΓt =

ˆ
x

(
δΓt
δψx

(∇2

2m
+ µ

)
ψx −

δΓt
δψ∗x

(∇2

2m
+ µ

)
ψ∗x

+
g/2

Zt[J (∗)]

δ3Zt[J
(∗)]

(δJx)2δJ∗x

δΓt
δψ∗x
− g/2

Zt[J (∗)]

δ3Zt[J
(∗)]

δJx(δJ∗x)2

δΓt
δψx

−g
8
ψ∗x

δΓt
δψx

δΓt
δψ∗x

δΓt
δψ∗x

+
g

8

δΓt
δψx

δΓt
δψx

δΓt
δψ∗x

ψx

)
, (4.15)

where J (∗) = J (∗)[ψ(∗)], such that the effective action is a functional of the fields
ψ(∗) [110]. Similar to the von-Neumann equation for the density operator, the evolu-
tion equation of the equal-time effective action is time-local. This is different from
functional approaches involving unequal-time effective actions, where the system’s
history enters at each step of the evolution. The first two lines of Eq. (4.15) represent
the terms also present in the classical-statistical theory, while the third line represents
genuine quantum corrections. The term ∼ δ3Zt[J

(∗)]/((δJx)2δJ∗x) corresponds to a
symmetrized third-order correlation function which may be written in terms of the
effective action. To this end, we split it into connected and disconnected correlations

〈ψ̂†xψ̂†xψ̂x〉sym = 〈ψ̂†xψ̂†xψ̂x〉csym + 2Gc,(2)
xx ψ∗x + 〈ψ̂†xψ̂†x〉cψx + (ψ∗x)2ψx, (4.16)

where “sym” implies the symmetrization over all operator orderings. We further-
more have Gc,(2)

xx = (Γ(2))−1
xx and 〈ψ̂†xψ̂†xψ̂x〉csym. = −(Γ(2))−1

xy1(Γ(2))−1
xy2(Γ(2))−1

y3xΓ
(3)
y1y2y3 .

Since odd orders of correlations vanish in the absence of a mean field (ψ(∗)[J (∗) =

0] = 0), these contributions only contribute in the presence of further field deriva-
tives.

Differentiation with respect to the fields ψ(∗) yields the evolution equations for
the inverse propagators and vertices. After applying the derivatives δ2/δψ∗xδψy, and
evaluating the resulting expression for ψ(∗)[J (∗) = 0] = 0, we get

i∂tΓ
(2)
xy =

(
∇2
y

2m
− ∇

2
x

2m
+ g(Γ(2)

xx )−1 − g(Γ(2)
yy )−1

)
Γ(2)
xy

+
g

2

ˆ
y

Γ(2)
xy4(Γ(2)

y4y1)−1(Γ(2)
y4y2)−1(Γ(2)

y3y4)−1Γ(4)
y1y2y3y

− g

2

ˆ
y

Γ(4)
xy3y1y2(Γ(2)

y1y4)−1(Γ(2)
y2y4)−1(Γ(2)

y4y3)−1Γ(2)
y4y, (4.17)

where y refers to the set of integration variables y1, .., y4. For translationally invariant
systems we switch to Fourier space, where the expression simplifies to

i∂tΓ
(2)
p = −g

2

ˆ
q,r,s

Γ(2)
p (Γ(2)

q )−1(Γ(2)
r )−1(Γ(2)

s )−1(Γ(4)
pqrs − Γ(4)

rspq). (4.18)

Here, we used the definition Γ
(2)
p (2π)3δ(p − q) =

´
xy exp(ipx− iqy)Γ

(2)
xy , see also
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corresponding expressions in section 4.B. Similarly, the four-vertices Γ
(4)
pqrs carry

a momentum conserving delta distribution (2π)3δ(p + q − r − s) which will be
implied throughout the rest of this work. From now on, we furthermore abbreviate
G

c,(2)
p = Gp and Γ

(2)
p = Γp. The evolution equation (4.18) has a characteristic two-

loop structure reminiscent of scattering diagrams in quantum field theory [146].
We note that at this stage the evolution equation is exact, such that knowledge of
the four-vertex allows one to compute the exact solution for the inverse two-point
functions.

For the four-vertex, we analogously obtain

i∂tΓ
(4)
pqrs = ∆ωpqrsΓ

(4)
pqrs + Vpqrs(Γ

(2))−Mpqrs(Γ) . (4.19)

The result consists of three different contributions: The first term corresponds to the
free evolution, and it is obtained by applying the four field-derivatives to the terms
in the first line of Eq. (4.15). Corresponding terms will appear at all orders in the
hierarchy of evolution equations and they lead to phase rotations with the single
particle energies, ∆ωpqrs = ωp + ωq − ωr − ωs, with ωp = p2/2m − µ. The second
term is the “bare” vertex function

Vpqrs = V C
pqrs + V Q

pqrs, (4.20)

which consists of a classical scattering vertex

V C
pqrs = −g(Γp + Γq − Γr − Γs)

≡ + perm., (4.21)

as well as a quantum contribution

V Q
pqrs =

g

4
(ΓpΓq(Γr + Γs)− ΓrΓs(Γp + Γq))

≡ + perm., (4.22)

where solid lines are amputated, i.e., corresponding two-point functions are re-
moved. Quantum scattering involves additional factors of inverse two-point func-
tions, such that classical scattering dominates for large occupancies. We furthermore
obtain higher-loop contributionsMpqrs(Γ), which contain interaction vertices up to
sixth order Γ(n≤6), see Fig. 4.2. They originate from derivatives acting on the second
line of Eq. (4.15), as detailed in appendix 4.B.2, and here we focus on the translation
invariant system. The set of diagrams couples the evolution of four-point interac-
tions with six-point correlations as well as non-linear combinations of four-vertices
to realize the complex dynamics of the Bose fields. Corresponding higher-order
evolution equations for Γ(n≥6) follow from analogous differentiations of Eq. (4.15).
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FIGURE 4.2: Loop-contributions to the evolution equation of Γ(4): We show
the relevant combinations of two-point functions with 1PI four- and six-
vertices for the evolution of four-vertices in a translation invariant system.
Note that all external propagators (solid lines) are amputated and permuta-
tions of legs are implied. For the underlying analytical expressions, see 4.B.2.
Figure taken from [6].

The vertex (4.20) already carries the “gain minus loss” structure characteristic
for effective descriptions in terms of kinetic equations. To also make contact with
kinetic descriptions, we derive the evolution equation for two-point functions from
Eq. (4.18)

∂tGp = −Gp(∂tΓp)Gp

= iGp

[ p p
−

p p ]
Gp

=

ˆ
q,r,s

gIm(Γ(4)
pqrs)GpGqGrGs. (4.23)

Here, the imaginary part originates from the structure ∼ Γ
(4)
pqrs − Γ

(4)
rspq in Eq. (4.18)

and the identity (Γ
(4)
pqrs)∗ = Γ

(4)
rspq.

In the following, we discuss different approximation schemes to compute the
effective vertices entering the evolution of two-point functions. We start by a
perturbative expansion valid for dilute, weakly coupled gases, and proceed with
an expansion in the number of field components to describe the non-perturbative
dynamics of highly-occupied Bose fields.
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4.4 Perturbative expansion

The evolution equations derived in the previous section constitute an infinite hierar-
chy of equations at higher orders of the vertices. The four-vertex is coupled to the
six-vertex which will depend on the eight-vertex, etc. In practice, solving this set
of equations requires us to truncate the hierarchy, for instance at a certain order of
the vertices. In this section, we consider a perturbative expansion in powers of the
coupling constant g.

To achieve this, we address Eq. (4.19) by first transforming to a rotating frame
Γ̃

(4)
pqrs(t) = exp(i∆ωpqrst)Γ

(4)
pqrs(t), such that

i∂tΓ̃
(4)
pqrs = ei∆ωpqrst

(
Vpqrs(Γ

(2))−Mpqrs(Γ)
)
. (4.24)

This equation may be integrated on both sides to yield our analog of a Bethe-Salpeter
equation

iΓ(4)
pqrs =

ˆ t

t0

dt′ei∆ωpqrs(t
′−t)

(
Vpqrs(Γ

(2)
t′ )−Mpqrs(Γt′)

)
, (4.25)

where we assumed the initial condition Γ
(4)
pqrs(t0) = 0 for all momenta p, q, r, s. This

amounts to starting the evolution from Gaussian initial conditions which is typical
for kinetic descriptions.

4.4.1 Leading order

At O(g2) we focus on the bare vertex and neglect all higher-order termsM. One
can show that this represents a self-consistent power counting, as Γ(4) is sourced by
bare vertex terms of order O(g) and henceM = O(g2). The contribution of loop
diagrams to the evolution of two-point functions will be of order O(g3). We get

iΓ(4)
pqrs(t) =

ˆ t

t0

dt′ei∆ωpqrs(t
′−t)Vpqrs(t

′) . (4.26)

In the following, we focus on the late-time regime where the evolution of the two-
point functions is slow compared to the fast-rotating phase factor∼ exp(i∆ωpqrs(t

′ − t)).
Hence, we set t0 → −∞ and the evaluation of the integral yields

iΓ(4)
pqrs(t) =

ˆ t

−∞
dt′ei∆ωpqrs(t

′−t)Vpqrs(t
′)

=

ˆ ∞
−∞

dt′θ(t− t′)ei∆ωpqrs(t′−t)Vpqrs(t′). (4.27)
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Unless stated otherwise, integration boundaries are taken as ±∞ henceforth. Here,
we employ an integral representation of the Heaviside function

θ(x) =

ˆ
dω

2π
e−iωx

i

ω + iε
, (4.28)

evaluated in the limit ε→ 0+. Specifically, we get

Γ(4)
pqrs(t) =

ˆ
dt′dω

2π

1

ω + iε
ei(∆ωpqrs+ω)(t′−t)Vpqrs(t

′) (4.29)

Using a Taylor expansion of the time-dependent bare vertex with respect to the
coordinate t,

Vpqrs(t
′) = e(t′−t)∂sVpqrs(s)

∣∣
s=t

, (4.30)

yields the expression

Γ(4)
pqrs(t) =

ˆ
dω

2π

1

ω + iε
e−i∂ω∂sVpqrs(s)

∣∣
s=t

ˆ
dt′ei(∆ωpqrs+ω)(t′−t) . (4.31)

From the integral in the second line we obtain a Dirac δ-distribution, i.e.,

Γ(4)
pqrs(t) =

ˆ
dω

2π

1

ω + iε
e−i∂ω∂lVpqrs(l)

∣∣
l=t
δ(∆ωpqrs + ω). (4.32)

This expression can be integrated by parts and rewritten in terms of a derivative
with respect to ε, which subsequently is evaluated in the limit ε→ 0,

Γ(4)
pqrs(t) = e∂ε∂l

(
Vpqrs(l)

−∆ωpqrs + iε

) ∣∣∣
l=t,ε→0

. (4.33)

At sufficiently late times we expect time derivatives of distribution functions to be
small. This follows from the assumption that distribution functions evolve slowly at
long times [151]. Specifically, higher-order terms in the expansion of the exponential
function include terms as ∂lGp(l) = O(g2), which are again higher-order in the
interaction constant. At order O(g2), we approximate exp(∂ε∂l)→ 1 and get

Γ(4)
pqrs(t) =

Vpqrs(t)

−∆ωpqrs + iε
≡ V

p s

q r

. (4.34)

Here, we defined a new Feynman rule representation for the solution of Γ(4) at
leading order, which includes the frequency factors. Corresponding factors will
appear at every subsequent coupling order as discussed next.
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4.4.2 Next-to-leading order (NLO)

Analogous to the leading-order result (4.34), one may systematically derive higher-
order contributions. To compute Γ(4) at order O(g2), we consider the following loop
diagrams in its evolution equation

Mpqrs(Γ
(4)) =

p

q

s

r

+

p

q

s

r

+ perm.+O(g3), (4.35)

where the four-vertices on the right-hand side are expanded to leading-order O(g).
To illustrate the computation of next-to-leading order contributions to the solu-

tion of Γ(4), we focus on the first diagram in Eq. (4.35) next. Explicitly, we get

p

q

s

r

= gΓq

ˆ
k′
Gk′Gk′′Γ

(4)
pk′k′′s

∣∣∣
t
, (4.36)

where all ingredients are evaluated at time t and we introduced the shorthand
notation k′′ = p− s+ k′ to abbreviate the loop momentum variable. The diagram’s
contribution to the solution for Γ(4) reads

Γ(4)
pqrs(t) ⊃ g

ˆ t

t0

dt′ei∆ωpqrs(t
′−t)Γq(t

′)

ˆ
k′
Gk′(t

′)Gk′′(t
′)Γ

(4)
pk′k′′s(t

′). (4.37)

To compute Γ(4) at order O(g2) on the left-hand side, we approximate Γ(4) at order
O(g), as given in Eq. (4.26), on the right-hand side of Eq. (4.37). We obtain

Γ(4)
pqrs ⊃

ˆ
dt′dωdt′′dω′

(2π)2
Γq(t

′)

ˆ
k′
Gk′(t

′)Gk′′(t
′)

× ei(∆ωpqrs+ω)(t′−t)

ω + iε

ei(∆ωpk′k′′s+ω
′)(t′′−t′)

ω′ + iε′
Vpk′k′′s(t

′′), (4.38)

where we again have set t0 → −∞ and used the integral representation of the heavi-
side function. Next, we rewrite the expression in analogy to the steps performed in
Eqs. (4.30)-(4.33) to arrive for the right-hand side of q. (4.38) at

e(∂ε′−∂ε)∂l′e∂ε∂l
(

Γq(l)
´
k′ Gk′(l)Gk′′(l)

∆ωpqrs − iε
Vpk′k′′s(l

′)

∆ωpk′k′′s − iε′
)∣∣∣∣

l=l′=t,ε′=ε→0

. (4.39)

At order O(g2), we again approximate the exponential operators by unity. Similar
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to Eq. (4.34), we identify this result after time integration with a diagrammatic
expression

Γ(4)
pqrs ⊃

Γq
´
k′ Gk′Gk′′

∆ωpqrs − iε
Vpk′k′′s

∆ωpk′k′′s − iε
≡

V

p

q

s

r

, (4.40)

where all quantities are evaluated at time t. It is important to keep track of the
frequency factors. In the present case, there is one factor 1/(−∆ωpk′k′′s + iε) which
comes with the vertex “V ” and another factor 1/(−∆ωpqrs+ iε) carrying the external
momentum labels of the left-hand side’s vertex Γ

(4)
pqrs. At order O(g2) we then write

the solution for the time-dependent four-vertex diagrammatically as

Γ(4)
pqrs = V

p s

q r

+

V

p

q

s

r

+

V

p

q

s

r

+ perm. (4.41)

In general, frequency factors enter the calculation for each “insertion” of Γ(4) as
demonstrated for the present order in Eqs. (4.37) and (4.38).

4.4.3 Boltzmann equation

To derive the late-time evolution equation for the two-point functions at leading
order (∂tGp = O(g2)), we consider the imaginary part of the corresponding solution
of the four-vertex

Im
(

Γ(4)
pqrs(t)

)
= −πδ(∆ωpqrs)Vpqrs(t) . (4.42)

Here, the imaginary part is a crucial ingredient to obtain the energy conservation
of the particles which stream freely in-between collisions. Plugging this result into
Eq. (4.23), one finds

∂tfp =
g2

2

ˆ
q,r,s

(2π)3δ(p+ q − r − s)(2π)δ(∆ωpqrs)

×
(
(fp + 1)(fq + 1)frfs − fpfq(fr + 1)(fs + 1)

)
, (4.43)
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which is the well-known Boltzmann equation for weakly correlated non-relativistic
systems. Here, we defined a distribution function as

Gp = fp + 1/2 (4.44)

corresponding to fp = 〈ψ̂†pψ̂p〉, with ψ̂p being the Fourier transformed field operator.
Using this, one finds

VpqrsGpGqGrGs = g[fpfq(fr + 1)(fs + 1)− (fp + 1)(fq + 1)frfs], (4.45)

which yields the result (4.43). It contains a characteristic “gain minus loss” structure
and has a momentum independent scattering rate g2/2, such that we get the matrix
element |Tpqrs|2 = g2/2(2π)3δ(p+ q − r − s)(2π)δ(∆ωpqrs). The equation describes
a dilute medium with occupancy fp ∼ O(1) for weak coupling at sufficiently late
times, where leading-order perturbation theory is expected to be valid. In the
following section we derive the corresponding scattering rate for a non-perturbative
setting which allows to also access the regime of over-occupied Bose fields.
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4.5 Non-perturbative large-N expansion

While the previous section dealt with a perturbative expansion of equal-time vertices,
we consider a non-perturbative expansion for large numbers of field components
next [154, 155]. Starting from the corresponding flow equation, the expansion
will allow us to sum an infinite number of scattering interactions as shown below.
This yields important corrections to the equal-time effective vertices, which can
drastically alter the dynamics of Bose fields in strongly correlated regimes.

The large-N counting scheme is detailed in appendix 4.B.3. We use in the
following that for suitable initial conditions, for instance Gaussian states, equal-time
vertices obey [156]

Γ(n) = O
(

1

N
n−2
2

)
, n > 2 . (4.46)

Specifically, for Gaussian initial states, where Γ(n>2)(t0) = 0, the evolution of Γ(4)

is sourced by the bare vertex (see Eq. (4.2)) at order O(1/N). Vertices Γ(n>4) sub-
sequently build up at corresponding higher orders through combinations of bare
vertices and Γ(4) according to Eq. (4.46). Then, loop diagrams as displayed in Fig. 4.2
also contribute to the evolution of Γ(4) at order O(1/N) at most, where every vertex
comes with a factor of 1/N and factors of N originate from summation over field
components in closed loops. To determine the contribution of equal-time vertices
to the evolution equation at order 1/N , we focus on the case, with external field
indices i1 = i4 and i2 = i3.

In the following, to keep the notation in the main text simple, we use the
U(N) symmetry to diagonalize the two-point function in field space as G(2)

α1,α2 →
G

(2)
x1,x2δi1,i2 . Subsequently, we may explicitly sum over the field components, and

we will omit the field index i in our notation. The bare vertex is given by

Vpqrs = − g

2N
(Γ(2)
p + Γ(2)

q − Γ(2)
r − Γ(2)

s )

+
g

8N

(
Γ(2)
p Γ(2)

q (Γ(2)
r + Γ(2)

s )− Γ(2)
r Γ(2)

s (Γ(2)
p + Γ(2)

q )
)
, (4.47)

and using the expansion to order O(1/N), the evolution equation for Γ(4) involves
no more than propagators and four-vertices, i.e.,

Mpqrs(Γ
(4)) =

p

q

s

r

+ perm.+O
(

1

N2

)
, (4.48)
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where

p

q

s

r

=
g

2
Γq

ˆ
k′
Gk′Gk′′Γ

(4)
pk′k′′s

∣∣∣
t

= O
(

1

N

)
. (4.49)

The shown diagram involves two factors of 1/N for the bare vertex and for Γ(4), as
well as a factor of N representing the different field components which “run” in the
loop (cf. appendix 4.B.3). The corresponding evolution equation thus evolves Γ(4)

again at order 1/N , and it can formally be integrated to yield

iΓ(4)
pqrs(t) =

ˆ t

t0

dt′ei∆ωpqrs(t
′−t) (Vpqrs(t′)−Mpqrs(t

′)
)
, (4.50)

which by employing analogous approximations as in the previous section becomes

Γ(4)
pqrs(t) =

−1

∆ωpqrs − iε

(
Vpqrs(t) +

[g
2

(Γq − Γr)

×
ˆ
k′
Gk′Gk′′Γ

(4)
pk′k′′s(t) + {p, s↔ q, r}

])
, (4.51)

where we sum over a second term with permuted external legs. For i1 = i4 and
i2 = i3 at order 1/N , only combined permutations of p, s with q, r appear. At this
stage, Eq. (4.51) is analogous to Eq. (4.37), but we keep Γ(4) consistently at order 1/N

here. Eq. (4.51) can be solved by iteration in terms of an infinite set of loop diagrams.
In the following we first illustrate the iterative computation to two-loop order, while
we subsequently calculate the full evolution of distribution functions at order 1/N .

The vertex is diagrammatically given by

Γ(4)
pqrs = V

p s

q r

+

V

p

q

s

r

+ perm.+
∞∑
n=2

n-loop

=
−1

∆ωpqrs − iε

(
Vpqrs −

[
g

2
(Γq − Γr)

ˆ
k′
Gk′Gk′′

Vpk′k′′s
∆ωpk′k′′s − iε

+ {p, s↔ q, r}
])

+ higher-orders, (4.52)
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where frequency factors are assigned analogous to Eq. (4.40). The corresponding
two-loop expression is given by summing the following diagrams

2-loop =

V
p

q

s

r

+

V
p

q

s

r

+

p

q

s

r

V + perm., (4.53)

where summation over permutations of external lines is implied. The first diagram
corresponds to the equation

V
p

q

s

r

k′￼′￼k′￼

q′￼′￼q′￼

≡
(g

2

)2
ˆ
k′,q′

−Γr
∆ωpqrs − iε

Gk′

∆ωpk′k′′s − iε
Gq′Gq′′Vpq′q′′s
∆ωpq′q′′s − iε

, (4.54)

where the two-point function at momentum k′′ is amputated by the inverse prop-
agator represented by the dashed line. The first frequency factor 1/(−∆ωpqrs + iε)

originates from the external lines, the second factor carries the momentum labels of
lines connecting to the upper loop, i.e., p, k′, k′′, and s. The last insertion is given by
the bare vertex, which comes with a frequency factor carrying the same momentum
labels, 1/(−∆ωpq′q′′s + iε). Analogously, the last diagram is obtained as

p

q

s

r

V k′￼′￼k′￼

q′￼′￼q′￼

≡
(g

2

)2
ˆ
q′,k′

−ΓrΓs
∆ωpqrs − iε

Gk′Gk′′

∆ωpk′k′′s − iε
Gq′Gq′′Vk′q′′q′k′′

∆ωk′q′′q′k′′ − iε
. (4.55)

Again, the result is augmented with frequency factors for each iteration step, which
carry in-going and out-going momentum labels according to the momenta of the
internal four-vertex which is iterated. Here, the last insertion of the bare vertex
is internal, i.e., the corresponding frequency factor carries internal momenta only.
In general, one needs to keep track of the “history” of insertions for the correct
assignment of labels.

At this point, we distinguish different cases originating from the various possi-
bilities of forming diagrams at order 1/N . In the following, we sort contributions
according to the number of external inverse two-point functions attached to the
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diagram. To this end, we will name the set of loop diagrams leading to an odd
number of external inverse propagators ΓA, while the loop diagrams with an even
number are represented by ΓB . Thus, ΓA represents important corrections to the
bare classical and quantum vertices, while ΓB yields a new type of vertex which is
not present in the perturbative theory. The summation of both contributions will
yield a Boltzmann equation for a strongly correlated Bose system with momentum-
and medium-dependent scattering rate. We note that the series of diagrams at order
1/N is reminiscent of the diagrams employed in Ref. [157], where (unequal-time)
propagators are similarly sorted by their quantum (dashed) and classical (solid)
external lines.

4.5.1 Vertex ΓA

At first, we consider the terms with an odd number of external propagators. To
distinguish the diagrams with respect to their configuration of external legs we
introduce the vertices

V C
pqrs

−∆ωpqrs + iε
≡ V

p s

q r

+ perm., (4.56)

and

V Q
pqrs

−∆ωpqrs + iε
≡ V

p s

q r

+ perm., (4.57)

see also the definition of Eq. (4.34). The expression ΓA is given by the sum of the bare
vertices (4.56) and (4.57) with all n-loop diagrams ΓA,n involving an odd number of
external Γ(2), i.e.,

ΓApqrs(t) = V

p s

q r

+ V

p s

q r

+ perm.+
∞∑
n=1

ΓA,npqrs(t)

≡

p

q

s

r

A +

p

q

s

r

A + perm., (4.58)
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where the symbol “A” comprises all diagrams with according configuration of
external legs. For a particular configuration, Eq. (4.51) reads diagrammatically

p

q

s

r

A =

p

q

s

r

V +

V

p s

q r

A
+

V

p s

q r

A
. (4.59)

Iterating this equation for example to one-loop order, we obtain

V

p s

q r

+

V

p s

q r

= − 1

N

Γr
∆ωpqrs − iε

Πps, (4.60)

including the usual frequency factors. Here, we also defined a one-loop self-energy
function as

Πps(t) =
g

2

ˆ
k′

Gk′(t)−Gk′′(t)
∆ωpk′k′′s − iε

, (4.61)

where we sum over both possibilities of amputating an internal loop propagator.
Using the series

∑
n≥0(−Πps)

n = 1/(1 + Πps), the sum over all loop orders reads

ΓApqrs = −
Vpqrs

∆ωpqrs − iε
× 1

1 + Πps
+ {p, s↔ q, r}, (4.62)

where we introduced the notation

Vpqrs/g = − 1

2N
(Γq − Γr)

(
1− 1

4
ΓpΓs

)
, (4.63)

Vpqrs/g = − 1

2N
(Γp − Γs)

(
1− 1

4
ΓqΓr

)
, (4.64)

i.e., Vpqrs = Vpqrs + Vpqrs.
The vertex ΓA has a similar structure as the bare vertex defined in Eq. (4.34),

including a correction arising from the non-perturbative resummation of the infinite
series of diagrams presented in this section. Indeed, the bare vertex V emerges from
Eq. (4.62) in the perturbative expansion at leading order, where Π = O(g) and hence
1/(1 + Π)→ 1 +O(g).
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The relevant contribution to the evolution equation (4.23) is the imaginary part
of the four-vertices. Here, we get

Im
(
ΓApqrs

)
= −πδ(∆ωpqrs)Re

(
Vpqrs

1 + Πps

)
− P

[
1

∆ωpqrs − iε

]
Im

(
Vpqrs

1 + Πps

)
+ {p, s↔ q, r}, (4.65)

where P denotes the Cauchy principal value. Using the identities Im(1/(1 + Π)) =

−Im(Π)/|1 + Π|2, and Re(1/(1 + Π)) = (1 + Re(Π))/|1 + Π|2, and the definition of
an effective coupling and vertex

geff
ps =

g

|1 + Πps|2
, V eff

pqrs =
Vpqrs

|1 + Πps|2
, (4.66)

we find

Im
(
ΓApqrs

)
= −πδ(∆ωpqrs)V eff

pqrs (1 + P(Πps))

+ P
[

1

∆ωpqrs − iε

][
V eff
pqrsIm (Πps) + {p, s↔ q, r}

]
. (4.67)

In the first line, we used that Re(Πqr) = Re(Πps) under the conditions of energy and
momentum conservation, represented by δ(∆ωpqrs)δ(p+q−r−s), see appendix 4.C.3.
We thus find an on-shell contribution∼ δ(∆ωpqrs) as well as off-shell terms involving
the principle value P (1/(∆ωpqrs − iε)). All terms include the effective coupling geff ,
which leads to a suppression of the effective interaction of modes if the gas is
highly occupied toward lower momenta [141]. In this regime, the denominator is
dominated by the large distribution function in the one-loop self-energy Π [153].
Our findings are in qualitative agreement with results obtained from Ref. [143],
where such an infrared suppression was observed experimentally.

4.5.2 Vertex ΓB

Next, we consider the diagrams with an even number of external inverse propaga-
tors and (amputated) propagators. We may similarly sort terms by their number of
loops

ΓBpqrs(t) =
∞∑
n=1

ΓB,npqrs(t) ≡

p

q

s

r

B + perm. , (4.68)

however, no bare vertices appear in this case, and we define the diagram “B” accord-
ing to the configuration of the two external Γ(2). In terms of bare vertices, we get the
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series

p

q

s

r

B =

V

p s

q r

+

V

p s

q r

+

V

p s

q r

+

p s

q r

V

+ {p, s↔ q, r}+ higher-order loops. (4.69)

For any loop order, this equation may equivalently be written in the form

p

q

s

r

B =

p s

q r

A
+

p s

q r

A
+

p s

q r

B
+

p s

q r

B

+ {p, s↔ q, r}+ higher-order loops. (4.70)

Explicitly, for a general configuration of external legs, we obtain the integral equation

ΓBpqrs =
1

N

(g
2

)2 (Γp − Γs)(Γq − Γr)

−∆ωpqrs + iε

×
ˆ
k′

(
− Gk′Gk′′ − 1

4

∆ωk′psk′′ − iε
1

1 + Πk′k′′
− Gk′Gk′′ − 1

4

∆ωk′′qrk′ − iε
1

1 + Πk′′k′

)
+
g

2

Γr − Γq
−∆ωpqrs + iε

ˆ
k′
Gk′Gk′′Γ

B
pk′k′′s +

g

2

Γs − Γp
−∆ωpqrs + iε

ˆ
k′
Gk′Gk′′Γ

B
k′′qrk′ , (4.71)

where we used the solution for ΓA, Eq. (4.62). In the following, we focus on the
imaginary part of Eq. (4.71), as Im(ΓB) is the relevant quantity to determine the evo-
lution of two-point functions in the Bose system. In appendix 4.C, we demonstrate
that this equation is solved by the ansatz

Im(ΓBpqrs) = P
[

(Γp − Γs)(Γq − Γr)

−∆ωpqrs + iε

]
×(

ggeff
ps

4N

ˆ
k′
πδ(∆ωpk′k′′s)

(
Gk′Gk′′ −

1

4

)
+ {p, s↔ q, r}

)
. (4.72)

Again, we find that each term contains the medium-augmented non-perturbative
interaction vertex geff through the resummation of diagrams.
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4.5.3 Non-perturbative Boltzmann equation

In this section we assemble the results for the resummed effective vertices to derive
the evolution equation for two-point functions. Starting from Eq. (4.23), one gets

∂tGp =

ˆ
q,r,s

gIm(Γ(4)
pqrs)GpGqGrGs

=

ˆ
q,r,s

gIm(ΓApqrs + ΓBpqrs)GpGqGrGs, (4.73)

where momentum conservation, represented by δ(p + q − r − s), is implied. The
full vertex solution is the sum over all configurations of external legs and hence we
add ΓA and ΓB . Plugging in Eqs. (4.67) and (4.72) we obtain by direct computation
(appendix 4.C.2)

∂tGp = −
ˆ
q,r,s

πδ(∆ωpqrs)V
eff
pqrsGpGqGrGs, (4.74)

which is equivalent to the previous perturbative Boltzmann equation except for the
replacement V → V eff , i.e.,

∂tfp =

ˆ
q,r,s

ggeff
ps

4N
(2π)3δ(p+ q − r − s)(2π)δ(∆ωpqrs)

×
(
(fp + 1)(fq + 1)frfs − fpfq(fr + 1)(fs + 1)

)
. (4.75)

Accordingly, the matrix element of the kinetic equation is given by |Tpqrs|2 =

ggeff
ps /(4N)(2π)3δ(p+q−r−s)(2π)δ(∆ωpqrs), which receives the momentum-dependent

correction 1/|1 + Πps|2 compared to the perturbative case. This momentum depen-
dence dominates the non-perturbative evolution with large occupations where
Π � 1, with drastic consequences for dynamical phenomena such as turbulence
and far-from-equilibrium universality [88, 141, 158].
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4.6 Measurement protocol

The above coupling and large-N expansion results establish a direct link between
equal-time correlations and standard observables for effective kinetic theories and
corresponding hydrodynamic descriptions. However, the quantum evolution equa-
tions we derive in section 4.3 from the equal-time effective action are exact and not
limited to kinetic theory approximations. For instance, the exact time evolution
equation (4.18) relates the time derivative of Γ(2) – encoding distribution information
– to the effective interaction Γ(4) and convolutions with the distributions. It would
be a tremendous progress for quantum many-body physics to be able to extract the
exact quantum evolution equation for strongly correlated systems from quantum
simulation measurements of Γ(2) and Γ(4) for relevant times. This would provide
important insights into the long-standing problem of finding suitable approxima-
tions of the time evolution equations also for strongly coupled systems and their
range of validity.

In this section we devise an efficient scheme to measure equal-time effective
vertices, in particular Γ(2) and Γ(4), in cold-atom quantum simulators. This dis-
cussion extends the procedures of Refs. [142, 143] to the underlying Bose fields
appearing in the defining Hamiltonian. Often, such experiments are limited to
extracting equal-time density correlations. A common strategy is to let the system
evolve to time t and illuminate with light to obtain a snapshot at this instant of time.
Subsequently, density correlations are extracted by averaging over many repetitions
of this procedure.

To relate the experiment with theory it is especially beneficial to express effective
descriptions of the system in such equal-time quantities. We hence provide a
protocol to extract the relevant two- and four-point correlation functions via density
measurements. 1PI equal-time vertices are extracted according to Eq. (4.11), i.e., by
“amputating” the external legs. This is most efficiently performed in Fourier space,
where amputation refers to dividing out the corresponding two-point functions.
While we illustrate our scheme for the case of a single-component gas, it is more
general and can similarly be applied to multi-component systems.

The desired quantities are the symmetrized two- and four-point correlation
functions of the fields, i.e., 〈{ψ̂†x, ψ̂y}〉 and 〈ψ̂†xψ̂†vψ̂yψ̂w〉sym. While we specifiy the
symmetrically ordered correlation functions here, all other operator orderings are
equivalent and they are related through the equal-time commutation relations. For
simplicity, we focus here on the observables

O1 = 〈Ô1〉 = 〈ψ̂†xψ̂y〉, (4.76a)

O2 = 〈Ô2〉 = 〈ψ̂†xψ̂†vψ̂yψ̂w〉. (4.76b)

The central idea is to couple the atoms at the respective positions to ancilla degrees of
freedom to create effective three-state systems, for instance in a Λ-type configuration,
see Fig. 4.3. Raman beams or microwave pulses can transfer population among the
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FIGURE 4.3: Schematics of the measurement scheme: We construct an effec-
tive Λ-type level scheme and propose to introduce rotations between the states
with Raman transitions or microwave coupling with strengths Ω,Ω′. Figure
taken from [6].

three states or manipulate their relative phases. Achieving this requires address-
ing the bosonic fields position-selectively, e.g. by locally adjusting the chemical
potential µ.

We start by transferring the population from position x to the ancilla. Afterwards
we couple position y to the ancilla, therefore effectively coupling positions x and
y. Density measurements of ancilla and the spatial mode at y will then give rise
to 〈O1〉. Here we use that these manipulations can be performed on much shorter
time-scales compared to the system evolution, such that the information about the
quantum state is effectively frozen during the measurement procedure. We outline
this procedure in detail next.

We describe the ancilla degree of freedom “b” with bosonic operators b̂, b̂†. The
microwave interaction of the ancilla with a bosonic mode ψ̂x, ψ̂

†
x is described by the

two unitary operators

Ûx1 (ϕ) = eiϕ(b̂†ψ̂x+ψ̂†xb̂), (4.77a)

Ûx2 (ϕ) = eϕ(b̂†ψ̂x−ψ̂†xb̂). (4.77b)

In a Schwinger boson representation, see also 1, these operators may locally be
interpreted as rotations of the collective spin on a Bloch sphere. Using bosonic
commutation relations, we obtain the transformations of the operators

ψ̂x → Ûx1 (ϕ)ψ̂x(Ûx1 (ϕ))† = cos(ϕ)ψ̂x + i sin(ϕ)b̂, (4.78a)

ψ̂x → Ûx2 (ϕ)ψ̂x(Ûx2 (ϕ))† = cos(ϕ)ψ̂x + sin(ϕ)b̂. (4.78b)

We first couple the ancilla to the atoms at position xwith Ûx1 (π). Secondly, we couple
position y to the ancilla with Ûy1 (π/2). A subsequent density measurement yields

〈b̂†b̂〉1 = 〈ψ(t)| Ûy1 (π/2)Ûx1 (π)b̂†b̂ Ûx,†1 (π)Ûy,†1 (π/2) |ψ(t)〉

=
1

2
(〈ψ̂†xψ̂x〉+ 〈ψ̂†yψ̂y〉)− Im (O1) , (4.79)



4.6. Measurement protocol 127

where |ψ(t)〉 is the time-dependent Schrödinger quantum state, and 〈ψ̂†xψ̂x〉 is the lo-
cal mean number density at time t, which can be accessed in a separate measurement.
Measuring the density at position y after the rotation Û1 similarly yields

〈ψ̂†yψ̂y〉1 = 〈ψ(t)| Ûy1 (π/2)ψ̂†yψ̂y Û
y,†
1 (π/2) |ψ(t)〉

=
1

2
(〈ψ̂†xψ̂x〉+ 〈ψ̂†yψ̂y〉) + Im (O1) , (4.80)

such that we obtain Im (O1) by subtracting the two measurements. In order to
measure the corresponding real part in separate realizations of the experiment,
we perform the same series of unitary operations with Û2 replacing the second
operator. We get

〈b̂†b̂〉2 = 〈ψ(t)| Ûy2 (π/2)Ûx1 (π)b̂†b̂ Ûx,†1 (π)Ûy,†2 (π/2) |ψ(t)〉

=
1

2
(〈ψ̂†xψ̂x〉+ 〈ψ̂†yψ̂y〉) + Re (O1) , (4.81)

and for position y one finds

〈ψ̂†yψ̂y〉2 = 〈ψ(t)| Ûy2 (π/2)ψ̂†yψ̂y Û
y,†
2 (π/2) |ψ(t)〉

=
1

2
(〈ψ̂†xψ̂x〉+ 〈ψ̂†yψ̂y〉)− Re (O1) . (4.82)

The difference yields the real part Re (O1), which subsequently allows to reconstruct
the observable O1 by combining real and imaginary part. In the Schwinger boson
representation real and imaginary parts of O1 correspond to spin projections in x
and y direction, respectively. Our scheme thus effectively employs appropriate spin
rotations to rotate the information to the z component which can be accessed with
density measurements.

Similarly, one can access the observable O2 by adding a second ancilla mode “d”
with bosonic operators d̂, d̂† and measuring density correlations between both ancil-
las. Here, we focus on the situation where all four positions x, v, y, w are different,
assuming those cases with equal positions to become irrelevant in the thermody-
namic limit of a large-scale quantum system described by quantum field theory. We
assign ancilla b to positions x, y and ancilla d to positions v, w and subsequently per-
form the same operations on both sets of modes individually. Appropriate density
correlation measurements of both ancillas give the four combinations〈{

Re
(
Ô1(x, y)

)
,Re

(
Ô1(v, w)

)}〉
, (4.83a)〈{

Re
(
Ô1(x, y)

)
, Im

(
Ô1(v, w)

)}〉
, (4.83b)〈{

Im
(
Ô1(x, y)

)
,Re

(
Ô1(v, w)

)}〉
, (4.83c)〈{

Im
(
Ô1(x, y)

)
, Im

(
Ô1(v, w)

)}〉
, (4.83d)

where {·, ·} is the anti-commutator. These contributions can be combined with
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the equal-time commutation relations and two-point functions O1 to compute the
observable O2.
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4.7 Summary

In this chapter, we outlined an equal-time approach to the dynamics of quantum
fields out of equilibrium. Starting from the equal-time quantum effective action,
we derived effective kinetic equations in two regimes: First we considered a dilute,
perturbative system governed by two-to-two scattering. Secondly, we extended our
analysis to the case of non-perturbatively large occupancies of the gas, which results
in important vertex corrections to the scattering rates.

Our results open up new avenues in non-equilibrium quantum field theory.
While our calculations are performed for a non-relativistic Bose gas, the approach is
general and can also be applied to systems with fermions, relativistic field theories,
and in particular gauge theories where the time-local formulation can provide impor-
tant advantages in finding approximations consistent with local gauge symmetries.
Moreover, the textbook (“unequal-time”) approach to non-equilibrium quantum
field theory employing a closed-time path yields ab initio evolution equations that
are non-local in time, such that late times are difficult to reach and the derivation of
efficient time-local descriptions require additional approximations.

Most importantly, our approach matches experimental capabilities of quantum
simulators such as employing ultra-cold quantum gases. These platforms offer the
unique opportunity to extract the irreducible correlations directly from experiments
in the many-body regime described by quantum fields. Our results demonstrate that
the extraction of lower equal-time correlations, such as the two- and four-point func-
tions, involve already all the ingredients to obtain effective kinetic descriptions from
first principles. Strikingly, the approach also offers the perspective of determining
the exact evolution equations from quantum simulations. This can provide essential
insights into the long-standing problem of finding non-perturbative approximations
for strongly coupled systems.
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4.A Derivation of flow equation

In this section, we demonstrate the derivation of an exact flow equation for equal-
time correlation functions for the example of a single component, non-relativistic,
complex Bose field, see [110, 152]. The derivation can be straightforwardly extended
to the case of the U(N) symmetric N component case considered in the main text.

4.A.1 Details on the effective action

We start from the equal-time generating functional

Zt[J, J
∗] = Tr

(
ρ̂te
´
x(ψ̂†xJx+J∗x ψ̂x)

)
. (4.84)

with sources J and J∗. This definition yields a generating functional for symmetrically
ordered correlation functions. Correlation functions are obtained by functional
differentiation, as we demonstrate for the example of a two-point function here.
First, we note the commutation relations[

ψ̂x, ψ̂
†
y

]
= δxy , (4.85)

as well as the Baker-Campbell-Hausdorff formula,

e
´
x(ψ̂†xJx+J∗x ψ̂x) = e

´
x ψ̂
†
xJxe

´
x J
∗
x ψ̂xe

− 1
2
JxJ∗y

[´
x ψ̂
†
x,
´
y ψ̂y

]
= e

´
x ψ̂
†
xJxe

´
x J
∗
x ψ̂xe

1
2

´
x J
∗
xJx . (4.86)

Using this, one finds

δ2

δJxδJ∗y
Zt

∣∣∣
J,J∗=0

=
δ2

δJxδJ∗y
Tr
(
ρ̂te
´
x ψ̂
†
xJxe

´
x J
∗
x ψ̂xe

1
2

´
x J
∗
xJx
) ∣∣∣

J,J∗=0

=
δ

δJx
Tr

(
ρ̂te
´
x ψ̂
†
xJx

(
ψ̂y +

1

2
Jy

)
e
´
x J
∗
x ψ̂xe

1
2

´
x J
∗
xJx

) ∣∣∣
J,J∗=0

= Tr

(
ρ̂t

[
ψ̂†xψ̂y +

1

2
δxy

])
= Tr

(
ρ̂t

[
ψ̂†xψ̂y +

1

2

[
ψ̂y, ψ̂

†
x

]])
=

1

2
Tr
(
ρ̂t

[
ψ̂yψ̂

†
x + ψ̂†xψ̂y

])
. (4.87)

The equal-time effective action is defined as

Γt[ψ,ψ
∗] = − log(Zt[J, J

∗]) +

ˆ
x

(ψ∗xJx + J∗xψx)

≡ −Wt[J(ψ), J∗(ψ∗)] +

ˆ
x

(ψ∗xJx + J∗xψx) , (4.88)

where we shorten the notation as J(ψ) = J(ψ,ψ∗). We implicitly defined the
Schwinger functional Wt = log(Zt), which is the generating functional for connected
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correlation functions, i.e.,

Gc,(3)(x, y, w) =
δ3Wt

δJ∗xδJ
∗
y δJw

(4.89a)

Gc,(4)(x, y, w, z) =
δ4Wt

δJ∗xδJ
∗
y δJwδJz

. (4.89b)

Here, we picked one representative each, where in principle all combinations of n
field derivatives yield a correlation function of nth order. However, when evaluating
the expressions for absent external sources, we focus on the U(1)-invariant case
where the only surviving correlations are those with equal numbers of fields and
conjugate fields.

Field expectation values and sources are related by

ψx(J) =
δWt

δJ∗x
= Tr

(
ρ̂te
´
x ψ̂
†
xJx

[
ψ̂x +

Jx
2

]
e
´
x J
∗
x ψ̂xe

1
2

´
x J
∗
xJx

)
, (4.90a)

ψ∗x(J∗) =
δWt

δJx
= Tr

(
ρ̂te
´
x ψ̂
†
xJx

[
ψ̂†x +

J∗x
2

]
e
´
x J
∗
x ψ̂xe

1
2

´
x J
∗
xJx

)
, (4.90b)

δΓt
δψx

= J∗x , (4.90c)

δΓt
δψ∗x

= Jx , (4.90d)

where the last two lines follow directly from the definition of the effective action

δΓt
δψx

=

ˆ
y

(
− δJy
δψx

δWt

δJy
+
δJy
δψx

ψ∗y

)
+

ˆ
y

(
−
δJ∗y
δψx

δWt

δJ∗y
+
δJ∗y
δψx

ψy

)
+ J∗x

= Jx . (4.91)

We may generalize these relations to obtain the connection between correlation
functions and derivatives of the effective action, so-called vertices. We consider the
following expression

Γ(2)
yx ≡

δ2

δψ∗yδψx
Γt [ψ,ψ∗] =

δJ∗x
δψ∗y

, (4.92)

which we use to obtain

δxz =

ˆ
y

δJ∗x
δψ∗y

δψ∗y
δJ∗z

=

ˆ
y

δ2Γt
δψ∗yδψx

δ2Wt

δJ∗z δJy
= Gc,(2)

zy Γ(2)
yx . (4.93)

Hence, the second derivative of the effective action is the inverse connected two-
point function. Using the following identity for an arbitrary (invertible) matrix
M(λ)

M∂λM
−1 = ∂λ[MM−1︸ ︷︷ ︸

=1

]− [∂λM ]M−1 = −[∂λM ]M−1, (4.94)
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we get

δ

δψz
Gc,(2)
xy =

δ

δψz

[
Γ(2)

]−1

xy

= −Gc,(2)
xy1

δ

δψz

[
Γ(2)

]
y1y2

Gc,(2)
y2y

= −Gc,(2)
zy3 G

c,(2)
xy1 Γ(3)

y1,y2y3G
c,(2)
y2y , (4.95)

where the comma in Γ
(3)
y1,y2y3 separates the indices for derivations with respect to ψ∗

from those associated with ψ-derivatives. Higher-order correlations are obtained
accordingly, where each (connected) correlation function may be translated to a
corresponding combination of two-point functions (propagators) and vertices.

4.A.2 Flow equation

Here, we consider a non-relativistic Bose gas with Hamiltonian

Ĥ =

ˆ
x

[
∇ψ̂†x∇ψ̂x

2m
− µψ̂†xψ̂x +

g

2
ψ̂†xψ̂

†
xψ̂xψ̂x

]
. (4.96)

Its dynamics is determined by the von-Neumann equation

i∂tρ̂t =
[
Ĥ, ρ̂t

]
, (4.97)

for the time-dependent (Schrödinger) density operator ρ̂t. Using this, we may derive
an evolution equation for the equal-time effective action with fixed external fields

i∂tΓt = −i∂t log(Zt)

= − 1

Zt
Tr
(
i∂tρ̂te

´
x(ψ̂†xJx+J∗x ψ̂x)

)
= − 1

Zt
Tr
([
Ĥ, ρ̂t

]
e
´
x(ψ̂†xJx+J∗x ψ̂x)

)
=

1

Zt
Tr
(
ρ̂t

[
Ĥ, e

´
x(ψ̂†xJx+J∗x ψ̂x)

])
, (4.98)

and we used the cyclicity of the trace in the last step. The right-hand side of the
evolution equation is evaluated by explicit computation of the commutators and by
subsequently re-expressing field correlations in terms of propagators and effective
vertices. To compute the commutators, we consider[

Ĥ, e
´
x(ψ̂†xJx+J∗x ψ̂x)

]
=
[
Ĥ, e

´
x ψ̂
†
xJxe

´
x J
∗
x ψ̂xe

1
2

´
x J
∗
xJx
]

=
[
Ĥ, e

´
x ψ̂
†
xJxe

´
x J
∗
x ψ̂x
]
e

1
2

´
x J
∗
xJx , (4.99)
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as well as the commutators[
ψ̂, eψ̂

†J
]

= Jeψ̂
†J , (4.100a)[

(ψ̂)2, eψ̂
†J
]

= {ψ̂, Jeψ̂†J} = eψ̂
†JJ(2ψ̂ + J), (4.100b)[

ψ̂†, eJ
∗ψ̂
]

= −J∗eJ∗ψ̂, (4.100c)[
(ψ̂†)2, eJ

∗ψ̂
]

= −J∗(2ψ̂† + J∗)eJ
∗ψ̂, (4.100d)

which we illustrated here for a single bosonic mode. We get[
Ĥ, e

´
x(ψ̂†xJx+J∗x ψ̂x)

]
=
[
Ĥ, e

´
x ψ̂
†
xJxe

´
x J
∗
x ψ̂x
]
e

1
2

´
x J
∗
xJx

= e
1
2

´
x J
∗
xJx

[ˆ
x

(
∇ψ̂†x∇ψ̂x

2m
− µψ̂†xψ̂x +

g

2
ψ̂†xψ̂

†
xψ̂xψ̂x

)
, e
´
x ψ̂
†
xJxe

´
x J
∗
x ψ̂x

]

= e
1
2

´
x J
∗
xJxe

´
x ψ̂
†
xJx

[ˆ
x

(
∇ψ̂†x∇ψ̂x

2m
− µψ̂†xψ̂x +

g

2
ψ̂†xψ̂

†
xψ̂xψ̂x

)
, e
´
x J
∗
x ψ̂x

]

+ e
1
2

´
x J
∗
xJx

[ˆ
x

(
∇ψ̂†x∇ψ̂x

2m
− µψ̂†xψ̂x +

g

2
ψ̂†xψ̂

†
xψ̂xψ̂x

)
, e
´
x ψ̂
†
xJx

]
e
´
x J
∗
x ψ̂x

= e
1
2

´
x J
∗
xJxe

´
x ψ̂
†
xJxe

´
x J
∗
x ψ̂x

ˆ
x

(
J∗x∇2ψ̂x

2m
+ µJ∗xψ̂x −

g

2
J∗x(2ψ̂†x − J∗x)ψ̂xψ̂x

)
− c.c., (4.101)

where we used an integration by parts and c.c. abbreviates complex conjugation.
Further simplifications yield

= e
´
x
J∗xJx

2 e
´
x ψ̂
†
xJxe

´
x J
∗
x ψ̂x

ˆ
x

(
J∗x∇2ψ̂x

2m
+ µJ∗xψ̂x −

g

2
J∗x(2ψ̂†x − J∗x)ψ̂2

x

)

= e
´
x
J∗xJx

2 e
´
x ψ̂
†
xJx

ˆ
x

(
J∗x∇2ψ̂x

2m
+ µJ∗xψ̂x −

g

2
J∗x(2ψ̂†x + J∗x)ψ̂2

x

)
e
´
x J
∗
x ψ̂x

=

ˆ
x

(
J∗x∇2( δ

δJ∗x
− Jx

2 )

2m
+ µJ∗x

(
δ

δJ∗x
− Jx

2

)

− gJ∗x
δ

δJx

(
δ

δJ∗x
− Jx

2

)2
)
e
´
x
J∗xJx

2 e
´
x ψ̂
†
xJxe

´
x J
∗
x ψ̂x (4.102)

where we normal ordered the expressions to replace field operators by their respec-
tive derivatives and source fields. Source derivatives are interpreted as acting on
the exponential functions only.
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Combining the various expressions, one gets

i∂tΓt =

ˆ
x

[
δΓt
δψx

(∇2

2m
+ µ

)
ψx − ψ∗x

(∇2

2m
+ µ

)
δΓt
δψ∗x

+ gGψ
∗ψ∗ψ

xxx

δΓt
δψ∗x
− g δΓt

δψx
Gψ
∗ψψ

xxx

]
+

ˆ
x

(
g

4

δΓt
δψx

δΓt
δψx

δΓt
δψ∗x

ψx −
g

4
ψ∗x

δΓt
δψx

δΓt
δψ∗x

δΓt
δψ∗x

)
, (4.103)

see the corresponding result in Eq. (4.15).
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4.B Diagrammatic rules and examples

In this section, we give further details on the diagrammatic language employed in
the main chapter.

4.B.1 Examples

To illustrate the diagrammatic rules Eqs. (4.12)-(4.14), we give the full expression
for the exemplary diagrams of Fig. 4.1 for the example of N = 1. The first diagram
represents the connected four-point function (Eq. (4.11)), which is obtained as

Gc,(4)
x1x2x3x4 =

δ

δJ∗x1

δ

δJ∗x2

δ

δJx3

δ

δJx4
Wt[J

(∗)]
∣∣∣
J,J∗=0

= −
ˆ
y

δψy1
δJ∗x1

δψy2
δJ∗x2

δψy3
δJx3

δψy4
δJx4

Γ(4)
y1y2y3y4

= −
ˆ
y

δWt

δJ∗x1δJy1

δWt

δJ∗x2δJy2

δWt

δJ∗y3δJx3

δWt

δJ∗y4δJx4
Γ(4)
y1y2y3y4

= −
ˆ
y
Gc,(2)
x1y1G

c,(2)
x2y2G

c,(2)
y3x3G

c,(2)
y4x4Γ(4)

y1y2y3y4 , (4.104)

where we used the definitions for n-point functions and the effective action, the
U(1) symmetry, and y refers to position variables y1, .., y4. Going to Fourier space
G

c,(2)
xy =

´
pG

c,(2)
p exp(ip(x− y)), we get

Gc,(4)
x1x2x3x4 = −

ˆ
p
Gc,(2)
p1 Gc,(2)

p2 Gc,(2)
p3 Gc,(2)

p4 eip1x1+ip2x2e−ip3x3−ip4x4Γ(4)
p1p2p3p4 , (4.105a)

such that

Gc,(4)
p1p2p3p4 = −Gc,(2)

p1 Gc,(2)
p2 Gc,(2)

p3 Gc,(2)
p4 Γ(4)

p1p2p3p4 . (4.105b)

Here we used

Γ(4)
p1p2p3p4 =

ˆ
y
e−ip1y1−ip2y2eip3y3+ip4y4Γ(4)

y1y2y3y4 , (4.105c)

Gc,(4)
p1p2p3p4 =

ˆ
x
e−ip1x1−ip2x2eip3x3+ip4x4Gc,(4)

x1x2x3x4 . (4.105d)

Using the translation invariance in real-space one finds that Γ
(4)
x1x2x3x4 is independent

of the sum of its arguments x1 + x2 + x3 + x4 such that the integration over this
component results in a momentum conserving factor δ(p1 + p2 − p3 − p4) in Fourier
space.
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The second and third diagrams are given accordingly by

Gc,(6)
p1..p6 = −Gc,(2)

p1 Gc,(2)
p2 Gc,(2)

p3 Gc,(2)
p4 Gc,(2)

p5 Gc,(2)
p6 × Γ(6)

p1..p6

+

ˆ
q
Gc,(2)
p1 Gc,(2)

p2 Gc,(2)
p3 Γ(4)

p1p2p3qG
c,(2)
q Γ(4)

qp4p5p6G
c,(2)
p4 Gc,(2)

p5 Gc,(2)
p6

+ permutations. (4.106)

4.B.2 Loop expressions

The loop diagrams which involve the scattering of two and three particles are
summarized in the functionM, and diagrammatically displayed in Fig. 4.2 for N =

1. In this section, we derive the analytic expressions which underlie the individual
diagrams contributing to the evolution of Γ(4). The loop expressions originate from
field-derivatives acting on the second line of Eq. (4.15), where we focus on one
representative of each type of diagram (without listing complex conjugates or trivial
permutations). Also, the integration over internal indices will be implied throughout
this section. We consider

1

Zt[J (∗)]

δ3Zt[J
(∗)]

(δJx)2δJ∗x

δΓt
δψ∗x

= G(3)
xx,x

δΓt
δψ∗x

, (4.107)

where G(3)
xx,x = 〈(ψ̂†x)2ψ̂x〉J,sym is non-zero in the presence of a source J . The expres-

sion may be split into its connected components and is subsequently differentiated
with respect to the four external fields:

• First, one gets

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

[
ψ∗xψ

∗
xψx

δΓt
δψ∗x

]
⊃ δx1x4δx2x4δx3x4Γ(2)

x1x4 → ,

(4.108a)

representing the bare classical scattering vertex.

• Secondly, one finds terms of the kind

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

[
ψ∗xG

c,(2)
xx

δΓt
δψ∗x

]
, (4.109)

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

[
ψxG̃

c,(2)
xx

δΓt
δψ∗x

]
, (4.110)
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with G̃c,(2)
xx = 〈(ψ̂∗x)2〉cJ . Applying all derivatives in (4.109) to the first and the

last factor in the bracket, we get the first diagram ofM

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

[
ψ∗xG

c,(2)
xx

δΓt
δψ∗x

]
⊃ −Gc,(2)

x1x1Γ(4)
x1x2x3x4 → .

(4.111)

For translation invariant systems this diagram cancels against its permutations.
The analogous expression (4.110) vanishes as G̃c,(2)

xx = 0 when setting J = 0.
When acting two derivatives on the two-point function in (4.109), we get

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

[
ψ∗xG

c,(2)
xx

δΓt
δψ∗x

]
⊃ −Γ(4)

x1y1y2x4G
c,(2)
x3y1G

c,(2)
y2x3Γ(2)

x3x2

→ (4.112)

by using that

δ

δψx1

δ

δψ∗x2
Gc,(2)
xz

∣∣∣
ψ(∗)=0

= −Γ(4)
x1y1y2x2G

c,(2)
xy1 G

c,(2)
y2z , (4.113)

where contributions involving the three-vertex vanish due to U(1) invariance.
Similarly, an analogous contribution arises from (4.109)

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

[
ψ∗xG

c,(2)
xx

δΓt
δψ∗x

]
⊃ −Γ(4)

x1y1y2x4G
c,(2)
x3y1G

c,(2)
y2x3Γ(2)

x3x2

→ (4.114)

• Third, we consider

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

[
Gc,(3)
xx,x

δΓt
δψ∗x

]
(4.115)

By U(1) symmetry, the only surviving contributions are obtained by applying
an odd number of derivatives to each factor inside the brackets.

For one derivative acting on the three-point function, we use that

δ

δψ∗x4
Gc,(3)
xx,x

∣∣∣
ψ(∗)=0

= −Γ(4)
x4z1z2z3G

c,(2)
xz1 G

c,(2)
z2x G

c,(2)
z3x ,

→ (4.116)
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which yields the diagram in combination with the other derivatives acting on
the second factor to yield Γ

(4)
xx3x1x2 .

In the case where three derivatives act on the three-point function, we get
terms of the kind

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4
Gc,(3)
xx,x

∣∣∣
ψ(∗)=0

→ −Γ(6)
x3x4z1x2z2z3G

c,(2)
xz1 G

c,(2)
z2x G

c,(2)
z3x

→ (4.117)

where we again augmented the result with the second factor, here Γ
(2)
xx1 , or

alternatively

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4
Gc,(3)
xx,x

∣∣∣
ψ(∗)=0

=
δ

δψx2

δ

δψ∗x3

[
−Γ(4)

x4z1z2z3G
c,(2)
xz1 G

c,(2)
z2x G

c,(2)
z3x

]
⊃ −Γ(4)

x4z1z2z3G
c,(2)
xz1 G

c,(2)
z2x

δ

δψx2

δ

δψ∗x3

[
Gc,(2)
z3x

]
= Γ(4)

x4z1z2z3G
c,(2)
xz1 G

c,(2)
z2x Γ(4)

x3y1y2x2G
c,(2)
z3y1G

c,(2)
y2x ,

→ . (4.118)

including again Γ
(2)
xx1 .

Analogously, we give the expression for the computation of the conjugate of
the diagram shown in Eq. (4.112). This diagram will be especially important
for the computation of observables in the 1/N expansion of the effective action.
It originates from the term

− 1

Zt[J (∗)]

δ3Zt[J
(∗)]

(δJ∗x)2δJx

δΓt
δψx

= −G(3)
x,xx

δΓt
δψx

, (4.119)

where G(3)
x,xx = 1/2〈{ψ̂†x, ψ̂2

x}〉J . Again applying the external derivatives, we
get

− δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

[
ψxG

c,(2)
xx

δΓt
δψx

]
⊃ −Γ(4)

x1y1y2x4G
c,(2)
x2y1G

c,(2)
y2x2Γ(2)

x2x3

→ . (4.120)

4.B.3 1/N counting of diagrams

In this section, we briefly review the counting of powers of N in loop diagrams.
While the Hamiltonian is invariant under a global U(N) symmetry, there are N
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U(1) subgroups which imply the conservation of particle number for the individ-
ual components i. Since we diagonalized the two-point function in field space,
i.e., Gc,(2)

α1α2 = G
c,(2)
x1x2δi1i2 , lines carrying a certain field index are never interrupted

throughout a diagram. For the effective vertices, we get

Γ(4)
α1..α4

∝ δi1i3δi2i4 + perm., (4.121a)

Γ(6)
α1..α6

∝ δi1i4δi2i5δi3i6 + perm., (4.121b)

and analogously for all higher-order vertices.
Depending on field indices and orientation of vertices, we can differentiate

between different contributions, illustrated here for the example of a one-loop
diagram

= O(1/N2), (4.122a)

= O(1/N2)×O(N), (4.122b)

where red lines follow field components through the diagrams. The factor of 1/N2

originates from the two bare vertices, which come with a factor of 1/N each. The
additional factor of N in the second diagram originates from the summation over
all possible intermediate particles within the loop. In general, each such closed loop
of field indices yields a factor of N . Using this and assuming Eq. (4.46), we get the
following power counting for the diagrams shown in Fig. 4.2 (where we always pick
the representative with the largest power of N ). Subleading diagrams of Fig. 4.2 are
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the following

= O(1/N2), (4.123a)

= O(1/N3)×N = O(1/N2), (4.123b)

= O(1/N3)×N = O(1/N2), (4.123c)

= O(1/N3)×N = O(1/N2). (4.123d)

The dominant contribution at order 1/N is given by

= O(1/N2)×N = O(1/N). (4.124)

Eventually, we can confirm self-consistently that all contributions lead to an evolu-
tion of the four-vertex at orderO(1/N). As Γ(4) is initially sourced by the bare vertex
at order O(1/N), it confirms our initial assumption Eq. (4.46). This line of argument
can be applied to the entire hierarchy of equal-time vertices: Γ(6) is sourced by a com-
bination of the bare vertex and Γ(4) (i.e., at order O(1/N2)) and the corresponding
diagrams for its evolution remain at this order.
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4.C Details on the non-perturbative Boltzmann equation

In this section, we give the analytical expressions to detail the derivation of the
non-perturbative Boltzmann equation which was outlined in the main chapter.

4.C.1 Proof of expression (4.72)

Here, we explicitly demonstrate that the expression (4.72) is a solution to the imagi-
nary part of Eq. 4.71. First, we make use of the defining property of ΓB , to define

ΓBpqrs ≡ (Γp − Γs)(Γq − Γr)Bpqrs, (4.125)

where we made the external inverse propagators explicit. With this, Eq. (4.72)
becomes

Bpqrs =
g2/(4N)

−∆ωpqrs + iε

ˆ
k′

(
− Gk′Gk′′ − 1

4

∆ωk′psk′′ − iε
1

1 + Πk′k′′
− Gk′Gk′′ − 1

4

∆ωk′′qrk′ − iε
1

1 + Πk′′k′

)
︸ ︷︷ ︸

(I)

− g/2

−∆ωpqrs + iε

ˆ
k′

(Gk′′ −Gk′)Bpk′k′′s︸ ︷︷ ︸
(II)

− g/2

−∆ωpqrs + iε

ˆ
k′

(Gk′ −Gk′′)Bk′′qrk′︸ ︷︷ ︸
(III)

,

(4.126)

and our ansatz for the solution (4.72) is accordingly given by

Im(Bpqrs) = P
[
ggeff
ps /(4N)

−∆ωpqrs + iε

] ˆ
k′
πδ(∆ωpk′k′′s)

(
Gk′Gk′′ −

1

4

)
+ {p, s↔ q, r}.

(4.127)

In the following, we will strip Eq. (4.126) into its individual parts and analyse terms
separately.

First term: (I)

Considering the first term of Eq. (4.126), we use the symmetry relation (4.142) to get

δ(∆ωpqrs)

ˆ
k′

Re

(
− Gk′Gk′′ − 1

4

∆ωk′psk′′ − iε
1

1 + Πk′k′′
− Gk′Gk′′ − 1

4

∆ωk′′qrk′ − iε
1

1 + Πk′′k′

)
= 0.

(4.128)

Using this, the imaginary part of the first term in Eq. (4.126) is given by

Im(I) = P
(

g2/(4N)

−∆ωpqrs + iε

)
Im

[ˆ
k′

Gk′Gk′′ − 1
4

∆ωk′psk′′ − iε
1

1 + Πk′k′′
+ {p, q ↔ r, s}

]
(4.129)
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Next, we compute the second factor separately,

ˆ
k′

Im

(
Gk′Gk′′ − 1

4

∆ωk′psk′′ − iε
1

1 + Πk′k′′

)
=

ˆ
k′
πδ(∆ωk′psk′′)

(
Gk′Gk′′ −

1

4

)
1 + Re(Π∗k′k′′)

|1 + Πk′k′′ |2

+

ˆ
k′

Re

(
Gk′Gk′′ − 1

4

∆ωk′psk′′ − iε

)
Im(Π∗k′k′′)

|1 + Πk′k′′ |2
, (4.130)

Second and third term: (II) and (III)

Similarly, for the second and third term of Eq. (4.126), which involves B itself, we
have

Im

[
g/2

−∆ωpqrs + iε

]ˆ
k′

(Gk′′ −Gk′)Re
[
Bpk′k′′s −Bk′′qrk′

]
= −πg

2
δ(∆ωpqrs)

ˆ
k′

(Gk′′ −Gk′)Re
[
Bpk′k′′s −B∗pk′k′′s

]
= 0, (4.131)

where we used the identity B∗pk′k′′s = Bsk′′k′p, see section 4.C.3. As a consequence,
we focus on the following combination of real and imaginary parts

− g

2
Re

[
1

−∆ωpqrs + iε

]ˆ
k′

(Gk′′ −Gk′)Im(Bpk′k′′s)

= −P
[

g/2

−∆ωpqrs + iε

]ˆ
k′

(Gk′′ −Gk′)Im(Bpk′k′′s). (4.132)

Next, we compute the second factor of this term by employing the definition of B,
i.e., Eq (4.127)

ˆ
k′

(Gk′′ −Gk′)Im(Bpk′k′′s) =

ˆ
q′,k′

(
Gq′Gq′′ −

1

4

)
×
[
ggeff
ps

4
P
[

(Gk′′ −Gk′)
−∆ωpk′k′′s + iε

]
πδ(∆ωpq′q′′s)

+
ggeff
k′k′′

4
P
[

(Gk′′ −Gk′)
−∆ωpk′k′′s + iε

]
πδ(∆ωk′q′′q′k′′)

]
=
ggeff
ps

4
P(Πps)

ˆ
q′
πδ(∆ωpq′q′′s)

(
Gq′Gq′′ −

1

4

)
ˆ
q′

ggeff
q′q′′

4
P
[

Gq′Gq′′ − 1
4

−∆ωpq′q′′s + iε

]
Im(Πq′′q′). (4.133)
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Putting all terms together, we observe

Im(I) + Im(II) + Im(III)

= P
(

g2/(4N)

−∆ωpqrs + iε

)ˆ
k′
πδ(∆ωk′psk′′)

Gk′Gk′′ − 1
4

|1 + Πk′k′′ |2
+ {p, s↔ q, r}

= P
(

ggeff
ps /(4N)

−∆ωpqrs + iε

)ˆ
k′
πδ(∆ωk′psk′′)

(
Gk′Gk′′ −

1

4

)
+ {p, s↔ q, r}

= Im(Bpqrs), (4.134)

which confirms that the ansatz Eq (4.127) solves the imaginary part of Eq. (4.126).

4.C.2 Non-perturbative Boltzmann equation

To derive the non-perturbative Boltzmann equation, we compute

∂tGp = −
ˆ
q,r,s

gIm(ΓApqrs + ΓBpqrs)GpGqGrGs. (4.135)

To this end, we again split the expression into individual parts

Im(ΓA)

We first consider the following term, see also (4.67),

ˆ
q′

Im
(
ΓApq′q′′s

)
Gq′Gq′′ = −

ˆ
q′
πGq′Gq′′δ(∆ωpq′q′′s)V

eff
pq′q′′s

−
ˆ
q′
πGq′Gq′′δ(∆ωpq′q′′s)V

eff
pq′q′′sP(Πps)

+

ˆ
q′
P
[

Gq′Gq′′

∆ωpq′q′′s − iε

][
V eff
pq′q′′sIm (Πps)

+ {p, s↔ q′, q′′}
]
, (4.136)

where we adapted the notation of Eqs. (4.63) and (4.64). Here, the second line is
given by

−
ˆ
q′
πGq′Gq′′δ(∆ωpq′q′′s)V

eff
pq′q′′sP(Πps)

= −(Γp − Γs)
geff
ps

2N
P(Πps)

ˆ
q′
πδ(∆ωpq′q′′s)

(
Gq′Gq′′ −

1

4

)
+
geff
ps

2N
P(Πps)Im(Πps)

(
1− ΓpΓs

4

)
. (4.137)
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The third line can be rewritten to yield

ˆ
q′
P
[

Gq′Gq′′

∆ωpq′q′′s − iε

]
V eff
pq′q′′sIm (Πps) = −

geff
ps

2N
P(Πps)Im(Πps)

(
1− ΓpΓs

4

)
, (4.138)

and similarly, we obtain for the fourth line

ˆ
q′
P
[

Gq′Gq′′

∆ωpq′q′′s − iε

]
Vq′psq′′

Im
(
Πq′q′′

)
|1 + Πq′q′′ |2

= (Γp − Γs)

ˆ
q′,k′

ggeff
k′k′′

4N

(
Gq′Gq′′ −

1

4

)
πδ(∆ωq′k′′k′q′′)P

[
Gk′ −Gk′′

∆ωpk′k′′s − iε

]
. (4.139)

Im(ΓB)

The second term can be brought into the form

ˆ
q′

Im
(
ΓBpq′q′′s

)
Gq′Gq′′ = −(Γp − Γs)

geff
ps

2N
P(Πps)

ˆ
q′
πδ(∆ωpk′k′′s)

(
Gk′Gk′′ −

1

4

)
− (Γp − Γs)

ˆ
q′,k′

ggeff
q′q′′

4N

(
Gk′Gk′′ −

1

4

)
πδ(∆ωq′k′′k′q′′)

× P
[

Gq′ −Gq′′
∆ωpq′q′′s − iε

]
. (4.140)

In summary, all but one term cancel, and we get

ˆ
q′

Im
(
ΓApq′q′′s + ΓBpq′q′′s

)
Gq′Gq′′ = −

ˆ
q′
πGq′Gq′′δ(∆ωpq′q′′s)V

eff
pq′q′′s, (4.141)

which straightforwardly leads to Eq. (4.74).

4.C.3 Symmetries under coordinate exchange

In our calculations we frequently use the symmetry of certain objects under the
momentum exchange p, s↔ s, p (i.e., p, s↔ q, r in the presence of the momentum
and energy conserving delta functions). For instance, we get for the one-loop self-
energy function

Πsp = g

ˆ
k′

Gk′ −Gk′−(p−s)

∆ωsk′(k′−(p−s))p − iε

= g

ˆ
k′

Gk′+(p−s) −Gk′
∆ωs(k′+(p−s))k′p − iε

= g

ˆ
k′

Gk′ −Gk′+(p−s)

∆ωpk′(k′+(p−s))s + iε

= Π∗ps. (4.142)

Here, a crucial ingredient was the anti-symmetry of the numerator under the coordi-
nate flip.
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We employ similar arguments to demonstrate the relation B∗pqrs = Brspq which
we use to solve the non-perturbative evolution equation for Im(ΓB). First, we show
the identity at the one-loop level, cf. Eq. (4.69). Using

V

p s

q r

∝ 1

N

ΓrΓs
∆ωpqrs − iε

ˆ
k′

Gk′Gk′′ − 1
4

∆ωpk′k′′s − iε
. (4.143)

one gets

Bpqrs =
−g2/N

∆ωpqrs − iε

ˆ
k′

Gk′Gk′′ − 1
4

∆ωpk′k′′s − iε
+ higher-oder loops. (4.144)

In presence of the energy and momentum conserving δ-distributions δ(∆ωpqrs)δ(p+

q − r − s), we find[ −g2/N

∆ωpqrs − iε

ˆ
k′

Gk′Gk′′ − 1
4

∆ωpk′k′′s − iε

]∗
=

−g2/N

∆ωpqrs + iε

ˆ
k′

Gk′Gk′′ − 1
4

∆ωpk′k′′s + iε

=
−g2/N

∆ωrspq − iε

ˆ
k′

Gk′Gk′′ − 1
4

∆ωk′′spk′ − iε

=
−g2/N

∆ωrspq − iε

ˆ
k′

Gk′Gk′+(p−s) − 1
4

∆ω(k′+(p−s))spk′ − iε

=
−g2/N

∆ωrspq − iε

ˆ
k′

Gk′+(s−p)Gk′ − 1
4

∆ωsk′(k′+(s−p))p − iε

=

[ −g2/N

∆ωpqrs − iε

ˆ
k′

Gk′Gk′′ − 1
4

∆ωpk′k′′s − iε

]
p,q↔r,s

. (4.145)

With this, the identity B∗pqrs = Brspq is easily shown at the one-loop level. The
generalization to any loop order, and thus the full expression B, follows in the same
manner iteratively from Eq. (4.126), where it is respected in each term individually.
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Chapter 5

Conclusion

This dissertation was devoted to the advance of quantum simulation techniques for
the complex dynamics of quantum fields such as lattice gauge theories and Bose
gases. We conclude by summarizing and discussing the central results, and by
giving an outlook on future research.

5.1 Summary

The achievements of this thesis were presented in the following main chapters:

In Chapter 2 we developed a quantum simulator to investigate a one-dimensional
U(1) lattice gauge theory with ultra-cold atoms and demonstrated its controlled
operation. A strong motivation for the experiment was to demonstrate the scalabil-
ity of our approach. The faithful implementation of gauge invariance was probed
with experimentally accessible observables to anticipate the regime of large-scale
quantum systems where numerical calculations become too costly to follow the
detailed evolution in general. We highlighted the importance of gauge symmetry in
the many-body dynamics, which lead the system to gauge invariant thermal ensem-
bles different from corresponding simulations without the symmetry constraints.
Our results demonstrate that large-scale quantum simulations of gauge theories
are in immediate reach with current technology, and lay the foundation for further
investigations into their emergent phenomena.

In Chapter 3 we proposed a scalable scheme to realize U(1) gauge fields with ultra-
cold quantum gases in two dimensions. To illustrate our proposal, we studied
how charge confinement could become accessible with ultra-cold atoms. To make
optimal use of the underlying platform, we utilized the spin-changing collisions of
the atoms and promoted their spin conservation to a (local) gauge symmetry. This
strategy provides a reliable mechanism to enforce the gauge invariant dynamics,
which extends to the case where individual unit-cells of our proposal are scaled-up
with two dimensional optical lattices.
The single-plaquette realization of the two-dimensional gauge theory was subse-
quently investigated experimentally through fluctuations of the ultra-cold atoms.
Our theoretical modelling of the experimental data enabled us to identify various
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non-equilibrium phenomena. For a class of initial states, the system evolution al-
lowed for a description of fast relaxation with signatures of equilibration at already
early times. For a different regime of initial states, relaxation to equilibrium was
suppressed on observable times, suggesting the existence of a long-lived metastable
state. These regions of the parameter space were separated by an instability, which
we diagnosed with the large fluctuations in the data, and our theoretical modelling
was assisted by an interpretation of the observed data through mean-field potentials.
At last, we explored a different approach by studying the non-equilibrium dynamics
of Z2 gauge fields through the evolution of their entanglement spectra. The numer-
ical results allowed us to distinguish different regimes from early level repulsion
to late-time equilibration even for the small considered system sizes, thus setting
the stage for applications with quantum simulators. The entanglement structure
revealed an intermediate regime of self-similar evolution where probability is trans-
ported similar to particle or energy transport in wave turbulence [69, 141], as recently
also considered experimentally with Bose gases [88–90].

In the last part, Chapter 4, we considered the far-from-equilibrium dynamics of
Bose gases from the perspective of experimentally accessible equal-time correlations.
We elaborated on a formulation of quantum field theory based on the equal-time
effective action, which builds on such time-local correlation functions. The effective
action obeys a functional evolution equation, which enables the derivation of exact
evolution equations for two-point functions and interaction vertices. Extending
earlier work, we derived kinetic theories in two regimes: the perturbative, weakly in-
teracting gas and the highly occupied non-perturbative gas. The latter is dominated
by important vertex corrections, which we computed analytically.

5.2 Outlook

An important step toward realistic applications of quantum simulation experiments
is to further extend current platforms and the outlined theoretical and experimen-
tal techniques of realizing the gauge theories, e.g., to three-dimensional setups,
continuous-variable gauge fields as realized in QED, and more complex, non-abelian
gauge groups.

As a first step, the approach discussed in Chapter 2 should be extended to higher-
spin representations of the quantum link formalism. While such models lie beyond
the scope of this thesis, they seem possible with state-of-the-art technology. As
demonstrated in Refs. [78, 79], extensions to spin-3 could already yield valuable
insight into the continuum limit of QED, e.g. in the strong coupling regime.

Future work will also focus on the various phenomena which will be accessible in
higher dimensional setups. In one spatial dimension, the gauge fields are heavily
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restricted and even basic aspects such as the propagation of transversal gauge field
modes are not present. Investigating the non-equilibrium dynamics of the gauge
fields in higher-dimensional large-scale quantum simulators may provide valuable
insight also for more complex, e.g. non-abelian, gauge theories.

Extending the presented single-plaquette realization with optical lattices would
enable us, for example, to study the thermalization dynamics of higher-dimensional
gauge fields in detail. The isolated, interacting field theory gives rise to investiga-
tions of strongly correlated regimes of gauge theories as relevant for the evolution of
fields in heavy-ion collisions [14, 159]. Our results suggest that methods and some
of the phenomenology observed in Section 3.4 extend to the two-dimensional lattice.
As illustrated in Section 3.4, the far-from-equilibrium evolution often involves large
fluctuations or high occupation numbers of gauge fields and is thus expected to
require the many degrees of freedom provided by Bose-Einstein condensates [77].

By coupling fermions to the gauge fields, our approach would also give rise to
studies of a series of strong-field aspects of continuum QED [160]. So far, this regime
of QED has not extensively been addressed experimentally as the necessary field
strengths of orders ∼ 1018V/m are beyond the capabilities of current facilities [161,
162]. Target phenomena range from Schwinger pair production beyond one spatial
dimension [145, 163] to quantum anomalies out of equilibrium [8, 164], and string
breaking [165–167], which will also provide valuable insights for similar facets of
QCD. While we transformed the fermion matter fields to corresponding interaction
terms of hard-core bosons in Chapter 2, such an approach cannot be straightfor-
wardly applied beyond a single dimension. Ultra-cold Fermi gases [168–170] offer
a way forward, as they intrinsically carry the necessary quantum statistics for the
realization of fermionic matter. Here, ultra-cold atoms hold a natural advantage over
alternative platforms based on Rydberg atoms, trapped ions, or superconducting
circuits.

Such Fermi gases are also natural extensions for the effective action approach pre-
sented in Chapter 4. Despite the illustration with scalar Bose fields, the concept
of effective actions is more general and could also be applied to fermions, rela-
tivistic fields, or even more complex systems, for example, gauge theories. Such
an extension may enable the detailed verification of symmetry constraints in the
exact evolution equations of large-scale quantum simulators. Relevant ingredi-
ents for the complex field dynamics could be discovered experimentally, which
might lead to valuable insights toward efficient descriptions of gauge theories in
strongly-correlated regimes.

The work presented in Chapter 4 may also shed new light on non-equilibrium uni-
versality as recently observed in experiments [88–90]. Our equal-time computations
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were partly motivated by the experiment [143], where effective vertices have been
extracted during the far-from-equilibrium evolution of a spinor Bose gas. Our ap-
proach yields a qualitative basis to understand the strong suppression and universal
dynamics measured for vertices in the highly-occupied infrared regime. Detailed
comparisons of the 1PI vertices computed in Chapter 4 with measured vertices in
terms of composite spin-1 operators is beyond the scope of this thesis, but lies within
immediate reach.

Effective actions yield the characterization of quantum simulators via field corre-
lations, however, as demonstrated in Section 3.5 of Chapter 3, non-equilibrium
dynamics can also become accessible through entanglement spectra. Recent years
have brought substantial progress in the development of experimental methods
to extract suitable measures for entanglement [25, 26, 171–175]. Applications to
quantum simulation would allow for a deeper understanding of the complex gauge
field dynamics from the perspectives of both entanglement and field correlations.

In this context, is crucial to also consider the vast possibilities offered by available
platforms beyond analog quantum simulation. For instance, there has been great
progress toward universal quantum computing schemes, as often discussed in the
context of trapped ions or superconducting circuits [91, 176]. They offer precise con-
trol and great flexibility to engineer in principle arbitrary types quantum states and
time evolution, yet, their scalability to large systems is challenging. In this context,
large arrays of Rydberg atoms have been pioneered recently and their application to
quantum simulation offers exciting new perspectives [55, 177, 178]. It seems essential
for future quantum simulators to exploit the natural characteristics of the simulating
platforms such as the underlying symmetry groups. An exciting direction is to
combine aspects of different platforms to use their individual strengths and balance
weaknesses. In this context, promising directions involve hybrid analog-digital
simulation schemes [39], or quantum-classical optimization [56, 179], where large
parts of the computational tasks are efficiently performed with classical machines.
Research in these directions could open new ways toward the far-reaching goal of
realizing quantum simulations of QCD and beyond.
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