
Dissertation
submittedto the

CombinedFacultiesfor theNaturalSciencesandfor Mathematics
of theRuperto-CarolaUniversityof Heidelberg, Germany

for thedegreeof
Doctorof NaturalSciences

presentedby

Diplom-PhysicistGerhardMühlbauer
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Abstract

In this work, we investigatethe possibleinfluenceof a centralbar in a disk galaxyon the velocity
distribution in the outerstellardisk, which is thoughtto arisemostly via resonantphenomena.For
this, we numerically integrateorbits of a large numberof samplepoints in a 2D model potential
consistingof a rotatingbarcomponentin anaxisymmetricbackground.Centralto ouranalysisis the
constructionof the first andsecondmomentsof the velocity distribution in their spatialvariability.
Fromthese,otherimportantquantitieslike Oort constants,dispersionaxisratio andvertex deviation
canbe deduced.For the latter, we predictnon-vanishingvaluesfor a large numberof kinematical
configurations.Regardingtheaxisratio,we areableto obtainvaluessmallerthan

�����
, in agreement

with observationsin thesolarneighbourhoodwhicharehithertounexplainedby theory. All ourresults
areconsistentwith a proposedpositionof theSunlying shortlyoutsideof theco-rotationradiusand
laggingbehindthebarby �����
	��
Werepeatpartof ouranalysisfor modelpotentialsincludingspiralstructure,in orderto estimatehow
muchour resultswill be affectedby this. It turnsout that in many casesour bar-inducedfeatures
continueto prevail, whereasthe extent of the spiral effects is seento dependparticularlyon pitch
angle,which for thecaseof theMilk y Way is very poorlyconstrained.

Zusammenfassung

In dieserArbeit wird der mögliche Einfluß eineszentralenBalkenseiner Scheibengalaxieauf die
Geschwindigkeitsverteilung derSternein denäußerenBereichenderScheibeuntersucht,wie er ins-
besonderedurchResonanzpḧanomenezustandekommensollte.Dazuführenwir numerischeOrbit-
IntegrationeneinergroßenZahlvon Testteilchenin einemzweidimensionalenPotentialmodelldurch,
dasauseiner rotierendenBalkenkomponenteund einemaxialsymmetrischenHintergrundpotential
besteht.Mittelpunkt unsererAnalyseist die Konstruktiondererstenund zweitenMomenteder Ge-
schwindigkeitsverteilung in ihrerörtlichenAbhängigkeit. DarauskönnenanderewichtigeGrößenwie
dieOort-Konstanten,dasAchsenverḧaltnisderGeschwindigkeitsdispersion unddie Vertex-Deviation
bestimmtwerden.Für die letztereergebensich in einerVielzahlvon kinematischenKonfigurationen
nichtverschwindendeWerte.Bez̈uglich desDispersions-Achsenverḧaltnisses könnenwir in geeigne-
tenFällenauchWertekleinerals

�����
erhalten,wie sie ausBeobachtungenin derSonnenumgebung

erschlossenwurden,bisherabervonderTheorienichterklärtwerdenkönnen.UnsereErgebnissesind
stetsvertr̈aglich mit der vermutetenrelativen Lageder Sonnezum Balken,dassdiesenämlich sich
knappaußerhalbdesKorotationsradiusbefindeundetwa ���
	 hinterdemBalkenherlaufe.
TeileunsererUntersuchungenwerdenwiederholtfür Potentialmodelle,dieaucheinSpiralmusterein-
schließen,um eineEinscḧatzungdafür zu gewinnen,wie weit unsereErgebnissedavon modifiziert
werden.Es zeigt sich, dasszwar in vielen Fällen die von unsgefundenenBalken-Effekte vorherr-
schendbleiben,dassaberdie AuswirkungendesSpiralpotentialsvor allemvon dessenAnstellwinkel
abḧangen.Dieserist im FallederMilchstraßenursehrungenaubekannt.





Man weiß eigentlich nur, wenn man wenig
weiß; so wie man mehr erfährt, stellt sich
nachundnachderZweifel ein.

J. W. v. Goethe
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Chapter 1

Intr oduction

Reconstructingtheshapeof theMilk y Way is a difficult task.This is dueto our uniquepoint of view
onthisgalaxy:sittingright in themiddle,weseealot of localdetailandcanmakeobservationswhich
will never be possiblefor externalgalaxies.But we cannoteasilyget a view of the big picture. In
particular, oursightis hamperedby dustobscuration,andweareconfrontedwith thecrucialproblem
of distancedetermination.

Thereare two possibleways to overcomethis difficulty: one is to turn to suchobservational
optionswhichallow awiderview nonetheless,e.g.theinfrared.Theotherpossibilityis to try to draw
conclusionson theglobalstructurefrom localobservations.Stellarkinematicsseemsto beespecially
usefulin this respect,sincethecollisionlessnatureof stellardynamicsensuresthatit is dominatedby
large-scaleproperties.

In the lastdecades,therehasbeenmajorprogresson eitherside. A largepartof this progressis
dueto theadvancesin infraredastronomy, which allows to look into thedust-obscuredcentralparts
of theMilk y Way. EspeciallytheDIRBE experimentonboardtheCOBEsatelliteproducedextensive
sky mapsin thenearandfar infraredwhich canbeusedfor modellingGalacticstructure.IR surveys
like therecentlycompleted2MASSwill allow furtherinvestigationsof this kind.

Ontheotherhand,determiningthelocalstellarkinematicsmeansmeasuringpositionsandspatial
velocitiesof largenumbersof stars.Up to now, this hasonly beenpossiblein thenearvicinity of the
Sun. The greatestprogressin this field hasbeenbroughtaboutby the HIPPARCOSmission. This
astrometricsatellitewasflown from 1989to 1993,datawerepublishedtill 1997.Amongstaplethora
of otherthings,it allowed for thefirst time a reconstructionof thestellarvelocity distribution in the
solarneighbourhood.Thesedataallow conclusionson Galacticstructurealreadytoday. However, a
goldenerafor Galacticstructurestudieswill beopenedupwith theGAIA mission,whichwill measure
positionsandvelocitiesof aroundonebillion stars,or about1% of the Galacticstellarpopulation.
However, we have to wait at leastuntil theyear2020,whentheGAIA databecomeavailable.

Oneimportantmechanismof how globalGalacticpropertiesmight betraceablein local kinemat-
ics is throughorbital resonances.Orbital resonanceshave beenseento be of relevancein a variety
of topics,from solarsystemstudiesandplanetarydisksto thekinematicsot galacticdisks. We will
arguethatthey alsoplaya decisive role in thesolarneighbourhood.

Deviations from axisymmetry, and in particulara centralbar, are the Galactic featureswhich
interestus most. The existenceof a bar in the Milk y Way is largely establishedtoday, and bars
are generallyconsideredto constitutea major componentof a galaxy’s massdistribution, so they
could easilyhave kinematicalinfluences,especiallyif we think of orbital resonancesagain. Thus,
thecentralquestionsat thebeginning of this thesiswerethe following: Canthepresenceot thebar
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4 CHAPTER1. INTRODUCTION

of theMilk y Way be felt in thesolarneighbourhood?Doesit influencethe kinematicsof theouter
stellardisk?Whatform doesthis influencetake?Whatconstraintson theglobalbarpropertiescanbe
drawn from themeasurementof local velocitydistributions?Theideawasto approachthis questions
by theoreticallymodelling a galacticdisk with a centralbar, and to analysethe resultingvelocity
distributions.

Outline of the thesis

In section2 we give an introductionto someof the relevant topics. After somewordsaboutdisk
galaxiesin generalandtheMilk y Wayin particular, weshortlyreview theprinciplesof stellardynam-
ics, wherewe put theemphasisalreadyon kinematicinfluencesof bar. We will touchon resonances
andthetheoryof orbits in a rotatingbarpotential.Finally we review what is known aboutthe local
velocityfield in thesolarneighbourhood.

Thecentralaim of the thesisis to investigatetheextent to which a barmight influencetheouter
regionsof astellardisk. Section3 is anadaptedandslightly extendedversionof apaperpublishedin
A&A (Mühlbauer& Dehnen2003[66]). It describesthenumericalsimulationswe have doneusing
a two-dimensionalmodelof a barredgalaxyandanalysingthevelocity distribution in theouterdisk
via its angularmoments.

Section4 containssomefurtherstudieswe did usingour model,which did not find theway into
a refereedpaper. In particular, we take a shortlook at the asymmetricdrift, we investigatein some
detail thevelocity dispersionellipsoidaxis ratio, andwe look into whatour modelhasto sayabout
theOort constants.

In this first setof simulations,we did not includeany perturbationother than the bar. This is
clearlya very rudeapproximationto reality, sincetheGalaxyobviously hasa numberof deviations
from axisymmetry. We tried to extendour simulationsto includesomekind of spiralstructure.This
work is descibedin section5.

Section6 givesconclusionsandoutlook. In particular, we considerthecapabilitiesof the future
astrometricsatellitemissionGAIA onclarifying thekinematicstateof theGalacticdisk.



Chapter 2

SomeGeneralAspectsof Disk Galaxy
Dynamics

2.1 Disk galaxiesand the Milk y Way

Sincethetimeof Hubble,galaxiesareclassifiedaccordingto thetuning-forkdiagramm(Fig. 2.1).On
theonehand,thereareelliptical (“early-type”)galaxies,consistingof amoreor lessflattenedspheroid
andappearingasan ellipseon the sky. On theotherhand(“late-type”), we have two seriesof disk
galaxies,whichconsistof aflat disksurroundingasmallspheroidalbulge.Thediskalwayspossesses
spiralarms,thoughthesemaybeof verydifferentlengthandprominence.Onedistinguishessubtypes
Sa,Sb andSc, in which the spiral arm patternis increasinglymore tightly woundandthe relative
extensionof thecentralbulgeis decreasing.

Figure2.1: Classificationof galaxiesafterE. P. Hubble

Somespiralgalaxiesexhibit amoreor lessrectangular-shaped centralstructure,which is calleda
bar. In Hubble’s diagram,theseform a secondseriesof diskscalledSBa,SBb,SBc,therebycausing
thetuning-forkform.

At thejunctionpointof thetuningfork, thereis agalaxytypecalledlenticular, denotedS0or SB0.
Finally, on thefarendof thelate-typeside,thereareirregularforms.
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6 CHAPTER2. GENERALASPECTS

2.1.1 Structure of disk galaxies

Thesurfacebrightnessof thediskcomponentusuallyobeys anexponentiallaw (Freeman1970[43])��������������������
(2.1)

with ascalelength
�� 

in therange� 3 kpc. Theverticalstructurelikewiseis mostoftendescribedas
anexponential,or moresmoothlyas

�
sech

��! ��" �
. Thescale-height

"
hereusuallyis somehundred

pc.
Theexponentiallaw (2.1)ceasesto holdbeyondabout3 – 4 scalelengths

�� 
, wheremostgalactic

disksseemto betruncated,i.e. their densitydropsrapidly (vanderKruit & Searle1981/82[94, 95]).
This appliesto thestellarcomponentof thedisk, thegaspartmayreachout farther, andoftenshows
somewarpingin its outerparts.

Disk galaxiesshow a continuousand ongoingstar formation, in contrastto ellipticals, where
star formationconcentratedin the early epochsof their history. Primarysitesof this ongoingstar
formationarethespiralarms,whereHII regionsarelocated,andit is thebluelight of youngO- and
B-starswhichcausetheprominentvisibility of thespiralarms.

Apart from a sectionvery closeto thecenter, towardwhich it dropsto zero,therotationvelocity#�$ of galacticdisksis usuallymoreor lessconstant,sothat theangularvelocity % falls as
��� �

. This
indicatesa homogeneousmassdistribution. It hascomeasa big surprisethatrotationcurvesseemto
beflat for theouterregionsof galacticdisks,too,sinceit impliesthatthereis a largeamountof mass
surroundingthevisible disk. This is oneof thepointswhich call for theexistenceof large amounts
of darkmatterin theuniverse,heresuggestingthatdisk galaxiesareembeddedin large darkmatter
halos.

2.1.2 Bars in galaxies

Nearlyevery third spiralgalaxyis conspicuouslybarred.Thefractionof spiralswith very smallbars
could be still higher, so that barscould be a very commonphenomenon.For a review on barred
galaxiesseee.g.Sellwood& Wilkinson 1993[87].

The questionwhethertherearedistinct bulge andbar componentsis unresolved (Kuijken 1996
[59]). Concerningthe edge-onview of bars,it is unclearwhether, asmight be hypothesized,bars
wouldcorrespondto particularlyboxybulges.It is possiblethatbarsareflat asthin disks.At least,the
percentageof edge-ondiskgalaxiesshowing nosignof centralbulgesis comparableto thepercentage
of face-ondiskshaving abar(Kormendy1982in [9])

Barsareconfinedto theinnerregionsof thegalaxy. Studiesbasedon stellarorbit theorysuggest
that barsendat or slightly insidetheir co-rotationradius(e.g.Contopoulos1980[18]), seesection
2.2.4for moreon that.Thebarlengthseemsto dependongalaxytype,too: barsin late-typegalaxies
seemto beshorterrelative to thetotal galaxysizethanthosein early-typegalaxies(Athanassoula&
Martinet1980[4]).

In studiesof externalgalaxies(Gerssenet al. 2002[49]) barsareseento rotatefast,i.e. suchthat
their co-rotationradiusexceedsthe bar sizeonly slightly by some20 – 30 %, resultingin rotation
speedsin therangeof �'&�� km/s/kpc.On theotherhand,simulationsof cosmologicalstructurefor-
mationsuggestthatgalaxieshavecentrallyconcentrateddarkmatterhalos,whichshouldrapidlyslow
down barrotationby dynamicalfriction (Debattista& Sellwood1998[24]; but seealsoAthanassoula
2003[3]).



2.1. DISK GALAXIES AND THE MILKY WAY 7

2.1.3 The Milk y Way asa disk galaxy

TheMilk y Wayseemsto beof HubbletypeSbc,or SBbc,if we take its barseriously. Its scale-length
is not very well known. Preliminarydataof the 2MASS survey (Ohja 2001 [70]) suggesta value
of
� �)(+*,�-�)� kpc, whereasa recentstudyof COBE infrareddata(Drimmel & Spergel 2001 [34]),

yields �-� � ( ��. � � �)� kpc. Thestellardisk seemsto betruncatedat about10.5kpc for
/�����

or 4 – 5
diskscalelengths

�  
, whichappearsratherlargecomparedto externalgalaxieswherethetruncation

usuallyoccursat about3 scalelengths(seealsoDehnen2002[29]).
Apart from theusualstellardisk thereis probablya so-calledthick disk composedof old metal-

poorstarswith a higherverticalscaleheightanda stellardensityof somepercentof the thin disk’s.
Ohja2001obtaineda verticalscale-heightof (�0��1* � ��� pc for this. Theideaof a distinct thick disk
cameup whenstarcountstudiestowardtheGalacticpolesshoweda spacedensityfitted by a sumof
two exponentialswith two differentscaleheights(GilmoreandReid1983[50]). Thestarsdistributed
with the largerscaleheightalsoseemedto beredderin colours,so theremay indeedbetwo distinct
galacticstarpopulations.Furtherevidencefor the thick disk camewith the IRAS datain the mid
infrared(Habing1988[52]). Differentevolutionaryscenariosfor thetwo disksseemprobable.

De Vaucouleur1964[22] wasthe first to postulatethat the bulge of the Milk y Way containsa
triaxial structureor a bar, in orderto explain theradialvelocitiesof gasin the inner few kiloparsecs
of theGalaxy, which radioastronomyhasshown to beinconsistentwith travelling on circularorbits.
During the 1970sand1980s,therehave beensomepapersarguing in favor of the Milk y Way asa
barredgalaxy(e.g.Peters1975[76]), but it wasnot beforethe work of Blitz & Spergel 1991[12]
that this ideagainedmomentum.Anticipating theCOBEmeasurementsof the infraredemissionof
theGalaxy, theseauthorsusedballoonobservationsat

� �3254 m doneby Matsumotoet al. in 1982to
investigatethepresenceof abar, for which they foundclearhints.

Widespreadavailability of infrareddata,first of all from the first extensive IR satellitemission
IRAS, broughtmajorprogress.Weinberg 1992[96] wasableto seethebardirectly in thedistribution
of IRAS Mira variables.TheCOBEmission,primarily designedto measurethecosmicmicrowave
background,provided photometricimagesof the Galacticbulge region in the nearinfraredthrough
its DIRBE instrument. Several authors(e.g.Dwek et al. 1995 [35], Freudenreich1998 [44]) used
thesedatato dofits of detailedmodelsof Galacticstructureincludingabarcomponent.Freudenreich
concludedthat theMilk y Way disk hasaninnerholeslightly larger thanthebar, which hasprobably
beenclearedoutby thebar.

Furtherevidencefor theGalacticbarcomesfrom gravitationalmicrolensingtowardstheGalactic
bulge,wherea higherthanexpectedrateof microlensingeventshasbeenobserved (e.gPaczynskiet
al. 1994[74]). This canbeexplainedby starsin thenearpartof theGalacticbarmicrolensingstars
in thefar sideof thebar. A correspondingmodelhasbeengivenby Zhao,Spergel & Rich 1995[98].
Stanek1997[90] usedthe photometricOGLE datato constructa modelof the Galacticbar by the
luminositydistribution of redclumpstars.

Thegasdynamicsin theinnerGalaxyhasbeenmodelledby Binney, Gerhardetal. 1991[8], more
recentlyby Englmaier& Gerhard1999[40], andcomparedto deprojectionsof IR data.

TheMilk y Way’sbaris probablyrotatingfast,too. A directmeasurementusingOH/IR startracers
(Debattistaet al. 2002[23]) yields

� &�6�*7& � km/s/kpc. In an indirectmanner, certainfeaturesof the
local velocity distribution point to a high patternspeedof the bar via its resonantradii, cf. section
2.3.5.

Fromits contentof IR C stars,Cole& Weinberg 2002[17] infer a maximumageof theGalactic
barof 6 Gyr, mostprobableseemsto beanageof lessthan3 Gyr. Theseauthorsfind that this star
populationis a reliabletracerof the bar, andthereforethey might be relatedto a bar-triggeredstar
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formationeventduringbarformation.Whetherthis justifiestheconclusionfrom individual starsto a
collective dynamicalfeaturewill of coursebeamatterof debate.

Theouterdisk of theMilk y Way seemsto have awarp.Evidencefor this is asold asthefirst HI-
datafor thesouthernhemispherein the1950’s, andhasbeencorroboratedwith modernHI-surveys.
Thewarpstartssomewherearoundthesolarcircle,andtheSunhappensto lie nearoneof its nodelines.

For thespiralstructureof theMilk y Wayseesection5.1.2.

2.2 Stellar dynamics

Closeencountersof individual starsarevery rareandcanbe neglected,thereforestellardynamics
is governedby a collisionlessBoltzmannequation(“Vlasov equation”in plasmaphysics). This is
nothing elsebut the statementthat the distribution function 8 ��9;:�<�:�=>� , being the massor particle1

densityin the one-particlephasespacecomposedof the spaceand velocity coordinates(
9

and
<

,
respectively), behavesassomekind of incompressiblefluid. It canbeformulatedasfollows:�+?A@ 8@ = ? B 8B =DC @ 9@ =FE B 8B 9GC @ <@ =HE B 8B <I?? B 8B =DC < E B 8B 9KJ B�LB 9ME B 8B < (2.2)

Thecorrespondingequationsfor thezerothandfirst velocitymomentsof thedistribution function
areknown asJeansequations,andarecentralto stellardynamics.As impliedby theirnature,they are
obtainedby integratingthecollisionlessBoltzmannequationover velocity space,afteranadditional
multiplicationby

<
in theappropriatecase:�N? BPOB = CRQ
S B � O�T# S �BVU S :

(2.3)�N? B � O�T#XW �B = CRQ S B � O # S #YW �BPU S C O BZLBPU W : (2.4)

where
O ?\[�8 @^] # is thespatialdensityand

O/T# S ?_[�8 # S @^] # , O # S # W ?`[�8 # S # W @;] # arethefirst and
secondmomentsof 8 . Using acbS W�d ? � # S J T# S �e� # W J T# W � ? # S # W J T# S T# W (2.5)

we canrewrite (2.4)as O BfT# WB =MCRQ
S OZT# S BfT# WBVU S ?gJ O BZLBPU W JhQ�S B � O a bS W �BVU S :
(2.6)

which makestheanalogyto theEulerequationsof hydrodynamicsobviousandshows that
O a bS W is a

stresstensorcorrespondingto ananisotropicpressure.
With thehelpof theJeansequationsit canbeshown thatany steady-statesolutionof thecollision-

lessBoltzmannequationcandependonphase-spacecoordinatesonly throughintegralsof themotion.
Conversely, any function of the integralsof motion constitutessucha steady-statesolution. This is
calledJeanstheorem.

1As commonin stellardynamics,we will considera singlekind of particlehaving unit mass.Thus,we will not distin-
guishbetweenmassandparticledensity.
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Integralsof motionconstrainthemotionto certainhypersurfacesin phasespace,andthenumber
of theintegralsof motionagivenorbit observesis decisive for its regularor chaoticcharacter. Wewill
not go into this kind of questionshere.Suffice it to saythatmostpotentialsallow for chaoticregions
of phasespace.

2.2.1 Motion in axisymmetric potentialsand the epicycleapproximation

In axisymmetricpotentialswe alwayshave at leasttwo integralsof motion: the energy i andthe
z-componentof angularmomentumj .

We know thatin thesepotentialscircularorbitswill alwaysbea solution,andwe canexpressthe
orbitalspeedandthecorrespondingangularvelocityof theseorbitsdirectly in termsof thepotential2:# b$ ����� ? � B�LB � : % b ����� ? �� BZLB � (2.7)

Clearly, theangularmomentumof suchorbitsis jh? � # $ ����� .
The fact that energy i and angularmomentumj are integrals of the motion canbe usedfor

reducingtheproblemto themotionof a fictitious particlein only two coordinates
�

and
!
. For this,

write theenergy in theform ig? ����� �lk� b C k! b � C L eff

���F:>!^�
with aneffective potentialL

eff

���F:>!^� ? L ���F:>!^� C j b� � b (2.8)

Having this fictitious particle at rest in a potentialminimum at someradius
�nm

correspondsto a
circularmotionof therealparticlewith angularvelocity %h? ko ?�j � � bm .

Galacticorbitsarequiteoftennearlycircular, so they canbeapproximatedby smalloscillations
of thefictitiousparticlearoundits potentialminimum.This is theepicycle approximation.If we do a
Taylorexpansionof

L
eff aroundits minimum(detailscanreadilybefounde.g.in Binney & Tremaine

1987[11]), weusuallygetharmonicoscillatorequationsfor thedeviations,with frequenciesp b d ? B b L
effB � b qqqqq �Vr : s b d ? B b L

effB ! b qqqqq �Pr : (2.9)

which we call the epicycle andvertical frequency, respectively. By (2.7), the first onecanalsobe
writtenas pVb ? t � B % bB � CM2�% bvu qqqqq �Vr (2.10)

In thetangentialdirection,themotionis likewiseanoscillationat thesamefrequency p , because
of ko ?'j � � b . Therefore,if theverticaloscillationis not excited,therealparticleperformsa closed
elliptic motionaroundits guiding centerat

�nm
, which itself is rotatinguniformly at thecircularve-

locity % . If w and x denotethe semimajoraxesof the epicycle ellipsein the radial andtangential
direction,respectively, theaxisratioof theellipseisxw ? � %p ? d�y : (2.11)

ascanbeseenby expanding ko ?Ij � � b around
�nm

.
2For acircularorbit wehaveclearly z|{~}��G� andtherefore���H����z�{~}-�����e�V�5�Xzv���e�
{�}���zZ{��X}��>�e�V�5������z�{���������Z�+�/�;�c���
� .
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Notethatfrom (2.10),aflat rotationcurve correspondsto p ?�� � % , a Keplerianfalloff to p ?�%
anda solid bodyrotationto p ? � % . SinceKeplerianandsolid bodybehaviour constitutesomekind
of limiting cases,we will have %I�� p �� � % , andtheepicycle ellipsewill alwaysbeelongatedin the
tangentialdirection.

An equivalentcharacterizationof theepicycleapproximationis to saythattheenergy of theverti-
calmotionhasbeentakenasa third integral (seee.g.Dehnen& Binney 1996[30]). Thiscorresponds
to assumingadiscouplingof theverticalmotionfrom thatin thedisk.

2.2.2 Motion in rotating non-axisymmetricpotentials

Considerapotentialrotatingatacertainangularvelocity ��� (“patternspeed”).In thiscase,Energy i
andangularmomentum� arenotconserved.Thereis,however, aconservedquantitywhichexpresses
the fact that the potential is time-independentin a frame rotating at the sameangularspeed(see
appendixA for a formal treatmentof theproblem).This is theso-calledJacobiintegral:in F?Ii�JM¡1¢1EY� : (2.12)

where ¡1¢£? � � : � : �f¢ � is the vectorial patternspeed. Exceptfor the Coriolis force, which is not
accountedfor, we canusethis quantityanalogouslyto theenergy to discusstheproblemin termsof
aneffective potential,which in this caseis thetruepotentialplusa termrepresentingthecentrifugal
force: L

eff ? L J �� � ¡1¢¥¤ 9�� b ? L J �� � b¢ � b : (2.13)

sothatJacobi’s integral canbewrittenas(seeappendixA for derivation)in F? ���¦ k9 ¦ b C L eff

:
(2.14)

where k9 is thevelocity in therotatingframe.
Extremalpointsof the effective potential(seeFig. 2.2) arecalledLagrangianpoints in analogy

to similar pointsin thetheoryof therestrictedthree-bodyproblem.Particleslocatedexactly at these
pointswould describea circular orbit co-rotatingwith the bar. The saddlepointsL1 andL2, how-
ever, aregenericallyunstable,i.e. smalldeviationsfrom this equilibriumpositionwill amplify. The
minimum L3 at the centeris alwaysstable,andstability conditionsof the maximumpointsL4 and
L5 dependon thedetailsof themassdistribution. However, in a lot of casesthey areindeedstable,
especiallyif thebaris not toostrong(seePfenniger1990[77] for adetaileddiscussion),andthereare
familiesof orbitsoscillatingaroundthese.

Becauseof (2.14) and the fact that the Jacobiintegral is a constantof the motion, we canuseL
eff to put restrictionson the movementof particles,cf. Fig. 2.3. Orbits cannever enterthe region

below the solid red line in this figure. They can,however, at suitableanglesget below the dashed
greenline. Starswith i1  greaterthan

L
eff

�
L4/L5

�
(dottedgreenline in thefigure)arefreeto explore

the entire space(thoughthey are often effectively confinedby the Coriolis force) and are said to
belongto thehot regime. Starswith in  smallerthan

L
eff

�
L1/L2

�
(dottedredline) cannever passthe

radiuscorrespondingto L1/L2, andareconfinedto the region outsideor insideof this. StarswithL
eff

�
L4/L5

��§ in  § L
eff

�
L1/L2

�
form an intermediateregime in which theaccessibleradii depend

on theangle.
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Figure2.2: Contourplot of an effective bar potential
L

eff in the co-rotatingframe,resultingin the
typical “vulcano”-shape.Theplot usesthepotentialdefinedin section3.1.TheLagrangianpointsare
indicated,therearemaxima(L4 andL5), aminimum(L3) andsaddlepoints(L1 andL2).

2.2.3 Kinematic effectsof bars: resonances

If thedifference% ����� J¨��© of theangularvelocity of circular trajectoriesandthe rotationvelocity
of thebar is in somesmall-numberratio to its epicycle frequency p ����� , we have a resonance.Stars
on suchorbits will regularly be found in identical configurationsrelative to the bar, so that small
influenceswill accumulateover time. A specialresonanceis co-rotation,wherethe two angular
speedsareequal.Theresonanceconditionis usuallywrittenas�l©ª?7% ����� J¬« p ����� � (2.15)

Thesameconditionfor theverticalfrequency
s������

givestheverticalresonances,but thesearethought
to belessimportantthantheradialones.

Sincethe resonancecondition makes referenceto circular velocitiesand epicycle frequencies,
theentireconceptis alwaysrelatedto the linear regime,wheretheepicycle approximationor some
analogueis valid. In this sense,every resonancecorrespondsto a certainradiuswhere(2.15) is
fulfilled.

Whenviewed in the frameco-rotatingwith thebar, the resonanceconditionmeansthat thecor-
respondingepicylce orbit is closed.A particlewill have completed cyclesof its radialoscillation
while having circled « timesaroundthecenter. Sincein theouterregionsof theGalaxy % ����� will
alwaysbea decreasingfunctionof

�
, orbitsfurtherout thanco-rotationwill appearretrogradein the
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Figure2.3: The effective potential(2.13)dividesthe
���F: i1  � -planein differentregimes. The solid

(red)anddashed(green)linesshow
L

eff alongthelongandshortaxisof thebar, respectively.

co-rotatingframe.Most resonancescomein pairs,with oneprogradememberinsideco-rotation,and
oneretrogradeoutside.Thesepairscorrespondto positive or negative signof « .

A barpotentialhasamultipoleorderof 2, andthereforethe  ? � resonancesaresupposedlythe
mostsignificant.They arecalledLindbladresonances,after theSwedishastronomerBertil Lindblad
(1895- 1965).Table2.1givesanoverview over themostimportantresonances.

The inner Lindblad resonanceis a specialcase,becauseit can itself be double. Whetherwe
have one or two ILRs dependson the exact form of the rotation curve in the inner region. With
a strongcentralconcentrationor a large point massin the center, the rotationcurve might increase
monotonicallywith decreasingradius.In this case,thereis alwaysexactly oneILR. If, however, the
centralconcentrationis lessstrong,the angularvelocity curve will tend towardsa constantvalue,
which by (2.10) implies p ? � % andaccordingly%hJ ����� p goesto zerotowardsthecenter, so that
thereis a maximumin it (cf. Fig. 2.4). Therewill thenbeeithertwo ILRs or noneat all, depending
on whetherthepatternspeedof thebaris largeror lessthanthemaximumof thecurve. If it is nearly
equalto thismaximumvalue,therewill bea region with “nearresonance”effects.
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0 Co-rotationCR
-1 2 OuterLindbladresonanceOLR
1 2 InnerLindbladresonanceILR

if two-fold: inner(IILR) andouterILR (OILR)
-1 1 Outer1:1 resonance* � 4 UltraharmonicresonancesUHR

Table2.1: Bar resonances

2.2.4 Stellar orbits in barred potentials

Most helpful in the studyof kinematicsin an arbitrarypotentialareperiodicorbits. Thesecanbe
stableor unstable,dependingon whethersmalldeviationsinduceabackwarddriving forceor tendto
amplify. In thestablecase,therewill beafamily of non-periodicorbitsoscillatingaroundtheperiodic
one. Thecircularorbitsof epicycle theoryin anaxisymmetricpotentialarestable,for example,and
theepicycle orbits arethenon-periodicfamily. On theotherhand,unstableperiodicorbits indicate
borderlinesof regionsin phasespaceoccupiedby thesefamilies.Soknowledgeof theperiodicorbits
in agivenpotentialprovidesaclassificationschemefor orbits,althoughit mustalwaysberemembered
that therearealsochaoticregionsin phasespacewhereparticleorbitsarenot simply quasi-periodic
oscillationsaroundperiodicorbits.

For axisymmetricpotentials,wealwaysknow onefamily of periodicorbitsto bethecircularones.
If wehaveaweaknon-axisymmetricperturbationin addition,weshouldbeableto relatetheperiodic
orbits to theonesin theunperturbedcase.We canpictureorbit familiesin a so-calledcharacteristic
diagram,usuallya plot wherethe intersectionof theorbit with thecoordinateaxis perpendicularto
thebaris drawn versusJacobienergy. While thereis no perturbation,thecircularorbitsarelying on
a singleline in this diagram.At theprospective resonanceradii with resonancesof type

� « ?'* � : 
even

�
, wehavebifurcations,whereadditionalperiodicorbitsbranchoff (rememberthattheresonance

conditionmeansclosureof epicyclically oscillatingorbitsviewedin therotatingframe),thoughthese
areusuallyunstable.On switchingon theperturbation,theline getsbrokenat thebifurcationpoints,
andwe have a gapforming. Furthermore,thebranched-off familiesmaygainstability. Contrarilyat
odd-numberedresonances,weusuallygettheformationof aso-calledpitchforkbifurcation,which is
thebranching-off of onestableandoneunstableorbit family eachtime.

In the nomenclatureof Contopoulos& Grosbol1989 [19], we refer to the descendantsof the
originally circularorbitsasfamily

U¯®
. Very far to theoutside,we shallcall it

U¯® � � �
. Goinginwards,

the outmostresonance,-1:1, leadsto a branching-off of a stablefamily calledsimply -1:1 andan
unstableone called -1:1 (Asym), thoughthe latter are actually symmetricwith respectto the bar.
Further in, the gap causedby the OLR replaces

U�® � � �
as the dominantfamily by a family calledU ® � � �

, which itself hasan unstablecontinuationcalled
UZ° ® � � �

. Going further in, the -1:3 resonance
causesanotherpitchfork bifurcationof families-1:3 and-1:3 (Asym), theouterUHR causesagaina
gapreplacing

U�® � � �
by a

U�® � � � andsoon. SeeFig. 2.5 for an illustration. Generally, an
U�® � « � orbit

has
� « cusps.
Insideco-rotation,thesamehappensin reverseorder. In thecaseof a doubleILR, however, we

oftenhave a so-calledbubble,i.e. therearetwo resonant1:2 families,above andbelow the
U�®

in the
unperturbedcase,joining the two ILRs. Switchingon the perturbation,theoutward partsof the

U¯®
usuallygetconnectedwith the lower loop of thebubble,whereasthe restjoins theupperpartof the
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Figure2.4: Angular frequency % ����� andthecurves % ����� * ����� p ����� for anassumedaxisymmetric
galacticbackgroundwith (dotted)or without a centralmassconcentration(solid lines). Note the
maximumin theILR-curve in the lattercase.Positionof co-rotationandtheLindbladresonancesis
determinedby the intersectionswith theconstantpatternspeed�f¢ of thebar, so theremight be two
ILRs or nonein thiscase.

bubbleandclosesin on itself. The upperpart of this floating bubble is an unstablefamily
U ] , the

lower a stablefamily
U b , which is dominantin theregion in betweentheILRs. In addition,thereis a

family of retrogadeorbitsinsideco-rotation,which is called
UV±

.

Thealignmentof theorbits’ elongationwith thebarchangeson every resonance(seeTable2.2),
a behaviour akin to thephasereversalof a drivenharmonicoscillatorasit wandersover a resonance.
As a consequence,barscannotextendbeyond theco-rotationregion, becausethehighestpopulated
orbitsoutsideCR areanti-alignedwith thebar.

Finally, therearetwo familiesof orbitswhicharetrappedaroundtheLagrangianpointL4 andL5
of thepotential. They arecalledlong andshortperiodorbits (LPO andSPO).LPOshave theshape
of elongatedbananasparallel to the bar, whereasSPOsaremoreor lesselliptical andonly slightly
elongated.The Jacobienergy of SPOsis alwaysgreaterthan

L
eff at L4/L5, while that of LPOsis

usually smaller. Non-periodicorbits aroundL4 andL5 often show the samebananashapeas the
LPOs,but fill theinteriorof it, partiallyor completely. They arequasi-periodic,formedby combining
theoscillationfrequenciesof theLPOsandSPOs.SeeFig. 3.5for anexample.
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location family baralignment comment� IILR
U ®

aligned possiblecauseof smallcentralbars
IILR - OILR

U b anti-aligned only in caseof two ILRs
OILR - ...

U�®
aligned mainsupportersof galacticbars

...
CR
...
... - OUHR

U¯® � � � anti-aligned
OUHR- OLR

U¯® � � �
anti-aligned

no barspossibleoutsideCR§
OLR

U¯® � � �
aligned

Table2.2: Dominantorbit familiesin a weaklybarredpotentialandtheir alignmentrelativ to thebar.
TowardstheCR, thereis aninfinity of familiesin ever smallerregions.

2.3 Kinematics of the solar neighbourhood

Like in hydrodynamics,we would expect the motion of the starsto consistof a macroscopicflow
pattern,andsuperposedonthat,randommotions.Therelativemagnitudeof theorderedandunordered
motionsischaracteristicfor thetypeof galaxywehave: for elliptical galaxies,thestatisticaldispersion
of the randommotionsis larger thantheorderedflow, whereasthe inverseis true for disk galaxies.
For thelatter, dispersionstypically rangearoundsome10%of therotationvelocity, thusconstituting
adynamicallywarmdisk.

Sincethe Sunis but anotherstar, we expect it to take part in the randommotion, andsincethe
Sun’s peculiarvelocity is physicallyirrelevant, we want to correctit out. In the following, we deal
with thereconstructionof thelocal macroscopicflow velocity in section2.3.3,with thepropertiesof
therandommotions(sections2.3.2and2.3.1)andwith thedifferentialflow field in thelargervicinity
(section2.3.4).

2.3.1 The velocity ellipsoid

The randommotionsof thestarsconstitutea distribution in velocity spacereminiscentof a thermal
distribution of Maxwell type. However, dueto thecollisionlessnatureof thestellarfluid, theremay
beanisotropieswhich in acollision-dominatedgaswouldhave beenequilibratedout.

Karl Schwarzschildsuggestedin 1907[85] to modelthevelocity distribution of thesolarneigh-
bourhoodin thesimplestpossibleway asa Gaussiandistribution function. This hasbecomeknown
astheSchwarzschilddistribution:8 �²<|� @ ] < ? «¯³ @^] <� ��´ � ] � b a ® a b a ]¶µe·-¸º¹ J t # b®� a b® C # bb� a bb C # b]� a b] u¶» : (2.16)

whereall the velocitiesarewith respectto the local standardof rest (LSR) definedbelow (section
2.3.3).

We candefinea velocity dispersiontensoras in (2.5) from the measuredpeculiarvelocitiesof
theneighbouringstars.The a S in Schwarzschild’s distribution thencorrespondto theeigenvaluesof
this tensor, andthe # S arecomponentstaken along its principal axes. The Schwarzschildmodel is
thesimplestmodelif oneonly knows the a S W . It neglectsany asymmetriesof thedistribution asfor
examplethe asymmetricdrift. Apart from that, determinationsof the true distribution asdoneby
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(a) (b)

Figure2.5: Periodicorbit familiesin aweaklybarredpotential.Solid linesdenotestable,brokenlines
unstablefamilies.(a)outside,(b) insideco-rotation.(a) takenfrom Dehnen2000[28].

Dehnen1998[25] usingtheHIPPARCOSdata(seesection2.3.5)show lots of additionalstructure.
Thus,theSchwarzschilddistribution is merelyavery crudeapproximation.

If wenonethelessadopttheSchwarzschilddistributionasanapproximationto thetruedistribution,
wefind two mainfeatureswhichwe will investigatefurther: (1.) theorientationof theprincipalaxes,
(2.) theaxisratioof theellipsoidsrepresentingtheisodensitycontours.Wearemostlyconcernedwith
thesituationin theGalacticplane,andsincetheSunis locatedsufficiently closeto theplane,we do
not expectany effectsin componentsinvolving the vertical direction. Indeed,thevelocity ellipsoid
axesdo not seemto betilted out of theGalacticplane(Dehnen& Binney 1998[31]). Qualitatively,
thebehaviour of theaxis ratiosis suchthat theellipsoid is elongatedin thedirectionof theGalactic
rotation(in accordancewith theresultsfrom epicycle approximation,seesection2.2.1),andthat the
shortestaxisis theverticalone,which reflectsthedisky structureof theGalaxy. Theaxisratio in the
planeis a topic whichwewill repeatedlycomebackto in thefollowing.

A mis-alignmentof thevelocity dispersionellipsoidwith respectto thedirectionto theGalactic
centeris calledvertex deviation. It correspondsto anon-vanishingoff-diagonalelementot thedisper-
siontensor(2.5)within theplane.Thiscanonly occurif therearedeviationsfrom axisymmetryin the
Galaxy. UsingHIPPARCOSdata,it hasbeenshown by Dehnen& Binney 1998[31] to reachashigh
as ¼�½
¾ for very youngstellarpopulations,andto lie in a rangeof ¿¬ÀX½
¾ for theold ones.Whereas
the high vertex deviation of the youngpopulationsis mostprobablydueto the moving groupsand
thusin a senseaccidental(Binney & Merrifield 1998[10]), thereshouldbedynamicalreasonsfor its
occurencewith theold populations.Often this is attributedto spiral structure,but thebarmay also
playa role (seee.g.Kuijken& Tremaine1994[61]).
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2.3.2 Velocity dispersionasa function of ageand radius

Thevelocitydispersionof thestarsshows anincreasewith age(seee.g.Wielen1977[97]), or, obser-
vationally, with colour (colour correlateswith agestatisticallysincebluer starsendtheir life-cycles
earlier and are thus sortedout). Plots of dispersionversuscolour for stellar samples(as againin
Dehnen& Binney 1998[31]) show positive gradients,whichataroundÁ�JÃÂ'Ä��-�)0 turnabruptlyto
zero.This changein slope,known asParenago’s discontinuity, is thoughtto bea consequenceof the
finite ageof theGalaxy:starsredderthanthispointhavealife-cycle longerthanthisageandtherefore
thestatisticalcorrelationbetweenageandcolouris lost. Translatingthecoloursto agesrequiressome
modelling,seee.g.Binney, Dehnen& Bertelli 2000[7]. Thedispersion-age-relation is found to be
consistentwith a �²=�� ?'ÅIE =ÇÆ C aVÈÊÉ ³ , with Ë in therange�-� � JÃ�-�)& . Binney, Dehnen& Bertelli findaPÈÊÉ ³ Ä�( km/sand ËÌÄI�-�)��� , andanageof thesolarneighbourhoodof

��� � � *M�-�ÎÍ�& Gyr.
Theobservedincreasein dispersionwith agesuggeststhatthedisk is beingheated.An alternative

explanation,assumingthat starswereborn with highervelocity dispersionin earliertimesandthus
invoking somesecularevolution effect, is rarely drawn into seriousconsideration.Regardingthe
origin of thedisk heating,directstarencountersareruledout, becausetherelaxationtimesfor these
processesaremuchto high. Severalmechanismshave beendiscussed(Binney 2001[6]):Ï Perturbationsby giant molecularclouds(GMCs), first proposedby Spitzer& Schwarzschild

1953[89]. However, Lacey 1984[62] showedthattheratioof verticalto horizontaldispersions
expectedfrom thisdo notagreewith observations.Ï Perturbationsby spiralarms(Carlberg & Sellwood1985[15]). However, only motionswithin
theGalacticplaneshouldbeexcitedby this.Ï Perturbationsby infalling satellitegalaxies.However, theresultingdiskheatingtendsto betoo
high in thiscase,cf. Fuchsetal. 2001[45].

Up to now, thequestionof thetruereasonof diskheatingis not finally settled.Probably, aninterplay
of severalfactorsmustbeassumed.

The spatialvariationof the velocity dispersionis known from somemeasurementson external
galaxies. Although this is quite a difficult task, Bottema1993 [14] managedto obtain the radial
dependenceof thevertical dispersiona�Ð for a setof face-ondisks. It shows an exponentialdecline
with radiussimilar to surfacedensity, howeverwith a largerscalelength,whichmight approximately
betwice aslarge. Indeed,this is thebehaviour expectedfrom stellardynamics,wherewe canderive
from theJeansequationsthatfor a thin disk theverticaldispersionshouldobeyacbÐ ? ��´�Ñ  " : (2.17)"

being the vertical scale-height.The sameshouldhold for the other componentsof the velocity
dispersion,sincetheshapeof thevelocity ellipsoidprobablydoesnot changevery much. This is at
leasttheresultof aninvestigationby Gerssenet al. 1997[48] wheretheseauthorstried to determine
two dispersioncomponentsof aninclineddiskgalaxysimultaneously, howeverusingthe(in ourview
problematic)eqn.(3.19).

2.3.3 The local standard of rest(LSR) and asymmetricdrift

If theGalaxywerecompletelyaxisymmetric,we expecttheorderedflow of thestarsto bea uniform
rotationaroundtheGalacticcenter. We call a referenceframewhich follows this uniform rotationa
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standard of rest, and local standard of rest(LSR) for the locationof theSun. Their rotationveloci-
tiesaredeterminedby thepotentialaccordingto (2.7). Oneshouldthink that themeanvalueof the
(galactocentrically)tangentialvelocitiesof a spatiallyconstrainedsampleof starsshouldequalthese
circular velocities. However, for non-vanishingvelocity dispersionthis is not thecase.Instead,the
meanrotationvelocity is falling behindthe circular velocity value,a phenomenonknown asasym-
metric drift. In termsof the epicycle approximation,it canbe understoodby rememberingthat the
epicycle ellipseis a retrograderotation. Thusstarson the outward part of their epicycle ellipseare
moving slower thantheir guiding center, whereasthe inverseis true on the inner part. Asymmetric
drift thenresultsfrom therebeing,at any location,morestarsfrom the insidethanfrom theoutside,
andthis in turn is dueto two effects:Ï Theexponentialdecreasein densityof thestarswith radiusmeansthatat somedistanceinside

of agivenradiustherearemorestarsthanat thesamedistanceto theoutsideof it.Ï Thevelocity dispersionitself is decreasingwith thedistancefrom theGalacticcenter, so that
starsfrom smallerradii reachfartherout thanthosefrom largerradii reachin.

Quantitatively, we cangive an empirical formula (“Strömberg’s relation”) for the asymmetricdrift#�Ò ? #�$ J T# , where
T# denotesthe actualmeanvelocity of a stellarpopulation(seee.g.Binney &

Tremaine1986[11]): #�Ò ? a b�Ó :
where

Ó Ä 80 km/s
:

(2.18)

and a � is thedispersionin theradialdirection.
Thecommonway of determiningtheLSR is to considerdistinct stellarpopulationswhich have

differentvelocity dispersions,to calculatethemeanmotionfor every oneof these,andto extrapolate
to thecaseof vanishingvelocity dispersion.This programhasbeencarriedout by Dehnen& Binney
1998[31] for theHIPPARCOSdata,giving themotionof theSunrelative to theLSR asÔf. ? � �-�Õ���1*M�-�)��0�Ö-× ��ØÂ . ?Ù&Ú� � ��*M�-�)0 � Ö-× ��Ø (2.19)ÛÜ. ?ÝÍ^� � ÍÞ*M�-�)��(�Ö-× ��Ø
where

Ô�: Â :vÛ arevelocity componentstowardstheGalacticcenter, in thedirectionof Galacticro-
tation and in the vertical towards the north Galacticpole, respectively. In the literature, there is
widespreadagreementfor thevaluesof

Ôf.
and

ÛÜ.
, whereasmostauthorsgive valuesin the range

of
� �/J � � km/sfor Â . (seee.g.Mignard2000[68] for a recentexample).This is dueto anincrease

of thetangentialvelocitiesatverysmalldispersions,leadingto thesehighvaluesin theextrapolation.
But smalldispersionscorrespondto very youngstars,andaccordingto Dehnen& Binney 1998these
have to beexcludedwhenextrapolatingto vanishingdispersion,becausevery youngstarsarenot yet
kinematicallyequilibrated(they belongto moving groupsandso still bearmemoryof their parent
cloud),or thevalidity of Strömberg’s relationbreaksdown. Usingonly lessyoungstars,Dehnen&
Binney arrive at thequotedvalueof about5 km/sfor Â . . Correspondingly, theslopeof Strömberg’s
relationcomesout higher, soDehnen& Binney obtainthevaluefor

Ó
of (���*¨& km/squotedabove,

whereasusually � �Y� � km/shave beenassumedbefore.
If theGalaxyis not completelyaxisymmetric,thedefinitionof theLSR is lessclear, sincethere

areno longeruniquelydefinedcircular velocities. In fact,we will withdraw to a purelyoperational
definitionof thestandardsof rest,by doinglocalaveragingandcorrectingfor asymmetricdrift in the
describedway. It is possiblethenthat sucha standardof resthasradial andvertical componentsof
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motion, which cannotoccur in the axisymmetriccase. In addition,theremight be sometangential
componentrelative to some(generallyill-defined)uniformrotation.

2.3.4 Oort constantsand the differential rotation of the Galaxy

Thekinematictheoryof Galacticrotationhasbeendevelopedby JanHendrikOort in 1926/27[73, 72].
He introducedtwo of the constantsnow bearinghis namewhich measurethe effect of differential
rotationon thelocal velocity field.

Definea standardof restsystemfor every point
9

of thedisk anddenoteits velocity by
<�ßvà¶��9��

.
Take a specialone of theseframes,e.g. the oneat the Sun’s position

9 .
, as the LSR andcall its

velocity
<cá
ßâà

. Then,if
� U :�ã��

relateto somecoordinatesystemcenteredon
9�.

, therelative velocity
field ä ��9�� d ? <�ßâàª��9�� J <cá
ßâà in theneighbourhoodof

9�.
canbewritten asä ��9�� ? åæHçXèVéçXê çXè�éçYëçXèVìçXê çYèVìçYë

íî t U ã u C£ï\ð @ bXñ? d t�ò Chó�ô+JÃõô�CRõ ò Jºó u t U ã u CRï ð @ bXñ : (2.20)

where@ ? ¦ 9 J 9 . ¦ ?'ö U b C ã b �ò
and õ have the physicalmeaningof the divergenceandvorticity of the relative velocity field,

respectively, whereasô and ó arecomponentsof its sheartensor:÷ EXäÙ? � ò (2.21)ø ÷ ¤Hä¨ù ] ? � õ (2.22)ú S W d ? B Süû W C B W û�S JÃý S W QÊþ B þ û þ ? � t óÿôôMJ�ó u S W (2.23)

ExpressingtheOort constantsô : õ : ó : ò asderivativeswith respectto
�

and o is a matterof algebra,
cf. appendixE.

Whenever, asin thecaseof a purelycircular rotation,we have a uniquerotationcurve #�$ ����� ?� % ����� , wealsodefine � d ? J �� � @ %@ � ? �� � #�$� J @ #�$@ ��� (2.24)Á d ? J � %ÌC �� � @ %@ ��� ?'J �� � #�$� C @ #�$@ ��� (2.25)

For thepurelycircularvelocity field, wehave
ò ?Iól?I� and ôD? � , õ�?IÁ . In fact,

ò ?IóÞ?I� holds
for any axisymmetricandstationarydisk, whereasô and õ reduceto formssimilar to (2.24),(2.25),
true, but with #�$ replacedby the meanrotationvelocity

T# (cf. appendixE). So ôÃ? �
and õ ? Á

requirealsoneglectionof theasymmetricdrift. In general,we have to distinguishbetween

�
and Á

andthetrueOort constantsô : õ : ó : ò .
Takingcomponentsof eqn.(2.20)alongtheline of sightandalongthetangentwithin theGalactic

plane(in directionof increasingGalacticlongitude� ), we obtainto first orderin @ :#�� ? �@�	 E�ä ? @ � ò CMó�
� Ø�� ��CMô Ø����l� � �#�� ? �@ � 	 ¤Hä � Ð ? @ � õfCMô�
� Ø�� ��J ó Ø����l� � � (2.26)
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where 	 ? � U :�ã�� È
asabove. We will usethis formulaasa meansto determinetheOort constantsin

section4.3.
Observationally, the Oort constantscanbe determined,by usingrelations(2.26), via measured

propermotionsor via line-of-sightvelocities3 of starsin thesolarneighbourhood.Onerecentstudy
of this kind is Feast& Whitelock 1997 [42] who usedHIPPARCOSpropermotionsof Cepheids.
Sincethe HIPPARCOSmissionis basedon a referenceframeconstitutedof extragalacticsources,
thesedatashouldbemorereliablethanearliermeasurements(seeKerr & Lynden-Bell1986[55] for
a review). Feast& Whitelockobtainedô ? � 2��)( � *£�-�)(�2 km/s/kpcõº? J �Y� �)�
ÍÞ*£�-�)0�2 km/s/kpc

(2.27)

Accordingto a new analysisby Olling & Dehnen2003[71], all earlierdeterminationsof the Oort
constantsoverlooked a modemixing effect asonemajor sourceof systematicerror. Their own de-
terminationusinga sampleof starsfrom theACT/Tycho-2catalogsyield valuesfor ô , õ and ó which
dependhighly on theageof thestellarsample.For old redgiantstars,they getôÜ? � &Ú�)6�* � � � km/s/kpcõ ? J � 0Ú�)6�* � � � km/s/kpc

(2.28)

Therearealsoindicationsfor a non-vanishing ó , which hasnot beenfound by Feast& Whitelock.
Olling & Dehnenobtain óÞ?gJ�6Ú�)(Þ* � � � km/s/kpc

Ignoringpossibledifferencesbetweenô : õ and

� : Á , wecancalculatethelocal % andtheslopeof
therotationcurve via %M? � J Á and @ #�$ � @ � ?gJ � � CMÁ � , giving with theFeast/Whitelockdata:% ³ ? � Í^� � 6n*h�-�)(
Í km/s/kpc (2.29)� @ #�$@ � � ³ ? J � �32n* � � � km/s/kpc (2.30)

This would meana slight declineof the rotation curve, which might be a local phenomenon.No
decline,but insteadaslight riseis impliedby Olling & Dehnen’s values.

By puredefinition,we haveJÞÁ� J Á ? �� � � C @�� � #�$@�� � � � ? p b2�% b ? �y b (2.31)

Most textbooksfeaturearelation(“Oort-relation”)equatingthisquantityto theratioof thesquaresof
thevelocity ellipsoidaxes,at leastin the limit of vanishingvelocity dispersion.However, this does
nothold in anon-axisymmetricgalaxy, andavailabledataindeedshow problemswith this equality:Ï For a flat rotationcurve, JÞÁ � � � J�Á � ? �����

exactly, and for a slightly decliningrotation
curve, the valueof JÞÁ � � � J¨Á � is smallerthan

�����
. This is, accordingly, what is obtained

from theFeast& Whitelockvalues,whereasthoseof Dehnen& Olling give something
§ �����

.Ï The theoreticalexpectationfor the axis ratio is a value somewhat larger than
�����

. This is
dueto higher-ordercorrectionsarisingfrom thevelocity dispersion,which shouldprevail over
the effect of a declining rotation curve and causea value of the axis ratio

§ �����
(Kuijken

& Tremaine1994 [61] and1991[60]). However, observationsindicatea valuesignificantly
smallerthan

�����
, e.g.Dehnen& Binney 1998[31] found0.4.

3To avoid confusion,we will alwaystake the term “radial” asrelatingto a galactocentriccoordinatesystemandrefer
to radial velocitiesin the heliocentricsenseas line-of-sightvelocities. The readerbe warnedthat this is not a common
convention,though.
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This hasbeena puzzlefor sometime (cf. Evans& Collett 1993[41]). We will have moreto sayon
thisproblemin section4.2.

2.3.5 The true velocity distrib ution

Figure2.6: Distribution 8 ��� : # � inferredfrom HIPPARCOSdatafor late-typestars.Thetwo ellipses
indicatethesuggestedbimodality, thevelocity of theSunis denotedby � . Takenfrom Dehnen1999
[27].

We mentionedalreadythat the Schwarzschilddistribution is only a very crudeapproximation.
Reconstructionsof the true distribution in velocity spacefrom HIPPARCOSdatahave beencarried
outby Dehnen1998[25], wheremuchmorestructurehasbeenfound.In particular, whenconsidering
early-typestars,thesmoothdistribution is supersededby moving groups(seeEggen1996[36, 37]),
which probablyreflectthe clusterorigin of stars. Furthermorethe distribution shows a bi-modality
which hasbecomeknown as the “

�
-anomaly”, especiallyfor the late-typestars. If

����: # � denote
velocity componentswith respectto the LSR in the direction the Galacticcenterand of Galactic
rotation,respectively, theanomalyconsistsof anadditionalpeakaround

����: # � ? � JÞ2
� : J � � � km/s
in the

����: # � -planedistribution,seeFig. 2.6.Therespective starsarelaggingbehindthemeanrotation
andhave anoutwardradialmotionwith respectto theLSR.This anomalywasalsonotedby Raboud
etal. 1998[82] in their independentanalysisof theHIPPARCOSdata.

Dehnen2000[28] explainedthisbi-modalityby a resonantinfluenceof theGalacticbar(seealso
Fux 2001[46] andQuillen 2003[81]). If theSunis just outsidetheOLR radius,a bi-modalitywill
naturallycomeaboutby thedifferentalignmentbehaviour of thedominantorbits insideandoutside
theOLR (seeTable2.2). Starsin thesolarneighbourhoodfrom the insidewill beon the retrograde
partof theirepicycleorbit, andthuslagbehindthemean(LSR) rotation.If thephaseangleof theSun
with respectto thebar is chosenappropriately, asin Fig. 2.7,we canattaina meanoutwardmotion
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Figure 2.7: Closedorbits (solid curves) just inside and outsidethe OLR of a rotating centralbar
(hatchedellipse). The circles(dashedcurves)depict the positionsof the ILR, CR andOLR (from
insideout) for circularorbits. Note thechangein theorbits’ orientationat theOLR, resultingin the
crossingof closedorbits at four azimuths.A possiblepositionfor theSunis shown asfilled circle.
Thebarangle � is indicatedfor thecaseof aclockwise-rotatingbar. Takenfrom Dehnen2000[28].

for thesestarsandthusexplain the
�
-anomaly. This will work if the phaseangle o is in the range� � 	 JÃÍ�� 	 , which is howeveralreadyconstrainedby otherevidenceto lie between

� � 	 and 2;& 	 .



Chapter 3

Bar Influenceon the Velocity Distrib ution
in the Outer Stellar Disk

As we have mentioned,the bar of the Milk y Way may influencethe stellarvelocity distribution in
the solarneighbourhoodby resonantphenomena.In particular, the so-called

�
-anomalymay be a

consequenceof the location of the Sun shortly outsideof the OLR radius,seesection2.3.5. The
galacticbarmightalsohavesomerelevancein explainingthevertex deviationandtheanomalousaxis
ratiovelocity-dispersiontensor, whichwementionedin section2.3.1.

In Dehnen2000[28], simulationsweremadefor a localizedstellarsample,representingthesolar
neighbourhood.In this thesis,wewill follow thisapproachfurtherby investigatingthevelocitydistri-
bution in its spatialvariability. Our primary interestis in thelow-ordermomentsof this distribution,
i.e. themean(streaming)velocity andvelocity dispersion.In particular, we wantto quantifywhether
theinfluenceof theGalacticbarmayexplain theaforementionedanomalies,thevertex deviation and
velocity-dispersionaxis ratio, observed for the old stellarpopulations.Our approachappliesto the
kinematicsin the solar neighbourhood,while at the sametime it constitutesa completelygeneral
analysisof thebarinfluencein astellardisk.

3.1 Simulation of bar influence

Sincewe do not want to constructa self-consistentmodelof the Galaxy, we just study the stellar
dynamicsfor a simplemodelpotential. In orderto arrive at (stationary)equilibrium,we slowly add
to the underlyingaxisymmetricGalacticpotentialthe non-axisymmetriccomponentof the bar (the
barmonopoleis assumedto bealreadyaccountedfor by theGalacticpotential).We do not payvery
muchattentionto the inner parts(insideco-rotation),andwe neglect influencesof vertical motion,
so our model is two-dimensional.The calculationconsistsof orbit integrationof a large ensemble
of phase-spacepointsrepresentingthe initial equilibrium. This numericaltechnique,which maybe
calledrestricted� -bodymethod, is equivalentto first-orderperturbationtheory, sincetheself-gravity
dueto thewakeinducedby theperturbation(bar)is neglected.After theorbit integrations,thevelocity
momentsatany timearecomputedfrom thephase-spacepositionsof thetrajectories.

23
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3.1.1 Sampling

The samplingof the initial phase-spacepointsis doneasdescribedin Dehnen1999[26], usingthe
distribution function(eq. (10) in [26])8 � i : j � ? % �����ª��������ª�´ p ��� � � a b ��� � � µe·Ú¸ � % �����ª� ø jºJÃj $ �����ª� ùa b ��� � � � : (3.1)

where % ����� , p ����� , and j $ ����� aretheazimuthalandepicycle frequency andangularmomentumof
the circular orbit at radius

�
, while

���
is the radiusof the circular orbit with energy i , seeeqn.

(C.8). With this choicefor thedistribution function,thecollisionlessBoltzmannequationis satisfied
at
= ?I� (since8 dependsonly on theintegralsof motion i and j ) andthesurfacedensityandradial

velocity dispersionof thedisk follow approximately, thosegivenwith theparameterfunctions
������

and a ����� , respectively. Here,we assumeexponentialsfor bothof them:������ ?  ³ µ! �#"X���%$ü������: a ����� ? a ³ µ! �%"e���&$Ê���#' � (3.2)

If not statedotherwise,we choose
��( ? � ³ and

�  ?Ý�-�)��� � ³ , � ³ beingthe distanceof the Sun
from thegalacticcenter. We alsoset a ³ ?��-� � # ³ by standard,where # ³ is thecircularvelocity at

� ³ .
In this way, samplesof ) ? � �+* initial phase-spacepointsarecreated.

Sincethesamplecorrespondsto thestellardisk, we might introducesomeoutercutoff to reflect
the disk truncationwe describedin section2.1. However, to avoid the introductionof additional
poorlyknown parameterswe ignorethishere.

3.1.2 Model Potential and Orbit integration

Orbit integrationandadiabaticgrowth of aquadrupolebaris donesimilarly to Dehnen2000[28].
Thegalacticbackgroundpotentialis chosento give apower law in thevelocity curve#�$ ����� ? # ³ � �� ³ � Æ : (3.3)

namely: L ³ ����� ?-,./ .0
®b Æ # b³ ð �� " ñ b Æ � Ë21?I� �# b³ � ���� " � Ë ?I� � (3.4)

The power-law index is restrictedto Ë43 ø J ����� : � ù with Ë'? �
and Ë`? J ����� correspondingto,

respectively, theharmonicpotentialandthatof apointmassat theorigin.
For thebarpotential

L�® ? L�® ���F: o :�=�� , we only useits quadrupole,sincehigherpolesaremuch
lessimportantat largeradii. Following Dehnen2000[28], we setL�® ?gJ � © �²=>� 
� Ø�� o ¤ ,../ ..0

� � Jgð ��%5 ñ ] �D���76¨� © �ð � 5� ñ ] ���'§¨� © � (3.5)

where
� © is thesizeof thebar. Theangle o is definedin theframerotatingat patternspeed��© (see

Fig. 3.1). The strength

� © of the bar is increasedfrom 0 to a value

�98
during time � � = � = ®

accordingto
� © �²=>� ? ��8 � �� 0;:!< J &(;: ] C � &� 0;: C ��&� : : ? � == ® J � (3.6)
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and staysconstantat

� © ? ��8
after

= ®
. With this functional form,

L�®
and its first and second

time derivative arecontinuous,thusrepresentingadiabaticgrowth of thebarandensuringa smooth
transition.Thefinal barstrength

��8
is controlledvia thedimensionlessmodelparameter==º?�� ��8# b³ � � ©� ³ � ] : (3.7)

which is theratio of theforcesdueto
L ®

and
L ³ at galactocentricradius

� ³ on thebar’s majoraxis.
Ourstandardchoiceis =Ü?��-�Õ� � . Somepropertiesof thispotentialarelistedin appendixC.

Orbit integration is performedon the sampledparticlesin the co-rotatingframe up to a time= b §_= ®
usinga 5th orderintegrator, cf. appendixB. In contrastto Dehnen2000[28], we integrate

forwardin time. Theonly effectof working in therotatingframeis onesinglemodificationin oneof
theequationsof motion (cf. appendixA), which is incorporatedinto the integrationkernel. Particle
statesaredenotedby their phasespacecoordinates

û
consistingof the valuesof

�F: o and of the
momenta> � and>&? ?�j , whichareidenticalin therotatingandtheinertial frame.Wegettheradial
andtangentialvelocities

�
and # of theparticlesin theinertial framesimplyby� ?@> � : # ?�j � � (3.8)

3.1.3 Calculation of velocity moments

The
� > :�A
� th momentof thevelocity distribution atposition

9
is definedasB ¢DC ��9;:�=>� ?FE @ � @ # � ¢ # C 8 �²=â:HG ? 9;:V<|� (3.9)?FE @ G @ < ý ��9 J G �I� ¢ # C 8 �²=â:HGf:�<|� (3.10)

with
<KJ`��� : # � , where

�
and # denote,respectively,theradialandazimuthalvelocitycomponent(see

Fig. 3.1). We do not know the value 8 �²=v:HGf:V<|� of the distribution function at any time
=D§ � , but

insteadhave a representative sampleL GNMÚ�²=>�v:�<NM��²=��PO
: ò ? � : ����� : ) of phase-spacepoints.
Severalmethodshave beenappliedfor evaluatingthesemoments.Thesimplestis to computethe

momentintegral (3.10)via Monte-Carlointegration,resultinginB ¢DC ��9;:�=>� ? B@QSRTQ) Q M �U bM û � ¦ GNM J 9 ¦U M � � ¢ M # CM � (3.11)

wherewe have replacedthe ý -function in equation(3.10) by U � bM û � ¦ GNM J 9 ¦ � U M�� with the weight
function û � @ � ? �´ � � J @ b �WVV� � J @ b �v: (3.12)

where
V

is the Heaviside function. The parameterU M givesthe radiusover which the
ò
th trajectory

contributesto themomentintegrals.WeadjustedU M suchthataconstantnumberof sampledorbitswas
expectedto fall in theareaof radius U M centeredon

GNM
by theassumedexponentialsurfacebrightness

distribution of thedisk.
In practice,thezeroth,first andsecondmomentsareestimatedin this way. Fromthese,themean

velocitiesandvelocitydispersiontensor1 canbeobtainedasfollows:T� ? B ® ³ � B ³�³ : T# ? B ³ ® � B ³�³ (3.13)
1Notation: X-�YZY etc.arecomponentsof the tensorX-� , whoseeigenvaluesarethesquaresof thevelocity dispersionsin

theprincipaldirections.Notethat X-�YP[ maywell benegative.
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Figure3.1: Geometryof the rotationof the galaxyanddefinition of coordinatesystem. Note that
positive valuesof radial velocity u aretaken to point inwardsandthatazimuthangle o is measured
from thebaraxisin themathematicallypositivesense,but againstthedirectionof barrotation(modulo� (�� 	 ). Also shown is avelocitydispersionellipsoidexhibiting a (positive) vertex deviation �]\ .a b^D^ ?`_ � "_ "a" Jgðb_dc "_ "a" ñ b : a b\�\ ?e_ " �_ "a" Jgðb_ " c_ "a" ñ b :a b^ \ ? a b\ ^ ? _ cac_ "a" J _ c " _ " c_ �"a" (3.14)

All this is donefor spatialpointsonagrid.
Oncetheorbit integrationis done,onecaneasilyswitchto a modelwith initial distribution func-

tion 8 ® 1? 8 by weightingeachorbit with the ratio 8 ® � 8 , which accountsfor the fact that the tra-
jectorieswereactuallysampledfrom 8 . However, for this methodto beuseful,the ratio 8 ® � 8 must
not becometoo large, becauseotherwisethe momentestimatesaredominatedby a few orbits with
large weights.Sinceby virtue of thecollisionlessBoltzmannequationthevaluesof thedistribution
functionsareconservedalongthetrajectories,theratio 8 ® � 8 is conserved, too, andcanbeevaluated
at time

= ? � , whenthe distribution functionscanbe computedvia equation(3.1). In this way, we
did a switch to exponentialdiskswith velocity dispersionsa ³ smallerthan �-� � # ³ (the valuefor the
samplingdistribution functions),suchthat 8 ® � 8 6 ø �-� � # ³ � a ³ ù b (for a ³ § �-� � # ³ , theratio 8 ® � 8 hasno
upperlimit).

3.1.4 Fourier componentsof velocity moments

To seewhatis goingon, it is usefulto doaFouriertransformontheazimuthalangleo . Weapplythis
to themeanvelocitiesanddispersiontensorelementsafterwecalculatedthemin theusualway (3.13
and3.14),exceptthatthis timewedonotuseaweightingfunction,but takebinsin

�
and o . Thishas

theadditionaladvantagethateverycalculatedparticlecontributesto thefinal result.Weuseadiscrete
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Fouriertransformof thefollowing kind:ó þ ? �� fQWâÉ ® 8 � o W � 
� Ø Ko W :g þ ? �� fQWâÉ ® 8 � o W � Ø���� Ko W : (3.15)

where o W ? ��´ihÚ� � . This givesanapproximateFourierexpansion8 � o � Ä ó ³� C ó]j� 
� Ø « o C j � ®Qþ É ® � ó þ 
� Ø Ko C g þ Ø���� Ko �v: (3.16)

where « ?`� ��� and � is supposedto be even. This hasbeendonefor � ?Ù� � in 25 radial bins.
Sincewe have anazimuthal ? �

symmetry, we expectall coefficientsof oddindex  to bezero,
which they turnout to bewithin theirerrors.

We alsoconstructanestimateof thesurfacedensity


by dividing thenumberof sampledorbits
perbin by thesegmentareaof thebin, andapplytheFouriertransformto thisquantityaswell.

3.1.5 Err or estimation

We employ a bootstrapmethod: the calculationsleadingfrom thedatasetof every radial bin to its
Fouriercoefficientsareredonefor arbitrarysubsamplesof thisdataset.Therms-scatterin theoutcome
of many suchcalculationsgivesameasureof theerror.

3.1.6 Integration times and models

Usually we follow our modelsup to 18 bar rotationperiods,after the bar hasgrown adiabatically
within thefirst 5 periods.Wealsodid onemodelwith avery long integrationtimeof 120barperiods,
wherewe alsoallowed a longertime of 10 periodsfor bargrowth. In absolutetime, the barperiod
is fixed by our choiceof the OLR radius. Our favouredvalue is �-�)6 � � ³ , and adoptingthe IAU
recommendedvaluesof

� ³ ? (Ú�)& kpc and # ³ ? ��� � km/s, this meansthat onebar rotationperiod
correspondsto roughly128Myr. Soourstandardintegrationtimeof 18periodsis equivalentto about
2.3Gyr, thelong integrationtimeof 120periodsis in therangeof aHubbletime.

3.1.7 Symmetriesand the questionof stationarity

In orderto check,whetheror how farourdistributionshave reachedastationaryequilibriumstate,we
employ a symmetryconsideration.As notedby Fux 2001[46], equilibriumvelocity distributionsin
an  ? � symmetricpotentialhave asymmetry8 ���F: o :k��: # � ?�8 ���F: ´ J o : J ��: # �v: (3.17)

which is a consequenceof theazimuthal ? �
symmetryandthetime-reversalsymmetryof stellar

dynamicsin conjunctionwith stationarityof the distribution function. We can turn this argument
aroundand usethe degreeof symmetryas a measurefor stationarity. A quantitative measureof
thesymmetrycanbeobtainedin theobviousway by subtractingcorrespondingdistribution function
valuesover a grid in phasespaceanddoing a quadraticsumover the grid points. Resultsof these
kind of analysisareshown in Fig. 3.2. As canbeseen,thesimulationsshowedonly a small increase
in asymmetryof 15%above thenoiselevel (asgiven by the initial stateaswell asa very long-time
simulation),whichdroppedrapidlyafterbargrowth is finished.
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Figure3.2: Evolution towardsstationarityasmeasuredbe thesymmetry(3.17)for differentmodels
(arbitraryunits,horizontalaxisis time in barrotationperiods).Modelsshown have

�ml�á�à � � ³ ?��-�)(
(squaresymbols)and

�ml�á�à � � ³ ?ÿ�-�)6 � (triangles),andusual(filled symbols)or long integration
time (opensymbols).Bar growth is takingplacein thefirst 5 periodsfor normalandin thefirst 10
periodsfor the long integrationtime. In addition, the valuefor the sampledstartingdistribution at= ?I� is shown, indicatingthelevel of significance.

3.2 Results

Kuijken& Tremaine1991[60] gaveananalyticalexpressionfor thebehaviour of themeanvelocities
underthe influenceof a non-axisymmetricperturbationof multipoleorder  in a linearapproxima-
tion. For ourcase,this yields(in aco-rotatingframewhere o ? oonqprts QSuwvTx JÞ��© = )T� ? = ����� # b³� � ����© Jº%� %lJn� n á�à|�e� %lJ�� l�á�à�� ØP���l� o :

(3.18)T# ? # ³ J = ����� # b³0 � 2;��© Jº%� %lJn� n á�à �e� %lJ�� l�á�à �W
� Ø�� o :
where � n á�à and � l�á�à refer to the circular frequenciesat the radii of the inner andouterLindblad
resonance,and = ����� ? � ��8 � # b³ ��� © � ��� ] is definedsimilarly to (3.7). For a flat rotation curve,%h? # ³ � � . In our rangeof interest,equations(3.18)aredominatedby apoleat theOLR.

Theresultsof our simulation,presentedbelow, agreeroughlywith theseexpectations:themean
velocitiesshow modulations

T� � Ø������ o ,
T# � 
� Ø�� o in the co-rotatingframe. The sign of the

modulationsvarieswith radius,signchangesshouldindicateresonances.For thedispersiontensorthe
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situationis similar: theoff-diagonalcomponentshowsa
ØP���l� o perturbation,thediagonalcomponents

a 
� Ø�� o .

3.2.1 Fourier analysis

Sincewe have anazimuthal ? �
symmetry, all coefficientsof odd index  areexpectedto van-

ish, what they do within their errors. Furthermore,in the undevelopedstatebeforebar growth, all
coefficientsexceptthosewith  ?�� are,by construction,zerowithin theirerrors.

The  ?I� components(Fig. 3.3):

The dashedlines in Fig. 3.3 representthe initial axisymmetriccase,which shows an exponential
declinein


aswell asin thediagonalcomponentsof velocitydispersiontensor. Themeanazimuthal

motiondeviatesfrom thecircularspeed# ³ by theasymmetricdrift, which is strongerfor large a ³ , as
expected.Themeanradialmotionvanishes,asrequiredfor any stationarymodel.

The solid lines in Fig. 3.3 show the radial run of the  ?A� componentsin the barredcase.
Apart from thecomponentsfor

T�
and a b^ \ , which have to vanishfor stationarymodels,somesignsof

perturbationarevisible, thestrongerthesmallera ³ .
First of all, we learnthatdispersive effectsarequiteefficient in drawing resonance-inducedfea-

turesaway from the actualposition of the resonance.Whereasfor small velocity dispersionthe
associationof thefeatureswith theOLR at

�ml�á�à ?I�-�)6 � � ³ is clearlyvisible, they appearin thehigh
dispersioncaseat a radial rangeof

� � � to
� �32 � ³ , wherenaively onewould not attribute themto the

OLR.
In particular, we have a bumpin the

T# -curve outsideof OLR, which becomesmoreexplicit with
decreasingdispersionwhile roughly keepingits absolutemagnitude.In contrastto this, the asym-
metric drift as the dominantdeviation of

T# from the nominal rotation velocity # ³ diminisheswith
decreasingdispersion.Thereis asimilar bumpin a b^D^ , whereaswe have a two-fold featurein a b\�\ .

Mostof theperturbative featuresin the  ?I� componentsareinducedby theoppositeorientation
of thenear-circularorbitson eithersideof theresonance.

The  ? � components(Fig. 3.4):

Becauseof the symmetryof the problem,we expect the  ? �
componentsto be the dominant

ones.As for every  § � , we have onemoredegreeof freedomhere,sincewe have a cosine-anda
sine-component(seeFig. 3.4),or equivalently, anamplitudeanda phase.

The cosine-termsof
T�

and a b^ \ aswell as the sine termsof


,
T# , a b^D^ , and a b\�\ vanish(within

their error),which is to be expectedfrom equation(3.17) for a stationarymodel. The behaviour of
theremainingnon-vanishingtermsagreesroughlywith theexpectationfrom simplelineartheory, cf.
equation(3.18). In particular, we seeindicationof thepolesat theOLR radius,thoughthey are,of
course,smoothedover. However, therearetwo significantdeviations.First,as a ³ increases(from left
to right panelsin Fig. 3.4), the resonantfeaturesareshiftedaway from

�ml�á�à
to larger radii andare

alsosomewhatsmoothedout. Second,thereis anadditionalfeatureat
� �'�-�)0 � ³ , in particular, forT# . Wheninspectingtheorbitsof starsdominatingat this radius,we find thatmany belongto anorbit

family associatedwith thestableLagrangepointsL
±

andL < , seeFig. 3.5.Theseorbitscanreachradii
far beyond co-rotationand,in a frameco-rotatingwith thebar, performa retrogrademotionaround
theLagrangepoints. They thusresultin a reduced

T# at azimuthsperpendicularto thebarandhence
leadto apositive 
� Ø�� o component.
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Figure3.3: y{z}| Fourier componentsof velocity distribution in theundevelopedstatebeforebar
growth (dashedcurve) and in the final state(solid red curve), plottedagainstradius. Left, middle,
andright panelshave ~#�����b�w�+����� , �b������ and �b������� respectively. Theplottedvaluesareactuallyhalf
theFourier coefficient, i.e. thefirst term in expansion(3.16). Units on thevertical axesareparticle
numberperareafor surfacedensity � and ��� for thevelocities.Themodelshown hasanOLR-radius
of �b�����!�9� , correspondingto aCR of �b�������!��� (dashedvertical lines).
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Figure3.4: � ��� Fouriercosine(solid red line) andsine(dashedgreenline) components,plotted
againstradius.Panelsasin Fig. 3.3. For surfacedensity � , thevalueshown is relative to theundis-
turbed � ��� value.Units on theverticalaxesare � � for velocities �� and �� and ���� for the ~ ’s. OLR
andCR areat �b�����!��� and �b�������!��� respectively (dashedvertical lines).
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Figure3.5: Orbit nearco-rotationthatcirculatestheL � point in aretrogradesense(anti-clockwisefor
a clockwiserotatingbar). The bar is indicatedby a line, while thedottedcirclescorrespondto CR
andOLR. In ourmodel,aconsiderablefractionof starsis trappedin orbitsof this family, resultingin
thesomewhatpeculiarrunof thevelocitymoments(Fig. 3.4).

Higher-order components(Fig. 3.6) :

The ����� componentsareusuallysmallerby at leasta factor3 comparedto the ����� modes,but
they aresignificantlydifferentfrom zero.In contrast,theanalyticalmodel(3.18)hadnoexcitationof
highermodesatall, sincemodecouplingis not includedin a linearapproximation.

The excitation of the � ��� modesfollows the overall patternseenin the � �{� case: in
accordancewith thesymmetryrequirements,we have a �� �¡;¢��¤£¦¥ in § and ¨;©ªD« , anda ¬+��¢��¤£¦¥ in all
theothercomponents,seeFig. 3.6. Our signal-to-noiseratio is in the rangeof 3 – 5 for the �®�¯�
case,andlessfor higher-ordercomponents,so surelythe significanceof our model is peteringout.
Nevertheless,some�°�²± modesdo seemto bediscerniblestill.

3.2.2 Variation of parameters

Doubling the bar strengthleadsto a doublingof the magnitudeof the effects. This is true for the
differencesbetweentheundevelopedandfinal stateaswell asfor Fouriercoefficients.

Changingthebarsize,i.e. theparameter³�´ in (3.5),producessomelocal variationsin themag-
nitudeof the effects,but it doesnot shift themin location. Of course,this is to be expectedif the
locationis determinedby resonanceconditions.

Variationof thediskscalelengthdoesnotseemto haveany strongeffects,whichis to beexpected,
sinceit only slightly affectsthesamplingof theorbitsbut not thedynamics.

Theshapeof thevelocitycurvehasamild effect: we triedmodelswith aslightly rising ( µ¶�¸·b¹�º )
or falling ( µK��»¼·b¹�º ) velocityprofile,andfoundvery similar resultsasfor µ��¸· . (Notethatwekept
the OLR radiusfixed, so modelswith differentvelocity profileshave different rotationfrequencies
of thebar, cf. appendixC). This is expected,too, since µ essentiallycontrolsthedistancesbetween
variousresonances(growing wider for larger µ ), while mostof our resultsaredominatedby a single
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Figure3.6: � �¾½ Fouriercosine(solid red line) andsine(dashedgreenline) components,plotted
againstradius. Panelsandunitsasin Fig. 3.4. For surfacedensity � , thevalueshown is relative to
theundisturbed� �7� value. Again,OLR andCR areat �b�����!�9� and �b�������!��� respectively (dashed
vertical lines).
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resonance,theOLR.

3.2.3 Dispersionaxis ratio

Fig. 3.7shows theratio of theprincipalaxesof thevelocity dispersionellipsoid, i.e. theeigenvalues¨;©¿kÀ © of thetensor̈;© . For a flat rotationcurve, this ratio is oftenexpectedto be0.5. Indeed,it canbe
shown (seefor exampleBinney & Tremaine1987[11], ch. 4.2.1(c))that in theundisturbedcase(for
which ¨ ¿ �²¨ ªDª and ¨ © �¸¨ «P« ) Á  �ÂÃ�ÄmÅ ¨ ©©¨ ©¿ � Æ ©�¤Ç ©ÉÈ º�ËÊ º�Ì7Í

Á ¡ÏÎ�ÐÍ Á ¡Ï³�Ñ�Ò (3.19)

where Æ is the epicycle frequency, cf. eqn.2.31. This relation is often given without the limit and
thenreferredto asOort’s relation. It is, however, importantto notethat theerror in Oort’s relationis
considerablealreadyfor ¨ Å ��·b¹���Î Å (Evans& Collett 1993[41], Dehnen1999[26]), which means
thatusingit for theold stellardisk of theMilk y Way is, at best,dangerous.This canbeseenclearly
from Fig. 3.7showing that ¨ ©©�Ó ¨ ©¿ for theunperturbedcasesignificantlydeviatesfrom 0.5for awarm
stellardisk ( ¨ Å �¸·b¹���Î Å ).

After formationof thebarperturbation,we have largevariationsin this quantity. For ¨ Å ��·b¹���Î Å
andat ³¯�Ô³ Å , thevaluesaregenerallysomewhathigherthanOort’s value0.5but smallerthanfor
anundisturbeddisk. For directionsthatareroughlyalongthebar( £ËÕ¸· ), this ratio risessharplyjust
outsidethesolarcircle to valuesreachingashighas0.8.

It is instructive to take a look at the samequantitiesfor a smallervelocity dispersionof ¨ Å �·b¹w·+Ö�Î Å or ·b¹�ºÎ Å (left andmiddlepanelsof Fig. 3.7). First of all, theaxisratio in theundisturbedcase
(dashedline in the right panels)is muchcloserto Oort’s valueof 0.5 here,asexpected.Generally,
theobservedfeatureshave smallerwidth, i.e. they arelesswashedoutby dispersion,but theeffectof
thebar, i.e. thedifferencebetweenthesolid anddashedlines,is still similar for thedifferentvelocity
dispersions,evenquantitatively. Thus,thedeviation of ¨ ©© Ó ¨ © ¿ from Oort’s valuemaybedecomposed
into a velocity-dispersiondependentterm, which consistsof a generalelevation of only mild radial
dependenceanda bar-inducedterm, which variesspatiallyandappearsto be negative for the solar
position.

As a consequence,for mildly warmstellardisks( ¨Ø×Õ ·b¹���Î Å ), theratio ¨;©© Ó ¨;©¿ in thesolarneigh-
bourhoodmaywell dropbelow Oort’s value.

3.2.4 Vertex deviation

Theso-calledvertex deviation Ù « � º�mÚ!Û ¬Ü Ú ¡ �!¨ ©ªD«¨ ©ªDª »@¨ ©«�« (3.20)

is theanglebetweenthedirectionof thelargestvelocitydispersionandtheline to theGalacticcenter,
seealsoFig. 3.1.For axisymmetricequilibriummodels,

Ù « �¸· .
In Fig. 3.8,weplot

Ù « , computedfrom Fouriercoefficientsupto �°�Ý� only in orderto eliminate
short-scalefluctuations.We find that thebar-inducedvertex deviation decreaseswith increasingve-
locity dispersionfrom upto Õ²Þ!·+ß for ¨ Å �¸·b¹w·+Ö�Î Å to Ö�ß – ºà·+ß for ¨ Å �¸·b¹���Î Å . In thedirectionof the
barandperpendicularto it,

Ù « �¯· , asexpectedfrom symmetry. For moderatelywarmstellardisks
( ¨ Å §Õ ·b¹�ºÎ Å ) thevertex deviationatazimuthanglesbetween·+ß and á!·+ß (includingthesolarazimuth)
is positive at andinsidethesolarcircle andnegative for somerangeoutside.Theactualradiuswhere
thesignchangeoccursis obviously coupledto theOLR, but againshiftedto theoutside.For a cold
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Figure3.7: Axis ratio ¨ ©©!Ó ¨ ©¿ of the principal componentsof the velocity-dispersiontensorfor the
final (solid, red) andthe initial unperturbedstate(dashed) at variousazimuthsfor the modelswith³mâ&ã�ä��¸·b¹�á��!³ Å and ¨ Å of ·b¹w·+Ö�Î Å (left), ·b¹�ºÎ Å (middle), and ·b¹���Î Å (right).
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Figure3.8: Vertex deviation

Ù « asreconstructedfrom Fouriercomponentsat variousazimuthsfor the
samemodelsasin Fig. 3.7. Thehighly uncertainoutliersat ³4Õ}º!¹��!³ Å , £å��·+ß for ¨ Å ��·b¹�ºÎ Å are
causedby anear-circularvelocityellipsoid( ¨ ¿ Õ¸¨ © , seeFig.3.7),whichrendersthevertex deviation
ill-defined.
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stellardisk, thebar-inducedvertex deviation displaysaremorecomplicatedpatternandmayreachas
highas �+·+ß .

Obviously, the vertex deviation is antisymmetricwith respectto £çæè ¢êéØ»�£¦¥ , whereasthe
velocity dispersionaxisratio is symmetric.This is a simpleconsequenceof symmetry(3.17),which
in particularimplies ¢ê¨;©ªëª Ò ¨;©ªD« Ò ¨;©«�« ¥�æèì¢ê¨;©ªDª Ò »�¨;©ªD« Ò ¨;©«�« ¥ .
3.3 Discussion

Radialmotions í§ of standardsof restcanbe seento occurquite frequently(seeFig. 3.9), andcan
reachmagnitudesof the orderof about ·b¹w·+��Î Å , correspondingto about5 km/s for the Milk y Way.
Becauseof the �� î¡ï��£ dependence,thesewould be maximal at £`�ð�¤Ö�ß , which is quite nearthe
proposedpositionof theSunof £²ñ¯Þ!·+ß . In its radialdependencehowever, í§ swingsthroughzero
shortlyoutsideof theOLR, andit maywell bethat theSunjust meetsthatpoint. Sowe cannotgive
a definitepredictionfor thebar-inducedradialmotionof theLSR here,not evenby signonly, except
thatit shouldbevery small(atmosta few km/s).

Observational evidencefor radial motion of the LSR is unclear. From measurementsof line-
of-sight velocitiesof gasin the outerGalaxy, Blitz & Spergel [13] postulatedin 1991an outward
movementof theLSRof around14km/s.Contraryto this,Metzger& Schechter1994[67] concluded
from line-of-sightvelocitiesof carbonstarsin theanticenterdirectionthattheLSRis moving inwards
at òó¹�òdô�º!¹öõ km/s. A recentstudy(Gould2003[51]) basedon halo subdwarfs excludesradial LSR
motionsgreaterthan2 km/s. If thisholdsindeed,it wouldfit very well with our results.

-1 0 1
-1.5

-1

-0.5

0

Figure3.9: Meanradialvelocitiesup to m=2. Thebaris indicatedby thesolid line in thecenterand
is supposedto rotateclockwise.Thedashedline is thesolarcircle (alsoservingasunit length),dotted
linesareco-rotationandouterLindbladresonances.

Variationsof themeanazimuthalvelocity arealsopresent,but herewe have to dealwith several
perturbationeffects,thedominantonefor realisticcasesbeingtraditionalaxisymmetricasymmetric
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Figure3.10:Modificationsof tangentialvelocitiesup to m=2,not includingasymmetricdrift.

drift. Wecanconstructapictureof thebar-induced í÷ -modificationsonly (seeFig.3.10)by subtractingí÷ in theundevelopedcasebeforebargrowth, thusalsocancelingasymmetricdrift. However, this is,
of course,impossiblefor realgalaxies,whereonly thecombinationof circularspeed(LSR motion),
asymmetricdrift, andbar induceddrift is measurable(in principle). In observationaldata,theeffect
of asymmetricdrift canbecorrectedfor, asdoneby Dehnen& Binney 1998[31], by calculating íÎ for
stellarpopulationswith differentvelocity dispersionsandextrapolatingto vanishingdispersion.This
approach,however, cannotbeappliedto thebar-inducedperturbationsin íÎ , since,ascanbeseenin
Fig. 3.3,therelative magnitudeof thebar-inducedwigglekeepsconstantatabout2%,independentof
velocity dispersion.So,aslong asonly local measurementsareavailable,thereis no way to discern
the bar-inducedazimuthalvelocity perturbationsfrom variationsin the backgroundrotationcurve,
andsoit will beratherhardto draw any observationalconstraintsfrom themeanazimuthalvelocities.

Ourcalculationsshow thatfor anequilibriumin abarredMilk y Way, with barorientation,strength
andpatternspeedconsistentwith otherdata,a vertex deviation of thesizeanddirectionasobserved
emergesnaturally. Moreover, we alsofoundthatfor dynamicallycoolersub-populations,i.e. blueror
youngerstars,thebar-inducedvertex deviation increasesin amplitude,very similar to theobserved
values.

This givesstrongsupportfor thehypothesisthatthevertex deviation observed in thesolarneigh-
bourhoodis predominantlycausedby deviations from axisymmetryratherthan from equilibrium.
This explanationalsonaturallyaccountsfor thefact that

Ù « for youngstarshasthesamedirectionas
for old ones,whichwith thetraditionalexplanationwouldbea chancecoincidence.

The axis ratio of the (principal componentsof the) velocity dispersiontensor, ¨ ©©!Ó ¨ ©¿ , is clearly
affectedby the centralbar. In particular, valueslessthan0.5, Oort’s valuefor a flat rotationcurve,
arepossible(Oort’s valueis a lower limit for anaxisymmetricgalaxy, seesection3.2.3andEvans&
Collett 1993[41], Dehnen1999[26]). This nicely fits to thevaluesinferredfrom HIPPARCOSdata
(Dehnen& Binney 1998[31]), whichgive ¨;©© Ó ¨;©¿¼Õ¸·b¹ø� for theold stellardisk.



Chapter 4

Further Studiesof the Barr edModel

In thischapter, wereview somefurtherstudieswehavedonewith ourmodel.Frequently, weusedthe
puresamplinghere,without any evolution in thebarredpotential. First we will saysomewordson
theasymmetricdrift, which ratheramountsto somethinglikeaconsistency check.Thenwewill have
somedetaileddiscussionon thevalidity of theOort relation,andfinally we reporton our attemptsof
constructingtheOort constantsfor ourmodel.

4.1 Understanding the asymmetricdrift

The valueof the parameterù in Strömberg’s relation (2.18) refersto the solarneighbourhood,of
course,and ù will in generaldependon thepositionin thedisk. In Fig. 4.1,weshow againthemean
tangentialvelocitiesin theunperturbeddisk, i.e. beforebargrowth, for avarietyof input dispersions.
Usingthe ¢�§#§;¥ -componentof thevelocity dispersiontensorof our unperturbedsample,we cancon-
struct the parameterù of Strömberg’s relation,which we alsoshow in Fig. 4.1. It turnsout to be
independentof theinitial dispersionmeasurë Å andto beaninverselinearlaw ùú�¾º Ó ¢tû ¿ Ì2û © ³ü¥
in Radius³ . A linearregressionon thevaluesyields û ¿ ñ7»¼·b¹��+õ¼ôØ·b¹�� , û © ñ²�ó¹�Ö���ôØ·b¹�� .

Turningto theory, we canderive from theJeansequationsthefollowing expressionfor theasym-
metricdrift velocity (cf. Binney & Tremaine1987[11], sect.4.2.1(a)):Î�ý¨ ©ªDª � º��Î�Ðÿþ ¨ ©«�«¨ ©ªëª »2ºÏ»��

Á ¡N¢���¨ ©ªDª ¥�
Á ¡Ï³ » ³¨ ©ªDª � Î��oÎ��� � 	 Ò (4.1)

where� is thespatialdensity. Assumingthat
 thelastterminducesnostrong³ -dependence,whichprobablyholdsto somedegree.For adisk
symmetricaboutthez = 0 planeit shouldvanishexactly.
 ¨ ©ªDª and � arebothexponentialsin thedisk,sothat �

Á ¡N¢��ó¨ ©ªDª ¥ Ó � Á ¡Ï³��²³ , andfinally,
 theshapeof thevelocityellipsoiddoesnot changevery muchsothat ¨ ©«�« Ó ¨ ©ªDª ñ const.,

we do indeedgetaninverselinear law for ù , independentof thedispersionmagnitude.If we take a
look at º Ó ù in thedevelopedcaseafterbargrowth (Fig. 4.2),we find againsomeresonantstructure,
largely a reflectionof thosein Î and ¨ ©ªDª . It is getting sharperand at the sametime growing in
magnitudewith decreasingvelocitydispersion.Also, wefind thenow familiarphenomenonthatwith
rising dispersionit is increasinglyshiftedto theoutside.

39
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Figure4.1: Asymmetricdrift in oneof our sampledmodelsbeforebar growth. Left panelshows
the meantangentialvelocity for variousinput dispersions,right panelshows the inverseof the ù -
parameterof Strömberg’s relation(2.18)reconstructedwith themodelsdispersiontensorcomponent¨;©ªëª . Error barsfor ¨ Å �°·b¹w·+Ö areleft out in the right panel,but are large. Errorsarepropagation
errorsfrom thebootstraperrorsconstructedin section3.

4.2 Discussionof the dispersionellipsoid axis ratio

As mentionedin theintroduction,it is oftenclaimedthat1 ¨ ©«�« Ó ¨ ©ªDª shouldequalthequantitygivenin
eqn.(2.31).Thinking aboutit, we seethatit is actuallythreedifferentquantitieswhich areidentified
by this:
 theaxis ratio of thevelocity dispersionellipsoid, ¨;©«�« Ó ¨;©ªDª , for which Dehnen& Binney 1998

[31] foundavalueof 0.4. In appendixF, we gainanexpressionfor this from first principles.
 thequantityin (2.31),i.e. »� Ó ¢�� »�� ¥ for theOortconstantsdefinedwith thecircularvelocities
accordingto eqns.(2.24)and(2.25),aslongassuchdefinitionis meaningfulin someway. This
is exactly equalto º Ó � for a flat rotationcurve, × º Ó � for a decliningand

§ º Ó � for a rising
rotationcurve.

1Writing �������� ������ meansthatwe simply take theratio of thecorrespondingdispersiontensorcomponents,whereasin
chapter3 wediagonalizedthis tensorfirst. It is shown in appendixF thatthedifferenceis of secondorderonly.
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Figure4.2: Sameasright panelin Fig. 4.1,but for thedevelopedcaseafterbargrowth.
 »�� Ó ¢�� »��à¥ for thetrueOort constantsdefinedusingtheactualstellarstreamingmotions.The
observationalsituation(if smalleror largerthan º Ó � ) is not clearin thiscase.

In the generalcase,neitherof thesethreeneedsto coincidewith any other. In a non-axisymmetric
galaxy, »� Ó ¢�� »�� ¥ might notevenbedefinable(sincecircularvelocitiesarenot),andfor ¨ ©«�« Ó ¨ ©ªDª
and »�� Ó ¢�� » �à¥ thereis absolutelyno reasonto equaleachother, cf. eqns.(E.8),(E.9)and(F.14).

But evenif we restictourselvesto theaxisymmetriccase,all threemight bedifferent.Indeed,we
have then,from (E.8)and(E.9): »��� » � � º� Ê º�Ì Í Á ¡üíÎÍ Á ¡¼³ Ñ (4.2)

which is to becomparedto expression(2.31)for � Ó ¢�� »�� ¥ andto expression(F.18)for ¨ ©«�« Ó ¨ ©ªDª :»��2» � � º� Ê º�Ì Í
Á ¡ÏÎ�ÐÍ Á ¡Ï³ Ñ (4.3)¨ ©«�«¨ ©ªDª � º�¶Ê º�Ì�Í Á ¡ íÎÍ Á ¡ï³ »�!#"�"�"íÎ�¨ ©ªDª Ì º�ó³ íÎ�¨ ©ªëª ÍÍ ³ ¢ê³ © � ! �$� " ¥ Ñ (4.4)
 »�� Ó ¢���»%�¥ coincideswith »� Ó ¢���»&� ¥ only if weneglectthedifferencebetweeníÎ and Î�Ð , i.e.

theasymmetricdrift. For a flat rotationcurve, »� Ó ¢��Ý»�� ¥9�`º Ó � exactly, while we obtain
using íÎ � Î�ÐW»¶Î ý ¢ê³ü¥ »���ü» � � º� » ³�HíÎ Í Î ýÍ ³ Ò (4.5)
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andsinceÎ ý is adecreasingfunctionof R, »�� Ó ¢�� » �à¥ will belargerthan º Ó � .
 Thedifferencebetween̈ ©«�« Ó ¨ ©ªëª and »�� Ó ¢��&»��à¥ in theaxisymmetriccaseis foundin appendixF
to consistof termsinvolving somethird moments.As alreadystressedby Cuddeford& Binney
1994[20], theseare in no way negligible. This is alsothe problemwith derivationssuchas
in Binney & Tremaine1987([11], sec.4.2.1(c)), where,apartfrom thedisk beingstationary
andvertex deviationbeingnegligible, it is namedasaprerequisitethatthevelocitydistribution
needsto besymmetricin Î »�íÎ . This simply doesnot hold for realisticvelocity distributions,
andthementionedthird momentsmeasuretheextentof violationof this symmetry.
Thecorrectioninducedby thethird momentsis positive,so ¨ ©«P« Ó ¨ ©ªDª is still largerthan »�� Ó ¢�� »�à¥ .
 For this reason,̈;©«�« Ó ¨;©ªDª is alsodifferentfrom »� Ó ¢��2»�� ¥ .

Figure4.3: Comparisonof quantitiesusuallyidentifiedin theOort relation.Thevaluesshown relate
to our unperturbedmodelbeforebargrowth, i.e. to anaxisymmetricregime. Thecurvesfor ¨ ©«�« Ó ¨ ©ªDª
arethesameastheonesof theunperturbedmodelin Fig. 3.7.Thequantitiy »�� Ó ¢�� »'�à¥ is constructed
accordingto (4.5) with Î ý �ç¨ ©ªDª ¢tû ¿ Ì�û © ³ü¥ usingthe valuesof section4.1. Becauseof the flat
rotationcurve, »�� Ó ¢�� »�� ¥ È º Ó � constantly.

Fig. 4.3shows thethreequantitiesfor theunperturbed(axisymmetric)statebeforebargrowth for
ourmodelwith flat rotationcurve: both ¨ ©«�« Ó ¨ ©ªDª and »�� Ó ¢�� »'�à¥ arelargerthan »� Ó ¢��K»(� ¥ È º Ó � .
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Therunof bothcurvesis similar, but thefirst oneis shiftedupwards.Sotheeffectof thethird moment
termsseemsto beroughlyconstantin ³ andpositive.

Regardingthebehaviour with varyingoveralldispersion,weseethedifferencesbetweenthethree
curvesvanishasdispersiongetssmaller. Obviously, not only theasymmetricdrift, but alsothethird
momentsgetsmallerwith ¨ Å . However, we seethatthedispersionmustnot begreaterthan Õ�Ö�) of
therotationvelocity for anequalityto holdapproximately.

Whetherthe Oort relationmay be usedin observationalmeasurementsfor any of thequantities
involved shouldthusdependon the dispersionof the stellarpopulationused;as long as this is in-
deedsmallenough,it maybe justified. However, this is only trueaslong asnon-axisymmetriesare
excluded,andthe fact that measurementsof the dispersionaxis ratio generallyyield values × º Ó �
which axisymmetrictheorycannotexplain mustbe taken asa clearhint thatnon-axisymmetriesare
important.Wesaw in section3.2.3thatbar-inducedvariationsof theaxisratiomaygenerallybelarger
thanall theaxisymmetriceffects,andthatthey alsomayyield valuesfor ¨;©«P« Ó ¨;©ªëª smallerthan º Ó � .
4.3 Oort constants

4.3.1 Determination of the Oort constants

We also tried to determinethe Oort constantsin our model. After someunsuccessfulattemptswe
found that thebestway to do this is to useeqn.(2.26). Sowe take thesamplepointslying within a
certaindistanceinterval arounda position ¢ê³ Å Ò £ Å ¥ – representingthepossiblepositionof theSun–
andtransformtheir velocity componentsaccordingto eqn.(H.13) in appendixH. Eqn. (2.26) then
suggeststhatweagainapplyadisreteFouriertransformof thekind of eqn.(3.15).For this,weassign
the samplepointsto a numberof bins in Galacticlongitude

Ù
asseenfrom ¢ê³ Å Ò £ Å ¥ , andcalculate

meanvaluesandstandarddeviationsof Î�* , Î,+ for eachbin. In orderto improve theresult,weemploy
some Æ - ¨ -clipping, i.e. we iteratively exclude points which differ from the meanby more than a
certainfactor Æ timesthestandarddeviation ¨ . After that,we performtheFourier transformon the
meanvaluesof Î�* and Î,+ . The Oort constantsshouldthenappearasthe zerothandsecondFourier
coefficientsin thisexpansion,accordingto (2.26).

However, not takingpropercareof asymmetricdrift inducesan �°�7º mode,andthis is dominat-
ing thebehaviour of Î�* and Î-+ asa functionof

Ù
, seeFig. 4.4. In orderto seehow this comesabout,

let usstartfrom thetransformationformula(H.13) of appendixH for Î.* and Î,+ andexpressthemas
functionsof

Ù
usingeqns.(H.2) and(H.4). We assumean axisymmetricGalaxywith a flat rotation

curve but we allow for asymmetricdrift, soÎ � È · Ò Î " ¢ê³ü¥ � Î Å »ËÎ ý ¢ê³ü¥ Ò (4.6)

wherewe approximatetheasymmetricdrift to first orderin distance:Î ý ¢ê³ü¥ ñ Î ý Å ÌØù Å0/ ¢ê³¸»@³ Å ¥ with Î ý Å�1 � Î ý ¢ê³ Å ¥ Ò ù Å21 �3� Î ý� ³�4444 �65 (4.7)

ThisyieldsthenÎ87:9<;d�ç»¼Î ý Å �� �¡ Ù Ì º� Î Å »ËÎ ý Å ÌØù Å ³ Å³ Å= ><? @A�B� Í �P �¡¼� Ù (4.8)

Î,+ �ç» º� Î Å »@Î!ý Å »@ù Å ³ Å³ Å= ><? @A�C� Í »ËÎ ý Å ¬+� Ù Ì º� Î Å »ËÎ�ý Å ÌØù Å ³ Å³ Å= ><? @A�D� Í ¬+��� Ù (4.9)
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Figure4.4: Meanvelocities(in unitsof Î Å ) of thesamplepointslying in a ring aroundthepresumed
locationof the Sun in the unperturbedmodelbeforebar growth. Upperpanelshows line-of-sight
velocity, lower panelthetangentialcomponentasa functionof Galacticlongitude

Ù
. Also shown is a

reconstructionof thedataoutof its first threeFouriercomponents(greencurves), theexpectationfor
thesecurvesaccordingto eqn.(2.26)usingsomeobservationalvaluesfor � and � (red curves), and
how this is matchedif theFourierreconstructionleavesout the � �`º terms(bluecurves). Finally,
we show thetheoreticalresulteqns.(4.8) and(4.9) with valuesfor Î ý Å , ù Å appropriatehere(yellow
curves).

As we can see,thereare two effects: one is the appearanceof the � � º terms, the other is a
modificationin the Oort constants.For the latter, the effects of the value and the gradientof the
asymmetricdrift will tendto canceleachotherfor � (rememberù Å × · Ò Î ý Å § · ), whereasbothwill
leadto an overestimationof � by �`��Î Å Ó ¢a�!³ Å ¥ . Therefore,the shift inducedby asymmetricdrift
will bemuchgreaterfor � thanfor � (Lewis 1990[63]).

The �°�7º termsarisefrom usingthe“wrong” rest-framevelocity Î Å in eqn.(H.13),whereratherÎ Å » Î ý Å shouldhave beenusedasthecorrectLSR-velocity insteadof Î Å . Hadwe usedeqn.(H.13)
with Î Å »&è-Î Å »åÎ�ý Å , we would have arrived at expressions(4.8), (4.9) without the � ��º terms.
Nevertheless,if we simply ignore the � � º component,we canstill useeqn.(2.26) to readoff
theOort constants.That this is justifiedcanbeseenin thata reconstructionof thecurve usingonly
thezerothandsecondmomentsmatchesup ratherwell with theexpectedcurve accordingto (2.26)
usingtheFeast/Whitelockvaluesfor a andb (redandbluecurvesin Fig. 4.4). We plottedrelations
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(4.8),(4.9) into Fig. 4.4aswell (yellow lines),theagreementof thesecurveswith thesimulationdata
showing thatouranalysisis correct.

4.3.2 Oort constantsin the unperturbed sampling

In Fig. 4.5, we show the Oort constantsdeterminedin this way asa function of distanceÍ , i.e. the
radiusof the ring usedfor calculation.Ideally, we shouldtake the limit Í »&è · , but in practicewe
have to choosesomeappropriatevalue. As we canseein the figure, thereis a slight variationwithÍ , andsincewe know that in this axisymmetriccaseE and F shouldvanish,we cangaina feelingof
the uncertaintiesinvolved. In particular, we seethat we shouldchooseÍ not too small. Evaluation
was donearound ¢ê³ Å Ò £ Å ¥ , wherethe choiceof £ Å shouldnot matteras long as we considerour
axisymmetricsampling.Doing theevaluationfor differentvaluesof £ Å givesa measureof theerror
again.

What we canseein Fig. 4.5, above all, is that � differs considerablyfrom thevaluedetermined
by Feast& Whitelock(dottedlines in thefigure),whereas� moreor lessagrees.Also, with smaller
dispersion,valuesfor � arerising,whereasthosefor � areessentiallyunchanged.This illustratesthe
fact thatasymmetricdrift affects � strongerthan � . In contrastto observationalvaluessuchasFeast
& Whitelock, we have G �.G § � in our model,which is clearsince G �.GH»H� � » ¢��ÉÌI�à¥ equalsthe
gradientof thevelocitycurve(cf. eqn.(2.30);notethatfrom eqns.(E.8)and(E.9), » ¢�� ÌJ�à¥ continues
to equalthe gradienteven if non-axisymmetriesaretaken into account),which is effectively rising
dueto asymmetricdrift. However, in observationalmeasurementsit is rathercommonto find G ��G × �
(seeKerr & Lynden-Bell1986 [55]), indicating, as we have mentioned,a locally falling velocity
curve. Thus,if observationaldeterminationsof theOort constantsareindeedaffectedby asymmetric
drift, onewouldhave to assumethatthevelocitycurve intrinsically, i.e. with regardto theunderlying
Galacticpotential,is evenmorestronglydeclining.

Olling & Dehnen2003 [71] find G ��G § � , but their valuesagreelesswith our predictions. Of
courseonecanspeculatethatthis is dueto non-axisymmetricperturbationsof therealGalaxy.

Regardingthespatialvariability of theOort constants,we repeatedourevaluation(choosingÍ �·b¹w·+ò , hereandalwayshereafter)for severalpoints ¢ê³ Ò £¦¥ , again£ beingirrelevantandproviding error
barson its variation.Theresultis shown in Fig. 4.6. Both � and � show a decreasein absolutevalue
with ³ , resultingprimarily from the inverse ³ -dependenceas � ñeÎ Å Ó ¢a�!³ü¥ ñ�»�� in the roughest
approximation.Whethertheirregularitiesseenin thecurveareartifactsof thesamplingor havesome
meaningis not clearat this stage.

4.3.3 Oort constantsin the perturbed state

Switchingnow to thebar-perturbeddisks,we canfollow thesameprogramanddeterminetheOort
constantsasfunctionsof position.This time,however, dependenceon azimuthangleis alsorelevant.
We show a selectionof resultsin Fig. 4.7. Most remarkableis a rangeof negative F and E nearthe
OLR radiusat azimuths£¾Õ�Þ!· ß for smallervelocity dispersions.This is in accordancewith the
negative E of »�áó¹�± km/s/kpcwhichOlling & Dehnen(2003[71]) have foundin theirdeterminationof
theOortconstantsfor theold stars(Olling & Dehnendid notdetermineF ). Weincludetheirvaluesin
thefigurehere.

Perhapsalsointerestingin thiscaseis theratio »�� Ó ¢��d»D�à¥ . Wefoundin section4.2thatit should
alwaysbe larger than º Ó � in the outerdisk of an axisymmetricgalaxy(which it turnsout to be for
the � Ò � constructedabove). In thebarperturbeddisk,however, we find regionswhereit reacheswell
below º Ó � , seeFig. 4.8. Furthermore,we seethat, unlike the axisymmetriccase,the differenceof
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Figure4.5: Oort constantsat ³ Å in theaxisymmetricsamplingasa functionof distanceÍ (in units
of ³ Å �ç±ó¹�Ö kpc) usedfor determiningtheseasFourier coefficientsof line-of-sightvelocity Î�* or
tangentialvelocity Î,+ . Symbolsare: � determinedfrom Î�* (filled triangles,red), or from Î,+ (open
triangles,magenta), � (filled squares,green), E determinedfrom Î�* (filled pentagons,blue), or fromÎ,+ (openpentagons,cyan), F (filled hexagons,yellow). Scaleon theverticalaxesis in unitsof Ç Å ���Öó¹�±�± km/s/kpc.Also shown aretheFeast/Whitelockvaluesfor � and � (dottedredandgreenlines).
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Figure4.6: Spatialdependenceof Oort constantsin the axisymmetriccase. Evaluationwasdone
within a ring aroundÍ �¸·b¹w·+ò!³ Å . Symbolsandunitsasin Fig. 4.5.»�� Ó ¢�� »��¥ from º Ó � doesnot decreasewith velocity dispersion.Theobservationalsituationhereis
not clear: wherease.g.the Feast& Whitelock valuesgive »�� Ó ¢�� »K�à¥üñe·b¹ø�¤ò , Olling & Dehnen’s
valuesyield ñ²·b¹�Ö�� .
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Figure4.7: Oortconstantsin thedevelopedcaseafterbargrowth asfunctionsof RadiusL for various
azimuthanglesM andfor threedifferentvelocity dispersions.Symbolsasin Fig. 4.5. Also shown are
theobservationalvaluesfor N , O , P thatOlling & Dehnen2003[71] foundfor old stars(red,greenand
bluedashedlines).
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Figure4.8: Oort constantratio Q�OSR�T�NUQVOSW formedfrom thevaluesshown in Fig. 4.7. Again, filled
redsymbolsuse N obtainedfrom X�Y , openmagentasymbolsuseN from X,Z .
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Chapter 5

Influenceof Spiral Structur e

Sincethediskof theGalaxyis notsimplyasmoothaxisymmetricbackgroundbut bearsotherstructure
as well, onehasto askhow much our bar-inducedeffects will be coveredby other effects. Most
prominent,of course,arethe spiral arms. In this chapter, we want to extendour model to include
somespiralstructure.

A recentstudyon thecombinedeffectsof barandspiralperturbationson a stellardisk wasdone
by Quillen2003[81].

5.1 General remarkson spiral arms

5.1.1 Origin and nature of spiral structure

Clearly, spiralarmscannotbemadeup of thesamestarsfor long,becausethedifferentialrotationof
the disk would wind themup within a shorttime. They areusuallyseento be trailing with respect
to the rotationof the galaxy, thoughthe ambiguityof the inclination anglein the deprojectionof a
galacticdisk in thesky procludesadeterminationof theorientationof thearmsin general.

Early researchersthoughtthatspiralstructureis causedby interstellarmagneticfields.Todayit is
clearthat thesefieldsareby far not strongenoughfor this. Bertil Lindbladrecognizedthat thespiral
structurearisesthroughthe interplayof orbital kinematicsandgravitational forcesof thedisk stars,
but it wasnotbeforetheworksof C.C.Lin andF. Shuin the1960s[64, 65] thatthisview gainedwider
acceptance.Theseauthoursregardedspiralstructureasa wavelike, gravitationally supporteddensity
oscillationpropagatingthroughthedifferentially rotatingdisk. Winding-upwould beavoidedby the
self-gravity of thearms.The formalismof density-wave theorydevelopedfrom this (seee.g.Bertin
& Lin 1996[5] for a review) did notonly allow to modelspiralstructure,but hadfurtherapplications
to disk stability theory as well. What remainedunclear, however, was the extent to which spiral
armsare densitywave enhancementsin the backgroundstellar distribution, or whetherthey were
predominantlygas-dynamical,thusbeingregionsof enhancedstarformation.Recentstudies(Kranz
etal. 2001[56] and2003[57]) suggestthatmostspiralarmsaretruestellardensityenhancements.

For a certaintime after Lin andShu’s works, it waswidely believed that spiral armsarequasi-
stationarystructureswhich arestablefor many orbital periodsandarerotatingwith a patternspeed
of their own. This was thoughtto be supportedby the appearanceof “grand-design”spiralswith
highly symmetricarms.For these,theregularity of thespiralstructureseemsto requiresomeglobal
processinvolving the entiredisk. Today, however, the origin of spiral armsis againlessclear, and
probablydifferentscenariosapplyin differentcases.Therearetheoriesof chaoticspiralarmformation
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(seethereview by E. Athanassoula1984[2]), wherethearmfragmentsaremoreor lessshort-lived
andspatially limited phenomenacausedby local processes,suchasself-propagatedstar formation.
This may apply to spiralswith a flocculentcomplexion wherethe spiral armsappearirregular and
fragmented,andcannotbefollowedfor morethansomefractionof acircle individually. Ontheother
hand,for thegrand-designspiralsthespiralarmsappearin many casesto betriggeredexternally, by
tidal interactionwith asatellitegalaxy, or throughacentralbar.

Aside from an amplitudecharacterizingthe strengthof the spiral arms,an importantparameter
describingtheshapeof thespiralstructureis thepitchangle[ , i.e. theanglebetweenthearmtangent
and tangentialdirection. The simplestmathematicalmodelof spiral armsis that of a logarithmic
spiral,wherelinesof constantphasearegivenby £\� Á ¡Ï³ , which is a reasonableapproximationfor
observedspirals.

5.1.2 Spiral structure of the Milk y Way

Varioustracerscanbeusedfor probingthespiralarmstructureof theMilk y Way:
 (

Ù
- Î.7:9<; )-plots1 of CO radio emission,ascharacteristicfor molecularclouds. SeeDameet al.

2001[21] for a recentsurvey.
 (

Ù
- Î.7:9<; )-plotsof HI 21cm emission,seee.g.Hartmann& Burton1997[53].
 spatialdistribution of nearbyyoungstarsas indicatedby Cepheids,OB-associationsandHII

regions
 decompositionof COBE maps(e.g. Drimmel & Spergel 2001 [34]), i.e. primarily the dust
emissionin thefar infrared
 modelling the free electrondensityfrom the dispersionmeasureof pulsarsignals(Taylor &
Cordes1993[92])

While thetangentsof thespiralarmsareratherwell-determined,it is usuallymuchlesscertainhow
to connectthe tangents.From (

Ù
- Î.7:9<; )-plots, it is in principle possibleto constructthe positionof

the featuresin the Galacticplane,at leastup to an intrinsic ambiguity insidethe solarcircle. Due
to crowding in velocity space,however, tracingof individual arm segmentsis possiblelargely only
outsideor shortlyinsidethesolarcircle.

A classicalstudyin this field is by Georgelin & Georgelin 1976[47] who usedHII datato con-
strainthespiralarms.Their resultwasa four-armedstructureconsistingof two majorandtwo minor
arms. In addition,the Sunhappensto lie roughly insidethe so-calledOrion-Cygnus-arm,which is
interpretedasamerelocal interarmfeature.Regardingtheproperspiralarms,theSunis lying roughly
in themiddleof two adjacentarms. Pitchanglesof thearmswerefoundby Georgelin & Georgelin
to beapproximately12ß . Taylor & Cordes1993[92] in their studyof thefree-electrondensityin the
Milk y Way incorporatedsomeminor modificationsto this picture,originally proposedby Downeset
al. 1980[32] andCaswell& Haynes1987[16]. Theirpictureof theGalacticspiralarms,seeFig. 5.1,
is themostfrequentlyreproducedsincethen.

Vallee2002[93] givesan overview of recentdevelopments:mostauthorscling to a numberof
four spiralarms,thoughvaluesfor thepitch anglevary widely from about ò ß to ºëõ ß . Drimmel 2000
[33] andDrimmel & Spergel 2001 [34] fitted spiral modelsto infrared emissionsas measuredby
COBE/DIRBE.They suggesteda four-armedstructurefor thedustemissionin thefar infrared,while

1Densityplotsof line-of-sightvelocity ]_^ `ba vs.Galacticlongitudec .
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Figure5.1: Spiralarmstructureof theMilk y Way. CirclesrepresentHII regions,hatchedareascorre-
spondto thedirectionsof spiralarmtangentsastracedby thethermalcontinuumandneutralhydrogen
emission.1 – Normaarm,2 – Scutum-Cruxarm,3 – Sagittarius-Carinaarm,4 – Perseusarm.Taken
from Taylor& Cordes1993[92].

the NIR emission,which is probablydueto older stars,canequallywell be fitted by a two-armed
spiral pattern. From externalgalaxiesit is known (Seigar& James1998[86]) that spiral structure
in theK bandoftenbearslittle resemblanceto theoneseenin thevisible, andfrequentlyconsistsof
two-armedmodes.So this couldbe taken to suggestthatstellarandgasdynamicalprocessesexcite
differentkindsof spiralmodes.

5.2 Including spiral structur e in the model

While in the casesof the bar andgalacticbackgroundwe specifieda modelpotentialdirectly, this
wouldprobablynotbesufficienthere.Instead,wetake asimplemodelfor thespiraldensitystructure
and solve for the correspondingpotential. This is one steptowardsself-consistency, althoughwe
cannotyet expectour resultingparticledistribution to reflecttheinput spiraldensity.

Kalnajs1971[54] (seealsoBinney & Tremaine1987[11]) hasgiven a theoryof how to calcu-
latepotentialsof flat diskswhich is especiallysuitablefor spiralstructure,sinceit usesFourier-type
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expansionsinto logarithmicspiralwaves.In termsof thenew radialcoordinate§�� Á ¡Ï³ Ò (5.1)

the potentialof a flat distribution of matter �&¢ê³ Ò £ Ò � ¥Ë�edó¢ � ¥<fm¢ê³ Ò £¦¥ can be written within the
symmetry-planeasfollows:g ¢ê³ Ò £¦¥���»ihj ³�kmln l Í §$o k ©qpÅ r ¢�§ »Ë§6o Ò £K»@£soî¥qtSu ªSvxw © fm¢bt ªSv Ò £soî¥ Í £so Ò (5.2)

wheretheintegrationkernel r isr ¢�§ »¶§6o Ò £�» £soî¥¦� ºy �H¢ê¬+�{z ¢�§ »Ë§ o ¥I»Ë¬+��¢a£�» £ o ¥k¥ Ò (5.3)

which hasa nice translationsymmetryin the ¢�§ Ò £¦¥ -plane. Kalnajsusedthis to develop a Fourier
decompositionof a disk into logarithmicspiralwaves.However, we foundit easierto calculate(5.2)
directly.

Thespiralstructuredensitymodificationis takento bea logarithmicspiralf spir ¢ê³ Ò £¦¥ �|d spir f Å t n � w �~}6� ¢ê³ü¥ó¬+��¢bFó§W¢ê³ü¥I»Ë� £¦¥ (5.4)

with the sameexponentialdeclineasthe backgrounddisk (3.2) andan amplitude d spir relative to its
strengthf Å . Theradialwave numberparameterF is relatedto thepitch angle[ byF � �Ü Ú ¡ ¢�[�¥ (5.5)

and � is the numberof spiral arms. � ¢ê³ü¥ is someadditionalcut-off function, giving zerooutside
someinterval [ ³ low

cut » ! ³ low
cut , ³ upp

cut Ì ! ³ upp
cut ], unity insidesomesmallerinterval [ ³ low

cut Ì ! ³ low
cut , ³ upp

cut »! ³ upp
cut ], andwhich is continuousupto its secondderivative. Weuseexpressionssimilar to (3.6)in the

transitionzones.
Thisstructureis finally setrotatingby thesubstitution£Ëè ¢a£ ÌåÇ spir � ¥ .

It turnsout thatfor thisdensity, the £ -integrationin (5.2)canbedoneanalytically, sothatthereis
only oneintegral left for numericcomputation.For detailsseeAppendixG.

5.2.1 Strength of the spiral structure

In the first part of the work (section3), we fixed the lengthandtime scaleof our modelby setting³ Å �eº and Î Å �`º . So far, we have not donesofor themassscale,but this is becomingnecessary
now. Wehave to adjustthestrengthof ourspiralpotentialrelatively to theotherpotentials.

Wedothisby thefollowing considerations:Theaxisymmetricbackgroundpotential(3.4),causing
themoreor lessflat rotationcurve, is a superpositionof thepotentialof thedisk andthedarkmatter
halo. It seemsunlikely thatthecontribution of thedisk to therotationvelocity nearthesolarcircle is
lessthan �É�²Ö!· – ±!·�) . If we take thedisk to bepurelyexponentialin densityasin (3.2)andneglect
for amomentthebarandspiralparts,its contribution to therotationvelocitycanbecalculatedby (see
for exampleBinney & Tremaine1987[11])Î ©Ð À disk � �+é h f Å ³2�%� © ¢�� Å ¢��H¥ r Å ¢��H¥W»�� ¿ ¢��H¥ r ¿ ¢��H¥k¥ Ò (5.6)

where � �7³ Ó ¢a�!³ � ¥ , and ��� , r � aremodifiedBesselfunctionsof thefirst andsecondkind. In this
way, equatingÎ�Ð À disk to ��Î Å , we find outhow to relatethediskdensityto thepotential.
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0.13 1.127 0.127 0.060
0.15 1.148 0.148 0.069
0.20 1.202 0.202 0.092
0.25 1.259 0.259 0.115
0.30 1.318 0.318 0.137
0.35 1.380 0.380 0.160
0.40 1.445 0.445 0.182
0.45 1.514 0.514 0.204
0.50 1.585 0.585 0.226
0.60 1.738 0.738 0.269
0.70 1.905 0.905 0.312
0.80 2.089 1.089 0.353
0.90 2.291 1.291 0.392
1.00 2.512 1.512 0.431
1.10 2.754 1.754 0.467
1.20 3.020 2.020 0.502
1.30 3.311 2.311 0.536
1.40 3.631 2.631 0.568
1.50 3.981 2.981 0.598
1.60 4.365 3.365 0.627
1.70 4.786 3.786 0.654
1.80 5.248 4.248 0.680
1.90 5.754 4.754 0.704
2.00 6.310 5.310 0.726

Table5.1: Luminositycontrastsin magnitudes,cor-
respondingflux anddensityratioK andspiralstruc-
ture amplitude d spir. Also listed is the correspond-
ing variation in surface brightness� � ¢�f max »f min ¥ Ó f min asusedby Rix & Zaritsky 1995[84].

Whatremainsto bedoneis to estimatetheamplitudeof thespiralarmdensityvariationsrelative
to the disk density. Thereis hardly a way to determinethis from observationsin our own galaxy.
Measurementsonexternalgalaxies,for exampleRix & Zaritsky 1995[84], foundazimuthalvariations
in surfacedensity �®� ¢�f max »|f min ¥ Ó f min of orderunity, correspondingto d spir ��� Ó ¢��4ÌÝ�+¥ ñ·b¹�Þ�Þ . On theotherhand,Elmegreenetal. 1999[38] foundfor ratherflocculentgalaxiesarm-interarm
contrastsin surfacebrightnessin theK bandof ! �m�¸�¸·b¹�ºDÞ�»ÿ·b¹�Þ�Ö mag.In thecaseof granddesign
galaxieswith prominentspiral arm structurethe valuecould be even ashigh as ! � � �`·b¹ø��� » �
mag.This correspondingflux ratiosare r �¯ºà· Å_� �{����� , which we will alsoidentify with thematter
densityratio of this regions.Our modelparameterd spir, beingtheamplitudeof ourspiralarmpattern,
canthenbetaken2 to be � n ¿��� ¿ (seeElmegreen& Elmegreen1984[39]), or roughly ¢ r » ºë¥ Ó � if r » º
is small. Table5.1 lists somevaluesfor thequotedrangeof luminositycontrasts.For thefollowing,
weassumethatwecanusea d spir ×Õ ·b¹�� , whichwouldbesufficient to includethegalaxiesexaminedin
Kranzetal. 2003[57, 58]. With ourstandardchoicefor thebarstrength,d spir �¸·b¹�º wouldcorrespond
to about��Ö�) of thebar’squadrupolestrengthnearthesolarcircle(judgingfrom themaximalgradient
of thespiralpotentialnearthesolarcircle).

For oursimulationswe try differentvaluesfor d spir in therangeof ·b¹�º to ·b¹�� .
2Arm andinterarmmassdensitiesin our modelare � 5��&� spir � 5 and � 5���� spir � 5 , respectively, so their ratio is �¡ ¢�£ ��� spir ¤ � ¢�£ �¥� spir ¤ , whichsolvesto � spir   ¢ � � £ ¤ � ¢ � � £ ¤ .
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5.2.2 Other spiral parameters

Literaturevaluesfor the pitch angle[ vary from ò�ß to �!·+ß (Vallee2002[93]). Given � and [ , the
interarmdistance¦ at radius ³ is givenas¦Ë�¸³ /~§ t ��¨©«ª�¬q�® »2º°¯ (5.7)

We assumea constantpatternspeedfor thespiralstructure,which is not necessarilycorrect.For
thesizeof thispatternspeed,mostof thenewer investigations(Amaral& Lépine1997[1], Mishurov
& Zenina1999[69]; usefulasa review on this questionis Shaviv 2003[88], whopostulatesclimato-
logical impactsof spiralarmpassages)find valuesin therangeof Ç²±ï�e¢Tºëõd» Þ!·¤¥ km/s/kpc,sothat
theSunis not very far from spiralco-rotation,whereasearlyworkson thesubjectassumedvaluesin
therange ºà· »¸º� km/s/kpc.We considertwo possibilities:eitherwe take thebarOLR equalto the
spiralco-rotation,or thebarco-rotationequalto thespiralILR. This impliesrotationvelocitiesof the
orderof either28or 14km/s/kpc,respectively.

A furtherparameterof thespiralmodelis its phase.Sincewe did not really specifytheposition
of theSun,we do not have a phasewith respectto theSun,but of coursewe have therelative phase
betweenspiralpatternandthebar.

5.2.3 Evaluation of results

We now repeatthe simulationsas for the bar case,i.e. we calculatethe motion of our distribution
function samplewhile adiabaticallyswitching on the bar andspiral potential. Unlessthe rotation
frequenciesof thespiralandbarpatternscoincide,we no longerhave a time-independentpotentialin
aco-rotatingframe,andthereis no longerany conservedquantityastheJacobienergy. However, the
totalpotentialstill shows aperiodicity, with period ³ rel �²�!é Ó G ÇÏ´¦»@Ç spir G .

It seemsthatoursimplemethodof takingsnapshotsof thevelocitydistribution atcertaintimesis
notsufficient,but weshouldalsokeeptrackof thetimeevolution. Wedothis,but werestrictourselves
to a region aroundthesolarcircle in orderto keeptheamountof datamanageable.In this region,we
follow the evolution in very small timestepsfor onejoint period ³ rel. In addition,we alsotake the
usualsnapshots,for theentireoutergalaxy, where,this time,we have to take careto choosetheright
time for thesnapshots.Sincewe have seenthat theSunlies, apartfrom theOrion-Cygnusinterarm
structure,moreor lessin the middle betweentwo adjacentspiral arms,we shouldtake time points
wherethe relative phaseof spiral structureandbar is suchthat the proposedlocationof the Sunof
trailing about £µ´¶�²Þ!· ß behindthebaris lying ataspiraldensityminimum.Theconditionfor this is� � � ºG Ç rel G Ê ¢a�8¶ Ì¸ºë¥ é� » £µ´ Ñ Ò (5.8)

where Ç rel �ÝÇ spir » ÇÏ´ is therelative rotationfrequency of barandspiralpattern.

5.3 Results

Wehadto reduceintegrationtimesfor thespiralmodels,i.e. althoughthetime allowedfor switching
on barandspiralstructurewasthesameasin thepurebarmodels,time snapshotsweretakenearlier
after their completion.The sameis true for the time developmentobservationswhich weredoneat
similar times. Therefore,theremay be transientfeaturesin the resultshere,which we did not have
in section3.2,andwhich would die out if we let thesimulationrun longer. However, becauseof the
spiralperturbation,wewouldnever reachastaticdistribution anyway.
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5.3.1 Time snapshots

Resultsof our usualanalysisusing snapshotsat a fixed time areshown in Figs. 5.2 to 5.5. Since
the spiral structuredestroys the symmetryrequirementsdiscussedin section3 both sineandcosine
coefficientsmaybeexcitedfor any mode.Suchexcitationscanclearlybeseenalthoughsomeof them
mayaswell betransients,becauseof theshorterdevelopmenttime.

However, the bar-inducedfeaturesare still discernible,including the washed-outpoles in the
cosinecoefficient of í§ andthe two-fold featurein the sinecoefficient of íÎ , seeFig. 5.3. All in all,
comparingFigs.5.2 to 5.5 to Figs.3.3 and3.4, we find that the differencesandthusthe effectsof
spiralarmsareratherminuscule.

Regardingthe �°�¸· componentsasin Fig.5.2,weseemajordifferencesto thebar-only case(Fig.
3.3) only in the radial velocity componentí§ andpossiblyin theoff-diagonaldispersioncomponent¨ ©ªë« , particularlyfor thesmallerdispersions.Apart from that, the featureswe found in section3 are
still here:thebumpin íÎ outsideof thebarOLR, moving closertowardsit with decreasingdispersion
while at the sametime gettingstronger;a wiggling featurein surfacedensity f ; similar featuresin
thedispersioncomponents.

Essentiallythesameis truefor the ����� components(Fig. 5.3): we seethefamiliar polein the
sineof í§ andthetwo-fold featurein thecosineof íÎ . Surfacedensityanddispersioncomponentsare
alsovery similar to thebar-only case.Thesituationchangesvery little in thecaseof thefour-armed
spiral(Figs.5.4and5.5).

On the otherhand,if we regarda spiral-onlymodel,wherethebarstrengthis setto zero(Figs.
5.6and5.7),we find indeedthatthereareonly very weakperturbationsat all. Of course,they do not
bearresemblanceto ourbarfeatures.

5.3.2 Time evolution

We followed the time evolution of our velocity momentsover the period of the relative rotation
frequency of bar and spiral pattern,which is the time we expect a periodicity for. This is ³ rel ��!é Ó G ÇÏ´W» Ç spir G , asmentionedabove. Wepresentsomeexamplesof resultsin Figs.5.8 to 5.10.

In a first serieswe regardedthe time developmentin a systemco-rotatingwith thebar (Fig. 5.8
for a two-armedspiral,Fig. 5.9for a four-armed).Wecanseeseveralphenomena:
 oscillations
 anunderlyingdrift
 transients,e.g.variouspeaksaroundtime � ñ²��± .

In orderto singleout thedrift, weperformedthesamedevelopmentfor abarmodelwithoutspiral
arms(Fig. 5.10). We find the sameunderlyingdrift but no oscillations. Of course,the transients
cannotbereproducedeither.

Sinceour frameof referenceis still the oneco-rotatingwith the bar, we expect the numberof
oscillationsseenduringonerelative periodto bethenumberof spiralarms.This is roughlythecase.
So the oscillationswe seein the � �ç� componentsshouldbe a reflectionof the spiral potential.
In a self-consistentmodel,the resultingdensitycontrastshouldequalthatusedfor constructingthe
potential,andthefirst onecanfor a two-armedspiral be readoff from thebehaviour of the � �e�
componentin Fig. 5.8 to be Õ�·b¹w·+��± ô²·b¹w·�·+� (note that we cannotreadthis off from the �-� �
componentin Fig. 5.3 becausebarcontributionsareincludedthere).Comparedwith thevalueused
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Figure5.2: SameasFig.3.3for modelwith two spiralarmswith pitchangle·�¸ andstrength¹ spir �¸�b���
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Figure5.3: SameasFig. 3.4for themodelof Fig. 5.2.
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Figure5.4: SameasFig. 5.2but for four-armedspiral.
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Figure5.5: SameasFig. 5.3but for four-armedspiral.
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Figure5.6: SameasFig. 5.2but withoutbar.
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Figure5.7: SameasFig. 5.3but withoutbar.
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Figure5.8: Fouriercomponentsof the time developingvelocity distribution momentsnearthesolar
circle. Left panelsshow ����· , right panels����� components.Perturbative potentialsarebarand
a two-armedspiral patternwith pitch angle ò�ß andspiral strengthd spir �ú·b¹�º . Referencesystemis
co-rotatingwith thebar.
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Figure5.9: SameasFig. 5.8,but for four-armedspiral,pitch angleof ºD��ß .
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Figure5.10:SameasFig. 5.8,but without spiral.
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Figure5.11:SameasFig. 5.8,but in LSR-system.
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for potentialconstructionof ��d spir �¸·b¹w·+� , thismatchesmoreor less.However, self-consistency is not
a thing wecanexpectfrom this kind of modelling.

Regardingthe ����· components,it is not clearwhy we shouldseeany oscillationsat all (left
panelsin Figs.5.8,5.9,5.11). However, thereseemto besomein f and § . They might resultfrom
theinterplayof thebarandspiralpattern,or perhapsthey aremerelytransientphenomenaaswell.

5.3.3 Time evolution in the LSR frame

Werepeatedtheanalysisof section5.3.2in asystemrotatingwith theLSR, in orderto have apicture
of theevolution of thesolarneighbourhoodover time (Fig. 5.11). Again we seeoscillations,but this
time thenumberof peaksis somethingmorethan2. In this casethepeaksarecausedby therotating
bar, andthey area reflectionof our formerfindingsof thebar-inducedperturbations.Becauseof the
symmetryof thebar, we expect2 peaksperbarperiod;the time consideredis still oneperiodof the
relative rotationof barandspiral,whichamountsto approximately1.11barperiods.Henceweexpect
2.22peaks.Thespiralpatterndoesnot causeany peakson thetime-scaleof Fig. 5.11,sincewe have
chosenspiralCR to lie very nearto thesolarcircle. It might, however, contribute to thedrift seenin
thisfigures.

Remarkably, the �ú��� componentof ¨;©«P« seemsto oscillateat doublefrequency (seeFig. 5.11).
First indicationsof this frequency doublingmight alreadybeseenin ¨;©ªDª and ¨;©ªD« . Thephenomenon
is relatedto thepresenceof spiralarmssinceit doesnotoccurin abar-only model.Wehavenot found
anexplanationfor this.

5.3.4 Variation of spiral parameters

Consideringa two-armedmodelwith a higherpitch angle(Figs.5.12– 5.14),we find the resulting
densitycontrastto be largely enhanced.Obviously, it is easierfor the particlesin the more open
spiral structureto accumulatein thepotentialminimum. Similarly, theamountof excitationof bar-
symmetryforbiddenmodes,which we believe is dueto spiral structure,seemsto be larger for the
higherpitch angle(compareFigs.5.3and5.13).

Of course,the spiral inducedperturbationsalso grow strongerwith increasingstrengthof the
spiralstructure,however on amuchsmallerscale.

As we notedabove, thenumberof spiralarmsitself doesnot seemto have a greateffect. Obvi-
ously, only local gradientsareimportantfor the kind of kinematiceffectswe areinterestedin, and
thesedonotdependon thelarge-scalespiralpattern.

5.3.5 Vertex deviation and axis ratio

Reconstructingobservableslike the vertex deviation andthe dispersionaxis ratio, we get a picture
very similar to thebar-only case,seeFig. 5.15. Onedifferenceis that thevertex deviation no longer
vanishesfor £Ë�¸·+ß and £¶�²á!·+ß , whichit hadto in thebar-only casefor symmetryreasons.However
even in thesecases,it is only in theoutlying partsof thedisk ( ³»ºÕ º!¹�Þ!³ Å ) that thevertex deviation
getssubstantiallydifferent from zero,andwe canguessthat this holds for all the spiral effectson
vertex deviation. Thesameis probablytruefor theaxisratio,whichhardlyshowsany differencefrom
thebar-only resultsexceptin theoutermostpartsof thedisk.
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Figure5.12:SameasFig. 5.2,but for two-armedspiralwith pitchangleof � ·�¸ . Spiralstrengthis still¹ spir � �b��� .
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Figure5.13:SameasFig. 5.3,but for two-armedspiralwith pitchangleof � ·�¸ . Spiralstrengthis still¹ spir � �b��� .
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Figure5.14:SameasFig. 5.8,but for two-armedspiralwith pitchangleof ºDò�ß . Spiralstrengthis stilld spir � ·b¹�º .
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Figure5.15:Vertex deviation (left panels) anddispersionaxisratio (right panels) for thespiralmodel
of Figs.5.2and5.3.Comparethis to right panelsof Figs.3.7,3.8,wherealsosymbolsareexplained.



5.4. DISCUSSION 73

Figure5.16: Relative importanceof spiral andbar perturbationsfor variousspiral stregths d spir and
spiral pitch angles[ . The valuesshown aresomecompositemeasureof the differenceof various
(two-armed)spiralmodelsto thebar-only model,relatedto someunperturbedmeasures.

5.4 Discussion

With thespiralstructuremodels,themostimportantquestionfor us is underwhatcircumstancesthe
spiral-inducedperturbationsoutweighthe onescausedby the bar. As we have seen,in somecases
spiraleffectsseemto berathersmall.However, they aregrowing with increasingspiralstrength,and,
in particular, they show a strongdependenceon pitch angle. It seemsthat what is decisive for the
kinematicimpactof the spiral structureis the longer time-spanin which particularstars,exceptat
spiralco-rotationradius,feel anequal-signgradientin themoreopenspiralstructureof higherpitch
angles.

We tried to be a bit morequantitative on that. For this purpose,we calculatedthe differenceof
variousspiralmodelsto our old bar-only modelin thezerothandsecondFouriercomponentsof our
usualquantities(i.e. f , í§ , íÎ andthe ¨ ’s). It shouldbe sufficient to record(within someinterval in
radiuscenteredon thepresumedpositionof theSun)therangeof thedifferencein everycase,judged
by eye. To getout somemeaningfulnumber, we relatetheseperturbationdifferencesto appropriate
unperturbedvaluesof therespective quantities.For this,we take, in particular, fm¢ê³ Å ¥ for all surface
densities,Î Å for all velocitiesand Î�©Å for all dispersioncomponents(which, since Î Å is our unit of
velocities,amountsto doing nothingandtaking the numbersasthey are). Finally, in orderto have
only onenumberpermodel,we take a simpleaverageover all thesequantities.Theresultis shown
in Fig. 5.16. As canbe seen,thedependenceon thepitch angleis dramaticwhile the increasewith
spiral strengthis only modest.Roughly, thebareffectsarestill dominant,for example,in thespiral
modelwith [¶�4ò ß Ò d spir �Ô·b¹�º , wherewe geta valueof º!¹�á�á %. Thespiralcontributionsstartto get
significantatabouttwo or threetimesthisvalue,i.e.at Þ – Ö %. This is in accordancewith ourfinding
in section3 thatthebar-only effectsaregenerallyof this magnitude.For d spir ��·b¹�� anda pitch angle
of ºD��ß , thebarandspiralperturbationsareof similar magnitude,for example.

All this relatesto ourstandardbarstrengthof ¼Ë�¸·b¹w·Hº , whichof coursecanvary aswell.
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Chapter 6

Conclusionand Outlook

In thisthesis,wetriedto estimatetheamountto whichtheouterstellardiskof agalaxyis affectedby a
non-axisymmetricbar-like �°�²� perturbation.For thispurpose,wedid two-dimensionalsimulations
of a sampledgalacticdistribution functionin suitablemodelpotentialswith anadiabaticallygrowing
barperturbation(andlateradditionalspiralperturbationsaswell) andanalysedtheresultingvelocity
distribution.

The main conclusionof this work is that non-axisymmetriesof the Galaxy, or a bar in particu-
lar, might be the true reasonof otherwiseunexplainedfindings. As such,we have the fact that the
velocity dispersionaxis ratio seemsto be smallerthan º Ó � by measurement,whereasaxisymmetric
theorywould indicatevalueslarger than º Ó � . For a flat rotationcurve, axisymmetrictheorywould
alsopredict that the axis ratio shouldapproachº Ó � in the limit of small velocity dispersions.Our
simulationsshow that thenon-axisymmetricinfluenceof a centralbarmay causevaluesof the axis
ratiobelow º Ó � , andthesedeviationswill not vanishwith decreasingdispersion.

Another featurewhich might be dueto the bar or spiral structureis the vertex deviation of the
local velocity dispersion.Theexistenceof a non-vanishingvertex deviation seemsfairly established
observationally, althoughits amountis seento dependonthestellarpopulation.While for theyounger
starsit maypartlybedueto non-equilibriumeffects,wearguedin section3.3thatit is predominantly
causedby non-axisymmetricinfluencesasin ourmodel.At any ratewearewell ableto reproducethe
observedrangeof valuesfor thevertex deviation.

As anotherfeatureamenableto observationalverification,we mentionedapossibleradialmotion
of the LSR (seesection3.3), which shouldnot be to be too difficult to measure.But, aswe have
seen,theobservationalsituationis not yet clear. In our model,radial motionsoccurfrequently, but
it seemsthat theSunhappensto lie neara zeropoint of themeanradialvelocity. Negative resultsin
observationalsearchesfor radialLSR motions(Gould2003[51]) wouldbein accordancewith this.

In section4, we elaboratedon the differencebetweenthe velocity dispersionaxis ratio andthe
expression»�� Ó ¢�� »½�à¥ of theOort constants.Theso-calledOort relationclaimsthatbothareequal,
at least for small velocity dispersions. We showed that, althoughin the axisymmetriccasetheir
differencedoesindeedget smallerwith smallerdispersions,they arecompletelydifferent things if
any non-axisymmetriesareinvolved.

We alsoconstructedthe Oort constantsin our model. Sincetheseareobservationally not very
well known, it is not easyto draw any conclusionsfrom this. We did however find thepossibilityof
a non-vanishingandnegative E and F nearthesolarcircle asaneffect of thebarperturbation,which
might alsohave beendetectedobservationally in thesolarneighbourhoodby Olling & Dehnen2003
[71].
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In anothersetof simulations,weincludedspiralstructureinto themodel.Hereourprimeobjective
wasto find out whetherourbareffectsmight besupersededby theperturbationscausedby thespiral
arms. We find that whetherthis is the caseor not dependsvery muchon the detailsof the spiral
structure,which unfortunatelyare very poorly known. We find in particular, that the spiral pitch
angleis of the utmostimportancehere,muchmore thanthe properstrengthof the spiral structure
asmeasuredby the densitycontrast. With our standardvalue for the bar strength,which we think
is realistic, the rangeof valuesconsideredin the literature for the spiral parametersyields spiral
perturbationspredominatingover thebar’s aswell astheotherway round.

Observational prospects

With regardto directobservationsof velocity distributions,themostrelevantdataup to now arethe
resultsof theHIPPARCOSmission,i.e. theHIPPARCOSandTYCHO catalogues.As wementioned,
HIPPARCOSdid notmeasureline-of-sightvelocities,soreconstructingthevelocitydistribution is not
straightforward,but involved somemaximum-likelihoodfitting (Dehnen1998[25]). Thereis now a
ground-basedprojectcalledRAVE (“RAdial Velocity Experiment”)which will provide themissing
line-of-sightvelocitieswithin thenext decade(seetheRAVE WhitePaper[91]).

While the future of a numberof intermediateastrometricsatellitemissions(DIVA, FAME) is
uncertaindueto funding difficulties, therewill certainlycomea goldenageof Galacticastrometry
with theavailability of theGAIA data. GAIA is a plannedastrometricsatellitewhich will measure
positionsandvelocitiesof avery largenumberof starswith unprecedentedaccuracy (seetheconcept
andtechnologystudyreportby Perrymanetal. 2001[75]). Launchis plannedfor 2012,datawill be-
comeavailablearound2015to 2020.GAIA will beableto measureparallaxeswith microarcsecond-
accuracy. From repeatedmeasurementsover the expectedlifetime of five years,propermotionsof
the starswill be determinedwith an accuracy in the rangeof a few to someten ¾ as/yr, depending
on spectraltype andapparentluminosity. In addition,GAIA will alsomeasureline-of-sightveloc-
ities. Togetherwith the distance,the primary productof parallaxmeasurements,this givesa three-
dimensionalview of a largepartof theGalaxy, andreconstructionsof theactualvelocity distribution
appearpossiblenot only locally, but alsofor nearbylocationsin the Galaxy. This shouldallow the
identificationof non-axisymmetricinfluencesontheouterdisk. Non-localmeasurementsareessential
for reallymatchingour resultsto observations,andonly GAIA will beableto provide these.

Variationsin thetangentialdirectionwouldseemmostpromisingwith respectto anexperimental
verification, sincein the radial directionany bar inducedeffects aresupersededby much stronger
naturalgradients.However, our effectsarenot really large. Our predictionbasedon the long-term
bar-only modelwith standardbarstrengthwouldbeagradientalongthetangentialdirectionof about·b¹�Þ %/kpc in surfacedensity, and0.9 km/s/kpcor 0.2 km/s/kpcfor í§ and íÎ , respectively. Whether
gradientslike thatwill bedetectablewith GAIA remainsto beseen,it will at any ratebecloseto the
limit.

For the time beingit is unclearwhataccuraciescanbereachedwith GAIA for our purposes.In
orderto matchtheheliocentricobservationaldatato aGalacticmodel,wemustat somepointconvert
thevelocitydatafrom aheliocentricto agalactocentricsystem.Thatmeanswehave to performsome
equivalentof transformation(H.14) in appendixH. Now thesetransformationsinevitably involve the
poorly known parametersÎ Å and ³ Å , andthea priori high accuracy of theGAIA datawill get lost.
Recently, theuncertaintieson theseparametersareat least ! ³ Å ñFô º kpc and ! Î Å ñ`ômÞ!· km/s,
i.e. roughly12%and14%,respectively (cf. Dehnen2002[29]). Clearly, by thetime of GAIA, these
uncertaintieswill have diminished,with thehelpof theGAIA datathemselvesor from othersources.
However, comparingthe GAIA datato our predictionswill probablyrequireoverall modellingand
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parameterfitting, andtheaccuracieswhich might beobtainedin this processcanhardlybeforeseen
today.

Judgingfrom theaccuracy of theGAIA dataalone,we have a limit on themagnitudeof thestars
we canusefor our analysis.In particular, the line-of-sightvelocitiesdeterminedby GAIA get very
inaccuratefor starsfainterthanperhaps12thor 14thmagnitude(seePerrymanetal. 2001[75]). Since
our effectsareof a secularnature,thestellarpopulationusedfor their detectionmusthave a certain
minimumage,andsincebright starshave shortlifespans,this putsa limit on thedistanceÍ from the
Sunup to which sucha programcanbe carriedthrough. Assumingthatwe canuseF starswith an
intrinsic luminosityof ¿ ñ7�ó¹�Ö , we can,however, certainlygo out to distancesof about5 kpc from
the Sunwithout gettingan uncertaintyin line-of-sightvelocity greaterthan5 km/s. Of course,this
wouldstill betoohigh in view of theabove-mentionedgradients.

However, evenbeforeGAIA, therewill certainlybemajorprogressin our knowledgeof Galactic
structure.In particular, large-scaleinfraredsurveyslikethejustcompleted2MASSwill haveprofound
impact. Theshapeandextent of thebarwill be clarified further, andalsothe fundamentalGalactic
constants³ Å and Î Å will be determinedmoreaccurately. A very interestingapproachfor the later
is to measurethe propermotion of Sgr A*, which givesa quite sharpbut unfortunatelydegenerate
constraintfor thesetwo parameters(seeReidetal.2003[83]). Ouranalysisof thecombinedinfluence
of barandspiralperturbationswasespeciallyhandicappedby thevery poorknowledgeof almostall
parameterspertainingto thespiral structureof theGalaxy. We expectthat the infraredsurveys will
improve thesituationhereandallow a detailedpictureof thespiralstructureof theMilk y Way to be
constructed(seee.g.Quillen 2002[80] asa first step).With increasingknowledge,our modelcould
berevisitedfrom time to time.
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Appendix A

Lagrangian and Hamiltonian Mechanics
in a Rotating Frame

Considerthe motion of a particle of unity massin a rotating potential. Obviously, we have two
differentsetsof coordinates:coordinatesÀ8Á of aninertial frameon theonehand,coordinatesÀ of the
co-rotatingframeon theother. BotharerelatedbyÂÃÄ�Å� ��Æ�ÇÈ � ÂÃÄ ¬+�%Ç � » �� î¡ïÇ � ·�� �¡ïÇ � ¬+�%Ç � ·· · º Æ�ÇÈ ÂÃÄ�Å Á� Á� Á Æ�ÇÈ (A.1)

Insteadof Cartesiancoordinateswe will usecylindrical coordinates¢ê³ Ò £ Ò � ¥ . We thenhave ³��¸³�Á
and � � � Á andwe will notdistinguishbetweenthese.In caseof aconstantrotationspeed,we would
have £ �¯£�Á¼» Ç � for therelationshipbetweeninertial andco-rotatingangle,but we will allow for
timedependentrotation Ç2�ÝÇd¢ � ¥ , sowe only have É£¶�ÊÉ£�ÁÏ» Çü¢ � ¥ .
Inertial coordinates:

Lagrangian: Ë Á¼� º� § É³ © ÌØ³ © É£ ©Á ÌÌÉ� © ¯ » g ¢ê³ Ò £�Á Ò � Ò � ¥ (A.2)

Thecanonicallyconjugatemomentaare[ � � � Ë� É³ � É³ (A.3)[ "�Í � � Ë� É£�Á �¸³ © É£ Á (A.4)[ � �Î� Ë� É� ��É� (A.5)

andtheEuler-Lagrangeequationsof motionread:·�� Ï³¸»@³ÐÉ£ ©Á Ì � g� ³ (A.6)·��`³ © Ï£�Á Ì �!³ É³¡É£sÁ�Ì � g� £ Á (A.7)·�� Ï� ÌÑ� g� � (A.8)
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By theusualprocedureof aLegendretransformationwearrive at theHamiltonian:Ò Áï� º� Ê [ © � Ì º³ © [ © " Í ÌD[ ©� Ñ Ì g ¢ê³ Ò £�Á Ò � Ò � ¥ (A.9)

TheHamiltonianequationsof motionreadÉ³ú�Ñ[ � (A.10)É£�Á � º³ © [ " Í (A.11)É� �Ñ[$� (A.12)É[~�²� º³ u [ © " Í »Ñ� g� ³ (A.13)É[ " Í ��» � g� £�Á (A.14)É[ � ��» � g� � (A.15)

They are,of course,equivalentto theEuler-Lagrangianones.
The Hamiltonianhasthe physicalmeaningof the energy of the system,but it is not conserved

becauseof thetime-varyingpotential: Í Ò ÁÍ � �»� Ò Á� � �»� g� � (A.16)

Co-rotating coordinates:

Notethatthepotentialnow doesnothave anexplicit timedependence,but is fixedwith respectto the
coordinates.
Lagrangian: Ë � º� § É³ © ÌØ³ © ¢�É£ ÌåÇ�¥ © ÌÓÉ� © ¯ » g ¢ê³ Ò £ Ò � ¥ (A.17)

Thecanonicallyconjugatemomentaarehere[~�²�e� Ë� É³ � É³ (A.18)[ " � � Ë� É£�Á �¸³ © ¢�É£ ÌåÇ¼¥ (A.19)[ � �i� Ë� É� �3É� (A.20)

andtheEuler-Lagrangeequations:·�� Ï³¸» ³ ¢�É£ ÌåÇ¼¥ © Ì � g� ³ (A.21)·��e³ © ¢ Ï£ Ì ÉÇï¥NÌå�!³ É³ ¢�É£ ÌØÇ¼¥NÌ � g� £ (A.22)·�� Ï� Ì � g� � (A.23)

TheHamiltonianin thiscaseis asfollows:Ò � º� Ê [ © � Ì º³ © [ © " »@��[ " Ç@Ì«[ ©� Ñ Ì g ¢ê³ Ò £ Ò � ¥ (A.24)



81

andtheHamiltonianequationsare É³°�Ñ[ � (A.25)É£�� º³ © [ " » Çd¢ � ¥ (A.26)É� �Ñ[ � (A.27)É[ � � º³ u [ © " » � g� ³ (A.28)É[ " ��» � g� £ (A.29)É[ � ��» � g� � (A.30)

Comparingthesewith eqs. (A.10) - (A.15), we seethat the only equationwhich is formally
differentis (A.26).

TheHamiltonianin this frameis not theenergy, but we seethatfor auniformrotation Ç2� const,
it is conserved: Í ÒÍ � � � Ò� � ��»Ô[ " ÉÇm¢ � ¥ (A.31)

We call it theJacobiintegral Õ�Ö . Whenworking in theco-rotatingframe,it canoftenbe usedasa
substitutefor theenergy.

Thephysicalangularmomentum× is clearly thequantity [ " Í from (A.4), but we canseethat it
is alsoidenticalto thecanonicalmomentumin theco-rotatingframe(A.19). So,writing Õ 1 � Ò Á for
theenergy of thesystem,wegetfrom comparing(A.9) and(A.24) thatÕ�Ö 1 � Ò �ØÕ�»�× Ç (A.32)

From the standpointof Noether’s theorem,it is not surprisingthat thereshouldbe someconserved
combinationof angularmomentumandenergy in thecaseof uniform rotation,wherethepotentialis
constantin anappropriatelyrotatingframe.

To expressthephysicalquantitiesin co-rotatingcoordinates,use É£�Á��ÊÉ£ ÌåÇ in (A.9):ÕÔ� º� § É³ © ÌØ³ © É£ © ¯üÌ g ÌØ³ © ÇHÉ£ÿÌ º� ³ © Ç © (A.33)

Theangularmomentumis × �¸³ © ¢�É£ ÌåÇ¼¥ (A.34)

andusingthis in Jacobi’s integral yieldsÕ�Ö � º� § É³ © ÌØ³ © É£ © ¯ Ì g » º� ³ © Ç © Ò (A.35)

which is formula(2.14).
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Appendix B

Numerical Integration Techniques

For doing the orbit integrations,we first employed a standardRunge-Kutta technique. Later we
changedto asymplecticintegratorfor greaterspeed.

Runge-Kutta integrator

We usedan embeddedfifth-order Runge-Kutta techniquewith adaptive stepsizeaccordingto Cash
& Karp (seePresset al. 2002[78]). In detail, this meansthat for a systemof first orderdifferential
equationsÍ�Ù Ó Í � �ÛÚü¢ � Ò Ù ¥ six evaluationsof Ú per time step Ü areusedto constructtwo different
approximationsÙ ¿ and Ù © for Ù ¢ � ÌmÜ#¥ correctto fifth or fourthorderin Ü respectively. Thedifference! 1 �ÌG Ù ¿ » Ù © G thengivesa measureof theerrorand Ü is adjustedafterevery timestepso that this
erroris smallerthansomeprescribedaccuracy Ý . This is achievedby settingÜÞoi�ØÜ Ê Ý! Ñ Å_� © (B.1)

In particular, we work in cylindrical coordinatesin theco-rotatingframein aHamiltonianframe-
work, andwe restrictedourselvesto two dimensions.Sothesystemof equationsto besolvedin this
way is eqns.(A.25), (A.26), (A.28) and(A.29).

Symplecticintegrator

Fundamentalsof symplecticintegration techniques

Symplecticintegrationalgorithmsareparticularlydesignedfor Hamiltoniansystems,theirdistinctive
featureis that they preserve thesymplecticmeasureof phasespaceflows which otherwisemanifests
itself in Liouville’s theoremandthe Poincaŕe invariants. Although this conservation canpartly get
lostwhenadaptive timestepsizesareused(Preto& Tremaine1999[79]), thisalgorithmsusuallyhave
otheradvantages.In particular, they canbearrangedto becompletelytime-reversible.

The idea of symplecticintegration is to split the Hamiltonianinto two (or more) parts,
Ò �ÒUß Ì Ò#à say, and to useanalyticalsolutionsof either part to constructa solution to the entire

Hamiltoniancorrectto higherorderof thetimestepÜ .
Theequationof motionfor any dynamicalvariableá written with thehelpof thePoissonbracket� ¹ Ò ¹ � Í áÍ � �â� á Ò Ò � (B.2)
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hastheformal solution ái¢ � Ì½Ü#¥¦�|tSã°ä�åÔái¢ � ¥ Ò (B.3)

wheretheoperatoræ�ç meanstakingthePoissonbracket with
Ò

:æ�ç¸�â�b¹ Ò Ò � (B.4)

Theoperator ¦ï¢�Ü#¥ 1 �èt ã°ä�å� º�Ì½Üéæ�çØÌ º� Ü © æ ©ç Ì ¹à¹à¹ (B.5)

canbe calledthe time evolution operator. Defining � 1 �èæµçsê Ò � 1 �èæµç�ë , this givesfor our split
Hamiltonian ¦Ï¢�Ü#¥ü�ìt ã8í ß � àïî��º Ì½ÜN¢�� Ì\� ¥NÌ º� Ü © ¢�� © Ì½���ÝÌ½�ð�åÌ½� © ¥NÌ ¹à¹à¹ Ò (B.6)

whereassomevariantof Baker-Campbell-Hausdorff formulayields¦ ß ¢�Ü#¥<¦ à ¢�Ü#¥ �ìt ã ß t ã à��º�Ì½ÜN¢�� Ì½� ¥;Ì º� Ü © ¢�� © Ì �.���ÝÌ½� © ¥NÌ ¹à¹à¹ (B.7)

As canbe seen,thedifferenceis only secondorderin Ü . By splitting into morethantwo parts,the
errorcanbeshiftedto yet higherorders.

Typically, onewouldsplit theHamiltonianinto its kineticandpotentialparts.For thelatter, know-
ing the analyticalsolutionis trivial sincethis part usuallydoesnot involve the canonicalmomenta.
Themotiondueto themomentum-dependentpart is calleda “drift”, theonedueto thepotentialpart
a “kick”. Findingananalyticalsolutionto thedrift partis crucialto theproblemanddeterminesif the
methodis applicable.

Now thecalculationfor a timestepis constructedout of kick anddrift solutions.Algorithmsof
suchkind arecalled“leapfrogs”,becauseof thealternatinguseof kicks anddrifts. Two varietiesare
in use:“KDK” and“DKD”, seeTableB.1.

KDK: DKD:

possibleI/O
kick by Ü Ó �
drift by Ü calculation
kick by Ü Ó � step
adaptÜ
possibleI/O

possibleI/O
drift by Ü Ó �
kick by Ü Ó � calculation
adaptÜ step
kick by Ü Ó �
drift by Ü Ó �
possibleI/O

TableB.1: KDK- andDKD-variantsof the leapfrogintegration. In DKD, the lastdrift stepmaybe
contractedtogetherwith thefirst drift of thefollowing calculationstep,if no I/O occursin between.
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Adaptingthesizeof thetimesteprequiressomecare.A safeway to retainthetime-reversibility
of thecalculationis to obey thefollowing formñ ¢�Ü Ò ÜÞoî¥¦�ò³ ¢�ó Ò{ô Ò g Ò�õ g ¥ (B.8)

with somesuitablefunction ³ andasymmetricalfunction ñ of Ü andthenew timestepÜ o . A possible
choiceis thegeometricmeanñ ¢�Ü Ò Ü o ¥¦� j ÜéÜ o .
Application to our problem

Sincewe work in the co-rotatingsystemthe relevant Hamiltonianis (A.24). We will useCartesian
coordinateshere,though,sothedrift equationsareasfollows:É[6ö��Ð[6÷�Ç (B.9)É[6÷ �ç»Ô[$ö!Ç (B.10)ÉÅ �Ð[6ö¼Ì\�HÇ (B.11)É�@�Ð[6÷¼» Å Ç (B.12)

Their solutionfor developmentin a time Ü is[ oö �Ð[ ö ¬+�%Ç�ÜüÌD[ ÷ �� �¡ïÇ²Ü (B.13)[6o÷ �ç»Ô[6öW�� �¡ïÇ²ÜüÌ«[6÷o¬+�&Ç�Ü (B.14)Å o ��¢ Å ÌD[6ö�Ü#¥ó¬+�%Ç�ÜüÌ²¢��dÌ«[6÷,Ü#¥ó�� �¡¼Ç�ÜÉ�� Å ¬+�&Ç�ÜüÌ � �� �¡ïÇ�ÜüÌ«[ oö Ü (B.15)��o �ç» ¢ Å Ì«[6ö.Ü#¥ó�� �¡¼Ç�ÜüÌÝ¢��mÌ«[$÷-Ü#¥ó¬+�%Ç�ÜÉ��ç» Å �� �¡ÏÇ�ÜüÌ\� ¬+�%Ç�ÜüÌD[ o÷ Ü (B.16)

Thekick equations É[$öd�7» � g� Å Ò É[6÷��7» � g� �dÒ (B.17)ÉÅ �3É� �¸· (B.18)

have theobvioussolution [6oö � [6ö�» � g� Å Ü Ò [6o÷ � [6÷ï» � g� � Ü Ò (B.19)Å o � Å Ò � o �Ø� (B.20)

For adaptationof thetimestepwe take³ ¢ê³ü¥¦� � Ê ³³ Å Ñ © n �ø Ò (B.21)

whereù is theusualepicycle axisratio (2.11)and � is a factoradjustedoncefor every samplepoint
in suchawayasto have aconstantnumberú of timestepspercirculation:� � �!éú�Î Ð ³ �ø n ¿ (B.22)

However, we restrictourselvesto changethestepsizeby factorsof 2 accordingtoÜÞo#�Êûüý üþ �.Ü for ³ º � ¿ w � ÜÜ Ó � ³ × Ü Ó � ¿ w �Ü else
(B.23)
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Appendix C

SomePropertiesof the Bar Potential

In this appendix,we list somerelationsandsomenumericalvaluesfor the bar potential(formulae
(3.4)and(3.5))definedin section3.1.Sinceourusualmodelparameteris theOLR radius,weexpress
all otherquantitiesthroughthis. For thefollowing define Ç Å�1 �òÿ�¢ê³ Å ¥¦� Î Å Ó ³ Å .³�� ä �²³ â&ã�ä ÂÄ º�Ì � º Ì µ� ÆÈ�������	� (C.1)

³�
 ã�ä �¸³�� ä ÂÄ ºÏ» � º�Ì µ� ÆÈ ����	� (C.2)ÇÏ´Ç Å � Ê ³ Å³ � äÏÑ ¿ n� � ÂÄ º�Ì � º Ì µ� ÆÈ Ê ³ Å³mâ&ã�äÏÑ ¿ n� (C.3)

Regardingtheaxisymmetricbackgroundalone,wecangiveepicycle frequency Æ andaxisratio ù (cf.
section2.2.1),andtheformalOort constants� , � asin (2.24)and(2.25):Æ ¢ê³ü¥ ��� �H¢Tº Ì µI¥ ÿ�¢ê³ü¥ Ò (C.4)ù � � �º�ÌØµ Ò (C.5)�²� ¿© ¢TºÏ»ËµI¥�ÿ�¢ê³ü¥ Ò (C.6)�4��» ¿© ¢Tº ÌØµI¥�ÿ�¢ê³ü¥ Ò (C.7)

Theradius ³�� of circularorbitsof energy Õ , which we needfor thesampling,is determinedviaÕÔ� ¿© Î ©Ð ¢ê³���¥;Ì g ¢ê³���¥ , giving ³��Ë� ûüý üþ ³ Å§ © � �í ¿ � � î « �5 ¯ �� � ¢�µ��� ·¤¥³ Å t � w « �5 n �� ¢�µK� ·¤¥ (C.8)

Thecorrespondingcircularangularmomentum×�Ðà¢ê³���¥ �¸³��IÎ�ÐD¢ê³���¥ is× Ðà¢ê³���¥�� ûüý üþ ³ Å Î Å§ © � �í ¿ � � î « �5 ¯ ������ � ¢�µ���¸·¤¥³ Å Î Å t � w « �5 n �� ¢�µ¶�¸·¤¥ (C.9)
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For the numerics,we fix our systemof units by setting ³ Å �-º and Î Å � º . For the IAU
recommendedvalues³ Å ��±ó¹�Ö kpc and Î Å �����!· km/sthis impliesthatour unit of time is 37.8Myr
andourunit of angularvelocities,like Ç ä or theOort constants,is 25.88km/s/kpc.

In the bar potential(3.5), we usuallychoose³�´É�ú·b¹�±!³ � ä . Somenumericalfix pointsof the
effective potential(2.8) arising from this are listed in TableC.1 for our favorite choicesof ³ â&ã�ä .
NotethesubstantialspansbetweentheL1 andL4 radii.µK�¸· µK�¸·b¹�º µ���»¼·b¹�º³ â&ã�ä 0.92 0.8 0.92 0.8 0.92 0.8³ � ä 0.538924 0.468629 0.496663 0.431881 0.576932 0.50168³ 
 ã�ä 0.157847 0.137258 0.110412 0.096011 0.2101 0.182696Ç ä 1.85555 2.13388 1.87735 2.12898 1.83132 2.13565

for ³9´��²·b¹�±!³ � ä , ¼Ë�¸·b¹w·Hº :³�´ 0.431139 0.374903 0.39733 0.345505 0.461545 0.401344³ L4 0.338705 0.265997 0.271794 0.208608 0.4003 0.320437³ L1 0.635357 0.577576 0.61569 0.564951 0.65584 0.591277g
eff ¢ L4 ¥ -0.649918 -0.446123 4.6157 4.99445 -5.81655 -5.74335g
eff ¢ L1 ¥ -1.27848 -1.48142 3.72694 3.55219 -6.27957 -6.51261

for ³9´��²·b¹öõ�³ � ä , ¼Ë�¸·b¹w·Hº :³�´ 0.377246 0.32804 0.347664 0.302317 0.403852 0.351176³ L4 0.276842 0.214385 0.216102 0.163722 0.335145 0.264435³ L1 0.635357 0.577576 0.61569 0.564951 0.65584 0.591277g
eff ¢ L4 ¥ -0.419873 -0.0196512 4.99412 5.64215 -5.68734 -5.47262g
eff ¢ L1 ¥ -1.27848 -1.48142 3.72694 3.55219 -6.27957 -6.51261

for ³9´��²·b¹�á!³ � ä , ¼Ë�¸·b¹w·Hº :³�´ 0.485031 0.421766 0.446997 0.388693 0.519239 0.451512³ L4 0.393325 0.31413 0.324317 0.252993 0.454348 0.369746³ L1 0.635357 0.577576 0.61569 0.564951 0.65584 0.591277g
eff ¢ L4 ¥ -0.770978 -0.677596 4.4103 4.63199 -5.884 -5.88721g
eff ¢ L1 ¥ -1.27848 -1.48142 3.72694 3.55219 -6.27957 -6.51261

for ³9´��²·b¹�±!³ � ä , ¼Ë�¸·b¹w·+� :³�´ 0.431139 0.374903 0.39733 0.345505 0.461545 0.401344³ L4 0.284943 0.22101 0.22321 0.169354 0.343888 0.271784³ L1 0.685896 0.629223 0.670794 0.620605 0.70183 0.638782g
eff ¢ L4 ¥ 0.028357 0.6504 5.55374 6.48276 -5.3126 -4.91444g
eff ¢ L1 ¥ -1.39353 -1.63228 3.60243 3.39322 -6.38571 -6.65521

Table C.1: Importantnumericalvaluesof our barredpotentials. For the definition of the various
parameterscf. eqns.(3.3) to (3.5), ¼ is thestrengthparameterof eqn.(3.7). Thevaluesof

g
eff and ³

at theLagrangepointsL1 andL4 fix Figure2.3quantitatively.



Appendix D

Coordinate Systemsand the Galaxy

A lot of troublearisesfrom the fact that the Milk y Way is rotating in the mathematicallynegative
sense.This cameaboutby calling theGalacticpoleon thenorthernhemisphereof thesky thenorth
Galacticpole. Whenusinglocal coordinatesystems,especiallyin velocity space,this usuallyresults
in eitheracceptinga left-handedcoordinatesystem,or having oneaxis reversedfrom its naturaldi-
rection. Needlessto saythat differentauthorsusuallychoosedifferentconventions. The long-term
remedywouldbeto swapthenamingof theGalacticpoles.

Nearly all authorscling to the conventionof measuringthe tangentialvelocities Î " �°Î in the
directionof Galacticrotation.Onehasthechoicethen,of puttingtheaxisof radialvelocity Î � � § in
thedirectiontowardstheGalacticcenter(i.e. §ÿ��» Í ³ Ó Í � ), or leaving it to theoutside,but having the
axisof verticalvelocity Î � ��� point towardsnegative � or having a left-handedcoordinatesystem.
Sinceweareusuallynot concernedaboutthethird dimension,this lastchoicemakesnodifferenceto
us.Thereis, however, onemorechoiceto bemade,regardingtheGalacticazimuthangle.Whereasit
seemsnaturalto put its zeroalongthelongaxisof thebar, its directioncanbewith or againstGalactic
rotation.

Weconsiderthefollowing coordinatechoices:

a) § -axis towardstheGalacticcenter, azimuth £ in mathematicalsense,but againstGalacticro-
tation. Thesupposedpositionof theSunof laggingbehindtheGalacticbarby about Þ!·+ß then
simply means£K�ÝÞ!·+ß .

b) § -axistowardstheGalacticcenter, azimuth£ againstmathematicalsensein directionof Galac-
tic rotation.Thesupposedpositionof theSunthencorrespondsto £¶�7ºDÖ!·+ß .

c) § -axistowardsGalacticanti-center, azimuth £ in mathematicalsense.

d) § -axistowardsGalacticanti-center, azimuth £ againstmathematicalsense.

Our favorite choicewill bea),asalreadytakenin Dehnen& Binney 1998[31].
Notethatin casesa) andc), angularmomentaandangularvelocitiesassociatedwith Galacticro-

tation(suchas ÿ�¢ê³ü¥ or ÇÏ´ ) shouldcarryanegativesign.Conversely, in casesb) andd) theconnection
betweenco-rotatingandinertial systemazimuthalanglesis £Ë�²£�Á Ì Ç � insteadof £K�Ý£sÁï» Ç � .
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Appendix E

Calculation of the Oort Constants

Giventhe local meanradialandtangentialcomponentsí§ and íÎ of thestellarvelocity distribution in
theGalacticdisk aswell astheir derivativesw.r.t. ³ and £ , we want to calculatetheOort constants
correspondingto that distribution. Apart from the changein the velocitiesthemselves,we have to
accountfor theshiftsin theorientationof thecoordinateaxesat nearbypoints.

If � ö Ò ��÷ denoteunit vectorsin theradialandtangentialdirectionrespectively, therelativevelocity
field ��¢ê³ Ò £���³ Å Ò £ Å ¥ asin eqn.(2.20)for anLSRat ¢ê³ Å Ò £ Å ¥ is��¢ê³ Ò £���³ Å Ò £ Å ¥ �� í§W¢ê³ Ò £¦¥�� ö#¢ê³ Ò £W¥oÌ�íÎ�¢ê³ Ò £¦¥�� ÷ó¢ê³ Ò £¦¥W»�êí§I¢ê³ Å Ò £ Å ¥���öi¢ê³ Å Ò £ Å ¥NÌÝíÎ�¢ê³ Å Ò £ Å ¥�� ÷ó¢ê³ Å Ò £ Å ¥ �� �êí§I¢ê³ Ò £¦¥I»�í§W¢ê³ Å Ò £ Å ¥ ��� ö ¢ê³ Ò £¦¥NÌí§W¢ê³ Å Ò £ Å ¥�� ��öi¢ê³ Ò £¦¥W» ��öH¢ê³ Å Ò £ Å ¥ �óÌ��íÎ&¢ê³ Ò £¦¥W» íÎ;¢ê³ Å Ò £ Å ¥ �!� ÷ ¢ê³ Ò £W¥ ÌíÎ�¢ê³ Å Ò £ Å ¥��"� ÷�¢ê³ Ò £¦¥W»#� ÷ó¢ê³ Å Ò £ Å ¥ � (E.1)

Whereaswecaneasilyset��í§W¢ê³ Ò £W¥¦»²í§I¢ê³ Å Ò £ Å ¥ ��ñ ! ³ � í§� ³½4444 í � 5 À " 5 î Ì ! £ � í§� £(4444 í � 5 À " 5 î Ò (E.2)

andsimilarly for íÎ , we have to be morecarefulwith the basisvectors,sincenow we have to deal
with thequestionof thecoordinatesystemorientation,cf. appendixD. For themoment,we leave this
choiceopenandtakecareof differentcoordinatesystemsby includingsignvariablesñ%$ �Ýô º . Sowe
canwrite: �&��öH¢ê³ Ò £¦¥W»'� öi¢ê³ Å Ò £ Å ¥ �ïñ ñ ¿ � ÷�¢ê³ Å Ò £ Å ¥ ! £ (E.3)�&��÷�¢ê³ Ò £¦¥I» ��÷b¢ê³ Å Ò £ Å ¥ �ïñ ñ © � öi¢ê³ Å Ò £ Å ¥ ! £ (E.4)Å � ñ u ! ³ (E.5)�Ë� ñ �à³ ! £ (E.6)

Working out thegeometry, we getthesignsgivenin TableE.1 for thecoordinatesystemsconsidered
in appendixD.
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92 APPENDIXE. CALCULATION OF THE OORT CONSTANTSñ ¿ ñ © ñ u ñ �
a) Ì » » »
b) » Ì » Ì
c) » Ì Ì »
d) Ì » Ì Ì

TableE.1: Signvariablesfor thecoordinatesystemsconsideredin appendixD

Usingthis,we get��¢ê³ Ò £���³ Å Ò £ Å ¥ ��)( ñ u Å � í§� ³ Ì ñ ��� º³ � í§� £+* � öH¢ê³ Å Ò £ Å ¥;Ì ñ ¿ ñ ��� í§³ ��÷�¢ê³ Å Ò £ Å ¥NÌ( ñ u Å � íÎ� ³ Ì ñ ��� º³ � íÎ� £ * � ÷�¢ê³ Å Ò £ Å ¥oÌ ñ © ñ ��� íÎ³ � öH¢ê³ Å Ò £ Å ¥ �� ÂÃÃÄ ñ u � í§� ³ ñ � º³ � í§� £ Ì ñ © ñ � íÎ³ñ u � íÎ� ³ ñ � º³ � íÎ� £ Ì ñ ¿ ñ � í§³ Æ ÇÇÈ
ÂÄ Å � ÆÈ (E.7)

Comparingwith eqn.(2.20)andsolving,weobtain�Ë� º� Ê ñ © ñ � íÎ³ Ì ñ u � íÎ� ³ Ì ñ � º³ � í§� £ Ñ (E.8)� � º� Ê » ñ © ñ � íÎ³ Ì ñ u � íÎ� ³ » ñ � º³ � í§� £ Ñ (E.9)EÉ� º� Ê » ñ ¿ ñ � í§³ Ì ñ u � í§� ³ » ñ � º³ � íÎ� £ Ñ (E.10)F@� º� Ê ñ ¿ ñ � í§³ Ì ñ u � í§� ³ Ì ñ � º³ � íÎ� £ Ñ (E.11)

For a circular velocity field, thereis no radial velocity componentí§ andno £ -dependence,soF �ØE¼�¸· and1 � and � reduceto theformsof � and � in eqn.(2.24)and(2.25),at leastfor coordinate
conventionsa) andb). Notehowever, that � and � involve thecircularvelocity Î Ð , whereas� and �
containthetruemeanvelocity íÎ , sothereis still a differencebecauseof theasymmetricdrift.

1More precisely, whenever eitheroneof ,-/. 0 or 1 � 132 . 0 holds,then 4 and 5 reduceto this formsalready. If we
have both ,-�.60 and 1 � 132 .70 , thenin addition 8 :9µ  0 . However, for a stationaryvelocity field, bothconditionscan
only occurin conjunction.



Appendix F

DetailedCalculation of the Axis Ratio

Mostderivationsof theOort relation,i.e. theequalityof ¨ ©«P« Ó ¨ ©ªëª and »� Ó ¢�� » � ¥ , areobscuredby
implicit assumptionsof axisymmetry, asin Binney & Tremaine1987[11] (section4.2.1(c)). Sothe
actualprerequisitesfor this equalityarenot really clear. For this reason,we will startfrom scratch
here,andcarefullytake noteof every assumptionwehave to make.

ThecollisionlessBoltzmannequationin cylindrical coordinatesreadsasfollows� �� � Ì Î �U� �� ³ Ì Î "³ � �� £ ÌØÎ � � �� � ÌÌ�; Î ©"³ »Ñ� g� ³=< � �� Î � » º³ Ê Î � Î " Ì � g� £ Ñ � �� Î " »¡� g� � � �� Î � �¸· (F.1)

TheJeansequationsarethezerothandfirst velocity momentsof this,sowe have to integrateover all
velocitycoordinates,afterhaving multiplied with Î � , Î " or Î � asappropriate.Thisgives� �� � Ì º³ � ¢ê³���íÎ � ¥� ³ Ì º³ � ¢���íÎ " ¥� £ Ìâ� ¢���íÎ � ¥� � �²· (F.2)

� ¢���íÎ � ¥� � Ìâ� ¢�� Î ©� ¥� ³ Ì º³ � ¢�� Î � Î " ¥� £ Ì � ¢�� Î � Î � ¥� � Ì\� ; Î ©� » Î ©"³ Ì � g� ³=< �¸· (F.3)� ¢���íÎ " ¥� � Ìâ� ¢�� Î � Î " ¥� ³ Ì º³ � ¢�� Î ©" ¥� £ Ìâ� ¢�� Î " Î � ¥� � Ì �³ Ê � Î�� Î " Ìâ� g� £ Ñ �¸· (F.4)� ¢���íÎ � ¥� � Ì � ¢�� Î � Î � ¥� ³ Ì º³ � ¢�� Î " Î � ¥� £ Ì � ¢�� Î ©� ¥� � Ì �³ Î � Î � Ì\� � g� � �²· (F.5)

In thesamemanner, we take the Î � Î " moment:� ¢�� Î � Î " ¥� � Ì � ¢�� Î ©� Î " ¥� ³ Ì º³ � ¢�� Î � Î ©" ¥� £ Ì � ¢�� Î � Î " Î � ¥� � ÌÌ �³ § � Î ©� Î " » Î u" ¯üÌ½� Ê íÎ " � g� ³ Ì íÎ �³ � g� £üÑ �e· (F.6)

Now we regarda stationarydisk, sowe have no time dependencies.Eliminating thepotentialterms
in (F.6) with thehelpof (F.3) and(F.4),we get� ¢�� Î�©� Î " ¥� ³ Ì º³ � ¢�� Î � Î ©" ¥� £ Ì � ¢�� Î � Î " Î � ¥� �
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94 APPENDIXF. DETAILED CALCULATION OF THE AXIS RATIO» íÎ " � ¢�� Î ©� ¥� ³ » º³ íÎ " � ¢�� Î � Î " ¥� £ »¸íÎ " � ¢�� Î � Î � ¥� �» íÎ � � ¢�� Î � Î " ¥� ³ » º³ íÎ � � ¢�� Î ©" ¥� £ » íÎ � � ¢�� Î " Î � ¥� �Ì �³ § � Î ©� Î " » Î u" » Î ©� íÎ " Ì Î ©" íÎ " » �iíÎ � Î � Î " ¯ �¸· (F.7)

If werestrictourselvesto the � �¸· planeandassumethatourdistribution functionis symmetricabout
this plane,thez-derivativeshave to vanishby symmetry, sowe just leave theseaway. It is usefulto
rewrite theresultingequationin termsof themorefamiliardispersioncomponents(from now on,also
write í§ , íÎ insteadof íÎ � and íÎ " ):¨ ©�$� � ¢�Î � »Ýí§;¥ © � Î ©� »²í§ © (F.8)¨ ©"�" � ¢�Î " »¸íÎb¥ © � Î ©" » íÎ © (F.9)¨ ©� " � ¢�Î � »Ýí§;¥¢�Î " » íÎb¥ � Î � Î " »Ýí§WíÎ (F.10)

Wealsodefinethethird momentquantities!#"�"�" � ¢�Î " » íÎH¥ u � Î u" » Þ Î ©" íÎ�Ìå�iíÎ u� Î u" » Þ!¨ ©"�" íÎ » íÎ u (F.11)! � "�" � ¢�Î � »Ýí§�¥¢�Î " » íÎH¥ © � Î � Î ©" » � Î � Î " íÎ » Î ©" í§ Ìå��í§ íÎ ©� Î � Î ©" » �!¨ ©� " íÎ »@¨ ©"�" í§ »Ýí§¦íÎ © (F.12)! �~� " � ¢�Î � »Ýí§�¥ © ¢�Î " »¸íÎi¥d� Î ©� Î " » � Î � Î " í§ » Î ©� íÎdÌå�&í§ © íÎ� Î ©� Î " » �!¨ ©� " í§ »@¨ ©�~� íÎ »Ýí§ © íÎ (F.13)

whicharepresumablysmall.Theneqn.(F.7) canbewrittenas¨;©"�"¨ ©�$� � º� Ì ³�HíÎ � íÎ� ³ »Î!U"�"�"�iíÎb¨ ©�~� ÌÑ! �$� "íÎó¨ ©�$� Ì ! �$� "�iíÎb¨ ©�~� ³ � � �� ³ Ì ³�iíÎb¨ ©�~� � ! �~� "� ³ ÌÌ º�HíÎó¨ ©�$� ; � ! � "�"� £ ÌÝíÎ � ¨;©� "� £ ÌØ¨ ©"�" � í§� £ ÌÌÔ�!¨ ©� " � íÎ� £ Ì�í§WíÎ � íÎ� £ Ì ! � "�"� � �� £ Ñ (F.14)

Probably, someof thetermscanbeneglectedfor smallnon-axisymmetries,possiblyall the £ -derivatives.
Thereis anadditionalcorrectionarisingfrom thevertex deviation if we take theaxis ratio to be

theonerelatingto theprincipaldirectionsof theellipsoid.Thesquaresof theaxesin thesedirections
are ¨ ©¿ � ¨;©�$� ÌØ¨;©"�"� Ì º� � ¢ê¨ ©�~� »Ë¨ ©"�" ¥ © Ì²¢ê¨ ©� " ¥ ©ñe¨ ©�$� Ì ¢ê¨ ©� " ¥ ©�#¢ê¨;©�~� »@¨ ©"�" ¥ (F.15)¨ ©© � ¨ ©�$� ÌØ¨ ©"�"� » º� � ¢ê¨;©�~� »Ë¨ ©"�" ¥ © Ì²¢ê¨;©� " ¥ ©ñe¨ ©"�" » ¢ê¨ ©� " ¥ ©�#¢ê¨ ©�~� »@¨ ©"�" ¥óÒ (F.16)
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sowehave a correction ¨ ©©¨;©¿ ñ ¨;©"�"¨;©�~� »>; ¨ ©� "�!¨;©�~� < © Ò (F.17)

but it is only secondorderin thesmallquantity ¨;©� " .If we now assumeaxisymmetry, which in particularimpliesthat
 thereis no £ -dependence:� Ó � £�¢ ¹q¹q¹ö¥��¸· ,
 therecanbeno meanradialvelocities: í§��¸· ,
 therecanbeno vertex deviation, i.e. ¨ � " �¸·
thenwe areleft with thefollowing (wecancollectall thetermsinvolving ! �$� " into a singlederiva-
tive): ¨;©"�"¨ ©�$� � º� Ì ³�HíÎ � íÎ� ³ » !U"�"�"�iíÎb¨ ©�~� Ì º�8�ó³ íÎó¨ ©�$� �� ³ ¢ê³ © � ! �~� " ¥ (F.18)

This is to becomparedwith theOort constantexpressionwhich in theaxisymmetriccasereducesto
(cf. eqn.(E.8)and(E.9)) »��� » � � º� Ì ³�HíÎ � íÎ� ³ (F.19)

We seethatevenin theaxisymmetriccase,we have theadditionaltermsinvolving !U"�"�" and ! �~� " ,
which aremeasuresof theasymmetryof thedistribution in Î " »ÝíÎ and Î � . Onemight have thought
thatat least ! �$� " would alsoneedto vanishfor symmetryreasons1. A sufficient conditionfor this
wouldbethatthedistribution functionin theaxisymmetriccase� ¢ê³ Ò Î � Ò Î " ¥ would factorize:� ¢ê³ Ò Î � Ò Î " ¥�� � � ¢ê³ Ò Î � ¥ � " ¢ê³ Ò Î " ¥ Ò (F.20)

andfor many modelsin theliteraturethisis indeedthecase.Thenall compositeaverageswouldfactor-
izetoo: Î ©� Î " � Î ©� íÎ " , Î � Î ©" �4íÎ � Î ©" and Î � Î " �4íÎ � íÎ " . Thiswouldimply that ! �~� " � ! � "�" �¸· .
However, (F.20)is notreallyrequiredby axisymmetry, andindeed,for ourmodeldistribution function
(3.1) it is not true.Whatis required,however, is that� ¢ê³ Ò Î � Ò Î " ¥ � � ¢ê³ Ò »ïÎ � Ò Î " ¥ (F.21)

This canbeseenasfollows: accordingto theJeanstheorem,thedistribution functionof a stationary
systemcan only be a function of its integrals of motion. In our two-dimensionalcasewe have a
completeset of integrals, consistingof energy Õ and angularmomentum× . Now Õì� ¿© ¢�Î�©� ÌÎ ©" ¥WÌ g ¢ê³ü¥ doesnot know aboutthesignof Î � , and ×��e³�Î " doesnot involve Î � anyway. As a
consequenceof (F.21),wehave thatevery averageinvolving anoddpower of Î � will vanish:¹q¹q¹kÎ �� �¸· for ¶ odd (F.22)

andthereforeí§ �¯íÎ � �²· , ¨;©� " �²· and ! � "�" �Ý· , but not ! �$� " or !#"�"�" . Thesignificanceof the! �~� " - and !#"�"�" -termsis alreadydiscussedby Cuddeford& Binney 1994[20], wherealsoformula
(F.18)for theaxisymmetriccaseis given.

1This is expressedin theleft partof eqn.(4-48a)of Binney & Tremaine1987[11], but is not correct.
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Appendix G

Calculating Spiral Structur e

Thepotential(5.2)of thespiralstructure(5.4)1 readsj ³ g �ç» h k ln l Í § o k ©qpÅ Í £ o r ¢�§ »Ë§ o Ò £K»@£ o ¥@?t-u ª v w © d spir f Å t n � í ª v î w � }6� ¢ê³ ¢�§6o�¥k¥BA'CÞt $ íED ª v �~� " v îGF�ç» h d spir f Åj � AIH k ln l Í §6o tSu ª v w © t n � í ª v
î w � }$� ¢ê³ ¢�§6o�¥k¥qt $ D ª v ?

k ©qpÅ Í £ o t $ � " vy ¬+�{zo¢�§ »Ë§ o ¥ »@¬+��¢a£�» £ o ¥KJ Ò (G.1)

where³ ¢�§�¥��|t ª . For thefollowing, defineL ¢�§�¥ 1 �|t u ª,w © t n � í ª î w �~}�� ¢ê³ ¢�§�¥k¥ (G.2)

asan abbreviation. By substituting£ o o �ç£ o » £ and § o o �°§ o »2§ , andby noting that the kernelr ¢�§ Ò £¦¥ is symmetricin u, we getj ³ g ��» h d spir f Åj � A H t $ � " k«ln l Í § o o L ¢�§ Ì § o o ¥qt
$ D,í ª � ª-v v î ?

k ©qpÅ Í £so o t $ � " v vy ¬+�{z ¢�§ o o ¥I»Ë¬+��¢a£ o o ¥ J��»(h d spir f Åj � AIH t $ � " k lÅ Í §$o o@?M L ¢�§ Ì § o o ¥qt $ D,í ª � ª v v î Ì L ¢�§ »Ë§ o o ¥qt $ D,í ª n ª v v îON ?k ©qpÅ Í £ o o t $ � " v vy ¬+�{z ¢�§ o o ¥I»Ë¬+��¢a£ o o ¥ J��»(h d spir f Åj � A H t $ � " k«lÅ Í §$o o@?M L ¢�§ Ì §$o oq¥qt $ D,í ª � ª v v î Ì L ¢�§ »Ë§6o o�¥qt $ D,í ª n ª v v î N F ?k ©qpÅ Í £ o o ¬+�ë¢�� £ o o ¥y ¬+�{z ¢�§ o o ¥I»Ë¬+��¢a£ o o ¥ Ò (G.3)

1In this appendix 2 is taken along the direction of Galacticrotation, unlike our usualconvention (convention a) in
appendixD). Therefore,thesignin eqn.5.4hasto bechangedto P&PQP �SR 2 .
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wherethe lastequalityfollows becausethe imaginarypartof the £ o o -integral vanishesfor symmetry
reasons.

Theintegral over £ o o canbeexpressedin termsof elliptic integrals( û 1 �¸¬+��z ¢�§ o o ¥UT�º ):
k ©qpÅ Í £ o o ¬+�ë¢�� £ o o ¥y û »@¬+��¢a£ o o ¥ �

for �°�²� : ��» �Þ j û » º ?Ê ��û ¢tû²»2ºë¥�Õ Ê »��û¸»2º Ñ » ¢���û © »2ºë¥ r Ê »��û¸»2º Ñ Ñ (G.4)

for �°�²Þ : ��» �ºDÖ j û²»2º Ê ¢aÞ��+û © » á+¥¢tû¸»2ºë¥�Õ Ê »��û¸»2º Ñ ÌÌ²¢aÞ��+û © »2ºëõ�¥kû r Ê »��û¸»2º Ñ Ñ (G.5)

for �°� � : ��» �ºà·+Ö j û¸»2º Ê ºDò+ûÉ¢tû¸»2ºë¥¢a����û © »2ºDÞ+¥�Õ Ê »��û¸» º Ñ »» ¢aÞ�±���û � » Þ!·!��û © Ìå��Ö+¥ r Ê »9�û » º Ñ Ñ (G.6)

Here, r and Õ denotesomeslight generalizationof the completeelliptic integralsof the first and
secondkind. They aredefinedin thefollwing wayr ¢ Å ¥ü� k p w ©Å Í�Vy º » Å �� î¡ © V Ò (G.7)Õ ¢ Å ¥ � k p w ©Å � º » Å �� î¡ © VmÍ3V Ò (G.8)

which differsfrom thecommondefinitionof thesefunctionsby thesubstitutionFb©mè Å to allow for
negative valuesof

Å
asneededhere.However, they areaccessiblethroughthesamekind of numerics

(seee.g.Pressetal. 2002[78]).
Regardingthis integral asa functionof u, which we will denoteby ��� ¢�§�¥ , we seethat it hasa

logarithmicsingularityat § �¸· . Usingthis,andadditionallydefining� ¿ ¢�§�¥ 1 � k lÅ Í §6o�W L ¢�§ Ì §$oî¥ó¬+�$F;¢�§ Ì §6o�¥;Ì L ¢�§ »Ë§6o�¥ó¬+��F;¢�§É»Ë§$o�¥YX��+Z ¢�§6oî¥ (G.9)� © ¢�§�¥ 1\[ k lÅ Í § o W L ¢�§ Ì § o ¥ó�� �¡²F;¢�§ Ì § o ¥;Ì L ¢�§ »Ë§ o ¥ó�� �¡²F;¢�§ »Ë§ o ¥YX��+Z ¢�§ o ¥ (G.10)� u^]`_ba 1\[ kmlced _ o�W L o ]`_Sf _ o a�gYh�i F ]`_/fI_ o ajf L o ]`_lk#_ o a�gYh�i F ]`_lk'_ o a Xs�+Z ]`_ o a (G.11)�Ym ]`_ba 1\[ kmlc d _ o�W L o ]`_Sf _ o a�ionqp F ]`_/fI_ o ajf L o ]`_lkr_ o a�iGnsp F ]`_lk'_ o a Xs� Z ]`_ o a (G.12)�ut ]`_bawv [ k lc d _ o�W L o o ]`_SfI_ o a�gYh�iKxy]`_SfI_ o azf L o o ]`_{k#_ o a�gYh�ibxy]`_|k#_ o a X~}+Z ]`_ o a (G.13)�u� ]`_bawv [��6�c d _�� W L � �O]`_SfI_��sa�ionspexy]`_SfI_K��azf L � �O]`_{k#_��sa�ionspexy]`_{k#_K��a X } Z ]`_��qa (G.14)
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whereall derivativesof � ]`_ba arewith respectto its argument,we canfinally write for thepotential
andits first andsecondderivatives:� ]O���G�Ba [ k{��� spir � c� � � � gYh�i!]`�6��a ��� ]`_�]O��a�a�k'iGnspz]`�6�Ba �u� ]`_�]O��a�aG� (G.15)� �� � [ k��� � � ]O���G�Bazff���� spir � c� � �   x��¡ gYh�i!]`�6�Ba �u� ]`_�]O��a�ajf¢ionspz]`�6�Ba ��� ]`_�]O��a�a¤£�ff¥���¡ gYh�i!]`�6�Ba �u¦ ]`_�]O��a�azf¢ionspz]`�6�Ba � m ]`_�]O��a�a¤£G§ (G.16)� �� � [ ����� spir � c� � � � ionqpb]`�6�Ba ��� ]`_�]O��a�azf¢gYh�i�]`�6��a �u� ]`_�]O��a�aG� (G.17)� � �� � � [©¨ �� � � k x

�
� ��ª � ]O���G�Ba�k �� � � �� � ff���� spir � c� � �   k¬« x� � � ¡ gYh�i!]`�6�Ba �u� ]`_�]O��a�azf¢ionspy]`�6�Ba ��� ]`_�]O��a�a¤£k «� � � ¡ gYh�i!]`�6�Ba �u¦ ]`_�]O��a�azf¢ionspz]`�6�Ba � m ]`_�]O��a�a¤£f xk �� � ¡ gYh�i�]`�6�Ba � m ]`_�]O��a�azf¢iGnspz]`�6�Ba �u¦ ]`_�]O��a�a¤£f �� � ¡ gYh�i!]`�6�Ba � t ]`_�]O��a�azf¢ionspy]`�6�Ba �u� ]`_�]O��a�a¤£ § (G.18)� � �� � � � [ k �� � � �� � k �6x� � ]O���G�Bazff � � ��� spir � c� � � � k7ionspy]`�6�Ba �u¦ ]`_�]O��a�azf®gYh�i!]`�6�Ba � m ]`_�]O��a�aG� (G.19)� � �� � � [ ke� � � ]O���G�Ba (G.20)

The actualhandlingof thepotentialis suchthat we calculatethe integrals
��� �u¯u¯u¯°� �u� by numer-

ical integrationbeforehand,andtabulatethem. Valuesof thepotentialandits derivativesduring the
simulationarethenobtainedfrom formulae(G.15)- (G.20).
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Appendix H

Transformation betweenGalactocentric
and Heliocentric Velocity Components

FigureH.1: Geometryof thetransformationproblemfrom heliocentric,relative velocity components]`±^²^��±!³Ga asmeasuredby astrometricmissionsto Galactocentricvelocitycomponents]`±�´µ��±�¶�a at rest.

Our numericalmodelusedGalactocentricvelocity components±�´ , ±^¶ (seeappendixD for the
signconventionproblemsassociatedwith this). Onvariousoccasions,weneedto transformtheseinto
thevelocity componentsthat theoberversknow, relative to a supposedpositionof theSun ]O� c �G� c a .
Theseareheliocentriccomponents,namelytheline-of-sightvelocity ±^² andthepropermotionof the
staron thesky. Sincewealwaysrestrictourselvesto theGalacticplane,thelattercorrespondsto only
onevelocitycomponentwhichwe will call ±!³ .

Thegeometryof theproblemis shown in Fig. H.1. We regardthecomponents±^² and ±!³ of the
relative velocity ·y¸`¹»º [ · k · c to relateto theLSR, so the motionof theSunreltive to the LSR is
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eitherneglectedor alreadycorrectedout. Fromgeometry, we notesomeusefulidentities:

� � [ � �c f d � k � � c d gYh�i¼	� (H.1)

ionqpe½S� [ d� ionspU¼ (H.2)¾o¿ pe¼ [ �riGnspÀ½S�� c k'�ÁgYh�iÂ½S� (H.3)

� c k'�ÁgYh�iK½S� [ d gYh�iÃ¼ (H.4)

Writing · [ ±�´~Ä�´U]OÅ^ajf¢±�¶ÆÄÆ¶y]OÅ	a , · c [ ±�´~Ä�¶y]OÅ c a and ·y¸`¹»º [ ±^²%Ä�²Uf¢±!³oÄ^³ with appropriateunit
vectors(pointingin thedirectionsof thecoordinateaxesin Fig.H.1 respectively), wecansolvefor ±^´
and ± ¶ by projection.For thearisingscalarproducts,we find by evaluatingthemin somecoordinate
system:

Ä�²@Ç°Ä�´�]OÅ	a [ k �Èk � c gYh�iÂ½S�d (H.5)

Ä�²ÀÇ%Ä ¶ ]OÅ	a [ � cd ionspÀ½S� (H.6)

Ä�²@Ç°Ä ¶ ]OÅ c a [ � d ionqpe½S� (H.7)

Ä�³BÇ°Ä�´�]OÅ	a [ k � cd ionspe½|� (H.8)

Ä�³�Ç%ÄÆ¶y]OÅ	a [ k �Èk � c gYh�iÂ½S�d (H.9)

Ä�³�Ç°ÄÆ¶y]OÅ c a [ k �rgYh�iK½S�Ék'� cd (H.10)ÄÆ´w]OÅ^a�Ç°ÄÆ¶y]OÅ c a [ k6iGnspe½S� (H.11)Ä�¶y]OÅ^a�Ç°ÄÆ¶y]OÅ c a [ gYh�iÂ½S� (H.12)

Hence,wefind aconversionformulaasfollows:¨ ±^²±!³ ª [ k � d ¨ ±�´±^¶ ª k � cd ¨ËÊ± c ªf � cd ¨ gYh�iK½S�'k6ionspÀ½S�ionspe½S�ÌgYh�iÂ½S� ª ¨ ±�´±�¶ ªf � d ¨ gYh�iÂ½S�Ìionqpe½S�k6ionspe½|�6gYh�iÂ½S� ª ¨ Ê± c ª (H.13)

For theinverseconversion,we obtain¨ ±�´±�¶ ª [ k � d ¨ ±^²±!³ ª f ¨ gYh�iK½S�'k6ionspÀ½S�ionspe½S�ÍgYh�iÂ½S� ª ¨ ´KÎ² ±	²± c f ´KÎ² ±!³ ª � (H.14)
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