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Abstract

In this work, we investigatethe possibleinfluenceof a centralbarin a disk galaxyon the velocity
distribution in the outerstellardisk, which is thoughtto arisemostly via resonanphenomenakFor
this, we numericallyintegrate orbits of a large numberof samplepointsin a 2D model potential
consistingof arotatingbarcomponenin anaxisymmetricbackground Centralto our analysisis the
constructionof the first and secondmomentsof the velocity distribution in their spatialvariability.
Fromthese otherimportantquantitiesike Oort constantsdispersionaxisratio andvertex deviation
canbe deduced.For the latter, we predictnon-\anishingvaluesfor a large numberof kinematical
configurations Regardingthe axisratio, we areableto obtainvaluessmallerthan1/2, in agreement
with obsenationsin thesolarneighbourhoodavhich arehithertounexplainedby theory All ourresults
areconsistentvith a proposedoositionof the Sunlying shortly outsideof the co-rotationradiusand
laggingbehindthe barby ~ 30°.

We repeatpartof ouranalysisfor modelpotentialsncludingspiralstructurejn orderto estimatehow
much our resultswill be affectedby this. It turnsout thatin mary casesour barinducedfeatures
continueto prevail, whereashe extent of the spiral effectsis seento dependparticularly on pitch
angle ,whichfor the caseof the Milky Way is very poorly constrained.

Zusammenfassung

In dieserArbeit wird der mogliche Einflu eineszentralenBalkens einer Scheibengalaxiauf die
Geschwindigkitswerteilung der Sternein denauRererBereichender Scheibeuntersuchtywie er ins-
besonderelurchResonanzpmomenezustande&kommensollte. Dazufihrenwir numerischerbit-
IntegrationeneinergroRenZahl von Testteilcherin einemzweidimensionaleRPotentialmodelturch,
dasauseinerrotierendenBalkenkomponenteund einem axialsymmetrischemdintergrundpotentia
bestehtMittelpunkt unsererAnalyseist die Konstruktionder erstenund zweitenMomenteder Ge-
schwindigleitswverteilung in ihrer drtlichenAbhangigleit. Darauskonnenanderewichtige Grolenwie
die Oort-KonstantendasAchsewerhaltnis der Geschwindigkitsdispesion unddie Vertex-Deviation
bestimmtwerden.Fir die letztereergebensichin einerVielzahlvon kinematischerkonfigurationen
nichtverschwindend&Verte.Beziglich desDispersions-Achseerhalinisses konnenwir in geeigne-
ten FallenauchWertekleinerals 1/2 erhaltenwie sie ausBeobachtungem der Sonnenumgaing
erschlossewurden,bisherabervon derTheorienichterklartwerdenkdnnen.UnsereErgebnisseind
stetsvertraglich mit der vermuteterrelatven Lage der Sonnezum Balken, dassdiesenamlich sich
knappaulRerhallwlesKorotationsradiubefindeundetwa 30° hinterdemBalkenherlaufe.
TeileunsereiJntersuchungewerdenwiederholtfiir Potentialmodelleglie auchein Spiralmusteein-
schlieRenum eine Einsclatzungdafir zu gewvinnen, wie weit unsereErgebnissedavon modifiziert
werden.Es zeigt sich, dasszwar in vielen Fallen die von uns gefundenerBalken-Efekte vorherr
schendbleiben,dassaberdie AuswirkungendesSpiralpotentialvor allemvon desserAnstelwinkel
abhangenDieseristim Falle der Milchstraf3enur sehrungenatbekannt.






Man weil3 eigentlich nur, wenn man wenig
weil3; so wie man mehr erfahrt, stellt sich
nachundnachderZweifel ein.

J. W. v. Goethe
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Chapter 1

Intr oduction

Reconstructinghe shapeof the Milky Way is a difficult task. This is dueto our uniquepoint of view
onthisgalaxy:sittingrightin themiddle,we seealot of local detailandcanmake obserationswhich
will never be possiblefor externalgalaxies. But we cannoteasilygeta view of the big picture. In
particular our sightis hamperedy dustobscurationandwe areconfrontedwith thecrucialproblem
of distancedetermination.

Thereare two possiblewaysto overcomethis difficulty: oneis to turn to suchobsenrational
optionswhich allow awider view nonetheless.g.theinfrared. The otherpossibilityis to try to draw
conclusionon theglobalstructurefrom local obsenations. Stellarkinematicsseemso beespecially
usefulin thisrespectsincethe collisionlessnatureof stellardynamicsensureghatit is dominatedoy
large-scaleproperties.

In the lastdecadestherehasbeenmajor progresson eitherside. A large partof this progresss
dueto theadwancesn infraredastronomywhich allows to look into the dust-obscuredentralparts
of theMilky Way. Especiallythe DIRBE experimenton boardthe COBE satelliteproducedxtensve
sky mapsin the nearandfar infraredwhich canbe usedfor modellingGalacticstructure.IR suneys
like therecentlycompleted?MASSwill allow furtherinvestigationsof this kind.

Ontheotherhand,determininghelocal stellarkinematicaneansmeasuringpositionsandspatial
velocitiesof large numbersof stars.Up to now, this hasonly beenpossiblein the nearvicinity of the
Sun. The greatesprogressn this field hasbeenbroughtaboutby the HIPPARCOS mission. This
astrometricsatellitewasflown from 1989to 1993,datawerepublishectill 1997. Amongsta plethora
of otherthings, it allowed for the first time a reconstructiorof the stellarvelocity distribution in the
solarneighbourhoodThesedataallow conclusionson Galacticstructurealreadytoday However, a
goldenerafor Galacticstructurestudieswill beopenedupwith theGAIA missionwhichwill measure
positionsand velocitiesof aroundonebillion stars,or about1% of the Galacticstellar population.
However, we have to wait atleastuntil theyear2020,whenthe GAIA databecomeavailable.

Oneimportantmechanisnof how global Galacticpropertiesnight betraceablén local kinemat-
ics is throughorbital resonancesQOrbital resonancebave beenseento be of relevancein a variety
of topics, from solarsystemstudiesand planetarydisksto the kinematicsot galacticdisks. We will
amguethatthey alsoplay a decisve rolein the solarneighbourhood.

Deviations from axisymmetry andin particulara centralbar, are the Galacticfeatureswhich
interestus most. The existenceof a bar in the Milky Way is largely establishedoday and bars
are generallyconsideredo constitutea major componentof a galaxys massdistribution, so they
could easily have kinematicalinfluences,especiallyif we think of orbital resonanceagain. Thus,
the centralquestionsat the beaginning of this thesiswerethe following: Canthe presencet the bar
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4 CHAPTER1. INTRODUCTION

of the Milky Way be felt in the solarneighbourhood Doesit influencethe kinematicsof the outer

stellardisk? Whatform doesthis influencetake? Whatconstrainton theglobalbarpropertiescanbe

drawn from the measuremerdf local velocity distributions?Theideawasto approachhis questions
by theoreticallymodelling a galacticdisk with a centralbar, andto analysethe resultingvelocity

distributions.

Outline of the thesis

In section2 we give an introductionto someof the relevant topics. After somewords aboutdisk
galaxiesn generabndthe Milky Way in particular we shortlyreview the principlesof stellardynam-
ics, wherewe put the emphasislreadyon kinematicinfluencesof bar We will touchon resonances
andthetheoryof orbitsin arotatingbar potential. Finally we review whatis known aboutthe local
velocity field in the solarneighbourhood.

The centralaim of the thesisis to investigatethe extentto which a bar might influencethe outer
regionsof a stellardisk. Section3 is anadaptedandslightly extendedversionof a paperpublishedn
A&A (Muhlbauer& Dehnen2003[66]). It describeghe numericalsimulationswe have doneusing
atwo-dimensionamodelof a barredgalaxyandanalysingthe velocity distribution in the outerdisk
via its angularmoments.

Section4 containssomefurther studieswe did usingour model,which did not find the way into
arefereedpaper In particular we take a shortlook at the asymmetriadrift, we investigatein some
detail the velocity dispersiorellipsoid axis ratio, andwe look into what our modelhasto sayabout
the Oort constants.

In this first setof simulations,we did not include ary perturbationotherthanthe bar. This is
clearly a very rudeapproximatiorto reality, sincethe Galaxy obviously hasa numberof deviations
from axisymmetry We tried to extendour simulationsto includesomekind of spiral structure.This
work is descibedn section5.

Section6 givesconclusionsandoutlook. In particular we considerthe capabilitiesof the future
astrometricsatellitemissionGAIA on clarifying thekinematicstateof the Galacticdisk.



Chapter 2

SomeGeneral Aspectsof Disk Galaxy
Dynamics

2.1 Disk galaxiesand the Milk y Way

Sincethetime of Hubble,galaxiesareclassifiedaccordingo thetuning-forkdiagramm(Fig. 2.1). On
theonehand thereareelliptical (“early-type”) galaxiesconsistingof amoreor lessflattenedspheroid
andappearingasan ellipseon the sky. On the otherhand(“late-type”), we have two seriesof disk
galaxieswhich consistof aflat disk surroundingasmallspheroidabulge. Thedisk alwayspossesses
spiralarms,thoughthesemaybeof very differentlengthandprominence Onedistinguishesubtypes
Sa, Sh and Sc, in which the spiral arm patternis increasinglymoretightly woundandthe relatve
extensionof the centralbulgeis decreasing.

‘NA sp\RP\\—S
oRP

' d
ELLIPTICAL GALAXIES @ Sb

- o —o-

E(b)4 E(d)4 sao\ ..SBa

Boxy Disky " 3 SBb
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Figure2.1: Classificatiorof galaxiesafter E. P. Hubble

Somespiralgalaxiesexhibit amoreor lessrectangulasshapé centralstructurewhichis calleda
bar In Hubbles diagram theseform a secondseriesof diskscalledSBa,SBb, SBc,therebycausing
thetuning-forkform.

At thejunctionpointof thetuningfork, thereis agalaxytypecalledlenticular denotedsOor SBO.
Finally, onthefarendof thelate-typeside,thereareirregularforms.
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6 CHAPTER2. GENERALASPECTS

2.1.1 Structure of disk galaxies

Thesurfacebrightnessf thedisk componentisuallyobeys anexponentiallaw (Freemari970[43])
S(R) o e F/Bx (2.1)

with ascalelength Ry, in therange~ 3 kpc. Theverticalstructurdik ewiseis mostoftendescribeds
anexponential,or moresmoothlyasoc secl{z/h). Thescale-height hereusuallyis somehundred
pc.

Theexponentialaw (2.1) ceaseso hold beyondabout3 — 4 scaldengthsRy., wheremostgalactic
disksseemto betruncatedj.e. their densitydropsrapidly (vanderKruit & Searle1981/82[94, 95]).
This appliesto the stellarcomponenbf the disk, the gaspartmay reachout farther andoften shavs
somewarpingin its outerparts.

Disk galaxiesshav a continuousand ongoingstar formation, in contrastto ellipticals, where
star formation concentratedn the early epochsof their history Primarysitesof this ongoingstar
formationarethe spiralarms,whereHIl regionsarelocated,andit is the bluelight of youngO- and
B-starswhich causethe prominentvisibility of thespiralarms.

Apart from a sectionvery closeto the centey towardwhich it dropsto zero,therotationvelocity
v, Of galacticdisksis usuallymoreor lessconstantsothatthe angularvelocity w fallsas1/R. This
indicatesa homogeneoumassdistribution. It hascomeasa big surprisethatrotationcurvesseento
beflat for the outerregionsof galacticdisks,too, sinceit impliesthatthereis alarge amountof mass
surroundingthe visible disk. This is oneof the pointswhich call for the existenceof large amounts
of dark matterin the universe,heresuggestinghatdisk galaxiesareembeddedn large dark matter
halos.

2.1.2 Barsin galaxies

Nearly every third spiralgalaxyis conspicuouslhparred.Thefraction of spiralswith very smallbars
could be still higher so that barscould be a very commonphenomenon.For a review on barred
galaxiesseee.qg.Selwood & Wilkinson 1993[87].

The questionwhetherthereare distinct bulge and bar componentss unresoled (Kuijken 1996
[59]). Concerningthe edge-onview of bars,it is unclearwhether as might be hypothesizedbars
would correspondo particularlyboxy bulges.lt is possiblethatbarsareflat asthin disks. At least the
percentagef edge-ordisk galaxiesshaving nosignof centralbulgesis comparabléo thepercentage
of face-ondiskshaving abar (Kormendy1982in [9])

Barsareconfinedto the innerregionsof the galaxy Studiesbasedon stellarorbit theorysuggest
that barsendat or slightly insidetheir co-rotationradius(e.g. Contopoulosl980[18]), seesection
2.2 .4for moreonthat. The barlengthseemso dependon galaxytype,too: barsin late-typegalaxies
seemto be shorterrelative to the total galaxysizethanthosein early-typegalaxies(Athanassoul&
Martinet1980([4]).

In studiesof externalgalaxies(Gersseretal. 2002[49]) barsareseento rotatefast,i.e. suchthat
their co-rotationradiusexceedsthe bar size only slightly by some20 — 30 %, resultingin rotation
speedsn therangeof ~ 50 km/s/kpc.On the otherhand,simulationsof cosmologicaktructurefor-
mationsuggesthatgalaxieshave centrallyconcentratedarkmatterhalos which shouldrapidly slow
down barrotationby dynamicalffriction (Debattista& Sellwood1998[24]; but seealsoAthanassoula
2003[3]).
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2.1.3 The Milk y Way asa disk galaxy

TheMilky Way seemgo be of Hubbletype Sbc,or SBbc,if wetake its barseriously Its scale-length
is not very well known. Preliminarydataof the 2MASS suney (Ohja2001[70]) suggesia value
of 2.8 £ 0.3 kpc, whereasa recentstudy of COBE infrared data(Drimmel & Spegel 2001 [34]),
yields0.28 R, ~ 2.3 kpc. Thestellardisk seemdo be truncatedat about10.5kpc for 3(R) or4 -5
disk scalelengthsRy;, which appearsatherlarge comparedo externalgalaxieswherethetruncation
usuallyoccursat about3 scalelengths(seealsoDehner2002[29]).

Apart from the usualstellardisk thereis probablya so-calledthick disk composedf old metal-
poor starswith a highervertical scaleheightanda stellardensityof somepercentof the thin disk’s.
Ohja2001obtaineda vertical scale-heighbf 860 + 200 pcfor this. Theideaof a distinctthick disk
cameup whenstarcountstudiestowardthe Galacticpolesshaved a spacedensityfitted by a sumof
two exponentialswvith two differentscaleheights(GilmoreandReid 1983[50]). Thestarsdistributed
with thelarger scaleheightalsoseemedo beredderin colours,sotheremayindeedbe two distinct
galacticstar populations. Furtherevidencefor the thick disk camewith the IRAS datain the mid
infrared(Habing1988[52]). Differentevolutionaryscenariogor thetwo disksseemprobable.

De Vaucouleurl964[22] wasthe first to postulatethat the bulge of the Milky Way containsa
triaxial structureor a bar, in orderto explain the radial velocitiesof gasin theinnerfew kiloparsecs
of the Galaxy which radio astronomyhasshavn to beinconsistentith travelling on circular orbits.
During the 1970sand 1980s,therehave beensomepapersarguing in favor of the Milky Way asa
barredgalaxy (e.g. Peters1975[76]), but it wasnot beforethe work of Blitz & Spegel 1991[12]
thatthis ideagainedmomentum.Anticipating the COBE measurementsf the infrared emissionof
the Galaxy theseauthorsusedballoonobserationsat 2.4 um doneby Matsumotoet al. in 1982to
investigatethe presencef a bar, for which they foundclearhints.

Widespreadvailability of infrared data,first of all from the first extensve IR satellitemission
IRAS, broughtmajorprogressWeinbeg 1992[96] wasableto seethe bardirectly in thedistribution
of IRAS Mira variables. The COBE mission,primarily designedo measurghe cosmicmicrowvave
backgroundprovided photometricimagesof the Galacticbulge region in the nearinfraredthrough
its DIRBE instrument. Several authors(e.g. Dwek et al. 1995[35], Freudenreichl998[44]) used
thesedatato dofits of detailedmodelsof Galacticstructureincludinga barcomponentFreudenreich
concludedhatthe Milky Way disk hasaninnerholeslightly largerthanthe bar, which hasprobably
beenclearedout by the bar.

Furtherevidencefor the Galacticbharcomesfrom gravitational microlensingtowardsthe Galactic
bulge,wherea higherthanexpectedrate of microlensingeventshasbeenobsered (e.gPaczynskiet
al. 1994[74]). This canbe explainedby starsin the nearpartof the Galacticbar microlensingstars
in thefar sideof thebar A correspondingnodelhasbeengivenby Zhao,Spegel & Rich 1995[98].
Stanek1997[90] usedthe photometricOGLE datato constructa modelof the Galacticbar by the
luminosity distribution of red clumpstars.

Thegasdynamicsn theinnerGalaxyhasbeenmodelledby Binney, Gerhardetal. 1991[8], more
recentlyby Englmaier& Gerhardl999[40], andcomparedo deprojection®f IR data.

TheMilky Way'’s baris probablyrotatingfast,too. A directmeasurementsingOH/IR startracers
(Debattistaet al. 2002[23)]) yields (59 + 5) km/s/kpc. In anindirect manney certainfeaturesof the
local velocity distribution point to a high patternspeedof the bar via its resonantadii, cf. section
2.3.5.

Fromits contentof IR C stars,Cole & Weinbeg 2002[17] infer a maximumageof the Galactic
bar of 6 Gyr, mostprobableseemdo be anageof lessthan3 Gyr. Theseauthorsfind thatthis star
populationis a reliabletracerof the bar, andthereforethey might be relatedto a bartriggeredstar
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formationeventduringbarformation. Whetherthis justifiesthe conclusionfrom individual starsto a
collective dynamicalfeaturewill of coursebeamatterof debate.

Theouterdisk of the Milky Way seemgo have awarp. Evidencefor thisis asold asthefirst HI-
datafor the southerrhemispheren the 19505, andhasbeencorroboratedvith modernHI-surveys.
Thewarpstartssomevherearoundhesolarcircle,andthe Sunhappenso lie nearoneof its nodelines.

For thespiralstructureof the Milky Way seesection5.1.2.

2.2 Stellar dynamics

Closeencounterf individual starsare very rare and canbe neglected,thereforestellar dynamics
is governedby a collisionlessBoltzmannequation(“Vlasov equation”in plasmaphysics). This is
nothing else but the statementhat the distribution function f(r, v, ), being the massor particle
densityin the one-particlephasespacecomposedf the spaceand velocity coordinateqr andv,
respectiely), behaesassomekind of incompressibléluid. It canbeformulatedasfollows:

d _of  dr Of dv Of _

0=% =L 4 —
dt 8t+dt or ' dt ov

_of 6 f 0% of
- - — 2.2
“o Ve or ov (22)
Thecorrespondingquationgor the zerothandfirst velocity momentsof thedistribution function
areknown asJeansquationsandarecentralto stellardynamics.As implied by their nature they are
obtainedby integratingthe collisionlessBoltzmannequationover velocity space afteran additional

multiplicationby v in theappropriatecase:

op 9(p ;)
= o5 + ; S (2.3)
_ 0(pvj) O(pvivj) 0P
0= =57+ > 7. +p6$j, (2.4)

wherep = [ fd®v is the spatialdensityandpv; = [ fv; d®v, pvw; = [ fvv; d®v arethefirst and
secondnomentf f. Using

U?j = (v, — ) (vj — U5) = U305 — 0; U (2.5)
we canrewrite (2.4)as
0v; 0P d(po?,)
2 RV R TR @9)

which malkesthe analogyto the Euler equationsof hydrodynamicobvious andshavs thatpo2 isa
stresgensorcorrespondingo ananisotropigpressure.

With thehelpof theJeansquationst canbeshavn thatary steady-statsolutionof thecollision-
lessBoltzmannequationcandependn phase-spaceoordinate®nly throughintegralsof the motion.
Corversely ary function of the integrals of motion constitutessucha steady-statesolution. This is
calledJeangheorem.

1As commonin stellardynamicswe will considera singlekind of particlehaving unit mass.Thus,we will not distin-
guishbetweermassandparticledensity
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Integralsof motion constrainthe motionto certainhypersurécesin phasespaceandthe number
of theintegralsof motionagivenorbit obseresis decisve for its regularor chaoticcharacterWe will
notgo into this kind of questiondhere.Sufiice it to saythatmostpotentialsallow for chaoticregions
of phasespace.

2.2.1 Motion in axisymmetric potentials and the epicycleapproximation

In axisymmetricpotentialswe always have at leasttwo integrals of motion: the enegy E andthe
z-componenbf angulamomentuml.

We know thatin thesepotentialscircular orbitswill alwaysbe a solution,andwe canexpressthe
orbital speedandthe correspondingingularvelocity of theseorbitsdirectly in termsof the potentiaf:

109

w*(R) = TR (2.7)

0®
2
R)=R_—
UC( ) aR’
Clearly, theangularmomentunof suchorbitsis L = Rv.(R).

The fact that enegy E and angularmomentumL are integrals of the motion can be usedfor
reducingthe problemto the motion of a fictitious particlein only two coordinates? andz. For this,
write theenegy in theform E = 1/2(R? + 22) 4+ ®(R, z) with aneffective potential

2

(I)eﬁ(R, Z) = q)(R, Z) + ﬁ

(2.8)
Having this fictitious particle at restin a potentialminimum at someradius R, correspondgo a
circularmotionof therealparticlewith angularvelocityw = ¢ = L/Rg.

Galacticorbits arequite often nearlycircular, sothey canbe approximatedy small oscillations
of thefictitious particlearoundits potentialminimum. This is the epig/cle approximationlf wedoa
Taylor expansionof ®.; aroundits minimum (detailscanreadilybefounde.g.in Binney & Tremaine
1987[11]), we usuallygetharmonicoscillatorequationgor the deviations,with frequencies

o 0Dy

K° = 2. O Per
OR?

’ VT T2
Rg

, (2.9)
Ry

which we call the epigycle and vertical frequeng, respectiely. By (2.7), the first one canalsobe

written as )
K2 = (Rai + 4w2) (2.10)

OR

Ry
In thetangentialdirection,the motionis likewise anoscillationat the samefrequeng «, because
of p = L/R?. Thereforejf thevertical oscillationis not excited, the real particle performsa closed
elliptic motionaroundits guiding centerat R, which itself is rotatinguniformly at the circular ve-
locity w. If X andY denotethe semimajoraxes of the epigycle ellipsein the radial andtangential
direction,respeciiely, theaxisratio of theellipseis
Y 2w

v 2.11
x= 2 =" (2.11)

ascanbeseerby expandingy = L/R? aroundR,,.

2For acircularorbit we have clearlyr - v = 0 andtherefore) = d(r - v)/dt = dr/dt-v+r-dv/dt = v* —r-V® =
v? — RO®/OR.
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Notethatfrom (2.10),aflat rotationcurve correspondso x = v/2w, a Keplerianfalloff to x = w
andasolid bodyrotationto x = 2w. SinceKeplerianandsolid body behaiour constitutesomekind
of limiting caseswe will have w < k < 2w, andthe epig/cle ellipsewill alwaysbe elongatedn the
tangentialdirection.

An equialentcharacterizationf the epig/cle approximations to saythatthe enegy of theverti-
calmotionhasbeentakenasathird integral (seee.g.Dehnen& Binney 1996[30]). This corresponds
to assuminga discouplingof the verticalmotionfrom thatin the disk.

2.2.2 Motion in rotating non-axisymmetric potentials

Considerpotentialrotatingatacertainangularvelocity Q2 p (“patternspeed”).In thiscaseEnegy E
andangulamomentund arenotconsered. Thereis, however, aconsered quantitywhich expresses
the fact that the potentialis time-independenin a frame rotating at the sameangularspeed(see
appendixA for aformaltreatmenbf the problem).Thisis the so-calledJacobiintegral:

E;=E-Q,-L, (2.12)

where2, = (0,0,£,) is the vectorial patternspeed. Exceptfor the Coriolis force, which is not
accountedor, we canusethis quantityanalogouslyto the enegy to discusshe problemin termsof
an effective potential,which in this caseis the true potentialplus a term representinghe centrifugal
force:

1 1
Do =  — 5 (€ X r)? =& — §Q§R2, (2.13)

sothatJacobis integral canbewritten as(seeappendixA for derivation)

L.
E; = §\r|2 + Do, (2.14)

wherer is thevelocity in therotatingframe.

Extremalpointsof the effective potential(seeFig. 2.2) are called Lagrangianpointsin analogy
to similar pointsin the theoryof therestrictedthree-bodyproblem. Particleslocatedexactly at these
pointswould describea circular orbit co-rotatingwith the bar The saddlepointsL1 andL2, how-
ever, aregenericallyunstablej.e. small deviationsfrom this equilibrium positionwill amplify. The
minimum L3 at the centeris always stable,and stability conditionsof the maximumpointsL4 and
L5 dependon the detailsof the massdistribution. However, in alot of caseghey areindeedstable,
especiallyif thebaris nottoo strong(seePfennigerl990[77] for adetaileddiscussion)andthereare
familiesof orbitsoscillatingaroundthese.

Becauseof (2.14) andthe fact that the Jacobiintegral is a constantof the motion, we canuse
d.; to put restrictionson the movementof particles,cf. Fig. 2.3. Orbits cannever enterthe region
belov the solid red line in this figure. They can, however, at suitableanglesget belov the dashed
greenline. Starswith E; greatethan®.(L4/L5) (dottedgreenline in thefigure)arefreeto explore
the entire space(thoughthey are often effectively confinedby the Coriolis force) and are said to
belongto the hotregime. Starswith E; smallerthan®(L1/L2) (dottedredline) cannever passthe
radiuscorrespondingo L1/L2, andare confinedto the region outsideor inside of this. Starswith
. (L4/L5) > Ej > d,4(L1/L2) form anintermediateregimein which the accessibleadii depend
ontheangle.
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Figure2.2: Contourplot of an effective bar potential ®.; in the co-rotatingframe, resultingin the
typical “vulcano”-shapeTheplot useshe potentialdefinedin section3.1. TheLagrangiarpointsare
indicatedtherearemaxima(L4 andL5), aminimum (L3) andsaddlepoints(L1 andL2).

2.2.3 Kinematic effectsof bars: resonances

If the differencew(R) — €2, of the angularvelocity of circular trajectoriesandthe rotationvelocity
of thebaris in somesmall-numberratio to its epig/cle frequeny x(R), we have aresonanceStars
on suchorbits will regularly be found in identical configurationsrelative to the bar, so that small
influenceswill accumulateover time. A specialresonances co-rotation,wherethe two angular
speedsareequal. Theresonanceonditionis usuallywritten as

O = w(R) — Zk(R). (2.15)
m
Thesameconditionfor theverticalfrequeng v( R) givestheverticalresonancedut thesearethought
to belessimportantthantheradialones.

Sincethe resonancecondition makes referenceto circular velocitiesand epigycle frequencies,
the entire conceptis alwaysrelatedto the linear regime, wherethe epig/cle approximationor some
analogueis valid. In this sense,every resonancecorrespondgo a certainradiuswhere (2.15) is
fulfilled.

Whenviewedin the frame co-rotatingwith the bar, the resonanceonditionmeansthatthe cor
respondingepigylce orbit is closed. A particlewill have completedn cyclesof its radial oscillation
while having circled n timesaroundthe center Sincein the outerregionsof the Galaxyw(R) will
alwaysbeadecreasindunctionof R, orbitsfurtheroutthanco-rotationwill appearetrograden the
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Figure2.3: The effective potential(2.13) dividesthe (R, E;)-planein differentregimes. The solid
(red)anddashedgreen)linesshav ®.; alongthelong andshortaxisof thebar, respecirely.

co-rotatingframe. Most resonancesomein pairs,with oneprogrademembelinsideco-rotation,and
oneretrogradeoutside.Thesepairscorrespondo positive or negative signof n.

A barpotentialhasa multipole orderof 2, andthereforehem = 2 resonancearesupposedlyhe
mostsignificant. They arecalledLindblad resonancesfterthe SwedishastronomeBertil Lindblad
(1895- 1965).Table2.1 givesanovervien overthe mostimportantresonances.

The inner Lindblad resonances a specialcase,becauset canitself be double. Whetherwe
have oneor two ILRs dependson the exact form of the rotation curve in the inner region. With
a strongcentralconcentratioror a large point massin the centey the rotation curve mightincrease
monotonicallywith decreasingadius.In this case thereis alwaysexactly onelLR. If, however, the
centralconcentrationis lessstrong, the angularvelocity curve will tendtowardsa constantvalue,
which by (2.10)implies k = 2w andaccordinglyw — 1/2x goesto zerotowardsthe center sothat
thereis amaximumin it (cf. Fig. 2.4). Therewill thenbe eithertwo ILRs or noneat all, depending
onwhetherthe patternspeedf thebaris largeror lessthanthe maximumof thecurve. If it is nearly
equalto this maximumvalue,therewill bearegionwith “nearresonanceéffects.
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| n |m] name
0 Co-rotationCR
12 OuterLindbladresonanc®©LR
11|12 InnerLindbladresonancé. R

if two-fold: inner(IILR) andouterILR (OILR)
Outerl:1resonance
+1 | 4 UltraharmoniaesonancefHR

1
=
IR

Table2.1: Barresonances

2.2.4 Stellar orbits in barred potentials

Most helpful in the study of kinematicsin an arbitrary potentialare periodic orbits. Thesecanbe
stableor unstabledependingon whethersmall deviationsinducea backward driving force or tendto
amplify. In thestablecasetherewill beafamily of non-periodicorbitsoscillatingaroundthe periodic
one. Thecircular orbits of epig/cle theoryin anaxisymmetricpotentialare stable,for example,and
the epigycle orbits arethe non-periodicfamily. On the otherhand,unstableperiodicorbits indicate
borderlinesof regionsin phasespaceoccupiedby thesefamilies. Soknowledgeof the periodicorbits
in agivenpotentialprovidesa classificatiorschemdor orbits,althoughit mustalwaysberemembered
thattherearealsochaoticregionsin phasespacewhereparticleorbits are not simply quasi-periodic
oscillationsaroundperiodicorbits.

For axisymmetrigootentialswe alwaysknow onefamily of periodicorbitsto bethecircularones.
If we have aweaknon-axisymmetrigerturbatiorin addition,we shouldbeableto relatethe periodic
orbitsto the onesin the unperturbedase.We canpictureorbit familiesin a so-calledcharacteristic
diagram,usuallya plot wherethe intersectionof the orbit with the coordinateaxis perpendiculato
the baris dravn versuslacobienegy. While thereis no perturbationthe circularorbitsarelying on
asingleline in this diagram.At the prospectie resonanceadii with resonancesf type (n = +1,m
even), we have bifurcations whereadditionalperiodicorbitsbranchoff (remembethattheresonance
conditionmean<losureof epigyclically oscillatingorbitsviewedin therotatingframe),thoughthese
areusuallyunstable.On switchingon the perturbationtheline getsbroken at the bifurcationpoints,
andwe have a gapforming. Furthermorethe branched-dffamiliesmay gainstability Contrarily at
odd-numberedesonancesye usuallygettheformationof a so-calledpitchfork bifurcation,whichis
the branching-df of onestableandoneunstableorbit family eachtime.

In the nomenclatureof Contopoulos& Grosbol1989[19], we refer to the descendantsf the
originally circularorbitsasfamily ;. Very farto the outside,we shallcall it z; (1). Goinginwards,
the outmostresonance;1:1, leadsto a branching-df of a stablefamily called simply -1:1 andan
unstableone called -1:1 (Asym), thoughthe latter are actually symmetricwith respectto the bar.
Furtherin, the gap causedby the OLR replacesz(1) asthe dominantfamily by a family called
z1(2), which itself hasan unstablecontinuationcalled z;(2). Going furtherin, the-1:3 resonance
causesnotherpitchfork bifurcationof families-1:3 and-1:3 (Asym), the outerUHR causesgaina
gapreplacingz1(2) by az;(3) andsoon. SeeFig. 2.5for anillustration. Generally an z(n) orbit
has2n cusps.

Inside co-rotation,the samehappensn reverseorder In the caseof adoublelLR, howvever, we
oftenhave a so-calledbubble,i.e. therearetwo resonantl:2 families,above andbelav the z; in the
unperturbeccase joining the two ILRs. Switchingon the perturbationthe outward partsof the x
usuallygetconnectedvith the lower loop of the bubble,whereaghe restjoins the upperpart of the
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10

Figure2.4: Angularfrequeny w(R) andthecunesw(R) + 1/2k(R) for anassumedixisymmetric
galacticbackgroundwith (dotted)or without a centralmassconcentrationsolid lines). Note the
maximumin the ILR-curve in thelatter case.Positionof co-rotationandthe Lindblad resonances
determinedoy the intersectionswith the constantpatternspeed?,, of the bar, sotheremight be two
ILRs or nonein this case.

bubble andclosesin onitself. The upperpart of this floating bubbleis an unstablefamily z3, the
lower a stablefamily z-, which is dominantin theregion in betweerthelLRs. In addition,thereis a
family of retrogadeorbitsinsideco-rotationwhichis calledz,.

Thealignmentof the orbits’ elongationwith the barchangesn every resonancéseeTable2.2),
abehaiour akinto the phasereversalof a driven harmonicoscillatorasit wandersover aresonance.
As a consequencdjarscannotextendbeyond the co-rotationregion, becausehe highestpopulated
orbitsoutsideCR areanti-alignedwith the bar.

Finally, therearetwo familiesof orbitswhich aretrappedaroundthe Lagrangiarpoint L4 andL5
of the potential. They arecalledlong andshortperiodorbits (LPO and SPO).LPOshave the shape
of elongatedbananagarallelto the bar, whereasSPOsare more or lesselliptical andonly slightly
elongated. The Jacobienegy of SPOsis always greaterthan ®.; at L4/L5, while that of LPOsis
usually smaller Non-periodicorbits aroundL4 and L5 often shawv the samebananashapeasthe
LPOs,butfill theinterior of it, partially or completely They arequasi-periodicformedby combining
theoscillationfrequencie®f the LPOsandSPOs.SeeFig. 3.5for anexample.
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location family baralignment comment

< IILR 1 aligned possiblecauseof smallcentralbars
IILR - OILR T9 anti-aligned only in caseof two ILRs

OILR - ... T aligned mainsupporter®f galacticbars
CR

...-OUHR z1(3)  anti-aligned
OUHR-OLR z:(2) anti-aligned
> OLR z1(1) aligned

no barspossibleoutsideCR

Table2.2: Dominantorbit familiesin a weakly barredpotentialandtheir alignmentrelatyv to thebar
Towardsthe CR, thereis aninfinity of familiesin ever smallerregions.

2.3 Kinematics of the solar neighbourhood

Like in hydrodynamicswe would expectthe motion of the starsto consistof a macroscopidlow
patternandsuperposednthat,randommotions.Therelatve magnitudeof theorderedandunordered
motionsis characteristi¢or thetypeof galaxywe have: for elliptical galaxiesthestatisticadispersion
of the randommotionsis larger thanthe orderedflow, whereaghe inverseis true for disk galaxies.
For the latter, dispersiongypically rangearoundsomel0% of therotationvelocity, thusconstituting
adynamicallywarmdisk.

Sincethe Sunis but anotherstar we expectit to take partin the randommotion, andsincethe
Suns peculiarvelocity is physicallyirrelevant, we wantto correctit out. In the following, we deal
with thereconstructiorof thelocal macroscopidlow velocity in section2.3.3,with the propertiesof
therandommotions(section2.3.2and2.3.1)andwith the differentialflow field in thelargervicinity
(section2.3.4).

2.3.1 The velocity ellipsoid

The randommotionsof the starsconstitutea distribution in velocity spacereminisceniof a thermal
distribution of Maxwell type. However, dueto the collisionlessnatureof the stellarfluid, theremay
beanisotropiesvhichin a collision-dominatedjaswould have beenequilibratedout.

Karl Schwarzschildsuggestedn 1907[85] to modelthe velocity distribution of the solarneigh-
bourhoodin the simplestpossibleway asa Gaussiardistribution function. This hasbecomeknown
asthe Schwarzschilddistribution:

no d3v v? v2 v3
d3 — | == —= — , 2.16
fv)d (27)3/2010903 P l (20% + 202 + 202 (2.16)

whereall the velocitiesarewith respectto the local standardof rest(LSR) definedbelown (section
2.3.3).

We candefinea velocity dispersiontensorasin (2.5) from the measuregeculiarvelocities of
the neighbouringstars. The o; in Schwarzschilds distribution thencorrespondo the eigewvaluesof
this tensoy andthe v; are componentgaken alongits principal axes. The Schwarzschildmodelis
the simplestmodelif oneonly knows the o;;. It neglectsary asymmetrie®f the distribution asfor
examplethe asymmetricdrift. Apart from that, determinationf the true distribution asdoneby
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Figure2.5: Periodicorbit familiesin aweaklybarredpotential.Solid linesdenotestable brokenlines
unstablegamilies. (a) outside (b) insideco-rotation.(a) takenfrom Dehnen2000[28].

Dehnen1998[25] usingthe HIPPARCOSdata(seesection2.3.5)shav lots of additionalstructure.
Thus,the Schwarzschilddistribution is merelya very crudeapproximation.

If wenonethelesadopttheSchwarzschilddistribution asanapproximatiorio thetruedistribution,
we find two mainfeaturesvhichwe will investigateurther: (1.) the orientationof the principal axes,
(2.)theaxisratio of theellipsoidsrepresentingheisodensitycontours.We aremostly concernedvith
the situationin the Galacticplane,andsincethe Sunis locatedsufficiently closeto the plane,we do
not expectary effectsin componentsnvolving the vertical direction. Indeed,the velocity ellipsoid
axesdo not seemto betilted out of the Galacticplane(Dehnen& Binney 1998[31]). Qualitatively,
the behaiour of the axisratiosis suchthatthe ellipsoidis elongatedn the directionof the Galactic
rotation (in accordancevith the resultsfrom epig/cle approximationseesection2.2.1),andthatthe
shortestxisis the verticalone,which reflectsthe disky structureof the Galaxy Theaxisratioin the
planeis atopic whichwe will repeatedlycomebackto in thefollowing.

A mis-alignmentbof the velocity dispersiorellipsoid with respecto the directionto the Galactic
centeris calledvertex deviation. It corresponds$o a non-vanishingoff-diagonalelementt thedisper
siontensor(2.5)within the plane.This canonly occurif therearedeviationsfrom axisymmetryin the
Galaxy UsingHIPPARCOSdata,it hasbeenshavn by Dehnen& Binney 1998[31] to reachashigh
as 30° for very youngstellarpopulations,andto lie in arangeof ~ 10° for the old ones. Whereas
the high vertex deviation of the young populationsis mostprobablydueto the moving groupsand
thusin a senseaccidental(Binney & Merrifield 1998[10]), thereshouldbe dynamicalreasonsgor its
occurencewith the old populations.Oftenthis is attributedto spiral structure but the bar may also
play arole (seee.g.Kuijken& Tremainel994[61]).



2.3. KINEMATICS OF THE SOLAR NEIGHBOURHOOD 17

2.3.2 Velocity dispersionasa function of ageand radius

Thevelocity dispersiorof the starsshavs anincreasawith age(seee.g.Wielen1977[97]), or, obser
vationally with colour (colour correlatesvith agestatisticallysincebluer starsendtheir life-cycles
earlierand are thus sortedout). Plots of dispersionversuscolour for stellar samples(as againin
Dehnen& Binney 1998[31]) shav positve gradientswhichataroundB — V = 0.6 turn abruptlyto
zero. Thischangen slope,knowvn asParenaga discontinuity is thoughtto be a consequencef the
finite ageof the Galaxy: starsredderthanthis pointhave alife-cycle longerthanthis ageandtherefore
thestatisticalcorrelationbetweerageandcolouris lost. Translatinghe coloursto agesequiressome
modelling,seee.g.Binngy, Dehnen& Bertelli 2000[7]. The dispersion-age-refian is foundto be
consistentith () = C - t% 4 o4—¢, with 8 in therange0.2 — 0.5. Binney, Dehnen& Bertelli find
or—g =~ 8 km/sandg = 0.33, andanageof the solarneighbourhooaf 11.2 £+ 0.75 Gyr.
Theobseredincreasen dispersiorwith agesuggestshatthediskis beingheated An alternatve
explanation,assuminghat starswere born with highervelocity dispersionin earliertimesandthus
invoking somesecularevolution effect, is rarely dravn into seriousconsideration. Regardingthe
origin of the disk heating,directstarencountersireruled out, becausehe relaxationtimesfor these
processearemuchto high. Severalmechanisméave beendiscussedBinney 2001[6]):

e Perturbationdy giant molecularclouds(GMCs), first proposedby Spitzer& Schwarzschild
1953[89]. However, Lacey 1984[62] shavedthattheratio of verticalto horizontaldispersions
expectedfrom this do not agreewith obserations.

e Perturbationdy spiralarms(Carlbeg & Selwood 1985[15]). However, only motionswithin
the Galacticplaneshouldbe excited by this.

e Perturbationdy infalling satellitegalaxies.However, theresultingdisk heatingtendsto betoo
highin this casecf. Fuchsetal. 2001[45].

Up to now, the questionof thetruereasorof disk heatingis notfinally settled.Probablyaninterplay
of severalfactorsmustbeassumed.

The spatialvariation of the velocity dispersionis knowvn from somemeasurementsn external
galaxies. Although this is quite a difficult task, Bottema1993[14] managedo obtain the radial
dependencef the vertical dispersions, for a setof face-ondisks. It shavs an exponentialdecline
with radiussimilar to surfacedensity however with alarger scalelength,which might approximately
betwice aslarge. Indeed thisis the behaiour expectedfrom stellardynamicswherewe canderive
from the Jeansequationghatfor athin disk the vertical dispersiorshouldobey

0?2 = 2rGLh, (2.17)

h beingthe vertical scale-height. The sameshouldhold for the other componentof the velocity
dispersionsincethe shapeof the velocity ellipsoid probablydoesnot changevery much. This is at
leasttheresultof aninvestigationby Gersseretal. 1997[48] wheretheseauthorstried to determine
two dispersiorcomponent®f aninclineddisk galaxysimultaneouslyhowever usingthe (in our view

problematiceqgn.(3.19).

2.3.3 Thelocal standard of rest(LSR) and asymmetric drift

If the Galaxywerecompletelyaxisymmetricwe expectthe orderedflow of the starsto be a uniform
rotationaroundthe Galacticcenter We call a referencdramewhich follows this uniform rotationa
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standad of rest andlocal standad of rest(LSR) for the locationof the Sun. Their rotationveloci-
tiesaredeterminedby the potentialaccordingto (2.7). Oneshouldthink thatthe meanvalue of the
(galactocentricallyjangentialvelocitiesof a spatiallyconstrainedsampleof starsshouldequalthese
circular velocities. However, for non-\vanishingvelocity dispersiorthis is not the case.Instead the
meanrotation velocity is falling behindthe circular velocity value,a phenomenorknovn asasym-
metric drift. In termsof the epig/cle approximation|t canbe understoody rememberinghatthe
epigycle ellipseis aretrograderotation. Thusstarson the outward part of their epigycle ellipseare
moving slower thantheir guiding center whereaghe inverseis true on the inner part. Asymmetric
drift thenresultsfrom therebeing,at ary location,morestarsfrom the insidethanfrom the outside,
andthisin turnis dueto two effects:

e Theexponentialdecreasén densityof the starswith radiusmeanghatat somedistancenside
of agivenradiustherearemorestarsthanat the samedistanceto the outsideof it.

e Thevelocity dispersionitself is decreasingvith the distancefrom the Galacticcentey sothat
starsfrom smallerradii reachfartherout thanthosefrom largerradii reachin.

Quantitatvely, we cangive an empiricalformula (“Strombeg’s relation”) for the asymmetricdrift
v, = v — U, Wherev denoteshe actualmeanvelocity of a stellar population(seee.g.Binney &
Tremainel986[11]): ,
Vg = %a

andop is thedispersionn theradialdirection.

The commonway of determiningthe LSR is to considerdistinct stellarpopulationswhich have
differentvelocity dispersionsto calculatethe meanmotionfor every oneof these andto extrapolate
to the caseof vanishingvelocity dispersion.This programhasbeencarriedout by Dehnen& Binney
1998[31] for the HIPPARCOSdata,giving the motion of the Sunrelative to the LSR as

whereD = 80km/s (2.18)

Us = 10.00 £ 0.36 km/s
Vo = 5.23 +0.62 km/s (2.19)
Weo = 7.17 £ 0.38 km/s

whereU, V, W arevelocity componentsowardsthe Galacticcenter in the directionof Galacticro-
tation and in the vertical towardsthe north Galactic pole, respectrely. In the literature, thereis
widespreadagreementor the valuesof Ui and W, whereagmostauthorsgive valuesin the range
of 10 — 20 km/sfor V;, (seee.g.Mignard2000[68] for arecentexample).Thisis dueto anincrease
of thetangentialvelocitiesat very smalldispersionsleadingto thesehigh valuesin the extrapolation.
But smalldispersionsorrespondo very youngstars,andaccordingo Dehnen& Binney 1998these
have to be excludedwhenextrapolatingto vanishingdispersionbecauseery youngstarsarenot yet
kinematicallyequilibrated(they belongto moving groupsand so still bearmemoryof their parent
cloud), or the validity of Strombep’s relationbreaksdown. Usingonly lessyoungstars,Dehnen&
Binney arrive atthe quotedvalueof about5 km/sfor V;;,. Correspondinglythe slopeof Strombeg’s
relationcomesout higher soDehnen& Binney obtainthevaluefor D of 80 + 5 km/squotedabove,
whereasusually~ 120 km/shave beenassumedbefore.

If the Galaxyis not completelyaxisymmetric the definition of the LSR is lessclear sincethere
areno longeruniquelydefinedcircular velocities. In fact, we will withdraw to a purely operational
definition of the standard®f rest,by doinglocal averagingandcorrectingfor asymmetriarift in the
describedwvay. It is possiblethenthat sucha standardf resthasradial andvertical component®f
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motion, which cannotoccurin the axisymmetriccase. In addition, theremight be sometangential
componentelative to some(generallyill-defined) uniform rotation.

2.3.4 Oort constantsand the differ ential rotation of the Galaxy

Thekinematictheoryof Galacticrotationhasbeendevelopedby JanHendrikOortin 1926/27[73, 72].
He introducedtwo of the constantsnow bearinghis namewhich measurehe effect of differential
rotationon thelocal velocity field.

Definea standarf restsystemfor every point r of the disk anddenoteits velocity by vgg(r).
Take a specialone of theseframes,e.g. the one at the Sun’s positionrg, asthe LSR andcall its
velocity visg. Then,if (z,y) relateto somecoordinatesystemcenteredn r,, the relative velocity
field w(r) := vggr(r) — visr in theneighbourhoof r; canbewrittenas

Owz Owg
or O
w(r) = (awy 8jy> (Z) +0(d2)

or Oy

o k+ca—>b T ”
—. (ku_c) <y>+0(d), (2.20)

whered = |r — rg| = /2% + ¢
k andb have the physicalmeaningof the divergenceand vorticity of the relative velocity field,
respectiely, whereas; andc arecomponent®f its sheartensor:

V-w =2k (2.21)
[V x w], = 2b (2.22)
cC a
Tij = 8Z~wj + 8jw,- - 6ij Zam’wm =2 < ) (2.23)
po a—c)/ ..
ij

Expressinghe Oort constants:, b, ¢, k asderivativeswith respecto R andy is a matterof algebra,
cf. appendixE.

Wheneer, asin the caseof a purely circularrotation,we have a uniquerotationcune v.(R) =
Rw(R), we alsodefine

1 _dw 1 /v dv
A= __RZ=—-{=z_ _c> .
2RdR 2 (R dR (2.24)
1 _dw 1 /v, dv,

For thepurelycircularvelocity field, we have k = ¢ = 0 anda = A, b = B. In fact,k = ¢ = 0 holds
for ary axisymmetricandstationarydisk, whereas: andb reduceto forms similar to (2.24),(2.25),
true, but with v, replacedby the meanrotationvelocity v (cf. appendixE). Soa = A andb = B
requirealsongglectionof the asymmetriadrift. In generalwe have to distinguishbetweend and B
andthetrue Oortconstants, b, ¢, k.

Takingcomponent®f eqn.(2.20)alongtheline of sightandalongthetangentwithin the Galactic
plane(in directionof increasingGalacticlongitudef), we obtainto first orderin d:

1
Vg = gd-w = d (k+ ccos 2l + asin 2/)
(2.26)
(dxw), = d(b+acos2l— csin2/)

ISR

vp =



20 CHAPTER2. GENERALASPECTS

whered = (z,y)! asabase. We will usethis formulaasa meango determinethe Oort constantsn
sectior4.3.

Obsenationally the Oort constantan be determinedpy usingrelations(2.26), via measured
propermotionsor via line-of-sightvelocities of starsin the solarneighbourhoodOnerecentstudy
of this kind is Feast& Whitelock 1997[42] who usedHIPPARCOS propermotionsof Cepheids.
Sincethe HIPPARCOS missionis basedon a referenceframe constitutedof extragalacticsources,
thesedatashouldbe morereliablethanearliermeasurementseeKerr & Lynden-Bell1986[55] for
areview). Feasi& Whitelockobtained

a = 14.82 £ 0.84 km/s/kpc
b = —12.37 £ 0.64 km/s/kpc
Accordingto a new analysisby Olling & Dehnen2003[71], all earlierdeterminationf the Oort
constantoverlooked a modemixing effect asone major sourceof systematicerror. Their own de-

terminationusinga sampleof starsfrom the ACT/Tycho-2catalogsyield valuesfor a, b andc which
dependhighly ontheageof the stellarsample For old red giantstars they get

(2.27)

= 15.9 + 1.2km/s/kpc

“ (2.28)
b = —16.9 + 1.2km/s/kpc

Therearealsoindicationsfor a non-\vanishinge, which hasnot beenfound by Feast& Whitelock.
Olling & Dehnenobtainc = —9.8 + 1.2 km/s/kpc

Ignoring possibledifferencedetweers, b and A, B, we cancalculatethelocal w andthe slopeof
therotationcuneviaw = A — B anddv./dR = —(A + B), giving with the Feast/Whitelocklata:

wo = 27.19 +0.87 km/s/kpc (2.29)

dve
— ) = —-244+1.2 .
( dR)O km/s/kpc (2.30)

This would meana slight declineof the rotation curve, which might be a local phenomenon.No
decline,butinsteada slightriseis implied by Olling & Dehnens values.
By puredefinition,we have
—-B 1 dlnwv, K2 1
— -1 = = 231

A—-B 2 ( dlnR) 4?2 ( )
Mosttextbooksfeaturearelation(“Oort-relation”) equatinghis quantityto theratio of the square®f
the velocity ellipsoid axes, at leastin the limit of vanishingvelocity dispersion.However, this does
nothold in anon-axisymmetrigalaxy andavailabledataindeedshav problemswith this equality:

e For aflat rotationcurve, —B/(A — B) = 1/2 exactly, andfor a slightly decliningrotation
curwe, thevalueof —B/(A — B) is smallerthan1/2. Thisis, accordingly whatis obtained
from the Feas®& Whitelockvalueswhereaghoseof Dehnen& Olling give something> 1/2.

e The theoreticalexpectationfor the axis ratio is a value somevhat larger than 1/2. This is
dueto higherordercorrectionsarisingfrom the velocity dispersionwhich shouldprevail over
the effect of a declining rotation curve and causea value of the axis ratio > 1/2 (Kuijken
& Tremainel994[61] and1991[60]). However, obsenrationsindicatea value significantly
smallerthan1/2, e.g.Dehnen& Binney 1998[31] found0.4.

%To avoid confusion,we will alwaystake theterm “radial” asrelatingto a galactocentricoordinatesystemandrefer

to radial velocitiesin the heliocentricsenseas line-of-sight velocities. The readerbe warnedthat this is not a common
corvention,though.
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This hasbeena puzzlefor sometime (cf. Evans& Collett 1993[41]). We will have moreto sayon
this problemin section4.2.

2.3.5 Thetrue velocity distrib ution

v [km s7']

u [km s™]

Figure2.6: Distribution f (u,v) inferredfrom HIPPARCOSdatafor late-typestars.Thetwo ellipses
indicatethe suggestedimodality the velocity of the Sunis denotedby ®. Takenfrom Dehnen1999

[27].

We mentionedalreadythat the Schwarzschilddistribution is only a very crude approximation.
Reconstructionsf the true distribution in velocity spacefrom HIPPARCOSdatahave beencarried
outby Dehnenl998[25], wheremuchmorestructurehasbeenfound. In particular whenconsidering
early-typestars,the smoothdistribution is supersedetly moving groups(seeEggen1996[36, 37)),
which probablyreflectthe clusterorigin of stars. Furthermorehe distribution shavs a bi-modality
which hasbecomeknown asthe “u-anomaly”, especiallyfor the late-typestars. If (u,v) denote
velocity componentswith respectto the LSR in the direction the Galacticcenterand of Galactic
rotation,respectiely, the anomalyconsistsof an additionalpeakaround(u, v) = (—40, —20) km/s
in the (u, v)-planedistribution, seeFig. 2.6. Therespecire starsarelaggingbehindthe meanrotation
andhave anoutwardradialmotionwith respecto the LSR. This anomalywasalsonotedby Raboud
etal. 1998[82] in theirindependenanalysisof the HIPPARCOSdata.

Dehnen2000[28] explainedthis bi-modality by a resonantnfluenceof the Galacticbar (seealso
Fux 2001[46] andQuillen 2003[81]). If the Sunis just outsidethe OLR radius,a bi-modality will
naturallycomeaboutby the differentalignmentbehaiour of the dominantorbits insideandoutside
the OLR (seeTable2.2). Starsin the solarneighbourhoodrom the insidewill be ontheretrograde
partof theirepigycle orbit, andthuslag behindthe mean(LSR) rotation.If thephaseangleof the Sun
with respecto the baris chosenappropriatelyasin Fig. 2.7, we canattaina meanoutward motion
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Figure 2.7: Closedorbits (solid curves) just inside and outsidethe OLR of a rotating centralbar
(hatchedellipse). The circles (dashedcurves) depictthe positionsof the ILR, CR and OLR (from
insideout) for circular orbits. Note the changen the orbits’ orientationat the OLR, resultingin the
crossingof closedorbits at four azimuths. A possiblepositionfor the Sunis shavn asfilled circle.
Thebarangle¢ is indicatedfor the caseof a clockwise-rotatingbar Takenfrom Dehnen2000[28].

for thesestarsandthusexplain the u-anomaly This will work if the phaseangley is in the range
10° — 70°, whichis however alreadyconstrainedy otherevidenceto lie betweer20° and45°.



Chapter 3

Bar Influence on the Velocity Distrib ution
In the Outer Stellar Disk

As we have mentioned the bar of the Milky Way may influencethe stellarvelocity distribution in
the solar neighbourhoody resonanfphenomena.ln particular the so-calledu-anomalymay be a
consequencef the location of the Sun shortly outsideof the OLR radius,seesection2.3.5. The
galacticharmightalsohave somerelevancein explainingthevertex deviation andtheanomalousxis
ratio velocity-dispersiontensoy which we mentionedn section2.3.1.

In Dehnen2000[28], simulationsveremadefor alocalizedstellarsampleyepresentinghe solar
neighbourhoodin thisthesiswe will follow this approacHurtherby investigatinghevelocity distri-
bution in its spatialvariability. Our primaryinterestis in the low-ordermomentsof this distribution,
i.e. the mean(streaming)velocity andvelocity dispersion.In particular we wantto quantifywhether
theinfluenceof the Galacticbar may explain the aforementioneénomaliesthe vertex deviation and
velocity-dispersioraxis ratio, obsered for the old stellarpopulations.Our approachappliesto the
kinematicsin the solar neighbourhoodwhile at the sametime it constitutesa completelygeneral
analysisof thebarinfluencein a stellardisk.

3.1 Simulation of bar influence

Sincewe do not want to constructa self-consistentnodel of the Galaxy we just study the stellar
dynamicsfor a simplemodelpotential. In orderto arrive at (stationary)equilibrium, we slovly add
to the underlyingaxisymmetricGalactic potentialthe non-axisymmetriccomponenwf the bar (the
barmonopoleis assumedo be alreadyaccountedor by the Galacticpotential). We do not pay very
much attentionto the inner parts(inside co-rotation),andwe neglectinfluencesof vertical motion,
so our modelis two-dimensional. The calculationconsistsof orbit integration of a large ensemble
of phase-spacpointsrepresentinghe initial equilibrium. This numericaltechnique which may be
calledrestrictedNV-bodymethodis equivalentto first-orderperturbatiortheory sincethe self-gravity
dueto thewakeinducedby theperturbatior(bar)is neglected.After theorbit integrations thevelocity
momentsatary time arecomputedrom the phase-spacgositionsof thetrajectories.

23
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3.1.1 Sampling
The samplingof theinitial phase-spacpointsis doneasdescribedn Dehnen1999[26], usingthe
distribution function (eq. (10) in [26])

w(RE) E(RE) w(RE)[L — L.(Rg)]

HEB.L) = R o2 (Re) &P o2(Rp) :

(3.1)

wherew(R), k(R), and L.(R) arethe azimuthalandepigycle frequeny andangularmomentumof

the circular orbit at radius R, while Rg, is the radiusof the circular orbit with enegy E, seeeqn.
(C.8). With this choicefor thedistribution function, the collisionlessBoltzmannequationis satisfied
att = 0 (sincef depend®nly ontheintegralsof motion E and L) andthe surfacedensityandradial
velocity dispersiorof the disk follow approximatelythosegivenwith the parameterfunctionsX(R)

ando(R), respectrely. Here,we assumexponentialdor bothof them:

S(R) = Seelfo B/ g(R) = g o R/ Ko (3.2)

If not statedotherwise we chooseR, = Ry andRx = 0.33Ry, Ry beingthe distanceof the Sun
from the galacticcenter We alsosetoy = 0.2vy by standardwhereu is thecircularvelocity at Ry.
In this way, samplef K = 107 initial phase-spacgointsarecreated.

Sincethe samplecorrespondso the stellardisk, we might introducesomeoutercutof to reflect
the disk truncationwe describedn section2.1. However, to avoid the introduction of additional
poorly knowvn parametersve ignorethis here.

3.1.2 Model Potential and Orbit integration

Orbit integrationandadiabatiogrowth of a quadrupoléaris donesimilarly to Dehnen2000[28].
Thegalacticbhackgroundpotentialis choserto give a power law in the velocity curve

8
wl®) =0 (7) (33)
namely:

Bo(R) = (3.4)
Uolnl% (B=0)

The power-law index is restrictedto 5 € [—1/2,1] with 8 = 1 and3 = —1/2 correspondingdo,
respectiely, the harmonicpotentialandthatof a point massatthe origin.

For the barpotential®; = ®;(R, ¢, t), we only useits quadrupolesincehigherpolesaremuch
lessimportantat large radii. Following Dehnen2000[28], we set

@-(£)") (R< Ry
Dy = —Ap(t) cos 2¢ x (3.5)

3
(%) (R > Ry)
whereR;, is the sizeof thebar The angley is definedin the framerotatingat patternspeed?; (see

Fig. 3.1). The strengthA, of the bar is increasedrom 0 to avalue A; duringtime 0 < ¢ < t;
accordingo

(B e B 1Yyt
)= A (e -2+ Devg), e=20 -1 36)
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and staysconstantat A, = A; after¢;. With this functional form, ®; andits first and second
time dervative are continuousthusrepresentingdiabaticgrowth of the barand ensuringa smooth
transition. Thefinal barstrengthA is controlledvia the dimensionlessnodelparametety

Ay Rb>3
a = 0 3.7
31)8 (RO ’ (3.7)

whichis theratio of the forcesdueto ¢; and®, atgalactocentricadiusRy onthe bar's majoraxis.
Our standarcchoiceis o = 0.01. Somepropertiesof this potentialarelistedin appendixC.

Orbit integration is performedon the sampledparticlesin the co-rotatingframe up to a time
to > tp usinga 5th orderintegrator cf. appendixB. In contrastto Dehnen2000[28], we integrate
forwardin time. Theonly effect of working in therotatingframeis onesinglemodificationin oneof
the equationsf motion (cf. appendixA), which is incorporatednto the integrationkernel. Particle
statesare denotedby their phasespacecoordinatess consistingof the valuesof R, andof the
momentapr andp, = L, which areidenticalin therotatingandtheinertial frame. We gettheradial
andtangentialvelocitiesu andv of the particlesin theinertial framesimply by

U = PR, v=L/R (3.8)

3.1.3 Calculation of velocity moments

The (p, ¢)th momentof the velocity distribution at positionr is definedas
Mpy(r,t) = /du dv uPv? f(t,x=r, v) (3.9)
= /dx dv 6(r — x) uPv? f(t, x, v) (3.10)

with v = (u,v), whereu andv denoterespectiely,theradialandazimuthalvelocity componen{see
Fig. 3.1). We do not know the value f (¢, x, v) of the distribution functionat ary time ¢ > 0, but
insteadhave arepresentate sample{x(t), vk ()}, k = 1,..., K of phase-spacgoints.

Severalmethodshave beenappliedfor evaluatingthesemoments.Thesimplestis to computethe
momentintegral (3.10)via Monte-Carlointegration,resultingin

MtOt 1 (|Xk — I'|>
M, = — Pl 3.11
pe(T, 1) I74 zk: 2 w o Uy Uy, (3.11)

wherewe have replacedthe §-function in equation(3.10) by e;Qw(|xk — r|/ex) with the weight

function
2

T
where# is the Heaviside function. The parametek; givesthe radiusover which the kth trajectory
contributesto themomenintegrals. We adjusted, suchthataconstantumberof sampledrbitswas
expectedo fall in theareaof radiuse;, centeredn x; by theassumedxponentialsurfacebrightness
distribution of thedisk.

In practice the zeroth first andsecondnomentsareestimatedn this way. Fromthesethemean
velocitiesandvelocity dispersiortensot canbe obtainedasfollows:

w(d) (1—d%) 6(1—d?), (3.12)

u = MIO/MOO, v = M01/M00 (313)

!Notation: o2, etc.arecomponent®f thetensora?, whoseeigevaluesare the squaes of the velocity dispersionsn
the principaldirections.Notethato 2, maywell be negative.
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Figure 3.1: Geometryof the rotation of the galaxy anddefinition of coordinatesystem. Note that
positive valuesof radial velocity u aretakento point inwardsandthatazimuthangley is measured
from thebaraxisin themathematicallyositive sensebut againsthedirectionof barrotation(modulo
180°). Also shawn is avelocity dispersiorellipsoid exhibiting a (positve) vertex deviation £,,.

o2 = My _ ( Mio 2 o2 = Moz _ [ Mox 2
uu " Moo Moo/ * “vv 7 Moo Moo )
(3.14)
2 _ 2 _ M MioMoy
Ouy = Oyy = Moo M2

All thisis donefor spatialpointsonagrid.

Oncethe orbit integrationis done,onecaneasilyswitchto a modelwith initial distribution func-
tion f1 # f by weighting eachorbit with the ratio f;/f, which accountsfor the factthat the tra-
jectorieswereactuallysampledrom f. However, for this methodto be useful, theratio f1/f must
not becometoo large, becausatherwisethe momentestimatesare dominatedby a few orbits with
large weights. Sinceby virtue of the collisionlessBoltzmannequationthe valuesof the distribution
functionsareconsered alongthetrajectoriestheratio f;/ f is consered, too, andcanbe evaluated
attime ¢ = 0, whenthe distribution functionscanbe computedvia equation(3.1). In this way, we
did a switch to exponentialdiskswith velocity dispersionsyy smallerthan0.2vy (the valuefor the
samplingdistribution functions),suchthat f1 / f < [0.2v/00)? (for oo > 0.2vg, theratio f; / f hasno
upperlimit).

3.1.4 Fourier componentsof velocity moments

To seewhatis goingon, it is usefulto do a Fouriertransformon theazimuthalangley. We applythis
to themeanvelocitiesanddispersiortensorelementsafterwe calculatedhemin theusualway (3.13
and3.14),exceptthatthis time we do notuseaweightingfunction,but take binsin R andy. Thishas
theadditionaladantagethatevery calculatedarticlecontritutesto thefinal result. We useadiscrete
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Fouriertransformof thefollowing kind:
<,0J cos My,

N
Z
ik (3.15)
2

(10] sin meyj,

Cm —

Sm =

ZIM ZI

whereyp; = 27j/N. This givesanapproximate=ourier expansion

n—1

flo) = 5 + ? cosny + Z Cm COS MY + Sy, SIN YY), (3.16)

m=1

wheren = N/2 and N is supposedo be even. This hasbeendonefor N = 32 in 25 radial bins.
Sincewe have anazimuthaln = 2 symmetry we expectall coeficientsof oddindex m to be zero,
which they turn outto bewithin theirerrors.

We alsoconstructan estimateof the surfacedensity: by dividing the numberof sampledorbits
perbin by the sgmentareaof the bin, andapplythe Fouriertransformto this quantityaswell.

3.1.5 Error estimation

We employ a bootstrapmethod: the calculationdeadingfrom the datasetof every radial bin to its
Fouriercoeficientsareredonéor arbitrarysubsamplesf thisdataset. Therms-scattein theoutcome
of mary suchcalculationgyivesa measuref theerror.

3.1.6 Integration timesand models

Usually we follow our modelsup to 18 bar rotation periods,after the bar hasgrown adiabatically
within thefirst 5 periods.We alsodid onemodelwith averylong integrationtime of 120barperiods,
wherewe alsoallowed a longertime of 10 periodsfor bargrowth. In absolutetime, the bar period
is fixed by our choice of the OLR radius. Our favouredvalueis 0.92R,, and adoptingthe IAU
recommendedaluesof Ry = 8.5 kpc andwvy = 220 km/s, this meanghat one bar rotation period
correspond$o roughly 128 Myr. Soour standardntegrationtime of 18 periodsis equivalentto about
2.3 Gyr, thelong integrationtime of 120 periodsis in therangeof a Hubbletime.

3.1.7 Symmetriesand the questionof stationarity

In orderto check,whetheror how far our distributionshave reachedh stationaryequilibriumstate we
emplg/ a symmetryconsideration As notedby Fux 2001 [46], equilibrium velocity distributionsin
anm = 2 symmetricpotentialhave a symmetry

f(Ra (pauav) = f(R,’/T - Y, —U,’U), (317)

which is a consequencef theazimuthalm = 2 symmetryandthetime-reversalsymmetryof stellar
dynamicsin conjunctionwith stationarityof the distribution function. We canturn this agument
aroundand usethe degree of symmetryas a measurgfor stationarity A quantitatve measureof
the symmetrycanbe obtainedin the obviousway by subtractingcorrespondinglistribution function
valuesover a grid in phasespaceanddoing a quadraticsum over the grid points. Resultsof these
kind of analysisareshawvn in Fig. 3.2. As canbe seenthe simulationsshaved only a smallincrease
in asymmetryof 15% above the noiselevel (asgiven by theinitial stateaswell asa very long-time
simulation),which droppedrapidly afterbargrowth is finished.
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Figure 3.2: Evolution towardsstationarityasmeasurede the symmetry(3.17) for differentmodels
(arbitraryunits, horizontalaxisis time in barrotationperiods).Modelsshavn have Rorr /Ry = 0.8
(squaresymbols)and Rorr/Ro = 0.92 (triangles),and usual(filled symbols)or long integration
time (opensymbols). Bar growth is taking placein thefirst 5 periodsfor normalandin thefirst 10
periodsfor the long integrationtime. In addition,the valuefor the sampledstartingdistribution at
t = 0 is shawvn, indicatingthelevel of significance.

3.2 Results

Kuijken& Tremainel991[60] gave ananalyticalexpressiorfor the behaiour of the meanvelocities
undertheinfluenceof a non-axisymmetrigerturbationof multipole orderm in alinearapproxima-
tion. For our casethisyields(in a co-rotatingframewherep = @mertia —2st)

- a(R)v3 30, —w sin?
3R (w—QILR)(w—QOLR) L

(3.18)
a(R)v3 40, — w
6R (w—OQmwr)(w—Q0LR)

= vy — cos 2¢,

whereQr andQorr referto the circular frequenciesat the radii of the inner and outer Lindblad

resonanceanda(R) = 3A4;/vZ (Ry/R)? is definedsimilarly to (3.7). For a flat rotation curwe,

w = vg/R. In ourrangeof interestequationg3.18)aredominatecby apoleatthe OLR.
Theresultsof our simulation,presentedelown, agreeroughly with theseexpectations:ithe mean

velocitiesshav modulationsu o« sin2yp, v o« cos 2y in the co-rotatingframe. The sign of the

modulationssarieswith radius,signchangeshouldindicateresonanced-or thedispersiortensorthe
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situationis similar: theoff-diagonalcomponenshavs asin 2 perturbationthediagonalkcomponents
acos 2¢p.

3.2.1 Fourier analysis

Sincewe have anazimuthalm = 2 symmetry all coeficientsof odd index m areexpectedto van-
ish, what they do within their errors. Furthermorejn the underelopedstatebeforebar growth, all
coeficientsexceptthosewith m = 0 are,by constructionzerowithin their errors.

The m = 0 components(Fig. 3.3):

The dashedines in Fig. 3.3 representhe initial axisymmetriccase,which shavs an exponential
declinein X aswell asin thediagonalcomponent®f velocity dispersiortensor The meanazimuthal
motiondeviatesfrom the circularspeedyy by the asymmetridrift, which is strongerfor large oy, as
expected.The meanradialmotionvanishesasrequiredfor ary stationarymodel.

The solid lines in Fig. 3.3 shawv the radial run of the m = 0 componentsn the barredcase.
Apart from the componentdor % anda?2, , which have to vanishfor stationarymodels somesignsof
perturbatiorarevisible, the strongerthe smallergy.

First of all, we learnthatdispersie effectsarequite efficient in drawving resonance-induceéa-
turesaway from the actual position of the resonance.Whereasfor small velocity dispersionthe
associatiorof thefeatureswith theOLR at Rorr = 0.92R, is clearlyvisible, they appeatn thehigh
dispersioncaseat a radialrangeof 1.1 to 1.4 Ry, wherenaiely onewould not attribute themto the
OLR.

In particular we have a bumpin the v-curve outsideof OLR, which becomesnore explicit with
decreasinglispersionwhile roughly keepingits absolutemagnitude.In contrastto this, the asym-
metric drift asthe dominantdeviation of v from the nominal rotation velocity vy diminisheswith
decreasinglispersion Thereis asimilarbumpin o2, whereasve have atwo-fold featurein o2,.

Mostof theperturbatie featuresn them = 0 componentareinducedby theoppositeorientation
of thenearcircularorbitson eithersideof theresonance.

The m = 2 components(Fig. 3.4):

Becauseof the symmetryof the problem,we expectthe m = 2 componentgo be the dominant
ones.As for everym > 0, we have onemoredegreeof freedomhere,sincewe have a cosine-anda
sine-componengseeFig. 3.4),or equivalently anamplitudeanda phase.

The cosine-termf 4 and o2, aswell asthe sinetermsof %, v, o2, and 2, vanish(within
their error), which is to be expectedfrom equation(3.17) for a stationarymodel. The behaiour of
theremainingnon-\anishingtermsagreesoughlywith the expectationfrom simplelineartheory cf.
equation(3.18). In particular we seeindicationof the polesat the OLR radius,thoughthey are,of
coursesmoothedver. However, therearetwo significantdeviations. First, asog increasegfrom left
to right panelsin Fig. 3.4), theresonanfeaturesareshiftedaway from Ror,r to largerradii andare
alsosomavhatsmoothedut. Secondthereis anadditionalfeatureat R ~ 0.6 Ry, in particular for
©. Wheninspectingthe orbits of starsdominatingat this radius,we find thatmary belongto anorbit
family associateavith the stableLagrangepointsL 4 andL 5, seeFig. 3.5. Theseorbitscanreachradii
far beyond co-rotationand,in a frameco-rotatingwith the bar, performa retrogrademotion around
the Lagrangepoints. They thusresultin areducedv at azimuthsperpendiculato the barandhence
leadto a positive cos 2¢p component.
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Figure3.3: m = 0 Fouriercomponent®f velocity distribution in the undevelopedstatebeforebar
grownth (dashedcurve andin the final state(solid red curve, plottedagainstradius. Left, middle,
andright panelshave oy = 0.05v9, 0.1vy and0.2v, respectiely. The plottedvaluesareactuallyhalf
the Fourier coeficient, i.e. the first termin expansion(3.16). Units on the vertical axesare particle
numberperareafor surfacedensity’: andv, for thevelocities. The modelshavn hasan OLR-radius
of 0.92Ry, correspondingo a CR of 0.539 R, (dashedverticallines).
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Figure3.4: m = 2 Fourier cosine(solid redline) andsine (dashedgreenline) componentsplotted
againstradius. Panelsasin Fig. 3.3. For suriacedensity?, the valueshawvn is relative to the undis-
turbedm = 0 value. Units on the vertical axesarew, for velocitiesu andv andw? for thes’s. OLR
andCRareat0.92R, and0.539R, respeciiely (dashedvertical lines).
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Figure3.5: Orbit nearco-rotationthatcirculategheL 4 pointin aretrogradesensganti-clockwisefor
a clockwiserotatingbar). The baris indicatedby a line, while the dottedcirclescorrespondo CR
andOLR. In ourmodel,aconsiderabldractionof starsis trappedn orbitsof this family, resultingin
thesomevhatpeculiarrun of the velocity momentqFig. 3.4).

Higher-order components(Fig. 3.6):

Them = 4 componentareusuallysmallerby at leasta factor3 comparedo them = 2 modes but
they aresignificantlydifferentfrom zero.In contrasttheanalyticalmodel(3.18)hadno excitation of
highermodesatall, sincemodecouplingis notincludedin alinearapproximation.

The excitation of the m = 4 modesfollows the overall patternseenin the m = 2 case:in
accordancevith the symmetryrequirementswe have a sin(4y) in u ando?2,, anda cos(4¢y) in all
the othercomponentsseeFig. 3.6. Our signal-to-noiseatio is in therangeof 3 -5 for them = 4
case,andlessfor higherorder componentsso surelythe significanceof our modelis peteringout.

Neverthelesssomem = 8 modesdo seento bediscerniblestill.

3.2.2 Variation of parameters

Doubling the bar strengthleadsto a doubling of the magnitudeof the effects. This is true for the
differencedbetweerthe undevelopedandfinal stateaswell asfor Fouriercoeficients.

Changingthe bar size,i.e. the parameteiR;, in (3.5), producessomelocal variationsin the mag-
nitude of the effects, but it doesnot shift themin location. Of coursethis is to be expectedif the
locationis determineddy resonanceonditions.

Variationof thedisk scalelengthdoesnot seento have ary strongeffects,whichis to beexpected,
sinceit only slightly affectsthe samplingof the orbitsbut notthe dynamics.

Theshapeof thevelocity curve hasa mild effect: we tried modelswith aslightly rising (5 = 0.1)
orfalling (8 = —0.1) velocity profile,andfoundvery similar resultsasfor g = 0. (Notethatwe kept
the OLR radiusfixed, so modelswith differentvelocity profiles have differentrotationfrequencies
of the bar, cf. appendixC). Thisis expected oo, sinces essentiallycontrolsthe distancedbetween
variousresonancegrowing wider for larger ), while mostof our resultsaredominatedby a single
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Figure3.6: m = 4 Fouriercosine(solid redline) andsine (dashedgreenline) componentsplotted
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theundisturbedn = 0 value. Again, OLR andCR areat0.92R, and0.539 R, respecirely (dashed
vertical lines).
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resonancehe OLR.

3.2.3 Dispersionaxisratio

Fig. 3.7 shavs theratio of the principal axesof the velocity dispersiorellipsoid, i.e. the eigewvalues
o1, of thetensoro?. For aflat rotationcure, this ratioiis often expectedto be 0.5. Indeedit canbe
shawvn (seefor exampleBinney & Tremainel987[11], ch. 4.2.1(c))thatin the undisturbedcase(for
whichoy = oy, andog = oyy)

o2 K2 1 dlnv
lim 2 =—=-(1 ¢ 3.19
o002 402 2 ( + dlnR) ’ (3.19)

wherek is the epigycle frequeng, cf. eqn.2.31. This relationis often given without the limit and
thenreferredto asOort’s relation. It is, however, importantto notethatthe errorin Oort’s relationis
considerablalreadyfor og = 0.2vy (Evans& Collett 1993[41], Dehnenl1999[26]), which means
thatusingit for theold stellardisk of the Milky Way is, at best,dangerousThis canbe seenclearly
from Fig. 3.7 shaving thato2 /o2 for the unperturbedtasesignificantlydeviatesfrom 0.5 for awarm
stellardisk (o9 = 0.2vg).

After formationof the bar perturbationwe have large variationsin this quantity For oy = 0.2vg
andat R = Ry, the valuesaregenerallysomeavhat higherthanOort’s value 0.5 but smallerthanfor
anundisturbedlisk. For directionsthatareroughlyalongthe bar (¢ ~ 0), this ratio risessharplyjust
outsidethe solarcircle to valuesreachingashigh as0.8.

It is instructive to take a look at the samequantitiesfor a smallervelocity dispersionof oy =
0.05v¢ or 0.1y, (left andmiddle panelsof Fig. 3.7). Firstof all, theaxisratioin theundisturbedcase
(dashedine in the right panels)is muchcloserto Oort’s value of 0.5 here,asexpected. Generally
the obsenedfeatureshave smallerwidth, i.e. they arelesswashedut by dispersionput the effect of
thebar, i.e. thedifferencebetweerthe solid anddashedines, is still similar for the differentvelocity
dispersionsgvenquantitatvely. Thus,thedeviation of o2 /o2 from Oort’s valuemay be decomposed
into a velocity-dispersiordependenterm, which consistsof a generalelevation of only mild radial
dependencanda barinducedterm, which variesspatiallyand appeargo be negative for the solar
position.

As a consequencdor mildly warmstellardisks(o < 0.2vp), theratio o2 /o in the solarneigh-
bourhoodmaywell dropbelon Oort’s value.

3.2.4 Vertex deviation

Theso-calledvertex deviation )

0, = % arctan 0_12;"%02 (3.20)
is theanglebetweerthedirectionof thelargestvelocity dispersiorandtheline to the Galacticcentey
seealsoFig. 3.1. For axisymmetricequilibriummodels £, = 0.

In Fig. 3.8,we plot £,,, computedrom Fouriercoeficientsupto m = 2 only in orderto eliminate
short-scaldluctuations.We find thatthe barinducedvertex deviation decreasewiith increasingve-
locity dispersiorfrom upto ~ 30° for g = 0.05v¢ to 5° —10° for oy = 0.2v. In thedirectionof the
barandperpendiculato it, £, = 0, asexpectedfrom symmetry For moderatelywarm stellardisks
(o0 = 0.1vg) thevertex deviation atazimuthanglesbetweer)® and90° (includingthe solarazimuth)
is positive at andinsidethe solarcircle andnegative for somerangeoutside.The actualradiuswhere
the sign changeoccursis obviously coupledto the OLR, but againshiftedto the outside.For a cold
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stellardisk, the barinducedvertex deviation displaysaremorecomplicatedpatternandmayreachas
highas40°.

Obviously, the vertex deviation is antisymmetricwith respectto ¢ — (7 — ), whereasthe
velocity dispersioraxisratio is symmetric. This is a simpleconsequencef symmetry(3.17),which
in particularimplies (¢2,,, 02,,02,) + (02,, —02,,02,).

uv? v vv uu? uv?r» v

3.3 Discussion

Radialmotionsu of standardof restcanbe seento occurquite frequently (seeFig. 3.9), andcan
reachmagnitudesof the order of about0.02vy, correspondingo about5 km/s for the Milky Way.
Becauseof the sin 2¢ dependencethesewould be maximalat ¢ = 45°, which is quite nearthe
proposedoositionof the Sunof ¢ = 30°. In its radial dependencéowever, @ swingsthroughzero
shortly outsideof the OLR, andit may well be thatthe Sunjust meetsthatpoint. Sowe cannotgive
a definitepredictionfor the barinducedradial motion of the LSR here,notevenby signonly, except
thatit shouldbevery small (at mosta few km/s).

Obsenational evidencefor radial motion of the LSR is unclear From measurementsf line-
of-sight velocitiesof gasin the outer Galaxy Blitz & Spegel [13] postulatedn 1991 an outward
maovementof theLSR of aroundl14 km/s. Contraryto this, Metzger& Schechte994[67] concluded
from line-of-sightvelocitiesof carbonstarsin theanticentedirectionthatthe LSR is moving inwards
at6.6 + 1.7 km/s. A recentstudy(Gould 2003[51]) basedon halo subdvarfs excludesradial LSR
motionsgreaterthan2 km/s. If this holdsindeed,jt wouldfit very well with our results.

i - | - |
0 \ | =
05 o —
> - - |
1 - —
15 | | |
1 0 1
X

Figure3.9: Meanradial velocitiesup to m=2. Thebaris indicatedby the solid line in the centerand
is supposedo rotateclockwise.Thedashedine is thesolarcircle (alsoservingasunit length),dotted
linesareco-rotationandouterLindbladresonances.

Variationsof the meanazimuthalvelocity arealsopresentput herewe have to dealwith several
perturbatioreffects, the dominantonefor realisticcasedeingtraditionalaxisymmetricasymmetric
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Figure3.10: Modificationsof tangentialelocitiesup to m=2, notincludingasymmetriarift.

drift. We canconstruct pictureof thebarinducedv-modificationsonly (seefFig. 3.10)by subtracting
v in the underelopedcasebeforebargronth, thusalsocancelingasymmetriadrift. However, thisis,
of coursejmpossiblefor real galaxieswhereonly the combinationof circularspeed LSR motion),
asymmetriadrift, andbarinduceddrift is measurabléin principle). In obserationaldata,the effect
of asymmetridrift canbe correctedor, asdoneby Dehnen& Binney 1998[31], by calculatingv for
stellarpopulationswith differentvelocity dispersionandextrapolatingto vanishingdispersion.This
approachhowever, cannotbe appliedto the barinducedperturbationsn v, since,ascanbe seenin
Fig. 3.3,therelative magnitudeof the barinducedwiggle keepsconstantat about2%, independenof
velocity dispersion.So, aslong asonly local measurementsre available, thereis no way to discern
the barinducedazimuthalvelocity perturbationdrom variationsin the backgroundrotation curve,
andsoit will beratherhardto drav ary obserationalconstraintgrom the meanazimuthalvelocities.

Our calculationshav thatfor anequilibriumin abarredMilk y Way, with barorientation strength
andpatternspeedconsistentvith otherdata,a vertex deviation of the sizeanddirectionasobsered
emepgesnaturally Moreover, we alsofoundthatfor dynamicallycoolersub-populations,e. blueror
youngerstars,the barinducedvertex deviation increasesn amplitude,very similar to the obsered
values.

This givesstrongsupportfor the hypothesighatthe vertex deviation obseredin thesolarneigh-
bourhoodis predominantlycausedby deviations from axisymmetryratherthan from equilibrium.
This explanationalsonaturallyaccountdor the factthat/, for youngstarshasthe samedirectionas
for old oneswhich with the traditionalexplanationwould be a chancecoincidence.

The axis ratio of the (principal componentf the) velocity dispersiontensory o2 /o2, is clearly
affectedby the centralbar In particular valueslessthan0.5, Oort’s valuefor a flat rotation curwve,
arepossible(Oort’s valueis a lower limit for anaxisymmetriogalaxy seesection3.2.3andEvans&
Collett 1993[41], Dehnen1999[26]). This nicely fits to the valuesinferredfrom HIPPARCOSdata
(Dehnen& Binney 1998[31]), whichgive 03 /a2 ~ 0.4 for theold stellardisk.



Chapter 4

Further Studiesof the Barred Model

In this chapterwe review somefurtherstudiesve have donewith our model. Frequentlywe usedthe
puresamplinghere,without any evolution in the barredpotential. First we will saysomewordson
theasymmetridrift, which ratheramountgo somethindik e a consisteng check. Thenwe will have
somedetaileddiscussioron thevalidity of the Oortrelation,andfinally we reporton our attemptsof
constructinghe Oort constantgor our model.

4.1 Understandingthe asymmetric drift

The value of the parameterD in Strombeg’s relation (2.18) refersto the solar neighbourhoodpf
courseandD will in generaldepencbn thepositionin thedisk. In Fig. 4.1, we shav againthemean
tangentialvelocitiesin the unperturbedlisk, i.e. beforebargrowth, for a variety of input dispersions.
Usingthe (uu)-componenbf the velocity dispersiortensorof our unperturbedsample we cancon-
structthe parameterD of Strombeqg'’s relation, which we alsoshav in Fig. 4.1. It turnsoutto be
independentf theinitial dispersiomrmeasurer, andto beaninverselinearlaw D = 1/(C; + C2R)
in RadiusR. A linearregressioronthevaluesyieldsC; ~ —0.27 £+ 0.2, Cy =~ 2.54 +0.2.

Turningto theory we canderie from the Jeansquationghefollowing expressiorfor theasym-
metricdrift velocity (cf. Binney & Tremainel987[11], sect.4.2.1(a)):

= LTy Olnleow,) B OvRD: ) (4.1)

wherep is the spatialdensity Assumingthat

o thelastterminducesno strongR-dependenceayhich probablyholdsto somedegree.For adisk
symmetricaboutthez = 0 planeit shouldvanishexactly:.

e o2, andp arebothexponentialdn thedisk, sothatd In(po2,)/0In R < R, andfinally,
e theshapeof thevelocity ellipsoid doesnot changevery muchsothato?2, /o2, = const.,

we do indeedgetaninverselinearlaw for D, independenof the dispersiormagnitude.If we take a
look at1/D in the developedcaseafterbargrowth (Fig. 4.2), we find againsomeresonanstructure,
largely a reflectionof thosein v ando2,. It is getting sharperand at the sametime growing in

magnitudewith decreasingelocity dispersion Also, we find the now familiar phenomenothatwith

rising dispersiorit is increasinglyshiftedto theoutside.

39



40 CHAPTER4. FURTHER STUDIESOF THE BARRED MODEL

7‘ T T T T ‘ T T T T T L [ -1

V/Vo
vo/D

0.85 —

0.8 — g, = 0.05 -
r a, = 02 b
r g, = 0.25 B

0.75 — —
7‘ 1 1 ‘ 1 1 ‘ 1 1 uil
0.5 1 1.5

R/R,

Figure4.1: Asymmetricdrift in one of our sampledmodelsbeforebar gronth. Left panelshavs
the meantangentialvelocity for variousinput dispersionsyight panelshows the inverseof the D-
parameteof Sttombeg’s relation(2.18)reconstructedvith the modelsdispersiortensorcomponent
o2,. Error barsfor oy = 0.05 areleft outin theright panel,but arelarge. Errorsare propagation
errorsfrom the bootstraperrorsconstructedn section3.

4.2 Discussionof the dispersionellipsoid axis ratio

As mentionedn theintroduction,it is oftenclaimedthat 2, /o2, shouldequalthe quantitygivenin
egn.(2.31). Thinking aboultit, we seethatit is actuallythreedifferentquantitieswhich areidentified
by this:

e theaxisratio of the velocity dispersiorellipsoid, o2, /02,,, for which Dehnen& Binney 1998

uu’

[31] foundavalueof 0.4. In appendixF, we gainanexpressiorfor this from first principles.

o thequantityin (2.31),i.e.—B/(A— B) for theOortconstantsiefinedwith thecircularvelocities
accordingo egns(2.24)and(2.25),aslong assuchdefinitionis meaningfulin someway. This
is exactly equalto 1/2 for aflat rotationcurve, < 1/2 for a decliningand> 1/2 for arising
rotationcure.

YWriting o2, /o2, meanghatwe simply take the ratio of the correspondinglispersiortensorcomponentswhereasn
chapter3 we diagonalizedhis tensoffirst. It is shavn in appendix- thatthe differenceis of secondbrderonly.
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R/R,

Figure4.2: Sameasright panelin Fig. 4.1, but for the developedcaseafterbargrowth.

e —b/(a — b) for thetrue Oort constantslefinedusingthe actualstellarstreamingmotions. The
obserationalsituation(if smalleror largerthan1/2) is notclearin this case.

In the generalcase neitherof thesethreeneedsto coincidewith ary other In a non-axisymmetric
galaxy —B/(A — B) mightnotevenbedefinable(sincecircularvelocitiesarenot), andfor o2, /02,
and—b/(a — b) thereis absolutelyno reasorto equaleachother cf. eqns.(E.8), (E.9) and(F.14).

But evenif werestictoursehesto theaxisymmetriccase all threemight be different.Indeedwe
have then,from (E.8) and(E.9):

—b 1 dlnv
=—(14——= .
a—b 2 ( +d1nR> (4.2)
whichis to be comparedo expression2.31)for B/(A — B) andto expression(F.18)for ¢2,/02,:
—-B 1 dlnwv,
A-B 2 (1 * dlnR) “43)
2 —
O 1 < dlnv  Ayy, 1 d )
= - — —(RpA 4.4
o2, 2 dnE 102, T pRool. dR (T PARRY) (44)

e —b/(a—b) coincideswith —B /(A — B) only if we ngglectthedifferencebetweerv andv,, i.e.
the asymmetriadrift. For aflat rotationcurve, —B/(A — B) = 1/2 exactly, while we obtain
usings = v. — vg(R)

—b 1 R dv,

o b 2 WdR (4.5)




42 CHAPTER4. FURTHER STUDIESOF THE BARRED MODEL

andsinceuv, is adecreasindgunctionof R, —b/(a — b) will belargerthan1/2.

o Thedifferencebetweerns?, /o2, and—b/(a—b) in theaxisymmetriccases foundin appendix-
to consistof termsinvolving somethird moments As alreadystressedby Cuddeford& Binney
1994[20], thesearein no way negligible. This is alsothe problemwith derivationssuchas
in Binney & Tremainel987([11], sec.4.2.1(c)), where,apartfrom the disk beingstationary
andvertex deviation beingnggligible, it is namedasa prerequisiteéhatthe velocity distribution
needso be symmetricin v — ©. This simply doesnot hold for realisticvelocity distributions,
andthe mentionedhird momentsameasurdhe extentof violation of this symmetry
Thecorrectioninducedby thethird momentss positive, soo?2, /o2, is still largerthan—b/(a —
b).

e Forthisreasong?, /02, is alsodifferentfrom —B/(A — B).
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Figure4.3: Comparisorof quantitiesusuallyidentifiedin the Oortrelation. The valuesshavn relate
to our unperturbednodelbeforebargrowth, i.e. to anaxisymmetricregime. The curvesfor o2, /o2,
arethesameastheonesof theunperturbeanodelin Fig. 3.7. Thequantitiy—b/(a — b) is constructed
accordingto (4.5) with v, = o2,(C; + CoR) usingthe valuesof section4.1. Becauseof the flat
rotationcurve, —B/(A — B) = 1/2 constantly

Fig. 4.3shavs thethreequantitiesfor the unperturbedaxisymmetric)statebeforebargrowth for
our modelwith flat rotationcurve: botho?2, /o2, and—b/(a — b) arelargerthan—B/(A— B) = 1/2.
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Therun of bothcunwesis similar, but thefirst oneis shiftedupwards.Sotheeffectof thethird moment
termsseemdo beroughlyconstanin R andpositive.

Regardingthebehaiour with varyingoverall dispersionywe seethedifferencedetweerthethree
curvesvanishasdispersiorgetssmaller Obviously, not only the asymmetriadrift, but alsothethird
momentggetsmallerwith o¢. However, we seethatthe dispersiormustnot be greaterthan~ 5% of
therotationvelocity for anequalityto hold approximately

Whetherthe Oort relationmay be usedin obserationalmeasurementr ary of the quantities
involved shouldthus dependon the dispersionof the stellar populationused;aslong asthis is in-
deedsmallenough,it may be justified. However, this is only true aslong asnon-axisymmetriegre
excluded,andthe fact that measurementsf the dispersionaxis ratio generallyyield values< 1/2
which axisymmetrictheory cannotexplain mustbe taken asa clearhint that non-axisymmetrieare
important.We saw in section3.2.3thatbarinducedvariationsof theaxisratio maygenerallybelarger
thanall the axisymmetriceffects,andthatthey alsomayyield valuesfor o2, /o2, smallerthan1/2.

4.3 Oort constants

4.3.1 Determination of the Oort constants

We alsotried to determinethe Oort constantsn our model. After someunsuccessfuattemptswe

foundthatthe bestway to do this is to useeqn.(2.26). Sowe take the samplepointslying within a
certaindistancentenal arounda position(Ry, ¢o) — representinghe possiblepositionof the Sun—

andtransformtheir velocity componentsccordingto eqn.(H.13) in appendixH. Egn.(2.26)then
suggestshatwe againapply adisreteFouriertransformof thekind of eqn.(3.15). For this, we assign
the samplepointsto a numberof binsin Galacticlongitude/ asseenfrom (R, o), andcalculate
meanvaluesandstandardleviationsof v4, vy for eachbin. In orderto improve theresult,we employ

somex-o-clipping, i.e. we iteratvely exclude points which differ from the meanby more thana
certainfactor s timesthe standarddeviation o. After that, we performthe Fouriertransformon the
meanvaluesof v, andv,. The Oort constantshouldthenappearasthe zerothand secondrFourier
coeficientsin this expansionaccordingto (2.26).

However, nottakingpropercareof asymmetridrift inducesanm = 1 mode,andthisis dominat-
ing the behaiour of v andwv, asafunctionof £, seeFig. 4.4. In orderto seehow this comesabout,
let us startfrom the transformatiorformula (H.13) of appendixH for v4; andv, andexpressthemas
functionsof ¢ usingeqgns.(H.2) and(H.4). We assumean axisymmetricGalaxywith a flat rotation
curve but we allow for asymmetriadrift, so

vr=0, v,(R)=v9—v.(R), (4.6)

wherewe approximatehe asymmetridrift to first orderin distance:

. ov
va(R) ® va0 + Do - (R— Rg)  With  wgg := v4(Ryp), Do := 81; (4.7)
Ro
Thisyieldsthen
1 — Val D .

Vipg = —Vao Sinf + EUO Y ;;— 0F dsin 2/ (4.8)
0
ﬁva

1y — —D 1vg — D
v = —EUO ’Ua;)%o ofo d — vgp cos £ + 5’00 vag%: oty dcos 2 (4.9)

~ > ~ >

=b =a
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Figure4.4: Meanvelocities(in units of vy) of the samplepointslying in aring aroundthe presumed
location of the Sunin the unperturbednodel before bar growth. Upper panelshaws line-of-sight
velocity, lower panelthe tangentiacomponentisa function of GalacticlongitudeZ. Also shavnis a
reconstructiorof the dataout of its first threeFouriercomponentggreencurves, the expectationfor
thesecurvesaccordingto eqgn.(2.26) usingsomeobserational valuesfor a andb (red curves, and
how this is matchedf the Fourierreconstructiorleavesoutthem = 1 terms(blue curves. Finally,
we shawv thetheoreticalresulteqgns.(4.8) and(4.9) with valuesfor v,o, Dy appropriatenere(yellow
curves.

As we cansee,thereare two effects: oneis the appearancef the m = 1 terms,the otheris a
modificationin the Oort constants. For the latter, the effects of the value and the gradientof the
asymmetridrift will tendto canceleachotherfor b (remembetDy < 0,v49 > 0), whereasothwill
leadto an overestimatiorof a by A = vy/(2Ry). Therefore the shift inducedby asymmetriadrift
will bemuchgreaterfor a thanfor b (Lewis 1990[63]).

Them = 1 termsarisefrom usingthe“wrong” rest-framevelocity vy in eqn.(H.13),whererather
vy — veo Shouldhave beenusedasthe correctLSR-velocity insteadof vy. Hadwe usedeqn.(H.13)
with vg — vy — 49, We would have arrived at expressiong4.8), (4.9) withoutthe m = 1 terms.
Neverthelessjf we simply ignorethe'm = 1 componentwe canstill useeqn.(2.26) to read off
the Oort constants.Thatthis is justified canbe seenin thata reconstructiorof the curve usingonly
the zerothand secondmomentsmatchesup ratherwell with the expectedcurve accordingto (2.26)
usingthe Feast/Whitelock/aluesfor a andb (red andblue curvesin Fig. 4.4). We plottedrelations
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(4.8),(4.9)into Fig. 4.4aswell (yellow lines),theagreemenof thesecurveswith the simulationdata
shawving thatour analysiss correct.

4.3.2 Oort constantsin the unperturbed sampling

In Fig. 4.5, we shav the Oort constantdeterminedn this way asa function of distanced, i.e. the
radiusof the ring usedfor calculation.Ideally, we shouldtake the limit d — 0, but in practicewe
have to choosesomeappropriatevalue. As we canseein the figure, thereis a slight variationwith
d, andsincewe know thatin this axisymmetriccasec andk shouldvanish,we cangainafeeling of
the uncertaintiesnvolved. In particular we seethatwe shouldchoosed not too small. Evaluation
was donearound(Ry, pg), wherethe choiceof ¢, shouldnot matteraslong aswe considerour
axisymmetricsampling.Doing the evaluationfor differentvaluesof ¢, givesa measureof the error
again.

Whatwe canseein Fig. 4.5, above all, is thata differs considerablyfrom the valuedetermined
by Feast& Whitelock (dottedlinesin thefigure), wherea® moreor lessagrees.Also, with smaller
dispersionyaluesfor a arerising, whereaghosefor b areessentiallyjunchangedThis illustratesthe
factthatasymmetriadrift affectsa strongerthanbd. In contrastto obserationalvaluessuchasFeast
& Whitelock, we have |b] > a in our model,which is clearsince|b| — a = —(a + b) equalsthe
gradientof thevelocity curve (cf. eqn.(2.30);notethatfrom eqns(E.8)and(E.9),—(a + b) continues
to equalthe gradienteven if non-axisymmetriesire taken into account),which is effectively rising
dueto asymmetridrift. However, in obserationalmeasurements is rathercommonto find |b| < a
(seeKerr & Lynden-Bell1986 [55]), indicating, as we have mentioned,a locally falling velocity
curve. Thus,if obsenationaldetermination®f the Oort constantareindeedaffectedby asymmetric
drift, onewould have to assumehatthe velocity curwe intrinsically, i.e. with regardto theunderlying
Galacticpotential,is evenmorestronglydeclining.

Olling & Dehnen2003[71] find |b| > a, but their valuesagreelesswith our predictions. Of
courseonecanspeculateéhatthis is dueto non-axisymmetriperturbation®f thereal Galaxy

Regardingthe spatialvariability of the Oort constantswe repeatedur evaluation(choosingd =
0.06, hereandalwayshereafterfor severalpoints(R, ¢), againy beingirrelevantandproviding error
barsonits variation. Theresultis shavn in Fig. 4.6. Both ¢ andb shav a decreasén absolutevalue
with R, resultingprimarily from the inverse R-dependencasa =~ vy/(2R) ~ —b in the roughest
approximationWhethertheirregularitiesseenn the curve areartifactsof the samplingor have some
meanings notclearatthis stage.

4.3.3 Oort constantsin the perturbed state

Switchingnow to the barperturbeddisks, we canfollow the sameprogramand determinethe Oort
constantasfunctionsof position. This time, hovever, dependencen azimuthangleis alsorelevant.
We shaw a selectionof resultsin Fig. 4.7. Most remarkablds a rangeof negative & andc nearthe
OLR radiusat azimuthsy ~ 30° for smallervelocity dispersions.This is in accordancevith the
negative c of —9.8 km/s/kpcwhich Olling & Dehnen(2003[71]) have foundin their determinatiorof
theOortconstantdor theold stars(Olling & Dehnerdid notdeterminek). We includetheir valuesin
thefigurehere.

Perhapslsointerestingn this caseis theratio —b/(a — b). We foundin section4.2thatit should
alwaysbe largerthan1/2 in the outerdisk of an axisymmetricgalaxy (which it turnsout to be for
thea, b constructedibove). In the barperturbedlisk, however, we find regionswhereit reachesvell
belov 1/2, seeFig. 4.8. Furthermorewe seethat, unlike the axisymmetriccase the differenceof
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Figure4.5: Oort constantsat Ry in the axisymmetricsamplingasa function of distanced (in units
of Ry = 8.5 kpc) usedfor determiningtheseas Fourier coeficients of line-of-sightvelocity v4 or
tangentialvelocity v,. Symbolsare: a determinedrom v, (filled triangles, red), or from v, (open
triangles,magentg, b (filled squaes,greer), ¢ determinedrom v, (filled pentayons,blue), or from
vy (Oopenpentgions,cyarn), k (filled hexagons,yellow). Scaleon the verticalaxesis in unitsof 2y =
25.88 km/s/kpc.Also shavn arethe Feast/Whitelock/aluesfor a andb (dottedredandgreenlines).
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Figure 4.6: Spatialdependencef Oort constantdn the axisymmetriccase. Evaluationwas done
within aring aroundd = 0.06 Ry. Symbolsandunitsasin Fig. 4.5.

—b/(a — b) from 1/2 doesnot decreassvith velocity dispersion.The obserationalsituationhereis
not clear: wherease.g.the Feast& Whitelock valuesgive —b/(a — b) =~ 0.46, Olling & Dehnens
valuesyield =~ 0.52.
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azimuthanglesy andfor threedifferentvelocity dispersionsSymbolsasin Fig. 4.5. Also shavn are
theobsenrationalvaluesfor a, b, ¢ thatOlling & Dehnen2003([71] foundfor old stars(red,greenand
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Chapter 5

Influence of Spiral Structure

Sincethedisk of the Galaxyis notsimply asmoothaxisymmetridoackgroundut bearsotherstructure
aswell, one hasto askhov much our barinducedeffectswill be coveredby other effects. Most
prominent,of course,arethe spiralarms. In this chapter we wantto extend our modelto include
somespiralstructure.

A recentstudyon the combinedeffectsof barandspiral perturbationson a stellardisk wasdone
by Quillen 2003[81].

5.1 Generalremarkson spiral arms

5.1.1 Origin and nature of spiral structure

Clearly spiralarmscannotbe madeup of the samestarsfor long, because¢he differentialrotationof
the disk would wind themup within a shorttime. They areusually seento be trailing with respect
to the rotation of the galaxy thoughthe ambiguity of the inclination anglein the deprojectionof a
galacticdiskin the sky procludesa determinatiorof the orientationof thearmsin general.

Early researcherthoughtthatspiralstructures causedy interstellamagnetidfields. Todayit is
clearthatthesefields areby far not strongenoughfor this. Bertil Lindbladrecognizedhatthe spiral
structurearisesthroughthe interplayof orbital kinematicsandgravitational forcesof the disk stars,
butit wasnotbeforetheworksof C. C. Lin andF. Shuin the1960g64, 65] thatthisview gainedwider
acceptanceTheseauthourgegardedspiral structureasa wavelike, gravitationally supportediensity
oscillationpropagatinghroughthe differentially rotatingdisk. Winding-upwould be avoidedby the
self-gravity of the arms. The formalismof density-vave theorydevelopedfrom this (seee.g.Bertin
& Lin 1996[5] for areview) did notonly allow to modelspiralstructure put hadfurtherapplications
to disk stability theory aswell. What remainedunclear however, was the extent to which spiral
armsare densitywave enhancements the backgroundstellar distribution, or whetherthey were
predominantlygas-dynamicalthusbeingregionsof enhancedtarformation. Recentstudies(Kranz
etal. 2001[56] and2003[57]) suggesthatmostspiralarmsaretrue stellardensityenhancements.

For a certaintime after Lin and Shus works, it waswidely believed that spiral armsare quasi-
stationarystructureswvhich are stablefor mary orbital periodsandarerotatingwith a patternspeed
of their own. This wasthoughtto be supportedoy the appearancef “grand-design”spiralswith
highly symmetricarms. For these the regularity of the spiral structureseemdo requiresomeglobal
procesdnvolving the entiredisk. Today however, the origin of spiral armsis againlessclear and
probablydifferentscenariogpplyin differentcasesTherearetheorief chaoticspiralarmformation
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(seethereview by E. Athanassould 984[2]), wherethe arm fragmentsaremoreor lessshort-lved
and spatially limited phenomenaausedoy local processessuchas self-propagatedtar formation.
This may apply to spiralswith a flocculentcompleiion wherethe spiral armsappeairirregular and
fragmentedandcannotbefollowedfor morethansomefractionof a circle individually. Ontheother
hand,for the grand-desigrspiralsthe spiralarmsappealin mary casego betriggeredexternally by
tidal interactionwith a satellitegalaxy or througha centralbar.

Aside from an amplitudecharacterizinghe strengthof the spiral arms,an importantparameter
describingthe shapeof the spiral structures the pitch anglep, i.e. theanglebetweerthearmtangent
andtangentialdirection. The simplestmathematicamodel of spiral armsis that of a logarithmic
spiral,wherelines of constanphasearegivenby ¢ o In R, whichis areasonablapproximatiorfor
obseredspirals.

5.1.2 Spiral structur e of the Milk y Way

Varioustracerscanbe usedfor probingthe spiralarmstructureof the Milky Way:

o (l-v1,5)-plotst of CO radio emission,as characteristidfor molecularclouds. SeeDameet al.
2001[21] for arecentsuney.

o (f-uys)-plotsof HI 21 cm emissionseee.g.Hartmann& Burton1997[53].

e spatialdistribution of nearbyyoungstarsasindicatedby CepheidsOB-associationgndHll
regions

e decompositiorof COBE maps(e.g. Drimmel & Spegel 2001 [34]), i.e. primarily the dust
emissionin thefarinfrared

e modelling the free electrondensityfrom the dispersionmeasureof pulsarsignals(Taylor &
Cordesl1993[92)])

While the tangentf the spiralarmsareratherwell-determinedit is usuallymuchlesscertainhow
to connectthe tangents. From (¢-v)ys)-plots, it is in principle possibleto constructthe position of
the featuresin the Galacticplane,at leastup to an intrinsic ambiguity inside the solarcircle. Due
to crowding in velocity space however, tracingof individual arm segmentsis possiblelargely only
outsideor shortlyinsidethe solarcircle.

A classicalstudyin thisfield is by Geogelin & Geogelin 1976[47] who usedHIl datato con-
strainthe spiralarms.Their resultwasa four-armedstructureconsistingof two majorandtwo minor
arms. In addition, the Sunhappendo lie roughly inside the so-calledOrion-Cygnus-armyhich is
interpretecasamerelocalinterarmfeature.Regardingtheproperspiralarms,the Sunis lying roughly
in the middle of two adjacentarms. Pitch anglesof the armswerefound by Geogelin & Geogelin
to beapproximatelyl2®. Taylor & Cordes1993[92] in their studyof the free-electrordensityin the
Milky Way incorporatedcsomeminor modificationsto this picture,originally proposedy Downeset
al. 1980[32] andCaswell& Haynesl987[16]. Theirpictureof the Galacticspiralarms,seeFig. 5.1,
is themostfrequentlyreproducedincethen.

Vallee 2002[93] givesan overview of recentdevelopments:mostauthorscling to a numberof
four spiralarms,thoughvaluesfor the pitch anglevary widely from about6° to 17°. Drimmel 2000
[33] andDrimmel & Spegel 2001 [34] fitted spiral modelsto infrared emissionsas measuredyy
COBE/DIRBE.They suggested four-armedstructurefor the dustemissionin thefarinfrared,while

'Densityplots of line-of-sightvelocity vj.s vs. Galacticlongitude?.
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Figure5.1: Spiralarmstructureof the Milky Way. Circlesrepresentll regions,hatchedareascorre-
spondto thedirectionsof spiralarmtangentsastracedoy thethermalcontinuumandneutralhydrogen
emission.1 — Normaarm,2 — Scutum-Cruxarm, 3 — Sagittarius-Carinarm, 4 — Perseusirm. Taken
from Taylor & Cordes1993[92].

the NIR emission,which is probablydueto older stars,can equally well be fitted by a two-armed
spiral pattern. From external galaxiesit is known (Seigar& Jamesl998[86]) that spiral structure
in the K bandoften beardlittle resemblancéo the oneseenin thevisible, andfrequentlyconsistsof

two-armedmodes.So this could be taken to suggesthat stellarand gasdynamicalprocessesgxcite

differentkindsof spiralmodes.

5.2 Including spiral structurein the model

While in the casesof the bar and galacticbackgroundwe specifieda model potentialdirectly, this
would probablynot be suflicient here.Instead we take a simplemodelfor thespiraldensitystructure
and solve for the correspondingpotential. This is one steptowards self-consisteng althoughwe
cannotyet expectour resultingparticledistribution to reflecttheinput spiraldensity

Kalnajs1971[54] (seealsoBinney & Tremainel987[11]) hasgiven atheoryof how to calcu-
late potentialsof flat diskswhich is especiallysuitablefor spiral structure sinceit usesFouriertype
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expansiongnto logarithmicspiralwaves.In termsof the new radialcoordinate
u=InR, (5.1)

the potential of a flat distribution of matterp(R, ¢,z) = d(2)2(R, ¢) can be written within the
symmetry-planasfollows:

oo 27 , ,
O(R, ) = —% /_Oo dU'/O K(u—u,0—¢)e™ ?5(e, ¢')dy, (5.2)

wheretheintegrationkernel K is
1
v2(cosh(u — u') — cos(p — ¢))’

which hasa nice translationsymmetryin the (u, ¢)-plane. Kalnajs usedthis to develop a Fourier
decompositiorof a disk into logarithmicspiralwaves. However, we foundit easierto calculate(5.2)
directly.

Thespiral structuredensitymodificationis takento be alogarithmicspiral

Ku—u,p—¢)= (5.3)

ou(R, ) = 5spir206_R/REf(R) cos(ku(R) — me) (5.4)

with the sameexponentialdeclineasthe backgrounddisk (3.2) andan amplituded,, relatve to its
strengthy. Theradialwave numberparametek is relatedto the pitch anglep by

m

k= tan(p) (5.5)
andm is the numberof spiralarms. f(R) is someadditionalcut-of function, giving zerooutside
someintenal [R% — AR, R + AR, unity insidesomesmallerintenal [R2 + ARSY, R —
AR, andwhichis continuousup to its secondderivative. We useexpressionsimilarto (3.6)in the
transitionzones.
This structuress finally setrotatingby the substitutionp — (¢ + Qguit).

It turnsoutthatfor this density the p-integrationin (5.2) canbe doneanalytically sothatthereis

only oneintegral left for numericcomputation For detailsseeAppendixG.

5.2.1 Strength of the spiral structure

In the first part of the work (section3), we fixed the lengthandtime scaleof our modelby setting
Ry = 1 andyy = 1. Sofar, we have notdonesofor the massscale,but this is becomingnecessary
now. We have to adjustthe strengthof our spiral potentialrelatively to the otherpotentials.

We dothis by thefollowing considerationsTheaxisymmetridbackgroungotential(3.4),causing
the moreor lessflat rotationcurwe, is a superpositiorof the potentialof the disk andthe dark matter
halo. It seemsunlikely thatthe contritution of the disk to the rotationvelocity nearthe solarcircle is
lessthann = 50 —80%. If we take thediskto bepurelyexponentialin densityasin (3.2)andneglect
for amomentthebarandspiral parts,its contritution to therotationvelocity canbecalculatedoy (see
for exampleBinney & Tremainel987[11])

V7 4 = 4TG0 Ry y* (1o (y) Ko (y) — L1 (y) K1(v)), (5.6)

wherey = R/(2Ry), andI,, K, aremodifiedBesselfunctionsof thefirst andsecondkind. In this
way, equatingu. s 0 77vg, we find out how to relatethe disk densityto the potential.
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‘ Amg[mag] ‘ K ‘ \% ‘ Ospir ‘
0.13 1.127| 0.127| 0.060
0.15 1.148| 0.148| 0.069
0.20 1.202| 0.202| 0.092
0.25 1.259| 0.259| 0.115
0.30 1.318]| 0.318] 0.137
0.35 1.380| 0.380| 0.160
0.40 1.445| 0.445] 0.182
0.45 1.514| 0.514| 0.204
0.50 1.585| 0.585| 0.226
0.60 1.738| 0.738| 0.269
0.70 1.905| 0.905| 0.312
0.80 2.089| 1.089| 0.353

0.90 2.291)| 1.291| 0.392| Table5.1: Luminosity contrastsn magnitudescor-
1.00 2.512| 1.512| 0.431 | respondinglux anddensityratio K andspiralstruc-
1.10 2.754| 1.754| 0.467 | ture amplituded,,,. Also listed is the correspond-
1.20 3.020| 2.020| 0.502] ing variationin surface brightnessV = (. —
1.30 3.311| 2.311| 0.536| %) /X, asusedby Rix & Zaritsky 1995[84].
1.40 3.631| 2.631| 0.568
1.50 3.981| 2.981| 0.598
1.60 4.365| 3.365| 0.627
1.70 4.786| 3.786| 0.654
1.80 5.248| 4.248| 0.680
1.90 5.754| 4.754| 0.704
2.00 6.310| 5.310| 0.726

Whatremainsto be doneis to estimatethe amplitudeof the spiralarm densityvariationsrelative
to the disk density Thereis hardly a way to determinethis from obserationsin our own galaxy
Measurementsnexternalgalaxiesfor exampleRix & Zaritsky 1995[84], foundazimuthalariations
in surfacedensityV = (Zpa — Zmin)/Zmin Of Orderunity, correspondingo ds,, = V/(V + 2) ~
0.33. Ontheotherhand,ElImegreenetal. 1999[38] foundfor ratherflocculentgalaxiesarm-interarm
contrastsn surfacebrightnessn theK bandof Am g = 0.13 — 0.35 mag.In thecaseof granddesign
galaxieswith prominentspiral arm structurethe value could be evenashighasAmg = 0.44 — 2
mag. This correspondindlux ratiosare K = 10%-44™x  which we will alsoidentify with the matter
densityratio of this regions. Our modelparametebs,,, beingtheamplitudeof our spiralarm pattern,
canthenbetaker? to beg—;} (seeElmegreen& Elmegreen1984([39]), orroughly (K —1)/2if K —1
is small. Table5.1lists somevaluesfor the quotedrangeof luminosity contrasts For the following,
we assumehatwe canuseads,; S 0.2, whichwould besuficientto includethegalaxiesexaminedin
Kranzetal. 2003[57, 58]. With our standarcthoicefor thebarstrengthj,, = 0.1 would correspond
to about25% of thebar’s quadrupolestrengtinearthesolarcircle (judgingfrom themaximalgradient
of the spiral potentialnearthe solarcircle).

For our simulationswe try differentvaluesfor 4, in therangeof 0.1 to 0.2.

2Arm andinterarmmassdensitiesn our modelare X + dspir2o andXy — dspirXo, respectiely, sotheirratiois K =
(1 + dspir) /(1 — dspir), which solvesto depir = (K — 1) /(K + 1).
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5.2.2 Other spiral parameters

Literaturevaluesfor the pitch anglep vary from 6° to 20° (Vallee2002[93]). Givenm andp, the
interarmdistanceS atradiusR is givenas

S=R-(em™r—1) (5.7)

We assumea constanpatternspeedor the spiral structure which is not necessarilycorrect. For
thesizeof this patternspeedmostof the newerinvestigationgfAmaral & Lépinel997[1], Mishuros
& Zeninal999[69]; usefulasareview onthis questions Shaviv 2003[88], who postulateslimato-
logical impactsof spiralarm passagedjnd valuesin therangeof Q; = (17 — 30) km/s/kpc,sothat
the Sunis notvery far from spiral co-rotationwhereasearlyworks on the subjectassumedaluesin
therangelO — 14 km/s/kpc. We considertwo possibilities: eitherwe take the bar OLR equalto the
spiralco-rotation,or the barco-rotationequalto thespiral ILR. Thisimpliesrotationvelocitiesof the
orderof either28 or 14 km/s/kpc,respectiely.

A further parametenf the spiral modelis its phase.Sincewe did not really specifythe position
of the Sun,we do not have a phasewith respecto the Sun,but of coursewe have therelatve phase
betweenrspiralpatternandthebar.

5.2.3 Evaluation of results

We now repeatthe simulationsasfor the bar case,i.e. we calculatethe motion of our distribution
function samplewhile adiabaticallyswitching on the bar and spiral potential. Unlessthe rotation
frequencie®f thespiralandbarpatternscoincide,we nolongerhave atime-independenpotentialin
aco-rotatingframe,andthereis nolongerary consered quantityasthe Jacobienegy. However, the
total potentialstill shaws a periodicity with periodZ,, = 27 /| — Qqpil-

It seemghatour simplemethodof takingsnapshotsf the velocity distribution at certaintimesis
notsuficient, but we shouldalsokeeptrackof thetime evolution. We dorthis, but we restrictoursehes
to aregion aroundthe solarcircle in orderto keeptheamountof datamanageableln this region, we
follow the evolution in very small timestepgor onejoint periodT,,. In addition,we alsotake the
usualsnapshotdor the entireoutergalaxy where this time, we have to take careto chooseheright
time for the snapshotsSincewe have seenthatthe Sunlies, apartfrom the Orion-Cygnusinterarm
structure,moreor lessin the middle betweentwo adjacentspiral arms,we shouldtake time points
wherethe relative phaseof spiral structureandbar is suchthatthe proposedocation of the Sunof
trailing aboutp, = 30° behindthebaris lying ata spiraldensityminimum. The conditionfor thisis

: 1 ((2n +m <p@) , (5.8)

B |Qrel| m

whereQ,, = Q. — €y is therelatve rotationfrequenyg of barandspiral pattern.

5.3 Results

We hadto reduceintegrationtimesfor the spiralmodels,i.e. althoughthetime allowedfor switching
on barandspiral structurewasthe sameasin the purebarmodels time snapshotsveretaken earlier
after their completion. The sameis true for the time developmentobsenrationswhich were doneat
similar times. Therefore theremay be transientfeaturesin the resultshere,which we did not have
in section3.2,andwhich would die out if we let the simulationrun longer However, becausef the
spiral perturbationye would never reacha staticdistribution anyway.
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5.3.1 Time snapshots

Resultsof our usualanalysisusing snapshotst a fixed time are shavn in Figs.5.2to 5.5. Since
the spiral structuredestrgs the symmetryrequirementsliscussedn section3 both sineandcosine
coeficientsmaybeexcitedfor any mode.Suchexcitationscanclearlybe seenalthoughsomeof them
mayaswell betransientshbecaus®f the shorterdevelopmentime.

However, the barinducedfeaturesare still discernible,including the washed-oupolesin the
cosinecoeficient of & andthe two-fold featurein the sine coeficient of &, seeFig. 5.3. All in all,
comparingFigs.5.2to 5.5 to Figs. 3.3 and 3.4, we find that the differencesand thusthe effects of
spiralarmsareratherminuscule.

Regardingthern = 0 componentasin Fig. 5.2,we seemajordifferencedo thebaronly casgFig.
3.3) only in the radial velocity componentz and possiblyin the off-diagonaldispersioncomponent
o2,, particularlyfor the smallerdispersions Apart from that, the featureswe foundin section3 are
still here:thebumpin v outsideof thebar OLR, moving closertowardsit with decreasinglispersion
while at the sametime getting stronger;a wiggling featurein surfacedensity}; similar featuresin
thedispersiorcomponents.

Essentiallythe sameis true for them = 2 componentgFig. 5.3): we seethefamiliar polein the
sineof u andthe two-fold featurein the cosineof ¥. Surfacedensityanddispersionrcomponentsre
alsovery similar to the baronly case.The situationchangesery little in the caseof the four-armed
spiral(Figs.5.4and5.5).

Onthe otherhand,if we regarda spiral-onlymodel,wherethe bar strengthis setto zero(Figs.
5.6and5.7),we find indeedthatthereareonly very weakperturbationsat all. Of coursethey do not
bearresemblancéo our barfeatures.

5.3.2 Time evolution

We followed the time evolution of our velocity momentsover the period of the relative rotation
frequeng of bar and spiral pattern,which is the time we expecta periodicity for. Thisis T,,, =
27 /| — Qqi|, @smentionedabore. We presensomeexamplesof resultsin Figs.5.8t0 5.10.

In afirst serieswe regardedthe time developmentin a systemco-rotatingwith the bar (Fig. 5.8
for atwo-armedspiral, Fig. 5.9for afour-armed).We canseeseveralphenomena:

e oscillations
e anunderlyingdrift
e transientse.g.variouspeaksaroundtime ¢ ~ 28.

In orderto singleoutthedrift, we performedhe samedevelopmentor abarmodelwithoutspiral
arms(Fig. 5.10). We find the sameunderlyingdrift but no oscillations. Of course,the transients
cannotbereproduceckither

Sinceour frame of references still the one co-rotatingwith the bar, we expectthe numberof
oscillationsseenduring onerelative periodto bethe numberof spiralarms. Thisis roughlythe case.
Sothe oscillationswe seein them = 2 componentshouldbe a reflectionof the spiral potential.
In a self-consistenmodel, the resultingdensitycontrastshouldequalthat usedfor constructingthe
potential,andthe first onecanfor a two-armedspiral be readoff from the behaiour of them = 2
componenin Fig. 5.8 to be ~ 0.028 £ 0.002 (notethat we cannotreadthis off from them = 2
componenin Fig. 5.3 becausdar contritutions areincludedthere). Comparedwith the valueused
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Figure5.2: SameasFig. 3.3for modelwith two spiralarmswith pitchangle6° andstrengthy,, = 0.1
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Figure5.4: SameasFig. 5.2 but for four-armedspiral.
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for potentialconstructiorof 24, = 0.02, this matchesnoreor less.However, self-consistengcis not
athing we canexpectfrom this kind of modelling.

Regardingthem = 0 componentsit is not clearwhy we shouldseeary oscillationsat all (left
panelsin Figs.5.8,5.9,5.11). However, thereseemto be somein 3 andu. They might resultfrom
theinterplayof the barandspiral patternor perhapshey aremerelytransienfphenomenaswell.

5.3.3 Time evolution in the LSR frame

We repeatedheanalysisof section5.3.2in a systenrotatingwith theLSR, in orderto have a picture
of the evolution of the solarneighbourhooaver time (Fig. 5.11). Again we seeoscillations,but this
time the numberof peaksis somethingmorethan2. In this casethe peaksarecausedy therotating
bar, andthey area reflectionof our formerfindingsof the barinducedperturbationsBecausef the
symmetryof the bar, we expect2 peaksperbar period;the time considereds still oneperiodof the
relative rotationof barandspiral,whichamountgo approximatelyl.11barperiods.Hencewe expect
2.22peaks.The spiral patterndoesnot causeary peakson thetime-scaleof Fig. 5.11,sincewe have
choserspiral CR to lie very nearto the solarcircle. It might, however, contrilute to the drift seenin
thisfigures.

Remarkablythem = 2 componenbf o2, seemgo oscillateat doublefrequeny (seeFig. 5.11).
Firstindicationsof this frequeng doublingmight alreadybe seenin o2, ando2,. The phenomenon
is relatedto thepresencef spiralarmssinceit doesnotoccurin abaronly model.We have notfound
anexplanationfor this.

5.3.4 Variation of spiral parameters

Consideringa two-armedmodelwith a higherpitch angle(Figs.5.12—5.14),we find the resulting
density contrastto be largely enhanced.Olviously, it is easierfor the particlesin the more open
spiral structureto accumulaten the potentialminimum. Similarly, the amountof excitation of bar
symmetryforbiddenmodes,which we believe is dueto spiral structure,seemgo be larger for the
higherpitch angle(compareg-igs.5.3and5.13).

Of course,the spiral inducedperturbationsalso grow strongerwith increasingstrengthof the
spiralstructure however onamuchsmallerscale.

As we notedabove, the numberof spiral armsitself doesnot seemto have a greateffect. Obvi-
ously only local gradientsareimportantfor the kind of kinematiceffectswe areinterestedn, and
thesedo notdependon thelarge-scalespiral pattern.

5.3.5 Vertex deviation and axisratio

Reconstructingobserableslike the vertex deviation andthe dispersionaxis ratio, we get a picture
very similar to the baronly case seeFig. 5.15. Onedifferenceis thatthe vertex deviation no longer
vanishedor o = 0° andp = 90°, whichit hadto in thebaronly cas€for symmetryreasonsHowever
evenin thesecasesit is only in the outlying partsof thedisk (R 2 1.3Ry) thatthe vertex deviation
getssubstantiallydifferentfrom zero,and we canguessthat this holdsfor all the spiral effectson
vertex deviation. Thesamas probablytruefor theaxisratio, which hardlyshavs ary differencefrom
thebaronly resultsexceptin the outermospartsof thedisk.
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Figure5.16: Relatve importanceof spiral andbar perturbationdor variousspiral stregths d,,, and
spiral pitch anglesp. The valuesshavn are somecompositemeasureof the differenceof various
(two-armed)spiralmodelsto the baronly model,relatedto someunperturbedneasures.

5.4 Discussion

With the spiral structuremodels the mostimportantquestionfor usis underwhatcircumstancethe
spiral-inducedperturbationoutweighthe onescausedoy the bar As we have seen,in somecases
spiraleffectsseemto berathersmall. However, they aregrowing with increasingspiral strengthand,
in particular they shawv a strongdependencen pitch angle. It seemshatwhatis decisve for the
kinematicimpactof the spiral structureis the longertime-spanin which particularstars,exceptat
spiral co-rotationradius,feel anequal-signgradientin the moreopenspiral structureof higherpitch
angles.

We tried to be a bit more quantitatve on that. For this purposewe calculatedthe differenceof
variousspiralmodelsto our old baronly modelin the zerothandsecondrourier component®f our
usualquantities(i.e. X, u, v andthe ¢’s). It shouldbe suficient to record(within someinterval in
radiuscenteredn the presumegbositionof the Sun)therangeof the differencein every casejudged
by eye. To getout somemeaningfulnumber we relatetheseperturbatiordifferencedo appropriate
unperturbed/aluesof therespectie quantities.For this, we take, in particular 3(Ry) for all surface
densities, for all velocitiesandv3 for all dispersioncomponentgwhich, sincewy is our unit of
velocities,amountsto doing nothingandtaking the numbersasthey are). Finally, in orderto have
only onenumberper model,we take a simpleaverageover all thesequantities. The resultis shavn
in Fig. 5.16. As canbe seen the dependencen the pitch angleis dramaticwhile the increasewith
spiral strengthis only modest.Roughly the bar effectsarestill dominant,for example,in the spiral
modelwith p = 6°, 5, = 0.1, wherewe geta valueof 1.99 %. The spiral contributionsstartto get
significantatabouttwo or threetimesthisvalue,i.e. at3 — 5 %. Thisis in accordanceavith ourfinding
in section3 thatthe baronly effectsaregenerallyof this magnitude For d.,, = 0.2 anda pitchangle
of 12°, thebarandspiral perturbationsreof similar magnitudefor example.

All thisrelatesto our standardar strengthof o = 0.01, which of coursecanvary aswell.
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Chapter 6

Conclusionand Outlook

In thisthesiswetried to estimateheamountto whichtheouterstellardisk of agalaxyis affectedby a
non-axisymmetribarlike m = 2 perturbation For this purposeye did two-dimensionasimulations
of asampledyalacticdistribution functionin suitablemodelpotentialswith anadiabaticallygrowing
barperturbation(andlater additionalspiral perturbationsiswell) andanalysedhe resultingvelocity
distribution.

The main conclusionof this work is that non-axisymmetriesf the Galaxy or a barin particu-
lar, might be the true reasonof otherwiseunexplainedfindings. As such,we have the factthatthe
velocity dispersioraxis ratio seemdo be smallerthan1/2 by measurementvhereasaxisymmetric
theorywould indicatevalueslarger than1/2. For a flat rotationcurve, axisymmetrictheorywould
alsopredictthat the axis ratio shouldapproacht /2 in the limit of small velocity dispersions.Our
simulationsshav thatthe non-axisymmetrignfluenceof a centralbar may causevaluesof the axis
ratio below 1/2, andthesedeviationswill notvanishwith decreasinglispersion.

Anotherfeaturewhich might be dueto the bar or spiral structureis the vertex deviation of the
local velocity dispersion.The existenceof a non-\anishingvertex deviation seemdairly established
obsenrationally althoughits amounts seernto dependnthestellarpopulation.While for theyounger
starsit may partly bedueto non-equilibriumeffects,we amguedin section3.3thatit is predominantly
causedy non-axisymmetriinfluencesasin our model. At ary ratewe arewell ableto reproducdhe
obsenredrangeof valuesfor the vertex deviation.

As anotherfeatureamenabldo obserationalverification,we mentioneda possibleradialmotion
of the LSR (seesection3.3), which shouldnot be to be too difficult to measure.But, aswe have
seenthe obserationalssituationis not yet clear In our model,radial motionsoccurfrequently but
it seemghatthe Sunhappendo lie neara zeropoint of the meanradial velocity. Negatie resultsin
obsenrationalsearchesor radialLSR motions(Gould2003[51]) would bein accordancevith this.

In section4, we elaboratedn the differencebetweenthe velocity dispersionaxis ratio andthe
expression—b/(a — b) of the Oort constants.The so-calledOort relationclaimsthatboth areequal,
at leastfor small velocity dispersions. We shaved that, althoughin the axisymmetriccasetheir
differencedoesindeedget smallerwith smallerdispersionsthey are completelydifferentthingsif
arny non-axisymmetrieareinvolved.

We also constructedhe Oort constantsn our model. Sincetheseare obserationally not very
well known, it is not easyto draw ary conclusiondrom this. We did however find the possibility of
anon-\anishingandnegative ¢ andk nearthe solarcircle asan effect of the bar perturbationwhich
might alsohave beendetectebserationally in the solarneighbourhoodby Olling & Dehnen2003
[71].

75



76 CHAPTER6. CONCLUSIONAND OUTLOOK

In anothersetof simulationswe includedspiralstructureénto themodel. Hereour primeobjective
wasto find out whetherour bar effectsmight be supersedetly the perturbationgausedy the spiral
arms. We find that whetherthis is the caseor not dependsvery much on the detailsof the spiral
structure,which unfortunatelyare very poorly knowvn. We find in particular that the spiral pitch
angleis of the utmostimportancehere, much more thanthe properstrengthof the spiral structure
asmeasuredy the densitycontrast. With our standardvalue for the bar strength,which we think
is realistic, the rangeof valuesconsideredn the literaturefor the spiral parametersields spiral
perturbationpredominatingver thebar's aswell asthe otherway round.

Observational prospects

With regardto directobserationsof velocity distributions, the mostrelevantdataup to now arethe
resultsof theHIPPARCOSmission,i.e.theHIPPARCOSandTYCHO cataloguesAs we mentioned,
HIPPARCOSdid notmeasurdine-of-sightvelocities,soreconstructinghevelocity distribution is not
straightforvard, but involved somemaximume-likelihoodfitting (Dehnenl1998[25]). Thereis now a
ground-basegrojectcalled RAVE (“RAdial Velocity Experiment”)which will provide the missing
line-of-sightvelocitieswithin the next decaddseethe RAVE White Paper[91]).

While the future of a numberof intermediateastrometricsatellite missions(DIVA, FAME) is
uncertaindueto funding difficulties, therewill certainlycomea goldenageof Galacticastrometry
with the availability of the GAIA data. GAIA is a plannedastrometricsatellitewhich will measure
positionsandvelocitiesof avery large numberof starswith unprecedentedccurag (seetheconcept
andtechnologystudyreportby Perrymaretal. 2001[75]). Launchis plannedfor 2012,datawill be-
comeavailablearound2015to 2020. GAIA will beableto measurgarallaxeswith microarcsecond-
accuray. Fromrepeatedneasurementsver the expectedlifetime of five years,propermotionsof
the starswill be determinedwith an accurag in the rangeof a few to someten pas/yt depending
on spectraltype and apparentuminosity In addition, GAIA will alsomeasurdine-of-sightveloc-
ities. Togetherwith the distance the primary productof parallaxmeasurementshis givesa three-
dimensionaliew of alarge partof the Galaxy andreconstructionsf the actualvelocity distribution
appearmossiblenot only locally, but alsofor nearbylocationsin the Galaxy This shouldallow the
identificationof non-axisymmetriénfluenceontheouterdisk. Non-localmeasurementreessential
for really matchingour resultsto obserations,andonly GAIA will beableto provide these.

Variationsin thetangentialdirectionwould seemmostpromisingwith respecto anexperimental
verification, sincein the radial direction ary bar inducedeffects are supersedethy much stronger
naturalgradients.However, our effectsarenot really large. Our predictionbasedon the long-term
baronly modelwith standardarstrengthwould be a gradientalongthe tangentiadirectionof about
0.3 %/kpcin surfacedensity and 0.9 km/s/kpcor 0.2 km/s/kpcfor 4 andv, respectrely. Whether
gradientdike thatwill bedetectablevith GAIA remainsto beseen|t will atary ratebe closeto the
limit.

For thetime beingit is unclearwhataccuraciesanbe reachedvith GAIA for our purposes.in
orderto matchthe heliocentricobsenationaldatato a Galacticmodel,we mustat somepoint corvert
thevelocity datafrom a heliocentricto a galactocentricsystem.Thatmeansve have to performsome
equvalentof transformation(H.14) in appendixH. Now thesetransformationsnevitably involve the
poorly knovn parameters, and Ry, andthe a priori high accurag of the GAIA datawill getlost.
Recently the uncertaintieon theseparameterareat leastARy ~ +1 kpc and Avg ~ +30 km/s,
i.e.roughly 12% and14%,respectiely (cf. Dehnen2002[29]). Clearly by thetime of GAIA, these
uncertaintiesvill have diminishedwith thehelpof the GAIA datathemselesor from othersources.
However, comparingthe GAIA datato our predictionswill probablyrequireoverall modellingand



1

parametefitting, andthe accuraciesvhich might be obtainedin this processcanhardly be foreseen
today

Judgingfrom theaccurag of the GAIA dataalone,we have alimit onthe magnitudeof the stars
we canusefor our analysis.In particular the line-of-sightvelocitiesdeterminedoy GAIA getvery
inaccuratdor starsfainterthanperhapd 2thor 14thmagnitudgseePerrymaretal. 2001[75]). Since
our effectsareof a seculamature the stellarpopulationusedfor their detectionmusthave a certain
minimum age,andsincebright starshave shortlifespanshis putsa limit onthe distanced from the
Sunup to which sucha programcanbe carriedthrough. Assumingthatwe canuseF starswith an
intrinsic luminosity of M = 2.5, we can,however, certainlygo out to distance®f about5 kpc from
the Sunwithout gettingan uncertaintyin line-of-sightvelocity greaterthan5 km/s. Of course this
would still betoo highin view of theabose-mentionedyradients.

However, evenbeforeGAIA, therewill certainlybe majorprogressn our knowledgeof Galactic
structure In particular large-scalenfraredsuneyslik e thejustcompleted MASSwill have profound
impact. The shapeandextentof the barwill be clarified further, andalsothe fundamentalGalactic
constantsk, andwv, will be determinednoreaccurately A very interestingapproachor the later
is to measurehe propermotion of Sgr A*, which givesa quite sharpbut unfortunatelydegenerate
constrainfor thesetwo parametergseeReidetal. 2003[83]). Ouranalysisof thecombinednfluence
of barandspiral perturbationsvasespeciallyhandicappedby the very poorknowledgeof almostall
parameterpertainingto the spiral structureof the Galaxy We expectthatthe infrared surveys will
improve the situationhereandallow a detailedpictureof the spiral structureof the Milky Way to be
constructedseee.g.Quillen 2002[80] asa first step). With increasingknowledge,our modelcould
berevisitedfrom time to time.
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Appendix A

Lagrangian and Hamiltonian Mechanics
In a Rotating Frame

Considerthe motion of a patrticle of unity massin a rotating potential. Obviously, we have two
differentsetsof coordinatescoordinates; of aninertial frameonthe onehand,coordinates of the
co-rotatingframeon the other Both arerelatedby

T cos 2t —sin 2t 0 Ty
y | = sinQt cosQt 0 yr (A1)
Z 0 0 1 2r

Insteadof Cartesiarcoordinatesve will usecylindrical coordinateg R, ¢, z). Wethenhave R = R;
andz = z; andwe will notdistinguishbetweerthese.ln caseof a constantrotationspeedwe would
have ¢ = ¢ — Qt for therelationshipbetweeninertial and co-rotatingangle,but we will allow for
time dependentotationQ2 = Q(t), sowe only have ¢ = ¢ — Q(t).

Inertial coordinates:

Lagrangian:
1,.
Lr=3 (R2 + R2% + 22) — &(R, 1, 2,1) (A.2)
Thecanonicallyconjugatanomentaare
oL .
PR = o (A.3)
oL .
Por = g5 = R%pr (A.4)
oc .
p:= 52 =4 (A.5)

andthe EulerLagrangesquationof motionread:
0P

_ p_p2y 9? A.6
) fi)
0 = R?pr + 2RRpr + o2 (A7)
Opr
i)
0=3492 (A.8)
0z
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By theusualprocedureof a Legendretransformatiorwe arrive atthe Hamiltonian:

1 1
Hp =3 (p% + 22Pps +p§) + ®(R, 01, 2,) (A.9)
TheHamiltonianequationsof motionread
R = pg (A.10)
) 1
PI = paPor (A.11)
Z =P, (A.12)
. 1 5 0P
PrR = ﬁpw " 9R (A.13)
0P
Doy = ——— A.14
. 0P
pr=—5 (A.15)

They are,of course gquialentto the EulerLagrangiarones.
The Hamiltonianhasthe physicalmeaningof the enegy of the system,but it is not consered
becausef thetime-varying potential:
dH; O0Hr 09

TR TR (A.16)

Co-rotating coordinates:

Notethatthe potentialnow doesnot have anexplicit time dependencdyut is fixedwith respecto the
coordinates.

Lagrangian:
1 /.
£=3 (R?+ R2(p+Q)? + 22) — (R, ¢, 2) (A.17)
Thecanonicallyconjugatemomentaarehere
oL .
— = _R A.18
PR = o (A.18)
oL .
Po = 5o = R* (¢ + Q) (A.19)
oL .
p:= 52 =i (A.20)
andthe EulerLagrangesquations:
.. 0P
=R-Rp+90*+ — A.21
0=R—-R(p+Q)7°+ 3 (A.21)
. o 0P
0 = R*(¢p+ Q) +2RR(p + Q) + E» (A.22)
P
0=2+ o® (A.23)
0z
TheHamiltonianin this cases asfollows:

1

1
H=; (19%z + ﬁpi — 2p,Q +p§) + ®(R, p, 2) (A.24)
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andthe Hamiltonianequationsare

R = pg (A.25)
) 1
b = Zape — O1) (A.26)
z=p, (A.27)
. 1 5, 09
= —p,— — A.28
PR = 75Pp ~ 3p (A.28)
0d
Dp = —— A.29
. o0d
pe = —5- (A.30)
Comparingthesewith egs. (A.10) - (A.15), we seethat the only equationwhich is formally
differentis (A.26).
TheHamiltonianin this frameis notthe enegy, but we seethatfor a uniformrotation{2 = const,
it is consered: I OH
=T = —p Ot A.31
dt ot Py (t) ( )

We call it the Jacobiintegral E;. Whenworking in the co-rotatingframe, it canoften be usedasa
substitutefor theenepy.

The physicalangularmomentumL is clearly the quantityp,,, from (A.4), but we canseethatit
is alsoidenticalto the canonicaimomentumin the co-rotatingframe(A.19). So,writing E := Hj for
theenegy of the systemwe getfrom comparing(A.9) and(A.24) that

Ey:=H=E - LQ (A.32)

From the standpointof Noethers theoremiit is not surprisingthat thereshouldbe someconsered
combinationof angularmomentumandenegy in the caseof uniform rotation,wherethe potentialis
constanin anappropriatelyrotatingframe.

To expressthe physicalquantitiesn co-rotatingcoordinatesusep; = ¢ + Q in (A.9):

1/ 1
E= (72 + R¢*) + @+ B¢ + SR (A.33)
Theangularmomenturnis
L=RYp+Q) (A.34)
andusingthisin Jacobis integral yields
1/. 1
By =3 (32 4 RW) 13— 5RQQQ, (A.35)

whichis formula(2.14).
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Appendix B

Numerical Integration Techniques

For doing the orbit integrations, we first emplo/ed a standardRunge-Kitta technique. Later we
changedo a symplecticintegratorfor greaterspeed.

Runge-Kutta integrator

We usedan embeddedifth-order Runge-Kutta techniquewith adaptve stepsizeaccordingto Cash
& Karp (seePressetal. 2002[78]). In detail, this meanghatfor a systemof first orderdifferential
equationsly /dt = F(t,y) six evaluationsof F pertime stepr areusedto constructtwo different
approximations; andys for y (¢t 4 7) correctto fifth or fourthorderin 7 respectrely. Thedifference
A := |y; — y2| thengivesa measureof the errorand is adjustedafter every timestepso thatthis
erroris smallerthansomeprescribedaccurag e. Thisis achiezed by setting

=7 (i)O-2 (B.1)

In particular we work in cylindrical coordinatesn the co-rotatingframein a Hamiltonianframe-
work, andwe restrictedoursehesto two dimensions.Sothe systemof equationgo be solvedin this
way is eqns.(A.25), (A.26), (A.28) and(A.29).

Symplecticintegrator

Fundamentalsof symplecticintegration techniques

Symplecticintegrationalgorithmsareparticularlydesignedor Hamiltoniansystemstheir distinctive
featureis thatthey presere the symplecticmeasureof phasespaceflows which otherwisemanifests
itself in Liouville's theoremandthe Poincaé invariants. Although this conseration can partly get
lostwhenadaptve timestepsizesareused(Preto& Tremainel999[79]), thisalgorithmsusuallyhave
otheradwantagesin particular they canbearrangedo be completelytime-reversible.

The idea of symplecticintegrationis to split the Hamiltonianinto two (or more) parts, H =
H, + Hp say andto useanalytical solutionsof either part to constructa solution to the entire
Hamiltoniancorrectto higherorderof thetimestepr.

Theequationof motionfor any dynamicalvariable¢ written with the help of the Poissorbraclet

(]
e
5 = leH (B.2)

83



84 APPENDIXB. NUMERICAL INTEGRATION TECHNIQUES

hastheformal solution
E(t+ 1) =e"MER), (B.3)

wherethe operatorPy meandakingthe Poissorbraclet with H:
Py =].,H] (B.4)

Theoperator

1
= 14+7Pyg+ ETQP}QI—F... (B.5)

canbe calledthe time evolution operator Defining A := Py ,, B := Pp,, this givesfor our split
Hamiltonian

S(T) _ eT(A+B)

:1+T(A+B)+%72(A2+AB+BA+BZ)+..., (B.6)
whereasomevariantof Baker-Campbell-Hausdoifformulayields

Sa(1)Sp(r) = e™e™?

= 1+T(A+B)+%72(A2+2AB+B2)+--- (B.7)

As canbe seen the differenceis only secondorderin 7. By splitting into morethantwo parts,the
errorcanbe shiftedto yet higherorders.

Typically, onewould split theHamiltonianinto its kineticandpotentialparts.For thelatter, know-
ing the analyticalsolutionis trivial sincethis partusually doesnot involve the canonicalmomenta.
Themotiondueto the momentum-dependepturtis calleda “drift”, theonedueto the potentialpart
a“kick”. Findingananalyticalsolutionto thedrift partis crucialto theproblemanddeterminesf the
methodis applicable.

Now the calculationfor a timestepis constructedut of kick anddrift solutions. Algorithms of
suchkind arecalled“leapfrogs”,becausef the alternatinguseof kicks anddrifts. Two varietiesare
in use:*KDK” and“DKD”, seeTableB.1.

KDK: DKD:
possible/O pO.SSIbleI/O
. drift by 7/2
kick by 7/2 . .
: . kick by 7/2 | calculation
drift by 7 calculation
kick by 7/2 step adaptr step
kick by 7/2
adaptr :
ossible/o drift by /2
P possiblel/O

TableB.1: KDK- andDKD-variantsof the leapfrogintegration. In DKD, the lastdrift stepmay be
contractedogethemwith thefirst drift of thefollowing calculationstep,if nol/O occursin between.
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Adaptingthe sizeof thetimesteprequiressomecare. A safeway to retainthe time-reversibility
of thecalculationis to obey the following form

s(r,7") =T(x,p,d, V) (B.8)
with somesuitablefunctionT” anda symmetricafunction s of 7 andthe new timestepr’. A possible
choiceis thegeometriomeans(r, ') = V77,

Application to our problem

Sincewe work in the co-rotatingsystemthe relevant Hamiltonianis (A.24). We will useCartesian
coordinatesiere though,sothedrift equationsareasfollows:

Dr = pr (B.9)
Dy = —pzf2 (B.10)
T = pg +yQ (B.11)
Y = py — 282 (B.12)
Their solutionfor developmentin atime 7 is
Py = Py cos QT + py sin Q7 (B.13)
p; = —pgsin Q7 + py cos QT (B.14)
' = (x4 pgT) cos QT + (y + py7) Sin Q7 =
= zcos Q7 +ysinQr +pi7 (B.15)
Y = —(z + py7)sin Q7 + (y + py7) cos Qr =
= —zsin Q7 + ycos Q7 + p;T (B.16)
Thekick equations
0d 0P
= - y = B.17
Pz or’ Py By ; ( )
z2=9=0 (B.18)
have the obvious solution 50 50
Po=Ps— 5T  Py=py— " (B.19)
=z Y=y (B.20)
For adaptatiorof thetimestepwe take
R\ 3
T(R) = f (—) ’, (B.21)
Ry

wherevy is the usualepigy/cle axisratio (2.11)and f is afactoradjustedoncefor every samplepoint
in suchaway asto have aconstanhumberN of timestepger circulation:

f=a
Ve
However, we restrictourselesto changehe stepsizeby factorsof 2 accordingto
2r for T > 2147
=<71/2  T<r1/2Y* (B.23)
T else

2
R~ (B.22)
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Appendix C

SomePropertiesof the Bar Potential

In this appendix,we list somerelationsand somenumericalvaluesfor the bar potential (formulae
(3.4)and(3.5))definedn section3.1. Sinceour usualmodelparameteis the OLR radius,we express
all otherquantitiesthroughthis. For thefollowing define€ := w(Ry) = vo/Rp.

1+8\""°
Rcr = RoLr (1 5 ﬂ) (C.1)
5
1+8)
Rir = Rcr (1 - Tﬁ) (C.2)
1-8 1-8
&:(_RO) _ (14 /1B ( o ) (C.3)
QQ RCR 2 ROLR

Regardingthe axisymmetridbackgroundalone we cangive epigycle frequenyg « andaxisratio -y (cf.
section2.2.1),andtheformal Oortconstants4, B asin (2.24)and(2.25):

k(R) = 4/2(1 + B) w(R), (C.4)

A=3(1-pw(R), (C.6)
B =—1(1+ B)w(R), (C.7)

TheradiusRg of circularorbits of enegy E, which we needfor the sampling,is determined/ia
E = $v}(RE) + ®(Rg), giving

Ro (225)% (8#0)

Rp = 6 (C.8)
Ry eIz (8=0)
Thecorrespondingircularangularmomentuml.(Rg) = Rgv.(REg) is
258\
Lme) - { o (@) T 00 (€9)

Rovg eP/% 3 (B=0)
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For the numerics,we fix our systemof units by settingRy = 1 andvy = 1. For the IAU
recommendedaluesRy = 8.5 kpcandwvy = 220 km/sthisimpliesthatour unit of time is 37.8Myr
andour unit of angularvelocities like 2 p or the Oort constantsis 25.88km/s/kpc.

In the bar potential(3.5), we usually chooseR;, = 0.8Rcgr. Somenumericalfix pointsof the
effective potential (2.8) arising from this arelisted in Table C.1 for our favorite choicesof Rorr.
Notethe substantiaspansetweerthe L1 andL4 radii.

B=0 B =0.1 g =-0.1

RoLr 0.92 0.8 0.92 0.8 0.92 0.8
Rcr 0.538924 0.468629 | 0.496663 0.431881| 0.576932 0.50168
Rir | 0.157847 0.137258 | 0.110412 0.096011| 0.2101 0.182696
Qp 1.85555  2.13388 | 1.87735 2.12898 | 1.83132 2.13565
for Ry, = 0.8 Rcgr, @ = 0.01:

Ry 0.431139 0.374903 | 0.39733 0.345505| 0.461545 0.401344
Ria 0.338705 0.265997 | 0.271794 0.208608| 0.4003 0.320437
R 1 0.635357 0.577576 | 0.61569 0.564951| 0.65584 0.591277
b.(L4) | -0.649918 -0.446123 | 4.6157 4.99445 | -5.81655 -5.74335
Do(L1) | -1.27848 -1.48142 | 3.72694 3.55219 | -6.27957 -6.51261
for Ry = 0.7RcRr, o = 0.01:

R, 0.377246  0.32804 | 0.347664 0.302317| 0.403852 0.351176
Ria 0.276842 0.214385 | 0.216102 0.163722| 0.335145 0.264435
R 1 0.635357 0.577576 | 0.61569 0.564951| 0.65584 0.591277
Di(L4) | -0.419873 -0.0196512| 4.99412 5.64215 | -5.68734 -5.47262
D(L1) | -1.27848 -1.48142 | 3.72694 3.55219 | -6.27957 -6.51261
for Ry = 0.9RcR, @ = 0.01:

Ry 0.485031 0.421766 | 0.446997 0.388693| 0.519239 0.451512
R4 0.393325 0.31413 | 0.324317 0.252993| 0.454348 0.369746
R4 0.635357 0.577576 | 0.61569 0.564951| 0.65584 0.591277
d.(L4) | -0.770978 -0.677596 | 4.4103 4.63199 | -5.884 -5.88721
Dy(L1) | -1.27848 -1.48142 | 3.72694 3.55219 | -6.27957 -6.51261
for Ry = 0.8RcR, a = 0.02:

Ry 0.431139 0.374903 | 0.39733 0.345505| 0.461545 0.401344
R4 0.284943 0.22101 | 0.22321 0.169354| 0.343888 0.271784
R4 0.685896 0.629223 | 0.670794 0.620605| 0.70183 0.638782
d.(L4) | 0.028357  0.6504 5.55374 6.48276 | -5.3126 -4.91444
Dy(L1) | -1.39353 -1.63228 | 3.60243 3.39322 | -6.38571 -6.65521

Table C.1: Importantnumericalvaluesof our barredpotentials. For the definition of the various
parametersf. eqns.(3.3)to (3.5), « is the strengthparameteof eqn.(3.7). Thevaluesof ®.; andR
attheLagrangepointsL1 andL4 fix Figure2.3 quantitatvely.



Appendix D

Coordinate Systemsand the Galaxy

A lot of trouble arisesfrom the fact thatthe Milky Way is rotatingin the mathematicallynegative
sense.This cameaboutby calling the Galacticpole on the northernhemispheref the sky the north
Galacticpole. Whenusinglocal coordinatesystemsgspeciallyin velocity spacethis usuallyresults
in eitheracceptinga left-handedcoordinatesystem,or having oneaxis reversedfrom its naturaldi-
rection. Needlesgo saythat differentauthorsusually choosedifferentconventions. The long-term
remedywould beto swapthe namingof the Galacticpoles.

Nearly all authorscling to the corvention of measuringhe tangentialvelocitiesv, = v in the
directionof Galacticrotation. Onehasthe choicethen,of puttingtheaxisof radialvelocityvg = u in
thedirectiontowardsthe Galacticcenter(i.e.u = —dR/dt), or leaving it to theoutside pbut having the
axis of verticalvelocity v, = w pointtowardsnegatie z or having a left-handedcoordinatesystem.
Sincewe areusuallynot concernediboutthethird dimensionthis lastchoicemakesno differenceto
us. Thereis, however, onemorechoiceto be made regardingthe Galacticazimuthangle.Whereast
seemsiaturalto putits zeroalongthelong axisof thebar;, its directioncanbewith or againsiGalactic
rotation.

We considetthefollowing coordinatechoices:

a) u-axistowardsthe Galacticcentey azimuthy in mathematicakenseput againstGalacticro-
tation. The supposegositionof the Sunof laggingbehindthe Galacticbar by about30° then
simply meansy = 30°.

b) u-axistowardsthe Galacticcenteyazimuthy againsimathematicasensen directionof Galac-
tic rotation. The supposegbositionof the Sunthencorresponds$o ¢ = 150°.

¢) u-axistowardsGalacticanti-centerazimuthy in mathematicasense.
d) u-axistowardsGalacticanti-centerazimuthy againstmathematicasense.

Our favorite choicewill bea), asalreadytakenin Dehnen& Binney 1998[31].

Notethatin casesa) andc), angulaiTmomentaandangularvelocitiesassociateavith Galacticro-
tation(suchasw(R) or £2) shouldcarryanegative sign. Corversely in case$) andd) theconnection
betweerco-rotatingandinertial systemazimuthalangless ¢ = ¢y + Qt insteadof ¢ = ¢y — Qt.
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Appendix E

Calculation of the Oort Constants

Giventhelocal meanradialandtangentiaicomponents: andv of the stellarvelocity distribution in
the Galacticdisk aswell astheir derivativesw.r.t. R andy, we wantto calculatethe Oort constants
correspondingdo that distribution. Apart from the changein the velocitiesthemseles, we have to
accountfor the shiftsin the orientationof the coordinateaxesat nearbypoints.

If e, e, denoteunit vectorsin theradialandtangentialirectionrespectiely, therelative velocity
field w(R, p; Ro, @o) asin eqn.(2.20)for anLSR at (Ry, ¢o) is

w(R, ¢; Ry, o) =
= u(R, ) es (R, p) + 0(R, ) ey(R, ) —
[4(Ro, po) ex(Ro, o) + 0(Ro, po) ey(Ro, o)
= [a(R,¢) — u(Ro, po)] ex(R, ) +
(Ro, ¥o) [€z(R, ¢) — ez(Ro,po)] +
’T)(R, (,D) — E(Ro, (,00)] ey(R, (,0) +

Sl

—

9(Ro, o) [ey(R, ) — ey(Ro, po)] (E.1)
Whereasve caneasilyset
ot ot
aR (ROaQOO) B(P (ROaSDO)

andsimilarly for v, we have to be more carefulwith the basisvectors,sincenowv we have to deal
with the questionof the coordinatesystemorientation cf. appendixD. For themomentwe leave this
choiceopenandtake careof differentcoordinatesystemsy includingsignvariabless; = +1. Sowe
canwrite:

[ez(R, ) — e (Ro, p0)] = s1ey(Ro, o) Ap (E.3)
[ey(Ra (10) - ey(R07 (;00)] ~ 329z(R0a‘PO) A(P (E4)
z = s3AR (E.5)
y = s4R Agp (E.6)

Working out the geometrywe getthe signsgivenin TableE.1for the coordinatesystemsconsidered
in appendixD.
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S1 82 83 84

a + - — -
b) + - +
c) - + + -
d + - + +

TableE.1: Signvariablesfor the coordinatesystemsonsideredn appendixD

Usingthis, we get

w(R,p; Ry, p0) =
[ Ou 1 ou U
= 83113@ + 34?/]—%8—] ez (Ro, o) + 3154y§ey(R0, ®o) +
ov 1 0v
5O + S4yR8 ] ey (Ro, o) + 3234yRe$(R0, ®o) =
| *0R *Rop " 'R | [ * E€7)
- ov 1 0% n i y '
B3R “Rop R
Comparingwith egn.(2.20)andsolving,we obtain
1 o 0v 1 0u
a = 5 (8284E +53@ +S4E8—> (E8)
1 U ov 1 0u
_1 L ou E.
b 2( i RB(p) (E9)
1 ou 1 0v
c=3 ( 3134R+833R E%) (E.10)
1 ot 1 0v
k—§(8184R+838R+84R8 > (E.12)

For a circular velocity field, thereis no radial velocity componentz and no ¢-dependenceso
k = ¢ = 0 and a andb reduceto theformsof A andB in eqn.(2.24)and(2.25),atleastfor coordinate
cornventionsa) andb). Note however, that A and B involve the circularvelocity v., whereas: andb
containthetruemeanvelocity 7, sothereis still adifferencebecausef theasymmetriarift.

"More precisely whenaer eitheroneof @ = 0 or 8/d¢ = 0 holds,thena andb reduceto this forms already If we
have bothu = 0 andd/dy = 0, thenin additionk = ¢ = 0. However, for a stationaryvelocity field, both conditionscan
only occurin conjunction.



Appendix F

Detailed Calculation of the Axis Ratio

Mostderivationsof the Oortrelation,i.e. the equalityof o2, /02, and—B/(A — B), areobscuredy
implicit assumption®f axisymmetryasin Binney & Tremainel987[11] (section4.2.1(c)). Sothe
actualprerequisitegor this equalityare not really clear For this reasonwe will startfrom scratch
here,andcarefullytake noteof every assumptiorwe have to male.
ThecollisionlessBoltzmannequationin cylindrical coordinateseadsasfollows

of of w,0f  Of

o VPR T Rop "oz T
v2 9B\ of 1 od\ of 0B of
7V = =y = = —
+<R oR ) don R(”R“‘P+a<p) o, 020w, (F1)

TheJeansquationsarethe zerothandfirst velocity momentsof this, sowe have to integrateover all
velocity coordinatesafterhaving multiplied with vz, v, or v, asappropriateThis gives

dp | 10(Rpvg) 1 0(pvy) +<9(m7z)

TR or "R op | 02 2

a(ngR) N B(g;?) N % 6(p$—v¢) n 8(/);5—%) +p (g;@ n g%) =0 (F.3)
a(gz@) . a(p(;g—vw) N 1_1% a(gz_&) N a(p(xw) +2 (2m+ g_i) 0  (F4)
) | AT , L OApm) | W) 4 2 oo+ p22 — 0 (F5)

In the samemanneywe take thewvgv, moment:

Opvvp) | Hpvive) | 10(pvRvg)  O(pTRVGT:) |
ot OR R Oy 0z
P (05— —= _ 0% vp0d
+ 5 (2030, — v3) +p (v(p@ + E%)
Now we regarda stationarydisk, so we have no time dependenciestliminating the potentialterms
in (F.6) with thehelpof (F.3) and(F.4), we get

=0 (F.6)

Hpvivy) | 1 0(pvrvg) | O(pTRTLT:)
OR R Oy 0z
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_Opv) 1 0(pvrvy) . pUD:)

"R TR 8y " B
s O(pTRTy) iq_} d(pv2) s Ipv,77)
"TOR R 9y B0z
+ % (2050, — 03 — V5, + 120, — 205TRT,) = 0 (F.7)

If werestrictourselesto thez = 0 planeandassumehatour distribution functionis symmetricabout
this plane,the z-dervatives have to vanishby symmetry sowe just leave theseaway. It is usefulto
rewrite theresultingequationn termsof the morefamiliar dispersiorcomponentgfrom now on, also
write @, v insteadof o andv,,):

obr = (vg —u)? = vg — u? (F.8)
aiw = (v, —0)? = @ — 52 (F9)
0hp = (Vg —u)(v, — V) = RO, — uv (F.10)

We alsodefinethethird momentquantities
Appp = (vp —0)3 = v3 — 3020+ 20°
_ 3 2 = =3
= vy — 30,,0 — 0 B (F12)
Appy = (vr — ) (vy — D)2 = vRv2 — 2VRD, U — V21 + 200°

TS 9.2 = 2 - .2
= URVy — 20,V — O,,U — U (F12)

Agpy, = (v — @)2(v, — 0) = V3, — 2TRT, G — V4T + 20%0
= V%0, — 202R(pﬂ — 0450 — WD (F13)
which arepresumablysmall. Thenegn.(F.7) canbewritten as

O-Qﬂ — 1 R 0v A‘PWP + ARR(,O ARRtp E 3p R BARR(p

_l’_

ohp 2 200R 200%,  Vo%p  200%, p OR  200%, OR
1 [(0ARy, O00h, , Oa

— 9 +v +O'(p(p—

2004, Oy Oy op

(F.14)

Probablysomeof thetermscanbeneglectedior smallnon-axisymmetrieqossiblyall the-dervatives.

Thereis anadditionalcorrectionarisingfrom the vertex deviation if we take the axisratio to be
theonerelatingto the principaldirectionsof theellipsoid. The square®f the axesin thesedirections
are

2 2
Orr+ 0 1
of = =+ 5\/(0%3 —03,)? + (0F,)?

re 2
2 \2
~ ohp + #f)afw) (F.15)
g = Tt o L T )
~ o2, — M (F.16)

e 4(0%&2 - O'gup) ’
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sowe have acorrection

2 2 2 2

92 . 9 i)

- N - 5 , (F17)
20

01 ORR RR

but it is only seconcbrderin thesmallquantityo%{w.
If we now assumexisymmetrywhichin particularimpliesthat

o thereis no p-dependenced/dy (...) = 0,
e therecanbenomeanradialvelocities:u = 0,
o therecanbeno vertex deviation,i.e.or, = 0

thenwe areleft with thefollowing (we cancollectall thetermsinvolving A gg,, into asinglederva-
tive):
2 _

0o 1 ROV Ayyy 1 0,

—— =+ —== - = (R°pA F.18

ohp 2 + 200R  2v0%y, + 2pRvc%p, 8R( PARRp) (F.18)
This is to be comparedwith the Oort constanexpressionwhich in the axisymmetriccasereducego
(cf. egn.(E.8)and(E.9))

-b 1 R Ov
a—b_2+2173R (F.19)
We seethatevenin the axisymmetriccase we have the additionaltermsinvolving A, andAgg,,
which aremeasuresf the asymmetryof the distribution in v, — ¥ andvg. Onemight have thought
thatatleastArr, would alsoneedto vanishfor symmetryreasons. A suficient conditionfor this

would bethatthedistribution functionin the axisymmetriccasef (R, vg, v,) would factorize:

f(R7 VR, U(p) = fR(R7 'UR)f(P(Ra v(p)a (on)

andfor mary modelsin theliteraturethisis indeedhecase.Thenall compositeaveragesvouldfactor
iZet00: vhv, = VRV, VRVS = URv2 andugy, = vrY,. Thiswouldimply thatAgg, = Agy, = 0.
However, (F.20)is notreally requiredby axisymmetryandindeed for our modeldistribution function
(3.1)it is nottrue. Whatis required however, is that

f(Ra VR, U(p) = f(R7 —VUR, Utp) (F21)

This canbe seenasfollows: accordingto the Jeangheorem the distribution function of a stationary
systemcan only be a function of its integrals of motion. In our two-dimensionakasewe have a
completesetof integrals, consistingof enegy £ and angularmomentumL. Now E = %(Ul%c +

fu?p) + ®(R) doesnot know aboutthe signof vz, andL = Ru, doesnotinvolve vy aryway. As a
consequencef (F.21),we have thatevery averageinvolving anoddpower of v will vanish:

...v% =0 forn odd (F.22)

andthereforeii = 5z = 0, 0%, = 0 andA gy, = 0, bUtNOt A gy, OF Ayy,. Thesignificanceof the
ARRry- andA . -termsis alreadydiscussedy Cuddeford& Binney 1994[20], wherealsoformula
(F.18)for theaxisymmetriccases given.

Thisis expressedn theleft partof eqn.(4-48a)of Binney & Tremainel987[11], but is notcorrect.



96

APPENDIXF. DETAILED CALCULATION OF THE AXIS RATIO



Appendix G

Calculating Spiral Structure

Thepotential(5.2) of the spiral structure(5.4) reads
[e's) 2w
VR® = —G/ du'/ do'K(u—u', o —¢') x
—00 0
€™ /265S0e ™M f(R(u')) R {0+ )

_ C;'é‘spanO {/ du'e 3u’/2 — u’)/Rgf(R(ul))eik:u’ x

2 'mep
d¢' G.1
/0 4 v/cosh(u — u') —cos(go—(p’)}’ (G
whereR(u) = e*. For thefollowing, define
F(u) := e3%/2eBW/Es f(R(u)) (G.2)

asan abbreiation. By substitutingy” = ¢' — ¢ andu” = u' — u, andby noting thatthe kernel
K (u, ) is symmetricin u, we get

VR® = _705\5/;)%20 R {eim‘p /oo du" F (u + u")e*utu’)

27 " eimgo”
/ d(p " /!
0 v/cosh(u") — cos(¢')
— Gésplrzo { zmtp/ du" x

[F(u + ")) L Py —u ')eik(“_“")] X

/27r 2o eimcp”
0 v v/cosh(u") — cos(¢')
— Gésplrzo { 1m(p/ du” X
[F(u +u )eZk("+" )+ Flu—u ')eik(“*“”)] } X

2w "
cos(m
0 v/cosh(u”) — cos(p")

LIn this appendixy is taken along the direction of Galacticrotation, unlike our usual corvention (corvention a) in
appendixXD). Thereforethesignin eqn.5.4 hasto bechangedo ... + mep.
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wherethe lastequalityfollows becausehe imaginarypart of the ¢ -integral vanishefor symmetry
reasons.
Theintegral over ¢" canbe expressedn termsof elliptic integrals(C' := cosh(u") > 1):

2m . cos(myp")
Y=ol
form=2: = —3;7_1 X
<4C(c - 1)E (C_—_21> —(4C?* - 1)K (C_—_21>) (G.4)
form =3: = —15\/% ((32()2 —9)(C - 1)E (C_—_21> -
+ (32C? — 17)CK (C_—_21>) (G.5)
form =4: = —105\/% (160(0 —1)(24C* - 13)E (C_—_Zl) —
— (384C* — 304C? + 25)K (0_——21>> (G.6)

Here, K and E denotesomeslight generalizatiorof the completeelliptic integrals of the first and
secondkind. They aredefinedin thefollwing way

/2 do
K(z :/ —_— G.7
(@) 0 V1 — zsin?6 (G.7)

/2
B(z) =/ /1 - zsin20 do, (G.8)
0

which differs from the commondefinition of thesefunctionsby the substitutionk? — z to allow for
negative valuesof z asneedechere.However, they areaccessibléhroughthe samekind of numerics
(seee.g.Pressetal. 2002[78]).

Regardingthis integral asa function of u, which we will denoteby A,,(u), we seethatit hasa
logarithmicsingularityatw = 0. Usingthis, andadditionallydefining

() = /0 "l {F(u+ ') cos k(u + ') + Flu—u')cos k(u—u)} An(n')  (G.9)
Ty(u) = /0 "l {F(u+ o) sink(u + ) + F(u— ) sink(u— ')} An()  (G.10)
Iy(u) = /0 “du! {F'(u+ ') cos k(u + ') + F'(u— ') cos k(u — o)} Am(u)  (G.11)
Lu(u) = /O ! {F'(u + o) sink(u+ o) + F'(u— o) sink(u — o)} An(e)  (G.12)
Ts(u) = /O ! {F" (w4 ') cos k(u+ ) + F"(u — ) cos k(u — o)} Am(u))  (G.13)

Ig(u) := /Ooz)iu' {F"(u +)sink(u +u') + F"(u —u')sink(u —u')} An(u')  (G.14)
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whereall derivativesof F'(u) arewith respecto its agument,we canfinally write for the potential
andits first andsecondervatives:

O(R, ) = —G\(;S%O {cos(mep)I1 (u(R)) — sin(mep)I(u(R))} (G.15)
90 1
3R - ap2Be)+
G\(S/S;"_EO {% [cos(mp) Iz (u(R)) + sin(mep) I (u(R))] +
+ % fcos(me) Is (u(R)) + sin(m<p)I4(u(R))]} (G.16)
g—i _ G\‘S/SEO (sin(me) L1 (u(R)) + cos(me) I (u(R))} (G.17)

>’ 1k 1 00
T _ [ _% s _ - 97
OR? <2R2 R2> B.0)~ sror *

G\d/s;i%]() {_2?;{;2 [cos(mep)I2(u(R)) + sin(me) I (u(R))]
— o leos(me) I (u(R)) + sin(me) Iy (u(R))]
+ B2 [eos(me) T (u(R)) + sin(me) Ts(u(R))]
+ % [cos(mp)I5(u(R)) + sin(mgo)I(;(u(R))]} (G.18)
0%d 1 00 mk
ROy~ 3ROR R Loe)T
’;G\‘}go {— sin(me) Iy (u(R)) + cos(mp) I (u(R))} (6.19)
2
3_5 — —m’®(R, ) (G.20)
The actualhandlingof the potentialis suchthatwe calculatetheintegrals I, . . . , Is by numer

ical integrationbeforehandandtatlulatethem. Valuesof the potentialandits derivativesduring the
simulationarethenobtainedfrom formulae(G.15)- (G.20).
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Appendix H

Transformation betweenGalactocentric
and Heliocentric Velocity Components

v, ‘/
—=. _d
Z - ;“/

RO /
Ap
G.C.

FigureH.1: Geometryof thetransformatiorproblemfrom heliocentricrelative velocity components
(v4,ve) asmeasuredby astrometrianissionsto Galactocentriwelocity componentgvg, v,,) atrest.

Our numericalmodelusedGalactocentrio/elocity componentsig, v, (seeappendixD for the
signcorventionproblemsassociatedvith this). Onvariousoccasionswe needto transformtheseinto
the velocity componentshatthe obenersknow, relative to a supposegbositionof the Sun(Ry, o).
Theseareheliocentriccomponentspamelythe line-of-sightvelocity v, andthe propermotion of the
staronthesky. Sincewe alwaysrestrictoursehesto the Galacticplane thelattercorrespondso only
onevelocity componentvhich we will call v.

The geometryof the problemis shavn in Fig. H.1. We regardthe components; andwv, of the
relative velocity v.e; = v — v to relateto the LSR, so the motion of the Sunreltive to the LSR is
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eithernegglectedor alreadycorrectedbut. Fromgeometrywe notesomeusefulidentities:

R? = R2 + d*> — 2Ryd cos ¥, (H.1)
sin Ap = d sin £ (H.2)
¥ = R .
Rsin Ay
tanl = ———— H.3
a Ry — Rcos Ap (H-3)
Ry — Rcos Ay = dcos? (H.4)

Writing v = vgeg(r) + vye,(r), vo = vrey(ro) andvye = vgeq + vee, With appropriateunit
vectors(pointingin thedirectionsof the coordinateaxesin Fig. H.1 respectiely), we cansolve for vy
andv,, by projection.For thearisingscalarproductswe find by evaluatingthemin somecoordinate
system:

R —Rycos A
ed-eR(r) :_+(P (H.5)
eq-ey(r) = % sin Ay (H.6)

R .

eq- ey(rg) = - 5in Ap (H.7)
e;-eg(r) = —% sin Ap (H.8)

R — Rycos A
e ey(r) =~ TS8P (H.9
e e,(rg) :_w (H.10)
er(r) - e,(rg) = —sin Ay (H.11)
e,(r) - e,(rg) = cos Ap (H.12)

Hence we find a corversionformulaasfollows:
Va |\ _ _E VR . & 0
ve ) d \ vy d \vo
+@ cos Ap —sinAp \ [vgr
d \sinAy cosAyp Uy
R [ cosAp sinAp 0
+E (—sinA(p cosA<p> (UO> (H.13)
For theinversecornversion,we obtain

vr) _ R (v cos Ay —sin Ap B g
<’U¢> - d (w) + (SinAcp cos Ay Uo+%ve ) (H.14)
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