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<D47696MF76MADV�f�6�èW{#T�<DCE;%Fjb'0Ra�<D4769J'CÀà
6MA=6MFW<DC~T�L�6�è�{#T�<DCE;%F

2u′2 = K − hku
2 Ú�b'0R�+Ü

CEB�;%z�<UT�C2F76�JHT�F7J�zWf�{7BDC2F�Vh<D4�CEB�A=6�B={�L2<w<D47696�èW{#T�<DCE;%FHb'0 Q�;�Y�GI;%<DCE;%FHT�A=6O<DAUT�F7ByY�;%ADGI6�JnC2FW<=;

u” +
hk

2
u = 0 .
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S7;%A�Tnd|;�BDC2<DC2\+6I\�T�L2{76�;�Y

hk
<D4�CEB�CEB�<D476�J'CÀà
6MA=6MFW<DC~T�L56�èW{#T�<DCE;%F¨;�Y"Tn4#T�ADGI;%F�CEe�;�B=eMC2L2L~T�<=;%A�vwC2<D4·<D476

Y°A=6�èW{76MF7eMf √hk

2

0�S7;%A:T�FWf9\�T�L2{76u;�Y
hk
<D476©F7;%F�L2C2F76�T�A�d�A=;%z�LE6MGÂb'0R/^;�Y#çO6Md�LE6MA�GI;%<DCE;%F�CEB�F7;�v¨A=6�J'{7e�6�J

<=;�<D476OL2C2F76�T�A"J'CÀà
6MA=6MFW<DC~T�L�6�èW{#T�<DCE;%Fjb'0R�'0

¨ �u©,�Ùl P?�	���B���%'���c&�
�������
��kdf�����B�5C��������	�7���������D'y9 �%
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ý&6�C2FW<DA=;KJ'{7e�6�TI¿#eM<DC2<DCE;%{7B�<DC2GI6
s
T�F#T�LE;%V+;%{7B�<=;�<D476�;%F76�>@J'C2GI6MF7BDCE;%F#T�L:e�T%B=6PvwC2<D4j<D476�BUT�GI69<DAUT�F7BD>

Y�;%ADG�T�<DCE;%F�T%B©C2F�6�èW{#T�<DCE;%Fnb'0Rb'Û+F7;%<DC2F�V�F7;�vÞ<D4#T�<
r = |−→r | ÛWCg0ð6�0 r

CEB©<D476�<D4�A=6�6�>@J'C2GI6MF7BDCE;%F#T�L
J'CEBD<UT�F7e�6
z|6M<@vu6�6MFj<D476�z�;KJ'CE6�B�0>1xBDC2F�V�<D4�CEB^¿#eM<DC2<DCE;%{7Bx<DC2GI6

s
T%B^C2F7J�6Md�6MF7J�6MF�<�\%T�ADC~T�z�LE6�<D476�6�è�{#T�<DCE;%F7BOb'021P;�Y

GI;%<DCE;%Fqz|6�e�;%GI6
r−→r ” − r′−→r ′ + K−→r = 0 ,
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vw476MA=6

t′ = r
0:tof�<UT�_�C2F�VIC2F�<=;�T%e�e�;%{�FW<^<D476OA=6ML~T�<DCE;%F

v2 = (−→v ,−→v ) =
1

r2
(−→r ′,−→r ′) =

1

r2

∣

∣

−→r ′
∣

∣

2
,

<D47696MF76MADV�f�6�èW{#T�<DCE;%FiG�T�f�z�6�vwADC2<D<=6MF

hk =
K

r
− 1

2r2

∣

∣

−→r ′
∣

∣

2
.

35476k;%ADC2V�C2F#T�L�6�è�{#T�<DCE;%F7B�;�Y9GI;%<DCE;%F±b'021qY�;%ADGÄT&B=fKBD<=6MGÄ;�Y9<D4�A=6�6kJ'CÀà
6MA=6MFW<DC~T�LO6�èW{#T�<DCE;%F7B�Y�;%AI<D476
{�F�_KF7;�vwFÝe�;%Ghd|;%F76MFW<=B

rx, ry, rz
C2F&e�T�AD<=6�BDC~T�F&e�;K;%A=J'C2F#T�<=6�B�T%BxY°{�F7eM<DCE;%F7B9;�Y

t
0�35476�<=;%<UT�LZ;%A=J�6MAOCEB
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0�35476�BU6�6�èW{#T�<DCE;%F7BoT�A=6wA=6Md�L~T%e�6�JIz�f�<D476�BDf'BD<=6MGNb'021��xY�;%A:<D476w{�F�_�F7;�vwF7B

t, rx, ry, rz
T%B�Y°{�F7eM<DCE;%F7B

;�Y
s
T�F7JP<D476Z<=;%<UT�LK;%A=J�6MA�CEB�B=6M\+6MF}0�354�{7Brvo6©BD47;%{�LEJ�T�L2voT�fKB�e�;%F7BDCEJ�6MA�<D476©;%A=J'C2F#T�ADfO<DC2GI6

t
T%B�ToY�;%{�AD<D4

e�;K;%A=J'C2F#T�<=6o;�Y�<D476©d#T�AD<DCEeMLE6�B�<=;^z�6oJ�6M<=6MADGhC2F76�JhJ'{�ADC2F�V�<D476©GI;%<DCE;%F}0Zl�C2GhC2L~T�A�<=;^<D476o;%F76�>@J'C2GI6MF7B=CE;%F#T�L
e�T%B=6�Ûr<D476h6�èW{#T�<DCE;%F·b'021��nCEBOBD<DC2L2L©BDC2F�V�{�L~T�APT�F7JXF76�6�J�B9<=;nz�6�A=6MV�{�L~T�ADC2��6�J
0��@FX<D476I;%F76�>@J'C2GI6MF7B=CE;%F#T�L
e�T%B=6nvo6nd|6MAyY°;%ADGI6�J½<D4�CEBIzWf¨C2F7B=6MAD<DC2F�V&C2F�<=;&<D476qe�;%ADA=6�BDd|;%F7J'C2F�V·6�è�{#T�<DCE;%F»;�Y�GI;%<DCE;%F�<D476q6MF76MADV�f
6�è�{#T�<DCE;%F}Û�z�{�<PC2Fî<D476I<D4�A=6�6�>@J'C2GI6MF7BDCE;%F#T�L�e�T%B=6�T�<�4#T�F7J·<D4�CEB�J�;�6�BPF7;%<�LE6�T%J·{7B�T�F�f�vw476MA=6�0i�^B�C2<
<D{�ADF7B";%{�<�Û7vu6�¿7A=BD<"4#T�\+69<=;IT�d�d�L2fqThe�;K;%A=J'C2F#T�<=69<DAUT�F7BDY°;%ADG�T�<DCE;%FHBDC2GhC2L~T�A�<=;Ib'0 �hT�F7Jn<D476MFkF76�6�Jq<=;
vwADC2<=6�<D476�6MF76MADV�fi6�èW{#T�<DCE;%FXT�F7JH<D476�6�è�{#T�<DCE;%F7B�;�YZGI;%<DCE;%FHvwC2<D4j<D476�F76Mv¾e�;K;%A=J'C2F#T�<=6

~u
z|6�Y�;%A=6Pvo6

e�T�FkBD{�z7B=<DC2<D{�<=6O<D476MGìC2FW<=;�6�T%e=4k;%<D476MA�0
�¬BD{�C2<UT�z�LE6�e�;�;%A=J'C2F#T�<=6�<DAUT�F7ByY�;%ADG�T�<DCE;%Fj4#T%Bxz�6�6MFkY°;%{�F7JizWfkç�{7B=<UT�T�F�476MC2GI;�ë�l�<DCE6�Y�6ML5Úy1���ö�a+Ü^T�F7J
e�T�Fqz|6�vwADC2<D<=6MFqC2FqG�T�<DADCÀ¯�F7;%<UT�<DCE;%FHT%B

−→r = L(−→u )−→u Ú�b'021�1�Ü
vwC2<D4

L(−→u ) =









u1 −u2 −u3 u4

u2 u1 −u4 −u3

u3 u4 u1 u2

u4 −u3 u2 −u1
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vw476MA=6
~u
CEBwF7;�vþT�Y�;%{�A�J'C2GI6MF7BDCE;%F#T�L}\+6�eM<=;%A�0Z�x6MA=6�vu6Ov5T�FW<�<=;�F7;%<=69<D4#T�<wvu6O{7B=6�J�<D476Oe�;%F�\+6MFW<DCE;%F

<D4#T�<^T�d�4�fKB=CEe�T�L}\+6�eM<=;%A
(rx, ry, rz)

CEB"T�{�<=;%G�T�<DCEe�T�L2L2fqBD{�d�d�LE6MGI6MF�<=6�Jk<=;�T�Q%>g\+6�eM<=;%A −→r z�fnT%J�J'C2F�V�T
Y�;%{�AD<D4ie�;%Ghd|;%F76MFW<�;�YZ\%T�L2{76P��6MA=;�0o?©èW{#T�<DCE;%FXb'021�19CEBxe�T�L2LE6�Jq<D476�çPlW>g<DAUT�F7ByY°;%ADG�T�<DCE;%F}0^354�CEB�G�T�<DADCÀ¯
4#T%Bw<D476�Y�;%L2LE;�vwC2F�V�C2Ghd�;%AD<UT�F�<�d�A=;%d|6MAD<DCE6�B��
1�0

L(−→u )
CEB�;%AD<D47;%V+;%F#T�L

LT (−→u )L(−→u ) = rE
vwC2<D4

LT z|6MC2F�V L
<DAUT�F7BDd|;�B=6�JqT�F7J

E
z�6MC2F�Vh<D4769{�F�C2<@f�G�T�<DADCÀ¯|0

/'0�35476o6MLE6MGI6MFW<=B�;�Y
L(−→u )

T�A=6ZL2C2F76�T�A:T�F7J947;%GI;%V+6MF76�;%{7B�Y°{�F7eM<DCE;%F7BrY�{�F7eM<DCE;%F7B�;�Y�<D476©e�;%Ghd|;%F76MFW<=B
ui
<D4W{7B

L(−→u )′ = L(−→u ′)
vw476MA=69<D476Od�ADC2GI69J�6MF7;%<=6�B"J'CÀà
6MA=6MFW<DC~T�<DCE;%FHvwC2<D4qA=6�BDd|6�eM<w<=;

s
0

b'0�35476O¿7A=BD<�e�;%L2{�GhFi;�Y
L(−→u )

CEBw<D4769d�;�BDC2<DCE;%Fk\+6�eM<=;%A −→u 0
Q70wý¶476MFq<�vu;I\+6�eM<=;%A=B −→u ,−→v BUT�<DCEByY°f�<D4769z�C2L2C2F76�T�A�A=6ML~T�<DCE;%F

u4v1 − u3v2 + u2v3 − u1v4 = 0

<D476MF
L(−→u )−→v = L(−→v )−→u .

S�A=;%Gì<D476�BU6Od�A=;%d�6MAD<DCE6�B"C2<5Y°;%L2LE;�v�B�<D4#T�<

r′ = 2L(−→u )−→u ′ .
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ý¶C2<D47;%{�<�V+;%C2F�V�C2F�<=;�<D476oJ�6M<UT�C2LE6�J�J�6MADC2\�T�<DCE;%FI;�Y#<D4765e�;%ADA=6�BDd|;%F7J'C2F�V�6MF76MADV�f�6�èW{#T�<DCE;%FIT�F7J�6�è�{#T�<DCE;%F7B
;�Y
GI;%<DCE;%F�vwADC2<D<=6MF�C2FI<=6MADGIBo;�Y|<D476�F76Mv»\�T�ADC~T�z�LE6

~u
ÛWvu6"B=C2Ghd�L2f�V�C2\+6"<D476MGN476MA=6xT�F7JIA=6�Y�6MAZ<=;�l�<DCE6�Y�6ML

ëÂlKe=476MCÀY�6MLE6�Úy1��+�K1�ÜoY°;%A"T�<D47;%A=;%{�V�4iJ�6MADC2\%T�<DCE;%F}0u3547696MF76MADV�f�A=6ML~T�<DCE;%FqA=6�T%J�B

hk =
K − 2 |−→u ′|2

|−→u |2
T�F7Jn<D476O6�è�{#T�<DCE;%F7B";�Y�GI;%<DCE;%Fkz|6�e�;%GI6

−→u ” +
K
2 − (−→u ′,−→u ′)

(−→u ,−→u )
−→u = 0

vw4�CEe=4k¿7F#T�L2L2f�LE6�T%J�B"<D4�A=;%{�V�4kBD{�z7BD<DC2<D{�<DCE;%Fi<=;�<D476OA=6MV�{�L~T�ADC2��6�Jk6�è�{#T�<DCE;%F7B

−→u ” +
hk

2
−→u = 0 .

Ú�b'021MQ�Ü
35476�B=6�A=6MV�{�L~T�ADC2��6�JX6�èW{#T�<DCE;%F7B�;�Y©GI;%<DCE;%FH<D476MFjF76�6�Jk<=;�z|6�T%e�e�;%Ghd#T�F�CE6�Jjz�fq<D476�6�è�{#T�<DCE;%FHY°;%A^<D476
d�4Wf'BDCEe�T�L}<DC2GI69<=;he�;%Ghd�LE6M<=6ML2fqJ�6M<=6MADGhC2F769<D4769B=;%L2{�<DCE;%F

t′ = (−→u ,−→u ) .
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�@Y�vo6�T�LEB=;�e�;%F7BDCEJ�6MA^6�¯'<=6MADF#T�Lrd|6MAD<D{�ADz#T�<DCE;%F7B�Û�6�0 V70ud|6MAD<D{�ADz#T�<DCE;%F7Bx;�YZTI<D4�C2A=Jqz|;�J'f+Û7<D4769ADC2V�4W<^4#T�F7J
BDCEJ�6O;�Y:6�èW{#T�<DCE;%FHb'021MQICEBwF7;hLE;%F�V+6MA���6MA=;�T�F7Jq6�èW{#T�<DCE;%FHb'021Jö�z�6�e�;%GI6�B�C2F7BD<=6�T%J

−→u ” +
hk

2
−→u =

|−→u |2
2

(

−1

2

∂V

∂−→u + LT (−→u )
−→
F

) Ú�b'021Jö+Ü
vw476MA=69vo694#T�\+6PBDd�L2C2<D<=6�Jk<D476Od�6MAD<D{�ADz�C2F�V�Y°;%A=e�6PC2FW<=;�T�d#T�AD<�<D4#T�<^e�T�Fiz�6OJ�6�BUeMADC2z�6�JHT%B^ThJ�6MADC2\�T�<DC2\+6
Y°A=;%GéThd|6MAD<D{�ADz�C2F�V�d�;%<=6MF�<DC~T�L

V (t,−→r )
T�F7JiT�F7;%<D476MA^Y�;%A=e�6 −→

F
<D4#T�<^J�;K6�B"F7;%<^4#T�\+6�Thd|;%<=6MFW<DC~T�Lg0���F

<D4�CEB�e�T%B=6�Û#6�èW{#T�<DCE;%F7Bxb'021JöhT�F7Jkb'021�a�F76�6�Jn<=;�z|6PT%e�e�;%Ghd#T�F�CE6�Jqz�f�<D476P6�èW{#T�<DCE;%FnY�;%Aw<D47696MF76MADV�f

h′
k =

(

∂V

∂−→u , −→u ′

)

− 2
(−→u ′ , LT−→F

)

.

ý&6�<D4W{7B�T�ADADC2\+6�JjY�A=;%Gí<D476hBDC2F�V�{�L~T�AP<D4�A=6�6�>@J'C2GI6MF7BDCE;%F#T�Lu«x6Mvw<=;%F�C~T�FÝ6�è�{#T�<DCE;%F7B9;�Yu<=;%<UT�LZ;%A=J�6MAPB=CÀ¯
<=;�<D476OA=6MV�{�L~T�ADC2��6�Ji6�èW{#T�<DCE;%F7B^;�Y�<=;%<UT�Lr;%A=J�6MA"<=6MF}0
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z|6©T�ADz�C2<DAUT�ADC2L2f9L~T�ADV+6�0��^;�vu6M\+6MA�Û�Y�;%A}L~T�ADV+6©d|6MAD<D{�ADz#T�<DCE;%F7B�<D476ZA=6MV�{�L~T�ADC2��6�J�<DC2GI6uBD<=6MdPCEB}A=6�è�{�C2A=6�J9<=;�z|6
BD{r6�eMCE6MF�<DL2f�B=G�T�L2Lg0�354�CEB©e�T�F}Û�C2FI6�¯K<DA=6MGI6we�T%BU6�B�Û+e�;%{�FW<=6MADz#T�L~T�F7e�6^<D4765VWT�C2FhC2F�T%e�eM{�AUT%eMf�vu6�T%eU4�CE6M\+6�J
zWfOC2F�<DA=;�J'{7eMC2F�Vx<D476ZA=6MV�{�L~T�ADC2��6�J�6�è�{#T�<DCE;%F7B�;�Y�GI;%<DCE;%F}Û+T%B}<D476©C2F'æ7{76MF7e�6©;�Y7A=;%{�F7JK>@;�à�6MADA=;%A=B�Û�z|6�e�T�{7B=6
;�Y}<D476�V�A=6�T�<=6MAoFW{�G�z�6MA5;�Y}<DC2GI6"B=<=6Md7B�Û+C2F7eMA=6�T%B=6�B�0:�gY
<D4�CEBud�6MAD<D{�ADz#T�<DCE;%F�CEBuJ'{76"<=;�T9<D4�C2A=J�z|;�J'f+ÛW<D4�CEB
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m1

m2

m3

m4R1

R2

R3

!w��§�����*¾�«ª¢ÿ&¶ �²Y°;%{�Ay>gd#T�AD<DCEeMLE6jA=6MV�{�L~T�ADC2��T�<DCE;%FòeU4#T�C2F}Û"vw476MA=6
R1
Û

R2
Û

R3
T�A=6i<D476iC2FW<=6MADd#T�AD<DCEeMLE6

J'CEBD<UT�F7e�6�BxT�F7J
m1
Û
m2
Û
m3
Û
m4

T�A=6O<D4769G�T%B=B=6�B�;�Y�<D476�z�;KJ'CE6�B�0

d�A=;%z�LE6MG e�T�F�z�6�T�\+;%CEJ�6�J�z�f�B=6MLE6�eM<DC2F�VIT�F76MvÞA=6MV�{�L~T�ADC2��6�J�d#T�C2A5vw4�CEe=4�C2F7e�;%ADd|;%AUT�<=6�Bw<D476^d�6MAD<D{�ADz|6MA�0
�x;�vu6M\+6MA�Û�Y°;%A5z|;%{�F7J�<DADC2d�LE6OBDfKB=<=6MGIBuvo6�voT�F�<�<=;�C2FW\+6�BD<DC2VWT�<=6O476MA=6�Û'<D476�e�;%Ghd�L2CEe�T�<=6�JkF#T�<D{�A=6O;�Yr<D476
GI;%<DCE;%F�;�Y|eMLE;�B=6ML2fPC2F�<=6MAUT%eM<DC2F�VP<DADC2d�LE6�BDf'BD<=6MGIB�vu;%{�LEJIG�T�_+6wC2<�<D476MFhF76�e�6�B=BUT�ADf�<=;xY�A=6�è�{76MFW<DL2f�B=6MLE6�eM<©T
F76Mv»d#T�C2A5J'{�ADC2F�V�<D476�C2FW<=6MV�AUT�<DCE;%F}Û'C2F�\+;%L2\�C2F�V�G�T�F�fh<DAUT�F7ByY°;%ADG�T�<DCE;%F7BuY°A=;%GNA=6MV�{�L~T�ADC2��6�J�e�;K;%A=J'C2F#T�<=6�B
<=;�d�4Wf'BDCEe�T�L};%F76�BwT�F7J�\�CEe�6x\+6MA=BUT'0:35476�BU6�T%J�J'C2<DCE;%F#T�L
<DAUT�F7BDY°;%ADG�T�<DCE;%F7B�J'{�ADC2F�Vh<D476xC2F�<=6MV�AUT�<DCE;%FqvwC2L2LgÛ
;%F7e�6�T�VWT�C2F}Û�LE6�T%J·<=;kTnLE;�BUBP;�àÞT%e�eM{�AUT%eMfXzWfXC2F�<DA=;�J'{7eMC2F�VHY°{�AD<D476MAPA=;%{�F7JK>@;�àÞ6MADA=;%A=B�T�F7J&vwC2L2L5T�LEB=;
J�6MV�AUT%J�6O<D47696D6�eMCE6MF7eMfn;�Y�<D476PT�L2V+;%ADC2<D4�Gq0
35476MA=6�Y�;%A=6�ÛuC2<hCEB�J�6�BDC2AUT�z�LE6q<=;H¿7F7J»THv5T�f½<=;&T�\+;%CEJ½Y°A=6�èW{76MF�<�BDvwC2<=e=4�C2F�Vî;�Yx<D476nJ�;%GhC2F#T�F�<�C2F�<=6MAy>
T%eM<DC2F�Vjd#T�C2A�Û:vw4�CEe=4¨LE6�J·<=;k<D476�C2F�<DA=;�J'{7eM<DCE;%F�;�Y"G�{�L2<DC2d�LE6�A=6MV�{�L~T�ADC2��T�<DCE;%F�GI6M<D47;�J�B�0HtofXG�{�L2<DC2d�LE6
A=6MV�{�L~T�ADC2��T�<DCE;%FnC2<5CEB©{�F7J�6MA=B=<=;�;KJ�<D4#T�<wT�<oLE6�T%BD<o<@vo;hB=6Md#T�AUT�<DCE;%F7B5C2F�T�e�;%Ghd#T%eM<wGP{�L2<DC2d�LE6OB=fKBD<=6MG�T�A=6
<DA=6�T�<=6�JjBDd|6�eMC~T�L2L2fn<=;�A=6MGI;�\+6�<D476P<@vo;�>gz�;KJ'fiBDC2F�V�{�L~T�ADC2<�f+0^35476�GI6M<D47;KJkvo6�{7BU6�JnY�;%Ax;%{�A"Y°6Mv5>gz|;�J'f
6�¯'d�6MADC2GI6MF�<=B�CEBw<D4769BU;he�T�L2LE6�J&ßðe=4#T�C2F}ß >gGI6M<D47;KJHT�F7J�CEB�d�A=6�B=6MFW<=6�JkC2Fq<D476xY°;%L2LE;�vwC2F�V�B=6�eM<DCE;%F7B�0

¨ �Ùl#�u© dX��� � ���%���Ï=:�BN���'��D�H��c&�1
������

35476XG�T�C2Fòd�ADC2F7eMC2d�LE6Ý;�Y�<D476&eU4#T�C2FòGI6M<D47;KJ)CEBnz#T%B=6�J);%F)<D476&;%z7BU6MAD\%T�<DCE;%Fò<D4#T�<kC2F T�F
N
>gz|;�J'f

BDf'BD<=6MG²vu6�e�T�F&G�T�_+6�T�e=4#T�C2Fî;�YoC2F�<=6MADd#T�AD<DCEeMLE6�\+6�eM<=;%A=B�BD{7e=4Ý<D4#T�<�T�L2LZ<D476hz|;�J'CE6�B9T�A=6�e�;%F�F76�eM<=6�J
0
l�{�z7B=6�è�{76MFW<DL2f�T�L2L7<D476�C2FW<=6MAUT%eM<DCE;%F7BuC2F7eML2{7J�6�JIC2FI<D4�CEB:\+6�eM<=;%Aoe=4#T�C2F�e�T�FIz�65A=6MV�{�L~T�ADC2��6�J
0©�"FI6�¯7T�Ghd�LE6
;�YZBD{7e=4HThe=4#T�C2FHCEBwV�C2\+6MFkC2FiS�C2V705b'021�0o354769e=4#T�C2FHCEB�e�;%F7BD<DAD{7eM<=6�JiC2FkBD{7eU4iT�voT�fkT%B�<=;hC2F7eML2{7J�6P<D476
BDG�T�L2LE6�BD<"C2FW<=6MADd#T�AD<DCEeMLE6�J'CEBD<UT�F7e�6�B^T�F7J
Û�<D4�{7B�Û�<D4769J�;%GhC2F#T�F�<"<�vu;�>gz|;�J'f�Y�;%A=e�6�B�Û'vw4�C2LE6O<D4769;%<D476MA"LE6�B=B
J�;%GhC2F#T�FW<�e�;%FW<DADC2z�{�<DCE;%F7B�T�A=6�LE6�Y�<OC2FX<D476MC2A9B=C2F�V�{�L~T�AOY°;%ADGq0��x6MA=6�vu6I;%F�L2fHvoT�F�<9<=;�z�ADCE6�æ7fX;%{�<DL2C2F76
<D476�z#T%BDCEe�B=<=6Md7B^A=6�è�{�C2A=6�JH<=;�;%z�<UT�C2Fj<D476�6�èW{#T�<DCE;%F7B�;�Y©GI;%<DCE;%FjC2FH<D476PF76Mv¬eU4#T�C2Fje�;K;%A=J'C2F#T�<=6�BOT�F7J
A=6�Y�6MAw<D476OA=6�T%J�6MA�<=;I[iC2_�_+;%L~ThëÂ�xT�A=B=6M<D4ÝÚy1�����b+Ü5Y°;%Aw<D476xY°{�L2L�T�F7J�AUT�<D476MAxe�;%Ghd�LE6�¯n6�¯'d�A=6�B=BDCE;%F7B�0
ý&6w;%z�<UT�C2Fh<D476w6�è�{#T�<DCE;%F7BZ;�Y�GI;%<DCE;%FhC2Fh<=6MADGIBZ;�Y�<D4765A=6MV�{�L~T�ADC2��6�JIe=4#T�C2Fh\�T�ADC~T�z�LE6�B�Y°A=;%G¬<D476w;%ADC2V�C2F#T�L
;%F76�Bwz�fnT�e�T�F7;%F�CEe�T�L�<DAUT�F7ByY�;%ADG�T�<DCE;%F}0©S7;%A�<D4�CEB�vu69e�;%F7BDCEJ�6MA"<D476

N
>gz|;�J'f���T�GhC2L2<=;%F�C~T�F

H =
∑ 1

2mi
|−→pi |2 −

∑

i6=j

mimj

|−→ri −−→rj |
= T − U
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vw476MA=6 −→pi
T�F7J −→ri

T�A=6�<D476�d�4Wf'BDCEe�T�LwGI;%GI6MFW<UTÝT�F7Jîe�;K;%A=J'C2F#T�<=6�BI;�Yx<D476�G�T%B=By>gd|;%C2FW<=B
mi
ÛuT�F7J

TT�F7J
U
T�A=6�<D476x_�C2F76M<DCEeO6MF76MADV�fnT�F7J�<D476�F76MVWT�<DC2\+6O;�Y�<D476�d|;%<=6MFW<DC~T�L�6MF76MADV�f�A=6�BDd|6�eM<DC2\+6ML2f+0Z�x6MA=6�Û�T�F7J

BD{�z7B=6�è�{76MFW<DL2f+Û�vo6�{7BU6h{�F�C2<=B�C2FÝvw4�CEe=4î<D476�V�AUT�\KC2<UT�<DCE;%F#T�L5e�;%F7B=<UT�FW<
G = 1

T�F7JîT%B=B={�GI6I<D4#T�<P<D476
Y°AUT�GI69;�Y:A=6�Y°6MA=6MF7e�6PCEBw<D4#T�<^;�Y�<D476Pe�6MF�<=6MA^;�Y:G�T%B=B�0uS�{�AD<D476MADGI;%A=6Pvo6P;%F�L2fne�;%F7BDCEJ�6MA^<D4769e�T%B=69;�Y©T�F
{�F�d|6MAD<D{�ADz�6�Jq��T�GhC2L2<=;%F�C~T�F}Û�T%B�C2Fq<D4�CEBw<D476�BDCEBwvo69J'CEJnF7;%<"e�;%F7B=CEJ�6MA^T�FWf�6�¯K<=6MADF#T�Lrd�6MAD<D{�ADz#T�<DCE;%F7B�0
�"Y�<=6MAHB=6MLE6�eM<DC2F�V±<D476·eU4#T�C2F¾\+6�eM<=;%A=BXe�;%F�F76�eM<DC2F�V±<D476

N
G�T%B=Bid�;%C2F�<=B�ÛPvo6ÝA=6ML~T�z|6ML�<D476�B=6Ýd|;%C2FW<=B

1, 2, ..., N
T�LE;%F�Vh<D476Oe=4#T�C2FkT%BwB=47;�vwFnC2FnS�C2V70Zb'021�0Z35476xF76�¯K<wBD<=6Md�CEB5<=;hT%J�;%d�<w<D476�F76Mv)e�T�F7;%F�CEe�T�L

e�;K;%A=J'C2F#T�<=6�B
~R1 = ~r2 − ~r1,

~R2 = ~r3 − ~r2,
Ú�b'021���Ü

000
~RN−1 = ~rN − ~rN−1

vw4�C2LE6�<D476Pe�;%ADA=6�BDd|;%F7J'C2F�V�e�T�F7;%F�CEe�T�L�GI;%GI6MFW<UT −→
W i

T�A=69A=6ML~T�<=6�Ji<=;�;%LEJkGI;%GI6MFW<UT
~pi
zWfn<D476PV+6MF76MAy>

T�<DC2F�VhY°{�F7eM<DCE;%F

S =
N−1
∑

i=1

−→
W i · (~ri+1 − ~ri)

vw4�CEe=4îV�C2\+6�B9<D476�;%LEJ&GI;%GI6MF�<UTkC2FÝ<=6MADGIB�;�Yw<D476IF76Mv®;%F76�B9z�f
~pi = ∂S/∂~ri

0�354W{7B�Û�<D476�A=6ML~T�<DC2\+6
GI;%GI6MFW<D{�Gé\+6�eM<=;%A=B −→

W i
T�A=69;%z�<UT�C2F76�JqA=6�eM{�A=BDC2\+6ML2f�z�f
−→
W k =

−→
W k−1 − ~pk , (k = 2, ..., N − 2)

Ú�b'021��+Ü
vwC2<D4 −→

W 1 = −~p1
T�F7J −→

WN = ~pN
0u35476PGI;%GI6MFW<UT −→

W i
T�F7Jke�;%ADA=6�B=d�;%F7J'C2F�V�A=6ML~T�<DC2\+6�e�;K;%A=J'C2F#T�<=6�B ~RiT�A=69BD{�z7B=<DC2<D{�<=6�JnC2FW<=;h<D476P�xT�GhC2L2<=;%F�C~T�Fivw4�CEe=4qz|6�e�;%GI6�B

H =
1

2

N−1
∑

k=1

(

1

mk
+

1

mk+1

)−→
W 2

k −
N
∑

k=2

1

mk

−→
W k−1 ·

−→
W k

−
N−1
∑

k=1

mkmk+1

Rk
−

N
∑

1≤i≤j−2

mimj

Rij

Ú�b'021��+Ü

vw476MA=69<D476PF7;%F'>@e=4#T�C2F76�JHJ'CEBD<UT�F7e�6�B�T�A=6OV�C2\+6MFkz�f
Rij = |~rj − ~ri| =

∣

∣

∣

∑

i≤k′≤j
~Rk′

∣

∣

∣

T�F7Jk<D476
mi
T�A=6

<D476OG�T%B=BU6�B�;�Y�<D476Od#T�AD<DCEeMLE6�B�0
��F&;%A=J�6MAP<=;nA=6MV�{�L~T�ADC2��6�<D476I�xT�GhC2L2<=;%F�C~T�F¨b'021��'Ûrvo6hd�A=;Ke�6�6�J
Û�T%BOvo6�J'CEJXC2F·B=6�eM<DCE;%F·b'021�0R/'Û�zWfH¿7A=BD<
T�d�d�L2fKC2F�VÝTk<DC2GI6�<DAUT�F7ByY�;%ADG�T�<DCE;%FÞT�F7Jî<D476MF�BD{�z7BD<DC2<D{�<DC2F�VX<D476�çPlW>g<DAUT�F7ByY�;%ADGI6�J�e�;K;%A=J'C2F#T�<=6�BIT�F7J
GI;%GI6MFW<UT'0w�x;�vo6M\+6MA�Û#476MA=6Pvu6�6MGhd�LE;�fkThJ'CÀà
6MA=6MFW<x<DC2GI69<DAUT�F7ByY�;%ADG�T�<DCE;%FiB={�V�V+6�BD<=6�Jqz�f�[iC2_K_+;%L~T�ë
��T�A=B=6M<D4¶Úy1������+Ü�Û�vw4�CEeU4îLE6�T%J�B�<=;jTnGP{7eU4¨z�6M<D<=6MAhT%e�eM{�AUT%eMfXY�;%AP<D476�FW{�GI6MADCEe�T�L5C2FW<=6MV�AUT�<DCE;%F}0H�@<�CEB
V�C2\+6MFqz�f

t′ =
1

T + Uvw476MA=6�<D476�<=6MADG
(T + U)

CEBx<D476hprT�V�AUT�F�V�C~T�FÝ;�Yu;%{�A�GP{�L2<DC2d�LE6�BDfKB=<=6MGq09��Y°<=6MA9T�d�d�L2f�C2F�V�<D4�CEB�<DC2GI6
<DAUT�F7ByY�;%ADG�T�<DCE;%F�<=;"<D476u��T�GhC2L2<=;%F�C~T�Fhb'021��wvu6o;%z�<UT�C2FhT���T�GhC2L2<=;%F�C~T�F�;�Y7<D476ZY°;%ADG

Γ = (H−E)/(T +
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U)
Ú°BU6�6Pl�<DCE6�Y°6ML�ëÍlKe=476MCÀY�6MLE6�Ûr1��+�K1�Ü�Û�vw476MA=6

E
CEB�476MA=6O<D4769FW{�GI6MADCEe�T�Lr\�T�L2{769;�Y�<D4769��T�GhC2L2<=;%F�C~T�F

H6M\�T�L2{#T�<=6�J�Y�A=;%G�<D476�C2F�C2<DC~T�L�e�;%F7J'C2<DCE;%F7B�0Z354769<DAUT�F7ByY°;%ADG�T�<DCE;%F7B

~Ri = L( ~Qi) ~Qi

−→
W i =

L( ~Qi) ~Pi

2
∣

∣

∣

~Qi

∣

∣

∣

2

Ú�b'0R/��+Ü

J�6�¿7F76o<D476u��T�GhC2L2<=;%F�C~T�F�C2F�<=6MADGIB�;�Y#<D476oçPlW>g<DAUT�F7ByY�;%ADGI6�J�d�;�B=C2<DCE;%F7B ~Qi
T�F7JPGI;%GI6MF�<UT ~Pi

Ú°e�;%Ghd#T�A=6
<=;�A=6ML~T�<DCE;%F7Bub'021�1^T�F7JIb'021�b+Ü�Û+vw476MA=6

L
J�6MF7;%<=6�BZ<D476�çPlW>gG�T�<DADCÀ¯�b'021�/'0�35476�A=6MV�{�L~T�ADC2��6�JI�xT�GhC2L2<=;%F�C~T�F

Γ
CEBw<D476MFkV�C2\+6MFqzWf

Γ =
1

(T + U)







1

4

N−1
∑

k=1

(

1

mk
+

1

mk+1

) ~P 2
k

∣

∣

∣

~Qk

∣

∣

∣

2
−

N−1
∑

k=1

mkmk+1
∣

∣

∣

~Qk

∣

∣

∣

2

+
1

4

N
∑

k=2

1

mk

~P t
k−1L

t( ~Qk−1)L( ~Qk)~P t
k

∣

∣

∣

~Qk−1

∣

∣

∣

2 ∣
∣

∣

~Qk

∣

∣

∣

2
−

N
∑

1≤i≤j−2

mimj

Rij
− E






,

Ú�b'0R/'1�Ü

vw476MA=6 ~P t
k

T�F7J
Lt T�A=6�<D476h<DAUT�F7BDd|;�B=6�JHY�;%ADGIB9;�Yu<D476hGI;%GI6MF�<D{�GÃ\+6�eM<=;%A=B�T�F7Jj<D476IçPlW>gG�T�<DADCÀ¯

L
0

S�A=;%GÈ<D476kA=6MV�{�L~T�ADC2��6�J±��T�GhC2L2<=;%F�C~T�F±vu6H;%z�<UT�C2F¶<D476H6�è�{#T�<DCE;%F7B�;�Y9GI;%<DCE;%F±zWf»<D476k��T�GhC2L2<=;%F�C~T�F
6�è�{#T�<DCE;%F7B

~Q′
k =

∂Γ

∂ ~Pk

, ~P ′
k = − ∂Γ

∂ ~Qk

Ú�b'0R/�/+Ü
vw476MA=6�Txd�ADC2GI6wJ�6MF7;%<=6�BZJ'CÀà
6MA=6MFW<DC~T�<DCE;%F�vwC2<D4hA=6�BDd�6�eM<�<=;�<D476o¿#eM<DC2<DCE;%{7B:<DC2GI6

s
0�35476w6�¯'d�L2CEeMC2<Z6�¯'d�A=6�By>

BDCE;%F7BuY�;%A ~Q′
k

T�F7J ~P ′
k

<=;%V+6M<D476MAwvwC2<D4n<D476�prT�V�AUT�F�V�C~T�F
(T + U)

T%BuY�{�F7eM<DCE;%Fq;�Yr<D476�çPlW>g<DAUT�F7ByY�;%ADGI6�J
\�T�ADC~T�z�LE6�B5T�A=6xV�C2\+6MF�C2F�[iC2_K_+;%L~T�ëþ�xT�A=BU6M<D4jÚy1�����b+Ü�0Z35476�J'CÀà
6MA=6MFW<DC~T�<DCE;%FnvwC2<D4�A=6�BDd|6�eM<u<=; ~Qk

;�Y}<D476
d#T�AD<Z;�Y#<D476w��T�GhC2L2<=;%F�C~T�F�b'0R/'15<D4#T�<:e�;%FW<UT�C2F7B:<D4765F7;%F'>@eU4#T�C2F76�JIJ'CEBD<UT�F7e�6�B

Rij
e�T�F�z�65e�T�ADADCE6�Jh;%{�<:zWf

6�¯'d�LE;%C2<DC2F�Vh<D4#T�< ~Q
CEB5<D476xçPlW>g<DAUT�F7BDY°;%ADG�;�Y ~R

Û'vwC2<D4 ~R = L( ~Q) ~Q
Û�T�F7J�<D476�F7;%F'>@e=4#T�C2F76�Jnd|;%<=6MFW<DC~T�L

Unc
CEB

Unc = U(~R)
Û'<D4W{7B^T9Y°{�F7eM<DCE;%Fq;�Y ~R

0:35476�J�6MADC2\�T�<DC2\+6
∂Unc/∂ ~Q

e�T�Fn<D476MFnz|6xvwADC2<D<=6MFnC2F�<D476
Y�;%ADG

∂Unc/∂ ~Q = 2Lt( ~Q)∂Unc/∂ ~R
Ú°B=6�6IT�LEB=;kl�<DCE6�Y�6ML©ëìlKe=476MCÀY�6MLE6�Û©1��+�K1�Ü�0hS7;%A9<D476�{�F�d|6MAD<D{�ADz|6�J

e=4#T�C2F}Û#<D476O6�èW{#T�<DCE;%F7B^;�Y�GI;%<DCE;%FHb'0R/�/�<D476MFk;%F�L2f�F76�6�Jn<=;�z|69T%e�e�;%Ghd#T�F�CE6�JqzWf�<D476O<DC2GI6P6�èW{#T�<DCE;%F

t′ =
1

T + U

Ú�b'0R/�b+Ü
G�T�_KC2F�V·<D476HBDf'BD<=6MG ;�Y9A=6MV�{�L~T�ADC2��6�J±J'CÀà|6MA=6MF�<DC~T�LO6�èW{#T�<DCE;%F7B�e�;%Ghd�LE6M<=6�0¾�@F¶;%A=J�6MA�<=;·A=6�e�;�\+6MA�<D476
A=6ML~T�<DC2\+69e�;K;%A=J'C2F#T�<=6�BxT�F7J�GI;%GI6MF�<UThY°A=;%G <D4769B=;%L2{�<DCE;%F}Û7<D476OA=6ML~T�<DCE;%F7B^b'0R/��IT�A=6�{7BU6�J
0

¨ �Ùl#�Ùl �?'�N,�,�H��
����k��$O·���@�'��	���	�Q
��1
������
35476OC2Ghd�LE6MGI6MF�<UT�<DCE;%FH;�Y�<D4769e=4#T�C2FkA=6MV�{�L~T�ADC2��T�<DCE;%FHe�;%F7BDCEB=<=B�;�Y�<D476OY°;%L2LE;�vwC2F�VIG�T�C2FkBD<=6Md7B��
1�0�]�6M<=6MADGhC2F76P<D476OFW{�GI6MADCEe�T�L�\%T�L2{769;�Y�<D476O<=;%<UT�Lr6MF76MADV�f

E
T�F7Jq;�Y�<D4769prT�V�AUT�F�V�C~T�F

(T + U)
0
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/'0�S�C2F7Jn<D476Pe=4#T�C2FqC2F7J'CEe�6�B�Û7Cg0ð6�0:<D476Od#T�AD<DCEeMLE6OC2F7J'CEe�6�BxT�LE;%F�VI<D4769e=4#T�C2F}0
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;�Y�T�FWfIJ�6M<UT�C2LE6�J�4�fKJ'A=;KJ'f�F#T�GhCEe�T�L|e�T�LEeM{�L~T�<DCE;%F7B�Û'e�T�F�F7;%<5z�6�A=6ML2C~T�z�L2f�J�6M<=6MADGhC2F76�JnT�F7JIvoT%Bo<D476MA=6�Y�;%A=6
B=6M<5<=;IT�<DC2GI6�vw476MF

M = 0.04M�
0:354�CEB5\%T�L2{76�CEBwè�{�C2<=6�Ü�d|6�B=BDC2GhCEBD<DCEeÃÜ%Û7T%B5C2<�BDC2V�F�CÀ¿#e�T�F�<DL2f�A=6�J'{7e�6�B

<D476h<DC2GI6hC2F�<=6MAD\%T�LuvwC2<D4�C2F&vw4�CEe=4·<D476�Y°AUT�V�GI6MFW<=B�4#T�\+6h<=;qJ�6�e�T�fXz�6�Y�;%A=6�<D476MfjA=6�T%e=4&<D476I4Wf'J'A=;%V+6MF
z�{�ADF�C2F�VPL2C2GhC2<�0���Fh<D4�CEBZe�T�LEeM{�L~T�<DCE;%F�TO<D4�C2A=JI;�Y�<D476"BDfKB=<=6MGIB�4#T�\+6"J�6�e�T�f+6�JIz|6�Y°;%A=65<D476Mf�A=6�T%e=476�J�<D4#T�<
G�T%B=BuL2C2GhC2<oT�F7J�e�;%F7B=6�èW{76MF�<DL2fIz|6�e�T�GI6^toA=;�vwF�]xvoT�AyY�B�0��5<©<D4�CEBud�;%C2F�<uvo6�¿7F7J�C2<©CEB©vu;%AD<D4�d�;%C2F�<DC2F�V
;%{�<P<D4#T�<�LE;�vo6MAhT%e�eMA=6M<DCE;%FîAUT�<=6�B9A=6�B={�L2<PC2FîTq4�C2V�476MA�T�z�{�F7J7T�F7e�6�;�Y�toA=;�vwF¨]^v5T�AyY°B�Û�T�L2<D47;%{�V�4î<D476
J�6�e�T�fn;�Y�<D476O<DADC2d�LE69BDf'BD<=6MGIB54#T�d�d|6MF7B^T�LE;%<�L~T�<=6MA�0
354�CEB�A=6�BD{�L2<9BD47;�v�B�Û}T%e�e�;%A=J'C2F�Vq<=;��"6MC2d�{�AD<D4Ýë muL~T�AD_+6qÚ�/����'1�Ü�Û
<D4#T�<O<D476�6Á�D6�eM<DCE;%F&B=e�6MF#T�ADCE;�CEBOT�z�LE6
<=;qd�A=;KJ'{7e�6IG�T�F�f&toA=;�vwF¨]^v5T�AyY°B�6M\+6MFÝ{�F7J�6MA�è�{�C2<=6sÜ�d�6�BUBDC2GhCEBD<DCEeÃÜ�T%BUBD{�Ghd�<DCE;%F7B�T�F7J·BD47;%{�LEJ&z|6
<D476MA=6�Y�;%A=6j\+6MADfÞ6D6�eMCE6MFW<nC2F±GI;%A=6jA=6�T�L2CEBD<DCEejBDC2<D{#T�<DCE;%F7B�0®lK;î<D476Mf¶T�ADV�{76j<D4#T�<�Û"Y°;%A�C2F7BD<UT�F7e�6�Û^<D476
<DC2GI6�<D476IY°AUT�V�GI6MFW<=B�F76�6�Jî<=;HA=6�T%e=4¨<D476�4Wf'J'A=;%V+6MF½z�{�ADF�C2F�VjL2C2GhC2<�V�A=6�T�<DL2f·C2F7eMA=6�T%B=6�JîCÀY"<D476�G�T%B=B
CEB�J'CEBD<DADC2z�{�<=6�J½T�GI;%F�V+BD<�GI;%A=6�<D4#T�Fî<D4�A=6�6�z|;�J'CE6�B�Û�A=6�B={�L2<DC2F�VHC2F½TiLE;�vo6MA�T%e�eMA=6M<DCE;%FîAUT�<=6�Y�;%A�6�T%eU4
toA=;�vwF&]xvoT�AyYD0O�^LEB=;�Û�<D476MfkF7;%<=6�Û|<D476hT%e�eMA=6M<DCE;%Fjd�A=;�e�6�B=B�CEB�BD<=;%d�d|6�JH6�T�ADL2CE6MAOCÀY©<D476�C2F'Y�T�L2L2C2F�V�VWT%BxCEB
F7;%<56�èW{#T�L2L2f�J'CEB=<DADC2z�{�<=6�J�T�GI;%F�V�<D476^z�;KJ'CE6�B�0��±G�T%B=BoJ'CÀà|6MA=6MF7e�6xz|6M<@vu6�6MF�<D476MG�<=6MF7J�Bu<=;�J'ADC2\+6x;%{�<
<D476hLE;�vu6MAy>gG�T%B=B�GI6MGPz|6MAPz�fjG�T%B=B9B=6MV�A=6MVWT�<DCE;%F}Û�vw476MA=6MzWfX<D4�CEB9z�;KJ'fjT%e�eMA=6M<=6�B�6M\+6MF&LE6�B=BPG�T�<=6MADC~T�L
z|6�e�T�{7B=6�;�Y
<D476�LE;�vu6MAoVWT%B©J�6MF7BDC2<DCE6�BuC2FI<D476";%{�<=6MAuA=6MV�CE;%F7Bu;�Y
<D476�eMLE;%{7J
0:354�CEB©d�A=;�e�6�BUB©J'ADC2\+6�BuC2<©6M\+6MF
Y°{�AD<D476MA�;%{�<�z�fÝG�T%B=BhB=6MV�A=6MVWT�<DCE;%F»T�F7J¨B=;kY�;%AD<D4}0&354�CEBhB=e�6MF#T�ADCE;H4#T%B�z�6�6MF¨F#T�GI6�J±ßðe�;%Ghd|6M<=6M<DC2\+6
T%e�eMA=6M<DCE;%F}ß�T�F7Jjv5T%B9C2F�\+6�BD<DC2VWT�<=6�J&z�fHt5;%F�F76ML2L©6M<PT�Lg0©Ú�/����'1�Ü�0�ý&6h¿7F7Jj<D4#T�<9<D476IT�\+6MAUT�V+6�J'CEBD<UT�F7e�6
T�F7J9G�T%BUBrCEB�T�LEB=;^T�\+6MADf9e�;%F7B=6MAD\%T�<DC2\+6oe=47;%CEe�6oe�;%Ghd#T�A=6�J�<=;�<D476u;%F76©BD{�V�V+6�BD<=6�J�zWf�l�<=6MAD��C2_Pë»]x{�ADCEB=6MF
Ú�/�����b+Ü�ÛKvw47;�6�à|6�eM<DC2\+6ML2fId�L~T%e�6^<D4�A=6�6xz�;KJ'CE6�BuvwC2<D4�TPG�T%B=B5;�Y

0.08M�
C2F7BDCEJ�6�TO\+;%L2{�GI6�;�Y

10AU
T%B

d|;%C2FW<=6�Jq;%{�<�C2FiB=6�eM<DCE;%FnQ7021�0
ý¶4�C2LE6�<D476wC2F�C2<DC~T�L|e�;%F7J'C2<DCE;%F7BuBU6�6MGN<=;Oz|6<Ü�d|6�B=BDC2GhCEBD<DCEeÃÜ�C2F�;%A=J�6MA©<=;Pd�A=;�J'{7e�6^tuA=;�vwF�]xv5T�AyY°B�ÛW<D476MA=6
CEBo;%F76xT%B=B={�Ghd�<DCE;%F�<D4#T�<ovoT%Bo<=;K;P;%d�<DC2GhCEBD<DCEe^Y�;%A©<DADC2d�LE6�BDf'BD<=6MGIB�ÛWF#T�GI6ML2fI<D476"4#T�LÀY�L2CÀY°6^;�Y}<D476^J�6�e�T�f+0
c^{�A^;�vwFiBDC2G�{�L~T�<DCE;%F7B�;�Yw1�������J�6�e�T�fKC2F�V�<DADC2d�LE6�BDf'BD<=6MGIB"BD{�V�V+6�B=<�Û7<D4#T�<^;%F�L2fqT�z|;%{�<

55%
;�Y©T�L2L}<D476

BDf'BD<=6MGIB�4#T�\+6nJ�6�e�T�f+6�J»T�Y�<=6MA
100 tcr

Û:G�T�_KC2F�V
τ ≈ 87 tcr

0&�^6Md�6�T�<DC2F�VX<D476�d�A=6M\KCE;%{7Bhe�T�LEeM{�L~T�<DCE;%F
vwC2<D4n<D476xF76Mv

τ
fKCE6MLEJ�B�T�toA=;�vwFq]xvoT�AyY�Y°;%ADG�T�<DCE;%Fnd�A=;%z#T�z�C2L2C2<�fn;�Y�;%F�L2f

13%
Û'G�T�_KC2F�Vh<D476�6Á�y6�eM<DCE;%F

B=e�6MF#T�ADCE;hG�{7e=4iLE6�B=Bwd�A=;%z#T�z�LE69CÀY:;%F�L2f�<D4�A=6�6�Y�AUT�V�GI6MF�<=BxT�A=69C2FW\+;%L2\+6�J
0Zý&69voT�FW<^<=;hBD47;�v9Û#47;�vo6M\+6MA�Û
<D4#T�<�<D476�AUT�<D476MA�LE;�v®d�A=;%z#T�z�C2L2C2<�fî;�Y"Y°;%ADGhC2F�VjtoA=;�vwF�]xvoT�AyY�B�Y�A=;%G {�F7BD<UT�z�LE6�<DADC2d�LE6�BDfKB=<=6MGIBPCEBhT
J'AUT�G�T�<DCEe�{�F7J�6MA=BD<UT�<=6MGI6MF�<�;�Y"47;�v 6D6�eMCE6MF�<I<D4�CEB�d#T�AD<DCEeM{�L~T�AhGI;�J�6ML5CEB�0j35476�_+6MfÝd|;%C2FW<�<D4#T�<�4#T%B
z|6�6MFXLE6�Y�<O;%{�<OC2FX<D476�d�A=6M\KCE;%{7B9e�T�LEeM{�L~T�<DCE;%FÝCEB�<D476�YgT%eM<O<D4#T�<Ovw4�C2LE6�<D476�Y°AUT�V�GI6MFW<=BPT�A=6�V�A=;�vwC2F�VkC2F
G�T%B=B5<D476�vw47;%LE6OG�{�L2<DC2d�LE69BDf'BD<=6MG BD4�ADC2F�_'B5C2FqBDC2��6�Û'G�T�_�C2F�V

R
T�Y°{�F7eM<DCE;%Fq;�Y�<DC2GI6�0Zto{�<5<=;IT%e�e�;%{�FW<

Y�;%Au<D4�CEBw6�à
6�eM<5vu6^¿7A=BD<5F76�6�J�<=;�4#T�\+6OT�eMLE;�BU6MAoLE;K;%_�T�<5<D476�e=4#T�F�V+6O;�Y�6MF76MADV�f�;�Y�T�FqT%e�eMA=6M<DC2F�Vh<DADC2d�LE6



/�ö ��óxô^õx¡�¢Zö�Õ'øò¡�óx¢»ú�¢^��ô}�þ��:¨ôP�w��ö"¢x¡�ù� _;N¡�ö^ù�õy§r¢u£
BDf'BD<=6MG vw4�CEe=4HT�LEB=;hA=6�è�{�C2A=6�B�B=;%GI69e�;%F7BDCEJ�6MAUT�<DCE;%FH;%Fn47;�vþG�T%B=BwCEB"T%e�eMA=6M<=6�Jq;%F�<=;h<D476Oz|;�J'CE6�B�0

Û �Ùl#�Ùl dX���]Ý_���	��N%I �,)��-$&$5���B
�����NF9 ��'(
���@7'���
3r;�;%z�<UT�C2FqT�F�6�¯'d�A=6�B=BDCE;%F�Y°;%Ao<D476x6MF76MADV�f�;�Y�T%e�eMA=6M<DC2F�V�z�;KJ'CE6�B©vo6�¿7A=B=<u4#T�\+6"<=;�e�;%F7BDCEJ�6MA547;�v¶GP{7eU4
GI;%GI6MFW<D{�Gé<D476�C2F'YgT�L2L2C2F�VIVWT%B"e�T�ADADCE6�B^;%FW<=;h<D476MGq0Z35476O¿7A=BD<"e�T%B=6�vo6OvoT�F�<"<=;hLE;K;%_�T�<wCEB^T%e�eMA=6M<DCE;%F
;�YwVWT%B�T�<�A=6�BD<�Û�vw4�CEe=4îGI6�T�F7B�<D4#T�<�<D476IGI;%GI6MF�<D{�Gü;�Yw<D476IY�AUT�V�GI6MF�<=B�CEBPF7;%<�eU4#T�F�V+6�JÝvw476MF·<D476
G�T%B=B�CEBPC2F7eMA=6�T%BU6�J
0q35476�eU4#T�F�V+6�;�Y5<D476�GI;%GI6MFW<D{�GüCEB�<D476MA=6�Y°;%A=6�;%F�L2f&J'{76�<=;q<D476�V�AUT�\KC2<UT�<DCE;%F#T�L
Y�;%A=e�6�z�6M<�vu6�6MFH<D476�z�;KJ'CE6�B�0:354769«x6Mvw<=;%F�C~T�Fk6�è�{#T�<DCE;%F7B�<D476MA=6�Y�;%A=6OA=6�T%J

dMi

dt
· vi +

dvi

dt
· Mi = G

∑

i6=j

(

MiMj

r2
ij

rij

rij

)

.
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35476OJ'CÀà
6MA=6MF7e�6�<=;�<D476�6�è�{#T�<DCE;%F7B�;�Y�GI;%<DCE;%FnvwC2<D4qe�;%F7B=<UT�FW<wG�T%B=B=6�B5CEBo<D476�<=6MADG
dMi/dt · vi

vw4�CEeU4
e�T�FÝT�LEB=;�z|6hB=6�6MFÝT%B9T�FÝT%J�J'C2<DCE;%F#T�L©\+6MLE;KeMC2<@fjJ�6Md|6MF7J�6MFW<9Y°ADCEeM<DCE;%FX<=6MADGqÛ�T�F7Jj<D4�{7B9vwC2L2L:z|6�<DA=6�T�<=6�J
L2C2_+6�T�Fj6�¯'<=6MADF#T�L�Y°;%A=e�6�C2Fi<D476�Y�;%L2LE;�vwC2F�VnJ'CEB=eM{7B=B=CE;%F}0^��Fi<D476�eML2{7BD<=6MAOBDC2G�{�L~T�<DCE;%F7BO;�Yut5;%F�F76ML2L�6M<9T�Lg0
Úy1����+��ÜZ<D4�CEBoT�d�d�A=;�¯KC2G�T�<DCE;%Fnv5T%BoB=47;�vwF�<=;9A=6�æ#6�eM<o<D476^6M\+;%L2{�<DCE;%Fn;�Y}<D476�<=;%<UT�L|6MF76MADV�f�;�Y}<D476^eML2{7BD<=6MA
;�\+6MAO<DC2GI6�;�Y©<D476MC2AxY°{�L2L2fq4Wf'J'A=;KJ'f�F#T�GhCEe�T�LZe�T�LEeM{�L~T�<DCE;%F&BD{r6�eMCE6MF�<DL2fivo6ML2LZT%B�LE;%F�VnT%Bx<D476�z|;�J'CE6�B�J�;
F7;%<OGI;�\+6hB=C2V�F�CÀ¿#e�T�FW<DL2fXBD{�d|6MA=B=;%F�CEe�0��xBxvu6I6�¯'d|6�eM<�;%{�A�Y°AUT�V�GI6MFW<=B9<=;�GI;�\+6hvwC2<D4ÝT�BDd|6�6�JH;�Yo<D476
;%A=J�6MA:;�Y

1 km/s
Û%vw4�CEe=4ICEB:T�z|;%{�<�Q�<DC2GI6�B�4�C2V�476MA�<D4#T�Fh<D476o<@fKd�CEe�T�L�B=;%{�F7J�BDd�6�6�J�;�Y�Txe�;%LEJ�GI;%LE6�eM{�L~T�A

eMLE;%{7Jqe�;%A=6�Û�<D4�CEB^T�d�d�A=;�¯'C2G�T�<DCE;%FHBD47;%{�LEJkBD<DC2L2L
z�69T�Fk{�F7J�6MA=6�BD<DC2G�T�<=6�0
3r;kJ�6MADC2\+6I<D476I6MF76MADV�fX6�è�{#T�<DCE;%FXY°;%APGP{�L2<DC2d�LE6�B=fKBD<=6MGIB�ÛrT%e�eMA=6M<DC2F�VkVWT%B�T�<OA=6�BD<�Û}vo6IGP{�L2<DC2d�L2fXz|;%<D4
BDCEJ�6�B�;�Y:6�è�{#T�<DCE;%FqQ70 QIvwC2<D4

vi

T�F7J�A=6�T�ADAUT�F�V+69C2<�<=;�V�C2\+6

dE

dt
= −

∑

i

(

dMi

dt

v2
i

2

)

− G
∑

i6=j

(

d(MiMj)/dt

rij

) Ú�Q70Ra+Ü

vwC2<D4
E =

∑

i

(

Mi

2
v2
i

)

− G
∑

i6=j

(

MiMj

rij

)

.
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l�d�L2C2<D<DC2F�V�{�d
E
C2Fn_�C2F76M<DCEe�T�F7Jnd�;%<=6MF�<DC~T�L�?:F76MADV�f+Û

Ekin
T�F7J

Epot
Û�6�èW{#T�<DCE;%FiQ70Ra�z�6�e�;%GI6�B

dE

dt
= −Ṁ

M
Ekin + 2

Ṁ

M
Epot

Ú�Q70 ��Ü
vw476MA=6�vu6�B=6M<

Mi = M
T�F7J

Ṁi = Ṁ
Y�;%A�T�L2L

i
T%Bxvu6�vwC2L2L�;%F�L2fHe�;%F7BDCEJ�6MAO6�èW{#T�L�G�T%B=B�BDf'BD<=6MGIBxC2F

<D4�CEBwd#T�d|6MA�0Z�xB=BD{�GhC2F�Vh\KC2ADC~T�Lr6�èW{�C2L2C2z�ADC2{�GqÛ#<D4#T�<�V�C2\+6�B
1

2
Epot = E

Ú�Q70R�+Ü
T�F7J

Ekin = −E ,
Ú�Q70R�+Ü

¿7F#T�L2L2f�LE6�T%J�Bw<=;
dE

dt
= 5 · Ṁ(t)

M(t)
E.

Ú�Q7021��+Ü
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354�CEB�CEB�TjL2C2F76�T�A�¿7A=BD<y>@;%A=J�6MA�J'CÀà
6MA=6MFW<DC~T�L�6�è�{#T�<DCE;%F»vwC2<D4»<DC2GI6k\%T�ADfKC2F�VÝd#T�AUT�GI6M<=6MA=B�T�F7J�4#T%B�<D476
B=;%L2{�<DCE;%F

E(t) = E0 · exp





t
∫

0

5 · Ṁ(u)

M(u)
du



 .
Ú�Q7021�1�Ü

tofhB=6M<D<DC2F�V
M = Ṁ · t+M0

T�F7J
Ṁ = const.

vu6^;%z�<UT�C2F�<D476w¿7F#T�L�6MF76MADV�fI6�è�{#T�<DCE;%FIY�;%A©;%{�A©GI;KJ�6ML
vwC2<D4iT%e�eMA=6M<DCE;%FH;�Y�VWT%B"T�<wA=6�B=<

E(t) = E0 ·
(

Ṁ

M0
t + 1

)5

.
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�xB"CEBx6�T%BDC2L2fqB=6�6MFH<D476P6MF76MADV�fkJ�6Md|6MF7J�B�BD<DA=;%F�V�L2fk;%Fi<D476�T%e�eMA=6M<DCE;%FjAUT�<=6
Ṁ
T�F7JHJ�6�eMA=6�T%B=6�B�Û|J'{76�<=;

E0 < 0
Û�vwC2<D4�<D476xaZÞàßPd|;�vo6MAw;�Y

t
ÛKG�T�_�C2F�V�<D476xBDfKB=<=6MGÍBD4�ADC2F�_�6�¯'<DA=6MGI6ML2f�è�{�CEe=_KL2f+0:354�CEB56�¯Kd�A=6�BUBDCE;%F

T�LEB=;�BD47;�v�B�<D4#T�<x<D476�<�f�d�CEe�T�L:<DC2GI6�B=e�T�LE6hT�<�vw4�CEe=4X<D476�BDf'BD<=6MGIB�BD4�ADC2F�_'B^V+;K6�B�vwC2<D4 ∼
(

Ṁ/M0

)5 Û
Cg0ð6�0:vwC2<D4q<D4769T%e�eMA=6M<DCE;%Fi<DC2GI69B=e�T�LE6�<=;h<D4769d�;�vu6MA";�YZa�Y�;%A"T%e�eMA=6M<DCE;%Fk;�Y�VWT%BxT�<wA=6�BD<�0
�@Y�vo6"e�;%Ghd#T�A=6�<D4�CEB©vwC2<D4I<D476w<=;�fhGI;�J�6ML#;�Y
�"6MC2d�{�AD<D4�ë muL~T�AD_+6�Ú�/����'1�Ü:vw476MA=6w<D476"6MF76MADV�fh6�è�{#T�<DCE;%F
A=6�T%J�B

E(t) = −3G

(

Ṁ · t + M0

)2

R

Ú�Q7021�b+Ü
vwC2<D4¨e�;%F7BD<UT�FW<

R
Û�C2<�e�T�F·z|6�eMLE6�T�ADL2f&BU6�6MFÝ<D4#T�<�vu6�V+6M<�TqLE6�B=BPBD<=6�6Md¨J�6Md|6MF7J�6MF7e�6�;%F

t
T�F7J

Ṁ
CÀY

;%F�L2fH<D476�G�T%B=BOV�A=;�vw<D4·z�{�<OF7;%<9<D476�<DC2GI6IJ�6Md|6MF7J�6MF7e�6I;�Y
R
CEB9e�;%F7B=CEJ�6MA=6�J
Û}{�F7J�6MA=6�BD<DC2G�T�<DC2F�Vi<D476

e�;%Ghd#T%eM<DF76�B=B^;�Y:T%e�eMA=6M<DC2F�V�GP{�L2<DC2d�LE6PB=fKBD<=6MGIB�Û'vw4�CEe=4qC2Fq<D{�ADFkG�T�_+6�Bw<D4769J�6�e�T�f�<DC2GI6�B"<=;�;�LE;%F�V70
ý&6wT�LEB=;xvoT�F�<:<=;xBU6�6©47;�v½<D476o6MF76MADV�f�J�6�eMA=6�T%B=6�B�CÀY#<D476oVWT%B�CEB�F7;%<ZT�<�A=6�BD<�0�S7;%A:BDC2Ghd�L2CEeMC2<�fPvo6�T%B=BD{�GI6
<D4#T�<�<D4769T%e�eMA=6M<=6�JnG�T%BUBwCEB5GI;�\KC2F�V�T�<�<D476OBUT�GI6OB=d�6�6�JqT�F7JnJ'C2A=6�eM<DCE;%FjT%B5<D476Oz�;KJ'CE6�B�ÛK<D4W{7B"LE6�T�\KC2F�V
<D476�\+6MLE;�eMC2<DCE6�B�;�YZ<D476MGé{�F7e=4#T�F�V+6�J
0^ýÞ4�C2LE6�C2<xe�T�F�F7;%<xz|6P6�¯'d�6�eM<=6�Ji<D4#T�<^<D4�CEB^<@fKd|6P;�YuT%e�eMA=6M<DCE;%FjCEB
T�d�4�fKBDCEe�T�L2L2fnA=6�T%BU;%F#T�z�LE6Pe=47;%CEe�6PC2<"BD47;%{�LEJkF76M\+6MAD<D476MLE6�B=B^B=47;�v <D4769C2F'æ7{76MF7e�6P;�Y:VWT%B�GI;%<DCE;%FH;%Fk;%{�A
A=6�BD{�L2<=B�0:35476P6�èW{#T�<DCE;%F7B^;�Y�GI;%<DCE;%FqA=6MG�T�C2Fi{�F7e=4#T�F�V+6�JHT�F7Jn<D47696MF76MADV�f�A=6ML~T�<DCE;%FkA=6�T%J�B

dE

dt
= +

Ṁ

M
Ekin + 2

Ṁ

M
Epot

Ú�Q7021MQ�Ü
T�F7JnA=6Md|6�T�<DC2F�VI<D4769BD<=6Md7B�vu69J'CEJn<=;h;%z�<UT�C2F

E(t)
Y�;%Aw<D476PT%e�eMA=6M<DCE;%FH;�Y�VWT%B"T�<"A=6�BD<�Û'vu6�¿7F#T�L2L2f�V+6M<

E(t) = E0 ·
(

Ṁ

M0
· t + 1

)3 Ú�Q7021�a+Ü

vw4�CEe=4nJ'CÀà
6MA=BuY�A=;%G®<D476�B=;%L2{�<DCE;%F�vwC2<D4�T%e�eMA=6M<DCE;%Fq;�Y}VWT%BwT�<5A=6�BD<5;%F�L2fIC2F�<D476^\�T�L2{76x;�Y}<D476�6�¯'d�;%F76MF�<�0
«x;�vò<D47696MF76MADV�f�J�6Md|6MF7J�B�LE6�B=B�B=<DA=;%F�V�L2f�;%Fq<D476�T%e�eMA=6M<DCE;%FqAUT�<=6PT�F7J

t
T%Bw<D476O<@fKd�CEe�T�L}<DC2GI69BUe�T�LE6PT�<

vw4�CEe=4�<D476�BDf'BD<=6MG�BD4�ADC2F�_KBuV+;K6�Bo;%F�L2f�vwC2<D4�<D476ObZáàâPd|;�vu6MAw;�Yr<D476OT%e�eMA=6M<DCE;%F�<DC2GI6�B=e�T�LE6�0�ý&6xBD47;%{�LEJ
<D476MA=6�Y�;%A=6x6�¯'d|6�eM<�ÛK;%FqT�\+6MAUT�V+6�Û�LE;%F�V+6MAwJ�6�e�T�f�<DC2GI6�Bu<D4#T�Fnvo6xvu;%{�LEJ�V+6M<5C2F�<D476�e�T%B=6�;�Y�T%e�eMA=6M<DCE;%Fq;�Y
VWT%B^T�<wA=6�B=<�z�{�<"BD<DC2L2LrB=47;%AD<=6MA�<DC2GI6PB=e�T�LE6�B^T%BwC2Fq<D476O<=;�f�GI;KJ�6ML�;�Y:�"6MC2d�{�AD<D4HëNmuL~T�AD_+6�Ú�/����'1�Ü�0uS7;%A
C2L2L2{7BD<DAUT�<DCE;%F}Ûrvu6Ie�T�FÝT�LEB=;qT%BUBD{�GI6�<D4#T�<9<D476�VWT%BO4#T%B9T�L2v5T�f'B9<D476hBUT�GI6�\+6MLE;KeMC2<@fjz�{�<O<D476I;%d�d|;�BDC2<=6
J'C2A=6�eM<DCE;%F·T%Bx<D476�Y°AUT�V�GI6MFW<=B�0�354�CEB�vu;%{�LEJXLE6�T%JH<=;qT�\�T�L2{76�;�Yo<D476h6�¯Kd|;%F76MFW<9;�Y

7
Û|A=6�BD{�L2<DC2F�VnC2FÝT�F

6M\+6MFqBD<DA=;%F�V+6MA�J�6�eMA=6�T%B=6O;�Y�<D476�<=;%<UT�L}6MF76MADV�f�T�F7J�<D476MA=6�Y�;%A=6�<=;h6M\+6MFqBD47;%AD<=6MAwJ�6�e�T�f�<DC2GI6�B"T%B5C2F�<D476
ßRT%e�eMA=6M<DCE;%F'>@;�Y�>gVWT%By>�T�<y>gA=6�BD<�ß�GI;�J�6MLg0
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!w��§�����*�.�ª»ÿL¶ mo;%Ghd#T�ADCEBU;%F�;�Y�<D476^F�{�GI6MADCEe�T�L}B=;%L2{�<DCE;%F&Ú°J�;%<D<=6�J�L2C2F76�Ü©;�Y�T�FnT%e�eMA=6M<DC2F�V�<DADC2d�LE6�BDf'BD<=6MG
T%e�eMA=6M<DC2F�VxVWT%B�T�<�A=6�BD<rvwC2<D4�<D476uT�F#T�L2fK<DCEeuB=;%L2{�<DCE;%F}0���F�T%J�J'C2<DCE;%F�<D4765T�F#T�L2fK<DCEe�T�L�B=;%L2{�<DCE;%F�Y°;%A�T%e�eMA=6M<DCE;%F
;�YrVWT%BuC2F�GI;%<DCE;%FnT�F7J�;�Y�e�;%{�F�<=6MA=BD<DA=6�T�GhC2F�VhVWT%B�Û�T%B©vo6ML2L}T%Bu<D476xB=;%L2{�<DCE;%F�{7BDC2F�V�<D476xT�d�d�A=;�¯KC2G�T�<DCE;%F
R = const.

Ú°�"6MC2d�{�AD<D4)ëümuL~T�AD_+6�Û5/����'1�Ü�T�A=6HBD47;�vwF}0ï��<�e�T�F¶z�6HeMLE6�T�ADL2f»B=6�6MF¶<D4#T�<�<D476iL~T�<D<=6MA
T�d�d�A=;�¯'C2G�T�<DCE;%Fh{�F7J�6MA=6�BD<DC2G�T�<=6�B:<D476wT�z7B=;%L2{�<=6o\�T�L2{76u;�Y�<D476©<=;%<UT�L�6MF76MADV�fPz�f�T�F�;%A=J�6MA�;�Y�G�T�V�F�C2<D{7J�6�0

3r;�BD47;�v <D476O\%T�L2CEJ'C2<�fq;�Y�;%{�A^e�T�LEeM{�L~T�<DCE;%F7B�Û#vo6OC2FW<=6MV�AUT�<=6�<D47696�è�{#T�<DCE;%F7B";�Y:GI;%<DCE;%FkF�{�GI6MADCEe�T�L2L2fkT%B
vwC2L2L#z|6"J�6�BUeMADC2z�6�J�C2F�B=6�eM<DCE;%F�Q70Rb�T�F7J�d�LE;%<u<D476"<=;%<UT�L�6MF76MADV�fI;�\+6MAu<DC2GI6^vw4�CEe=4�CEBoBD47;�vwF�C2F�S�C2V70�Q7021�0
35476�FW{�GI6MADCEe�T�LoB=;%L2{�<DCE;%F&B=6�6MGIB�<=;n;�B=eMC2L2L~T�<=6�T�L2C2<D<DLE6IT�A=;%{�F7J&<D476h6�èW{�C2L2C2z�ADC2{�GÃBU;%L2{�<DCE;%FXC2F7J'CEe�T�<DC2F�V
<D4#T�<Z<D476�B=fKBD<=6MGÍJ�;�6�B:F7;%<uBD<DADCEeM<DL2f�A=6MG�T�C2FI\�C2ADC~T�L2CEBU6�J
0:354�CEB©6�à
6�eM<ZvoT%B©<=;Oz�6w6�¯'d|6�eM<=6�J�T%B:<D476�\KC2ADC~T�L
<D476�;%A=6MG�CEB"F7;%<^BD<DADCEeM<DL2f�\�T�L2CEJn476MA=69z|6�e�T�{7B=6O<D476P\+6MLE;�eMC2<DCE6�B^;�Y:<D4769z|;�J'CE6�B"T�A=6PF7;%<�L2C2GhC2<=6�JiT�<xeMLE;�B=6
e�;%L2L2CEBDCE;%FkÚ°B=6�6w6�0 V70�prT�F7J7T�{�ëÞp}CÀY°BD4�C2<D�91���ö��'Û�e=4#T�d�<=6MA"1��+Ü�0�]�6�BDd�C2<=65<D476�B=6wJ�6M\KC~T�<DCE;%F7BZ;%{�A:F�{�GI6MADCEe�T�L
B=;%L2{�<DCE;%F�G�T�<=e=476�Bo<D476�d�A=6�J'CEeM<=6�J�6MF76MADV�fIeM{�AD\+6�\+6MADfhvu6ML2Lg0:35476�BU6";�B=eMC2L2L~T�<DCE;%F7BoB=6�6MGN<=;9z�6"T9V+6MF76MAUT�L
d�A=;%d|6MAD<@fÝ;�Y�BD<DA=;%F�V�L2fXV�AUT�\�C2<UT�<DCE;%F#T�L2L2f·C2FW<=6MAUT%eM<DC2F�Vj<DADC2d�LE6�B=fKBD<=6MGIB�T%BP<D476MfXvo6MA=6�T�LEBU;qB=6�6MFÝC2F·<D476
BD<D{7J'fH;�Yu�"F7;�BU;�\�T�6M<9T�Lg0:Úy1������+Ü^C2Fj<D476�\�C2ADC~T�L:e�;K6D6�eMCE6MFW<

k
Û|J�6�¿7F76�J&T%B

k = Ekin/ |Epot|
vw4�CEeU4XCEB

Y�;%A9«^6Mvw<=;%F�C~T�F·C2FW<=6MAUT%eM<DCE;%F7B
1/2
0��Íe�;%Ghd#T�ADCEB=;%F·;�Yo<D476MC2APS�C2V70�b�vwC2<D4·;%{�APJ�6M\�C~T�<DCE;%F7B9Y�A=;%G²<D476

6�¯'d�6�eM<=6�Jn6MF76MADV�fneM{�AD\+6OBD47;�v èW{#T�L2C2<UT�<DC2\+6ML2f�<D476OBUT�GI6�z|6M4#T�\KCE;%A^T%B5<D476Mf�z�;%<D4q;�BUeMC2L2L~T�<=6PT�A=;%{�F7JkT�F
6�è�{�C2L2C2z�ADC2{�GéB=;%L2{�<DCE;%F}05��<�BD47;%{�LEJqz|6OGI6MF�<DCE;%F76�Ji<D4#T�<"vu6PB=<UT�AD<"vwC2<D4k��6MA=;�\+6MLE;�eMC2<DCE6�BxT�F7Jq<D476MA=6�Y�;%A=6
T�A=6�Û�T�<�<D476jz|6MV�C2F�F�C2F�V7Û^F7;%<nC2F¶\KC2ADC~T�LO6�èW{�C2L2C2z�ADC2{�Gq0®354�CEBn6�¯'d�L~T�C2F7B�vw4Wf)T�<�<D476Hz|6MV�C2F�F�C2F�V½<D476
FW{�GI6MADCEe�T�L9BU;%L2{�<DCE;%FÞCEBnT�L2voT�fKBqT�z|;�\+6i<D476jT�F#T�L2f�<DCEe�T�L�\�T�L2{76�0þ�5<�L~T�<=6MA�<DC2GI6�BjÚ�476MA=6XT�Y°<=6MA�T�z|;%{�<
2000 yr

Ü�Û
vw4�CEe=4îe�;%ADA=6�BDd�;%F7J&<=;�<D476�¿7A=BD<O<@vo;ke�;%L2L2CEBDCE;%F7B�Û}<D476�FW{�GI6MADCEe�T�L5B=;%L2{�<DCE;%F&L2CE6�BP;%FÝT�\+6MAUT�V+6
eMLE;�B=6O<=;�;%{�A^T�F#T�L2f�<DCEe�T�L�6�BD<DC2G�T�<=6�0o�"LEB=;�BD47;�vwFqC2FiS�C2V70uQ7021OCEBw<D476�T%B=BD{�GI6�Jq6MF76MADV�fneM{�AD\+6P{7B=6�JnzWf
�"6MC2d�{�AD<D4nëïmuL~T�AD_+6�Ú�/����'1�Ü©vw4�CEe=4�J'CÀà
6MA=Buz�fI;%F76^;%A=J�6MAw;�Y}G�T�V�F�C2<D{7J�6^Y°A=;%GÍ;%{�AoA=6�BD{�L2<=B�Û�A=6MVWT�A=J'C2F�V
T%e�eMA=6M<DCE;%Fi;�Y�VWT%B"T�<wA=6�BD<�0
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������ÒVm�H�,���D�7��'���
JIK�,)�ã*���bT�"�:b*�D��)Á�
l�C2F7e�69vo6�Y�;%{�F7Jq<D4#T�<�z|;%<D4k;%{�A^T�F#T�L2fK<DCEe�T�L2L2fkT�F7JqF�{�GI6MADCEe�T�L2L2fq;%z�<UT�C2F76�J

E(t)
T�V�A=6�69\+6MADf�vo6ML2LgÛ7vu6

F7;�v voT�FW<^<=;�{7B=6�<D476PT�F#T�L2fK<DCEe�T�LrB=;%L2{�<DCE;%Fq<=;h;%z�<UT�C2Fk<D476�Y°;%ADG�T�<DCE;%Fkd�A=;%z#T�z�C2L2C2<@fq;�Y�toA=;�vwFi]xvoT�AyY�B
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!w��§�����*¨.�ªE�«¶ 35476�d�A=;%z#T�z�C2L2C2<@f&<D4#T�<�T�F·6�è�{#T�L©G�T%B=B�<DADC2d�LE6�BDf'BD<=6MG4#T%B9F7;%<Pf+6M<�J�6�e�T�f+6�J½T�Y°<=6MA�T
<DC2GI6

t
Y�;%A9<D476�J'CÀà
6MA=6MFW<�GI;�J�6MLEB�0

T∗
CEBP<D476I<DC2GI6�vw476MFÝ<D476hY°AUT�V�GI6MFW<=B�A=6�T%e=4î<D476�toA=;�vwF·]xvoT�AyY

L2C2GhC2<^;�Y
M = 0.08M�

T�F7J
Ti
CEB^<D4769<DC2GI6P<D4769Y°AUT�V�GI6MFW<=Bx6�à
6�eM<DC2\+6ML2fkBD<UT�AD<"<=;�C2FW<=6MAUT%eM<xvwC2<D4H6�T%eU4

;%<D476MA�Û�vw4�CEeU4kvoT%B^e=47;�B=6MFk<=;�z�6�<D476O<DC2GI69vw476MFq<D476Mf�A=6�T%eU4
0.04M�

0

A=6Md|6�T�<DC2F�Vq<D476hBD<=6Md7B9J�;%F76�z�fH�^6MC2d�{�AD<D4·ëìmuL~T�AD_+6qÚ�/����'1�Ü�Û}z�{�<9{7B=C2F�Vn<D476�d�A=;%d�6MAO4#T�LÀY5L2CÀY°6h;�Yo<D476
J�6�e�T�fkY°;%Ax<DADC2d�LE6�BDf'BD<=6MGIB^;�Y

τ = 87tcr
T%B�;%z�<UT�C2F76�JHY�A=;%Gí;%{�AOe�T�LEeM{�L~T�<DCE;%F7B�0O35476�A=6�BD{�L2<^CEB�BD47;�vwF

C2F½S�C2V70XQ70R/'0&�xB�C2<�v5T%Bh<=;Hz�6�6�¯Kd|6�eM<=6�J·Y�A=;%Gü<D476n6MF76MADV�fîeM{�AD\+6�Bh;�Y^<D476�d�A=6M\�CE;%{7BhBU6�eM<DCE;%F}Û:<D476
R = const.

>�T�d�d�A=;�¯'C2G�T�<DCE;%F�{�F7J�6MA=6�BD<DC2G�T�<=6�B�BDC2V�F�CÀ¿#e�T�FW<DL2fî<D476�FW{�G�z�6MAI;�Y�tuA=;�vwF�]xvoT�AyY�B�0&35476
T�d�d�A=;�¯'C2G�T�<DCE;%F�;�Y�ß VWT%B�C2F·GI;%<DCE;%F}ß�LE6�T%J�B�<=;jTkBDCÀ¯&<DC2GI6�B�4�C2V�476MA�FW{�G�z�6MAh;�Y"toA=;�vwF½]xvoT�AyY�BhT�F7J
vwC2<D4�<D476^ß VWT%B:T�<�A=6�BD<�ß >�T�d�d�A=;�¯'C2G�T�<DCE;%F�T�L2GI;�BD<:T�L2L'6Á�y6�eM<=6�J�Y°AUT�V�GI6MFW<=B:BD47;%{�LEJ�z�6otoA=;�vwFh]xvoT�AyY�B�0�S7;%A
;%{�AoFW{�GI6MADCEe�T�L|C2FW\+6�BD<DC2VWT�<DCE;%F�<D4#T�<uY°;%L2LE;�v�B�ÛK47;�vo6M\+6MA�Û'vu6xJ�;PF7;%<o6�¯Kd|6�eM<u<D4#T�<5T�L2L�6Á�D6�eM<=6�J�Y�AUT�V�GI6MF�<=B
4#T�\+6xTxG�T%B=BZLE;�vu6MAu<D4#T�F
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0�ý&6w¿7F7Jh<D4#T�<Z<D476MA=6�CEBuTOBDC2V�F�CÀ¿#e�T�FW<uFW{�G�z�6MAo;�Y�GI6M<UT�>@BD<UT�z�LE6xT�F7J

BD<UT�z�LE6OBDf'BD<=6MGIBovwC2<D4q6�¯'<DA=6MGI6ML2f�LE;%F�VIJ�6�e�T�f�<DC2GI6�B�Û'eU4#T�L2LE6MF�V�C2F�V�<D4769T%B=BD{�Ghd�<DCE;%Fn<D4#T�<w<D476xF�{�GPz|6MA
;�YwBDfKB=<=6MGIBO<D4#T�<P4#T�\+6IF7;%<9f+6M<PJ�6�e�T�f+6�JÝCEB�TnBDC2Ghd�LE6I6�¯'d�;%F76MF�<DC~T�L©Y°{�F7eM<DCE;%FÝ;�\+6MAP<DC2GI6kÚ°toC2F�F76MfÝë
3}A=6MG�T�C2F76�Û:1����+��Ü�0OS7{�AD<D476MADGI;%A=6�Û
<D476�J�6M<=6MADGhC2F#T�<DCE;%FÝ;�YZ<D476�4#T�LÀY©L2CÀY°6�;�Y©<D476�J�6�e�T�fiCEBxF7;%<^{�F�CEè�{76�Û
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Û'B=;%GI6M<DC2GI6�B�J�6M\KC~T�<DC2F�VhzWf�TPYgT%eM<=;%A�;�YrGI;%A=6�<D4#T�F

2
0©muLE6�T�ADL2f

<D476�èW{76�BD<DCE;%F½;�Y�47;�v®<=;j;%z�<UT�C2F½BD<UT�<DCEBD<DCEe�T�L2L2fÝ<D476�F�{�GPz|6MAI;�Y^J�6�e�T�f+6�J¨BDf'BD<=6MGIBhT%B�TqY°{�F7eM<DCE;%F¨;�Y
<DC2GI69F76�6�J�B"<=;hz|6OC2FW\+6�BD<DC2VWT�<=6�JiGI;%A=6O<D47;%A=;%{�V�4�L2f+0wS7;%A"<D4�CEB�A=6�T%B=;%Fi<D4769J�6�e�T�fqeM{�AD\+6�BxT%B"BD47;�vwFkC2F
S�C2V70:Q70R/hT�A=6O6�¯'d�6�eM<=6�Jn<=;hJ�6M\KC~T�<=69è�{�C2<=69T�z�C2<wY°A=;%Gì;%{�AwFW{�GI6MADCEe�T�LrA=6�B={�L2<=B�Û�z�{�<wvu6PJ�;�F7;%<"6�¯Kd|6�eM<
<D4�CEB�J�6M\KC~T�<DCE;%Fk<=;�z|69T�Fk;%A=J�6MA";�Y�G�T�V�F�C2<D{7J�6�0
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1
7
A

!w��§�����*).�ªE�«¶ ��F�C2<DC~T�L^e�;%F'¿7V�{�AUT�<DCE;%Fò;�YO<D476i<DADC2d�LE6kBDf'BD<=6MGIBjÚ�<UT�_+6MF»Y°A=;%GÄ�^F7;�B=;�\%T'Û^1�����ö+Ü�0ò35476
e�;%Ghd|;%F76MFW<=BZ;�Y#<D476u<DADC2d�LE65BDf'BD<=6MGIB:T�A=6ud�L~T%e�6�JhT�<�<D476od�;%C2F�<=B

A (−0.5, 0)
Û
B (+0.5, 0)

Û�T�F7J
C (ξ, η)

0
35476Od|;%C2FW<

C
CEB"e=47;�B=6MFiAUT�F7J�;%GhL2f�vwC2<D4�C2Fk<D476OA=6MV�CE;%F

D
0

t<a` i�%�*�~�/WH��L%'�)(�#
Û � ¨ �u© ·®����
����%' � ���7����
��������
��F�;%A=J�6MAu<=;PC2FW\+6�BD<DC2VWT�<=6^<D476"6Á�D6�eM<DCE;%F�B=e�6MF#T�ADCE;9F�{�GI6MADCEe�T�L2L2f�vu6"C2FW<=6MV�AUT�<=6OTOL~T�ADV+6"FW{�G�z�6MAOÚy1������+ÜZ;�Y
A=6�T�L2C2��T�<DCE;%F7B�;�YZ<DADC2d�LE6�B=fKBD<=6MGIB"vwC2<D4jT�FiC2F�C2<DC~T�L�G�T%BUB^;�Y

0.04M�
T�F7JivwC2<D4ie�;%F7BD<UT�F�<�G�T%B=B�V�A=;�vw<D4

Ṁ
0�3r;�e�;�\+6MA:T�L2LKV+6�;%GI6M<DADCEe�T�L2L2fPd|;�B=BDC2z�LE6uC2F�C2<DC~T�L�e�;%F'¿7V�{�AUT�<DCE;%F7B:vu6©Y�;%L2LE;�v¨<D476oT�d�d�A=;+T%eU4I;�Y��^F7;�B=;�\�T

Úy1�����ö+Ü�Û�C2L2L2{7BD<DAUT�<=6�JqC2FHS�C2V70oQ70Rb'Û#vw476MA=6�T�L2L}<D4�A=6�6Pz�;KJ'CE6�B^T�A=6PC2F�C2<DC~T�L2L2fnC2Fk<D476
x − y

>gd�L~T�F76�T�F7Jq<�vu;
z|;�J'CE6�B9T�A=6IT�L2v5T�f'BOd�L~T%e�6�JÝT�<

x = −0.5, y = 0
T�F7J

x = 0.5, y = 0
0�35476�d�;�BDC2<DCE;%F&;�Yo<D476�<D4�C2A=J

z|;�J'fHCEBOAUT�F7J�;%GhL2fXe=47;�B=6MF·vwC2<D4�C2F·T�A=6MV�CE;%F&L2fKC2F�VqC2FX<D476hd|;�BDC2<DC2\+6Iè�{#T%J'AUT�FW<�T�F7J&6MGPz�AUT%e�6�JÝzWf&T
{�F�C2<"eMC2A=eMLE6PT�A=;%{�F7Jq<D476Od�;%C2F�<

x = −0.5, y = 0
Ú�A=6MV�CE;%F

D
C2FkS�C2V70�Q70Rb+Ü�0Z354�CEB^T�ADAUT�F�V+6MGI6MF�<x;�Y�<D476

z|;�J'CE6�Bw4#T%B"z�6�6MFnd�A=;�\+6MFk<=;hz|69T�A=6Md�A=6�B=6MF�<UT�<DC2\+6�BñT�Ghd�LE6�Y°;%A^BD<UT�<DCEBD<DCEe�T�LrBD<D{7J'CE6�B";�Y�{�F7B=<UT�z�LE6O<DADC2d�LE6
BDf'BD<=6MGIBozWf��"F7;�BU;�\�T�ë¬c^ADLE;�\jÚy1�����Q�Ü�0:ý&6�<D476MF�G�{�L2<DC2d�L2f�<D476xC2F�C2<DC~T�L
d|;�BDC2<DCE;%Fn\+6�eM<=;%A=B5zWf

200AU<=;�V�C2\+6O<D4769J�6�B=C2A=6�JnG�T�¯KC2G�{�G B=6Md#T�AUT�<DCE;%F}0
35476ZC2F�C2<DC~T�L�\+6MLE;�eMC2<DCE6�B�;�Y�<D476©eML2{7BD<=6MA}GI6MG�z�6MA=B�T�A=6Z{7B={#T�L2L2f�J�6MADC2\+6�J9Y�A=;%G <D476Z_KC2F76MG�T�<DCEe�T�LWd�A=;%d|6MAD<DCE6�B
;�Y5<D476hBD{�ADA=;%{�F7J'C2F�VkGI;%LE6�eM{�L~T�A�eMLE;%{7J&e�;%A=6�0�l�C2F7e�6h<D476I;%z7B=6MAD\+6�J&AUT�<DCE;q;�YuA=;%<UT�<DCE;%F#T�Lu<=;�d�;%<=6MF�<DC~T�L
6MF76MADV�f�;�YrGI;%LE6�eM{�L~T�AweMLE;%{7J�e�;%A=6�B�Û

β
ÛW4#T%Boz|6�6MF�Y�;%{�F7J�<=;Pz|6�LE;�vÞY�;%AoGI;�BD<o;�Y}<D476xeMLE;%{7J�e�;%A=6�B�Û�vwC2<D4

T�\�T�L2{769;�Y
β = 0.02

Úg��;�;KJ'G�T�Fi6M<xT�Lg02Û}1�����b+Ü�Û7vo6PJ�;�Û�Y�;%A"BDC2Ghd�L2CEeMC2<�f+Û#F76MV�LE6�eM<�T�FWf�d|;�B=BDC2z�LE6OC2F�C2<DC~T�L
{�F�CÀY�;%ADG�A=;%<UT�<DCE;%Fj;�Y©;%{�A^eML2{7BD<=6MA=B�0w354�CEBxJ�6�eMA=6�T%B=6�B^<D4769L2CÀY�6M<DC2GI6P;�Y©;%{�A^<DADC2d�LE6�BDf'BD<=6MGIB�Û7z�{�<"vu6�J�;
F7;%<�6�¯Kd|6�eM<r<D4�CEB�6�à
6�eM<�<=;"z�6oBDC2V�F�CÀ¿#e�T�FW<�Y�;%A�;%{�A�G�T�C2F�A=6�B={�L2<=B�0rý&65T�LEB=;^F76MV�LE6�eM<�T�F�f9AUT�F7J�;%GïGI;%<DCE;%F
<D4765Y°AUT�V�GI6MFW<=Bue�;%{�LEJh4#T�\+6^J'{765<=;O<D476w<D476MADG�T�L�T%B:vo6ML2L�T%B:<D4765<D{�ADz�{�LE6MF�<o6MF76MADV�f�;�Y|<D476�eMLE;%{7J
0:354�CEB
T�d�d�A=;�¯'C2G�T�<DCE;%F�B=6�6MGIB��y{7BD<DCÀ¿#6�JhT%B�<D476o<=6MGhd�6MAUT�<D{�A=6�BZ;�Y�GI;%LE6�eM{�L~T�AZeMLE;%{7Jhe�;%A=6�BZT�A=6oAUT�<D476MA:LE;�v�T�F7J
Û
z|6�e�T�{7B=6O<D476O<D{�ADz�{�LE6MF�<^\+6MLE;KeMC2<DCE6�BxT�A=69<D47;%{�V�4W<x<=;hz�6OB={�z7B=;%F�CEe�T�<�<D4769<DC2GI6OY°AUT�V�GI6MFW<UT�<DCE;%FjBD<UT�AD<=B�Û
<D476�<D{�ADz�{�LE6MFW<"\+6MLE;�eMC2<DCE6�BwG�{7BD<wz|6�AUT�<D476MAwLE;�v T%Bwvo6ML2Lg0Z�^;�vu6M\+6MA�Û#T%B�C2<ov5T%B�BD47;�vwFnC2FqB=6�eM<DCE;%FnQ70R/'0R/
GI;�BD<�;�Y";%{�A�<DADC2d�LE6�BDf'BD<=6MGIB�A=6�T%e=476�Jî<D476MC2A�\KC2ADC~T�L56�èW{�C2L2C2z�ADC2{�GÖBD<UT�<=6�èW{�CEeU_�L2f+0i354W{7B�GI;�BD<�;�Y�<D476
;%z7B=6MAD\+6�J�e�;%L2L~T�d7B=6w;�Y#<D4765BDf'BD<=6MG¾CEB�J'{76u<=;xC2<=B:J'CEB=B=C2d#T�<DC2\+6o6MF76MADV�f�e=4#T�F�V+65AUT�<D476MA:<D4#T�F�\KC2ADC~T�L2CEBUT�<DCE;%F}Û
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vw4�CEe=4jCEB"vw4Wfk;%{�AxA=6�BD{�L2<=B^vwC2L2L�F7;%<xe=4#T�F�V+6�BDC2V�F�CÀ¿#e�T�FW<DL2fjT%BxThY�{�F7eM<DCE;%Fj;�YZC2F�C2<DC~T�L�\+6MLE;�eMC2<DCE6�B�;�Y:<D476
Y°AUT�V�GI6MFW<=B�0©lK;�Û+Y°;%AZBDC2Ghd�L2CEeMC2<�f+ÛKT�L2L�;%{�A:Y�AUT�V�GI6MF�<=BuB=<UT�AD<:vwC2<D4���6MA=;O\+6MLE;KeMC2<DCE6�BZV+6M<D<DC2F�V9<D476�G�T�¯KC2G�{�G
\�T�L2{769;�Y

vvir
Y°;%A"T�V�C2\+6MFk<D4�A=6�6Oz�;KJ'f�V+6�;%GI6M<DADf+0

c^{�AreU47;%CEe�6©;�Y'C2F�C2<DC~T�LWd|;�BDC2<DCE;%F7BrT�F7JO\+6MLE;KeMC2<DCE6�B}A=6�BD{�L2<=BrC2F�ToAUT�F�V+6©;�Y'<=;%<UT�LW6MF76MADV�CE6�B�T�F7J9e�;%F7B=6�è�{76MFW<DL2f
\KC2ADC~T�L}BDd�6�6�J�BovwC2<D4nGI;�BD<�;�Y�<D476MG 4#T�\KC2F�Vh\%T�L2{76�B�z�6M<�vu6�6MF

0.6
T�F7J

0.8 km · s−1 0:��F�<D4�CEB5AUT�F�V+6�<D476J'CEBD<DADC2z�{�<DCE;%F»;�Y
vvir

CEB�F76�T�ADL2fÝæ�T�<�0î354W{7B�;%{�A�C2F�C2<DC~T�L^e�;%F7J'C2<DCE;%F7B�T�A=6�ÛuT�d#T�AD<�Y°A=;%Gü<D476qT�z7B=;%L2{�<=6
\�T�L2{76�Û�\+6MADf&B=C2GhC2L~T�A�<=;k<D476�;%F76�BPY�T�\+;%A=6�JÝz�f·l�<=6MAD��C2_·ëì]x{�ADCEB=6MF)Úy1������+Ü9T�F7J·{7B=6�J&z�f·l�<=6MAD��C2_·ë
]x{�ADCEB=6MF·Ú�/�����b+Ü�0

]x{�ADC2F�V½<D476HC2FW<=6MV�AUT�<DCE;%Fò<D476iY°AUT�V�GI6MFW<=BkT%e�eMA=6M<=6HG�T%B=BqT�<qT·V�C2\+6MF±AUT�<=6ivw4�CEeU4òvu6HvwC2L2L�\�T�ADf»<=;
C2FW\+6�B=<DC2VWT�<=6�<D476hC2F'æ7{76MF7e�6�;�Y

Ṁ
;%FÝ;%{�A�A=6�BD{�L2<=B�0�S7;%A

Ṁ
vu6�e=47;K;�B=6k1�Û�/kT�F7JÝa�<DC2GI6�BP<D476I\�T�L2{76

BD{�V�V+6�BD<=6�J¨z�fî�^6MC2d�{�AD<D4»ë²muL~T�AD_+6ÝÚ�/����'1�Ü�;�Y
ṀRC ≈ 1.4 · 10−6 M� · yr−1 d�6MA�Y°AUT�V�GI6MFW<�Y�;%A�TeMLE;%{7JÞvwC2<D4¶TX<=6MGhd|6MAUT�<D{�A=6H;�Y

10K
0±ý&6kY°{�AD<D476MA�T%B=BD{�GI6HT&e�6MAD<UT�C2F¶AUT%J'C2{7B�T�A=;%{�F7JÞ<D476k;%ADC2V�C2F

;%{�<=BDCEJ�6�;�Y5vw4�CEeU4·<D476�T%e�eMA=6M<DCE;%Fî;�Yw<D476hY°AUT�V�GI6MFW<=B�CEBPB=<=;%d�d�6�JÝCÀY5<D476�BDfKB=<=6MG³4#T%BPJ�6�e�T�f+6�J
0q354�CEB
AUT%J'C2{7B9B=6MAD\+6�B�T%BPT�F»ßð6�à
6�eM<DC2\+6�ß}eMLE;%{7JXAUT%J'C2{7B�Û}J�6M<=6MADGhC2F�C2F�Vi<D476hA=6MV�CE;%F&vw476MA=6h<D476�z|;KJ'CE6�BPT%e�eMA=6M<=6
TIB=C2V�F�CÀ¿#e�T�FW<OT�GI;%{�FW<�;�Y�VWT%B�0ot56�e�T�{7B=6Pvu6�;%F�L2fqBD<=;%dq<D476�T%e�eMA=6M<DCE;%Fj;�Y©TIBDC2F�V�LE69z�;KJ'f�CÀY�<D476P<DADC2d�LE6
BDf'BD<=6MGï4#T%BZJ�6�e�T�f+6�J
ÛWvu6�e�T�FhC2F�\+6�BD<DC2VWT�<=6"T%e�eMA=6M<DC2F�VP6�è�{#T�L�G�T%B=B:BDf'BD<=6MGIBZT�F7J�L2C2GhC2<:<D4765C2F'æ7{76MF7e�6�;�Y
<D476�AUT�<D476MA5T�AD<DCÀ¿#eMC~T�L�V+6�;%GI6M<DADf�;�Y|<D476xT%e�eMA=6M<DCE;%F�A=6MV�CE;%F}0uc^<D476MADvwCEBU6�<D476�V+6�;%GI6M<DADfI;�Y}<D476^T%e�eMA=6M<DCE;%F
A=6MV�CE;%F�vo;%{�LEJI4#T�\+6"BD<DA=;%F�VP6�à
6�eM<=B©;%F�;%{�A©A=6�BD{�L2<=B:<D4�A=;%{�V�4�{�F76�è�{#T�L�T%e�eMA=6M<DCE;%F}ÛWvw4�CEeU4�vo;%{�LEJIF7;%<Zz|6
GI;KJ�6MLE6�J�A=6�T%B=;%F#T�z�L2f�C2F�<D4�CEB5e�T%B=6�0���F�;%A=J�6MA5<=;PJ�6�eMCEJ�6xvw476M<D476MA�T9BDf'BD<=6MGÍ4#T%BoJ�6�e�T�f+6�J
ÛKvu6�6MGhd�LE;�f
<@vo;XBDC2Ghd�LE6�6�B=e�T�d�6�eMADC2<=6MADC~T'0XS�C2A=BD<�Û�vu6�A=6�è�{�C2A=6�<D4#T�<�<D476�6�B=e�T�d|6MAhT�F7J·<D476�z�C2F#T�ADf·T�A=6�{�FWz|;%{�F7J
vwC2<D4XA=6�BDd|6�eM<�<=;�6�T%eU4&;%<D476MA�Û
Cg0ð6�09<D476�<=;%<UT�LZ6MF76MADV�fH;�Yu<D476�z�C2F#T�ADf+Û
<DA=6�T�<=6�J&T%BO;%F76�z�;KJ'f+Û}T�F7JH<D476
6�B=e�T�d|6MA"CEB^d�;�B=C2<DC2\+6�0^lK6�e�;%F7J
Û�vu69A=6�è�{�C2A=6�<D4#T�<^<D476�J'CEBD<UT�F7e�6Pz|6M<@vo6�6MFj<D476P6�B=e�T�d|6MAxT�F7Ji<D476Pe�6MF�<=6MA
;�Y5G�T%B=B9;�Yu<D476Iz�C2F#T�ADfiCEBOGI;%A=6I<D4#T�F

7 · d0
vwC2<D4

d0
z|6MC2F�Vn<D476�C2F�C2<DC~T�L©GI6�T�FX4#T�ADGI;%F�CEe�J'CEBD<UT�F7e�6�0

�x6MF7e�6�;%{�AxeMLE;%{7JkAUT%J'C2{7Bx4#T%B^<=;Iz|69L~T�ADV+6MAx<D4#T�F
7 · 2/3 d0,max ≈ 462AU

z�6�e�T�{7BU6�T%BxB=;�;%FjT%B�<D476
6�B=e�T�d|6MAhA=6�T%e=476�Bh<D476n6MF7J½;�Yx<D476qT%e�eMA=6M<DCE;%F½A=6MV�CE;%F�vu6�4#T�\+6n<=;jJ�6�eMCEJ�6nvw476M<D476MAh<D476nBDf'BD<=6MGü4#T%B
J�6�e�T�f+6�JîT�F7JXe�;%F7B=6�è�{76MFW<DL2fjvw476M<D476MA9vu6I4#T�\+6h<=;nBD<=;%dÝT�F�fkY°{�AD<D476MAPT%e�eMA=6M<DCE;%F·;%AOF7;%<�0�35476h\�T�L2{76
;�Y�<D476�GhC2F�C2GP{�G eMLE;%{7JqAUT%J'C2{7B�voT%B";%z�<UT�C2F76�JqzWf�<UT�_KC2F�VhC2FW<=;�T%e�e�;%{�F�<�<D4#T�<�<D476O6�B=e�T�d|6MA�4#T%Bw<�vwCEe�6
<D476�BDd�6�6�J·;�Yw<D476�z�C2F#T�ADf·T�F7JÝz�;%<D4¨T�A=6�GI;�\�C2F�VHC2F¨;%d�d�;�BDC2<=6�J'C2A=6�eM<DCE;%F7B�0Hc^{�A�eMLE;%{7J·AUT%J'C2{7BPv5T%B
e=47;�BU6MFk<=;Iz|6

Rcl = 600AU
T�F7JnY�;%A"e�;%Ghd#T�ADCEB=;%Fivu6�T�LEBU;Id|6MAyY°;%ADGI6�JiB=;%GI6OAD{�F7B�vwC2<D4i4�C2V�476MA

Rclz�{�<5Y�;%{�F7J
Û�<D4#T�<�;%{�A�A=6�BD{�L2<=B�J�;�F7;%<w\�T�ADf�BDC2V�F�CÀ¿#e�T�FW<DL2fn6M\+6MFnCÀY�vu6OC2F7eMA=6�T%B=6�<D4�CEB�\%T�L2{76�z�fnTPYgT%eM<=;%A
;�YZ/'0

�xB�;%{�<DL2C2F76�JnC2FkB=6�eM<DCE;%FnQ70R/'0R/'Û7vu69vwC2L2L
C2F�\+6�BD<DC2VWT�<=69<�vu;�e�T%B=6�B�;�Y�GI;%GI6MFW<D{�G�<DAUT�F7BDY°6MA"J'{�ADC2F�V�G�T%B=B
V�A=;�vw<D4}Û©;%F76�vwC2<D4·��6MA=;kGI;%GI6MF�<D{�GÖ<DAUT�F7ByY°6MA�Ú�VWT%B�CEB�T�<�A=6�BD<ñÜPT�F7Jî;%F76IvwC2<D4½TkGI;%GI6MFW<D{�Gü<D4#T�<
J�;K6�BuF7;%<5e=4#T�F�V+6�<D476x\+6MLE;KeMC2<@f�;�Y�<D476^z|;KJ'CE6�B�Û�e�;%ADA=6�B=d�;%F7J'C2F�V�<=;�VWT%Bo<D4#T�<oCEB5T%e�eMA=6M<=6�J�vw4�C2LE6x4#T�\KC2F�V
<D476�BUT�GI6�J'C2A=6�eM<DCE;%FÝT�F7JXT�z7B=;%L2{�<=6�\%T�L2{76�;�Y©<D476�\+6MLE;KeMC2<@fHT%Bx<D476�z|;�J'CE6�B�0O35476�L~T�<D<=6MAOe�T%B=6�CEBx<D476MA=6
<=;�{�F#T�GPz�C2V�{7;%{7B=L2fkB=6�6�<D47696�à
6�eM<wvw476MFq<D476Oz|;�J'CE6�B�d�CEe=_�{�dqGI;%GI6MFW<D{�GíJ'{�ADC2F�V�T%e�eMA=6M<DCE;%F}0

35476�C2FW<=6MV�AUT�<DCE;%F&;�Yo<D476�6�è�{#T�<DCE;%F7BO;�Y©GI;%<DCE;%FÝT�A=6�d�6MAyY�;%ADGI6�JHvwC2<D4H<D476�eU4#T�C2F&e�;�J�6�;�Yu[iC2_�_+;%L~T�ë
��T�A=B=6M<D4ÝÚy1�����b+ÜovwC2<D4q;%{�A�GI;KJ'CÀ¿#e�T�<DCE;%F7B^T%BwJ�6�B=eMADC2z|6�JnC2Fimu4#T�d�<=6MA^b'0:354�CEB"e�;�J�6�V�C2\+6�B^BD{r6�eMCE6MFW<DL2f
LE;�v 6MADA=;%A=B�C2Fî<D476�<=;%<UT�L56MF76MADV�f·z�{7J'V+6M<�0X354�CEB�CEBhTqF76�e�6�B=BñT�ADf&A=6�èW{�C2A=6MGI6MF�<�T%B�<D476�<=;%<UT�Lw6MF76MADV�f
J'C2A=6�eM<DL2f¶A=6ML~T�<=6�Bn<=;î<D476X6Á�y6�eM<DCE;%F)\+6MLE;KeMC2<DCE6�B�Û^z�C2F#T�ADf¶B=6Md#T�AUT�<DCE;%F7BiT�F7J¶J�6�e�T�fÞ<DC2GI6�Bqvu6jvoT�F�<q<=;
C2FW\+6�B=<DC2VWT�<=6�0Ý��Fî;%{�A�<=6�BD<�e�T�LEeM{�L~T�<DCE;%F7BI;�Y^e�;%F7BD<UT�F�<y>gG�T%B=Bh<DADC2d�LE6�BDf'BD<=6MGIB�vu6�;%z7B=6MAD\+6�J½TiGI6�J'C~T�F
A=6ML~T�<DC2\+696MADA=;%A�C2Fi6MF76MADV�f�;�Y
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84 %

66 %

30 %

!w��§�����*�.�ª2.�¶ S�AUT%eM<DCE;%F�;�YrBDfKB=<=6MGIBZ<D4#T�<u6Á�D6�eM<=6�J�TPBDC2F�V�LE6�GI6MG�z�6MAovwC2<D4�T9G�T%B=BuLE;�vu6MAo<D4#T�F�T9V�C2\+6MF
G�T%B=B

m
0Zl�47;�vwFqT�A=6x<D476"A=6�BD{�L2<=BuY�;%AoJ'CÀà
6MA=6MFW<�T%e�eMA=6M<DCE;%FnAUT�<=6�BoC2F�GP{�L2<DC2d�LE6�B�;�Y

1.4 10−6 M�yr−1 ;�YVWT%B9T�<�A=6�BD<�0P35476hJ7T%B=476�JiL2C2F76�A=6Md�A=6�BU6MFW<=BO<D476h6�BD<DC2G�T�<=6h;�Yo�"6MC2d�{�AD<D4Ýë muL~T�AD_+6qÚ�/����'1�Ü�;�Yu6Á�D6�eM<=6�J
6MGPz�ADf+;�B�vwC2<D4½TqLE;�vu6MA�G�T%B=BP<D4#T�F

0.08M�
0q��<�e�T�Fîz�6�eMLE6�T�ADL2fÝB=6�6MF·<D4#T�<�;%F�L2fXCÀY�<D476�T%e�eMA=6M<DCE;%F

AUT�<=6^CEBoaP<DC2GI6�Bo<D476"\�T�L2{76^B={�V�V+6�BD<=6�J�z�f��"6MC2d�{�AD<D4nëïmuL~T�AD_+6�Ú�/����'1�ÜZ<D476^FW{�GPz|6MAw;�Y�toA=;�vwFn]xvoT�AyY�B
G�T�<=e=4i<D476MC2A"6�BD<DC2G�T�<=6�0
t<ut �?�0#L~�/S�L#
Û � Û �u© ./���{�A�B�T��)�ã*���bT�"�:b*�1�H)+�
��F�S�C2V70:Q70 Qh<D476xY°AUT%eM<DCE;%Fq;�Y�B=fKBD<=6MGIB�Û'T%e�eMA=6M<DC2F�V�VWT%B"T�<wA=6�BD<�Û'<D4#T�<�6Á�D6�eM<=6�JqT�BDC2F�V�LE6�GI6MGPz|6MA�vwC2<D4kT
G�T%B=B^LE;�vo6MAx<D4#T�FjThV�C2\+6MFHG�T%B=B

m
CEB^BD47;�vwF}0"�xB�C2F7J'CEe�T�<DC2\+6�Y°A=;%G�<D476PJ'CEBUeM{7B=BDCE;%FkC2FjB=6�eM<DCE;%FiQ70R/'0Rb

<D476OF�{�GPz|6MA";�Y�toA=;�vwFi]xvoT�AyY�BwC2Fk;%{�A�BDC2G�{�L~T�<DCE;%FkCEBwLE;�vu6MA�Ú
84%

Ü5<D4#T�Fq<D4769T�F#T�L2f�<DCEe�T�L2L2fn;%z�<UT�C2F76�J
\�T�L2{76PÚ�F76�T�ADL2f

100%
Ü�0©l�C2F7e�6�vu6wGI6�T%BD{�A=6�JI<D476wG�T%B=BZ;�Y|<D476�6Á�D6�eM<=6�JI6MGPz�ADf+;�T�<:<D476�eMLE;%{7JI6�J'V+6�Û+<D476

G�T%B=B=6�BOT�A=6�V+6MF76MAUT�L2L2fH4�C2V�476MAx<D4#T�F&T�<�<D476�<DC2GI6�;�YoJ�6�e�T�fivw4�CEe=4Xv5T%B�d�A=6�J'CEeM<=6�JjC2Fj;%{�A9T�F#T�L2fK<DCEe�T�L
GI;KJ�6MLg0u354�CEB^J'CÀà|6MA=6MF7e�6�Û�47;�vo6M\+6MA�Û�CEB";%F�L2f�;�Y:<D476�;%A=J�6MA^;�YZT�Y°6Mv d�6MA=e�6MF�<�T�F7Jqe�T�F}Û#<D476MA=6�Y°;%A=6�Û#F7;%<
6�¯'d�L~T�C2FP<D476:VWT�d�z�6M<�vu6�6MF�;%{�A}FW{�GI6MADCEe�T�L�T�F7J�T�F#T�L2fK<DCEe�T�LWA=6�BD{�L2<=B�0rS�{�AD<D476MADGI;%A=6�Û�<D476ZC2F'æ7{76MF7e�6u;�Y'<D476
T%e�eMA=6M<DCE;%FkAUT%J'C2{7Bx;%Fq<D4769J�6�e�T�fn<DC2GI6�B";�Y:<D4769BDf'BD<=6MGIBw<D{�ADF76�Ji;%{�<"<=;hz|6�F76MV�L2C2V�C2z�LE6�05«^6M\+6MAD<D476MLE6�BUB�Û
<D476�Y°AUT%eM<DCE;%F·;�YwBDf'BD<=6MGIBO<D4#T�<Pd�A=;KJ'{7e�6�JÝtoA=;�vwF·]xvoT�AyY�B9CEBPT�L2GI;�B=<9<D4�A=6�6I<DC2GI6�BP4�C2V�476MAP<D4#T�F&v5T%B
T%B=BD{�GI6�JkzWfk�^6MC2d�{�AD<D4jë®muL~T�AD_+6�Ú�/����'1�Ü^T�F7JiGI;%A=6P<D4#T�FjBDCÀ¯n<DC2GI6�Bx4�C2V�476MA�T%B^C2Fk<D476

R = const.
>

T�d�d�A=;�¯'C2G�T�<DCE;%FnY�;%Au<DADC2d�LE6�BDf'BD<=6MGIB�0Zmo;%F7BDCEJ�6MADC2F�V�<D4#T�<5C2F�A=6�T�L2C2<@f�<D476�T%e�eMA=6M<DCE;%F�d�A=;Ke�6�B=BoCEBoL2C2_+6ML2f�<=;
z|6Pe�;%Ghd|6M<DC2<DC2\+6�Û�C2F7eMA=6�T%B=C2F�V�<D4769Y°;%ADG�T�<DCE;%FHd�A=;%z#T�z�C2L2C2<@fH;�Y©tuA=;�vwFH]xv5T�AyY°B�Û|T%Bx;%{�<DL2C2F76�JkC2FHB=6�eM<DCE;%F
Q70R/'ÛK;%{�AuF�{�GI6MADCEe�T�L�A=6�B={�L2<=BuB=6�6MG®<=;Pe�;%F'¿7ADG®<D4#T�<o<D476^6Á�D6�eM<DCE;%F�BUe�6MF#T�ADCE;�e�T�F�z�6"\+6MADfI6D6�eMCE6MFW<w6M\+6MF
CÀY�;%F76O;%F�L2f�e�;%F7BDCEJ�6MA=Bw<D4�A=6�6xY°AUT�V�GI6MFW<=B�0©�@<5GP{7B=<oz|6xGI6MFW<DCE;%F76�Jk<D4#T�<w<D476)ÖÁT%e�eMA=6M<DCE;%F'>@;�Y�>gVWT%By>�T�<y>gA=6�BD<
T�d�d�A=;�¯'C2G�T�<DCE;%Fr×^CEBu;%F�L2fh\%T�L2CEJ�CÀY
<D476wY°AUT�V�GI6MFW<=BwT�A=6�GI;�\�C2F�VhT�<uBD{�z7BU;%F�CEe�\+6MLE;KeMC2<DCE6�BxÚ°t5;%F�F76ML2L|6M<uT�Lg02Û
1����+��Ü�0Z�x;�vo6M\+6MA�Û7<D4769T�\+6MAUT�V+6P\+6MLE;�eMC2<�fn;�Y�;%{�A�z|;�J'CE6�B5CEB";�Y�<D4769;%A=J�6MA";�Y:T�Y°6Mv)_KG ·s−1 0:35476MA=6�Y�;%A=6vu6�BD<DC2L2L:{�F7J�6MA=6�BD<DC2G�T�<=6I<D476�J�6�eMA=6�T%B=6hC2F&6MF76MADV�fX;�Yo<D476hB=fKBD<=6MGIB�ÛrT%BPT%J�J'C2<DCE;%F#T�LuJ'AUT�VqY°;%A=e�6�B�Y°A=;%G
<D476OVWT%B�Û�e�T�{7BU6�JnzWf�<D476Oz|;�J'CE6�B�6�¯�eMC2<DC2F�VIv5T�_+6�B�C2Fn<D476MC2A�d#T%B=BñT�V+6�Û#T�A=6OF7;%<w<UT�_+6MFqC2F�<=;�T%e�e�;%{�FW<�0
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substellar stellar

59 %

40 %

17 %

!w��§�����*�.�ª~¸I¶ S�AUT%eM<DCE;%F�;�YrBDfKB=<=6MGIBZ<D4#T�<u6Á�D6�eM<=6�J�TPBDC2F�V�LE6�GI6MG�z�6MAovwC2<D4�T9G�T%B=BuLE;�vu6MAo<D4#T�F�T9V�C2\+6MF
G�T%B=B

m
0Il�47;�vwF·T�A=6�<D476�A=6�B={�L2<=B�Y°;%AOJ'CÀà
6MA=6MFW<9AUT�<=6�BP;�Y5T%e�eMA=6M<DCE;%FÝ;�Y5VWT%B�C2F�ßð6�¯K<DA=6MGI6�ß}GI;%<DCE;%F&C2F

GP{�L2<DC2d�LE6�B�;�Y
1.4 10−6 M�yr−1 0o35476�J7T%BD476�JkL2C2F769A=6Md�A=6�B=6MF�<=B^<D476�6�BD<DC2G�T�<=6�;�Y©�"6MC2d�{�AD<D4Hë®muL~T�AD_+6Ú�/����'1�Ü�;�Y^6Á�D6�eM<=6�J¨6MGPz�ADf+;�BhvwC2<D4�TiLE;�vo6MAhG�T%B=B�<D4#T�F

0.08M�
0X�xB�C2F·<D476�e�T%B=6�;�YxT%e�eMA=6M<DCE;%F�;�Y

VWT%BPT�<�A=6�BD<�Û
<D476�F�{�GPz|6MAP;�YwtuA=;�vwFÝ]xvoT�AyY�B�C2F&;%{�A9BDC2GP{�L~T�<DCE;%F·CEBOBDC2V�F�CÀ¿#e�T�FW<DL2fj4�C2V�476MAO<D4#T�F&<D476Mf
T%B=BD{�GI6�J
0
ý&6�T�LEB=;iB=47;�v®C2FîS�C2V70iQ70 Qi<D476�FW{�G�z�6MAh;�Y^toA=;�vwF½]xvoT�AyY�B�;%z�<UT�C2F76�J½T�<�4�C2V�476MAhT%e�eMA=6M<DCE;%F½AUT�<=6�B�0
��<�e�T�F¨z|6�B=6�6MF¨<D4#T�<�<D476�F�{�GPz|6MAI;�YxtoA=;�vwF�]xv5T�AyY°BIJ�6�eMA=6�T%BU6�B�vwC2<D4½C2F7eMA=6�T%BDC2F�V

Ṁ
T�F7J¨;%F�L2fÝCÀY

<D4769T%e�eMA=6M<DCE;%FqAUT�<=6xCEB�a�<DC2GI6�B5<D476�\�T�L2{76OBD{�V�V+6�BD<=6�J�zWf��"6MC2d�{�AD<D4këÂmuL~T�AD_+6IÚ�/����'1�Üo;%F76�V+6M<=B"T�z|;%{�<
<D476�BUT�GI69F�{�GPz|6MA�;�Y©toA=;�vwFj]xv5T�AyY°BOT%B^<D476Mfq;%z�<UT�C2F76�J
0^354�CEB�;%F7e�6�GI;%A=6�J�6MGI;%F7BD<DAUT�<=6�Bx<D4#T�<x<D476
BD4�ADC2F�_�T�V+6k;�Y9<D476iBDfKB=<=6MGqÛ5A=6�æ#6�eM<=6�J»z�f½<D476k<DC2GI6iJ�6Md�6MF7J�6MF7e�6H;�Y

R
Û5T�F7JÞ<D476qC2F�<=6MAUT%eM<DCE;%F±vwC2<D4

<D476hVWT%B9J�6�eMA=6�T%BU6�B9V�A=6�T�<DL2fj<D476�<=;%<UT�L©6MF76MADV�fX;�Yo<D476I<DADC2d�LE6IBDf'BD<=6MGÃT�<PT�V�C2\+6MF
Ṁ
T�F7J
Û}<D476MA=6�Y�;%A=6�Û

C2F7eMA=6�T%B=6�B�<D476�J�6�e�T�f&d�A=;%z#T�z�C2L2C2<@fÝz�6�Y�;%A=6I<D476�4Wf'J'A=;%V+6MF'>gz�{�ADF�C2F�VjL2C2GhC2<�CEB�A=6�T%e=476�J
0i�@<�T�LEB=;kBD47;�v�B
<D4#T�<�<D476�J�6�e�T�fieM{�AD\+6�;�\+6MA�<D476�<DC2GI6

t
e�T�F�F7;%<xz|6�6�¯Kd�A=6�B=BU6�Jkz�fiT�B=C2F�V�LE6�6�¯'d|;%F76MFW<DC~T�L�z�6�e�T�{7BU6�;�Y

<D4769BDC2V�F�CÀ¿#e�T�F�<"VWT�dnz|6M<@vo6�6MFi;%{�A^T�F#T�L2fK<DCEe�T�L�T�F7JnF�{�GI6MADCEe�T�L�A=6�BD{�L2<=B�0
S�C2V70îQ70RaXBD47;�v�BI<D476�Y�AUT%eM<DCE;%F»;�Y�6Á�y6�eM<=6�J½Y�AUT�V�GI6MF�<=BIvwC2<D4»THLE;�vo6MA�G�T%B=B�<D4#T�F¶THV�C2\+6MF½G�T%B=B

m
Û

T%e�eMA=6M<DC2F�VqVWT%BOC2F�ßð6�¯'<DA=6MGI6�ß
GI;%<DCE;%F}0h�xB�C2FX<D476he�T%B=6h;�Y5T%e�eMA=6M<DCE;%F·;�YoVWT%BPT�<OA=6�B=<�Û
<D476�FW{�G�z�6MAP;�Y
toA=;�vwFj]xvoT�AyY�B"C2Fk;%{�AxBDC2GP{�L~T�<DCE;%F7BxCEB"LE;�vu6MA�<D4#T�Fivu6P6�¯'d|6�eM<=6�JnY°A=;%G ;%{�AxT�F#T�L2fK<DCEe�T�L�e�T�LEeM{�L~T�<DCE;%F7B�0
35476hJ'CÀà
6MA=6MF7e�6�Û
47;�vo6M\+6MA�Û�;�YwT�z�;%{�<P�Ãæ CEBOe�;%F7BDCEJ�6MAUT�z�L2fjBDG�T�L2LE6MAO<D4#T�FX<D476hJ'CÀà
6MA=6MF7e�6�C2FX<D476he�T%B=6
;�Y�T%e�eMA=6M<DCE;%Fn;�Y}VWT%BwT�<©A=6�BD<�ÛKvw4�CEe=4�v5T%Bx1��Ãæ�0:��F7eMA=6�T%BDC2F�V�<D476xT%e�eMA=6M<DCE;%F�AUT�<=6xe�T�{7B=6�Bu<D476"F�{�GPz|6MA5;�Y
toA=;�vwFH]^v5T�AyY°B"<=;IJ�6�eMA=6�T%B=6PT�F7JqC2Fq<D4�CEB�e�T%B=6PThL2C2<D<DLE6OGI;%A=6O<D4#T�Fk<�vwCEe�69<D4769B={�V�V+6�BD<=6�Jn\�T�L2{769;�Y

ṀCEBZF76�e�6�BUBUT�ADf�<=;P;%z�<UT�C2F�<D476"BUT�GI6�F�{�GPz|6MAo;�Y}toA=;�vwF�]^v5T�AyY°B5T%BuT�F�<DCEeMC2d#T�<=6�J�z�fI�"6MC2d�{�AD<D4�ë¾muL~T�AD_+6
Ú�/����'1�Ü�0

Û � Û �Ùl ���	$5�&IÏdX�����	�

��F�S�C2V70�Q70 ö9<D476xeM{�GP{�L~T�<DC2\+6OJ'CEB=<DADC2z�{�<DCE;%F�;�Y}<D476xJ�6�e�T�f�<DC2GI6�Bo;�Y�T%e�eMA=6M<DC2F�V�<DADC2d�LE6xBDf'BD<=6MGIBuCEBuBD47;�vwF
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1 (dM/dt)RC; gas at rest
1 (dM/dt)RC; moving gas

!w��§�����*Ý.�ªEÅ«¶ S7AUT%eM<DCE;%FÝ;�YoBDf'BD<=6MGIBx<D4#T�<9J�6�e�T�f+6�J&z�6�Y�;%A=6hT�<DC2GI6
t
C2FHC2F�C2<DC~T�L"Ú

M = M0
ÜxeMA=;�B=BDC2F�V

<DC2GI6�B�0o354769B=;%L2CEJnL2C2F76�B"A=6Md�A=6�B=6MFW<x<D476OA=6�BD{�L2<=B�Y°;%A"<DADC2d�LE6�B^T%e�eMA=6M<DC2F�V�VWT%B"T�<"A=6�BD<�Ú°;%d�6MFkeMC2A=eMLE6�B�ÜwT�F7J
Y�;%A�<DADC2d�LE6�B�T%e�eMA=6M<DC2F�V&VWT%B�C2F¨GI;%<DCE;%F Ú°;%d�6MF�B=è�{#T�A=6�BñÜ�0·S7;%AIe�;%Ghd#T�ADCEB=;%F�<D476�A=6�BD{�L2<=BI;�Y�J�6�e�T�fKC2F�V
<DADC2d�LE69BDf'BD<=6MGIBwvwC2<D4qe�;%F7B=<UT�FW<"G�T%BUB�;�Y

M = 0.04, 0.2, 0.4M�
T�A=6PT�LEB=;hBD47;�vwF·Ú°J7T%BD476�JnL2C2F76�B�Ü�0

T�F7Jke�;%Ghd#T�A=6�Ji<=;I<D47;�BU6P;�YZJ�6�e�T�fKC2F�V�B=fKBD<=6MGIB^;�Y©e�;%F7BD<UT�FW<^G�T%B=B�0w�xB�C2<�v5T%B^6�¯'d|6�eM<=6�JkJ'{76�<=;h<D476
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;%F&<D476�T%e�eMA=6M<DCE;%FÝAUT�<=6�Û�vw4�CEe=4îG�T�_+6�B9C2<Pd|;�B=BDC2z�LE6�<=;i;%z�<UT�C2F·BD<UT�<DCEB=<DCEe�T�L2L2fHGI6�T�F�C2F�V%Y°{�L©A=6�B={�L2<=B�0���F
S�C2V70rQ70R�x<D4765J'CEBD<DADC2z�{�<DCE;%F�;�Y#<D4765B=6MGhCÀ>gG�T��y;%A©T�¯'CEB:;�Y�;%{�AZ;%z�<UT�C2F76�JhtoA=;�vwFI]xv5T�AyY�z�C2F#T�ADCE6�B�CEB:BD47;�vwF
Y�;%A"<D476�J'CÀà|6MA=6MF�<^<�f�d|6�B�;�YZT%e�eMA=6M<DCE;%F&T%B^vu6ML2LZT%B"Y°;%A

M = 0.08M�
BDf'BD<=6MGIB";�Y©e�;%F7B=<UT�FW<�G�T%B=B�0���F

<D4�CEBxd�LE;%<^C2<^CEBxA=6MG�T�AD_%T�z�LE6�<D4#T�<x<D476�B=6Md#T�AUT�<DCE;%F7B�;�YZ<D476�476�T�\KCE6�BD<�d�;�BUBDC2z�LE6PtoA=;�vwFX]xvoT�AyYuz�C2F#T�ADCE6�B
A=6�BD{�L2<DC2F�V�Y�A=;%Gé<D476�J�6�e�T�fi;�Y©B=fKBD<=6MGIB^vwC2<D4je�;%F7BD<UT�FW<�G�T%B=B�T�A=6�;%FXT�\+6MAUT�V+6hT�LE;%<^4�C2V�476MA�Û�vwC2<D4HC2<=B
GI6�J'C~T�F�z�6MC2F�V�L~T�ADV+6MA�zWf�TwYgT%eM<=;%A:;�Y�a'Û�<D4#T�F�<D476oz�C2F#T�ADfPBU6Md#T�AUT�<DCE;%F7B�A=6�BD{�L2<DC2F�VxY�A=;%GÂT%e�eMA=6M<DC2F�V�LE;�vo6MA
G�T%B=B^<DADC2d�LE6�B�0x�@<xe�T�Fiz|6PeMLE6�T�ADL2fkBU6�6MFi<D4#T�<x<D476�BU6MGhCÀ>gG�T��y;%AOT�¯KCEBxJ'CEBD<DADC2z�{�<DCE;%FHY�;%AxT%e�eMA=6M<DC2F�V�<DADC2d�LE6
BDf'BD<=6MGIB�CEBrF#T�ADA=;�vu6MA©T�F7J9<D476ud|6�T�_OCEB�T�<�LE;�vo6MA�\�T�L2{76�B�e�;%Ghd#T�A=6�J�<=;"BDf'BD<=6MGIB�;�Y#e�;%F7BD<UT�FW<�G�T%B=B�0�35476
J'CÀà
6MA=6MF7e�6�CEB�T�VWT�C2F&e�T�{7BU6�Jiz�fk<D476�<DC2GI6hJ�6Md|6MF7J�6MF7e�6h;�Y©<D476�<=;%<UT�LZ6MF76MADV�fqY�;%Ax<D476�J'CÀà
6MA=6MFW<O<�f�d|6�B
;�YuT%e�eMA=6M<DCE;%FXe�;%Ghd#T�A=6�Jk<=;�<D476

R = const.
e�T%BU6�0"��<"CEB^T�LEBU;�A=6�BDd|;%F7BDC2z�LE69Y°;%A^A=6�J'{7eMC2F�V�<D476�GI6�J'C~T�F

z�C2F#T�ADfqB=6Md#T�AUT�<DCE;%FH<=;k1Íð%a���<D4H;�YZC2<=B";%ADC2V�C2F#T�L�\%T�L2{76�Û��}ñ�/����'0w��FiT%J�J'C2<DCE;%F}Û�Y�A=;%G <D4�CEB�d�LE;%<^;%F76�e�T�F
C2F'Y�6MAh<D4#T�<I<D476�GI;%A=6n<D476�GI;%GI6MFW<D{�GÈ;�Yx<D476�z|;KJ'CE6�BhCEB�A=6�J'{7e�6�J
Ûo<D476�F#T�ADA=;�vu6MA�<D476nB=6MGhCÀ>gG�T��D;%A
T�¯'CEBxJ'CEB=<DADC2z�{�<DCE;%FXT�F7JH<D476�LE;�vo6MAO<D476Pd|6�T�_qd|;�BDC2<DCE;%FH;�Yu<D476�J'CEBD<DADC2z�{�<DCE;%FXz|6�e�;%GI6�0xý&6�T�LEBU;�Y�;%{�F7J
<D4#T�<P<D476Id�6�T�_X;�Y5<D476�B=6MGhCÀ>gG�T��D;%A�T�¯'CEBPJ'CEBD<DADC2z�{�<DCE;%FîJ�;�6�BPF7;%<Pe=4#T�F�V+6�GP{7eU4ÝvwC2<D4Ý<D476�T%e�eMA=6M<DCE;%F
AUT�<=6�âw;%F�L2fÝ<D476neM{�<y>@;�à±CEBhLE;�vu6MAhY�;%A�4�C2V�476MAIAUT�<=6�B�0î354�CEBhCEBhBDC2Ghd�L2fîTHA=6�B={�L2<I;�Yx;%F�L2f¨e�;%F7BDCEJ�6MADC2F�V
toA=;�vwF»]xv5T�AyYOB=fKBD<=6MGIB�Û:z�6�e�T�{7BU6�<D476�¿7F#T�Lw<=;%<UT�L"6MF76MADV�fîCEB ∼ (M(t)/M0)

n ÛZvwC2<D4 n
J�6Md|6MF7J'C2F�V

;%FH<D476�T%e�eMA=6M<DCE;%FjGI;KJ�6MLgÛ�vw4�CEeU4jGI6�T�F7B^<D4#T�<�<D476�<=;%<UT�L�6MF76MADV�fiJ�6Md�6MF7J�B�;%FH<D4769¿7F#T�L�G�T%B=Bx;�YZ<D476
Y°AUT�V�GI6MFW<=B^T�F7JqF7;%<�J'C2A=6�eM<DL2f�;%Fn<D4769T%e�eMA=6M<DCE;%FiAUT�<=6�0Z35476MA=6�Y�;%A=6�Û7e=47;K;�BDC2F�V�T�G�T�¯'C2GP{�GìG�T%BUBwL2C2GhC2<
J�6M<=6MADGhC2F76�Bx<D476�T�\%T�C2L~T�z�LE6�G�T�¯KC2G�{�Gé6MF76MADV�fn<D4#T�<xe�T�Fkz|69J'C2\KCEJ�6�Jqz|6M<@vu6�6MFH<D4769_KC2F76M<DCEeP6MF76MADV�fq;�Y
<D476q6�B=e�T�d|6MA�T�F7J½<D476n6MF76MADV�f½;�Y�<D476�z�C2F#T�ADf+0�35476nLE;�vo6MA�eM{�<y>@;�àò;�Y�<D476nJ'CEBD<DADC2z�{�<DCE;%F�Y�;%Ah4�C2V�476MA
T%e�eMA=6M<DCE;%FkAUT�<=6�B"CEBwG�T�C2F�L2fnJ'{76O<=;h<D476�YgT%eM<�<D4#T�<�Û#T�<"4�C2V�476MAxT%e�eMA=6M<DCE;%FkAUT�<=6�B�Û�GI;%A=6OG�T%B=BDC2\+6PtuA=;�vwF
]xvoT�AyY�z�C2F#T�ADCE6�B�T�A=6xY°;%ADGI6�J
Û'vw4�CEeU4qe�T�{7B=6�B5<D476xGhC2F�C2GP{�Gì<=;%<UT�L}6MF76MADV�f�;�Y�<D476�BDf'BD<=6MG�<=;�C2F7eMA=6�T%B=6�Û
<D4W{7B^J�6�eMA=6�T%BDC2F�VI<D476OG�T�¯'C2GP{�GéB=6MGhCÀ>gG�T��D;%A^T�¯KCEB�0
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1 (dM/dt)RC; gas at rest
1 (dM/dt)RC; moving gas
M= 0.08 Msolar

!w��§�����*¨.�ªíò�¶ lK6MGhCoG�T��y;%AhT�¯'CEBPJ'CEBD<DADC2z�{�<DCE;%FîY�;%A�J'CÀà
6MA=6MFW<�_�C2F7J�B�;�Y^T%e�eMA=6M<DCE;%F¨T�<
Ṁ = ṀRC

T%B
vu6ML2L|T%BZY�;%A©e�;%F7BD<UT�F�<©G�T%B=BoBDf'BD<=6MGIB:vwC2<D4

M = 0.08M�
0�]x{76w<=;P<D476"BD<=6�6Md|6MA©J�6�eMA=6�T%B=6^;�Y|<D476"<=;%<UT�L

6MF76MADV�fHC2FH<D476�e�T%B=6h;�Y5T%e�eMA=6M<DCE;%FÝ;�YuVWT%B9T�<�A=6�BD<�<D476�A=6�BD{�L2<DC2F�VqtoA=;�vwF&]xv5T�AyYoz�C2F#T�ADCE6�BO4#T�\+6�LE;�vo6MA
B=6Md#T�AUT�<DCE;%F7B"<D4#T�FqC2Fq<D476Oe�T%B=69;�YZT%e�eMA=6M<DCE;%Fk;�Y�VWT%BwC2FÝßð6�¯'<DA=6MGI6�ß�GI;%<DCE;%F}0

l�{�ADd�ADCEBDC2F�V�L2f+Û'<D476xB=6MGhCÀ>gG�T��D;%AwT�¯'CEBoJ'CEBD<DADC2z�{�<DCE;%F7B5A=6�BD{�L2<DC2F�V�Y�A=;%G T%e�eMA=6M<DC2F�V�<DADC2d�LE6�BDfKB=<=6MGIBoT�L2A=6�T%J'f
z|6�T�AuB=;%GI6^A=6�B=6MGPz�L~T�F7e�6x<=;�<D476";%z7B=6MAD\+6�J�;%F76"zWf�t5;%{�fI6M<wT�Lg0�Ú�/�����b+Ü�Û�T%B©<D476MA=6^CEBuF7;�toA=;�vwF�]xvoT�AyY
z�C2F#T�ADfIvwC2<D4nTOvwCEJ�6MAwB=6Md#T�AUT�<DCE;%F�<D4#T�F

20AU
Û'T�F7J�<D476x;%z7B=6MAD\+6�J�d�6�T�_ICEB5T�<oT�z|;%{�<o<D476^BUT�GI6^\�T�L2{76

T%B:<D476�;%z7BU6MAD\+6�JI\�T�L2{76
apeak ≈ 3AU

0�35476";%z7B=6MAD\+6�J�BUT�Ghd�LE6�ÛW47;�vo6M\+6MA�Û�4#T%BZ<D476�J'CEBUT%J'\�T�FW<UT�V+6�<D4#T�<
C2<wCEBwG�T�V�F�C2<D{7J�6PL2C2GhC2<=6�JiT�F7J�<D476MA=6�Y�;%A=69d�A=;%F76O<=;�z�C~T%B=6�B�0
3r;�V+6M<oT�FnT�d�d�A=;�¯'C2G�T�<=6ML2fI{�F�z�C~T%B=6�J�BUT�Ghd�LE6�C2<uCEB©z|6M<D<=6MAu<=;�e=47;K;�B=6�<D476^z�C2F#T�ADfItoA=;�vwF�]xvoT�AyY�Bo;�\+6MA
T�¿7F�C2<=6O\+;%L2{�GI6PvwC2<D4�C2Fqvw4�CEe=4iz�;%<D4qe�;%Ghd|;%F76MFW<=Bxe�T�Fnz�6xY°{�L2L2f�A=6�B=;%L2\+6�J
0©S7;%Aw<D476PBUT�Ghd�LE69;�Y:to;%{�f
6M<xT�Lg0�Ú�/�����b+Ü�Û�<D4�CEB"vo;%{�LEJkC2F7eML2{7J�6�T�L2Lrz�C2F#T�ADCE6�BxvwC2<D4HT�J'CEBD<UT�F7e�6�;�YZLE6�B=B�<D4#T�F

25 pc
Ú�ý¾0�tuAUT�F7J'F76MA

/�����Q7Û�d�ADC2\%T�<=6�e�;%GhGP{�F�CEe�T�<DCE;%F�Ü�0"35476�B=6MGhCÀ>gG�T��D;%AxT�¯'CEB"J'CEBD<DADC2z�{�<DCE;%Fj;�YZ<D476�B=69;%z'�D6�eM<=B"CEB^BD47;�vwFHC2F
S�C2V70nQ70R�k<=;%V+6M<D476MA�vwC2<D4¨;%{�A�F�{�GI6MADCEe�T�L2L2f·;%z�<UT�C2F76�J¨J'CEBD<DADC2z�{�<DCE;%F·Y°;%A�J�6�e�T�fKC2F�Vj<DADC2d�LE6�B�Û:T%e�eMA=6M<DC2F�V
VWT%B9T�<OA=6�BD<�0�35476MA=6�CEBPT�A=6MG�T�AD_%T�z�LE6�T�V�A=6�6MGI6MFW<9z|6M<@vo6�6MFÝ<D476�B=6�<@vo;qJ'CEBD<DADC2z�{�<DCE;%F7B�Û�T%B�<D476Mfiz|;%<D4
4#T�\+6�<D476�d�6�T�_&\�T�L2{76�T�<

a ≈ 3AU
T�F7J¨T�d�d�A=;�¯'C2G�T�<=6ML2fÝ<D476�BUT�GI6�Û�AUT�<D476MA�BD<=6�6Md}Û:BDLE;%d|6I<=;iz�;%<D4

BDCEJ�6�Bh;�Y�C2<�0·354#T�<�;%{�AIJ'CEBD<DADC2z�{�<DCE;%F½¿7<=B�T�L2GI;�BD<hd|6MAyY�6�eM<DL2fÝ<D476n;%F76q;%z�<UT�C2F76�J¨Y°A=;%GÖ;%z7B=6MAD\�T�<DCE;%F7B
CEBIe�6MAD<UT�C2F�L2f½Tje�;%C2F7eMCEJ�6MF7e�6�Û5V�C2\+6MF½<D476kT�ADz�C2<DAUT�ADC2F76�B=B�;�Yx;%{�AIC2F�C2<DC~T�L�e�;%F7J'C2<DCE;%F7B�0»�^;�vu6M\+6MA�Ûovw4#T�<
vu6ke�T�F�d�A=6�J'CEeM<�CEBh<D4#T�<�ÛwT%e�e�;%A=J'C2F�V&<=;Ý;%{�AIGI;�J�6MLgÛo<D476nJ'CEBD<DADC2z�{�<DCE;%F¶e�T�F�F7;%<�z|6�æ�T�<hY�;%A�TXB=6MGhC
G�T��D;%A�T�¯'CEB9z|6MLE;�v®<D476�d|6�T�_X\�T�L2{76�Û�z�{�<�GP{7BD<�J�6�eMA=6�T%B=6�0ito6�e�T�{7BU6�;�Y�<D476�J�6M<=6�eM<DCE;%FîL2C2GhC2<�;�Yw<D476
;%z7B=6MAD\�T�<DCE;%F7B�;�Y^t5;%{�fÝ6M<�T�Lg05Ú�/�����b+Ü�Û:C2<�CEBPF7;%<�eMLE6�T�A�vw476M<D476MAh;%A�F7;%<�<D476�;%z7B=6MAD\+6�J·J'CEB=<DADC2z�{�<DCE;%F
vwC2L2LxT�LEBU;ÝJ�6�eMA=6�T%B=6ivwC2<D4ÞJ�6�eMA=6�T%BDC2F�V

a
0)354�CEB�AUT�<D476MA�BD<=6�6MdÞJ�6�eML2C2F76kC2FÞ;%{�A�BDC2GP{�L~T�<DCE;%F¶CEB�F7;%<�T

FW{�GI6MADCEe�T�L�T�AD<DCÀYgT%eM<Pz�{�<�AUT�<D476MA�B=6�6MGIB�<=;nz|6�TqV+6MF76MAUT�L©d�A=;%d|6MAD<@fÝ;�Ywz�C2F#T�ADCE6�B�Y°;%ADGI6�J·J'C2A=6�eM<DL2f&zWf
J�6�e�T�fKC2F�VXGP{�L2<DC2d�LE6nB=fKBD<=6MGIB�vwC2<D47;%{�<hJ'CEB=BDC2d#T�<DC2\+6�d�A=;Ke�6�B=B=6�B�Û:B={7e=4»T%B�<DCEJ7T�L5C2FW<=6MAUT%eM<DCE;%F7Bhz|6M<@vo6�6MF
<D476xY°AUT�V�GI6MFW<=B�0Z35476�BU6x6�à
6�eM<=B�T�A=6�_KF7;�vwFn<=;�Y°;%ADG G�{7e=4q4#T�A=J�6MA�Û�B=d�6�eM<DA=;�B=e�;%d�CEe�z�C2F#T�ADCE6�B�A=6�BD{�L2<DC2F�V
C2FXT�æ�T�<D<=6MA�B=6MGhCÀ>gG�T��y;%A9T�¯'CEB^J'CEB=<DADC2z�{�<DCE;%FkY�;%AxB=G�T�L2L�B=6Md#T�AUT�<DCE;%F7B�Û
T%B^C2<^v5T%B�;%z7B=6MAD\+6�JqY�;%A��x>@BD<UT�A=B
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Bouy et al. (2003); volume-limited
1 (dM/dt)RC; gas at rest
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!w��§�����*�.�ª2��¶ lK6MGhC'G�T��y;%AZT�¯'CEB�J'CEB=<DADC2z�{�<DCE;%FI;�Y�<D4765toA=;�vwFh]xvoT�AyY|z�C2F#T�ADCE6�B:;%z�<UT�C2F76�J�C2F�;%{�A:BDC2G�{�L~T�>
<DCE;%F�;�YrJ�6�e�T�fKC2F�V�<DADC2d�LE6xBDf'BD<=6MGIB�Û'T%e�eMA=6M<DC2F�V�VWT%BoT�<oA=6�BD<�Û'T�F7J�<D476x;%z7B=6MAD\+6�J�\+;%L2{�GI6�>gL2C2GhC2<=6�JnBUT�Ghd�LE6
J'CEBD<DADC2z�{�<DCE;%F&;�Yut5;%{�fk6M<9T�Lg0:Ú�/�����b+Ü�0935476�B=6�<@vo;nJ'CEBD<DADC2z�{�<DCE;%FXG�T�<=e=4X\+6MADfkvu6ML2LgÛ
V�C2\+6MFj<D476�{�F7e�6MAy>
<UT�C2FW<DCE6�B�Ú°8�;%CEB=B=;%FkF7;%CEBU6�Ü5vw4�CEe=4jT�A=6P;�Y:<D4769;%A=J�6MAx;�YZT�z|;%{�<^T�<D4�C2A=JqY°;%A"<D4769;%z7B=6MAD\+6�JkJ'CEB=<DADC2z�{�<DCE;%F}0
t5;%<D4�J'CEBD<DADC2z�{�<DCE;%F7Bu4#T�\+6xT�d�6�T�_IT�<uT�z|;%{�<Z<D476^BUT�GI6w\�T�L2{76�;�Y

a = 3AU
T�F7JIBD47;�v¶T�z|;%{�<Z<D476"BUT�GI6

J�6MV�A=6�69;�YZT%BDfKGhGI6M<DADfnT�A=;%{�F7Jq<D476Od�6�T�_|0

zWfn]x{7è�{76MF�F7;�fkë¬[jT�f+;%A�Úy1����'1�Ü�0o�@Y�;%z7B=6MAD\�T�<DCE;%F#T�L2L2fne�;%F'¿7ADGI6�J
Û#<D476PJ�6�eMA=6�T%B=6P;�Y�<D4769B=6MGhCÀ>gG�T��D;%A
T�¯'CEBuJ'CEBD<DADC2z�{�<DCE;%F�<=;�LE;�vu6MAwB=6Md#T�AUT�<DCE;%F7Bovo;%{�LEJ�C2F7J'CEe�T�<=6^<D4#T�<u<DCEJ7T�L�C2FW<=6MAUT%eM<DCE;%F7B�T�A=6^LE6�B=B©C2Ghd�;%AD<UT�F�<
Y�;%Aw<D476�Y°;%ADG�T�<DCE;%Fi;�Y�toA=;�vwFH]xvoT�AyY:z�C2F#T�ADCE6�B�0
35476kT%BDfKGhGI6M<DADCEeqBD4#T�d|6n;�YO;%{�A�B=6MGhCÀ>gG�T��D;%A�T�¯KCEB�J'CEBD<DADC2z�{�<DCE;%F»CEBIB=C2GhC2L~T�AI<=;j<D476q;%F76nC2FÞl�<=6MAD��C2_
ë�]x{�ADCEB=6MF»Úy1������'Û}S�C2V70���z�Ü�Û
vw4�CEe=4&v5T%B9;%z�<UT�C2F76�JXz�fiC2F�<=6MV�AUT�<DC2F�Vke�;%F7BD<UT�FW<PG�T%B=B�<DADC2d�LE6IBDf'BD<=6MGIB
vwC2<D4nC2F�C2<DC~T�L}G�T%B=BU6�Bwe�;%F7BD<DAUT�C2F76�JnzWfnT�Fn;%z7B=6MAD\+6�JqBD<=6ML2L~T�A��Á[HSîT%B5vo6ML2L�T%B�T�eML2{�GhdnG�T%B=BwBDd|6�eM<DAD{�G
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F76�T�A9<D476�GI6�J'C~T�FÝBU6Md#T�AUT�<DCE;%F·BD47;%{�LEJjd�A=;�\�CEJ�6�6M\�CEJ�6MF7e�6�Y�;%A9;%A�T�VWT�C2F7BD<PTnJ'fKF#T�GhCEe�T�L©;%ADC2V�C2FÝ;�Y�T�F
;%z7B=6MAD\+6�Jnz�C2F#T�ADf�J'CEBD<DADC2z�{�<DCE;%F}0©ý&69T�LEB=;�Y°;%{�F7J�<D4#T�<w<D476OtoA=;�vwFk]xvoT�AyY:z�C2F#T�ADf�J'CEB=<DADC2z�{�<DCE;%FqCEB5F7;%<
GP{7eU4&T�à|6�eM<=6�JkzWfqe�;%Ghd|6M<DC2<DC2\+6�T%e�eMA=6M<DCE;%F}Û
T%B^;%{�A"<=6�BD<xe�T�LEeM{�L~T�<DCE;%F7BO;�Y�{�F76�è�{#T�L2L2fiT%e�eMA=6M<DC2F�V�<DADC2d�LE6
BDf'BD<=6MGIBxC2F7J'CEe�T�<=6�0P354�CEB�vo;%{�LEJjGI6�T�FH<D4#T�<O<D476�J'CEBD<DADC2z�{�<DCE;%F&J�6Md|6MF7J�BO;%F�L2fk<=;nT�LE6�B=B=6MAOJ�6MV�A=6�6h;%F
<D476�J�6M<UT�C2LE6�JjJ'CEBD<DADC2z�{�<DCE;%FX;�Y©G�T%B=BxvwC2<D4�C2Fj<D476P<DADC2d�LE6�BDf'BD<=6MGqÛ�z�{�<^<D4�CEBxF76�6�J�B�<=;�z�6�e�;%F'¿7ADGI6�JjC2F
Y°{�<D{�A=69BD<D{7J'CE6�B�0
�xC2\+6MFI<D476"BDC2GhC2L~T�ADC2<DCE6�BZC2FI;%{�A©J'CEB=<DADC2z�{�<DCE;%F�<=;�l�<=6MAD��C2_Ië±]x{�ADCEB=6MFiÚy1������+Ü�Û C2<uCEB:AUT�<D476MAZ4#T�A=Jh<=;5�y{7J'V+6
Y°A=;%Gì;%z7B=6MAD\%T�<DCE;%F7B"47;�vòL~T�ADV+69<D476OC2F'æ7{76MF7e�6OG�T�f�z|6O;�Y�;%<D476MA^e�;%F7BD<DAUT�C2FW<=B�Û#BD{7e=4iT%B�<D476�G�T�¯KC2G�{�G
<=;%<UT�L}G�T%B=B";�Y�<D4769eML2{7B=<=6MA�J�6M<=6MADGhC2F76�Jkz�f�<D476OG�T%BUB�;�Y�<D476�GI;%LE6�eM{�L~T�AxeMLE;%{7Jqe�;%A=6�0
3r;·T�F7BDvu6MAI<D4�CEB�èW{76�BD<DCE;%F}ÛuC2<Ivo;%{�LEJ½z�6�F76�e�6�BUBUT�ADf·<=;&C2FW\+6�BD<DC2VWT�<=6k47;�vì<D476�C2F�C2<DC~T�L�d�A=;%d|6MAD<DCE6�B�;�Y
Y�;%ADGhC2F�V�eML2{7BD<=6MA=B©A=6ML~T�<=6�<=;O<D476wd�A=;%d|6MAD<DCE6�Bo;�Y|<D476MC2A©d#T�A=6MFW<UT�L�GI;%LE6�eM{�L~T�AoeMLE;%{7JIe�;%A=6�0:�^6�e�6MFW<oBD<D{7J'CE6�B
B=6�6MGÍ<=;OC2F7J'CEe�T�<=6"<D4#T�<u<D476MfhJ�6Md�6MF7J�BD<DA=;%F�V�L2fI;%F�<D476wA=6MG�T�C2F�C2F�V�<D{�ADz�{�LE6MFW<5\+6MLE;KeMC2<@f�¿#6MLEJ���;�;KJ'vwC2F
6M<^T�Lg0�Ú�/�����Q�Ü�â#]�6ML2VWT%J�;�>@]�;%F#T�<=6�6M<xT�Lg0�Ú�/�����Q�Ü�Û7z�{�<^<D476MA=69CEB"f+6M<"F7;IJ�6M<UT�C2LE6�JiC2FW\+6�BD<DC2VWT�<DCE;%Fj;%Fk47;�v
<D4�CEB�C2F'æ7{76MF7e�6�B�<D476�C2F�C2<DC~T�L:d�A=;%d�6MAD<DCE6�BO;�Yu<D476�eML2{7B=<=6MA=B�0O]�6ML2VWT%J�;�>@]x;%F#T�<=6�6M<OT�Lg0�Ú�/�����Q�Ü"¿7F7JHvwCEJ�6MA
e�;%F'¿7V�{�AUT�<DCE;%F7B�C2F&<D476MC2A�B=C2GP{�L~T�<DCE;%F7B�vw476MFÝ<D476hC2F7J�6�¯Ý;�Yw<D476h<D{�ADz�{�LE6MF�<�d�;�vu6MA�B=d�6�eM<DAD{�G

α
CEB�T%B

4�C2V�4ÝT%B −5
ÛrT�F7JXeMLE;�BU6MA9;%F76�B�Y°;%A�LE;�vu6MAPC2F7J'CEe�6�B�Û
z�{�<9J�;�F7;%<OA=6Md�;%AD<�;%F&;%<D476MA9èW{#T�F�<DC2<DCE6�BPBD{7eU4ÝT%B

C2F�C2<DC~T�L�eML2{7BD<=6MAx6MF76MADV�fi;%A^\KC2ADC~T�L�B=<UT�<=6P;�Y©<D476�eML2{7BD<=6MA�0"35476MfqY�{�AD<D476MA^¿7F7Jk<D4#T�<^Y�;%AxT�FHC2F7J�6�¯i;�Y −5<D476MA=6PT�A=6�Y�6Mvu6MA^tuA=;�vwFi]xvoT�AyY�B5Y�;%ADGhC2F�VI<D4#T�FiT�<^T�FkC2F7J�6�¯�;�Y −3
0:35476Mfn6�¯Kd�L~T�C2Fk<D4�CEB5Y�T%eM<"zWf�<D476

;Ke�eM{�ADA=6MF7e�6h;�Y©vwCEJ�6MAOe�;%F'¿7V�{�AUT�<DCE;%F7BPT�<�<D476
α = −5

>@e�T%B=6�0O�^FXT�L2<=6MADF#T�<DC2\+6h6�¯Kd�L~T�F#T�<DCE;%F&e�;%{�LEJHz|6
V�C2\+6MFIz�f�;%{�A©GI;�J�6ML#;�Y
J�6�e�T�fKC2F�VP<DADC2d�LE6^BDf'BD<=6MGIBZT%e�eMA=6M<DC2F�VPVWT%B©C2Fkßð6�¯K<DA=6MGI6�ß+GI;%<DCE;%F}ÛKT%B:C2F�<D476�e�T%B=6
;�Y

α = −5
<D4769<D{�ADz�{�LE6MFW<xGI;%<DCE;%Fj;�Y�<D476PVWT%B�CEB^;%FkL~T�ADV+6MA^BUe�T�LE6�BxT�F7J
Û#<D476MA=6�Y°;%A=6�Û�C2<�CEB�GI;%A=6�L2C2_+6ML2f

<D4#T�<o<D476xT%e�eMA=6M<=6�J�VWT%BoCEBoT%J�J'C2F�V�B=;%GI6�GI;%GI6MF�<D{�G <=;P<D476"z�;KJ'CE6�B�ÛK6M\+6MF�<D47;%{�V�4�F7;%<wT%B©4�C2V�4nT%B©vo6
J'CEJnC2Fq;%{�A"B=C2GP{�L~T�<DCE;%F7B�0
ý&6q4#T�\+6iB=47;�vwF)T�F#T�L2f�<DCEe�T�L2L2f»T%B�vu6ML2LOT%BIF�{�GI6MADCEe�T�L2L2f»<D4#T�<�<D476kd�A=;%z#T�z�C2L2C2<@f¶;�YxY�;%ADGhC2F�V¨tuA=;�vwF
]xvoT�AyY�B�BD47;%{�LEJPz|6u4�C2V�4�6M\+6MF�Y�;%A�C2F�C2<DC~T�L2L2f9GI;KJ�6MAUT�<=6ML2f�e�;%Ghd#T%eM<:BDf'BD<=6MGIB�0�354�CEB�CEB�T�LEB=;^<DAD{76ovwC2<D47;%{�<
e�;%F7BDCEJ�6MADC2F�V�e�;%Ghd�6M<DC2<DC2\+6xT%e�eMA=6M<DCE;%F}Û�T%B©e�;%Ghd|6M<DC2<DC2\+6^T%e�eMA=6M<DCE;%F�vwC2L2L7C2F7eMA=6�T%B=6�<D476"FW{�G�z�6MA5;�Y}tuA=;�vwF
]xvoT�AyY�B�Û|vw4�CEe=4X;%{�A�<=6�BD<�BDC2GP{�L~T�<DCE;%F7BP;�Y©{�F76�èW{#T�L2L2fjT%e�eMA=6M<DC2F�Vn<DADC2d�LE6�BDfKB=<=6MGIBxT�LEB=;�C2F7J'CEe�T�<=6�0�c^F�L2f
CÀYu<D476IT%e�eMA=6M<DCE;%FÝAUT�<=6�CEB�\+6MADfk4�C2V�4}Û
C2F&;%{�A9BDC2G�{�L~T�<DCE;%F7B9;�Yu<D476h;%A=J�6MA9;�Y

10−5 M� · yr−1 Û�Y�;%ADGhC2F�VtoA=;�vwF�]^v5T�AyY°BrzWfO6Á�D6�eM<DCE;%F�B=6�6MGIB
LE6�BUB
L2C2_+6ML2fO6�BDd�6�eMC~T�L2L2f�CÀY�<D476©T%e�eMA=6M<=6�JPVWT%Bre=4#T�F�V+6�Br<D476ZGI;%GI6MF�<D{�G
;�Y
<D476wz|;�J'CE6�B�0Zc^{�AuT�F#T�L2fK<DCEe�T�L�e�T�LEeM{�L~T�<DCE;%F�Y°{�AD<D476MADGI;%A=6"BD47;�vu6�J�<D4#T�<Z<D476�A=6�T%B=;%F�vw4Wfh<D476�6Á�D6�eM<DCE;%F
B=e�6MF#T�ADCE;�CEB�G�{7e=4ÝGI;%A=6h6D6�eMCE6MF�<9<D4#T�FXd�A=6M\KCE;%{7BDL2fjT%BUBD{�GI6�JjL2CE6�B�C2FX<D476hBD4�ADC2F�_�T�V+6h;�Yu<D476hBDf'BD<=6MGqÛ
A=6�æ#6�eM<=6�JizWf�<D4769<DC2GI6�J�6Md�6MF7J�6MF7e�6�;�Y

R
Û#vw4�CEe=4He�T�{7B=6�B"<D476�6MF76MADV�f�<=;�J�6�eMA=6�T%B=69Y�{�AD<D476MA�Ú°B=6�6P6�è�F}0

Q70Ra+Ü�0��@<P<D{�ADF76�JÝ;%{�<P<D4#T�<P<D476I<=;%<UT�Lu6MF76MADV�f+Û:T%B=B={�GhC2F�ViT%e�eMA=6M<DCE;%Fî;�YwVWT%B�T�<PA=6�BD<�ÛrCEB9d�A=;%d|;%AD<DCE;%F#T�L
<=;

[(Ṁ/M0) · t]5
T�F7J
Û5T%B=BD{�GhC2F�VXVWT%B�C2F�6�¯'<DA=6MGI6�GI;%<DCE;%F}ÛuC2<hCEB�d�A=;%d�;%AD<DCE;%F#T�L�<=;

[(Ṁ/M0) · t]3vw4�C2LE6�<D476�<DC2GI6hJ�6Md�6MF7J�6MF7e�6�{�F7J�6MAO<D476
R = const.

>�T�d�d�A=;�¯KC2G�T�<DCE;%F&CEBO;%F�L2f ∼ (Ṁ · t)2/R 0�354�CEBe�;%FW\KC2F7eMC2F�V�L2fk6�¯'d�L~T�C2F7B�<D476O\+6MADfnJ'CÀà
6MA=6MFW<^Y°;%ADG�T�<DCE;%Fid�A=;%z#T�z�C2L2C2<DCE6�B�Û7A=6�B={�L2<DC2F�VIY°A=;%G�;%{�A"F�{�GI6MADCEe�T�L
e�T�LEeM{�L~T�<DCE;%F7BwY�;%Aw<D4769J'CÀà
6MA=6MFW<�_KC2F7J�B�;�Y�GI;%GI6MFW<D{�G�<DAUT�F7B=d�;%AD<"J'{�ADC2F�V�G�T%B=BwV�A=;�vw<D4}Û#6M\+6MFq<D47;%{�V�4
;%{�AhT�F#T�L2f�<DCEe�T�LwA=6�BD{�L2<=B�J'CÀà
6MA�B=C2V�F�CÀ¿#e�T�FW<DL2f·Y�A=;%Gü;%{�A�F�{�GI6MADCEe�T�L�;%F76�B�0j35476�J'CÀà|6MA=6MF7e�6�B�GP{7B=<�z|6
J'{76�<=;�<D476PY�T%eM<^<D4#T�<^<D476�T%B=BD{�Ghd�<DCE;%F}Û�<D4#T�<�<D476�<DC2GI6�;�YZ<D476�J�6�e�T�fke�T�FHz|6�J�6�B=eMADC2z|6�JjT%BxT�BDC2F�V�LE6
6�¯'d�;%F76MF�<DC~T�L�Y°{�F7eM<DCE;%FjvwC2<D4&Th4#T�LÀY�>gL2CÀY°6�J'C2A=6�eM<DL2fqd�A=;%d|;%AD<DCE;%F#T�L:<=;�<D476�eMA=;�B=BDC2F�V�<DC2GI6�CEB"F7;%<OBD<DADCEeM<DL2f
\�T�L2CEJ
Û#T%B�6M\+6MFq\�T�ADf�C2F�Vh<D47694#T�LÀY,>gL2CÀY�6O;�Y�<D476PJ�6�e�T�fnJ'CEJnF7;%<wA=6�J'{7e�69<D4�CEB"J'CÀà|6MA=6MF7e�69B=C2V�F�CÀ¿#e�T�FW<DL2f+0
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ý&6ne�T�F½e�;%F7eML2{7J�6qB=;iYgT�A�<D4#T�<�T%e�eMA=6M<DCE;%FÞ;�Y^VWT%BIT�F7J¨<D476�_KC2F76MG�T�<DCEe�d�A=;%d�6MAD<DCE6�BI;�Yx<D476qT%e�eMA=6M<=6�J
VWT%B"J'{�ADC2F�V�J'f�F#T�GhCEe�T�L�C2FW<=6MAUT%eM<DCE;%F7B�BD<DA=;%F�V�L2f�C2F'æ7{76MF7e�6�<D476PT�z�{�F7J7T�F7e�6�T%B"vu6ML2L�T%Bw<D476PJ'fKF#T�GhCEe�T�L
d�A=;%d|6MAD<DCE6�Bu;�Y}toA=;�vwF�]^v5T�AyY°B�Û�T�F7JIz|6�e�T�{7B=6�;�Y
<D476"4�C2V�4hY°;%ADG�T�<DCE;%F�d�A=;%z#T�z�C2L2C2<@f�T�F7Jh<D476^T�V�A=6�6MGI6MF�<
z|6M<@vu6�6MFX;%{�A�B=6MGhCÀ>gG�T��D;%A�T�¯'CEB^J'CEB=<DADC2z�{�<DCE;%FXT�F7Ji<D476�;%z7B=6MAD\+6�Ji;%F76�;�Y©t5;%{�fq6M<�T�Lg0�Ú�/�����b+Ü�Û�G�T�_+6�B
<D476x6Á�y6�eM<DCE;%FnB=e�6MF#T�ADCE;�T9\KC~T�z�LE6�;%d�<DCE;%F�Y�;%AuY°;%ADGhC2F�VhBDC2F�V�LE6�T%B©vo6ML2L}T%Buz�C2F#T�ADf�tuA=;�vwFn]^v5T�AyY°BoCÀY�;%F�L2f
<D4�A=6�6�Y°AUT�V�GI6MFW<=BxT�A=6OC2FW\+;%L2\+6�J
0
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���� úC(K�&!I�.-�~�e��L%'�)(
��F�<D4�CEB:mu4#T�d�<=6MA�vu6oC2FW\+6�BD<DC2VWT�<=6wJ'CEB=_KB�T�A=;%{�F7J�tuA=;�vwFh]^v5T�AyY°B�<D4#T�<�Y°;%ADGI6�J�z�f�T�F�6�T�ADL2f�6Á�y6�eM<DCE;%F�;%{�<
;�Y©T�Fq{�F7BD<UT�z�LE6�T%e�eMA=6M<DC2F�V�<DADC2d�LE6�BDfKB=<=6MGq0u�xBwvu6�T�L2A=6�T%J'f�GI6MFW<DCE;%F76�JHC2FHmu4#T�d�<=6MA�1�Û7BD{7eU4HT�Fi6�T�ADL2f
6Á�D6�eM<DCE;%FqCEB�{7BD{#T�L2L2fqT%e�e�;%Ghd#T�F�CE6�JizWfqT�\+6MADfneMLE;�B=696MF7e�;%{�F�<=6MA^vwC2<D4k;%<D476MAxeML2{7BD<=6MA�GI6MG�z�6MA=B�0oS�C2A=BD<�Û
<D4�CEBoY�;%L2LE;�v�BoY°A=;%G®<D476^YgT%eM<u<D4#T�<�T�Fn6MF7e�;%{�FW<=6MA"LE6�T%J'C2F�Vh<=;�6�B=e�T�d|6xCEBo{7BD{#T�L2L2f�T�eMLE;�B=6x;%F76�e�;%Ghd#T�A=6�J
<=;�<D476^C2F�C2<DC~T�L
BDC2��6x;�Y}<D476xGP{�L2<DC2d�LE6OBDf'BD<=6MGíÚ°�xT�A=B=6M<D4n6M<wT�Lg02Û�1�����Q�Ü�0olK6�e�;%F7J
Û'C2F�;%A=J�6MAoY�;%Au<D476xJ�6�e�T�f
<=;�4#T�d�d|6MF&6�T�ADL2fkC2FX<DC2GI6�Û}B=;�<D4#T�<O<D476htoA=;�vwF&]xv5T�AyY5e�T�F�F7;%<9V�A=;�v¬z�6Mf+;%F7Jj<D476hB={�z7BD<=6ML2L~T�AOL2C2GhC2<�Û
<D476�eMA=;�B=BDC2F�Vk<DC2GI6�;�Y"<D476�GP{�L2<DC2d�LE6nBDf'BD<=6MG³4#T%B�<=;qz|6�BD47;%AD<�Û�vw4�CEe=4¨C2FÝ<D{�ADFîA=6�èW{�C2A=6�B�<D476�C2F�C2<DC~T�L
BDf'BD<=6MG²<=;nz|6hAUT�<D476MA�e�;%Ghd#T%eM<�0nl�{7e=4î6MF7e�;%{�FW<=6MA=B�4#T�\+6�TnBD<DA=;%F�VqC2F'æ7{76MF7e�6�;%F&<D476Id�A=;%d|6MAD<DCE6�BP;�Y
<D476PJ'CEB=_KB�T�A=;%{�F7Jk<D476Pd�A=6�>@BD<=6ML2L~T�AO;%z'�y6�eM<=B�0wS�A=;%GéB=C2GP{�L~T�<DCE;%F7BO;�Y©BD<UT�Ay>@J'CEBD_n6MF7e�;%{�F�<=6MA=B�d�6MAyY�;%ADGI6�J
zWf��xT�L2L©Úy1����+��ÜuC2<5z|6�e�T�GI6OeMLE6�T�A5<D4#T�<w<D476^A=6�B={�L2<DC2F�Vhd�6MAD<D{�ADz|6�JnJ'CEBD_'B5T�A=6�<DAD{�F7e�T�<=6�JkJ�;�vwFn<=;�AUT%J'C2C
4#T�LÀY^<D476neMLE;�BU6�BD<I6MF7e�;%{�FW<=6MA�J'CEB=<UT�F7e�6�0½mo;%F7BU6�èW{76MF�<DL2f+Û©<D476nJ'CEBD_'BIT�A=;%{�F7J½6Á�D6�eM<=6�J½tuA=;�vwF»]xvoT�AyY�B
BD47;%{�LEJHz|6P\+6MADfkB=G�T�L2L:T�F7Ji<D476MA=6�Y�;%A=6�<D476MC2AxL2CÀY�6�<DC2GI6�BxB=47;%AD<hÚ°�^6MC2d�{�AD<D4&ë®muL~T�AD_+6�Û}/����'1�Ü�0Pc^FH<D476
e�;%FW<DAUT�ADf+Û�T%eM<DC2\+6"T%e�eMA=6M<DCE;%F�J'CEBD_'B:4#T�\+6"z�6�6MF�J�6M<=6�eM<=6�J�T�A=;%{�F7J�toA=;�vwF�]xvoT�AyY�BZvwC2<D4�T�F�T�V+6�;�Y
{�dI<=;
10Myr

Úgl�<=6MAD��C2_�6M<:T�Lg02Û%/�����Q�Ü�Û%vw4�CEe=4�CEB:T�LEB=;"<D476u<@fKd�CEe�T�L'L2CÀY°6�>g<DC2GI6o;�Y�T�FhT%e�eMA=6M<DCE;%FhJ'CEBD_�T�A=;%{�F7JhT�3w3
BD<UT�A�Ú°BU6�696�0 V70up}C2{i6M<^T�Lg02Û�/�����b+Ü�0u�5<�T�¿7A=BD<�V�L~T�F7e�6�Û#<D4�CEB"B=6�6MGIB"<=;Ie�;%FW<DAUT%J'CEeM<9ThB=6M\+6MA=69<DAD{�F7e�T�<DCE;%F
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C2FW<=6MAUT%eM<DCE;%F}0h354�CEB�CEB�GI;�B=<xd�A=;%GhC2F76MF�<9Y�;%Ahßð6�¯'eU4#T�F�V+6�ß}6MF7e�;%{�FW<=6MA=B�Ûrvw476MA=6�<D476�J'CÀà|6MA=6MF7e�6I;�Yo<D476�B=6
J'CEBD<UT�F7e�6�B5{7BD{#T�L2L2f�6�¯'e�6�6�J�B�T9Y�T%eM<=;%Aw;�Y�/��'0:35476MA=6�Y�;%A=6�Û�J'CEBD_�e�;%L2L2CEB=CE;%F7B5C2F�6�¯�e=4#T�F�V+6�6MF7e�;%{�F�<=6MA=B�e�T�F
V+6MF76MAUT�L2L2fîz�6�<DA=6�T�<=6�J½L2C2_+6�<D476�;%F76�BhC2F¨<@vo;�>gz�;KJ'f½6MF7e�;%{�FW<=6MA=B�0¨�x;�vo6M\+6MA�ÛZY�;%Ah6MF7e�;%{�FW<=6MA=B�;�Yx<D476
ß æ7f�>gzWf|ß#<�f�d|6P<D476�<@vo;�>gz�;KJ'fi6MF7e�;%{�F�<=6MA9J'CEBD<UT�F7e�6�B�;�YZ<D476�6�B=e�T�d�C2F�V�z|;KJ'fkT�A=6�e�;%Ghd#T�AUT�z�LE6�C2FHGI;�BD<
;�Y|<D476we�T%B=6�B©T�F7J�vu6"6�¯Kd|6�eM<:<D4#T�<:<D476wA=6�BD{�L2<DC2F�VPJ'CEB=_Pd�A=;%d|6MAD<DCE6�BZvwC2L2L�z|6wBDC2V�F�CÀ¿#e�T�FW<DL2fhJ'CÀà
6MA=6MFW<ZY°A=;%G
<D4769<�vu;�>gz|;�J'fHJ'CEBD_ne�;%L2L2CEBDCE;%FHA=6�BD{�L2<=B�0��xB^T�F7;%<D476MAOe�;%F7B=6�è�{76MF7e�6�;�Y:<D476�\%T%B=<DL2f�J'CÀà
6MA=6MFW<O6MF7e�;%{�F�<=6MA
J'CEBD<UT�F7e�6�B^C2FiT�Fi6�¯�e=4#T�F�V+6�6MF7e�;%{�FW<=6MA�Û�<D476O<�vu;�>gz|;�J'fk6MF7e�;%{�F�<=6MAxJ'CEB=<UT�F7e�6�B^T�A=6�Û#;%FjT�\+6MAUT�V+6�Û�GP{7eU4
BDG�T�L2LE6MA�<D4#T�FÝC2FÝ<D476iß æ7fW>gz�f�ß�6MF7e�;%{�FW<=6MA�Y�;%A�T�V�C2\+6MFî\�C2ADC~T�LoBDC2��6�0�S�A=;%G <D476IA=6�BD{�L2<�;�Yw�^V+6M_KC~T�Fîë
�^F7;�B=;�\�T¨Úy1������+Ü�Û©C2<�A=;%{�V�4�L2f·Y°;%L2LE;�v�B�<D4#T�<h<D476�GhC2F�C2GP{�G B=6Md#T�AUT�<DCE;%F�;�Yx<D476�GI;�BD<hJ'CEBD<UT�FW<Iz|;KJ'f
CEBIT�L2voT�fKB�LE6�B=B�<D4#T�F

0.65d
ÛovwC2<D4

d
z|6MC2F�VH<D476�\KC2AUT�L�BDf'BD<=6MGÖBDC2��6�Û:Y�;%A��Sº¼¿ Ù <@fKd|6�Bh;�YxeMLE;�B=6�<DADC2d�LE6

6MF7e�;%{�FW<=6MA=B�LE6�T%J'C2F�Vj<=;H6�B=e�T�d|6�0i�^LEB=;�Û�Y�A=;%GüS�C2V70Ha'0RbkC2<�z�6�e�;%GI6�B�eMLE6�T�A�<D4#T�<hTkJ'CEBD_·T�A=;%{�F7J·<D476
6�B=e�T�d�C2F�V&z|;KJ'f·C2F»T�F»6�¯�e=4#T�F�V+6k6MF7e�;%{�FW<=6MA�vwC2L2L�BD{'à|6MAh<�vu;Ý\+6MADf¨eMLE;�BU6�<@vu;�>gz|;KJ'f¨6MF7e�;%{�F�<=6MA=B�;�Y
<D476�BUT�GI6�_KC2F7J
ÛZ6MC2<D476MAhd�A=;%V�AUT%J�6q;%A�A=6M<DA=;%V�AUT%J�6�ÛoT�F7JîvwC2<D4½<D476�BUT�GI6�z|;�J'f·;�Y^<D476�¿7F#T�Lwz�C2F#T�ADf+0
35476MA=6�Y�;%A=6�Û©<D476nA=6�B={�L2<=Bh;�Y���T�L2LPÚy1����+��Ü�A=6MVWT�A=J'C2F�V&G�{�L2<DC2d�LE6qJ'CEBD_¨6MF7e�;%{�FW<=6MA=B�B=47;%{�LEJ½z�6�J'C2A=6�eM<DL2f
T�d�d�L2CEe�T�z�LE69C2Fn<D4�CEB^e�T%B=6�0



��ø98�ø �f§u�w£K¢¬¡�ö"ùÁõy§}¢Þ¢Z h�w��û� h¡�¢Zöx£2§}¢ZôxúxùÁ _;Â¡w�±¢u£
��ôxõZ¢ Q��

0 10 20 30 40 50

0

10

20

30

40

r1
r2

!w��§�����*k¸«ª2.�¶ 8�T�AUT�GI6M<=6MADC2��T�<DCE;%FH;�Y�eMLE;�B=6x<DADC2d�LE69T�d�d�A=;+T%e=476�B^BD{�C2<UT�z�LE6^Y°;%Aw;%{�AwC2F�\+6�BD<DC2VWT�<DCE;%Fk;�Y�J'CEBD_
e�;%L2L2CEBDCE;%F7B�0

r1, r2
T�A=6�<D476�eMLE;�B=6�B=<9<@vo;�>gz�;KJ'fÝ6MF7e�;%{�FW<=6MAhJ'CEBD<UT�F7e�6�B�0q35476�J'CÀà
6MA=6MFW<hBDfKGPz|;%LEBPBD47;�v

<D476O<DADC2d�LE6Oe�;%F'¿7V�{�AUT�<DCE;%F7B�T�<�<D476�<DC2GI6PT�GhC2F�C2G�{�G ;�Y�<D476OJ'CEBD<UT�F7e�6Oz|6M<@vu6�6MFi<D47696�B=e�T�d|6MA"T�F7Jn;%F76
;�Y�<D4769;%<D476MA�z|;�J'CE6�B5CEBwA=6�T%eU476�J
0
q4�Ùl#�Ùl Ý_�7$5�����Q
��B�RV��D���%���&
��B�R)+�,�R�[�����QC � ��'�'����®�������
�xBuvo6^Y°;%{�F7J�Y°A=;%GÍ<D476xd�A=6M\KCE;%{7BwJ'CEB=eM{7B=BDCE;%F}Û'J'CEBD_�e�;%L2L2CEB=CE;%F7B5C2FHß æ7f�>gzWf|ß'6MF7e�;%{�FW<=6MA=B�BD47;%{�LEJ�J�6M\KC~T�<=6
<D476hGI;�BD<�Y°A=;%G³d�{�A=6�<�vu;�>gz|;�J'f&J'CEBD_He�;%L2L2CEBDCE;%F7B�Û�z�6�e�T�{7BU6h;�YwT�d�A=;%V�AUT%J�6�T�F7JXA=6M<DA=;%V�AUT%J�6�J'CEBD_H6MF'>
e�;%{�FW<=6MA^4#T�d�d�6MF�C2F�V�F76�T�ADL2f�T�<"<D4769BUT�GI6O<DC2GI6OvwC2<D4ie�;%Ghd#T�AUT�z�LE6PBD<DA=6MF�V�<D4}0Z354�CEB^J�6M\�C~T�<DCE;%FiBD47;%{�LEJ
z|6"L~T�ADV+6�BD<5CÀYr<D476�BU6^<�vu;h6MF7e�;%{�F�<=6MA"J'CEBD<UT�F7e�6�BwT�A=6�6�èW{#T�L}T�F7J�BD47;%{�LEJ�V+6M<wBDG�T�L2LE6MA5vw476MF�<D476MC2AwJ'CÀà
6MAy>
6MF7e�6�V+6M<=BxL~T�ADV+6MA�0x35476MA=6�Y�;%A=6�Û|vu6�d#T�AUT�GI6M<=6MADC2��6hJ'CEBD_ke�;%L2L2CEB=CE;%F7B^C2FXeMLE;�B=6�<DADC2d�LE6hT�d�d�A=;+T%e=476�B�z�fq<D476
AUT�<DCE;h;�Y

r1/r2
T�F7J

rmin
Û�vwC2<D4

rmin = r1 < r2
Û'vw476MA=6

r1, r2
T�A=6�<D476OeMLE;�B=6�B=<w<@vu;Iz�;KJ'f�6MF7e�;%{�F�<=6MA

J'CEBD<UT�F7e�6�Bwz|6M<@vo6�6MFk<D476O6�B=e�T�d|6MA"T�F7Jn<D476O;%<D476MA�<�vu;hz|;KJ'CE6�B�0:S�C2V70Za'0 QIBD47;�v�BxT�Fq6�¯�T�Ghd�LE6O;�Y�<D4�A=6�6�>
z|;�J'f&e�;%F'¿7V�{�AUT�<DCE;%F7B�T�<�<D476�<DC2GI6�B�;�Y"<D476�eMLE;�BU6�BD<�<�vu;�>gz|;�J'fîJ'CEBD<UT�F7e�6�B�0XS7;%A�;%{�AhBDC2GP{�L~T�<DCE;%F7Bh;�Y
J'CEBD_�e�;%L2L2CEBDCE;%F7Bwvu6PJ�;�F7;%<�e�;%F7BDCEJ�6MAw<D476OJ�6Md�6MF7J�6MF7e�6P;�Y�;%{�AwA=6�BD{�L2<=Bw;%Fn<D476�d#T�AD<DCEeM{�L~T�AxBD4#T�d|6x;�YZT�F
;%ADz�C2<"T%Bovu6ML2LrT%Bw;%<D476MA5d#T�AUT�GI6M<=6MA=Bw<D4#T�<wC2F'æ7{76MF7e�6�<D476�;%{�<=e�;%GI6O;�Y�J'CEB=_�e�;%L2L2CEBDCE;%F7B�0Z354�CEB5CEBoG�T�C2F�L2f
z|6�e�T�{7B=6�C2F7eML2{7J'C2F�V�;%<D476MAwd#T�AUT�GI6M<=6MA^vu;%{�LEJnF7;%<";%F�L2f�C2F7eMA=6�T%B=6O<D476�d#T�AUT�GI6M<=6MAxBDd#T%e�6OBDC2V�F�CÀ¿#e�T�F�<DL2f+Û
z�{�<xCEBxT�LEB=;�\+6MADfkJ'C76�eM{�L2<x<=;�J�;�C2FHT�BDf'BD<=6MG�T�<DCEe9v5T�f+0�S7;%A�6�¯�T�Ghd�LE6�Û�<D476�6�e�e�6MF�<DADCEeMC2<@fj;�YZ<D476Pd|6MAy>
<D{�ADz|6MA5;%ADz�C2<5e�T�F�F7;%<5z�6x6�T%BDC2L2f�T%e�e�;%{�F�<=6�J�Y°;%AwT%BoC2<oe�;%F7B=<UT�FW<DL2f�eU4#T�F�V+6�B�J'{�ADC2F�V�<D476^6MF7e�;%{�F�<=6MA"T�F7J
C2<=BO<DC2GI6IJ�6Md|6MF7J�6MF7e�6�J'CÀà
6MA=B9BDC2V�F�CÀ¿#e�T�F�<DL2fjY°;%A9J'CÀà
6MA=6MFW<�6MF7e�;%{�FW<=6MA=B�vwC2<D4ÝBDC2GhC2L~T�AO\�T�L2{76�BP;�Y

r1/r2T�F7J
rmin

0�S7;%Au;%{�A©d�;�BD<y>@6MF7e�;%{�F�<=6MAoJ'CEB=_�GI;KJ�6MLEBZvo6"T�\+6MAUT�V+6x;�\+6MAu<D476�B=6"T%J�J'C2<DCE;%F#T�L#d#T�AUT�GI6M<=6MA5T�F7J
BD47;%{�LEJ
ÛK<D476MA=6�Y�;%A=6�Û�6�¯Kd|6�eM<5<D4#T�<5;%{�AoA=6�BD{�L2<=B5vwC2L2L
BD{�z7BD<UT�F�<DC~T�L2L2f�B=e�T�<D<=6MA�T�A=;%{�F7J�<D476�T�\+6MAUT�V+6�GI;KJ�6MLg0
��FÞ;%A=J�6MA�<=;ÝV+6M<�TÝBD<UT�<DCEBD<DCEe�T�L2L2f½A=6Md�A=6�B=6MF�<UT�<DC2\+6HBñT�Ghd�LE6i;�Y96MF7e�;%{�FW<=6MAn;%ADz�C2<=B�;�YPeMLE;�B=6q<DADC2d�LE6HT�d'>
d�A=;+T%e=476�B^LE6�T%J'C2F�VI<=;I6�BUe�T�d�6�Û'vo6OV+6MF76MAUT�<=69<D476�<DADC2d�LE6Od|;�BDC2<DCE;%F7BxT%e�e�;%A=J'C2F�VI<=;I�^F7;�B=;�\�TnÚy1�����ö'Û#S�C2V70
1�Ü9vw476MA=6�T�L2Lo<D4�A=6�6�z|;KJ'CE6�B�T�A=6�C2F�C2<DC~T�L2L2f&C2Fî<D476

x − y
>gd�L~T�F76nT�F7JÝ<�vu;Hz�;KJ'CE6�B�T�A=6�T�L2voT�fKB�d�L~T%e�6�J

T�<
x = −0.5, y = 0

T�F7J
x = 0.5, y = 0

0P35476�d|;�BDC2<DCE;%FX;�Yu<D476�<D4�C2A=Jjz|;�J'fkCEB�AUT�F7J�;%GhL2fHeU47;�B=6MF
vwC2<D4�C2FqT9A=6MV�CE;%F�L2fKC2F�V�C2F�<D476xd|;�BDC2<DC2\+6^è�{#T%J'AUT�FW<�T�F7J�6MGPz�AUT%e�6�J�z�f�TP{�F�C2<oeMC2A=eMLE6OT�A=;%{�F7J�<D476^d�;%C2F�<
x = −0.5, y = 0

0�354�CEBwT�ADAUT�F�V+6MGI6MFW<�;�Y}<D476^z�;KJ'CE6�BZ4#T%Boz�6�6MF�d�A=;�\+6MF�<=;�z�6xTOA=6Md�A=6�B=6MF�<UT�<DC2\+6OBUT�G�>
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!w��§�����*k¸«ª~¸I¶ ]^CEB=<DADC2z�{�<DCE;%Fq;�Y�<D476xAUT�<DCE;h;�Yr<D476OeMLE;�B=6�BD<5<�vu;�>gz|;�J'f�6MF7e�;%{�FW<=6MA"J'CEB=<UT�F7e�6�B
r1/r2

0:35476
J�;%<D<=6�JnL2C2F76OC2F7J'CEe�T�<=6�B"<D476Od|;�BDC2<DCE;%Fq;�Y�<D4769GI6�J'C~T�F}Û7vw4�CEe=4kCEB"T�<

r1/r2 ≈ 0.4
0

d�LE6�Y�;%A�B=<UT�<DCEBD<DCEe�T�LZBD<D{7J'CE6�B9;�Yo{�F7BD<UT�z�LE6�<DADC2d�LE6IBDf'BD<=6MGIBxzWfj�"F7;�BU;�\�Tnëìc^ADLE;�\½Úy1�����Q�Ü�T�F7JXBD47;%{�LEJ
Û
<D476MA=6�Y�;%A=6�ÛKT�LEB=;�LE6�T%JI<=;PT�A=6Md�A=6�B=6MF�<UT�<DC2\+6"BUT�Ghd�LE6^;�Y|eMLE;�B=6�<DADC2d�LE6"T�d�d�A=;+T%e=476�BuLE6�T%J'C2F�VP<=;96�BUe�T�d�6�0�ý&6
B=6M<u<D476"\+6MLE;KeMC2<DCE6�B5;�Y}<D476"z|;�J'CE6�Bu<=;���6MA=;PC2F�C2<DC~T�L2L2f+Û�T%Buvu6^L~T�<=6MAov5T�FW<5<=;�T�d�d�L2f�;%{�AoB=e�T�LE6�>�Y°A=6�6^A=6�BD{�L2<=B
<=;n<D476h6Á�D6�eM<=6�J&toA=;�vwFî]^v5T�AyY°B�;%z�<UT�C2F76�JXC2Fîmu4#T�d�<=6MA9Q7Ûrvw476MA=6Ivo6h4#T�\+6IeU47;�B=6MFÝ<D476hBñT�GI6hC2F�C2<DC~T�L
e�;%F7J'C2<DCE;%F7BOC2FX<D476�BDC2G�{�L~T�<DCE;%F7BP;�Y5T%e�eMA=6M<DC2F�Vn<DADC2d�LE6hB=fKBD<=6MGIB�0P35476�C2FW<=6MV�AUT�<DCE;%Fî;�Yu<D476�6�èW{#T�<DCE;%F&;�Y
GI;%<DCE;%FÝCEBPe�T�ADADCE6�JÝ;%{�<9vwC2<D4&<D476�mo�^�x��«Íe�;�J�6�;�Y5[iC2_�_+;%L~Tkë �xT�A=BU6M<D4ÞÚy1�����b+ÜOT�F7JXCEB9B=<=;%d�d�6�JXCÀY
T�z�C2F#T�ADfkT�F7JHThBDC2F�V�LE69z|;KJ'f�T�A=6�B=6Md#T�AUT�<=6�Jqz�fnGI;%A=6O<D4#T�F

7d
vw4�C2LE69<D476MfkT�A=6OV�AUT�\�C2<UT�<DCE;%F#T�L2L2fk{�F'>

z|;%{�F7JI<=;P6�T%eU4�;%<D476MA�0:��F�<=;%<UT�L�vu6"C2FW<=6MV�AUT�<=6�Jj1������P<DADC2d�LE6^BDf'BD<=6MGIBoT�F7J�J�6M<=6MADGhC2F76�J�<D476�GhC2F�C2G�{�G
<@vo;�>gz�;KJ'fnJ'CEBD<UT�F7e�6�B^T�F7Jq<D476MC2A�AUT�<DCE;�B"T�<�<D476OL~T%B=<w<DADC2d�LE6PT�d�d�A=;+T%e=4}0
S�C2V70�a'0Ra�BD47;�v�BO<D476�J'CEBD<DADC2z�{�<DCE;%FÝ;�Y

r1/r2
;�Yu<D476�L~T%BD<�<DADC2d�LE6h6MF7e�;%{�FW<=6MA9z|6�Y°;%A=6�<D476�<DADC2d�LE6hBDf'BD<=6MG

J�6�e�T�f'Bw;%z�<UT�C2F76�J�Y�A=;%G ;%{�A5BDC2GP{�L~T�<DCE;%F}0u�^BuC2<5e�T�F�z|6xeMLE6�T�ADL2f�B=6�6MF}Û
r1/r2

CEBo{�F�CÀY°;%ADGhL2f�J'CEBD<DADC2z�{�<=6�J
C2Fj<D476�AUT�F�V+6

(0.05, 1)
T�F7Jj4#T%B9T�BD<DA=;%F�V�d|6�T�_qY�;%Ax\�T�L2{76�B�z|6MLE;�v

0.05
0�354�CEBOBD<DA=;%F�V�d|6�T�_kvoT%B9<=;

z|6n6�¯Kd|6�eM<=6�J½z|6�e�T�{7B=6qT�L2L�<D476neMLE;�B=6n<DADC2d�LE6k6MF7e�;%{�FW<=6MA=B�;�Yx<D476&ßð6�¯�e=4#T�F�V+6�ßZ<@fKd�6n4#T�\+6n\+6MADf½BDG�T�L2L
GhC2F�C2GP{�GÄ<@vo;�>gz�;KJ'fîJ'CEB=<UT�F7e�6nAUT�<DCE;�B�T�F7J½6�¯�e=4#T�F�V+6q6MF7e�;%{�F�<=6MA=BIG�T�_+6�{�d

16%
;�YOT�L2Lw<D476neMLE;�BU6

<DADC2d�LE6I6MF7e�;%{�F�<=6MA=B�LE6�T%J'C2F�Vk<=;q6�B=e�T�d|6qÚ°�"F7;�B=;�\%Tkë�c^ADLE;�\|ÛZ1�����/+Ü�0�3�T�_�C2F�Vi<D4�CEBOC2FW<=;HT%e�e�;%{�FW<�Û�<D476
J'CEBD<UT�F7e�6PAUT�<DCE;�B^;�YZ<D476�ß æ7fW>gz�f�ß�6MF7e�;%{�FW<=6MA=B�e�T�Fk<D476MFiz�6�T%B=BD{�GI6�Jq<=;Iz�6P{�F�CÀY°;%ADGhL2fqJ'CEBD<DADC2z�{�<=6�JiC2F
<D476wvw47;%LE6wAUT�F�V+6�Û�vw4�CEe=4�CEB©T�LEB=;Oe�;%F7BDCEB=<=6MFW<©vwC2<D4�T�GI6�J'C~T�FI\�T�L2{76�;�Y

0.4
Y�;%A:<D476�6MF�<DC2A=6"J'CEBD<DADC2z�{�<DCE;%F}0

S�C2F#T�L2L2f+Û�C2F·S�C2V70ka'0 ökvu6�d�LE;%<D<=6�JÝ<D476�eMLE;�B=6�BD<�<@vo;�>gz�;KJ'fÝ6MF7e�;%{�FW<=6MAhJ'CEBD<UT�F7e�6
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z|6�e�T�{7B=6P;�Y:<D4769AUT�<D476MAxe=4#T%;%<DCEe�GI;%<DCE;%Fi;�Y:<D4769<DADC2d�LE6�BDf'BD<=6MGìz|6�Y°;%A=69<D4769L~T%BD<"6MF7e�;%{�F�<=6MA�Û�A=6�BD{�L2<DC2F�V
C2F�\+6MADfIJ'CÀà
6MA=6MFW<oC2F�C2<DC~T�L�;%ADz�C2<UT�L|e�;%F'¿7V�{�AUT�<DCE;%F7BwT�<oT9V�C2\+6MF�G�T�¯'C2GP{�G B=6Md#T�AUT�<DCE;%F�;�Y}<D476"z�;KJ'CE6�B:Y�;%A
J'CÀà
6MA=6MFW<P<DADC2d�LE6�6MF7e�;%{�FW<=6MA=B�6M\+6MF&CÀYo<D47;�BU6I6MF7e�;%{�FW<=6MA=B�4#T�\+6�\+6MADfHBDC2GhC2L~T�AP\%T�L2{76�B

r1/r2
T�F7J

rmin
0

3r;%V+6M<D476MAOvwC2<D4j<D476�F76MV�LE6�eM<9;�YoT�L2L�<D476�;%<D476MA�d#T�AUT�GI6M<=6MA=BOGI6MFW<DCE;%F76�JjC2FXB=6�eM<DCE;%F&a'0R/'0R/�<D4�CEB�BD47;%{�LEJ
A=6�J'{7e�6�<D476"J'C2A=6�eM<ue�;%ADA=6ML~T�<DCE;%F�z|6M<@vo6�6MF�<D476�d�;�BD<y>@6MF7e�;%{�F�<=6MAoJ'CEB=_�d�A=;�¿7LE6�BoT�F7J�;%{�A©B=6M<Z;�Y}6MF7e�;%{�F�<=6MA
d#T�AUT�GI6M<=6MA�0Z�xBovu6�vwC2L2L�¿7F7J�L~T�<=6MA�Û�<D476�e�;%ADA=6ML~T�<DCE;%FqCEB5BD<DC2L2L|BD<DA=;%F�Vh6MF7;%{�V�4n<=;hT�L2LE;�v¶Y�;%AwT�B=e�T�LE6�>�Y°A=6�6
GI;KJ�6MLg0
��Fi;%A=J�6MAx<=;IC2FW<=6MV�AUT�<=6

10, 000
<=6�BD<^d#T�AD<DCEeMLE6�B�6D6�eMCE6MF�<DL2fi;%F7694#T%Bx<=;�G�T�_+6�T�e�;%Ghd�A=;%GhCEB=6�z�6M<�vu6�6MF

T%e�eM{�AUT%eMf�T�F7JIAD{�F�<DC2GI6�0�ýÞ4�C2LE6"<D476wGI;%<DCE;%F�;�Y
<D476"<DADC2d�LE6"BDf'BD<=6MGÂe�T�F�z|6wC2F�<=6MV�AUT�<=6�J�vwC2<D4�T�GI6�J'C~T�F
T%e�eM{�AUT%eMf9;�Y

10−12 C2F9<=;%<UT�L�6MF76MADV�f�vwC2<D4�C2F�T5\+6MADfOBD47;%AD<}<DC2GI6:{7BDC2F�V"<D476umo�^�x�Á«îT�L2V+;%ADC2<D4�G�Ú°[kC2_K_+;%L~T
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ë���T�A=B=6M<D4}Û+1�����b+Ü�Û%<=;�G�T�C2FW<UT�C2FhBD{7e=4�T�F�T%e�eM{�AUT%eMfOLE6M\+6MLKJ'{�ADC2F�V^<D476:vw47;%LE6oJ'CEBD_Oe�;%L2L2CEBDCE;%F�e�T�LEeM{�L~T�<DCE;%F
Y�;%Ar<D476ZGI;%<DCE;%F�;�Y�<D476Z<=6�BD<�d#T�AD<DCEeMLE6�Brvo;%{�LEJ�A=6�èW{�C2A=6oTw4W{�V+65T�GI;%{�FW<�;�Y�mo8y1¨<DC2GI6�0�35476ZG�T�C2F�A=6�T%B=;%F
Y�;%Aw<D4�CEB�CEBw<D476�AUT�<D476MA^L~T�ADV+6OAUT%J'C~T�Lr6�¯'<=6MFW<";�Y:;%{�A"J'CEBD_nT�F7Jn<D476O6�¯'<DA=6MGI6ML2f�B=G�T�L2L}<DC2GI69B=e�T�LE6O;�Y�<D476
GI;%<DCE;%FX;�Y©d#T�AD<DCEeMLE6�B�vwC2<D4jBDG�T�L2L�J'CEB=_qAUT%J'C2C:e�;%Ghd#T�A=6�Ji<=;�<D476�eMA=;�B=BDC2F�V�<DC2GI6�;�Yu<D476P<DADC2d�LE6�BDf'BD<=6MGq0
ý&6I<D476MA=6�Y�;%A=6�J�6�eMCEJ�6�J&<=;qC2F�<=6MV�AUT�<=6�<D476I<=6�BD<9d#T�AD<DCEeMLE6�GI;%<DCE;%FîvwC2<D4Ý<D476�a�<D4î;%A=J�6MA��"{�F�V+6�>@ç�{�<D<UT
m5T%BD4'>@ç9T�ADd¨B=e=476MGI6jÚ°B=6�6�8:A=6�B=B�Úy1�����b+ÜDÜOvwC2<D4½T%J7T�d�<DC2\+6�<DC2GI6�>@BD<=6Mdîe�;%F�<DA=;%LgÛ:vw4�CEe=4¨e�;%F7B=6MAD\+6�J·<D476
<=;%<UT�L©6MF76MADV�fj;�Y5T�FX{�F7J'CEBD<D{�ADz|6�J&J'CEBD_HvwC2<D4ÝT�FÝT%e�eM{�AUT%eMfX;�Y

10−6 ;�\+6MA 10
;%ADz�C2<UT�L:d�6MADCE;KJ�B9;�Yo<D476

;%{�<=6MA"ADC2Gí;�Y:<D476PJ'CEBD_|05354�CEB"G�T�_+6�B^C2<"d|;�B=BDC2z�LE6P<=;IC2F�<=6MV�AUT�<=6PG�T�F�fqA=6�T�L2C2��T�<DCE;%F7B�;�Y:J'CEB=_�e�;%L2L2CEB=CE;%F7B
C2Fq<DADC2d�LE696MF7e�;%{�F�<=6MA=B"vw4�C2LE6PBD<DC2L2Lr6MF7BD{�ADC2F�V�T�A=6�T%BU;%F#T�z�LE6�T%e�eM{�AUT%eMfn;�Y�<D4769d#T�AD<DCEeMLE69GI;%<DCE;%Fk;�\+6MA�<D476
<DC2GI6q;�Y�C2FW<=6MV�AUT�<DCE;%F}Û5vw4�CEeU4»voT%B�;%F»T�\+6MAUT�V+6kz�6M<�vu6�6MFþ1��ÝT�F7J»/��j;%{�<=6MA�;%ADz�C2<UT�L�d|6MADCE;KJ�BhC2F�;%{�A
BDC2G�{�L~T�<DCE;%FkAD{�F7B�0
��F�;%{�Awe�;KJ�6^vo6x{7B=6"<�vu;�C2F�<=6MV�AUT�<DCE;%FkB=e=476MGI6�B5<=;hT%J'\�T�F7e�6x<D476x6MF�<DC2A=6OBDf'BD<=6MGÍC2F�<DC2GI6�Û'<D4769mo�^�x�Á«
T�L2V+;%ADC2<D4�G Y°;%A�<D4769<DADC2d�LE6PBDf'BD<=6MG T�F7Jn<D476���{�F�V+6�>@ç�{�<D<UT�B=e=476MGI69Y°;%A�<D476PG�T%B=By>gLE6�B=B"J'CEBD_�d#T�AD<DCEeMLE6�B�0
t56�e�T�{7B=6";�Y
<D476^BDG�T�L2LE6MA©<DC2GI6xB=e�T�LE6�;�Y}<D476"d#T�AD<DCEeMLE6�GI;%<DCE;%FnT�A=;%{�F7J�<D476^6Á�y6�eM<=6�J�z�;KJ'f+Û+<D476"d#T�AD<DCEeMLE6�B
T�A=65T%J'\%T�F7e�6�J�;%F�BDG�T�L2LE6MA�<DC2GI6�BD<=6Md7B�e�;%Ghd#T�A=6�J�<=;�<D476uGP{7eU4�L~T�ADV+6MA�<DC2GI6�>@BD<=6Md7B�;�Y7<D476Z<DADC2d�LE6oBDf'BD<=6MGq0
3r;�e�;%{�d�LE6�<D476"d#T�AD<DCEeMLE6�GI;%<DCE;%F�<=;P<D476wGI;%<DCE;%F�;�Y|<D476�<DADC2d�LE6"BDf'BD<=6MGqÛ+<D476wY°;%A=e�6^;�Y|<D476�<DADC2d�LE6"BDf'BD<=6MG
T%eM<DC2F�VÝ;%F½<D476�G�T%B=BD>gLE6�B=Bhd#T�AD<DCEeMLE6�BhCEBh<DA=6�T�<=6�JÞT%B�TH<DC2GI6�\%T�ADfKC2F�V&6�¯'<=6MADF#T�LwY°;%A=e�6�C2F½<D476k��{�F�V+6�>
ç�{�<D<UT�B=e=476MGI6�0O��Fj;%A=J�6MAx<=;�;%z�<UT�C2Fj<D4�CEBxY°;%A=e�6�T�<OTI<DC2GI6�A=6�è�{�C2A=6�Jiz�fk<D476���{�F�V+6�>@ç�{�<D<UT�B=eU476MGI6�Û
<D476�<DADC2d�LE6�BDfKB=<=6MG�CEBxC2FW<=6MV�AUT�<=6�JjY°A=;%G²TId�A=6M\KCE;%{7BOe�;%F'¿7V�{�AUT�<DCE;%F&;�YoT�A=6MV�{�L~T�A�mo�^�x��«¬B=<=6Mdi{�dj<=;
<D4�CEBud#T�AD<DCEeM{�L~T�Aud|;%C2FW<�0:35476"<DADC2d�LE6"e�;%F'¿7V�{�AUT�<DCE;%F7Bw;%z�<UT�C2F76�J�T�<Z<D47;�B=6�<DC2GI6�B5T�A=6�Û�47;�vu6M\+6MA�Û'F7;%<u{7B=6�J
<=;PT%J'\�T�F7e�6�<D476w<DADC2d�LE6^BDf'BD<=6MGïY�{�AD<D476MA�0:354�CEB©CEB:<=;OA=6�J'{7e�6"<D476wC2F'æ7{76MF7e�6^;�Y}T%e�eM{�GP{�L~T�<DC2F�V�A=;%{�F7JK>@;�à
6MADA=;%A=B�e�T�{7B=6�J�z�f�4#T�\�C2F�V�T�G�{7e=4qL~T�ADV+6MA�F�{�GPz|6MA";�Y:mo�x�x��«òB=<=6Md7B5<D4#T�FkT%eM<D{#T�L2L2f�A=6�è�{�C2A=6�J�zWf�<D476
e�;%ADA=6�BDd|;%F7J'C2F�V�T%e�eM{�AUT%eMfneMADC2<=6MADCE;%F}0

q4� ¨ �Ùl �[������Vm�H�«ý�'��	�
S�C2V70wa'0 ��BD47;�v�B�T�<�f�d�CEe�T�L�6�¯�T�Ghd�LE6�;�Y©T�A=6�eMC2A=eM{�L~T�ADC2��6�JHAUT%J'C~T�L�BD{�AyYgT%e�69J�6MF7BDC2<�fqJ'CEBD_�d�A=;�¿7LE6�T�Y°<=6MAxT
eMLE;�B=6P<DADC2d�LE6�6MF7e�;%{�F�<=6MA�Û�<=;%V+6M<D476MA�vwC2<D4iC2<=B"C2F�C2<DC~T�L�d�A=;�¿7LE6PC2FjThLE;%V%>gLE;%V�J'C~T�V�AUT�Gq0"[jT�FWf�Y�6�T�<D{�A=6�B^;�Y
<D476�AUT%J'C~T�L©J'CEBD_id�A=;�¿7LE6IB=6�6MFjC2FX<D4�CEB9J'C~T�V�AUT�GT�A=6hB=C2GhC2L~T�AO<=;�<D476�A=6�BD{�L2<=B�Y�;%Axd#T�AUT�z|;%L2CEeh<�vu;�>gz|;�J'f
6MF7e�;%{�FW<=6MA=B�C2F�\+6�BD<DC2VWT�<=6�JizWfq��T�L2LoÚy1����+��Ü�Û|6�0 V702Û7<D476�J'CEBD_'B^T�A=6PBU6M\+6MA=6ML2fn<DAD{�F7e�T�<=6�JHT�F7Ji<D476PBD{�AyYgT%e�6
J�6MF7BDC2<�fÝJ'A=;%d7BPz�f&;%A=J�6MA=B�;�Y�G�T�V�F�C2<D{7J�6�B�C2Fî<D476�;%{�<=6MA�J'CEBD_jA=6MV�CE;%F7B�0q�^LEB=;�Û�<D476IC2F7eML2{7BDCE;%F¨;�Yw<D476
\KCEB=e�;%{7B�6M\+;%L2{�<DCE;%F�;�Y�<D476�J'CEBD_Xz�f&A=6�eMC2A=eM{�L~T�ADC2��C2F�V&<D476�J'CEBD_XG�T�<=6MADC~T�L5Y°{�AD<D476MA�J�6Md�LE6M<=6�B�<D476�;%{�<=6MA
J'CEBD_HA=6MV�CE;%F7B�Û}z|6�e�T�{7B=6�T�<PL~T�ADV+6MA9AUT%J'C2CZ<D476IJ'CEBD_HG�T�<=6MADC~T�L©LE;K;�B=6�BOG�{7e=4¨T�F�V�{�L~T�APGI;%GI6MFW<D{�GüT�F7J
Û
<D476MA=6�Y�;%A=6�Û�6MF7J�Bu{�dqT�<wBDG�T�L2LE6MA5AUT%J'C2CZÚ°�xT�L2LgÛ|1����+�Kâ'��T�L2L|6M<wT�Lg02Û|1�����ö+Ü�0Z354�CEB54#T%BwT�LEB=;�<D476^6�à
6�eM<5<D4#T�<
C2Fk<D476PC2F�F76MA"A=6MV�CE;%F7Bx;�Y:<D476PJ'CEBD_n<D476�BD{�AyY�T%e�6PJ�6MF7BDC2<@fnCEBx6MF�4#T�F7e�6�JkA=6ML~T�<DC2\+6P<=;I<D476PC2F�C2<DC~T�L�J�6MF7BDC2<�f+0
ý&6PT�LEB=;I¿7F7J
Û�T%BwC2FH�xT�L2LoÚy1����+��Ü�Û7<D4#T�<"<D476PBD{�AyY�T%e�6PJ�6MF7BDC2<@fq;�Y:<D4769;%{�<=6MA^d#T�AD<=B^;�Y�<D476PJ'CEBD_ne�T�Fqz|6
J�6�B=eMADC2z|6�JXzWfÝT�F·6�¯Kd|;%F76MFW<DC~T�L©Y�{�F7eM<DCE;%F}0��^;�vu6M\+6MA�Û:��T�L2L^Úy1����+��ÜxVWT�\+6�F7;qJ�6M<UT�C2LE6�J·J�6�B=eMADC2d�<DCE;%F·;�Y
<D476OAUT%J'C~T�LrB=<DAD{7eM<D{�A=69;�Y�<D4769C2F�F76MA"J'CEBD_|Û'vw476MA=6OGI;�BD<�;�Y�<D4769J'CEBD_�G�T%B=BwA=6�BDCEJ�6�B�0
S�A=;%GN;%{�AZB=C2GP{�L~T�<DCE;%F7BZvo65Y�;%{�F7J�<D4#T�<ZGI;�BD<Z;�Y
;%{�AZJ'CEBD_Pd�A=;�¿7LE6�Bue�T�Fhz�6wJ'C2\KCEJ�6�JhC2FW<=;9<D4�A=6�6wJ'CEBD<DC2F7eM<
A=6MV�CE;%F7B�ÛKTxd�;�vu6MAy>gL~T�v¶A=6MV�CE;%FIvwC2<D4

Σ ∝ r−1 Y�;%AZJ'CEBD_�AUT%J'C2C7z|6MLE;�v 0.2rmin
T�F7JI<@vu;9A=6MV�CE;%F7B�Û+LE;Ke�T�<=6�J

z|6M<@vu6�6MF
0.2

T�F7J
0.7rmin

T�F7JnT�z|;�\+6
0.7rmin

ÛKvw476MA=6x<D476OBD{�AyYgT%e�6^J�6MF7BDC2<�f�J�6�eMA=6�T%BU6�Bw6�¯Kd|;%F76MFW<DC~T�L2L2f
T%B

Σ ∝ exp(log(1/2) r/τ)
Û|vwC2<D4H<D476�;%{�<=6MA^A=6MV�CE;%Fiz|6MC2F�V�æ�T�<D<=6MA�Û#Cg0ð6�0w4#T�\�C2F�VqTIL~T�ADV+6MA"Y°{�L2LÀ>gvwCEJ'<D4'>

4#T�LÀY�>g\%T�L2{76
τ
Û�<D4#T�FP<D476©C2F�F76MAr;%F76�0��5<

0.2rmin
ç^;%z#T�fWT%BD4�C�ë½�ÁJ7T9Ú�/����'1�Ü}T�LEB=;w¿7F7J9<D4#T�<}<D476uBD<DAD{7eM<D{�A=6

;�Y�<D476�J'CEBD_jCEB�eU4#T�F�V�C2F�VHz�f&C2FW\+6�B=<DC2VWT�<DC2F�VH<D476�6�e�e�6MFW<DADCEeMC2<�fîeU4#T�F�V+6�;�Y�<D476�J'CEBD_XG�T�<=6MADC~T�LwT�Y�<=6MAhT
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0.1 1

log r [rmin]

1

500

lo
g(

Σ)

initial profile

power law ~ r-1

exponential, steep
exponential, flat

èêéÅë
0.2 0.4 0.6 0.8 1 1.2 1.4

r [rmin]

1

500

lo
g(
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initial profile

power law ~ r-1

exponential, steep
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!w��§�����*�¸«ªîL¶ [H;�J�6ML7;�Y�<D4765<DAD{�F7e�T�<=6�J�T%e�eMA=6M<DCE;%F�J'CEB=_�BD{�AyYgT%e�6wJ�6MF7BDC2<@f�d�A=;�¿7LE6�0Zl�47;�vwF�CEB:<D4765C2F�C2<DC~T�L
T%B�vu6ML2L7T%B�<D476u<DAD{�F7e�T�<=6�J
Û+A=6�eMC2A=eM{�L~T�ADC2��6�J�d�A=;�¿7LE6�Û%vwC2<D4�<D476u<D4�C2FhB=;%L2CEJ�L2C2F76�B�A=6Md�A=6�BU6MFW<DC2F�VO<D476ud�A=;�¿7LE6�B
Y°A=;%G�;%F76P;�YZ;%{�A"BDC2G�{�L~T�<DCE;%F7BOT�F7Jq<D476Oz|;%LEJqL2C2F76�B"<D476�¿7<D<=6�JkeM{�AD\+6�Bx;%FHT�LE;%V%>gLE;%V�B=e�T�LE6�Ú�T+Ü"T�F7Jk;%F
TjB=6MGhCÀ>gLE;%VÝBUe�T�LE6&Ú�z�Ü�0½35476�A=6�eMC2A=eM{�L~T�ADC2��6�J�d�A=;�¿7LE6qe�T�F�z|6nJ'C2\KCEJ�6�J¨C2FW<=;X<D4�A=6�6qJ'CÀà
6MA=6MFW<�A=6MV�CE;%F7B�0
t56MLE;�v

0.2 rmin
C2<o4#T%B5<D476xBñT�GI6^d|;�vo6MAy>gL~T�v B=4#T�d�6�T%Bo<D476^C2F�C2<DC~T�L
d�A=;�¿7LE6�Û'z�{�<5vwC2<D4

Σ
C2F7eMA=6�T%B=6�J�zWf

T�YgT%eM<=;%A©;�Y ≈ 1.7
0:S7;%AuL~T�ADV+6MAuJ'CEBD_�AUT%J'C2C#<D476MA=6�T�A=6w<�vu;�A=6MV�CE;%F7B�ÛWz|6M<@vo6�6MF

0.2 rmin
T�F7J

0.7 rmin
T�F7J

T�z|;�\+6
0.7 rmin

Û#<D4#T�<xe�T�Fkz|6O¿7<D<=6�JqvwC2<D4XT�Fi6�¯'d|;%F76MFW<DC~T�L�d�A=;�¿7LE6�Û
Σ ∝ exp(log(1/2) r/τ)

Û|4#T�\KC2F�V
J'CÀà
6MA=6MFW<^B=LE;%d�6�B�Û

τ1
T�F7J

τ2
Ú�476MA=6

τ1 ≈ 0.064rmin
T�F7J

τ2 ≈ 0.2rmin
Ü�0
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d�A=;%V�AUT%J�656MF7e�;%{�FW<=6MA�0:��F7BDCEJ�6Z<D4#T�<�AUT%J'C2{7B�<D476uJ'CEBD_OCEB�;%F�L2fOvu6�T�_KL2f9d|6MAD<D{�ADz�6�J
Û%vw476MA=6�T%B�;%{�<=BDCEJ�6o;�Y7C2<�Û
A=6�B=;%F#T�F7e�6�B©LE6�T%J�<=;OBD<DA=;%F�V9d|6MAD<D{�ADz#T�<DCE;%F7B�0:�"L2<D47;%{�V�4�;%F�L2f�BD<DADCEeM<DL2f�\�T�L2CEJ�Y°;%A:d#T�AUT�z|;%L2CEe�6MF7e�;%{�FW<=6MA=B�Û
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0.064 ± 0.005
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L~T�ADV+6MA"B=e�T�<D<=6MA�Û7<D4769BDLE;%d|6�CEB�BDC2V�F�CÀ¿#e�T�FW<DL2fn4�C2V�476MA"<D4#T�FnY°;%AwL~T�ADV+6MA"\%T�L2{76�B�;�Y
r1/r2

0

S7;%A©6�T%eU4�;�Y|<D476w\%T�L2{76�B©;�Y
r1/r2

vu6�J�6M<=6MADGhC2F76�J�<D476�BDLE;%d|6w;�Y�<D4765L2C2F76�T�A:¿7<©vwC2<D4I<D476�e�;%ADA=6�BDd|;%F7J'C2F�V
6MADA=;%A9T�F7Jkd�LE;%<D<=6�JH<D476�B=6�\�T�L2{76�Bx;�\+6MA

r1/r2
C2FjS�C2V70xa'021�bH0x�^Bxe�T�FHz�6�A=6�T%J'C2L2fkB=6�6MF}Û�Y�;%A"\�T�L2{76�Bx;�Y

r1/r2
LE;�vu6MA�<D4#T�F

0.5
<D476MA=6ICEBP;%F�L2fXTnvu6�T�_XC2F7eMA=6�T%B=6hC2FÝ<D476�BDLE;%d|6h;�Y

τ1(rmin)
T�F7J
Û�e�;%F7B=CEJ�6MADC2F�V

<D476n6MADA=;%A=B�Û©C2<hCEB�F7;%<�T�z7B=;%L2{�<=6ML2fîe�6MAD<UT�C2F½CÀYx<D476nBDLE;%d|6qT�<
r1/r2 = 0.5

CEB�A=6�T�L2L2f·L~T�ADV+6MAh<D4#T�F½<D476
;%F76�T�<

r1/r2 = 0.95
;%APCÀY^<D4�CEB�CEB�T�F¨6�à|6�eM<�;�Y�<D476�L2C2GhC2<=6�JîF�{�GPz|6MA�;�Y^d�;%C2F�<=B�T�\%T�C2L~T�z�LE6�Y�;%AP<D476

¿7<�0���FHT%J�J'C2<DCE;%F}Û
;%F76�BD47;%{�LEJHT�LEBU;�e�;%F7BDCEJ�6MAx<D4#T�<^<D476�T�GI;%{�FW<�;�YuT�F�V�{�L~T�A�GI;%GI6MFW<D{�Gí<DAUT�F7ByY�6MADA=6�J
Y°A=;%G�<D476P;%ADz�C2<x;�Y:<D4769<DADC2d�LE6PB=fKBD<=6MGIB"<=;I<D476�J'CEBD_nJ�6Md�6MF7J�Bx;%Fq<D4769A=6ML~T�<DC2\+6�BDC2��6�;�Y�<D476�J'CEBD_|Û�vwC2<D4
A=6�BDd|6�eM<O<=;

rmin
Û©Ú°�xT�L2L:6M<PT�Lg02Û:1�����ö+ÜOT�F7J
Û}<D476MA=6�Y°;%A=6�ÛrC2F'æ7{76MF7e�6�BO<D476�AUT%J'C2{7B9;�Y5<D476�A=6�eMC2A=eM{�L~T�ADC2��6�J

J'CEBD_9G�T�<=6MADC~T�L#T%B�vo6ML2L#T%B�<D476o;�\+6MAUT�L2L7J�6MF7BDC2<@f�J'CEBD<DADC2z�{�<DCE;%F}0�354765A=6�BD{�L2<=B�;�Y���T�L2L�6M<ZT�Lg0'Úy1�����ö+Ü�eMLE6�T�ADL2f
BD47;�v�<D4#T�<Z<D476"T�F�V�{�L~T�AZGI;%GI6MF�<D{�GÍ<DAUT�F7B=d�;%AD<:CEB:F7;%<oT�BDC2Ghd�LE65Y°{�F7eM<DCE;%F�;�Y�<D476�A=6ML~T�<DC2\+6"J'CEBD_�AUT%J'C2{7B
T�F7J
ÛZ<D476MA=6�Y�;%A=6�ÛZ<D476nJ�6Md|6MF7J�6MF7e�6q;�Y"<D476�A=6�eMC2A=eM{�L~T�ADC2��6�J»J'CEBD_Ýd�A=;�¿7LE6n;%F½<D476�6MF7e�;%{�FW<=6MA�AUT%J'C2{7B�CEB
{7BD{#T�L2L2f&F7;%<�<D476�BUT�GI6IY�;%A�J'CÀà|6MA=6MF�<

rmin
0Xl�C2F7e�6�<D476�AUT�F�V+6�;�Y

rmin
v5T%B�LE;�vu6MA�Y�;%A

r1/r2 = 0.5<D4#T�FHY°;%A
r1/r2 = 0.95

T%B�BD47;�vwFjC2FXB=6�eM<DCE;%F&a'0R/'0R/'Û|<D476�LE;�vo6MAO\%T�L2{76�;�Y©<D476�BDLE;%d|6�;�Y
τ1(rrmin)

Y�;%A
r1/r2 = 0.95

e�;%{�LEJ·T�LEBU;nz�6he�T�{7BU6�J&zWf&TneU4#T�F�V+6�;�Yw<D476�Y°{�F7eM<DCE;%F#T�LuJ�6Md|6MF7J�6MF7e�6�;�Y5<D476�T�F�V�{�L~T�A
GI;%GI6MFW<D{�Gí<DAUT�F7BDd|;%AD<^Y°;%Ax6MF7e�;%{�FW<=6MA=B�vwC2<D4

rmin > 10AU
Y°;%Ax;%{�A^J'CEBD_'BPÛ�vw4�CEe=4je�;%ADA=6�BDd|;%F7J�B^<=;

J'CEBD_'B�AUT%J'C2C�LE;�vu6MA:<D4#T�F
2rmin

0�354�CEBZT%B=BD{�Ghd�<DCE;%F�CEB:BD{�d�d|;%AD<=6�J�zWf�<D476�T�F�V�{�L~T�A:GI;%GI6MFW<D{�GÂ<DAUT�F7ByY�6MA
eM{�AD\+6�BxY�;%Axd�A=;%V�AUT%J�6�d#T�AUT�z|;%L2CEeh6MF7e�;%{�FW<=6MA=B9C2Fj��T�L2L:6M<9T�Lg0�Úy1�����ö'Û|<D476MC2A9S�C2V70���z�Ü�0PS7;%A�A=6M<DA=;%V�AUT%J�6
6MF7e�;%{�FW<=6MA=B�<D476MA=6�CEB�F7;iBD{7eU4îeU4#T�F�V+6�z�{�<�BDC2F7e�6�Y°;%A

r1/r2 = 0.95
<D476�A=6M<DA=;%V�AUT%J�6nT�F7J&d�A=;%V�AUT%J�6

6MF7e�;%{�FW<=6MA=B�T�A=6�F76�T�ADL2f·;�Y^6�è�{#T�LwBD<DA=6MF�V�<D4}ÛZ<D476�d�A=;%V�AUT%J�6n6MF7e�;%{�FW<=6MA�vwC2L2LwT�L2v5T�f'B�T�à
6�eM<�<D476�J'CEBD_
d�A=;�¿7LE69BDC2V�F�CÀ¿#e�T�F�<DL2f+0
S7;%AZ6MF7e�;%{�F�<=6MA=BZvwC2<D4

r1/r2 < 0.5
vu6o¿7F7J�<D4#T�<:<D476wB=LE;%d�65;�Y

τ1(rmin)
C2F7eMA=6�T%B=6�B�G�{7e=4�B=<DA=;%F�V+6MA©T�F7J

F76�T�ADL2f�T�L2LK\%T�L2{76�B�;�Y
τ1
Y°;%A

r1/r2 = 0.2
vu6MA=6oL~T�ADV+6MA�<D4#T�F�<D476oe�;%ADA=6�BDd|;%F7J'C2F�Vx\�T�L2{76�B�Y°;%A

r1/r2 ≥ 0.5
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� , ���>2?�+*@�
#���4A�B-��
C�- ì �.- é �!���
#��/�' , é 4A�D&;�'��� , �1�E2F��*=�
#����EGE� , �
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a 1

!w��§�����*I¸«ª»ÿ'�«¶ l�LE;%d|65;�Y#<D4765L2C2F76�T�AZe=4#T�F�V+6w;�Y
τ1
vwC2<D4

rmin
;�\+6MA

r1/r2
0�3547656MADA=;%A:z#T�A=B:;�Y�<D4765BDLE;%d|6

A=6Md�A=6�B=6MF�<o<D476x6MADA=;%A=B5;�Yr<D476^L2C2F76�T�A©¿7<ovw4�CEe=4nvo6MA=6xT�L2v5T�f'B5L~T�ADV+6MAo<D4#T�F�<D476x6MADA=;%A=Bo;�Y�<D476"C2F7J'C2\KCEJ'{#T�L
τ1
0Ý35476�47;%ADC2��;%FW<UT�L^6MADA=;%Ahz#T�A=B�A=6Md�A=6�B=6MFW<h<D476

r1/r2
>gC2F�<=6MAD\%T�LEBhY�A=;%Güvw4�CEe=4»vu6�4#T�\+6neU47;�B=6MF½<D476

C2F7J'C2\KCEJ'{#T�L}<DADC2d�LE69e�;%L2L2CEBDCE;%F7B�0

354�CEB�eMLE6�T�ADL2f�BD47;�v�B�<D4#T�<"T�<oLE6�T%B=<wC2Fn<D4�CEB5A=6MV�C2GI6O<D476�AUT%J'C~T�L}BD{�AyYgT%e�6OJ�6MF7BDC2<@f�J'CEBD<DADC2z�{�<DCE;%FkJ�6Md|6MF7J�B
BD<DA=;%F�V�L2fI;%F�<D476�d#T�AUT�GI6M<=6MA

r1/r2
T�F7J�LE6�T%J�B©<=;�J'CEBD_hd�A=;�¿7LE6�Buvw4�CEe=4qT�A=6�V+6MF76MAUT�L2L2fIG�{7e=4�æ�T�<D<=6MA©Y�;%A

LE;�vo6MA"\�T�L2{76�B�;�Y
r1/r2

0

S7;%Ax<D476hT�d�d�L2CEe�T�<DCE;%Fj;�Yu<D476�B=6PA=6�B={�L2<=B"<=;�6MF7e�;%{�FW<=6MA=BOvwC2<D4jJ'CÀà
6MA=6MFW<�\%T�L2{76�B�;�Y
r1/r2

vu6�¿7<D<=6�Ji<D476
J7T�<UT�C2FX<D476�AUT�F�V+6

(0.5, 1)
L2C2F76�T�ADL2f&T�F7JHY°;%AOLE;�vu6MA9\�T�L2{76�BOvo6hC2FW<=6MADd|;%L~T�<=6hz|6M<@vu6�6MF·<D476�d�;%C2F�<=B�T�<

r1/r2 = 0.5
T�F7J

r1/r2 = 0.2
Û�T%B"BD47;�vwFqz�f�<D476PB=;%L2CEJnL2C2F76�BwC2FqS�C2V70©a'021�b'0

�xBOGI6MFW<DCE;%F76�J¨6�T�ADL2CE6MA�Û�<D476I{�F7e�6MAD<UT�C2FW<�f&C2F&<D476�\%T�L2{76�B�;%A
τ2
T�A=6IG�{7e=4îL~T�ADV+6MAP<D4#T�F&<D476MfÝT�A=6�Y�;%A

τ1
z|6�e�T�{7B=6I;�Yw<D476ILE;�vu6MA�FW{�GPz|6MA�;�Ywd#T�AD<DCEeMLE6�B�LE6�Y�<PC2F&<D476�;%{�<=6MA�J'CEBD_iA=6MV�CE;%F7B�0nc^F�L2fjC2F&<D476�e�T%B=6

;�Y
r1/r2 = 0.2

vu6�e�;%{�LEJ¨J�6M<=6MADGhC2F76
τ2
vwC2<D4¨e�;%Ghd#T�AUT�z�LE6nT%e�eM{�AUT%eMfîT%B

τ1
0Xmo;%F7B=6�è�{76MFW<DL2f+ÛZ;%F�L2f

C2FX<D4�CEBPe�T%BU6�C2<9voT%BOd|;�B=BDC2z�LE6�<=;kJ�6M<=6MADGhC2F76I<D476IBDLE;%d|6
a2
;�Y

τ2(rmin)
vwC2<D4·T�\�T�L2{76I;�Y

0.2
vwC2<D4�C2F

T�FX{�F7e�6MAD<UT�C2FW<�fÝ;�Y
15%

0��@FÝT�L2L:<D476I;%<D476MA�e�T%B=6�BOvu6�e�T�F&;%F�L2fjBñT�fH<D4#T�<
a2
GP{7BD<9z|6�z|6M<@vu6�6MF

0.1T�F7J
0.2
0�twT%B=6�JH;%FH;%{�A�J7T�<UT�vu6�J'CEJiF7;%<^¿7F7Ji<D4#T�<x<D476�BDLE;%d|6PeU4#T�F�V+6�B�vwC2<D4

r1/r2
T�F7Jk<D476MA=6�Y�;%A=6

T%B=BD{�GI6�J·Y�;%A�<D476�Y�{�AD<D476MAIJ'CEB=eM{7BUBDCE;%F�Tk\�T�L2{76n;�Y
a2 = 0.2

Y°;%AIT�L2L
r1/r2

0Ý�^L2<D47;%{�V�4}ÛZ<D4#T�<hCEBIT�F
;�\+6MA=6�B=<DC2G�T�<=6hY�;%AxGI;�B=<9;�Yo;%{�A9J'CEBD_'B9T�Y�<=6MAPT�<DADC2d�LE6h6MF7e�;%{�F�<=6MAPvwC2<D4

r1/r2 ≥ 0.5
Ûr<D4�CEB9e=47;%CEe�6h4#T%B

L2C2<D<DLE6�;%AuF7;�C2F'æ7{76MF7e�6O;%F�;%{�AuY°{�AD<D476MA5BDC2GP{�L~T�<DCE;%F7B�;�Y�<D476"\KCEB=e�;%{7B56M\+;%L2{�<DCE;%Fn;�Yr<D476^J'CEB=_�Û�T%Buvu6xvwC2L2L
B=6�6^<D4#T�<5C2F�<D47;�BU6xe�T%BU6�Bu<D476�;%{�<=6MA5d#T�AD<=Bw;�Yr<D476xJ'CEBD_�e�;%F�<UT�C2FqLE6�B=Bu<D4#T�F

6%
;�Yr<D476x<=;%<UT�L
J'CEBD_IG�T%BUB�0

S�A=;%Gï<D476�B=6uA=6�BD{�L2<=B�vu65e�T�F�F7;�v½e�;%F7BD<DAD{7eM<ZT^B=e�T�LE6�>�Y�A=6�6uGI;KJ�6ML';�Y7<D476od|;�BD<y>@6MF7e�;%{�FW<=6MA:AUT%J'C~T�L�BD{�AyYgT%e�6
J�6MF7BDC2<�fqd�A=;�¿7LE6�zWfqBD{�z7BD<DC2<D{�<DC2F�V

τ1,2
vwC2<D4H<D476�L2C2F76�T�A"¿7<=Bxvu6�;%z�<UT�C2F76�JiY°;%A^<D476�J'CÀà
6MA=6MFW<�\�T�L2{76�B^;�Y

r1/r2
T�F7J�<UT�_�C2F�V�C2FW<=;hT%e�e�;%{�FW<w<D476xJ�6MF7BDC2<�f�6MF�4#T�F7e�6MGI6MFW<�A=6ML~T�<DC2\+6x<=;�<D476^;%ADC2V�C2F#T�L}J'CEB=_hd�A=;�¿7LE6"Y�;%A

<D476^A=6MV�CE;%F�z|6MLE;�v
0.2rmin

z�fhGP{�L2<DC2d�L2fKC2F�V�C2<uvwC2<D4nT9e�;%F7BD<UT�F�<©YgT%eM<=;%A
k
0:354�{7B�Û�<D476^BD{�AyYgT%e�6"J�6MF7B=C2<@f
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Σ = Σ0 · k ·















r0

r ; r ≤ 0.2rmin

r0

0.2rmin
· ã · exp

(

log(1/2) · r
a1rmin

)

; 0.2rmin < r < 0.7rmin

r0

0.2rmin
· ã · b̃ · exp

(

log(1/2) · r
a2rmin

)

; r ≥ 0.7rmin

Ú�a'021�Ü

vw476MA=6
r0
CEBw<D476�AUT%J'C2{7BxT�<wvw4�CEe=4q<D4769C2F�C2<DC~T�L}d�A=;�¿7LE6O4#T%B"T�\�T�L2{76O;�Y

Σ0
T�F7J

ã
T�F7J

b̃
T�A=69e�;%F7BD<UT�FW<=B

e=47;�BU6MFq<=;I6MF7BD{�A=6O<D4#T�<
Σ
CEB^T�BD<=6�T%J'f�Y�{�F7eM<DCE;%FiT�F7JiT�A=6�V�C2\+6MFqzWf

ã = exp

(

log(1/2) · 0.2

a1

)−1

b̃ = exp

(

log(1/2) · 0.7
(

1

a1
− 1

a2

))−1

.

35476�\%T�L2{76�B�;�Y
a1,2

Y�;%AOTIV�C2\+6MFj\�T�L2{76�;�Y
r1/r2

T�A=6�eU47;�B=6MF&T%e�e�;%A=J'C2F�V�<=;�;%{�AxL2C2F76�T�Ax¿7<=BOBD47;�vwFjC2F
S�C2V70Ýa'021�b'0Ýtof&A=6Md�L~T%eMC2F�V

τ1,2(rmin)
vwC2<D4

a1,2rmin
vu6�F76MV�LE6�eM<h<D476�BDG�T�L2L5d|;�BDC2<DC2\+6�C2FW<=6MA=e�6Md�<�;�Y

<D476�L2C2F76�T�A�¿7<=BxY°;%A�BDC2Ghd�L2CEeMC2<�f+Û}{�F7J�6MA=6�BD<DC2G�T�<DC2F�Vq<D476�\�T�L2{76�BO;�Y
τ1,2

C2Fj;%{�A�GI;KJ�6MLg0P35476MA=6�Y�;%A=6�Û|<D476
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q4� ¨ � ¨ =:�	'��1
���G��0�[����� 9 �%���®�	�
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vwC2<D4

rmin
Y�;%APT�V�C2\+6MF&\%T�L2{76�;�Y

r1/r2
T�F7JXe�T�LEeM{�L~T�<=6�<D476hBDC2��6I;�Yo<D476IJ'CEBD_|Û
vw476MA=6hvu6�J�6�¿7F76h<D4�CEB

BDC2��6�T%B9<D476IAUT%J'C2{7B
r90%

vwC2<D4�C2F·vw4�CEe=4
90%

;�Yo<D476I<=;%<UT�LuJ'CEBD_HG�T%B=B9CEB�e�;%FW<UT�C2F76�J
0�ý&6Ie�T�F&<D476MF
e�;%Ghd#T�A=69<D476PJ'CEBD_�B=C2��6�B�vwC2<D4q<D476OA=6�B={�L2<wY�A=;%G�d#T�AUT�z�;%L2CEeO<�vu;�>gz|;�J'fqJ'CEB=_�6MF7e�;%{�F�<=6MA=Bx;�Y:��T�L2Lr6M<^T�Lg0
Úy1�����ö+Ü�Û�vw47;�Y�;%{�F7J

r90% = 0.5rmin

V 0
��F�;%A=J�6MAZ<=;9;%z�<UT�C2F�<D476�J'CEBD_�G�T%B=B

MD
Y�A=;%GÍ;%{�A©GI;KJ�6ML7vu6wC2F�<=6MV�AUT�<=6^6�è�{#T�<DCE;%F�a'021";�\+6MA©<D476�AUT%J'C2{7B

r

MD = 2π ·
∞
∫

0

r · Σ(r).
Ú�a'0R/+Ü

35476OV+6MF76MAUT�LrBU;%L2{�<DCE;%Fke�T�Fq<D476MFqz|6�vwADC2<D<=6MFqC2Fq<D476xY�;%ADG

MD = 2π · k · Σ0 · r0 · (0.2 + M1(a1) + M2(a1, a2)) · rmin
Ú�a'0Rb+Ü

vw476MA=6
M1,2

T�A=6�<D476OA=6ML~T�<DC2\+6OG�T%B=BU6�B�;�Y�<D4769;%{�<=6MA�Û
r ≥ 0.2rmin

Û7J'CEBD_�A=6MV�CE;%F7B"vwC2<D4qA=6�BDd|6�eM<w<=;�<D476
G�T%B=Bx;�Y©TIJ'CEBD_�vwC2<D4

Σ ∝ 1
r

6�¯'<=6MF7J'C2F�V�<=;
rmin

0w�^B"C2<^e�T�Fiz�6�B=6�6MF}Û7C2FH;%{�A"GI;KJ�6ML�<D476�J'CEBD_�G�T%B=B
CEB�J'C2A=6�eM<DL2f�d�A=;%d|;%AD<DCE;%F#T�L�<=;

rmin
Y�;%A�V�C2\+6MFq\�T�L2{76�B�;�Y

a1,2
Û�vw4�CEeU4kCEB"T�LEBU;he�;%F7BDCEBD<=6MFW<^vwC2<D4q<D4769J'CEBD_

G�T%B=B=6�B5vo6OV+6M<5Y°A=;%Gì;%{�A�BDC2GP{�L~T�<DCE;%F7B�Û#BD47;�vwFqC2FnS�C2V70©a'021MQh<=;Ia'021��'0 ��F�<D476�B=6x¿7V�{�A=6�Bwvo6Od�LE;%<D<=6�J
Y�;%A"6�T%e=4i\%T�L2{76�;�Y

r1/r2
<D4769G�T%B=BU6�B";�Y�<D476PJ'CEBD_'BwC2Fk{�F�C2<=B^;�Y:<D4769C2F�C2<DC~T�L�J'CEB=_�G�T%BUB";�\+6MA

rmin
T�F7J

Y�;%{�F7Ji<D4#T�<O<D476�\�T�L2{76�B9T�A=6�L2C2F76�T�ADL2fHe�;%ADA=6ML~T�<=6�JjvwC2<D4ÝT�e�;%ADA=6ML~T�<DCE;%FXYgT%eM<=;%AxL~T�ADV+6MAO<D4#T�F
95%

0935476
\�T�L2{76�Bx;�Y

M1,2
<=;%V+6M<D476MAOvwC2<D4

r90%

Y�;%A�6�T%eU4j\%T�L2{76�;�Y
r1/r2

vu6�C2F�\+6�BD<DC2VWT�<=6�JÝT�A=6�BD47;�vwFXC2FH<UT�z�LE6
a'021�0Z�^LEB=;�BD47;�vwFnCEB5<D476xY°AUT%eM<DCE;%Fk;�Y�<D476�<=;%<UT�L
d�;�BD<y>@6MF7e�;%{�F�<=6MA^J'CEBD_�G�T%B=B5<D4#T�<wCEBwe�;%FW<UT�C2F76�JkvwC2<D4�C2F
WBX/�.-
�

rmin , ��-�-
�'�4A�)����N�
�"�
#��Y4A�.-
� é 7��-
�)�Z����7� é � , �)I
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!w��§�����*q¸«ª»ÿK.�¶ ]^CEB=_IG�T%B=BoC2F�{�F�C2<=B5;�Yr<D476xC2F�C2<DC~T�L
J'CEBD_hG�T%B=B5;�\+6MAo<D476�BDG�T�L2LE6�B=<o6MF7e�;%{�F�<=6MA�J'CEBD<UT�F7e�6
rmin

Y�;%A
r1/r2 = 0.95

0�35476oB=;%L2CEJ�L2C2F76©CEB�<D476©L2C2F76�T�A�¿7<�<=;�<D476oJ7T�<UT'Û%vwC2<D4IT�BDLE;%d|6©;�Y
0.0296±0.0007
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J'CEBD_hG�T%B=B5;�\+6MAo<D476�BDG�T�L2LE6�B=<o6MF7e�;%{�F�<=6MA�J'CEBD<UT�F7e�6
rmin

Y°;%A
r1/r2 = 0.8

0u35476xBU;%L2CEJ�L2C2F76�CEB5<D476�L2C2F76�T�A5¿7<o<=;�<D476OJ7T�<UT'Û'vwC2<D4kT�BDLE;%d|6�;�Y
0.031 ± 0.001

0
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!w��§�����*q¸«ª»ÿ'Å«¶ ]^CEB=_IG�T%B=BoC2F�{�F�C2<=B5;�Yr<D476xC2F�C2<DC~T�L
J'CEBD_hG�T%B=B5;�\+6MAo<D476�BDG�T�L2LE6�B=<o6MF7e�;%{�F�<=6MA�J'CEBD<UT�F7e�6
rmin

Y°;%A
r1/r2 = 0.6

0u35476xBU;%L2CEJ�L2C2F76�CEB5<D476�L2C2F76�T�A5¿7<o<=;�<D476OJ7T�<UT'Û'vwC2<D4kT�BDLE;%d|6�;�Y
0.034 ± 0.002
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!w��§�����*q¸«ª»ÿ&îL¶ ]^CEB=_IG�T%B=BoC2F�{�F�C2<=B5;�Yr<D476xC2F�C2<DC~T�L
J'CEBD_hG�T%B=B5;�\+6MAo<D476�BDG�T�L2LE6�B=<o6MF7e�;%{�F�<=6MA�J'CEBD<UT�F7e�6
rmin

Y°;%A
r1/r2 = 0.5

0u35476xBU;%L2CEJ�L2C2F76�CEB5<D476�L2C2F76�T�A5¿7<o<=;�<D476OJ7T�<UT'Û'vwC2<D4kT�BDLE;%d|6�;�Y
0.036 ± 0.002
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!w��§�����*q¸«ª»ÿrò«¶ ]^CEB=_IG�T%B=BoC2F�{�F�C2<=B5;�Yr<D476xC2F�C2<DC~T�L
J'CEBD_hG�T%B=B5;�\+6MAo<D476�BDG�T�L2LE6�B=<o6MF7e�;%{�F�<=6MA�J'CEBD<UT�F7e�6
rmin

Y°;%A
r1/r2 = 0.2

0u35476xBU;%L2CEJ�L2C2F76�CEB5<D476�L2C2F76�T�A5¿7<o<=;�<D476OJ7T�<UT'Û'vwC2<D4kT�BDLE;%d|6�;�Y
0.065 ± 0.005
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r1/r2 Mi M1 M2 r90%

Ú
rmin)
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�'0R/qÚ

60%
Ü �'021�bqÚ

38%
Ü ["�'0R����ökÚ

2%
Ü

0.38
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�'0R/qÚ

52%
Ü �'021��nÚ
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Ü

0.49

0.6
�'0R/qÚ

49%
Ü �'021��qÚ

46%
Ü ["�'0R��/kÚ
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Ü

0.52

0.2
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27%
Ü �'0Rb+�nÚ

51%
Ü �'021JökÚ

22%
Ü

1.0

�u��É���*H¸«ª¢ÿ&¶ �"6ML~T�<DC2\+6OG�T%BUBoY�AUT%eM<DCE;%F7B
Mi,1,2

vwC2<D4nA=6�BDd|6�eM<w<=;�<D476OG�T%B=B�;�Y:T�J'CEBD_�vwC2<D4
Σ ∝ 1

r

T�F7J
AUT%J'C2{7B

rmin
Û
T�F7JH<D476

90%
>gG�T%BUBy>gAUT%J'C2C

r90%
Y°;%AO;%{�AOJ'CEBD_qGI;KJ�6MLEB�vwC2<D4XJ'CÀà|6MA=6MF�<O\%T�L2{76�BO;�Y

r1/r2
0

Mi
CEB9<D476�G�T%B=B9e�;%FW<UT�C2F76�J·C2FX<D476hC2F�F76MA9A=6MV�CE;%F·z�6MLE;�v

0.2rmin
T�F7J

M1,2
T�A=6h<D476hG�T%B=BU6�BOC2FX<D476

;%{�<=6MA�<@vo;nA=6MV�CE;%F7B�09��Fid#T�A=6MF�<D476�BDCEBO<D476�G�T%B=B^Y°AUT%eM<DCE;%FXvwC2<D4HA=6�B=d�6�eM<�<=;�<D476�<=;%<UT�L�d|;�BD<y>@6MF7e�;%{�F�<=6MA
J'CEBD_�G�T%B=BwCEBwV�C2\+6MF}0
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<D476O<D4�A=6�69J'CÀà
6MA=6MFW<^J'CEBD_�A=6MV�CE;%F7B�0
354�CEB�<UT�z�LE6jeMLE6�T�ADL2f»BD47;�v�B�<D4#T�<�Y�;%A

r1/r2 ≥ 0.5
<D476MA=6kCEB�;%F�L2fÞTÝ\+6MADf»BDG�T�L2LOT�GI;%{�FW<q;�Y9G�T%B=B

e�;%FW<UT�C2F76�JîC2F·<D476�;%{�<=6MA�A=6MV�CE;%Fî;�Yw<D476�J'CEBD_XvwC2<D4
r ≥ 0.7rmin

T�F7J·GI;%A=6�<D4#T�F
95%

;�Y�<D476�J'CEBD_
G�T%B=BOCEB�vwC2<D4�C2F

0.7rmin
Û
G�T�_KC2F�Vn<D476hd�;�B=<y>@6MF7e�;%{�FW<=6MAPJ'CEBD_H\+6MADfje�;%Ghd#T%eM<�0I35476MA=6�Y°;%A=6�Ûr<D476h;%{�<=6MA

d#T�AD<^;�YZ<D476�J'CEBD_�vwC2L2L�4#T�\+69L2C2<D<DLE6�6�à|6�eM<x;%Fk<D4769Y�{�AD<D476MA�J'f�F#T�GhCEe�T�L�6M\+;%L2{�<DCE;%FX;�Y�<D476�J'CEBD_nvu6PL~T�<=6MA
voT�F�<u<=;9C2FW\+6�BD<DC2VWT�<=6�T�F7J
ÛW<D4�{7B�Û+<D476"AUT�<D476MA©L~T�ADV+6"{�F7e�6MAD<UT�C2FW<@f�;�Y|<D476^J'CEBD_�d�A=;�¿7LE6^T�F7JIG�T%BUB:Y�;%AZ<D4�CEB
A=6MV�CE;%F}Û
vw4�CEeU4&CEB�;�Yu<D476h;%A=J�6MAO;�Y

50%
Û}J�;K6�B�F7;%<�4#T�\+6IT�BDC2V�F�CÀ¿#e�T�F�<OC2F'æ7{76MF7e�6�0�S7{�AD<D476MADGI;%A=6�Û}vu6

¿7F7J&;%F�L2f&T�vo6�T�_HC2F7eMA=6�T%BU6IC2FXG�T%B=BPC2F&<D476hA=6MV�CE;%F&z|6M<@vo6�6MF
0.2rmin

T�F7J
0.7rmin

Y°;%A�J�6�eMA=6�T%BDC2F�V
r1/r2 ≥ 0.5

ÛwT%BIC2<�voT%BI<=;&z�6q6�¯'d|6�eM<=6�J¨Y�A=;%G <D476nA=6�BD{�L2<=B�;�Y
τ1(rmin)

0±mo;%Ghd#T�ADC2F�VÝ<D4�CEBIG�T%BUB
vwC2<D4H<D4769G�T%B=B^<D4#T�<^CEBxe�;%FW<UT�C2F76�JHvwC2<D4�C2F

0.2rmin
vo69¿7F7Jk<D4#T�<^<D476MfkT�A=6�F76�T�ADL2fq6�è�{#T�LgÛ�V�C2\+6MFi<D476

6MADA=;%A=B�;�Y:T�z�;%{�<
10%

Y�;%A
M1
0©c^F�L2f�C2Fn<D476Oe�T%B=6xvwC2<D4

r1/r2 = 0.95
<D476MA=6OB=6�6MGIB�<=;�z�6xGI;%A=6�G�T%B=B

e�;%FW<UT�C2F76�JkC2Fq<D476�C2F�F76MADGI;�BD<^A=6MV�CE;%F}Û�vwC2<D4iT�z|;%{�<
60%

;�Y�<D476O<=;%<UT�L�J'CEBD_�G�T%BUB�0
t56�e�T�{7B=6P;�Y:<D476�BD<DA=;%F�VIC2F7eMA=6�T%B=6�;�Y

τ1,2
Y°;%A

r1/r2 = 0.2
Û|T%B"BD47;�vwFkC2FHB=6�eM<DCE;%FHa'0Rb'0R/'Û#vu6�T�LEBU;I4#T�\+6

T�BD<DA=;%F�VIC2F7eMA=6�T%BU6�C2FqG�T%B=Bwe�;%FW<UT�C2F76�JkC2Fq<D476O;%{�<=6MA"J'CEBD_�A=6MV�CE;%F7BwY�;%Aw<D4�CEB�e�T%B=6�0:�xB"T�e�;%F7B=6�è�{76MF7e�6�Û
<D476�B=6�J'CEBD_'BxT�A=6�F7;�LE;%F�V+6MA�B=<DA=;%F�V�L2fke�;%F7e�6MFW<DAUT�<=6�JÝT�F7JjT�d�d|6�T�Ax<=;�z|6PG�{7e=4jæ�T�<D<=6MA�Û
T%BxF7;�vï<D476MA=6
T�A=6O;%F�L2fqT�z�;%{�<

78%
;�Y�<D476O<=;%<UT�L}J'CEBD_�G�T%B=B�e�;%F�<UT�C2F76�JqvwC2<D4�C2F

0.7rmin
T%B�;%d�d�;�BU6�J�<=;�GI;%A=6O<D4#T�F

95%
Y°;%A

r1/r2 ≥ 0.5
0���FXe�;%FW<DAUT%BD<O<=;nJ'CEBD_H6MF7e�;%{�FW<=6MA=BPvwC2<D4

r1/r2 ≥ 0.5
<D476h;%{�<=6MADGI;�BD<Od#T�AD<9;�Y

<D476�J'CEBD_qF7;�vïe�;%FW<UT�C2F7B�T�L2GI;�BD<�T�è�{#T�AD<=6MAx;�Y©<D476�<=;%<UT�L�G�T%B=Bx;�Y©<D476�J'CEB=_kT�F7JiGI;�B=<x;�YZC2<=BxG�T%B=B^CEB
e�;%FW<UT�C2F76�JHC2Fi<D476PA=6MV�CE;%FHz�6M<�vu6�6MF

0.2rmin
T�F7J

0.7rmin
0w354�CEBxe�;%GI6�BxeMLE;�BU69<=;I<D476�e�;%ADA=6�BDd|;%F7J'C2F�V

\�T�L2{76�B5Y°;%A"TIJ'CEBD_�vwC2<D4
Σ ∝ 1

r

<DAD{�F7e�T�<=6�JkT�<^T�AUT%J'C2{7B
1rmin

0
1^d·<=;i<D4�CEB�d�;%C2F�<�Û:vu6�e�;%Ghd�LE6M<=6ML2f·B=d�6�eMCÀ¿#6�Jî<D476�J'CEBD_&d�A=;�¿7LE6nT%B�BD47;�vwFîC2F½6�èWF}0ja'021nT�d#T�AD<�Y°A=;%G
Tje�;%F7BD<UT�F�<

k
Ûuvw4�CEe=4�B=d�6�eMCÀ¿#6�Bh47;�v GP{7eU4»<D476nBD{�AyYgT%e�6�J�6MF7BDC2<@fîC2F½<D476�C2F�F76MAIJ'CEBD_îA=6MV�CE;%F½z�6MLE;�v

0.2rmin
CEBO6MF�4#T�F7e�6�J&A=6ML~T�<DC2\+6�<=;�<D476�C2F�C2<DC~T�LuBD{�AyY�T%e�6hJ�6MF7B=C2<@f+0��^B�C2FX<D4#T�<OA=6MV�CE;%FÝvu6�T�A=6hB=6M\+6MA=6ML2f

L2C2GhC2<=6�J�zWf�F7;%CEB=6�Û�¿7<D<DC2F�VI6�T%e=4qBDC2F�V�LE6xd�A=;�¿7LE6xY�;%A5<D4#T�<oA=6MV�CE;%Fn<=;�J�6M<=6MADGhC2F76�<D4�CEBwe�;%F7BD<UT�F�<wCEB5AUT�<D476MA
d�A=;%z�LE6MG�T�<DCEe�0x354769A=6�T%B=;%FiY°;%A^<D4�CEB"CEB"<D4#T�<^<D476�BD{�AyYgT%e�6PJ�6MF7BDC2<�fqC2Fi;%{�A�BDC2GP{�L~T�<DCE;%FHCEB^AUT�<D476MA^F7;%CEBDf
C2F�<D476nC2F�F76MA�d#T�AD<=B�;�YO<D476qJ'CEBD_|0�35476MA=6�Y�;%A=6q<D476nd|;�vo6MAy>gL~T�véC2F7J'CEe�6�B�;�YO<D476�¿7<=Bh{7BD{#T�L2L2f½J�6M\KC~T�<=6
Y°A=;%G −1

vw4�CEe=4�G�T�_+6�Bu<D476xe�;%ADA=6�BDd|;%F7J'C2F�V�e�;%F7B=<UT�FW<oY�T%eM<=;%AoGP{7eU4�GI;%A=6"{�F7e�6MAD<UT�C2F}0�ý&6�ÛK<D476MA=6�Y�;%A=6�Û
J�6M<=6MADGhC2F76�J

k
z�fi6�¯'d�LE;%C2<DC2F�Vn6�èWF}0Oa'0Rb�T�F7Jk<D476�L2C2F76�T�ADL2fk¿7<D<=6�JHJ'CEB=_qG�T%B=B=6�B^C2FXS�C2V70Oa'021MQ�<=;�a'021��'Û

z|6�e�T�{7B=69<D4769J�6M<=6MADGhC2F#T�<DCE;%FX;�Y:<D4769G�T%BUB=6�B^T�A=6Oz#T%BU6�Jk;%FHThL~T�ADV+6MA"FW{�G�z�6MA�;�Y:d#T�AD<DCEeMLE6�B"<D4#T�Fi<D4#T�<
;�Y©<D476�C2F�F76MAOJ'CEBD_qd�A=;�¿7LE6�01\¨S7;%A�<D476�J�6M<=6MADGhC2F#T�<DCE;%FÝ;�Y

k
Û�vu6�6�¯'d�A=6�B=B=6�JH6�èWF}09a'0Rb�C2Fj<=6MADGIBx;�Yu<D476

C2F�C2<DC~T�L�J'CEB=_�G�T%BUB
Minit = 2π ·Σ0r0 · (rout − rin)

Û�vw476MA=6
rout

CEBZ<D476";%{�<=6MA5T�F7J
rin
<D476�C2F�F76MAuC2F�C2<DC~T�L

J'CEBD_HAUT%J'C2{7B�0�ý&6h<D476MFÝC2F7B=6MAD<=6�JÝ<D476h\�T�L2{76�BOY°A=;%G³<UT�z�LE6�a'021hY�;%AP6�T%eU4
r1/r2

T�F7JÝB=6M<9<D476hF�{�GI6MADCEe
\�T�L2{76�;�Yu<D476�B=LE;%d�6�;�Y

M(rmin)
6�è�{#T�L�<=;�<D476�e�;%ADA=6�BDd|;%F7J'C2F�VqBDLE;%d|6�;�Y©<D476�¿7<=B�Û|<D4�{7BO;%z�<UT�C2F�C2F�V

k
0

��F�T�L2L�e�T%BU6�BZvu6"Y�;%{�F7JI<D4#T�<
k = 1.7±0.1

Û'vw4�CEeU4�L2CE6�B5T�LEB=;9C2F�<D476�AUT�F�V+6"vu6^A=;%{�V�4�L2f�6�¯Kd|6�eM<=6�JhY°A=;%G
<D476"J'CEB=_�d�A=;�¿7LE6�BuC2F�B=6�eM<DCE;%F�a'0Rb'0R/'0©l�C2F7e�6�<D4�CEB:YgT%eM<=;%AuJ�;K6�BZF7;%<uB=6�6MGN<=;9J�6Md|6MF7J�;%F

r1/r2
Û+C2<ZY°;%L2LE;�v�B

<D4#T�<PT�æ�T�<D<=6MA9J'CEBD_kd�A=;�¿7LE6�C2Ghd�L2CE6�B�T�L~T�ADV+6MAO<=;%<UT�LZJ'CEB=_kG�T%B=B�0�S�A=;%G²<D4�CEB�C2<�Y�;%L2LE;�v�BxY°{�AD<D476MA�Û
<D4#T�<
C2FjV+6MF76MAUT�LZ<D476�G�T%B=B=6�BO;�Yo<D476�d|;�BD<y>@6MF7e�;%{�F�<=6MAPJ'CEBD_'B�C2F7eMA=6�T%B=6�vwC2<D4&J�6�eMA=6�T%BDC2F�V

r1/r2
Û|vw4�CEeU4·T�LEB=;

T�V�A=6�6�B�vwC2<D4i;%{�AwA=6�BD{�L2<=B"BD47;�vwFqC2FqS�C2V70©a'021MQI<=;Ia'021��'0
�@Y5vo6�e�;%F7BDCEJ�6MA�<D476�T%eM<D{#T�L5\%T�L2{76�B�;�Y�<D476�G�T%BUB=6�BPvo6I¿7F7J·<D4#T�F·;%{�A�J'CEBD_'BP4#T�\+6�T�<�GI;�BD<

40%
;�Y

<D476nC2F�C2<DC~T�L"J'CEB=_ÝG�T%B=B�T�F7J�C2F½GI;�BD<�e�T%B=6�BhG�{7e=4ÞLE6�B=B�<D4#T�F
30%

0�3r;&A=6ML~T�<=6q;%{�AhG�T%B=B=6�Bh<=;j<D476
J'CEBD_HG�T%B=B=6�B9T�Y°<=6MA9<@vo;�>gz�;KJ'fXe�;%L2L2CEBDCE;%F7BOvo6h{7B=6�<D476hA=6�BD{�L2<9;�Yw��T�L2LZ6M<�T�Lg0ZÚy1�����ö+Üxvw47;�Y�;%{�F7Jj<D4#T�<
<D476�d�;�B=<y>@6MF7e�;%{�FW<=6MA9J'CEBD_q4#T%B�;%F�L2fH;%F76�<D4�C2A=Jj;�Y©<D476�C2F�C2<DC~T�L:G�T%B=B^Y�;%A�T�J'CEBD_qAUT%J'C2{7BO;�Y

4rmin
0O�xB

]BJ����
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# é �N�
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���!���D���7��-
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;%{�APJ'CEBD_HAUT%J'C2{7BOCEBPT�L2v5T�f'B
20AU

<D4�CEB9GI6�T�F7BO<D4#T�<9Y°;%A96�T%eU4
r1/r2

<D476Ie�;%ADA=6�BDd|;%F7J'C2F�VkJ'CEBD_HG�T%B=B
C2FX;%{�A9e�T%B=6�CEB�<D476h;%F76hT�<

rmin = 5AU
0PS�A=;%G³;%{�AOGI;KJ�6ML�vu6�¿7F7Jj\�T�L2{76�B�AUT�F�V�C2F�VnY°A=;%G

15%
<=;

18%
;�YZ<D476PC2F�C2<DC~T�L�J'CEB=_nG�T%B=B�Y�;%A

r1/r2 ≥ 0.5
0^S7;%A^<D476�e�T%B=6�;�Y

r1/r2 = 0.2rmin
C2<^CEB

33%
0"354�CEB

A=6�æ#6�eM<=B9<D476I<DA=6MF7JXvu6hC2F�<D{�C2<DC2\+6ML2fXvu;%{�LEJ·6�¯Kd|6�eM<�ÛrT%B�Y�;%A9L~T�ADV+6MA9\�T�L2{76�B9;�Y
r1/r2

vu6I4#T�\+6hA=;%{�V�4�L2f
BDd|6�T�_�C2F�V�<@vo;�<@vo;�>gz�;KJ'fi6MF7e�;%{�F�<=6MA=B�vwC2<D4jB=C2GhC2L~T�A�B=<DA=6MF�V�<D4XT�F7JHe�;%F7B=6�è�{76MFW<DL2fiGI;%A=6�B=<DADC2d�d�C2F�V�;�Y
J'CEBD_&G�T�<=6MADC~T�LgÛuvw476MA=6�T%B�Y�;%A�LE;�vu6MAI\�T�L2{76�Bh;�Y

r1/r2
vo6qT�A=6�V+6M<D<DC2F�V&eMLE;�BU6MAh<=;jTHBDC2F�V�LE6�<�vu;�>gz|;�J'f

6MF7e�;%{�FW<=6MA�0���F·T%J�J'C2<DCE;%F}Ûrvo6�T�LEB=;�¿7F7J&<D4#T�<9<D4�CEB9<DA=6MF7JXCEB�BD<DA=;%F�V�L2fHF7;%F'>gL2C2F76�T�A�T�F7JXF7;%<�T�BDC2Ghd�LE6
Y°{�F7eM<DCE;%Fî;�Y

r1/r2
0k35476�Y�T%eM<�<D4#T�<�C2F½Tq<DADC2d�LE6�6MF7e�;%{�FW<=6MA�vo6�;%F�L2fj¿7F7J·<D476�BUT�GI6�J'CEB=_XG�T%B=B9Y�;%A

r1/r2 ≤ 0.2
4#T%B�<D476PJ'C2A=6�eM<�e�;%F7B=6�è�{76MF7e�6�Û#<=;%V+6M<D476MAxvwC2<D4k<D476�J'CEBD<DADC2z�{�<DCE;%Fj;�Y

r1/r2
B=47;�vwFHC2Fia'0Ra'Û

<D4#T�<�<D476�G�T��y;%ADC2<�fi;�Y5eMLE;�B=6�<DADC2d�LE6h6MF7e�;%{�FW<=6MA=BOCEB�GI;%A=6�J�6�BD<DAD{7eM<DC2\+6�<D4#T�FX<D476�e�;%ADA=6�BDd|;%F7J'C2F�Vn<@vo;�>
z|;�J'fn;%F76�BOT�F7Jk;%F�L2fqC2FH;%F769<D4�C2A=JH;�YZ<D476�e�T%BU6�B"vo6�BD47;%{�LEJkV+6M<�T�<^LE6�T%BD<�e�;%Ghd#T�AUT�z�LE6�J'CEBD_nG�T%BUB=6�B�0
�x;�vu6M\+6MA�Ûu<D476�e�;%FW\+6MADV+6MF7e�6q;�Y^<D476nJ'CEBD_&G�T%B=B=6�B�Y�;%AhBDG�T�L2LE6MA

r1/r2
CEB�F7;%<�T%B�<DADC2\KC~T�L�T%B�C2<�GhC2V�4�<

B=;%{�F7J
Û�z�6�e�T�{7BU6Ivu6�T�LEB=;�¿7F7JÝ<D4#T�<P<D476IC2F'æ7{76MF7e�6�;�Yw<D476I<D4�C2A=J&z|;KJ'fHC2FÝ<D476�e�T%B=6I;�Y
r1/r2 = 0.2CEB�BD<DC2L2LoB=C2V�F�CÀ¿#e�T�FW<�0H�@F¨;%A=J�6MA�<=;iJ�6MGI;%F7BD<DAUT�<=6�<D4�CEB�6�à|6�eM<�Û�vo6�e�T�ADADCE6�Jî;%{�<�Tie�T�LEeM{�L~T�<DCE;%FîY°;%A�;%F76

d#T�AD<DCEeM{�L~T�A�<DADC2d�LE6�6MF7e�;%{�FW<=6MAOvw476MA=6�<D476�J'CEB=_nCEB^;%F�L2fiT�à
6�eM<=6�JHzWfq<D476�6�B=e�T�d|6MA�T�F7Ji<D476�z�;KJ'fnvwC2<D4
<D476�eMLE;�B=6�BD<O6MF7e�;%{�FW<=6MA�J'CEBD<UT�F7e�6

rmin
Û|z�{�<�;%<D476MADvwCEBU6�LE6�T�\+6�<D476�;%ADz�C2<=BO;�Yu<D476�z|;�J'CE6�B�{�F7eU4#T�F�V+6�J
0

��Fn<D4#T�<�6�¯�T�Ghd�LE6Ovo6�¿7F7Jn<D4#T�<w<D476Od|;�BD<y>@6MF7e�;%{�F�<=6MA^J'CEBD_�G�T%B=B5CEBwC2F7eMA=6�T%B=6�JqzWfnT�L2GI;�BD<
10%

;�Y�<D476
C2F�C2<DC~T�L
J'CEBD_�G�T%BUBuvw4�CEeU4nG�T�_+6�B5<D476xd�;�BD<y>@6MF7e�;%{�F�<=6MA�J'CEBD_IG�T%B=B

33%
L~T�ADV+6MA�e�;%Ghd#T�A=6�J�<=;�<D476xe�T%BU6�Û

vw476MA=6I<D476�J'CEBD_iCEB�T�à|6�eM<=6�J&zWf&T�L2LZ<D4�A=6�6Iz|;KJ'CE6�B�0I�xBOvu6I¿7F7JX<D4#T�<OY�;%A9<D476
r1/r2 = 0.2

>@e�T%B=6I<D476
J'CEBD_�G�T%B=B=6�BwT�A=6Oe�;%Ghd#T�AUT�z�LE6O<=;�<D476�<@vo;�>gz�;KJ'f�e�T%BU6^C2<�J'C2A=6�eM<DL2f�Y�;%L2LE;�v�B5<D4#T�<w<D476O;%ADz�C2<=B5C2FkT�<DADC2d�LE6
6MF7e�;%{�FW<=6MAx<=6MF7Ji<=;hC2F7eMA=6�T%B=69<D476PG�T%B=B";�Y:<D476�J'CEBD_�vw4�C2LE69<D4769d�A=6�BU6MF7e�6P;�YZ<D476O<D4�C2A=Jiz�;KJ'f�A=6�J'{7e�6�B
C2<�0�ý&6x<D476MA=6�Y°;%A=6O6�¯'d|6�eM<o<D4#T�<5Y�;%AoAUT�<DCE;�B

r1/r2 ≤ 0.2
<D476�<DA=6MF7J�Y°;%A54�C2V�476MA�J'CEBD_�G�T%B=B=6�BwT�<�TPV�C2\+6MF

rmin
CEBwe�;%FW<DC2F�{76�J
0

S�A=;%G�;%{�AoB=C2GP{�L~T�<DCE;%F�vu6^z�6ML2CE6M\+6^<D4#T�<o<D4�CEBuG�T%BUB©C2F7eMA=6�T%B=6xe�;%Ghd#T�A=6�J�<=;9<D476^A=6�BD{�L2<=Bo;�Y�T9<�vu;�>gz|;�J'f
J'CEBD_h6MF7e�;%{�FW<=6MA5CEBueMLE;�B=6ML2fhA=6ML~T�<=6�J�<=;P<D476wY�;%ADG�T�<DCE;%F�;�Y
<D476�¿7F#T�L�z�C2F#T�ADf�T�Y°<=6MA©<D476"<DADC2d�LE6^6MF7e�;%{�F�<=6MA�0
3r;iBD47;�v®<D4�CEB�Û�vu6�e�;%Ghd#T�A=6�JÝC2FîS�C2V70�a'021��q<D476�J'CEB=<UT�F7e�6Iz|6M<@vu6�6MFî<D476�6�BUe�T�d�6MA�T�F7J&<D476Iz|;KJ'fj;�Y
<D476�z�C2F#T�ADfÝvwC2<D4î<D476�BDG�T�L2LE6�B=<�6MF7e�;%{�F�<=6MAIJ'CEBD<UT�F7e�6

rmin
T�F7J·<D476�J'CEBD<UT�F7e�6�ÛZ<D476�B=6�z|;KJ'CE6�BPvo;%{�LEJ

4#T�\+6xCÀYr<D476Mf�GI;�\+6�J�;%FqT94�f�d|6MADz|;%L2CEex;%ADz�C2<5vwC2<D4�<D476�BUT�GI6x6�e�e�6MFW<DADCEeMC2<@fqT�<
r = rmin

0��^BoC2<5e�T�F�z|6
eMLE6�T�ADL2f�BU6�6MF}Û'<D476xJ'CEB=<UT�F7e�6�z�6M<�vu6�6MFn<D476�z|;�J'CE6�BoC2F�<D476�<DADC2d�LE6�BDfKB=<=6MG®CEBwT�L2GI;�BD<"T�L2v5T�f'BwLE;�vo6MAw<D4#T�F
C2F&<D476�<@vu;�>gz|;KJ'f&e�T%B=6�ÛrLE6�T%J'C2F�Vi<=;iT�FÝ6MF�4#T�F7e�6�J·C2FW<=6MAUT%eM<DCE;%Fî<DC2GI6Ivw4�CEeU4·CEBPGP{7eU4·L~T�ADV+6MA�<D4#T�F

5J'fKF#T�GhCEe�T�L�<DC2GI6�B"Y�;%{�F7JqY�;%A"<D476�d#T�AUT�z�;%L2CEe�<�vu;�>gz|;�J'fke�T%BU6Pz�fq�xT�L2L�6M<�T�Lg0�Úy1�����ö+Ü�Ú°;%F76�J'fKF#T�GhCEe�T�L
<DC2GI6�CEBw<D476�AUT�<DCE;h;�Y

rmin
;�\+6MA�<D476�\+6MLE;KeMC2<@f

vmin
T�<w<D4#T�<wd|;%C2FW<ñÜ�0Z35476�LE;�vu6MA^J'CEB=<UT�F7e�6�Bwz�6�Y�;%A=6x<D476

6MF7e�;%{�FW<=6MAwT�A=6�d�A=6�BU6MFW<©z|6�e�T�{7B=6w<D476"z�;KJ'CE6�BZJ�;PF7;%<uT�d�d�A=;+T%e=4�6�T%e=4�;%<D476MAZY°A=;%GÍT�F�C2F'¿7F�C2<=6^J'CEBD<UT�F7e�6
z�{�<wT�A=6^C2FnTPz�;%{�F7J�BDf'BD<=6MGNvwC2<D4�¿7F�C2<=6�BDC2��6�0�35476xLE;�vu6MAwJ'CEBD<UT�F7e�6�B�T�Y°<=6MAo<D476^6MF7e�;%{�F�<=6MA"T�A=6^J'{76x<=;
<D476�Y�;%ADG�T�<DCE;%Fi;�Y©T�z�C2F#T�ADfnvw476MA=69;%F76�;�Y�<D476P<@vo;Iz|;�J'CE6�B"CEB�BDLE;�vo6�JiJ�;�vwFkA=6ML~T�<DC2\+6P<=;h<D476P6�B=e�T�d|6MA
z|6�e�T�{7B=6�;�Yw<D476Id�A=6�BU6MF7e�6�;�Yw<D476�<D4�C2A=J&z|;�J'f+0�S7;%A�<D476�J'CEBD_&T�A=;%{�F7J·<D476�6�B=e�T�d|6MAP<D4�CEB�GI6�T�F7B�Û�;%F
<D476�;%F76P4#T�F7J
Û�<D4#T�<x<D476�J'CEBD_qB=<UT�AD<=B"LE;K;�BDC2F�V�G�T�<=6MADC~T�L�6�T�ADL2CE6MA�C2Fi<D476�6MF7e�;%{�F�<=6MAO<D4#T�FiC2<xvu;%{�LEJjJ�;
C2F·T�4�f�d|6MADz�;%L2CEe�6MF7e�;%{�FW<=6MA�0nc^F&<D476I;%<D476MA94#T�F7J
Û�J'{76h<=;n<D476hLE;�vu6MAP\�T�L2{76�BPT�Y°<=6MA9<D476I6MF7e�;%{�F�<=6MA�Û
d#T�AD<DCEeMLE6�Bw<D4#T�<wz|6�e�T�GI6�{�FWz|;%{�F7JkT�Y°<=6MAo<D476OeMLE;�BU6�BD<we�;%L2L2CEBDCE;%FkT�A=6OBDLE;�vo6�JqJ�;�vwFkT�VWT�C2FkT�F7Jne�;%{�LEJ�z|6
A=6�>@e�T�d�<D{�A=6�J�zWf�<D47656�B=e�T�d�6MA�;%A�<D4765;%<D476MA�<�vu;�z|;�J'CE6�B�J�6Md|6MF7J'C2F�VO;%F�<D4765J'C2A=6�eM<DCE;%FI;�Y#<D476MC2A:6Á�D6�eM<DCE;%F}0
l�C2F7e�6�G�{7e=4�;�Y�<D476^J'CEBD_�G�T�<=6MADC~T�L�CEB:C2F�C2<DC~T�L2L2fI;%F�BDG�T�L2LE6MA©AUT%J'C2C|T�A=;%{�F7JI<D476�6Á�D6�eM<=6�JIz|;�J'f�<D4#T�F�T�Y°<=6MA
<D476h6MF7e�;%{�FW<=6MA�Û�<D476�C2F�C2<DC~T�LZJ�6M\KC~T�<DCE;%FjY�A=;%G²<D476�4�f�d|6MADz�;%L2CEeh6MF7e�;%{�F�<=6MA�BD47;%{�LEJX;%F�L2fid�L~T�fXT�GhC2F7;%A
A=;%LE6�Û�vw4�C2LE6P<D476�J�6M\�C~T�<DCE;%F7B�T�Y°<=6MA^<D476�eMLE;�B=6�BD<^6MF7e�;%{�F�<=6MAPT�A=69GI;%A=6�6�à|6�eM<DC2\+6�Û�z|6�e�T�{7B=6PG�{7e=4X;�Y:<D476
J'CEBD_XG�T�<=6MADC~T�L5CEB�J'CEBD<DADC2z�{�<=6�J¨;�\+6MAhTqG�{7e=4¨L~T�ADV+6MA�T�A=6�T'0HS�C2V70ia'0R/��iBD47;�v�BhTiBDF#T�d7BD47;%<�;�Y^TqJ'CEBD_
T�Y°<=6MAZ<D476w¿7F#T�L�z�C2F#T�ADfh4#T%B:Y�;%ADGI6�J�T�F7JIvw476MA=6"<D476�J'CEBD_�CEB©;%F�L2f�T�à
6�eM<=6�JIz�f�<D476�d|6MAD<D{�ADz�6MAuvwC2<D4I<D476
eMLE;�B=6�BD<�6MF7e�;%{�F�<=6MA^J'CEBD<UT�F7e�6

rmin
0©�"L2<D47;%{�V�4}Û#T�<w<D4�CEB�<DC2GI6�Û#T�Y�<=6MAwGI;%A=69<D4#T�F

20
J'f�F#T�GhCEe�T�L}<DC2GI6�B�Û
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!w��§�����*)¸Iª¢ÿ'�«¶ ]^CEB=<UT�F7e�6n;�Yx<D476n6�B=e�T�d�C2F�VÝz�;KJ'fÝ<=;j<D476nz|;KJ'f·;�Y�<D476�z�C2F#T�ADfîvwC2<D4½<D476kBDG�T�L2LE6�BD<
6MF7e�;%{�FW<=6MAOJ'CEBD<UT�F7e�6

rmin
;�\+6MA�<D476P<DC2GI6�C2Fk{�F�C2<=B�;�Y

rmin/vmin
Y�;%A^;%F76�d#T�AD<DCEeM{�L~T�Ax<DADC2d�LE6�BDf'BD<=6MGqÛ

vw476MA=6
vmin

CEBr<D476uA=6ML~T�<DC2\+6o\+6MLE;�eMC2<�fP;�Y#<D476u<@vo;^z|;KJ'CE6�B�T�<�<D476©<DC2GI6o;�Y
rmin

Ú°B=;%L2CEJPL2C2F76�Ü�0�35476oJ7T%BD476�J
L2C2F76�A=6Md�A=6�B=6MF�<=BO<D476he�;%ADA=6�BDd|;%F7J'C2F�VqJ'CEBD<UT�F7e�6�CÀYu<D476�z|;�J'CE6�B�vo;%{�LEJ&BD<DADCEeM<DL2fkGI;�\+6h;%FÝT�4WfKd�6MADz|;%L2CEe
;%ADz�C2<�vwC2<D4¨T�F¨6�e�e�6MFW<DADCEeMC2<�f½;�Y ≈ 1.4

0j35476�J�;%<D<=6�J·L2C2F76�G�T�AD_'B�<D476�<DC2GI6�vw476MF·<D476�¿7F#T�Loz�C2F#T�ADf
Y�;%ADGIB5Y�A=;%G�<D476�<DADC2d�LE69BDf'BD<=6MGq0
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ÛW<D476w\%T�L2{76^;�Y
<D476"BD{�AyYgT%e�6�J�6MF7BDC2<�fI;�Y|<D476"C2F�C2<DC~T�L

J'CEBD_nT�<"T�AUT%J'C2{7B�;�Y
r0
Û'vw4�CEe=4iGP{7BD<"z�6�d�A=;�\�CEJ�6�Jnz�f�<D476Od�A=;%z�LE6MG�;%F76OvwCEBD476�B�<=;IBD<D{7J'f+0

��ut Ú[c�c¥/'%'efH��L%'�$(M���ôÚde�e�!��f��%'(�J£��!�%'c�/'�0#
q4� Û �u© dX��� 9 �#���	'

ý¶C2<D4)<D476Xd�;�B=<y>@6MF7e�;%{�FW<=6MAiJ'CEB=_ÞGI;KJ�6MLgÛ�J�6M\+6MLE;%d�6�J)C2F)<D476&d�A=6M\�CE;%{7BqBU6�eM<DCE;%F}Û�vu6XF7;�v³voT�F�<k<=;
J�6M<=6MADGhC2F76^<D476"T�z7B=;%L2{�<=6"B=C2��6�BZ<D476"J'CEB=_�BD47;%{�LEJ�4#T�\+6"CÀY
toA=;�vwF�]xvoT�AyY�BZY�;%ADGÂz�f�6�T�ADL2fI6Á�D6�eM<DCE;%FIY°A=;%G
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r1/r2 k a1 [rmin] a2 [rmin] Mi M1 M2 r90%
Ú
rmin)

0.95 1.7 ± 0.1 0.064 ± 0.005
�'021�>��'0R/ �'0R/ �'021�b ["�'0R����ö

0.38

0.8 1.6 ± 0.1 0.076 ± 0.006
�'021�>��'0R/ �'0R/ �'021�� ["�'0R�'1�a

0.49

0.6 1.7 ± 0.1 0.084 ± 0.005
�'021�>��'0R/ �'0R/ �'021�� ["�'0R��/

0.52

0.5 1.7 ± 0.1 0.085 ± 0.008
�'021�>��'0R/ �'0R/ �'021�� ["�'0R��/

0.52

0.2 1.7 ± 0.2 0.16 ± 0.03
�'0R/ �'0R/ �'0Rb+� �'021Jö

1.0

�u��É���*k¸Iª~�«¶ l�{�GhG�T�ADf�;�Y�T�L2L�F�{�GI6MADCEe�T�L
A=6�BD{�L2<=BuY°;%Ao<D476^4#T�LÀY,>gvwCEJ'<D4'>g\�T�L2{76�B
a1, a2

ÛK<D476^e�;%F7B=<UT�FW<
k
Û

<D476�A=6ML~T�<DC2\+6hG�T%B=BxY°AUT%eM<DCE;%F7B
Mi,1,2

vwC2<D4XA=6�B=d�6�eM<O<=;�<D476�G�T%B=BO;�YwT�J'CEBD_kvwC2<D4
Σ ∝ 1

r

T�F7JjAUT%J'C2{7B
rmin

ÛrT�F7Jj<D476
90%

>gG�T%B=By>gAUT%J'C2C
r90%

Y°;%AO;%{�A9J'CEBD_HGI;�J�6MLEB�vwC2<D4&J'CÀà
6MA=6MFW<P\%T�L2{76�B9;�Y
r1/r2

0
Mi

CEB
<D476hG�T%B=B�e�;%FW<UT�C2F76�JÝC2F&<D476IC2F�F76MA9A=6MV�CE;%F·z�6MLE;�v

0.2rmin
T�F7J

M1,2
T�A=6h<D476�G�T%B=B=6�BOC2FÝ<D476I;%{�<=6MA

<@vo;IA=6MV�CE;%F7B�0

TPGI;%LE6�eM{�L~T�A5eMLE;%{7J�e�;%A=6�ÛK{7BDC2F�V�;%{�AoB=C2GP{�L~T�<DCE;%F7BwJ�6�B=eMADC2z|6�J�C2Fnmu4#T�d�<=6MA5Q70��@F�<D476�B=6xBDC2GP{�L~T�<DCE;%F7B5vo6
T%B=BD{�GI6�JI<D4#T�<uTxæ�T�<D<=6MF76�J�eMLE;%{7JICEBZe�;%L2L~T�d7BDC2F�V�T�F7JI<D476�e�6MFW<DAUT�L�A=6MV�CE;%F�T%e�eMA=6M<=6�BZG�T%BUB©T�<uTOe�;%F7BD<UT�F�<
AUT�<=6�;�Y

Ṁinfall ∼ 6 × 10−6(T/10K)
3

2 M�yr−1 0�35476�e�6MF�<DAUT�Lud#T�AD<�;�Yw<D476�eMLE;%{7J&CEBP<D476MF&Y°{�AD<D476MAT%B=BD{�GI6�J9<=;oY�AUT�V�GI6MF�<rC2FW<=;^buY�AUT�V�GI6MF�<=B�T�F7J�<D476:C2F'YgT�L2L2C2F�V�G�T%B=B}CEB}6�èW{#T�L2L2f�J'CEBD<DADC2z�{�<=6�J�T�GI;%F�V�<D476MGq0
]x{76�<=;�<D476PYgT%eM<�<D4#T�<O<D476�B=6�Y�AUT�V�GI6MF�<=B�Y�;%ADGéC2FXe�;%Ghd#T%eM<9F7;%F'>g4�CE6MAUT�A=eU4�CEe�T�Lue�;%F'¿7V�{�AUT�<DCE;%F7B�Ûr<D476�B=6
<DADC2d�LE6"B=fKBD<=6MGIB©J�6�e�T�f�T�Y°<=6MAuB=;%GI6w<DC2GI6�ÛK6Á�D6�eM<DC2F�V�TOBDC2F�V�LE6"z�;KJ'fhT�F7J�T�z�C2F#T�ADfIBDf'BD<=6MG¬C2F�<=;�;%d�d|;�BDC2<=6
J'C2A=6�eM<DCE;%F7B�0^c^F7e�6�;%{�<=BDCEJ�6�;�Y:<D476�eMLE;%{7Jk<D4769Y°AUT�V�GI6MFW<=B�BD<=;%djT%e�eMA=6M<DC2F�V�T�F7JkCÀYZ<D4#T�<"4#T�d�d|6MF7Bx6�T�ADL2f
6MF7;%{�V�4îTqtuA=;�vwF·]xvoT�AyYw4#T%B9Y°;%ADGI6�J
0��@F&;%{�A�GI;�J�6ML©vu6�Y°{�AD<D476MA�T%e�e�;%{�F�<=6�J&Y�;%AO<D476IGI;%GI6MF�<D{�G
<D4769T%e�eMA=6M<=6�JqVWT%B"e�T�ADADCE6�B�;%FW<=;�<D476�z�;KJ'CE6�B"T�F7J�Y�;%{�F7J�<D4#T�<�<D476PT�GI;%{�FW<^;�Y�GI;%GI6MF�<D{�G�<DAUT�F7ByY�6MA=6�J
C2F'æ7{76MF7e�6�B�<D476ud�A=;%d�6MAD<DCE6�B:;�Y#<D476uA=6�BD{�L2<DC2F�VOBDC2F�V�LE65T�F7J�z�C2F#T�ADfPtoA=;�vwFh]xvoT�AyY�B:BDC2V�F�CÀ¿#e�T�FW<DL2f+0�ý&6wT�LEB=;
Y�;%{�F7Jk<D4#T�<�Û�CÀY©<D476�T%e�eMA=6M<=6�JHVWT%B^CEB�T�<xA=6�BD<^vwC2<D4HA=6�BDd|6�eM<^<=;�<D476�A=6�Y°6MA=6MF7e�6�Y°AUT�GI6�Û�Cg0ð6�0^C2<�J�;�6�B^F7;%<
e�T�ADADf�T�FWf�T%J�J'C2<DCE;%F#T�L�GI;%GI6MFW<D{�G ;%F�<=;9<D476�z|;KJ'CE6�B�Û+<D476"A=6�BD{�L2<DC2F�V�BU6MGhCÀ>gG�T��y;%A5T�¯KCEBuJ'CEBD<DADC2z�{�<DCE;%F�;�Y
<D476xz�C2F#T�ADf�toA=;�vwFq]xvoT�AyY�BoG�T�<=e=476�B5<D476�;%z7B=6MAD\+6�J
Û'\+;%L2{�GI6�>gL2C2GhC2<=6�JnBUT�Ghd�LE6�;�Y�t5;%{�f�6M<wT�Lg0
Ú�/�����b+Ü�0
��<PCEB�Û�<D476MA=6�Y°;%A=6�Û�C2F�\�C2<DC2F�V�L2fÝ<=;iB=6�6�vw476M<D476MA�C2<�CEBPd|;�B=BDC2z�LE6�<=;nY�;%ADGÃ<D476�B=6�\+6MADf&e�;%Ghd#T%eM<�z�C2F#T�ADCE6�B
vw4�C2LE6o<D476u6Á�D6�eM<=6�J�BDC2F�V�LE6o;%z'�y6�eM<=B�d|;�B=B=6�B=B�J'CEBD_'BrvwC2<D4hT^L2CÀY°6�>g<DC2GI6oe�;%Ghd#T�AUT�z�LE65<=;"<D4765;%F76o;�Y�3w3îBD<UT�A=B
;%APCÀY�<D476�6�¯KCEB=<=6MF7e�6�;�Y"e�;%Ghd#T%eM<�tuA=;�vwFî]xv5T�AyY�z�C2F#T�ADCE6�B�e�;%F�<DAUT%J'CEeM<=B�<D476�6�¯'CEBD<=6MF7e�6�;�Y�LE;%F�ViL2C2\+6�J
J'CEBD_'B©T�A=;%{�F7Jh<D476�e�;%ADA=6�B=d�;%F7J'C2F�VPB=C2F�V�LE6�6�B=e�T�d|6MA:C2FI<D476w6Á�y6�eM<DCE;%F�B=e�6MF#T�ADCE;�0:354W{7B�Û�;%{�AZC2FW\+6�B=<DC2VWT�<DCE;%F
d�A=;�\KCEJ�6�BITkvoT�f·<=;kA=6ML~T�<=6�z�C2F#T�ADf·d�A=;%d�6MAD<DCE6�B�<=;jJ'CEBD_Xd�A=;%d|6MAD<DCE6�BIT�F7J·<D4�CEB�A=6ML~T�<DCE;%F½e�T�Fî<D476MFîz|6
<=6�BD<=6�Jq;%z7BU6MAD\%T�<DCE;%F#T�L2L2f+0

��F·;%A=J�6MAP<=;HT�d�d�L2fÝ;%{�A�BUe�T�LE6�>�Y�A=6�6�A=6�BD{�L2<=B�;�Y"J'CEB=_je�;%L2L2CEB=CE;%F7BPC2Fî<DADC2d�LE6�BDf'BD<=6MGIBP<=;q<D4�CEB�d#T�AD<DCEeM{�L~T�A
GI;KJ�6MLgÛ�vo6�A=6�>gAD{�F�<D476�B=6�BDC2GP{�L~T�<DCE;%F7B"T�F7J�J�6M<=6MADGhC2F76�J

rmin
T�F7J

r1/r2
0��^;�vu6M\+6MA�Û�vo6OT�LEB=;�4#T�\+6�<=;

e=476�eU_hCÀY�<D476^6MF7e�;%{�FW<=6MAud#T�AUT�GI6M<=6MA©Y�;%AZeMLE;�B=6w<DADC2d�LE6xT�d�d�A=;+T%e=476�BuC2F�T%e�eMA=6M<DC2F�V�BDf'BD<=6MGIB©T�A=6"e�;%Ghd#T�AUT�>
z�LE6O<=;h<D476P6MF7e�;%{�FW<=6MA"d#T�AUT�GI6M<=6MA^C2FqF7;%F'>�T%e�eMA=6M<DC2F�V�BDfKB=<=6MGIB�0:�"L2<D47;%{�V�4i<D476PT�GI;%{�FW<x;�Y�G�T%BUBw<D4#T�<
<D476�B=6IB=fKBD<=6MG T%e�eMA=6M<=6�J'{�ADC2F�Vi;%F76�eMA=;�B=BDC2F�Vq<DC2GI6�CEBP;%F�L2f

6%
T�F7J&;%F76IB=47;%{�LEJ
Ûr<D476MA=6�Y�;%A=6�Û�6�¯Kd|6�eM<

<D4769BDf'BD<=6MG <=;he�;%F�<DAUT%eM<�T%J'C~T�z#T�<DCEe�T�L2L2f+Û#C2<�CEBwF7;%<"eMLE6�T�A�CÀY�<D47696MF7e�;%{�F�<=6MA"d#T�AUT�GI6M<=6MA"A=6ML~T�<DC2\+6P<=;�<D476
<=;%<UT�L�B=fKBD<=6MGÂB=C2��6^T�A=6"T%J'C~T�z#T�<DCEe^C2FW\�T�ADC~T�FW<=B�0:?Z\+6MF�CÀY
<D4�CEBZGhC2V�4�<uz|6w<D476�e�T%B=6�ÛWvu6^BD<DC2L2L#4#T�\+6�<=;9BD47;�v
vw476M<D476MAo<D476"e�;KJ�6�vu6�T�A=6�{7B=C2F�VPA=6Md�A=;KJ'{7e�6�Bu<D476^6MF7e�;%{�FW<=6MA5d#T�AUT�GI6M<=6MAwBD47;�vwF�C2F�S�C2V70Za'0RaPT�F7J�a'0 ö'Û
z|6�e�T�{7B=6hC2F&<D4�CEB�e�;�J�6�vo6IC2F7eMA=6�T%B=6�JÝ<D476hG�T%B=B=6�B9B=<=6MdWvwCEB=6�Û�vw4�CEe=4·GhC2V�4W<PC2F'æ7{76MF7e�6�<D476IJ'fKF#T�GhCEe�B
T�<OeMLE;�B=6he�;%L2L2CEBDCE;%F7B�0�S�C2V70�a'0R/�/�BD47;�v�B9<D476�J'CEB=<DADC2z�{�<DCE;%FÝ;�Y

r1/r2
Y�;%A9T%e�eMA=6M<DC2F�VkT�F7JjF7;%F'>�T%e�eMA=6M<DC2F�V

<DADC2d�LE6�BDfKB=<=6MGIBxT�F7JiC2FHS�C2V70xa'0R/�bIvo6Pd�LE;%<D<=6�J
rmin

Û#C2FH{�F�C2<=Bx;�Y©<D4769GI6�T�Fj4#T�ADGI;%F�CEe�BDC2��6
d
T�<^<D476
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!w��§�����*X¸Iª~���I¶ ]xCEBD<DADC2z�{�<DCE;%Fj;�Y�<D476PAUT�<DCE;�;�Y:<D476PeMLE;�BU6�BD<�<@vo;�>gz�;KJ'fq6MF7e�;%{�FW<=6MAOJ'CEBD<UT�F7e�6�B
r1/r2

Y�;%A
T%e�eMA=6M<DC2F�V�<DADC2d�LE6�BDf'BD<=6MGIB"T%e�eMA=6M<DC2F�V�VWT%BxT�<�A=6�BD<�Ú°BU;%L2CEJnL2C2F76�ÜwT�F7J�Y�;%A�F7;%F'>�T%e�eMA=6M<DC2F�V�<DADC2d�LE6PBDf'BD<=6MGIB
Ú°J7T%BD476�JnL2C2F76�Ü�0
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r1/r2
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!w��§�����*k¸«ª~�7�«¶ [iC2F�C2GP{�G�J'CEB=<UT�F7e�6
rmin

C2F�{�F�C2<=B�;�Y�<D476�GI6�T�Fn4#T�ADGI;%F�CEe9J'CEBD<UT�F7e�6IÚ�\KC2ADC~T�L}BDC2��6�Ü5T�<
<D476O<DC2GI69;�Y:J�6�e�T�fn;�\+6MA�<D476OAUT�<DCE;

r1/r2
Y�;%A"T%e�eMA=6M<DC2F�V�<DADC2d�LE6PBDfKB=<=6MGIB"T%e�eMA=6M<DC2F�VIVWT%B^T�<wA=6�B=<�0
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!w��§�����*q¸«ªE�7.�¶ �"z7B=;%L2{�<=6^\�T�L2{76�Bo;�Y}<D476�6MF7e�;%{�F�<=6MAwd#T�AUT�GI6M<=6MA
rmin

;�\+6MA
r1/r2

Y°;%AwT%e�eMA=6M<DC2F�V�<DADC2d�LE6
BDf'BD<=6MGIBOT%e�eMA=6M<DC2F�VqVWT%B9T�<�A=6�BD<IÚ�T+ÜxT�F7Jj<D476PY°AUT%eM<DCE;%F&;�Yo6MF7e�;%{�F�<=6MA9<D4#T�<O4#T�\+6�L~T�ADV+6MA

rmin
<D4#T�FÝT

V�C2\+6MFq\�T�L2{76�Ú�z�Ü�0

<DC2GI6�;�YuJ�6�e�T�f=`+Û|;�\+6MA
r1/r2

Y�;%A�T%e�eMA=6M<DC2F�Vn<DADC2d�LE6�BDf'BD<=6MGIB�0x�^BxC2<�e�T�Fjz�6�B=6�6MFH<D476�J'CEB=<DADC2z�{�<DCE;%Fj;�Y
r1/r2

G�T�<=e=476�B56�B=B=6MF�<DC~T�L2L2fI<D476^;%F76�Y°;%AuF7;%F'>�T%e�eMA=6M<DC2F�VhBDfKB=<=6MGIB�Û+Cg0ð6�0�Y�;%A
r1/r2 > 0.1

<D476"\�T�L2{76�BuT�A=6
6�è�{#T�L2L2f�J'CEBD<DADC2z�{�<=6�JiT�F7J�Y°;%A5LE;�vo6MA

r1/r2
<D476Mf�T�A=6OBD<DA=;%F�V�L2f�d�6�T�_+6�J
0Z35476O;%F�L2f�F7;%<UT�z�LE69J'CÀà
6MA=6MF7e�6

CEB�<D4#T�<O<D476�d�6�T�_kY°;%A
r1/r2 < 0.05

B=6�6MGIB�<=;�z|6�B=;%GI6Mvw4#T�<OLE;�vo6MA�0�354�CEB9CEB^z|6�e�T�{7B=6�C2F&T%e�eMA=6M<DC2F�V
<DADC2d�LE6�BDf'BD<=6MGIB©C2<oz|6�e�;%GI6�BuC2F7eMA=6�T%B=C2F�V�L2f�J'C76�eM{�L2<5<=;�e�T�d�<D{�A=6x<D476xGhC2F�C2GP{�G J'CEBD<UT�F7e�6�B�Û'T%Bo<D476^<DC2GI6
B=e�T�LE6�B�T�A=6�J�6�eMA=6�T%BDC2F�VhAUT�d�CEJ'L2f�vw4�CEe=4nCEBw6�BDd|6�eMC~T�L2L2f�T�d�A=;%z�LE6MG Y�;%A56MF7e�;%{�FW<=6MA�vwC2<D4

r1/r2 < 0.05
T%B

GI;�BD<�;�Y�<D476MGì4#T�\+696�¯'<DA=6MGI6ML2f�BDG�T�L2L
rmin

0:�"d#T�AD<5Y°A=;%G <D4�CEB�BDL2C2V�4�<"J'CÀà|6MA=6MF7e�6�C2Fn<D476OJ'CEB=<DADC2z�{�<DCE;%F
;�Y

r1/r2
Û�<D476�J'CEB=<DADC2z�{�<DCE;%F�;�Y

rmin
;�\+6MA

r1/r2
Y°;%A©T%e�eMA=6M<DC2F�V�<DADC2d�LE6"BDf'BD<=6MGIBZBU6�6MGIB:<=;Oz|65C2F7J'CÀà|6MA=6MF�<

Y°A=;%G <D476�e�;%ADA=6�BDd|;%F7J'C2F�VX;%F76�;�Y^F7;%F'>�T%e�eMA=6M<DC2F�V&BDf'BD<=6MGIB�0X��<�BU6�6MGIB�<D476MA=6�Y�;%A=6��y{7BD<DCÀ¿#6�Jî<=;jT�d�d�L2f
;%{�AwB=e�T�LE6�>�Y°A=6�6^A=6�B={�L2<=Bw;�Y�J'CEBD_�e�;%L2L2CEBDCE;%F7B5C2F�F7;%F'>�T%e�eMA=6M<DC2F�VI<DADC2d�LE6�BDf'BD<=6MGIBo<=;�<D476�B=6OT%e�eMA=6M<DC2F�Vh<DADC2d�LE6
BDf'BD<=6MGIB�0

3r;�V+6M<oTO¿7A=BD<©C2Ghd�A=6�BUBDCE;%F�;�Y}<D476xT�z7B=;%L2{�<=6^B=C2��6�B©;�Y}<D476�d|;�BD<y>@6MF7e�;%{�F�<=6MA5J'CEB=_KB©vu6"e�T�F�6�¯'d�6�eM<ZC2F�;%{�A
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�5<o<D4�CEBud|;%C2FW<5vo6"4#T�\+6"¿�¯�6�J�T�L2L�d#T�AUT�GI6M<=6MA=B5F76�e�6�BUBUT�ADfI<=;�J�6M<=6MADGhC2F76^<D476^d�4Wf'BDCEe�T�L
BDC2��6�BwT%Buvu6ML2L}T%B
<D476PT�z7B=;%L2{�<=69G�T%B=B=6�B�;�Y�<D476�d�;�B=<y>@6MF7e�;%{�FW<=6MA^J'CEB=_KBwvo6OvwC2L2L}d�A=6�B=6MF�<�C2Fq<D476�F76�¯'<"B=6�eM<DCE;%F7B�0

q4� Û �Ùl VÂ����
®CDÝ_�7$5�����Q
��B�:�������"2#��c&�	�
S�C2V70"a'0R/�aIB=47;�v�Bx<D476PJ'CEBD<DADC2z�{�<DCE;%Fj;�Y

r90%

;�\+6MA
r1/r2

T%B�vo6ML2L�T%B^<D476OY°AUT%eM<DCE;%Fj;�Y©6MF7e�;%{�FW<=6MA=Bx<D4#T�<
d�A=;KJ'{7e�6�J&T�J'CEB=_q<D4#T�<�4#T%B9T�L~T�ADV+6MAO\�T�L2{76�<D4#T�F&T�V�C2\+6MF

r90%
0�mo;%Ghd#T�A=6�J&<=;�<D476�J'CEBD<DADC2z�{�<DCE;%F&;�Y

rmin
;�\+6MA

r1/r2
C2F�S�C2V70Za'0R/�Q�<D476MA=6xCEBuF7;�6�B=B=6MF�<DC~T�L
J'CÀà|6MA=6MF7e�6^Y�;%A

r1/r2 > 0.8
T�d#T�AD<oY°A=;%GÍ<D476^YgT%eM<

<D4#T�<
r90%

CEB�;%F�L2f94#T�LÀY|;�Y#<D476u\%T�L2{765;�Y
rmin

0�S7;%A�LE;�vo6MA
r1/r2

Û%47;�vo6M\+6MA�Û+<D4765J�6Md�6MF7J�6MF7e�65;�Y�<D476uJ'CEBD_
d�A=;�¿7LE6�;%F

r1/r2
z|6�e�;%GI6�BPBDC2V�F�CÀ¿#e�T�F�<�ÛZT%B9F7;�vN<D476�J'CEB=_KBPT�A=6�V+6M<D<DC2F�Vqæ�T�<D<=6MA�Û�A=6�BD{�L2<DC2F�ViC2F&L~T�ADV+6MA

\�T�L2{76�B";�Y
r90%

vwC2<D4kA=6�B=d�6�eM<�<=;
rmin

0o�xB�;%F76�e�T�FiB=6�6�Û#<D4�CEB"6�à
6�eM<^e�T�{7B=6�B"<D4769G�T�¯'C2GP{�Gé\%T�L2{769;�Y
r90%

Y°;%A5TPV�C2\+6MF
r1/r2

<=;�A=6MG�T�C2F�A=;%{�V�4�L2f�e�;%F7BD<UT�FW<�T�<
4AU

vw4�C2LE6
rmin

CEBoB=<DA=;%F�V�L2f�J�6�eMA=6�T%BDC2F�VhC2F
S�C2V70�a'0R/�Q70�S7;%A

r1/r2 < 0.4
<D476�C2F7eMA=6�T%BDC2F�V�L2fHæ�T�<D<=6MA9J'CEBD_id�A=;�¿7LE6he�T�FXF7;�LE;%F�V+6MA9e�;%{�FW<=6MADz#T�L~T�F7e�6

<D4769è�{�CEe=_KL2f�J�6�eMA=6�T%B=C2F�V
rmin

T�F7Jn<D476PT�z7B=;%L2{�<=69\%T�L2{76O;�Y
r90%

J�6�eMA=6�T%B=6�B^T�VWT�C2F}0
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!w��§�����*�¸Iª~�7Å�¶ ]xCEBD_�G�T%B=BZC2F�{�F�C2<=Bu;�Y
MJ

ÛW<D476wG�T%B=Bu;�Y
ê+{�d�C2<=6MA�ÛK;�\+6MA
r1/r2

Ú�T+Ü©T�F7JI<D4765Y°AUT%eM<DCE;%F�;�Y
6MF7e�;%{�FW<=6MA=Bo<D4#T�<od�A=;�J'{7e�6�J�TOJ'CEBD_hvwC2<D4�TOL~T�ADV+6MAuG�T%B=B©<D4#T�F�TOV�C2\+6MF�\%T�L2{76�Ú�z�Ü�0��^6MA=6"C2<©CEB5T%B=BD{�GI6�J
<D4#T�<"<D476PC2F�C2<DC~T�L�B={�AyY�T%e�69J�6MF7B=C2<@fnd�A=;�¿7LE6�Û

Σ ∝ 1
r

Û74#T%BxTh\�T�L2{769;�Y
Σ0 = 240g · cm−2 T�<�T�AUT%J'C2{7B^;�Y

r = 1AU
0

35476P;�\+6MAUT�L2L�6�à
6�eM<^;�Y:<D4769C2F7eMA=6�T%B=C2F�V�L2f�æ�T�<D<=6MA^J'CEBD_�d�A=;�¿7LE6OY�;%A�LE;�vu6MA
r1/r2

;%Fk<D476�J'CEBD<DADC2z�{�<DCE;%Fi;�Y
<D476hT�z7B=;%L2{�<=6�\%T�L2{76�B�;�Y

r90%

CEB�Û�47;�vo6M\+6MA�Û}L2C2GhC2<=6�Jje�;%Ghd#T�A=6�Jj<=;�<D476�C2F'æ7{76MF7e�6�;�Y
rmin

0�354�CEB�e�T�F
z|6�6�T%BDC2L2fqBU6�6MF}Û�CÀY©;%F76�e�;%Ghd#T�A=6�Bx<D476�J'CEBD<DADC2z�{�<DCE;%FX;�Y

rmin
C2FjS�C2V70xa'0R/�Q#Ú�z�Ü"vwC2<D4H<D476�J'CEB=<DADC2z�{�<DCE;%F

;�Y
r90%

C2F½S�C2V70·a'0R/�a�Ú�z�Ü�0Ý�xB=BD{�GhC2F�Vj<D4#T�<
r90% ≈ 0.5rmin

Û:<D476�A=6�B={�L2<DC2F�VjJ'CEB=<DADC2z�{�<DCE;%F»;�Y
r90%CEBP;%F�L2fXJ�6�eMA=6�T%B=6�J·zWf&T�Y�6MvNd|6MA=e�6MFW<�Û:T%B�;%F76Ie�T�F·B=6�6IzWf&e�;%Ghd#T�ADC2F�VH<D476�Y�AUT%eM<DCE;%Fî;�Y�BDfKB=<=6MGIB�T�<

rmin = 5AU
T�F7JHT�<

r90% = 2.5AU
0^354�CEB^eU4#T�F�V+6�B�Û|47;�vo6M\+6MA�Û�Y°;%A^<D476�eMLE;�B=6MA�6MF7e�;%{�FW<=6MA�Û}T%BxGI;�BD<

;�Y�<D476MG�4#T�\+6
r1/r2 < 0.5

T�F7J
Û'<D476MA=6�Y°;%A=6�ÛKæ�T�<D<=6MA�J'CEB=_Id�A=;�¿7LE6�B�0Z�xBwT�e�;%F7BU6�èW{76MF7e�6�<D476xGI6�J'C~T�Fq;�Y
<D476�B=6O<�vu;IJ'CEB=<DADC2z�{�<DCE;%F7B^B=6�6MGIB�F76�T�ADL2f�CEJ�6MF�<DCEe�T�Lg0
��F�V+6MF76MAUT�L'vu6u¿7F7J�<D4#T�<�Y°;%A�<D4765eMLE;�B=6u6MF7e�;%{�F�<=6MA:vu6oC2FW\+6�B=<DC2VWT�<=65476MA=6�Û%<D476uG�T��D;%ADC2<@f�;�Y7<D476oA=6�BD{�L2<DC2F�V
A=6�eMC2A=eM{�L~T�ADC2��6�Jid�;�BD<y>@6MF7e�;%{�F�<=6MA^J'CEBD_'B54#T�\+6�BDC2��6�B�;�Y:;%F�L2f�T�Y�6Mv �>1�0
q4� Û � ¨ �:���®��'���
��>�������Ò9 �%�®�®�	�

��F&S�C2V70 <D476IJ'CEB=<DADC2z�{�<DCE;%F·;�Yw<D476hd|;�BD<y>@6MF7e�;%{�FW<=6MA�J'CEBD_jG�T%B=B=6�BPT�A=6IB=47;�vwF}0�35476IJ'CEBD<DADC2z�{�<DCE;%F·;�Y
<D476IJ'CEBD_HG�T%B=B=6�BP;�\+6MA

r1/r2
BD47;�v�BP<D476IBUT�GI6�Y�6�T�<D{�A=6�B�T%BO<D476I;%F76hY°;%A

r90%

C2FÝS�C2V70�a'0R/�a&0I354�CEB
CEBIz|6�e�T�{7B=6�Û�T%B�vu6iT�L2A=6�T%J'f�Y°;%{�F7J¨Y°A=;%G <D476iJ'CEB=eM{7B=BDCE;%F¶;�YO<D476qA=6ML~T�<DC2\+6kJ'CEB=_½G�T%B=B=6�BIC2FÞB=6�eM<DCE;%F
a'0Rb'0Rb'Û�T�æ�T�<D<=6MA�J'CEBD_kd�A=;�¿7LE6�e�;%ADA=6�BDd|;%F7J�BO<=;kT�4�C2V�476MA9G�T%B=BOY°;%AO<D476hBUT�GI6IC2F�C2<DC~T�L©BD{�AyYgT%e�6hJ�6MF7BDC2<@f
J'CEBD<DADC2z�{�<DCE;%F}0
�xBZT�L2A=6�T%J'f�F7;%<=6�J�C2FIB=6�eM<DCE;%F�a'0 Q7021�ÛWC2FI;%A=J�6MA:<=;9T�d�d�L2f�<D476wBUe�T�LE6©Y°A=6�65A=6�BD{�L2<=B�Y°A=;%GÂ;%{�AZJ'CEBD_�>@e�;%L2L2CEBDCE;%F
e�T�LEeM{�L~T�<DCE;%F7B�vu6�GP{7BD<�6MF7BD{�A=6I<D4#T�<�<D476IC2F�C2<DC~T�L5J'CEBD_jCEBP;�Y�LE;�vNG�T%B=B�vwC2<D4

Mdisk < 0.1M
Û�vw4�CEe=4
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CEB�vw4WfXvu6�4#T�\+6�e=47;�BU6MF
Σ0 = 240g · cm−2 0q�xB�TnA=6�B={�L2<�Û�<D476�d�;�B=<y>@6MF7e�;%{�FW<=6MAhJ'CEBD_XG�T%B=B=6�B�T�A=6�ÛT%B�<D476�J'CEBD_iB=C2��6�B�Û|V+6MF76MAUT�L2L2fi\+6MADfiLE;�v9ÛrvwC2<D4HG�T%BUB=6�B�z#T�A=6ML2fH6�¯�e�6�6�J'C2F�V

1MJ
0PS7;%A9;%{�AOBUT�Ghd�LE6�vo6

¿7F7JX;%F�L2f
2%

;�Yo<D476hBDfKB=<=6MGIB^vwC2<D4XG�T%BUB=6�B�L~T�ADV+6MAO<D4#T�F
1MJ

T�F7Jj4#T�LÀYo;�Yu<D476hJ'CEB=_KBx4#T�\+6�G�T%BUB=6�B
L~T�ADV+6MA�<D4#T�F

0.16MJ
0Z35476�BU6�G�T%B=B=6�BoYgT�L2L
C2Fn<D476�LE;�vu6MA^AUT�F�V+6O;�Y�<D476O6�¯'d|6�eM<=6�JnJ'CEBD_�G�T%B=BU6�B�J�6MADC2\+6�J

Y°A=;%G GhC2L2L2C2GI6M<=6MA�;%z7B=6MAD\%T�<DCE;%F7Bh;�Y�ç�LE6MC2F�6M<IT�Lg05Ú�/�����b+Ü�Û©vw47;HY°;%{�F7JîG�T%B=BU6�B�AUT�F�V�C2F�V&Y�A=;%G
0.4

<=;
2.4MJ

Y�;%Ah<D476nJ'CEBD_¨T�A=;%{�F7J¶moS��x3o>@t5]^>@3�T�{»QXC2F½<D476k3�T�{�AD{7B�B=<UT�Ay>�Y°;%ADGhC2F�V&A=6MV�CE;%F}0»�5<�Ti¿7A=BD<
V�L~T�F7e�6�;%{�A�A=6�BD{�L2<=B�B=6�6MGqÛ�<D476MA=6�Y�;%A=6�Û�<=;qz|6�e�;%F7BDCEB=<=6MFW<�vwC2<D4î;%z7BU6MAD\%T�<DCE;%F7B�0i�^;�vu6M\+6MA�Û:<D476�T�V+6�;�Y
<D476�;%z'�y6�eM<�BD47;%{�LEJ·z�6�T�A=;%{�F7J

1Myr
Û�<D476�T�d�d�A=;�¯'C2G�T�<=6nT�V+6�;�Y�<D476�3�T�{�AD{7B�eML2{7BD<=6MA�ÛZT�F7J¨T�<�<D4�CEB

<DC2GI6^<D476^G�T��D;%ADC2<@f�;�Y�;%{�AoJ'CEB=_KBoBD47;%{�LEJ�4#T�\+6OT�L2A=6�T%J'f�T%e�eMA=6M<=6�JnT�BD{�z7BD<UT�FW<DC~T�L}T�GI;%{�F�<�;�Y}G�T�<=6MADC~T�LgÛ
T%BO;%{�AxY�AUT�V�GI6MF�<=BO4#T�\+6IT�F&T�V+6�LE6�B=Bx<D4#T�F

1 · 105yr
0935476MA=6�Y�;%A=6�Û};%F�L2fHT�Y�6Mv¾d�6MA=e�6MF�<P;�Yu;%{�A9J'CEBD_'B

BD47;%{�LEJi4#T�\+6�TIG�T%BUB"L~T�ADV+6MAx<D4#T�F
0.4MJ

Û#z�{�<^<D4�CEB�J�6Md|6MF7J�B^B=<DA=;%F�V�L2fk;%Fk<D476�T�GI;%{�FW<O;�YZ\KCEB=e�;�BDC2<@f
C2Fn<D4769J'CEBD_|Û'vw4�CEe=4iCEB�6M\+6MFnY�;%Aw<D476�vu6ML2L�BD<D{7J'CE6�Jq3w3�T�{�ADC�J'CEBD_'B5F7;%<�\+6MADf�vo6ML2Lre�;%F7BD<DAUT�C2F76�J
0
mo;%F7e�6MADF�C2F�Vj<D476�6�¯'d�6�eM<=6�J·J'CEBD_jL2CÀY°6�>g<DC2GI6�C2<�T�d�d|6�T�A=BP<D4#T�<�vu6�e�;%{�LEJ·B=<DC2L2L©e�;�\+6MA�<D476Ivw47;%LE6�AUT�F�V+6
;�YZJ'CEBD_�L2CÀY°6�>g<DC2GI6�BxT%BwY�;%{�F7JnY�;%A"J'CEBD_'B"T�A=;%{�F7Jk3w3�T�{�ADC�B=<UT�A=B�Û�CÀYZ;%F76Pe�;%F7BDCEJ�6MA=B"<D4#T�<^toA=;�vwFj]xvoT�AyY�B
J'CEBD_'BZ4#T�\+6"AUT�<D476MAoLE;�v)T%e�eMA=6M<DCE;%F�AUT�<=6�B�ÛW<�f�d�CEe�T�L2L2f�;�Y|<D476x;%A=J�6MA5;�Y ≈ 10−10M� · yr−1 Ú°«�T�<D<UT96M<5T�Lg02Û/�����Q�Ü�0Ý�x;�vo6M\+6MA�Û©476MA=6�;%F76nBD47;%{�LEJ½T�LEB=;HF7;%<=6�<D4#T�<�<D476nT%e�eMA=6M<DCE;%F�AUT�<=6�CEBhJ�6�eMA=6�T%BDC2F�VXvwC2<D4¨<DC2GI6
T�F7Jn<D4769;%z7BU6MAD\+6�JkT%e�eMA=6M<DCE;%FkAUT�<=6�B"T�A=6�T�A=;%{�F7JktoA=;�vwFk]xv5T�AyY°B"vwC2<D4iT�FiT�V+69;�Y�{7BD{#T�L2L2f�GI;%A=6O<D4#T�F
5 ·105yr

0�35476MA=6�Y°;%A=6�Û+<D476�T%e�eMA=6M<DCE;%FIAUT�<=65voT%B:C2F�C2<DC~T�L2L2f�GP{7eU4I4�C2V�476MA©T�F7J�<UT�_KC2F�VPT�F�T�\+6MAUT�V+6w\�T�L2{76oCEB
F7;%<�BD<DAUT�C2V�4�<wY°;%ADv5T�A=JnvwC2<D47;%{�<^BU;%GI6�4Wf'J'A=;�J'fKF#T�GhCEe�T�L}GI;KJ�6ML2C2F�V�;�Y�<D4769J'CEB=_�ÛKvw4�CEe=4ivu6�vwC2L2Lre�T�ADADf
;%{�<�C2Fn<D476OF76�¯'<�B=6�eM<DCE;%F}0

q4� Û � Û Ý�G��Q'��#
������ ��)GÝ>ï��$S
���Ï�[�����#�
lK;hYgT�A"vo6�J�6M<=6MADGhC2F76�JH<D476�BDC2��6�BxT�F7JH6�BD<DC2G�T�<=6�Ji<D4769G�T%B=BU6�B^;�YZJ'CEBD_'BxT�A=;%{�F7JHtoA=;�vwFj]xvoT�AyY�BZ�y{7BD<
T�Y°<=6MAx<D476Mfk4#T�\+6�LE6�Y°<x<D476�eMLE;%{7JXe�;%A=6�09S7;%AO;%{�A�GI;KJ�6ML�<D4�CEBxCEBOT�d�d�A=;�¯'C2G�T�<=6ML2f&T�<�T�<DC2GI6�vw476MFj<D476
6Á�D6�eM<=6�JhtuA=;�vwF�]xvoT�AyY�B:4#T�\+6^T�F�T�V+6w;�Y

3−6 ·104yr
0��^B�vo65F7;%<=6�Jhd�A=6M\KCE;%{7BDL2f+Û�<D476w;%z7B=6MAD\+6�JItoA=;�vwF

]xvoT�AyY�B"vwC2<D4HJ'CEBD_'B�4#T�\+6�T�V+6�B";�YZ{7B={#T�L2L2f�GI;%A=6�<D4#T�F
5 · 105yr

Ú°[k{���6MA=;%L2LE6�6M<xT�Lg02Û�/�����b+Ü�0w�@Fi;%A=J�6MA
<=;iz�ADCEJ'V+6�<D4�CEB�VWT�d·Y°A=;%Gü;%{�A�d|;�BD<y>@6MF7e�;%{�FW<=6MAIJ'CEBD_'B�<=;iJ'CEB=_KB�;�Y"<D4#T�<IT�V+6�vo6�4#T�\+6�<=;i<UT�_+6�C2F�<=;
T%e�e�;%{�FW<^<D476MC2AwY°{�AD<D476MA�Û�\�CEBUe�;%{7B�6M\+;%L2{�<DCE;%F}0
�5<Z<D476wz|6MV�C2F�F�C2F�V�;�Y
;%{�A©J'CEBD_�e�;%L2L2CEBDCE;%F�BDC2GP{�L~T�<DCE;%F7Buvu6"T%BUBD{�GI6�J�TOJ'CEBD_�<D4#T�<ZY�;%ADGIB:C2F�T9e�;%L2L~T�d7BDC2F�V
eMLE;%{7J�e�;%A=6oT�F7J�BD47;%{�LEJ
Û%<D476MA=6�Y�;%A=6�Û%d�;�B=BU6�B=B�T"AUT�<D476MAræ�T�<�BD{�AyYgT%e�6uJ�6MF7B=C2<@f9d�A=;�¿7LE6�Û%vwC2<D4

Σ ∝ 1
r

0:c^F7e�6
<D4769toA=;�vwFi]^v5T�AyY:vwC2<D4qC2<=B�J'CEBD_�CEB�6Á�y6�eM<=6�Jk;%{�<";�Y�<D476OeMLE;%{7Jke�;%A=6�Û�<D4769J'CEBD_�d�A=;�¿7LE6OvwC2L2L}e=4#T�F�V+6�T%B
<D476MA=6wCEB:F7;�v�F7;OLE;%F�V+6MAuT�B=<DA=;%F�V9C2F'Y�T�L2L7;�Y|G�T�<=6MADC~T�L7<D4#T�<uT�à
6�eM<=B:<D476�6M\+;%L2{�<DCE;%F�T�F7JhBD<DAD{7eM<D{�A=6";�Y�<D476
J'CEBD_|0P35476hJ'CEBD_H6M\+;%L2\+6�BO<D476MFXAUT�<D476MAOCEB=;%L~T�<=6�J
Û�;%F�L2fiBD{�z'�D6�eM<O<=;�<D476�<=6MGhd�6MAUT�<D{�A=6I;�Yo<D476IT�GPz�CE6MF�<
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√
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35476oJ'C2GI6MF7BDCE;%F�LE6�B=B�Y°;%ADG¾;�Y#6�èW{#T�<DCE;%Fha'0 QxCEBr<D476MF�C2FW<=6MV�AUT�<=6�J�Y�;%AUö��^J'CÀà|6MA=6MF�<�C2F�C2<DC~T�LKd�A=;�¿7LE6�B�\%T�ADfKC2F�V
C2FX<D476�F7;%F'>@J'C2GI6MF7BDCE;%F#T�Lu4#T�LÀY,>gvwCEJ'<D4X\�T�L2{76

a1
;�Y5<D476h6�¯Kd|;%F76MFW<DC~T�L©d#T�AD<9;�Yu<D476�C2F�C2<DC~T�L©J'CEBD_id�A=;�¿7LE6

LE;Ke�T�<=6�JÝz|6M<@vo6�6MF
0.2rmin

T�F7J
0.7rmin

Û�vw4�C2LE6�<D476�F7;%F'>@J'C2GI6MF7BDCE;%F#T�L54#T�LÀY�>gvwCEJ'<D4¨\%T�L2{76
a2
;�Y�<D476

;%{�<=6MA�d#T�AD<hCEBhT�L2voT�f'B
a2 = 0.2

0&S#;%Ah<D476�F7;%F'>@J'C2GI6MF7B=CE;%F#T�L"e�T�LEeM{�L~T�<DCE;%F7Bhvu6�C2F�<=6MV�AUT�<=6q6�èW{#T�<DCE;%F
a'0 Qi;%F¨TnAUT%J'C~T�LgÛ�LE;%VWT�ADC2<D4�GhCEe�T�L2L2fÝB=d#T%e�6�J·?:{�LE6MADC~T�FîV�ADCEJ·vwC2<D4

1000
V�ADCEJÝd�;%C2F�<=BPvw476MA=6�<D476IC2F�F76MA

T�F7J¨;%{�<=6MA�z�;%{�F7J7T�ADCE6�B�T�A=6nT�<
r′in = 1 · 10−3 T�F7J r′out = 1 · 102 A=6�B=d�6�eM<DC2\+6ML2f+0&354�CEBIT�L2LE;�v�B�{7B<=;�A=6�B=;%L2\+6P<D476PAUT�<D476MAOBDG�T�L2LrC2F�C2<DC~T�L�d|;�BD<y>@6MF7e�;%{�FW<=6MAOJ'CEBD_'B�Û7vw4�C2LE6�BD<DC2L2L:T�L2LE;�vwC2F�V�<=;IC2F�\+6�BD<DC2VWT�<=6�<D476

;%{�<=6MAnJ'CEBD_�d�A=;�¿7LE6&T�<�L~T�<=6MA�<DC2GI6�B�Û�vw476MF)<D476jJ'CEBD_'B�T�A=6iG�{7e=4òGI;%A=6j6�¯'<=6MF7J�6�J
Û"vwC2<D47;%{�<nz|6MC2F�V



��ö ��óxô^õ^¡�¢©ö���ø½ú�ùD£CBP£�ô^ö9��û� ^úï¢ü�%¢x�w¡�¢Zúh\5ö9��^j þú�^�ôxö$:Z£
BD<DA=;%F�V�L2fhC2F'æ7{76MF7e�6�J�zWfh<D476x;%{�<=6MA©z|;%{�F7J7T�ADf+0:�5<©z|;%<D4�z|;%{�F7J7T�ADCE6�Bovu6"BU6M<

Σ = 0
vw4�CEeU4�T�L2LE;�v�B©<D476

J'CEBD_IG�T�<=6MADC~T�L
<=;�GI;�\+6xY°A=6�6ML2f�;%{�<w;�Y�;%{�A5e�;%Ghd�{�<UT�<DCE;%F#T�LrJ�;%G�T�C2F}Û�e�;%ADA=6�BDd|;%F7J'C2F�Vh<=;�T�ß F7;�>g<=;%A=è�{76�ß
z|;%{�F7J7T�ADfje�;%F7J'C2<DCE;%F)Ú°p
fKF7J�6MF'>@t56ML2Loë 8:ADC2F�V�LE6�Ûu1��+��Q�Ü�0�ý&6�J�;nF7;%<Pe�;%F7BDCEJ�6MA�<D476hC2F'æ7{76MF7e�6�;�Y"T�F
;%A=J�6MA=6�J�G�T�V�F76M<DCEe�¿#6MLEJ�;�Y}<D476"e�6MFW<DAUT�L|;%z'�D6�eM<u;%FW<=;�<D476"J'CEB=_�\KC~TO<D476^J'CEBD_�>gLE;�eU_�C2F�V�GI6�e=4#T�F�CEBDG²Ú°6�0 V70
ç";K6MF�C2V�LgÛ©1����'1�ÜOvw4�CEe=4¨e�;%{�LEJXLE6�T%J&<=;kBDC2V�F�CÀ¿#e�T�FW<�J'CEBD_jz�AUT�_�C2F�V7Û�BD47;%AD<=6MF�C2F�Vi<D476�J'CEBD_HL2CÀY°6�>g<DC2GI6�T%B
6�¯'d�6�eM<=6�J&Y°;%A�6Á�y6�eM<=6�J·3N3�T�{�ADC5BD<UT�A=B�Ú°�"ADGhC2<UT�V+6�ë muL~T�AD_+6�Ûo1����+��Ü�0�ý&6IF76MV�LE6�eM<�C2<Pz|6�e�T�{7B=6hY°A=;%G
;%z7B=6MAD\�T�<DCE;%F7B©;�Y
<D476wA=;%<UT�<DCE;%F#T�L�6M\+;%L2{�<DCE;%F�;�Y
tuA=;�vwF�]xvoT�AyY�BZC2<©CEBZBD<DC2L2L7{�F7eMLE6�T�AuCÀY�<D476wG�T�V�F76M<DCEe�¿#6MLEJ
T�A=;%{�F7JnTPtoA=;�vwF�]xv5T�AyYrvwC2L2L�e�;%{�d�LE6�6D6�eMCE6MF�<DL2f�<=;�<D476^J'CEB=_h<=;�e�T�{7B=6xBDC2V�F�CÀ¿#e�T�F�<wz�AUT�_�C2F�VnÚ°?:CEBDLji�à
6ML
ëÂlKe=47;%L2�+Û�/�����a+Ü�0
��F¨;%{�A�<=6�BD<he�T�LEeM{�L~T�<DCE;%F»vw476MA=6�<D476qJ�6M<UT�C2LE6�J½<=6MGhd|6MAUT�<D{�A=6qBD<DAD{7eM<D{�A=6�CEBI<UT�_+6MF½C2FW<=;ÝT%e�e�;%{�F�<�Ûuvo6
C2FW<=6MV�AUT�<=6�Jk<D4769J'C2GI6MF7BDCE;%F#T�L
Y�;%ADG�;�Y:6�èW{#T�<DCE;%FHa'0 QI;%FiT�Fq?:{�LE6MADC~T�FkV�ADCEJqvwC2<D4

100
LE;%VWT�ADC2<D4�GhCEe�T�L2L2f

BDd#T%e�6�JhV�ADCEJId�;%C2F�<=B©T�F7Jhz|;%{�F7J7T�ADCE6�BuT�<
rin = 0.1AU

T�F7J
rout = 100AU

T�F7Jh<D476�BUT�GI6Pß F7;�<=;%A=èW{76�ß
z|;%{�F7J7T�ADf»e�;%F7J'C2<DCE;%F±vu6i{7B=6�J�Y�;%A�<D476iF7;%F'>@J'C2GI6MF7BDCE;%F#T�LOe�T�LEeM{�L~T�<DCE;%F}0ï35476kAUT%J'C~T�Lx<=6MGhd|6MAUT�<D{�A=6
BD<DAD{7eM<D{�A=6uCEB�J�6M<=6MADGhC2F76�JhT�<�6�T%e=4�C2FW<=6MV�AUT�<DCE;%FIBD<=6Md�zWfOA=6�è�{�C2ADC2F�V7Û%<D4#T�<�<D476©LE;�e�T�L2L2f9V+6MF76MAUT�<=6�J�\KCEB=e�;%{7B
476�T�<DC2F�VîCEBIz#T�L~T�F7e�6�JÞzWf½<D476qAUT%J'C~T�<DC2\+6iLE;�B=B=6�B�Ûuvw4�CEeU4ÞCEB�6�¯Kd�L~T�C2F76�JÞC2F�V�A=6�T�<=6MA�J�6M<UT�C2L"C2F¶B=6�eM<DCE;%F
a'0 Q70 Q7021�0
?Zè�{#T�<DCE;%Fqa'0 Q�CEBuC2FW<=6MV�AUT�<=6�J�{7BDC2F�V�<D476)Ö@GI6M<D47;�J�;�Y}L2C2F76�BE×^J�6�BUeMADC2z�6�J�C2Fnl�_+6�6ML}ë to6MAD��C2F7B9Úy1������+Ü�0:��F
<D4�CEB
GI6M<D47;KJO<D476ZBDd#T%e�6©J�6MADC2\%T�<DC2\+6�B�T�A=6�A=6Md�L~T%e�6�J9zWfOTwB=6�e�;%F7JK>@;%A=J�6MA�T%e�eM{�AUT�<=6ZBDd#T�<DC~T�LWJ'CEBUeMA=6M<DC2��T�<DCE;%F}Û
e�;%FW\+6MAD<DC2F�VÝ<D476�d#T�AD<DC~T�L�J'CÀà
6MA=6MFW<DC~T�L�6�è�{#T�<DCE;%F¨C2FW<=;&TiBDfKB=<=6MG ;�Y�¿7A=B=<�;%A=J�6MAh;%A=J'C2F#T�ADfîJ'CÀà|6MA=6MF�<DC~T�L
6�è�{#T�<DCE;%F7BwC2Fn<DC2GI6�0:�^B5<D4�CEBwB=fKBD<=6MG ;�Y�J'CÀà|6MA=6MF�<DC~T�L�6�è�{#T�<DCE;%F7B5<=6MF7J�<=;�z�6xAUT�<D476MA"BD<DCÀà:Û�T�FnC2Ghd�L2CEeMC2<�Û
\�T�ADC~T�z�LE6�>@;%A=J�6MAuG�{�L2<DCÀ>@BD<=6Md�B=eU476MGI6"J�6M\+6MLE;%d|6�JhzWf�l�4#T�Ghd�C2F76�ë)�"6MCEeU476ML2<^Úy1����+��Ü�CEBZ{7B=6�Jh<=;PT%J'\�T�F7e�6
C2<wC2Fq<DC2GI6�0

¸Iª2.�ªÀ.�ª¢ÿ �©*K$&ªZ*����'������*Ý(|�������������*q�� ������K���»�������� ��q��-�¹
-

��FH;%A=J�6MA�<=;�C2FW<=6MV�AUT�<=6h6�è�{#T�<DCE;%FXa'0 Q7Û|<D476�_KC2F76MG�T�<DCEe�\�CEB=e�;�B=C2<@f
ν
F76�6�J�B�<=;�z|6�J�6M<=6MADGhC2F76�J&T�<O6�T%eU4

<DC2GI6�>@BD<=6Md}0h�xB
ν
J�6Md�6MF7J�BP;%F&<D476�GhCEJK>gd�L~T�F76I<=6MGhd|6MAUT�<D{�A=6hvu6IF76�6�Jj<=;�¿7F7J&T�voT�fH<=;n;%z�<UT�C2F

T
0

S7;%AhTn<D4�C2FîJ'CEBD_X<D4�CEBP<=6MGhd|6MAUT�<D{�A=6�e�T�FÝz|6�;%z�<UT�C2F76�J·zWf&{7B=C2F�Vk<D4#T�<�<D476I<D476MADG�T�Lw6MF76MADV�fXCEB�;%F�L2f
<DAUT�F7BDd|;%AD<=6�J¨C2F¨\+6MAD<DCEe�T�L�J'C2A=6�eM<DCE;%F Ú°8:ADC2F�V�LE6�Ûw1����'1�Ü�0Ý35476MA=6�Y�;%A=6�ÛZ<D476�<=6MGhd|6MAUT�<D{�A=6q;%F�L2f·J�6Md|6MF7J�B
;%F»<D476qLE;�e�T�Lx6MF76MADV�fîz#T�L~T�F7e�6jT�<�TjV�C2\+6MFÞAUT%J'C2{7B

r
0¶354�CEBIz#T�L~T�F7e�6qA=6�è�{�C2A=6�B�<D4#T�<�<D476n\KCEB=e�;%{7BDL2f

V+6MF76MAUT�<=6�J�476�T�<o6�è�{#T�LEBo<D476"AUT%J'C~T�<DC2\+6xLE;�B=BU6�B�0��^6MA=6^vu6^F76MV�LE6�eM<5<D476^6MF76MADV�fILE;�BUBuz�fIe�;%FW\+6�eM<DCE;%FkT%BoC2<
CEBwF7;%<"6�¯'d|6�eM<=6�Jn<=;hz|69T�G�T��y;%A^6MF76MADV�f�e�T�ADADCE6MA�Ú°t56ML2Lr6M<"T�Lg02Û}1����+��Ü�0wl�C2F7e�6OC2FiT�<D4�C2FiJ'CEB=_�vwC2<D4qLE;�v
α
<D476hJ'CEB=_iG�T�C2F�<UT�C2F7B9z|;%<D4X<D476MADG�T�LuT�F7JX4Wf'J'A=;�BD<UT�<DCEeI6�è�{�C2L2C2z�ADC2{�GÃ;%FÝT�\KCEB=e�;%{7BO<DC2GI6hB=e�T�LE6�Û}<D476

C2FW<=6MADF#T�L2L2fXV+6MF76MAUT�<=6�J·\KCEB=e�;%{7BO476�T�<PCEB9<D4#T�<�;�Y�TnBD<=6�T%J'fXJ'CEBD_XT�F7JXY°{�AD<D476MA�T%B=BD{�GhC2F�ViTqçO6Md�LE6MADC~T�F
J'CEBD_�vwC2<D4Ýßðe�6MFW<DAUT�L�e�;%{�d�LE6�ßrÚ°p
fKF7J�6MF'>@t56ML2L�ëï8:ADC2F�V�LE6�Û�1��+��Q�ÜoLE6�T%J�B�<=;

σRT 4
eff ≡ 3ṀGM
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<D4#T�<o4#T�\+6OT����ÃæP>gAUT%J'C2{7B5L~T�ADV+6MA5<D4#T�FqTPV�C2\+6MF

r90%
T�<

0.25Myr
Û
0.5Myr

T�F7J
1Myr

0��xBuC2<5e�T�F�z�6�6
B=6�6MF}Û7Y°;%A�LE;�v¾T�G�z�CE6MFW<�<=6MGhd�6MAUT�<D{�A=6�Bx;�Y

Tamb ≈ 20K
Û7<�f�d�CEe�T�L�Y�;%A�LE;�v5>gG�T%B=BxBD<UT�Ay>�Y�;%ADGhC2F�V�A=6MV�CE;%F7B

BDC2GhC2L~T�AZ<=;P3�T�{�AD{7B�Û�<D476�G�T��D;%ADC2<@fh;�Y
<D476wd|;�BD<y>@6MF7e�;%{�FW<=6MA5J'CEBD_'B:A=6MG�T�C2F�e�;%Ghd#T%eM<5T�<uT�F�T�V+6wz|6M<@vo6�6MF
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!w��§�����*n¸Iª~�#�«¶ S7AUT%eM<DCE;%F�;�Yr6Á�D6�eM<=6�J�tuA=;�vwFn]^v5T�AyY�J'CEBD_'BZvwC2<D4n���ÃæP>gG�T%B=By>gAUT%J'C2C|L~T�ADV+6MA5<D4#T�F�T9V�C2\+6MF
r90%

T�<�J'CÀà
6MA=6MFW<�<DC2GI6�B�0)l�47;�vwF)T�A=6qJ'CEBD_'B�6M\+;%L2\KC2F�V&vwC2<D4»<D476ie�;%F7BD<UT�FW<�T�GPz�CE6MFW<�<=6MGhd|6MAUT�<D{�A=6
Tamb = 20K

Ú�T+ÜwT�F7J
Tamb = 100K

Ú�z�Ü�0

0.25Myr
T�F7J

0.5Myr
ÛuvwC2<D4

r90%

V+6MF76MAUT�L2L2f»LE6�B=BI<D4#T�F
20AU

0±354�CEBICEB�ÛwJ�6�BDd�C2<=6q<D476qY�T%eM<I<D4#T�<�Û
e�;%Ghd#T�A=6�JHvwC2<D4i<D476MC2A�C2F�C2<DC~T�L�BDC2��6�BD47;�vwFHC2FHS�C2V70xa'0R/�a'Û�<D476�J'CEBD_'B"C2F7eMA=6�T%BU6�Ji<D476MC2A�BDC2��6�;%FjT�\+6MAUT�V+6
zWfhT^YgT%eM<=;%A�;�Y|GI;%A=65<D4#T�FhQ70�ý&6o¿7F7J
Û�<D4#T�<:GI;�BD<Z;�Y
;%{�AZ6Á�y6�eM<=6�JhJ'CEB=_KB�A=6MG�T�C2FIBDC2V�F�CÀ¿#e�T�F�<DL2fhBDG�T�L2LE6MA
<D4#T�Fk;%F76Ovo;%{�LEJk6�¯'d�6�eM<�Y�A=;%G�;%A=J'C2F#T�ADfn3ò3�T�{�ADC�BD<UT�A=B�Û�vwC2<D4k;%F�L2fq/��Ãæ�6�¯�e�6�6�J'C2F�V�T�BDC2��69;�Y

10AUT�<"T�FkT�V+6O;�Y
0.5Myr

Û'vw4�CEe=4ke�;%{�LEJ�z|69T�FnC2Ghd�;%AD<UT�F�<";%z7B=6MAD\�T�<DCE;%F#T�LrJ'CEB=eMADC2GhC2F#T�F�<�Y�;%Aw<D476O6Á�y6�eM<DCE;%F
B=e�6MF#T�ADCE;�0
�"Y�<=6MAuT�z|;%{�<

1Myr
ÛW<D476"T�d�d�A=;�¯'C2G�T�<=6xT�V+6^;�Y�<D476^3�T�{�AD{7BoBD<UT�Ay>�Y�;%ADGhC2F�VPA=6MV�CE;%F}Û+<D476^J'CEBD_'BZ6�¯Kd#T�F7J�6�J

Y°{�AD<D476MAOvwC2<D4X4#T�LÀYo;�Yu<D476MG²4#T�\�C2F�VnF7;�vÂBDC2��6�BO;�YuGI;%A=6�<D4#T�F
20AU

T�F7J&T�L2GI;�BD<9T�L2LZ;�Yu<D476MG²4#T�\+6
r90%

L~T�ADV+6MAw<D4#T�F
10AU

0:�xB5<D4�CEB�T�L2A=6�T%J'f�YgT�L2LEB5C2FW<=;�<D476xLE;�vu6MA�AUT�F�V+6O;�Y�BDC2��6�Bw6�¯Kd|6�eM<=6�J�Y�;%Ao<�f�d�CEe�T�L
3w3�T�{�ADC�BD<UT�A=B�ÛWC2<ZBD47;%{�LEJIz|65AUT�<D476MA©J'C76�eM{�L2<©<=;9G�T�_+6^T�J'CEBD<DC2F7eM<DCE;%F�z�6M<�vu6�6MF�tuA=;�vwF�]xvoT�AyY�B:Y�;%ADGI6�J
zWf�6Á�D6�eM<DCE;%FkT�F7J�CEB=;%L~T�<=6�JqtoA=;�vwFq]xvoT�AyY�Bwz#T%B=6�Jn;%Fn<D476MC2A�B=C2��6�0uc^F�L2f�CÀY�<D476OJ'CEBD_'B5T�A=;%{�F7JiT�tuA=;�vwF
]xvoT�AyY�B©C2F�T9e�;K;%L7LE;�v5>gG�T%BUBoB=<UT�Ay>�Y°;%ADGhC2F�V�A=6MV�CE;%F�<D{�ADF�;%{�<©<=;Pz�6wG�{7e=4�GI;%A=6"6�¯'<=6MF7J�6�J�<D4#T�F

50AUT�<"T�FqT�V+6O;�Y ∼ 1Myr
<D476MFq;%F76OBD47;%{�LEJ�F7;%<5¿7F7J�G�T�F�f�eMLE;�BU6OtuA=;�vwFk]xvoT�AyY�z�C2F#T�ADCE6�B�0Z�@YyÛ�47;�vo6M\+6MA�Û

L~T�ADV+6�toA=;�vwF�]^v5T�AyY}J'CEBD_KBZT�F7J�eMLE;�B=6wtoA=;�vwF�]xvoT�AyY
z�C2F#T�ADCE6�Bu6�¯KCEBD<:C2Fh<D476"BUT�GI6wBD<UT�Ay>�Y�;%ADGhC2F�V9A=6MV�CE;%F
<D476MFjC2<^CEB�B=6�6MGIBx\+6MADfq{�F�L2C2_+6ML2fi<D4#T�<^z|;%<D4iY°;%ADGI6�JHzWfi6Á�y6�eM<DCE;%F&T�F7JH<D476�6Á�D6�eM<DCE;%FXB=e�6MF#T�ADCE;�e�T�F�F7;%<
z|6�<D476Od�ADC2G�T�ADfntuA=;�vwFk]xvoT�AyY�Y�;%ADG�T�<DCE;%FqGI6�e=4#T�F�CEBDG�Y°;%A"<D4#T�<wA=6MV�CE;%F}0
ý¶4�C2LE6�Y°;%A9e�;K;%L:LE;�v5>gG�T%B=BPBD<UT�Ay>�Y°;%ADGhC2F�VkA=6MV�CE;%F7B9C2<9B=6�6MGIB�d|;�B=BDC2z�LE6�<=;nJ'CEBD<DC2F�V�{�CEB=4Xz�6M<�vu6�6MFîT�Y�;%Ay>
G�T�<DCE;%Fkz�fq6Á�y6�eM<DCE;%FjT�F7JiT�GI;%A=6�;%A�LE6�B=B"CEB=;%L~T�<=6�Jk;%F76Pz#T%B=6�Jk;%FkJ'CEB=_�B=C2��6�B�Û'Y�;%A�<D476947;%<D<=6MA^A=6MV�CE;%F7B
BDC2GhC2L~T�Ah<=;&c^ADCE;%F}ÛuvwC2<D4

Tamb ∼ 100K
Û©F7;jBD{7eU4�J'CEBD<DC2F7eM<DCE;%F»e�T�F¨z|6�G�T%J�6�0îS7;%A

Tamb = 100KT�L2A=6�T%J'fnT�Y�<=6MA
0.25Myr

T�L2GI;�BD<"T�L2L
J'CEBD_'B�T�A=6�L~T�ADV+6MAw<D4#T�F
20AU

T�F7JqT�Y°<=6MA
0.5Myr

T�L2GI;�BD<"a��Ãæ�T�A=6
L~T�ADV+6MA�<D4#T�F

100AU
0
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ý&6n<D476MA=6�Y�;%A=6qe�;%GI6n<=;X<D476ke�;%F7eML2{7BDCE;%F}Ûo<D4#T�<�;%F�L2fî;%z7BU6MAD\%T�<DCE;%F7B�;�Y�J'CEBD_'B�T�A=;%{�F7J½<D476qf+;%{�F�V+6�BD<
toA=;�vwF½]xvoT�AyY�BPC2FîAUT�<D476MA�e�;�;%L5BD<UT�Ay>�Y�;%ADGhC2F�ViA=6MV�CE;%F7B�GhC2V�4W<�z|6�T�z�LE6�<=;ke�;%F7BD<DAUT�C2F½toA=;�vwF¨]xvoT�AyY
Y�;%ADG�T�<DCE;%FjBUe�6MF#T�ADCE;�B�0��^;�vu6M\+6MA�Û};%F76�BD47;%{�LEJXT�LEB=;�F7;%<=6�<D4#T�<xC2FX;%{�AxJ'CEB=_ke�;%L2L2CEBDCE;%FXBDC2GP{�L~T�<DCE;%F7B�vo6
4#T�\+6ie�;%F7BDCEJ�6MA=6�JÞ<D476nd�A=6�BD{�G�T�z�L2f½GI;�BD<�J�6�B=<DAD{7eM<DC2\+6ie�;%F'¿7V�{�AUT�<DCE;%F}Û"T%B�<D476qJ'CEBD_¨voT%B�T�L2voT�fKB�C2F
<D476�;%ADz�C2<UT�L�d�L~T�F76�;�Yu<D476P<DADC2d�LE6�BDf'BD<=6MGqÛ�<D4W{7Bxvu6�;%F�L2fHe�;%F7BDCEJ�6MA=6�Jje�;%d�L~T�F#T�A96MF7e�;%{�FW<=6MA�09��<^GhC2V�4�<
z|6�Ûu<D476MA=6�Y�;%A=6�Ûwd|;�B=BDC2z�LE6n<D4#T�<�T�<�LE6�T%BD<�B=;%GI6q;�Y9<D476iJ'CEBD_KB�T�A=6qL~T�ADV+6MA�CÀY�<D476iJ'CEBD_½6MF7e�;%{�FW<=6MAnT�A=6
F7;%F'>@e�;%d�L~T�F#T�A�Û�vw4�CEe=4kBD47;%{�LEJqz�6�C2F�\+6�BD<DC2VWT�<=6�JqC2FiT�Y°{�<D{�A=69BD<D{7J'f+0

¸Iª2.�ªÀ.�ªE� ºFt����°�}���������# ���¤r*Ý(
���� @��+*q�n*K�r-��~�ñ¥vu9���xw:�,*

�xB�vu6�Y�;%{�F7JjY°A=;%G³B=6�eM<DCE;%F·a'0 Q70R/'Û}<D476�;%{�<=6MAPJ'CEBD_Hd�A=;�¿7LE6I;�Y5;%{�AOd|;�BD<y>@6MF7e�;%{�F�<=6MA�J'CEBD_'B�CEB9BD<=6�6Md�L2f
J�6�eMA=6�T%BDC2F�VqvwC2<D4

Σ ∝ exp
(

− r
τ

) T�F7JX4#T%B�AUT�<D476MA�BDG�T�L2L:4#T�LÀY,>gvwCEJ'<D4Ý\%T�L2{76�B
τ
;�YoGI;�BD<DL2fiLE6�BUB�<D4#T�F

1AU
0:�xBwBD{7eU4kT�d�A=;�¿7LE6OeMLE6�T�ADL2f�J�6M\KC~T�<=6�B5Y°A=;%G®<D476O6�¯'d|6�eM<=6�J�d�;�vu6MAy>gL~T�vþd�A=;�¿7LE6O;�Y�T�<D4�C2F}Û�BD<=6�T%J'f+Û

\KCEB=e�;%{7B9J'CEBD_½Ú°]�ßð�"LE6�B=B=CE;q6M<�T�Lg02ÛZ1������+Ü�Û�C2<Ovu;%{�LEJÝz�6hC2F�<=6MA=6�BD<DC2F�Vk<=;q_�F7;�v¬Y°;%AP47;�vNLE;%F�VkC2<Pe�T�F&C2F
d�ADC2F7eMC2d#T�L©z|6h;%z7B=6MAD\+6�JÝz�6�Y�;%A=6�C2<9A=6�T%e=476�B�C2<=B96�è�{�C2L2C2z�ADC2{�GBD<DAD{7eM<D{�A=6�0�S�A=;%G³<D476Id�A=6M\�CE;%{7B�B=6�eM<DCE;%F
vu6�Y°;%{�F7JI<D4#T�<�ÛWCÀY|<D476"J'CEBD_�6M\+;%L2\+6�BuC2F�T�47;%<uB=<UT�Ay>�Y°;%ADGhC2F�V�6MFW\KC2A=;%F�GI6MFW<�ÛKC2<©6�¯'d#T�F7J�B©vwC2<D4�C2F�TOBD47;%AD<
<DC2GI6�<=;�G�{7e=4XL~T�ADV+6MA�AUT%J'C2Cg0O35476MA=6�Y�;%A=6�Û|C2<�B=47;%{�LEJkA=6�T%eU4XC2<=Bx6�è�{�C2L2C2z�ADC2{�G²BD<DAD{7eM<D{�A=6hT�L2A=6�T%J'fHT�<9T�F
T�V+65GP{7eU4�LE6�B=B�<D4#T�F

2.5 ·105yr
T�F7JhC2<:CEB�Û%<D476MA=6�Y�;%A=6�Û+AUT�<D476MAZ{�F�L2C2_+6ML2f�<=;O;%z7B=6MAD\+6wd|;�B=BDC2z�LE65BDC2V�F#T�<D{�A=6�B

;�Y�T�F�6MF7e�;%{�FW<=6MA:C2F�<D476uJ'CEBD_Od�A=;�¿7LE6wT�<�<@fKd�CEe�T�L�T�V+6�B�;�Y#;%z7B=6MAD\+6�J�f+;%{�F�V�toA=;�vwFh]xvoT�AyY�B�0�354�CEB�CEB�vw4Wf
vu6PA=6�BD<DADCEeM<^;%{�A=BU6ML2\+6�B�<=;h<D476PC2FW\+6�BD<DC2VWT�<DCE;%Fj;�YZJ'CEBD_�d�A=;�¿7LE6�B�T�<�AUT�<D476MAxe�;�;%L�T�G�z�CE6MFW<�<=6MGhd|6MAUT�<D{�A=6�B
T�F7J&eU47;�;�B=6

Tamb = 20K
0��^6MA=6�vo6I;%F�L2fjvoT�FW<�<=;�C2L2L2{7BD<DAUT�<=6I<D476�V+6MF76MAUT�Lo6M\+;%L2{�<DCE;%FÝ;�Yw;%{�A9d�;�B=<y>

6MF7e�;%{�FW<=6MA�J'CEB=_KB�Û�LE;K;%_�C2F�VhT�<u<�vu;h6�¯7T�Ghd�LE6�BovwC2<D4�J'CÀà
6MA=6MFW<5C2F�C2<DC~T�L|d�A=;�¿7LE6�B�0:S7;%A5z|6M<D<=6MAwe�;%Ghd#T�ADCEB=;%F
vu6�e=47;K;�B=6h<D476MC2A

rmin
\�T�L2{76�B9BD{7eU4&<D4#T�<9<D476MfH4#T�\+6I<D476hBñT�GI6hG�T%B=B=6�B�0h354�{7B9vo6hC2FW\+6�BD<DC2VWT�<=6�<@vo;

J'CEBD_'B}vwC2<D4�J'CÀà|6MA=6MF�<�d�A=;�¿7LE6�B�T�F7J�T�d�d�A=;�¯KC2G�T�<=6ML2f9<D476uBUT�GI6:L2CÀY�6�>g<DC2GI6�0�S7;%Ar<D476u6MF7e�;%{�FW<=6MA�d#T�AUT�GI6M<=6MA
<D4#T�<�d�A=;�J'{7e�6�<D476�BD<=6�6Md|6MAOJ'CEBD_qd�A=;�¿7LE6�vo6he=47;K;�B=6

rmin = 5AU
T�F7J

r1/r2 ≈ 0.95
Û
A=6�B={�L2<DC2F�VnC2FXT

4#T�LÀY�>gvwCEJ'<D4X\%T�L2{76
τ1 = 0.064 · 5AU = 0.32AU

Û|vw4�C2LE6�Y°;%AO<D476�æ�T�<D<=6MA9d�A=;�¿7LE6
rmin = 2.3AU

T�F7J
r1/r2 = 0.2

Û�A=6�B={�L2<DC2F�VIC2F
τ1 = 0.16 · 2.3AU = 0.368AU

0
S�C2V70Na'0Rb���<=;�a'0Rb�/hB=47;�v)<D47696M\+;%L2{�<DCE;%FH;�Y�<D476OBD{�AyYgT%e�6OJ�6MF7BDC2<�f�Y�;%Aw<D476O<�vu;IJ'CEBD_'B"T�<

t = 2 · 104yr
Û

2.5 · 105yr
T�F7J

5 · 105yr
0

�5<�<DC2GI6�B�T%B�6�T�ADL2fÞT%BnT&Y°6Mv
104yr

<D476H;%{�<=6MADGI;�BD<�d�A=;�¿7LE6�BqT�A=6iB=<DC2L2L^AUT�<D476MAnBD<=6�6Md)T�F7J±e�T�FÞz|6
J�6�B=eMADC2z|6�J·T%B�TqBDC2F�V�LE6�6�¯Kd|;%F76MFW<DC~T�LuY°{�F7eM<DCE;%F}0qS7;%AP<D476

r1/r2 ≈ 0.95
6MF7e�;%{�FW<=6MAnÚ�S�C2V70ka'0Rb��qLE6�Y�<

d#T�F76ML,Ü:;%F76"e�T�F�6M\+6MF�J'CEBD<DC2F�V�{�CEB=4I<D476�<�vu;PJ'CEB=_�A=6MV�CE;%F7BuvwC2<D4�J'CÀà
6MA=6MFW<©4#T�LÀY�>gvwCEJ'<D4�\�T�L2{76�B�ÛWz�{�<Z<D476MC2A
J'CÀà
6MA=6MF7e�6OCEBwAUT�<D476MA"BDG�T�L2L�T�F7J�C2<�BD47;%{�LEJnz|6O6�¯K<DA=6MGI6ML2fnJ'C76�eM{�L2<�<=;I;%z7BU6MAD\+6OBD{7e=4iT�B=<DAD{7eM<D{�A=6OC2FiT
A=6�T�LrJ'CEBD_|0
S�A=;%Gí<D476�J�6M<UT�C2LE6�JjBD<DAD{7eM<D{�A=6�e�T�LEeM{�L~T�<DCE;%F7BO;�Yu]�ßð�"LE6�B=B=CE;�6M<OT�Lg0�Úy1������+Ü"vo6�_KF7;�vï<D4#T�<O;%{�Axd�A=;�¿7LE6�B
vwC2L2L|6M\+6MFW<D{#T�L2L2f�T�d�d�A=;+T%eU4n<D476

Σ ∝ r−1.5 >gd�A=;�¿7LE6"Y�;%Aoe�;%F7BD<UT�F�<5<=6MGhd�6MAUT�<D{�A=6�J'CEBD_'B©vw4�CEeU4�CEBuBD<=6�6Md|6MA<D4#T�Fn<D476
Σ ∝ r−1 >gd�A=;�¿7LE69;�Y�<D476�C2F�F76MAwd#T�AD<�;�Y�;%{�A5C2F�C2<DC~T�LrJ'CEBD_�d�A=;�¿7LE6�B�0:�^B5vo6Oe�T�FqB=6�6^Y�A=;%GìS�C2V70a'0Rb'1�T�F7J¨a'0Rb�/'Û:T�Y�<=6MA�Tn<DC2GI6�;�Y�GI;%A=6I<D4#T�F

2.5 · 105yr
<D476IC2F�F76MA�d#T�AD<�;�Y";%{�A�J'CEB=_KB�T�A=6�T�L2A=6�T%J'f

eMLE;�B=6�<=;�<D476�BD<=6�6Md|6MA
Σ ∝ r−1.5 >gd�A=;�¿7LE6�09354�CEBxvoT%B�<=;�z�6�6�¯Kd|6�eM<=6�J
Û
T%Bx<D4#T�<x<DC2GI6�e�;%ADA=6�BDd|;%F7J�B�<=;4#T�LÀYu<D476�\KCEB=e�;%{7B�<DC2GI6�Û
V�C2\+6MFXz�f

tν ≈ r2/ν
ÛrT�<

1AU
Û|C2F7J'CEe�T�<DC2F�Vq<D4#T�<PT�<OBDG�T�L2L:AUT%J'C2C:<D476�J'CEBD_kCEB

T�L2A=6�T%J'f�\�CEB=e�;%{7B=L2fIGI;%A=6O6M\+;%L2\+6�J
0©��F�<D476O;%{�<=6MAwd#T�AD<=Bw;�Y�<D476OJ'CEBD_|ÛK;%F�<D476O;%<D476MAw4#T�F7J
Û'<D476OBD{�AyYgT%e�6
J�6MF7BDC2<�f�B=<DC2L2LrB=6�6MGIBw<=;IJ�6�eMA=6�T%BU696�¯Kd|;%F76MFW<DC~T�L2L2fnz�{�<"GP{7e=4HLE6�B=B�B=<=6�6Md�L2f�<D4#T�FiC2F�C2<DC~T�L2L2f+Û7z|6�e�T�{7B=6�<D476
J'CEBD_�4#T%B"6�¯'d#T�F7J�6�J
0�muLE;�B=6MA"C2F7B=d�6�eM<DCE;%F}Û#47;�vu6M\+6MA�Û�A=6M\+6�T�LEB^<D4#T�<"<D4�CEB^J�6�eMA=6�T%B=6Pe�T�FH;%F�L2f�z|6Od|;�;%ADL2f
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!w��§�����*î¸IªE�6<�¶ �^T%J'C~T�Lul�{�AyYgT%e�6hJ�6MF7BDC2<@fid�A=;�¿7LE6�BPT�<PT�<DC2GI6h;�Y ≈ 2.5 · 104yr
Ú°BU;%L2CEJjL2C2F76�Ü^<=;%V+6M<D476MA

vwC2<D4&<D476MC2A9C2F�C2<DC~T�Lud�A=;�¿7LE6�B�Ú°J7T%BD476�J&L2C2F76�Ü�Ûrd�LE;%<D<=6�J&BU6MGhCÀ>gLE;%VWT�ADC2<D4�GhCEe�T�L2L2f+0nl�47;�vwFîT�A=6h<D476Id�A=;�¿7LE6�B
Y�;%AOT�J'CEBD_ivwC2<D4ÝT�BD<=6�6MdXC2F�C2<DC~T�L:d�A=;�¿7LE6qÚ

a1 = 0.064
ÜOT�F7J

rmin = 5AU
Ú�T+Ü�Û�T�F7JjT�æ�T�<D<=6MAOd�A=;�¿7LE6

Ú
a1 = 0.16

Ü�vwC2<D4
rmin = 2.3AU

Ú�z�Ü�0:354765d#T�AUT�GI6M<=6MA=BZvu6MA=6"e=47;�B=6MFI<D4#T�<©z�;%<D4IJ'CEBD_'B�4#T�\+6�C2F�C2<DC~T�L2L2f
<D4769BUT�GI6�G�T%BUB�0:354769J'CEBD_nT�A=696M\+;%L2\+6�JkT�<^T�FkT�G�z�CE6MFW<x<=6MGhd�6MAUT�<D{�A=6P;�Y

Tamb = 20K
0
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!w��§�����*î¸IªE�%ÿL¶ �^T%J'C~T�Lul�{�AyYgT%e�6hJ�6MF7BDC2<@fid�A=;�¿7LE6�BPT�<PT�<DC2GI6h;�Y ≈ 2.5 · 105yr
Ú°BU;%L2CEJjL2C2F76�Ü^<=;%V+6M<D476MA

vwC2<D4&<D476MC2A9C2F�C2<DC~T�Lud�A=;�¿7LE6�B�Ú°J7T%BD476�J&L2C2F76�Ü�Ûrd�LE;%<D<=6�J&BU6MGhCÀ>gLE;%VWT�ADC2<D4�GhCEe�T�L2L2f+0nl�47;�vwFîT�A=6h<D476Id�A=;�¿7LE6�B
Y�;%AOT�J'CEBD_ivwC2<D4ÝT�BD<=6�6MdXC2F�C2<DC~T�L:d�A=;�¿7LE6qÚ

a1 = 0.064
ÜOT�F7J

rmin = 5AU
Ú�T+Ü�Û�T�F7JjT�æ�T�<D<=6MAOd�A=;�¿7LE6

Ú
a1 = 0.16

ÜIvwC2<D4
rmin = 2.3AU

Ú�z�Ü�0»35476kJ'CEB=_¨T�A=6q6M\+;%L2\+6�J¶T�<�T�FÞT�G�z�CE6MFW<�<=6MGhd�6MAUT�<D{�A=6i;�Y
Tamb = 20K

0±35476qz�L2{76iB=;%L2CEJ�L2C2F76kA=6Md�A=6�B=6MFW<=B�<D476qd|;�vo6MAy>gL~T�víd�A=;�¿7LE6i;�YO<D476iBD<=6�T%J'f+Ûwe�;%F7BD<UT�FW<
<=6MGhd|6MAUT�<D{�A=6hJ'CEBD_kB=;%L2{�<DCE;%F&;�Yu]�ßð�^LE6�B=BDCE;�6M<9T�Lg0�Úy1������+Ü�0P35476�d#T�AUT�GI6M<=6MA=B9vu6MA=6he=47;�BU6MFX<D4#T�<xz|;%<D4
J'CEBD_'Bw4#T�\+69C2F�C2<DC~T�L2L2f�<D476PBUT�GI6�G�T%B=B�0
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!w��§�����*¶¸IªE���«¶ �xT%J'C~T�L"l�{�AyY�T%e�6�J�6MF7BDC2<�fÝd�A=;�¿7LE6�BIT�<hTk<DC2GI6�;�Y ≈ 5 · 105yr
Ú°B=;%L2CEJîL2C2F76�ÜP<=;%V+6M<D476MA

vwC2<D4&<D476MC2A9C2F�C2<DC~T�Lud�A=;�¿7LE6�B�Ú°J7T%BD476�J&L2C2F76�Ü�Ûrd�LE;%<D<=6�J&BU6MGhCÀ>gLE;%VWT�ADC2<D4�GhCEe�T�L2L2f+0nl�47;�vwFîT�A=6h<D476Id�A=;�¿7LE6�B
Y�;%AOT�J'CEBD_ivwC2<D4ÝT�BD<=6�6MdXC2F�C2<DC~T�L:d�A=;�¿7LE6qÚ

a1 = 0.064
ÜOT�F7J

rmin = 5AU
Ú�T+Ü�Û�T�F7JjT�æ�T�<D<=6MAOd�A=;�¿7LE6

Ú
a1 = 0.16

ÜIvwC2<D4
rmin = 2.3AU

Ú�z�Ü�0»35476kJ'CEB=_¨T�A=6q6M\+;%L2\+6�J¶T�<�T�FÞT�G�z�CE6MFW<�<=6MGhd�6MAUT�<D{�A=6i;�Y
Tamb = 20K

0±35476qz�L2{76iB=;%L2CEJ�L2C2F76kA=6Md�A=6�B=6MFW<=B�<D476qd|;�vo6MAy>gL~T�víd�A=;�¿7LE6i;�YO<D476iBD<=6�T%J'f+Ûwe�;%F7BD<UT�FW<
<=6MGhd|6MAUT�<D{�A=6hJ'CEBD_kB=;%L2{�<DCE;%F&;�Yu]�ßð�^LE6�B=BDCE;�6M<9T�Lg0�Úy1������+Ü�0P35476�d#T�AUT�GI6M<=6MA=B9vu6MA=6he=47;�BU6MFX<D4#T�<xz|;%<D4
J'CEBD_'Bw4#T�\+69C2F�C2<DC~T�L2L2f�<D476PBUT�GI6�G�T%B=B�0
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¿7<D<=6�J�vwC2<D4q;%F76�6�¯Kd|;%F76MFW<DC~T�L|Y°{�F7eM<DCE;%F}Û�z�{�<5C2<5CEB5AUT�<D476MA�BDC2GhC2L~T�A5<=;�<D476OT%BDf�Ghd�<=;%<DCEeOBU;%L2{�<DCE;%Fq;�Yr<D476
\KCEB=e�;%{7BDL2f�BDd�A=6�T%J'C2F�V9ADC2F�VOY�;%A:L~T�ADV+6wAUT%J'C2CgÛ�T%B©BD47;�vwFIC2F�p
f�F7J�6MF'>@t56ML2L|ë±8:ADC2F�V�LE6�Úy1��+��Q�Ü�ÛKT�L2<D47;%{�V�4�C2F
;%{�AZe�T%B=6oC2<�CEB�F7;%<�CEJ�6MFW<DCEe�T�LgÛ�z�6�e�T�{7B=6

ν
CEB�F7;%<Ze�;%F7BD<UT�FW<�0�ý&6wT�LEB=;^¿7F7J�<D4#T�<©T�<ZT^<DC2GI6

t = 2.5 ·105yrT�F7JnL~T�<=6MA�<D476�<�vu;�Û#C2F�C2<DC~T�L2L2f�J'CÀà
6MA=6MFW<�Û#d�A=;�¿7LE6�B"e�T�FqF7;�vò4#T�A=J'L2f�z�6OJ'CEB=<DC2F�V�{�CEBD476�J
0
35476MA=6�Y�;%A=6�Û+vu6"e�;%GI6w<=;�<D476�e�;%F7eML2{7BDCE;%FI<D4#T�<oT�Y�<=6MA

1−2 ·105yr
T�FWfhBDC2V�F#T�<D{�A=6�Bu;�Y�<D476wC2F�C2<DC~T�L#d�A=;�¿7LE6

\�T�F�CEBD4}0�354�CEB�CEBxT�LEB=;�<DAD{76�Y�;%Ax;%{�AxL~T�ADV+6�BD<OJ'CEBD_qvwC2<D4
rmin = 17.5AU

<D4#T�<�6M\+;%L2\+6h;%FiL~T�ADV+6MA�<DC2GI6
B=e�T�LE6�B�Ú°B=6�6I6�è�0�a'0Ra+Ü�0��5<PL~T�<=6MA�<DC2GI6�B�Û�T�FÝ;%{�<=6MA�J'CEBD_jd�A=;�¿7LE6�BDC2GhC2L~T�AP<=;k<D476h\�CEBUe�;%{7BDL2fXBDd�A=6�T%J'C2F�V
ADC2F�V�Y°;%AuL~T�ADV+6"AUT%J'C2C�J�6M\+6MLE;%d7Buvw4�CEeU4�CEBoT�LEB=;P<D476"J'CEBD_hd�A=;�¿7LE6x;%F76^vu;%{�LEJ�6�¯Kd|6�eM<ZY°A=;%GÍCEBU;%L~T�<=6�J�J'CEBD_'B
Ú°��T�AD<DG�T�F�F�6M<�T�Lg02Û�1������+Ü�0Z35476MA=6�Y�;%A=6�ÛKJ'C2A=6�eM<DL2f�Y�A=;%G®<D476�BD<DAD{7eM<D{�A=6�;�Yr<D476xJ'CEBD_I<D476xBDC2V�F#T�<D{�A=6�Bw;�Y�T
eMLE;�B=6Oe�;%L2L2CEBDCE;%FHe�T�Fq;%F�L2f�z�6O;%z7B=6MAD\+6�JqvwC2<D4�C2Fq<D476�¿7A=BD<

105yr
T�Y�<=6MA"<D476O6MF7e�;%{�FW<=6MA�0

¸Iª2.�ªÀ.�ª2. º^-����°$Ý�'��*W	zy©�� @*|{ñ�P�°$&*i�# ������K������������ ��q��-�¹
-

354769L2C2GhC2<"<=;�J�6M<=6�eM<xT%eM<DC2\+6�T%e�eMA=6M<DCE;%FiJ'CEBD_'B^T�A=;%{�F7JitoA=;�vwFi]xv5T�AyY°B"CEB�V�C2\+6MFkz�f�<D476P;%z7B=6MAD\�T�z�C2L2C2<@f
;�Y"<D476�z�A=;+T%J½T%e�eMA=6M<DCE;%F¨e�;%Ghd|;%F76MFW<=B�;�Y"<D476��

α
>gL2C2F76�d�A=;�¿7LE6�Û:vw4�CEeU4½eM{�ADA=6MFW<DL2fîGI6�T�F7B�<D4#T�<h;%F�L2f

J'CEBD_'B�vwC2<D4jT�FHT%e�eMA=6M<DCE;%FHAUT�<=69L~T�ADV+6MAx<D4#T�F ∼ 10−12M� · yr−1 e�T�Fiz�6PCEJ�6MFW<DCÀ¿#6�J}Ú°[i{���6MA=;%L2LE6h6M<^T�Lg02Û/�����a+Ü�0�ý&6�ÛK<D476MA=6�Y°;%A=6�Û'J�6�¿7F76^<D476^J'CEB=_hL2CÀY°6�>g<DC2GI6�T%B©<D476^<DC2GI6�T�Y�<=6MAuvw4�CEe=4�<D476xT%e�eMA=6M<DCE;%F�AUT�<=6xJ'A=;%d7B
z|6MLE;�v <D4�CEB�GhC2F�C2GP{�G \%T�L2{76�0&�xB�vu6�GI6MF�<DCE;%F76�J½C2F½B=6�eM<DCE;%F»a'0 Q70 Q7021�ÛZ<D476�\�T�L2{76�;�Yx<D476nT%e�eMA=6M<DCE;%F
AUT�<=6�C2F�Ti\�CEB=e�;%{7BhJ'CEB=_ÝCEBhJ�;%GhC2F#T�<=6�J½z�fÝ<D476�GP{7eU4�47;%<D<=6MAIe�;%F7J'C2<DCE;%F7B�T�<hLE;�vu6MA�J'CEBD_·AUT%J'C2Cg0·�xB
6M\+;%L2\KC2F�VP<D476�J'CEBD_�<=;�T�<DC2GI6�;�YrT�Y�6Mv

Myr
T�F7J�e�T�LEeM{�L~T�<DC2F�V�<D476"J�6M<UT�C2LE6�J�<=6MGhd�6MAUT�<D{�A=6xBD<DAD{7eM<D{�A=6xT�<

6M\+6MADfP<DC2GI6�>@B=<=6Md�CEB�e�;%Ghd�{�<UT�<DCE;%F#T�L2L2f�<=;�;�6�¯'d�6MF7B=C2\+6�Û�vo6�T%B=BD{�GI65T�\+6MADf�4�C2V�4he�;%F7BD<UT�FW<�<=6MGhd|6MAUT�<D{�A=6
<D4�A=;%{�V�47;%{�<O<D476�J'CEBD_kvwC2<D4

T = 1000K
Û
vw4�CEeU4&BD47;%{�LEJj;�\+6MA=6�BD<DC2G�T�<=6I<D476�G�T%BUB^LE;�BUB�T%BO6�¯'d�L~T�C2F76�J

C2F·BU6�eM<DCE;%F·a'0 Q70 Q7021�0n354�CEB�T�L2LE;�v�B�{7BP<=;nC2FW<=6MV�AUT�<=6�<D476IF7;%F'>@J'C2GI6MF7B=CE;%F#T�LuY�;%ADGÃ;�Y�6�è�{#T�<DCE;%Fîa'0 QqY�;%A
J'CÀà
6MA=6MFW<�d�A=;�¿7LE6�B9T�F7Jk<D476MFjB=e�T�LE6�<D476PA=6�B={�L2<=B"Y�;%A�6�T%e=4X;�Y©;%{�A�d�;�BD<y>@6MF7e�;%{�F�<=6MAOJ'CEBD_KB�T%e�e�;%A=J'C2F�Vn<=;
6�è�{#T�<DCE;%Fia'0Ra'0
S�C2V70^a'0Rb�b�BD47;�v�Bx<D4769Y�AUT%eM<DCE;%FX;�Y©toA=;�vwFj]xvoT�AyYuJ'CEBD_'B^vwC2<D4jTIL2CÀY°6�>g<DC2GI6�L~T�ADV+6MAx<D4#T�FjTIV�C2\+6MFH\�T�L2{76
Y�;%A9<@vo;iJ'CÀà
6MA=6MFW<�L2C2GhC2<DC2F�VHT%e�eMA=6M<DCE;%FîAUT�<=6�B�Ú�LE6�Y°<Pd#T�F76ML,Ü9T%B9vu6ML2LwT%BO<D476�J'CEBD<DADC2z�{�<DCE;%F¨;�Y�T%e�eMA=6M<DCE;%F
AUT�<=6�B^T�<�T�<DC2GI69;�Y

1Myr
0o�^BwC2<xe�T�Fqz|69B=6�6MF}Û�vo6O¿7F7JqF7;�tuA=;�vwFH]xv5T�AyY:J'CEB=_�C2Fi;%{�A^BUT�Ghd�LE6OvwC2<D4

T�L2CÀY°6�>g<DC2GI6�L~T�ADV+6MAw<D4#T�F
2.5
;%A

5Myr
Ú°J�6Md�6MF7J'C2F�V�;%F�<D476�J�6M<=6�eM<DCE;%FqL2C2GhC2<ñÜ5T�F7J�<D476�G�T��D;%ADC2<@f�;�Y�;%{�A

J'CEBD_'BP4#T�\+6�L2CÀY°6�>g<DC2GI6�B�LE6�BUBP<D4#T�F
1Myr

0&l�{7e=4¨LE;�v®L2CÀY�6�>g<DC2GI6�BIT�A=6�C2FîJ'C2A=6�eM<he�;%F�<DAUT%J'CEeM<DCE;%F�<=;k<D476
;%z7B=6MAD\�T�<DCE;%F7B";�YZl�<=6MAD��C2_�6M<"T�Lg0�Ú�/�����Q�Üovw47;�¿7F7JkT�FkT%eM<DC2\+6PT%e�eMA=6M<DCE;%FHJ'CEBD_�T�A=;%{�F7JiT�tuA=;�vwFk]xvoT�AyY
vwC2<D4iT�FkT�V+69;�Y ≈ 10Myr

0
c^FP<D476©;%<D476MA�4#T�F7J
Û�çO6MFWf+;%F�6M<�T�Lg0KÚ�/�����a+Ü
BD{�V�V+6�BD<�Tw<@fKd�CEe�T�LW<DC2GI6�>@BUe�T�LE6:Y�;%A��

α
>@6MGhCEB=BDCE;%F�<=;wz|6�e�;%GI6

{�F7J�6M<=6�eM<UT�z�LE6P;�Y�LE6�B=B5<D4#T�Fq<D4769T�V+6O;�Y
σ
c^ADC©Ú�b�>Á��[if�AñÜ�0:�^L2<D47;%{�V�4q<D4�CEBwvo;%{�LEJnA=;%{�V�4�L2fqT�V�A=6�6�vwC2<D4

;%{�A�A=6�BD{�L2<=B�Û|;%{�A9T%e�eMA=6M<DCE;%FXAUT�<=6�BOT�<�6�T�ADL2CE6MAO<DC2GI6�B�BDC2GhC2L~T�A�<=;�<D476hT�V+6�;�Y53�T�{�AD{7BO;%AO�Dm©>�b�QW�HÚ�z|;%<D4
≈ 1− 3Myr

ÜoT�d�d|6�T�Au<=;�z|6"\+6MADf�LE;�v)e�;%Ghd#T�A=6�J�<=;P<D476�;%z7B=6MAD\+6�JnT%e�eMA=6M<DCE;%FnAUT�<=6�B5;�Y�toA=;�vwFn]xvoT�AyY
J'CEBD_'B�C2FH[k{���6MA=;%L2LE6�6M<xT�Lg0�Ú�/�����b+Ü5vw4�CEe=4&T�A=6PGI;�BD<DL2fkT�z�;�\+6

1 · 10−11M� · yr−1 05S7;%A�;%{�A^J'CEBD_'B�vo6¿7F7J�<D4#T�<w;%F�L2f
4%

4#T�\+6OT%e�eMA=6M<DCE;%FnAUT�<=6�B5L~T�ADV+6MA5<D4#T�F
1 · 10−11M� · yr−1 T�F7J�F7;%F76xvwC2<D4 Ṁ

L~T�ADV+6MA
<D4#T�F

4 ·10−11M� · yr−1 T�<oT�F�T�V+6";�Y 1Myr
0���<�Û+<D476MA=6�Y�;%A=6�Û'B=6�6MGIBZ<D4#T�<uC2F�;%{�A©GI;KJ�6MLgÛ�vu6xe�T�F�;%F�L2f

T%e�e�;%{�FW<"Y°;%A�toA=;�vwFi]xvoT�AyY�BwvwC2<D4q\+6MADf�LE;�vïT%e�eMA=6M<DCE;%FqAUT�<=6�B�0
35476k;�\+6MAUT�L2LxJ'CEB=_·Y°AUT%eM<DCE;%F¶T�GI;%F�VîtoA=;�vwFÞ]xv5T�AyY°B�T�<�T�FÞT�V+6i;�Y

1Myr
B=6�6MGIB�T�LEB=;XGP{7eU4ÞLE;�vu6MA
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Ṁ
T�<:6�T�ADL2CE6MA�<DC2GI6�B�Û%C2<�z|6�e�;%GI6�B�eMLE6�T�A�<D4#T�<�;%{�A�GI;KJ�6ML'e�T�F

;%F�L2f�T%e�e�;%{�F�<wY�;%Ao<D476xLE;�vu6�BD<^T%e�eMA=6M<DC2F�V�tuA=;�vwFq]xvoT�AyY�B5vwC2<D4
Ṁ
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;�Y

r1/r2
0 090O090O090P0O090O090O09090O0P0O090O09090O090O0P0O09090O090O090P0O090O090O090¬a�ö



1���� §rùy£
¡ò��:�:�ù�;�û�ö"¢u£
a'021�b¶l�LE;%d�6w;�Y#<D476oL2C2F76�T�AZeU4#T�F�V+6w;�Y

τ1
vwC2<D4

rmin
;�\+6MA

r1/r2
0�35476w6MADA=;%A�z#T�A=B:;�Y#<D476wBDLE;%d|6

A=6Md�A=6�B=6MFW<w<D476x6MADA=;%A=B5;�Yr<D476"L2C2F76�T�Au¿7<ovw4�CEe=4nvu6MA=6�T�L2voT�fKB5L~T�ADV+6MA5<D4#T�F�<D476�6MADA=;%A=Bo;�Y
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