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Abstract: The aim of this thesis is the proof of the existence of relaxation
shock profiles. The existence results apply if the reduced system is strictly
hyperbolic, satisfies the strict entropy condition, and if the underlying hy-
perbolic system with relaxation fulfills easy-to-check structural conditions.
In general, the ODE system for the relaxation shock profile has a singular
right-hand-side. The structural conditions allow the construction of a lo-
cally invariant manifold T', where the vector field to this ODE system has
a smooth extension from a dense subset of T throughout T and the classi-
cal center manifold theorem applies. We apply our results to exponentially
based moment closure systems.

Zusammenfassung: Ziel dieser Arbeit ist der Beweis der Existenz von
Relaxationsschockprofilen. Die Existenzresultate finden Anwendung, wenn
das reduzierte System strikt hyperbolisch ist, die strikte Entropiebedingung
erfiillt und das zugrunde liegende Relaxationssystem leicht nachzupriifende
Strukturbedingungen erfiillt. Im Allgemeinen hat das gewohnliche Differential-
gleichungssystem fiir das Schockprofil eine singulére rechte Seite. Die Struk-
turbedingungen erlauben die Konstruktion einer lokal invarianten Mannig-
faltigkeit T, auf der das Vektorfeld zu diesem gewdhnlichen Differentialglei-
chungssystem eine glatte Fortsetzung von einer dichten Teilmenge von T auf
ganz T besitzt und das klassische Zentrumsmannigfaltigkeitstheorem An-
wendung findet. Wir wenden unsere Ergebnisse auf exponentiell basierte
Momentenabschluss-Systeme an.
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Introduction

A large number of physical phenomena involving nonequilibrium processes is
modelled by first-order partial differential equations of the form

(1) Ut+ZFj(U)xj =Q(U)/e,

where € > 0 is a small parameter, U is an unknown n-vector valued function
of (x,t) = (zy,- -+, 24,t) € R? x [0,00) and Q, F} are given smooth n-vector
valued functions.

Furthermore, we assume that we have conservation structure, i.e. the first
n — r components of Q(U) vanish.

Important examples occur in inviscid gas dynamics with relaxation, mag-
netohydrodynamics, kinetic theories, extended thermodynamics, nonlinear
optics, numerics of conservation laws, and so on. Typical examples and fur-
ther references are given in [Y3].

In order to have a well-defined limit for ¢ — 0 (also called relazation limit)
Yong introduced in [Y1] the so-called second stability condition which from
now on is referred to as stability condition.

This condition consists of the decomposition of Q(U) into a conservation and
a relaxation part, the symmetrizability of system (1) and a condition on the
coupling of the symmetrizer with the relaxation term (see (1.1.4)).

In the context of shock structure problems, the existence of traveling waves,
i.e. solutions of the form ¢(€), £ = (—st + w;z;)/e (W = (Wi, --wg) € $¢71)
solving



d

2) —sde+ ) _wij(9)e = Q(9),
=1

is of independent physical interest ([WE]).

From the conservation structure it follows that for each solution ¢(-) to (2)
with trajectory starting at a point U_ there exist n — r constant quantities

Ciy " Cp—yp:

a(0() = aU-), - enr(9() = car(U-),

We say that the trajectory is contained in the conservation manifold through
point U_.

If (—sI, + Z?Zl wiFji(¢))~ does not become singular and if the stability
condition together with generic coupling conditions is fulfilled, then the ex-
istence of traveling wave solutions has been proven (see [Y-Z]).

Here, the center manifold reduction works as well as in the existence proof for
viscous profiles by Majda and Pego (see [M-P]): System (2) can be brought
into the form

(3) ¢ = F(s,0),

where F is smooth.

Application of the the center manifold theorem gives the existence of a slow
invariant manifold of system (3) containing the fixed points of this system.

The intersection of this slow manifold with the conservation manifold is a
curve.

The orbit for the profile is bounded by two neighboring fixed points on the
curve and is contained in the stable manifold at one of them and in the un-
stable manifold at the other one.

If (—sI, + Z;l:l w;Fji(¢)) becomes singular, the right-hand-side F be-
comes singular, and the application of the center manifold theorem is not
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straightforward.

For this case we develop a modification of the center manifold reduction
method applied in [Y-Z].

This is possible, if, in addition to the stability condition, the dissipativity
condition (also called Kawashima’s condition) formulated by Shizuta and
Kawashima in [S-K], is fulfilled and if the simplicity condition is fulfilled, i.e.
zero is an eigenvalue of —sI,, + Z;l:l w; Fiu(¢) with multiplicity less than or
equal to one.

We construct a manifold I' where the ODE system (2) defines a smooth vec-
tor field and then apply the center manifold theorem in order to obtain a
slow invariant submanifold of I' containing the fixed points.

The existence theorem for this slow manifold (see (1.2.1)) is referred to as
main theorem.

Furthermore, the main theorem gives information about the dimension of the
stable and unstable manifolds at fixed points.

If the shock profile represents a simple shock (see chapter 1, section 3), the
trajectory of the shock profile is localized in the one-dimensional intersection
of the slow manifold of Theorem (1.2.1) with the conservation manifold and

is bounded by two neighboring fixed points (see Theorem (1.3.1)).

The methods developed in this thesis allow the construction of smooth shock
profiles connecting two states in a small enough neighborhood.

The existence of smooth profiles to general shocks remains to be an unre-
solved problem.

Organization of this work

This work is organized as follows:

In chapter 1 we introduce the stability condition, the dissipativity condition



and the weakened structural condition and state the main theorems.

For the construction of the slow invariant submanifold we need the simplic-
ity condition and the weakened structural condition which is implied by the
stability and the dissipativity condition.

In chapter 2 we prove the main results.

We will show that the stability and dissipativity condition in fact implies
the weakened structural condition and we will construct the slow invariant
manifold for the traveling wave equations.

Furthermore, we will analyze the qualitative behavior on the slow manifold.

In chapter 3 we apply our results to exponentially based moment closure
systems.

The relaxation limit of these equations are the Euler equations for compress-
ible fluids.

If two states connected by a simple shock solving the Euler equations are
close enough to each other and the simplicity condition is fulfilled then they
can be represented by relaxation shock profiles which are solutions of mo-
ment closure systems.



Chapter 1

Structural conditions and main
results

We consider first-order hyperbolic PDE with source term of the form

d
1
(1.1) Ui+ ) Fi(U)a, = -Q(U),
j=1
where U = ( Z ) ceUd C R",u e R"",v € R", U is open, € is a positive
real parameter, U is an n-vector valued function of (x,t) = (xq1, -+, x4,t) €
R? x [0, 00).

The n-vector valued function Q(U) and the n-vector valued functions F;(U)
are assumed to be of class C°.

Set B(U) = Qu(U) and A;(U) = Fyy(U) for j =1,---,d.
Furthermore, we assume that Q(U) has the form

q(u,v)

The first n — r zero entries of () correspond to n — r conserved quantities.

(12) o) == ( o).

In many physically relevant systems these conserved quantities are mass, mo-
mentum and energy.



1.1 Structural conditions

We motivate the structural conditions for linear systems with constant coef-
ficients of the form

d
(1.3) U+ Y AU, = BUJe,

j=1

which can be viewed as linearization of system (1.1) in a constant state in
equilibrium.

In order to have a well-defined limit € — 0 for z-independent solutions
Uf(z,t) = exp(tB/e)U(0,0)
we introduce the following condition:

Condition 1.1.1 For each U € € :={U e U | Q(U) = 0} the Jacobian
B(U) = Qu(U) has no nonzero purely imaginary eigenvalues.

Furthermore, we propose an analogous condition for the z;- direction:

Condition 1.1.2 If U € £ and A;(U) is invertible, then A7 (U)B(U) has
no nonzero purely imaginary eigenvalues.

The Fourier transform of the solution U¢(x,t) of (1.3) with respect to z is
U (&,1) = eap(tH, (1/e,€))Uo(€),
where U, is the Fourier transform of the initial value U, and
d
H,(n,&) =nB+iY A,
j=1

In order to have well-posedness for the initial value problem of the linear
system we assume that the hyperblicity assumption is fulfilled, that is, there
exists a positive constant C' such that
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lexp(H,(0,8))| < C

for all £ € R?, where | - | denotes some norm for matrices.
Assume that the hyperbolicity assumption is fulfilled and that

sup [exp(H,(1,£))| = oo.
7>0,6€R4

Under these conditions it is proven in [Y3] that for any ¢ > 0, there exists
Uy € L? such that the unique global solution U¢(z,t) to (1.3) with initial
data Uy satisfies

limsup | U(+, )|z = oc.
e—0

This fact implies a necessary criterion for a well-defined limiting behavior for
e — 0, the so-called stability criterion:

There is C(U) > 0 such that

(1.4) <o)

exp (nB(U) +¢Z£jAj<U>>

for Q(U) = 0, n > 0 and ¢ € R? where | - | denotes some norm
for matrices.

In order to give a characterization of the stability criterion in terms of veri-
fiable conditions Yong proved the following fundamental lemma by applying
the Kreiss matrix theorem (for further references see [KR], [K-L] and [Y3]):

Lemma 1.1.3 The stability criterion is equivalent to there being a positive
constant C' and a Hermitian matriz Ao(€), defined for & € R with |€] < 1,
such that

] ¢
C™I, < Ag(&) < CIL,, Ao(—>—)H,(n,&) + H*(n,£)A
< A(E) < Ol Aol Hi (0, €) + H; (1. Ao

for all (n,&) withn >0 and £ € R4,

§
n+\§\)§0



Many physically relevant relaxation systems admit the existence of a positive
definite Hermitian matrix Ag(¢) independent of ¢ such that the condition of
the lemma is fulfilled.

Such systems fulfill the conditions (1.1.1), (1.1.2) and the stability criterion,
if the so-called stability condition is fulfilled (see [Y1], [Y2]):

Condition 1.1.4 (stability condition) There is an invertible nxn-matriz
P(U) and an invertible r x r-matriz (0 <r <n) S(U) defined on € ={U €
U | QU) =0} such that

(1.5) P(U)B(U) = ( 8 S(OU) ) P(U).

As a hyperbolic system, (1) is symmetrizable, that means: For each U € U
there exists a positive definite Hermitian matriz Ag(U) with

(1.6) Ao(U)A;(U) = AN (U)Ao(U) for all j.

The hyperbolic part and the source term are coupled in the following sense:

0 0

(L.7) Ao(U)B(U) + B*(U)Ao(U) < =P*(U) ( 0 I,

) P(U) VU € €.

For the solution U'(-,t) of (1.3) to € = 1 the time-asymptotic limit require-
ment

lim (|07 (-, )] 2 = 0

is fulfilled, if H,(1,¢) is stable, i.e., all of its eigenvalues have negative real
parts.

If the stability condition is satisfied, the matrix H,.(1, &) is stable, if Z;l:l EiA;
has no eigenvectors in ker(B) (see [Y3], p. 279f).

Hence, we introduce the dissipativity condition:

Condition 1.1.5 (dissipativity condition) For cach U € £, w € $%°!
and s € R it holds
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km{E:ugAﬂU)—sh)ﬂkm{QUﬂﬂ):{O}

Set A(U) = 24:1 w;A;(U) and introduce for U € & the block decomposition

j
corresponding to P(U)

(18) mmmmp%m;(ﬁﬁg iﬁg).

From now on, we assume that the origin is contained in £, and non-mentioning
the variable means evaluation at the origin.

Let IT denote the projector onto ker(A) commuting with A and define

i L 1/, Ay-1
(1.9 Amsm [ -

where I' encircles the nonvanishing eigenvalues of A in counterclockwise di-
rection and does not enclose the origin.

Furthermore, set
~ 1
A=on [c-mB)a,
c

271

where C' is a curve which surrounds the origin in counterclockwise direction
and does not enclose the non-vanishing eigenvalues of 115.

The operator A commutes with IIB and projects onto the generalized eigenspace
of IIB to eigenvalue zero.

Choose bases (71, -+, 7rmy) of ker(Ayy) and (I3, ---,1%,) of ker(Af,), such that

lﬂ"j = 61’]’7 and, fOI' T = ZZI a;Ti, set,

(1.10) [(r) = Zm:aili.

The stability and dissipativity condition have already been checked for a
lot of relaxation systems, and we will show that they imply the weakened
structural condition which reads as follows:
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Condition 1.1.6 (weakened structural condition) With P fulfilling re-
lation (1.5), and with the block decomposition (1.8) induced by P there holds:

PAP™! has a positive definite block diagonal symmetrizer of the form diag(Ao, Ag2)
corresponding to the partition (1.8). Zero is a semisimple eigenvalue of ILB

and Ildiag(0,,_,, I,.), each nonzero eigenvalue of AABA and IIB has nonzero

real part. Furthermore, there holds

(111) Re(l(’f’)AmS_lAgﬂ") <0 Vre ker(AH) \ {0},
where (r) is defined in (1.10).

After eventual linear transformation by P and multiplication of P~*A P!
(with A being the symmetrizer of A) from the left we can assume that sys-
tem (1.1) has normal form, ie. P = Ay = I,.

In the next chapter we will show the following proposition:

Proposition 1.1.7 Assume that system (1.1) has normal form and that the
stability and dissipativity condition are fulfilled. Then the weakened structural
condition (1.1.6) is satisfied.

1.2 Main theorem

The main task of this work is to treat the ODE system for traveling waves
#(€) under the scaling

(1.12) st—i—Zw]x] —(0 4+ Ap) t—l—Zw]x]

7j=1

which has the form

d
(1.13) —s¢e + > wiF(¢)e =
j=1

= —(0+X)ge + Y _wiF(¢)e = Q(¢) = < q((zﬁ) ) ’

j=1
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where ), is the p-th eigenvalue of A;; = A1;(0).

We remark that after the scaling (1.12) the parameter € does not occur any
more in equation (1.13): If traveling waves exist then the thickness of their
profile is of order O(e).

The reason for writing the shock speed s in the form
s=0+X\
is the fact that o is a critical parameter, i.e. the qualitative behavior of

solutions of (1.13) changes under change of the sign of o.

Traveling waves occur, if there exists an intersection of the stable manifold
at one limit state and the unstable manifold at the other one.

The first step in the construction of an intersection of a stable manifold and
an unstable manifold to system (1.13) consists of answering the question, how
the dimensions of the stable and unstable manifolds change under variation
of o near ¢ = 0.

The following theorem answers this question and gives information about the
tangent space of the slow manifold where this change takes place.

In particular, the theorem controls the change of the dimensions of the stable
and unstable submanifolds of the slow invariant manifold (called M, ) under
variation of o.

Remembering that £ = {¢p € U | Q(¢) = 0} and writing

B=DB(0), S=25(0), Ay;=A4;(0), A=A0), A= A(0), A= A(0)
this theorem reads as follows:

Theorem 1.2.1 Assume that the weakened structural condition (1.1.6) is
fulfilled.

Furthermore, assume that A—\,I, is invertible or zero is a simple eigenvalue

of A= NI,
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Then there exists a Ct manifold M C R™™! and a real number § > 0 such that
it holds: For any |o| < 6 it holds for the section M, = MN{(7,¢) | 6 = o}:
The set {p € U | (0,¢) € My} is locally invariant for C' solutions ¢(-)
of (1.13). If (0,¢) € Bs(0) N (R x &) then (o,¢9) € M,. Furthermore, the

following claims are true:

1. The tangent space ToM is equal to R x V', where V' is the generalized
eigenspace of NAB|ign to eigenvalue zero, and V' has the form

(1.14) V=P (R"" x (S Ay (ker(An)))) .

2. Let P be the projector onto V- commuting with ]\le]\, set Y = 75¢,
let ¥ — ¢(0,%) be a C' parametrization of {p €U | (0,0) € My}.
Then, system (1.18) induces an autonomous ODE system having the
form

(1.15) Ve =V(0,9),

where V(+,+) is of class C' and for o > 0 (resp. o < 0) the dimension
of the stable manifold (resp. unstable manifold) to system (1.15) at the
origin is equal to dim(ker(A11)) as long as Ay + ol is invertible for
each € (0,0]| (resp. for each & € [0,0)).

The form of V' given in (1.14) has the following interpretation:
Writing V = P71(V x V3), where Vi = R"" and Vo = S71 Ay, (ker(Ay)),
the component V; is the trivial part corresponding to the n — r conserved

quantities, the component Vs is the nontrivial part corresponding to the
instability near o = 0.

1.3 Traveling waves for simple shocks

In our PDE system

(1.16) U B, = ()
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the first n — 7 entries of F}; are denoted by f;.

Taking into account that the equilibrium set £ has the representation

(1.17) 5:{U:(Z> | v =h(u)}

for a smooth function h, we get in the limit € — 0 the reduced system

d
(1.18) u Y filu, h(u),, =0.
j=1
We consider the limit from (1.16) to (1.18) for weak solutions of the form

CJous if wer < st
u(x,t)—{ uy if w-x > st,

where u_, wuy, sandw = (wy,---,wy) € $9°1 are given and satisfy the
Rankine-Hugoniot relation

(1.19) s(ug —u-) = flw,uy, huy)) = flw,u-, h(u-))
for f(w,U) = Z;l:l w; f;(U).

Remembering the decomposition (1.8) we assume that ), is a simple eigen-
value of the constant matrix

Of (w,u, h(u))

An(u-, h(u-)) = 5

Denote by 7, the corresponding eigenvector.

We make the assumption that for a real number § > 0 the p* Hugoniot curve
exists, represented by a function

[0,0) = RxR"™", pr (s(p),ulp))
with the properties

i) s(0) = Ap(u-), u(0)=u_,
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i) s(0)(u(p) — u_) = F(w,ulp), hu(p)) — f(wru_, hu_)) Vp € [0,5),
i) Opu(p)lp=0 = rp(u-),

iv.) s(-) is strictly monotone,

and we assume that the strict entropy condition

(1.20) Ap(u(p)) < s(p) < Ap(u-) Vp € (0,9)
or the reversed strict entropy condition

(1.21) M) < s(p) < M(u(p) Vp € (0,3)
is fulfilled.

For any v € R™ denote by v! the vector with the first n — r entries of v and
by v!! the vector with the last r entries of v.

If we have proven Theorem (1.2.1), it is not hard to show the following
theorem about the existence of smooth profiles to simple shocks:

Theorem 1.3.1 Assume that Q(U_) = 0, the weakened structural condition
(1.1.6) is fulfilled, A\,(u_) is a simple eigenvalue of Oy, f(w, u, h(w))|y=y_ and
that the strict entropy condition is fulfilled.

Furthermore, assume that A—\,1, is invertible or zero is a simple eigenvalue

of A= NI,

Then there exists a real number 6 > 0 such that the following statements are
true:

1. If there exists a solution ¢ € CHR,U) of (1.18) with ¢(—o0) = U_,
P(o0) = Uy, if Uy — U-| < & and if \y(UL) < s < \(UL) (resp.
M(UL) < s < X\(UL)) then it holds: UL is contained in the p™ Hugo-
niot curve of UL, i.e. (UL s) = (u(p),s(p)) for a parameter value
pel.

2. If U_,U, € &, Uy —U_| < 6, the strict entropy condition (1.20)
(resp. the reversed strict entropy condition (1.21)) holds and UL is
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contained in the p Hugoniot curve of UL then there exists a solution
¢ € CHR,U) of (1.13) such that ¢(—o0) = U_ and ¢(o0) = U, (resp.
b(—00) = U, and ¢(o0) = U_ ).

Proof:

From now on, we assume \,(U’) = 0 and U_ = 0 for notational simplicity,
and we can write s(-) = o(-).

Assume there exists a solution ¢ € C'(R,U) with ¢(—oc0) = 0 and ¢(oc0) =
U,.

Q' = 0 implies
(1.22) (Z w; fi(9(€)) — U¢I(§)> =0 V€ e R

3
Integrating (1.22) from —R to R (for R > 0) leads to the relation

fw,6(R) = f(w, (=R)) = 0¢'(R) — 0¢'(~R).

In the limit R — oo we get the Rankine-Hugoniot relation
(123) f(w,u+, h(U+)) - f(w7u—a h(u—))

- f(wa U, h(U+)) - f(w> Oa O)) =0Uy —O0U- = OUy
foru_ = UL =0 and u; = UL

Due to (1.20) (resp. (1.21)), the only solutions of (1.23) are contained in
the p'* Rankine-Hugoniot curve for |U, | small enough, i.e. 3p > 0 such that
(uy,0) = (u(p),o(p)), and claim (1) follows.

Define the conservation manifold

Na:{¢€uCRn ‘ f(w,(b)—f(w,O):UaSI}.

For a solution ¢(-) of system (1.13) with ¢(—o0) = 0 (resp. ¢(oc0) = 0) it
holds (&) € N, V€ € R.

17



For the tangent space Ty, of Ny at the origin it holds

(124) T()N() == k@’f’((AH A12>P)
From claim (1) of the main theorem and ker(A4;;) = Rr, it follows

(1.25) ToMo = {0} X VY,
where V = P71 (R"" x RS~ A4y 1,).

If w e VNTyNy then w has the form

_ p-1 v
w="P < cST Agr, ) ’

and it holds after multiplication of (A;; Ajz)P from the left:

(1.26) 0= A0+ cApS  Agry.
After multiplication of I(r,) (with {(-) defined in (1.10)) from the left we get
due to I(r,)A1; = 0:

0= l(’f’p)AHU + Cl(Tp)A12S_1A21Tp = Cl(Tp)A125_1A217’p.

From (1.11) it follows ¢ = 0 so that relation (1.26) is fulfilled if and only if
v € Rrp.

We get
(1.27) VN TyNy = RP™! ( 75’ ) .
In other words, the invariant set C, = {¢p € U | (0,¢0) € M,} NN, is a

curve which approximately tangent to RP~! 78” for o small.

Assume that Uy € &, that |U] is small enough and that u; = U fulfills the
Rankine-Hugoniot condition (1.23) for u_ = UL =0 and 0 = 0, = 0(p;) #
0.

18



Obviously, 0, U, are contained in N, , and, due to the main theorem, (o, 0)
and (o4, Uy ) are contained in M, .

Hence, 0, U are contained in C,, .

Due to the strict entropy condition (1.20) (resp. the reversed strict entropy
condition (1.21)), it holds

c=0, <\NU) =0, (resp. 0=\U') <o=0,).

Due to claim (2) of the main theorem, there exists a one dimensional unsta-
ble (resp. stable) manifold at U_ = 0 (being contained in M, for o = o)
for the ODE system induced on M,, ={¢p €U | (o4,¢) € M,, }.

As this unstable (resp. stable) manifold is also contained in N, it is con-
tained C,, .

Assume that the trajectory of a solution ¢(-) of the traveling wave system
corresponds to a solution of the ODE system (in claim (2) of the main the-
orem) which is induced on M, by the traveling wave system (for o = o).

Furthermore, assume that this trajectory has a non-void intersection with
the aforementioned unstable (resp. stable) manifold and a non-void intersec-
tion with the part of the line C,, which connects the points 0 and U,.

Then, 0 = lime_,_oo®(§) (resp. 0 = lime_oo¢(§)), and there exists 0 # U, €
Co, such that U, = lim¢_ood(&) (vesp. U, = lime_._oo9(§)).

As the stationary points 0 and U, are contained in the curve C,,, such a
point U, # 0 being contained in C,, exists, and U, is either equal to U, or
is located between 0 and U, on the invariant curve C,, .

Now, we show that U, = U,.

Due to (1), Ul is contained in the Rankine-Hugoniot curve through U = 0
for o =o,.
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For |UL]| and 0 = oy small enough, uy = Ul is the only solution of the
Rankine-Hugoniot relation (1.23).

Due to Uy, U, € € it holds Ul = h(UL), U" = h(U!) (remembering (1.17).

Hence, we have U, = U,, i.e. there exists a solution ¢ with asymptotic states
U_ =0 and U, and (2) has been proven. g
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Chapter 2

Proof of main theorem

Before we go into the details we give the main structure of this chapter:

In section 2.1 we will cite the center manifold theorem and some basic facts
from perturbation theory of linear operators in R™.

In section 2.2 we will prove Proposition (1.1.7) which says that the stability
and dissipativity condition imply the weakened structural condition.

In section 2.3 we will prove the main theorem under the assumptions that the
weakened structural condition is fulfilled and that a locally invariant man-
ifold T' with the following property exists: The vector field to the traveling
wave ODE system has a smooth extension from a dense set in T’ throughout T'.

Section 2.3 consists of three subsections:

In subsection 2.3.1 we will prove the basic proposition about the
existence of the invariant manifold M of the main theorem.

In subsection 2.3.2 (" Generalized kernel of the linearization”) we
will prove claim (1) of the main theorem about the tangent space
of the invariant manifold M at the origin.

In subsection 2.3.3 we will prove claim (2) of the main theorem
about the signature of real parts of nonvanishing eigenvalues of
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the linearization of the ODE system induced on M by the trav-
eling wave ODE system.

In section 2.4 we will prove the existence of the invariant manifold T’ whose
existence is assumed in section 2.3, and we are ready with the proof of the
main theorem.

2.1 Preliminaries

For an ODE system of the form

(2.1) ye = Ay + F(y,2), ze = Bz+ G(y, 2),

where the eigenvalues of A have zero real parts, the eigenvalues of B have
nonzero real parts, F', G belong to C*, &k > 2 and vanish along with their
first derivative at (y, z) = 0, the center manifold theorem says:

Theorem 2.1.1 (/[KE]) With the variables (y,z), the matrices A, B and
functions F, G defined in (2.1) there ezists a locally invariant manifold

M={(y,2) | lyl <6, =" = =(y)}

where z* is a C*1 function defined for |y| < & for some & sufficiently small
and vanishes along with its first derivative at y = 0. In other words: The
tangent space of M at (y,z) = (0,0) is the linear space corresponding to the
eigenvalues of diag(A, B) with zero real parts. Moreover, any fized point y
with |y| < § is contained in M.

Let’s repeat the well-known notation of the Dunford-Taylor integral of linear
operators on R™:

For a linear operator T : R — R"™, f holomorphic on a neighborhood of ()
in the complex plane and a closed simple curve C' contained in €2 which does
not intersect the eigenvalues of T, we define

2.2 A7) = 3= § FOE-T)7.
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where the integral path has to be taken counterclockwise.

If f and g are holomorphic on a neighborhood of €2 then the well-known
identity f(T)g(T) = (fg)(T) ([KAT]) implies for Mc = 5= ¢ ¢ (C=T) —ld¢

1
TMe = M:T =1l = 5 f{ (¢ —-T)'de,
C

i.e. T M is a projector onto the subspace corresponding to the eigenvalues
of T" which are encircled by C.

Now we will cite important theorems about the dependence of eigenvalues
on analytic perturbations.

We start from a given power series for T'(0):
T(o) =T+ oTW +o2TW 4

Let A be one of the eigenvalues of the unperturbed operator 7' = 7'(0) with
algebraic multiplicity m, and let P and D be the associated projection and
eigennilpotent. Thus

TP =PT = PTP = AP+ D, rank(P)=m, D™ =0, PD = DP = D.

The following theorem is about the dependence of eigenvalues on analytic
perturbations:

Theorem 2.1.2 ([KAT]) If T'(o) is analytic in o there exist pr,---,p, € N

such that for w,, = ea:p(2m) there exist ol € C, v € N and a strictly positive
by

real number & such that the Puiseux series

)\—i-ZOzw J”J k=0,---,p;—1

converges for |o| < 0.

In particular, )\i() (j=1,---,¢, k=0,---,p; — 1) are continuous functions

n (—94,9).
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We call {\(-), -+, A._;(-)} the j™ A-group.

If P(o) is the commuting projector of T'(¢) with P(0) = P and if D = 0
then we can write (T'(o) — A)P(0) in the form (see [KAT])

(T(0) =N P(o) =) o™ T,

and the following theorem holds:

Theorem 2.1.3 ([KAT], p. 82) If X is a semisimple eigenvalue of the un-
perturbed operator T = T(0) (i.e. D = 0) and T(0) is analytic in o then
each element of the A-group is continuously differentiable near o = 0. Fur-
thermore, T(c) = 1 (T(o) — \) P(0) is analytic in o and

(2.3) T(c) = P(0) (T — ) P(0) + O(0)

where P(o) denotes the projector commuting with T'(c) corresponding to its
A-group.

The following lemma is a straightforward consequence of the last theorem

Lemma 2.1.4 If A is noninvertible, zero is a semisimple eigenvalue of A,
IT = 2m fr ¢ — A)7YC, (where T encircles the origin in counterclockwise
direction, but does not enclose the nonvanishing eigenvalues of A) and zero
is a semisimple eigenvalue of I1B then

(A—ol,)*BA(c) = AABA + O(0),

where A = 5o fo Y — A)~YdC (where C encircles the nonzero eigenvalues
of A in counterclockwise direction, but does not encircle the origin), A = A(0)
is the projector onto ker(IIB) commuting with IIB and A(0) is the projec-
tor commuting with o(A — oI,) ' B corresponding to the eigenvalues \(o) of

(A — ol,)™ B with the following property: For each € > 0 there erists a
d(€) > 0 such that |N(o)| < € for |o| < d(e).

Proof:
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Set A = I,, — II and define A

i) = 5 7{ ¢ (A= on))dC,

where C encircles the nonzero eigenvalues of A in counterclockwise direction,
but does not encircle the origin.

For ¢ small enough it holds
A(0)(A—oA) = (A—oMN)A(0) = A

and

so that
(A(o) — %H)(A —ol,) = (A(o) — %H)(A C oA —oll) = I,

— (A —ol)(A(0) — %H).

Hence, there holds (taking A(0) = A into account):

0(A—ol,)'BA(0) = (cA(0) — I)BA(0) = cAABA + O(c?).

The last identity follows due to the semisimplicity of eigenvalue zero of ILB
and formula (2.3) with T'(0) = (0 A(c) —IT)B and P(c) = A(o) plugged into
the claim of Theorem (2.1.3).

Define A(o, ¢) := —(0 + \,) 1, + Z] Lw;jA;(¢) and consider the function

(2.4) (0,0) = A™H(0,6)Q(9).

Denote by A, the family of projectors commuting with A~'(c¢,0)B corre-
sponding to the eigenvalues A\(o) of A~*(o,0)B with the following property:

There exist K > 0 and § > 0 such that [A(0)| < K for each o € (=4, 9).

Define II, = I — A, and set A = Ay, IT = II,.

We will need the following proposition about the linearization of function
(2.4) at the origin:
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Proposition 2.1.5 Ifv(:) : R — R" is a parametrization with lim, o v(o) =
v then relation

limsup |A™ (o, 0)Bv(o)| < 0o

o—0

implies v € AR™. Furthermore, A is the commuting projector onto the (gen-
eralized) kernel of I1B.

Proof:

Let II be the projector onto ker(A(0,0)) commuting with A(0,0) and set
A=1,—1L

Define A(o) by

Ae) = 3= § CHC = (A0.0) = o)) e

where C' encircles the nonzero eigenvalues of A(0,0) in counterclockwise di-
rection, but does not encircle the origin.

For ¢ small enough it holds
A(0)(A(0,0) — oA) = (A(0,0) — oA)A(s) = A

and

Hence, it holds ¢ # 0 small enough

(A(o) — éH)A(U, 0) = (A(0) — LTI)(A(0,0) — oA — oTI) = I,

g

— A0, 0)(A(o) — én).

We can write

. 1 . 1
A Y0,0)B = (A(0) — =II)B = A(0)B — ~1IB.
g

g

26



Hence, from

limsup |[A™ (o, 0)Bv(o)| < oo

o—0

it follows

lim sup < 00.

o—0

1
—IIB
—11Bu(0)

This implies
0= lir% [1Bv(o) = I1Bv,
so that

(2.5) v € ker(I1B).

Due to the weakened structural condition, zero is a semisimple eigenvalue of

lir% cA ' (0,0)B = —1IB.
Due to Theorem (2.1.3), each eigenvalue A(¢) in any 0 - group (due to the
notation of Theorem (2.1.3)) of 0 A~*(0,0)B is continuously differentiable in
.

As A, is the projector commuting with A~!(c,0)B corresponding to the
eigenvalues which are uniformly bounded with respect to o for o small, it is
the projector commuting with ¢ A~ (o, 0) B corresponding to the eigenvalues

of order O(o).

As each eigenvalue (o) in any 0 - group of 0 A~*(o,0)B is continuously dif-
ferentiable in o, each eigenvalue A(c) of 0 A71(0,0)B is of order O(o) if and
only if it is in some 0 - group of cA7!(0,0)B.

Hence, A = A, is the commuting projector onto the kernel of

lim oA~ *(0,0)B = —IIB.

o—0

As A is the projector onto the kernel of IIB commuting with II1B, the claim
of the proposition follows. g
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Set

§={(0,¢) | 347 (0, 0)}.

If Proposition (2.1.5) has been shown it is not hard to prove the following
proposition:

Proposition 2.1.6 Assume that r is a C?2 manifold of dimension rank(\)+
1 such that the sectionT, = {(7,¢) € T | & = o} is a C* manifold of dimen-

sion rank(A) containing (0,0) for o small enough and that the restriction
of (0, 9) — A0, 0)Q(¢) on SN has an extension of class C? throughout T.

Then the tangent space off‘ at the origin is equal to R x AR™.
Proof:

As the restriction of (o, ¢) — (0, A" (0, $)Q(¢)) on SN T has a smooth
extension of class C? throughout I, for any family of curves (o, 7) + ~4(7)
with 7,(0) = 0, (0,7) — 9:7,(7) smooth in (o, 7) and (o,7,(7)) € T, for
(0,7) € I x I (where [ is an open interval containing 0) the derivative

0:[A7(0,7(7)) QYo (7))]lr=0 = A~ (0,0) B0:7,(0)

exists for small o # 0 and is uniformly bounded with respect to o for o small.
As (0,7) — 07, (7) is smooth the limit lim,.q ;0 0;7,(0) exists.
From Proposition (2.1.5) it follows

(2.6) 9:7(0) € AR"™.

As Ty is a manifold of dimension rank(A) and (2.6) is true for any smooth
curve 7 — o(7) with 79(0) = 0 and ~(7) € Iy, it follows

T(()’())fo = {O} X AR”
As (0,0) € T for o small enough, it holds
Tl =R x AR".q

We will need the following lemma about matrices with semisimple eigenvalue
Zero:
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Lemma 2.1.7 Assume that zero is a semisimple eigenvalue of M € C"*",
Then zero is a simple singularity of ¢ — (( — M)™, i.e. there exists C' > 0

such that |({ — M)~ < C’ﬁ (where | - | denotes some matriz norm).

Proof:

As zero is a simple eigenvalue of M we can choose an invertible matrix S
such that SMS~! has block form

SMS™! = diag(M,,0,),
where rank(M;) =n —r.

Then zero is a simple singularity of ¢ — (¢ — M)~! if and only if zero is a
simple singularity of

(= S(C—M)rS=((—-SMS™) ™t =diag((¢ — M), ¢ 1LL).

Obviously, the first block of the block matrix in the last expression is analytic
in ¢ for ¢ small.

The second block has a simple singularity at ( = 0. g

Furthermore, we will need the following lemma:

Lemma 2.1.8 Let U C R™ be an open neighborhood containing zero and r
an integer with 0 < r < n. Assume that w(-),---w,.(-) € C*(U,R™) and that
for each ¢ € U the vectors wyi(),---,w,(p) are linearly independent. Set

V = span(w;(0), - -+, w,.(0)).
Furthermore, assume that IT: R® — R™ is a projector with ker(f[) =V.
Then there ezists a projector valued function f[() 1 O — R™" of class C*

for an open neighborhood containing zero such that f[(()) = 11 and that for
each ¢ € U it holds

ker(IL(¢)) = span(wy(¢), - - -, w,(¢)).
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Proof:

Before we go into the details, we remark that we will use the well-known
Gram-Schmidt orthonormalization for this proof.

There exists an invertible matrix S such that IT = S~ (3277 e;el)S, where
e; 1s the 7 - th canonical base vector.

Obviously it holds

(27) 6?5711](0):0 fO’["Z.:17---7n—/r” j:17...’7~‘
Set v;(¢) := Sw;(¢) for i = 1,---,r and

- _11(9)
RN TET
and define inductively for j =2,---,r
T 1(0) = 4 AT (0)15(9)5(9)]

For w;(¢) = S7'0;(¢) it holds

span(wi(¢), -+, W,(9)) = S~ span(v1(), -+, 0 (¢)) =

= S span(01(¢), -+, 0:(¢)) = span(wi(¢), -, W, (9))

Note that (2.7) implies that 17]-T(0)el- =0fori=1,---,n—r, j=1,---,r.

Set
A e1 =2 b (9)eti(9)
lex = 325 07 (D)eatis(0)]
and define inductively for j =2,--- . n—r
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e 2 01 (9)esti() — 301 el (d)ese(9)

ej(¢) = — ~ —

’ lej = 3oioy 0 (D)e;ti(0) — 201, el (d)ejei(9)]
Then, el( )y s enr(-) € CF(O,R") for an open neighborhood O containing
Z€ero, €; (qb)éj(aﬁ) = 0;j, €(0) = ¢; and €] (¢)v;(¢) =0fori=1,---,n—r and
] - 17 T
Set

€;
i=1

Due to &l (¢)e d;;, the matrix > " &;(¢)e! (¢) is an orthogonal pro-

) =
¢) is a projector of rank n — r.

(¢
i(

jector. Hence,

As 0 = el (¢)0;(¢) = el (¢)Sw;(¢) fori =1,---,n—rand j =1,---,r, it
holds

ker(I1(¢)) = span(d1(¢), - -+ @(9)) = span(@i(9), - -, 0,(¢)).0

2.2 Checking of weakened structural condi-
tion

In this section we will show that the stability and dissipativity condition im-
ply the weakened structural condition.

The analysis of the algebraic structure of the linearization at the bifurca-
tion point uses the following lemma about the existence of a block-diagonal
symmetrizer of PAP™!:

Lemma 2.2.1 ([Y2]) Assume system (1.1) satisfies (1.5), (1.6) and

Ay(U)Qu(U) + QuU)*Ag(U) < 0.

Then P~*(U)Ao(U)P~Y(U) is a block-diagonal matriz corresponding to par-
tition (1.8).
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Now we turn to the proof of Proposition (1.1.7).

Due to the block symmetrizer Lemma (2.2.1), the matrix PAP~! has a pos-
itive definite block-diagonal symmetrizer corresponding to partition (1.8).

Hence, it remains to show:

(i). Re(l(r)A;2S™ Ay r) <0 Vr € ker(Ayr) \ {0}, where I(r) is given by
(1.10).

(ii). Zero is a semisimple eigenvalue of I1B and Ildiag(0,,_, I, ).

(iif). The eigenvalues of AABA which are different from zero have a nonva-
nishing real part.

(iv). The eigenvalues of IIB which are different from zero have a nonvanish-
ing real part.

Remember that we assume that (after eventual linear transformation by
P = P(0) and multiplication of P~*A,P~! = P7*A(0)P~! from the left)

system (1.1) has normal form, i.e. P = Ay = I,, and that A and A;; are
already symmetric.

As Ay is symmetric, it holds [(r) = r*.
ad (i):
It holds Ag 1 # 0 for each r € ker(Ay1) \ {0}. Otherwise,

All A12)
A21 A22 ’

P! ( g ) € ker(B) Nker(A) = ker(B) N ker (
a contradiction to the dissipativity condition (1.1.5).

As the matrix A is symmetric it follows

(2.8) A = A5, A= AL
The latter implies Aj;r = 0 and therefore r*A;; = 0.
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Having made the above preparations, we get
Re [T*AHS_IAQlT} = Re [T*A;S—lAng} <0,
because S + S* < —I,. (due to (1.7) with Ay(0) = I,,), and (i) follows.
ad (ii):
If z=1IBy # 0, IIBz =0 then z € range(II) \ {0} or

(2.9) z € ker(A) \ {0}.

Assume it holds z/! = 0, then we get 2! € ker(A;;) and 0 = (A2)H = Ay 2t
and (i) implies 2! = 0, a contradiction to (2.9).

Hence, relation (2.9) implies 27 # 0, and we conclude from (1.7) (with
P = Ay(0) = 1,,):

(2.10) 2*(B+ B*)z <

< —2*diag(0,_,,1,)z = —|z"|* < 0.
On the other hand, it follows from 1Bz =0

(2.11) Z* II"Bllz = 0, 2" II"B*llz =0
so that z = Ilz and adding the two relations in (2.11) imply

(2.12) 2 (B+B")z=0,
a contradiction to (2.10), and the first part of (ii) follows.

If z = ldiag(0,,—r, I)y # 0, Hdiag(0,_,, 1)z = 0 then z € range(Il) \ {0}
or

(2.13) 2 € ker(A)\ {0},

Assume it holds z/7 = 0, then we get 2! € ker(A;;) and 0 = (A2)! = Ay 2t
and (i) implies 2! = 0, a contradiction to (2.13).
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Hence, relation (2.13) implies 2!/ # 0, and we conclude:

(2.14) 2*diag(0,_,, I,)z = —|2"1]* < 0.

On the other hand, it follows from T1diag(0,_,, I,)z =0
(2.15) 2" II*diag(0,_,, I,)I1z = 0

so that z = 1z implies

(2.16) 2*diag(0p_p, I)z = 0,

a contradiction to (2.14), and the second part of (ii) follows.
ad (iii):

Assume there exists y # 0 with AABAy = ixy, 0 # & real.

As zero is a semisimple eigenvalue of IIB and due to identity (2.3) in The-
orem (2.1.3) it holds for A(c) = A + oI, where A(o) denotes the projector
commuting with (A(c))™!B corresponding to the eigenvalues which are uni-
formly bounded for ¢ small:

(A(0))"'BA(0) = (A + ~T)BA(0) = AABA + O(0),

and we get for y(o) = A(o)y
(2.17) (A(0)) ' By(o) = iky + (o),

where lim,_o7(0) = 0.

Multiplication of A(o) resp. y*A(o) to (2.17) from the left and performing
the limit o — 0 give

(2.18) By =ikAy, y*By =iry"Ay.

A being symmetric, it follows from the second relation in (2.18) that Re(y*By) =
0, or in other words:

y* [B+ B*]y = 0.
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The last 7 components of y are zero due to (1.7).

Return to the first relation in (2.18).

Obtain ikAy = By = diag(0,S)y =0, i.e. Ay =0.

As the last 7 components of y are zero, it follows A;1y’ = 0 and Ay y! = 0,
and we conclude from (i) that y’ = 0, a contradiction to y # 0, and (iii)
follows.

ad (iv):

Assume there exists y # 0 with [1By = iky, k # 0.

Then it holds:

(2.19) y* 1By = iky™y.
From (2.19) it follows Re(y*IIBy) = 0, or in other words:

v B+ BTy =y [B+ By =0.
The last 7 components of y are zero due to (1.7).

y being an eigenvector of IIB and 1By # 0 imply that y is contained in
ker(A) \ {0}.
As the last 7 components of y are zero, it follows A1y’ = 0 and Ay’ = 0,

and we conclude from (i) that y’ = 0, a contradiction to y # 0, and (iv)
follows.

2.3 Algebraic structure

In order to prove the main theorem we analyze the linearization of the trav-
eling wave system.
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The basic proposition in section 2.3.1 gives the connection between the alge-
braic structure of the linearization and the invariant manifolds.

In section 2.3.2 and 2.3.3 the algebraic structure will be analyzed in terms
of the generalized kernel and the signature of the nonvanishing eigenvalues.

2.3.1 Basic proposition

For A(o,¢) := —(c + \p)I + Z?Zl w;A;(¢) the traveling wave system aug-
mented by the equation for ¢ has the form

(2.20) oe =0, Ao, ¢)pe = Q(¢).

Denote by A, (resp. P(0)) the projector commuting with A~(s, 0)B corre-
sponding to the eigenvalues remaining uniformly bounded in o for o small
(resp. to the eigenvalues being zero in the limit ¢ — 0) and set II, = I — A,.

Set]\:]\() andf[:ﬁo.

The projgctorj\ is the commuting projector onto the (generalized) kernel of
I1B; set II = II,.

Remember the definition (1.9) of A, remember

£ = {Q(¢) =0}, B =DQ(0)

and set

§=A{(0,¢) | 347 (0, 0)}-

We will prove the following proposition about invariant manifolds for system
(2.20):

Proposition 2.3.1 Assume that the weakened structural condition is ful-
Jilled, that I' ¢ R xU is a locally invariant C2 manifold of dimension
rank(A) + 1 for system (2.20), that the section T, =T N{(3,¢) | & = o} is
a locally invariant C* manifold of dimension rank(A) with (U 0) €T, foro
small enough, that S NT is dense in T and that the restriction of (o, $) —

o, 0)Q(¢) on SNT has a C? eatension throughout T. Furthermore, as-
sume there exists § > 0 with the following property: If (o, ¢) € Bs(0)N(RxE)
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then (o, ¢) € [. ThenT contains a locally invariant C! submanifold M such
that the section M, = MNT, is invariant and that the following conditions
are fulfilled:

1. There exists § > 0 with the following property: If (o, ¢) € Bs(0)N(RxE)
then (o,¢) € M.

2. The tangent space T(0,0)M has the form R x W, where W is the gen-
eralized kernel of AAB|zgn-

3. The dimension of the intersection of M, with the stable (resp. unsta-
ble) manifold for system (2.20) at the origin is equal to the sum of the
algebraic multiplicities of eigenvalues of

~

P(0)A™(0,0)Blppypn
with strictly negative (resp. strictly positive) real part.

Remark 2.3.2 In section 2.4 we will prove the existence of a manifold T
fulfilling the assumptions of Proposition (2.3.1).

If A= A(0,0) is invertible then IT = IIB = 0 and A = I,

Hence, we can make the following remark

Remark 2.3.3 If A is invertible then T is an open subset of R x U.
Proof of Proposition (2.3.1):

Due to Proposition (2.1.6), the tangent space of r at the origin is equal to
R x AR", and due to assumption, it holds (,0) € T', for o small enough.

Hence, there exist an open interval containing zero and a C? function g(-, ) :

I x AR" — TIR", with g(0,0) = 0 for o € I and D(y.4,)9(7, $1)|(0.61)=0 = 0
such that (o, ¢7) is contained in I' if and only if

(2.21) 7 = ¢1+ g(o, 1)
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for some ¢; € O C AR™, where O is an open neighborhood of 0 in the topol-
ogy induced on AR™.

Let V : f — RR™ be the C? extension of the restriction of (o, ¢) — A~Y(c, $)Q()
onSNT.

This extension exists due to the assumptions of the theorem.

As (0, A=Y (0,0)Q(¢)) € Tio.p)T for each (a,¢) € TNS (due to the invariance
of T') and I'NS is dense in T, it holds (0, V(a, ¢)) € T(p.s T for each (o, ¢) € T.

As (0,V(0,9)) € Tio)L for each (o,¢) € T, the set T is a locally invariant
manifold for system

(222) O¢ = 0, 9255 = V(O’, 925)

Plugging (2.21) into the second equation in (2.22) and applying AA, from
the left give

(2.23) AN, (A + Dy, g(0, ¢1))b1e = ARV (0, 61 + g(0, ¢1)).
Set

Mo = 55 [ €(¢= RAo(R+ Dyuglon o)) .

where I is a curve which encloses the eigenvalue 1 of the projector

A = A (A+ Dy, (0, 61)) Al (0.61)~(00)

in counterclockwise direction and does not enclose the origin.

After multiplication of A(o, ¢) from the left to (2.23), noting that

A(O’, ¢1>AAU(A + D¢1g(07 le))]\ =A

and /~\¢15 = ¢1¢ and augmenting by the equation for o we get

(224) O¢ = 07 ¢l§ = ‘/A\(O—> ¢1)/~\/~\UV(Ua ¢l + g(Ua ¢l))
Obviously, the map
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(07 le) = A(Ua ¢1>AAUV(07 ¢1 + g(O’, le))

is of class C2.

From (2.24) we get after augmenting by the equation for o and noting that

A

lim, 4,)—0 A0, 1) = A and that, due to Lemma (2.1.4), lim,_g Ay A~ (0,0)B =
AABA:

oe =0, ¢1c = AABAG, + O(0® + |¢1]%).

As, due to the weakened structural condition, each nonzero eigenvalue of
AABA has nonzero real part, we conclude from the center manifold theorem
that there exists a locally invariant C' - manifold M for system (2.24) such
that the following claims are true:

(i). For (o, ¢1) small enough it holds: If A(c, ¢1)AA,V (0, é1+g(0, ¢1)) = 0
then (o, ¢1) € M.

(ii). The tangent space T| (0,0)/\;1 has the form R x W, where W is the gen-
eralized kernel of AAB|zgn.

If (o, ¢1(+)) is a solution of system (2.24) then
(0,6(-)) = (0,91() + g(0, 1(-)))
is a solution of system (2.22).

Hence, the set

(2.25) M={(0,¢) | 3oy € M with ¢ = ¢+ g(o,61)}

is a locally invariant manifold for system

O¢ = 07 ¢§ = V(Ua ¢)

If (0,01 + g(o,¢1)) € Bs(0) N (R x &) for ¢ small enough then
A(Ua ¢1)]\]\0V(U, ¢1 + 9(07 ¢1)) = 07
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and it follows (o, ¢1) € M (due to (i)).

On the other hand, we conclude: If (0,¢) € Bs(0) N (R x &) then (0,¢) € T,
i.e. there exists ¢; with

(07 ¢) = (07 ¢1 + g(Ua ¢l))
Hence, for ¢ small enough, (o, ¢) € Bs(0) N (R x &) implies

(07 ¢) - (07 ¢1 + g(Ua ¢l))7
where (0, ¢1) € M.
Therefore, (o, ¢) € Bs(0) N (R x &) implies (o, ¢) € M.
Hence, claim (1) of the theorem is true for the manifold M.

Recall definition (2.25) of M.

A D(g,61)9(0, ¢1)|(0,61)=0 = 0, the tangent space T{g,0)M is equal to T(g,0M,
i.e. it has the form R x W, where W is the generalized kernel of AAB|;gn
(due to (ii)).

In other words: Claim (2) of the theorem is true for the manifold M.
If ¢¢(&) =V (o,¢(£)) and (o, ¢(§)) € M then it holds

A(a, ¢(£))9(€) = Ala, ¢(§))V (0, ¢(E)) =

= lim A@@,90)A(7,0)Q(9) = Q(¢(8)).
(5.6)€8MT(5,6)—(:0(€))

Hence, the fact that M is a locally invariant manifold for system
0¢ =0, ¢p¢=V(0,9)

implies that M is a locally invariant manifold for system (2.20), and due to
o¢ = 0, the section M, = M NT, is invariant.
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Note that Ty My = {0} x P(0)R".

There exists a C' - function 77 : P(¢)R"* — (I —P(0))R™ such that for each
¢ with (0, ) € M, it holds

(2.26) ¢ =7 +1°(¢7),

where 77(0) = 0 and Dn°(0) = 0.

Note that P(0)A~(0,0)B(I — P(0)) = A~Y(0,0)BP(c)(I — P(c)) = 0 and

because of (I —P(0))n° = 1°.

(0,0)BDy(0) = P(

Hence, ﬁ(g)A 1 o
) =P(o)(] - (U))Dn"(~) = 0.

P(o) Dife (-

After pluggmg (2.26) into the second equation in (2.20), multiplication of
P(0) A=Y (o, " +n7 (¢7) from the left and taking into account that P(c) A~ (e, 0)BDy”(0) =
0 and P(c)Dn?(-) = 0 we get:

(2.27) v = P(0)A7H(0,0)By” + O(jv° )

Claim (3) of the theorem for the manifold M follows from taking into account
the signature of P(0)A™1(0,0)Blp,gn- o

2.3.2 Generalized kernel of linearization
Recall the definiton of A in the last section.

Define A to be the generalized inverse of — Ml + Z?:l A;(0) corresponding
to its nonvanishing eigenvalues.

Due to Proposition (2.3.1), there exists a locally invariant manifold with tan-

gent space {0} x V, where V is the generalized kernel of AAB] igns if the
invariant manifold I' in Proposition (2.3.1) exists.
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We will prove the existence of such a locally invariant manifold T in section
2.4.

In this section we will analyze the generalized kernel of AABA, i.e. we will
prove the following theorem

Theorem 2.3.4 If the weakened structural condition holds, then the follow-
ing claims are true:

1. It holds ker(AAB|zz.) = P~ (R"" x {0}) and
range(AAB|;zn) Nker(AAB|jgzn) = P~ (ker(Ayp) x {0}).
2. The generalized kernel of AAB|jgn is the linear space
PUR™ x (57 Ay (ker(An)))) -

8. The normal form of AABA has no Jordan block to eigenvalue zero of
order larger than two.

If the invariant manifold I' in Proposition (2.3.1) exists, then, due to claim
(2) in Proposition (2.3.1), the tangent space Ty M, is the generalized kernel
of AABA, and we can make the following remark:

Remark 2.3.5 If the invariant manifold T in Proposition (2.3.1) exists then
claim (1) of the main theorem is a direct consequence of Theorem (2.5.4).

Proof of Theorem (2.3.4):
We can assume that P = I,,, i.e. B = diag(0,.S).
For general P our claims follow via linear transformation by P.

Repeat from the weakened structural condition that

(228) l(’f’)A12S_1A21T 7é 0 Vr S k?€7"(A11) \ {0}
with the block decomposition (1.8) for A, where [(r) is defined in (1.10).
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Let A(o) be the projector commuting with - (H + O’A) B corresponding to
its eigenvalues which are uniformly bounded with respect to o for o small.

Define A(o) := < <HB - UAB) A(o), A:=lim, o,20A(0) = AABA.

As zero is a semisimple eigenvalue of IIB the last relation follows due to
relation (2.3) in Theorem (2.1.3).

Due to Theorem (2.1.3), the matrices A(c) and A(c) have an analytic ex-
tension up to o = 0.

This implies that, if y € ker(A|jg.), then it holds for y(o) = A(o)y
Jim Alo)y(o) = Ay =0,

and it follows for A(c) = A + oIl the relation

0= lim A(o)A(o)y(o) = lim By(c) = By.

0—0,07#0 oc—0

As B = diag(0,S) and S € GL(R,r) this implies y' = 0.
We can conclude:
(2.29) y € ker(Alig.) = ¥ =0

On the other hand, if y’/ = 0 then < <H + afi) By = 0 for each o # 0, i.e. y
is in the kernel of * <H + a[l) B which implies that A(¢)y = y for each o # 0.

Hence, we can conclude that

1 N ]
y1=0 = lim —<H+UA>BA(U)y:Ay:0and Ay =y.

0—0,0#0 O

From this conclusion and (2.29) it follows

(2.30) y € ker(Alig.) < v =0
This is the first part of claim (1) in the theorem for P = I,,.
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Let y € V = AR" be such that z = Ay # 0, A%y =0, set y(o) = A(o)y and
z(0) = A(o)y(o).

Obviously, it holds y = lim, .0 s20y(0), 2z = lim, 0,20 2(0).

After multiplication of A(c) = A + oll from the left to A(o)y(o) = z(0)
and A(o)z(o) for o # 0 (using A(0).A(c) = B) and taking into account that
lim, 0,20 A(0)2(0) = Az = A%y = 0 we get:

By = lim By(c)= lim A(o)z(o) =Az, Az=0.

U—>0,U750 U—>O,U;£O
These relations imply (recalling the notation in (1.8)):

(231) AHZI + Alng = 0, Aglzl + AQQZII = SyH, .AZ =0.

From the third equation in (2.31) and (2.30) we see that 2/ = 0. Because of
the first equation it is 2’ € ker(A;;), and we can conclude that

(2.32) range(Alv) Nker(Aly) C {z € V | 2! € ker(Ay), 2/ =0}.
As z # 0 and 2T = 0 it follows 2! € ker(Ay1) \ {0}.

Due to (2.28), it follows Ay 2 # 0.
The second equation in (2.31), z/f = 0 and Ay 2! # 0 imply

(2.33) y'' =571 Ay #£0.
Taking (2.30) into account it follows for P = I,

(2.34) ker(A%)y) C R"™" x (S Ay (ker(Ap))) .

On the other hand assume there is a vector §j € V such that Aj # 0, A%j # 0
and A3 = 0. Set y = Ay and z = Ay. The above argument shows

(2.35) y'' = S Ay 2! £ 0 with 2’ € ker(Ap).
We obtain



Multiplication of A(c) to the last relation from the left for o # 0 and per-
forming the limit ¢ — 0 give By = diag(0, S)y = Ay.

We get (Ay)! = 0, or in other words (using relation (2.35)):
Ay’ + ApST Ay 2" =0, 2" € ker(An).
From z/ Ay, = 0 for 2/ = I(2!) (with I(-) defined in (1.10)) we conclude:

(2.36) 2 ARST Ay = 0.

Because of (2.28) it holds I(r)A12S  Agyr # 0 Vr € ker(Aqn) \ {0}, where
I(r) is defined in (1.10) .

Hence, relation (2.36) implies 2! = 0.

On the other hand, it is 2! # 0 because of (2.35). This is a contradiction, and
we conclude: The normal form of AABA has no Jordan block to eigenvalue
zero of order larger than two.

This is claim (3) of the theorem.

For z € R™ with 2! € ker(Ayy), 2/ = 0set y with y! = 0 and y/! = S71 Ay, 2 .
Then the relations in (2.31) hold, i.e. Az = By, Az =0.

We conclude that By = lim,.0 0 A(0)z, and it follows

- 1
lim A™'(o)By= lim (A+=I)By=2 Az=0.

0#0,0—0 0#0,0—0 o

Hence, limg—0,5—0 oA Y (c)By = TIBy = 0, and it follows y € ker(I1B), i.e.
y = Ay, and we conclude that



We obtain z = Ay, Az = 0, where y = Ay.
Together with (2.32), this implies

{2 € ker(An), 2" =0} = range(A|zgn) N ker(Align)-
This is the second claim of claim (1) in the theorem for P = I,.

Furthermore, it follows

(2.38) R™" x (S Ay (ker(An))) C ker(A%|y).

As the normal form of AABA has no Jordan block of order larger than two,
claim (2) of the theorem follows from (2.34) and (2.38) for P = I,,.

2.3.3 Signature of real parts of nonvanishing eigenval-
ues

Remember the notation introduced in chapter 1, where [7,-- -1} € ker(Aj;)
and 7y, - - -y, € ker(Ay;) are chosen such that [;r; = 6;;.

First, we assume that A € GL(n,R).

For 0 € R and

define

(2.39) A(o) := A+ P 'RP.

Let P(0) be the projector commuting with A~(¢)B corresponding to the
eigenvalues of A~!(o)B which tend to zero for o — 0.

We will prove the following theorem:

Theorem 2.3.6 If the weakened structural condition is fulfilled and A €
GL(n,R) then it holds:
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Ifo >0 (resp. o < 0) then the sum of the algebraic multiplicities of eigenval-
ues of P(o)A~Y (o) B with strictly negative (resp. strictly positive) real part
is equal to dim(ker(Ayy)) for o small enough.

Before we prove this theorem we tell how we obtain claim (2) of the main
theorem for invertible A.

Consider
A(o,6) = (A+ ocP 'RP + (1, — P_lRP))_lB.

Theorem (2.3.6) says that the change of the sum of algebraic multiplicities of
the eigenvalues of P(0).A(o,0) with strictly negative (resp. strictly positive)
real part under change of the sign of o is equal to dim(ker(Ai1)).

We will see that we can repeat the proof of the theorem for A+ (I,,—P~'RP)
instead of A as long as ¢ is small enough.

Hence, the change of the sum of algebraic multiplicities of the eigenvalues of
A(o, &) with strictly negative (resp. strictly positive) real part under change
of the sign of ¢ is equal to dim(ker(Aj;)) for & small enough.

On the other hand, the sum of algebraic multiplicities of the eigenvalues
of A(0,5) with strictly negative (resp. strictly positive) real part does not
change under variation of ¢ as long as ¢ is small enough. In fact, the dimen-
sion of the generalized kernel of \A(0, &) does not change under variation of &:
Analogously as in the proof of Theorem (2.3.4) we can show: The generalized
kernel of A(0, 7) is equal to

PTHR™ x (87 Ani(5) (ker(A11(5)))))
with the well-known notation for the blocks A;;(¢).
We conclude that the change of the sum of algebraic multiplicities of the
eigenvalues of A(o,0) = (A + oI,)"'B with strictly negative (resp. strictly

positive) real part under change of the sign of o is equal to dim(ker(A;y)).

Hence, we can make the following remark:
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Remark 2.3.7 If the invariant manifold T in Proposition (2.3.1) exists then,
for invertible A, claim (2) of the main theorem is a direct consequence of
Theorem (2.5.6).

We will treat the case of non-invertible A in this section later.
Proof of Theorem (2.3.6):

Because of

-1
A7'B=plpATtplpBpip = p! ( A Ar ) diag(0, S)P
A21 A22

: A
the matrix < An 12

1

diag(0, S) is similar to A~! B, and we can assume
An A

P=1,.

Set for each o where A(c) € GL(R,n)

(2.40) T(0) := (A(0)"'B),,

Denote by P(o) the projector commuting with T'(¢) corresponding to its
eigenvalues tending to zero for o — 0 and set P = P(0).

We will prove the following claims:

(1) ker(T(0)) = 571 Ay (ker(An)), ker(T7(0)) = Aj, (ker(A1,))

(iii) rank(P (0,T(0))|o=oP) =m

(iv) For 0 # r = Z;”loz]r] and [ = 377 ajl; it holds: If 0 # A €
spec (PO, T(0)P), then sign(Re())) = —sign(Re(lA12S7  Ayir)) # 0.

)

(ii) Zero is a semisimple eigenvalue of 7°(0).
)
)

(v) The changes of the sum of the algebraic multiplicities of eigenvalues
with strictly negative (strictly positive) real part of A(c)~'B and T'(o)
under variation of o are equal.
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Assume the claims above are true.

Due to (ii), zero is a semisimple eigenvalue of 7'(0), and it follows due to
Theorem (2.1.3) (after multiplication of o to relation (2.3)):

T(0)P(0) = cPTYP + o(0) for TW = (9,T(0)) |s=o-
Claims (iii) and (iv) imply that, with o changing from a strictly negative
value to a strictly positive value, m eigenvalues of T'(c) (i.e. whose sum
of multiplicities is equal to m) change from a strictly positive value (resp.
strictly negative value) to a strictly negative value (resp. a strictly positive

value) if Re(lA12S 1Ay ) is strictly negative (resp. strictly positive), and
the claim of the theorem follows from (v).

It remains to prove claims (i) - (v):

ad (i):

—1 n—r . -1 0
(A B)221J:0<:>3y€]R, with A B(v):(

)
0

wr with (O OY (O An An (v
©eR w”h(o S)(v)_(Aﬂ A22)<0)

< dy e R"" with Ay =0, Sv= Ay

& Jy € ker(Ay) with v=S""A5y.
Hence, it follows
ker(T(0)) = S~ Ay (ker(Amn)).
If y*A;; = 0 then it follows from

(All(A_l)lg —|— Alg(A_l)Qg) S - (AA_l) S — (In)lgs - 0

12
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the relation
y*A12T(0) = y*Alg (A_IB)22 = y*A12(A_1)225 = 0.
Hence, it follows

Aly(ker(A7y)) C ker(T*(0)).

dim(ker(T(0))) = dim(ker(T*(0)))
and
dim (A%, (ker(A3))) = dim(S™ Ay (ker(Ap)))
claim (i) follows.
ad (ii):
Assume there exists w € R" such that

(2.41) (A™'B),,w#0, (A'B),,w=0.
From (i) it follows that there exists v € R" \ {0} of the form

(242) v = S_1A217’ 7é 0, re k?€7"(A11)
such that
n—r : -1 0 Y
(2.43) Jy e R"™" with A B( ):( )
w v
Choose av, - -+, o, such that r = 377" a;r; and set [ = Y7, ajl;.

*

Multiplication with < ZO

N[0 0 0\ [ 0"\ [ Auy+ Apv
0 0 S w - 0 A21y+A22U '

Using [A;; = 0 gives for the first entry

) A from the left to (2.43) gives
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0= lAlg’U = lAlgs_lAgl’f’ =0.
Hence, it follows r = 0, a contradiction to (2.42).
ad (iii) and (iv):

From

(05T(0))lo—o = ((O(A+oR)™)|s=0B),, = — (A'RA'B)

227

and B = diag(0,5) we get

(244) (8UT(O'>)|U:0 == —(A_1>21R11(A_1)125.
Set
(245) T = S_1A21R11A12 = Z S_lAgl’f’iliAlg.

i=1

Assume that X is a nonvanishing eigenvalue of 7.

After an appropriate choice of {ry,---,r,} we can assume that S LAy is

an eigenvector of T' to eigenvalue A, i.e. lelgs_lAgl’f’l =0 for j # 1 and

A =11 A5 Ay, and we get sign(Re())) = sign(Re(l;A12S 1 Agry)).

@s S™1 Ay 71 can be assumed to be the multiple of an arbitrary eigenvector of

T we conclude that the signs of the real parts of the nonvanishing eigenvalues

of T are equal to the sign in (1.11).

Remember that P is the projector onto ker(T(0)) commuting with T(0).

Due to (i), r; € ker(Aq1) and I} € ker(Aj;) it holds for i =1,---,m
pS_lAgl’l“i = S_lAgl’l“i and liAlgp = liAlg.

Hence, it follows

(2.46) PT=TP=T.



Obviously it holds

(2.47) Ri1A1(A™ o1 = Ryy (An(A D)+ Ap(A™)y) =

= Rn (AA_l)ll = Rn

and

(2.48) (A™12A2 Ry = ((A)uAn + (A™)124a) Ry =

- (A_IA)ll Rll - Rll-

Using these identities we get

m

m > rank(T) > rank((A™1)12ST(A )y = rank(z ril;) = m.

i=1

Taking into account relation (2.46) and using the identities (2.44), (2.45),
(2.47) and (2.48) it is not hard to verify the relation

(2.49) PTPO,T(0)PTP =T, T(0)T = —S ' Ay Ry Ay =
— T =—PTP.

Multiplication of the generalized inverse of —PT P (corresponding to its non-
vanishing eigenvalues) to (2.49) from the right gives

(2.50) —PTPO,T(0)P = —Pd,T(0)PTP = P.

Relation (2.50) implies that PTP = T is the generalized inverse of —P(0,T(0))]o—0 P
corresponding to the nonvanishing eigenvalues of PJ,T(0)P, and we can
write

~PO,T(O)P = ;- / N =T,

where the curve I' encircles the nonvanishing eigenvalues of T in counter-
clockwise direction and does not enclose the origin.
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The real part of each nonvanishing eigenvalue of T is strictly negative (re_sp.
strictly positive) if and only if each nonvanishing eigenvalue of P9,T(0)P is
strictly positive (resp. strictly negative).

Remembering that rank(T) = m and that the signs of the real parts of the
nonvanishing eigenvalues of T" are equal to the sign in (1.11), claims (iii) and
(iv) follow.

ad (v):

If T(0) is a transformation such that T~'(c) (A(0) "' B),, T(0) has Jordan
normal form then it holds for T(o) = diag({,,_,, T(0))

I
T e 5T = (5 g ) (5 (oimme ) (57 7t

(%5 90 ) (0 s ) = (0 ret hor et

0 T7%o) )\ 0 (A(0)7'B)y,T(0)

Hence, the changes of the sum of algebraic multiplicities of eigenvalues with
strictly negative and strictly positive real part of (A(o0)"'B),, and A(c)"'B
under variation of ¢ are equal and we are ready with the case of invertible
A. o

Now we treat the case of noninvertible A. We can assume that P = I,,.
Set A(0,0) = A+ ddiag(0,_,, I,) + o R.

We use the following lemma:

Lemma 2.3.8 There exists a real number C > 0 such that for 0 < |§| < C
the inverse A(6,0)~" exists.

Before we prove this lemma, we tell, how we conclude for the case of nonin-
vertible A.

As for § # 0 small enough the matrix A(d,0) is invertible we can repeat the
proof above for A(4,0) instead of A.
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Remember relation
—~PTP((8,A(0) ' B)a2)|g=0 P = —P((0,A(0) ' B)32)|s=oPTP = P

for the case that A is invertible, where P is the commuting projector onto
ker(T(0)) and T is given in (2.45).

This relation together with PTP = T implies

—P((0,A(0) ' B)ss)lomoP = —— / ¢l ¢ —T)dc,

27

where I' encircles the nonvanishing eigenvalues of T' in counterclockwise di-
rection and does not enclose the origin.

If A is not invertible, we can conclude in an analogous way for invertible

A(0,0):

P9, A(5,0) " B)an)lyoP = —— / CHNC - T) .

27

Remembering B = diag(0,_,, S) and taking into account that 7' does not
change under variation of Az (due to representation (2.45)), we conclude
that the matrix P((9,A(d,0) ' B)|,=0)22P is independent of 4.

In other words: The change of the signature of T'(0,0) = (A(d,0) "' B)ay un-
der change of ¢ is independent of § as well as the change of the signature of
A(5,0)7!

Hence, it remains to prove Lemma (2.3.8):

We have to show that A(6)v = 0 implies v = 0 for § # 0 small enough.
Relation A(d)v =0, § # 0 implies

(2.51) NA(8) A" + §Adiag(0,,_,, I) o™ = 0,

(2.52) [diag(0,—, I)Av" + [diag(0,—, L)' = 0.

We will show later that
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(2.53) rank(Il) = rank(Ildiag(0,—,, I,)IT).

Hence, relation

(2.54) vl = =8 My, o' = —Myo!
is equivalent to (2.51) and (2.52) for

vl = Av, v =TI, M, = QL 7{ (¢ = AAO)AN) ¢ Adiag(0,—y, I)IT
™ Jr

and

1
2w

M, % ¢ (¢ = diag(0—y, 1)) d¢ Tdiag(0n—y, I,)A
T

where I' is a simple closed curve which does not enclose the origin and sur-
rounds the nonzero eigenvalues of AA(§)A and Ildiag(0,_,, I,)II in counter-
clockwise direction.

Plugging the second equality for v!! in (2.54) into the first one yields

(2.55) vl = §M Mov”.

If [0M; M| < 1 then v! = 0, the second equality in (2.54) implies v/ = 0
and Lemma (2.3.8) has been proven, and it remains to show relation (2.53).

As zero is a semisimple eigenvalue of Ildiag(0,,_,, I,) (due to the weakened
structural condition), there holds

(2.56) rank ((diag(0n—y, 1,))?) = rank(ldiag(0n—,, 1,)).
Hence, relation (2.56) together with

rank ((diag(0,—,, I.))*) = rank (Idiag(0,-,, I )1diag(0n-, I,)) <

< rank (Ildiag(0,,—, I,)II) < rank (Ildiag(0,,—, I,.))

implies
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(2.57) rank(Ildiag(0,,—,, I,)) = rank (Ildiag(0,,—, I,)II) .

Assume that

rank(Il) > rank(Ildiag(0,—,, I,.)).

Hence, for vy, - - -, v, being the n row vectors of I1, there exists v € span(vy, - -+, v,)
with
(2.58) v #£0 and v =0,

where v! denotes the row vector with the first n — r entries of v and v/
denotes the row vector with the last r entries of v.

On the other hand, due to vA = 0, it holds: (vA)! = v'A;; = 0 and
(vA)Y =0l Ay = 0.

Remembering the notation in (1.11), let r be the element ker(A;;) with
I(r) =

Due to (1.11), v*A}; = 0 implies v’ = 0, a contradiction to (2.58).
Hence, we conclude that

(2.59) rank(Il) = rank(Ildiag(0,—., I,.)),
and, together with (2.57), relation (2.53) follows.
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2.4 Center manifold reduction

Before we turn to the details, we introduce the following convention for this
section: ’smooth’ means ’of class C?’.

In this section we will prove the existence of the invariant manifold T of
Proposition (2.3.1).

Recall that the traveling wave system reads as

d
260 (ot ao+ S winon = = (0 )
j=1
where F; and @ are of class C°.

Without loss of generality we can assume for the matrix P(U) in (1.5) that
P(0) = I, ie.

Q=50 -5-( ¢ g0 ).

where S(0) is invertible.

Define the nonlinear transformation

¢I
00 60=( 5100 )
As qgi1(0) = S(0) is invertible the transformation 1) = 1)(¢) has an inverse
¢ = ¢() for ¢ close to 0.

For 4;(¢) = ¢, (V) Fje (1) 9y (), B() = diag(On—r, S~ (0)gur (¢())S(0))

and

(2.62) Ao, ) = —(0 + M) Lu + Y wid;(¥)

j=1
system (2.60) augmented by the equation for o can be written in the form

(2.63) oe =0, Ao, ¥)pe = B().
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We remark that A(-,-) and B(+) are matrix valued functions of class C*.

Obviously it holds B(0) = B = (04(0), and, due to ¢(0) = 0 and ¢,(0) = I,,

we conclude

(2.64) A(0,0) = =M\ I + > _w;DF;(0) = A.

j=1

If A is invertible, the existence of the locally invariant manifold T for system
(2.60) in Proposition (2.3.1) is straightforward: Due to Remark (2.3.3), I' is
an open subset of R"*!.

In this section we want to prove the existence of the invariant manifold T for
the case that zero is an eigenvalue of A with algebraic multiplicity one.

Obviously, the invariant manifold T' exists, if we have proven the existence
of a locally invariant manifold for system (2.63) fulfilling the conditions in

Proposition (2.3.1).

As long as no misunderstanding will be caused we denote this locally invari-
ant manifold by I', too.

If zero is a simple eigenvalue of A = A(0,0), then the eigenvalue (o, 1)) of
A(o, 1) with A(0,0) = 0 is a function of class C* in a neighborhood of (0, 0).

Remembering (2.62) we can write

(2.65) Mo, i) = —o + p(),

where p is of class C* for ¢ close to (0,0).

Set
_ 1 - —
H(07 ¢) - 2—71'2 /1" (C - A(07 ¢)) ' dC?

where I is a curve which surrounds the origin in counterclockwise direction
and does not enclose the nonzero eigenvalues of A. For (o,1) close to (0,0),
the operator I1(o, ) is the projector commuting with A(o, ) corresponding

58



to the eigenvalue A(o, ).

Set

(2.66) Ao = 5 [ €1 (¢ Alow) e

where I' is a curve which surrounds the nonvanishing eigenvalues of A =

A(0,0) in counterclockwise direction and does not enclose the origin.
Define

S={(o.y) | 3A7(0,¥)}.
As long as (0,1) # (0,0) is contained in S, we can write

AN o,1p) = A(o,¥) + Ao, )0, ) = A(o,9) + .

We will prove that SN T is dense in T.
After scaling

Ao, )dr = d€
we get from (2.63)

(2.67) or =0, vr = (Mo, 0)A(0,4) + (o, ) ) B)y.
The right-hand-side of system (2.67) is of class C*.

Set
(2.65) Moww) = 3= [ (¢ =Tl ) B(w) " dc.
(2.69) (o, ¢) = I, — Ao, ¥),

where C' is a curve which surrounds the origin in counterclockwise direction
and does not enclose the nonvanishing eigenvalue of I1B = I1(0,0)B(0). It
holds
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-1

270) Moo ) B(w) = 3 [ (¢~ o) Blw) .

As assumed in the the weakened structural condition, each nonvanishing
eigenvalue of IIB = II(0,0)B(0) has nonvanishing real part and zero is a
semisimple eigenvalue of I[1B. Moreover, it holds

rank(ILB) = rank(Ildiag(0,_,, S(0))) = rank(Ildiag(0,_,, S(0))diag(I,_., S~*(0))) =

= rank(Ildiag(0,_,, I,)) = rank(Il) = 1.
The fourth identity follows from (2.59).

Therefore I1B has only one eigenvalue with nonvanishing real part.
Hence, for (o,) close to (0,0),

rank(Il(o, ) B(¢)) = rank(Il(o,¥)) = 1,
and I1(c, 1) B(¢)) has only one eigenvalue with nonvanishing real part.

These facts imply that, for (o,7) close to (0,0), zero is a semisimple eigen-
value of II(e, ) B(1)).

From Lemma (2.1.7) it follows that, for (o, ) close to (0,0), zero is a simple
singularity of

¢ = (¢ —TI(o,¥) B(v))

We conclude that ¢ +— ((( — ﬁ(a,@b)é(@b))_l has an analytic extension
throughout the region encircled by C, and it follows for (¢, ) small enough:

1
27

[ ¢c=TteyB) " ac o
Hence, relation (2.70) implies for (o,1)) small enough:
(2.71) Ao, )II(0, ) B(¢p) = 0.
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Set & = {B(y)v = 0}.

We are ready to prove the following theorem about the existence of a locally
invariant manifold I" for system (2.63):

Theorem 2.4.1 Assume that X\(0,0) is a simple eigenvalue of A(0,0) and
that the weakened structural condition is fulfilled.

Then there exists a locally invariant C* - manifold I cRxR" for system
(2.63) of dimension n such that for each o small enough the section T,

I'n{(a,v) | =0} is a locally invariant C* - manifold of dimension n — 1
containing (0,0). Furthermore, S N T is dense in T and A~ (0,1)B ()1
defined for (o,v) € SN T has a C? extension throughout T. There exists
§ > 0 with the following property: If (o,1) € B5(0)N(R x E) then (o,7) € T.

Proof:

Write system (2.67) in the form

(2.72) 0, ¥, = T1(0,0)BO)Y + R0, ),
where D, 4)R(0, 0) = 0.

Note that the right-hand-side of system (2.67) is of class C*.

Remember that, due the weakened structural condition, it holds for the ma-
trix IIB = I1(0,0) B(0): Zero is a semisimple eigenvalue and each nonvanish-

ing eigenvalue has nonvanishing real part.

Furthermore, we know that rank(IIB) = 1 and that A(0,0) commutes with
[IB and maps onto ker(I1B).

Application of the center manifold theorem gives the existence of an n - di-
mensional locally invariant C* - manifold I' C R x U for system (2.67) with
To,0l =R x A(0,0)R".

Furthermore, we conclude from the center manifold theorem that there exists
d > 0 such that the following claim is true: If (o,%) € Bs(0) N (R x &) then
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(o,9) €T

In particular, it follows (o,0) € [ for ¢ small enough.

Let e; € R™™! be the vector whose first entry is equal to one and whose other
entries are zero.

From (2.65) it follows that V(54)A(0,0) - e; = —1 # 0.
Hence, due to e; € T(070)1~”, the set

SNT={(0,9) €T | Mo v) #0}
is dense in T
It follows for each (0,¢)) € SNT: The vector

(0, (Mo, ) A(o, ¥) + (o, 9) B()¢) = (0, M0, ¥) A (0, ¢) B(v)v))

is contained in the tangent space of I at point (o, ) if and only if the vec-
tor (0, A~*(o, ) B(1)1) is contained in the tangent space of I" at point (o, 1)).

The manifold T is invariant with respect to system (2.67), i.e.

(0, (A(o,9) A0, ) +11(0, 1)) B()9) = (0, N0, ¥) A~ (0, 9) B()¥) € TigpT
for each (0,¢) € SNT.
Hence, it follows for V(o,v) = A7 (0,¢)B()y:

(2.73) (0,9) € SNT = (0,V(0,)) € TiplL.

Now we show: The map (o,v) +— V/(0,1) has a smooth extension from Snr
throughout I'.

For (0,1) € SNT write V(o,1) in the form

@) V(o) = (Alo,w) + A (o, 0)i(o,v)) B,
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Where_fl(a,@b) is defined in (2.66) and II(c, ) is the projector commuting
with A(e,1) corresponding to eigenvalue \(o,1)).

Multiplication of A(o,1)) to (2.74) from the left and taking into account
relation (2.71) give

(2.75) Ao, )V (0,9) = Mo, v) A(o, ) B(¥)
for each (0,1) € SNT.

From T(o0T" = R x A(0,0)R" it follows for W = {(0,v) € Rx R" | o = 0}:
W N Tl = {0} x A0,0)R"™.

The spaces T| (O,O)f and W are transversal to each other and the dimension of
their intersection is equal to n — 1.

Let wi(0,v), -, wp1(0,9) be (n — 1) families of vectors being smooth
in (o,7) such that {wi(o,v), -, wn—1(0,9)} is a base of W N T, I for
(0,7) € T small enough.

Obviously it holds for i € {1,---,n — 1} and (0,¢) € T small enough:

(2.76) w;(o,v) = (0,w;(0,)), where w;(o,v) € R™.

The vectors wq(0,1), -+, w,_1(0,1) are linearly independent, and, for ¢ €
{1,--+,n—1}, the map (0,%) — w;(0,1) is smooth for (o, 1) small enough.

~

There exists a smooth family of projectors (¢, 1) — II(0, 1) such that

A ~

(2.77) 11(0,0) = 1(0, 0)
and that for any (0,¢) € T, (0,%) small enough the following claim is true:

(2.78) (0,v) € TiguyT & (0, 9)v = 0.
Namely it holds

span(w1(0,0), - - -, @,_1(0,0)) = A(0,0)R"™ = ker(I1(0,0)),

and we conclude
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(0,v) € T(U,w)f < (0,v) e W N T(U,w)f‘ = span(wy(o,v), -, wy—_1(0,7)) =

= {0} xspan(wy (o, ), -, W,—1(0,9)) < v € span(w; (o, ), -, Wy_1(0,1)).

As (0,1) — w;(0,1)) is smooth for i € {1,---,n— 1}, it holds due to Lemma
(2.1.8):

A

There exists a family of projectors (o,v) — Il(o, ) being smooth in (o, )
for (o,1) small enough such that

11(0,0) = I1(0,0) and ker(Il(o,v)) = span(iwy (o, 1), - -, Wn_1(0, V).
Hence, taking into account that
(0,v) € T(U,w)f‘ < v € span(wy(o,), -+, Wy_1(0, 1)),

a smooth family of projectors (o, ¢) — II(o, 1) fulfilling relations (2.77) and
(2.78) exists.

Due to (2.73) and (2.78), it follows for each (o,7) € SNT:

(2.79) (o, ¢)V (0,9) =

The matrix T(o, 1)) = A(o, 1) + (0, 1) is invertible for (o, ) small enough
because of 7(0,0) = I, (remember 11(0,0) = T1(0, 0) and (2.69)).

Adding (2.75) and (2.79) and multiplication of T~!(o, ) from the left give

(2:80) V(e,w) =T o, 0)A(0, ) Ao, ) BW)Y,
if (0,9) e SNT.
As (0,¢) — T (o )N (o, 1) Ao, ) B(¥)1) has a smooth extension from

S NT throughout T', it follows from (2.80) that the map (o,¢) — V(o,7) =
A~(0,4)B (1)1 has a smooth extension from S N T throughout T
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Hence, the claim of the theorem about the smooth extension has been proven.
In the following, denote the smooth extension of V(-,-) by V(,-), too.

Relation (0, V(0,)) € T(pp)T for each (o,v) € SNT implies that (0, V (o,v)) €
Tiou)T for each (o,¢) € T.

Hence, T is a locally invariant manifold for system

e =0, e =V(o,7).

If 1 (&) = V(o,1(€)) and (o,4(€)) € T then it holds

=  lim A(a,
(5,4)eSNT,(5,9)—(0:%(§))

i.e.

Hence, T is a locally invariant manifold for system (2.63), and, due to o¢ = 0,
the section I'; is a locally invariant manifold for system (2.63). o
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Chapter 3

Moment closure systems

3.1 Derivation

A standard mathematical model describing the kinetic particle density f(x,t,v)
of rarefied gases at the position-time-velocity point (z,¢,v) € R? x R, x R¢
is the Boltzmann equation

(3.1) Wf+v-Vaof =C(f),

where C(f) = %f(w,v')eﬁdflxm.d(f*fi — ff)B(w,v,v")dwdv’, € is proportional
to the mean free path, f. = f(z,t,v.), f.= f(z,t,v.), f = f(x,t ") with

ve=v—w-(v—1)w, v.=04+w-(v—1"w

and dw denotes the normalized measure on the unit sphere $9-1.

The collision kernel B = B(w,v,v’) is positive almost everywhere and fulfills
the symmetry properties

(3.2) B(w,v,v") = B(w,v',v) = B(w,v,, v).
First, we recall the identity (see [C]

(3.3) 4 / O(0)(f.f, — ') Bduwdv'd

- / 6+ & — 60— SN f! — 1) Bluodv'du
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for any continuous function ¢ = ¢(v).

Set
FE = SpCLTL{].,Ul, c, Vg, |U‘2}'

Mass, momentum and energy are the only collision invariants: For continuous

¢ it holds (see [C]):

(3.4) o+¢ =g+, & o) ek
Define the linear space

(35) M = Sp@n{cb B Cn}a
where ¢, -, ¢, € L, (R?) and set ¢ = (c1, -+, ¢p).

Furthermore, assume

¢ =1, Cz(U) = V1, Cap1(V) = va, Cd+2(U) = |U‘2-

By M, we denote the space of polynomials up to k& - th order.

Multiplying (3.1) with ¢;(v) and integrating with respect to v € R? leads to
n equations

(3.6) at/ckfdv—l—vz : /vckfdv = /ck(f*fi — ff)Bdwdv'dv.

Maximization of entropy
H(f)(l‘,t) == R f(U,:E, t) (ln(f(v>x7 t)) - 1) dv

under the constraints

L(f)(x,t) = f(z, t,v)c(v)dv, 1=1,--+,n

R4

leads to the necessary condition

/]Rd [—ln(f(x,t, v)) + Zai(x,t)ci(v)] p(v)dv =0 V¢ € CP(RY)

i=1
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where o;(x,t) (i = 1,- -+, n) is the Lagrange multiplier to constraint I;(f)(x, t).
We get the exponentially based distribution

(37) f = f(*rv t,U) = exp (C(U) ’ Oé(l’,t)) )

where ¢(v) - oz, t) denotes > _, cx(v)ag(x,t).
Define 7, g;, Q by
n(a) = /exp (c(v) - a)dv, gj(a) = Mo, () = /vjea:p (c(v) - @) dv,
and the n—vector Q(a) = (Qi(a), -+, Qn(a))T with entries
Qi(a) = /cl-(v) [ec*(”)'o‘“;(“)'o‘ — ec(v)'o‘“/(”)'o‘} Bdwdv'dv.

Then plugging (3.7) into (3.6) results in a first-order PDE system for the
n—vector o = a(x,t):

0a(@) | N~ 0450(0)
0t 1 aZEj

J]=

(3.8) = Q(a).
3.2 Structural conditions on moments fulfill-
ing the Galilean invariance property

For strictly positive v define

(3.9) My ={aeR" [ 7(a) <7}
We formulate the conditions on moment closure systems fulfilling the Galilean

invariance property:

Condition 3.2.1 The functions cq, - - -, ¢, are linearly independent and con-
tained in Ly, (RY), and it holds

loc

(3.10) a =1, ) =uv,...,ca1(v) =va, car2(v) = [v]*.
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For eachy > 0, the interior int(M.,) is nonvoid, and @ € C*(clos(M,), R")
(i.e. each derivative of Q has a continuous continuation up to the boundary
of M, ). Furthermore, the Galilean invariance requirement is fulfilled, i.e.

(3.11) peEM=pO-+7)c€M V7ecR? OcSOn).

As we will show in the appendix, the Galilean invariance property implies
that ¢y, - - -, c, are polynomials.

It holds @ € C*(clos(M,),R™) for the following classes of intermolecular
forces:

1. Be L} (8% R% RY) fulfilling the following growth condition:

loc

(3.12) B(w,v,v") < Cy + Cylv —'|7,

2. B resulting from an inverse k'*-power force for k > d (see the proof in
[T-M], p. 315 f. for the case d = 3 and prove analogously for general
d).

Relation (3.12) holds in the classical case of the hard-spheres model, where

B(w,v,v") = |(v—7") - w|.

3.3 Smooth extension

If the highest-order polynomial of IM is of order larger than two then the set
of Maxwellian states

E={aecR" | ¢(v)-a€E, azs <0}
is contained in the boundary of the domain of definition of 7.

If we bring system (3.8) into the form of a relaxation system with certain Fj
and @ having the form given at the beginning of chapter ”Structural condi-
tions and main results”, this means that the equilibrium manifold £ of this
relaxation system is contained in the boundary of the domain of definition

69



U of F; and Q.

On the other hand, it is assumed that the equilibrium states are contained
in the interior of U.

We will resolve this problem by means of Whitney’s Extension Theorem

Theorem 3.3.1 Let W be a Banach space, M C R"™ a closed subset, and
f:M — W. By LE(R™, W) denote the Banach space of symmetric k - linear
maps from R™ to W. Then the following claims are true:

1. f extends to a C" (r > 0) function F : R" — W provided that there
exist fo, -+, fr with fo = f, fu : M — LE(R*, W), (k=0,---,7), and
for k=20,---,r, the following condition is satisfied: If Ry : M x M —
LE(R™, W) is defined by

a1 A= X G miey)

for x,y € M, then for each xy € M,

|Rk(331, 932)|
_

3.14
( ) |5171 —xg\’”_k’

as ry,ry — xo in M, i.e., for every e > 0 there exists 0 > 0 such that
for all xy,x9 € M,

(3.15) | Ry (21, 22)| < €|z — 2o =k
whenever |xy — xg), |r2 — x| < 9.

2. The extension F of f may be chosen so that D*F|y = fi for all ap-
propriate k.

For oy, a9 € M., and t; € [0, 1] we obtain from exp being convex

Nty + (1 —t)ag) = /md exp ((trag + (1 —t1)az) - c(v)) dv <
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< /]Rd trexp (- c(v)) + (1 —ty)exp (ag - ¢(v)) dv =

= ti7)(cu) + (1 = t)i(az) <7,

i.e. M, is convex.
Due to the structural conditions (3.2.1) the interior int(M.,) is non-void.

For any a € int(M,) and multi-index ( the derivative has the form

Dn(a) = [ pato)eaplelo) - a)d,

where pg is a polynomial.

For any R € (0, 00) and any multi-index 3, the derivative D?#j(-) is uniformly
bounded on int(M.) N Bg(0).

Hence, for any multi-index (3, the derivative DP7j(-) has smooth extension
throughout M.,.

In particular, 77|z, is continuous.

Hence, if lim, .o @, = a and o, € M., Vn € N, then lim, .. = () =
N(a) <, ie. a€ M,, and we conclude that M., is closed.

From Theorem (3.3.1) it follows:

Corollary 3.3.2 For each m € N and v € (0,00) the function 11 may be
extended from M., throughout R as a function of class C™.

3.4 The modified moment closure system

In this section we modify system (3.8) by means of Whitney’s extension the-
orem and bring it into the form of a relaxation system, where the equilibrium
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set is in the interior of the domain of definition of F; and Q.
We assume that the structural conditions (3.2.1) are fulfilled.

Let 77 be a C7 extension of 77 from M., throughout R™ which exists according
to Corollary (3.3.2).

For a. € EN M, let G be an open neighborhood of a, such that a +— U =
Nla(a) defines a C® bijection from G to an open set G.

AS Moo () = TMaala.) is positive definite (because ¢y, - -, ¢, are linearly in-
dependent), this neighborhood exists.

Furthermore, we can assume that

(3.16) v = 2ij(c).

As 7o (ae) # 0, we can assume that

(3.17) na) <v = 0(e) =7n(a)

for each a € G, if we choose G small enough.
For U € G set
n(U) = a(U) - U =q(a(U)).
We see that the inverse function a(U) is equal to ny(U).

Set

Fi(U) = Tajr0(nu(U)) and Q(U) == Qny(V)),

where Q is a C5~ extension of Q from M, throughout R", where the first
d + 2 entries of Q vanish identically.

As 7 is of class C7, F} is of class C° as assumed at the beginning of the
chapter ”Structural conditions and main results”.

We consider the following first-order PDE system
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d

.19 Ate) 3 Tl _ g

which is equivalent to the following system of balance laws:

(3.19) Ui+ Y F(U)s, =Q(U).

Note that system (3.18) is equivalent to system (3.8) as long as 7(a(x,t)) =
ez, t)).

For each a. € E, the kinetic particle density f(v) = exp(c(v) - a.) can
be expressed in terms of the density p, the macroscopic velocity @ and the
temperature 0 via

P v —al?
(3.20) exp(c(v) - ae) = (27T9d/2)exp (— 59 ) :

Consider the reduced system to (3.19) (remembering the notation in section
"Traveling waves for simple shocks”):

d
(3.21) up + Z fi(w, h(u))e; = 0.
j=1
We can write u = u(p, u,0) = u(p, uy, - - -, ug, 0).

As we will show in the appendix, the d + 2 eigenvalues of

Az’ - aufz(u(pv ﬂ, 8)? h(u(p, ﬂ? 8)))

are
(3.22) N =u;—a(f), No=---= Xy =1, N, =1u+a(b),
where a(f) = (2%61)1/2 91/2.

Furthermore, we will show in the appendix the existence of a shock curve
such that the strict entropy condition is fulfilled.
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3.5 The entropy condition

In order to introduce an easy-to-check sufficient condition for the stability
and dissipativity condition for system (3.19), we introduce the so-called en-
tropy condition introduced by Yong in [Y4].

Remembering the notation of the chapter ”Structural conditions and main
results” this condition reads as follows:

Condition 3.5.1 (i). q,(U) is invertible.

(7). There is a strictly convex smooth function n(U), defined in a convex
compact neighborhood G of U, € £ such that nyy(U)Fyy(U) is sym-
metric for allU € G and all k.

(7ii). There is a positive constant cg, depending on the compact neighborhood

G, such that for all U € G,
[0(U) = 10 (U)] Q(U) < —ca|QU)I*.

(iv). The kernel of the Jacobian Qu (Us) contains no eigenvectors ofzzzl wi Fu (U) for
each w = (wy, -+ ,wq) € $°L

If the entropy condition is fulfilled, then the stability condition and the dis-
sipativity condition are fulfilled (see [Y3], Prop. 5.6 and [Y4], Theorem 2.1).

Due to Proposition (1.1.7), we can make the following remark
Remark 3.5.2 If the entropy condition holds, then the weakened structural
condition (1.1.6) is fulfilled.

3.6 Existence of smooth shock profiles

3.6.1 Checking of weakened structural condition

In this section we prove that for system (3.19) the weakened structural con-
dition is fulfilled and that traveling wave solutions represent solutions of the
Boltzmann equation.
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In order to do this we first consider the relaxation system (3.19) and prove
that this system fulfills the entropy condition (3.5.1).

As for the reduced system the strict entropy condition is fulfilled, it follows
due to Remark (3.5.2) that the assumptions of Theorem (1.3.1) are fulfilled.

In the last step we will prove that the shock profiles, which exist due to
Theorem (1.3.1), represent solutions of the Boltzmann equation.

For system (3.19) repeat the notation for A and A;; given in the section
”Structural conditions” in the chapter ”Structural conditions and main re-
sults”.

Furthermore, let A, be one of the simple eigenvalues of A;; for which the
strict entropy condition (shown in the appendix) is fulfilled.

The purpose of this section is the proof of the following theorem:

Theorem 3.6.1 If the structural conditions (3.2.1) are fulfilled and M3 C
M, then for system (3.19) the entropy condition (3.5.1) is fulfilled. In partic-
ular, the weakened structural condition is fulfilled. Furthermore, if A — A\, 1,
is wnvertible or zero is a simple eigenvalue of A—\,1I,,, then there exist smooth
shock profiles which represent solutions of the Boltzmann equation.

Proof:
First we will check the conditions (i) - (iv) of the entropy condition (3.5.1).

In order to check condition (i) remember that we assume that the distribution
f is exponentially based, i.e.
f(z,t,v) = exp(c(v) - a(z,1)).
It follows that
0Qk

0aj |M’Y -

= i / (e + ¢ = ke = i) (52 + ) (FefD) Iy = (5 + &) (FF) [m,) Bdwdd'do.
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Remember that
E={aecR" | c(v)-a€E, as2<0}.
From (ENM.,) C OM, and (f.fi)le = (ff')|e we conclude that
09y

aaj ‘Em\/tV =

1
= / (e + ¢, — Chx—C\) (Cj + s —cj.— ¢ *) (ff) |Bam, Bdwdv'dv.

Hence, we can write Q,|gna, in the form

1
QalEnm, = ~21 /(c +cd —c,—d)®(c+ —co — ) (ff) [Bam, Bdwdv'dv

and see that Q,|gnaq, is symmetric.

In addition, let y € R™. Then it is easy to see that
—4y* Qa() |y = / e+ —co =) - yl(ff)|eBdwdv'dv > 0.
Hence, Q,(a)|g is nonpositive.

Furthermore, y*Q,(a)|gy = 0 if and only if (c+ ¢ — ¢, — ) - y = 0 almost
everywhere.

Due to (3.4) it follows that y* 9, («)|gy = 0 if and only if (c+c'—c,—d,)-y € E.
It follows that y*Q,(a)|gy = 0 if and only if y € span(E).

On the other hand, since Q,(a)|g is symmetric nonpositive, it is elementary
that y*Q,(a)|gy = 0 if and only if Q,(a)|gy = 0. Hence,

(3.23) ker(Qa(a)|g) = span(E)
and rank(Qu,(a)|g) =n — dim(span(E)) =n —d — 2.
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As Q,(ae) is symmetric nonpositive and the first d + 2 entries of Q are
identically equal to zero, it follows for a. € E that Q,(c.) has the form
Qu () = diag(0gy2, H(c.)), where H(a.) is negative definite.

We calculate for a, = ny (Ue)

Qu(Ue) = Qu(nu(Ue))nuu (Ue) = diag(0gs2, H(cw))nuw (Ue) =

(2 deom )
* H(ae)nw(Ue) )
As H (cve) is negative definite and n,,(U.) is positive definite, the matrix
Qv(Ue) = I:I(O‘e)nvv(U6>

is invertible (remembering the notation for v at the beginning of chapter
”Structural conditions and main results”, where r =n — d — 2).

Hence, there exists an open neighborhood G of U, such that ¢,(U) is invert-
ible if U is contained in G, and (i) follows.

(i) is a direct consequence of
v (U) B v(U) = nov(U)ilay, aa (10 (O)) 00 (U) = By (U)nou (U).
ad (ii):

For a, € E the matrix Q,(c.) is symmetric and nonpositive, so that for U,
with ny(Ue) = a it follows

(3.24)([nr — nu(Ue)] Q)UU (Ue) = nuv(Ue)Qu(Ue) + Qu(Ue) nuu (Ue) =

= 2nuu (Ue) Qo (nu (Ue) )nuw (Ue) < 0.

The last (n — d — 2) entries of ny(Ue.) and the first (d + 2) entries of @) are
zero, so that

7



(3.25) o (U)QU) =0 Y(U.,U) € € x G.

Due to Theorem 2.1 and Proposition 2.2 in [Y4], (iii) is implied by (i), (ii),
(3.24) and (3.25).

Condition (iv) is fulfilled if

ker <_S77aa(ae) + ijnajﬂaa(O‘E)) N ker(Qa(ae)) = {0}

Jj=1

for each a, € E and (s,w) € R x $¢71.
As ker(Q,(a.)) = E this is equivalent to the following condition:

For each a, € E and (s,w,a) € R x $¢71 x (E\ {0}) there exists & € R",
such that

=a’ /]Rd (w-v—=135) c(v) ®c(v) exp(ae - c(v))dv & # 0.

Hence, the dissipativity condition is equivalent to that for each a, € E and
(s,w,p) € R x §97! x (E\ {0}) there exists p € M such that

/le (w U — 8) ]5(1)) ]5(1}) exp(ae . C(U))dv 7& 0.

After eventual rotation and translation we can assume w - v = vy and
exp(ae - ¢(v)) = const exp(—C|v]?),

where const # 0, C > 0.

Define on M the scalar product

(3.20) .a) = [ p(e)ao)en(CloP)io
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denoting the induced norm with || - ||.

Then the dissipativity condition is equivalent to that for each (s,p) € R x
(E\ {0}) there exists p € M such that (I;p,p) # 0, where [,(v) = vg — s.

In other words: We have to show:
MsC M = (for each (s,p) € R x (E\{0}) IpeM: (I, p,p) #0).
There holds [;p € M3y C M for each (s,p) € R x E.

For p = I,p we get (I, p,p) = ||Isp]|> # 0, and condition (iv) has been shown.
We have shown that the entropy condition is fulfilled.

Due to Remark (3.5.2), the weakened structural condition is fulfilled.

As the weakened structural condition is fulfilled and the first and (d+2) - th

eigenvalue are simple and fulfill the strict entropy condition, Theorem (1.3.1)
applies, if A — \,I,, is invertible or zero is a simple eigenvalue of A — \,I,,.

Then, for { = —st + > wjz; there exists a solution a = «(§) of
a7704 d ﬁa] 10f (5))
(3.27) - +D W = Q(a(§))
j_
with a(—00) = a_ = . and a(c0) = ay, if |a — a4 | is small enough.

We remark that o, corresponds to a point of the Rankine-Hugoniot curve
through a_ corresponding to shock speed s.

It remains to show that « represents a solution of the Boltzmann equation,
if oy — a_| is small enough.

In order to do this we show that there exists a real number v > 0 such that

(3.28) N(a(§)) <v VEER,
if |y — a_| is small enough.
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Remember that, if condition (3.28) is fulfilled, then, due to (3.17), it holds

N(a(§)) = n(a(§)) V€ € R,

and « represents a solution of the Boltzmann equation.

Due to rotational invariance, we can assume that system (3.27) has the form

(3.29) aﬁawgg(g)) . Saﬁa(ﬁog(g)) = Q(a(é)).

Remember that c¢(v) = (1, vy, -, vg, [v[% cars(v), -, cn(v)).

Due to translational invariance, we can assume that in (3.22) it is u; = 0, so
that (remembering o = )

(3.30) Mg (-) = /]Rd viexp (c(v) - a_) dv =0,

where superscript 1 means taking the first entry.
Note that the first d + 2 entries of Q are identically equal to zero.

After integration of

(3.29) from —oo to &, taking (3.30) into account and
noting that 7l (a) = 77(a),

we get
(3.31) N ((E)) = sii(a(€)) = —sij(a_) VE €R.
There exists a real number R > 0 such that

sl
(332) OIES

if [s — A(a_)] or |s — Ajo(a_)]| is small enough, where A{ and A}, , are given
n (3.22).

n(a) Ya € Br(a-),

Such an R exists due to the continuity of 7, due to (3.30) and Ay, ,(a—) #
0, because we have u; = 0 and a(f) # 0 in (3.22).

Furthermore, the values |s — A (a_)| (resp. |s — A} ,(a_)|) are small enough,
if the point o, on the Rankine-Hugoniot curve through a_ is close enough
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to a_.
Due to (3.31) and (3.32), we obtain:
(@) < 2n(a-) Yo € Bg(a-),
and due to assumption (3.16) (remembering that a_ = «,) we conclude that
a(§) € Brla-) V¢ e R = 7(a(f)) <7 VSR
Due to (3.17), we conclude that

a(§) € Brla-) Ve e R = ij(a()) = n(a(§)) V€ € R.

As for |y — a_| small enough it holds a(§) € Br(a-) V¢ € R, the last claim
of the theorem has been proven. g

3.6.2 Checking of simplicity condition for a special case

It remains to check that for system (3.19) zero is an eigenvalue of

d
Nl + A==N1,+ ) wiFy(U.)

i=1

with multiplicity less than or equal to one for U, € & if for A\,(-) the strict
entropy condition is fulfilled (remembering the notations and definitions of
section " Traveling waves for simple shocks”).

Writing A\, = A,(c.) and taking into account that system (3.18) is equivalent
to system (3.19) we have to show that for a. with 7,(ce.) = U, zero is an
eigenvalue of

d
_)\p(ae)ﬁaa(ae) + Z WiﬁaiJrlaa(ae) =

=1

= —)\p(oze)/c(v)®c(v)exp(oze~c(v))dv+z wz-/vic(v)®c(v)exp(oze-c(v))dv
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with multiplicity less than or equal to one.
Due to rotational invariance we can assume that w = (1,0,---,0).
For each a. € E, the kinetic particle density f(v) = exp(c(v) - ) can

be expressed in terms of the density p, the macroscopic velocity v and the
temperature 0 via

_p G
(3.33) exp(c(v) - ) = (27ﬂ9d/2)exp ( 50 ) :
Note that can write p = p(a.), u = u(a,) and 6 = 0(a).

Due to translational invariance (in the velocity space) we can assume that
u = 0.

For 7 = (26)'/2 substitute v = 70. Then it holds exp(c(v) - a.) = exp(—|v|?).
There exists an invertible matrix 7'(7) such that

(3.34) c(v) ® c(v) = e(19) @ c(10) = T'(7)c(v) & (V)T (7).

Furthermore, from (3.22) it easily follows that for @, with

[ol* _

. — M) - (v :_72
50 =c(v) - e = ¢(0) - Qe ol

it holds

(3.35) Ap(ae) = (20)/2 () = TA(ae).

Due to vy = 70; and relations (3.34) and (3.35) and it suffices to show that
zero is an eigenvalue of

—\(a) / T (1) e(0)@c(0)T(7)eap(—|o|?)dv+ / 5 T (7)e(0)@c(0)T () exp(—|o|?)do =
=T'(7) (—Ap(ae) / c(v) @ c(v)exp(—|0]*)dv + / By¢(7) ® c(v)exp(—w)dv) T(r)
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with multiplicity less than or equal to one.

After multiplication by T7*(7) from the left and by T~!(7) from the right
it remains to prove that zero is an eigenvalue with multiplicity less than or
equal to one for

M= / te(®) @ e(0)ewp(—|oP)dv — (@) / o(%) @ e(5)exp(—|5[2)dv.

Taking (3.22) into account and noting that 6(d.) = 5 we derive that the strict
entropy condition is fulfilled for the eigenvalues \,(-) with \,(a.) = (%2)1/2

2d
and (@) = —(42)1/2.

Hence, it remains to prove that zero is an eigenvalue with multiplicity less
than or equal to one for

M= / one(v) @ e(v)ezp(—[v]2)dv — (W)m / ¢(v) @ e(v)exp(—[v]?)dv
(resp. M = /vlc Y@c(v)exp(—|v| )dv+<d2—;2)1/2/c(v)@c(v)exp(—hﬁ)dv).

_ _ 2 .2 .2 3,3 .3 92 9
Ford = 3 and ¢(v) = (1, vy, va, v3, |V|?, v3, V3, V1V2, V1V, U3, VT, VS, VS, VTV, V7 V3,

V103, V33, V1V3, VaV3, V1vaLs, [U[*) We get by elementary calculation:

M =ng32M =
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Hence, the matrix M is invertible.

We have calculated the determinant by Maple (version 9.01).

3.7 Appendix

3.7.1 Strict entropy condition

For the phase space density f define the density p, the macroscopic velocity

field u and the temperature ¢ by the relations
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(3.36) p= /IR.d f(v)dv, u= /]Rd vf(v)dv

1 19 d B 1 9
Solal? + S = /}R SR @)

Here and in the following, we suppress the notation of the (x,t)-dependence

for reasons of convenience, i.e. instead of p(x,t) = [p. f(x,t,v)dv we write
p fRd
For a Maxwellian density
_ _Jo—af
(3.37) flv) = (27ﬂ9d/2)exp ( 50 ) ,
the local fluxes can be written as
(3.38) / vl f(v)dv = pua’ + pdl,
Rd

and

1 ., 1 . d+2
(3.39) §\v| vf(v)dv 2p(u w)u + ?pﬁu

R4

Plugging the relations

/ ) (fufi — ff) Bdwdv'dv = 0
R4
for

a(w) =1, G(v) =v (i =1,---,d), Caa(v) = |U‘2

into (3.6) yields the Euler equations

(3.40) Qup + V- (pi) =0,
(3.41) O(put) + V. - (pua’) + V,(pf) = 0,
1 d d+ 2
(342)  Agelal+ 500 + V- (5 pwu + 5= p0m) = 0.
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We can write these equations in the form (for the case d = 1 see [KRR], p.
27SHE)

(3.43) Op+ V- (pu) =0,
(3.44) O(pt) + V. - (pua’) + V,p = 0,
(3.45) e + V- (ule +p)) =0,
with p = pfl and e together with the equation of state
(3.46) p= e~ Llap)

We claim that in the variable u = (p, iy, - - -, Ug, p)T, with a(p, p) = (M%’)V2

d
and with

) ) 1
(347) AZ(U) = ui[d+2 + p€1€{+i + ;61_,_7;65_,_2 + pa2€d+2€{+i
(where e; denotes the i canonical base vector) fori = 1,- - -, d, the equations

(3.43), (3.44) and (3.45) can for smooth solutions u = u(x,t) be brought into
the form

d

(3.48) w4y Ai(w)ug, = 0.
=1

These are d + 2 equations for u = (p, @y, -+ -, Ug, p)? .

The equations for (u1,---,ugy1) = (p, U1, -+, Uq) in (3.48) trivially follow
from (3.43) and (3.44), the equation for usio = p follows by differentiation
of

d p

_ Fl=12

with respect to t and applying V- to

_ (2+d al*\ _
(p—i—e)u:( 5 p+p|2‘)u.
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We obtain using (3.45) and the equation for (ug,- - -, ug11) = (41, -+, Uq) in
(3.48):

d 1
Ore = 50 — 5 ([al*@ - Vap + 3plaf*Vy -+ 2 Vap)

. 2+d o 1 o
Ve ((p+e)u) = 5 (PVe - U+ - Vep) + §Vm - (plul*u).

Now we add these two equations and obtain the equation
o+ pa*V, - u+a-Vp=0

for ugyo = p in (3.48).

The cigenvalues of A;(u) are

(349) N0 =@~ alp,p), M) == Niy(w) =,

i2(1w) = @i+ a(p, p).
For the corresponding right eigenvectors

(3.50) ri(u) = per — alp, p)ersi + pa(p, p)’easa,

7’2+2(“) = per + a(l)a P)61+z' + pa(p7p>2€d+27

’r’;() =€ fO’f‘ QSJ §Z+1,

ré(-)zej for i+2<j<d+1

there holds

(3.51) VuAi(u) - ri(u) =0 for je{2,---,d+1},
V() i) = =T a(o.p) £0,
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Cd+1

Vu)‘zii-i—Q(u) : 7“3+2(U) = T“(Pap) # 0.

Hence, for the first and the (d + 2)"" eigenvalue the strict entropy condition
is fulfilled.

These properties are independent of the choice of the coordinates:

If u = w(v) is an invertible smooth transformation, we can write system

(3.48) in the form
d ~
v = Zu;l(v)Aj(u(v))uv(v)vxj = 0.
j=1

For the eigenvalues X(v) = Xi(u(v)) and the right eigenvectors 7i(v) of

u; ' (v) A; (u(v))uy(v) it holds (noting that VoAi(v) and V,\(u(v)) are row

v
vectors):

Vi (v) = VaXj(u(v))uo(v), 75(v) = v, (v)rj(u(v)).

J

Hence,

VX (0) - 75(v) = VX (u(v)) - 7 (u(v)).

J

3.7.2 Conclusions from Galilean Invariance

Now, we will prove that for n linearly independent locally integrable func-
tions ¢y, - - -, ¢, the translational invariance plus the integrability of density
exp(a-c(-)) for each o contained in non-void open set O C R™ already imply
that they are polynomials.

Indeed, the ¢;’s have to be distributions only.

Hence, we can leave aside the assumption that the derivative has to exist at
one point (cp. [J-U]).
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First we fix some notation (for further details see [Y]):

The set C(R?Y) becomes a locally convex space through the family of semi-
norms

Pr(u) = Z supzer|Du|, r € Ny, K C R? compact.

laf<r

Let D denote this space and D’ the linear space of continuous linear func-
tionals on D and (+,-) : D x D’ — R the dual pairing.

The partial derivatives 0,,, k =1,---,d in direction e, and the translation
D' —D, ¢—(-+71)
for 7 = (11, -+, 74) € R? are defined in the distributional sense, i.e.
(v, Opw) = —(Oz, v, w), (v,w(-+7)) = (v(-—7),w).

The embedding Lj,.(R?) < D' is defined via (¢, g) = [z g(z)¢(z)dz.

loc

With this notation we prove the following theorem:

Theorem 3.7.1 Assume that ¢y, --,c, € D' are linearly independent and
that for each 7 € R? there exists a matriz A(T) € R™™ such that

(3.52) (- +7) = ZA;‘.(T)CZ-.

Then there exist matrices 2y, - -+, Qq € R™"™ commuting with each other such
that ¢ can be represented as a smooth vector-valued function of the form

c(z) = c(z1, -+, zq) = (I_ exp(z%)) c(0).

If, furthermore, the density exp(a-c(+)) is integrable for each o on a nonvoid
open set in R™, then the functions ci,-- -, ¢, are polynomials.

Proof:
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First, let’s remark that ¢y, - - -, ¢, being linearly independent implies the ex-
istence of ¢1,- -+, ¢, € D fulfilling the relations

(3.53) (@i, ¢5) :7;-, t=1,---,n,

such that ' = (7})1<; j<n i invertible.

For AL(1) = (¢;, ci(- + 7)) relation (3.53) yields

(3.54) Al(r ZM (¢, ck) = ZA’“ )V, d.e. A(T) = A(T)[

The derivatives in 7 = (7, -+, 74) of A} at 0 have the form
iy (339 . e
(3.55) 0p A5(0) =7 (=085 m) (D7)
m=1
(3.54)

so that we conclude (using A(0) A(0)I'~! for the initial value) that the

IVP
A0)=1,, O, A(mi, -, 7a0) = U%A(T1, -+ ,1), k=1,---,d

is the generator of
the semigroup to A in the parameter 7, which is given by relation (3.55).

have a unique solution where € = lim,, w

From definition (3.52) of A it follows using the commutativity of the group
of translations

A(Tk€k)A(Tl€l) = A(Tl€l)A(Tk€k)
that the matrices i, £ =1,---,d commute with each other.

Foreachl € {1, ---,d} and i € {1,---,n}, there exist real numbers Aj, Ay, A3
such that g(z;) = ¢;(z1,- -+, 21, -+, x4) has the form

g(x;) = exp(Axy)sin(Ae + Asz)p(x;) = exp(Aix;)sin(Ag + Aszp) (Z o xl> .
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If Ay # 01it holds lim,, .o g(2;) = 0 or lim,, . g(x;) = 0, so that lim,, . exp(g(x;)) =
1 or lim,,_,_ exp(g(x;)) = 1.

In this case it holds: exp(g(-)) € L'(R).
If A\ =0, A3 # 0 denote by J; the set
Jp :={zr € R | sin(Ay+ Asxp)ag > |oy|/2.}.
Then it holds |p(x;)| > |ax| for |z;] > R, R > 0 large enough
|sin(As + Asz)p(zs)| > |ow|/2 for |xk| > R, xx € Ji.
As meas(J;, \ Br(0)) = oo it holds exp(g(-)) € L'(R).
In other words:

M #0 or A3 #0 implies exp(g(-)) € L' (R).

Hence, the function ¢; is polynomial. g
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Notation

The void box g denotes the end of proof.

If M; and M, are two sets then we denote by M; UM, their union, by M;N M,
their intersection and by M; \ M, their set - theoretic difference.

The product M; x My is defined as the set of (x1,z5) with 1 € M; and
Ty € M.

If M is a subset of a metric space we denote by OM (resp. int(M) (resp.

M)) its boundary (resp. its interior (resp. its closure)).

By IN we denote the set of strictly positive integers, by INg the set of nonneg-
ative integers, by R the set of real numbers, by C the set of complex numbers.

By R™*™ (resp. C"*™) we denote the set of real (resp. complex) n xm matri-
ces where the first index is the row index and the second one is column index.

I, € R™" denotes the identity (n x n) - matrix, i.e. the matrix with ones
on the diagonal and zeroes elsewhere.

By GL(R,n) we denote the set of invertible matrices M € R™*".

For M € C™*™ let M* € C™™™ be the transpose of M, i.e.

(M*>7jj — i,
where ¢ denotes the complex conjugate of .
For M; € R™*™ 4§ =1,---,m the matrix diag(My,---, M,,) € R™" n =
> n; denotes the block diagonal square matrix with blocks My, - - -, M,
along the main diagonal.

Sometimes we denote the transpose by M or M T instead of M* if M € R™*".

For M € C™*" let spec(M) C C denote the set of eigenvalues of M, i.e. the
set of complex numbers A such that M — A\, is not invertible.
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As generalized eigenspace to A € spec(M) we denote the space corresponding
to the Jordan blocks of M — AI,, whose diagonal entries are zero.

We set R := R™*! equipped with the Euclidean norm
2| = Vb,
For a strictly positive number p define
B,(#) = {x €R" | e —| < p}, K,(z) = 9B, ().
Set $7~1 = K,(0).

If U C R™ is non-void and open then C*({/, R") denotes the linear space of
functions f : U — R™ whose k'™ derivative exists and is continuous.

By f., 0.f or sometimes D, f we denote the derivative of f in the variable
x.
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