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3.2.2 Core formation

During the last stages of the self-similar collapse (stages 5 and 6;

evolution from point A to point B in Fig. 2), when the centre of the

cloud is essentially adiabatic, H2 dissociation acts as a

‘thermostate’, preventing a faster increase in temperature and

pressure, which would halt the collapse. In fact, dissociation

absorbs *50 per cent of the heat generated by gas compression,

which (owing to the opaqueness of the centre of the cloud) could

not have been dissipated otherwise. When nearly all H2 molecules

are dissociated, the thermostatic effect is no longer effective, and

the central temperature and pressure rise rapidly, stopping the

collapse of the central regions. At the end of H2 dissociation

ðTc , 20 000KÞ the chemical energy and the thermal energy per

H0 atom are similar (.2.2 and 2.6 eV, respectively). This fact

reflects the virial theorem: half of the cloud gravitational energy is

converted into thermal energy after compression, while the rest is

tapped as chemical energy through dissociation.

Outside the core, the gas is still collapsing with a velocity close

to that of free-fall. This results in a shock front forming at the edge

of the core, where the infalling material is suddenly halted (see

Fig. 1b). Unfortunately, the numerical method (i.e. the introduction

of an artificial viscosity) used for the treatment of hydrodynamical

effects is inaccurate when dealing with strong shocks, since they

are spread over several shells. However, though the treatment of the

shock physics is only approximate, the general picture of the cloud

evolution is essentially correct. In run P100/2 we also improve the

situation by refining the shells in the region where the shock forms.

The core evolution is driven by two main processes. First, as can

be seen in Fig. 1(b), the core mass (defined as the mass inside the

radius where the infall velocity is,0.1vff, vff ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2GMr/r
p

Þ grows,
owing to the accretion of infalling material. Secondly, even if the

Figure 1. Spatial structure of the cloud in run P100/2 at 10 different stages of collapse (see Table 2). Panels refer to (a) density, (b) infall velocity, (c)

temperature and (d) to the fraction of H nuclei inside H2 molecules. On the abscissa we use the mass enclosed within radius r (Mr). Shell edges are denoted by

small tags on to the curve referring to the initial configuration; in panel (d) we omit stages 6 and 8 for clarity. The small oscillations in the temperature profile of

stage 9 around Mr . 22 are a result of numerical effects.

Table 2. Collapse stages (run P100).

Stage Tc Dt ðtf 2 tiÞ Notes
(K) (yr) (yr)

0 270 – 740 000 Initial conditions
1 450 720 000 20 000 Start rad. trans.
2 650 19 000 930
3 1500 920 9.6
4 3000 9.2 0.40 H2 is dissociating
5 6500 0.060 0.34
6 15 000 0.005 0.34 Core is forming
7 30 000 0.002 0.34 Core has formed
8 65 000 0.011 0.33
9 100 000 0.33 – Final stage
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1000 ≤ T [K] ≤ 7000

10−12 ≤ ρ [g cm−3] ≤ 0,5.
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10−16 ≤ ρ [g cm−3] ≤ 10−2.

l,s��r����;?#K��������$��
��
 QEBP���
8
9���

104,6 K

$�
��
1010 K

BP�-�
� ��$��4����
 FO�����
��
 wR��
 eI%��6���M(
 R��� ����$�� 	  �����-
	�
����#K��%-�������\!K'_; ey�-
�Q\��%-
���
4BP�-�
�oz{��%- R��
�������;d� 'R��
4wR���� R�� @��
� R��
 �

'  



� ��� � � � � 
���� ����� ������� � ����
�� ����� � ��
	� ����� 
 ��� 
������ ������
��

-16
-14

-12
-10

-8
-6

-4
-2

log ρ [g cm-3]

1
2

3
4

5

log(T [K])

-14
-12
-10
-8
-6
-4
-2
0
2
4
6

log(κ [cm2 g-1])

�����������	��
�� \	�]\	�9GD7&�4�3����8�
�� �B�?���������	��- �0E:89R������9� � 
�-%�	���)E�-4� �B7&-4�	�*89���DOL8�� �B���4 "!+��
��Q
�8� "! �<8��&��->Z ���H_ �

•
�>���IuL�+�
�
��%&��
��6;?�-���
��%������|�L#[��QE�-��}��IBP�-�
��z�s��,w������&��Z�%��DFO�����
�DwR��


ρ
$�
��

T
��$�������
7���x(

ZK��%-%-�������
��
oFO�����
��
o�-
@�
����#/��%-�������\�6Bj��Z/���
κR

$�
	�
���X�����XpL
�
[��9�;<�LZ/���
�E8
9�
����XBP�-�
�U�6�����
�
����8
9O�����]�>��� �

Z = 0

nz�s�������
: R�� R��ZK��
���


ρ
(
T
()FO�������-; 8�9���;?���
8
9���
k��%�����8
9� R��BP��8�9@�

ZK�21�
������\!

•
�>���7"I%&��
�8�h	;?�-���
��%n�����<�L#[��QE�-��}��?h+��
�
S��
	�_Bj�E��������
[��%��� cQE$

κR
z�s��A���-
���8
9���;?���
8�9��

��%�����8
9� R��BP��8�9@�
��QE$�����;?;<��
�������QE$�
� =�i�����]�-
GpLZ�9[}�
� +�- +hR���-��wR��
=�����A��h	��$���%-%���
S8
9���;?�M(
�
8
9���
 `b$�����;?;<��
��
����QE$�
� �Z/�E�����-;?;0��BD���
����
��P�6���c��$��������a�f�i����%-%-�
�E8
9�
	$�
� R��
 ��
@�5(

���;?;<��
.BP�-�
�U!K�����E�
�A�y���� R��9���
���BD�����
�7�����Lz�s���������"I%&��
�8
hi;?�-���
��%y�-;V���� R��
�������Q7QE$�;
un�+�
�
��%&��
��6;?�-���
��%/;��� +%-��8�9��	BD���-%U�E�j����8�9�9������D$�; ���-
���
�%-�-
��\���
��
4`b$�����;?;<��
�9[��
� ?9[��
6(
����%-�\�@�����|�E�y����%&��$�Z��D�6���~WX���-����}� R�n�����|���-
�Q\��%-
���
�"I�
��Q\�E�
�
�~ R�����
��
�
@�DQE$<ZK���
�E8�9�
���
d$�
��
��
��
8
9�%-���('R��
��o��$6z�QE$��
$�;?;?�����
��
�!RpnZ<����;?#K��������$��
��


T > 104,6 BP�-�
� κP = κR
 R�E�
����QE�\!

WX���/����
�'g
@�
����#/��%&��������
����
��$����-
���
a9[��
�����%-�P�E�j�
��8
9�$�;�hi$�Z����
8
9��]�	#�%-�-
��E�\!ipL$6z^�6���E�
�nFO�������~�����
����8�9����� R�E���
��%-%-�\�y�����
�7
���8�9@�<
	$��<�6�����-
@�
����#/��%-�������
��
������ 'R��
 ���6���4�L#[��QE�-��}��
��BD�����
��
2�|�
��
�������

��$�8�9f�����
��
4pLZ�%����-��$�
� R��
4���
�����- d�
�-
��U!
�����O�L#[��QE�-��}��4���E�o#����-;<���
�6�&��%���
 �>�����E��h+��
�
 FO�����
�.��
�
���9�;<��
��~�6���.���-
���
 WX���
����8
9 wR��

���gBD� "$0=����� 'R��
����
�6
	$�
� R��
 QEBP���
8
9���


10−14 cm2 g−1 $�
��
106 cm2 g−1 �-; l[��%-%��4wR��


κRZ�QEB]!
10−12 cm2 g−1 $�
�� 108 cm2 g−1 Z/��� κP

�[s�ZK���
�
#[��
�
���
���BP���]�-
f����
fpLZ�Z��-%��6$�
� R��
 "6!#'
$�
��
"6!#'?QE$r�
��9���
r�����\!

'$"



��� ��� ��
�� � � ��� ����� ��� 
������ ������
��

-16
-14

-12
-10

-8
-6

-4
-2

log ρ [g cm-3]

1
2

3
4

5

log(T [K])

-12
-10
-8
-6
-4
-2
0
2
4
6
8

log(κ [cm2 g-1])

�����������	��
��K\	� ��� �J�*89
: "� �B���3�4��� �	��-��0E�89R��?� �C�
� 
�-D�	���6E�-4� �B7&-4�	�*89���6OL8�� �$�*�4 "!1��
�� 
:8� "! �<8�����-QZ � �`_ �

l,s��7Bj���-�
���� R��9���
����rey�-
�Q\��%-9����-�
��
��
���P��$6zL�6���o�L�����
��������������
kwR��
k�:�EYR��� 	#'$+��PwR����BP���E�
��
��,�-

�����a��}�;0��%-��8
9��:Z/����s�8
h6����8
9	���- +�
�."I�
��Q\�E�
�
�:�
�vBP���f�6���c R��
[��$��c�y���� R��9���
���Bj�������:ZK����������WX�2(
�
�E8�9�
@$�
� o�������L#[��QE�-��}��L���������-%-%-�������LZK�E��8
9�������Z/��
4BP�-�
�U!�eI�-
.����$�
��oz�s��n�6���>$�
	�
���
�
8
9����E�6%-��8�9��
eI
	�_BP��8�h	%-$�
� ?wR��
�"���#~'
'�')(^$�
���"���#~'_(*�	�
����
���
o�����j�6���Lpn���|$�
��<FO�����
�+�@�-
������j�
���~�6���~Z/���b�����
qL��
@������hi������
f R��Z��-%������
�0qn��;?#��
�E�
������
��
BD}���;<�7��Z���������9�%���
�!
�����V�L#[��QE�-��}���z�s����6���t"���#~'_(*�>����;?���
8�9@$�
� BP$��
���t;?�-���
��%�� ���-
�������
[��%-Yi�����
8
9���
 l,�-�5(
z{����;<��% �)��%�����8�9@$�
� � "6!  ) 
�
 z�s�� ����� uL�+�
�
��%&��
��6;?�-���
��%VwR��
 �>���-%.�  R��
[}�9������ $�
��

κR = κP = κPopI(ρ, T )
 R�E�
����QE�\!6�f�i����%-%��+�6�6����;?�-�~�6���E�
��
4�L#[��QE�-��}��
��Bj�����
��
r R���
�E8�9�
����~Bj���5(

����
���h���
�
���
���%��
�c;?�-�?eI�-
��
8�9���}�
�h	$�
� R��
���%��A���E����;<�i����%-%���z�s��?",��#�')(_"I�
���
�+�
�
����
��r R�E�
��9���

BD���
����
�!U�y���]��%-%���;V��ZK���>����;��� +%-��8
9	���6���E�>���-
���
.�y���� +%�����8
9=������ey
@�_BP��8�h	%-$�
� R��
SwR��
."I�
���
��(
���
����
���
��[�6������$6z,$�
	�
���
�
8
9����E�6%-��8�9��AFO�����
�>;?�-�~����
c�	������9�%-$�
� R�5z{��%��rBD�E8
9��
��%-BP�-��hR��
�!

κ−2 =
1

κ2
ice

+
T 10

0

T 10
0 + T 10

·
1

κ2
ice,ev + κ2

dust,abs

� "6!  ) 


+
1

κ2
dust,ev + κ2

mol + κ2
H−

+
1

κ2
atom + κ2

e−

;?�-�
T0 = 3000
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He+ + He → He+
2 + γ
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He+
2 + γ → He+ + He

He+
2 + e− → He + He.
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He+ + e− → He + γ
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He + H+ → HeH+ + γ

He+ + H → HeH+ + γ

H+
2 + He → HeH+ + H,
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HeH+ + γ → He + H+

HeH+ + e− → He + H

HeH+ + H → H+
2 + He.
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H + H → H2 + γ
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H + H → H + H+ + e−

H+ + H → H+
2 + γ

He + H+ → HeH+ + γ

HeH+ + H → H+
2 + He
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H+
2 + H → H2 + H+.
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H + e− → H− + γ

H− + H → H2 + e−.
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H+ + D → D+ + H

D+ + H2 → HD + H+

D + H2 → HD + H.
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n & 108 cm−3 ���-


H + H + H � H2 + H

H + H + H2 � H2 + H2

D + H + H � HD + H.
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H2 + e− → H + H−

H2 + e− → H+
2 + e− + e−

H2 + γ → H + H

H2 + γ → H+
2 + e−
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H+
2 + H2 → H+

3 + H

HD+ + H2 → H2D
+ + H

HD + H+
2 → H2D

+ + H.
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H+
3 + e− → H2 + H

H+
3 + e− → H + H + H

H2D
+ + e− → H2 + D

H2D
+ + e− → HD + H

H2D
+ + e− → H + H + D.
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Eion = 5,39 eV
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Li+ + e− → Li + γ,
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Li+ + H− → Li + H

Li+ + H → LiH+ + γ

LiH+ + e− → Li + H

LiH+ + H → Li + H+
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Li + γ → Li+ + e−

Li + H+ → Li+ + H

Li + H+
2 → Li+ + H2

Li + H+ → Li+ + H + γ

LiH+ + H → Li+ + H2
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LiH+ + γ → Li + H+
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Li + e− → Li− + γ

Li− + γ → Li + e−

Li− + H+ → Li + H.
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Li + H− → LiH + e−,
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LiH + γ → Li + H

LiH + H+ → LiH+ + H

LiH + H → LiH + H2

LiH + H+ → Li+ + H2.
�����dJ���$�#��
��
@�
���
��9	$�
� R��Bj�� �wR��
�TU�-��9��-$�;?9@Y6�6����� %&}�$6z��<s�Z/���������
�	8��&�����-wR�4��������8
9�;<��
@�owR��


Li−
$�
��

H
�
Li− + H → LiH + e−
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ẏ
ṙ

)

→
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(rl+1 − rl)2
= 0.

� )�!#'$"�


�����>pn$����6��$�8
hf��$6zj������%-�-
�hR��
G�i���-�
�A��Z��- R���0��%�����8
9	$�
� r��
@�
��#�����8�9@�������]�L���
�
�6����hi�
��������������$�
� 
wR��


−ṙrr
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B̃(t,w(t)) · ẇ(t) = f̃(t,w(t))
� )�!#'/!�


BP����z{��%- +�P R�E�
8�9�������ZK��
fBj���
����
 �
�����]�:�������M�

B̃
9[���Pz{��%- R��
����]l�����; �

'g
�
����
�]"I$�
�hi�
� �
l = 2, . . . , N − 1




B̃l,l =

(

Bl Bl(∆ryl)
(∆ryl)

T bM
l

)

bM
l =

2λ

(rl+1 − rl)(rl − rl−1)

B̃l,l−1 =

(

0 0
0 bL

l

)

bL
l =

−2λ

(rl+1 − rl−1)(rl − rl−1)

B̃l,l+1 =

(

0 0
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l
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bR
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−2λ

(rl+1 − rl−1)(rl+1 − rl)
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B̃l,l =

(

Bl Bl(∆ryl)
(∆ryl)

T 1

)

B̃1,2 = B̃N−1,N =

(

0 0
0 0.
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δ(∆Vlρl)

δt
= − (r2

l ulρ
ad
l − r2

l−1ul−1ρ
ad
l−1)

89;: 9< =

> "? " + )* +� +% "�'& (!)* +5

δ(∆mlul)

δt
= − (fl+1/2u

ad
l+1/2 − fl−1/2u

ad
l−1/2) − r2

l (Pl+1 − Pl) −
4πGml∆ml

r2
l

+
4π

c
κl+1/2Hl∆ml

−
2

3rl

{

r3
l µQ,lρl

(

ul+1 − ul
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−

ul+1/2
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)

− r3
l−1µQ,l−1ρl−1

(

ul − ul−1

rl − rl−1
−
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)}
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
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∑
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n
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∑
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Tneu =Talt −
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Eint(T, ρ, ni) − Eint

dEint(T, ρ, ni)/dT
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2
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+
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c
(3Kl − Jl)
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∆Vl − κlρl(Jl − Sl)∆Vl


�� � � � �

�� � �� � �� �	� � 	 	 
�� � � �� 
� � �
1

c

δ(∆Vl+1/2Hl)

δt
= −

1

c
(r2

l+1/2u
ad
l+1/2H

ad
l+1 − r2
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2Ekin

−Epot
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3kBT/µmH
(

3
4πρ

)−1/3
G 3

5M5/3

= 1,
�H³ b0Ò ¡
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MJeans =

(

4π

3 · 53

)−1/2 (µ G mH

kB

)−3/2

· ρ−1/2 T 3/2 �H³ b¨½J¡
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and we take H0� 67 km s21Mpc21. In equation (1), Nn

(cm23 s21) is the rate of creation of neutral particles per unit

volume, at kinetic temperature Tn, in chemical reactions,

considered below; nn (cm23) is the number density of the

neutrals; nnUn is the internal energy of the neutral gas per unit

volume,

nnUn �
X

vJ

nvJEvJ ;

where the summation extends over the rovibrational levels vJ

of H2, of energy EvJ relative to the v� 0� J ground state, and

nvJ is the population density of the level; Bn is the rate of

energy gain by the neutrals per unit volume. This term (Bn)

comprises chemical heating, considered by Puy et al. (1993),

owing to exothermic reactions which yield neutral products; it

also includes the exchange of energy, owing to elastic

scattering, between the neutrals and both the ions and the

electrons (see Flower, Pineau des ForeÃts & Hartquist 1985).

The rate of variation of the internal energy of the neutral fluid per

unit volume is evaluated from

d(nnUn)

dt
�

X

vJ

EvJ

dnvJ

dt
;

where the equations for the temporal variation of the H2

population densities, dnvJ/dt, were solved in parallel, allowing

for radiative (spontaneous and induced) and collisional population

transfer (Le Bourlot et al. 1999), as well as the expansion of the

Universe (cf. equation 6 below). In particular, transfers of

population, resulting from collisions with protons, for rotational

levels J# 9 in the v� 0 vibrational ground state were included;

the rate coefficients were taken from Gerlich (1990). Spontaneous

radiative transitions between ortho and para levels in the

v� 0 state were also included. Although the corresponding

transition probabilities are very small, they increase rapidly

with J (A / J5 for large J: Raich & Good 1964). We made

the simplifying assumption that, when H2 molecules form or

are destroyed in chemical reactions, the population of any

given state (v, J) changes in proportion to the fractional

population of that level, nvJ/n(H2). Subsequent to freeze-out

of the fractional abundance of H2 (z, 100), the results are

independent of this assumption.

The analogous equations for the kinetic temperatures, Ti and Te,

of the positive ions and the electrons are

1

T i

dT i

dt
�

Bi

3

2
nikT i

2
N i

ni
2

2

R

dR

dt
�3�

and

1

Te

dTe

dt
�

Be

3

2
nekTe

2
Ne

ne
2

2

R

dR

dt
; �4�

where n denotes a number density, N a rate of creation per unit

volume, and B is the rate of energy gain per unit volume, which

includes the energy exchange through elastic collisions with

particles in other fluids; Be specifically includes a term

4sTaT
4
r

mec
k(T r 2 Te)ne;

arising from Thomson scattering of the photons of the

blackbody radiation field on the electrons. Finally, the varia-

tion of the temperature, Tr, of the blackbody radiation field is

given by

1

T r

dT r

dt
� 2

sT

mec
k�T r 2 Te�ne 2

1

R

dR

dt
; �5�

where the first term on the right-hand side (energy loss resulting

from Thomson scattering) can, in practice, be neglected.

To the above equations must be added the chemical rate

equations,

1

n(X)

dn(X)

dt
�

N(X)

n(x)
2

3

R

dR

dt
; �6�

where N(X) is the rate of creation of species X, of density n(X), per

unit volume. We used the `reduced' chemical reaction network of

Galli & Palla (1998), subject to minor changes. The complete set

of coupled differential equations was then solved by means of the

Gear algorithm (Hindmarsh 1974).

3 RESULTS AND DISCUSS ION

We have integrated the above equations, starting at z� 5000, for

which the corresponding time is t� 8.68� 1011 s (2.75� 104 yr).

Assuming the Hubble constant H0� 67 km s21Mpc21, the present

age of the Universe is 9.7� 109 yr. The present blackbody

radiation temperature was taken to be Tr� 2.73K and the proton

density nH� n(H1)1 n(H)1 2n(H2)� 1.5� 1027 cm23, corre-

sponding to a baryonic density Vb� 0.0367 of the critical density

(cf. Galli & Palla 1998). We have also considered a larger value of

Vb� 0.1. The fractional number density of helium nuclei was

nHe/nH� 0.08, and the fractional number density of deuterium

nD/nH� 4� 1025 (Vidal-Madjar 1983). The initial value of the

ortho:para-H2 ratio was 3.

In Fig. 1 are plotted the variations with z of the temperatures of

Figure 1. The variations of the blackbody radiation temperature (solid

curve) and of the temperatures of the neutrals, ions, and electrons

(superposed: broken curve) with redshift, z.

902 D. R. Flower and G. Pineau des ForeÃts

q 2000 RAS, MNRAS 316, 901±905
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�"#%W;/?<>!'5?&\!'�cR>*-7>#£5%!'�0�>!'&
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� �"!$#%!'&�¸£�01"��!'�0�>!}(�W;� Ñ>IM7.5=*-/?�"W;��&[�0/£!'�0�>!'5��f!$#=*-&Z/?&V*;#%#%!F�JW;�

0,1 M�
6$7�!'5?<9*-10/%!'�cR`&ZQ>#%#?/%!
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�
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@A�
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n−T
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5%!'�cR�7.&Ë�.!'���JW;5?<>!'5?IJ!$#=*-IM/%!'��A�!'5?/%!'Ka!'5%!'�":%<©*-K.6$7>�.!$:=XJ!'�cb3�f!'5[�f5?7.�>���>*±G»Q.5B�"#?/SRÇ�>*;#%#B!'�0�
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104 cm−3 �0���.!'5F�"#%W;/?<>!'5?&\!'�
(FW;�]/?5=*-XY/?�"W;�>#?,.<9*;#%!§�0�­�L!'�]/?5?7.&�Q.Ka!'5
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ntot [cm−3]
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½M¯M¯ ½M® ÒS¯ b¨¯MÓ ¾M½M³ b¨ÓJ× ½M® ÒMb¨¯M¯ ¾M½ b¨³-´ ½M® b0ÒS¯ ¾ b¨½M³
ÒS¯M¯ ÉM½M½ b ×;É ½MÉ ÒMb¨¾ Ò ÉM½ b¨½M¾ ½MÉ b0ÒS¾ É b¨½MÓ ½ b¨ÉM½
³M¯ ÓM½M® b¨½M³ ÒS¯MÓ b0Ò × ÓM½ b¨®MÓ ÒS¯ b¨ÓM½ Ó b¨½M® ÒMb¨¯MÓ
ÒS¯ ½MÉ b0ÒS¾ É b¨½MÓ ½ b¨ÉM½ ¯ b¨ÉM½ ¯ b¨½MÉ ¯ b¨¯MÉ
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,.<`¼Y#?�0XM*-10�"#%:=<�7.�`KL!$�.!'7./%!'�>�.!fEF� GH*-�.IJ#%,.<9*;#%!��.�":=<]/��JW;�>!'�0�9*-�>�.!'5�7.�]/%!'5%#%:=<>!'�"�.!'�cR.#%W;�>�.!'5?���]7.5
� �"!�AC*-<.1�7.�.IJ!$!'�0IM�>!'/%!'5§E�� G²*-�.IJ#?2£!'5?/%!º24�"�.!'5%#?,.�"!'IJ!'10/SR�#%W¿24�"!��JW;�¥���0,9*-&\W;�]/?�F!'/�*-1²b�¬¨³M¯±°
Ka!$#%:%<.5?�"!'Ka!'�cb
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K.6$2+b>�F7.101cIJ!$#%!'/?6$/

J =
σ

π
T 4

H = 0.

�q24�"#%:=<>!'�Z6$2£!'�Y���]/%!'IM5=*-/?�"W;�>#=#%:%<.5?�0/?/%!'�B24�05%�@� �"!��`/?5=*-<.107.�.IJ#?/?5=*-�>#?,aW;5?/?IM1"!'�":%<`7.�.I�G Q.5��.!'�@IM5=*-7 O
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fEdd
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gEdd
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/?�"W;�>#%#=:%<.5?�0/?/�Ka!'�]7./?6$/�2�!'5%�.!'�cb
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• κe−

+;��7.5��.!'5���1"!'X`/?5%W;�>!'�`KL!'�0/?5=*-IZ6$7.5DÀF,9*-6$�0/=8-/�247.5%�.!�KL!'�`7./?6$/SbM�F�"!�ÀF,9*-6$�0/=8-/��"#?/�*-1"#%W
XJW;�>#?/=*-�]/Sb-�3#�IM�010/

κP = κR = κe− = 0.348 cm2 g−1 �"#?/Sb$�}�"!$#%!'5Ç#?/=*-5?X}�J!'5%!'�0� GH*;:=<]/%!��9*-101�"#?/��.�":%<`/�5%!S*-10�"#?/?�"#=:%<cR>� �"!'�`/}*-Ka!'546$7º�3!'5?IM1"!'�":%<>#¤O£7.�>� -Ç!$#?/?6$2£!$:%XJ!'�cb
• κPopI

+��F�"!_ÀF,9*-6$�0/=8-/\247.5%�.!§&[�0/?/%!'1"#V!'�0�>!'5�*-�9*-10¼`/?�"#%:=<>!'�¥���0/¤GHW;5?&\!'14G Q.5\�>*;#V��WM#%#%!PO
1N*-�>� &[�0/?/%!'1f�²�}1"!'�":=<]7.�.I­�H½ b0Ò'´`¡%¡}IJ!'�98-<>!'5?/Z7.�>�

κP = κR
IJ!$#%!'/?6$/Sbc�}�"!$#%!V��!$:%<.�`7.�.IJ!'�

� �"!'�>!'�B�.!'&¶�3!'5?IM1"!'�":%<[�.!'5����]/�24�":%XY107.�.IJ!'�\�JW;�@,.5?�0&\W;5%� �N*-1"!'�[7.�>�Z¢sW;,>�c¢35%W;/%WM#?/%!'5?�>!'�cb
• κPopI

+
κR

24�05%�ªG Q.5§�M*-5?�N*-K.1"!¿A�!'5?/%!¿�JW;�
ρ
7.�>�

T
*-7>#§/=*-KL!'1010�"!'5?/%!'�¶A�!'5?/%!'�·�JW;�

^_*S¼J!'5\¬¨ÓM³-°��0�]/%!'5?,aW;10�"!'5?/SR�2�W;Ka!'�
κR

7.�`/%!'5+�.!'5+E��.�9*-<.&\!MR��>*;#=#}#%�":%<��>*;#},.5?�0&\W;5%� �N*-1"!
��*;#u�

Z = 0
¡�G»Q.5F�.!'��IJ!'IJ!'KL!'�>!'�

ρ
O
T
O²A�!'5?/��0&�:%<>!'&[�"#%:=<>!'�C�}1"!'�":%<.IJ!'24�":=<]/fKL!PÑ>�>�.!'/SR

KL!'5%!$:=<.�>!'/u24�05%��b��9*-101"#B�.!'5@A�!'5?/u�JW;��-Ç!'&[,a!'5=*-/?7.5u7.�>���-WY�.!'5B�F�":=<]/%!��.�":%<`/B�0&Ë�}Q.1ÎO
/?�0IMXJ!'�0/%#?KL!'5%!'�":=<©�.!'5[���`/%!'5?,LW;1N*-/?�"W;�>#%/=*-KL!'101"!'��10�"!'IM/��»#Sb��Y!'�0/%!§Ó Ò ¡PR�24�05%�U�.!'5[�}*-�>� 2�!'5?/
KL!'�`7./?6$/��Jb��f*;#[¢31N*-�>:%XY&[�0/?/%!'1F�.!'5VÀF,9*-6$�0/=8-/\XM*-�.��*-�9*-1"W;I¿6$7

κR
WY�.!'5u6$7>#h8-/?6$10�":%<­�0�

E�K.<98-�.IM�0IMXJ!'�0/}�.!'5F*-X`/?7>!'101"!'��:%<>!'&[�"#%:=<>!'�¿�q7>#=*-&[&\!'�>#=!'/?6$7.�.IVKa!$#?/?�0&[&@/�2£!'5%�.!'�cb
�f!'5��F5?7>:=X©24�05%�«*-7>#��.!'5§�q7>#?/=*-�>�.#%IM1"!'�":%<]7.�.I¥!'�0�>!$#��"�.!S*-1"!$#º��*;#=!$#_�²�}1"!'�":=<]7.�.I¶�H½ b0ÒS³J¡V�0�
EFK>#%:%<.�.�0/?/f½ b¨Ó b¨½J¡£Ka!'5%!$:%<.�>!'/Sb
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�}�"!3�}*-�>� KL!$� �0�.IM7.�.IJ!'�B#?�0�>�f�.�":%<`/s�`7.5�GHW;5?&V*-1"!D¸�!$� �0�.IM7.�.IJ!'�@7.&µ!'�0�>!���!$:=<.�]7.�.I�Q.Ka!'5?<9*-7.,./
� 7.5%:=< G Q.<.5%!'�­6$7�XJ�;�.�>!'�cR�#%�"!�#%�0�>�U#%/%!'/%#B*-7>:=<©!'�0� -Ç!'�01��.!$#B,.<`¼Y#?�0XM*-10�"#%:=<>!'�©¢�5%W;K.1"!'&\#SR�� �"!
/%!'�0102£!'�"#%!@�.!$#%#=!'�º���0IJ!'�>#%:%<9*±G»/%!'�ºGH!$#?/?1"!'IJ!'�cb
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��*;#Z�L!'�`/?5?7.& �.!$#uÀFK Á?!'XY/%#�#%W;101D� 7.5%:%<�!'�0�>!'��IJ!$W;&\!'/?5?�"#%:%<>!'�Ð¢�7.�.XY/+IJ!'IJ!'Ka!'�C#%!'�0�cR��.!'5+�0&
�F!$:%<>!'�.IM�0/?/%!'5º� 7.5%:%<È�.!'�È���>�.!P�

m = 0
�.!PÑ>�.�"!'5?/�24�05%��b£�D#��"#%/�,.<`¼Y#?�0XM*-10�"#%:=<«#%�0�.�]�JW;101f6$7

GHW;5%�.!'5?�cR��>*;#%#B� �"!��F�":=<]/%!�*-��� �"!$#%!'5V�`/%!'101"!�!'�0�>!'���.�":%<`/?�J!'5%#%:%<`24�0�>�.!'�>�.!'�cR�!'�>� 10�":%<>!'�­A�!'5?/
<9*-Ka!'��#%W;101²R.�>*-<>!'5�IJ!'<`/�&[�0/

m → 0
*-7>:=<

r → 0
+

r0 = 0

u0 = 0

m0 = 0.

�3#�IM�0K./4�0&��L!'�]/?5?7.&ÊXJ!'�0�>!Z�`/?5=*-<.107.�.IJ#��`7>!'101"!Mb

�PJ���@9L`m B)L#M

�}�"!+ÅÇ*-IJ!@�.!$#�E�7.TJ!'�.5=*-�>�.#F24�05%�º#%WuGH!$#?/?IJ!'1"!'IM/SR>�>*;#=#�*-&Ê8-7.TJ!'5%#?/%!'��¢37.�.X`/
rN

� �"!@�f!$#h*-&@/¤O
&V*;#%#=!

Mtot
!'�0�.IJ!$#%:%<.1"WM#%#=!'�[24�05%��bM�}!'5�EF7.TJ!'�.5=*-�>�B24�05%�ZG»!$#?/?IJ!'<9*-10/%!'�cR;2£!'IJ!'�\�.!'5��>W;5%�.!'5?7.�.I

�X:VG_H�	=GIH <?H�O � >L< S*\IS*>RQ�
g>LE�^ >RQ G_OPYFQ YKADC':=<?WXS5OP>�<?\IA*<?H;<?>RQ;O bDCF<?>���^DG�
L< O T_O0TIA*CK>RQ;O H;< W S!CKGIAKA(AK<?WXS5O
E�>LSFQ��
� >L<BOP< >�� >RQ�
1>LE�^ >XQ G_OPYKQ=Y*ADC7:=<?W SZOP>J< H�O CF<?>���^DG�
L< O T_O \,SKA*>LSK< A�H;>LSFQ a($ >L<?A�YKADC�CK>RQN>RAZOPH;^FQP>LW S*>LA*CK>�� >RQP>L<?WXSCK>RQ.`	\ $ a > \I^KOP<?H;W S7C��*AKA f :=<?>��.\,E � <?ADG_OP<?\IA!S*\IS*>�
1>L< $ WXSK>LADCF<?WXS5OP> Y*ADC(OP< >�� >�
g>LE�^ >RQ G_OPYFQ0\ZCK>RQ�Y*E�U,> a >LSKQ;O
a \,E�E O AK< W S5O []\IQ f
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�9*;:=<�^�*;#%#%!'�>!'5?<9*-10/?7.�.IV�>*-5¤G�XJ!'�0�º^�*-/%!'5?�N*-1cQ.KL!'5F�.!'��E�7.TM�>!'5=*-�>��!'�0� O�W`�.!'5�*-7>#?Õ>�"!'TJ!'� +

rN = Rtot = const

uN = 0 = const

mN = Mtot= const.

�f!'5�E�7.TJ!'�.5=*-�>�\KL!'IM5%!'�.6$/3�>*;#����]/%!'IM5=*-/?�"W;�>#?IJ!'K.�"!'/
	
!$#�<9*-�>�.!'10/3#?�":%<[�.�":=<]/37.&Æ� �"!�ÀFKa!'5¤Õq8;:%<>!

�.!$#�¢35%W;/%WM#?/%!'5?�>#Sb
���º�.!'5�8-7.TJ!'5%#?/%!'�_�Y:%<9*-1"!+24�05%��XJ!'�0�>!+Åc!'7>:%<`/?X`5=*±G»/�!'5?6S!'7.IM/Sb>�}�"!�EFK>#?/?5=*-<.107.�.I\Q.Ka!'54�.!'�ºE�7 O
TJ!'�.5=*-�>�B!'�]/%#%,.5?�":%<]/��.!'&¶K.�"#�6$7.5��JW;5?1"!'/?6$/%!'�\�Y:=<9*-1"!��

N−1
¡Ç!'5?6S!'7.IM/%!'�cR;7.&�� �"!�IJ!$W;&\!'/?5?�"#%:%<>!

�3!'5%� Q.�.�`7.�.I��J!'5?5?�0�.IJ!'5?/%!'�¿�`/?5=*-<.107.�.IJ#%#?/?5%W;&ºb
�}�"!@8-7.TJ!'5%!+�}*-�>� KL!$� �0�.IM7.�.IVG Q.5�� �"!@�`/?5=*-<.107.�.IJ#%&\W;&\!'�]/%!u1N*-7./%!'/

0 =JN −
1
2B(Trad) − (HN + 1

4B(Trad))

gEdd

0 = − (r2
NHN − r2

N−1HN−1) − ρNκP (JN − SN ),

2£W;KL!'�Ç�.!'5F�3�.� �0�.IM/%W;� GH*-XY/%W;5
gEdd =

H̃N + 1
4B(Trad)

J̃N − 1
2B(Trad)

�H³ b ´`¡
&[�0/§�.!'�È^�W;&\!'�`/%!'�

J̃
7.�>�

H̃
R£� �"!¿*-7>#��.!'5�ÅÇ�M#?7.�.I��.!'5º�`/?5=*-<.107.�.IJ#%/?5=*-�>#?,LW;5?/?IM1"!'�":=<]7.�.I

5%!$#?7.10/?�"!'5%!'�cR9KL!'�`7./?6$/�2�!'5%�.!'��7.�>�

B(Trad) =
σ

π
T 4

rad

�H³ b¨³J¡
� �"!F(f�05%:%<.<>W*)LO�¢�1N*-�>:%X`O��.7.�.XY/?�"W;���.!$#£�`/?5=*-<.107.�.IJ#¤GH!'1"�.#SR`�0���>*;#�� �"!�A�W;10XJ!�!'�0�.IJ!'Ka!'/?/%!'/£�"#?/SRM�"#?/Sb

� M5B k#EGQ���@2A ? Q E EC@�m

�}7.5%:%<��>*;#[*;�>*-,./?�0�J!º�}�0/?/%!'5SR��>*;#u<.�"!'5Z�9*;:=<­�}W;5¤Ñ­ÄÊ�F5?7.5?¼¥¬0Ò'´M°��»EFK>#%:=<.�.�0/?/u´>b¨ÓJ¡PRs�0&[,.1"!PO
&\!'�`/?�"!'5?/\247.5%�.!MR�24�05%��� �"!§ÅÇ*-IJ!§�.!'5[5=*;� �N*-1"!'�¥�`/?Q./?6$,.7.�.XY/%!º� 7.5%:%<­!'�0�>!§^_W;�.�0/%W;5¤G 7.�.XY/?�"W;�
M

#%W@IJ!$#%/%!'7>!'5?/SRY�>*;#=#�2�8-<.5%!'�>�§�.!'5��`�0&@7.1N*-/?�"W;�>#?5%!$:=<.�]7.�.I�!'�]/%#?/%!'<>!'�>�.!@�`/?5?7.XY/?7.5%!'��*-7 Õ9�M#?/
2£!'5%�.!'�\XJ�;�.�>!'�cbM�}7.5%:%<V� �"!����0� G»Q.<.5?7.�.I@�.!$#3*;�>*-,./?�0�J!'���}�0/?/%!'5%#�&ZQ>#%#%!'�\� �"!��F*-�>� Ka!$� �0�.IM7.� O
IJ!'��1"!'�":%<]/�&\W`� �ÎÑ>6$�"!'5?/£2�!'5%�.!'�cb`�f!'5 �PJ���@9L`m%B)L0M 24�05%�[6S!'�0/?10�":%<�7.�>�[5=8-7.&[10�":=<VGH!$#?/?IJ!'<9*-10/%!'�

	#%W 2�W;<.1���*;#¤O�*-1"#�*-7>:=<��}�0/?/%!'5?IJ!$#%:=<]24�0�>� �0IMXJ!'�0/f&@Q>#=#%!'��*-�º� �"!$#%!'5}�`/%!'101"!@��7.101c#%!'�0� +

∂trN = ∂tRtot = 0
�H³ b¨®J¡

uN = urel
N = 0.

�H³ b ×M¡
�3#�XM*-�.��*-1"#%W+XJ!'�0��^_*-/%!'5?�N*-1qQ.KL!'5��.!'��EF7.TJ!'�.5=*-�>�\Õ>�"!'TJ!'�cRY�>*;#3�`7.&\!'5?�"#%:%<>!}�3!'5¤G²*-<.5%!'��#?/%!'1010/
�9*;:=<�24�"!f�JW;5�� �"!+^�*;#%#%!'�>!'5?<9*-10/?7.�.IVK.�"#�*-7 G3��7.�>� 7.�.IJ#¤GH!'<.1"!'5�#?�":=<>!'5Sb
EF& 
 L5L#@ LUm B)L0M 24�05%�_�.�":=<]/�&\!'<.5f� �"!ZÅÇ*-IJ!MRa#%W;�>�.!'5?�¿� �"!u^_*;#=#%!+�0�.�>!'5?<9*-10K��.!$#F�0�.�>!'5%#?/%!'�
�`/?Q./?6$,.7.�.XY/%!$#�GH!$#?/?IJ!'<9*-10/%!'�cR>��b <cb

∂tm1 = ∂t

(

1

3
ρ1r

3
1

)

= 0.
�H³ b¨¾J¡

¾M½
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��*;� 7.5%:%<��"#?/D�.!'5��0�.�>!'5%#?/%!�5=*;� �N*-1"!��`/?Q./?6$,.7.�.XY/D�.�":%<`/�&\!'<.5D5=8-7.&[10�":%<�GH!$#?/SbJ�}7.5%:%<�!'�0�>!�IJ!$!'�0I;O
�>!'/%!�AC*-<.1s�JW;�

m1
24�05%��#%W[#%�":%<>!'5?IJ!$#?/%!'1010/SRq�>*;#%#�� �"!+EF7 Õ9�M#?7.�.I\�0&Â6S!'�`/?5=*-1"!'�_¸�!'5%!'�":=<�#?/%!'/%#

*-7>#?5%!'�":=<]/47.&��.!'�§!'�]/%#?/%!'<>!'�>�.!'�º¢�5%W;/%WM#%/%!'5?���>*-5?6$7>#%/%!'101"!'�cb.�F�"!}��!'1N*-/?�0�YIJ!$#%:=<]24�0�>� �0IMXJ!'�0/F*-&
!'5%#?/%!'�Ð�}�0/?/%!'5?,.7.�.X`/Z&@7>#%#@�J!'5%#%:%<`24�0�>�.!'�cRs�.!'�.�U*-7 G IM5?7.�>���.!'5@�>W;5%�.!'5?7.�.I��9*;:=<�^�*;#%#%!'�>!'5¤O
<9*-10/?7.�.Iº�>*-5¤G£*-7>:=<¿Q.KL!'5f�.!'�¿���.�>!'�.5=*-�>��XJ!'�0�¿^�*-/%!'5?�N*-1�Õ>�"!'TJ!'�

	
� �"!$#fKa!$�.!'7./%!'/+*-KL!'5}�.�":%<`/SR

�>*;#%#f� �"!\��*;#?IJ!$#=:%<]24�0�>� �0IMXJ!'�0/u*-�_� �"!$#%!'5@�`/%!'101"!B�F7.101�#%!'�0�_&@7>#=#SR924�"!B!$#}Ka!'��^_W`�.!'101"!'�¿W;<.�>!
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�}�"!�(�W;101N*-,>#?5%!$:=<.�]7.�.Iu247.5%�.!£K.�"#�6$7B�.!'& ¢37.�.X`/�� 7.5%:%<.IJ!PG»Q.<.5?/SRM�0�[�.!'&Æ� �"!��L!'�]/?5=*-10/%!'&[,a!'5=*±O
/?7.5

105 K
!'5?5%!'�":%<]/D<9*-/SbM�F�"!�:=<>!'&[�"#%:%<>!'�V¢35%W;6S!$#%#%!4#?,.�"!'1"!'�\*-&Æ¸�!'IM�0�.�\�.!'53���]/�24�":%XY107.�.IZ!'�0�>!

24�":=<]/?�0IJ!B��W;101"!MR.�0�>#%KL!$#%W;�>�.!'5%!@�0& ,.5?�0&\W;5%� �N*-1"!'���9*-101²RL�>*B<.�"!'5F� �"!Z��8-<.�0IMXJ!'�0/f�.!$#}�+*;#%!$#SR>� �"!
2�8-<.5%!'�>�V�.!'5D(FW;�]/?5=*-XY/?�"W;��!'�`/%#?/%!'<>!'�>�.!'��(FW;&[,.5%!$#%#?�"W;�>#%!'�>!'5?IM�"!f*-K.6$7>#?/?5=*-<.1"!'�cRJ�JW;���.!'53:%<>!PO
&[�"#%:=<>!'�V�q7>#=*-&[&\!'�>#%!'/?6$7.�.I�Ka!$!'�0� Õ>7>#%#?/�24�05%��b A�!'�.�[� �"!4�L!'�]/?5=*-10/%!'&[,a!'5=*-/?7.5

105 K
!'5?5%!'�":%<`/

<9*-/SR>!P� �"#?/?�"!'5?/�Ka!'5%!'�0/%#�!'�0�ºXY1N*-5�*-7>#?IJ!',.5=8-IM/%!'5}(�!'5?�cR>�.!'54G²*;#?/�*-7>#%#%:=<.10�"!'TM10�":%<¿*-7>#4�"W;�.�"#?�"!'5?/%!'&
AC*;#%#=!'5%#?/%W*)�KL!$#%/%!'<]/�7.�>��� 7.5%:%<�E�XYXY5%!'/?�"W;��*-��^�*;#%#%!�6$7.�.�0&[&Z/Sbq�}�"!@2�!'�0/%!'5%!u���]/�24�":%XY107.�.I
�0&Ê6S!'�]/?5=*-1"!'��¸£!'5%!'�":=<_�.!'5F(�W;� Ñ>IM7.5=*-/?�"W;��6$7�!'�0�>!'&Ê&V*;#%#%!'5%!'�":%<>!'���`/%!'5?��<98-�.IM/}�>*-�.���.�":=<]/
&\!'<.5}�JW;���.!'�_�}!'/=*-�01"#F�.!'5F:=<>!'&[�"#%:%<>!'�¿���`/�24�":%XY107.�.I§�0���.!'5f8-7.TJ!'5%!'�_ÌFQ.101"!@*-K�7.�>�º247.5%�.!
�.!$#?2£!'IJ!'�§�.�":%<`/£2£!'�0/%!'5��J!'5¤G»W;10IM/SR �>*Z� �"!$#%!F¢3<9*;#%!}�.�":%<]/�&\!'<.5��f!'IJ!'�>#?/=*-�>���.!'5£�JW;5?10�"!'IJ!'�>�.!'�
EF5?KL!'�0/��"#%/Sb�E�7.TJ!'5%�.!'&)�"#%/+� �"![�0���.!'��^�WY�.!'101"!'���0&[,.1"!'&\!'�`/?�"!'5?/%!��q7>#?/=*-�>�.#%IM1"!'�":%<]7.�.I�!'�0�>!$#
�"�.!S*-1"!'�ª�+*;#%!$#B�0&[&\!'5\2�!'�.�0IJ!'5VIJ!'5%!$:%<]/¤GH!'5?/?�0IM/SR£�>*_&[�0/[6$7.�>!'<.&\!'�>�.!'5��}�":%<`/%!§�.�":%<`/?10�0�>!S*-5%!
�=)�!'XY/%!424�"!�Ka!'�"#?,.�"!'1"#?2£!'�"#%!��}5?7>:%XY�"W;�.�"#=*-/?�"W;�¿�»#?�"!'<>!F� *-7.&\W;�cRY¹�<9*-K.5?�"!'5SR]�;*-��ÌFW;5?��¬¨³M½±° ¡3*-7 G O
/?5%!'/%!'�cb3�YW�#?�0�>��KL!'��!'�0�>!'5�-Ç!'&[,a!'5=*-/?7.5[�JW;�

T = 105 K
7.�>�U�}�":%<`/%!��JW;�

ρ = 1 g cm−3� �"!\¸�!'�0/?5=8-IJ!B�JW;� -s!'&[,L!'5=*-/?7.5¤O}7.�>�¿�}5?7>:%XY�"W;�.�"#=*-/?�"W;�C�JW;��!'/�2£*§IM1"!'�":=<>!'5B�}5%�;TJ!'�>W;5%� �`7.�.I>b
�}�"!�EF�.�9*-<.&\!+!'�0�>!$#4�"�.!S*-1"!'�_��*;#=!$#��"#?/4IJ!'5%!$:%<`/¤G»!'5?/?�0IM/SRq#%W-G»!'5?�º� �"!��}�":=<]/%!

ρ = 10−6 g cm−3�.�":=<]/�2£!$#%!'�]/?10�":=<�Q.Ka!'5%#%:=<.5%!'�0/%!'/u�²� *-7.&\W;�cRL¹�<9*-K.5?�"!'5SR9�;*-�ºÌ}W;5?��¬¨³M½-° ¡Pb
EF1"#s¹�<>!'&[�"!324�05%�Z!'�0�>!3!'5?2�!'�0/%!'5?/%!�AC*;#%#%!'5%#%/%W*)a:=<>!'&[�"!3Ka!'/?5=*;:%<]/%!'/SR-� �"!3� �"!��`,a!'6$�"!$#

H
R
H+ R H−7.�>�

H2
R
H+

2

R
H+

3

7.�>�
e−

Ka!'5?Q>:%X #?�":%<`/?�0IM/Sb`�}�"!��J!'5?2£!'�>�.!'/%!'���F!S*-X`/?�"W;�>!'�V#%�0�>�[�0�$-s*-Ka!'101"!F® b¨½
*-7 G»IJ!'10�"#?/%!'/

	
IJ!'�9*-7>!'5%!B���0�.6S!'10<>!'�0/%!'�¿6$7.&�:=<>!'&[�"#%:%<>!'���}!'/?6$2�!'5?XºÑ>�>�.!'��#%�":%<_�0�_EF�.<9*-�.I�¸fb

�}�"!$#%!$#\�}!'/?6$2�!'5?XÐ�"#?/BIJ!'IJ!'�`Q.KL!'5��.!'&��JW;�¥ÀF&@7.XM*-�FÄ����"#%<.�+¬ ´]½-°��.!'7./?10�":%<¥!'5?2£!'�0/%!'5?/V7.�>�
Ka!'5?Q>:%X #?�":%<`/?�0IM/f*-7>:=<�� �"!Z�`,a!'6$�"!$#

H+
2

7.�>�
H+

3

b
EF1"#�:%<>!'&[�"#%:=<>!·EF� GH*-�.IJ#?6$7>#h*-&[&\!'�>#%!'/?6$7.�.I{247.5%�.!È!'�0�

H2
O�K.6$2��31"!'X`/?5%W;�>!'�9*-�`/%!'�01��JW;�

fH2
= 5 · 10−4 K.6$2+b

fe− = 1 · 10−10 IJ!'2�8-<.10/
	
�.!'5�5%!'1N*-/?�0�J!_E��`/%!'�01}�.!'5�IJ!'1N*;�.!'�>!'�µ�`,L!PO

6$�"!$#
H− R H+

2

R
H+

3

Ka!'/?5=8-IM/
10−15 b fH+

24�05%��#%W�IJ!'2�8-<.10/SR �>*;#%#D�>*;#4��*;#3�0�>#%IJ!$#=*-&@/�!'1"!'X`/?5?�"#=:%<
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�>!'7./?5=*-1q�"#?/SbJ��*;#35%!$#?/?10�":=<>!}��*;#DKL!$#%/%!'<]/�*-7>#£*-/%W;&V*-5%!'& AC*;#%#=!'5%#?/%W*)�RM#%�"!'<>!F*-7>:%< -s*-Ka!'101"!FÓ b0ÒMb
�f!'5�A�!'5?/3�JW;�

fH2
= 5 ·10−4 247.5%�.!�IJ!'2�8-<.10/SRJ2£!'�019��!$:=<.�]7.�.IJ!'�V24�"!4� �"!��JW;�\�}W;5?&V*-�cRJEFKL!'1

7.�>��¸£5?¼]*-�_¬ ´]¯±°��²�`/?5?7.X`/?7.5?K.�01"� 7.�.I>R.¸£�01"� 7.�.IB!'5%#?/%!'54�`/%!'5?�>! ¡DWY�.!'5�� �"!F�JW;��EFKL!'1q!'/�*-1²bq¬¨½-°�R9¬0ÒP°
¸£5%W;&[&Ï!'/@*-1²b�¬¨É±°�� XJWM#?&\W;1"W;IM�"#%:=<>!'�Ð�`/?5?7.XY/?7.5?K.�01"� 7.�.I`¡f6$7��.!'& �Y:=<.107>#%#+XM*-&\!'�cR��>*;#%#�� �"!$#%!
Ìf8-7 Ñ>IMXJ!'�0/V� �"!��Y:%<`2�!'101"!_�>*-5%#?/%!'1010/SRD*-K­�.!'5\� �"!º(fQ.<.107.�.I�� 7.5%:%<­&\W;1"!'XY7.1N*-5%!'�­AC*;#%#%!'5%#%/%W*)
*-7>#?5%!'�":=<>!'�>�¥!,6\6$�"!'�`/��"#%/SR�7.& �.!'�ª(�W;101N*-,>#��JW;�©,.5?�0&\W;5%� �N*-1"!'�·ÀFK Á¤!'XY/%!'�­6$7¥!'5?&\�;IM10�":=<>!'�
�»#?�"!'<>!Z*-7>:%<�EFK>#%:%<.�.�0/?/fÓ b¨³J¡Pb
ÀFKº!'�0�>!f,.5%W;/%WM#?/%!'101N*-5%!+A�W;10XJ!fXJW;101N*-K.�"!'5%!'�ºX;*-�.�cRY<98-�.IM/47cb¨* b.�>*S�JW;��*-KcR.W;K§� �"!f2£8-<.5%!'�>�º�.!'5

�;"+� ��	
	������	�
�%B1"-4d5#)��/�J�Q4D5#)������ $���89��!D, ���.���/	�	
���Y� �`K�K�� �d"-	�	Q"�O+K
"-	�� � $D��!=O-KS$D"-)�	
��!9: � 
?> @ O-K R B	�gKS$D"-��5 �
	gO
R �����YO�B."-	��S"+!D��2 : �+<%> @ O R K
B
� R �����YO;KS$D"-��5 �
	6O�B."-	��S"+!D��2 : 
 �?> @ O���
 R ���9!&2��J��O�
`2������gO R "-!D4&2-� : �+> @ O
������� �U���X��$�"+	g� : ���?> @ �

��!S*-XY/?�"W;� ÖF7>!'101"!
H + e− → H+ + e− + e−

¸�¹£Å
H+ + e− → H + γ

¸�¹£Å
H + e− → H− + γ

¢3���
H− + H → H2 + e−

¸�¹£Å
H− + H+ → H + H

¸�¹£Å
H2 + e− → H + H− ¸�¹£Å
H2 + H → H + H + H

¢£�.�
H2 + H+ → H+

2 + H
¸�¹£Å

H2 + e− → H + H + e−
¸�¹£Å

H− + e− → H + e− + e−
¸�¹£Å

H− + H → H + H + e−
¸�¹£Å

H− + H+ → H+
2 + e−

¢3���
H + H + H → H2 + H

¢��.�
H + H + H2 → H2 + H2

¢��.�
H2 + H2 → H2 + H + H

¢��.�
H + H → H+ + e− + H

¢��.�
H + H− → H2 + e−

�YÅc�
H+ + H− → H + H

�YÅc�
H− + γ → H + e−

Ås�Y�
H+

2 + e− → H + H
�YÅc�

H+
2 + H− → H2 + H

�YÅc�
H+

2 + H2 → H+
3 + H

�YÅc�
H+

3 + e− → H2 + H
�YÅc�

H+
3 + e− → H + H + H

�YÅc�
H + γ → H+ + e−

Ås�Y�
H+

2 + H− → H+
3 + e−

Ås�Y�
H+ + H− → H+

2 + e−
�YÅc�

H+
2 + H− → H + H + H

�YÅc�
H2 + H+ → H+

3 + γ
�YÅc�

H+
2 + H → H+

3 + γ
�YÅc�

H+
3 + H− → H2 + H + H

�YÅc�

ÒS¯MÉ
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� & �	�	����� ���d���#���#���	��� ��� ��

�!����� ��� ���I��� �!���(&-�I

�!���(�
������� �I��" �N���	�
(FW;�]/?5=*-XY/?�"W;��!'�]/%#?/%!'<>!'�>�.!@(�W;&[,.5%!$#%#?�"W;�>#%2£8-5?&\!@*-K.IJ!$#?/?5=*-<.10/42£!'5%�.!'�ºXM*-�.�cbY¸�!'�a,.5?�0&\W;5%� �N*±O
1"!'&Â��*;#£�"#?/�� �"!}Ìf8-7 Ñ>IMXJ!'�0/£�JW;��&\W;1"!'XY7.1N*-5%!'&�AC*;#=#%!'5%#?/%W*) �\�.!$#D24�":=<]/?�0IJ#?/%!'�º(fQ.<.1N*-IJ!'�>#�� �
�JW;�_!'�]/%#%:=<>!'�"�.!'�>�.!'5f¸�!$�.!'7./?7.�.I>bL�}�"!+¸£�01"� 7.�.I��JW;�

H2
XM*-�.��Q.Ka!'5�� 5%!'�s(+*-�98-1"!Z#?/=*-/?/¤Ñ>�>�.!'�

�»#Sb.EFK>#%:=<.�.�0/?/}Ó b ´>b¨½J¡,+
ÒMb4¢�5%W;/%W;�>!'�_*-1"#F(+*-/=*-10¼Y#=*-/%W;5Z+

H + H → H + H+ + e−

H+ + H → H+
2 + γ

H+
2 + H → H2 + H+.

½ b4��1"!'X`/?5%W;�>!'��*-1"#�(+*-/=*-10¼ #=*-/%W;5Z+

H + e− → H− + γ

H− + H → H2 + e−.

Ó b4�F5%!'�0/%!'�01":=<>!'�.,.5%W;6S!$#%#%! +

H + H + H � H2 + H

H + H + H2 � H2 + H2

Åc!'/?6$/%!'5%!�#?�0�>��Ka!'�D<>W;<>!'5B�F�":=<]/%!¿�H*-K
n = 108 cm−3 ¡@�.!'5@&[�0/BE�K>#?/=*-�>�U!,6\6$�"!'�]/%!$#%/%!�¸£�01ÎO

� 7.�.IJ#?,.5%W;6S!$#=#4�JW;�
H2 	

Q.Ka!'54� �"!$#%!'�§A�!'I[XM*-�.�º�.!'54IJ!$#=*-&@/%!�AC*;#=#%!'5%#?/%W*)��0�º� �"!f&\W;1"!'XY7.1N*-5%!
�>W;5?&{7.&[IJ!'2£*-�>�.!'10/£2�!'5%�.!'�cb]�f!'5

H− O���!S*-XY/?�"W;�>#?, GH*;�\�"#?/3!'/�2�*;#D!,6\6$�"!'�]/%!'5�*-1"#3�.!'53Q.Ka!'5
H+

2

R
2£W;KL!'��6$7�KL!S*;:=<]/%!'�U�"#?/SRc�>*;#%#

H− *-7 G»IM5?7.�>�C#%!'�0�>!'5@IJ!'5?�0�.IJ!'�U�}�"#%#%W;6$�N*-/?�"W;�>#=!'�>!'5?IM�"!\1"!'�":%<`/%!'5
*-K.IJ!'K9*-7./F2�!'5%�.!'��XM*-�.��*-1"#

H+
2

�
Ediss,H− = 0,75 eV

R
Ediss,H+

2
= 2,64 eV

¡Pb
¸�!'��*-101"!'�U^�WY�.!'101"!'���"#?/+6$7CKL!$W;K9*;:=<]/%!'�cR��>*;#%#+�.!'5ZAC*;#%#%!'5%#?/%W*)Ð�0&ÏXJW;101N*-K.�"!'5%!'�>�.!'�Ð¸�!'5%!'�":%<
�JW;101"#?/=8-�>� �0IV�JW;�º�.!'54*-/%W;&V*-5%!'���0�º� �"!f&\W;1"!'X`7.1N*-5%!��>W;5?& Q.KL!'5?IJ!'<`/SR 2£*;#�!'�0�>!���5?<>�;<`7.�.I��.!'5
(fQ.<.101"!'�"#?/?7.�.I��0��� �"!$#%!'&Â¸�!'5%!'�":%<�6$7.5��>W;10IJ!�<9*-/Sb
ÀFK�� �"!F���`/�24�":=X`107.�.I\�.!'5�A�W;10XJ!F!'&[, Ñ>�>� 10�":=<��JW;���.!'5�EF� GH*-�.IJ#%<98-7 Ñ>IMXJ!'�0/£�JW;�VG 5%!'�"!'��¢�5%W;/%W-O
�>!'��K.6$2+bJ��1"!'XY/?5%W;�>!'��*-K.<98-�.IM/SR`247.5%�.!�*-�.<9*-�>�\�JW;�§�`�0&@7.1N*-/?�"W;�>#?5%!$:=<.�]7.�.IJ!'�cR Ka!'�9�.!'�>!'��� �"!
EF� GH*-�.IJ#%<98-7 Ñ>IMXJ!'�0/F� �"!$#%!'5�:=<>!'&[�"#%:%<>!'���`,L!'6$�"!$#��;*-5?�0�"!'5?/4247.5%�.!MR9Q.KL!'5?,.5?Q G»/Sb.E�7>:=<º<.�"!'5�6S!'�0IM/
#?�":=<cR �>*;#%#�� �"!FAC*-<.1��.!'54EF� GH*-�.IJ#?2£!'5?/%!��.!'5J-s!'�01":%<>!'�>� �":=<]/%!u�.!'5�:=<>!'&[�"#%:%<>!'���`,L!'6$�"!$#£XJ!'�0�>!'�
���0� Õ>7>#=#F*-7 G��>*;#����>�.!'5?IJ!'K.�.�"#F<9*-/?/%!V�»#?�"!'<>!+EFK.K.�01"� 7.�.I�® b¨ÓM½B7.�>��® b¨ÓMÓJ¡Pb
���>#?IJ!$#=*-&Z/�1N8;#%#?/F#?�":%<�#h*-IJ!'�cR9�>*;#%# ��8-<.�.10�":%<�24�"!+Ka!'�Ç�.!'��^_W`�.!'10105%!$:=<.�]7.�.IJ!'�¿W;<.�>!+¸�!'5?Q>:%X`O
#?�":=<]/?�0IM7.�.I¿�.!'5@:=<>!'&[�"#%:%<>!'�����`/�24�":%XY107.�.I ��� �"![AC*-<.1��.!'5@EF� GH*-�.IJ#%2�!'5?/%!��.!'5u�`/?5?7.X`/?7.5?�M*±O
5?�N*-K.1"!'�«�]7.5º*-&�E�� G²*-�.IÐ�.!'5��F!$:%<.�]7.�.I�Ka!'&\!'5?XYK9*-5��"#?/Sb£��&ÍÅÇ*-7 GH!_�.!'5§�`�0&Z7.1N*-/?�"W;�ÈIJ!'<]/
� �"!Z��5?�0�.�>!'5?7.�.I�*-�_� �"!@EF� GH*-�.IJ#%2�!'5?/%!+�J!'5?1"W;5%!'�

	
�0��� �"!$#=!'&��`�0�.�>!@#%�0�>�º� �"!@���>�.#%/=*;� �"!'�_�.!'5

�`�0&Z7.1N*-/?�"W;�>#?5%!$:%<.�`7.�.IJ!'���`7.5£#%!'<.5�#%:=<]2£*;:=<§�JW;���.!'5�#?,a!'6$�"!'101"!'��AC*-<.1a�.!'5�E�� G²*-�.IJ#?2�!'5?/%!�*-K O
<98-�.IM�0I>b
¸�!'�s�.!'5}¸�!'5%!$:%<.�]7.�.I§�.!'5}ÀF,9*-6$�0/=8-/}�0&Ê¢�W;,>��O��9*-101s24�05%���JW;���.!'5}�>!$#?/%#?/%!'10107.�.I§*-7>#?IJ!'I]*-�.IJ!'�cR
�>*;#%#f�>W;5?&V*-1"!'5?2£!'�"#%!V� �"!B24�":=<]/?�0IJ#?/%!'�U¸�!'�0/?5=8-IJ![6$7.5ZÀF,9*-6$�0/=8-/+�JW;���.!'��^_W;1"!'X`Q.1"!'�¿&[�0/+�.!'�
<>�Y:%<>#?/%!'�¿¸£�0�>� 7.�.IJ#%!'�>!'5?IM�"!'�¿Ka!'�0IJ!$#?/%!'7>!'5?/}2�!'5%�.!'�cb��f!'5%!'�_Ìf8-7 Ñ>IMXJ!'�0/%!'�¿!'�]/%#?,.5%!$:=<>!'�C#?/%!'/%#
�.!'&�:%<>!'&[�"#%:=<>!'�\�f1"!'�":%<.IJ!'24�":%<`/%#?2�!'5?/�W`�.!'5�#?�0�>�Z*-7>:=<@�0&¶�F�":%<`/?IM1"!'�":%<.IJ!'24�":=<]/%#¤G²*-1019�.�":=<]/�2�!'�0/
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�>*S�JW;�V!'�]/¤GH!'5?�]/SbJEFK]2£!'�":%<`7.�.IJ!'���JW;�[�.!'53:%<>!'&[�"#=:%<>!'���}1"!'�":=<.IJ!'24�":%<`/%#?6$7>#=*-&[&\!'�>#%!'/?6$7.�.I[�.!$#
��*;#=!$#�<9*-Ka!'�_�.!$#%2�!'IJ!'���0&�EF1010IJ!'&\!'�0�>!'��KL!'���.!'5f¢sW;,>��O¦��*;#?&[�"#%:=<]7.�.IºXJ!'�0�>!'��#?/=*-5?XJ!'�����0� O
Õ>7>#%#[*-7 GF� �"!§ÀF,9*-6$�0/=8-/Sb��f!$#?2�!'IJ!'�Ð2�!'5%�.!'��<.�"!'5\ÀF,9*-6$�0/=8-/%!'���J!'5?2�!'�>�.!'/SR�� �"!VG»Q.5u�.!'���9*-101
:=<>!'&[�"#%:%<>!'���}1"!'�":%<.IJ!'24�":=<]/%#}Ka!'5%!$:%<.�>!'/�247.5%�.!'�cb
EF�>�.!'5%#£�J!'5?<98-10/�!$#£#?�":=<��0&�,.5?�0&\W;5%� �N*-1"!'�º�9*-101P+ Ì��"!'5�/?5=*-IJ!'���]7.54� �"!�7.�`/%!'5%#%:%<.�"!$� 10�":=<>!'�ºAC*;#¤O
#%!'5%#%/%W*)a#?,a!'6$�"!$#�IJ!'&V8-TZ�0<.5%!'5�Ì}8-7 Ñ>IMXJ!'�0/£6$7.5�ÀF,9*-6$�0/=8-/£Ka!'�²b]�}�"!}^�WY�.!'101"!MRJKa!'�q�.!'�>!'�§� �"!F:%<>!PO
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� �"!�7.�`/%!'5V�.!'5\E��.�9*-<.&\!MR��>*;#=#[#?�":%<­� �"!���*;#%&[�"#%:%<`7.�.I�KL!'�4�.!'���JW;5?10�"!'IJ!'�>�.!'�¥A�!'5?/%!'�ÐG Q.5
-s!'�01":%<>!'�>� �":%<`/%!+7.�>� -Ç!'&[,a!'5=*-/?7.5��0&�:=<>!'&[�"#%:%<>!'���}1"!'�":=<.IJ!'24�":%<]/�KL!PG²*-�>��RJKa!'5%!$:%<.�>!'/�247.5%�.!Mb
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1000 ≤ T [K] ≤ 7000
K.6$2+b

10−12 ≤ ρ [g cm−3] ≤ 0,5
�.!PÑ>�.�"!'5?/�#?�0�>��b�¸£!'�d-Ç!'&[,a!'5=*-/?7.5%!'�È7.�]/%!'5

1000 K
24�05%�ª� �"!

ÀF,9*-6$�0/=8-/���7.1014IJ!$#%!'/?6$/SR3KL!'�4Q.Ka!'5
7000 K

2�!'5%�.!'�ª� �"!�ÀF,9*-6$�0/=8-/%!'�©�JW;�©�FW;IJ!'5%#VÄ���IM1"!$#%�ÎO
*;#§¬¨³ Ò'°4Ka!'�]7./?6$/Sb3EF7.TJ!'5%�.!'& 247.5%�.!§�.!'5��`/?5=*-<.107.�.IJ#?/?5=*-�>#%,LW;5?/\�`7.5[G»Q.5B� �"!§W;,./?�"#=:%<­� Q.�.�>!
ÌFQ.101"!@�0��IM5=*-7>!'5}�f8-<>!'5?7.�.I�KL!'5%!$:=<.�>!'/SRq2�8-<.5%!'�>��G Q.5}�.!'�_W;,./?�"#%:=<_� �":=XJ!'�¿(�!'5?�_� �"!Z�F� )a7>#?�ÎO
W;�>#?�98-<>!'5?7.�.I�Ka!'�]7./?6$/u24�05%��bs��*;#Z/?<>!'5?&[�"#%:%<>!��3!'5?<9*-10/%!'���.!$#[��*;#%!$#+24�05%��Q.Ka!'5ZÌ}!'�06'O}7.�>�
(fQ.<.1ÎG»7.�.X`/?�"W;�>!'���0�V�.!'5£���>!'5?IM�"!'IM1"!'�":%<`7.�.I[&\W`�.!'1010�"!'5?/SR`2£8-<.5%!'�>���0�V�.!'5D�JW;5?10�"!'IJ!'�>�.!'��EF5?KL!'�0/
� �"!§(fQ.<.107.�.I��.!$#V��*;#=!$#ZQ.Ka!'5[� �"!§(�W;,.,.107.�.I�6$24�"#=:%<>!'�¥��*;#B7.�>�­�`/?5=*-<.107.�.IJ#¤GH!'1"��R�&[�0/?/%!'1"#
ÀF,9*-6$�0/=8-/}!'�0�.IJ!'<]/Sb
��*;#º��*;#�KL!PÑ>�>�.!'/§#?�":=<¥�0&�ÅÇ*-7 GH!��.!'5����`/�24�":%XY107.�.I¥�.!$#§ÀFK Á?!'X`/%#§*-Ka!'5��.�":=<]/§�0&�:%<>!'&[�ÎO
#%:=<>!'� �}1"!'�":=<.IJ!'24�":%<`/SR�#%W`�>*;#=#º� �"!$#%!'5�EF�>#=*-/?6��.�":=<]/_XJW;5?5%!'X`/º�"#%/Sb��}�"!¿�>W;/%W;5?�"#%:%<>!��Y:%<`24�"!PO
5?�0IMXJ!'�0/SR

H2
*-7>#\�.!'5���*;#?,.<9*;#=!�6$7�K.�01"�.!'�cR�G Q.<.5?/[�>*-6$7cR3�>*;#=#[� �"!

H2
O�Ìf8-7 Ñ>IMXJ!'�0/VW-G»/\#?/=*-5?X

�JW;���.!'5�:%<>!'&[�"#=:%<>!'�Ð�f1"!'�":%<.IJ!'24�":%<`/%#?<98-7 Ñ>IMXJ!'�0/[*-K]2�!'�":=<]/Sb
H2

�"#?/�*-Ka!'5+�.!'5}24�":=<]/?�0IJ#?/%!VE�K O
#%W;5?Ka!'5u�0�U�.!'5[¢�W;,>�%�%��O¦��*;#?&[�"#%:=<]7.�.I>b��}�"!V�0�Ð� �"!$#%!'5[E�5?Ka!'�0/uKL!'�`7./?6$/%!'�Ð¢�W;,>�%�%��O¦ÀF,9*-6$�0/=8-/%!'�
�»^�*$¼J!'5[¬¨ÓM³-° ¡�#?�0�>���0&�¸�!'5%!'�":%<��JW;�

10−16 ≤ ρ [g cm−3] ≤ 10−2 K.6$2+b
60 ≤ T [K] ≤ 40000IMQ.10/?�0I>bs�}!'5B�}Q.10/?�0IMXJ!'�0/%#?Ka!'5%!'�":%<U�"#?/@�.!'7./?10�":%<UIM5%�;TJ!'5u*-1"#@KL!'���.!'� -s*-Ka!'101"!'�C�JW;�UÅc!'�.6$7.�.��!'/

*-1²b�¬¨Ó ÒP°�bÇ�}�"! -�*-KL!'101"!'���JW;��^�*$¼J!'5�¬¨ÓM³;°DIJ!'KL!'�U�>*;#Z�FWM#%#%!'1N*-�>�YO�7.�>���>*;#@¢�1N*-�>:=X`&[�0/?/%!'14�.!'5
^�*;#%#%!'�>!P� /?�0�.X`/?�"W;�>#?OqK.6$2+b-^_*;#%#=!'�9*-K>#%W;5?,./?�"W;�>#?XJWY!,6\6$�"!'�]/%!'�V*-�cb-�`�"!£#%!'/?6S!'�ZKL!'�0&�¢�1N*-�>:%XY&[�0/¤O
/%!'1 *-7>:%<uXJ!'�0�Z:%<>!'&[�"#=:%<>!$#3�}1"!'�":%<.IJ!'24�":=<]/�G»Q.5Ç� �"! -s!'�01":%<>!'�>� �":=<]/%!4�JW;5=*-7>#SR±#%W;�>�.!'5?�@�J!'5?2£!'�>�.!'�
� �"!7-s!'�01":%<>!'�>� �":=<]/%!'�C*-7>#��.!'5�ÅÇ�M#?7.�.IV�.!'5�:%<>!'&[�"#=:%<>!'���F*-/%!'�.�>!'/?6$2�!'5?XJ!Mb
¸�!'�s�.!'��^�WY�.!'101"!'��!'�0�>#%:=<.10�"!'TM10�":%<¿:%<>!'&[�"#=:%<>!'5f���]/�24�":%XY107.�.I§24�05%�º� �"!uÀF,9*-6$�0/=8-/�*-�.<9*-�>���.!'5
/=*-/%#=8;:=<.10�":%<��JW;5?10�"!'IJ!'�>�.!'��Ì}8-7 Ñ>IMXJ!'�0/%!'��KL!$#?/?�0&[&Z/SR]�0�>�.!'&��.!'5D¸�!'�0/?5=*-I�Á?!$�.!'5�!'�0�.6S!'10�>!'�§�`,L!PO
6$�"!$#f6$7.5@ÀF,9*-6$�0/=8-/�Ka!'5%!$:%<.�>!'/�7.�>��� �"!$#%![*-&����>�.!u6$7�!'�0�>!'5@�f!$#h*-&@/%W;,9*-6$�0/=8-/Z*-7 GH#?7.&[&[�"!'5?/
2£!'5%�.!'�cb.Ì��"!'5�IM5%!'�ÎGH!'�§*-1"#=Wu� �"!}<`¼Y� 5%WY� ¼`�9*-&[�"#=:%<>!MR.� �"!f:%<>!'&[�"#%:=<>!�7.�>��� �"!+�`/?5=*-<.107.�.IJ#?/?5=*-�>#¤O
,aW;5?/?XJW;&[,LW;�>!'�`/%!V�.!$#�^_W`�.!'101"#fXJW;�>#%�"#?/%!'�]/��0�>!'�0�9*-�>�.!'5SRc!'�0�¿24�":=<]/?�0IJ!'5uEF#?,a!'XY/SRq�.!'5+� �"!B�JW;5¤O
10�"!'IJ!'�>�.!V�JW;�U8-<.�.10�":%<>!'�ÐEF5?KL!'�0/%!'��7.�`/%!'5%#%:%<>!'�"�.!'/Sb���*-5?Q.Ka!'5@<.�0�9*-7>#+&Z7>#%#+XJ!'�0�>!VX`Q.�>#%/?10�":%<>!
EF7 G /%!'�0107.�.I�6$24�"#%:%<>!'�C�.!'&)W;,./?�"#=:%<C� �":=XJ!'�C(�!'5?�¿7.�>���.!'5+W;,./?�"#%:=<C� Q.�.�>!'��Ì�Q.101"![� 7.5%:=<.IJ!PO
G»Q.<.5?/�2�!'5%�.!'�cb
�}�"!@G»W;10IJ!'�>�.!B�}�"#?XY7>#%#?�"W;���.!'5���5?IJ!'K.�.�"#=#%!u1"!'<.�]/�#?�":%<¿*-�¿� �"!Z�}�"#?XY7>#%#?�"W;���JW;�¿���0,9*-&\W;�]/?��!'/
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^_W`�.!'101"!'�cR9� �"!+� �"!�:%<>!'&[�"#%:=<>!Z�3�]/�24�":=X`107.�.I�Ka!'�0�.<9*-10/%!'�cR>&[�0/�#%W;1":=<>!'�cR>� �"!+#?�"!+*-7>#%1N*;#%#%!'�cb
�q7.�98;:=<>#?/V2£!'5%�.!'�©� �"!�*-1010IJ!'&\!'�0�>!'�«¹�<9*-5=*-XY/%!'5?�"#?/?�0XM*¿�.!'5\���`/�24�":%XY107.�.IÐ2£8-<.5%!'�>�¥�.!'5\(�W;1ÎO
1N*-,>#?,.<9*;#=!§KL!'/?5=*;:=<]/%!'/Z+£�}�"!º���]/�24�":%XY107.�.IÐ�J!'5?1N8-7 G /\�0�¥�.!'�©^�WY�.!'101"!'�­&[�0/§¹�<>!'&[�"!º#%W.R�24�"!
#?�"!�Ka!'5%!'�0/%#Z�0�ÐEFK>#%:%<.�.�0/?/\® b¨½ºG Q.5B� �"!�^_WY�.!'101"!�W;<.�>!�:%<>!'&[�"#=:%<>!§���`/�24�":%XY107.�.I�Ka!$#%:%<.5?�"!'Ka!'�
247.5%�.!Mb EF7 G IM5?7.�>���.!'5����>�.!'5?7.�.IB�.!'54:%<>!'&[�"#%:=<>!'���q7>#=*-&[&\!'�>#%!'/?6$7.�.I[#?�0�>���>*-5?Q.KL!'5�<.�0�9*-7>#
GHW;10IJ!'�>�.!+���`/�24�":%XY107.�.IJ#%#?/?7 GH!'��6$7§KL!$W;K9*;:=<]/%!'� +
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ρ ∼ r−α �

α ≈ 2
¡PR�24�"![!'5��JW;��Ås*-5%#%W;�­¬¨½MÉ-°�7.�>�¿¢s!'�>#%/%W;�¥¬ ´M´;°3IJ!PG»7.�>�.!'�¿247.5%�.!MR

K.�01"�.!'/��]bc��& -Ç!'&[,a!'5=*-/?7.5?KL!'5%!'�":=<U6$24�"#=:%<>!'�
1500 . T [K] . 4500

�.�0&[&Z/Z� �"!\¢�W;,>�²O
ÀF,9*-6$�0/=8-/f*-7 G»IM5?7.�>���.!'5��3!'5%�>*-&[, G 7.�.I��.!$#f�`/=*-7.Ka!$#�#%/=*-5?X�*-K��»#?�"!'<>!@EFK>#%:=<.�.�0/?/f® b¨½ b0Ò
7.�>��EFK.K.�01"� 7.�.I�½ b ´`¡PRq2£*;#}#?�":%<�*-7>:%<_�0���.!'5��`/%!'�0IM7.�.I��.!$#}¢�5%W-Ñ>1"#F�0��EFK.K.�01"� 7.�.I�® b0ÒS®
6S!'�0IM/Sb���8-Ka!�!$#�XJ!'�0�>!�:=<>!'&[�"#%:%<>!����`/�24�":=X`107.�.I>R�24Q.5%�.!_� �"!�(FW;� Ñ>IM7.5=*-/?�"W;�ÈK.�"#V6$7.&
��5?5%!'�":%<>!'�Ð�.!'5@EFK.K.5?7>:%<]Ka!$� �0�.IM7.�.I��.!'5@��!$:=<.�]7.�.IJ!'�U*;� �N*-K9*-/?�"#=:%<CXJW;�`/?5=*-<.�"!'5%!'�cbs�}�"!
���>�.!'5?7.�.IJ!'�C�.!'5�:=<>!'&[�"#%:%<>!'���`/?5?7.X`/?7.5�<9*-Ka!'�_G Q.5�� �"!u/?<>!'5?&[�"#%:%<>!V���]/�24�":%XY107.�.I��.!$#
��*;#%!$#4�>W;10IJ!'�cR.� �"!f�>*;#4W;Ka!'��Ka!$#%:=<.5?�"!'KL!'�>!f�3!'5?<9*-10/%!'�ºQ.Ka!'5?1N*-IJ!'5?�cR 24�"!}�0�§�.!'��G»W;10IJ!'� O
�.!'��¢�7.�.XY/%!'��Ka!$#%:%<.5?�"!'Ka!'�º2�!'5%�.!'��24�05%��b
�}!'5�,.5?�0&\W;5%� �N*-1"!��9*-101>W;<.�>!4:%<>!'&[�"#%:=<>!����`/�24�":=X`107.�.Iu�"#?/38-<.�.10�":%< +J��*;#D��*;#�XJW;�`/?5=*-<.�"!'5?/
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�c%B�(&c2>�c98�Y2
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�Y2
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� �)$��\���8&h-i2E��16%��G2E�j�F/��D2
�(%B�! #"�2E�IklS7�(/$�"�m1$2
�C?;&��#9Q"<,
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�!1$2E�/.U4�%'��2q1$2E&#9Q%'A'A'%B2
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z
{#| }�~Y���`���P�!���!�Y�3���`�P�������`�������\�`���R�!�P�����
�T%B23<L2E%'&#9Q�$"U^Q�$�7%'�G2q�$%B #"F&��!2EA�9Q&(%'�@%B�(&(%B�! #"�2\?;&��#9Q"$A'/$�$�G�(&��#9Q���!XR���(�7AB2E%B #"F/$�$�]%'���(X$"U^%�(%B�! !"�2
�3?;���\�
�D2E&��(%B2CH[2E%'���# !"$A'%B2E�7A'%B !"e?;&��!2E/$/$�$�;M=A�9Q/$&!2E&L�

1

c

∂Iν

∂t
+ µ

∂Iν

∂r
+

1 − µ2

r

∂Iν

∂µ
= − κAbs

ν (r)Iν + jν(r)

− κStr
ν (r)

(

Iν −
1

2

∫ 1

−1
Iν(r, µ

′, t)Φν(µ, µ′) dµ′
)

.
H[���',OM

Iν = Iν(r, µ, t)
%B�(& 16%B2i�h�;&!2E���(%'&#^Q&¡1$2
��?;&��#9Q"$A'/$�$�T1$2
�¡V��!2>¢;/�2E�$<

ν
<>/���£R2E%'&

t
9%�¥¤T9816%'/��

r
/$��1

1$2
�=�*/��(���!2E%'&(/$�$�G���(%B !"F&(/$�$�
µ = cos θ

H
θ
%B�(&=1$2
�§¦_%'�$¨G2EAU<>-0%B�! #"�2E�o1$2
�N9Q/��(-=^%�(&!�i�G2
�(%B !";&!2E&!2E�

©T�����C9QAB2E�`/$��1�1$2
�ª¤*%B !";&(/$�$�31$2>�¡«�"��8&!�8���¬M®­
jν(r)

%B�(&ª16%B2§%B�!�8&��!�8XY2§4#�g%B�!�(%'�@%'&#^Q&L­
κAbs

ν (r)
/$��1

κStr
ν (r)

�(%'��1`16%B25¯J�!2>¢;/�2E�$<O9Q�$"U^Q�$�7%'�G2E�\�.���!���(X$&(%B�8�����Y/$��1g?;&��!2E/$/$�$�G�(¨G�;2®°D<>%B2E�;&!2E�C9%�¥¤T9816%'/��
r
�
Φν(µ, µ′)

%B�(&±16%B2g«�"U98�#2E�6¯²/$�$¨@&(%B�8�l­l16%B2g16%B2\¦e9Q"��!�! #"�2E%'�$A'%B !"$¨G2E%'&\2E%'��2
�`?;&��!2E/$/$�$�³9Q/��q1$2
�
¤*%B !"F&(/$�$�

µ′ %'�³16%B2q¤P%B #"F&(/$�$� µ
9Q�$�7%'�$&L�R?;%B23%B�!&P�!�\�������g%B2
�(&L­U1�98�!�0¯²´��*9QA'AB2q¤*%B !";&(/$�$�G2E�

µ

1

2

∫ 1

−1
Φ(µ, α) dα = 1

�7%'A'&L�
,EµF¶
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R

z AB

p r

θ

R

$&%'%'(*)*+-,/.'01$32*465/798;:=<?>A@B)*)*,'.'0C+-@B:
pz D�E %F@B.'@G2

©398 !"�1$2
�*s§9%�(%�9Q�$AB2E�F&��#9Q����¯J�����C9Q&(%B�8�

(r, µ) → (r,p), p = r
√

1 − µ2
H[�`�+)GM

Iν(r, µ, t) →

{

I+
ν (r,p,t) µ ≥ 0

I−ν (r,p,t) µ < 0

H[�`�IHGM

-0%��!1 b AB2E%B !"F/$�$� H[���',OMi%'��<>-i2E% �G2E&��!2E�$�F&!2 b AB2E%B !";/$�$�G2E�

1

c

∂I+
ν

∂t
+ µ

∂I+
ν

∂r
= −(κAbs

ν + κStr
ν )[I+

ν − Sν]
H[��� µ;M

−
1

c

∂I−ν
∂t

+ µ
∂I−ν
∂r

= (κAbs
ν + κStr

ν )[I−ν − Sν]
H[���+¶GM

¯[´��c2E%'��2DXY�7�(%'&(%'�G2C/$��1e2E%'��2D��2E�F9Q&(%'�G2KJ*���gXY�8��2E�F&!2
I+ �$<>-q�

I−
9Q/6¯[�G2>�(XU9QA'&!2E�l­ª-i2E%'A=16/��! !"

16%B20/$�U9Q�$"U^Q�$�7%'�G2*s§9%�(%�9Q�$AB2
p
�$%B #"F&§<>-0%B�# !"�2E�

µ > 0
/$��1

µ < 0
/$�;&!2
�!�! !"$%B2>1$2E�]-i2
�!1$2E� ¨89Q�$�l�

�32
�.«�9%�#9%�D2E&!2
�
p
H²�G2
�(�7AB2E%B #"�2��.�$�$%'AB16/$�$�o�`�',OM0-0%��!1f?;&!�8�7XU9%�#9%�D2E&!2
�±�G2E�U9Q�$�F&L­R2
�*¨79Q�$��¯[´��

2E%'��2E���G2E�G2E�Y2E��2E�³¤T9816%'/��
r
¦ 2
�(&!2c<>-0%B�! !"�2E�

0
/$��1

r
9Q�$��2E"��D2E�l�

�:� VU9QA'Aª%B�!�8&��!�8XR2
�3?;&��!2E/$/$�$�fH
Φν(µ, µ′) = 1

MN/$��1Z%�� AB�8¨89QAB2E�³&("�2
���D�;16�@�U9%�g%B�! !"�2E� b AB2E%B #"6�
�G2E-0%B #"F&T¨89Q�$��16%B2
L./�2EA'A ¯[/$�$¨@&(%B�8�

Sν
¯[�8A'�G2E��1$2
���C9Q�G2E�f�G2>�! !"��(%B2E�Y2E��-=2
�!1$2E�l�

Sν =
1

κAbs
ν + κStr

ν

(

∑

i

(

κAbs,i
ν Bi

ν + κStr,i
ν Jν

)

)

.
H[���IMGM

N.%B2
�§�(%'��1
κAbs,i

ν
/$��1

κAbs,i
ν Bi

ν

1$2
�§�.���!�8X$&(%B�8���(¨G�@2®°D<>%B2E�F&N1$2
�i?;XR2E<>%B2>�
i
�$<>-q�G1$2
�!2E�CrN2E%'&��#9Q�

<>/��=4B�g%B�!�(%'�@%'&#^Q&§/$��1
κStr,i

ν
/$��1

κStr,i
ν Jν

1$2
�N?;&��!2E/$¨G�@2®°D<>%B2E�F&01$2
�=?;XY2E<>%B2>�
i
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�!2E� rN2E% �
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Jν
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�

-=2
�!1$2E�����; #" 1�98�\2
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Hν
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Kν
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¯J�8A'�G2E��1$2
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�(&L�

Jν =
1

2

∫ 1

0
(I+

ν + I−ν ) dµ
H[���wv7M

Hν =
1

2

∫ 1

0
(I+

ν − I−ν )µ dµ
H[�����GM

Kν =
1

2

∫ 1

0
(I+

ν + I−ν )µ2 dµ.
H[����
GM

z
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rmin
/$��1Z�*/6�

�G2E���#9Q��1
rmax

/$�F&!2
�\1$2
���.�$�U9Q"��D27­�1�98�!���(%B !" 16%B2D¦ �8A'¨G2]%'� 2E%'��2
� H²%:�+96�ª<L2E%'&#9Q�$"U^Q�$�7%'�G2E�l­
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�(�7%'�$&.�(%B !"³9QAB�.^Q/$�G2
�!2q¤.9Q��16�Y2>16%'�$�7/$�$�

I−ν (rmax,p,t) = wν(p,t)
¯[´��

0 < p < rmax,
H[���',LKGM

-=�8�R2E%
wν(p,t)

16%B2`9Q/6¯51$2E�f�*/$�G2E���#9Q��1³&��!2��Y2E��1$2\?;&��#9Q"$A'/$�$� �Y2>�! #"��!2E%'�$&L�WV¡´��.1$2E�fVU9QA'A %B�#�Q�
&��!�8X �G2
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���ª2
�gXR2
�#9Q&(/��

Text
-0%��!1

wν(p,t)
16/��! !"�1$2E�

�./��!1 �(/� !¨
wν(p,t) = WBν(Text)

H[���',7,OM
�g%'&*1$2
� s52
�!16´$�$�F/$�$�G��¯:9Q¨;&!���

W
�Y2>�! #"��(%B2E�R2E�l�

V¡´��*1$2E�����$��2E���#9Q��1��`/��!�0�G2EA'&!2E�
I+
ν (p,p,t) − I−ν (p,p,t) =0

¯²´��
rmin 6 p 6 rmax

H[�`�',L)GM
I+
ν (rmin,p,t) − I−ν (rmin,p,t) =hν(p,t)

¯[´��
0 6 p 6 rmin

H[�`�',;HGM
¯:9QA'AB�o2>�Z2E%'��2³<L2E�;&��#9QAB2e?;&��#9Q"$A'/$�$�G�!¢;/�2EA'AB27­01$2
�!2E� 4�%'���(&��#9Q"$A'/$�$�I9Q/6¯`1$2E�n���$��2E���#9Q��1n16/��! !"
hν(p,t)
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Sν
H²<G� rT�l9Q/��31$2
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16%B2 O�9Q&!2
�(%B2>2E%'�G2E���! !"U9 ¯[&!2E�l­*16%B2
κAbs,i

ν
/$��1

κStr
ν

¯[2>�(&(AB2E�G2E�l­=�Y2E¨89Q�$�;&Z�(%'��1d­=%B�(&Z2>� �DS8�7A'%B !"
1�98� b AB2E%B !";/$�$�G�!�(�6�(&!2
��­ª1�98�`16/��! !" 16%B2 b AB2E%B #"F/$�$�G2E� H[�`� µ;M®­=H[�`�+¶GM®­ 16%B2C¤.9Q��16�Y2>16%'�$�7/$�$�G2E�
H[���',LKGME­PH[���',L)GM�/$��1 H[�`�',;HGM>­��!�L-0%B2�16%B2Z�32®y��$%'&(%B�8��2E� H[�`�IMGME­PH[���wv7M`/$��1 H[���',7,OM`�R2>�!&(%�� �c&
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�Y2
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� 16%B2CO³���D2E�;&!2E�$�7AB2E%B !";/$�$�G2E�m�G2>�! !"$AB�7�!�#2E��-i2
�!1$2E�l�
V¡´��516%B20rN2E<L2E%B !"$�;/$�$�G2E�]1$2
�5����16%'<L2>��1$2
�516%B�(¨;�!2E&!2E�gs§9%�(%�9Q�$AB2E�D-i2
�!1$2E�g¯J�8A'�G2E��1$2PrN2E<L2E%B !"$�;/$�6�
�G2E��2E%'�$�G2®¯[´$"��(&L�

¤T9816%'/��
rj
�

j = 1, . . . ,J
�g%'&

r1 = rmin
­
rJ = rmax?;&!�8�7XU9%�#9%�D2E&!2
�

pk
�

k = 1, . . . ,x, . . . ,K
�g%'&

p1 = 0
­
px = rmin

­
pk = rmax£R2E%'&

tn
�

n = 1, . . .V��!2>¢;/�2E�$<
νl
�

l = 1, . . . , L
�
,Eµ;v
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b AB2E%B #"F/$�$�G2E�mH[�`� µ;Mª/$��1³H[�`�+¶GMª-=2
�!1$2E�D¯[´���16%B2*V��!2>¢F/�2E�$<
ν
/$��1g2E%'��2E�g¯[2>�!&!2E� ?;&!�8�7XU9%�#9%�D2E&!2
�

pk
�Y2E&��#98 !"F&!2E&L�W©T98 #"�1$2
� � �#9Q����¯[�����C9Q&(%B�8�³%'��1�98�3J.�;���!16%'�U9Q&!2E���(�6�(&!2
�

α± =
1

2
(µr ± ct)

H[�`�',Eµ;M
2
�("U^QA'&?�C9Q���g%'&

κe(α+, α−) = κAbs + κStr

∂I+

∂α+
= − κe

(

I+ − S
) H[�`�',L¶GM

∂I−

∂α− = κe
(

I− − S
)

.
H[���',;MGM
H[�`�',Ov7M

O³%'&P1$2E���.�$¨;´��(<>/$�$�G2E�

t+ = tn −
1

c
(rjµj − rj−1µj−1) ,

H[���', �GM

t− = tn −
1

c
(rj+1µj+1 − rjµj) ,

H[���', 
GM

x+(r, t) =

∫ α+(r,t)

α+(rj−1,t+)
σe(y, α−) dy

�$<>-q� ∂x+

∂α+
= σe(α+, α−),

H[���+)7KGM

x−(r, t) = −

∫ α−(r,t)

α−(rj+1,t−)
σe(α+, y) dy

�$<>-q� ∂x−

∂α− = −σe(α+, α−),
H[���+)6,OM

∆τ± = x±(rj , tn)
H[���+)7)GM

/$��1f1$2E�mr=2E<L2E%B #"$�F/$�$�G2E�
Î±j∓1

¯[´��T16%B2`¦ 2
�(&!2��G�8�
I±

9Q�f1$2E� ?;&!2EA'AB2E�
(rj∓1, t

±)
2
�(�7%'�$&±16%B2
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α− �  >�8���(&§�G�8� (rj−1,t
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��J3/��(�G2
α+ �  >�8���(&0�G�8� (rj+1,t

−)
�$%B�

(rj ,tn)

I+
j = Î+

j−1 exp(∆τ+) +

∫ ∆τ+

0
S(α+(x+), α−) exp(−x+) dx+ H[�`�+)-HGM

I−j = Î−j+1 exp(−∆τ−) +

∫ ∆τ−

0
S(α+, α−(x−)) exp(−x−) dx−.

H[���+)Qµ;M
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�!2> !"$��2E&T-i2
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S
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Î±
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f(x)

­;1$2>�!�!2E�D¦ 2
�(&!2T9Q� 16%B�(¨;�!2E&!2E�o?;&(´$&(<L�!&!2EA'AB2E�
xi, xmin 6 xi 6 xmax, i = 1, . . . ,N

�R2E¨79Q�$�F&*%B�(&L­6A�^8�!�(&P�(%B #"�16/��! !"f2E%'��2`?;/�� �D2E�6¯[�����D2EA
∫ xmax

xmin

f(x) dx ≈

N
∑

i=1

f(xi)ai
H[�`�+)7¶GM
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���������ª�

�.�$�$%'AB16/$�$�q�`�',i<L2E%'�7&�16%B2N�39%�!�!&!2EA'A'/$�$�q1$2
�
pz
�h4��R2E��27­816%B2i¯J�8A'�G2E��1$2
���C9Q�G2E�D¨G�8���(&��(/$%B2
�(&�-0%��!1d�

�T%B2cH[�(X$"U^%�(%B�# !"�2OM N.´$A'AB20-0%��!1g%'�C¨G�8�$<L2E�F&��(%B�! #"�2 J3/$�G2EAB�# !"U9QAB2E�]9Q/6¯[�G2E&!2E%'A'&L­F16%B2?�g%'&§1$2
������1$2®a
k = 1, . . . ,K

�F/�� �D2
�(%B2
�(&±-=2
�!1$2E�l�d45�T-0%��!1³2E%'��2\4��Y2E��27­R16%B2`16/��! #" 1$2E� O³%'&(&!2EA'X$/$�$¨;&3�G2
���
A�^Q/6¯[&L­$"�2
�#9Q/��(�G2>�! #"$�$%'&(&!2E�l­Y�!�;1�98�#�P16%B2>�!21J3/$�G2EA'�f2E%'��2`?@ !"U9%�.¨G�8�$<L2E�F&��(%B�! #"�2
��J��!2E%B�#2��g%'&.1$2E�
¤T9816%B2E�

pk
�$%'AB1$2E�l�R©*/$�³-0%��!1³2E%'��2 b 2
�#981$2`16/��! #"f1�98�3£R2E�F&��(/�� �G2EAB2E�7&L�R�.%B2
J��!2E%B�!2c�# !"$��2E% �

1$2E�e16%B2>�#2 b 2
�#981$2C9Q� 1$2E�e�.���(&#^Q��1$2E�
pk
� ?@2E�$¨��!2> #"F&`<>/ 16%B2>�!2
� b 2
�#981$2E� -0%��!1m2E%'��2]?@ !"U9%�

XU9%�#9QA'AB2EAB2
� b 2
�#981$2E���G2EAB2E�7&L��4�%'�³«�/$�$¨;&
A
­$1$2
�*9Q/6¯�2E%'��2
�*16%B2>�!2
� b 2
�#981$2E��A'%B2E�7&L­$¨89Q�$��16/��! #"

�.�$�F9Q�R2g1$2>�c?;&!�8�7XU9%�#9%�D2E&!2
�!�
p
/$��1m1$2
��J.�;���!16%'�U9Q&!2

z
2E%'��1$2E/$&(%'�� !"U9%�#9Q¨@&!2
�(%B�(%B2
�(&c-=2
�!1$2E�l�

4B�±"U9Q&q1$2E� �.���(&#9Q��1
z
�G��� ?@ !"$�$%'&(&(X$/$�$¨@&

B
­Y1$2>�!�!2E�m�.���(&#9Q��1��G��� £R2E�F&��(/��

p
�Y2E&��#^Q�7&L�

�32
�?�#9816%�9QAB2q�.���(&#9Q��1Z�G�8�
A
�G���
£R2E�;&��(/�� %B�(&P�!���g%'&

r =
√

p2 + z2
H[�`�+)-MGM

4�%'��2 b 2
�#981$2016/��! !"C1$2E� «�/$�$¨;&
A
/$��1g1�98�i£R2E�F&��(/�� �! !"$��2E%B1$2E&§16%B2 b 2
�#981$27­F9Q/6¯Y1$2
�

A
A'%B2E�7&L­

/$�;&!2
�.1$2
� ¦_%'�$¨G2EA
θ
­$1$2
�*16/��! !"³16%B2qrN2E<>%B2E"F/$�$�

cos θ =

√

1 −
(p

z

)2 H[�`�+)Gv7M
�Y2>�(&(%�� �c&*-0%��!1d�
�:� V��8A'�G2E��1$2E� -i2
�!1$2E�e�F/��q���@ !" «�/$�$¨@&!2

A
­Y16%B2C?@ #"$�$%'&(&(X$/$�$¨;&!2 2E%'��2
�q1$2
�T¨G�8�$<L2E�;&��(%B�! !"�2E�

J��!2E%B�!2-�g%'&\2E%'��2
� b 2
�#981$2E� �g%'&D?;&!�8�7XU9%�#9%�D2E&!2
�
pk
�(%'��1d­l�Y2E&��#98 !";&!2E&L��4�%'��2]�!�8AB !"�2 b 2
�#981$2

�! #"$��2E%B1$2E&59QA'AB29J��!2E%B�#2 �g%'&5?;&!�8�7XU9%�#9%�D2E&!2
�(�
pi
�g%'&

k 6 i 6 K
� �T%B2>�!20?@ !"$�$%'&(&(X$/$�$¨@&!2N-i2
�!1$2E�

�G�8�
1
�$%B�

K − (k − 1)
16/��! #"$�F/�� �D2
�(%B2
�(&L�Y�T%B2

z
�?J*�@���!16%'�U9Q&!2c16%B2>�#2
�*«�/$�$¨@&!2±%B�(&

zi =
√

p2
k−1+i − p2

k, i = 1, . . . ,K − (k − 1).
H[�`�+) �GM

�32
� �#9816%�9QAB2 �*���(&#9Q��1m1$2>�`«�/$�$¨@&!2>� �g%'&c����1$2®a
i
�G��� £R2E�F&��(/�� %B�(&

pk−1+i
�l�*/6¯[�.�(/$��1 1$2
�

?;�;� �D2E&��(%B2q1$2>�0«B�!�8�$AB2
�D���c´��!�!2E�Z�;/��P«�/$�$¨@&!2c9Q/6¯¡1$2
�0XY�7�(%'&(%'�G2E�
z
�h�0 !"��#2±�R2E&��#98 #"F&!2E&P-=2
���

1$2E�l�
©./$� -0%��!1I16%B2f?;&��#9Q"$A'/$�$�G�(%'�F&!2E���(%'&#^Q&]A�^Q�$�G�C2E%'��2>�C�R2>�!&(%�� �c&!2E� ?;&��#9Q"$AB�L­52E%'���C9QAT9Q/��!-=^%�(&!���
H
I+ M5/$��1Z2E%'���C9QAª2E%'�F-=^%�(&!�\H I− Mi�G2
�(%B #"F&!2E&L­��Y2E&��#98 !";&!2E&L�U�T%B2>�!23���F&!2E���(%'&#^Q&!2E��9Q/6¯¡1$2
��?;&��#9Q"$A
�g%'&T?;&!�8�7XU9%�#9%�D2E&!2
�

pk
9%� 16%B�(¨;�!2E&!2E��«�/$�$¨@&

zi
-i2
�!1$2E���g%'&

I±k,i

�Y2E<L2E%B !"$��2E&L�
¦ 2E�$�o9QA'AB2

I±k,i

�:¦ 2
�(&!20�Y2E¨79Q�$�F&i�!%'��1d­7¨GS8�$��2E� 16%B23Of���D2E�F&!2
J
­
H
/$��1

K
1$2>�N?;&��#9Q"$A'/$�$�G��¯J2EA �

1$2>�T�Y2
�!2> !"$��2E&3-i2
�!1$2E�l�d�T%B2`¨G�8�F&(%'�F/$%B2
�(A'%B #"�2D¦_%'�$¨G2EA'�89%�(%�9Q�$AB2
θ
-0%��!1³16/��! #"�16%B�!¨��!2E&!2`¦ 2
�(&!2
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$&%'%'(*)*+-,/.'01$32��-5/798;:=<?>A@B)*)*,'.'0C+-@B:
pz D�E %F@B.'@

µ D�� .G> @B0G: 8;>A(��6.
86,/<����6:
	6@���
 4���2
4G2��/8;)*) 5

k = 1 � 2��/8;)*) 5 3 6 k 6 K − 2
,'. +

rj > pk+1 � 2��/8;)*) 5 rj 6 pk+1�'2��/8;)*) 5
k = 2 � 2��/8;)*) 5 rj 6 pk+1 � 2��/8;)*) 5 rj 6= pk

θm
/$��1 16%B2P¦_%'�$¨G2EA'%'�F&!2E�.�#9Q&(%B�8�o´$�Y2
�

µ = cos θ
16/��! #"]2E%'��23?;/�� �D2E�6¯[�����D2EAY2
�!�!2E&(<>&L�FV¡´��=16%B2

16%B�(¨;�!2E&!2E�o¦ 2
�(&!2T�G�8�
I±(µm)

-i2
�!1$2E��16%B2
I±k,i

�:¦ 2
�(&!2T�Y2E�F/$&(<>&L�$4�%'� J��!2E%B�=/��
1�98�0£R2E�;&��(/��
�g%'&P¤T9816%'/��

pk
-0%��!1o�G�8��9QA'AB2E�³?;&��#9Q"$AB2E� �g%'&P?;&!�8�7XU9%�#9%�D2E&!2
�

pl 6 pk
�G2>�! !"$�$%'&(&!2E�l­R?@ !"$�$%'&(&��

X$/$�$¨@&±%B�(&±2E%'��2
�q1$2
�q16%B�(¨;�!2E&!2E� «�/$�$¨;&!2
zm

9Q/6¯N1$2
� ?;&��#9Q"$A�/$��1�<>-=9%�c1$2
���g%'&±1$2
������1$2®a
m = k + 1 − l

­d1$2
�q�G�8�
m = 1

�Y2E%
l = k

�$%B�
m = k

�Y2E%
l = 1

A�^Q/6¯²&L� �T2
�±¦_%'�$¨G2EA:­l1$2E�
1$2
�C?;&��#9Q"$AP9%� «�/$�$¨;&

zm
�g%'&\1$2
���G��� £R2E�F&��(/�� �#9816%�9QAP9Q/��(-N^%�(&!�g�G2
�(%B !";&!2E&!2E�I¤P%B #"F&(/$�$�

2E%'���! #"$A'%B2E�7&�H[�L� b AB2E%B !"F/$�$� H[���+)Gv7M!Mi%B�(&

µm = cos θm = ±

√

√

√

√1 −

(

p2
k+1−l

p2
l

)2

.
H[���+) 
GM

�T%B2�¦j%'�$¨G2EA��(%'��1f/��
θ = π/2

�$<>-q�
µ = 0

�(�;� �D2E&��(%B�! !"m�G2
�(&!2E%'A'&L�d16%B2g9Q/����0�$<>-q�Y2E%'�F-N^%�(&!�
�G2
�(%B #"F&!2E&!2E���h�;&!2E���(%'&#^Q&!2E���G2E"�S��!2E��1�9Q�Y2E%l<>/�XY�7�(%'&(%'�G2E�Z�$<>-q�$��2E�F9Q&(%'�G2E�

µ
�:¦ 2
�(&!2E�l�

�:���*���(&#9Q��1
pk
�G��� £R2E�F&��(/���2
�(�G2E�Y2E�g�(%B !"C9QAB�#�*¯J�8A'�G2E��1$20rN2E<>%B2E"F/$�$�G2E�g¯[´���16%B2*?;&��#9Q"$A'/$�$�G���

�D���D2E�;&!27�

J(pk) =
1

2

k
∑

m=1

am

(

I+
k+1−m,m + I−k+1−m,m

) H[�`�IH7KGM

H(pk) =
1

2

k
∑

m=1

bm µm

(

I+
k+1−m,m − I−k+1−m,m

) H[�`�IH6,OM

K(pk) =
1

2

k
∑

m=1

cm µ2
m

(

I+
k+1−m,m + I−k+1−m,m

) H[�`�IH7)GM
¦_%��!1��8�$%'�G2`�h�;&!2E�.�#9Q&(%B�8���g%'& N*%'A ¯J2±1$2
� � �#9QXR2E<&�!2E�G2EA�9Q/��(�G2®¯[´$"��(&L­��7%'A'&*¯²´��*16%B2`�h�;&!2E�.�#9Q&(%B�8�����
�G2E-0%B #"F&!2

am = bm = cm =











1
2 (µ2 − µ1)

¯[´��
m = 1

1
2 (µm+1 − µm−1)

¯[´��
1 < m < k

1
2 (µm − µm−1)

¯[´��
m = k

H[�`�IH-HGM

,L¶7K
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I±

/$��1]�G2>���D2®�
&��(%B�! #"�2E� �*�Y2
�(AB2E�7/$�$�G2E�e¯[´��c�G2
�!�# !"$%B2>1$2E��2�?;&��#9Q"$AB2E�F�G2
�(A�^Q/6¯J2o�Y2
�!2> !"$��2E&\-i2
�!1$2E� H[�(%B2E"�2 �*�6�
�$%'AB16/$�$�]�`�+)GM®�
?@ #"$A'%B2E�7A'%B !"�-0%��!1 1$2
�f451$16%'�$�7&!�8�6¯:9Q¨;&!���m9Q/��³1$2
� s52
�("U^QA'&(�$%B�f�G��� <>-i2E%'&!2E��<>/�� �F/$A'A'&!2E�
?;&��#9Q"$A'/$�$�G���D���D2E�;&3�R2
�!2> #"$��2E&L�

fEdd(pk) :=
K(pk)

J(pk)
.

H[���IHQµ;M
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�!1$2E�j16%B2³¤*2L9Q¨@&(%B�8��2E�l­516%B2�1�98�  !"�2
�g%B�! #"�2³¤T9Q&!2E�$��2E&(<>-i2
�(¨��$%'AB1$2E�l­
9Q/6¯[�G2EA'%B�(&!2E&L�

# ������

�$�	�%$'&)(+*�
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45�\%B�!&�2E%'��210.�F&!2
�!�! #"�2E%B16/$�$�m<>-0%B�! !"�2E�32@�(&("��Q�±/$��1 «¡9%�#9 �

H2
­¡�G���(�G2>�!2E"�2E�l­�16%B2Z9Q�R2
�\�$%B #"F&

�Y2E�F/$&(<>&N-0%��!1 �54;�(&#9Q&(&!1$2>�!�!2E�o�G2E"F&016%B2T�*�$�U9Q"��D27­61�98�!�N1�98�!�=���(&("��Q��<>/ XU9%�#9 �:s52
�("U^QA'&(�$%B�P´$�R2
�
16%B2±�G2>�¬9%�c&!2q¤.2> !"$�F/$�$��H6�',±�Y2E&��#^Q�7&L�
�����ª9Q�Y2EA'AB2*r3�',N%B�(&51�98�§%'�D16%B2>�!2
�§�@�(�R2E%'&�%��gX$AB2
�D2E�;&(%B2
�(&!2. #"�2
�g%B�! !"�2T¤.9Q&!2E�$��2E&(<>-=2
�(¨C9Q/6¯²�G2EA'% �
�(&!2E&L�$�T%B2
L./�2EA'AB2E�U9Q�$�F9Q�Y2q�Y2E<>%B2E"F&.�(%B !"�9Q/6¯¡¯[�8A'�G2E��1$2c«�/$�$A'%'¨89Q&(%B�8��2E�l�Wr �=k5��r9�!��� ��­ �=�8X$X$%:­
k 9%�!�#�8� u�
 xh­@«60Ptg�@«�/$�C2E&09QA:�Wu µ �Qxh­@«i?$?R�6«�9QA'A�96­$?69QA'XY2E&!2
�L­�?;&#9Q"$AB2
�±u µ/HQxl?@k ���$?;&#9Q�� E%'A:­6kl2EX$Xl­
�±9QA'�F9%�(����u+¶ � xh­ u+¶ 
 xl/$��1�kª?@�\��kl2EX$Xl­W?;&#9Q�� E%'A:­W�±9QA'�F9%�(����uIH7)Qx

�¡9Q�R2EA'AB2`r3�',7�$�398�* !"�2
�g%B�! #"�2`©T2E&(<>-i2
�(¨Y�
¤T9Q&!2E�$¨G�;2®°D<>%B2E�;&!2E�

¤.2L9Q¨;&(%B�8�
A B C D

L./�2EA'AB2
H + e− → H+ + e− + e−

¶6���7¶7K84��#,7, ¶6�+K7K7K84���K6, �#,7�+¶Gv �84873K7¶ ¶6�+K7K7K84���K6, r �=k ¶
H+ + e− → H + γ

�6� µFK7K84��#,7, ��¶6�+K7K7K84���K6, K6�+K7K7K84973K7K v@�+K7K7K84���K6, r �=k M
H + e− → H− + γ

H6�+K7K7K84��#,;M ,7�+K7K7K84873K7K K6�+K7K7K84873K7K «60*t
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