Qualitative behavior of a Keller-Segel model with
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Abstract

In this paper a one-dimensional Keller-Segel model with a logarithmic chemotactic-
sensitivity and a non-diffusing chemical is classified with respect to its long time be-
havior. The strength of production of the non-diffusive chemical has a strong influence
on the qualitative behavior of the system concerning existence of global solutions or
Dirac-mass formation. Further, the initial data play a crucial role.

1 Introduction

We consider a chemotaxis-system with a logarithmic chemotactic sensitivity and a non-
diffusing chemical. The main question addressed is whether smooth solutions exist globally
in time, or blowup happens. A crucial assumption is that the chemical is produced by
the chemotactic species and decay terms do not occur. Thus a drift-diffusion equation is
coupled to an ODE. In [5] Keller and Segel discussed traveling waves for a similar system,
where for the chemical reaction kinetics just a decay term is considered. Thus existence of
global solutions can always be expected. When varying the strength of the production an
interesting long time behavior can be expected for the system, as introduced in [11] and
formally explored in [8]. Existence of global solutions for linear production kinetics with
respect to the chemotactic species was proved in [13]. For a fixed and strong production
kinetics in [6] finite time blowup was shown for specific explicit initial data.

In this paper we classify the system for a variety of production kinetics and types of
initial data. The aim is to find “critical conditions” for the switch between existence of
global solutions and Dirac mass formation.

The system we study is

ut:um—<u%) , wy = uw fort >0, x€I=1[0,n], and A€ [0,1),
w /x
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with periodic boundary conditions. Here u models the chemotactic species and w the

non-diffusive memory. By setting 6§ = ﬁ and 2 = w? we obtain

ut:um—9<u%x> , z=u fort>0, zel=10,7. (1)
x
So 0 € [1,00). In [13] a result for A = 0, respectively § = 1 was obtained. In [6] a result
for A = 1 was given. We will have a closer look at the regime in between, where the
interesting switch from the existence of global solutions toward Dirac mass formation is
to be expected.

Throughout this paper we will use the following notation for the functional spaces for
given t > 0:

H* = HE(I) = { £(t,) : Dif(t,") € L*(I), 0 < j < k).

2 Qualitative behavior of system for 6 = 1:

In this section C' will always denote a generic constant that can change from line to
line. We will show that there exist global smooth solutions for system (1) with periodic
boundary conditions. In [13] an L>-estimate was proved for this case.

First note that u(z,t) = a and z(x,t) = at + b with a,b > 0 are homogeneous solutions
of

ut:um—(u'z—x), z=u fort>0, xe€l=][0,r].
z/x

For convenience, define z(t) = at + b. We will first study the stability for this problem.
Due to translation, e.g. 7 =t + 2, one can assume w.l.o.g. that ¢ > g, so z(t) = at. For
simplicity, we set @ = b. Our main result of this section is

Theorem 2.1 Let (a,at) be a space-independent solution of (1), where a > 0 is constant.
If (u, 2) is a solution with initial data (ug, z0) sufficiently close to (a,a), then there exists
Voo € H? such that u and Z both converge to a + v for t—oo.

We need several steps to prove this theorem. So we are looking for solutions of type
wa ) =a+o@,t), 2ot =2 +((n.1). (2)

Assume that vo(z) = v(z,1) and (p(x) = ((z,1) are “sufficiently” small and regular.
Further details will be specified later. Substituting (2) into (1), we have

_ G Ny (1) (e, et _
”t_””_<(“+“)z+<)x_”” (t<“>x (2+<” z(z+c>>m’ o

Also we will consider the Fourier-expansion




2.1 The linearized problem

First we linearize system (3) around the homogenous solutions and obtain

1
Ut:vxazfggrxy G=v, in I:[Oaﬂ-] (4)
We show that the space-independent solution (a, at) of (3) is stable on the linearized level.

Proposition 2.2 Let (v,() be a solution of (4). There exist € > 0 and 6 = §(e) such
that for |[v(1)| gz + IC(D)|| g2 < & one obtains |[v(t)| g2 < € and ||C(t)]| g2 < et for all
1 <t < oo. Moreover, there exists vy € H? with

. oo ,n%(1-s)
[ e =61 = @)~ v [ s
such that
N P N L A

H2

Proof. The Fourier coefficients of v and ¢ must satisfy

vl (t) = —nPu,(t) + %nQCn(t), ¢l (t) = vp(t).

Therefore,

Solving this ODE, we get

7128

oo — o Bn
Cn(t) = Ant + Bnt/ 6872615, ’Un(t) = An =+ B'rL/ 82 ds — Te_WQt, (5)
t t

where

oo ,n%(1—s)

O —ds, Bu=e" (Ga(1) —ua(1)).

A=) = (G0 = o) [
Formula (5) is valid also for n = 0, in which case (o(t) = Aot + By and vo(t) = Ag. Due
to the assumptions on the initial conditions, we have

S0 (1 +nt) (]vn(1)|2+ ]Cn(l)]2> < 6%, and for all n € Z we have v, — (,/t =

n=—oo

—Bne*”Qt /t. Thus, direct computations show that

C 2 0 4 26_2n2t ) A ) €2n2(1_t)
e T e D L R
e vl

12 +2



It is straightforward that

o0

S (At <03 (nd) (juE + G 0F) < €8

n=—oo n=-—oo
and for any t with 1 <t < co we have

e}

00 _2 ooenQ(l—s) 2
Z(1+n4)32(/t s) < Z 1+ n1) (1) = v,(1))2 (/t 2 ds>

n=—00 n=-—00

21 _ &
2=

< Y @+t (Ga() —ua(D))

n=—oo

Summing up all estimates, we obtain

2

5 5 00 p—ns 2 267211215 9
ol < 3 (140 An+Bn/t i) B <0 1st<o

n—=—oo
and
o0

2 2 o2
ol = S a2 ([T ) v <l
oollH2 — n ’ 2 no42 =2

S
n=-—00

This completes the proof. 0

2.2 Nonlinear stability

Let f(x,t) be the nonlinear part of (3) and let f,, denote the n-th Fourier coefficient of f,
namely

fen == (S org) (D) 0= (.

Recalling (3) and comparing Fourier coefficients, we have

Gult) + 3G 8) = §72Ga(t) = Ful0) (6

By setting (,(t) = t®,(t), we get

. e—n’t ot 24 B t o—n?E %
t) = 2 /1fn(s)se ds. So, ®,(t) = 1 §2</ fn(s ds)f
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The general solution of (6) is given by
2

o0 ,—ns —n2§
Ca(t) = Ant+Bnt/ 682d3+t/ (/ Fals "2Sds) de,
t 1

2s

00 —n B, —n2§ —n2t t
v (t) = An—i—Bn/ c ds——me 'ty / (/ fn(s "2Sds) df—i—e (/ fn(s)se"2sds) ,
t 52 t 1 t 1

where

Ay =1 /

In the sequel we assume that the solutions ((z,t) and v(x,t) are in H?, and that the initial
data are small, i.e.

B, =e" (Cn( ) —vn(1)).

o0

> (1+nh (|vn(1)\2 - \Cn(l)\Q) <e.

n=—oo

Next we introduce the norm

L
|||w\||%,k=/(“ () 2yt k>0,

with L > 1, (L—1)* =max{L —1,1}.
Lemma 2.3 Let 1) be smooth in [(L —1)", L] x Q. Then

sup (Ol gz < C([[19Ml|z.2 + [eelll2.2) - (7)

(L-1)*t<it<L

Proof. We note first that there exists £ € ((L — 1)*, L) such that || (#)| g2 < [[|¥]llL2 -
Thus

P(x,t) — Pz, t) = /tt Ys(x,8)ds, forany (L —1)y <t < L.

Taking the H2—norm on both sides of the equality and using Hélder’s inequality, (7) is
immediate. 0

Now we state local existence of small solutions.

Proposition 2.4 Let (v,() be a solution of (3). There exist € > 0 and § = d(e) such that
for |lv(1)|| g2 + IC(1) || g2 < 0 there exists T = T'(€) > 0 such that

sup [|[v]||z2 <€, sup [[[C]l[L.2 < €L
L<T L<T

Proof. The proof is standard, so details are skipped. 0O



Lemma 2.5 Let T € (1, 00] be the time in Proposition 2.4. Then for any t < T
1S oo + [[CE) | 2 < Cet. (8)

Proof. Since [|((t)||;« < C|C(t)|ls2, it is sufficient to estimate ||((t)||2. Let ¢ €
(L —1)*,L) where L < min{T,2t}. Due to Lemma 2.3 and Proposition 2.4 we have

IC@O 2 < CNICH L2 + G z2) < C Sz + [l|vlllL,2) < CeL < Cet.
This completes the proof. 0O

Lemma 2.6 Let T € (1,00] be the time in Proposition 2.4. Then for any t < T,

oo - Cf)HH <Ce® (D)l < CEe O

Proof. With (8) we can estimate f(x,t) for t € [1,T) as follows

G ¢ 1 ¢ 2 ¢
t < _> <cf-= 2 = _3
Ol = |(5520-D) |, =€ (G16tmfe=5], +ancii o]
< Cle+é) U—C' < Cel|lv—= ’ 9)
H?
Since v/, + n?v, — —ﬁn = fn, we have
d. & €ny 1 En\
@( t)"‘”( 7)‘*‘;(% 7)_fn-
Multiplying with n? (v, %”), we get
n* d n\2 4 n\2 n? n\2 2 &n
?%(vn — ?) +n* (v, — ?) + T(Un — ?) = faun® (v, — 7)
This implies that
tall ¢’ ¢|” H Lo ¢ c'
o= A= +|=@-2) < — 2
th t Hl v t H2 \/%( t) Hl — HfHL2 v t H2
Due to (9), we obtain
1d ¢l 2
ety | Y 1-Collv—2|| <o. 10
2|V i), TATCI |y, S (10)
Hence as long as € is sufficiently small, by integrating over [1,t) we obtain
t
o= <o ol < e (1)
t ||
The second estimate is direct from (9) and (11). This completes the proof. 0



Proposition 2.7 There exist € > 0 and § = 0(e) such that for ||v(1)|| g2 + |C(1)|| g2 < 6
we have |||v ' € H? such
that

-
t

H — 0 for t — oo,
H2

v(t) = veollgn — O for t — oo, and

|l —vool|lL2 — O  for L — oc.

Proof. Let T be the time in Proposition 2.4. We claim that T' = co. Suppose that this

|||v]|T,2 > €. For the case |||C|||72 > €I" we could argue similarly.
Recall the representation formula for v,:

o0 —n=s B
vp(t) = Ay + Bn/ € s — Znen?t
¢

/1 e~ (/ Fu(s n2sd5> e + e_:2t </1t fn(s)sen%ds) 7 (12)

2

Ay = Ca(1) _Bn/:o C ds, Bu= ¢ (Ga(1) — va(1)).

where

S

It is sufficient to consider the nonlinear parts (12). For simplicity denote

U, (1) ::/1 il (/ Fuls >d§+ il </ Fuls ) Ln(t) + I, (t).

Integrating by parts we obtain

I( n:;/ fn(s ”25d5+nl2/1t fng(é) _112/1 e </ Jn(s)se™ Sds) dg .

Direct computations show that

o] T
/T b Z niI3(r d7<0/ > fas)ds = Cllf 72 < 064/1 e~ dt < Ce.

n=—0oo n=—oo

Next consider

—n?t t
0 = S ([ s as) < [t as =y,

Since the right hand side is a solution of y/(t) + n?y(t) = |f.|, one can estimate

/T b Z I (r d¢<c/ D F9)ds = C | fll72gp < Ce'. (13)

n=—0o0 n=—oo
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This can be seen by defining y,, (¢ fl | fn ()] €7’ (=D ds. Thus yh () +ny, (t) = | fn ()]

Define ‘ A
t) = Zyn (e, F(z,t) =) |fa(t) e
n#£0 n#0
Then for t > 1, Y solves in I = [0, 7] the following equation

Y; =Y + F, Y (z,1) = 0.
Further, classical estimates, using the fact that we do not have a neutral eigenvalue, yield
2 T 2
Y (0l <0 [ 1Pl

With classical regularity theory for the heat equation we obtain
T T
/ IY ()52 <C sup Y (-,9)]172 +C/ IF (-, )72 dt
(T-1)4 t—1<s<t (T-1),
T
< c/ VP (- 6) 2 dt -
1

Dont = 3t (OF = 1Y ¢l

n#0
the estimate (13) follows. Summing up, we obtain

[v]l7o < {linear terms} + </T e Z ntI2(r ) (/T . Z nAII2(7 )

n=—oo

Since

< OS5+ Cé.

This shows |||v]||7,2 < €, which contradicts our hypothesis. Thus, T' cannot be finite.

Next we show convergence. We will prove that I,,(t) = (,/t— A, € H? and I,,(t) < Cé?
for all £. By changing the order of integration and using Hélder’s inequality, we obtain

t 2 t o—n€ t 24 t o—n¢
/lfn(s)se /552 déds §/1 | fn(s)|se e ——d&ds

Cj t fﬁ Cy t % t 3 % Cv t %
<o s ([ mba) ([ ra) < 5 (] o)

Due to Lemma 2.6, we have that n* |I,,(t)|* < Ce* for all t. This implies that ¢/t is in H?
and converges to v € H? for t—o0, with

Voo = Z(Uoo)neima where  (vVoo)n = Ap + In(00),

t) =




and
00 o—n%¢ 1 [ ,
I, () = /1 6572 (/1 fn(s)se” Sds) dg.

;T Yoo in H*> for t — oo. (14)

Now it is direct that

From (10), we have

o-0], v i -2

— 0 for L — oco0. (15)
L2

Combining (14) and (15), we obtain that v converges to v in the H! and the (L, 2)—norm,
since

[0 = Vool g1 + 1|V — voo|l| L2 < v—CH +H<—voo +H‘v—c +H‘C—Uoo
Ul t H1 Uil t L2
-l -l -,
tlln tlllp,e t H?
This completes the proof. 0O

Summarizing the previous estimates, for § = 1 we obtain our main result of this section,
namely Theorem 2.1.

3 Qualitative behavior of the system for 1 < 6 < 3

From now on let I = [—1,1]. The reason for this change of domain of integration is simply
to fix the expected singularity at the origin and avoid dealing with complicated shifts of
its location. We consider

Z$

ut:um—9<—u> , Zr=u in I x[0,00),
z x

u(x,0) = up(z), z(x,0) = z9(x), with periodic boundary conditions.
First, to get a quick insight, we give a heuristic argument regarding the blow-up asymp-
totics for this system for t—oo. After this we will go into the details of the rigorous analysis.
For the heuristics we assume w.l.o.g. that [ ;udx =1 and consider the simplified equation
- L 20da’

2t
We expect this simplified equation to be a good approximation for the dynamics of the

original problem for t—o00. Assuming that zo(0) > zo(z) for any x € I \ {0} we can solve
this equation and obtain

_1-0 _ Z179 ) — _ tL
z7 N (x,t) =25 " (x) — (0 1)/0 J; 2%, s)dx’

9



We assume further that zy can be expanded near zero as follows:
z207%x) = 2:7%(0) + B2® + h.o.t. for z — 0.

Here B is a positive constant depending on the initial data. Continuing the heuristic
argument, we thus obtain

2702, t) ~ 2579(0) + Ba® — (0 _1/f1

$ 8

Define

t) = zl~ 6 0—-1) /
Y(t) =7z, f] (z,5)
Thus z' 7% (x,t) ~ Ba® 4 ¢(t), and

Direct computations show

0—1 dx
G N/I<Bx2+¢<t>>eel'

0+1
So we get ¢/(t) ~ —K20@-1(t), where K is a positive constant. This yields ¥(t) =~
2(0—1)
At~ 73-¢ with a constant A > 0 for t—oo. Since ¥ (t)—0 for t—oo, we see that

40~ [
w0 J1 2 (@, 5)dx

Therefore, noting that ¢'(t) ~ _K AR08 for t—00, we obtain

*  ds 0—1 o941
tme—l/ 4 /zedmts-e,
¢( ) ( ) ] j},zeda: T }(IQinh)

2

1 t3=0
Z(x,t) =~ =

_2(6-1) o= 2(0—1) =
Bx? + At 30 Bx?t™3-0 + A

Now we are ready to present rigorous arguments which justify the given heuristics. A first
idea for a quasi-steady state approximation of the system under consideration in the given
regime for 0 was given by Schwetlick, [10]. The main theorem we will prove in this section
is the following

and

10



Theorem 3.1 There exist initial data ug, 29 € C*Y such that the corresponding solutions
2
(u,2) of (1) satisfy u(x,t) — md(x) and z(z,t) ~ 2(551)9 -
(sztW+A)m
m = fI ug(z)dr and A, B are constants depending on the initial data.

for t — oo, where

Remark: As we will see in Assumption 3.5 later, the condition on the initial data is,
that ug, zp are symmetric, ug is concentrated at the origin, and zy behaves like a power
law at the origin. For convenience we will also assume in the following that m = 1.

To prove this theorem we need several steps.

3.1 The Eigenvalue problem

We define the differential operator

AD) =t =0(2F) = (£-0(Fr)) i [0

T

Consider the eigenvalue problem A.(f) = \f, i.e.
2z B o o
far =0 (Z5F) =M, FD) = FO) ful(=1) = £(1).

Since we have assumed periodic boundary conditions in R, it is direct that f(—1) = f(1) =
fz(=1) = fz(1) = 0. Now a class of functions A is introduced, which is assumed to contain
z.

Assumption 3.2 Let 0 < v < 1 and let A be a class of nonnegative functions such that
for g € A the following conditions hold

1. g € C*Y is nonnegative and symmetric with respect to zero, i.e g(—x) = g(x). Fur-
thermore, there exists M > 0 such that

t‘ﬁ t_g%l@“"/)

sup

(fgm (1) = Yaa (x2)|>

o1 |21 — 22|”
lz1],Jz2| <t 3-0
+ sup R% R(2+V) sup |92z (1) — gm; (22)| <M.
t_e—;égRgl R/2< |21 ],|z2|<R |21 — 22
2. There exist A, B, M > 0 such that
2 2
t3-0 Mts—o
— <g(z) < ;
2(6-1) -1 2(6-1) -1
M (Bth 3-6 —i—A) (Bth 3-0 _|_A>

11



3. There exist A, B, M > 0 such that

o
xt3=
92| < M 0
2(1—-6) o—1
(BCL‘Zt 30 +A)

4. There exists €9 > 0 such that

9= 1 1)« ge 1 1) | €

g 0—1z|  |z| g 0-1z),]" |z?

From now on, and in difference to the previous section, the appearing constants C' =
C(0, M) will depend on 6 and on M, as well as the constants denoted by Cjs, C,.

Lemma 3.3 The operator flz(t) is self-adjoint with respect to the weighted integral fj—fg.
All eigenvalues are non-positive and the first eigenvalue Ag is equal to 0 with corresponding

eigenfunction 29,

Proof. We know that h, — 0Zh = (£),2% for any h and

z

[ == [-0=n (5), a == [(§) w-0Zga- [riw.

It follows from standard arguments that all eigenvalues are non-positive (compare [1]). It
is straightforward that 2 is an eigenvector corresponding to the eigenvalue 0. 0

Proposition 3.4 Let A\; be the second eigenvalue for the differential operator flz(t). Sup-
pose that z(x,t) satisfies Assumption 3.2. Then there exists an absolute constant C' > 0
independent of z such that

< -C for all t.

Proof. Suppose that this is not the case. Then there exist a sequence of t,,, functions
zm € A, and eigenvalues A\, /" 0 for t,, — to (With to being either finite or infinite),
and corresponding eigenfunctions ¢ ,, such that

(zm):c

m

Azm (¢1,m) - ((Z)l:m)xa: -0 ( (bl,m) - )\1,m¢1,m-

Here we assume that the eigenfunction ¢, is normalized i.e. [ |¢>17m\2 STZ =1.
m

o If t,, < oo, then by Assumption 3.2 we have that |z,|2. is uniformly bounded,

and z,, converges to z,, in C2. Classical regularity theory implies that ¢,, € C*¥ and
|omllc2r < C for all m. Due to Sturm-Liouville theory, the eigenfunctions ¢ ,, satisfy

12



$1,m(0) = 0 and ¢1m(z) > 0 for € (0,1). In addition, there exists ¢j o such that
$1,m — P1.00 in C2. Then the limiting equation becomes

Az (H1,00) = (B100) 1y — 0 ((2?):5(;51’00) =0.

e e}
This equation can be solved explicitly and we obtain

0
Zoo(T)
24.(€)
Since ¢1  is periodic and z. is nonnegative, the integral term above must vanish, and

thus ¢1,00() = K22 (z). This yields K = 0, because ¢1.0,(0) = 0 and 25,(0) > 0. Hence
$1.00 = 0, which contradicts the fact that [ |é|* 22 = 1.

%

bro0() = K20, (2) + /O ¢

e The case loc = 00. For any 0 < § < 1 we note that ||zpllc2w g5y < Cs. Let
do > 0 be sufficiently small. Let ¢(x) = C,2” with v > 1, where C,, is a constant satisfying
C,0) = Cs in [0, 6p). We show that ¢ > z,, for all m. Indeed, for sufficiently small € = €(v)
we have

R R e e R e (e =

Zm

=(r-1) <v— JL) e <(Z;:3 - <9—11>x>x¢_9 <(z:n3 - <9—11)x> v

0 € €
< (~ — 7 ) 2 = Z -1
(y=1) (7 91>x 9$2x 9730:5

. 6 1+7 y—2
= (v 1)(7 9_14-967_1)1‘ .

So A, (1)) <0 in [0, 0] for 1 <~y < % and so v is a super-solution of ¢y ., for all m,
namely, due to the maximum principle,

‘(bl,m(x)‘ SC’Y ’xp/? OSxS(SO

There exists ¢1 oo such that ¢y, — @100 in C? over [§,1] for any 0 < § < 1 and thus the
limiting equation becomes

Azoo (¢1,oo) = (Qsl,oo)zz -0 (M¢17m> =0.

zZ

As in the previous case, this leads to a contradiction and completes the proof. 0O
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For convenience, we denote < g,h >= [, g(a:)h(x)‘i% for functions g and h which are
integrable with respect to dz/z’. We define v in terms of u := fiizdz + v. Note that
I

f[ vdz = 0 and < 2%, v >= 0. Furthermore, v solves

Zx 29
V¢t = Ugy — 0 (;’U)x — <W>t . (16)

For simplicity we denote

6 6—1 0 0—1
Rz t) = — () =2 4 g7 I “;l“‘ (17)
Jr#dx Jr#dx (f; 20dx)

Now we make an assumption on v, which will be recovered in the end.

Assumption 3.5 Suppose that z(x,t) satisfies Assumption 3.2. Further suppose that

o, )] < M——\0) 6( t) ,

f[ 2(y

for a suitable constant M > 0.

Let us first give a useful lemma, which is an adaptation of a result given in [7] and
provides one of the main estimates for the result stated thereafter. For the purpose of
this paper we use a formulation restated in [4], which is more accessible. The proof of our
lemma will be given later in the paper.

Lemma 3.6 Let 1 < 6 < 3. Suppose that ( € C1([0,1]) with ¢(0) = 0, and z satisfy
Assumption 3.2 for allt > 1. Then

1 1 1 1
P 60 — 2
=10 P 4 <C</ 6 $2d> _ '
([somiras) <o [ #apa)’,  »=T=

With this result we can show a Sobolev inequality with the weighted norm 2z~

0

Lemma 3.7 Suppose that z(x,t) satisfies Assumption 3.2, and that h, € L*(z7%dx) with
J;h =0, where I = [-1,1]. Then

()’ se(p

Here C is an absolute constant independent of t,z, and 0, but depending on M.

60 — 2
), p= (18)

Proof. We consider the following variational problem:

h|P~2 hd
_ (hx _ ezih) — A (\hv’? p o dr PP hde x)
VA x

[; 20dx

14



with [} [P ‘j—? = 1. Due to Assumption 3.2, z(z,t) is non-singular for every finite ¢, and
thus classical theory for semi-linear elliptic boundary value problems with constraints,
compare [12] implies that there exists A(¢) > 0 such that

() < oy (f o)

z 29
Our goal is to show that there exists £ > 0 such that A > k for all ¢ > tg.
Suppose that this not the case. Then there exist t,, zn, h, with f[ ]hn|pz—§ = 1 and

An(tn) \, 0 for t,, — oo, possibly after choosing a suitable subsequence, such that

= [
I

We introduce a new function ¢, := Z—;} Then, since we want to minimize the constant
n

2 dx

Zn

(hn)w — gCnle )

Zn

C in (18), the given problem can be rewritten as an eigenvalue problem

(p—1)0 p—2
— (20 — (p—1)0 p—2 _ f[ “n |nl ondx 0
<Zn(90n)$>x )‘n [zn |‘Pn’ “n f] ngl’ Zn | s

because
dx _
St % = 1o . (19)

Additionally, the normalization and orthogonality condition have to be fulfilled, namely

/27(37—1)9 |gpn|p dr =1, /ZZSDnda: =0, and A\, = /Zz ’(Spn)x|2 dx.
I I !

Now expressing ¢, = ¢, (0) 4+ 1, we can estimate (19) by

/f [onl? 2P~ da < / ln (0, )P 2P0 d + / [ (2, )P 2P~ (20)

To control the first term on the right hand side of (20), we estimate |, (0,t)|. First, by
Holder’s inequality we obtain
1
=)
)
1

/ x(son)x(&,t)dg' < ( I \(son»%zds)% <

|90n(x7t) - (pn(ovt)‘ =

Therefore, we have

fonte 01 < a0+ (| [ 78 t)\)%. (22)

15



1
Due to (21), it is direct that || < \/A”(IJ%DZ' Using 0 = [;20¢,dz =
©n(0,t) [ 25dx + [, 284 dz, we obtain due to (22)

1
0 x de|\ 2
f]zflwnd:c VAan%(fo 79> dx _o+1
n(0,1)] = < i < O\ At 370,
e s v

1
Here we used that [, 20 <f1 ‘j—ﬁ) *dz < C. Due to Assumption 3.2, 2., we compute

/27(1;;1)0 lon (0)|F dz < C’)ét_w;—lf?)p /zgpl)edsc < C)\ét_%,
I I

o(p

where we used [;(y? +a)” o1 dy < co. Now we estimate the second term in (20). This

is done by Lemma 3.6. For p > 2 we obtain
1 1 1
([a1earan)” < ([ lon0.0pds) " ([ a7 ol a)”
£,-s0-L ) 2 :
<CONt 1H0 +C Zp | (Yn),|"dx) < CA, —0 forn—oo.
I

This is a contradiction to our hypothesis and thus completes the proof of Lemma 3.7.

Now we give the proof of Lemma 3.6. If z would behave like a power law, we could
have mainly used the estimate given in [4] to obtain our result. But unfortunately this is
not the case everywhere, so that we have to introduce boundary layer estimates.

Proof of Lemma 3.6
For convenience, we denote o = g_fé. First the contributions where 2 is large are analyzed.
For this, as can be seen from Assumption 3.2, we have to look at a specific domain of

integration. So we show that for a smooth function ¢ with ¢(0) =0

2t~ P 2t~ %
/ AP V0P dr | < C / 2\ Pde | . (23)
0 0

Indeed, due to Assumption 3.2 and with the change of variables y = t“z and 5 (y) =
C(t~*y), we have

3=

2(p—1)0

2t » v 2t—c 5
[osreran) < | (P da
0 0 (m2t20‘ +a) o1

16




2p-1)0 o 2 1 ~|P P 200-1)0 o 2 1
=t 30 »p / Y C’ dy <Ct 30 " » / T
0 (y>+a) o1 0 (y>+a)??

1
20-1)0 _a_ 0 _« 2™ 2 2t 2
S (/ z9|cm2dx> sc(/ L dr)
0 0

20-10 _ o 0 & =0 . Next we do a further splitting

Ca

1
9 3
dy)

C(,t) = n(@t®)¢ (1) + (L —n(2t))( (2, 1) = ((z,1) + {(x, 1),

where 7 is a standard cut-off function such that n(y) =1 fory <landn=0ify > 2.
Then, since ¢ is supported in [0,2t) and {(0) = 0, using (23), we get

1 B 5 1 9 3
</ 2 (P10 ’C‘p dat) ’ <C </ 20 dx) .
0 0
Because C, = n(2t®)(, + tn (xt%)¢, we obtain
1 R A 1 3 1 3
(/ 2(P=1)0 ‘C‘pdm> ’ <C (/ 20 Cx|2dx> +C (/ 2 {n’(’zdz‘) . (24)
0 0 0

We now give an estimate for the second term on the right hand side of (24). Noting that
n' is supported in (t~%,2t~%), we compute

Ca

20 2

1
1 2 2t7« $3—0
</ zetQO“n'Q‘Qdm> < / —itQQ‘qul‘
0 —a (x2t2a+a)9*1
1
9 2 2
= 17th /1 Py | <ot /1 — |C1* dy
L (y* +a)7 T 0 (y*+a)r T

20 8 2 1 % 2t~ %
<co'o ([ jofay) <ol [ ki) (25)
0 (¥ +a)7T 0

where we used ,,(0) = 0.
Combining (24) and (25), we obtain

(/Iz(P—l)e ‘g‘pdx)’l’ <cC (/129 Cz|2dx)é.

17
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It remains to show that

(/Iz(pl)e ‘é‘pdx>; <C (/Ize Cx|2alx>é (26)

~ 2
Keeping in mind that ¢ vanishes in [0,¢7%], we note that z is comparable to || ?-T.
2 2
It is direct that z < C'|z|?-T. On the other hand, since x > t~%, we have |z| &1 <
1
C(z? + =) 71 < Oz. Therefore,

1 1
([ so( 5 k)
I I
1 1
20 2 2 2 3
SC(/&:_H—I da:) SC(/ZG dx) ,
I I

where we used a known Sobolev inequality with weight (see e.g. [[7], Theorem 1 and
corollaries in 2]).

For ¢, we note that (; = (1 — n(2t®))¢, — t%9/ (2t*)(.
Following a similar procedure as for the estimate (25), we can show without giving further

details, that
1 1
2 2 2
(/ze dm) <C </z9 |Cx]2da:> .
I I

Summarizing the above estimates, we obtain

(/I 2 (P18 ‘f‘pdx>; <C (/I 20 Cw|2al:v>é . (27)

Then estimates (26) and (27) lead to

1 1 1 1 1 1
([ e < ([ o) ([ | ar)
0 0 0
1 3
<C </ P \Cx|2d$>
0

This completes the proof of our lemma on the extension of the result given in [4]. 0O

~

~

Co Co

@

Lemma 3.8 Suppose that z(x,t) and v(x,t) satisfy the Assumption 3.2 and the Assump-
tion 3.5, respectively. Then

C
(v,v) < - and lv(z,t)] < —55 for x| > 4.
$3=0 $2(3=6)

18



Proof. First we see, that

d z
/vvt?j:/(vm—9<z U— /Rmt ——<UA()>+<R,U>.
Iz I

Now we split the first term on the right hand side into half and since < 290 >=0, due
to Proposition 3.4, we have £ < v, A.(v) >< —C < v,v > and thus obtain

d C 1 2 c
— <> +— <v,Uv> 4= <v$—0 Uy —O0—v ><|[<R,u >+ — <v,v>.
dt 2 2 z t

Using Holder’s inequality and (18), we have

z 2
Vg — G—xv‘
z NL2(z=fdx)

2 2
at HU||L2(z*9d$) +C ”UHL?(Z < ||R‘|Lpl(z_9daj) ||U||Lp(279d$)

2
— 9—1}

2 2 2
< CellRlLs (z=oaz) + €M Lo(-0am) < CellRIILy =040y +C € 2 lr2(oar)

where p is given as in (18) and p’ = (60 — 2)/(56 — 3) is its Holder conjugate. Summing
up, we obtain

-

HUHLZ’ 2=9%dx) "‘CHUHH 2=%dx) [2(:—0dz) — < Ce ”RHLP (2= %dz) *

Due to Assumption 3.2, we compute

2
0—1 >

P’ »
) B 27y P dax C (20—1)p'—0
HMW@%@‘(/]MMnﬁ) < o "
4(9+1) 4(20—1)p’ —0(3—0)—(6—1) _ 045
<Ct 390 ¢t »’'(3-0) < Ct 3-0,

645
Therefore, < v,v >< Ot~ 59 and so |v(z,t)] < Ct 26-9 for |z| > §. This completes the
proof. O

3.2 Estimates for the solution near x =0

We introduce an internal variable in the following way:

E=150a, e t) = 9G(ED), Ao t) =1 Z(E1) (28)
and let = (0 —1)/(3—0) and v =2/(3 — #). Due to Lemma 3.8, we have

—0—-5—-2042

645 6—1 _3(6+1)
|G (£,1)| < Ct 26-07 30 = Ot 26-0)  =(Ct 26-9  for || >t*0 forany §>0.

19



1
If 2 satisfies Assumption 3.2, then Z(¢,t) =~ (¢€2+a)” #-1. Furthermore, under Assumption
3.5, one can easily see that

Z@ t*
G M=— ith T(t) = A de.
Gle.nl < My, with T = [ 2%(eae

Since I'(t) < C for all t > 0, we obtain |G(£,t)] < CMZ?. Recalling (17), in terms of the
new variables, simple computations show that
z20-1  z70-tq  ZOA(t)  ZO7(t)
R(E,t) = 0t !
et=ot (G + o+ T+ )

where

@ to

O A GO R A CUICCUES

7tOt

It is direct that I'(¢), A(t), and Y(¢) are uniformly bounded for any ¢ as long as z and
v satisfy Assumptions 3.2 and 3.5, respectively. For convenience, denote R = t*~ 'Ry +
0to=1 7911 -2(+)G, where

N A RV AR ()
Rl(g’”“)(r%) M SIOR 0 >

By change of variable, due to (16), G solves

s (o

aG) B = FRED. (29)

85 +tﬂ§:t 3—6

Ze
Gee — 0 <GZ>£

Simplifying (29), we have

7 2971
Gee — 0 (G;> =t 2! (G + gaG> + t‘QO‘% — gt 201
¢

—2a—1
5 > TGt R

The next Lemma shows the asymptotic behavior of u under Assumption 3.2.
Lemma 3.9 If z(x,t) satisfies Assumption 3.2, then

ZG
[; 20dx

50

u(z,t) — ge(t)W7

where ¢ (t) < Ct=P for some 8 > 0.
The proof of Lemma 3.9 relies on

Lemma 3.10 Suppose that z(z,t) and v(x,t) satisfy Assumption 3.2 and Assumption
3.5, respectively. Let G be defined as in (28) so that G solves the equation (29). Then
there exists a super solution for G in the set & < §t0=D/G=0) with o sufficiently small
0 >0.

20



Proof. First, we look for a super-solution of the form
Gi(&,1) == 8(&,1) + U(E 1) =t~V (, ) + 72U (g, ),

where

13 [e'e)
S(e.t) = Z9(e.t) / 779y, 1) / Ra(,t)dndy,
Yy

0

and U solves p "
/¢ (E+aTT

Here K is a constant, which will be specified later. Since R ~ Z?, up to multiplicative
constants depending on M, one can check that Sge — 6 <%S>§ ~ R and

1 1
S|+ €8¢l ————, (S ——F, (30)
(€ +a)= e +a)7
again, all up to multiplicative constants depending on M. Similarly, we can show
1 1
Ul +|Uel  ————5, U~ ———. (31)
(€24 a)7t HE? + )7t
Now we define a differential operator H; as follows:
o, Of Z, e af g 2071
__4—2aY) _ “E . 2a—1 v 2a—1
Hz(f) = —t at+f€£ 9<Zf>f at <f+§a§>+9t F2(t)f'
And compute
HZ(gl) _ —tiQQ% + t72a71)R1 + t72(2a+1) K .
ot (€2 +a)71
20— G, a1 207!
_ 200—1 Ay 2a—1
at (g1+€8§>+9t PQ(t)gl
K
— t*?(ZCH’l) 1 - — OZ(S + 585) 4 029715 o t2a+2§t(t(2a+l)s)
(€@ +a)™
0
+t73(20¢+1) <0201U o a(U + gUg) o t2a+28t(t2(2a+1)U)> 4 tiZO‘*lRl.
~ t—2(2a+1) (Kl + 1)(52 + a)—ﬁ + 75—3(2&-}-1) (52 + a)—% + t—Qa—th (32)

where we used (30) and (31) and where C, ¢ is a constant depending on « and 6.
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Next we are looking for a super-solution of (29), which is of the form

G(&,t) =) Z0(€,t) + t 722yt (&, t) + e MDQ(e, 1),

where ¢ in the last term is fixed and

1 3 00
V() = Csth, (e, 1) = KaZ'(6,1) / 27y, 1) / 2%(v, t)dvdy,
Yy

0

with constants Ko and p, which will be specified later, and Cs with Cy > 2C, where C is
the absolute constant appearing in Lemma 3.8. For convenience, denote

Go == () Z0(E,0) + 72 (p(Et), Gy = e HTDQ(E ).

We have P .
N2 (@ yan
1 1
]+ [§e| # —————, | —— . (34)
(€ + a7 e + o)
With (33) and (34), we can show that
HZ“b>=-%Magz+t2“17@)Kko—at2a1<92+£&b>+¢mwzalgg
ot (€2 4 a)7T o0&
~ t*QC**H(t)% + 74 2(1) ( ! — + ! 1) : (35)
(€ + )7 @ +ay (@ +a)

Finally, choose G3 = e_“(t_ﬂQ(f, t) where @) satisfies

—2a Ze —2a-1 oQ Coa 1 2071 —2a
—t Qt+Q§§—9<QZ>§§Oﬁf (Q—i'ﬁ(%) — 0t FQ(t)Q—,Ut Q (36)

as well as Q(&,t) > 0 on the boundary |£| = 530, We obtain a solution satisfying (36)
in a perturbative manner. To do this we take Qo(&,t) = a(Z(€,t))?, where a is a constant
of order one to be determined. Then )y solves

Z
Qo —9(Q5> —0. (37)
0,£¢ 0 .

We look for solutions of (36) of the form
Q (57 t) = QO (gvt) + Ql (§7t) s
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where Qg is given in (37) and @ satisfies
V4 9Q
Qiee — 0 <Q1;> —=

< —2<at*2°‘*1Q0 I at%‘lf‘ 5

3

Z@—l

R IO

with @1 (0,¢) = 0. Now it remains show that QQ = Qo + Q1 satisfies (36). Suppose that ¢
is sufficiently small. Assume that (); satisfies

%) |90

Qo+ it~ Qo + 172 Qo) (38)

Q1] < Qo (39)

0¢ ¢ ot ot

22

<20

6—1
in the set || < §t3-0. We will check this condition ”a posteriori”. First we prove (36).
We compute the following quantity

—2a Z —2a— aQ —2a— Zeil —2a
z—t2Qt+Q§€—0<Q;>§—at2 1<Q+a§>+9t2 1F2(t)Q+ut2Q.

Using Q = Qo + @1 as well as (37), we obtain

Z
J=Qiee—0 (leg) —t72*Qoy — t2*Qry — at 72! (Qo + a;?)

3

—at™2 QL+ 96 + gt ~201 8 Qo + 0t~ 21 2 Q1 + pt2%Qo + ut2*Q;.
o€ T2 (1) T2 (1)

Thus it is immediate that

Z
J < Quee—0 <Q1;>
3

201 —2a-1,|9Q0 Coq1 207! —20 —20
+ |at Qo + at 5|+ 0t 5 Qo+ pt = Qo+t |Qo
23 2 (1)
9 —9a—1,|0Q1 o1 2071 _ _
t 2a—1 t 2a—1 ot 2a—1 t 2« t 2c .
+ [Oé Q1+« § 3 + T2 (t)Qlo + " + |Q1,t]
Using the inequalities in (39), we have
Z
J< Quee—0 (leﬁ)
3
L 9g— Y aQo 9y A _ _
+ {a Qo +a 3 e | T T2 (1) Qo + put™ Qo + Qo]
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With (38), we obtain J < 0, thus (36) follows.

Now we need to verify (39). We decompose Q1 as a sum of @11 and (1,2, which solve

Ze
Qr1,ee — 0 (Q1’1Z>§

Z, _
Q126 — 0 <Q1’2Z§) = —2ut7%*Qq ,
'3

6—1

—Z0— Z —zQ

Q1,1(0,1) =Q12(0,¢) =0.

We will focus just on ()12 since the analysis of ()11 is similar and understanding Q12 is
more important in order to judge the role of ;. We are interested in obtaining a particular
solution for this differential equation. Because the equation for Q12 can be rewritten as

(Za (279Q1’2)€)£ = —2ut~2%Q), after integration we choose

505
(z0Qua) =222 [ Quntyan
Using Q1,2 (0,t) = 0, we have

500

3
Qua (€.) = 20t (Z (€.1)) / ax [(Z (1) / Qo (1,1) di

0 A

We can now estimate the behavior of Q12 (&,t) for £ > 1 and see how we choose p. Using

26
Assumption 3.2, it follows that @)y behaves like £ o-T for large £. It is then easy to see
that (1,2, up to multiplicative constants, behaves like

_ 1 gy a2
Q172 ~ ,Uzt 20[529{'2 ~ Mt 2&6 —1
0—1

—1

for large &, by recalling that a = gfe. Now we can compare Qo with ()12. Note that

6—1
Qo > 0 for [£| = dt3-¢. Moreover

_ 26 [ P
Qo=~§ -1,  Quemut " 1.
Therefore, for ;1 of order one and ¢ small it follows that [Q1 2] < Qo. In a similar manner,

we can show that |[(Q1,2)¢] < [(Qo)e| and [(Q1,2)] < [(Qo)¢|. Details are omitted. This
completes the estimate (39).
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So, we conclude that Hz(G3) < 0, which yields Hz(G) < 0. Indeed, together with (32),
(35), we obtain

Hz(G1+ G2+ Gz — Q) <Hz(G1) + Hz(G2) — Hz(G)

2—0

~ t 20t (K 4 1)(E2 + a)fﬁ 43Rk (e2 4 )T

—2a— 1+ K —do— 1 1
2T () (D) (( + )

6 6 1
(€2 +a)7= E+a)1 (& +a)T

where we used that Hz(G) = t~2971Ry. Suppose that t is as large as needed, which can
be obtained by setting ¢ > ¢y for an arbitrary large number to. By choosing constants K
and Ky such that K1+1 < 0 and K2+1 < 0, we can obtain that Hz(G1+G2+Gs—G) < 0.

In order to apply the maximum principle, we need G; + G2 + G3 > G for t = t and

_3(6+1)

G > Ct 26-9) for |{| = ot™.

The positivity of G1 + Go + G3 — G for t = t is due to the fact that G3 is the largest
term among {G; : i = 1,2,3} and G3 > G for ¢t = t. On the other hand, at the boundary

3(6+1) 3(6+1)

€| = 0t* the inequality G > Ct_Q(TL) results from the fact that Gz > 0 and Gy > Ct 26-0)
for |€| = dt*. Note that G; is added to control the “small nonlinear terms”, which are very
small compared with Go. Summing up all above given, we conclude that G + Go+G3 > G
is a super-solution for G. 0

With this construction of a super-solution above, we can now prove Theorem 13.9.
Proof of Lemma 3.9 : Since the super-solution given above is bounded by Ct~2 Z%(¢, 1)
for large t with ¢t > ¢ + K log(t), it follows that there exists 3 > 0 such that the super-
solution is bounded by Ct~—? Ze(f ,t) for any t > tg, and thus, back in the original variable,
we obtain

6 (4 0
z o-1 _g,0=1  ZY(&,1) _g  2'(x,t)
)= — | =t50 |G, 1) < CtPrso 20— oy F_Z o
u(z,) flzgda: G < fI Z0(&,t)d¢ fl 20(x,t)dx’
where we used [; Z0(¢,t)d¢ < O, with C = C(6, M) depends on. This completes the proof
of our lemma. 0O

Finally we conclude the proof of the main theorem in this section with

Lemma 3.11 There exist solutions u, z which satisfy all conditions of Assumption 3.2 for
all t > to.

Proof. Without loss of generality, the initial time of our problem is tg, since the system
under consideration is invariant under time translations ¢ — ¢ — tg. Our choice of initial
data u(-,tp) and z(-, to) is sufficiently smooth and moreover, u(-, ) is assumed to be very

0—1 2(60—1) To-1
close to the expected asymptotic behavior ¢3-¢ (BmQt 3-0 4+ A) .
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We begin proving the L*°-estimate for z according to Assumption 3.2, 2. By Lemma
3.9 we have
0
z
f 7 20dx

Integrating this equation starting from ¢ = ¢y, exactly as we did in the formal computations
at the begining of Section 3 we obtain 2. in Assumption 3.2, which implies that z blows
up in infinite time. More precisely, if for the initial data we have

0

z
2t <e(t) 7f Ty
1

529 =
ty~ by~
0 - < 0 — -
2(6—1) -1 2(6—-1) -1
<Bm2t039 +A> (Bx2t039 +A>

Therefore we recover 2. in Assumption 3.2 with M replaced by % fortg <t <oo,if M
is sufficiently large and then ty chosen accordingly large enough.

ZO('ra tO) -

DN | =

Finally we derive the estimates for the derivatives and the Hélder norms in 1.,3., and
4. of Assumption 3.2. The arguments are similar as those given in [2] and [3]. Suppose
that t > to. We introduce a characteristic length R satisfying % < R < 1. Using
=

the new variables y = /R and 7 = (t — t)/R?, we define

vr(y, 7)== R%U(Ry,t_—i— R%7), zply,7):= Rﬁz(Ry,t_—i— R%7).
Then, for 7 € (0,1) and |y| € (1/2,3/2), we have
2¢ (2)

”UR (yaT)‘ < 0t1 ’zR (v, 7—)‘ <2
3—0
On the other hand vy and zp satisfy
0

= -0 - = , 40
ons = =0 (% ”R)y 7 (a), 1o

0

“R
T ) 41
ZR, o (7_) + VR ( )

with

0
The term ( ZR)> can be shown to be sufficiently smooth and small by using (41), since
T

alr
(ﬁ))T N 9;%;)1 <az(%) + ”R) - g;((:)) 20,
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2(0—1)
Note that o/(7) = () 3¢ . One can easily see that the above terms are small contributions

compared to other terms on the right hand side of (40). In order to obtain C** estimates,
we first take two spatial derivatives in (41) and obtain

0223 _ 6(6—1) 2%72 0zR 2 92’?{1 OQZR 82UR
). al(n) Ay a(r) 9y?  9y*’
9%v

The above equation indicates that we have to control 8y2R' In fact, an interior regularity

result for vg in the region 2 < |y| < 2 is needed. We introduce a cutoff ¢ (y) which equals
1 for 2 <|y| < 2 and vanishes for [y — 1| > %. Then for {(y)vg =: Up it follows

_ _ ZRy _ 2R, 1 [ 25¢
UR,r = URyy — 0 ( zRva> - 2’UR’y§y — Q}ngy + 6 < ZRyURfy> — ﬁ <Oz}(%7')> .
y T

The equation for vg is similar to the one for vp except for some source terms that are of

order _%(Pl . Since U vanishes, it follows that as long as zg satisfies Assumption 3.1, the

—0
fundarifental solution of the equation satisfied by v decreases exponentially in 7, and the
C?V-derivatives in space also decay exponentially by standard regularizing effects. More
precisely, we obtain two types of contributions for the derivatives of v, one of which is
the part associated to the initial data starting at ¢ = ¢ that decreases exponentially, and

a second part associated to the source term which is of order e(j}rl . Due to the decay of

D30
the function ﬁ, we can obtain a similar decay for the derivatives of zr and the Holder

estimates, by using derivatives of vg as source terms in the equation (41). This gives the
desired estimate for any ¢ > 2. If ¢ < 2 we obtain similar results for |[vr(t)|c2. , |2R] 2.
using the regularity of the initial data vg(x), 29(z). In particular for ¢ € [t,t 4 1] we can
derive

_ Ce (1)
lor (E+ Dllczo < o llvr (llezr + —75
e

lzr (E+ Dllc2 < o llzr ()2 + Ce(?),

where 0 < o < 1 due to the exponential decay of the solutions for the initial data mentioned
above. The main contribution is due to the sources. Usual iterative methods yield the
global smallness estimates as desired. Taking the supremum for all the admissible values of
R and returning to the original variables (x,t), we obtain estimates for the Holder norms
defined in Assumption 3.2. This completes the proof of our main theorem. 0O
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